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Abstract: A large class of discrete-time branching particle filters with Bayesian model selection ca-
pabilities and effective resampling is introduced in algorithmic form, shown empirically to outperform
the popular bootstrap algorithm and analyzed mathematically. The particles interact weakly in the
resampling procedure. The weighted particle filter, which has no resampling, and the fully-resampled
branching particle filter are included in the class as extreme points. Each particle filter in the class is
coupled to a McKean-Vlasov particle system, corresponding to a reduced, unimplementable particle
filter, for which Marcinkiewicz strong laws of large numbers (Mllns) and the central limit theorem
(clt) can be written down. Coupling arguments are used to show the reduced system can be used to
predict performance of the particle filter and to transfer the Mllns to the original weakly-interacting
particle filter. This clt is also shown transferable when extra particles are used.
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1. Introduction

Nonlinear filtering deals with determining the distribution of the current state of a non-observable, random,
dynamic signal X given the history of a distorted, corrupted partial observation process Y living on the
same probability space (Q, F, P) as X. Bayesian model selection, sometimes done while filtering, deals with
determining which of a class of signal models { X ()}, best fits the observed values of Y by pairwise Bayes’
factor comparison. For many practical problems each potential signal is a time-homogeneous discrete-time
Markov process {X,, n =0,1,2,...}, living on some complete, separable metric space (E, p), with initial
distribution 7y and transition probability kernel K. The observation process takes the form (Yp = 0 and)
Y, = h(Xn-1) + Vi, for n € N, where {V,,} 7| are independent random vectors with common strictly
positive, bounded density g that are independent of X, and the sensor function A is a measurable mapping
from E to R?. Then, the objective of filtering (with respect to any given signal model X) is to compute
the conditional probabilities m, (A) = P (Xn €A }f}l/), n = 1,2, ..., for all Borel sets A or, equivalently,
the conditional expectations 7, (f) = EF (f (X,) |F) ) for all bounded, measurable functions f : E — R,
where 7Y = o{Y},l = 1,...,n} is the information obtained from the back observations. On the other hand,
EC9[L,(Y|XM)|FY]
EQ[Ln(YIX®)|FY]
likelihoods between potential signal models X (! and X with respect to some reference probability
measure (). (The metric space E, initial distribution 7p, transition probability K and sensor function h
can all depend upon the potential sigmal X () as long as the observation noise {Vy} is the same.)
Suppose without loss of generality that Q = (E x RY)>® and F = B((E x R%)>) until later extended.

Moreover, suppose hereafter ]—"El = {0,Q}, FS = o{¢Fk € K,1 < n} when n € Ny and FS, = o{¢fk €

the objective of Bayes’ factor model selection is to compare the ratio B1? = of marginal
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K,l < oo} for random variables {¢¥,k € K,n € {0,1,...}} on (€, F). (This is consistent with FY defined
above if K has one element.) Unnormalized filters transfer the information contained in the observations
to a likelihood process by measure change. In this method, a reference probability measure @ is introduced
under which the signal, observation process {(X,,Y,+1), n = 0,1,...} has the same distribution as the
signal, noise process {(X,,Vn+1), n = 0,1,...} does under P. Hence, the observations are i.i.d. random
vectors with strictly positive bounded density g and are independent of X under measure ). All the
observation information is absorbed into the likelihood process {L,, n = 1,2, ...} transforming @ back to
P, which in our case has the form

dP

0P 9 (¥, — h(x))
dQFxvFy

:Ln:Haj(Xjfl), with Oéj(I): g(Y}) 5

j=1

(1.1)

s0 L, = an(Xn-1)Ln—1 and Ly = 1. The following (well-known) discrete Girsanov’s theorem constructs
the real probability P from the fictitious one Q.

Theorem 1.1. Suppose under probability Q that {X,, n=0,1,...} and {Y,, n=1,2,...} are independent
processes with on (Q,F), the {Y,} are i.i.d. with strictly-positive, bounded density g on R? and V,, =
Y, —h(Xp—1) for alln=1,2,... Then, there exists a probability measure P such that (1.1) holds, {V,, n =
1,2,...} are i.i.d. on (R, F,P) with density g and {X,} is independent of {V,,} with the same law as on

(Q,F,Q).

Filtering and model selection can be done simultaneously by using the unnormalized filters

on (f) = E (Lo f (Xa)|FY) (1.2)

so o9 = m, as Lp = 1 and FY = {0,Q}. Then, m, (f) = Z’:E{; by Bayes rule and B}? = Z%:EB, where

a,(f) (f) = E9 <L£f)f (X,(f)) ]—"};) with Lgf) = ﬁ a; (X](Z_)l) is the unnormalized filter for signal model
j=1

X @ Therefore, we can combine Bayesian model selection and filtering (for each potential signal) by

constructing approximations (denoted S and SY below) to the unnormalized filter for each candidate

signal model as done in Kouritzin and Zeng [17],[18] and Kouritzin [15].

