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Abstract

This thesis contains the following three parts:
Part 1(Chapters 1-5): Spherical h-harmonic analysis.
Part 2: Reverse Holder’s inequality for spherical harmonics.

Part 3: Multivariate Lagrange and Hermite approximation and pointwise

limits of interpolants.

The main results of Part 1 are included in two journal papers, one long joint
paper with Prof. F. Dai submitted to Adv. Math., and one single-authored
paper to appear in Bull. Can. Math. Soc. Results of Part 2 are contained
in a joint paper with Prof. F. Dai and Prof. S. Tikhonov to appear in Pro.
AMS, and results of Part 3 are from a joint paper with Prof. M. Buhmann
submitted to J. Math. Anal. Appl.

Part 1 consists of 5 chapters and is organized as follows. Chapter 1 is devot-
ed to a brief description of some background information and main results for
Part 1. Chapter 2 contains some preliminary materials on the Dunkl spherical

h-harmonic analysis. After that in Chapter 3 the analogues of the classical
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Hardy-Littlewood-Sobolev (HLS) inequality for the spherical h-harmonics with
respect to general reflection groups on the sphere is established. A critical in-
dex for the validity of the HLS inequality is obtained and is expressed explicitly
involving in the multiplicity function and the structure of the reflection group,
which allows us to compute the critical indexes for most known examples of
reflection groups. One of the main difficulties in our proofs lies in the fact that
an explicit formula for the Dunkl intertwining operator is unknown in the case
of general reflection groups, and therefore, closed forms of the reproducing ker-
nels for the spaces of spherical h-harmonics are not available. A novel feature
in our argument is to apply weighted Christoffel functions to establish new
sharp pointwise estimates of some highly localized kernel functions associated
to the spherical h-harmonic expansions. In Chapter 4, we introduce Riesz
transforms for the spherical h-harmonic expansions, which are motivated by a
new elegant decomposition of the Dunkl-Laplace-Beltrami operator involving
the tangent gradient and the difference operators. These Riesz transforms are
shown to have properties similar to those of the classical Riesz means. In
particular, the LP boundedness of these operators is proved. The proof of the
main result in this chapter uses the Calderon-Zygmund decomposition, but the
main difficulty is to establish some sharp kernel estimates related to the Riesz
transforms. Finally, it is worthwhile to point out that the decomposition of the

Dunkl-Laplace-Beltrami operator, discovered in this thesis, seems to be of in-
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dependent interest. Indeed, as an application of this decomposition, in the last
section of this chapter we establish the uncertainty principle with respect to
the spherical h-harmonic expansions on the weighted spheres. Finally, we close
this part by extending the results in preceding chapters to the corresponding
weighted orthogonal expansions on the unit balls and the simplices. These re-
sults, in particular, generalize a classical inequality of Muckenhoupt and Stein
[Trans. Amer. Math. Soc. 118(1965), 17-92] on conjugate ultraspherical
polynomial expansions.

In Part 2 our aim is to determine the sharp asymptotic order of the fol-
lowing reverse Holder inequality for spherical harmonics Y, of degree n on the

unit sphere S%! of R? as n — oo:
HYnHLq(Sd,l) < Cna(p’q)HYnHLp(Sdfly 0<p<qg<oo.

It is shown that, in many cases, these sharp estimates are significantly bet-
ter than the corresponding estimates in the Nikolskii inequality for spherical
polynomials. These inequalities allow us to improve a result on the restric-
tion conjecture of Fourier transform, as well as the sharp constant in the Pitt
inequalities on R?,

Finally, Part 3 studies various approaches to multivariate interpolation.
Precisely, we analyse interpolation and the reproduction of polynomials and

other functions by linear combinations of shifts of radial basis functions and

v



cardinal interpolants. We also consider gridded data Hermite interpolation. Of
particular interest in practice is a class of radial basis functions which contains
the celebrated multiquadrics and inverse multiquadrics for instance. For those,
we provide new results on the asymptotic limits of the aforementioned cardinal
interpolants when the parameter in the generalised multiquadric function (r*+

)7 diverges.
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Symbols and Notation

d-dimensional Euclidean space

(d — 1)-dimensional unite sphere in R?
d-dimensional unite ball in R?
d-dimensional simplex in R?

Euclidean inner product in R?

Euclidean norm in R?

¢ norm in RY, |z| = |z1] + |zo| + -+ + |74
absolute form in R? z = (|zy],--- , |z4])

LP space on S%! with respect to the weighted Lebegue measure
w(z)do(x)

LP norm on LP(w;S% 1)

the Abelian reflection group identified with the set {4-1}4

reflection in R?, o, : ¢ — = — 2%1}, v € R?

asymptotical equivalence, c;A < B < ¢ A for some constants cq, ¢y > 0

asymptotically less relationship, A < ¢B for some constant ¢ > 0

X



Part 1

Spherical h-Harmonic analysis



Chapter 1
Introduction

The classical Hardy-Littlewood-Sobolev (HLS) fractional integration the-
orem states that if 0 < o < d and 1 < p < ¢ < oo, then the HLS inequality,

1(=A)"" Loy < Cllfliguey, VF € LR, (1.0.1)

holds if and only if @ = d(% — %) (see [St1l, Chapter V]), where 0; = %
and (—A)” denotes the fractional power of the Laplacian A = Z;l:l d2.
This theorem implies the Sobolev embedding theorem essentially by the re-
lationship between the Riesz transforms R; = @(—A)_%, 7 = 1,2---.d
and the fractional integral operators (—A)~%/2 (i.e. the Riesz potentials).
The HLS inequality and the Riesz transforms on R? have been extended to
many different settings with fractional integration being mostly defined via
orthogonal expansions or distributional Fourier transform (see, for instance,
[AsWa, ArLi, AuHoLa, BoTh, ChWh, NoSt, SaWh, St1, SaSuTa, ThXu]).

In this part, we will study the HLS inequality and the Riesz transforms for
fractional integration associated to weighted orthogonal polynomial expansions
(WOPEs) on the sphere S*! := {z € R? : ||z|| = 1}, on the ball B¢ := {z €
R?: |z|| < 1} and on the simplex T¢ := {z € R?: 1, ;24 >0, |z| < 1}
with weights being invariant under a general finite reflection group on R
Here and throughout the part, || - || denotes the Euclidean norm in R?, and
lz| = Z?:l |z;| denotes the ¢'-norm of RY. In this introduction we shall
describe our main results for WOPEs on the sphere S9! with a “ minimum”

of definitions. Necessary details and appropriate definitions will be given in



the next section.
Let G C O(d) be a finite reflection group on R%. For v € R?\ {0}, we
denote by o, the reflection with respect to the hyperplane perpendicular to v;

that is,
2(x,v)

— 5 U
vl

where (-,-) denotes the Euclidean inner product on R%. Let R be the root

Oyl =T — r € RY

system of G, normalized so that (v,v) = 2 for all v € R, and fix a positive
subsystem R, of R. It is known that (see, for instance, [Ro2]) the set of
reflections in G coincides with the set {o, : v € R}, which also generates
the group G. The dimension of the linear subspace of RY spanned by all
elements from the root system R is called the rank of R and is denoted by
rank(R). Let K : R — [0,00), v — K, = k(v) be a nonnegative multiplicity
function on R (i.e., a nonnegative G-invariant function on R). Let h, denote
the weight function on R defined by

hi(z) == H (z,v)[*, = €R% (1.0.2)
vER 4
The function h, is G-invariant and homogeneous of degree [k| := " .z Fo.

The weight function we shall consider on the sphere S is h2(z), which
can also be written as h2(z) = [],cx [(2, v)|". We denote by do(z) the usual
Haar measure on S LP(h2;S%1) the LP-space defined with respect to the
measure hZ(z) do(x) on S* !, and || - ||, the norm of LP(h2;S?"!). A spherical
polynomial on S?! is the restriction to S* ! of an algebraic polynomial in d
variables, whereas a spherical h-harmonic of degree n on S~ is a spherical
polynomial of degree n that is orthogonal to spherical polynomials of lower
degree with respect to the inner product of L?(h2;S%"!). We denote by H4(h?)
the space of all spherical h-harmonic polynomials of degree n on S*!. Each

f € L?(h2;S%1) then has an orthogonal expansion in spherical h-harmonics,
f = proj,(h f), (1.0.3)
n=0

converging in the norm of L2(h2;S% 1), where proj, (h?; f) denotes the orthog-

onal projection of f onto H2(h?).



The theory of spherical h-harmonics was developed by Dunkl in [Dul,
Du2, Dud4|. It has applications in physics for the analysis of quantum many
body systems of Calogero-Moser-Sutherland type (see, for instance, [Ro2] and
[DuXu, pp. 360-370]). From the mathematical analysis point of view, the
importance of spherical h-harmonics lies in the fact that they generalize the
theory of ordinary spherical harmonics. There is a vast literature related to
spherical h-harmonics and Dunkl analysis, see for instance [BoTh, BoRoTh,
DaXu, Dul, Du2, Du6, Du4, DuXu, deJ, Ro2, Rol, RoCo, ThXu, Xu, Xu2].

The spaces H%(h?) of spherical h-harmonics can also be characterized as
eigenfunction spaces of a second order differential-difference operator A, o on

S9! which we shall call the Dunkl-Laplace-Beltrami operator. Indeed,
Hah2) = {f € CUS™) 0 Agof = —n(n+20)f}, n=01,--

where )
Moo= ——+ k= ——+ Y k. (1.0.4)

As a matter of fact, we may define the fractional power (—A, )* of (—A, )

for « € R in a distributional sense by
proj, (his (=Ak0)*f) = (n(n + 2X.))* proj, (ks f), n=0,1,---. (1.0.5)

Our first main result determines the optimal power « of the operator A,

for which the following HLS inequality holds:
1= 200) g < Cpall flleps 1<p<a<oo,  (10.6)

where C,, , . > 0 is a constants depending only on p, g, k.p

Theorem 1.0.1. Let 1 < p < g < oo and o > 0. Then the inequality (1.0.6)
holds for all f € LP(h?;S%1) if and only if o > sn(% — %), where

d—1+2|x|, if rank(R) < d —1;

Sk =

1.0.
d—14+2max Y. Ky, if rank(R)=d (10.7)

Xa-1 veR1NXy 1

with the maximum being taken over all (d — 1)-dimensional subspaces Xq_1 of

R? spanned by d — 1 elements from R..
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It turns out that the optimal index s, in (1.0.7) can be written explicitly
for many typical examples of finite reflection groups. Below we include the
results for the examples given in [DaXu2, p.168], with details of calculations

being sketched in the appendix. Throughout the part , we set
e1 = (1,0,---,0),---,eg=(0,---,0,1) € R

Example 1.0.2. The case G = Z3 (the Abelian group). Here the group G has
a positive oot system Ry = {e1,--- ,eq}, the associated weight function can

be written in the form

d
he(@) =[] el ke, = 1; >0,

J=1

and the index s, 1s given by s, = 20, + 1 with

d
d—2
O = Ao = N py = — =+ > Ky — min k;. (1.0.8)
7j=1

1<j<d 1<j<d

It is worthwhile to point out that in this case, o, = 8“51 corresponds to the crit-

ical index for the Cesaro summability of the spherical h-harmonic expansions,
see [DaXul, DaXub, LiXuj.

Example 1.0.3. The case G = Ay_1 (the symmetric group on d elements).
Here the group G has a positive root system Ry ={e; —e; : 1<i<j<d},

the weight function can be written as

hH(ZL‘) = H |£l','Z — ﬂfj|’i0, Ko Z O,

1<i<j<d

and the associated index s, is given by
S =d—1+d(d—1)ko.

Example 1.0.4. The case G = By (the hyperoctahedral group). Here the
group G is the symmetric group of {%ey,--- ,xeq}, for which



and .
h(z) = <H|$i|’“>< I1 I« —x?|"“2>, K1, Ko > 0.
i=1 1<i<j<d

The associated index s, is given by

2 + max{6ko, 4k + 4ko}, if d = 3;
Su = (1.0.9)
d—142k1(d—1)+2kra(d—1)(d—2), ifd>4.

Of particular interest is the case when o = 1, where Theorem 1.0.1 can be
formulated equivalently as follows: if f € C*(S**) and [, f(y)h2(y) do(y) =

0, then for 1 < p < ¢ < oo with (23k—l—1)(z—1)—$) <1,

1flleg < ClH(=Dr0) " Fllsp- (1.0.10)

However, (—AH,O)U 2 here is not a local operator, and hence, more difficult to
compute in practice. Our next main result gives an equivalent estimate of the

norm ||(—A,0)Y2f||.p in terms of the tangential gradient V on S,

Vof =VE|_ | with F(z) = f(z/z]), z € R\ {0},

and the operators

E,f(x) = f<m)<; {)gavx)’ v e R4\ {0}. (1.0.11)

Theorem 1.0.5. If 1 < p < oo and f € C*(S¥1), then

1(=200) 2l ~ Vo g + 1285 5ol o 1012

where A ~ B means that there exists an inessential positive constants ¢ such
that cA < B < ¢ 'B. Furthermore, if p = 2, then we have the following
equality:

I(=200) 2 fll2 = IV0 122 + D Aol Euf 1o (1.0.13)
vER ¢

Combining Theorem 1.0.1 with Theorem 1.0.5, we obtain

Corollary 1.0.6. If 1 < p < q < 00, Su ) <1, f e (ST and

1 _
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fgd—l f(y)do(y) =0, then

||f||f-€,q < C”vOfHH,p + Cgel%)i “v||Evf||m,p' (1.0.14)

Remark 1.0.1. A straightforward calculation shows that if p > max,er, 2kq +
1, then the weight function h2(x) satisfies the A, condition on S?~!. Hence, by

the Poincaré inequality on the sphere it follows that for p > max,er, 2kq + 1,

1Eu fllnp < ClIVo Sl

This means that the second term max,er, Ky||Eyf||xp on the right hand sides

of (1.0.12) and (1.0.14) can be dropped when p > max,cr, 2kq + 1.

The proof of Theorem 1.0.5 requires delicate pointwise estimates of cer-
tain kernel functions in spherical h-harmonic expansions, which turn out to
be rather involved. A main difficulty comes from the fact that explicit in-
tegral representations of the reproducing kernels for the spaces of spherical
h-harmonics are not available except in the case of the Abelian group, G = Z2
(see [Xu2]).

As an application of Theorem 1.0.5, we shall introduce and study the Riesz
transforms for spherical h-harmonic expansions on S?!. Indeed, by Equation
(2.2.11) in Section 2, we can rewrite the formula (1.0.13) in Theorem 1.0.5 e-
quivalently as the following new decomposition of the Dunkl-Laplace-Beltrami

operator —A, o:

—Ago= Y, DiDij+ Y reELE., (1.0.15)

1<i<j<d a€RL
where D; ; = x;0; — x;0; denotes the angular derivative in the z;x;-plane, DZ j
and E} denote the adjoint operators of D;; and E, in the space L?(h?;S%1)
respectively. The operators D;;D;; and EJE, can be expressed explicitly as

follows (see Section 7 for details):
D};D;j = —(hi(x)) ' D jhi(x)D;j,  EiE =2E./(a,x). (1.0.16)

It is worthwhile to point out that the angular derivatives D; ; play an impor-
tant role in ordinary spherical harmonic analysis (see, for instance, [DaXu2,
Chapter 1] and [DaXu4]). By the decomposition (1.0.15), we may define the



Riesz transforms for the spherical h-harmonic expansions as follows:

Definition 1.0.7. For 1 <i < j <d andv € R, define

Ri;f = Dij(=0n0) Y2, R, = VRoEy(—Aro) V2f. (1.0.17)

In the unweighted case (i.e., kK = 0), the Riesz transforms for the ordinary
spherical harmonic expansions were introduced and studied in [ArLi].
As a consequence of (1.0.15), we have the following identity that is well-

known for the classical Riesz transform on R?:

> RiRiy+ ) RR,=I (1.0.18)

1<i<j<d vER

where [ is the identity operator on the space { f € L'(h2;S* ") : [, f

0}.
The LP-boundedness of these Riesz transforms follows directly from Theo-
rem 1.0.5:

Corollary 1.0.8. For 1 < p < oo, there exists a constant C, > 0 such that
for all f € LP(h?;S41),

max || Ry fllnp + max [[Ry fllnp < Cpll fllnsp-
2y 'UGR+
If, in addition, [o, ., f(x)h2(z)do(x) =0, then
max || Ri ;i flxp + max |[Rofllxp ~ [ fllxp-
1,7 vER 4+

Finally, we will also establish similar results for WOPEs with respect to

the weight function
B P2 2\u—1/2 d
W () == h(x)(1 — [|=|%)" 2, w>0, x€B (1.0.19)

on the unit ball B¢, and for WOPEs with respect to the weight function

h2
Wi (z) = vaR "/x_d)(l—p:y)“—l/?, p>0, zeT  (1.0.20)

xl...xd

on the simplex T, where in the case of T? we assume additionally that the

weight h2(z) is also Zd-invariant (see, for instance, the weights in Examples

8

y)do(y) =



1.2 and 1.4). These results, in particular, extend a classical inequality of
Muckenhoupt and Stein [MuSt, p. 43, Corollary 1| on conjugate ultraspherical
polynomial expansions.

Throughout this part, all functions will be assumed real-valued and Lebesgue
measurable, and the letter C, C, ... denotes generic (positive) constants, which

may differ on each occurrence, even within the same formula.



Chapter 2
Preliminaries

To better describe our results, in the chapter we shall introduce some need-
ed preliminaries and standard notion which will be valid throughout the rest
of this thesis.

2.1 The Jacobi polynomials

For parameters «, § > —1, the Jacobi polynomials are defined by

(e,8) — (=" _ ) *5d_n _ \atn B+n
Pt = CUN0 -0y (L) P (a1 )t (21)
where x € [—1,1] and n = 0,1, ---. They are mutually orthogonal with respect

to the weight function w, g(z) = (1 — 2)%(1 + z)? on [—1,1] and satisfy that
([Sz, (7.32.5) and (4.1.3)])

[P (cosf)| < en~2(n"t+0) i (n Ly —0)97E, e 0] (21.2)

For a smooth function ¢ : [0, 00) — C, we define

BYD(t) = i@(%)ﬂﬁa’ﬁ’(t). (2.1.3)

k=0

We will use the following known estimates of the kernels B](\?‘,f) and their

derivatives (see, for instance, [BrDa, Lemma 3.3] and [IvPe, Theorem 2.6)):

Lemma 2.1.1. Let ¢ be a C*-function on [0,00) with compact support that
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1s constant in a neighborhood of 0, and let By = B](\(;if) be the function defined
by (2.1.3) with o > > —1/2. Then for any £ € N and 0 € [0, 7],

IBY (c0s 0)] < Criallo® V| 1o 0.00) N2 22 (14NO) ¢, i =0,1,---, (2.1.4)
where N € N, BY(t) = BD(t) and BY (1) = (£)' {BYD (1)} fori > 1.

For A > 0, the ultraspherical polynomials C? are defined by

2X)
C)\ — ( n P()\fl/Q,)\fl/Q) ) 2.1.5
0= 5P @ 2.15)
They satisfy o

Ch(1) = (n,)" (2.1.6)

where (a), = H?:_J(a —7)-

2.2 Dunkl operators, intertwining operator and

angular derivatives

A finite set R € R?\ {0} is called a root system if 0, R = R and RN {tv :
t € R} = {£wv} for all v € R. The subgroup G C O(d) that is generated by
the reflections o, v € R is called the reflection group associated with R. The
dimension of the subspace of R? that is spanned by all elements in R is called
the rank of R and is denoted by rank(R). Each root system R can be written
as a disjoint union R = Ry U (=R, ), where R, and —R are separated by a
hyperplane through the origin. Such a set R, is called a positive subsystem
of R. A function x : R — [0, 00) on the root system R is called a multiplicity
function on R if it is invariant under the action of G that is, kg, = K, for all
v € R and g € G, where k, = K(v).

Let R be a fixed root system in R? normalized so that (v,v) = 2 for all
v € R, and G the associated reflection group. Let x : R — [0,00) be a
multiplicity function on R and h, the weight function defined by (1.0.2). We
denote by P? the space of homogeneous polynomials of degree n on R¢, and

14 := TI(R?) the algebra of algebraic polynomials on R?.

11



The Dunkl operators associated with G and x are defined by

Dif(z) = 0if(x) + Y ku(v,e)Euf(x), i=1,---.d, feC'(R"), (22.1)
vER 4
where R, is a fixed positive subsystem of R and FE, is given by (1.0.11). This
definition does not depend on the special choice of the positive subsystem
R, thanks to the G-invariance of k. The operators D; were introduced and
first studied by C. F. Dunkl [Dul, Du2, Du4, Du5], and can be considered as
perturbations of the usual partial derivatives by reflection parts. They enjoy
properties similar to those of partial derivatives. In particular, they mutually
commute and map P? to P4 _,.
One of the most important results in the Dunkl theory states that associ-
ated with a reflection group GG and multiplicity x there exists a unique linear

operator V, : II? — 1%, called the Dunkl intertwining operator, such that
V(P =P V.(1)=1, and D;V, =V,.0;, 1<i<d. (2.2.2)

The intertwining operator V,, commutes with the G-action; that is, g toV,0g =
V. for all ¢ € G. Here and throughout, we use the notation g o f(z) :=
f(gz) for g € G, f € C(S*!) and x € ST 1. An explicit “closed” form for
the intertwining operator is known so far only in the case of G = Zg ( see
[Du4, Xu2]) and the case of G = S3 (see [Du6]). However, the explicit integral
formula of Vj; given in [Du6] for G = S3 does not seem to be in a form strong
enough for carrying out further analysis. At the moment, little information is
known on the intertwining operator for general finite reflection groups other

than Z4, except the following important result of Résler [Rol]:

Theorem 2.2.1. [Rol, Th. 1.2 and Cor. 5.3] For every x € R%, there exists

a unique probability measure p® on the Borel o-algebra of RY such that

V.P(x) = /R P dis(e), Pe (2.2.3)

Furthermore, the representing measures i are compactly supported in the con-
vez hull @r = co{gx : g € G} of the orbit of v under G, and satisfy

pir,(E) = iy (r ' E), and py,(E) = py(g~' E) (2.2.4)

12



for allr >0, g € G and each Borel subset E of R%.

