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What does not destroy me, makes me stronger.

And if you gaze for long into an abyss,
the abyss gazes also into you.

Friedrich Nietzsche

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Abstract

This study is dedicated to the development, implementation, and
analysis of a numerical method for computer simulations of multicom-
ponent flows involving capillary free surfaces. For this purpose, a nu-
merical scheme for the incompressible Navier-Stokes equations is pre-
sented. The scheme is an implementation of the projection method by
the method of Finite Elements. The convection-diffusion sub-step is
solved using a conforming linear finite element for the velocity, while
the projection sub-step is solved using a nonconforming linear finite el-
ement for the velocity and piecewise constant pressure. The end-of-step
velocity is locally pointwise divergence-free, which is a desired feature,
since it allows for improved mass conservation.

This projection scheme is employed for computer simulations of
multicomponent incompressible flows. Discontinuous pressure and low-
order velocity approximations provide coﬁsistent handling of discontinu-
ities in the solution, as long as computational cells are not intersected
by moving interfaces. A robust algorithm for local grid alignment is
proposed. A reference grid is maintained and used on every timestep
to produce a new computational grid. Few nodes in the reference grid
that are close to the interface are projected onto it, so that the compu-
tational grid contains no edges intersected by the interface and has the
same connectivity as the reference grid. The unchanging connectivity
makes parallelization easier and more effective. The interfaces are ap-
proximated in the vicinity of each node by a part of a sphere, which is
also used for the computation of surface tension.

Both the proposed projection scheme and the local grid alignment

are validated on a number of numerical examples.
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Introduction

The Navier-Stokes equations make arguably the most successful mathematical -
model. Governing the motion of fluids (liquids and gases), this model has been
applied successfully to describe a wide variety of processes and phenomena,
such as flows in a pipe and around an airfoil, ocean currents, the weather, and
even the motion of stars in a galaxy. The Navier-Stokes equations are used
for the design of aircrafts, naval vessels, automobiles, as well as the study of
blood flow, climate change, the effects of pollution, etc. These few examples
are barely touching the tip of the iceberg, and it is not hard to see why the
study of analytic and approximate solutions of the Navier-Stokes equations is
of great theoretical and practical importance.

The work presented in this volume is an investigation of the numerical
solutions of the incompressible Navier-Stokes equations and their applications
to computer simulations of flows involving capillary surfaces. Our ultimate
goal is to extend and modify the existing techniques, as well as to develop a
new numerical method that is suitable for the large scale simulations of the
motion of a large number of bubbles immersed in another fluid.

The numerical solution of the incompressible Navier-Stokes equations pre-
sents a major problem in today’s Computational Fluid Dynamics. This sub-
ject has attracted the attention of scientists for decades, but the need for the
most accurate, fast, robust, and overall efficient solution method is yet to be
satisfied. The greatest difficulty stems from the fact that pressure in an incom-
pressible flow is not a dynamic variable; rather, it plays the role of a Lagrange
multiplier, which keeps the velocity divergence-free. The resulting saddle-point
problem can be avoided with the use of splitting schemes, where the pressure
and the velocity are decoupled and solved for separately. In the first part of
our investigation we develop, analyze, and implement an innovative splitting
method that is specifically geared to meet our needs. Our main requirements
are the use of low order velocity and discontinuous pressure approximations,
as well as local mass conservation, both of which are desirable features of a
method used in simulations of multiphase flows.

The second part of our study is dedicated to the application of the de-
veloped algorithm to simulations of flows involving two immiscible fluids sep-
arated by a sharp interface. Thesc flows appear in various engineering ap-
plications, such as the design of chemical reactors, oil pipelines, combustion,
hydrogen fuel cells, and others. In the solution methodology developed here,
the computational mesh is alighed with the moving interface on every timestep
without changing the connectivity, while the approximation of the interface
is smoothed locally to facilitate accurate computations of discontinuous and
singular quantities involved.
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1 Solving incompressible flows

1.1 Introduction

The numerical solution of the Navier-Stokes equations, which govern the in-
compressible flow of viscous Newtonian fluids, involves two major difficulties.
The first one is related to the stable approximation of the nonlinear advection
term and is not of a major importance to the problems considered in this study,
because the flows considered here involve relatively small Reynolds numbers.
The second problem is related to the imposition of the incompressibility con-
straint. It is well known that the variational formulation of the Stokes problem
yields a saddle-point problem, which is among the most difficult and computa-
tionally demanding problems to solve. The standard method for solving saddle
point problems is the Uzawa iteration. It produces a highly accurate “exact”
solution of the discrete equations, but it is rather expensive computationally
since it involves two nested iterations. Thus, while being great for producing
benchmark solutions of stationary problems, the Uzawa, iteration is impracti-
cal for large scale simulations of time-dependent flows, where the saddle point
problem must be solved once on every time step. A relatively cheaper alterna-
tive is provided by the so-called projection methods. They split the indefinite
saddle point problem into two positive definite elliptic problems, which are
easier to solve. The price paid for doing this is an additional splitting error,
which cannot be avoided due to the full coupling of the unknown pressure and
velocity in the original system.

One way to decouple the problem is through a predictor-corrector style
time-marching algorithm. For example, we can proceed as follows:

e solve the momentum equation for the predictor velocity ignoring the
pressure and the incompressibility constraint; then

e enforce the incompressibility condition by projecting the predictor ve-
locity onto some divergence-free space, producing corrected velocity and
pressure.

Such schemes fall into the class of pressure-correction projection methods,
which are the most popular schemes, and arguably the fastest solution meth-
ods, for the unsteady Stokes problem available at present. Starting in the
late 1960s with the work of Chorin and Temam [12, 80], projection methods

OA version of this chapter has been publshed.
B. Bejanov, J.-L. Guermond, and P.D. Minev. A locally DIV-free projection scheme for
incompressible flows based on non-conforming clements. Int. J. Numer. Meth. Fluids,

49:549-568, 2005
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have been developed, analyzed and tested for over three decades. An overview
and recent developments can be found in {35, 39, 36]. The projection step is
usually written as a Poisson problem for the pressure in which homogeneous
Neumann boundary conditions are imposed. These inexact boundary condi-
tions create a boundary layer of inaccuracy, which ultimately prevents the
pressure from attaining full order of convergence in time [64]. The original
Chorin-Temam algorithm is only first order accurate in time for the velocity,
and the error in the pressure is asymptotically of order O(At*/?). Second order
in time schemes have been suggested subsequently in [32, 90]. In these schemes
the pressure is treated explicitly in the first, advection-diffusion substep, and
then corrected at the second, projection substep. These so-called incremental
pressure-correction schemes achieve second order accuracy in time for the ve-
locity, but the pressure is again plagued by spurious boundary layers around
the prescribed boundaries and cannot achieve higher than O(At) accuracy
(with Dirichlet boundary conditions). They have been rigorously analyzed in
[22, 72, 34]. In an attempt to remedy the situation, a slight modification in the
algorithm was proposed in [86]. The adjusted methodology is now referred to
as rotational incremental pressure-correction schemes. See also [40, 37], as well
as [35], where it is shown that a scheme introduced in [47] is equivalent to a
rotational pressure-correction scheme after an appropriate change of variables.

The dual approach to pressure-correction are the velocity-correction meth-
ods [46, 37, 39]. Here, the diffusion term is treated explicitly in the first step,
which is now the projection step and includes the incompressibility constraint,
while the second step accounts for viscous effects and corrects the velocity.
The asymptotic behavior of these methods is equivalent to that of pressure-
correction methods; they even suffer from a similar boundary layer. Again
the rotational form improves the order of convergence in time. So far, it ap-
pears that a full second order in time for both the pressure and the velocity
is achieved only by the so-called consistent splitting scheme [38]. In [35], it
is shown that this scheme is equivalent, up to a suitable change of variables,
to the so-called gauge method, proposed in [23]. However, this conjecture has
not been proved rigorously yet and is only supported by numerical results on
model problems.

When implementing a projection scheme using the Finite Element Method,
the choice of elements is restricted by the so-called inf-sup condition which is a
sufficient and necessary condition for the existence and uniqueness of the solu-
tion of the underlying stationary Stokes problem. It was derived independently
by LadyZenskaja [48], Babuska [2, 3] and Brezzi [6]. Any discretization of the
Stokes problem should satisfy the discrete version of the inf-sup condition in
order to guarantee the uniqueness of the discrete solution. If the condition
is not satisfied, the pressure may develop spurious modes (non-constant pres-
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sures with discrete gradient 0), which leads to instability and generally to loss
of accuracy. The choice of element also affects the way in which the incom-
pressibility constraint is imposed.

There is a large number of two-dimensional and fewer, but also many, three-
dimensional finite elements available to choose from. The simplest choice is
the P[Py triangular element, where the velocity is linear and the pressure is
piecewise constant. This element is not inf-sup stable and is known to give
zero velocity on diagonal grids [61]. The quadrilateral counterpart is the Q;Qj,
which is also unstable. A stable element with linear velocity is the MINI P} P,
element with linear pressure. The velocity field is enriched by a cubic bubble
function in each element, which provides stability. Another way in which
stability is achieved is through clustering. The so-called iso — PolP; element
(also known as P1IP; macro element or Bercovier-Pironneau element) features
linear velocity and linear pressure, although each element for the pressure is
divided into four elements for the velocity. Both the MINI and the macro
elements are available as 3-D tetrahedral elements, which are also stable. A
popular class of second order elements are the PoIP; triangle/tetrahedron and
the Q2Q; quadrilateral /hexahedron, known as Taylor-Hood elements [79, 45].
These are inf-sup stable elements and, by virtue of their simplicity, they are
very widely used.

The elements mentioned so far have a continuous pressure approximation;
as a result, the mass is not conserved elementwise. An approximation for
the pressure, which is discontinuous across element boundaries, allows for a
per-element and even pointwise mass conservation. Examples of stable ele-
ments with discontinuous pressure are the QoP_; element introduced in [67]
and the rotated multi-linear element with velocity spanned by (z* — 3%, 2, y, 1)
and piecewise constant pressure proposed in [88]. Here we should also men-
tion the Crouzeix-Raviart elements [15], some of which are nonconforming
(with discontinuous velocity), although the flux through element faces is kept
continuous. The Crouzeix-Raviart elements are considered by many to be im-
practical and of theoretical interest only due to their large number of degrees
of freedom. They can be viewed as a particular case of the so-called discon-
tinuous Galerkin (DG) methods, which, in the case of the Stokes problem,
use fully discontinuous approximations for both the pressure and the velocity.
An algorithm for the Navier-Stokes equations based on a DG approach was
recently proposed in [13]; it revealed that a locally mass conservative approx-
imation for the velocity can be used to construct a conforming and pointwise
divergence-free approximation for it.

The main purpose of this study is the development and the implemen-
tation of a numerical technique suitable for large scale simulations of multi-
component flows involving capillary free boundaries. One effect of the presence
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of surface tension is the appearance of jump discontinuities in the pressure and
the first spatial derivatives of the velocity. In order to approximate these jumps
adequately, it is convenient to use an element with the lowest possible order
of approximation for the velocity and a discontinuous pressure.

We have developed a version of the pressure-correction projection method
that meets these requirements. It is based partly on Py and partly on the
linear nonconforming Crouzeix-Raviart elements (CR) for the velocity and Py
pressure. The P; element is used to solve the momentum equation, avoiding
the large linear system resulting from the CR element. The IP;IPy element is inf-
sup unstable and is known to produce only a trivial solution for the velocity
on some grids (with homogeneous Dirichlet boundary conditions). For this
reason we use the stable CR element in the projection step.

This chapter is organized as follows. In section 1.2 we formulate the in-
compressible Navier-Stokes problem and introduce notation. In section 1.3 we
provide a detailed overview of the two finite elements and describe the pro-
jection method used. Section 1.4 is dedicated to the analysis of the proposed
algorithm. Sections 1.5 and 1.6 discuss various issues of implementing the
scheme in 2d and 3d respectively, concluding with numerical illustrations. All
findings presented in this chapter are summarized in section 1.7.

1.2 Formulation of the problem and notation

We consider a viscous Newtonian fluid occupying an open, bounded, and con-
nected N-dimensional (N=2 or 3) domain {2 and undergoing incompressible
flow. After proper nondimensionalization we formulate the following Dirichlet
boundary problem for the incompressible Navier-Stokes equations

1
(?—u+(u-V)u——V2u—|—Vp=f inQX(O,T),
ol Re

(1.1)
Vau=0 in Q x (0,7), (1.2)
Uy = Wpe for t € (0,T), (1.3)
ul,_,=uy in (1.4)

Here u and p are the unknown velocity and pressure, f is an external force.
The Reynolds number Re is defined as

CZC
Re =" , (1.5)

1

where p and p are the density and the dynamic viscosity of the fluid, while «,
and [, are some appropriately chosen characteristic speed and length.
We use standard notation for functional spaces. L? denotes the space of
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all functions that are square integrable in €2, and H™ is the Sobolev space of
all functions in L? having derivatives of order up to and including m that are
also in L?. We use (-,-), and [|||,, to denote the inner product and the norm
in H™. When the subscript is omitted, we mean the inner product or norm in
L? (which is the same as m=0). We also denote

Hy'={¢ € H"| ¢|5q =0} . (1.6)

We use boldface to denote N-dimensional vector fields, as well as their
corresponding functional spaces, i.e. H™ = (H™)N. We also define the
divergence-free subspaces as follows:

V" = {ve H"|V.v =0}, (1.7)
Vi = {veHp|V-v=0}, m>1. (1.8)

We also consider the quotient space L2/R, which is equipped with the norm
11l oy = mE 11 = el (19)
A weak form of the problem reads: find velocity u € H' satisfying the

initial and boundary conditions (1.4),(1.3), and pressure p € L*/R, such that
for all v € H} and q € L2, the following hold:

£
(V-u,q) =0. (1.11)

(811 ) + ((u-V)u,v) + é (Vu,Vv) — (p,V-v) = (f,v), (1.10)

Clearly, if (u,p) € H' x L?/R is a solution of the weak form, then the ve-
locity is divergence-free. Moreover, u is the solution of the following solenoidal
formulation: find u € V* satisfying the initial and boundary conditions (1.4),
(1.3), such that for all v € V{, the following holds:

(C?—u,v) +((u-V)u,v)+é(Vu,Vv) = (f,v). (1.12)

1.3 Discretization
1.3.1 Spatial discretization

We will use two types of finite elements. Py is the standard linear triangu-
lar /tetrahedral finite element with (V+1) nodes at the vertices of the element.
The functions associated with IP; are linear in each element, and, since their
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values match at N points on each (N — 1)-dimensional face, these functions
are continuous everywhere in 2. The linear triangular/tetrahedral finite ele-
ment of Crouzeix-Raviart [15] type has its (N + 1) nodes placed at the mid-
points/centroids of the faces. The functions are again linear, but match only
at one point on each face. Thus the functions are not continuous across ele-
ment boundaries. However, the continuity at the midpoint/centroid is enough
to guarantee continuous flux, owing to the fact that a quadrature formula with
one node gives the exact value of an integral of linear function over a simplex.

Let us now introduce a computational grid Gy, = (N4, Fr, 7) on 2 with grid
parameter h. Here A} is a collection of Ny nodes, F;, contains all Ny faces,
and 7y, is the set of Np finite elements. The finite elements are N-dimensional
simplices, i.e. they are triangles if N=2 and tetrahedra if N=3. The nodes
in NV, are the vertices of the elements, and the faces in F, are their (N — 1)-
dimensional sides. We also denote by M, the set of midpoints/centroids of
the faces.

Let us now define the following discrete spaces:

Xy ={u, e H'| w|, €PY,Vr € T,}, (1.13)

Y, = {u, € L w|, € PY,V7 € T, (1.14)
uy, is continuous at all m € M},

Vi ={u, €Y (V-up)|, =0,Vr € T}, (1.15)

Qn={an € L*| qu|, €Py,V7T € T}, (1.16)

where P, is the space of polynomials of degree n in N variables. For a given
grid G, X}, is the standard functional space associated with IP; elements, Yy,
is the space of velocities of the linear Crouzeix-Raviart elements, V, is the
divergence-free subspace of Yy, and () is the space of piecewise constant
pressures.

Notice that the Crouzeix-Raviart element is nonconforming in the sense
that Y}, is not a subspace of H. This requires proper definitions of the weak
discrete divergence and Laplace operators on Y, which follow:

(Voup,qn) = Z Veoupgy dz Vg, € Qn, (1.17)
TETh T

(Vup, Vvy,) = Z Vu, Vv, dz Vv, € Yy (1.18)
T€TRY T

Obviously, these operators are extensions of the standard divergence and
Laplace operators in H! to Y},. Their consistency and stability are proved
in [15]. The gradient operator in @y, is the dual of the divergence operator
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(1.17) in Yy

(Vph,Vh Z/V Viph dx Vv, € Yy, (1.19)

T€T

1.3.2 Time splitting

Pressure-correction scheme. We now present a nonstandard pressure-
correction scheme based on the two finite elements presented in section 1.3.1.
We will restrict our attention to the first order scheme; extension to second
order is straightforward. We start by dividing the time interval [0, 7] into
subintervals of equal length A¢ and denote the time levels by ¢, = nAt,n =
0,1,..., A ;- At each time level n we have two approximations for the velocity,
u; € Xy, and uf € Vy, as well as an approximation for the pressure gradient,
gl € Y),. Assuming that u) and g9 are proper approximations of the initial
velocity and pressure gradient (see [36]), for n = 0,1,... — 1 we proceed
as described below.

7At

e Advection-diffusion step: find u"Jrl € Xy such that for all v, € Xy,

1

1
~ @yt — v + To (Vagt!, vvy)
= Z/ up-V)upl-vy, do — (gf, va) - (£775,9,) . (1.20)
TET)
Here f"*' = f|,_, .

e Projection step: find uf™ € Vy, such that for all vy, € Vp,

n-+1

(upt! —aptt, v,) = 0. (1.21)

After upt +1 is computed, correct the pressure gradient g”+1 € Yy, so that
aptt - upt!
At

n+1

g —8h= (1.22)

Note: the computation of (1.22) is not considered a separate step, since
it does not require the solution of a linear system. Moreover, the pressure
gradient is computed only weakly, tested in X,.

The quantity g} is indeed an approximation for the pressure gradient. To
see this, consider an alternative formulation of the projection step (1.21): find
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u €Y, and Pt € Qp such that for all vi, € Y, and qn € Qn,,

(u’}fLH-l n+1’ — At Z/v Vh¢n+1 dr =

TET,

(1.23)
Z/V uitg, de = 0.
7T,
If we set ¢ = pit! — p we see that g is the Riesz representation in Y, of

the linear form
YhavhHZ/V Vppy dr € R.
T7€TH

This scheme can be extended to a rotational pressure-correction scheme by
modifying the gradient correction equation (1.22) as follows:

~n-+41 n+1
W, —u

At R

n+1 n
B, —Bp—

R ay . (1.24)
The added divergence also acts as a stabilization term at higher Reynolds
numbers and is less significant at lower ones.

This algorithm does not yield a proper pressure approximation. This is
not surprising, since the general theory requires the spaces X, and Q)5 to be
inf-sup stable, which is not the case here. The numerical results also con-
firm that the Lagrange multiplier ¢} in (1.23) (if computed) does not give a
consistent approximation for the pressure correction. Therefore, the pressure
must be computed separately in a postprocessing step. The solution we pro-
pose involves a Poisson problem, which adds to the computational cost of the
algorithm; nevertheless, consistent pressure is not required by the algorithm
itself and doesn’t have to be computed at every timestep, but only if and when
needed.

