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Abstract

Risk can be decomposed along two dimensions: risk allocation and risk
attribution. On the one hand, the total risk of a company can be allocated to
its divisions, using that the company’s profit/loss is the sum of the divisions’
profits/losses. On the other hand, risk is attributed to risk drivers that may
affect the company’s profit/loss in a nonlinear way. This thesis deals with
risk allocation and risk attribution by extending results from a single-period
model to a dynamic setting. For risk allocation, we apply the Euler allocation
principle while for risk attribution, we use a linear approximation of the prof-
it /loss contributions of risk drivers and then apply risk allocation. We also
show an example for risk allocation and risk attribution, using the entropic

risk measure and simulating the risk drivers in MATLAB.
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Chapter 1

Introduction

Risk is the possibility of adverse events happening. In finance, risk is often
understood as the probability of losses. There are the following four main

types of financial risk:
e credit risk: the risk coming from a default of a borrower,
o market risk: the risk related to the performance of financial markets,

e operational risk: the risk incurred for breakdowns in internal processes,

people, and systems,

o liquidity risk: the risk arising when an investment cannot be bought or

sold quickly enough to minimize a loss.

Mathematics and statistics are used to model and quantify risk. A key concept
is that of a risk measure, which quantifies the risk related to potential losses.
Mathematically, a risk measure is a mapping from the set of random variables

to the real numbers satisfying the properties of being normalized, translative,



and monotone; we will discuss these properties in Definition Why do we
need to pay attention to risk measures? The answer is that risk measures can
identify high-risk situations and predict potential losses to prevent insolvency,
help manage risk by analyzing the efficiency of risk control measures, and
assist companies to make decisions. Balzer [2] said that there is “no single
universally acceptable risk measure”. Common risk measures are value at
risk (VaR), which is defined as a quantile of the loss distribution, and expected
shortfall (ES), which is also known as conditional VaR or expected tail loss.

ES is computed as the average loss over a percentage of worst-case scenarios.

To analyze risk in more detail, we focus on risk decomposition. Risk de-
composition deals with questions, such as, how much do a company’s divisions
contribute to the total risk? Or, how can the total risk be attributed to differ-
ent types of risk, for example, credit risk? Risk decomposition can be explained
by using Table [1.1| which has two dimensions: risk allocation and risk attri-

bution. For risk allocation, the company’s profit/loss is considered as the sum

risk allocation

Total

company

Division 1 | Division 2 | ... | Division K

Risk driver 1
Risk driver 2
Risk driver 3

risk attribution

Cross effects
( Total risk

Table 1.1: Decomposition of risk along two dimensions: risk allocation and attri-
bution. Hlustration reproduced from Frei [§]



of the profits/losses of its division. The goal is to allocate the company’s total
risk to its divisions so that the allocated risks sum up to the total risk. Note
that the risk allocated to a division is not equal to the risk that the division
would have stand-alone because of diversification benefits between divisions.
For risk attribution, differently from the situation with risk allocation, risk
drivers can contribute to the total profit/loss in a nonlinear way, and the total
profit/loss may not be the sum of profits/losses of different risk drivers. The
purpose is to identify risk drivers and attribute risk to them while cross effects
between risk drivers may remain. Therefore, the sum of the risk attributions

may not be equal to the total risk.

The Euler principle is widely used in academia and industry for risk allo-
cation; see, for instance, Li and Xing [14], McNeil et al. [15], and Tasche [20].
The methodology is to allocate to every division its marginal contribution
to the total risk: the risk allocated to the division equals the instantaneous
rate of change of the company’s risk when a division’s profit/loss contribu-
tion increases. The Euler principle has its name derived from Euler’s theorem
on homogeneous functions, which implies the full-allocation property (risks
allocated to the divisions sum up to the total risk) if the risk measure is
homogenous, which is satisfied for VaR and ES. The Euler principle has desir-
able economic properties, namely, it is compatible with return on risk adjusted
capital (RORAC); compare Tasche [20] and Proposition below. It also
satisfies the property that it does not allocate more risk to a division than
the risk that the division would have stand-alone; see Denault [6] and Kalk-
brener [I0]. A discussion about different risk allocation methodologies and

how they are affected by the risk measure and loss distribution can be found



in Koyluoglu and Stoker [12], Urban et al. [2I], and Zhang and Rachev [22].

There is not as much literature for risk attribution as for risk allocation.
The Shapley value is one of the possible methods to solve the risk attribution
problem. Itsidea is to share the diversification effects among the risk drivers by
applying a concept from cooperative game theory that has been introduced by
Shapley [19]. The Shapley value for a risk driver is computed as the average of
the contribution of this risk driver when it enters at different stages. In the first
round, the impact of only a single risk driver on the loss variable is considered
and the corresponding value of the risk measure computed. In the second
round, the effect is considered that a risk driver has when there are two drivers
present, and the stand-alone contribution of the other driver is subtracted.
In the third round, the impact of a risk driver is considered when there are
three drivers present, and the joint contribution of the other two drivers is
subtracted. The procedure continues until all drivers are considered. The
average value over the different rounds gives the Shapley value; see Denault [6]
or Powers [17] for details. The shortage of the Shapley value is that it is very

computationally demanding when there is a large number of risk drivers.

As another approach to risk attribution presented in an insurance context,
Boonen et al. [4] show that the Euler principle applied to an auxiliary linearized
fuzzy game provides a plausible and easily implemented risk attribution. Rosen
and Saunders [I§] employ the Hoeffding decomposition to express the loss
variable as a sum of functions of all subsets of risk factors and then apply the
Euler principle to the loss decomposition. Another method for risk attribution
has been proposed in Frei [§], using a linearization of the loss variable. It

considers the risk drivers over time, computes the change of the total risk with
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respect to the change of one particular risk driver at each time step, and then
sums up these changes to obtain the contribution of that risk driver. Therefore,
iterating this step for each risk driver leads to a linear approximation of the
loss variable. Applying the FEuler principle to the approximation gives a risk
attribution.

Other related literature includes Bauer and Zanjani [3], who use the reverse
logic to identify the risk measure by calculating the marginal risk contribution
first. Then they find risk measures that can deliver the correct risk allocation.
While risk allocation and risk attribution go from the total risk to smaller enti-
ties or drivers, risk aggregation goes in the opposite direction, which computes
the total risk from several risk components. Risk aggregation is particularly
important when dealing with systemic and vector-valued risk measures, such
as in Cousina and Di Bernardino [5], Feinstein et al. [7], Jouini et al. [9], and
Landsman et al. [13].

This thesis aims to analyze risk allocation and risk attribution dynamically
over time, but we also revisit the static setting. For the static risk allocation,
we primarily base on Tasche [20], which we extend to the dynamic setting by
using time-consistent dynamic risk measures, discussed in Acciaio and Pen-
ner [I]. Furthermore, because the risk attribution in Frei [8] considers risk
drivers over time, we use this approach to generalize risk attribution from a
static to a dynamic setting.

The remainder of this thesis is organized as follows. Chapter [2| discusses
risk allocation in two sections, one section devoted to a static setting and the
other to a dynamic setting, where the static setting is a one-period model and

the dynamic setting is over an interval [0, 7] for a time horizon T'. First, we
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introduce the RORAC of a portfolio and determine when risk allocations are
RORAC compatible and when the full-allocation property is satisfied for both
static and dynamic settings. Towards the end of Chapter [2, we analyze the
time consistency of risk measures and risk allocations in the dynamic setting.
Chapter |3| also has two sections about the static and dynamic settings, but
deals with risk attribution rather than risk allocation. In both sections of
Chapter [3| we start with a two-factor model and then apply the same logic
to a multi-factor model. The methodology for risk attribution is to use a
linearization of the profit/loss contributions and then apply risk allocation.
We show an example for both risk allocation and risk attribution in Chapter [4]
Firstly, we check the properties of a risk measure in the case of the entropic
risk measure. Then we calculate its Euler risk contributions by using risk
allocation and risk attribution. In addition, we simulate the risk attribution
for this example, when VaR and ES are used as risk measures. Chapter
concludes, and Appendix[A]contains MATLAB code used for the computations
in Chapter



Chapter 2

Risk Allocation

In this chapter, we discuss risk allocation, which addresses the question of how
to allocate the risk of some entities to different sub-entities. We start in Section
with a one-period model, following closely Tasche [20], but providing more
details. In Section [2.2] we analyze the situation when the model is over a

continuous time interval.

Throughout this master’s thesis, we are working on a probability space
(Q,F,P), and all equations and inequalities between random variables are

understood to hold almost surely.

2.1 Static Setting

We consider a portfolio consisting of n assets. Equivalently, we can think of a
company consisting of n divisions. Suppose that we describe the profit/loss of

asset ¢ in the portfolio by a real-valued random variable X;, then the portfolio-
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wide profit/loss is,

In the equivalent interpretation, X is the company’s profit /loss while X is the

profit/loss of division i.

