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Abstract

Let A; denote the first Weyl algebra over a field K of characteristic 0; that is, A; is
generated over K by elements p, ¢ that satisfy the relation pg — ¢p = 1. One can view
A; as an algebra of differential operators by setting ¢ = X, p = d/dX.

The basic questions which are addressed in this paper is what are all the maximal
diagonalizable subalgebras of A; and if K is not algebraically closed, what conditions
should be placed on the element x € A; so that x is diagonalizable on A;. Thus, we

use these diagonalizable elements to verify the Jacobian conjecture for n = 1.
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Chapter 1

Introduction

Let K be a field of characteristic 0. The first Weyl algebra A; is an associative algebra
generated over the field K by elements p and ¢ which satisfy the defining relation

pq — qp = 1. The Weyl algebra A; is a simple, Noetherian domain of Gelfand-Kirillov
rid
ax

with coefficients from the polynomial algebra K[X]. The n-th Weyl algebra A, is the

dimension 2. Tt is canonically isomorphic to the ring of differential operators K[X]|

tensor product A; ®x A1 ®x A1 Rk ... ¥k A of n copies of the first Weyl algebra.

Before 1968, not much was known about the first Weyl algebra: the commutativity
of the centralizer C(x) of an arbitrary nonzero element z of the first Weyl algebra
had been proved by Amitsur [A] (see the paper of Goodearl [G] for generalization),
the global dimension of the first Weyl algebra, which is 1, had been calculated by
Rinehart[R], and Dixmier had proved that each derivation of the Weyl algebra is an
inner derivation [D1]. After 1968, more progress was made in the study of the higher
Weyl algebras A,,, n > 2, due to new techniques associated with the Gelfand-Kirillov
dimension, introduced by Gelfand and Kirillov [GK1, GK2] that were created at that
time. For more details, the interested reader is referred to the following books [BJ,
BA, GW, KL, MR].

The importance of the Weyl algebra has grown steadily in the last 30 years; The
work on noncommutative Noetherian ring that followed A. Goldie’s famous theorems
on quotient rings of Noetherian rings and the fact that the Weyl algebra is the sim-
plest after finite-dimensional ones ring of differential operators has only added to its
importance. In the fundamental paper [D2], Dixmier started a systematic study of the

structure of Ay. The key idea of [D2] is that one can study properties of elements via



properties of the corresponding inner derivations. So, for an arbitrary element x of the
Weyl algebra A;, one can attach the inner derivation ad(x) of the algebra A;. The
main result of [D2] is the description of the automorphism group of A;: Let A € K,
and n be an integer > 0. The derivation A = ad(nlﬂp”“) on A is locally nilpotent,
so that @, = expA is a well defined automorphism of A; with &, ,(p) = p and
®,,2(q) = ¢+ Ap". He also defined the automorphism @] , of A; such that ®; ,(q) = ¢
and @;L?/\(p) = p + A¢". Then he showed that the automorphism group G of A; is
generated by @, and ®; , for all integers n > 0 and A € K.

Let V be a finite-dimensional linear space over a field K and T be a linear trans-
formation of V. The transformation T is called diagonalizable if there exist a basis of
V' that consists of eigenvectors. We are interested in maximal diagonalizable subalge-
bras of A;. In Chapter 4, we show that the subalgebra Kpg + K is such an algebra
(see Theorem 4.5). Then, up to automorphisms of Ay, Kpg+ K is the only maximal
diagonalizable subalgebras of A;. But if K is not algebraically closed, we need more
conditions to restrict to the semisimple elements of A; so that they are also diago-
nalizable in A; (see Lemma 4.7). The solution to Problem 4.1 shows how to use the
semisimple elements to connect the Dixmier conjecture with the Jacobian conjecture
if K is algebraically closed. Using this, we can verify that the Jacobian conjecture for
n = 1 is true. The Jacobian conjecture is an old and interesting problem, that has
inspired a lot of great mathematics, but so far has been resistant to any attempt at

proving it, even if n = 2.



Chapter 2

Properties of the Weyl algebra

In this chapter, we will introduce the Weyl algebra. We begin with an account of the
history of the Weyl algebra and then describe the main structure of the Weyl algebra.

2.1 The history of the Weyl algebra

Interest in the Weyl algebra began when a number of people like Heisenberg, Dirac or
Born(1882) were trying to develop the principles of quantum mechanics used to explain
the behavior of the atom, using dynamical variables that do not commute. One is
interested in polynomial expressions in the dynamical variables momentum, denoted by
p, and position, denoted by ¢. It is assumed that the variables satisfy the (normalized)
relation pg—qp = 1. This is what we now call the first Weyl algebra. The Weyl algebras
of higher index appear when one considers systems with several degrees of freedom.
Weyl’s pioneer book The theory of groups and quantum mechanics[WH] was perhaps
their first appearance in print. Then Littlewood (1903) [L] used the language of infinite
dimensional algebras to describe the objects. In his paper Littlewood established many
of the basic properties of the Weyl algebra. He showed that any element in the Weyl
algebra has a canonical form (Lemma 2.3) and that the algebra is an integral domain
(Proposition 2.8). He also showed that the relation pg — gp = 1 is not compatible
with any other relation, or, as we would now say, the only proper ideal of this algebra
is zero (Proposition 2.9). Dixmier (1924) introduced the notation A, for the algebra
that corresponds to the physicist’s system with n degrees of freedom. The name Weyl
algebra was used by Dixmier as the title of [D2]. He connected the Weyl algebra with



the theory of Lie algebras, and in [D2], he described the automorphism group of the first
Weyl algebra. At the end of this paper, he listed six problems and some of them are still
open. Of course, the Weyl algebra is often used in the study of systems of differential
equations (in this context the theory is often called Algebraic Analysis). This approach
comes from people like Malgrange and Kashiwara (see for example [M, K, KK]) and,

at the same time, from Bernstein (see [B]).

2.2 Basic properties of A,

The Weyl algebra is a ring of operators on a vector space of infinite dimension. Let
K[X] be the ring of polynomials K[Xj,..., X,] in n commuting indeterminates over
K. The ring K[X] is a vector space of infinite dimension over K. Its algebra of linear

operators is denoted by Endk(K[X]), and we define the operators p; on K[X] by

pi- f(X)=0f/0X;, ¢;- [(X) =Xif(X), V [ € K[X].
Actually, the Weyl algebra is defined as a subalgebra of Endy(K[X]), then we

introduce the definition of A,,:

Definition 2.1 The n-th Weyl algebra A, is the K-subalgebra of Endyk(K[X]) gen-
erated by the elements py,...,p, and ¢, ..., ¢n.