Nowadays, particle filters are utilized in a wide variety of applications in as diverse areas as econometrics,
defense and clickstream analysis. The original (resampled) interacting particle filters have been intensely
studied (see e.g. Cappe, Godsill and Moulines [3] for an overview and historical account). However, Del
Moral, Kouritzin and Miclo [7] show that the performance of a particle filter depends heavily upon the
resampling used and little theory is known about optimal resampling. Furthermore, these particle filters
approximate the actual filter 7, and hence are not amenable to model selection (without storing prior
filter estimates). On the other hand, the weighted particle filter (largely credited to Handschin [12] as well
as Handschin and Mayne [13] and studied in Kurtz and Xiong [19], [20]) approximates the unnormalized
particle filter o,,, is the most basic particle filter with model selection capabilities and is embarassingly
computer parallelizable. More generally, branching particle filters, like those introduced by Crisan and
Lyons [5], can have model selection capabilities, effective resampling and be highly parallelizable. Herein,
we introduce and analyze a class of exchangeable branching particle filters with resampling that avoids the
weighted-particle-filter particle spread problems yet still has model selection capabilities. It includes the
weighted particle filter as the extreme zero-resampling case and a model selection variation of the better
algorithm in Del Moral, Kouritzin and Miclo [7] as the extreme fully-resampled case.
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One might be tempted to think that the asymptotic properties of practical particle filters are already
known. However, this is untrue: Most of the analysis (see e.g. Del Moral and Miclo [8]) has been done on
a somewhat-impractical particle filter that resamples every particle at every observation leading to poor
performance as noted in Del Moral, Kouritzin and Miclo [7]. To combat this over-resampling problem,
many researchers brought in importance sampling and delayed bulk resampling methods (see e.g. Del
Moral, Doucet and Jasra [6]) and studied the resulting algorithms. However, there are fewer studies of the
seemingly-practical partially-resampled algorithms (see e.g. Ballantyne, Chan and Kouritzin [1]), where
decisions are made at a particle-by-particle basis with the aim of only removing the poor particles and
splitting the best particles (in an unbiased manner). These algorithms are apparently difficult to analyse.
However, Del Moral, Kouritzin and Miclo [7] studied such an algorithm and established a historical strong
law of large number and a central limit theorem. Their results show superior performance over prior
algorithms but rely on a strong bounded-and-strictly-positive assumption on a ‘Feynman-Kac’ process
{Un, n € N}, which limits use in non-linear filtering. Separately, Kouritzin and Sun [16] obtain Lo-rates of
convergence for a partially-resampled algorithm. However, no other results were attained and their results
are in a specific setting. Our present work sets up a framework for studying resampled branching particle
filters.

Our algorithm is given in the next section and compared with the most famous and popular particle
filter, the bootstrap algorithm. In particular, it is illustrated that our algorithm is faster and more accurate
at tracking than the bootstrap algorithm. This comparison is followed by our mathematical notation in
Section 3. To state our results, we let S (f) be our branching particle approximation to the unnormalized
filter o,,(f). Our main result, Theorem 5.1 in Section 5, states that, for almost all observation paths, S¥ (f)
satisfies the Mllns (with all possible rates) and the normalized difference v/ N (SY (f) — o, (f)) satisfies the
clt (with variance characterized by the resampling employed). Taken together these results say the same
polynomial rates of almost-sure convergence in number of particles N hold for our resampled branching
particle filters as for other particle filters (like the weighted) even when no extra particles are used. More-
over, under the extra particle condition m—]\; — 0, the random weak particle interactions in our algorithm
average out enough to characterize the optimal convergence with a clt. To obtain these results, we cou-
ple our algorithm to a reduced particle system, introduced in Section 4, which is unimplementable but
mathematically simpler. Conceptually, our partially-resampled particle filter is a weakly-interacting parti-
cle system and the reduced system is a more-tractable McKean-Vlasov-type limit (with average weight A,
replaced by o, (1)), which can be used to predict performance of the partially-resampled particle filter. We
also introduce tracking systems in Section 6, which run as weighted filters but indicate where the resampled
and reduced filters would resample (at least initially). These tracking systems are introduced for purely
analytical reasons to help us divide the resampled and weighted particle filters into comparable pieces.
They also have to be coupled to the resampled and reduced particle filters. The actual coupling and its
ramifications are contained in Section 7. The first appendix contains the derivation of the clt variance for
the McKean-Vlasov and partially-resampled filter. The second appendix contains a technical total-mass
ergodic theorem for the partially-resampled filter using the coupling.

2. New Algorithm and Numeric Comparison
2.1. Bootstrap Algorithm

The bootstrap particle filter algorithm was introduced in 1993 by Gordon, Salmond and Smith [11]. Tt is
one of the big breakthroughs in big data sequential estimation and its convergence properties have been
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thoroughly studied in e.g. Del Moral and Miclo [8]. It overcomes the increasing variance weight problem of
the weighted filter pointed out in Doucet, Godsill and Andrieu [10]. However, it has its limitations in terms
of model selection, parallelizability, performance and speed. For clarity, we first summarize the bootstrap
algorithm:

Initialize: {X’g}szl are independent initial particle samples of g, Vy41 =1

Repeat: for n =0,1,2,... do
1. Weight by Observation: L = a1 (XE) for k= 1,2,..,N

2. Normalize Weight: w, , = %— for k=1,2,..,N, where L, = > L,
3. Evolve Independently:

N
PY(XE, ey ¥ k|FS) = [T K(XE, 1) for all T
k=1

N

4. Estimate m,,41 by: PY, | = Zwﬁ+15§k .
—1 n+1

5. Resample: p; = 22:1 wh,  fori=1,.,N,j=N-1
Repeat: for k=N,N —1,...,2,1 do
1
e Draw [0, 1]-uniform Uy, and set Vi, = UJ Viqq
e While V, <pjsetj=j—-1

o Set Xk, =X/t

Remark 2.1. We extract our estimate before resampling to avoid excess noise. Our actual code represents
our attempt to make the algorithm as efficient as reasonably possible and is available upon request.

This algorithm is O(N) in terms of operations per particle. In particular, we utilized a clever idea credited to
Carpenter, Clifford and Fearnhead [4] to keep the resampling to O(N). (V1, ..., Vi) has the joint distribution
of the order statistics for {Ug}2_;.