Definition 2.1.1. A risk measure p is a mapping from a set L of random
variables to the real numbers. The risk measure p : L — R U {+oc} has the
following properties:
Normalized

p(0) =0
Translative

IfaeR and Z € L, then p(Z +a) = p(Z) — a
Monotone

If Zy,Zy € L and Zy < Zy almost surely, then p(Zs) < p(Z1)

The economic capital (EC) is the amount of capital allocated for preventing
insolvency. It depends on the profit/loss. Thus, we determine EC by a risk

measure p,

EC = p(X). (2.1)

Let the variable u; be the weight of asset ¢, and the vector u = (ug, ..., u,) € R"

be a portfolio. At present, the profit/loss of portfolio u is X (u) given by
X(u) = wX;
i=1

and the risk of portfolio u is p(X(u)). We use a function f, x(u) to present

the same risk measure p(X (u)). When we assume that the distribution of X
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is fixed, we can write f, x as f,. With that, we have

folw) = p(X (u)). (2.2)

After defining EC for the whole portfolio as p(X) in (2.1]), we still need to define
the risk contribution of X; to p(X). It can help us get a better understanding
of the risk contribution of asset ¢ to the total risk measure. We denote the risk
contribution of X; to p(X) by p(X;|X). With this notation, we can consider

the following notions of returns.

Definition 2.1.2. The total portfolio return on risk adjusted capital (RORAC)

is defined by
Elx]
p(X)

The portfolio-related RORAC of the it" asset is defined by

RORAC(X) =

RORAC(Xi|X) = %

We next give two desirable properties of risk allocations.

Definition 2.1.3. Risk contributions p(X1]|X), ..., p(X,|X) have the follow-

mg properties:

o They satisfy the full-allocation property if

> p(XlX) = p(X).

9



o They are RORAC compatible if there exists an €; > 0 such that
RORAC(X;|X) > RORAC(X) = RORAC(X + hX;) > RORAC(X)

for all 0 < h < ;.

RORAC compatibility says that if the portfolio-related RORAC of the ‘"
asset is greater than the portfolio RORAC, then increasing the weight of the
i™h asset will increase the portfolio RORAC. The following result, taken from
Tasche [20], states that for a smooth risk measure, the RORAC compatibility

characterizes the risk contributions.

Proposition 2.1.1. Assume that f, given in s continuously differen-
tiable. Risk contributions p(X1]|X),...,p(Xn|X) are RORAC compatible for
arbitrary expected values of Xi,...,X,, if and only if p(X;|X) is uniquely
determined by

Euler (v _ap . = —2P(1.....1). 2.
0 (X;|X) = dh(){ + hX;) . Gui( yoes 1) (2.3)

The risk allocation given by (2.3) is called the Euler allocation principle.

Proof. Firstly, we prove if p(X;|X) is uniquely determined by ({2.3]), then
p(X;|X) is RORAC compatible. Set



Notice that RORAC can be written as

RORAC (X (u)) = ( = = R(u).

Because the risk measure is translative, we know

p(X (u)) + M(u) = p(X(u) = M(u)).

Then we define

where (X (u) — M (u)) is the fluctuation of X (u). So we have p*(u) = p¥ (u) —

M (u). Thus,
M{(u)

RORAC(X(w) = a3

= R(u).

Given the notion of a per-unit risk contribution of the profit fluctuation a;(u),

we define it as

o oM
ai(u) < p(Xi|X) + @.
We get
OM (u)
S M (u;)
RORAC(X,|X) = Ou = d

11



where

M(u) = (My(u), ..., My(u)).

We get

It
RORAC(X;|X) > R(u)

we get

M(u) M(u)
ai(w) = Mi(w)  p¥ (u) — M(u)’
M (i) (p" () — M(w)) > (as(uw) — M (us)) M ()

M; (i) p* (u) = ai(w) M (u) > 0.

Then ag_:u) > 0, such that R is an increasing function in the w;-direction. So

12



it is clear that RORAC(X + hX;) > RORAC(X), for all small enough h > 0.

So we have proved that if a;(u) = apa);(f)> then p(X;|X) is RORAC compatible.

Next, we prove a;(u) = %u(i“) is equivalent to (2.3) as follows. Since

p(u) = p" (u) = M(u),

0p¥(w) 09 (w)  OM(w)
ou;  Ou, Ou;

= a;(u) — M(w,)

and pPUer(X;|X) = %(X + hX; = per-unit risk contribution of the total

>‘h:0

profit = per-unit risk contribution of profit fluctuation - per-unit risk contri-

bution of expect profit = a;(u) — M/(u;) =

896);5“): 8"(8)25“)) = g_ﬁ' Thus, if

— %o then p(X;]X) is RORAC compatible.

pEuler(XZ,|X) — g—z(X -+ hXi)’h:() — duy?

Secondly, we prove if p(X;|X) is RORAC compatible, then p(X;|X) is
uniquely determined by (2.3]). Let

M(u)=m'u= Z miu;
i=1

where m; is the expected profit/loss of asset i. Thus,

OM (u)

Define m(t) € R? by
mi(t) &1,
aet ¢ [ p"(u)
m](t) = U_<CL(U) — U,
j 7

mi(t) 20 for 1 #1, j,

13



then

m(t) u = ti((g)) + (1 — t)uy
and
mi(t)p" (u) — as(wym(t) Tu = (1 = £)(p" (u) — wias(w))
We obtain

(1= 1)(o" (u) — wias(w)) + (ai(u) - mgli“)) (ti(%) . t)ui)

= my(t)p" (u) — as(u)m(t) Tu + (a,;(u) - apY(u))m(t)Tu

8ui
=m;(t)p* (u) — a;(w)mt) "u + a;(w)m(t) "u — m(t)Tuapali-U)
= m;(t)p" (u) 0N apau(zw

We can choose a sequence t, with ¢, — 1 such that RORAC(X;|X) >
RORAC(X) and p(X;|X) are RORAC compatible, then we have RORAC (X +

hX;|X) > RORAC(X), and we can get 8];—157) > 0 so that

9p" (u)
3uz-

M(u;)p* (u) — M(u) >0,

As M(u) = m'"u and M!(u;) = m;, taking t as tp, we get m;(ty)p* (u) —
m(ty) e > 0, thus (1 — ) (0¥ (u) — was(u)) + (a;(w) — 2.19) (1,22 +

(1 — tp)u;) > 0.

Similarly, we can choose a sequence s with s, — 1 such that we deduce

14



RORAC(X;|X) < RORAC(X) and get 8?—151_“) < 0, then taking ¢ as s, we get

T+ 0p" (u;)

mi(sp)p” (u) —m(sy) o <0.

Thus,

(1= s)(p" (1) — () + (az.(u) _ afg u<u>) < P (u)

When k£ — oo, it follows that

9p" (u)
0 <a;(u)— <0
< a;(u) . =
We get
9p" (u)
aZ(U) aul ’
which is equivalent to p™"" (X;|X) = (X +hX;)|, = %, as shown before.

Consequently, if p(X;|X) is RORAC compatible, then we have pP¢r(X;| X)) =

_ of
)‘h:O - (91;;' O

(X + hX;

After having discussed when risk contributions are RORAC compatible,
we now mention when the full-allocation property is satisfied. By Tasche [20],
the full-allocation property for the Euler allocation holds if and only if
the risk measure is homogeneous of degree 1, which means p(7X) = 7p(X)
for all 7 > 0. Examples of risk measures that are homogeneous of degree 1

include VaR and ES.
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2.2 Dynamic Setting

We continue to consider a portfolio with n assets, but now we are interested
in the risk allocation at time ¢ € [0, 7], where 7' is a fixed time horizon.

We define F; for t € [0,7] as the information set which contains all the
information up to time ¢. F; is a o-algebra, and it holds that F;, C F;, for all
t; < ty. We assume that Fy is trivial in the sense that it consists of only sets

of probability 0 or 1. We further assume that Fr = F.
Definition 2.2.1. For a random variable X and t € [0, T,
o X € L™ if there exists a real number ¢ > 0 such that | X| < c.

o X € L if there exists a real number ¢ > 0 such that | X| < ¢ and X is

Fi-measurable.
We note that £5° = R and LF = L.

Definition 2.2.2. Fort € [0,T], a map p; : L>® — L is called a dynamic
risk measure if it satisfies the following properties for all X € L:
Normalized

pi(0) =0
Translative

If a; € L, then py(X + ar) = pe(X) — a4
Monotone

If X1, X5 € L and Xy < Xy almost surely, then p(Xs3) < pi(Xy)

Comparing with Definition|2.1.1] a dynamic risk measure is a mapping from

random variables to random variables, rather than from random variables to

16



real numbers. In addition, p; is measured at a fixed time ¢ € [0, 7]. Definition
can be thought of as Definition on the trivial o-algebra.

At time t, the economic capital (ECY) of the portfolio is p;(X). The risk of
portfolio u is p;(X (u)) at time ¢, where X (u) = >, u; X;. We use a function
foi,x (1) to present the same risk measure p,(X(u)). When we assume that the

distribution of X is fixed, we can write f,, x as f,,. With that, we have

for(w) = pi(X (w)). (2.4)

After defining EC; for the whole portfolio at time ¢ as p;(X), we still need
to define the risk contribution of X; to p;(X). It can help us get a better
understanding of the risk contribution of asset i to the total risk measure at

time t. We denote the risk contribution of X; to p:(X) by p:(X;|X).

Definition 2.2.3. The total portfolio return on risk adjusted capital at time t
(RORACY) is defined by

RORAC,(x) = 2220,

The portfolio-related RORAC, of the i asset is defined by

RORAC,(X;|X) = ————.
XX = xR

We next give two desirable properties of risk allocations.

Definition 2.2.4. Risk contributions py(X1|X), ..., pi(X,|X) at time t have

the following properties:

17



e they satisfy the full-allocation property if

Zpt(XilX) = pi(X).

=1

o they are RORAC; compatible if there exists an F;-measurable random

variable ¢; with ¢; > 0 such that
RORAC(X;|X) > RORAC,(X) = RORAC,(X+hX;) > RORAC,(X)

almost surely, for any F;-measurable random variable h with 0 < h < ¢;.

