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Abstract

One of the main difficulties in extending Macdonald’s theory of spherical func-
tions from p-adic Chevalley groups to p-adic Kac-Moody groups is the absence of
Haar measure in the infinite dimensional case. Related to this problem is the ques-
tion of how to generalize the integral defining Harish-Chandra’s c-function to the
p-adic Kac-Moody setting. Finding answers to these questions is the key objective

of this thesis.

Our main results, proven in the setting of p-adic Kac-Moody groups, are the
finiteness of formal analogues of the spherical function (Spherical Finiteness), the
c-function (Gindikin-Karpelevich Finiteness), and a formal analogue of Harish-

Chandra’s limit (Approximation Theorem) relating spherical and c-function.

These results have been proven by A. Braverman, H. Garland, D. Kazhdan and M.
Patnaik for untwisted affine Kac-Moody groups using algebraic and representation
theoretic techniques. In this thesis, we prove these results for p-adic Kac-Moody
groups by using a method motivated by Braverman et. al. but distinct even in the

affine case.
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Chapter 1

Introduction

1.1 Origin of the Problem

The central object of this thesis “the Gindikin-Karplevich formula” originated from
the theory of spherical functions on the real semi-simple Lie groups. The study of
these functions was initiated by V. Bargman [2], I. M. Gelfand [25], R. Godment [28],
and significantly advanced by Harish-Chandra’s work [30, 31]. In the following,
we introduce these functions and give an account of their relationship with the

Gindikin-Karpelvich formula.

1.1.1 Spherical Functions

Let GG be a connected, semisimple Lie group with finite center and g := Lie(G) be
its Lie algebra. Let K be a maximal compact subgroup of GG, and 6 : g — g the
corresponding Cartan involution, which has eigenvalues +1. Letting ¢ = {X € g |
0(X)=X}andp = {X € g | 0(X) = —X}, we have a Cartan decomposition
g = £@p. Pick a C p a maximal, abelian subalgebra and let A be the corresponding

Lie subgroup of G; writing exp for the exponential map, we have exp(a) = A.
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Under the adjoint action, the elements of a are (jointly) diagonalizable and the non-
zero eigenvalues are given by the roots of g. Pick a set of positive roots, and let
nt denote the sum of the corresponding eigenspaces; it is a nilpotent subalgebra.
Let U be the corresponding Lie subgroup of GG. The Iwasawa decomposition then

states that

G = KAU" = K exp(a)U* (1.1)

that is, each ¢ € G can be written uniquely as ¢ = kau = kexp(h)u for k €
Ku € U', and a = exp(h), h € a. Let ai. be the dual of the complexification
ac := C®g a. Let Ay C a be the set of roots, Ay be the set of positive roots
and TI, be set of simple roots. Let AT C A be the cone of dominant elements of A.
We denote by Dy (G) the set of all K-bi-invariant differential operators on G. Let

us now define the main notion of this subsection.

Definition 1.1.1. A continuous function

f:G—C (1.2)

is called a spherical function if: (i) f(1) = 1, (ii) f(kgk') = f(g) forall k, k' € K

and g € G; (iii) f is an eigenfunction for each operator in Dy (Q).

Let dk be the invariant Haar measure on K, normalized by f X dk = 1.

1.1.2 Harish-Chandra’s c-function

In his seminal work [30], Harish-Chandra introduced the now well known c-function.
This was the starting point of the Gindikin-Karpelevich formula. For more details

on the c-function, let v: a — C be a function. Associated with this function, we
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define a character ¢,,: G — C* as ¢,(g) = e!*", where g € G has the Iwasawa
decomposition g = kexp(h)u for some k € K, u € U and exp(h) € A with
h € a Letp = %Zae Ao, @ Harish-Chandra parametrized the set of spherical

functions on G by the following theorem (see corollary on page 61 in [30].)

Theorem 1.1.2. As v runs through ag, the functions

folg) = /K¢v+p(gk)dk’, geGq, (1.3)

exhaust the class of spherical functions on G and f, = f,; if and only if v € W,

where W is the orbit of v under the action of W on ag.

Let U~ be the unipotent group opposite to U™. In Theorem 4 of op. cit. the

asymptotic behaviour of the spherical function f, was studied and Harish-Chandra

showed
Theorem 1.1.3. Let Re(iv) € a, then the limit ¢, := lim L exists and it
a—00 ¢v+p(a)
is equal to
c, = Putp(u™)du™, (1.4)
-
where du™ is the Haar measure on U~ normalized such that fU_ G_gp(u”)du =1

+ . . . . . .
and a — oo means a is made increasingly dominant in the cone of dominant

elements A™.

The function c, is known as the Harish-Chandra’s c-function.
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1.1.3 Bhanu Murti’s Solution

F. Karpelevich started working on the c-function and computed it for SL3(R) in

1959, but he never made his solution public [27]. F. A. Berezin proposed this

problem to his PhD student T. S. Bhanu Murti, who found a product formula for

SL,(R) in [5]. After this, Karpelevich suggested to Bhanu Murti the problem for

the symplectic group Sp,,(R). He solved this problem (see [4]) and obtained these

solutions by using an inductive method. In this subsection, we outline Bhanu Murti’s

strategy for SL,, (R).

Let U~ C SL,(R) be the group of lower unipotent matrices and u~ € U~ be

such that
1 0 O 0
U21 1 0 0
u = U311  U32 1 0 (L.5)
Up1 Up2 Unp3 1
Next, let uy, ug, us, . . ., u, be columns of matrix v~ and for 1 <4, j < n, (u;, u;)
denotes the inner product of two columns. For 1 < r < n, suppose
(ur,ur)  (u1, ug) (ur, uy)
U2, Uy U2, U2 U2, Uy
o | )t ) w6
<ur7 U1> <ur7 Ug) <U,7~, ur)

and D, = det(u, ). Bhanu Murti [5, P. 862] proved the following result.

4




Theorem 1.1.4. Harish-Chandra’s c-function for SL,(R) satisfies

c, = NC,(v), (1.7)
where
+00 +00 _jviva 1 _tnm1vn 1
i) = / cof Dyt Dy o Pdun, o (19
N / 5 —du (1.9)
_ - |
v- D1Ds ... D,
v = (v1,vV2,...,v,) and du~ is the product measure Hi>j du;.

Moreover, he showed that the integral C,,(v) can be solved inductively and the
problem reduces to rank one computations. He obtained a formula for c, as a

product of Beta functions (cf. Section 1.1.4).

1.1.4 General Formula

Bhanu Murti could not extend and generalize his work for all semi-simple Lie
groups. Then, Gindikin and Karpelevich took up this problem. By following Bhanu
Murti’s inductive method, they evaluated the integral on the right hand side of (1.4)
for any semi-simple Lie group and gave the following solution in [26].

With the notations of Subsection 1.1.1, let
~ 1
Ao+ ={a€Apy | 5 Z Doy} (1.10)

Theorem 1.1.5. For each o € A0,+ set o, = 27 (v, a"). The Harish-Chandra c,
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has the following formula

_ 27 Nra)
e=o |l srmerroran@ s mea sy &

where for a positive integer n, I'(n) is the gamma function, cy is a constant such that

c, = 1, and for a root 3, m(3) denotes the multiplicity of 3.

This expression for the c-function is now known as the Gindikin-Karpelevich for-

mula.

1.2 Non-Archimedean Case

1.2.1 Macdonald’s Work

The theory of spherical functions for real semi-simple groups was extended to p-
adic groups by F. T. Mautner [48], T. Tamagawa [59], F. Bruhat [9, 10], 1. Satake
[56], and others. To describe the non-archimedean analogue of the construction
of the previous section, let KU be a non-archimedean local field with ring of the
integers O. Pick 7 be a uniformizing element and k = O /7O be the finite residue
field of cardinality g. Suppose G = G(K) is a split, simply-connected Chevalley
group over K. We denote the integral subgroup G(QO) by K; this group is a non-
archimedean analogue of maximal compact subgroup. Let H be a Cartan subgroup
and Ho = H N K. The quotient group A := H/Hp can be identified with the
coweight lattice AV (which is equal to the coroot lattice @)V since G is simply-
connected) via the map ¥ — 7" . The Iwasawa decomposition in this context
states that G = U vepav K U *, that is, every g € G can be written as g = k'

with £V uniquely determined by ¢ (note that k € K and u € U™ are not uniquely

6



determined). For a map v: A — C* we can define a function
¢p: G — C*

as ¢,(g) = ¢, if g € G has Iwasawa decomposition as above g € K7+ U™,

1Y € AY. The spherical function on G can be defined as in (1.3)

fo(9) =[x Gorolgk)dk, (1.12)

where dk is the normalized Haar measure on K so that [ x dk = 1. In an analogy
with the archimedean case, by taking the limit \Y — oo in the dominant cone, the
integral on the right hand side of (1.12) over K can be shifted to an integral over
U—, that is

)\\/
¢, = tim L) o p(u™ )™, (1.13)

AV o ¢U+P (ﬂ-)\v> U—

where du ™~ is an appropriately normalized Haar measure on U ~. Following the same
inductive method of Gindikin and Karpelevich, Macdonald in [43, P. 77] found the

following formula for the above integral.

—1—v(aY)

l—q
C, = H W, (114)

VEAY
«a €A0,+

where Ay, is the set of positive coroots.



1.2.2 Constant Term Formula

In Langlands’ notes [40, P 25], the integrals on the right hand side of (1.4) and (1.13)
also appear in his computation of the constant term of the Fourier series expansion
of Eisenstein series on certain adelic groups. A full account on the Fourier series

expansion can be found in Langlands’ notes and [21, Ch. 9].

1.3 Non-Archimedean Case: Formal Analogues

Since Haar measures do not exist in general Kac-Moody groups over non-archimedean
local fields, we need an algebraic formulation for the constructions given in the Sub-
section 1.2.1. Letus rephrase the integrals (1.12) and (1.13) as follows. The function
fv is bi-invariant with respect to K and hence constant on each Cartan cell K K ,
AV € AY. So,if g € G and k € K are such that gk € K7 U+ N K7 K for
some p¥ € AV and AV € AY then ¢, ,(gk) = ¢®+»#"). Thus, the integral (1.12)

becomes equal to

folg) = > ¢ IVol(Kn Ut N Knt' K). (1.15)

M\/ cAV
The volume Vol(Kn* Ut N K’ K) with Haar measure dk (which is normalized
so that K has volume 1) is equal to |[K\K#* Ut N K7*" K|, where | X| denotes

the cardinality of a set X.

By the Iwasawa decomposition, x* runs through all the coweights. So, one
obtains the following formal version (i.e. valued in C[A"] rather than C) of the

spherical function f,:



Syo= > |K\K7" Ut 0 Kr Kl er, (1.16)

wY EAY

such that the value of function f,(g) for ¢ € K7*'K satisfying gk € Kr* Ut
is equal to f,(g) = ev,(Siav), where ev,: C[AY] — C is the map defined as
e" — ¢#") Similarly, a formal version of the Gindikin-Karpelevich integral

(1.13) is written as:

Gy = > |K\KT U A KN U g0 N T (117)

uY EAV

Let us immediately notice the following “homogenity” property of the sum %)v,

which shows that it suffices to obtain a formula for ¥.

Lemma 1.3.1. The sum 9,v satisfies
G = ¢\Pr N g, (1.18)
The proof of Lemma 1.3.1 follows from the following bijection of the sets
KoY Ut N Kat' U™ & Ka¥' Ut n ke u—n Y,
by the equality
Ko Uutr Y n ket U n Y = K ®'UTNKU-  (1.19)

and some simple algebra.



The sum S,v is connected with the Satake map,
S : H# — C[AV]Y,

where the notation is as follows: 77 is the space of complex valued, compactly
supported K -bi-invariant functions on G with basis consisting of the characteristic
functions hyv = X v g of K72 K for all \Y € AY; W is the Weyl group; C[A"]
is the group algebra of AV; and C[AV]" is its W -invariant subspace.

For \Y € AY, the Satake map S sends hyv to Syv. In [43], I. G. Macdonald

determined an explicit formula for S)v
Sy = —) Z w(T)er, (1.20)

1 _qV
1=a"'e * jsarational expression from C,[AY] :=Clg, ¢ Y®c

where T = HaveAg+ T—

CA;and Wy (¢gh) =>", W q%?) is the Poincare polynomial of the stabilizer
Wyv C W of AV, where £: W — Z denotes the length function on 1. The formal

analogue of the limit (1.13) can be stated as:

Theorem 1.3.2 (Approximation Theorem). Foreach i1’ € AV, there exists \§ € AY

regular such that for all \¥ > )\, we have
K" Utn KoM U™ = KotV Ut n KaV' K. (1.21)
For finite dimensional groups, a proof of this result can be found in [3, Proposition

3.6 (ii)]. By using Lemma 1.3.1 and Theorem 1.3.2, %, can be expressed as

: Sxv
go = 11£I1 —(Pv)\v>e>\\/7
Ao 4

(1.22)

10



where Y -5 oo indicates that the regular dominant coweight A" is approaching to
infinity while remaining within the regular dominant cone. By using the expression

(1.20), one can compute the limit on the right hand side of (1.22) to obtain
% =T. (1.23)

This strategy to compute the Gindikin-Karpelevich formula is stated and generalized

for affine Kac-Moody groups in [6].

1.4 General Setting

Suppose, now (' is a general Kac-Moody group over a non-archimedean local field
KC. To consider ¢,v and Syv associated with G and compute a formula for ¢4,v, the
first challenge is to show that these sums are well defined when G is not of finite
type, and an infinite dimensional version of Theorem 1.3.2 holds.

For ¢,v, one needs to prove the following,

Theorem 1.4.1 (Gindikin-Karpelevich Finiteness). For \Y, " € AY, the set K\ K7 U+N

KU~ is finite. Moreover, it is empty unless j1” < \".
For S,v, one needs to prove

Theorem 1.4.2 (Spherical Finiteness). For \Y, " € AV with \¥ dominant, the

coset space K\ K" Ut N Kn*" K is finite. Moreover, it is empty unless 1¥ < \".

For (untwisted) affine Kac-Moody groups, Braverman et. al. obtain Theo-
rems 1.3.2, 1.4.1 and 1.4.2. Note that their proofs for the second part of the

Spherical and Gindikin-Karpelevich Finiteness (the inequalities ¥ < \Y) extend

11



to general Kac-Moody groups without any change (see Lemma 8.2.1 and the proof

of Theorem 1.4.1 in Section 9.2.3 for the details about these two proofs).

The first part of the (untwisted) affine Gindikin-Karplevich Finiteness was proven

for \Y = 0 by showing that:

(a) KUt N KU~ = UwewKﬂ“vU+ N KV, , where foreach w € W,V is
a certain subset of U~ defined in Section 3 of [6] (or see Subsection 4.2.1 of

this thesis)

(b) A corollary of the Kac-Moody generalization [7, Lemma 18.2] of a represen-
tation theoretic construction due to A. Joseph [29, 33] implies that there are

finitely many w which appear in the above union.

(c) By using the completions, it is then proved that for each such w, K'\ K T UtN

KV, is finite.

