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Abstract

Subspace identification methods identify certain matrices, which capture the
correlations between the process inputs and outputs in non-parametric coefficients
form, as a first step by regressing the process input-output data. The focus of the
research presented in this thesis is to use these subspace matrices for multivariate
controller synthesis and performance analysis. The subspace matrices based
approach is used for the closed loop estimation of the dynamic matrix and noise
model; predictive controller design without identifying parametric models; controller
performance analysis using the Linear Quadratic Gaussian (LQG) controller as
a benchmark; estimation of multivariate Minimum Variance Control (MVC)
benchmark without calculating the interactor matrix; and feedforward controller
performance analysis for identification of the important disturbance variables. The
approach used in this thesis can be considered a ‘data driven approach’ in the sense
that no traditional parametric models are used. Hence the intermediate subspace
matrices, which are obtained directly from the process data and otherwise identified
as a first step in the subspace identification methods, are directly used for closed

loop identification, controller design and performance analysis.
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Chapter 1

Introduction

1.1 An overview of objectives of this thesis

A typical industrial plant can contain thousands of controllers ranging from
proportional, integral and differentiator (PI/PID) controllers to the more advanced
model predictive controllers (MPC) such as dynamic matrix control (DMC)
(15, 16], quadratic dynamic matrix controller (QDMC) [14, 30], robust multivariate
predictive controller (RMPCT) [78], generalized predictive controller (GPC) [12, 13],
etc. With a goal towards optimal performance, energy conservation and cost
effectiveness of the process operations in the industry, design of optimal controllers
and controller performance assessment have received much attention in both the
industry and the academia. Typically a ‘model’ or some sort of mathematical
representation of the process and the controller objective are required not only for
designing suitable controllers but also for analyzing the controller performance. For
predictive controllers, which use a model of the system to make predictions, model
identification forms the critical part of the controller design. Identification aims at
finding a mathematical model from the measurement record of inputs and outputs of
a system [87]. Parametric model, such as a transfer function or a state space model,
identification involves obtaining reduced order models of a pre-specified structure

for a system which could be of a very high order and complexity. Non-parametric
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modelling approaches, such as impulse/ step response coefficient forms and frequency
domain based methods, can also be found in the literature for controller design and
performance analysis. More importantly non-parametric model based controller
design and analysis tools have been successfully used in the industry. Identification
of parametric models for the process is typically used as a first step in the controller
design although the transfer function may have to be eventually converted into a
non-parametric model form for obtaining the control law. Data driven approaches
to obtaining the prediction matrices used in the controller design directly from the
process data, and avoiding the intermediate parametric model identification step, is

an area of active research in recent years.

Conventionally prediction error methods are used to identify parametric models.
Subspace identification methods, with their computational advantages, have
emerged as a powerful alternative to the prediction error methods over the
last decade. Subspace identification methods estimate state-space representation
directly from the input-output data and eliminate certain constraints of the
prediction error methods such as priori structure selection and non-linear
optimization. Subspace identification methods identify certain matrices, which
capture the correlations between the process inputs and outputs in non-parametric
coefficients form, as a first step by regressing the process input-output data. Lower
order state space system matrices of a pre-specified structure are then obtained from
these intermediate matrices. Since these intermediate matrices can be used to derive
a predictor for the system, there have been recent attempts to design predictive
controllers directly from these matrices. This thesis attempts to address some of
the issues previously ignored in the subspace matrices based design of predictive
controllers and expands the data driven subspace approach to other important
process control areas such as closed loop identification and controller performance

assessment.

As much as model identification is a critical pre-step to design optimal predictive
controllers, performance analysis is an important post-step to ensure optimal

performance of the designed controller in operation. With the process modifications
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over time the models used in the controller may need to be revisited and re-identified
to improve the controller performance. Open loop model identification may not be
possible whenever model changes are detected. Closed loop identification is a more
feasible solution under such a scenario. Hence, closed loop identification, predictive
controller design and controller performance assessment are closely related areas for

industrial control applications.

The focus of the research presented in this thesis is the data driven subspace
approach. The subspace matrices based approach is used for the closed loop
estimation of the dynamic matrix and noise model; predictive controller design
without identifying parametric models; controller performance analysis using the
Linear Quadratic Gaussian (LQG) controller as a benchmark; estimation of
multivariate Minimum Variance Control (MVC) benchmark without calculating the
interactor matrix; and feedforward controller performance analysis for identification
of the important disturbance variables. The approach used in this thesis can be
considered a ‘data driven approach’ in the sense that no traditional parametric
models are used. Certain intermediate subspace matrices obtained directly from
the process data, which are identified as a first step in the subspace identification
methods, are used in the closed loop identification, controller design and performance

analysis.

If some of the disturbance variables are measurable, analysis of feedforward control
performance is a worthwhile study. The subspace matrix corresponding to the
measured disturbance variables can be easily estimated under closed loop conditions,
if the measured disturbances are assumed to be uncorrelated with setpoint. These
parametric matrices can be used to incorporate feedforward control into the optimal
LQG controller and also in the minimum variance controller. This provides a means

for the profit analysis on implementation of feedforward control on the process.

One of the important tasks that arise during the design and implementation of
feedforward control is the selection of important disturbance variables from the

many available measurements. Dynamic multivariate analysis of variance of the
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measured disturbance variables using principal component analysis provides a tool

for finding those variables which contribute most to the process output variance.

Although many predictive control strategies have been proposed in the literature,
for practical reasons, industries rely on the commercial advanced control software
packages such as Dynamic Matrix Control (DMC) (Aspen Tech) and Robust
Multi-variable Predictive Control Technology (RMPCT) (Honeywell), etc. for the
implementation of advanced control systems. For the performance analysis of such
advanced control applications understanding the working mechanism of these control
systems is necessary. Variances based controller performance indices may be used
as a measure of the controller performance. Comparing the designed controller
objective with the achieved controller performance has also been suggested for the

performance assessment of industrial model predictive controllers.

In this thesis a study is presented on the implementation of an MPC application
on an industrial process and the performance analysis of the advanced control
application with respect to the objective of the implementation of the controller.
The significance of the application is that the performance of the controller can be
measured in terms of the process operation in the optimal operating range, rather

than in terms of the variances of the process variables.

1.2 Contributions of this thesis

This thesis combines both theoretical work and industrial applications in the
three important areas of advanced control applications; identification, design and

performance analysis, using a new data-driven subspace approach.

1.2.1 Contributions to the theory

The main theoretical contributions include:

1.  Derivation of subspace matrices based identification algorithm for the
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identification of dynamic matrix and noise model from closed loop data.

2. Extension of the above closed loop identification algorithm to the case of measured

disturbances in the system.

3. Derivation of a design methodology for obtaining a GPC-type predictive controller

directly from the process input-output data using the subspace matrices.
4. Inclusion of all the ‘bells and rings’, such as,

a. Integrator in the controller law

b. Feedforward control

c. Noise model tuning

required for the practical implementation of the subspace matrices based predictive

controller.

5. Proof of equivalence between the subspace matrices based predictive controller

and the generalized Predictive Controller (GPC).

6. Derivation of expressions for calculation of the LQG-benchmark of process input

and output from the subspace matrices estimated using the closed loop data.

7. Extension of the LQG-benchmark to the case of feedforward plus feedback

controller on the system.

8. Deriving the LQG-benchmark based performance indicators for controller

performance analysis.

9. Derivation of expressions for the calculation of confidence intervals for the LQG-

benchmark obtained using the subspace matrices approach.

10. Derivation of a methodology for obtaining the multivariate MVC-benchmark

which does not require the calculation of the interactor matrix.

11. Proof of equivalence of subspace matrices based approach to the transfer function

approach in deriving the multivariate MVC-benchmark for controller performance
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assessment.

12. Extension of the subspace matrices based MVC-benchmark calculation to that

of feedforward control.

13. Dynamic analysis of variance for the selection of variables for feedforward
control, both from the transfer function approach and the subspace matrices

approach.

14. Derivation of MPC-relevant benchmark variance expressions for performance

assessment of advanced model predictive controllers.

1.2.2 Contributions via practical applications

The main practical applications include:

1. Application of the subspace matrices based closed loop identification method on

a pilot scale process.

2. Application of the subspace matrices based predictive controller on a multivariate

pilot scale process.

3. Application of the LQG-benchmark based controller performance analysis on a

pilot scale process.

4. An industrial case study with a multi-faceted analysis of the performance of an
advanced controller application on a settling process. Application of the MVC-
benchmark and LQG-benchmark based performance analysis techniques on the

industrial application is also shown.

1.3 Organization of the thesis

This thesis is organized as follows. Chapter 2 gives an overview of the existing

subspace identification methods for the open-loop and closed-loop data. This
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chapter provides the basic background required for understanding the rest of the
thesis. The rest of the thesis is organized in the sequence of identification, controller

design and performance analysis techniques.

In section 3, the identification method for obtaining the process dynamic matrix and
the noise model from closed-loop data with setpoint excitation is described. The
main results of the paper are demonstrated through an application on a pilot scale
process. In section 4, the design of a predictive controller directly from the subspace

matrices is described with a demonstration on a multivariate pilot scale process.

Section 5 describes the methodology for LQG-benchmark based controller
performance analysis using the subspace matrices and the routine process operating
data. In section 6 the expressions for obtaining the confidence intervals for the

LQG-benchmark curve are derived.

In section 7, the methodology for obtaining the MVC-benchmark for process output
without the calculation of the interactor matrix is described. It is also theoretically
shown in the same chapter that the derived subspace matrices based methodology is
equivalent to the interactor matrix based transfer function approach derived in [42].
In section 8 the analytical procedure for the dynamic multivariate analysis of the
process output variance from the feed-forward variables is described. This analysis is

based on the numerically robust singular value decomposition (SVD) methodology.

In section 9, an industrial case study of the controller performance analysis on a

settling process is presented.

This thesis has been written in a paper-format in accordance with the rules and
regulations of the Faculty of Graduate Studies and Research, University of Alberta.
Many of the chapters have appeared or are to appear in archival journals and
conference proceedings. In order to link the different chapters, there is some
overlap and redundancy of material. This has been done to ensure completeness
and cohesiveness of the thesis material and help the reader understand the material

easily.
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Chapter 2

Review on subspace identification

methods

2.1 Introduction

Conventionally, a system is modelled by a transfer function, which is a fractional
representation of two polynomials with real coefficients, identified using an iterative
optimization scheme for a nonlinear least-squares fit to the data [80]. Subspace
identification methods offer an alternative for the identification of a ‘model’ for the
systems and are based on computational tools such as QR-factorization and SVD,
which make them intrinsically robust from a numerical point of view. Subspace
identification methods are also non-iterative procedures (avoiding local minima
and convergence problems) and can be easily converted into an adaptive version
of model identification [87]. Subspace identification methods are intrinsically
suitable for multivariate systems identification compared to the prediction error
methods. This section gives a brief description of the main types of subspace
identification methods available in the literature. A more detailed presentation
of these methods can be found in the standard book on subspace identification such
as [93] and the special issues of the journals Automatica [1, 2] and Signal Processing

(3], along with the references therein. Other variations in subspace identification
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techniques, such as DSR. [102, 105], errors-in-variables (EIV) approach, and the use
of weighting matrices in subspace identification are not presented here and can be

found elsewhere.

Although the principal goal of the methods described in this chapter is to identify
the state space system matrices { A, B, C, D }, certain subspace matrices are
first calculated as an intermediate step. The rest of this thesis uses only these
intermediate matrices for identification, control and analysis purposes. Nevertheless,
this chapter provides some insights into the special features of the subspace

identification methods.

2.2 Subspace matrices description

A linear time-invariant system can be represented in a state space innovations form

as:

T+l = Az + Bug + Key, (21)
ye = Cxp+ Dug + ey (2.2)

where ug(l X 1), ye(m x 1) and zx(n x 1) are the vectors of i-inputs, m-outputs and
n-states respectively of the system. K is the Kalman filter gain and ex(m x 1) is an

unknown innovations process of white noise with the following covariance matrix:
Elerel] = S (2.3)

er is assumed to be stationary. The state space system matrices A, B, C, D, K
and S are of the dimension (n x n), (n x 1), (m xn), (m x1), (n x m) and (m x m)
respectively. Subspace identification starts with obtaining the measurements of the
inputs and the outputs ug, yx for k € {0,1,..,2N + j — 2)}. The data is then

arranged in the block Hankel matrices form of N- block rows and j- block columns,
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defined as:
Ug Uy ... Uj-1
U, = Lo 7 (2.4)
| Uy-1 UN ... UN4j-2 |
UN  UN41 - UN4j-1
U = N+1 N+2 N+j (2.5)
| UzN-1 UoN - U2N+j-2 |
Yo oo Y
Y, = Yy Y2 - Yj (2.6)
| Yn-1 YN .- YN+j-2 |
YN  YN+1 .- YN4j-1
Y; = YN+1 YN+2 - YN4j (2.7)
| Yon-1 YN - Y2N+j-2 |

N and j should be chosen ‘sufficiently large’ (so that the data Hankel matrices
contain enough information on the system), and typically j > max(mN,IN) (‘very
rectangular’ block Hankel matrices), as this reduces both the computational load
and noise sensitivity [87]. Each element in the above data Hankel matrices is a
Uq1 Yi1
column vector of inputs and outputs, ie., u; = | ... | and y; = ... |. The
Uit Yim
subscripts p and f denote ‘past’ and ‘future’ in the sense that the corresponding
elements in the p-matrices and f-matrices are separated by IV sample instants. The

past and future state sequences are similarly defined as

X, = [:co 1 ... xj_l] (2.8)

Xy = [mzv IN41 .- -'L'N—l-j—l] (2-9)
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The following matrix input-output equations can be formed [87] by recursively

substituting the system equations (2.1)-(2.2)

Xy
Y,
Yy

= AVX, + AU, + AYE,

= FNXp + HNUp + HJSVEP

= FNXf—{-HNUf-FHR,Ef

(2.10)
(2.11)
(2.12)

where I'y is the extended observability matrix, Hy and H3; are the lower triangular

Toeplitz matrices containing the impulse response coefficients/Markov parameters

of the system due to the deterministic inputs and the unknown stochastic inputs

respectively. Ay and A% are the reversed extended controllability matrices of

{A,B} and {A, K} respectively. The subscript, N, follows from the number of

block-rows taken in the block Hankel matrices as shown above. The system related

matrices are expressed as

I'yv =
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CAN-1
D 0
CB D

CAN—2B CAN—*B

I, 0
CK I,

CAN?2K CAN3K

[ AN—lB AN—ZB

[ AN—IK AN—2K

5]

D |
0
0

I

k|

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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By substituting equation (2.11) in equation (2.10) we can write
Yy
X; = [ ANTY, (Ay — AMTRHy) (A% — ANTH,) ] U, | (2.18)
EP
where T represents the Moore-Penrose pseudo-inverse. Substituting equation (2.18)

in equation (2.12), we can write

where
L, — subspace matrixz corresponding to the
states
L, — subspace matrix corresponding to the

deterministic inputs
L, — subspace matrixz corresponding to the

stochastic inputs

The matrix W, is formed by the concatenation of Y, and U, as

W, = (2.20)

If we take a closer look by expanding subspace matrices (see figure 2.1), we observe
that the first row of the subspace matrix L,, is the ARX model of the system. As
N — o0, the last row of subspace matrices L, and L. transform into impulse

response models for the process and disturbance respectively.

2.3 Regression techniques

The subspace matrices can be identified from the data Hankel matrices using

regression techniques. Several regression techniques, including the usage of
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weighting matrices, have been suggested in the literature for numerical advantages
and special cases of data collection. The simplest regression method is the least
squares method. The conditions on the process data for using the regressions

techniques, as evident from equation (2.19), are as follows:

i. The deterministic input u is uncorrelated with e, and e is not identically
Z€ro,

i. uy, is persistently exciting of order 2N, and

iii. The number of measurements goes to infinity, j — oc.

The open loop identification of the subspace matrices using the least squares solution

involves finding the prediction of the future outputs Y; using a linear predictor:
Y; = LoW,+ LU;
The least squares prediction Yf can be found by solving an optimization problem:

. WP 2
min 1Y~ ( Ly L. ) o, |1

}Aff is found by the orthogonal projection of the row space of Y; into the row space

spanned by W), and U; defined as [93]:

r o= Yil U, (2.21)
"
[ Ly Ly ] = Y; I;/: = Y [ wr Uf ] ( ‘;/: [ w, U; ])—(2,22)

This projection can also be implemented in a numerically robust way with a QR-

decomposition [91, 92, 93, 102, 119] or using PLS [105].

2.4 Open loop subspace identification methods

In principle, the subspace methods can be described as estimation of a rational

covariance model from observed data followed by stochastic realization [79]. In the
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open loop subspace state space identification methods, the sequence of the future
states, Xy, and the extended observability matrix, I'y, are estimated using equations
(2.11)-(2.12) and the estimation requires that the pair {4,C} is completely
observable since only the modes that are observable can be identified from observed
I/O-data. Furthermore, the pair {A4, [ B K ]} requires to be controllable. This
implies that all modes are sufficiently excited (persistent excitation). Note that even
though the deterministic subsystem can have unstable modes, the excitation u; has
to be chosen in such a way that the deterministic states and output are bounded
for all times. Also the deterministic and stochastic subsystem may have common
or completely decoupled input-output dynamics. If the pair {A, C'} are observable,

then the rank of I'y is equal to the state order n.

Subspace identification involves estimating a basis for the states of the system
from the data Hankel matrices. It must be remembered that the states identified
using these techniques do not have any physical meaning. The different subspace
identification techniques available in the literature differ in the manner in which
this basis of the state space is estimated. The different choices for a basis differ in a

transformational matrix T that transforms a model {A, B, C, D } into an equivalent

model {AT,T-'B,CT, D } [61].

The numerical tools used in the estimation of this basis range from SVD (used in
[87], N4SID [93]), QR-decomposition (used in MOESP [119, 120, 121}), canonical
variables (used in CVA [72, 73, 74,75, 76, 77, 107}), etc. Some subspace identification

methods also differ on how the disturbances are characterized.

2.4.1 N4SID

N4SID can be explained as a linear regression multi-step ahead prediction error
method with certain rank constraints [52]. Using the SVD approach the reduced
order observability matrix, I',, and the non-steady state Kalman filter estimate of

state sequence, X 7, are obtained. Under the assumptions listed in section 2.3 the
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following oblique projection is defined:

On = Yi/u,We (2.23)
S, 0| VT

G | IS (2.24)
2

- [ u]

where the last ‘(N — n)’ singular values are approximately zero (or very small
compared to the first ‘n’ singular values) and the projection A4/5C is defined as
the oblique projection of the row space of A € RP*J along the row space of B € R4
on the row space of C € R™*J:

t
ccT CcBT

BCT BBT (228)

AjsC = Al e BT]

The matrix Oy is equal to the product of the extended observability matrix and the

estimated Kalman filter state sequence:
Oy = TnXny (2.26)
Therefore I';, and Xn are determined using the SVD as

T, = U,S: (2.27)

A~

X, = SivT (2.28)

See [93] for the derivation of the above result. As can be seen, the system order is

obtained using the SVD function.

The state space matrices A, B, C, D, K and S can then be estimated by
using either the reduced order observability matrix or the state sequence estimate

[11, 73, 75, 91, 92, 93, 102, 105].
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2.4.2 MOESP

MOESP [119] uses QR-decomposition, followed by SVD, as the numerical tools to

obtain the extended observability matrix:

U Ly 0 0 Q1
Wo !l = | La Ly O Q- (2.29)
Yy Lsi Ls; Lss | | @3
and
S, 0| v
L32 = [ U1 U2 ] (230)
0 ol|wvg

The reduced order observability matrix of the system is derived as

T, = US (2.31)
(2.32)

Hence the system order is obtained using the SVD. From the reduced order
observability matrix, I',, the system matrices A and C are derived. Using {A4,
C} and I, with the process input-output data, the rest of the system matrices are

identified.

2.4.3 CVA

In this method canonical variables are used to provide an ordered basis of the state
space, ordered in terms of the predictive ability of the states [72, 73, 74, 75, 76, 77,
107]. The canonical correlations between ‘the past, Wp, conditional to the future
inputs, Uy’ and ‘the future outputs, Yy, conditional to the future inputs, Uf’ are
used as the basis of the state space. If k is the true and finite state order and there
is sufficient information to reliably determine the order k, then the first k£ canonical
variables give an optimal selection of system states in terms of maximizing the
likelihood function [73]. The CVA [75, 73, 107] algorithm uses Akaike Information
Criteria (AIC) to determine the state order.
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Note that Van Overschee and De Moor [92] have classified the above three methods
as special cases under a unifying framework and the difference between the three
algorithms are expressed in terms of the weighting matrices involved in the SVD.
Other variations in the subspace algorithms will also calculate the same result (upto
within a similarity transformation) provided the same system order 7 is chosen and
the number of data points go to infinity (since all algorithms are asymptotically
unbiased) [92].

2.5 Closed loop subspace identification methods

Closed loop data cannot be used with the above methods for model identification
because of the correlations between Uy and E; in equation (2.19) (see figure 2.2).
Several approaches have been used to overcome this constraint. The various closed
loop subspace identification approaches reported in literature can be summarized as

follows:

2.5.1 N4SID approach

The N4SID approach [94] makes use of only the process input-output data (C; = 0;
C, = C; w(t) = 0; r(t) does not have to be measured) and the knowledge of the first
few impulse response (Markov parameters for multivariate systems) of the controller.

The controller equations can be written as
Thyy = A'zi+ By (2.33)

up = r— C%5 — Dy (2.34)

where { A, B¢, C¢, D° } are the controller system matrices. The controller cannot

be unstable.

Following the notation in [94], define Zg;_; as the data Hankel matrix of the
variable zj with i-block rows and j-block columns (Zj;—; is built similar to the data

Hankel matrices defined in equations (2.4)-(2.7)). Certain pseudo data matrices are
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constructed from the input and output data Hankel matrices using the knowledge

of the controller IR/Markov parameters:

Npig = Uoppn—1 + HinYoan—1 (2.35)
Mg = Upjg+Hp 4115 (2.36)

where 0 < p < q < 2N — 1, H¢ is the lower triangular block-Toeplitz matrix for the
controller, and Npjq and Mpq (not block Hankel matrices) are uncorrelated with the

disturbances. Under the assumptions that:
1. r; is uncorrelated with the disturbances.
2. The matrix Nopy-1 has a full row rank 2mN.
3. j — oo and

4. The closed loop problem is well posed, i.e. (I; + DD,) is invertible, then

Ugin-1
Nojan-1 A
Ynpn-1/ | Yon-1 = Ynpn-1/ = Py Xn + QnMpj2n2.37)
N|N-1
Mpyjpan—1
Therefore, define the oblique projection
Uoin-1
On = Ynpan-1/Mypx-s | (2.38)
Yon-1
S, 0|V
- |u U ] (2.39)
[ ! 2 0 0 V2T

N 1
where state order = rank(Oy) and estimated states sequence Xy = SEVT. A state

space model for the process is subsequently identified from the estimated states.

The limitation of this method is the requirement of the knowledge of the controller.
In industrial systems, the accurate knowledge of the IR coefficients/ Markov

parameters of the controller may not always be available.
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2.5.2 MOESP/ CVA approaches

The overall strategy of these methods is similar to the joint input-output
identification strategy. 'These methods do not require the knowledge of the
controller. Apart from setpoint excitation, these approaches [73, 113, 122, 71]
need an additional dither signal excitation, w(k), added to the controller output,
ue(k), to make the process input independent of noise. C; = C and C, = 0.
r(k) is the setpoint which is a white noise sequence. wv(k) is the white noise
(disturbance) added to the process output, yi, through a noise model, F. Then
the measurable input vector is [w(k) r(k) ] and measurable output vector is

u.(k) e(k) u(k) y(k) ], where u, = Ce = u — w and e = r — y. Using this
information a global state space model is first identified using MOESP technique.

The global state space model is denoted as:

z(k+1) = Az(k)+| B, B, (2.40
L e >
- Ue(k) " - Ci - - Dy1 Dy, _
s R I A [ w(k) ] (2.41)
u(k) Cs D31 Ds r(k)
| y(k) ] | Cy | | Dy Dy |

z(k) has an order n,+n., where n, is the order of the process, P, and n, is the order
of the controller, C. The state space representations between ‘w and ¥’ and ‘w and
u’ are given by the system matrices [A, By, Cy, Dy1] and [A, By, Cs, D3] respectively
[122].

Using the rules for concatenating and inverting of state space models, the state

space models for the process, P, and the controller, C, are obtained as:
P = [A7 Bl7C4)D41][A7 B1)037D31]_1
= [A, By,Cy, Dy)[A — B1D3'Cs, B1D3;!, — D3 Cs, D3}l
B A —BD;'Cs B.D3!
0 A - B]_D3_11D3 B]_Dg—ll

I

) [ Cy —DuD3'Cs ] >D41D3_11)

(2.42)
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and

C = [A, By, Cs, D3y)[A, By, Cy, Dop] ™!
A  —ByD;C, By D3
- 221 ’ 2_21 ,| Cs —DsuD3Cy |, D32 Dy

(2.43)

The overall deterministic state space model is first identified using MOESP. The
order selection in this step needs the specification of the sum of process model order
and controller order [122]. The individual plant and controller model orders are

determined/selected in the subsequent model reduction step.

CVA approach [71] uses practically the same approach as MOESP except that the
CVA algorithm is used to identify the state space matrices of the global closed
loop system, with AIC used in the selection of the state order. The state space
representation is then converted to the transfer function representation followed by
the concatenation and inversion of the closed loop transfer functions to obtain the

open-loop process transfer function.

2.5.3 Ljung and McKelvey’s approach via estimated predictors

In the subspace algorithms, the state space matrices are identified from the estimated
states. Hence this approach tries to reconstruct the ‘Kalman states’ from the past
inputs and outputs by picking a basis from the estimated predictors. As a first step
[81] an (na, nb)-order ARX-model is identified from the closed loop input and output
data. The ARX model is used to calculate the j-step ahead predictors §(t + j|t)
from data by replacing ‘future’ u(t) in this prediction with zero. The vector of j-step

ahead predictors is formed as

gt + 1|t)
Yn(t) = (2.44)
gt +mlt)
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The number of states, n = rank[Y;,(¢t)] for m > n. The states are obtained using

the projection
z(t) = LYn,(t) (2.45)
for some matrix L. In summary, the identification strategy is,
1. Find 9§(t + j|t) for j = 1,...,m.
2. Form Y,,(t) for t = 1, ..., N and estimate its rank n.
3. Select L to obtain a well conditioned basis and z(t) = LY,,(t),t =1, ..., N.
4. Find the matrices {A, B, C, D, K } by using the estimated states.

Note that the states are identified from the estimated predictors and not directly
from the data, unlike the previously illustrated approaches. The authors [81] state
that this method is only a ‘feasible’ method rather than the ‘best way’ of identifying

systems operating in closed loop.
This concludes the review of some of the subspace identification techniques existing

in the literature, which provide the background for understanding the rest of this

thesis.
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Figure 2.1: Subspace representation
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Figure 2.2: Closed loop system for subspace identification.
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Chapter 3

Estimation of Dynamic matrix and
noise model for MPC using closed

loop data

3.1 Introduction

Model predictive controllers (MPC) have found many successful applications in
process industries for more than two decades. One of the key aspects of MPC
is the prediction of the future process response and minimization of the output
deviation from the setpoint by manipulating the inputs. A model for the process is
required to make these predictions based on the past data. Hence an MPC design
starts with first identifying a nominal model for the process. One of the industrially
successful predictive control schemes is the Dynamic Matrix Controller or DMC,

which explicitly uses a lower triangular matrix called ‘dynamic matrix’ containing

1A version of this chapter has been published as a journal paper
R. Kadali, and B. Huang. Estimation of the Dynamic Matrix and Noise Model for Model Predictive Control Using
Closed-Loop Data. Ind. Eng. Chem. Res., 41(4); 842-852, 2002.
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the step response coefficients corresponding to the deterministic input(s) to the
process [15, 16]. Many other MPC formulations also use the dynamic matrix in one
way or the other [10, 78, 88]. For constructing the dynamic matrix, in the case of
DMC, a step response model for the process is first obtained from the open loop
data. The step response coefficients are arranged in a specific lower triangular form
known as the dynamic matrix. However, due to safety reasons and other practical
limitations, open loop operation of the process may not always be possible or in some
cases there may be a hidden feedback in the system. Estimation of the dynamic
matrix from closed loop data is desired in such cases. It has been shown [40] that
if the model is used for model-based control design then the favorable experimental

conditions are actually under closed-loop condition.