Proposition 2.2.1. For a fized t € [0,T], assume that f, given in
is continuously differentiable. Risk contributions py(X1|X), ..., pi(Xn|X) are
RORAC,; compatible for arbitrary conditionally expected values E[X1|F], ...,
E[X,|F] of Xy,..., X, at time t, if and only if py(X;|X) is uniquely deter-

mained by

d 0
o (|X) = x| = e

1,...,1). 2.
b R U (2.5)

Proof. Firstly, we prove if p;(X;|X) is uniquely determined by (2.5)), then
p(X;|X) is RORAC; compatible. Set

M;(u) = E[X (u)|F].
Notice that RORAC; can be written as
E[X (u)|F] M, (u)

RORAGX () = =0 %) = X () + Mu(w) = MGy~ )

18



Because the dynamic risk measure is translative, we know

pr(X () + My(u) = pe(X (u) — My(u)).

Then we define

pi () = p(X (u),

pi (u) = pe(X () = My(u)),

where (X (u) — My(u)) is the fluctuation of X (u) at time t.
So we have pi* (u) = pY (u) — M;(u). Thus,

M;(u)

RORAC(X (u)) = oY (u) — My(u)

= Ry(u).

Given the notion of a per-unit risk contribution of the profit fluctuation at

time t as the notation ay(u), we define it as

e OM;(u
an(u) < (X X) + aj ).
We get
e )
RORAC(X;|X) = e = ‘
t agi(u) — 81?—;5_“) agi(u) — My;(u;)

where My(u) = (M (uq), ..., My (uy,)). We get

alg;(:i) = (p} (u) — My(u))~2 (Mt/i(ui)(pty(u) M)

- (22— agu)) )

19




so that

PR — ) = )2 (Ml () — M) L),
If ayi(u) = 260 then
PR — () () = M) (Ml () — M)
If
RORAC,(Xi|X) > Ry (u),
we get

M, (u;) - My(u)
agi(u) — M;(u;) Pf(u) - Mt(“)’

My (ui) (p (w) = My(u)) > (ag(w) — My;(u;)) My(u),
M (ui)pr () > agi(u) My(uw),
M ()l (1) = ) M) > 0,
Then 8%@ > 0, such that R; is an increasing function. This implies that there
exists an Fi-measurable random variable ¢; with €; > 0 such that RORAC, (X +

hX;) > RORAC(X) for all Fi-measurable random variables h with 0 < h <

. . , _ 9p) (w) , :
€;. So we have proved that if ay;(u) = , then p(X;|X) is RORAC;

ou;
compatible.
Next, we prove a;(u) = % is equivalent to (2.5) as follows. Since

20



pi (u) = pi (u) = Mi(u),

(W) Opf(w)  OMi(w)

= agi(u) — My (u;)

and pPuer(X;|X) = (X + hX; = per-unit risk contribution of the total

)‘h:O

profit at time ¢t = per-unit risk contribution of profit fluctuation at time ¢

— per-unit risk contribution of expect profit at time t = ay(u) — M/, (u;) =

Opi (u) _ Ope(X(w) _ Ofpr

ou; ou; Ou; *

Thus, if pPe" (X, X) = % (X +hX, = 2t then p(X;|X) is RORAC,

)‘hzo

compatible.

Secondly, we prove if given p;(X;|X) is RORAC; compatible, then p;(X;|X)
is uniquely determined by (2.5). Let

n
M(u) =mu = thiui
i=1

where my; is the expected profit/loss by asset ¢ at time ¢. Thus,

8Mt(u)
8ui

Define m,(b) as a random vector valued in R? by

m(b) 1,
aet b (p} (u)
) 2 2 (2 ),
9 ti

mu(b) £ 0 for 1 1,5,

21



then

T LA S

ay;(u)
and

mas(0)p) (1) — ass(w)yma (0)u = (1= 5) () () — wiau(w)).

We obtain

(=0 () — () + (an) — 22LD) (21— )

ou,; ay;(u)

= mu(0)pY () — agi(w)ma(b) u + (ati(u) _ o (“))mt(b)w

8UZ‘
= mtz(b)pt ( ) ati(u)mt(b)Tu + ati(u)mt(b)Tu — mt(b)T ap(‘;u(z )
— o)t (o) — )2,

We can choose a sequence b, with by — 1 such that RORAC(X;|X) >
RORAC(X) and pi(X;|X) are RORAC; compatible, then RORAC,(X +
hX;|X) > RORAC(X) almost surely, we can get 8%(;‘) >0, so M/, (u;)pY (u)—
Mt( )aﬂt (u) > 0.

As My(u) = m/u and M;(u;) = my, taking b as by, we get my;(by)py (u) —

Y u Yy u
ma(b) T > 0, thus (1—by)(pF (1) —wiag (1) + (ar(w) — Z612) (b

YU

ati(u)

(1 —bg)u;) > 0.
Similarly, we can choose a sequence v, with vy, — 1 so that we deduce

RORAC(X;|X) < RORAC(X) and get aRt(u) < 0, then taking b as vg, we

get my(vg)pY (u) — my(vg) T Ori (_“) < 0. Thus,

LACNNAD

(1 —vi)(py (w) — wiar(u)) + (an(u) — u; azi(u)

+ (1 —wvp)u,) <0.
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When k£ — oo,

Y
0 < ay(u) — apatu(u) <0.
We get
opY (u
Gt (U) = atu< )7

_ afpt

which is equivalent to pf"'*r(X;|X) = %4(X + hX,)|, , = e

, as shown

before. So, if pi(X;|X) is RORAC, compatible, then we have pFue"(X;|X) =

_ Ofpt n

%%(X + hXi)|h:0 Ou;

Similarly to Section the full-allocation property is satisfied when the
risk measure is homogeneous of degree 1, which means p,(7X) = 7p;(X) for
all 7> 0.

We next analyze the relation between the time consistency of risk measures
and the time consistency of the risk contributions. To this end, we recall the

following definition; see for example, Acciaio and Penner [I].

Definition 2.2.5. A dynamic risk measure is time consistent if
p(X) > pi(Y) = ps(X) > ps(Y) foralls <t and XY € L~

Proposition 2.2.2. Assume:
® p s time consistent
o risk contributions are RORAC; and RORAC compatible fort > s
o f,. and f,, given in (2.4) are continuously differentiable,

then py(Xi| X) > pi(X;5|X) = ps(Xi| X) > ps(X;|X).
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Proposition [2.2.2) shows that for RORAC' compatible risk contributions,
time consistency of the risk measure translates to time consistency of risk

contributions.

Proof. From Proposition [2.2.1] since risk contributions are RORAC; compat-

ible, we get p(X;|X) = L(X + hX;)|,_, and p(X;|X) = (X + hX5)],_o-

Similarly, as risk contributions are RO RAC, compatible, we obtain pg(X;|X) =

s (X + hX;

and ps(X;|X) = L=(X + hX;

>‘h=0 d/;f )|h:0'

If pe(Xi|X) > pe(X;|X), we obtain %L(X +hX;)|, > L(X +hX;)|,

Then we can conclude that p(X + hX;) > p(X + hX;) for small h. Using
Definition [2.2.5| and that p is time consistent by the first assumption, we get

ps(X + hX;) > ps(X + hX;) for all s < ¢ and small h. Therefore, we have

This implies ps(X;|X) > ps(X;|X). O

o (X +hX5)],_, > e (X +hX;

>‘h:0’
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Chapter 3

Risk Attribution

In this chapter, we introduce risk attribution, which is about identifying and
quantifying risk drivers, risk classifications, and risk management features. We
begin with a simple model which contains two risk factors. Then we analyze

a model that has d risk factors.

3.1 Static Setting

In this section, we discuss the approximation of the total loss variable and loss

variables of divisions at time 0, following the approach of Frei [§].

3.1.1 Two-Factor Model

Assume a portfolio has two risk factors. We use random variables R, R? to
represent them. There is a function f that transforms the risk factors to the

total loss variable L = f(R!, R?). Thus, the risk measure of the portfolio is
p<_f<R17 RQ))
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For risk attribution, the risk drivers may contribute to a portfolio’s prof-
it /loss in a nonlinear way, so we need to linearize the loss L = f(R!, R?) ~
A 4+ A2 where A’ is the loss contribution of the i*® risk factor (i € {1,2}).
We next discuss how to determine A! and A%

We consider the risk factors in discrete time for T time steps. We use
R! to denote the value of the i*" risk factor at time ¢, where i € {1,2} and
t € {0,1,...,T}. The loss at time T is f(R}, R%) ~ A' + A*> + f(R}, R?).
We define A! as the losses arising from changes in R! while R? is fixed. This
implies that A' = f(R}, R%) — f(R}, R2). Simply taking f(R}, R2) = 0 and

defining A? by using the same logic, we get

f(Ry, Ry) ~ f(Ry, Bg) + f(Ro, RY).

To avoid a significant estimation error, we prefer computing the loss con-
tributions by summing up the marginal changes at different time steps, rather

than just one step, which leads to

T—1 T—-1
AY =" (f(Biyy, R)—f(RLRY) and A> =" (f(R}, R},,)—f(RL.R})).
t=0 t=0

The approximation error can be decreased by dividing the time horizon into

more steps.