In particular, Theorem 2.2.1 shows that the intertwining operator Vj is
positive, and can be extended to the space C(R?) of continuous functions on
R?, which we denote again by V.. The intertwining operator also has the

following property:
Vi [f(<$, ->)] () = Vi [f((y, -))} (z), z,yeST! feC[-1,1. (225)

The Dunkl k-Laplacian on R? is defined by A, := Z;l:l DJQ-. It is G-
invariant; that is, g o A, = A, o g for all ¢ € G, and has the following
explicit expression ( see [Ro2, pp. 99] and [DuXu, Theorem 4.4.9])

Av=A+2Y k6, with §,f(z) = (Vi@),0)  Eof(x) (2.2.6)

sl (v, ) (v, )’

where A = ijl 6?. It is worthwhile to recall the normalization (v,v) = 2,
v € R4 in this last formula.
Finally, we record the following useful identity on the operators E, (see,

for instance, [Ro2, Lemma 2.3]):

Z Kopky (U, V) By By = 0. (2.2.7)

v, ER4
Particularly, we will focus on its restriction A, o on the sphere, which is
called Dunkl-Laplace-Beltrami operator. The precise definition of A, is given

as follows:
Apof (x) = ApF(2)]smey Ve ST (2.2.8)

where F(z) = (7).

We end this subsection with a brief description of the angular derivatives
D;; = x0; — 2;0;, 1 < i < j < d, which play a very important role in
the ordinary spherical harmonic analysis ([DaXu2, pp. 23-27], [DaXu4]). For
simplicity, in the case of kK = 0, we write H2 for H(h?) and A, for A, . Thus,
H? is the space of ordinary spherical harmonics of degree n on S1, and A,
is the usual Laplace-Beltrami operator on S%~!. We collect some useful facts
on the operators D;; in the following lemma, whose proof can be found in

[DaXu2, pp. 23-27].

13



Lemma 2.2.2. The following statements hold true:

o D, ,f is independent of the C'-extension of f € C*(S¥1); that is, if
F1, Fy are two C*-functions in an open neighborhood of ST1 that coincide
on S, then

Di,jFl

gd—1 - Di’jFQ

Sdfl'

e The Laplace-Beltrami operator Ay on S*' can be decomposed as

No= > D (2.2.9)

1<i<j<d

e For f g€ C’l(Sdfl),

f(2)Dsj9(x)do(x) = - / (Dis f(x))g(x)do(z).  (2.2.10)

Sd-1 Sd-1

e The operator D;; is invariant on the space HZ; that is, it maps He to
itself.

o For f,g € CH(S%1),

(Vof(€),Vog(©) = > Dijf(€)Dijg(€), €S (2211

1<i<j<d

2.3 Spherical h-harmonic expansions

Recall that
1/p
Iy = ([ 1r@PEEG0) " 1<p< .

where h, given in (1.0.2). We denote by I1¢ the space of all spherical poly-
nomials of degree at most n on S*!, and HZ(h2) the space of all spherical
h-harmonics of degree n on S¥1. H2(h2) is the orthogonal complement of

12 | in the space I1¢ with respect to the inner product

(F 9202y = | f@)g(x)hi(z)do(x),

Sd—1

14



and each function f € L?(h?;S%!) has a spherical h-harmonic expansion f =
> o o Proj, (hZ; f) converging in the norm of L*(hZ;S*!). Here, proj,(h?) :
L?(h%;S%71) — HI(h?) is the orthogonal projection which has an integral

representation

proj, (hZ; f,x) = )Pz, y)hi(y) do(y), = € ST, (2.3.1)

gd—1

where P?(z,y) is the reproducing kernel of H%(h?). A crucial point in the
theory of spherical h-harmonics is the fact that P%(x,y) can be expressed in

terms of the intertwining operator Vj; as (see [Xu, Theorem 3.2, (3.1)]):

n—+ Ag

Pr(z,y) = y

Ve[, )] (v), 2,y €8T (2.3.2)

with A, := %2+|k|. By means of (2.3.1) and (2.3.2), the projection proj,,(hZ; f)
can be extended to all f € L'(h2;S41).

The space HZ(h2) can also be seen as an eigenfunction space of the Dun-
kl Laplace-Beltrami operator A, o(defined as (2.2.8)), corresponding to the
eigenvalue —n(n + 2X,); that is,

Hi(h2) = {f € CS*Y) 1 Apof = —n(n+ QAH)f}, n=01,....

Definition 2.3.1. Given a compactly supported continuous function 6 : [0, 00) —
R, we define a sequence of operators Ly ;, j = 0,1,---, by Ly o(f) = proj,(h3; f),

and

Le,j(f) = 29 (%) projn(hi; f)’ j=1,2,---
n=0

The following Littlewood-Paley type inequality is a direct consequence of
the Marcinkiewitcz multiplier theorem for spherical h-harmonic expansions,
which was proved in [DaXu] (see also [DaXu2, pp. 67-71)):

Theorem 2.3.2. If 6§ is a compactly supported function in C*°[0,00) with
suppf C (a,b) for some 0 < a < b < oo, then for all f € LP(h%;S%1) with

1 <p<oo,
o 1/2
(50
=0

J

< Collf (2:33)

R?p
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where the constant C, is independent of f. If, in addition,

0<A; <) 02787 < Ay <oo, V>0, (2.3.4)

J=0

for some positive constants Ay, Ay, then for f € LP(h?;S%1) with

f(@)hy(x) do(z) =0,

Sd—1

~ 1/2
(50
=0

Besides, the following Nikolskii type inequality holds true and will be need-

we have that

~ | fllsps 1 <p < oo (2.3.5)

H?p

ed in our proof.

Theorem 2.3.3 (Weighted Nikolskii’s Inequalities [DaWal,Lemma 2.3). Let
0<p<q<oo, thenforanygeni

19llnq < CnP G2 g]l,

where C' depends only on p,q and k.

2.3.1 Cesaro means

In this subsection, we will talk about some facts about Cesaro means in
terms of the spherical h-harmonic, which will be a key tool of our following

proof. For more details, one can refer to [DaXu2].

Definition 2.3.4. For > 0, the Cesaro means of the spherical function f
are defined by

SO(h2: f) = 22,4,”;

where Ag denotes as

o [0 _0+N0+ji 1) (0+1)
J j - 41 )
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Theorem 2.3.5 ([DaXu2],corollary 8.1.2). If§ > o, then for f € LP(h,,S% 1)
and 1 < p < oo, or f € C(S¥1) when p = oo,

sup [[Sp (725 F)llps < €ll 1l
Consider S2(h2; f) as a convolution:
Sp(h2; f) = fx K (h2),
then the kernel K°(h2;x,y) is the Cesaro means of Z;‘“(l‘, Y)
K2(h2;2,y) 5 ZA Z’\*’“ (z,y),

which has the following pointwise estimate.
Theorem 2.3.6 ([DaXu2], Theorem 8.1.1). For any x,y € S,

Ko (b, y) B (y)| < en™H (L + np(z, 7)) 7,

where B(0) := min{d + 1,6 — o, + d}.

Further more, for any § > o,

/Sdl |Kz(hi7$7y)|hi(y)da(y) < C’ (236)

where C' is a constant independent of n.

Theorem 2.3.7 ([DaXu2|,B.1.13). Let

ZA T2 )

then for £ > 2\ +1,

0<8u) <cen (1 —u+n2) M

2.4 Singular integrals on homogeneous Spaces

In this section, we shall extent some well-known classical results of har-

monic analysis to the more general setting of homogeneous spaces, which are

17



guaranteed on the weighted unit sphere as a consequence. For more detail of

proof below, one can refer to [St1] and [Da)].

Definition 2.4.1. Given a measure space (X, B, u) with a metric p, it is called
homogeneous space, if all open balls B(xz,r) = {y € X : p(z,y) < r},x €
X,r > 0 are measurable with positive finite measure, and that one has the

doubling property there exists a positive constant C' such that
u(B(x,2r)) < Cp(B(z, ),

for any x € X, r > 0. In addition, the best constant C for which this last
inequality holds is called the doubling constant of .

Theorem 2.4.2. Let T' be an operator in the form

(THa) = [ K f)duto)
and bounded on L1(X) with norm A; that is
1T fllzacx) < Al fllLo@), V[ e LU(X).

Moreover, if K satisfies that for some constant ¢ > 1,
| K@) - K@ola@) <4 Yye B, (@4
B(z,cd)°

forally,z € X, d > 0. Then the operator T is bounded in LP norm on LPN L1
for 1 <p < q; that is

ITfll, < Alfllp, for feLPnLe
In addition, it is necessary to point out the following remarks.

(i) T can be extended to L9 uniquely and keep the boundedness, since LPN L4

is dense in L9,

(ii) If there is an upper bound for the radius of all of balls in X, then the
condition

“for any 6 > 0” can be deduced to “ for 0 < § < dy with some dy > 0”;

18



(iii) The domain in the integral of (2.4.1) can be replaced as well by a mea-
surable set D¢ with u(D) < ¢ u(B;).

The sphere S¢~! is a metric space with geodesic metric p(z, y) := arccos (z, y),
z,y € ST We denote by B,(x) the spherical cap {y € S¥1: p(z,y) <
r} with center z € S% ! and radius r € (0,7), and write meas,(E) :=
[ b2 ) for a set E C S*!. Given a spherical cap B = B,(x) C S¢!
and a scahng ¢ > 0, we write ¢B for the spherical cap B..(x) with the same
center as that of B but ¢ times the radius of B. More generally7 given a weight
function w on $*!, we write w(E) := [ w ) for E C S41. A weight
function w on S is called a doubhng Welght 1f there exists a constant L > 0
such that

w(2B) < Lw(B) for all spherical caps B C S, (2.4.2)

where the least constant L is called the doubling constant of w. The following

lemma collects some useful properties on doubling weights (see [Dal):

Lemma 2.4.3. Let w be a doubling weight on S~ with the doubling constant
L. Then the following statements hold:

e There exists a positive number s such that
w(2™B) < C2™w(B), VYm €N, V spherical caps B C S*', (2.4.3)
where the constant C' is independent of m and B.

o For0<r<t, and x € S 1,

t\ s
w(By(z)) < C(;) w(B,(z)), (2.4.4)
where s is a positive number satisfying (2.4.3).

o ForO<r<m, and x,y € S,

w(B,(x)) < C(L+7""p(z,y) w(B.(y)), (2.4.5)

where s is a positive number satisfying (2.4.3).
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Many of the weights on S?~! that appear in analysis satisfy the doubling

condition (2.4.2); in particular, all weights of the form

wan (@) = [ 1z, v)|, €8, meN, (2.4.6)
j=1
where a = (aq,...,an), a; > =1, v = (v1,02, -+ ,v,) and v; € S*!. Indeed,

a slight modification of the proof in [Da, (5.3)] shows that for ¢ € (0,7) and
x € S,

m

/B ( )wmv(l‘) do(z) ~ t*1 H(|<$, vi)| + ). (2.4.7)

j=1
The weighted Hardy-Littlewood (HL) maximal function M, with respect

to a weight function w on S%! is defined by

1
Myg(z) = sup

- w o T d—l‘ 4.
2 w(B @) /BT@ l9Wle(y) doly), = €8 (24.8)

As is well known, if w has the doubling property (2.4.2), then M, satisfies
that
Mgl < collgllpw, 1 <p < o0, (2.4.9)

bw —
where ||-||5.., denotes the LP norm defined with respect to the measure w(z)do(x)

on S% 1, and the following Fefferman-Stein inequalty:

Theorem 2.4.4 (Fefferman-Stein). If 1 < p,q < oo and {f;} is a sequence of

functions on X, then

1/q

0 1/q 0o
I (ZI%L‘I‘Z) Ip S (Zlfﬂq) Ip;
j=0 Jj=0

where (X, dp) is a measurable space and M, is the Hardy-Littlewood mazimum

function correspondingly.
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Chapter 3

Hardy-Littlewood-Sobolev

inequality on unite sphere

In this chapter, we shall first formulate auxiliary results, including a char-
acterization of the critical index s,, and pointwise estimates of kernel functions,
that will be indispensable in much of our future work. Next, the first main re-
sult, HLS inequality and its necessary conditions, on the weighted unit sphere

will be introduced and proved in detail.

3.1 A characterization of the critical index s,

Recall that, (2.4.6) and (2.4.7) give that with h, asin (1.0.2), for a spherical
cap B := By(z) with center z € S~ and radius 0 € (0, 1),

meas,(B) ~ 0 T (I(z,v)] +0), (3.1.1)

vER 4+

where meas,(B) = [;hZ(x)do(x). This, in particular, implies that h? is a
doubling weight on S?1.

The main purpose of this section is to give an equivalent characterization
of the index s, given in (1.0.7) in terms of the doubling property of the weight
function k2. Such a characterization will be used repeatedly in the next two
sections.

Our main result in this section can be stated as follows.
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Theorem 3.1.1. The index s, given in (1.0.7) is the smallest positive number
s for which there exists a general constant C' > 0 such that for all spherical
caps B C S%! and all m € N,

meas, (2™ B) < 2™ meas,(B). (3.1.2)
Furthermore,

. 1 log. s meas, (2" B)
S, = lim — up —————
miseo 0% Bp meas, (B)

: (3.1.3)

where the supremum supy is taken over all spherical caps B C S with radius
<27,

Proof. Our proof will be under the aid of following two terms.

'y 1 1 meas, (2" B)

s,, = lim sup — log, sup ——————+

w082 meas,(B) ’
1 meas, (2" B)

[ TR K

s, = llrnIILloIgf - log, s%p —meas,.;(B) ,

where the supremums supy are still taken over all spherical caps B C S¢!
with radius < 27™. Then if s is a positive number such that (3.1.2) holds for
all spherical caps B and all m € N, then s/, < s. To complete the proof, it
suffices to show that s, < s” and (3.1.2) holds with s = s, for all spherical
caps.

Notice that by (3.1.1),

1 x,v)| + 2mf)%r
s"=d—1+1liminf —log,| sup  sup [er, (fz ) 2)
m—oo M reSi—1 0€(0,2—™) HUER+ (| <J;’ U>| + 0) v

. (3.1.4)

When rank (R) <d—1, s, =2\, + 1 with A\ = % + ZUER+ k, and we can
take 2o € S ! such that (x¢,v) = 0 for all v € R,. Then, making = to be xg
in (3.1.4), we have that

1 . 2m9 2Ky
st >d—14 lim —log,| sup Ler, (276)

=2\, +1=s,.
m—oo M 96(0,27’") Hv€R+ 921{” i|

On the other hand, (3.1.2) holds for s, can be easily verified by using (3.1.1).
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When rank(R) = d, recall that

S.=d—1+2 max k,,
veEX g 1NR4+

where X, ; is taken over all d — 1 dimensional subspaces. Given any fixed

x € S we define

where the first minimum on the right hand side is taken over all d linearly
independent elements wvy,--- ,vy from R.. Clearly, ¢; is well defined and
positive since rank(R) = d. Next, let vy, ..., vy be all the distinct elements of
R, ordered so that

o)l = . = [ o)l

If we let n = n, > d — 1 be the largest integer such that the linear space

X1 :=span{vy,--- ,v,} has dimension d — 1, then
(@, 0:)| > e1/Vd >0, forn+1<j<N,
and hence for 2™ € (0,1)

Mocr, (@ o) + 270 TT7, (0] +276)™
Moer, (G, o)l + 0% T, (e, v)| +6)™

which combining with (3.1.4) implies that (3.1.2) holds with s = s,.
Finally, it remains to show that s, < s}. Let Y denote the (d — 1)-

dimensional subspace of R? spanned by certain elements from R, such that

2m Zvexd_lmR+ Ko

se=d—1+2 Y H,

vERLNY

and a point zy € S¥! such that (zg,v) =0 for all v € Y N'R,. Then for any
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méeNand 0< g <27™,

[Toer. (Ko, v)[ + om Q)2

1
st >d—14liminf —log, sup

m=oo m- " ge2-m) [uer, ([(xo,v)|+6)>
>d—1+2 Y Ky =s,,
’UEYﬁR+
which completes the proof. O

3.2 Kernel estimates and weighted Christoffel

Functions

In this section, we shall establish some pointwise estimates of a class of

kernel functions concerning Dunkl intertwining operator.

Theorem 3.2.1. Let ¥,,, n =1,2,--- be a sequence of continuous functions

on [—1,1] satisfying that
W, (cos )] < Cn*FH(1 4+ nb)~" 6 € [0,n] (3.2.1)

for some positive number £ > 2\, + 1. Let £y be an arbitrarily given positive

number smaller than £ — 2\, — 1. Then for any x,y € S,

nd—l(l + nf)(x, y))—€0+3s,€/2—d+1
[Ler, ({z,0)] + [{goy, v)| + plx, y) +n=t)2”
(3.2.2)

Ve | Wally, )] @) <

where V,; is Dunkl intertwining operator defined as (2.2.2), p(z,y) := mingeq p(9z,y),
x,y € ST, and gy € G is the one such that p(goz,y) = p(z,y).

Remark that
Pz, goy) = plx,y) = ply,x), Vg1.92 € G, Va,ye ST

Together with Lemma 2.1.1, we deduce the following useful corollary by
Theorem 3.2.1.

Corollary 3.2.2. Let n be a compactly supported C*-function on R which is
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constant near the origin, and let

2,(r,) = YT [ (@ )] @), wyest, nen

J=0

Then for any ¢ € N and x,y € S,

n (1 + nple, )~
oer. ([, )]+ [{goy, v)| +n~t + pla, y)) >

1@(z,y)] < Colln® V| Loy

where gy € G is such that p(gox,y) = p(x,y) and the constant C; only depends

on ?.

The main tool for the proof of Theorem 3.2.1 is the weighted Christoffel
function defined for a weight function w on S¢~! by

Ap(w,x) ;== inf / |P(2)Pw(z) do(2), n=0,1,2,--,
Pp(z)=1 Jgd—1

where the infimum is taken over all spherical polynomials of degree n on S%*
that take the value 1 at the point € S¢~!. The following lemma illustrates
the connection between weighted Christoffel functions and weighted orthogonal

polynomial expansions.

Lemma 3.2.3. Let P,1, -+, Pya, be an orthornormal basis of the space 114
of all spherical polynomials of degree at most n on S, with respect to the

mmner product

{(fs9)w = f(@)g(x)w(z) do(z).

Sd—1

Then
an _1
M(w,2) = (S 1Pus(@)2) -, west
j=1

Lemma 3.2.3 is a well known result in approximation theory (see, for in-

stance, [DuXu]), but for the sake of completeness, we include a proof here.
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Proof. For P € 1% with P(z) = 1, we have

= (/Sd_l | :anpn,j(w)Pn,j (y)[w(y) dG(@/)) : </Sd_1 |P(y)Pw(y) da(y)>é

(S ms@r) ([ Porew am) 3.23)

This, in particular, implies that
> PP >0, vrest
j=1

Thus, taking infimum over all P € TI¢ with P(x) = 1 in (3.2.3) , we obtain

the lower estimate .
n -1
M(w,2) = (Y 1Pa(@)?)
j=1
To obtain the desired upper estimate, we fix a vector z € S*!, and set

_ Z?l1 Pn,j (x)Pn,j(y)
255 [P ()]

Clearly, P, € TI¢, and P,(x) = 1. Thus,

Pn(y) :

1
25 [P ()

M(wa) < [ 1P Pul) doty) -

]

In the case when w is a doubling weight on S9!, we have the following

pointwise estimate of A, (w, x):

Lemma 3.2.4. If w is a doubling weight on S*', then for v € S and
n €N,

An(w, ) N/B ( )w(y) do(y), (3.2.4)

where B,-1(x) 1is the spherical cap with center x and radius 1/n, and the

constant of equivalence is independent of x and n.
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In the case of d = 2, Lemma 3.2.4 for doubling weights on the unit circle
was first established in the work of Mastroianni and Totik [MT]. Our proof
here is however different from that of [MT].

Proof. We start with the lower estimate of (3.2.4). Let A be a finite subset of
S9! which contains the point # € S¢~! and has the properties min{p(w,w’) :
w,w € Aw # W'} > §/n and ST = (J, ., Bsjn(w) for some § > 0. By
Theorem 4.1 of [Da], we may find a constant § € (0, 1) depending only on the
doubling weight of w for which there exists a sequence of positive numbers v,
w € A such that v, ~ an_l(w) w(z) do(x), and

/Sdl g(y)w(y) da(y) = Z ng(w), Vg € Hgn.

weEA

Since z € A, it follows that for f € I1¢ with f(x) =1,

L Pt o) = X wls@)F 2 i)

weA

=v, ~ / w(y) do(y).
Bn_l(x)

Taking infimum over all f € TI¢ with f(z) = 1 yields the desired lower esti-

mate:

AAww>zg/  w)doty)
By/n(z

Next, we show the upper estimate of (3.2.4). Set
wy(x) == ndl/ w(y)do(y), v€S™, n=12---.
Bl/n($)

By the doubling property of w, we have that ([Da, 2.3])
wa(y) < O+ nple.9)wn(x), Yoy €S, VneN,  (325)

where s = log, L with L being the doubling constant of w. We will also use
the following result from [Da, Cor. 3.4]: If 1 < p < oo and f € 119, then

1 .o ~ 1Nl (3.2.6)
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where || f|| . denotes the LP-norm defined with respect to the measure w(x) do(x)
on S4-1.

Now by Lemma 2.1.1, there exists an algebraic polynomial g of degree at
most n on [—1,1] such that g(1) = 1 and

lg(cos )| < C(1+nb)~*, VO <c0,7], V>0.

For a fixed point z € S¥1, let f(y) := g((x,y)) for y € S¥1. Clearly, f € II¢
and f(xz) = 1. Hence, by (3.2.5) and (3.2.6),

M) < [ ot ) Podot) ~ [ ot Pun) oty

gd—-1

<Cunla) [ (rnpleg) o) ~ [ w(e)aole),

1/n(x)

where £ is taken to be greater than s+d. This shows the desired upper estimate

of \p(w, x). O
The proof of Theorem 3.2.1 also relies on the following lemma.

