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Abstract ‘ ' T

The Jo!lly-Seber méthéd of an;I&siﬁg'mark—rgcapturé data
cbtained from a simple homogeneous type of paaulgticn:is
extended to allow for some peculiaritie; to be present in
the population. The type of population considered is
non-homogeneous, consisting afsaniy two age classes, young
and adult. The young require a fixed nuMber of years. r. in
which to mature to adult status. It is assumed that only the
young of the year éﬁa the mature adults are catchable, the
subadults, for one rga§gﬁ or another, are not. This analysis
assigns to the young a éﬁ@bability that they survive the r
years: to maturity and a different probability that the
adults survive one year intervals. Maximum 1ikelihood
estimates for pgﬁul;tien sizé ﬁarameters and the survival
probabilities are.provided. !

The estimation equations are applied to a set of
captureérgsaétuﬁé data ébtaingd from a colony of Pacific
brant (Branta bernicla nigricans) breeding in the Anderson
River Delta in the Canadian arctic. These data were
\ GQTIE€E}§ from 1959 to 1979 by Dr. T. W. Barry of the
!Caﬁadiaﬁ Uﬁid]ff; Service, with the assistance of the

authgri



. Introduct ion
EQF the past seQeral years concern has been mounting for a
pﬁau{§tian of Pacific brant (Branta bernicla nigricans)
(Pacific Hat%ffani Flyway Council, 1978) wintering along the
west coast afrthis continent. During the past twenty years
the wintering flocks of brant have dwindled in their
traditional areas élang the coast from British Columbia to
California. Government agencies managing the Pacific Flyway
have noted a synchronous increase in brant numbers along the

Baja coast of Mexico (Pacific Waterfowl Flyway Council,

1978). With this growing concentration of geese in one greaf
the potential for greater exploitation by hunters becomes a
real and serious problem. It is also not clear whether this
shift is caused by brant. abandoning their northern haunts in
favour of southern areas or whéther the overall population

is experiencing actual numerical changes among its many
breeding subpopulations. Another matter of concern is the
ceﬁtinuinq human encroachment into the caéstal habitat of

this species, a pattern which may simply force the geese to
move out or else threatens their primary food source, the

beds of brackish water eeligrass (Zostera marina). The
transportation of heavy oi) aléﬁq the west coast and the ’
1nev1table Future prcdugtaan gf arctic oil and gas will most
likely have a drastic effect aﬂ the wintering birds and

their habitat and on the breeding molting. and staging

areas along the arctic coast. To alleviate these concerns a

management plan for the Pacific Brant has been formulated
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(Pacific Waterfow! Flyway Council, 1978), setting forth
objectives gbr increasing the numbers and Habitag,and-
adjusting tﬁe distfibufion df this goose. In.meeting'these
objectives there is one major obstacle té overcome :
The management of a species rests
upon the.data base, and it, unfortunately,
contains many ser ious gaps. The -
more serious deficiencies concern
the amount of habitat and how it
is changing. and the distribution,
survival and recruitment of brant
on a subpopulaticrn-by-subpopulation
‘basis. These gaps must be closed
rapidly to provide for well founded
management . ’
(Pacific Waterfow! Flyway Council, 1978
A 21-year banding brogram of a subpopulation of Pacific
brant éonducted by Dr. 7. W. Barry with the assistance of
the author. provides the data base for closing some g¢~the
survival ind‘recruitment ‘'gaps’ referred to above. However,
due to a peculiarity in the life history of brant, an& geese
in general, existing methods for estimating population
parameters are.unable to handle this data set. Briefly.. the
.peculiarity is as follows: Brant generally do ASreed
until they are'ih their third>seéson iBarry. 1967'l The oﬁé-
and two-year-old birds do not usually spend the summer with

the breeding adults, and are therefore absent from the

vii



population during banding operations. Th:K;gngﬁgisthis

. /
thesis will be to develop an analysis technique applicable

to this particular,situation by extending the methods and
_ideas of other researchers in this field. | will then use’
these procedures to investigaté the specifi¢ subpopulation
of brant referred to above.

I will now discuss the historical development of
methods for analyzing banding returns, and capture-recapture
analysis in géneral, to obtain estimates of various
population parameters.

Most deveiopments in capture-recapture analysis
‘occurred over the past. four decades. The methods dating from
1830 to 1950, and even into the next two decades, are quite

simple in concept and were designed primarily to estimate
the size of a population, a useful statistic with which to
document the status changes of a population. Recently, the
scope of these analysis procedures has expanded to include
the estimation of survival and recruitment rates, parameters
which further the resource manager’'s understanding of
population fluctuations.

For the last forty years two major approaches have been
explored, with varying success, for describing papﬁiaticﬁ
characteristics, the deterministic, and the probabilistic
(stochastic) analyéis of capture-recapture data.(Seber,
1973:‘Schemnitz. 1980)..The first method iﬁvéives .
constructing a deterministic ﬁifg table as is done in human

demography. A cohort of individuals of the same age., usually

viii



young, is selected from the population.,and the number of
these'sﬁrviviﬁg to each age is recorded as this group
‘moves’ through the different age classes. With ‘these data

other population characteristics for each age class., such as

the mortality rate or the mean expectati Jof life, may be
estimated. This deterministic method, however, is
unrealistic, ignoring the stochastic fluctuations in
pcgqiatiéﬁs and the variability of samples.

Stochastic aﬁaiysisi on the other hand, deals directly
uﬁth these features by assigning srgbaﬂfIities to the
movements. between the age classes. This approach has @Féveh
to be extremly flexible and has undergone a great deal of
evolution, resulting in some quite useful, although very
data-hungry, techniques. ’

’ Stochastic methods of parameter estimation are baseﬂvaﬁ
information collected by means of some varijation or
refinement of the basic capture-recapture method gﬁp1@yed by
Lincoln in 1930 to estimate the total number of North
American ducks, N (Seber, 1973). His procedure involved
selecting a sample of éize:n from the pcﬁylatigﬂ. marking
them in a éuitab]e fashion, and then releasing them back
into the paéulatiang With presumably sufficient time allowed
for these marked birds to thoroughly mix Lﬁth the urmarked,
a sm sample of size s is drawn by hunters and the fn;ﬁ:gf
of marked individuals, m, 'in that collection noted. He
reasoned that the proportion of the banded birds that were

shot, and their bands returned, would be approximately the

ix



same as the proportion of all of the harvested ducks taken
from the total population. Thus; symbolically, (m/n) &
(s/N). This equality provides the simple population estimate
Ns=sx (n/m, FeFerﬁ;ﬂ to as the Peterson Estimate or
Lincoln Index, the form of which appears throughout much of
the later literature (Seber, 1973).

scheme was devised by Schnabel in 1938 (Seber, 1973). He
allows the sampling to be repeated periodically (for
example, yearly! for an indefinite time and requires th,at: in
each sample any unmarked individuals captured be tagged and
the number recaptured, of those previously marked, noted.
All of the sampied %ndividuais are then released. With both
Lincoin’s and Schnabel’'s sampling plans an estimate of the
population size only is available. Furthermore, only if the
population is closed., that is, if death and immigration do
not occur, or, if the time between samples is instantaneous
wit; respect to these features, will these estimates of
~Lincoln and Schnabel be valid. The occurrence of death and
immigration alters the proportion of marked individuals in
the population, causing an apparent decrease or an apparent
increase in the estimate of the population size, depending
on whether there is a respective increase or decrease in the
marked proportion. Obviously, this eiesurg requirement
severely limits the usefulness of early attempts at
stochastic estimation for the same reason that life table

methods did not work: population levels tend to fluctuate



over time, ) :

Darroch (1959) first broke through- the limitations of
assuming a closed population WEEﬁ he developed gfcgedgres to
account for the-‘possibility of either death or immigration,
t hough na; both. He refined Schnabel’'s long-term census by
requiring that each captured individual be marked with a
unique number. Since the complete capture history of any
individuat could now be determined, and hence so could the
proportion of indiviéuais which were last captured one, two,
three and so on, years ago be determined, the probability of
an individual surviving from one sampling period to the next
could be introduced to the analysis. Darroch showed that.
with the information retrieved from the recaptured animals,
estimates of such p@@ulafiéﬁ parameter§ as size, survival
probability, and the probability of capture can be derived
by haximum 1ike 1 ihood techniques.

In 1962 Seber extended Darroch’'s earlier work by
estimating parameters of a population affecfea by both death
and immigration at the same time (Seber, 1962). One ma jor
difference, however, existed between Darroch’'s and Seber's
methods. Darroch collected his information from recaptured
individuals that were returned to the population alive and
could thus be recaptured at any time in the fuﬁurei Seber,
on thé other hand. used data c:btaméd Fr-c:m animals recovered
by some process which removed them permanent1y from the
population (e.g. hunting). thus limiting the amount of

potential information available from each marked individual
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(Seber, 1962: 1970; 1971). Seber's analysis, however K laid
the ground-work for fur ther development of a special case of
parameter estimation by capture-recapture analysis. that in
which the individuals are recovered only once. A large body
of literature has accumulated for methods of this type,
which are %xtremely useful in the study of heavily hunted
gspesiES‘éf waterfowl and fish. The most comprehensive and
complete sumtmary is the work by Brownie et al. (1978), which
describes in detail fourteen different procedures for
analyzing Fecavery‘iﬁfcrmatigﬂ based on a varijety of
-;ssumpticns. Because these methods were d§$i§ﬁ§§=F¢F hunted
species, they are not applicable to the more endangered or
-less utilized animals.

Jolly and Seber, working independently, applied
Darroch’s now standard Schnabel type census to an open
population, deriving a general probability distribution
désigngd to work with most single populations which are not
split into isolated sub-populations (Jolly, 1965: Seber,
1965). They were the first to organize analysis as a concise
method of achieving maximum likelihood estimates so as to
account for the possibility of death, recruitment and
immigration of new arrivals into the papulatfaﬁ; and
permanent emigration all occuring simultaneously. 1f fhe
sample is taken from a homogeneous pcguiaticﬁ. one in which.
all individuals behave iﬁra similar manner, or equivalently,
all have the same Qrcbabiliti of surviving, then the maximum

"likelihood estimates of survival probabilities, population
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size, number of recruits, et cetera, have very simple forms
with obvious intuitive interpretations. Known as the
Jolly-Seber method, this method of capture-recapture
analysis was the basis of the more sophisticated techniques
of estimation to be developed later.

Because most species do not form a homogeneous
population and are, in fact, composed of méﬁy ﬂiffGFEﬁi_Eée
groups, for example, young, subadult, and adult, it was
necessary to make the Jolly-Seber methdd more realistic and
flexible by allowing for different survival rates among the
various age classes, in other words to create a stochastic
analogue approximating the ri;id deterministic techniques
mentioned earlier. To ;His end Stokes (1980) relaxed the
Jolly-Seber assumption of an homogeneous population while
using their method to investigate a population of American
Woodcocks (Philohela minor), a spe:ies consisting of two
recognizable age classes, young and adult. The young Eirds
of this species mature to breeding adults in one year, a
fact Stokes accounted for by assigning different survival
probabilities to the two age groups. Her methods were
recently generalized to a, population consisting of an
arbitrary number of One year age classes (Pollock, in
press). As with all of these models, Pollock's
generalization provides intuitively apéeaIing ma x i mum
likelihood estimates for the aégulatian garaﬁeters.

’ This then describes advancements in capture-recapture

analysis to the point where my analysis begins. The
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difference between Pollock’s general analysis and my pragéfm
is this: here | deal with a situation in which the cahcrtiaf
young do not return to the nesting grounds until they are
adult breeding birds. The situation is unique and therefore

presents special problems to the statistician.
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1. Mode]

A. Description of Model

As already mentioned, Pollock's method for parameter
estimation in-a general age group population is not
applicable to the Pacific brant population which I will be
examining. His method allows éach one year age group in the
population to have their own yearly survival rate while the
Pacific brant require one survival rate to cover the three
years prior to maturity, and a yearly rate thereafter. To
amend this deficiency | will derive estimates for a general
population which is composed of only two discernible age
classes: young and adult. Members of this population follow
the simple life history paftErﬁ in which the young become
full breeding adulits after a period of 'r’' years or seasons
as subadults, and then maintain that adult status until
death. ,For the duration of this maturing phase, during each
bregqiﬁg season, most of these non-breeding subadults will
congregate in areas physically separated from the breeding
portion of the population. Those that do not seperate are

brant have finished molting and are flying before banding
operations take place. Most mature adults return annyally to
the breeding grounds. The following model is based on the
procedure for data collection discussed by Seber (1973) iﬁ>
which samples of the population are taken periodically. Each

unmarked individual captured is marked with a uniquely



numbered band. The number of each recaptured Band is
recorded. At the time of any sample the population is
divided among four classes of individuals: young, unmarked
adults, adults which were originally banded as adults, and
finally, those !ﬁﬁ]ts originally banded as young. As the
banded young mature they enter the latter class of adults,
while the unbanded young and the adults recruited from
outside the population feed the group of unmarked adults.
Further, as the urmarked adults are captured and banded they
move into the group of adults originally marked a§ adults.
This describes the general dynamics between the unmarked and
marked portions of the population. With this type of
saﬁphng the capture history, or the times of recapture, c:F
#ny individual is establ1shed completely, a Feature-sﬁlau1ng
the much finer movements of banded individuals to be traced.
The treatment of these finer movements is as follows. The
two types of marked adults, those baﬁaedESSEaduits:and those
banded-as-young, are further grcuéed accard%ﬁg to their
capture histories, one group corresponding to each possible
‘history. Thg unbanded adults form the gréup with no capture
history. At each sampling stage, depending on whether they
are captured or not, the members of each capture-history
group can be shunted from one group to another. This
analysis functions by documenting these exchanges

probabilistically.



