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Abstract

The Capacitated Multicast Tree Routing Problem is considered, in which only a limited
number of destination nodes are allowed to receive data in one routing tree and multiple routing
trees are needed to send data from the source node to all destination nodes. The goal is to min-
imize the total cost of these routing trees. An improved approximation algorithm is presented,
which has a worst case performance ratio of % + %p. Here p denotes the best approximation
ratio for the Steiner Minimum Tree problem, and it is about 1.55 at the writing of the paper.
This improves upon the previous best having a performance ratio of 2 + p.

1 Introduction

Multicast consists of concurrently sending the same data from a single source node to multiple
destination nodes. Such a service plays an important role in computer and communication net-
works supporting multimedia applications [7, 9, [13]. It is well known that multicast can be easily
implemented on local area networks (LANSs) since nodes connected to a LAN usually communicate
over a broadcast network, yet quite challenging to implement in wide area networks (WANS) as
nodes connected to a WAN communicate via a switched/routed network [4] [14].

In order to perform multicast communication in WANSs, the source node and all the destination
nodes must be interconnected. The problem of multicast routing in WANSs is thus equivalent to
finding a multicast tree in a network that spans the source and all the destination nodes, with its
goal to minimize the cost of the multicast tree which is the total weight of edges in the tree.

In this paper, the Capacitated Multicast Routing Problem is studied in which only a limited
number of destination nodes can be assigned to receive the packets sent from the source node
during each transmission. The switches or routers in the underlying network are assumed to have
the broadcasting ability. For simplicity, such a routing model is called the multi-tree model [6} [5].
Multi-tree model has its origin in WDM optical networks with limited light-splitting capabilities.
Under this model, we are interested in finding a set of trees such that each tree spans the source node
and a limited number of destination nodes that are assigned to receive data and every destination
node must be designated to receive data in one of the trees. Compared with the traditional multicast
routing model without the capacity constraint (called the Steiner Minimum Tree problem which
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allows any number of receivers in the routing tree), this simpler model makes multicast easier
and more efficient to be implemented, at the expense of increasing the cost of the routing tree.
Specifically, when the number of destination nodes in a tree is limited to at most k, we call it the
Multicast k-Tree Routing (kMTR) problem, which is formally defined in the following.

For a graph G, we denote its node set by V(G). We model the underlying communication
network as a triple (G, s, D), where G is a simple, undirected, and edge-weighted complete graph,
s € V(G) is the source node, and D C V(G) — {s} is the set of destination nodes. The weight
of each edge e in GG, denoted by w(e), is nonnegative and represents the routing cost of e. The
additive edge weight function w(-) generalizes to subgraphs of G in a natural way. That is, if T
is a subgraph of G, then the weight (or cost) of T, denoted by w(T), is the total weight of edges
in T. A subgraph T of G is said to be a D-marked Steiner tree if T is a tree, at least one node
in T is marked, and each marked node in T is contained in D. For each D-marked Steiner tree
T, we use D N'T to denote the set of marked nodes in 7. Note that some nodes in both D and
T may not be marked. The size of T' is the number of marked nodes in T. A set 7 of D-marked
Steiner trees are disjointly-D-marked if (D N'T1) N (D NTy) = () for every two trees 71 and T5 in
7. Let k be a given positive integer. A k-tree routing in network (G, s, D) is a set {T,..., Ty} of
disjointly- D-marked Steiner trees such that each T; (1 < ¢ < {) contains s and is of size at most k
and D = J5_,(D NT;). The weight (or cost) of a k-tree routing is the total weight of trees in the
routing. Given a network (G, s, D), the multicast k-tree routing (kMTR) problem asks for a k-tree
routing in (G, s, D) whose weight is minimized over all k-tree routings in (G, s, D).

For the kMTR problem, the cases where k = 1,2 can be solved efficiently [5]. The general case
of kMTR, where k is not fixed, is NP-hard [4]. In [I 10], kMTR is proven to be NP-hard when
k is a fixed integer greater than 2. The best known approximation algorithm for kMTR (k > 3)
has a worst case performance ratio of (2 + p) [I}, 2, 8], where p is the approximation ratio for the
Steiner Minimum Tree problem, and it is about 1.55 [3], [12] at the writing of this paper. Recently,
Morsy and Nagamochi presented an approximation algorithm for kMTR (k > 3) having a worst
case performance ratio of (3 + 3p) [L1], which constitutes an improvement only when p < 1.5.

In this paper, we take advantage of the weight averaging technique introduced in [I], 2] to
facilitate the design and analysis of a better approximation algorithm for K MTR. We extend another
technique for partitioning routing trees in [Il 2] to guarantee better quality subtrees. Combining
them, we achieve an (% + %p)—approximation algorithm. This improves upon the previous best
approximation ratio of (2 + p) [I 2, §]. It is also an improvement over (% + %p) [11] as long as
p > 1.2. In the next section, we present the tree partitioning process in details, the complete
algorithm, and its performance analysis.

2 An (% + gp)-Approximation Algorithm for kMTR

Throughout this section, fix a positive integer k and an instance (G, s, D) of the kMTR problem.
For ease of explanation, we assume that & is a multiple of 12. Recall that G is a simple, undirected,
and edge-weighted complete graph, s € V(QG) is the source node, and D C V(G) — {s} is the set of
destination nodes. The nodes in V(G) — (D U {s}) can be used as intermediate nodes in a routing
to save the routing cost.