Lemma 3.2.5. Let § > 2\, + 1. Then for each positive integer n, there exists

a nonnegative algebraic polynomial of degree n of the form

n

P, (t) = ch,j‘ﬂc%(t), te[-1,1], (3.2.7)

A J
=0 "
which satisfies that sup,, ; [c, ;| < C < oo, and
P,(cosf) ~ n* (1 +n0)"°, 0€ (0,7). (3.2.8)

Proof. By Lemma 4.6 of [Da], there exists a nonnegative algebraic polyno-
mial P, of degree at most n which satisfies (6.1.2) . Let the ultraspherical
polynomial expansion of P, be given by (3.2.7). It remains to show that
sup,, ; [cnj| < C < oo. Recall that (see [Sz))

d F(?)\H + ]) 2N —2

~J

o2, = S (1) =
1€ 20, = = (1) TG )

J+A

and

O (cos O)] = O (1) ~ j22!
s eom = G =
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here || - ||2.1, denotes the L:norm computed with respect to the measure (1 —
tz)A“’% dt on [—1,1]. By orthogonality of the ultraspherical polynomials, we

have
L . |
j”ﬁw%ﬂﬁw%ﬂi§—wcﬁmA,—4A Pa(cos 8)C; (cos 6) (sin ) df
< OpPAett At / (14 n0)°(sin )= df < Cj*1,
0

provided that 6 > 2\, + 1. It then follows that |c; ;| < C. O

We are now in a position to prove Theorem 3.2.1.
Proof of Theorem 3.2.1. Using Theorem 2.2.1, we have that

Vel @ = [ Wl dua(o) (3:2:9)

G

where G, denotes the convex hull of the orbit G, := {gz: g € G} of x under
the group G. Since the group G has finite order, it follows that every element
z € G, can be written in the form z = dec ty. - gz for some t,, € [0,1]
satisfying > . ?y. = 1. This implies that

(z.0) =) ty:lgr,y) < max (gz,y), Vz € Gy,
geG
and hence

p(z,y) > IIélCI} plgz,y) = plx,y), Vze G, (3.2.10)
g

Thus, using (3.2.1), (3.2.9) and (3.2.10), we deduce that for £ > § > 2\, + 1,

mh&mwkwsou+mwwrMﬁM{[u+mw@rw%@

x

< O+ (e, )V, [ Pal(y, )| (@) (3.2.11)

where P, is the polynomial as given in Lemma 3.2.5, and the last step uses
the positivity of V, (i.e., Theorem 2.2.1).
We claim that

np(z,y))*/?
v, [Pn(@/, '>)} (x) < C(;;sﬁp(g;yf()x)) , (3.2.12)
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which, combined with (3.2.11), will show that

(1+ na, y))tHo+ee?
meas, (B,-1(x))

)] @] <c (3:2.13)

To show (3.2.12), let pj1,--- ,pjq, be an orthonormal basis of the space
HJ(h?) with respect to the inner product of L*(h2; S !). Then (2.3.2) implies

Zp]k Dpiale) = 5LV [ ()] @), mye st (219

It, combining with Lemma 3.2.5 and positivity of Vj, yields that

0 <V, [P ] ZCW Zp]k z)pir(y) < sz]: 1Pk ()P (y)

j=0 k=1
3

<X o) (X Iaw?)

J=0 k=1 J=0 k=1
which is bounded above by a constant multiple of
1 1
(/ h(z) dG(Z)) i (/ h2(2) da(z)) ’ (3.2.15)
B,-1(z) B,-1(y)

by Lemma 3.2.3 and Lemma 3.2.4. However, since the weight A2 is invariant

under the group G,

/Bnl(x) o(2) doz) = /Bnl(gox) hi(2) do(2)

< C(1 + nplgor. y))™ / CCLE!

where the last step follows from (2.4.5). Hence, (3.2.15) can be dominated by

a constant multiple of

(1 +np(goz, )™/ (/ hie(2) da(z))_l

B, -1(x)
and thereby this shows (3.2.12).
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Next, we show that

nd—l(l_+7lﬁ(x’y))f£+5+3&J2—d+1

[Ler, ((z,0)| + oz, y) +n7t)2e

Ve vty ] @] <€ (3:2.16)

To see this, we let m € N be such that 2"n~! ~ n~! 4 p(x,y), and then use
(3.1.2) to obtain

meas,(By-14 5z (7)) < C2™° meas, (B,-1(z))
< C(1+4 np(z,y))™ meas,(B,-1(x)).

The estimate (3.2.16) then follows from (3.2.13) and (3.1.1).
Finally, (3.2.2) follows from (3.2.16). To see this, note that

(2, v) = (g0y, v)| < 2[|lz — goyl| < 2p(x,y), Vv € Ry

Hence, if |(z,v)| < 4p(x, y), then [(goy, v)| < cp(x, y) and

1

(z,v)| + [{goy, v)| 4+ p(z,y) + " ~ plz,y) + n~" ~ pla,y) + n~" + [(z,v)];

if [(z, v)| = 4p(x,y), then |(z,v)[ ~ [{goy, v)| and

1

[, v) + {goy, )| + Pla,y) + 07" ~ pla,y) + 07" + [z, 0)].

Thus, the RHS of (3.2.2) is equivalent to the RHS of (3.2.16). O

3.3 Proof of HLS inequality

This section is devoted to the proof of Theorem 1.0.1. The proof relies on

pointwise estimates of the kernel function K, defined by

o0

Kalo) == 300 + 2022y [0 on] ), 631)

J=1

for « > 0 and x,y € S¥~!. Recalling that fractional power of (—A, ) given by
(1.0.5), we have that

(—Aup) 2 f(z) = f) Koz, p)hi(y)do(y), z€ST'.  (33.2)

gd—1
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Lemma 3.3.1. For any z,y € S*! and a > 0, we have

pla, y) !

HueR+(|<$>U>| + [{goy, v)| + p(z,y))?s’

[Ka(z,y)| <C (3.3.3)

where gy € G is such that p(gox,y) = p(z,y).

Proof. Let 0 be a C*-function on [0, 00) which is supported in [, 2] and has

the property that > 2 60(27"x) =1 for all > 1. We decompose the kernel

K, as follows:

Ko(z,y) =Y Dna(,y), (3.3.4)

where

e o wa A A CD (OIS

Y e v o)

2n
2n—1§j§2n

Dy o(x,y)

<

I
N

with
0(t)

Pull) = (t(t + 277N )2

(3.3.6)

(Clearly,
Dral,y) = 27"V | W (@, )| ()

with
= IR B W
j=0 "

Since ¢, is a C*™ function supported in [1, 2] and satisfying

sup [l [loo < Cj <00, j=0,1,---,
it follows by Lemma 2.1.1 that
(W, n(cost)] < C2"AHD (1 L onn) = Wi >0, Vte [0,

By Theorem 3.2.1, this yields that for any ¢ > 0,

2n(d—1—a)(1 4 2nﬁ($, y>>—€
[Ler, ({z, )] + [{goy, v)| + 27" + pla, y))2=

|Dya(2,y)| < C (3.3.7)
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Thus, by (3.3.4), it follows that for ¢ > d,

2100 (1 4 277z, )~
e, (16, o)+ [(gow. )] + 2z, )

Kalo)] € 3 1Duale) <Y
n=0 n=0

< Cﬁ(&?, y>a—d+1
B Hv€R+<‘<x>v>’ + [{goy, v)| + p(z,y))2s"

Proof of Theorem 1.0.1. Sufficiency. Assume that o > s, and set
U(z,y) := meas, (Bﬁ(x,m(x)), z,y € ST

It is easily seen that U(gz,y) = U(x,y) for all 2,y € S*! and g € G. Noticing
(2.4.7), by (3.3.2) and Lemma 3.3.1, we have

(—An,o)_aﬂf(x)‘ < C'/Sd_l |f(y)|§)](é;—y£hi(y) do(y). (3.3.8)

Let § € (0,7] be a temporarily fixed positive constant to be specified later.
We split the integral in (3.3.8) into two parts: I1(z) + Iz(z), where

o L@z, y)* 0 o
he: = [ R int)
o [f@lpta,y)* oo
Iiz): = /ﬁ@,y)zs PO 2 )do )

A straightforward calculation shows that

3 (270)" R (y)do
kz:;measn(Bg—k—la(x)) Lklégﬁ(gj’ykmlf(y)l «(y)do(y)

< Cé*max M, f(gz), (3.3.9)
geG

]1(1‘)

IN

where M, denotes the weighted HL maximal function defined as (2.4.7) with
weight w = h2.

For the term I5(x), we use Holder’s Inequality to obtain

) < 1o { | . e ) o) | (33.10)
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where p' = p%l. Let m be the integer such that 2m§ < 7 < 2m*1§. Splitting

the integral fﬁ(:t,y)ZtS -+ in (3.3.10) into a sum » ", f2k5§§(x,y)gzk+15 e, we
obtain
p(l’ y)ap 2 m <2k’+16>o¢p’
—=h ( )dO’ < - meaSK<B k+16(g$))-
/ﬁ(a:y >5 U(z,y)” Z measH(BQk(;(:r))p g;G 2

Using the G-invariance and doubling property of h2(z), we have
meas, (Bar+15(g2)) = meas,(Bar+15()) < C'meas,(Bars(x)),
and
0 < ¢ = meas, (S = meas (B, () < C(2%6) ™ meas, (Bars(z)).

These yield that when a > s.(; — 1),

/ p([lj y) h2 Z 2k5 ap’—sk(p'—1) < 5 skp'/q
pag)zs Uz, y)? =

where C, C" are constants independent of ¢, z,y. It follows from (3.3.10) that
L(z) < C||fllepd” 7. (3.3.11)

Now combining the estimates (3.3.9) and (3.3.11), we obtain that for any
0<d<mandze ST

(—Am)—a/zf(x)) <C5+Gi maXM Flgn) + Clf s 5. (33.12)

By optimizing the parameter 9, for instance, setting

0= min{ (maxglg‘}\;:f(gx))i’ ﬂ-}’

we obtain that,

2

(~Beo) 1) < CIA (1 M fg2)) "+ Cl
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for x € S, This, using the boundedness of the operator M, yields that
I(=2n0) = flld,. < CIFIL, (3.3.13)

with constant C' > 0 being independent of f.
Necessity. We now turn to the proof of the optimality of the index s,. By
(2.3.2), (3.2.4), Lemma 3.2.3, we have that

n

JZ% J %):H/\H V. [C.A“ (z, >] (z) ~ meas,i(;nl(g))’ re St (3.3.14)

Thus, if m = [en] 4+ 1 for some ¢ € (0, 1), then for some absolute constants

c1,c9 >0,

1 1
“ meas, (B,-1(z)) “ meas, (B,-1(z))

I AR CE

j=m+1

1 Co meas,{(Bnq(x))]

= 1——= 3.3.15

“ meas, (B,-1(z)) [ c1 meas, (B,-1(z)) ]’ ( )
which, by (3.1.1), is not smaller than

“ measn(énl(a:)) [1 B Cl(%)d_l} = measH(CBlnl(x)) (1™,

Thus, there exists a general constant dy € (0, 1) such that for n € N,

1
meas, (B,-1(z))’

3 J *;3“ v, [Cj’.\“((x, ->)] (z) > ¢ resl (3.3.16)

don<j<n

Now let Y denote the (d — 1)-dimensional subspace of R? spanned by certain

elements from R, such that

se=d—1+2 ) Ko

aERLNY

Then there exists a vector zy € S¥! such that (zg,a) =0 foralla € Y N'R,.
This also implies that

min{|(zg,v)|: veERy, v¢Y}=c>0,
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and hence

meas,,(By(z)) ~ 77! H t2v =%t € (0,1).

VERLNY

Let n € C*(R) be such that x(5,1] < 7 < Xs/2,2, and define
St
n

=1

Clearly, f, € I13,, by (3.3.14) and (3.3.16),

SV, | (0, ) (@),

1
fn(IO) ~ ~ n’

meas, (B,-1(xg))

and by Cauchy-Swarchz inequality and (3.3.14),

N[

) < (D n) 2, [0 () o)

X (i n(%)%‘/ﬁ [Cj”(@,»] (@)

S Cns,{/2<

N

1 2
meas, (B,-1 (a:))) ’

which yields that |f,(z)] < Cn®s for x € S¥71. Thus, by the Bernstein in-

equality for trigonometric polynomials, there exists d; € (0, 1) such that

1
| ()] > §|fn($o)| > cn®, Vo € B ,-1(x0).
This implies that for 1 < p < o0,
| fullsp = Cn’= (meas,.;(Bnq(xo)))E ~ e (1=5)

On the other hand, the Cesaro summability of the spherical h-harmonics also
implies that
[ fallea < C,

which by the log-convexity of the LP-norm leads to

1 1
[ fallop < IIfnllmllfnllmg < CnU7),
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Summing up, we obtain that
| fullwp ~ ™5, (3.3.17)

By summation by parts and the Cesaro summability of the spherical h-harmonics,

this also implies that
o —a s(1-H—a
[(=Ax0)" 2 fullsp = Cn™ | fallwp ~ (=p)me, (3.3.18)

Thus, if the HLS inequality (1.0.6) holds for some o >0 and 1 < p < ¢ <

0o, then
08 < (=) F fullg < Clfalley ~ 2072, €N,
1

which implies —a 4 s,(1 — é) < s.(1— %), and hence o > SH(% — E)'

3.4 Examples of the critical index s,

In this section, we show how to calculate the index s, for the examples
of reflection groups G' and weights h2(z) given in the first section. We will
not consider the simpler case of G = Z$ here. Recall that s, is the smallest

positive number s such that (3.1.2) holds.

Example 3.4.1. The case G = By, the hyperoctahedral group. In this case, G

has a positive root system
R+:{€i:|:€jl 1§Z<]§d}U{€Z 1§Z§d},

and the root system R has a full rank d and the following two orbits under
the group G-
orbitg(er) : ={ge1: g€ G} ={te;,i =1,2,--- d},
orbitg(es —e1) 1 ={glea—e1): g€ G} ={£(e;te;): 1<i=#j<d}.

This means that each product weight h2 invariant under the group G is of the

form

o= ({114

1<i<j<d
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for some nonnegative constants k1, ko. We claim that

2 + max{6kq, 4k + 4ko}, if d = 3;
S, = (3.4.1)
d—1+4261(d — 1)+ 2rs(d — 1)(d — 2), ifd> 4.

Proof. 1t is enough to show that s, given in (3.4.1) is the smallest number s
for which the following inequality holds at all x € S! with the constant C

independent of x, # and n:

meas,(B(z,2"0)) < C2" meas,(B(z,0)), V0 € (0,7), (3.4.2)
neN, 2"0 <.

Let o = (x1,---,24) € S and assume that {}}7_, is a decreasing rear-
rangement of {|z;|}%_;:
xy > ah > >

By (3.1.1), we have, for 6 € (0,7),

d
IM%AB@ﬂ»Ne*%[ﬂuﬂ+m%ﬁx
j=1
< (T Gl +lagt+02) (T ol = bosl +6]™)
1<i<j<d 1<i<j<d
d
~ edfl (H(m: + 9)2ﬁ1+2(d7i)/@2) ( H I‘;k . SL’; 4 6}2K2)~
i=1 1<i<j<d

(3.4.3)

Fix for the moment z € S*! and consider the following two cases:
Case 1. z}; > %x’{.

In this case, 2 ~ 1 for all 1 < j < d, and hence, (3.4.3) implies that (3.4.2)
holds at the point x with

s=d—1+ ryd(d—1),

and this index s is sharp if |z;| =+ = |24 = \/AE'
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* 1,.%
Case 2. xy < ;7.
In this case,
* * * *
Ty —Tg = (xj - xj+1) >
=1

hence, there exists 1 < jy < d — 1 such that

1
x"f — x”f > Cq i —  ——.
do Tkt =TT S ()W

We denote by m the largest integer jo € [1,d—1] for which (3.4.4) holds. Then

(3.4.4)

x> >an >cqg>0
and for 1 <7 <m and m < j <d,
T]— TG > Ty — Ty > Ca

Thus, (3.4.3) implies that the inequality (3.4.2) holds at the point x with

s=d—1+2 Y (k1 + ra(d—j)) + rad(d — 1) — 2k5(d — m)m

j=m+1

=d—14+rd(d—1)+(d—m)|(d—1—3m)ry + 2/@1]. (3.4.5)

Furthermore, this index sharp at x for any 1 < m < d if

* _ %
m ’ l’m+1—"'—$d—0.

Bl

Now, combining the results proved in the above two cases, and setting

n=d—min (4.4.7), we obtain
S =d—14+ kod(d—1) + Ogryrllgéc_ln[Qm + (3n — 2d — 1)Ko
=d—1+Rrod(d—1)+ o 00X [3/{2712 +n(2r; — (2d + 1)/@2)} .

Since 3k9 > 0, the above maximum is attained at either n =0 or n =d — 1.
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Thus,
se=d—1+ max{@d(d 1), 261 (d — 1) + 26a(d — 1)(d — 2)}.
A straightforward calculation then shows that for d > 4,
Sp=d—1+2k1(d— 1)+ 2k2(d — 1)(d — 2),
while for d = 3,
Sx = 2+ max{6ry, 4Ky + 4K }.
O

Example 3.4.2. The case G = Aq_1 (the symmetric group on d elements).
Here the group G has a positive root system Ry = {e; —e; 1 1<i<j<d},
and the root system R has rank d — 1 and one orbit orbitg(es — 1) = R.
Hence, every product weight h?(x) in this case can be written in the following

form for some ko > 0:

)= ] loi— .

1<i<j<d

Furthermore, by (1.0.7),

Se=d—142 ) ko=d—1+d(d— 1)k

a€ER 4
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Chapter 4
Riesz transforms

In the HLS theory, it is most concerned to people when v = 1. In partic-

ular, at this moment, the inequality can be rewritten as

Hf”ff,p < CH(_AmO)l/ZfHH,q’

for certain proper p,q. Motivated by this discussion, in this chapter, we shall
introduce two versions of decomposition of Laplace-Beltramic operator, Ay o.
These lead to a practical replacement of (—A,,i70)1/ 2 in the sense of the equiv-

alence of the LP(h?) norm.

4.1 Weighted analogue of the angular deriva-

tives

The angular derivatives D;; = x;0; — x;0;, 1 < i < j < d described in
Section 2 have been playing an important role in the theory of ordinary spher-
ical harmonics. These operators are invariant on spaces of ordinary spherical
harmonics, and commute with the Laplace-Beltrami operator A (see Lemma
2.2.2). Recently, Yuan Xu [Xu3] considered a weighted analogue of these an-
gular derivatives in the Dunkl setting, replacing the partial derivatives 0; with

the Dunkl operators D;:
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where

E;, ;= Z [:Ei@,ej) —z;(v, €;) | kp By (4.1.2)

vER 4
and e; is the jth standard vector. These operators were used to study the
uncertainty principle for the spherical A-harmonic expansions and to decom-
pose the Dunkl Laplace-Beltrami operator A, in [Xu3]. The decomposition

of A, in [Xu3, Lemma 3.2] can be written equivalently as follows:

Apo= Y DI +T, (4.1.3)

1<i<j<d

with

T:=(d-2) Z Kol —04) + Z Kakp(l — 0q0p). (4.1.4)
a€R a,BER 4
Here we recall that o,f(x) = f(o.x) and I denotes the identity operator.
Unlike the decomposition (2.2.9) of the classical Laplace-Beltrami operator
A on S the decomposition (4.1.3) contains an extra difference term T,
which causes difficulties in applications (see, for instance, [Xu3]).

It was shown in [Xu3] that the operators D; ; enjoy several important prop-
erties similar to those of D; ;, including the following useful formula of inte-
gration by parts:

Di;f(x)g(x)hy(x) do(x) = — f(@)Dyj9(x)hi(x) do(x), (4.1.5)

Sd-1 §d—1

for f,g € C1(S¥1), and 1 <i < j<d.

One of the most important properties of the operators D; ; is the fact that
they are invariant on each space of spherical h-harmonics, that is, D; ;/H%(h2) C
H2(h2) for each n, which, in particular, implies that the D; ; commute with all
multiplier operators for the spherical A-harmonic expansions. This property
is a simple consequence of (4.1.1), (4.1.2) and (4.1.5). Indeed, it is easily
seen from (4.1.1) and (4.1.2) that D; ;119 C TI¢. Thus, by (4.1.5) and the
orthogonality of spherical h-harmonics, we have that for any f € H4(h?) and
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g el

n—1

Dy f(x)g(w)hi(x) do(x) = — f(@)Dyjg(a)hi(z) do(x) =0,

Sd-1 Sd-1

which implies that D; ;f is in the space HY(h2), the orthogonal complement
of IT1?_, in the Hilbert space I1¢ with the inner product of L?(h?;S%1).
Our goal in this section is to show the following result, which will be needed

in the next section.

Theorem 4.1.1. If 1 < p < oo and f € C*(S¥!), then

1
H(_An,O)Qmep ~ 1nax ||Di,jf||fi,p' (4.1.6)

1<i<j<d

The proof of Theorem 4.1.1 relies on several lemmas.

Lemma 4.1.2. Let f € C'[—1,1], and define, for a fized y € S*!,
F(z) =V f((y)](), =es™
Then for 1 <i < j <d,
Dy F(w) = (wiy; — wya)Va | £( )] (@):
Proof. Setting () = f({z,1)), we deduce from (2.2.2) that
D, F(z) = 2:D,Vip(z) — 2;DiVep(x) = 2:Vid0(x) — 2;Vidig(x)
= 2y Vi £/(Co0)) | (2) = 2V | £ ()| (@),
0
Lemma 4.1.3. Let f,, € C*[—1,1] be a sequence of functions satisfying that
| (cost)| < Con* T (1 +nt)™, te0,7] V>0,

If we let
Falw,y) =V ful(-0)] @), @,y €87,
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then for x,y € S™ ! and 1 <i < j <d,

d—1 5 —¢
n“p(x,y) (1 +np(z,y)) Ve > 0.

D35 Fulw.y)] < C ,
N 2Ky
e, (12 0)] + (g9, 0)] + 7z, 9) +n)

where go € G is such that p(x,g0y) = p(z,y). Here and throughout, D(x)

means that the operator D; ; is acting on the variable x.

Proof. The stated estimate follows from Lemma 4.1.2, Theorem 3.2.1 and the
fact that
|wiy; — xjyil < 2p(w,y).

[
Lemma 4.1.4. For f € C*(S%1),
> D fIz, (4.1.7)
1<i<j<d
—=Bme 220+ S5 3 / o) PHE(2) do )
a€R4
2
+— Kok (050,7)| B2 (z) do(z).
2 s [ e e !
Proof. Using (4.1.5) and the decomposition (4.1.3), we have that
H(—An,o)mf“i,z—/ (—Asof)(@)f(@)hig(w) do(x)
= ¥ Pl [, TIOf@R@ GG, (418

1<i<j<d

Since the measure h2(z) do(z) is G-invariant, and since for each g € G, we

may write

e = LRI Hlom) | @)+ floa)

it follows that for each g € G,

F@)(f@) = oD@ dota) = 5 [ 110 = Flga)Phi(a) doo).

Sd—1 2
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Thus,

1 272
_ 5%% . /S 1)~ (o) H ) do (). (4.1.9)

On the other hand, clearly,

/Sd_1< > D fansll = Ua%)f(x))f(:c)hi(m) do(z)

a€ER 4+ BER+

1
:5 Z Z Rakp /Sd1

a€ER PER L

o) — f(aﬁaax)rhi(x) do(z). (4.1.10)

Now substituting (4.1.9) and (4.1.10) into (4.1.4) and (4.1.8) yield the
desired identity (4.1.7). This completes the proof. O

We are now in a position to prove Theorem 4.1.1.

