Distributed Adaptive High-Gain Extended Kalman

Filtering For Nonlinear Systems

by

Mohammad Rashedi

A thesis submitted in partial fulfillment of the requirements for the degree of

DoCTOR OF PHILOSOPHY

1mn

PRrRoOCESS CONTROL

Department of Chemical and Material Engineering

University of Alberta

(© Mohammad Rashedi, 2016



Abstract

Recently, increasing attention has been given to the theoretical and practical analysis of large-
scale networked systems. Large-scale systems are usually composed of several interconnected
subsystems connected through material and energy flows. Due to the scale of these systems
and the interactions among subsystems, the design of appropriate process monitoring and
control systems is challenging. To handle the scale and interactions of large-scale networked
systems in process monitoring and control, distributed predictive control and distributed
moving horizon estimation approaches have been developed. The distributed framework
can improve the performance of the decentralized network and outperform the centralized
framework in terms of fault tolerance. Most of the existing distributed control and process
monitoring strategies require the availability of the state measurements of all subsystems;
however this requirement may not be satisfied in many applications.

In this thesis, we propose a distributed adaptive high-gain extended Kalman filtering ap-
proach for nonlinear systems. Specifically, we consider a class of nonlinear systems that are
composed of several subsystems interacting with each other via their states. In the proposed
approach, an adaptive high-gain extended Kalman filter is designed for each subsystem. The
distributed filters communicate with each other to exchange subsystems’ estimates. First, as-
suming continuous communication among the distributed filters, an implementation strategy
which specifies how the distributed filters should communicate is designed and the detailed
design of the subsystem filter is described. Second, we consider the case where the subsystem

filters communicate to exchange information at discrete-time instants. Following this, the
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problem of time-varying delays and data losses in communications between subsystems’ esti-
mators is considered. For these two latter cases, a state predictor is used in each subsystem
filter to provide predictions of the states of other subsystems. Also, to reduce the num-
ber of information transmission among the filters and prevent data trafficking, a triggered
communication strategy is developed. The stability properties of the proposed distributed
estimation schemes with the described communication types are analyzed. Finally, the ef-
fectiveness and applicability of the proposed schemes are illustrated via the applications to

simulated chemical processes and a Three-Tank experimental system.
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Chapter 1

Introduction

1.1 Motivation

Improvement of operating performance in today’s industry is highly demanded, and huge
amount of capital is invested to enhance the productivity and profitability of industrial
processes. Model predictive control is an advanced strategy in process control which can
optimize process operation in real time with the ability to handle constraints and nonlin-
earities. However, advanced control systems typically require measuring the entire process
states which in general is difficult. State estimation is a technique that reconstructs entire
process state estimates based on a process model and output measurements to improve the
control performance and assist in process monitoring.

In the literature, there are many results on the evaluation of centralized and decentralized
schemes in state estimator designs for different classes of systems [1, 2, 3, 4, 5]. However, the
performance of these structures may suffer from poor fault tolerance, high complexity and the
inability to compensate for interactions in systems composed of interconnected subsystems.
In order to resolve the mentioned issues, distributed estimation is proposed which not only
maintains the flexibility of decentralized scheme, but also handles the complexity and poor

fault tolerance associated with the centralized framework.



Moving horizon estimation and Kalman filter are two main categories of state estimation
which have been designed in distributed framework for linear and nonlinear large-scale net-
worked systems. The existing results on distributed Kalman filtering are mostly developed
based on consensus algorithms with the application to sensor networks [6, 7, 8, 9], however
none of them take the advantage of high-gain extended Kalman fitler to provide the global
convergence for nonlinear systems. In order to hold both the global convergence of high-gain
EKF and the noise smoothing property associated with regular EKF, an adaptive-gain EKF
is proposed in [10]. On the other hand, to handle the nonlinearities in large-scale systems ex-
plicitly, a number of researches have been conducted through the application of distributed
moving horizon estimation subject to communication issues [11, 12, 13, 14]. Despite the
mentioned capability, distributed moving horizon estimation is much more computationally
expensive than Kalman filters. Motivated by the above considerations, this thesis proposes
a distributed adaptive high-gain EKF for a class of nonlinear systems that are composed of

several interacting subsystems.

1.2 Background

Environmental responsibilities, process safety and profitability are highly associated with
the improvement of modern process control systems in today’s industry. The operation
of complex large-scale chemical processes has attracted significant attention in industry to
increase the operating efficiency and profits. Large-scale chemical processes include several
unit operations (subsystems) which interact through material and energy flows. In the design
of automatic control systems for such complex large-scale processes, the increased scale of
the process and interaction among subsystems cause many challenges in fulfillment of the
fundamental safety, environmental sustainability and profitability requirements [15].

One approach to improve the performance of large scale processes is to deploy optimal

plant-wide strategies to ensure safe and efficient operations. Traditionally, the control and
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Figure 1.1: Decentralized framework

monitoring of large-scale networked systems were established in either centralized or decen-
tralized framework. For applications involving large-scale systems, centralized algorithms
are in general not favorable due to organizational difficulties, high computational complex-
ity and poor fault tolerance. To handle the issues associated with the centralized scheme, the
burden of computation can be distributed to several units in the decentralized framework.
As shown in Figure 1.1, a separate computational unit is assigned to each subsystem, and the
units make the decisions in parallel based on the information received from local subsystems.
In addition, this architecture takes the advantage of simpler design for individual units and
increased robustness to component failures. Despite the potential advantage of the decen-
tralized framework in improving the fault tolerance, it fails to account for the interactions
among the subsystems in large-scale systems. This leads to the plantwide problem towards a
suboptimal solution which may lead to lost closed loop stability in predictive control [16, 17].
The distributed framework is a middle ground between the centralized framework and the
decentralized framework. While preserving the flexibility of the decentralized framework,
the distributed structure achieves improved performance due to the ability of computational
units in coordinating their actions via information communication [18, 19, 13]. This frame-
work is achieved by taking a small modification step in the decentralized network which
provides information transmission among distributed computational units as shown in Fig-
ure 1.2.

In the context of model predictive control, distributed scheme has provided attractive

alternative to attain the maximum plant-wide performance by exploiting the interactions of
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Figure 1.2: Distributed framework

large-scale complex chemical processes [16, 20, 21]. In [22] a distributed MPC is designed
for a system composed of decoupled subsystems with the local states and control variables
of subsystems being coupled in the objective function. Although the DMPC problem was
initially designed for linear systems [23], the extension to the nonlinear constrained systems
seems more practical [24, 25]. However most advanced process control strategies require that
all the states of the systems are available, which is not always possible. A state estimator
may be used to obtain reliable state estimates based on output measurements.

In particular, distributed state estimation of large-scale systems composed of coupled
subsystems has attracted significant attention in process control applications [26, 27, 13]
as well as in many other engineering control applications [15, 28]. In this approach, a
team of collaborated estimators are used to estimate the states of a large-scale system via
local knowledge of the system structure and parameters, local measurements and distributed
computation. In the literature, distributed state estimation has been studied primarily under
two frameworks: distributed Kalman filtering [29] and distributed moving horizon state
estimation [27, 13].

Kalman filters are widely used for state estimation in many applications ranging from
industrial processes [30, 31] to aerospace navigation systems [32]. Distributed Kalman fil-
tering has been investigated extensively in the past decade [29]. A large portion of the
existing results on distributed Kalman filtering (DKF') has been developed for sensor net-
works [33, 15, 34, 28]. Within the application to sensor networks, the optimality of the

distributed filters may be determined based on the type of information transmission to the



fusion centers [35, 36]. Within process control, a distributed Kalman filtering algorithm
was formulated for multirate sampled-data systems for plantwide control of processes in
[26]. A method for decomposing large-scale processes for distributed Kalman filtering and
distributed control was presented in [37]. Although distributed Kalman filtering has been
formulated for plant-wide control [26] and decomposition of large-scale processes [37], its
application is confined to linear systems. When nonlinear systems are present, extended
Kalman filters (EKF) are typically used in the design of distributed state estimation algo-
rithms [38]. As in the centralized EKF, the global stability of the error dynamics of the
distributed EKF is difficult to establish. However, taking the advantage of high-gain EKF
in the design of each subsystem’s filter, the global stability of distributed framework can be
guaranteed [39].

In recent years, moving horizon state estimation (MHE) has been adopted in distributed
state estimation. One advantage of MHE is its ability to account for state constraints leading
to improved estimates [40]. In [11], a distributed MHE algorithm was developed for linear
systems which was extended to nonlinear systems in [12]. In [41, 27], distributed MHE
schemes based on subsystem models were developed for both linear and nonlinear systems.
In [42], an iterative sensitivity-driven partition-based distributed MHE was developed. In
[13], an observer-enhanced distributed MHE design with potentially tunable convergence rate
was introduced. A method for handling communication delays in distributed MHE was also
developed in [43]. While distributed MHE algorithms are able to handle system nonlinearities
explicitly, they are typically much more computational demanding than Kalman filters.

In order to handle the above issues, adaptive high-gain extended Kalman filtering (AHG-
EKF) method can be adopted in the distributed framework. In the centralized framework,
this approach not only removes the computational complexities associated with MHE, but
also guarantees the global convergence in state estimation for nonlinear systems by adap-
tively tuning the Kalman gain [44, 45]. In reference [39], a distributed AHG-EKF design

was proposed based on the assumption of continuous communication among state estimators.



Due to the importance of communication between the distributed estimators, the considera-
tion of possible implementation issues like communication data losses and delays is critical.
Recently, some approaches are developed to accommodate time-varying delays [43] together
with data losses [46] in distributed MHE. However, these results are not directly applicable
to distributed AHG-EKF. The handling of communication delays and losses needs to be
carefully addressed in the distributed AHG-EKF framework.

All the above scenarios are developed with the distributed filters communicating through
the network periodically, however the limited capacity of the network may impede the appli-
cability of the above DAHGEKF. Furthermore, the robustness of the distributed estimation
may be reduced by extensive information transmission due to data dropouts in the communi-
cation network. In order to address the drawbacks of the periodic communication paradigm,
an algorithm is proposed in Chapter 5 to reduce the number of information exchange be-
tween local filters based on DAHGEKF designed in [39] via triggered communication. In
the literature, this strategy is widely used in control system design with shared communi-
cation resources [47, 48, 14]. In the context of state estimation, event-triggered approaches
have also been used in wireless sensor networks to attenuate the frequency of information
exchange in the network without loss of stability and performance [49, 50]. Moreover, the
quasi-decentralized framework is utilized in some other designs to minimize the information
exchange for networked control systems by adopting an adaptive forecast-triggered commu-
nication algorithm [51].

Motivated by the above considerations, in this work, we propose a distributed adaptive
high-gain extended Kalman filtering approach for nonlinear systems. The proposed approach
is able to achieve ensured ultimate boundedness and convergence of the estimate and is com-
putationally efficient. Specifically, we consider a type of continuous-time nonlinear systems
that are composed of several subsystems interacting with each other via their states. In
the proposed approach, an adaptive high-gain extended Kalman filter (AHG-EKF) is de-

signed for each subsystem. The distributed Kalman filters communicate with each other to



exchange estimated subsystem states. In each chapter, the implementation strategy of the
proposed distributed state estimation is discussed. It specifies how the distributed filters
transmit the information regarding the mentioned scenarios and what information should
be exchanged while the detailed design of the subsystem filter is described. Moreover, con-
sidering discrete or delayed communication among filters, state predictors are introduced to
predict the states of other subsystems in each communication interval. The stability prop-
erties of the distributed state estimation are analyzed for all continuous, discrete, delayed
and triggered communications. Finally, the effectiveness and applicability of the proposed

designs are illustrated via simulations of chemical process examples.

1.3 Terms and definitions

In this section, the definitions of some common terms throughout the thesis are provided for
proper clarifications.
Lipschitz property: The Lipschitz property is defined for a continuous function f :

R? — R" on a set = C RY, if a strictly positive constant exists such that:

1/ (1) = f(z2)[|< Lllwy — 2o (1.1)

Lie derivative: The Lie derivative of a function h(z) with respect to the vector field

f(x) is denoted by the symbol Lh(z) and is defined as:

Lyh(z) = S f(2) (1.2)

Accordingly, the 7-th order Lie derivative is defined as L}h(z) = L fLTlh(x).

Two-norm: The two-norm of a vector x € R™ and a diagonal matrix S € R"*" are



defined as follows:

lz||l= /(22 + 23 + ... + 22)

HS”: V Amaz

(1.3)

where A4, is the maximum eigenvalue of S, with S being the conjugate transpose of

S.

1.3.1 Transformation of systems to normal form

We deal with input-affine systems of the form

(1.4)

where z € R", and also we consider a subset T C R™ under which the system (1.4) is
observable. In order to transform the observable system (1.4) into the normal form, the new

coordinates z € R" can be defined as:

Ly (h(a)

Based on (1.5), the system dynamics in the new coordinates will be transformed into

Z=Az+b(z,u)
y=0Cz

(1.6)



where C' = [1,0,...,0];x, and

01 0 ... 0 | Lyh(6~Y(2))u ]
0 1 - LyLh(¢7'(2))u
A= ol . blzu) = (1.7)
0 1 Ly L 2h(¢(2))u
0 . o | Lh(¢71(2)) + Lo Ly~ h(¢7 1 (2))u

1.3.2 Transformation of subsystems to normal form

Let us consider the system (1.4) is composed of p interacting subsystems with the following

state space equations:
(

iy = fi(z) + g1(z)u

\ y1 = hi(z)
(1.8)
(
Ty = [fp(@) + gp(x)u
[ YT hy ()
where x = [21,...,2]]" and z; = [z, ..., @ip, ]" € R™i with i € {1,...,p}. In order to

transform the dynamics of subsystems into the normal form, a similar strategy to subsection
1.3.1 can be taken to find new coordinates and change the dynamics of each subsystem to

normal form. Within the network of subsystems, the new coordinates are defined as

-CDI (ZE)

Oy ()

P,(z)



where ®;(z) = [hi(x),thi(x),...,L}L””_lhi(x)]T. Using the transformation in (1.9), the

state space equations of subsystem ¢ will be transformed to

le' = AiZi + bi<2, U)

(1.10)
yi = Cizi
where C; = [1,0,...,0]1xn,, and
01 0 ... 0 Lyhi(®71(2))u
0o 1 . LyLihi(@71(2))u
Az = 0 ’ bi<Z> 'LL) =
Ng,—2 _
0 1 LyLy™ "hi(@71(2))u
0 0] e Ly hi(@71(2)) + Ly L™ ha( @71 (2))u
(1.11)
Notations. The operator ||| represents the two-norm of matrix or vector and [-|q

denotes the weighted two-norm which is defined as |z|g= VzTGx with G being a positive
definite square matrix. The notation M = diag{[my, ..., m,|} represents a diagonal matrix
M whose diagonal elements are m; with ¢ € I and I = {1,...,p}. For a system that
is composed of p subsystems, the set I; C T denotes the set of corresponding indices of

subsystems which have interaction with subsystem 4.

1.4 Thesis outline and contributions

The chapters of this thesis are organized as follows.

In Chapter 2, a distributed adaptive high-gain extended Kalman filtering (DAHGKEF)
approach is presented for a class of deterministic nonlinear systems that are composed of
several interconnected subsystems. For each subsystem a local adaptive high-gain EKF

(AHGEKEF) is designed and filters communicate to compensate for subsystems’ interactions.
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In this design, the distributed filters are assumed to transmit information continuously.
An implementation strategy describes how the distributed filters should communicate, and
the design of local filters is an extension of centralized AHGEKF in [10] for distributed
framework. A rigorous stability analysis is carried out to provide sufficient conditions under
which the exponential convergence of state estimates to actual states is guaranteed. The
efficiency of the proposed method is demonstrated via the application to a 2-CSTR process.

In chapter 3, to take more realistic consideration, the proposed DAHGEKF is designed
for a network of coupled subsystems where the distributed filters communicate at discrete
time instants. Within the communication interval, each filter incorporates the latest infor-
mation transmitted from other filters. To improve the performance, a state predictor in
each subsystem filter is used to provide predictions of states of other subsystems between
two consecutive communication instants. The filters are designed based on both determin-
istic and stochastic forms of subsystems. In the deterministic form, sufficient conditions are
provided to guarantee the convergence of estimation error to zero. In addition, the conver-
gence properties of the proposed distributed estimation schemes under the stochastic form
of subsystems is analyzed. The proposed approach is applied to a 4-CSTR process example
to illustrate its applicability and effectiveness.

Chapter 4 deals with the DAHGEKF schemes developed in Chapter 3 to handle time-
varying communication delays and data losses. An open-loop state predictor is designed for
each subsystem which operates based on a two-step predict-update strategy. In other words,
each predictor uses the centralized model to predict the overall states and then updates
the predictions whenever a new information is received from other filters. The stability
of the distributed filtering framework is analyzed under worst case scenario within both
deterministic and stochastic forms of subsystems. Sufficient conditions are derived under
which the convergence within deterministic structure of subsystems and the boundedness of
the estimation error within the stochastic form of subsystems are established. In order to

evaluate the applicability and effectiveness of the proposed approach under random delays
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and data losses in communications, the 2-CSTR process example is used.

In Chapter 5, a DAHGEKF scheme is designed for nonlinear interconnected subsystems
with triggered communication. In this design, although the distributed filters transmit in-
formation at discrete time instants, a trigger is designed for each subsystem to reduce the
information transmission frequency. The triggering condition is determined based on the
difference between the current state estimate and the latest transmitted one. This condition
designates if a trigger lets the corresponding filter send information to other filters. The
conditions are derived based on which the convergence and ultimate boundedness of the
estimation error is ensured. To demonstrate the performance and applicability of the design
based on triggering condition, the simulated 4-CSTR process is utilized.

In Chapter 6, the applicability of the proposed distributed estimation framework is ver-
ified through the application to a Three-Tank experimental system. In order to design the
distributed filters, first a dynamical model is developed and unknown model parameters are
identified. Then the identified model is decomposed into three interacting subsystems and
an adaptive high-gain EKF is designed for each subsystem. Finally, the performance of
distributed adaptive high-gain EKF is compared with that of distributed regular EKF in
estimating the states of the experimental system. Moreover, the effects of communication
among the local filters in the designed distributed framework are evaluated.

Chapter 7 briefly explains the conclusions of the main results of the thesis and describes

future research directions.
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Chapter 2

Distributed adaptive high-gain
extended Kalman filters with

continuous communication

2.1 Introduction

In this chapter, we introduce the proposed distributed state estimation design with continu-
ous communication. The system under consideration is a deterministic system composed of
several interacting subsystems. A schematic of the proposed design is shown in Figure 2.1.
In the proposed approach, an AHG-EKF is designed for each subsystem. In order to design
each AHGEKF, a change of coordinates is required to transform the subsystem into the nor-
mal form which is described in Chapter 1. The distributed AHG-EKFs communicate with
each other to exchange information. The filter of a subsystem estimates the subsystem state
based on the subsystem output measurements and information received from other filters.
In this section, we assume that the distributed filters can communicate and exchange infor-
mation continuously. In Chapter 3, we will extend the results to the case that distributed

filters can only communicate at discrete-time instants. With continuous communication, the
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| Communication line |

. - -
Z] : : Zr Zg : : Z; Zﬂ-;: : Zi

[ [ | : I
Loyl L] Ly
AHG-EKF [ AHG-EKF 2 AHG-EKF ﬂy

Y Vs I

Subsystem 1 < Subsystem 2 : : Subsystcmﬂy

Figure 2.1: Proposed distributed state estimation design with continuous communiation. In
this design, an AHG-EKF is designed for each subsystem and the filters communicate with
each other.

asymptotic and exponential stability of the distributed estimation approach can be guaran-
teed under certain conditions. The effectiveness of the proposed approach with continuous

communication is illustrated via the application to a chemical process example.

2.2 System description

In this section, we consider a class of deterministic nonlinear systems composed of n, inter-
acting multi-input single-output subsystems. The dynamics of each subsystem is defined as

follows:
i (t) = Ay (t) + b (x(t), u(t))

(2.1)

where ¢ € [with I = {1,...,n,}, z;(t) € R™: is the state vector of subsystem ¢ and y;(t) € R

is the output of subsystem . The input u(t) € R™ is assumed to be bounded for all times.
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The matrices A;, C; and b;(x(t), u(t)) are defined as follows:

01 0 ... 0 bii (i1, u)
0o 1 . bio(wi, iz, u)
A = 0 , bi(z,u) =
(2.2)
0 1 bi,nzifl('ri,h 'ri,27 s 7xi,nz,¢717 'LL)
= = ng; Xng, = ¢ -

C’L — [1,07 “e . 70]1><n33i

and b;(x,u) is Lipschitz with respect to z and uniform with respect to u. Note that to
simplify the analysis without loss of generality, we assume that each subsystem has only one
measured output.
The entire system state vector x and measured output vector y are defined as follows:
T T T

v =[af-a)-xl T eR, y = [yi-yi - yn,]” € R™. The dynamics of the entire

i Ny

system can be described by the following state-space model:

z(t) = Ax(t) + b(x,u)

(2.3)
y(t) = Cux(t)
where A = diag{[A1,..., Ay}, b(z,u) = [bf (z,u),..., b} (z,u)]" and
¢, 0 ... 0
0 Oy
C= (2.4)
0
0 ... 0 G,
- - nyXTL
It is assumed that the subsystem state x; satisfies the following constraint:
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for all ¢ € 1. Tt is also assumed that measurements of the outputs of the subsystems are

available continuously.

