HEIGHT PAIRING ON GRADED PIECES OF A BLOCH-BEILINSON
FILTRATION

by

Souvik Goswami

A thesis submitted in partial fulfillment of the requirements for the degree of

Doctor of Philosophy
in

Mathematics

Department of Mathematical and Statistical Sciences

University of Alberta

(©Souvik Goswami, 2015



Abstract
For a smooth projective variety X (of dimension d) defined over Q, Beilinson
(and independently Bloch) constructed a ‘height’ pairing

CH;,,.(X;Q) x CH " (X;Q) — R,

hom

under very reasonable assumptions and with a number of conjectural prop-
erties. A folklore conjecture related to this pairing states that the Griffiths
Abel-Jacobi map

@, : CH},,(X;Q) = J(X) © Q

is injective (BBC). But if X is defined over a field of finite transcendence
degree over Q, then the injectivity of the Abel-Jacobi map doesn’t hold any
more. Instead we have the concept of a conjectural Bloch-Beilinson filtration,
a candidate for which was given by James Lewis. Under some assumptions,
specially BBC, the main point of this thesis is to generalize the height pairing
to the graded pieces of this candidate Bloch-Beilinson filtration using cohomo-

logical machinery.
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Chapter 1
Introduction

Let us fix a subfield & C C (k will be a finitely generated overfield of Q in most
of the situations). Henceforth, we will consider smooth projective varieties
over k. We will mention the underlying field only if we digress from the above
convention. Given a smooth geometrically irreducible projective variety X of
dimension d , we can associate its betti and Hodge cohomologies, as well as

cycle groups:

e The singular cohomology H'(X,Q) := H'(X(C),Q), where X(C) de-
notes the associated complex space. Via the de Rham isomorphism the-
orem, and the work of Hodge, this singular cohomology comes equipped

with a natural Hodge decomposition, as a reflection of the complex struc-

ture on X (C):
HZ(X> Q) ®@ C= Hclle—Rham<X7 C) = @p+q:al’q(X)

where HP?(X) is the space of d-closed (p,q)-forms (modulo cobound-
aries), and HP4(X) = H%(X), the complex conjugation induced by
conjugation on the second factor of H'(X, Q)®qC. Here H,_ppam (X, C)
denotes the de Rham cohomology of X(C). One can define a Hodge fil-

tration on H!(X,C) by assigning

FFH'(X,C):= @ H"(X),

p+q=l,p21i



a situation that holds more generally for compact complex Kahler man-

ifolds.

e The Chow group, which we formally define as follows : For an irreducible
subvariety Y C X, denote by

codimension(Y) := d — dim(Y) .

Now consider the Z-linear combination of irreducible subvarieties of X
of codimension r and denote it by Z"(X) (we call them algebraic cycles).

Define the Chow group of codimension r to be
CH(X):=27"(X)/ ~vat »

where ~,, is an adequate equivalence relation (which, among other
things, provides a ring structure on @,.,CH"(X)), known as ratio-
nal equivalence. it is well-known that rational equivalence is the weakest
among all other equivalence relations, in the sense that being rationally
equivalent implies equivalent under any other adequate equivalence re-

lation.

Given the Chow group of X, there are two cycle class maps associated to the
cohomology of X. The first one is known as the fundamental class map into

singular cohomology:
c,: CH(X) = H"(X,Z),

where H?"(X,Z) is the singular cohomology with Z coefficients (which can

have torsion elements). It can be shown that the image of this map lies in
H"(X,7) = H"(X,Z)NH"(X),

where the latter term is intended to include the torsion classes. One of the most
celebrated conjectures in algebraic geometry; known as the Hodge conjecture,

states that the (rational) cycle class map

c, : CH'(X;Q) :=CH"(X)®,Q — H""(X,Q) := H"(X,Q) N H""(X) ,



is surjective. There is also a generalization of this conjecture, first formulated
as an important open question by Hodge, and later amended by Grothendieck,
called the general Hodge conjecture (GHC). This will be explained later in the

text.

The kernel of the (rational) cycle class map, denoted by CH}  (X;Q), is an
important algebraic object attached to X. One can define a secondary class

map, namely, the Abel-Jacobi map:
o, :CH;,, . (X;Q) = J(X)®Q,

where J"(X) is a certain compact complex torus called the Griffiths Jacobian

of X.

In the 1970’s Bloch conjectured that there should be a ‘natural’” decreasing
filtration on the (rational) Chow groups of smooth projective varieties (resem-
bling the Hodge filtration in cohomology). This was later fortified by Beilinson
in terms of motivic extension datum, based on the conjectural existence of the
category of mixed motives for varieties over a field. For a smooth projective
variety X, if we denote the conjectural filtration by {FFCH"(X;Q)}i>o , then
one criteria of it is FTCH"(X;Q) = CH;},, (X;Q); more precisely, the right
hand side (RHS) should be the Chow group of cycles numerically equivalent to
zero, but this will be the same as CHj . (X;Q) under the Hodge conjecture.
So far, there are several candidates for this filtration and one of the most im-
portant one was developed by James Lewis, in his paper[38]. It satisfies most
of the properties of a Bloch-Beilinson filtration. We will elaborate more on it
in the Chapter 3.

One can view the cycle class maps from the Chow groups of smooth projective
varieties to the category of “mixed Hodge structures”, which will play a role

in detecting non-zero cycles. The non-degenerate pairings
H>1(X,C) x H****1(X,C) — C, (Poincaré)

HPY(X) x HTP479(X) — C, (Serre)



induced by
(11, 7m2) = / m A2
X

and more importantly (to us), the associate Hodge-Riemann bilinear relations,

will be seen to play an important role on the level of Chow groups.

For a smooth projective variety X (of dimension d) defined over a number field
k (i.e. [k : Q] < 0o) or more generally over Q, Beilinson ([5]) and independently
Bloch ([6]) constructed a ‘height’ pairing (under very reasonable assumptions):

CH},,,(X;Q) x CHL "N (X;Q) — R,

hom

with a number of conjectural properties. For example, Conjectures 5.4 and
5.5 of [5] seem to mirror the nondegeneracy properties of the pairing stated
above. A folklore conjecture, due independently by Bloch and Beilinson, and

playing a role in this pairing, states that the (rational) Abel-Jacobi map
®, 1 CHjpop(X;Q) = J'(X) ® Q

is injective, where the RHS is (again) defined in terms of the associated com-
plex space X (C). This conjecture is referred to as the Bloch-Beilinson conjec-

ture (BBC).

Returning to the conjectural filtration, let
GriCH(X;Q) i= F*CH'(X; Q)/F*'CH"(X; Q)

denote the graded pieces of the Bloch-Beilinson filtration. It is an important
(motivic) invariant of X. We will work in the set-up of the filtration developed
by James Lewis ([38]). As with other candidate filtrations, an important
feature of which is the fact that F?CH"(X;Q) C Ker(®,), where

Ker(®,) :={ne CH}, . (X;Q); ®.(n) =0}.



If X is defined over Q and we assume the BBC about the injectivity of the
(rational) Abel-Jacobi map, then

GryCH'(X;Q) = FICH(X;Q) = CHj,,,(X;Q),

and Gr.CH"™(X;Q) = 0 for v > 2, since F?’CH"(X;Q) C Ker(®,) = 0.
The height pairing developed by Beilinson and Bloch can now be viewed as a
pairing

GrpCH"(X;Q) x GrpCH™ ™ (X;Q) = R.

However if X is defined over a field of transcendence degree greater than 0 over
Q, there are plenty of examples where the Abel-Jacobi map is not injective
(see [14], [52], [40] and [45] among others). Hence we (conjecturally) have non
zero higher graded pieces. The main purpose of this thesis is to extend the
‘height’ pairing of Beilinson and Bloch to higher graded pieces of the candidate
Bloch-Beilinson filtration developed by James Lewis, in form of the following
theorem:

1.0.1 Theorem. Let X/Q be a smooth projective variety of dimension d and
let K/Q be a finitely generated overfield of transcendence degree v — 1, where
v > 1 1is an integer. Let us assume Grothendieck amended general Hodge
conjecture, together with the BBC, viz., the injectivity of the Abel-Jacobi map

or varieties defined over Q. Then there exists a pairin
f g
(, )ur: GrCH (Xi; Q) x GripCH"™(Xx; Q) = R,

extending the Beilinson height pairing.
We will prove this in Chapter 7.

The set-up of this thesis is as follows: In Chapters 2-6, we develop the back-
ground material needed for the main body, including a brief review of arith-
metic intersection theory, a pathbreaking area developed by Gillet and Soulé
in [18]. Chapter 7 contains the proof of Theorem 1.1. In Chapter 8, we will see
some explicit computations of the pairing that we developed. The last chap-
ter, Chapter 9 is more speculative in nature, containing the generalizations of

Conjectures 5.3 (a) and 5.5 of [5], for the height pairing on graded pieces.



Chapter 2

Chow group of a smooth
projective variety and its

connection to cohomology

General references for this chapter are [37], [39] and [42]. We work with the
following set up: Unless otherwise stated, by X we will denote a smooth
(geometrically irreducible) projective variety of dimension d over a subfield
k Cc C. X(C) will denote the complex points of X (which forms a compact
complex projective manifold of complex dimension d). We will also denote the
singular (or betti) cohomology HY,,,(X(C), A) by H'(X, A), where A is one of
Z,Q,R and C.

2.1 Preview of cohomology theory of X

Let AY(X) denote the C-valued C* I-forms on X (C). We have the decompo-
sition
A(X) = P A(X), A™P(X) = Ara(X) | (2.1.0.1)
p+q=l
where AP9(X) are C* (p,q)-forms which in local holomorphic coordinates
2= (21, ,2q) € X(C), are of the form

S fudz Ao Nz Adz A N dE,

[I|=p,|J|=q



where the fr;’s are complex-valued and C*.The differential d : A'(X) —
A(X) splits into d = 0 + 0, where 9AP(X) C APT19(X) and 9AP(X) C
AP+ X)), Since d* = 0, we get 0 = 9% = 9’ =83+ 0. The decomposition
in (2.1) now descends to the level of cohomology as

2.1.1 Theorem. (Hodge decomposition)
H'(X,C) = H'(X,Q) ®0 C = Hy,_ppam (X, C) = @piem H™(X) , (2.1.1.1)

where HP9(X) are the d-closed (p, q)-forms (modulo coboundaries), and H¥?(X) =

HPra(X). All such cohomology groups are finite dimensional and we have the

description
o Apﬂ(X)dfclosed
D0AP—La—1(X)

HP(X)
One can define a descending (Hodge) filtration on H'(X,C) by assigning

F'H'(X,C):= @ H"(X).

p+q=L,p2i
An easy consequence of the theorem is the following
2.1.2 Corollary. Ifl is odd, then H'(X,Q) is even dimensional.
The following result is well known:
2.1.3 Proposition. (Poincaré and Serre duality) The pairings

H¥1(X,C) x H¥-+1(X,C) — C, (Poincaré)

HP(X) x H"P4=9(X) — C, (Serre)

induced by
(171, m2) = / M A N2
X

are non-degenerate. Hence one can identify H'(X,C) = H*~Y(X,C)Y and
HP4(X) = HéPd=a(X)V.

2.1.4 Remark. One can also prove Poincaré duality with Q-coefficients and
identify H'(X,Q) = H*-1(X,Q)V.

We also recall

2.1.5 Theorem. (Kiinneth decomposition) For varieties X and Y, we have



the following decomposition for H'(X x¢ Y, Q):
H'(X xcY,Q) = @pyg= HP (X, Q) @¢ HY(Y, Q)

which respects the Hodge decomposition of HY(X x¢ Y,C) in the following

manner

HT?S(X Xc Y) = @T1+T2=r,81+82=5H7ﬂ1781(X) Q¢ H"™* (Y) :

2.1.6 Abstract Hodge theory

The [-th cohomology of a smooth projective variety X is an example of what
is known as a pure Hodge structure (of weight [). Formally we define it as

follows:

2.1.7 Definition. Let A C R be a subring. An A- Hodge structure (HS) of
weight | € 7 is given by the following datum:

1. A finitely generated A-module V', and either of the two equivalent state-

ments below:

2. A decomposition

Vo=@ v, vea=ver,

pt+q=l
where ™ 1s complex conjugation on the second factor of Vo :=V & C, or

equivalently

3. A finite descending filtration
VeDd---DEF DF ™ o...o{0},

satisfying
Ve=F @F-"+, vrel

An A-subspace G C V is a sub-HS if and only if Gc = @prq=1GP? where
GP91 = GcNVP1. Also the quotient V//G has a natural HS. The tensor product
of two HS, Vi and V3, of weights | and m respectively, is a HS, Vi3 & V5 of
weight [ +m.

2.1.8 Remark. The equivalence of 2. and 3. can be seen as follows. Given



the decomposition in 2., set

F've=  vre

ptg=lpzr
Conversely, given {F"} in 3., we put VP4 = FP N F4,
2.1.9 Example. If X/k is smooth projective, then H'(X,Z) is a Z-Hodge
structure of weight .
2.1.10 Example. A(r) := (27i)"A is an A-Hodge structure of weight —2r
and of pure Hodge type (—r, —r), called the Tate twist.
2.1.11 Example. If X/k is smooth projective, then H(X,Q(r)) := H/(X,Q)®
Q(r) is a Q-Hodge structure of weight [ — 2r.

To extend these ideas to a singular varieties, one has the following terminology:
2.1.12 Definition. An A-mized Hodge structure (A-MHS) is given by the

following datum:
1. A finitely generated A-module V,

2. A finite descending “Hodge” filtration on Ve =V ® C,

VeD---DF DF ™ o...5{0},

3. An increasing weight filtration on Vo =V ®z Q,
{0}C---CcW_ W, C---C V,

such that {F"} induces a (pure) HS of weight | on GV := W;/W,_;.
2.1.13 Example. (Deligne, [50]) Let Y/C be an algebraic variety. Then
HY(Y,Z) has a canonical and functorial Z-MHS.

2.1.14 Definition. A morphism h : Vi, — Vou of A-MHS is an A-linear

map satisfying
o h(WiVig) C WiVag, V1,
o W(F"Vig) C F'Vae, Vr.

Deligne ([50], Theorem 2.3.5) shows that the category of A-MHS is abelian;
in particular if h : Vi o — Vaa is a morphism of A-MHS, then ker(h) and

coker(h) are endowed with induced filtration



2.1.15 Example. Let U/C be a compact Riemann surface, = C U a fi-
nite set of points, and U := U — Z. According to the previous example,
HYU,Z)(1)) :== HY(U,Z) ® Z(1) carries a Z-MHS. The Hodge filtration on
H'(U,C) is defined in terms of a filtered complex of holomorphic differentials
on U with logarithmic poles along Z ([50]). We can “observe” the MHS via
weights as follows. Poincaré duality gives H1(U,Z) = H,(Z,7Z) = 0, and the

localization sequence in cohomology below is an exact sequence of MHS:
0— HY(U,Z(1)) — H' (U, Z(1)) — H°(Z,7(0))° — 0,
where
H°(Z,Z(0))° = ker (H2(U,Z(1)) — H*(U,Z(1))) = 2.

We put Wy = H' (U, Z(1)), W_y = Im (H'(U,Z(1)) — H' (U, Z(1))), W_, =

0. Then Gr", (U, Z(1)) = H'(U, Z(1)) has pure weight —1 and Gr}/ H* (U, Z(1)) =
ZIFI=1 has pure weight 0.

2.1.16 Definition. Let V' be a A-MHS. We put

LAV := homa_pus(A0),V),

and
Ju(V) = Exty_yys(A0),V).

In case A =7 or A=Q, we putI' =Ty and J = Jy.

2.1.17 Example. Suppose V' = V7 is a (pure) HS of weight 2r. Then V®Z(r)
is of weight 0, and (up to twist) one can identify 'V with V; N F"V =
Vo N Ve = e Y (V) where € : V — Vg

2.1.18 Example. Let V be a Z-MHS. There is the identification due to
J.Carlson (see [10] or [27], Lemma 9.2),

WoVe
J(V) =
( ) FOWoVe + WV o

where in the denominator, V' := V7 is identified with its image Vz — V¢ (quo-
tienting out torsion). For example, if {E} € Ext};;4(Z(0),V) corresponds to
the short exact sequence of MHS:

0=V = E—+7(0) =0,

10



then one can find z € WyF and y € F'WyE¢ such that a(x) = a(y) = 1.
Then x — y descends to a class in WoVe/{F°WyVe + WV}, which defines a
map from Ezt};;4(Z(0),V) to WoVe/{F°'WoVe + WV}

2.1.19 A survey of Deligne cohomology

In this subsection, we will consider a smooth projective variety X/C (of di-

mension d) and x will denote the sheaf of holomorphic 1-forms on X. We

define Q% = Qx A -+ AQyx. Recall that A(r) is the Tate-twist, for a subring
—_——

l—times

A of R. We introduce the Deligne complex Ap(r):

Alr) = Qx — - = Q.

J/

Vv
—.e<r
*'QX

2.1.20 Definition. Deligne cohomology is given by the hypercohomology:
Hp(X, A(r)) == H'(Ap(r))
2.1.21 Remark. We have a product structure on Deligne cohomology
Hp (X, A1) ® Hp(X,A(j)) = Hp™(X, A + j))

induced from the multiplication of complexes u : Ap(i) ® Ap(j) — Ap(i+ j),
given in [15], Definition 3.2.
2.1.22 Example. When A = Z, we have the isomorphism

H2(X,Z(1)) = CHY(X).

Alternate take. Let h : (A®,d) — (B®,d) be a morphism of complexes. We
define
Cone(A* h B*)

by the formula
[Cone(A® —v B*)? := A7 & BY, §(a,b) = (—da, h(a) + db).

Using the holomorphic Poincaré lemma, one can show that there is a quasi-

11



isomorphism between Ap(r) and
o I .
Cone (A(T) ®F QY — QX)> [—1],

where € and [ are natural maps obtained after a choice of injective resolution

of A(r) and Q°. Hence

HE(X, A(r)) = H (cone <A(r) @ Oy - sz;()) [-1]) .

From the short exact sequence of sheaves
0— QY"[-1] = Zp(r) = Z(r) = 0
together with Hodge theory, we get the short exact sequence
0— J(H*" Y X,Z(r)) = Hpy (X, Z(r)) — D(H* (X, Z(r))) — 0.
Here we note that
D(H” (X, Z(r)) = H” (X, Z) N H(X) = € (H" (X)),

where € : H*(X,Z(r)) — H?"(X,C) is induced by the incusion Z(r) < C.
Further, from the identification of Carlson, (Example 2.1.18 above),

_ H2r—1 (X, C)
- FrH> (X, C) + H (X, Z(r))

J(X) = JH"YX,Z(r)))

Fd*T“Fl H2d72r+1 (X, C)\/

" Hogor1 (X, Z(d — 7))
is a compact complex torus, known as Griffiths jacobian.
2.1.23 Remark. Strictly speaking, F"H?~}(X,C) should be replaced by
FYH?*~1(X,C). We resisted that temptation for “obvious” reasons.

Deligne-Beilinson cohomology

The Deligne cohomology described above is not adequate for a smooth quasi-
projective variety U C X. For example, with the above definition we will
obtain H},(U,Z(1)) = H°(U,Oj;), i.e. nowhere zero analytic functions on

12



U. For obvious reasons, one would accordingly like to recover the nowhere
zero algebraic functions, i.e. HY, (U, Of;), where the notation of the Zariski
topology Zar, is expected to mean that we now view Oy; as the sheaf of nowhere
zero regular functions on U. In order to fix this, Beilinson introduced Deligne’s
logarithmic complex into the picture. We can assume that j: U =X —Y —
X, where Y is a Normal Crossing Divisor (NCD) with smooth components.
We define Q% (Y) to be the de Rham complex of meromorphic forms on X,
holomorphic on U, with at most logarithmic poles along Y. So for example,
in local analytic coordinates (z1,- -, z4) on X, Y is given by z; - -+ 2, = 0, and
QL(Y) has local frame {dz1 /21, -+ ,dz/z,dz51, -+ ,dzq}. One has a filtered
complex

FrOy(v) = Q7 (V),

with Hodge to de Rham spectral sequence degenerating at £;. This gives
FTH(U,C) = H{(F'Q4(Y)) € H'(Q% (V) = H'(U,C)

as the correct Hodge filtration regarding the MHS H*(U, Z).
2.1.24 Definition. (/15], Definition 2.6.) The Deligne-Beilinson cohomology
HL(U,A(r)) is defined as the hypercohomology of

An(r) = Cone (Rj.A() @ Fras(v) <=~ Rj.OY) [-1],

where RjA(r) (resp. Rj.S2;) is the direct image sheaf of A(r) (resp. of Q)
and where Rj, (2, is represented in such a way that both € and | exists (for
example by the direct image of an injective resolution of €27;). One can show

that this is independent of the good compactification of U.