Proof of Theorem 4.1.1. Let 8 € C*[0,00) be supported in the interval
[£,2] and satisfy > >0 0(277x) = 1 for all z > 1. Let 0 € C*[0,00) be such

PE L= )
that x(1 (t) <0(t) < X[t (t) for t > 0. Define L, = Ly, and L, = Lg, as

in Definition 2.3.1. Clearly, L, = ann = EnLn, and the operators L, L,,
(—A,p)" and D;; are all commutative.
Next, we show that for 1 <i: < j <d,

_1
IDij(=An0) 2 fllsp < Cllfllsp, 1 <p<oo, (4.1.11)
which will imply the inequality

IDijfllep < Cll(=Dr0)2 fllep-

Indeed, using the Littlewood-Paley inequality (2.3.5), and setting f, = Lof,
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we have

1Dss(~Bs0) " e ~ | L

K,p

H Z‘D’LJ KO 7§Lnfn’ )1/2

R,p
For each nonnegative integer n, we may write
Disl(= Do) FLafulw) = | )DL (Ve|Galb )| (2)) i) dory)
(4.1.12)

with

_ Z k+AOA<)
k=

and @, (s) = 0(s)(s(s + 27" \,)) 2. Since sup,, ||g0n)||C>O < Cj < 00, it follows
by Lemma 2.1.1 that

|G (cosu)| < 2"AHD(1 4 2m) ¢ W0 >0, we(0,7),

which, using Lemma 4.1.3, in turn implies that for any ¢ > 0,

C 2m4=D (27 p(, ) (1 + 2" pla, y)) ™" |
[Toer, (I, 0)| + pl2,y) + 2y

Thus, combining (4.1.13) with (4.1.12), we obtain by a straightforward calcu-
lation that

DusVa |Gl ) @)] < (4.1.13)

(s~ D) L fule)| < Cmax M, [ (g),

where M, denotes the weighted HL maximal function given in (2.4.8) with
w = h2. Since du(r) = h2(z)do(z) is a doubling Radon measure on S it
follows by (2.3.5) and the Fefferman-Stein inequality that

H Z' b i) | < e s
’ n=0

<2 5| <l
n=0 ’

I{”p
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Finally, we show the inverse inequality

[(—Ax ) fllep £ C max || Di;fllup- (4.1.14)

1<i<i<d

This can be deduced from (4.1.11) and (4.1.7) via a duality argument. Indeed,
let g € L¥'(h2;S%1) be such that ||g|., < C and

2002y = [ [(CAu0)25 )]0 ) do ().

Here and elsewhere, 1 5+ l, = 1. Without loss of generality, we may assume that

Jsa—r 9(y)h2(y) do(y ) = 0, replacing g with g(z — Joar 9(W)h2(y) do(y)
otherwise. It then follows by (4.1.3) and (4.1.0) that

-2l = [ (20010 0)] [(- o) 9] 20) o)
= > [ Dufl) [Di,j(—An,o)*%g(y)] hie(y) do(y)

1<i<j<d

- Tf()[( Avo) Hg() | K2() do(y),

Sd-1

which, using Holder’s inequality, (4.1.11) and that fact that ||(—A,§,0)_%g||,{7p/ <
Cllgllspy < C, is bounded above by

_1
> D sl Dis(— o) "2 gllnsr + 1T Fllupl (—Ar0) 2 gl
1<i<j<d
< C max ||Di;fllxp+ CIT fllep-

1<i<j<d

To estimate the term ||7 f||.p, let n € C*°[0,00) be such that n(x) = 1 for
x € [0,1] and n(z) = 0 for z > 2, and define

2n
Lif = n(n~'j) proj;(hZ; f).

Jj=0

It is well known that (see [DaXu4, Lemma 10.2.4])
1 = L5 fllep < Cn (= Ago) fllaps 750, (4115)

Without loss of generality, we may assume that [, , f(z)hi(z)do(x) = 0.
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Since T is bounded on LP(h2;S%1), it follows that for each ny € N,

1T Fllep < CIF = L5 Fllsp + CILR fllp < Cng 1(=20)2 Fllnp + ClILE, fllp
< Ong ' I1(=850)2 fllp + Croll L5, fllw2,

where we used the equivalence of different norms in a finite-dimensional vector
space in the last step. To estimate the term ||Lf f||x2, we use Lemma 4.1.4

and obtain

1€, fllne S N (=An0)2 Ly fllez < D I1DisLlr,

1<i<j<d

< C max [|£3D;fllee < C max [|L5Dy;fllp < C max [[Dy;flyp,

1<i<y<d <i<j<d 1<i<j<d

where we used the equivalence of different norms in the finite-dimensional
space Hgno in the fourth step, and the boundedness of the operator Ly in the
last step.
Putting the above together, we deduce
1 _
1(=200)2 Flp < Cng ' [[(=An0)? Fllip + Cng max [ Di;f |lws-

1<i<

Now choosing ny € N large enough so that ;11 < Cnyt < %, we obtain the

desired inverse inequality (4.1.14).

4.2 A new decomposition of Dunkl-Laplace-

Beltrami operator

It turns out that the decomposition (4.1.3) of A, o obtained in [Xu3] is not
enough for the proof of our main result, Theorem 1.0.5. Our main goal in this
section is to prove the following new decomposition of A, o, which will play a

crucial role in the next section when we prove Theorem 1.0.5.

Theorem 4.2.1. For z € S,

Ao= Y Dijhi(@)Dij Z (4.2.1)

h2(x
1<i<j<d ”( @, T
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Furthermore, if f,g € C?(S41), then

(=Dx0)fs9) r2nz) = /d (Vof, Voghi(x) do(x) + Y kalBaf, Bag) 122

aER4+
(4.2.2)
where (-, +) 2,2y denotes the inner product of L*(h%;S%Y). In particular, this
implies
I(=2r0)2 fI22 = IVofIZa+ Y Kol Eafle (4.2.3)
aER 4

The significance of the decomposition (4.2.1) lies in the fact that each term
on the right hand side of (4.2.1) is self-adjoint in L?(h2;S%!) and relatively

easier to deal with.

Proof. We start with the proof of the decomposition (4.2.1). A straightforward
calculation shows that
Dijhi()Diy _ (Dighu(@)Dij 1o
hi(x) hi (@) "
2k
— DZ] —+ Z < K > [x?ogzgz — xixjaiaj — xixjozjai + x?aﬁj .

I

Hence, by (2.2.9), it follows that for z € S¢!

D”th i _ I~y D”hQ Dy
/{a<a,V>
=Nog+2 ) W—z\fq(x,w

aER 4+

where V = (0y,---,0,), and |k| = ZveRJr K
Now let f € C%(S%!) and define F(z) = f(z/| 2| for ||z|| > 0. Since F is

a radial function,
(x,V)F(x) = D,F(z) =0, 28",

where D, denotes the directional derivative in the direction of z € S*~!'. Thus,
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by Lemma 2.2.2 (i),

5o DMOBID)  pofey 42 3 2T e

1<i<j<d k aER+

(4.2.4)
Now using (2.2.6) and (2.2.8), we obtain that for x € S,

(VE(z), ) Eaf(x)]
(z, ) ’

{2, @)

Avof(x) = AcF(z) = Aof(x) +2 Y ,{a[

aER 4

which, together with (4.2.4), yields the desired decomposition (4.2.1).
Finally, we show the identity (4.2.2). First, we observe that by (4.4),

(he”DihiDii f.9) 22y = —(Digf, Dij) pauay- (4.2.5)

Next, writing

9(x) +g(oar)  g(x) — g(oaz)
+ )

2 2

and using symmetry, we get that for any ¢ € (0, 1),

g(z) =

/ 1@) = 1(00T) 0312 (2) do(z)
{zeSd=1:(z,a)|>e}

(z,q)
- = f(@) = f(our) 9@) = 9(oar) o 1
2 /{wesdlzux,anze} (x, ) oy (@) dol@).
Letting € — 0 yields
/Sd_l 2?;—]2;:)9(@%(90) do(z) = (Eaof, Eag) 12 (2)- (4.2.6)

Substituting (4.2.5) and (4.2.6) into (4.2.1), and using (2.2.11), we deduce the
identity (4.2.2).
[l

4.3 Riesz transform operators and their bound-

edness

Throughout this section, the letter v denotes a fixed element in R with

K, > 0. For simplicity, we write T' = EU(—A,@O)_%. To prove Theorem 1.0.5,
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by (4.1.1), and Theorem 4.1.1, it suffices to show that for 1 < p < oo,

1T fllsp < Coll fllsp- (4.3.1)

We start with the case of 1 < p < 2. For p = 2, the inequality (4.3.1)
follows directly from (4.2.3). Thus, to prove (4.3.1) for 1 < p < 2, by the

Riesz-Thorin theorem, it suffices to show that
meas,{{x e ST |Tf(x)] > a} < C’w, Va > 0. (4.3.2)
o

The proof of (4.3.2) relies on the Calderon-Zygmund decomposition. Indeed,

by the integral representation (3.3.2) , we may write
Ta)= | FWE(y)hiy)do(y). (4.3.3)

where
Ki(x,y) — Ki(oyz,y)

2(z, v)
and K (z,y) is givenin (3.3.1) with & = 1. Recall that p(x, y) = mingeq p(gz, y)

K(z,y) = . x,y €S (4.3.4)

for z,y € S®L. For a spherical cap B(x,t) C S¥1, we write

B(x,t) = | Blgz, 1),

geG

whereas for £ C S%7!, write °F := S* !\ E.
The following integral estimates of the kernel K(z,y) will play a crucial
role in the proof of (4.3.1) and (4.3.2) :

Proposition 4.3.1. Let K(x,y) be the kernel given in (7.1.6) with v € R,
and K, > 0. Then for ally € S*! and t € (0,7),

[ K@) - K)o < 4, W € Bl 439
“B(y,2t)
and
/ K(y.2) — K@, 2)|W2(@)do(e) < A, Wy € B(y,t),  (4.3.6)
CE(y,Qt)

where A is a constant independent of v,y and t.
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The proof of Proposition 4.3.1 is long and technical, so we postpone it until
next two subsections.

Once Proposition 4.3.1 is proved, then (4.3.2) can be deduced by slightly
modifying the standard technique of the Calderon-Zygmund decomposition.
For completeness, we sketch the proof of (4.3.2) as follows. Without loss of
generality, we may assume that [, , f(2)h2(z)do(x) = 0. We then apply the
Calderon-Zygmund decomposition of f at the height a > 0:

f=g+b=g+ b

j=1
where the following conditions are satisfied:

e |g(x)] < Ca for ae. v € ST

e Forj=1,2,---, wehave that supp b, C B; := B(yj, 1, fB y)do(y) =
0 and

/ 1b; ()| W2 (y) do(y) < Co;

meas, (B

Set
B; = Blyy.20) = | Blos.20)), j=1.2.--,

geG
and let () := U;‘;l B;. Then by the G-invariance and the doubling property of
the weight h2(z), we have

Ml

(67

meas, (1) < C Z meas,(B;) < C

On the other hand, however, using (4.3.5), we obtain

| @i e = |
< [ I Ko = K )i dot)| i) doty)

< Cameas,(B;).

h () do(x)

bi(y) (K (z,y) — K(x,y;))h(y) do(y)
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Thus,

meas,{r € S |Tf(x)] > a} < meas {z € ST |Tg(zx)| > a/2}

+ meas {z € “Q: |Th(x)| > a/2} + meas,(2)

ooz, 01§ 2 Il Sl
9 _ ) , < 7'
: +CQ;[B;|Tb](x)|hﬁ(x)da(m)+(} s ¢ o141

<C

(07

This proves (4.3.2), and hence (4.3.1) for 1 < p < 2.
Finally, we show (4.3.1) for 2 < p < co. Let T* be the dual operator of T.
Then by (4.3.3),

T f(x) = K (y,z)f(y)hi(y) do(y).

gd—1

Repeating the above argument, and using (4.3.6) rather than (4.3.5), we obtain
1T fllsp < Clifllsp: 1 <p<2

which, by duality, implies (4.3.1) for 2 < p < 0.

4.3.1 Proof of Proposition 4.3.1: the estimate (4.3.6)

This subsection is devoted to the proof of (4.3.6). Let ¢ be a C*-function
on [0, 00) supported in [3,2] and satisfying > oo p(27"z) =1 for all z > 1.
Set

Ao +7

An(t)=2‘”Zs0n(2]¥n) O (1) with () = 2 ()

\/x(x + 2*"*1)\&).

We then decompose the kernel K (z,y) as follows:

K(z,y) =Y Kno(z.y), (4.3.7)

where

Ve[ Au((y, D] (@) = Ve[Au({y, )] (002)
2(x,v) '

K, o(z,y) = (4.3.8)
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Obviously, by (2.2.4),

K.,(x,y) = (4.3.9)

whereas by Lemma 2.1.1,

|AD) (cos 0)] < C2mMP+2)(1 4-279) ¢, j=0,1,2, t€[0,7], V>0,
(4.3.10)

The proof of (4.3.6) relies on several lemmas.

Lemma 4.3.2. For z,y € S1,

2"V (1 + 27p(a, )~

K, ,(z,y)| <C — ,
Bl ) < O )+ play) + 27

Ve > 0.

Proof. We consider the following three cases.

Case 1. |(z,v)] < pl(;zé).
In this case, we first claim that for z € CA}'y, 0 := arccos (x,z) and 0 :=

arccos (0,2, z), one has
|cos@ — cos@| < 40|(x,v)|, and 6~ 0" (4.3.11)

For the moment, we take the claim (4.3.11) for granted and proceed with
the proof of (4.3.6). By the mean value theorem, for each fixed z € G,,, there
exists a number ¢ between 6 := arccos (z,z) and ¢ := arccos (0,7, z), such

that
An({z,2)) — An({ovz,2))  Ap(cos®) — A,(cost’)

(x,v) (x,v)

0 — cost/
= A/ (cos t)u = 2A! (cost)(z,v).

(z,v)

It then follows by (4.3.10) and (4.3.11) that for any ¢ > 0,

|An({(z,2)) — An((0w, 2))|
< C2MAF2) (1 4 2ng) G|z, v) | < €27 (1 4 2m0) (2, v)).
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In other words, for each z € @y, we have

[An((2,2)) = An({o0, 2))]
[{z, )|

< CNye((x,2)), YL>0.

where
Npo(cos @) = 2n@AFD (1 4 ong)=¢,

The stated estimate in this case then follows by (3.2.2) and Theorem 2.2.1.

It remains to show the claim (4.3.11). Since
max{cosf,cos '} < max (x,gy) = cosp(z,y),
g€

we have 0,0 > p(x,y). Without loss of generality, we may assume that 0,60’ >
0, since otherwise, (z,v) = p(x,y) = 0, § = 0" and (4.3.11) holds trivially.
Since
|z —z||* = 1+ ||2]]* — 2(z,2) < 2(1 —cosf) < 62,
it follows that
|(z,v)| < [{z,v)| + ||z — =] < 26. (4.3.12)

Thus,

|cos@ — cosO'| = |(z, 2) — (oyx, 2)]|

= 2[{z, v)[[{z,v)| < 40[(z, v)].

This proves the first part of (4.3.11). Finally, to show that 6 ~ ¢, without

3n s
2 2

) : . . . . 2t 3
and there’s nothing to prove. Using the inequality sint > i for0 <t < T

loss of generality, we may assume that 6 + 6’ < since otherwise 6,60 >

we have

4 6—0
| cos@ — cos | = 2sin 7 sin 5 ‘

20

> 10— 0.
32
This combined with (4.3.11) yields that
/ 2 e 1

It then follows that 6§ ~ 6.
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Case 2. |(z,v)| > ’71(;—7?"2) and |[(z,v)| > 27"

In this case, we apply Theorem 3.2.1 directly to obtain that

Vel Aul(o, D) @)] + |V [Aa( (o) (9)]
pla,y) +27"
o1 2421 + 2", y))
p(@,y) + 27" [Loer, (2, )] + plz, y) 4 277)
201 + 2", y))
[acr, (I, @) + oz, y) + 277

|Kpo(z,y)|: < C

<C

Case 3. % < [z, v)| <27™

Following the notation in Case 1, we set 8* = min{#, 6’} for a fixed z € éy,
where 0 = arccos(z - z) and ¢’ = arccos(o,z - z). By the mean value theorem,

there exists t between 6 and 6 such that

|A,((z,2)) — Ap({o,z, 2))| = | AL (cost)|| cos @ — cos ¢
< 2P (1 4 2m9) T (2, 0) ||, v) . (4.3.13)

Since [(z,v)| < |[{(z,v)|+0 and |(z,v)| < [{opx,v)|+ 0" = |(x,v)| + 6, it follows
that |(z,v)| < |(z,v)| 4+ 6*. Thus, the term on the right hand side of (4.3.13)

is bounded above by a constant multiple of
2n(2)\,{+2)(1 + 2n9*)—€—1(2—n + 9*)’<$’ ’U>‘ < 2n(2AN+1)<1 + 2”9*)_£‘<IL’,U>’.

Putting the above together, we obtain in this case that for any 2z € @y,
| An((2, 2)) — An({ow, 2))|
(2, v)]|

The stated estimate in this case follows again from Theorem 3.2.1 and Theorem
2.2.1.

< CN,({z,z)) + CN,({o,z, 2)).

]

In the sequel, we use the notation D to mean that an operator D is

acting on the variable x.
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Lemma 4.3.3. For x,y € S*', and any ¢ > 0,

26-Vn(1 4+ 275(, )~
HaER+(|<xa a>| + ﬁ(l’, y) + Q—n)Qﬁa ’

Proof. By (2.2.11), it suffices to show the estimate (4.3.14) with the tangential

gradient Véz) being replaced by the angular derivatives ng’xj)’ 1<i<jyj<d.

Without loss of generality, we may assume that i =1 and j = 2.

V& Vil Atz D) )| < © (43.14)

Using Theorem 2.2.1, we have

D Ve [Autte )] ) = [

Gy

Al ((, 2)) (xez1 — T122) dpy(2). (4.3.15)

However, for each fixed z € @y,
|xoz1 — x129] < 2||x — 2|| < 20 := 2arccos (z, 2),
and hence, by (4.3.10),

)A;(@% W) (021 — T12)| < C2MEAF2 (1 4 ong)~t-1g

< 02D (1 4 2m) =t = ON, ((x, 2)).

It follows that

DB [V Al D] )] < V[Nl D] @), v >0,
which, by Theorem 3.2.1, implies the stated estimate. 0

Lemma 4.3.4. Let v € S¥1 and z € BY. If f € C?[—1,1], then

e [f((l", Z>)2<—x’];(><0v$, Z))}

1
= (z,v)/ f"((a:,a(z, s,v))) [z105(2, 5,v) — T20v1 (2, 5,v)] ds, (4.3.16)
0
where a;(z,s,v) denotes the j-th component of the vector

a(z,s,v) == sz + (1 — s)o,z. (4.3.17)
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Proof. A straightforward calculation shows that for f € C1[—1,1],

f((z,2)) — f({ovz, 2))
2(zx,v)

= (z,v) /01 f’((m,a(z,s,v))) ds.

(4.3.16) then follows directly from this last equation and the definition of
Dl’g. ]

Lemma 4.3.5. For z,y € S 1,

9md(1 4 25 (z, y))
Ha€R+ (’<LL‘, 05>| + ﬁ(x, y) + 2—n)2faa )

Proof. Again, by (2.2.11), it suffices to show the stated estimate for the angular
derivative D%) instead of the tangential gradient V(()z). By (4.3.16) and (4.3.9),

DS’TQ) (An(<xv z)) — An({ovt, Z))) dp, (2)

DY Kal) = [ Sl

Gy
_ /@ S(A")(z, 2) dpsy (2), (4.3.18)
where
S(A")(z, 2) = <z,v>/0 A;’L((:c,a(z, s,v)>> [102(2, 5,0) — 22011 (2, 5,v)] ds.

As in the proof of Lemma 4.3.2, we consider the following three cases:

plz,y)
Case 1. |(x,v)| < B2

For a fixed z € CA;'y, we set @ = arccos (x, z), and 0" = arccos (o,z, z). From
the proof of Lemma 4.3.2, we know that [(z,v)| <26, ||z —z|| <0, and § ~ 0'.

Let 0" = 0(x, z, s) = arccos (z, a(z, s,v)). Then
cos " = s{x,z) + (1 — s){x,0,2) = scosf + (1 — s) cos .

This means that cos#” is between cosf and cosf'. It follows that # ~ 6", and
|z —a(z,s,v)| <6 < CH. Thus, using (4.3.10), we obtain that for any ¢ > 0,

‘SAZ(Z’,Z)‘ < CZn(QAK+4)(1 + 2”6)787262 < C2n(2AN+2)(1 + 2n9)f€.
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The stated estimate in this case then follows by (4.3.18) and (3.2.2).

Case 2. |(z,v)| > % and [(z,v)| > 27"

For simplicity, we set

Bu(x.y) = Vi Aul(.)) = Aullonae, )| )

By product rule, it follows that

||$2U1 —ZE1U2| ‘Dgg,cz)Bn(xay)‘
[(z,v)] |(z,v)]

By Lemma 4.3.2, the first term on the right hand side of (4.3.19) is bounded

above by a constant multiple of

DY Ko, y)| < [Kou(2,9) (4.3.19)

204D (1 4+ 2", y)) ! 1
[Loer, ([, a)| + pla, y) + 27m)20 p(z,y) + 27

whereas the second term on the right hand side of (4.3.19) is bounded above
by
DV [Aulle D] )] + [ DIV Aufe, )] (o)
[{z, v)] ’

which, using Lemma 4.3.3, is in turn estimated above by

260713 (1 + 27p(,y)) " 1
[Loer, (I, @)] + pla, y) +277)2F pla,y) + 27"

C

Putting the above together, we deduce the desired estimate in this second case.