Next, the Gindikin-Karpelevich finiteness is used to get the Approximation Theorem
as well as Spherical Finiteness. Finally, by combining these results with an affine
generalization of the Macdonald’s formula for Syv from [8], the following affine

version of the Gindikin-Karpelvich formula is obtained

1 v\ m(aY)
1 1—qgle ™
@ — _ || - - 1.24
0 ( 1_6_av ) ) ( )

VEAY
aveAY

where m(a") is the multiplicity of the coroot o and m is a W-invariant factor
which depends on the Langlands-dual root system of given affine Lie algebra. An

exposition on the affine construction is given in Chapter 4.

12



1.5 Our Strategy

As stated in previous section, our key objective in this thesis is to obtain the
proofs of Theorems 1.3.2, 1.4.1 and 1.4.2 for general Kac-Moody groups over non-
archimedean local fields. Though Braverman-Garland-Kazhdan-Patnaik’s work [6]
is the main motivation of this project, our approach to attack this problem is a little
different. Unlike the affine case, we prove Theorem 1.3.2 independently of the
finiteness result Theorem 1.4.1. Theorem 1.3.2 has also been proven by A. Hébert
in [32, Theorem 6.1], but our proof is perhaps more elementary and can also be
used to obtain the Iwahori version of the assertion (see Proposition 5.2.1).

Next, we turn to Theorem 1.4.1. For the first part of the assertion, our method

of proof restricts us to put a further condition on \V. Namely, we first prove

Theorem 1.5.1 (Weak Spherical Finiteness). Let ;i € AV. For X € AY regular

and sufficiently dominant, the set K\ K o' Ut N Kr)' K is finite.

This theorem is proven by getting the finiteness at the Iwahori level. The Iwahori
level questions are indexed by the Weyl group W. So, first we show that there are
finitely many elements of the Weyl group which contribute (Section 7.1), each
indexing an Iwahori piece of our sum. In Chapter 6, we introduce a certain integral
and show that it satisfies a recursion relation in terms of certain Demazure-Lusztig
operators. Our objective in so doing is to obtain the finiteness of the Iwahori piece.
In Chapter 7, we establish a relation between an Iwahori piece and a level set of the
integral which allows us to complete the proof of the Weak Spherical Finiteness.

In Chapter 8, we discuss the applications of the results proven in the previous
three chapters. First, in Section 8.1, we apply the Approximation Theorem and the
Weak Spherical Finiteness to show that if ;¥ € QY is very small as compared to

AV = 0, then K\K7* U* N KU~ is finite and this together with Lemma 1.3.1

13



imply the Gindikin-Karplevich Finiteness. Then, as in the affine case, we use the
Gindikin-Karplevich Finiteness to get the proof of the Spherical Finiteness.

We also tried to obtain the Gindikin-Karpelevich Finiteness (Theorem 1.4.1)
independently of Spherical Finiteness (Theorem 1.4.2) but our efforts did not suc-
ceed. This incomplete solution is discussed in the last chapter of our thesis. Our
approach uses the completion U~ of U~ and the local analogues of the geometric
embeddings of certain subgroups and subsets of U™ into its finite dimensional quo-
tient [39, Section 7.3]. We construct this completion and prove the results about
these embeddings by using the representation theory in Subsection 9.2.2.

Our method of proof is motivated by the affine case; one needs to prove a
certain bounded condition satisfied by a finitely generated subgroup of U~ (see
Subsection 4.2.3 for detail). In the affine setting, this became possible because of
the presence of: (a) a natural order on the set of roots corresponding to the finite set
of generators, and (b) a set of coordinates on the elements of that finitely generated
subgroup when identified in U~. This order and the system of coordinates do not
exist in general settings; therefore, we can not proceed further beyond this step and

state this bounded condition as a Conjecture 9.2.7.

1.6 Alternative Approach

These finiteness theorems for general Kac-Moody settings have also appeared in
some other publications. In a recent paper [32, Theorem 6.1], Hébert has obtained
the proof of Theorem 1.4.2 for general Kac-Moody settings. Theorem 1.3.2 is
shown to be true by S. Gaussent and G. Rousseau in [24]. Both of these proofs
involve the techniques based on the use of geometric objects known as masures,

introduced by Gaussent and Rousseau in [23]. These are an analogue of the Bruhat-

14



Tits buildings for groups over local fields. On the other hand, our strategy for
proving the assertions of these theorems is elementary, algebraic in nature and relies

on the use of the representation theory. It would be interesting to compare these two

techniques in more detail.
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Chapter 2

Preliminaries

2.1 Local Fields

Let K be a field. An absolute value on K is a function
i K — R, 2.1)

such that:
(i) |x| > Oforall x € K and |z| = 0 if and only if z = 0,
(i) |zy| = [=||y| forall z,y € K,
(iii) |z +y| < |z|+ |y| forall z,y € K.

Axiom (iii) is known as the triangle inequality. An absolute value |.| is called

non-archimedean if it satisfies a stronger version of the triangle inequality

[z +y| < max{|z], [y} (2.2)
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for all z,y € K. Otherwise, |.| is called an archimedean absolute value. Associated

with a non-archimedean absolute value |.|, there is a function

val: K — R U {oo} (2.3)

defined as val(x) = —log(|x|). This function satisfies the following properties:

(1) val(zy) = val(x) + val(y); (2) val(x) = oo if and only if z = 0, and

(3) val(z + y) > min{val(x),val(y)}, for all z,y € K.

Conversely, given a function (2.3) satisfying (1), (2) and (3) we obtain an absolute
value by putting || = ¢~*%®) for all x € K, where ¢ € R.;. The function val is
called a valuation on K and a field K equipped with a valuation is called a valuation

field. Let K be a valuation field with an absolute value |.|. The subset

O={zeK||z| <1} ={z e K|wval(z) >0} (2.4)

is a ring with the set of units

O"'={zeK||z| =1} ={zr € K| val(z) = 0} (2.5)

and a unique maximal ideal

p={reK||z|] <1} ={z e K|val(x) > 0}. (2.6)

The ring O is called a valuation ring and K is the field of fraction of O. The field
k = O/p is called the residue field of O. The ideal p is a principal ideal, we fix a
generator m of m and shall refer to it as a uniformizer. The valuation val is called

discrete if val(K*) = sZ for some real number s, in the case of which we can chose
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s = 1 and then the valuation is said to be normalized.

A valued field K is complete with respect to the absolute value |.| if every Cauchy
sequence of elements of K converges. A complete field K is called a local field
if the valuation is discrete and its residue field is finite. If the absolute value is
archimedean, then K is isomorphic to R or C. The non-archimedean local fields
have also been classified. In characteristic zero, K is either QQ,, for some prime p or
a finite extension of Q,. If the characteristic of K is positive, then K is the field of

formal Laurent series F;,((t)) or its finite extension, where ¢ is a power of p.

2.2 Kac-Moody Algebra

2.2.1 Generalized Cartan Matrices

Let / be a finite set of cardinality [ and A = (a;;); jer be a square matrix such that

foralls,j € I,

(i) ai; = 2; for i # j, a;; are non positive integers; and a;; = 0 if and only if

Qj; = 0,

(ii) there exist a diagonal matrix D and a positive definite matrix P such that

A=DP.

A matrix A is said to be a Cartan matrix if it satisfies (i) & (ii) and if A satisfies
only (i), then it is called a generalized Cartan matrix (GCM).

A GCM A is said to be equivalent to another matrix B, if B is obtained by reordering
the indices 7 and j, and vice versa. If a GCM A is equivalent to a block diagonal
matrix with more than one block, we say it is a decomposable GCM; otherwise, it is
known as an indecomposable GCM. An indecomposable GCM A can be classified

into the following three types,
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(a) Finite: If A is positive-definite. In this case the determinant of A is positive.
(b) Affine: If A is positive-semidefinite. In this case det(A) = 0.
(c) Indefinite: If A is neither finite nor affine type.

As in [38], suppose (h,II,11") is a realization of GCM A, that is, b is a complex
vector space of finite dimension; 11V = {«) }ier C b, 1T = {a;}ier C b* are two
linearly independent sets, such that for all 4,5 € I, oj(a)) = a;;; and, dim(h) =
2l —rank(A). The elements of IT are called simple roots and those of ITV are known
as simple coroots. A realization (b, II, TI) is said to be a decomposable realization
ifh =hBh, 1V = (IIY x {0}) U ({0} x I1y) and IT = (I1; x {0}) U ({0} x TIy),
where (b1, 11y, T1Y) and (ho, IT,, ITY) are realizations themselves. A realization is
called indecomposable realization if it is not a decomposable realization. In [38,
Proposition 1.1], Kac asserts that an indecomposable GCM A corresponds to an
indecomposable realization (b, I, TIV) which is unique up to equivalence in the
following sense:

Arealization (b, I1, IIV) is said to be equivalent to another realization (b', IT", IT'"),
if there exists an isomorphism ¢ € Homc(h, '), such that ¢(IT1V) = II'' and
¢*(IT) = II', where ¢* is the induced isomorphism of the dual spaces of ) and '.

Furthermore, this isomorphism is unique if det(A) # 0.

2.2.2 Presentation of Kac-Moody Algebras

A GCM of finite type, up to equivalence, corresponds to a unique finite dimensional
complex semisimple Lie algebra g up to isomorphism. In [18], Chevalley showed
that a finite dimensional complex semisimple Lie algebra admits a finite presentation

as a set of generators satisfying relations in terms of entries of a Cartan matrix. Later,
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Serre in [57] proved that these relations are the defining relations of g. Insprired by
this, Victor G. Kac [34] and R. Moody [49] independently introduced a new class of
Lie algebras by giving a finite presentation in terms of entries of a GCM A. These
Lie algebras are infinite dimensional generalizations of finite dimensional complex
semisimple Lie algebras.

To describe these Lie algebras, let A = (a;;); jer be a GCM and (b, II, I1V) the
associated realization. We define g as the Lie algebra generated by § and the 2n

generators {e;, f; }icr subject to the following relations:
(1) [h,h] =0.Foralli,j € I,
(2) lei,h] = ai(h)es, h € b,
(3) [fi,h] = —ai(h) fi, h €D,
@) [es, fj] = dija, where ;5 is the Kronecker delta ,

(5) For @ # j, adei(_“"ﬁl)(ej) = 0 and ad;, """ (f;) = 0, where ad is the

adjoint representation of g.

The Lie algebra g is known as a Kac-Moody algebra. The subalgebra b is called
Cartan subalgebra and {e;, f;}ic; are known as the Chevalley generators of g. Let
n™ and n~ be the subalgebras generated by {e; };c; and {f; };c;, respectively. Then

g has a vector subspace decomposition

g = n ehpnt. 2.7)

This decomposition is known as the triangular decomposition of g.
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2.2.3 Classification of Kac-Moody Algebras

A Kac-Moody algebra g falls in one of the three categories finite, affine or indefinite,
according to the type of GCM A (cf. Section 2.2). A finite type Kac-Moody algebra
is a complex semisimple Lie algebra. There are four infinite families of complex
semisimple Lie algebras A,, n > 1; B,, n > 2; C,, n > 3; D,, n > 4. These
four families are known as classical Lie algebras. In addition to the classical Lie
algebras there are five so-called exceptional Lie algebras Lie algebras, Go, F}, Eg,
E; and Ejs. The classes of the Kac-Moody algebras can be described by particular
graphs called the Dynkin diagrams associated with the corresponding GCMs. The

Dynkin diagrams of finite types are given below.

An:HH Bn:o—ra—o:#o ano—ka—o:g‘:o

Dn:H4—< Eﬁjo—o—I—o—o E7:0—0—I—0—H
EB:H—I—O—O—O—O F4:o—o:>:o—o G2:$

Table 2.1: Finite Type Dynkin Diagram

An affine Kac-Moody algebra is an extensions of loop algebra of finite di-
mensional semisimple Lie algebra. So, once the classification in finite dimension is
known, the classification of affine Kac-Moody algebras becomes possible. These Lie
algebras are described with the symbol X" with X = A,,, B,,, C,,, D, Eg, E7, Eg, F}
and G5, and r = 1,2,3. When r = 1, the corresponding Lie algebras are called
the untwisted affine Lie algebras. The following table contains the affine Dynkin

diagrams of untwisted type:

Al ose A%:A B}L:}«m Cliore o o ote
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D}L}k% Eé:wL E%O—O—O—I—O—H Esl:H—I—O—O—O—O—O

Fl: oeeree Gl oen
Table 2.2: Untwisted Affine Type Dynkin Diagram

When r = 2, 3, the corresponding Lie algebras are called the twisted affine Lie

algebras. The following is the list of affine diagrams of twisted type:

A2 (n>2): ckeoe eee A2 (n>3): %m A2 ==

D%(n > 2): octe—e oo E2: oeeves D3 0w
Table 2.3: Twisted Affine Type Dynkin Diagram

The Kac-Moody algebras of indefinite type are the least understood and the clas-
sification of the corresponding root systems has not yet been achieved. However, a
subclass known as the hyperbolic Kac-Moody algebras is well known. These corre-
spond to the GCMs A such that every proper, indecomposable principal submatrix
of A is either of finite or affine type. In this case, we have det(A) < 0. These Lie
algebras and the related data have been studied in the literature, for example, see

[11, 12, 14,41, 64].

2.2.4 Roots and Weyl Group

Let Q = ®;eZa; and QY = @ Za; be the root and coroot lattice, respectively.
The Lie algebra g admits another decomposition g = @©,cg, under the adjoint

action of ) where

0o ={z €9l [hx] =alh)z;Vh e b}

22



This is known as the root space decomposition. If a. # 0 and g,, # 0, the subspace
g. is known as the root space of «; its dimension m(«) is called the multiplicity
of a; and, « is called a root. We denote the set of roots by A. Every root can be
written as an integral combination of the simple roots, with the coefficients, either
all positive or all negative integers; a root is called positive or negative, accordingly.
We denote the set of positive roots by A, the set of negative roots by A_ one has
a disjoint union,

A=A, UA_.

In the study of finite dimensional complex semisimple Lie algebras, a symmet-
ric, nondegenerate and invariant bilinear form known as the Killing form plays a
significant role. An analogue of the Killing form in the general setting can be de-
fined if the GCM A is symmetrizable. That is, A = DB, where D is a non-singular
diagonal matrix and B is a symmetric matrix. Restriction of this bilinear form to b
is also nondegenerate; therefore it induces an isomorphism between h and §*. The

natural pairing between ) and h* is denoted by

(—,—):b"xh—C.

Let Q)+ = ®;e1Z>oc;. The space h* can be equipped with a partial order < defined
as: p < Aifand only if A — p € @4, for all \,x € h*. Similarly, we can
define a partial order on h, which we denote by the same symbol <, by setting
QY = ®erZ>o0; and imposing the same defining condition as above. An element
A € b*is integral if (\, o)) € Z, is dominant if (\, ;) > 0, and is called regular

if (\,a/) #0,foralli € I. Let

A:={reb" | Ah) €Z, Yh € b} (2.8)
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and AV = Homy(A, Z) be the weight and coweight lattice, respectively. We denote
by A, the set of dominant weights and A, the set of regular weights. Similarly we

define the sets AY and A, . Fori € I, let us define a map w; = w,, on h* by setting

w;(A) =X = Moy)a; =X — (N, o ey, (2.9

(3

for all A € h*. This map is a reflection in the hyperplane

(Y- ={penh| {ma)) =0} (2.10)

The reflection w; is called a simple root reflection or the Weyl reflection and the
group W C Aut(h*) generated by the simple root reflections w; for all i € I, is

called the Weyl group. The Weyl group also acts on § via the following formula,

w;(AY) =N — {a;, AV, (2.11)

for all AV € b. If the Kac-Moody algebra g is of affine or indefinite type, the set A

of roots admits another partition

A=A"UA™ (2.12)

where A™ = WII and A" = A — A", The elements of A™ are called real roots
and those of A" are known as the imaginary roots. The transpose of GCM A
corresponds to the realization (h*, ITV, IT) and a dual root system A" C b, which is

called the set of coroots. This set also admits the disjoint decompositions

AV =AY UAY, AV =AY UAY™ (2.13)

24



and there is a bijection oz — o between A and AV.