There are variations to the evolution and resampling steps (see e.g. DelMoral, Kouritzin and Miclo
[7]; Douc, Cappé and Moulines [9]) that can be better in certain instances. But rather than considering
the speed-performance tradeoffs of these variations, we chose to present the standard algorithm in the
best possible light. Doucet, Godsill and Andrieu [10] give another variation that alternates between the
weighted and bootstrap algorithms depending upon how many effective particles there are. This later
variant definitely shows the tradeoff between introducing resampling noise into the system and coping
with continual weight variance increase. However, we argue that it is better for performance to make the
resampling decisions on a particle-by-particle basis. This would also avoid the two separate time problem:
a fast time when there is no resampling and a slow one when there is. Some real-time applications are not
conducive to sudden switches to slow times.
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2.2. New Branching Filter - Implementable Version

We define the following branching Markov process {SY,n = 0, 1, ....} approximation to unnormalized filter
{on,n=0,1,...} in terms of the observations as follows:

Initialize: {X’g}szl are independent samples of mp, Ng = N, N,, = 0 for all n € N and L% = 1 for
k=1,..,N

Repeat: forn =0,1,2,... do

1. Weight by Observation: L | = a1 (XE)LE for k =1,2,...,N,
2. Evolve Independently:
N,
PY(XE,, eTp Y EIFEV FY) = [[ K(XE,Ty) V%
k=1

3. Estimate o,11 by: Sﬁﬂrl = ZLnH Xk
4. Average Weight: A, 1 = Sn+1(1)
Repeat (5-6): for k =1,2,....N,, do
5. Resampled Case: If ijﬂrl ¢ (anApi1,bnA, 1) then
(a) Offspring Number: N¥ | = \gi‘—iJ + ok with pf a (i‘\:i _ F%D-Bernoulli independent of
everything

(b) Resample: Lijfllﬂ = An+1,X§fll+j = Xﬁﬂ forj=1,. ,NF

(¢) Add Offspring Number: Ny, ;1 = Ny +NF

6. Non-resample Case: If H/;nﬂ € (anhpy1,b An+1) then
Nn-i—l = Nn-i—l + 17 LE:-JEI Ln-{-lv Xi:ﬁil Xn-l—l

Remark 2.2. We extract our estimate before resampling to avoid excess noise. Our actual code represents
our attempt to make the algorithm as efficient as reasonably possible and is available upon request.

After establishing the appropriate bounds on N¥ 41 in the sequel, we can easily see that this algorithm is
also O(N). Indeed, a careful comparison of this algorithm to the prior bootstrap one leads us to the believe
that the constant implied in the O(/N) notation for the branching algorithm may be smaller than that for
the bootstrap, especially when the Resampled Case does not occur too often. We will establish this fact
experimentally below. Since o, is estimated both model selection and filtering can be done simultaneously.

We are not the first to use branching particle filters for tracking. Indeed, we were inspired by the works
of Crisan and Lyons [5] and Ballantyne, Chan and Kouritzin [1]. However, our algorithm differs from the
ones presented in those papers and our goals are also different.

2.3. Numeric Comparison

The bootstrap algorithm has two inherent disadvantages over our branching particle filter:
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1. Model selection is not readily available. Since the bootstrap algorithm works with the (normalized)
filter versus the unnormalized filter model selection via filtering is not immediately available. Rather
one must first convert to the unnormalized filters, which requires storing prior filter values as well as
extra computations.

2. Effective parallelization is difficult (see e.g. [21]).

These are reason enough to choose the branching algorithm over the bootstrap. However, we can also
consider both algorithms on a single-processor implementation, purely tracking problem (which is what
the bootstrap was designed for) and focus on two questions:

1. Does our branching filter perform better and require less computation time than the bootstrap
algorithm, even for tracking?

2. Within the branching algorithm, how much resampling should we use? In other words, how should
a, and b, be chosen for best performance?

We applied bootstrap algorithm and branching algorithm to the following simple model

X, = 095X,_1+0.3W,
Yn = Xn—l + Vnu

where X, W, and V,, are independent with standard Cauchy distribution.
For simplicity, we define (ay,b,) = (1/r,7), where r € [1,00], and refer to r as the resampling parameter.
All particles will resample when r = 1, which we call complete resampling. No particle will resample when
r = 00, which means we have the weighted particle filter.

The results for computation time are showed in Table 1. It shows that branching is significantly faster

[ Number Particles N ]| 100 | 400 [ 2000 | 10000 | 50000 |

Bootstrap 0.004 | 0.017 | 0.078 | 0.467 2.513

Branching (r=1) 0.003 | 0.016 | 0.066 | 0.413 | 1.913

Branching (r=2.25) 0.003 | 0.015 | 0.063 | 0.343 1.612

Weighted 0.001 | 0.006 | 0.032 | 0.231 1.133
TABLE 1

Execution Time in Seconds

than the bootstrap algorithm. Moreover, the branching algorithm becomes faster as one resamples less i.e. r
increases. It is worth noting that there is no explicit particle control in the branching algorithms. However,
there is a mild implicit control built in. As a consequence, the times and performance are reasonably
consistent from sample path to sample path.

To compare the tracking performance of the branching filter with different r’s and the bootstrap filter,
we define the residual as

residual = % Z(T"/]gv(f) — f(Xk))?,

k=1

where ﬂ']]cv (f) is the normalized filter approximation at time instant k& and N initial particles, X} is the real
signal and f is a bounded function defined as

30 @ x>30
flx) = z : =30<2<30
-30 : < -30
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Fig 1: Average Residual versus Resampling Amount

(For the branching filters, we obtain 7' (f) by dividing oY (f) by o (1).) We let r range from 1 to 10 in
increments of 0.25, use NNV initial particles and n = 50 time steps. The comparison between the bootstrap
and branching algorithm is presented in Figure 1 for 3000 runs with N = 400 initial particles. It shows
the residual for the bootstrap, which does not depend upon r, and branching particle filter with different
r. From the graph, it is obvious that the residual for bootstrap is far greater than that for branching.
Next, we remove the bootstrap from this figure to determine the best amount of resampling within the
branching algorithm. The best branching particle filter should not only be able to kill the bad particles
but also avoid excess resampling which introduces more noise. The best r for resampling is around 2.25
for this problem with N = 400 as shown in Figure 2. Table 2 summarizes the performance and establishes
that all branching particle filters are basically at the optimal filter by N = 50,000 particles. However, the
bootstrap is still a way off. In fact, it is quite amazing that the performance of the bootstrap with 10,000
particles is significantly worse than the branching filters with only 400 initial particles for this problem.
Next, we show how the residual changes versus time on two randomly chosen outcomes. The results
for bootstrap and branching with r = 2.25 are presented in Figures 3 and 4. At the beginning, the two
algorithms produce the same estimate because they have the same initial particles. Clearly, the bootstrap
deviates further and longer from the signal than the branching does. This is probably due to too many
particles resampling to a favorite site that happens (due to randomness) to be quite wrong. The branching
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| Number Particles N || 100 | 400 | 2000 | 10000 | 50000 |
Bootstrap 8.53602 7.87591 | 6.99739 5.32543 4.91826
Branching (r=1) 5.49346 4.96183 | 4.50097 | 4.504418 | 4.49376
Branching (r=2.25) 5.428414 | 4.91768 | 4.64787 | 4.539548 4.4812
Weighted 5.789023 | 5.13474 | 4.74356 4.68098 4.52188
TABLE 2

Average Residual

algorithm is much more cautious, especially for » > 1. The deviations in these figures also help explain
why the overall residual for bootstrap is much greater than branching as shown in Figure 1.

