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Abstract

The Ten Mathematical Classics were the only imperially prescribed
mathematics textbooks in pre-modern China. They were used during the Sui (581 1
618), Tang (618 1 906), and Northern Song (9601 1127) dynasties at the imperial
academy to structure the mathematical training of students. This dissertation
explores the contents as well as information about the writers and commentators of
these texts in order to arrive at a better understanding of Chinese mathematics and
mathematical writers. It also analyzes how mathematical education actually took
place, presenting a new perspective on why state-run mathematical education only
existed at specific times. Lastly, this dissertation examines the circulation and
transmission of the Ten Mathematical Classics. My thesis consists of three central
points. Firstly, the history of Chinese mathematics should take into serious account
the entire corpus of knowledge and endeavours, such as divination, that historical
actors associated indivisibly with what we would consider pure mathematical
knowledge. Secondly, the known writers, commentators, and readers of the Ten
Mathematical Classics were all highly educated, many of whom were also
government officials, so it is over-simplistic to attribute the lack of long-term state-run
mathematical education to a general disdain among the Chinese literati for technical
subjects. Thirdl vy, I argue that the statebs d
education shouldbe under st ood within the broader cont ex
the time, and were directly related to the availability of suitable mathematically skilled

candidates who could be recruited into the bureaucracy.
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List of the Ten Mathematical Classics of the Tang Dynasty

1. Zhoubi suanjing (Mathematical classic of the gnomon of the Zhou
dynasty)
2. Jiuzhang suanshu (Nine chapters on the mathematical art)
3. Haidao suanijing (Sea island mathematical classic)
4. Sunzi suanjing (Master Sunds mat hemati cal cl as s
5. Zhuishu (Techniques for calculation by combination) 1 later lost and
replaced as one of the ten classics by the Shushu jiyi (Writings on

the mathematical art)

6. Xiahou Yang suanjing (Xi ahou Yangbés mat hemati cal
7. Zhang Qiujian suanjing (Zhang Qiujiands mat hematic
8. Wucao suanjing (Mathematical classic of the five bureaucratic

departments)
9. Wujing suanshu (Mathematical art of the five classics)
10. Jigu suanjing (Classic on the continuation of ancient mathematics)



Introduction

Introduction

When Liu Hui (fl. 263 CE) first sat down to write a commentary on a

mathematical text that he had been studying since his early youth, it is difficult to
imagine that he could have foreseen that he would earn an aristocratic title for his
work, or that this title would only come eight centuries after his death. While this
belated honour could not have brought Liu Hui himself any material benefit, it
demonstrates the long-lasting influence of his contribution to mathematical
knowledge in China. That contribution and the mathematical text that he commented
upon will play a central role in this narrative.

This dissertation is about the mathematics and mathematical education of
China between the sixth and the twelfth century, the only period in pre-modern
Chinese history during which competence in mathematics provided a direct entryway
into the civil service, ThefgcasisbhthesTen of t he per s

Mathematical Classics (Shibu suanjing ), which is the only set of imperially

approved mathematics textbooks throughout pre-modern Chinese history, and which
structured the state-run mathematical education of this period.!

The Ten Mathematical Classics refer to a set of ten mathematical treatises
that were annotated in the seventh century by the director of the Imperial Bureau of

Astronomy and Astrology (taishi ling ), Li Chunfeng (602171 670), and

his team of government officials. The initial impetus for such an endeavour came in

1 From the eighteenth century onwards, it became common to refer to this collection

of treatises as Suanjing shishu (Mathematical classics in ten books), a name
probabily first coined by Kong Jihan (17391 1783), who printed the collection in 1777
under that title. See Guo Shuchun and Liu Dun , Suanjing shishu (The
Ten Mathematical Classics) (Shenyang: Liaoning jiaoyu chubanshe, 1998), preface i no
page number. The name fShibu suanjingdis the term used in the Tang shu (Standard

history of the Tang dynasty) to refer to the collection, and is the earliest known reference to
the collection as such contained in official sources.
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the year 656 in the form of a decree from the emperor to produce a set of error-free
mathematics textbooks, which were subsequently approved for use by the instructors

and students of the imperial academy (guozijian ). The contents of this

collection of textbooks were decidedly eclectic. No effort was made at the time by Li
Chunfeng and his team to write new treatises that would address the specific needs
of the government, instructors, or the students. Instead, they limited themselves to
the mathematical treatises that were already in existence, most of which had been
used at the imperial academy under the previous dynasty, in order to meet their
needs and expectations of what the mathematics curriculum at the imperial academy
should look like. It was this vision that would guide state-sponsored mathematical

education for the rest of the Tang  dynasty (618 1 906). When state-run
mathematical education was re-instated under the Northern Song dynasty (960

T 1127) in the early twelfth century, the Ten Mathematical Classics were
supplemented with other textbooks, but continued to be the main texts from which
students of the imperial academy learnt mathematics.

Among the ten textbooks approved for official use in 656, a few were
relatively recent treatises, while others were already centuries old. Together, they
covered a formidable range of topics, ranging from elementary astronomy, surveying,
taxation, grain conversion, and problems aimed at honing skills in performing
arithmetic operations. In general, the questions in these treatises were presented as
word problems. Each question was couched in a plausible real-life scenario that
required the reader to first think about what method they would have to use to solve

it, which is not always obvious to modern eyes. One such example is the problem

that gives the reader a wo masrstiess pragnant, anch d

t

he
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asks the reader to determine the sex of the unborn baby based on this information.?
Each question is then followed by the answer and instructions on how to obtain the
answer. These instructions tend to be very brief, even abrupt, with no explanation of
why the problem should be solved in this particular way or why this method works.

The Ten Mathematical Classics were aimed more at teaching a set of
calculation techniques than at building a body of mathematical theory in the fashion
of the Platonic tradition of ancient Greece. These calculation techniques include
square and cube root extraction, area and volume calculations, and application of
what is commonly known today as the Pythagorean theorem. In general, pre-
modern Chinese mathematics did tend to be more pragmatic and grounded in the
real world, but this is not to say that there was absolutely no theoretical aspect to it.
If similarity to European traditions must be drawn, pre-modern Chinese mathematics
shared similarities with Enlightenment mathematics where Jean-Baptiste le Rond
do Al e bl€r 1783)and ot hers thought of natureds str
mathematical, and did mathematics that was tied to the world so as to delve into
natureds mysteries.

In the case of pre-modern Chinese mathematics, this is seen most clearly
when the authors of mathematical treatises explained in their prefaces what they
were trying to achieve with their work, or when other writers explained why the
learning of mathematics was essential. Such writings, which will be discussed in
detail in the following chapters, generally present a belief that numbers provided a
sense of order to natural phenomena and human endeavours, hence a proficiency in

the manipulation of numbers would lead to a better understanding of the natural

2 Sunzi suanjing (Master Sun& mathematical classic) (Beijing: Zhonghua
shuju, 1985), 26.

3 Amir Alexander, Duel at Dawn: Heroes, Martyrs, and the Rise of Modern
Mathematics, New Histories of Science, Technology, and Medicine, ed. Margaret C. Jacob
and Spencer R. Weart (Cambridge, MA: Harvard University Press, 2010), 8.
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world as well as greater competence in the human realm. Furthermore, within the
Neo-Confucian tradition that came to dominate Chinese philosophical sensibilities
from the thirteenth century onwards, there was a fundamental belief that there
existed one universal principle underlying everything in the physical and the social
world, a principle that every scholar should strive to understand and then reflect in
his every act. Because numbers were part of this world, they were of course under
the mantle of the universal principle as well. Therefore, the study of numbers and
their manipulation was, for the mathematically inclined, a perfectly legitimate way to
attempt to grasp the universal principle. Of course, not all pre-modern Chinese
scholars shared this view. In fact, many over the centuries looked down upon
mathematics as inferior to the study of the Confucian classics.

Presumably, by studying the questions and solutions in the Ten Mathematical
Classics, and with the guidance of proficient instructors, the student would be able to
generalize what he had learnt to similar problems that he would later encounter and
know what to do to solve them. Like the study of the Confucian classics, a certain
degree of memarization was required. The text in the Ten Mathematical Classics
does not enlighten the student on why the methods work, only that they should. The
role of the instructor at the imperial academy was most likely to fill in that gap. Self-
learning without the help of a teacher would have been difficult, though perhaps not
impossible for the gifted or for those who already possessed a certain degree of
mathematical proficiency learnt from other texts. In fact, these classics often served
as objects of interest for people who were already proficient in mathematics. Even
after mathematics was dropped from the official curriculum in 1120, most of the Ten
Mathematical Classics continued to circulate and remained part of the mathematical
discourse of China. Even as late as the nineteenth century, we see learned scholars

and accomplished mathematicians like Li Shanlan (18107 1882) arduously
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studying them in order to learn what previous generations of Chinese scholars had
known.* When state-run mathematical education was finally re-instituted in the late

1 8 6 0 6 9en Mathematical Classics once again came to be used as textbooks.

HISTORICAL BACKGROUND

From the above, it is clear that the study of the Ten Mathematical Classics
cannot be confined to any one century or dynasty if the goal is to be thorough. The
simple matter of when the classics first came into being spans centuries. The
earliest is believed to date from the first century BCE, while the latest is from the
seventh century CE. However, mathematical education at the state level began

perhaps much earlier with the Zhou  dynasty (1046 7 256 BCE). At the time, there
were officials responsible for teaching the six gentlemanly arts (liu i ) to the
children of the nobility, including the art of shu ,> which could be interpreted

variously as mathematics, numerology, divination, astronomy, astrology, and
geomancy.® The Zhou dynasty was a time when the nobility monopolized
government positions, so at least some of them must have needed to acquire some
skills in numeracy and calculation in order to perform the necessary administrative
tasks such as accounting and surveying. Unfortunately, no record of the
mathematical texts used for instruction at the time has survived. Since the Zhou

dynasty is believed to pre-date even the earliest of the Ten Mathematical Classics, it

4 Jean-Claude Martzloff, A History of Chinese Mathematics, trans. Stephen S. Wilson
(Berlin: Springer, 1997), 173-175.

5 The other five arts were ritual (li ), music (yue ), archery (she ),
horsemanship (yu ), and writing (shu ). See Li Yan, and Du Shiran. Chinese
Mathematics: A Concise History, translated by John N. Crossley and Anthony W.C. Lun
(Oxford: Clarendon Press, 1987), 22.

6 Ho Peng Yoke, Chinese Mathematical Astrology: Reaching Out to the Stars,
Needham Research Institute Series, ed. Christopher Cullen (London: Routledge Curzon,
2003), 2.
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must be assumed that the Ten Mathematical Classics, as they are known today,
played no role in mathematical education during that period. However, this does not
rule out the possibility that earlier versions of several of the ten classics might have
been used at the time since those classics with no clear authorship might not have
been the work of a single author, but the end result of generations of practitioners
adding to and deleting from the same treatise.
Records from this early period remain scarce. During the dynasties that
followed, it is not clear howorbywhom of fi ci als were trained to

finances. The Sui  dynasty (581 7 618) gives us the earliest substantial record of

the teaching and |l earning of mathema$uics as pa

shu (Standard history of the Sui) tells us that mathematics was one of the

subjects that students of the imperial academy could choose to learn. At one point,
there were two teachers, two teaching assistants, and eighty students involved in the
teaching and learning of mathematics at the academy.’

In 656, Emperor Gaozong (r. 650 7 683) of the succeeding Tang

dynasty issued the unprecedented decree that called for the production of a
standardized and error-free version of useful treatises for the teaching of the
students of mathematics at the imperial academy. The ten treatises that Li Chunfeng
and his team edited and annotated became the first and only set of officially
prescribed mathematics textbooks used at the imperial academy until mathematics
was dropped from the curriculum in 1120. In other words, the Ten Mathematical
Classics formed a complete mathematics curriculum that was aimed at training
young men to perform various calculations, most of which are related to the daily

administrative tasks performed by the bureaucracy. A separate civil service

7 Sui shu (Standard history of the Sui dynasty) (Beijing: Zhonghua shuju, 1973),
28, 777.
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examination was created to test indiuvi
examination was open to both the graduates of the state-run institutions and to men
who had trained elsewhere. Successful examination candidates could then enter the
bureaucracy as the lowest-ranking government officials.®

Despite this early commitment to mathematics training, the rest of the Tang
dynasty would see frequent interruptions to its state-run mathematics education as
this subject was sometimes dropped from the curriculum and then re-instated again.
Mathematical training became even more intermittent during the next major dynasty,
the Northern Song, as mathematical education was only offered very sporadically at
the imperial academy towards the very end of the dynasty. However, the Northern
Song greatly expanded state-funded education by opening a large number of

prefectural and county schools (zhouxue and xianxue ).° Access to state-

funded education was thus no longer limited to the imperial capital. The Northern
Song government also had the Ten Mathematical Classics printed by woodblock
technology in 1084, and copies might have been distributed to prefectural and county
schools.

The time period from the late sixth to the early twelfth century is thus the
focus of my research. Although dynasties are usually thought to be discrete entities,
the use of the Ten Mathematical Classics as textbooks was an example of continuity
across dynasties. Therefore, to not investigate this entire period would be putting
arbitrary time boundaries on a practice that spanned centuries. It was during this
period that the Ten Mathematical Classics were known to have formed a complete

mathematics curriculum for the students of the imperial academy. This is also the

8 Li and Du, Chinese Mathematics, 106.

9Richard L. Davis, fACustodians of Education

t he Sout h&aoumal & 8amgyYuan Studies 25 (1995): 97-98.

dual
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periodinpreemoder n Chinese history that was
interest in mathematics education and its willingness to take real action to see it
implemented. What prompted this interest and what ended it are questions that have
very much to do with what the Ten Mathematical Classics were perceived as being

able to offer to the state.

PURPOSE AND QUESTIONS

The contents of the Ten Mathematical Classics are therefore of particular
interest to this study. What knowledge and skills did they impart? Why were these
ten particular treatises chosen to be the official textbooks? Why were they never
replaced by newer or more sophisticated treatises? How did people teach and learn
from them?

The Ten Mathematical Classics are almost the only Chinese mathematical
treatises from before the mid-seventh century to have survived to the present day.
The overwhelming majority of early mathematical texts have been irretrievably lost
largely due to wars and neglect. The only exceptions to this for the period up to 656
are the Ten Mathematical Classics and a handful of short mathematical texts that
pre-date the Ten Mathematical Classics.’® Among these shorter texts, the one that

has garnered the most scholarly attention so far is the Suanshu shu (Writings

on reckoning). The Suanshu shu is the earliest known Chinese text that contains
substantial mathematical content to have survived. No mention of the Suanshu shu
has been found in any historical record, and this text became known to the academic

world only in 1983 when one copy in the form of bamboo strips was excavated from

10 Endymion Wilkinson, Chinese History: A New Manual, 4" ed., Harvard-Yenching
Institute Monograph Series, vol. 100 (Cambridge, MA: Harvard University Asia Centre, 2015),
491.

u

n

gue
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a second-century BCE tomb at Zhangjiashan in the province of Hubei.!! No

other copy of the Suanshu shu has been found to date, suggesting that the usage
and circulation of this text were probably quite limited, thus leaving the Ten
Mathematical Classics as our main portal into early Chinese mathematics.

Because the Ten Mathematical Classics were closely tied to the training of
officials, investigating their contents will give us insight into what officials were
expected to be able to do during that period in Chinese history. What did an
education in mathematics based on the Ten Mathematical Classics enable people to
accomplish? What kinds of problem were perceived as being particularly necessary
to the training of officials? How were these problems linked to the actual needs of
society at the time? What can we say about the society in which the Ten
Mathematical Classics were first written? Furthermore, what can we say about the
society that saw them incorporated into state-run education, and also the one that
finally gave up on state-funded mathematics education?

Another part of this study concerns the people whose lives were touched by
the Ten Mathematical Classics. Who wrote these treatises, and why did they do it?
Who read these treatises, and what motivated them to seek the knowledge

contained within? Who wrote the mathematics civil service examinations, and what

11 Ma Li, iShould the History of Chinese Mathematics be Rewritten?q Asian and
African Studies 14, no. 3 (2010): 78-79; Bai Shangshu , Alinnian lai Zhongguo xuezhe
dui Zhongguo shuxue shi yanjiu de gaikuang yu zhanwang

0(A summary of recent Chinese research in the history of mathematics and

future prospects), in Zhongguo shuxue shi yanjiu: Bai Shangshu weniji

(Research in the history of Chinese mathematics: Bai Shangshu& writings), ed. Li
Zhonglai (Beijing: Beijing shifan daxue chubanshe, 2008), 3-4. For translations of the
Suanshu shu into English, see Christopher Cullen, The Suan shu shu ANritings on
Reckoningd A Translation of a Chinese Mathematical Collection of the Second Century BCE,
with Explanatory Commentary, Needham Research Institute Working Papers (Cambridge:
Needham Research Institute, 2004), and Joseph W. Dauben, fi Suan Shu Shu A Book

on Numbers and Computations: E n g Archivenfor Ristaymos | at i on

Exact Sciences 62, no. 2 (2008): 91-178.

Wi
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opportunities did examination success open up to them? How did the unique
presence of such an examination during the Tang dynasty affect the lives of the
educated?

The third part of this study involves the actual production and circulation of
the Ten Mathematical Classics. Where and by whom were the classics printed and
copied? How widely and by what routes did the classics circulate both within China
and across the rest of East Asia? How did their circulation impact the shape of
mathematical discourse and the legacy of pre-modern Chinese mathematics?

The above questions outline a research programme that pushes the study of
the Ten Mathematical Classics beyond their technical aspects. The aim here is to
achieve a thorough understanding of these texts that is not merely limited to the
words contained within them, but will encompass the human actors associated with
them and the context in which they were embedded. While | am not arguing that the
mathematical facts and knowledge contained in the Ten Mathematical Classics are a
direct product of Chinese culture, the sorts of questions and the type of mathematics

in them are certainly influenced by the society and culture in which they arose.

WORKING ASSUMPTIONS AND THESIS

This approach to the history of mathematics follows a recent trend both within
the field and in the broader history of science, which sees the sciences as an
inseparable part of the continuum of human activity, and thus seeks to provide a
more integrated narrative to reflect this. This new trend is probably best
encapsulatedinthet i t | e of St e v that arghds againshtbirkingbaboat k

science as a purely objective phenomenon: Never Pure: Historical Studies of

10
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Science as if It was Produced by People with Bodies, Situated in Time, Space,
Culture, and Society, and Struggling for Credibility and Authority.*2

More traditional histories of the sciences tend to focus exclusively on
discoveries and the people who made them, producing a perspective that the only
matters of consequence are new ideas and the extraordinary people who discovered
them. The resulting picture is that of scientific ideas and scientific practitioners
operating in isolation of the people and the environment surrounding them. To most
hi storians of science up to the 1960606s, t he f a
in different parts of the world seemed merely incidental, being an accident of history
that required no explanation because science was viewed as an objective field of
knowledge that was free of human influence. Their focus was on the history of ideas,
and their work tends to be accounts of when and by whom elements of modern
science were discovered.

Throughout the twentieth century, more and more historians of science began
to more systematically include so-called external factors into consideration. They
began to see scientific activity as a response to the need to solve problems in the
real world. Therefore, the notion of context became a recurrent theme of historical
narratives as scholars explored how scientific practitioners were affected by their
political, social, and cultural surroundings, and how this effect was reflected in their
work. The context and the science became linked in a cause-and-effect relationship,
with the two understood to be easily identifiable and clearly distinct from each other.

An early proponent of this approach is Soviet physicist Boris Hessen (1893 i
1936), whose seminal paper fAThe Se&mncipgdb, and Eco

presented at the Second International Congress of the History of Science in London

12 steven Shapin, Never Pure: Historical Studies of Science as if It was Produced by
People with Bodies, Situated in Time, Space, Culture, and Society, and Struggling for
Credibility and Authority (Baltimore: Johns Hopkins University Press, 2010).
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in 1931, argued that the mathematics and physics problems that Isaac Newton (1642
T 1727) chose to address arose out of the economic and technical needs of his time,
such as the needs of navigation and ballistics.®* Recent advocates of more
sophisticated examples of this approach include Barry Barnes, David Bloor, and
Bruno Latour, who apply sociological methods to analyze the history of science and
the production of scientific knowledge.*

At the same time, other scholars have become inclined to think that the
context and the science are actually so intertwined that it is impossible to separate
them into two distinct wholes. Representative of this type of approach is Geoffrey
ER.LI oyd and NaheWMapnandheWord: &dence and Medicine in
Early China and Greece. In their comparative study of how the sciences developed
in early China and Greece, Lloyd and Sivin are primarily concerned with exploring
what they call a Acul t ueaeaadl thenatallectuad, sodia, , by which
and institutional dimensions from which a scientific problem arises and in which
practitioners work.

[They] do not think of social factors as determining thought nor of

ideas as changing society. These are not external causes. Thinkers

respond to, but also influence, institutions and prevalent values. Thus

[they] do not speak of inquiry in context. Context is not an
autonomous setting that may or may not be connected to inquiry.®

I3For Hessenbs paper, see Boris Hessen, iThe Soc
Newt onds 06 PScientecat tipeiCro$s &Roadsi, ad. Nicolai Bukharin (London: Frank
Cass, 1971 reprint). For an analysis of Hessends pa
Political Roots of Boris Hessen: S Bocial Studiedbd r x i s m and

Science 15, no. 4 (Nov 1985): 705-722.

14For Barnes and Bloorés Strong Programme of the
David Bloor, Knowledge and Social Imagery, 2" ed. (Chicago: University of Chicago Press,
1991), and Zheng-Feng Li, Ruey-Chyi Hwang, and Chi-Tung Huang, (8o Strong or
Home: An | nter vi e \EaswAsiantSciddae vlectnol@yly and $odiety: An
International Journal 4, no. 3 (2010): 419-4 3 2 . For L-MNetwork-Théosy, séecBrunor
Latour, Reassembling the Social: An Introduction to Actor-Network-Theory (Oxford: Oxford
University Press, 2005).
15 Geoffrey E.R. Lloyd and Nathan Sivin, The Way and the Word: Science and
Medicines in Early China and Greece (New Haven: Yale University Press, 2002), 3.
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In other words, the relationship between scientific ideas and their context is
much more complex than mere cause-and-effect. Lloyd and Sivin argue that the way
individuals think and approach inquiries into natural phenomena is ultimately a
product of the society in which they live and work. However, these individuals in turn
influence and shape society and the institutions within it. Therefore, the question of
why the sciences developed in a certain way in a particular society becomes of
utmost interest to historians taking this type of approach.

This approach is not new to the field of the history of mathematics. Eleanor
R o b s 0 n 6-winnmg hioak,eMathematics in Ancient Irag: A Social History, already
leads the way. In her study of ancient Mesopotamian mathematics, Robson
emphasizes the need to view mathematical ideas and practitioners as being situated
within their respective societesbecause fithe ways in which mathe
conceptualized, described, a n d® Std psimtsuiosts ed ar e ¢
t hat fAal t h o usgshmoshimmddiatetyahte product of individuals, those
individuals are shaped and constrained by the society in which they live, think, and
wr i ¥ &heréfore, in her work, there is also a sense that different pre-modern
societies developed mathematics differently because their people have been shaped
to think differently and to pursue different types of goals. This is the fundamental
assumption that guides the present study.

This dissertation, however, is not a history of how mathematical ideas and
concepts developed in China. My goal is not to point out how sophisticated early
Chinese mathematics was, or to highlight all the instances when the Chinese

discovered an idea earlier than everyone else in the world. That has already been

16 Eleanor Robson, Mathematics in Ancient Iraq: A Social History (Princeton:
Princeton University Press, 2008), 45.
17 Ibid, 8.
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thoroughly and expertly done by previous scholarship. Instead, the emphasis here is
on exploring why the contents of the Ten Mathematical Classics are such as they are,
why they were chosen in the year 656 to train future officials, and why they were
deemed to have outlived their usefulness by 1120. What was it about the society

and the people in it that saw such a fate for the ten classics? The answers to these
guestions will yield a more enlightened conceptualization of early Chinese
mathematics and its place in society up to the twelfth century that goes beyond a
chronology of Chinese mathematical discoveries and their discoverers.