For each pair (u,v) of nodes in G, we use w(u, v) to denote the weight of the edge between u and
v. If {u,v} is an edge in G such that w(u,v) is larger than the weight of the shortest path between
uw and v in G, then {u,v} is useless in any routing and hence can be ignored. So, we can assume
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that for each pair (u,v) of nodes in G, w(u,v) equals the weight of the shortest path between u to
v in G. Then, the edge weight function of G satisfies the triangle inequality.

Let 7* be an optimal k-tree routing in network (G, s, D). Let R* = > o7« w(T). Note that
R* is the weight of the k-tree routing 7*. Moreover, if d is a marked node in a tree T' € 7*, then
clearly w(s,d) < w(T). Thus, we have

Zw(s,d)g Z Z w(s,d) <k x Z w(T) <k x R". (2.1)

deD TeT* deDNT TeT*

In the following (% + % p)-approximation algorithm, we first apply the currently best approxima-
tion algorithm for the Steiner Minimum Tree problem (which has a worst-case performance ratio
of p) to obtain a Steiner tree TV on {s} U D in network (G, s, D). Recall that T° is a subgraph of
G that is D-marked Steiner tree with D NT° = D. Since the weight of an optimal Steiner tree is a
lower bound on R*, the weight of tree T° is upper bounded by pR*, that is, w(T%) < pR*. We now
root tree T at source s. Note that tree 79 does not necessarily correspond to a k-tree routing,
because the subtree rooted at some child of s in 79 may contain more than k& marked nodes.

In the following, for a D-marked Steiner tree T in G and a node v in T, we use T, to denote
the subtree of T rooted at v. For a child u of an internal node v in T, the subtree T, together
with edge (v,u) is called the branch rooted at v and containing u. Recall that D N'T denotes the
set of marked nodes in T" and the size of T'is |[DNT|. If |[DNT| < k, then T can be used in a
k-tree routing to route those nodes in D NT. If source s is not in 7', then we can add s and the
edge {s,u} to T, where u is a node in 7" such that w(s,u) = min,cy () w(s,v). Let ¢(T) denote
min, ey 7y w(s,v). Note that ¢(T) = 0 if s € V(T). We call ¢(T') the connection cost of T'" and
define the routing cost of T to be w(T') 4+ ¢(T'). Moreover, since ¢(T") < minge pnr w(s, d), we have

co(T) < Z w(s,d). (2.2)

DT &pir

Although tree TV does not necessarily correspond to a k-tree routing, it serves as a good starting
point because w(T°) < pR*. Our idea is to transform TV into a k-tree routing without increasing its
weight significantly. Basically, the transformation is done by case analysis. Each case corresponds to
a lemma in Section With these lemmas, we will define several types of operations in Section [2.2]
that can be applied to T° (to turn it into a k-tree routing). An outline of the whole algorithm is
given in Section

2.1 Several Lemmas

This section proves several lemmas that will help us transform 7° into a k-tree routing. Due to
the space constraint, proofs of Lemmas [2.5] and are moved to the Appendix.

Lemma 2.1 [I 2] Given a D-marked Steiner tree T' such that
e k<|DNT|< 3k,

we can compute two disjointly-D-marked Steiner trees X1 and Xo from T in polynomial time such
that both X1 and Xo are of size at most k, DNT = (DN X1)U(DNX3), and the total routing cost
of X1 and X5 is at most w(T) +2 X 1 S ge prr w(s,d).

Lemma 2.2 If T is a D-marked Steiner tree such that
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e 2k<|DNT| <k,

then the routing cost of T is at most w(T) + 3 x + 3 4e prr w(s, d).

PrRoOOF. This is trivial since the size of T is at least %k, following Equation |

Lemma 2.3 Suppose that T is a D-marked Steiner tree satisfying the following conditions:
e 3k <|DNT| < 2k.
e The root r of T has exactly three children v, v, and vs.
o |[DNT,,| <2k, IDNTy,| < 2k, and [DN T, |+|D N Ty, > k.

Given T, we can compute disjointly-D-marked Steiner trees X1,..., X, with 2 < p < 3 in polyno-
mial time such that each X; (1 <i < p) is of size at most k, DNT = Jt_; (DN X;), and the total
routing cost of X1 through X, is at most 2w(T) + 3 X £ Y ge prr w(s, d).
PRrROOF. For each i € {1,2,3}, let B; be the branch rooted at r and containing v;. We give two
options to route all the destination nodes in D NT. To describe the first option, we assume that
|DNT,, | > |DNT,,| without loss of generality. We also unmark r in both By and Bs if it is marked
in 7. Then, |DNT,,| > 3k and [DNT,,| + |[D N Tyl < 3k. Now, if [DNT,,|+ |DNT,| <k,
then as the first option, we set X; = B,, and set X2 to be the union of By and Bs. Otherwise, as
the first option, we set X1 = B,, and obtain X5 and X3 by applying Lemma to the union of
Bs and Bs. In both cases, the total routing cost is clearly wy < w(T') 4+ 2 x %ZdeDﬁT w(s,d) by
Lemma 2.1 and Equation