2.4. New Branching Filter - Analyzable Version

To analyze our branching particle filter, we re-introduce it in new notation, using two initial particle types:
N € N filter particles and my — N € N extra particles. The purpose of the extra particles is to allow
enough asymptotic independence for the central limit theorem (clt) to hold. (They are not necessary for
the MlIns to hold.) We define the following branching Markov process {SY,n = 0,1, ....} approximation to
{on,n=0,1,...} in terms of the observations as follows:

o000, MmN

my .
Initialize: {Xﬁ’l} are independent (initial particle) samples from o, {Vfﬂ}n i gp are zero-mean

i.i.d. random variables, and Nf = 1, Lg’l =1lfork=1,..,mpn.
To handle possible degeneracy, we also preset N¥¢ = 0 for all i, k,n € N.

Repeat: forn =0,1,2,... do
1. Weight by Observation: L5 = ap,qq (XE) LE for i = 1,2,...,NF k=1,2,...,my

k
my Ny

2. Average Weight: A, = LN > Eﬁl
k=11i=

m i—1
Repeat (3-5): for k =1,2,....my do
Repeat (3-5): fori =1,2,...,N¥ do
3. Resampled Case: If H:flz + Vﬁil ¢ (anApy1,bpA,41) then

~ .
koyi

(a) Offspring Number: Nﬁil = L Ly J + pkt with pht a (H“" - L H“l:"ilD—Bernoulli independent

An+1 AnJr 1
of everything

(b) Resampled Weight: Eﬁ’i =A,
4. Nl(jp—resample Case: If I/L:flz + Vﬁil € (anApt1,bpA,11) then
Tt T 7 k,i
L, =1Lk¢ Ny =1

. ki o i g o Tk
5. Combine: XkJ = Xk, Liil =1L, for

je{Nﬁi1+...+NZ’j;1+17...7Nﬁil+...+NZil}
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6. Evolve Independently:

Nk
mN n+1
PY (50 € Tug Yk glE v L) = [T [T K& Twy)
k=1 j=1

for all Ty, ;, where N, = NP1 4 ... 4 NP
or all L'k , where Np 1 = N, 14 n+1
N NZ+1

. 1 j
7. Estimate 0,41 by: S,]Ll =¥ Z Z Lﬁiléx’“i’l'
k=1 j=1

Remark 2.3. (1) weights particles by their odds of producing the last observation. (3-5) resample the
particles without bias, killing unlikely particles and duplicating likely ones while keeping the expected number
of particles and total mass of all the particles constant. Parameter ayn,by, in (3,4) control the amount of
resampling. a, = —00,b, = 00 turns off resampling and results in the weighted particle system. a,, =
b, ensure complete resampling and gives an unnormalized version of the better algorithm in Del Moral,
Kouritzin and Miclo [7].

Remark 2.4. The {V&'} are required for analytical reasons. They provide enough smoothness that we can
compare this resampled branching particle filter to a reduced McKean-Vlasov particle system. Without these
Vs the resampling events would be abrupt in the weight values.

Remark 2.5. The algorithm can fail. During resampling, there is a possibility of immediately killing all

my Lk
particles if max N—ZA < 1. Ironically, this can only happen if there are more particles
GSNE_ | k<my 3TN NG Lk
" k=1 i=1-n
mpy
than at start. However, it may still be possible to degenerate immediately to one particle when Z Nﬁ <mp.
k=1

Conversely, it is not possible to increase by more than my — 1 particles in one step. The weight variation
is a big concern: LK can become very uneven as my increases. Some regularity results are required to
ensure that there are enough effective particles and moment bounds to justify the anticipation of the clt as
my — OQ.

To rationalize the use of my — N extra particles, we quote the clt (see Weber [22]) for triangular sequences
of exchangeable random variables:

Theorem 2.1. Suppose {Xn :j=1,..,mn} are exchangeable random variables for all N = 2,3, .... and:

N
(i) 2 — 0, (ii) NE[X3 ] — 1, (iii) Y _ X% ; = 1, (i) N*E[Xn1Xn 2] = 0, and (v) max;<y |Xn ;| =

Jj=1

N
0. Then, > Xn; >N(0,1).

j=1

Notice my — N extra random variables are required for the desired central limit theorem. Moreover,

when using our resampled branching particle filter in practice, you can take mpy to be something like
mpy = N(1 +logloglog N) (for large enough N) so you may not add many extra particles until N is very
large. Finally, the Mlln rates of convergence hold even for my = N so the extra particles are really only
for characterizing performance.
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3. Notation, Unnormalized Filter, Weighted Approximation

Since Q(Xn41 € A|FY) = K (X,,, A), one has E9[f(X,,) |72 ] = EP[f(Xn) |7, ] = Kf(Xu—1). For
any finite measure y and integrable function f, we define

/f p(dz), K™(y,dx) = /K" Yz, dz)K (y,dz)

pK™ (dx) /K" z,dr) p(dz) and K" f (z /f VK™ (x,dz)

for all n = 2,3, ... with K! = K. Now, recall E is a Polish space and let B(E), B(E)4, C(E);+, C(E)
and C(E); be the bounded measurable, non-negative bounded, strictly-positive continuous, continuous
bounded, and non-negative continuous bounded functions respectively and define |f|o = sup,cp |f(2)|-
Clearly, K f € B(E)4 if f € B(E)+. We use the extended Vinogradov symbol (introduced in [14]): Suppose
a(n,m), b(n,m) are expressions depending upon two sets of variables n, m. Then, a(n,m) < b(n, m) means
there exists a ¢, > 0, depending only on m, such that a(n,m) < ¢,,b(n, m) for all n, m.