It must be acknowledged, however, that this conceptualization can only be
incomplete because it is based only on the Ten Mathematical Classics, which consist
only a small fraction of the vast corpus of mathematical texts written in China. It
must also be acknowledged that the Ten Mathematical Classics count among the
privileged texts in the history of Chinese mathematics. More effort had been
expended on preserving them over the centuries than any other mathematical text in
pre-modern China,'® and there is no reliable way of ascertaining how representative
the contents of the Ten Mathematical Classics were of those of their contemporary
mathematical treatises. Nevertheless, because they were chosen to form a
complete mathematics curriculum at the imperial academy during the Tang dynasty,
the Ten Mathematical Classics represented a complete corpus of useful
mathematics to the state and the students who relied upon these texts to enter the
civil service. Therefore, it is fair to say that an analysis of the Ten Mathematical

C| a s santerds@nd usage in the state-run mathematical education system will

B8Karine Chemla, fAA Chinese Canon in Mathematics
Comment aries: Reading a Coll ect ilookingoafitfroane xt s as Shap
Asia: The Processes that Shaped the Sources of History of Science, Boston Studies in the
Philosophy of Science, vol. 265, ed. Florence Bretelle-Establet (New York: Springer, 2010),

183.
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yield a valid picture of what mathematics meant to the writers and readers of these
texts, as well as maio-poicabworid ofsn@-impeyidl Enhina. n

The goals of this dissertation are three-fold. Firstly, it examines the contents
as well as the writers and commentators of the Ten Mathematical Classics. This
examination is aimed at uncovering the type of mathematics that was practised by
these particular writers on the one hand, and the mathematical knowledge and skills
that were considered relevant by the state to the training of necessary personnel on
the other. Furthermore, it will reveal the types of people who became mathematical
writers in pre-modern China up to the mid-seventh century.

Secondly, this dissertation explores the evolution of mathematical education
and the role played by the Ten Mathematical Classics in that evolution. As noted
earlier, little is known about how mathematical education in China took place before
the Sui dynasty. During intermittent periods of the Sui, Tang, and Northern Song
dynasties, the government created a specialized school within the imperial academy
to teach mathematics. Decisions to create and abolish this school, as well as the
choice of textbooks to use, should not be seen as random or natural decisions that
demand no explanation. While the lack of relevant primary sources makes it difficult
to pinpoint the motivations of the historical actors, contextualizing the history of state-
run mathematical education within the broader history of state-run education in
general, in addition to the broader history of mathematical education within the whole
of Chinese society, will shed light on the impetus and rationale behind the way state-
run mathematical education developed in China.

Thirdly, this dissertation traces the circulation and transmission of the Ten
Mathematical Classics within China and across the rest of East Asia up to modern

ti mes. 't expands bey o ntbnahpedctupatioa wiih ondy |
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Introduction

the intellectual aspects by following the history of book production and the circulation
of the Ten Mathematical Classics.

As the next section will demonstrate, traditional narratives of pre-modern
Chinese mathematics have focused on the knowledge and skills contained in extant
mathematical texts including the Ten Mathematical Classics, and expounded
eloquently on what the Chinese knew and were able to do. Previous scholarship that
discusses the history of mathematical education in pre-modern China tends to focus
exclusively on the state-run system during the Sui, Tang, and Northern Song, and
explain that disdain among the literati towards technical subjects meant that
mathematical education was considered unimportant, and therefore state efforts to
sustain it never lasted for long. However, this type of explanation fails to account for
why mathematical education was in fact offered by the state at particular points in
time.

This dissertation therefore presents a reassessment of the available evidence
and a new interpretation of the history of mathematics and of mathematical
education in China. My thesis consists of three central points:

1. The history of mathematics can and should be expanded beyond the modern
perspective of what counts as mathematics, and take into serious account the
entire corpus of knowledge and endeavours that historical actors associated
indivisibly with what we would consider pure mathematical knowledge. In the
case of mid-imperial China, this includes the predictive capabilities made
possible by various calculation techniques, as exemplified in the problem
discussed earlier about predicting the gender of an unborn child.

2. An examination of the known writers, commentators, and readers of the Ten
Mathematical Classics both within China and the rest of the East Asia will

show very clearly that they were all highly educated, many of whom were
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also government officials. Therefore, it is over-simplistic to attribute the lack
of long-term state-run mathematical education to a general disdain among
the literati for technical subjects.

3. Whereas state-run mathematical education is ubiquitous in modern times, our
views about its necessity and perhaps even inevitability should not be
projected onto pre-modern times. Therefore, the presence of state-run
mathematical education in pre-modern China deserves just as much
explanation as its absence. I argue
drop mathematical education should be understood within the broader
context of the stateds needs at the
availability of suitable mathematically skilled candidates who could be

recruited into the bureaucracy.

STATE OF THE FIELD

In 2002, Chinese historian of mathematics Qu Anjing presented a
paper to the International Congress of Mathematicians in which he identified two
approaches that have dominated the field in China. The first approach focused on
discovering what mathematics had been done during the pre-modern period, and
was exemplified in the works of Li Yan (18927 1963) and Qian Baocong
(18927 1974), the pioneer historians of mathematics in China.*®* The second

approach, in contrast, aimed at recovering how mathematics had been done in the

19 Qu Anjing, firhe Third Approach to the History of Mathematics in Chinaq in
Proceedings of the International Congress of Mathematicians, Beijing, Aug 20 i 28, 2002, vol.
3, 948.
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Introduction

pre-modern period, and was first proposed by Wu Wenjun (19197 2017) in

the 1980&.%°

In the paper, Qu advocated a third approach to the history of Chinese
mathematics: explaining why mathematics was done in the pre-modern period. He
further stated that fonce the three approaches have merged into a single whole, the
research paradigm will shift from mathematics in history to the history of
mathematics&! (emphasis added). By this, Qu probably meant that by limiting the
historical focus on what and how mathematics was done, a historian& objects of
study would only be the mathematical texts and instruments that have survived from
the past, and the history he or she writes would inevitably be episodic, or what
Jacqueline Stedall calls fstepping-stone historya?? Stedall is similarly critical of this
type of historical narrative, which she does not consider true history:

Without the attempt [to trace the ground between the stepping stones],

there is no history, only the series of anecdotes on which much of the

popular history of mathematics is still too often based.?

For the history of Chinese mathematics, while it remains difficult due to the
lack of sources to embed all the so-called fstepping stonesoin a fully integrated and
complete narrative, much progress has certainly been made since the field& earliest
days. Within China, Li Yan and Qian Baocong made lasting contributions to the field
by uncovering what mathematics had been done in pre-modern China. They both
wrote broad-sweeping histories of pre-modern Chinese mathematics, thus opening

up the field for later scholars to pursue different questions and more in-depth

20Qu,iThe Thi r d 958.pForastady in Bnglish of Wu Wenjun life and
work, see Jiri Hudecek, Reviving Ancient Chinese Mathematics: Mathematics, History and
Politics in the Work of Wu Wen-Tsun (New York: Routledge, 2014).

21 Qu, Arhe Third Approachq 954.

22 Jacqueline Stedall, The History of Mathematics: A Very Short Introduction, Very
Short Introductions Series (Oxford: Oxford University Press, 2012), 9-12.
23 |bid, 11-12.
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research.?* Qian had also compiled a critical and punctuated edition of the Ten
Mathematical Classics in 1963.%

Around the same time, Yan Dunjie (19177 1988), another first-

generation Chinese historian of mathematics, published an essay on the history of
mathematical education in China in which he followed the type of periodization that
had become standard in China by that time:

9 Ancient period (Spring and Autumn [7221 476 BCE] 1 1840)

1 Early modern period (1840 i 1949), which is further subdivided into two
segments:
o 18407 1919
0 19197 1949

1 Modern period (1949 i present)

For the ancient period, Yan argued that whereas state-run mathematical
education was aimed at training a very small minority to do the basic calculations
that were necessary for administrative tasks, private education in mathematics had a
long tradition in China, and that many of China®& most brilliant mathematical

achievements were made by people who were privately trained.?®

24 For Li Yan® work, see for example Li Yan, Zhongguo suanxue shi
(History of Chinese mathematics) (Shanghai: Shanghai shudian, 1938), and Li Yan and Du
Shiran. Chinese Mathematics: A Concise History, trans. John N. Crossley and Anthony W.C.
Lun (Oxford: Clarendon Press, 1987). For Qian Baocong& work, see for example Qian

Baocong, Zhongguo suanxue shi (A history of Chinese mathematics) (Beijing:
Kexue chubanshe, 1964).

25 Qian Baocong, Suanjing shishu (The Ten Mathematical Classics)
(Beijing: Zhonghua shuju, 1963).

26 Yan Dunijie, izhongguo shuxue jiaoyu jianshi O (A short history of
Chinese mathematical education), Shuxue tongbao (Bulletin of Mathematics) 8

(1965): 45-46.
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Following a hiatus during the Cultural Revolution (1966 1 1976), Chinese
publications on the history of mathematics, and specfically on a few of the Ten
Mathematical Classics, burgeoned. In the 1980&, Wu Wenjun famously diverged
from Qian Baocong® interpretation of how certain problems were solved in the Ten
Mathematical Classics.?” A new critical edition of the Ten Mathematical Classics by

Guo Shuchun and Liu Dun was published in 1998.28
One of the Ten Mathematical Classics, the Jiuzhang suanshu (Nine

chapters on the mathematical art), has generated especial interest among Chinese
historians because of its influence of later mathematical writers and because it is
considered the most sophisticated of all extant early Chinese mathematical texts.?®
The Jiuzhang contains 246 problems that deal with topics like field measurement,
calculation of comodity prices, and division of labour. Its current form is most likely
the result of cumulative effort by several writers, but it had assumed definite shape
by the third century since extensive annotations are known to have been made to it
in the year 263 by Liu Hui, who is mentioned at the beginning of this Introduction.
The Jiuzhang is perhaps the most influential treatise in the history of Chinese
mathematics. Its format provided the model for many of the later mathematical
treatises. At least five translations of the Jiuzhang into modern Chinese have been

published by Chinese historians of mathematics like Bai Shangshu and Shen

27 The major sticking point was whether or not pre-modern Chinese had ever used
the notion of similar triangles and its related properties. This will be discussed in more detalil
in Chapter One.

28 Guo Shuchun and Liu Dun, Suanjing shishu (The Ten Mathematical
Classics) (Shenyang: Liaoning jiaoyu chubanshe, 1998).

29 For the Jiuzhang suanshu® influence on later writers, see Chapters Four and Five.
For Chinese historiansdassessment of the Jiuzhang representing the pinnacle of early
Chinese mathematics, see for example Guo Shuchun, Gudai shijie shuxue taidou Liu Hui

(The Pinnacle of Ancient World Mathematics: Liu Hui) (Jinan: Shandong
kexue jishu chubanshe, 1992), 4.
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Kangshen 2% In-depth studies of the mathematics contained in the Jiuzhang®

original text as well as Liu Hui& commentary have been done by scholars like Guo
Shuchun.®!
Several of the rest of the Ten Mathematical Classics have also been studied

by Chinese scholars as individual texts. These include Qu Anjing& translation of the

Zhoubi suanjing (Mathematical classic of the gnomon of the Zhou dynasty)
into modern Chinese,* as well as Ji Zhigang& annotations on the Sunzi
suanjing (Master Sun& mathematical classic), Zhang Qiujian suanjing

(Zhang Qiujian& mathematical classic), and Xiahou Yang suanjing
(Xiahou Yang®& mathematical classic).*

Outside China, the historiography of Chinese mathematics has developed
along very similar patterns as within China. Several broad surveys have been
written by scholars including Mikami Yoshio (1875 7 1950), Joseph Needham (1900
T 1995), and Jean-Claude Martzloff. Mikami did his research during the opening
decades of the twentieth century, and he experienced ftonsiderable hardship in
procuring [reference] materialsofor writing a history of Chinese and Japanese

mathematics.®* Therefore, he refrained from calling his book a fhistorya® His book

30 Chemla, A Chinese Canong 186. For Bai® translation, see Bai Shangshu,
Jiuzhang suanshu jin yi (A translation of the Jiuzhang suanshu into modern
vernacular) (Jinan: Shandong jiaoyu chubanshe, 1990). For Shen& translation, see Shen
Kangshen, Jiuzhang suanshu dao du (A guide to reading the Jiuzhang
suanshu) (Hankou: Hubei jiaoyu chubanshe, 1997).

31 See Guo Shuchun, Gudai shijie shuxue taidou Liu Hui.

32 Qu Anjing, Zhoubi suanjing xin yi (A new discussion of the Zhoubi
suanjing) (Xi 6 an: S h a ahobarishey2602)mi n

33 Ji Zhigang, Sunzi suanjing, Zhang Qiujian suanjing, Xiahou Yang suanjing dao du

(A guide to reading Sunzi suanjing, Zhang Qiujian
suanjing, and Xiahou Yang suanjing) (Wuhan: Hubei jiaoyu chubanshe, 1999).

34 Mikami Yoshio, The Development of Mathematics in China and Japan (New York:
Chelsea Publishing Company, 1913), vi-vii.

35 |bid, vi.
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consists largely of separate discussions of individual texts and writers, including most
of the Ten Mathematical Classics as well as many of the best-known mathematical
works from after the eleventh century.
In contrast, Joseph Needham and his earlier collaboratorséwork on the
monumental Science and Civilization in China series sought to embed the history of
Chinese sciences, including mathematics, into a single coherent narrative that
highlighted what they saw as Chinese contributions to modern science with the aim
of answering the famous Needham question of why modern science did not arise in
China.®® Not only did the Science and Civilization in China project show the world
that science was not a uniquely Western product,®” the Needham question very
much set the tone for many historians®dé approac
for several decades. Whereas Needham had sugg
Aibureaucratic feudalismd and | ack of a fully d
to the rise of modern science in China,® scholars like Ho Peng Yoke have sought
other answers to the Needham question,*® while others like Nathan Sivin see the
guestion as having heuristic value for the exploration of the history of Chinese
sciences in general, but not as an ultimate question for historical inquiry.*® The
thirteenth volume of the history of science journal Osiris published in 1998 was

entitled ABeyond Joseph Needhamdé, serving simu

36 Joseph Needham et al., Science and Civilization in China (Cambridge: Cambridge
University Press, 1954 -. The first part of Volume 3 is devoted to the history of Chinese
mathematics.
S’Morris Low, fiBeyond Joseph Needham: Science, T
East and SouOdrieiB¢$1098)Alsi a o0,
38 See Joseph Needham, Kenneth Girdwood Robinson, and Ray Huang, General
Conclusions and Reflections, vol. 7, pt. 2 of Science and Civilization in China, ed. Kenneth
Girdwood Robinson (Cambridge: Cambridge University Press, 2004).

¥see for example Ho Peng Yoke, fAChinese Science
Bulletin of the School of Oriental and African Studies 54, no. 3 (Oct 1991): 506-519.
0see for example Nathan Sivin, fAWhy the Scienti

inChinai or Di d Ghinese Bdieficé 5 (June 1982): 45-66.
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Needhambés wunpar al | el istaty ot Ghingse stidnees, asavallasao t he h
signal that the field has by and large moved beyond considerations of the Needham
guestion.

Jean-Cl aude MartzIloffés more recent history o
provides an updated version of the topic in comparison to the mathematics section of
the Science and CivilizationinChina** | n Mart zI| of f 6®nesti mati on, t
Mat hemat i c ddvel d dificsltg is lows @éspecially in relation to later works
from the thirteenth and fourteenth centuries.*?

Like the situation in China, few scholars outside China have undertaken to
focus their study on the Ten Mathematical Classics as a whole. A notable exception
to this is Robert Schri mpf éascolldcboat or al di sserta

mat hemati que fASouan kjwhich provides tranklaiian® of all the

problem statements contained in the Ten Mathematical Classics.*
Nevertheless, several of the Ten Mathematical Classics have garnered a
great deal of scholarly attention. The Zhoubi suanjing was translated into French by
Edouard Biot (18037 1850) in 1841.* A translation and detailed study in English
has been done by Christopher Cullen, which points out that the Zhoubii s At he onl vy
rationally based and fully mathematized accountof aflatear t h cosmos o known

around the world.*®

41 See Martzloff, A History of Chinese Mathematics.

42 |bid, 16-17.

43 See Robert Schrimpf,La col |l ecti on mat hemati que fASouan
. PhD diss. Rennes: Université de Rennes, 1963.

4Chemla, A Chinese Canono, 184.

45 Christopher Cullen, Astronomy and Mathematics in Ancient China: The Zhou bi
suan jing (Cambridge: Cambridge University Press, 1996), xi.
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Translations of the Jiuzhang suanshu have been done by Kurt Vogel into
German in 1968,% into Japanese by Kawahara Hideki in 1980,% jointly by Shen
Kangshen, John Crossley, and Anthony Lun into English in 1999,% and jointly by
Karine Chemla and Guo Shuchun into French in 2004.4° Another notable English-
|l anguage study is Joseph W. Daubendés article 0
Jiu Zhang Suan Shuv s . E [Elermeints. AAspects of Proof and the Linguistic
Limits of Knowledgeq which employs the comparative approach to analyze why
Chinese mathematics developed the way that it did, concluding that linguistic
limitations were part of the reason the Chinese never developed a highly theoretical
axiomatic mathematics like the Greeks.>°

A close study of the Haidao suanijing (Sea island mathematical

classic), which focuses on surveying problems and was written by Liu Hui, the first
known commentator of the Jiuzhang suanshu, has been done by Frank J. Swetz.>!
Liu Hui had originally appended it to the Jiuzhang as a supplement, but the Haidao
suanjing had become a stand-alone text by the Tang dynasty. Another of the Ten

Mathematical Classics, the Sunzi suanjing, has been translated into English by Lam

46 See Kurt Vogel, Neun Biicher arithmetischer Technik (Braunschweig: Friedr.
Vieweg & Sohn, 1968).
4See Kawahara Hideki, fARyuki chu kyusho sanjuts
Jiuzhang suanshu), in Chogoku tenmon gaku sugaku shu (Collection of Chinese
astronomical and mathematical texts) (Tokyo: Asahi shuppansha, 1980).
48 See Shen Kangshen, John N. Crossley, and Anthony W.C. Lun, The Nine
Chapters on the Mathematical Art: Companion and Commentary (Oxford: Oxford University
Press, 1999).
49 See Karine Chemla and Guo Shuchun, Les neuf chapitres. Le classique
mathématique de la Chine ancienne et ses commentaires (Paris: Dunod, 2004).
50 See Joseph W. Dauben,i Anci ent Chi nes eldiuMbhanchSean&hui cs: t he
v s . E (Elerhentd. Aspects of Proof and the Linguistic Limits of Knowledgeq International
Journal of Engineering Science 36, no. 12/14 (1998): 1339-1360.
51 See Frank J. Swetz, The Sea Island Mathematical Manual: Surveying and
Mathematics in Ancient China (University Park: Pennsylvania State University Press, 1992).

24



Introduction

Lay Yong and Ang Tian Se.*? Six problems from the Jigu suanjing (Classic

on the continuation of ancient mathematics) have been translated into English by
Tina Su-lyn Lim and Donald B. Wagner.>?

My dissertation offers the first comprehensive study in English of the Ten
Mathematical Classics as a complete collection. While the significance of these texts
to the intellectual history of mathematics has been extensively analyzed, a
systematic attempt to situate them and their authors, commentators, and readers
within the intertwined histories of mathematics, mathematical education, and book
production has not yet been done. Therefore, instead of approaching the ten
classics as just works of mathematics to be examined in a technical manner, | will
treat them in a way that will bring into focus how these texts as well as their authors,

commentators, and readers fit into the world around them.

OUTLINE OF CHAPTERS

This dissertation is organized into five chapters. Chapter One lays out the
contents of each of the Ten Mathematical Classics. It analyzes the range of topics
covered, the specific knowledge and skills that they impart, and the commentaries
that were included in the official textbook version of the Tang dynasty. A selection of
problems is explained in detail using modern terminology and symbols to highlight
what and how problems were solved by the writers of the Ten Mathematical Classics.
The use of modern mathematical terminology and symbols is admittedly

anachronistic. However, the method used closely follows the one given in the

52 See Lam Lay Yong and Ang Tian Se, Fleeting Footsteps: Tracing the Conception
of Arithmetic and Algebra in Ancient China (River Edge: World Scientific, 2004).

3SeeTinaSu-l yn Lim and Donald B. Wagner, fiwang Xi ao
Six Problems from 6Continuation of ArEasiAsiant Mat hemat
Science, Technology, and Medicine 37 (2013): 12-35.
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ori gi nal source, and the readerd6s ease of wunder

be authentic here. Chapter Oneds goal 1is to
and commentators of the Ten Mathematical Classics conceptualized mathematics
and what they felt was the function of mathematics.

Chapter Two focuses on the writers, compilers, and commentators of the Ten
Mathematical Classics whose work became part of the officially prescribed textbooks
in the year 656. While the authorship of several of these classics remains unknown,
the others are known to have been written by men about whom limited biographical
information can be gleaned from the official
lives and careers is meant to uncover the types of people who wrote about
mathematics in pre-modern China up to the mid-seventh century, thus answering the
bigger question of how we should characterize early Chinese mathematical writers.

Chapter Three explores how the Ten Mathematical Classics were actually
used in the process of teaching at the imperial academy during the Sui, Tang, and
Northern Song dynasties. The purpose of the chapter is to investigage how state-run
mathematical education was structured, how it related to the actual recruitment of
civil servants, and how it compared with other types of education offered by the state.

The end of state-run mathematical education in 1120 did not stop new
mathematical treatises from being written. Nor did it result in the collapse of civil
administration due to a lack of mathematically adept personnel to handle the
finances of the state. All these point to the existence of private mathematical
education in pre-modern China. Chapter Four outlines the history of mathematical
education after the Northern Song up to the time state-run mathematical education

was again re-instated during the late Qing  dynasty (1644 7 1911). While much of

the evidence for details about private mathematical education remains circumstantial,

26



Introduction

it will become obvious that the need for and presence of mathematically skilled

people in Chinese society were continuous through pre-modern Chinese history. By

analyzing the exact points in time when state-run and private mathematical

education co-existed with each other, | will argue that the institution of state-run

mat hemati cal education must be wunderstood in t
political needs and ambitions at the time.

Chapter Five discusses other aspects of the history of the Ten Mathematical
Classics relating to the copying, printing, circulation, and transmission of these texts
across East Asia. There was no evidence of printing technology in China before the
seventh century, so the fact that treatises that date as far back in time as the first
century BCE were able to survive up to the Tang dynasty and beyond is a matter of
great historical interest. In addition, the role played by the Ten Mathematical
Classics in contributing to a cohesive mathematical discourse in East Asia will be

analyzed.