We next describe the second option of routing. Let B; be the least weight branch among Bj,
By, Bs. Without loss of generality, we may assume that ¢ # 1. Let j be the integer in {2,3} — {i}.
We first construct two separate D-marked Steiner trees Y7 and Ys, where Y7 is the union of B;
and B; and Y3 is the union of B; and B;. Note that w(Y1) + w(Y2) = w(T) + w(B;) < jw(T)
because w(B;) < min{w(By),w(B;)}. Let a = [DNT|. Since 3k < a < 2k and k is a multiple
of 12, %k: < 9] < kand %k‘ < [9] < k. We can partition D N B; into two disjoint sets @1

and Qs such that &) < |D N Ty |+ |Q1] < [4] and (2] < [D ATyl +]Qal < [3]. THi =2,
then clearly @ exists because |D N T, |+ [DNTy| >k > [%] and [DNT,| < 2k—1 < [4];
consequently (2 also exists because @ exists and |[DNT,, |+ |DNTy|+|DNBz| = a. If i =3 and
|DNT,,| > |DNT,,|, then @y exists because |[DNT,, |+|DNBs| > [§] and [DNT,, | < 2k—1 < [S];
consequently Q9 also exists. Similarly, if ¢ = 3 and |[D NT,,| < |D NT,,|, then Q2 exists because
|IDNTy|+ DN Bs| > [%] and [DNT,,| < 2k — 1 < [§]; consequently Q; also exists. Now, we
obtain X; from Y7 by unmarking all the nodes of Q)2 and obtain X5 from Y5 by unmarking all the
nodes of Q1. Since |[DN X1| > [§] > %k and |[DNXs| > [5] > %k, the total routing cost of X3
and Xy is wy < 3w(T) + § X £ S gepnr w(s, d) by Equation

Now, min{wy,ws} < tw; + 2wy < 2w(T) 4+ 3 x £ Ygeprrw(s,d). So, choosing the better
option between the two proves the lemma. O

Lemma 2.4 Suppose that T is a D-marked Steiner tree satisfying the following conditions:

e 3k <|DNT| < 3k.
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o The root r of T has exactly two children vi and vs.
e k<|DNT,| <3k and k < |DNT,| < 3k.

e Forie {1,2}, there is a node u; in T, (possibly u; = v;) such that u; has exactly two children
zi1 and z;9 in Ty, |DNTy, | < 2k, DN Ty,,| < 3k, and |[D N Ty, |+ |D N Ty, ,| > k.

Given T', we can compute disjointly-D-marked Steiner trees X1, ..., X, with 3 < p < 4 in polyno-
mial time such that each X; (1 <1i <p)is of size at most k, DNT = Jt_; (DN X;), and the total
routing cost of X1 through X, is at most 2w(T) + & x £ Y geprr w(s, d).

PrOOF. We give two options to route all the destination nodes in D N'T'. In the first option, we
apply Lemma [2.1]to T, and T, separately to obtain four disjointly-D-marked Steiner trees of size
at most k. The total routing cost of these trees is wy < w(T) 42 X ¢ S ge prr w(s, d).

We next describe the second option of routing. For each i € {1,2} and each j € {1,2}, let
B; ; be the branch rooted at w; and containing x; ;. Without loss of generality, we assume that
w(B1,1) + w(B2,1) < w(B12) + w(Ba22). We first construct three separate D-marked Steiner trees
Y1, Y2, and Y3 as follows. Y7 is the union of By ; and B2, Y3 is the union of By 1 and B2, and Y3
is obtained from T" by deleting x1 2, x2,2, and their descendants. Note that w(Y7)+w(Y2)+w(Y3) =
w(T) +w(B11) +w(Bs) < 3w(T). Let a = [DNT|. Since 3k < a < 3k and k is a multiple of 12,
5k < %] <kand 2k < [2] < k. Since |DNTy, ,| < 2k < |¢] and |DNT,, , |4+|DNTy, | > k > [2],
we can compute a subset Q1 of DN By ;1 such that [DNT;, ,|+|Q1| = [§]. For a similar reason, we
can compute a subset Q2 of DN By such that [DNT,, ,|+|Q2| = [§]. No matter what the value
of av is, we always have that |§| < [DNT|—|DNTy, ,| —|Q1] = |DNTy,,| —|Q2] < [5]. Now, we
obtain X; from Y; by unmarking the nodes of (D N By 1) — @1, obtain X5 from Y5 by unmarking
the nodes of (D N By) — Q2, and obtain X3 from Y3 by unmarking the nodes of @1 U Q2. Since
|DNX;| > [2] > 2k, the total routing cost of X7 through X3 is wa < 3w(T)+Ex 3 4 par w(s, d).

Now, min{wy, wa} < J(w1 +w2) < 5w(T) + £ x 3 gepar w(s, d). Choosing the better option

between the two proves the lemma. O

Lemma 2.5 Suppose that T is a D-marked Steiner tree satisfying the following conditions:

2k <|DNT|< 2k.

The root r of T has exactly two children vy and vo.

k<|DNT,| <3k and k < |DNT,| < 3k.

For each i € {1,2}, there is a node u; in T,, (possibly u; = v;) such that u; has exactly two
children x;1 and x;2, |DNTy, | < 2k, |DNTy,,| < 3k, and [D N Ty, |+ |D N Ty, ,| > k.

Given T, we can compute disjointly-D-marked Steiner trees X1, Xo, and X3 in polynomial time
such that each X; (1 <i < 3) is of size at most k, DNT = J2_,(D N X;), and the total routing
cost of X1, Xa, and X3 is at most 3w(T) + 3 x £ X geprr w(s, d).