Lastly, we define the operators A, and A4; , as

A, f(z) = {?éi)Kf(x)’ Zil(\; and (3.1)
hiaf @) = [ Ml @), < (32)

Then, o¢ = mg and, using (1.1,1.2), we have the following recursion for o,,:
on(f) = on_1(Anf) Yn=1,2,.., (3.3)

Applying this recursion repeatedly, we have that

On (f) = To (Al,nf) . (34)

P . . n— An. A s
Bayes’ rule implies that m,(f) = ZniEAnQ = :ZEAL{?
Weighted particle filters approximate the unnormalized filter without resampling. The conditional expec-
tation o, (f) = EQ[L, f(X ’_7: Y] with respect to reference probability @ is replaced with an independent

sample average to obtain

Z LEf(xhy, (3.5)

our weighted-particle estimator of o, (f), where the particles {%k}zil are independent (my, K)-Markov

n
processes that are independent of Y and the weights satisfy LF = ] o (%?71).
j=1
In the sequel, we will fix an observation path, set Q¥ (-) = Q(:|FY) and let EY [Z] denote expectation
with respect to QY.
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4. Reduced McKean-Vlasov Particle System

The problem with the weighted particle system is, due to randomness, most particles do not behave
like the signal so their weights become small compared to the weights of very few good particles. This
results in a particle filter that effectively consists of an average over only a very small portion of the
particles. This problem manifests itself theoretically in the large expected variance of the central limit
theorem and practically in the need to use a huge number of particles in most applications. Indeed, the
weighted particle filter might not work regardless of the number of particles. To combate these problems,
one introduces resampling. Initially, we pretend herein that we have access to the actual unnormalized filter
total mass {0,(1), n = 0,1,2,...} and consider an unimplementable reduced system of McKean-Vlasov
type. In particular, we use the algorithm given in Section 2 with A,, replaced with o, (1). To facilitate
analysis, we make explicit reference to the random variables that drive the particle system. Suppose we
have enlarged (2, F, @) to support the following random variables:

1. { Xk}zozl are independent samples from 7,

2. {2k . n ki € N,x € E} are independent with Z%%% having distribution K (z, ),
3. {U*? . n,k,i € N} are independent and Uniform|0, 1],

4. {VFi:n,k,i € N} are zero mean, i.i.d. with common pdf fy-,

which are mutually independent and independent of XY . The actual pdf fy does not matter for this
section but has to be bounded in the next section. k is used to denote the first ancestor of each particle.
Then, our reduced particle filter will be the average of N i.i.d. weighted branching Markov processes
{BF n=0,1,..} each starting from an independent sample d,x. All particles evolve independently of each
other only interacting with {c,,(1)}, which is deterministic with respect to QY. At any time, many of the
B* may have died out while others have branched into multiple particles. For clarity, the particles at time
n (if any) that are offspring of the initial particle x* will be denoted {X,’fz}i\ﬁ and the weight of such a

particle after resampling will be denoted £F*. Then, the branching Markov process corresponding to the
Ekth original particle and the complete filter estimate will be

NE N
BE = LE6es and SY = ~ > Bk (4.1)
i=1 k=1

respectively. We define the branching Markov processes {B*} as follows:
Initialize: X5 = y& NELEY =1 VE =1, ,my; N¥ =0 Vi k,n € N,
Repeat: forn =0,1,2,... do
Repeat (1-6): for k =1,2,....,my do
Repeat (1-5): fori=1,2,...,N* do
1. Weight:

W= g (X)L (4.2)
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2. Resample Case: If LFi + Vﬁfl (anon+1(1),bpon11(1)) then

UnJrl(l)

[k iy
Nn+1 — | +1 i Zhi ,Ei? =opt+1(1) (4.3)
N

on41(1) < (T'n,+1(1)

3. Non-resample Case: If Ek . VnJr1 € (anon+1(1),bnon41(1)) then
= [hi MM =1
ki1 — ki

4. Combine: Xki = xki, Eﬁ’_{_l = E " for je{Nn;l +1, ...7Nn7+1}7 where
k ,i—1
n+1 Z (44)

. ’\k,n R — k4
5. Evolve Independently: X:_’ﬂl = ZSLi’lX" " for je {Niill +1, ,Niil}
k

N k
6. Estimate: BF, | = E Lrl6, b ,Where./\/_H =NF 4+ —|—./\/kN :

Lk
Remark 4.1. This reduced filter can plunge into a zero particle trap if max —2— < 1. The
GENE k<my Onga (1)

weights can also become very uneven. We defined an extra my — N particles that were independent of the
other particles and not used in the estimate. This was entirely for comparison with the resampled system
(given in the introduction), where the extra particles are required to establish the central limit theorem.

Remark 4.2. To handle the index change in Step 5, we use the parent operators

k,i k,i
Pnt1(j) =1 such that j € {./\/n+11 +1,. N ) (4.5)

This i is unique. Pp11 1S deﬁned explicitly in a slightly different context in (’7.45) to follow.

After Step (4), we have NI n.1 Darticles at location A ki each with weight E ‘. Hence, the expected weight
at location X% after possible resampling satisfies:

BY [L N [P Ry | = Bl vi= 1,2, N, (4.6)

which is the weight in (1) prior to resampling, so the system is unbiased. However, we need to go further
and establish a martingale property. First, averaging over the U**, one has

T
EY F(XET) [P v VX (@7)

J=NT
e V J
—k,i —k,i
‘Cnfl En 1

n X ki
=BV Y S+ P Uy YR
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n n

~ —ki— L i .

where N} = Ny {;ZIJ and FU" = o{U : m < n,(,j,m) # (k,i,n)}. (Notice (4.7) holds
n—1

whether we resample or not.) Using (4.7) plus the facts N¥_; € FYUVX and (LF7, EY[f(XF9)|FX | v

FUVN]) = (C20 K F(X51) for je {JT/ZH 41, Nﬁ} one finds by (4.1,4.4,3.1) that

N‘VILC
EY(BE(H)|FUVY] = EY D Lhif(aks)| Fuvy (4.8)
j=1
N
SED L I SR-AHEE R
=1 _j:NfL’FlJrl
NEZ _Ek,i i
n—1 R0 k,i
= EY —k,il‘canf(Xn—l)‘]:gVX]
i=1 L~n—1
Ny,

H(Xrlfjl)ﬁfzile(Xr]fjl)

I
g

= Bg—l(Anf) subject to B (f) = f(x*).