Closed loop identification refers to the identification of process model and noise
model using the data sampled under feedback control. Correlation between the
disturbances entering the process and the input offers the fundamental limitation
[4, 27, 32, 80, 81, 110] for utilizing the standard open loop identification methods
with closed loop data (see figure 3.1). Several closed loop parametric model
identification methods have been suggested in the literature which require either
certain assumptions about the model structure or knowledge of the controller model.
The closed loop identification methods found in the literature are broadly classified
[27] into Direct [108], Indirect [18, 41, 118] and Joint input/output [43] identification
methods. See [17, 27, 90| for a review on the features and limitations of different

closed loop identification methods.

The subspace identification method is a relatively new approach used for the state
space model identification. In this approach, certain subspace matrices of the process
are first identified, by regression of the data Hankel matrices (refer to chapter 2),
from which the state space matrices are extracted. Three subspace matrices are
obtained as a first step of the subspace identification methodologies [91, 92, 93].
The subspace matrices {L,,, L, and L.} (refer to chapter 2) correspond to the
states, the deterministic input(s) and the stochastic input(s) to the system. These

subspace matrices are directly calculated from the input/output data matrices in
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a single iteration compared to the iterative schemes used in the prediction error
methods. Moreover, the subspace identification methods minimize the summation
of the multi-step ahead prediction errors during the estimation of the subspace
matrices. This advantage is however lost when lower order state space system
matrices are estimated from the subspace matrices. Hence directly using the
subspace matrices is a very appealing idea for designing the predictive controllers
[23, 25, 26, 56, 59, 103, 104, 106]. The subspace matrix corresponding to the
deterministic input contains the impulse response coefficients (Markov parameters
for multivariate processes) of the deterministic input(s) in a lower triangular form.
Similarly the subspace matrix corresponding to the stochastic input contains the
impulse response coefficients/Markov parameters of the noise model. This allows
the alternative approach for direct estimation of the dynamic matrix and noise model
from the open loop input/output data matrices. However it has been shown [27, 80]
that the open loop subspace identification methods cannot be directly applied to
the closed loop data.

Identification of the subspace matrices from closed loop data has recently received
an attention by a number of researchers [24, 25, 26, 81, 94]. Van Overschee and
De Moor [94] proposed an N4SID (Numerical subspace state space identification)
based method for closed loop subspace identification which requires the knowledge of
the first N impulse response coefficients of the controller, where N is the maximum
order of the state space model to be identified. The knowledge of the impulse
response (IR) coefficients of the controller are required if one wants to identify all
the three subspace matrices and subsequently a state space model for the system.
Ljung and McKelvey [81] presented a method for the identification of subspace
matrices from closed loop data using estimated predictors and stated that their
algorithm is merely an illustration of a ‘feasible’ method rather than the ‘best way’
of identifying systems operating in closed loop. MOESP (MIMO output error state
space model identification) and CVA (Canonical variate analysis) approaches are
also proposed for the identification of a state space model using closed loop data
(72,73, 74,75, 76, 77,107, 113, 122]. In addition to the setpoint excitation, MOESP/
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CVA approaches use an external white noise signal addition to the controller output
to make it independent of the noise. A closed-loop state space model is first
identified from the closed loop data from which the open loop state space matrices
are retrieved. The principal goal of all the above approaches is the identification of

a state space model for the system using closed loop data.

Even though the subspace identification method is used as a vehicle, the goal of
the identification method from closed loop data proposed in this chapter is not the
estimation of state space system matrices {A, B,C, D and K} but the estimation
of the dynamic matrix of the process and the noise model in impulse response
form. It is shown in this chapter that if we want to estimate only two of the
subspace matrices, i.e. only those corresponding to the deterministic and stochastic
inputs, from closed loop data, then the knowledge of the controller impulse response
coefficients can be avoided. We can then obtain the process dynamic matrix from
the deterministic input subspace matrix and the noise model in impulse response

form from the stochastic input subspace matrix.

The method proposed in this chapter can be considered as a non-parametric
approach for closed loop identification. Non-parametric model identification
methods, although known to give less bias error due to less model structure and
order limitations, could result in higher variance (due to the larger number of
parameters) compared to parametric model identification methods. This is a tradeoff
between bias error and variance error in process identification. Actual process is
typically high-order and nonlinear and it is difficult to be represented by a single
linear parametric model. Consequently, bias error is inevitable in practice. On the
other hand, it is known that the variance error can be reduced with the increased
sample size [80]. Therefore, depending on the application, for example, depending
on the data sample size, one can choose to use the parametric or nonparametric

identification method.

However, non-parametric model identification methods do have some practical

advantages. Consider the case when we want to identify a process model for
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designing and implementing a model based predictive controller. Even if we first
identify a parametric model for the process (using closed or open loop process data),
the process model has to be eventually transfered to a non-parametric (impulse or
step response models) form for designing the MPC. The question is this additional
intermediate step may introduce an additional error and inconvenience. When
it comes to industrial implementation, non-parametric model based MPCs have
shown a considerable success rate. The idea here is why not directly identify a non-
parametric model and avoid choosing a ‘model structure’, which is unknown and a

prerequisite for parametric model identification methods.

The remaining of the chapter is organized as follows. Section 3.2 gives the description
of the estimation of the process dynamic matrix and noise model from closed loop
data. Remarks on the different steps of the closed loop identification along with
some guidelines for the practical implementation of the algorithm are provided
in section 3.3. The closed loop identification method is extended to the case of
measured disturbances in section 3.5. The application of the proposed method is
explained using MATLAB simulations in section 3.6 and implementation on a pilot
scale process in section 3.7. Conclusions from the above work are given in section

3.8.

3.2 Estimation of the process dynamic matrix and the noise

model from closed loop data

Consider the case when the system (2.1)-(2.2) is operating under closed loop with a
linear time-invariant feedback-only controller (), expressed in transfer function form

as

ue = Q (*k—Yk) (3.1)

where 7 is the setpoint for the process output at the sampling instant k and (ry—yx)
is the output deviation from the setpoint. Assume that the controller does not

cancel any plant dynamics. The control system can be expressed in state space
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representation as
Thorny = Acti + Be(rr — yx) (3.2)
ur, = Cex§ + De(rr — yk) (3.3)

By recursively using the above state space equations we can write the input/output

equations for the control system

Up = I'NX,+ Hy(Ry,—Y)) (34)
X§ = ANXS+ A (R, —Y)) (3.5)
Us = T{Xj+ Hy(Ry —Yy) (3.6)
where
C. D, 0 .. 0
C A, C.B, D, .. 0
rs, = : H =
C,AN-1 C,AN-2B, C,AN-3B, .. D,
A = | AM-1B, AM-2B, . Bc];
X, = —xg g .. $§—1];
chc — | .'E?v :L‘fv+1 va+j_1 ]

The matrices R, and Ry are constructed in the same way as shown in equations

(2.4)-(2.7). Using equation (3.4) in equation (3.5) we can derive

® U_”y) (3.7)

X5 = [arms)t (a5 - A5 ES) |

Using equations (2.12) and (3.6) we can derive

Yy
Us

(I + HNHJCV)_er (I + HNH&)—_IHNF;:V
—(I+H{Hy)'H{Ty (I + H§Hy) 'T%

(I + HyH,) *HyHY

Ry
(I+ H§Hy)'HS,

(I+ HyH§) ' HE

E; (3.8)
—(I+ HfHy) 'Hi Hy,
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Theorem 3.1 The input output equations for the closed loop system in equation

(8.8) can be equivalently expressed as follows

Yy B L?(;;.L LZ%L
= Lpr+ Rf+ Ef (39)
Uy LSF LSk
where

- -
Yy
U,

D, = | P |; (3.10)
R,
E,

LSF = (I+HjHN)'HY;  LyF=(I+HyHy) 'HyHy,  (3.11)

ur

L = —(I+H{HN) ' HyHy; Lyl =(I+ HyHY)'Hy - (3.12)

ue

Proof: Consider the equation (3.8):

(I + HNH]CV)—er (I + HNHICV)—IHN:[‘?V
—(I+ H{HN)'H Ty (I+ H§HN)ITY

Yy
Us

Xy
X7

(I + HyHg) *HyH,
(I + HyHy) ™ Hy

(I + HvHS) *HY,

Ry +
~(I + HiHy) T HY H,

Using equation (2.18) and (3.7) in the above expression, we can express

Yp

(I+ HyH) 'y (I + HyHS)PHNTY | Lgt Up
o LC’L Rp
Ep

—(I+ H§{HN)*H{Ty (I 4+ H§Hy) 'T

Xy
X7

Lk = [L; L2 L} Lg]; LSL:[L; L2 L} Lg]

Ly = (I+HyH}) 'TNANTY — (I + HyHR) " HaT, (A% — AY (T3)HR)
I = (I+HyH§) Ty (Ay — ATYHY) + (I + HyHE) ' HaT5AY (03)!
I3 = (I+HyHg)'HyTS (A% — AN(T5)THE)
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Ly = (I+HyHg) Ty (Ay — ANT\HY)

L, = —(I+H{Hy) " H{TNANTY, — (I + Hy Hy)™'T5, [A% — AV (D%)THE
L3 = —(I+ HYH) ' HiTy (Ay — ANTYHy) + (I + Hi Hy)™'T5, A (T5)!
L} = (I+ HyHy) T [A% — AY(TS) HE]

LY = —(I+ H§Hy) 'HYTy (A} — AT} H})

Lor Lor
o | Bt o | B (3.13)

Therefore, we can write

With the above theorem, the estimation of the closed loop subspace matrices using

the closed loop data is essentially an open loop identification problem. We can define

Yf LCL LCL LCL
= v M, + o Ry * |E I
v || gk gk
Y
where M, = | U, |. From the above equation, and since Ry can be chosen as
Ry

a random binary signal uncorrelated with M, and Ey, the closed loop subspace
matrices {LST, LGF, L&Y, LOE} can be obtained as a solution of the least squares
estimation problem. {U; and Y} are found by the orthogonal projection of the row
space of {U; and Yy} into the row space spanned by {M, and R;}.

T
MP

v 1] = o
Ry

ARl

M”} [M,,T RJT})—1 (3.14)

t
M,

LSt LiL] = Yy
[ 1 Rf
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- v mr R

Zj } [ MI RY ])‘1 (3.15)

This projection can be implemented in a numerically robust way with a QR-
decomposition. The first row of fff represents the one-step ahead predictions for
the input. Therefore the white noise disturbance sequence entering the process can

be estimated as

T ~
€r = én éN+1 éN+j_1 = Yf(l :m, !) — Yf(l 'm, Z) (316)
where e(1 : m,:) represents a vector containing the elements from rows 1 to m and

all the columns of the matrix. Let us define

[1]

;= Us=U; = LE'E; (3.17)

The block Hankel matrix, Ey, for the noise can be constructed using the estimated

noise, es. Therefore, LEL is estimated as,

IS = E;/E; = E;E} (3.18)

3.2.1 Estimation of the process model

Consider the following identities:
4B = B'AT ATB=AT'(B)T = (B4
we can write

LGF = (I+HyHg)'HyHy = {(HyH)™'(I+ HyH)}™

= {(HvHY) " +1} (3.19)
LSF = (I+ HLHN)T'Hy = {(HY) "I+ HLHN)} !
= {(H{) '+ Hy}™ (3.20)

Therefore,

LoP(LE)™ = {(HvHR) ™+ 13! {(HR)™ + Hy}
= {[(HX)™ + Hy| " [(HyHR) ™ + 1}
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= {[(HR)™ -+ Hy]"H(HR)™ + Hy]Hy'}
= (Hy')™' = Hy (3.21)

Hence Hpy, which contains the Markov parameters corresponding to the

deterministic input, can be identified as

Go 0 0
G, G 0
Hy = LGHISH™ = e ) (3.22)
| Gr-1 0 i

where G; represents the Markov parameter of the deterministic input of the é-th
delay. The dynamic matrix containing the system step response coefficients, Sy,

can be obtained as

[ 50 0 .. 0] G 0 ..o|lr o .. o0
o 0 G Go .. 0|l I I .0
Sy = | 0% . Lo (3.23)
0 0 0
_SN_1 OJ LGN_l OJ | I I .. IJ
(7 0 .. 0]
I I .0
— Hy (3.24)
0
I I .1

where s; represents the i** step response parameter of the deterministic input.

3.2.2 Estimation of the noise model

The noise model can be estimated from the residuals of the input data. Using the
definitions for LS and LEE provided in theorem-1, the noise dynamic matrix is

obtained as

Hy = —(Lg") ' La (3.25)
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H3, contains the impulse response coefficients corresponding to the stochastic input.

I 0 .. 0
L, I .0

H = ' (3.26)
0
Ly 0

where L; represents the i*" impulse response coefficient / Markov parameter of the
stochastic inputs. Thus the first column of H represents the noise model H(z71)

in IR-form.

H(Z_l) = T + le—l + L22_2 + ...+ Liz‘i + ...+ LN_lz_N+1 (327)

3.3 The algorithm

The following are the steps in the proposed closed loop identification:

Step I. Construction of the data Hankel matrices {Up,Uy,Y,, Yy, Ry, Ry} using
the closed loop data. By linear regression the deterministic closed loop subspace

matrices are identified.

Remarks: The guidelines presented in section 3.4 can be used in the selection of
the number of rows and columns. By adding a persistent exciting signal, which is
uncorrelated with the process noise, in the setpoint, we ensure unbiased estimation of
the closed loop subspace matrices. This step is an open loop identification problem
with the setpoint change being the external inputs and the closed-loop subspace

matrices as the model to be identified.

Step II. Estimation of the vector of noise data from the ‘output data Hankel matrix’,
and ‘residual data Hankel matrix’ corresponding to ‘input data Hankel matrix’.

Estimation of the stochastic closed loop subspace matrices.

Remarks: The first row of the residual matrix (Y7 — Yf) represents one-step ahead
prediction errors and an unbiased estimate of the noise entering the process since

the feedback does not effect the current noise. The matrix, Z; = (U — Uy) is the
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residual data Hankel matrix corresponding to the input. The noise data Hankel
matrix, Fy, is constructed using the vector of estimated process noise. By linear

regression, the stochastic closed loop subspace matrix, L, is estimated.

Step III. Retrieving the open loop deterministic subspace matrix from the closed

loop subspace matrices.

Remarks: Closed loop subspace matrices are just the open loop subspace
matrices weighted by the subspace matrix corresponding to the sensitivity function.
The analogies between the process/noise transfer functions and the open loop
deterministic/stochastic subspace matrices are obvious. The method presented
in this chapter is parallel to the approach used in ‘joint input/output closed
loop identification method’, which is well known in the transfer function domain.
However with the ‘joint input/output closed loop identification method’, inverting
the transfer function (or transfer function matrices for the multivariate systems) can
give problems such as, the resultant transfer function (matrix) may be improper or
of high order. No such problems are encountered in the subspace matrices based
approach proposed in this chapter since we are dealing with matrices instead of
transfer functions, provided the closed loop subspace matrices are of full rank. See
the guidelines in section 3.4 for avoiding the closed loop subspace matrices from

becoming rank deficient.

Step IV. Retrieving the open loop stochastic subspace matrix from the closed loop

subspace matrices.

3.4 Some guidelines for the practical implementation of the

algorithm

Building the data Hankel matrices is the first step in all the subspace based
identification methods. If one wants to identify a state space model for the system
using the subspace identification methods, then the number of rows, N, is chosen to

be higher than the order of the state space model to be identified [93]. The number
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of columns, 7, should tend to infinity. Since we have finite data in real situations we
can only choose a finite j, the maximum number of columns that can be constructed
with the available data. As far as the closed loop identification method presented
in this chapter is concerned, we are identifying only the subspace matrices and not
the state space system matrices. Here are some guidelines that can help in deciding

the number of rows and columns of the data Hankel matrices:

a. To obtain the complete process model, the number of rows, IV, should be chosen
such that the last impulse response coeflicient (last element of the first block-column

of Hy) is close to zero.

b. The choice of the number of columns really depends on the excitation signal used
for identification. The richer the excitation signal the fewer the number of columns
required. The number of columns is chosen in such a way that the corresponding
impulse response coefficients in the columns of the subspace matrices are very close.
The higher the number of columns taken in the data Hankel matrices the closer will

the corresponding coefficients in the columns be.

c. It may be a good idea to check the rank of the closed loop subspace matrices
before retrieving the open loop subspace matrices. If the closed loop subspace
matrices are rank deficient then either decrease the number of rows or increase the
number of columns of the data Hankel matrices. However decreasing the number of
rows decreases the number of Markov parameters obtained in the identified subspace

matrices.

d. Numerical tools like QR-decomposition can be used to avoid numerical problems

associated with the inversion of large matrices, specially in step 1.

e. Multivariate systems: Although, in principle, all the derivations in this chapter
are applicable to multivariate systems, numerical problem is a potential concern.
As the number of variables increases the size of the data Hankel matrices can
be prohibitively high, specially for systems with a long settling time. MISO
identification instead of MIMO identification can reduce the size of the data Hankel

matrices. Slower sampling can be used for processes with slow dynamics. Numerical
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techniques such as QR-decomposition can be used to deal with the inversion of large

matrices for multivariate systems.

f. Studies on derivation of statistical properties for subspace based identification
methods are an area of active research and have been considered in [53, 67, 93, 119]
and the references therein, where it has been shown that under open-loop condition
subspace identification can yield a consistent estimation of the parameters. As the
proposed method in this chapter is equivalent to an open-loop subspace identification

problem, the same conclusion can be applied.

3.5 Extension to the case of measured disturbance variables

The closed loop subspace based identification method explained in the previous
section can be extended to the case where some measured disturbances are
available for feedforward control. Consider the case when measurements of some
of the disturbance variables are available and we want to identify the subspace
matrix corresponding to these variables. Let vi(h X 1) represents the vector of
measured disturbance variables. Assume that the measured disturbance variables
are uncorrelated with the setpoint changes. Consider a feedback-only controller

described in equations (3.1)-(3.6) acting on the process represented by

Tpy1 = Azp+ [ B B, ] + K’ (3.28)
Uk
Uy

Ye — C$k+ l: D D,U :| + e (329)
Uk

The matrix input-output equations (2.12) and (2.19) are modified to include

measured disturbances

Yy = TnX%+ HyUs+ H{Vs+ HYE; (3.30)
LLW? + LUy + LoV + LeE; (3.31)
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where

D" 0 .. 0
CBY D* .. 0
H, = (3.32)

CAN=2B* CAN-3B* .. D

Y
b
W, = |0, (3.33)
Vo

and, V, and V; are the ‘past’ and ‘future’ data Hankel matrices of v; defined in the

same way as those corresponding to u; defined in equations (2.4)-(2.5).

Similar to equation (3.14) we can derive

v; | | LS et rcr LSE
N crL P crL Bt op | V1 CL Ey
Uf L’u. L’U/" LU’U Lue
where in addition to the definitions in equations (3.11)-(3.12) we used
LSF = —(I+H§HN)'HyHYy; LGP =+ HyHy) 'Hy  (3.34)

The closed loop subspace matrices are identified by data projections as shown in
section 3.2. The matrix H}, containing the Markov parameters corresponding to the
measured disturbance variables is obtained from the closed loop subspace matrices

with

Hy = —(Lgh)'Ly (3.35)
3.6 Closed loop simulations
Certain comparative simulations were carried out in MATLAB for two cases,
univariate and multivariate systems, between the non-parametric approach

presented in this chapter, MOESP [122] and CVA [71, 113]. The purpose of

this exercise is to check the validity of the proposed non-parametric approach
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of closed loop identification for both univariate and multivariate systems, which
does not require controller knowledge for closed loop identification, and also to
see how it performs compared to the existing subspace identification methods, the

MOESP/CVA approaches?.

3.6.1 Univariate system

Consider the following system [93]:

[ 06 06 0 1.6161 —1.1472

T = | —06 06 0 |zk+ | —0.3481 |up+ | —1.5204 | ex
| 0 0 o7 2.6319 —3.1093
v = | —0.4373 —05046 0.0936 | T + [—0.7759]us + ex

where Ty, Yk, ur and e represent the system state, output, input and the unmeasured
random noise respectively at time k. A PID controller, 0.1 4 0'—38 + 0.08s, is tuned
online for the above system for good setpoint tracking and disturbance rejection
performance. We assume that the controller knowledge is unknown for the closed
loop identification. ‘Close loop input/output/setpoint’ data is obtained by exciting
the system using a designed ‘RBS’ signal of magnitude 1 for the system output
setpoint and random white noise of standard deviation 0.1 in MATLAB-Simulink.
The closed loop data is plotted in figure (3.3). Using the closed loop subspace
identification method presented in section 3.2, with rows(N) = 30 and columns(j)
= 2000 in the data Hankel matrices, the subspace matrices Hy and Hj, are
identified. Due to the presence of noise, the upper non-diagonal elements in Hy and
H3, will not be exactly zero but very small numbers (they approach zero as j — o).

The true impulse response coefficients of the system can be calculated from the state

2It has been shown by Van Overschee and De Moor [92] that the difference between the three subspace
identification algorithms N4SID/MOESP/CVA is the difference in the way the weighting matrices are used in the
subspace identification algorithm. In fact, MATLAB-6 offers a feature called N4weight for the ‘N4SID’ command
wherein the user can specify MOESP or CVA and the respective weighting matrices will be used, so that it is
equivalent to using MOESP/CVA subspace identification algorithms. Hence in the simulations presented in this
section, the MOESP/CVA weighting matrices are used in the ‘N4SID’ algorithm in MATLAB, instead of writing
separate algorithms for MOESP/CVA.
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space system matrices provided above. The identified impulse response coefficients
are plotted against the true impulse response coefficients in figure (3.4). It is
illustrated that the identified impulse response coefficients match very well with the
true coefficients. Closed loop MOESP /CVA is used to identify the deterministic part
of the system using the same set of closed loop data. Impulse response coeflicients
identified through MOESP and CVA are plotted against the true impulse response
coefficients in figure (3.5). We can see that impulse response coeflicients identified
from both MOESP and CVA methods are reasonably well matching with the true
impulse response coefficients in this univariate systems. Therefore, all three methods

yield similar results for this univariate systems.

3.6.2 Multivariate system

Consider the following system taken from MATLAB/MPC toolbox manual.

12.8¢=%  —18.9¢=3¢ 3.8¢=8¢

Y1(s) _ 167571 21051 u1(s) n 4641 w(s)
6.6e=7°  —10.4e~3s 4.9¢~38

ya(s) 106071 144571 us(s) 152971

where {y1(s),v2(s)}, {u1(s),ua(s)} and w(s) represent the system outputs, inputs
and random noise disturbance respectively. A state space based MPC controller
is designed in MATLAB for the system. A sampling period of T' = 2 time units
is used in the simulations. Close loop input/output data is obtained by exciting
the system using a designed ‘RBS’ signal of magnitude 1 for the setpoint (r;)
and random white noise (w;) of standard deviation 0.1 in MATLAB-Simulink. We
assume that the controller and w; are not known for the closed loop identification.
The closed loop data is plotted in figure (3.6). The proposed non-parametric closed
loop identification algorithm is used with rows(N) = 50 and columns(j) = 2500
in the data Hankel matrices to identify the subspace matrices Hy and Hy,. The
identified impulse response coefficients are plotted against the true impulse response
coefficients in figure (3.7). It can be see from the plot that the identified impulse

response coefficients match very closely with the true coefficients.

Next, the MOESP approach is used to identify the deterministic part of the system
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using closed loop data. The impulse response coeflicients identified using MOESP
approach are compared with the true coefficients in figure (3.8) and the result
is not quite comparable with the one obtained using the proposed method. It
should be noted that a better match between the identified and true coefficients
using MOESP could be achieved only with a very high order model (the resultant
deterministic model being at least of 20th order or more). The order of the end
model could probably be reduced using a standard model reduction method but
with a compromise in terms of bias error and complexity. The CVA approach [71]
involves the inversion of a transfer function matrix which may not always be possible
in MATLAB due to the time delays or due to the fact that the resultant matrix

could contain improper transfer functions.

3.7 Identification of the dynamic matrix: Practical

application on a pilot scale plant

The proposed method for the estimation of the dynamic matrix from closed loop
data is tested on a pilot scale system. The system considered is shown in figure
(3.9). The input (u) is the inlet water flow rate and the process variable to be
controlled (y) is the level of water in the tank. The tank outlet flow valve is kept
at a constant position. The head of the water in the inlet pipe can be considered
as (an unmeasured) disturbance. The tank level is controlled by a PID controller,
2.5+ 9‘3—5 +1s. An ‘RB.S’ signal of series of setpoint changes to the level is designed in
MATLAB. Closed loop data of the process input, setpoint and output is collected
and plotted in figure (3.10).

Data Hankel matrices of dimensions rows(N) = 200 and columns(j) = 1500 are
constructed for the closed loop data and the subspace matrices Hy and Hj are
identified using the closed loop identification method presented in the previous
sections. The columns of the subspace matrices are plotted in figure (3.11). It

is illustrated in the figure that the impulse response coefficients in the columns of
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H; are matching with each other.

The accuracy of the impulse response coefficients in the matrix Hy is checked by
doing an open loop identification. Open loop data is collected by exciting the
process with an input ‘rbs’ signal of magnitude 1. The impulse response coefficients
identified using the open loop subspace identification method are plotted together
with the coefficients identified suing closed loop data in figure (3.12).

We can see that there is some mismatch in the impulse response models in the
subspace matrices identified using closed loop data and those identified using open
loop data. The mismatch may be due to the different operating regions excited
between closed loop and open loop identifications and effect of feedback control. The
noise model mismatch may be traced to the time varying nature of the disturbances

entering the process.