Consider the operator p; - ¢; and apply it to a polynomial f € k[X]. Using the rule
for the differentiation of a product, we get p; - ¢;(f) = X;0f/0X; + f. In other words,
Pi¢i=¢q-pi+1

where 1 stands for the identity operator. It is more convenient to rewrite the formula
using commutators. If x,y € A, then their commutator is defined as [z, y] = x-y—y-x.
The formula above becomes [p;, ¢;] = 1. Similar calculations allow us to obtain formulae

for the commutators of the other generators of A,. These are summed up below:

[Pi,q]‘] = 5@']"
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[pi, pj] = lg:-9;] = 0,
where 1 <,j <n. (6;; is the Kronecker delta symbol: it equals 1 if ¢ = j and zero

otherwise)

Remark 2.2 From this definition of A, it is easy to see that A, = K[Xy,..., Xa,]/J
where K[Xj, ..., X2,] is a free algebra, and J is the two-sided ideal of K[Xj, ..., X3,]
generated by the elements [X;,, X;] —1 (i = 1,...,n,) and [X;, X;] (j # ¢+ n and
1 <4,j7 < 2n). Then this implies that A, = A; ®x A1 @k A] Rk ... ¥ A;. That is the

definition we mentioned in the introduction.

We now construct a basis for the Weyl algebra as a K-vector space. It is easier to
describe the basis if we use a multi-index notation. A multi-inder « is an element of
N™ (0 € N), say a = (aq, ..., ). By p* we mean the monomial pi*...p0" and likewise

q* = q¢i"*...¢°". The degree of this monomial is the length |a] = a; + ... + .

Remark 2.3 We have

min{a;,0;}

o B aila;=1) (s =k +1)B;(B; = 1) - (Bj =k +1) gk o s

b 4q;" = E X 4;" P;
k=0

Lemma 2.4 The elements {p®q°: o, € N"} constitute a basis of A, as a vector

space over K.

Proof. See [C] Proposition 2.1. O
This basis is known as the canonical basis. If an element of A,, is written as a linear
combination of this basis then we say that it is in canonical form.
The degree of an operator of A, behaves like the degree of a polynomial. The

differences are accounted for by the noncommutativity of A,,.

Definition 2.5 Let a € A,,. The degree of a is the largest length of the multi-indices
(i,7) € N* x N" for which p’q’ appears with non-zero coefficient in the canonical form

of a. It is denoted by deg(a) (deg(0) := —o0).
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For example: the degree of 3pqs + pip3qiqs is 10.

Lemma 2.6 Fora,b € A, we have
e deg(ab) = deg(a) + deg(b),
o deg(a+b) < max{deg(a),deg(b)},
e degla,b] < deg(a) + deg(b) — 2.

For more details and the proof of these lemmas, see [C] Chapters 1 and 2.
As in the case of polynomial rings over a field, Lemma 2.6 may be used to prove

the following result.

Proposition 2.7 The Weyl algebra A,, is a domain.

Proof. Let a,b € A,. If ab =0, then deg(ab) = deg(0) = —oco. Then
deg(a) + deg(b) = —o0.

So either deg(a) or deg(b) is —oo, thus either a or b is 0. O

If we are familiar with commutative rings, we may find A, very peculiar. Com-
mutative rings have many two-sided ideals, but not so A,. A ring whose only proper
two-sided ideal is zero is called simple. A commutative simple ring must be a field, but
this is not true of noncommutative rings. The Weyl algebra is a simple ring, but it is

very far from being even a division ring.

Proposition 2.8 A, is a simple algebra with centre K. In particular, every endomor-

phism of A,, is injective and there are no non-trivial two-sided ideals.

Proof. Let I be a non-zero two-sided ideal of A,,. Choose a # 0 of smallest degree in .
If deg(a) = 0, then a € K. Then I = A, since 4,,-a C I. Now assume deg(a) =t > 0.
Suppose that (4, j) is a multi-index of length ¢. If p'¢’ is a summand of a with non-zero
coefficient and i, # 0, then [gs,p'¢’] # 0, since [qs,ps] = —1. Hence [gs,a] # 0. So
deglqs,a] <t — 1, by Lemma 2.6. Since [ is a two-sided ideal of A, it follows that



l¢s,a] € I. But this contradicts the minimality of a. Thus j = (0,...,0). Since ¢t > 0,
we have i, # 0, for some s = 1,2, ..., n. Hence [ps, a] is a non-zero element of T of degree

s — 1, and again we have a contradiction. 0

Definition 2.9 The filtration of A, is the increasing sequence F' of vector subspaces
F; of A,:
F; = {Z kasp™q” such that |af +|3| < i fori € Z.}

Clearly, the filtration satisfies the following properties:

* Uizo Fy = Ap,

e For every 4,7 >0, F;F; C Fiy;j.

In addition, F; = {0} if ¢ < 0, and F, = K. Furthermore all F; have finite

dimension. From the filtration we can define the corresponding graded algebra grg(A,,),

F.

grr(A,) =P F(i) =P F,l

i>0 i>0

Moreover, grp(A;) = K[ X1, Xs].
The Weyl algebra A,, is not a left principal ideal ring either. For example, the left
ideal generated by p1, po in As is not principal. However, every left ideal of A,, can be

generated by two elements, the proof of which may be found in the original paper of

S).

2.3 Some useful results about A;

Now we turn our attention to the main focus of this thesis, the first Weyl algebra A;.
We will dispense with the subscripts for the generators of Ay, and write them simply

as p and ¢. Here we will discuss some useful properties and results of A;.



We have introduced the basis of A,, above. Now we give the formula of the multi-

plication of the basis elements in A;:

o . . o ik—] il 1
(pzq])(pk;ql> — p’+kqj+l+jk:p +k lqg—f—l 1+

5110 = Dk(k = 1)p 7272 4
{9 . e
5300 = 1) = 2)k(k = 1)(k - 2)p Fh=3 =3 4
min{j,k} .
= Z L k itk—t jtl—t
o t' p q
t=0 t t

Remark 2.10 We have

(p@)p = pap — pg) + p*q¢ = —p + p’q = p(pg — 1).
Then, if f € K[T],
flpa)p =pf(pg — 1),

and by induction, if n is an integer > 0,

flpa)p™ = p" f(pg —n).
Similarly
q"f(pq) = f(pg —n)q".
In particular,
n n _ on—1_n—1

P =p""(pg)d" " =p" " pg +n— 1)

and, by repeating the above, we obtain,

p"q" =pelpg+1)(pg+2)--- (pg+n—1)

Definition 2.11 Let x be an element of the Weyl algebra A;. Its centralizer is defined
as C(x) ={y € Ay | zy = yz}

The centralizer plays a very important role: it connects many of the classifications
of elements in A; (see Section 3.2). Now we consider some nice properties of the

centralizers of non-scalar elements of A;.



Theorem 2.12 ([A]) Let x € Ay — K. The centralizer C(x) is a commutative subal-

gebra of Ay which is a finitely generated free K[x|-module.

Before proving Theorem 2.12, we consider A; as the ring of all differential polynomials
in the variable p with coefficients in K|[q|, i.e., any element in A; is of the form x =
z(p) = ag+agp+... +a,p™ where «; € K|[q] with multiplication defined by the relation
pa = ap + d' for a € K[q]. Here it suffices to prove the theorem for n > 1, since if
n = 0, then C(z) = K[x] which is a polynomial ring. Here we define the order of z as
the exponent of a non-zero term with the highest exponent. Clearly, the order is well
defined. Before proving the theorem, we introduce a definition: for the largest n such
that «,, # 0, o, is called the leading coefficient of x. We shall use the following two

lemmas.