3.1.2 Multi-Factor Model

In this subsection, we discuss the general case with d risk factors. Applying

a similar idea to sum up the marginal changes in losses resulting from R’ at
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different time steps while R for i # j is fixed. This means the loss contribution

A7 is defined by

AT = (f(RL, (R)izy) — FU(RD))), (3.1)

where f(R] + 1, (R)iz;) — f((R});) is the change in losses caused by R’ from
time t to time ¢ + 1 while R’ for i # j is fixed.

We obtain that A7 is the risk comes from the j*® risk driver while the other
risk factors remain at the current values. Thus, the approximate change in
total loss from time 0 to 7" is the sum of A7 for j = 1,...,d whereas the real
change is f((R%):) — f((RY):). The overall residual, which is the difference

between the approximate change and the real change, is

PR — F(B):) - Z}V’

_ T (R0 — F((RD)) - Z}V’

_ To (R0 — F((RD) — ; TO (ORI + 1, (B)isy) — F(RD))
_ ::01 (FU(RL L)) — FURD,) — XZ (F(RY+ 1, (RDizs) — F((R))))-

For the following results, taken from Frei [§], we fix the time horizon 7', assume
that the risk factors are observable continuously on [0, 7], and consider the loss
contributions on a more and more granular time grid. The result then shows
that the sum of the loss contributions converges to the total losses under

suitable conditions.
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Proposition 3.1.1. Assume L = f(R%,..., R%) for a twice continuously dif-
ferentiable f and let (R} ..., R})cio.r) be a continuous semimartingale on [0, T
with zero quadratic covariation (R, R?), =0 for allt € [0,T] and i # j. We

set

forO=ty <t <...<ty=T. Then Z;lzl Al + f(R), ..., RY) converges to

L almost surely as N — oo.

Proof. By It6 formula, we get

d T
f(RlT,...,R%=f<Ré,...,Rg>+Z/ fu(RL,... R dR!
j=1"0
1< (7
Cg 300 [ o R ).

We can rewrite it as,

d T
F(Rh.... RY) — f(RY,...,RY) :Z/ (R, RY)dR]
j=1"0

d T
1 .o
+§ § j/o foiwi(RE, ..., R) d(R", R7),.

ij=1

Since (R', R7); = 0 for all 7 # j by assumption, we obtain

d T
f<R1T,...,R%>—f(Ré,...,R§>=Z/O (R, .. RY)dR]
j=1
1 T o
+§Z/0 fmJ$J(R%77R§l) d<Rj7RJ>t
7=1
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By the proof of Theorem 3.3 in Karatzas and Shreve [I1], we conclude that

Agv converges almost surely to
T 1T o
/ fus(RE, ..., RO R] +§/ foiwi(Ry, ..., RO d(RI, RT),
0 0

Thus,

lim ZA + f(RE,... RY) = Z/ fu(RL, ..., R dR!

N—oo
1 1 d i i
+§le/o ijxj(Rt""7Rt>d<RJaRJ>t

+ f(R},...,RY)

= L almost surely. O]

We assume there are K divisions in the company, and L* = f*((R%);) is
the loss contribution of the £ division to the total loss variable L, where
L= Zszl L*. We next introduce A%, which is the change in loss due to the
J* risk factor in the &*® division. Similar to (3.1)), we have

T-1

= (" (RI (RDisg) — FH(R):))-

d ; .
Therefore, we can use » i1 AJ* to approximate L*.
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3.2 Dynamic Setting

In this section, we discuss the approximation of the total loss variable and loss

variables of divisions at time ¢.

3.2.1 Two-Factor Model

Assume a portfolio has two risk factors, and we use random variables R}, R2
at time 7' to represent them. There is a function f that transforms the risk
factors to the total loss variable L = f(R}, R%). Thus, the risk measure of the
portfolio is p;(—f(RY, R%)) at time t.

For risk attribution, the risk drivers may contribute to a portfolio’s prof-
it/loss in a nonlinear way, so we need to linearize the loss L = f(R}, R2) ~
Al + A% + f(R}, R?), where A’ is the loss contribution of the i*" risk factor
(i € {1,2}). We next discuss how to determine A' and A2

We consider the risk factors on the fixed time horizon T'. Therefore, we
use R! to denote the value of the i*® risk factor at time ¢, where i € {1,2}.
The loss at time T is f(R}, R3) =~ A' + A? + f(R}, R?). We define A' as
the losses arising from changes in R!' while R? is fixed. This implies that
Al = f(RL, R?) — f(R}, R?). Simply taking f(R}, R?) = X, and defining A?

by using the same logic, we get

f(Ry, R) ~ f(Rp, RY) — Xo + f(Ry, Ry) — X + X,

~ f(Rp, BY) + f(Ry, Rp) — X,

To avoid a significant estimation error, we prefer computing the loss contribu-
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tions by summing up the marginal changes at different time steps rather than

just one step, which leads to

-1 T—1
A'=3"(f(RL, B)—f(RL,R?) and A*=" (f(RL R%,))—f(R!, R?).

The approximation error can be decreased by dividing the time into more

steps.

3.2.2 Multi-Factor Model

In this subsection, we discuss the general case with d risk factors. Applying
the similar idea that summing up the marginal changes in losses result from
R’ at different time steps while R? for i # j is fixed. This means the loss

contribution A’ is defined by

T-1

Al = Z (f(Rg+1> (RY)izj) — F((RY))), (3.2)

s=t

where f(RI 4+ 1,(R.);z;) — f((R);) is the change in losses caused by R’ from
time s to time s + 1 while R’ for ¢ # j is fixed.

We obtain that A7 is the risk coming from the j** risk driver while the other
risk factors remain at the current values. Thus, the approximate change in
total loss from time ¢ to T is the sum of A’ for j = 1,...,d whereas the real
change is f((R%);)— f((RY);). Then the overall residual, which is the difference

between the approximate change and the real change, is

~
L

F((Rr):) — Z

IIM

FU(Reyn)s) = F((R):) — Z A7



which can be written as

> (R f((Rim)—Zi(f(RzﬂmRi)i#)—f((Ré)»)

—Z( (RE1)0) i (R, ()i = SR )

The following result is the analogue to Proposition for dynamic risk
measures. We considered a fixed time interval [t, 7] and assume that the risk

factors are observable continuously on [¢, 7.

Proposition 3.2.1. Assume L = f(RL, ..., R%) for a twice continuously dif-
ferentiable f and let (R ..., RY)sem) be a continuous semimartingale on [t, T
with zero quadratic covariation (R, R'), = 0 for all s € [t,T] and i # j. We

set

F

Ay = (F(R (R )izs) — F((RL)))

fort=s0<s <---<sy=T. Then ijl A+ f(RE, ..., RY) converges to

L almost surely as N — oco.

Proof. Similar to the proof of Proposition [3.1.1], we can get
. 1 d d j
dim ZA + f(R!,...,R% Z/ fu(RL, ..., R dR!

1 pl d\ 1/ i i
+2;/t foiwi(RY, ... RY (R, R,

= L almost surely. O]
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We assume there are K divisions in the company and L* = f*((R%);) is
the loss contribution of the £ division to the total loss variable L, where
L =Y %, L*. We next introduce A’*, which is the change in loss due to j™
risk factor in the k™ division. Similar to (3.2), we have

T-1

A= 3 (P (RE)es) — FHRL)).

s=t

d ; .
Therefore, we can use » i1 AJ* to approximate L*.

From Proposition |3.2.1) we have L = limy_, Z?=1 Al + f(RE,...,RY).

Assume that f(R},...,R%) =0, then L = limy_,o Z;l:l Ag\,. Thus, we con-
clude that, for all € > 0, there exist an Ny such that ‘ ijl Ag\, — L‘ < € for
all N > N, almost surely. After letting ijl Ag\, = Ay, we apply RORAC to
A,

ot E[Ay|F1]
RORAC,(Ay) & =N
{(Ax) pi(An)

aet E[AY|F]
pi(AN|AN)

Risk contribution p(AY|An), ..., p(A%|Ay) are RORAC; compatible if there

RORAC,(A%] Ay) &

exists an F;-measurable random variable €; with €; > 0 such that
RORAC,(A)|Ax) > RORAC,(Ay) = RORAC,(An+hA%) > RORAC(Ay)

almost surely, for any F;-measurable random variable A with 0 < h < ¢;. We

define

dp

Euler(A] ‘AN) o

—(Ay + hAY)| (3.3)

h=0

which is RORAC, compatible if (2.4)) is continuously differentiable for X; =
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Ag\,; this can be shown similarly to Proposition m

Proposition 3.2.2. If | Z?:l A?V—L| < € almost surely, then ‘pt(zgzl Al)—

pi(L)| < € almost surely.