Assumpt ions

The following assumptions, typical of those originally
made by Jolly and Seber and used in later extensions of
their method, appear to be necessary for this type of
analysis to be tractable. | have modified and added to them
so that they fit the particular situation that I am
consijdering. }

R Every animal in the population, whether marked or .
unmarked, behaves independently of the others ind has the
same probability of being capiured in the i'tﬁ sample. This
probab llity is conditional on the individual being alive and
present in the population when the (i+1)/'th sample is taken,

2. Every adult has the same probability of surviving
from the i’ th to the (i+1)'th sample and of being in the
population at the time of the (i+1}’' th sample, given that it
was alive and present in the population immediately after
the ' tr:a sample is releaséd.

3.“évery young individual has the same probability of
sufviving from the i’ th release to the (i+r)’' th sampie and
of being in the population at the time of the (i+r)'th
sample given that it was alive immediately after the i’'th

!

sample. 'r’ is defined below.

4. No deaths occur as a result of the sampling process.
5. Marked animals do not lose their tags.

' Notation ‘

The following symbols will be used to describe the

var ious capture-history groups discussed earlier. The



maximum |ikelihood est?ﬁhte of a parameter is denoted with a

"hat' (A over its symbol.

-

i: Time at which the i’ th sample is taken for
jzt., . . . .1, where 1 is the total number of

_samples taken. i is used to identify edch

sample.
N(i): The total number of individuals in the
population at ;ime i.
N.li,y): The number of young in the population at :timki,
N(i,o): The number of unmarked adults in the

population at time i.

N(i.j.wl: The number of individuals (adults), first marked
as adults, that are in the population at time i,
who were last captured at time j<i, and have a
capture history w (w is defined below!.

Nii,j,.y.w): The number of individﬁals ladults!, first marked
as young,that are in the population at time i,
who wer§ last captured at time j<i, and have a

capture history w.

Sti): . The total number of individuals captured in the
i’ th sample.
S(i,y):  The number of young captured in the i’'th sample.

Stt . 0': - Fhve number of umarked adults captured in the
i'th sample. '
Sti, j.wi: Those of the Nti,j,w) that are captured in the

i’ th sample.
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Sti,j.y,wh:

Those of the N(i,jgyiu}fth;t are captured in the
i'th sample.

This is the capture history vector of length
(i-i‘& associated with the N(i.j,w)téﬂti.j.y.w)i
5(1554;). and Sti,j.y.w).

'w' will consist of (i-1) elements. where the

&

K'th entry will be a ‘1’ if {f the individual is

captured at time kK or a ‘0’ {f not captured at
time K. A general capture history w, associated
with N(i,j.w) say, will then look like:
wz=z(...0s80r Vs ... ,1,0,...,0 )} The right
most ‘'1°, in the above expression, represents

the time of last capture, j.

The specific capture histories used in this analysis are:

A\

Bii):

(w;0), the capture hi§tary of length i with w as
the first (i-1) elements and 0 as the last. |
[ w,1 ).

( 0,0, ... ,0,1,0,....,0) ; t(r-1) Zero's)

( 0,0, ... .0,1)

( t:= ), where *= is a string of zeros of
appropiate length. This is notation and means
that at some previous time an individual had a
capture history of t, and has ﬁ@t been captured
since.

The nuhbér of recruits joining the population as
urmarked adults between the i’ th and the

(i+1)' th sample.



P{i):

Y(i):

Avi):

M(i):

Smii):

Z{1)

The probability that any individual is captured
in the i’ th sample.

The ]engfh of time required for the ,

young of the population to mature and become
breeding adults. r is fixed at this value for
the duration of the sampliing program.

The probability that a young survives from time
i to time (j+r). v

The probability that an adult survives from time
i to time (i+1).

The number of marked individuals in the
dbpulation at time i.

The number of marked individuals captured in the
i'th sample. | :

-
'

7 or -y 4

) £ .
ZZ (SAJ ’Shv) - Z Sh.‘-e)"
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This is thé number of adults who were captured
in some sample prior to the i’'th one, not
captd;ed in the i'th sample, but captured
subsequently. This expression excludés those
%ndtvtddals which were subeduits at time i, end

thus were not available for capture at time i.
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Rii) is the number of individuals released from
the i’ th sample which are subsequently
recaptured. Excluded are th@s%AWhich were banded
as young in the i'th sample. 'As with Z(i!, these
are not availabie":ar capture at time i. ¢ :
B. Development of Mode!

Conditional Probability Distributions

The following obvious relations describe the division
of the population into the four classes. young, unmarR;d
adults, and the two groups of marked adults, according to

their banding status.

(1) N(i) = N(i,y) + N(i,o) +
z ZN(i,j.w! +Z Zmiijiyim'
= - ) - ’ 7 i

= N(i,y) + Nl(i,0) + M(1)

(2) . S(i) = S(i'y) + S(i,0) + .

Zz S(i,j.w) *Z ZS(i.j.y,w)
. je - j;.' -

/



= S(i,y) + Sii,0of + Sm(i).

Reca]ling that a much finer partitioning of the
population exists, due to the availability of the capture
history, I will now symbolically describe the probabilistic
movements between these partitions. My goal is to formulate
a_ joint ﬁrobability distribution of the numbers of
individuals in each of the mark-status classes. To do this I
will combine conditional multinomial distributions, using
the muitzpjication rule., to form'the‘joint probability
distribution. To save ‘space and to avoid some notational
difficulties in the discussion of the probability
distributions, [ shall write P(X=x) as P(X}), not
distingujshingAbetween a random variable and one of its
possiblewvalues.

Consider first the conditional distribution of the
numb§€ of young caught in the i’'th sample, S(i,y), given the
number of young in the population, N(i.yi. and fhe .
probability of being captured. Pli). There are two possible
fates confronting a member of N(i,y). He may escape capture 
at time i or be captured, becoming 2 member of the S(i,y).
Following the assumptions, the distribution of S(i,y) is:

o v Se o e
@ Plsylng, ) < (&) p ST S s
. J ‘

)



Secondly, the distribution of the unmarked adults in
the population at time'(i+1), N(i+1,0!, and in the i’'th
sample, S{i,o), is also conditional on several quantities.
These are the number of unmarked adults present at time i,
N(i,o), the number of unmarked recruits entering the
population between time i and (i+1), B(ij, the probability
6f capture, P(i), and the probability of surviving té time
(i+1), A(i). The distribution is found, as before, by
documenting the possible fates facing the N(i,o).

A member of N(i,o) may have one of three things occur
to it between time i and (i+1).

1) He can be captured:in the i’'th sampﬁe and
hence become a member of the S(i,o) and be
marked. After release he will next appear, if at
éll, as a member of N(K,i,w) for some K>i.

2) He may not be captured and thereby become a
member of N{(i+1,0). This class gas, however been
‘d11uted by the B(i) urmarked adults joining the
population as recruits!betw§2ﬁ time | and (i+1),
3) He may not be captured and then ieaée;the
popul?tion,by dying or permanently emigrating.

These three mutually exclugive pass1b111t1gs give rige

to the following multinomial distribution expressian

i}
Am : Y
. . ST
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= . Ve SE;’ ]
(4) P(S.?Q!;&hquNSQ_SE‘Eiéi) =(g) P; (1=P1) X

»f
! L (N:‘ - ‘S;- H?ﬂi = Bs . N - Sij’-lu;ili*s*i
' ; (1-A:)
Niwe - B; y ) _
Similarly between times i and (i+1), members of
N(i,j,w). have three mutually exclusive fates to choose

from.

1) Being captured and becoming a member of Sii,j, wl¥ Zi:;@FteF
release he will next appear, if at all, as a member éf
NK,i,wi for some K>i.
2) Not being captured and surviving to time (i+1], that is
becoming a member of N(i+1,j,v/.
3) Not being captured and thgﬁ dying or permanently
emigrating from the population. |

Thus the distribution of S(1,j.w), and N(1+1,],v) given

Ni{i,j.w), Pli) and A(i} is:

Nijw - Siye

‘ “ . iy Sij»
(51 P(Sya, Niwyel Wija,Pip:) = (g’) P (1-P) X

Nijw=Sie N‘ﬂ-' M’ja—&;g —Ni-ngr
(:_ A (1-A:)
,iqﬂ_’i‘ ' .

A similar distribution is formed for the Sti,j.y,wi and

N(i+1,§,y.v), the adults first marked as young:
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#

- ' Vine\  Suge - Nigw-Siiu
61 P( Sijyw, Miejyw| Niya, P, Ri) = (N’” ) P: F(IE’F;) " 77 x

Pijym

(N:]y-g -$ u‘;-) ﬁ;"—""ﬁiﬁ s )l‘/ﬁy-ﬂ = Sijpm - Misijyr

NS-;;,:

Each memBer of the sample ( S(i,y), S(i,ol. S.i'j'“{;ﬁs;j

or Sii,j.y.w) | also has several fates. He can either

survive after release, becoming a member of N(i+r i,y , t),

may leave the population by dying or permanently emigrating.
The distribution then of Nii+r i,y , t), N(i+1,i,q) Nli+1, i.s)
and N(i+1,1,y,s) g1v3ﬁ-thé quantities S(i,y), S(i, o), »
Sti,j.w), Sti.j.y.w)., A(i) and Y(#9 is: o '



(7 P(Ns*e:!t, Niwiy Minis, /V’s.,:jfl Siy, Sis, Sijw, Siypm, Vi, R;) =

'5;7 A’ﬁfi:& i ] Siy = Miriyt

' Sie Ninig Sie - Miai
X ( _)Hs Y (i-A) i

X (o) #7 e

/S ijgu - Nieips _Sijym = Ahimiys |
X, (Sﬁ ) A (I“*‘??)=” o "
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Joint Probability Distribution Function '

The joint probability distribution for all of the
possible options open to the members of the p@éuiatiaﬂ.
taken over all of the samples, is formed by the préduct of
the conditional multinomial distributions (3) through 17)
above. This product is taken over all possible capture
ghistar-ies. w, over all j (0<j<i) and over all i,
(0<i<iI+1)). Using relations (1) and (2) to simplify

expressions, the joint distribution becomes:

(8}

Si'! 4 S‘ig,— gi' -, si‘%!—il d;‘“ ’ "'I!'"J‘.! i )
HE . ’ ! N’ £ E: F R& EJ g’ =
ociad 7”&3,11?, Nievigh, Niwig, Ninis,Niaips . 1

[

(S Ni - §: Niwigs  Sig-Miwiyt )
v [P r=P:) x Y (1-¥:)

o [Nu- i”iﬂ’r i;u’:ﬁ;h—f’i égij

rT 7774

[Al; =Nig = Niww ¢ Nisty +Nisgimry + B;
=Ny y oyt + B

\x (1-A;)

B I - T TE ST e

X OIK K K K] ke
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4

(N:’o-o - Bc)! (A/N ‘Sii ; M?*-l"'EZ)!( S'.i ’tvprn‘)!iknn'.!

Ny! E—
(N,} 'S;’ )! (S'! E,V,,Hr,;t)! A’iﬂ’iff i’ X

A/e!,u!

( /V;ju- S;,-... —A’:"J,)! /V"mj?! (SJ.: *A/mv;ﬁ 7,47./;.;;;: !

NMijya!