Lemma 2.13 ([F], 10.1) If «,, (3, are respectively the leading coefficients of two poly-

nomials f(p), g(p) of order m which commute with x then o, = cf,, for some c € K.

Proof. Let order(z) =n and x = 79 + 11p + ... + 7,p" where 7; € K[q], n > 1. Since

ntm=1 on both sides we

z(p)f(p) = f(p)x(p), then by comparing the coefficient of p
obtain:

/ /
mr, Oy, + TnOlm—1 + Th—10m = N, Ty + AmTp—1 + Xm—1Tn,

Thus, the leading coefficient «,, satisfies the homogeneous linear equation: m7) a,, —
nal, 7, = 0. Similarly, the leading coefficient (3, of g(p) satisfies the same equation and,

therefore o, = ¢f3,, for some nonzero constant c. O

Lemma 2.14 ([F], 10.2) The set of elements in C(x) of order < m is a finite di-

mensional vector space over K.

Proof. This follows immediately from Lemma 2.13, by induction on the order m. [
We proceed now with the proof of Theorem 2.12:
We first show that C'(z) is finitely generated: Let Z, = {z € Z| z = order(y) for y €
C(z)}. Since C(x) is a ring and order(fg) = order(f) + order(g), it follows that Z,

9



is closed under addition. Let Z, = {z € Z/nZ| z € Z,}. Then Z, is a subgroup of
the additive cyclic group of all residue classes mod n, so Z, is cyclic of order ¢ and
t is a divisor of n. Let 0 = 7, ..., % be the t classes mod n of Z, and let z; be the
minimal nonnegative integer of its class z;. Choose f; € C(z) to be a polynomial of
order z; and clearly we can choose f; = 1. Such f;’s exist, since Z, is closed under
addition. Now it suffices to show that these f; are free generators of C'(z) over K|[z].
Let figi + - -+ fige = 0 for some polynomials g; € Kz]. If g; # 0 for some j, then
order(fygr) = order(f;g;) for some k # j. But

order(frgr) = order(fy) = zi(mod n) # order(f;g;) = zj(mod n).

We have a contradiction. Consequently g; = 0 for all ¢. It remains to show that any
element f € C(z) can be written as f = fig1 + - - - + fig; for some g; € K[z]. This is
obtained by induction on the order of f. If order(f) = 0, then f = ¢ € K by Lemma
2.13, and hence f = cf;. Let order(f) = m. Since m € Z,, m = z;+sn for some integer
s > 0, so order(f) = order(f;xz*). Then by Lemma 2.13, g = f —cf;x® € C(x) for some
constant ¢, and order(g) < order(f). Thus, by induction f — cfiz® = fig1 + - - - fig:-
We turn now to prove that C'(z) is commutative. Let f € C(z) be a polynomial
whose residue class of order(f) mod n generates the cyclic group Z,. Then the set of

all orders of the polynomials of the form

H(fax):y0+fy1+"'+ftilyt*17 Yi EK[:C])

contains all but finitely many integers of Z, (¢ is the order of Z,). So we can assume
this contain all integers z € Z, for which z > r, for some fixed . Hence any h € C(x)
can be written in the form h = Hy(f, x)+hg, where hy € C(z) and order(hy) < r. From
Lemma 2.14, we know the set of all polynomials h is finite dimensional, we say the
dimension is [. Let 2*h = H\(f,x) + hy, where A = 0,1, ...,1 and order(hy) < r. The
polynomials hy are K-dependent, so Xk\hy) = 0, for k5, € K where not all £y, = 0. This
yield that (3" kxa*)h = > kaH\(f, z). This proves that for every h € C(x) there exist
H(f,z) and K(z) (K(x) # 0) with constant coefficients such that K(x)h = H(f,x).

10



Then the set of all polynomials H(f,z) commute with each other, and we know the
polynomials of C(x) commute with the polynomial of K|x], so if K;(z)h; = H;(f,x)
for h; € C(z) i = 1,2, then

Kl(flf)KQ(fL')hth = (thl)(Kth) = HlHQ = H2H1 = (KQhQ)(thl) = KQthth.

Since A; is domain by Prop 2.6, then hihy = hohy. O
From this theorem, we obtain the useful corollaries about the centralizer C'(x) stated

below.

Corollary 2.15 ([D2], 4.3) Let z € Ay — K. C(z) is a mazimal commutative subal-
gebra in Ay, and any maximal commutative subalgebra is the centralizer of each of its

non-scalar elements.

Proof. Clearly, C(x) is a commutative subalgebra, so we just need to show it is maximal.
Let y € A; such that y commutes with C'(z). Then y commutes with z, and so
y € C(x).

Suppose B is any maximal commutative subalgebra in A;. Clearly, B # K. So there

is z € B — K such that B C C'(z). By maximality, B = C(x). O

Definition 2.16 Let B be a subalgebra of A;. The centre of B denoted Z(B) is
defined as Z(B) = {y € Ay | zy = yx for all x € B}.

Corollary 2.17 ([D2], 4.4) Let B be a non-scalar subalgebra of Ay, and B' = Z(B).
(1) If B is not commutative, then B' = K.

(2) If B is commutative, then B’ is a mazimal commutative subalgebra in A;.

Proof. (1) Suppose B’ # K. There exists a non-scalar element x in B’. Then zy = yz
for all y € B, thus B C C(y) and so B is commutative. Contradiction.

(2) Suppose B is commutative, then B C B’. Let B” = Z(B’). Any y € B” commutes
with B, soy € B’ and hence B” C B’. Since B # K, B’ is commutative by Lemma 2.13.
Then B’ C B” and hence B’ = B”. Thus B’ is a maximal commutative subalgebra in

A U

11



Remark 2.18 B is maximal commutative. < Z(B) = B.
Corollary 2.19 ([D2], 4.5) Let z,y € Ay — K. xy = yx < C(z) = C(y).

Proof. Follows from Corollary 2.15. O
Corollary 2.20 ([D2], 4.6) Letx,y € Ay — K. 2y #yr < Cx)NC(y) = K.

Proof. (=) Suppose C'(z)NC(y) # K. If we have a non-scalar element z € C(z)NC(y),
then C'(z) = C(z) = C(y).
(<) This follows from Corollary 2.15. O

The next proposition describes certain elements in A; and what their centralizer

look like.

Proposition 2.21 ([D2], 5.3) Let i,j be positive integers such that i > j. Let d =
gcd(i,7), i =1d and j = j'd. Then,

(1) C(p) = Klpl, Clq) = Klql.

(2) C(p™) = Klp|, C(¢") = K|q] for every positive integer n.
(3) If i = j, then C(p'q’) = Klpq).

(4) Ifi#j and i’ # j' + 1, then C(p'¢’) = K[p'¢’].