Given a fixed z € (A;y, let 6 := arccos (x, z), ' =: arccos (o,z, z), and set
0* = min{6,0'}. Let §” = arccos (z,a(z,s,v)) for s € [0,1]. Then cos§” =
scosf 4 (1 — s)cos@, and hence §” > 6*. Since

|$10{2(Z,S,’L}) - 5172061(2,3,’0)‘ < 2|z — alz, s,0)]| <267,
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it follows that

|AZ(<£L’, O[(Z, S, U)>)| |I1052(Z7 S, U) - m2a1(27 S, U)‘
S CQn(2>\”+4)(1 + 2n9//)—£—29// S OQn(2AN+3)<1 + 2n9//)—£—1
< CQ”<2AH+3)(1 + 2n9*>7€71'

Also, note that in this case
|(z,v)] <27" 40"
Therefore, we conclude in this case that for any z € éy, and any ¢ > 0,

[SAL(z, 2)| < (27" + 672"+ (1 4 27g7) ¢!
< 214 2707)
< 02" | Nyo((z, 2)) + CNyo((opa, Z>)]‘

The stated estimate in this case then follows by (4.3.18) and Theorem 3.2.1.
O]

Now substituting the estimates in Lemma 4.3.6 into the decomposition

(4.3.7) , we deduce the following estimate:

Lemma 4.3.6. If z,y € S™! and p(x,y) # 0, then

@ (. ¢
Ve K (x,y)] < 5@, ) T Laer, (@, a)| + pla, y))2e

We are now in a position to prove the estimate (4.3.6).

Proof of (4.3.6). Assume that y € S%, i/ € B(y,t) and z € ST\ B(y, 2t).
By the mean value theorem, there exists y” € B(y,t) such that

K (y,2) = K/, 2)| < [Vy" K", 2)lo(y,y)),
which, using Lemma 4.3.6, is estimated above by a constant multiple of

Py, y') Py, Y')

P y") Taer, (K" )| + pla, y"))?e " by [laer, ({2, @)l + pla,y"))>e
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However, since z ¢ B(y, 2t), we have

p(x, gy") ~ p(z,gy) > 2t, VYgeq.

Thus,
p(x,y") ~ pl,y),

and

, Ct

7o ) Low, (o) + 7@ g 320

It follows that the integral on the left hand side of (4.3.6) can be estimated

above by a constant multiple of

tz / h2(z) do(z)

@gnz2t P 99) [oer, ({2, )| + p(z, gy))2re

geG

do(z) < A < 0.

1
< C(£G)t / -
( ) p(z,y)>2t p(l', y)d

4.3.2 Proof of Proposition 4.3.1: the estimate (4.3.5)

This subsection is devoted to the proof of (4.3.5). We will keep the nota-

tions of the last subsection.

Lemma 4.3.7. If x,y € ST, then

217 (1 4+ 2"p(, )~

VY Ko o2, y)| < C _ — . (4.3.21)
° [z, )| TTaer, ({2, ) + pla, y) +277)2r
If , in addition, |(x,v)| > 27", then for any ¢ > 0,
2nd 1 N5 —0
IV Kool 9)] < € SENS e (43.22)

Ha€R+(|<x, 04>‘ + ﬁ(x, y) + 2*11)2/@(1 )

Proof. Without loss of generality, we may assume p(z,y) = p(z,y), since oth-
erwise we may replace x by gox for some gy € G.

First, assuming |(z,v)| > ¢27", we prove the estimate (4.3.22). It is enough
to show this estimate with the tangential gradient V, being replaced by the
angular derivative D;,. Using Lemma 4.3.6 and the fact that K, ,(z,y) =
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K,»(y,x), we have

Knv 2nd 1 N —(—1

(v, v) >‘ T aer, (G2, @) + pla,y) +277)2e

It then follows by the product rule and Lemma 4.3.2 that

DY) K, 0(2,y)]
§D§y2)< nvxy )“(yav
’ (2, v)
Cc2n* 1( +2” ple,y)~"
" laer, Kz, o) + pla, y) + 2772

‘ nv(flf y){(x,v) | |y2v1 — Y102
,0) (2, 0)]
I(y,vﬂ \92"01 - 9102’

T e

On the other hand, however, recalling that p(x,y) = p(x,y) and |(z,v)| >

|
|
1

27", we have

o) |, v)] + Bla,y)
oy = Jwo) - C

(1+2"p(z,9)),

and
e mgoor] _ Lo
(2, v)]| [{z,v)|
Therefore, putting the above estimates together, we obtain the desired
estimate (4.3.22) under the assumption |(z,v)| > 27",

Finally, we prove (4.3.21). Indeed, by (4.3.8), we have

DV [Au((, D] @)] + [ DAV [Aul(y, )] (002)|
2, v} |

DY) Koo, y)| <

which, using Lemma 4.3.3, yields the desired estimate (4.3.21). O
As a direct consequence of Lemma 4.3.7 , we have

Lemma 4.3.8. For z,y € S%!,

C
VYK (2,9)] < = — _ . (4.3.24)
" pla,y) (@, ) T aer, (K2, @) + plz, y))?e
If, in addition, |(z,v)| > cp(z,y) for some ¢ > 0, then
C
VYK (2, y)] < = (4.3.25)

P2, 9) Tlacr, ({z, ) + Az, y))2re
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We are now in a position to prove (4.3.5) .

Proof of (4.3.5) . Assume for the moment that z,y € S¥1, ¢/ € B(y,t)
and z € S™1\ B(y, 2t). By the mean value theorem, there exists v € B(y, t)
such that

K (2,y) — K(z,9)] < [V K (2, 4")|lp(y, o).

Since = ¢ B(y,2t), p(z,y) ~ p(x,y"). Thus, if [(z,v)| > cp(z,y), then
|{(z,v)| > ep(z,y”), and hence, (4.3.25) is applicable to obtain

Cp(y,y)

K(z,y) — K(z,y)| < = — . 4.3.26
) = Kl = e Mo, (e, + g 2%
Similarly, if |(z,v)| < ¢p(x,y), then we may use (4.3.24) to get
, Cp(y,y')
K z,y - K z,y S ~ ~ .
o) = K < T o e, (o )l + 7, 5) P
(4.3.27)

Now write

[é( 2 |K (2,y) — K(x,y)|hZ(x)do(x)

= oo + / e
/{xecé(y,%): |<a},v)\20ﬁ(:c,y)} {xecﬁ(yﬁt): |<x,v)|<cﬁ(z,y)}

=1+1I.

For the first integral I, as in the proof of (4.3.6), it is straightforward to
deduce from (4.3.26) that I < A. For the second integral 11, we use (4.3.27)

to obtain

II<Ct) / p(z, gy) =02 (z) do(z)
B plagyzmaxiztelwo)} (0] Taer, ({2, @)| + plz, gy))*re

geG
2Ky —1
< Ct sup / %da(w). (4.3.28)
26891 J p(z,2) >max{2t,c|{z,v)|} ,0(33’, Z) v
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Here, we recall that s, > 0. Fix for the moment z € S, and set
Ji={r e ST 2t < p(x,2) <2, |(w,0)| < C2t}, j=1,2,---.
Note that if J; # 0 and x € J;, then
(2, 0)| < [{z, )] + p(z,2) < O,

and hence, by (2.4.7),
/ |<l‘,v>|2m’_1 da(x) — / |<1‘,U>|2m_1 da(ac) S C(2jt)2'€“+d_2.
Jj B(z,21t11)NJ;

It follows that for each z € S?1,

o o)

DD do(z) < CY (21 —(d—1+2m)/ 2. 0) [ do(x
/p(x,z)zmax{zt,q(m,w} P(x,z)dﬂ““v ( )— Z( ) S |< >| ( )

j=1 j

S C«Z(th)—(d—1+2nv)(2jt)2f-cv+d—2 S Ct_l,

j=1
which together with (4.3.28) implies that I/ < A. This competes the proof of
(4.3.5).

4.4 Uncertainty principle on the weighted sphere

! Tn this section, motivated by the new decomposition of the Dunkl-Laplace-
Beltrami operator in section 4.2 | we study the uncertainty principle for spher-
ical h-harmonic expansions, which is in full analogy with the classical Heisen-
berg inequality.

The uncertainty principle is a fundamental result in quantum mechanics,
and it can be formulated in the Euclidean space R?, in the form of the classical

Heisenberg inequality, as

2
it [ o= aPirpas [ d|Vf<x>|2dxzd£( [ @) @)

where V is the gradient operator. There are many papers devoted to the

LA version of this section has been accepted for publication [Fe].
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study of this inequality and its various generalizations, for instance [FoSi],
[Rol], [DaXu6].

In particular, on the unit sphere, F. Dai and Y. Xu [DaXu6] established the
analogue result, which states that: if f : S¥' — Rsatisfying [y, , f(z) do(z) =
0 and [y, |f(2)|*do(z) = 1,

( min /Sd1(1 — (x,y))\f(x)]Qda(x)> (/Sd1 IVof?do(z)) > Cy >0, (4.4.2)

yeSd—1

where V| is the tangential gradient operator as before.

In another paper by [Xu3], with a weight function h?(z) invariant under a
group G, Y. Xu studied the uncertainty principle on the unit sphere S*!. By
introducing a weighted analogue V,  of the tangential gradient V,, he [Xu3,
Theorem 4.1] proved that if f: S9! — R is invariant under the group G and
satisfies that [, , f(z)hZ(z)do(z) = 0 and [, | f(x)]*h%(z)do(x) = 1, then

(min, / ({z ) f@)Ph () do(a) ) / Vel PR@)do(@)) = Cra >
(4.4.3)
where e;, 2 = 1,--- ,d, is the standard vector,namely only the ¢th coordinate
is nonzero 1, and C, 4 is a constant only depends on parameter &, d, and (-, )
is the inner product in R
Rather than the finite subset {ey, - - - , €4}, we shall show that the inequality
(4.4.3) with minimum being taken over all y € S¥~! remains true without the
extra assumption that f is G-invariant. Precisely, our main result can be

stated as follows:

Theorem 4.4.1. Let f € C(S*1) be such that [, , f(z)hi(x)do(x) =0 and
Jsar [f(z)Ph2(x) do(z) = 1. Then

y€Sd—1
x [ /S WA @i (x)] > Oy > 0. (4.4.4)

As a direct corollary , we obtain the following improvement of Theorem
4.1 and Theorem 4.2 of [Xu3|:

[min, [ 0= )l @)PR ) dota)]

Corollary 4.4.2. If f € C*(S*!) satisfies that [y, f(x)h2(z)do(z) =0 and
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fgd—l |f(x)|?h%(x) do(x) = 1, then

(min, [ 0= f@PR @ do@) ([ Vaaffrido@) > Co>0,
(4.4.5)

For the moment, we take Theorem 4.4.1 for granted and proceed with the

proof of Corollary 4.4.2.

Proof. By (4.4.4), it suffices to show

|| V _An,OfHH,Z S ||vn,0f||n,2- (446)

Indeed, noticing (3.15), (3.13) of [Xu3], we have that

IVl I = [Vnaf 22 =2 [ (€ Vaaf€)FORE) do), (447
d d—1

where wj = [o, 1 hi(x)do(z). Here it should be pointed that the last two

K

terms in (3.15) of [Xu3] in fact can be cancelled out by realising that
(I—0,)*=2(I—0,), YweER,.

Furthermore, by (3.3) of [Xu3], we obtain

/Sdl(§ Vo f () f(ERL(E) do(€) =

However, by the Cauchy-Schwartz inequality,

(@) f(ova)hi(z) do(z) < [ flla: Vv € Ry

Sd-1
Thus,

/S (5 ' Vmo)f(f))f(&)hi(f) do(€) > 0.
The desired inequality (4.4.6) then follows by (4.4.7). 0

Our proof crucially relies on the following lemma.
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Lemma 4.4.3. If f € CY(S? 1) and y € S, then

<%+|Ks|> /Sdl (@, )| f (@) h2(x) do(x) = ) “a<y,a>/ f @)y (2) o

ol sior (T,)

d d

- /§d1 [Z > _ayDigl <x>} f(@)hy(x) do(x), (4.4.8)

=1 j=1
where r; = (x,e;) and y; = (y, ;).

Proof. By noticing that for f,g € C*(S*!) and i # j,

f(2)D; j9(x)do(z) = — D;;f(z)g(z)do(x),

Sd-1 §d-1

we obtain that for 2 < j < d,

/Sdl [wDLjf(ZB)} f(x)h2(z) do(z) = — /Sdl f(x) [Dl,jf(x>:| z;h2(x) do(z)
- [ @R [P (et a)] doto)

A straightforward calculation shows that

Dy j(z;hl(x)) = (1:1 + 1 Z 2K0T505 2 Z 2ﬁaal)hi(w),

aER4 <x7 Of>

where a; = (a, e;). Thus,

2 [ [mDus@] @@ st = [ 1f@Pa( Y T b doto)

d—1

Summing this last equation over j = 2, ---  d yields

/Sdl [ji%Dl,jf(flf)}f(x)hZ(x) do(x) :/ |f(x)? Z+ Z;ZB h2(z) do ()

Sd—1

(Wl +557) [ mlf @) dofa).
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In general, for 1 <14 < d, recalling D, ; = 0, and using symmetry, we obtain

/Sd_l [i “iji,jf(iU)]f(x)hi(a:) do(z) = /Sd_l f@)P > Fai 12 (0) do(x)

aER 4+ <x7 O[>

d—1

- <|/€| + T) /Sd—l x| f(2)PhA (x) do(z)do(z). (4.4.9)

Multiplying both sides of (4.4.9) by y; and summing the resulting equation
over i = 1,--- ,d yield the desired identity (4.4.8). O

We are now in a position to prove Theorem 4.4.1 .

Proof of Theorem 4.4.1. Let € € (0,1) be a small absolute constant to be
specified later. If

/sd1 (@, y)| f(2)*hi(x) do(x) <1 —c¢,

then

/Sd_l |f(2)]2(1 — (z,y))h2(z) do(x) > &,

and (4.4.4) holds trivially as ||\/—Axof|ls2 > || fllx2 = 1. Thus, without loss

of generality, we may assume that

/ (z, )| f(2)|*h2(x) do(x) > 1 —e. (4.4.10)
Sd—1
We will use the identity (4.4.8). Indeed, it will be shown that
d d
o= | [ [ Dt @) @)@ doa)
i=1 j=1
<CIVoflla( [, 1F@PO = G@Dhi@yde)’ ()
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and that for each av € R, with ko, > 0,

Jafa) : = |(y,a) /S N % do )|

< b + g”EafHHQ (/Sdl |f(2)]*(1 — (z,y))h2(z) da(@) 2

—1-—c¢
(4.4.12)

1

Once (4.4.11) and (4.4.12) are proven, then using (4.4.8), (4.4.10) and (1.0.13),

we obtain

-9l +51) = Ly maea(

1

2

F@)P = (,9)k(x) do())

d—1

Thus, choosing € € (0,1) small enough so that

d—1 1
— — >
(1= &) (vl + =) = 7=l = Cawc > 0.

we deduce the desired inequality (4.4.4).
It remains to show (4.4.11) and (4.4.12). For the proof of (4.4.11), we first
note that for z € S 1,

Thus,
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But, by the Cauchy-Schwartz inequality,

’;Zl xi)x; Dy f (x )‘2§ LZIWJ’ Yi — i) ]LZI|DHJC }
=401 = (z.)| D DS ()]

1<i<j<d

It follows that

Jy <2 Z/ Dy f @) () do(a) (/S

1<i<j<d

1

@R~ @)k () do(@))
which proves (4.4.11).
Finally, we prove (4.4.12). Splitting the integral |, ,--- into two parts,
we get
JQ(O&) < JQJ(OC) + JQQ(O(), (4413)

where

| f(x)[*h2 (z)
Jo1(a) :==|{y, ——————do(x)|,
‘ e /<x,a>|>(1—e>|<y,a> (z, ) ( ))
o) =l o |f@)Phete) o
T2l )'—‘@’ >/<x7a>|s<1—a>|<y,a> w.a) ( ))'

A straightforward calculation shows that

1
1—¢

Ja1(a) < -

/S @R ) dola) = (4.4.14)

To estimate the term Jyo(ar), we first note that for any ¢t € (0,1) and
o€ R+,

)P ) 2
| i@ ae = [ (Baf) sk dote).
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Thus,

hate) = [l [ (Baf@) F00 ) do)

<t \/ III—yHEf( >) ()b (z) do(a)|

1

< gl [ V@PO - @ @), @419
where the second step uses the fact that if [(z,a)| < (1 —¢)[(y, a)|, then

elly, )| < [y, )| = [z, @) < |z =yl

Now a combination of (4.4.13), (4.4.14) and (4.4.15) yields the estimate (4.4.12).
This completes the proof of Theorem 4.4.1. O
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Chapter 5

Corresponding results on unit

balls and simplices

5.1 Results on unit balls

In this section, we shall show how to deduce similar results on the unit
ball B¢ from those already proven results on the unit sphere. OQur argument is
based on close connections between WOPEs on B? and spherical h-harmonic
expansions on the sphere S¢ C R4*1 as observed by Y. Xu [Xu5, Xu7].

Recall that G is a finite reflection group on R? with a root system R C R%;
Kk : R — [0,00) is a nonnegative multiplicity function on R; the weight func-
tions h, on S*" and W2, on B¢ are given in (1.0.2) and (1.0.19) respectively.
For 1 < p < oo, we denote by LP(W2B ;B9) the LP-space defined with respect

ENTE

to the measure W7, (z)dz on BY, and || - || ow;z,) the norm of LP(W,2,;BY).

Let G be the finite reflection group on R4 associated with the root system
R:={0=(v,0) e R*: v e R} U {*eg},

and define % : R — [0,00) by (%) = k(v) for v € R and &(+eq1) = p.
Clearly, k is a G-invariant nonnegative multiplicity function on R. Let hz be
the G-invariant weight function on R¥*! associated with the root system R

and the multiplicity function & as defined in (1.0.2); that is,

hg(l’,Id+1) = |xd+1|u H |<xvv>|’iva T e Rda Ta41 € R.
vER
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The weight hiz on S? is related to the weight function W,f# on B? by

hi(z,\/1 — ||z|?) = W,fu(x)\/l —||lz||?, =z e B (5.1.1)

Furthermore, a change of variables y = ¢(x) with

¢: B =S zeB v (z,4/1—|z)2) € $¢ (5.1.2)

shows that
L (y)h(y)do(y) (5.1.3)

= [ [ /T=TalP) + s~ T=TolP)| WE, (o) o

Given a function f : BY — R, define ]7: S — R by

flz,xqp1) = f(2), 2B, (x,2441) €S

Then, fo¢ = f, and by (5.1.3), the mapping f — f is an isometry from
LP(W2 ;B?) to LP(S% hZ/2). More importantly, the orthogonal structure on
the weighted ball B¢ is preserved under the mapping ¢ : B? — S? To be
precise, let I/ff(W,f#) denote the space of weighted orthogonal polynomials of
degree n with respect to the measure W,fu(x) dx on B?, and let projn(qu; f)
denote the orthogonal projection of f onto the space l/ff(W,f”). Then a function
f on B? belongs to the space v4(W2)) if and only if f € HIT'(hZ), and
moreover (see [DuXu, Xu5, Xu7]),

proj, (W2 ; f.x) = proj,(WE,; f o ¢, 2) = proj, (h2; f,¢(x)), =z € B
(5.1.4)

The second order differential-difference operator Ag . on B? is defined by

Af,u =A—(d+2|k| +2u)(z- V) — (z-V)?
Ra Ra
+QZ (a-V)—szEa,
aER !

+ <$’ Of) aER 4

where A = Y% 82 and V = (dy,---,9,;). The operator —AF, is self-

=173

adjoint, semi-positive definite on LQ(WfM;Bd), and more importantly, the s-

pace v2 (Wfﬂ) coincides with the eigenfunction space of AE ., corresponding to
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the eigenvalue p,, ;== —n(n +d — 1 + 2|x| 4+ 2u) (see [DuXu]); that is,
WP = {f e CX®Y: ALf =t

As a matter of fact, we may define the fractional power of —Ag . in a distri-

butional sense by

pI‘Ojn (Wff,u’ (_Af,u)af) - <_:un)a prOJn(WnBiua f)7 n = 07 ]-7 .

Finally, the operator Ag ., 1s related to the Dunkl-Laplace-Beltrami operator
Az on S? by

(A2 f(@) = (=Ar0)*f(¢(x), z€B’, a€eR. (5.1.5)

The HLS inequality for the fractional integration (—Aﬁ #)*a/ 2 on the weight-

ed ball can be stated as follows:

Theorem 5.1.1. Let 1 < p < q < oo and o > 0. Then the inequality

1(=AZ) 2 aawe,) < Clfle,. feLPWEBY  (5.16)

Ryp?

holds if and only if o > Sn,u(l

L — 1) where
p q

Spp = Sg = max{2|k| +d, s, +2u+ 1} (5.1.7)

with s, being given in (1.0.7).

Proof. The sufficiency part of Theorem 5.1.1 follows directly from Theorem
1.0.1, (5.1.3) and (5.1.5), whereas the proof of the necessity part runs along
the same line as that of Theorem 1.0.1. O

Our next result on the ball gives a very useful new decomposition of the
operator AF . Recall that the tangential gradient operator on B? is defined
by

N vi(9) 1(md d—1
Vof(r§) =Vy'f(r§), feC (B, 0<r<1, £eS7,

where véf) means that the tangential gradient V is acting on the variable
€ € S*1. Also, note that E,f(x), given in (1.0.11), is well-defined for each
function f on B? and each v € R?\ {0} as B? is rotation-invariant. We shall use

the notation (-, '>L2(qu) to denote the inner product of the space L*(W7 ; B?).
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Theorem 5.1.2. For f,g € C*(B%),

<(_Af,u)f7 g>L2(W£u) :<V0fa VOQ>L2(W£H) + Z /fa<Eafa Eag>L2(W£H)

aER 4
(5.1.8)
+/ (1— ||x|]2)(Vf-Vg)W,fM(x)d:c.
Bd
Furthermore,
AV Z W2, (2) " DigWi () Dy o+ (5.1.9)
1<i<j<d
d
2k, E
B -1 B aHa
DN N
1= a 4

The significance of the decomposition (5.1.9) lies in the fact that each
term in the sums on the right hand side of (5.1.9) is self-adjoint with respect
to the inner product of L*(W.7,;B?). In the case when x = 0 and W7 (z) =
(1 — ||lz||]2)*~2, (5.1.9) was previously obtained in [DaXu4, (7.1)].

Proof. For simplicity, we denote by (-,-)~ the inner product of L?*(hZ;S?).

Recall that given a function f on B¢, f is a function on S? given by

f(z,zqp1) = f(2), 2B, (r,7441) €S~

By (5.1.3) and (5.1.5), it follows that

(—2%0)J, 9z = 2(=A2)f. 9 r2ws, -

On the other hand, using (4.2.2), (2.2.11) and (5.1.3), we obtain

d

(—Az0)f. )z = Z (Dijf, Dijg)z + Z Ka(Eof, Eag)z + Z (Diasif. Dian)z

1<i<j<d a€ER4 i=1

= 2<V0f, VOQ>L2(W£H) +2 Z "fa<Eafa Eag>L2(W£H) + 2.

aER 4

where X, = Zle (Diﬁdﬂf, D; 4+19)~. Thus, to complete the proof of (5.1.8),
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we just need to observe that

Y = Zl /Sd xflﬂ@f(x)a[gj(x)h%(x) do(x) =2 /Bd(1 — =3V f - Vg)eru@) do.