2.3 Implementation strategy

At the initial time instant (i.e., ¢ = 0), each filter needs to be initialized. Specifically, in
the initialization, filter ¢ (¢ € I) is initialized with initial subsystem state guesses of all the
subsystems (i.e., z;(0) with j € I), the actual subsystem output measurement (i.e., ¥;(0)),
and the initial value of the adaptive gain (i.e., 6(0) = 1).

After the initialization, at a time instant, each filter needs to carry out the following

steps continuously:

1. Filter i (i € I) receives its local output measurement y;(t), and the latest state estimates

from all the other filters; that is, z; with j € I\ {i}.

2. Filter ¢ (i € ) calculates its subsystem state estimate z;(t) and updates its innovation

term J;.
3. Filter i (i € I) sends z; and J; to other subsystems.

4. Filter i (i € I) updates the adaptive gain 6 based on its J; and J; (j € I\{i}) from

other subsystems.

These steps will be further clarified in the following subsystem filter design section.

2.4 Design of subsystem filters

For each subsystem, an AHG-EKF is designed. The subsystem AHG-EKF design is based
on the centralized AHG-EKF presented in [52] and [44] with appropriate modifications to
account, for interactions between subsystems. In the following, we exclude the notation of

time dependency from the state, state estimate and input and denote them as z, z and .
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The proposed design of filter i (i € I) is formulated as follows:
4= Aizi + bi(z,u) = S CF Ry (Cizi — i) (2.6)

1 *
where Ry, = 502(" —nei) R; with 6 being the mutual adaptive gain of filters, n* = max;{n,, }
and R; being a positive scalar. In (2.6), S; is the solution to the following matrix Riccati

equation:

Si = —(Ai+bi(z,u)" S — S (Ai + bi(z,u)) + CTR, ' Ci — SiQy,S; (2.7)

where b} (z,u) denotes the Jacobian of b;(z,u) with respect to z; (i.e. bf(z,u) = %) and
Qo, = 00;'Q;0; " with ©; = diag ([~ =), 0= (" i) 9= =]} and Q; being a n,,
by n., symmetric positive definite matrix. It should be noted that in (2.7), the Jacobian of
b;(z,u) with respect to z;, j # i, is ignored for simplicity. Indeed, the filters are used in
the distributed framework with interacted subsystems but each subsystem’s filter is designed
based on the Riccati equation as mentioned in (2.7).

In (2.6), the first two terms on the right-hand-side are from subsystem model (2.1) and the
last term is a correction term based on the difference between the subsystem measurement y;
and its estimate. The correction term has a time-varying gain which is determined following
(2.8) and (2.9).

In the design of (2.6)-(2.7), the parameter € involved in Ry, and @y, is an adaptive
parameter whose adaptation depends on the innovation information which will be defined.
When the innovation indicates that the state estimate is close to the actual system state,
0 will be small (i.e., close to 1). When 6 = 1, the design of (2.6)-(2.7) essentially reduces
to the standard extended Kalman filter (with interactions taken into account). When the

innovation indicates that the state estimate is far away from the actual system state, 6

will evolve to large values to ensure convergence of the estimate to the actual system state.
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Specifically, the equation governing the adaptation of 6 is as follows:

6 = (DO + (1 - ulI)A1 - 6)
2 P, )

(2.8)

-1
where pu(s) = [1 + e‘ﬁ(s_m)] is a 8 and m parameterized sigmoid function, A is a positive

constant, and
1
— 02, it <86,
D(0) = AlT (2.9)

—(0—20,,)% if 0>0,

(020,
with AT > 0, 6,, > 1. In (2.8), the variable J is the innovation for the overall system.
The innovation is used to drive the adaptation mechanism since it upper bounds the esti-

mation error as proven in Lemma 50 of [10]. Considering a unique forgetting horizon, d, the

innovation for the whole system can be defined as

J(t) = /t_dHy(S) —y(t —d,z(t —d), s)||"ds = Z Ji(t) (2.10)

where J;(t) denotes the innovation for subsystem i, defined as follows:

t
Jit)= [ lyi(t — d,x(t — d),7) — y;(t — d, 2(t — d), 7)|*dr (2.11)
t—d
where y;(to, xg, T) is the output of subsystem (2.1) at time 7 with z(¢y) = xo. Note that
yi(t—d, z(t —d), T) is an open-loop predicted filter output and is not the actual filter output.
In the calculation of J;, y;(t—d, z(t—d), 7) for T € [t—d, t] is measured and y;(t—d, z(t—d), 7)
for T € [t — d,t] needs to be evaluated. In the evaluation of y;(t — d, z(t — d), T), the entire

system state estimate z(t — d) is needed and the entire system model should be used due to

the interaction between subsystems.

Remark 1. In order to obtain a proper adaptation function in the local filters, the effective

parameters can be tuned systematically. First, we set the gain § = 1 and tune the Q); and R;
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matrices based on standard EKF tuning methods [53, 54, 55]. Next, we tune the maximum
value of the high-gain parameter 20, in the pure high-gain EKF mode (i.e., 0 = 260,,). In pure
high-gain EKF model, the maximum value 260, is tuned in a way such that the estimation
error converges to a small neighborhood of the actual system state fast. However, the gain
should not be too large such that the noise dominates. Subsequently, we tune the parameters
in the adaptation function. In this step, the forgetting horizon d in the innovation should be
tuned. With small d, fewer previous measurements are taken into account and the innovation
18 more sensitive to measurement and process noise, while larger d provides larger delay in
the adaptation of the gain. In the tuning of d a balance between noise filtering and adaptation
delay must be achieved. The parameters m; and ; determine the mean and the slope of the
sigmotd function, respectively. In other words, when the innovation is higher than parameter
m;, the parameter 6 starts increasing; and the parameter [3; controls the duration of the
transition part of the sigmoid. AT is a quantity which determines the rising time of 6 (the
smaller AT, the shorter rising time of 0). The value of parameter X\; determines how fast
the gain must decrease when the innovation is close to zero. In the tunning, the parameters
should be tuned such that excessive oscillation of 6 should be avoided in the presence of
noise/disturbances. Also, the adaptation of 0 is faster than the dynamics of the system. The
tuning process is an iterative process and should be based on offline simulations. The whole
parameter tuning procedure is summarized in a flowchart as shown in Figure 2.2. It should
be noted that when there are sufficient large online operational changes such that the original
model (or the set of model parameters) is not suitable for describing the new operation, it is

recommended to re-tune the parameters (together with parameter re-identification).

Remark 2. [t should be noted that the chemical processes may be subject to online operational
changes.  Within small enough changes, the proposed distributed estimation approach has
inherent robustness to handle the model uncertainties. On the other hand, in the presence

of sufficient large online operational changes, the parameters are required to be retuned.
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( Start )

4

Tune 20, such that noise o Tune the horizon d to balance
| Set® =1and tune Q;and R, l—> is not dominant noise filtering and adaptation

A

delay
Yes T H
Tune the decreasing Tune rising time AT Tune Sigmoid -
rate ). parameters m; and f,

Is the adaptation of © faster
than system dynamics?

Does © oscillates

. No
excessively?

Yes

End

Figure 2.2: Parameter tuning procedure for distributed adaptive-gain filters
2.5 Stability analysis

In this section, we analyze the stability of the proposed distributed AHG-EKF design. Let
us define the estimation error for each subsystem as ¢; = z; — x;, ¢ € I. The error dynamics
is:

For better explanation of the high-gain effects on the reduction of estimation error, we

consider the following change of variables for ¢ € I:

~ ~ ~ & -1 -1
T; = O,x;, Z; = 0,2, € = O4€;, S; = @i Si@,- )

) ] (2.13)
bi(" u) = @ibi(@c_l'v u)> b;(W u) = @ib;‘k(@c_l" u)@z_l
where O, = diag([©1,...,0,,]). From the definition of ©;, it can be verified that:
0;A; = 04,0;, ATO, = 00,AT A,0;1 =00;14;, 6,'AT =pATO
0, = —éN@' i <@7l> = éN@*l O 'CTR 1,07 = 0CTR,C; 240
[ 0 11 dt '3 - 0 1~ 7 ) 01‘ 1~ - 1 L~
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where N; = diag ([n* — ng,,n* —ng, +1,...,n* — 1]). Based on (2.13) and (2.14), the error

dynamics after the change of variables are:
¢ =06+ 0,6, =0 [—%Nié + A — STICTRACe, + g(@-(z, w) — b, u))] (2.15)
The Riccati equation becomes:

i

t(071)s:0,! + 01514 (671) + 0,50,
0

dt
— 9 [92 N S+ S N) - (A,.Tsi + S’Z-Ai> +CTRIC, — 5Q:8; — — 15T, u)S]
(2.16)

Let us pick the Lyapunov function E:fgié} for subsystem ¢, ¢ € . It can be obtained that:

w — 9 [—N{@-Qi&a — TCTRICE + ;(@T(z, W) 8i& — 0T (7, u)SiE; — &5z, u)é)]

(2.17)
The convergence of the proposed distributed AHG-EKF design will be established based on
(2.17). To state the convergence properties, the following lemmas are first presented.

Lemma 1. Consider a three dimensional matriz F € R™*"v*"= qnd two vectors y € R™*1

Ny ng

and z € R™=*Y IfU; = [Fzly = Y. [ Fijrenly; and U = [Uy, ..., U, " then
J=1 k=1

1U1[:< ne K[| 21 [[y s (2.18)

where Ky = sup||Fji||1 with ||-||1 denoting the one-norm.
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Proof: Multiplying matrix I’ by vector z results in the following two-dimensional matrix

F*:

Z Fiipz Z Fiopzy, E Flnykzk
k=1 k=1 k=1
> oz Y Foor Fon, k2
F* = [F2ln,xn, = | k=1 k=1 k=1 (2.19)
) Fo1kzk ) Fronyk2k
| k=1 k=1 - ngxny
The product of matrix F* and vector y can lead to a vector U
- -
> (Z F1jk2’k> Yj
j=1 \k=1
Z ( F2jk2k) Yj
U=Fy=|i=1 \k=1 (2.20)
ny Nz
( Fnzjkzk) Yi
=1 \k=1 Jnax1
Based on (2.20), we would have,
Ny  ng
U1 < nesupl Fgelli Y D llzllllyslh (2.21)

j=1 k=1

and this proves Lemma 1. [J

Lemma 2. Consider B = [Bf,...,B]l", with B; = bi(2,u) — bi(Z,u) — b*(2,u)e;, where
bi(2,u) = ©,6(0; 12, u), b (2,u) = ©;:(0,'2,u)0; !, ©; = diag ([0~ ~"=) g~V D)
,On.]) and €; = z; — ;. If b; is smooth and compactly sup-

6= D]), O, = diag([O1, . ..

ported, and n* = max;{n,,} then,

1Bl < Kllefl+R0m ]| (2.22)

for some positive constants Ky and K.

Proof: It b;, i € I are compactly supported and smooth, they can be expanded as follows:
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bi(Z —té, u) > ( 823 — TE, u)d7'> € (2.23)

j
where €; = z; — x; and € = Z — 7, © € . Moreover, we can write,
b, b, (T %,
“(Z—T1Eu) = —(Z,u) — " (Z—né,u)dn | € 2.24
5z, (2 — 7€ u) a:Z,j(z,u) Z ( | 95,05 (2 —né, u) 77) € (2.24)

k=1

Considering ¢t = 1 and inserting (2.24) into (2.23), it can be obtained that

b3 = ) = bz0) =3 Oz e + Z ( / / 5 (- U)dnd7> ek] ;
(2.25)
Since T = Z — €, from (2.25) we obtain
~ ~ 61 I~ "y b y Ty 2b
bl(é,u)—bi(:%,u)—a gz We _ g 4 [ < / / 82 55 (2=, u)dnch) gk] 3
Jj=1,j#i Jj=1 Lk=1
(2.26)
Taking one-norm of both sides of (2.26), we would have
~ ~ Ggl(é,u) ~ Ny 861 g,U) ~
NS RAERIILLICLUEY IS [ s )
2 j=1,ji Zj
i (2.27)
1 p7 % ~ ~ ~ ~
fO m(z — T]G,U)dﬂdT) Ek] Ej 1
For the first term on the right hand side of (2.27) we have
D Obi(Z, ) C A .
S e < S N6 = Nl (2.28)
j=1,j#i J 1 j=1
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O (2,u)||1. Note that & € R, & € R™*l and H = ;20 (2 —né, u) is

where ]\Nfi =sup;

a three dimensional matrix (H € R"=*"=5*"= ) Using Lemma 1, it can be obtained that

N .
zj Ny

ITHE eI <m0 K > Y 15, 1]l 1= e,

m=1 g=1

&l ll€xl1 Fijm (2.29)

0%b; (Z — ne, u)H . Using (2.29), it can be obtained that
1

where Kjjp = sups, z, 95,05

S0

where M; = max; x{Kijz} = sup. |2

Ny Ny

nml
< LY Y Al (230

7=1 k=1

azj(%k (Z — ne, u)dnch) ek] €

35 Ozk (~ —né, u)||;. Noting that > 1, it can be said that:

&b | 9% b, b,
—— (%, u el (0712 )|, ~(Z,u)|| <|==(0.'z,u 2.31
8zjazk< )| = 0z;0%, ) L 82]-( ) ) azj( ) 1 ( )
From (2.27) and (2.31) we can conclude that
~ ~ ~~ M *
! 1

where M; =sup,|| 2 u)||; and V; =sup, gg? (©7'Z,u)|l;. In the worst case, (2.32)
J

8z Z)zk ( g

may be changed to

N M\ o e
< g, Nil|Eflatna = 1126 (2.33)

Considering (2.33) for the overall system,

61 (27 u) - 61 (‘%7 U) abla(zzl ) ~1

* ~ *Mmam n*—1|1~
<y (0" Nonga[[Ef1+n” —=0" 71 Ellr) - (2.34)

= =L by, (3,u) ~
bny(z,u) — bny(x,u) — %zu)eny
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where N,,., = max;{N;} and M,,,, = max;{M;}. On the other hand, from the norm
properties we know that for a vector v of length n, its one-norm and two-norm (denoted as
|v]|) satisfy

[0]|< vl < Vallv] (2.35)

Mmam .
Consequently, considering K = nyv/nNpq, and Ky = nyy/nn’* 5 from (2.34) it can be

obtained that

< K [Jé][+1,0m el (2.36)

and this proves Lemma 2.[]

Theorem 1. Considering Lipschitz property for the nonlinear function, b;(xz,u), and its
Jacobian (||bj(z,u)||< Ly ) with respect to x and providing the conditions in Lemma 6 of
[52], for any time T* > 0 and any € > 0, there exist 0 < d < T*, AT >0, 0,, > 1, 5
and m; for i € I such that for all times t > T* and any initial condition of subsystems and
observers in X; (i.e. x;(0) € X; and z,(0) € X;) for all i € 1, the estimation error of the

entire system satisfies:
*

€ —a(t—T*
le®)< gymemse (2.37)
where € = [e] ..., el " and a > 0 is a constant,

Proof: Tt can be verified that €/ CT R;*C;é; > 0. For a positive definite matrix @;, there

exists a g, > 0 such that Q; > ¢, I. From (2.17), the following inequality can be written:

d (ET Se)
o

< 0, E7 5%, + 2875, (Ei(z, w) — bi(,u) — B2 (3, u)gz) (2.38)

From Lemma 6 in [52], it is known that there exist scalars amn, > 0, Qmax, > 0 such that

Omin; I < S'Z(t) < Omax,; [. This implies that the inequality (2.38) can be further written as:
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d (éf Se) ) o ) )

(2.39)

for all i € . Adding (2.39) for all 7 € I together, the following inequality can be obtained:

E ngS"ng < —0 mini{Qmiamini}
dt =1
_ - T -~ - - - _ - T -~ _ -
& Sy 0 01 |é& & Sy 0 0
& 0 S, 0 & & 0 S, 0
X + 2
&l |0 Sl e, | |0 S, (2.40)
by (2, u) — by (%, ) bi(Z,u) 0 0 &
bo(Z,u) — ba(Z, 1) 0  W(zu) 0 &
X J—
b, (2, 1) — bn, (7, ) 0 . by, (Z,u) En,

Since b; (%, u) = ©;b;(0; 1%, u), b (&, u) = ©;b*(0;'%,u)0; !, according to Appendix B (as
well as Lemma 51 in [10]), the overall vector b(#,u) and the subsystem matrix b} (Z,u) have
the same bound of b(x, u) and bf(z, u), respectively, where b(&, u) = [bT(Z, u), . .. b (&, u)]T.
So, the Jacobian matrix b?(-,u) is bounded such that ||b? (-, u)||< Ly, and b(-,u) is Lipschitz

such that ||b(z{, u) — b(zB, w)||< Ly||2™ — 21|, and it can be obtained that:
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IN
+

< Ly||éf|+ry Ly,

mazH H

where Lyx
max

by considering S =

= max;{Wmaz, } and i =

Oém(l(l?

it can be obtained that

l;l(’gvu) - Bl('xau) Z}{(:ZV,U,) 0 0
. ~ 52<2>u) - 62('%7’“) 0 B;(gvu) 0
20| . -
b, (2, 1) = by, (%, 1) 0 b (Z,u)

2 (Lb + ’I”LyLb*

max

) IETISINENS 2 (Lo + 1y Ly, ) Comac €1

<2(Ly+nyLyy,,,) T S

Using (2.42) in (2.40) we conclude that:

max amax

+ QnyLb

max
mln

d ™ ~ Ny ~
i=1 i=1

Oémln

The solution to the differential inequality in (2.43) can be obtained as
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(2.41)

= maxl-{Lb;}. From Lemma 6 in [52] we have ] < S, < Qmaz; ] and
diag([gl,...,gny]), it can be said that amin < S < Qmael, Where

min, { @i, }. Multiplying both sides of (2.41) by 2/|&7||||S]],

IN

(2.42)

) ; e S(t)

(2.43)



min min

and this inequality can be used globally.

Noting that 1 < 6 < 26,,, by applying Lemma 2 to (2.40) we obtain,

d /- N N L
= (7752) < — min{gm, amin, 167 SE + 20| |2l +2K2(260,)" 1S 1

3/2 _\3/2
Since ||€[]3= (H€H2> < ( 1 €TS€> , the inequality (2.45) would change to

Amin

d ~T &~ 2K10Zmam T &~ 2K2(29m>n*71(1ma$ ~T &~ 3/2
% (6 S€> < (—qmmmOémm + m) € Se + (amm>3/2 <€ SE)

By applying Lemma 40 in [10], we obtain that if

2
2K 3
<Qmmm04min - . max) (amzn)

AOmin

4 (2K5(260,)" ' az)’

erSe(r) <

and
q 2-Kvl Xmax
amin

then for any ¢t > 7 we have

' Se(t) < 4e7Se(r)e V)

where

w —q o 2K 1%mazx
— UYmpin Cmin —
Qmin

Based on (2.47), by assuming a real v such that

1 ok 2.3
(20771}2” —2 4 4 (2K2amax)
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exp ( [2Lb Qmax + 2pLys Qmax _ min{qmiamini}] t)
t=0 6% %

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)



then the inequality é”Sé(7) < ~ helps to have,

~T &~ amine* —(t—7
ETSE(t) S W@ Y(t=) (252)

for any ¢ > 7. Based on the condition (2.47), the inequality (2.52) is satisfied when the
estimation error is small enough. So (2.52) is locally exponentially convergent and in the
following we will verify it in a global sense. When the estimation error is large, the gain
increases and we have 6 > 6,,. In this case, for t € [T, T*], T* > T, from the global inequality

(2.44) we can obtain:

erSE(T*) < €T§€(O) exp ([BL — mini{Qiqmiamini}} T*)
S MO exXp |:BLT - Tamianmm + (BL — amianmmem)(T* - T)] = (253)

MO exp [BLT* - Tamianmin - Cme%nmmem(71* - T)]

max

where B; = 2(Lb+nyLb’fmx)Oé
a

and My =sup,.¢" Sé(0). Now we can tune two parameters

min

0., and ~ such that

Myexp | BLT* — T'OminGm,,;, — CminGmy,i Om (T — T)] <% (2.54)

and since e~ctexfm < 972;56,2, for 0,, being large enough, (2.51) and (2.54) would be satisfied
simultaneously. In other words, even if the estimation error is large, the high-gain parameter
can become large enough so that the necessary condition for exponential convergence is
satisfied.

Considering a forgetting horizon d, the overall estimation error at time ¢t — d can be

obtained as

Zy!lzi(t —d) —xi(t — d)||*= ||2(t — d) — 2(t — d)|*= [le(t — d)|” (2.55)

29



According to Lemma 50 of [10], for an MIMO system there exists a constant A; such that
J(t) = Mdlle(t — d)[|* (2.56)

Now, it can be claimed that there exists 7 < T* such that é” Sé(7) < v. Indeed, if &7 S&(7) >

~ for all 7 < T™ then,
v < ESET) < Umaa[E(T) 1P Cmaale(7)]1°< —ai\”ax J(1+d) (2.57)
t

So, by defining v, = 22 from (2.57) it can be obtained that J(7 + d) >, for 7 € [0, T*].