NOTE ON SOURCES AND TRANSLATIONS
Neither the Tang nor the Northern Song editions of the Ten Mathematical
Classics are extant. The earliest surviving copies of seven of the classics date from

the thirteenth century. The eighteenth-century editions prepared by Dai Zhen

(17241 1777),% one of the leading mathematics and evidential scholars of the Qing
dynasty, for the imperial library collection are believed to be near-complete versions
of all ten classics as well as their most important commentaries that have survived to

that time. A recent reprint edition was produced in 1985 by a major Chinese

54 For a study in English on Dai Zhen and his philosophy, see MinghuiHu, Chi na 6 s
Transition to Modernity: The New Classical Vision of Dai Zhen (Seattle: University of
Washington Press, 2015).
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publisher, the Zhonghua shuju , based on Dai Zhends wor k.

otherwise stated, this is the edition to which | will refer throughout this dissertation.
Although this is a history of mathematics and mathematical education, |
refrain from using thetermfi mat hemati ci ano to refer to the wr
discussed in this dissertation. This restraint is in line with a recent trend in the
historiography of science that strives for a more nuanced understanding of historical
actors by avoiding the use of terms that might suggest that people of the past were
simply earlier versions of todayods professiona
shall see in Chapters One and Two, pre-modern Chinese did not share our modern
mental landscape regarding clear boundaries between scientific pursuits and
everything else. Furthermore, the historical actors in question did not refer to
themselves with a special term that could be taken as the equivalent of

fimat hemat i ci achaurend T lwas sdmetimes used in the historical

sources to refer to people who did mathematics, but the same term was also applied
to people who did astronomy, astrology, and calendrical calculations without the
modern sense that what these people did was fundamentally different from one
another. I n the place of the term fAmathematiciano,
fimat hemati cal practitionerd to more accurately
based on what they have done in terms of mathematics rather than project our
modern categories on the past.
Because this is a work in English about Chinese texts and institutions,
decisions about whether to use transliterations or translations of Chinese titles and
names must be made. Currently, there is no consensus among the leading

historians in the field who have published in English. For instance, Christopher
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Cullen tends to use transliterations,*® while Karine Chemla prefers to use
translations.>® Both methods pose problems, especially for non-specialist readers.
Transliterations obscure the meaning of terms for readers who cannot read the
original language. Translations, on the other hand, can become very wordy and can
differ significantly from scholar to scholar, especially for titles whose meanings are
not immediately obvious. A classic example in the history of the Ten Mathematical
Classics is the title of the Zhoubi suanjing, which has variously been translated as
the AArithmetic Classic of the Gnomon and the
AMat hemati calGiEtdbmers i aeaf of he hZ2hou Dynastyo among
In this dissertation, | have made these decisions primarily with a non-
specialist readerb6s ease of reading and wunders
titles of individual Chinese texts, | use transliterations accompanied by a translation
at first mention, mainly to avoid having long and cumbersome titles scattered
throughout the text, but also because | do not feel translated titles are necessarily
better than transliterated ones at helping readers identify and understand what is
contained in the text.
For the names of government departments and positions, however, | use
transl ati ons, mo st of wh Dictibnary af OfficalWitle€imar | es O.
Imperial China,®” because translations in such cases easily and directly convey to
the reader the function of the department or position in question.
Lastly, all other translations of Chinese textual material are my own unless

otherwise indicated.

55 See for example Cullen, Astronomy and Mathematics in Ancient China.
%$see for exampClki Casenl Gandmo.

57 See Charles O. Hucker, A Dictionary of Official Titles in Imperial China (Stanford:
Stanford University Press, 1985).
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Chapter One

Putting Thought into Writing: The Formation of the Ten Mathematical Classics

In the year 656, an unsual memorial reached Emperor Gaozong of the Tang

dynasty. The memorial was writting by Wang Sibian (fl. 656), a low-ranking
astronomical observer (taishi jianhou ) of the Imperial Bureau of Astronomy

and Astrology, to complain that the Ten Mathematical Classics contained a multitude

oferrors! The precise circumstances that gave rise
the texts remain a mystery. Nor do we know if the Ten Mathematical Classics had

any direct relevance for his official duties at the bureau. The results of his actions,

however, are well documented and momentous for the history of mathematical

education. Wan g 6 s aorengtoissuadn imperial deprée¢od G

correct and annotate the Ten Mathematical Classics. The officials appointed for this

task were Li Chunfeng, director of the Bureau of Astronomy and Astrology; Liang

Shu (fl. 656), mathematics instructor at the imperial academy (guozijian
suanxue boshi ); and Wang Zhenru (fl. 656), assistant
instructor at the imperial university (taixue zhujiao ). Once their work was

completed, Gaozong decreed that these classics should be used at the imperial
academy,? thus formalizing for the first time in Chinese history the mathematics

textbooks of state-run institutions.

1 Jiu Tang shu (Old standard history of the Tang dynasty) (Beijing: Zhonghua
shuju, 1975), 79, 2719.
2 |bid.
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No copy of the Ten Mathematical Classics from the Tang dynasty has

survived, but their titles are recorded in the official history:®

9 Zhoubi suanijing (Mathematical classic of the gnomon of the Zhou
dynasty)
9 Jiuzhang suanshu (Nine chapters on the mathematical art)
1 Haidao suanijing (Sea island mathematical classic)
1 Sunzi suanjing (Master Sunds mat hemati cal cl as s
1 Zhuishu (Techniques for calculation by combination)
1 Xiahou Yang suanjing (Xiahou YangoOslassigt hemati cal
1 Zhang Qiujian suanjing (Zhang Qunathgmatal dassic)*
1 Woucao suanjing (Mathematical classic of the five bureaucratic
departments)
1 Woujing suanshu (Mathematical art of the five classics)
1 Jigu suanjing (Classic on the continuation of ancient mathematics)

Two other mathematical treatises are recorded as having been studied at the
imperial academy during the Tang dynasty, but were not originally considered part of

the Ten Mathematical Classics:

3 Xin Tang shu (New standard history of the Tang dynasty), 44, 1160-1161.
The order in which the texts are listed here follows the chronological order in which they were
written.

4 The 1776 copy of this treatise prepared by Dai Zhen for the imperial collection
underwent a slight change to its title. The second character became  so as to avoid
transgressing on the taboo on Confuciusd personal n
suanjing shisHhHu d&e |ji zge we nAt(AFew Questions
Concerning the Ten Mathematical Classics), Zhonghua keji shi xuehui huikan

(Bulletin of Association for the History of Science) 10 (Dec 2006): 66.
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1 Shushu jiyi (Writings on the mathematical art)

I Sandeng shu (Art of the three degrees)

However, the Zhuishu fell into disuse and was replaced as one of the Ten
Mathematical Classics by the Shushu jiyi.> This replacement may have occurred
guite early in the Tang dynasty. When Li Chunfeng wrote the harmonics and

calendar systems (luli ) section in the standard history of the Sui dynasty, he

indicated that the mathematics instructors at the Sui imperial academy had access to
the Zhuishu, but never made much use of it due to difficulties understanding its
contents.® Even had the Tang-dynasty instructors managed to fare better, no copy

of the Zhuishu seems to have survived into the Song  dynasty (9601 1279).

Certainly, the earliest extant copy of the Ten Mathematical Classics dating from 1213
includes the Shushu jiyi but not the Zhuishu. Like the Zhuishu, the Sandeng shu
seems to have become lost by the Song dynasty. Furthermore, it never became one
of the Ten Mathematical Classics.” The contents of both the Zhuishu and the
Sandeng shu can only be speculated at this time.

Interestingly, several of the classics as they have been passed down to the
present still include identifiable commentaries that had been added to the original
texts sometimes centuries after their initial completion. By the Tang, these
commentaries were considered essential parts of the classics and continued to be

included in the official textbook version.2 A complete list of the Ten Mathematical

SGuo, fAGuanyu suanjing shishu de ji ge wenti o,
6 Sui shu, 16, 388.

7 Benjamin Elman, On Their Own Terms: Science in China 1550 i 1900 (Cambridge,
MA: Harvard University Press, 2005), 423-424.

8 Chemla makes this point specifically for the Jiuzhang suanshui n A A Chi nese
Canono-170.169
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Classics in chronological order, along with their authors, date of compilation, and
known commentators up to the year 656 is given in Table 1.1.

This chapter deals with the technical aspects of the Ten Mathematical
Classics. It describes the contents of each classic and of the extant commentaries
that were included in the official textbook version of the Tang dynasty. It also
highlights representative problems and solutions from the Ten Mathematical Classics
in order to present the types of problems solved in these texts and the mathematical
skills used to solve them. We shall see that these problems were couched in
practical, often realistic but sometimes fantastical, situations rather than in abstract
drills that ar e c o ratootextbdoks. Weoskat glsé seethed t h e m
each treatise and commentary constituted a specific facet of mathematics and its
related view of the world that each author wished to convey to his readers. When
considered as a single collection of textbooks, the Ten Mathematical Classics formed
a diverse curriculum that was not simply teaching mathematical skills, but also other
topics like conceptualizations of the universe, the importance of numbers, and the

uses to which mathematical skills could be applied.
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Table 1.1 The Ten Mathematical Classics®

Title Author Date of Commentators
Compilation
1. Zhoubisuanjing unknown ca. 1% century Zhao Shuang
BCE (fl. 206 CE)
Zhen Luan (fl.
5651 570 CE)
Li Chunfeng et al.
2. Jiuzhang unknown ca. 1% century Liu Hui
suanshu CE
Li Chunfeng et al.
3. Shushu jiyi Xu Yue 3" century Zhen Luan
4. Haidao suanjing Liu Hui 263 Li Chunfeng et al.
5.  Sunzi suanjing unknown ca. 400 Zhen Luan (lost)
Li Chunfeng et al.
(lost)
Zhuishu (lost) Zu Chongzhi 5% century Li Chunfeng et al.
(429 i 500) (lost)
6. Xiahou Yang Xiahou Yang 5% century Zhen Luan (lost)
suanjing
Li Chunfeng et al.
(lost)
7.  Zhang Qiujian Zhang Qiujian ca. 4661 485 Li Chunfeng et al.
suanjing
8. Wucao suanjing unknown ca. 500 Zhen Luan (lost)
Li Chunfeng et al.
(lost)
9.  Wujing suanshu  unknown ca. 6™ century Li Chunfeng et al.
10. Jigu suanjing Wang Xiaotong 7" century Wang Xiaotong

(fl. 6187
ca. 630)

de

9 Yong Rong

ji ge

et al., Siku quanshu jianming mulu
Shanghai guji chubanshe, 1985), 400and 409-4 1 1; Guo

Shuchun,
we nt A Ristory ®3Chinesté dMatheméatiosf 124-125.

(Shanghai:
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1. ZHOUBI SUANJING

The Zhoubi is believed to be the oldest of the Ten Mathematical Classics,
and is primarily a text on astronomy. The standard history of the Sui dynasty is the
earliest dynastic history to contain a record of the Zhoubi,!° which is listed among the

titles of works on celestial patterns or astrology (tianwen ).t The Zhoubi does

not appear to be one coherent work written by a single author, but a jumble of
various texts that deal with very similar topics. None of the original authors or
compilers are known by name, but the contents suggest that this text probably first

came together during the first century BCE.*?

It opens with a short dialogue between the Duke of Zhou and Shang
Gao . The Duke of Zhou is known in history as an extremely wise and capable
political figure who served as his nephewds
Shang Gao, on the other hand, is unknown in

commentary describes him as a Zhou-dynasty (ca. 1046 1 256 BCE) official who was
skilled in suan , which can be interpreted as either calculating or foretelling:
fi ] ] 9 13
(Shang Gao, a grand master of the Zhou dynasty, was
a person skilled in suan.)
The authenticity of this dialogue cannot be ascertained, but it appears to be a

rhetorical device aimed at persuading the reader of the importance of numbers to

establishing order in this world.

10 Qu, Zhoubi suanjing xin yi, 8.

11 Sui shu, 34, 1018.

12 Cullen, Astronomy and Mathematics in Ancient China, xi; Qu, Zhoubi suanjing xin
yi, 7-8.

13 Zhoubi suanjing, 1. However, Cullen suggests that Zhao Shuang might have
misread the name Shang Rong as Shang Gao. Shang Rong was an official of the last
Shang (ca. 160071 ca. 1046 BCE) ruler before the dynasty was conquered by the Zhou.
See Cullen, Astronomy and Mathematics in Ancient China, 172-173.
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In the dialogue, the Duke of Zhou appealed to Shang Gao as an expert in the
art of numbers and sought explanations for the division of what was believed to be a
circular heaven into quantifiable measurements. Shang Gao then proceeded with
great success to convince the duke that order in the world could be imposed by the

use of a try-square (ju ) because of its embodiment of unchanging numerical rules.

3] 9 9 9 o4
(AThrough its relati o-Bgearet 0 number s, wha
does is simply to settle and regulate everything there
i s o)
In fact, the try-square is often associated with the legendary figure Fuxi , While
the compass (gui ) with his sister Niwa , both instruments said to have been

invented by Fu Xi (see Figure 1.1).1® This is similar to the association in Europe of

the compass with God as well as mathematicians. In other words, in both China and

Europe, certain mathematical instruments came to assume highly symbolic functions.

In China, the try-square and the compass were regarded as tools with which humans

could impose order on the natural world. In Europe where it was believed that the

cosmos had been designed by a divine creator, the compass was associated with

the art of design and was seen as the means through which mathematicians like

Johannes Kepler (157171 16 30) coul d depinet Goflé6s fibé ucos mos

Figure 1.2).

14 Zhoubi suanjing, 12.
15 See translation in Cullen, Astronomy and Mathematics in Ancient China, 174.
16 |j and Du, Chinese Mathematics, 3.
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Figure 1.1 A pictorial representation of Fuxi and Niwa dating from the Tang dynasty, with
Fuxi holding a try-square and Niwa holding a compass?’

17 Anonymous (Chinese Wikipedia.) [Public domain], via Wikimedia Commons
<https://commons.wikimedia.org/wiki/File:Fuxi_et N%C3%BCwa.jpg>
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Figure 1.2 Johannes Kepler holding a compass’®

Perhaps more significant for the history of

mention of the gougu , how commonly known as the Pythagorean relationship of

a 3-4-5 right-angled triangle. The & @ @ relationship is used in several
subsequent problems within the Zhoubi, and is essentially the most complicated
mathematics in the text. In other words, the Zhoubi is not a mathematically
sophisticated treatise, and the majority of its contents is actually a discussion of
astronomical questions. The fact that it would be used as a mathematical textbook
at the imperial academy has special implications for the Chinese conception of a

complete mathematical education.

18 https://en.wikipedia.org/wiki/File:Johannes_Kepler_1610.jpg#filelinks
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The next section of the Zhoubi is again a dialogue, but in a different style

compared to the previous section. Here, instead of a royal prince asking a subject to

provide explanations, we have a disciple, Rong Fang , asking his teacher,
Master Chen , to teach him to understand various aspects of heaven and earth:
9 9 9 9 9
9 9 9 19

(The height and size of the sun, the area of its radiance,

the distance it travels in a day, its distance from a

terrestrial observer, the limits of human vision, the

boundaries of the four poles, the lodges of the stars, the

length and breadth of the sky and the earth.)

This dialogue is reminiscent of the Buddhist sutras that would circulate in

China later, in which the teacher is a figure of profound wisdom who appears to be
waiting for the student to ask the right questions, at which point the teacher would

then reveal all that he knows. Much of the content is built around making

observations of celestial bodies using a gnomon (bi ), hence the title of the treatise.
The vision of the cosmos presented by the text follows the gaitian (Acanopy
h e a v e n dine, wenechéaven and earth were believed to be two parallel planes,
with the heaven rotating around a celestial axis like an umbrella over the earth, thus
explaining the daily motion of celestial bodies. The heaven was said to be in the

shape of a rain hat, while the earth was in the shape of an inverted plate.?° Heaven

and earth were uniformly 80 000 li  apart.?* Because of the near impossibility of

19 Zhoubi suanjing, 13-14.

20 |bid, 54. In other literature from early China, such as the Kao gong ji
(Arti fi cerzduliRe dRitesdf)zhou)rthe earth is said to be shaped like a chariot.

21 7Zhoubi suanjing, 54. The li was defined slightly differently by different dynasties.
During the early dynasties like the Zhou, Qin (22171 206 BCE), and Han (202 BCE i
220 CE), one li was approximately equal to 415 metres. See Wen Renjun , ALidai | mu
zhi du zong kaoo (Studies ofPastDynastic Systems aboutliand muin
China), paper presented at the Conference of the 740" Anni ver sary o8BhusDin Jiushao
jiluzhang 6 7 740 , Beijing, May 1987, 2-4.
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reconciling actual observations with the gaitian doctrine, another doctrine gained
dominance among imperial astronomical and astrological officials by the Han

dynasty. This was the huntian (Amurky heaveno) doctrine, whe

believed to be a sphere rotating around a flat earth. This means that the gaitian
doctrine had become very much out of date by the Tang dynasty, and yet the Zhoubi
was still considered to be a relevant text for study at the imperial academy.

The vision of the world presented by Master Chen to Rong Fang adheres to
the gaitian doctrine and consists of these main points:

1 The sunis 80 000 li directly above the ground, and its diameter is 1250 li.?2

9 lts radiance reaches 167 000 li on all sides, and the extent of human vision
does the same.

1 On the summer solstice, the sun travels in a circular path that has a diameter
of 238 000 li and a circumference of 714 000 li, which implies that the value
of* (ratio of a circleds circumference to its

1 On the winter solstice, the sun is further south of an observer in China,
implying it is travelling in a larger circular path in the sky. The diameter of this
path 476 000 li, and the circumference is 1 428 000 li.

1 On both the spring and autumn equinoxes, the sun follows a path that is
exactly halfway in between its two solstice orbits. Therefore, the diameter of
the equinox orbits is 357 000 li, and the circumference is 1 071 000 li.

1 For every thousand li travelled on earth in the north-south direction, the

shadow of an eight-chi  gnomon at noon would differ by one cun .2

221250lii's around 518.75 kil ometres. For the sake
diameter is approximately 1 391 400 kilometres.
23 One chi is around 23.1 centimetres. One cun is one-tenth of a chi.
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The interest of this section does not lie in how well these numerical values
adhere to reality, but in the fact that the Chinese had such an elaborately articulated
vision of the world whose dimensions were assumed to be either known or calculable.

The rest of the Zhoubi provides further details about the world. The heaven
was divided into seven concentric circles marking the solar orbit at different times of
the year, with the smallest or innermost circle being the solar orbit at the summer

solstice, and the outermost circle being the orbit at the winter solstice. Each of the

seven concentric circles was divided into 365 -du  because a solar year was

believed to be 365 - days long, or that it took the sun 365 - days to return to its

original position against the background of the stars. Therefore, the astronomical
system described in the Zhoubi is known as an example of a quarter-remainder

system (sifen li ). Here, du should not be understood as an angular measure

like the way it is used today. Instead, it was used as a measure of spatial

displacement that could be observed in the sky. No circle in any other context was
ever divided into 365 - du. In fact, the Chinese never seemed to have made use of

any concept that could count as an angular measure. This point will be brought up
again in our discussion of the Haidao suanjing below.
Further into the Zhoubi, we find evidence that the various sections were most
likely not the work of a single author because we begin to see contradictory pieces of
information presented in the text. For example, in the second half of the Zhoubi, the
extent of the sund6s radiance |idiasndsaaid to have a
circumference of 2 430 000 li. This is different from Master Chené s v 4160690 o
li for the radius, which would have meant a diameter of 334 000 li. Another example

is the length of the lunar orbit. One section of the Zhoubi states that the number of
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days between two consecutive new moons to be 30 — days, while the last section

states the value to be 29 — days.

In addition to these values, the Zhoubi also lists several other numerical
constants that were probably meant to be useful to calendrical experts and trainees
at the time, such as the rule that there should be seven intercalary months every 19
years in order for the calendar to keep up with the seasons. Another well-known
example is the list of the shadow lengths of an eight-chi gnomon at hoon measured

at 24 different times of the year.?*

Commentaries on the Zhoubi

Zhao Shuangdés preface and commentary were n
Zhoubi during the third century. Inoneinstance,Zhaods commentary notes
he had made to the original text: he wrote that he had found errors in the list of
shadow lengths mentioned above and corrected them accordingly.?® In some cases,
the commentaryst at es Zhaobs own interpretation of the

the Zhoubi describes the shape of the world as tian yuan di fang (heaven is

circular and earth is square).?® Immediately following this phrase in the text, Zhao
Shuang commented that it was impossible to know the shapes of heaven and earth
because one could never see them in their entirety. Therefore, he argued that the
phrase was only used as a metaphor to contrast heaven and earth. Just as there
were odd vs. even numbers, yang vs. yin, heaven and earth were also associated

with different shapes. Heaven moved, so it was said to be round and was

24 pre-modern Chinese divided the solar year into 24 equal parts known as jieqi
25 Zhoubi suanjing, 72.
26 |bid, 11.
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associated with odd numbers. Earth was stationary, so it was said to be square and

was associated with even numbers:

9 9 9 9 9

9 9 27

(Objects may be round or square. Numbers may be
odd or even. Heaven moves and is round. Its numbers
are odd. Earth is stationary and is square. Its numbers
are even. This is in accordance to the meaning of yin
and yang, not the actual shapes of Heaven and Earth.
Heaven cannot be seen completely. Earth cannot be
viewed in its entirety. How can one designate them as
round or square?)

I n other cases, Zhaods commentary provides
explanations of an otherwise extremely terse text. For example, he gave
background information on whom the Duke of Zhou and Shang Gao were. He also
added a few diagrams to illustrate the meaning of several passages in the Zhoubi,
one of which was originally a colour diagram about the gougu or Pythagorean
relationship of a 3-4-5righttangl ed triangl e. This part of Zha
sometimes been seen by modern scholars as an example of mathematical proof in
pre-modern Chinese mathematics. However, because Zhao Shuang himself did not
use any term that could correspond to our conceptof i pr oof 6, and because 0
has acquired a very specific meaning in the context of modern mathematics, which
tends to be different from the definition applied by historians when studying the
mathematics of pre-modern non-Western societies, this dissertation shall avoid its
use and bypass the ongoing debate on whether or not pre-modern Chinese did any

mathematical proof. What is important to assert here is that Zhao Shuang and

27 Zhoubi suanjing, 11.
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Chinese mathematical writers in general thought a diagram useful and sufficient to
demonstrate and explain the gougu relationship.®

Zhen Luan added another layer of commentary during the sixth century. His
contribution to the text largely consists of elaborating step by step the calculations
found in both the original Zhoubit e xt and Zhao Shuang6s comment ai
that the version of the Zhoubi that was passed intoZzhenLuanés hands had Zhao
Shuangdés commentary preserved in it.

Li Chunfeng and his team read both Zhao Shu
commentaries, meaning that the palace copy of the Tang dynasty contained both.
The comments added by Li Chunfengbs team proba
students of the Zhoubi because they pointed out all the errors that they found in the
text, many of which were actually in Zhen Luan
Liéds team did not choose to correct these erro
incorrect par tcemmertaryZ Instead, they chosé te preserve the
errors as they were and to add another layer of commentary to point them out.
Notable errors that they found include the one-cun-for-every-thousand-li shadow
principle mentioned in the dialogue betweenChen zi and Rong Fang. Li 0s
pointed out that the principle does not work in reality because the ground was not flat
and because the calculations did not concur with actual observations.?® Another
error that they found was in the list of shadow lengths of the eight-chi gnomon at
noon at each of the 24 jiegi. The shadow lengths recorded in the Zhoubi were not all

obtained from actual observations. Only the shadows on the two solstices were

28 For a study on the development of mathematical proofs in the Greek tradition, see
Reviel Netz, The Shaping of Deduction in Greek Mathematics: A Study in Cognitive History,
Ideas in Context, vol. 51, ed. Quentin Skinner et al. (Cambridge: Cambridge University Press,
1999).

29 Zhoubi suanjing, 24.
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measured. All the other values were obtained through interpolation, which did not

correspond to actual observed shadow lengths.*

2. JIUZHANG SUANSHU

Out of the Ten Mathematical Classics, the Jiuzhang suanshu is the one with
the greatest length, fame, and influence. It is also one of the better organized, giving
the impression that it was either written by a single author, or was meticulously
arranged by a single compiler. The earliest extant commentary on the Jiuzhang was
written by Liu Hui in the year 263. He also added a preface that suggests that the
Jiuzhang had very early origins. However, after the book burnings in 213 BCE under

the Qin dynasty,®! the text was damaged. Zhang Cang (2537 152 BCE) and
Geng Shouchang (fl. 751 49 BCE) of the Han dynasty later restored the text,

but the result may be somewhat different from the original.