Consider the space of IP; continuous pressures

Mh = {qh c H1| qh|T E]P’l,VT E’]ﬁ,/qh dIZO}.
Q

We solve the problem: find pi™ € M, such that for all g, € My,

1 -
(V e V%) = N ( ZH - UZL»V%)

- —}—?1—; (nxVxapt) Vg, ds + (£"',Vqy), (1.25)
e Joq
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where n is the unit outer normal vector to 2. This equation is derived from
the momentum equation (1.1) (less an advection term), tested with Vg,. The
surface integral is a result of integration by parts of the diffusion term. We
first apply the Helmholtz identity, taking into account the fact that the exact
velocity is solenoidal, then integrate by parts, using the fact that any gradient
is irrotational:

/V2u~th doe = /[V (V-u)]-Vg dx—/[Vxqu]-th dx
Q Q2 Q

:—/(qu)-(VXth) dr— | (Vxuw)x(Vgn)n ds
Q on
= —/ (nxVxu)-Vg, ds.

o0 .

Finally, 0” is used to approximate the exact velocity.

Velocity-correction scheme. The ideas presented above, applied to the
velocity-correction schemes discussed in [39], yield the splitting procedure out-
lined below. Assuming @) is a proper approximation of the initial condition
1y, we proceed as follows.

e Projection step: find u}*! € Y, and p*' € Qy, such that for all vy, € Y,
and an € Qh;

Zit (wptt —ap,vp) — Z/p”“Vvh dz = (£", vy)

TET,

1
L (Vig, Vi), (1.26)

— (8 V), Vi) —

Z/Vu"+1 dz = 0.

TETh

e Correction step: find u”“ € X, such that for all vy, € X,

- g, ) + Ri (VaRt!, Vin) = (£, %)

— ([ V) Ay, Vi) + (o, Vevs) . (1.27)

We modify slightly the correction step to remove the pressure from it.
Notice that the first equation in (1.26) is also true in X}, since it is a subspace
of Y. This allows us to subtract from (1.27) the momentum equation in

10
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(1.26) to arrive at the following equivalent correction step: find 7™ € Xy,
such that for all vy, € Xy,

Ap (7 = w) 4 o (V (3 - a)), Vo) = 0. (1.28)

Having done this, we can now rewrite the projection step (1.26) in solenoidal
form: find u’“rl € Vy, such that for all vy, € Vy,

1

n -~ n ~n ~n 1 ~n
A (uptt —ap.vy) = (£, vy) — (87 V) 7, vi) — — (VO Vvy)  (1.29)

Re
We treat the advection terms explicitly in order to keep the matrices sym-
metric and thus be able to apply the fast conjugate gradient method. Of
course, this scheme is only conditionally stable. Unconditional stability can
be achieved by using a semi-implicit advection (see [39]). In this case, the
projection step remains the same, while the correction step becomes: find
uptt € Xy, such that for all 5, € Xy,

1

1
7 (gt —uptt vy) - — (V (apt - uy), Vvy,)

Re
+ ((ap-V) (ap —a}),v,) =0 (1.30)

1.4 Error analysis

The innovative idea in the proposed schemes concerns the solution of the
generalized Stokes equation. For this reason, we will allow ourselves to omit
the nonlinear advection term from the analysis. The analysis presented here
is nearly direct application of the general framework developed in [36, 34, 33].
For simplicity we only consider the case of homogeneous Dirichlet boundary
conditions. We also assume that the boundary of the domain €2 is smooth.

Preliminaries. For clarity, and following the notation used in [36], we define
the divergence operators By, : X; — @Qp and Cj : Y, — Qp such that

(BuVi, qn) = (V-V4, q1) YV, € X qn € Qn, (1.31)
Covma) =Y / Vovsgnde  Wa€Ynan€Qn  (132)
T€Ty

The proofs of the error estimates rely on the spaces X and @y, satisfying
a uniform inf-sup condition. It is clear that this is not the case here. We
assume that a subspace Qh C @y, exists such that the pair (Xh Qh) is inf-sup

11
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stable. We also assume the existence of an orthogonal complement of Qh, ie.
a space Q such that (B,¥s, Gs) = 0 for all §, € Q, and all ¥, € X;,. The
existence of such subspaces has been established on the so called cross-grid
(see, for example, [7]).
We now consider the following interpolation problem: given u(t) and p(t),
€ [O,T], find Wi(t) € Xy, and Gp(t) € Qh such that for all vy, € X; and all
Th € Qn,

(VWi (8), VVi) = ((1), V-Vi) = (Vu(t), Vi) = (p(t), V-V4), (1.33)

(V-Wa(t),rn) = (V-u(t), ra) '
If (u(t),p(t)) is the exact solution of (1.1) and (1.2), then u(t) is solenoidal,
subsequently W, (t) is pointwise divergence free. The existence of such piece-
wise linear interpolant for the velocity is vital for the convergence proof; how-
ever, it has only been proved for cross grids. Moreover, it is known that on
diagonal grids the only divergence-free velocity in X, is trivial: wy(t) = 0,
and the analysis presented here cannot be applied. In section 1.5.5 we present
numerical evidence, showing that the scheme performs optimally on diago-
nal grids. This leads us to believe that the optimal error estimates can be
extended to general grids, although the rigorous establishment of such claim
remains elusive.

Lemma 1.1 (see [36, lemma 5.1]). Let the solution (u(t),p(t)) of (1.1), (1.2)
satisfy the regularity conditions u(t) € H? NV} and p(t) € H' N L2/R for
t € [0, T]. If G, is a cross-grid, then there is a positive constant ¢ independent
of h such that ‘

ha(t) = wa(®)llo + R llu(t) = Wa()ll, + 2 lip() — ()l
< h?(lu(®)lly + p@ll;). (1.34)

Error estimates for the velocity. We need to verify that C7 is uniformly
continuous with respect to the norm in H? (see [34, proposition 2.1]). For this
purpose we define the projection Il : L' — @, such that for ¢ € L*,

(Hrg,rs) = (g, 1) Vry € Q.

Lemma 1.2. There is a positive constant ¢ independent of h such that

(];{thllo <cllql, Vg€ H'.

12
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Proof. According to the definition of C}, the following holds true:

[CTThglly = (ClMing, CIMng)y =~ > [ThqV-CiTlng da
7€ 7
= ~Z/ ,q(C{TLg) -0 ds.
or

TET

For each internal face f; € Fy;, we denote by g; the mean value of the restriction
of g to f;. Let g be the function on F},;, whose value on f; equals ;. On each
interior face f;, we have (see [15, Hypothesis H.2 and Example 4])

/(ji [v‘ni] ds =0 Vv €Yy,
f.

and on each boundary face we have
/@V-ni ds =0 Vv € Yy,
f.

due to Dirichlet boundary conditions. The symbol [v-ni] denotes the jump of
the normal component of v. Therefore,

cimaly = =3 [ (a-a) (CEg) m ds

< Z Ing — @ll 250 “Cthqu(af) :

€T

Now, using the mesh regularity together with standard scaling arguments and
Deny-Lions lemma, we infer that

IeTtally < D7 ek lallgp oy 7 [ O Thag]l o

TET)
< cllqly ”CZthHO :

The proof is complete. dJ
Let E be a normed space with norm ||-||5, and let a” € Eforn =0,..., %
We denote
T/At 1/2
e O ML) I G PR N
13
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Theorem 1.3. Let the solution (u(t), p(t)) of (1.1), (1.2) satisfy the reqularity
conditions u(t) € H> NV} and p(t) € H' N L?/R for t € [0,T]. There is a
positive constant ¢ independent of h such that the velocity approzimations U}
and uj produced by scheme (1.20), (1.21) satisfy

[ = ] oo 2y + 0" = UR] oo 2y < c(h® + A),

Proof. The proof follows [33, 36, 34] closely. O

Convergence of the continuous approximation of the pressure. In
this paragraph we prove the optimal convergence of the pressure produced at
the postprocessing step (1.25). Denote &} = u™ — u} and e} = u” —uj. We
will use the following result.

Lemma 1.4 (see [36, lemma 5.6]). If the algorithm (1.20), (1.21) is properly
matialized, then
|&prt — ég“mHl) < cAt(At+ h).

The accuracy of the P; approximation for the pressure is subject to the
following error estimate.

Theorem 1.5. Under the assumptions of theorem 1.3 and lemma 1.4, there
is a positive constant c¢ independent of h such that the solution pp € My, of
(1.25) satisfies

1" = Phllez(r2/m) < c(At+h).

Proof. We take the exact momentum equation (1.1) at time level ¢,,41 and test
it with Vgy, for g, € M. After ignoring the advection term and integrating by
parts the diffusion term (the same way as we did in the derivation of (1.25)),
we arrive at

b n+1
(vpn+17 vqh) == (%—'7 V(Ih>

1

o /3 (o Vxu) Vg, ds (£, Var) . (139

Subtracting (1.25) from (1.35) produces

L an
(V™ = 5™ Van) = - (& - &, Var)
1 N 110 LI | (G ) L
" Re J, (X V&™)V ds < o A ,th) - (136)
Q)
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Let ph+1 be the piecewise linear Lagrange interpolant of p"*!, which clearly
satisfies

|V (™ =g, < ch. (1.37)

We denote the error in the pressure by i = pp+! — pi*'. Incorporating e}

into (1.36), we have

(Ve V0r) =~ (617~ 8. Van) = o [ (nx V&) Vo ds
Re Jaq

< 8un+1 un+1 .

un T ATy
o Al ’th)—(V(P B, Van) . (1.38)

Obviously ep*! € My, so we are allowed to set g, = 7! in (1.38) to obtain

n+1]|2 L _ n+1 _1_/ n+1 n+1
|Vertt|| = Y (ept! —&p, Vertt) — = 8Q(n><V><e )-Vert! ds

aun+1 un+1 —u” . N o .
- ( TR ,VEhH) — (V™ =), verth) . (1.39)

Now we apply the Cauchy-Schwarz inequality on every term in the right-hand

side:
n ~N n 1 o n
et < 27 188 = &l Vet 1+ 7 19 %88 g 9 gogon
n+1 n+l
+ al;)t _u - u Vel + [V = 5| [ ver]| . (1.40)

The last equation, together with (1.37), lemma 1.4 and inverse inequality yield
[Vertt||, < c(At+h+n"|[erH). (1.41)

This result, together with theorem 1.3 and a standard duality argument give
optimal estimate in L? norm:

thHHe?(LZ) c(At+h). O

1.5 Implementation in two spatial dimensions

In this section N=2.

15
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. X fa X1
Figure 1: Reference triangular element with local indices of nodes and faces.

1.5.1 General remarks

It was already mentioned in 1.3.1 that we maintain a grid G consisting of
nodes, faces and elements.

The nodes consist of two coordinates and a boundary condition code, and
each node is assigned a global index starting from 0. Nodes in the interior of
(2 are assigned indices from 0 to Ny, — 1, and boundary nodes (the ones where
essential boundary condition is prescribed) get the highest indices, from Ny,
to Ny — 1. This is done to facilitate the imposition of boundary conditions.

Whenever we need to invert a matrix A, where essential boundary con-
ditions are prescribed, we replace the equations corresponding to boundary
nodes with equations that have one on the main diagonal and the prescribed
value in the right-hand side. These equations don’t actually need to be solved,
and we don’t store them. We store the rest of the matrix in two parts — the
main part is square and corresponds to the interior nodes and the other part
corresponds to rows of interior nodes and columns of boundary nodes. We
multiply the prescribed boundary values by the second matrix, subtract the
result from the right-hand side, and invert the first sub-matrix as demonstrated
below:

(Au‘ Ap) ([ Xe) _ F; N X; = A7 (Fi — AipXb.cond.)
0 I Xb Xb.cond. Xb = Xb.cond. '

Each element in the grid contains three nodes and three faces. The nodes
have local indices 0, 1 and 2, going in counter-clockwise direction. The local
indices of faces are assigned so that face i is always opposite node ¢ (Figure 1).
We do not allow an element to have all of its nodes on the boundary.

The faces in the grid contain two nodes and two elements. The node
with smaller global index is always taken first (local index 0). The faces are
sorted by the indices of their nodes. Because the nodes are sorted so that
boundary nodes have larger indices, the faces on the boundary of Q2 will have
largest indices as well. The two element indices stored with each face are
the elements to which this face belongs and are taken in no particular order.

16
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Faces on the boundary belong to only one element. We also maintain two unit
vectors associated with each face — tangent and normal. The tangent is always
the vector pointing from node 0 towards node 1, normalized to unit length.
The normal vector is computed by rotating the tangent vector by I clockwise.
With this setup, it is easy to obtain the outer normal vector to the side 7 of
an element: we take the normal vector to the face with local index ¢ and flip
its sign if, and only if, the global index of node [(1 +1) mod 3] is greater than
the global index of node [(i +2) mod 3].

The local mass matrices of the two-dimensional Crouzeix-Raviart elements
are diagonal. This is due to the fact that the interpolation nodes (the mid-
points of the faces) are also the nodes of a Gaussian quadrature formula, which
is exact for integration of second degree polynomials in a triangle. As a result,
the global mass matrix is also diagonal — this fact will play a significant role
in the implementation of the projection.

The implementation of any computation involving the standard IP; element
is straightforward. Moreover, often in a projection method the bulk of the
computational time is used in the projection step. Thus, as we try to speed
up the solution, we will allocate most of our efforts to finding the fastest
projection algorithm. Frequently, the projection step is implemented as a
Poisson problem for the pressure. In our setting, this is not straightforward,
as the pressure is discontinuous. In the following sections we discuss and
compare several possibilities. We will consider (1.21) and (1.23), although
extension to (1.26) and (1.29) is direct.

In the sequel, we will denote by {api}fi}’)_l the usual Lagrangian interpola-
tion basis of the IP; element. There is one basis function associated with each
node in the grid:

il € Py V1 € Ty,
(pi(Xj) = 0;; Vx; € Ni.
Any 1, € X, can be written as

Ny-1

l~lh = Z [Uz,iex + 0y,iey:| Pis (142)

i=0

where e, and e, are the unit vectors in direction x and y respectively, and Uw,i

and U, ; are the values of the z and y components of i, at node x; € Nj.
Similarly, we will use {’4/11}7{3)_1 to denote the Lagrangian interpolation

basis of the Crouzeix-Raviart element. This time the functions correspond to

17
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faces:
Y|, €Py Y1 € T,
wl(m]) = 6z’j ij € M.
The expansion of u;, € Y}, in this Crouzeix-Raviart basis reads

Np—1
CR CR
u, = Z [Uw,z e, + Uy,i ey] ¢i,
i=0

where U and UJF are the & and y components of uy, at the midpoint m; of
face f; € Fp,. Since X, C Yy, we can also write the expansion of @, in the

{1;} basis:
= > |00, + UgFe, | i (1.43)
=0
UCE can be evaluated casily as the average of the values of U at the two

endpoints of the corresponding face. Alternatively, the expansions in Crouzeix-
Raviart basis can be written in terms of tangential and normal components
as

Np-1
wo= Y [US%+ Ui v, (1.44)
=0

=0

The linear system resulting from the projection substep of any of the pro-
jection algorithms described above can be resolved in several different ways.
We considered the following three possibilities.

1.5.2 Lagrange multipliers

With the pressure being piecewise constant and the velocity being piecewise
linear, the incompressibility constraint actually imposes the requirement that
the divergence of the velocity must be identically 0 in each element. We
formulate the following constrained minimization problem: find u, € Y}, such
that,

|lup, — 0pl| — min

(1.46)
/V'uhdm:O V1 €Ty

18
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We introduce one Lagrange multiplier A, for each element 7 € 75 and solve
the following: find u, € Y, and constants A, € T, such that:

||llh — flh” + Z)\T /V-uh dr — min. (147)
T€T} T
This problem is equivalent to (1.23), if we define
1
bn = ~ ZL)\T, (1.48)
T€T,

where 1. is the indicator function of the element 7. The problem (1.47) leads
to the following linear system, written in terms of normal and tangential com-

ponents:
M 0 0 UL MUCE
0 M DT||USR| = MUCR]. (1.49)
0 D 0 A 0

In (1.49) M is the diagonal mass matrix of Crouzeix-Raviart and D is the
matrix of the discrete divergence operator. It is clear that the tangential
components are decoupled from the system:

UtCR:UtCR:
M DT\ (UEE MUGCE
(5 ) (5)- (") o

We impose the boundary conditions on the normal components by replacing
the corresponding equations:

A; 0 DI\ [USF MUSE
0 I 0 USEl =1 USE |. (1.51)
Di Dy, 0 A 0

To avoid solving a saddle point problem by the slow Uzawa iteration, we
construct the Schur complement of Af; by multiplying the first row by D;M; !,
the second row by D, and subtracting both from the last row.

UtCR—UCR
= JCR,
UCI‘)R:U{/;R

M, DT UCH M,USE

0 -DMDT)\ A )~ \-DUSE)" (1.52)

19
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Now it is clear that the solution of the problem is given by

Uft = UfR,
CR _ 77CR
Unb * Unb ’

. 1.53
A= (D:M;'DT) ™ DOCE, (1.53)

ULt =U5F — M7'DTA.

Unlike other projection methods with discontinuous pressure, we can construct
the Schur complement S = D;M;'DI explicitly, due to the fact that M
is diagonal. This saves us the time normally needed to invert M; on every
iteration of the conjugate gradient method.

The matrix S is singular, because we imposed a boundary condition on
UCE that prescribes the total divergence of u;, according to

/V-uh dz :/ uy,-n ds. (1.54)
Q a0

This makes the side constraints imposed by the A-s linearly dependent. If
we set the divergence to 0 in all elements but one, the divergence in this
last element is assigned by the boundary condition. The remedy is simply to
remove the last row and the last column from the matrix. The new matrix
has dimensions (Ny — 1) X (Np — 1) and is symmetric and positive definite.
In order to obtain a divergence-free solution, we must always ensure that the
boundary condition satisfies

/ Upp-N ds = 0. (155)
o0

1.5.3 Inter-elemental multipliers

In this section we consider the linear system in (1.50) and solve it by relaxing
the natural continuity on the velocity flux through element boundaries and
imposing it via an additional set of side constraints. This approach to the
solution of Poisson problems is widely used with mixed methods for elliptic
problems, as described in [7, p.178].

Let us define the following functional spaces:

7y = {uh € L2| uh]T S PiV,VT S 771} ; (1.56)
W, = {llh S Zh| (V-uh)IT =0,Vr e 771} . (157)

The vector fields in Z;, are piecewise linear in each element and in general
completely discontinuous across element boundaries. Wy, is the divergence-
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free subspace of Zj;,. Let G, € Zj. Since functions in Z, are piecewise linear,
they have three degrees of freedom per element, i.e. dimZ, = 3Np. For the
sake of convenience, we place the degrees of freedom in the midpoints of the
sides, thus on each interior m € Mj, each component of @, will have two
values — one for each element containing m. We will use [Gi5(m;)] to indicate
the jumps of @y, at points m; € My, m; & 9.