2.3 Highest Weight Representation

Let g be a Kac-Moody algebra, U/ = U(g) be the universal enveloping algebra of g.

The triangular decomposition (2.7) of g yields the triangular decomposition
U=UnT)aUbh)aUM)

of U. For A € A, a g representation V' = V* over C is a highest weight represen-

tation with the highest weight A\ € h* and a highest weight vector v, if:
(i) nfuy =0,
(ii) h.vy = A(h)vforall h € b,
(iii) V = Uw,.
Moreover, if

(iv) forall: € I, e; and f; act as locally nilpotent operators on V, that is, for each
v € V there exist integers M and N such that eMv = fNv = 0,

then the space V' is said to be an integrable highest weight representation.

The space V' has a weight space decomposition
V = Buep Vi, (2.14)

where V, = {v € V | hv = p(h)v, ¥ h € h}. Let us denote by P, the set of
weights of V. For 1 € Py

N :V —V,
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denotes the projection map. Unless otherwise specified, throughout this thesis our
highest weight representation shall be integrable.

Now, suppose
p= Z Wi, (2.15)

where for i € I, w; € b* is a fundamental weight defined by w;(a) = d;; for all
i,j € I and w; = 0 outside Q¥ ®z C (where d;; is the Kronecker delta).

Let w € W and F™ be the canonical filtration on the universal enveloping
algebra of U(n™). The following lemma from [7, Section 18] relates the weight

vectors v, and vy, := wv, in V7,

Lemma 2.3.1 (Joseph’s Lemma). Suppose v, € F™(U(n"))v,, Then we must

have {(w) < 2m, where {(w) denotes the length of w.

We end this section with the following construction of subspaces and finite
dimensional quotients of V', which will be used to construct completion of certain
groups in Chapter 9. The set P, inherits the partial order from h* and each p € Py

satisfies i < A\ which implies A — = > ., n;a; with n; € Zq for all ¢ € I. For

el

1 € Py, we define the depth of i as depth(p) = > ,.; n;. Form > 0, let
Py\(m) ={u € Py | depth(u) > m}

and set V*(m) = @®,ep,(m)Vy- The quotient V™ = V/V*(m), isomorphic to a

direct sum of finitely many weight spaces, is a finite dimensional vector space.
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Chapter 3

Kac-Moody Groups

Let g be complex Kac-Moody algebra of finite type, that is, g is a finite dimensional
complex semisimple Lie algebra. Associated with g, there are finitely many complex
Lie groups. This list includes a unique simple group G, which is known as the
group of adjoint type; a unique simply connected semisimple Lie group G, which
is said to be of simply connected type; and intermediate forms between G and G.

By using the Z-form of g, Chevalley in [17] proved that an analogous situation
holds for algebraic groups over an arbitrary field K. He found a uniform procedure
to associate an algebraic group GG with g, which is semisimple if K is algebraically
closed. These groups are known as the Chevalley groups. A detailed exposition and
complete construction of the Chevalley groups can be found in [58].

Chevalley further extended the study of these groups and introduced Chevalley
group schemes in [19]. Chevalley’s scheme-theoretic treatment of these groups was
generalized to all reductive algebraic groups by M. Demazure in his thesis [20].
These schemes are known as the Chevalley-Demazure group schemes.

The Chevalley-Demazure group schemes can be classified with a combinatorial

data known as the root datum. A Chevalley-Demazure group scheme corresponding
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to a root datum D is a group functor Gp over the category of commutative rings such
that a reductive algebraic group GG over an algebraically closed field K is precisely
equal to Gp(K) for some root datum D. So, there are two equivalent ways to
associate Chevalley groups with the Kac-Moody algebras of finite type, namely, the
Chevalley-Demazure group schemes or via Steinberg’s construction.

In the general setting, the association of a group with a Kac-Moody algebra
corresponding to a GCM of affine or indefinite type is a complex problem. R. Moody
and K. Teo initiated work on this problem in [50] and subsequent contributions were
made in [46, 22, 36, 35, 37] and [60].

In 1987, J. Tits [61] defined a group functor over the category of commutative
rings associated with a Kac-Moody root datum corresponding to a GCMs of affine
and indefinite type. He presented this functor as a set of axioms and this generalizes
the constructions done by Steinberg, Chevalley and Demazure. The groups obtained
by Tits are now known as the Kac-Moody groups. In the next sections of this chapter,

we are going to discuss all these notions in more details.

3.1 Functorial Construction

3.1.1 Kac-Moody Root Datum and Algebra

Let  be a finite set of cardinality ¢ and A = (a;;); je;r be a GCM as introduced

earlier.

Definition 3.1.1. A Kac-Moody root datum associated with the pair (I, A) is a

quadruple D = (X, XV, {c; }ier, {hi}ier) such that:

(D1) X is afree Z-module with a free rank, X" is its 7 dual, these come equipped

with a perfect pairing (-,-): X x XV — 7.
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(D2) we have ¢; € X, h; € XV such that (c;, h;) = a;; foralli,j € I.

A Kac-Moody root datum D is called free (resp. cofree) if the set {c; }icr (resp.
{hi}ier) is Z-linearly independent; D is adjoint (resp. coadjoint) if the sets {c; }icr
(resp. {h;}icr) spans X (resp. XV); D is said to be simply connected if for every
i € I there exists x; € X such that (x;, h;) = J;;, forall j € I. Given a Kac-Moody

root datum D, set hp := XV ® C.

3.1.2 Some Group Functors

Let R be a commutative ring with identity and R* be its group of units. A split torus

scheme associated with a Kac-Moody root datum D is a group functor

Tx: Z-alg — Grp,

from the category Z-alg of Z-algebras to the category Grp of groups, defined as

Ty(R) := Homz(X,R*) = XV @y, R". 3.1)

Thus, if n is the rank of X, the group Tx (R) is isomorphic to G, = (R*)". For

r€ Rand A € X, € Tx(R) is the map p +— r™*, where pu € X.

The action of the Weyl group W on hp restricts to one on XV and X via:

wz()\v) = )\\/ — <Ci, /\V>hz and wl()\) =\ — <)\, hi>Cz‘, (32)

respectively, where i € I, ¢;, A € X, and h;, \V € XV. This action induces an action

29



of W on Tx(R) which is defined as: for a simple root reflection w; and t € Tx(R),

wit=()": X — R* (3.3)

such that t*i(\) = t(w;\), forall A € X.

Let G be one-dimensional additive group scheme. For a € A™, we denote by
i, an affine group scheme over Z isomorphic to G such that Lie({,) := goz =
7Z.X,, where X, is a non-zero vector in g,. Using the choice of a double basis ([61,

Section 3.3, Section 3.6]), we obtain an isomorphism

To: Gy —> Uy, (3.4)

then U, (R) = {z(r) | € R} and for any r, s € R,

To(r+5) = 2o(r)za(s). (3.5)

To define a commutation relation between the elements of different groups 4, (R),

a € A™, we introduce the following notions on the set of roots.

Definition 3.1.2. A pair of roots o, B € A is called a prenilpotent pair if there exist

w,w € W such that wa, wf € Ay and w'a, W' € A_.

A subset ¥ C A is said to be prenilpotent if there exists w,w’ € W such that
w¥ C Ay and w'¥ C A_; W C AU{0} is said to be a closed set or an ideal if
a,f € Vand o+ € AU{0} then o + § € U; U is referred to as a nilpotent set

if it is both prenilpotent and closed.
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For a prenilpotent pair «, 3, set

[, 8] := (Na + NB) N A, Ja, Bl:= [ov, B]\ {e, B}

One can check that [« 8] and ]« 3] are nilpotent sets. To any subset W of the set of
roots, we write gy := Bcuvfq. If U is a closed subset then gy is a Lie subalgebra

and if W is a nilpotent subset then gy is a nilpotent Lie subalgebra.

Proposition 3.1.3 ([47, P. 134]). Let «, 3 be a prenilpotent pair and the set |a, ]
be equipped with any order. Then there exist integers C’%B depending on o, [} and

the order on |, [, such that
[o(T) Hx7 Caﬁ ris’) (3.6)

wherer, s, € Rand~ = ia+ j [ runs through the elements of |, 5[ in the prescribed

order.

Definition 3.1.4. The Steinberg group functor
St: Z-alg — Grp

sends any ring R to St(R), the free product of the groups ., (R) for all a € A

modulo the relations (3.5) and (3.6).

Fori ¢ [ andt € R*, let

w:(t) = w;(t) = xai@)‘r—ai(_til)xai (t)a (37)

wi = wi(1) and hy(t) = hq,(t) = wi(t)(w) . (3.8)
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Now, we introduce the last group functor of this subsection.

Definition 3.1.5. Associated with D, we define a group functor & over the category
Z-alg, such that its value over the ring R is a free product St(R) * ¥ x(R) modulo

the following relations:
R1) tzo, (Mt =z, (t(c)r), i € I, t € Tx(R),
R2) wit(w) ™t =w;(t),i €I, t € Tx(R),

(R3) wi(r~t) =wyr™, forr € R*,

)

R4) wizg(r)(w;)™ = xu,s(Na, p7), 7 € R, B € A and 0o, s € {£1}.

7

The above construction of the group functor can be found in Section 3 of Tits’
paper [61]. He also gave an abstract definition of this functor and presented it a set
of axioms. This abstract definition is now known as the Tits’ Group Functor, which

is going to be discussed in the next subsection.

3.1.3 Tits Group Functor

Let D be a Kac-Moody root datum associated with (A, I) as defined earlier. Let
R be a commutative ring, T := Tx be a split torus scheme as introduced in the

previous section and G £, is a group functor defined as:

a b
GL(R) =1 ca,b,c,d € Ryad — be = 1}.
c d

The Tits’ functor is a system (&, (¢;);cr, 1), which consists of a group functor

&: Z-alg — Grp
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and homomorphisms of functors
0;i 6L — B and n: T — B,
that is, for a ring R the maps ¢; r: SLy(R) — B(R) and gy : T(R) — B(R)

are group homomorphisms and this data satisfies the following axioms: forall: €

(@) If R is a field, B(R) is generated by ¢; rp(SL2(R)) and nr(T(R)).
(b) For all R, the homomorphism ng : T(R) — &(R) is injective.

(c) Forr € R*and i € I, let v € T(R) be defined as r* (\) = r»), then

(d) Ifiis an an embedding of a ring R in a field K, then & (i) is an embedding of
group B(R) in B(K).

(e) There is a homomorphism Ad : &(C) — Aut(g) such that:

(i) we have ker Ad C nc(%(C)).

(ii) Force Candi € 1

Ad(ic(ut(c))) = ¥, Ad(dic(u(c))) = s,

where u™t(c) = and v~ (c) =
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(iii) Fort € T(R)andi € I

Ad(n(®))(e:) = tew)es  Ad(n(t))(fi) = —t(ai) fi-

The main result in Tits’ paper [61, Theorem 1] asserts that for any system (&, (¢;):er, 1)
satisfying the above axioms, the group & (KK) over a field K is defined up to canonical

isomorphism. The group &(K) is known as a minimal or incomplete Kac-Moody

group.

3.2 Carbone-Garland Construction

Steinberg’s construction of Chevalley groups is also a natural candidate for an infinite
dimensional generalization. L. Carbone and H. Garland extended this construction
to Kac-Moody root systems over arbitrary fields in [13]. Recently this construction
has been generalized to define Kac-Moody groups over Z and arbitrary rings by

Carbone et al. in [1, 15].

3.2.1 Z-Forms: Pathway to Arbitrary Fields

We retain the notation of Kac-Moody algebra g and the related data from Section 2.2.
Let U, U(n") and U(n~) be the universal enveloping algebras of g, n* and n~,
respectively. Let S(h) be the symmetric algebra of b, Tits in [62] asserts that the

canonical map

UnT)@Sh)oUN™) — U (3.9)
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is a bijection. Next, we introduce some notions on an associative algebra A over C

which will be used later.

Definition 3.2.1. A Z form of A is a 7 subalgebra Az of A such that the canonical

map Ay @ C — A is a bijection.

Definition 3.2.2. For a € A andn € Z>,, we define the following elements of A,

o = O (3.10)
(a) _ a(a—l)(a—Z)'...(a—n—i—l). 3.11)
n n!

Let us denote by t and t” the linear span of a; and « for ¢ € I, respectively.
Fori € I and n € Zso, Ui 4 (resp. U;_) be the subring 3, Ze!™ (resp. 3, Zf™)
of U. Let Uy, (resp. Uz, ) be a subring of U (n™) (resp. of U(n~)) generated by
U; + (resp. U; ) for all i € I. Then Uy, and Uy, _ are the Z-subalgebras of U (n")
and U(n~), respectively [61, p.556]. Let Uz be the Z-subalgebra of the universal
enveloping algebra S(h) generated by (%) (A € t) and Uz be the Z-subalgebra
of the universal enveloping algebra U/ generated by Uf; ., U; — and (2) fori € I,
n € Zspand \ € V.

We state the following result from [47, p.106] and [63] without giving its proof.
Proposition 3.2.3. We have the following
(i) Uz .+, Uz — and Uy are the Z-forms of U(n™), U(n~) and S(b), respectively.
(ii) Uy is the Z-form of U.

(iii) The product map

Z/{Z’_ X Z/{Z,O (24 UZ’_;_ — Uy (3.12)
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is an isomorphism of Z-modules.

The Z-forms of U and its subalgebras will be used to define the Kac-Moody
algebra gx over an arbitrary field K. Let gz, = g N Uy, n% = n* N Uy and
t; = tY NUzp. The following proposition on page 78 of [47] implies that gz is

Z-form of g.

Proposition 3.2.4. The sum map

nt &ty dn, — gz

is a bijection.

For a field K, set

nﬂjg = n:Zt®K, ty =t K, gk := gz ® K,
U+ = Uz QK, Ukp :=Uzo K, Ug :=Uy QK.

Then gk is a Kac-Moody algebra over K and it admits the root spaces decomposition

gk =ty ® (Bacalak); (3.13)

where foreach a € A, gox = (ga Ngz) @ K.

3.2.2 Minimal Kac-Moody Group

As in Steinberg’s presentation of Chevalley groups, the second essential ingredient
in Carbone and Garland’s construction of Kac-Moody groups is an integrable rep-
resentation having a stable lattice. We begin this subsection with a description of

this lattice.
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Let V = V* be an integrable highest weight representation with the highest
weight )\ and the highest weight vector v,. As in the finite dimensional case [58],
a Z-lattice V7 is constructed by setting Vz = Uzv,. The following lemma gives a

more concrete description of the lattice V7.

