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ABSTRACT 

The performance of smart structures depends on the dynamic electromechanical 

behavior of piezoelectric sensors/actuators and the bonding condition along the 

interface. This thesis contents a theoretical study of the coupled electromechanical 

characteristics of a surface-bonded piezoelectric sensor with interfacial debonding, 

which is subjected to high frequency mechanical loads. A one dimensional sensor 

model is proposed. Analytical solutions based on the integral equation method are 

provided.  

Numerical simulation is conducted to evaluate the effects of different parameters 

upon the dynamic load transfer between the sensor and the host medium. The 

results indicate that, the material combination, the sensor geometry, and the 

loading frequency, affect the load transfer significantly. The analytical solution of 

the elastic wave field in the host medium is obtained and used to evaluate the 

effects of different parameters upon the resulting wave field. The theoretical 

solution demonstrates the basic properties of wave propagation under current 

loading conditions.  
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§1 Introduction 

1.1 Background 

Structural Health Monitoring (SHM) is a methodology in the interdisciplinary 

engineering field devoted to the monitoring and assessment of structural health 

and durability, integrated with remote sensing, smart materials, and computer 

based knowledge systems to allow engineers observe the performance of the 

structures over time. For those large structures or special structures like aero 

vehicles or buried pipelines, it is impractical to perform in-service monitoring by 

high-in-cost traditional nondestructive testing/evaluation (NDT/NDE) techniques 

such as ultrasonic and eddy currents. Besides, recent incidents in the commercial 

aircraft industry have raised doubts over the reliability of NDT techniques to 

detect cracking and corrosion. While new technology generally improves 

sensitivity of detection techniques it is essential that they can be shown to have 

the appropriate detection reliability in actual use [1].  

With the development of sensor systems, data acquisition, data communication 

and computational methodologies, instrumentation-based on-line monitoring by 

making use of sensors/actuators has been a widely accepted technology for in-situ 

monitoring and diagnosing structural health and conditions, replacing or 

combining with traditional nondestructive testing methods. Among the currently 

available options, piezoelectric sensors incarnate the superiority because they are 

low in cost, highly sensitive, compact/light weight, easily formed into different 

shapes or wired into sensor arrays. Because of the excellent dynamic response 

characteristics, piezoelectric SHM is widely used in elastic wave based testing, 

reading and analyzing the incipient information detected by surface-bonded or 

embedded-in piezoelectric sensors/actuators. Compared with traditional 

point-by-point ultrasonic wave based NDT techniques, the piezoelectric 

sensor/actuator SHM technique is much more time effective and suitable for 
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in-service testing. Elastic wave based piezoelectric SHM can be performed in 

forms of either passive SHM or active SHM, while the former means a SHM 

system with only piezoelectric sensors which just “listen to” the structure health; 

and the latter means a SHM system with built-in actuators “interacting with” the 

structure by choosing suitable monitoring signals.  

The efficiency of the monitoring is demonstrated by the coupled 

electromechanical dynamic behavior of the system, which is not only related by 

the sensor/actuator properties but also those of the host structure, as well as other 

parameters including loading frequencies and bonding conditions. A better 

understanding of the resulting wave propagation in the structure is also a 

prerequisite for achieving the goal of elastic wave based health monitoring. 

When the piezoelectric sensor/actuator is surface bonded to the host medium, high 

interfacial stress field may occur due to the material discontinuity [2]. The high 

stress concentration may lead to the reduction of the sensing/actuating ability of 

piezoelectric patches by undesired debonding especially in dynamic applications. 

Moreover, imperfect bonding between the patches and the host structure will 

change the phase and the amplitude of propagated waves significantly, as well as 

other important parameters used in monitoring techniques, resulting in false 

indications on the structural conditions without an efficient sensor-diagnostic 

process [3]. Therefore, more detailed analytical and experimental studies on the 

coupled dynamic behavior of surface-bonded piezoelectric layer(s) with 

interfacial debonding have to be performed, in order to evaluate the reliability and 

feasibility of surface-bonded sensor SHM systems. 

Previous works have been done to study the complicated local stress field around 

the perfectly bonded sensor/actuators [4-8]. Recently, some researchers have 

studied the effects of bonding state on elastic wave generation and reception [9], 

as well as the dynamic behavior of the imperfectly surface-bonded sensor/actuator 

system [10-13].  
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1.2 Research Objectives 

The objective of this thesis is to investigate the effects of the interfacial debonding 

upon the dynamic load transfer between a surface-bonded piezoelectric sensor and 

the elastic host medium, as well as the elastic wave propagation inside the host 

structure. A one dimensional sensor model will be established to simulate the 

coupled dynamic behavior of the system. Numerical simulation is conducted to 

study the effects of different loading frequencies, material combinations and 

sensor geometries on the dynamic electromechanical properties of the sensor 

under high frequency dynamic mechanical loads. The wave propagation generated 

by the surface-bonded sensor and the interfacial defection is studied by analytical 

method as well as numerical simulation. 

1.3 Organization of the Thesis 

The thesis is organized as follow. The current progress and relevant theories and 

techniques needed in modeling the sensor system are reviewed in Chapter 2. A 

one dimensional sensor model is established in Chapter 3, to evaluate the coupled 

dynamic behavior of the surface-bonded sensor system. Typical examples are 

provided to show the effects of the loading frequencies, material combinations 

and sensor geometries upon the load transfer and the sensor signals, and the 

results are compared between the perfect-bonding and imperfect-bonding 

conditions to investigate the influence of interfacial defection. In Chapter 4, the 

simulation of the elastic wave propagation generated by the sensor and the 

interfacial crack is conducted using the established one-dimension sensor model, 

to investigate the effects of the above parameters upon the resulting wave 

propagation. The basic properties of the generated wave are examined by the 

explicit forms near the interface and far field inside the host structure which can 

be analytically obtained. The last chapter, Chapter 5, summarizes the conclusions 

and contributions of the study and recommends some prospective topics for the 

future research. 
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§2 Literature Review 

2.1 History of Piezoelectricity and Piezoelectric Devices 

Piezoelectricity phenomenon is firstly demonstrated experimentally by Pierre and 

Jacques Curie in the year of 1880 [14] which is the coupling between the 

material's mechanical and electrical behaviors. Simply speaking, electrical 

charges can be collected on its surface when the material is under mechanical 

stress. Conversely, when subjected to a voltage, a piezoelectric material will 

produce mechanical stress or deformation. In 1882, the core of piezoelectric 

applications science was established by the interactive work of European 

scientific community, which includes the identification of piezoelectric crystals 

on the basis of asymmetric crystal structure, the reversible exchange of electrical 

and mechanical energy, and the usefulness of thermodynamics in quantifying 

complex relationships among mechanical, thermal and electrical variables. The 

work is extended in the future 25 years and the first serious application of 

piezoelectric took place during World War I in 1917. P. Langevin and his French 

co-workers developed an ultrasonic submarine transducer by gluing a mosaic of 

thin quartz crystals between two steel plates, which is successfully used to locate 

underwater objects. Their achievements lead to the rapid development of 

applications of piezoelectric devices. 

In nature, hundreds of materials are already known to exhibit piezoelectric 

behavior such as bone, silk, wood, etc. The decades from 1920 to 1940 are the 

first generation of applications of natural piezoelectric materials. The second 

generation is from 1940 to 1965, during World War II, in the U.S., Japan and the 

Soviet Union, isolated research groups working on improved capacitor materials 

discovered that certain ceramic materials (prepared by sintering metallic oxide 

powders) exhibited dielectric constants up to 100 times higher than common cut 

crystals. Furthermore, the same classes of materials (called ferroelectrics) were 

made to exhibit similar improvements in piezoelectric properties. The discovery 
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of easily manufactured piezoelectric ceramics with astonishing performance 

characteristics naturally touched off a revival of intense research and development 

into piezoelectric devices, in the following highlights and curiosities but not 

limited to: powerful sonar, ceramic phono cartridge, piezo ignition systems, 

sonobuoy (a portmanteau of sonar and buoy), microphones, ceramic audio tone 

transducer, as well as piezo relays.  

Beginning in 1965 Japanese commercial enterprises lead the pioneering work in 

piezoelectric device invention and patenting, by developing several types of 

piezoceramic signal filters, which addressed needs arising in television, radio, and 

communications equipment markets; and piezoceramic igniters for natural 

gas/butane appliances. 

As time progressed to 1980, the markets for these products continued to grow, and 

other similarly valuable ones were found. Most notable were audio buzzers 

(smoke alarms, TTL compatible tone generators), air ultrasonic transducers 

(television remote controls and intrusion alarms) and SAW filter devices (devices 

employing Surface Acoustic Wave effects to achieve high frequency signal 

filtering) [15]. The huge commercial success has also attracted interest of many 

other nations in the world and efforts are taken to develop successful piezoelectric 

devices.  

For the purpose of use, the piezoelectric materials are divided into several 

categories: piezoelectric crystals, piezoelectric fibers, piezoelectric ceramics and 

piezoelectric polymers. At present, piezoelectric ceramics and polymers have 

been widely used because of their versatile superiority in physical, chemical and 

piezoelectric characteristics over other piezoelectric materials. Compared with 

traditional transducers, piezoelectric ceramic and polymer sensors and actuators, 

for example, lead zirconate titanate (PZT) and polyvinylidene fluoride (PVDF), 

are compact in size and easy to tailor to suitable shapes which can be embedded in 

or surface attached to the host structure to perform diagnosis, and most 

importantly, they are low in cost which makes it economical to apply them in 

large scale SHM systems.  
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2.2 Modeling and Analysis of Piezoelectric Sensors/Actuators 

In the past few decades, since the importance of the application of built-in 

piezoelectric sensors/actuators in smart SHM systems, the modeling and analysis 

of piezoelectric sensors and actuators have attracted great attention from the 

research community, in order to simulate the process of sensing or actuating of 

surface-bonded or embedded sensors/actuators.  