. . . .
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Niﬂj,'.’ (A/ijd - qujl-l *Maﬂ]yr)-’ (S-J’ﬂ ’iﬂlﬂif'i}! Niﬂ:’,f.’ !
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C. Estimation Equations
To justify the estimation procedures used in this

section | will briefly discuss Jolly's (1965) approach to

thesis. Strictly speaking, the population quantities
Nli+1,0), N(i*!ij!v)’gna ﬁ(i*1,jiy,v).are random variables,
affected by the random numbers of individuals surviving over
time intervals prior to time (i+1), and are not fixed
characteristics (parameters) of the population. As such the
probability distribution t8) is not a true likelihood since
it is not just the prabibility of obtaining the observations
sti,o), Sti,j,w), Sti,j,y.wl, and S(i,y}, but of obtaining
both these observations and the Nii+1,0), N(i+1,j,v) and
N(i+t,j,y.v) given the parameters N(1), B(i), P(i), Ali) and
Y(i). Jolly (1965) reasons that (8) can reasonably be
regarded as a likelihood function if population variables at
time i are being estimated since in this case the N(i,o!,
Nii,j.w) and N(i,j.y,w) will be parameter; of a distribution
conditional on events up to time i. arld so do not have a
random component. However, when variables prior to time i
are beifg estimated, Jolly (1965) claims that intuitively to
treat these variables as parameters throughout will lead to
estimates that are close to the true masimuﬁ like1ihood \
estimates. Following Jolly's justiFicéticn. I will proceed
by considering (8] as a true likelihood function L. of a set
of population parameters. When deriving the estimate of a |

parameter, say U, it is easier to follow the subsquEﬁt



16

derivations if the likelihood function (8) is written as the
product of two functions ohe containing all of those terms
of (8) which are independent of U (call it K) and the other.
containing all those terms dependent on U, FiU) say.

Thus. LiU) = K x FiUl. The motivation for this will become
ciggr shortly.

The maximum likelihood estimates of the three
probabilities, P(R)‘ A(k) and Y!K) are found by
differentiating the natural logarithm of (B) with respect to
each of them and equating the result to zero. Since the
probability distribution function is concave upwards (and
hence its logarithm is concave downwards), the solution of
this equation wi]]\Iceate the maximuﬁ of each parameter.
Thus considering (8) as a function of P(k) (the probability

of capture):
La [L(P)] o Lafi)+ Sp ho(Pu) + (Na-Sa) da(i-Pa),

.Ark“‘i*',;i

and so:
DAy LP) _ Su _ (Ns-Sa) .
Pk P (1-Pa) ) -

Setting this derivative to zero results in the following

estimate of the probability of capture:



V7

(9) ﬁg - . fer ks I ... 4.

Similarly the logarithm of the likelihood of the
probability that the young survive to time (ker! is:

-

1‘- LN-) = i.‘q(}‘f) - A.In-r’-!i s&!vﬁ'-) - (5-} éﬂﬂi;i)gé{!i r’:) ;

for kat, ..., l4=r1.

and ﬁ#‘

dhllve _ Mrwwsh _ (Swy -Naprayt)

R Yx (1= ¥a)

from which the survival rate is estimated by:

(‘o, ?E - ?A ' ; !‘ l!"'!(;’érji

Intuitively, (10) uses as its estimate the pf"m@f‘t-i"cﬁ of |,
those animals initially marked as young at time k who have
managed to survive to become adults at time (k+r),

Fc; the aduitysurvival Eété. Aik). the ifhe]ihaag

function is:
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L LA = A(K) - [Nlo. -Nu-] -A/u.i’un.-v,t] 41/14:} R

[A/k ’A/.’ “Nrer + A’no.’ + A/... g..-r,l + Bg]iﬁ, (i*ﬁi)

‘;ar ke - (L-/)

ang:

d L L‘“-) = Moaot = Ny = Nonworryk -
Ay A

A/Al —M"j - Naw OA/u.M *A/uﬂgiié? + Bax .
: ' (1 - Au) ’

.

‘.

Set this to z&ro and solve for the estimate of Alk).

(11) | ﬁl - /\/Mn-"/r,js«)« - /a‘k«n«drlf - E{
ﬁk - Nh}

for k-t;“.,{gﬂ).

Intuitively the denominator of (11) is the numberbéf adults,
whether marked or umtmarked, in the population at time k. The
 numerator is the number of adults at time (k+1), after
removing the young of the year and any adults which could
not possibly be present at time k but were at time (k+1).

The quotient then is the proportion of adults which have



Lkl

19

survived to time (K+1j.

The remaining maximum likelihood estimates ! for
integer-valued quantities) are fouqd by equating the first
backwards difference of the logarithm of the Iikelihbod

function to zero. That is, for some parameter G,

if LIG) & K x F(G)
then IN(LIG)) = 1ntK) + 1n(F(GI) '
and A 1n(LIG)) = In(LiG)) - IntL(G-1))

In(F(G)) --lq(F(G-')).
which-is independent of K. |
The maximum likelihood estimate then of G is the greatest
integer less than or equal to ‘g’ such that Ainitig)) = 0,
that is: In(Figi) = In(F(g-1)). For this application thoughh
I will consider the maximum likelihood estimate to be the
solution of S
A ntLig)) = 0.

From the above discussion the'%umber of recruits B(k)

will be estimated as follows. rom (8):

B«

_ "B«
- H A {/"A")
L(BK) ‘MBNO _B..)! (N..-Slu '”MQ*B-).’

P

for Ku ¥ ..., (L-py)

s RN . T B S R T e O
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Then ALA L{E-) m Aa L(En) - .szl- L(Ei*l)
= lﬂ(l:ﬂ!) ‘sln(gnj + L (Ajmm - B ‘H) =

| -lr! {E/!é - 5;; 'Ai’ﬁﬂ- *Ss)

and equating this to zero gives:

e

BK = Ajkﬂa iﬁg[l 1_;‘“;5;3, 1
which reduces to

(12) Ek - Aj!irli( i;sg (Nhﬁéslj) J

=

[ﬁrki ﬁi;-g(}*f'—*j)

since the relative error in equating Nik+1,0' - B(k) + 1 to
N(k*ilc) - B(K) for large Ni(k+1,0) is negligible. This
estimate for B(k) is the estimated number of unmarked adults
at time (K+1h, with at} of those unmarked adults which had
survived from time K rgm@veﬂ,.This leaves an estimate of
only those adults reeéuiteﬂ into the population between
times K and (k+1). The more complex derivati@ns'that remain
constitute the Appendix. -

To round out the discussion of the model, | will give -
the Finai Féfms of thé estimafiaﬁ equaticﬁs‘aﬁé préviée ;ﬁﬁlv

intuitive discussion of each.



First, the number of marked adults present in the
population at some time K is estimated by the following

equation: /

(13 Eg ‘%"\(Sn-*s—-) + Swmx !~

for ka v, 2r).

| |
An intuitive explanation of this equation is as follows. To
estimate the number of marked individuals in the population
at time kK, M(K!, it is necessary (o augment theénumber of
these actually seen, Sm(k), by an estimate of the number
that were present but not seen. There were Z(K) marked
animals present in the population at the time, but not seen
then. However, they are seen at some time in the future.
This quantity is increased by multiplying it by the ratio of’
the number of marked animals Known to exist just after the
K'th sampling (S(k,o0) + Sm(k)) to the number of these that
are éubsequgntiy recaptured, R(K). [f the proportion of
indiviéuaIs subsequently recaptured is roughly the same for

both classes. then Z(k![Sik.0) + Sm(k)]/ R(K) estimates the
number of marked individuals pFESEﬁt‘at time K but not
captured then. By adding this term to Sm(k), one obtains the
maximum 1ikelihood estimate of M(k). This equation for M(K)
is the Key to the whole estimation problem since it is

involved in most of the remaining estimation equations.
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The equation for estimating the current size of the
>papulaticn takes the form of the simple Peterson estimate

employed by Lincoln in 1930 (Seber, 1973):

('4) /17l - - /Cf_ %— ;

;rk;ﬁ“§(1$h

Here, the number of individuals in the i’'th sample, §(k)i.is
inflated by the proportion of marked adults in the |
population which aﬁg céptureﬂ in that sample.

The probability of capture is simply estimated by
proportion of the p@QQ1atiaﬁ which were unable to evade

capture at that time: .

e < " Smk
(18) Pu = Ts = m——— )
L ﬁh ’

for ke ., (4=¢),

The ¥quatton determining the number of young, which survive
the 'r’ years; to emerge as mature breeding adults at time K

is: ' ‘ .

) - ’ il‘tishﬂﬁ' . . S me A
(16) /f/n.n!rs!g - M, \,.n _ ;
‘ ' Sen + Za

Iﬂ" ﬁ;(FFIS'! ceey, (2-7),
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The QEﬁamiﬁateE of (16) c@uﬁts'ali those individuals which
were captured in and prior to the K'th sample and were
subsequently recaptured. The summation in the numerator
tallies the individuals which were in the (k-r}’'th sample as
young (and are thus 'r' year old adults at time K/ and were
next seen in some K or later sample. Thus the expression
represents the proportion of individuals subsequently
recaptured that are 'r’ years old at time K. This proportion
of the marked animals, ﬁ(R)i provides the desired estimate.
With the result of (16) the probability of the young

i

surviving the 'r’ years to adulthood is easily estimated by
the proportion of, the young marked at time K which are in

the population at time (Kk+r,;:

N!i-f Hyh
SE’

2 -

-Ar) .

Similarly the probability of adult survival from time K to

(k+1) is the ratio of appropriate marked individuals:

) - J:‘fm - ﬁﬂi! | aatdl Ad
(18) Aw = - -
’ f‘;; ﬁﬁ +-= Sﬁg

Ty

for ko w o, (A, y

This is simply the proportion of marked adults at time (K+1)
which have survived from time K. However the young that are

just becoming 'r’ year old adults at time (k+1) must be



discounted as this cohort was not part of the marked adult
class at time K.

The estimates for the number of unmarked adults and the
young in the population both employ the Peterson type
estimation equation:

Swo - _Sus .
- e M

;i? K= F’Q.—al(;*").

(20) NH-! = SF:’ = i:! /V! - » . t

bor ka ..., ldr).
Finally, repeating equation (-12). the number of

recruits (unmarked) to the population from time K to (K+1)

is estimated by:
(12) EE - EIH%!; - 5; (»M!.i "Sn—-) )

éc!!’ k ,-'i?‘ ;ssi{Jifig),

Nik+1,0) is adjusted for the number of rmrkea adults
already in the population at time (k+1) which have survived

to time k. The remaining quantity is the estimated number of



recruits.
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Pigure 1. ULap Showing the location of the
‘ inderson River Delta
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I11. Data Analysis

A. Background -

The brant is a migratory goose, breeding in circumpolar
regions and wintering further south along the sea coast. In
summer they inhabit loose colonies near salt water wherever
suitable habitat is found. | recognize three subspecies of
brant in the world, European brant (8. b. bernicla),
Atlantic brant (8. b. hrota), and Pacific brant (B. D.
nigricans)., the latter two occurring in North America
(Barry, 1967). | )

Atlantic brant, found along the eastern seaboard in
wjnter from Massachusetts to South Carolina, move north in
the spring to breed in the central and eastern arctic.
Pacific brant, on the ather hand, winter along the west
coast from British Columbia to thé Baja California
Peninsula. They breed along the arctic coast from western
Alaska to the central arctic and the high arctic islands.
Because pairing takes place during the southwards migration
and on into the winter, and'copulation occurs during the
nor thwards migration, there js little interbreeding QFtueeﬁ
Atlantic and Pacific brant where their summer ranges overlap
in the central arctic (Bdrry, 1967: Bellrose, 1976. Palmer,
1976 .

The data to be analyzed were cbtained from a
subpopulation (col.ony)' situated in the Anderson River Delta

on the Beaufort Sea coast in the Canadian western arctic

28



(Fig. 1). This banding program was conducted by Dr. T. W.
Barry of the Canadian Wildlife Service, with the asgistance
of the author.

The Ander#on River, emptying into the Beaufort Sea 150
Kilometers east of the great Mackenzie River Delta, has
'¥prmed a rich tidal delta é@veriﬁg about 65 square
Kilometers of shallow channels and low flat islands
(Fig. 2). The brant arrive there in late May. After theKSﬁQH
clears and the ground dries, they begin to establish
territories and nest sites on the lower islands of the outer
delta. Non breeding brant, yearlings and two-year-olds. do _
not ordinarily use the delta but spend the summer elsewhere
in the arctic. After the hatch in early July family groups
gradually begin to congregate into a‘ﬁumber of large flocks
scattered throughout the delta and by the end of the month
the adults have begun to molt. These flocks usually occupy
the traditional molting sites of Kettle Hole Painfi Brant
Island. Study Area Island, Fox Den Island, Juncus Island,
Triangle Island. Loon Channel, Middle Creek, and Shearpin
Creek along the brackish tide zone of the outer delta.
Within three or four weeks the adults are flying égain.
somewhat synchronous with the first flight of the young in
the early part of August. In late August and early September
the brant begin moving westwards along the coast, mingling
with other groups as they work their way towards their
.common staging area in [zembek Bay, Alaska. From there all

migrate south to their coastal haunts for the winter

.
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(Bellrose, 1976:. Palmer, 1976).