Lemma 3.2.5. We have

VZ = UZ7_(U)\). (314)

Proof. Since X, vy, = 0 forall « € A,, Uy \ {1} annihilates v). Moreover, for

n>1land " €tv

AE)AE) = DOE) = 2) . M) —n+ 1)
n!

S/
which gives Uz gv) = Zv). Finally, by Propositon 3.2.3 (iii) we have
VZ = Z/[ZU)\ = Z/[Z7_ZU>\ = Z/{Z7_’U)\.

Corollary 3.2.6. The space V7 is a Z-form and an admissible lattice of V', that is,

fori € I and for some n > (0
egn)VZ C Vg fi(n)VZ Cc V.

For each weight 1 of V' and the corresponding weight space V,, we set V, 7 =
V,NVz. Then Vz = ©,cp, Vz . Forafield K, let Vg := V@K, Vg, :=V;,0K

and fort € K

Xo; (1) = Zt"egn) =", X a(t) = Zt"fi(n) = etfi, (3.15)

n>0 n>0
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Since e; and f; act as locally nilpotent operators, X+, (t) are well defined automor-
phisms of V. The minimal Kac-Moody group G(K) of Carbone and Garland is the
subgroup of Aut(Vk) generated by the elements ., (f) witht € Kand i € [ [13,
Section 5]. Similar to the Chevalley groups [58, Lemma 27], the group constructed
above depends on the integrable highest weight representation V' and the choice of
an admissible lattice in V. Though we do not need the completed version of G
for our results, for the sake of completion we briefly discuss this notion in the last

subsection.

3.2.3 Completion of ¢

Intuitively, a minimal or incomplete Kac-Moody group is constructed by exponenti-
ating the root spaces of real roots. If the root spaces corresponding to the imaginary
roots are also used in the construction, the resulting group is called a complete or
maximal Kac-Moody group. There are three completions of minimal Kac-Moody
groups which can be found in the literature, a representation theoretic completion
by L. Carbone and H. Garland in [13], a completion by using the building topology
by B. Remy and M. Ronan in [54] and a scheme theoretic completion over C by S.

Kumar in [39] and over algebraically closed field by G. Rousseau in [55].

3.3 Tits Axioms and BN -Pairs

In what follows, we shall consider Carbone-Garland’s Kac-Moody group G(K) over

a field K and denote it by GG, by dropping K from our notation. For¢ € I andt € K*,
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set

Wi(t) = Xa(O)X-al—t7)Xalt), w; = w(1) (3.16)

hi(t) = (). (3.17)

Let H be the subgroup generated by the elements h;(¢) forall i € [ and t € K*. Let
a € AT then o = way; form some w € W and simple root oy, 7 € I. Fort € K, we

set

Xa(t) = wXa, (w™ (3.18)

One can check that for ¢ € K, we have y,(t) € Aut(Vk). Associated with a« € A",

a root group is defined as,

Us = {xa(t) | t € K}.

Continuing with o € A’ let BE be the group generated by H and U,; G, be the
group generated by B; and B* be the group generated by B, for all a € A’¢.

The following properties of these subgroups can be verified easily.
(RD1) Let o, 8 be a prenilpotent pair then [U,,Ug] C (U, | v €]a, B[ ).
(RD2) Foreachic I, Bf N B, = H.

(RD3) The group B,ji has two double cosets in G,.

(RD4) For each i € I and B € A", there exists an element s; € G, such that

-1
5iBys; " = By,a-

(RD5) Foreachi € 1, B;Fi is not contained in B~ and B, is not contained in BT.
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Let NV be the subgroup generated by H and w; for all = € I. For a proof of the next

result, we refer readers to [61, Section 5].

Theorem 3.3.1. The axioms RDI-RD5 imply the following important consequences,

(a) The pairs (B, N) and (B~, N) form a Tits system.

(b) There exists a unique homomorphism ¢: N — W with Ker¢ = H, and for
alln € N and B € A", anfl = Byn)s-

(¢c) Group G has Bruhat decompositions

G = BNB=B NB~

= BNB =B NB.

3.4 Subgroups and Decompositions

Now, we consider K to be a non-archimedean local field (See Section 2.1 for
notations) and G = G(K). The group G has an integral subgroup which is defined

as
K:={g€G|gVo CVon}, (3.19)
where

Vo=V ® 0. (3.20)

40



The group K is an analogue of maximal compact subgroup from the finite dimen-

sional theory. There is a pair of unipotent subgroups
U = (Uy | v € A™F)

Let Ug = U* N K be the integral subgroup and U= be the level one congruence
subgroups of U*. Let Hp = H N K. The weight lattice AV can be identified with

H =H /Hp via the map \Y — 7", and G has an Iwasawa decomposition
G=Upen K" Ut = Upen U K (3.21)
with respect to U™ and
G =Upeav K17 U™ = Usvenn U7 K (3.22)

with respect to U~. Let G/(k) be the Kac-Moody group over the finite residue field
k and w : K — G(k) be the reduction mod 7 map. The group K has a pair of

subgroups defined as
I* = o (B*(k)). (3.23)

These groups are known as the Iwahori subgroups and admit the following direct

product decompositions,

I'* = USU-Ho

- = U(;U;Ho,
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which are known as the Iwahori-Matsumoto decompositions. The group K admits

the following decompositions

= UpewItwI™ = Upew I wl™

known as the Iwahori decompositions.

For w € W, we define the following two subsets of the set of roots A.

St o= {aeA; |lwae A=A nw HA),

So o= {aceA_ |waeA}=A_nw(A,).

Similarly, we define the subsets SXV C AY. By using S=, we introduce finitely

generated subgroups

Uy = (Ua | @ € S3).

Let USY = U* — UZ. Set

=UiNU* (3.24)

w,m

Uto = UinUg, UZ

Up" = USnUs, UF*=U"nUy. (3.25)

T
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Chapter 4

Affine Construction and Formula

As stated earlier, our thesis project is motivated by a desire to extend certain con-
struction and results from the affine to general Kac-Moody setting. Our methods
for proving the main theorems are not exactly the same, even in the affine case.
We present a review of the previous work in the affine case here to make these

differences clear.

4.1 Realization of Affine Kac-Moody Data

Affine Kac-Moody algebras and groups are the most investigated objects of the
infinite dimensional Kac-Moody theory. A concrete description of these algebraic
structures make them suitable for both theoretical purposes and applications to
other branches of mathematics and physics. In this section, we briefly describe
affine Lie algebras and groups and explain how they arise as extensions of the finite

dimensional Lie theoretic data.
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4.1.1 Affine Kac-Moody Data
Affine Generalized Cartan Matrix

As discussed in Subsection 2.2.3, an affine GCM is classified into categories: un-
twisted and twisted type; and can be constructed from a GCM of finite type. For
this chapter we will consider untwisted and symmetrizable affine GCM A. First
we describe how A is obtained from a GCM of finite type. For this, let A be an
[ x [ indecomposable GCM of finite type, g be the associated finite dimensional
simple Lie algebra, and b be its Cartan subalgebra. Let A, AV, 11 = {ai hi<i<is
v = {a; }1<i< be the set of roots, coroots, simple roots and simple coroots, re-

spectively. Let x(—, —) be the killing form on g, b and b*, and 6 be the highest

root with the corresponding coroot 6¥. Set ag = —6 and A = (a;j)1<; j<i+1 Where
Q;j = 2:& ijj) ,1,7 =1,2,...141. The matrix A is called an affine GCM associated

with A as defined in [22, p. 204].

Affine Kac-Moody Algebra

Let ¢ be an indeterminate and C[t, '] be the ring of polynomials in t and t~'.
Suppose C((t)) and C|[t]] denote the field of Laurent series and the ring of formal
power series over C, respectively.

Let g and g be the Kac-Moody algebras over C associated A and A, respectively.

These two Kac-Moody algebras are related as follows. Let

g:=C[t,t '] ®c §. (4.1)

With the Lie bracket defined as [u ®@ z,v @ y] = uv ® [z, y], foru®@z,vQy € g

and [x,y] the Lie bracket of z,y € g, the space E; becomes a Lie algebra known

44



as the loop algebra of g. We fix a symmetric, non-degenerate, invariant bilinear
form (—, —) on g which exists by Theorem 2.2 of [38] and is a scalar multiple of
k(—, —). The untwisted affine Kac-Moody algebra constructed on the top of g is

the following double 1-dimensional extension of the loop algebra
g:=Clt,t ®g® Cca Cd 4.2)
with the Lie bracket defined as,

[Xl,XQ] = tm1+m2 & [1’1, 1'2] + ,ulmgtm2 & x9 — Mgmltml X 11

+ m15m1,m2 (Ilv :I"Q)Ca (43)

forall X1 =t" Qx4+ Ac+ pud, Xo = t™2 @ x9 + Noc+ pad € gwith zq, 25 € g,

my, mo € Z and A\, A9, i1, o € C. Set

h:=hdCchpCd

then b is an [ + 2 dimensional subalgebra of g and h — b. Asin [38, p. 100], the
dual h* of Cartan subalgebra imbeds in h* through an extension of each element
A € h* to h* by setting A(c) = A(d) = 0. Theorem 7.4 in [38] and Theorem 13.1.3
in [39] assert that the Lie algebra g is isomorphic to the Kac-Moody algebra g

corresponding to A defined by a set of generators and relation in Subsection 2.2.2.

Roots and the Weyl Group

Let 9 € h* be defined as

6|B@Cc =0, 6(d) =1,
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where d|; . . is the restriction of ¢ on h@® Cc. ThenI1Y = {af = ¢ — 6"} UTIY are
the simple coroots corresponding to the simple roots IT = {ag = — 0} U IL. The
triplet (b, I, ITV) constructed above is a realization associated with the GCM A. The
corresponding abstractly defined Kac-Moody algebra g (as defined Subsection 2.2.2)
isisomorphic to the Lie algebra g. For the rest of this chapter we shall use the notation
g to denote the affine Kac-Moody algebra g.

The set of roots and positive roots of g are given by
A={nd|neZ\{0}}U{nd+pB|neZpecAl (4.4)
and
AT ={nd|n>0 U{né+p8|n>073eA} (4.5)

Let I be the Weyl group associated with g and Q¥ = @!_, Z«; be coroot lattice

then W acts on ()" through the restriction on h We denote by
W=WxQ". (4.6)

The group W is called the affine Weyl group and the Weyl group W associated with

g is isomorphic to w.

4.1.2 Affine Kac-Moody Group
Loop Groups and Extension

Let G be the simple, simply-connected algebraic group over Z with Lie algebra

g. We choose a pair of opposite Borel subgroups ]§+, B~ with unipotent radicals
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U™, U™, respectively. The intersection H = B N B~ is a maximal torus of G.
The polynomial loop group é[t, t~'] is a functor whose points over a ring R are
given by G(R]t,¢™']). By a theorem of Pressley and Segal [53, Theorem 4.4.1], the

loop group admits a central extension
1—Gp— G — G[t,t7'] — 1. (4.7)

The multiplicative group G,,, acts on é[t, t~'] and this action lifts to G. The
affine Kac-Moody group G is the semidirect product G,,, X G under this action.
One can associate a Lie algebra g with G which is isomorphic to the untwisted affine
Kac-Moody algebra corresponding to the affine GCM A. The affine Kac-Moody
group G and the Lie algebra g can be described by the affine root system introduced

earlier in the previous subsection. .

Subgroups

Let G, B, UT and H be as introduced earlier. Let H = G,, x H x G,,,. Let
G[t]g+ denote the preimage of Bt under the natural map G[t] — G. We let B¥
to be the preimage in G of é[t]B X G,,. This is a group-scheme, which is endowed
with a natural map to H . We denote by U™ the kernel of this map. This is the
pro-unipotent radical of B*. Similarly, let é[t_]B— be the preimage of B~ under
the map G[t~] — G coming from evaluating ¢ to co. We let B~ C G to be the
preimage in G of é[t_l] B X Gy,. This is a group ind-scheme, which (similarly
to B*) is endowed with a natural map to H and we denote its kernel by U~. In
addition, the intersection BT N B~ is naturally isomorphic to H.

Let KC be a non-arcimedean local field as before and G = G(K). This group

is different than the affine Kac-Moody group constructed by Carbone and Garland
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(see Subsection 3.2.2) or Tits group (constructed in Subsection 3.1.2) as it does not
depend on the representation or on the choice of Kac-Moody data ©. Let G and K
be the values of G over the residue field k and the ring of integers O, respectively.
Let [T and I~ be the pair of Iwahori subgroups of K which are preimages of B,
and B,_, respectively, under the natural map w: K — Gy (reduction mod 7).
Let U* = U*(K), and H = H(K) be the subgroups of G, and U5 = U*(0)
and Ho = H(O) be the subgroups of K. Let G, := {g € K | w(g) = 1}.
We denote by UF = U* NG, and H, = H N G,. The group G admits the
Iwasawa decompositions, K admits the Iwahori decompsoitions and [ + admit the

Iwahori-Matsumoto decompositions as given in Subsection 3.4.

4.1.3 Representation Theoretic Norm

Let V = V* be the integrable highest weight g-representation of highest weight \
defined over the local field K and V), be the integral lattice in V" as defined in (3.20).

Forv € V, set

Ord(v) = min,ez 7™v € Vo (4.8)

and define anorm on V' as

||v]| = g, (4.9)

forall v € V. Anelement v € V is said to be a primitive element if ||[v|| = 1; we
shall always choose the highest weight vector v, to be a primitive element.
We will choose a coherently ordered basis B = {vq,vs,...} consisting of

primitive elements, that is, B consists of weight vectors; if v; € V), v; € Vs and
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depth(6) > depth(y) thenj > 4; and, VN3 consists of aninterval v,, v, 41, . . ., Upp.

We end this section with the following lemma without giving its proof. This
lemma will be used frequently during the course of representation theoretic argu-

ments.

Lemma 4.1.1. Ifv,w € V belong to different weight spaces then

v+ wl[] = [[v]] (4.10)

4.2 Affine Gindikin-Karpelevich Finiteness

In this section, we elaborate the three steps mentioned in Section 1.4, which Braver-
man et al. followed in [6] to obtain the affine version of the Gindikin-Karpelevich

Finiteness. The first step was to decompose U~ as a disjoint union of certain subsets.