Bailey and Hubbard firstly established a pin-force model for a thin polyvinylidene 

difluoride (PVF2) layer bonded to one side of a cantilever beam, with only 

transverse vibration considered [16]. The output force from the actuator is 

constantly proportional to the input voltage applied to the system. Then, analytical 

model for a beam-like structure with segmented piezoelectric actuators either 

surface-bonded or embedded has been derived [17], where the load transfer 

between the actuator and a Bernoulli-Euler beam is further studied with the 

assumption of uniform axial stress across the thickness of the actuator [18]. This 

actuator model is further modified by accounting for the effects of transverse 

shear and axial stresses in addition to the bending moment to formulate the 

governing moment equilibrium [19]. Then a refined actuator model in the plane 

stress condition is presented for a beam structure attached with symmetrically 

surface-bonded piezoelectric actuator patches [20-21]. An approximate dynamic 

model is developed to investigate the vibration response of a simply supported 

elastic rectangular plate excited by a piezoelectric patch of variable rectangular 

geometry [22]. The results demonstrate that modes can be selectively excited and 

that the geometry of the actuator shape markedly affects the distribution of the 

response among modes. A pure bending actuator-beam model is established, to 

describe a cantilever beam subjected to actuation of symmetrically attached 

actuators to the top and bottom of its surface, and activated o180  out-of-phase, 

since the sum of the axial forces by the actuators is zero. The stress changes are 

assumed linearly through the thickness of the actuator and the host structure. It is 

based on the moment equilibrium about the neutral axis [23]. A model of an 

arbitrary surface bonded multiple layered actuator is utilized to predict the applied 
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force and moment of the piezoelectric layers on a simply supported beam [24]. 

The equations of motion for the transverse vibrations are derived by using 

Timoshenko beam theory and cast in modal state space form. The forced response 

of the one dimensional actuator/substructure system to the piezoelectric induced 

loads is obtained using an assumed mode technique, which is an approximate 

method by representing the dynamic response of the infinite dimensional system 

as a finite series of spatially dependent functions, each multiplied by a time 

dependent generalized coordinate.  

There are also many models available for piezoelectric plates in the literature. As 

early as 1952, an elastic plate model was presented by Mindlin [25], and it is 

extended to use for a two-dimensional piezoelectric plate by utilizing power series 

expansions [26]. The model is further modified with the use of full series 

expansions [27-28]. In 1991 a consistent plate model was developed by extending 

a one-dimensional beam model into two dimensions [29]. The classical laminated 

plate theory is used to model bending and extension of laminated plates induced 

by piezoelectric actuators [30]. In the year of 1998, a new thin piezoelectric plate 

model was proposed based on Kirchhoff-Love theory of thin plates [31]. 

For the analysis of piezoelectric shells, theories of distributed sensing and active 

vibration control are first proposed by Tzou [32-33], by using the multi-layered 

thin shell model with an integration of distributed piezoelectric sensors and 

actuators. A new theory on thick anisotropic composite piezoelectric shell 

transducer laminates is given by Tzou, by establishing a multilayered triclinic 

piezoelectric laminate model [34]. For piezoelectric materials applied in multiple 

layered structures, because of the brittleness of piezoelectric materials, debonding 

between interfaces of laminates is easy to appear. Recently the new piezoelectric 

functional graded material, which is the integration of piezoelectric material and 

functional graded material, has attracted the interest of theoretical researchers 

[35-44]. 

Besides, based on the classic theory of piezothermoelasticity, the general solution 

of three-dimensional piezothermoelastic problems is obtained by using potential 

functions [45-47]. Tauchert has further investigated the control of thermal 
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deformation of laminated piezoelectric plates [48], and Ashida has analyzed the 

piezoelectric laminates subjected to axisymmetric thermal loading [49]. The other 

typical examples include the work by Choi [50] on the transient thermal stress 

problem, by Qin [51] studying the mechanical response of imperfect 

thermopiezoelectric materials under thermal loading, and so on. 

With the development of finite element modeling technique, dynamic analysis for 

laminated beams has been performed in details [52]. Extension of coupled 

Euler–Bernoulli model of sandwich piezoelectric beams is proposed by adopting a 

mixed variational principle and Lagrange multiplier method [53]. For complicated 

piezoelectric structures, finite element method is also a powerful numerical 

method for modeling and analyzing. A tetrahedral finite element is presented by 

Allik [54], for the analysis of three-dimensional piezoelectric vibration. A 

three-dimensional thin hexahedron piezothermoelastic element was established in 

1994 [55]. A shear actuated smart structure beam element was proposed by 

Benjeddou and his co-workers [56]. Finite element models based on discrete layer 

theories are used for the coupled field analysis of laminated plates containing 

piezoelectric layers [57]. Moetakef has obtained closed form expressions for 

higher order piezoelectric tetrahedral elements [58]. Hybrid finite element models 

are used to perform linear or non-linear three-dimensional piezoelectric analysis 

[59-60]. 

2.3 Dynamic Load Transfer of Piezoelectric Structures 

Piezoelectric based vibration control systems have been widely applied in 

practical use [61-63], and piezoelectric structural health monitoring has recently 

attracted much interest in academic community. Two main detection strategies for 

health monitoring of aging structures are considered: the Electro-Mechanical 

impedance method (EMI) for near field damage detection, and wave propagation 

methods for far-field damage detection [64]. The EMI method uses the 

electro-mechanical coupling effect of piezoelectric transducers to measure the 

force impedance of the structure. By comparing the impedance spectra of the 

damaged structure with the baseline, i.e., the impedance spectra for the pristine 
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structure, the damage in the structure can be assessed [65]. Among the various 

schemes being considered for wave Structural Health Monitoring, Lamb-wave 

testing has shown great promise. While Lamb-wave testing using hand-held 

transducers for Non Destructive Evaluation (NDE) is a well-established 

technology, Lamb-wave testing for SHM using surface-bonded/embedded 

piezoelectric sensors/actuators is a relatively new field [66]. In this work, precise 

mathematical modeling of transient plane and circular-crested Lamb-wave 

generation and sensing using surface-bonded piezos in isotropic plates is 

established and consequently validated by numerical methods. 

The effectiveness of the sensors/actuators is the critical factor of the performance 

of the piezo-based SHM system. With respect to surface-bonded piezoelectric 

sensors/actuators, highly concentrated stress at interfaces will appear due to the 

material mismatches. Therefore, the local stress field near the interfaces should be 

studied in detail since it plays an important role in the coupled dynamic behavior 

between the sensors/actuators and the host structure. The interfacial defection 

problems have been investigated by many researchers [67-68]. Beside the 

distributed surface-bonded sensors/actuators, recently, some researchers have 

explored the feasibility of using a semi-infinite piezoelectric plate of crystals [69]. 

2.4 Wave Propagation in Piezoelectric Structures 

In general, structural health monitoring system includes five major parts: sensing 

technology, diagnostic signal generation, signal processing, identification and 

interpretation, and integration. Nowadays, wave-based SHM methods are widely 

used, and these parts are all connected by the waves used as diagnosis tools. 

Wave-based structural health monitoring method begins in 1950s using the 

techniques of generating and receiving elastic waves, which requires a transmitter 

and receiver separately in the pitch-patch scheme, or just one having both 

transmitting and receiving functions with pulse-echo configuration. By analyzing 

the elastic waves generated and detected by the transducers/receivers, the 

structural integrity can be monitored by comparing the actual state of the structure 

with a predefined reference state. Piezoelectric materials are widely used as the 
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wave transducers because of their excellent dynamic response capabilities, and 

because they can afford large strains produced under high frequency mechanical 

or electrical loads. In the past decade, with the development of the ultrasonic 

elastic wave based testing techniques, studies on the wave generation/reception 

have been performed by many researchers. Conventional methods are used in the 

acoustic emission (AE) studies [70] and laser-based ultrasonic wave testing 

studies [71]. Different transducers and receivers are developed to generate and 

receive the waves. However, the traditional ultrasonic wave based testing 

techniques used in NDT usually require bulky instruments and manual 

interference, thus are not suitably applied directly for in-situ or in-service 

monitoring of the structural health. 

Recently, the feasibility of using bonded piezoelectric actuators/sensors in 

generating and receiving elastic waves to perform continuous diagnosis of 

structural integrity has been studied by many researchers. Various applications in 

civil, aerospace, and other engineering fields have been executed [72]. Techniques 

have been developed in using distributed sensor arrays in an economic and 

effective network especially for large industry infrastructures. Experiments and 

studies are also performed to investigate the features of various piezoelectric 

materials used in measuring and generating waves as diagnostic signals [73]. 

Lamb waves are commonly used as diagnostic signals, named after Horace Lamb 

(1849-1934, a British scientist) in honor of his fundamental contributions to this 

subject. It is a type of ultrasonic wave propagating between two parallel surfaces 

of a structure. The velocity of Lamb wave depends primarily on the product of 

actuation frequency and the thickness of the structure. Different modes of Lamb 

waves with controllable patterns and shapes can be generated by surface-bonded 

PVDF patches [74-76]. Embedded piezoelectric sensors/actuators are also used to 

excite and detect elastic waves [77]. The data received from either bonded or 

embedded sensors contain a lot of information, and it can be easily interrupted by 

many factors. Especially, if the piezoelectric sensing system has defection itself, 

such as unexpected imperfect bonding condition in bonded sensor/actuator system, 

it will affect the wave propagation apparently in high frequency loading 
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conditions. Previous research works have been done to investigate the elastic 

wave propagation in a cracked medium [78], and the effect of bonding layers 

between the sensor/actuator and the host medium has been studied [79]. However, 

as mentioned in the former subsection, for the imperfectly bonded sensor/actuator 

system, the singular behavior of the debonding and its effect upon the resulting 

wave propagation has not been thoroughly studied. 