3.8 Conclusions

This chapter provides a subspace identification based method for the identification
of process dynamic matrix and the noise model from closed loop data. The closed
loop subspace matrices are first obtained by persistent setpoint excitation of the
closed loop system. The open loop subspace matrices are then retrieved from the
closed loop subspace matrices. The process dynamic matrix is obtained from the
deterministic subspace matrix and the noise model in the impulse response form is
obtained from the stochastic subspace matrix. The method can be easily extended to
the case of measured disturbances. Results from computer simulations and practical
application on a pilot scale plant are provided to illustrate the proposed closed loop

identification method.
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Figure 3.2: Comparing the existing closed loop subspace state space identification methods and
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Figure 3.3: univariate system: Closed loop system data
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Comparing the actual IR—coefficeints with those from L and L
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Figure 3.4: univariate system: Comparing the true (solid) IR-coefficients with those obtained in

the subspace matrices (dotted).
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Figure 3.5: univariate system: Comparing the true (solid) IR-coeficients with those identified by
MOESP /CVA approaches.
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Figure 3.7: Multivariate system: Comparing the true (solid) IR-coefficients with those obtained in

the subspace matrices (dotted).
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Figure 3.8: Multivariate system: Comparing the true (solid) IR-coefficients with those identified
by MOESP approach.
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Figure 3.9: Experimental setup.
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Figure 3.11: Pilot scale process: IR-coefficients from the consecutive columns of the identified

subspace matrices.
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Comparing the IR-models
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Figure 3.12: Pilot scale process: Comparing the IR-coefficients from subspace matrices identified

using the open loop data (dotted line) and that from the closed loop data (solid line).
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Chapter 4

A data driven subspace approach

to predictive controller design

4.1 Introduction

Predictive controllers have been widely used in process industries for more than
two decades [10, 78, 88, 99]. Several forms of predictive controllers like IDCOM
[101], DMC [15, 16, 78], QDMC [14, 30}, GPC [12, 13], etc. have been proposed
and successfully implemented in process industries through the years. The term
predictive control does not designate a specific control strategy but a wide range
of control algorithms which make an explicit use of a process model in a cost
function minimization to obtain the control signal [10, 29]. Hence a model of
the process is the basic requirement for the design of predictive controllers; this
is first identified using plant input and output data. From the process model,

predictor matrices can be obtained (for example, the dynamic matrix constructed

1A version of this chapter has been published as a journal paper
R. Kadali, B. Huang, and A. Rossiter. A data driven subspace approach to predictive controller design. Control

Eng. Practice, 11(3); 261-278, 2003.
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using step response coefficients in DMC [15, 16]). The predictor matrices are
used to obtain predictions of the process output which are used in the controller
design. However, it has been found recently that these predictor matrices can be
directly obtained from the input/output data by using the subspace matrices (a term
used in the subspace identification literature), eliminating the intermediate step
of process model identification and providing a means for designing a predictive
controller, in the generalized predictive controller (GPC) framework (e.g. [56]),
without a parametric model. Since no traditional parametric model is required for
the controller design this approach is also referred to as the “model-free approach”,
and this term has been adopted in the literature (for example see [26, 112]). The
idea is to obtain the controller matrices used in the predictive controllers directly
from the data without the intermediate parametric model identification step. Hence
this approach can also be considered as a direct data driven approach. Moreover,
subspace identification methods involve minimizing the summation of multi-step
ahead prediction errors, making the subspace matrices based design approach a

suitable approach for predictive control.

The predictive controller based on subspace matrices uses the same cost-function as
GPC and hence an important question is how one obtains the predictions utilized
within the cost function. One of the key aspects in GPC is the assumption of
an ARIMAX model for the process |7, 12]. This requires pre-specification of the
order and structure of the model to be identified for controller design. Typically
one uses reduced complexity models which frequently introduces bias errors. In
the traditional (prediction error methood) PEM approach, the model is usually
identified in a nonlinear, iterative manner, and in general Diophantine equations
need to be solved to obtain the prediction matrices. On the other hand, the
predictive controller designed using subspace matrices makes no pre-assumptions
about the structure and order of the process model (alleviating some bias errors).
Moreover the prediction matrices are obtained through a single matrix algebraic
calculation. In summary, the subspace approach to predictive control has the key

features of GPC [12, 13] like: (1) long-range prediction over a finite horizon; (2)
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inclusion of weighting on outputs and control moves in the cost-function and (3)
choice of a prediction horizon and a control horizon after which projected control
moves are taken to be zero. It combines these with the added advantages of: (1) no
pre-assumptions about model order or structure; (2) parametric matrices obtained
in a single iteration and (3) not having to solve Diophantine equations. We also
note that extension to the multivariate systems is straightforward with the subspace

approach.

Although the idea of designing predictive controllers using the subspace matrices,
such as model-free LQG and subspace predictive controller [23, 25, 26], or using the
state space model identified through subspace approach [103, 104, 106], has been
around for a few years, designing a predictive controller from subspace matrices with
all the features of the traditional predictive controller has not been investigated
fully. The equivalence of finite horizon LQG to GPC is well known [7]; however
there are several other important issues that need to be addressed in the subspace
predictive control framework and they form the main contribution of this chapter.
The following are the issues considered in this chapter: (1) derivation of a predictive
control law in the GPC framework (with systematic inclusion of integral action,
an issue ignored in previous works); (2) extension of the predictive control law to
include feedforward control to compensate for measured disturbances; (3) inclusion

of a constraint handling facility and (4) tuning of the noise model.

The chapter is arranged as follows. Section 4.2 gives an overview of GPC design.
Subspace approach to the predictive controller design with enhanced features is
explained in section 4.3. Inclusion of the independent noise model for tuning is
discussed in section 4.4. Results from the simulation and actual implementation on
a pilot scale plant using the proposed predictive control scheme are presented in
section 4.5 and section 4.6 respectively. The conclusions are presented in section

4.7.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



53

4.2 Revisit of GPC

GPC design [7, 12, 13] starts by first identifying an ARIMAX model for the process,
expressed as

C(z™)

-1 _ 1
A(z Yoo = B(z7 w1 + A

€ (41)

A, B and C are polynomials in the backshift operator, 27!, with A and C being
monic. A = (1 —2z7!) is the differencing operator. The role of the A is to ensure
integral action in the controller by including an internal disturbance model of typical
load perturbations arising in the process industry [7]. A popular quadratic cost

function to be minimized is

Ny Ny
J = > (rewe— Joshie)” + > A(Augir-1)? (4.2)
k=N, k=1

with N, and N, being the prediction and control horizons respectively and A being
the weighting on the control effort. N is usually chosen as 1 or the process time
delay tg4. r¢ix is the future setpoint for time instant ¢ + k. For a discussion on the
selection of values for Ny, Ny, N, and A, readers are referred to [12] and [13]. Using

the Diophantine equations

Cz™") _ % I
:4(2:__—% = Ek+q m (43)

E.B = GkC-Fq‘ka (4.4)

and equations (1,2) (and ignoring the term FEjye, ;) we obtain the k-step ahead
output prediction equation

. F r
Ytk = ‘C—’fyt + akﬂutq + GrAug g1

= Fuyl +Trdul_) + Gk
= f(k‘) + GkAut+k_1 (45)

where

Ml =C ' Auy;  yl = C My,
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and f(k) = Fky{ + I‘ku{_l is the free response of the process. Define the vectors of

predictions
T T
A’u,f = [ Aug oo Dugyg ... Dugyn, :l 3 Yr = [Qt-{-l o Ytk o U, }

T T
ry= [ Tt+1 oo Tt4k - Tt4N, ] i Fy= [ FQ) o f(k) . f(IV2) ]
then the multi step predictor equations can be expressed as
yAf = GAUf + Ff (46)

where G is the dynamic matrix containing the step response coefficients of % or the

impulse response coefficients of %. The GPC control law becomes
Auf = (GTG + )\I)_IGT(T‘f — Ff) (4.7)
4.3 Predictive controller design from subspace matrices

Consider a controller objective function which is the same as that of GPC. To

simplify the notation, assume N; = 1. The cost function to be minimized becomes:

Na Ny,
J = Y (Gesnie — Tesr)’ + D AMDurpp1)? (4.8)
k=1 k=1

= (rs—9p) (ry — 95) + DufF (M) Dug

where the future outputs are over the prediction horizon, ¢ + 1 to t + Ny, and the
future incremental inputs are over the control horizon, ¢ to t + N, — 1. For the state
space representation (2.1)-(2.2), the vector of the optimal prediction of the future

outputs can be expressed in terms of the future inputs and current states as

U = _?Qt+1 o Uty _T (4.9)
[ C ] [ D 0 0 .. [l U ]
CA CB D 0 .. Ugs1
= T + (4.10)
CANa-1 CAN=2B .. D .. Ut Ny—1
— T+ H(L: Ny 1: Nouy o C @
= Lywp + Lyug (4.12)
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T
where Wy = Yt—-N+1 - Yt U N ... ’U,t_1:| , Uy = [Ut Ut+Nu_1] and

the dimensions of subspace matrices change to L, = (mNy; x (I + m)N) and

Ly = (mNy X IN,,).

The predictor equation in equation (4.12) is used in minimizing the objective

function
Ny N
J = Z(Qt+k|t - 7‘t+k)2 + Z )\(Ut+k—1)2 (4.13)
k=1 k=1

to derive the ‘subspace predictive control’ law presented in [23], which computes the

future control moves as
up = (A +LIL)'LI(ry — Lywy) (4.14)

where w, = Wp(:,1). For a finite { N5, N, }, the above control law is called SPC or
subspace predictive controller in [23]. As {Ny, N,} — oo, the above control law
becomes an LQG-controller presented in [25, 26]. However, for implementation on
real processes the controller should have an integrator since the objective function
(4.13) does not admit zero static error in the case of non-zero constant reference
unless the open loop process contains an integrator [7]. Hence we need to use the
GPC objective function, with incremental inputs Aug, shown in equation (4.8).
One of the several subspace matrices based predictive controller design approaches
presented in {103, 104, 106] has also included an integrator. In their method, to
get an integrator in the predictor, equation (4.12) is multiplied on both sides with

1 is the backshift operator, and then

a difference operator, A = 1 — 271, where 2~
rearranged to get a predictor equation with incremental inputs and outputs. A
slightly different subspace identification method called DSR [102, 105] is used in

their approaches.

In the next section we present a different approach to get incremental variables
in the predictor equation. The new approach uses an integrated noise model. As
the subspace model in equation (2.19) is I/O based, it is logical to use a similar
technique to that adopted in conventional GPC [12, 13]. As will become clear later

on, the new approach is equivalent to the original GPC design since the innovations
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form state space representation in equations (2.1)-(2.2) combined with integrated

noise assumption is equivalent to ARIMAX representation.

4.3.1 Inclusion of integral action through integrated noise model

Consider the noise input e; as an integrating noise, which is common in the process

industries. Therefore,

€x+1 = e+ ag (415)
ag

= — 4.16

N (4.16)

where ay, is a white noise signal and A (= 1—27!) is a differentiating operator. Note
that the system considered in equations (2.1)-(2.2) together with (2.10) is equivalent
to an ARIMAX representation, as in equation (4.1), considered in the GPC design.
Substituting equation (4.15) in (2.1)-(2.2), we obtain

21 = Az, + BAug + Kay (4.17)
Ayk = C’zk + DAuk + ay (418)

where z; = z; — Tr_1. The subspace matrix input-output expression for the system

(4.17)-(4.18) is now

AY; = TnZ;+ HyAU; + HyA; (4.19)
and
Ajs = Tnze+ HyDug (4.20)
N e A (4.21)
Ay,

Using the system representation (4.17)-(4.18) we can write a k-step ahead predictor

as

Ytrk—1 —Yt—1 = (CAk—l +..+CA+ C)Zt + [(CAk—zB +...+ D)A’U,t
+...+ DAut+k_1] + [at + a1+ ...+ a/t+k—1] (422)
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T
Yt+1 Y42 - yt-i-N]

Vi + F?szt + SN2’NuA’U,f

ye + Ly (1: Nam,:)

Ay,

Up

+ Sy v, Aug

F+ SN2’NuAUf

57

(4.23)
(4.24)

(4.25)

(4.26)

where I}, is the modified extended observability matrix and Sy, n, is the (Nam x

N,l) dynamic matrix containing the step response coefficients / Markov parameters

and formed from L,.

Yt =

o —
Iy, =

SNy, N, =

r T
Y Yt Ut
[ C
CA+C
CAM-1 4+ C
[ D 0 0
CB+D D 0
CAB+CB+D CB+ D D
| CAN2B+..+CB+D CAM™3B+.+CB+D

L,(1: Nym,1: N,l)

L¢, is constructed from L,, as

L, 0 ... 0
L, 5, ... 0O
L I, ... I
k
Ly(m(k—1)+1:mk,:) =) Ly(mE—1)+1:mi,:) 1 <k < N
i=1

and F is the free response of the process output.

F

Ay,

= ys+ Ly (1: Nom,:)
Auy,
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Note that the matrices L;, and Sy, n, are related in a simple manner to L,, and
L,. Even though L7 and Sy, n, can be alternatively directly identified from the
differentiated data, it is difficult to design an input signal for such an identification.
Hence, a simple strategy is to identify L,, and L, and use these matrices to form

Ly and S, n,-
The objective function in equation (4.8) can be expanded as
J = (rj—F =Sy n0up) (ry — F — Snyv, Dug) + Aup (M) Auy (4.32)
Differentiating J with respect to Auy and equating it to zero gives the control law
Aup = (Si, N, SNan, + A TISY, v, (ry — F) (4.33)

Only Awug(1) is implemented and the calculation is repeated at each time instant.

Hence at time instant £, we only calculate

Duy = Dug(l)=my (ry— F) (4.34)
where m; is made of the first I-rows of the matrix (S¥, n, SNy, + AI)7LST, n,.-
Therefore u; is implemented as

Ay,

Up

U = Up—1 T Aut = W1+ MYy {’l"f - {yt + L,Z,(]. . Ngm, Z) }X435)

Note that the above control law has a guaranteed integral control action and
obtained directly from the subspace matrices, without any intermediate parametric

model identification step.

Remarks:

Each block-column of the subspace matrix L, contains the series of process Markov
parameters incrementally ordered. Due to the way the variables are arranged in
the data Hankel matrices, each block-column of the subspace matrices are identified
independently, i.e., each series of Markov parameters in the subspace matrices is
identified independently. Hence due to the inherent nature of the subspace approach

multiple-models for the process are captured in the subspace matrices to be used for
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designing predictive controller. This is clearly an advantage compared to the MPC

design via parametric model identification.

4.3.2 Inclusion of feedforward control

If some of the process disturbances are measurable, then with the understanding
that measured disturbances are those process input variables which cannot be
manipulated for controlling the process outputs, the state space representation of

the process (2.1)-(2.2) can be modified as

U

Tpr1 — Amk—{— [ B B’u] ¥ +K6k (436)
Uk
Ug

Yo = ka+[D Dv} + ey, (4.37)
Uk

where v;(h % 1) is the vector of measured disturbance variables. The matrix input-

output equations (2.12) and (2.19) change to

Y; = TwX+HyUp+ HYV; + HYE; (4.38)
Y; = InX%+HyUs+ HyV; (4.39)
LEW? + LUy + L,V; (4.40)
where
[ D 0 .. 0]
CB® DY .. 0

HY = (4.41)

CAN=2B© CAN-3B* ... DV

Y
wt = |1, (4.42)
| Vs

with V, and V; being the past and future data Hankel matrices of v; (see equations

(2.4)-(2.7) for reference). The subspace matrices L%, L, and L, are obtained by
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finding the prediction of future outputs, Y}, by solving the least squares problem.

W,
: N 2
min =2y noon )| o |1 (443
14

The solution is obtained as explained in chapter 2. For predictive control we have
the values of measured disturbance only upto the current sampling instant, ¢, (and
do not have the knowledge of the future values of measured disturbance) i.e., vy, for
k=t,t—1,t—2,... are known but vy for £k = 1,2, ..., N; are not available for the

prediction of §;,x. Therefore we can write the prediction expression for §; as

Ayp

9 = ye+ LE(1: Nym,:) Auy, | + Sy, Dug (4.44)
Avy,

= F*+ Snyn.Auy (4.45)

where L is constructed from LY, and F? is the free response for the case of measured

disturbances.

LEm(k—1)+1:mk,:) = iLfU(m(k —1)+1:mk,:) 1 <k < N, (4.46)

=1
Ayy
F* = yy+LE(1: Nom,:) | Aw, (4.47)
Av,

SN, N, is the same as defined before in equation (4.29). Therefore, the feedback plus

feedforward control law becomes
Aup = (SN, N, SNan, +A)7ISK, , (Tp — F®) (4.48)
4.3.3 Constraint handling

Constraints arise due to physical limitations, quality specifications, safety concerns
and limiting the wear of the equipment. One of the main features of MPC, its

prediction capability, is useful in anticipating constraint violations and correcting
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them in an appropriate way [10]. The explicit handling of constraints may allow the
process to operate closer to optimal operating conditions [10]. For the constrained
case, the computations are more involved. The problem takes the form of a standard
Quadratic Programming (QP) formulation and the optimization is done numerically.

The quadratic program solved at every instant is

IIAliIlJ == (rf - F)T(rf b F) + AUT(SJQ\}%NHSN%NM)AU — 2(7’f — F)TSNZ,NUAU
= AT (SK, N SNaN, + A Au— 2(rg — F) 'Sy, v, Au

= %AuT’PAu +CTAu (4.49)

s.t. AAu < B (4.50)
where

P = Sk Swan, + A (451)

C = =288, n(rs—F) (4.52)

matrices A and B are formed from the constraints (see appendix B). The
optimization of the above QP formulation is carried out by means of the standard
commercial optimization QP code at each sampling instant and then the value of v,
is sent to the process. Though computationally more involved than the other simpler
algorithms, the flexible constraints handling capabilities of predictive controllers are
very attractive for practical applications, since the economic operating point of a
typical process unit often lies at the intersection of constraints [97, 10]. For more
discussion on other types of constraints, for example soft constraints or specifications
on the process response characteristics, readers are referred to [10, 29, 78, 99] and

the references therein.

4.4 Tuning the noise model
The disturbance dynamics of industrial processes frequently change with time.

Tuning of the noise model is a key feature of predictive controller formulations like

GPC [7]. It is necessary to incorporate such a feature in the proposed predictive
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controller derived from subspace matrices. For this reason we need to separate the
state space model of the system into two parts, a deterministic part and a stochastic
part which are similar to the process model and noise model in an equivalent input-

output transfer function framework as

v = Yty
= [C(z2I — A)™*B + Dlu; + [C(2I — A)7*'K + 1]e; (4.53)

It is observed that both deterministic and stochastic parts have the same poles.
Hence an equivalent representation for the above equation in the discrete transfer

function domain would be an ARMAX model
G PG

= 4.54
o= Hen " HE) (454)

H(z™') and F(z7') are monic polynomials in 2~!. We can write
[C(zI ~A)'K+1] = 1+CKz'+CAKz7? + ... (4.55)

The assumption that the noise model %(z—:—i% = 1 is equivalent to assuming that

the Kalman gain matrix, K, is equal to zero. Therefore if the user desires to
change the stochastic part of the identified innovation model, without changing
the deterministic model and hence without changing the system matrices C and A,

the only way to do it is by changing the Kalman gain matrix, K.

Suppose that the new Kalman gain matrix is represented as K*. K™ is a matrix
(m xn) for a multiple-output system, and a vector (1xn) for a single-output system.

We can express K* as
K* = K+K (4.56)
We can then write

[C(2] — A K* + 1]

= 1+CK*27 '+ CAK*q¢ % + ... (4.57)
= 140K+ K)z '+ CAK+K)g 2+ ... (4.58)
= [Czl = A K +1]+[CK 24+ CAK z7% + .. (4.59)
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The stochastic part of the output with the new Kalman gain matrix is

() = [C(zI — A)'K* + 1]e (4.60)
= [C(zI —A)'K +1]e,+[CK 27 + CAK 272 + .. ]e,  (4.61)
= P +[CK 2z '+ CAK 272+ e (4.62)

F €t—1

s ’ €t—2
= g+ [ C CA .. CAr! ] K (4.63)

€t—n
= 3+ (oK) e (4.64)

T

where e, = { €1 €4—2 ... €i_n } and I',, is the observability matrix which can

be estimated implicitly in the subspace identification method without having to first
calculate the system matrices C and A, through the SVD approach by inspecting the

number of dominant singular values in the singular value decomposition of L,,W,.

s, 0\ (vr
LW, = (U1 UQ) ! V) x USVT as j —s of4.65)
0 S, 174

I, = US/? (4.66)

If n is the number of dominant singular values taken in S;, then I'y will be an
(mN x n) matrix, where N is the number of block rows taken in W,. Since the
knowledge of the state space system matrices A and C is not required, the new
stochastic model can be incorporated in a model free manner. Now the prediction

with the “tuned” noise model can be written as
@) = e+ TaK) & = Getm & (4.67)

where y, = (I'yK')T, which can be considered as a vector of impulse response
coefficients (Markov parameters for the multivariate systems) with the new noise
model. =, is constructed from the estimated observability matrix, I',,, and the user
specified (n x m) matrix, K'. Noise model tuning is used as a tool to make up
for the process-model mismatch resulting from changes of the process from time to

time or simply as tuning parameters. e, contains the past prediction errors and can
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be estimated from the data as one step ahead prediction errors. In essence adding
the term [(I',K')Te,] is equivalent to filtering the past prediction errors. Hence K’
is used as a tuning parameter and is chosen in such a way that it minimizes the

prediction errors.

Thus incorporating a new noise model simply involves the addition of a new term
in the calculation of the free response of the process. Hence the free response

calculation, equation (4.31), modifies as

Ayp

F = yi+ Ly(1: Nym,:)
Ay,

+ Ye, (4.68)

where T (Nom X n) is a left-upper triangular matrix constructed from the elements

of y,.
[ 1) W@ . =1 W) |
c | m® w® w0 (069
o) wn) - 0 |

4.5 Simulations

The proposed control design method is tested in simulations. The system example

is taken from MATLAB/MPC toolbox working example.

- _ -3
uls) | _ | B ot | | W)
7 _ 3
y2(s) ?6f.;gs+; 11£fse+1s uy(s)
3.8¢~8s
€1l S
+| M L w(s) + (s) (4.70)
15.3.2.9—{—1 62(8)

Open loop input/output data is obtained by exciting the open loop system using
a designed ‘RBS’ signal of magnitude 1 for the inputs, ux and random numbers of
standard deviation 0.1 for the white noise sequences, ex, in MATLAB-Simulink. A
random walk signal is designed for the measured disturbance wy, by passing a white

noise signal of standard deviation 0.1 through an integrator. Sampling interval is
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taken as 2 units of time. Using subspace identification, with N = 50 (row blocks)
and j = 2000 (column blocks) in the data Hankel matrices, the subspace matrices
L,,(100 x 250), L, (100 x 100) and L,(100 x 50) are identified. The simulation data
and the models from subspace matrices are plotted in (4.1)-(4.2). As can be seen
from (4.2), the impulse response models from the identified subspace matrices match
very well with the true impulse response models. Note that even though the signal
used for the measured disturbance is not a white noise signal, we can still identify

the model corresponding to the measured disturbance very accurately.

In figure (4.3) the simulation results with subspace based predictive controller
without an integrator (SPC in [23]) is compared with the predictive controller with
integral action. As illustrated, the controller with integrator gives no offset for non-
zero setpoints. In figure (4.4) the predictive controller performance is compared for
the cases without and with feedforward control. Better controller performance has

been achieved with feedforward control.

For a range of values for A\, Ny, N, and constraints on the input moves, Au, a
subspace matrices based predictive controller is implemented on the above process
in MATLAB-Simulink. The closed loop system response for different sets of tuning
parameters is illustrated in figures (4.5)-(4.8).

In figure (4.5) it can be seen that as the weighting, A, on the input increases
the controller response becomes less aggressive. For a given prediction horizon,
as the control horizon, N,, increases, the controller gives more aggressive tracking
performance as shown in figure (4.6). For a given control horizon, as the prediction
horizon, Nj, increases the controller gives better setpoint tracking performance
(4.7). Figure (4.8) shows the setpoint tracking under different constraints on the
incremental control moves, Au. It can be seen that smaller the magnitude of the
maximum allowed control moves, more sluggish is the controller response to setpoint

changes.
Noise model tuning

To illustrate the tuning of noise model with the subspace approach consider the
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process model changes with time, in other words there is a mismatch between the
true process model and the identified process model used in the controller design.

Consider the case when the process model from equation (4.70) changes to

— - —3s 7
v1(s) _ ]1.3:'?:4-; 2118.6211 u1(s)
-7 _ —3

y2(s) oGeTT  TAdeHT ua(s) |
3.8e—8 [

ei(s

| L w(s) + 1(e) (4.71)
13.2511 | ex(s)

Figure (4.9) illustrates the controller response without and with the on-line noise

model tuning feature.

4.6 Experiment on a pilot scale process

The proposed predictive controller is tested on a multivariate pilot scale system.
The system considered, shown in figure (4.10), is a three tank system with two
inlet water flows. The levels of Tank-1 and Tank-2 are the two controlled variables
(CVs). The setpoints (SPs) for the flow rates through the valves-A & B are the
two manipulated variables (MVs). The flow rates through the valves-A & B are
controlled through the local-PID controllers on each valve. The setpoints for the
flow rates come from a higher level advanced controller application. The local-PID
controllers, which are univariate, are at faster sampling (1 sec). The higher level
controller, which is multivariate and does computations to minimize an optimization
function, sends controller outputs every 6 seconds. The system is configured so as

to emulate a typical multivariate system in the industries.

Tank-3 and valve-C are used primarily to introduce interactions between the
variables in the system. As can be seen in figure (4.10) a change in the level in
tank-1 effects the level in tank-2 via tank-3 level. The degree of interaction can be
manipulated by changing the valve-C position. If the valve-C is completely closed
then the level in tank-2 is independent of the level in tank-1 (zero interactions).

By opening the valve-C interactions are introduced in the tank-2 level. Valve-C is
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maintained at a fixed open position throughout the exercise. Note that the level
in tank-1 is independent of the levels in tank-2 & 3. The step response models for
the system, which are formed from the impulse response coeflicients in the subspace
matrices, are plotted in figure (4.11). The correlations between the variables are

clear from the step response plots.

Open loop step-test data for the system is collected by sending two (uncorrelated)
designed ‘PRBS’ signals for the SPs of the flow rates through valves-A & B.
Subspace matrices are identified using the open loop data. A multivariate subspace
matrices based predictive controller is then designed for the system. The controller
parameters (weighting matrices, prediction horizon, control horizon and noise
model) are tuned for a smooth controller performance. The closed loop response for
the unconstrained and constrained (|Au| < 0.5) cases are plotted in figure (4.12)

and figure (4.13) respectively.

4.7 Conclusions

In this chapter, the design of the predictive controller, in the GPC framework,
using the subspace matrices calculated through the subspace identification method is
addressed. Important issues in practical implementation of the predictive controllers
such as integral action, constraint handling and feedforward control are discussed.
It has been shown that the noise model can be independently specified by the user
through the addition of a new term to the predictor equation in the model-free
manner, which is shown to be equivalent to changing the Kalman filter gain matrix.
The equivalence of the predictive controller designed from subspace matrices to the
traditional GPC is shown in appendix D. The proposed predictive controller is

tested on multivariate systems in simulations and on a pilot scale process.
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Figure 4.1: Inputs, measured disturbance and outputs data from simulations.
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Figure 4.2: Comparison of the process and noise models from subspace matrices with the true

models.
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Figure 4.3: Predictive controller without and with the integrator. w(t)=0; e(s) =0.
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Figure 4.4: Predictive controller without and with the feedforward control. e(s) =0.
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Figure 4.5: Variation of input weighting, A. w(t)=0; e(s) =0.
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Figure 4.6: Variation of control horizon, N,. w(t)=0; e(s) =0.
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Figure 4.7: Variation of prediction horizon, Ny. w(t)=0; e(s) =0.
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Figure 4.8: Constrained predictive controller. w(t)=0; e(s) =0.
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Chapter 5

Controller performance analysis
with LQG-benchmark obtained

under closed loop conditions

5.1 Introduction

A typical industrial plant can contain thousands of controllers ranging from PI/PID
controllers to the more advanced model predictive controllers like dynamic matrix
control (DMC) [15, 16], Generalized predictive controller (GPC) [12, 13], Quadratic
dynamic matrix controller (QDMC) [30], etc. With a goal towards optimal
performance, energy conservation and cost effectiveness of the process operations
in the industry, controller performance assessment has been receiving attention
both from the industry and from the academia since the notable work of Harris

[34]. Periodic tuning of the controllers becomes an important task of control

1A version of this chapter has been accepted for publication as a journal paper
R. Kadali, and B. Huang. Controller performance analysis with LQG benchmark obtained under closed loop
conditions. ISA Transactions, 41; 2002.
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engineers for obtaining optimal performance from the control systems. Controller
performance assessment techniques are used as a tool to check the optimality of
the current controller tuning parameters settings. Several benchmarks such as
minimum variance control (MVC) [5, 19, 20, 34, 35, 36, 38, 42, 45, 46, 50, 82,
83, 86, 98, 111], linear quadratic Gaussian (LQG) control [42, 46] and designed
controller performance versus achieved controller performance [69, 70, 96], etc. have
been proposed for assessing the controller performance. Among these approaches,
MVC-benchmark is one of the popular benchmarks due to its non-intrusive nature
for the univariate systems and routine closed loop operating data can be used for
the calculation of this benchmark. For the univariate application, only a priori
knowledge of the process time delay is required for obtaining the MVC-benchmark
from routine operating data [5, 19, 20, 46, 38, 37, 34, 82, 98, 111, 114]. For the
multivariate systems, the calculations are more involved and require estimation
of the unitary interactor matrix [42, 35, 36, 38, 45, 50, 48, 51, 60, 86, 93, 125].
However the MVC-benchmark may not be a practical one for those control systems
whose objective is not just minimizing process output variance but also keeping
the input variability (for example, valve movement) within some specified range to
reduce upset to other processes, conserve energy and lessen the equipment wear.
The objective of such controllers may be expressed as minimizing a linear quadratic
function of input and output variances. The LQG-benchmark is a more appropriate
benchmark for assessing the performance of such controllers. However, calculation
of the LQG-benchmark requires a complete knowledge of the process model [42, 46],
which is a demanding requirement or simply not possible in practice. An open loop
test for obtaining the process model may not always be feasible or may be expensive.
Frequency domain approach is proposed by Kammer ([62, 63, 64]) for testing the LQ
optimality for the performance assessment of a controller using closed loop data with
setpoint excitation. However this approach does not give the quantitative values for
the controller performance in terms of process input and output variances. In other
words, it does not separate the non-optimality/optimality with respect to process
response (output) variance and process input variance. In this chapter we propose

a subspace matrices based approach to obtain the LQG-benchmark variances of the
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process input and output to be used for the controller performance assessment. The
required subspace matrices, those corresponding to the deterministic and stochastic
inputs, are estimated from closed loop data with setpoint excitation. The method

proposed is applicable to both univariate and multivariate systems.