4.2.1 Step 1: Decomposition of U~

Let lwg : U~ — K/K N B be a function defined by
Twg(u™) = k(KN B) (4.11)

for all u= € U~ such that K-component of the Iwasawa decomposition of ™ is
equal to k. It is straightforward to check that Jwg is an embedding. Let w be
the reduction mod 7 map defined earlier. Combining these two functions with
the natural projections of the quotient spaces, we get the following commutative

diagram,
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U~ —s U;\U~ —2 5 U;\K/KNB

¢
U= (k)\G(k)/B(k) ~ W
For w € W, the subset VV,, is defined as
V., = (o Hw)). (4.12)

Thus U~ decomposes as a disjoint union of its subsets,

v-o= || va (4.13)

weWw

As explained on page 51 of [6], the set V,, can be described more explicitly as an

intersection
V, =U"nUU; wB, (4.14)

where U} is the subgroup introduced in (3.24) and each element ™~ € V,; has the

following form
u” = uguy, whom ut (4.15)

for some uy, € Up, uf, . € Ut ., ho € Ho,u™ € UT, and ¥ € AY. The quotient

W,

U, \U™ is isomorphic to K\ KU~ and hence

K\KU™ = | | U5\V,. (4.16)

weWw
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4.2.2 Step 2: Finiteness I

Due to the homogeneity of the Gindikin-Karpelevich formal sum (see Lemma 1.3.1),
it suffices to obtain the finiteness of the coset space K\KU~ N K 7' U*. Now by

using the right hand side of (4.13), we can write

K\KU nK=x"'U* = | | K\KV, nKx"'U*
weWw
= || Uo\Vy nExUT

weWw

= || Uo\Va (") (4.17)

weW

The second step towards the Gindikin-Karpelevich finiteness is to show that there are
finitely many w’s which contribute in the union on the right hand side of (4.17). It

follows from the next proposition which is a consequence of Joseph’s Lemma 2.3.1.

Proposition 4.2.1. If w € W and p¥ € QY be such that V(") # 0 then
(w) < ~2(p, ).
The assertion of above proposition is proven by Braverman et. al. for affine

Kac-Moody groups on page 51 of [6] but its generalization is straightforward. Since

we are using this result for our proofs, we sketch its proof in the following.

Poof of Proposition 4.2.1. Letu~ € V; N K7* U+, then

uo = uzmwh@ﬂ”vug, (4.18)

+ +
for some w; . € U,

w,m

ho € Ho, uf,uj € UT. We let this element act on the

highest weight vector v, and get the following equations,

u v, = v,+ weight vectors of lower weights, (4.19)
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ub cwhom ufv, = FaPrIul v, (4.20)

w, T

for some 6* € O*. Now, if

u:;m = an,nz,-..,nr otoy? .. .aﬁrCé?l)C&ZQ e (SZZT)

where «o; € SI,l and CC(ZZZ') is the divided power of the Chevalley generator
corresponding to ;. Now, by Joseph’s Lemma 2.3.1 to get the highest weight vector
from the action u:gmva, we must have @ < ny + nyg + ...n,. Moreover, to
preserve the primitivity we must have ny + ny + ...n, = —{(p, ). Combining

these two facts we get the assertion. [

4.2.3 Completion and Coordinates

The third step for Gindikin-Karpelevich finiteness is to show that for each w € W,
the coset U, \V,, (1) is finite. The key point in getting this finiteness is to realize
the elements of V(1) as uniformly bounded operators (with respect to the norm
(4.9)) on a finite dimensional subspace of V. These notions are going be made more
precise in Subsection 4.2.4. The main tool used to get this realization is a set of
coordinates, which exists in the completion. So, we first discuss the completion and
this coordinate system as given on page 53-54 of [6].

Let é[[t_l]] be the formal loop group functor in the variable t~*. The group
ind-scheme U~ is the preimage of U~ under the natural map é[t‘l] — G
of evaluation at oo, where é[t‘l] be the polynomial algebra in the variable ¢~1
(see Subsection 4.1.2). Let U~ be the preimage of U~ in G[[t™!]] as defined in
Subsection. This is a group ind-scheme which comes equipped with the natural

injection between the sets of K points

t: U —= U7,
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For m > 0, suppose
U (m):={u €U |u =Id(mod ¢t ™)} (4.21)
and U~ [m] := U~ /U~ (m). We shall denote by ¢,,, the projection
Om: U — U™ [m]. (4.22)
Next, we define the following elements of U™, if m = 0

=TT wstws) (423)

BeA_

and form > 1,

H Ua (" T H 1+ cimt™ H ug(t" Ym.p), (4.24)

aEA i=1 BeA_

where AJF and A_ are the underlying finite dimensional set of positive and negative

roots, respectively, and Yo g, Ci.ms Tm.as Ym,g € K.

Definition 4.2.2. An element u~[j] is said to be componentwise bounded by a

positive constant C' if:

1. j = 0 and v~ [j] has expression (4.23), we have |yo 5| < C forall 5 € A_.

2. j > 1 and u™[j] has expression (4.24), we have
lcij| < Cforall o, € A_.

The last result of this subsection asserts that the elements of U~ in U~ can be

expressed as the products of the above coordinates.
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Proposition 4.2.3. By identifying U~ inside U™, every element u~ of U~ has the

following unique form as a product

u” = []u 1 (4.25)
Jj=0
Moreover, for m > 0
Sm(u”) = ([ 1~ [j]). (4.26)
j=0

where ¢, is the projection (4.22).

4.2.4 Step 2: Finiteness II

Being a subset of U, the elements of the set V, (11*) admit a decomposition (4.25).

Moreover,

Lemma 4.2.4. (a) For each element uw~ € V, (") there exists n > 0, such that
u_ = H;L:O u_ []]'
(b) There exists a constant C' > 0 such that |[u~v,|| < C, forallu™ € V, (u").

Lemma 4.2.4 implies that the set V, (1") fulfills the conditions of the family F

given in the next propositions.

Proposition 4.2.5. Let F be a subset U~ such that,
(a) The family F is bounded by a constant C' > 0,

(b) every u~ € F is a finite product of the coordinates u~ = [[;_, u™[j].

Then there exists D such that each u™[j] is componentwise bounded by D.

Thus, the elements of V, (1Y) can be written as a product of finitely many

coordinates and each coordinate is componentwise bounded by the same constant.
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Moreover, it can be viewed as embedded inside the automorphism group of the finite
dimensional space V'[m]. This gives rise to a family F of equivalence classes of
elements V_ (). By using the properties of finitely ordered matrices consisting
of uniformly bounded entries from Section 7 of [6], one can show that F is finite,
and for each v~ € V, (u"), there exists v~ € F such that u= € U, v~. This proves

K\V, (i) is finite.

4.3 Other Results

The affine Spherical Finiteness and Approximation theorems are proven by using

the Gindikin-Karpelevich Finiteness. For instance, one of containments
KU nKoN Ut c Ket'K

to prove the Approximation Theorem is shown by using the fact that there exists a

finite subset {2 C U~ such that
K\KT"" " U N KN U™ = Uy-cq K\Km MUt N Kt 'u™  (4.27)

and corresponding to these finitely many elements, AV can be chosen sufficiently
big, such that we get () C K. For the Spherical Finiteness, we refer readers to

Subsection 8.2.

4.4 Computation of Limit

With the finiteness theorems proven, the formal analogues ¢,v and Syv of the

Gindikin-Karpelevich integral and image of Satake isomorphism respectively, make
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sense in the infinite dimensional settings. In [8], Braverman et. al. obtained the
generalized version of the Macdonald’s formula for S)v and used it to compute a
formula for ¢%,v where \Y = 0. We describe this process of computation in the
following. Let ¥ C W, £(q) = Y5 ¢ ™ be the Poincare Polynomial. For
AV e AV, let Wyv = {w € W | wA\Y = AV} be the stabilizer of \Y. For each

a € A, with multiplicity m(«), we define an element

1l —e@
of Clg, ¢ '][[QY]]. Set

I':.= H T,v.

aEA L
The rational function T is also an element of of Clq, ¢~ !][[@Q"]]. For each w € W,

let

v = H Yoo -

aEA L

For \V € AY, let
(P AY)
q w wAY
Hy = —— [e* .
VT 2
Let C<[AY] be a completion of the group algebra C[A"] as defined in Section 2.1.5

of op. cit. Proof of the following theorem can be found in Subsection 7.2 of op. cit.

Theorem 4.4.1. Let \Y € AV be dominant. The ratio I}[}OV is an element of

Clg, ¢ '] ®c C<[AY] and is equal to Syv.

By Theorem 4.4.1, for \Y dominant,

(PAY)
— q w _wAY
S)\v = (Ho) 1W E I'e A . (428)
weW
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Theorem 1.3.2 and Lemma 1.3.1 imply that for £V € AV if we choose A sufficiently
big as compare to £V, then

[exv—sv]gw

g\/
[6 ]go q<p,)\\/> )

(4.29)

where for any f € C[AV], such that f = 3" v cove”’, [e"']f = cuv. Next, if A

is regular, Wyv = {1} and hence Wy (¢~ !) = 1. So, (4.28) becomes equal to

Syo= (Ho) g ) " Tem (4.30)

wew
Now, if we choose \" very large as compare to £V, then only the term with w = 1
in the sum >°_ ;- [e“*" can contribute to the coefficient of ¢*'~¢". Indeed, if A"
is chosen very large such that w\" becomes very small as compare to \Y — £ for
w # 1 and the presence of (Hy) ™! in (4.30) (which can be expanded in the negative
powers of e*, ¢ € I) force w = 1. As a consequene of (4.29), by choosing A regular

and sufficiently big, we get

% = —T

1 v\ m(a)
1 1—gle™
- = (137) . (4.31)
Oa€A+

% follows from the fact that the Satake Isomorphism
weWw

S being a homomorphism of algebras must satisfy S(ho) = S(xx) = 1. In the

The equality Hy =

finite dimensional case H, = 1 but this equality does not hold in affine settings. The

W-invariant factor H, is under investigation for infinite dimensional Kac-Moody
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groups. One of the few known cases is when G is affine and the underlying group

() is of simply laced type. Then it has an infinite product decomposition

I o

1_q mi o= je
HHl_q mﬁ-le jc’? (432)
i=1 j=1

where c is the minimal imaginary coroot and for 1 < ¢ < [, m; are the exponents of
(. This value of H, was conjectured by Macdonald in [45]. It is known as constant
term conjecture and has been proven by I. Cherednik in [16]. Recently, for general
Kac-Moody settings this factor was studied and various properties were listed by D.

Muthiah, A. Puskds and 1. Whitehead in [51].
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Chapter 5

Approximation Theorem

In this chapter, we shall prove Theorem 1.3.2. This theorem establishes a link
between the image S)v of the Satake isomorphism and the Gindikin-Karpelevich

sum ¥%,v when \Y is very large.

5.1 Proof of Main Theorem

Let p € A be the element as defined in (2.15). Throughout this chapter we fix
our highest weight module V'* with highest weight p and equipped with the norm
||| given in (4.9). We also fix a primitive highest weight vector v, in V*, that is,
|v,|| = 1. Let P, be the set of weights of the representation V* and for v € P,, 1,
be the projection map as introduced in Section 2.3. First, we prove the following

lemma which will be used to prove the statement of the theorem.

Lemma 5.1.1. Let pu" be fixed and \¥ € A be regular. There exists a finite subset

E=2(\Y,u") C P, such thatifu~ € U~ satisfies

™ um e KaN U, (5.1)
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and n,(u"v,) & V5 for some v € P, thenv € E.

Proof. If u= € U, then u v, € V5 and hence there is nothing to prove. Let

U~ (AY, ") be the set of elements u~ € U~ \ U, which satisfy (5.1), and set

D=S\u") ={y € Qs I npy(uvy) V8 u” €U (N, p")}

It suffices to show that X is a finite set. Let u~ € U~ (\Y, ") with a corresponding

v € X withy = Zizl ki, for k; € Z~o and o; € 11. By assumption
™y = lmr’\v*“vuﬂ 5.2)

for some k € K and u™ € U™. We apply both sides of (5.2) to the highest weight

vector v,. The action of the left hand side of (5.2), Lemma 4.1.1 and the fact

No—(u"v,) & V5 give,
X w vl = [l v || > gAY, (5.3)
The right hand side of (5.2) acts as,
||k:7r)‘v_”vu+vp|| = g PN (5.4)

So, (5.3) and (5.4) imply ¢~ =7 < ¢~ A" =#") Which shows ¢("*") < glon")
and hence (7, \Y) < (p, u"). Consequently,
I
D kifai AY) < (p,uY). (5.5)
i=1

Since 1V is fixed, and A" is dominant and regular, (c;, ) are fixed positive numbers
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for1 < ¢ <, thebound (p, ) in (5.5) on the coefficients k; appearing in the simple
root decomposition of v implies that we have only finitely many choices fory € @) ..

Therefore, the set ¥ C ()" is finite and this completes the proof.

Now, we give the proof of the Approximation Theorem.

Proof of Theorem 1.3.2. To prove the assertion of the theorem, we show that for

p” € QY and A\ sufficiently dominant the following set theoretic inclusions hold

KV KNnKa' Ut ¢ KeNu - nKar' # Ut (5.6)

KU - nKo¥ Ut ¢ KaNKnKa¥ Ut (5.7)

The first containment follows exactly as it does in affine case [6, Subsection 6.3], we

only sketch its (slightly modified) proof here. First note that if AV is dominant then
N UGT™ C UG (5.8)

and Kn\' [t = Ka¥'U- ¢ KnN'U-.

Thus, it suffices to show that for ¥ € QY and A" as above
K KN KN U+t ¢ Kot It (5.9)
For this, let k; € K be such that
™k € Ke' Ut (5.10)

and suppose k; € ITwl* for some w € W. Forany w € W, U-wlt C wl™.
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Then by using this fact and (5.8), we have

™k e N TTwlt = N USUZwIt
- Ugﬂ’\vwfr

= Ut wU;Ug. (5.11)
So, (5.10) and (5.11) imply that for u;, uy € UZ;, u €U ,us€eUTand k' € K
™k = u N wuTuy = KN R g (5.12)
Thus, by taking (u;) "'k’ = k € K and uzu,* = u™ € U™, we have
™ wum =kt u T (5.13)

Next, we choose \Y € AY sufficiently dominant such that if 0 € W, ¢ # 1 and

oAV =\ — Y for some 3Y € Q, then

(p,8Y) > (p,n"). (5.14)

If w # 1, by letting the both sides of (5.13) act on the highest weight vector v,, we

compute

g N = RN T || = ([ wu |

wp,AY)

> 7N vupl] = ¢ = g oA (5.15)

This implies (p, \Y — ") < (p,w 'AY) and this results in a contradiction of the

inequality (5.14).
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For the containment (5.7), let u~ € U~ be such that 7*°u~ € Kn*'~#'U*,
If u= € U,, then our theorem follows. If v~ ¢ U, then by Lemma 5.1.1, there
exists a finite subset = C P, such that if v € = then 7, (u"v,) ¢ V5. Moreover, as
in the proof of the above lemma, if we write v = p — ~ for some v € ), we get
¢ < ¢»#") Thus by choosing A" sufficiently dominant corresponding to the

finitely many elements in =, we can arrange
q<p,uv> < q<%kv>’ (5.16)

leading us to a contradiction.

5.2 Iwahori Refinement

The following proposition is an Iwahori analogue of the Approximation Theorem.

Proposition 5.2.1. Ler w € W and ¥ € AV be fixed. Then for all sufficiently
dominant \¥ = \Y(u",w) (that is, sufficiently dominant depending on 11¥ and w),

we have
U NIwtN Ut = ImaVNU; 0 I-we =7 U
Proof. One inclusion is straightforward. So, we prove the other
INU- NI wN Ut ¢ TN UG N w7 U, (5.17)

For this, let v~ € U~ be such that 7*°v~ € I~wr " U'. Then using the
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Iwahori-Matsumoto decomposition I~ = U U, Hp, we have
™" € UpUf wr® = U™,

Hence, for the containment (5.17), it suffices to show that:
(P Letw € W, u¥ € AY be fixed. Then for sufficiently dominant \¥Y = A\ (¥, w),

if T'u € U jwr* ~# U+ withu™ € U™, thenu™ € U,.