Proof. ‘25:1 Agv — L| < € almost surely implies —e < E;.lzl Ag\, — L < e
almost surely. Thus, L — e < Z;.lzl Ag\, < L + € almost surely. Then we apply

p: on the both side of this inequality, by monotonicity, we obtain,
d .
pt(L+€) < py <ZA§V> < pi(L —€).
j=1
And by translativity,
d
pi(L —e<pt<ZA ><pt +e.
7=1

This gives

d
—e<pt(z )—pt o

(35 -t

Proposition 3.2.3. Assume:

and thus,

® p is time consistent,

e Risk contributions p;(AN|AN), ..., pi(A%G|AN) are both RORAC; and
RORAC, compatible fort > s,

o f,, and f,, given in (2.4) are continuously differentiable,
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dps(An+hAL) dps(L+hAY)

dpt(An+hA), dpe(L+hA), B
dh h=0 dh h=0

dh )‘h:() - dah )‘h:O and

converge to zero almost surely for all j,
then lim inf (p, (A} |L) — pe(AL|L)) > 0= lim inf (p, (Aly| L) — ps(A%|L)) > 0.
—00 —00

Proof. Because of the convergence in the last assumption, for every € > 0,

there exists Ny such that

_ dp(L+ hA))

dh <€

dpi(Ax + hA))
dh

h=0 h=0

for all N' > No. Therefore, if lim inf(p, (Ajy|L) — pi(A%|L)) > 0, then
— 00

i J
hminf<dpt(L+hAN) _ dp(L + hAY) ) 50
N—00 dh h=0 dh h=0
and
i J
lim inf dpi(Av + hAy) — dpi(Av + hAy) > 0,
N—roo dh h=0 dh h=0

which is equivalent to
lim inf (p, (A [ Aw) = pe(Aly[Ax)) > 0.
So we conclude that, for N large enough,
pe(AN|AN) — pt(AgV’AN> > 0.
By Proposition [2.2.2] for N large enough,

pu(Aly|Ax) = pu( A4 Ax) > 0.
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Therefore, we get
lim inf (p, (Al |An) — Ps(Agv‘AN)) > 0.

N—o0

In conclusion, if we have the four assumptions, then
lim inf (py (A |L) — p(A}|L)) > 0

implies lim inf (p, (A} |L) — ps(Ay|L)) > 0.
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Chapter 4

Example

We consider a filtered probability space (2, F, (F)o<t<r, P). For a random
variable X let p,(X) = %ln E[e=X|F;], where v is a positive constant and pg
is called the entropic risk measure. To prove that p is a dynamic risk measure,

we check its normalization, transitivity and monotonicity:

Check normalization
(0) = E[e"|F] b (1)=0
p = — In e = — In e
t ’7 t ’)/

Check transitivity

Let a, € L3°, then

1
pt(X + at) = 5 lnE[e*V(Xﬂt)]]-}]
1
== ln(E[e’“’X]}"t]eﬂ“t)
~
1 —v X 1 —ya
=—InE[e | F] + —In(e"™)
v Y
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= pe(X) + ;(—’Yat)

= pe(X) — ay.

Check monotonicity

Let X7, X5 € £ and X; < X, almost surely. Recall that in this example
pe(Xy1) = %lnE[eﬂXﬂft} and p(Xs) = %lnE[e*'YXﬂ]:t]. And X; < X,
almost surely = —X; > —X, almost surely = e 7%t >77%2 by the mono-
tonicity of conditional expectation, we get F [e’”Xl ‘.7-",5] > F [6’7)(2 |ft]. Since

In is an increasing function and v is a positive constant, we conclude that

% InE [e‘”Xl ‘]:t} > % InE [e_VX2 ‘]-"t}

= p(X1) > pi(X2).

As p, satisfies the three properties, it is a dynamic risk measure. Next, we

check the time consistency.

Check time consistency

Let py(X) > p(Y) and s < ¢, then

%lnE[e'YX]]-"t] > %lnE[eWVt]

= E[e ™| F] > E[e " |F]
= B[E[e | R]|R] 2 E[E[e7 | R]|F]
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by the tower property of conditional expectation for s <,
= E[e Y| F] > E[e | F]
1 X 1 .

= —lnE[e v ‘.7:3} > ;lnE[e v |}"S}

v

= ps(X) > ps(Y)

We proved that pi(X) > pi(Y) = ps(X) > ps(Y) for all s < t.

Analyze risk allocation

Let X1 = oyWi(T), and Xy = 09W5(T'), where Wy and W, are Brownian
motion with correlation p. We can write Wa(t) = pW(t) + \/1—7 Wis(t) for
all t, where W3 is a Brownian motion independent of W;. The total loss is X =
X1+ Xy = oy Wi(T) + 0uWa(T) = oy Wi (T) 4 02 (pWi(T) + /1 — p2W5(T)

(01 + po)Wi(T) + /1 — p2o.Ws(T).

By definition, pZuler(X,|X) = 2dXthXy)

dh ‘hzo' Firstly, we calculate

,ot(X + th)
- pt((al 4 poo)WA(T) + /1 — pRosWs(T) + h01W1(T))
= pu(((1+ Wy + po)WA(T) + /1= P Wy(T))

- mE[exp ( (1 + R)or + pon) Wi (T) + /1 — p202W3(T))>

7|
:%InE[e ( (1 + R)oy + po)(Wi(T) — Wi(t) + Wi (1)

V1= FPor(W(T) = Wilt) + Ws(1))))

= llnE[eXp (L4 h)oy + pog)(Wi(T) — Wi(t)))

g

x exp(=y((L+ k)1 + poa)Wi(1)) x exp (= 3v/T= Pox(Wa(T) = Wa())
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X exp ( —V1- p202(W3(t)))

.

Since W1 (T') — Wiy(t) and W3(T') — W;(t) are independent of F;, Wi(t) and

Ws(t) are F;-measurable, we get

(X + hXy) = %lnE [exp(—((1+ h)or + pou) (Wi (T) — W1 (1))
x exp(—7((1 + h)oy + poy)Wi(t))
< exp (= /I Poa(W(T) — Wi(1)))
< exp (—/I- Zoa(Ws(1))

S lnE[ p(—v((1 4+ h)ay + pos) (Wi (T) — Wi(t)))]

7

+ 1(_7((1 + h)oy + pog)Wi(t))

—

+ ; lnE[eXp(—’y 1 — p2oo(Ws(T) — Wi(t)))

+ %( — 71— p202W3(t)>.

Since Wi (T) — Wi (t) and W5(T) — Ws(t) ~ N(0,T — t), we continue the

previous calculation with

pe(X + hXy)
- %72((1 +h)oy + po2) (T = t) = (1 + h)or + pos) Wi (t)
+ %72(1 = p")o3(T = 1) = V1 = pPoaWs(t)

= %(Uf + 2hot + 2po10g + h*07F + 2hpoyog + pPo3)(T —t)
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— ((1+ oy + po)Wi(t) + (03 = 3p°) (T =) = /I = PoulWa (1)

(07 + 2ha? + 2po10y + hP*0? + 2hpoioy + 03)(T — t)

— ((L+h)or + poa)Wi(t) — /1 — p?o.Ws(1).

wlq

Thus,
or dp(X + hX
e (xx) = S
dh h=0
_d(3(af + 2hof 4 2poi02 + W0} 4 2hpoioy 4 03) (T — t) ‘
B dh h=0
+ d(—((1+ h)or + poa)Wi(t) — /1 — p*oaWs(t)) ‘
dh h=0
= (% (207 4 2ho? + 2po102) (T —t) — 01W1(t))
h=0

(07 + por09)(T —t) — 1 Wi (t).

Similarly, pFuer(X,|X) = dpe(X+hXs)

dh ‘ h=0’ where

(X + hXy)
- pt<(01 + po)WA(T) + /1 — p2osWs(T)
+ h(@pm(T) /11— p202W3(T)))
= pt((al + poy + howp) Wi (T <02\/1—7 + h02\/1—7) Wg(T))
- %lnE[eXp ( — (01 + pory + hoap)Wi(T)
+ (02ﬂ+ hUQM)Wg(T)))

_ %lnE[exp (= (01 + po2 + howp) (Wi (T) — WA(1) + Wi (1)) +

gon/T— 02 + hoor/1 — p2)(Ws(T) — Wi(t) + Wg,(t))))

7

d
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= %E[exp(—”y(m + poz + hozp)(Wi(T') — Wi(1)))]

— (0'1 + PO2 + hUQp)Wl(t)

+ %E[exp (= (02V/T= 1 + hoa/T= 2) (WH(T) — Wal1)) )]
— (oo T2 + how/T— ) Wi(1)

= L (02 + 20109p + 2ho109p + P02 + 2h02p? + h202p?)(T — t)+

ww -

(02 — 03p* + h?05 — h*oap® + 2ho; — 2hasp*) (T —t)
(01+p02—|—h02p W1 - (0'2\/1— +h0’2\/1 - >W3(t)
(07 4 20109p + 2ha109p + 05 + WP + 2ha3) (T — t)

(01+p02+h0'2p W1 - (02\/1— —f—hO’g\/l— >W3(t)

l\9|~2

Therefore,

P (Xl X)

_ dp(X + hX5)
N dh h=0

 d(3(0f + 20109p + 2ho109p + 05 + hP03 + 2ho3) (T —t)
- dh h=0

d( (0'1+p0'2+h0'2p W1 — (O’Q\/l— +h0‘2\/1— )Wg(t))

dh
(20102p +2h05 +205)(T — t) — aapWi(t) — o2/ 1 — p2Wa(t >’

20’10’2ﬂ+20’%)(T-t> —O'2<pW1 -+ \/1— W3 )

l\DIQ A +

2

(
= 7(0102p + U;)(T — t) — O'QWQ(t).

The result of pZuer(X,|X) follows directly from pfuer(X|X) by symmetry.
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Analyze risk attribution

Let’s consider a two-step and two-factor model. In this example, we assume
RL = oWy(T), R% = 09W5(T) and L = f(RY, R%) = RLR2, where W and
Wy are defined the same as the risk allocation example.