We get a short exact sequence

H™'(U,C)

PO s e agy) TR AW) > FN (U A) -0

0—

and (for A = Z) an isomorphism ([15], Proposition 2.12; iii)

Hp(U, Z(1)) = Hy,, (U, Op) := Of01y(U) -

13



2.2 Chow group of X and its connection to

cohomology

In this section we fix an algebraically closed subfield £ C C and a smooth

projective variety X/k of dimension d.

2.2.1 Adequate equivalence relations

The free abelian group Z”(X) is too large to work with in a meaningful way.
For example, one would like to have a ring structure on Z*(X) := &, 2" (X), for
which one can define a ring structure, viz., an intersection theory of algebraic
cycles. But one has to quotient out Z”(X) by an adequate equivalence relation,
to accommodate such an intersection theory. This involves a moving lemma
to ensure that two cycles meet in the expected dimension, as well as a good
notion of intersection multiplicity. The moving lemma involves an adequate
equivalence relation. The precise definition of an adequate relation can be
found in [37]. We define some of the most studied such equivalence relations,
the weakest of which is rational equivalence.

2.2.2 Definition. Two cycles & and & in Z"(X) are rationally equivalent,
denoted by & ~yqp o, if there exists a cycle w € Z" (P} x X) in sufficiently
‘general position’ [so that w,(t) == Pro,((t x X) -w) € Z"(X) is defined for
all t € P}] such that & — & = w,(0) — w,(00). Equivalently, one can define
&1 ~rar & if there exists subvarieties W; of codimension v — 1 and rational
functions f; € k(W;)* such that & — & = SV divw,(f:).

2.2.3 Definition. & and & are algebraically equivalent, denoted by & ~qq
&, if there exists a smooth connected curve C, a cycle w € Z"(C x X) in

sufficiently ‘general position’ and points p,q € C'such that & — & = w.(p) —
w(q).

Let Z7

rat

(X) = {£ S Zk(X>7£ ~rat 0}7 Z;lg(X> = {f S Zk(X>7£ ~alg 0} We

have the following hierarchy relation

T
Zrat

(X) € Z4y(X) € Zpom(X) C Z7(X)

a

where Z7

b om(X) are the null homologous cycles defined in the next section. We
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define
CH"(X):=2Z"(X)/Z ,(X) (Chow group),

CHpy,(X) = 2,,(X)/Z;,(X) (Chow group of cycles ~q4 0).

alg

2.2.4 The cycle class maps

We develop two cycle class maps from the Chow group of a smooth projective
variety X to its cohomology.

2.2.5 Definition. There is a cycle class map
Cly s CH(X) = HEL (X, €) = HE2 (X, C)",

which can be defined in one of the following two (equivalent) ways:

1. Let V. C X be a subvariety of codimension r and w € H?**"(X,C).

We define cl,.(V)(w) = W&/ =

linearly to Z"(X) to obtain

va* w and extend it

cl,: Z7"(X) — H*(X,C)Y = H*(X,C).

Here V* =V — Vging. It follows from resolution of singularities that the

integration is finite. Also, Z],,(X) C ker(cl,) and hence one can define

rat
c, . CH"(X) — H¥(X,C).

2. From twisted Poincare duality, one has the fundamental class generator

{V} € Hyg o, (V,Z(d—7)) = HZ (X, Z(r)) — Haq_on(X, Z(d—7)) = H* (X, Z(r)).

One can actually show that the image lies in
D(H*(X,Z(r))) = H"(X) N H*(X,Z).

2.2.6 Example. For r = d the cycle class map cly : CHY(X) — Z is the
degree map, assigning the integer >, n,; to a zero-cycle z = > . n;p;,. It is

obviously surjective.

At this point, we state the famous

15



2.2.7 Conjecture. (Hodge conjecture)
c, : CH'(X;Q):=CH'(X)®Q — I'(H*(X,Q(r))) = H"(X,Q) N H""(X),

is surjective.

Here we make the following observation: The original Hodge conjecture was
made for smooth projective varieties defined over C. Here our varieties are
defined over an algebraically closed subfield k£ of C, however

2.2.8 Lemma. Hodge conjecture for smooth projective varieties over C =—

Hodge conjecture for smooth projective varieties over k.

Proof. Let X/k be a smooth projective variety of dimension d and we denote

X/C := X X C. Let us assume that the cycle class map
c, : CH"(X/C;Q) — H""(X,Q(r))

is surjective and let for v € H""(X,Q(r)), £ € CH"(X/C;Q) be such that
cl,. (&) = v. Now, the defining equations of ¢ lies in a field K of finite tran-
scendence degree (say v) over k. One can find a smooth projective variety S/k
such that k(S) = K and spread & (not uniquely) to € € CH"(S x; X;Q). Let
p € S(k) (which exists by Nullstellensatz, since k = k). We consider the cycle
px X € CH"(S x; X;Q) and the morphism j, : X — S x; X. From the

z—(p,)
commutativity of the cycle class map with morphisms, we have the following

chain of commutative diagram
CH™(S x4 X;Q) 2 CH'(X;Q)
Clr Clr

H (S xe X,Q() 2 B (X, Q(1)).

Since H'(p, Q) = 0 for ¢ > 0, the map j; : H*" (S x¢ X, Q(r)) — H*"(X,Q(r))
factors through (H°(S,Q) ® H*(X,Q))(r). Hence, we get that j;(clr(f)) =
cl, (&) = v and the required result. O

2.2.9 Example. Using Lefschetz 1-1 theorem one can show that the cycle
class map cly : CHY(X) — T'(H?(X,Z(1))) is surjective ([37], Chapter 5).

16



Appendix (General Hodge Conjecture)

Grothendieck was the first to introduce the following notion of coniveau filtra-
tion on cohomology ([1]):
2.2.10 Definition. The (descending) filtration by coniveau

H'(X,Q) > NIH'(X,Q) > NP H'(X,Q) D -+~ > NLH'(X,Q) 0

on singular cohomology is defined by any of the following three equivalent def-

maitions

NiHY(X,Q) := ker (HI(X, Q) — lim H'(X -, @))

cdxY>1

:= Image < Z HL(X,Q) — H'(X, Q))

:= Gysin Images < Z H"(YV,Q) - HY(X, @)) ;

CdeZi

where Y — Y is a desingularization.

Note that NJH'(X,Q) c F'H'(X,C) N H'(X,Q) is not an equality, since
the coniveau pieces are Hodge substructures of H'(X,Q) but ( as shown by
Grothendieck’s counterexample in [1]) FIHY(X,C) N HY(X, Q) need not be.
Let N, H'(X,Q) be the largest Hodge-substructure contained in F*H'(X, C)N
H'(X,Q).

2.2.11 Conjecture. (Grothendieck Amended General Hodge Conjec-
ture (GHC)) The inclusion N} H'(X,Q) C N;HY(X,Q) is an equality. For
[ = 2r and i = r, we recover the classical Hodge conjecture (Conjecture 2.2.7).
2.2.12 Remark. Grothendieck originally made this conjecture for smooth
projective varieties defined over C. But using a “spread” argument similar in
spirit to that of Lemma 2.2.8, one can show that N} H'(X,Q) = N.H(X, Q).
2.2.13 Definition. (Abel-Jacobi map) Let CHj, (X) = ker(cl,). We define
the Abel-Jacobi map

@, 0 CHjpp(X) = JN(X) 1= J(H" (X, Z(r))),
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in the following way. Recall that

Fd—r+1H2d—2r+1 (X (C)V
J(H*(X,Z = L
( ( (r))) Hoq9r41(X, Z(d — 1))

Let ¢ € CH},,.(X). Then & = OC for a real 2d — 2r + 1 dimensional chain ¢
in X. Let {w} € FErH {232+ X C). We define

P, (§)(w) = W /Cw/pem'ods.

It is easy to show that if & = O’ for another chain (', then fC w = fC’ w modulo
periods. Also, from a result of Dolbeault (Lemma 1.7 of [39]), one can show

that @, is independent of the cohomological representative of {w}.

Alternate definition: We observe that

HE™N(X, Z(r)) 2 Haggr (€], Z(d — 1)) = 0,

as dimg|¢| = 2d — 2r. Also, there is the cycle class map cl, : £ — {{} €
Haq—2: (€], Z(d — 1)) = Hig{(X, Z(r)). Further, since { € CHj},,,(X) (denoted
by & ~pom 0), we have by duality

€] € Hﬁgl"(X, Z(r))° = ker (Hfgl“(X, Z(r)) — H (X, Z(r))) .

Hence ¢ determines a morphism of MHS, Z(0) — H‘%T(X,Z(r))o. From the

short exact sequence of MHS
0 — H* X, Z(r)) — H* (X — €], Z(r)) — Hig (X, Z(r))* = 0,

we can pullback via the above morphism to obtain another short exact se-
quence of MHS,

0— H*YX,Z(r)) = E — Z(0) — 0.

Then @,.(§) = {E} € Extl, s (Z(0), H Y X, Z(r))) = J(H* X, Z(r))). Tt
can be shown that this alternate definition of &, agrees with that given in
2.2.13.

2.2.14 Example. It can be shown that the image ®,.(CH]

alg

(X)) = J;

alg

(X) C

J(X) is an abelian variety defined over k. Here we recall the following descrip-
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tion of J;;,(X)g given in terms of coniveau filtration: Observe that N;7THT X, Q)®
C = H!" Y(X)oH! 1" (X), where we describe HI"~1(X) as Pr,_1 (N, "H*1(X,Q))®

C) ¢ H ' (X) (similarly for H.=%"(X)). Then, J7 (X)g can be described

alg
as
Jaig(X)g = J(N T H (X, Q(r))) = Hy™ V(X)) /Ny HHX,Q(r) € J"(X)e.

For details, see Proposition 12.31 of [37]. In general, the following is a deep
question: What is the image ®,.(CH;, (X)) 7 We do know that the Griffiths
group Grif f"(X) = CH},, (X)/CH,,(X) is countable (although non-trivial

in many cases). From this, and the above description of J”

aig(X)q we can

conclude that the (rational) Abel-Jacobi map
o, : CHy . (X;:Q) = J'(X)o,

is not onto if Nj; 'H>~1(X,C) # H* (X, C) (see discussions following Propo-
sition 3.2 in [39]).
2.2.15 Example. Recall the isomorphism &, : CH}

hom
also shows that CH,,,, (X) = CH,;,,(X). We note that CHj!

hom

(X) 2 J'(X), which
(X) = CH, (X)
and the abelian variety J¢(X) (known as the Albanese variety of X) is dual
to JY(X). The situation however, is very different for 1 < r < d, where as
seen above, ®, is not onto in general and neither can we say CH; (X)) =
CH},,(X). The kernel, ker(®,) is another important object of study. In [14],
Mumford has the following result:

2.2.16 Theorem. Let X be a smooth projective complex surface (i.e. of di-
mension 2), with geometric genus dimcH*°(X) # 0. Then

ker (@, : CHy,,(X) — J* (X)),

om

18 non-trivial.

Thus, there’s no easy answer | At this point, we recall the folklore conjecture
due to Bloch and Beilinson

2.2.17 Conjecture. (Bloch-Beilinson Conjecture, BBC) If X is a smooth
projective variety defined over Q, then the (rational) Abel-Jacobi map

o, : CHp,, (X;Q) = J(X)g = J(H” (X, Q(r))),
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is injective.

There are no nontrivial concrete examples of this conjecture, which inciden-
tally is formulated out of exclusion. If trdeggk = 1, there are examples by
Schoen ([52]), Green-Griffiths-Paranjape ([45]) and James Lewis ([40]) that
the kernel of the Abel-Jacobi map is non-zero. The reader is also encouraged
to read sections 4 and 5 of [5] (specifically, Lemma 4.0.7, Remark 4.0.8 and the
discussion following Lemma 5.6) to get another motivation for this conjecture.
2.2.18 Example. Notice that any { € CHJ;,(X) is in the image of a homo-
morphism J'(I') — CH}, (X) for a smooth projective curve I (from defini-
(X) is divisible.

2.2.19 Example. We end this section by relating the cycle class maps with

tion). Hence we can conclude that C'H,,

Deligne cohomology. One can define a cycle class map into Deligne cohomology
clp: CH'(X) — HE (X, Z(r)),

with the following prescription. Let £ € CH"(X) with support [£]. One has a

long exact sequence of cohomology with support

= HE 7 (X Z(r) @ FTHE 7HX,C) — Hi ™ (X, C)

Via Poincaré duality, one has cycle class maps

& [(2mi) =&, 8¢)] € ker(HY (X, Z(r)) & F'H” (X,C) — Hi (X, C)).

From the fact HET’I(X, C) = 0, we get an element [¢] € H%f|£|(X,Z(r)) and

the cycle class map

“forget ful map
- >

r fH[E] r -
cl,p: CH"(X) — %M(X, Z(r)) HZ (X, Z(r)).

The Deligne cycle class map cl,p combines both the classical cycle class and
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the Abel-Jacobi map in the following (commutative) diagram:

CH"(X)
CH!, (X) —— CH'(X .
®T‘ Clr’D Clr

J(H*~H(X, Z(r))) — Hp (X, Z(r)) —= T(H" (X, Z(r))).

2.3 Lefschetz theory

Let X/k be a smooth projective variety of dimension d, where k is a subfield
of C. We know that X (C) is complex projective algebraic with a choice of
polarization wx induced by an algebraic cycle Y € CH'(X) (called the
hyperplane section of X). Define the morphism (of HS)

Lx : AY(X) —» A™(X), n—nAwyx,
with an adjoint (with respect to Hodge-inner product)
Ax : AYX) = A73(X) .

From abstract Hodge/Lefschetz theory one gets the following results
2.3.1 Theorem. (Strong Lefschetz theorem)

1. The map Li, : H4(X,Q(r)) — H(X,Q(r+1)) is an isomorphism.

2. Moreover, if we define the primitive cohomology
Prim®(X,Q(r)) = Ker (L' : H/(X,Q(r)) = H*" (X, Q(r +i+1))) ,
we arrive at the Lefschetz primitive decomposition (for i =0,1,2,---)
HI(X,Q(r) @50y, L (Prim™ (X, Q(r - j)) .

The primitive decomposition is compatible with the Hodge decomposition
of H(X,C), once we set

Prim?4(X) := Ker(LY ™ . HP9(X) — HTPHLatl (X))
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At this point we would also like to state a weak version of Lefschetz theorem
2.3.2 Theorem. (Weak Lefschetz Theorem) Let Y —— X be any smooth

hyperplane section of X. Then the restriction map
j* H'(X,Q) — H'(Y,Q)

1s an isomorphism for i < d — 2, and injective for i =d — 1.

This theorem is a consequence of the following result by Andreotti and Frankel
(using basic Morse theory). We call it the affine version of weak Lefschetz
theorem:

2.3.3 Theorem. Let U/k be a smooth affine variety of dimension d. Then
U(C) C C" as a closed d-dimensional complex submanifold, has the homotopy

type of a CW-complex of real dimension < d. As a consequence

H(U,Q)=0,Vi>d.

One uses the Lefschetz theory to develop the following bilinear relations on

cohomology:

Hodge-Riemann bilinear relations (Untwisted version)

We introduce a real bilinear form on H*(X, Q) using the following prescription:

Given
£ = Bjsi-a), L5 (&), 1= ®j>i-0. L (n;) € H(X,Q)

with &;,n; € Prim™% (X, Q), set
Qe = 3 (0 [ )
J>(i—d)+ X

We also introduce the Weil operator C' = @, ,—;(v/—1)?"*Pr,, where Pr,, :
H'(X,C) - HP4(X) is the obvious projection. Then , it can be shown that
the bilinear form () has the following property

Q(&,C(&) >0 for £ #0. (2.3.3.1)

From equation (2.3), we deduce the
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2.3.4 Corollary. (Hodge-Riemann bilinear relations) (see [23], page 123).

The bilinear form Q satisfies the following relations:
o Q(Prim”1(X,Q), Prim*(X,Q)) =0 if s #gq.

o (VE1)TH(=1)1Q(6,8) > 0if 04 & € Primra(X,Q) (p+q = i).

If we set S = (=1)'Q on Prim‘(X,Q), then from the discussion following
Theorem 2.34 it follows that

S Prim'(X,Q) x Prim'(X,Q) — Q (2.3.4.1)

is bilinear (and non-degenerate) symmetric if i is even, skew if i is odd.

2.3.5 Remark. As we shall see in the next chapter, an analogous Lefschetz
theory for Chow groups is largely conjectural, with only a few concrete results.
It forms a large part of Grothendieck’s collection of standard conjectures in
algebraic geometry. Assuming such conjectures, a part of the motivation for
this thesis came from the desire to develop ‘Hodge-Riemann type bilinear

relations’ for Chow groups.

We end this chapter by generalizing Corollary 2.37 in case of a pure Hodge
structure.

2.3.6 Definition. A polarization of a (pure) Q-Hodge structure Vg (of
weight i) is a (non-degenerate) bilinear form S : Vg x Vo — Q, symmetric

if 1 1s even, skew if i is odd, and satisfying
o S(VP1 V) =0 unlessp=t,s = q.

o (V=1)PTIS(£,6) > 0if 0 # £ € VY,

where p+q = 1. Vg s called a polarized Hodge structure.

2.3.7 Example. By Corollary 2.37, the cohomology of a smooth projective
variety X carries a natural polarization given by the Hodge-Riemann bilinear
relations.

2.3.8 Remark. Polarized Hodge structures are semi-simple in the sense that
if Vi is a polarized HS with polarization S and Vj g is a a sub-HS, then Vj g
and Vi == {u € Vg; S(u, Vi) = 0} are both polarized HS, with polarization

given by restricting S. Moreover, we have

VQ = VI,Q@VlJ,_Q'
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Chapter 3

Motives and a conjectural

filtration on Chow groups

Unless otherwise stated, k& will denote a subfield of C and X/k will denote
a smooth projective variety over k. The category of such varieties will be

denoted by V (k).

3.1 Motives

A general reference for this section is Section 4.1 of [48].

3.1.1 Motivation

In the early 1960s Grothendieck, along with Artin and Verdier, developed the
l-adic cohomology groups H',(X, Q) for every prime [ # 0. Since k C C, there
is also the classical singular H*(X,Q) and the de-Rham cohomology groups
H.. ppom (X, C). This gives us plenty of cohomology theories, each with their
own advantages and disadvantages ! There is also the de-Rham isomorphism

theorem: H'(X,C) = H’._pyam (X, C) and the comparison isomorphisms:

H'(X,Q) ®o Qi = Hémg(Xa Q) = H,(X,Q) ,

between the singular and the [-adic cohomology groups. It was Grothendieck’s

genius that realized the necessity of an underlying category of ‘motives’ of
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which all these different cohomology theories share in common as realization

functors. Pictorially, one can describe it by the following arrow
M(k) — (vector spaces)/F, M — H*(M,F) ,

where M (k) denote the (conjectural) category of motives, F' is a field (either
Q or @) and H*(, F') is a cohomology theory (usually l-adic or the singular).

3.1.2 Correspondences and projectors

Before we begin, we define an equivalence relation (given by Grothendieck)
known as the numerical equivalence which we could have put in Chapter 2.
But since it first arose in the theory of motives it is probably apt to define it
here !
3.1.3 Definition. Let X be of dimension d. An algebraic cycle £ € Z"(X)
1s said to be numerically equivalent to zero, denoted by & ~num 0, if the
intersection number of & - & is zero for all & € Z377(X) (strictly speaking, for
all ¢ € Z1(X) for which the intersection number is defined). Let Z", (X) =
{£ € Z"(X); € ~pum 0}. One has the following inclusions among the different
equivalence relations defined so far:

o

rat

(X) - Z(:lg(X) - Z;;om(X) - Z

num

(X),
and dividing out by the rational equivalence

CH;lg(X) - CHIZom<X) - CHTTLum(X)

In this context, let us state the following fundamental conjecture, which is an
easy consequence of the Hodge conjecture, and indeed a consequence of the
weaker hard Lefschetz conjecture, to be discussed later.