PROOF. See Appendix. O

Lemma 2.6 Suppose that T is a D-marked Steiner tree satisfying the following conditions:
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e 3k<|DNT| < 3k.
o The root r of T has exactly three child nodes v1, v, and vs.
o |[DNT,,| <2k, IDNTy,| < 2k, and [DN T, |+ |D N Ty, > k.

Given T, we can compute disjointly-D-marked Steiner trees X1 and Xo in polynomial time such
that both X1 and Xo are of size at most k, DNT = (DN X;)U(DNXa), and the total routing cost
of X1 and X» is at most Sw(T) + 2 x 3 4e pap w(s, d).

PROOF. See Appendix. O

2.2 Operations to Be Applied to T°

We are now ready to describe how to transform the initial Steiner tree T° (rooted at the source node
s) into a k-tree routing. The transformation will be done by performing eight types of operations
(namely, type-i operations with i € {0,...,7}) on T? until 7° becomes empty. When performing
theses operations on 79, we will maintain the following invariants:

(I1) A type-i operation is applied to T° only when no type-j operations with j < i can be applied.
(I2) The source node s always remains in 7°.

We define a big node in TY to be an internal node v in T° with |[D N TY| > k, and define a huge
node in 7° to be an internal node v in T° with |D NT?| > 2k. Note that a big node in 79 may be
a huge node or not. A big node in 70 is extreme if all its children in 79 are not big. Similarly, a
huge node in TV is extreme if all its children in T" are not huge.

We next proceed to the definition of the operations on T°. A type-0 operation can be applied
on TV if |[DNTP| < k or every branch rooted at s and containing a child of s is of size at most k. In
the former case, a type-0 operation on T° includes T in the output k-tree routing and then deletes
the whole tree. In the latter case, a type-0 operation on T includes each branch rooted at the root
of T (and containing a child of the root) in the output k-tree routing and then deletes the whole
tree. In either case, the total routing cost equals w(7T°) (i.e., no connection cost is needed when a
type-0 operation is applied) because s € V(T?) by Invariant (I12). Note that if no type-0 operations
can be applied to TV, then s is a big node in T° but is not an extreme big node in 7° for s ¢ D,
implying that extreme big nodes always exist in 7° and they are different from s.

If 7Y has an internal node v that has at least three children and has two children z; and zo
with |[DNTY |+ [DNTY,| <k, then a type-1 operation modifies T as follows:

1. Make a copy v. of v (without marking v, even if v is marked in T?).
2. Delete the edges (v, x1) and (v, z2).

3. Add three edges (v, v.), (ve, x1), and (v, x2) so that v. becomes a new child of v while z; and
x2 become the children of v.. (Comment: (v,v.) is a dummy edge of weight 0.)

If T° has an internal node v with %k < |DNTY| <k, then a type-2 operation modifies T as
follows:

1. Include TV in the output k-tree routing (cf. Lemma .
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2. Remove v and all its descendants from 7.

Note that if no type-2 operations can be applied to TV, then every extreme big node in T has at
least two children because k > k —1 > %k:

If TV has an extreme big node u with at least three children, then a type-3 operation modifies
TY as follows:

1. Pick three arbitrary children vy, vo, and v3 of u in T°. (Comment: Since u is an extreme big
node in 7° and no type-2 operations can be applied to TV, |DﬂT§j[ < %k for each j € {1,2,3}.
Moreover, since no type-1 operations can be applied to 7°, |D N Tl?i\ +|DnN T19],| > k for every
pair (i,7) with 1 <i < j<3.)

2. Let T be the union of the three branches rooted at v and containing vy, v, or vs.

3. Use T to obtain a set of D-marked Steiner trees as described in Lemma@ and include them
in the output k-tree routing.

4. Remove vy, vg, v, and their descendants from 7.
5. If u is marked in 79, then unmark it in 7°.

Note that if neither type-2 nor type-3 operations can be applied to T, then every extreme big
node v in T° has exactly two children and hence satisfies that k < |[D N T?| < %k. Moreover, we
can claim that every huge node in 79 has a descendant that is a big but not huge node, if neither
type-2 nor type-3 operations can be applied to 7. For a contradiction, assume that the claim does
not hold. Then, there is an extreme huge node v in 79 whose children are not big nodes. So, v is
an extreme big node in 79, Thus, k < |[DNTY| < %k‘, contradicting the assumption that v is huge.

If 7° has an extreme big vertex v such that the path from s to v contains a node u with
%kz <|DNT? < %k, then a type-4 operation modifies TV as follows:

1. Construct a D-marked Steiner tree T’ by initializing it as 70 and re-rooting it at v.

2. Use T to obtain two D-marked Steiner trees as described in Lemma m and include them in
the output k-tree routing.

3. Remove u and its descendants from 7Y.

If 7° has an extreme big node v such that the path from s to v contains a node u with
%k: < |DNTY < 2k, then a type-5 operation modifies T° in the same way as a type-4 operation
does except that Lemma [2.3]is used instead of Lemma [2.6

If 70 has a huge node, then a type-6 operation modifies TV as follows:

1. Select an (arbitrary) extreme huge node u in T°.

2. Find an extreme big node v; that is a descendant of u in T° (Comment: As claimed before,
vy is big but not huge, implying that vy # u.)