Let us now introduce the following notation for the Lagrangian interpola-
tion basis of Zy: for each element 7 € 7}, and for each element face ¢ € {0, 1,2},
we have one basis function %), ; such that

Yrilz =0 Vi # 1,7 €T,
1/17,1‘|T € Pl with wr,i(mr,j) — 51’]’,

where m, ;,j € {0,1,2} are the midpoints of the sides of 7. Here and for the
remainder of this section, subscript ‘r, ¢’ refers to side ¢ € {0,1,2} of element
T € Tp,. Since the inclusions X;, C Y, C Zj hold, we can write the expansions
of 4, and uy in the tangent-normal basis of Zy:

2
W = ZZ <Ut’77it7,i + Un,T,inT,i) 1/)7,1'; (158)

77, i=0

2
Uy, = ZZ (Ut,‘r,itr,i + ﬁn,’r,inT,i) w‘r,i- (159)

7€T}, =0

The projection step can be written as the following minimization problem
in Zy: find uy, € Zy, such that

[lun — 8| — min,
/V-uh dr =0 V7 €Ty, (1.60)
[uh(mi)] =0 ‘v’mz < Mh,m»,; ¢ Q.

After introducing Lagrange multipliers A, as in section 1.5.2, and two more
sets of Lagrange multipliers o, and oy, m,, to enforce continuity of the tan-
gential and normal components respectively, we arrive at the following equiv-
alent unconstrained formulation: find u, € Zj and constants A.,arm, and
Cpmiy T € Tpymy € My, my; ¢ OQ such that

e = Gl + o, [ Vo o

7€TH
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+ 37 (aum [0 0m0)] i+ i, [4 ()] ;) — min. (1.61)
miEMyp
mﬁ@ﬂ

Similarly to (1.50), we can see that the tangential components are decou-
pled from the other unknowns and are unchanged by the projection. The
remaining linear system for the normal components is

M DT CT\ (U, MU,
D o olAa]l=| o |, (1.62)
¢ 0 0/ \A, 0

where M and D are respectively the mass matrix and the divergence operator
in Zy, and C' is a matrix of the “jump” operator. At first glance, this system
seems much worse to solve than (1.50), but we shall see that it can be greatly
simplified.

Let us first look at the problem

M DT\ (U, MU,
ORI
Each row of D corresponds to one element 7 and has nonzero entries only in
the three columns corresponding to the faces of 7. The mass matrix is block
diagonal, with 3 x 3 blocks on the diagonal being the local Crouzeix-Raviart
mass matrices of the elements in 7,. Thus (1.63) actually consists of Np

independent problems of local projections — one for each element. The local
projection is a 4 x4 system in the form

M DZ Un,r _ Mrﬁn,v'
(o ) ()= ("5"); a4

which can be inverted easily. We can write the solution for U, , symbolically
as

Un,T = PTU’H.,T) (165)

where P is the matrix of the projection in span{n,;y.;|i = 0,1,2} onto its
divergence-free subspace. If 7 has a face on 0f2, we impose the boundary
condition in the local system (1.64), and the resulting local projection matrix
accounts for it. These 3 x 3 local projection matrices can be assembled into
one block diagonal matrix P of the projection in Zp onto Wj. Thus

U, = PU, (1.66)
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is the velocity solution of (1.63).
Now we go back to (1.62) and apply the same approach to eliminate A.
The system reduces to

I 0  PCT Un PU,
0 DM'DT DM'CT| | A|=|DU,]. (1.67)
C 0 0 A, 0

Obviously, the equations for A are now decoupled:

(e 70) () - () 4

Using the Schur complement of I, we express the solution as

A, = (cPCT) " Pl

U =P (00— C"4,). (1.69)

The Schur complement S = CPCT can be constructed explicitly, since P is
block diagonal and C has a very simple structure — it has two nonzero entries
in each row: 1 and —1. S is symmetric, even though the matrix P is not.
The local projection matrix is not symmetric for elements having a face on the
boundary. Regardless, S is symmetric, since the columns of C' corresponding
to boundary faces contain all zeros, effectively eliminating asymmetric rows
and columns of P from the Schur complement.

The matrix S has dimensions equal to the number of interior faces, which is
significantly greater than the dimension of the system in the previous section.
In the two-dimensional case we have Np =~ %NT. Numerical simulations show
that S inverts slightly faster than S from section 1.5.2, with greater advantage
on finer grids. It seems possible that S may have better conditioning than
S, whose condition number behaves as O(55); this may be due to the fact
that the entries of S depend on h as O(1). This conjecture is inspired by our
computational experience; its rigorous investigation is beyond the scope of the
current study.

1.5.4 Solenoidal approach

In this section we construct an explicit basis of V;, and use it to solve (1.21)
directly. Divergence-free elements were first constructed by Crouzeix [14] and
Thomasset [85]. See also [17, p. 295] for a more general derivation.
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Figure 2: Triangular element with Crouzeix-Raviart and divergence-free degrees of free-
dom.

Local basis. Let us first consider one element 7 € 7 —~ all indices used in
this paragraph are local to 7 (Figure 2.) We have six Crouzeix-Raviart basis
functions — three tangential and three normal:

Y = [towo,t1¢1,t2¢2,nowo,nl%, n2¢2]- (1.70)
We seek functions v, which are their linear combinations, i.e.
2
v = Z(aitﬂ/h' + binygs), (L.71)
i=0

and satisfy the incompressibility constraint

/V-V dz = 0. (1.72)

Substitute (1.71) into (1.72) and calculate

[ewia=y [ [ty s[5 d]

(Li/ (tﬂpl)n ds + bz/ (nifgbi)'n dé}
- or ar
2
Z [(Li wz(tz 'Ilj) ds + bz 1/)i<n7;'nj) dS:l
i

i=0 j=0 fi

M= L[]

=0

ol

Il
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2

Z l:ai(ti'l’lj) ’(/)z ds +b,;(ni'l’1j) ¢z ds

l
.M"’

i=0 j=0 fi fi
=|filds; - =fildi
-
=D fai (tena) | fil + bi (n5-m5) | il
=0 L =0 =1

[

I

ew)

1=

Here {f;}2, are the faces of 7, and |f;| denotes the length of f;. Therefore,
the matrix of the divergence operator in spanY” in the basis (1.70) isa 1x 6
matrix given by

D = [0.0,0,1ful, 1Al 1121]. (1.73)

The vector of coeflicients
[ao,- ai, as, by, by, bz]

of every divergence-free function v belongs to the kernel of D,. It is not hard
to establish that ker D, is spanned by the following vectors:

:1, 0,0,0,0, o} ,
:0, 1,0,0,0, 0} ,

:0, 0,1,0,0, o} ,

r 1 —17 (1.74)
07 07 07 01 T 2T 1
L | Al [ f2]4
r -1 1 7
Oa 07 0; T O) I
: Lfol " [ f2]

I 1 -1
0,0,0,

—, = 0].
- [fol " 2]

The first three vectors give the tangential basis functions, which are divergence-
free and will be used in the basis of V,,. We denote

Vii = t’ﬂ/)’ia 1€ {O, 1, 2} (175)
Of course, ker D, has dimension 5 and we can see clearly that the last

three vectors in (1.74) are linearly dependent. They give us the following
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Figure 3: Two dimensional divergence-free basis function associated with a node.

divergence-free functions

n; —1y
Vnpo = *d) + —ﬂ’ )
CTIATT TR

_ D2 o

V'"«,l - 'f2|¢2 + 1f()| 1/10’ (176)
_ Do "

TR ARG

any two of which are linearly independent.

Notice in (1.76) that the normal basis functions are combined in a way
which ensures that the influx through one face is exactly canceled by the out-
flux through another face, guaranteeing mass conservation. Also, we have
assigned indices to v, ; deliberately so that the function v, ; has, in its defi-
nition above, the two faces containing node ¢, and the signs are such that the
normals go counter-clockwise around the node.

Global basis. The six divergence-free functions in (1.75) and (1.76) are the
restrictions to 7 of the global divergence-free basis functions, which we will
define next. It is clear that the tangential functions in the Crouzeix-Raviart
basis of Y, can also be used in the basis of Vy,:

Vi = tiwi; 0 <i< Np. (177)

Here we work on the whole grid and the indices are global.

What remains, is to construct the rest of the basis functions of Vj, as linear
combinations of the normal Crouzeix-Raviart basis functions. Following our
insight from the local basis, we will construct one function for each grid node
(see Figure 3):

Np-1
€441 .
=0
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where

0, if face ¢ does not contain node 7,
€, =1 1, if n; goes counter-clockwise around node 7, (1.79)

—1, if n; goes clockwise around node j.

It is trivial to verify that the restriction of any of the functions defined
in (1.78) to an element is either 0 or one of the functions in (1.76), which
is sufficient to conclude that v,; € V,, for all j € {0,... Ny — 1}. Also,
we calculate the dimension of V;, as the dimension of Y, minus the number
of constraints. Taking into account Euler’s formula relating the numbers of
nodes, faces, and elements in a grid (Ny — Ng + Nr = 1), we derive

dith=dith*NT:2NF—NT:NF—I—NN—l. (180)

Therefore, v,; and v, ; are one too many. It is clear that the tangential com-
ponents are linearly independent, thus the normal divergence-free functions
must be linearly dependent. If we remove any one of them, the rest are lin-
early independent and, together with the tangential components, form a basis
of V4. A proof of this fact can be found in [17, p. 307].

Again, the tangential components are decoupled and left unchanged by
the projection. The matrix of the system for the normal components can be
assembled in the usual way from local mass matrices of the divergence-free
basis. To obtain a local matrix, we multiply the standard Crouzeix-Raviart
local mass matrix on the left and on the right by the local coefficients matrix,
which has rows equal to the vectors in (1.74):

M = N,M,NT, (1.81)
where
"€ €0,2
0 oL =02
|l | fel
€1,0 €1,2
N.=|—— 0 /1. 1.82
ol 7 (1.82)
€20 €21
—=y J 0
[fol |f1l

Boundary conditions on the normal components are prescribed by the fol-
lowing iterative procedure. We start by choosing one boundary node and
prescribing value 0 for the coefficient of its v, ;. This is how we remove the
linearly dependent function. Then we traverse the boundary faces going in
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Figure 4: Sample 4x4 grid.

onc direction around €2. One of the nodes on the current face will have its
coefficient already assigned. The other one we compute so that the normal
boundary condition on the face is satisfied. It is easy to see that if the bound-
ary condition satisfies (1.55), then, when we get back to the starting node, we
will get a value equal to 0. Unfortunately, it is not possible to impose bound-
ary conditions, if the domain is not simply connected, or if there are parts of
0§ with Dirichlet boundary conditions separated by boundary conditions of
different types.

The size of the matrix that we need to invert for the projection is equal
to the number of interior nodes, which is by far the smallest of the three sug-
gested implementations. Moreover, it is also the fastest to resolve, significantly
improving the time of the inter-elemental multipliers, as well as the time of
the elemental multipliers. The solenoidal approach is our method of choice,
with the only limitation possibly coming from the boundary conditions.

1.5.5 Numerical results

The performance of the proposed scheme was evaluated with a series of numer-
ical experiments. All tests discussed in this section, unless otherwise specified,
were performed using the first order in time pressure-correction scheme. The
grids we used were produced by subdividing the domain into squares and di-
viding each square into eight triangles using the two diagonals and two lines
connecting the midpoints of opposite sides of the squares. A sample 4x4 grid
is illustrated in Figure 4.

We start with a comparison of the three implementations of the projec-
tion step. The test example is the analytic solution discussed in the next
paragraph, solved for 100 timesteps with At = 0.01. The computations were
performed without advection (time-dependent Stokes problem), since we are
interested only in the performance of the projection step, and the advection
does not play a role in it. We ran the same test using Lagrange multipliers,
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Table 1: Comparison of three implementations of the projection step in two dimensions.
CPU times are given in seconds.

LM M DF
grid dim iters CPU dim  iter CPU dim iter CPU
16 x 16 511 180 <0.001 736 95 <0.001 225 40 <0.001
32 x 32 2047 360 0.03 3008 195 0.03 961 80 <0.001
64 x 64 8191 720 0.39 | 12160 390 0.34 | 3969 158 0.03
128 x 128 | 32767 1410 4.4 | 48896 775 4.6 | 16129 310 0.36
256 x 256 | 131071 2800 43 | 196096 1550 37 | 65025 610 4.7

LM - Lagrange multipliers (1.5.2)
IM - Inter-elemental multipliers (1.5.3)
DF — divergence-free basis (1.5.4)

inter-elemental multipliers, and divergence-free basis on five different grids and
recorded the average number of iterations and the average CPU time needed
for the projection step in each case. In all cases the linear system was inverted
by a conjugate gradient method. Table 1 outlines the results. We see that
the inter-elemental multipliers give slightly improved times as the number of
iterations is about half of that of the Lagrange multipliers, while the number of
unknowns approaches 1.5 times the number of Lagrange multipliers as the grid
gets finer. Using the divergence-free basis, on the other hand, gives both the
smallest system (dimension is less than half of that of Lagrange multipliers)
and the smallest number of iterations (around 40% of that of inter-elemental
multipliers), which ultimately leads to tremendous reduction in computational
times. In view of these results, all remaining tests in this section were per-
formed using the divergence-free basis.

Convergence tests. We confirmed the convergence of the scheme by run-
ning a convergence test using an analytic solution given by

u=sinzsin(y +t), v=coszcos(y+t), p=coszsin(y+t). (1.83)

The problem was solved for ¢t € [0,5] in the square [O, 1} X [0, 1} with ini-
tial and boundary conditions given by the exact solution, and a source term
prescribed to satisfy the incompressible Navier-Stokes equations at Reynolds
number Re = 100. Figure 5 presents the error of the computed velocity in
£2(L?)-norm plotted versus the timestep for a variety of grids. The graph indi-
cates first-order accuracy in time. The flattening observed at small timesteps
is due to the saturation of the spatial error. The graphs in Figure 6 present
the error in the velocity in £2(L?)- and the £2(H')-norms versus h for a variety
of timesteps. As anticipated, the error in the velocity is second-order in space
in L?-norm and first-order in H'-norm.
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Figure 5: Error in velocity in £2(1?)-norm versus the time step At, T = 5, Re = 100, for
a variety of grid sizes.
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Figure 6: Error in velocity in £2(L?)-norm (left) and ¢2(H')-norm (right) versus the grid
size h, T = 5, Re = 100, for a variety of time steps.
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Table 2: Comparison of the ¢2(L?) and ¢*(H')-norms of the velocity error for different
time steps, At, and different meshsize h; Reynolds number Re = 100.

£*(L?) norm 2 (H")-norm

At grid is0 — PPy Present scheme | iso— PoP;  Present scheme
0.0500000 8x8 | 1.702290e-02  1.0051450e-02 | 3.850517¢-01  1.8557660e-01
0.0250000 8x8 | 1.623382e-02  5.3463740e-03 | 3.818002e-01  1.6369440e-01
0.0125000 8x8 | 1.617754e-02  4.8185810e-03 | 3.815409e¢-01  1.6200860e-01
0.0062500 8x8 | 1.618194e-02  4.7534930e-03 | 3.816086e-01  1.6191400e-01
0.0031250 8x8 | 1.618895e-02 4.7361680e-03 | 3.816846e-01  1.6186320e-01
0.0015625  8x8 | 1.619345e¢-02  4.7284610e-03 | 3.817329¢-01  1.6181490e-01
0.0500000 16x16 | 5.855242e-03  8.8821840e-03 | 1.540878e-01  1.2183130e-01
0.0250000 16x16 | 3.367833e-03  2.6469600e-03 | 1.435928e-01  8.5758860e-02
0.0125000 16x16 | 3.046877¢-03  1.4165660e-03 | 1.423505¢-01  8.2413190e-02
0.0062500 16x16 { 3.003900e-03  1.2606420e-03 | 1.421816e-01  8.3748370e-02
0.0031250 16x16 | 2.998113e-03  1.2336630e-03 | 1.421746e-01  8.4228420e-02
0.0015625 16x16 | 2.998189%-03 1.2257410e-03 | 1.421884e-01  8.4313620e-02
0.0500000 32x32 | 4.905032e-03  8.8466680e-03 | 8.323091e-02  1.0610640e-01
0.0250000 32x32 | 1.579660e-03  2.3649390e-03 | 5.455816e-02  5.0030510e-02
0.0125000 32x32 | 7.565248e-04  7.8401870e-04 | 5.085209e-02  4.0976360e-02
0.0062500 32x32 | 5.509742¢-04  4.0827610e-04 | 5.028274e-02  4.0347290e-02
0.0031250 32x32 | 4.993708e-04  3.3217460e-04 | 5.016987¢-02  4.1510130e-02
0.0015625 32x32 | 4.863987e-04  3.1999660e-04 | 5.014688e-02  4.2656160e-02

Comparison with other elements. We compared the accuracy of the pro-
posed method with the accuracy of another inf-sup stable element featuring
linear velocity — the iso — PoP; (Bercovier-Pironneau) element. The computa-
tional meshes contain the same nodes, faces and elements for the velocity for
both schemes, while the pressure representation is different due to the specific
requirements of the Bercovier-Pironneau element. The errors in the predicted
velocities for both schemes are listed in Table 2; they indicate that in both
cases the convergence is the expected O(h?) in L2-norm and O(h) in H'-norm.

We also compared with the accuracy of the pressure-correction scheme
implemented using Crouzeix-Raviart elements for both the advection-diffusion
and the projection steps. Because the Crouzeix-Raviart velocity is generally
discontinuous, the advection must be treated in the spirit of discontinuous
Galerkin methods and will depend on the choice of interfacial fluxes. For the
sake of fair comparison, we omitted the advection terms from both schemes
and compared their performance on the generalized Stokes problem. Figure 7
presents the errors in velocity depending on the grid size h and the timestep At;
we see that the two schemes give nearly identical results. Figure 8 shows the
convergence of the velocities in time when a second-order-in-time backward
difference scheme was used. In both L2- and H'-norms the convergence is
clearly second order in time.
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Figure 7: Error in velocity in £2(Z2?)-norm versus the grid size h at At = 0.003125 (left),
and versus the time step At at b = 1/64 (right); T = 5, Re = 0. The results are produced
with an incremental scheme using Crouzeix-Raviart elements for both the momentum equa-
tion and the projection (CR), and using the present scheme (present).
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Figure 8: Error in velocity in £2(L?)-norm and £2(H')-norm versus the time step At
at h = 1/32; T = 5, Re = 0. The results are produced with a second-order-in-time
incremental scheme using Crouzeix-Raviart elements for both, the momentum equation and
the projection (CR) and using the present scheme (present).
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Figure 9: Sample 4x 4 diagonal grid.

Table 3: The ¢2 (L?) norm of the velocity error using a diagonal grid, different time steps,
At, and a different meshsizes k; Reynolds number Re = 100 .

At\h 8x8 16x16 32x32 64 x 64 128 x 128
0.0500000 | 1.07102e-02 1.002422e-02 1.015209e-02 1.027519e-02 1.033813e-02
0.0250000 | 5.23603e-03 2.801070e-03 2.643430e-03 2.652358e-03 2.665173e-03
0.0125000 | 4.61674e-03 1.296322e-03 8.219813e-04 7.832054e-04 7.826101e-04
0.0062500 | 4.47716e-03 1.177908e-03 3.887040e-04 2.988708e-04 2.903357e-04
0.0031250 | 4.33028e-03 1.416590e-03 3.177499e-04 1.498433e-04 1.324947e-04
0.0015625 | 3.68170e-03 1.641200e-03 5.048719e-04 1.043321e-04 6.791169¢-05

Diagonal grids.