Amaz’

Consequently, J(7) > v, for 7 € [d, T*]. Based on Lemma 42 of [10], when the innovation of
centralized filter is greater than a bound ~;, the centralized filter would be high gain. The
equivalence of this situation in distributed framework is 6 > 6, for all i € I and t € [T, T*]
which makes a contradiction (i.e. é"S&(T*) < ) based on (2.53). In other words, even if
the estimation errors of some of filters are far from the origin, when the sum of overall errors
exceeds the bound ~, all the high-gain parameters increase to a value higher than 6, and
erSE(T) > 7.

Finally, for t > 7 and using (2.52) we obtain

(20m)2n* —2

min

le()P< (200)*" 2 |le(t)|*< erSe(t)
< eVt (2.58)

and this proves Theorem 1.

2.6 Simulations on a chemical process

In this section, the proposed distributed AHG-EKF is applied to a chemical process composed

of two connected continuous-stirred tank reactors (CSTRs) as shown in Figure 2.3 [17].
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Q1 Q2
CSTR 1 CSTR 2

Figure 2.3: Two connected CSTRs with recycle stream.

Pure reactant A at flow rate Fy, molar concentration C'y9 and temperature Ty is fed into
the first reactor. The efluent of the first reactor enters the second reactor at flow rate Fj,
molar concentration Cs;, and temperature 7). Additional pure A at flow rate F3, molar
concentration Cyp3, and temperature T3 is also fed into CSTR 2. Three parallel irreversible
exothermal reactions take place in the reactors: A — B, A — C, and A — D, where B is
the desired product and C, D are byproducts. A portion of the effluent of the second reactor
is passed through a separator and recycled back to the first reactor at flow rate F,., molar
concentration Cys and temperature T5. Each reactor is equipped with a jacket to provide

heat to the reactor. The dynamic equations, obtained from material and energy balance
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Table 2.1: Process parameters for the reactors.

Fy =4.998 m3/h AH; = —5.0 x 10* K.J/kmol
F) = 39.996 m?/h AHy = —5.2 % 10* K.J/kmol
F3 =30.0m3/h AHs = —5.04 x 10* KJ/kmol
Vi = 1.0 m?/h ko = 3.0 x 106 /!

Vo =3.0 m3/h kg() =3.0 x 10° b7t
R=8314 KJ/kmol - K k3 =3.0 x 10° ™!

Ty = 300 K By = 5.0 x 10* K.J/kmol

Tos = 300 K Ey =17.53 x 10* K.J/kmol
Cao = 4.0 kmol /m? F3 =17.53 x 10* K.J/kmol
Caoz = 2.0 kmol /m? p = 1000.0 kg/m3

¢, = 0.231 K.J/kg F, = 34.998 m?/h

under standard modeling assumptions are as follows:

3

ar, Fy F, AH, - O
N ST+ (T, —T)) — kioe ™0 C 1

di Vl(o 1)+V1(2 1) ;pcp o€t A1+pch1
dCa  Fo E. 3 5

p7a vl(CAo —Ca1) + vl(CAz —Ca1) — ; kioe ®Ti Cyq Voo
% _Fiop gy B _T)_iAHik‘ o O (259
a v, 1 2 7 03 2 2 e, i0€ A2 pCpVQ
dcC F F i —p,

d:Q = 7;(0,41 —Cyo) + 72(0,403 — Cya) — Z kioe T2 Cyo

i=1

where T, Cuj, Qn;, Vj, j = 1,2 denote the temperature in the reactors, the concentration
of A, the rate of the heat input/removal to/from the reactors and the reactor volumes
respectively, ¢, and p denote the heat capacity and density of the mixture in the reactors,
AH;, k;, E;;i = 1,2,3 denote the enthalpies, pre-exponential constants and activation
energies of the reactions respectively. The values of these parameters are given in Table 2.1.
Constant heat inputs to the two reactors are used: Qp, = 1.8 x 10* kJ/h and Q, =
1.2 x 10* kJ/h. These inputs ensure the stability of the process.

It is assumed that the two temperatures T and T5 are the continuously measured outputs.

The objective is to estimate the entire system state based on these measurements in a
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distributed manner.

The entire process is decomposed into two subsystems with respect to the two reactors.
For each reactor, an AHG-EKF is designed. In the design of the AHG-EKFs, Q1 = Q5 =
diag([150, 5]) and R; = Ry = 1, respectively. The parameter 6,, is uniquely defined for all the
subsystem estimators and it is selected to be 6,, = 20. In the calculation of the innovation
terms, the two filters use d = 0.02h. The parameters in the adaptation functions are selected
as follows: AT = 0.001h, 51 =5, m; =4, A\ = 100, By =5, my = 4, Xy = 100. In the
simulations, the initial state of the process is z(0) = [360, 3, 320, 2.5]” and the initial guesses
in the two distributed filters are 2;(0) = [396, 2.6]T and 2z,(0) = [352, 10.5]%.

First, we consider the proposed distributed AHG-EKF with measurement and process
noise and with continuous communication between the two filters and study the effect of
adaptive-gain. Consequently we compare the results of distributed adaptive-gain EKF with
distributed regular EKF (DEKF). In the regular distributed EKF design, the subsystem
EKF has the same design parameters (i.e., @1, @2, Ri, Ry) as in the proposed AHG-EKF,
but 6; = 1 for i« = 1,2. Figure 2.4 shows the trajectories of the actual process states and
the estimated values as well as the trajectories of the corresponding adaptive gain and the
innovation. From Figure 2.4, it can be seen that the trajectories of both the proposed
DAHGEKEF and DEKF are able to track the actual process states, however DAHGEKF
converges much faster than DEKF. It should be noted that the DAHGEKF tracks the two
temperatures very fast. Also, it can be seen that when the estimation errors are large (at the
initial period), the innovation values increase quickly which renders the two adaptive gains 6,
and 6, to increase quickly. When the estimation errors become small, the innovation values
decrease and the gains #; and 6, decrease to one.

Next, we study the effects of communication frequency in the proposed distributed state
estimation design. In this set of simulations, the two distributed filters do not exchange
information continuously. They send out their state estimates to each other every 36s.

Between two communications, a filter assumes that the state of the other filter remains
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Figure 2.4: Trajectories of T7, Cyq, 15, Cys and their estimates, and trajectories of  and
the corresponding innovation under the proposed distributed AHG-EKF and a regular dis-
tributed EKF with continuous communication.
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Figure 2.5: Trajectories of T}, Cay, T5, Cao and their estimates and the corresponding
innovation under the proposed distributed AHG-EKF with continuous and discrete commu-
nication.
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Figure 2.6: Trajectories of T, C 41, T, C 4o and their estimates, and the corresponding inno-
vations under the proposed distributed AHG-EKF with permanent high gain and continuous

communication.
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constant. Figure 2.5 shows the simulation results. From this figure, it can be seen that
the distributed filters are still able to track the actual process states. But the speed of
convergence especially for the concentration estimates is slower compared with the case of
continuous communication.

Finally, we evaluate the performance of DAHGEKF with permanent high gain. In this
set of simulations, we take measurement and process noise into account and show the effect of
high gain on process uncertainties. As shown in Figure 2.6, the trajectories of concentrations
represent severe sensitivity to the high gain. This sensitivity is illustrated by high amplitude
fluctuations in the estimates of concentrations. Also, Figure 2.6 shows that within the
high gain, the mean of the estimates matches the mean of actual states very fast, however
the estimation error covariance is highly increased by noise. Due to the high sensitivity of
uncertainties to the high gain, we used a smaller bound for the high-gain parameter (6,, = 8)

in this set of simulations.

2.7 Conclusions

In this chapter, a distributed adaptive high-gain extended Kalman filtering approach was
developed for a class of nonlinear systems composed of interacted subsystems. An adap-
tive high-gain extended Kalman filter is designed for each subsystem with the consideration
of continuous measurement. The distributed filters communicate with each other to ex-
change subsystem state estimates which are used to compensate for interactions between
subsystems. Based on the proposed design, an algorithm is developed to describe how the
distributed filters should communicate continuously. Sufficient conditions were derived un-
der which the convergence of the proposed distributed filtering approach is ensured. By
the stability analysis, it is shown that the entire system estimate converges to the actual
state exponentially. The proposed approach was simulated on a chemical process example

to illustrate its applicability and effectiveness.
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As a final remark, we would like to note that one particular limitation of the proposed
approach is in the calculation of the new coordinates for subsystems. In the calculation of
the coordinates, Lie derivatives are needed. Analytical calculation of these Lie derivatives
is prohibitive and numerical methods need to be used. Algorithmic differentiation [56] is
one of the numerical approaches and is able to handle Lie derivatives up to an order greater

than 10.
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Chapter 3

Distributed adaptive high-gain
extended Kalman filters with discrete

communication

3.1 Introduction

In this chapter, we consider distributed state estimation in which the distributed filters
communicate with each other only at discrete time instants. As described in Chapter 2,
the design of high-gain extended Kalman filter requires the transformation of the system
into the normal form. A schematic of the proposed design is shown in Figure 3.1. In this
design, for each subsystem, a state predictor is designed to provide state predictions between
two communication instants to the subsystem filter. We assume that the distributed filters
communicate with each other at discrete time instants t;>o where ¢, = to + kA with ¢, =0
being the initial time, k£ being positive integers and A being a positive constant. In this
chapter we will consider both deterministic and stochastic form of nonlinear systems and
sufficient conditions will be derived under which the stability of the proposed approach is

guaranteed.
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Figure 3.1: Proposed distributed state estimation design with discrete communiation and
state predictors.

3.2 Problem formulation

In this section, we consider the interconnected nonlinear subsystem structure in the form of
(2.1) but in a more general form including external inputs and uncertainties. Indeed, the
entire system is composed of n, interconnected subsystems with the dynamics of subsystem ¢

described as follows:
Ti(t) = Aiwi(t) + bi(z(t), w(t)),

yi = Cimi(t) + vi(t)

(3.1)

where ¢ € I with I = {1,...,n,}, z;(t) € R™: is the state vector of subsystem i, z =
[w] -+ af -2y |7 € R™ is the entire system state vector, w(t) € R™ is the vector of entire
process noise (or input), b; represents the nonlinearities of subsystem ¢ describing interaction

between subsystem ¢ and other subsystems, and y; € R denotes the measured output of

subsystem ¢ with v; € R the associated measurement noise. Further, in (3.1), it is assumed

40



0 1 0 0|
0 1
A = 0
0 1
0 . 0
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Note that to simplify the analysis without loss of generality, we assume that each subsystem

has only one measured output. The entire system measured output vector y is defined as

follows: y = [y1---¥i- - Yn,|" € R™. The dynamics of the entire system can be described

by the following state-space model:

Az(t) + b(a(t), w(t))
Cx(t) + v(t)

(3.3)

where A is a diagonal composition of A; and b(z,w) is a composition of b;(x,w) with i € I

as follows:
A0 ... 0
0 A
A= , bz, w)
0
0 ... 0 A,
and v = [vg - -

by(x,w)
bo(x,w)

b, (z,w)

Cl OanxQ lenmny

Oanzl 02 lenzny
_lenzl lenzny71 Cny
(3.4)

Sy ~vny]T € R™. It is assumed that the process and measurement noises are

bounded such that ||w]|< ¢, and ||v||< ¢,. It is also assumed that the subsystem state z;

evolves following the constraint:

Q?l‘EXi

41

(3.5)




for all 7 € I and X; should be known. It is further assumed that measurements of the out-
puts of the subsystems are available continuously. Note that the assumption of boundedness
of subsystem states is based on the fact that many systems (e.g., chemical processes) are
regulated by control systems and are operated within specified bounded regions. The bound-

edness of subsystem states will be used in the stability analysis of the proposed method.

Remark 3. Note that in order to simplify the discussion without loss of generality, we
assume that each subsystem has only one measured output. The proposed approach can be
extended to consider subsystems containing more than one measured outputs. In the case of

multiple outputs, the subsystem dynamics would be in the form of (3.1), with the matrices

A; and bi(z,w) being defined as

A O 0
A — 0 A O |
0
0 ... 0 A,
_ - - ‘- (3.6)
0O 1 0
bi71($, w)
o o0 .
Ai,j = ) bZ(ZE,UJ) =
. . 1
bin,, (T, w)
0 0 0
where j € {1,...,ny}. In other words, each subsystem should be able to be decomposed into

several smaller single-output subsystems. Please refer to [57, 44] for more discussion on the

extension to the multiple outputs case.

3.3 Predictor design

In this section, the predictors based on the system model in (3.3) will be designed and

an algorithm for the implementation of the proposed distributed estimation with discrete
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communication will be described. We consider subsystem filter ¢ (i € I) at time t;. It
communicates with other subsystem filters and will receive state estimates from other sub-
systems. The next time instant that filter ¢ will communicate with other subsystem filters is
tr41. In order for the filter i to get more accurate state estimates for ¢ € [ty, tx11), we use a
state predictor to predict the states of other subsystems and use the predictions in the filter.

The design of the predictor associated with subsystem i for t € [tg, ;1) is as follows:
PP (t) = AxP(t) + b(xP(t),0) (3.7)

where zP(t) includes the estimates of subsystem i, z;(t), and the prediction of the states
of subsystems which interact with subsystem 4, x?’i(t), j € I\{i} within the communication

interval A, and

A0 .0 by (27(1), 0)
a0 P L b0 = ba(a"*(),0) (3.8)
0
0 .0 A, b, (277 (),0)

Note that z(t;) is the state estimate of the entire system at time ¢;, and zP'(t;) = z(t).

Note also that for all the subsystems, the predictors have the same design.

3.4 Implementation algorithm

The implementation strategy of DAHG-EKF with discrete communication is as follows:

1. At to = 0, filter 4, ¢« € [, is initialized with subsystem measurement at the initial time,

yi(to), and the initial guess for the states of overall system z(tg).
2. At t, with k£ > 0, each filter carries out the following steps:

(a) Filter i (i € I) receives the local output measurement y;(t).
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(b) Filter i (i € I) calculates the local estimate z;(t;) and updates its innovation term

J;.
(c) Filter i (i € I) sends z; to other subsystems.
(d) Filter i (: € I) updates the adaptive gain 6; based on its J;.

(e) Predictor i (i € I) is updated with 2P (t;) = z(t).

3. Between t;, and t;, 1, filter ¢ and predictor ¢ perform state estimation and state predic-

tion continuously. When ¢ = #;41, go to Step 2 (k — k + 1).

Remark 4. Regarding the design of the predictors, the use of the centralized model is neces-
sary since the subsystems are fully coupled. In the predictor of subsystem 1, it uses received
subsystem state estimates from other subsystems at a communication instant (i.e., ty) as
the initial condition and uses the centralized system nominal model to predict the states of
other subsystems between two consecutive communication instants (i.e., from ty to txi1).
The subsystem filter i uses the predictions of other subsystems’ states to compensate for the
interactions between subsystem i and other subsystems. The main purpose of the predictors is
to improve the estimation performance of the distributed filters with discrete communication.
It will be demonstrated in the simulations that the predictors can significantly improve the
estimation performance. If the subsystems are connected in some special patterns (like in se-
ries), it is possible to simplify the design of the predictors without reducing the performance.
Note that the use of a centralized model in subsystem controller or estimator or predictor
designs is not uncommon. This type of strategy has been used in distributed model predictive
control (e.q., [58, 59]), quasi-decentralized control [17], etc. The predictors of the subsys-
tems are independent and are computed in a distributed fashion. One important advantage

of distributed design over a centralized design is its improved fault tolerance.
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3.5 Deterministic systems

In this section, we investigate the stability properties of the proposed distributed estimation
approach in the deterministic system structure, i.e. the specific form of system (2.3) without

process and measurement noises terms being described as follows:

B(t) = Ax(t)+ bla(t), u(t))
y(t) = Cz(t)

(3.9)

where A, b and C are the same as mentioned in (3.4). In this section we assume the nonlinear
function b(x(t),u(t)) is Lipschitz with respect to x(t) and uniform with respect to u(t). In
the following, based on the system structure in (3.9), the filters are designed and the stability

of the distributed filters is analyzed.

3.5.1 Design of subsystem filters

Similar to the previous section, an AHGEKF is designed for each subsystem. Since the
communication between the filters is discrete, the proposed design of filter i (i € I) would

be formulated as follows:
2= Az + bi(2P" ult)) — Si_lCiTRe_il(C’izi — ;) (3.10)
Also, the Riccati equation is changed to
Si = — (A + b w)" S — S (A + bi(aPi u) + CT R, Ci — SiQ0,Si (3.11)

where b} (zP" u) denotes the Jacobian of b;(zP" u) with respect to z; (i.e. bf(zP" u) =

W), Ry, = % and Qp, = 0;Q;. It should be noted that in (3.11), the Jacobian of

bi(xP*,0) with respect to z;, j # 14, is not considered. Note that this design significantly

simplifies the design of the Riccati equation while not significantly reduces the performance
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nor loses the stability. In the proposed design, the gain in each filter is adaptive and could
be high which is able to compensate for uncertainty introduced by the simplified Riccati
equation.

In the design of (3.10)-(3.11), the parameter 6; involved in Ry, and @y, is an adaptive
parameter for subsystem ¢ whose adaptation depends on the innovation information which
will be defined. When the innovation of subsystem ¢ indicates that the corresponding state
estimate is close to the actual subsystem state, §; will be small (i.e., close to 1). When
0; = 1, the design of (3.10)-(3.11) essentially reduces to the standard extended Kalman
filter (with interactions taken into account). When the innovation indicates that the local
state estimate is far away from the actual subsystem state, 6; will evolve to large values to
ensure convergence of the estimate to the actual subsystem state. Specifically, the equation

governing the adaptation of 6; is as follows:

0; = w(J)D(0;) + (1 — p(Ji))Ni(1 — 6;)

(3.12)
where pu;(s;) = |1+ e~ Pilsi—mi) - is a §; and m; parameterized sigmoid function, ); is a
positive constant, and
! 6? if 6,<¢6
79 1 i > Um
D)= (3.13)
—(0;, —20,,)%, if 0, >0,
ATi( )%, i >

with AT; > 0, 6,, > 1. In (3.12), the variable J; is the innovation for subsystem i. Con-

sidering a forgetting horizon for subsystem i, d;, the innovation for each subsystem can be
defined as
t
Tit)= [ llyi(t —d,x(t — d),7) — yit — d, 2™ (t — d), 7)||*dr (3.14)
t—d;

where y;(to, xo, 7) is the output of subsystem (3.1) at time 7 with z(¢y) = zo. Again we

note that y;(t — d, x”*(t — d), 7) is an open-loop predicted filter output and is not the actual
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filter output. In the calculation of J;, y;(t — d,x(t — d),7) for 7 € [t — d, ] is measured
and y;(t — d, 2P (t — d),7) for 7 € [t — d,t] needs to be evaluated. In the evaluation of
yi(t — d,xP*(t — d), 7), the entire system state prediction z7*(t — d) is needed and the entire

system model should be used due to the interaction between subsystems.

3.5.2 Stability analysis

In this section, the stability properties of the proposed distributed state estimation approach
for systems with discrete communications are investigated. First the evolution of prediction
error with time is evaluated. An upper bound on the deviation of the predicted system
state given by state predictor from the actual system state is provided by the following

Proposition 1.

Proposition 1. Consider the following centralized system and state predictor:

x(t) = Az(t) + b(x(t), u(t))
(3.15)

P (t) = AzP(t) + b(aP(t), u(t))

where zP(t) is the prediction of x(t), A = diag{[A1, As, ..., Ay} and b(z,u) = [b] (z,u), ...,

by (x,u)]". The system prediction error e = x? — x satisfies

le()I< fe(t = to, lle(to) ) (3.16)

for all z(t),2P(t) € X C R™, where f.(t — to, |le(to)]]) = v/nlle(to)||exp[(Ly + 1)(t — to)] with

Ly, being the Lipschitz constant of b(x,w) with respect to x.

Proof: The time derivative of the error is,

P — i =¢é=Ae+b(a”,u) — b(x,u) (3.17)
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According to Lipschitz property of b and the continuity of z and 2P, there exists a constant

L, such that,

by(zP, u) — by(z,u)
= [1b(2”,u) = b(w,u)[[1 < Ly||lz? — z|[1= Lille],  (3.18)

b, (2P, u) — by, (2, )

Based on the structure of matrix A in Brunovsky canonical form, we have ||All;= 1. Also

from (3.17) we obtain
d .
glelh= llellh=lAllllelli+Lolleli= (Lo + 1)llellx (3.19)
The solution to (3.19) would be
le@)ll:< lle(to) lexp[(Ly + 1)(t = to)] (3.20)
and since [le[|< [le[l1< v/n]le]],
le(@)II< v/nlle(to) llexp[(Ly + 1)(t — to)] (3.21)

and this proves Proposition 1. [J

From Proposition 1, it can be inferred that the prediction error given by the open-loop
predictor increases with time between two state updates. In (3.21), ¢y is considered as the
initial time in each communication interval. Since the information from other observers
is received discretely, the predicted system states will be used in the filters between two
communication time instants.