B. Methods

The timing of the annual molt to coincide with the
initial flightless period of the young provides an excellent
opportunity to capture both the young'ind adu1ts'for'
banding. The brant’s'propensity for flocking during the moit
somewhat simplifies the logistics of capture but does not
make it altogether_easy.

Banding drives were undertaken during.the last week of
July and the first wgek in August when the young geese were
large enough to retain a metal leg band and strong enough to
withstand the stress of the banding. Brant were herded into
circular banding pens. 10 to 15 meters in diameter,
constructed of fine meshed fish ne{ {herring seine) hung
from poles\1.5 meters high and staked down to the ground.
Two 50 meter long leads funneled the geese into the ben. By
hazing about twenty birds at a time into a small cﬁtch pen,
within the main pen, banding pérsbnnel-cou1d easily capture
and mark the bi:hs with a numbered band placed around the
lower right leg. The age class, either young or adult. and
sex of each bird banded was recorded with its band number .

When a previously banded bird was encountered in these
operations its band number, Sge'ciaés'(adu1t>. and sex were
recorded. Oftgn the recaptured band was so worn as to be
partially or completely illegible: these were removed and
replaced, and the new number cross-referenced with the old

[ 4
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one in the records. Most of these illegible bands could be

the top layers of the metal, exposing the indentations of
41the numbers beneath the surface.
v During the twenty-one years from 1959 to 1979, as many
as possible of the nine traditional molting flocks were
sampled. There ugfe. however , variations in the methods of
herding. Between 19539 and 1973 a small motor boat and
several people were used to herd and manoeuvre the brant
¢nto the pens. Wind, tide, the many shallow channels and
hidden mudbars, cgmhiﬁéﬂ with the rather stubborn nature of
the brant, complicated the process of herding by boat. These
factors limited the choice of baﬁdiﬁ§ areas sampled to
Kettle Hole Point, Middle Creek, Shearpin Creek and Juncus
Island. Since 1973 helicopter aircraft have been used to
locate the geese, transport people, and to help herd. Within
the limitations of funds and time this allowed a greater
number of the brant to be sampled, especially from the
molting flocks that were previously inaccessible by boat.
In 1968 and again in 1971 no banding operations were
attempted. Furthermore, banding was not EéESib1e!1ﬁ 1974
when all nesting attemptg of brant failed due to predation
by foxes (Alopex lagopus and Vulpes vulpes). As é result of
the foxes' activities, the aauit‘bfaﬂt left the delta area
in a molt migration. For these three 'missing years | have
generated data conforming to the general trend of other

years. For the purpose of testing my estimation equations,
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the real banding data gnd the generated data will be
sufficient. The problem of missing data in capture-recapture
experiments is very real, and is open to further
exploration. !

Over the years several different types afzbands were
used in an attempt to reduce the loss of bands from salt
water corrosion. Until about 1967 soft aluminum bands were
in use, which proved to have a very low resistance to
corrosion, often becoming completely illegible within tgg
years. [In many cases the band was found to be so weakened
that it was neady to fall off the leg. Since 1967, but with
the exception of 1973 when aluminum was used again, the
bands were of harder alloys (monel and nickalloy). These
have been more successful.

Each spring at the Anderson Delta from 1959 to 1965 and
from 1972 to 1979 a portion of the brant’s nesting habitat
was searched for nests, the clutch size of each one being
recorded. These data are used to estimate the maximum number
of young produced by the Anderson River brant and provide a

check on the results of the analysis.

c. R.un_ts'

In the estimation equations from Part I that aré'u:ad'

in this section r 1§ given the value of three. the nunm
years required for the young brant to mature. Tables I, 11,
and 11! summarize the raw capture- re apture data collected

e —

from 1959 to 1979. The distribution of the recaptured adults
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which were originally banded as adults is given in Table |
for each of the banding years according to the time of last
capture. Table Il shows the distribution of recaptured
aduits originally banded as young. These two tables, in
effect, show the number of sampled individuals in each of
- the capture-history groups. Certain row and colupn sums used
in the estimation equations are given in these tables as
well. - |

The number of the banded three-year-old adults just
returning to the population is shown in Table [I1l. These
birds may have been more than three years old when éhgy were
finally recaptured, but they were all new mature adults at
the appropiate time. Individuals of tHis sort which are
recaptured when they are three years old appear along the
upper diagonal, while those birds which are recaptured later
in life asééar along a diagonal deeper within the table.

The only other remaining information required for the
parameter estimates is the number of unmarked adults,
S(k,oii:aﬁd the number of young of the year, S(K,y/,
captured in each sanple. These data are presented in Table
IV. along with a condensation of the information contained
in Tables I, II and [1] presented in the form of the sums
which appear directly in the estimation equations. Applying
equations (12) through (20) from fhi-in:lyiis-iﬁ Part I.,~
with r set to three, results in the parameter estimates - L

given in Table V.
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In summarizing the more important and useful results, I
have deleted the first estimate for each parameter because
these were calculated with insufficient data, that is, there
were va:; few captur;-rec;pture\aqigrrences in the first
several years aFkthe study. The gst{;atgd brant population,
N(k), at Anderson River had a mean of 4349 birds per year
lincluding young of the year, and both the marked aﬁﬁ'g
unmarked adults), ranging from 2801 to 8134 individuals. The
marked adult portion of this population, M(K), generally
numbered 814, while the mean number of unmarked adults and
young was 1578 and 1957 respectively per year .

The adult brant apagg} to have a high probability of
surviving from year to year tmean A(k) = 0.70). Their
chances of surviving for three years (p = Oisgi is
significantly high as compared to the probability of the
young surviving for three years (mean Y(k) = .15). Urmarked
brant were recruited into the population at a mean rate of
808 birds per year. -~

The clutch-size data collected at Anderson River is

sutmarized in Table VI. The portion of the nesting habitat

young that could be produced, generally about 5600. However ,
the 5600 young is a gross over-estimate of the number of
those actually available for banding, since predators take
many of the eggs and yaunggignﬁ before banding commences.
Moreover, the estimate of the percent of habitat covered is

rough and serves only as a check on the analysis results.
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Table V11 shows that from 3% to 33% of the bands of
recaptured birds had to be replaced each year, with a total
of 230 replacements from 1962 to 1979. Eleven bands (5%
were so corroded by salt water that chemical etching failed
to bring out the numbers. The life of the softer aluminum
bands which had to be replaced is between three and seven
years. Only (3%) of the harder bands used in the later years
had to be replaced.

Banding locations varied considerably, the most
consistently sampled sites being Kettle Hole Point and
Middle Creek. The remaining 7 saw more intermittent use. Thé
distribution of the banding drives made each year is given
in Table VIII. | 5

The individual brant at Aﬁd:rsan River have a
propensity to nest and molt within the same areas of the
delta year after year. To illustrate this phenomenon [ have
tabled all of the recapture occurrences by location,
according to the location éF previous capture (Table [X),
Many of the nine ban§1ng locat ions are in close Qrax1m1ty to
one another so | have ragagnized faur nearly autonomous )
brood rearing areas within the delta. Examination of this
data :uggasts that intermixing between s1tes 18 lgw 57% of
the capture recapture c;currences take plase in the same
areas. Treating Tablellx agsa Fgur by four Eﬂntiﬁgency table
and applying a Chl*Square test for lﬂdepEﬁdEﬁEE 1nd1catgs
that recaa{ure location is very dependent on the site of

;aféficus capture (Chi-Square = 737.0, d.f. = Q).
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. The source for the following tables is the unpublished
field notebooks of Dr. T. W. Barry and the author.



Table I: Banding Distribution of S(i,j)

- .

Recapture Year i

Year j 1960 1961 1962 1963 1964 1965

1956 0 =~ 0 0 1 o 0
1960 (0) 7 3 8 0 2
1961 (7) 2 7 0 0
1962 (15) 33 2 9
1963 ' | (49) 23 39

1965 o | (71)

1970
1971
1972
1973
1974
1975
1978
1977
1978

37

1966

10

17

44
(86)



Table I: —Céntiﬁued'

Recapture Year i

Capture 2 . _

Year j 1967 1968 1969 1970 1971 1972 1973
1959
1960
1961
1962
1963
1964 19 10 5 0
1965 33 8 11 0 5 .3
1966 69 40 35 27

1967  (125) 53 41 21 23 25
1968 (125) 62 23 29 17
1969 | (155) 39 19 22
1970 | = (112). 15 6 3
1971 _ | o (124) 43 25
w972 . o o (138) 71
1973 B L T  (139)

A O O O O
el
0O O o o
o O 0O 0O OO
M O O O o

N o MO Lo [ ] L=

o oy o, F -
Rl

) 977 . .. T arn T B e R Fmgn SRR L8 g B ok o g i o 4 ;‘g"*""" R



Capture
Year j§

1959

1967
1988
1969
1870
1971
1972
1973
1974
1975
1976
1977
1978

Y

Table [: Continued

1974

o (=] L] o j=) (& ]

1180)

Recapture Year |

1975

L L= ] o L= ] o]

- o =] L= ]

wn

106
69
(244)

,( [

1876

16

14
42
107
(180)

1877

o Qo O O oO.0

el

© oo o o © o

1978

DNy

11
16

17

81 -
50

(222) 170

1979

il

o o o

(2863)

Row
Sum
(1)
(30).
(10)
(54)
(95)
(71)
(128)
(220)
(180)
(164)
(117)
(35)
(82)

~ (198)

(240)
(148)
(244)
(104)
(55)

(170)



40
Table I1: Banding Distribution of S(i,§.y)

Recapture Year |

-b
8
b
e
o
© o »n o

1963 - (5)

c o N o
o M O OO ©O

1965 | | o (3) 1
1966 . | (3)

1977 o e et et ey emre e e e



Table I'l: Continued ’

Capture
Year j
1958
1960
1961
1962
1963
1964
1965
1966
1967
1968
1969
1970
1971
1972
1973
1974
1975
1976
1977
1878

w N o o o

= C on

(10)

ol L] L) [ =] jo ] Lo

1968

(9)

— [ ] [ ] [ ]

[ 1 MY [ =]

L= L= Lo

o o o o.o

Recapture Year i

1970

(3)

1971

(19)

1972

W o w0 o o o

14

41

1973




Table [1: Continued

Recapture Year |

cgatéri S Row

' Year J 1974 1975 1976 1977 1978 1879  Sum
1959 0 0 0 0 0 0 (0)
1960 0 0 0 0 0 0 (7)
1961 0 0 0 0 0 .0 (0)
1962 0 0 0 0o .0 0 (7)
1963 0 0 o 0 0o ' 0 (11)
1964 1 0 00 0 0 (13)
1965 0 0 -0 0 . 0 0 (8)
1966 2 | o 0 o . 0 (10)
1967 7 5 2 1 .3 2 (58)
1968 6 4 1 0 2 i (33)
1969 7 6 o= 0 2 0 (21)
1970 1 0 . 0 1 1 0 (s)
1971 4 a 2 g 0 d (12)
1972 0 14 9 7 6 3 (44)
1973 0 13 9 2 9. 2 - (35)
1974  (28) 0 5 9 8 3 (25).
1975 (47) 3 2 22 18 (45)
1976 . (31) 3 8 13 (24)
1977 _ {28) 3 B (B)
1978 | . | tea) 20  (20)
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Table I11: Banding Distribution of S(i,i-m,y;t')

Year Originally Banded as Young, (i-3)
Re-
Capture
Year 1 1959
1962
1963
1964

o
"y
&
-y

1966 1964
1967

1968

N o M

(ST S T S B % ]
u

1970
1971
1972
1973
1974
1975
1876
1977
1978
1979 | | ,
Sum (0) (7) (0) (5) (13)  (15)

o< o 0O 0O 0O O 0 0 O O O o o 0. o O O o
c © © o o | © © © © o © ©o o o
t.:- o o oi L'J o | o o | o. o ‘b o o o o o
b o' o o o o -::n o. o‘ o o
w o o
p .o o o © o o o m '

© o o o o o
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Table I11: Continued

Year Originally Banded as Young, (1-3)
Re-
Capture
Year f{ 1965

1968 19686

o

1970
1971
1972
1973
1974
1975
1976
1977
1978

1979 | 2. 2 o :
Sum (17} (18) - (54)  (31) (14)§;giﬁf/ |

O O O O O O © W O N -
o N

A
o ]

LR S



Table I1II: Continued

" -Year Originally Banded as Young, (i-3)

Re-

Capture

Year 1 1971

1974 13 1972

1875 1 14 1973

1976 3 6 5 1974

1977 2 5 19 1975 ,

1978 4 5 7 12 18 1976

1979 2 3 2. .9 14 9

Sum (35)  (33)  (15) (300  (32) (9

0 e
| —



Table IV: Summary of Banding Results

Sample
S(k,o)
Sik,y)
Smik)
S(k)

N
4o

K=t
- E

!i-"lq

1959
12
17
0

2

£

2.

e in

1960
105
246
0

351

L

Banding Year

1961
19 264
52 334
7 15
78
3

1962

Y z;: [sth.jf + Sth.i.y)] e

|

ej!l§;3é:ggs4§§é§§ssé: 136

<

Ve kas

)

£

Z S(h.k-3.y.t")

ek

-




T§E1g Iv:

e
—os
Z(k)
R(K)

£

)

230
138
218

Comt inuec

1967
319
555
135
1,&1069
265
69
15
238
196
184

Banding Year

1968
357
254

;“134

745
369
85
17
197
:E;

166 |

1969
185

féggfgf

160
581
406
45
15
138

,361

124

115
-

429
21
54
40 '
408
33

£

he i

b by

1971
187

289
143
589

326
42

31
104
23@
69

a7

242
195
209

Z Sith,j) + Sth, J yi] e Z S(hi,kisiyiti!