Then

b

Al

(f(R%—f—l? R?) - f(Ria R?))

t

= f(R1, Rp) — f(Ro, Ro) + f (R, RY) — f(Ry, RY)

I
=)

= RiR} — RyRS + RyR? — RIR?
== 0'10'2W1(2)W2(1) — 0'10'2W1(1)W2(1)

= O'lO'QWQ(]_)(Wl(2> — WI(]_))

Similarly, Ay = y0oW1(1)(Wy(2) — Wa(1)). By definition, pFuer(A]A) =

W“ZO, where A = A; + Ay, and t € {0,1,2}. Firstly, let’s calculate

p1(A+ hA;)
= p1(010aW1 (1) (Wa(2) — Wa(1)) + (1 + h)a10aWa(1) (W3 (2) — Wi (1))
= %lnE[exp(—7(0102W1(1)(W2(2) — Ws(1))
+ (1 + h)oroaWa (1) (Wi (2) — Wi(1))))| Fi]
= l lnE[exp ( — yo102Wi (1) (P(Wl(z) — Wi(1))
v
+ VI= FZ(W(2) = Wa(1))) = (L + h)oroaWa(1) (Wa(2) = Wa(1))) | 7]

N %lnE[exp ( —yo10aWi(1)y/1 — p2(W3(2) — W3(1))
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= 0102 (WA (1) + (1 + W)W (1)) (W3 (2) = Wa(1)))

_ %lnE[exp ( —yo102Wi(1)v/1 — p*(W3(2) — W3(1))> ’]:1]

7|

4 §1nE[exp (= 7o102(0Wa(1) + (14 WD) (W1 (2) — Wi (1))

1 1 2
= > In (exp (5 ('yalagVVl(l) 1-— p2> )

<o G0mestami() + (1))

d

= %(70102‘/‘/1(1) 11— p2)2 + %(70102(pW1(1) + (1 + h)Wg(l)))%

Thus,

B dpy(A + hAy)

Buler (A, A) = 21

P (A A) o .
d <% (’}/0'10'2W1(1)\/1—7p2)2)
B dh h=0
d (%(’Wﬁ@(pwl(l) +(1+ h)W2(1)))2>

’ dh h=0

= 10102(pWi (1) + (1 + h)Wa(1)yor0aWa(1)],

= 7oioy (pWi(1)Wa(1) + Wa(1)?)
Then we calculate p;(A + hAs):

p1(A+ hAsy)
= p1(0102Wa(1)(W1(2) = Wi(1)) + (1 + h)o1oa Wi (1)(Wa(2) — Wa(1)))

= %lnE[eXp ( — (o102 Wa(1)(W1(2) — Wi (1))

+ (1+ h)oroaWi (1) (Wa(2) — Wa(1)))) | Fi]

44



= 2B [exp (=901 + Wi (1) (p(1(2) = (1)
V1= 2(W(2) = Wa(1))) = 70103 (1) (W1 (2) = Wi (1))
=%mEhm(—wm@wumwl—w@m@wJ%u»u+m
= 701021+ W)pWA (1) + Wa(1)) (W1 (2) = Wi(1)))
=%mEhm(—wwmuwwummmm—wumu+m)1}
+ %m[exp —90103((1 -+ WpWa(1) + Wo(1) (W1 (2) — Wa(1))
1 1 5 2
= ;ln (exp (5 <70102W1(1)\/1 —p2(1+ h)> )
X exp (1 (yo102((1 + h)pWi(1) + Wg(l)))2)>

7]

7

7

2

(’70'10'2W1(1) 1-— p2<1—|—h>>2+%(’70‘10’2((1—’—}0[)”/1(1) —I—Wg(l))) .

Thus,
dpi(A+ hA
Eul T(AA) = pi o 2) -
4 (S (1o ()y/T= 21+ 1)°)
dh =0
d <% (voro2((1 + h)pWi(1) + Wa(1 )) )
+ dh h=0

= y010. W1 (1)1 — p2(1 4 h)yo10:Wi (1)y/1 — p?|,
+ 70109 ((1+ h)pWi (1) + Wa(1))yo102pWi (1), _,

=013 (1 = p")Wi(1)* + 7 013 (P Wi(1)* + pWi (1) W (1))

=2aios (Wi(1)” + pWi(1)Ws(1)).
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At time ¢ = 0, p(A + hA;) becomes

po(A + hAl)

(0'10'2W1<1)(W2<2) — WQ(].)) + (1 + h)O'IO'QWQ(l)(Wl(Z) - Wl(l)))

In E[exp (= y(o102W1 (1) (Wa(2) — Wy(1))
(1+ h)oroaWa (1) (W1 (2) — Wi(1)))) | Fo]

=~ B[ Eexp (= 1(o10:W1 (1) (Wa(2) — Wa(1)
(14 o Wa(1)(W(2) = Wi (1)) |71]
InFE {exp (%(70102W1(1)m>2)
X exp (%(70102(,0“/1(1) + 1+ h)Wz(l)))Q)]
_ 1 In E {exp (720%03 (W1 (1)* + 20W1(1;W2(1) + 2PhW1(1)W2(1)))}

Po
1
y
+
1
;
+
1
v

2.2 2 1 2h h2 1 2
X exp (7 oioy(1 + 2+ YWa(1) )]

_lure {E [exp (720%05 (W (1)* + 2PW1(1;W2(1) + 2PhW1(1)W2(1))>

v

« exp (720%05(1 + 2f2z + h2)W2(1)2) Wl(l)”

1 2 .2 2 1 2 2.2 2 2 2
=—Ink {exp (M) E {exp (7 7103 (2pa + 2pha) Wh(1)

0 2 2
2.2 2 1 2 2
oto3(+ h+h)W2(1)2)} ]
a:W1(1)

2

1 V2o202TV, (1)2
= ; InFE {exp <%) E [exp (kz + chz)} |a:W1(1):| ’

where

. _ 20103 (2pa + 2pha)
_ - ,
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_ 12oto3(1 + 20+ )
_ : ,
Z = Wa(1) ~ N(0,1).

1

We compute

®

Elexp (kZ + 1 2°)] =

By assuming ¢; < %, we obtain that

—~vtofod (20w (1) +20h W1 (1))2 /4
4(«,2g%a§(1+2h+h2) B 1)
— 2 3
e

Blew B2t a2 = o

—v4alad (pWy (1)+ph Wy (1)?
e 2(«/20%05(1+2h+h2)71)

- \/1 — v20203(1 + 2h + h?)

Thus,

—r ot o (Wi (1) +ph W (1)
720%U§W1(1)2) e 2(72 %o‘%(l+2h+h2)—l)

Ly [l
A+hA)=—-InFE |e ’
pal 2 Y V1 —720203(1 + 2h + h2)

1 2 2 2
1. B [exp ((m
7\ V1 —120303(1 + 2h + h?) 2
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—'otosp? (1 + 2k + 1?) 2
o 2.2 2 2 Wi(1) :
2(y20705(1 4+ 2h + h?) — 1)

o Agd gl 2 2
Let E {exp ((V%%Ug Bt G )>> W1(1)2)} =F [6022%]7 where

2 2(y20302(14+2h+h2)—1

. = oty A'ojoyp’ (14 2k + 1)
T2 2 (120202(1 4 2h + h?) — 1)’

Zy = Wi(1) ~ N(0,1).

By the moment generating function of Chi-square distribution, we get that

E [eCQZ% ] = \/1%02 for ¢ < 1/2. For the following computations, we assume

that o074 is small enough so that ¢o < 1/2. Then

1
FE [602212] = 15954 ,2 (11 2h+ h2)
YroTo5p
\/1 B 720‘%0% - 1—71202%05(14—2]1-1-]12)
and
1 1
po(A+hA) =~-In
0( 1) ¥ \/1_720%05(1+2h+h2)
1 1
* 5 n 5 9 2  ~totosp?(14+2h+h?)
\/1 V0192 T ISt e3 (1 2k )
1
1 2 o o 7'ojoyp? (1+2h +1h?)
——In|1—7~%0i0; — s ).
2y 1 — 120202 (1 + 2h + h?)
Thus,
uler de (A + hAl)
prter (Ay|A) =
dh b0
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d (—% In (1 — 120202(1 + 2h + h2))>
dh h=0
1 'y4crilogp2(1+2h+h2)
d <_5 In (1 —7’oios — 120202 (1+2h+h?)

dh

_|_

h=0

where

d <—% In (1 —~2c}03(1+ 2h + h2))> V20202 (2 + 2h)

dh h=o 27 (L —~%0i03 (14 2h + h?)) lh=o
_ Yol
7 (1 = *0io3)
__qoio3
1 — 2002

and

a1 (1= 20202 — ytotodp? (1+2h+h?)
% 10192 T 1525253 (110n 1 h?)

dh heo
1 1
T 9N 4ot0tp2(14+2h+h2
27 1-%t03 - 17—71202%%((1+2h+h2))
y —y*aiosp®(2 + 2h)
1 — 2720202 (1 + 2h + h2) + ytotol (1 + 2h + h2)? |h=o
Vioiosp®

7 (1 =7%0%03) (1 — 29%0%03 + v'olo; — v'oiosp?)

3.4 4 2
VO103pP

(1 —120%03) (1 — 2920703 + yiotos — yiotosp?)
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We obtain that

2 2
uter /yo- 0-
oy (A 4) = 0
Y0103
Pololy?
+
(1 - 01‘72) (1—292 J102 +7 01‘72 4 01‘72P )
. yoios — 2y otoy +4° ‘71‘72 o8 ‘71‘729 + Yologp?

(1 —120%03) (1 — 2720}03 + ylotos — yiotosp?)

where we recall that we assumed for this computation that vyoi0, is small
enough. The computation of pf*"(Ay|A) goes analogously, with W, and W,

interchanged.