3.1.4 Conjecture. Z; (X)@Q=2"  (X)®Q

Notation: From now on, we will avoid torsion and consider Chow groups
tensored by Q. We will use the notation CH*(X;Q) to denote CH*(X) ®z Q.

3.1.5 Definition. Let X and Y be objects in V (k) of dimensions d and e

respectively, and we fix an equivalence relation ~ .The group of correspon-
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dences between X and Y of degree r with respect to ~ is defined by
CH(X %, YV;Q) == ZM"(X %, Y;Q)/Z5(X %, YV;Q) .

Let f € O (X %, Y;Q), thentf € C&HT=e)(Y x,. X; Q) denotes the trans-
pose of f. It is a correspondence from between Y and X of degree (d+1) —e.
3.1.6 Example. Let ¢ : X — Y be the usual morphism of varieties and let I'y,
be the graph. Then I'y € Care=d (X %, Y;Q) is a correspondence of degree
e—dand Ty € C°(Y x; X;Q) is a correspondence of degree 0.

3.1.7 Remark. As a special case of the above example, consider the identity
Idx : X — X morphism. Its graph is given by the diagonal correspondence
Ax € CHYX x;, X;Q). Let [Ax] € H?*(X xc X,Q(d)) denote the cycle class

image of the diagonal correspondence. By the Kiinneth decomposition we get

[Ax] = Z [Ax]2d—ii

%

where [Ax]aq i € H*7(X,Q) ® H(X,Q)(d) are the Kiinneth components.
They correspond to the identity homomorphism Id; : H(X,Q) — H'(X,Q)

through the isomorphism

H*™(X,Q) @ H'(X,Q)(d) = Homg(H'(X,Q), H'(X,Q)).

Composition: Given two correspondences f € C*(X X, Y;Q) and g €
C(Y Xy Z;Q) the composition ge f € C* (X X, Z;Q) is defined by

ge fi=Prxuz((f xxZ) (X Xxg))

where - is the intersection product of algebraic cycles on X X, Y X Z.

Operations on algebraic cycles: A correspondence f € C"(X %, Y;Q)
of degree r operates on C* (X;Q) by the prescription

fo: CLX;Q) = C(Y3Q), Z > fulZ) = (Pry).[f - (Prx)*(2)]

for Z € C?(X;Q). If ~ is or finer than homological equivalence, then f also
operates on cohomology f. : H/(X,Q) — H™"(X,Q(r)).
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3.1.8 Remark. 1. Correspondences with respect to rational equivalence
operate both on Chow groups and cohomology while those with respect
to homological equivalence operate on cohomology but not on Chow
groups. Finally, correspondences with respect to numerical equivalence

act on the cohomology groups provided Conjecture 3.2 is true.

2. Under the composition of correspondences, C* (X x; X;Q) becomes a

ring with Ay as the unity and C%(X x;, X;Q) becomes a subring.

Projectors

3.1.9 Definition. A correspondence p € C%(X x, X;Q) is called a projector
of X (with respect to ~ ) if p? := pep = p. Two projectors p,q € CL(X x, X; Q)
are orthogonal ifpeqg=qep =10

3.1.10 Example. 1. p= Ay is obviously a projector.

2. For the graph I'y of a morphism ¢ : X — Y of finite degree m, p =

1t . .
Ty eIy is a projector.

3. For a projector p, Ax — p is a projector orthogonal to p and one has the

direct sum decomposition
CL(X;Q) = p(CLX;Q)) ® (Ax — p)«(CL(X;Q)) -

We use the notation (C%(X;Q))* for (Ax — p).(C*(X;Q)).

3.1.11 Grothendieck’s definition of (pure) motives

For an adequate equivalence relation ~, the category M. (k) of (pure) motives
consists of objects (X, p, m), where X € V(k), p is a projector of X and m € Z
with the following morphisms: if M = (X, p,m) and N = (Y, q,n), define

Homp (M, N) :={qe fep;feCH"™(X x,Y;Q)}, d = dim(X)

and the composition of morphisms is defined via the composition of corre-
spondences. The objects M = (X, p, m) are called motives with respect to ~.
The full subcategory M7 (k) := {M' = (X, p,0)} is usually called the effective

(pure) motives.
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3.1.12 Example. 1. There exists a functor h. : V¥?(k) — MZ (k) defined
as ho(X) = (X, Ax,0).

2. 1 := (Speck, Idy,0), is the trivial motive (i.e. the motive of a point).

3. Let k = k. Fix a point e € X (k) and consider 7y = e x; X and
moqg ‘= X X e (d = dim(X)). They are both projectors orthogonal to
each other. Set h% (X) := (X, m,0) and h?¢(X) := (X, mq,0). Then we
have the following isomorphism in the category of motives: h (X) = 1,
and h?4(X) = (Speck, Idy, —d) where d = dim(X) for any X € V (k).

4. Set T := (Speck, Idy, 1), L := (Speck, Idy,—1) and call them Tate and

Lefschetz motive respectively.

So, we have a very concrete definition of motives (or pure motives, but we will
just say motives from now on) with examples. What is still conjectural though
are some of the properties that a good category of motives should have. For

now, let’s list some of the known properties:

e It is known that M. (k) is a pseudo abelian category. It has been proved
by Jannsen ([28]) that the category M, (k) is indeed an abelian, semi-

simple category (actually Jannsen proved an if and only if condition).

e M. (k) has tensor product : for two objects M = (X, p,m), N = (Y, q,n)
define M ® N := (X X Y,p Xt ¢,m + n) and an involution : M =
(X,p,m)— M :=(X!'p,d—m), d=dim(X).

Relation between various M (k): Fundamentally there are (a priori)

three different category of motives:

e Chow motives: If ~ is rational equivalence, we write CHM(k) :=
M,ai(k) and ch(X) := hpq(X)

e Homological motives: Fixing (since & C C) the singular cohomology
theory H*(X,Q), we get Mpom (k) and Apom(X)

e Numerical or Grothendieck motives: We take ~ to be numerical

equivalence and we get M, (k) and Ry, (X)
We have the following arrows

~?,Conjecture 3.2

VP (k) —"e CHM(k) — Mpom (k) Mo (K) .
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Note again that the Hodge-conjecture implies Conjecture 3.1.4 and hence the
isomorphism Mo, (k) = Mpum (k).

3.1.13 Cycle groups and cohomology of motives
For M = (X, p,m) € M_(k), define
C' (M) :={Im(p. : C."™(X;Q) — C""(X;Q))} .

In particular if M € CHM(k), then we have the Chow groups/Chow vec-
tor spaces of motive CH"(M). Also, if ~ is equal or finer than homological

equivalence, then p acts on cohomology and we define
HI(M) = {Im(p. : H*"(X,Q) » H**"(X,Q))} .
and get a realization functor
real : M. (k) — (vector spaces)/Q .

3.1.14 Remark. The importance of Conjecture 3.1.4 becomes apparent now.
The realization functor is from the category of motives with respect to ho-
mological equivalence (or finer than homological equivalence). On the other
hand, the category M, (k) is closer to Grothendieck’s vision of motives since
it does not depend on any cohomology theory (also it is an abelian, semi-simple
category by [28]). The truth of Conjecture 3.1.4 will merge these two proper-
ties together beautifully.

3.2 Standard conjectures (Section 4.2 of [48])

Let k£ now denote an algebraically closed subfield of C, as before we fix the
category of smooth projective varieties as V' (k). All fibre products are taken
with respect to the base field k. The first conjecture is an old one, usually
called the Kiinneth conjecture:

3.2.1 Conjecture. For X € V (k) of dimension d, the Kiinneth components
[Ax]aq_i; of the cohomology of the diagonal class [Ax] € H?(X x X, Q) are
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algebraic classes, i.e. there exists algebraic cycles Ax(2d —i,i) € CHY(X x
X; @) such that [AX (Zd — i, ’L)] = [AX]2d—i,i-

This conjecture easily follows from the Hodge conjecture, but can actually
be deduced from the hard Lefschetz conjecture stated below. See [33]. For

examples where this conjecture holds, see subsection 3.2.2.

3.2.2 Standard conjecture of Lefschetz type

We begin with the following

3.2.3 Proposition. Let X and Y in V (k) of dimensions d and e respectively
and & € CH"(X xY;Q). Leti = r —d. Then the Kiinneth component
€]p.q induces [€], : HY(X,Q(m)) — H™**(Y,Q(m +1)), a morphism of Hodge-

structure, where | = 2d — p.

Keeping this proposition in mind, we introduce the following

3.2.4 Definition. Let p,q € Z with p 4+ q even. A linear map
A HP(X,Q(m)) — HU(Y,Q((p — ¢/2) —m))

is said to be algebraic if it is induced by ¢ € CHRIPH)/2(X x YV Q).

3.2.5 Remark. By the Hodge conjecture, A being algebraic is the same thing
as saying that A\ is a morphism of Hodge structure. Also A being algebraic
does not necessarily mean that the class defined by X in H?*?(X,Q(d — p +
m)) @ HI(Y,Q((p — ¢/2) — m)) is induced by an algebraic cycle (although,

Hodge conjecture would imply even that).

Now, let Y € CH'(X;Q) be a hyperplane section and Ly : H(X,Q(r)) —
H™*2(X,Q(r + 1)) be the operator associated to it. We have seen before the

hard and weak versions of Lefschetz theorem in cohomology.

Note that Ly is induced by the algebraic cycle Ax(Y) := {(z,z) € Ax; x €
Y} e CH™YX x X;Q). As seen before, there is an operator

Ax : H'(X,Q(r)) » H(X,Q(r — 1))

which serves ‘almost as an inverse’ of Lx. Now, Ax being a linear map in

cohomology, using Poincaré duality and Kiinneth decomposition, it can be
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seen as a topological correspondence in H2@1(X x X,Q(d — 1)). We have
the following conjecture

3.2.6 Conjecture. A (and hence A’ for any i € Z) is algebraic.

3.2.7 Remark. As A € H* (X, Q(d—i+r))@H" (X, Q(r—1))NH4 1471 (X x
X), Conjecture 3.11 is implied by Hodge conjecture. As such, this conjecture

has the following properties and known cases:

1. If Conjecture 3.2.6 holds for one hyperplane section Y (and the operator

Lx), then it holds for any such sections.

2. Conjecture 3.2.6 implies the following conjecture: Let

CH'(X;Q) = CH'(X:Q)/CHj,,, (X: Q) € H(X,Q(r)) .

Then
3.2.8 Conjecture. L4 : CH (X;Q) — C_Hd_r(X;Q) is an isomor-
phism

3. Conjecture 3.2.6 implies the Kiinneth conjecture (Conjecture 3.2.1).

4. Conjecture 3.2.6 is known for projective spaces, Grassmannians, curves
(trivial), surfaces (Grothendieck, [33] and abelian varieties (Lieberman,
[33]).
3.2.9 Standard conjecture of Hodge-type
Let X € V(k) of dimension d. Consider
CH (X;Q) N Prim™ (X,Q(r)) € H(X,Q(r)) .

Let z,y € CH (X;Q) N Prim? (X, Q(r)) for r < d/2. Then
3.2.10 Conjecture. The pairing

.y = (1)L (2),y) € Q

given by the cup product in cohomology, is positive definite.

We state this as a conjecture, although in our situation it is known to be true,

first by reducing it to k = C) (Lefschetz principle) and using Hodge-Riemann
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bilinear relations. But it is still a conjecture if the characteristic of the ground
field is nonzero.

3.2.11 Remark. Since Conjecture 3.2.10 is known in our situation, just by
assuming Conjecture 3.2.6 we can conclude Conjecture 3.1.4. As an exam-
ple, in case of abelian varieties we have numerical equivalence=homological

equivalence, modulo torsion.

3.3 Conjecture of Chow-Kiinneth type and a
filtration (4.2.2 of [48])

We consider a smooth projective variety X over a subfield k£ of C.

3.3.1 Definition. Let X € V (k) of dimension d. We say that X has Chow-
Kiinneth decomposition over k if there exists m; € CHY(X x X;Q), 0 <
1 < 2d, such that

1. The m;’s are mutually orthogonal projectors, i.e.,

T, Zfl :.]
T; ® 7Tj =
0 , otherwise
2. Zz iy Ax.
3. [mi] = [Ax]2da—ii, the usual i-th Kinneth components

4. Moreover, we expect that woq_; =t m;, 0 < i < d.
If we have such a Chow-Kiinneth decomposition, then

2d
ch(X) = (X,Ax,0) =) ch'(X), ch(X) := (X,m;,0). (3.3.1.1)
i=0
3.3.2 Example. For a smooth projective and irreducible curve C' over k£ and
a point e € C(k), if we choose mp = e x C, mg = C' X e and m = A¢ — mp — 771,
then
ch(C) = ch’(C) & ch' (C) & ch*(C) .

Here ch®(C) and ch?(C') are the trivial parts of the motive ch(C) and ch!(C)

contains all the ‘crucial informations’ (see 4.1.8 of [48]).
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Now we state the following generalization of Conjecture 3.1.4
3.3.3 Conjecture. (Chow-Kiinneth conjecture, [48]) Every X € V(k) has a

Chow-Kiinneth decomposition over k.

It is evident that Conjecture 3.3.3 implies Conjecture 3.2.1. It actually says

that the Kiinneth components
[Ax]aa-ii € CHL(X x X;Q)/CHf,, (X x X;Q)

of [Ax], can be lifted to CH¥(X x X;Q).

3.3.4 Example. (Some evidences of Conjecture 3.3.3) The conjecture is known
to be true for curves (shown in Example 3.3.2), and if X,Y € V(k) has the
Chow-Kiinneth decomposition, then so does their product. Hence, it is known
for product of curves and surfaces ([48]). It is also known for abelian varieties
([13]), uniruled threefolds ([2]) and elliptic modular varieties ([19]).

3.3.5 Conjectural filtration on Chow groups (4.3.2 of
48])

In the 1970s, Beilinson, based on his (still conjectural) theory of mized motives,
conjectured about a possible filtration on the rational Chow groups of a smooth
projective variety (it was also independently conjectured by Bloch). We list
the conjectural properties of a Bloch-Beilinson filtration below (as formulated
by Jannsen in [27])

3.3.6 Definition. (Conjectural filtration) For X € V (k) of dimension d, there
exists on CH"(X;Q) a decreasing filtration F¥, (v > 0) with the following

properties:

1. F* = CH"(X;Q), F' = CH", (X;Q).

num
2. F" - F* C F"" under the intersection product.

3. F'* is functorial with respect to correspondences.

4. Assuming Conjecture 3.2.1 (over k), the graded pieces Gr.CH™(X; Q) =
FY/F"*1 depends only on the Grothendieck motive h*" V(X)) := (X, Ax(2d—

num
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2r +v,2r —v),0), i.e.,

Identity , if {t=v
Ax(2d = 2r +£,2r — O).| Gy o (x0) =
, otherwise

5. Frtlt =0
3.3.7 Remark. The conjectural filtration is related to Conjecture 3.3.3 in the
following way: Suppose X € V' (k) of dimension d satisfies Conjecture 3.3.3
together with
3.3.8 Conjecture. The projectors {maq, Tog_1, -+ , Tory1} and {mg, 71, , M1}
operate as zero on CH"(X; Q).

Then one can define a Bloch-Beilinson type filtration F* on CH"(X; Q) with

the following characteristics:

1. Gr%CH"(X;Q) = CH"(ch*"(X)). Hence, one can get the ‘Hodge’

decomposition at the level of Chow groups

CH'(X;Q) = P GryCH'(X;Q).

v=0
2. (Conjecture) The filtration is independent of the ambiguity in the
choices of ;.
3. F1 c CH;, (X;Q) and they are conjectured to be equal.
4. F? C Ker(®,) and again, they are conjectured to be equal.

Hence, Conjecture 3.3.3 and 3.3.8 defines a filtration with some conjectural
properties. It can be shown that this filtration and the one arising from Defi-

nition 3.3.6 are equivalent (Theorem 5.2 of [29]).

3.4 A candidate Bloch-Beilinson filtration

The references for this section are [39] (Chapter 9) and [38]. We will consider
a smooth projective and irreducible variety X (of dimension d) over K C C
which is finitely generated over Q. We will discuss a candidate Bloch-Beilinson

filtration developed by James Lewis in [38]. Except one, Lewis’s filtration has
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all the desirable properties of the conjectural Bloch-Beilinson filtration.

As seen from Definition 2.21 (2) and the alternate definition following Defini-

tion 2.27, we can interpret
©, 1 CHjop (X5 Q) = J(X)g = Bty 5(Q(0), H (X, Q(r))) -
and
cl, : CH'(X;Q) — H™(X,Q(r)) = Exty;5(Q(0), H (X, Q(r))) .

Define F := CH"(X;Q), F' := Ker(cl,) = CHj,

hom

(X;Q). In order to get
a Bloch-Beilinsion type filtration, the next natural step is to define F? :=
Ker(®,) and try to find a map

F? = Bt 05(Q(0), H (X, Q(r))) |

Unfortunately, for two MHS’s Hy and Hs, Exty, ;4(Ha, Hy) = 0if v > 2, since
the functor Ext},;¢(Ha, *) is right exact. Thus F¥=2 cannot in general be cap-
tured by Ext'77¢(Q(0), H*¥(X,Q(r))). Here, note that Ker(®,) = 0 con-
jecturally (Conjecture 2.31) if K = Q or any number field. Thus, F2 = 0 con-
jecturally, in case X is defined over Q or a number field k. But if trdegok > 1,
then there are plenty of examples for which Ker(®,) # 0 and hence poten-
tially 2 # 0. At this point, we cannot resist the temptation of mentioning

Beilinsion’s beautiful (conjectural) formula
GriCH"(X;Q) = Exth (1, h¥ = (X)(r))

where MM(K) is the conjectural category of mixed motives over a given
defining field K of smooth projective varieties and 1 is the trivial object in

the category.

3.4.1 Lewis filtration

Using the cycle class map to absolute Hodge cohomology, James Lewis in [38]
developed the following filtration
3.4.2 Theorem. (Theorem 1.2 of [38]) Assume given a smooth projective
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variety X/K, where K/Q is a finitely generated overfield. Then for all r,

there is a filtration
FCH"(X/K;Q DF'DF*> ... DF'OF'M . ..OF DF =2 =...

which satisfies the following
1. F°CH"(X/K;Q) := CH"(X/K;Q) and FICH"(X/K;Q) = CH},, (X/K;Q).
2. F?°CH"(X/K;Q) C Ker(®,).
3. F'- F* C F'*s where - is the intersection product.

4. F" 1s preserved under the action of correspondences between smooth pro-

jective varieties.

5. If we assume that the Kiinneth components of the diagonal class are
algebraic (Conjecture 3.8), then the graded pieces Gr,CH"(X/K;Q) :=
FY/Ev*Y depends only on the motive

hrV(X/K) = (X, Ax/i(2d — 2r + v,2r — v),0),

hom
1.€.,

Identity , if {t=v
Ax/K(Qd —2r + g, 2r — g)*‘Gr’I;CHT(X/K;Q) =
, otherwise

6. Let D"(X/K) := N, F”. If we assume that the rational Abel-Jacobi map
for smooth quasi projective varieties over Q is injective, then D"(X/K) =

0 and hence F™t' = 0.

3.4.3 Remark. By a conjecture of Jannsen ([27] (5.20)), the above variant
of Conjecture 2.2.17 for smooth quasi projective varieties should be true, and
indeed can be proven to be the same conjecture under the assumption of the

Hodge conjecture.

Although we won’t give a complete proof of Theorem 3.4.2) it is instructive
to explore the main idea: First we need the formalism of absolute Hodge

cohomology
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Absolute Hodge cohomology ([4] and Section 3 of [38])

Since we are only interested with the formal properties, we will give a brief

definition. Interested readers can find the details mainly in [4].

Let A C R be a subring such that A ® Q is a field.
3.4.4 Definition. A mixzed A-Hodge complex consists of the following:

1. A complex K% of A-modules, that is bounded below, such that HP(K )
is an A-module of finite type for all p (technically, we are working in the

derived category of complexes).

2. A filtered complex (K;@@,W) of A ® Q-vector spaces that is bounded

below, and an isomorphism K3}, =, K% ® Q in the derived category.

3. A bifiltered complex (K&, W, F) of C-vector spaces, and a filtered isomor-

~

phism a : (KgW) — (K350, W) ® C.