Using (3.10), the dynamics of estimation error, ¢; = z; — x;, would be:
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Let us consider the Lyapunov function V; = €I S;e; for subsystem i, and use (3.22) and (3.11)
to obtain its time derivative:

d(EZTSZGZ)

= —0,6:5:QiSi€e; — 0] CT R Ciei + 2¢] Si[b; (aP, u) — by, u) — bf (a7, u)ei]
(3.23)

Theorem 2. Considering system (3.3) defined by subsystems in the form of (3.1), if the

following conditions are held,

~

. the nonlinear function, b(x,u), has the Lipschitz property with respect to x € R",
2. the subsystem nonlinearity Jacobian, b} (zP", u) is bounded,

3. the conditions in Theorem 2.18 of [60] are satisfied

4. all the estimators make the communications at time instants {tx>0},

5. the following conditions are satisfied:

5max
qmmin > 2nyLb:nax 52_ (324>
and
2y/nLyertHA Ormin 20,, ?
: Vinlae T < 1— ([ s 4+ Ly 8 ) A
mlni{ei}Qmmm 6mm - 2nyLb;§m“c 5m(_m 5maac Rmin(smin

(3.25)
with A being the discrete communication interval, Omin = Min{0min; }, Omar = Max;{0maz, }

and Ry = ming{ R;},

then for any initial condition of subsystems and observers in X; (i.e. x;(tx) € X; and z(ty) €

X;) for alli € 1, the error dynamics asymptotically converges to zero.

Proof: Tt can be verified that 0,/ CT R;'Cie; > 0. If the positive definite matrix Q; is

chosen in a way that Q; > ¢,,,[ for a g,,, > 0, then from (3.23) the following inequality can
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be obtained:

d (EZTSZQ)

o < —0iqm el S?e; + 2eL'S; (bi(xPt, u) — b;(z,u) — b (2P u)e;) (3.26)

From Theorem 2.18 in [60], there exist scalars &, > 0 and 6,q,, > 0 such that &, <

S; < Omaz,I. This means that (3.26) can be further written as:

d (E;TSZEZ)

pr < —0iGm, Omin €1 Si€i + 2€1'S; (bi(aP?,u) — bs(w, u) — bF (2P u)e;) (3.27)

If we add (3.27) for all ¢ € I, the time derivative of the overall system’s Lyapunov function

satisfies
d & p : T T
7 izzlei Si€; < —0; ming{ ¢m, Omin, t€* S€ + 2¢' S
| bi(zP, u) — by(x,u) ] _b’{ (zP, u) 0 e 0 1] €1 |
bo (272, u) — by(, ) 0 by(zP2,u) 0 : €2
" B 0
| b, (277 u) = by, (z,u) | | 0 . 0 by, (aP™ u)| |én, |

(3.28)
Let us consider the time interval ¢ € [ty,tx1). Since at tg, the filters communicate and
exchange information and function b is Lipschitz, based on Proposition 1 for t € [tg, tri1),

we would have

1b(a#, u) — b, w)l|< Lylla” — 2| < Lov/alle(ti)llexpl(Ly + 1)(t — )] (3.29)

Noting that €(tx) = e(tx), using the Lipschitz property of nonlinear function b, for the last
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term of (3.28), we have:

by (Pt u) — by (x,u) b (Pt u) 0 0 €1
bo (272, u) — bo(, ) 0 by(zP2,u) 0 €2
0
bny ('rpmy? U’) - bny (Z‘, 'LL) 0 0 b:,y (xpmy? u) €ny
by (P, u) — by (z,u) by (zP u) 0 0 €1
S b2 (xp,27 U) - b2 (.73, 'LL) + 0 b;(xp,Q’ U) €2
0
by, (2P u) — by, (T, u) 0 e 0 b*y(xpv”y’ u)| |€n,
< Lov/leCtllexpl(Lo + 1)(t - te)] &y L, e(t)|
(3.30)
where Ly == max;{Ly}. From (3.28) and (3.30), it can be obtained that
d & g - <A T Omax <4 1
- E € Siei (t) < —92 mmi{qmiémini} Z € S,LQ(t) + QnyLb;ﬁnm Z € SZEz(t)
dt =1 i=1 " Omin i=1 (3.31)

+2Ly\/M0max exp|(Ly + 1) (t — ti)][[€" () llle(tx)

where 0,00 = max{0maz, }, and Sy = Ming{d,in, }- We assume the estimation error takes
the maximum value at time instant n € [tx,tx1) within the communication interval, i.e.

le(n)]|> |le(®)|| for any t € [tx,tr+1) which results in

le@)IMle(t)lI< lletm)]® (3.32)
Based on (3.32), it can be inferred that
YOS 00 < 3 F WSO < dnallcn)?= Al (339)

We pick V() = zy: Vi(t) as the Lyapunov candidate function for the overall system and use
i=1
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(3.33) in (3.31) to obtain

d 67’)’7/(127
%V(t) < (— m}n{@iqmiammi} + 2ny Ly 5 ) V(t) + (2Lyv/nA(e(n))) exp[(Ly + 1) (t — ty)]
(3.34)
In addition, (3.22) for the overall system can be written as
€(t) = Ae(t) — Hye(t) + b(2(t)) — b(z(1)) (3.35)

where H, = diag{[S;'CTR,'C1,..., S, CT Re_nt Cy,]}. Following the boundedness of the

Y Ny

Riccati matrix and the high-gain parameter, we can obtain that

_ _ _ _ 20,
157G R Gill< ISTHINICE RS Gl < 5—5 (3.36)
Consequently, the matrix H; will have the following upper bound:
20
Hll< —=— 3.37

Since the distributed filters communicate at a fixed interval, A, and noting that ||e(n)||>
le(®)||, by taking the norm of both sides of (3.35) and using (3.37) and (3.36) we can obtain

that,

. 20,,
||6<t)||§ (W +1+ Lb\/ﬁe(Lb-‘rl)A) ”6(77)” (338)

On the other hand, within the time period ¢ € [ty, tx+1) we have

le() 1= lle(n)ll—max{[|e(t) ]|} A (3.39)
Also, due to the boundedness of the overall Riccati matrix S, it can be obtained that

V(t) > s min{[le]|2} (3.40)
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Using (3.38) and (3.39) in (3.40) leads to

2

From the conditions (3.24) and (3.25) in Theorem 2, and (3.41) it can be verified that

V(t 2Lyy/nelrtha
® o _ py/ne i (3.42)
A(€<77)) mmi{ei}Qmmm(smin - 2nyLbi‘mz 67:;;
and it can be concluded that
5maw
2A(e(n))\/ﬁLbe(Lb+1)A _ (miin{Qi}qmmmdmm — 2ny Ly 5 ) V(t) <0 (3.43)

By comparing (3.43) and (3.34), it can be inferred that 4~ < 0 which implies asymptotic

convergence of the error dynamics. This proves Theorem 2.

Remark 5. Note that in Theorem 1 in Chapter 2, we prove that the estimation error decays
exponentially with continuous communication. In the case of discrete-time communication,
it 1s difficult to establish conditions for exponential decay of the error. Instead, in Theorem
2, we provide conditions that ensure asymptotic convergence of the estimation error. We also
note that in Theorem 2, the results also apply to EKF (i.e., 0 = 1). However, we would like
to emphasize that as pointed out in the proof of Theorem 2, the proposed distributed state
estimation scheme with an adaptive gain has much faster convergence rate when error is
large. The fast convergence rate ensures that the proposed scheme can tolerate larger process

disturbances/noise and may have enlarged operating region.

3.6 Stochastic systems

In this section, we consider the more general form of subsystems in (3.1) and design dis-

tributed adaptive high-gain EKF with the effect of noise and disturbance. The schematic of
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the proposed design is the same as shown in Figure 3.1. The distributed AHG-EKFs com-
municate with each other to exchange information and the predictors are designed based on
deterministic form of system (2.3) to provide state predictions between two communication

instants to the subsystem filters.

3.6.1 Design of subsystem filters

For each subsystem, an AHG-EKF is designed. The subsystem AHG-EKF design is based
on the centralized AHG-EKF presented in [52, 44] with appropriate modifications to account
for interactions between subsystems. Since the communication between the filters is discrete,

the proposed design of filter ¢ (i € I) is formulated as follows:
= Az + bi(2",0) = STICT Ry H(Cizi — i) (3.44)
The associated Riccati equation is:

Si = — (A + 05 (aP) " S, — Sy (Ai + b;(2?)) + CTR;Cy — 5,Q0,S; (3.45)

(%Z (l’p’i, O) )
aZi ’

Ry, = Q—Z and @y, = 0;Q;. Note that in the deterministic system (3.9), although the inputs

(u(t)) are time varying, they are assumed to be known and the equations (3.10) and (3.11)

where b (zP") denotes the Jacobian of b;(x?*, 0) with respect to z; (i.e. b} (z?") =

are designed based on the nonlinear term b;(z,u) with the uniformity with respect to u(t).
On the other hand, since the inputs (w(t)) are unknown, the filter and Riccati equations in
(3.44) and (3.45) are designed without the consideration of w(t), and as a result, they are

replaced by zero.

Remark 6. We note that the proposed distributed state estimation method is not an optimal
estimation scheme. The proposed method has the following features: (a) the convergence

rate is tunable via the tuning of the upper limit of the gain (i.e., 0,,) and the convergence
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rate is potentially fast due to the use of high gains; and (b) the proposed design is less
sensitive to noise compared with designs with high gains. These features that render the
proposed design are very appealing for distributed output feedback control. However, the
proposed design does pose a limitation on the type of systems that can be handled. This
limitation is common for observers/estimators using high gains. We also note that in order
to have deterministic results, we consider bounded process and measurement noises. This is
different from the typical noise realizations in Bayesian based approaches (e.g., [61]). One
important application/motivation of the proposed design is distributed output feedback control

of nonlinear systems.

3.6.2 Stability analysis

In this section, the stability properties of the proposed distributed state estimation approach
with discrete communications are investigated. First the evolution of prediction error with
time is evaluated. An upper bound on the deviation of the predicted system state given by

the state predictor from the actual system state is provided by the following Proposition 2.

Proposition 2. Consider the following centralized system and state predictor:

x(t) = Az(t) + b(x(t), w(t))
(3.46)

P (t) = AzP(t) + b(aP(t),0)

where A = diag{[Ay, As, ..., Ay, ]}, b(z,w) = [b] (z,w), ... ,bgy(x,w)]T and ||w|[1< ¢y. The

system prediction error e = xP — x satisfies

le(I< fe(t = to, lle(to) ) (3.47)

for all x(t), 27(t) € X, where f.(t —to, |le(to)]) = (vlle(to) [+25222) expl(Lf + 1) (¢ — fo)] -

L $u
Li+1

with ty being the initial time instant and Ly and Ly being the Lipschitz constant of

b(x,w) with respect to x and w, respectively.
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Proof: The time derivative of the error is,
é=1a" — i = Ae + b(2?,0) — b(z, w) (3.48)

According to locally Lipschitz property of b and the continuity of x and zP, there exists a

constants Ly, Ly’ such that,
16(2”,0) = b(z, w1 < Lyll2” — li+ Ly lwlli < Lylell1+Ly du (3.49)
Based on the structure of matrix A, we have ||Al|;= 1. From the above equations, we obtain
d b T w T w
Sllelh=llelh=lAllllelli+Lylleli+Lyllwlh < (L + Dllelli+Ly éu (3.50)

Solving the above inequality with the initial condition ||e(ty)]|, it is obtained that

Ly ¢ Ly pw
et < i)l +2720%) expl(L + 1)t — o)) = o (351)
Since [le||< |lel|1< +v/nlle]], from (3.51) we obtain
Ly ¢u Ly ¢
< b T o ) ) )
Ie(O1< (Valelta)+27225) expl(25 + (e = o)l = 122 (3.52)

Given the definition of f., this proves Proposition 2. [J

Using (3.44), the dynamics of estimation error of subsystem i, €¢; = z; — x;, is

Let us consider the Lyapunov function V; = € Sje; for subsystem 4. Its time derivative can
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be obtained based on (3.53) and (3.45) as follows:

dt (3.54)

+2€ZTSl [bi(l'p’i, 0) — bz (f]?, 'LU) — b: (l’p’i)ﬁi] + QQZE?CZTRﬂ)Z

The stability of the proposed design will be analyzed based on the above subsystem Lyapunov

function and is summarized in below in Theorem 3.

Theorem 3. Consider system (3.3) with subsystems described by (3.1) with the subsystem
AHG-EKFs designed following (3.44)-(3.45). If the following assumptions are satisfied:

1. function b(-,-) is locally Lipschitz with respect to its arguments,
2. the Jacobian b} (zP'(t)) is bounded in the entire operating region of the distributed filters,

3. the conditions in Theorem 2.18 of [60] are satisfied (i.e., the Riccati matrices S; with

i €1 are bounded),

4. the positive definite matriz Q); is chosen in a way that Q; > qm,I for certain g, > 0

foriel,

5. the following condition is held:

5max

where Gy, = min{qm,}, L

max

= max;{ Ly} with Ly: being the Lipschitz constant
associated with b7, and e and O, are the mazimum and minimum values of the

upper and lower bounds of all the subsystem Riccati matrices S;,

6. the parameter d,, is the maximum distance between any two points in X and R, =

min{R;},

then for any initial condition of subsystems and observers in X; (i.e. z;(ty) € X; and z;(to) €

X;) for all i € 1, the norm of the overall system’s estimation error ||€(t)|| is descending and
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ultimately smaller than €*; that is,

lim [|e(t)]|< € (3.56)

t—o0

z 2LY ¢ 2LY ¢ 46
26 max LEe o THA (ﬁdm+ L%J ) + L%’J Smaz+ g’;‘ff“

where €* = : -
mln{eiqmi }afmn—25ma$nymew

Proof: Tt can be verified that 0,/ CI' R;'Cie; > 0. If the positive definite matrix Q; is
chosen in a way that Q; > ¢, I for a g,,, > 0, then from (3.54) the following inequality can
be obtained:

d <€ZTS7,€Z)

7 < —0iqm, €l SPe; + 20;¢] CT Ryv; + 2€] S; (bi(xp’i, 0) — b;(x,w) — b;‘(:vp’i)ei) (3.57)

From Theorem 2.18 in [60], there exist scalars 6,,,, > 0 and 4., > 0 such that 6,,,, <
Si < Omax,- This means that (3.57) can be further written as:

d (E,ZTSZEZ)

o < — 03, Oins€; Si€i + 20;6; C Ryv; + 2€] S; (bi(z?,0) — bi(z, w) — b} (z")e;)

(3.58)

If we add (3.58) for all i € I, the time derivative of the overall system’s Lyapunov function

ny ny
V =3 Vi =" el'Sie; satisfies:
=1 i=1

% S - mini{giqmi(smini}eTSE + Zy QQZE;TC;TRZ_I’UZ
i=1

ba(a?, 0) = ba(w, w) bi(z?t) 0 ... 0 €

b :1:1’72,0 — by(x,w 0 b (P2 0 .

s ! ) ! ) — 278 5(TP%) 2

0
b (27, 0) = bn, (2, ) 0 o 0 by, (2P| | en,
(3.59)

Let us consider the time interval ¢ € [ty,tx1). Since at tg, the filters communicate and

exchange information and function b is Lipschitz in the entire operating region of the dis-
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tributed filters, based on Proposition 2 for t € [tx, tx11), we would have

I, 0)=ba w)l< (2501) (Ve 422 x5+ 1) = ] = 225 ) 415,

+1 Ly +1

At time instant t, since the filters communicate and the states of the predictors are reset to

the state estimates, we have €(t;) = e(tx). From (3.59) and (3.60), it can be obtained that:

dv(t | e
T it {81 BV (0) + 2 IS O)my L.+ 20N et S0 L 25+
ALELEGu (1r i) o LYIgg, 40,01, B,
e ISEI@I+2(L5 6, — S IS+ 252 o)
(3.61)

where 6mae = MaXi{0maz, }, aNd Opmin = MIN{Gin, }, Lox,,. = maxi{ Ly}, Rpin = min{R;}.
Based on the definition of V' and the boundedness of S such that d,in < ||S||< Omaz (ac-

cording to Theorem 2.18 of [60]), it is derived that:

S| () IPS V() < Grnaalle (V)] (3.62)

From (3.61) and (3.62) and the boundedness of S, it is obtained that:

av(t ) o _
T < min Ot S W) 42D ey L, -+ 2/ ) G L5410
AL LY S (i L Lid, 40,746,
Tz 1 5ma:v t 2(Ly w 6ma:p s t
gt e

(3.63)
Since ||e(t)||< d,, from the definition of d,,, ||t — tx||< A for ¢ € [ty, tx11), and based on the
definition of €*, it can be verified that if condition (3.55) is satisfied, the time derivative of

the Lyapunov function V' is negative for all ||e(t)||> €* and t € [ty, tx+1); that is,

dv
— <0 3.64
o< (3.64)

for all ||e(t)||> €* and t € [tg, tg41). Since the distributed filters communicate with each other
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Figure 3.2: Four connected CSTRs with recycle streams.

every sampling time, € is reset to be the same as e every sampling time, using the above
result recursively, it is proved that 2° < 0 for all time as long as ||e(t)||> €*. This implies
that within finite time duration, the estimation error ||e(¢)|| will be reduced to be smaller
than €*. Once ||e(t)||< €*, the time derivative of V' may be positive and ||e(¢)|| may increase,
however, ||e(t)|| will be always smaller than €* because 2~ < 0 when ||e(t)||> €*. This proves

the theorem. OJ

3.7 Simulations on a chemical process

In this section, the proposed distributed AHG-EKF is applied to a chemical process composed
of four connected continuous-stirred tank reactors (CSTRs) with recycle streams as shown in
Figure 3.2. Pure reactant A at flow rate Fp;, molar concentration Cso; and temperature Tg;
is fed into the first reactor. The effluent of the first reactor enters the second reactor at flow
rate F}, molar concentration C4, and temperature T;. Additional pure A at flow rate Fpo,
molar concentration C4o2, and temperature Ty, is also fed into CSTR 2. A portion of the
effluent of the second reactor is recycled back to the first reactor at flow rate F,.; and the rest

is directed to the third reactor. Additional pure reactant A is fed into the third and fourth
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tanks at flow rates Fys and Fpy, concentrations C4o3 and Cyoy and temperatures Tp3 and
Ths, respectively. There is another recycle stream from CSTR 4 to CSTR 1 at flow rate Fjo.
Three parallel irreversible exothermal reactions take place in the reactors: A -+ B, A — C,
and A — D. Each reactor is equipped with a jacket to provide/remove heat to/from the
reactor. The dynamic equations describing temperatures and concentrations of A derived

based on energy and material balances are as follows:

3

dTy  Fy Fq Fy AH; i Qn
CL_ T, T Ty,—T Ty —Ti) — kioe FT C :
It Vl(01 1)+V1(2 1)+V1(4 1) ;pcp o€ ET A1+pch1
(3.65a)
dc F F, F, 5 -5,
& = 7 (Caon = Can) + (Co = Can) + E(Cas = Can) = 3 ko™ Cay (3.65b)
i=1
T, F Foo AH,  -m Qn,
2 N )+ ST - Th) — kioe T2 .
 ~ v, D)t (T - T) 2 e, e Cazt 4 (3.65¢)
dOAz Fy Foz > —E;
= _(CAl — CA2) + _(CA02 — CAQ) — Z k’ioeRT2 CA2 (365(1)
dt 7 V5 —
dTs  Fy — Fy Fos ° L AH; i Qn
T8 2 T, )+ S (T — Ty) — kioe TP C : 3.65
dCaz  Fy— Fy Fos ’ =L
= Cpo — Cyz) + —(Cao3 — Ca3) — kioe BT O 4- 3.65f
o v, (Caz 43) v, (Caos 43) ; 0 A3 ( )
ATy Fy Fos AH;,  -m Qn,
— = —(T5 - T, — Ty — Ty) — kioe FTa C 3.65
dt V4( =T+ Vy (Toa = T) — PG oe T Gt pcpVa (3.656)
e F. K ’ -5
dZM = VB(C’Ag —Cas) + 704(0,404 —Caq) — Z kioe 771 C'aq (3.65h)
4 4 ,

where T}, Cy;, Qj, V;, 7 =1,2,3,4 denote the temperatures, the concentrations of A, the
rates of heat input/removal to/from the reactors and the reactor volumes respectively, ¢, and
p denote the heat capacity and density of the mixture in the reactors, AH;, k;, F;,1 =1,2,3
denote the enthalpies, pre-exponential constants and activation energies of the reactions
respectively. The values of model parameters are given in Table 3.1 and the heat inputs to

the reactors are Qp, = 10*%kJ/h, Qn, = 2 x 10*, Qp, = 2.5 x 10*%kJ/h and Q,, = 10*kJ/h.
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Table 3.1: Process parameters for the reactors.

Fo = 5 m3/h AH, = —5.0 x 10* K.J/kmol
Fy =35m3/h AHy = —5.2 x 10* KJ/kmol
Fy=45m3/h AH; = —5.04 x 10* KJ/kmol
Fy =33 m?/h Fro = 3.0 x 106 b1

Fy, =10 m3/h koo = 3.0 x 10° bt

Fos =8 m3/h k3o = 3.0 X 10° =1

F04:12m3/h E, =5.0x 10* K J/kmol
Fa=20m%/h  Ey=T7.53x10* K.J/kmol
Fo=10m3/h E3 =753 x 10* KJ/kmol
p =1000.0 kg/m>® Cap1 = 4.0 kmol/m?
cp=0231 KJ/kg Capa = 2.0 kmol/m?
Vi=1.0m3/h Caoz = 3.0 kmol /m?