To prove (P1), let u~ € U~ be such that

AV — AV Vv
™uT = wlwrt T ut, (5.18)

for some uf € UJ and u™ € U". We apply both sides of (5.18) to the highest

weight vector v,. The right hand side gives us,

+o A=Y+ — —K
(TARTis v, = ujwr v,

Since u;, € K, ||uf|| = 1 and hence

[ b, || = [l |

= g A, (5.19)
On the other hand, the element on the left hand side of (5.18) acts as

7r)‘vu_vp = WAV(Z vy, (5.20)

veP,
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If u= € U, then there exists at least one weight § := p — v € P,, withy € Q4
such that the corresponding weight vector v, on the right hand side of (5.20) is

not integral, i.e. 1,_,(u"v,) € V, 0. This gives

[V v
|7 w" || > {7 0, ]

> gAY (5.21)

So, (5.19) and (5.21) imply
q(p,,ﬂ> > q<%>\v>‘ (5.22)

Claim 1. There are finitely many v € Q. such that n,_(u"v,) # 0 for all u~
satisfying (5.18).

Proof. The subgroup U;“Jr is generated by the finite number of root subgroups U, r,

o € SF_,. So, for each element v}, € U}

w,m

when u;w acts on the highest weight
vector v,, there are a finite number of choices of weights that can appear in the
weight vector decomposition of u;;wv,. The same is true for u~ appearing on the

left hand side of (5.18). Hence our claim holds.

Thus, by choosing A sufficiently dominant corresponding to these finitely many -

from the claim, we may arrange

g < A,

Thus our assumption u~ ¢ U, leads to a contradiction of (5.22), and consequently

the statement (P1) and the proposition follow.
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Chapter 6

An Integral and Recursion Relation

In this chapter we introduce two propotional integrals /,, »v and fw, AV, and prove
the convergence of I, \v by showing that it satisfies a recursion relation in terms of
a certain operator. This will imply the convergence of jw, av as well. The finiteness
of the level set of fw, ,v obtained as a consequence of this convergence will be used

to obtain the proof of the Weak Spherical Finiteness in Chapter 7.

6.1 The Integral

Let p be the sum of fundamental weights as introduced earlier (see (2.15)).

Definition 6.1.1. We define a function
P,: G — C[AY]

by the formula ®,(g) = g P et where g € G has an Iwasawa decomposition

ge U K.
For w € W, recall the subset S _, and the corresponding subgroups U, _,,
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U,-1poand U _, _from Subsection 3.4. The group U__, is finite dimensional and

carries a natural Haar measure du,,, which is normalized such the group U, _, ,, has

volume 1 with respect to this measure.

Definition 6.1.2. The integral 1, \v is defined by the following equation,

We also need another integral which we define as follows: The group U, _, _has
finite volume with respect to the measure du,,. We normalize the restriction of this
measure on U __, _ so that the volume of U__, _becomes equal to 1 and call this

measure du,,.

Definition 6.1.3. The integral j:w, \v is defined by the following equation,

Ty = / ®,(ujm ) dug,.

6.2 Demazure-Lusztig operator

Let v be a formal variable and C, := C[v] be the ring of polynomial in v. Let

Z = C[[QV_]]. Set
L =C,QcZ (6.1)
and

LW =D awlw] | a, € L}, (6.2)



Now, we consider another formal variable X and define the following rational

functions

By expanding b(X) and ¢(X) in X' and using X = e*" for some positive coroot

a it follows that b(X), c(X) € .Z. For a coroot o”, we shall denote

b(a") :=b(e* ) and c(a) = c(e*). (6.3)

Definition 6.2.1. Fori € I, let o be the simple coroot and w; = w,, be the simple

root reflection. A Demazure-Lusztig operator on £ is defined by

Ty, = c(a))[w;] + b(a))[1], (6.4)

7

which, by expanding the rational functions, can be seen to be an element of £ |W|.
The operator T, satisfies the following properties.
Proposition 6.2.2. Fori € I,

() Forie I, T2 = (v—1)T,, +v.

(2) The operators T, satisfy the braid relations. So, if w € W has a reduced

decomposition w = w;, W, . .. w;, then

T, = Ty, To,

ig " in

and this expansion is independent of the chosen reduced decomposition.
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Proof. For the proof of the last part, we refer readers to [52, §6] or from the

references given there. Here, we only sketch the proof of the first part. By using

[wile(a)) = e(—=a)wi], [wib(a) = b(—a))[wi],

(2

and
b(—a)) +b(a))=v—1
we write
T:, = c(a))c(=af)[1] +c(af)b(—a)[wi] + b(a )e(a)[wi] + b(ay)*[1]

= (c(af)e(—a7) +b(a})?) [1] + e(a)) (b(—a;) + b(a;))[w]

= (v~ De(a}) ] + (c(a})e(—ay) + bay)?) [1]. 6.5)

Now, we use (v—1)c(a))[w;] = (v—1)T,, — (v —1)b(«))[1] in (6.5) and simplify

the resulting expression to get
)e(—a)) +b(a))? — (v —1)b(a)) = v. (6.6)

This is what we want to show.

Now, we state and prove the main result of this section. This is an analogue of the
results previously proven in [43, Theorem 4.4.5], [6, Proposition 7.3.7] and [52,

Proposition 2.10].

Proposition 6.2.3. Let \Y be a dominant and regular, w € W be such that w = w,w'

and l(w) = 1+ {(w'). Then

Ly = Ty (Iyav). (6.7)
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The above proposition has the following corollaries.

Corollary 6.2.4. Forw € W and \ € A regular, the value of T ,(e*") atv = ¢!

is equal to a constant multiple of the integral I,, \v. More precisely,
Loy = ¢ T, (eN). (6.8)

Proof. Let w = w,,, W,,, , -..-Ws, be a reduced decomposition of w, then by

Proposition 6.2.3

Io = T To.. (Toyav). (6.9)

Wom, = Way, 1 *°° Warg

The rank 1 computation implies that I, »v = ¢~ »*")T,, (¢*"). Finally, this

corollary follows by part (2) of Proposition 6.2.2.

Corollary 6.2.5. With the same assumptions as above, the integral I, \v converges

in the following sense: there exists a finite subset B C N such that
]w,)\v = Z CMVGMv
nves

with ¢, € C for all ¥ € B.

Proof. By Proposition 6.2.3, the assertion follows by showing T, (e*") € C[AY]
at v = ¢~ !. An affine version of this statement is given in [44, Section 4.3] which
extends to general Kac-Moody root systems as well. The proof is obtained by

combining the rank 1 computations with Proposition 6.2.2 (2). In the following we
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give the rank 1 computation. For AV € AY

Twa (e)\v )

The way we defined Haar measure, it is easy to verify that there exists a constant

C' > 0 such that

Corollary 6.2.5 and (6.11) imply that the integral fw, av also converges. The proof

c(a”)e” +b(a))e
1 —ve’ waAY v—1 v

1 — e’ 1 — e’

(e 4 (1 —v)er=rFe 4 (1 —

(1 —v)et + (1 —v)er+e 4.

ewar 4 (1-— v)e“’“w““v +--+ (1= U)ekv_av.

Tysv = Clypv.

of Proposition 6.2.3 will be carried out in next two sections.

6.3 Rank 1 Proof

First, we prove the proposition in rank one where the computations are very similar

to what Macdonald did in Proposition 4.3.1 from [42] for a slightly different integral.

Step 1: Decomposition

The integral I,,, yv can be split into two parts

o — _wa\Y - 71 2
[wou)\v = / (I)p(uwaﬂ' « )duwa = Iwm)\v — [wm)\v,
Uy,

T
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where

L};m)\v = / <I>p(u,a7rw“v)du,a, (6.13)
U_a(K)

Lo = / D, (u_om N Vdu_q, (6.14)
U—a|<0]
and where U_,[< 0] = U,<oU_,[n| and for n <0,
U_a[n] = {u_q(t) : val(t) = n}. (6.15)

Step 2: Evaluation of I7,_,.

We start by evaluating / im yv, Which can be written as

Iow=>_ / ’ O, (U0 )du_q. (6.16)
t=0 Y U-alt

Let s € K with val(s) = ¢, ¢t < 0 and s = 7'u for some u € O*. We use the
following identity which can be proven by using the relations (3.7)

U_o(s) = Ua(s )T Waua(s™) (6.17)

and write

—ta wa AV

" Wata (s

— ua(S—I)W)\V_tavwauQ(7_‘_<a,—u)a)\\/>8—1)

= U (sTHTN T Wt (N s,
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Since A" is dominant and regular, (v, \V) > 0. Therefore,

wa)\v> —(p,\V 7tav)€)\vftav

P, (u_qom q

—(p,\V) te)\v —taV

= g q

The integral in the sum (6.16) solves as,

/ q)p(u_aww“’\v)du_a = / q_<f”)‘v>qte)‘v_t°‘v du_,,
U_alt] U_alt]
= q_<””\v>qte’\v_t‘lv Vol(U_,[t])

—(p,\V) te)\v—tozv< -t q—t—l)

= 9 q q

\%

_ q—<p,>\v)6>\v(1 o q—l)e—ta )
Hence,

]’3)&)\\/ = Z q_<P,)\V>6)\V (1 . q—l)e—tocv
t=0

—<,07>\V> 1 - q_l AV

1— e ©

Step 3: Evaluation of I, .

(6.18)

. \% _ \2
Next, we compute Ijja’ ,v. By the change of variables u_,, — 7" u_,m~"%*" we

get

[i)m)\v = / CDp(u,aﬂw“)‘v)du,a
U-a(K)

= ](U—aﬂwakv)/ (K) (1N U ) du_q,

where j(u_qm®e*")

cases:
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is a Jacobian factor that is equal to ¢~ (**"). Now, we have two



Case 1: ifu_, € U_,(O). Then ® (7" y_,) = g~ {Pwar"~)ewar" and hence
/ q)p(ﬂ-w&)\vu,a)duia — q7<p7wa/\v>€wa)\vVOZ(U7Q<O)) — q7<p,wa)\v>ewa/\\/.
_a(0)

Case 2: If u_,, ¢ U_,(O), then

wa Y

TN u_g(s) = weN ug(sTHrrel

)avwaua(s_l)

—(a,\Y) S—l)ﬂ_wa)\v—'ual(s)av waua(s_l) '

So,
Cpp(ﬂ.wa)\v U,Q(S)) — q—(p,wo)\v —val(s)av)ewaAV —val(s)a¥ _ q—(p,wa)\\/)qval(s) ewo)\v e—val(s)ocv
— q7<p,)\\/>q(a,)\v)€wa)\v qval(s)efval(s)av )

Putting the values of the function for both cases in (6.19), we obtain

! v j(u_oﬂrwa/\v)q—<ﬂ—a,/\v)€wa>\v[1 +(1- q—l)ea\/ +(1- q—l)e%zv +..]

Wey

y 1— gL aV
_ q—(p,)\ >€w°‘>\v[1 + ( q )ve ]
1 —ex

1 _aVv
Ny quen L 20 €7 (6.20)

= (g 1_ e’

Step 4: Conclusion

Using (6.20) and (6.18) in (6.12), we get

I’U} AV e 7<p7)\\/> 1 — q € 7wa)\\/ —<p7AV> q 6)\\/
* 1— e 1 — e
= q (p,A >[C<Oé;/)€wi)\ + b(Oé;/)e)\ ]
= ¢ Ty, (). 6.21)
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6.4 Higher Rank Proof

The assertion in higher rank is proven below.
Step 1: Preliminary Reduction:
We will use the following description of the elements of S, _, = A~ NwA™ which

can be verified easily.

Lemma 6.4.1. Let w € W be such that w = waw' and l(w) = 1 + l[(w'). Then
Sp-r = {—a}U{waB| B € S} (6.22)

The above lemma implies the following decomposition of U, _;.

Lemma 6.4.2. By assuming the conditions on w € W from the above lemma,

each u,, € U__, can be written as u,, = U_qWal, Wy, Where u_, € U_, and

Uy € Uy

Lemma 6.4.2 yields the following splitting of the integral 1, \v:

Loaw = / o
Uw 1
]1

S\

- wAY -

/ D, (U_ ot Wom ) du_qdu,,
S\

w,A\V ]w)\\/ )

(W=l

S(up T Vdus,
2

where

I = / / <I>p(u_awau;/wa7r“’)‘v)du_adu;,
’ U-a(K) JU,

wl)_l,ﬂ'

and

2\ = / / <I>p(u_awau;/wa7rmv)du_adu;,.
’ a0 J (U

wH)—1lx
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Step 2: Evaluation of [ ,:

To simplify the integrand, we define a map.

Definition 6.4.3. Let A be the quotient group as introduced in Subsection 3.4. The
function

Twy:G— A
is defined by setting the formula Tw,(g) = " forall g € Ur* K and p¥ € AY.

Following Kumar [39, P. 77], for a simple root o, we denote a subset by U“
of U™ which is equal to w,U"w, N UT. This subset is normalized by the root
subgroups U, and U_,, and each element u of U™ can be written as u = u,u® for

some u, € Uy and u® € U®. Writing u,, € U__, _asin Lemma 6.4.2, we have

— _w\Y AV

u, T = U_qWal,, WoT"

_ \WV
= u_awauwm“”\ Wey, (6.23)

— — — "\WV Vv
for some u_, € U_, and u,, € U('w’)*lﬂr' Next assume u,, 7" Mwg, = urt k be
an Iwasawa decomposition, v = z,u® for some z, € U, and u* € U®, and let

n_, € U_, be defined as n_, = w,x,w,. The right hand side of (6.23) becomes

_ Y v
u_oéwoéuw,wwA Wy = U_qWaum" kw,

= u‘fﬂw““v (W_w““vu_an_aﬂw““v JWwakwy. (6.24)

~ _ \ \ P
Letn_, =7 """ u_,n_ 7" . Summarizing, we have

Lemma 6.4.4. In the above notations,

Twa(uy) = Twa(uy, ) Twa(n_q).
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So, the integral I, . takes the form

Izlu,,\v = fU_a(IC) fU(*,)_ Dp(Twa(uy) " Twa(n-a))di—odu,,

1x

= Ju_.i0 Pollwalfioa))dit_q Jo- P, (Twa(uy, ) )du,,.