(5) If ' = j' + 1, then

¢ = (p(pg+d—1)(pg+2d —1) - (pg+ j'd — 1))* and

Clp'¢) = K[plpg +d —1)(pg+2d —1) -+ - (pg + j'd — 1)]

Proof. See [D2] Lemma 5.3. O

12



Chapter 3

Automorphisms of A;

In this chapter we will describe what the automorphism group of A; looks like. In 2008,
Belov-Kanel and Kontsevich [BK1] conjectured that the automorphism group of A4,,(C)
is isomorphic to the group of the polynomial symplectomorphisms of a 2n-dimensional

affine space

Aut(A,(C)) ~ Aut(P,(C)),

where P,(C) is the Poisson algebra over C which is the usual polynomial algebra

Clx1, ..., x2,] endowed with the Poisson bracket:
{I’i,.fj} = wij, 1 S ’L,j S 2n,
where (w;;)1<i j<2n is the standard skew-symmetric matrix:

W = Ointj — Ontiy-

3.1 Morphisms of A;

Since A; is non-commutative, when we give it the structure of a Lie algebra, it has
many non-trivial Lie algebra properties. In this section, we consider A; as a Lie algebra.
We will construct the automorphisms of the Lie algebra A;. The following definition

should come as no surprise.

Remark 3.1 A linear transformation ¢: L — L’ (L, L’ Lie algebras over K) is called a
homomorphism if ¢([z,y]) = [¢(x), ¢(y)], for all z,y € L. Also, ¢ is called a monomor-

phism if Ker ¢ =0, an epimorphism if Im ¢ = L', and an isomorphism if it is both a

13



monomorphism and an epimorphism. An automorphism of L is an isomorphism of L
onto itself. We write gl(V') for End(V') viewed as a Lie algebra and call it the general
linear algebra (because it is closely associated with the general linear group GL(V)
consisting of all invertible endomorphisms of V'), where V is a finite dimensional vector

space over K. Any subalgebra of a Lie algebra gl(V') is called a linear Lie algebra.

Definition 3.2 A representation of a Lie algebra L is a homomorphism ¢: L — gl(V)
(V is a vector space over K). The adjoint representation ad: L — gl(L) sends x to

ad(z), where ad(x)(y) = [z, y].

It is clear that ad is a linear transformation and preserves the bracket operation. We

calculate:

[ad(z), ad(y)](z) = ad(z)ad(y)(z) — ad(y)ad(z)(z)
= ad(z)([y, z]) — ad(y)([z, 2])
= [z [y 2]] = [y, =, 2]]
= [z, [y, 2] + [[=, 2], 4]
= [[z,y],7]
= adz,y](2)
The kernel of ad consists of all z € L for which ad(z) = 0, i.e., for which [z, y] = 0 for

all y € L. So Kerad = Z(L) (the centre of L). We now consider L as the first Weyl
algebra A;.

Remark 3.3 ad(x) is a derivation of Ay, i.e., ad(x)(yz) = y(ad(x)(2)) + (ad(z)(y))z.
Since

[z,y2] = vyz — yzo = y(xz — 22) + (vy — yx)2 = ylo, 2] + [2,9]2

Remark 3.4 Suppose x € L is an element for which ad(x) is nilpotent, i.e., ad"(x) =
ad(x)” = 0 for some n > 0. Then the usual exponential power series for a linear

transformation over K (the algebraic closure of K) makes sense over K, because it has
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only finitely many terms: exp(ad(z)) = 1+ adz + % + % +-0 4+ (Tff_):;. We

claim that exp(ad(x)) € Aut(L). For this, we use the familiar Leibniz rule:

adn(l') (yz) _ Z(ad’(x)(y))(ad”_z(x)('z))

n P 7! (n —1)
Then we have:
explado)esp(ad@)e) = (SCHPE T

_ ;g(ad“j)(y))(ad; )
2k—2 t T P

_ ; M (Leibniz rule)
k—1 t

_ %ﬁ(yz) (ad"(x) = 0)

= exp(ad(z))(y?)

Therefore, exp(ad(x)) is invertible with inverse exp(—ad(z)).

Here we will give the key definition of this paper.

Definition 3.5 (1) (V a finite dimensional K-vector space) Any x € End(V) is called
semisimple if the roots of its minimal polynomial over K are all distinct.

(2) (V' an infinite dimensional K-vector space) Let x € End(V). Let F(x) ={v €
V[ dimV, < oo} where V, = > -, Kz"(v) (n € Z). We say that x is semisimple if

e ['(x) =V and

e x|y, is semisimple for all v € V.

Moreover if K is algebraically closed, = is semisimple if and only if x is diagonaliz-

able.

For more information about Lie algebras, the interested reader is referred to [HU].
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3.2 Classification of elements in A; and the Dixmier
partition

Next we will recall the partition of A; into different classes. The elements in different
classes have different properties. Later we will find a relation among different classes
(Refer to [D2] 6.1).

Let A; be the algebra A; @x K. Let £ € A, and let y € A;. Set V, =
> onso K (ad"(z))y and put F(z; Ay) == {y € Ay | dimV, < +oo}, and F(x;A;y) =
{y € A, | dimV,, < +o0}, then it follows that F(x; A;) = F(x; A1) @ K. Let A € K
and let F(z,\; 4;) := {y € A; | (ads, () — A\)"y = 0, for some positive integer n}.
Now we have,

F(x; A)) = @F(x, A Ap).

AeK
Let N(z) = N(z;A;) = {y € Ay | ad"(z)(y) = 0 for some positive integer n} =

F(x,0;4;), and D(z,X\;Ay) == {y € A, | ads (z)(y) = \y}. Also D(z, )\ 4;) C
F(z,)\; A;) and
F(x,\;A) #0 & D(z,\A) #0.
Let D(z; A1) == @,z D(z, A A1), and D(z) = D(z, A1) = D(x; Ar) N Ay
It is immediate that N(z) N D(z) = C(x).

We will state some useful results about F'(x), N(x) and D(x) for some x € A;.

Theorem 3.6 ([D2], 6.5) Let \ be a non-zero element in K. Let v € A,. Then
D(z,\) = F(x,\).

Proof. See [D2] Lemma 6.5. O
Corollary 3.7 ([D2], 6.6) Let x € Ay, then either F(x) = D(x) or F(z) = N(x).

Proof. We could suppose K = K, then

F(z)=)Y F(z,\)=N(z)+ > D(z,\)=N(z)+ D().

K AEK AA0
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Suppose F(x) # N(z) and F(x) # D(z). Then there exist a non-zero A € K, a non-zero
y € D(x,)), and a z € A; such that ad(z)(2) # 0 and ad?*(z)(z) = 0. Then

(ad(z) = \)(yz) = ad(z)(yz) — Ayz
= ylad(x)(2)) + (ad(2)(y))z — Ayz
= y(ad(z)(2)) + Ayz — A\yz
= ylad(x)(2)) #

and similarly
(ad(2) = A)*(y2) = y(ad*(z)(2)) = 0.