Vo =3.0m3/h Caos = 3.5 kmol /m3

Tor = 300 K R =28.314 KJ/kmol - K
Tor = 300 K

It is assumed that the four temperatures 17, 15, T3 and T are the continuously measured
outputs. The objective is to estimate the entire system state based on these measurements
in a distributed manner. The entire process is decomposed into four subsystems with respect
to the four reactors. For each reactor, an AHG-EKF is designed. In the design of the AHG-
EKFs, Q1 = Q2 = Q3 = Q4 = diag([5,5]) and Ry = Ry = R3 = Ry = 1, respectively.
The parameter 6, is uniquely defined for all the subsystem estimators and it is selected
to be 6, = 20. In the calculation of the innovation terms, the filters use d = 0.03h.
The parameters in the adaptation functions are defined as follows: AT; = 0.001h, 3; = 150,
m; = 0.1, \; = 100 for i = 1,...,4. Random measurement noise with an upper bound 1°K is
added to the measurements. Random additive process noise with upper bounds 1°K/sec and
30mol/m?/sec for temperature and concentration dynamics, respectively, is also considered.
The discrete communication interval among filters is A = 36sec. In the simulations, the
initial state of the process is £(0) = [340, 2,350, 3, 345, 2.5, 360, 4] and the initial guesses in
the four distributed filters are 2;(0) = [370,2.5]7, 2(0) = [335,2.7]7, 23(0) = [360, 2.65]"
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and z,(0) = [390, 3.6]7.

First, we compare the performance of the proposed distributed AHG-EKF with a regular
distributed EKF design (the proposed design with 6; = 1, ¢ = 1,...,4 at all time) in the
presence of measurement and process noise. In both designs, the same design parameters
(i.e.,, @; and R; with i = 1,...,4) are used and both designs take advantage of the predictors
and exchange information as described in the proposed design. Figures 3.3 and 3.4 show the
trajectories of the actual process states and the estimated values as well as the trajectories
of the corresponding adaptive gains and the innovations. From Figures 3.3 and 3.4, it can
be seen that both the proposed distributed AHG-EKF and the regular distributed EKF
are able to track the actual process states; however, the proposed design converges to the
actual states much faster. In addition, it is clear from the figures that the gains of the
distributed filters in the proposed design change adaptively with the innovations. Also, it
can be seen that when the estimation errors are large (at the initial period), the innovation
values increase quickly which renders the four adaptive gains to increase quickly. When the
estimation errors become small, the innovation values decrease and the gains decrease to
one.

Next, we study the effect of adaptive gain in reducing the sensitivity of the estimates
to measurement and process noise. Particularly, in this set of simulations, we fix the gains
of the four distributed filters at high values (i.e., §; = 40) and the gains do not change
over the simulations. The simulation results are illustrated in Figures 3.5 and 3.6. It can
be seen from Figures 3.5 and 3.6 that the estimates of concentrations are very noisy. This
is expected since the high gains increase the sensitivity of the filters to uncertainties. By
comparing the results shown in Figures 3.5 and 3.6 with results in Figures 3.3 and 3.4, it can
be inferred that the proposed distributed AHG-EKF not only gives fast convergence, but
also significantly reduces the sensitivity of the state estimates to process and measurement
noises.

Finally, we evaluate the effect of the predictors in improving the performance of the
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Figure 3.3: The trajectories of the states of CSTR 1 and CSTR 2, their gains and innovations
under the proposed distributed AHG-EKF and regular distributed EKF.
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Figure 3.4: The trajectories of the states of CSTR 3 and CSTR 4, their gains and innovations
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Figure 3.5: The trajectories of the states of CSTR 1 and CSTR 2 and innovations under the
distributed high-gain EKF'.
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Figure 3.6: The trajectories of the states of CSTR 3 and CSTR 4 and innovations under the
distributed high-gain EKF'.
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Figure 3.7: The trajectories of the states of CSTR 1 and CSTR 2, their gains and innovations
under the proposed distributed AHG-EKF with and without predictors.
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Figure 3.8: The trajectories of the states of CSTR 3 and CSTR 4, their gains and innovations
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proposed distributed AHG-EKF. The objective of the predictors in the proposed design is
to predict the states of other subsystems during communication intervals based on latest
received information. In this set of simulations, we carry out simulations with and without
the predictors. Figures 3.7 and 3.8 show the simulation results. It should be noted that,
when there is no predictor, the interactions between the subsystems are approximated using
the latest available information. From Figures 3.7 and 3.8, it can be seen that the estimates
given by the proposed design with predictors converge faster to the actual states. Also, the
trajectories of the estimates given by the proposed design with predictors are much smoother
than the ones obtained without predictors. In other words, the use of the state predictors

contributes to the significant improvement of the estimation performance.

3.8 Conclusions

In this chapter, we took a more realistic consideration into account and designed a distributed
adaptive high-gain EKF with discrete communication for a type of nonlinear systems com-
posed of interacted subsystems. Considering continuous measurements, the distributed filters
are designed to compensate for interactions between subsystems by exchanging information
at discrete time instants. An implementation strategy is designed based on discrete com-
munication among distributed filters which describes how the filters should communicate.
Then, to enhance the performance of the local estimators, state predictors are designed for
each subsystem based on the deterministic model of the centralized system. Sufficient con-
ditions under which the proposed distributed filtering approach is stable were derived. The
proposed approach was applied to a simulated chemical process example to illustrate its

applicability and effectiveness.
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Chapter 4

Distributed adaptive high-gain
extended Kalman filters with

communication delays and data losses

4.1 Introduction

In this section, we introduce the proposed distributed state estimation design taking into
account communication delays and data losses. A schematic view of the proposed design
is shown in Figure 4.1. In this design, each subsystem is assigned to a local estimator and
each estimator contains an AHG-EKF and a state predictor. The distributed estimators
transmit the information through a communication network. The communication between
subsystem estimators is subject to time-varying delays and data losses. The filter of a
subsystem estimates the subsystem state based on the subsystem output measurements,
the information received from other filters and the predictions provided by the associated
predictor.

In this chapter, the system under consideration is similar to the general form of the

described system in (3.3), and the distributed filters will be designed based on both the
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Figure 4.1: Proposed distributed state estimation design subject to communication delays
and losses.

deterministic and stochastic forms of subsystems in (3.1).

4.2 Modeling of communication network and measure-
ments

In this chapter, each subsystem estimator is assumed to have immediate and direct access to
the measurements of its corresponding subsystem continuously. The subsystem estimators
are also assumed to have the capability of information transmission in a mutual communi-
cation network and the exchange of information is subject to time-varying delays and data
losses at discrete time instants {t;>o} such that ¢, = to + kA with the initial time t, = 0, a
fixed time interval A and a positive integer k. An auxiliary variable d; ;(t;) is incorporated
to denote the associated delay for the information of subsystem j available to subsystem ¢
at time instants ¢;, and the possible values for the variable d; ;(tx) are positive integers. It is

assumed that there is a predetermined maximum allowable D on the communication delay
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Information transmitted: ~ Zj(txk—p—r,,) zi(ty)

>

Time instant: tk-n-T,, tk—-1,, tr T+t

Figure 4.2: The worst case scenario of the available information of filter j to filter <.

d; ;(tx), and the data received with time delay larger than D is taken as lost information.
The data losses are also associated with an upper bound 7}, on the number of consecu-
tive sampling periods. Because of the existence of D and T,,, a subsystem will receive at
least once information from another subsystem within D + T,,, communication periods (i.e.,
(D + T,,)A). Note that both the upper bounds D and T, are critical parameters to obtain
deterministic results for the proposed distributed state estimation scheme.

In distributed filtering with communication delays and data losses, a worst case scenario
may occur in which none of the communicating filters transmit information within the period
(D+T,,)A. To elaborate this scenario, let us consider two filters 7 and j, where filter j sends
information (z;) to filter ¢ at time t;_p_r;,. As shown in Figure 4.2, the worst case scenario
occurs when no information is received by filter 7 up to time t;. Then, at the next sampling

time #j41, filter ¢ must receive another update of z;(t,) with t, > t;_p.

4.3 Distributed state estimation algorithm

The following algorithm describes the information flow between the distributed estimators

and the roles of the predictors and the filters:

1. At initial time instant ¢ = 0, all of the subsystem filters are initialized with guesses
for subsystem state (i.e. z;(0), j € I), the actual subsystem output measurement (i.e.

y;(0)), and the initial value of each filter’s adaptive gain (i.e. 6;(0)).

2. At time instant ¢, > 0 the following steps should be taken:
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(a) AHGEKEF i receives the local output measurement y;(ty).

(b) If any new data packages are received by AHGEKF ¢ between the time interval ¢,
and t;, the data will be stored if time delay is less than the maximum allowable
delay (i.e. d;;(tx) < D); otherwise the data package is discarded. If the received
data provides more recent information, d; ;(t;) values are updated and the data

packages are stored; else only the data packages are stored.

(c) If any d; ;(tx) is greater than 1, then based on previously received information, the
corresponding predictor of AHGEKF i predicts the system state z*(t;_1). Then
the state estimate for subsystem 7 is calculated based on local measurement y; (),

the state prediction 27(¢;_;) and the received information from other subsystems.

(d) AHGEKF i sends the current estimated state z;(t;) to AHGEKF j, j € I, j # 1.

3. Filter ¢ and predictor ¢ perform state estimation and state prediction continuously in
the period t; and tx,1. Return to step 2 at the next sampling time (and k& — k + 1)

when t = ..

4.4 Design of subsystem predictors

At a discrete-time instant t;, each filter in the distributed estimation system sends out its
latest state estimate to other filters. However, due to communication delays and losses,
the information sent by a filter may not be received by other filters immediately. Since
a filter requires the state information of other filters to characterize its interaction of its
corresponding subsystem with other subsystems, the unavailable information is predicted
by an open loop predictor for each subsystem filter. In order to reduce the number of
evaluations of the predictor associated with a subsystem, the predictor only calculates at the
communication time instants (i.e. {tx>0}).

At time t;, predictor ¢ generates a prediction of the entire system state, denoted as

2P(t;), using the nominal centralized system model of (3.3). A two-step prediction-update
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algorithm is used to calculate the predictions recursively from ¢; to ?,_;, where the time
ts is determined as follows: (1) If filter i receives information between t;_; and tj, then t;
would be the time when the oldest state estimate was received. (2) If filter i receives no
information between ¢, and #j, then t; = t;_;.

For each sampling time period, [ty,t,41], between t; and t;_;:

e Prediction step. The unreceived state estimates from other filters will be approximated

by the integration of the nominal centralized system model within the period t €

[tm tg+1)3

' (t) = AxP'(t) + b(2?'(¢),0) (4.1)

P! (tg) = P’ (tg)

with 2% denoting the prediction prior to the update step and 27*(t,) representing the
prediction at t, after the update step. Also, as denoted in (4.1), in this chapter we
consider the predictor to be function of states only. It should be noted that the initial

condition a?*(t;) should be updated first.

e Update step. To obtain the updated predictions zP**(¢,1), the corresponding portions
of xli’i(tgﬂ) are needed to be replaced with the available subsystem state estimates
at ty41 (including z;(t,11) and the state estimates received from other filters). For
instance, if filter i receives z;(t,4+1) within [t;_1, ;] or previously, z;(¢,41) replaces the

portion of the prediction for subsystem j in x@i(tﬁl).

The mentioned methodology describes that all the received subsystem state estimates
will be used to update the predictions (obtained at t;_1). Also, it can be inferred that the
filters need to store the received information and in the absence of delay or data losses, no

prediction-update method is necessary.
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4.5 Deterministic system

In this section, we design the distributed filters subject to communication delays and data
losses based on the deterministic form of subsystems in (3.1). The deterministic form of

subsystems is defined as:
yi = Cizi(1)

(4.2)

with the same properties described in Section 3.2. In this section, we assume b; is only a

nonlinear function of overall states and from now on we denote b;(x(t),0) as b;(z(t)).

4.5.1 Design of subsystem filters

In the proposed design, filter i (i € I) is defined as follows:
4 = Az + bi(a?') — STICT Ry M (Cizi — i) (4.3)

where z; is the state of the filter, 27 is composed of the corresponding filter state z; and the
, 1

predictions of the states of all other filters :L'?’Z, jel j#i,and Ry, = Q_Ri with 6; being
i

the adaptive gain parameter of filter i and R; being a positive scalar. Also, S; is the solution

to the following matrix Riccati equation:

Si = — (A + 0 (2P)" S — Si (A + b (aP)) + CT Ry C; — 8,Q0,S; (4.4)

where b} (zP*) denotes the Jacobian of b;(xzP") with respect to z; (i.e. bf(zP") = %) and
Qo, = 0;Q; with @); being an n,, by n,, symmetric positive definite matrix.

On the right-hand-side of (4.3), the first two terms are from the subsystem model (4.2)
with the interacting states approximated using the predicted states to account for commu-

nication delays and losses. In order to adapt the high-gain parameter, we follow the same

strategy that is described in Section 3.5, since the state predictors in both designs operate
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similarly.

4.5.2 Stability analysis

In this section, the stability of the proposed distributed AHG-EKF design affording commu-
nication delays and information losses is investigated. Defining the estimation error for each

subsystem as €; = z; — x;, © € [, the subsystem’s error dynamics would be

Picking €! S;e; as the Lyapunov function for subsystem i, i € I, we can obtain that:

@ = 0 | —78,Q;Sie; — T CT Ry Cres + Q%(b? (aP)Sie; — B () Siei — €7 S} (a:pﬂ')e,-)l
(4.6)

The equation (4.6) plays an important role in establishing the convergence of the proposed
distributed state estimation approach with communication delays and data losses. The
properties of the predictors are provided in the following Proposition 3. In this proposition,

the evolution of prediction error is evaluated and an upper bound is established between the

states of the actual system and the predictions provided by the predictors.

Proposition 3. Consider the following centralized system and state predictor:

#(t) = Ax(t) + b(x(t))
(4.7)
#P(t) = AzP(t) + b(aP(t))

where 2P (t) is the prediction of x(t), A = diag{[A1, As, ..., An, ]} and b(z) = [b] (z),..., b (2)]7.

7ny

The system prediction error e = xP — x satisfies

le(@)I< fe(t = to, [le(to) ) (4.8)
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for all x(t),2P(t) € X C R™, where f.(t — to, |le(to)]]) = v/nlle(to)|lexp[(Ly + 1)(t — to)] with

Ly denoting the Lipschitz constant of b(z) with respect to x.

Proof: From (4.7), the time derivative of the prediction error can be obtained as

P — i =é= Ae+ b(2P) — b(x) (4.9)

Due to the continuity of x and P and Lipschitz property of b, there exists a constant L,
such that,

16(z") = b(z)[[1< Ly[la? — 2]y (4.10)

and consequently we obtain,

bl(ﬂfp’l) — b1<£l})
16(z") = ()], = : < Ly|lellx (4.11)

bny ('rp’ny) - bny (x)

1

Based on the structure of matrix A in Brunovsky canonical form, it can be obtained that

|All;= 1. Also from (4.9) we obtain
d )
el llell=lAllllelli+Lolleli= (Lo + 1)llellx (4.12)
Since |le]|< |le]|1< v/n|le]|, from the solution to (4.12), it can be obtained that
le()ll< Vnlle(to)llexp[(Ly + 1)(t = to)] = fe(t — to, [|l2” (to) — 2(to) ) (4.13)

and this proves Proposition 3. [J

Theorem 4. Considering system (3.3) defined by subsystems in the form of (3.1), if the

following conditions are satisfied,

1. the nonlinear function, b(x), is Lipschitz with respect to x,
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2. the Jacobian matriz, bf(x), is bounded,

3. the following conditions hold,

6mal'
qanin > QnyLb;knazéT <414)
and
2y/nLye Lot (D+Tm)A Srmin 20, 2
< 1—( —2 4L neLrtD)(Tm+D)A T. + D)A
mini{ei}Qmmmémin - 2nyLbfnaz fsm% Ormas RoninOmin b\/_ ( )

(4.15)
where Omin = MiN{0min, }, Omaz = MaxXi{0maz, }, Rmin = min{R;}, A is the com-
munication interval, D denotes the mazimum allowable delay and T,, represents the

maximum consecutive samples of data losses,

then for any initial condition of subsystems and observers in X; for all i € 1, the error

dynamics is asymptotically stable and the error will eventually converge to zero.

Proof: Since R; > 0, we can verify that ¢/ CT R;'Cie; > 0. Also, considering a positive
definite matrix @), there exists a ¢, such that Q; > g, . Using (4.6) it can be obtained

that
d (ElTSl Gi)

Based on Theorem 2.18 in [60], the Riccati matrix in each subsystem can be bounded such
that Omin, I < Si(t) < Omaz, I Where 0, > 0 and 0,q,, > 0 are scalars. So, from (4.16) we

can obtain that

d (eiTSiei)

In order for the evaluation of the overall system’s stability, we add (4.17) for all i € T together
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to obtain,

N Z Ezrsiei S - mlnz{elszdmml}

d M
_ - T -~
€1 Sy
€9 0
X
€n, 0

by (2P1) — by ()
bo(2P?) — by(x)

bny (‘/L‘pﬂly) - bny (x)

(4.18)

As explained in Section 4.2, the worst case scenario of the communication between two filters

occurs when there is no information transmission among them within D + T}, consecutive

samples.

Let us focus on the time interval ¢ € [tx_p_71,,1;] and assume that there is no infor-

mation transmission between the filters in the time period. Based on Proposition 3 for

t € [tk—p-m,,,tx), we would have

1b(2?) = b(x)) < Lulle@) < Luv/nlle(ts-p-z,)llexp[(Ly + 1)t = tr-p-z,,)]

(4.19)

Noting that e(ty_p_1,,) = e(tx—p_m,,), the Lipschitz property of nonlinear function b for the



last term of (4.18) results in,

by(zP') — by (z) b (aPh) 0 . 0 €1
by (aP?) — by(z) 0 by(z?) 0 : €2
B 0
b, () = by, (x)| | O . 0 by, (a”™)| |en, ]
[ b (P — bi(2) | @y 0 . 0 | lal (4.20)
- bo(2P%) — by(z) . 0 by(xP?) 0 : €2
0
| b, (2777) — by, (x)_ |0 . 0 b, (xp’”y)_ €n, |

< Lov/nlle(te-p-,)llexp[(Ly + 1)(t — ti-p-1,,)] + nyLey,,, [l€(t)]

where Ly = max;{Ly:}. From (4.20) and (4.18), the following inequality can be obtained

d ™ y 5max Dy
— > € Si€i(t) < —mini{0igm, Omin, } ) € Sici(t) + 2ny Ly, > € Sieilt)
dt & = Omin i=1 (4.21)

+2v/nLp0max exp[(Ly + 1)(t = te—p-m,,)]lle” (@) [[le(tr-p-1,,) |

Let us assume that ( € [ty_p_7,,,tx) is the time at which the estimation error takes the
maximum value over the time period, i.e. |[e(C)||> ||e(t)]| for any ¢ € [tx—p_1,,,tx). Then we

have

le@Hets—p-r.)II< eI (4.22)

Also, we can further obtain that

ZQ-T(t)Si(t)Ei(t) < ZQT(C)SZ-(t)@(O < Omaall€(O) "= 2 (e(€)) (4.23)
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Ny
Defining V' (t) = > €l S;e;(t) and substituting (4.23) into (4.21) we get
i=1

d
dt

—V(t) < <— mini{ez‘Qmiémini} + 2”@/[’52

14T 6min

5m—> V(t)

(4.24)

+ (2v/nLpSUe(C))) exp[(Ly + 1)(t — tr-p-1,,)]

On the other hand, from (4.5) for the overall system we obtain

ST'CTR, ' C 0 o 0
0 Sy'CTR, ! Cy
é(t) = Ae(t) — €(t) + b(a?) — b(x)
0
0 Sgyl Cg;y R;nlu Cny
(4.25)
Since Opmin, I < Si(t) < dmaz, I and 1 < 6; < 26, we can have,
1T p-1 1 T -1 20,
157G Ry, Gill < IS RS I Cill < 5— (4.26)
Hence,
ST'CTR, ' Cy 0 0
0 S;CTRC
2 T2 < m (4.27)
0 S;yl Cz;y R;ﬂij Cny

By considering a fixed communication interval (T}, + D)A, from (4.25), (4.27) and (4.19) we

can have,

le@l< (—2

_m 41
5mianin *
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and since |[e(C)||> |le(t)]] for any t € [ty_p_1,,,tr) We obtain,

. 20,,
||€(t)||§ (W +1+ Lb\/ﬁe(Lb-‘rl)(D-i-Tm)A) ||6<C)|| (429)

The norm of estimation error within the time period ¢ € [ty_p_7

m?

ty) satisfies
le@)[= lle(O) | = max{{|é@)[|} (T + D)A (4.30)

and since

V(t) = (£)S(t)e(t) > dpmin min{|le(t)]|*} (4.31)

plugging (4.29) and (4.30) into (4.31) results in

2
140) > Omin {1 — (—5 26m +1+ Lb\/ﬁe(Lb+1>A(Tm+D)> (T, + D)} (4.32)

If (4.14) and (4.15) are satisfied, from (4.32) it can be obtained that

2y/nLyebr DD+ Tm)A _ V) (4.33)
mlnz{el}qmmmdmzn - 2nyLb* Ques Q(€<C)) ‘

maz Gpmin

and as a result,

5mam
0 > 2¢/nQ(e(C)) Lye LoD PHTmA o (— min{0; } gm,.... Omin + 210y Ly —) V() (4.34)

max 5m2n

Plugging (4.34) into (4.24) leads to V() < 0, which means that the error dynamics is

asymptotically stable. This proves Theorem 4.