Subspace identification methods allow estimation of a state space model for the
system directly from the process data. Certain subspace matrices, corresponding
to the states, deterministic inputs and stochastic inputs, are identified as an
intermediate step in the subspace identification methods. Several approaches,
such as N4SID [93] (INumerical subspace state space identification), MOESP
[119, 120, 121]) (MIMO output error state space model identification) and CVA
[72, 73, 74, 75, 76, 77, 107] (Canonical variate analysis), are popular for subspace
identification using open loop data. Subspace identification methods also exist for
closed loop data. Recently Van Overschee and De Moor [94] proposed a subspace
identification method for the identification of the subspace matrices (all the three
matrices, corresponding to the states, deterministic input and stochastic input) of
the process using closed loop data with the knowledge of the first /N impulse response
coefficients (Markov parameters for the multivariate systems) of the controller,
where N is the maximum order of the state space model we want to identify. MOESP
and CVA approaches were also used for the identification of a state space model using
closed loop data [73, 113, 122]. In addition to the setpoint excitation, MOESP/
CVA approach uses an external white noise signal addition to the controller output
to make it independent of the noise. The closed-loop state space model is first
identified using the closed loop data from which the open loop state space matrices

are retrieved.

Ljung and McKelvey [81] presented a method for the identification of subspace
matrices from closed loop data using estimated predictors and state that their
algorithm is an illustration of a ‘feasible’ method rather than the ‘best way’ of
identifying systems operating in closed loop. The primary goal of all the above

approaches is the identification of a state space model for the open loop system.
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Favoreel et al [24, 25, 26] have recently proposed a method for the design of optimal
LQG controllers directly from the subspace matrices, instead of using a state space
model. Recent work by Kadali and Huang [58] (adapted as chapter 3 in this thesis)
allows identification of (only two of the subspace matrices, corresponding to) the
deterministic subspace matrix and stochastic subspace matrix from closed loop data
without requiring any a priori knowledge of the controllers. This method requires
setpoint excitation and is also extended to the case of measured disturbances [58]
(see chapter 3). It provides the tools/means for the calculation of more practical
controller performance benchmarks like LQG-benchmark using closed loop data. As
will be shown later in this chapter, the explicit process model is not required for

obtaining the LQG-benchmark.

The method for designing the optimal LQG controller directly from subspace
matrices proposed in [24, 25, 26| is extended in this chapter to the case of feedforward
plus feedback control. If some of the disturbance variables are measurable, analysis
of feedforward control performance is a worthwhile study. However, this analysis
requires the subspace matrix corresponding to the measured disturbance variables.
Using the subspace approach proposed in [58] the subspace matrix corresponding
to the measured disturbance variables can also be estimated under closed loop
conditions, if the measured disturbances are assumed to be uncorrelated with the
setpoint changes. This provides a means for the profit analysis of implementing

feedforward control on the process.

The main contributions of this chapter in the order of presentation are: () derivation
of the expressions for the calculation of the optimal LQG-benchmark variances of the
process input and output directly from the subspace matrices, (i7) extension of the
design of optimal LQG controllers using subspace matrices proposed in [24, 25, 26] to
the feedforward plus feedback control case, (#i¢) extension of the analysis to the case
of feedforward controller performance analysis, and (iv) illustration of the proposed

method through an application on a pilot scale process.

This chapter is arranged as follows. Section 5.2 explains the design of the LQG
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controller directly from the subspace matrices. Section 5.3 is the main section where
the methodology of obtaining the LQG-benchmark variance for the process input
and output from closed loop data is presented. Incorporation of feedforward control
in the optimal LQG control is discussed in section 5.4. Controller performance
analysis indices are defined and described in section 5.5. A summary of the proposed
method is presented in section 5.6. Simulation results are presented in section 5.7
followed by an application on a pilot scale process in section 5.8. Conclusions are

provided in section 5.9.

5.2 Designing LQG-controller using subspace matrices

A linear time-invariant system can be described in a state space innovations form

as:

Tpr1 = Axkp+ Bug+ Keyg (5.1)
e = Czp+ Duy + e (5.2)

where z, Y, Ux and e are the process states, outputs, deterministic inputs and
stochastic inputs respectively. K is the Kalman filter gain and e; is an unknown
innovations sequence of white noise with the covariance matrix S. For an l-input
and m-output system, A, B, C, D, K and S are (n X n), (n x1), (m x n), (m x 1),

(n x m) and (m X m) matrices respectively, where n is the state order.

Using the predictor equations in equations (2.12) and (2.19) for the output of system

in equations (2.1)-(2.2), we can write

yr = DUnZep + Hyup + Hyes (5.3)
= Lywp + Lyus + Leey (5.4)
where
Yi+1 Ut Yt—N+1 Ut—N+1
Yp
yp = e |ur= e |iwp= s Up = SUp =
Up
Ye+N U+ N Y Ut
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and I'y (Nm x n) is the extended observability matrix, Hy (Nm x NI) and H3
(Nm x Nm) are the lower triangular Toeplitz matrices containing the impulse
response coefficients (Markov parameters) corresponding to the deterministic input
ur and the unknown stochastic input e respectively. p and f denote the past
and the future respectively. The subscript N follows from the number of steps
ahead predictions represented in ys. L, (Nm x N(I+m)), L, (Nm x Nl) and L,
(Nm x Nm) are the subspace matrices corresponding to the states,the deterministic

inputs and the stochastic inputs respectively.

c
cA
FN = 3
CAN-1
D 0 .. 0] I 0
OB D .0 CK I
HN = ) HJS\/:
CAN-2B CAN-3B . .. CAN-2K CAN-3K

Recent work by [25, 24, 26] shows the design of the optimal LQG controller by
directly using the subspace matrices, instead of through a state space model, for the
system in equations (2.1)-(2.2). The linear quadratic Gaussian (LQG) controller is

designed to minimize the following quadratic cost function J over the horizon N:

J = B{ Y [(yerk — reen)” Werk — Toar) + iy (ML) uere]}  (5.5)
k=1

N
= Z [k = Teik)T Derr — Tork) +u;.r+k (ML) uprk) (5.6)
k=1

where E is the expectancy operator, A is the user defined non-negative input
weighting parameter and r; is the reference for output trajectory. I; is an l-order
identity matrix. ;. is the k-step ahead predicted output given the past inputs and

outputs and future inputs upto time ¢.

It should be noted that traditionally the following objective function is used for the
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design of the LQG controllers:
N
J = EB{ Y (Werr —res0)” R (Werr —mesn) +uiyy Q@ wegs] 3 (5.7)
k=1

where R (m x m) and @ (I x l) are non-negative definite weighting matrices. To
simplify the presentation the objective function in equation (5.5) is used throughout
this chapter. Equation (5.5) basically means that all the inputs have the same

weighting (or equal importance) in minimizing the objective function.
The optimal predictor equation from equation (5.4) is:
9 = Lywp+ Lyuy (5.8)

The notation in the cost function can be simplified for regulatory control, by letting
Ttk — 07 as.
J = mu%n [0 95 +uf (M) uy] (5.9)

= (Lwwp + Lyus)" (Lowp + Lyug) + uf (Ani)ug (5.10)

Partial differentiation of J with respect to uy and setting it to zero yields the LQG

control law [25] as:
ug = —(Mp+ LEL,) LT Lyw, (5.11)

The above control law is the optimal LQG control law as N — co and is equivalent

to an estimated state feedback control law.
ur = —Clgg Tt11 (5.12)
where
Cig = My +LYTL,)1LITy (5.13)

and the relation L,w, = I'yZ¢.; follows from the equations (5.3)-(5.4). Only the
first control move is implemented and the calculation is repeated at each sampling

interval.
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5.3 Obtaining LQG benchmark from closed loop data

To assess the controller performance, we compare the current controller performance,
in terms of output (or input or both) variances, with the variances under the optimal
control. This gives rise to the question of selection of the optimal benchmark
controller. Though the primary objective of a control system is often to minimize
the output variance, we may also want to limit input variance for reasons like
energy conservation and equipment wear. In other words, a compromise between the
process input variance and output variance is necessary. The optimal LQG control
is one of such benchmarks that takes into account both input and output variances
of the process and represents a limit of performance in terms of input and output

variances [8, 42, 46].

To obtain the optimal LQG-benchmark variances we need to obtain the closed loop
expressions for process input and output in terms of the disturbances entering the
process. From the predictor equation (5.4), we can write . in terms of the past

inputs and past outputs as

Yer1 = ly,,yp + lupup + Gouge1 + Loesr (5-14)

where
ly, = Ly(l:m,1:mN) (5.15)
luy, = Ly(l:m,mN+1:(+m)N) (5.16)

and the notation A(% : j,p : q) represents the rows ¢ to j and columns p to ¢ of the
matrix A. Equation (5.14) can be transformed to alternatively express the process
output in terms of past inputs and past noise with the process and noise model

impulse response coefficients (see appendix D) as

Uy €t
Yir1 = [ Gy .. Gy ] + [ Ly ... Ly ]
Ut—N+1 €t—N+2
+Go uty1+ Lo e (5.17)
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where G; and L; are the ¢-th impulse response coeflicients (Markov parameters for
multivariate systems) of the process and noise models respectively. In other words

we can express the past (state) contribution term, L,,w,, as

Ut €t
lwwp = [Gl GN] +[L1 LN:I
Ut—-N+1 €t—N+2
G, Gn-1 Gn
Uy
Go Gn 0
= Lyw, =
Up
oy 0 0 | t—N+1
L, Ly_1 Ly
L Ly 0 “
+] N (5.18)
€
Ly 0 .. 0 v

However, the controller output, u;; is calculated using all the data available at time
‘t+1, i.e., {us, Yrr1, Ut—1,Ys, ... }. Hence the original subspace predictor expression in
equation (5.4) and the subspace based LQG-controller law in equation (5.11) have

to be modified to obtain the closed loop expressions for u; and yy. First, define

Kigg = (MIm+LIL,)'LE; (5.19)
[ G, G, .. Gni Gy | [ w |

L, = | 9 v Ol ao)
] Gy 0 O 0 ] | Ut-N41
- Ly Iy Ly_1 Ly — €41

o= | Iv 01 &= ¢ | 6o
| Ly, 0 0 0 | eva
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0 0 ... 0 €42
- L 0 .. 0 e
Le = | 7° D oe=| (5.22)
| Ly Ly-x . 0] | t+N+1 |

Note that the matrices Ly and Ly contain the impulse response coefficients (Markov
parameters) for the deterministic and stochastic inputs and can be formed using the

subspace matrices L, and L, respectively. From equation (5.11), we can write
up = —(Aly+ LEL) LY L,w, (5.23)
—K4e{Lgtip + Lnép} (5.24)
Similarly substituting equation (5.24) in equation (5.4) we can write

Yyr = Lg’ilp + Lpé, + LuUf + Leef (5.25)
= (I — LyKigy)Lyiip + (I — LyKigg) L&y + L&y (5.26)

Now that we have derived closed-loop expressions for both u and y, the next step
is to calculate their variance expressions which are actually the Hy norm of the
closed-loop expressions weighted by the variance of e. A simple method to derive

the variance expression is given below.

Let a disturbance enter the process at time =t +1, i.e.,

U = U1 = ... = Ut_N41 = 0
€ = €1 = ..=€_Ny1 = 0
€ty = €43 = ... = Ey N = 0

Then the cumulative effect of the noise e;;; on the process input and output

variances can be obtained from equations (5.24) and (5.26), which simplify to

Yo

Y
up = —Kggleerss =| | ews (5.27)

YN-1
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Yo
g
Yr = (- LuKlqg)leetH = €t+1 (5.28)
| YTN-1 |
Ly
where [, = ... |, the vector of noise model impulse response coefficients/
Ly

Markov parameters. From the above equations, we can calculate the LQG-

benchmark variances of the process input and output as

Var[u)] = Ni:lzﬁi Var(e] ¥ (5.29)
i=0
N-1

Varly) = > v Varle] 7 (5.30)
i=0

As can be seen from the above equations only the subspace matrices L, and L,
are required for obtaining the LQG-benchmark variances of the process input and
output. The state subspace matrix, L,,, is not required. Therefore the closed loop
subspace identification method presented in chapter 3 can be used for obtaining the

optimal LQG control variances of process input and output.
For obtaining the LQG-benchmark limit curve, define

Uy = trace{ Varfu) } (5.31)
Yigqg = trace{ Varly] } (5.32)

For different values of A, the values for u;,, and yi, are obtained. A plot of g
VS. Yigg Tepresents the optimal LQG performance limit curve that can be used for

controller performance assessment.

5.4 Profit analysis of feedforward control

For the case of measured disturbance variables, obtaining optimal benchmark

variances helps us in analyzing two things: (¢) performance assessment of an existing
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feedforward plus feedback controller and (i) profit analysis of implementing a
feedforward controller on the process. This analysis in terms of process output
variance using MVC-benchmark is provided in [42, 51, 60, 86] (also refer to chapter
3 in this thesis) . In this section we provide the analysis, in terms of both process

output variance and process input variance, using the LQG-benchmark.

Consider the case when measurements of some of the disturbance variables, v; (hx1),
are available where v; is assumed to be white noise; if this assumption is not true,
then pre-whitening is needed. The process state space representation (2.1)-(2.2) is

modified to include measured disturbances as

Uy

Tpt1 = Az + [ B Bv] + Key, (533)
Uk
Uy,

v = ka+[D Dv] +ex (5.34)
Uk

Similarly, the predictor equations for the process output can be expressed as

yr = INzip1 + Hyup + Hyvs + Hyes (5.35)
= Lowd+ Lyus + Lyvs + Lees (5.36)
where
Ut—N+1 V+1 Y,
v, = povr=1| W; =1 U, (5.37)
U UVt N Vo

The optimal LQG control law, as N — oo, for feedback plus feedforward control,

modifies to
up = —(My+LIL,) LI LA} (5.38)
= —Cph, #141 (5.39)
where
Chy, = (Mn+LIL,)LITY (5.40)
The relation Liw) = %241 follows from the comparison between subspace

equations (5.35) and (5.36). Note that L, is not required in the design of the
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controller and hence not required to be calculated for implementing the controller.

However L, is required for obtaining the LQG benchmark.

Similar to the previous section define

Gy

G'U
L gv == !

Gl

Gi
Gy

v
N-1

v
N-1

0

Gy
0

Ut+1
~ Ut
Up =
Vt—N+1
V42
Ut+3
Uty N+1

(5.41)

(5.42)

where G? is the i-th impulse response coefficient (Markov parameter for multivariate

systems) of the disturbance model corresponding to v;. Ly can be formed from the

subspace matrix L,. Equations (5.38) and (5.36) can be written as

uf=

Yr =

—-Klqg{Lgup + Lgv’l)p + Lhep}
(I - LuKlqg)Lgap + (I - LuKlqg)Lg”f’p + (I - LuKlqg)Lhép + ffvf’f +®eé4)

(5.43)

Consider the measured and unmeasured disturbances enter the process at time =

t+1,ie,
Uy
(4
€t
V42
€42
Therefore
up = —Kigl,vi — Kigglees

Uty = ... = Up_N41 = 0
Vvp1=..=v_n41=0
e1=..=e_ny1=0
Vi4g = -o. = VN = 0
€43 = ... = €yn =0

Wo

w1

WN-1

Vg1 +

r -

(4
(2!

€t+1

YN-1
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I 7 I 7]
To Yo
Ty !
yf - (I - LuKlqg)lvUt + (I - LuKlqg)leet - V41 + dt&-flﬁ)
Th-1 | | YN-1 |
Gh Lo
where [, = and [, = , the vectors of noise model impulse
N-1 Ly

response coefficients/ Markov parameters of measured and unmeasured disturbances
respectively. From the above equations, we can calculate the LQG-benchmark

variances of the process input and output as

N-1 N-1
Varlu] = Y w; Varly] ol + > 4 Varle] ¢f (5.47)
i=0 i=0
N-1 N-1
Varly] = Y. Ti Var[v] Y7 + > % Varle] 77 (5.48)
i=0 i=0

Hence only the subspace matrices L,, L, and L. are required for obtaining the

LQG-benchmark variances for the process input and output. Now,

Ug = trace{ Varfuy } (5.49)
Yigg = trace{ Varly] } (5.50)

By plotting ey vs. Yo for different values of A, as explained in the previous section,
an LQG feedforward plus feedback controller limit curve can be plotted. It can be
compared with the feedback-only optimal LQG performance limit curve to analyze
the benefits of implementing feedforward control. Further discussion is provided in

the next section.

5.5 Controller performance analysis
One of the advantages of LQG-benchmark is that the controller performance can be

assessed in terms of both process response (output) variance and the process input

variance. The LQG tradeoff curve in figure 5.1 represents the limit of controller
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performance, in terms of process input and output variances [8]. That is to say, all
linear controllers (from PID, MPC, to any advanced control) can only operate in
the region above the curve. Several useful performance indices in the analysis of the

controller performance can be obtained from the LQG-benchmark curve.

5.5.1 Case 1: Feedback controller acting on the process with no

measured disturbances

Consider the case when a feedback-only controller is acting on the process and the
actual input and output variances are represented as (V,,)"® and (V, )7 respectively.
The closer (V;)?® and (V,)/® are to the limit curve, the closer is the controller
performance to the optimal LQG controller. If the optimal output variance
corresponding to (V,)/ is (V?)/* and the optimal input variance corresponding
to (V) is (V2)7, then the LQG performance indices can be defined in terms of

process response variance, (77)f b and process input variance, (E)f b as

o _ WP A

A A (AL

()% and (E) vary between 0 and 1. If (n)/® is equal to 1, for the given input

(5.51)

variance, then the controller is giving optimal performance with respect to the
process variance. If not, then the controller is non-optimal and there is scope for
improvement in terms of process response. Similarly if (E)? is equal to 1, for the
given output variance, then the controller is giving optimal performance with respect
to the input variance. If not, then the controller is non-optimal and there is scope

to reduce input variance.

The maximum possible % improvement in controller performance with respect to
process response variance without increasing the input variance, by retuning the

controller, can be calculated as

(I,)"* = (%)f:v_)](,:/yo)ﬂ 100% (5.52)

Similarly the maximum possible % improvement in controller performance with

respect to input variance without increasing the output variance, by retuning the
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controller, can be calculated as

(Ig)”* = (V")];bv_)ﬁﬁ)fb 100% (5.53)

5.5.2 Case 2: Feedforward plus feedback controller acting on the process

For the case of measured disturbances, and a feedforward plus feedback controller
acting on the process, let the actual input and output variances be denoted by
(V,)f&ft and (V,)/7%7® respectively. Then the LQG curve is plotted using {L,,,
Le, and L, }? and represents the limit of performance in terms of process input and
output variances for a feedforward plus feedback controller. Let the optimal output
variance corresponding to (V,,)/7%/® be (V2)//%/* and the optimal input variance
corresponding to (V,)/7%/ be (V2)/47% then the optimal FF-FB LQG performance
indices can be defined in terms of process response variance, (n)f/%®, and process
input variance, (E)//%/ as

(Vo) I1& fb‘
(V;)f f&fb’

(n)/7%f% and (E)//%/ vary between 0 and 1. If (n)/7%% is equal to 1, then the

(vg)1ren

ffefo W)
(m) (V,)FFers

(B st (5.54)

controller is giving optimal feedforward plus feedback controller performance, for
the given input variance. If not, then the controller is non-optimal and has potential
for improvement by retuning. Similarly if (E)//%/? is equal to 1, then the controller
is giving optimal feedforward plus feedback controller performance, for the given

output variance.

The maximum possible % improvement in the controller performance, with respect
to process response variance without increasing the input variance, by retuning the

controller, is calculated for the feedforward plus feedback control case as

b (Vy)ff&fb_(vo)ff&fb
(L) = (ny)ff&’g’ 100% (5.55)

21t should be noted that the subspace matrix corresponding to the measured disturbances, Ly, cannot be identified

when a feedforward plus feedback controller is acting on the process [58]. A feedback-only controller should be acting

on the process for identifying L.
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Similarly we can define in terms of the input variance

& fb o\ff&fb
ff&fo (‘/u) — (Vu,)
(Ig) = o 100% (5.56)

5.5.3 Case 3: Feedback controller acting on the process with measured

disturbances

Consider the case where a feedback-only controller is acting on the process
and measured disturbance variables are available. We want to know how
much improvement in the controller performance is possible by implementing
a feedforward control in addition to the existing feedback-only controller. By
implementing optimal feedforward control on the system the process response
variance will decrease. The same may not hold for the input variance. The process
input variance may increase or decrease by the implementation of feedforward
control with the measured disturbances. The following analysis helps in determining

the incentive for the implementation of a feedforward controller on the process.

We can obtain (V,,)? and (V,)/® from process data. We construct two LQG limit
curves. () Identify {L,, Ly, and L.} and construct the FF & FB LQG controller
limit curve to obtain (V,?)/f/> and (V,2)/7%/%. (i) Treat measured and unmeasured
disturbances as a lumped set of (mn x 1) unmeasured disturbances and identify {L,,
and L.} and construct the FB-only LQG controller limit curve to obtain (V,°)/* and
(Vo).

The maximum possible improvement in the optimal controller performance with
the implementation of an optimal feedforward controller is obtained in terms of the
process response variance and process input variance as

(Vyo)fb _ (‘/yo)ff&fb

W) 100% (5.57)
and
Vo b Ve Ff&fb
() (Vu()fz) 100% (5.58)
respectively.
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The performance analysis indices presented for three different cases above can be
used in analyzing the incentives, in terms of decreasing both process response

variance and process input variance, for retuning the controller.

5.6 Summary of the subspace matrices approach to the

calculation of LQG-benchmark

Controller performance analysis using LQG-benchmark involves comparing the
current process input and output variances with the variances if an LQG controller
were implemented on the process. The method proposed in this chapter allows the
calculation of the LQG-benchmark variances directly from the deterministic and
stochastic process subspace matrices, thus not requiring a parametric model, and

principally consists of the following steps:

1. Estimation for the deterministic and stochastic process subspace matrices from

the process data. The subspace matrices can be identified by either
(a) Using the process open loop data [91, 93] as shown in chapter 2.

(b) Using the process closed loop data with setpoint excitation [58] as shown in

chapter 3.

2. Estimation of the process stochastic noise and obtaining the variance, Var|e,].
Also estimate Var[v;] if any measured disturbances are available; if the measured
disturbance is not white noise, then pre-whitening is necessary. Routine operating

data can be used for this purposes.

3. For different values of A calculate the LQG-benchmark variances, ujqy and yqq-

Plot wqq vs. yiqg to obtain the optimal LQG performance limit curve.

4. For the current process input and output variances, V,, and V}, respectively, obtain

the optimal variance values V;; and V7, for both feedback-only and feedforward plus
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feedback control cases. Calculate the controller performance analysis indices.

(m)? (B)7
(I (Ip)"
(n)ff&fb (E)ff&tt
(In)ff&fb (]E)ff&fb

5.7 Simulations

Consider the following state space system (modified from the example in [93])

06 06 O 1.6161 0.5 —1.1472
Tk+1 = —06 06 0 |zx+ | —0.3481 jup+ | =05 |ve+ | —1.5204 | ex
|0 0 0.7 2.6319 04 —3.1993
Y = —0.4373 —0.5046 0.0936 | zx + [—0.7759)ux + [—0.5]vx + ex

A process time delay of 3-samples is introduced for the above system in MATLAB-
Simulink. A PID controller, [0.1 + 2% 1 0.05s], is tuned for the system. We assume

the controller knowledge is not known in the following analysis.

Closed loop input/output data is obtained by exciting the system using a
designed ‘RBS’ signal (with idinput function in MATLAB), with bandpass limits
[ 0 0.06 ] and magnitude 1, for the setpoint. The measured disturbance and the
unmeasured disturbance are random white noise with standard deviations 0.2 and
0.1 respectively. Note that although the measured and unmeasured disturbances
can have same standard deviation, different seeds have to be used for generating
them in MATLAB. Using closed loop subspace identification [58], with N = 30
(rows) and j = 3000 (columns) in the data Hankel matrices, the subspace matrices
L, (30 x 30) and L, (30 x 30) are identified. Due to the presence of noise, the upper
non-diagonal elements in L, and L. will not be exactly zero but negligibly small
numbers (they approach to zero as N — oo). An optimal feedback-only LQG
controller is considered as a benchmark for controller performance assessment. For

a range of values of A (1 —30), the LQG-benchmark variances of the process input
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and output are obtained for both feedback-only control case and feedforward plus
feedback control case and plotted in figure 5.2. The controller performance analysis

parameters are obtained from figure 5.2 as:

parameter value parameter value
V)t 0.0549
(Vu)fe 13 x 10~*
vore .. 0.0506 (Voyfs&esre L 0.0474
vyt .. 1.8x 1074 (Voyffefe L 8.2 x 104
mf .. 0.9217 (n)ff&se L 0.8634
L) .. 07.83% (I,)ffesre L 13.66%
(Eyfe ... 0.1385 (E)ff&fo L 0.6308
(Ig)f® ... 86.15% (I,)ff&fe L 36.92%

o\Ffb_(yyo\ff&Sb
G ) 100% ... 05.83%

DTS 100% oo —49.23%

Table 5.1: LQG-benchmark performance assessment parameters for the simulations.

We make the following observations from table (5.1):

From feedback-only LQG limit curve

From the FB-only optimal LQG-benchmark variances we see that although the
controller performance is close to optimal with respect to the process output variance
(92.17 % of the optimal), the performance index with respect to the input variability
is only 13.85%. Hence there is a maximum possible scope of 86.15% to reduce the

input variance without increasing the output variance.
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From feedforward & feedback LQG limit curve

From the FF&FB optimal LQG-benchmark variances we see that the controller
performance is still close to optimal with respect to the process response variance
(86.34 % of the optimal), whereas the performance index with respect to the input
variability is better than with a feedback-only controller 63.08%. Hence there is a
maximum possible scope of 36.92% to reduce the input variance without increasing

the output variance.

