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AQSTRACT

The discreteness of travel- time data when using
'the Herglotz Wiechert inversion technique results in a:

set of velocity depth proflles ‘which will satisfy the

A

data,lrather-than the unique model obtained When it is
: <

assumedfthat the data is continuous. The ed&eIOpe of

-

these models is analytically determlned in this thesis
for different types of data sets and computations of .

the veloc1ty—depth profiles are then made for a number
’ . ' ' ‘

of cases. ' .

' The effect on the enve10pe width of changing the

o sampling interval is det¥rmined, as 1s the efféct of

know1ng the velocity as a function of. depth in certain
’ )

regions (i.e. in the crust or down to the lqyer mantle)
In order to cqmpare this method with other fhver—‘

ssiOn methods, 1t is necessary to define an averaged Coa

\

radius which 1s then maxlmised and minimised so that

. a series of extremal curvés is obtained, for a number

fof averagingrlengths‘a This- type of result (i e. the ‘f.-
)

variatlon 1n averaged VeIOCity df’any radius versus the

.

averaging length) 1s directly comparable With for

é‘“ .

'example, the ‘esolving power versus 'adlus ‘plots obtained

N

kus t pe 1nversion.: In previous wdxk

: by Gilbert and
' w1t Herglotz—Wiechert 1nversion, it has not been rea—ﬁs;

*lised that tovmake any such comparison, lt 1s necessary
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to first average radius as a

maximise &ad minimise it and

thesis these max1mum and mlnimum averaged

»

1en?th.

and an

outer core data for whlch extremal ve1001ty-deptﬁ pro- b
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functlon of Y%1001ty, t%en

N
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not vice versa%.‘
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the effect on an enve10pe of decrea31ng the averaglng

In thﬁs
rofiles are

analytically determlned and computatlons made to’ show

earth—strlpplng process is applled to” some

s

may then be’ obta;ned
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Regions of high andﬁlow velocity'are discussed»
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CHAPTER 1

. INTRODUCTION P

-
]

One .of the basic studies of geophyslcs is,

glven surface obseryations, to aetermlne internal

structure. In Sglsmo%pgy, given a set of arrival

times of seismic waves at knowh distances from the '
‘ . - ; A . N '
source (i.e. a travel-time curve)'is- it possible to

‘determijne the corresponding velocity-depth profile

in the earth? ' This is the prqblem‘of‘inverting body -

wave data, and is the supject‘of this thesis. -

-

There are a 'number of direct and indirect

_méthdds of inverting £ravel time data. ' Theee include:

(1) Hergldtz¥Wiechert inversion effectively inte-

grates a function of a travel-time (T-A) curve to any
range and determines the velocity at corresponding;'

depthi(this will be discussgdllater'in.more detail).

(2). The Monte Carlo method has been applied to T-A
éata by Press'(i9ﬁﬁ. 1970 a,b);;Wigging (1968) and’

. ’/others. It inVolvgs trail énd error on a 1arge.§c;le‘
and, as such, is'vefy expensive in térms of bbmputing.
The method has the further disadvantage of providlng
solutlons with llttle real inSLght 1nto the physics

L3

involved e Co

h (3) Gilbert-Backus inversion 1nvolves linearfper—
turbatlons of a starting velocity model until in
agreement with known travel—time data. It has been"

BRI . . p D . M
- ® N - B . s N
) . X 3
. L T T o : -
. v - H
- o : . 3 s - L .

]



¥

) ‘“‘\\T ‘ TSN
dlscusqed by Johnson ‘and Gilbert (L972) and others.

-

' , Both (2) and (3) are indirect mcthods._ That ié,
W Y
glven "4 ve1001ty model, tlme (T) and~surface path
«

‘1ehgth (4a) muEt be computed and*Fompared with observed .
values, to test the model's Validlty EETE

ThlS the51s Wlll be concerned w1th the first
\

. ) \ . .
me thod, which 'is a direct inversion technlque.\‘The.
\ y .

Y

" same notatloh as 1n Bullen (1963) w1ll bé used, as thls‘
otatrpn rather th;h that .of the earth flatteneﬁ syso;m
(Gerver and. Markuskev1ch 1966 l967 McMechan and D ‘
Wiggins, 1971, ngglhs McMechan and Toksﬁz, 1972) is

\ B
‘more. frequently encountere? in selsmology (though the

latter does have sllght algebralc advantageS{P

From the prOpertles of. geofetric optlcs (1 e. for
_— . , , . .o
a ray obeying Snell' s law)

-

. b rofw ar . ' | R
i : A(b) = 2 I"t r Sl - o (l'l);
: s(p) r(n—p) - .
S ﬂw”ro‘ 2«{ 'hnx ‘f““,“ oo .
. T(p)‘= 2;J | g idg 1--,T .f_ar ‘ o .2 S/
S s (n"-p*) 7 S S ,

{p) ‘ : - e

1

where, as illustrated in flg. 1.1, A(p) is the ahgular '
separation between the source and the recelver for a |
ray, W1th ray parameter-pj:

'

\ . R



‘Fig;

]

1.1.

)

» Path of ray, w1th ray parameter P
indlcating various ray characterlstlcs

(Bullen 196‘3 P. 111)



. ~
- ' . .
I ER . A

r is the source and receiver radii (assumed equal)

P the ray parameter, is the distance derivative of
the~travel~time curve, It lS also the‘reCiprocal
of the apparent veloc1ty of a, bd@y wave\acrossfy
the surface of the earth (i e. an?ular slowness)

s(p) is the radius at which the ray bottoms. ' '

t

.M is the ratlo r/vir). }{

. ¢

T(p)‘is the travel time - for the ray w1th ray parameter'

c','
L Y

P

N

3

.The assumptions necessary to make equations (i l) and
(1.2) valid will be discussed later.“ " S
Equation (l l), "which is a form of Abel s inﬁ?—'
,gral equation, was first investigated in relation to
seismology independently by Herglotz (1907) and Bateman

,(1910) and later 51mplified by W1echert (1910) Their.
. ! G
solution, the:cla551cal inversion equation, is :-

‘ . T l', . '. ’ \ ‘l
T 1ln sty = | cosh (q),~ e 1.3
* ‘ 0 SRl '
'Thls equation says that thexradius é(q) at Whioh a‘ohosen'
'“ray, with ray paﬁy‘eter q, turns may be determined be—f'

cause the structure above s(q) has already been calcula— o

‘fted using the same equation. Here, A(q) is the range of

. ‘ . ¢ X __'?
' 'this chosen ray ~ﬂ} AT s

' B T .- RO Y
iR Y -



Thls method of . 1nver510n has

been ‘extended. to include the effect of wavye guides

-

(Gerver and Markuskev1ch 1966, r{967) Eqhation (1 3)
assumes that a small perturbation, §p, ‘in’ the ray para—
meter will produce correspondlngly small fhanges, Gr,

)

1n the radlus at whlch.the raylbottoms and'dv in the
turnlng ray veloc1ty : Obv1ously thls will not be true
if low veloc1ty channels are lncluded and he more

general inversion equation is i

| "A('q)_ Ck* T
ln ' cosh‘_l(E)dA + ) -k 2 “‘x
" (q5 T AT Lk
0 o , - k=1 ry §
S I X |
ar ., (1.4)".. .
4 . n - ' B

(this equation will be discussed in Chaptef'z)

where each low veloc1ty channel 1s assume? 1ndependent |

" of the others and the summatlon represents the effect a

; of channels 1 through k* ALl other symbols are as»"

prev1ously deflned, where the subscript k refers to’ the

. 0 s l . \

low velocity channel, as 1llustrated 1n\f1g l 2
? A number of assumptlons must be made in this
ﬁclnver51on. - T R

‘1(1),; Both source and recelver rad11 are equal to ﬁ§g¥5

L
- ¢~'.

‘e




‘Fig.

1.2,

R . . s ' ; ,"; v
C L e

I

Sketch to shﬁﬁ the effect of the %Fh low -

‘;?veloc1ty channel on turnlng point ‘of . rays

4

‘?lmmedlately above and below channel. "Wﬁ

oo ! ¢ 0

SN




" “l - (2) “ ' Onlj} ‘one ray ty'pe. and ve'l(‘)City is bej-n:g. irivesti¥ ‘
gated‘ ‘ BT ‘ ‘
(3 The velocrty V(r) is: non-zero and may be; dlsconq‘

tinuous, as- can the flrst anq\second derrvatives, but e

‘only at a flnite humber éf points. hlsewhere the
“second derrvatlve must 'e'continuous._‘ .
(4) g'It is assumed th% oomplete T-A curve ‘is known.
; ekactly;(i;e{all values of‘p,frpm h‘to’rd/uzf(=né)
are knoWn). S B
’ (;) There is no amb1;u1ty of 2n7 in A, eXtept‘p0351— %th

[y

bly in'the inner ‘core. This 1s reasonable as rays whlch
" ",have path lengths greater than 2% w1ll have much reduced

amplltudes.

If all the above assumptlons are true, then .

know1ng pk~\n ‘at A=0 it is p0351ble ta calculate R
IB ur

>Veloc1t1es near the surface radlus r . As p decreases,

o’

: that 1s as deeper rays are sampled corresponding velo- '-4

W

. c1t1es may be determlned because the velocrty structure

i, !

S fabove tfe Tay belng sampled has already Bben found..“ '
L 1; Practlcally, data W1ll be dlscrete rather than
,‘contln?ous, so that the T—A curve w1ll be represented
'Lby a. set of p01nts rather than a contlnuous llne.F That
‘:is,iln moving from dne range to thé next there 1s an “i;fft

“amblgulty 1n the velocrty depth structure “seen" by

-

h’?lrays at these ranges. For the Herglotz-wlechert




. e . ‘ o.‘f' |
| 1nversxon method, this dlscreteness of the data means
that for a chosen ray (Wlth ray»parameter q), there f\

‘w1ll be an. 1ndef1n1te number of veloc1ty models above AT
‘the" radlus (S(q)) where the ray turns, whlch flt the

data (because of the above mentloned amblguity)

Hopefully for each chosen ray, it will be Eos51ble to v

select the ve1001ty models wh;ch w1ll\max1mlse§§pd

v —

‘,mlnlmlse s(q) (and'hence maximise and minimise the ray's:

Veloéity at thefturhingwpoint, if IOvaé?ocity zones are’

o

temporarily ignored) . - This thesis‘is chcerned with this -

‘sproblem.‘”

. ~ B ‘ 0 o R o

AS~Will be'shown~in Chapter 3; discrete data‘in“l;w
' el 4 )

‘a T-A curve)correspond§ to ‘an envelope 1n the p ‘A plane

- »

B

- ‘(p dT/dA) and it is poss1b1e to analytlcally determlne‘\

i

ST \ . Lo
. . . .

T . . .

é:\ : e

"p(A) curves in thlS plane wh1ch~ o
(l) AbTVe|extremal values of the 1nteg;§leoﬁ equation

'lle completely w1th1n the prA enve&ogg%

satlsfy the travel tlme constralnt lﬁ‘”:;f'

;ﬁ.:ﬁf“?ﬂ" '

o,




[

solutlon has not yet been obtained., ‘ fnugifw. ‘. e

.l‘ Reglons of hlgh,VeIOCLty gradlent have been
treated by . McMechan (1971) and w111 be dlSCUSSed 1n

Chapter 4. .:J\f ) "ff- ‘.‘Q‘;i 3;w rfa

G
v

‘Arbltrary p(a) curves 1n the p—A plane corres— .

pond to non-extremal velocity depth proflles whlch t;' -

[}

owill certalnly touch the extremal curves but W1ll

drop away agaln (thlS w111 be shown in Chapter 3)

"

For example, at a. partlcular radlus, an arbltrary .

v

model w1ll actually deflne«the maxlmum velocity. :

BeSsonova et al (1970) ahd Kellls—Borok (1970) def1ne=

an average radlus whlch is effectlvely the turnlng ,
: H A \ R
-radlus from an averaged veloc1ty prOflle. The corres— \,A

R |.

pondlng average velpc1ty-depth curve may also be maxlmlsed

and mlnlmlsed as w1ll be shown 1n‘Chapter 3._f

e

A trade off curve may then be computed for the

A

“:F$W1dth of the averaged veloclty—depth envelopL versus
the range of p over whlch the averaglng 1s taken.n ThlS"
w1ll prov1de a direct comparlson w1th the Gllbert Badkus

x I . Y

results (whlch 1s lntimately concernef‘w1th the trade—frﬁ"

o R a.;‘

fo of”resolutlon versus accﬁracy) and:the’Monte'Carlo : SR




[
’ or 1ow ve1001ty gradlent 1ntroduce various anomalias

"“nto travel—times, as illustrated 1n f1g 2 1. -

“fanomalies are°“ “ S ; .

N : : | “:‘F ! { ‘f\‘fﬁ.&? '
‘ ST o vy SR T
00 U CHAPTER 2. .o oo
L K ;.‘ ': S Lot .‘_._,““ l'l‘ “" \‘_ : (“A\‘:.v‘ \
‘~C*p’h' BASIC METHR? OF INVERSION R
o Yo e o
| T L D R e
jag «]; Inltlally perfect contlnuous travel—time datdAn RN
L c
y{ll be considered »so that certaln features of the O
h R . U
/travel-tlme curve m%y be. determlned. Reglons of hlgh ~~f“

T
el

. . cnt G
\,hﬁl

These ' .