The above derivation has been done for two time steps. When there are
more than two steps, we using a numerical simulation. In MATLAB we cal-
culate the Euler contributions for two risk factors and their summation; see
Appendix [A] for the MATLAB code. To simulate Brownian Motion, we use
a discrete-time approximation with N steps and independent normally dis-

tributed increments:

/T
Wy =0, W]%:W(j nz + Nijorjzl,...,N,

where 71, ..., Zy are independent and standard normally distributed and 7" is
the time horizon, which we choose T" = 1. We set the maximal number of steps
to be 20, and compute the values of the risk measures and contributions using
10,000,000 simulations. For numerical tractability, we first simulate 1,000,000
sample paths and then repeat this 10 times before taking the average. For
this example, we choose 7 = 1/2 as the value of the coefficient of absolute

risk aversion and choose both o1 and o9 as 1. To approximate the Euler

20



contribution, we use

dh -

P (Ar]A) =

for h = 1/100.

We plot the risk contributions of two risk factors for the different number
of steps as Figure [£.1 It shows that the risk contributions for the two risk
factors are almost the same for different numbers of steps as expected because

of symmetry.

We also plot the risk measure of the total risk and its approximation for
different numbers of steps in Figure . It illustrates that p(A;+ As) converges
to p(L) as the number of steps increasing, which consistent with Propositions

3.2.1]and [3.2.2] Note that the condition of zero quadratic variation in Propo-

sition is satisfied because the correlation parameter p between the two

Brownian motions has been set to zero.

We also analyze numerically the underlying risk measure is given by VaR
or ES at the confidence level 95%. The choices of the parameters are un-
changed, and the computational procedure is analogous. We deduce from
Figures the same conclusions as before. However, we observe that the
Euler contributions (two curves in each of Figure and Figure sum up
to p(A; + As) (red curves in Figure and Figure [4.6)). By contrast, the
sum of the Euler contributions in Figure is not equal to p(A; + As) (red
curve in Figure . The reason is as follows. The risk measures VaR and ES
are homogeneous of degree 1. As mentioned in Section [2.I], this implies that

the Euler contributions satisfy the full-allocation property by Tasche [20]. By

o1



contrast, the entropic risk measure is not homogeneous, which is the reason

why its Euler contribution does not satisfy the full-allocation property.

0.35 Risk contributions for different number of steps
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Figure 4.1: Risk contributions of two risk factors for different numbers of steps,
using the entropic risk measure
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Figure 4.2: Risk measure of total risk and its approximation for different numbers
of steps, using the entropic risk measure
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Figure 4.4: Risk measure of total risk and its approximation for different numbers
of steps, using VaR as the risk measure
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Risk contributions for different number of steps
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Figure 4.6: Risk measure of total risk and its approximation for different numbers
of steps, using ES as the risk measure
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Chapter 5

Conclusion

Risk measures have been a popular topic for decades in the financial risk
management field. A classical question is how to aggregate different sources
of risk by taking diversification effects into account. However, the converse
question of how to decompose risk is also relevant, which is the topic of this
thesis. We focus on two dimensions of risk decomposition, which are risk
allocation and risk attribution. Since a company’s total profit/loss is the sum
of the profits/losses of its divisions, this linear relationship is used to allocate
risk to different divisions. By contrast, risk drivers may contribute to losses
in a nonlinear way, so that additional techniques need to be used to attribute

risk to different risk drivers.

We use the economically justified Euler allocation principle to compute the
risk allocations and discuss when the risk allocations are RORAC compatible,
when they satisfy the full-allocation property, and when the dynamic risk mea-
sure is time consistent. The methodology for risk attribution is to construct

a linear approximation for the loss random variable and then apply the Euler
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principle. This approach has two main advantages. Firstly, it is computation-
ally more efficient than other methods, such as the Shapley value. Secondly,
it relies on the Euler principle, which has a solid economic justification in the
literature.

The contributions of this thesis are as follows. Firstly, we extend both
risk allocation and risk attribution to dynamic settings by computing the risk
contributions at time ¢ for ¢t € [0,7]. Secondly, we show that for RORAC
compatible risk contributions, time consistency translates from risk measures
to risk contributions. Thirdly, we illustrate the computation of risk contribu-
tions based on an example for the entropic risk measure where we computed
and simulated risk allocation and risk attribution.

Interesting questions for future research are about the relation of risk al-
location and risk attribution to stochastic differential equations (SDEs). The
link between risk measures and backward SDEs is well known in the literature;
see for example Oksendal and Sulem [16]. Using this link could help find new

results for risk allocation and risk attribution.

o6



Bibliography

1]

2]

[6]

Beatrice Acciaio and Irina Penner: Dynamic Risk Measures. In: Giulia
Di Nunno and Bernt Oksendal (Editors), Advanced Mathematical Methods

for Finance, Springer, 1-34, 2011

Leslie A. Balzer: Investment Risk: a Unified Approach to Upside and
Downside Returns. In: Frank A. Sortino and Stephen E. Satchell (Edi-
tors): Managing Downside Risk in Financial Markets: Theory, Practice

and Implementation, Butterworth-Heinemann, 103-105, 2001

Daniel Bauer and George Zanjani: The Marginal Cost of Risk, Risk Mea-

sures, and Capital Allocation. Management Science, 62, 1431-1457, 2016

Tim J. Boonen, Andreas Tsanakas, and Mario V. Wiithrich: Capital
Allocation for Portfolios with Non-linear Risk Aggregation. Insurance:

Mathematics and Economics, 72, 95-106, 2017

Areski Cousina and Elena Di Bernardino: On Multivariate Extensions of

Value-at-Risk. Journal of Multivariate Analysis, 119, 32-46, 2013

Michel Denault: Coherent Allocation of Risk Capital. Journal of Risk,
4(1), 1-34, 2001

o7



[7]

[10]

[11]

[12]

[15]

Zachary Feinstein, Birgit Rudloff, and Stefan Weber: Measures of Sys-
temic Risk. SIAM Journal on Financial Mathematics, 8(1), 672-708, 2017

Christoph Frei: A New Approach to Risk Attribution and Its Application

in Credit Risk Analysis. Risks, 8(2), 65, 2020

Elyes Jouini, Moncef Meddeb, and Nizar Touzi: Vector-valued Coherent
Risk Measures. Finance and Stochastics, 8(4), 531-552, 2004

Michael Kalkbrener: An Axiomatic Approach to Capital Allocation.
Mathematical Finance, 15(3), 425-437, 2005

Toannis Karatzas and Steven E. Shreve: Brownian Motion and Stochastic

Calculus. Second Edition, Springer, 1998

Ugur Koyluoglu and Jim Stoker: Honour your Contribution. Risk Maga-
zine, April 2002

Zinoviy Landsman, Udi Makov, and Tomer Shushi: Multivariate Tail
Conditional Expectation for Elliptical Distributions. Insurance: Mathe-

matics and Economics, 70, 216223, 2016

Luting Li and Hao Xing: Capital Allocation under the Fundamental Re-

view of the Trading Book. Risk Magazine, June 2019

Alexander J. McNeil, Ridiger Frey, and Paul Embrechts: Quantitative
Risk Management: Concepts, Techniques and Tools. Revised Edition,

Princeton University Press, 2015

o8



[16]

[17]

[18]

[19]

[20]

[21]

[22]

Bernt Oksendal and Agnes Sulem: Backward Stochastic Differential
Equations and Risk Measures. In: Applied Stochastic Control of Jump
Diffusions, Springer, 75-91, 2019

Michael R. Powers: Using Aumann-Shapley Values to Allocate Insur-
ance Risk: The Case of Inhomogeneous Losses. North American Actuarial

Journal, 11(3), 113-127, 2007

Dan Rosen and David Saunders: Risk Factor Contributions in Portfolio

Credit Risk Models. Journal of Banking & Finance, 34(2), 336-349, 2010

Lloyd S. Shapley: Notes on the n-Person Game — II: The Value of an
n-Person Game. The RAND Corporation, RM-670, 1951

Dirk Tasche: Capital Allocation to Business Units and Sub-Portfolios:
the Euler Principle. Pillar II in the New Basel Accord: the Challenge of
Economic Capital, 423-453, 2008

Michael Urban, Jorg Dittrich, Claudia Klippelberg, and Rolf Stolting:
Allocation of Risk Capital to Insurance Portfolios. Bldtter der DGVFEFM,

26, 389-406, 2003

Yongli Zhang and Svetlozar Rachev: Risk Attribution and Portfolio Per-
formance Measurement. Journal of Applied Functional Analysis, 4(1),

373-402, 2006

29



Appendix A

MATLAB Code

The following code was used to create Figures and [£.2) in the example of
Chapter

[

rng ('default')

2 T = 1;

3 Npaths = 1000000;

4 rho = 0;

5 gamma = 1/2;

6 Nruns = 10;

7 rhoEuler = zeros (Nruns, 20);

8 rhoEuler2 = zeros (Nruns, 20);

9 rhoAl2 = zeros (Nruns, 20);

10 rhoL = zeros (Nruns, 20);

11

12 for j = 1:Nruns

13 for Nsteps = 1:20

14 s = (T/Nsteps) ".5;

15 clear incr incr3

16 incr(l,:) = zeros(l,Npaths);

17 incr (2:Nsteps+l,:) = sxrandn (Nsteps,Npaths);
18 paths = cumsum(incr) ;

19 incr3(1l,:) = zeros(l,Npaths);

20 incr3(2:Nsteps+l, :) = s*randn (Nsteps,Npaths);
21 paths3 = cumsum (incr3);