2.5 Summary 

In this chapter, the brief history of piezoelectric based structural health monitoring 

devices has been reviewed, and the focus is on the theoretical study of the 

piezoelectric sensor/actuator based monitoring techniques. The dynamic behavior 

of the system and the characteristics of the elastic waves used in the testing 

techniques are the essential factors determining the diagnostic ability of the 

system. In the commonly used surface-bonded sensor/actuator monitoring 

techniques, the bonding condition along the interface between the sensor/actuator 

and the host structures has significant influence on both the load transfer as well 

as the wave propagation. However, a thorough study on an infinite sensor/actuator 

system with interfacial defection is still on the way, and the current work aims at 

providing comprehensive theoretical study on this field focusing high loading 

frequency situations. 
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§3 Analysis of the Piezoelectric Sensor System 

This chapter provides a comprehensive study of the coupled electromechanical 

characteristics of piezoelectric sensors with interfacial debonding, which are 

subjected to high frequency mechanical loads. Based on the developed one 

dimensional sensor model by Wang and Meguid in 2000, the current sensor is 

characterized by an electroelastic line model which is subjected to a shear load 

with the poling direction perpendicular to its length. Analytical solutions based on 

the use of the integral equation method are provided. The changes of geometry 

and parameters of the materials can affect the coupled electromechanical 

characteristics of this sensor system, as well as the elastic wave propagation along 

the interface and inside the host structure. Detailed numerical simulation is 

conducted to evaluate this effect under different loading frequencies. The study is 

further extended to treat the interfacial debonding between the sensor and the host 

medium. 

3.1 Formulation of the Problem 

The considered system is a homogeneous and isotropic elastic medium, with a 

thin sheet of piezoelectric sensor surface-bonded to it. There is a deboned area 

(crack) along the interface between the medium and the sensor, as illustrated in 

Figure 3.1. The length of the crack is denoted as 2c, and the thickness of the 

sensor is denoted as h. In Figure 3.1, z axis is the poling direction of the sensor, in 

which electric field is usually applied or measured. The system is subjected to an 

oblique harmonic incident longitudinal wave with a frequency of ω  and an 

incident angle of 0θ . The horizontal displacement of the incident wave is given 

by 

)]cossin(exp[),( 000

0
tKzKyiAzyu y ωθθ −+∗=  (3.1) 



 13 

where A0 denotes the magnitude of the displacement, and LcK /ω=  is the wave 

number, with Lc  being the longitudinal wave velocity. 

The steady state response of the system, including displacement, stress, and strain, 

will involve a time factor )exp( tiω− . For example, the real displacement can be 

expressed as: 

)exp(),(),( 00
tizyuzyu yy ω−⋅=     (3.2) 

where ),(0 zyu y  represents the real displacement field, and ),(0 zyu y  represents 

the magnitude. Since )exp( tiω−  exists in all parameters, for the purpose of 

convenience, in the following discussions, only the magnitudes of these field 

variables are used to represent these field variables. 

This study will focus on a thin-sheet sensor, with relatively small thickness in 

comparison with its length and width. Here we only consider small debonding 

situation, in which the boundary condition at the ends of the sensor may be 

ignored, so the sensor can be assumed to be infinite in length. Therefore, the 

magnitude of axial stress s
yσ  and strain s

yε  can be assumed to be uniform 

across the thickness of the sensor, where the superscript ‘s’ represents the sensor. 

Because the thickness of the sensor used is very small compared with its length, 

the applied electric field will mainly result in a deformation along the longitudinal 

direction. Accordingly, the sensor can be modeled as an electroelastic line 

subjected to the applied electric field and a distributed longitudinal force, )(yτ , 

as shown in Figure 3.2, where )(yτ  is the interfacial shear stress transferred 

between the sensor and the host structure. The longitudinal displacements of the 

sensor and the host medium are represented by s
yu  and h

yu , respectively. 
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Figure 3.1: The geometry of the sensor system 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.2: The stress field of the sensor system

θBB0BB 

Host Medium 

h y 

z 

Sensor 

Host Medium 

τ 
τ 

2c 



 15 

 

3.1.1 The Dynamic Sensor Model 

3.1.1.1 Electromechanical Behavior of Piezoelectric Materials 

When the piezoelectric material is subjected to a mechanical load, it will produce 

electric displacement; and conversely, strains can be generated when electric field 

is applied. The former property is used in sensing, and the electromechanical 

behavior of piezoelectric materials can be described as: 

      

{ } [ ]{ } [ ]{ }
{ } [ ]{ } [ ]{ }EeD

Eec

λε
εσ

−=
−=

      (3.3) 

where }{},{},{ Dεσ  and }{ E  represent the magnitude of the stresses, the strains, 

the electric displacement and the electric field intensity, respectively. ][c  is a 

matrix containing the elastic stiffness parameters for a constant electric potential, 

][e represents the piezoelectric constants, and ][λ  represents the dielectric 

constants for zero strains. 

In the current study, for a surfaced bonded piezoelectric thin sheet with interfacial 

debonding, and the length of the interfacial crack is small compared with its width 

in the x-axis direction, it is more reasonable to consider the problem as a plane 

stain problem in y-z plane, which suggests that 0=xε . The surface of the 

piezoelectric sensor will be traction free. Therefore, the following condition 

should be satisfied, 

       0,0 == zx σε       (3.4) 

The stress component yσ  and the electric displacement zD  can be obtained by 

substituting the above equation into the constitutive equation, and the results are 

as follows: 
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where 1311,cc  and 33c  are the elements of ][c , 11e  and 33e  are the elements 

of ][e , and 33λ is the element of ][λ . 

Therefore, the constitutive relation of the piezoelectric material under plain 

deformation is given by 

        

z
y

z

z
y

y

E
y

u
eD

eE
y

u
E

λ

σ

+
∂
∂

=

−
∂
∂

=
     (3.6) 

with the small deformation assumption 

         
y

uy
y ∂

∂
=ε       (3.7) 

The effective material constants of the piezoelectric materials can be expressed as 

33
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13
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33
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e
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eee
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c
cE
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     (3.8) 

 

3.1.1.2 The Current Sensor Model 

 

 

 

 

 

 
Figure 3.3: The stress field inside the sensor 

 

The attention will be focused on cases where high frequency electric field is 

applied, which results in wave propagation with the typical wave length 

comparable to the length of the interfacial crack. In this case, the inertia effect of 

the sensor must be considered. According to the current one-dimensional sensor 

s
y

s
y dσσ +  

s
yσ  

dy  
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model, the equation of motion of the sensor based on the equilibrium of force can 

be expressed as 

0
)( 2 =++ s

ys

s
y u

h

y

dy

d
ωρτσ

     (3.9) 

where the superscript and subscript ‘s’ represent the sensor, sρ  is the mass 

density of the sensor, and syσ  represents the magnitude of the axial stress along 

the sensor as shown in Figure 3.3.  

In addition, the sensor will operate in an open-loop mode with no external charge 

supplied to it. Therefore, the electric displacement across the sensor will be zero, 

as Dz = 0. By making use of Equation (3.6), the axial stress along the sensor syσ  

can also be expressed in terms of the axial displacement s
yu  and the electric field 

zE  as 

y

u
E

s
y

s
s
y ∂

∂
=σ       (3.10) 

sE  is the effective modulus defined by 

s

s
ss

e
EE

λ

2

+= ,      (3.11) 

where sss eE λ,,  are piezoelectric material parameters. 

Substitute Equation (3.10) into Equation (3.9), the governing equation of the 

sensor can be rewritten as 

0
)(2

2

2

=++
∂
∂

hE

y
uk

y

u

s

s
ys

s
y τ

     (3.12) 

where sk  is the wave number given by 

ss ck /ω=       (3.13) 

and sc  is the axial wave speed with a definition of sss Ec ρ/= . 

In order to determine the displacement and strain field inside the sensor, the 

governing equations can be solved using the following spatial Fourier transform, 

dsesfyfdyeyfsf isyisy −∞

∞−

∞

∞− ∫∫ == )()(,)(
2
1

)(
π

  (3.14) 
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Therefore, the axial displacement and strain of the sensor can be expressed in 

terms of the unknown shear stress τ  as: 

       
)( 22

ss

s
y

kshE
u

−
= τ

      (3.15) 

τε
)( 22

ss

s
y

kshE

is

−
−=       (3.16) 

where ,τ  
s
yu and s

yε  represent the Fourier transform of )(yτ , the Fourier 

transform of the axial displacement and the Fourier transform of the axial strain, 

respectively. 
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3.1.1.3 Dynamic behavior of the host medium 
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Figure 3.4: The stress field inside the host medium 
 

The host medium is subjected to an incident wave (I) and a surface shear stress τ , 

as shown in configuration (a) of Figure 3.4. The incident wave will be reflected to 

generate a reflected wave (R) and τ  will generate a dynamic field in the medium. 