4. For everym € Z,
Crip K g = (Gri K2, F)

is a polarizable A @ Q-Hodge complex of weight m.
3.4.5 Definition. A cohomological mixed A-Hodge complex on a space VV is
essentially a sheafified version of the definition of a mized A-Hodge complex.
For a precise definition, see [8], Definition 1.8. A cohomological mized A-
Hodge complex naturally gives rise to a mized Hodge complex by applying the
functor T(W, —) to a corresponding acyclic resolution of a given complex of

sheaves on W.

We will work under the following set up: X/K is a smooth projective variety
(of dimension d), Y/K is a normal crossing divisor, and j : X — Y —— X is

an inclusion. The cohomolofical mixed Hodge complex of our interest is
(R7.Q, (R5.Q, W), (5 (Y), W, F)) ;
and the corresponding mixed Hodge complex will be denoted by
(K% (Kge W), (K&, W, F)), A=Q.

Then
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3.4.6 Definition. The absolute Hodge cohomology H; ((X — Y )c,Q(r))

is given by the cohomology of the cone complex

M?® = Cone (K; © WoK o ® Wo N FORE 22 ks @ WO(/K(E)> 1],

where W, = (Dec W), is the filtration decalée (see [12]) and o, § comes from
the definition of morphism in a derived category (see Section 3 of [38] for
details).

There is a short exact sequence
0= JH"((X=Y)e,Q(r))) = Hy (X=Y)e, Qr)) = T(H" (X ~Y)c, Q(r)) = 0.

Now, we set

H3 (X = Y)e, Q(r)) = U(Hp (X,Q(r))),

where W is given by restriction (noting that for X/K smooth projective,
H3 (X, Q(r)) = HE (X, Q(r))).

Sketch and main ideas for Theorem 3.20

We can find a smooth quasi projective variety S/Q with generic point

s = lim U,
Uucs/Q

(where U is affine Zariski open subset of S) such that Q(S) & K and spread
out X/K to a family p : X — S with &, = X, where X' is smooth and
quasi-projective over Q and p is smooth and proper (it is called a Q-spread).

There is a cycle class map
CH"(X;Q) — HY(X,Q(r))

to absolute Hodge cohomology, which would be injective if we assume the BBC.
Further, since CH"(X) — CH"(X) is surjective, the cycle class map takes its
image in H3, (X, Q(r)). There is a decreasing filtration {F*CH"(X;Q)},>0
with the property that

GryCH(X;Q) < BX ()

39



where E%2"7(p) is the v-th graded piece of a Leray filtration associated to p.

The term E%?"7(p) fits into the short exact sequence

0— EZ2"(p) = BL " (p) = E2* " (p) = 0, (3.4.6.1)
where
EV2(p) =T (H"(S, R "p.Q(r))) , (3.4.6.2)
and
J(W_ H" (S, R p,Q(r . .
gz (p) = LWL ST 000D ¢ pa=(s. R paatr))

- D(GroH" (S, R p,Q(r)))
(3.4.6.3)

(the later inclusion is given by the short exact sequence
W H" (S, R p.Q(r)) = Wol" (S, R p,Q(r)) — Gryy H" (S, R " p.Q(r)) ,
and the image

L(GriyH" 1S, R p,Q(r))) = J (W_1H" (S, R* "p.Q(r))) (3.4.6.4)

can be described in the following way: For y € T'(Gry, H"~1(S, R* " p.Q(r))),

we can choose
v € WoH" Y8, R p,Q(r))), mc € FPWoH" (S, R* " p,Q(r))) ,

mapping to y under the surjection Wy — GrY,. Then the image of y in 3.5 is
given by the image of z — ¢ in J (W_1H"1(S, R*p,Q(r))). ) Under the
identification K = Q(ns), we have (by definition)

F'CH"(X/K:Q) = lim F'OH" (X /Q;Q), Xy :=p (V).
UcsS/Q

We set

Er2(ns) = Ty BZ(py)
UcsS/Q

and same definitions for E%* " (ns) and gl;%_y(ﬂg). Specifically,

B2 (s) = T(H (s, B~ p.Q(r))
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and

32" (ns) = J (Wi H" ™ (ns, B~ p.Q(r)))) /T (Griy) -

Similar to 3.4.6.1, we have a short exact sequence
0— EZ2 " (ns) = EX " (ns) = EZ* ¥ (ns) = 0, (3.4.6.5)

and an injection: Gr“CH"(X/K;Q) — E%* " (ns).

3.4.7 Remark. Typically in this thesis, we will consider X /K, a smooth
projective variety which is obtained as a base change from a smooth projective
and irreducible X defined over Q. Note that, for such a situation, one can

choose a product Q-bar spread
PTsi(SXX)@—)S,

where S is a smooth projective variety over Q with generic point ng, such that
Q(ns) 2 K and ng x X = Xg.

In later chapters, by a Bloch-Beilinson filtration we will always mean the candi-
date filtration of Theorem 3.4.2. We note here that assuming a Chow-Kiinneth
decomposition for X and BBC, Lewis filtration is same as the one developed
by S. Saito in [51]

As a final remark, we should clarify that for a Chow group CH"(X;Q) and
a candidate Bloch-Beilinson filtration, the condition that F™*! = 0 is perhaps
the most crucial, as the vector space D"(X) measures precisely whether we
can capture the whole of CH"(X; Q) using cohomological methods. Further,
by the BBC (Conjecture 2.2.17), D"(X) = F"! = (.
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Chapter 4

Height function and the

Néron-Tate pairing

The main references for this short chapter are [53], [7], [49] and [54]. We con-
sider a number field K with its fixed algebraic closure K C C and a smooth
projective variety X/K. By X(K) we mean the K-rational points of X (sim-

ilarly X (K)).

4.1 Height Function

As a motivation, one could roughly describe a height function as a function H :

X (K) — R which defines the ‘arithmetic complexity’ of a point P € X (K).

4.1.1 Height of K-rational points

To start off, suppose K = Q. For § € Q (written in lowest terms) we can

define H(§) := max||al, |b|] as a height function. More generally, for a non-

zero point P = [xo;x1;- - ;2n] € PY(Q) such that (zg, -+ ,7y) € Z and
ged(|xol, -+, |zn|) = 1, we define the height of P by
H(P) = maz(|zo|, |21, , [xn]].

It is easy to see that there are only finitely many points of bounded heights in
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the above case.

Similarly, for a number field K, we define the height of a non-zero point
P =29, 21, -+ ,2n] € PR(K) by

Hy(P):= [] mazlllzolls, - [lenll]:

veMg

Here, Mg denotes the set containing an archimedean prime for each embedding
of K in R or C and a p-adic absolute value for each prime ideal in Og, the

ring of integers in K.
Sometimes it is more convenient to use the absolute logarithmic height :
MP) = o log(Hie(P))
= ———log :
K

The absolute value is well-defined for P € PY(K).

Heights on Projective varieties

Let X be a smooth projective variety defined over K and ¢ : X — P¥ be a

morphism. For x € X (K), we define :

he(x) := log(Hy(x)) =: h(¢(x)).

The group Pic(X)

Let X be as defined above. We define Pic(X) to be the group of isomorphic
classes of algebraic line bundles (locally free sheaves of Ox- modules of rank
1, here Ox is the sheaf of regular functions) on X, with multiplication being
the tensor product. One has Pic(X) = H'(X,0%) 2 CHY(X). If f: X > Y
is a morphism and ¢ a line bundle on Y, then f*c defines a line bundle on X

and we have a homomorphism

f*: Pic(Y) — Pic(X).
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If for any x € X, there is an element of the global section s of a line bundle
such that s, # 0, then F is said to be generated by its global sections. For an
element ¢ € Pic(X) generated by its global sections, we get a corresponding
morphism ¢, : X — P¥. We say ¢ is very ample if the corresponding morphism
¢, is an immersion. We say that c is ample if there is an integer m > 0 such

that mc is very ample.

Heights and line bundles

Let H be the quotient of the vector space of real- valued functions on X (K)
modulo the space of bounded functions. Note that, we can write any ¢ €
Pic(X) as ¢ = ¢y — ¢y, where ¢, : X — P are immersions and c,cy, are the
corresponding (very ample) line bundles. We thus have the following

4.1.2 Theorem. There is a unique map ¢ — h. of Pic(X) to H such that,

1. h,,y =he.+hy foralc,c € Pic(X)
2. If c is very ample then h. = hg,

The key point in the above theorem is the fact that if ¢y, = c4,, then the
corresponding hy, = hy,+O(1), where O(1) denotes ‘up to bounded functions’.
It uses the fact that the vector space I'(X,¢,) of global sections of the line
bundle ¢, is finite dimensional and change of basis does not change hg.

4.1.3 Definition. (Divisors algebraically equivalent to zero in Pic(X))

For a non-singular variety X, an element ¢ € Pic(X) is algebraically equiv-
alent to zero if its image is algebraically equivalent to zero in CHY(X). We
denote the subgroup in Pic(X) of elements algebraically equivalent to zero by
Pic®(X). The Neron-Severi group of X is the quotient NS(X) := Pic(X)/Pic®(X).
4.1.4 Remark. Up to now, we have only defined algebraic equivalence for X
defined over an algebraically closed field. More generally, if X is defined over
a subfield k of C, we define a cycle £ € CH"(X) to be algebraically equivalent

to zero, if its image lies in CHglg(X,;/l_c).
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4.2 Néron-Tate pairing

4.2.1 Néron-Tate normalization

4.2.2 Proposition (Tate). Let S be a set and w: S — S a map. Let [ be a
real-valued function on S such that fom = Af +O(1), with A\ > 1. Then there

is a unique function f on S such that
1. f=f+0()
2. for=M\f
and we have
Fa) = lim (1A f ("),
for every x € S.
The function f satisfies obvious functoriality and commutativity properties.

Suppose for a morphism ¢ : X — X and for ¢ € Pic(X) that we have ¢*c = Ac
with A(€ Z) > 1. Then by the Theorem 4.1 we have h.(¢(z)) = Ah.(x)+O(1)
on X (K). By the above proposition of Tate, we get a unique function h. such
that h, = he+O(1) and he(¢(x)) = Mhe(x). This is the normalized logarithmic
height.

4.2.3 Height pairing in abelian varieties

4.2.4 Theorem. Let K be a number field and A be an abelian variety defined
over K. There is a unique function ¢ — h. on Pic(A) with values in the space
of real valued functions on A(K) such that,

1. ho(x) = he(z) + O(1), where he is as defined in theorem 4.1.
2. Additivity: he, e, = he, + he,.

3. Functoriality: for all endomorphisms ¢ : A — A, we have

71(1)*0 = 710 o ¢7
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for ¢ € Pic(A). Further if B is another abelian variety and ¢ : B — A

18 a homomorphism, then
El/)*c - iLc o ¢7

for all ¢ € Pic(A).

Let ¢ € Pic®(A), we identify ¢ with a point in AV(K) where A" is the dual
abelian variety. Then, using the Néron-Tate height function, one can define a

Néron-Tate pairing
(-,) : A(K) x AY(K) = R, (P,¢) := ho(P —0),

where 0 € A(K) is the group identity. In [49], Néron showed that the above
pairing could be seen as a sum of local pairings (called Néron’s local symbols).
Néron-Tate pairing has the property that for every polarization A : A — AV,
the bilinear form : (z,%) := (x, A\(y)) is positive definite on A(K)g. Also, for
any homomorphism f : A — B of abelian varieties, the pairing satisfies the

following projection formula:

(xvf\/(y))A = (f(17>,y)B fO?“I‘ S A<F)7y S BV(K%

where fV : BY — AV is the dual morphism.
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Chapter 5

A brief tour of Arithmetic

Intersection Theory

In this chapter we present a brief exposition of arithmetic intersection theory,
an area developed by Gillet and Soulé. Interested readers can find the details

of arithmetic intersection theory either in [17] or in [9].

5.1 Motivation

For a variety X defined over a number field k, there is a very satisfactory notion
of intersection theory on its Chow group CH*(X;Q) developed by Fulton
([16]), with many desirable properties (actually for any field k, for that matter).
Given the successes of such an intersection theory, it is only natural to ask for
a similar theory for varieties defined over the ring of algebraic integers Oy, of k.
Now, Oy has both finite primes and primes at infinity (which corresponds to
embeddings of k inside C) and to have a good intersection theory, one has to
take into account these infinite primes as well. For example, if one considers
the degree map C H'(Spec(Z)) — Z from the usual Chow group, then it is not
an invariant under rational equivalence; indeed all such cycles are rationally
equivalent to zero, while the definition of the degree of a divisor of a rational
number ¢ is log|q|. So, we cannot have a good notion of intersection numbers
unless we remedy this situation. We can do it by adjoining a point v at
infinity to Spec(Z) corresponding to the only real embedding of Q and define

the v-adic valuation of a rational number ¢ to be —log|q|. It now follows from

47



the product formula that a principal divisor has degree zero. Spec(Z) is an
example of an arithmetic curve (since it has dimension 1), more generally we
can consider X — Spec(Oy), where X is a regular scheme, projective and flat
over Spec(Oy). Gillet and Soulé considered a more general version of the usual
Chow group for such schemes, by taking into account the ‘places at infinity’
and systematically developed an intersection theory, which was the correct

analog of the one for varieties defined over a number field.

5.2 Green currents

This section is borrowed mainly from Chapter II of [9], including most of the
notations. We will state the main results and theorems, the proofs of which
could be found in [9] .

5.2.1 Currents on a smooth complex projective variety

Let X be an irreducible smooth complex projective variety of complex dimen-
sion d and AP?(X) denote the vector space of C-valued differential forms of

type (p,q). The space A™"(X) of differential forms of degree n is given by

AMX)=  A(X). (5.2.1.1)

ptq=n

We denote by 9 : AP9(X) — APTLI(X), 0 : APY(X) — APIHL(X) and
d=0+0: A"(X) — A"(X) the usual differential operators (all of these

notions are defined in chapter 2).

Let D,(X) := A"(X)*, denoting the space of linear functionals on A™(X),
which are Schwartz continuous: for a sequence ~, C A"(X) with Supp(~,)
contained in some compact set K and T € D,(X), we have T(v,) — 0, if
v — 0 (which means that all the coefficients in the sequence of forms {~,}
together with finitely many of their derivatives tend uniformly to zero on K

when 7 — 00). By 5.2.1.1 we obtain a similar decomposition

D,(X)= P D,,(X), (5.2.1.2)

p+q=n
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D, ,(X) being the duals of AP9(X).
5.2.2 Definition. We define D?9(X) := Dg_pa—q(X) to be the space of (p, q)-

currents on X.

The differentials 9, 9, d induce similar maps &, 3, d from DP4(X) to DP*14(X), DPa+1(X)

and DPTIH( X)) respectively. We have an inclusion map
AP X)) — DPI(X)

v =[],
defined by
() = / Y Aa, ae ATPEIX) .
X

Here we fix an orientation on X by declaring that

—=1\"
<T> dzl/\dil---dzn/\dén,

has positive orientation on C". If p + ¢ = n, from Stokes’ theorem we get

[dy](a) = (=1)""(d')(a) -

Denote (—1)" ™1, (—1)”“5/ (—=1)"*'d’ by 9, 0, d respectively. We have com-

mutative diagrams

API(X) < DPI(X)
0 0
Ap+1,q<X) c Dp+1,q<X>

(similarly for @ and d). These diagrams induce isomorphisms on the level of

cohomology with respect to 9, 9, d .

For every irreducible analytic subvariety Y '+ X of codimension p, we can
define a current §y € DPP(X) by setting, for all & € ATP4P(X),

5y (a) = / "o
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where Y™ denote the non-singular locus of Y. It follows from Hironaka’s the-
orem on resolution of singularities that dy is well defined and gives a current.
5.2.3 Definition. Let us define d° := (4mi)~1(0—0) (so that dd® = —(27i)~'00).
5.2.4 Definition. A Green current for a codimension p subvariety Y, is a
current g € DP~YP=1( X)) such that

ddcg + (Sy = [’}/]

for some form v € APP(X).
5.2.5 Theorem. Fvery subvariety Y C X has a Green current. If g1 and go

are two Green currents for Y, then
91— g2 = [n] + 951 + 05,

with ne Ap—l,p—l(X)} Sl c Dp*Q’p*I(X), 52 c Dpfl,pf2(X)‘

For subvarieties of codimnsion 1 (divisors) on X, there is a natural choice of
Green current given by the following

5.2.6 Theorem. (The Poincaré-Lelong formula). Let L be a holomorphic line
bundle on X with hermitian metric || - ||, s a meromorphic section of L and
ci(L,||-]]) the first Chern form of L. Then —log||s||* € L'(X), hence induces
a distribution [—log||s||?] € D®°(X). This is a Green current for divs :

dd*[~logl|s||"] + 0aivs = [ea (L, || - 1)] -

5.2.7 Green forms of logarithmic type

As in the previous section, X will denote an irreducible smooth complex pro-
jective variety and Y C X is an analytic subvariety.

5.2.8 Definition. A smooth form a on X =Y is said to be of logarithmic type
along Y, if there exists a projective map w : X — X such that E := 7 1Y) is
a divisor with normal crossings, T : X — E — X —Y is smooth and « is the
direct image by © of a form B on X — E with the following property : Near

each x € )A(i, let z129-++ 2z, = 0 be a local equation of E. Then there exists O
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and O closed smooth forms oy and a smooth form ~ such that
k
B=> loglzi* + 7. (5.2.8.1)
i=1

If « is of logarithmic type along Y, it is locally integrable on X, hence it

defines a current [o, which is the direct image by 7 of the current [A].

5.2.9 Lemma. e Let f: X' — X be a morphism of (irreducible) smooth
projective varieties such that f~1(Y) # X', and on X =Y, let a be a
form of logarithmic type along Y. Then the form f*(a) is of logarithmic
type along f~1(Y).

o Let f: X — X' be a projective morphism of (irreducible) smooth projec-
tive variety and « be a form on X —Y logarithmic type along Y. Assume
that f is smooth outside Y and f(Y) # X'. Then f.(«) is of logarithmic

type along f(Y) and f.([a]) = [fu()].

Now, we state a very important result related to the existence of Green’s
current of logarithmic type:
5.2.10 Theorem. For every irreducible subvariety Y C X there exists a
smooth form gy on X —Y of logarithmic type along Y such that [gy] is a
Green current for'Y :

dd[gy] + oy = [w]

where w 1s smooth on X.

For the proof, see [9]. After all these set up and results about existence, we
give an example of a Green current of logarithmic type :

5.2.11 Example. Let X = P? with homogeneous coordinates Xy, -- , Xg.
Y defined by Xy = --- = X,_;. Define

0 :=log (| Xo|* + -+ + |X4|*) , @ :=dd0 on X ;

o :=log (| Xo]*+ - +|Xp|?), Bi=ddcon X —Y ;

p—1
A:=(0—-0) (Zo//\ﬁp_l_i) onX—-Y.

i=0
Then, one can show that [A] defines a Green current of logarithmic type along
Y.
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Such explicit examples of Green currents are rare.

5.2.12 The *-product of Green currents

Let X be as before and Y, Z C X be closed irreducible subsets such that
Z ¢ Y. Denote by gy a Green form of logarithmic type for Y. Let p : Z—Z
be a resolution of singularities of Z and ¢ : 7 — X its composite with the
inclusion Z C X. Now by Lemma 5.2.9 we know that ¢*gy is of logarithmic
type along ¢~ 1(Y). In particular it is integrable and the formula

lgv] A6z = q.]q" gv]

defines a current on X. For any Green current gy for Z, we define the *-
product with [gy] to be
5.2.13 Definition. Define [gy]* gz := [gy] Aoz + [wy] Agz. If codimxY =n

and codimxZ = m, then [gy] * gz € Dn+m_1’n+m_1(X)-

The most important result about the x-product of Green currents is the fol-
lowing
5.2.14 Theorem. IfY, Z intersect properly, i.e, if YNZ = U;S; with codim x.S;

codimxY + codimxZ = n+ m, then
dd“([gy] * 9z) = [wy Awz] — Z 1i0s;

where the integers p; = u;(Y, Z) are the intersection multiplicities (see [16],

Chapter 7 for intersection multiplicities).

The essence of this theorem lies in the following observation : Let Y o Z de-
note the algebraic intersection of the two subvarieties, then [gy| * g serves as

a QGreen current for it.