(One can check this equation in the two cases: N*_; = 0 and N*_; # 0.) Using (4.8) recursively, one finds
by (3.2,3.4) that

EY([BE()] = BY [A1nf(X")] = ou(f) (4.9)
so by (4.8,4.9)
BE(f) —ou(f) = ME'(f), where (4.10)
ME*(f) =" [BF (Apanf) — EY [Bf (Arernf) |[FNYT) . (4.11)
=0

{Mfk (f), n =0,1,..} is a zero-mean {FH¥Y¥}>° i _martingale with respect to QY. Averaging over the
initial ancestrial branches k, one finds by (4.1,4.8,4.9,4.10,4.11) that

N
EYSY (DALY = S)4(Anf) subject to &(1) = 3 70¢") (112)

k=1
EISY (] = oul) (413)
SY(F) = on () + MY (f) (414)

with
1N
MY = 5 M7 () (4.15)
k=1

[
NE

(SN (Ais1nf) = EY [N (Aipanf) | Y]]

Il
=)
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Now, we define the FY -measurable random variance

VE(f) = EYIME (1)]?): (4.16)

Recall 0,,(f), o, from (1.2),(1.1) respectively. To find an expression for the variance v (f) of this reduced
system and the resampled system to follow, we define the resampling function:

r(x) =z — [z] - (z - [2])%, (4.17)
which is an artifact of resampling and is clearly bounded by %. Now, let

Vn(l) = /1(an71an(1),bn,1an(l))(S)fV(l - S)d57 Un(l) =1- Vn(l) (418)

For notational simplicity, we recall oo(1) = m9(1) = 1 and define

Oéiﬁm(llfi, veey Imfl) = ozm(:cm,l) E O 7} (IiJrl)oéiJrl(.ri)Ui(l) (419)
Vi,m(zi, veey Imfl) = Vm(aiym(lfi, ceey .Im,l)) e Vi+1(ai,i+1(xi)) (420)
E-,m(:vi,...,xm_l) = 7m(ai)m($i,...,$m_1)) (421)

so a; i(z) = 04(1) and v; ;(x) = 1. The following proposition gives the clt variance for both the reduced
McKean-Vlasov particle system and, as will be shown later, the partially-resampled particle filter in terms
of the resampling used. The proof is necessarily technical, and hence delayed until Appendix 1.

Proposition 4.1. Let h be bounded and Z denote the sum over 1 <4y <---<i; <l and 0 < j <

i1<...<ij
i<l
Il <n. Then,
Yo (f) = mo((A1,n f)?) = (mo(A1n f))? (4.22)
+ Z ar(DmolA1 i1 {A(Arp1,n f)? — B Ay n )2} 00, Vi, 1-1iy ;)
<<y
j<l

+ Z mo[Ar1—10, 1 {A (A0 f)? = 0K A n ) Y4, 1T i)

<<

Jj<l

Vi Qi ~
+ Z of(1)mo[Ay -1 — 7“< - ) (KAi1.0f) Vi, 1-1Viy io i)

, . ;-1 \oi(1)
11 < <15

j<l!

for all f € B(E)4., where
Vit igyeeiy = Vig_yiy """ Viryin—170,i1 V0,11 —1 (4.23)

Aq,m is defined in (5.2) and operator A; applies to the last argument of Ajt1 m®m (To, 21, ..., Tiz1, X;).

Remark 4.3. The first term on the right of (4.22) represents the error variance of introducing an inde-
pendent particle system. The remaining terms incorporate the resampling scheme used. To understand this
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formula, we can think of j € {0,1,...,1 — 1} as a number of resampling events up to l — 1 and i1, 12, ...,;
as possible resample times up to | — 1 so the system would run without resampling between these times.
Vi i=1Vi;_1.; *** Viyin—1V0,, V0,i1—1 15 then the joint probability that these are the resample times. In par-
ticular, vp4,—1 ts the probability of not resampling before i1 and Ty, is the conditional probability of

. . . . . i . . Vi,
resampling at i1 given no prior resampling. Under our conditions, each oy is a finite measure and —2

Qi 1—1 ’

ay, Ainf are bounded for each fized Y1, ..., Yy, f € B(E)+ so vY(f) is an R-valued random variable.
To facilitate the discussion to follow, we break the final two terms of (4.22) into the cases of resampling
at time [ — 1 and not, which yields:
e (f) = Wo((Al nf)?) = (mo(A1nf))? (4.24)

n
+ ZUZ Z Z All 1{fl n}sz le] 1— 1V11 12y.nns ij]
=1

7=01<i; << <1
n -2

+ ZZ Z molAri—10i; 1{ fi,n }Vi; 1 Piy ia,. 5]

1=2 j=01<i; <--<ij<l—1

n -1
+ Z o1-1(1) Z Z molAvi—10u{ fin }Vi; Vi ia,.. i)
=1

=1 l§i1<"'<ij:l—1

n -2 —
Vil Qi1 n —
L) VD IR Gy FATOTE -
=2

J=0 1<y <<y <l—1 i,l=1

n - Vij 1 ago—1(1) e |
—1—;012(1)2 Z WO[Al,l—lall(l)T‘( (D) )f Ui i,y

=1 l§i1<"'<ij:l—1

for all f € B(E)4, where f1,, = Aj(Ai11.n0f)*— (K Aj1.0f)? and fhr = (KAii1nf)2

Remark 4.4. Notice, there are no j = 0 cases in the fourth and sizth terms of (4.24). For the second,
third and fifth terms, the multiple sum over the i’s degenerates to just one item,

or(DmoAri—1 {A (A n f)?— a0 A1 )} Toavo-1), (4.25)
molA1—100,0 {4 (A1 f)? — (K Arpan f)? } voy] and (4.26)
1 @
012(1)770[141711—7"< 0.l ) (K Aps1.nf) o101 (4.27)
ap—1 \oi(1)
respectively, when j = 0. Furthermore, in the non-resampled case where a; = —o0 and b; = 0o so v; = 1,

we have this j = 0 case only but also we do not resample at time 1 either so terms (4.25) and (4.27) also
disappear. Then, we can incorporate the o into the operators by letting
1,2,.