Without the existence of a divergence-free velocity inter-

polant in P;, we were able to establish only suboptimal convergence rate for
the velocity. The so-called diagonal grid (Figure 9) is an example of a prob-
lematic grid, where the P;IPy element is known to lock, in the sense that the
only divergence-free velocity is the constant 0 (assuming homogeneous Dirich-
let boundary conditions.) This happens when there is an internal node directly
connected to more than two boundary nodes. Then there are at least two el-
ements containing this node with their other two nodes on the boundary. Im-
posing velocity divergence equal to zero in these elements uniquely determines
the values of the velocity at the node to equal 0. This effect then propagates
throughout the whole grid, giving constant 0 as the only divergence-free ve-
locity on such grid. In the suggested scheme this negative effect is avoided,
since the Py velocity is never forced to be incompressible.

Another perspective on the issue of locking is to consider a steady solution.
Let G, and uy, be the limits of G} and u} respectively as n approaches infinity.
If we are on a problematic grid, there exists a spurious pressure gradient
gn = uy — 0y € Y, such that (gp,v,) = 0 for all v, € X;. Since the
inf-sup condition between X; and @}, is not satisfied, nothing is pressing g to
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Figure 10: Error in the pressure in #2(L?)-norm versus the grid size h at At = 0.003125
(left), and versus the time step At on grid 32x 32 (right).

P1 LM - Py pressure derived from Lagrange multipliers
P1 — P; pressure recovered by means of (1.25)
CR LM - Py pressure computed using classical Crouzeix-Raviart elements

vanish as the velocity approximations approach the steady solution. Therefore,
enforcing uy, to be locally solenoidal does not automatically require the same
of uy, thereby avoiding the locking effect.

Table 3 shows the results. The scheme has an optimal rate of convergence
on a diagonal grid for the test with an analytic solution, however, for tests
leading to steady solutions, it was observed that the convergence on a cross-
grid was much faster than that on the problematic diagonal grids.

Pressure recovery. In the last test with the analytic solution presented
here, we investigated the error in the pressure. We made three series of com-
putations. In the first one, we computed a Py approximation of the pressure
derived from the Lagrange multipliers of the projection step of the current
method. In the second test, we recovered P; pressure in postprocessing by
means of (1.25). In the third test, we took the Py pressure resulting from the
use of Crouzeix-Raviart elements in both the viscous and the projection step.
Figure 10 presents the errors of the three pressures in £2 (Lz)—norm versus the
mesh size h and the timestep At. The pressure derived from the Lagrange
multipliers of the current scheme diverges at small A¢, while the pressure
associated with the Crouzeix-Raviart elements converges. The P, pressure
retrieved by (1.25) also converges.
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Lid-driven cavity. The 2-dimensional lid-driven cavity problem is a real-
world-like problem commonly used for validation of numerical solutions of
the Navier-Stokes problem and is documented widely in the literature. It
consists of a square cavity in which a viscous fluid is driven by the top, where
a boundary condition of (1, 0) for the velocity is prescribed. We computed
the steady solution on a 32 x32 grid using the present scheme for a variety of
Reynolds numbers. The results were then compared to the solutions described
in [29], where the authors employed a vorticity-stream function finite difference
scheme with a multigrid relaxation, and solved the steady equations directly
on a 128 x 128 grid. Figure 11 shows that the two sets of data practically
coincide, with the differences being smaller than 10~* in L*°-norm.

1.6 Implementation in three spatial dimensions

Now we present the case of N = 3.

1.6.1 General remarks

A three-dimensional grid consists of nodes, edges, faces, and elements: G, =
(Nh,gh,fh,ﬂ), with |E,| = Ng.

The nodes have three coordinates and are, as before, numbered so that the
boundary nodes have the highest indices, to facilitate imposition of Dirichlet
boundary conditions.

The edges consist of two nodes, whose indices are taken in increasing order.
Each edge e € &, has a unit tangent vector t. associated with it, which is taken
in the direction from node 0 to node 1.

The faces consist of three nodes taken in no particular order and three
edges, indexed so that the edge with the local index 7 is opposite of the local
node i. Faces have three unit vectors associated with them — two tangential
and one normal, which we will denote t;,s;, and n; for face f; € F,. The
first tangent, t;, is taken to equal the tangent vector associated with the face’s
local edge 0. The normal vector, n;, is computed as the cross product of the
vector going from local node 0 to local node 1 and the vector going from local
node 0 to local node 2, then normalized to unit length. This way, if we look
at the face so that the normal vector is pointing towards us, we will see the
local indices of the nodes going counter-clockwise around the face. The second
tangent vector is computed so that the triple (ti, S, ni) forms an orthonormal
basis with positive orientation, i.e. s; = n; xt;.

The elements consist of four nodes, six edges and four faces. The nodes
are numbered so that the scalar triple product of the vectors from local node
0 to local nodes 1, 2, and 3, taken in this order, is positive. The local faces are
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again numbered so that the local face ¢ is opposite the local node i. The local
edges are numbered in increasing order of the local indices of their end-nodes.

Unlike in the two-dimensional case, here we allow elements to have all four
nodes on the boundary of the domain. Otherwise such a requirement would
be too restrictive on the grids that we can use. A consequence of dropping this
requirement is that now the faces with all (three) nodes on the boundary are
not necessarily boundary faces, Therefore, simply sorting faces in increasing
order of the global indices of their nodes, as before, generally does not give
us order, in which boundary faces have highest indices. For this reason, we
discriminate among faces according to the number of elements containing them
— two for interior faces and one for boundary faces; then we sort them so that
boundary faces are numbered last. An edge is on the boundary if it belongs
to a boundary face. The edges are also ordered so that boundary edges are
last, although we will impose an additional requirement on the order of edges,
which we will discuss later.

Deciding whether the normal vector of a face is inner or outer to one
of its elements can be done by the following procedure. First construct an
even permutation of {0,1,2,3} in which the local index of the face is first
and the local index of the node, which is the face’s local node 0, is second.
Then we compare the global index of the element node, which is third in
the permutation, to the global index of the face’s node 1. If they are equal,
then the normal is outer to the element, otherwise it is inner. This procedure
is justified by the rules we have for the order of nodes in elements and the
direction of faces’ normal vectors; it can be proved by direct verification as
there is only a finite and small number of possibilities.

Another significant difference with the two-dimensional case is the fact
that the local mass matrix of the Crouzeix-Raviart element is not diagonal.
Unfortunately, a Gaussian quadrature formula featuring the four centroids of
the faces as integration nodes is not exact for integrating quadratic functions
over a tetrahedron. This quadrature is, however, exact for linear functions, i.e.
it does give second order of accuracy. Therefore, if we use this formula instead
of exact integration to compute the entries of the local mass matrix, we will end
up with a lumped diagonal matrix, whose entries are O(h?) approximations of
the entries of the exact mass matrix.

We will use the same notation for different basis functions and expansion
coeflicients as in the two-dimensional case (section 1.5.1).

1.6.2 Divergence-free basis
Encouraged by the success of the solenoidal approach in two dimensions, we

start our three-dimensional implementation by constructing a divergence-free
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basis of V. Such construction was first done by Hecht in [41]. We also refer
the reader to [17, p.312], where the same construction is repeated, and [69],
where divergence-free basis is constructed for the three-dimensional Raviart-
Thomas-Nédélec elements applied to Darcy problems.

Local basis. The derivation of the three-dimensional local divergence-free
basis is exactly the same as in the two-dimensional case (see section 1.5.4). We
will omit most derivation details and present thoroughly only the end results.

There are twelve local Crouzeix-Raviart basis functions in an element 7 €
7T,. In tangential-normal components we write them this way:

Y = [to’l/)(), t19h1, batho, b33, Soo, 1401, 82102, 8313,

NyYg, NP1, Nathy, n3¢3} - (1~84)

In this paragraph the normals n;,i € {0,1,2,3} are outer to the element,
and the tangents are such that the triple (ti, Si, ni) is orthonormal and with
positive orientation. We seek coefficients vectors

[ao, a1, az, as, by, by, ba, bz, co, c1, C2, 03}

such that the function

3
v=> (atihi + bisi); + cimihy) (1.85)

=0

is divergence-free. The matrix of the local discrete divergence operator, ex-
pressed in the basis (1.84), is

D, =[0,0,0,0,0,0,0.0, /ol | ul 1 ol 1 sl (1.86)
Again we see that the eight tangential functions are divergence-free, so we set

Vt,i = tﬂ/}“

) 0,1,2,3}. 1.87
Vs,i:Silbiy 26{7,’} ( )

Other than the tangential components, we have the following six coefficient
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vectors in the kernel of D,:

1 17 -1 1
0000000000 , 000000000
1fal" /3] 1A |f3|]
0000000001 L 00000000100 1] (1.88)
LAl 1Rl Y | fol Cfa]d
—1 1 7 1 -1
00000000 0, —, 01, 00000000 ,0,0
1l R 1ol 1A }

The dimension of ker D, is 11. It is easy to see that any three vectors in
(1.88) are linearly independent, as long as they contain at least one nonzero
coefficient in each of the last four columns.

The divergence-free functions are

_m . o _ng
T AR TR T A |f|“’1’
Vo = b 4+ 24y s = iy + oy (1.89)
<A Ifal ™ " |f| |f3| ’ '
115) —Il[) -1
n :__ ) n +
Vaa = et Tl Ves = ot T

Similarly to the two-dimensional case, we have pairs of normal basis functions
combined with coefficients ensuring that in-flux through one face is balanced
by out-flux through another face. This time, each divergence-free function is
associated with the common edge of its two participating faces. The signs
of the coefficients (which determine the directions of the normal vectors) are
chosen to follow a simple right-hand rule. If we point the thumb of our right
hand in the direction of the common edge, the normal vectors to the faces
containing the edge will point in the same direction as the rest of the fingers
of our right hand. Here the direction of the edge is taken from the node with
smaller local index towards the other node.

Global basis. The tangential Crouzeix-Raviart basis functions are diver-
gence-free and belong to the basis of V;,. We denote them

vy = ti,
54— si"/)h

We also associate one divergence-free function v, ; with each edge e; € &.
For this purpose, we define positive direction of going around the cdge using
the same right-hand rule as in the local basis, although this time the direction
of the edge (and our right-hand thumb) is taken in the direction of the tangent

0<i< Ng. (1.90)
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Figure 12: Three-dimensional divergence-free basis function associated with an edge.

vector associated with the edge, as defined in section 1.6.1. Next we define

Np—1

i1y .
Vng= D |’},|sz~, 0<j < Ng, (1.91)
i=0 ’
where
0, if face ¢ does not contain edge j,
€5=141, if n; goes in positive direction around edge 7, (1.92)

—1, if n; goes in negative direction around edge j.

An example is given in Figure 12. The functions defined in (1.91) are diver-
gence-free. They are linearly dependent, and in order to complete the basis of
V., we need to choose a linearly independent subset of them.

The dimension of Vy, is calculated using the Euler’s formula Ny — Ng +
N P NT =1:

dith Idith-—NT —‘:3NF—NT =2NF+NE—~NN+1.

2Np degrees of freedom are accounted for by the tangential functions in (1.90).
The remaining Ng — (Ny — 1) functions can be chosen among the normal
functions in (1.91). In fact, we will choose the Ny — 1 functions, which will
not be in the basis. For this purpose we need to construct a spanning tree of
the grid.

A spanning tree is a graph, whose vertices are grid nodes in NV}, and whose
arcs are grid edges in Hy, C &. In order to be a spanning tree, this graph must
be a tree and every node in NV}, must be an endpoint of at least one edge in Hj,.
Since the edges in Hj, form a tree with Ny vertices, their number is Ny — 1,
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and this is exactly the number of v, ; functions we need to remove. The fact
that the rest of the functions are linearly independent is demonstrated in [41].

The construction of the spanning tree can be done by a simple iterative
procedure.

e Start with an empty H;. Choose a starting node in N}, and mark it as
visited. Then start a loop over the edges in &,.

e If both nodes of the current edge are wisited, or if both nodes are not yet
visited, then go to the next edge.

e Otherwise, add the current edge to H;, and mark its not visited node as
visited.

o If all nodes are wisited, then stop. Otherwise, go to the next edge.

Note: the algorithm doesn’t stop when we process all edges, but only
when all nodes are visited. If we reach the end of &, and we are not done
yet, we loop around and go through the edges again. The computational
time of this algorithm is O(Ng) (see [1]).

For simplicity of the implementation, we don’t actually construct the span-
ning tree, rather, we just mark the edges that belong in H;. We treat the
divergence-free functions of these edges the same way as we treat homoge-
neous Dirichlet boundary conditions — we replace their equations with equa-
tions containing one on the main diagonal and zero in the right-hand side.
Then we avoid solving these equations by sorting the interior edges in Hj, to
have the highest indices among the interior edges and the boundary edges in
‘H}, to have lowest indices among the boundary edges. This way, the interior
edges, for which we need to invert a matrix, are grouped in the beginning and
the boundary edges, for which we need to impose boundary conditions, are
grouped at the end.

Boundary conditions. We denote by F, = F; N 92 the set of boundary
faces, by &y, = &, N I the set of boundary edges, by Hy, = Hp N Ery, the set
of boundary edges in the spanning tree, and by &}, = &;, \ Hj the remaining
boundary edges.

Dirichlet boundary conditions on the v, ; functions can be imposed by an
iterative procedure. We first assign 0 to the coefficients of all v, ; of edges
in Hpp. Then we go through the boundary faces one by one. If exactly two
of the current face’s edges have their coefficients already prescribed, then we
prescribe the third coefficient so that the value of the normal component of u,
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satisfies the boundary condition. We continue until all faces have their bound-
ary conditions imposed this way. To justify the validity of this procedure, we
consider a graph Hj,, which is in a way dual to Hj,. This new graph has as
its vertices the faces in Fj, and as its arcs the edges in &},,. We will show that
hp i actually a tree. This being the case, the leaves of this tree are faces
with two edges in Hy,, from which our procedure can start, and then we can
" go up the branches, all the way to the root of the tree, and prescribe boundary
conditions to all faces.

To prove that Hj,, is a tree, we start by pointing out that the spanning tree
‘Hp, must be such that the boundary edges in Hj,, belonging to each simply
connected part of 02 on which essential boundary conditions are imposed,
forms a tree. This is a necessary and sufficient condition for the v,, ; functions
corresponding to interior edges to form a basis of the interior normal com-
ponents of functions in V;, (see [41]). In our case, this means that Hy, is a
spanning tree of the triangulation imposed by the grid on 9. Therefore, the
number of edges in Hy, is exactly Ny, — 1. All remaining boundary edges are
arcs in Hj,. Their number can be found by employing the Euler’s formula.
On the boundary of €2 we have

Ny, — Ng, + Np, = 2.

Therefore,
Ng, = (Nn, — 1) + (Ng, — 1),

which shows that the edges in H},, are exactly Np, — 1. Also, the graph H},
must be connected, because otherwise, there must be a closed path of edges
in Hj;, separating disconnected subgraphs of H},. This contradicts the fact
that Hy, is a tree, i.e. has no cycles. From graph theory we know that every
connected graph with arcs that are one less than its vertices is a tree (see [4]),
which completes the proof.

Notice that the boundary conditions we need to impose are Np,, while
the boundary edges, whose coefficients we assign according to the boundary
condition, are one less: Np, — 1. This means that there is one face whose
boundary condition is not imposed. It is easy to see that the normal value of
the velocity at this face is such that (1.55) holds.

Structure of the system of equations. The matrix of the system of equa-
tions we need to solve is the mass matrix of the divergence-free basis. It can
be assembled in the usual way from local mass matrices.

The local mass matrix in z-y-z components is block diagonal with three
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one-dimensional mass matrices on the diagonal:

M 0 0
Myz=10 M 0], (1.93)
0 0 M

The local mass matrix in ¢-s-n components can be obtained by multiplying on
the left and on the right by a transformation matrix:

Mtsn = KtsnAfxyz Kg;,m (194)

The local matrix Kyg, consists of 3 rows and 3 columns of 4x4 diagonal blocks.
The block in position (4, j) has on its diagonal the j-th coordinates of the i-th
vectors with values of j from 0 to 2 corresponding to x,y, and z respectively,
and values of ¢ form 0 to 2 corresponding to vectors t,s, and n. We can write

T, T, T,
Kign= 1[5 S, S. ]|, (1.95)
N, N, N,
where, for example,
to, 0 O O
1 0 ti, O O
T, = 0 0 the 0] etc. (1.96)
0 0 0 t3,

3

Here, the normal and the tangential vectors are taken according to the vectors
globally assigned to each face in the grid. This must be the case in order to
ensure that the local matrices of two elements that share a face will be com-
puted with the same tangential and normal vectors assigned to the common
face.

Finally, we compute the local mass matrix of the divergence-free basis by
multiplying on the left and on the right by yet another transformation matrix:

Mtsdf = KtsdfMtsnK;Fsdf' (197)

The local matrix Ki.q: has 14 rows and 12 columns, where each row is one of
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the coefficient vectors spanning the kernel of D, (1.86)

Tsa Oga Osa
Oged  Lasa 04x4:
0o o 02 fo3
€1,1 [ fel !5]1[33!
0 = 0 ==
G T
Kisar = 0 ﬁ I;QI 0 (1.98)
06><4 06><4 £3.0 ! 2 £33
TR
|‘c‘j;00| €5,1 |f2l
S50 EhL 0
|fol 1]

After assembling the global matrix, we end up with a system of equations
that looks like this:

My My, My Uy R,
Mg M, Mgy Us | =1|Rs |, (1.99)
My Mg, My Ugs Ry
where the right-hand side can be assembled using the global K and Kigp
matrices: ~
Ry MU,
R, = Kisar Kion Mﬁy . (1100)
Ry MU,

Note that the global transformation matrices Kigq: and Kis, are not assem-
bled by summing the corresponding local transformation matrices; rather they
are assembled by copying entries from the local matrices into the global ones.
Let’s take an interior face f € Fy;. The local matrices of the two elements
sharing this face will have the same entries in rows and columns corresponding
to f, since both elements prepare their local matrices using the same globally
assigned tangential and normal vectors to f. Thus there will be no contradic-
tion — the entries assigned from different local matrices to the same location
in the global matrix will be identical.