For the profit analysis of implementation of feedforward controller on the process,
we see that there is an incentive of only 5.83% reduction in the process response
variance possible by the implementation of an optimal feedforward controller on
the process. However, there is 49.23% maximum possible scope for decrease in the
process input variance. Hence it can be concluded that there is not much incentive

for the implementation of a feedforward controller in this case.

5.8 Application on a pilot scale process

The proposed method of controller performance analysis using optimal LQG-
benchmark is tested on a pilot scale system. The system considered is shown in
figure (5.5). The input (u) is the valve position of the input water flow valve and
the process variable to be controlled (y) is the level of water in the tank. The tank
outlet flow valve is kept at a constant position. The head of the water in the inlet
pipe can be considered as (an unmeasured) disturbance. The tank level is controlled
by a PID controller, 5 + % + 0.05s. The controller sampling interval is 5 seconds.
An ‘RBS’ signal of series of setpoint changes to the level is designed in M ATLAB.
Closed loop data of the process input and output is collected at a sampling rate
of 5 seconds. The subspace matrices L, and L. of dimension 200 are identified
using the closed loop subspace identification method from chapter 3. The impulse
response coefficients models for the process and noise are plotted in figure 5.6. The

optimal LQG-benchmark curve is plotted for a range of values of A, as shown in
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figure 5.7. The actual process input and output variances are compared with the

optimal variances for the controller performance analysis.

parameter value
479 LA 1.885 x 10™*
v 1.52 x 1073
(470 LA 0.71 x 104
(veylt L. 1.66 x 10~*
m* 0.378
Lyt 62.30%
(EyYe L 0.11
0757 L 89.00%

Table 5.2: LQG-benchmark performance assessment parameters for the pilot scale process.

From table (5.2) we can see that the controller performance is non-optimal with
respect to both input and output variances. There is a maximum possible scope of
62.30% to reduce the process output variance without increasing the input variance
and 89.00% to reduce the process input variance without increasing the output

variance.

5.9 Conclusions

A subspace identification based approach is proposed in this chapter for obtaining
the optimal LQG-benchmark from closed loop data, for controller performance
assessment. It has been shown that instead of using explicit process models, only
the subspace matrices corresponding to the deterministic and stochastic inputs, L.,
and L., are required to obtain the LQG-benchmark. The closed loop subspace
identification method is used to obtain L, and L. which are subsequently used to
obtain the LQG-benchmark. The optimal LQG-benchmark method is extended to
the case of feedforward plus feedback control. Profit analysis for the implementation

of feedforward control under optimal LQG control performance framework is also
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derived and explained in this chapter. The results of the chapter are illustrated

through a simulation example and a pilot-scale experiment.
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Figure 5.1: Optimal LQG control performance limit curve. V, and Vj, represent the variances

obtained from process data while V;? and V;? represent the optimal LQG-benchmark variances.
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Figure 5.2: Optimal LQG control performance limit curve.
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Figure 5.3: LQG-benchmark variances of the input.
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Figure 5.4: LQG-benchmark variances of the output.
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Figure 5.5: Experimental setup
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Figure 5.6: Impulse response models for the process and noise identified using closed loop data.
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Figure 5.7: Optimal LQG-benchmark curve for the CSTH
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Chapter 6

Estimation of the statistical

confidence intervals for
LQG-benchmark obtained using

the subspace matrices

6.1 Introduction

In chapter 5, the expressions for obtaining the LQG-benchmark variances for
the process inputs and outputs are derived for controller performance assessment.
Industrial data inherently has noise and this noise transfers to the subspace matrices
identified for the LQG-benchmark variances calculation. In this chapter we derive
the expressions for calculating the confidence intervals for the LQG-benchmark
variances calculated using the subspace matrices based method. We use extensively

the Kronecker algebra and matrix calculus to derive these expressions.

103
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6.2 Kronecker algebra and matrix calculus

Differentiation of matrices functions involves Kronecker algebra. Consider a vector
P = [pi]gx1 and matrices A = [a;j]axg, B = [bijloxp- Assume (o > [3). The following
rules of operations and differentiation are useful for the statistical analysis provided
in this chapter. Most of the formulae presented in this section are directly taken

from [9, 31, 123, 124, 126], without presenting the detailed derivations involved.

6.2.1 Kronecker algebra

CLHB algB awB

anB anB .. aypB
A®B = matriz[a;B] = 2 2 2

aalB aagB aa,@B

L Jd aoxBp

A®(B+C) = AQB+A®C
(A B)(C® D) = (AC)® (BD)
(A B)YY = AT@BT
(A B! = A'®B™!

(A B)f = Al® Bt (t represents pseudo — inverse)
(,®B)Y = I, B°
A®B = U;(B® AU, (Uh & U, are permutation matrices)

where Uzg *ef js a permutations matrix defined as

a B
afxaf (axf) (aXBIN\NT
Uap = 2; lEij ® (E;; ™)
1= J:
~a?xg? o B E(axﬂ) E(axﬂ)
w = 22 BV e E;
i=1j=1
s = Uls=Uss  (symmetric and orthogonal)

with Ef‘jxﬂ being the (o x §) Kronecker matrix which has ‘1’ in the 4, j-element and

‘ ‘0’ elsewhere.
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6.2.2 Differentiating a matrix or a matrix function w.r.t. a matrix

24
9B

aAl"
7
HA
0A
dAT
DA
A1

0A
0AB

oM
8|A® B
oM

where M =

6.3 Statistical analysis for matrices

7 & 0A

E;®—
2213—221 7 Ob;;
8B

04 9A 04

b1y Obia Bby,

0A 9A DA

aba‘l 6bo‘2 abal
0AT
0BT
U(X Xﬂz

aflxaf
Uas X

0A

— - A™

(l.®A )8A(I ®A™")
0A
A (L®B)+ (I 8 A)—
8A aoX oo
= ® B+ (1 @ Usr™™) (50

ﬂlxﬂl
B ®A)(I;@U )

[M;;]-xs and, A and B have compatible dimensions.

When dealing with matrices instead of vectors or scalars, the extra dimension needs

to be carefully incorporated in the derivations. Consider a matrix

Sa =

apix a2 aig
Go1 Q22 G2
=|a | a | laﬁaxﬂ
Qo1 Qa2 aaﬂ ]
The covariance matrix for the matrix A can be defined as
E[(A-A)®(A- A)T]
cov(ay,a;) cov(ag,ay) cov(ag, a;)
cov(ay,az) cov(ag,az) cov(ag, aj)
] cov(ay,ag) cov(ag,ag) cov(ag, ag) L apxas
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where

each of the block cov(ay,a;) =

106

- -
cov(aii, a1;) cov(agi,a1j) ... cov(aai,ai;)
cov(ayi, agj)  cov(ag, azj) ... cov(aei,as;) i
cov(ais, Gaj) coU(Q2i, Aaj) ... COU(Gais Qog)

an (a x a) covariance matrix. To avoid complex mathematical formulation, the

functions of matrices can be equivalently expressed as functions of vectors formed

by the columns/rows of the matrices. This will allow us to use the vector functions’

Taylor series expansion equations for the functions of matrices. We can express

a;

as

the matrix A as a column vector, a, defined as a = . In MATLARB, the

function is @ = A(:);.

6.3.1 Taylor series expansion

L ag Jafxl

If a matrix F'(a x 3) is a function of a vector, p(q x 1), then

az’
RO = P05 o-m e (S ) 60
= Fn) + % (50 b ) (- B (62
a T b=po
with
P-p)™ = (p—po)" ®(P—1p0)T ®...® (p— po)” (6.3)
6.3.2 Basic derivations
We can derive
814. _ —a2,6><ﬂ
55 — Vs (6.4)
8AT aﬁ2><a
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where
Y S OeBx) o plaxB)
af - z; Z ® E (6'6)
Vaﬂzxa — i zﬂ: (Ot,@Xl) E OLXﬂ))T (6 7)
:1 =1

with Of*" being the (a3 x 1) column matrix which has *

element and ‘0’ elsewhere.

We can derive the expression for

I’ in the [@(j — 1) + i|*-

8A—1
da

M)_l 2At
da ' Oa

and LL as follows:

i) A= [[a@A Vg x4l
Proof: a = 3 is assumed for A~ to exist.
AA™Y = T
-1 -1
a(—Aa‘;l-—) = g—’flA 1+[Iaz®A]aA =0
OA~! _1 0A
i S -
= —[le®@ A7 Vg AT (6.8)
- -1
() M = [l ® AT (A7) = — [Le ® (AT) ] VIX(AT)
Proof: Similar to above.
(1)) O = — [Iap ® Al V3PP AT
Proof:
AtAAT = AT
O(ATAAT OAt O(AAT
_—5(3—) = (44D + Ly ® A (&_L )
AT 0A OAT
- 11 194 4 o4
=+ [fas ® 41] {%A + op ® A] - }
_oal
- oa
Therefore,
At _ c’}A — 2
57 = —Uep@A” AN = - [Las ® AT] V5740 At (6.9)
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() 2 = — [Lp® (AT)] 25 (AT) = — [Lag ® (AT)] VE (AT

&

Proof: Similar to above.

Note the following properties for the vector a:
Ela—-al = 0 (6.10)
El(a-a)®@—a)] = S; (6.11)

where S is a column vector obtained from the covariance matrix, ¥4 (in MATLAB
notation, Sz = ¥4(:)). Similarly, E[(@ — a)* ® (@ — a)T] = ST, a row vector.
Suppose there is another vector [5] opxl formed from a matrix B = [Bjjloxp- If @ is
uncorrelated with b, then

EG-8) ®@®-bT = 0 (6.12)

6.4 Statistical properties of matrices as random variables

For the matrix A = [Ajlaxg = |a1 | a2 | ... | ag s where a; is a
(a x 1) column vector. To avoid complex mathematical formulation, the functions
of matrices can be equivalently expressed as functions of vectors formed by the
columns/rows of the matrices. This will allow us to use the vector functions’ Taylor

series expansion equations for the functions of matrices. For example f(A) can be

ay
a
equivalently expressed as f(a), where a = 2 . Note the following properties
L aﬂ 4 afx1
for the vector a:
Ela—a] = 0 (6.13)
El@-a)®@—a) = S (6.14)

where S; is the covariance matrix, ¥4, arranged as a column vector. Similarly,

E[(@a—a)T ® (@—a)T] = ST, a row vector. Suppose there is another vector b formed
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from a matrix B = [Byj]sx,. If @ is uncorrelated with b, then
Ella-a)®(k-5)] = 0

Consider the following derivations:

1. [Fi(A)]ays = AT

OF; 0AT aBxof

da  da
The Taylor series expansion for F1(@) about the point @ can be written as
. - 0AT
_ AT | (s _ &\T
FrF = A+ {(a a) ®Ia] 5 + ...
E[AT] = AT

2. [Fo(A)]pnag = (AT — AT) @ (AT — AT)T
Fy(A) = (AT — AT) @ (AT — AT)T
= {A-DHe@-AT})
Therefore

A N T
Sar = E[R]={E((A-4)® 4~ A}
= ¥
Therefore we can write the distribution for AT as

AT~ N (AT,EA)

3. [F3(A)] = A1

axo

a = (3 is assumed in derivations 3-4.

OF;  0A' 1] {redxa 4-1
B2 = o = [e®AT|VEA
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(6.15)

(6.16)

(6.17)
(6.18)

(6.19)

(6.20)
(6.21)

(6.22)

(6.23)



The Taylor series expansion for F3(A) about the point @ can be written as

Fy = A -[@-8)"®L| |[l. @A | VE*A™ + ..

EA™Y] = AT
4. [F4(A)]a2>(a2 = (A_l - A__l) ® (A—l - A_I)T
OF, 0A1 1 Ao\T
= —A
o4 5 ®U )

B(AT)_I

+ [fr @ Uga ™| l da

® (A—l _ A—l)] l'];:;xcu2

0*Fy 3.axata] [OAT)™! OATH iavar
gz = [l=® ] [ ga  © ea |
+ [Iaz ® Is ® U™ | [Ir @ Ugeig™" ]
DA B(AT) ] ot et
{ ga © ag |Ver Ua
The Taylor series expansion for Fy(A) about the point @ can be written as
. . O?F,
Fy, = 040+ [(@-8)"®@-a)" el a—a24+'”

S = E[F) = [ST® L {(le @ US ")

110

(6.24)
(6.25)

(6.26)

(6.27)

(6.28)

[(Iaz ® [A ] )Va xa(AT) 19 ( 2 QA )Va3xaA—1]

o?xa? + (Ia2 QL2 ® a X ) (Iaz ® axa a)

o2

[(Iaz & A‘l) "; Xa pg-l o (Ia'~’ ® [A— ] ) V:[;xa(AT)—l]

o?xa? Ua xa2}

a2
Therefore we can write the distribution for A™! as

A7~ N(AT, Sa-1)

5. [F5(A)lgxa = A'

Bxa

6F5 N 8AT_ 1 a?Bx8 st
6& - -55——— [Iaﬂ@A]V A
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The Taylor series expansion for F5(A) about the point @ can be written as
Fy = A'—[@—8)7 ® L] [Ls ® A7 VPP AT + . (6.32)

~

E[AT] = AT (6.33)

6. [Fo(A)]opnop = (AT — AN) @ (AT — AN

OF4 . oAt At AT Bax Po (A ) t At of3
= S ® (A — AN + Ly @ U] | T @ (4l - AN U 18B4)
62F6 a,@z axaﬂ2 6(AT)T 6AT afxof
a2 [Fas ® Uz =5 ®3a | Uss
+ [Iaﬂ ® Ia,@ ® Uﬂaxﬂa] [Iam ® z;g.gxazﬂﬂ]
041 o oA goxpapapxap
Moreover,
OAT
oAt ] [7a26x8 4t
o = s ® AT VLA (6.36)
The Taylor series expansion for Fg(A) about the point @ can be written as
0?Fg

Fo = 040+ [(@- 8 © @8 ® L)
Sar = E[Fs] = [ST® Lo {[lap ® Ui "]
[(Iag ® (AT)T) V;;?zxa(AT)f ® (I 5 ® AT) Vazﬁx,@Aq
USSP + [Iap ® Lop ® Upe ] [1ap ® U5 7]
[(Tas ® AY) V3PP AT @ (Ing @ (AT)F) Vel "(AT)]
UﬁgXﬁa aﬁxaﬁ} (6.38)

e (6.37)

Therefore we can write the distribution for A’ as

At~ N(A"Z4) (6.39)

7. [F7(A, B)lax, = AaxgBpxp

Note: We assume (3 = ¢ in functions F; and F for dimensional compatibility.

6F7 0A
— = —B; .
0a da "’ (6.40)
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oF;
b
0’ F;
b 0a
O*F;,
oa b
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B

= se4) %, (6.41)
_ [Iﬁp®%§} . (6.42)
- (6.43)

The Taylor series expansion for F7(A, B) about the points {a, 3} can be written as

PPN _ ES 6F7 [ _ ~ 8F7
F = AB - T I AT Ia OF;
! [(a ay ® ] o + _(b b)' ® B
1 ANT o (5 T 1 O Fy
2[ a)” ® (b b) ®I, | 55 2
1 T 1 82F,
[(b Ve@-i el gy
Fas = (6.44)
8. [FS(A7 B)]aanp (AB AB) R (AB AB)
OF3 DA
=2 = |-=B®(AB-AB
oa [3 ® ( ) ]
apxa  OAT N
+ [Las ® U] | (Iap ® BT)—— ® (AB — AB)| U£2*"76.45)
8F8 N aB A
% [(Iﬁp®A) 7 ® (AB — AB) }
apXx 8BT T ax o
82F8 a2ﬂ_ Xazﬂ. T 8_14_ . 3
gz = o ®ULE] |(lap® B )—®;B yrexe
[ fao U] (o022
0A AT
[a—B ® (I g ® BT)aa— ] Ug;xap}ngxpa (6.47)
0 Fy afp.pxafp. 5‘B o
b [Iﬂ’®Uﬂ55x ,,,,] 3b (Iﬂp®A)— Ubaxe
[ ® 1y 0 U] ({13 S U]
8B 0BT
[(Iﬁ &5 ®WAT] Usw™ "YU (6.48)
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8%Fy 9%Fy
oboa’ 0adb

{ [(ﬁ —-a)T® (b~ E)T ® Iap} , [(l_) - g)T ®@—-a)Te® Ia,,] } are zeros (since @ is

assumed uncorrelated with b).

Note that we do not have to derive { } because the terms involving

The Taylor series expansion for F3(A, B) about the points {a, 3} can be written as

_ ANT — ANT 82F8
Fy = 0+0+0+|@-a)"®@-a ®Ia,,]———6_2
— AT — iT 82F
+[(b—b) ® (b—b) ®Ia,,] S H0+0+ (6.49)

YA = [Sg ® Iap} {[Iaﬁ ® ;M:g..;:xﬁﬂ./)] [(Lx,@ ® BT)Va’B Xo Va ,Bx,BB] U,’,’Sx‘oa
+ [Tap ® Tog ® US| [Iop ® Ushha 7]
[Va ﬂX,@B ® (-[a,B ® BT)Va,B xa] UapxapUﬁgxpa}

+ [SBT ® Iap] {[Iﬂp ® Uaﬂppxaﬂpp] [Vﬁp XﬂAT (Iﬁp ® A)Vﬁ PXP] Uggxpa

afp.p
+ [Iﬂp ® I, ® Uapxap} [Iﬂp ® U,g;; 3Xﬁp a]
(15, ® A)VL, 07 @ Vit P AT| Uge erUgaxee (6.50)

Therefore we can write the distribution for AB as

AB ~ N(AB,%45) (6.51)

The above results will be used in the derivation of the statistical properties of the
subspace matrices and subsequently the confidence limits for the LQG-benchmark

curve.

6.5 Multivariate multiple regression

Most of the presentation in this section is taken from [55] with some matrix
dimensional modifications to suit this chapter. References at the end of the thesis
can guide readers who may be interested in the detailed derivations. A multivariate

multiple regression model can be expressed as

X 3 Z =
X

(axb) ~ (axe)(exb)  (a (6.52)

b)
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for 2y = 2(3,:) 1=1,2,...,a with
E[Eg] = 0, Cov(Bu,Ew) =0l 4,k=12,.,a

where X contains b trials of a responses, Z contains b trials of ¢ predictor variables
and = contains the error terms. The a observations on the j-th trial have the
generalized variance matrix ¥ = {0}, but observations from different trials are

uncorrelated. Here 8 and oy are unknown parameters.

Given the outcomes X and the predictor variables Z with full row rank, we can
determine the least squares estimates B(i) exclusively from the observations, X, on

the i-th response.
Boy = X@Z'(2Z7) (6.53)

Collecting the univariate least squares estimates, we obtain

B = |Bny By - Bu ] = [ Xoy Xo .. X | Z7(Z2Z7)7 (6.54)
Note that the least squares estimates, ﬁ(i) = X425 (ZZ")™!, are computed
individually for each response variable. However, the model requires that the same
predictor variables be used for all responses. Using the least squares estimate, B,

A~

we can form the residuals: = = X — BZ . The estimated error sum of squares and

cross-products matrix is

. . ) 011 ... Ow
T (X BANX - pEf
b b

1p

M
4]
Il

(6.55)
6’b1 5’1,1,

Let the multivariate multiple regression model in equation (6.52) hold with full

rank(Z) = a, b > ¢+ a and let the errors, E, have a normal distribution. Then

B = XZ¥(zz%)? (6.56)
is the MLE (maximum likelihood estimator) of 3.
Consider f3; = (Xe —E)Z%(ZZ7)™* and B; = X3y ZT(ZZT)*. Therefore

Bi— B = EZ%(zZ7) (6.57)
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Cov(fi, Br) = E[(8: — i) (B — )] (6.58)
= (ZZ"Y'ZEEI5)Z5(2Z7) = oi(Z227) (6.59)

Hence {3 has a normal distribution with E[3] and covariance

¥ = L0 (22%) (6.60)

Also, B is independent of 3, the MLE of the positive definite matrix X. For large

samples, B and f], have the smallest possible variances.

6.6 Statistical properties for subspace matrices

Calculation of the LQG-benchmark variances of the process input and output
involves the estimation of the subspace matrices L,, and L, using the process data.
The subspace matrices may be identified using the process open-loop data (see

chapter 2) or closed-loop data (see chapter 3).

6.6.1 Subspace matrices identification from the open-loop process data

The subspace matrices L, and L. can be estimated from the open-loop data using

the following linear expression:
Y; Ly, W, : L, Us

mNxj — mNxm+DN (m+ONxj  mNxIN IN x j
Le E;

.61
+mN><mN mN X j (6.61)

Note that we have no data to build the matrix Ey. Hence the data Hankel matrix, E
is formed from the estimated innovations sequence. The estimated noise sequence is
the one step ahead predictions, Pr(1 : m,:) where Py =Yy — L, W, — L, Uy. Hence
the subspace matrices {L,,, L, and L.} are estimated in two steps:
(¢) First the parametric matrices {L,, L, } are estimated as
1_

A W,
| fw L] = (6.62)

Us

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



116

Then

(i) the data Hankel matrix E is built (see equations (2.4)-(2.7) on building
data Hankel matrices) from the first block row of the residuals, Ps. L is estimated

as

L. = P;E} (6.63)

The residuals can be obtained as

B = Y;— LW, — LU — LBy (6.64)

The covariance matrix of the residuals is estimated as

R 011 - OimN
Y= ==T

e I (6.65)

OmN,1 --- OmNmN

The covariance matrices for the subspace matrices {¥z,, X1 .} are estimated as

follows
7. —1

A W, | | W,
Ygor = g ® ? g (6.66)

Us | | Us

B;, = Xpl(m®+ml)N?+1:(m?+2ml)N?,

(m? + ml)N? +1: (m?® + 2ml)N? (6.67)
%, = S=®(ErET)? (6.68)

6.6.2 Subspace matrices identification from the closed-loop process data

Estimation of the required closed loop subspace matrices, Lgrl, LCL and LCL,
using the least squares estimation method. Estimation of the closed loop subspace

matrices from the closed loop data is an open loop identification problem:

Y; Lo"
Uf _ LgL Mp
(M+DN xj  (m+DN x @m+ )N Em+TON X7
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LC’L

ye

LCL
ue

(m+1)N xmN

LCL
yr
+ Lt iy

.+
(m+l)NmemN><j mN X

Similar to the previous section the subspace matrices {LS", LSE, LSF, LSE, LOF

yr 2 ur

and LEF} are estimated in two steps:

(4) First the parametric matrices {LSY, LSE, LSE,

FrCL 7CL
Ly LZI" —
FTCL 7CL
Lu Lur

LCL are estimated as

Yy
Uy

MP
Ry

(6.70)

Then

(i1) the data Hankel matrix E; is built (see equations (2.4)-(2.7)) from the first

block row of the residuals, Pf* = Uy — LS M,, — L$¥Ry. LS is estimated as

gy = PFLEL (6.71)

We can obtain the residuals as

_ | Yy - LSM, — LGERs — LOPE, 6:72)
- Y; — LSIM, — LCLR, — LCLE, '

The covariance matrix of the residuals is estimated as

A

53 P 01,1 01,(m+)N

(m+l)N x (m-i—l)N = T = (6.73)

O(ma)N,L - O(mtl)N,(m+)N

The covariance matrices for the closed loop subspace matrices {¥cz, Xyor, Tror}
yr ur ue

are then estimated as follows
-1
M, M,

T
® (6.74)
Ry || Ry
Sper = Yp[(2m? + 12 + 3ml)N? 41 : (3m? + 12 + 3mI)N?,

4]

EﬂCL - EA}

(2m2 + 1* + 3m)N? +1: (3m? + 12 + 3mI)N?  (6.75)
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Sier = ZplBm® + P+ 3m)N? +1: (3m? + 12 + 4mi)N?,
(3m® + I +3ml)N? +1: (3m® + 12 + 4ml)N?]  (6.76)
Sior = Bz (BET) (6.77)

The open loop subspace matrices, L,(mN x IN) and L.(mN x mN ), are estimated
from the closed loop subspace matrices LO¥(mN x mN), LE(IN x mN) and
LCL(IN x mN) as follows

L, = LSMILSH! (6.78)
Le = —(LEHLCL (6.79)

The covariance expressions for the open loop subspace matrices L, and f,e, are then
derived as follows
(LS m N (LS9, Brguy) (6.80)
Vg = [SL%L ® ImzN2] {[ImlN2 ® Ulsins szlzm}
[(Tane ® (LLGH)T) Vit >N (LG @ (Loane ® (L)) Vit N (LG

2 2 lN2 lNZ 2l2N4 2l2N4
U <M 4 [ImzNz ® Lunz ® Uy <™ ] [ImlNz QU pns ™™ ]

miIN2 mi

[ (Trune ® (LEF)T) Viih™ N (LS @ (L ® (LSHIT)) Vil >N ((LSHTY)

Urrrrllx,lljlv\f;xmlNzU:TnLll]{I\f;XmlNz} (681)
Ly = LGHLGM = N (L, 21, (6.82)

m3INAxm3IN4
ELu ey [SLETL ® ImlNZ] {[Im2N2 ® m3lN4 ]
T\y, m3NSxmN i mSN3xmN ImN2xImN?
[(ImZN2 ® Pl ) m2N2 ® m2N2 P] lemN2

ImN2xlmN? Im3 N4 xIm3 N4

+ [Im2N2 ® Imzne @ Uppine ] [Imzm ® Ui s ]

[ rm3NSxmN T\ m3N3xmN] 1 rmIN2xmIN? 7 rmiIN2 xmiN?
¥ m2N? P1 ® (Im2N2 ® P, ) m2N2 Ul'rnN2 UmlN2 }

m2I2N4xm?212 N4

+ [S(qz,grL)’r ® Iszz] {[IlmN2 ® U2z ne ]

mli2N3xmN (1 O\NT ONT7mAIN3XIN]| 7rmIN? xmIN?
leN2 (L) ® (Imuin> ® L ) Vil ] Urnin>

IN?xmIN? 22 N4 xm2i2 N4
+ [ImlN2 ® Lun2 @ U™ ™ ] [ImlN2 QU™ ]

[ ON{rm2IN3XIN mIZN3xmN ¢ 1 ONT| 1rmIN2xmIN? 5 rmiN2 xmlN?
(IrnlN2 ®L ) miN2 &® mIN2 (Lc) ]UmlNz UmlN } (683)

—(LELEF = N (Le, . (6.84)
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_ [aT 3IN4xm3IN
r. = [Sugrn ® Inl] {[ImlN2 QU sina ]
INT\ mIN3xmN o T7mAN3XIN 7 CL] 77m2N?xm2N?
[(ImlN2 ® (Le) )V IN? ® mIN2 Lue ] m2N2?

m

m2N2xm2N2 3IN4xm3IN4
+ | Lrunz ® Lune @ Uy o2 ] [ImlN2 QU ans ]

(Vs L @ (s ® (LEEY )V > Ui VU iy
+ [STgs ® Imana] { [Tumnvz ® Uiy ™'

[V (LGN ® (T @ (LG Vil Ui

+ [Timn2 ® Lune ® Ulta s ™ M| [Lpun> ® Uty ™ ']

[(Zmine @ (LG VRSN @ Ve N (LS

2 N2 2 N2 2 N2 2 N2
,TnnzNz m U,rr?zNz m } (6.85)

We can also write
lo. = Le(:,1:m) (6.86)
Therefore

%, = %3 (1:m?’N,1:m°N) (6.87)

€

6.7 Statistical properties for the estimated LQG benchmark

coefficients

The estimated matrices in the calculation of the LQG-benchmark variances can be

written as
K = (\I+ILTL) 'Y (6.88)
LQG, = (I-L.K)i, (6.89)
LQG, = -KIi, (6.90)

Using the expressions derived in section 6.4, we can write the distributions for
the estimated open loop subspace matrices and the LQG-benchmark variances as

follows:

LI ~ N (L], %1,) (6.91)
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Fy = L[ Ly =~ N (Ll 1, 5r,)
Yp = :Sgu ® Il2N2] {[ImlN2 ® U%l:]]\\,[:xml3N4]
(e ® LL) VXN @ lmitxmn | [
+ [ ® Luas @ U] [T @ U0
:V,ﬁfu"\‘,’zv XML, ® (Iun2 ® LY) T;’}j\’,évsxm] U}ff\\,’f“z N2 U,lf I,\\r,;xlz Nz}

| ¥ mIN?