Vs ey
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Sample
Observ. 1973
S(k,o) 256
S(k,y) 367
Sm(k) 172
S(k) 795
* 333
== 48
cns 7
=sxx 275
Z(k) 285
R(k) 260
Kt L
-
bi'l Reney
-
e n.a/../ £

me ke

/

+ ham

' T'y./r:( Cont inued

1974
251
396
208
855

400

45
35
174
355
144

o
Banding Year

1975 1976 1977
403 119 67
705 308 250
291 221 115
1399 648 432
283 351 364
62 41

33 15 30
289 128 63
221 310

257 119

[sth.5) + sih, 3,y

-

1978
406
928
286
1620
141

32

190

48

1879
400

677
331,
1408

) _=»= ) S(h,k~3,y,t’)
Lo ) s
=R

LYYL R

Z Z : S(.h.m&y-_..&-' R ”“'Z {.sm.-hﬂ)««»-_s«r.m
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Table V: Parameter Eétim;tes

Band{ng Year

Ty Para- |
meters 1959 1960 1961 1962 1963 1964 1965
: (k) 69 110 156" 279 5582
Rk 773 4482 2801 3803 8134
I 0.10 0.14  0.35  0.69 0.13
. 0 5 0 16
Y(k)  0.00 0.06 0.00 0.05 0.05 0.17 0.08
¢ Alk) o 0.38 0.45 i 0.35
' N(k.o) 188 71930 1357 1698 3918

Bk 1720 731 1302 2032 621
,. _ fky) - | 516 . 2442 1288 1826 3664
LT - 257 2040 1513 1977 4470
e 066 0.54  0.46 -0.48 0.45

| | | «
i * - Nikke3,y, t')

: == Mk + fNik,o0)

g-' wvs N(K,y) / N(K) L



Table V: Continued

Para-
neters
M(K)
Nik)
Plk)

Y(k)
AlK)
Nik,0)
B(k) "
Nik,y)
-

kK

1966
404
3292,
0.22
23
0:14
0.73
1818

422
107C .

2222
0.33

1967

618
4624
0.22
28

0.38

1 0.99

1462
1456
2543

12081
0.551

e Nik.k-3,y.t')

s Mik) + N(K.O)

% ﬁ(Riy) / i(K)

Banding Year

1968
974
5415
0.14
40
0.39
0.85
2595
0
1846
3565
0.34

1969
1164

4228

0.14
34

0.09

1
1346
673

" 1718

2510
0.41

1870
2031
3727
0.06
210

0.18
0.62
707

1101

.989

2738
0.27

1971
1378
5675
0.10
100

0.29
0.36

1513

438

2784

2891

'0.49

1972
574

3072
0.29

0.13
0.75
924
464
1574
1498
0.51



Table V: Céﬁtiﬁﬂuﬁ

Para-
meters
M(K)
Nk
P(k)

Y(k)
Alk)
N(k,o)
B(k)
Nik,y)
-

Xk

+ . N(K.,K-3,y,t')

1973
641
2964
0.27
10
0.85
1

954

639

1369 -
1595%;
0.46

1974
1340
5506
0.16
83

0.52
1617
517

2548
2957

0.46 -

~«x  M(K) + N(K,o)

L exe Nik,y) / N(K)

Banding Year

1975
888
4268
0.33
57

0.83
1230

2150 .
2118
0.50

1976 1877 1978 1979

1107
3245
0.20
31
596
1542 .
1703
6.48, N
P : g§i¢
s '
R I e
N



Table VI: Clutch Sizes, Anderson River Delta
3 Habitat Estimated
Sample Number ~ Number | Area Number
Year of Nests of Eggs Sampled (%) of Young
1959 . 221 692 10 6920
1960 378 1518 25 6072
1961 17 - 697 10 6970
1962 490 1899 30 6330
1963 569 2151 40 5378
1964 131 4 10 4170
1965 490 1801 30 6003
1972 53 187 s 3740
. 1973 76 291 -5  ‘ 5820
51 174 | 5 ' 3480
1875 223 808 s 5387
1976 133 510 10 5100
1977 196 836 10 ¢ ° 8360
1978 | 63 629 . 10 6290
1979 144 490 10 4900
1980 289 . 960 - 20 4800

LU AR N * s = ﬁ_*‘ri LRt rﬁ%?‘ﬁ;\?—.—"ifé—‘* e e x5 o, g e W S
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Table VII: Distribution of Replaced Bande

Sample Replaced  Unetchable No. of Recaptures
Year Bands Bands Recaptures Replaced %

1959 ’
1960
1961
1962

1963 13

o o

15 33
54 24

‘LH\
N oo o O
o

1965 14 2 . 74 19
1966 1 89 15

1967 26" o0 35 9
1989 18 1 : 160 - BT
' 115 3

167 14
725

201 b 6§

221. 6
115 "o
286 13
ETHR

1972 23

1975 17
1976 13
1977 13
1978 36
1979 24

o M O o o o o N

B R L Tt LD | et B, s by s e ———— .~ ' m e e
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Table VIII: Distribution of Banding Locations,

Anderson River Delta

Group 1

L k]

Kettle -

7 — S e -

Sanple Hole Brant Study Area Fox Den
Year Point Island 1sland Island
1959 *

1960 = ‘ =
1961 * | ‘

1963 * . *
1964 | ’; |
1965 o | -
1966 = ; R : =
1967 *

1970 .

1972 .

1973 K o

1975/ . e
1978 R
1977 . g

. Co *EHSfiJF . .
1978 - e e rgﬁﬁ#*ﬁa_a,_ﬁgf; S S

1979 s Y.



Table VIII: Continued

Group 3 Group 4
' Middle  Shearpin

”

Sample dmé;s Triangle Lﬁc:;
Year Island Island ! Channel Creek Creek
1959 |

1960

1961

1962 o

1963 .
1964 ; AT | . . =

1965 T ) -

1967 - | = . | . »

1969 i | | : -

1870 -

1972 | - IR .

1975 ﬁ | o |

1976 e S .

1978 : e T
1979 . : _ C o :

- ' B L e T LR ms et v s

¥
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Table IX:

Capture

Area

Kettle
Hole

Point

FoxDen

Island

Triangle

Island’

Middle

.;Efiiﬁ_ -

Use of Molting Sites by Brant,

Anderson River Delta

Kettle
Hole

Point

365

87

.82

Retapture Area

FoxDen Triangle Middle
Island : 1sland Creak

202 - 48 - 6

62 - 62 .8a

RTINS 5
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D. Discussion

This analysis of the banding data of the Anderson River =
brant provides reasonable parameter estimates. My results
indicate that the number of adult brant (N(kK,o) + M(K))
breeding in the delta ranged from a low of 1513 to a high of
4470, with a mean value of 2390. This jﬁteﬁvai encompasses
the estimated population size of 3000 for this colony
(Barry, 1967). Barry's figure was derived from direct
observation, clutch-sizing operations, and aerial surveys
duriﬁé a period of years over lapping with this study.

My mean estimated yearly production of young (N(K,y))
is 1957, substantially less than,the possible number of
yauﬁqbrcducéd from eggs at Anderson River each year (Tabie

V). However, this colony has a high egg and chick loss due

‘(pr3ifle§geé stage) (Martin and Barry, 1973; Bérry and Barry,
in p?essy, A mean production of 5600 eggs is reduced by 23%
to 27% (these Eercentages are the result of clutch size
studies on braﬁt in other areas), (Bellrose, 1976, PaTmeE.
1976;: Pacific Waterfowl Flyway Council, 1978) to about 4000
successfully hatched and dried chicks . Furthermare. dﬁriﬁg
the next three weeks prior to fledging, these survivors are
fur ther reduced in number by about 30% te 35% (Barry, pers.
comm.; Bellrose, 1976), ieaving:cnly about 2600 young
available for banding. Further assessment of my estimated
number of young is made by examining the yearly percehtage

of young produced by the Anderson River brant, derived fr@m
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. the estimates for N(K,y) and N(K), a quantity ranging from
26% to 55% (mean of 45%). This is substantially above the
10X to.40% range found for the total Pacific population
(Pacific waterfow! Flyway Council, 1978). However, local
conditions at Anderson River, such as early snow melt
relative to the brant’s arrival. longer daylight, Tess
precipitation, and generally more clement weather, could
favour a higher percentage o} &oung to be produced there
than at other colonies, e.g. Yukon-Kuskoquim delta 1Barr§.‘
pers. comm.; 1967).‘Furthermore. estihates of adult'young
ratios are made in the winter, after the fall migration and
after natural mortality and hunting harvests have taken
‘their toll (Pacific Waterfow! Flyway Council, 1978). . ~

| Analyzing band_returns of brant breed{ng in the Yukon
Delta, Alaska, Hansen and Nelson (13957) arrived at a 45?4%
.mortality rate for young brant in their first year. They
also reported an average mortality rate of 32.2% for each
succeding yeéar. In terms of survival, these fiQures are‘
equivalent to 25.1% of the young surviving the three years
to»adulthood Their result is substantially higher than the -
"15% mean survival rate resulting from my analysis. The
mortality figures of Hansen and Nelson-are, however. der i ved
from a s1mple deterministic 1ife.table method developed by
'Bellrose and Chase (1950) who express the mortal1ty rate as
the proportion of ‘banded b1rds ‘which died durlng the year as
determined by bands returneg by hthers and bande found on

dead birds. The obvious deficiencies of this method are that
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not all band recoveries are reported by hunters and
certainly not all dead birds with bands are found: that is,
dead banded birds are found with a lower probability than
the dead unbanded birds, since there are ivly few .
marked hirds +n the population. This bias results in an

(%}

underestimate of the actual mortality rate, ie., an
overestimate of the survival rate.

For the adult survival probability a more reliable
estimate'than that provided by Hansen and Nelson is given by
Boyd (in Le Cren and Holdgat;. 1862 ) and iends credence to
my estimated survival rate of 0.70. Boyd appliéd an
estimation technique. developed by Haldane (described in
Seber, 1973), to the banding data of Hansen and Nelson and
found that their Alaskan brant had a constantlsurvivai rate
of 0.85. Using banding data ?ollected in Spitzbergen, Boyd
also calculated that the closely related Atlantic brant
survived‘with a probability of 0.83. Haldaneﬂs stochastic
estimation procedure is more credible-than that of Bellnose
and Chase since hé at least included in his analysis a
constant probability that a band is found and repor ted.
However, Haldane’'s method is notdcompletqu realistic, since
this probability could change with hunting pressure and _
banding effoﬁt; for the purpose of compar ison though, Boyd’;
estimates will be sufficient. ' - ‘

The remaining population parameters are le,k-B.y.t);"
tHe number of thrée year old adults, and Bik!, the number of .

recruits. There are no estimates of these parameters from
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other sourees with which to draw comparisons or make
assessments. ) . .