3. Let u; be the child of w in TY that is vy itself or an ancestor of vy in T°. (Comment:
IDNTY| < %k because u; is not huge and neither type-4 nor type-5 operations can be
applied to T9. Consequently, u has at least two children in TV.)
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4. If every child up of w in T° with uy # u; satisfies that |[D N T2, | < 2k, then modify T° as
follows:

(a) Construct a D-marked Steiner tree 7" by initializing it as 7 and then repeatedly deleting
a child ug # u; and the descendants of ug until [DNT| < 2k. (Comment: |[DNT| > 3k
because |D NTY,| < 3k for each child uy of w in T9 with ug # us.)

(b) Re-root T at v;.

(c) If [DNT| > 3k, then use T to obtain two or three D-marked Steiner trees as described
in Lemma 2.3 and include them in the output k-tree routing. Otherwise, use T to obtain
two D-marked Steiner trees as described in Lemma [2.6| and include them in the output
k-tree routing.

(d) Remove the nodes in V(T') — {u} from T°.

(e) If u is marked in 7Y, then unmark it in 7°.

5. If some child ug of w in T9 with us # wy satisfies that [D N T32| > %k:, then modify T° as
follows:

(a) Find an extreme big node vy in TSQ. (Comment: Since u is an extreme huge node in
T, |DNTY,| < 2k. Consequently, up must be a big node in T” because |D NTy,| > 2k
no type-2 operations can be applied to T°. Moreover, |D N T32| < %k: because neither
type-4 nor type-5 operations can be applied to T°. Possibly, va = us.)

(b) Construct a D-marked Steiner tree T' by setting it to be the union of the two branches
rooted at u and containing u; or ug. (Comment: Clearly, 2k < |[DNT| < 3k.)

(c) If IDNT| < 5k, then use T to obtain three D-marked Steiner trees as described in
Lemma and include them in the output k-tree routing. Otherwise, use 17" to obtain
three or four D-marked Steiner trees as described in Lemma 2.4l and include them in the
output k-tree routing.

(d) Remove the nodes in V(T') — {u} from T°.

(e) If u is marked in 7Y, then unmark it in 7°.
Suppose that no type-i operations with 0 < i < 6 can be applied to 7°. Then, k < |[DNTY| < %k.
Consequently, there is only one extreme big node u in 7°. As mentioned before, s is a big but not

extreme big node in 7°. So, u # s. Let v; and vy be the children of w in 79, and let v3 be the
parent of u in T° (possibly, v3 = s). Now, a type-7 operation modifies T? as follows:

1. Re-root T° at u (so that v3 becomes a child of u, too). (Comment: |DNT.| < %k because
k<|DNT° < 3kand [DNTY |+ |DNTY| > k.)

2. Among the nodes in (DNTY,)U(DNTY,), find the closest node d' to s. (Comment: w(s,d’) <

% Zde(Dngl)u(DmTSQ) w(s,d).)
3. Let i € {1,2} be the integer with d’ € T},

4. Include T;) as a D-marked Steiner tree in the output k-tree routing. (Comment: ¢(T})) <
w(s,d) < + Y gepar w(s, d).)
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5. Obtain a tree T by deleting v; and its descendants from TY. (Comment: |DNT| < k because
IDNTY| < 3k and [DNTY | < 2k, where j is the integer in {1,2} — {i}.)
J

6. Include T" as a D-marked Steiner tree in the output k-tree routing. (Comment: Since s
remains in T° after Step |5, the connection cost of T is 0. Thus, the total routing cost of T 3@_

and T is at most w(T°) + 1 Y ge prr w(s, d).)

7. Remove the whole tree T°.

2.3 Summary of the Algorithm

A high-level description of the complete algorithm is depicted in Figure

INPUT: A network (G, s, D).
OUTPUT: a k-tree routing in (G, s, D).

1. Compute a Steiner tree T° on {s} U D, using the currently best approximation algorithm:;
2. Root 70 at s;

3. While (77 is not empty) do:

3.1. Let i be the smallest j such that a type-j operation, 0 < j < 7, can be applied to T?;
3.2.  Perform a type-i operation on 7;

4.

Output the k-tree routing.

Figure 1: A high-level description of the (% + %p)—approximation algorithm for kMTR.

Theorem 2.7 kMTR (k > 3) admits an (%+%p)—appmm’mation algorithm, where p is the currently
best performance ratio for approximating the Steiner Minimum Tree problem.

PROOF. Notice that whenever we cut a subtree T out of the base Steiner tree 7° by performing
a type-i operation with i € {0,...,7}, we maintain the following invariants:

e We construct a set 7 of disjointly-D-marked Steiner trees from T and include them in the

output k-tree routing, where the total routing cost of the trees in 7 is at most gw(T )+ % X

T Y aeprrw(s,d).

o After cutting T out of 79, T° may share a node with 7" but does not share an edge with T,
and no node of DN T is marked in T°.