Remark 7. Referring to condition (4.15) in Theorem 4 (as well as (4.33) in the proof), it
can be seen that with increased gain 0;, a smaller value can be obtained for the lower bound of
V (t) which implies that the error decreases faster. In the next section, we will demonstrate in

simulations that high gains in the distributed filters ensure fast convergence and adaptation
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of the gains according to innovation can remove the sensitivity of high gains to noise.

4.6 Stochastic system

In this section, the general form of nonlinear systems including the uncertainties in the
process and measurements is considered. The system is decomposed into the subsystems in
the form of (3.1) with the same properties that are described in Section 3.2. In Section 3.6,
the distributed filters were designed for the stochastic form of the interconnected subsystems
based on discrete communications where the distributed filters communicated at discrete time
instants simultaneously. In this section we will analyze the distributed filters for stochastic
processes where they not only communicate discretely but also are subject to delays and data
dropouts in information transmission. Also, the state predictors are designed for distributed

filters to compensate for the missing information within delays and data losses.

4.6.1 Design of subsystem filters

The filter design in this section is similar to the that of section 3.6, however the information
transmission time instants randomly change among different filters. The predictors are
designed based on predict-update strategy for each filter to predict the delayed and lost

information and update the predictions at the information arrival time.

4.6.2 Stability analysis

In order to have a comprehensive analysis of the proposed distributed filtering approach
with process and measurement uncertainties, we consider the worst case scenario in commu-
nication of distributed filters. As described in Subsection (4.2), the communications among
filters are allowed for having bounded delays and bounded consecutive dropouts in informa-
tion transmission. Consequently, the distributed filters will experience the worst condition in

information exchange when none of the distributed filters have received information from the
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communication network after the maximum possible sampling time delays and consecutive

data losses, i.e. (D +T,,)A. This case of communication provides a discrete communication

scenario in which the distributed filters communicate every (D + T,,,) sampling times.

Theorem 5. Let us consider a network of interacting subsystems described by (3.1) with

local AHGEKF's designed by (3.44)-(3.45). If the following conditions are satisfied:

1.

subsystems’ nonlinear function b(-,-) is locally Lipschitz with respect to its arguments
the Jacobian b} (xP*(t)) is bounded in the entire operating region of the distributed filters,

the Riccati matrices S; with i € I are bounded (i.e., the conditions in Theorem 2.18 of

[60] are satisfied),

the elements of covariance matriz QQ; > qm,I satisfy

5ma/x
Trnpin > 210y L (4.35)

max 52
min

where Ly: = maxi{Lb;} with Ly: being the Lipschitz constant associated with b}, and
Omaz and Omin are the maximum and minimum values of the upper and lower bounds

of all the subsystem Riccati matrices S;,

considering d,, as the mazimum distance between any two points in X, A as the maz-
imum allowable sample delay and T, as the mazximum consecutive data loss in com-

munication among AHGEKFs and Ry, = min{R;},

then for any initial condition of subsystems and observers in X; (i.e. x;(to) € X; and z(ty) €

X;) for alli € I, the norm of the overall system’s estimation error ||e(t)|| is descending and

ultimately smaller than €*; that is,

where € =

lim [|e(t)]| < ¢ (4.36)

t—o00

e (LE+1)A(D+Tm) 2Ly dpw 2Ly dpw 40mny du
20maz Lijet™d TNVt T )T Omeet TR,

min{@iqmi }afm.n 726maznyLl’;maz
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Proof: In this section, since the model of the nonlinear subsystems and communication
of their corresponding filters are the same as the described model in Section 3.6, the filter
dynamics and the Riccati equation will be the same as (3.44) and (3.45), respectively. Also,
it can be verified that by considering the same model of the centralized system and predictor,
Proposition 2 holds as well. By considering the worst case scenario in communication delays
and data losses among the distributed filters, we may follow the same proof described in
Section 3.6; however in this scenario the analysis is performed within ¢ € [ty_p_1,,,tk)-
Consequently, by picking V; = €;(t)S;(t)€;(t), and V = %U:l‘/; as the Lyapunov functions for

each subsystem and the entire system, respectively, the equations (3.57)-(3.59) hold and

based on Proposition 2 for t € [ty_p_r,,, tx] we obtain,

Ly ¢w x Ly ¢w
Ib(a?,0) = b, w) < ((VAle(ti-p-1, )| +272%) expl(L§ +1)(t = ta-p-1,)] — 525

X (LE +1) + LE b,
(4.37)

In the worst case scenario, since the last communication among filters has been made at

time tx_p_7,,, then €(tx_p-1,,) = e(tk—p—1,,). S0, based on (4.37) and Proposition 2, we can

obtain
av(t ) 40,1, 0,
W < i}V 0) + 2PNy L, + 200 o)
LYLed,, ALZLY b 1.
o(fwe — Lo lyw Ly P (Lg41) -t p-1,) 4.38
FRALE G0 = OISO+ et IS@le] 439)

+2v/nlle@)lllete—p-n,) 1S (#)[| Lyets+ D t-p-1m)

where 6mae = MaXi{0maz, , AN Opmin = MIN{Gin, }, Lox,,, = maxi{ Ly }, Rin = min{R;}.

According to the definition of Lyapunov function V' and the boundedness of S such that
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Omin < |IS]I< Gmaz, we obtain 8., [|€(0)[|P< V(¢) < dpmazlle(t)||* and based on (4.38) we get

dV (t) , 40,0y by
—di < — min{0iGom; Omin, }Omin || € () I +2[1€(t)]|*Omaarry Ly, ., + 7 ———le(®)]l
o (LE4+1)(t—t ) w LwL%w
+2v/nlle®)[lle(tk-p-7,,) |6mas L e k=D=Tm) 4 2(Ly pu — Lf+1 77 e |0maa

AL LY w1

s+ D(E—th—D-1p) § t
L“” 11 mawHG( )”

(4.39)
As stated in Theorem 5, from condition (4.35) and the definitions of d,, and €*, we can verify

that H (tk D— Tm)H< dm, ,Ht—tk D— TmH<( —|—D)A for t € [tk D— Tmatk) and

av
<0 4.40
o < (4.40)

for all ||e(t)||> € and t € [ty—p_m,,,tx), which means that the overall Lyapunov function
is decreasing. If we consider the distributed filters communicating with each other every
(D + T,,)A based on worst-case scenario, € is reset to be the same as e every sampling

time, and using the above result recursively, it is proved that dv

< 0 for all time as long as
le(t)||> €*. This implies that within finite time duration, the estimation error ||e(t)|| will be
reduced to be smaller than €*. Once ||e(t)||< €*, the time derivative of V' may be positive

and |e(t)|| may increase; however ||e(t)|| will be always smaller than * because 4~ < 0 when

le(t)||> €*. This proves the theorem 5. [J

4.7 Application to a simulated chemical process

In this section, we apply the proposed distributed AHG-EKF to a simulated chemical process
allowed for data losses and delays. This process is a 2-CSTR system which was described in
Section 2.6. Constant heat inputs to the two reactors are used: Qp,, = 1.4 x 10* kJ/h and
Qn, = 1.4 x 10* kJ/h. These inputs ensure the stability of the process.

The two temperatures 7T} and T, are assumed to be the continuously measured outputs.
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Based on these measurements, the estimation of the entire system state is desired. The whole
process is divided into two subsystems with respect to CSTR1 and CSTR2, and an AHG-EKF
is designed for each subsystem. In the design of the AHG-EKFs, @, = @2 = diag([50, 5])
and Ry = Ry = 1, respectively. In the simulations, the communication interval is 36 seconds,
the maximum time delay is picked as 108 seconds and the maximum allowable consecutive
data loss samples is 72 seconds (i.e. A =10, D = 3 and T,,, = 2). For all the subsystem
estimators the parameter 6,, = 10. Also, a unique value is used for the calculation of the
innovation terms, d = 0.01h. The parameters in the adaptation functions are selected as
follows: AT = 0.001h, p; = 5, my = 1, Ay = 1000, By = 5, my = 1, Xy = 1000. In
the simulations, the initial state of the process is z(0) = [360,3,320,3]7 and the initial
guesses in the two distributed filters are 21(0) = [396, 2.1]7 and 2,(0) = [352, 9.7]7. Also
the uncertainty in the temperature measurement is considered as 1°K in each subsystem,
the process noise for temperature and concentration dynamics are considered as 3°K/sec
and 60 mol/m?/sec, respectively. In order to have excited concentration trajectories in the
simulations, a periodic Fy is used; that is, Fy = 10(1 + 0.9sin(0.008t))m?/h.

First, we compare the proposed design with regular distributed EKF design (i.e., the
proposed design with # = 1 all the time). In both of the designs, the two distributed
filters communicate to transmit information as in the proposed design. The communication
between the two filters is subject to delays and losses. The sequences of the data loss and
communication delays among the filters in the simulations are shown in Figure 4.3. Note
that the predictors are used in both designs to predict the missing information. Figure 4.4
shows the simulation results given by the proposed DAHG-EKF and the regular distributed
EKF. It can be seen from the figure that the system states can be tracked in both of the
designs. However, the proposed DAHG-EKF converges to the actual system states much
faster than the regular distributed EKF. This result is also reflected by the innovations. The
innovations of the two subsystems under the proposed DAHG-EKF decrease much faster

to values close to zero compared with the innovations under the regular EKF. Moreover, it
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can be seen that the gain of each subsystem filter in the proposed design increases to a high
value quickly when the initial innovation is large and then decreases to 1 when the innovation
becomes small. The adaptive gains in the proposed design ensure that the estimates are not
sensitive to measurement noise which is demonstrated in the next set of simulations. The
ability of the distributed filters to track more challenging dynamics is illustrated in Figure
4.5. In order to provide more visible variations in the states, the heat inputs to the tanks
are assumed constant and the input flow-rate Fy to the first tank varies with a sinusoidal
trend. Figure 4.5 shows that although sinusoidal input on the first subsystem results in more
variations on the actual states, the local filters can follow them effectively.

Next, we show the effectiveness of adaptive gains in reducing the sensitivity of the es-
timates to measurement noise. Specifically, in this set of simulations we use constant high
gains in the two distributed EKF. Figure 4.6 shows the simulation results when the gains
remain high all the time. From Figure 4.6, we see that the concentration estimates are very
noisy with high fluctuations. This is expected when high gains are used in the filter designs.
If comparing the results in Figure 4.6 with the results of the proposed distributed AHG-EKF
shown in Figure 4.4, we can conclude that the proposed distributed AHG-EKF maintains the
fast convergence of the estimates while significantly reducing the sensitivity of the estimates
to measurement noise.

Then, we evaluate the importance of state predictors in the proposed design. Figure 4.7
shows the simulation results of the proposed design and a design without the predictors.
Note that when there is no predictor, the latest available information is used to approximate
the interactions between subsystems. Figure 4.7 shows that the estimates of the proposed
design with predictors converge much faster to the actual system state compared with the
case without predictors. From Figure 4.7, it can be inferred that the use of state predictors
significantly improves the estimation performance.

Finally, the performance of the proposed approach is evaluated under the consideration

of model-process mismatch in the design of predictors. In this set of simulations, the model
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Figure 4.3: Communication delay and data loss sequnces between the subsystems with D = 3
and T,, = 2. The delay and loss of information of subsystem j to subsystem ¢ is denoted by
d;j. The delay is indicated by solid lines and the discontinuity of the lines represents data
losses.
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Figure 4.4: Trajectory of the states and their estimates, and trajectories of 6 and the corre-
sponding innovation under the proposed distributed AHG-EKF and the regular distributed
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EKF with communication delay and data loss.
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Figure 4.5: Trajectory of the states and their estimates, and trajectories of # and the cor-
responding innovation under the proposed distributed AHG-EKF with sinusoidal flow input
Fy, communication delay and data loss.
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Figure 4.6: Trajectory of the states and their estimates, and trajectories of 6 and the corre-
sponding innovation under distributed high-gain EKF without gain adaptation.
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Figure 4.7: Trajectory of the states and their estimates, and trajectories of # and the cor-
responding innovation under the proposed distributed AHG-EKF with and without state

predictors.
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Figure 4.8: Trajectory of the states and their estimates, and trajectories of # and the cor-
responding innovation under the proposed distributed AHG-EKF with model mismatch in
predictors.
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mismatch is considered as an uncertainty in the recycle flow-rate (F,) to the first CSTR.
Figure 4.8 shows the results of a small mismatch (i.e., the recycle flow rate in the predictor is
F,.+1m?/h) and a large mismatch (i.e., the recycle flow rate in the predictor is F, +5m?/h).
It is seen that when the mismatch is small, the distributed filters still work well due to the
inherit robustness of the design. However, when the mismatch is too large, the use of the

predictor may not improve the performance of the distributed filters.

4.8 Conclusions

In this chapter, we demonstrated that the distributed adaptive high-gain extended Kalman
filtering is a practical strategy to handle communication delays and data losses for a class of
nonlinear systems made of several interacting subsystems. In this approach, a local adaptive
high-gain extended Kalman filter is designed for each subsystem. The subsystem estimators
are capable of exchanging information to effectively compensate for the interactions via their
communications. In the proposed design, a prediction of the entire system state is generated
for each subsystem estimator to provide a contribution for handling communication delays
and data losses. Sufficient conditions were established by a rigorous analysis under which
the proposed distributed estimation approach provides a bounded overall estimation error.
Finally, a simulated chemical process is used to evaluate the practical performance of the

proposed approach.
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Chapter 5

Distributed adaptive high-gain
extended Kalman filters with

triggered communication

5.1 Introduction

In this chapter, a DAHGEKF scheme with triggered communication is designed for nonlinear
systems. Particularly, a class of continuous-time nonlinear systems composing of several in-
terconnecting subsystems is considered. In the proposed approach, an adaptive-gain EKF' is
first designed for each subsystem together with a trigger which determines when the informa-
tion transmission is required. Each filter sends information through the network whenever its
corresponding triggering condition is satisfied. Second, the implementation algorithm of the
proposed design in distributed framework is discussed. This algorithm describes when the
distributed filters communicate and what information should be transmitted. Conditions
are specified under which the stability of the DAHGEKF with triggering communication
is guaranteed. A simulated chemical process is used to demonstrate the applicability and

effectiveness of the proposed design.
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Figure 5.1: Proposed distributed state estimation design with triggered information trans-
mission.

5.2 Distributed estimation scheme with triggered com-
munication

In this section, we describe the proposed distributed adaptive high-gain extended Kalman
filtering (DAHG-EKF) design with triggered communication. Figure 5.1 illustrates the struc-
ture of the proposed design. In the proposed design, each estimator has an AHG-EKF and
a transmission trigger which determines if the information of the local estimator should be
sent out to the other estimators at a sampling time. Based on the triggered strategy, the fre-
quency of information transmission between the estimators will be reduced and the ultimate
boundedness of the estimation error demands the local estimators in previous chapters to
be redesigned to take the lack of state updates between estimators into consideration. The
reduction of communication frequency is achieved by triggering the transmission of infor-

mation among filters. In order for better explanation of the methodology, we may consider
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Figure 5.2: An illustration of the triggered communication.

two distributed filters communicating each other through their states as shown in Figure
5.2. A trigger is designed for each filter which sends out information whenever its triggering
condition is satisfied. As shown in Figure 5.2, the triggering condition of trigger 1 is satisfied
at discrete time instant ¢;, and filter 1 transmits information to filter 2. Then, the triggering
condition of filter 1 is reset. In Figure 5.2, the triggering condition of trigger 1 is not satisfied
again for the next ¢ sampling times and filter 2 uses the information received at time ¢, (i.e.
21(t);)) within the time period from ¢ to t4,. Filter 1 sends information to filter 2 again at
tr+q+1 When the triggering condition of trigger 1 is satisfied.

This study is aimed to incorporate the DAHG-EKF scheme in [39, 62] to develop an
approach accounting for the frequency reduction in information transmission between the
estimators. Based on the difference between the current state estimate and the last sent

state estimate, the triggering condition is designed for each trigger.

5.3 Implementation algorithm

In this work, we assume that the output measurements of the subsystems are available for the
corresponding estimators continuously. The triggers of subsystems are checked at discrete
time instants {t; > 0} where t; = to + kA, t¢ is the initial time, A is the constant time
interval (a positive constant) and k is a positive integer. In order for the initialization at

the initial time instant (i.e., ¢ = 0), initial subsystem state guesses of all the subsystems
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(i.e., z;(0) with j € I), the actual subsystem output measurement (i.e., y;(0)), and the initial
value of its adaptive gain (i.e., 6;(0) = 1) are required to be available for estimator i. After

this step, the following steps are carried out:

1. At time instant ¢ > 0

(a) AHGEKF i has direct and immediate access to the local output measurement
yi(tr).

(b) Based on the local measurements y;(t) and the latest information received from
other estimators z(t}) for [ € I;, with ¢. as the last time instant that AHGEKF
i receives information from AHGEKF [, AHGEKEF i calculates the current state

estimate z;(t).

(c) Trigger i receives the corresponding state estimate z;(x) and checks the triggering
condition. If the condition is satisfied, the trigger updates the transmission time
té =ty and sends z;(tx) to estimators that need the states of filter i; otherwise, no
information will be sent from subsystem i, and other filters continue to use the

last updates from estimator 7, i.e. z(t)).

2. Filters continue evaluating state estimates based on the the latest available information

and go to step 1 at the next sampling time ;1.

5.4 Design of communication triggers

The triggering condition in each trigger is determined based on the difference between the
state estimates of its corresponding AHGEKF when it sent information to other estimators.
Particularly at time instant ¢, the triggering condition for trigger i is designed as follows:

Wilty) = Loif lzite) — 2i(ty)l|1= Le, (5.1)

0 if |ai(ts) — z(ty)ll< L,
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where z;(t;) is the current state estimate of AHGEKF i, z(t}) is the last transmitted state
estimate of AHGEKEF 1, tf] is the last time instant when AHGEKEF i sent information to
other AHGEKF's and L,, is a predetermined threshold for trigger i. The triggering condition
is not satisfied when W;(tx) = 0 and no information will be sent out from AHGEKF i
to other AHGEKFs and they continue to use zi(tfl). On the other hand, the triggering
condition will be satisfied when W;(tx) = 1 and AHGEKF ¢ updates t; = t;, and sends out
zi(tx). Note that the triggering condition of each estimator is only dependent on the states
of the corresponding subsystem, and as a result, each estimator may send out information

at different time instants.

5.5 Design of subsystem filters

For each subsystem, the local estimators are designed based on the centralized AHG-EKF
presented in [52] and [44], and the appropriate modifications are applied accounting for the
interactions between subsystems. The state estimator for subsystem ¢ (i € I) is designed as
follows:

2= Az + bi(2',0) — SflCiTR(;il(Cizi — Ui (5:2)

)

where z; is the state of the filter 4, 2°(t) = [z1(t}), ..., zim1 (t571), 2i(1), zisa (E11), ., 2, (87)] is
composed of the estimated states of distributed filters at different time instants, Ry, = %Ri
with R; being a positive scalar and 6#; being the adaptive gain parameter of filter i. F_E‘he
vector 2'(t) includes the current estimate of the corresponding filter, z;(t), since each filter
is assumed to have immediate and direct access to its corresponding subsystem’s estimates.
It should be noted that tf] is the last time instant when AHGEKF ¢ sent information to
other AHGEKFs, and will be explained further in the following subsections. S; in (5.2) is

determined by solving the following matrix Riccati equation:

Si = — (A + b)) S — Si (A +b5(2") + CI'R,'C; — S;Q0,S; (5.3)
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where b}(2") denotes the Jacobian of b;(z%,0) with respect to z; (i.e. bi(z%) = %”:’0)) and
Qo, = 0;Q; with Q; being a n,, by n,, symmetric positive definite matrix. The tuning
strategy for the high-gain parameter #; will follow the one described in Section 3.5. Note

that the variable J; in the adaptation function in this design is defined as follows:

J(t) = n; i(8)

Ji(t):ftt_d”yi(t - dv l’(t - d>’ T) - yi<t - d? Zi(t - d)? 7->||2d7_

(5.4)

where y;(t — d, z2(t — d), ) for each filter is calculated based on the last estimates received

from the other filters, since no predictor is designed for the distributed filters.

5.6 Stability analysis

In this section, the stability of the proposed distributed AHG-EKF design with triggered
information transmission will be evaluated. The estimation error for each subsystem is
defined as ¢; = z; — x;, i € . Based on (5.2)-(5.3), the error dynamics for each subsystem

can be obtained as
¢ =% — @ = (A — S CT Ry Ci) € + 0i(2',0) — bi, w) (5.5)

Let us pick €/ Sie; as the Lyapunov function for subsystem i, i € I. Based on (5.3) and

(5.5) it can be obtained that:

d (E;TSZEZ)
dt

2

= Qz —GlTSlQZSIEZ — E?C;TRZ_ICIEZ —+ )

(b?(zi, 0)Sie; — b} (z,w)S;e; — elTSlbf(zl)Qﬂ
(5.6)
The significant role of (5.6) in establishing the convergence of the proposed distributed state

estimation with triggered communication will be shown in the following theorem.