Thus, F(x,\) # D(x, \) which contradicts Theorem 3.6. O

Theorem 3.8 (Dizmier partition) The set A1 \K is a disjoint union of the following

non-empty subsets.
Ay = {ze AA\K: D(z)=C(z), N(z) # C(x), N(z) = A}
Ay = {ze Ay\K: D(z)=C(z), N(z) # C(z), N(z) # A}
Ay = {z e A4\ K: D(z) #C(x), N(z) = C(z), D(x) = Ay}

Ay = {xe A1\ K: D(z) # C(x), N(z) = C(x), D(z) # A1}
As = {zre AA\K: D(z)=C(z), Nz)=C(z), C(z) # A}

Elements of A are locally nilpotent and elements of As are semisimple.

3.3 The Automorphism Group of A;

What is the automorphism group of A;? Dixmier answered this question in [D2]. We
will summarize some of the key results of this paper. Let n be an integer > 0 and let
A € K. In the introduction, we introduced two endomorphisms ®,,  and <I>;L, y of Ay such

that @, x(p) = p, Pua(q) = ¢+ A" and @] ,(q) = ¢, P}, ,(p) = p+ A¢". By Remark
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3.4, we know that @, , and @] , are automorphisms of A;. Let G =< @, 5, ®; || n €
7+, A€ K >. We will prove that G = Aut(A;) (see Theorem 3.16).

We now introduce a new definition to prove the main theorem: Theorem 3.16. Let
T =Y ;p'¢y € Ay, the set E(x) consists of pairs (4,7) such that a;; # 0. Let ¢, s be
real numbers, then we set

Xts(x) = sup (ti+ sj),
(4,5)€E(x)

(we agree that x; s(0) = —o0). Define the set E(z,t,s) C E(x) as the pairs (i, ) € E(z)
such that i + sj = xss(x). The polynomial »>, p,, o @i X'Y7 is called the (2, s)-

associated polynomial of x.

Lemma 3.9 ([D2], 7.2) Let x € A;. Consider that F(x) is finitely generated as
C(x)-module. Then F(x) = C(x).

Proof. Refer to [D2] Lemma 7.2. O

Lemma 3.10 ([D2], 7.3) Let t,s be positive integers. Let v € Ay, y € F(z), v =
Xt.s(%), w = Xts(y), and f and g be the (t,s)-associative polynomials of x and y re-
spectively. We suppose that v > t+ s and that f not is a monomial. Then we have the
following cases:

(a) f* is proportional to g*;

(b) s >t, s is a multiple of t, and f(X,Y) has the form AX™(X*/* + uY)"), where
A\ € K and m,n are integers > 0;

(c)t > s, tis amultiple of s, and f(X,Y) has the form \Y™(Y*/* + uX)"), where
A€ K and m,n are integers > 0;

(d)t = s and f(X,Y) has the form N(uX+vY )" (W X+'Y)"), where X\, p, v, p, V' €

K and m,n are integers > 0.

Proof. Refer to [D2] Lemma 7.3. O
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Proposition 3.11 ([D2], 7.4) Let t,s be positive integers, x € Ay, v = xrs(z), and
f the (t, s)-associative polynomials of x. We suppose that:

1. v>t+s;

2. f is not a monomial;

3. we are not in one of cases (b), (c), (d) in Lemma 3.9.

Then F(z) = C(z).

Proof. Let Q = {w € Z | 3y € F(x) such that x;s(y) = w}. Then Q + Q C Q and, in
particular, for each w € Q the set {0,w,2w,...} C Q. Let ' be the canonical image of
Q) over Z/vZ, and since ' is finite, let Q' = {0,wy,ws, ...,w,}. So the elements of
are:

0, v, 2v, 3v, ..;

w1, w1 + v, w + 20, wy + 3v, ...

Wy, Wy + U, Wy + 20, W, + 30, ...

Let y; € F(z) such that x;s(y;) = w;. It suffices to show that Vy € F(x), y €
Klz|yo + Kz]yr + ... + K|z]y,. It is obvious for x:s(y) = 0. Now assume it is true
for y with x;s < n. Suppose n = w; + muv, then x;s(z™y;) = n. Let g, h be the
(t,s)-associative polynomial of y, x™y; respectively. By Lemma 3.10, g¥ and h" are
proportional to f”, thus g and h are proportional. Hence there exists ( € K such that
Xt.s(y — Cx™y;) < n. We have y — (2™y; € F(z) and y — (2™y; € K[z|yo + K[z|y1 +
.. + K[z]y,. So F(z) = ¥;k[z]y;. By Lemma 3.9, we have F'(z) = C(x). O

For example: let © = p? 4+ ¢* € A;. We have x32(x) = 6 and the (3, 2)-associative
polynomial of z is X? + Y3. Therefore, F(x) = C(z).

Remark 3.12 Let V be the vector space Kp+ Kq. Any element of the special linear
group SL(V') of V' can be extended uniquely to an automorphism of A;. Let G' C G
be the subgroup of Aut(A;) generated by ®; , and @/ ,, for A € K. G' = SL(V), since
@y, | V and @, | V generate the group SL(V). In particular, there is an element W
of G’ such that ¥(p) =¢q, ¥(q) = —p. (V =@}, 0P, ;0P )
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Now we want to consider what kind of elements = of A; satisfy N(z) = A; or

Lemma 3.13 ([D2], 8.3 and 8.4) (1) If x € K|[p|, then N(z) = A;.
(2) If . = \p* + puqg® + v, where \,pu,v € K, A\ # 0, # 0, then D(z) = A;.

Proof. (1) We have p € N(z) and [z,q] € K[p], so g € A;. (2) We can suppose =

Since = = (VAp + z\/ﬁq)(\/Xq — iy/lp) + v, we have m = S}W 2 ’\
g 27,f
1 NV
SL(V) such that \/Sl\_m 2\15 2\15 b .\/ﬁq — #
: 2iVi  —2iyh Vp —i\/iig "\ g

This means that there exists ® € G’ such that ®(z) = pg + & where £ € K. In the
introduction, we observed that [pq, p®¢°] = (a — 3)p®¢®, so D(z) = A;. O

The following theorem is the key theorem for the proof our goal for this chapter.

Theorem 3.14 ([D2], 8.8) Let © € Ay, such that F(x) = Ay. Then there exists
® € G such that either ®(x) € Klp] or ®(z) has the form \p* + pg* + v, where
Ay v € K, A0, # 0.

Before proving this theorem, we first state the following technical lemma.

Lemma 3.15 ([D2], 8.7) Let x = Say;p'q’ € Ay. Let p be the smallest integer > 0
such that a;o = 0 for @ > p. Let o be the smallest integer > 0 such that ap; = 0

for j > o. We suppose there exists integer ig > 0, jo > 0 such that o,;, # 0,
(i, jo) # (1,1), and oig + pjo > po. Then F(x) # A;.