By the above invariants, the total routing cost of the trees in the output k-tree routing is R <
Bw(T% + 8 x £ Ygepw(s,d) < 3w(T°) + ER*, where T° is the initial Steiner tree obtained in
Step 1 of the algorithm and the last inequality follows from Equation Since w(T%) < pR*, we

have R < (2p+ §)R*. O
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A Proof of Lemma [2.5]

PrOOF. For each i € {1,2} and each j € {1,2}, let B; ; be the branch rooted at u; and containing
x;;. Without loss of generality, we assume that w(B1;1) < min{w(B12), w(Ba1), w(B22)} and
|DNTy,, | < |DNTyy,|. Then, [DNTy,,| > 3k. For each i € {1,2}, let B; be the branch rooted at
r and containing v;. Let 73 be the D-marked Steiner tree obtained from By by deleting 1,1, 21,2, and
their descendants. Similarly, let Ty be the D-marked Steiner tree obtained from Bs by deleting x3 1,
r22, and their descendants. Clearly, DNT = (DNTy, ,)U(DNTy, ,)U(DNT3)U(DNTy)U(DNT,, ,)U
(DNTy,,). Moreover, [DNTs| < [DNT,,|—|DNTy, | — DTy | +1 < (3k—1)— (k+1)+1 < 3k.
Similarly, |D NTy| < k.

We partition DNT, , into two disjoint sets ()1 and (2 such that %k < Q1|+ |DNTy, ,| < kand
3k < |DNT|—|Q1|—|DNTy, 5| < 3k. Since [DNTy,,| > 3k, we have |Qa|+|(DNT3)U(DNTy)|+| DN
Tpyo| = DNT|=|Q1| = |DNTyy | — |DNTy,y,| < k. Among the nodes in (DNT) - Q1 — (DNTy, ,),
we find the %k: farthest nodes from s; let F' be the set of them. Depending on whether D N7y, , is
a subset of F' or not, there are two possible cases to consider:

Case 1: DNT,,, is not a subset of F'. In this case, we construct X by initializing it as Ty, , then
unmarking the nodes of @2, and further unmarking w; if it is marked. We simply let Xy =T, ,.
To obtain X3, we first obtain a D-marked Steiner tree Y3 from 7' by deleting 12, 22, and their
descendants, and then unmarking the nodes of Q1. Note that w(X;) + w(X2) + w(X3) = w(T) +
w(Biy1) < 2w(T). Obviously, ¢(X1) < 3 x %Zdteu(DmTM’Q)w(s,d) by Equation Since both
X2 and X3 contain some nodes in (DNT')—F, ¢(X2) < minger w(s,d) and ¢(X3) < mingep w(s, d).
So, one of Xy and X3 has a connection cost of w(s,d’) and the other has a connection cost of at
most w(s,d”), where d' is the closest node to s among the nodes in (DNT) — Q1 — (DNT;, ,) while
d" is the closest node to s among the nodes in F. Clearly, w(s,d”) < 3 x + Y 4cp w(s,d). Moreover,
w(s,d') < % X %Zde(DmT)_Ql_(Dmelyz)_F w(s,d) because |[DNT| —[Q1] — |D N Ty, ,| — |F| > %k:
So, ¢(Xs) +c(X3) < 3 x %Zde(DﬂT)lef(DﬁTzl ,)w(s,d). Thus, the total routing cost of X1, Xa,
and X3 is at most 2w(T) + 3 X £ Ygepnr w(s,él), and we are done.

Case 2: DN Ty, , is a subset of F. In this case, we distinguish three subcases as follows.

Subcase 2.1: w(Ba21) < w(Bag) + w(T3) + w(Ty). In this subcase, we give two options to
route the nodes in D NT. In the first option, we first partition D N 7T, ; into two disjoint sets
Py and P such that |Pi| +|D N Ty ,| = k and @ € P;. Note that P» € Q2. We partition
D NT,,, into two disjoint sets C1 and Co such that C) consists of the k — |D N Ty, ,| closest
nodes to s. We are now ready to construct X, X, and X3 as follows. We construct X; by
initializing it as T,,, then unmarking the nodes of P», and further unmarking u; if it is marked.
We simply let Xo = T,,. To obtain X3, we first obtain a D-marked Steiner tree Y3 from T'
by deleting x12, 22, and their descendants, and then unmarking the nodes of P;. Note that
w(X1) + w(X2) + w(X3) = w(T) + w(Byy). Obviously, ¢(X1) < %ZdePlu(DﬂTzlg)w(&d) by
Equation Recall that |D N Ty,,| > £k. Among the nodes in D N Ty,,, we find the 3k
farthest nodes from s; let F’ be the set of them. Among the nodes in F’, the closest one d’ to
s satisfies that w(s,d’) < 2 x + Y jep w(s,d). Thus, ¢(Xs) < w(s,d) < 2 x £ gepmw(s,d).
Among the nodes in (DN T, ,)U (D NT,,,), the closest one d” to s does not belong to DN T,,,
because D N Ty,, C F and |D N Ty, |+ |D N Ty, ,| > k > |[F|. Thus, d’ € C;. Consequently,
c(X3) <w(s,d") <2x %Zde(clu(DmTzz )—F w(s,d) because |Cy U (DN Ty,,)| =k and |F'| = 3k.

So, ¢(X2) +c(X3) < 2x %Zdec&u(DmTZQ L) wis, d). Hence, the total routing cost of X;, X2, and X3
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is w1 <w(T) +w(B) + 2_dePLU(DNTy, ) w(s,d) +2 x 1 2 deCLU(DN T,y ) w(s, d).