We end this subsection on Green currents by listing down its few properties

(from now on, we will write gy * g instead of the notation used before):

o Let Y C X be a closed irreducible subset and X’ be an irreducible
smooth projective complex variety and f : X’ — X with f~}(Y) # X',

If gy is a Green current of logarithmic type for Y, then f*gy is a Green
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current of logarithmic type along f~1(Y") for the cycle f*(Y) :
dd° f*gy = [[*wy] = > pads,
where 1Y) = U;S; with codimxS; = codimxY and y; are the multi-

plicities of the cycle f*(Y).

e Let Y C X be a closed irreducible subset and gy be a Green current for
Y. By Theorem 5.2.10, we get a Green current gy of logarithmic type
along Y. Also, Theorem 5.2.5 asserts that

gy = gy + [n] + 0S5, + 08, .

So, modulo Imd + Imd, every Green current can be represented by a
Green current of logarithmic type along Y.

Let Y, Z C X be closed irreducible subsets and Z ¢ Y and gy (resp. gz)
a Green current for Y (resp. Z). We can define the *-product of

gy * gz = Jy * gz modulo (Imd + Imd)

where gy is any Green current of logarithmic type, congruent modulo
Imd + Imd. One can show that this definition does not depend on the

choice of gy. Furthermore, we have
gy * 9z = gz * gy modulo (Imd + Imd) (Commutativity)

and for closed irreducible subvarieties Y, Z, W C X meeting properly

and respective choice of Green currents gy, gz, gw

gy * (97 * gw) = (9v * 9z) * gw modulo (Imd + Imd) (Associativity) .

The proof of all these facts can be found in Gillet and Soulé’s original paper
([17]). But to get an idea, one can just compute pretending that the above

Green currents are forms (see the end of chapter II in [9] ).
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5.3 Arithmetic Chow groups and the intersec-

tion pairing

Although we will only restrict ourselves to arithmetic varieties X over Spec(Oy)
(where k is a number field) whose generic fibre X is smooth projective, we
will give a more general definition (and properties), as in [17].

5.3.1 Definition. (Arithmetic ring) An arithmetic ring is a triple (A, ", Fx)
consisting of an excellent noetherian reqular integral domain A, a finite nonempty
set Y of embeddings o : A — C and a conjugate linear involution of C-
algebras, Fs, : CX — CX such that the diagram

5
A cx
= F
5
A cx

commutes. Here ¢ denotes the map induced to the product by the family {o :

A = Cloex. We also have the induced commutative diagram

5/

C®z A cX
6/

C®z A (@3

where ¢(z) = Z and §' = Id ® o,cx. We use the notation Cx = e Cy, s0

that 0 : A — C,.

5.3.2 Example. e This is the typical example we will consider: Let Oy
be the number ring of a number field k, >~ = Hom(Oy,C) and F,, be

the usual Frobenious on C2=.

e A =R, > is the obvious embedding of R in C and F,, the complex

conjugation

e A=C. Then (C,{Id,c}, Fy) is an arithmetic ring, where ¢(z) = z and
Foo(a,b) = (b,a).
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A homomorphism of arithmetic rings f : (4,3, Fy) — (A, Y, F.) is a pair
fi:A— A and fo : CEZ — C¥' with f, a homomorphism of C algebras, with
some commutativity conditions. Note that, for an extension [/k of number
fields, there is an obvious inclusion O, < O; of their number rings. Also, we

observe that Z is an initial object in the category of arithmetic rings.

5.3.3 Arithmetic Chow groups

5.3.4 Definition. Given an arithmetic ring (A, >, F), an arithmetic va-
riety X over A is a scheme which is flat and of finite type over S = Spec(A),
m: X — S. If F is the field of fractions of A, we write X for the generic
fibre and suppose that it is smooth. For s € S, we write X(s) = n~1(s) and
foro €, we denote Xo = X X, C and Xy = X x4 CX. Finally, we denote
by Xoo = X5(C), the analytic space associated to the scheme Xs-.

The conjugate-linear automorphism F,, induces continuous involution of X.
Since X is smooth, X, is a complex manifold. We denote by AP9(X), the
space of (p,q)-forms on X, similarly DP4(X), the space of (p,q)-currents
on X. Let AP9(Xg) (resp. DPP(Xg)) to be the subspace of APP(X) (resp.
DPP(X)) consisting of real forms (resp. currents) satisfying Fia = (—1)Pa.

Similarly, we define
APP(XR) := APP(Xg)/Imd + Im0,
A(XR) := @20 APP(XR),
and if Xp is projective, then
HPP(XR) = {a € H??(X,R) = H*(X,R) N H*?(X); FXa = (—1)Pa}.

For an arithmetic variety X over an arithmetic ring (A, >, Fi) with smooth
and quasi-projective generic fibre X , we have the usual notion of (arithmetic)
cycles of codimension p, denoted by ZP(X). Given an integral subscheme
Y C X of codimension p, Y,, C X is an analytic subspace invariant under
F,. Hence integration over Y., defines a current in DPP(Xg), which we shall

denote by dy. Extending linearly, we get a map
ZP(X) — DPP(XR).
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Now, let ZP(X) be the subgroup of Z?(X) & DP~1»~1(Xp) consisting of pairs
(Z, gz) such that gz is a Green current for Z.

If Y € X is a reduced irreducible subscheme of codimension p — 1 and f €
k(Y)*, one can define (see [17], 3.3.3 for details)

div(f) € ZP(X)

in the usual way (see for example, the definition of a Chow group of a Noethe-

rian separated scheme in section 1.2 of [9]), and an element
is[log|f|*] € DPH7(Xg)
where 7 : Y — X is the inclusion. Denote by

div(f) == (div(f), i.[log|f*]) € ZP(X).

5.3.5 Definition. Let RP(X) be the subgroup by all such pairs d/@\v(f) as above.
We define
CH"(X):=ZP(X)/R(X),p >0,

and call it the arithmetic Chow group of X. We use the notation CH (X) =
®p>0CH' (X).

The map
w: CH'(X) = A(Xa), w(Z,92) = [w7] = ddgz + b
is well defined and helps us to define C/']T.lp(X)o = Ker(w). Also, let

CH?

hom(X> = {Z € CHP(X)u ZF ~hom 0}
and (assuming X to be projective)

c: CHP(X) — HP?(Xz)

is the cycle class map. We have a surjective map C/’EP(X)O — CHy (X)),
sending a class (Z,gz) € C/’ﬁp(X)o to Z € CHy, (X) (for the proof, see part
(ii) and (iii) of Theorem 3.3.5 of [17]). For computations and examples of

arithmetic Chow group, the reader is encouraged to consult either [17] (sec-
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tion 3.4) or [9].

Arithmetic Chow groups behave well under pushforward and pullback of mor-
phisms, as the following theorem states (see 3.6.1 of [17]):

5.3.6 Theorem. Let f : X — Y be a morphism between arithmetic varieties
over an arithmetic ring (A, ., Fy). Suppose that f induces a smooth map
Xp — Yr between generic fibres of X and Y. Then:

o If f is flat, for all p > 0, there is a natural map

f o CH (Y) = CH (X).

o If f is proper, and X,Y are equidimensional. there is a map
— ——p—6
fo:CH'(X) = CH "(v)

for 6 = dim(X) —dim(Y). If f: X - Y,g:Y — Z are two maps
inducing smooth maps on the generic fibres, then (gf)* = f*¢* and

(9f)« = guf+ when either compositions make sense.

5.3.7 Intersection theory

For a regular, noetherian and separated scheme X (of dimension d) and a
closed subscheme Y C X, define Z}.(X) to be the free abelian group of codi-
mension p integral subschemes supported on Y. One can then accordingly
define the Chow group with support in Y, denoted by C' Hi.(X). Observe that
if Y has codimension p, then CH} (X) = Z}.(X). There is an isomorphism

CHY(X;Q) := CHY(X) 2 Q= GrP K} (X; Q)

where GTZ;KS/ (X; Q) denotes the graded piece associated to the y-filtration on
the K-theory with supports in Y (and Q coefficients). See [9] for the proof of

this result. This isomorphism allows us to define a product
CHY(X;Q) ® CHY(X;Q) — CHYLY(X:Q)

given by the natural (tensor) product in K-theory. This product, together with

the s-product of Green currents, allows one to define the following intersection
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product on the arithmetic Chow groups:

5.3.8 Theorem. For a reqular arithmetic variety X, there is a pairing
— — ———p+
CH'(X)® CH'(X) = CH "(X;Q), (Y.gv) ® (Z.g2) = (Y - Z,gv * g2).

where - denotes the intersection product discussed above and C/'EZ(X,@) =
@Z(X) ®z Q, for any i with 0 < i < dim(X). This pairing has the following

properties:
1. C/'?I*(X; Q) := CH (X)®zQ is a commutative graded unitary Q-algebra.

2. (Functoriality) Let X,Y be reqular arithmetic varieties and let f : X —
Y be a morphism satisfying all the criterions of Theorem 5.3.6. Then

one has
Flaes) = faefs
for a € C/'?IP(Y) and 8 € C/']TIq(Y). e also satisfies the following pro-

jection formula:
ffraep) =aefpeCH " (vV:Q)

where 9 is as in Theorem 5.3.6 and o € C/'EP(Y) and € C/'?Iq(X).

We end this chapter with the definition of arithmetic intersection number for
regular and equidimensional (of Krull dimension d + 1) arithmetic varieties
defined over S = Spec(Oy), where Oy, C k is the ring of integers of a number
field k: To start off, we have the following degree (see [17], section 3.4.3)

deg : C/’]TII(S) —R

defined by (Z,gz) — log|Z| + 5 [4g, where Z = @®n;p; for finite primes g;
(1Z] = |Ok/9il), 9 = {9go}oes, 9o € Rand [, g = > vey Yo Now we have the
following

5.3.9 Definition. Let X be a regular, equidimensional (of Krull dimension d+
1) arithmetic variety over S = Spec(Oy), where Oy C k is the ring of integers
of a number field k. Given two arithmetic cycles z, € C/’ET(X) and zo €
C/'IjldirH(X), we can define the arithmetic intersection number (or arithmetic

degree) ge\g(zl e 25), through the following sequence of maps

——d—r+1 deg

CH (X))o CH(X) = CH™ (X:Q) =~ CH (5:Q) 2% R ,
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where m: X — S denotes the structural morphism.
5.3.10 Remark. As pointed out in 4.3.8 (iii) of [17], the above pairing induces
a pairing

CH; (X)® CH-™(X) > R.

hom

In the next chapter, we will see that this pairing induces Beilinson’s height

pairing (under certain assumptions).

This ends our brief and incomplete survey of this beautiful area. We have only
collected the results that we need for the following chapters. There are many
details that are being skipped. Interested readers are encouraged to consult
[17] and [9] for further reading.
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Chapter 6

Beilinson’s height pairing via

arithmetic intersection theory

In this small chapter, we introduce Beilinson’s height pairing on Chow groups
of cycles homologous to zero ([5]). We will describe this height pairing in light
of arithmetic intersection pairing, as discussed in [34]. First, we have to set
up the assumptions and definitions to work with.

6.0.11 Assumption. Let k,Oy always denote a number field and its ring
of integers respectively. In this chapter, an arithmetic variety will denote a
scheme which is projective and flat over S = Spec(Ox) and has a smooth
generic fibre.

6.0.12 Definition. Let X/k be a smooth projective variety over a number
field k of dimension d. A model of X is an arithmetic variety X over S such
that X;; = X. A model X which is also a reqular scheme is called a regular

model.

To introduce Beilinson’s height pairing through arithmetic intersection theory,
we have to assume that a smooth projective variety X/k (of dimension d) has

a regular model X /S (which is equidimensional and of Krull dimension d+1).

For a smooth projective variety X/k (with a regular model X /), define
CH; o (X:Q) = Ker(cl, : CH'(X;Q) — HP?(Xg)).

where cl, is the cycle class map. Since for any such model we have an isomor-
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phism X r = X, the above definition is independent of a regular model of X.

We define C’H]’Zm()?; Q) := Ker(CH"(X;Q) — CH"(X;Q)). Note that,
CH;m()?; Q) c CH, (X;Q). Denote by C’H}in()?; Q)+ the orthogonal com-
plement of CH}m()z : Q) under the pairing

deg : CHj,,(X:Q) ® CH 7(X;Q) - R
described in Definition 5.3.9 (and the remark following it). Let CH] (X;Q)°
denote the image of the canonical map

A CHE Y (X;Q)F — CHY,,, (X:Q) .

We now obtain a pairing

( Vur:CH},, (X;Q)° x CH-™1(X;Q)° - R (6.0.12.1)

hom

which we can define as follows. Given elements x = \(2') (' € C H}l;f“ (X;Q)4)
and y = \(y) (y € CH},,(X;Q)4), we set

—

(x, y)ur = deg(z' o y') .

This pairing does not depend on the choice of 2’ and 3/, but may depend a
priori on the choice of a regular model of X. Now under the
6.0.13 Assumption. CH;  (X;Q)=CH],.(X;Q)°,

we define (, )y7 to be the Beilinson’s height pairing. For a detailed dis-
cussion, we refer to section 5 of [34] (the reader should be careful about the
change of notations).

6.0.14 Remark. In [5], Beilinson described the height pairing in a different
manner, albeit also under the assumption that a smooth projective variety
defined over a number field, admits of a regular model.

In brief, his idea is the following: For a number field k, we have the finite primes
© and the infinite primes o : k£ — C. For two cycles x € CH}  (X;Q) and
y € CHY " (X;Q), he defined the Archimedean part of the height pairing as

hom

(T, Y)HT oo = —/ Gu * Gy
X(C)
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where g, (resp. g,) is a Green current associated to the complex space re-
lated to x (resp. a Green current associated to the complex space related
to y). Also, for each finite prime p he defined a non-archimedean part of the
pairing (z , ¥)ur,, , which resembled the local symbol devised by Neron for di-
visors and zero cycles ([49]). The total height pairing (x, y)gr is then defined
(roughly) as the sum of these local pairings. But under Assumption 6.0.13,
the two definitions should agree (section 2 and 4.1 of [5] is very relevant here)
I Except for the trivial case of divisors and zero cycles, the assumption holds
if X has a smooth model, and more non-trivially it holds for abelian varieties
which has totally degenerate reduction at all places of bad reduction (see [35]
for details).

From now till the end of the thesis, we are going to assume that a
smooth projective variety X/k admits of a regular model and also
that the condition of Assumption 6.0.13 holds.

It follows from the projection formula for the arithmetic intersection pairing,
that

6.0.15 Proposition. (Projection formula for height pairing). For
X, Y two smooth projective varieties defined over k and a correspondence
a€ CH (X X Y;Q), we have

(x, a™(y)urx = ((T) , Yury

for suitable choice of x and y.

6.0.16 Remark. Since regularity doesn’t behave well with taking products,
in order to be completely rigorous one has to use the cap product construction,
as in section 2.3 of [18]. This construction is also relevant when considering
base changes (as in Lemma 8.1 of [34]). One can also probably use de-Jong’s
alteration technique (specifically Theorem 8.2 of [11]) but the author is not

sure !
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6.1 Height pairing for cycles algebraically equiv-

alent to zero

We begin with a technical definition

6.1.1 Definition. (Incidence equivalence) For a smooth projective variety X
(of dimension d) defined over an algebraically closed field k C C, an element
u € CHy, (X;Q) is said to be incidence equivalent to 0 (~,. 0) if it
satisfies a,(u) = 0 in CHY(T) for every smooth projective variety T/k and
every correspondence o € CHY ™ (X x T;Q). We denote the subgroup of

cycles incidence equivalent to zero by I"(X; Q). We have the isomorphism
CHy,(X;Q)/I"(X;Q) = Pic"(X)(k),

where Pic"(X) is a certain abelian variety, known as the (higher) r-th Picard
variety (see Section 7 of [34] for details).

From now on, k will again denote a number field. For z € CHy, (X;Q),
there exists a finite extension K/k, a geometrically irreducible curve Cx over
K, an element 2’ € CH}  (Ck;Q) and a correspondence o € CH"(Cx X
Xk;Q) such that a.(2') = zgx. Using this, Kiinnemann ([34], Lemma 8.1)
showed that under the assumption of the existence of regular models, we
have CH;,,(X;Q) C CHj,,,(X;Q)°. Hence we have a well-defined Beilin-
son’s height pairing

CH,,(X;Q) x CHL ™ (X;Q) = R,
which has a description via the Neron-Tate pairing on Picard varieties (The-
orem 8.2 of [34]):
6.1.2 Theorem. Forx € CH}, (X;Q) and y € CHY X Q), we get

alg

g = (@ e )

Xz

Picr(Xg)

where Pic"(X3) denotes the r-th Picard variety associated to Xy (which is
an abelian variety defined over k), 0" is the natural Picard homomorphism,
}g”l is the duality homomorphism between Pic®™"Y(X) and Pic"(X)V (dual

of Pic"(X)). The pairing (, )picr(x,) is the Neron-Tate pairing for abelian
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varieties.

To see a detailed proof of this theorem, and to get an idea about Picard
varieties, see sections 7 and 8 of [34].

6.1.3 Remark. As mentioned at the end of Section 10 of [34], if we assume
that numerical and homological equivalence on X3, agree up to torsion, then we

have an isogeny between Pic"(X3) and J!, (X) (or cycles incidence equivalent

alg
to zero are same as cycles Abel-Jacobi equivalent to zero inside C'Hp, (X)).
(X).

One can get a similar height pairing relation, replacing Pic”(X3) by Jaig

Under the above assumption if one chooses a hyperplane section Ly € CH'(X;Q),
then [Lx]4 2+ Jr, (X) — JE " X)g = J"

alg alg w1g(X)g 1s a polarization. We get

the following relation:

(@, L @)ur = (@4(2), [L177(20(2)))

atg(X) 7

for x € CH g,g(X ;Q), where = means equality is up to a positive constant.

6.1.4 A Hodge-index result for cycles algebraically equiv-

alent to zero on an abelian variety

While developing the height pairing in [5], Beilinson predicted the following
results (conjecture 5.3 and 5.5 of [5]):

6.1.5 Conjecture. Let Ly : CH"(X;Q) — CH"™(X;Q) be the operator
associated to the hyperplane section Lx € CH'(X;Q). Then for 2r < d+1
(d = dim(X)),

e (i) The operator

LdX—Qr—H . CH;om(X; Q) N C«Hd—r-i-l(X;Q)

hom

is an isomorphism

e (i) Ifz € CHJ, (X;Q), x # 0 and such that L% () = 0 (primitive
element), then
(=) {x, LT (2))gr > 0.

Note that (ii) resembles the Hodge-index conjecture for primitive Chow groups.
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We still don’t know the status of this conjecture; it seems that (i) should hold
only for algebraically closed fields. In any case, Kiinnemann has the following
result for an abelian variety A/k of dimension d, in [34] (Theorem 12.1).

6.1.6 Theorem. Let B"(A;Q) = CH!, (A;Q)/I"(A;Q) where I"(A; Q) de-

alg
notes the subgroup of CHy, (A; Q) of cycles incidence equivalent to zero in Ag.

Let Ly € CH'(A; Q) denote a hyperplane section and 2r < d + 1.

e (i) The operator
Ly B(4;Q) — BT AQ)

s an isomorphism

o (ii) If v € B"(A;Q), x # 0 and such that L *2(x) = 0, then
(=) (x, L2 (2))gp > 0.

6.1.7 Remark. Assuming that homological and numerical equivalence agree

up to torsion, the subgroup I"(A4;Q) is same as the subgroup
CHglg,AJ(AQQ) = Ker ((Dr : CHglg(A;Q) - (:lg(A)@) .

Now, if one assumes the Bloch-Beilinson conjecture that the rational Abel-
Jacobi map is injective, then I"(4;Q) = CHJ, 4,(4;Q) = 0. So, it is a
reasonable guess that Theorem 6.1.6 should hold for CHy,,(A; Q) and not just
for B"(A; Q). Also in Remark 12.2 of [34], it is mentioned that the result could
be generalized for any smooth projective variety X/k (of dimension d) if one

assumes the standard conjectures of Lefschetz type, along with the following:

e (a) The intersection product on CH;  (X;Q) is zero (this is actually
Conjecture 5.7 of [5]).

e (b) The Kiinneth components Ax(2d — i,i) induce the zero map on
B"(X;Q) for all ¢ # 2r — 1.