"‘l I
b \ ' ) s .
i .
A N . (e R “ v . ‘ ) \ ~
B PPN . . N . ERR X
oLt Y B " St . ' i
\ ,_h e Ly
t

A trlpllcation, whlch 1s a reglon of hlgh velo-uu}' -

*5(1) _

For contlnuous data, trlplicatlons cause;

”c1ty‘grad1ent. ‘

‘no problem 1n 1nversion and have been 1nvesthated by e

[P .
[ AR
v |

‘Mcﬁeohan.(197l) for dlscrete data.‘wJ; K'1$ j;;‘j-“ con

e oy
o 3

oo
ho \i type I dlscontlnultx, whlch

.'|l

lS due to a dls-f g
: (k)'“
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v
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I
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- Vo \‘.’( Ly _\..0 T R P s , 2
T -0 ’w'k) =0 e TR ( 1)
R AT i ','/

' . ' ‘." o . 'l, v\‘t"«‘:l [ ‘ \ '

S In Q;EEthe (2) may not‘\be a clear dlscbntlnu; yl
O f in A because of smearlng by dlffractlon.j A thlrd type“~

P o v

;:‘ o of dlecbntlnulty, I'} must also be considered. 'Thle‘

A : e \ | K
- G $
e qvls a comblnatlon of Eypes I and‘II,ﬂs{ch that

o n' T R - B
! ‘ - o LR : PR i B
N L ; ‘ e . L . S0 PR
N D e | : I \[.
; \ ‘" k O P
A i rt ’ ‘0)\ . N 3) 5
. . ( {'v, . 1 ! ﬂ " :(('
N i . FE o . ) _\ )
W I ‘ “ \ ' aoae .
o This typevof dlsco ‘1nu1ty may'be a result of uncertaln*-

N .\,»

['ﬂ:,,ﬁ&fetles in types I and II and 1t haL been suggested (Bolt,

'ﬁ.l972) for the D" bra ch, at the Tore-mantle boundaryff‘



3 .
W ' .+

oot
Thus,lit is very difficult,&o determine the tyPe of

A
-

discontlnuity directly from the travel time curve and
, amplitude properties mLst?be 1nspected 1nstead

Using wave theory it is possible to show that

\

for type I, the amplltude ona dlffracted signal decays
, i f{ \‘
“exponentially for A> N(k) hl ﬁ a cube root dependence on

‘frequency (equation (Al. 3)). 'Slmllarly, for type. II,

‘the diffracted 51gnal ampllt de decays exponentially

v

for A >A(k) bdt is 1ndepe en
‘ ‘ ‘ ¥ TR

of frequency (equatlon ‘
,,(Al@a ’ j oxe» mhx\;result agrees with that obtalned by<)

(eﬁuatlon (A2.3)). For a

,',“r

geometric cdh51derat10§5,

’ !
vl

type I1' dlscontlnuity!We f;nd that the amplitude beha~

viour is the same as for type II but with a‘decay rate

= which dgpends on the boundary conditions (equatlon

(Al. 6))

L

‘ It is assumed that the velocity model to just

above the low velocity éone has beenvinverted and is

. PR
known. ‘Ideally, it is possiﬁéﬁhip determine the type
0

of discontinuity through ampl :He inspection, though.
. . ‘ - L‘ X " » ., ]
. ~.in practice amplitude data i§ difficult to analyse.

For both type I' and‘;I‘discontlnuities A(k) and @(k)

} . R
are infinite and dbv@gqszy the whole curve A(p), as

p ‘tends to p(k), reavnot be observed However, it is

possible to extrapolate the model to r( ), using equa—
,.\

“tion (A2, l) and henee calculate QCK) (equation (2. 4)) f




'hence an estimate of T

~a value of ért

I A \> |

\Q...“: Y
‘k’“ﬂm‘

Similarly, using equation (A2.2), A(p)‘can be extra§o~»
(k) b

lated, for p tending to , from above.and below and

(k)‘ob ained. This then provides,
(k) yhere ' {

‘v" (k) o
< k), 2 _ 5 g

.
a o

= (n
(k)

- ) N
R

A second constralnt, 6A( (p), whlch is illustrated in
fig. 2.2, is 1ndeterm1nate for a type II discontinuity
bu remalgs flnlte as p tehds to p(k) for both types I
and I'. For the latter, the ranges, them!elves become

infinite about “the discontinuity though their difference,

. ;7(k), remains finite. This parametar is not directly
b

served but may be calculated as

. by ‘ : ;
. : | ‘ o .. o '
* aa™p) = ap) - 2 I R dr . S
' (k) r(n?- p?)*. .

£ 1+

- . .
™,

.V{.

Thes; measurements St(k) and GA(k)

, Qhether directly

‘observable (type I) or estlmatéa'by extrapolag&ng of

the last data point (type I1') can be thought of ‘as o i

| data from a stripped“ earth, to a radius r(k). This

is illustrated in flg. 2. 4, which shows the travel

—

o ,
"a.w‘ o : : , . K3

—agn

S\ti:‘{:. ;;7.13*

b



|
. . il
Fig.'2.2.. Illustratién .of the "earth-stripping" °
: boncépt‘ﬁor a ray entering a type II, o,
low velocity region. In this cage the . /I;
. ‘ . . N M N D N

rays used are PcP and.PKP (Macelwane

' 1951, p.286).



- which will have no observed values below GA

'GT(K)(p(k)) (fig. 2.4) though lt may be possible to

‘between T

.ot

time curve for such a “stripped" earth‘ﬂ‘ 'ﬂearth—

‘strlpplng“ process (Macelwane, 1951) Jepoves’the - |

reflectlon time, which effectively removes ‘the layers .
above the discontrnuity, ‘as shown in fng 2, 3 in the

p-A planev‘ Thus, a 6T(kx- GA(k)(p) curve is obtained
(k)(p(k))'

i

f111 the 1ower part of this curve w1th other data,

. for example SKS for the outer core. If thls supple—
‘mentary data does not exlst the situation becomes |
a Spec1al type of dlscrete data problem, whlch will be

: dlscussed in Chapter 31 Wwith this technique, it is

most convenlent to assume that\there are no tripllcatlons

or low veloc1ty zones within the regron of the low velo—

city zone (i e. veIQC1ty increases smoothly with depth

(k). and r(k)) ' Multlple zones could be inclun

- ded but will not) be studled here.

The above process is not possxble for a type 1I

dlscontinuity because GA(k)(p(k)) 1s undefined. Insteads

LY
-

the results of Gerver and Markuskevich (1966, 1967),

: .which generalise the class;cal Herglotz-Wiechert 1nte-

gral to include low-veloclty channels (equatlon (l 4)).

must be applied. These results w111 now, therefore, be

iderlved.: It should be noted that to compare the follow- ;;’

i 4

'llng WLth the results of Gerver and Markuskevich .,.he_

v ,M»;;VA_
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- refleéction from
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’Qiq;*2,3..‘Both type I' and II dlscontlnu1t1es in the

p—A plane.‘ The dlstance between the reflected i

'..“”;L~f"‘ . and direct réys, GA(p) (as‘shown) is the‘
| e'effectiVe ’range of the “earth—strlpping
\:‘ 7. ¢ ' /- ; : : ' i ‘ \ R ,l\ . . "
‘ .,.‘ process. '. . ,‘ .,‘ ' ') o o I . s ,'bs} . '\ )‘
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ﬂ Fig. 2.4. The travel time purve obtalned by the “earth—

strlpplng" prccess, as lllustrated in flg. 2. 3.‘ a]

€. ! . *_
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L [

transformatlons from earth flattened to spherlcal co—

0

" ordination must be used. The operatlon -

o - . '

dp R ‘ . . o

q p‘ q o "‘\u I oL T (‘?,
» ‘ :

15 applied to A(p) (eguation (1.1)):-

o (2.5) e

'~The rlght hand s1de of equation (2 5) 1s equlvalent tO‘.Y
an 1ntegral over the area D(o)(q) in. the p-r plane,
as. shown in flg. 2 5 where the total area between the
. p01nts (s(q), n(r)) and (r ' q) is deflned to be D(q)

1\ + ﬁ

k
b = D‘°) (@) + Zq pkl.

(kg 5 -k R SR
for p q ,) < q < P( q? o | . - R

) If the order of 1ntegrat10n 1s reversed, as shown

T

‘ ’ln flg. 2 6 then \fk'

) 2p dp dr' SnaN
”g r(n P f%(P qz)awf;
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' \'\\ * P “‘ !
"y
| ‘ “
E .
RN s
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\ B
ing.‘2;5.~ Both this and flgu 2 6 are- travel time data,
a €:. ».whlch 1ncludes 10w veloc1ty channels, trans—‘
| i o fn_ _fposed to the p-r (1 e ray parameter versusbd‘
B ;;, . ,i-f.gturnlng radlus) plane.d In both flgures e AR
| » ',rk,{rk‘are the bop - andﬂgottom rad11 of the k' h'“f@:
: 4_;low veloc1ty zone, respectlvely and the oross L
f; ~ : {“hﬁrhatched areas’ represent the flrst of the doublel-
R ‘1?1ntedrals 1n equatlons (2 5) and (2 6) Flg.,v *
S 3 A;*;fz 5. shone the order of 1ntegratlon in- equatlon
5 : ‘ ‘;f..




- "
) " ~ - N ‘ l . \“~“\ \ ;
! " Tl \ el L . o C oy . v
) T - ' L . ‘,l
. —— , '.}
S ' LT K g N
. - + : (X )
. - : T
v K
‘ \ ‘ , ‘ . . :
) \ ' ) o
. -
;
' P , ' S .
oo
f y, '
l A
‘o
R . .
. . ) .
I ' A
" A e |
. ' y
S P
/ o
5 y
. " A
- T .
I.‘
o
'
, , > v

>3

LI .

R . ) [ e IR A R : .

Iy

Fig. 2.6. 'This diagram shows the order of “integration . .

O " . o - in equation. (2.6) . oo

| R ' !
[} v ’ . .
. v : .
) a . @ .
Lo R v
¥ ! £ * B
) 4
' .



| .’I'n‘gen"eral“p
ﬁ o .“J . R dp = . = —‘ténel" B_:"Rf .‘ \

BRI
TR

IO

e

"éeg“p‘l).‘the upper depth. (r(l)) at the low veloc1ty channeluj}”f

(n P )%(p -q );i | LR - A

'andlﬁence the firsglterm

to o
a“ "-'\. ’ro i L . S vt . B X ' .
3 ln . v.,‘ . ! "\ " L B . ‘_ T ! '
. ".‘, ‘{quj}'v‘ wo e o . N

Integrating the left hand side by parts gives ' .

N ¢ LIV, I -
P | J 'coehf% (g)tdA ‘ .

o ..
and so the equation becomes  : o | '
B Y R B
o _1 C e1p kg 2
T cosh™ ( ) dA+ )" I X .
o "kero gy T
- \

(l) q '6, the classmcal result ls ij{}ﬂ
obtalned, where the summatlon term is 1gnored. and fw'tﬁyf?

Obv1ously, for p

for "perfect" data thls Wlll produce a unique velocity-‘;;;;;j

Q..

depth profile., As explained above, for q tendrng to 3;a :;{o{




‘is known, but 1ts extent 1s no1 as 1t depends on how f“-‘~f‘

g s . A\ .

f,"the veloc1ty functlon varles wrthln the channel. ‘ ’h ‘41'393

SR RIhus, even for perfect“ datai.it 1s only pOSSLble to. ' :} o

h‘ .‘ N fea
"Hﬁlmp0se llmlts on the veloc1ty model for q < p(l)

,‘Lj,vu51ng the constraint Gr(l) (flg 237) Thls will be \

dlscussed Ln more detall in Chapter 3.

P » SRR : S

Wlth dlscrete data, p(A) is not known exactly

and hence I( )(q) cannot be evaluated expllcitly.

‘Howevefv‘lf maxlmum and mlnlmum values of I(o)(q)
can be found, whlle Stlll satlsfylng the data, thls

e :
w1ll glve mlnlmum and max1mum veloc1ty and radlus

values and deflne the envelope mentloned prevlously.
The problem of 1nvert1ng low veloc1ty channels of type

II can s1milarly be spec1f1ed as f1nd1ng the extremal

o values of I(k)(q) Whlch £1t the data (contlnuous or

[

dlscrete) hiu e SRR

When con51der1ng low. veloclty models,‘numerlcal [ -

v .

- 1nstab111t1es are encountered 1n that thln, very deep -
low veloclty zones cause only small changes 1n T(A) |

; (Kellls-Borok 1970 Bessonova et al 1970) Hence, quf“:

rather than calculatlng the "true proflle an average

t .
! i Vo RERNE

structure may be used, whlch w1ll be more stable.v«;npﬁ?ﬂt"

T

il
,;

rad1a1 varlablew, the deflnltxon equxvalent to Bessonova
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where a s p £ b 1s the averaglng»rntervaland as defrned ‘\*t

f . ' \ o
P .

y\ earller,.s(n) lS the radlus at Wthh a ray, Wlth ra _Q.t

N

parameter q, turns. We recall that (equatlon (2 7)),

PR ‘AF. e . . |‘:|,

N . : N ! f.» . P N

SR 7'..'T'Qv_ln',-s-"-ml;r=,;'-‘-1_-(9) (q) zq (k) ) & ) S
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SR 1nrR“,ai3.’t’r!‘=' ‘ 1 .’f:,{ ‘°’ (q) + Xq (k) ‘Q’}dq
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. The fmrst term on the rlght hand s1de becomes, on ’t(A3:ﬁQ}J,
stbstltutlon for I(o)(q) and reversing the order of L
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2.8. The function'¢(p) defined in the equation ."

f ! “
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Honce A 1]
¢ | '
n o ° b K
1n M—?—!—bl = - Ef—;/” Alp)¢{p,a,b)dy + I Zq I(k) (q)dq

! [ !