Next, we turn to the proof of the decomposition (5.1.9). Setting X =
(2, 2441) = (2,4/1 — ||z|?) for € B?, and using (4.2.1) and (5.1.5), we obtain

AP F(r) = Arof(X) = S+ 5, — 3 ekl (@)

)
a€ER 4 <.T, Oé>

where
Sii= D hl@)Dihi(x)Disf ()

1<i<j<d

d
Sy 1 = Z hEQ(X)Di,d+1h%(X)Di,d+1f(X)'
i=1

For the first sum S, recalling that the D, ; = z,0; — x;0; are tangential

derivatives,

S1 = Z WP, ()7 D ;WP () D; ; f ().

1<i<j<d

To handle the sum S5, we note that for each 1 <7 < d,

h52(X)Di,d+1h%(X)Di,d+1f(X) = x?l+1h;2($)ai {hi(ﬁ)@f(l’ﬂ -
— 20, f (2) 2 Ogir [2741] = 2y hy ()0 [hE ()0 f (2)] — (2 + D20 f ().

Thus, to complete the proof of (5.1.9), it remains to verify that for all 1 <i <
d,

(Wou(@) oW, (@) (1= ||2]*)0: = (1 — [[]|*) 2 (2) 03 (2)0; — (2 + D)0,

which follows directly by a straightforward calculation. n
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Remark 5.1.1. By (5.1.8), it follows that

d
“AL= Y Duby+ Y [VISTelPa) [VicTePa]  (5.1.10)
i=1

1<i<j<d

+ Y kaELE,,

a€ER 4

where T* denotes the adjoint operator of 7" in the space L*(W2 ; B). However,

a straightforward calculation shows that

2B,
(z,a)

V1 =220 [V1 = [[2]20]) = =W, (x) V1 = [[2]PaiW,,(2) /1 — [[]20

This means that (5.1.10) and (5.1.9) are in fact equivalent.

D;;Diy = —h;2(@)Dijh’(@)Dyy. ELE, =

Our third result gives an analogue of Theorem 1.0.5 on the ball B<.

Theorem 5.1.3. If 1 < p < oo and [5, f(x)W2,(z)dx =0, then
I/ A2 leqwe,y ~IVoflowe,) + max ol |Bo f || Logwe,) (5.1.11)
d
+ D i loowe
i=1
where p(x) = /1 — ||z]|2.
Proof. First, using (5.1.3) and (5.1.5), we have
20/ (=D, I ) = I (=Br)d FIE, oy
Second, it follows by Theorem 1.0.5 that

. _
1(=2%0)2 fllogzsny ~ > IDigflgzsy + D FallBaflogzse),

1<i<j<d+1 aE€R L

which, using (5.1.3), equals

27N Dijfllegws,y + 27 Y Kall Eaf lows,) +Z||Dzd+1f||m h2;54)-

1<i<j<d a€ER 4 =1
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Finally, we note that for each 1 <i < d, and X = (z,7441) € S¢,

|Diair f(X)] = [2a10if (x)] = |o(2): f ()],

which, using (5.1.3), implies that

||Dzd+1f||Lp h2 :S4) 2||906f||LP(WB .
Putting the above together, we obtain the desired equation (5.1.11). O]

The decomposition (5.1.10) and Theorem 5.1.3 allow us to introduce the
following Riesz transforms for WOPEs on B¢:

Definition 5.1.4. Define the Riesz transforms for the WOPFEs with respect to
the weight qu on B? by

RE = Dij(—AF )72 1<i<j<d, RI=\kE,(-AZ)? veRy,

= /11— ||x||28i(—A§H)—1/2, i=1,---,d.

It follows by (5.1.10) that

S (REYRE + Y (RPYRF =1, (5.1.12)

1<i<j<d vER L

where [ is the identity operator on the space

{rewr): [ @)W (@) dz = 0}.

Furthermore, the LP-boundedness of these Riesz transforms follows directly

from Theorem 5.1.3:

Corollary 5.1.5. If 1 < p < oo and [;, f(x)W2F,(z)dx =0, then

[ f e ewe,) ~ Z ||Rfjf||LP(W,§M) + Z ||Rff||m(w,§“)-

1<i<j<d VER 4

Remark 5.1.2. In the case when d = 1 and Kk = 0, WOPEs with respect to the

weight W7, on B' = [~1,1] become the classical ultraspherical polynomial

78



expansions on [—1, 1]:
f(z) ~ Zak(f)C’,ﬁf(x), xr e [-1,1].
k=0

In this case, R® = 0, and since LC}'(z) = 2uC}*/ (z), the Riesz transform

Rf .f = Rf can be written explicitly as

. S 24 +1
Rf(cosf) = smG;ak(f)WC,’jl (cosf), 6 ¢€[0,n],
which is essentially equivalent to the conjugate of f introduced by Mucken-
houpt and Stein [MuSt] (see also[Mu]).

Finally, similar argument also guarantees the uncertainty principle Theo-
rem 5.1.1 on unit sphere can be extended to the unit ball immediately by using
the facts (5.1.3) and (5.1.5).

Theorem 5.1.6. Let f € C'(B?) be such that [y, f(m)W,fM(x) dr = 0 and
de |f($)|2W,§#(x)dx =1. Then

[min [ (1= @l @PWE (o) dw)]

yeBd

< | /B A @FWE, (@) d(w)] > Ca >0 (5.1.13)

5.2 Results on simplices

In this chapter, we shall show how to deduce similar results in the previous
chapters on the simplex T? from the already proven results on the ball BY. Our
argument is based on the connections between WOPEs on B¢ and WOPEs on
T?, as observed by Y. Xu [Xu7] (see also [DaXu2]).

The weight function WZ ., we consider on the simplex T? is given in (1.0.20)
with h2(x) being invariant under both G and Z4. It is related to the weight
qu on B? through the mapping

V(... 1) €EBY s (22, 22) € T¢ (5.2.1)
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by
B
W M(ZL’)

€ B
21 - 2] L

W (W(@)) =

Furthermore, a change of variables shows that

/Bdg(%b(:v))WfM(:v)d:v :/ g(a:)WgM(;n) dr. (5.2.2)

Td

For 1 < p < oo, we denote by LP(W,] 0 T9) the LP-space defined with respect

to the measure W, (z)dz on T% and by ||- | r(wi,) the norm of Lr(wrl,;T).

Note that (5.2.2) particularly implies that the mapping

LA(W ;T — LMW BY), fe fod

Ky Ky?

is an isometry.

Let yﬁ(W,Z u) denote the space of weighted orthogonal polynomials of degree
n with respect to the weight WRT L on T<. The orthogonal structure is preserved
under the mapping (5.2.1) in the sense that R € VI(W[,) if and only if
Ro € Vgn(W,fM). Furthermore, the orthogonal projection, projn(W,z:M; ),
of f onto fo(W,Z ,.) can be expressed in terms of the orthogonal projection of
fov onto Vi, (W2)) as follows (see [DuXu] and [DWY, 5.2]):

proj, (Wl i f(x)) = projo, (W2 fov,x), e B (5.2.3)

The space yﬁ(WZ ,.) can also be seen as the eigenfunction space of a self-

adjoint, semi-negative definite operator AL on L*(W}7,;B?) corresponding to

the eigenvalue ! := —n(n + %1 + |k| + p) (see [DuXu]); that is,

VZ(W/ZH) = {f S CQ(Td> : AZ,#JC - Mgf}v n = 07 ]-7 Tt

Thus, we may also define the fractional power of —A::CM in a distributional

sense by

projn(sz:u; (_Ag,u)af) = <_:u£)a prOJn(sz:;u f)? n = 07 17 .

The operator (—AL ) is related to the operator (—Af,)* on B¢ by

(AL ) f) op(x) =47 (=AL ) (fo)(z), zeB? aecR, (5.24)
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where the constant 4™ justifies the fact that ¢ is quadratic.

The requirement that the G-invariant weight h, is also Z4-invariant implies
the reflection group G is a semi-product of Z¢ and another reflection group.
In the indecomposable case this limits G to two classes: Zg itself and the
hyperoctahedral group By (see [DuXu]). As a matter of fact, we will restrict
our attention to the cases of G = Z$ and G = By for the rest of this section.
According to Example 1.2 and Example 1.4, the weight functions WZ ”(x) =
WT (z;G) in (1.0.20) can be written explicitly as follows:

S
W,Z#(:c;zg) _ x'fl_m N _xgd—m(l . |x|)“_1/2, (5.2.5)
d
— Kk1—1/2 K
W (23 Ba) = (1 — |a|)* 1/2(1'[ Z Y )( [T Izl ) (5.2.6)
i=1 1<i<j<d
where |z| = 21 + -+ + g for & = (21, ,24) € T, and p, Ky, , kg > 0.

Note that || = Z;lzl k; in the case of G = Z3, and |k| = @ﬁg +dk; in the
case of G = By.

The HLS inequality for the fractional integration (—AT )~/

on the weight-

ed simplex T? can now be stated as follows:

Theorem 5.2.1. Let 1 < p < g < oo and a > 0. Then the inequality

I(=AL )" fllawr,y < Clfllzowr,y, [ € LP(WE,;T? (5.2.7)

Ryt

holds if and only if o > Sn,u(;l; - %), where s, = max{2|k| +d, s, +2u + 1},
and s, is given in Example 1.2 for the case of G = Z$ and in (1.0.9) for the
case of G = By.

Proof. The sufficiency part of Theorem 5.2.1 follows directly from Theorem
5.1.1, (5.2.2) and (5.2.4), whereas the proof of the necessity part runs along
the same line as that of Theorem 1.0.1. O]

Next, set p;(z) = \/x;(1 — |z|) for i =1,--- ,d, and
(,Oi’j(l') = TiZj, ai’j:aj—ai 1 §Z<]§d
For simplicity, we denote by o;;, 1 <14 < j < d, the reflection o, ., given by

_1’:(1’1,"' G PR TP 7xd)7

(.7}'1,"' R R P 7xd) '_>O-ei—e]
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and define

Sijf(x) = f@) — 1(0:57) Vit ag, v= (v, ,24) € T (5.2.8)

ZL’Z'—.CE]'

Also, we write
(f, g)LQ(Wgu) = /Td f(:v)g(a:)Wgu(:B) dr, f,g¢€ L2(W,?M7']I‘d)
Finally, we define
0, if G=174
1, if G =By

a(G) =
Theorem 5.2.2. For any f,g € C*(T%),

d
< AT L2 WT Z (Pzafﬂozag L2 WT + Z (101] zjfa%oz] ’ng>L2(WT)
7j=1

1<i<j<d

+a(@)2 ke Y (Sigh Sig9) g, (5:29)

1<i<j<d

Furthermore,

Z Uijira — a(G) k2 Z (—Jzu — Uz‘,j), (5.2.10)

. . Z; _:L‘])
1<i<j<d 1<i<j<d

where I denotes the identity operator, o, ;f(x) = f(o;;z), and

Usiongs = WE (@) 05 (w1 = o)W, (@), 1<i<d
Us s = Wi (€)' 05 (wia,WE (2))0;5, 1<i<j<d

Proof. We use the notation (-, ) ;25 , to denote the inner product of L*(W,2,; BY).
o
We then use (5.1.8) and (5.2.2) to obtain

4< — AZ’#]C, g>L2(W$M) - < - Afﬂu(f o 77Z)>7 go ¢>L2(W,§u)

d
= Z (Dij(f ov), Di (g0 w)>L2(W£#) + Z (00i(f o 1), p0(g o w»L?(W,!fM)

1<i<j<d i=1

+ 37 KalBalf 0 0), Balg 0 9))pagrs,

Kyt
a€ER 4

:221+22+23,
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where o(z) = /1 — [|[z]? as above. A straightforward calculation shows that
Dij(f 0 )(x) = 20i3(4(2))0;5f (W (x)), = € B,
and
(1= [l2l*)0:(f o ¥)(2)di(g o ¥)(x) = 4pi(¥(2)))?0:f (v (2))Dig(¥(2)).

It follows that

Y1=4 Z <S0i,jai,jfaSoi,ja@jg)L?(W,z:u)

1<i<j<d

and

IIFﬁs}~

d
((9i0if) 0 ¥, (9i0ig) 0 V) 2wy = 4> {pioif, 2i0i9)) 2wy -
=1

Next, it is clear that Y3 = 0 if G = ZJ. Thus, to complete the proof of
(5.2.9), it remains to show that for G = By and W, in (5.2.6),

Sy =2k Y (Sijf,5i39) 12wt ) (5.2.11)

1<i<j<d

Indeed, if G = By, then

E3 = R2 Z < e;—ej (f o w) e;—ej (g o w)>L2(W§‘L) (5212)
1<i<j<d ’
+ % Z < e;+e; (f © w) e;te;j (g © w))LQ(W’&B’M)
1<i<j<d

Note that for 1 <i < j <d, 0¢,—c,v = 0, j(v) and
Gerpe, (T, o iy oo gy @q) = (B0, =gy o =iy, ).
This implies that for z € B¢,
Q/J(Ueifej»’l?) = 0;;(¢¥(x)), w(UeiJrejiU) = 0i;(Y(x)).
It follows that

(L = 0i;)f((x))

JZZ‘—[E]‘

Eei—ej (f © 10)(50) =
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and
(I —0i5) f(¥(z))

$i+$j

Eei+€j<f ot)(z) =

Thus,

<E€i*€j (f © w)v Eei*e]' (g © w»L?(qu) + <E€i+€j<f © w), Eei+ej (g o 1/})>L2(W,§”)
= [ [ = )@@ [0 - o)) [y + e
x? + xf

- Q/Bd (I = 0:) f((2)] [(I = 0:5)9(¢(2))] WWEM@) dx

B
5 WK,#(.I) dx

Ti+x;
—JQWKT#(x) dx

(zi — @)

= /Td (I = 0i) f(@)] [(T = 0i)9(2)]
=2(S;;f, Sz,j9>L2(W,§M)‘

This together with (5.2.12) implies the desired equation (5.2.11).
Finally, we prove the decomposition (5.2.10). For simplicity, we define

Aiif(@) = i(2)0if (), 1<i<d, ze€T (5.2.13)
and
Ai,jf(l’) = g0i7j(x)8i,jf(x), 1< <j < d, x € Td. (5214)
Then (5.2.9) implies that
AL = ) AL A+ a2 Y SHS, (5.2.15)
1<i<j<d 1<i<j<d
where A7, and S}; denote the adjoint operators A;; and S;; in the space

L*(W[I,; T?) respectively. However, integration by parts yields that Ay ;A;; =

—U, jixu, Whereas a straightforward calculation shows that

N T; + T
Si5uif (@) =2 f(z) = floi ) m
The decomposition (5.2.10) then follows. This completes the proof. ]

The decomposition (5.2.15) together with (5.2.2) and Theorem 5.1.3 implies
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Theorem 5.2.3. If 1 <p < oo and [, f(x)W],(z)dx =0, then

H —ALLf ~ Y MAflleavr,y +al@ra > 1S flewr,),

Lr(wWT
(W) 1<i<j<d 1<i<j<d

where the A, ; are given in (5.2.13) and (5.2.14), and the S;; are defined by
(5.2.8).

We point out that in the case of G = Z, the decomposition (5.2.10) was
previously obtained in [BX, BSX, Dit], whereas Theorem 5.2.3 was proved by
a different method in [DHH]. To the best of our knowledge, our results for the
case of G = By are new on T¢.

The decomposition (5.2.15) allows us to introduce the following definition
of the Riesz transforms for WOPEs on T?.

Definition 5.2.4. Define the Riesz transforms for the WOPEs on T? by

R{”f@;) = Ay (=A%, )*%f(:c% 1<i<j<d,
21] .I‘ \/"12 Sz] f( ), 1§Z<j§d

By the decomposition (5.2.15), we have

N (RL)RL +al@) S (RE,)RE, =1,

1<i<j<d 1<i<j<d

where I denotes the identity operator on { feL}(W! w de x) do =

0} and U* denotes the adjoint operator of U on the space LQ(WT ']I'd) Fur-

K,
thermore, according to Theorem 5.2.3, we have

Corollary 5.2.5. If 1 < p < oo and [, f(x)W] (z)dx =0, then

I leswry ~ > IR e,y +a(@) Y 1R fllwwz,).

1<i<j<d 1<i<j<d

Next, as what we applied to unit ball in preceding section, we also derive
the uncertainty principle on simplex from Theorem 5.1.6 using (5.2.2) and
(5.2.4).
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Theorem 5.2.6. Let f € C’1<Td> be such that de f(x)Wgu(x) dr = 0 and
S | f(@)PWT (x)da = 1. Then

[ [ (1= (07 @) 0 DI P, @) do)]

<[ /T AL @ PWE@) )] 2 Ca > 0, (5.2.16)

where we recall that =1 (x) = (\/Z1, /T2, -+ ,\/Ta).
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Part 11

Reverse Holder’s inequality for

spherical harmonics !

LA version of this part has been accepted for publication [DaFeTi.
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6.1 Introduction

Let S471 = {x € R?: ||z|| = 1} denote the unit sphere of R¢ endowed with
the usual Haar measure do(x), where || - || denotes the Euclidean norm of R¢.
Given 0 < p < 0o, we denote by LP(S?1) the usual Lebesgue LP-space defined
with respect to the measure do(z) on S~!, and by || - ||, the norm of LP(S*1).
Throughout the chapter, unless otherwise stated, all functions on S~! will be
assumed to be real-valued and measurable, and the notation A ~ B means that
there exists an inessential constant ¢ > 0, called the constant of equivalence,
such that ¢7'A < B < cA.

Let 11¢ denote the space of all spherical polynomials of degree at most
n on S (ie., restrictions on S¢°! of polynomials in d variables of total
degree at most n), and H? the space of all spherical harmonics of degree n
on S, As is well known (see, for instance, [DaXu2, chapter 1]), H¢ and I1¢
are all finite dimensional spaces with dim H¢ ~ n?=2 and dim [I¢ ~ n¢! as
n — oo. Furthermore, the spaces H¢, k = 0,1,--- are mutually orthogonal
with respect to the inner product of L?(S?~1), and each space I1¢ can be written
as a direct sum ¢ = @;‘:0 7—[;-1. Since the space of spherical polynomials is
dense in L*(S* '), each f € L*(S?!) has a spherical harmonic expansion,
f =332, proj, f, where proj, is the orthogonal projection of L*(S*!) onto
the space H¢ of spherical harmonics. The orthogonal projection proj, has an

integral representation:

d—3 d-—3

projy, f(z) = C.a f(y)P,f 22 )(x-y) do(y), €S,  (6.1.1)

Sd—1

where
oo FOT(EH) 2k +d—2)T(k+d—2)
BT T (d — 1) D(k+ 41 ’

and P,ia”g ) denotes the usual Jacobi polynomial of degree k£ and indices «, 3,
as defined in [Sz, Chapter IV].
Our goal in this chapter is to find a sharp asymptotic order of the quantity

SUDy;, epd % for 0 < p < ¢ < ooasn — oo. The background of this problem
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is as follows. In 1986, Sogge [Sog]| proved that for d > 3

Y, B nT(E—a)7 2<q< 2
sup —H [IZIEED ~ N 1= (6.1.2)
vaerd || Ynllr2a-r nd=2G=9)-7, 2 < g < oo,

which confirms a conjecture of Stanton—Weinstein [Sta] in the case of d = 3
and ¢ = 4. Here and throughout the chapter, it is agreed that 0/0 =
De Carli and Grafakos [DeGr, Section 6] proved that if 1 < p < ¢ < 2 and

Y,, € H? can be written in the form

d—2

) m —k d—2—k
Yo (z) = a2t H(Sin $k+1)m"“P7§zkkE:+1 M (Cos ),
k=0
(6.1.3)
with n =mg > my > ---mgy_s > 0 being integers, then
Y, _ _
I¥nllpaes <onTGY, 1<p<q<2, (6.1.4)
HYnHLP(Sdfl)

which was further applied in [DeGr] to prove the restriction conjecture for the
Fourier transform for the class of functions consisting of products of radial
functions and spherical harmonics that are in the form (6.1.3), (see Section
4.1 for more details). Note that the set of functions Y,, in (6.1.3) with n =
mo > my > ---mg_s > 0 forms a linear basis of the space Hi. It is therefore
natural to ask whether or not (6.1.4) holds for all spherical harmonics Y,, of
degree n. A related work in this direction was done recently by De Carli,
Gorbachev and Tikhonov in [DeGoTi|, where the following weaker estimate of
[Duo] for spherical harmonics was applied to study a sharp Pitt inequality for

the Fourier transform on R?:

Yol Cyl_1 1 1
sup | HP < Onld (5 ;)7 —+== 1, 1<p<2, (6.1.5)
vaergd [Yallp pop

Finally, let us recall the following well-known result of Kamzolov [Kam| on the

Nikolskii inequality for spherical polynomials:
IPoll, < ORGP, |, VP, ell?, 0<p<g<oco.  (6.1.6)

Since He C T1¢, the Nikolskii inequality (6.1.6) is applicable to every spherical
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harmonics Y,, € H%. It turns out, however, that the resulting estimates are not
sharp for spherical harmonics in many cases (see, for instance, (6.1.2), (6.1.5)
and (6.1.4)).

We will prove the following result, which, in particular, shows that (6.1.4)
holds for all spherical harmonics Y,, € H%, and the upper bound on the right
hand side of (6.1.5) can be improved to be Cnl-2G3

p 27,
Theorem 6.1.1. Assume that d > 3 and 1% + ﬁ =1lip>1.

(i) If either 0 <p <1 and p < q¢ < o0, 0r1§p§2andp<q§ddfp/2, then

Yallg  a2-1

sup n 2 q

—_—
YoeHd ||Yan

(6.1.7)
(i) If either 1 <p <2 and q > j—f’;, 0r2§p<% andq>%; then
HYan ~ n(d72)(l7%)7l

Y, eHE HYn”p

(iii) [f% <p<q< oo, then

Yalle @ne-2)

sup n

—_—
Y, €HE HYn”p

(iv) If d=3 and 2 < p < 4, then for q > 3p/,
qup Wnlle 3
Y, cHS ||Yn||p
whereas for p < q < 3p/,
¥oally 2

YoeHd ”Yan

Of particular interest is the case when 1 < p < 2 and ¢ = p’, where our

result can be stated as follows:
Corollary 6.1.2. If Y, € H?, 1 <p <2 and % + :r% =1, then
Vally < CnZ G |Y,l,, 1<p<2. (6.1.8)
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Furthermore, this estimate is sharp.