The off-diagonal blocks in the last row and the last column of (1.99) are
not zero, since the tangential basis functions are not orthogonal to the normal
basis functions in the sense of the inner product of Y. They were in the
two-dimensional case, because the CR mass matrix was diagonal; in the three-
dimensional case the tangential and the normal components are fully coupled.
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To impose boundary conditions, we replace the equations corresponding to
the degrees of freedom on the boundary, and instead of (1.99) we have

My, My My My Mgrs Mgrs \[ Ut Ry,

0 I 0 0 0 0 Ut,b Ut,b.cond

Mg Map  Msy Mgy Magrs Mogrp || Usi || Rsi (1.101)
0 0 0 I 0 0 Us,b Us,b.cond ‘
Mages Mapep Mapsi Mapsy, Mars  Mapp | Udgs Ry

0 0 0 0 0 1 Udf,b Udf,b.cond

This system is not symmetric. We obtain an equivalent symmetric system
by removing all M., blocks and modifying the right-hand side to reflect the
boundary conditions. We actually solve

My 0 My; 0 My 0\ [ U Ry
0 I 0 0 0 0 Ut,b Ut,‘tN).cond
Mst,i 0 Ms,i 0 Msdf,i 0 Us,z _ Rs,i
0 0 0 I 0 0 Us,b Us,b cond ’ (1 102)
Mge; 0 Mygo; 0 Mg, O Ug i Ry
o o 0o o o I Ugsp Ugs b.cond
where
@t,i "Ry My My  Mggp Ut p.cond
Rs,i = Rs,i - Mst,b Ms,b A[sdf,b (]s,b.cond : (1 103)
Rgy,i Rg Mgy Mapsp  Magp Udf b.cond

It is obvious, and quite disappointing, that this system is very large; it
has 2Nr + Ng equations and unknowns, of which only [3N 7 — (Np — 1)]
correspond to interior degrees of freedom and actually need to be solved. This
system indeed takes excessive time to solve.

1.6.3 Decoupled projection

In an attempt to improve the solution method we, artificially decouple the
normal and the tangential components by setting the off-diagonal block ma-
trices in (1.99) to zero. In practice this means that we keep the tangential
components of 1, unchanged and solve the projection problem for the normal
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components of uy, alone:

U, =U,, U, = U,,
Ugzv = Uggb.cond; (1.104)
Mg iUgpi = Rapi — MagpUgpb.cond-

In the implementation of the velocity-correction scheme, where the right-
hand side is available only in a weak form (recall equations (1.26) and (1.29)),
we need to invert the CR mass matrix three times to obtain the z, y, and 2
components of its projection onto Y}, then extract the normal components
and replace them with the solution of the last equation in (1.104). Even with
the three inversions of the CR mass matrix, this problem is solved in a small
fraction of the time taken by the full solenoidal basis (1.102).

The decoupling suggested here is not exact and introduces additional error
in the solution. Numerical experiments show that the approximation we are
making is consistent within the overall error of the method. The projected
velocity is exactly divergence-free and converges to the exact solution with
full order (O(At + h?) in L?norm for a first order in time scheme). It is
even exact for problems where the exact solution is linear. This we explain by
noticing that linear velocity is represented exactly in Xj, which means that
uy is already divergence-free and uj = uj, is the solution of the full projection,
as well as the decoupled one. In particular, the tangential components of the
two velocities are the same, therefore, the error of the decoupling in this case
is zero.

Unfortunately, (1.104) does not resolve the projection exactly when sur-
face tension appears in the right-hand side in the form of a é-function. One
important test for our solver is a problem, in which an initially spherical fluid
particle is left to relax in another fluid under the force of surface tension alone.
The exact solution of this problem is a constant zero velocity, the shape of the
particle remains unchanged, and the pressure is piecewise constant with jump
discontinuity across the boundary of the particle, balancing the surface ten-
sion.

Constructing a method that is able to resolve this problem exactly is one
of the main goals of the current study, and the decoupled projection fails
to achieve this. To see why this happens, consider a particle occupying one
element. Suppose the pressure is equal to one inside this element and zero
everywhere outside. If our method is to be exact, then the discrete gradient
of this pressure must exactly balance the hypothetical surface tension acting
on the faces of the element. Therefore, if we put the weak gradient of this
pressure in the right-hand side of the projection problem, we must get zero
velocity as the solution. It takes simple calculus to find that the weak gradient
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will have zeros for all tangential components, while the normal components
will have nonzero entries only on the faces of the element, where the pressure
is discontinuous. These entries will have magnitudes equal to the areas of their
corresponding faces and signs giving normals pointing into the element.

First let us see what happens if we are solving the full system. While
constructing the right-hand side of the system, we multiply on the left the
weak gradient by the global Kysqr matrix giving zero. The solution is obviously
Z€ero.

To solve the decoupled system, we invert the CR mass matrix first. The
result is devastating — the projection of the weak gradient on Y, has nonzero
tangential components, which can never be eliminated by projecting only the
normal component. Ultimately, the solution is not zero.

The moral of this consideration is that we cannot use the decoupled pro-
jection for the solution of free-boundary flows. We can, however, use it as a
preconditioner of the matrix of the fully coupled system. Our numerical re-
sults show that this preconditioner decreases the computational time to about
half of the time needed to solve the system without preconditioner.

1.6.4 Lagrange multipliers

In this section we solve the constrained minimization problem (1.47) again, but
this time in three spatial dimensions. As we saw in the previous two sections,
the tangential and the normal components are coupled, therefore, we can work
in z-y-z coordinates without missing possible simplifications. An equivalent
implementation in t-s-n components can be done in a similar manner.

We denote the matrix of the discrete divergence operator in z-y-z by

D= (Dam Dya Dz)v

where D,, D,, and D, are the matrices of the discrete d,, 9,, and 9, respec-
tively. The linear system resulting from (1.47) is

M 0 0 DI\ (U, MU,
o M o DI'||u,| _|M0T,
0 0 M D% v = i (1.105)
D. D, D, 0 A 0

After imposing boundary conditions in the usual way and moving the boundary
values to the right-hand side, we get the following system for the interior
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degrees of freedom:

M, O 0 Dfﬂ. Uz, Mz(:]m
SN
Dyy Dy; D.; 0 A —DyUp cond
where
DyUp.cond = Dz pUgb.cond + Dy Uy b.cond + D2 pUs b.cond- (1.107)

Now we construct the Schur complement of the mass matrix and obtain the
following form of the solution:

1 ~

A= (DpM' Dy + DyM; Dy + D, M DY) DU,

=[] . — M DT
U*,z U*,z A/[z D*,ZA’ (1108)

U*,b = U*,b.conda
where x € {z,y, 2}.

The matrix that needs to be inverted in the equation for A above cannot
be constructed explicitly, and the only way to solve this problem is via Uzawa
type nested iterations. This takes even longer time than inverting the mass
matrix of the full divergence-free basis (1.102).

The Uzawa iteration can be avoided and the Schur complement can be
constructed explicitly, if we replace the mass matrices in (1.106) with the
lumped CR mass matrix. Unfortunately, we have not been able to achieve
satisfactory convergence results using the lumped matrix. We have, however,
been able to speed up the Uzawa iteration significantly by using the “lumped”
Schur complement as a preconditioner.

1.6.5 Numerical results

All numerical tests presented in this section were tests with analytic solution
given by
u = sin(wz + wt) sin(wy) cos(mz),
v = 2cos(nt + 7z) cos(my) cos(mz),
w = cos(mt + mx) sin(wy) sin(7z), (1.109)
p= % cos(mx + 7t) sin(my) cos(nz).

The initial and the boundary conditions were given by the exact quantities and
the source term was prescribed to satisfy the Navier-Stokes equations. The
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Figure 13: Sample 2x2x2 grid.

Reynolds number was 100 in all tests. We used first order in time velocity-
correction scheme.

The grids were generated by dividing the domain into hexagons and then
dividing each hexagon into five tetrahedra using the diagonals of the six sides.
There are two possible choices of diagonals to be used. We alternate them
in each spatial direction in order to avoid effects similar to those on diagonal
grids in two dimensions.

The domain for all tests was the cube [0,1}x [0,1]x [0, 1]. We require that
the number of divisions in each direction is even. This way we guarantee that
each of the eight corners of the domain belongs to more than just one element.
The simplest 2x2x 2 grid is illustrated in Figure 13.

Comparison of the implementations of the projection step. We per-
formed one timestep on three different grids, solving the projection step in
four different ways. In each case we recorded the dimension of the system,
the number of iterations of the conjugate gradient method, and the processor
time. The results are presented in Table 4. It is clear that by far the fastest
method is the decoupled divergence-free basis, although it is the only one of
the four that is not “exact.” The only method that comes anywhere close
is the system for the Lagrange multipliers solved with the preconditioner de-
scribed in section 1.6.4. Using the preconditioner for the system of the full
divergence-free basis (as explained in section 1.6.3) improves the times by ap-
proximately two thirds, although the latter method remains much slower than
the preconditioned system for the Lagrange multipliers, which is our method
of choice.
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Table 4: Comparison of three implementations of the projection step in three dimensions.
CPU times are given in seconds.

grid 8x8x8 16x16x16 32x32x32
dim 14680 111920 873568

FDF  iters 1477 5236 16266
CPU 11.88 381.99 9922.58

dim 14680 111920 873568

pFDF  iters 36 37 40
CPU 5.91 253.86 6208.91

dim 2559 20479 163839

pLM  iters 9 10 10
CPU 1.77 50.35 738.84

dim 2177 18945 157697

DDF  iters 509 1550 4514
CPU 0.36 13.44 355.96

FDF — full divergence-free basis pFDF - full divergence-free basis with preconditioner

pLM - Lagrange multipliers with preconditioner

DFD - decoupled divergence-free basis

Table 5: Convergence of i1, for the exact and the decoupled projections.

exact decoupled

At grid | fu—tlly -l | fu-daly

0.1 4x4x4 8.842624E—-02 1.191992E+400 | 9.773791E—-02 1.248917E4-00
0.05 4x4x4 7.769892E—02 1.052004E+400 | 7.218177TE—-02 9.860881E—01
0.025 4x4x4 9.645550E—~02 1.257096E+00 | 8.555169E~02 1.128029E-+00
0.0125 4x4x4 1.144645E—01 1.494241E4-00 | 1.024728E—01 1.335153E+00
0.00625 4x4x4 1.266868E—01 1.668811E+00 | 1.142835E—-01 1.493773E+00
0.1 8x8x8 1.153971E-01 1.633659E4-00 | 1.265216E—01 1.775108E+00
0.05 8x8x8 5.218383E—-02 8.101185E~01 | 5.529173E—02 8.377576E—01
0.025 8x8x8 3.317029E-02 5.983091E~01 | 3.243121E—02 5.833688E—01
0.0125 8x8x8 3.236558E—02 6.309537E~01 | 3.066701E—02 5.966571E—01
0.00625 8x8x8 3.584356E—02 7.244892E—01 | 3.401954E—-02 6.772170E-01
0.1 16x16x16 | 1.380253E—01 2.375558E+400 | 1.509637E—~01 2.636312E+00
0.05 16x16x16 | 5.525217TE~02 8.143109E—01 | 5.882347E—-02 8.630148E—-01
0.025 16x16x16 | 2.569275E—02 3.984662E~01 | 2.654278E—02 4.071030E—-01
0.0125 16x16x16 | 1.350340E—02 2.625162E—01 | 1.358769E—-02 2.629254E—01
0.00625 16x16x16 | 9.548250E—03 2.525905E—01 | 9.477206E—03 2.473674E—01
0.1 32x32x32 | 1.768688E—-01 4.064747TE4+00 | 1.878966E—~01 4.352278E+00
0.05 32x32x32 | 5.960215E—-02 1.105334E+400 | 6.372980E—-02 1.201064E4-00
0.025 32x32x32 | 2.685252E—02 3.907454E—01 | 2.769251E—02 3.995507E—01
0.0125  32x32x32 | 1.304871E—02 1.985842E—01 | 1.318815E—-02 2.003330E—-01
0.00625 32x32x32 | 6.478678E—03 1.196336E—01 | 6.475063E—03 1.216127E—01
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Convergence tests. We verified the implementation by conducting conver-
gence tests. The test problem with an analytic solution was solved on a variety
of grids and for a variety of timesteps. The computations were terminated at
time 7' = 1.0. We used the same test to investigate the convergence and ac-
curacy of the decoupled divergence-free projection and to compare it to the
exact projection. The results are presented in Table 5. The norms are ¢2 in
time. The computation of the exact projection was done using preconditioned
Lagrange multipliers, since the solution it gives is identical to the one pro-
duced by the full solenoidal basis. We see that both projection methods give
us O(At + h?) convergence in L?-norm and O(At + h) in Hl-norm. We also
see that the accuracy of the decoupled projection is practically identical to the
accuracy of the full system.

1.7 Conclusion

In the first part of the study, we devised a numerical method for solving the
incompressible Navier-Stokes equations that is suitable for large scale simu-
lations of free-surface flows. The method uses a conforming P; element for
the velocity to resolve the viscous step, and a nonconforming P, interpolation
for the velocity with Py pressure at the projection step. The projected veloc-
ity is pointwise divergence-free in each element, thus it allows for improved
mass conservation, which is important for the stability of the advection of free
surfaces. The proposed numerical scheme does not produce an adequate ap-
proximation of the pressure; however, a fully convergent IP; pressure can be
obtained at a postprocessing step via an appropriate Poisson problem.

We proved full order error estimate on grids, where the Py pressure has a
subspace that is inf-sup stable when paired with the conforming P; velocity.
Numerical results establish that the scheme is full order convergent even on
“problematic” grids, where such pressure subspace fails to exist.

In two dimensions the projection step was implemented in three different
ways and their performance was compared. Using Lagrange multipliers to
impose incompressibility is the slowest. Relaxing the natural continuity of
the velocity flux through element faces and imposing such continuity via addi-
tional inter-elemental Lagrange multipliers produces a 1.5 times larger system,
which, however, takes slightly less time to invert. OQur method of choice in two
dimensions is the solenoidal approach, where a basis of the divergence-free
subspace is constructed and used to implement the projection. This method
gives the smallest system of equations, which also inverts much faster than the
other two.

In three dimensions the solenoidal basis is fully coupled, unlike the two di-
mensional case, where the tangential components are orthogonal to the normal
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components. This leads to a large linear system, which is very slow to invert.
Decoupling the tangential and the normal components artificially introduces
additional decoupling error, which, as shown by numerical results, is within
the overall error of the method. The decoupled projection is by far the fastest
projection method considered here, although it is unfit for solving multiphase
problems with surface tension. Using the Lagrange multipliers in three dimen-
sions requires a very slow Uzawa-type inner-outer iteration. If preconditioned
with the solution of the same problem using the lumped CR mass matrix, the
time taken by the Lagrange multipliers reduces significantly, which makes it
our method of choice in three dimensions.

52

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2 Discretization of problems with free capil-
lary interfaces

2.1 Introduction

Numerical methods for direct computer simulations of multicomponent flows
have been the subject of investigation for as long as Computational Fluid
Dynamics has been around. Although the complexity of such flows has been
limiting the range of attempted simulations to the simplest cases for a very
long time, the recent increase in available computing power has induced an
overwhelming amount of publications on this topic in the last decade or so.

Multiphase flows involve two or more immiscible fluids separated by a sharp
interface. Although the flow of each fluid phase obeys the same physical law,
they are, in general, described by different values of their physical parameters,
such as density and viscosity, which leads to discontinuous coefficients of the
governing PDEs. The possible smearing of the jumps in density and viscosity
may lead to significant loss of accuracy. Things get even harder when surface
tension is present, acting on the interfaces between fluid phases. Modeled as
a Dirac d-function, surface tension leads to irregularities in the exact solution.
Moreover, surface tension depends on the interface’s curvature, which intro-
duces a strong nonlinearity in the equations and generally leads to problems
with the stability of the numerical algorithms.

In the case of multicomponent flows, the governing equations of the flow are
coupled with a scalar advection equation for the position of the free boundaries.
The velocity of the system of fluids depends on the positions of the interfaces
via the discontinuities of the coefficients, while the interfaces are advected with
the fluid velocity. Even though there have been some attempts to solve the
coupled system, the overwhelming majority of methods decouple the problem,
solving the interface and the Navier-Stokes equations in separate substeps.

The numerical methods for simulations of flows involving moving bound-
aries can be divided loosely in two large classes. In the Eulerian frame of ref-
erence, the computations are performed on a fixed Cartesian grid, and some
front-capturing method is utilized to describe the position of the interface. In
the volume-of-fluid (VOF) method, introduced in [43], each phase is defined
through an indicator function. A review of the VOF method can be found in
[68]. We also refer the reader to [52, 53, 8] for more information about this
approach. The advection of the step function inevitably produces computa-
tional cells that are partially filled with different fluids. In the volume-tracking

9A version of this chapter has been submitted for publication.
B. Bejanov, J.-L. Guermond, and P.D. Minev. A grid-alignment finite element technique
for incompressible multicomponent flows. J. Comput. Phys.
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method (see [66]), a sharp interface is reconstructed from the volume fractions
in a way that allows computation of surface tension. See [25, 16, 65], among
others, for recent developments in this technique. In [11], an application of
the volume-tracking method is designed to handle situations where more than
two fluids are present in the same computational cell.

The level-set method, introduced in [57] (see also [76, 74]), uses a continu-
ous function, marking the interface with its zero level set. A commonly used
marker is the distance function, since its gradient can be used to compute
the curvature of the interface. Upon advecting it, however, the function still
marks the interface with its zero level set, but its values at other points don’t
necessarily give the distance to the interface. For this reason, the distance
function has to be reconstructed on every timestep. Reviews of the level-set
method can be found in [56, 70, 71], and some recent implementations can
also be found in [63, 60]. In [75, 73, 78], the level-set technique has been com-
bined with the VOF method to overcome the difficulties level-set formulations
usually have with mass conservation and to improve the overall accuracy.

An alternative to front-capturing are the front-tracking methods, first pro-
posed in [89], where the interface is discretized with its own grid of co-dimen-
sion one. Here the interface grid moves with the flow, while the computational
grid remains fixed. For recent developments and review of the front-tracking
technique, see [87] and the numerous references therein. A grid-based front-
tracking technique has been developed in [30, 31, 20], where the computational
grid is modified locally to make a grid line follow the interface.

A common difficulty of Eulerian approaches lies in the treatment of the
jumps in the coefficients and the d-function of the surface tension. The inter-
face generally intersects grid elements, and its position can be given at best
within the resolution of the grid. As a result the interface is no longer sharp,
but has finite thickness. The discontinuities get smeared and the Dirac 94-
function gets smoothed over a few grid cells. This regularization, also known
as continuous surface force (CSF, see [5]), is only first order accurate in space,
and the use of high resolution grid or grid refinement near the interface be-
comes necessary. The immersed boundary method, proposed in [59], uses a set
of discrete J-functions to approximate the singular forces. The immersed in-
terface method (see [50] and [51]) further develops the same idea and achieves
a second order of accuracy.

The majority of Eulerian techniques are applied in Finite Difference or
Finite Volume Method formulations. Some early examples of the use of the
Finite Element Method can be found in [26, 54]. More recently, a method
proposed in [55] utilizes a local enrichment of the finite element basis in the
elements intersected by the interface in order to overcome the problems of CSF
and improve mass conservation. A different approach is presented in [9, 10|,
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where an adaptive Eulerian grid is used, in the sense that on each timestep the
grid is temporarily aligned with the interface via local grid refinement. This
way the interface is kept sharp, and the interpolation is optimal.