Proof. If 19 = 0, then pjy > po, and so jo > o, which contradicts the definition of o.
So ig > 0 and jy > 0. There exist irrational numbers ¢, s > 0 such that sig + tjy > to
and sig + tjo > ps. Then there exist 7', j’ such that ay; # 0 and si’ + 5" = y.+(2).
Then s’ + tj' > to and si’ +tj’ > ps. By a similar argument used to prove ig, jo > 0,

we have i/ > 0 and j' > 0. If i/ = j' = 1, then s +t < sig + tjo < si’ +tj = s+ t,
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and hence iy = ', jo = j'. Therefore (ig, jo) = (,7') = (1,1). Contradiction. So i’ > 1
and j' > 1. The (s, t)-associative polynomial f of x is cy X*Y7". This is a monomial
since (i1, j1), (i2, j2) € E(f). We have siy; + tj; = sis + tja, s0 s(iy — i2) = t(j1 — Ja),
but s and ¢ are linearly independent, so i; = iy and j; = jo. Suppose i > j" and let

Yn = ad"(z)(p).

Claim: the (s, t)-associative polynomial g of y, is
ﬁXl-l-n(i’—l)Yn(j’—l)
where f € K, and g # 0. For n = 0, it is clear. Now assume it is true for n, then the

(s,t)-associative polynomial of y,, 11 = [z, y,] is

XY  9Y 9X
=y XTI n(j - 1)px Dy UL

=iy XYY (i = 1) + 1) XDy oY

= (—j' +nj — m")Ozz"j’ﬁXi,HJF”(i,_1)_1Yj/+"(j/_1)_1
where —j" +nj' — ni’ < —j" # 0. Then
Xst(yn) = s(L+n(i" — 1)) + t(n(j' — 1)).

Since i, 5" > 1, xs+(yn) tends to co as n tends to co. So p is not in F(z) and hence

F(z) # Ay If i < j', then ¢ is not in F(V(X)) and hence F(V(X)) # A;. O

Now it is time to prove Theorem 3.14:
Let p, o be the integers of Lemma 3.15. We prove it by induction on p + o.
(i) If both p < 2 and o < 2, then oiy + pjo < po < 4 and hence x,, < 2. Then

has the form
ap® +2Bpg+ 4>+ op+eq+¢ (B, ...¢ € K).
If 32 —ay = 0, then ap® + 28pq + 7¢* = %(ﬁp + 79)* + 3. Thus there exists
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B+1/0 —a
- B

€ SL(V) such that

B+1/8 —a Bp +vq p

—y 15} 0 0

and so there exists ® € G’ such that ®,(z) = o/p? + §'p + /q + ('. If & = 0, then we

are done. If &/ # 0, we assume & = 1 so that
Dy o (Pr(2) =P +0p+qg—ap+ (' =dp+qg+ (.

Thus @, o ®y _, o Py is the required automorphism.
) Cl

If 32 — ay # 0, then

®, _s(r) = ap”+20p(g - gp) +7(g — gp)2 +0p+e(qg - gp) +¢

where o/ # 0, 4" # 0. Now we have

y = (I)()’_e’“/*l (@1’72(33))

2

1 1
— O.//p2 +5/p+€’+’7/(q _ 55,’7/_1)2 +€/(q _ 58,’7/_1)

— O/p2 +6/p+7/q2+€//‘

So (I):)_L’O(I)o—L

o®, 5 is the required automorphism in G.
’ o 2af »2y T

(ii) If p is an arbitrary nonnegative integer, then using ¥ € G’, we can assume

p>o. If o <1, then we can write
T = ago + agop + ... + ap” + agig + aqg.

It is clear for p < 1. Assume the thorem is true for p — 1. If ay; # 0, we can assume

11 = 1. Then

Dyt ay(@) = g+ iop + ... + app’ + ao(p — ap’) + plg — cop”)

= Qo+ ap+ ... + Oép—2,0]9p_2 — Q010hoop” "+ Q01q + pg
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and we are done by the induction hypothesis. If ay; = 0 and ag; # 0, we can assume

ap; = 1. Then

(bp,fap()(x) = gy + aop + ... +aep’ +q — ap”

= Qpo + Qp+ ... + Oépfl,()ppil +q

and again we are done by the induction hypothesis.

(iii) Now we suppose p > 2 and ¢ > 2, and we assume the thorem is true for
p+ o <n. We want to show it for p + o = n. So suppose p > o > 2 and p > 2, then
p+o <po. If (i,7) € E(z), then by Lemma 3.15, either oi + pj < poori=j =1, so
that oi + pj = 0+ p < po. So Xs,(x) = po and the (o, p)-associative polynomial of =

has the form
(%) fIX,Y) =0a,0X 4+ ...+ apeY? where a, # 0,00, # 0

By Lemma 3.11, when ¢ = p and s = o, we see that we are in one of cases (b), (c) or
(d) of Lemma 3.10. As p > o, we are in either case (b) or (d). Suppose we have case
(b). Then p is a multiple of ¢ and f is proportional to (X#/? 4+ puY)?, where u € K,
1 # 0. If we multiply x by a scalar, we can suppose
v = (p"7 + pg)” + Z aip'e,

(i,j)€E

where i + pj < po, when (i,j) € E. Then
y=Ppo (@) =p¢"+ Y ayp'(g—p'p?).
(i,5)€E
We have
Xop(d = 1'p"7) = p and Xo,(p) = 0,

SO

Xool Y aip'(q —p~'p"7)) < po.
(¢,4)€E

Let 01 = o and p; < p, then by the induction hypothesis, there exists ® € G such
that ®(y) is as described in the theorem. Since ®(y) = ® o ®,/, _1/,(x), the lemma
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holds for this case. Suppose x has the form (d). Then p = o and f is proportional to
(X + pY)" (X +vY)P~t, where u,v € K, and ¢ is an integer such that 0 < ¢ <r. If we
multiply x by a scalar, we suppose
r=p+p)p+ve) "+ Y wp'd,
(i.4)€E(x)
where i+ 7 < p, when (i,j) € E(z). We can assume t > 0, otherwise we could consider
z=(p+rve)(p+ve) '+ Z(i,j)eE(a:) aip'q’. Then
= @ = tot 1 — -1 p—t .. ( —_ -1 ]
Y 1-1/u(®) = g (( v~ )p+rg)’T + aip'(q—p ).
(i.1)EE(x)
Let 01 = 0 = p and p; < p, and use the same argument as in case (b). U
Now that all the preparation work is done, we will prove the main theorem of this

chapter.

Theorem 3.16 ([D2], 8.10) The automorphism group of A is generated by auto-
morphisms ®, x and @), \ for all integers n > 0 and A € K (Aut(A;) = G).

Proof. Let © be any automorphism of A;, we will show © € G. We know N(p) = A,
so that N(©(p)) = A; and thus by Lemmas 3.13 and 3.14, we have O(p) € K|[p]. Since
p € C(O(p)) = K[O(p)](Prop 2.21), we have O(p) = o + Bp where a, 3 € K. Then

%CDO,,%(@(p)) = (a+ Bp+B(—5))5 = p- So we can assume O(p) = p and thus

[p,©(q) —q] =Olp,q] = [p,q) =1—-1=0.