Therefore, the stress field inside the host medium can be expressed by 

superimposing the configurations (b) and (c). The solution of configuration (b) 

can be obtained by using free-surface boundary conditions, and the corresponding 

displacement and strain field inside the host medium can be written as: 

yikII
y

yikII
y

eAik

eAu

0

0

0=

=

ε
      (3.17) 

Here IA  and 0k  are the amplitude and the apparent wave number of the 

induced wave field in the configuration (b), which can be obtained by using 

equations (A.1) – (A.18) in Appendix A. 

The unknown displacement in configuration (c) is denoted as τ
yu , which is 

induced by the shear stress τ  on the top surface of the host medium. 

The dynamic plane strain displacement field in a homogenous isotropic elastic 

medium is governed by the following equations [80]: 

0)(,0)( 2222 =Ψ+∇=Φ+∇ kK   (3.18) 

= I R +

τ  τ  

I 
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in which the Laplacian operator 2∇  stands for 2222 // zy ∂∂+∂∂ , Φ  and Ψ  

are two complex potentials, and ,/ LcK ω=  Tck /ω=  are two wave numbers 

with ,ω  Lc
 
and Tc  being the circular frequency of the incident wave, the 

dilatational and shear wave velocities, respectively. The non-vanishing 

displacement and stress components are 

yz
u

zy
u zy ∂

Ψ∂−
∂
Φ∂=

∂
Ψ∂+

∂
Φ∂= ,    (3.19) 

The relevant stress components are 
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   (3.20) 

where µ
 
is the shear modulus of the isotropic elastic solid. 

Therefore, the general solution of the wave induced by the shear stress τ  can be 

determined by solving the governing equations by using the Fourier transform 

defined by Equation (3.14), which can be expressed as 

zz esBzsesAzs βα )(),(,)(),( =Ψ=Φ   (3.21) 

From which the displacement components can be determined as 
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    (3.22) 

where A(s) and B(s) are two unknown functions of s; and βα ,  are given by 
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(3.23) 

which ensure that the induced stress field satisfies the radiation condition of the 

problem at infinity. 

The outgoing wave caused by τ  in the host medium should satisfy the following 

conditions along its surface, 
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0, =−= zyz σττ  at 0=z     (3.24) 

 Making use of the general solution of yu
 
and zu

 
and the boundary conditions, 

the unknown parameters A(s) and B(s) can be determined in terms of τ . 

Therefore, the Fourier transform of the dynamic displacement in the host medium 

τ
yu
 
can be expressed by 

[ ]zz
y ekseszsu βατ

µ
βτ 2222 )2(2),( −−
∆

=    (3.25) 

where αβ2222 4)2( sks −−=∆ . 

The Fourier transform of the dynamic stress field components cause by τ  in the 

host medium can be obtained as 
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 (3.26) 

 

3.1.1.4. Perfectly Bonded Sensor 

If the sensor is perfectly bonded to the host medium, at the upper surface of the 

host medium and the lower surface of the sensor, the displacement should be 

continuous, 

τ
y

I
y

s
y uuu += , at z = 0      (3.27) 

By substituting Equation (3.15) and (3.25) into Equation (3.27), the Fourier 

transform of τ can be expressed as 

)(sm

u I
y=τ        (3.28) 

where 
∆

−
−

=
µ

β2

22 )(

1
)(

k

kshE
sm

ss

. 

Therefore, by substituting Equation (3.28) into Equation (3.15) and (3.16), and 

applying the inverse Fourier transform, the displacement and the strain field along 

the sensor can be obtained: 
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where ,I
yu

 

I
yε  are given by Equation (3.17), and 0k

 
is the apparent wave 

number of the incident wave. 

 

3.1.1.5 Sensor System with Interfacial Debonding 

If the sensor is not perfectly bonded to the host medium, the displacement field 

will be discontinuous along the interface between the sensor and the host medium. 

The displacement discontinuity can be expressed by the following dislocation 

density function: 

[ ]
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y τϕ     (3.30) 

By applying Fourier transform we can get 

[ ]
0

)(
=

−−−=
z

I
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s
y uuuiss τϕ     (3.31) 

Therefore, the Fourier transform of the shear stress τ  can be related to the 

deformation, by substituting Equation (3.15) and (3.25) into (3.31), as follow: 
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+=     (3.32) 

The interfacial crack is subjected to the following boundary conditions: 
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   (3.33) 

from which the interfacial shear stressτ can be determined. 

By applying the inverse Fourier transform to Equation (3.32), the above boundary 

conditions can be expressed in terms of the following singular integral equations: 
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and 

∫− =
c

c
d 0)( ξξϕ       (3.35) 
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where )1/( v−= µλ
 
is the limit of the kernel of the integration when +∞→s , 

which represents the singular behavior of the field. 

Equations (3.34) and (3.35) can be solved by expanding )(ξϕ
 
using Chebyshev 

polynomials as follow: 
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ξϕ      (3.36) 

where jT
 
are Chebyshev polynomials of the first kind and jC are unknown 

constants. From the orthogonality conditions of the Chebyshev polynomials, 

Equation (3.35) reduces to 00 =C . Substituting (3.36) into (3.34) and making use 

of the following relations (p > 0): 
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with jJ
 
being Bessel functions of the first kind, the following algebraic equation 

for jC
 
are obtained 

cy
km

u
yfC

c

y
UC

j

I
y

jj
j

jj <
⋅

=+






 ∑∑
∞

=

∞

=
−

1 01
1 ,

)(
)(

λ    
(3.38) 

where jU
 
represent Chebyshev polynomials of the second kind with 
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If the Chebyshev polynomials in Equation (3.36) are truncated to the Nth term and 

Equation (3.38) are satisfied at N collocation points given by 
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then Equation (3.38) reduces to the following linear algebraic equation: 
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By solving Equation (3.41), ),...2,1( NjC j =  
can be determined. Therefore, the 

interfacial shear stress τ  and the axial strain inside the sensor s
yε
 
can be 

expressed as 
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where 
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with 
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hc /=υ          (3.46) 

 

 

3.2 Analysis and Discussion 

This section will be devoted to the discussion of the dynamic load transfer from 

the host medium to the surface-bonded sensor under different geometric and 

loading conditions. A longitudinal wave will be introduced as the mechanical load, 

and numerical simulation will be conducted to investigate the effect of the 

following three parameters upon the strain distribution along the sensor: the 

loading frequency kc, the material combination factor q as defined in (3.45), and 

the crack geometry υ  expressed by (3.46).  

Two types of sensors are considered, lead zirconate titanate (PZT-4) and 

polyvinylidene fluoride (PVDF) sensors. The material constants of the PZT-4 

sensor and the host medium are assumed to be [81]: 
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Host Medium: 

.3.0,1074.2 10 =×= vPaE  

It results in the material mismatch factor q = 0.54. 

For the PVDF sensor and the host medium, the material constants are as follows 

[82], which leads to a value of q = 20.4. 

Sensor (PVDF): 

./10067.0/10061.0

,/105.11,/107.30,/1068.7

1063.1,104.1,1061.3

9
33

9
11

23
15

23
33

23
31

9
33

9
13

9
11

VmCVmC

mCemCemCe

PacPacPac

−−

−−−

×=×=

×−=×−=×=

×=×=×=

λλ
 



 26 

Host Medium: 

.28.0,105.19 10 =×= vPaE  

For the sake of convenience, in the following calculations, the incident angle of 

the incident longitudinal wave is chosen as o300 =θ ; Poisson’s ratio of the host 

medium 3.0=v ; the mass density of the sensor sρ and the host medium hρ  is 

chosen as the same, 3/2700 mkghs == ρρ  [79].  

3.2.1 Model Validation 

In order to validate the current model, the finite element method (FEM) has been 

used, based on the static coupled-field analysis performed by the ANSYS 

software, by using the following loading condition: in the interfacial deboning 

area along the interface between the sensor and the host medium, the distributed 

shear stress τ
 
with a uniform magnitude is applied. In the FEM model, twenty 

nodes are created across the thickness of the sensor. 

Figure 3.5 shows the magnitude of the longitudinal strain of the sensor s
yε  

induced by τ
 
along the interface between the sensor and the host medium, using 

the numerical method based on the current model, in comparison with the 

corresponding FEM results. Here the strain has been normalized by 
0
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ε
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=
s
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y , 
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µ

τε  and 0.20=υ , where υ  is defined by (3.46). The 

anisotropic elastic stiffness matrix components of the lead zirconate titanate 

(PZT-4) sensor are:  
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The material constants of the host medium are [81]: 

         .3.0,1074.2 10 =×= vPaE  

The main difference between these results occurs in the vicinity of the interfacial 

crack tips when y/c is close to -1, in which the mechanical field becomes 

complicated due to the high stress concentration. In other areas far away from the 
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crack tips, the difference is less than 2%. Therefore, the current model is validated 

and can be used for the current analysis.  
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Figure 3.5: Amplitude of *s
yε

 

 

3.2.2 Strain Distribution 

As shown in Figure 3.3 (a), if there is no bonded sensor on the surface of the host 

structure, the strain field of the medium will be )(yI
yε . Because of the existence 

of sensor, the strain field in the medium will be disturbed by the 

electromechanical coupling between the host medium and the sensor. In order to 

study the relation between sensor response and the undisturbed deformation, the 

following dynamic strain ratio )(yκ  is introduced:  

,
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ε
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s
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y
y ==       (3.47) 

where A and θ  denote the amplitude and the phase angle of the dynamic strain 

ratio. 

The dynamic strain ratio represents the percentage of deformation transferred 

from the host medium to the sensor. It is an index of the sensing characteristics of 

the piezoelectric sensor. In this section, the effect of different material properties 

of the sensor and the host medium, the interfacial crack geometry, and the loading 



 28 

frequency upon it will be discussed. Special examples will be given in both 

perfect-bonding and imperfect-bonding cases.  