Theorem 6. Consider system (3.3) with subsystems described by (3.1) with the local filters
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designed following (5.2)-(5.4). If the following conditions are satisfied:

1. nonlinear function b;(.,.) is locally Lipschitz with respect to its arguments,

2. the Jacobian b} (z") is bounded,

3. the local Riccati matrices S; with i € I are bounded (Theorem 2.18 of [60] are satisfied),
4. &M< M; for any t >0,

5. for certain q,, the positive definite matriz (Q); is chosen such that Q; > qm,I and

y b’maz max
min min

x Umax Umaz
Armpmin = 2n2L a2— + 2nyLb* aQ— (57)

where Qpin and Qpae are the minimum and maximum values of the lower and upper
bounds of all S;, and Gy, = Mini{qm,}, Ly = maxi{ Ly}, Ly, = max{ Ly} with
Ly, and Ly: being the Lipschilz constant for b; and b}, respectively,
then for any initial condition of subsystems and filters (i.e. x;(to) € X; and z;(to) € X;) for
all i € I in X;, the norm of the whole system’s estimation error |e(t)|| is descending and

ultimately smaller than €;; or

lim [le(£)||< € (5.8)

t—o00

where
2n,(n, — 1)L§mm (Lz2w + MinazA)Qmag + 20000210 Ly ¢y + 46,1, R‘f’v. +§ i,
€ = 2. ming{0;qm, } — 2n2L7  Oimag — 20y Ly, Omag (5.9)

with Ryim = min{ R;} and 6 a small positive constant.

Proof: For a positive definite R;, it can be verified that e/ CI R;'Cie; > 0. Also, since Q;
is a positive definite matrix, there exists a ¢,,, such that Q; > ¢,,,I. By using (5.6) we can
obtain that

d (EZTSZEZ)

o < —Qiqmierszgei + 26?51' (bi(zi, 0) — bi(z,w) — bf(zz)ez) + QQiE?C’;IRin» (5.10)

)
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According to Theorem 2.18 in [60], there exist scalars ayi,, > 0 and @pa,, > 0 for AHGEKF
i such that the local Riccati matrix is bounded as aupin, I < Si(t) < Qnas, L. So, from (5.10)
it can be obtained that

d (EZTSZQ)

In order to analyze the stability of the overall system for ¢ € [ty, tx41), we add (5.11) for all

1 € [ together to obtain,

d M Ny
% Z E?SZEZ(t) S — mini{QiqmiOzmini}eTSe(t) + Z 2916?(t)C?RZU1 + QETS(t)
i=1 =1

b0 —biw) | ey o . 0 | law]
ba(:2,0) = bo(w,w) | | 0 B3R 0 es(t) (5.12)
b, (27,0) = by, (z,w)| | O . b, (27) | |€n, ()]

where 2* includes the estimation of all interacting states, either received from other filters
at time ¢! (i.e. z(t})) or computed at the local filter i at time ¢ (i.e. z(t)). Note that ¢, is
the last sampling time when the information from filter [ is sent to the other communicating
filters.

According to the Lipschitz property for the nonlinear terms of subsystem i we have:
16:(2", 0) = by, w)[|< L ||2* — || +Ly bu, (5.13)

Based on the triangular inequality and the design of the triggering conditions, it can be
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obtained that

12°@®) —z@lI< 32 () — 2t +sillwit) — z (@)

lel; l#i
< killwi(t) — Zi(t)||+le]§;é' (l=e(t) = 2+l (t) — 2t (5.14)
< Kyllai(t) — Zi(t)HJrzGuZ;;e (122 (te) — 2+l 2e(tr) — 2 (@) |+ |22 (E) — 22 (2)]])

where k; can be either 0 or 1 representing whether the local state estimates are present in
the set of interacting state for subsystem 1.

Whenever the estimates of the subsystem [ do not change significantly in the consecutive
sampling times from tf] to tx, the triggering condition for the estimates of subsystem [ is not
satisfied and we would have ||z (ty) — z(t})||< L.,. Since ||%(t)||< M;, for any ¢ € [ty, tpi1)
we can obtain that

[z1(te) — () |I< M A (5.15)

Hence, from (5.14) and (5.15) and the triggering condition (||z(tx) — z/(t))||< L.,) we

obtain

12O —2@I< mille@®l+ D (L + MA+ [[@()[]) < (= 1)Lz + Minaz A) 41y [[€(2)]]
lel; 11
(5.16)

On the other hand, using the Lipschitz property we have

bi(zY) — by (z,w)

b2(22) - bg(l’, w)
< nyLy,.. (ny = D(Lzpen + Minaz D) + nylle@)[]) + ny Ly ¢u

bn, (27) — by, (z,w)

(5.17)
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Since min, I < S; < Qmag; I, from (5.12) and (5.17) it can be obtained that

d ™ «Q ynaz

p ST elSiei(t) < —ming{0;qm, amin, e* Se(t) + QnZLfmaz%eTSe(t) + 2ny Ly el Se(t)
=1 min min
+2ny(ny = D)LY (Lepas + Moo D) [l [SO[1+2]1 @115 (6) 11y L G + 40 2= || €(t) |
(5.18)
where Ly, = maxi{ Ly }. If
le()]> e (5.19)

where ¢, is defined in (5.9), then by multiplying both sides of (5.19) by auin|l€(t)|| we obtain

that

b’nLa:L'

) 2ny(ny — 1) LY (Lapow + Minae D) Cmaz + 200001y L G + 40,10 R(ijm +6
Cmin|[€(E) [|7> le

@]
(5.20)

Qi N {0i @y, } — 2n2L7  Smez —9p, [, Omes

bmax Amin maz Qmin

and since V(&) = ¢/ Se(t) > auimlle(t)|?, based on (5.7), from (5.20) it can be obtained that

min Qmin

<— min;{0;qm, ¥min, } + 2n§ i Zmuw 4 2n, Ly amaz> 0

+2|le(t)]] (ny(ny - ]‘)Lla;max(Lzmaz + MinazA)Qmaz + Qmazty Ly Qo + 20mn R¢

v
min

+ g) <0
(5.21)
Also, due to the boundedness of the Riccati matrix (i.e. [|S(¢)||< aumaz), from (5.21) we

obtain that,

. Omax Omaz w
(= i O ) + 20325, 222 4 20, Ly, 2222 ) V(0) 4 2SOy Lo

mwn mwn

o Moo A) e[S (£) | +-40,, n2e

+2ny(n, — 1)L}

bmaz

(L

le(®)[[< —dlle(t)]|< —det
(5.22)

Zmax

By comparing (5.22) with the right hand side of (5.18), it can be obtained that V (t) < —de;
which implies that the estimation error decreases when its norm is greater than ¢,. It also
implies that the error will become smaller than ¢, in finite time. After the error is smaller
than ¢;, the error may not decrease but the error will be bounded in ¢,. This proves the

theorem. OJ
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Figure 5.3: Two connected CSTRs with recycle stream.

Remark 8. Note that due to process and measurement noises and the use of triggered com-
munication, the estimation error will not decrease to zero. The value of ¢, which ultimately
bounds the estimation error depends on the magnitudes of the process noise, measurement
noise and the thresholds used in the communication triggers as can be seen from the definition
of € in (5.9). However it should be noted that the high gain parameter plays an important
role in the value of €,. When the estimation error is big, the gain increases and causes €; to

decrease which contributes the estimation error to be confined to a smaller region.

5.7 Application to a chemical process

In this section, the performance of the proposed DAHGEKF and its triggering communica-
tion will be evaluated via the application to a chemical process composed of four connected
continuous-stirred tank reactors (CSTRs). This process is described in Section 3.7 in de-
tails. In the simulations, the heat inputs to the four reactors are selected as constant values:
Qn, =1.0x10* kJ/h, Qpn, =2 x10* kJ/h, Qn, = 2.5x 10* kJ/h and Qy, = 1.0 x 10* kJ/h.
The stability of the process is guaranteed under the utilization of these inputs.

It is assumed that the four temperatures 77, 15, T3 and T are the continuously measured
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outputs of the process, and it is desired to estimate the entire system state based on these
measurements. In this process, each reactor plays the role of one subsystem in the process and
an AHGEKF is designed for each CSTR. The covariance parameters of each AHG-EKF are
tuned as, Q1 = Q2 = Q3 = Q4 = diag{[5,5]} and R; = Ry = R3 = R4 = 1, respectively. In
this set of simulations, unique values are selected for the bound of high-gain parameter, 6,, =
20, and the forgetting horizon in the calculation of innovation terms, d = 0.03h. The other
parameters included in the adaptation of high-gain parameter are selected as follows: AT =
0.001h, B; = 150, m; = 20, \; = 100 for s = 1,...,4. The initial states of the subsystems and
initial guesses of the corresponding filters are selected as z;(0) = [340, 2|, 25(0) = [350, 3],
23(0) = [345,2.5]7, 24(0) = [360,4]7, 2,(0) = [340, 2|7, 25(0) = [350, 3]7, x3(0) = [345,2.5]T,
74(0) = [360,4]7. In the simulations, the temperature measurements are corrupted with

noise of zero mean and variance of 1°K. Also, the triggering condition for each subsystem is
[(Ti(tk)—mz)) (cAi(m—cAi(tz))} I

evaluated based on the normalized form of (5.1), i.e. ) , Tl
1 q 7 q

with the weighting matrix H; = diag{[200, 1]} and the triggering thresholds L., = 0.02 for

1=1,2,3,4.

In this set of simulations, the effects of the triggered communication on the proposed dis-
tributed state estimation design is studied. In this design, the triggers are checked every 18s.
When the triggering condition is satisfied, the filters send information through the commu-
nication network and when the triggering condition is not satisfied, there is no information
transmission from the filter. Figure 5.4 shows the sequence of information transmission in
the trigger of each subsystem. It can be seen that during the initial periods, each filter sends
out information consecutively (i.e., every 18s) because the subsystem estimates change sig-
nificantly. When the system estimates change slowly after the initial periods, the filters
may not send information at some time instants. The simulation results are illustrated in
Figures 5.5 and 5.6. These figures show that the distributed filters track the actual process
states, however a steady state error may remain between estimated and actual states due to

the use of triggering conditions as discussed in the stability analysis in the previous section.
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Figure 5.4: The triggering communication sequences
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Figure 5.5: The trajectories of the states, high-gain parameters and innovations in the filters
of CSTR 1 and CSTR 2 in the presence of measurement noise.
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Figure 5.6: The trajectories of the states, high-gain parameters and innovations in the filters
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111



360 ‘ ' ' ' 360
— Actual — Actual
Q 340 = ==PFgtimated | | Q 340 = == FEstimated
'\_‘f_ 'ﬂ-.?.q
= 320t 1 320¢
300 : : : : 300 : : : :
0 2 4 6 8 10 0 2 4 6 8 10
Time(h) Time(h)
o 15 e 10
e A ctual E m— Actual
o 10 = = Estimated ) = = Estimated
E £ 5
= 5 =
— o~
< <
O o O o
0 2 4 6 8 10 0 2 4 6 8 10
Time(h) Time(h)
15 - 15
10 10
-— o™
) L)
5 5
0 : 0
0 2 4 6 8 10 0 2 4 6 8 10
Time(h) Time(h)
60 ‘ T T T 60
C C
2 40 2 40
® ©
3 5
c 20 c 20
£ =
0 . 0
0 2 4 6 8 10 0 2 4 6 8 10
Time(h) Time(h)

Figure 5.7: The effect of high-gain on the trajectories of the states and innovations in the
CSTR 1 and CSTR 2 in the presence of process and measurement noises.
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Figure 5.8: The effect of high-gain on the trajectories of the states and innovations in the
CSTR 3 and CSTR 4 in the presence of process and measurement noises.
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Figure 5.9: Performance index and the number of information transmission in the proposed
DAHGEKF based on triggering condition (5.1) with L,,, i = 1,2, 3,4, varying from 0 to 0.1.
On the other hand, it can be seen from Figures 5.5 and 5.6 that the distributed adaptive-gain
EKF can contribute to improve estimation performance compared with distributed regular
EKF in terms of convergence speed and estimation error. Moreover, the estimated values
of the concentrations converge the actual states slower compared with the temperatures,
since the innovation is defined based on measured temperatures. Based on the definition
of innovation in (5.4), the high-gain parameter decreases followed by an initial increment.
Furthermore, the presence of process and measurement noises amplifies the uncertainty of
the estimation, however the change of high-gain EKF to regular EKF smooths out the effect
of noise. If the filters remain in the high-gain mode, they are not able to reduce the noise
effect as illustrated in Figures 5.7 and 5.8.

Another set of simulations is also provided to evaluate the performance of the distributed
estimation with triggered communication with varying triggering thresholds. Particularly,
the simulations are conducted under random noise sequences and the performance index for

M
AHGEKEF i is designed as U; = Y |2i(tx) — i(t)|&, where i = 1,2,3,4, and the simulation
k=0
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is run from tg = 0 to ty; = 10h. The parameters G;, © = 1,2, 3,4 are used to compensate
for the different scales of the states, and G; = diag{[1,200]}. The overall performance is
calculated as U = U; + Uy + U3z + Uy. As shown in Figure 5.9, it can be inferred that
the number of information transmission among filters decreases when triggering threshold
increases. On the other hand, from the Figure 5.9 it can be implied that the overall trend
of performance deteriorates by the increment of triggering threshold. Indeed, based on
the bound of estimation error provided in Theorem 6, the increment of triggering threshold
results in an increase of the value of ¢;,. Based on both plots in Figure 5.9, it can be concluded
that the optimal triggering threshold demands a balance between the performance index and
the number of information transmission. In addition, Figure 5.9 shows that the trend of both
performance index and the number of information transmission fluctuates due to the presence
of process noise and measurement noise.

In the last set of simulations, the effect of various high-gain parameter bounds (6,,) is
illustrated in Figures 5.10 and 5.11. From these figures, we can see that by increasing the
high-gain parameter of each filter (6;), the speed of convergence of measured states (7;)
increases and when their estimates get close enough to the actual states, the corresponding
high-gain parameter drops quickly, and the estimator becomes regular EKF. On the other
hand, Figures 5.10 and 5.11 show that increasing the gain makes an initial overshoot on the
estimates of unmeasured states, and as 6, is higher, the bigger overshoots occur. After the
overshoots’ occurrence, since the high-gain parameters are decreased to 1 and the standard
EKFs take the action to reduce the estimation error for the rest of simulation, a bigger
value for 6,, increases the convergence time of the estimates of the concentrations. That is

improper tuning of parameter 6,, may affect the estimation performance.
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Figure 5.10: The effect of different bounds of high-gain parameters on the convergence rate
of state estimates in CSTRs 1&2.
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Figure 5.11: The effect of different bounds of high-gain parameters on the convergence rate
of state estimates in CSTRs 3&4.
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5.8 Conclusions

We developed a distributed adaptive high-gain extended Kalman filter with triggered com-
munication for nonlinear systems. Specifically, we considered a class of nonlinear systems
which can be decomposed into several interacting subsystems. Each subsystem takes the
advantage of a local adaptive high-gain EKF equipped with a trigger to schedule informa-
tion transmission leading to the reduction of communication frequency. Each of the designed
triggers sends out information when a local triggering condition is satisfied. The triggering
condition is determined based on the difference between the current state estimate and the
last estimate sent out. The ultimate boundedness of the estimation error was established
with sufficient conditions. Finally, a simulated chemical process example was utilized to

illustrate the performance of the proposed approach.
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Chapter 6

Application of distributed filtering

approach to a Three-Tank system

6.1 Introduction

In this chapter we apply the proposed distributed adaptive high-gain extended Kalman filter
to a Three-Tank experimental system. The system under consideration is located in process
control laboratory at the University of Alberta. This system is composed of three tanks
that are connected through pipes from the bottom, middle and top of the tanks as shown
schematically in Figure 6.1. The water is pumped from the discharge tank to tanks 1 and 3
and the water may also flow to tank 2 when the related valves are open, and finally returns
to the discharge tank through valves Vi, V7 and V.

The valves Vi to Vy are solenoid valves which are in either ON or OFF positions. By
opening or closing each of the valves in this system, a new dynamics for the whole system
will be obtained. As shown in Figure 6.1, there is a level transmitter for each tank and a
flow transmitter for each pump to measure the corresponding water levels and flow-rates,
respectively. The information that is measured by the flow and level transmitters is sent and

recorded by MATLAB on a computer connected to the system through the OPC connection.
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Figure 6.1: A schematic view of the experimental system

The control loops are designed and tuned in a Simulink file, and based on the received data
the control signal is generated and sent to the level and flow controllers through the OPC
connection.

In order to increase the robustness and reduce the disturbances to the flow rate, a cascade
control circuit is designed for level control in tanks 1 and 3. This circuit is composed of two
feedback control loops, primary and secondary loops, that are designed based on level and
flow measurements. The primary control loop which controls the level of the tanks determines
the set point of the flow control loop, and the secondary loop tunes the flow loop to reduce
the flow disturbances. The cascade control loop for tank 1 is shown in Figure 6.2, where the

controllers designed for level and flow are PID controllers.
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Figure 6.2: Cascade control loops for tank 1 in Three-Tank system

6.2 Model description

In spite of PID control strategies, a model of the process is required to design state estimators
for any process. In order to derive a first principle model for the Three-Tank system, mass
balance equations can be used. Based on the mass balance equations for each of the three

tanks, i.e.
{rate of accumulation of mass} = {rate of mass in} — {rate of mass out}  (6.1)

and by considering the dynamics of interactions between the neighbor tanks, the following

differential equations can be obtained:

1 = (byuy — Splaplsgn(atg)\/m — Sqaqg\2911)/S

i3 = (Sprap1sgn(2)v/2g]wa] + Spamwsgn(zs)\/2glrs] — Siaa/297s)/ S

Ty = (b2U2 - szapzsgn(m)\/m - Sd3ad3\/m>/5 (6-2)
Gy = iy — &g

S.C4:C.C5—.I"3
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Table 6.1: Definition of parameters and variables for the Three-Tank system.

x1  Level of tank 1

xo  Interaction between tanks 1 and 2 (z; — x3)

xs  Level of tank 2

x4y Interaction between tanks 3 and 2 (x5 — x3)

x5  Level of tank 3

uy  Input flow-rate for tank 1

uy  Input flow-rate for tank 2

S Cross section area of all three tanks

Sy, Pipe cross section area between tank ¢ and 7 + 1

Sq; Discharge pipe cross section area of tank ¢
a,, Out-flow coefficient of the flow between tanks 7 and 7 + 1
aq, Out-flow coefficient from tank ¢ to the discharge tank

g Gravitational acceleration
b;  Multiplier of input ¢ which compensates for its unknown unit

where the variables and parameters are defined in Table 6.1. It should be noted that the
calibration multipliers b; and by are considered for the flow inputs. Model (6.2) is a general
model for the Three-Tank system without the prior knowledge about the direction of the

flow between the tanks and can be described in the following control-affine form:

&= f(z) +g(x)u
y = h(z)

(6.3)

However, based on the structure of the system and the performed experiments, it rarely
occurs that the level of tank 2 be higher than the levels of other tanks. As a result, model
(6.2) can remain valid for the most of the operating regions of the systems even by excluding
the sign function. It should be noted that, in the Three-Tank system model (6.2), the
interactions are assumed to be unmeasured states and will be the objective of distributed
estimation design in the following sections. Also, in this model the inputs are the flow rates

to tanks 1 and 3 and the outputs are the tanks’ levels that can be measured by the level

122



Sensors, i.e.

Y1 = 21, Y2 = T3, Y3 = Ts (6-4)

6.2.1 Observability

Since the model in (6.2) is a multi-input multi-output nonlinear model, the observability
can be verified by linearization of the model equations around the possible operating points.
Indeed, based on this approach the observability can be verified by checking the rank of the
observability matrix for linearized systems, i.e. O = [C, CA, CA?, ...]T where C is the
jacobian of output matrix h(z) with respect to z and A is the jacobian of the state transition
matrix f with respect to x. According to the performed verification, the overall system is

found to be observable.

6.2.2 Parameter estimation

In model (6.2), there are some out-flow parameters which are unknown. Furthermore, the
unit of the measured inputs in the actual system is not specified and two calibration pa-
rameters (b; and by) can be added as the input multipliers. In order to identify the model
parameters, some persistently exciting inputs can be used and the resulting outputs together
with the inputs can be used to identify the model parameters. Since there is feedback con-
trol loop for the flow-rates to the tanks, the inputs should be carefully selected. Figure 6.3
shows the elements that usually exist in closed loop identification. This figure shows that
although the reference input to the Three-Tank system is injected based on the set point, the
immediate input U and output Y should be collected for identification of the system. Here
it should be noted that the system is nonlinear and the input signals should be able to excite
the system sufficiently. For this purpose, a pseudo-random binary sequence signal can be
designed where the inputs can move the system to operate within different operating points.
Then by collecting the injected inputs and the resulted outputs, we collected around 12000

samples, from which 9000 samples were used for training the model and the rest was used to
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Figure 6.3: Inputs and outputs for closed loop identificaion

verify the identified model. Figure 6.4 verifies that the trajectories in identified model can
track the actual states. From Figure 6.4, it is clear that the model is not accurate enough to
regenerate the state of tank 2, however the mismatch between the model and actual process
is inevitable from any modeling exercise. In this case, since we will focus on tanks 1 and
3, this model can be used for state estimation purposes. Finally, the identified parameters

were found as follows:

a,, = 3.43 ap, = 2.15
ag, = 18.15 ag, = 7.78 aq, = 18.98 (6.5)
by = 4.56 x 1074 by = 4.16 x 1074

The identified parameters in (6.5) to some extent prove the symmetry in the model, since
the symmetric parameters are very close to each other. Moreover, by comparing the values
of outflow parameters a,, and a,, with other outflow parameters, it can be concluded that
the resistance over the flows between the tanks is higher than that between tanks and the
discharge tank. In other words, the impact of the levels in tanks 1 and 3 on the level of tank
2 is not strong. Also, it should be noted that the sampling time in the experimental set-up
is 1 second, and it is important to determine the sampling time in the identification. Indeed,

for any specified sample time, the parameters should have been identified accordingly.
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Figure 6.4: Measured and modeled trajectories to verify the identified model.