Another possibility for the choice of frame of reference is the Lagrangian
approach, where grid nodes are associated with fluid particles and move with
the flow. This approach is very useful in simulations of plasticity, where flows
are slow and deformations are small. When applied to viscous flows, how-
ever, this method usually experiences difficulties, since the grid easily becomes
heavily distorted and inadequate for computations. These situations require
remeshing, which is a rather expensive procedure that adds significantly to
the computational cost of the algorithm. To address this issue, the arbitrary
Lagrangian-Eulerian (ALE) technique was developed (see [42]). The general
idea is to use some other velocity to advect the mesh nodes. The purely La-
grangian and the Eulerian approaches can be seen as particular cases of ALE,
where the grid velocity is zero in the Eulerian formulation and equal to the fluid
velocity in the purely Lagrangian one. An overview of the ALE method can
be found in [21] and the references therein. Examples of recent development in
this class of methods are [58, 18, 62]. The deforming-spatial-domain/stabilized
space-time (DSD/SST) method developed in [83, 84] is an interface-tracking
technique, where the finite element formulation of the problem is written over
its space-time domain and the equation of elasticity is solved to move the
mesh. Even though this and various other stabilization techniques can reduce
the frequency of the needed remeshings in many cases, there are still many
situations where remeshing is needed too often to be feasible. Recent devel-
opments in [81, 82] present a method featuring a fusion of the front-tracking,
applied in ALE setting, and the Eulerian front-capturing techniques. It uses
front-tracking when remeshing is not needed too often, and front-capturing
otherwise.

The method developed in the current study best fits in the class of ALE. It
is an attempt to eliminate the need for costly remeshing completely. The idea
has evolved from the notion of adaptive Eulerian grids (see [9, 10}). Instead of
using local refinement, which introduces a different set of additional degrees
of freedom on each timestep, we have developed a technique, which we will
call local grid alignment. We maintain a reference grid, which is used on each
timestep to generate a new temporary grid that is aligned with the interface.
To do this, we project a small number of nodes that are close to the current
position of the interface onto it. The resulting computational grid has the
same connectivity as the reference grid; this allows for an easier and more
effective parallelization. Moreover, in simulations of the motion of a large
number of interfaces, the alignment is an intrinsically parallel procedure, since
different interfaces do not intersect each other and each interface can be treated
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separately.

Since the computational grid is aligned with the interface on every timestep,
piecewise linear approximation of the current position of the interface is em-
bedded into the current computational grid as a set of nodes and faces. Adding
to the benefit of optimal interpolation is the possibility to impose the boundary
condition on the interface in the usual for finite elements way. To compute the
surface tension, we use a simple and cost-effective procedure based on a local
approximation of the surface with a circle (in two dimensions) or sphere (in
three dimensions). This approach provides an approximation that is smooth
enough to compute accurately the mean curvature, while avoiding the need to
solve a linear system, which is done when a smooth curve is interpolated or
fitted globally (a cubic spline, for example). The same local circles/spheres
are also used to calculate the projections of the nodes during the alignment
procedure.

This chapter is organized as follows. In section 2.2 we formulate the mul-
tiphase problem and introduce notation. Section 2.3 presents space and time
discretizations and outlines a time-marching algorithm. The following two sec-
tions 2.4 and 2.5 are dedicated to the grid alignment itself and various other
issues of implementation in two and three dimensions correspondingly. These
sections also present numerical validations for the proposed algorithms. The
chapter concludes with a brief summary in section 2.6.

2.2 Formulation of the problem and notation

We consider an open, bounded, and connected domain €2, whose boundary is
smooth enough for our purposes. Since we are interested in the simulations of
bubbles (to be concise, we say bubble to mean bubble or droplet), we refer to
the background phase as phase 0 and assign to the bubbles consecutive indices
starting from 1. For simplicity, we discuss the case of one bubble.

To distinguish between fluids, we use a lower index o € {0,1}. Thus, £,
denotes the open region occupied by fluid 0. We assume that Qo N2y = § and
Q = QuUQ;. We also assume that € is connccted, € is simply connected, and
denote by I'; = 93N O the interface between bubble 1 and the background
phase 0. We assume that I'; N9 = @ at all times. Since we consider only one
bubble, we drop the index and refer to I as “the interface.”

The fluids are considered to be immiscible, viscous, Newtonian; therefore,
they obey the incompressible Navier-Stokes equations.

ou, ,
poa—l:5 + po (Wy-V) 1y — o V21, + Vp, = pof, in Q,, (2.1)
V-(potty) = 0 in Q. (2.2)
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The balance of forces on the interface is expressed with the following equation:

(pll —pol — 11 Vuy + ,uOVuO) -n = oxn onT. (2.3)

We also assume that the velocity is subject to initial and boundary conditions
as in (1.4),(1.3). In the equations above p,, to, o, Po, and f, are the density,
viscosity, velocity, pressure, and external force of fluid 0. From now on, when
the index o is missing, we mean the quantity defined piecewise, e.g.

Lh ) n Qo,
u=

U in Ql.

In (2.3) n is the unit vector, which is normal to the interface and pointing out
of €y, sz is the mean curvature of I', o is the coefficient of surface tension, and
I is the identity tensor.

Nondimensionalization. We choose some appropriate characteristic time
interval t., length [., speed u., and pressure p., and nondimensionalize the
equations using

t=1td, X=1I1X, u=ud, p=pp. (2.4)

The momentum equation in nondimensional variables becomes

Ca_ 2 = C = C — P .

where f(x) = f(I.%) and V denotes differentiation with respect to the nondi-

2
mensional spatial variables X. Now we divide (2.5) by E(;& and set I, = tcu.
[+

and p, = pou?. The resulting equation is
ot - - lo »
Lo+ L @V)a-E£ L a4 T5=L2F moue.  (26)
po O po o Potelc Po U

The Reynolds number is taken from the background phase and is given by

Re = £otele. (2.7)
Ho
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- l. -
We set the nondimensional external force to f = ,—c2f . We use A\, and A, to
U

denote the ratios of density and viscosity of the ﬂuiccis, ie.

P 1 in Q, L 1 in p,
)‘p = — = pl . )\“ - = ,Ul i (28)

Po = in )y, Ko — in .

Po Ho
Substituting all these into (2.6), we obtain the nondimensionalized momentum
equation
ou = 1 o = 7 :

/\pE_FAP (u‘V)u—)\Mﬂv i+ Vp= )\pf n QU Q. (29)

Before we continue, suppose the external force is due to gravity, i.e.
f = ge,, (2.10)

where g is the gravitational acceleration and e, is the unit vector in direction
of gravity. Then the nondimensional gravity is given by
1

f == ﬁeg, (211)

where the Froude number is defined as

Fr =2, (2.12)
leg

Next, we nondimensionalize the interface condition. We start by substi-

tuting (2.4) into (2.3). Taking into account that nondimensionalizing the cur-

vature gives »x = li;‘f, and using the relations above, we arrive at
c

— - 1 M- = _ _
—po)l — = | —Vu, - ‘n= r. 2.13
(p1 po) e (MO Vi, Vu0>j| n ol xn on (2.13)
The Weber number is defined as
2
We = Lotele. (2.14)

o
Thus the nondimensional force balance on the interface becomes
(131 - ﬁo)I - i H—I?ﬁl - vl_lo -n = i%n on I (215)
Re \ o We
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For simpler notation, from now on we drop the bars with the understanding
that all quantities and equations are properly nondimensionalized.

Weak formulation. Let us multiply equation (2.9) by a test function v
with compact support and integrate over §2. The integration by parts of the
diffusion and the pressure terms is carried out as follows:

- A“—}E /Vzu v dz + ; Vp-v dx

1 H1 1
= v2 dr — 22— [ Viuvd
Re Uy VvV dx 0 Re o, u;-v ar

Vpo-v da + Vp1-v dx
Q o

1 1
=7 QOVUO:VV dx + T /(Vuo-v) 0 ds

1 1
+ — ac! Vu;:Vvder — —— (Vul-v) ‘n ds

Ho Re o Ho

—/ V-V dx—/pov-n ds—/ mV-v dx+/plv-n ds
Qo T Q1 T
1
—)\ME/QVu.VV dx—/pv-v dx
1
+/{[p11 poI——< Vu; — Vu())]-n}-v ds
r Re

= —/Vu Vvda:—/vad:c+——/%nvds

This calculation can be used to justify the following weak formulation of the
problem: find u € H! satisfying the initial and the boundary conditions (1.4)
and (1.3), and pressure p € L?/R, such that for all v € H} and q € L?,

Ao <aa—ltl,v> + A, (u-V)u,v) + % (Vu,Vv) — (p,V-v) (2.16)
=X, (f,v) — Wl—e/r}fv-n ds,
(V-u,q) =0. (2.17)

2.3 Discretization

We use the same spatial and temporal discretization as discussed in sec-
tions 1.3.1 and 1.3.2. Here we focus only on the specifics of the treatment
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of the moving interface.

2.3.1 Spatial discretization

For each time level n € {0,..., Alt}, we have a grid Gnn = Nun, Fam Thn),
on which all computations are performed. We use a subscript n to denote the
time level at which the given grid is used. Also, in the sequel, for a given time-
dependent discrete quantity r,, we use a superscript m to denote the time
level at which the quantity is taken, and a subscript n to denote the grid on
which the quantity is based, i.e. 7}, denotes r, at time ¢, = mAt on grid
gh,n-

The purpose of developing a method that features low-order velocity and
discontinuous pressure is to model accurately the jumps in the spatial deriva-
tives of the velocity and the pressure across the moving interface. In order
to take advantage of this, as well as the fact that we have a locally mass-
conserving approximation of the velocity, we need the computational grid to
be aligned with the boundary between different phases. Since this boundary
moves with time, the grid will also have to change from one timestep to the
next to reflect the new position of the interface. Also, we require that the
change in computational grid is only in the positions of the nodes, but no
change is done in the connectivity. In other words, we allow neither the intro-
duction nor the removal of any nodes, faces, elements, or in general degrees of
freedom. Although we will have to reassemble all matrices on each timestep,
the structure of the matrices will remain unchanged, which is desirable to
make parallelization easier and more efficient. In addition, if we confine the
alignment of the grid to moving only a small number of nodes, then only a
small number of entries in these matrices will need to be updated.

We maintain a reference grid R;, = (N, Fh, 7r) and use it to produce the
computational grids G, = (Nyn, Fhn, Tnn)- If we know the current position
of the interface, we can find the nodes in NV}, that are closest to it and move
some of them only a small distance (< h) to position them on I". The grid G,
produced this way, is aligned with the interface, in the sense that I' does not
intersect any faces (in two dimensions) or edges (in three dimensions). The
faces in Fj, 5, (both in two and three dimensions) that have all their nodes on the
interface form a piecewise linear interpolation of I'. We denote this interpolant
by I'z . Notice that Gy, has the same connectivity as Ry, therefore all grids
have the same connectivity.

2.3.2 Temporal discretization

As before, we consider a finite time interval [0,7], which we divide into

timesteps of equal length At via time levels ¢, = nAtforn =0,1,..., ZT?' The
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proposed time-marching algorithm is based on the velocity-correction scheme
developed in the first chapter.

Suppose that at time ¢ = 0 we have a grid Gy, which is aligned with the
initial position of the interface. F?L,O is the piecewise linear interpolant of T’
embedded into Gy o. We also assume that we have velocities @) , € Xj,0 and
U%,o € V40, which are appropriate approximations of the initial condition for
the velocity in their corresponding spaces. For each n =0, ..., (% — 1), we
perform the following steps to advance from ¢ = ¢, to t = t,41.

1. Calculation of the new position of the interface. We advect the
positions of all nodes in Gy, with the divergence-free velocity uj . Let
X, be the identity element in Xj,, in the sense that it takes at each
node in Ny, the value equal to the coordinates of this node at time ¢,,.
Then we find x"+1 € Xy, such that for all vy, € X, we have

1 ’
Y (xptt = xp,v) — (U, V) xR, v) = 0. (2.18)

We will refer to the new node positions X"Jrl as the advected G, . The

new positions of the interface nodes give us an approximation I’ﬂl of the
position of the interface at time {,,;. The advected Gy, is not used for
computations, but only to define P”+1 for the purpose of grid alignment.

2. Grid alignment. Using the reference grid R; and the new position of
the interface FZ?;I, we generate a new grid Gy 1. The approximation

of the interface embedded into Gy, 1 is, in general, different from I‘Z};l,

and we denote it FZ;’LL. The details of this procedure are presented in
section 2.4 for the two-dimensional case and section 2.5 for the three-

dimensional case.

3. Transfer of data to the new grid. uj, is an approximation of u”
based on the old grid Gy, In this step we compute aj ., which is
an appropriate approximation of the same quantity u”, but based on
the new grid Gy, »41. Further discussion of this step follows shortly (sec-
tion 2.3.3).

4. Projection step. Find uzyﬁ{_l € Vi nt1 such that for all vi, € Vi ny1,

Ap - . N
At (uZTzIJrl 1 Vi) = A (an’ Vi) = Ap ((UZ,nH-V) 0y 1 Vh)

A o 1
- ﬁl; (vuh,n-i-lavvh) — Wé /F%V}L-Il ds. (2.19)
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5. Velocity-correction step. Find ﬁZjﬁLﬂrl € Xy nt1 such that for all vy, €
X} nt1, we have:

)\ 3 T <7 )\ 7 iy 12 7
g (Wi — Wi Va) + 52 (V (@005 — 8hp) - V9a) = 0. (2.20)

2.3.3 Transfer of data between grids

The simplest option is to employ the usual finite element interpolation, and
obtain the nodal values of 0 ., by interpolating the values of uj, at the
nodes of Gy, ,11. This procedure is straightforward; obviously, it produces an
approximation within the error of the method.

A concern with this approach arises when there is a large ratio of viscosities.
In this case, the velocity exhibits a jump discontinuity in its spatial derivatives,
and this may result in a loss of an order of accuracy of interpolation at nodes
near or on the interface. However, if the timestep is sufliciently small, there
will never be any nodes changing phases between successive grids. A node that
is near the interface in Gy, will either remain in the same phase in Gy 41 or
move on Fz’ﬁrl, but will not “jump” over the interface into the other phase.
This way any reinterpolation takes place within the same fluid phase, where
the exact velocity is smooth, and full order of accuracy is achieved. We do
anticipate, however, that the error of interpolation will be greater for larger
viscosity ratios.

When interpolation is used to transfer data between grids, the interpolated
velocity @, ., is computed and can be used directly for (2.19) and (2.20).
In this case, we practically solve an Eulerian formulation on each timestep,
although on a different grid every time.

An alternative to direct interpolation is the following Lagrangian approach,
which is the standard in ALE formulations (see, for example, [19]). All grids
Gh» have the same connectivity as the reference grid Ry, from which they were
produced; therefore, there is a natural one-to-one correspondence between the
nodes in different grids. We identify the nodes by their indices. Thus if x; € N
is a node in the reference grid, then we denote by x?' € N, the position of
the same node at time ¢ = t,, i.e. in grid Gp,. Now we define the discrete
mesh velocity via a forward difference. For each node x;, we have

Xn+1 —xn

0 = ———— . 2.21
o= (221)

This discrete velocity can be extended to a piecewise linear velocity using the
standard finite element interpolation. For this purpose, we define ay ., €
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Xh,n+1 Such that

U, (xPT) =107 VxPT € Myt (2.22)

We also define the transferred material velocity u}, ,,,; € Xpni1 s
uh,n—i—l(xz‘ ) = ﬁZ,n(X? . (223)

With these definitions, we are ready to write down the ALE formulation.
The projection step (2.19) becomes: find uZ;'lfrl € Vp 41 such that for all
Vi € Vintts

A . .
Kpt (uﬁ#l - uh,n—i—l’vh) =, (f +1th)
— X ((OF pyy — 05 4+ V) Wy, Vi)
Ao e 1
- R—Z (vuh,nﬂa vvh) ~ We /F%Vh~n ds, (2.24)

while the velocity-correction step (2.20) remains unchanged.

2.4 Grid alignment in two spatial dimensions

In this section N = 2. Here we will use the terms edge and face interchangeably,
since in two dimensions the edges connecting grid nodes and the faces of the
elements are the same objects (i.e. & = F,). However, our use of these
terms in this section will be consistent with their use in the description of
the algorithm in three dimensions (where &, # F3). Also, for simplicity of
notation, we will omit the subscript n denoting the time level when, in our
opinion, there is no risk of ambiguity or confusion.

2.4.1 Alignment algorithm

We have the reference grid R; and a piecewise linear approximation 'y, of
the interface I'. The task is to produce a new grid G, which has the same
connectivity as Ry, and does not contain any edges intersected by the interface.
The proposed algorithm proceeds as follows.

1. Create lists of intersected edges and pending nodes. We deter-
mine the phase to which each node in R, belongs. Edges having end nodes in
different phases are intersected by I'. We denote the set containing all inter-
sected edges by A3 C &,. We also denote by P, C N}, the set of all nodes that
are endpoints of edges in Xj,. We refer to the nodes in P}, as pending nodes,
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since some of them will be moved on the interface, while others will remain in
their places. In addition, we maintain an edge counter associated with each
pending node. The value of this counter is (and will be at all times until the
end of step 3) equal to the number of edges in &}, containing the pending node.

Note that no node is marked as an interface node at this time. If the
reference position of some node happens to be on the interface, we mark this
node as belonging to one of the phases. Such node will necessarily end up in
Pr, since it has adjacent nodes on both sides of the interface. If this were not
the case, then there would be a face intersected at least twice by I', which
would mean that the grid resolution is not fine enough to resolve such an
interface.

2. Sort the pending nodes list. For each node P € P, we compute
its projection onto the interface, i.c. we find a point P’ € I' with the shortest
distance to P. Of course, the distance between P and P’ is the distance from
P to I'. We sort the pending nodes by their distance to the interface, with the
node closest to the interface being first and the farthest being last in out list.

3. Move nodes onto the interface. This step is where the actual
alignment takes place. We process nodes in Py, one at a time in the order
in which they were put in step 2. Let P € P, be the node we are currently
handling.

o If the edge counter of P is zero, then we remove P from P and move
on to the next node.

o If P is on 91, then we cannot move it, so we do nothing and move on
to the next node.

e Otherwise, we move P to the position of its projection P’ on I'. The
node is then removed from Py, and all intersected edges containing P
are removed from X}, since they are no longer intersected (see Figure 14).
When we remove an edge from X}, we make sure to decrease by one the
edge counters of its two nodes.

At the end of this procedure, there are no intersected edges left, i.e. X} is now
empty. A by-product is that any nodes that may still be in P}, have their edge
counters equal to zero and are not pending anymore. We now have a “first

draft” of G,,.

64

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Before After

Figure 14: Projecting a pending node onto the interfaces. In the new position, no edge
containing the node intersects I'.

4. Nodes consistency. This is the first of a series of verifications of the
consistency and the quality of the grid. With each node in G we associate
the polygon with vertices at the nodes adjacent to it. If the node belongs to
its polygon, then all elements containing this node have positive Jacobians.
Otherwise, we move the node to the centroid of its polygon and thus untangle
the part of the grid connected to it. We need to perform this check only for
nodes that were projected onto the interface and their immediate neighbors,
since only elements containing these nodes were changed during step 3.

If the node we need to untangle is on the interface, then, of course, it will
no longer be on I' after moving it to a new position. This may reintroduce
intersected edges, which we do not allow. In order to avoid reintroducing inter-
sected edges, a node is removed from the interface only if all nodes adjacent to
it, which are not on I', belong to the same phase. Then, in its new position at
the centroid of its polygon, the node will belong to the phase of its neighbors
and neither one of its edges will be intersected. Otherwise, the node is left
tangled for now. Since some adjacent nodes must necessarily be outside their
polygons, untangling some of them will fix the polygon of this node as well.