These assumptions all follow from the conjectural Bloch-Beilinson filtration
on the Chow group of X and Bloch-Beilinson conjecture mentioned in the

previous remark. Specifically since X is defined over a number field ,

F’CH"(X;Q) C Ker(®,: CH;, (X;Q) — J(X))=0.
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Hence we can deduce (a) and (b).

This concludes the chapter. Everything in here could be found in [34], in

greater details.
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Chapter 7

Height pairing between higher

graded pieces

This chapter consists of two sections. In the first section, we will develop
and discuss our main result (Theorem 7.0.11). In the second section, we will
speculate about a possible generalization of Theorem 7.0.11 for a family. Note
that from hereon, by a filtration we will mean Lewis Filtration, as discussed in
3.4.1 and k will denote a number field, i.e. a finite extension of QQ with its ring
of integers Oy. We begin, and as a reminder, with the following assumption:

7.0.8 Assumption. (BBC) For a smooth projective variety X defined over a

number field (more generally, over Q), the rational Abel-Jacobi map
CHj oy (X:Q) — J(H*H(X,Q(r)))

18 1njective.

Since we will be interested in smooth projective varieties X/Q, we have to

modify the definition of height pairing. We do so through

7.0.9 Proposition. (Remark 4.0.6 of [5]) Let k'/k be an extension of degree

n. Then CHJ, (X, Q) C CHj, (Xi;Q) (this is immediate by a standard

hom

norm argument) and for a; € CH},(Xy; Q) and ay € CHE " (X,; Q) one

hom
has
1
<a1,a2>k = E(m, CL2>1<;/-
By means of this formula we can define the height pairing between CH}, (X5 Q)

and C’Hd_TJ“l(XE; Q); this pairing is Galois-invariant.

hom

67



For a smooth projective variety X defined over Q, we make the following
definition:

7.0.10 Definition. Let X/@ be a smooth projective variety. For algebraic
cycles a € CHp (X;Q) and B € CHY " (X;Q), we can find a number

hom
field k', a smooth projective variety X'/k' with X = X' @ Q and cycles
o € CH},, (X';Q), B/ € CHE X" Q) such that o = ¢*a’ and 8 = ¢* '

for the finite and proper map q : X — X'. We define

Using Proposition 7.0.9, we can see that this pairing is independent of the
choice of k', X', o/, ’. Note also that the choices of k', X’ depend on the cy-

cles o and £.

Now we state and prove the main result of the thesis:

7.0.11 Theorem. Let X/Q be a smooth projective variety of dimension d
and let K/Q be a finitely generated overfield of transcendence degree v — 1,
where v > 1 is an integer. Lel us assume Grothendieck amended general
Hodge conjecture (GHC) together with the Bloch-Beilinson Conjecture or BBC
(Conjecture 2.2.17). Then there exists a pairing

(., Jur: GrpCH (X3 Q) x GrpCH ™™ (X;Q) = R,

extending Bloch-Beilinson’s height pairing.

7.0.12 Remark. Assuming Conjecture 5.3 and 5.5 in [5], we will show later
that the above pairing is non-degenerate and induces a ‘polarization’ on the
primitive pieces of Gr-.CH"(Xg;Q), analogous to the situation of Hodge-

Riemann bilinear relations on cohomology.

7.1 A key result and the proof of Theorem
7.0.11

We are going to prove a proposition which is essentially the motivation for the

heart of the theorem.
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Note that K = Q(S) where S/Q is a smooth projective variety of dimension
v —1and dim(S x X) =d+ v — 1. Let ng be the generic point of S.
7.1.1 Proposition. Assume the general Hodge conjecture. Let us consider

the projector
P:=Ag®Ax(2d—2r +v,2r —v).

Then we have a surjection
P,: CH], (S x X;Q) - GrCH"(Xg: Q).
Proof. First note that we have the surjection
CH™((S x X)g: Q) —2o» CH' (U x X)g:Q); j: Ux X = S x X,
for affine Zariski open subsets U C S/Q. Now since

lig CH"((U x X)@; Q) =CH"(Xk;Q),
UcsS/Q

we have the following surjection (using right exactness of hgl) :
CH™((S x X)g Q) » CH"(Xx:; Q) = CH((ns x X)g; Q).

Along with the action of P, on CH"((S x X )g; Q), we get the following com-

mutative diagram :

CH™((S x X)g - CH"(Xk;Q)
P, CH'(U x X;Q) (7.1.1.1)
P.(CH"((S x X)g Gri,CH" (X Q)

where, the vertical arrow on the right is given by Ax, (2d — 2r + v, 2r — v)..
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Thus
P.: CH"((S x X)g; Q) - GriCH" (X3 Q).

The key issue now is to replace CH" ((S x X)g; Q) by CHj,,. (S x X)g; Q) and
still get surjectivity. Note that, by the affine Lefschetz theorem, H"(U,Q) = 0
for any smooth affine subvariety U € S/Q. Thus, from the diagram below

CH'((S x X)g Q) A P.(CH"((S x X)g;Q))

cl, cl,

H (S x X)gr @) 202 HY(5,Q) © H* (X, Q) L+ H*(U,Q) ® H**(X,Q) =0,

(7.1.1.2)

we conclude that
J(P.(CH((S x X)g;Q)) € CHy,, (U x X5 Q),
for U smooth. If we show

3 (CHpo (S X X)s Q) = CHy,, (U x X)i; Q),

then we can replace CH"((S x X)g; Q) from the commutative diagram 7.1
with CHy . ((S x X)g; Q) and still get the following surjectivity :

hom
P, : CH;,,.((S x X)g: Q) - GrvCH" (Xx; Q).

Hence we conclude the proof by the following lemma:

7.1.2 Lemma. Let X/Q be smooth projective and j : U < X be open. Then,
J* CHypo(X:Q) = CHy, (U3 Q)
18 surjective.

Proof. Let Y = X\U, with desingularization Y — Y, and the corresponding
map:

c:Y — X.
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For simplicity, we assume that Y has pure codimension /[ in X. One has the

following exact sequence :

H>UY,Q) -2~ H”(X,Q) -~ H(U,Q).

Next, let n € CH},, (U;Q). Then there exists 7 € CH"(X;Q) such that
7*(M) = n. Note that [§] = 0 € H*(U;Q) and thus by Hodge theory,
7] = o.[y] for some [y] € H""(Y,Q). By the Hodge conjecture and
a spread argument (since Q is algebraically closed), we can assume that
v € CH'™'(Y;Q). Thus (- 0.7) € CHj,,(X;Q) and j*(1—0.7)) = 7. O

This indeed shows that j*(C'Hj,,, ((S x X)g;Q)) = CH},,, (U x X)g; Q) and

the result follows. O

7.1.3 Proving Theorem 7.0.11

From Lefschetz decomposition and polarization, we obtain the following (per-
fect) dualities (see [51], Remark 1.3.3, 1.3.4 and Lemma 1.2.4 for details):

NIT_‘Ifl/+1H2T7V(X7 @) % N]c_llfr+1H2d72r+u (){7 @) N Q ’

J\%HH(S, Q) x J\%H”—l(s, Q) —Q.

The pairings above induce natural decompositions :

HQ'I‘—V(X7 @) _ ]\7[7;’—1/+1]_12r—u(){7 @) @{N}']—V—FIHQT—V(X, @)}L 7

H71(S,Q) = NgH" (S, Q) D{NGH" (S, Q)},

and the natural projectors
P - H?T’—V(X’ @) s N;‘I—I/-i-lHQT—V(X’ Q) ’

Q: H"1(S.Q) — NLH"1(5.Q).

Note that, assuming the Kiinneth type standard conjectures or more generally
the Hodge conjecture, the projectors P and () are induced by algebraic cycles
P e CHY((X x X)g;Q) and Q € CH"'((S x S)g; Q) respectively (we use
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the same notations for cycles).

Let us revisit Proposition 7.1.1 in light of cohomology. The motivation for
this is to initiate the whole idea of an isomorphism between the graded piece
GrpCH"(Xk; Q) and a certain subgroup, inside CHj ., ((S x X)g; Q).

Since S has dimension v — 1, by the affine Lefschetz theorem, we note that
EVr(ns) =T (H"(ns, R " p.Q(r))) = 0.
Hence from the definition of Lewis filtration, it follows that
GriCH" (Xk; Q) — EZ " (1s) .

In case of a product spread Prg : (S x X)g — S, we have the following
description of E%* " (ng)
7.1.4 Lemma.

J (W_i (H" " (ns, Q) ® H* (X, Q)) (r))

B 0s) = FGm, (B 105, Q) @ B (X, Q) ()

Proof. As seen in the description of Lewis filtration, for a general spread p :
X — S of Xg we have

J (W_1H" " (ng, R*p.Q(r)))

ES™s) = ¢ (GrY, (H"(ng, R p,Q(r))))

For the product spread, we have the isomorphism
H" Y (ng, R* " Prs.Q(r)) = (H" ' (ns,Q) ® H*"(X,Q)) (r)
and the lemma follows immediately. m

One can actually say even more, through the following
7.1.5 Proposition. Assume that the General Hodge conjecture holds for smooth

projective varieties over Q. Then there is an injective map
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Here J(Hy) denotes the Jacobian of the pure Hodge structure Hy defined by

g (LS9 ) Y
0-= ]\%HV—%S,Q) N;I_V"‘lHQT—V(X’Q) :

7.1.6 Remark. Note that Hj is actually the lowest weight part of the (mixed)

Hodge structure

CEE 1 XQ) )) ().

N]’:I—V+1H2rfl/(X’ Q

Proof. The idea of the proof is essentially in [41], Theorem 4.6. It crucially
uses the fact that Q is algebraically closed. We only need S to be smooth and

quasi projective for it to work.
Since the projector
P ]'_127"71/()(7 Q) — N2171/+1H27“7V(X’ Q)
is cycle induced, from [41], Section 4 we know that
P.(GriCH"(Xk;Q)) = 0.

(Here we are using the fact that Q is algebraically closed, in order to conclude

Ny “HUHY (X, Q) = Ny HHP (X, Q) ).

Let U C S/Q be an affine open subvariety. Let us consider the (mixed) Hodge

structures
H, = (H"(U,Q) ® H*™(X,Q)) (r)

Hy:= (H"'(U,Q) @ Ny " "H* (X, Q)) (r).

We have the following short exact sequence on the lowest weight part:
0— W_1H2 — W_1H1 — W_l(Hl/HQ> — O,
and hence at the level of Jacobians, we get

J(W_le) — J(W_lHl) —» J(W_l(Hl/H2>>,
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since I'(W_,(H,/H)) = 0.

From [41] (Lemma 4.5) it follows that Im(I'Gr,) = Im(I'GrY;, ) and we obtain

the exact sequence

J(W_ng)/FGr?% — J(I/I/_lHl)/FGrﬁT){1 — J(W_1(H1/H3)) .
Taking direct limit over all U C S/Q, we get
J (Wi (H" (s, Q) @ Ny " HHY (X, Q)) (r)) /TGrYy, (ns) = EZ " (ns)

— J(W_1(H1/H>2)(ns)) -

Since P, preserves the intersection
GrpCH"(Xk; Q)

(Vm (J (W [(H (05, Q) @ Ny H (X, Q)) (1)]) — EX2" (ns))

it is actually zero (Proposition 4.1 (iii) of [41]). Also, since S is smooth and

projective, the lowest weight part
W_i(H1/H)(ns) = Ho .
Hence, we conclude that
GrpCH"(Xk; Q) = J(Hy) -
O

It is easy to see that this injective map of Proposition 7.1.5 is given by the

projector

P=(As(v—1vr—1)—Q)® (Ax(2d = 2r + v,2r —v) — P) .
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The essence of which could be captured in the following commutative diagram:

[P, = Identity

GrrCH" (Xk; Q) GreCH"(Xk; Q)

(7.1.6.1)

[P'].

E%* 7 (ns) ~ J(Hy)

7.1.7 Remark. Note that J(Hy) < J(H*'((S x X)g,Q(r))). There is the

following decomposition at the level of Jacobians:
J(H* (S % X)e, Q(r))) = J(Ho) @ J(Hy )

where Hji arises due to polarization.

Coming back to the case at hand, let
®, 1 CHjpop (S % X)gs Q) = J(H”H((S x X)e, Q(r)))
be the Abel-Jacobi map and
P = K[(AS@ 1 —1)—Q)® (Ax(2d — 2r + 1,27 —v) — P)] e ﬁ)}
denote the cohomology class of the cycle
([(AS(V —1L,v—1)—-Q)® (Ax(2d—2r +v,2r —v) — P)| e }Nj) :

Then the surjectivity result of Proposition 7.1.1 has the following cohomology

counterpart:
P,
CHpon (S X X)g; Q) - GrpCH" (Xk; Q)
D, (7.1.7.1)
2r—1 Pl,*
J(H ((S X X)Ca@(r))) . J(H0)7
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since

P HZr—l((S x X)(C,Q(’I“)) N ( HY~ (S,Q> H T—V(X,Q) )) (r)

NYHH(S.Q) Ny T (X,Q

is a projector. Now one can write

©,(CHy,, (S x X)g: Q) 2 Gri;CH" (Xx; Q) P (GripCH" (X Q)™ |
(7.1.7.2)

where
(GriCH (Xi: Q)" = (Idpze1((sxx)c007) — P(GreCH (Xi; Q)) -

Via 7.1.7.2, let Z; := & (GryCH"(Xk;Q)) € CHj,.((S x X)g3:Q). Note
that

=, = ([(AS(V 1 —1)—Q)® (Ax(2d — 27 + 1,27 — v) — P)] e 13>* (CH(SXX)g: Q) -

Now the choice of an algebraic cycle (say) wj, corresponding to P; is not
unique. But assuming the BBC, we will show that =; can indeed be uniquely
chosen.

7.1.8 Lemma. = is independent of the choice of correspondence wy, modulo
CHp o 47(SxX)g; Q) := Ker (@, : CHjpopo(S x X;Q) — J(HY (S x X,Q(r))) -
Proof. If wy is another such projector, then

(wr =)« (CHp (Sx X)g Q) € FEOH'((SxX)g Q) € CHj 4, ((Sx X)) Q) -

Hence if we assume the BBC, the choice of Z; is independent of the projector
wi.

]

We now have a natural isomorphism: Z; = Gr'CH"(Xg;Q), given by the
Abel-Jacobi map @, and illustrated more clearly through the commutative

diagram:
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)

CHjpo (S X X)gs Q) —————— J(H" (S x X)g,Q(r)))
wl,*\ P, (7.1.8.1)
Evl - e J(}JO)

Following a similar method but for Gr.CHY ™ (X; Q) we get an isomor-
phism
2, 2 Gri.CH"™ ™ (Xg; Q).

Here 23 C CH}L7#7((S % X)g; Q) is obtained as wa o (CHy ™ ((S x X)g)),

hom hom

for an algebraic cycle wy corresponding to the projector

. Hyil S, @ H2d72r+u )(7 Q
P, - gd+v) 1((S><X)@, Q) —» (NéHV—(l(S, (>@) ® Ngl_r+1H2d—2(r+u()3 Q)) '

(. J/
-~

Hy

Notethatdim((SxX)@):d+u—1andd—r+y:(d+y_1)_rp_|_1_

Hence, we can use the height pairing introduced by Beilinson (and Bloch)

(3 Vo : CHyon (S % X)gi Q) x CHjop*((S x X)gi @) — R

hom

to get a pairing between =; and Z5 and hence (via the natural isomorphisms)

between the graded pieces
(., Yur : GrCH"(Xg; Q) x GriyCH* " (Xx; Q) — R.

7.1.9 Remark. For v = 1 it follows from construction that the above pairing

is the one introduced by Beilinson in [5].

Since the choice of S such that Q(S) = K is not fixed, apparently the height
pairing should a priori vary if we vary S. In our next proposition we show
that it does not.

7.1.10 Proposition. Assuming BBC, the height pairing developed here is
independent of the choice of smooth projective variety S with Q(S) = K.
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Proof. Let S’ be another smooth projective variety such that Q(S') = K.
Then S and S’ are birational. One can then find a smooth projective variety
S" — (8 x S')g and birational morphisms f; : S” — S and fy : S” — &'
(see 2.5 of [31]). Hence we have similar birational morphisms Fj := f; x Idy :

(S” X X)@—» (S X X)@ and F2 = f2 X IdX . (S” X X)@—» (S/ X X)@

Now, given elements © € Gr.CH" (Xk; Q) and y € GriCHY"™(Xk; Q), one

can find either

Ts € El - OHf:om((S X X)@a Q)7 Ys € EZ C CHd7T+V((S X X)@? Q)>

hom

and compute (g, ys)yr, Or

s € B, C CH;,,((S' x X)g Q), ys: € T, C CHm (8 x X)g: Q),

hom

(where = and =, are the counterparts of =; and =, respectively) and a height

.. . . T
pairing (xg/, ys/) 7. But, assuming BBC, we have isomorphisms: =; = =/ = = =
Fy Py,

1,2 (as before, Z is the counterpart to =Z;, for ¢ = 1,2). Moreover zg =

Fy . (Ff(xzg)) and ysr = F5.(F}(ys)). Now it follows from the projection for-
mula for height pairing (Proposition 6.0.15) that

(zs,ys)ur = (FY (xs), F{ (ys))ur = (s, Ys') ur-

7.1.11 Height pairing between the algebraic graded pieces.
7.1.12 Definition. (Algebraic part of the graded piece) : Let

FYCHyo(Xi; Q) = FYOH" (Xi; Q) () [Im(CHyy (S x X)g Q) — CH'(Xi;Q))] -

~==alg

Then we can define

GriCH (Xi; Q) := Im (F*CHy, (Xk; Q) = GrizCH' (Xk;Q)) -

~Llalg ~==alg

There is one remark in order: If S’ is another such variety, then we can dom-
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inate both S and S’ by a third S” < S x S’ (similar to Proposition 7.1.10).
From this, and the fact that the rational Chow group of cycles algebraically

equivalent to zero being a QQ vector space is divisible, one can show
Im (CHy,((S x X)g; Q) — CH"(Xk;Q)) = I'm (CHy, (8" x X)g; Q) — CH'(Xk;Q)) .

Thus the definition of GriCHY, (Xk;Q) is independent of the choice of S.
Now we have the following
7.1.13 Theorem. Under the same set up as in Theorem 7.0.11 , we have the
height pairing

(Var : GriCHy,(Xi; Q) x GriCHy ™ (X Q) — R,

alg alg
extending the Neron-Tate height pairing.

Proof. Let Jy,((S x X)g)o = ®.(CH;

alg

((S x X)g;Q)). Assuming BBC, we
have the following diagram (see [5] for details)

(Onr s Ty (S x X)glg x Ji (S x X)g)g

alg

(7.1.13.1)

(ur: CH,((S % X)g: QxCHL ™ ((S x X)g; Q) —— R.

alg

The proof now goes exactly in the same way as Theorem 7.0.11, if we replace
CH},, (5% X)gi @) (vesp. CH{7 (S % X)gi Q) with CHp, (S % X)g: Q)

hom
(resp. C’H;Z’”“”((S x X)g5:Q)). We obtain =4, C CHy, ((S x X)g Q)
(respectively =g 41y C C’Hgfg””((S x X)g;Q)), such that

E1,alg = GT%‘O_HT (XK7 @)

alg

= v d—r+v .
—2.,alg = GTF H—alg (XK, @) .
The height pairing is now given as the pairing between = 4, and =5 4. 0O

7.1.14 Remark. For a smooth projective variety Z defined over a number
field k, let us define

CHyya)(Z;Q) = ker (@, : CHy,y(Z;Q) — J(H"(Z,Q(r)))) -
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We have the following lemma ([5], Lemma 4.0.7)
7.1.15 Lemma. Let Z/k be a smooth projective variety defined over a number
field k and a € CHy), 4,(Z;Q). Then a lies in the kernel of the height pairing.

In fact, it follows from the remark following Theorem 6.1.2 that the height
pairing for cycles algebraically equivalent to zero is given by the Neron-Tate
(Z)g and J4 (7)) (see also [5], Remark 4.0.8).

pairing between J], alg

alg

Thus, one can arrive at the result of Theorem 7.1.13, working modulo the
group CHy, 4;((S X X)g; Q) (instead of assuming it to be zero via BBC).

7.1.16 Motivic viewpoint

This subsection is intended to develop a Q ®g R valued height pairing for
the graded pieces tensored by Q, by reinterpreting it as a pairing between
CH;,,,( ; Q) of a certain motive and its dual. This beautiful (but conjec-
tural) insight was introduced in section 5 of [5] (see the discussion following
Conjecture 5.8). Also [4], section 8.3-8.5 has it in more detail.