(=l

The integral defined with measure dn_, can be related to the integral defined

with measure du_,, by a change of variables contain a Jacobian factor ¢—{**"). So,

we obtain
Iy = / (IDp([wA(ﬁ_a))dﬁ_a/ D, (Twa(u, ) )du,,
U-a(K) Ul =1
- / q~ I (Twa(ua))du o / ¢ (@, (Twa(uy))) duy
U—_a(K) U

()1

= O,(Twa(u_y))du_g O, (Twa(uy,,))) " du,,
/_m oo [ @Tua(u,)

(wh=Llm

where in the second integral the following fact is used

q)p(wwauv) — q—<pvwauv)ewauv — q—<p—a,uv>ewauv — q<a7uv>q)p(7ruv

yee.
The rank 1 computation for the first integral now implies,

Loy = cla’] | (@yTwa(u,) " du,,

(wh=lx

= c[a] (T av ). (6.25)

Step 3: Evaluation of /7 ,.:
For t € K and val(t) < 0, we write the integrand of I}, ,, as
u_a(t)wau;,waﬂ“’)‘v

= 7N (77N U ()TN (1N W, we ).
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Thus

U_g (15)11)(11@,woﬂr“’Av = g u,a(w<

Set nyrq = —{a,w'AY). Since AV is dominant n,,, is a non positive integer. We

define the subset U,,[\] C U, . by setting U, ,[\] = ’/T_w/AU(;,)_l 7', We use

,TT

(6.26) and the above notation to write,

]i,xv = ]1]2/ / <I>p(7rw’\vu_awau;,wa)du_adu;,
U—a[<ny,] JU A

w' o

= J1J2q_<p’w)‘v>€w)‘v/ / D, (U_qwot, we)du_ndu,,,  (6.27)
U—a[Sny,] JU A

w' o w

where 7, = j(u_om) = ¢~ and gy == j(uy, ") are the Jacobian

factors. Suppose

Jo v = / / D, (1N U qwaug, we ) du o du,. (6.28)
U—al<ny,] JUS I

The following lemma will be used to write Ji} \v as a product of two integrals.

Lemma 6.4.5. Let u_,(t) € U_o[< nya) and u,, € U, [\, then

Twa(u—o(O)waty,we) = Twa(u—_o(t)we) Twa(u_o(Eu u_q(t=H1).

Proof. Lett,, = (u_o(t u u_q(t")"). We have

U oWty we = ua(t™H)m Oy (U, w,

= () r O Gy (7w, (6.29)

Leti, = u_o(t " ugu ot ")t = o7 K, for some v’ € U and k¥’ € K. Using
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this Iwasawa decomposition in (6.29), we get

/

U_ oWty we = Ue(t™H)a O (4 7k Yu_ o (7w,

= o7 O (T wa, (6.30)
for some ©" € U™. Thus
U_o (D) Waty, W, € Ur?’ —val®e’ g

and the assertion follows.

By following the above lemma integral .J, , can be split,

JZ :/ q)p(uawa)dua/ D, (u_o(t Nuu_o(—t))duy,.
’ Ueal<ny0,] Uz,

Fort € Kwithval(t) = nya, u—a(t™") € U_o(O) therefore U, [\ and u_q (t U, [Nu_o(—t71)

w

have the same measure and we can write

J2 = / q)p(u_awa)du_a/ P, (u,,)du,,.
? U-a [Snwla] U;/ P‘]

w’' AoV

Since j; = J(u_qm™') = ¢~ and n,, = (a, w'\V), therefore

jlq—(p,w)\v> ew)\v _ jlq—<p,waw/)\v> ewaw’kv _ jlq—(p—a,w’kv)ew/)\v—(a,w’)\v>av
— ]qu(foc,w’)\\/)qf(p,w’)\\/)ew’)\vef(a,w’)\wav — q7<p,w’)\v>6w’)\v67nw/aav )
Also,

e w0 fU_a[gnw/a] P, (U_qWa)dUu_q

— efnw/a[(l _ qfl)enw/aa\/ + (1 _ qfl)e(nw/cﬂrl)av 4. ]

=[1—¢H+A—=gHe* +...]=b[a].
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By putting these pieces back in (6.27), we obtain

Lyw = j2b[av]/ g~ PN D (i w, ) du,
U

= jzb[av]/ O, (7 uy,)duy,

’UJ/

= b[ozv][w/,,\v. (631)
The solutions (6.25) and (6.31) imply that

Lpnv = Ty (Iyav). (6.32)
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Chapter 7

Weak Spherical Finiteness

7.1 Iwahori Level Decomposition

Now, we initiate the proof of the Theorem 1.5.1. For AV, u¥ € AV, set
MO\, 1Y) = K\Kn*' Ut n Kn"' K. (7.1)

We begin by establishing a bijective correspondence between the coset space
M (XY, 11V and a disjoint union of so-called Iwahori pieces. This disjoint union is
indexed by the Weyl group W and the main result of this section asserts that there

are finitely many elements of W which contribute in this union.

7.1.1 Iwahori Pieces

LetI' < G, X be aright-I" and Y be a left-I" set. We need the following relation on
the set X x Y from [8, Section 4].

Definition 7.1.1. Let (z,y), (2',y') € X xX Y, (x,y) ~ (2',y') if and only if there

exists some v € I such that, v’ = xr and y' = r~1y.
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One can check that ~ is an equivalence relation. We denote by X x Y, the quotient
space (X x Y)/ ~. For ¥, \Y € AV, wetake X = UTK,Y = Kn*'K,T = K

and consider the following map induced by the multiplication
my : UTK xx KTV'K — G. (7.2)

Forw € Wand \Y € AV, wetake X = Utwl~,Y = I"7'K, T = [~ and

consider also the following map induced by multiplication:
mave : Utwl™ x;- I"7" K — G, (7.3)

As in the affine case from [52, Section 4.4], it can be shown that for 1 € AV, the
fiber m . (7") is in bijective correspondence with M ()", 11¥). Also, the following
lemma can be proven more generally along the same lines as those of [8, Lemma

7.3.3], which again was written in the affine context.

Lemma 7.1.2. For all w € W and XY € AY regular, the fibers m;}/\v (") are

disjoint and there is a bijection
_ \% _ \2
myy () = Uewmy v (7). (7.4)

From now on, for w € W and p¥ € AV, the fiber m;}l/\v (") will be referred to
as an Iwahori piece of M (\Y,u"). For each w € W and fixed \Y, u¥ € AY, by

definition
myt (™) = I'\[Tw s Ut NI oK. (7.5)

Theorem 1.5.1 will follow if we prove: (a) for fixed ;¥ € AY and A" regular and
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sufficiently dominant, there are finitely many elements of I/ contribute in the union
on the right hand side of (7.4); and (b) for each such w € W, the Iwahori piece

m;}l/\v (W“V) is finite. Part (b) is discussed in §5 — 6 and part (a) is a consequence of

Proposition 7.1.3. For a fixed ;¥ € NV, \V € AV regular and sufficiently large

with respect to ¥, there exists a finite subset Q = Q(\Y, ") C W such that
-1

Myv (") = Uweﬁm;,l,\v (7).

Proof. By (7.5), it suffices to show the following: for 1" fixed and A" regular and

sufficiently large, there exist finitely many w € W such that
ITwr ' Ut NI 7N K #0. (7.6)

We replace K by K = U, I 7ol and then use the Iwahori-Matsumoto decom-

position It = Ug U, Hp on the left hand side of (7.6) to obtain

T U NI N K = Upew I wr” Ut NI 7N UGUZol™

= Upew !l wr* UtNnI 7ol (1.7)

where in the last step we use the fact that if \Y is dominant and regular then

™ Ubn=>" C U7. Consider ¢ € W such that
I“wr Ut N ]70'7TU)\VU6 +0. (7.8)
Now,

[Twr Ut NI~ or™ Uy € Kat' Ut N Ka® U™ (7.9)
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By the second part of Theorem 1.4.1 we get,
u <ol (7.10)

Since AV is regular, if we choose \Y very large compared to p" then (7.10) holds

only for 0 = 1. Hence (7.7) implies that
I UT NI N K = IFwe UT NI Up.
By (7.6), we also have:
U™ NUL wr ™ HoU™ # 0.
Finally, Corollary 4.2.1 implies
I(w) < 2(p, N — ). (7.11)

The bound (7.11) proves the Proposition.

7.2 Finiteness of Fiber

In this section, we fix w € €, u¥ € A and A € A, regular, where 2 C W is the
finite set obtained in Proposition 7.1.3, and prove the finiteness of the Iwahori piece
m;}/\v (u") for w € . We introduce the following terminology which will be used

in this section.
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Definition 7.2.1. Ler f = > WVeny CuY e’ be a formal sum, we write
[ f == cev. (7.12)

Let Z := {u" € AV [ m (7)) # 0.

Lemma 7.2.2. For w € W and X\ € AY regular, Z C supp(l, ), where

supp(Lups) = {1" € A | [ Ly p0 # 0},

Proof. Let p1" is such that m;}/\v (") # (), then
wlI~T™NKNU K # 0
which implies
wU U™ KNUm K # 0.
Since \" is dominant and regular, 7" Uos 7" C K and this gives

U, 7N nU" K # 0.

w

and thus ¥ € supp(I, v ).

7.2.1 Quotient Space and Surjection
We equip the group U, with the following relation

Definition 7.2.3. Let w, 2, € U . We say u, ~ 2, if and only if

Uy = 2o U m (7.13)
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It can be easily verified that ~ is an equivalence relation. For wu,, € U

w,T?

[1,] Will

denote the equivalence class of w,, with respect to the relation ~. Next, set
Ul (1Y) = {u, € U} | wu,m™" € Ur" K}, (7.14)
and
X () = {[wn] [ v € Uy (1)} (7.15)
If [uy] € X (1) with u,, € U (u"), the relation
wum™ = urt’'k, (7.16)
implies

u ™ kT = (7.17)

for some k € K and u € U". Thus [u,] € &, (p") gives rise to an element in
mz_u,lAV(Mv)-
Definition 7.2.4. Let

6 Al () — my i () (7.18)
be a map defined as ¢([u,]): = (u wuy, 7™ k7).

Lemma 7.2.5. The function ¢ is well defined and onto.

Proof. To show that ¢ is a well defined, let u,, 2, € U (1) and u, ~ 2, then
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there exists u™ € U,/ such that

Uy = 2T uTT N (7.19)

Also, forsome k € K andu; € U™,
Wiy = uy 'k, (7.20)

which implies
2 \2
m . —1 A —1
T = uy wu,m kT
_ v AV v Y v,
= uytwu, (m u ) TN (N w A ) N kT

-1 AV, -1
= U] Wz u'k

= uflwzww)‘vk’, (7.21)
where utk~! = k' € K. Thus by taking (7" ut7r ") =i~ € I~
(U7 Wz, ™K = (u]  wugi™, (7)1 k), (7.22)
and hence

P([uw]) = ¢([2u])- (7.23)

Next, we show that ¢ is onto. Let (z,y) € m;}Av (u¥) with x = wwi] and

y =iy m kforsomeu € Ut, k € K and i ,i; € I~. Then there exists i~ € [~
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such that

wwi—m k= 7 (7.24)

Suppose ¢~ has the following decomposition

1T = u:u(}h@ (7.25)

for some ut € Ul, u, € U, and ho € Hp. By putting it into (7.24), we have

™ = wwitt 'k
= uwu:ug)how’\vk
= uwuwﬂﬂr’\v K" (7.26)
for some w,, € U; . and k" = M ughom 'k € K. So, we get an element
Uy € U (1) such that
O([uw]) = (z,9). (7.27)

This completes the proof.

7.2.2 Finiteness of Level Sets
Let U, [\V]: =a~YU;, 7% and U, [\, p']:=U, [\]NUr"" K.

w

Remark 7.2.6. If u,, € U satisfies wu,m™" € Ur"' K, then

N g, m N e Ut TN KU Y] (7.28)
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Set

where Y = Supp(I,\v).
Lemma 7.2.7. For each & € Y, the coset space Uy 1[N, €Y]/U, -, s finite.

Proof. The integral jw, Av Which is defined in Section 6.1 can be written as

T = [ @i

wil,ﬂ'

= [ e
U [\]
= q_<p7“”\v>ew’\v/ ) (u_)d{r
vl

— g (pwAY) gwAY Z Vol(U_,[\] NURS K)g P et

evey
— g (PwAY) gwAY Z U L [AY] NURE KU, . ’q—<p7fv>eév
evey
= Y U LNINURSK/U, -, g oA 0 em A e (7.29)

evey

By Theorem 6.2.4, for each ¥ € Y, there exists a constant D such that
[e" | Ty = D[e* 1T,(eM). (7.30)

Since the right hand side of (7.30) is finite, so is the left hand side and hence the

lemma follows.

7.2.3 Main Result

In this subsection we complete the proof of the Weak Spherical Finiteness by

showing that the fiber m;})\v (") is finite.
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Proposition 7.2.8. There exists a one-to-one map from X;j (") toU [N, §Y]/U, 1 .
Proof. By using the fact
wr T (p)mw Tt U [\, €]
we define a map
e Xy (') — U [N €]/ U,

as,

U([uw]) = (um_)\uwW)\w_l)U_ﬂ

w—Lmt

(7.31)

We prove that 1) is our required one-to-one map. First, we show that

v is well defined: Let wu,, z,, € U} (1") and u,, ~ 2, then there exists u™ € U

such that
U = 2 uFT N (7.32)
Hence (z,,) ', = 7 utr=" and
wr ™ (2) MmN w T = wr N (7N AN w L (7.33)
Since v~ = w(u™)twt € Upy1 5o We get

A\ VA _ A\ v _
wr uw,ﬂr)‘ w U = wr zw,ﬂrA w U (7.34)

w,T w,m
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and hence 1) is well defined.

¢ is injective: To show that 1) is one-one, suppose ., 2, € Uy (1) be such

that

Y([uw]) = ¥([20])

that is,

-V _—1 wAY, —1 -
W 2, Uy W S Uw—l,ﬂ'

A AV

N e | —1yr—
T 2y, Uy e w U _, w.

w—

_ Vv Vv .
Consequently, 2 'u,, € 7 U} 7" and z, ~ u,,. Hence v is a one-one map.

We now state and prove the main result of this section.

Proposition 7.2.9. For w € Q, p¥ € AY and NV € AY regular, the fibers

m;}w (7" is finite.

Proof. By Proposition 7.2.8 the set A, (") is embedded in U, _, [\, V]/U__, .
The quotient U, [\Y,&§"]/U, _, , is finite by Lemma 7.2.7 and hence X, (") is
finite. Finally, by Lemma 7.2.5 the finite set X7 (") is mapped onto the fiber

m;}kv(uv) which implies the finiteness of m;}w (uY). So, the Weak Spherical

Finiteness follows.
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Chapter 8

Proof of Main Finiteness Theorems

Our aim in this chapter is to prove the following diagram of implications by applying

the finiteness results we obtained so far.

Weak Spherical Finiteness+Approximation Theorem

!

Gindikin-Karpelevich Finitetness === Spherical Finiteness

8.1 Gindikin-Karpelevich Finiteness

Proof. By using the Approximation Theorem and Weak Spherical Finiteness, we
give a proof of Theorem 1.4.1. The Approximation Theorem implies that for a fixed

u’ € AV, \V € AY regular and sufficiently large, we have an equality
K\Km"' KN K" " Ut = K\Ka"' U~ n K\ U+ (8.1)

of coset spaces. With the same assumption on p" and considering A" sufficiently

large, the Weak Spherical Finiteness implies the finiteness of the left hand side of
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(8.1). Now, there is a bijection of sets
KU nKa¥ U« KU NnKre* U, (8.2)

which implies the finiteness of the set K\KU~ N K 7' U*. As p1 was chosen

arbitrarily, the Gindikin-Karpelevich finiteness follows.