9 9 9 9 9
9 9 9
9 9 9 9

9 9 32

(The Duke of Zhou systematized the rites, from which arose
the nine numbers. Encapsulating the nine numbers is the
Jiuzhang. In the past, the tyrannical Qin caused books to be
burnt and classics to be damaged and lost. The Han
dynastyo6s Mangdghang<ang &nd Bakade pide to
the Chamberlain of the National Treasury Geng Shouchang
are both known for being skilled in suan. Because the
original texts were incomplete, they made deletions and
additions to restore the texts. Therefore, the texts may be
different from the ancient ones, and may contain many
contemporary terms.)

30 Zhoubi suanjing, 72-73.

31 The First Emperor (Shi huangdi ) (r. 247 1 210 BCE) of the Qin dynasty
ordered the burning of all texts except for practical manuals on subjects like agriculture and
medicine in an attempt to suppress references to past writings to criticize his policies. See
Patricia Buckley Ebrey, Cambridge lllustrated History of China, 2" ed. (Cambridge:
Cambridge University Press, 2010), 61-63.

32 Jiuzhang suanshu - preface, 1.
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The version of the Jiuzhang that has survived to today has 246 problems
divided into nine chapters:

1. Fang tian (field measurement)
2. Limi (millet and rice)
3. Shuai fen (distribution by proportion)

4. Shao guang (short width)

5. Shang gong (construction consultations)
6. Junshu (fair levies)

7. Ying bu zu (excess and deficit)

8. Fangcheng (rectangular arrays)

9. Gougu (right-angled triangles)

The style and format of all the chapters are very consistent, generally
following the question-answer-method format. Sometimes, two or three sets of
guestions and answers are stated one after another, followed by a general method
that can be used to solve each one of them. The questions within each chapter tend
to become progressively more difficult, with the beginning questions aimed at having
the reader practise and master a few basic techniques before presenting the more
complicated questions.

The first chapter, Fang tian, mainly has to do with calculating the area of
fields of various shapes. It begins with several questions on calculating the area of
rectangular fields whose lengths and widths are all whole numbers. The method
sections tell the reader to multiply the length by the width to obtain the area of each

field, and they also instruct the reader on how to convert between different units of
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area measurements. Then follow several questions on working with fractions
because this skill would be required to solve questions that would come later in the

chapter and in the rest of the text. The Chinese did not use any special notation for

fractions, but expressed them in words. For example, - was written as or

fone part oltustinteedtingttomotestieadeven though their calculation tool,
the counting rod system, was fully capable of handling decimals, the Chinese never
made use of such a concept until the fifth century CE at the earliest.

The counting rod system is believed to have been in use in China since at

least the Warring States period (4757 221 BCE). This calculation tool was

completely replaced by the abacus during the fifteenth and sixteenth centuries, after
which very few people knew anything about the counting rod system.® The counting
rod system involved arranging sticks in various formations to represent each digit of
a number, and then manipulating them for calculation. Therefore, place value was
easily expressed by the placement and arrangement of the sticks, so the system

could very well accommodate the decimal system.

3BLam Lay Yong, #AWhy did Traditiopaper Chinese

presented at the International Conference on the History of Chinese in China, San Diego,
Aug 1988, 2-3.
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Figure 1.3 Replica of Han-dynasty counting rods made from animal bones3*

1 2 3 4 b 6 K 8 9

| T 10 T

Figure 1.4 Counting rods display digits by using these very specific placement patterns.3®
Place value is indicated by alternating between the vertical and the horizontal orientations.
The digit zero is marked with a blank space.

34 SSR2000 [CC BY-SA 3.0 (https://creativecommons.org/licenses/by-sa/3.0) or
GFDL (http://www.gnu.org/copyleft/fdl.html)], from Wikimedia Commons
<https://commons.wikimedia.org/wiki/File:Replica_of Han_Dynasty Counting_rods_in_Natio
nal_Museum_of Natural_Science_in_Taiwan.JPG>
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Therestofthe J i u z h &rst ghapser deals exclusively with calculating the
areas of fields with increasingly complex shapes, progressing from triangular,
trapezoidal, and circular fields to fields that were shaped like an annulus, a segment
of a circle, or a bowl. Therefore, this chapter would have been a very useful manual
for officials charged with calculating the area of fields for taxation purpose.

The second chapter of the Jiuzhang begins by listing the market value
exchange rates of different types of agricultural products, including millet, wheat,
beans, sesame seed, rice, and malt. Then follow three types of questions. The first
two types are quite straightforward:

1 Type 1: There is a given amount of agricultural product A that must be
exchanged for product B. How much of product B would one get?
1 Type 2: A given amount of money has been spent on buying a given amount

of product C. Calculate the unit price of product C.

The first type of problems requires one to be able to do calculations with
ratios. The second type is exercises for division often involving four- or five-digit
numbers as well as fractions. The third type of problems combines the techniques of
the first two types and are in this form:

1 Type 3: A given amount of money has been spent on buying a given amount
of product D, which is of two different qualities. Calculate the unit price of

each quality of the product.

351, Gisling [GFDL (http://www.gnu.org/copyleft/fdl.html), CC-BY-SA-3.0
(http://creativecommons.org/licenses/by-sa/3.0/) or CC BY 2.5
(https://creativecommons.org/licenses/by/2.5)], from Wikimedia Commons
<https://commons.wikimedia.org/wiki/File:Chounumerals.jpg>
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The examples and techniques presented in this chapter of the Jiuzhang
would have been of tremendous practical value to both officials in charge of
acquiring goods for the government, and to common people who were involved in
the everyday trade of goods in the market.

The third chapter of the Jiuzhang deals with calculations with proportions and
rates. For example, the first question has five men of different ranks sharing five

deer in proportion to their rank, and asking how much deer each man should get:

8 8 8 8 9

9 9 9 36

(There is a grand master, a grandee of the fourth order,
a grandee of the third order, a grandee of the second
order, and a grandee of the first order, totalling five
people. They caught five deer in total. If they divide
the deer in accordance to their differences in rank, how
much does each receive?)

Several other questions in the chapter run in the same vein: a given number
of people or villages are dividing a certain monetary obligation or tax proportionately
among themselves; calculate the contribution of each. The rest of the questions in
the chapter involve calculation with rates. For example, one question asks to

calculate the total worth of a certain amount of silk given its unit price:

9 9 9
9 37

(There is one jin of silk worth 345. With 7 liang and 12
zhu of silk, how much money would be received?)*®

In this chapter, we findthe J i u z h &rst igeférence to gender roles within
Chinese society. Whereas a large proportion of the J i u z h guesgiachsdo not

mention human actors at all, most of the remaining questions use gender-neutral

36 Jiuzhang suanshu, 37.
37 |bid, 42.
38 One jin = 16 liang; one liang = 24 zhu.
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terms like ren  (person or people) and jia yi bing (person A, person B, and

person C). However, in this chapter, we have one question that asks:

9 9 9 9 39

(There is a woman who is adept at weaving. Her
productivity doubles each day. If she wove 5 chiin 5
days, how much did she weave in each of the 5 days?)

Instead of using another gender-neutral term, the author of the question
specified that it was a woman doing the weaving which accords with the traditional
Chinese view of how labour should be divided between men and women.

Inthe J i u z h ourty éhapter, the mathematics begins to become more
complicated or, at the very least, more cumbersome. Instead of calculating areas of
fields like in the first chapter, in this chapter, the area and the width of the field are
already known, so the length is the sought value and can be found by a
straightforward division. However, the widths given in the problems require the

reader to first perform some arithmetic acrobatics before the necessary division can

be done. For example, one question has a field whose area is one mu  and whose

width is given as, using modern notation:

pP- - - - - - - - — — —pu

To find the length of the field, the reader would first have needed to find a
number that would divide evenly into all the denominators above and calculate the

actual value of the width before proceeding with the division to find the length. Even

39 Jiuzhang suanshu, 39.

40 |bid, 51. One bu = six chi, and one mu = 240 bu. Note that bu was used both as a
length unit and as an area unit. It was left up to the reader to use the context of a statement
to discern how bu was being used.
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though the questions in Chinese mathematical treatises are typically described as
practical problems, a question like the one mentioned here could not have come
from a real-life situation since it is inconceivable that anyone measuring the width of
a rectangular field would have found it necessary to report the measurement as the
combination of so many fractional sections. Questions like this are more likely to be
deliberately designed skill exercises couched in quasi-realistic situations.

Chapter four of the Jiuzhang also contains the methods for extracting square
and cube roots. These methods discuss very specifically how counting rods should
be laid out and manipulated in order to perform the calculation. In all early Chinese
mathematical treatises, only the positive roots were sought.

The questions inthe J i u z h ffth chépser mainly cover how to calculate
the volume and dimensions of earthworks, the number of labourers required to
complete a construction project, and the volume of piles of grain or beans. The
types of shapes involved include cubes, cylinders, square pyramids and cones, as

well as more irregular shapes like the one in Figure 1.5:
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Figure 1.5 An irregular shape from the Jiuzhang suanshu

Mastery of this chapter would have been useful for people designing storage

facilities and for those who had to calculate the amount of labour required to
complete construction projects.

The title of the J i u z h aixthgcl@apter, Jun shu, refers to the problems
within the chapter on how to divide tax levies fairly among a given number of
counties based on certain conditions like their individual population and distance
from the tax bureau. However, the chapter also contains several kinematics
problems. For example, one question has a faster walker chasing after a slower
walker after the latter has had a head start, and the reader is asked to calculate

when the faster walker would catch up with the slower:
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9 9
9 9 9 41

(There is a fast walker who walks 100 bu for every 60
bu walked by a slow walker. If the slow walker walks
100 bu before the fast walker starts chasing after the
slow walker, at how many bu would the fast walker
catch up?)
Two other problems of the same type adopt a more whimsical tone: one has
a dog chasing after a rabbit, while the other has a duck flying north and a goose
flying south towards each other. While the problems in this chapter deal with very
diverse situations, the reader must have been expected to recognize that they all
belong in the same broad category because all of them must be solved with the use
of rates and/or proportions, but in a way that is more complicated than the problems
in the third chapter. In fact, generally speaking, the mathematics in each chapter of
the Jiuzhang appears to be more complicated than the chapters before it, suggesting
that the reader was expected to work through the text from chapter one progressively
onwards rather than skip chapters or work on multiple chapters simultaneously.
The problems inthe J i u z h aemegtlh and eighth chapters are quite similar.
Generally, each problem presents a situation where there are multiple unknowns that

need to be calculated, and in modern times would very likely all be solved with the

same method using systems of equations or rectangular arrays (fangcheng ),

which is the title of the eighth chapter. However, the problems in chapter seven were
treated by the Chinese as belonging to a completely different category: excess and
deficit (ying bu zu ). An example from the chapter is:

9 9 9 9 9
9 9 9 9 42

(There is a jointly purchased item. If each person
contributes 8, the excess is 3. If each person

41 Jiuzhang suanshu, 98.
42 |bid, 111.
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contributes 7, the deficit is 4. Find the number of
people who purchased the item and the price of the
it em. Answer: seven peopl e;

it emds
Nowadays, a student would probably be expected to translate this problem
into the following system of equations and solve it:
Let w= the number of people
W= price of item
) w o

(i) xo w T

Subtract (ii) from (i), we get W X

To find wx
Ww w o Yx o

V@ O ULO

However, the method given in the Jiuzhang gives the reader a series of

arithmetic operations to follow, which yield the same answer as above:

Lay down the amounts contributed and then the 8 7
excess and deficit below them 3 4
Y T OC¢
Cross-multiply and add the results; this is the
c X ¢p
dividend
cCc Cp LO
Add the excess and deficit; this is the divisor o T X
Find the difference between the excess and the
T 0 p

deficit
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Divide the dividend by the difference to find the
Vo p LO
cost of the item

Divide the divisor by the difference to find the

X P X
number of people
A typical problem from chapter eight is as follows:
9 9 9 9 9 9
9 9 8
9 8 9 43

(Five cattle and two sheep are worth 10 liang  of gold.
Two cattle and five sheep are worth 8 liang of gold.
Find the worth in gold of one cattle and of one sheep.

Answer: one cattle is worth p— liang of gold; one sheep

is worth — liang of gold.)

In modern notation, this problem translates into:
Let w= worth of one cattle in gold
w= worth of one sheep in gold
@) LW CW PpT

() <o uvhd Y

The method in the Jiuzhang instructs the reader to arrange counting rods in

an array that looks very similar to a modern matrix, except that the terms of each

equation were arranged vertically rather than horizontally.

43 Jiuzhang suanshu, 132. Sixteen liang were approximately equal to 250 grams.
See Shen Kangshen, John N. Crossley, and Anthony W.C. Lun, The Nine Chapters on the

Mathematical Art: Companion and Commentary (Oxford: Oxford University Press, 1999), 9.
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(ii) (i)
Cattle 2 5
Sheep 5 2
Gold 8 10

To solve this by elimination, the reader is told to multiply all the terms in (i) by

2 and those in (ii) by 5, yielding:

(ii)

(i)

Cattle 10 10

Sheep 25 4

Gold 40 20
Subtracting (i) from (i), we are left with:

Cattle 0

Sheep 21

Gold 20

Therefore, ¢ @ ¢ Twhich means w

— liang of gold. To find w

. XT
vw ——

p— p— liang of gold
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Chapter nine of the Jiuzhang is on the gougu principle & @ @ for right-
angled triangles. Gou and gu refer to the two sides of the triangle that form the right

angle, with gou usually being the shorter side. Xian refers to the hypotenuse.

gou

Figure 1.6 The three sides of a right-angled triangle

Like in the Zhoubi, the Gougu chapter in the Jiuzhang begins its discussion
with a basic 3-4-5 right-angled triangle to demonstrate how the gougu principle could
be used to find an unknown side when the other two sides are known.

Q¢ o6 Qo ANOIAY:
o T U
W pequL

To find one side:

MEO6 wQwe QO

Q0 WwQwe Q€ o6

wQwe NMES6 QO
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Therefore, the technique used for finding square roots introduced in chapter

four again comes into active play here. Most of the questions involve small, easy-to-

handle numbers. For example, immediately following the discussion of the 3-4-5

triangle, we have the following two questions:

9 9 9 9
9 9 9 44

(There is a circular log. Its diameter is 2 chi 5 cun. It
has to be made into a rectangular plank with a 7-cun
thickness. What would be the width of the plank?
Answer: 2 chi 4 cun)

9 9 9 9
9 9 9 9 45

(There is a tree that is 2 zhang  tall.*® Its
circumference is 3 chi. A vine grows from the bottom of
the tree and circles it seven times before reaching the
top of the tree. How long is the vine? Answer: 2 zhang
9 chi)

Neither question specifically mentions any right angles or triangles, and is not

accompanied by pictorial representation of the problem. Therefore, the reader would

have required

an exercise of the imagination to visualize the situations described:

44 Jiuzhang suanshu, 146.

45 Ibid.

46 One zhang = 10 chi
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2 chi 5 cun

[

T cun

Figure 1.7 Representation of the log-and-plank question from the Jiuzhang suanshu

Unwind the vine, we get a triangle:

2 zhang Length of vine

Figure 1.8 Representation of the tree-and-vine question from the Jiuzhang suanshu

Both answers can be found with a straightforward application of the gougu

principle.
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The chapter also contains questions involving the distances of far-away

objects, thus paving the way for the surveying questions that Liu Hui felt it was

appropriate to add to the Jiuzhang. These questions do not use the gougu principle,

but still concern right-angled triangles. For example:

9 9 9
9 9 9 47

(There is a square walled city with sides 200 bu. Each
side has a gate in the middle. Fifteen bu out of the east
gate is a tree. How far does one have to walk out of the
south gate to see the tree? Answer: 666 bu and a bit
over half a bu)

15 bu

200 bu

Figure 1.9 Representation of the city-and-tree question from the Jiuzhang suanshu

47 Jiuzhang suanshu, 161.
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Commentaries on the Jiuzhanag:

Liu Hui added substantial annotations to the Jiuzhang in the year 263.%% Like
in the Zhoubi, the original method sections in the Jiuzhang are very terse statements
of what one had to do to obtain the answers.
the Jiuzhang much more accessible to a non-expert reader. Not only did Liu Hui
provide explanations for the technical terms, he also demonstrated the step-by-step
procedures to obtain the answers. Further more
level of mathematical competence that went far beyond the confines of the Jiuzhang,
earning him a place among the most famous and respected figures in the history of
Chinese mathematics. Like Zhao Shuang in the Zhoubi, Liu Hui also believed a
diagram to be useful and sufficient to demonstrate the gougu principle. Although
L i wibgmal diagrams have all been lost, Dai Zhen attempted to restore them in the
eighteenth century based on what Liu Hui had written. One of the diagrams was to

illustrate in colourthato t v

48 Donald B. Wagner has argued that the commentary usually attributed solely to Liu
Hui may actually be a conflation of commentaries by two or more individuals. See Donald
Bl ackmore Wagner, fADoubhtbsatComcefniing tHué 6At IComment &
chang suan-s h uAgta Orientalia 39 (1978):; 199-212.

49 Jiuzhang suanshu, 144.
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Figure 1.10 Representatonof Dai Zhend6s reconstruction of one of
A different interpretation of Liu Huids con
(d. 1811):%°

50 Guo Shuchun, Gudai shijie shuxue taidou, 187.
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Figure 1.11 Representation of Li Huangbés reconstruction o
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Liu Hui 6s commentary shows that he was

methods given in the Jiuzhang. In chapter one, he pointed out that the formula for

finding the surface area of a bowl-like fieldd 1 1 1 was incorrect.*

Figure 1.12 A bowl-like field

In chapter four, Liu Hui again pointed out an incorrect formula, this time for
the volume of a sphere, which the Jiuzhang implied was @ O w p @where
'O diameter of the sphere.5?

Liu Hui also realized that instead of using 3 as the value for “ like in the main
text of the Jiuzhang, a more precise value could be found. He reasoned that he
could approximate the value of “ by using regular polygons inscribed in a circle. As
the number of sides of the polygons increased, the size and shape of the inscribed
polygon would get closer and closer to the circle. He began by using a regular

hexagon and gradually doubled the number of sides until he ended the procedure

51 Jiuzhang suanshu, 18.
52 |pid, 61.
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with a polygon of 192 sides. Liu Hui came up with two approximations of “ : —

o® T to keep calculations simpler, and —  o® T p gs a more precise value.>3

Liu Hui 6s mat hemat i c amhienggaus argunseptsands appar er
sound reasoning. In any discussion of early Chinese mathematical sophistication,
Liu Huib6és work is always accorded much praise.
one of the most contentious features of Chinese mathematics. While traditional
historiography sees Chinese mathematics as totally devoid of proof, a new view has
been promoted in recent decades by scholars like Guo Shuchun and Karine Chemla,
who point to Liu Hudiuzbang, espeniaiethepatson”,ithe t he
gougu principle, and the volume of a sphere, as examples of mathematical proof.>*
As discussed earlier in this chapter, the notion of proof as used and understood
currently by modern mathematicians is perhaps too narrowly defined to
accommodate non-Western mathematics that were not built upon axioms, lemmas,
and theorems.®® Therefore, just as with Zhao Shuang, what is perhaps more
i mportant to emphasize in historical studies i
work constitutes mathematical proof. Instead, historians should attempt to
reconstruct what Liu Hui thought he was doing,*® and why he was doing it. A
preliminary step towards achieving that goal is attempted here. This sort of

discussion may never bring us any closer to understanding Liu Hui and his work

53 Jiuzhang suanshu, 11-14. The precisevalueof“i s 3. 141592654 é
““See for example Karine Chemla, fAWhat is at St a
Third-Ce nt ur y Sclemncaia Coatext 10, no. 2 (1997): 227-251.
55 |t must be noted that standards of mathematical proof in the West have never
been absolute, but have repeatedly been changed and re-defined. See Michael J. Crowe,
ifTen Misconceptions about MdiistolyanmBRHhldsaplsyofand | ts Hi sto
Modern Mathematics, ed. William Aspray and Philip Kitcher, Minnesota Studies in the
Philosophy of Science, vol. 11 (Minneapolis: University of Minnesota Press, 1988), 267-269.
Christopher Cullen urges historians to take th
We Do the Comparative History of Mathematics? Proof in Liu Hui and the Zhou bi 0,
Philosophy and the History of Science: A Taiwanese Journal 4, no. 1 (April 1995): 59-94.
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because it is partly built upon speculation. However, it is important and worthwhile to
attempt because it is a discussion of Chinese mathematics that uses Chinese points
of reference rather than Western or modern ones.

Just as with Zhao Shuang, Liu Hui did not use any label to describe his
commentary or to tell the reader how his commentary should be interpreted. He did
not use any term that would indicate that he was offering irrefutable proof of his
findings and conclusions. When he pointed out that the two formulae in the Jiuzhang
were incorrect, he stated reasons to convince the reader that they could not possibly
be correct. When approximating the value of “, Liu Hui laid out all the steps he did
to arrive at the new values in order to show the reader his reasoning and to offer the
reader the chance to cross-check his calculations. When explaining the gougu
principle, he offered the reader a visual illustration that showed that the principle
worked for the 3-4-5 triangle, perhaps hoping or expecting the reader to then infer
that the principle would work for any right-angled triangle.

Li Chunfeng and his team later added another layer of commentary to the
Jiuzhang. Much of it consists of adding explanations for the methods that Liu Hui

had not commented on. Some of it was targeted at what Liu Hui had written, so it is

clear that Liu Huiés commentary had been pres
Chunfengds team worked with. For example, Li
to Liu Hui 6¢,sttingtlatasmaich mare mekise value, — ¢

o® 1T p L wltadbeen found by Zu Chongzhi, but a value of — e o® T ¢ W vcpyld

be used instead for ease of calculation. I n
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fault with Liu Ihaderd scholare term & agree that thairt

objections were either unnecessary or unfounded.®’

3. SHUSHU JIYI
The Shushu jiyi has been attributed since at least the Tang dynasty to Xu
Yue. Because Zhen Luands name appears in sever
text, it was believed that the commentary found in the text was added by him.
However, the authenticity of both the text and the commentary have been called into
guestion since at least the eighteenth century. When the Shushu jiyi was added to
the Siku quanshu, Dai Zhen added a preface to the text in which he raised doubts
that the text could have been written during the Han dynasty. The author of the
Shushu jiyi wrote that he had acquired the knowledge recorded in the text from Liu

Hong , who was serving as an official at Kuaiji at the time of their

meeting.®® However, Dai Zhen pointed out that, according to official historical

records, Liu Hong had never served at Kuaiji, suggesting that the origin of the

Shushu jiyi must have been fabricated. Dai Zhen also made the point that the title of

the Shushu jiyi had not appeared in any imperial catalogue until the Tang dynasty.

Therefore, he believed that both the main text and the commentary were a forgery

made by an unidentified individual during the Tang dynastywh o used d VYuebs a

Zhen Luanés names for the sake of passing it o
Writing in the 196006s, historian Qian Baocc

of the Shushu jiyi to Xu Yue because of the various references to Buddhist sutras in

the text. From these, Qian inferred that the Shushu jiyi could not have been written

57 See for example Guo and Liu, Suanjing shi shu; and Shen, Crossley, and Lun, The
Nine Chapters on the Mathematical Art.