+ -ImlNz ® Nz ® U12N2

miN2

+ [S{u ® IlzNz] {[ImlN2 ® Uﬁ:ﬁ:xmlsm]

[ 2Ns rm2IN3xIN IN2xmlIN?
le N XmNLu ® (ImlN2 ® LZ) m X ] U;rLLlN2 Xm

miN2

m

12N?x[2N? mI3 N4 xml3 N4
] [ImlN2 ®U, I3N4

[ T\ {7 m2IN3xIN 2N3xmN 2N2x2N? [ [2N2x[2 N2
(Danz ® Ly )V " @V " Lu| Up Up e }

miN2

Fy =M+ L{L, ~ N (] + L{L.],ZR)
Fy= (A +LIL)™ = N (A + LTL.)7, 55,)
L = |k ® L) {(Tewz ® Ui ™)
[(Tane ® (AL + LEL) ™) Visgs “NIAT + L L))

® (Ipn2 ® (A + LLL,) ™)

VAT + L) U

+ (Ione ® Inns ® USNPN) (Laya @ USNEN)
[(Zene ® (AT + L L)™' ) Ve N (M + L L) ™!
® (Tane ® (M + LYLa) T Vi NI + LY Lu)") 7]

PN2xI2N2 72 N2 x2N?
(]121\]2 L[lzNz }

K =M+ LIL)7LT ~ N (K, k)

Yk = [S%:s ® ImlN2] {[IlzNz ®

[Ty ® Lu)Vibgs N @V,

+ [IlzNz ® lianz @ Uy

[VEXN LT @ (e ® L

+ [Sfu ® IlmNz] {[IlmN2 ®

2N2
ImN? xlmNz:{ [ Tpn: ® Ul3mN4 xl3mN4]

13N8 XlNLT]
U

U-l3mN4 xl3mN4]

BmN4

mIN?xmlIN?2
UmlN2

13mN4

1BN3xIN ImN2xImN2 7 rlmN2? xlmN?
Ve } Umn> Uimn» }
Ul2m2N4><l2m2N4
2m2 N4

120

(6.92)

(6.93)
(6.94)
(6.95)

(6.96)
(6.97)

[Vimewd AT + LTL) 7T ® (Luwe ® (AT + LE L))Vl *xmi]

mlN2

mIN? xmiN>?
UmlN 2

mlNzxmlNZ:I [I N2 ® U12m2N4Xl2m2N4]
mi

+ [ImlN2 ® Lune @ Upyin2

12m2 N4
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[(Lnine ® (AT + LT L)) VEm*mN @ VIm W IN[(AT + LT L,) 77|

Upve ™™ Upeya ™'} (6.98)
Fy= LK ~ N (LK, %, (6.99)
Sk = ST, ® Inane] {[Time ® Ul ™ ']

[Ty ® KT)V 22 @ Vi N K Ul

+ [IlmN2 ® Iimn2 @ Ul n szNz} [IlmN2 ® UsiNa Xm3lN4]

[Viins” VK ® (Limvz ® KTV i U MU <y

+[SE ® Loz {[Limne ® Uzsivs ™"

Vi N LT @ (Iimave @ L) Vg™ | g <

+ [ImlN2 ® Lyune ® UTs s Xm2N2] [IlmN2 ® Um I xm3lN4]

[Tz ® L) Vg i ™ @ Vi <IN L]

Ny XN e N xm ANy (6.100)
Fy=1I-L,K =N ([I-L,K],Zx,) (6.101)
LQGy = (I - LK)l = N (LQG,, %16 ) (6.102)
Yroa, = [555 ® ImzN] {[Im2N2 ® Unins Xm4N3]

[(Tnaws ® YV ™ @ Vil ™™ le U™

+ [Imave ® Lpawe @ Ui ™| [Lnane @ Umians ™™

(Ve ™Nle ® (Inawe @ 1)V <™ | Ura X N Ui Ny
+ [ST ® Lo {[Lman ® Uina ™ V’]

(Vi ™V FE @ (Lan ® Fs) V™| Uman ™V

+ [Inan ® Loy ® Ums ™ V| [ Loy ® Uiy ™|

((Tmon ® F5) V" xm @ Vg hrxmN BT'| s NxmNyymi Nxm?Ny - (6.103)
LQG, = —Kl,~ N (LQGU, )y LQGM) (6.104)

ELQGu = [SIT{ ® ImlN] {[IlmNz ® Upmas

le2m2N3><l2m2N3

)

T Im2N3xIN (7 12mN3xmN ImN xImN
[(IlmN2 ® Lo )Vimn> ® Vimn2 le} Uim
ImNxImN Pm2N3xI2m2N3
+ [IlmN2 ® Ijmnz ® Uy ] [IlmN2 ® Uppans ]
(712mN3xmN T\1/m2IN3XIN| rrimNxImN yrlmN ximN
[ ImN? le ® (Limnz ® Lo )Vine Uimn Uimn
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+ [SZ: X IlmN] {[ImzN ® Ull;L;]]\]VQZXZmBNz]
[V <mN KT @ (I @ KVl m] mip<im
+ [ImzN ® L2y ® Ull::]{\f,leN] [Im2N ® U&‘;ﬁ;“msl‘ﬂ]

(T ® K)Vi™™ @ VoV KT Une MU}y (6.105)

6.8 Simulations

Consider the following system

[ 06 06 0 1.6161 —1.1472

Tp+1 = —06 06 0 |zx+ | —0.3481 | ug—1+ | —1.5204 | ex
| 0 0 07 2.6319 —3.1993
ye = | —0.4373 —0.5046 0.0936}$k+[—0.775g]uk_1+6k

where zx, yx, ux and e, represent the system state, output, input and the unmeasured
random noise respectively at time k. Open loop process input/output’ data is
obtained by exciting the system using a designed ‘RBS’ signal of magnitude 1 for the
system input and random white noise of standard deviation 0.1 for e, in MATLAB-
Simulink. The open loop data is used to obtain the subspace matrices and their
covariance matrices using the methodology described in section (6.6.1). The data

Hankel matrices are constructed with rows(N) = 3 and columns(j) = 500.

The idea of this exercise is to demonstrate the calculations involved in the covariance
calculations, hence a smaller number is chosen for the row size, N. The calculations
are done for the first three impulse response coefficients of the closed loop noise
model if an LQG-controller were implemented on the system. The different steps in

obtaining the covariance matrices are shown as follows:
(i) Estimations of {ﬁu, f/e} and {f] L, L.} from open loop process data.

(ii) Estimation of the matrices
{LT (LT Ly),[M + LLL,) Y K, (L K),[I — L,K],} and their covariance matrices

{2, L(iThy PNFLT B0 2K Z(MK)’ 2ir-L.R) 3
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(iii) Estimation of the impulse response coefficients of the noise model LQG,
(closed loop noise model between y; — e;) and LQG, (closed loop noise model
between u; —» €;), and the covariance matrices of the vector of the impulse response

coefficients. For the above simulations the matrices are obtained as follows

[ 0.9085 |
0.0184 1.1507 1.3079
. 1.3862

LQG, = L osrs : Y1oc, = | 1.1507 1.5497 1.0511
' 1.3079 1.0511 0.5300

0.1439 0.4102 0.6097 0.6120
LQG, = | 00854 |;  Tpge, = | 0.6097 0.6086 0.6027
| —0.0048 0.6120 0.6027 0.4436

Remarks:

Since we have the covariance matrices for the subspace matrices LQGy and LQGu,
it is possible to draw confidence intervals for the LQG-benchmark curve plotted
in figure 5.1. However, for the case of higher magnitude of covariance matrices,
the confidence limits can be very wide and may not help the original purpose of
controller performance assessment using the LQG-benchmark curve. In such case,
the data used for identifying the subspace matrices need to be revisited and the
excitation signal re-designed so as to obtain smaller magnitude for the covariance

matrices.

6.9 Conclusions

Expressions for the statistical characterization of the LQG-benchmark variances
have been derived in this chapter. These expressions, although complex, can be
used as a guideline for assessing the accuracy of the LQG curve, which completes
the controller performance assessment using the LQG benchmark. Simulations are

provided for the derivations.
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Chapter 7

Performance assessment of
multivariate feedback and
feedforward controllers without

interactor matrix

7.1 Introduction

Periodic performance assessment of the controllers is important for maintaining
normal process operation and to sustaining the performance of controllers achieved
when the controllers are commissioned. Controller performance assessment using
closed loop data has received much attention over the past decade. Typically,
the process response variance is compared with a benchmark variance for assessing

performance of the controller. Several benchmarks such as minimum variance control

1A version of this chapter has been submitted for publication as a journal paper
R. Kadali, and B. Huang. Multivariate Feedback and Feedforward Control Performance Assessment without

Interactor Matrix. Submitted for publication, 2002.
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(MVC) [5, 19, 20, 28, 34, 36, 38, 42, 46, 50, 51, 83, 111], linear quadratic Gaussian
(LQG) control [42, 46, 57, 62, 63, 64], designed controller performance versus
achieved controller performance [69, 70, 96], etc. have been proposed for assessing
controller performance. Kesavan and Lee [66] proposed a performance diagnosis
methodology for multivariate model predictive controllers. Some alternative
performance assessment techniques with practical considerations are studied in
[22, 28, 33, 85, 100, 116, 117]. Frequency domain analysis has also been used for
control loop performance assessment [65]. For a review on the research in this area

refer to [38, 46, 98].

Among these approaches MVC-benchmark is one of the popular benchmarks. One of
the reasons for the suitability of MVC benchmark to assess performance of control
loops in the industry [21, 37, 38, 45, 48, 49, 33, 54, 60, 95, 98, 114, 115, 125] is
that it is non intrusive and routine closed loop operating data is sufficient for the

calculation of this benchmark.

Minimum variance control is theoretically the best possible control [6]. If a minimum
variance controller is implemented on the process, any disturbance entering the
process would be attenuated within the process time delay. Controller performance
assessment using MVC-benchmark involves comparing the current process output
variance with the output benchmark variance if a minimum variance controller were
implemented on the process. Although the intention of many industrial controllers
is not minimum variance control, MVC-benchmark is used as a first step in the
controller performance assessment [46, 60]. Designing a minimum variance controller
for univariate systems involves inverse of the delay free part of the process transfer
function [6, 38, 42, 46]. Hence the calculation of the MVC-benchmark variance for
univariate systems from routine closed loop data requires a priori knowledge of the
process time delay [19, 20, 36, 37, 38, 42, 46, 111]. However, non-minimum phase
systems may require complete process transfer function knowledge for the calculation
of the MVC-benchmark variance [46, 116]. For multivariate systems, minimum
variance controller contains the inverse of the delay-free part of the process transfer

function matrix, which is calculated as the transfer function matrix premultiplied by
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the interactor matrix (36, 38, 42, 46]. Interactor matrix in the multivariate case is
equivalent to the concept of time-delay in the univariate case (refer to [44, 47, 109]).
A priori knowledge of the first few process Markov parameters is required for
the calculation of the interactor matrix [36, 42, 46]. Hence calculation of MVC-
benchmark variance is not straightforward in the multivariate case. Furthermore,
the concept of the interactor is not well known in practice. Hence, estimation of the

MVC-benchmark without the interactor matrix has been an active area of research.

Ko and Edgar [68] proposed a method for the estimation of the multivariate MVC-
benchmark using closed loop data, which does not require the intermediate interactor
matrix calculation. However, along with the knowledge of the first few Markov
parameters of the process model, this method also requires knowledge of the first
few Markov parameters of the noise model and the controller model. Ko and
Edgar provided two different approaches for the estimation of the noise model and

computation of the Markov parameters from closed loop data.

Recent results in the subspace approach to closed loop identification [58] inspires
an alternative approach for the estimation of multivariate MVC-benchmark. In
this chapter we will show the estimation of the multivariate MVC-benchmark with
neither the interactor matrix calculation nor the Markov parameters. The only a
priori knowledge required is the deterministic subspace matrix directly calculated
from data. The important difference between the “calculation of the subspace
matrix” and subspace identification is that the former does not extract an explicit
“model” and is also known as model-free approach in the literature. This will further
simplify the procedure for the calculation of the multivariate performance index.
No concepts such as interactor matrix, Markov parameter, multivariate transfer
function matrix, state space model etc. are needed to apply this technique and
this will make the multivariate controller performance assessment technique more

applicable in practice.

Subspace identification methods allow the direct identification of a state space

model for the system from the data. Certain subspace matrices are identified as
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an intermediate step in the subspace identification methods, which correspond to
the system states, the deterministic inputs and the stochastic inputs. Normally,
subspace identification proceeds in two steps. The first step is a data projection
step to obtain the subspace matrices; the second step is to extract the state space
matrices from the subspace matrices. However, as will be shown in this chapter,
the minimum variance controller can be designed directly using the intermediate
subspace matrices, without a parametric model such as the state space model.
In fact, the subspace matrices corresponding to the deterministic and stochastic
subspace matrices implicitly contain the Markov parameters of the process and noise
models respectively. The closed loop subspace identification method proposed by
Kadali and Huang [58] allows the identification of the deterministic and stochastic
subspace matrices from closed loop experiments directly. As will be shown in the
later sections of this chapter the MVC-benchmark variance calculation requires the
knowledge of only the deterministic subspace matrix, and therefore provides a new
approach for obtaining the MVC-benchmark variance from routine closed loop data
and eliminates the intermediate step of estimating the unitary interactor matrix or

extracting the Markov parameters.

Most recently, McNabb and Qin [84] proposed an interesting subspace approach to
multivariate performance monitoring by projecting interactor (or equivalent) filtered
output data onto past data, but their method, once again, requires a delay matrix

that is equivalent to the interactor matrix.

Essentially all methods proposed for multivariable control performance assessment
need either a process model or an identification experiment. In this sense, there
is no fundamental difference in terms of a priori knowledge required among all
existing approaches including the one proposed in this chapter. However, what are
advantages without using the interactor matrix? The interactor matrix is typically
calculated from Markov parameters and/or the transfer function matrix. The first
advantage is that the model structure error is avoided without forcing the process
fit into a limited order parametric model. The second advantage is the conceptual

simplicity. As the performance assessment technique is mainly used by practitioners,
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simplicity is a key to its acceptance.

The main contributions of this chapter are: (i) designing a minimum variance
controller using subspace matrices without an explicit parametric model, (ii)
obtaining the multivariate MVC-benchmark variance directly from data without
the interactor matrix or Markov parameters, (iii) rigorous proof of the equivalence
of the proposed approach and the conventional approach while almost all existing
results show the equivalence through simulations only, and (iv) extension of the

results to performance assessment of feedforward controllers.

The remaining of this chapter is organized as follows. Section 7.2 describes a method
for designing a minimum variance controller from the subspace matrices. Section
7.3 is the main section which provides the method for the estimation of multivariate
MVC-benchmark without the interactor matrix. Comparison of the proposed
approach with the conventional transfer function approach for obtaining MVC-
benchmark variance is described in section 7.4. The proposed subspace based data
driven approach is extended to the feedforward control in section 7.5. Algorithm
for obtaining the MVC-benchmark variance from routine process operating data
is presented in section 7.6. The main results are illustrated though a numerical

example in section 7.7 followed by conclusions in section 7.8.

7.2 Design of minimum variance control using subspace

matrices

The minimum variance controller (MVC) is designed to minimize the following

quadratic cost function J over the horizon N, as N — oo:

J = FE{ ’; [(re4k — yt+k)T (Te+k — Yerr)]} (7.1)
N
= g_: [(revi = Geri)” (Peak — Gik)] (7.2)

where F is the expectancy operator, r; is the reference for output trajectory. ¥ «

is the k-step ahead predicted output given the past inputs and outputs upto time ¢.
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Using equation (2.11), the optimal predictor equation can be written as:

where

Ut41 Ut41 Yt—N+1 Ut—N+1
. Yp
Yyr = e |3Up= yWp = TYp = YUp =

N Up

Yt+N U+ N U Uy

The notation in the cost function can be simplified for regulatory control, by letting
rerr = 0, as:
. . AT A
J = min [97 95]
= (Lywp + Lyus)T (Lywy + Lyug) (7.4)

To obtain the minimum variance control law, we differentiate J with respect to uy

and set it to zero.

% 2LYL,wp + 2L  Lyuy = 0 (7.5)
We obtain the control law as:
up = —L(Luwp) (7.6)

where, | represents pseudo-inverse. The above control law is the minimum variance
control law as the number of block-rows in the subspace matrices L,, and L, tend

to infinity.

7.3 Estimation of the Multivariate MVC-benchmark

From the very first block-element of Y7 in equation (2.11) we can write

Yt—N+1 Ut—N+1
Y1 = Lyp +Lup +L() €11 (77)
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where

L, = Ly(1:m,1:mN) (7.8)

L, L,(1:m,mN+1:(+m)N) (7.9)

P

where the notation A(% : j,p : q) represents the rows i to j and columns p to g of the
matrix A. Equation (7.7) can be transformed (See appendix D) for an equivalent

expression of y;,; in terms of the past inputs and the past noise as

Y1 = [ Gi ... Gy :| + [ L, .. Ly :|
Ut—N+1 €t—N+1
+L0 €tr1 (710)

where G; and L; are the i-th impulse response coefficients (Markov parameters for
multivariate systems) of the process and noise models respectively. In other words,

we can express the past (state) contribution term, L,w,, as

Gi ... Gnyo1 Gn
U
. Gy ... Gy O '
wlWp =
Uy
Gy 0 .. 0 toNH
L, Ly_y Ly
€t
Ly .. Ly O
+| 7 N (7.11)
e ]
Ly 0 .. O o

However, the controller output, u;,; is calculated using all the data available at time
‘t+1°, i.e., {us, Yes1, Us_1,Ys, --- }- Hence the original subspace predictor expression in
equation (2.11) and the subspace based minimum variance control law in equation

(7.6) have to be modified to obtain the closed loop expressions for u; and y;. First,
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define
Gi Gy ... Gn_1 Gy Uy
Gy Gy ... Gy 0 - Ug—1
Lg = ; Up =
GN 0 O 0 ut—N+1
Ly Li .. Ly Ly €1
L Ly ... L 0
Ly = 1 2 N , ép: €t
| LN_1 0 0 0 | | €t—N+1 ]
0 0 .. 0 €i12
- L 0 .. 0 e
i, = 0 : & — t+3
| Ln—2 Lys ... 0 | €rtN41 |

Since Lg and Ly contain the process and noise model Markov parameters, they
can be formed from the subspace matrices L, and L. respectively. Therefore the
equation based on the first column of Y} in equation (2.11) can be alternatively

written as
yr = Lgiy,+ Lgéy + Lyus + Leé; (7.12)
Substituting equation (7.11) in equation (7.6), we can write

up = —L§ {Lyw,} = —Li{Lgt,+ Lué,} (7.13)

The closed loop expression for y; can be written as

yr = (I— L L) (Loti, + Lyé,) + L.é; (7.14)

Now that we have derived closed-loop expressions for both u and ¥, the next step
is to calculate their variance expressions which are actually the Hy norm of the
closed-loop expressions weighted by the variance of e. A simple method to derive

the variance expression is given below.
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Let a disturbance enter the process at time = £ + 1, i.e.,

Ut = Ug—1 = ... = Ut-_N41 = 0
€ = €1 =..=€._Ny1— 0
ety = €3 =..=eyn=>0

Then the cumulative effect of the noise e;.; on the process output variance can be

obtained from equation (7.14), which simplifies to

Yo
yr = (- L)Ly ery1 = | thas | €1 = Pern (7.15)
0
Ly
where L, = ... |, the vector of noise model Markov parameters, and ;
Ly

represents the Markov parameter of i-th lag of the closed loop noise model if a
minimum variance controller were implemented on the system described in equations
(2.1)-(2.2). ‘d’ is the order of the interactor matrix for the system (2.1)-(2.2) and is
unique for a given system [89, 109]. The variance of the closed-loop system can be
calculated from the Markov parameters/impulse response of the closed-loop system
and the minimum variance control variance expression for the process output is

given by
d—1
varlpluve = Y dwarled; (7.16)
i=0

Note that estimation of the interactor matrix is not required for obtaining the

MVC-benchmark variance. However the above result requires the knowledge of
Lo

L = , and hence it appears that estimation of the noise model in the

Ly
Markov parameters model is necessary.
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Ly
However, we will show that the estimation of is not required. The closed
Ly
g™
loop noise model Markov parameters L{L = (the vector of closed-loop
L§Y,
noise model which can be estimated from the routine operating data) can be used
Lo
in the place of and we can still be able to obtain the MVC-benchmark
Ly

variance, where LT = (I + L,L,)" Ly, (refer to chapter 3).

Ly

where L, = ... |, the vector of noise model Markov parameters, and 1;

Ln_1
represents the Markov parameter of i-th lag of the closed loop noise model if a

minimum variance controller were implemented on the system described in equations
(2.1)-(2.2). ‘d’ is the order of the interactor matrix for the system (2.1)-(2.2) and is
unique for a given system [89, 109]. The variance of the closed-loop system can be
calculated from the Markov parameters/impulse response of the closed-loop system
and the minimum variance control variance expression for the process output is
given by

d—1
varlyduve = > vwar(eyy (7.17)
i=0

Lemma 1: U can be obtained using the vector of Markov parameters of the closed
loop noise model, LS™, in place of the Ly, in equation (7.15) .

Proof: The above statement is equivalent to saying that (I — L,L})L, and
(I — L,L})L§" yield the same result. Now,

(I — LL)LSY = (I—L,LY) (I+ LyLo)™ Ly (7.18)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



134

Therefore on observation, we need to show that
(I - L,L}) = (I-L,L) (I4+L,L)™" (7.19)
to prove the lemma, which is equivalent to showing

(I-LLY) (I+LuL) = (I-L,LY) (7.20)

Expanding the left hand side term in the above equation

(I —-L,L}) I+L,L.) = I+ L,L.— L,L} —L,LIL,L, (7.21)
= I—-L, L} +{L,L.— L,L}L,L.} (7.22)
= I —L,LL (7.23)

The last equation follows since L, L} L, = L.

Lemma 1 is essentially the subspace version of the invariance property of the first
few Markov parameters of the interactor-filtered noise model under the transfer
function framework originally derived in Huang and Shah (1999)[46]. This invariance

property has also been proved in Ko and Edgar (2001)[68].

Hence the Markov parameters of the closed loop noise model can be used in place
of Markov parameters of the open loop noise model and we can still get the same
benchmark variance. Therefore we need only the subspace matrix L,, (which contains
Markov parameters of the process and is estimated from data) for the calculation
of the minimum variance control benchmark. The Markov parameters of the closed
loop noise model (or noise subspace matrix) can be easily estimated from the routine

operating data as shown below:

For routine process operating data i.e., closed-loop data with no set point excitation,

Y,
the past data Hankel matrix is taken as M, = P"|. The subspace expression
P
from equation (3.14) in chapter 3 becomes
Yy = LY"M, + LS Ey (7.24)

(7.25)
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and

Y; = LY*M, (7.26)

Using linear regression LS and Y; can be estimated. The first block-row of
Y, - fff = LgeLEf represents the one-step ahead prediction errors of the process
output. Therefore the stochastic disturbance sequence entering the process can be

estimated as
e = |eny1 enta - enyi | = Y(lim,)=Yp(l:m,:) (7.27)
Using the estimated noise ey the data block-Hankel matrix Ey can be formed in the

same manner as shown in equations (2.4)-(2.5). The noise model subspace matrix,

LSL, can therefore be estimated as

LGl = [v;-Yy|/E; (7.28)
The matrix LT, required for MVC-benchmark calculation, can be obtained from
LSk as

LYY = LSH(:,1:m) (7.29)

7.4 Equivalence of subspace approach to the conventional
transfer function approach in obtaining the MVC-

benchmark variance

For a multivariate system with [-inputs and m-outputs, the subspace matrices
Ly(mN xIN) and L.(mN xmN) contain the Markov parameters of the deterministic
and stochastic inputs respectively. Markov parametric matrices are equivalent to
the impulse response coefficients for a univariate system. The matrices L, and L,
would be
Go 0 .. O Ly 0 ... 0
L, = |Gy Gy 0 .. |; L. = | Ly Ly ... 0
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It is implicit that there is at least one time-delay i.e., Gy = 0. Due to the time delays,
L, is rank deficient and hence singular. Now, L, consists of two components, a non-
invertible component and an invertible component. Pseudo-inverse of L,, inverts only
the invertible part of L,. Hence the term (I — L, L}) represents the contribution of
‘controller invariance’ to the process output variance. The analogies to the transfer

function domain approach are obvious here.

In the transfer function domain, a unitary interactor matrix is first estimated using
the process Markov parameters. The multiplication of the interactor matrix and
the transfer function matrix represents the invertible part of the transfer function
matrix. Let d be the order of the unitary interactor matrix if it were calculated using
the process Markov parameters [89, 109]. The vectors of Markov parameters in L,
are essentially disjoint matrices (see appendix F for the definition). In subspace
approach d represents the number of Markov parameters which make the matrix
Go
G1

rank deficient till 7 < d and a full rank matrix at i > d. Hence the matrix

G;
(}' — L,L}) will have zeros below the rows > (dm). Note that the order ‘d’ does not

have to be estimated in the subspace approach. We mention it only for illustrating

the equivalence of both approaches.

Let us look at the structure and elements of the different intermediate matrices in

the subspace approach of MVC-benchmark estimation:

L = _ Omnxkt Prns(n—k ] (7.30)
[ Ok Okmx (d—k)ym 0
L,Lf, = Oa—rymxkm  Md—k)ymx(d—k)m 0 ] (7.31)
| Ov-agymxkm  O(N—dymx(d~kym  L(N-aym
[ Lm Ormx (d—kym 0
I—LuLi = | Oa_kymxkm [I (d—k)ym — M(d—k)mx(d——k)m] 0 (7.32)
| O(v—d)ymxkm O(N—dymx(d—k)m 0
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where k < d is the number of the first few Markov parameters that are zero matrices.

P and M are internal matrices in the calculations. Therefore we obtain

Itm Okmx (d—k)ym 0 .. Ly

T - 0(d—k)ymxkm [I(d—k)m—M(d—k)mx(d—k)m] 0 .. Ly (7.33)
0 0 0o ..
Ly

Thus only the first d terms remain for the calculation of the MVC variance of the
process outputs. From the above equation we can see that the controller invariant
part of the noise model for calculating the MVC-benchmark variance of the process
output is directly obtained from the subspace matrices. In other words, the subspace
based approach ‘directly’ gives the interactor filtered Markov parameters of the noise

model. Hence the calculation of the interactor matrix is eliminated.

In the transfer function approach, the transfer function matrix and the interactor
matrix for a system can be written (with some abuse of notation used in [46]) as

follows:

G(Z_l) = Gop+ Glz_l + GQZ—2 + ... (734)
D(2) = Dyz+Dy2*+ ... 4 Dy 127" + Dyg2* (7.35)
The condition for the interactor matrix from theorem 3.2.1 in [46] is
lim DG = lim [Dgz+ ...+ Diz] [Grz7! 4+ Goz™> + .| = Komas(7.36)
2~1—0

z=1—0

where T is a full rank matrix. Therefore we have

DyGy = 0

Dy 1G1+DgGy = 0

D1G1+ DsGo+ ...+ DGy = Kpar

The above set of equations can be alternatively expressed as two conditions
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Condition-1

G 0 0|
Gl G() 0
D, Dy .. D, ; =[oo .. o] @
i Gi—1 Gg—a ... Gy |

Condition-2

|:D1 D2 Dd = Bmat (738)

Ga

with K = min{m,l}.