5. Elements consistency. We do not allow elements to have three
nodes on the interface, since it is impossible to decide to which phase such
element belongs. For each element incident with I, we count the number of
interface nodes in the element. If this number is 3, then we remove one of the
element’s nodes from the interface and place it in the centroid of the node’s
polygon. To choose a node to be removed from the interface, we follow the
same rule as in step 4. At least one of the element’s nodes will have all of its
neighbors on the same side of the interface, except for the two other element
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Figure 15: Element with three nodes on T'. At least one node (A) will have all neighbors
on the same side of T".

nodes, which are on I' (see Figure 15).

6. Interface consistency. We verify the integrity of the approximation
of the interface embedded into the new grid by counting the number of adjacent
interface nodes for each interface node. This number must be exactly 2 for
all nodes when the interface is closed. Any node with 0 or 1 neighbors on
the interface is removed from it and placed in the centroid of its polygon. If
a node is connected to more than 2 interface nodes, then the algorithm fails.
This means that the interface intersects itself at this point. Such situation
occurs, for example, when pinching starts to develop. Since it is not our goal
to model this phenomenon, if this happens, the current algorithm simply stops.
If needed, the handling of topology change in the interface should be placed
at this point in the algorithm.

The state of Gy, at the end of this step is suitable for computations. We add
one more step, which our numerical experience has demonstrated to improve
the stability and the accuracy of the method.

7. Volume adjustment. The piecewise linear interpolation of the in-
terface embedded in Gy, is not the same as the one with which we started. This
is due to the fact that the interface nodes in the new grid do not necessarily
coincide with the vertices of I'y,. Thus, in general, the volume of the bubble in
Gy, 1s slightly different. We compensate for this mass loss or gain by moving all
interface nodes away from or towards the center of mass of the interior phase,
until the proper volume is restored.

After the correction of the volume, some clements near the boundary may
become intolerably stretched, or even have negative Jacobians. We correct
this by another pass over the nodes near the interface, placing them in the
centroids of their polygons.
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2.4.2 Some remarks on the alignment algorithm

Moving a node to the centroid of its polygon is the simplest technique for im-
provement of the quality of a mesh; it is known in the literature as Laplacian
smoothing. Intuitively, it is clear that there is a problem if the polygon of the
node is not convex and its centroid is actually outside. Indeed, it is well known
that Laplacian smoothing improves the quality of the grid only slightly and
can (and often does) decrease the quality of the elements, and can even render
the mesh invalid. A simple remedy is to use what is called “smart” Laplacian
smoothing, where the node is moved to the centroid only if this would actu-
ally improve the minimum quality of the surrounding elements. This ensures
that the quality of the grid will not decrease. More substantial improvement
of the quality of the grid can be achieved by optimization-based local mesh
smoothing, where the node is placed at the position within its polygon that
gives the maximum possible minimal quality of the surrounding elements. The
solution of this optimization problem for each node that needs to be adjusted,
obviously, causes these methods to be significantly more computationally in-
tensive than the simple Laplacian smoothing. In all tests conducted so far, we
have not encountered a situation that the Laplacian smoothing has not been
able to handle. For more information on local mesh smoothing techniques the
reader is referred to [28, 27].

To measure the quality of the elements, we use the ratio of the radii of
the incircle and the circumcircle of the triangle. For a comprehensive review
and comparison of various element quality measures we refer to [24] and the
references therein.

The first three steps of the algorithm require solutions for two problems
— determining the phase to which given point belongs, and computing the
projection of a given point on the interface. At time ¢ = 0, when producing
the initial grid G, we assume that the initial position of the phases and
their interface is given in a way that provides solutions to these problems.
When generating G, forn =1,..., %, the solutions to these problems are
an essential part of the alignment algorithm.

2.4.3 Computation of the phase of given point

We use a discontinuous marker function to identify the phase of points. Sup-
pose that on some grid G, , we have marked already each node in phase ¢ with
value of the marker function ¢. The nodes on 90 belong to the background
phase 0, while the nodes on I' are marked with a code that is different from
any of the phase indices, a code that uniquely identifies the interface. We
extend the marker function over the elements and the faces/edges, which gives
us the phase marker at time ¢ = ¢,,. Because of the alignment of Gy, ,, with the
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interface at time ¢ = ¢,,, as well as the requirement that no element has three
interface nodes, each element has either all nodes in the same phase, or some,
but not all, nodes on the interface. However, no element has nodes in different
phases. Also, no edge has nodes in different phases, and only interface edges
have both nodes on the interface. Thus for each element we find a node that is
not on the interface, and the value of the phase marker at this node is extended
as the value of the phase marker in the interior of the element. Moreover, if
an edge has a node that isn’t on I', then the phase of this node becomes the
phase of the edge. An edge with both nodes on the interface is marked with
the code of the interface.

In the first step of the time-marching algorithm described in section 2.3.2,
we advect the nodes in G ,. In doing so, the positions of the nodes are
changed, but the values of the phase marker for nodes, edges, and elements
remain unchanged. This gives us an approximation of the phase marker at
time ¢ = t,,11. All we need to do to determine the phase of a point is to find
an element, edge, or a node in the advected Gy, mesh that is incident with the
point, and take its phase marker. Since the points whose phase we actually
need to compute are the reference positions of the nodes, we can limit our
search to the elements containing the node, since the movement of the grid
nodes over one timestep is small.

2.4.4 Computation of the projection onto the interface

The solution of this problem is a bit more involved. The interface nodes and
the interface faces in Gy, form a piecewise linear approximation I'y, of the
position of the interface at time ¢t = t,. After advecting the nodes in Gy,
the new positions of the interface nodes form a piecewise linear approximation
r Z:l of the interface at time ¢ = ¢,,41.

We could, of course, project points onto the piecewise linear curve directly.
This has shown, however, to lead to instabilities, thus a smoother approxi-
mation is needed. A solution leaning towards the opposite extreme is to use
a cubic spline interpolation through the interface nodes (see, for example,
[50]) and project onto this curve. We chose a compromise between the two
approaches — the interface is approximated with a smooth curve locally, avoid-
ing the computations needed for the construction of a spline, while providing
enough smoothness to keep the algorithm stable.

Let P be any point in . Given the approximation I’Zjll of the interface,
we want to construct the point P’ on I'™*! that is closest to P. The projection
procedure relies on simple geometric arguments (see Figure 16):

e Compute the distance from P to every node on I‘Z;rll. Find node A in
I‘Z;‘Zl that is closest to P.
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Figure 16: Construction of the projection P’ of a point P onto the interface by approxi-
mating I" locally with a circle.

e Find nodes B and C - these are the nodes we encounter right after and

right before A, if we traverse I'™*! going counter-clockwise around the
bubble ;.

e Construct point O as the circumcenter of AABC. Also compute the
radius R of the circumscribed circle.

e Construct point P’ as the point of intersection of the circumscribed circle
of AABC and the line OP. We compute its position as the point on the
—
ray OP, which is at distance R from O.

It is clear from this construction that we approximate the interface locally
with a circle. Since this approximation is local, it is also computationally
inexpensive. Moreover, a great advantage of using a circle is the fact that this
approximation is exact when I"™*! is a circle. This allows us to resolve exactly
the problem of a circular drop left to relax under the force of surface tension
alone. Most Eulerian and even some Lagrangian and ALE formulations using
piecewise linear approximations fail this simple test, because of the appearance
of parasitic currents and unphysical oscillations of the interface.

2.4.5 Computation of the surface tension

The surface integral along I' appearing in the right-hand side of equations
(2.19) and (2.24) is actually computed along the approximation FZ;';H of the
interface embedded in the computational grid Gy n41:

1 1
e /F%vh-n ds =~ We Z #vp-n ds. (2.25)

1 Y
fie-rh,n+lmrz:l;1+1 :
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The unit normal vector appearing in the integrand is taken to be an approxi-
mation of the normal vector to [*! and not the normal vector to I’ 2214-1 The
curvature s and the normal vector n are computed at each interface node in
N1 N I‘Z’“;frl from the same local circle approximation that we used for the
projection on the interface. Thus at each node X" € Ny i1 NTHEL, the
curvature is taken as the reciprocal of the radius of the approximating circle,
and the unit normal is taken as the unit normal to the circle pointing out of
Ql.

We use a one point quadrature formula for the integral along each interface
face f;. The value of sr at the midpoint m; of the face is simply the average
of the curvatures at the two nodes of f;, while n is taken as the average of the
normal vectors at the face’s nodes, then normalized to unit length. Thus the
approximation of the surface integral is

1 n;o+ny
XVp-Nl ds ~ 5 (%7;70 + %@1) vh(mi)- (-7—0_71) |fz| . (226)

5 [nio +niq|

Note that if the interface is a circle, the sum of the two nodal normal vectors
is a vector perpendicular to f;. Also in this case, the nodal curvatures are equal.
Therefore, the integral computed this way actually produces the weak gradient
of a pressure field, which is constant in each fluid and exhibits an appropriate
jump at the interface. This means that the projection of the surface tension
onto the divergence-free space V41 is zero and, therefore, the problem with
circular bubble relaxing under surface tension but no gravity will be resolved
exactly. It is easy to verify that this is not true if we use a more accurate
higher degree approximation of the surface integral. Higher smoothness of
the approximation would make it in a way “incompatible” with the solenoidal
projection that we are using, since the piecewise constant pressure would no
longer be able to neutralize the more accurate surface tension, and, as a result,
parasitic velocities would appear in “Z,:lﬂ-

2.4.6 Numerical validation

The proposed algorithm was extensively tested on a number of validation
problems. The lid-driven cavity and the rising bubble examples were computed
with the ALE approach for velocity transfer between two subsequent grids.
The rest of the validation examples were computed both ways. In all cases the
results from the ALE and the interpolation approaches were almost identical.

Lid-driven cavity flow. The first test was aimed at validating the grid
alignment algorithm. We ran two simulations of the well known lid-driven
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Figure 17: Comparison of simulation results of lid-driven cavity flow with (right) and
without (left) a free moving interface. Re = 40, At = 0.005, grid 40x40, no surface tension.

cavity problem. In the first one, we had only one fluid and no moving in-
terfaces. In the second simulation, we placed an artificial circular interface
separating two regions occupied by the same fluid (p;/po = 1 and py/pe = 1).
The circle was initially centered at the geometric center of the cavity and had
a radius » = 0.2. In this simulation, there was no gravity and no surface
tension. We used Re = 40 and At = 0.005. We ran simulations on 40 x 40
grids in [0, 1] x [0, 1]. Both simulations were terminated at T = 2.0, at which
time the interface had undergone a severe deformation. Figure 17 shows that
the velocity fields resulting from the two simulations are essentially the same.
The positions of the moving interface at times t=0 and t=2 are shown on the
right graph.

Convergence test. We ran a series of tests with an analytic solution with
and without a moving interface to investigate the influence of the grid align-
ment on the convergence. In all tests we set py = po = 1, 1 = po = 1,
Re = 100, and there was no surface tension. The tests were performed with
the following non-trivial analytic solution

u = sin(z)sin(y + t),
= cos(z)cos(y +1),
p = cos(z)sin(y +¢),
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Figure 18: Convergence of 1 in time (left), grid 64x64 and space (right), At = 0.0003125.

with an appropriate force added to the right-hand side of the governing equa-
tions. The cases with a moving interface were solved in two ways — once
using interpolation to move data between grids and a second time using the
Lagrangian technique described in section 2.3.3. Figure 18 presents the con-
vergence in space and time of @ in L?- and H'-norms. It is clear that the
presence of the moving intrface does not disturb the convergence. Using in-
terpolation seems to be more accurate in this test. However, in the case of
significantly different viscosities, the ALE scheme may yield better results.

Static circular drop. Consider a spherical (circular in two dimensions) fluid
particle immersed in another fluid and subject only to non-zero surface tension
(without gravity). Theoretically, the shape of the interface will not deviate
from circular, and the velocity field will remain constant 0 at all times. This
test is impossible to resolve exactly on general Eulerian grids due to parasitic
velocities near the interface, which result from the fact that some elements
are crossed by the interface. For strong surface tension and sufficiently long
integration in time, a significant loss of mass may be accumulated. On the
other hand, the exact solution consists of a constant velocity equal to zero
and a piecewise constant pressure in each phase. If the numerical scheme is
consistent and optimal, it should resolve this problem exactly, because the
elements used provide a piecewise linear approximation for the velocity and
a piecewise constant approximation for the pressure. The present method
is exact for this problem. We solved it in the square [—1,1] x [-1,1] with
parameters pi/pp = 1, u1/ug = 1, Re = 10. We used 40 x40 and 80 x 80 grids
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Figure 19: Relaxation of a two-dimensional elliptical particle. We = 1.0, At = 0.0025,
grid 40x40.

and different values of the surface tension coefficient We = 0.2,1.0,5.0. We
started with timestep At = 0.01, but decreased it to 0.005 and then again to
0.0025 as the surface tension coefficient increased and the grid became finer.
The need for the smaller timestep to maintain the stability of the solution is
due to the explicit treatment of the advection terms and the nonlinearity in
the surface tension. All simulations yielded the exact final solution.

The next example is for the advection of a particle with a constant velocity
u = (1,0). The boundary and initial conditions were all set to (1,0), p1/po = 1,
w1/ po = 1, Re = 10, and We = 0.2,1.0,5.0. Theoretically, the shape and the
velocity of the drop must not change as it moves. This time the domain was
[—1,1]x[—0.5,0.5] and the circular particle was centered initially at (—0.5,0).
We used a 48x24 grid, the time step was set to At = 0.00125, and the tests ran
until 7 = 1.0. The numerical results show that the interface indeed remains
circular and the velocity deviates only slightly, the deviation being of the order
of 10~4. This deviation is a result of the transfer of data between grids taking
place at every time step. It was observed, however, that nodes behind the
moving particle restore the exact velocity as soon as the drop passes by.

Relaxation of a drop of a simple shape. This is a classical test for free
boundary methods, in which the initial shape of the particle slightly deviates
from circular and the gravity is set to zero. The problem was solved in the
square [0,1]x[0, 1], with parameters p;/po = 1, p1/po = 1, Re = 10, We = 1.0
using a grid of 40 x40 nodes and a timestep At = 0.0025. Initially, the drop
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Figure 20: Relaxation of a two-dimensional star-shaped particle. We = 1.0, At = 0.005,
grid 40 x 40.

is elliptical with axes 5/16 and 1/5, i.e. it has the same area as a circle with

a radius of 1/4. The drop becomes circular after a time period of 0.3 (see
Figure 19).

Relaxation of a drop of a complex shape. The next test is to compute
the relaxation of a drop of initially complex shape to a circle. The initial
star-like curve is given by

r = 0.2sin(50) — 0.5, (2.27)

as suggested in [51]. The problem was solved in [—1,1] x [—1,1] on a 40 x40
grid with At = 0.005 until time T = 1.0. The values of the parameters are
the same as in the previous example. The drop assumed the static shape at
approximately 7' = 0.4. In Figure 20, we present the initial and final form of
the drop together with the corresponding aligned grids, as well as the shape
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Figure 21: Simulation of the motion of a two-dimensional gas bubble in a liquid. Re =
1000, Fr =1, We = 200, p1/po = 1/816, p1/uo = 1/64, h = 0.1, At = 0.0005.

of the interface with the velocity field at times T'= 0.1,0.25,0.4.

Rising bubble. In the last test we examine the motion of a gas bubble
immersed in a heavier liquid. Under the force of gravity, the bubble starts
to rise and, depending on the strength of its surface tension, either assumes
a static shape and a constant velocity, or develops a pinch-off. We simulated
conditions similar to the experimental investigation in [91]. The parameters are
Re = 1000, Fr =1, We = 200, p1/pe = 1/816, and p1/ 1o = 1/64. Initially the
bubble has a circular shape with a radius equal to 1, and is centered at (0, 3).
The computational domain is [—3,3] x [0,9], and the problem is discretized
on a mesh with a grid size h = 0.1. The time step is At = 0.000125. The
evolution of the bubble is presented in Figure 21.

In the experiments of [91], the pinch-off started at ¢ = 4.42. Since the
pinch-off cannot be simulated with the present algorithm, we only compare
the results up until the pinch-off starts to develop. The shapes we obtained
correlate well with the experimental results (see Figure 22).
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Figure 22: An experimental result for a rising two-dimensional bubble from [91]. The
time between two subsequent frames is about 0.25.

2.5 Grid alignment in three spatial dimensions

In this section we discuss the case of N = 3. If we examine carefully the steps
in the alignment algorithm proposed in section 2.4.1, we notice that each step
can be generalized to three dimensions directly. However, there are situations
in three dimensions that are not possible in two dimensions. The algorithm,
in its current form, is not able to handle such situations; for this reason, parts
of it need to be modified.

2.5.1 Specific difficulties in three dimensions

The first problem is related to the appearance of elements that have all their
nodes on the interface after the alignment is done. In step 5 of the alignment
algorithm, we find a node that can be removed from the interface without
introducing intersected edges. This is not always possible in three dimensions
— an element can have four nodes on the interface with each node having
neighbors on both sides of T'.

Supposc that we have applied the first four steps of the algorithm in sec-
tion 2.4.1 in three dimensions, and that in step 5 we have encountered an
element with 4 interface nodes. Obviously, it is not possible for this element
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Figure 23: Tetrahedral elements of poor quality.

to have all 4 faces on the interface. It is not possible for exactly one face to
be on I' either. If the interface faces are exactly 3, then their common node
can be removed safely from the interface. Indeed, it is easy to see that the
assumption that this node has neighbors on both sides of the interface leads
to the conclusion that there is either an edge crossed by I' or some elements
must be inverted. If, however, the element has 2 faces on the interface, then
it is possible for each node to have neighbors in both phases. In this case, it is
impossible to decide which two faces are on the interface, and equivalently, we
cannot decide to which phase the element belongs. Moreover, the two faces of
the element that are not on the interface have all their nodes on I', so simply
counting the interface nodes of a face is no longer representative for whether
this face is on T" or not.

One way to deal with this situation is to evaluate the phase marker at the
centroid of the element and prescribe this value as the phase of the element.
Once we know the phases of all elements, we can evaluate the phase marker
of each face by looking at the phases of the two elements sharing the face.
If the phases are the same, then the face belongs to the same phase; if they
are different, then the face is on I'. Soon we will see that this solution is
not acceptable, since elements with four interface nodes often have very poor
quality, which is impossible to correct.

The second major difficulty that we meet in three dimensions is the ex-
tremely poor quality of the grid after alignment. The reason why this is a
major problem in three, but not in two dimensions is that in three dimen-
sions, the elements have many more ways in which they can get distorted.
Figure 23 is taken from [27]; it illustrates the vast variety of poorly shaped
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tetrahedral elements. In two dimensions it was enough to move nodes near
the interface to the centroids of their corresponding polygons to improve the
quality of the grid. This procedure, however, cannot fix elements in three
dimensions that have all their nodes on I, since we are not allowed to remove
these nodes from the interface. Furthermore, in two dimensions we can change
the quality of an element to any value by moving a single node, while in three
dimension the maximum quality we can achieve the same way is limited by
the shape of the fixed face.

Based on these considerations, we modify the algorithm as follows. In
step 3, we need a method for selecting nodes to move onto the interface that
guarantees that no element will have 4 nodes on I', since we are not always
able to fix this problem later. In addition, after checking the integrity of the
interface and before the volume adjustment, we add a step in which we monitor
and, if necessary, improve the quality of the faces on I'. This will help us to
achieve better quality of the elements when we improve the quality of the grid
after adjusting the volume.