58 Shushu jiyi, 2-3.
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as early as the Han dynasty. Instead, he suggested that both the text and the
commentary were written by Zhen Luan, and that it was Zhen Luan who falsely
attributed the main text to Xu Yue.®® However, Qian did not offer any possible motive
for Zhen Luan, who is known to have both written and annotated several
mathematical treatises in his own name, to ascribe his own work to someone else.
Using the Buddhist references in the Shushu jiyi to question the dating of the text has
also failed to convince some scholars, who pointed out that there were nearly 300
Buddhist sutras translated into Chinese during the last 154 years of the Han dynasty,
so it was entirely conceivable for Xu Yue to have written the original text.®®
Regardless of who the real author was, his or her mathematical and writing
capabilities have never won much praise. It may be that large tracts of the original
text have been irretrievably and unknowingly lost, but the version of the Shushu jiyi
that has survived is a short and, at times, incoherent discussion of various topics that
the author had supposedly learnt from Liu Hong. Some of the discussion takes a
more philosophical bent, such as the question: if one cannot understand the minute,

how could one begin to comprehend the infinite:

9

g 61

(Without recognizing the haste of an instant, how can
one comprehend the tale of Magu®& mulberry plantation?
Without recognizing that the infinitesimal has magnitude,
how can one know the billions and the thousands?)
Other parts of the Shushu jiyi have more direct relevance for the history of
Chinese mathematics. They point to a time when the number system in China was

in flux. For example, the Shushu jiyi explains three different systems used for

naming large numbers:

59 Qian, Suanjing shi shu, 531.
60 Guo and Liu, Suanjing shi shu, preface (no page numbers).
61 Shushu jiyi, 8-9.

69



Putting Thought into Writing

System | System |l System Il
wan p T pm pm
yi pTT pT P pTt pm pT pTT pT PTI
zhao pTT pT P pTt pTm pT pTT pT pPTI
jing pTT PT PT |PTT PT PT p Tt p Tt
p T

The Shushu jiyi also describes fourteen different systems for recording
numbers. The first system is the counting rods system, which was familiar to all
early Chinese mathematical practitioners and usually required the use of many rods.
The other thirteen systems were probably developed to simplify the process of doing

calculations, but none of them actually came into widespread use.®?

Commentary on the Shushu jiyi

The subtext under the title of the Shushu jiyi names Zhen Luan as the author
of the commentary included in the text. From the current version, it is unclear
whether Zhen Luan really wrote the commentary. Unlike in the Zhoubi suanjing
where each | ine of Zhen Luands commentary is ¢

BN

subject Lchanluasyg s 0 ) nosuch markers can be found in the

Shushu jiyi, which is a suspicious departure in style. Regardless of who wrote the
commentary, we can say for certain that this individual was very familiar with
Buddhist sutras and was able to use them to explain the mainte xt 6 s al l usi ons t o

ideas of very large numbers and long eons of time that seem to have accompanied

62 Qian, Suanjing shi shu, 532.
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the transmission of Buddhism to China from India along the Silk Road.®® The
commentary also has a few mathematics questions, including two versions of the

famous AHundred Fowlsd probl em

9 9
9 9 9 9 9
9 9 9 64

(A rooster is worth 5 coins, a hen 4 coins, and four
chicks are worth 1 coin. If 100 coins were used to buy
100 fowls, how many roosters, hens, and chicks would
one get? Answer: 15 roosters, 1 hen, 84 chicks)

9 9 9 9
9 9 9 9 65

(A rooster is worth 4 coins, a hen 3 coins, and 3 chicks
are worth 1 coin. If 100 coins were used to buy 100
fowls, how many roosters, hens, and chicks would one
get? Answer: 8 roosters, 14 hens, 78 chicks)

However, no method was attached to any of the problems to indicate how
they were solved. In other words, the mathematical content of the Shushu jiyi is
actually very little and quite rudimentary. Qian Baocong was of the opinion that, if
not for the fact that the Shushu jiyi had been used at the Tang imperial academy, it
would not have been worthwhile to pass the text onto posterity.®® However, the fact
that such a text was thought worth studying during the Tang dynasty means it offered
something that was considered worthwhile at the time.

There is no indication that Li Chunfeng and his team ever added annotations

to the Shushu jiyi.

63 Martzloff, A History of Chinese Mathematics, 96-99.
64 Shushu jiyi, 31.

65 |bid, 31-32.

66 Qian, Suanjing shi shu, 532.
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4. HAIDAO SUAN JING
Liu Hui wrote the Haidao suanjing around the year 263. He had originally
appended it to the Jiuzhang suanshu as the tenth chapter. By the Tang dynasty, it

had become an independent treatise, and was named after its first question in which

there i s an i &didaood oirn ftstkeea S ed a(nid o) . There

how many qgquestions had bee,butithscurientaneidai 6 s
short text with only nine questions that deal with calculating the distance or size of
far-away landmarks. Therefore, the Haidao suanjing would have been useful to

people engaged in surveying and cartography.®’

Content of the Question

Question 1 Calculate the height of an island and its

distance away

Question 2 Calculate the height of a tree and its

distance away

Question 3 Calculate the size of a walled city and its

distance away

Question 4 Calculate the depth of a ravine

Question 5 Calculate the height of a building

Question 6 Calculate the width of the mouth of a
river

Question 7 Calculate the depth of a pool

Question 8 Calculate the width of a river

Question 9 Calculate the size of a walled city

67 Swetz, Sea Island Mathematical Manual, x.
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The layout of this text is very consistent with that of the Jiuzhang suanshu,
but it involves a separate category of problems known as chongci (multiple
differences). In each problem of the Haidao, at least two gnomons are set up by the
observer, and the multiple differences come from the observations made with the

variously situated gnomons. For example, the first problem is as follows:

9 9 9 9
9 9 9
9 9 9
9 9 9
9 9 9
9
9 9 9 9 9 9
9 9 9 9
9 9 9 9 9 68

(There is anisland in the sea. Set up two gnomons,
both 3 zhang tall, and 1000 bu apart. The two
gnomons are in a straight line with the island. Walking
backwards 123 bu from the front gnomon, an observer
whose eye level is level with the ground would see that
the peak of the island is in line with the top of the front
gnomon. Walking backwards 127 bu from the back
gnomon, an observer whose eye level is level with the
ground would see that the peak of the island is in line
with the top of the back gnomon. What is the height of
the island and how far is the island from the front
gnomon? Answer: height of island is 4 i 55 bu;
distance away is 102 li 150 bu)

Method: Multiply the height of the gnomons by the
distance between them, yielding the dividend. Take the
difference between 123 and 127 as the divisor. Divide
the dividend by the divisor. Then add the height of the
gnomon to the answer to get the height of the island.
To get the distance between the front gnomon and the
island, take 123 and multiply it by the distance between
the two gnomons. This is the dividend. The divisor is
the difference between 123 and 127. Divide the
dividend by the divisor to get the distance)

68 Haidao suanjing, 1.
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The cryptic quality of the given method is typical of all the Ten Mathematical
Classics. Why the method works is not explained in the text, and is therefore open
to scholars6 interpretation and speculation.

been using similar triangles to solve this question:®°

H

123 127

Figure 1.13 Representation of the first problem of the Haidao suanjing

In the above diagram, we have:
60 00 pc¢bu
00 006 "O0 ozhang
- ,00 00O 00

000 Qi "Qa "MUEND D a“O'O 00 00

N O | O I O A O I 0] 0
000 Qi "Qa "®osGOn 50 00 0o

Noting that — appears in both equations above, we therefore have:

69 Guo Shuchun, Gudai shijie shuxue taidou Liu Hui, 178-179.
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‘06 00 .. §'0 00
00 o0 ©f B0 "o

Height of theisland 06 00 06 ——— 00
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Solving the question in this way, we can see that the two equations above
correspond exactly to the steps given in the method, so it appears as though we
have correctly inferred Liu Huids rationale fo
problem emerges when one realizes that the notion of similar triangles cannot be

found i n any oThislstheprodlem whare WuoNfeljun famously

di verged from Qi an Baocongds earlier method of
Because Liu Hui had used the term chu ru xiang bu (Acompl ementing
di screpancieso) in his c odunkangt\Vdurbglievedthec hapt er n

same principle was used again here. Instead of similar triangles, Liu Hui might have

used rectangles and areas to solve the problem:”

70 Guo Shuchun, Gudai shijie shuxue taidou Liu Hui, 201-202.
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~
-
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123 127

Figure 1.14 A different representationofHa i d a o s diratprpbiem g 6 s

Given that the diagonal of a rectangle always bisects its area,
500 500 and5 00 5 00
50 500 5060500 500
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127 (i sl anidgdnso noenibégshith23 (gihd 1) a nidgbnso nhoenidgshthei ght )

= distance betweengnomons gnomonds hei ght

12771123) (i sl anglmwmemdhred g hhei ght)

= distance betweengnomons gnomonds hei ght
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i s | aheighb-s(distance betweengnomons gnomonds height)
(difference between 123 and 127)

+ gnomonébés height

From the above, it is clear that using rectangles and their areas would also
result in the same steps that Liu Hui prescribed in his method. Furthermore, this
solution utilizes only the mathematical concepts that we are certain the Chinese were
familiar with, making it a far more persuasive conjecture of how Liu Hui himself had

solved all the questions in the Haidao.

Commentary on the Haidao suanjing

Given the nature of its questions, the Haidao is striking today for its total lack
of diagrams. However, this may be the consequence of human negligence rather
than of any inconsiderateness of Liu Hui. His preface to the Jiuzhang suanshu
states clearly that not only had he added an extra chapter to the Jiuzhang, he had
also added commentary to the chapter to explain it. However, the current version of
theHaidaoonl y has Li Chunfengbs teamdbs commentary,
elaborating the step-by-step procedures given in the methods. In fact, the
commentary added by Lids teamHaidab,yoitmayf er s t o t
be that they had never seen any copy of Liu Hu

lost before the Tang dynasty.

5. SUNZI SUANJING

Like the Shushu jiyi, the dating of the Sunzi suanjing has posed problems for

historians. It has sometimes been thought to have been written by Sun Wu (ca.
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5447 496 BCE), who is famous for his Sunzi bingfa (Master Sunbés Milit

Tactics, or more commonly known as the Art of War). However, Dai Zhen pointed

out that the Sunzi suanjingc ont ai ned references to the cities
as well as a question on calculating the number of words in a Buddhist sutra.

Therefore, he believed it could not have originated with Sun Wu, but must have been

written after the reign of Emperor Ming  (r. 58 i 75) of the Han dynasty. Qian

Baocong noted that the units of measurement listed in the first section of the Sunzi
suanjing correspond to Tang regulations, but not to the Sui, but he dated the text to
around the year 400 partly because the Tang imperial catalogue stated that Zhen
Luan had written a commentary for the Sunzi suanjing. Therefore, the first section is
taken as evidence of Tang-dynasty individuals altering the original text.”

The Sunzi suanjing comes with a preface that appears to have been written
by the original author. The encouraging tone of the preface very much suits the
function of this treatise as a text for beginners. In the preface, the author states that

suan  (calculating or predicting) can allow people to understand practically

everything in the universe. Anyone who is willing to devote effort into it can learn it

and would thereby be vastly enriched by it:

9 9 9 9
9 9 9 9
9 9 9 9
9 9 9 9
9 9 9
9 9 9 9
9 9 9 9 9 9
9 9 9 9 9
9 9 9 9 9 9
9 9 72

71 Qian, Suanjing shi shu, 275.
72 Sunzi suanjing xu (Master Sunéds Mat prefane)tli c al Cl assi
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(Master Sun says, with suan, one can grasp the length
and breadth of Heaven and Earth, the origin of living
things, the fundamentals of the five constant virtues, the
parent of yin and yang, the establishment of the stars,
the outer and inner workings of the three lights, the
balance of the five phases, the beginning and end of
the four seasons, the progenitor of all objects, and the
regulations of the six gentlemanly arts. One can
examine the comings and goings of relationships,
investigate the rise and fall of the two energies, predict
the change of cold and heat, measure the distance
between near and far, see the precise foundation of the
Heavenly Way, find horizontal and vertical distances on
Earth, locate heavenly beings, predict success and
failure, comprehend the principle of virtue, investigate
the situation of life, establish rules, regulate the round
and the square, treat the laws with care, control and chi
and the zhang, establish balance, balance differences,
and distinguish between small differences. Suan will
not deteriorate despite eons, and can be used in the
eight directions without encountering boundaries...
People who follow it will be rich. People who turn their
backs on it will be poor... People who wish to learn it
should apply themselves with discipline. If one
concentrates on learning, there is no reason not to have
success.)

The Sunzi suanjing is divided into three sections. The first section was
probably meant to serve as a useful reference guide as well as an introduction to
some basic mathematical skills. It begins by listing the units of measurement of
length, area, and volume. It also discusses how to nhame large numbers, and the
rules described correspond to the second system mentioned in the Shushu jiyi.
Then follows a series of eneace,duchasthems for the r
conversion rates of various grains, the weight of one square cun of various metals,
and useful, though imprecise, ratiosof* ocand 5: 7 for a squareds sid
comparison to its diagonal. This section also discusses how to work with fractions
and how to use counting rods to perform basic arithmetic operations, which is why
historians are convinced the Sunzi suanjing was meant for beginners. The rest of

the section is a long list of multiplication and division facts, which might have been
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meant to be memaorized by the reader or meant as exercises for the reader to
practice doing multiplication and division with counting rods.

The second and third sections of the Sunzi suanjing follow the question-
answer-method format like in the Jiuzhang, but the Sunzi suanjing is a much shorter
text in comparison, with only 28 questions in the second section and 35 in the third.
Also the questions in the Sunzi suanjing do not appear to be organized in terms of
any theme, but are a mix of multiplication and division problems, area and volume
problems, proportion questions, and questions that require the exertion of logic and
reasoning. The most famous question from the Sunzi suanjing is sometimes called

the Chinese Remainder Theorem:

9 9 9 9 9 9
9 9 9 9 9 73
(There is an unknown number of items. If they are
counted by threes, there is a remainder of two. If
counted by fives, the remainder is 3. If counted by
sevens, the remainder is 2. How many items are there?
Answer: 23)

There are also a few somewhat more imaginative questions, such as the

following:

9 9 9
9 9 9 9 74
(There is a beast with six heads and four legs. There is
a bird with two heads and two legs. If there are 76

heads and 46 legs in total, how many beasts and birds
are there? Answer: 8 beasts and 7 birds)

Perhaps the most interesting question is the last one:

73 Sunzi suanjing, 23.
74 bid.
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9 75

(There is a woman, aged 29 sui, who gives birth after

nine months of pregnancy. What is the gender of her

child? Answer: Male.

Method: Take 49. Add the number of months of

pregnancy. Mi nus the womanébés age. Then
for the heaven, 2 for the earth, 3 for humans, 4 for the

four seasons, 5 for the five phases, 6 for the six musical

notes, 7 for the seven stars, 8 for the eight winds, 9 for

the nine regions. If the result is odd, the child is male.

If the result is even, the child is female.)

Though often dismissed by historians as totally absurd, this problem is
interesting because it is significantly different from all the other questions in the Sunzi
suanjingp, and it actwually ties in very well with t
suan is the basis for comprehending everything in this world. While the rest of the
guestions had involved suan as a calculation tool, in the last question it was used for
its predictive function. That the author felt it was appropriate to include such a
guestion in a treatise that is otherwise exclusively mathematical will have bearing on
our discussion of how the Chinese conceptualized the subject and function of
mathematics.

Another interesting thing to note about the Sunzi suanjing is that nine
questions in its second section are exactly the same as in the Jiuzhang suanshu.” It
might have been that the author of the Sunzi suanjing had simply copied the said
guestions from the Jiuzhang. In fact, the layout of the Sunzi suanjing in the question-
answer-method format suggests that the influence of the Jiuzhang on its author
might be quite strong. Alternatively, the authors of both the Jiuzhang and the Sunzi

might have copied the questions from another mathematical treatise that is no longer

extant.

75 Sunzi suanjing, 26.
76 Guo and Liu, Suanjing shi shu, preface (no page numbers).
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Commentary on the Sunzi suanjing

Both Zhen Luan and Li Chunfengbs team are ©b

commentaries to the Sunzi suanjing. Unfortunately, neither of these has survived.

6. XIAHOU YANG SUANJING
The Xiahou Yang suanjing is one of the more problematic treatises among
the Ten Mathematical Classics because it appears to be suffering from a case of
mistaken identity. The original Xiahou Yang suanjing is known to have been written
before the Zhang Qiujian suanjingbecause the | attero6s preface r e
Zhang Qiujian suanjing has been dated with a high degree of certainty to some time
between the year 466 and 485, or at most shortly after, because the thirteenth
guestion of its second section invokes a law on tax distribution that was in effect
during that period.”” Therefore, the Xiahou Yang suanjing should have been written
even earlier. However, the present version contains several references to laws that
were passed in the Tang dynasty, so Qian Baocong advanced the view that it was
written sometime between 763 and 779.”® Because these references fit very well
with the internal coherence of the text, it does seem unlikely that they were added to
the text centuries after its initial compilation. Why it became mistaken for the real
Xiahou Yang suanjing is due to the fact that it beginswithth e phr ase @A Xi ahou Ya
s a y Xiahou(Yang yue ) to mark a quote from that treatise. During the
Song dynasty, when compiling the Tang imperial catalogue as part of the standard
dynastic history, this later treatise became identified as the Xiahou Yang suanjing

while the real one had most likely been lost. Therefore, when the Song government

77 Guo and Liu, Suanjing shi shu, preface (no page number).
78 Qian, Suanjing shi shu, 551.
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printed the Ten Mathematical Classics in 1084, this was the version that was printed
and distributed. Because this is the Xiahou Yang suanjing recognized by the
Chinese from the Song dynasty onwards, we shall continue to refer to it by this name.
It is unclear who Xiahou Yang actually was. The author of the present
Xiahou Yang suanjing remains unknown too. However, the treatise is accompanied
by a preface written by the author, which shows that this individual had read both the
Wucao suanjing and the Sunzi suanjingp, and he greatly admired botl

Zhen Luandéds commentaries on t hem:

9 9 8 9 9
9 9 9 9 79

(Works that relate to the Wucao and the Sunzi are

many. Zhen Luan and Liu Hui have made detailed

commentaries on them. Looking at the past, their work

is outstanding. Comparing with the present, it is rare to

meet their equal.)

The Xiahou Yang suanjing appears to be designed as a practical handbook.

Unlike the Wucao suanjing, however, which is comprised entirely of questions, the
Xiahou Yang suanijing consists of a mixture of both questions and passages meant
to explain certain calculation techniques or relevant regulations of the period. The
treatise begins with a passage on simplifying calculations, doing calculations with
counting rods, and converting between different units of measurement, all of which is
probably a quote from the original Xiahou Yang suanjing. It then goes on to explain
units of measurement for length, area, volume, and weight as set out by imperial
regulations. This first section of the treatise also gives formulae for finding the areas
of various shapes, but without using any numbers or examples. It also discusses

grain conversion rates and finding square roots. The second and third sections are

comprised entirely of questions in the traditional question-answer-method format.

79 Xiahou Yang suanjingxu ( Xi ahou Yangos Matpetacept.i cal Cl assi c
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These questions, 73 in total, cover topics that can also be found in earlier treatises,
such as calculating the amount of tax grain and dividing a certain number of items
among a certain number of people. Therefore, it would have served as a good
exercise book for practising various calculation techniques. The fact that it was
mistaken as one of the Ten Mathematical Classics was very likely a strong
contributing factor to its preservation, making it the only mathematical treatise from

the eighth century to have survived until today.®°

Commentaries on the Xiahou Yang suanjing

The original Xiahou Yang suanjing should have commentaries by Zhen Luan
and Li Chunfengbés team. The present version d

it was reprinted during the Song dynasty.

7. ZHANG QIUJIAN SUANJING

The Zhang Qiujian suanjing was named after its author, but very few details
are known about him. From his preface, it is clear that he had read both the Sunzi
suanjing and the original Xiahou Yang suanijing, but found them deficient in certain

respects, so he wrote a new treatise to address that:

9 9 9 9
9 9 9 81
(The granary question in the Xiahou Yang and the cup-
washing question in the Sunzi both use methods that
have not attained true finesse, so | have constructed
new methods and extract all their principles, which are
attached here.)

In general, the questions in the Zhang Qiujian suanjing are more complex

than the Sunzi suanjing, and were probably meant for intermediate learners who had

80 Qian, Suanjing shi shu, 553.
81 Zhang Qiujian suanjingxu ( Zhang Qi uj i andés Narefaceydat i cal Cl as
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already mastered the most basic techniques. However, the author recognized that
working with fractions could be a difficult task, so he devoted a large part of his
preface to explain the relevant rules, and began the first section of the main text with
guestions on the multiplication and division of fractions.

The Zhang Qiujian suanjing has almost 100 questions divided unevenly into
three sections. However, Dai Zhen noted that the copy he was working with was
missing several pages, and the contents of these pages still have not been
recovered, so it is unclear exactly how many questions were in the original version.
The questions are not organized thematically, but cover a wide range of topics. In
addition to area and dimensions questions, the Zhang Qiujian suanjing also has
guestions like calculating the height or width of objects at a distance, and calculating
distances based on the travelling speeds of two or three people. One type of
guestion interspersed throughout the entire text is on the concept of squaring the
circle and vice versa, where a given circle has to be turned into a square of the same
area, or vice versa, and the reader is asked to calculate the dimensions of the new
shape. This type of question was also extended to three dimensions with spheres
and cubes. The Zhang Qiujian suanjing also contains a variation of the weaving

guestion seen in earlier treatises:

9 9 9 9
9 9 82
(There is a woman adept at weaving. She increases her
productivity at a constant rate everyday. On the first day,
she wove 5 chi. After a month, she is weaving 9 pi 3
zhang in one day. How much did her productivity
increase per day?)

The most famous question of the Zhang Qiujian suanjing is the Hundred

Fowls question, different versions of which are also contained in the Shushu jiyi:

82 Zhang Qiujian suanjing, 13.
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9 9 9
9 9 8 8 8 9 83

(A rooster is worth 5 gian, a hen 3 gian, and 3 chicks
are worth 1 gian. If 100 fowls were bought with 100
gian, how many roosters, hens, and chicks were
bought?)
Three solutions were given for this question:
1 4 roosters, 18 hens, 78 chicks
9 8roosters, 11 hens, 81 chicks

M 12 roosters, 4 hens, 84 chicks

The method given to explain the solution is rather cryptic and leaves the

reader wondering why it works:

9 9 9 9 9 84
(Method: Every time the number of roosters is
increased by 4, decrease the number of hens by 7 and
increase the number of chicks by 3.)
However, it demonstrates an awareness that multiple solutions are possible

for this type of indeterminate problem.

Commentaries on the Zhang Qiujian suanjing

The title page of the Zhang Qiujian suanjing states that commentaries had
been added by Zhen Luan and by Li Chunfengbs t
no |l onger extant. Libs teamdébs commentary cons
methods given by Zhang Qiujian and of supplying the methods where none had

existed before.

83 Zhang Qiujian suanjing, 54.
84 |bid, 55.
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8. WUCAO SUANJING

The Wucao suanjing appears to have been written specifically for the benefit
of officials and government clerks because the contents are tailored to address the
sorts of mathematical tasks involved in day-to-day administration. This treatise first
appeared in the Tang imperial catalogue. Its original author and its date of
compilation remain unknown, but Zhen Luan is said to have written a commentary on
it, so the Wucao must have been written by the sixth century at the latest.

The Wucao has 67 questions unevenly divided into five sections, with each
section named after a government department an
dealing with the sorts of tasks associated with that particular department. The
Waucao is not a treatise for beginners. Multiplication and division with large numbers
are assumed to have been mastered by the reader. However, the mathematics has
been kept as simple as possible by avoiding the use of fractions.®®

The first section, Tian cao (department of fields), contains 19 questions

on calculating the area of fields of various shapes, but Dai Zhen and modern
historians have noted that the formulae given for the more complex shapes are all

wrong. For example:

9 9 9
9 9 9 9
9 9 9 9
9 9 9

9 86

(There is a field in the shape of a waist-drum. Its length
is 82 bu. Its width at either end is 30 bu. The width at
the middle is 12 bu. What is the area? Answer: 8 mu,
remainder 48.