Jj=
Jj=
AL = { 2)(A§21' (A2 )) visn (4.29)
f t=n+1

and (4.28)
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and note that vo; = 1 in this non-resampled case. Hence, the non-resampled case variance is
W (f) = 7ro((x‘h nf)?) = (mo(A1,n f))? (4.30)
+ ZWOAU AP A f)2 = ()] VF € BE)S,

which is the variance for the weighted particle filter.

Remark 4.5. Full resampling occurs if all a; = b; so U; = 1 so only the j = 1 — 1 terms remain. The
multiple sums over the i’s in the second, fourth and sizth terms of (4.24) reduce to

or(Dmo[Ari—1 {A(Aiiinf)?— oK Ary1n )} 711 ], (4.31)
or-1(V)mo[Ar—10q {Ai(Arp1n f)? — alE Aiprn )2} i), (4.32)
A arop—1(1
ot W[ 28 (2D (k1 (433)
o1-1(1) ai(1)
respectively since Ui_g 11 -+ Up,1 = 1 in this case. However, (4.32) also vanishes since vj_1,; = 0. Therefore,
the variance of the fully-resampled McKean-Viasov system is by (1.1), (1.2) and (3.4)
WS) = mo((ALnf)?) = (mo(Arnf))? (4.34)
+ 201—1(041)01—1 (A(Aisinf)? — (K Aip1nf)?)
=1

2t (3 (5 ) Waenes”?)

for all f € B(E),. Comparing vV and the non-remainder part of ¥f (i.e. ignoring the last term of v%),
we see that the main difference is that the former uses A while the later uses A, so the function ay is
not squared in y®. Roughly speaking, this means that the errors are not compounded to the same degrees.

Remark 4.6. By the above expressions and the proof (in the first appendiz), we see that there is no need
for h to be bounded in either the non-resampled (i.e. weighted) or fully-resampled case.

This leads us to our main results of this section, which are laws of large numbers, rates of LP-convergence
and a quenched central limit theorem.

Theorem 4.1. Let h be bounded and g be positive and continuous. Then, for Q-a.a. Y, the reduced particle
system satisfies:

slin: S~ = o, (i.e. weak convergence) a.s. [QY ];

Mlln: ’S,]f(f)—an ‘%N‘B a.s. [QY] for all f € C(E)4,0<3< 3
L?-rates: EY |SY (f ‘2 = 'Y" ) for all f € C(E),;

LP-rates: EY ‘SN —op ( ’ <Ji ~% forall f e C(E)y, p>1

clt: VN (SY (f )—on () =N (0.VAZD) for all f € T(E),
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Proof. SN (f)—on (f) =+ Z MB (f) is an average of i.i.d. random variables (see (4.15)) so the theorem

follows by (4.22), the classu?al laws of large numbers, LP? bounds and central limit theorem. Note: 1)

Mfk (f) is bounded for fixed Y1, ...,Y,, by the following Lemma. 2) SV (f;) — o, (fi) a.s. [QY] for all i
implies S = o, a.s. [QY], where

l

{fl i=1 = H(l - p('793j)) VO:le {O’ 1,2, "'}’xj € {yk}?ﬂ ) (435)

j=1

for some dense collection {yx} C E. (See Blount and Kouritzin [2] and note the product over zero functions
is taken to be the constant function 1.) OJ

The boundedness of Mfk (f), required above follows from (4.11,4.8,4.1) and the following lemma.

Lemma 4.1. Suppose h is bounded while g is positive and continuous. Then, there is a function C,
R — (0,00) such that the reduced system particle numbers and weights satisfy:

NF, max Ef’i <C,(W1,....Yn) Vke{l,...mn},1€{0,....,n} on Q.
ie{l,....NF}

Proof. Let Wlk’i = al()(lkfl) with ¢ defined in (1.1). Since

(Y1 — h(z)) g(Y: — h(z))

.o g
0 < inf < sup —————- <
weB g(17) wce 9(1)

and oy is a positive finite measure for each | € N, there is a C = C(Y1,...,Y;,) > 1 such that

(1), W <c (4.36)
Vi=1,. ., NF,l=1,...mk=1,...mnN=12..

1o
c -

Now, recall from the reduced system algorithm (given above) that

Eﬁ-jl < Ul+1(1)\/Wk7pl+1(j)£k7pl+1(j) (4.37)
N Ny Ny LRy ki
Ak 1 Wi
MamTamey Y o x [ETEL]
=1 1= 1 2=N kwl 1+1 il:N?i17171+1 I+1

forj=1,..., Nl’fH; k=1,2,...,my, where the parent operator p is defined in (4.5). Now, the stated bounds
follow from (4.36,4.37,4.38), the fact NF = Elg’l =1 and induction. [J

VP (f) is vV (f) or vB(f) when there is no resampling or full resampling respectively, where v}V (f),
vE(f) are defined in Remarks 4.4, 4.5. h need not be bounded in these two cases.