Besqohova og\al (1970) introducéd this average to avoid

the numerxcal lnstabilxtles of solutipons including low

e

velocity channels.; However, it will be usqd‘here in:

the interpretation of discrete data. This problem will

-

be looked at in the next chapter. The envelope of all

méqéls deflned by Iégi(q) and I( )(q) w111 be dlscussed

as will the maxlmum and mlnlmum average models defined
by Rmax(a b) and R, (a,l b). The former is actually a

spe01al case of the latter with a = b, where (a,b) may
% .

be thought of as a resolving window. o

' ' ' S \

.
f \



CHAPTER 3

~———  DISCRETE DATA . . - |

» ! f
~

v+ . In reality} rather than an infinite amount of
data, there will only be’ a finite nqmber oﬁ\data points,,

assumed to be part of a contlnuoua functlon. In this
i *

chapter, it will be shown that 'even though the condition

‘ofﬂBHOW1ng a complete T-A curve is not met, lt is stlll}
[ * '
4 A} .
- possible to use ‘HerglotzrWiechert inversion techniques

and obtain a set of veloclty—depth profiles which satisfy

‘£he data. 5 : r . )
LS @ s - .‘
t First, extremal velocity-depth profiles will be

calculated for'thé forward branch of T-A curves only,

‘*'r

. be dlscussed in the’ next chapter and reversa
' 3

- which have beenﬁconsidered by McMechan ‘and wiggins (1972),.

where dp/dA < 0. 'Régions of low yplocity grzdient will

regions,

w1ll be reviewed in Chapter 5.

¢ * The most highly conttralned case to .consider is

1

g

when phase velocity (p) as , well as travel time data is

-

known. That is T =.T(A ), u, p(A ) are. exactly known '
for certain stations Ai' iél “enp where it is assumed '

that T, = 0, b, = 0 and data are arranged in inbreasihg "

1l
order.

'Though information is only obtained»for aﬁfinite_ ia

Al

number of points, the condition that the gradlent of

'28 e Lt
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§
T = T(A) must be a‘monotoﬁically»ﬁecrqasing function
of range provides a further res;ricﬁion.' That is, for

the‘linear interpolétion'gradient‘m, ﬁi+l < mi g‘mi_l,

where e
o Tivn 8Ny
s = ! . — . 5 ! ‘ -
0 i+l 93 ‘ i

For (p)&,A)‘Aata, the upper and lower limits on p may’
be further reduced, Es m; represents an averaged value
of ray'parawetep p between (Ti,Ai) and (Ti+l'Ai+;)

- are the p valuesat (Ti Ai) and
' 14

whi‘le,lui and ui+l

oW

(Ti+i;Ai+l) respectivgly‘and thgrefore, as dp/da < 0, )
i 5™ S Yy ~ - ,
. The constraints'on the data may be'summariséa
as . ' .
(1) - Uiy S P SLuy for éi < g <B4
. v |
.—‘ [ . ? = e
(2) P=u ‘foF A Ay
). 9 ,ﬁ
(3) ar s o . .
. A V/‘ .;‘ ¥ | |
v 0 » -~ v

Equation (4) may then be modified to '

i v s : ¢
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P dj =Ty, -Ty =687y .7

' Cohstraints (1) and (2) staté that ip the p—A plane
any valid p model must lie within independent box

structures as iilustrated in fig. 3.1 which iﬁdicates

A

-an arbitrary\p curve and the . bounds on any p,modél in

the p\A plane. . B \

The problem. then becomes that of determlning the.

maximum.and minimum Iﬂ )(q)'(ag defined in equation 2.7)

«

éﬁbject to the above constraints. 0bv10usly, the

A simplest way to maxlmise the integral is w1tn p ‘ i"
 However condiﬁlon (4) would not then be valid and in -

© fact will only be met\ipr is evenly distributed about |
‘éke>mean,?ﬁi{’ | | |
Q)

) o L
| ,I(O)(q) = cosh™! % da

ON— >

\fﬂi c::osh"l E <0 .f

' Thus an} small perturbatlon of p, Sp, from g{--vmi w111

result i a decrease in the total area oﬁ the interval

AR

as indica]fd by fig. 3.2, §o,for'p = m, the integral o
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v ‘ \ _/.S’
v‘ . ,.',
Ph~—— ‘
- o / typical p(A) .
Umn—— ) S
. I |
7
Fig. 3.1, ‘The bounds on any model for (p,T A) data
in’ the p-A plane (1 e.,ray parameter 1n1'“ B
: » sec/deg versus range in degs) i An-arbltrary
;,' fp(A) curve 1s also shown, where, to satisfy

the data, the curve must always be w1th the-hf

5 ' o Y

.bounds L R e e



J .

." v ! l A,"

‘\, ‘ larger of the two increments:

o A ‘ s

8' P/

0 4 :

) \ ,

t! .

NS .
o =

N : . oo

Q. / :

S S

o , ' =

! .

.

Cod -

,"‘ " N

0, B T

L}
f . i
Fig. 3.2. A sketch of cosh” -1 p/q as a functlon of p, O
showlng that any small. perturbation, dp, ‘

away from the mean ml will result 1n a-

\
decrease in, the va;ue of I(O)(q)




o ' Coa | , . .‘ \,— ‘ 33 *l
N o . . . \ o
wlll be the global max1mum as shown in fig. 3 3. rHow—

oy

“ever, ‘the end pOlnts must be consxdered separately.

,The end p01nt A(O) is qulte straibhtforward as p = ml

‘w1ll produce the maximum,‘as in the general ;nterval

| At A(q), the integral - w1ll be maxlmised by taking '
p = m; in the 1nterval containlng p = qi and beyond -
A(q), by taklng P equal to 1ts mlnlmlslng value." The .

relationship between A'(q)_yand“mJ 'is found by the follow~

‘ing equation, whichlsatisfies’condition (4),

) L lv.:\. A ‘( X
alq) 2541 L A
J mi'dp, + I u]+l dpf de N
A A ' ‘ i
3 jp)lz ; o
o
l.e: ) ‘» * .
. ' GT + in*A A 1 "
ST R B | J+173+1
A(q) I - . ’
4% R TS S 4
T ,‘lF i ) »
5 ’ l hl

. As can be seen: from flg.‘3 47 the,value of mJ w1ll be

dependent on the value of ., Pnd as AJ < A(q) S A3+l“

*

:'mj is. constralned above and below to uJ and mJ respec—fa'

must be found such that

o 1 . 3

{'? ;_f{ 5 = Afot: N ;ﬁ;

S emy T SR i
Aa’;‘
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p mj rather than uj.f;V*r;‘fxfr

~,The p(A) curve in the p-A plane, whlch w1ll

"maxlmise I(o)(q) where the inset refers to

3

_fthe change in’ end polnt 1f q < mj.r Thei-.n«

[y

unconstralned end p01nt would be 31m11ar.

to that shown in the. maln dlagram -but w1th

af

. B SRR . MR R : S e,
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4+ |
lﬁq),
m. . U ’;‘: |
'l{ J ‘Pl

Sketchuof a famlly of I(O)(q) curves, where
(0)(q) decreases as a functlon of inqrea51ng

q., Hence the value of mJ w111 depend on. q

and may be constrained o uJAor mJ;;?gfﬂ;e;*



' For (BI./Smf)f’-ﬁf< 0 ‘the constra1nednmax1mum 1s at
p = m, and for (31 /) *. > 0 the constralned |
) 3 J uj 1, - y
maxlmum is at. p uj . ,

To max1mlse I( )(q), lt 1s necessary tq perturb

p from the mean by as much as poss1ble, say t%i

'y

: . N . ' . . 4 '
) . ~ G
v - , . . R

Py 91 -A.< Ai 1 | ..('
lwhere'ei is determined by condition (4) ., However from.
constraint (3),.there can be no discontinuous increase
in p at.Ai, and therefore
. = u ,
P37 %
- ' , 14 . “_l
| Py T Y541 ‘ ’ .
and : ) f
S S O Y TUT o |
SRS Tl b M I i £
R s e 15 SR
T N S s RTINSO s N N

I
w
'1as shown 1n flg. 3 5, a p-A plot of the band of poss;ble

1% models where the solid p(A) curve through the bands is 5;\;_

¥
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“A plot in the p-A‘plane of the band of p0531b1e

7‘p(A) curves where the SOlld 11ne through the

fé}boq'b 1s the p(A) curve whlch mlnlmlses I(o)(q)

The 1nset refers to the alternatlve end p01nt g;“'
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‘.\,lfhatlvh eh glveé the mlnlmum 1ntegral  Qj' ;'ei'_' .'-"Q' .

o The! end p01nts must agaln be conSLdered separately.

For A(O) there are two cases.“

. . . . A
NN I " . . :
' 1

o ) .
oty > ! v 4
Y " X ) B ' . [

v . : -
(ii) -;ui*k @ ' %
then < , ST i.-‘v o -?{
L - o - =1 Wiw L ) !’* oo
, o O el ‘ !

L A L e e
v At A(d), the global min foum . will be .




the 1ntegral IJ must be cons— IR
v : . ' ‘ N Lo L Yoo ;
S traaned o zero, as shown 1n flg. 3.5, S f_‘ “y, ”
o . Vo \ ‘ . LI P .“ ' ~‘ .2 .
Usrng these condltlons on max1mlsation and mlnl--“

[N s
D

-ﬂfl‘ f‘kmlsatlon a’ program was wrltten to flnd extremal velocity

\ \ 3 A 5 .H‘

R depth models for glven (p,T A) data. Test data (from

B - -
he} ‘.|\u~ " -

ﬂﬁ3¢%‘ the Herrln tables) ‘was used to determlne a number of

\ Y
. - [ " Lo
. [ s

,effects. Flrst the sampllng interval was varled between

.\ \' o

e approxlmately l 3 and 5 degrees for thlS standard data

l and extremal profrles were valculated for 9 0 s q s lO 0
"ju" at 0 l sec/deg 1néervals‘of q. (thlS corresponds&to a ?f5 o

'“i radlus range of abedt 5603‘Eo 5800 hm)t_ As can be seen“]

*
0 | . »

‘ﬁ]tl‘ﬁi from flg. 3 6 decreasang the sampllng 1nterva1 decreases“"ﬁ
\ el [ N Lot \,_ , '
2. the w1dth of the veIOC1t¥-rad1us envedope}f‘Thls 1s as
S L . B . L .

ﬂﬂf'expected as n the Ilmlt &f conéknuous data the veloc1ty

"’

‘QH‘ \ depth proflle would be unlq

\

f‘ﬂ.*f"‘Tean A measurements but the r_ ults q§ thls were Ln-_

beenwpfeSented., Any

! 4

:cenciu91ve and ﬁaq\ nqt therefor‘

W {
ERVL I
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only thnéﬁits :ULfa%F radius was 6371 km, and us 1ng

tne,sganda;d Qata the velocity—depth cnvclope for the
crust and mantle was computed, as shown in fig 3. ?.
It was then assumed that velocity was, known as a func-

tion of radius in the crust so that to a depth of about

’»

50 km "(i.¢. radius at 6322 km) the velocity—depth

.

profile {rom the inversion procedure is unique. Bc low

that, a series o;\pfbfiles is again possible and an

envelope of profileé is obtained. Thirdly, the model
is fixed to a depth of approximately 850 km (i.e. it is
assumed that the structure of the upper mantle is also

known). The last two cases have been superimposed.on '

#
¢

ﬁne rndius—velocity diagram of the first case, as is_.
shown in fig. 3.7. It should be noted‘ftom thg diagram
gthatrthé éffect of fixing any part of the profile only
reduces the w1dth of the envelope in the immedlate vicinity-

of the known part of the profile. Thus even knowing the

\

structure of the upper mantle the band of possible velo-

.cities for given radius cld%e to the'bottom of the maftle

remains unaffected. f This is also the conclusion drawn
>

by nggins et al (1973) though their method of inversion

]
is dxfferent ahd uses few time constraintg However

4 a

the data used here is meant only to illustratoe the theory

4 { -
and may not, therefore, be compared too crltically with

'theirgsults of Wiggins et al. -
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It is also of interest to note the'beheviour of

t

1ndividual profiles as they mova away from the extremal
curves. It should be remembered that a functidh of

p(A) which will maxﬂm\ee the integral r(© )(q) for one

value of qy say 9 will not dQ so or other g values ,
R
(i.e. for other rays) In fact the'way in which the [%
(
V() profile moves away from the envelope edge (in this

case the minimum curve) Will depend on theMpOSltlon of

with respect to the p parameters at the end point.

For example, if at the end point m:l ='uy for q=qp .