Sever?i aspects of the assumptions must be examined in
order to ascertain the validity of applying the estimation
equations to this particular set of data. As noted in the
results, the Anderson River brant are likely to use the same
specific molting areas (these being Kettle Hole Point, Fox
Den Island, Triangle Island and Middle Creek) within the
delta from season to season. It Es evident then that the
marked geese, released after each season’s banding dﬁives:
do not “thoroughly mix with the remainder of the population
by the following year or, for that matter, possibly eer! In
addition, there uere different sampling techniques employed
during the course cf the study (bcat or helicopter). The
concentration of sampling in only a few areas versus the
later general sampling by helicopter causes problems. It is
very probable that not’all of the Anderson Rivér brant have
the same pf@b!bility of beingbcaptured in ;ﬁy one season and
that the'samaiiﬁg is, in effect, non-random. Brant that are
banded on Fox Den Island or Triangle Island, for example,
might have little or no chance of being recaptured if that
site is not rgsampléd 1in subsequent years, even though the -
birds may be present in the delta.

The effect of this non- Fandam sampl1ﬁg on the est1matesv
is tﬂeféid Intu1t1ve1y, the est1mates of the survival rates
of both young and adults will be biased on the low side 1F
enough individuais are involved in one of the iﬁfFEQUEﬁtly
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used banding sites. Since the survival rates are basically
estimated by theaﬁrcaarﬁieniéf marked birds that survive to
and are captured in the next. sampling period (third next for
the ycuﬁg)i it is clear that this estimation procedure will
interpret the event 'a greater number of marked birds not
being recaptured due to non-random sampling’ as the event
that 'more of these marked birds are dying before they are
recaptured’ . As a result of this misinterpretation a lower
estimate of the p;cbability of surviving is produced.
Secondly, the estimates of the population size will be
inflated since more marked geese could p@tsﬁtiaiiy be
captured 1f the sampling were random; the estimation
procedure translating (see equation (14)) the event freduc;d
proportion of marked in the sample’ as the evgﬁ; that 'more
geese are in the population’ . This results in anigstiméte
that is biased on the high side.

Another source of error in applying fhese estimation
results to this specific population is that assumption 5 is
violated: geese do not lose their bands during the course of
the study. The rough estimate for the rate of band
replacement and band life represents minimum values for
these statisticé and suggests that the band loss is very
high from year to year. When the softer aluminum bands were
used, 11% to 33% of the recaptured sluminum bands hed to be
replaced each year. That this problem occurs and ccmﬁiiéateé
the data analysis is very certain, the ramificat%aﬁs of such

high loss being inflated papuIatieﬁ estimates and deflated

<
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"survival rates caused by a reduced proportion of marked

individuals in the population. The reasoning of this
argument follows exactly that given in the previous
discussion, the effect of band loss and non-random sampling
are identical. | g

A further problem affecting the analysis of this brant
population is that on the spring migration the recently
matured males f@]icﬁ their females to the colony where she
originally hatched, seldom returning to the colony where the
male was hatched. Thus at the Anderson River there is a loss
of banded méles and a corresponding influx of unbanded males
following thé returning local Fémajes, This results in a
dilution of the supply of marked birds and hence biased
estimates. Examination of band returns has shown that such
an exéhange exists between the brant breédiﬁg in Alaska and
at Anderson River (Barry, 1959 to 1979) and is also known to
occur with populations of snow geese (Chen hyperborea)
(Cooke et al., 1§75: Finney and Cooke, 1978). v

I will also mention in passing (and without any direct
evidénce) that there is a distinct possibility that the
tacit assumption of brant always brggdfng at age three may
hot be valid. While preparing the banding data for Tables I,
11, apd 111, 1 noticed that during the last three to four
years of the banding program a significantly higher number
of one- and two-year-old geese were being recaptured for the
first time, but that overall, there was a tendency for the

. v e
young brant to be first recaptured five. six, or more years
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Conclusions

To briefly summarize, | have addressed the problem of
estimating parameters of a non-homogeneous population
consisting of two recognizable-age groups, adult and young,
where the latter require some specified constant number of
years (r} in which to attain adu't status. The estimation
procedure der ived fof this type of population allows . for one
probability that the young survive this maturing phase and a
different probability that the adults survive the one year
intervals thereafter. The estimates of population parameter;
are found by maximum likelihood techniques.

In theory, the area of applicability of this estimation
scheme are those populations not covered by Pollock’'s
general analysis discugsed equigr. This 1nc1udés-those
species of birds, mammals, fish, et cetera, in which the
subadult members may or may not beidistinguishable from the
adults but they at least spend the breed1ng season in areas
away from the adults (that is, if marking takes place during
the breeding season). In-practice, however, there-are
several factors which severely limi('the extent to which
this analysis w111 or could be used.

Primarily. 1q this procedure, more time required for

' the young to mature that is, larger values of r. will

require more samples to be taken. This is because the number-

of samples must be at least r before any calculations can be
made at all. Furthermore, for any reasonable measure of

"\

i
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accuracy and reliability to be attained in the estimates,
the marking program must be continued for a suﬁstaﬁtiai
period of time after the r'th sample, resulting in a
requirement for a large body of capture-recapture data.
Satisfying this requirement presents many problems wit
ot which

the young require a long maturation period: accuracy
requirements must be baiaﬁ;ed with the available study time
and the urgency of the situation.

Perhaps even more restrictiﬁg in terms of the
applicability of ﬁy analysis is that there are relatively
few species which c!i be eaéily captured on a scale large
enough to allow sufficiently sizeable numbers of individuals
to be marked. There are even fewer speéies of this type
whose populations follow tﬁe pattern required for this
analysis. This estimation procedure is designed to be
applied primarily to geese, about the only species meeting
the specifications discussed above. However this designed
application may be liﬁitgd as/well. For the forseeable
future the era of long term ;bs;rvatiaﬁai investigétiaﬁs is
drawing to a close as government funds for these types of
- studies are curtailed and even withdrawn completely in
favour of investigations of shorter duration. |

The results of applying this estimation procedure to
the capture-recapture data of the Anderson River brant are
sufficient to determine that the estimation equations are

generating reasonable estimates that are near values
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predicted through experience and from other sgurégs‘ For use
in management p%ggramsi however, the reliability of my
results are not camﬁleteif satisfying. This is, to a large
extent, due to the lack of consistency in data collection
procedures and to the presence of three years of missing
data. Recommendations for further studies then would include
a designed sampling method that wou 1d pravidé consistent
sample sizes and would be adaptable to idiosyncrasies of the
population in question. As well, effort should be expended
to insure that tag loss is kKept to a minimum. !

There are several inadequacies with the estimation
procedure as 1 have derived it in Part I. No accounting has
been given for the possibility that the survival
prababklities are dependent on an individual’'s capture
history. For example the young brant that are captured and
marked are released under a great deal of stress having
spent up to four hours under cold conditions iﬁ the pen,
after being somewhat trampled by the flock as they are are
hazed into the catch pen. On release the young often run
away in many different directions, becoming widely scattered
and separated from the parents and thus are easy prey for
the glauecﬂs_gul]f(Laﬁus hyperboreus) (Barry, pers. comm.
Barry and Barry, in press). Obviously these young must have
" a significantly lower probability of surviving than the
young whieh did not undergo ﬁhis trial. -~

Related to this factor of a capturé—hist@rygdep&ﬁdent

survival rate is the very real possibility that capture



i —————— —_- e

probability is not only time dependent but capture history
dependent as well. A clear example of this is the
white-fronted goose (Anser albifﬂaﬁé)! When banding molting
sub-adults in their traditional flocks, it is often vgéy
difficult to capture many if that site was sampled in the
previous year. On several occasions, & helicopter and a boat
as well as several people on foot were all used to herd yith
the result that only a few tens of the 500 or so geese were
actually forced into the pen, the rest disappearing, being
led by the more experienced previously marked birds.
Incorporation of these two aptigns into the analysis
is, in essence, measuring the effect that the observer (the
 bander) has on his experiment (the geese), an endeavour
which can not succeed. Since the act of observing (taking
saﬁﬁles) itself drastically affects what the éxperimEﬁtér
will observe, it is uncertain as to whether the parameter
estimates are representative of an artificial population
that is created by the observer’'s presence Qr“‘hether the
observations are made from the real population. In othgr
words, what type cfxrea”ity is being measured. This is the
ma jor prg@lgm cnﬁFranti)g this sort of analysis, and is one
that appears to be ignored by other researchers employing
_the dé]fy-Seber-tyse of approach.
" Also neglected is any method for calculating variances
and covariances of the estimates. Jolly (1965) produces

.popuiatiéﬁ analysis by using a truncated Taylor series
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approximation. Stokes (1980) and Pollock (in press) both use
thié same method of approximation in their analyses, and at
the present time it seems to be the only means available for
computing variances in this stochastic estimation setting.
The main criticism and objection to using and relying on
these approximate variances is that they are asymptotic,
requiring a very large sample size in order to return any
accuracy. Furthermore, for small sample sizes the
distribution of the maximum likelihood estimators are quite
skewed (Robson, in Johnson and Smith. 1968 Jeading to
inappropriate and.mislgadiﬁg caﬂfidéﬁée‘bGUﬁésj

Still open to investigation is the pass%bility that the
estimation procedures may be improved by using data from
other sources. One option is to combine the recovery .type
procedures of Brownie et al. (1978), which I discussed in L
the introduction, with the recapture metﬁad which 1 have
sdeveloped in Part 1. This would use the large body of ;f
recovery data collected for most specieslgf North Amer icad
geese and ducks. The estimation analysis could ég modi f ied
to diFFEFEﬁtigxe between natural mortality and that iﬁdﬁced
by hunting pressure, by introducing prebabi]itiesithat young
and :duisi survive the. aﬁnuai.hunting barrggé“in the fall
"and winter. As well, the shat death af a bnnded gﬂcse
" definitely terminates development EF thgibahd*s associated
capture history vector anﬂ so presluﬂgs any possibility that
the band is gvgr recaptured This certainty of ‘information

should have bene \cial ramifications on the ex1stiﬁg
B ' . ’




estimates.
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Appendix: Derivation of Estimation Equations

I will pow continue with the derivation of the

estimatién quations following the derivation of equatié;\
(12) in Part!l. The final versions of these subsequent
équations are given as (t3) through (20) at the end of Part
I' . . ' . .

The number of unmarked SMults at time k has the

fol’l%wing likelihood function: -
4

N Mh A’!al A’il i"’,ﬂi ’
L (o) = K (1-FPa) '(,Ifﬁ:)h Aus  (1-An=) Vao !

(ij; 'El-g)-’(”lq *‘5&@"”!*;5 *Bl)! (Mliu *Shi —A’;; + Bu-, )!

¢

Then A dn (Litke)) = L (1-Pa) o o (1=Aa) 6 LlAin) <o (1= Ans) +

[ 4

v L (Whe) - (Ano -Ban ) = don(Wne ?Sé*ﬂgﬁi&) +
"o : . \

. r Ao ﬁl’n- - Suo ~Mre + B i-i) .

3y

Setting Aln LIN(K,0)) = 0 and using equation (12) foe B(K)
and B(k-1) and solving for N(k,o):

’ bi :‘-
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| . _Swe ,
(A1) Auo = T \

f:f k= l,a,x;,sl.

Thus the number of unmarked adults is estimated by the
number of urmarked adults in the sample inflated by a factor
of 1/P(K).

Using the estimate of the number of recruits, B(kj,
from equation {12) the estimate of A(K), the adult survival

rate, given by equation (11) is revised as follows:

* o :
which reduces to the following after using equation (1):

Y -
M v Aaos ooyt

a + 5.,

(AE)/ﬁ- -

F- k= F, ses, IJ*F-I) =

Fa
-3

This estimate finds the proportion of those marked adults st
time K who have survived t‘(: time (k+1). The number 0f young
that became adulits at _timﬁkﬂ) are removed from the

nmratwis*they ueée nc;t members of the marked population



at time K. 7
From (8) the likelihood function of sthe young at time K

is:

o - Ay !
(Nuy) = KLLZB B
L .!]’— (AMny - Sgg),:’ »

dor K, (L-F)
and

=

A LV" L(ivk!’ Ei dn (1-P) + A(A’g) *é‘i/dﬂ’l; *Sy)

and setting Aln LIN(K,y'i = 0 gives:

/)

f‘? Rﬂ rlga.j (1—’?’;

Like the unmarked adults, N(K,y) is the number of young in
the K' th sample scil&d up by an ammount 1/P(K).