Several remarks are in order.

Remark 6.1.1. Estimate (6.1.8) for p = p,y := % follows directly from the well-

known result of Sogge [Sog] on the orthogonal projection proj,, : L*(S*!) —
He. However, for 1 < p < 2 and p # py, the sharp estimate (6.1.8) in Corollary
6.1.2 is nontrivial and cannot be deduced from the result of Sogge [Sog], who

proved that for 1 < p < py,
I proj, flla < Cn'= G-t @m@aD | ) v e [PSYY),  (6.1.9)

and this estimate is sharp. Since proj, f = f for f € H%, this leads to the

inequality
[Yollo < Cn T G- @wm®a |y, | Y, e H, 1<p<pa

which, according to Corollary 6.1.2, is not sharp unless p = py.

Remark 6.1.2. Interesting reverse Holder inequalities for spherical harmonics,

1Ynllg
sup <C(n,q)
vaend || Yallp
with the constant C'(n, ¢) being independent of the dimension d but dependent
on the degree n of spherical harmonics, were obtained in [Duo] for some pairs of
(p,q), 0 < p < q< oo. The general constants C' in this chapter are dependent

on the dimension d, but independent of the degree n.

Remark 6.1.3. For d > 4, it remains open to find the asymptotic estimate of

the supremum on the left hand side of (6.1.7) for 2 < p < ﬁ andp < ¢ < d%.

This chapter is organized as follows. In Section 2, we construct a sequence
of convolution operators {T,}5°, on L*(S¢~1) with the properties that T,,f = f
for f e He, |Tnf| < Csupgejcq | Proj, o) f1 and || T, flleo < Cnz || f||; for all
f € LY(S¥!). These operators play an indispensable role in the proof of
Theorem 6.1.1, which is given in the third section. Finally, in Section 4, we
give two applications of our main result, improving a recent result of [DeGr]

on restriction conjecture and a result of [DeGoTi| on sharp Pitt’s inequality.
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6.2 A sequence of convolution operators

We start with the following well-known result of Sogge [Sog| on the operator
norms of the orthogonal projections proj, : L2(S%!) — H4.

Lemma 6.2.1. [Sog/ Let n € N and d > 3. Then the following statements
hold:

(i) If1<p<ps:=F%, then

I proj,, fll2 < Cn@VG=2=z2||f|,.

(ii) If pa < p <2, then

| proj, fllz < Cn = G2 £,

(ili) If 2% < ¢ < oo, then

1

I proj, fllg < Cn=DGE=D72 £,
: 2d
(iv) If2 < q < 75, then
. d—2¢1_1
I proj, flla < Cn'= G| f]l.

Here, the letter C' denotes a general positive constant independent of n

and f.

As was pointed out in the introduction, Lemma 6.2.1 will not be enough for
the proof of our main result. The crucial step in the proof of Theorem 6.1.1
is to construct a sequence of linear operators {7,}>°, with the properties
that T,/ = f for f € He, |Tuf] < Csuppcjea| projy; f] and [T fll <
Cn% |||, for all f € L}(S4Y) .

To define the operators T,,, we need to recall several notations. First, given

h € N, and a sequence {a,}%, of real numbers, define (see, for instance,

[DeLo, 7.1])

Ahan = Qp — Ap+h, Afj—l = AhAfl, /= 1, 2, A
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Next, let

J=0

with a,, ;= R,(cos ). Here and throughout, the difference operator in A% R,,(cos 6)
is always acting on the integer n. In the case when the step h = 1, we have
the following estimate ([DaXu2, Lemma B.5.1], [DaDi)):

_d-2
2
Y

’AfRn(cos 8)‘ < CO'(1 +nb) 6 €[0,7/2], ¢eN. (6.2.1)

On the other hand, however, the (-th order difference A{R, (cos®) with step
h = 1 does not provide a desirable upper estimate when @ is close to m, and
as will be seen in our later proof, estimate (6.2.1) itself will not be enough for
our purpose.

To overcome this difficulty, instead of the difference with step 1, we con-
sider the (-th order difference ASR,(cosf) with step h = 2. Since Aba, =
Zﬁ:o (f) Afay;, on one hand, (6.2.1) implies that

‘AéRn«@s@)5;09%14-nm*%?, 6 el0,r/2.

On the other hand, however, since

¢
(L
ASR, (cos ) = Z(—l)J (j) Ry 19;(cos @),
=0
and since R, 49;(—2) = (—=1)"R,12;(2), we have A5 R, (cos(m—0)) = (—1)"AL R, (cos §).
It follows that

0 (1 +nh)~"2", 0el0,7/2,

2

B (6.2.2)
(=) (1+n(r—0)""2, 0€[r/2,7]

’Aan(cos 6) ‘ <C
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By (6.1.1), we obtain that for every P € H¢,

Pa)=co [ PR )do(y), o 5™,

where
(4)d+2n—2 T(d+n-1) -2
Cp = ~n e

2142 d+n—2 T(n+ 1)I'(d—1)
and z -y denotes the dot product of z,y € R?. Since R;(x-) € H4 for any fixed

x € S it follows by the orthogonality of spherical harmonics that for any
P e Hl and any ¢ € N,

P =6 (1) [ PRsten i

i=0 J
=c, /Sdl P(y)ASR, (- ) do(y). (6.2.3)

For the rest of the section, we will choose ¢ to be an integer bigger than %

(for instance, we may set £ = d — 2), so that by (6.2.2), we have

’Aan(cos 0)’ <Ccn 7. (6.2.4)

Now we are in a position to define the operators 7T,,.

Definition 6.2.2. For f € L'(S*!), we define

L) = [ )@y doly), ¢ €8, (6.2.5)

where
d—

(cosb) = ¢, ( ) R, +2j(cos ).

=0

l\J

<.

By (6.2.4), we have
B, (cosf)| < Cnz, 6 €0, (6.2.6)
whereas by (6.2.3)
T,P(z) = P(z), VYPeH! vees (6.2.7)
The main result of this section can now be stated as follows.
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d/
Theorem 6.2.3. If1<p<2andp <q< 5%, then

d-2(1_1 B
[T fllq < Cn G q)||f||p7 Vfe (ST, (6.2.8)

/

If1§p§2cmdq2%, then

d—2_d—1

ITuflly < Cn> =7 | fllp, VS e LP(S™).

Proof. First, we prove the assertion (i). Note that by definition, for each
fe L} (s),

(d—2\ c, )
T.f = j;(—w( j )ij PTOj,sa; f (6.2.9)
which implies that
ITuflls < Cllflly W1 € T2(S*Y). (6.2.10)

On the other hand, however, using (6.2.6), we have
ITuflloo < Cn'Z || fll, Vf € LH(S™). (6.2.11)

Thus, applying the Riesz-Thorin interpolation theorem, and using (6.2.10) and
(6.2.11), we deduce that for 1 < p < 2,

Tty < CR@2G72)| 7, Ve LP(S*). (6.2.12)

Next, by (iv) of Lemma 6.2.1, and using (6.2.9), we obtain that for 2 <

2d
r< 555,

T, fllr < Cn' =G| fll,, Vf € LA(S*). (6.2.13)

Assume that 1 < p < 2 and p/ < ¢ < 2. TLet § = z% € [0,1], and let

)
rz@qz}%q. Then 2 < r < 24 and

Thus, by (6.2.12), (6.2.13) and applying the Riesz-Thorin interpolation theo-

rem, we obtain that

ITuf|ly < Cn2*=0p PG00 7|l = T G=a)|| f]],.
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This completes the proof of the assertion (i).

Assertion (ii) can be proved similarly. Indeed, using (6.2.9) and (iii) of

Lemma 6.2.1, we have that for r > %,

1T fllr < Cn=2G=2=7| flla, Vf € L3S (6.2.14)

Assume that 1 < p < 2 and ¢ > ;Tp/z. Let 0 = z% and r = f0q = I%q. Then

r > 2L Using (6.2.14), (6.2.12) and applying the Riesz-Thorin interpolation

theorem, we deduce that

= Cnl* a0 £,

This completes the proof of (ii).

6.3 Proof of Theorem 6.1.1

The stated lower estimates of Theorem 6.1.1 follow directly from the fol-

lowing two known lemmas.
Lemma 6.3.1. [Sog/ Let
fu(x) = (21 +ixo)"
for x = (x1,29,...,14) € STL. Then f € HE and
d—2

“anpNn_ 7, 0<p<oo.

Lemma 6.3.2. [Sz, p.391] Let

nnE o 204-1)

1 _
“gan ~ n_%(logn)pa p - 2(dd_21)7
n_%, < 22?:21)
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For the proof of the upper estimates, we let P € H%. The crucial tool in
our proof is Theorem 6.2.3, where we recall that T, P = P for all P € H%. We

consider the following cases:
Case 1. 1<p<q<yp.

In this case, 1 < p < 2 < p/, and the stated upper estimate for ¢ = p/
follows directly from Theorem 6.2.3. In general, for p < ¢ < p/, let 6 € [0, 1]

be such that % = g + 173;,9. Then by the log-convexity of the LP-norm, we have

d—2

I1Pll, < IPIGIPIL < en'= G0 P, < Cn T G2 P,

which is as desired in this case.
Case 2. 0<p<landp<yq.

In this case, note that
d—2y_ _
1Pl < [IPIEIIPIIG? < Cn'=z U2 PlE|| Pl .

It follows that
1P, < Cn TG Y|P, 0<p<T,

which, in turn, implies that for p < ¢ and % = 1]'%9

)

d—2

_ _ d—2¢1_11
IPlly < IPISIPI, ™ < Cn 2| PITI P < Cn'= 63| P,

Case 3. 1<p<2andq>yp.

The desired estimate in this case follows directly from the first and the
second parts of Theorem 6.2.3 since T, P = P for all P € H4.

Case 4. ZSpS%anqu%.
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For P € H%, by the already proven cases it follows that

Case 5. 222 < p < ¢ < .

The reverse Holder inequality in this case follows directly from the corre-

sponding Nikolskii inequality for spherical polynomials given by (6.1.6).
Case 6. d=3 and 2 <p < 4.

The proof in this case relies on the following result of Sogge [Sog]:

Lemma 6.3.3. I[fd = 3, % <p<4andq=3p, then

. 1_2
[proj, fllg < Tz« | fll,.

Now we return to the proof in Case 6. Again, in view of Lemmas 6.3.1 and
6.3.2, it is enough to prove the upper estimates. Assume first that ¢ > 3p/.
Let 2 <p < p; <4 and let 6 € [0, 1] be such that

1 1-6 46

p D1 2
Set g1 = 3p}. Then by Lemma 6.3.3,

1T Fllgr < Cn2 (| fllpy- (6.3.1)

For ¢ > 3p’ > 3p| = q1, let ¢ > ¢ be such that

1 1—-6 0
q q1 q2
Then
1 1 1 1 1 1 1 1 1
- > — 4+ - =0(=4+ = —(1-0)=0(- — = —.
323,175 (6+q2)+3( ) (q2 6)+3

This implies that g > 6, hence by (ii) of Theorem 6.2.3,

12
[T fllge < Cn2 w2 f]]2. (6.3.2)
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Thus, using (6.3.1), (6.3.2), and the Riesz-Thorin theorem, we obtain
1T fllg < Cnzal[ flp,

which implies the desired estimate for the case of ¢ > 3p'.
The case of p < ¢ < 3p’ can be treated similarly. In fact, let p;,q; and 6
12 _1/1 _ 1

be as above. Observing that 5 — = = 3(;- — .-), we may rewrite (6.3.1) as

1T flly < Cn2Gima) | f]
q1 pr1-

Furthermore, we may choose p; > p to be very close to p so that ¢ < ¢; =
3p} < 3p'. Let g3 < ¢ be such that

1_1—9 0
q q1 qs
Then
1 1 1 1 1 1 1 1 1
- < — 4+ —-—=0(=+ — —(1-60)=0(- — = —.

Hence 2 < ¢3 < 6, and using (i) of Theorem 6.2.3, we deduce
111
IToflles < Cn2=72 | o

The stated estimate for p < ¢ < 3p’ then follows by the Riesz-Thorin interpo-

lation theorem. O

6.4 Applications: Fourier inequalities

6.4.1 The restriction conjecture.

One of the most challenging problems in classical Fourier analysis is the

2d
d+1

there exists a constant C' depending only on p, ¢, d such that

restriction conjecture, which states that if 1 < p < and ¢ < %p’ , then

F pagsi-
WPl _ o yp C(RY), (6.4.1)
1 F'[| Lo (e
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where F(€) = [pu F(z)e "¢ dz, ¢ € R%. This conjecture has been complete-
ly proved only in the case of d = 2. We refer to the book [St2, Chapter IX]
for more background information of this problem.

De Carli and Grafakos [DeGr] recently proved that the restriction conjec-

ture is valid for all functions F' that can be expressed in the form
N x
F(z) = f(llzDll] gn(m), n=0,1,--

with f(|| - ||) € C(RY) and g, € HE being given in (6.1.3) . Using Theo-
rem 6.1.1 (i), and following the argument of [DeGr], we may conclude here

that the restriction conjecture holds for a wider class of functions
Fe U{ (el ™Y, (o) = F01- 1) € G, ¥, € i}

Indeed, it was shown in [DeGr] that for F(x) = f(||z|)|l=||"Y.(z/||z||) with
f € C(RY) and Y, € HY,

din
P g (L O e K P
HFHL”(Rd (fooo| (r)|prd—1+npdr) p HYnHLP(Sd—I)

A

< Cn@D3- |
1Yol Lo (sa-1y

(6.4.2)
where J,,(r) is the Bessel function of the first kind However, according to (i)

of Theorem 6.1.1 , we obtain that for 1 < p < and g <

d+1 d+1p )

RHS of (6.4.2) < C'sup MG+ 26D < o

m>1

6.4.2 The sharp Pitt inequality

The following sharp Pitt inequality has been recently proved in [DeGoTil:

Theorem 6.4.1. If1 <p<2ands=(d—1) (— — —> then for every Y, € HY
and every radial f € S(RY), the Pitt inequality

1y FYe ) o ray < Cll |l (@) V(@) | ouey (6.4.3)

100



holds with the best constant

=

pw [ ((@ktd—Dp'+2)»
1 1Yell Lo (gn-1)

(p/) (2k+d4—p})p/+2 r <(2k+d21)p+2> % YkGHﬁ ||Yk,’ ”Lp(Sn—l)

According to Theorem 6.1.1, we have

¥l o gn1) ~ KDGD),
vierd || Yellzosn-n)

whereas only the weaker estimate (6.1.5) was obtained in [DeGoTi].
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Part 111

On the convergence of cardinal
interpolations thought
parametered radial basis

functions’

2A version of this part is submitted for publication.
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7.1 introduction

Approximation and interpolation in multiple (here: d) dimensions of func-
tions and data by computationally simpler expressions is a task that is often
addressed for instance by using linear combinations of shifts of a single kernel
function. This is because the computation of the aforementioned approximant
or interpolant is greatly simplified in this way especially when the said kernel
function has certain symmetries for example. Especially in high dimensions
d > 1, one type of symmetry is resulting from using a radially symmetric
kernel ¢(]| - ||) : R¢ — R; here and anywhere else the norm || - || is Euclidean
and the radial part ¢ : R, — R is called the radial basis function.

Various different approaches to approximate the approximand f may be
taken; when going back to the radial basis functions, for instance one may
work by varying on the positions of the shifts — here called centres because of
the radial symmetry about them — and among them we wish to study cardinal
interpolation on equally spaced data. Indeed, the problem of interpolating
to a multivariate function on an integer grid using the radial basis function
¢ : Ry — Ris formulated classically in the following way: given the continuous
function f : R? — R (the approximand), find a set of real coefficients {dj,}cz4
such that

If(z) =Y dp(lz—kl), =R
kezd
is well-defined (the sum converges at a minimum quadratically, thus we may
not in certain cases evaluate pointwise everywhere) and agrees with f every-
where on Z?. Alternatively, and this is our approach here, we may initially try

to find coefficients {cj }reze such that the so-called cardinal function
@) = Y epllz—kl), @ eRY, (7.1.1)
kezd

is an absolutely convergent sum with the cardinality conditions x(j) = do ; for
all multi-integers j € Z% where ¢ is the Dirac functional, that is, d,; = 1 if
s=tand 65, = 0 if s # ¢t. We then set

If(x)=Y_ flk)x(z—k), xR’ (7.1.2)

kezd
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whenever the approximant’s sum (7.1.2) converges absolutely or at a minimum
in an L2-sense. In the latter case we may be unable to evaluate pointwise but

may consider the error
If = 1fll2

nontheless.
This approach provides a useful and flexible family of approximants for

many choices of . For instance, the famous multiquadric radial basis function
(MQ) ¢(r) = @c(r) = Vr? + 2, further inverse multiquadrics (IM)

1
p(r) = ﬁ’

inverse quadratics (1Q)

which all unify and generalise in

Y
Py (r) = <7’2 + 02> . Y€y

nonnegative integers are forbidden because they force the radial function com-
posed with the Euclidean norm to be simply a polynomial of degree 2+ in d
unknowns. Finally, the popular Gaussians (GA) ¢(r) = exp(—(cr)?), the Pois-
son kernel ¢(r) = exp(—cr) and shifted thin-plate spline radial basis function
o(r) = (r* + ) log(r* + ).

However, in this article we will focus mostly on the multiquadrics ¢.(r) =
V12 4 2 with real parameter ¢ and its aforementioned generalisation for v not

a nonnegative integer
”
pelr) = (24 ¢2)
In this case, the existence of the cardinal function x = x. defined by (7.1.1)
was confirmed for example by the first author [Buh2], where it is furthermore

proved that for instance beginning in one dimension and for the multiquadrics

proper it is true that at a minimum
Xe(@)| = Oz 7°) = Oc(ll27°)  as [la] = o0,

with the constant absorbed in O = O, being dependent on ¢ but not on

x. This is a first indication that the convergence of the infinite series for the
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cardinal interpolants may also be hoped for in the context of some polynomially
increasing approximands f or indeed polynomials p = f of certain degrees
themselves.

Continuing now, from the broad theory in Chapter 4 in [Buhl], and when
¢ is not zero, it follows that for the generalised multiquadrics function we get

further decay estimates of
(@) = Ocllz| 777, as ] — oo, (7.1.3)
for z € R? so long as 2y + d is an even positive integer, and in all other cases
(@) = Ol 772, as | — oo (7.1.4)

Then, a frequently occurring question is whether the limits of interpolants
(7.1.2) will recover the original function on the whole space either immediately
or indeed asymptotically when the parameter ¢ tends to infinity — which makes
the radial basis functions “increasingly flat” in a term coined by Fornberg and
Larsson [FoLa]. This aspect of radial basis function interpolation and its nu-
merical solution is useful because it also concerns the numerical problem with
ill-conditioned matrices when solving the mentioned interpolation problems
for extreme parameters and how to solve the interpolation problems for the
interpolation coefficients efficiently in the face of this ill-conditioning.

An earlier paper [Bax| by Baxter gave out certain sufficient conditions on
functions f such that (7.1.2) uniformly converges to f on R? when the param-
eter ¢ tends to infinity. More precisely, the result is stated in the following

theorem.

Theorem 7.1.1. [Baz/ Given a continuous function f € L*(RY), whose square-

integrable Fourier transform f is compactly supported in [—m, 7|, so that it is

band-limited, then the interpolant

Lf(@) = Y fb)xele — k), = € R, (7.1.5)

kezd

is well-defined in L*(R?), where x. denotes the cardinal function for the integer

grid using the classical multiquadric radial function (v = 1/2) with parameter
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c. Furthermore, it is true that

lim I.f(z) = f(x) (7.1.6)

Cc—00
uniformly for all arguments on RY.

In another recent article [?] by Ledford, the author established the similar
result (see [?7, Theorem2]) with respect to a relatively general family of basis
functions. But in [?] it is still required all approximand functions satisfying
the same conditions. However, Powell [Pow, Section 5] had pointed out that
(7.1.6) holds for f(z) = z?, which, obviously, as an approximand does not in
fact satisfy the conditions of Theorem 7.1.1. Therefore, the central purpose of
this paper is to extend the uniform approximation property (7.1.6) by relaxing
the requirements on the approximands much further.

Our first main result establishes the uniform convergence of (7.1.6) for LP-
integrable functions, 1 < p < oo, with limited support of Fourier transforms.
Also, it is shown that such approximation is true under the corresponding

derivatives.

Theorem 7.1.2. Let f € LP(R%), 1 < p < oo, with a Fourier transform fin

the distributional sense. If the radial basis function in use is the generalised

d

multiquadric function andf is supported in [—m, 7|*, we have that

lim I.f(z) = f(x) (7.1.7)

Cc— 00

uniformly on R?. More generally, for any o € Zi,
lim 0“I.f(z) = 0°f(x) (7.1.8)
Cc— 00

uniformly on R, where 0% is a short notation for the partial derivative

olel

a1 a2 Qq
0" 0x5? - - - Oz,

d
of order o € Z .

Remarks.

In this sense, x. can be seen as a generalisation of the sinc function which

provided the famous sampling theorem (see [Jer]). However, the sinc
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function decays far too slowly, so it is not very well localised, and it has
to be used employing the tensor product form in the high dimensional

case.

By Paley-Wiener’s theorem, the functions satisfying the conditions in The-
orem 7.1.2 can be extended to entire functions of exponential type at

most 7. For details, one can refer to [St3] and [P1Po].

The conclusions of Theorem 7.1.2 are still justified for any radial basis func-
tion with its Fourier transform using the modified Bessel functions K,

in the form of

~ “ . I, (er)
9c(r) = Zgj(r)c ’ ;vj ’
j=1
where for each j = 1,...,m, v; being always positive, s; € Ry, and g,

are univariate functions which have continuous derivatives with g; and

g; possessing at most polynomial growth.

Notice that when p = oo, (7.1.6) may not be true. To see this, one can
consider f(x) = sinmz as an example, which is nonzero but vanishes at every
integer. In this view, we turn to establish (7.1.6) as well for approximand
functions, which are in some special forms-Fourier transform of Borel measure,

Fourier-Stieltjes integral and multivariate polynomials, respectively.