85 Qian, Suanjing shi shu, 409.
86 Wucao suanjing, 1. One mu = 240 bu.
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Method: Combine the three widths to get 72 bu. Divide
it by 3 to get 24 bu. Multiply it by 82 to get 1968 bu.

Convert it to mu.)

12

30

82

Figure 1.15 Field in the shape of a waist-drum

The original author seemed to have assumed that the formula for trapezoidal

fields could simply be extended to include one more side. However, as the formula

given by Dai Zhen suggests, this shape should be treated as the combination of two

trapezoids.

The second section, Bing cao (department of military affairs), contains

12 questions on calculating military personnel and supplies, as well as one question

on calculating the area of land needed to park a given number of carts.

The 14 questions in the third section, Ji cao

(department of markets),

mainly deal with the trading or bartering of goods, including questions on calculating

the amount of a certain type of grain that can be exchanged for another, as well as

calculating the number of items that can be purchased with a certain amount of

money.
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The fourth section, Cang cao (department of granaries), mainly

concerns the calculation of tax grain, payment required for the transportation of grain,
and the volume of both granaries and piles of grain on the floor. The last section, Jin

cao (department of finance), contains questions that generally deal with dividing

a certain amount of money or goods among a given number of households or people.
From the above, we can see that the Wucao suanjing does not contain any
mathematical technique that has not been covered by the Jiuzhang suanshu.
However, the way the questions are organized probably made the treatise a very
useful handbook for officials and clerks as they went about their daily duties, and a
very good exercise book for everyone else to test their skill in solving these particular

sorts of questions.

Commentary on the Wucao suanjing

According to the Tang imperial catalogue, commentaries had been added by
Zhen Luan and L i. Ugfbrumately neghércommensam seems to
have survived past the Song dynasty. Therefore, we have no way to tell if the
erroneous area formulae given in the Wu ¢ a 6irét section had ever been pointed
out to the students of the Tang imperial academy,or i f generations of the

graduates were trained to muddle the actual size of the Chinese empire.

9. WUJING SUANSHU

The Wujing suanshu is believed to have been written by Zhen Luan in the
later half of the sixth century. It is significantly different from all of the other Ten
Mathematical Classics in that it is comprised entirely of passages copied from the

Confucian classics that are concerned with mathematics, calendrical calculations,
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andmusicc, accompanied by Zhelisrnotcartaidvhatth@ not at i ons
primary purpose of this treatise was, and not many historians have devoted much
attention to it. It is possible that it was designed, like the Wucao suanjing, to be a
useful reference for officials and clerks. An example of the passages contained in

the Wujing suanshu is as follows:

9 9 9
9 9 9
9 9 9
9 9 9 9
9 9 9

9 9 9

9 9 9
9 87

(Calculating the rule of having seven intercalary months
for every 19 years

Take 10 for the number of intercalary days per year.
Multiplying it by 19 years, one gets 190 days. Take 827.
Multiplying it by 19 years, one gets 15 713. Dividing it
by the constant 940, one gets 16 days, with a
remainder of 673. Adding 16 to the number of days
above, one gets 206 days. Dividing it by 29, one gets
seven months, with a remainder of three days.
Multiplying it by 940, one gets 2820. Adding the 673
from above to it, one gets 3493. Dividing it by 499, one
gets seven months without any remainder. Hence for
every 19 years, there are seven intercalary months, and

each month has 29 — days.)

Commentary on the Wujing suanshu

The commentary added by Li Chunfengbdés team
contribute much towards our understanding of the text because it consists mainly of
posing some of the information presented in the text as questions that can be used

for practice.

87 Wujing suanshu, 2-3.
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10. JIGU SUANJING
The Jigu suanjing was written and annotated by Wang Xiaotong, a
calendrical expert of the early Tang dynasty. It has 20 questions in total. From the
title, whichtranslat es i nto the fAcontinuation of ancient
Wangos preface, it wasmeahtéoduildupdnshe mathemadcs t r eat i s e
of the Jiuzhang suanshu and push the level of sophistication further. Indeed, the
complexity of its mathematics is higher than any of the earlier extant treatises.® The
first question has to do with calculating the path of the moon. Then follow thirteen
guestions on construction problems and six questions on the application of the
gougu principle. Although Wang Xiaotong annotated the treatise himself, the text
remains terse, obscure, and difficult to understand.®® For example, historians have
puzzled over the question on building an observatory that is comprised of two
structures joined together. While the actual question is asking to calculate the
dimensions of the observatory, one of the most interesting questions for historians
has actually been about the shapes of the two structures and how they joined
together. Scholars have put forward different theories. For example, Qian Baocong

believed the observatory might have looked like this:*°

88 Guo Shuchun et al., Zhongguo kexue jishu shi i shuxue juan hh
(History of Chinese Science and Technology i Mathematics) (Beijing: Kexue
chubanshe, 2010), 202.
89 Tina Su-lyn Lim and Donald B. Wagner argue that differences in terminology in the
main text and the commentary may actually indicate that not all the commentaries were made
by Wang Xiaotong. SeeLim and Wagner, AWang Xiaotong on Right T
90 Guo Shirong , fligu suanjing zao yangguan tai ti xin jie
O(A new interpretation of the construction of an observatory question in the Jigu
suanjing), Ziran kexue shi yanjiu (Studies in the History of Natural Sciences)
13, no. 2 (1994): 108.
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Figure 1.16 Repr esentati on of Qi an BaJgosuangngéss concept ual
observatory
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Guo Shirong came up with a different shape:®:

N

Figure 1.17 Repr esent ation of Guo Shiigusuagr&s conceptuali
observatory

However, without actual models of observatories that had existed during the
Tang dynasty, it is impossi bl ebsenmtorgmuster mi ne wh

have looked like.

CONCLUSION
Although the Ten Mathematical Classics were written in very different periods,

common themes can be found among them that reflect the type of society from

91Gu o ShilJigosuapjngZiao yangguan tai ti xin jieo, 108
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which they came. Repeatedly, we see questions concerning grain conversion,
storage of grain, transportation, and land measurements. These were also some of
the central concerns of the state, which had to manage the calculation, collection,
and transportation of taxes. Taken together, the Ten Mathematical Classics would
have trained students to master the skills needed to fulfil the tasks of government
administration, including local adminstrative tasks that required the accurate
surveying of land or the correct calculation of money. However, that is not to say
that these treatises were all written specifically to address the practical administrative
problems of the government. Many of the authors discussed in this chapter were not
simply concerned with promoting technical competence to solve day-to-day problems,
but also held a strong belief in the power of numbers and of the art of suan to help
humans comprehend the world in which they lived. These people who projected

such a view of the universe will be the subject of the next chapter.
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Chapter Two
Writing About Mathematics in Pre-Modern China:
The Writers and Commentators of the Ten Mathematical Classics

i... mathematics should be defined by what the

o

|l earn, and teach it.

~ Joan L. Richards

In 1109 CE, a commemorative ritual was held during the reign of Emperor

Huizong (r. 11007 1126), who is known for his fondness of lavish Daoist

rituals,? to honour and award posthumous noble titles to men who were considered

to have made a significant contribution to suan .2 In total, sixty-six men were thus

honoured. Among them were many of the authors, compilers, and commentators of
the Ten Mathematical Classics. In the ritual, mathematical writers were honoured
alongside men whose work dealt primarily with calendar-making, astronomy, and
astrology, which reflects the broad definition of the concept of suan throughout most
of Chinads i mperi al history.

The people of interest to us in this chapter, namely all the known writers,
compilers, and commentators of the Ten Mathematical Classics, can be divided into
three groups:

1. Men who are not known to have held any official position within the

government

1Joan L. Richards, AThe History of Mathematics
Re ap pr Osirssad (I995): 129.

2 patricia Buckley Ebrey, Emperor Huizong (Cambridge, MA: Harvard University
Press, 2014), 148-151.

3 Song shi, 105, 2551-2552.
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2. Men who held official positions that were outside the Bureau of Astronomy
and Astrology

3. High-ranking officials within the Bureau of Astronomy and Astrology

The first group includes men of uncertain historicity, whose existence has not
been confirmed by sources other than the mathematical treatises in which their
names appear. Our purpose, however, is not to question whether or not these men
were real historical figures. What is important here is that the Chinese believed them
to have been real and to have been examples of men who had contributed to the
development of mathematics. This can be seen from the fact that they were included
in the commemorative ritual of 1109, and that their biographies, however

insubstantial, were compiled by Ruan Yuan (1764 7 1849) around the year
1800 in his Chouren zhuan (Biographies of Mathematical and Astronomical

Practitioners), a work that was meant to serve as a biographical dictionary of all
noteworthy mathematical and astronomical practitioners frombothChi nadés and
Eur op e & dnthe &wotiren zhuan, Ruan Yuan explicitly rejected the inclusion of
foretelling and astrological activities in the biographies, explaining that these were

not and ought not be within the purview of suanshu , or the art of suan.

Therefor e, R ws@an,d sa nndo tliiokne loyf mo st of his reader :
nineteenth century, already reflected the modern concept of suan as well as the
modern distinction between the mathematical and the non-mathematical, the
astronomical and the non-astronomical.
It must be noted here that all the writers, compilers, and commentators

discussed in this chapter are men. In this narrative, and indeed in the existing

4 Ruan Yuan, Chouren zhuan (Beijing: Zhonghua shuju, 1991), front matter, 2-3.
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narrative of al/l of Chinaés mat hsnmfgirée cal and a
like Caroline Herschel (1750 7 1848), who famously assisted her brother William

Herschel (17381 1822) in his astronomical observations, and was recognized as an

accomplished astronomer herself.> That is not to say that there were no learned

women in early and mid-imperial China. The most famous Chinese brother-and-

sister team is probably Ban Gu (327 92) and Ban Zhao (ca. 491 ca. 120),
who together compiled a history of the first half of the Han  dynasty (202 BCE i

220 CE). Although their history includes monographs on astronomy and calendar-
making, the Ban siblings are not known to have been particularly knowledgeable in

these fields. Related more directly to the history of the sciences, another example of

a learned woman is the mother of He Chengtian (3707 447), an astronomical
writer of the Northern and Southern dynasties period (4207 581). However,
unli ke Caroline Herschel, there is no evidence

his astronomical activities.® As we examine the lives of the Ten Mathematical

C| a s sviiterss dmmpilers, and commentators in this chapter, while we can certainly
be hopeful that they had received the intellectual support of their mothers, sisters,
wives, or daughters, there is at present nothing we can say about these women
because they are completely absent from our available sources.

The questions that we explore in this chapter are not only about the lives of
these mathematical writers and details about the China in which they lived. Where
possible, we also examine how these writers themselves viewed their work on the
Ten Mathematical Classics. Another goal of this chapter is to find a meaningful way

to characterize the mathematical writers of early and mid-imperial China. Given the

5 See Michael Hoskin, Discoverers of the Universe: William and Caroline Herschel
(Princeton: Princeton University Press, 2011).

6 Guo Shuchun et al., Zhongguo kexue jishu shi, 198-199.
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scarcity of sources, it is difficult to create an all-encompassing characterization that
would fit all the writers of the period. Still, it is vitally important to make the effort
because, in the popular imagination and in the minds of many modern scholars,
these writers are often thought of as belonging to the same group of people as
modern mathematicians, but perhaps as earlier, less advanced versions of the latter.
However, as we will see throughout the rest of this chapter, the popular image that
we have of mathematicians devoting their lives entirely to mathematics to the
exclusion of other activities does not map well onto these early Chinese
mathematical writers. While the scarcity of relevant sources on the actual readers of
the Ten Mathematical Classics hampers our effort to discuss the readership of these
texts, it must be kept in mind that the commentators were simultaneously readers.
While they may not necessarily be representative of all the people who read the Ten
Mathematical Classics, they and the later mathematical writers to be discussed in
Chapter Four constitute our only available samples.

The next section explores the lives of these men. Rather than list them in
chronological order, they are divided into the three groups described earlier in this

chapter:

98



Writing About Mathematics in Pre-Modern China

Table 2.1 Known Authors and Commentators of the Ten Mathematical Classics

Men with No Official
Position

Men with Official
Positions Outside the
Bureau of Astronomy

and Astrology

Men with Official
Positions Within the
Bureau of Astronomy
and Astrology

Xu Yue Zhang Cang Wang Xiaotong
Zhao Shuang Geng Shouchang Li Chunfeng
Liu Hui Zu Chongzhi

Sunzi Zhen Luan

Xiahou Yang

Zhang Qiujian

Perhaps surprisingly, only two out of the 12 writers of interest to this thesis

belonged to the Bureau of Astronomy and Astrology, the government apparatus that

is often thought of as the primary site for the creation of mathematical knowledge in

order to serve the purpose of calendar-making and predicting heavenly phenomena.

Close examination of the lives of these early creators and disseminators of

mathematical knowledge will therefore call into serious doubt the traditional view that

mat hemati cs 6

hie pre-madérraCGhinese lay primarily in its ability to

serve the loftier sciences of the heavens.” This older view suggests that the history

of Chinese mathematics is a simple, unilinear story, and is primarily preoccupied with

perhaps the most obvious and high-profile use of mathematics by the state, which

was in the Bureau of Astronomy and Astrology. However, as will be discussed in this

chapter and Chapter Four, mathematics was also written about and practised outside

the bureau as well as outside any state apparatus. Therefore, the rich and complex

7 See for example Ulrich Libbrecht, Chinese Mathematics in the Thirteenth-Century:
The Shu-shu chiu-chang of Ch 6 i n-sh&dh MITi East Asian Science Series, vol. 1, ed.
Nathan Sivin (Cambridge, MA: MIT Press, 1973), 4.
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nature of the history of Chinese mathematics should be recognized as a multi-strand
story, some of which were inevitably tied to state uses while others were concerned

with other purposes.

WRITERS, COMPILERS, AND COMMENTATORS WHO ARE NOT KNO WN TO
HAVE HELD ANY OFFICIAL POSITION

This is the group about whom the available sources hold the least information.
This is typical of the situation in pre-modern China: the records and histories
maintained by the government tend to be the most well-preserved historical source.
People who had no cause to be mentioned in these texts usually become
unknowable over time unless they or their relatives or associates had left a
significant amount of writing about their lives. For the people of interest in this
section, very little is known beyond their names and what can be speculated from
circumstantial evidence. Of course, the official histories by no means contain
comprehensive lists of everyone who served within the bureaucracy. However, from
the fact that information about these men was not included in the biographical
section of the dynastic histories about imperial family members and noteworthy
officials and individuals, it is unlikely that they had high political status during their

lifetime.

Xu Yue and Zhao Shuang

Xu Yue (fl. ca. 2201 226), possibly the author of the Shushu jiyi, hailed from

Donglai in modern Shandong province. He is recorded in the dynastic histories
as having debated with Han Yi (fl. ca. 2207 226) over the merits of Liu Hong&
(ca. 1307 ca. 210) Qianxiang (AUranic manifestationd calendar system in

the early years of the Northern Wei dynasty (220 7 265). Itis not clear if Xu
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Yue had any official function within the Northern Wei government, but the contents of
the Shushu jiyi suggests that he was a student of Liu Hong,? so he probably learnt
the Qianxiang calendar system directly from him. The Shushu jiyi does not come
with a preface, but the title suggests that the author wanted to put into writing various
components of the mathematical art that he had learnt from Liu Hong, thus
suggesting that Xu Yue had learnt both mathematics and astronomy from Liu Hong.
Zhao Shuang is the composer of the earliest extant mathematical

commentary in Chinese history. His name is known from the preface he added to
the Zhoubi suanjing. However, the imperial catalogues included in the dynastic
histories of the Sui and Tang list his name as Zhao Ying . Scholars are divided
over whether this was merely a copyist error or if this was in fact a literary name (hao

) that Zhao Shuang had used. In any case, he is most commonly referred to as
Zhao Shuang in the existing literature. In his own preface, Zhao Shuang signed off
as Zhao Junging , Which is usually interpreted as his courtesy name (zi  ).°

No other biographical detail is mentioned in Zhao Shuang® writings. His

commentary on the Zhoubi suanjing demonstrates the deep familiarity with the
Confucian canon that was typical of all highly educated men in pre-modern China
since Emperor Wu  (r. 1417 87 BCE) of the Han dynasty instituted the policy of
banning the hundred schools of thought and honouring only Confucianism (ba chu
bai jia, du zun ru shu : ). What was less typical was Zhao

Shuang® familiarity with astronomical texts including the Qianxiang calendar system,

8 Shushu jiyi, 2-3.

9 Both men and women of higher social status from the Zhou dynasty onwards were
usually given a courtesy name when they came of age. However, while men& courtesy
names were to be used outside of their families, women& given names were rarely revealed
to outsiders. See Endymion Wilkinso, Chinese History: A New Manual, 4t ed. (Cambridge,
MA: Harvard University Asia Centre, 2015), 113-114, 173-174.
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which was also known to Xu Yue, since astronomy had never been considered a
mandatory component of the Confucian tradition.’ The Qianxiang calendar system
was completed by Liu Hong around 206 CE under the auspices of the Han dynasty,

but was adopted for official use only by the state of Wu (2221 280) during the

Three Kingdoms period (2201 265).'* This has led many scholars to believe

that Zhao Shuang must have lived within the short-lived state of Wu,'? although it is
also conceivable that he, like Xu Yue, might have been a close associate of Liu Hong
and had acquired knowledge about the Qianxiang calendar system directly from its
creator.

Knowing so little about Zhao Shuang® life, it is impossible to connect his
work on the Zhoubi suanjing with the other activities he had engaged in. However,
his motivation for writing a commentary on the Zhoubi is clear from his preface: he
considered the Zhoubi a valuable text for understanding the heavens, but was terse
and difficult to understand. Therefore, he wanted to add explanations to it lest it be

abandoned by people who studied the heavens.

ol 9 9 9 9
9 9 013
(Looking at the Zhoubi, its instructions are simple but

far-reaching. Its words are confusing but right. | fear
that it may become neglected and misunderstood,

10 The six classics singled out by Confucius for study were the Shi  (the songs), the
Shu  (the documents), the Li  (the rites), the Yi  (the changes), the Chungiu (the
Spring and Autumn Annals), and the Yue  (the music). The classic on music was lost
during the Qin  dynasty (2217 206 BCE). However, several other works, like the Classic of
Filial Piety and the Analects were later added to what has traditionally been called
the Confucian canon. See Wilkinson, Chinese History, 369.

11 Guo Shuchun et al., Zhongguo kexue jishu shi, 173; Christopher Cullen, The
Foundations of Celestial Reckoning: Three Ancient Chinese Astronomical Systems (London:
Routledge, 2017), 235-236.

12 Cullen, Astronomy and Mathematics in Ancient China, 69; Qu, Zhoubi suanjing xin
yi, 27.

13 Zhoubi suanijing - preface, 1.
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leading people who study the sky to acquire nothing of
use out of it.)

That is not to say that Zhao Shuang considered the gaitian (fcanopy heavend
cosmology described in the Zhoubi as being more accurate than the huntian (fmurky
heavend. In fact, he stated that it was necessary to learn both in order to better
penetrate the mysteries of heaven and earth. While the gaitian doctrine was

explained in the Zhoubi, the huntian was explained in the Lingxian [written by
Zhang Heng (781 139)].14 Both texts had been preserved through generations

and had enabled the officials to bestow the seasons on (ie. construct a calendar for)
the people:

9 9 9 9

9 9 9 15

(Only by learning both the huntian and the gaitian and
combining them can one understand the Way of Heaven and
Earth, and see their profound secrets. The huntian doctrine
has the text of the Lingxian. The gaitian doctrine has the
methods of the Zhoubi. Both have been preserved through
generations in government departments, enabling them to
bestow the seasons on the people.)

This suggests that Zhao Shuang himself was familiar with both texts, but it is
not clear why he had cause to read them in the first place. While it could be
supposed that Zhao Shuang might have played a role in the calendar-making
endeavour of the government and thus in "bestowing the seasons on the people”, he

definitely did not see the Zhoubi as a text that should only be read by astronomical

officials. It was his hope that all gentlemen of wide learning (bowu junzi )s

14 Zhang Heng was a Han-dynasty official best known in history for having invented
and built a seismoscope that could indicate the cardinal direction where there was an
earthquake occurring.

15 Zhoubi suanjing i preface, 1.

103



Writing About Mathematics in Pre-Modern China

presumably men of similar education as himself, would come to read it, and thus
gain a better understanding of the physicalworld.** Thi s is in | ine
observation that there had always been private astronomical practitioners throughout
pre-modern Chinese history because the occasional laws prohibiting the practice
outside the government were seldom enforced.!” Zhao Shuang's preface gives the
impression that both the Lingxian and the Zhoubi were in fact texts that were
commonly attainable, though perhaps not commonly read, and that by the third
century, there were still people like Zhao Shuang who had not been completely won
over by the huntian doctrine, and who still saw validity in the gaitian cosmology.
However, it did not appear as if Zhao Shuang meant for his readers to do anything
practical with the knowledge gained from the Zhoubi, such as creating or fine-tuning
a calendar, because neither the Zhoubi itself nor Zhao's commentary contains

sufficient astronomical information for the reader to do so.

Liu Hui

Among all the known writers and commentators of the Ten Mathematical
Classics, Liu Hui stands out as the most prominent figure in historiography. There is
a record of Liu Hui in the official histories in reference to one part of his commentary
on the Jiuzhang suanshu that dealt with different standards of weights and measures
used in different periods. The record states that Liu Hui wrote his commentary in the
fourth year of the Jingyuan reign period of the last ruler of the Northern Wei,® which

corresponds to the year 263 or early 264 CE, giving us the only definite biographical

16 Zhoubi suanjing i preface, 1. For a complete English translation of Zhao Shuang's
preface, see Cullen, Astronomy and Mathematics in Ancient China, 171.

17 Nathan Sivin, Granting the Seasons: The Chinese Astronomical Reform of 1280,
with a Study of Its Many Dimensions and a Translation of Its Records: Shou shih li cong kao
(New York: Springer, 2009), 26 and 58-59.

18 Sui shu (Beijing: Zhonghua shuju, 1973), 16, 404.
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detailabouthim. | n Guo Shuchunédés book about Li

Gudai shijie shuxue taidou Liu Hui (The pinnacle of ancient

world mathematics: Liu Hui), Guo cautions the reader in his preface that the book
does not actually contain a biography of the title character.'® Karine Chemla has
rightly noted that the historiography about Liu Hui mainly discuss only his
mathematical achievements rather than his life.?° This is because historians have
not been able to uncover any other confirmed biographical information about him.

Liu Hui's name is not accompanied by any official title in the record, so it is
usually assumed that he did not hold any official post or bear any aristocratic title
during this lifetime. However, he was posthumously awarded the title of the Baron of

Zixiang (Zixiang nan ) during the commemorative ritual of 1109.2! Because

most of these titles were chosen according to the individuals' place of origin or of
residence, this suggests that Liu Hui probably hailed from Zixiang, which can be
traced to a region in the southwestern part of Shandong province.?? Zixiang had
become the estate of one of the Han imperial princes in 38 BCE. Since Liu Hui also
shares the same surname as the Han imperial house, some scholars believe that he
might have been a direct descendent of the early Han emperors.?

Like Zhao Shuang, the available sources do not contain enough information

about Liu Hui for us to be able to connect his work on the Jiuzhang suanshu and the

19 Guo Shuchun, Gudai shijie shuxue taidou, 1.

20Chemla, AA Chinese Canonodo, 188.

21 Nan , usually translated as "baron", was the most junior of the five levels of
noble titles: gong  (duke), hou  (marquis), bo (earl), zi  (viscount), nan (baron). See
Hucker, A Dictionary of Official Titles in Imperial China, 338.