In the second option of routing, we construct X, Xo, and X3 as follows. We construct X; by
initializing it as the union of By ; and Bj o, then unmarking the nodes of (', and further unmarking
ug if it is marked. Note that |D N X;| = k. To obtain Xy and X3, we first construct a D-marked
Steiner tree Y as follows. Initially, Y is the D-marked Steiner tree obtained from 7' by deleting x2 2
and its descendants. The nodes of € are then unmarked in Y. This completes the construction of
Y. Note that |X1| + |Y| = w(T) + w(Bs,1). Moreover, k < [DNY|=|DNT|—k < 3k. So, we
obtain X and X3 by applying Lemma 2.T] to Y. Then, the total routing cost of X and X3 is at
most w(Y) +2 x %Zde(DmT)—Cl—(DmTl.m) w(s,d). Therefore, the total routing cost of X1, X9, and

X3 is wy < w(T) +w(Byy) + %ZdeClu(Dﬂsz) w(s,d) +2 X %Zde(DﬂT)f(Clu(DﬂTzlz)) w(s, d).

Because w(Bi,;1) < w(Bi32), w(B21) < w(B22) + w(T3) + w(Ty), and w(T) = w(Bi,1) +
w(B12) + w(Baj) + w(Ba) + w(T3) + w(Ty), we have min{w;, we} < %(wl + we) < w(T) +
(w(B1,1) +w(Bz1)) + 3 X %ZdePlu(Dmsz)uclu(DmTzM) w(s,d) + 1 Cgepnr w(s,d) < Jw(T) +
X %Zde pAr W(s,d). So, choosing the better option between the two proves the lemma in this
subcase.

Subcase 2.2: w(Bg1) > w(B232) + w(13) + w(Ty) and w(B11) + w(Ty) < w(Bz2z2) + w(Ty).
Since w(B1,1) < w(Bi2), w(Bi1) + w(B22) + w(T3) + w(Ty) < w(Bi2) + w(Ba2,1). Therefore,
w(Bi1) + w(Bag) + w(T3) + w(Ty) < sw(T). Consequently, w(Bi1) + w(Ty) < tw(T). We
partition D N Ty, , into two disjoint sets Py and P such that |[Pi| = [D N Ty, |+ |D N T3] — k.
Clearly, |P2| + |D NT3| = k. Moreover, |Pi| > 2 because |Pi| > |[D N T, | — |DNTy,,| - ik,
IDNT,|>k+1, and |DNTy,,| < 2k — 1. Furthermore, 2k < |P| + |[D N Ty, ,| < k because
IDNTy| <[ DNTyy |+ DN Ty |+ |DNTs < [DNT, |+ 1and k+1 < [DNT, | < 3k — 1.
We construct X; by initializing it as the union of By ; and By 2, then unmarking the nodes of P,
and further unmarking u; if it is marked. Clearly, %k <DNX; =P U(DNT,,,) <k and hence
o(X1) < 3 X § Xaepnx, w(s, d).

To construct Xo and X3, consider the D-marked Steiner tree Y obtained from T by deleting
x12, T21, T22, and their descendants and further unmarking the nodes of P; U (D N Ty). Note
that DNY C P, U (D NT3) and hence [DNY| < %k Also recall that %k < DnNnX; <k. So,
(DNT)— (DN X;) > k. Among the nodes in (D NT) — (DN Xy), we find the 2k closest nodes
to s; let C' be the set of them. Similarly, among the nodes in (DNT) — (D N X;), we find the %l{:
farthest nodes from s; let F' be the set of them. A crucial point is that C N F = (). This holds
because |(DNT) — (DN X1)| = (|Po|+|DNTs]) +[DNTy,| > tk+k = 2k. Now, consider the four
sets: DNTy,,, DNTy,,, DNTy, and DNY. Each of the first two sets is of size at most %k: -1
while each of the last two sets is of size at most %k‘ Thus, at least two of the four sets contain at
least one node of C. Consequently, we can always divide the four sets into two groups G; and Go
that satisfy the following two conditions:

1
2
3
2

1. Gy contains DNTy,, and one of D NTy and DNY, while G contains D NT;,, and the other
of DNTy and DNY. (Comment: The total size of sets in Gy is at most k and the total size
of sets in Gy is at most k.)

2. At least one set in G; contains a node of C' and at least one set in Go contains a node of C.

If G1 contains D N T}, then we let X5 be the union of B ; and T4 and let X3 be the union of Bs
and Y'; otherwise, we let X9 be the union of By and Y and let X3 be the union of Bg 2 and Ty. By
Condition 1, |[DNX3| < k and |[DNX3| < k. By Condition 2, (DNX2)NC # () and (DNX3)NC # (.
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Obviously, one of D N X5 and D N X3 contains d’ which is the closest node to s among the nodes
in (DN X3) U (DN X3). We assume that D N Xy contains d’; the other case is similar. Then,
o(Xa) < w(s,d) < 3 x 1Y gecw(s,d) because C C (DNT) — (DN Xy)=(DNXz)U(DNXs).
Moreover, since (DN X3)NC # 0, ¢(X3) < w(s,d”) where d” is the farthest node from s among the
nodes in C. Furthermore, since C N F = 0, w(s,d”) < w(s,d”) where d" is the closest node to s
among the nodes in F. Thus, ¢(X3) < w(s,d”) < 3 x £ Y gepw(s,d). Therefore, ¢(Xs) + ¢(X3) <
% X %Zde(DmT)—(Dle) w(s,d). Consequently, the total routing cost of X, Xs, and X3 is at most
Sw(T)+3 %1 Y gepnr w(s, d), because w(X1)+w(Xa)+w(X3) = w(T)+w(Br1)+w(Ty) < Sw(T).
This establishes the lemma in this subcase.