We need to show that the coefficients obtained in the subspace approach are same
as those obtained in the transfer function domain approach, i.e. the above two
conditions are satisfied by using the matrix (I — L, LL) Therefore we have to

prove the following theorem for the subspace approach:

Theorem 7.1 (I — Ly, LL) contains interactor matriz for the process. An
interactor matriz can be constructed directly from this expression. The subspace
approach for the calculation of the minimum wvariance control benchmark is

equivalent to that of the conventional transfer function approach.

Proof: Consider the singular value decomposition of the matrix L, which produces
a diagonal matrix X, of the same dimension as L, and with nonnegative diagonal

elements in decreasing order, and unitary matrices (satisfies the property (.)T =

()™1) ® and © so that

5, 0| [er

o oller =&, %, 67 (7.39)
2

L, = <I>2@T:[q>1 @2}

where r is the number of singular values of L, that are not zero. The matrices ¢
and © are orthogonal matrices (the columns are mutually orthogonal vectors of unit

length, i.e. ®(:,4)T®(:,5) =0 for i # j and 1 for ¢ = 5) and are non-unique:
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(a) @, spans the range space of L, and
(b) @, spans the null space of L,.
We can write

Ll = e 21'el =9, 7! of (7.40)

Therefore we can obtain the simplified expressions (see appendix E for details)
L, LI = & o&f (7.41)
I—L, LI = ® &7 (7.42)
®, spans the null space of the matrix L,,. Therefore, ®,®1 L, = 0, i.e.,

Go 0 .. 0
(I-L,Lf)| G Go 0 .| = (I-Ly Lt)L,=0 (7.43)

From the above equation condition-1 expressed in equation (7.37) is satisfied.

N

G1
Next, consider the transformed Markov parameter matrix = (I -
Ga
Gl Gl
L,L}) ... |- Note that the matrices L, and | ... | are essentially disjoint
Gd Gd
(see appendix F). Following the corollary 17.2.10 (see appendix G) in ref.[39)
G G1 G
rank | ... = rank{ (I — L,L}) =rank | .. (7.44)
G Ga G
Now let
G
Kpat = él + ..+ éd: [ L, .. I, ] (74:5)
Ga
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G
rank{Kmq} = rank {[ L, ... I, ]} + rank — (dm)
Ga
N .~ 1t
G Gq .
+rank < | Igm — | ... (Idm - [ L, .. I, ] [ L, .. In ])
Ga | | Ga
(7.46)
The matrix [ L, ... In ] is (mxdm) dimensional and rank([ I, ... In }) =m
N NN
G1 Gy T
rank ¢ | Lam — | ... (Idm_‘ [ I, ... In ] [ Ln ... In D is
Ga || Ga
determined in the following manner:
Gy
Consider A = [ I, .. I, ] and B=| .. . Therefore,
mxdm .
Gd dmxl
(I-BBHYI-AlA) = (I-A'A) — B'B(I-AA) (7.47)
For using the item (3) in appendix G, we take,
R=I-ATA); S=-B;, T=B U={-AA4) (7.48)
we write
Er = I-RRI=A'A (7.49)
Fr = I-RMR=ATA (7.50)
X = ERST = Af(ABB') (7.51)
Y = TUFr=B(I-AAAA=0 (7.52)
Q = T+URIST = (AB)'(AB)B (7.53)
M

— X(I—Q'Q) = A(ABB) [I — B(AB)'(AB)(AB)'(ABB")]
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= A(ABBY) [I - B(AB)'(ABB")| = A'(ABB") |1 — (ABB')!(ABBY)]
= 0 (7.54)
N = (I-29HYy=0 (7.55)

In the above equations we have taken (I — ATA)(I — ATA)' = (I — AlA), since
(I — A'A) is an idempotent matrix and (*)f()(*)! = (x)T. We can write

rank[R] = rank[(I — ATA)] (7.56)
rank[Q] = rank[(AB)'(AB)B'] (7.57)
rank[M] = 0 (7.58)
ranklN] = 0 (7.59)
rank[T] = rank[B] (7.60)
and
rank [(I - MMHXQIY(I - NTN)| = 0 (7.61)

Using equations (7.46) and (G.2), we write,

rank[Kma] = rank[A]+ rank[B] — dm + rank[(I — Al A)]

+rank[(AB) (AB)B'] — rank(B!) (7.62)
= m + rank[B] — dm + (d — 1)m + rank[(AB)'(AB)B'] — ranti885)
= rank[(AB)(AB)B'] (7.64)

In the above equation we used rank[B] = rank[B!] and rank[(I — AT A)] = (d—1)m.

Consider the two cases,
i m=>1

In this case (AB)T(AB) = I;. Therefore rank[(AB)!(AB)B!] = rank[Bi] = 1

and

rank(Kma] = 1 (7.65)

(if) m <!
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In this case rank[(AB)'(AB)] = m.
Since B is a full rank matrix rank[(AB)(AB)B'] = m. Therefore
rank[Kma] = m (7.66)
Hence Kyt is a full rank matrix and condition-2 expressed in equation (7.38) is
satisfied.
Hence the theorem is proved.

Therefore the matrix (I — L, LL) performs the same function as an interactor
matrix in the transfer function domain. But the calculation of interactor matrix
is not required in deriving the MVC-benchmark variance of the process output for

controller performance analysis.

7.4.1 Univariate system

For the univariate case, m = 1 and [ = 1. Consider the process has a time delay of

‘d’ samples. Therefore, we have

0 0 0
L = |0 0. 0 (7.67)
94 9gar1 O
I— L = a Oxv-a (7.68)
| Ov—ayxa  Ov-ayx(N—d)
r T
I=L)l = |l & o loq O .. o} (7.69)

where [; represents the univariate impulse response coefficient of i-th lag and
T

I = [ o 11 .. ] is a vector of the noise model impulse response coefficients.

From the above equations we can see that a priori knowledge of L, is not necessary

for obtaining the MVC-benchmark variance for the univariate case. Only the first

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



143

‘d’ impulse response coeflicients of the noise model are required. However,

L, = | Onx@1)  Puxv-a (7.70)

Therefore the first ‘d’ impulse response coefficients of the noise model are controller
invariant, which means that the first ‘d’ impulse response coefficients of the closed
loop noise model are same as those of the open loop noise model, and therefore can
be identified from the routine operating data. Hence process time delay, ‘d’, is the

only a priori knowledge required for the univariate case.

7.5 Multivariate minimum variance benchmark for the

feedforward plus feedback control case

7.5.1 feedforward plus feedback minimum variance controller

Consider the case when some of the process disturbances are measurable and
available for feedforward control. Measured disturbances are those process inputs
which cannot be manipulated but affect process outputs. The state space

representation can be modified to include the h-measured disturbances v, as inputs:

Uk

Tk+1 — A%k —+ |: B B,U ] +Kfek (771)
Uk
yr = Cxp+ Dyug + e (7.72)
Equations (2.10)-(2.11) change to
Yyr = FNCL‘t.H + HNUf + H}(;’Uf + Hf;,ef (773)
= Liwb+ Lyus + Lyvy + Leey (7.74)
where
Yp Ug+1 Vt—N+1
T T o o I PR (& )
vp vt—}-N Ut

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



144

D, 0 .. 0

CB, D, .. 0
v = (7.76)

CAN-2B, CcAN-*B, .. D,

The subspace matrices L,, L, and L, can be identified from the closed loop data
as explained in chapter 3. The minimum variance control law, as N —» oo, for

feedback plus feed forward control can be obtained as,

up = —Li[L5w?] (7.77)

7.5.2 MVC-benchmark

Similar to the previous section, we can derive

Yt—N+1 Ut—N+1 Vt—N+1
Y1 = Lyp + Lup + va + Lo ery1 (778)

Yt U Vg

where L,, and L, are as defined before, and

Ly, = Ly(1:m,(l+m)N+1:(+m+h)N) (7.79)

P

Similar to the previous section, define

0 Gy .. N_1 G}’V 0 0 .. 0
G’l’ Gg G}’V 0 ~ GS 0 .. 0
LG“ = ) L’U = 3
I -1 0 0 0 | _G}’V_Q G}’V_3 .. 0 ]
Ut4+1 Vt+2
- Ut - V43
’Up fnd , ’Uf e
| Vi—N+1 ] | Vi+N+1 ]
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where G7 is the i-th impulse response coefficient (Markov parameter for multivariate
systems) of the disturbance model corresponding to v;. Lg» can be formed from the

subspace matrix L,.
Equation (7.77) can be written as

up = —Li{Lyu,+ Lgvi, + Lyépy} (7.80)

The closed loop form of equation (7.74) can be written as

ys = —(I— L,L{){Lgty + Loty + Luéy} + Lots + Leéy (7.81)

Consider the measured and unmeasured disturbances enter the process at time =

t+1,ie.,
Ut = Up—q = ... = UpN+1 =0
V¢ = Vi1 = ... =UVp_N41 = 0
€& = €_1=..=¢€_nNy1 =0
Vipz = U3 = ... = VN =0
€42 = €43 =..=¢€n =0

Therefore we obtain the simplified expression

yr = (I — LyLi)Lgy vey + (I — L LY) Ly erqy (7.82)
%o o
= | ¢a-1 | V1t | Ya1 | €t (7.83)
0 0
= q"Ut_H + \I/Ct_H (784)
Gg
where Lj, and ¥ are defined previously, Ly = | ... | and ¢; represents the Markov
Gy

parameter of ¢-th lag of the closed loop noise model between v; and y;, if a minimum
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variance controller were implemented on the system. It can also be shown that & can

Gv,CL
0
be identified from the closed-loop disturbances models. Therefore Lg,L =
,CL
Gy
g
and L{E = can be used in the place of Ly and Ly respectively, where
g

LS} =LEF(:;,1: h) and LE = LSE(;,1:m).

v

Therefore, the minimum variance control variance expression for the process output

becomes

d-1
var[ymve = Z{qﬁivar[vt]gzﬁf + wivar[et]wf} (7.85)
=0

Similar to the previous section the first ‘d’ Markov parameters corresponding to
the measured and unmeasured disturbances are controller invariant. Hence the
closed loop measured and unmeasured disturbance subspace matrices LY and LST
(see chapter 3) can be used in place of the open loop measured and unmeasured
disturbance subspace matrices L, and L. in deriving the feedforward plus feedback
multivariate MVC-benchmark. Hence only the subspace matrices L, is required
for obtaining the MVC-benchmark variance for the process output. The matrix L,
can be identified using the closed loop subspace identification method explained in

chapter 3.

7.6 Algorithm for obtaining the MVC benchmark variance

from routine operating data for multivariate systems

1. Obtain the deterministic subspace matrix L,, either from the open-loop data (see

chapter 2) or from the closed-loop data (see section 3).

2. Collect routine closed loop operating data. By stochastic subspace identification

for the case of measured disturbances estimate the vector of Markov parameters of
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CL

the closed loop noise model for both measured and stochastic disturbances, Lg;* and

LS respectively, along with the noise variances var[v;] and var|e].
3. Calculate the matrices ® = (I — L,L},)LS) and ¥ = (I — L, L}) L™
4. Calculate var|y|pyve as

varfyduve = @ varfv] ®7 + ¥ var[e;] ¥

5. Calculate the true process output variance var[y;] and compare it with the

minimum variance benchmark var[y]ave.

7.7 Numerical example

Using a numerical example we demonstrate the equivalence of multivariate MVC-
benchmark variance obtained using the subspace approach proposed in this chapter

to that obtained through an interactor matrix filtering method presented in [42].

Consider the following 2 x 2 system (taken from [42]):

ye = Gz Hug+ H(z_l)a'c

where
y1(2) uy (t) ay(t)
Y = ) Uy = ) ag =
2 (1) up(t) as(t)
21 , z72 , 1 ; —0.6 ;
-1\ _ 1-04z-1 1-01s—7T | . -1y _ 12052-T 1-052-
G(z™) = 0.32~1 22 ! H(") = 0.5 1
1-0.1z—1 1-08z-1 12052~ 1-05s—1

The matrix L, is constructed from the deterministic Markov parameters. The
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intermediate matrices can be calculated for N = 3 as

[ 0 0 0 00 0] [ 1 06 0 0 0 0 |
0O 0 0 00 0 05 1 0 0 0 0
1 00 000 05 —03 1 —06 0 0
Lu - ’ Le =
03 0 0 00 0 025 05 05 1 0 0
04 1 1 00 0 025 —015 05 —03 1 —0.6
003 1 03 0 0 0 0125 025 025 05 05 1
Now,
(10 0 o 0 0]
01 0 0 00
0 0 00826 —02752 0 0
I-L,L} =
0 0 —02752 09174 0 0
00 0 0 00
00 0 0 00

We check to see if (I — L, L}) is an interactor matrix by proving

[ 0 0 .. 0]
G, 0 .. 0 0.3 0 0 0
Go Gi .. O 0.0248 —0.1927 0 0
[1-rzi]| ™ 7 = 7.86)
—0.0826 0.6422 0 0
Gy Ga1 ... G 0 0 0 0
with

10 0.0248 —0.1927 1.0248  —0.1927
K = + = (7.87)
03 0 —0.0826 0.6422 0.2174 0.6422

which is a full rank matrix.

We can obtain the Markov parameters of the noise model if a minimum variance
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controller were implemented on the system as

1 —0.6
0.5 1
—0.0275 —0.1624
¥ = (I-LJL))L,= (7.88)
0.0917  0.5413
0 0

We can see that closed loop noise model Markov parameters under MVC matches

with the result obtained in by Huang et al in [50] and ‘Ko and Edgar’ in [68].

7.8 Conclusions

Calculation of the multivariate performance index without using the interactor
matrix is an important step toward practical application of multivariate performance
assessment technique in addition to the advantage of reduced model structure
error. It is shown in this chapter the design of the multivariate minimum variance
controller can be done using subspace matrices. Using the subspace matrices the
MVC-benchmark variance for the process outputs is obtained from closed loop data
without having to first calculate the unitary interactor matrix. The method is
expanded to the case of feedforward plus feedback control performance assessment.
The equivalence of the subspace approach to the conventional transfer function
approaching obtaining the MVC-benchmark variance is also proved. A numerical

example is provided to illustrate the main results of the chapter.
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Chapter 8

Dynamic multivariate analysis of

variance

8.1 Introduction

The first step in controller performance analysis is comparing the process output
variance with the theoretically achievable minimum output variance, the minimum
variance benchmark. If the achieved controller performance is unsatisfactory but is
close to the minimum variance control, then it is necessary to explore the feedforward
control strategy [34, 60]. If feedforward control can indeed significantly reduce the
output variance, then the remaining task is to select the measured disturbance
variables for the implementation of feedforward control. In other words, we need
to select those measured disturbance variables which contribute the most to the
process output variance. The difficulty however is that measured disturbances

may not be mutually independent. To solve this problem, we propose that the

LA version of this chapter was a part of the presentation made at the following conference
R. Kadali, B. Huang, and E. Tamayo. A case study on performance analysis and trouble shooting of an industrial

model predictive control system. Proceedings of American Control Conf., San Diego, 1999.
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measured disturbances can be de-coupled using principal component analysis, as

will be discussed in this chapter.

It should be noted that the assumption of independence between measured and
unmeasured disturbances in the analysis of variance is required and is actually
guaranteed through the modeling procedure shown in the following sections. Any
portion of unmeasured disturbance that is correlated with the measured disturbances
is in fact “measurable” disturbance and can always be lumped together with the
measured disturbance. The unmeasured disturbance produced in the modeling
procedure is known as innovation sequence and is independent of the measured

disturbances. This has also been confirmed through the data analysis.

8.2 Analysis of variance for feedforward control

For multivariate feedforward plus feedback control systems, closed loop response to
both measured and unmeasured disturbances can be written in the transfer function

representation as
Yr = Geer + Goty (8.1)

where G, and G, are rational and proper transfer function matrices. y; is the process
output vector, e; is white noise representing the driving force of the unmeasured
disturbances, and v;, which is not necessarily white noise, represents the measured
disturbances. G, and G, can be estimated with any standard system identification

tools. The variance of measured disturbances E[vv}] = &, is decomposed as
E[vwl] = B, = LXsL7Y (8.2)

where X is a diagonal variance matrix. wv; is then mapped to d; by a linear

transformation
6 = LTv; (8.3)

where E[6;07] = X5. This makes the elements of §; mutually independent.
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Each element of §;(¢) is then pre-whitened using univariate time-series analysis

to obtain the corresponding element of the white noise driving force a;. i.e.,

91(t)
d; = Gqas, where G, is a diagonal transfer function matrix and é; = ,
On(t)
aq (t)
a; = ... |, where h is the number of the measure disturbance variables. With
an(t)
these transformations, equation (8.1) can be expanded as
Yy = Gees+ Gyuy
= Geer + G,Lb;
= G’eet + G,,LGaat (84)
Multiplying the above equation with z7¢D, we get
27Dy, = z7DG.e; + 2 DG, LG a4 (8.5)

where D is the unitary interactor matrix and 27! is the back-shift operator. d is the
order of the interactor matrix (the smallest integer that makes z7¢D causal or the

largest power of z in D [42]). This gives
Je = Geer + Gsay (8.6)

Gsa; can be further expanded into individual components to give

s = Geer + G101, + Cagazs + ... + Gonans (8.7)
Therefore,
trlVar(y)lmve = tr[Var(§)lmve (8.8)
= tr[Var(Gee))|mve + tr[Var(Gsia1:) | mve
+tr[Var(Gsaz)mve + ... + tr[Var(Gsnans)mve (8.9)
where

tr[Var(égia,-t)]Mvc = trace {é[@gi(k)][var(ait)][C:'&-(k)]T} (8.10)
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and G~5i(k) is the Markov parameter of k-th lag for the transfer functio nmatrix Gs:.
tr[Var(Gsiai)|mve is the contribution to the output minimum-variance by the ;%

principal component of the measured disturbances.

The analysis of variance provides the variance distribution among unmeasured

disturbances, e;, and the transformed measurable disturbances (or principal
a1(t)
components), a; = ... |. In order to implement the feedforward control,

an(t)
we have to trace back to the original measured disturbances from the principal

components. To find the correlation between ¢é; and the original measured

disturbances vy, we note that

v = Lé; (8.11)
Therefore
E[v07] = LEs (8.12)
This yields
Corr(v, ;) = S P E[uiT]S; 2 = S0 21852 = M (8.13)

where f],, = diag(%,) , and ¥; is a diagonal variance matrix. The above equation
provides a correlation matrix between the transferred disturbances, J;, and the

original measured disturbances, v;.

The correlation matrix, M, is useful for tracing the effects of the original measured
disturbances on process variance. From the principal component contributing the

highest to the output variance, the important disturbance variables can be identified.

8.3 The subspace matrices approach

Subspace matrices based approach has been the common thread that combines the

theoretical work presented in this thesis. The dynamic analysis of variance needs
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to be extended to the case of subspace approach, which as stated earlier does not
require the calculation of the interactor matrix. However, the knowledge of the
first few process Markov parameters is implicitly required in the form of the input

subspace matrix, L.

An equivalent expression of the equation (8.1) for the subspace representation is,

Y,
Y = Ly | 7| +LSEEs + LGFV; (8.14)

P
where the subspace matrices LS, and LG contain the Markov parameters of the
closed loop noise model between the process outputs and the unmeasured and

measured disturbances respectively. Refer to chapter 3 in deriving the above

CL

expression. The subspace matrices {Lj.",

LST} are equivalent to the transfer
function matrices {Ge, Gy}, and can be identified by regression as shown in chapter

2. v; is then mapped to é;.
The subspace matrix, L,, between d; — a; is identified as follows:

Data Hankel matrices A, and Ay are formed (refer to equations (2.4)-(2.7)) for the

variable d;. Subspace matrices representation for the variable §; can be written as
Af = Lw(;Ap + LaAf (8.15)

A 7 is found by the orthogonal projection of the row space of Ay into the row space

spanned by A, as
Ay = Dp/D, = Lus=0pA] (8.16)

The vector of white noise sequence ay = | a; @1 ... Geaj1 ] = Af(]. o
) — Af(1 : h,:) is then obtained. The data Hankel matrix Ay is then formed from

the white noise sequence ay. The subspace matrix L, is then obtained by the

regression

Lo = (A;—Ap) AL (8.17)
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Equation (8.14) can be expressed as

Y,
Y; = Lo| | | +LSEEs+ LG A, (8.18)
D
L 0 0
where L{Y = LI Ly L, and Ly is a diagonal matrix, Ly = | 0 ... 0
0 0 L

As explained in chapter 7, pre-multiplying the ‘vector of Markov parameters’ with
the matrix (I — L, L}) is equivalent to pre-multiplying the transfer function matrices

with the term ‘2~2D’. Therefore we can write (see equation (7.82))

yr = (I —L,L)LG" eo+ (I — L, LL)LS" a (8.19)
Yo &o
= | Ya-1 |t | La1 | Gt (8.20)
0 0
Yo & & &
= e+ a: + Qot + ... + ap: (8.21)
| Ya-1 | | i1 | & €i1

where LGF = LSE(:,1:m) and L§Y = LGF(:,1: h). Therefore we can write

(3

tr Var(y)lyve = tr +tr

g&}Var(au)(é})T]

d—1
Z @ijar(et)d)f
3=0

+itr 4+ ...

d-1
> &Var(an)(E)"
3=0

+tr

X_ﬁl & Var(aht)(ﬁf)"’"] (8.22)

=0

where tr [ 475 EVar(ai) (€ )T] is the contribution to the output minimum-variance
by the ™ principal component of the measured disturbances. The rest of the analysis

is same as that outlined for the transfer function approach.
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8.4 Simulations

The proposed analysis of variance methodology is tested in simulations. The system

example is taken from [46].

-1 -2
v1(2) — =047 T=01:7 s (t)
-1 —2
ya(t) 18'3.z1z~1 =081 us(t)
0.62~1 o.1z-11 o.2z—11 v1(t)
1-042-T 1-04z-' 1-0.32—
T 0.52~1 0.32~1 0.4z—1 va(t)
1—0.33_1 1—0.22_1 1‘—0.12—1 ’U3 (t)
1 —0.6
+ 1—0.52—1 1—0.52_1 el(t) (8,23)
0.5 1
170521 1-0.5z-1 ex(t)

Open loop input/output data is obtained by exciting the open loop system using
a designed ‘RBS’ signal of magnitude 1 for the inputs, ux and random numbers
of standard deviation 0.1 for the white noise sequences, ey, in MATLAB-Simulink.

The measured disturbance signals are designed as follows

w) = [=gemel
0.3
’Ug(t) = —1—_-6—72—_1(0.6v1(t)+a3(t))

ay (t)

Where | ay(t) | are random noise signals of 0.1 standard deviation. Note

as(t)
that different ‘seeds’ were used in MATLAB for generating the random noise

signals {a1(t), as(t), as(t),ei(t), e2(t)}. Its clear from the above that the measured
disturbance signal vs(t) is correlated with v;(t). Hence the measured disturbance
vs(t) is redundant for the feedforward control design. We will check if the dynamic
multivariate analysis of variance would detect the redundancy. The analysis is
conducted using both subspace and the transfer function approaches. Identical
results with some minor differences (arising form the numerical rounding up errors

in MATLAB) are obtained for both the approaches.
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Principle 01 02 ds3
Component

Variance tr[Var(églalt)] tr[Var(é52a2t)] tr[Var(é53a3t)]
Contribution 5.8068e-4 1.1104e-4 4.3912e-5
Percentage 78.94 % 15.09 % 597 %

157

Table 8.1: Contribution of the principle components to process output variance

Ot Ot 03¢

Dv1 | -0.9750 | 0.0215 | -0.5173
Dv2 | 0.0166 | 0.9996 | -0.0133
DV3 | 0.2215 | -0.0155 | -0.8557

Table 8.2: Correlation matrix table

From table (8.1) we can see that the principle components 1 and 2 are contributing
the highest to the process output variance. From the correlation matrix in table
(8.2) we can see that for the principle components 1&2 the measured disturbances
DV1 and DV2 have the highest coefficients respectively. Hence it can be concluded
that only two of the measured disturbances (1 and 2) are sufficient for designing the

feed-forward control.

8.5 Conclusions

Dynamic multivariate analysis of variance helps in the selection of important
measured disturbance variables for feedforward control. The dynamic multivariate
analysis of variance is solved both in the traditional input-output transfer function
framework and the subspace matrices approach. The former requires the interactor
matrix and the latter does not. Thus the subspace approach simplifies the notation

and facilitates its applications.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 9

Synthesis and analysis of an

industrial MPC application

9.1 Introduction

The goal of advanced control applications in industry is not only to achieve optimal
control of the process variables but also to maximize the profit achievable from
the process through the optimization of the overall operation of the process.
Implementation of advanced control applications is an exercise of balancing these
dual goals while achieving process stability. A multivariate advanced control
application aids in reducing the interactions between the process variables and
optimizing process operations. Since advanced control applications have more
involved computations using mathematical models, a slow sampled advanced control
application is typically built on a faster sampling multiple PID controller system on
the process. The objective of this chapter is to provide a practical guide to the

performance analysis of industrial MPC applications.

This chapter discusses the industrial implementation of a commercial MPC
application and proposes an MPC relevant controller performance assessment

tool extending some of the theoretical work presented in the previous chapters.
158
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We show how subspace matrix based approach can be used to define an MPC-
relevant benchmark for assessing the performance of advanced control applications

in industry.

The MPC discussed in this chapter was successfully commissioned. It ran for
about 3-4 months and then shut down due to flow measurement sensor problem.
Nevertheless, the methodology presented in this chapter is valuable and applicable

to performance assessment of model predictive controls.

9.2 Process description

The process being considered is a large settling vessel designed to recover the
“cream” of aerated hydrocarbons from a slurry of hydrocarbons, water, fines and
sand. The hydrocarbons float to the top of the vessel due to their lower density and
is recovered in the top stream. The higher density sands settle at the bottom of the
vessel and is sent away through the bottom stream. A third outlet stream exists

along the outer periphery of the middle of the vessel.

The settling vessel is a large rake thickener, which facilitates the flotation of
hydrocarbons and the settling of sand. The feed valve position and the feed density
are the measured disturbances for feedforward control. The feed is introduced in the
middle of the vessel, the aerated hydrocarbons float over a weir circling the top and
sand settles to the bottom. A hot water wash stream is introduced to the settling
vessel to aid in the separation of aerated hydrocarbons from sand. Rakes rotating
at the bottom of the vessel push the settled sand towards a small cone from where
it is pumped away. A diagram of the settling vessel is shown in figure 9.1. The
middle stream may be recycled back to the settling vessel or sent to a downstream

separation process.

The depth of the lighter hydrocarbon bed floating at the top of the settling vessel
is controlled by the rate of middle stream flow rate. A sight glass on the side of

the vessel allows the operator to see the interface between the hydrocarbon bed and
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Amps on rake-A  Amps on rake-A

(CV4) (CVs)
Rake motors —»
Feed valve position (DV1) Cell level (CV1) Froth
) flow
Feed density (DV2)
Water addition flow Fged.b
(MV3) > distributor
Middlings flow
MV2)
Density (CV2)

Settled sands flow
MV1) 4—.—.