22 i Di , fLiu Hui zhuan suo kao o(Investigations into Liu Hui®
biography), in Liu Hui yanjiu , ed. Wu Wenjun et al. (Xi@n: Shaanxi renmin jiaoyu
chubanshe, 1993), 54.

23 Guo Shuchun et al., Zhongguo kexue jishu shi, 179.
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Haidao suanijing to his other activities. Therefore, we can only attempt to glean
information from his written words.

Liu Hui's preface and various parts of his commentary refer not only to
passages within the Confucian canon, but also to the Mohist canon and the Daoist

text Zhuangzi .24 Therefore, it is evident that Liu Hui, like Zhao Shuang, had

also received a high level of education. In his preface, Liu Hui stated that he had
studied the Jiuzhang suanshu during his childhood. Having re-visited the text as an
adult and gained a better understanding of the fundamentals of mathematics, he

undertook to write a commentary on it.

fi 9 9 9 9
9 9 9 9 9 A
25

(I studied the Jiuzhang in my youth. In adulthood, |
looked over it again in detail, found the division
between yin and yang, and came to a conclusion about
the origins of the art of suan. While looking for its
profound secrets, | suddenly understood them.
Therefore, | dare to use my inadequate intellect to write
a commentary on it.)

However, the Jiuzhang was apparently not a commonly studied text because
Liu Hui also lamented that so few people were interested in mathematics during his
time that even people of great talent and learning might not be any good at it.

r 9 9 9 A
26

(There are very people interested in mathematics today.
Therefore, even though there are many talented and
learned people, they may not necessarily be good at it.)

24 Guo Shuchun et al., Zhongguo kexue jishu shi, 169.
25 Jiuzhang suanshu - preface, 1.
26 |pid.
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Again like Zhao Shuang, Liu Hui was most likely expecting his commentary
on the Jiuzhang and his Haidao suanjing to benefit men of similar education as
himself since he also addressed his preface particularly to gentlemen of wide
learning (bowu junzi).?” After all, such men were the ones who were most likely to
understand his numerous references to the canonical texts.

Furthermore, like Zhao Shuang, there is no evidence that Liu Hui expected
his readers to then apply the skills learnt from the Jiuzhang and the Haidao to any
practical endeavour like construction or cartography. Instead, his preface conveys
the sense that the content of the Jiuzhang had been passed down through the ages
since the Zhou dynasty, and that he was merely passing on the tradition while also
expanding the section on long-distance surveying and making the text more

accessible to the average scholar.?®

Sunzi, Xiahou Yang, and Zhang Qiujian

As noted in the previous chapter, the authors of the Sunzi suanjing, Xiahou
Yang suanjing, and Zhang Qiujian suanjing are all of uncertain dates and identities.
Unlike the Zhoubi and the Jiuzhang, the contents of these three treatises are almost
entirely mathematical, thus yielding even fewer clues about the background of the
people who brought them into being. While some scholars in the past have put
forward the view that the Sunzi suanjing must have been written by Sun Wu of the

Spring and Autumn period (722 - 481 BCE), the mainstream view remains that

27 Jiuzhang suanshu i preface, 2.

28 For an English translation of Liu Hui's preface, see Shen, Crossley, and Lun, The
Nine Chapters on the Mathematical Art, 52-54.
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the text must have been written by someone else much later, probably around 400
CE.?®

The author of the Sunzi suanjing wrote a preface that placed the art of suan
in a highly exalted position, portraying it as the root of all things in being, and also the
source of knowledge about everything both natural and supernatural. At the same
time, he described it as an art that could be mastered by anyone who wanted to
learn it.>° In other words, the author was not laying claim to the art of suan as
specialist knowledge, but as a field that was open to all. Therefore, the author is not
likely to have been a professional fortune-teller or an official within the Bureau of
Astronomy and Astrology since such persons would probably have viewed their skill
in suan as an ability that was reserved for the very few. The fact that the Sunzi
suanjing is a text for beginners suggests that the author might have been engaged in
mathematical instruction of some form. If this was indeed the case, then the preface
would have served as an advertisement of suan's wonderful capabilities as well as
the author's apparent expertise.

As discussed in the previous chapter, the original Xiahou Yang suanjing
seems to have been lost and was replaced by another treatise. The original is
usually dated to around the fifth century CE, slightly later than the Sunzi suanjing.3!
Everything about Xiahou Yang, presumably its author, can only be speculated. The
Xiahou family name originated shortly after 445 BCE and belonged to one of the
aristocratic families who traced their ancestry to the imperial family of the legendary

Xia  dynasty (ca. 2157 ca. 16" century BCE).>2 Members of the Xiahou family are

29 Guo Shuchun et al., Zhongguo kexue jishu shi, 185-186.
30 Sunzi suanjing - preface, 1.
31 Guo Shuchun et al., Zhongguo kexue jishu shi, 188.

32 Chen Ruisong, Baijia xing su yuan (The origins of Chinese surnames)
(Beijing: Zhongguo huagiao chuban gongsi, 1993), 211.
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known to have served as either civil or military officials during the Han and the Three

Kingdoms period, the most famous of whom was the general Cao Cao (ca. 155

T 220), who was originally from the Xiahou family but used the Cao family name

because his father became the adopted son of the eunuch Cao Teng (fl.171206s

1 5 0.6V8hgther Xiahou Yang wrote his treatise as a gentleman of leisure, a
bureaucrat, or as someone dependent on it to make a living, cannot be ascertained
at this time.

Just as little is known about the author of the replacement Xiahou Yang
suanjing, except that he probably lived in the eighth century.®®* From his preface, it
can be inferred that the author had studied mathematics at some length, having read
both the Wucao suanjing and the Sunzi suanjing. Since mathematical skill provided
a pathway into the bureaucracy via the civil service examinations during that time, it
would not be far-fetched to speculate that the author might have availed himself of
this opportunity. Furthermore, given the author® apparent concern with detailing
imperial regulations on weights and measures, he could possibly have been a lower-
ranking official or a clerk whose duties involved the accounting of goods or grain.

While both Zhao Shuang and Liu Hui had seemed to address their work to
men of equal status as themselves, the author of the Zhang Qiujian suanjing
assumed more of the air of an instructor hoping to benefit future generations of new

learners. He signed his preface as MQinghe Zhang Qiujiano . In 1109, he
was posthumously awarded the title Baron of Xincheng . Both Qinghe and

Xincheng can be traced to an area on the border between Shandong province and

Hebei province. Because he referred to both the Sunzi suanjing and presumably the

33 Guo Shuchun et al., Zhongguo kexue jishu shi, 188.
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original Xiahou Yang suanjing, Zhang Qiujian is usually dated to the late fifth
century.®

A significant portion of the preface is devoted to explaining the rules of
working with fractions, no doubt meant to be a convenient aid for readers. In the
preface, Zhang Qiujian presented his treatise as an advancement on the Xiahou
Yang and the Sunzi, saying that he had improved a particular technique contained in
them,3 which is evidence against the old stereotype that pre-modern Chinese had

been reluctant to innovate and contradict received wisdom.

WRITERS, COMPILERS, AND COMMENTATORS WHO WERE OFFICIALS
OUTSIDE THE BUREAU OF ASTRONOMY AND ASTROLOGY

Out of the three groups of men discussed in this chapter, the lives of this
particular group perhaps least fit the image of mathematicians in the popular
imagination. The sources contain much more information about these men than the
previous group discussed above, and we are able to see these mathematical writers
engaging in activities that are not usually associated with mathematical practitioners
or discussed within most histories of mathematics. However, it is precisely these
activities that will allow us to paint a more complete picture of early Chinese
mathematical writers.

It must be noted here that Liang Shu and Wang Zhenru, who assisted Li
Chunfeng with editing and annotating the Ten Mathematical Classics in the seventh
century, also belong to this group, both being instructors at state-run institutions.
Unfortunately, not enough is known about their lives and their work to initiate a

meaningful discussion of their particular thoughts and actions. From this, we can

34 Guo Shuchun et al., Zhongguo kexue jishu shi, 189.
35 Zhang Qiujian suanjing i preface, 1.
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see that the project to edit and annotate the Ten Mathematical Classics in 656 was
much like the many other communal literary efforts that occurred within the
bureaucracy, the most notable being the compilation of dynastic histories: not all the
people who worked on such projects are mentioned by name in the sources, and

even fewer have biographical details on record.

Zhang Cang and Geng Shouchang

According to Li u Jdzhandssanghu, thd canteats dfthe t h e

Jiuzhang were partially destroyed after the First Emperor (r.2217 210 BCE)

of the Qin dynasty ordered the burning of all texts except useful agricultural treatises
and other practical manuals. The Jiuzhang was saved during the Han after Zhang
Cang and Geng Shouchang managed separately to re-compile it, even though parts
of the text may not be the same as the original.®® Looking at the Jiuzhang today, it is
impossible to tell how exactly Zhang Cang and Geng Shouchang contributed to the
original text or how far their mathematical skill extended. However, according to the
historical record, both of them had illustrious political careers.

Zhang Cang was born in Yangwu in Henan province. He was originally
an imperial scribe (yushi ) within the Qin government and was in charge of
maintaining the imperial library. However, in 207 BCE, he joined the rebel army of
Liu Bang (r. 2027 195 BCE), who would soon found the Han dynasty. In 202
BCE, Zhang was awarded the title Marquis of Beiping in recognition of his

contribution to Liu Bang® military successes. Under the Han, Zhang Cang continued
to be active in various roles within the bureaucracy. He helped stabilize the new

dynasty by managing its finances, selecting a calendar system for official use, and

36 Jiuzhang suanshu i preface, 1.
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regulating the standard weights and measures for the country. After the death of Liu
Bang, Zhang Cang continued to enjoy high political status, first as Censor-in-chief

(yushi dafu ), and then as Counsellor-in-chief (chengxiang ). In 162

BCE, Zhang Cang resigned from his post, citing ill health.®’

From the historical record, it is impossible to say how Zhang Cang and Geng
Shouchang acquired their mathematical skills or when exactly they worked on the
Jiuzhang suanshu. Geng Shouchang lived a few decades after Zhang Cang, but
presumably was able to continue Zhang Cang®& work on re-compiling the Jiuzhang
into the form that Liu Hui came to know. Geng Shouchang® precise dates are
unknown, but the historical record states that he served as an aide to the
Chamberlain for the National Treasury (da si nong zhong cheng ) during
the reign of Emperor Xuan (r. 737 49 BCE). The office of the Chamberlain
was mainly in charge of collecting taxes and managing the state& grain supplies and
monopolies on commodities like salt.*® Therefore, it is not surprising that the
Jiuzhang was of interest, and likely much utility, to a man like Geng Shouchang. He

was awarded the title Marquis of Guannei for his creation of the fever-normalo

granaries (chang ping cang ) scheme, where the state was able to regulate
the price of grain by buying large quantities of it when the price was low, and then
releasing it back into the market when supply was low but demand was high. In the
commemorative ceremony of 1109, even though Zhang Cang was not recognized,

Geng Shouchang was posthumously given the title Earl of Anding 2% Geng

37 Ruan, Chouren zhuan, 2, 9; Guo et al., Zhongguo kexue jishu shi, 93-94.
38 Hucker, Dictionary of Official Titles, 471.
39 |t is interesting that the Song government demoted him from marquis to earl.
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Shouchang is also known to have dabbled in astronomy and written treatises about

the motion of the moon.*°

Zu Chongzhi

Zu Chongzhi, courtesy name Wenyuan , was from a family of officials
originally from Fanyang in modern Hebei province. Therefore, the posthumous
title he was given in 1109 was Viscount of Fanyang . At the beginning of the

fourth century, north China was ravaged by civil wars among the imperial princes of

the Western Jin dynasty (2651 317) as well as rebellions by non-Chinese

chieftains,*! so Zu Chongzhi& great-grandfather moved his family southwards across

the Yangzi River. His grandfather served the Eastern Jin (3177 420)
government as Chief Minister for the Palace Buildings (da jiang ging ).42 After
the Eastern Jin gave way to the Liu-Song dynasty (4201 479) followed by the
Qi (4797 502), Zu Chongzhi was able to retain a place within the officialdom,

even though he never achieved very high status. Under the Liu-Song, he first served

as a retainer (congshi ) and military aide (canjun ) in Xuzhou , then as
magistrate (xianling )of Lou  County, before becoming the supervisor of court
attendants (ye zhe pu she ). Under the Qi, Zu Chongzhi was a military
commandant (xiaowei ) at Changshui . He appears to have been

particularly multi-talented. Not only was he able to hold both civil and military

positions, he also wrote the mathematical treatise Zhuishu, created the Daming

calendar system, and annotated Confucian classics like the Analects. Moreover, his

40 Ruan, Chouren zhuan, 2, 16; Guo Shuchun et al., Zhongguo kexue jishu shi, 94.
41 Eprey, Cambridge lllustrated History of China, 89.
42 Guo Shuchun et al., Zhongguo kexue jishu shi, 191.
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talents also extended to craftsmanship, since he successfully repaired a broken
south-pointing chariot (ie. chariot holding a magnetic compass) for one of the
Liu-Song emperors.*® Because the Zhuishu is no longer extant, it is impossible to
say how Zu Chongzhi himself might have connected his work in mathematics with
his other pursuits. However, like Zhen Luan discussed below, Zu Chongzhi is an
example of a highly skilled mathematical and astronomical writer who had very
varied concerns and pursuits in life. Apart from writing the Zhuishu, Zu Chongzhi is
best known in historiography for having calculated the value of “ to a precision of six
decimal places (see page 66). His son Zu Geng (fl. 5™ century) is also said to
have been an accomplished mathematical practitioner and to have helped Zu

Chongzhi with his work in mathematics.**

Zhen Luan

Zhen Luan, whose courtesy name was Shuzun , was from Wuji in

modern Hebei province. Inthe commemorative ceremony of 1109, he was
posthumously given the title Baron of Wuji . He was an unusually prolific
writer, compiler, and commentator of both mathematical and astronomical treatises.
Out of the Ten Mathematical Classics, both the Wucao suanjing and the Wujing
suanshu are believed to have been compiled by him. According to the dynastic
histories, he wrote commentaries for seven of the remaining Ten Mathematical
Classics. Furthermore, as well as other mathematical treatises, he also created the

Tianhe calendar system in 566,* and wrote a mathematical treatise named

after himself and an astronomical treatise called Qiyao suanshu

43 Guo Shuchun et al., Zhongguo kexue jishu shi, 191-192.
44 Martzloff, A History of Chinese Mathematics, 80.
45 Qu, Zhoubi suanjing xin yi, 27.
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(Mathematical Art of the Seven Celestial Bodies). Unfortunately, the great majority
of his works have not survived to the present time. Given the prodigious amount of
work Zhen Luan seemed to have devoted to mathematics and astronomy, it is
perhaps surprising that it was completely unrelated to his duties as a government
official for the Northern Zhou dynasty (557 1 581). According to information
contained in the Shushu jiyi, Zhen Luan annotated it while serving as the

commandery governor of Hanzhong (Hanzhong junshou ) after being
transferred from the post of metropolitan commandant (si li xiaowei ), who

was in charge of supervising officials in the capital region.*¢ From this, we can see
that Zhen Luan was not prevented by his political duties to pursue more technical
hobbies. It is also evidence that officials serving outside the state-run schools and
the Bureau of Astronomy and Astrology could possess expertise on both

mathematics and astronomy.

WRITERS AND COMMENTATORS WHO SERVED WITHIN THE BUREAU OF
ASTRONOMY AND ASTROLOGY

Out of the three groups of men discussed in this chapter, one would have
imagined that this particular group would best fit the older view that pre-modern
Chinese valued mathematics mainly for the sake of doing astronomy and astrology.
However, between the two men discussed in this section, only Li Chunfeng seems to
actually fit the biligulsuanjimgnhad geestamlnley Xi aot ongds
astronomical or astrological value.
Al governments throughout Chinaés i mperi al

well-versed in doing mathematical astronomy.*’ This is because the Chinese saw

46 Ruan, Chouren zhuan, 11, 130; Hucker, Dictionary of Official Titles, 451.
47 Cullen, Astronomy and Mathematics in Ancient China, 4.
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the emperor as the central figure in upholding the cosmic balance between heaven,
earth, and man.*® The accurate prediction of celestial events like eclipses was
understood as a sign that all was in order and that the emperor truly held the
Mandate of Heaven to rule, while unexpected or unusual occurrences were taken as
warning signs that something was amiss.*® The Bureau of Astronomy and Astrology
was thus an apparatus that was meant to bolser imperial authority by observing,
predicting, and interpreting celestial events, as well as creating an accurate calendar
that would be promulgated by imperial authority across the empire. Interpreting
celestial as well as terrestrial events and advising the emperor accordingly were the

main duties of the director of the bureau.

Wang Xiaotong

Wang Xiaotong served within the early Tang Bureau of Astronomy and

Astrology as the assistant director (taishi cheng ) and as an instructor in
calendar-making (li suan boshi ). The official calendar in use since the very

beginning of the Tang dynasty failed to accurately predict solar and lunar eclipses,
and Wang was one of the officials charged with correcting it in the year 627.*°
Around the year 630 CE, Wang Xiaotong wrote the Jigu suanjing as well as a
preface that was addressed to the emperor. In both, there was no mention of either
astronomy or astrology. Instead, he discussed his treatise as purely a work of
mathematics, presenting it as the supplement to the parts of the Jiuzhang suanshu

on construction and division of labour, as well as an improvement on Zu Chongzhi®

48 Cullen, Astronomy and Mathematics in Ancient China, 2.
49 Sjvin, Granting the Seasons, 35-36 and 56.
50 Guo Shuchun et al., Zhongguo kexue jishu shi, 201.
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techniques of volume calculations in the Zhuishu.®* Therefore, in the mind of Wang
Xiaotong, who was as close to a professional astronomer as could be found in Tang
China, mathematics appeared to have been its own independent area of study, and

not necessarily linked to either astronomy or astrology.

Li Chunfeng

Li Chunfeng became the director of the Bureau of Astronomy and Astrology
in 627. Therefore, he would have been Wang Xiaotong® superior within the bureau
foranumberofyears. Li Chunfengds son and grandson woul c
the director of the bureau.5? Li Chunfeng was from modern Shaanxi province.
Although he was the appointed leader of the project to edit and annotate the Ten
Mathematical Classics, it is difficult to say what exactly he did in the project. In fact,
modern scholars tend to rank his mathematical abilities as being lower than earlier
writers like Liu Hui and Zu Chongzhi because the comments Li Chunfeng and his
team added to the ten classics are not always mathematically sound. However, his
abilities in astronomy are unquestionable. He constructed an armillary sphere for the

Tang government and created the Linde calendar system to replace the

previous one in 665 CE. The armillary sphere designed by Li Chunfeng had three
concentric rings, and was an improvement on previous models in terms of
observational accuracy.>® He also participated in the writing of the dynastic histories
of the Jin and the Sui dynasties, where he wrote the monographs on astronomy, the

calendar, and the five phases . He was subsequently awarded the title Baron of

51 Jigu suanjing i preface, 1.
52 Jju Tang shu, 79, 27109.

3Jenni fer W. Jay Encyclbpedia®htheHisterynof Sciencd, n
Technology, and Medicine in Non-Western Cultures, 2™ ed., ed. Helaine Selin (Dordrecht:
Springer, 2008), 1222,
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Changyue for his work on the dynastic histories. In 1109, the Song

government posthumously promoted him to become the Viscount of Changyue

54

Even though modern historians of science and mathematics tend not to
discuss it, Li Chunfeng was believed to have been very skilled in astrology and
divination, which were necessary skills for the director of the bureau because one of
his main functions was to interpret omens and advise the emperor accordingly. In
his official biography in the dynastic history of the Tang dynasty, Li Chunfeng was

said to have accurately foretold the coming of Wu Zetian (r.6847 705 CE),

the only female emperor in Chinese history, who would soon cause the death of
many members of the Tang imperial clan.®® Li also wrote divination texts that set out
specific rules on how to observe and interpret esoteric phenomena as omens to

guide decision-making. A sample of his writings on this topic is as follows:

9

The general method of observing the qi [cosmic forces]

is one takes observations above the enemy always at

the yin hour at dawn, in the afternoon [from 3to 5 p.m.]

or at midnight, or on the wusi day. When the enemy is

to the east, observe it when the sun comes up; when

they are to the south, observe it at mid-day; when they

are to the west, when the sun sets; when they are to

the north, at midnight. Then you will know the omens
concerning the enemyds movement
decline.%®

54 Ruan, Chouren zhuan, 13, 157-158; Guo Shuchun et al., Zhongguo kexue jishu
shi, 203.
55 Jiu Tang shu, 79, 2717-2719.

or

rest

%Quoted from Robin D.S. Yates, fiTheEa#li story of

Asian Science, Technology, and Medicine 24 (2005): 28.
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CONCLUSION

From the above, it is evident that there does not exist a single mould into
which all the writers discussed in this chapter can comfortably fit. They led very
different lives and played different roles in the society in which they lived. One
similarity that does stand out from this analysis is that, among the people whose
places of origin are known, the great majority hailed from the provinces in northeast
China. Itis beyond the scope of this dissertation to investigate why this is the case,
but it does suggest that that particular region was unique either in the preservation of
sources or in the dissemination of mathematical and astronomical knowledge.

If we look solely at the activities and concerns of the state, then it is perhaps
reasonable to say that mathematics was made to serve the purposes of astronomy
and astrology. After all, the person chosen to head the project to edit and annotate
the Ten Mathematical Classics was the director of the Bureau of Astronomy and
Astrology, while the two mathematics instructors had to work under his supervision.
However, once we look beyond the state and really scrutinize the words of
mathematical writers and commentators like Zhao Shuang and Liu Hui, they seemed
to have been less interested in mathematics as a practical function than as an
intellectual pursuit. Moreover, it was a pursuit not for the sake of mental or
philosophical exercise, but aimed at gaining a true understanding of the world in
which they lived.

In addition, the above analysis suggests that many of the Ten Mathematical
Classics were not meant to be practical manuals designed for the benefit of common
people engaged in crafts or trades, but for people of a higher social status. How the
Ten Mathematical Classics were actually used to train future officials will be

examined in the next chapter.
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Chapter Three
State-Run Mathematical Education

and the Ten Mathematical Classics as Textbooks

AnThe mathematical equations may be wuniversal,
among the possibilities!®!of natural knowl edge i
~ Nathan Sivin

Despite the fact the mathematics was considered one of the six gentlemanly
arts, people in pre-modern China did not always agree on how essential it was for
scholars to learn mathematics. The two quotes below illustrate two very different
views of the importance of suan in the education of scholars. While both writers
agreed that the art of suan was a useful form of knowledge, they diverged
significantly on the point of for whom it was important as well as its priority relative to

other forms of knowledge.

r
9 9 A?Z?
[The art of suan is also an important aspect of the six
gentlemanly arts. Since ancient times, scholars who
discuss the Moral Way and who construct calendars
are all proficient in it. However, one can learn it in
combination with other knowledge. One ought not
specialize in it.]

~ Yan Zhitui of the state of Northern Qi (55071 577),
fAdmonitions to the Scions of the Yan Familyo(Yan shi jiaxun )

1Ssivin, AWhy the Scientific Revolution did not
2 Quoted in Yan Dunjie,iZhongguo shuxue jiaoyu jianshio, 45
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9 A3
[Mathematics is one of the six gentlemanly arts. It
appears unimportant, but is actually critical. Matters
relating to the study of the heavens, calendar-making,
waterworks, military affairs, and agricultural fields, all
require the use of suan. Scholars who do not
understand suan, or who understand it only superficially,
cannot yet say that they are doing practical good for the
world.g

~ Lu Shiyi (16117 1672)

The history of Chinese state-run mathematical education reflects a similar
kind of contention. While there was no question that people with knowledge of
mathematics were necessary for effective governing, official policy regarding matters
like who, if anybody, should receive state-sponsored mathematical training, what the
training then qualified them to do, and whether or not people skilled in mathematics
deserved official positions within the bureaucracy, was in a state of flux from dynasty
to dynasty, from emperor to emperor, and sometimes even from year to year within
the reign of a single emperor.