9nax:

(and p = my for all other 1ntervals)-then for
; ‘

/

Aax $q % 1_1 these values of P will also be the

' ‘maximum ones so that the model will be on the envelope

for q

max 3 q's mj_l.' The- system is also osc1llatory as R

the same conditions will be met (1 e. the given values
of p will be those providing the maximum integral) for
Ui < q s mi for all i < 3. imilarly, if for 9= Apaxt
m; =my fhen this set of p values will be the maximal
eet for uj+l <q ¢ mj'and for. Y41 < F s myg, 4 < j

If mj < mj < uj, then this function’ of p(a) will only
give the.maximum integral for U4 < qgs<m mg, i<,

ObViously t .the ihdividual characteristics

gofithe v(}) curves will depend on the distribution of
data with respect to the values off q taken. Computa-

‘_tions were made with the same sample data ag used before, -
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with the profiles fixed to a depth of 1325 km. In

fig. 3.8 only a small: section of the total 'profile

«N 2
v

is 1llustrated (i.e. 6.0 < 9ax S 6.8) so that the

detalled characteristics mayfbe observed. ‘These
,1nd1vidual curves do show the above properties. Fer

example, at Dnax’ = 6 l mJ < mj < uJ and the curve

moves‘away from the minimum quite fast but returns at

. ) : L :

g = 6.3 and 6.6 (which correspond t°~ui+l $'g-s m; for
i = j~l'and j-2).

- The individual curves of fig. 3.8 are possibie

velocity'models which, though they do touch the

extremal curves at certain points, in general lie

P

within the envelope. The extremal'curves (which are
not themselves possible modelsf_represen the largest
range of velocities at any one depth~wh5§t the given
data will allow. Hence, it is unreasonable to «compare
these extremal énvelopes‘w1th results obtalned by
Gilbert and Backus inversion (Johnson and Gilbert 1972),
as has been doue‘by wigginsiet a1‘(19735, because the 4
envelOpe from this method of inversion will obviously
be broader'than,the averaged uucertaihtieS‘from other
techuiques.‘ In Order to compare uncertainties in this i
method with those of other inversion methods, it is '
necessary to use’ an averaged radius, as defiued bY:

-

Bessonova et al (1970). | . B .
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P
This averaged radius, given by equation (2.8),
iS ' ” “ v |

- 1n R(p,a,b) =:b?:a

ln s(q) aq\w

P ——T

. where averaging 15 from p ='bbto'p i)a.r Obviously for
- LAY

‘b = a[ the averaged radlus is, R(b b) and the extremal

radii R max (b,b) and R min (b,b) are as dichssed-above

[}

(i.e. equal Sh (b) and sm.n(b))ﬁ FOF the case under
eonsideration, that is no low velocity'ébne existence,

.

’ . r o -
o [,
‘ 1n R(p,a,b) = = S?T; T A(P)¢(P(a:b)dp :
a
. r"‘ - N .
— - o '
-~ b-a g i o ' (23
1 a, A 3 . , ~
where
\eosf; & . cost R b<p<mn
otpoa,) = [\ T |
. . - ‘a‘ - . . B
0os - ~ o a < £b
c P P

To f1nd the extrema of R(p,a b) it’ 1s necessary to

',;con31der the extrema of ¢(p,a b)A(p)

\
\

In general dp/dA < 0 is required, so that any
perturbatxon, Gp, away from the mean, p 1, w111 .

-decrease the total area under th- ,;p)_curve for that;f

=



N o ,\"

"interval. Simiiarly, for b < p <. n' . d¢/dp < 0 "and,

\

as can be seen from flg. 3 9,‘a perturbatlon, Gp,.

[

from the mean value of p (1 e. my ) will also decrease

the area under the ¢(p) curve for the ith interval.,

”Therefore, for b < p < N p = mi w1ll maximlse ¢(p) A(p)‘h

"in the":fth interval. However, for a < p <'b, d¢/dp > 0

A \

‘,so that, as shown in fig..3 9, a perturbation op from

p'= mJ w11g increase the area under.the ¢(p),curve for

. that interval. This confl"cts with‘the effect on.A(p)

- of perturblng p. For the data considered the possible o

variation in A(p) (i.e. from AJ to’ A3+1) is smaller than

that in $(p), whlch varles qulte rapidly, so that the '

¢

maxlmum p0881ble perturbatlon of 1< from p = mj Wthh

satlsfles the travel time constraints, will maximise the

'1ntegral for a<p < b’. In the ‘case of (p,T,A) data,

"

thls means that

c u? By < A < 8y
p = :
uj+l eJ ﬁ A< AJ 1 .
where ,
PO Tl o Mt £ L EE
T 0 Yy T Y .
‘ s \

@ . ' ’ . ‘
B « ®,
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0

A graph of ¢(p), the averaglng functlon deflned

_by equatlon (2 9) ” For b-<p‘<n a perturbatlon

1

‘Gp from the mean, p = mi,.w1ll result 1n a.

,decrease in the area under the ¢(p) curve.,'qu_a;

1]

ﬁresult'iﬁ an‘inéreasé in the area under ‘the ¢ (p) .

P
. - . B A " - . e -
ceurve. T T 8 ;
vty N 4 [ . * . . . .
3
. .
- 2t N T O .
# : . | . - e
' - [ N
8 3 ‘ S -
‘ s Y 5 |
® i A 1



' o
! Al
‘ L 49
)
I‘ N "‘ .
» "$ | ‘v
. \ ,
¥ (
- .
P Lo w
C .
.‘1 ) f |
1
." ' -
n' ) o .
b ! ——1mT—' ‘
| .
‘ | ‘418
' |
' , I I
[ ’ I .
L SR I :
' \ N | I
! ' l.
lq A
| |
I
T -
o | o :
PN g \
0? 0

Fig. 3.10, The values of p(A) about the polnt p,‘b '
;;:~‘ ff wh1ch w1ll in general, max1m1se the.
| integral,ﬁare represented by the solld
JT%“;QEL‘. llnes through the boxes..‘
i . "é \ }}yig‘

-



s .

'b',that p m will mlnlmlse the . 1ntegra1 in the j

A) 50‘ '
Conversely,'for b <p <!n-‘ the largest posslble
}‘ perturbatlon of dp from the ‘mean, wxll mlnlmise ¢(p)A(p)
\ . .
El that the mlnlmlslng values of p are
{ L ' ' e ‘ v:
u, . A, < A< 8,
e i i ) A
. p o= N l -
u, L. e <A< A ‘ '
B B N C o

For a < P < b, the effect on ¢(p) ‘will predomlnate SO

h'.

interval. , . . « ,
. r . . , , N . \

.As before, the end p01nts must be conSLdertd

separately. For both_cases, A(O) is treated as ‘for

(q) and s '(q),i if u' +1 <bcg ul and a > u,

max m1 1+l

then A(a) is- also the same as the end p01nth(q) in

the preV1ous dlscu5510ns.; The most general max1m1satlon .
of the 1ntegrélkls as shown in"” flg. 3, 10 where A(b) .
corresponds to A(q) for b. < p < n and A(O) for alip'<b "N

However, this contrlbutlon may be further 1ncreased by

decrea31ng m and 1ncrea31ng e untll‘;n the l;mlt

*% Tk R R R ‘
- ei.“- 05 The relatlonshlp between e an"d-ml is’found o
from the travel tlme constralnt on the 1nterval-—e L ,"
S T e u.\v‘= . ‘
Lo e ‘ [ B '. ' ’f‘\ f 3 A . . .
e ~*(e By ) + g (A L -eh) C
_ocandthen; 'ds - 0 e 0 Db Ty T
; o
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.'ml may be determlned numerlcally by substltutlng 6l fr 9ﬁ by
(3 1) into, equatlon (3 2) and then u51ng tPe condltlon o

- BI /Bm = 0. Both 6, Aand mi are sub]ect to’ further '

constralnts: L L - o /
” i | ¢ : } ? :
. (1) b g m. s uy , e .
! . . | - \ ]
£ o ‘ '

() 838 83 Ay

e . . N . * -
The rlght hand equallty of constralnt (2) sets m:L = mi,“”‘
8% = A. for m; > 6~2 a,,.. For uy z b > m.' it is ‘ :

i Titl i i+l

u. . - '_.

not. obv&ous 1f‘m = b or m; > b w1ll glve the absolute

;maxlmum; ThlS may be- checked numerlcally. The two

L o ,,v? o Lo g O ,’*\
llmltlng,cases ane: - Ry o . o T
Coae o~ o v e . . Y o ,
L e l". e _— ’ \h\;‘ ’ . ,‘ \'r\.l‘ 1
: , R ton R e _ a
s “ =>> N ot m‘.’ = FAREREN . s e . | (R t ! o L
L R i+l 2 T SN o R X R :
. o L T . . SR el é
! ! * A ' [ PRPEA BN é
» N Fa

If a > u.+i the functlon w1ll not be deformed

o for eziher rangeﬁof b,'except ‘to alter the-value of 6
: q" ‘ Ll : . ) :

for u. z b > m to
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The general condltlon for a mlnlmum in the’ 1nter—

_Q' - val contalnlng b is as shown in: flg. 3 11 where 6 and

e GT.'#'ui(G;
" : "", \\ R

v ik ‘
" ' are»determlned from "

"‘.A ) f m (Ai+l ei B

T ' e o )
: oy o ‘ R

f 1 "* . B . . "

) " (3.3)

i vt 5 \. N N ' ' t N . )
e . . * . . ) . L. N
? and 3I./dm; = 0, given I, as in equation (3.2), |
| "cbnstraints", o SRRV
! " o ‘ X
i \‘ L " o '

i ;

‘f\ ’ .
| - . Al
; (2) ALS ‘e* < A . o
SRR i.5 71 7 Ti+r
/ .f e e ,_* n-., V‘M“ﬁ . ,
* ) v
ny mi';91_= B4 f°r;

there are two p0851b1e

f ;‘< L m, '< 'b
¥‘n1 b .nlﬂ. FQr e ~f-.ry*,~
. + ok 3
< b, as 1llustrated 1n

O mlnlma, glven by m.,— b. and i

‘flg. 3 12 w1th

L
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The valués of p(A) ‘about the point p=b
+ v . R A‘l fy B e : g ; ! :‘.. i"'

hich will minimig egral; as

represented by’ soli

L [N
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integral, point p=b

-
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e
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The absolute minimum interval can be numerically -

determined. The two i:miting cases arae:-

‘ (- * * = .
(1) b Uy | mi = mi \Gi Ai
" ! . * * \ Y
(2) b=y om0y T8y

If a < ui+1, it w111 only affg . the ith interval if

K .a‘ ‘tn }\

th
an m, .

erage

\E‘” ;
maximised and miﬁﬁgﬁ@@&*to obtain the extremal .

radii. Using the same model as for the calculagdons

t

of the magimum and minimum profiles (i.e (q) and

max

(q)) fixed to the same depth maxim and!minimum

-

were computed

Smin

averageq radli (Rmax(a,b) and (a

for a number of window lengths at fixed n. The values
of n were chosen so ‘that the geme section of the profile
was observed as for the non-extremal profiles of flg

3.8 (1‘e. 6.1 s nsg 6, 5) and the window length b~ a,

Nea

' was varied from 0.1 to 0.9 sec/deg by 0.1 Eptervals for

each value of n. The values of Rmax(a'b’ and Rmin(a,b)

¥

for a = b are s (n) and s {n) respectively The

min
window length was not increased furthér as at a length

at

LA

V.
~ of 1.0 sec/deg ihe averaging ie over abcut 200,)(m and

increasing the length further would cause averaging of

k=1
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\, t * .
large scale variations and the values obtained would

A
N

no longer be meaningful. .- 8 | Vo
It'should~§drthe} be noted t%at the avereging

is;ﬁ logarithmic averaging over a hon—linear curve so

that the separation of R (a b) and Rmi (a b) will not’

\

be a linear function of b-a.. 'For exam'}e, if on a
\very sﬁeep septieﬁ of the ;eIOQity curve, ﬁheq the

average will berweighted to oneiend of the everaging

interval so that:the values of the averaged radiifmay‘

. 4
be higher than the non-averaged values. However if this-
. 4

# is the case both maximum anﬁ minimum would be weighted

[

in the same way, and “both should move together.
/

As with the non- extremal proflles, the position
of n with respect to p (and hence of a and b wlth respect
|
to p) determines the behaViour of the averaged radii in

moving away from Sn (n)/and s (n), so that if in

min
the non-averaged case aJparticula: profila.moves slowly

hY

away from the extreme‘tien it is to be expected that in

. /
the averaged case, the radii will move slowly away from

their values at zero window length (i.e. that their
separation decreases slowly as a function of increased
vwindow length). This phenomenon may be observed in figs.
3.13 and 3.14 as compared to fig. 3.8, Thustfor-quss.s
«An fig. 3.8, the s(q) curve moves from the extramal

¢
value sldwly ands as can be seen from fig. 3.13 (which

:f
. e,
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is.a pilot of;avefaged radius R versus window length,

' . / \ N ) : ' '
b-a for n = 6. 5) the separation of the averaged fad‘r

1

also decreases slowly w1th anraased averaging length

However, for q-= 6.3 1n fxg 8‘ ‘the non- extremal model

‘\moves away from the, envelOpe qulte quickly and the

separatlon .of the averaged radl1 also decreases qulte

efast with respect to averaglng length, as can be seen -

ﬁrom fig. 3.14 whlch is again a plot of averaged radlus
R versus averaglng length b— a but for n= 6. 3 Though
the rate of éécrease of envelope w1dth varies for both

(3

n==6.5 and n'= 6. 3 the width of’envelope decreases by

apptdximateiy”40%;

Fig. 3,;§:may‘be plotted in another way as in

;fig. 3.15 which is a plot oflaveraged'radius against,n.