Hence O(q) — ¢ € K[p] = C(p) and so O(q) € ¢+ K[p]. Thus, © is a composition of

automorphisms ®,, »’s. O
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Chapter 4

Diagonalizable elements of A;

4.1 Maximal diagonalizable subalgebras of A

In this section, we will talk about the maximal diagonalizable subalgebra of A;. In the
previous chapter, we studied the automorphism group of A;. If we can find a maxi-
mal diagonalizable subalgebra, then we can describe the other maximal diagonalizable

subalgebras.

Remark 4.1 Let L be a Lie algebra. A subalgebra T of L is called diagonalizable if
we can write L = @ L, where L, = {z € L | [t,z] = a(t)z forallt € T} (a is a
function T — K). A mazimal diagonalizable subalgebra H of L is a diagonalizable

subalgebra that is not properly included in any other diagonalizable subalgebras.

Remark 4.2 Any diagonalizable subalgebra T of L is abelian. T'= @(T'N L), so we
can assume any element of 7" is an eigenvector of ad(7"). We will show ad(7T")(x) = 0,
for all x € T'. Suppose, on the contrary, that [z,y] = ay (a # 0 € K) for some nonzero
y € T. Then [y,x] = —ay. Since z is an eigenvector of adry, [y,z] = —ay = bx
(b€ K). If b # 0, then z = (—a/b)y and hence [z, y] = 0. Contradiction. So a =b = 0.

We now introduce some technical definitions.

Definition 4.3 A totally ordered set is a set S with a binary relation > on it such
that the following hold for all a,b,c € S:
e a>a.

elfa>bandb>a, then a=0.
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elfa>bandb>c thena > c.

e Fither a > bor b > a.

Definition 4.4 Let S be a set equipped with a total order >, and let S = S x---x .S
be the n— fold product of S. Then the lexicographic order > on S™ is defined as follows:
If a =(ay,...,a,) € S™ and b = (by,...,b,) € S”, then a > b if a; > by or a; = by,

as = by,..., ap = by, and agyq > bgyq for some kK =1,2,....n — 1.

For example: let S =N. (5,1,0) > (4,9,9) and (3,3,5) > (3,3, 3).

Now we have

pq,p'¢’] = pap’d® — p'd’pqg = —ip'q? + " @ + jp'd —p TP = (5 — i)'

From this we conclude the subalgebra Kpg+ K is a maximal diagonalizable subalgebra

of Al.

Theorem 4.5 h = Kpq + K is a maximal commutative diagonalizable subalgebra of

Ay

Proof. Step (1): b is diagonalizable.

Let Y, i kijp'¢’ € Ay, where kj; € K, and let apg + 3 € b, where o, § € K.

We have

lapg + 8, ki p'd) = kijalpg. p'gl =D alj —i)kip'e.
i\j ij ]
By lemma 2.4, we know {p'¢’ : i,j € N"} is a basis of A; and hence A; has a basis of
eigenvectors.

Step (2): Any diagobalizable subalgebra of A; containing b is in K[pq] .

Suppose b is not maximal, then there exits an h’ which is a commutative diago-
nalizable subalgebra of A; properly containing h. First, we show that §’ is contained
in K[pq]. Clearly, [z,apq] = 0 for all z € §’ and apg € . This implies z € C[pq].
Therefore h' C Clpq] = K|pq] (Prop 2.21).
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Step (3): Claim: For i # j, [(pq)", p'¢’] = n(j —i)p" ™ 1¢?t" 1+ lower terms (by
lexicographical order).
For n=1, [pg, p'¢’] = (j — i)p'¢’

By induction, assume the claim is true for n, then

[(pg)"™,p'¢’] = (pa)"pap'd’ — '’ pa(pq)”
= (p)"(@' ¢ —ip'd) = (T = ') (pg)”
= [(p)™ P = ip))"P'd + 3r'd (pg)"
= n(j —i)pT"gT" —ipTg ™ + jp"t ¢ + lower terms (by hypothesis)

= (n+1)(G —i)pt"¢ T + lower terms.

Step (4): show b’ = .

Let b € b/, we can write b = Y, (pq)” + ()™, where o, (pg)™ is the leading
term. Since b is diagonalizable, there exists a basis {es} of A; such that [b, es] = cqe;
for some ¢, € K. We can write e; = e + f where e = 3, Bip'q" and f =3, Bip'¢ .
Let Bi,;,0™¢”° be the leading term of f, where ;;, # 0. Assume f # 0.

By step (3), we have

(b, es] = [b,e+ f] = [b,e] +[b, f]1 = [b, f]
= [Z n(Pg)" + i (pQ)™, Z Bt @ + Binjol" ¢

i?j

_ ;  \mio+no—1 _jo+no—1
= @‘ojoanono (Jo - Zo)p q + lower terms

= cse5 = Cs€ + Cyf.

Since By, ign0(jo — o) # 0, ¢s # 0. Suppose b is not in b, then the degree of the
leading term ng is larger than 1 and therefore (ig +ng — 1) + (jo + no — 1) > ip + Jo-
Therefore, (3;,,i,m0(jo — %) is not in f. It follows that f = 0 and e; = e € C[pq].
So the basis {es} € C[pg|, and hence C[pq] = A;. But this is not possible, since for
example p € A;\C[pq]. Contradiction. d

We now know many of the maximal commutative diagonalizable subalgebras, but

we want to know all such subalgebras of A;. We will consider two situations: (1) K is
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algebraically closed, (2) K is not algebraically closed.

Theorem 4.6 ([D2], 9.2) Let x € Ay — K. Then the following are equivalent:

(1) x is semisimple,

(2) There exist an automorphism ® of Ay such that ®(z) has the form \p*+ uq® +v
where \, i, v € K, A% 0,u # 0,

Moreover, If K is algebraically closed, there exists ® € G' such that ®(x) = dpg+(
where 0, € K and § # 0.

Proof. This result follows from Lemmas 3.13 and 3.14. U
From this theorem, we obtain that if K is algebraically closed then the subalge-
bra Kpq + K under the automorphism group G is the only maximal commutative
diagonalizable subalgebra of A;.
If K is not algebraically closed, the above statement is not ture. Hence we want
to know what conditions should be placed on X and p so that z = \p? + ug® + v is

diagonalizable.

Lemma 4.7 Let x = \p*+ puq* +v where A\, pi,v € K, X # 0 and p #0. If \ /-5 € K,

then x is diagonalizable.

Proof. If /=& € K, then we can write z = A(p — /=5¢)(p + /—59)-
1 _ /_E p_ J E
Let M = A, so M- P = x . Thus, detM = 2,/-%.

L /=5 q p+/—54

det /7'M — /=& V-5 v —E
Let M’ = . A then M’ = X ’\/\ ) ’\/\ . Since det M'=
det—™" M /-& 2V Tk 2\ Tk
1, hence M" € SL(V) and
N N AN S e AN e AN EVE
p+/=5Ka —3y/n 2y p++/=5a q
So there exists ® € G’ such that ®(z) = dpg + ¢, where § # 0. O
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4.2 Semisimple elements of A,

Let K be an algebraically closed field. First, we consider the following problem:

Problem 4.1 (1) Suppose € A; is semisimple and let & be any algebra endomor-
phism of A;. Is ®(x) also semisimple?