2.5.2 Alignment algorithm

Our setup here is the same as in the two-dimensional case (section 2.4.1). The
three-dimensional algorithm proceeds with the following steps.

1. Create lists of intersected edges, pending nodes, and elements
with four pending nodes. The lists of intersected edges A}, and pending
nodes P, are exactly the same as in the two-dimensional case. Once we have
Pr, we create a list Qp C 7p of elements that have four nodes in P;,. These
elements are the only ones that potentially can become elements with four
nodes on I.

2. Sort nodes. This step is the same as in two dimensions, except that
this time we sort pending nodes in the opposite direction — we put nodes whose
distance to the interface is smallest at the end of the list. See the next step
and section 2.5.3 for further discussion.

3. Move nodes onto the interface. The essential part of this step is
actually choosing which nodes to move onto I'. We select some pending nodes
in such a way that at least one node is selected from each edge in A}, while
at least one node from each element in Q;, is not selected. The details are
presented in section 2.5.3. The selected nodes are then projected onto I' and
marked as interface nodes.
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4. Nodes consistency. This step is the same as in two dimensions.
Note that we don’t need to check if elements have 4 nodes on I', because step
3 guarantees that they don't.

5. Interface consistency. As in the two-dimensional case, we count the
number of interface nodes adjacent to each interface node, but this time we
require that this number is greater than or equal to 3. If an interface node has
2 or less neighbors on I, then we remove it by placing it in the centroid of its
polyhedron. In this case, we also set the node’s marker function equal to the
phase of its neighbors.

After all disconnected nodes are removed, we count the number of interface
faces containing each interface edge. If " is closed, then this number must be
exactly 2 for all edges on I'. If it is less than 2, then there is a tear in the
surface. A number greater than 2 indicates that the surface is crossing itself
at this edge. In both cases the current implementation stops. Otherwise,
handling of topology change in the interface can be done in this place of the
algorithm.

6. Quality of the interface grid. We check the quality of each face
on I'. If the minimal quality is below a prescribed threshold, we apply a
version of Laplacian smoothing geared for surface grids. For each node, we
take only those neighbors that are on I', add their coordinates, and divide by
their number. The projection of the resulting point on T is the new position
of the node.

7. Volume adjustment. This step is the same as in two dimensions.

8. Quality of the grid. After the volume adjustment, elements near the
interface often have very poor quality, and Laplacian smoothing has proved
incapable of correcting this problem. Instead, we use an optimization-based
local smoother presented in [28]. Obviously, it is not necessary to apply this
smoother on the whole grid, since most nodes are in their reference positions,
and we assume that the reference grid has acceptable quality. On the other
hand, it is not enough to smooth only the nodes directly connected to the
interface, since their polyhedrons are deformed. If we allow a few layers of
nodes to move, after only a few smoothing passes we achieve a significant
improvement in the quality of the elements. In the current implementation,
we allow 3 layers of nodes to move; these are all nodes that can be connected
to the interface with a chain of no more than 3 edges. The number of layers
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can be adjusted according to the desired balance between grid quality and
computational effort.

2.5.3 Algorithm for selecting interface nodes

The nodes can be identified by their indices. Let P be the set of nonnegative
integers, equal to the indices of the pending nodes in P,. Each edge can be
identified by its two nodes, so we define X C P? as the set of all pairs of integers
from P corresponding to the edges in A},. Similarly, elements are identified
by their four nodes, so we define Q C P* as the set of all combinations of 4
integers from P corresponding to the elements in Q. We define the problem
as follows: find a set P+ C P such that each pair in X contains at least one
number from P*, while each 4-tuple in ) contains at least one number from
P~ = P\ P*. The nodes in the corresponding P, will be projected onto the
interface, while the remaining nodes will be left in their reference positions.

We have developed a recursive algorithm for finding a solution, which uses
five subroutines. Auxiliary array is used to store information for each number
in P regarding whether it is currently in P*, P~, or neither, and on which
level of recursion this number was handled.

The main routine

1. Select a number from P. If there are no numbers left in P, then fail.

2. Try recursion with the selected number at level 2.

3. If the recursion is successful, then we are done.

4. Otherwise, move the selected number from P to PT and mark it as
handled on level 1. Go back to step 1.

The routine performing the recursion

Given a number and level of recursion:

1. Move the given number from P to P~ and mark it as handled at the
current level.

2. Check pairs in X at the current level.

3. Check 4-tuples in () at the current level.

4. If either check fails, then clean the current level and return indicating
failure.

5. If all pairs in X are “done,” then return indicating success.

6. If either check moved any nodes, then go back to step 2.

7. Select a number from P. If there are no numbers left in P, then fail.

8. Try the recursion with the selected number at the next level.

9. If the recursion is successful, then we are done.
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10. Otherwise, move the selected number from P to P+ and mark it as
handled on the current level. Go back to step 7.

The routine checking the pairs in X

Given level of recursion, for each pair (pg, p1) € X do steps 1-4.

1. If pop € P~ and p; € P, then move p; from P to P and mark it as
handled at the current level.

2. If pp € P and p; € P, then move py from P to P™ and mark it as
handled at the current level.

3. If pg € P~ and p; € P, then return failure.

4. If py € P* or p; € PT, then count this pair as “done.”

5. If all pairs are “done” and no numbers have been moved, then return
success indicating that all pairs are “done.”

6. Otherwise, return success indicating whether any nodes have been
moved or not.

The routine checking the 4-tuples in @

Given level of recursion, for each 4-tuple ¢ € @) do steps 1-3.

1. If any number in ¢ is in P, then continue with the next q.

2. If 4 numbers in g are in P*, then return failure.

3. If 3 numbers in ¢ are in P*, then move the fourth number from P to
P~ and mark it as handled at the current level.

4. Return success indicating whether any nodes have been moved or not.

The routine that cleans up a level simply moves all nodes handled at
the current or any higher level back into P and marks them as not handled.

The general idea of this algorithm is to start with empty P+ and P~. Every
number p € P is first placed in P~. Now all pairs in X containing p must have
all their other numbers moved to P*. Next, there may be 4-tuples in @) that
have 3 numbers in P™ — the fourth number must now be moved to P~. If we
have moved any numbers in P~, then we need to check X again, then possibly
check @ again, and so on. We keep checking X and @ until we either find
a problem, or there is no reason to move nodes anymore. A problem would
be a pair with both numbers in P~, or a 4-tuple with all numbers in P*. If
this happens, then all numbers that have been moved because of p must be
moved back to P, while p itself is placed in P*. Then the loop closes, and a
new number p € P is processed the same way. The algorithm stops when all
pairs in X contain at least one number in P*. At this time, if there are any
numbers left in P, they are placed in P~.
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In many situations, the number of possible divisions of P into Pt and P~
that meet our needs is more than 1. The solution produced by the algorithm,
and also its speed, depends on the specific order in which we process numbers.
By placing numbers in P~ first, and moving numbers to P* only if we have to,
we ensure that the produced solution will be the one with the least amount of
numbers in P*. For the grid alignment, this means that we first try to see if we
can align the grid without moving a given node, and moving it only if there is
no other way. Naturally, we should try not moving the nodes that are farthest
from the interface first, hence in step 2 of the alignment algorithm we sort the
pending nodes the way we do. Also, having the smallest amount of interface
nodes means that there will be more nodes that we are allowed to move for the
purpose of improving the quality of the grid. On the other hand, having more
nodes on the interface may improve its approximation. Such improvement,
however, can be at most very small, as the order of approximation is limited
by the resolution of the reference grid.

It is clear that if a solution of our problem exists, then this algorithm will
find it, and that the produced splitting of P meets our needs. Although we
don’t have a rigorous proof that the problem will always have a solution, this
algorithm has produced a valid solution in all simulations that we have run so
far. In case the algorithm ever fails, we are prepared to use the old algorithm
as a last resort and allow elements with 4 interface nodes for one timestep.
The possible trade-off for this is the poor quality of the grid, which we may
not be able to fix.

2.5.4 Approximation of the interface

The computation of the extension of the phase marker from its values at the
nodes to edges, faces, and elements is the same as is the two-dimensional case.
The computation of the projection of a point onto the interfaces, as well as
that of the mean curvature and outer normal needed for the surface tension,
is again done by smoothing I locally, this time with a sphere.

The sphere approximating I' in the vicinity of an interface node P is con-
structed using the node together with all of its immediate neighbors on T
Obviously, each neighbor is connected to P by an interface edge. We con-
struct the plane passing through the midpoint of and perpendicular to the
edge. If P and all of its neighbors lie on an exact sphere, then all these planes
will pass through the center of this sphere. Algebraically, the equations of
these planes form a linear system

Ac=F,

where the unknown ¢ € R? is the center of the sphere, and each row in the
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matrix A contains the coordinates of the tangent vector to one of the edges.
The rank of A is at least 2, since all edges contain the same node, and is equal
to 2 if and only if P and all of its neighbors are on the same plane. The latter
is due to the fact that there are at least 3 rows in A, which is guaranteed by
step 5 in the alignment algorithm (section 2.5.2). Of course, generally, there
are more than 3 equations, and, unless the nodes are on a sphere, the system
is inconsistent. That’s why we solve the least-squares problem

ATAc=ATF

instead. The solution is unique if the nodes are not on the same plane. Then
the mean curvature is approximated by the reciprocal of the distance from P
to the solution c, while the normal is taken to be collinear to the line through
P and c. If det ATA = 0, the curvature is 0, and the normal is perpendicular
to the plane passing through P and all of its neighbors on I

Similarly to the two-dimensional case (section 2.4.5), we use one point
quadrature formula to compute the surface tension integral on each face. The
value of the curvature at the centroid is the average of the nodal values of s.
The average of the nodal normal vectors, however, is not a good approximation
of the normal vector to I', since it is not exact for a sphere. Suppose that all
interface nodes are on the same sphere with center ¢ and radius R. The
normal vectors at the three nodes x; ;,7 € {0, 1,2}, of given face f; are n;; =
%(X@',j — c). The average of these three normals, in general, does not give a
vector perpendicular to f;, as it did in two dimensions. In three dimensions,
the vector perpendicular to the face is collinear with the line through ¢ and
the face’s circumcenter ¢’ (not the centroid). Obviously, if (yo,71,72) are the
homogeneous barycentric coordinates of ¢/, i.e.

7
C =YX 0+ 71Xi1 + YeX 2,

then

¢~ ¢ =X —¢) + 711(Xi1 — €) +72(Xi2 — ),

and, therefore, we approximate the normal to I" by taking a linear combination
of the three nodal normal vectors with coefficients ;. The surface tension
integral on f; is evaluated by the formula

1
/ wvpnds & = (30 + 61 + i 2) Vh(mi)~(
fi

Yol + Y101 + Yol 0
: i

om0 + v 1 + 7211@',2”

This approximation meets our requirement to be exact if all interface nodes
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Figure 24: Relaxation of an ellipsoidal particle.

are on the same sphere. On the other hand, we foresee its potential problems
in situations where the interface contains a saddle point, since a sphere is not
an adequate approximation of such surface. These situations are more likely
to appear in simulations of free surface flows, where the moving surface is
not closed. In our simulations of bubbly flows, this simple approximation has
shown to be adequate.

2.5.5 Numerical validation

All tests were performed using the ALE approach for handling the transfer of
data between grids. We used the preconditioned Lagrange multipliers for the
solenoidal projection as described in section 1.6.4.

Static spherical particle. In this test we simulated the relaxation of an
initially spherical particle placed in a quiescent fluid. There was no gravity
and the only force present was the surface tension. The domain was the cube
[0,1]x[0,1]x[0, 1], and the initial interface was a sphere with radius 0.25 and
center (0.5,0.5,0.5). The Reynolds and Weber numbers were set to Re = 100
and We = 0.2,0.5,1.0, while the ratios of density and viscosity were set to
p1/po = p1/ue = 1. All test produced the exact solution, where the velocity
remains constant 0 and the interface does not deviate from the initial shape.

Relaxation of ellipsoidal particle. An initially ellipsoidal particle is left
to relax under the force of surface tension until it assumes spherical shape.
The fluid velocity should gradually diminish to 0. The computational domain
10,1]x[0,1]x[0, 1] was discretized with a 16 x16x 16 grid. The initial shape of
the bubble obeys the equation

(I - C$)2 (y - Cy)2 (Z — Cz)2 .
a? + b2 c2
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Figure 25: The frequency of an oscillating bubble.

where ¢ = (0.5,0.5,0.5) and @ = b = 0.25, ¢ = 0.128. The physical parameters
of the problem were set to Re = 10, We = 10,po/p1 = 1,pu0/mt1 = 1. The
evolution of the shape of the particle is illustrated in Figure 24. It is clear that
the particle undergoes the expected behavior.

Drop oscillations. The accuracy of the proposed technique was verified
by comparison with a classical solution of a moving interface problem from
[49, p.473], where potential theory was used to derive the solution. We let
an ellipsoidal particle relax and measure the frequency of oscillation. The
initial shape of the bubble has a = b = 0.55, ¢ = 0.4132 and its volume
equals the volume of a sphere with radius 0.5. The computational domain
this time is [—1,1] x [~1,1] x[-1,1]. The grid we used was 16 x 16 x 16. The
densities were chosen to be py = 1, p; = 0.01, while the viscosities were set to
1o = 0.01, 4 = 0.0002. We ran the test for o = 0.2,0.5, 1.0. Figure 25 presents
the evolution of the position of the point of intersection of the z-axis with the
interface. The frequencies we obtained were 1.9, 1.14, and 0.77 respectively,
which compare well with the theoretically predicted values of 1.76, 1.11, and
0.79.

Rising bubble. The last example is a simulation of a bubble rising in a
heavier fluid due to gravity. Depending on the values of the Froude and the
Weber numbers, the bubble will either assume a steady shape and a con-
stant vertical speed, or undergo pinch-off or other instabilities. Our simu-
lation was performed in the domain [—2.5,2.5] x [-2.5,2.5] x [-1.5,6], dis-
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Figure 26: The computed shape of a bubble steadily rising in heavier fluid.

cretized with a 16 x 16 x 24 grid, where the initially spherical bubble was
centered at the origin and had radius 1. The physical parameters were set
to Re = 9.8, We = 7.6, Fr = 0.76, p1/po = 0.0011, y11 /p1o = 0.0085. The shape
presented in Figure 26 is obtained at ¢ = 1.15 of the computation, at which
point the bubble has not yet assumed its steady shape. Further computation
leads to instability due to the inability of the coarse grid to resolve adequately
the large deformation developing in the bubble. Unfortunately, we have not
been able to use finer grids due to the exceedingly long computational times.
As a result, we are not able to compare our results with the steady shape
obtained experimentally in [44], which was our initial intention. However, the
comparison with the shape obtained in a numerical simulation presented in
[77] at ¢ = 1.2 was found satisfactory.

2.6 Conclusion

In the second part of our study, we dealt with an application of the projection
method devised in the first part to simulations of flows with moving capillary
surfaces. We started by formulating the problem in appropriate nondimen-
sional variables and presented the proper spatial and temporal discretizations.
The most important feature of the technique developed here is the fact that the
grid is modified on each timestep to reflect the changing position of the moving
interface. The purpose of such modification is to align the grid with the inter-
face. The alignment procedure also keeps the connectivity unchanged. Since
computations are performed on different grids, the communication of data be-
tween successive grids is an important issue. We discussed two possibilities.
If the usual finite element interpolation is employed, then we solve Eulerian
formulation of the problem, although on a different grid at each timestep.
The alternative is the standard arbitrary Lagrangian-Eulerian formulation.
Numerical verification showed that the performance of the two approaches is
similar.

We described in detail the implementation of the alignment algorithm in
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two dimensions. The proposed procedure uses the projections of points onto
the interface. Our experience has shown that projecting points directly onto
the piecewise linear approximation of the interface embedded into the aligned
grid does not produce satisfactory results. Instead, we construct an approxi-
mating circle in the vicinity of every interface node. The same circles are also
used for the computation of the interface’s curvature and normal vector, which
are needed for the computation of surface tension. The proposed algorithm
was validated with a series of numerical tests.

The extension of the alignment algorithm to three dimensions was met with
unforeseen difficulties. A special recursive algorithm was designed to select
which nodes can be projected onto the interface without introducing elements
with four interface nodes. Moreover, the quality of the elements after grid
alignment in three dimensions often turned out to be intolerably low, and a
provision for improving the quality of the grid was added to the algorithm.
Similarly to the two-dimensional case, we used spheres to approximate the
interface locally. The numerical validation supported our expectations, but
was less extensive due to the limitations in the available computing resources
and time. Therefore, further testing should be done after proper parallelization
of the code; however, such extension is beyond the scope of this work.
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Conclusion

In this study, we set our goals to devise a numerical algorithm that can be
used for large scale simulations of flows of multiple fluids that do not mix and
possibly are subject to surface tension. The presented solution is a projec-
tion method based on a combination of conforming and nonconforming linear
finite elements for the velocity. The conforming element is used to account
for the convective and viscous effects, while the nonconforming one is utilized
to impose the incompressibility constraint. The method also features a dis-
continuous approximation of the pressure, which gives two advantages. First,
it makes the solenoidal velocity locally mass conserving, which facilitates sta-
bility of the advection of the free interfaces. Second, it achieves full order of
interpolation, since the exact pressure is discontinuous when surface tension
is present. In order to benefit from the latter point, we align the grid with the
positions of the capillary surfaces at each timestep. The suggested alignment
procedure is robust and computationally inexpensive. Furthermore, it guar-
antees that the connectivity of the computational mesh remains unchanged,
which allows for a more effective parallelization.

A few challenges still remain and set new goals for future investigation.
We have proved that the proposed projection scheme is optimally convergent
on special grids, while numerical experiments show that the scheme is opti-
mally convergent even on grids where our theory does not apply. The proof of
convergence on general grids remains an open problem. Another open ques-
tion is whether it is always possible to align the grid to the interface in three
dimensions without introducing elements with four nodes on the interface. .

Another issue to address in the near future is the implementation of the
divergence-free projection in three dimensions. We have seen that the sole-
noidal basis is fully coupled and that separating the tangential components
from the normal ones improves computational time significantly, while the
accuracy of the solution does not deteriorate. The latter result, however, is
supported only by numerical evidence at this time. We also have seen that
the decoupled projection is not adequate for problems with surface tension.
One may wonder whether it is possible to modify the decoupled projection so
that it would become suitable for all problems, yet remain much faster than
the full projection. Another possibility to research is the construction of a
preconditioner that is more effective than the simple ones discussed here.

The proposed methodology is suitable for large scale simulations. The
natural extension of the current study is to parallelize the code and perform
simulations involving many bubbles. Afterwards, there is a multitude of possi-
bilities for further investigation of this technique. During the alignment of the
grid, we detect when topology changes are about to take place. Their appro-
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priate handling would allow us to simulate such phenomena as pinch-off and
coalescence. Another possibility is to incorporate a model for contact angles,
which would remove the requirement for the contact surface to be closed. Yet
another possible extension is to apply a different model at the interface; for
example, making the interface an elastic boundary would allow us to simulate
the flow of blood cells in the heart or in blood vessels.
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