 

3.2.2.1 Perfectly Bonded Piezoelectric Sensor 

For the case of a perfectly-bonded sensor system which is subjected to an incident 

longitudinal wave as the mechanical load, the dynamic strain ratio is constant 

along the interface. The strain in the sensor is given by Equation (3.29), so the 

strain ratio can be obtained by substituting Equation (3.29) into (3.47), 
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where 2
0

22
0

22
0

222
00

2
0

2
0 4)2(, kKkkkkkkki −−−−=∆−−=β . 

For the static case where the loading frequency k = 00 == skk , from Equation 

(3.48) we can obtain the strain ratio as 1. Figure 3.6 and Figure 3.7 show the 

influence of the loading frequency kh on the amplitude A and the phase angle θ  

of the dynamic strain ratio κ  for the cases when q = 0.5, 1.0, 2.0, 5.0 and 20.0. 

With the increase of the loading frequency, the amplitude of the strain ratio 

decreases gradually. Besides, from Figure 3.6 and Figure 3.7 it can be observed 

that when q reaches 5.0 or higher, the curves are close and change with q 

insignificantly. The result indicates that, in the perfectly bonded case, the 

influence of the loading frequency on the load transfer is significant only when 

the loading frequency is very high. For relatively low frequency, kh < 1.0 for 

example, the change of A and θ  in comparison with the static values is less than 

5%. 

As defined in Equation (3.45), the material mismatch factor q is an index of the 

relative stiffness of the sensor, representing the material combination of the sensor 

and the host medium. Figure 3.8 and Figure 3.9 show how the amplitude and 

phase angle of the dynamic strain ratio change with the material combination 

factor q, with a series of kh values considered. From Figure 3.8 we can see that 

the amplitude of the dynamic strain ratio will increase to the maximum value 1.0, 

when q reaches a critical value qc about 0.3; and then diminish with the increase 
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of q. This critical value of qc is independent on the loading frequencies, and it is 

determined by the phase angle of the incident longitudinal wave and Poisson’s 

ratio, which can be expressed by solving the equation of 1=κ : 

2

sin)1( 0
22 θπ v

qc ′−=     (3.49) 

where 0θ  is the incident angle of the incident longitudinal wave, and 
v

v
v

−
=′

1
. 

For o300 =θ  and 3.0=v , qc = 0.31. From the figure we can also see that under 

the higher loading frequency condition, the material combination affects the 

dynamic load transfer more significantly. 

 

 

 

 

 

 

 

 

 

 



 30 

0 5 10 15 20 25
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

kh

A

q=0.5
q=1.0
q=2.0
q=5.0
q=20.0

 

Figure 3.6: Amplitude of κ  with different loading frequencies 
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Figure 3.7: Phase angle of κ  under different loading frequencies 
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Figure 3.8: Amplitude of κ  with different material combinations 
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Figure 3.9: Phase angle of κ  with different material combinations 
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3.2.2.2 Interfacial Debonding 

If the sensor is not perfectly bonded to the host structure, the interfacial defection 

will disturb the dynamic load transfer and consequently affect the performance of 

the piezoelectric sensor. The dynamic strain ratio will be dependent on the 

location along the interface, which can be expressed by using Equation (3.43) and 

(3.17): 

I
y

N

j
jj yhC

y
ε

κκ ~

)~(

)~( 1
∑

=+=      (3.50) 

where κ  is given by Equation (3.48), representing the strain ratio of the perfect 

bonding case. jC
 
are the coefficients of Chebyshev polynomials in Equation 

(3.36), I
yε~

 
and )~(yhj are given by Equation (3.42) and Equation (3.44), 

respectively. 

For the static case where k = k0 = ks= 0, the right hand side of Equation (3.41) 

equals zero, so the coefficients jC
 
are zero as well, and κ  in Equation (3.50) 

becomes 1.Therefore, the strain ratio )~(yκ  given by (3.50) becomes a constant 

value 1)~( == κκ y . 

 

3.2.2.3 The Effect of the Loading Frequency 

The loading frequency will have significant effects upon the load transfer between 

the sensor and the host structure. Three cases are considered with q = 0.5, υ  = 

5.0; q = 5.0, υ  = 5.0; and q = 0.5, υ  = 20.0, which is given by Equation (3.46) 

and (3.47). A series of the loading frequency (kc) values from kc = 0.0 to 8.0 are 

chosen to investigate the effect of different loading frequencies upon the strain 

distribution.  

Figure 3.10 shows the amplitude A of the dynamic strain ratio )~(yκ  under 

relatively low loading frequencies kc = 0.0, 0.4, 0.8, 1.2 and 2.0, with q = 0.5, υ  

= 5.0. Figure 3.11 shows the amplitude A of the dynamic strain ratio under 

relatively high loading frequencies kc = 0.0, 2.0, 4.0 and 8.0, with q = 0.5, υ = 
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5.0. Figure 3.12 shows the amplitude A of )~(yκ  for a relatively soft sensor with 

q = 5.0, υ  = 5.0. For a more detailed look, Figure 3.13 and Figure 3.14 show the 

amplitude A and the phase angle θ  of the dynamic strain ratio )~(yκ  when q = 

0.5 and υ  = 20.0.  

From the results it can be observed that the loading frequency has much more 

significant effects upon both the amplitude and the phase angle of the dynamic 

strain ratio, compared with the results of the perfect-bonding situation. As shown 

in Figure 3.10, when kc = 0, which corresponds to the static case, the value of the 

strain ratio is constantly equal to 1. When the loading frequency increases, the 

amplitude of the dynamic strain ratio increases, with the maximum and minimum 

values of the amplitude around the crack tips 1/ ±=cy . In Figure 3.11, as the 

loading frequency continues to increase from 2.0 to 8.0, the magnitude of A 

increases significantly. In the area away from the crack, the number of peaks 

increases, as the loading frequency gets higher. For a soft sensor q = 5.0 in Figure 

3.12, the amplitude curve becomes very complicated when the loading frequency 

reaches kc = 2.0. For a stiff and thin sensor as shown in Figure 3.13, the suitable 

loading frequency may be kc ≤  2.0. The phase angle of the dynamic strain ratio 

curve shows significant dependence on the loading frequency as well. As shown 

in Figure 3.13, for the static case, kc = 0, the dynamic strain ratio is constantly 1, 

which corresponds to a constant phase angle of 0. When the loading frequency is 

relatively low, for kc = 1.0 or 2.0, the curve is smooth, and the maximum and 

minimum value of the phase angle occur around the crack tips. When the loading 

frequency continues to increase, more peaks appear and the difference of the 

phase angle as large as o360  can be observed in Figure 3.14. However, 

compared with the low frequency loading condition, the location where the 

greatest change of the phase angle is further away from the crack tips. 
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Figure 3.10: Amplitude of )( yκ with relatively low kc (q = 0.5, υ  = 5.0) 
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Figure 3.11: Amplitude of )( yκ with high kc (q = 0.5, υ  = 5.0) 
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Figure 3.12: Amplitude of )(yκ with different kc (q = 5.0, υ  = 5.0) 

-6 -4 -2 0 2 4 6
0

2

4

6

8

10

12

y/c

A

kc=0
kc=1.0
kc=2.0
kc=4.0

 

Figure 3.13: Amplitude of )( yκ  under different kc (q = 0.5, υ  = 20.0) 
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Figure 3.14: Phase angle of )(yκ  under different kc (q = 0.5, υ  = 20.0) 
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3.2.2.4 The Effect of the Material Combination 

Compared with the perfect-bonding situation, the material mismatch factor q has 

more significant effect upon the load transfer between the imperfectly bonded 

sensor and the host medium. Typical examples are shown in Figure 3.15 and 

Figure 3.16. 

Figure 3.15 shows the effect of the material mismatch upon the amplitude of the 

dynamic strain ratio for the case where kc = 1.0, υ  = 5.0.  For a relatively stiff 

sensor with a low material combination q = 0.1, the curve is flat and the value of 

the amplitude is around 0.8, which is close to the analytical solution of the 

dynamic strain ratio κ  of perfect-bonding situation. It means that when the 

sensor is very stiff, the disturbance of interfacial debonding becomes insignificant 

to the dynamic load transfer. 

With the decrease of the stiffness of the sensor, the disturbance of the interfacial 

crack becomes more important. When the material combination q reaches 5.0, the 

maximum value of the dynamic strain ratio at the crack tips can reach about 5.0. 

Considering the fact that higher q value corresponding to softer sensor, the current 

result indicates that, even when the host medium is much stiffer than the sensor, 

the effect of the interfacial crack upon the load transfer will still be very 

important. 

The change of the dynamic load transfer becomes more complicated for higher 

loading frequency case. From Figure 3.16 we can see that the number of the peaks 

increases with the increase of q, but the peak value of the amplitude will rise to a 

maximum value when q reaches 2.0 and decrease when q continues to increase. 