This chapter traces the use of the Ten Mathematical Classics as textbooks in
state-run institutions from the Sui (581 1 618) to the Northern Song dynasty (960 i
1127), a period that marks the flourishing of mathematical education that was
sponsored by the state, which had a clearly defined curriculum and fully developed
mechanisms for the mathematics graduates to join the ranks of the bureaucracy.
The end of the Northern Song dynasty signalled the end of large-scale, systematic
investment by the central government in mathematics education. It also marked the

beginning of the fading of the Ten Mathematical Classics into oblivion, to the point

3 Quoted in Yan Dunje, fiZhongguo shuxue jiaoyu jianshio, 4
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where, by the Qing dynasty (1644 7 1911), they had become obscure ancient texts
that had to be re-discovered.

This chapter explores how the Ten Mathematical Classics were used to
structure state-run mathematics education, and what that education then enabled its

graduates to do. Here, the focus is on the School of Mathematics (suan xue )

established by the government within the capital. It is not to be conflated with the
training of personnel for the Bureau of Astronomy and Astrology, which naturally also
involved the teaching of some mathematics, but was usually, though not always as
will be seen later in this chapter, run by the bureau itself and independent of the
School of Mathematics.*

This chapter seeks to illuminate the evolution of state policy regarding
mathematics education in the context of the broader history of education in general,
particularly as it relates to state investment in the transmission of various types of
knowledge, which included Confucian philosophy as well as legal and medical
knowledge during this period. It must be kept in mind that the main purpose of the
imperial academy was to prepare young men for assuming office and serving the
state. We shall see that the historical development of mathematics education was
intimately intertwined with the state® evolving perspective on the types of people
who should be recruited into the bureaucracy, and how they ought to be recruited.
The overall trend tended towards the narrowing of the state& definition of the ideal
recruit. On the other hand, the abandonment of mathematics education by the state

is an indication that mathematics was also part of the broader shift towards the

4 Guo Shirong , Lun Zhongguo gudai de guojia tian suan jiaoyu
0(A Discussion of Pre-modern China& State-Run Astronomical Education), in
Shuxue shi yanjiu wenji (Research papers on the History of Mathematics),
vol. 2, ed. Li Di (Hohhot, Inner Mongolia: Nei Menggu daxue chubanshe, 1991), 27.
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dominance of private education during the Northern and Southern Song (11277

1279) dynasties, as will be demonstrated in this chapter and the next.

MATHEMATICS EDUCATION PRIOR TO THE SUI DYNASTY
The earliest Chinese records concerning schools and education can be found

in the oracle bones of the Shang  dynasty (ca. 1600 i 1046 BCE),> which refer to

the animal bones and turtle shells that were used for royal divinations during the
Shang. These divinations involved posing a question to the spirits, putting a heated
object into contact with a piece of animal bone or turtle shell, and divining the spiritsé
answer by interpreting the cracks caused by the heated object.® Both the question
and the result of the divination were then inscribed on the bone or shell. Among the

inscriptions uncovered to date are the characters jjao  (teach), xue  (school or
learn), and shi  (teacher).” Unfortunately, very little is known about the modes and

content of education of that period.®

Under the Zhou dynasty, the state maintained schools to teach the sons of
the nobility, with the goal of preparing them for serving in the government.® During
that time, the concept of the six gentlemanly arts appears to have become a well-
established curriculum.® In the sources, the six gentlemanly arts are usually listed in

the following order: i~ (ritual), yue  (music), she (archery), yu

5> Thomas H.C. Lee, Education in Traditional China, a History (Leiden: Brill, 2000), 41;

Yan Binghai , and Wen Xiaoyu , iZhongguo shuxue jiaoyu shi jianlun
0(A Brief Discussion of the History of Chinese Mathematics Education), paper
presented at the Conference of the 740" Anniversary of Qin Jiushao& Shushu jiuzhang
6 7 740 (Beijing, May 1984), 4.

6 See Wilkinson, Chinese History, 681-683. Wilkinson notes that some oracle bones
that date from before the Shang were made of human bones.

7'Yan and Wen, fizhongguo shuxue jiaoyu shig 4.

8 Lee, Education in Traditional China, 41.

9 Ibid; Li and Du, Chinese Mathematics, 22.

10 yan and Wen, fizhongguo shuxue jiaoyu shiq 4.
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(horsemanship or charioteering), shu  (writing), shu  (most likely mathematics,

but it might also have included numerology, divination, astronomy, astrology, and
geomancy).!! This particular order with the art of mathematics as the last of the six
arts would lead countless emperors, policy makers, and scholars over the
subsequent centuries to view it as also the least important of the six arts,? thus
justifying their low regard for or complete negligence of it.

Records from the Zhou dynasty are too scarce for us to formulate a detailed
discussion of how the art of mathematics might have been taught. However,
although the period pre-dates all known versions of the Ten Mathematical Classics,
there might have been earlier versions of the Zhoubi suanjing, Jiuzhang suanshu,
Sunzi suanjing, and Wucao suanijing, which are all of uncertain authorship, in
circulation at the time that might have been used for teaching. In addition to the
schools run by the state, private education appears to have been in a flourishing
state at the time, with many important philosophers of the period, including Confucius
(5517 479 BCE), teaching disciples in a private capacity and establishing their own
schools of thought,** marking this period as one of immense intellectual creativity
and cultural vibrancy. Other schools of thought that emerged during this time
included Daoism, Mohism, and Legalism. However, it was Confucian philosophy that

would come to dominate Chinese political thought from the reign of Emperor Wu
(r. 1417 87 BCE) of the Han dynasty to the end of imperial China in 1911.

How much the art of mathematics might have featured in private education

during the Zhou cannot be ascertained, but the tradition of private teaching would be

11 Ho, Chinese Mathematical Astrology, 2.
12 Guo Shirong, fLun Zhongguo gudai de guojia tian suan jiaoyuq 29.
13 |ee, Education in Traditional China, 43.
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a long-standing practice in the history of mathematics education,'* eventually
becoming mathematicsésole channel of knowledge transmission after the Northern

Song dynasty.

THE SUI DYNASTY: THE CREATION OF THE SCHOOL OF MATHEMATICS
Following the Zhou, records from the subsequent dynasties leading up to the

Sui cannot further illuminate how mathematical education might have proceeded

either in state-run institutions or in privately established schools, except for a passing

reference to a suan sheng boshi (instructor, often translated as feruditeq of
mathematics) during the Northern Wei dynasty (386 1 534), but no further

remarks on where or how he carried out his duties.*®
The Sui is the earliest dynasty on record to provide systematic mathematics
education through its imperial academy, which was in fact a government institution
that had begun during the Han dynasty as a school reserved for instilling the
Confucian philosophy into the sons of officials, thus preparing them for a life of
serving the state in the Confucian Way, which promoted the benevolence of the ruler,
the loyalty of his subjects, and the moral cultivationof all.* The ter m Ai mperi al
academyodo is used here to refer toohdetapmain ind
by the Chinese central government within the primary, and sometimes also the
secondary, capital. However, it must be noted here that its name had not always

been the same throughout history. It has been known at various times as tai xue

14 Yan Dunjie, iZzhongguo shuxue jiaoyu jianshid 46.

15 Ibid, 45. Also, see Huang Benji , Lidai zhi guan biao (Shanghai:
Shanghai guji chubanshe, 1984), 3, 160-161.

16 Feng Xiaolin , AZhongguo Sui Tang Wudai ¢§,i aoyu shi
in Bai juan ben Zhongguo quan shi , ed. Shi Zhongwen and Hu Xiaolin

, vol. 10 (Beijing: Renmin chubanshe, 1994), 40 and 56; Thomas H.C. Lee,
Government Education and Examinations in Sung China (Hong Kong: Chinese University
Press, 1985), 11.
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(Imperial University), guozi si (Court for Education), guozi jian
(Directorate of Education), guozi xue (School for the Sons of the State, often

also translated as Directorate School), among several other names. During the Sui,
Tang, and Northern Song, it was usually called the guozi jian, and comprised of as
many as seven different schools, some of which were devoted to teaching the
Confucian canon, and the rest to more technical subjects. For the sake of
consistency and to avoid confusion,th e t er m fAi mperi al academyo wil
of its specific name at different points in time.
By Chinese standards, the Sui was a short-lived dynasty. Yet many of its
policies and accomplishments would have long-l ast i ng ef fects on Chinabo

subsequent development. In 589, the Sui founder, Emperor Wen (r. 5817 604)

completed the reunification of China, which had been politically fragmented for close
to four centuries. In its efforts to rebuild central authority and government institutions,
the Sui dynasty set two important precedents: the institution of the civil service
examinations to select men of merit to fill bureaucratic positions,!” and the expansion
of the imperial academy to include one school for the teaching of mathematics.*®
Previously, the bureaucracy had largely been staffed by members of the
aristocracy, the relatives of officials, or talented or especially virtuous individuals who
had been recommended by local officials. The civil service examinations gave the
central government a greater degree of direct control over who would be selected to
serve in the bureaucracy because the examinations were open to men of all
backgrounds, and the questions could be tailored so that only candidates who met

very specific requirements would pass the examinations and be selected. From their

17 wang Kaixuan , Zhongguo keju zhidu shi (History of the
Chinese Civil Service Examination System) (Shenyang: Wanjuan chuban gongsi, 2012), 34.
8Feng, AZhongguo Sui Tang Wudai jiaoyu shio, 41
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inception until their abolition in 1905, the vast majority of civil service examinations
ever hel d t es anlidrityovithrihé Cahfaciam car@on, which was
interpreted as having a direct correlation with their degree of moral cultivation.
However, when the civil service examinations were first created, they did not replace
the other methods of recruitment mentioned above, but provided merely one more
possible pathway into officialdom. It was only during the course of the Song dynasty
that it would come to play a much more crucial role in dictating the fate of men
aspiring to become officials.*®

During the Sui, however, the number of officials recruited via the civil service
examinations remained very small.?. Moreover, the Sui civil service examinations
did not yet appear to have provided for the testing of more technical subjects like
mathematics,?! implying that the graduates of the newly established School of
Mathematics had other means of becoming civil officials. It is only during the Tang
dynasty that the civil service examinations would come to play a greater role in the
history of mathematics.

The School of Mathematics was founded along with a School of Writing (shu

Xue ), which taught students the proper form and meaning of Chinese characters,

setting a precedent for specialist training by the government in these two subjects for
the first time in Chinese history. Both schools were placed within the imperial
academy, joining the three schools that were devoted to teaching the Confucian
canon: the School for the Sons of the State (guozi xue), the Imperial University (tai

xue), and the School of the Four Gates (si men xue ). While the standard

19 John W. Chaffee, The Thorny Gates of Learning in Sung China: A Social History of
Examinations, 2™ ed. (Albany: State University of New York Press, 1995), 4.

20 |bid, 15.
21 Tongdian (Encyclopedic History of the Institutions of Government)
(Hangzhou: Zhejiang guji chubanshe, 2000), 14, 81.
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history of the Sui dynasty does not specifically explain why three different schools
were necessary for the teaching of the Confucian canon, records about the Tang
dynasty, its immediate successor, state that the students of the imperial academy
were placed in different schools according to their birth and the official rank held by
their fathers, grandfathers, and great-grandfathers, which will be discussed in detail
in the next section. This suggests that the Sui government might have done the
same. Certainly, the varied status of the instructors of the five different schools of
the imperial academy is a clear indication that the schools were not held to be equal
in the eyes of the government, which lends support to the hypothesis that individual
schools, and by extension their student bodies, were ranked hierarchically as well.
Out of the five schools of the imperial academy, the instructors at the School
for the Sons of the State were ranked the highest. Under the nine-rank system in
use at the time to rank officials hierarchically, with one being the highest rank and
nine being the lowest, each rank was further subdivided into two levels: upper class

(zheng )andlowerclass(cong ), denoted fiado and Abo

higher in rank. Table 3.1 shows the rank of the erudites and teaching assistants

(zhujiao ) at the five schools:??

22 Syi shu, 28, 786-789. The order of the schools in this list follows the order they
are usually presented in the Sui shu.
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Table 3.1 Rank of Erudites and Teaching Assistants During the Sui Dynasty

Rank of Teaching

School Rank of Erudite Assistants
Sons of the State 5a 7b
Imperial University 7b 9a
Four Gates 8b 9b
Writing 9 Unranked
Mathematics 9b Unranked

From the table, it is clear that the instructors of both the School of Writing and

the School of Mathematics were ranked especially low within the official hierarchy

compared with their colleagues in the other schools, and their teaching assistants

were not even considered to be actual officials. Therefore, their students were likely

to have been youth whose fathers were either commoners or on the lower echelons

of the official hierarchy, just like during the Tang dynasty.

The respective numbers of erudites, teaching assistants, and students at the

five schools are shown in the following table:?3

23 gyi shu, 28, 777.
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Table 3.2 Number of Erudites, Teaching Assistants, and Students During the Sui

Dynasty
Number of Numbe_r of Number of
School . Teaching
Erudites ; Students
Assistants
Sons of the State 5 5 140
Imperial University 5 5 360
Four Gates 5 5 360
Writing 2 2 40
Mathematics 2 2 80

From the above, we can surmise that the focus of the imperial academy leant
heavily towards teaching the Confucian canon, with the vast majority of the teaching
staff and students concentrated in that area. Why, then, did the Sui rulers deem it
necessary to create the School of Writing and the School of Mathematics? The
answer probably lies in the fact that the Sui dynasty did not inherit a unified empire,
but had to create one after conquering a cluster of independent political bodies, each
with its own set of governing practices. In order to build an efficient bureaucracy to
run the empire and large-scale construction projects like building the Grand Canal to
link the economies of the north and south, the Sui rulers must have needed well-
trained personnel who could handle the day-to-day administrative tasks of
government, including scribes in charge of record-keeping, communications between
different government bodies, surveying land, as well as calculating taxes and labour.
Creating an institution that could be directly overseen by the central government to
train such personnel would have been the most efficient way to ensure that the said

personnel would follow a common set of practices. With that view in mind, the
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emergence of a School of Mathematics in the imperial academy at this particular
point in Chinese history cannot be seen as
effort to build an effective government. We shall see in the next section that, by
inheriting the empire and the bureaucracy directly from the hands of the Sui rulers,
the Tang dynasty would continue and further
education and personnel-selection.
As for how the curriculum of the School of Mathematics might have been
structured, there were no officially prescribed mathematics textbooks. However, a
glance through the imperial catalogue (jingji zhi ) in the standard history of the
Sui dynasty suggests that up to eight out of the original Ten Mathematical Classics
might have been used to teach the students of the School of Mathematics. The
Zhoubi suanjing is listed among the works on celestial patterns (tianwen).?* In the
section on calendar-making, we find the other classics:?
9 Jiuzhang suanshu in ten chapters, so the tenth must have been the Haidao
suanjing
1 Zhuishu
1 Sunzi suanjing
1 Xiahou Yang suanjing
1 Zhang Qiujian suanjing

1 Wuijing suanshu

In the imperial catalogue, there is no separate section on mathematical texts.
However, that is not to imply that the School of Mathematics was used solely for the

purpose of training personnel for the Bureau of Astronomy and Astrology. On the

24 sui shu, 34, 1018.
25 |bid, 34. 1025.
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contrary, the bureau operated its own school and had its own teaching staff for the
following subjects: calendar-making, celestial patterns, clock-making and time-
keeping (louke ), and identifying evil influences (shijin ).26

To further contextualize state-run mathematics education in the broader
picture of state-run education in general, it must be noted that the imperial academy
and the Bureau of Astronomy and Astrology were not the only government

institutions to provide specialist education and training at this time. For example, the

Imperial Medical Office (taiyi shu ) had erudites and teaching assistants for
the subjects of medical treatment (yi ), massage (anmo ), and some form of
spiritual healing (zhuijin ).2” The Imperial Divination Office (taibu shu )

had erudites and teaching assistants in the subjects of divination (bu ) and fortune-
telling (xiang ).2® The Court of the Imperial Stud (taipu si ) had erudites for
veterinary medicine (shouyi ), while the Court of Judicial Review (dali si )

had erudites for teaching law.?® In other words, the investments of the Sui
government in education were actually quite varied, all aiming at producing well-
trained personnel to meet the diverse needs of the state.

However, even though it had completed the reunification of China, the Sui
was by no means a peaceful and stable dynasty. The reign of the second emperor,

Emperor Yang (r. 604 1 617), was marked by onerous labour demands on the

general population to construct the Grand Canal and to rebuild the Great Wall, as
well as ambitious military campaigns to conquer Champa (in central Vietham) and to

subdue Koguryo (in northern Korea and southern Manchuria). Discontent among

26 Sui shu, 28, 775.
27 |hid, 28, 776.

28 |pid.

29 |bid.
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both the common people and members of the political elite resulted in the rise of as
many as two hundred rebel groups.*® Therefore, the imperial academy must have
had tremendous difficulty functioning normally, especially during the last years of the

Sui.®t

THE TANG DYNASTY: THE INTERTWINED RELATIONSHIP BETWEEN THE
SCHOOL OF MATHEMATICS AND THE CIVIL SERVICE EXAMINATION SYSTEM

Wi despread rebellions against the Sui rul er

third emperor, Emperor Gong (r. 617 7 618), to abdicate in favour of the general
Li Yuan (r. 6181 627) in the year 618, before dying at the age of 15 the

following year.®? Li Yuan declared a new dynasty, the Tang, which would
nevertheless continue many of the policies of its predecessor, including the ones on
education. Even though the new dynasty had to overcome the ongoing rebellions to
re-establish political stability, putting the imperial academy back into operation
seemed to have been a priority. An imperial decree was passed in 619 for the
School for the Sons of the State, the Imperial University, and the School of the Four
Gates to begin admitting students from the families of officials.®®* Another was
passed as early as 632 for the re-establishment of the School of Mathematics.3*
However, the fact that the same decree had to be issued again in 656 by the third
emperor, Gaozong, either suggests that the earlier one had not achieved its desired
objective, or is indicative of the vacillating attitude of the Chinese government

towards the necessity of having a School of Mathematics. Even Emperor Gaozong

30 Charles Holcombe, A History of East Asia: From the Origins of Civilization to the
Twenty-First Century (New York: Cambridge University Press, 2011), 93.

SlFeng, fAZhongguo Sui Tang Wudai jiaoyu shio, 44
32 Sui shu, 5, 99-102.

3BFeng, fAZhongguo Sui Tang Wudai jiaoyu shio, 45
34 Tang huiyao (Essential Documents and Regulations of the Tang) (Beijing:

Zhonghua shuju, 1985), 35, 633.
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himself, who gave the School of Mathematics an official set of textbooks for the first
time, was not free of such doubt. After successfully establishing the School of
Mathematics in 656, he abolished it and transferred its staff and students to the
Bureau of Astronomy and Astrology in 658, only to re-establish it again within the
imperial academy in 662.%

The Tang imperial academy consisted of six main schools, all of which were

clustered within one of the wgaHeprendryoamtal.ds i n

These schools lay immediately south of the imperial ancestral shrine, and were
surrounded by several Daoist abbeys and Buddhist monasteries in neighbouring
wards.3®

The Tang i mp e rmain differanceafrdore ita prédscessor lies in its
inclusion of the School of Law, which had been run by the Court of Judicial Review
during the Sui dynasty. The number of erudites and teaching assistants of each
school as well as their respective rank are listed below.®” The Tang bureaucracy
was divided into nine ranks like the Sui. However, in addition to separating each
rank into two classes, the Tang further subdivided each class into two grades (shang

and xia ) . Her e, i 0 gdreandoet easn & hfei ihd gthheer | ower

35 Xin Tang shu, 48, 1268.

36 CharlesBenn,Chi nads Gol den Age: Every@afgrd:Li fe in
Oxford University Press, 2002), xiii-xvi.

37 Xin Tang shu, 48, 1266-1268. The order of the schools presented here follows the
order in the Xin Tang shu.
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Table 3.3 Number and Rank of Erudites and Teaching Assistants During the Tang

Dynasty
School | Mumberof | Rankof | AT | OOl
Assistants Assistants
Sons ofthe 10 Sai 5 6bi
e 6 6
Four Gates 6 7ai 6 8bi
Law 3 8bii 1 9bii
Writing 2 9bii 1 Unranked
Mathematics 2 9bii 1 Unranked

The records from the Tang dynasty offers an extremely comprehensive view

of how these schools operated. Like the Sui, the purpose of the School for the Sons

of the State, the Imperial University, and the School of the Four Gates was to teach

students the Confucian canon. Admittance into all six schools was based on birth,

with the School for the Sons of the State reserved for young men from the most elite

background (see table below).3®

38 Xin Tang shu, 44, 1160; 48, 1266-1268.
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Table 3.4 Student Composition of the Six Schools During the Tang Dynasty

School

Ages of Students

Background of Students

First Admitted (in Admitted
years)

1 Sons and grandsons of
officials with rank 3 or
above

1 Sons and grandsons of

Sons of the State 14 to 19 dukes of state (guo gong
)

1 Great-grandsons of officials
with rank 2b or above

1 Sons and grandsons of
officials of rank 5 or above

1 Sons and grandsons of

Imperial University 14to 19 dukes (jun xian gong
)

1 Great-grandsons of officials
of rank 3b or above

1 Sons of officials of rank 7 or
above

Four Gates 1410 19 1 Sons of marquis, earls,
viscounts, and barons

1 Especially talented
commoners (jun shi )

Law 18 to 25 1 Sons of officials with rank 8
or below

Writing 1410 19 T Commoners

Mathematics 14 to 19

The School of Mathematics, along with the Schools of Law and of Writing,

was reserved for commoners and the sons of the lowest-ranking officials, thus

reflecting the belief that such specialist training could not be put on the same par as

learning the Confucian classics. These modes of knowledge were considered

inferior to learning the Way of the sages in order to cultivate oneself and to provide

good government. A thorough understanding of the law, a precise knowledge of the

written language, and an expert grasp of mathematical skills were not considered
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necessary for becoming a good official of the highest ranks. Only virtue, as reflected
in oned6s knowledge of the Confucian classics,
distinguish men who were suitable for the top positions in government. This belief
would be the determining factor in shaping how the civil service examination system
developed during the Tang dynasty and beyond.
The number of students at the imperial academy fluctuated greatly

throughout the Tang dynasty. It probably peaked during the reign of Taizong (r.

627 1 650), with 3260 Chinese staff and students, as well as students from Japan,

the Korean states, and the Inner Asian states, bringing the total number of people at

the imperial academy to over 8000.%° Foreign students within the Tang capitals must

have been a common sight, contributing to the
cosmopolitan empire. It seemed to have been a favourite education destination of

people from the Korean kingdoms, but the Tang government set quotas for the

number of students each kingdom could send. In the year 837, the Korean kingdom

of Parhae sent sixteen students to China, but only six were permitted entry. The

remaining ten were made to turn back at Qingzhou . The same year, 209

students were sent back to Silla.*°

All students studying at the imperial academy, including the foreign students
from neighbouring states, were provided with free room and board.** No tuition fees
were necessary during the Tang, but regulations were passed in 706 requiring
students entering the imperial academy for their first year of study to present bolts of
fine cloth as gifts to their instructors as a symbolic gesture to express both respect

and gratitude. Each student of the School for the Sons of the State and the Imperial

39 Tang huiyao, 35, 633.
40 |bid, 36, 668.
41Feng,iZhongguo Sui Tang Wudai jiaoyu shio, 83.
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