For a variety X defined over Q, we assume that F2CH"(X;Q) = 0. Since
F2CH"(X;Q) C ker(®,) this assumption is actually a consequence of the
BBC. In particular, it means that the Q valued intersection pairing for cycles

homologous to zero is zero.

For X/Q an irreducible smooth projective variety, we fix the following defini-

tions:

e By motives we will mean motives modulo homological equivalence with

coefficients in Q.

e For a motive M := (X, p, 1), denote by

CHj,

hom

(M:Q) = Im (p. : CH}ZH(X:T) — CH}L(X:D)

hom hom

e For a motive M := (X, p,0), we have its dual MV = (X,!p,d — 2r + 1),

where d is the dimension of X.
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We will need the following observation

7.1.17 Claim. For the projectors considered in the previous section
P- HQT’—V(X’ @) s N;‘I—V-i-lHQT—V(X, Q) .

Q: H"7(S,Q) — NgH"~(S,Q)

and their transpose ‘P and 'Q, we have Q =' Q) and
Lp . {H-2Y (X Q) — NETH 22 (X Q).
Proof. Note that since dim(S) = v — 1, we can think of the map
‘Q:(H"(S,Q)" = (H"(S,Q)"

as

'Q: H""(S,Q) — H"7(S, Q).

Also,
tP . H2d72r+u (X, @) N H2d72r+u (X, Q)

Now from the discussion at the beginning of 7.1.3, we see that
(NLH"(S,Q))¥ = {NLH*~\(S,Q)}* = NAH""'(S,Q)

and

(NTvH L 2r=v (X, Q)Y = (NP 2= (X, Q) ) = N+ g2-2r+v (X ),

and the claim follows immediately.

As seen in 7.1.3, we can choose

wy = (As(v—1,r—1)—Q)® (Ax(2d —2r+v,2r —v) — P)e P
with the property that

[wi]e : B (S x X)g, Q) - {NgH" 7' (S,Q)}* @ {Ny " H* ™" (X,Q)}
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and

=1 1= w1 (CH (S x X)g: Q) = GriCH (X Q)
The isomorphism carries through if we tensor with Q, i.e
W1 (CHpo (S % X)g Q) = GripCH' (Xk; Q) -
If we consider
='Pe[(As(v—1,v—1) - 'Q) ® (Ax(2r —v,2d — 2r +v) — 'P)]
then by Claim 7.1.17, we have

[tw ] H2(d+z/ r) ((SXX) ) _y {NéHVﬁl(S, Q)}L®{szr+1H2d72r+u(X’ Q)}J_

Ey =" w  (CHE (S x X)g:Q) = Gri.CH™™ (X g; Q) .

hom

which carries through if we tensor with Q, i.e

w1 (CHor ™ (S % X)g Q) = GripCH™™ (Xx; Q) .

hom

Counsider the motive
M(SXX)@ = ((S X X)@a ’U)l,O)

and its dual

M(SXX) ((S X X)Q7 Wi, d— 2T+V).

From above, we get
CHj oy (M(sxx)5; Q) = GripCH' (Xx; Q)

and

CH} (Ml )5 Q) = GryCHY " (X T)

In this way, we can develop a Q®R valued height pairing between GrizC H™ (X ; Q)
and Gr%.C H*""(X; Q) as a height pairing between CHJ, ( ; Q) of the mo-
tive M(5xx and its dual.
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7.2 Speculation about a more general situa-

tion

In this incomplete section, we are going to speculate how one can generalize
Theorem 7.0.11 in the following situation: we can find a family p : X — S,
where X’ and S smooth and quasiprojective over Q and p is smooth and proper.
If 15 denote the generic point of S, then Q(ns) = K and X, = Xy. One can

then have the following diagram:

X < X
p p (7.2.0.1)
Sc S

where X and S are the projective closures of X and S respectively. We call
this a general Q-spread of Xg. In the previous section we worked with the
product Prg: (S x X)g — 5.

One has the following (non-canonical) decomposition

H2r71(X’ Q(T)) o~ @Hu71<87 R2rfz/p*@(r>>,

v>1

and (after possibly shrinking §) an inclusion

@Huil(s, N;(fqulR%‘fup*Q(T)) c @Hufl(S’RQTfup*@(T))

v>1 vz21

of MHS. Here, we make the following assumption
7.2.1 Assumption. Let p : X — S be a smooth and proper map of smooth

quasiprojective varieties defined over Q. Then the images of

LGry HHS, Ny " R p,Q(r)),
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and

DGy B (S, B p.Q(0)

inside the Jacobian J(W_1H"~1(S, R* " p,Q(r))), are same.
7.2.2 Remark. As seen in the proof of Proposition 7.1.5, this assumption
holds in the product situation. It would be interesting to explore further as to

which situations it holds.

Now, we hope to generalize Theorem 7.0.11 to

7.2.3 Theorem. Let K/@ be an overfield of transcendence degree v — 1 and
X/Q be an irreducible smooth projective variety of dimension d. Let us assume
7.2.1, together with the Grothendieck amended general Hodge conjecture and
BBC. Then using the spread p : X — S (see discussion at the beginning of the

section), one can develop a height pairing
GrY.CH"(Xg; Q) x GrioCH™ ™ (Xg; Q) — R

on the graded pieces of the Lewis filtration ([38]), extending the Beilinson’s
height pairing.

7.2.4 Remark. We would also want this height pairing to be independent of
the spread p : X — S. In particular we get back the height pairing developed
in Theorem 7.0.11, where Assumption 7.2.1 holds.

Proof. Note that dim(S) = v — 1 and the relative dimension of X" is d. There

is a surjection

Ax g (2d=2r+v,2r—v).

CH'(X;Q) - CH"(Xx:; Q) Gr.CH" (X Q).

We can choose a lift Ay (2d—2r+4v,2r—v) € X xsX of Ax, (2d—2r+v,2r—v),

of relative dimension d, and get the following commutative diagram

Ax(2d —2r +v,2r —v),

CH'(X;Q) Ax(2d — 2r + v,2r — v),CH"(X;Q)
cly cl, (7.9)
Ax(2d —2r +v,2r —v)l, VO N v,2r—v
(2, @) 22 ) B (p) / B (py) =0,

where V' C § is smooth, affine and open. Further, using the Hodge conjecture
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we conclude

Ax(2d —2r+v,2r —v),: CHy

hom

(X;Q) — Gr%CH" (X Q). (7.2.4.1)

We also need to use

7.2.5 Proposition. Let Assumption 7.2.1 hold, then we have an injective map

B RZT‘—Vp*Q(T>
GryCH (Xi; Q) — J (W_ B .
e e e O == o))

The proof of this proposition goes exactly in the same way as that of Propo-

sition 7.1.5, now noting that there is a natural map

R2T7V,O*Q(T> ))
Ny TR 0.Q()) )

E&Qr—u(ns) N J <W_1Hul <77

given by the projector

Hy—l(nS’RZT—Vp*Q(T)) _y Hu—l (77 R2T—Vp*Q(T) ) .

S Ny TR,
Now, the image ®, : CH},, (X;Q) — J(H* ' (X,Q(r))) actually lands in

JW_ H>H(X, Q(r)))
PGrg" H>r=1(X,Q(r)) *

via the short exact sequence
0— W_ H” 1(X,Q(r)) = WoH* 1 (X,Q(r)) = Grg" H1(X,Q(r)) — 0.

But from Assumption 7.2.1, it follows that there is a map

R p.Q(r) ))
TN TR Q) ) )

JW_ L H (X, Q(r)))
CGry H=1(X,Q(r))

—J (W_lH”‘l (77
which is given by the following series of (non-canonical) projections

W_ H* (X, Q(r)) » W H"" (8, R " p,Q(r)) » W_1H" ' (ns, R* " p,Q(r))

2r—v
— W_ H" ! (7787 T_]j_,_l ,0*_@(7“) ) .
Ny "R =p,Q(r)
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Now we can see the surjection of equation 7.2.4.1 inside the Jacobian, through

the following commutative diagram

e JOV_ (X, Q(1r)))
C’]¥hom( 7@> FGT(I)/VHQT_l(X,Q(T»

l (7.2.5.1)

R p.Q(r) )
N[T‘{—V-FlRQTpr*Q(r)

GroCH (Xi: Q) J | Wy (ns,

W_1 Ho
Now, from the (non-canonical) decomposition
W_ H? (X, Q(r)) = W_Hy @ (W_1Ho) ™,

we get a similar decomposition at the level of Jacobians

J(W_ H (X, Q(r))) = J(W_1Ho) @ J((W_1Hy)*

The idea now is to conclude (viewing everything inside the respective Jaco-

bians)
CHyo(X3Q) = GriCH™ (Xi;Q) D(GrizCH (Xi; Q) (T.25.2)

(In progress).

We will see some computations of our height pairing in the next chapter.
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Chapter 8

Some computations for product

of curves

This chapter is motivated towards jump starting calculations.

8.1 Product of general curves

Notation : Henceforth, for two smooth projective varieties X andY over any
field k, their usual fibre product X X, Y will be denoted simply by X xY . This

1s done mainly for the ease of writing than for any other reason.

We will begin with a lemma which will serve as a prototypical example for all
the later computations. We thank Dr. José Burgos Gil for providing us with
the idea of the proof of this lemma.

8.1.1 Lemma. Let C' be smooth projective curve and X be a smooth projective
variety of dimension d — 1, both defined over a number field k. Let aq,an €
CH;IQ(C’; Q) andm : C x X = C and my : C' x X — X are the projections.
Given w; € CH'Y(X;Q) and wy € CHD="1(X: Q) = CH*"(X;Q) and
the cycles

& =i (o) - my(wr) € CHy, (O x X;Q)

& =7 () - T (wy) € CHL (O x X;Q).

alg
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We get the following height pairing relation :

(€1, &) nr = (deg(wy - wa) x){a1, az) N -

Here (wy - wy)x is the usual intersection pairing on X, {, Ygr and {, )nT
denotes the Beilinson/arithmetic and the Neron-Tate height pairings respec-

tively.

Proof. We fix the following notation : For an arithmetic variety Y over Spec(Oy,)
of a number field k, we will denote the structural morphism Y — Spec(Oy) —
Spec(Z) by y.

Let C be the unique minimal regular model for €' over Spec(Oy) (by [44],
Proposition 10.1.8 , such a model exists). Choose Z;, i = 1,2 cycles on C of

codimension 1 such that
[ ] ZZ|C = Q4.

o /;-V =0 for any vertical cycle V. We can arrange this, see for example
[34], section 6.

Choose g;, © = 1,2 Green’s functions for Z; such that dd°g; +9d,, = 0. We have
(Zisg)] € CH (C), i =1,2.
Then,
(n, azhvr =g, (((Z1,90)] - [(Z,g2)]) € CH (Spec(Z)) =R

is independent of the choices of Z;, g;.

Now, for any projective and flat model X' over Spec(Oy) of X, we get, by de
Jong’s alteration (see [11] for details), a projective, flat and regular scheme
X over Spec(Oy) with a finite and surjective morphism to X', in particular
dim(X') = dim(X). Let W;, i = 1,2 be cycles on X of codimensions r — 1
and d — r respectively such that

Wi|X:wi, 221,2
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Let gw, (resp. gw,) be a Green current of logarithmic type for Wy (resp. W5).
Then

——r—1 ~

(Wi, 9m)] € CH - (X)

—d—r  ~

[(Wa, 9w,)] € CH (X)) .

For the scheme C X Spec(Oy) X , we can use the alteration trick once again to
obtain a regular flat and projective scheme Z over Spec(Oy) and a domi-
nant and finite morphism f : 7 — C x Spec(Oy) X. In particular dim(Z) =
dz’m(CN’ X Spee(Ox) )?) = d + 1. For the projections

& 6 X Spec(Oy) X —-C

W)?:OXSpec(Ok)X_)Xa

consider

fe=mz0f
f)z— Z:7'(')~(Of7

and the cycles
& = 521, 920D e (W gwy)))

& = fE([(Z2, 92,)) F5 (Way gws)]) -

Then
(€1, &) = Tz, (él 52) € C/'Efl(Spec(Z)) =R.

Since f% and f% are morphisms of rings ([17], 4.4.3 (5)),
& -6 =f5((Z1,90)] - [(Za.g2)]) - 5 (W, gw)] - (W, gwa)]) -

By the projection formula for arithmetic intersection pairing ([17], 4.4.3 (7))

fou(6-&) = [(Z19)]  [(Ze:90)]- fo.. [£5 ((Wrogw)] - (W, gwa)])] -

[
-~

-

eCH(C) eCH’(O)
Since
Hz. (51 éz) =1lg, (fé,*(él éz))
and
fen 15 (W1, gw))] - (W, gws)])] = deg(wy - ws)x
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we obtain our desired result.

]

Now, we state and prove a corollary which will serve as an example for the
theory developed through Theorem 7.0.11.

8.1.2 Corollary. Assume given smooth projective curves Cy, - - - Cq over Q and
let X = C1x---xCq. Forv =2, we fir an embedding K = Q(Cyx---xC,) —
C, and let p = (02, ,my) € C2(C) x --- x C,(C) be a very general point
corresponding to this embedding. We fixe; € C; (Q),j=2,---,d. For distinct
points p1,q1, 2, g2 € C1(Q) and v < r < d, let

& = Pri  ((p—q) X (—e2) X - - X (n,—e,) ﬂPT e, 6) € GrpCH(Xk; Q),

& = Pr’f’,,,y((pg—qQ) (m—eg)x- n,—ey) ﬂPT wql€rq1, - ,eq) € GT;OHd_HV(XK;Q)'

Assume also

Ny (H'(C,Q) @@ H'(C,, Q) = Ng (H(C, Q) © - ® H'(C,,Q)) =

Then, (&1,&)ar = (ngz[deg(ﬁa(la 1))0jxcj]> (P1 — q1, P2 — @)NTS
where {,)nr is the Neron-Tate pairing on (J*(C1)(Q)) @ Q.

We add some comments before we begin the proof :

1. Note that, Xy = C) ¢ X - X Cy ;¢ and we view (n; —e;) € CH},, (C} k)
for2<j <.

2. For a smooth projective curve C' of genus g, we know that the homology
class of Ac(1,1) in H,(C,Z) is given by
g
Ac(1,1) = Z (i @B — B @ i)

i=1

where {ay, -+ ,a,4,B1, -+, By} are the canonical generators of H;(C,Z),
having the property a;-a; = §;-6; = 0, ;-5 = 6;; and ;- 5; = — (8- ),

- denoting the intersection number. Hence, it follows that

deg(AZ(1,1)) = —2g.
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So, we can rewrite

(&, &)pr = (—1)7 1. 2v ! (H 9j> (P1 — q1,p2 — @2)NT
=2

where g; is the genus of the curve Cj.

3. The assumption of this corollary holds for example if we take X = E; X
FE5, a product of two non-isogenous elliptic curves, and S = FE5. Here

Né(Hl(Eg, Q)) = 0 is automatic and

NL(HY (B, Q@H" (Ey, Q) = HY (Eyx By, QN(H' (B, Q)@ H' (E,,Q)) = 0

follows from the fact any non-zero element [§] € HZ (Ey x E», Q) N
(HY(E,,Q) ® H'(E»,Q)) will in turn define an isogeny between E; and

Es.

Proof. We will closely follow the set up of Theorem 7.0.11 . Set S = C5 x

-+ x (), with projections
W;SZS_)CiaiZQf"V’

7T3X:X—>Cj,j:1,~--d,

7Ti7j::7rf><7rj)<(:SxX—>C’,-><Cj.

We have (from Chow-Kunneth decomposition for smooth curves)
ch(l, 1) = ch —€; X Cj — Cj X €;.

We now put

&= (ﬂ T (Ac(1,1)) ﬂ (Wf(’*(m - Q1)> m (ﬂ W])-(’*(ej)) )

v+1

R () [a (RS Il (aE )

r+1
and observe that since (p; — ¢;) ~auy 0, it follows from basic intersection
theory of algebraic varieties that & and & belong to CHy, (S x X;Q) and
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CH® (S x X;Q) respectively.

alg

8.1.3 Lemma. The Abel-Jacobi images of & and & lies in
T (@7 HY(Ci, Q)l[@1 H' (G5, Q)[®]—, 1 H?(Cy, Q)@ H(C;, Q)](1)
— J(H"'(5,Q) ® H*7"(X,Q)(r)),
and
J ([®7H' (Ci, Q)l[@)-1 H'(C;, Q)][®-, s H(Cy, QU@ H(C5, Q))(d — 7 + 1))

— J(H"Y(S,Q) ® H*2 (X, Q)(d —r + v))

respectively.

Proof. We will prove for & and the argument for & is exactly similar. Consider

the correspondence

Z1 = Th o, (B (1,1)) (ﬂw (Ac,(1,1)) )ﬂ (ﬂﬂm e )

v+1

Slnce Z1 .(p1 — 1) = &1, it follows from the commutative diagram

¢ alg(Cl’Q) C1]—I¢71‘lg(‘s’ X X’Q)

d, D, (8.1.3.1)

121,

J(H'(C1,Q(r))) J(H* (S x X,Q(r)))

that the Abel-Jacobi image of & lies in
J (@7 H'(Ci, Q)l[@5-1 H' (Cy, Q))[®] =11 H(Cy, Q)@ HO(C, Q)I(r)) -
O

For smooth curves we have H*(C;,Q) = H"!(C}, Q) from basic Hodge theory.

Also from the conditions

NL(HY(Co,Q) @ - © HY(C,,Q)) =
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and

Ny (HY(C,, Q)@ --- @ HY(C,,Q)) = 0

we obtain that the Abel-Jacobi invariants of 51 and 52 belongs to
P J(H* (S x X,Q(r)))

and
Py J(H* @718 % X, Q(d — 7 + 1))

respectively. Here, P, and P, are the projections defined in Chapter 7. Note
also that & = wl,*(gl) and & = wg,*(ég), if we assume BBC. Thus, & € =4

and 52 € =, where =; and =, are as defined in Chapter 7.

8.1.4 Lemma. Under the isomorphism
=1 2GriCH (Xk; Q)

respectively

EQ = G?"l}/;wCHdiT+V (XK, Q)

we have that él — & and 52 — &,

Proof. Note that, once we fix a general point p € S(C) and an embedding
ev, : K — C, the surjection

CH"(S x X;Q) - CH"(Xk; Q)

is given by Z — Z N ({p} x X) where Z € CH"(S x X;Q). In our situation,
p = (12, -+ ,m,) and if we pick up Wf(’*(pl — q1) as a prototype, we have the

following computation :
m (=) = (Cax--x C) x {(pr—a)} x (Ca x -+ x Cg) € CHyy(S x X).
Intersecting with {(n2, -+ ,n,)} X X, we get :

{2, )} x {1 — 1)} x (G2 x -+ x Cy).

Similar calculation shows that the image of (p; — ¢1) € CH},, (Cy; Q) under

the map Pri ., is exactly the same.
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Mimicking this computation above for other components and using the fact
that A¢,(1,1) = Ag, —e; x C; — Cj X ¢j, we get our result. O

By Lemma 8.1.4, it suffices to compute (1, &) gr with respect to the height
pairing
(,\yur: CH,(S x X;Q) x CHL™(S x X;Q) — R.

a alg

Collecting coefficients, we can assume that the curves C;, i = 1,d are defined

over a number field k. We set up the following notations :
o =04
o X =[(CoxCy)x-+x(C,xC)] xCphig x---xCy
o o =p;—q,1=1,2
o wii= (AL 1) - (M m ()
o wyi= (M m(Ae(1,1) - (N ()

following Lemma 8.1.1. Then the height pairing is given by

(&1, 2)mr = (deg(wy - wa)x) (Pr — q1,P2 — q2)NT -

But ,
deg(wy - we)x = H[deg(AQCj(l, 1))e;xc;] -
j=2
Thus we obtain the required relation. O

>k >k sk ok kR ok ok ok sk >k ok skokokokookook sk sk sk sk koskokokokk

8.2 A computation for self product of elliptic

curves

The assumption

N (HY(C, Q) @@ H'(C,,Q)) = Ng (H(C2,Q) ® - ® H'(C,,Q)) =0
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of Corollary 8.1.2 is very general condition and was made for the ease of com-
putation. An ideal situation would be to able to compute without this assump-
tion. As an example, if we consider the self product C' x C' of an irreducible
smooth projective curve C, the aforementioned assumption is no longer valid.
Indeed, going further, we will restrict ourselves to the self-product of a CM

elliptic curve.
We will stick to the following notation :

Let X/Q := C; x Cy where C;, i = 1,2 are irreducible smooth projective
curves defined over Q and S := C,. Note that

{NGH'(S,Q)} = {0} = H'(5.Q),

and

{N11{H2<X7 (@)}L = {H?ng(X7 <@)}L = Hfr(Xv @) )
is the transcendental cohomology. We can choose a basis {Dy, -+, Dy} of
HZ,(X,Q) with the dual basis (with respect to the cup product) {Df, - -+, Dy }.