8.2 Spherical Finiteness

For the implication
Gindikin-Karpelevich Finiteness = The Spherical Finiteness,

we will use the second part of Theorem 1.4.1. An affine version of this result was
proven in [6, P. 60], which generalizes to indefinite type Kac-Moody groups as well.

However, for the sake of completion we rewrite its proof as the following lemma.
Lemma 8.2.1. For \Y € AV dominant and for any 11V € A
KN KN Ka* U™ = 0 unless p¥ < \V. (8.3)

Proof. Lety € K1Y KN K7t U-, there exists ki,ko, ks € K,andu™ € U~ such

that
Yy = ey kg = kgﬂ“vu*. (8.4)

We apply the both decompositions of the above element on the highest weight vector
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v, of the highest weight module 1/ and compute the norms of the resulting vectors

ly™ o ll = ¢ = [k "7 k|

= ||(u) 7t kg || > gt (8.5)

to get the proof of the lemma.

By combining this lemma with the last part of Theorem 1.4.1, we get the

following corollary.

Corollary 8.2.2. For \Y € AY and for any v¥, " € A
KN KN Kra"' U nKa Ut =10

unless vV < pV < \V.

So, for \V € AY dominant, we can write

KV KN Ka' Ut = U KV KNKa* ' U NnKr' U™, (8.6)

vV <pV <AV
The Spherical Finiteness follows by the following two facts:
(a) Forfixed \Y,v¥, € N, the set {u¥ € AV | v¥ < p¥ < AV} is finite.

(b) For \Y € AV dominant and for any p,v¥ € N the containment
K KN K U-NKe” Ut ¢ Ket' U~ n Ka U,

implies that K\K7»'K N Kn*' U~ N Kz 'U" is finite by the Gindikin-

Karpelevich Finiteness.
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Chapter 9

An Open Problem

In this chapter, we present an incomplete proof of the Gindikin-Karpelevich Finite-
ness independent of the Spherical Finiteness. By Lemma 1.3.1, it suffices to get this

finiteness for A = 0, we restate the assertion as the following proposition.

Proposition 9.0.1. Let ;¥ € A be fixed and U~ (p") = U~ N K" U*. Then the

coset space U, \U~ (1) has finite cardinality.

To obtain the proof of this proposition, we use an unproven bounded condition,
which we state as Conjecture 9.2.7. As indicated in Subsection 4.2.4, the existence
of a coordinate system on U~ was the key to prove the affine version of this finiteness.
This coordinate system is used to obtain a particular product representation of the
certain elements of U~ and to prove certain bounded conditions satisfied by them.
This construction can not be generalized to arbitrary Kac-Moody setting. However,
we believe that these bounded conditions holds true in general settings as well, but
our method of proof does not work. We begin this chapter with the properties of

finitely ordered matrices.
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9.1 A Finite Dimensional Result

9.1.1 Properties of Finite Matrices

Let A = (a;;) € GL,(K) be a unipotent lower triangular matrix such that a;; are
uniformly bounded by some constant C, for all 1 < ¢, 7 < r. Foreach/ > 0, such a

matrix can be written as

A= Ay+e, CRY)

where A is an r X r lower unipotent matrix and € is an r X r strictly lower triangular
matrix such that € = 0,.,(mod 7). Moreover, the entries of A~ are also uniformly
bounded by some constant which depends on C' and r and thus it has an expression

similar to (9.1). More precisely,

Lemma 9.1.1. Let A and Aq be r X r lower unipotent matrices with entries which
are uniformly bounded by a constant C. Then given any m > 0, there exists

I =1(m,C,r) such that if

A=Ay+es, with €4 =0, (mod ) 9.2)

then

ATV = Agt g, with eq1 = 0, (mod 7™). 9.3)

Proof. The above statement is implied by the following facts:

() If Ais anr x r lower unipotent matrix with entries from 'O, then there exists

some m which depends on | and r such that A~' is is a lower unipotent matrix
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with entries from " O.

(ii) Given py,pe > 0, there exists positive integer s = s(C, r,p) such that if

€4 = 0,4, (mod 7°)

then A=l ey = 0,,(mod 7P) and e x4A™' = 0,,(mod 77?), and

(iii) if A= Ag+ €a then A = Ay(I, + AgleA) and hence

A7l = (L + Ag'lea) T A,

where I, + Ay e, is a lower unipotent matrix with entries from 7/ for some j.

Proposition 9.1.2. Let r be a positive integer and C > 0. There exists | = l(r,C)

such that for any A, B € GL,(K) satisfying,
(a) entries of A and B are bounded by C.
(b) A— B =0 (mod 7!),

then AB~! € GL,(O).

Proof. By using Lemma 9.1.1, we write A = Ag+¢e4 and B~! = Aj' 4+ eg-1 such

that €4 = 0,,.(mod 7™ ) and eg-1 = 0,.«,(mod 72), then

AB ' =1, 4+ Apeg-1 + eAAal + €4€p-1.

The integers m; and m» can be chosen sufficiently large such that Apeg-1, €44, le

GL,(O) and thus AB~! € GL,(O).
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9.1.2 Bounded Conditions

Let 1 be a vector space over K of finite dimension r with a basis B = {v;}I_,. Let
Vo(O) = @!_,Ov; the integral lattice in V5. Let || - || be a norm on V} as defined
earlier in Subsection 4.1.3. With respect to this norm, we assume that ||v;|| = 1, for
all 1 <7 < r. Next, suppose

Go = Aut(%)

and set

Ko :={g € Go | gVo(O) C Vp(O)}.

Let U (resp. U,") be the subgroup of G consisting of lower (resp. upper) triangular

unipotent matrices with respect to B and

UE(0) = UF N K.

We equip G with a norm || - ||y, by setting

[lgllo == max [[gui| 9.4)

1<i<r

for all g € G. Let b be a constant and

Gop :={9 € G ||lgllo < b}. 9.5)

Set Uy, := Gop N Uy . Note that Uy (O) C Ug,. Our aim in this subsection is to

show the following.

Proposition 9.1.3. For a fixed constant b, the coset space U, (O)\Uy, is finite.

Proof. By the constructions, elements of U, are lower unipotent matrices with
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entries which are uniformly bounded by the constant b. Then, for [ > 0, each
X~ € Uy, canbe writtenas X~ = X +€ex-, where X" is an r X r lower unipotent
matrix and ey- is a strictly lower triangular matrix such that ex- = 0,..,.(mod 7rl).
Furthermore, there are finitely many choices for X ’s (say n). We denote by
A= {X;7 }j—1 the set of these matrices. Let U, ;, be a finite subset of U,
consisting of elements u; such that u; = Xy J 4 €j, with ¢; = 0y (mod 7rl), for
1 < 7 < n. We choose [ sufficiently big to satisfy the condition of Proposition 9.1.2.

Then, for every u~ € U, there exists Uy € U(; b fin such that
—/ = \—1 —
u” (up,) " € Uy (O)

and this implies the proposition.

9.2 General Settings

To prove Proposition 9.0.1, we shall use the embeddings and projections of certain
subsets of the completion of U~. A geometric version of this completion and these
mappings can be found in Chapter 7 of Kumar’s book [39]. We give a representation
theoretic completion of U™ and prove the existence of analogous embeddings and

projections in this completion.

9.2.1 Completion of U™

As before, let A\ € A, and V = V? an irreducible highest weight representation.
For m > 0, suppose V' (m) C V be the subspace and its finite dimensional quotient

space V[m] := V/V(m) as introduced in Subsection 2.3. For 0 < m; < mo, the
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containment V' (msy) C V(mq) induces a projection
Vma] — Vimy4]. (9.6)
The action of U~ on V preserves V' (m) and descends to give,
Wit U™ — Aut(V[m)).

Let U= (m) := Kerw,, and U~ [m] := w,,(U~) ~ U~ /U (m). If 0 < my < mo,
the map (9.6) implies U~ (my) C U~ (my) which gives a projection
VI Ui[mg] — U*[ml].

m2

This allows us to consider the projective family {U~[m]},,>0 of groups with the
7T2 7T1 7T0
maps --- — U [3] = U~[2] = U [1] — U[0].

We define the completion of U~ as the projective limit
U™ = lgl U~ [m)].
This completion comes equipped with an inclusion
t: U — U™, 9.7)
and projections
Om: U —> U™ [m)] 9.8)

for all m > 0. This construction yields the following straightforward fact.
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Lemma 9.2.1. For any integrable highest weight g-representation V.= V* and

m > 1, the following diagram commutes

U- i U-

e

Aut(V[m])

9.2.2 Some Embeddings and Surjections

Form,n > 1, set

X, = U@(U)SnB—’_JB—'— NnU-,
Xo(n') =X, NU (1Y)

and
Unm: Xp —> U”[m)]
be the restriction of composition of the maps
U™ S U -2 U [m]

on X,,. Then we have,

9.9

(9.10)

(9.11)

Lemma 9.2.2. For a fixed n > 1, there exists k(n) such that for all m > k(n) the

map Uy, ,, is an embedding.

Proof. For n and m as above, we define a map

an,m: Xn — V[m]
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as x — Tvy, where forv € V, 7 = v+ V(m).

Claim 2. There exists k(n) such that for all m > k(n), ¢ is an injection.

Proof. Let 01,0,...,0, € W be such that X,, = U™ N (Ui<;<,Bo;B).

suppose v;: = o;\ and k(n) = max;<;<,{depth(v;)}. Then

Xy SV 'V,

Next,

that is, each element of X, v, can be written as a sum of weight vectors with weights

of depths up to k(n). This implies X,, vy NV (m) = (@ for all m > k(n) and hence

®n,m 1S ONE-oneE.

For n > 1, k(n) as chosen above and by assuming m > k(n), we get the

following commutative diagram

ﬁn,m
X, —— U

s

Vim]

[m]

where 0,, is the map g — gv,. Let z,y € X, be such that x # y. If

D () = T (Y),

then

(9.12)

(9.13)

(9.14)



Commutativity of the diagram (9.12) implies

Gnn(T) = Pnm(Y) 9.15)

which contradicts that ¢,, ,,, is one-one. Thus ¥, ,, is one-one.

Lemma 9.2.3. There exists a sufficiently large n such that X,,(u") is mapped onto

U \U™ (12").

Proof. For every r > 1, by definition we have X,.(1") C U™ (). We will show

that there exists a sufficiently large n such that the restriction 7 of the projection

U™ (1) = Up\U™ (1)

to X, (1) is our required surjective map. The last part of the Theorem 1.4.1 implies
that we may choose ;¥ € —(QY. We replace K by its Iwahori decomposition

K = UypewI wI™ to obtain

U NKr"' Ut = UpewU NI wlta Ut
= UpewU NI wU;USn" UT
= UpewU NI wr U*

= UpewU™ NUZUFwr" HoU. (9.16)
By Corollary 4.2.1, there are finitely many oy, 05, ..., 05 € W such that
U NKa"' Ut = U_,U NULUfoin" HoU™.

Setn = Max{ﬁ(ai)}lgigs.
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Let j = Upy € Upy\U™ (1Y), where y = uguo:m hou for some ug, € Up,
ur € Ut ho € Ho, u € U" and 0, € W with 1 < ¢(0;) < n. Suppose
2 = uzo;m houthen z € U~ (pY) N Bto;BY € X, (") and w(2) = ¢. Thus, the

restriction of m which we also denote by 7 is the required onto map.

Definition 9.2.4. For m > 1, set
U [mlo :=={u” € U"[m] | u”(V[m]o) C V[m]o}. 9.17)

(F) For the rest of this section, we fix n > 1 as given in Lemma 9.2.3 and m be as

given in Lemma 9.2.2.

Definition 9.2.5. We define a relation ~ on X,, as: for x,y € X,,, x ~ y if and only

if there exists some v~ € U~ [m|o such that

ﬁn,m(x) - u_ﬁn,m (y)a

where V,, , is the map (9.10).

It can be verified easily that ~ is an equivalence relation on X,,. Let )?n =X,/ ~

be the quotient space under this equivalence relation. Then
X (1Y) C X,

Lemma 9.2.6. Let 7 : X, (1) — U5\U™(11¥) be defined as

where T is the projection obtained in Lemma 9.2.3. Then 7 is an onto map.
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Proof. 1tis enough to show that 7 is well defined since surjectivity of 7 implies the
surjectivity of 7. Let z € X, (1) be such that = ~ 1. We shall show that = € U,,.

By the assumption
V() = w0y m(1) (9.18)
for some u~ € U~ [m]o. It implies ¥,, ,,(x) € U~ [m]o and hence
Onm(2)V[mlo C Vm]o. (9.19)
In particular
0(Vnm(x)) = Vnm(@)(v3) € Vmlo, (9:20)

where 6 is the map defined in Lemma 9.2.2. The diagram (9.12) commutes, so we

get
nm(x) = 20y € Vm]o. (9.21)

Now, since m is chosen such that yvy NV (m) = {0} for all y € X,,. Therefor

xvy € Vp and by Lemma 5.16 of [6], x € U,. This completes the proof.

9.2.3 Proof of Main Results

For a positive integer b, let U~ [m], be the set of uniformly bounded elements

(bounded by b) inside Aut(V [m]) as in the previous section.

Conjecture 9.2.7. There exists a positive integer b such that the set )A(n(uv) is
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embedded in the quotient U~ [m]o\U ™~ [m],

Remark 9.2.8. We believe this conjecture is true and tried to prove the assertion

using the strategy from [6]. By this method, one can prove the statement by showing:
S1: wp, ()?n(uv)) is finitely generated.
S2: Express the elements of wm()A( 2(1")) as an ordered product.

We only succeeded to realize wy,(X,(11")) inside U~ |m) as a set of elements gener-
ated by the root subgroups corresponding to the roots of heights less than or equal
to m. The set of such roots is finite. But we don’t know how to get the ordered

presentation of elements of w, (X, (1")).

Proof of the Proposition 9.0.1. Let n and m be as chosen in (F). The group U~ [m]
is a finitely generated group; Proposition 9.1.3 implies that the quotient space
U~ [m]|o\U~[m]y is finite. By assuming the Conjecture 9.2.7 and combining it with

Lemma 9.2.6, we obtain the following diagram of maps,

p') ——— Up\U™ (1)

lm / 9.22)

mlo\U~[m]y

So, we get an onto map from a subset of the finite set U~ [m]|o\U ~[m] to the the

quotient U, \U~(1"), which implies the finiteness of U, \U~ ().

Proof of Theorem 1.4.1 . Proposition 9.0.1 implies that the coset space K\KU ™ N

K" U is finite for any ¥ € AV. For any AV € AV, there is a bijection of the sets

KU NKa"'U=KNU nKr 2. (9.23)
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Thus for any ;¥ and \Y, the set K\ K7*' U~ N Kx~*"*#U is finite. Though the
second part of Theorem 1.4.1 follows exactly as it does in affine, for the sake of

completion we rewrite it. Let u~ € U~ be such that
™ T =kt (9.24)

for some k£ € K and u € U*t. We let the both sides act on the highest weight vector
v, of the highest weight module V¥ and compute their norms. The right hand side

of (9.24) gives

[k v, || = g~ 47, (9.25)
whereas the action of the left hand side of (9.24) and Lemma 4.1.1 give

|7 ", || > g~ A, (9.26)

Comparing both norms, we get (p, A\Y) > (p, V) and hence \¥ > p".
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