" Thus for n = 6.3, the variation in,envelope width as a

.

function of averaging length may be represented by a

series of error ellipses. Obviously ‘there will be an

“optimum value'of'b— a .(and hence R__ (a, b)ﬁand R (a,b)3,

as for large values of b- a, though the separation

. between extremal rad11 is small the area of the error

eIlipse 1s larger than at some 1ntermed1ate values. The

J \

envelope for a = b has been superimposed on fig. 3.14 -

' and it can be seen that those cases of larger b ‘a:

/7lues do not follow the tread of thls envelope.u.

= '
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“ Yet another way of express1ng this data is in

a radlus-veloclty plot as in fig.'3.16. Here the

averaged velooltyfhas been deflned as’ .

n
L

V(asb) = 2R(a,b)/(a+b) .
The reglon con51dered is the same as that of fig. 3.8
and the outer envelope rs ﬁor b-—a = 0 (1 e. max(q)

andvsmln(q)) The series of curves inside this envelope
represent Karloﬂs values of (b-a), as lndlcatee on the
Qlagram. As previously indicated, it can he seen.thaf
.the.effect ofﬁincreasing the‘winoow sise{eecreases
“especially beyond b- a = 0.4'sec/deg and that the changes
in envelope width are not uniform w1th regard to dlfferent
values of n. However, at b-a = 0.&;'the averaged "
envelope has been’reduced to 60% of the inltial:envelopej
for all values of n éonsideredr '
"y As wasvdiscussed earlier(‘comparisons‘with other
. inversionftechniques are only valid if an averaged en-~-
velope'is used,.rather than the_noneaveraged eXtremal
curves descrlbed at the beglnning of thlS chapter.p ThisQ
type of averaging has not prev10usly been done when
using Herglotz-erchert inver31on technlques.\ In par-
tlcular, the reaSOn ngglnS et al (1973) were unable’ to.

obtaln results con51stent with those of Johnson and fe

Gllbert (1972) 1s because they were trylng to compare

- T .
R > 4 . . AR N 5. e
‘ N T o N ' - C
0 LN - : . [ ..
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'two different types of‘results. Averaglng extremal
curves (as opp0se to max1m151ng and mlnlmlslng averaged
curves) will smooth out the envelope but will not reduce

its 'general w1dth‘ The results of ngglns et al

[}
N

' represent the most extreme veloclty varlatxons~at'any,
one depth, for the given‘data, while'thé'résolving power
ver@ﬁs radlus plots of Johnson and Gilbert (1972) .are

ploaﬂcﬁ?varlatlon in. averaged veloc1ty at any one depth

rd

For. this reason, the‘type of results shown in
fig. 3.16 are important in that they provide the only

way of testlng whether thls method is as good as other

-1nvers1on methods. However at this stage, t is 1mpos-

31ble to do a quantltatlve comparlson w1th other tech—

. niques .as no real data has been used as. yet 1n thls

Lo
N

-

1nver51on method:
K:} lhe method of marimising‘and minimiSing both 3
yveloc1ty depth models and averaged models dlscussed
s6 far in thlS chapter may ‘be’ extended to other types
'of data.‘ As the arguments are basxcally the same,
':‘.they w111 only be outllned 1n the follow1ng.‘ "

The second type of data set to be: dlscussed is ,"

(p,A) data. That is ul p(A ) for a flnite number

A]

. . ‘ ,
of statlons A i= l,.... . As-no t1me data is avalla—’

&
Al

5 ble, the constralnts on any p(A) curve are reduced

.becauserthe travel tlme restrlctlon (4) is no longer
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applicable. Thus the p(A) curve which w1ll max1mlse the

|
lntexval may be taken along the upper edge of the box

'lstruqture lﬂ the p-A plane,(as,shown;in'fig. 3;17)5

That is -

-\'
Slmllar]y the path’ along the lower edge of the box struc\

ture_(flg. 3. l7) will provxde the minimum 1ntegral wherer

|, B < o o
e Hi+1 i 58S R
p = ' e ! ' T [
avd . » o /\
\ j
A =
Yy e ArA
) L]
n . | ) ' | 1
For Hoth_cases‘end points‘néed not be considered separate-'
Cdy. B R S ‘ \

Max1mlslng and mlnlmlslng the average radius -

R(a b) is, also con51derably 51mp11f1ed as with no.timeﬁ

:constralnts 1t 1saonly necessary to maxlmlse and mlnlmlse

A regardless of the shape of ¢ Hence the max1mum and

mlnlmum averaged curves w1ll be obtalned from
B o “.E o ‘.' o "Ji st
-ﬂ-“?.‘fp{ = ¢(u ) for N €A < “1+1* o

g

e metgy fer Wsasag Ll

i

¥
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KR ' ¥ P2 \
" = R - . e X . . +
. D T : : : . i * '
. 4 ! ol v - N X ]
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: 'is an arbitrary curve. e
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respectlvely, as shown ln the plot of p versus A ln

frg. 3. 18 Thus this

ype of . data would be easy to

program though 1t has not been done in thls thes1s.r

Flnally,
l

That 1s, Ti

' ‘no‘b data is avallable.and.so the‘restriotions‘in the K

£

p-A plane become ~ |
W wsesut fer b < <.A/ 2
‘,(2)‘ , p=u1 for’ A'= 4y

h“i A;*i’ | ‘ij 2

‘(4)}§. J(”' p dA = 8T

e

. . ' ' L
u . ) o
. , R . .
! . .
: . v . ) »
i . . s . " “
.o o . . . e
. T . L ' "@ e
! . - ‘ .
' . .

1

of a!Fm1531ble models, % shown 1n flg. 3 19.‘

e

sets of CT A) data must be consrdered\“~;

T(A ) for a flnlte A ’ ;=1,.r.,

66
.
L]
. Here .
' B /,"
]
o
';{" v .

‘dwhere'u‘“=’mf_l.— wl_2 so that rather than lndependentj-

y box structures 1n the p—A plane, there w111 be a band

',addltion, there may be some phase veloclty measurements :5f5

whlch w111 further restrlct P in the 1ntervals to Wthh

they refer, though the llmlt when p measurements are .

i

obtalned for all (Ti’Ai) has already been dlscussed
: S T N
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aEig.'BQLB The p(A) curve .whlch dgive the extremal
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values of the averaglng 1ntegral and

hence the averaqed radlus, for (p,A) data.
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at thd.bcqinninq of thisa chaptor.i

as for (p,T,A) smets, p

maximisa the integral,

radius

~31;‘ Ay

@2 Ay

Casc

s(q) .

< Aq) < A

At A(q) there are two possibilities

< A(q)

<A

nmi
I(O)(q), and hence minimise the

1+1

: \ .
- travel-time conditions,

p

S a(q)

]
P

|

.BIj/Bp 0

constraints on pj (constrained or passive maximum) .

$
4

must be numerically tested to determine the global

maxlmum.

is with p = mj/in the j;
in the (jt})ih interval.'

.different froﬁ the general interval, except whep.%l = ™,

X

turbing p as much as possiblﬁ from the mean, Jhlle satis-

.;ylngwtravel time constraints_will minimxse\Iéo)(q).
3 . L . . ‘ ‘ ‘

Y, \
P

-

i+*2 T

a

(1) is as illustrated in fig.

for A

\ .
0Ty * Byhy ~ ¥ibia
570

¢

(active maximum)

A(0) is not essentially

i

-

By the spme argument

S A A

i+l

-

\

w

3.19 where, to satisfy

\

br at one ‘of the

will

and pj is chosen to maximise the integral Ij .either at

One is as descrlbeﬁ in (l) while the other
%v%pten{?l andg the same as (1)~

‘As taking p = my wil\ maximise I(o)(q), so per-

-

"

: For’ the second case twotlocal max;ma exist which K

¥}
-
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Howaver it is not possible to set _
/
p = -\
\
Yy O 28 <A 44 ‘

(where 0i is determined from the constraints) hé at Ai;l
: : (

there will Sxist a discontinuous increase in p from w4

to u!}l From the restriction dp/dA < O this 1ncrease\)

ls not possible and .so the minlmum must be constrakned

so that
Py A1 £ A<
p.‘:.
Pi+1 8.5 8 < 85y
. ' - .
where " e
) .A ‘— ~ ) . .
N S G Sl s LS LI S |
i ~ ~ °

. ... pi - pi+1

The values of the variables pi, g=l,...,3, mdst be'

determined nuﬁbriGAIJYst that ejther aIi/api = 0

(active mlnimum)i

SRt 1[
or p = Wiy (passive migimum with azi/api> 0) Thisf

illustrated in fig. 3.20. :‘ 7

At A(q), the contribution from the j iﬁtervai.

where Aj A(q) < Ajti' gepends on the positxog of q1

-
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rwlfere , ~ o | ' %

A(q) = 1 ﬁ Ai = .. = Oj. (as shown .ip

fig. 3.20).

At ,4(0), no true minimum exists. If u; is defined

4

then: /
pl = ul |
and N '
N _ -1 P :
\ I, = (91 - AI) cosh T - \
» ) ! ‘ * -
If u, = m,.theg Py é’w” el = 0, a?d
Il = 0 + 1
MU . ~
* N . N - p.2 ! £ 3
I, = (62 - Al) co§h T
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! In determining the extremal average radii, the

same arguments may.be used as for (p,T,A)'data sets
. 0 ) , L N o

to obtain the p(a), which will maxigisa ¢(p.a,b)b(p

i

as .shown in fig. 3.21. That is

N 1§ m. < u \
, j j+1 o = I j \
* A ‘ 0* b < u
my i =A<y Sy o<y
p = } ‘ \
Pipl Of 38<08p4p Wy SBjyy 5P \
\
N " N . ~ \'
{ pk Bk $A<:6k+l wk 1 < pk < uk

L

‘ % * A ; -
A . . . S to
wﬁere,Aas before, m 61, Pi+1 and‘61+l are chosen t

PN ’

S?iisfy travel time constrain®s and maximise ¢ (p,a,b)A(p).

iy [SRCETRNSIEN - A !

Thué * B . ) . N
“ ' i N . . Il 4
' 5T, + mi4, - p..,b ‘ |
6* - i i Pi+1%i+1 ¢
= = =
i 'pi+l N ! ' .
: €
| and in the limits as. '~ .
. . A * ~ ) '
= . . .= . .09, =06 .
. (1) b _ul '-"ml Py ! i i :
. g \ ! AN .
: O T .
= W. *m. = m, 6, = A, <. -
(2) b=w , m moo 9= 80 o,
B i . # ® T‘ . . . '4
o “o oo , Lo ‘L
' For w. < o ‘and 0F ='8.], while for f
, < ” < . = - , = . . )
lepr Wi & b _‘ml,‘ mi ml.an i° %4 whi, oL .
= . ' ‘ - . v '-. . .| . i *_, ‘ - .
m, < b-g u,, there are two. possibilities:- my =b . ..
< 1,\ ® B . * ‘ ' . N
, . . , R ,
. k"‘ b - *
] : ’ o :
- » R
- 4 ‘!' <
V"’.“ v - LRI [ i i :
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) ) ‘oVen.whiCh an average radius.is taken. .
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or m1> b, whlch must be tested numerLCally to obtaln
the absolute ‘maximum of the 1ntegral Also 51nce.1n
'maxlmlslng the 1ntegra1 the: object lS to 1ncrease the
area around P = b, taklng pl+i = b wxdl 1ncrease'the
value of ¢(p,a b)A(p), as' is shown ln flg 3ﬂ21.A >“

The values of p whlch w1ll glve the mlnlmum .

¢(p,a,b)q(p) ngve are as shown in flg; 3.22q where

~
r

. ' il .
to satisfy time constraints, .

N * B
.+ AL e . -
e* _ (ST]_ vp A \_ lAl.‘f‘l ’ N . .
i ' ~ ‘\* » l‘&t‘ : ‘
Py mi : , ;:

+
.

% . RIS ' ..
and m; and P, i+l are chosen to mihnimise the integral.

In the ll?lt .- SR I o o
. . *\}\ . / ) \ ' ‘ '
R i and e * _ A
] _‘, R ~na o ' ) T _ O .
(1) b - (ul ’ pi . _'<mi\ ' “ei \Ai+l “h
. I ‘.-n, v, ' .
v ( . s oot i
. - ) . . s . $ R ‘ ‘v"x
. ) ~ ~ : X -
(2) _b=u, misw Y 6, - - o
AT . . . e S N
| N - o o o ‘. \" . K . . ' T .v‘,‘
' Obv;ously to program for thls tyge of data is more dif- .;'.@U'

ficult than for' (p,T,A) data so that though a program L

3 has been wrltten to determlne s (q) and s- . Q)] as a
L min ‘\?f
functxon of" velq01ty for (T,A) data subroutlnes to flnd

max

g b

"

non extremal mo els and éalculate R‘ (a,b) and min(a'b)

N
" SN .