 38 

-6 -4 -2 0 2 4 6
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

y/c

A

q=0.1
q=0.5
q=1.0
q=2.0
q=5.0

 

Figure 3.15: Amplitude of )(yκ  with different q (kc = 1, υ  = 5.0) 
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Figure 3.16: Amplitude of )(yκ  with different q (kc = 4, υ  = 5.0) 
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3.2.2.5 The Effect of the Geometry of the Sensor 

As the results shown above, the ratio of the length of the interfacial debonding to 

the thickness of the sensor, denoted by υ , will also affect the load transfer 

between the sensor and the host medium. For the sake of convenience, the crack 

length c is set as constant, and the thickness of the sensor h varies, corresponding 

to different values of the geometry ratio υ  defined by Equation (3.46). The 

result is shown in Figure 3.17, with the loading frequency kc = 1.0 and the 

material combination factor q = 0.5. With the increase of the value of υ  from 5.0 

to 100.0, the value of the dynamic strain ratio in the vicinity of the crack tips 

drops down from around 1.45 to 1.25, which means the disturbance of the 

interfacial crack becomes more and more insignificant with the decrease of the 

thickness of the sensor. Compared with the result of the perfectly bonded situation, 

the influence of interfacial crack upon the dynamic load transfer can be clearly 

seen. Even for a relatively small-sized crack or a relatively thick sensor, υ  = 5.0 

for example, the amplitude of κ for perfectly bonded case is about 0.98, while the 

maximum value of the amplitude for the interfacial-debonding situation is as large 

as 1.45 in Figure 3.17. 

3.2.3 Output Voltage 

Since the sensor operates in an open-loop mode with no external charges applied 

to it [83], therefore, the electric displacement across the sensor will be zero, that 

is, 

         0=zD .       (3.51) 

Then the electric field intensity, zE , defined in Equation (3.6), can be expressed 

as follow: 

y

ue
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      (3.52) 

According to the relationship between voltage and electric field intensity, the 

voltage distribution along the sensor can be expressed in terms of the axial strain 

s
yε  as follow: 
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where s
yε
 
can be obtained using Equation (3.43), with sse λ,  being the effective 

piezoelectric material constants of the sensor given by Equation (3.8). 

Figure 3.18 shows the result of the distribution of voltage along the interface 

between a typical piezoelectric sensor (PZT-4) and the host medium under 

loading frequency kc = 2.0 with q = 0.54, υ  = 20.0, for both the perfect bonding 

and imperfect bonding conditions. We can observe that with interfacial debonding 

the output voltage varies significantly along the interface, and around the tips of 

the interfacial debonding 1/ ±=cy , the voltage measured by the sensor can be 

increased by about 1.5 times. Here the voltage has been normalized by */VVV = , 

with I
y

s

she
V ε

λ
=* . 

Since the output voltage is an important indication of the characteristics of the 

sensor system, we consider the effects of the mentioned parameters upon Vmax, the 

maximum value of the voltage along the longitudinal axis inside the sensor, and 

Vmax is normalized by *
maxmax /VVV = as well. 

The maxV  – kc curves in Figure 3.19 and Figure 3.20 show the significant effect 

of υ  upon the maximum output voltage for both relatively stiff and soft sensors. 

The number and the value of peaks in the curves increase with the increase of υ . 

For a softer sensor with q = 5.0, this effect is much more significant and the peak 

values of the amplitude of maxV
 
correspond to lower loading frequencies. 

Moreover, since υ  represents the relative thickness of the sensor, if υ  is too 

small, many other factors will affect the physical phenomena of the problem and 

the one-dimension sensor model may not be suitable for use. Therefore, we don’t 

consider the situations when υ  < 5.0. 
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Figure 3.17: Amplitude of )~( yκ with different geometries (kc = 1.0, q = 0.5) 
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Figure 3.18: The distribution of V  (kc = 2.0, q = 0.5, υ  = 20.0) 
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Figure 3.19: Amplitude of maxV  under different loading frequencies (q = 0.5) 
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Figure 3.20: Amplitude of maxV  under different loading frequencies (q = 5.0) 
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3.3 Concluding Remarks 

Numerical simulation is conducted to describe the coupled dynamic behavior of a 

surface bonded sensor attached to an elastic host medium. When the system is 

subjected to high frequency mechanical loads, the effects of loading frequency, 

material combination and sensor geometry upon the load transfer have been 

studied, and comparison between a perfect-bonding sensor system and an 

imperfect-bonding sensor system has been performed. The analysis is based on 

the use of the integral transform method and the solution of singular integral 

equations using Chebyshev polynomials. The results reveal the dependence of the 

dynamic strain ratio and the maximum output voltage of the sensor upon the 

mentioned factors, and specific conclusions are obtained from the results of 

typical examples: 

(1). For the perfectly bonded sensor system, when a plane harmonic wave is 

applied, the load transfer is constant along the interface between the sensor 

and the host structure, and the effect of loading frequency upon the dynamic 

strain ratio is insignificant. The material combination will affect the sensing 

ability, and there is a critical value of the material mismatch factor q, 

depending on the incident angle of the incident wave as mechanical loads, as 

well as Poisson’s ratio v. The amplitude of the dynamic strain ratio will 

increase with q when q < qc, and then decrease with the increase of q when 

q > qc. This proves that the current perfect bonded sensor system is reliable 

for high frequency applications, with material combinations properly chosen. 

(2). The loading frequency plays a much more important role in the imperfect 

bonding sensor system. Based on the current simulation, relatively low 

frequencies kc ≤  2.0 are more suitable for the detection of debonding with 

the predictable results. Moreover, the peaks of the dynamic strain ratio appear 

in the vicinity of the interfacial debonding with larger amplitudes, which 

increase with the increase of the loading frequency. With respect to higher 

frequencies, kc > 4.0 for example, the maximum voltage detected by the 

sensor varies significantly and becomes very complicated with the change of 
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loading frequency. This means that the interfacial debonding will decrease 

the sensing ability of the current sensor system significantly especially under 

high frequency conditions. 

(3). The material combination q and the sensor geometry υ  show more 

significant influence on the dynamic load transfer when the sensor is not 

perfectly bonded. Under low loading frequencies, q from 0.5 to 5.0, and υ  

from 5.0 to 20.0 might be more suitable for detecting incident waves, 

showing less significant disturbance from the interfacial debonding. 
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§4 Wave Propagation in the Piezoelectric Sensor System 

This chapter provides an analytical and numerical study to simulate the surface 

wave propagation in an elastic half plane that is surface-bonded to a surface 

bonded piezoelectric sensor system under high-frequency mechanical loads. This 

solution is based on the developed one-dimensional sensor model, and the 

resulting wave propagation is determined by using integral transform method and 

solving the resulting integral equations. The work is concerned with the behavior 

of the interface waveform and far field waveform generated by the 

surface-bonded sensor with interfacial debonding. 

4.1 Waveforms in Perfectly Bonded Sensor System 

When the piezoelectric sensor is perfectly bonded, a dynamic displacement wave 

will be generated inside the host medium with an incident wave applied to the 

host medium. For a sensor system subjected to a high-frequency harmonic wave 

as the mechanical load, by substituting Equation (3.28) into (3.26), and applying 

the inverse Fourier transform, the waveform can be obtained: 
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By substituting Equation (3.28) into (3.26), and by applying inverse Fourier 

transform, the corresponding components of the stress wave field can be written 

as: 
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where 
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with I
yu

 
and I

yε
 
are given by Equation (3.17). 

From Expression (4.1)-(4.3) we can see that the induced wave field is still a plane 

harmonic wave, with the amplitude reducing with the distance from the sensor. 

4.2 Wave Propagation in Imperfectly Bonded Sensor System 

For an imperfectly boned sensor system, not only the sensor, but also the 

interfacial delamination, will affect the wave field inside the host medium. By 

applying inverse Fourier Transform to Equations (3.26), and by using Equation 

(3.32), the general solutions of the induced wave can be obtained as 
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with ),(),,( zyzy s
z

s
y σσ

 
and ),( zys

yzτ
 
representing the contribution of the sensor 

to the induced  stress wave field, given by Equation (4.2); and 
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and ),( zyd

yzτ  representing the contribution of the interfacial 

debonding to the induced stress wave field, where 
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4.2.1 Far Field Wave Field 

With the solved coefficients of Chebyshev polynomials given by Equation (3.36), 

the stress wave field can be determined. Although the resulting waveform is very 

complicated ad Equations (4.4), the fundamental behavior of the propagating 

wave can be predicted from wave field far away from the sensor. For any far field 

point at the lower half space, its position can be presented in the polar coordinate 

as 

πηηη <<−== 0,sin,cos RzRy    (4.5) 

where R denotes the distance from the center of the sensor, η  denotes the 

position angle with respect to y axis. Making use of the relation of 

syisyeisy sincos +=       (4.6) 

The shear stress wave ),( zyyzτ  in the far field brought by the interfacial 

debonding can be rewritten as 
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where ),(0 zyyzτ
 
represents the surface wave field along the interface induced by 

the interfacial debonding between the sensor and the host structure due to the 

singularity of the above integral, and 
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For R >> 1, the interfacial wave ),(0 zyyzτ , which will decay exponentially with 

the distance from the interface, will be ignored in the far field solution. The 

existence of the waveform propagating along the interface will be discussed in the 

next subsection. For Equation (4.7), since the exponential functions 

)cossin( ηηα isRe −−
 and )cossin( ηηβ isRe −−

 are rapidly changing functions compared with 

kernel functions in the above obtained integral, the dominant contribution to the 
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integral comes from the neighborhood of the points 0ss =  and 1ss = , where 

ηηα cossin is−  and ηηβ cossin is−  are the smallest, respectively. The 

accuracy of that dominant contribution improves with increasing R. Based on this 

idea, the method of steepest descent will be used in the following discussion [80], 

i.e. to deform the path of integration in the s-plane in Equation (4.7) into a contour 

along the path of steepest descent, which passes through the saddle point(s). The 

saddle points can be determined by differentiation of ηηα cossin)(0 issh −=  

and ηηβ cossin)(1 issh −= , as ηcos0 Ks =  and ηcos1 ks = , respectively. 