6.3 System decomposition

In order to implement the proposed distributed filtering algorithm, it is required to decom-
pose the system into several interconnected subsystems. For this purpose, we can select
the level of tank 1 and its interaction with tank 2 as the states of the first subsystem, and
similarly select the level of tank 3 and its interaction with tank 2 as the states of the third
subsystem and the remaining level of tank 2 as the single state of the second subsystem

as shown in Figure 6.5. Based on this decomposition, the state space equations of the
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Figure 6.5: Decomposition of system to three subsystems

subsystems can be written as follows:

(

T = (blul - Splapl\/ 29112 — Sdladlv 297”11)/5

Subsystem 1 F1g = T11 — T9

Y1 =T

4

Subsystem 2
Y2 = T2

731 = (batta — Sp2apan/29732 — Sa3aaz/297r31)/S

Subsystem 3 Fag = T3 — Iy

0

\ Yz = T31

7"’2 = (Splapl\/ 2g7’12 + Sp2ap2 V 29T32 - Sd2ad2 V 2gr2>/S

where 711 = 1 and r15 = x5 are the states of subsystem 1, ro = x5 is the state of subsystem

2, and r3; = x5 and r3; = x4 are the states of subsystem 3. Furthermore, it can be seen that

each subsystem has a single-input single-output model.

6.3.1 Transformation to normal form

Since distributed high-gain observer design requires the subsystems to be in normal form, we

can transform all the subsystems’ coordinates in (6.6) using the method described in Section
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1.3. Consequently, the new coordinates for the subsystems would be obtained as follows:

21 =T

2 = Lyy1 = (—=Spap1v/2g9r12 — Saraa1v/29711) /S

23 =To (6.7)
24 = T31

25 = Lyys = (—Spaapar/297r32 — Sasaazy/29731)/S

and the dynamics of subsystems within the new coordinates can be obtained as:

b

Zl = 27 + ITUI

. 1 21

R2 = _E(Spla’pl\/_2\/— _'_ Sdl\/_ \/2_1)

23 =179 (6.8)
b

24 = z5 + %UQ

) 1
Z5 = —E(sz%zx/—

+ Sy /2g—

5

2\/—

where the transformations of 719, 712, 72, 732 and 732 can be achieved from (6.7) and (6.6).

6.4 Distributed filtering design

In this section, we design the distributed filters based on the method described in Chapter
2. In order to show the effectiveness of the proposed method, we used a time-varying input
signal for the Three-Tank system. These inputs cause time-varying trajectories of the states,
however the distributed estimators should be tuned such that the estimates follow the actual
trajectories well.

For each of the tanks an AHG-EKF is designed, however only EKF can be designed for
the tank 2 since it has only one state. In the design of AHG-EKFs, @)1 = Q3 = diag([0.5, 20]),
@2 = 0.5 and Ry = Ry = R3 = 0.5. The bound of high-gain parameter is selected as 26, =

and is uniquely defined for all the estimators. The forgetting horizon in the calculation of
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Figure 6.6: Trajectories of the levels, interactions and innovations in DEKF and DAHG-EKF
frameworks with continuous communication for the first and third subsystems.

innovation terms is uniquely selected as d = 0.03h, and the parameters in the adaptation
functions are as follows: AT = 0.001h, 5; = 450, m; = 0.1, \; = 20, for i = 1,2, 3. Also, the
initial state of the process based on (6.2) is 2(0) = [51.08, 35.02, 16.05, 40.88, 56.93] and the
initial guesses in the three filters are #1(0) = [60, 50], 22(0) = 15, #1(0) = [50, 67].

Figure 6.6 shows the distributed estimation with continuous communication results for
the Three-Tank system when the system takes almost constant inputs, and the system ex-
periences a step change in inputs in the middle of operation. It should be noted that the
levels of the tanks may change between Ocm and 100cm, and the estimates cannot go be-

yond this range. As shown in Figure 6.6 the state estimates in both DEKF and DAHG-EKF
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Figure 6.7: Trajectories of the levels, interactions and innovations in DAHGEKF with con-
tinuous, discrete and absence of communication for the first and third subsystems.
travel towards the actual states, however due to the process-model mismatch the estimates
of the unmeasured states may have some bias. Figure 6.6 also compares the performance of
distributed framework with adaptive high-gain EKF and the one with standard EKF formu-
lation. As shown in the figure, the high-gain parameter increases whenever the innovation
becomes higher than the threshold and this contributes to the result that the state estimates
get closer to the actual states.

In another case, we evaluate the effects of communication on the distributed state esti-

mation performance. Figure 6.7 shows the results of distributed estimation for three cases:
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continuous communication, discrete communication with 90 seconds communication interval
and decentralized estimation where no communication exists among the distributed filters.
As shown in Figure 6.7, the trajectories of estimates of DAHGEKF with continuous and
discrete communications are very similar while the absence of communication reduces the

performance resulting in the local filters to be in high-gain mode more frequently.

6.5 Conclusion

In this chapter, we verified the proposed distributed adaptive high-gain extended Kalman
filter on a Three-Tank system. This system includes three interconnected tanks and the
dynamical equations of the system were derived in which the interactions between the tanks
are considered as virtual states. The unknown parameters of the system were identified
by injecting persistently exciting inputs to the system. Then, the identified model was
decomposed into three subsystems and a DAHG-EKF was designed for each subsystem.
The performance of the DAHG-EKF was compared with that of distributed regular EKF
(DEKF) based on continuous communication assumption among the filters. The results show
that the DAHGEKF gives improved estimates than the DEKF. Moreover, by comparing the
trajectories of DAHGEKEF with continuous, discrete and no communication cases, the effects

of communication on the performance of DAHGEKF were evaluated.
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Chapter 7

Conclusions and future work

7.1 Conclusions

This thesis considers the development and implementation of distributed adaptive high-gain
extended Kalman filtering approaches on nonlinear systems. Specifically a class of nonlinear
systems are considered which can be decomposed into several interacting subsystems.

To date, many algorithms have been developed for centralized estimation in which a single
filter /estimator performs the task of estimation of the entire system state and decentralized
estimation in which each local filter estimates the states of the corresponding subsystem only
based on the local measurements. However, the former design is not favourable in terms of
fault tolerance and computational loads and the latter one degrades the performance of
estimation due to the absence of communication between filters. To acquire the desired
performance, this thesis proposes a distributed estimation framework which removes the
above difficulties by providing a communication channel between interconnected subsystems.
This communication network is used to exchange state estimates between the distributed
filters to compensate for the subsystems interactions.

Chapter 2 dealt with the distributed adaptive high-gain EKF (DAHGEKF) in which the

distributed filters communicated continuously. The system under consideration was a type

131



of deterministic nonlinear system composed of interconnected subsystems. Each subsystem
was assigned a local filter which receives measurement from the corresponding subsystem
and state estimates from interacting filters. Indeed, the presented local filter design was
an extension of the research in [10] where the multi-input multi-output system is broken
into several multi-input single-output subsystems. The methodology for the communication
of the distributed filters was described and the exponential convergence of the proposed
approach was ensured under certain conditions. In order to demonstrate the performance of
the proposed DAHGEKF, a simulated chemical process was used.

Since the continuous transmission of digital data is difficult to be established practically,
we took a more realistic step in Chapter 3 and considered the filters to communicate at dis-
crete time instants. In this framework, a state predictor was designed for each local filter to
compensate for the missing information within communication intervals. The design of pre-
dictors has been previously studied in the prediction of missing measurements in distributed
model predictive control [59, 17]. The asymptotic stability of the proposed approach is en-
sured under sufficient conditions within both deterministic and stochastic schemes of the
system. To illustrate the applicability of the proposed algorithm, a 4-CSTR process is used,
and the effectiveness of the predictor design is illustrated through the simulations.

In Chapter 4, one more step ahead was taken to consider data loss and delay within the
discrete communication among the distributed filters. This chapter describes an extension
of possible scenarios in communication losses and delays in distributed model predictive
control [58] and distributed moving horizon estimation [46]. To compensate for the missing
communications caused by the delays and data dropouts, a state predictor was designed for
each local filter. By considering maximum allowable time delay and maximum consecutive
samples of data losses within both deterministic and stochastic system structures, the worst
case of information transmission was introduced under which the adequate conditions were
derived to provide the stability of the distributed estimation approach. In the stochastic

structure, the algorithm ensures that the overall estimation error remains bounded, however
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it asymptotically converges to zero within the deterministic scheme.

The results in Chapter 3 were obtained with periodic discrete communication, however
the network’s capacity may not support the volume of information transmission. In Chapter
5, a DAHGEKF scheme was proposed to reduce the frequency of information transmission
through the communication network. For this purpose, a triggering strategy was introduced
to determine when each filter should sent out information to other filters. Indeed, this
strategy contributes to reducing network traffic in the communication network which may
lead to delay or loss of information. Consequently, a communication trigger was designed for
each filter which sends out local information whenever the corresponding triggering condition
is satisfied. The appropriate conditions are derived under which the convergence and ultimate
boundedness of the estimation error is ensured.

In Chapter 6, a Three-Tank system was used to evaluate the applicability of the proposed
distributed filtering algorithm. First, a dynamical model was developed for the Three-Tank
system and the model parameters were identified appropriately. Then the system was de-
composed into three subsystems and a local AHGEKF was designed for each subsystem. The
obtained distributed estimation results demonstrated the advantage of adaptive high-gain
EKF over standard EKF in distributed framework. Furthermore, the distributed estimation
results illustrated that the performance is improved when there is communication between

the subsystems compared with the decentralized case.

7.2 Future work directions

Within the course of the work in this thesis, some potential areas of future work can be

considered. A few of these areas are listed as follows:
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7.2.1 Extension to continuous-discrete case

This thesis provided an insight to the distributed adaptive high-gain extended Kalman filter-
ing design with applied communication types. Within these designs, we always considered the
subsystems which send the measurements to the corresponding filters continuously; however
this may not hold in practice. Consequently, the combination of discrete communication and
discrete measurements in distributed estimation may pave ways to more applicable results.
Moreover, another scenario can be considered in which the sensors send the measurements to
the corresponding filters with random time delays in addition to the communication issues

in the distributed filtering framework.

7.2.2 Extension to coordinated DAHGEKF

Although distribute framework surpasses the centralized scheme in terms of fault tolerance
and computational complexities, it may not be able to achieve the centralized performance.
In order to obtain the ideal performance, a coordinator is required to make a two-level
filtering, in which the upper level (coordinator) coordinates the decision making process of

local filters at lower level.

7.2.3 Integration of estimation and control

State estimation task can be used both for process monitoring and control. In order for
controller design in large scale systems, distributed estimation framework can be utilized to
estimate the unmeasured states required for state feedback controls. So, the integration of
estimation and control tasks can contribute to the applicability of the proposed approach

even for unstable large scale systems.
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Appendix A

Derivation of the Riccati equation

A.1 Preliminaries

For an unforced, time-varying and linear dynamic system

with a known initial condition x(tj), the general solution is

z(t) = o(t, to)x(to)
From (A.2), the followings properties can be inferred for ¢(t, ¢o):

P(to, to) =1
d(to, t) = ¢~ (t, to)
P(ta, to) = P(ta, t1)o(t1,t0)

By replacing (A.2) into (A.1) we also obtain,
ot to)z(to) = A()e(t, to)z(te) = (t,t0) = A(t)H(t, o)
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In another case, let us consider a forced, time-varying linear system
&(t) = A(t)x(t) + B(t)u(t) (A.5)
For the case of u(t) # 0 we seek to replace z(t) by a function g(¢) which satisfies
z(t) = o(t,t0)g(t) (A.6)

where ¢(t) is a vector of unknown functions and it is clear that g(ty) = z(¢y). By differenti-

ating (A.6)
(1) = d(t to)g(t) + d(t. to)g(t) = d(t. to)g(t) + A()o(t, to)g(t) (A7)
Substituting (A.6) in (A.5) and comparing the result with (A.7) we obtain,
¢(t,t0)g(t) + A(t)e(t,to)g(t) = A()o(, t0)g(t) + B(t)ult) (A.8)

Therefore,

g(t) = 67 (¢, to) B(t)u(t) (A.9)

whose integration result in,

g(t) = x(to) —|—/t ¢ (7, 1) B(T)u(r)dr (A.10)

Substituting (A.10) into (A.6), the general solution would be obtained

£(t) = Ol to)(to) + B(t. to) / 6 (r,to) B(r)u(r)dr (A11)
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According to (A.3) we know that

d(to,7) = d(to, 1) (t, 7) = ¢ (7.t0) = ¢ (¢, t0)B(t, 7) (A.12)

Finally, by plugging the result of (A.12) into (A.11) we obtain

x(t) = ¢(t, to)x(to) +/t o(t, 7)B(T)u(T)dr (A.13)

A.2 Description

We consider an observable nonlinear system whose subsystems’ dynamics are described in

the following canonical form:

Fi(t) = Auza(t) + bi(x(t), u(t)) +wi(t), wi(t) ~ N(0,Qs(t))

(A.14)
Then the dynamics of filter ¢ can be as follows:
Zi(t) = Aizi(t) + bi(2(1), u(t)) + ki(1) (i (t) — Cizi(t)) (A.15)
Defining the subsystem’s estimation error as €(t) = z(t) — z(t¢) we obtain
€i(t) = Fi(t)ei(t) + bi(2(t), u(t)) = bi(z(t), ult)) + Ai(t) (A.16)

where Fj(t) = A; — ki(t)C;, A\i(t) = ki(t)vi(t) — w;(t). From the definition of );, it can be
found that,
E{NON)TY = Qu(t) + ki(t) Ry () ki (1) (A.17)
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Also, by linearizing b;(x) in the neighborhood of z we obtain that

bi(, ) & bi(z,u) + abiéi’ W)= 2) = bizu o+ Yy ool ‘% W) 0~ ) (A18)

Jjel;\i

aZZ'

the remaining in (A.16) we obtain

where b} (z) =

. If we neglect the last term on the right hand side of (A.18), and use

€(t) = (Fi(t) + b7 (2(t), u(t)))ei(t) + Ai(?) (A.19)
Using the matrix exponential solution, the solution to the system (A.19) can be found as
t
to
where ¢;(t, 1) = [Fi(t) 4 b (2(t), u(t))]¢s(t, to). The state error covariance is defined by
P(t) = E{e(t)ei(t)" } (A.21)
Substituting (A.20) into (A.21) and assuming that \;(¢) and €;(o) are uncorrelated,
t
P,(t) = ¢i(t, to) Pi(to) ;i (t, to) +/ 6i(t, 7)[Qi(t) + k() Ri(t)ki (1)o7 (¢, m)dr  (A.22)
to

Taking the time derivative of (A.22) gives

Bit) = 20 p

+fta¢lt7—

+ LO QSZ t, T QZ(T) + k’z(T)RZ(T)kz(T)T]

P(to)] (t,t0) + ¢i(t, to) P(to) ——=—

Qi(T) + k() Ri(7) ks (1))@} (t, 7)dT
ool (t, T
ot

(A.23)

+¢i(t, 1) [Qi(t) + k(t) Ri(t) ki ()] @7 (t,1)
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Using the properties of the matrix exponential we have

a¢l (ta tO)

S = (Fi(t) + B (=(0), (1) (o) (A24)

and (A.23) would be changed to

P(t) = (Fy(t) + b7 (=(1), ult)))i(t, to) Pi(to) 6] (T, to) + du(t, to) Pilto) o] (¢, to) (Fi(t) + b7 (=(1)))"
() + 0 (2(0), u®)) fyy 66t DQi(T) + ki(T) Ril(7) ki ()17 (¢, )l
+ fyy @it Qi) + k(1) Rilm)ks(r) 167 (8, 7)dr (F(8) + 7 (2(1), u (1)) "

+i (1, 1)[Qi(t) + ki(t) Ri(t) i ()] @7 (t,1)
(A.25)

Based on (A.22), (A.25) changes to

Bi(t) = [Ai = ki(t)Ci + b7 (2(8), w(®)] Pi(t) + Po(t)[A; = ki(£)Cy + 07 (2(8), u(t))]” + Qi(t)
+Hhi () Ri(Oki ()" = [Ai + b7 (2(2), u(t))| Pi(t) + Po(t)[ A + b7 (2 (1), u(t))]" + Qi(?)
k() Ri(0)ki(1)" = k() CiPi(t) = P(CT ] (1) + P CT R (D) CiP(1)

—P(t)CT RN () CiPi(t) = [Ai + b (2(8), u(t)] Pi(t) + Pi(t)[Ai + 5 ((8), u(t))]”

+Qi(t) = P()CT R, ($)CiPi(t) + [ki(t) Ra(t) = P(&)CT] B [ks(t) Ri(t) — Pi()CT]"

We need to have k;(t) such that P;(t) is as small as possible. So, if k;(t)R;(t) = P;(t)C! then

P;(t) would be minimized and the optimal gain would be,

ki(t) = () CT R (1) (A.27)
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Replacing (A.27) into (A.26) we obtain

Bi(t) = [Ai + b} (2(8), ()] Pi(t) + P.(0)[Ai + b5 (1), u®)]” + Qi(t) — P(t)CT R (£)Ci Pi(1)
(A.28)

and defining S;(t) = P,*(t), from (A.28) it can be obtained that,

)

Si(t) = =[As+07 (2(t), u(t)]"Si(t) = Si(0)[Ai +b; ((t), u(t)] = ST (1) Qi (1) S:(t) + C R ()€,
(A.29)
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Appendix B

Lipschitz constant of normal form

nonlinearities

In Chapter 2, it was discussed that the Lipschitz constants of the vector filed b(z,u) and
b(i,u) as well as the bound of b*(#,u) and b(z,u) are equivalent. Although this result is
proved on page 215 of [60] for a centralized filter, here we prove it for distributed framework.
First we recall from Chapter 2 that the high-gain parameter satisfies 6(¢) > 1. Then, from

the observable structure of the nonlinear function b;(-,u) for subsystem i (i € I), i.e.

bz’,l(l’z‘,h U)

bi,Z(-Ti,la L2, U)

bi(z,u) = (B.1)
bi,nzifl(l’i,l; L2y -+ 3 Ting ;—1, u)
i bin,, (2, 1) |
we consider a component bf(-,u), k € {1,...,n, — 1} and from the definition of b (i.e.

bi(-,u) = ©;0;(O; -, 1)), we can obtain that

- 1

big(w,u) = mb(m*’”%xi,l, TR ) (B.2)
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and by considering L, as the Lipschitz constant of b(z, u) with respect to variable z, it can

be obtained that,

H@,k(x,u) - Bi,k(za U)H:

e 10" iy g, 0T ) — B(07 T 0T )|
S Wﬁf’%“(&ﬂ*—n% Tily--- 79n*_nxi+k_1xi,k7 'LL) - (Qn*—nxl Zidy .- 76n*_nxi+k_1zi,k7 U)H
< Mﬁgntmﬁk*ln(%,b s Ty ) = (Zits e Zigs U

S Lb”(‘xi,la s 7xi,k)u) - (Zi,la <oy Zisks U)H

(B.3)

which means the Lipschitz constants of both b and b are equivalent. It should be noted that

in the derivation of (B.3) we considered all the elements of b; except the last one which may

be a function of system’s overall states . Now we consider the element IN)MM and prove that

its Lipschitz constant remains consistent.

For the states of the overall system we know that
167tz — e z)|< 0" o — 2|

and also based on the definition of the matrix O, for all n,,, ¢ € I, we have

~ 1
bin,, (T,u) = Wbm (z,u)

Hence, according to (B.4) and (B.5) we obtain,

1B, (T, 1) = bin,, (2, w)||< Lyl T — Z]]

which implies that the change of coordinates does not change the Lipschitz constant.

(B.5)

(B.6)

The above consistency holds for the Jacobian matrix l;*(, u) as well. In order to prove

this, we consider an element of the matrix b denoted as l;jj and based on the definition of
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the matrix b we obtain that
I* (= 1 * [z
b (Z,u) = —b; ;(2,u)0" (B.7)

— ep Zvj

where p and ¢ are natural numbers and p > ¢g. Not that due to the structure of b;, as

described in (B.3), the Jacobian matrix is lower triangular. Consequently,

10752, w) 1< 67721107, (2, w)|< 1655 (Z, )< Ly (B-8)
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