Theorem 7.1.3. Let f be a multivariate function on R? which is band-limited

and defined by a Fourier transform of any Borel measure, that is
flz) = / exp(iz - u) dp(u), (7.1.9)
[—7r,7r}d

where p is a Borel measure on RY with p([—m,7|%) < oo. The - denotes the
usual inner product. Then we still have for the generalised multiquadric radial

basis function

lim [.f(z) = f(z)

c—00

uniformly for all x € R,

Theorem 7.1.4. Let f be a multivariate function on R? defined by a Fourier-
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Stieltjes integral, that is

f(z) = / exp(iz - u) dayg(uq) - - - dog(ug), T ERd, u=(Up,...,uq),
[77T77T]d

(7.1.10)
where each a;(u;), j =1,...,d, is of bounded variation in [—m, 7] with o;(—m+
0) — aj(—7) = oj(m) — aj(m — 0). The cardinal interpolation in multiple

dimensions using the aforementioned cardinal function x. with radial basis
functions e, = (r* + )7 will then in fact satisfy for all v that are not non-

negative integers

lim .f(x) = f(z)

c—00

uniformly for all x € R,

Theorem 7.1.5. If f is a multivariate polynomial on R? of degree componen-
twise less than 4y+3d—1 when 2v+d s even or 2y+2d—1 for all other cases,
it enjoys for the generalised multiquadric function the identity (7.1.6) point-
wise with an absolutely convergent infinite sum. For a polynomial of degree
componentwise less than 4y+3d—1/2 when 2y+d is even or 2y+2d—1/2 for
all other cases, the same is true in the sense of L? with a square summable se-
ries. So the L*-error of the difference between approximand and approzimant

vanishes.

We remark that the generalisation also could be seen easily by applying The-
orem 7.1.4 to the example f(x) = cosmz as approximand for which therefore
Theorem 7.1.1, Theorem 7.1.3 and Theorem 7.1.5 are not applicable. Also
the observation of Powell [Pow, Section 5] about f(z) = x? is justified by
Theorem 7.1.5.

In the papers [Bax| and [?], the authors essentially accomplished their
proofs by applying the limit behaviour of X, the Fourier transform of cardinal
function x.. However, in our cases it is no longer enough for the proofs. Hence,
in the next section after recalling some well known facts we will first establish
some pointwise estimate of y.. Then, in particular, taking into account special
properties of the modified Bessel functions we gave an estimate of a sum of
X and its derivatives, which are crucial for the proofs of our main results. Fi-
nally, we will complete that section by proving Theorem 7.1.2, Theorem 7.1.3,
Theorem 7.1.4 and Theorem 7.1.5.

108



7.2 limit for the parameter of cardinal inter-
polation with RBF

Again, the radial basis function we consider is called the generalised multi-
quadric with a parameter ¢ > 0 and a nonzero parameter v, not a positive
integer, where incidentally for positive exponent v also ¢ = 0 is explicitly

allowed,
Pery (1) = (7"2 + CQ>V, r > 0.

As it is well known, the Fourier transform preserves the radial symmetry prop-

erty; that is, if f is a radial function on RY, its Fourier transform satisfies that

~ ~

FE&)=fm), itlel=lnl &neR"

So for convenience, given a fixed dimension d, we define
P (1) i= Do (), =z, z€RY

with ®.,(x) = ¢ (]|z]]). Here and in what follows, we specify the Fourier

transform normalised incidentally as

-~

fe) = g f(z)exp(—izx - &) dx, ¢ e R (7.2.1)

So long as we have the classical case v = %, ©ey can be formulated as

- /\ o2me)d+/2 | cr
& (7") = &, 1/2<T) _ _( s ) (d+1)/2< )7
g ’ 7rr(d+1)/2

where K(q441/2 is modified Bessel function with degree (d+1)/2. In particular,

for the one-dimensional case with v = 1/2, we have the simple expression

~ — 2¢K (cf|«|) > 1
Pey([lll) = @eapa(lizl]) = —|1— = —2/1 exp(—c|lz[[t)(t* — 1)2dt.

(7.2.2)

Now, in the general d-dimensional case for 7 not a nonnegative integer and
c> 0,
Py (1) = =21 (7 + )27 1 (2¢ /7)1 Hd/2 sin(my) Ky a2 (cr)
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which has an integral representation as

r 1) si o —
_ gpld=1)/2.27+d (’V + ) Sln(ﬂ"}/) / eXp(—CTt) (t2 _ 1)7+%dt, (7.2.3)
1“(7 + —d§1> 1

and for the case ¢ =0, v > 0, not integral,
o d : 2v4d,_d/2—1,,—2v—d
Qoy(r) = —T'{ v+ 3 (1 4+ v) sin(7y)297™%n r2r—d,

For further details of above formulae, one can refer to [Jon] for instance.
Especially the exponential decay of ¢, for large argument is essential for

our proofs, that is, for 0 < ||¢]| < ||n]| in particular

ey (Il < exp [—C(Hn!l - HéH)] |2e (1€ (7.2.4)

which is in fact a slight generalisation of Lemma 2.1 in [Bax] and is guaranteed
by an asymptotic behavior of modified Bessel functions (see [AbSt, 9.7.2]); that

is, for any degree v € R,
K,(z) ~ —, x— +o0, (7.2.5)

where A ~ B means there is a constant § independent of x such that §71A <

B < 0A. Apart from this, we need two more facts on modified Bessel functions.

\ff ©>0, |v|>% (7.2.6)

and the formulas for derivatives (see for instance [AbSt, 9.6.28]), that is

Namely,

d K, K,
4R K)o (7.2.7)
dz zv 2V

Furthermore, due to [Buh2], with respect to the generalised multiquadric radial
function again, the cardinal function defined by (7.1.1) in R? exists, and its

Fourier transform is given by

BN - )
Xel?) = S~ o=l + 2l

where the sum is taken over all d-dimensional multi-integers ¢. Based on this,

(7.2.8)
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the following two lemmas provide us with further details about the cardinal

function y. and its Fourier transform.

Lemma 7.2.1. For any u € (—7,m),
11— Xe(w)| < emem, (7.2.9)
and foru € R\ [—m, 7], say u = + 2wk with k > 1 and € (—7,7),

1Xe(u)] < e 4 eelm=¢l, (7.2.10)

Remarks.

(i) Lemma 7.2.1 can be seen as a deeper characterisation of Proposition 2.2
in [Bax|. For the clarity of presentation, it is convenient to rewrite it as

a lemma.

(ii) This result can be easily extended to any high dimensional case R¢ by
replacing |7 — (| and & in (7.2.9), (7.2.10) by 04(¢) and |k| respectively,

here |k|w = max |k;| and
04(¢) = min{|re — ¢| : e € {~1,0,1}%, e #0}, (€ (—m,m)% (7.2.11)
(iii) Through the inverse Fourier transform, this lemma immediately implies

aax X < A, (0! ( Zd 3 s ( Rd7 (; .2.].2)
C -+

where A is a constant independent of ¢ and .
Proof. By using (7.2.8),

Fo(f2m — ul)

Xe(2m —u)| < ——=
‘Pcv(‘ub

Since |2 — u| — |u| > |7 — u| for u € [0,7), by (7.2.4) we have (7.2.9) imme-
diately.
Similarly, when k& > 2, notice that

|2km —u| = |2k — )7+ 7 —u| > (2k — 1),
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which means [2km — u| — |u| > (2k — 2)m > km, and therefore (7.2.10) holds
by (7.2.8) and (7.2.4). O

Lemma 7.2.2. For any ¢ > 0,
D> Ixelz + ) < A< o0, (7.2.13)
jezd
where A is a constant independent of ¢ and x. Furthermore, for any o € Z2,
D 10 xe(x + )| < A’ < o0, (7.2.14)
jezd
where A’ is a constant independent of ¢ and x € RY.
Proof. Tt will be instructive to consider first the one dimensional case where
the arguments can be transferred to the higher dimensional situation easily
under a slight change.
By combining (7.2.8), (7.2.2) and (7.2.7), after a straightforward calcula-

tion, we have that

[ K1 (cle) Ko(clg+2me))H(E4+2m)  Ko(cl€) K (c|¢+2me))
|7 2 [+ 2n] & 2ot letent] }

K (cle-+2mt)
[ZE 1|§+27r€\ :|

K1 Ki(cé]) Z Ko (clé+2ml|) H(E+2mL)  Koa(cl€]) Z K (c[{+2mL))
€| £#£0 |E+2m] €| ££0 - |¢+2md|

K1 (cle+2rt)) ’
[Zé 1|E+27r€\ :|
where H(z) =1 for x > 0 and H(z) = —1 otherwise. Now, suppose that the
parameter c is sufficiently large, by using (7.2.5) and (7.2.6), we have that

el k| < 1
ce
X, < ’ -7 7.2.15
\xc<s>rw{cke_m7 o (7.215)

for ¢ = ( + 27k with ( € (—7,7) and k € Z and |{| > €. Here and in what
follows we use < to denote that there is an extra constant independent of ¢ in
the proposed upper bound.

Note that in case of choosing & = 7 for example, the first infinite sum in
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the numerator in the pen-ultimate display cancels, that is

5 Ko(cl€ + 2m0)) H (€ + 210)

; |€ + 27¢|

vanishes, which results in a nonzero numerator, because the two series no
longer annul each other asymptotically, and explains the ¢ factor for +7 as
arguments in x’(&).

Therefore, by symmetry,

/ £)\de = 22/ R 2mbldc < B < o (7.2.16)

where B > 0 is independent of the parameter c. It turns out that

o)) € o

= 27|z| | ) o |z

which, by combining with (7.2.12), implies the desired (7.2.13) for d = 1.
Then, for the general dimensional case, using the same argument we can
obtain that for £ = ¢ + 2wk with ¢ € (—7,7)¢ and k € Z,

N ce*wd(()’ k’ 0 < ]_’
925.(6)] < { Moo <

| ”%(f)dfl <L (7.2.17)

ce ™ k|oo > 1,
where 0} = a—d and o4 is as defined in (7.2.11) . This immediately implies
3 01084
that .
Xe(@)| € ——5—— / e EN(E di‘ -
2m Hj:l |51 J 1 |x3|

with B’ independent of ¢, z and thus (7.2.13) is justified.
Finally, to prove (7.2.14), when d = 1 we notice that (7.2.15) implies the
analogues of (7.2.15), (7.2.16) and (7.2.17); that is, for any a € Z,, we have

that
—c|r—(]| .
IVGIEE
ck®e=mk k| > 1,

for £ = (+2mk with ( € (—m, ), k € Z, and there is a constant B” independent
of ¢ such that

| leviois < (7.2.18)
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and

/m(if)“eixgi’c(f)d& < B lz| > 0. (7.2.19)

a
—_— <
d:vaxc(x)‘ = 2ml|z|’

~ 2m|x|

Consequently, with (7.2.12) we can conclude (7.2.14) for one dimension and

indeed for any higher dimension. [

Now we are in the position to prove Theorem 7.1.2.

Proof of Theorem 7.1.2: Suppose that f € LP(R?), 1 < p < oo, with its
Fourier transform supported in [—m,7|% Let f, € LP(R?) N L*(R?) such that
supp f C [—m, @] and f, — f in LP(R%). Here n € N. For instance, one can
set

fa(x) = [ * gu()
with gn(z) = (n/m)%2e"II” . Here, the star denotes the classical convolu-
tion by integrals. Noticing the Nikolskii type inequality for exponential type
obtained by Nessel and Wilmes [NeWi, Theorem 3], f,, also converges to f
uniformly as n — oo.
Then by Hélder’s inequality, for any z € R? and p > 1 with p’ = p/(p —1),

we have

1/p'

1/p
[L(fo) () = L(f)(2)] < (Zlfn(J) —f(j)|p> (lec(fv—jﬂp/) ,

which, with Lemma 7.2.2 and Plancherel-Pdlya’s theorem (see, for instance
[P1Po]), implies that

[Le(fu) (@) = L(f)(@)] < Cl[fo = [llp,

where C' is a constant dependent on p but not dependent on x, n and c.

Therefore, since

[Le(f) () = f(@)] < L) () = Le(fo) (@) + () (@) = fo(2)] + | ful2) = f(2)],

by applying Theorem 7.1.1 to f,, we conclude (7.1.7), and the same is true
for (7.1.8) by a similar argument using the statement about the sum of partial

derivatives from the previous lemma. [

Next we turn to prove Theorem 7.1.3, Theorem 7.1.4 and Theorem 7.1.5, which
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will be essentially relying on the following Lemma 7.2.4. However, for more
clarity of the presentation, before that we state a corollary of Lemma 7.2.1

since it will be used many times in the proof of Lemma 7.2.4.

Corollary 7.2.3. Let mq, mo be any two nonnegative integers with my+msy =

d. Then for u € (—m, )%, the series

Z )?C(Qﬂ/ﬁ + u, 7rk2) < e g5 ¢ — oo, (7.2.20)
k1€A1 or kocAs

where Ay = Z™ \ {0} and Ay = Z™> \ {0, —1,1}"=.

Lemma 7.2.4. Let . be the cardinal interpolation function as above, employ-
ing the said generalised multiquadric function ¢.,. Then for any x = (z,,2,) €
R? with 2, € R™, 2, € R™, and my + my = d, my, my being nonnegative

integers, if u € (—m,m)™,

ST 1 (g — 1,y — o) — € cos(may) | S e,

FIEZ™ jo€ZM2

(7.2.21)

as ¢ — 00, where oq4(u) is as defined in (7.2.11). Here and anywhere else we

adopt the convention that for some nonnegative integer m we have (—1)* =

(D> (=D if a = (aq,...,q,) € Z™ and x -y, for x,y € R™, is

the inner product as before, and cosx denotes the componentwise product
cosxy---cosxy if x = (v1,...,25) € R‘i, anyde N.

In particular, when my vanishes, one can simplify (7.2.21) as the estimate
Z ey (z —j) — e ey e (—m,m)?, zeRL (7.2.22)
jezd

Proof. Recall that with the specification of the Fourier transform (7.2.1), the
Poisson summation formula states that, if for example — see e.g. [?] also for

weaker requirements —

|f(z)| + ‘]?(a:ﬂ = O<1 + HxH’d’C> with some € > 0, (7.2.23)
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then it is true that

S f@—j) = ferkeh gz e R (7.2.24)

jezd kezd

Now, the proof is the same in all dimensions, but the description is simpler for
R2, so first our proof is carried out for R?, and next we indicate the necessary
changes to the desired generalisation to higher dimensions.

Obviously, the decay properties (7.1.3), (7.1.4) and (7.2.4) guarantee the

requirement (7.2.23). Therefore, for fixed z1, 25 € R, since

SN (=1 xe(r — G172 — o)

J1E€Z jo€l

. i . x , . o —1
S 3 ) e

J1EZ jo €L

and by using the stated Poisson summation formula (7.2.24) with

f(ZL‘) - e_ixluXC(xla 21‘2)?

we have that

Z Z e (=1)2 X (21 — J1, 22 — o)

J1€Z j2 €L
eia:1u R ) ) )
_ 5 Z Z XC(Qﬂ—kl + u77rk2)€72z7rk1:c1 [eflﬂ'k‘gxg . efzﬂkg(ngl)]
K1EZ ko €Z

= Il + [27

where
I, = e [X\C(u, m)e ™ 4+ ¥o(u, —7'(')6”332}
and
6ix1u R L . - -
I, = 5 Z Xc(QTrkl +U,7T]€2)6 2irki1x1 [6 itkawy e ik (2 1)} .

k170 or |ko|>1
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Notice that by using the symmetry of (7.2.8),

~ 1
)~ &
~ 1
Rl —m) — &
Py (I, 1
_ & (lwml) 1 o
Y ttpez Poy (Il 4 21l m + 2716y)]]) 2
-1
oy Z Por (|| (w + 2mly, 7 + 275) ) 1
le1]1>1 SOC’Y(H(%W)H) 2
£97£0,—1
-1
dl2+ T P (1 (u + 27y, 7)) 1
lg]1>1 SOCV(H(U W)H) 2
970,41
—o(1), (7.2.26)

which uniformly approaches zero as ¢ — oo after a straightforward calculation
by using (7.2.4).
For I, using (7.2.8) again, we have that

|| < Z Ne(2mky + u, mhy) S e~ (), (7.2.27)
k170 or [ka|>1
where the last step follows from Corollary 7.2.3.
Then, with a slight modification, the proof works equally well for the re-
maining cases when for instance m; = 2 and m; = 0 and therefore we have
completed the proof now for 2-dimensional case.

In the general R? case, with m; + ms = d, my, mo being both nonnegative
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integers, and u € (—m, 7)™,

E eijl.u(_l)jQXc(£1 — J1, Ly — ]2)
j1ez™l
Jjo €Z™2

= e Z Z e_i@l_jl)'u(_l)szxr:(ﬁl = J1,Zy — S2 = 2J2)

s2€{0,1}™m2 jiez™1
j2EZm2
eigl-u . . .
= S E Xe(27ky + , why) e M oinEy k2 E (—1)52e7imszhz,
2
kq€z™1 s2€{0,1}™2
ko€Z™2

(7.2.28)

Then one can check that for any nonnegative integer m, if k € {1, —1}",

D o(mrpeme = 3 (—F =2m, (7.2.29)

se{0,1}m se{0,1}m

and if k€ {0,1, =1} \ {1, =1} say k;, = ks, =+ =k;, =0, 1 <iy < --- <

1; < m with a positive integer 0 < t < m,

Z (_1)s€i7rk~s — Z (_1)si1+~~~+sit =0.

se{0,1}m Siq 551, €{0,1}

By applying these to (7.2.28), it implies that

> @)l — g ay — o) = € Re(ume) Y emER 4,
JIEZL™1 ,jo €L 2 koe{—1,1}m2
= 2M2e™1 cos () Xe(Uu, TE) + Jo.

(7.2.30)

Here recall that e = (1,1,...,1) € R™ and

ez

=

Z Xe(27ky + w, mhy) e 221 M oimEy k2 Z (—1)52etms2 k2

ki€Ajor kacAs s2€{0,1}™m2

satisfying that with A; = Z™ \ {0} and Ay = Z™2 \ {0, 1, —1}"2 as before

|Jo| < Z )/(\0(271'/{31 + u, 7Tk:2) < e e o0,
ki€eAy or kao€Ar

by using Corollary 7.2.3. Moreover, in a similar way as in (7.2.26), we obtain
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that uniformly in u,

lim Y.(u,me) =272,
c— 00

Then consequently (7.2.30) yields the desired (7.2.21). O

Now we are in the position to prove Theorem 7.1.3, Theorem 7.1.4 and
Theorem 7.1.5. Beginning by using Lemma 7.2.4 and the dominated conver-
gence theorem, we can obtain Theorem 7.1.3 directly, basically in the same

way as in the following

Proof of Theorem 7.1.4: For the sake of convenience and being concise, we
shall carry out the proof only for d = 2, while the general case follows in a
most similar way.

For each 7 = 1,2, let

ajo(u) = a;(u), if -7 <u<m,

and define furthermore
A =aj(—7m+0) —oj(—7), Bj=qa;(r)—aj(r—0) and C;=A;+ B;.

2

» =

Then noticing that A; = B;, j =1

2

f@)=]] { / 7; 1% dev; o (u;) + C cos(m;)

J=1

where u = (u1,u2), * = (21, 22).
Then, by expanding f(k) for each k = (ky, ky) € Z?, we have
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L(f) (@) = f(2)]
=Y f(R)xe(x = k) = f(2)]

kez?
S/ Z e xe(x — k) — €| da o (ur)dago(us)
[=m? | peze
+ |Ch| Z (—1)Fretk2uzy (2 — k) — ™22 cos ay | dovgo(ug)+
T lkez?
+ |Cy| / —1)Retuy (1 — k) — €™ cos g | day o(up )+
T keZQ

+[C1Cal] Y (1) el — k) — cos(mz),
kez?
which, by applying Lemma 7.2.4 and the continuity of o, ag, allows us to

claim that
lim [f(z) = L(f)(2)] = 0

uniformly on z € R? and therefore — using the analogous arguments in the
general multivariate case — conclude the proof of Theorem 7.1.4. [J

In order to prove Theorem 7.1.5, it is sufficient to notice that for example

1—
22 =2 lim M (7.2.31)

u—07t U

and 5 (o

2~ lim sin(zu) — sin( :cu)
u—0+t u3
Moreover,
6—38 2 2
A~ lim cos(a:u)4+ cos( xu)7

u—0t u

and similarly for all other powers. Then, by applying Lemma 7.2.4 again and
choosing certain linear combinations, we arrive directly at Theorem 7.1.5. [

We remark that the idea of Theorem 7.1.4 using Fourier-Stieltjes integrals
follows from the work of I.J. Schoenberg in [Sch], where it concerns the spline
interpolation. Moreover, in [RiSc], he also proved the necessity of the condition
(7.1.10). Nonetheless, this problem is still open for our case.

We also remark a straightforward generalisation of the Corollary 7.2.3,
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where the decay property and the existence of the Lagrange functions are
needed and guaranteed by the work in Chapter 4 in [Buhl], and the remaining

part of the proof follows the same lines as above.

Corollary 7.2.5. Let @, be any radial basis function, depending on a posi-
tive parameter c, that possesses a generalised Fourier transform gc which is

positive, decays exponentially with

g(r) = 0<exp(—acr)), ¢,r — 00, (7.2.32)

C

and
1/@6(7") = O(exp(gcr)), c,r — 00,

for some positive a, @, and has a singularity of positive order 1i at the origin.
Then the identities of the previous Lemmas 2.1 and 2.2 hold. If moreover,
the standard conditions in [Buhl], p. 59, are satisfied, namely for M > d +
[ that ¢ € CM(R,) with all its derivatives satisfying (7.2.32) and having
singularities

—_

PO (r) ~r it

at the origin, £ = 0,1,..., M, then the cardinal function satisfies the decay

estimate that at a minimum

Xe(@)] = O([l2]|~*)

for large argument. Therefore in particular
Z ’XC(x - ]) ‘
jezd
15 uniformly convergent and bounded for all arguments.

Note that the proof of Theorem 7.1.4 essentially only relies on the decay
property of radial basis function ¥, given in Corollary 7.2.5. Naturally we
extend our results to this more general class of radial basis functions. A typical

example is the generalised shifted thin-plate spline radial basis function

fc(r) = (r* + ) log(r? + )
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with Fourier transform

2(27T)d/2i26/2/F(5/2) Koy (cr)(c/r)*,
ap =2
see for example [BuDa] Example 2.7.

Corollary 7.2.6. Let f be an entire multivariate function on C? defined by a

Fourier-Stieltjes integral, that is
f(z) = / exp(iz - u) dag(uy) - - - dag(ug), r€RY u=(uy,..., ug),
[_71—77‘—]0{

where each a;(u;), j = 1,...,d, is of bounded variation in [—m, 7| with o;(—m+
0) — aj(—7) = aj(m) — a(m — 0). The cardinal interpolation in d dimensions
using the aforementioned cardinal function x. with radial basis functions p, as

giwen in Corollary 7.2.5 will then in fact satisfy

lim I.f(z) = f(z)

c—00

uniformly for all x € R,
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