At the saddle points we subsequently find 
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The direction of the steepest descent path can be determined using 
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with “arg” representing the argument of a complex number. The solutions of (4.10) 

are 
410

πθθ −== ss . 

Therefore, the approximation of the induced wave in the far field induced by the 

interfacial crack can be written as 
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where
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Similarly, the far field solution of stress components yσ  
and zσ  can be 

obtained as 
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(4.16) 

Therefore, the whole wave field inside the host medium can be obtained by the 

superposition of the waves induced by the sensor and by the interfacial defection 

as 
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4.2.2 Interfacial Wave Propagation 

From the previous discussion we have known that along the interface between the 

sensor and the host medium, an interfacial wave will be generated. This wave 

shows no decay during propagation for ideal linear elastic medium. To evaluate 

the behavior of this interfacial wave generated, let us consider the induced shear 

stress yzτ  by the interfacial debonding along the interface, 

∑
∫

∫
=

∞+

∞










=
⋅

−

+=
⋅

−
+=

N

j
j

n

j
n

j
s
yzyz

njdssyscJ
sms

njdssyscJ
smsCyy

1
0

1

0

2)sin()(
)(

1
)1(

12)cos()(
)(

1
)1(

)0,()0,( ττ  (4.18) 

Here )0,(ys
yzτ

 
denotes the contribution of the sensor to the interfacial wave, 

which can be obtained by using Equation (4.2).  

The second part in the right-hand side of Expression (4.18) demonstrates the shear 

stress wave brought by the interfacial debonding, which is denoted by 0d
yzτ . When 

)(sm  approaches zero at a special value 0ss = , the integral becomes singular 

when 0ss = , where
0

0 cs ω= , with 0c  being the speed of this interfacial wave. 

The governing equation for determining 0s  is m(s) = 0, which can be rewritten 

as: 
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where αβ2222 4)2()( skss −−=∆ . 

Around the point 0ss =  , )(sm  can be written as 

0
0

0 ,)( ss
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sm →−≈       (4.20) 

with 
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This singular term represents the contribution of the interfacial wave.  

To evaluate the integration, the contour integration method is used. If the infinite 

integral of function )(sf  exists, it can be expressed as a limit of contour 

integrals along the contour 0Γ  that goes along the real line from −a to a and then 

counterclockwise along a semicircle centered at 0 from a to –a, as shown in 

Figure 4.1: 
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Considering the integration of )(sf  along the integration path 
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is excluded from the 

closed integration path, so we can get 
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By using Jordan’s Lemma, ∫
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becomes zero when the radius a 

approaches infinity. Equation (4.23) can be written as 
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Substitute Equation (4.24) into Equation (4.22), and use the Residue Theorem, the 

infinite integral of )(sf  can be obtained as 
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Therefore, the part of the resulting interfacial wave caused by the interfacial 

debonding can be obtained as 

)(0 0 ψτ += ysid
yz A       (4.26) 

where 
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with A PP

0
PP, ψ  being the amplitude and phase angle of the resulting interfacial wave 

induced by the interfacial debonding, respectively. 
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      Figure 4.1: The integration path in complex s plane 
 

4.3 Results and Discussion 

This section will be devoted to the discussion of the behavior of the resulting 

wave propagation under different geometric and loading conditions. In order to 

investigate the influence of interfacial debonding upon the induced wave 

propagation, typical examples are given by both numerical simulation and 

analytical solutions. 

4.3.1 Waves in the Medium 

Figure 4.2 and Figure 4.3 show the amplitude of the resulting total elastic wave 

0
* / λσσ yy =

 
and the wave contributed by the interfacial crack 0

* / λσσ y
d
y = , 

where *d
yσ  

is given in Equation (4.5), and 00 )1( kAv I+= µλ  with ,IA 0k  

being the magnitude and the apparent wave number of the induced wave 

corresponding to the free-surface boundary condition. The loading frequency is kc 

= 3.0, and other parameters are chosen to be q = 0.5, υ  = 20.0 and 1/ =hs ρρ . 

From the figures we can see that along the interface the influence of interfacial 

debonding on the resulting wave field is significant, and it decreases rapidly with 

the increase of the distance from the sensor. The interfacial debonding will cause 

high stress concentration at the tips when 1/ ±=cy . Figure 4.4 shows the 
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amplitude of the resulting total shear stress wave 0
* / λττ yzyz =  

with the same 

loading conditions. Comparing the results in Figure 4.2 and Figure 4.4, we can see 

that the amplitude of the normal stress is about twice of that of the shear stress, 

which is believed to be the dominant force to control the interface delamination. 

The stress component along the z-axis direction zσ  vanishes along the interface, 

but the stress concentration still appears at the tips of the debonding in the vicinity 

of the interface, as shown in Figure 4.5. It is small compared with the other two 

components and can be ignored. The interruption of the interfacial debonding 

mainly exists in the area of 0/4 <<− cz . Figure 4.6 shows the part of the 

resulting wave contributed by the interfacial debonding, 0
* / λσσ d

z
d
z = .  
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Figure 4.2: The amplitude of *
yσ  (kc = 3.0, q = 0.5, υ = 20.0) 
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Figure 4.3: The amplitude of *d
yσ  (kc = 3.0, q = 0.5, υ = 20.0) 
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Figure 4.4: The amplitude of *
yzτ  (kc = 3.0, q = 0.5, υ = 20.0) 
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Figure 4.5: The amplitude of *
zσ  (kc = 3.0, q = 0.5, υ  = 20.0) 
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Figure 4.6: The amplitude of *d
zσ  (kc = 3.0, q = 0.5, υ  = 20.0) 



 57 

4.3.2 Interfacial Waveform 

Along the interface between the sensor and the medium z = 0, a surface wave with 

the speed of 00 / sc ω=  will be generated, which propagates with non-vanishing 

amplitude along the surface of the matrix.  

The resulting surface wave along the interface between the sensor and the host 

medium is characterized by Equations (4.20) and (4.21). Figure 4.7 shows the 

A-kc curve of the resulting surface wave corresponding to the contribution from 

the debonding, which is normalized by 0
0*0 / λττ d

yz
d
yz = ,under different loading 

frequencies, where a series of material combination factors are chosen as q = 0.5, 

1.0, 2.0 and 5.0, with υ  = 20.0. The amplitude of the surface wave increases 

with the increase of loading frequency kc, and the changes are more significant for 

stiffer sensors (q = 0.5 for example). This implies that with the decrease of the 

stiffness of the sensor, the surface wave will be less significant. 
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Figure 4.7: The amplitude of *0d
yzτ (υ  = 20.0) 
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4.3.3 Far Field Waveform 

Figure 4.8 compares the normalized far field stress distribution due to debonding 

0
* / λσσ f

z
f

z =  at y/c = 1, 5 and 10, with that from the asymptotic results, given by 

Equations (4.4) and (4.14). The loading frequency is kc = 3.0 and other 

parameters are q = 0.5, υ = 20.0 and 1/ =hs ρρ .Very good match between the 

two curves in Figure 4.8 assures the feasibility of using asymptotic method to 

simulate the far field stress distribution. 

Figure 4.9 , Figure 4.10 and Figure 4.11 give the far field stress distribution 

*f
zσ using the asymptotic results under the loading frequency kc = 1.0, 2.0 and 4.0, 

respectively. The results show that the maximum value of *f
zσ  appears along a 

straight line when y/c changes from about 20 to 40, corresponding to z/c from 

40− to 60− . It means that the energy of the far field wave is mainly along the 

direction o45
)60()40(

2040
arctanarctan

12

12 −=








−−−
−=









−
−≈

zz

yyθ , which agrees the 

results obtained in Equation (4.10). The direction of the main energy of far field is 

not sensitive to the change of the loading frequency kc, which shows the basic 

property of the wave propagation in the sensor system with the current 

mechanical load conditions. 
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Figure 4.8: The comparison of the far field stress *f
zσ  

 

 

Figure 4.9: The far field stress *f
zσ  (kc = 1.0) 
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Figure 4.10: The far field stress *f

zσ  (kc = 2.0) 
 

 

Figure 4.11: The far field stress *f
zσ  (kc = 4.0) 
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4.4 Concluding Remarks 

The focus of this chapter is on the study of the effect of the wave propagation 

inside the host medium with an imperfectly bonded piezoelectric sensor, when the 

system is under high frequency mechanical loads. The high frequency discussed 

in this chapter corresponds to a wave length of the induced elastic wave 

comparable to the size of debonding. Typical examples are given for the case 

when the loading frequencies from kc = 1.0 to kc = 4.0 and typical material 

combinations from q = 0.5 to q = 5.0. The sensor geometry υ  is considered as 

20.0. Numerical simulation is conducted to investigate the wave propagation 

inside the host medium and along the interface. For the far field wave propagation, 

both numerical and asymptotic results are given and compared with each other. 

Special conclusions are obtained as follows: 

(1). For a perfectly bonded sensor system subjected to a high-frequency incident 

harmonic wave as the mechanical load, the outgoing wave will still be a 

harmonic wave, and the waveforms can be analytically obtained. 

(2). For an imperfectly bonded sensor system, the interfacial debonding will have 

significant influence upon the induced wave propagation. With the increase 

of the distance from the sensor, the magnitude of the waves inside the host 

medium decreases rapidly and the interruption of the interfacial debonding 

upon the induced waves become more insignificant in the far field. 