.have not yet b en: included

W !
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Tho qomputatlons dong thus far’ for (p, T, N) - have

»

used 1deal data in qrder to 1llustrate certain points

about tho general method of inversion. However once

.the analytlcal :esults of the followlng two chapters, on.

:

hlgh and low veloclty gradlents thh dlscrete data, hawe

been prégrammed it will be pOssible to use real travel~
<, -~

t1£g data to obtaln an envelope of veloc1ty depth pro-.

A
-

files den‘the whole earth.

i

el

.



'CHAPTER 4 o ‘

- LOW VELOCITY CHANNELS o

o o !l‘ ) ‘ ‘ ' ~ o . . .
| r} : . e 4\ . o
' As was shown in Chapter 2, for both dlSCIEte and

contlnuous data, it may be, poss1ble to dlstlngulsh between
dlfferent types of dlSCOﬂtlDUlty “in the travel—tlme

~ cuxve u51ng amplltudes. " For the type I or I' discontin-

[ "’.

ulty, the prqplem may be reduced by an 'earth—Stripping'

process to a spec1al case of dlscrete data -and the con— o

fr
! S

dltlons of max1m1sptlon adﬁ mlnlmlsatlon of veloc1ty~w~
depth models dlscussed in the previous chapter w1ll be ! o
valld. Fig. 4- l shows an example of such  an earth~

. ‘ Al
strlpplng procedure for the outer core where both ?/aéd f‘

‘S wave data were used (1 e. PKP PcP Shs ScS) and,ﬁhe ‘core
Vo ﬁ ) T

-the procedure. Obﬁiously 1f only PKP data is usedw

- TR / i

extremal curves w11; not-be ﬁ close.<
' .

(k}

+0)<: .

S However,

'(k)_o))’

Ilfﬁlscontlnulty (1 e. n(r

4

ond pundgflned and the above method

as

”»xof reduc1ng the problem cannotfbe used Also 1t may not
, ™ # e ,"" : ; N v i \ ,,/ N
,tf f”be p0551ble,*1n practlce, to dlstlngulshqbetween types of

'. . - [P

\\
dlscdntlDUlty from amplltude measureFenEs, 1n wh%ch case o

’l
VoY

’ -

A‘,ﬂ$ﬂ the results of Gerver'and MarkesheV1chs must'be applled to

v B
o B B

.ol ‘dlscrete data. co R T o prf
Y R Lo .: .l : F:u '
e SR C e , . ' T
A Ty u . . o K ) . Pt
o g v 13 R
‘ ¥ 4 . By ERS
« A} i :‘: s} ) % N R
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' @flndlng extremal 1ntegrals for q < P

";obv1ously more<d1ff1cu1t to solve dlxectly.than when-

h‘q > p(l) as Béth r(k)fand h(r) for r & x

fﬁﬂfthe low veloblty channel, subje’t

”fconstralnts.,

o . ‘ “f. ' N
McMechan (1971) has 1nverted dlscrete data con~ﬂ
~ .

talnlng low velocity zones, to Obtaln extremal velOClty~

P

depth proflles.‘ HoweVer his method was to randomly

'change the veloclty functlon and depth of a, low velocxty : “

A

channel to obtaln those whlch gave a maximum'or minlmum

/ v

Veloclty as a funct;on of depth. It~should be posslble

to obtaln an analytic solutlon to thls ppﬁblem (1 e.
( ) 1n equatlon (2 7)) ..

L) N

ThlS has been looked at by Chapman (personal cdhmunlcatlong

ahd w1ll be dlscussed here, thou no actual com utatlons,« .:
‘ g p o

’ b . ol

have yet been done.'ﬂ " R B : S I

¥ e

FOr q > P(l), the . standard herglotz Wlechert inte-

gral'may be used,.as in Chapter:Ba For q < p(l) &I . '\'
T , _ : S g : o o

',

\ SR S o - S o

(where r (K} is the'tbpvaﬁd E(K) is the bottom Of the k th / ‘\'t

low velocaty zone) must also be determlned “Thls is ;ejy*

] O i v

N . ‘ . “ r ' ' ‘l -
LAy

mvr[.‘

(k) are unknown. iaﬁ,

(LN

ZQaHowever, t 1s p0551b1e to place bounds on p(r) w1th1n ,f:ﬁi{:a

NI
.

To the GT(k? and GA q:) (p)

SN

\b,l"'



| To‘determlne the range ot vel001tres, it:i?.. "
g necessary to determlne the possrble radll, s(q) where.“
‘,‘ (by rewrltlng equatlon (2. 7)) e f,,&”‘ "‘ ' ::'ia‘ h
‘.v‘.sr(q)l%” ‘e p{ (O)( ,' l\kK[\I(k)( )] ." :‘ ' - |
- , RS L ,“, Yo - u'AL- flj ' K . |

A lOW'Velécfty‘channei m§y7be oonstraiped‘suchtthat

Lo R ’ N L ',<\-yi : "']”"~M///f/”';;“
(k)

' (k) el =k, o T
'nmin(g) (r) 3 nmax(r) ( for . <, r<T T
o o _- ‘=|~‘/-,~ S “r' &
- ,j e e h S I _ .
‘\,‘ P . . . Wl

,‘there BY deflnltlon of a lcw velocﬂty channel ”éﬁ) 2 p(m‘ ff{f:

’en

(k) constralnt (r) = néfi(r)""f,g;l,

f\\‘ea ,n(k)‘# o ’for kero veloc1ty “It can be shown (Appendix f‘ft

' 3 that u51ng only the 8T

and n(r) ”ﬁa)(r) for r(‘? <r < r(k) respect1Vely max1—~‘

1

' ¥se and mlnlmlse r = s(q) foz: most q < p

\ ! . 3
..... SRS It should be noted that 1n general a model w1ll Coe

"’only be phy51cally Valfﬁ\if as dq 2 0 where the llmltS~“.

as dg/dq tend to ® and 0 correspond tofq (k) and a ‘:lfj”"jf

reflectlon vrespectlvely. Thls 1mp11es that ','w} ~”"s‘“ Y e
» . 1] 1 } 4 c. ) : .
il . , I‘,‘ :‘
»‘,l‘l)‘-‘ K .
“VY 03 1 ':\"
e J




il 4 4 ) “ - ! A} ‘ ' ¢ \'.r“ .‘N ‘“\ E !
rat 4 f [T ‘\ ' \’ o ' ! ' N \)“ e
Whlch is, negatlve, unless}A(q) is on a reversed branch v
L 8 3 o o . R R Gt
However-.wf‘-‘." N ju‘._j-“';, P P
I A
e arkR) R ANt :
) ) . ) T - i - ‘\ , \
' " b i ! [ ‘ ' .
.. 4 -"‘v . ‘ » . "
: whlch 1s p051t1ve but not 51gn1f1cant w1th resPect td " R

(0) (k). P e
dI _ /dq except for q < p , Thus to determlne if a "

K e
' .

1ow veloqﬁty channel 1s physlcally Valrd 1t 1s only ﬂ‘;~

" w . o o «. o 1 ‘-'"“"
T ﬁecessary to check that T |

‘I“.‘ L . .‘. . "v . ! . : ‘ . \“., f "b ; '

o o b ' R e

A . o

PR Eé‘d do" - Tgge) =

‘\ ; ‘ ' =l dq f— X dq '» Y
A T K ’ =, 0 R A R
oy oy v .’"'A e , . Vo e ,,.. C S
B 1 o o o : & ' . :

Ll &
Vo In the case where a High veloc:éy zone is i

below the low ve1001ty channel,\dI( ﬁ/dq w1£l be small

[ "w,.

‘for r@YS bottomlng in thls reglon and 50" dIR )/dq wxll‘pl‘" ﬂ,tj

o S okt
: o ! L ~ ".l’ w, I I:‘ e ?
. f;be severely restrlcted from abeVe o L“ ~,”f'¢;ﬁﬂ€““ -

3fuﬁ‘ In determlnlng the actual values of néﬁ; ) :l,/d}.'fﬂ Y

N - ; M‘ / E)}‘ ; ‘A‘ ‘M‘."' '»,'
o ‘;'néti some otherageophyslcal data mustJbe used; uKQOWﬁﬂg'W G}/sw

s g () S () g s k)

\ and r
m in® max’

the extremaﬁ"

':‘

o ‘;“at the bottom of the;channel,

‘fﬁthe Ve10c1ty bounds are def;ned/bY ﬂ*“*ﬂ

y?“ff*fﬂmax553~”

Howeber, below a”certalhl

/-n
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\
frnctionat-yariation-in permitted\velocities bedow a
low bc&dcity zone decreases aWay»from.the channel (}-e-
the ef fect of the channel] is most important in the

vicinity of the channel) and \ . '

- [ \ ”
(k) (k)
mex 2 _;Ty_—m;x(o’ as g0 .
Imin(q) Imin(o). |

So far the GA(K%(ﬁ) constraint” has not been fully
utilieed as, for example, if n(k)(r) + «, the Gr(k) dis-

continuity may be satisfied by an infinitesimally thin

‘16& velocity channel but this would give dA(k)(p) + 0

+

which would not agree with the actual data\ Also dr( )

cdn be satisfied w1th a thick channel and n(r) - p(k)

k) (o), which".

if

agaln is 1ncompat1ble with the data. Therefore it should

but - thls would create a large jump in 6A

: . be possible to further restrict low velocity models using

the GA(k)(p) constraxnt.

D

have numerical instabilities and to avoid this the turn-

3

ing radius may be averaged over a range of n(r), as shown

As stated:in Chapter 2,. low yeloc1ty models may

by Bessonova et al, 1970. Maximiéing and minimising an

averaged ‘radius for discrete data, thhout low velocity

g :
zones, was discussed in the previous chapter. ' The inclu- )

sion of low ve1001ty channels will be briefly discussed

*

'
) L ' v
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herae. It will he recalled that the dafinition of a radius

3

averaged over somc interval a £ p s b is ‘ -
R (a,b) Lo, N Ra (K),
1n 22l o o T [ A(pw(p,a,b)dp*J R (q)dqj
_ c_ —a K51 N g
a V N
' (4.2)

*

A

wh(‘aru I(k) (q) is as defined in equation (4.1) and {

cos™ X % - cosﬁl g b < p<ng
¢{p,a,b) =
-1 a »
= a < < b
cos 5 p |
As o . - \
\
a
dq = - Ak
a‘ﬁ A P a
o -k (k)
1(q) = - T atplap + J e+ (4.3)
a k=1 -
\o ) ‘
and hence, integrating by parts ,
. fo ‘ : Mo/ Mo,
| apr¢(p,a,b)dp = = ¢(p,a,b) | a(p)dpP
a , - A a -
| ° 1% a2 |
oy . d '

\ . ‘ * a p R . Sl

Tk | '
o .
T (p) 5% dp\ kzl ¢(p '

-

i
- f) ———
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L

) using equation (4.3) and thé condition ¢(asa,b) = 0.

85

r

Thus equation (4.3) may be rewritten as '

r \
| O
n (azb> A f (p) 52 ap+ A ya st M p®) a,p)

? a k=1
Rk “(k) ‘ - ,
-~ 5= f 19 1%¢(q) aq- (4.4)
. k=1 , ) ' .
where
‘ A
| b L
[ a - for b < p < n
p(pz—az)& p(pz~b )12 ©
9% _
ip
.a ' \‘, ) i
- —’—‘—2 “g.[ ::‘ . a. < p < a
\ L P(p -a2‘> / .

,

Finding the extremal values ,of R(a b) then becomes a

{;estlon of bounds on‘T. Because the sign of ¢$'(p,a,b)

varies across p = b, 1 = mln(p) w1ll max1mise radlus for
a<pc< b while for b.< p < Ngr T = rmax(p)»will maximige
»thg>?adlus. The values of Tmax and 1 . will depend on

the data set. For the simple case of T; = T(4;) and

P; = p(A, ), the upper and lower Iimits of T, in the 1-p

plane, become a box—structure as shown in fig. 4.2.

IObv1ously in this case .

"‘,:. [»Q"."»
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L= T, . TP. <P < Piaq oA RN
‘ Tmaxﬁp) U er Pi SR *Pin N By v
A - N oY
' . . . R B \
Tmin (p) = Ti+l' : A . ’ ‘? v
and given other data sets, T may be suitably limited.
‘ : S o : CFA
The second term on the right hand side of equa- | ;%*
. c 0 ‘ ' . . .?g\;‘:
tion (h.4),may,be estimated, with limits, if (Ti, pi,’Ai)“fﬁ}
aré measured. At worst, it must be assumed tﬁéf there . ig
. ' ) : .' + ":‘?‘\' . " ’i’.
.are discontinuities in every interval and then’ ‘ °
C : \
g : : .
T e K)o a .
6t T . o -
» C ’ ! ‘ g
£ (k) (k) 4 Lo : : ‘
with p such that ¢ (p ,a,b) is maximised in that |
_interval. | ;
The third term on the right.hand side of equation
(4.4) may also be maximised and minimised using .t (p) and
. . ‘ ‘ ’ , ) T <7 ,
‘ , : o .
/Gr(k) dqta. ’ ' ~ L0 . LN ‘o
) - . ‘ AO
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CHAPTER 5 T o

TRIPLICATIONS L IS

\ . N ‘
Vo ) )
. PR
[ ' . ! \ - y
' .