The transcendental projector T : H*(X,Q) — H2(X,Q) is then given by
Ax(2,2) - A.

where A = Zjlv D’ x Dj is the algebraic projector. Since X is defined over
Q, we can choose Dj, D) over Q. Let us consider a situation where we can
explicitly compute the basis {Dy,---, Dy} ; that of X/Q := E x E where
E/Q is a CM-elliptic curve with complex multiplication given by the lattice
Z[i] (i.e E(C) = C/Z]i]), although the method that we are going to adopt

should generalize to any CM-elliptic curve.

The basis for H?

alg

(X, Q) is given by
{[AE(Q’ 0)]7 [AE(O’ 2)]7 [AE<1’ 1)]7 [EE(L 1)]} )

where 25 € CH'(E x F;Q) is the graph of the complex multiplication by 4.
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Note up to a factor of 2, the dual basis is given by

{[A6(0,2)], [Ap(2,0)], [-Ap(1, D], [-Ee(1, D]} -
In particular, we have the following intersection numbers (using that the genus
g of Eis 1)
e deg(Ap(2,0) - Ag(0,2)) =1
o deg(Ap(1,1)-Zg(1,1)) =0
e deg(A%(1,1)) = —2 and deg(Z%(1,1)) = 2.

Consider the cycle € := (p—q) x (n—0) € GriCH?*(Xk;Q), where K = Q(E),

n € FE(K) is a very general point and {p,q,0} € E(Q), with o being the

basepoint of E. Our aim is to compute

<§7 §>HT .

In this situation S = F and Sx X = Ex E X E, we know from the consideration
of Corollary 8.1.2 that

§:=m5(Ap(1,1) - m3(p—q) € CHZ(E x E x E;Q)

is a pre image of £. To get an unconditional pairing, we need to consider the

image of £ under the projector

T:=[Apu(1,1)]®[Ax(2,2) - A € CH((E x E x E) x (Ex Ex E);Q),
numbe;,ed 1---6

where A now is given by the projector

Ag23(2,0)xAps56(0,2)+Ag23(0,2) x A 56(2,0)—Ag2s(1, 1) xAgse(l, 1) —ZEg23(1, 1) xEg56(1, 1) .

Note that, assuming BBC we get that [Ag14(1,1) ® Ax(2,2)].(§) = & Hence

we obtain

T.(€) = mi5(Ap(1,1)) - m3(p—q) +7i(p —q) - ﬁs(AE(L 1)) +mi(i(p — q)) - m35(Zp(1,1)) -

—~ —~

&=¢ & &3
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It is easy to see, that under the isomorphism defined in Chapter 7,

L&) ¢

Hence the height pairing is given by

<£7€>HT = <T*(£)7T*<€>>HT .

The point now is to get a relation similar to Corollary 8.1.2 for this height
pairing. That will be our next

8.2.1 Proposition. Let E/Q be the CM-elliptic curve such that E(C) =
C/Z[i] and {p,q} € E(Q). Let Zg be the graph of the morphism of multi-
plication by i. For the cycle

/

T(&) =mp—q) - ﬁs(AE(L 1)) +mi(p—aq)- §S(AE(1> 1)) +mi(i(p —q)) - m53(Ep(1, 1)),

-~

& €a &3
on B x E x E the following height pairing relation holds :

where (, Ynr is the Neron-Tate pairing on curves.

Proof. First note that, from linearity of height pairing we obtain
3

(T:(8), T.(8)) ar = Z<§z>§z>HT + 2 <<ély§2>HT + (51,53)11@ + <52753>HT> .

1

The computations for each of (51, §Z> g7 and (52, §~3) gt follows the method used

in the proof of Lemma 8.1.1. We get the following relations
o (& &) ur = [deg(AL(L )P — .0 — a)nr = —2(p — ¢, P — a)nr

® yur = —2(p— ¢, p — @) -

yur = [deg(Ap(1,1) - Zp(1, D))[p — ¢, i(p — ¢))vr = 0.

)

o 53,53 HT = 2<p —4,D— CI>NT

(&,
(62,6
(62,65
(

Let’s elaborate on the last relation : First note that since deg(Z%(1,1)) = 2,
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we get the relation

(&, &) mr =2(i(p — @),i(p — @) vt -

We compute the height pairing on the right hand side with the following

observation

(i(p—q), ilp—q)) vt = {[i]"(p—q), [I]*(p—q)) Nt = (p—q. [}« ()" (p—q))) Nt = (P—q. p—@) NT -

Hence

<537§3>HT =2(p—¢,p— @NT -
We are left with computing (&1, &) g and (€1, &) g

Computation for (&, &) g7 : Note that
Ap(1,1) = Ag — Ag(2,0) — Ag(0,2)
and

m3(Ap(1,1)) - m53(Ap(1,1)) = Ay — Ay — éf_:s, + Az %
{(z,z,2)}  {(z,02)} {(oz,2)} {(0,02)}

Here 0 € E(Q) is the base point. Let E/Spec(Oy) be the minimal regular
model for F and assume (using de-Jong’s alteration) that all the self products
Ex---x E over Spec(Oy) are regular. Let Z be an arithmetic cycle in E such
that Z|p = p—qand Z-v = 0 for any vertical cycle v. For a choice of Green

current gz, such that dd°gz + 6,—, = 0, consider
ai=[(Z.92)] € C (E).
Then, as seen before
(p—a,p—qnr =g, (a-a)€ ﬁ{l(Spec(Z)) >R,

where, as before Iz is the structural morphism. Now, it is evident that the
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required height pairing is given by

gy i |1 (@) - ma() - m15([(Ae(1,1), 9)]) - mo([(Ap(1, 1), 9)])

—_—

—_—1 ~ ~
Here, for the cycle Ag(1,1) € CHY(E x E;Q), Ag(1,1) € CH (E x E)
denotes an arithmetic cycle with generic fibre Ag(1,1) and g is a suitable
Green current. From % moreover, we can break it up even further : Let us

consider the following arithmetic cycles

[(A\lg& g123)]; [(/A\l-;7 913)], [(1\2/37 923)], [(AN?” 93]

for suitable choice of Green currents. Then, the height pairing is given by
HExExE,*(WHO‘)'W;(&)‘[(&;3, 9123)]—WT(@)‘75(Q)'[(,A\1/3; 913)]—715(04)‘”;(04)‘[(3\2; 923)]
+ri(a) - m3(a) - [(As, 95)]) -
We first compute
N (i0) m3(0) - (B, g129)])

The idea for the proof was kindly communicated to us by Dr. José Burgos
Gill. Let us denote

A1232\E7—>EXEXE,

r—(z,x,z)
now as an embedding. Note that this has an obvious extension to the regular

models. We will use the same notation for it. Since the generic fibre of « is

homologically trivial, we get
T (@) m3(0) - [(Dras, 9128)] = Az e Ay (i (@) - w3 (@)
Since I, 5, 5, (A123,4()) = I . (()), we deduce
e (71(0)  m3(0) - [(Arzs, g123)] ) = g, (Afami() - Algmi(a))
Since each of Aj,;m] and Aj,37; is identity, we get

g, v (WI‘(@) cm3(a) - [(Aps, gm)]) =Tz, (a-a)=(p—¢q¢,p—anr-
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This is the only non zero intersection number that we get, as we will see in

our next computation. Let

Ap:E—-EXExXE

z—(x,0,x)

denote an embedding. As before, this has an extension to the regular models
once we choose and fix a cycle 6 with generic fibre 0. We note here the following
observations : m o A3 = Idg and 75 o Aq3 is the constant morphism. Using

the same idea as before, we get

e, (71(0)  m3(0) - (B, 910)]) = Mg, (Alymi(@) - Afyms(a) = g, ((m2 0 Agg)ea-a)

The last equality follows from projection formula.
Using the facts that Z - v = 0 for all vertical cycles and (m20A;3).(p—¢q) =0,

we deduce
g, (71(0)  m3(0) - (B, g1)]) = 0.

Using similar idea, we obtain
M (71(0) - 75(0) - (B2, 920)]) = 0

g e (i) - m3(0) - [(Ba.g0)]) =0.

Hence, overall we get

&, & mr = (p—a.p— nr -

Computation for (&1,&)yr @ We start with the following observations:
=r(1,1) =Z — Ar(2,0) — Ag(0,2),

7TI3(AE(1,]_)) 7T;3(EE(1,1)) = 5123 —Alg— 523 +A3 .
{(iz,x,iz)} {(o,z,iz)}

Since we consider the minimal regular model E of E, the automorphism
[i] : E — E has an extension which we will still denote by [i] : E — E. Thus
——

T
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the embedding
EuglE-)EXEXE

z—(ix,z,ix)

also has an extension to the regular models. Note here that m o Z93 = [i]
and g 0 Z193 = Idg. Let [i].a denote the pushforward of the cycle a with
generic fibre i(p — ¢). Thus (7 o Zq93)*[i]sa = [i]*[i]l«@ = a. Now, similar

computations as before yields
1NN <7TT(OZ) -y (a) - [(5123,9123)]> =g, (-a)=(p—q,p—@nr
and all other intersection numbers being zero. Overall, we get

&, &Yur = (p—a.p— nr -

Putting this all together, we get the desired result.
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Chapter 9
Some Hodge-index type results

In section 5 of [5], Beilinson stated a Hodge-index type conjecture for his height
pairing. The idea of this chapter is to extend his conjecture to our situation.
We will first see that based on the conjecture, we can actually obtain a Hodge-
index type result in our situation. This will be our main goal. Using this and
one of Kunnemann’s result (see [34], Theorem 12.1), we will obtain a result
for the case for abelian varieties and cycles algebraically equivalent to zero. In
the second section, we will speculate some results for product of curves, albeit

conditionally.

9.1 Hodge-index result for graded pieces

Notation : The usual fibre product of two (or more) smooth projective vari-
eties X and 'Y owver a field k will be denoted by X x Y.

Let us make the following assumptions :
9.1.1 Assumption. For a smooth projective variety X of dimension d defined
over a number field k, assume the following (Conjectures 5.8 and 5.5 of [5]):

o (hard Lefschetz) : Let Ly € CHY(X;Q) be the operation of intersecting
with a hyperplane section. Then for r < (d+1)/2,

L&+ CHp(X;Q) — CHE (X5 Q)

hom
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s an isomorphism.

e (Hodge-index) : Let the hard Lefschetz assumption hold. Ifx € CH}, (X;Q),
x#0, and L 2(x) = 0 then

(=) z, L (@))ur > 0

forr <(d+1)/2.

If X is defined over Q , we can collect coefficients of the defining polynomials
of X to get an X' defined over a number field k (not uniquely) and a finite
proper morphism X = X' x, Q — X'. The assumptions above can now be
made for X/Q.

Coming back to our situation, if Lx, € CH'(Xg;Q) be the operation of
intersection hyperplane section in Xy, then Lgyx := Lg x X +5 X Lx is a
natural choice for the same operation in .S x X. We also have the following

isomorphism for Lewis filtration (see diagram 4.6 in [38])

LI GripCH (Xk; Q) = GripCH ™ (X3 Q).

Now, under Assumption 9.1.1, together with that made in Theorem 7.0.11, we
get the following result :
9.1.2 Proposition. Let Lx, denote the operation of intersecting with a hyper-
plane section. Then for x # 0 € GriCH"(Xk; Q) such that LS > (z) = 0,
the height pairing

(=1 (z, L5 (@) )ur > 0,

when r < (d+v)/2.

Proof. From the commutativity of the Abel-Jacobi map with correspondences,

we get
Ld—2r+1/
= SxX CH™7(S % X;Q)
@T] Dy ris (9.1.2.1)
L d—2r+v
J(Hp) —Lsxx] J(H,)
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where Hy and H|) are the respective Kiinneth pieces given by the (cohomology
class of) w; and wy respectively (see Chapter 7 for details). Now, observe the

following : For any z € =;
O rpy (LEXT (@) — wa 0 LEX (7))

= [Lsux]*72(®@p(x)) — [wals o [Lxx] ™" (®@r(2))

J/

-~

es(Hy)
= [Lsux]72(@p(2)) = [Lsxx]™(@r(2)) = 0

as [ws], is a projector onto J(H(). Since we are assuming the BBC, we get

LEXT (x) = w0 LEX (2)

We have shown that LZ_XQ)’;J”’ maps =1 to Zy. Hence, the following diagram

commutes:
_ Lex™ _
—1 —2
P, |= 2Dy s (9.1.2.2)
d—2r+v
GriCH (Xg; Q) —= GriCH™ ™ (Xx: Q).
It shows that L& 2 . 2, = Z,. Further, let =), ¢ CH- ™ (S x X;Q) be

such that =), & Gri.CHY "1 (Xg; Q). Now to actually prove Proposition

9.1.2, we note that similar to diagram 9.1.2.2 we can also have the commutative

diagram
- Lds;%z‘Fl/‘i’l -
—1 ._42
D, | Dy it (9.1.2.3)
Ld—QT’-‘rV-i-l
Gry.CH™ (X, Q) — 2K GriCHY ™ (X Q).

Then for ' € =;

¢, (¢) =2 € GrpCH (Xg; Q) = Py (LEX () = LG (@)
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So, L?{KQH”H(@ =0 = LEE™T(2') = 0. We also have
(1)@, LG (@) yur = (—1)"(2", LEE (@) Jar -

Note that 2/ € Z; € CH}, (S x X;Q) and L2+ (') = 0. We can apply

the Hodge-index assumption (Assumption 9.1.1) to conclude
(=1 (@', Le&™ (@) ur > 0,

and Proposition 9.1.2 follows immediately. m

9.1.3 A case for abelian varieties

Here we use Kunnemann’s Hodge-index result (see [34], section 12) in the
following situation : Consider X := A be an abelian variety of dimension d,
and B be another abelian variety of dimension v — 1, all defined over Q and
K = Q(B). So,our S = B and S x X := B x A is an abelian variety. Since
we are assuming the Bloch Beilinson Conjecture, the subgroup of incidence
equivalence mentioned in [34] is zero. We have the following result :

9.1.4 Corollary. Let X := A and B be abelian varieties of respective dimen-
sions d and v — 1, defined over Q and let K = Q(B). Let Ly, be an ample
line bundle on Ak and 2r < d + v. Assume the General Hodge Conjecture
for Q and the Bloch Beilinson Congecture. Then for x € Gri,CH", (Ax; Q),

x #0, and Lff‘_}f””“(:x) =0, we have v
(=1)"(, LG 2 (@) pr > 0.
Proof. From the proof of Proposition 9.2, the height pairing is given by
(o LEZ (@ )ar

where ' € CHy, (B x A;Q) is the unique choice of preimage of x. The

corollary now follows from Theorem 12.1 of [34]. O

As a special case of this corollary, if we choose X := E; X --- X Eg4, to be a
product of elliptic curves and K = Q(F, x - - - x E,), we obtain a Hodge-index
result for v € Grv.CH?, (Xk;Q) and Lgl(_lf““”ﬂ(x) =0.

alg
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9.1.5 A Non-degeneracy result

Here we present a small result on non-degeneracy of the height pairing on the
algebraic graded pieces :

9.1.6 Proposition. If we assume the Bloch-Beilinson conjecture on the injec-
tiity of Abel-Jacobi map (BBC) and the General Hodge Conjecture for smooth

projective varieties over Q, , then the bilinear pairing

(2,y) = (o, LG W)hur : GripCHy,(Xi Q) x GripCH, (Xk;Q) — R

alg
18 non-degenerate.

Proof. As shown in Theorem 7.1.13, the height pairing is given by the height

pairing between = ;4 and =y 44 via the following isomorphisms:

GT%C_HT (XK7 @) = El,otlg C CHT

alg alg

(S x X;Q)

GripCH ™ (Xk; Q) = By € CHy (S x X;Q)

alg alg

where (assuming BBC), we have
El,alg = Jalg(HO)

E2,alg = Jalg(Hé) .

Here
H, = Hl/fl(Sa Q) H2r7y(X’ Q) (T)
0: NIHYY(S,Q) = Ny HT (X, Q)
and
1. ]—[V—l(S7 @) H2(d—r+,,)_y(X’ Q)
o (Néﬂy_l(s Q) N g ) )

and we define
Jatg(Ho) := P (Jag(H (S x X,Q(r))))
respectively
Jatg(Hp) = Poo(Jasg (HH 718 % X, Q(d = 17 + 1))
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for projectors P, and P, defined in Chapter 7.

Assuming the General Hodge Conjecture over Q, there is a natural identifica-
tion between J7;, (S x X) and its dual J3 " (S x X) via [Lg,x]*"2"+. Hence
we can identify Jq,(Hp) and Jy,(H)) through the commutative diagram:

L d—2r+v
r (S x x) s LTS % X)
Pr. P, (9.1.6.1)
v L d—2r4v v
Tug(Ho) — 55 gy = g ()

Hence, [Lgyx]4 2t

is a polarization between Ju,(Hy) and its dual Jy,(Hj).
Proposition 9.1.6 now is a consequence of the positivity of the Neron-Tate

pairing.
[

9.1.7 Remark. The assumption that the Abel-Jacobi map is injective (BBC)
was needed for the ease of writing as much as anything else. We could very
well work modulo the kernel of the Abel-Jacobi map and arrive at the same

conclusion.

9.2 Hodge-index result for product of curves

In this small section, we try to provide Hodge-index result for a special sit-
uation in case of product of curves, modulo assumptions made in Corollary
8.1.2. The bulk of the computations were already done in Chapter 8 and we

feed off those results.

We fix X := () x--- x Yy, a product of smooth projective curves defined over
Q with ¢; € C;(Q) and K 2 Q(Cy x -+ x C,). We set S :=Cy x --- x C,
with a very general point (12, ---,7,) € C2(C) x --- x C,,(C) and work in the
setting of Chapter 8, Corollary 8.1.2.
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The result is motivated by Corollary 1.3 of [40].
9.2.1 Proposition. Let X be as above and consider the situation v =r. Then

for the choice of hyperplane section Lx, = Zd “(e;) and

7=1 ]
= Pri L (p—q)x(e—e2)x- - -x(,—e,)) € GriCH" (Xk;Q), p.q € C1(Q) |

we obtain

(=1 (& L% (©))mr > 0.

Proof. First note that, since dim(Xg) = d, LY (CH"(Xk;Q)) = 0 for
any hyperplane section Ly, . In particular the whole of Gri,CH"(Xf;Q) is

primitive. Now, for the hyperplane section

d
=> wi(e),
i=1
we have an obvious choice of hyperplane section in S x X, namely
Lsyx =8 XLx+LsgxX

where Ly = 3¢ 7#(e;) and Lg = ) 77 (ej). We can be even more explicit

to obtain

Lsyxx = mi(ey) (Zw (Ac, — A, (1,1)) )+Z7r e;)

r+1

Also, following the assumptions made in Corollary 8.1.2, we see that the unique

choice of a preimage for £ is given by

&= (" -0)N (ﬂ T (1, 1>>) .

Thus, the height pairing is given by

(& L)) ur = (& LEK()ur -
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We compute L& (€) to obtain
d d—r
L (€) =€ (Z w;f<ej>) .
j>r+1

Using Lemma 8.1.1, we get the following form of height pairing

(€ L (©))mr = (1) ((d = )2~ (Iyg:) (p — 4,0 — @) -

Here g; is the genus of C;. From Theorem 6.1 of [34] we know that the Neron-
Tate pairing is definite of sign (—1). Our result follows immediately. O

9.2.2 Remark. Since H™%(X) # 0, by Corollary 1.3 of [40], the subspace
generated by such ¢ is of infinite rank inside Gri,CH"(Xk;Q). Thus, we
are able to show that the Hodge-index conjecture holds for this infinite rank

subspace, albeit certain assumptions.
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