22 Wl = paths;

23 W3 = paths3;

24 W2 = rho*Wl + sgrt (l-rho”2) *W3;

25 Al = sum (Wl (2:end, :) .*xW2(l:end-1,:)-Wl(l:end-1, :)
26 .*W2 (l:end-1, :));

27 A2 = sum (W2 (2:end, :) .*Wl(l:end-1, :)-Wl(l:end-1, :)
28 xW2 (l:end-1,:));

29 h = 1/100;
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30 A = Al + A2;

31 B = A + h+*Al;

32 C = exp(—-gammaxB) ;

33 D = mean(C);

34 rho0 = (1/gamma)*log(D);

35 E = exp(—gammaxA3) ;

36 F = mean(E);

37 rhoa = (1/gamma)*xlog(F);

38 rhoEuler (j,Nsteps) = (rho0 - rhoa) /h;
39

40 B2 = A + hxA2;

41 C2 = exp(—gammax*B2) ;

42 D2 = mean (C2);

43 rho02 = (1/gamma)*log(D2);

44 rhoEuler2 (j,Nsteps) = (rho02 - rhoa) /h;
45 rhoAl2 (j,Nsteps) = rhoa;

46

47 L = Wl(end, :).*W2 (end, :);

48 G = exp(—gammaxL) ;

49 H = mean (G);

50 rhoL (j,Nsteps) = (1/gamma)xlog(H);
51 end

52 end

53 figure, plot (1:20,mean (rhoEuler),1:20,mean (rhoEuler?),

54 'linewidth',2);

55, legend ('Euler contribution of Al', 'Euler contribution of A2');

56 set (gca, 'fontsize',14, 'FontWeight', 'bold");

57 title ('Risk contributions for different number of
steps', 'fontsize',14);

58 xlabel ('Number of steps', 'fontsize',14);

59 ylabel ('Risk contributions', 'fontsize',14);

60

61 figure, plot(1:20,mean (mean (rhol))*ones(20,1),

62 1:20,mean (rhoAl2), 'linewidth',2);

63 legend('\rho (L)', '\rho (Al + A2)");

64 set (gca, 'fontsize', 14, 'FontWeight', "bold");

65 title ('Comparison of total risk', 'fontsize',14);

66 xlabel ('Number of steps', 'fontsize',14);

67 ylabel ('Values of risk measures', 'fontsize',14);

The following code was used to create Figures [4.3] and [£.4] in the example of
Chapter [4

-

rng ('default")

2 confidence_level = 0.95;
3 T = 1;

4 Npaths = 1000000;

5 rho = 0;
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Nruns 10;

rhoEuler = zeros (Nruns, 20);
rhoEuler2 = zeros (Nruns, 20);
rhoAl2 = zeros (Nruns, 20);
rholL zeros (Nruns, 20) ;

for j 1:Nruns

for Nsteps = 1:20

s = (T/Nsteps) ".5;

clear incr incr3

incr(l,:) = zeros(l,Npaths);

incr (2:Nsteps+l,:) = sxrandn (Nsteps,Npaths);
paths = cumsum(incr);

incr3(1l,:) = zeros(l,Npaths);
incr3(2:Nsteps+l, :) = sxrandn (Nsteps,Npaths);
paths3 = cumsum(incr3);

Wl = paths;

W3 = paths3;

W2 = rho*Wl + sqgrt (l-rho”2) *«W3;

Al = sum(W1l(2:end, :) .*W2(l:end-1, :)-Wl(l:end-1, :)

.*W2 (l:end-1,:));

A2 = sum (W2 (2:end, :) .*Wl(l:end-1, :)-Wl(l:end-1, :)

W2 (l:end-1,:));
h = 1/100;

A = Al + A2;

B = A + hxAl;

sorted_.returns = sort (B);

num_-returns = numel (B);

VaR_index = ceil((l-confidence_level)xnum_returns);
rho0 = - sorted_returns (VaR_index);

sorted_returns_a = sort (A);

num_returns_a = numel (A);

VaR_index_a = ceil ((l-confidence_level)num_returns._a);
rhoa = - sorted_returns_a(VaR_index_a);

rhoEuler (j,Nsteps) = (rho0 - rhoa) /h;

B2 = A + h*A2;
sorted_returns_b2 = sort (B2);
num_returns_b2 = numel (B2);
VaR_index_b2 =
ceil ((l-confidence_level) *num_returns_b2);

rho02 = - sorted_returns_b2 (VaR_index_b2);
rhoEuler2 (j,Nsteps) = (rho02 - rhoa)/h;
rhoAl2 (j,Nsteps) = rhoa;

L = Wl(end, :).*W2(end, :);

sorted_returns_L. = sort (L);

num_returns_L = numel (L) ;

VaR_index_ L = ceil ((l-confidence_level)num_returns_L);
rholL (j,Nsteps) = - sorted.returns_L(VaR_index_L);
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54 end

55 end

56 figure, plot (1:20,mean (rhoEuler),

57 1:20,mean (rhoEuler2), 'linewidth', 2);

58 legend('Euler contribution of Al', 'Euler contribution of A2'");

59 set (gca, 'fontsize',14, 'FontWeight', 'bold");

60 title ('Risk contributions for different number of
steps', 'fontsize',14);

61 xlabel ('Number of steps', 'fontsize',14);

62 ylabel ('Risk contributions', 'fontsize',14);

63

64 figure, plot(l:20,mean (mean (rhol))xones(20,1),

65 1:20,mean (rhoAl2), 'linewidth',2);

66 legend('\rho (L)', '\rho(Al + A2)'");

67 set (gca, 'fontsize', 14, 'FontWeight', "bold"');

68 title ('Comparison of total risk', '"fontsize',14);

69 xlabel ('Number of steps', 'fontsize',14);

70 ylabel ('Values of risk measures', 'fontsize',14);

The following code was used to create Figures [4.5 and [4.6] in the example of
Chapter [4

-

rng ('default")

2 confidence_level = 0.95;

3 T = 1;

4 Npaths = 1000000;

5 rho = 0;

6 Nruns = 10;

7 rhoEuler = zeros (Nruns, 20);

8 rhoEuler2 = zeros (Nruns, 20);

9 rhoAl2 = zeros (Nruns, 20);

10 rholL. = zeros (Nruns, 20);

11 for j = 1:Nruns

12 for Nsteps = 1:20

13 s = (T/Nsteps)".5;

14 clear incr incr3

15 incr(l,:) = zeros(l,Npaths);

16 incr (2:Nsteps+1l,:) = sxrandn (Nsteps,Npaths);
17 paths = cumsum(incr);

18 incr3(1l,:) = zeros(l,Npaths);

19 incr3(2:Nsteps+l, :) = s*randn (Nsteps,Npaths);
20 paths3 = cumsum(incr3);

21 Wl = paths;

22 W3 = paths3;

23 W2 = rho*Wl + sqgrt (l-rho”2) *«W3;

24 Al = sum(W1l(2:end, :) .*W2(l:end-1, :)-Wl(l:end-1, :)
25 xW2 (l:end-1,:));

26 A2 = sum (W2 (2:end, :) .*xWl (l:end-1,:)-Wl(l:end-1, :)
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27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44

45
46
47
48
49
50
51
52
53

54
55
56
57
58
59
60

61
62
63
64
65
66
67
68
69
70

LxW2 (l:end-1, :));
h = 1/100;

A = Al + A2;

B = A + hxAl;

sorted_.returns = sort (B);

num_returns = numel (B);

VaR_index = ceil((l-confidence_level)*num_returns);
rho0 = - mean(sorted_returns (l:VaR_index));
sorted_returns_a = sort (A);

num_returns_a = numel (A);

VaR_index_a = ceil((l-confidence_level) *num_returns_a);
rhoa = - mean(sorted_returns_a(l:VaR_index_a));
rhoEuler (j,Nsteps) = (rho0 - rhoa) /h;

B2 = A + hxA2;
sorted_returns_b2 = sort (B2);
num_returns_b2 = numel (B2) ;
VaR_index_b2 =
ceil ((l-confidence_level) rnum_returns_b2);

rho02 = - mean (sorted_returns_ b2 (l:VaR_index_b2));
rhoEuler2 (j,Nsteps) = (rho02 - rhoa) /h;
rhoAl2 (j,Nsteps) = rhoa;

L = Wl(end, :).*W2(end, :);

sorted_returns_L. = sort (L);
num_returns_L = numel (L) ;
VaR_index_.LL = ceil((l-confidence_level) *num_returns_L);

rholL (j,Nsteps) = -
mean (sorted_returns_L(l:VaR_index_L));
end
end
figure, plot(l1:20,mean (rhoEuler),
1:20,mean (rhoEuler2), 'linewidth', 2);

legend('Euler contribution of Al', 'Euler contribution of A2'");

set (gca, 'fontsize',14, 'FontWeight', '"bold");

title('Risk contributions for different number of
steps', 'fontsize',14);

xlabel ('Number of steps', 'fontsize',14);

ylabel ('Risk contributions', '"fontsize',14);

figure, plot(l1:20,mean (mean (rhol)) *ones (20,1)
,1:20,mean (rhoAl2), '"linewidth', 2);
legend('\rho (L)', "\rho (Al + A2)");

set (gca, 'fontsize', 14, 'FontWeight', 'bold");
title('Comparison of total risk', 'fontsize',14);
xlabel ('Number of steps', 'fontsize',1l4);

ylabel ('Values of risk measures', 'fontsize',14);
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