; N
‘ A erpllcatron on the travel~'1me curve is caused”

'
- ‘

by an 1nCrease in veloc1ty gradlent ﬁOr a trlpllcatlon,‘

the condition dp/da < O 1s no longer valld as«for the

reflected part of . the T- A curve p becomes a monotonlcally

1ncrea51ng functlon of A. hus“(as can be seen,ln

v

fig. 5. 1) that segment of the Herglotz W1echert 1ntegral

)

is negatlve., For continuous data this presents no pro—
f

¢

must be’ considered. S R

4-’

~

If trlpllcatloﬂu are assumed to éxlst then: o

+

(1) the trlpllcatlons occur between data points and are
unobserved, (2),triplications occur.at data‘points but

are unobserved or (3) triplicgtions are observed‘at the

\\\:,data points. . L . e

The flrst case w1ll not cause any change in the "

band structure. For’ the second case, the data p01nt

[

observed ‘may. be on the reflected branch such that p
i, A f"\ .
th measurement is agaln ‘on -

, "

- less -than Pis1 where the i+1t
the forward branch.r Thls sxtuatlon 1s 1nd1cated 1n

.

S flg. 5. l though of course the p(A)ﬁcurve shown ln thls‘

flgure 1s for contlnuous data. If thls is the‘case at A

" ’

then uerng the standard deflq;tlons of m.1 ui and wl as

blem\G,However ‘with drscrete data a number of posslbllrtles'

.,
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- Ray parameter, p, in sec/deg, as a‘fuqction

of‘rahge, A, in deg, This p(A) curvevshbws—

a triplication with an example of possible .’

data, for unobserved triplications at data:
C o ! . l:.‘ " . : . '

.superimposed. ;
) ‘ , "~‘ ' o o

‘points,
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L

in Chapter 3 (i.e. T,A data s being consldered) then

to allow for thls possxbllity the band between A and

il

A wmust be wldened (as rllustrated in fig. 5.2).

1™
For the case of an observed triplication, which

) )

has been studied by McMechan (1971) and McMechan and.
[ ¢

ngglns (1972) the time constralnt can no, longer be

Y 3

satlsfled on certain branches, when maxlmlslng and
mlnlmlslng the 1ntegrat10n curve. To maximise in the

1nterva1 contalnlng the trlpllcatlon, herefore, it -is

'3

poss1ble to take p ui,

derlng the general case of T, A observatlons w1th no p

for q s u, (when again consi-
;.

vdatar. Howeverq compensatlon must be made for this

A ! i . ) ' .
branch's lack of agreement with travel time constraints
at some stage,r R »

The maxrmum curve w1ll be' as shown in flg. 5. 4

where the correspondence between the branches of the

T-A curve and;the p(A)lcurvevat a trlpllcatlon are as

N

shown in figs.95 3 and 5.4. The section' labelled A in’

[}

both dlagrams refersto the forward branch, as does that
labelled C. The sectlon labelled B refers to the reverse
branch of the travel time curve.l The reflected branbh
As flxed either by tlme constralnts or such that 1t
passes through (Al, w ) The point p', shown 1n the
dlagram, defines the value of q.for whlch this ‘curve 1s

]

an absolute maximum. More generally,$ e‘maximum for any

T ¥
o e N N ‘ A‘}: ~"

A . »”v‘

%
b
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Fig. 5. 2. The band structure, in the p—A plane, for. an
Lot s ‘unobserved trlpllcatlon at A;. The cross‘ ‘
el hatched area shows the usual band w1dth 1f
”. \ ‘ " no trlpllcatlons occur whlle the shaded reglon
! shows the 1ncreise in band w1dth necessary to
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5.3, Portion of the T—A‘Which includes'a
“triplication. The labels on the
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The p(A) curve in the i~ lnterval which

»

FW1ll m@xxmlse the Herglotz-Wiechert 1ntegral

when*a trlpllcatlon 1s observed at A.. .f@y‘

‘\*

b I
U{jLabels A and C refer to the forward branches

P

A‘J.ofmthe travel tlme curve

r‘t\'
.




. partlcular q may be obtalned from flg. 5. 5, where p is

such' that travel~t1me constrarnts are satlsfled ‘and the
W . '

qlntegral I( )(q) 1s a maxlmum. elow a certaln ualue;\ -
) B

'Of & though q is stlll greater han Wi the curve of

5;6ff In” the 11m1t ask

integratlon 1s as shown 1n.flg.
| @ ~ s
'q-*wl, the reverse branch dlsap ears, P > mi and-the :

ﬂ,qase becomes that dlscussed in Chapter 3.

'

. The mlnlmlsatlon for q > ml‘lS as shown 1n flg.

”

“fS 7 where p lq. For q < m1‘ it is not ObVlOUS whether

4 "‘ ‘
f1g.,5 8(a) or 5 8(b) would provide. the absolute minimum,

. ’
\

fthough th1§ may be\tested numerlcally. As q-*wl . the

;case 1s agaln that drscussed in Chapter 3, for an abéplute

oot

<

mlnlmqg. |

When triplications are obServed at-data points,,

‘»1t 1s p0351ble to 1nclude the max1mlslng and mlnlmlslng
. \ B .
»procedure necessary at a trlpllcatlon 1n the more general

-

: computatlons con31dered ln Chapter 3.‘ However, thlS has

y,not been done in the computatlons of this thesis as. 1t'

o has aJ,ready been dlscussed by McMechan (1971) ;i T

)
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Fig. 5.8(a). Possible minimisation curve for

< m, .
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Fig. 5.8(b) .

|

Both this and fig. 5.8(;) show
possiblé minimisation curves for
q<m. The curve,giving the
absolute minimum may be determined

numerically.

99



CHAPTER 6 ) \\ ‘

’  'CONCLUSIONS ‘ .

The results of the experiments with sampling
\

intervals show that the more data available, the

narrower the,limits on the acceptable velocityédepth
» : -
1
models become, which is as expected However ;by

fixing part of the model,‘lt appears that though

/
maklhg mpre assumptions about the hlgher reglons of
the earth does further restrict p0351ble models 1n'

the near v1c1n1ty of the known ‘xegion, 'little change .

in envelope width occurs at lower depths. - \

Thefresults of‘computindlindividhal'profiles .
and their'behaviour’with respectﬁtc the.extremal ’ .
curves shows that although theSe;profiles do touch |
the'ertremal curves atlvarioue depths,.inhgéneral they
lie within~the enve lope (thcugh their exact behaviour
depends on the actual data). In fact the extremal
curves,which show the largest amblgu1ty 1n velocity

p0551b1e at any particular raflius,; are not themselves

BRY

'phy81cally valld proflles. Thus averaging~these extremal

curves is not meanlngful and to see the effect which

hveraglng‘WOuld have on the pEImissible amoynt of velo;}

city varlation,fan averaged radius_is defined and then

'suitably maximised and minimised for various averaging .
4 : " e

A

lengths.
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Computations of these averaged envelopes for
a number of 'averaging lengths show that averaging

does reduce the enveélope width considerably and for

!

the range of depths considered tie envelope width is
reduced by 40% for an averaging lepgth of 0.4 sec/deg.

The exact way in which extremal curves valy with ‘,

averaging length is dependent on the actual data

¥

(for similar reasons as f&r thé exact behaviour of

A

B particular profiles with respect to the extremal curves,

0 . B - ‘, ' ? . \

mentioned above). This type of computation is essential
 for any compaygison with the more indirect inversion °

‘methods,vsuch-as Gilbert  and Backus or Montelcerro.? ¢
| Max1mlsatlon and mln;mlsatlon wheh ‘high or low
veloc1ty zones are included is dlsCussed in thlS‘thGSlS,
though the analytic‘resultsfobtainedAhere ‘have not‘been
. programmed When'thie"has been done, it-will be poseible
to 1nvert real data, whlch will facxlltate a qualltatlve
»comparlson of the extremal averaged curves obtalned by
this 1nverslon method w1th the results of other inver-
‘51ons. For an.lnterface such as the‘core-mantle boundery,
it is p0351b1e to reﬁ%Ve the . effeo} of the low velocity
zone by an 'earth—stripplng technique which effectlvely
removes the ‘earth's mantle and then lnverts the reduced -

7.data. Thls technlque is- 1llustrated in this work, using

'both P and s wave data.’

v [
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So far, to compute one veloclty-depth envelope

e |

takes about 30 secs C.P.U. tlme,\though when alcula-
A

tions for high and low veloclﬁygzones have beeh

included, this time will obviously 1ncrease. A\

'
i

program for (7T, A) data GXLStS but does not contfln

A

" subroutines to determlne extremal averaged curves.
The necessary‘programmlng for (p,A) data would be
fairly simple and it isfexpected that both (T,A) and

(p. A) envelopes will be wider than a correspondlng

(p, T A) envelope. A

With the present programp it should be possible
to‘study'the‘effect on the profiles of errors in ‘the
measurements,'though a thorough analysis would require
a systematlc varlatlon in a'//the glven data parameters.

One . of the more 1mportant aspects of tpis thesis -,

* -

is that the very nature of discrete data 1mp11es ambi-

Y

' guities in any 1nver51on procedure. Tests shéw that 1
these amblgultles may be reduced by increasing the
amount of data and it may be further deduced that usxng
' time, distance and slowness data simultaneously wllr

give the most restrictive envelope. ‘However, there will

-

‘always be 'some ambiguity.

The other 1mportant contluslon reached 1s that

L3

J ‘ i
it 1s essential, when comparlng with results from other

,1nversion techniques, to understand exactly how these &
. - v
&
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COmparisons shquld be made.. The concept of an averaged

radlus, which must be: max1mlsed and minlmlsed is in-

Ll '

troduced so that it will now be possible to compare,
! o
results from a Herglotz- Wlechert lnverslon prqcedure

!

!
with other types of inVerslon. S *

N
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. APPENDIX 1/ - \ ™~
- ‘.’.I‘ . a ) . "A«“.' . . ‘ o ’ . H\:
' ' \‘ t 'l‘ : . ‘ \ .
Atuhigh‘frequenéieg%(Richards, }971)the wave function
¢;ishdescfihed by the~Helmholtz'ﬁave‘equation ' ‘. | -

. ‘ o l . . 2 l ) .
' 21 % g ' - ,
’ \ . ‘.I“- ) vV ¢| - r—-'2—’ —-—% = 0 ., N . }v_ . ) . ‘ .

~

This transforms to. . C "~\' o

S v ‘ R . ST ' 3. [ ANEUREAR

-y N ,/‘} \ v N
. ‘1 ' : ' | "
‘ where gR_ , 4 .
. r 2t 24k
: VvV \
, e = (4 - o ,
- ¢ V by D \ . \ .
o N W
- At the turning point of the ray - LA,
’ l i \ i
- E = 0
: where Lo
£m= g ot - p*)* (v ="wp) - |
: ) | o
- U51ng the abpve results, Chapman (1972) has sho
N follow1ng'j ] ~"‘_- ; R '*g~“ "Eﬁ_
: ’ A N N e TN R \ N

Type I dlscontlnurﬂy 5.5_. ;f ,j‘r»ﬁw R I

S h'j-f:fh‘ For r - r(k) E (r) may be aPPrOKLmated by‘a-;f.T,ffj”?r

i} llnear functlon,-so that equatlon (Al l) red ces to k
;; Stokes equatlon. Assuming the free boundary condltlon,'fff;ﬁrﬁ{

¢(r(k)) = 0 the reflectzon coefflclent become? ,;,i"ud’
L e \ s .u<~"“




-R(r ,v) = ex§(%g + it (P))

S . | Ai (te

W
2623 - i CEw
SR 5(p)

(t gf'if,noiihterfacefpresent); o e

* The poles of R(ro/v) exist at

where A1(~o ) 0. These vj'

ted 51gnal, wh1Ch 1mp11es a decay rate of

A5 (A A(k)

)
e‘ -

for a dlffracted 51gnal w1th

REERR Y IC z~_f, -

LR

'(k)~ \ w(k) 51/3 "(‘) .(k) 2/3 N
- “‘”"(F)—‘" | 9y

S (k) 1/3 ;1‘ LK) .(k) 2/3

2n1/3 el

’ . ", L
d:z |
i o« | '

-~

lﬂ/3

.
A > A(k);ﬁwhere

‘1‘ .aﬂ

Sl '-fg 0t (A1.3)

it!shdﬁld‘Be jgted that at large ranges, the J 0 term
‘ ) n

S

‘ 'w111 predomlnate where 0 ‘— 2 3381 More reallsE}c

::vyszype II dlscontlnu<§z

s e
. v
: g 4
h ti ;
LRI o e e
o : . : L

ﬂ‘farherefore..foff'il”

:gthe Alry zeros but w1th the S

l

..\

'f"r i

n_ﬂ (kY“

S RPN 3
r_boundary condltlens cause poles 1ntermed1ate betdéin

ame frequency dependence.;,Q

........
,,,,,,,,,
S

o

 .’¥ e "‘\f" r. \}QéT'.