Subcase 2.3: w(Ba,1) > w(Ba2) +w(Ts) + w(Ty) and w(Bi,1) + w(Ty) > w(Bap) + w(Ts). In
this subcase, the proof proceeds as in Subcase 2.2 except that we exchange the roles of By ; and
By 5, exchange the roles of By 2 and By 1, exchange the roles of x1 1 and x9 2, exchange the roles of
x1,2 and xg 1, exchange the roles of u; and us, exchange the roles of v1 and vy, and exchange the
roles of T3 and 7). This completes the proof of the lemma. O

B Proof of Lemma 2.6

PROOF. By the conditions in the lemma, |D N T,,| < %k Without loss of generality, we assume
that |DNT,,| < |DNT,,|. Then, |DNT,,| > $k. For each i € {1,2,3}, let B; be the branch rooted
at r and containing v;. We distinguish two cases as follows.

Case 1: |DNTy,|+ |DNT,,| <k. Then, |DNT,,|+|DNT,,| < k. Among the nodes in DNT,
we find the %k closest nodes to s; let C be the set of them. Similarly, among the nodes in DN T,
we find the 2k farthest nodes from s; let F be the set of them. Since |[DNT| > 3k, FNC = 0.
Moreover, since |D NT,,| < %k for each i € {1,2,3}, there are at least two integers i € {1,2,3}
such that (DNT,,)NC # 0. If (DNT,)NC =0, then we set X; = By and construct Xs by
initializing it as the union of By and Bs and further unmark r if it is marked. Otherwise, we find
an integer ¢ € {1,2} with (DNT,,) NC # 0, set X1 = B; and construct Xo by initializing it as the
union of B;j and Bz and further unmark 7 if it is marked, where j is the integer in {1,2} — {i}. In
any case, |[DNX;| <k, |DNXa| <k, (DNX1)NC #0, and (DN X2)NC # 0. Obviously, one of
DN X, and DN X, contains d’ which is the closest node to s among the nodes in DNT. We assume
that D N X; contains d'; the other case is similar. Then, ¢(X1) < w(s,d') < 2 x 1 Xgec w(s, d).
Moreover, since (D N X3) NC # 0, ¢(X2) < w(s,d”) where d” is the farthest node from s among
the nodes in C. Furthermore, since C N F = 0, w(s,d”) < w(s,d”) where d” is the closest
node to s among the nodes in F. Thus, ¢(X2) < w(s,d”) < 3 x + 3 4epw(s,d). Therefore,
o(X1) + ¢(X2) < 3 x £ gepnr w(s,d). Consequently, the total routing cost of X and X» is at
most w(T) + 3 x + 3 4eprr w(s, d), and the lemma is proved.

Case 2: |DNT,|+|DNTy,| > k. Then, |DNTy, |+|DNTy,| > k. We assume that w(B1) < w(B3);
this does not lose generality because our argument will not take advantage of the difference between
the two conditions that [D NT,,| < 2k and |D N T,,| < k. Among the nodes in D N T,,, we find
the k — |D N T,,| farthest nodes from s; let F' be the set of them. Moreover, among the nodes in
(DNT)—F — (DNT,,), we find the 1k closest nodes to s; let C' be the set of them. Note that
C exists because [D N T| > 3k and |F| + D NT,,| = k. We give two options of constructing X;
and Xs. In the first option, we set X; = T}, and set X2 to be the union of B; and Bs3. Obviously,
|IDNX1| < k. We also have |D N Xs| < k because |DNT,,| > 3k and DNT < 3k. Moreover, since



14 Z. CAIl et al.

CUF C(DNT)—(DNT,,) and |C|+ |F| + |DNT,,| = 3k, the total routing cost of X1 and X
is w <w(T) + m Yaccur w(s,d) + ﬁ Y depnt,, (s, d).

In the second option, we first partition set F' into two disjoint sets F} and Fy such that |Fs| +
|D N Tyl = %k: — |D N T,,|. This can be done because 3k < |DNT,,| < 2k. We construct X;
by initializing it as the union of B; and Bg, unmarking the nodes in (D N 7T,,) — F», and further
unmarking r if it is marked. We construct X, by initializing it as the union of B; and Bs and
further unmarking the nodes in (D N T,,) U Fy. Clearly, |[D N X1| < 2k and |D N X, < 3k.
Moreover, since |Fi| + |C| = |D N T,,| and F; UC C D N X, the total routing cost of X; and X»
is wy < Jw(T) + WDQTM 2 de(DN Ty U, W(S; d) + WITHQ\ Yderuc w(s;d).

Now, min{w;,wa} < %(wl +ws) < %w(T) —i—% X (4k/3—|1DﬂTv2\ + \Dmlirv2|)(zd€FU(DﬂTU2)UC w(s,d)

. 1 16

because 5k — |[DNT,,| > |DNT,,l|. Since 3k < [DNT,,| < 3k, 4@/3_\1mnz| + pary < 5 k- Thus,
min{wy, wo} < Sw(T) + & x £ 3 4epar w(s, d). Therefore, choosing the better option between the
two proves the lemma. O
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