The likelihood of the number of young that are just
becoming adults is:

S Muas
Lt;\?ﬁ-ﬂfﬁ) H(:—Pg/* h-ﬂ-f‘gﬁi’ "f(/a 7‘&@?1 .ﬂif"-fﬂ!
s LY ENY ( S-—r; -Nn:sf;f, [} NLH;# [ (AIPH!. - sn-—f‘pi Nlun n-i‘}'!- H

for Kp Lemy, oo, L)



Again, by setting the first difference Qf-the:lega?ithm to

zero, one gets:

(A4) $p-rj - Dﬂﬁffﬂiw —_— - (- )"H] . ,
Huneys = Supept =Ansinrys’ (=) (1 Bn) Pue
foo Ko traey, ..., (2=} | | -
. since the relative error in QQuatiﬁﬁ N(k.kir.yft) -1 to

_N(K.K-r.y.t), for large N(k,k-r,y.t}, is negligible. This may
be rewritten as:

(a8) 7 A./u'a--r;i* - :’g;—?jt - Sumeys - Y .

]

[ClﬂFL)(’ ﬂi) Vi" ]{5 nr y Eﬂnﬁﬁ] )

{I- !ar’
) \ .
b Katray, .o (L-1) |
Two further relations, required for some later

estimates, are derived bélaﬁf
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From (1)
/\7: = i}:! “;Jiu *;‘lp , ,fif kot -, 4.
e
g—éfgz- ijk +*§ -‘ ;’L + ;"ll : .
- Su 4 .o

So that using (2}, !

Then

. ég - I:'lu - ﬂ = S“'ﬁ!
(AB) S = n & P -

?[lrf ﬁ,-'l..i. J

£

[

- Several estimation equations will naw be extracted Fr-am
the 1ikelihood function (8). By ccnhininq the;e with some
previous equations an estimate for N(K+1,K) + NiK+1 K,y)
will be found. i

Firstly, restir’natas of those adults iastigaﬁturad at
"some previous time ' j* and initially marked when adults,
will be made. S
N ; ' ‘W
.There are two cases to consider: _ ! E
1) For j = 1+ ¢, (k-2) and al) capture hiﬁt;’vr:ies w the
l.ike)lihood function is:
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=

foe Kar, ., (1) amd y e 1, (K-2) .

Setting the first difference of the logarithm of this to
zero and replacing N(k,j,wl - 1 with N(k, j,w) for large

H(Rejfn) gives:

. ,—,(’éiﬂi{) )
("?i)( l*‘;) :“ )

)

for ka0, (L) sad j e 1., (ko)

The right hand side of (A7) is a ratio of probabilities and
the left hand side is a ratio of the éerréspandiﬂg expected
frequencies within the class of Nik-1.j.w). Intuitively the
numerator of the left hand side of (A7) considers the adults
at time (k-1) (last captured at time j) and removes all.
members of this group who were captured in the (k-1)'th
sample (these would become N(b,k-1,w’ ) for some b > (k-1) )
and then removes those members of this group who survived to
"time kK ( N(k,j,w) ). This then leaves those .which did not
survive to time K - analogous to (1 - A(K) ) in the right
hand side. | i
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% desciiption of the intuitive equivalence between the
denominators is similar. The pFQﬁﬂFtiQﬂgéf N(k-1%3)  that
survive to time k and and form the N(K,j,w) is A(k-1).
(1-P(k}) is the probability that these survivors will not be
captured, a%ﬂ so those that were captured (Stkijiw{) must be
removed from the left side. These uncaptured survivors die
with probability (1-A(k)) before time (k+1). The surQ:vars
tN(k;I,j,v)J are therefore removed from the left side
maintaining the equivalence.

2) when j = (Kk-1) there are two forms of the capture history

w to consider. ’
a) Wwhen w has the form of q, (w = (0,0,...,0,1)), then:
o Alu,:-qg( A yﬁ,iﬂﬂg T T Ak aded , ,
L(”ﬁk-cu) - K {1=-Pa) ,/’,fge) . i od (lgﬁ-%")ﬁfjrr A!?EI,;H ,

( SL;i - ﬂﬁl-ia)! Hi-a;! ?7( A’rﬁi'ﬁi = Sisqa ‘ylil .iw"‘?

Ar “-3 and K = fggaggfjgl)ii

Again since the relative error of estimating N(K,k-1,w) - 1

by N(k,k-1,w) is negligible for large N(K,k-1,w), setting

the first difference to zero will result in:

L i mm e s s e i s x B I R e
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1

he ker, ceo (A1)

-and, for large N(k,k-1,w), the first difference of the

logarithm of the likelihood set to zero will give:
1 s

E.]

' z Sii\:‘ﬂ = :’hﬁﬁig
(AQ) wmm= -
NEn-1

, , —— (”33‘!)'7””
’—Shi—-iﬂ *il‘?hlﬁ;—m ('éﬁﬁ)lliﬁu) 5;...
' .

lif k=

, e, (A1),

:Nextiei_stimatiaﬁ gquatif::ﬁs for those adults 1nitia11y'

marked as young are developed. As with the adults mark&d as
adults therg‘are two cases to consider.



x
L]

?(R*r)

1]

a) For j = 1, ,(K-2), except for the case j
t, the likelihood function is: A
, ,
o ) ﬂj"a A‘g M'}"!i . -N yoi
HoO-Pa) " (A ) a7 -ty T Mgyt

L(IV:-:) = s — m———ee — )
. ” Nlj’ai 4 (UIhg ‘sﬁi,.,ﬂ "N!uj;:)! (Hlﬂ"ﬂ = Sp—ij’u ’”hﬂ,;u)!

iur kar, ..., (2£-1) and =1, -, (h-2) excapt for yelk-r) di-i; wa b,

For large N(K.j,y,w) the maximum 1like!lihood equat{éni upén'

setting Alin L(NIK,j,y,w) to zero becomes:

- VV(’;’"EK“) —
[ 1= Fg)(liﬁgj ZEQ‘

Muyge = Seeye = Moigm

(A10) , -
ﬁhj;ﬂ = ngjij = H“—“Zf"

irgr ke r, ..., (4£=1) aad 3= 0, -, (k-2) Ei::pfg;f jgf,kﬂ!} wibhan wat,

(k-1) and w has .any other form, the likelihood

b) Wher j =

equation is:
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For large N(Kk,k-1,y,w), setting Aln L(N(K,k-1,y,w) to zero
results in: ' ® ‘ :
. Ty
2 SK—OJ’.U - Uli-c,hl ('-Au-‘)
{A11) . = )
ﬂkuﬁ]w - Sun-o,n ‘0."--«,- {"pk)( "‘k) Al-u
1
Jw ka1 ,\_.' (£-1) . (/t
\ . ,

JThe intuitive description of the equations (A8), (A9), (A10)
and (A11) will follow that given for (A7) with few .
modific;tiong. r

Since the right hand side of equations (A7) through
(A11) are independent of the capture histories w, the
numerators and denominators of each of these equitiobs are | o
summed separately over all capture histories w. N

This results in the foliowing equations:
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’a
_ Since each right hand side of 'A12) through (A16) is
jndepepdent of j alf:of the terms in the numerators.
erendent on j, can Ba\summed over the range of j for
j= 1. . . . ,(k-2). Similarly, all terms in the
—

denominators are summed over j, resulting in five equations.
- These five are reducedAtvone by adding the numerators
together and adding the denominators together and equating
the result to the right hand side. Equation (A15) is not
valid, however when j = Jk-r) and w = t and so, this
equation must be removed in the final analysis. Even though
the densminators of (A13) and 1A14) are the same, they must
not be counted twice as they were derived fﬁom two diff;rent
forms of caéture histories.

" Manipulating (A12) to (A16) in thé manner described above

will give:.
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The last three terms in the numerator and the denominator

account for.the case j =:(k-r) and w t from equation
(A10).

Using the relation !1),, the numerator reduces to
ﬁgii + Sk-10 - Mn + l\jggif!i

since N(K-1,K-r,y, t) = Sik-1 K-r,y, t) = 0 (these are still
young and are assumed to be out of the population/.
The denominator is similarly rearranged and after

adding and subtracting N(k+1,k) + N(k+1 Kk, yl_bacos

And so, the equation relating the ratio of probébilities to

the ratio of the corresponding expected frequ

—

(A $uce] = [dbe = Bnrcye]

[;'E - ili :i"ji] - [Si—u - Si!‘"‘f*] - [j' - Z"H Pf"; (R + a-ﬂ—!,)]t

(A17)
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nciés bgcémes:
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The numerator of (A17) can be described as follows. The N
first term is the number of marked just after the (k-1)’th
samp1e? The second term are those marked adults at time K
éxcept for those 'r’ year old adults who have Just arrived;
and therefore were not among the marked adults at time

(k-1). The difference then is the number of ma;ked adults

that did not survive to time k. Divided by an appropriate
quantity, this will estimate the probability of dying before
time k, (1-A(k)).

In the denominator, the F%rst term are those adults who have

1 !

survived from time (k-1) corrected for the 'r

year old
adults just arrivihg. From these are removed those ma;Ked
individuals who were in the K' th sample, again'correcting
for the 'r’ year olds | Sm(ﬂc - S(Kk,k-r,y,t) ). The
denominator now describes a certain group of marked adults
who were not captured at time k. After accounting for the'
‘r' year old adults at time Kk and the marked adults that
were captured at time K, the third term removes those marked
adults that survived to time (k+1). The quantity then left

in the denominator divided by an appropiate term estimates
the compound probability in the right hand side: that is
‘survives to time (k-1)' and ’'is not captured at time Kk’ ahd‘
'does not survive to time (k+1)' : . | |

Using (42) for A(k-1) and A(ii,aﬂa (26). for Plk). the

B s & T s e

right hand side of (A17) becomes :
4



(;4“! + Sl-n. - ;4. "‘A‘/lk;fj‘) '(;1. *Sh.)'.;‘K Y ¢

{ ﬂl +Suo - ,0{.., *ﬂl«ln—r,t )‘ (A.Au - Dn--q‘ )(ﬁ.ﬂll ‘th)
. b

Using this form of the right hand side and rearranging,

(A17) becomes: !

N e e o

-

M. SIWJ* ‘— S’. N.H’*.I - A/.,' K‘r, ‘l )
My _I -

for ker, ey (21)

This is then simplified further, by substituting with the ,
estimates given in equations (10), (A2), (A5) and (A6), to:

(Aja) ﬁmu + Blﬂb’ - ﬁ. ‘ Smn “Su)

4

Ae ket -, (U},

This simple equation equates the estimated survival rate to

the estimated proportion of the marked animals released from

the k' th sample that have survived to time (k+1).
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I

v i \
The(lamtep in finding maximum 1ikelihood estimates

will be to establish recursive relations for the N(i,J.w)

‘and the N(i,j.y.w). From these an estimate for M(i) will be

extracted which will be applied in the necessary equations

developed earlier on.

With k set to (1+1) in (8), the likelihood function of

N(1+1,j,w) becomes: C S

2 A!filjiié ﬁ'j‘l!ﬂg—
L(A’lu"—) = af — '7! e —

Nesju! ([ Nejo = Stju - Nawjr )!
Lr). t, ~-o, (41},
For large N(1+1,j,w), setting Ain LIN(1+1,j,w)) to zero,
gives, after summing over the capture histories w:
My - S¢ !
Ain A, ,
i
ke jen, e, (1)
and rearranging
(A19)  (1-As) = M= Saj - Ntei
Ni1j - $4

leu, e, (A1),

| Settinq K =.1 and rearfanging. equatiéﬁ (A12) becomes:



LA
.

k. e t, -, (1-3).
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L 4

s (1 - Aum)

. [ﬁ[-lj - Sa-1; - A‘/l,] = A [A:/l) ~— SJ,’? i’.jﬂj] )

(1-Pe)(1-Ae)Ar-

Joey o 1,y (2-2).

Then using (A18) in the right hand side and muitigiying‘bcth
sides by ‘ | o

(1-P2) ﬁ;-;

and adding

(=B [Rny - S0 -A05)

to both sides results in:

(A20) [/\‘/l—c', - S,l-!', -'{/lj] =
(/‘ﬁl-' ) - ) . . ) o
TRy Ve = Sani = Sa]

Joe )=, , (42-3),

With k=(1-1), (A12) now becomes:

- - (/" ﬁl’l) r‘. = . 7 - !,
MNar-a; - Sl— N = A g = A/l-/’ =Sy - AJ!] J
[ 4 2 "J] (z—E-,)(/—qu)bl..L J J .J,

Using (A20) for the right hand side leaves:



T

o s ] < R W -]

foo oy, .. (2-3.