. . - LA ) .““ ‘|
oo ' Aj (te 2m1/3, ‘ .

e

L o

s give rise to the‘drffraeﬁm‘ )
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"‘\ " ‘ . , \ . o
a quadratic. - Equation”(Al.l) then has the parabolic
[ B | ' o n
cgylindrical functions ag sojutions. The reflection
v | | ‘ ! o
coefficient is (Phinney, 1969)
| V) = - El{aenh " Al.4
R(x V) E (a, -t exp{imT(p)a “ ( )
» ' ) ;.;\m
where ' ‘ - \1\ | ‘
3 % o '
1 l v (K) ] [ mz v2 ]H
a [ ——‘.‘ T - -
2 (o2 o BT (k) (k) |
R gl e\ ,'j; S ?
‘ ' ‘ R AN 'v. M !\‘"‘\ =
As t + = B P N '
' ¢ . ’el\lu; *~::
o ' ."}\:T 4
E* (a,~t) - na* S ° N
‘ —T*—L:—— — I W, (ﬁpramowitz and Stegun,
E(a, t) L+ e2 . ‘
Q} | 1965, 19.18.3) | '
The(pbleé of R(ro,v) exist when
‘ i(j + 5) ' v
* ‘ 2 B |
o - (k) 4y p () 7yn (k) j + 1,
i.e. \)j wp 9, XV 5 a %
A ' k)
The decay rate of the dlffracted signal, for A > A(
‘ “*‘rw Q:;
is of the' same expoﬂeht}gl#form as above with P
. N €:J' 5“. . P ‘ "
0 s N




. ©11

Type I' discontinuity:

The reflection coefficient is the same as equation

(Al.4) with t = 0. Then

V% %ﬂq+ %iw+%iargr(%+ia)
a

B(a,0) = 1
7 3 ia,.’
22 Trg sty

*

.

(Abramowitz and Stegun, 1965,'19.3.5, 19.17.9)

R(ro,vf:will have poles where
. 3 '
a=i(23 +3) . - . (AL.6)

: , * .
These correspond to the odd poles of (Al.3) which will

be asymmetric. The exact numerical factor depends on
* : o ,

the bgundary conditions. If ¢'' = 0 had been taken as

a rigid surface (uz= 0)‘then the even poles would have

-~

Been obtained.

Ce -

As can be seen from the above, amplitude-frequency

-~ -

dependence will’aistinguisp/a f}RF I discontinhity from

i v R ' .
I' and II. j;fignd II musémsé“dxfierentiated using some

other data. .



That is beyén& a certain A(p),

A3 o infinity as p tends to p

e ‘
e A . 3 vyl V‘ 1
: 2 s % \

scontrhg;ty (Chapman, 1972) the

(k)

\

the ‘original becomes

infinitely small in amplltude due to increased geome-

112

trical spfeading. Consider
g r(k)+c
© dr ' dr
Atp) = 2p v, 2 zg”PJ —7 2% "
k). T PO a(p) TR
x ¥e . ' P
/ ‘
0
For r(F) <r s 2™ ae ‘
n(r) = p(k) + % n"‘k)(r-r(k))2 + .- (A2.l)l
2 : 2 - f
nz(r) a p(k) + p(k)n"(k)(r-r(k)) .
and hence, using the.substitutioq Yy = r-l
e . r(k%;e
o] e o
- ~ 2
S(P) r(ﬂ P ) S(p) r(.p()() +p(k)nn (k) (r_r (k))z_pz)
s—l(P)
=20 [ ' dy
P k)2 2, () (k)(k 2K 0604, 06) (k)’i
(x'"7+€) :
(022, () oK) (k)z’é2 (k)22 '(k)' x)_ (0%
= -2Plp n" ' ] 1n|2[ -g+p "
2 ‘ : - iy X
x{[pfk) P (k) "(k) (k) ]y 2 (k ) (k) n(k)y+p(k)nn(k)}
w2, k), (k)2 oy (k) 0D 0 () =~ )
. (k) " ) n"
+2[p" ' , 1 | -
T . v ( (k)+e)‘l
' (A2.2)

%

2. % -
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(Abramowitz and 'Stegun, 1965, 3.3.33). o
" , ( l
Near the turning point, r(k) (p) +y r(k)

[

hence the argument of the logarithm tends to zero

ahd

(i.e. A + »). To first order

2
Y S - )"
Y = gy~ 8y r = v Sy
1+ r _'
| ] &
: \ o (k) _ (k)
p=p" 4 opapt 4 > oy*
20 0% k) k)Y 2
p--p = p n" x sy® 7
Thus ’ o o | |
r (k)+€ ‘ | (k) %2 i
‘ ar 2 p €’
2p J _dc (k}\[ "(k)} In(g) £ ...

r{n"~-p~) o
S(p)\ '

To determine the amplitude, which is related to
|da/ap|~® note }hat

(k) %
e

an
dp

~ and hence the amplitude is governed by

(k) _o(k) %

WkVR L .
n ‘ = - r N , .
{f—TETJ‘ dp*=cC exP[ A(p) —3 [ pik)] ] (A2f3)

p"

- This result’ is identical -to the asymptotic form of the

®

 wave solution (Al.5 with j =

-
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APPENDIX 3

As shown by bhapman (1972), nir) = n(E)(r) and
ni{r) = nég;(r) will respectively maximise and minimise
r = s(q). . From Chapter 2 it w1ll be recalled that

(k) | ! I | N

X 2 2%
Gr(kz = 2‘[ % [n(k) —-p(k) dr . o (A3.li
2 (k) .
‘Thus for n = néﬁi . _ .
‘ ' ) I i ‘ " +
N ‘
- ' (k) .
=) ) o > } . (A3.2)
Ly (k) o) &
Tmin
(k) (k) 3
where it should be noted that if nmln(r) + p , then
ét) + 0, which is not deSirable, Also, at n = nété»
2
p(k) B
dr (A3.3)
2 , s
— q "

To determine whether (A3.3) gives the absolute minimum
fintegral, n(r) is perturbed to n(tg(r) + Gn(r) and the
correSponding perturbations in r(k) and I(k)(q) ohserved
By differentiatlng_equatlon.(A3,2) and substituting from .

RCER (Y

G 11



.ai(k) ~

to first order.

o L
)

. "‘(k)'
v 25
" éfﬁ(r(K)J o2

4
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o ot | " ' 7
(k)
L £1A<r)6n(r) dr
: 2 3
z (k) r(n,f‘]:;(r) (k? ) :
| © (A3.4) -

N < I

"Simila;ly, perturbing (A3.3) and subs-

‘:, tituting for af(k) from equation.(A3.4), then:

* where

25,y () ’( ) &n(x)
: n r) én(x ,
1) (@)= 2K -g?) f min '%dr
o - (k) r(néfi(r) %) (0] (1) 2p 00 )’
2
. éfi(r(k))z pl® ‘
tan ' r(k) (k)
) (k) g f y mln(r)dn(r) 2
2 1 B 35
(k) (k) k)<, 2 .. 1 (k) (k)
( mln(r -p%) () r(n mln(r) )
(k) , 1
r (k) o 2 %
s J; mln(r) snir) o0k qz)
| (k) S02% 0zl 2%
z (k) r(nmln(r) ) ( mln(r -q)
(k)-—(k) 2 2 .
: (r .) - q . R
b ml?k) 7 - sy 9 (A3.3) 7 .-
' Mmin (r) -9 ’ | | ’
‘ (k) (=(k),2 _ )
¢( ) 2t m:Ln( ) p »
q) = 2 tan ‘ .
W2 2 O -

dr



. " .
\ .
‘ 116
+ + L
. . . [ .
. . .

(k)

Obviously, to‘determinéJWhethef nir) = npip maximises

" the 1ntegral it is necessary to determ1ne the sign ' of

the bracketed terms in equation (A3 5), and this may

\

be' done on a qualltatlve basis by plottlng the béhev1our

of these terms If it 1s first\assumed that nél) has a

mlnlmum,‘denoted by n(k)‘ ., within the kth low velocxty ‘

R min -
channel, then .A‘ o ) ! o i
. . R [ ) ‘ " ‘ il
(k) . (k)* (k) |
. < ‘e
and |
(k) =(k).2 2 (k) (3 ()2 2
mln(r ) -qa mln( )~ q
(k) 2 - (k) * 2
mln‘r) ; ‘ Omin (r) - q
For a type II,discontinuity, nétg* =‘p(k),~90 thet‘ | .2
V : ) ‘
(k) =(k),2-_ .2 (k) (k)2 _ (k) :
min(r ). - 4q N mJ.n(r ) rp 1
<k>(r,2 - 200 e -
Mmin X o
where ' .
(k) ‘(k) 2 2 (k) (k) 2 (k)
4a mln( ) 4 _ 2q(nmln(r ) mln(r) )
dq (k) 2 T (k) - :
min(r) B (nmln(r) q )

L~

Flhrthet, ¢ = ahd therefore



" maxlmlslng Ve1001ty may be similarly treated, w1th n(r)

BT . ‘ 117

R R
51n ¢ n-¢ !
s . 2. _ i : }.w
Eiii = tan"t ¥ - g z
I (k) g (k)2 _ (k) B
: . mln( ) "R ' ' ‘
| (kf(~(k) 2 (k)
. AR m1n ,
P N ' o . ‘
Thus ' ' ' ‘ o n
, Vi ’ ' J’r
_ 'n(k)(;(k))2 o k)T . e
: ¢ w T min P : T
» sin ¢ = 2 (k) (k) _
. . (p q)
‘where it should be noted that :
. (k) —(k)
(x )
. __$/2 > sec L = "min . .
. “sf?‘f sin’% cos % : .2 T P(E) |

These 'approximations to the terms in brackets in equation

¥

“(A3.5{'are as showﬁ.in fig; (A3.1). where it can be seen

that for. the most"part _the term in bfackete is negative,~

4

maklng GI(k)(q) negatlve for positive én. That is, that

(k).

‘n(r) ‘ (k)(r) w1ll maxlmlse I (q)“dhd therefore,

m in
mlnlmlse ve1001ty for any glven [« SO The questlon of

——
=

égi(r) t° °btaln expreSS1ons for. r(k) and I(k)(q) whlch

1 are then perturbed by changlng n(r) to néﬁi(r) ‘Gq(r).
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" _m&______ .‘ . . ‘
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i

Flg. 'A3.1. Diagram to show behav1our of ¢/81n ¢ and

(k) = (k). 2;_ tk) a2
( mln(r ) q )/qmln(r)

and hence
determlne the 81gn cf GI(k)(q)
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ﬂowever it should be noted that .at the pointg

“ a}k) anda b *) shown in fig. A3.1 thé two.curvee inter- .

sect so that the bracket texrm in\equation (A3.5) changes

sxgn, which is p0551ble for n(r) s n(k[ and w1ll cer—

(k) *_

quity as nmln

. talnly be the case for a type II dlsConti
p ™) (k) £ '

then. Thus at r = r.'"/. for a type F1 dxscentlnultf'
T W (k)z‘* |
: 2. Dqin(E 2 : (k) . :
¢)m(3)¥ min &—=‘a“’m“”>sq<b“9(p“>p=p$‘
T 2p (K) R -
. : n ‘ p ' ) . o ' K
and in general H . ’ e - R ‘ |
, . ‘ .
alk) (k) (k)
m1n ” (nmln ) ‘ -
(k) _ (k) (k)
bmax " b (”mln ) | S
v
and etgsome critical value n(kxT I~ S
; (k) (k)t, _ (k) ()t |
(n m1n ) b (n M"min ) . S
~ " RSN | K () :
Lo For this - range of q ( mlA(r))< q<:b( (nmln(r))

(k)T, equatlon (A3 3) w1ll not

‘and correspondlng n( )(r)> n
Zglve the mlnlmum 1ntegral (1 e. for a range of depths bclow
,the ‘low ve1001ty channel the extremal channel model w1111”
’not 001ncrae wr;h the extremal veloc1ty proflle below the'
r"channel) Thls range may be- easrly determlned by solv1ng- :

the equation e



lFO'

(k)(*(k))2 o2

Tmin a ¢,
(k) 2 ' ‘31n ¢ X 1 ‘
mln(r) I ‘

The exact perturbation of the low velocity channel which

is required is: not obvlous and should- probably be deterH‘

mlned by trial and error.

' This wxll not be too amblguous

because both the q and r ranges are restrlctlng factors.-

The above discussion is probably best illustrated

vin the radlus veloc1ty pnpt of flg. A3. 2 where it should

be noted that 1n a reglon below the low. velocxty channel

the channel model does not correspond to the extremal

,profiles.

- model w1th1n the. shaded area of the dlagram.“

These must be obtained by perturblng the channel’
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max |

= (1) |
.:min

- ' , - ) - :-" “X. M - ; . ‘ " 7:... ';,‘ ‘ l. N
| ‘Fig.‘A3,2,f‘A radidSryelocity plot for a ;éw‘velociﬁy
) | =(1) =(1)

T and T':’) the maximum'and ~ |
max ' “min aximum s S

i-

Cﬁénhel‘wiﬁﬁ_
“‘minimumvradii.for tqéfbottomiof £he»1éw ; »
'vvélocity,chanhél (as déférmiheq'£Y'S{(;))l
SRR R »jTheléHa§§d §ur§e;gé;éjthcéé 6§t§ih‘ggfr9@‘

O SR Y TN

;y?ﬂ crbss4hatched;afeé is produced.by .perturbing - -
! vl S i ) .;:;’;: PA ' \ U . S L ‘v'l S ' o 2 o ".b ‘
PR D the model. . .~ oo e e
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