(2) If ®(z) is semisimple for all semisimple z, is ® an automorphism of A;?

Actually, if true, this would show the Dixmier’s conjecture which says that any endo-
morphism of A; is an automorphism(see [D2] Problem 11.1), but it has been shown
that if the Dixmier conjecture holds for A,, then the Jacobian conjecture holds ([C]

Theorem 4.2). We don’t know whether the converse is true.

Remark 4.8 Let F': K" — K" be a polinomial map. Let AF = detJ(F') where J(F)
is its Jacobian matrix. The Jacobian conjecture states that:
If AF is a non-zero constant on K", then F' has an inverse polynomial map on the

whole of K™.

To answer Problem 4.1, we can assume x = pg € Aj, since K is algebraically
closed and semisimple elements of A; are all conjugate under the automorphism group
G. For (2), since A; is simple, it suffices to show that ® is surjective. If ®(pq) is
semisimple, then we could assume ®(pq) = pq, so that ®(p)®(q) = pg. By Lemma 2.6,
deg(®(p)®(q)) = deg(®(p)) + deg(®(q)) = 2. If deg(®(p)) = 2 and deg(®(q)) = 0,
let ®(p) = ap® + Bpg + v¢*> + § where o, 3, v and § € K and let ®(¢) = &' . Then
(ap® + Bpq + v¢*)0" = pq and it follows that « = v =4 = 0 and & = % But, then
®(pq) = ®(p) = pg, which contradicts the fact that A; is simple. So deg(®(p)) =
deg(®(q)) = 1. Now assume ®(p) = ap + g+ and ®(q) = o'p+ g+ ¢§'. Since
(ap + Bg+ 0)('p + g+ ') = pg, we have four cases to consider: ®(p) = kp and
©(q) = 14, @(p) = —kp and ®(q) = —3q, ®(p) = kg and &(q) = 1p, ®(p) = —kq and
d(q) = —%p for some k£ € K. Since K is algebraically closed, we can assume k = 1. In

all cases, ® is surjective, and hence ® is a automorphism of A;.
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For (1), if ® is an arbitrary endomorphism of A;, it seems to be hard to answer
this problem in general. To prove the Jacobian conjecture, however, it suffices to show
that particular endomorphisms of A; are automorphisms, namely, those of the form
¢ Ay — Aj such that ¢(q) = F and ¢(p) = D, where F' € K|q|, D is a derivation of
K|[q] and [D, F] = 1. Note that for a € A;,

deg([p,a]) < deg(a) — 1.

There exists an n € N such that ad"(p)(a) = 0. Since

¢(ad(p)(a)) = ad(D)(4(a)),

we have that (ad)"(D)(¢(a)) = 0. If ¢ is an automorphism, then D is locally nilpotent.
It follows that K[F] = K]g], which is the Jacobian conjecture (for more details see
[C]).

Now it suffices to prove that ¢ preserves semisimple elements. Suppose D is a

derivation of Klg]. Then D(¢') = ig" ' D(q) and hence

(D — D(q)p)(¢’) = 0.

Since {¢’} forms a basis of K|q|, we have that D = D(q)p = Hp, where H € K|[q|. Since
D(F) =1, we have F' = aq + § where a, § € K, a # 0. Also, if [D,F] = D(F) =1,
then H = é and D = ip. So ¢(pq) = pq + ép, which is semisimple.

It is almost trivial to prove the Jacobian conjecture for n = 1.

To say that x € A; is diagonalizable has two possible interpretations: one is that x
is diagonalizable on A;, as considered above. The other is that x is diagonalizable on

K[X]. So we want to consider another problem:
Problem 4.2 Let z € A;. Are the two notions equivalent?

The answer is NO. For example, p? + ¢? is diagonalizable on A;, but not diagonal-
izable on K[X]. Also p"¢" (n is an integer > 1) is diagonalizable on K[X], but not

diagonalizable on A;.
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By Remark 2.10, we know pg € C(p"q™), but pq is diagonalizable on A;. We want

to find some relations between these two notions, now we can ask:

Problem 4.3 Let z € A; be an element which is diagonalizable on K[X]|. Does there

exist an element in C'(x) which is diagonalizable on A;?

Here we will assume that K = C. Since x is diagonalizable on C[X], we can write
C[X] = D, Vi, where the X's are the eigenvalues of x. The centralizer C'(z) acts on V),
naturally, we would like to show this action is diagonalizable. First step, we will show
that V) is finite-dimensional for every .

We now give the following technical theorem, this is the standard theorem on Or-

dinary Differential Equations.

Theorem 4.9 Let matrices A(t) = (a;;(t)) be given with elements depending on t. If
A(t) is real-valued (complez-valued) and continuous on the (arbitrary) interval J, then
the set of real (complex) solutions y(t) of the homogeneous equation y' = A(t)y forms
an n-dimensional real (complex) linear space.

For fixed T € J, the mapping
n — y(t;T,n) for every T € R*(C")

defines an isomorphism (a linear, bijective mapping) between R™ (C™) and the space of

solutions.

Proof. See [WW] Theorem 15.1. O
Lemma 4.10 Let x € A — K. The space V) is finite-dimensional.

Proof. Let D # 0. and let D = Y. fip' € Ay Write D = Y20 fip! + fop", and
divide both sides by f,,, let D" = % = Z?;ll %pi + p™ where f,, # 0. Since the zero set
of f, is finite, there is an open neighborhood U in C on which all ]]:_n are continuous.

By Theorem 4.9, the dimension of {g € K[X]|D'(g) = 0} is n.
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For every y € V), we have xz(y) = A\y. Let D = x — A, then V) = kerD and hence
V) is finite-dimensional for every . 0

Next, we think that the elements which are diagonalizable on C[X] are in C'(p(¢—c))
where ¢ € C, but we do not have a complete answer.

First, let z = 5 capp®q® € A; be diagonalizable on C[X]. Let D,, be the sum
of terms of x such that m = § — « is maximal. Applying D,, to the leading term of
an eigenvector, we have

Du(X") =" —CCEZ (Zjn)ﬁl)!xnw

If m >0, then >_, ;5cap(n + 3)! = 0. This holds for infinitely many n € N, hence all
cop are 0 and D,, =0, so m = 0. Thus = has the form

YD casrd

m<0 f—a=m
We can write x = D,,, + D, where D,, is the terms of x such that a = # and D, is
the terms with « > . Thus, D,,(X™) = AX™ for all X" € C[X]|. We observe that
A only depends on n (the degree of X™), and defines a function F' from N to C by
F(n) = A. Let f € C[X]| and D,,(f) = Af. Then F(deg(f)) = A. For any g € C[X],
we can write X = X,g, since C[X] = @, Vi, where the X's are the corresponding

eigenvalues. There is one and only one A such that
deg(X"™) = deg(gy) for some gy € V).

I find this problem particularly interesting. As part of my further research, I would

like to continue working on it and hopefully I can solve Problem 4.3.
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