Density (CV3)

Figure 9.1: Settling vessel

the slurry. A variable speed pump provides control over the rate of middle stream
withdrawal. The aerated hydrocarbons flow over the weir into a sloped launder,
then flows by gravity to a Deaerator. The setpoint for level in the settling vessel is
manipulated to maintain the interface level at a certain height and visible through
the side sight glass. Under favorable operating conditions most of the hydrocarbons
entering the settling vessel leave in the top stream. The recovery may drop when
the quality of the oil sands feed deteriorates or when there is an upset in the settling
vessel. Stable process operation is important to achieve high recoveries consistently

from the settling vessel.

The following process variables are used in the advanced control application
Level of the cell Cv1
Density of the middle flow stream Cv2

Density of the bottom flow stream CV3
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% Water in the top stream flow CV4

Motor amperes on rake motor-A CVC1 (constraint)

Motor amperes on rake motor-B CVC2 (constraint)

Pump amperes on bottom stream flow CVC3 (constraint)
Setpoint for bottom stream flow pump speed controller MV1

Middle stream flow rate MV2
Setpoint for water wash stream flow pump speed controller MV3
Valve position on feed line to the settling vessel DV1

Density of feed to the settling vessel DV2

9.3 Identification

Open loop data with step changes to the manipulated variables is collected for the
identification dynamic models for the process. Using DMI software, dynamic step
response models for the process were identified and converted into transfer function
models in the MPC-identification software. A MPC controller was then designed

and tested in simulations and loaded into the DCS.

The following process transfer function models were identified for the system:

Variable MV1 MV2 MV3
CV1 —0.286 —0.73¢~° 0.445(—10s41)
4552+ 11s+1 9s+1 8582+15541
CV2 —0.00045¢=32 | —0.0007(—11s+1) | —0.000142(57s4+1)e”"
345249541 23524 10s+1 7052+125+1
—0.00188e~2° 0.0027(—10s+1)
CV3 — 10s+1 88521105+ 1
—0.433¢_7° —0.506e 4
Cv4 255248s+1 6s+1

Table 9.1: Identified transfer functions between the CVs and MVs.

Disturbance transfer function models for the system are identified as follows:
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Variable DV1 DV2

2.86

CV1l e
0.0074e~3¢ 0.404e"°
Cv2 7s+1 275249511
0.0072 0.382(—6541)e"2¢
Cv3 6552+14s-+1 4052 £10s+1
2.97¢ 72

CV4 7.554+1

Table 9.2: Identified transfer functions between the CVs and DVs.

9.4 Tuning and Optimization

The advanced control application is then tested online. Optimization function and
weighting matrices for the controlled variables are carefully determined on the basis
of the relative importance of the variables in maximizing the profitability of the
process and achieving stability in the vessel operation. The optimization function
chosen is maximization of the density difference between the bottom and middle
streams, maz(CV3 — CV2). Similarly appropriate weighting matrices were chosen
for the controlled variables. The process variables under the advanced control is

plotted in figure (9.2).

9.5 Performance assessment

Assessing the performance of advanced controller applications is very different from
the performance assessment of PID-type univariate controllers. The differences come
from the fact that advanced controller applications are multi-faceted, in the sense
that they are model-based and multivariate in nature, have an optimizer part in
addition to the controller part and have application specific tuning parameters such

as designed closed loop settling time.

Hence the performance assessment of an advanced controller application involves a
more complex analysis of the different aspects of the application. We see some of

the different methods of a multi-faceted analysis as follows.
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9.5.1 Online predictions validation

Since the advanced control applications are model-based, validating the model
predictions online in real-time is a critical step before the commissioning of the
controller. Most advanced control applications have a bias updating term in the
predictor to deal with small deviations of the models. By plotting the true value of a
controlled variable with the model-predicted value the bias in the model predictions
can be noticed. If significant bias is noticed the model needs to be re-identified.
From figure (9.3) we can see that the model-predictions do not have any significant
bias with the true values of the controlled variables. From the auto-correlations in

figure (9.4) we can see that the prediction errors of the CVs are close to white noise.

9.5.2 Primary assessment of controller performance

Once an MPC application is installed and put on-line, the first step in the
performance assessment of the application is analyzing the controller response to
the (a) setpoint deviations of the controlled variables (feedback control) and (b)
disturbances entering through the measured disturbance variables (feedforward
control). Moving the manipulated variables in the right direction when the
controlled variables deviate from their respective setpoints or when disturbances
enter the process, is a critical indication of the performance of an advanced control
application. If the controller moves any one of the manipulated variables in the

wrong direction the process can spiral to unsteady operation.

Under closed loop, MVs are a function of setpoint deviations, (SP - CV), and the
measured disturbances. From the process model we know the process gain relation
between the MVs and CVs/DVs. For a setpoint deviation of controlled variables
and / or a change in the measured disturbances in a particular direction (positive
/ negative) we expect the advanced controller to move the manipulated variables
in a certain direction to narrow the setpoint deviation. By plotting the correlation
coefficients between the ‘setpoint deviations’ and ‘measured disturbances’ with the

‘manipulated variables’ it can be verified if the controller is moving the manipulated
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variables in the right direction.

From the transfer functions in the first row of table (9.1) we can see that when
CV1 deviates below the setpoint (i.e., (CV1gp — CV'1) < 0 ), the controller should
move MV1 1, MV2 %1 and MV3 |. The designed MPC is doing exactly that
in closed loop as can be seen from the cross-correlation coeflicients plotted in figure
(9.5). The process variable CV2 has a setpoint range instead of a single setpoint.
Hence from the transfer functions in the second row of table (9.1) we can see that
when CV2 deviates above the setpoint range (i.e., CV2 > 1.4 ), the controller
should move MV1 4, MV2 4 and MV3 % and vice-versa for CV2 < 1.1. Hence
by plotting the cross-correlations coefficients between the CV2 setpoint deviations
(i.e., (14— CV2) for CV2 > 1.4 and (1.1 - CV2) for CV1 < 1.1) and MVs we can
verify that the controller is moving the manipulated variables in the right direction
as can be seen in figure (9.6). Similar observations can be made for CV3 and CV4

as shown in figures (9.7)-(9.8).

From (9.9)-(9.10) it is verified that the controller is moving the manipulated variables

in the right direction for variation in the disturbance variables.

9.5.3 Controller optimizer performance assessment

The advanced control application on the settling vessel has two parts, the controller
part and the optimizer part. The objective of the optimizer in the advance control
application on the settling vessel is to maximize the density difference between the
densities of the middle and bottom streams. When all the controlled variables are
within their setpoint limits the optimizer part would take over and try to move the
manipulated variables in the direction of maximizing the density difference, (CV3 -
CV2). Hence the next step of performance analysis would be assessing the optimizer
response when all the CVs are within their respective setpoint limits. From figure
(9.11) we can clearly see that the MPC application is moving MV1 (the MV which
has the highest effect on the process variables) in the right direction to maximize

the density difference whenever both CV2 and CV3 are within the setpoint range.
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9.5.4 Closed loop settling time based performance assessment

Certain advanced control applications, such as MPC, allow for setting the closed loop
settling time as a tuning parameter. Hence the next step in the performance analysis
of the controller is comparing the true closed loop settling time of the controlled
variables with the designed settling time. Figure (9.12) shows the auto-correlation
coeflicients of the four CVs for the settling vessel. The vertical lines in each of the
four plots represent the maximum closed-loop settling time specified in the controller
design. From the figure we can see that the closed-loop settling times of the three
controlled variables (CV2, CV3 and CV4) which determine the profitability from
the settling process are well within the maximum closed-loop settling time specified

in the controller design.

This concludes the initial performance analysis of the MPC application. From the
analysis it can be concluded that the advanced control application is meeting all
the control objectives in the optimization of the process performance on the settling
vessel. The methods described so far enable us to assess the controller performance

as ‘good’ or ‘bad’.

The next step would be the benchmark-based controller performance assessment.
The benchmark-based methods assess the ‘optimality’ of the controller performance
with the benchmarks defining the optimal performance. These methods involve
more rigorous analysis of the controller performance compared to the user defined
benchmark for the optimal controller performance. The benchmark-based controller
performance assessment techniques require partial knowledge of the process model
for the multivariate case. It is shown in chapters 3, 5 and 7 that the required process
knowledge can be estimated from the closed loop data if the open-loop process model

is not available.
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9.5.5 MVC-benchmark calculation using subspace approach with

weighting matrices

The expressions for obtaining the MVC-benchmark for controller performance
assessment have been derived in chapter 7. When certain weighting matrices for
the controlled variables are included in the controller design then the expressions in

chapter 7 have to be modified as follows.

Consider the case when the objective function for the minimum variance controller,

as N — o0, is

J = E{ Z [(Tt+k—yt+k)T Qr (Tere — Yerr)]} (9.1)

k=1
where Qx(m x m) is a non-negative definite matrix. By letting r, = 0 and using

equation (7.74) we can write,

7 = min [ Q g (92
= (Lfvwz + Lyus)T Q (Lfﬂw;’, + Lyuy) (9.3)
@ 0 O
where Q= | 0 .. 0 [, has the weighting matrices along the diagonal blocks.
0 .. Qn

To obtain the minimum variance control law, we differentiate J with respect to uy
and set it to zero.

aJ

T b, b T .
Fuy 2LT QLY wh 4+ 2LTQLyu; = 0 (9.4)

We obtain the minimum variance control law as:
up = —(LIQL.)'LIQ(LYwh) (9.5)
Similar to equation 7.82, we can derive

yr = [I— L(LIQL.)'LIQ| Ly veys + [T — Lu(LIQL.L)LIQ] Ln €111 (9.6)
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Y (2]
= Yo v | WY | e = PV + P Yera (9.7)
0 0

The minimum variance control variance expression for the process output is given

by
d—1 d-1
Varlpluve = Y ¢ Varlu)(¢¥)" + > o' Varle] ()" (9.8)
=0 =0
= Varlydyve + Varlydive (9.9)

where Var[y3%vc and Var[yl$ve represent the contribution of measured and
unmeasured disturbances respectively, to the process output variance under

minimum variance control.

As shown in section 7.3 using theorem-1, the subspaces with the closed-loop noise
models L$F and LGP (which can identified from the routine closed-loop data) can
be used in the place of the open-loop noise models L, and L; in equation (9.6)
to estimate the MVC-benchmark variance. Estimation of the closed loop subspace
matrices from the routine operating data is an open-loop identification problem.
Refer to chapter 2 for the methodology to estimate the subspace matrices. The
subspace matrix L, is constructed from the process Markov parameters formed

from the process transfer function matrix shown in table 9.1.

The MVC-benchmark based performance index for the controller can therefore be

defined as

trace (Var(y]mve) _ trace (Varlyyve) + trace (Varlydisve)
trace (Var(yt|actuat) trace (Var[yt)actuat)

(9.10)

The MVC-benchmark based parameters are listed in table 9.3. As can be seen from
table 9.3, the advanced control application on the settling process is giving 35.68%

of the optimal performance based on the minimum variance control as benchmark.
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parameter Value
trace (Var(y]3ve) | 5.3498
trace (Var[ylSsye) | 2.3091
trace (Var[ylmve) | 7.6588
trace (Var(yactuar) | 21.4671
1 0.3568

1—q 0.6432

Table 9.3: MVC-benchmark based controller performance assessment.

9.5.6 LQG-benchmark calculation using subspace approach with

weighting matrices

Similar to the previous section, the expressions in chapter 5 have to be modified for

the case of weighting matrices as follows.

The LQG objective function in this case can be written as
N
J = E{ Y [(er —Terr)’ Qn Work — Terr) + iy Re weys] } (9.10)
k=1
where Qr (m x m) and Ry (I x ) are non-negative definite weighting matrices and
N — oo. Consider the feedback plus feedforward controller case considered in

section 5.4. By letting riy = 0 we can write

J = min [§f Q g5 +uf R uy (9.12)
vy
= (Lhwd+ Lyug)" Q (Lhwy + Lyus) +uf R uy (9.13)
Ql 0 0 R1 0 0
where@=1| 0 .. 0 |andR=| 0 .. 0 |,havethe weighting matrices
0 ... Qn 0 .. Ry

along the diagonal blocks. We differentiate J with respect to u; and set it to zero,
to obtain the LQG control law as:
up = —(R+LIQL,)LIQL%w} (9.14)

Equation 5.19 is modified as

KY = (R+LyQL.) 'Ly Q;
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(9.15)
Therefore we can derive
ur = ——Kva’Ut+1 — Kth6t+1 (916)
wy (2
w’w ww
= ol v + bl e (9.17)
| W1 | i Y1 i
Yr = (I — Lqu)Lv’l)t+1 + (I — Lqu)Lhet+1 (918)
5 %
"r'w ,yw
= ! V1 + ! €1 (919)
i N-1 ] | TN-1 |

we can calculate the LQG-benchmark variances of the process input and output as

N-1 N-1
Varlulige = Y wi Varlu] WP)" + 3 4 Varled (§)"  (9.20)
i=0 i=0

= Varlwlige + Var|wlioe (9.21)
N-1 N-1

Varlylige = Y T¥ Varlod (TP)T+ 39 Varled ()" (9.22)
i=0 i=0

= Varlylioe + Varlylige (9.23)

As can be seen from the above expressions, the subspace matrices L,, L, and L,
are required for the calculation of the LQG-benchmark variances. The subspace
matrix L, is constructed from the process Markov parameters formed from the
process transfer function matrix shown in table 9.1. Similarly the matrix L, is
constructed from the Markov parameters formed from the measured disturbances
transfer function matrix shown in table 9.2. The subspace matrix L. is identified

from the open-loop data used in the identification of tables 9.1 and 9.2.

The benchmark variances are compared with the true variances of the process input
and output. The performance indices for the LQG-benchmark based performance

assessment are defined in section 5.5.
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As can be seen from equations (9.16) and (9.18), the estimation of the LQG-
benchmark requires the estimation of the open loop noise models of the measured
and stochastic noise disturbances. For the advanced control application on the
settling process, the open-loop noise model for measured disturbances is available
from the identification step in section 9.3. The current stochastic noise model needs
to be estimated from the closed-loop data used for controller performance analysis.
For the advanced control application on the settling process, the model predictions
for the controlled variables are archived along with the true values from the process.
Using the predicted/true values of the controlled variables the open-loop stochastic

noise model can be estimated. We can rewrite equation (5.36) as
Yy = LYW} + L U;+ LV + L.E; (9.24)
and
Y; = LLW!+ LU+ LV; (9.25)
Therefore the prediction error term can be extracted as
S = Y -Yr=LE; (9.26)

Using the least squares estimation method described in section 2.3 the subspace
matrix L, can be estimated. The subspace matrix L. contains the Markov

parameters of the stochastic noise model.

The LQG-benchmark based performance indices for the controller can therefore be

defined as
trace (Varlyloge)  trace (Var[yt]’iQG) + trace (Var[yt]ch) (9.27)
trace (V ar[Ylactuat) trace (Var{ylactua) |
_ trace (VaruL oc) trace (Var[ut]}gQG) + trace (Var[ut]eLQG) (9.28)
— trace (Var(ugactual) trace (Var[us]actuat) .

For the advanced control application on the settling process, The LQG-benchmark

based parameters are listed in table 9.4.

The following can be deduced from table 9.4 about the performance of the advanced
control application on the settling process based on the optimal LQG-control

benchmark:
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parameter Value
trace (Var{us]jgg) | 0.3202
trace (Varlusl$og) | 0.1074
trace (Var[ugroe) | 0.4276
trace (Var[uilactuar) | 3-4116
trace (Var(yioe) | 4.2402
trace (Var(y:)5oq) | 2-9826
trace (Var(yLog) | 7.2228
trace (Var[ytlactuar) | 8-0919

n 0.8926
1—q 0.1074
€ 0.1253
1—-¢ 0.8747

Table 9.4: LQG-benchmark based controller performance assessment.

(a) In terms of the process output variance, the controller is giving 89.26% of

the optimal performance.

(b) In terms of the process input variance, the controller is giving only 12.53%

of the optimal performance.

Hence it can be concluded that the advanced control application is giving close to
optimal performance with respect to the process output variance. However there is
still some scope to reduce the process input variability to reduce the wear on the

manipulated variables.

9.6 Conclusions

In this chapter the multi-faceted approaches for the performance assessment of
industrial advanced control applications have been described and illustrated through
an application on a settling vessel. It shows that the advanced control commissioned
in this project achieved a relatively good performance. The proposed method for

assessment of model predictive control can be applied to other industrial advanced
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control systems.
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Process variables under MPC
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Figure 9.2: Closed loop data of the CVs under MPC.
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Figure 9.3: Comparing the model-predictions with the true values (—) of the controlled variables.
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Figure 9.4: Auto correlation function of the prediction errors.
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Figure 9.5: Cross correlation coefficients between Error = (CV1gp — CV1) and MV's.
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Correlation coefficents between CV2 setpoint deviations and MVs
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Figure 9.6: Cross correlation coefficients between Error = (CV2sp — CV2) and MV's.
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Figure 9.7: Cross correlation coefficients between Error = (CV3gp — CV3) and MV's.
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Correlation coefficents between CV4 setpoint deviations and MVs
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Figure 9.8: Cross correlation coefficients between Error = (CV4sp — CV4) and MV's.

Correlation coefficents between DV1 vs. MVs

w

N

CCF (DV1 & MV1)

=]

v2)
o
2

DV1 &

0 2 4 6 8 10 12 14 18 18 20
Lag

Figure 9.9: Cross correlation coefficients between DV'1 and MV's.
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Figure 9.11: Optimization function operation.
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Appendix A

Closed loop subspace
identification when a FF plus FB

controller is acting on the process

Consider a feedback and feedforward controller acting on the process (2.1)-(2.2).

The controller can be expressed in transfer function form as,
up = Q1 (Th—ur)+ Q2 vk

where vy, represents the measured disturbance variable. Assume that the measured
disturbance variables are uncorrelated with the setpoint changes or the unmeasured

disturbances. The controller subspace representation (3.2)-(3.3) changes to

7’ —_—
Sry = Aai+( B, Bg‘)( ¢ y’“)

Vi

un = Ccmg+(Dc D,{) e
Uk

We derive

U = T4XS+ HYRy — HYY; + HLV; (A1)
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Therefore, we can write

Us = T%X$+HyR; — Hy(TnXy + HyUp + HY Vs + HyEy) + HLV;
= (I +H{Hy)'T%X§— (I +HyHy) "H{TnX;
+(I + HLHN) 'HY Ry — (I + HyHy) ' H§ HY Vy
—(I + H{Hy) "HYHYEy + (I + HS Hy) CHL V; (A.2)

Similarly,
Y; = TnX;+ Hy(U$GXS+ HG Ry — HYY; + HLVy) + HYV; + Hy Ey
= (I +HyHE) 'TnX;+ (I + HyHY) "HyT$ X5
+(I + HyH) "HyHS Ry + (I + HyHS)  Hy HL V;
+(I + HyHS) 7 HY Ve + (I + HyHS) " Hy By (A.3)

As becomes clear from the above expressions, HY cannot be extracted from L$F

CL
and L,,".
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Appendix B

QP formulation for constraints

handling

QP-formulation of the constraints is well known and available in the literature.

Typical process constraints are as follows:

Umin < Ug < Umae VE Amplitude limits
NUpmin < DNug=U— U1 < DUmay VE  Slewrate limits
Ymin < Ut < Ymae VI Quality limits

These constraints for the predictive controller can be expressed as

Umin S Us ik S Umaz k = 0,1,2,...,Nu - 1
Aumin S Aut+k S Aumam k = 0, 1, 2, ceey Nu -1
} Ymin S ’gt—i—k]t S Ymazx k= 17 27 (RS N2
i Define
| - T
L, = NUpin  cen e DNUpnin, ] )
- T
Ui = | Dumgg - oo DUpag ] ;
Umin — Ut—1 F Umazr — Ut—1
L2 _ : U2 _ :
] Umin — Ut—1 i | Umazr — Ut—1 ]
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Ly = Ymin
U3 = Ymazx
1 0
1 1
R =
1 1

T
ymin] _F?

ymaa:

The constraints can be rewritten as:

Ly
L, <
Ly <

IA

These constraints can be combined to the form of a single matrix inequality:

with

T
A = [—I -R —Swyn., I R SNz,Nu]

A’U,f
RAUf
SNz,NuAUf

IA

<
<

ANy < B

T
] - F; and

Ur
U,
Us

T
B = [—Ll L, —Ls Uy U, U3]
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Appendix C

Equivalence of subspace and GPC

predictor matrices

The vector of predictor equations used in subspace based predictive controller is

Yt—-N+1
?)t+1 Uy
= Ly(L:Nem,) | Y| L Nam, 1 N
. Ut—N
Yt+N2 Uty N, —1
- Ut_l -

Therefore for a k-step ahead prediction

Yi—N+1
N Y
Gioe = Ly((k—1)m+1:km,:)
Ut—N
- Ut—l -l
Uz
+L,((k—1)m+1:km,:)
Ut+N,—1
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r 1
Yt—N+1
] Yt
= Lo((k—1)ym+1:km,:)
Ut—-N
L. Ut—l -
Aut
+SNm((k = 1)m + 1 : km,:)
Aut-{—Nu—l
Yt—N+1

- [ Yt
= | PN-1 -+ P1 Po gN-1 -~ Q@1 Qo
Ut—N
L Ui—1 .
Ay
+ | 81 ... 81 Sp
AUt+m—1
= [po+pzt + .+ pnaz My
Hao+ @z + o+ av-1z Ve
+[sg + 8127 + .o+ sp127 T AUp -1
= Pz Yy + Q2 Hur1 + Selugrr—1 (C.1)
Comparing the above equation with equation (4.5), we observe that
P = %; Q = %; Sk = Gg (C.2)

Therefore, the parametric matrices obtained in GPC design by first identifying
an ARIMAX model for the process and then through recursive solution of the
Diophantine equations [7], are directly identified by the subspace identification.
This removes the requirement of pre specifying order and structure (ARIMAX) for

the process model.
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Appendix D

Equivalent subspace

representation

We can re write equation (5.14)

Yt—N+1 Ut—N+1
Y1 = lyp + lup + €11 (Dl)
Yt Ut
We can also express y;.1 as
Y1 = Yo+ Grug + Lies + e
[ Yi—nN Ut—N
= lyp + lu,, + Gyug + Liey + egqq
| Y1 Ut—1
Yt—-N-1 Ut—N-1
Uy t
= lyp + l'u.p + Gl Gg + L1 L2 + €t+1
Ug—1 €1
Yi—2 U2
Yt—aN+1 Ut_2N+1
=y, + lup
| Yi-N Ut—N
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+ l: Gl GN ] + l: Ll LN ] +et+1
Ut—-N+1 €t—N+1

As N — o0, an equivalent expression of y;,1 in terms of the past inputs and the

past noise can be written as

Y1 = [Gl GN:| +[L1 LN:| +€t+£D.2)

Ut—N+1 €t—N+1
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Appendix E

Simplified matrix expressions from

singular value decomposition

Let A represent an m X n matrix of rank r < min(m,n). The so that

3 0
0 0

}/IT

=X; %, YT (E.1)
YS

A = XZYT:[Xl Xz]

where 7 is the number of singular values of A that are not zero. The matrices X
and Y are orthogonal matrices i.e., the columns are mutually orthogonal vectors of

unit length and are non-unique. We can derive

ATA = M X)) (X S ) =N 20 Y (E.2)
ATt = M B2 Y=y 572 v (E3)

Therefore we have

ATA = (ATAATA=r 32 Y| v 22 Y] =1 Y (E.4)
AAD = AATA)AT = (X, B Y] [V 22 Y] [ B XT =X X[ES5)

The matrices X and Y are unitary matrices. Hence we can also write [39)

I-A'A = Y, Y (E.6)
I—AAT = X, XT (E.7)

199

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



200

Both the matrices (I — AtA) and (I — AA') are idempotent. Note that Yz is an

n x (n —r) matrix. Hence I — ATA will have a rank of n — 7.
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Appendix F

Essentially disjoint condition

From [39]
Lemma 17.1.4. Let U and V represent subspaces of R™*", then

(1) U and V are essentially disjoint if and only if, for matrices UcU and VeV, the

only solution to the matrix equation
U+V =0 (F.1)
is U=V =0; and

(2) U and V are essentially disjoint if and only if, for every non-null matrix UeU

and every non-null matrix V€V, U and V are linearly independent.

We assumed that the process transfer function G(z™!) is equation (7.34) is full rank

with proper and stable transfer functions. Hence the following claims can be made

Go 0 0

Gy Go 0 . .
(a) The vectors , , , ... are all essentially disjoint to each

Gy G1 Go

other.
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(G 0 .. 0 Gy
Gi Go ... 0 G

(b) The matrices L, = Lo and | | are essentially disjoint.
Gy G ... 0 Gs
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Appendix G

Corollaries from [39]

(1) Corollary 17.5.2 Let A represent an m X n matrix and B an n X p matrix.

Then,

rank(AB) = rank(A)+ rank(B) —n + rank [(I — BBY(I - .ATA)] (G.1)
(2) Corollary 17.2.10 Let A represent an m X n matrix, B an m x p matrix. Then
rank[(I — .A.AT)B] = rank (B) if and only if C(.A) and C(B) are essentially disjoint.

(3) From chapter 18 Let R represent an n X ¢ matrix, S an n X m matrix, 7 an

m X p matrix, and Y a p x ¢ matrix. Then,

rank(R +S8TU) = rank(R) + rank(Q) + rank(M) + rank(N)
+rank [(I — MMNEQIY(I - NTN))
—rank(T) (G.2)

where

Er = I-RRY, Fr=I-R'R; X =EST; Y =TUFR;
M = X(I-9'Q); N=(I-29"Y

Refer to [39] for proofs of the above corollaries.
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Appendix H

Scope for future work

The work treated in this thesis is derived from innovations form representation
for multivariate linear systems and the subspace matrices are of the N4SID type
obtained with least squares solution. Several subspace methodologies are available in
the literature which use different numerical techniques such as CVA and PCA in their
identification algorithms. It would be interesting to use subspace matrices obtained
by different numerical techniques to extend the work presented in this thesis. More
over, with appropriate modifications to the representation of the system, the work in
this thesis can be extended to the case of non-linear systems, time-varying systems,
and linear systems with special data and process conditions such as the presence
of state noise, process input noise and correlated measured and/or unmeasured

disturbances to the process.

Interactor matrices are used in some areas of process control apart from using it to
obtain the multivariate MVC-benchmark as shown by [36, 42, 46]. The interactor
free approach to control presented in chapter 7 has applications in such areas as

multivariate recursive/adaptive control.

Time delays are considered as infinite zeros. For non-minimum phase (NMP)
systems, the interactor should also include the NMP zeros. As shown in [42, 46], the

interactor used in the NMP case is obtained by multiplying the interactor matrix
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corresponding to the time delays (infinite zeros), D;y,s, with the interactor matrix
corresponding to the NMP zeros, Dypp. The interactor free multivariate MVC-
benchmark methodology in chapter 7 is applicable for only minimum phase systems.
For non-minimum phase systems the interactor (/ — LuLu') needs to be modified

to account for the NMP zeros. This remains an issue open for research.

Fault detection and identification (FDI) is an emerging area of control research
which, apart from detecting sensor faults and actuator faults, widely makes use
of subspace methodologies to detect ‘parametric’ changes to the real systems over
time. FDI methodologies typically involve recursively identifying the interested
parameters and checking for any changes with statistical tests. In some FDI
methodologies state space representation is used and the computations are quite
involved for practical application on real systems. Since subspace representation
is equivalent to state space representation, it would be interesting to verify if
formulation of the FDI problem as a function of subspace matrices can simplify

the computations involved.
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Scope for future work

Process data

(Data Hankel matrices)
Regression
(Numerical techniques)
Robust
Predictive ~ +—— l

controller design
Subspace matrices

Adaptive (Non-parametric)
control

!

Controller
performance
monitoring
t CVA/MOESP
Non-minimum type subspace
phase MVC matrices

Figure H.1: Future research scope
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