Multiplying both sides by
(I*E':;.) 31—;(15%3&:)

then adding

(1-Fe) [Rie, - S - iry ]

gives the result:

WH-; - St-3y - :’1-.5] =

{1-Aes)  Wen - SomimSer -]
[(1- o) (1= PR VAR (- A [Wew; - Saa-Sa - 545

e ety e, Caov)

which simplifies to:

(A217F [ﬂ!—l) - 51-1_3 e};/;iu‘] =

L}

(12 r) — R PP Y 3 I
) = Ar [l —;(ir—*ﬁ'gg.)(léfggfq)] [NI‘J a HJ 1,] |

;ﬁj‘t‘ -l(rf§3)-

So from (A20) and (A21) we have in general:
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(A22) [AA/}J ";S;,' ‘B;-Hj] - (ﬁi') [A./:J' —z 5..4-]

Lv 1o 0,..., . ead ‘3. oo, (0=

*

where X, =1 and X; =') - Ez[isza—rﬁgﬁ)%sﬁ] ,

“'3‘-',---‘10 : ‘ - i \

N

In (A22), written as

=5
o {
{
™~
T )]
J.
o
)\

the nUmeFator of the left side counts all those adults at
time i last captured at time j who did not survive to time
(3+1), analdgous to the numerator of the right side, the
probability of dying before time (i+1), The-S(i.j) must be
}emoved as they are no longer members of the N(i,j), after
capture they become members of N(i+1,i). The denominator,
meanwhile removes from the N(i,j) all those who were
subsequently recaptured at some time up to time 1. This
leaves the number of the N(i,j)’s wh‘ch are never
recaptured. Again.‘divided by N(i,J), this gives an estimate



of X(i), the probability of not being captured after time i.
Again, with k=(1+1) (8) contains the 1ike!lihood ,

function:
y‘&ié'-i ,A_I.j'ﬁ‘ [
A -
S!j’ﬂ - A/!ﬂjj?.) .'

L{Ntojyr) & el
’ A/I*H;Iil’ ' (Nl_”r-n -

o (4-1) .

L" ]-I,--
For- large N(1+1.jiy.v)£ equating the first difference of the

logarithm of this function to zero gives:

- S 4
(n23)  —DArs — Seys L ,
* Mewsjy v A
he 11, ... (a4-1) eyeapt boe G allsr-r ) mhen we#.
J ) ’ d
fi?;. *

, W, except for

Summing (A23) over all capture histories
‘“ wztwhen j= (l+1-r) and j=(1-r) gives:

gy
' 7
;/1,', - »914--;;1 ~Sa;y + Staryt _ /
o)y = Nae dn=fyt = Nfﬂl—iyi‘ ﬁ;
A")-'I‘ ...’/l.,)g . )
»



Also excluding the case HhEﬁ‘wgt'3(t;géiiﬁdj=(1‘1iF)i-
. o ;

[A’l’;} - A’JHJ& = Nl-i.l-l -ryt -]

Sejy = Stt-cys = St-is-i-rye /
) ﬁg - = S— 2
(A25 3 -

A’!i-u] - M!ﬂll.‘i‘l—l'!* =
AJIE}—F]i - I\’}ﬁ IﬁlaFJt

LT'J- ==y [F ZF I

And the case w=t''=(t;0,0) and j=(1-2-r):

[A’Iu = AI!F*'}* A’;;aajpt —Nu:; r,t —]

S;” * Sasryt + Syt + Sta-aryd”

Asei d- S L i Af:az-;—rfi‘

(A 26) == - — = =
- s[ AJIGL,, - -ﬂ‘ﬁ fﬁ“r‘ri _Mjﬂj rfi - ] A-j

L" e, -y, k-!si] -

T&ése équatianz (A24), (A25) and (A26) wi11 be used
successiveiy to develop the recursive relation for the
N(i,J,y,w).

In equation (A10)., let K=zl and sum over all capture
hiSfories’w. except for w=t when jz(1-r) which must be
excluded. When j=(1+1-r) and w=t the equation is present but

N(1+1,1+1-r,y,t) is never given as the last term in the



a4

denominator in the left side (since all of the terms in the

numerator in this case are zero) and so it must be excluded

as well,

Thus TA10) may be written as:

i _[E"‘":'f esfg,—;:l’— s:fjjy - B!lar}t] =

A | Ny - Sy -Niawyy ¢ Ressereyt -
(.;Pﬂ(.;?;)ﬁ.i.

A?,J.lar!i‘s + Slzarji * tain-l,*f;t'

Using (A24) in the right side, this becomes:

V“‘i»‘v:':‘

[ilgq;, - Sj_,j’ - i’gjy * ;Lijérit] -

(1=Ps) Au-

Now multiply both sides by
(l‘%ﬂ)ﬁ!-i

and add

{':-iﬁ;q) [Ajialjy - S!-v,j] - /a!j; - EJ:M,# ] o ST

to both sides. Thus:

P



(A27) [A/!_!j! - Sb'jy éij.l‘j’ + A:/JI-f’i] =

(1-As.) o~ - : -
Cim P Ae) [M’"i! = Ssayy = Suy + S“*“f‘] ’

for J= .., (£-2).

Let k=1 in (A10) as above but Qﬁen summing over capture
histories exclude the case w=t when j=(1-1-r) ad well. By
following the same sequence of steps that lead to (A27) and

using (A25) in place of (A24) we have:

- f&a;, - S.qu’ - Alfj,r + AJJJ!:pt
(A28) Alpo, I-i-ryt + Sl!“!ﬂ?i‘jt ¥ ”“g-‘if!’ti

(1-Aa) i/;t-q, = Su-jy —Suajy + Spa-epr + ,
( 1= P.! Aléy) S!‘q;ﬁyii T+ ng.jiqer’vg - ﬁjaij?pi?ﬁ 7

'Lﬂ ;}i 1, ==, (-f,—i,:

Now lat;Rs(ii1) in (A10) and exclude the mandatory jz(])-r)
and j=(1-1-r) when wzt, when summing over the capture

histories. Thus: . G T e

%
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[”‘-L}y - S}—g” - Nl-.), > AI‘-.‘-.-?,‘] -

(1~ Ae-a) ' /f/c-fi, - Sk-y -;J;j, + Niseyt -] ,
(1- P‘-) (1- 4‘-:);Al-x A‘/l—u'-:-fyé + S’.,‘.,.(/«g + A‘/,l/-/-r’t'
rt
‘.' .,-"---'(l’:).
—
By using (A28) as the right side this becomes:
.
['ﬁl-lj’ - S.l-cjy - A‘/l-ljr + A‘/l-'l-q-r,f ] -
(1= Rr-a) Ma-izy - 5:..;,) -Sejy -Sercpt +
( !l = Pl.,) (/ - EAL.)AI-; le-i-f,i' + Sg-u—w,* - '011-\47#'

’

& e

Multiplying both sides by

(1- Pe-)( -'?M‘in-.) A1a ‘

and adding
(l’ﬁx-;\ [A‘/;-.), - Sl..\j, ‘A?l-,j, + ﬂl-!l-_-i-r,tl

re‘su)ts in: N



¢A2§l [A‘I!ié:“ - S!’!'” = A/j‘-ljy * A?f-,l—l-fri] =

(1=Ar-s) EZ!-S?; - Sasjy -Se-iyy = Sajy + ,
Ci=P0) (1= BALL) As + (1-Ras) Stacys + 5:4 Frergt' * Sperdoveyr |

F# - i!.aaiilf,‘}:

Similarily by using (A26) and the appropriate forms of

(A10), one gets for k={1-2);
. N

(A30) [A?J—:j,- = 51;3_‘,7 —ﬁ;;g}r *;Z!-l!—l—rjt] = ‘

[ T o ],

(—' ;Pg,-;) [(! !P;q)(il; ?‘3 ﬁé)sgsi + (1 *AI-L)]BJ-g + ( i*RJ*Z)J

[ﬂiq;, - Sg-;}, - S;jinij —51—13—, ‘ng, + Sklh—ff'i + ]

Sacitriceyt + Sucyperoryd’ + Susvyr ¢ Saveeryt + Spa-a-eyt

g’j;'j.e.’ (!’*)-
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4
from the three equations (A27), (A29) and (A30) it
| easily seen that in general:
A3 [N_'J} = S';] - A-/ui-’] *Ai/;aﬁ Eél-FJﬁ] =
(1-R:) o S )
7 - kl‘-i\ LTS =
;
fociat, - o, (S-1) and j a1, e (3e1). }

where t'=(t: (h-k) zero’'s).
Intuitively this equation for adults marked as young is the
sage as that derived earlier for adults marked as adults

(A22) with one change. The final sum in the right hand side

of (A31) removes all of-those individuals who were still~

young at time i and as a resu?t could not be 1n the 1 th
sampling.

(A22) and (A31) are now summed together over all j such
that j=1, . . . ,(i-1). Thus:

[Z (Nij + Riyy) ~ Z(S., ) —Z Z (sﬁ,*sku) Zisxhﬁ]

ini ToaiE

Kavs  Bah



9

Which is further reduced, by using (1) and (2), to:

[M5 - 51. - H-H + A.-};ﬁ; *E’;t!i’ *i’iﬂ iﬂ—?ji] -

Substituting for (A2) and (A18) in the left hand side, this

simplifies to:

(A32) [,c,; - 5_.,] . —ti ,

he tew, e, (40, N\

where u

Zi ii i (Sha;ghis)‘ ZZ Swr-eyt’

)= ' ¥im i

=%

Since

- ~

] - A;[I ‘('I=§m)im] ,

x
"

P i e B S e e T
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then v :
(";:) = A‘l [ﬁ:Oif ("‘ﬁln)("‘iiﬂ)]

4

Lr [IX O T 2

[

Using (A2), (A6 and (A32) for A(i), P(i+1) and (1 - X(i+1))

it follows that:

-¥:) = A;cc - A‘/;«in-rLt . Sein - S i yATS
(’ 1‘) [ A?;'SGQ ] [ﬁiﬂ + (l ﬁiu) AEN*S.;'-Q J

= ;’30( ";/1'01 1a-ryk . Swmiei -+ Zin
f:; + Sio M;Ql

Since., by excluding those which were r years old at time
(i+1),

r 3
Su'ml + Ziu _ s"‘;" v Zin -gushéﬂ-f)t'
iy

(A33) ~ =
. M;’| M;.I - Niﬂ‘ib!-f}t

 then

,:1; + S:.

Sus'vc\ + z':ﬂ -zéh'\dlvf[‘,': * e . . w
A.(,.,_i;) - e s : ke ATONE "

P e -
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But from equation (A32)
Z. ) 7 S...... *Z..—;Shu.ryi
—_— s -k - :
M' = Sﬂi . M‘i + S|!
From this the estimate for M(i) is:
v S
(A34) M, = Zi (= - — — —) 4
. ' S!‘i-ﬂ + Z;*l éza dz Shiéiir]i‘
) S!!’ﬂ-v + Ziv, = Z S ﬂ-?ﬁ
Sy { e —
Swiei *Zie —Zs Z Shnhar!t :
I Y ¥ TYA N
Now | P
_ ‘ 71 , -
[Sl\iﬂ + Liw =22 - Z Shi’-*l—f’ji' ] =
, . S
F (su w5iy) [ L0 (su ezz ] -
= Beim Kebey ek

[ Z (S ~Swy) * i Z Swrery# ] Z Sm eyt

3 e g . hek - o
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Upon rearranging the limits of these summations this
becomes :
£
Z (Sh-i *éhi,) - Z 5h§;t b
heve heber
which is R(i).
So from (A34)
A-, - zf’;ﬁ + Sm_ﬁ@i
R':! R:
and
= Z: te e ) w € .
- (A35) M = T(Eu* Swm;) * Swmi 3
r1ee,...,(2-0),
Now from (A35), with (i+1; set to k:
f <
S mnx +2Z. Sean + Ze ’Z Shh!l‘!t
/‘jl /:i’h "/‘Z:n:-?‘yt 7
4

and 'so the estimate for the number of 'r’ year old adults
present in the population at time k becomes:
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1]
R
=
N .
s
b o
?
"
|

(A36)  Mxnrys
Af.kiffﬂ)pasa,{l—’f). . . U

The denominator of (A36) counts all of those individuals

"~ which, captured in or prior to, the k'th sample are

subsequent ly Fgcéptured_ The summation in the numerator
tallies the individuals which were in the (K-r)’th sample as
young (and are thus ‘r’ y‘earéld adults at time k) and are
next seen in some K or later sample. Thus the expression,

tS(h,R*r,yit’ ) /[Sm(k) + Z(k)] represents the proportion
afhtindividuais sgbseéueﬁtly recaptured, that are 'r’ years
old at time K. This proportion of the marked animals, M(K),
dields the desired estimate. !

This completes the estimation portion of this thesis.

The remaining estimates are found by substituting into the
previous equations the estimates for M(k) and N(K,k-r,y,t).