(3). Along the sensor the dominant stress is the normal stress *
yσ , which is much 

higher than the other stress components. In the current results of examples, 

*
yσ  

can be more than twice of the shear stress along the interface. Under high 

loading frequency situation, combined with the interfacial shear stress, it may 

lead to the growing of the interfacial debonding and eventually the damage of 

the surface-bonded sensor system. 

(4). For far field wave propagation, the main energy will propagate along z 

direction and the focus range of the wave energy is not sensitive to the change 

of the loading frequency, which shows the basic properties of generated wave 

propagation by surface bonded sensor with the current mechanical loads. 
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§5 Conclusions and Future Work 

5.1 Conclusions 

Throughout this study, two major issues essential to the establishment of a 

structural health monitoring system using surface-bonded piezoelectric sensors 

are studied: 

(1). An one dimensional sensor model has been used to simulate the mechanical 

and electrical field in a half infinite elastic media due to surface bonded 

piezoelectric sensor; 

(2). The wave propagation induced by piezoelectric sensors is systematically 

studied through numerical simulation and asymptotic calculation. 

Specific contributions and conclusions of this study to the field of the research can 

be summarized as follows: 

(a). The one-dimensional sensor model is used to consider the coupled 

eletromechanical behavior of a piezoelectric sensor bonded to an infinite 

elastic medium under plane mechanical loading. Numerical simulations are 

conducted under different loading frequencies, material combinations and 

sensor geometries to investigate the dynamic load transfer between the sensor 

and the host structures, and comparison between the perfect and imperfect 

bonding conditions are performed. 

(b). The simulation results indicate that the loading frequency has much more 

significant effect upon the load transfer for imperfectly bonding situations 

other than the perfect bonding condition.  Material properties and sensor 

geometries are more important in imperfect bonding cases, especially under 

high loading frequency loads. This indicates that the sensing ability of the 

piezoelectric testing systems are reduced and limited by the interfacial 

defection greatly, and more careful considerations of the loading conditions 

as well as the material characteristics are needed. 

(c). The wave propagation induced by the surface bonded piezoelectric sensor is 

analytically studied. The numerical simulation conducted indicates that the 
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effect of the interfacial defection upon the resulting wave propagation is very 

significant, especially for high loading frequency cases. The basic properties 

of the wave field are demonstrated by the analytical solution of the wave field 

far away from the sensor.  

Based on the analysis conducted in Chapter 3 and Chapter 4, the following 

specific conclusions which are potentially useful in designing the piezoelectric 

sensor SHM systems can be obtained: 

(1). For the current infinite sensor system model, the strain field measured as the 

output signal will be disturbed by the sensor. If the sensor is perfectly bonded, 

the change of the load transfer will increase with the increase of loading 

frequency. The material combination will affect the load transfer as well. 

There is a critical value qc, which is dependent on the properties of 

mechanical loads and materials. When q < qc
 , the sensing ability will increase 

with the decrease of the thickness of the sensor; while the opposite 

phenomena appear when q < qc. Moreover, the disturbance of the sensor will 

be reduced by decreasing the thickness of the sensor. Therefore, by choosing 

proper sensor material and geometry, as well as by controlling the mechanical 

loads properly, the sensing ability of the system can be promoted. 

(2). For imperfectly bonded sensor system, both the sensor and the interfacial 

debonding will disturb the strain distribution along the sensor. The main 

energy of the disturbances comes from the interfacial debonding, especially 

for high frequency cases. The change of the strain field by different loading 

frequencies is more complicated for kc > 4.0 for currently chosen examples. 

kc ≤  2.0 will be more suitable for the sensor system with interfacial 

debonding. Compared with the perfect-bonding sensor system under the same 

loading condition and material combinations, the efficiency of dynamic load 

transfer is greatly reduced. 

(3). The material combination of the sensor and the host structure plays a more 

important role in the electromechanical behavior of the imperfect 

piezoelectric sensor system. A softer sensor with interfacial debonding will 

bring more significant disturbance of the strain field along the sensor, even 
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under relatively low loading frequency kc = 1.0. Harder sensor can be chosen 

to reduce the influence of interfacial debonding. However, since the stress 

concentration around the tips of the interfacial debonding increases along 

with the stiffness of the sensor, attention should also be paid to make sure that 

the sensor will not peel off the host medium. 

(4). Even for relatively low loading frequency cases, the ratio of the crack size to 

the sensor thickness υ is an important factor affecting the dynamic behavior 

of the system. The difference of the strain distribution along the sensor can be 

up to 20% compared with the corresponding result of perfect bonding 

conditions. Therefore, thinner sensor is required to assure the efficiency of 

the sensor, and υ  > 20.0 is more suitable for the currently selected sensor 

system. For the currently selected sensor with a fixed length of interfacial 

debonding size, c = 2cm for example, υ  can reach 100.0 with a sensor 

thickness h = 0.2 mm. So υ  from 20.0 to 100.0 is appropriate for practical 

applications. 

(5). The wave propagation is significantly changed by the existence of interfacial 

debonding. For the current sensor system subjected to a harmonic wave as the 

load, the induced wave by the sensor will be a harmonic wave. The wave 

field will be changed greatly by the interfacial debonding. Along the interface, 

a non-vanishing surface wave can be generated. However, with the distance 

from the sensor increasing, it diminishes rapidly in exponential way in the 

hose medium. The disturbance of the interfacial debonding on the wave 

propagation mainly appears in the vicinity of the interface z = 0, in the given 

example, it becomes insignificant when z < -1.0. 

5.2 Future Studies 

Based on the results of the work done in this thesis, the additional investigations 

in a number of areas, which could be further conducted, are suggested as follows: 

The simulation results obtained by using the current sensor model need to be 

verified by experimental work or other simulating method such as finite element 
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method. Proper modification of the sensor model may be needed according to the 

corresponding results. 

(a). The current work only considered one interfacial debonding along the infinite 

interface. In the next step, more debonding with different sizes can be 

introduced. The interaction of the waves induced by the debonding need to be 

studied theoretically. 

(b). The current two-dimensional model has its limitations. The practical SHM 

system is usually three dimensional, so further study and detailed simulation 

using 3-D model will be very important for a real SHM system.  

(c). Considering the existence of interfacial debonding, design of piezoelectric 

sensor system will be more complicated. Extensive experimental work is 

desired to verify the proposed sensor testing technique, as well as the 

selections of the existing sensor and host materials in order to give more 

concrete suggestions about the optimal design of sensor systems. 

(d). Piezoelectric actuator systems also need to be studied because of their wider 

uses in SHM techniques. Besides, embedded piezoelectric sensor/actuator 

systems can be expected to be studied in the similar way. 
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Appendix A 

Plane Harmonic Waves in Elastic Half-spaces 

A plane harmonic displacement wave propagating with phase velocity c in a 

direction defined by the unite propagation vector p
v

is represented by: 

ηiedAu
vv =        (A.1) 

where )( ctpxk −⋅= vvη , A and k as the amplitude and the wave number, 

respectively. 

The plane harmonic waves are divided into two types based on the directions of 

motion and wave propagation: 

Longitudinal wave, for which pd
rv

±=  and Lcc = ; 

Transverse wave, for which 0=⋅ pd
vv

 and Tcc = . 

For in-plane motions, the incident as well as the reflected and refracted waves can 

be obtained, denoted by: 

nin
n

n edAu η)()(
vv =      (A.2) 

where 

)( )( tcpxk n
n

nn −⋅= vvη     (A.3) 

Different values of the index number n serve to label the various types of waves 

that occur. The value n = 0 is assigned for the incident wave, with 

2010
)0( cossin iip

vvv ⋅+⋅= θθ .    (A.4) 

where 0θ  is the phase angle of the incident wave. 

For an incident longitudinal wave, we have: 

Lccpd == 0
)0()0( ,

vv
.     (A.5) 

For an incident transverse wave, we have: 

       Tccpd ==⋅ 0
)0()0( ,0

vv
.     (A.6) 
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The reflected waves may be both longitudinal and transverse waves. The reflected 

longitudinal waves and the reflected transverse waves are labeled by n = 1 and n = 

2, respectively. The expressions are as follows: 

Reflected longitudinal wave: 

Lccpdiip ==⋅−⋅= 1
)1()1(

2111
)1( ,,cossin

vvvrv θθ  (A.7) 

Reflected transverse wave: 

Tccpidiip =⊗=⋅−⋅= 2
)2(

3
)2(

2212
)2( ,,cossin

vvvvvv θθ  (A.8) 

And the unknown amplitude ABB1BB, ABB2BB and phase angle 1θ , 2θ  of the reflected 

waves can be solved with the stress and displacement boundary conditions along 

the joined surfaces between the two elastic half-spaces. For a plane longitudinal 

waves which propagates in an elastic half space with a free surface, the following 

conclusions can be obtained: 

kkkk === 221100 sinsinsin θθθ = Apparent wave number  (A.9) 

ω=== TLL ckckck 210  = Circular frequency.    (A.10) 

These results provide, in turn, the following relations: 

       01 kk =          (A.11) 

       κ==
T
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c

c

k

k

0

2         (A.12) 

       01 θθ =          (A.13) 

       0
1

2 sinsin θκθ −= .      (A.14) 

The material constant κ  is defined by: 

2
1

21

)1(2







−
−=

v

vκ        (A.15) 

where v is Poisson’s ratio. 

The relations of the amplitude of reflected waves and the incident wave are: 
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Therefore, the displacement field in the elastic half space can be obtained by 

superposing the displacements induced by the incident as well as the reflected 

waves, which is: 

)2()1()0( uuuu
vvvv ++=       (A.18) 

with which the corresponding components of the strain and stress field inside the 

half space can be obtained. 

 

 

 