Bounded regularity for the resampled system will not be so easy to come by but is handled in the next
section.
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5. Resampled Particle System

The reduced system uses o, (1), which is usually unrepresentable on a finite computer, so we use the particle
filter algorithm in the introduction, expressed now in terms of random variables {x*}, {U¥%}, {VF} and
{Zk4} analogous to those of the previous section. Particles can now interact weakly through an average
weight process {A™N n = 0,1,...}. However, we still break up the system by the first ancestor of each
particle so our resampled particle filter will be the average of N exchangeable branching Markov processes
{B% n=0,1,...}, each starting from an independent sample d,x. For clarity, the particles at time n that
are offspring from the original particle x* will be denoted {Xﬁz}ﬁl and the weight of such a particle after
resampling will be denoted X, Then, the branching Markov process corresponding to this original particle
and the complete (partially) resampled particle filter are:

NF N
B = LEoye: and S} = v > B (5.1)
i=1 k=1

The branching Markov processes {B¥} are defined by:

Initialize: X' = y* NF =1 = L&' vk = 1,2,...,my. NB = 0Vi, k,n € N.
Repeat: forn =0,1,2,... do

1. Weight: L5 = a1 (XEA)LE? for i = 1,2,...,NE, k= 1,2, .., my
2. Average Weight:

k
my Ny

Apgr = mLN SN Lk (5.2)

k=1 i=1
Repeat (3-7): for k=1,2,....,my do
Repeat (3-6): fori =1,2,...,N* do
3. Resampled Case: If ijlz + Vﬁil ¢ (anApy1,bpA,41) then

. Tk
(a) Offspring Numbers: Nf{}rl = L&‘HJ + 1U’” L?H J Thi

n’+1 m SA;LT
(b) Resampled Weight: L, = A,41
4. Non-resample Case: If H/;flz + Vﬁ’j_l € (anAni1,bnApq1) then
—ki o~y .
L, =Lk, Nt =1
—k,i—1 —ki

5. Combine: Xk = Xk, LZ’_{l = Ei’i for j € {Nn+1 +1, ...,Nn+1}’ where

i

—k,i k,m
Nn-l—l = Z INn-}-l' (53)

m=1

; i o i— —k,i
6. Evolve Independently: Xﬁ_{_l = Zii’lx" for all j € {N:Lrll +1,.., NZ’H}



M. A. Kouritzin/Branching Particle Filters 21

k Noga k.j k k1 k,NF
7. Estimate: By | = Zl L”ilaxi’il’ where Nji ,; = N/ + -+ N 1.
=

Remark 5.1. For the index change in Step 5, we re-use the parent operator
. . e | —k,i
Pnt1(j) =1 such that j € {N,\; +1,.., N1}, (5.4)

. —k,i . —k,i . . . .
defined now in terms of Nnjrl instead of ./\/'njrl. The context will make it clear for which system py is
operating on.

Remark 5.2. The distinguishing feature between the resampled and reduced particle filters is the resampling
events. The resample sets for these systems are respectively

, LEi ki
Hﬁ;f = {AlT ¢ (am—la bm—l)} ’ (5.5)
‘ Ek,i +Vk,z
H:%l _ ~m—1TVm ¢ (am71,bm—1) . (5.6)
om(1)

The expected effective weight of resampled filter particle X!, after resampling is:

EY [Eﬁ’iNk’i

UX 2\ T ki
‘7:n an+1:| = Ln)lv

n+1
which is the weight before resampling so the system is unbiased. Moreover, noting I/L:ﬁz € FIUVE one finds
as in (4.7-4.8) that
EY By (f) | Fa2T] = By _1(Anf) subject to BE(f) = f(x*). (5.7)
Using (5.7) recursively with (3.2) and (3.4), one finds that
k
EY[Byy ()] = ou(f) and By (f) = on (f) = My (f), (5.8)
with
N n
M () = Y (B (Auanf) — BV [Bf (Aprnf) |7 (5.9)
1=0

[Bf (Al-i-l,nf) - Bf—l (Al,nf)] if IB%]il = To-

I
[M]=

l

Il
=)

Hence, EY [ME’k (f)] =0 by (5.9). Moreover, {M}fk (f), n=0,1,...} is a {FYV*}-martingale with respect
to QY. Averaging over the first N ancestrial branches, one finds that

N

BN (AL = Sa(Anf) subject to 85'(1) = + > F(*) (5.10)
k=1

EYISY ()] = oulf) (5.11)

S (f) = ou(f) + My (f) (5.12)
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with

2|

N
MY (f) = ~ SomE (5.13)
k=1

I
WE

S (Avranf) = BY [SY (Arprn f) |FZT]] -

~
Il
=]

This leads to our main result, laws of large numbers and a quenched clt for our resampled particle filter.

Theorem 5.1. Suppose my > N; h and fy are bounded; and g is strictly positive and continuous. Then,
for any n € N and Q-almost all Y, the resampled particle filter satisfies:

slin: S = o, (i.e. weak convergence) a.s. [QY ];
Mln: [SY (f) — o ()] € N=% as. [Q¥]Vf € T(E),, 0< A< L;
clt: VN (SN (f) = ou (£) = N (0, VAF() VF € T(E)+ if 2 — 0.

Remark 5.3. 1) This clt requires exactly the same “extra particle” condition m—J\; — 0 as the clt for

exchangeable random variables in Theorem 2.1. 2) v (f) = W (f), given in (4.30), when there is no
resampling and vE (f) = vE(f), given in (4.34), when there is full resampling.

We use the following theorem to prove Theorem 5.1.

Theorem 5.2. Suppose p € [0,1], Ng € N, my > N + N? —1 for all N > Ny and {{ni},2 are
exchangeable random wvariables such that: i) N'=PE [1/)12\,71] — 0, and i) NE[¢Yn1¢¥nz2] — 0. Then,

N
— > Yng =7 0.
Nopg=

my

Proof. Define Fy; =0 UN1, -y YN, 2. z/JNJ} and let On,; =¢Yn; — E [1/)N,mN|‘7:N,i71}- Then, using
j=i+1

the exchangeability, one has that

1 Y ’
N;@N,i

lim F

N—o0

N
!
— ]\;TWN;E[G%,A (5.14)

2

—  lim %ZE [E? [N .| Fn,ie1]]

IN

Jim B [¥3 1] =0 by i).
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By exhangeability, linearity and the definition of Fy ;, we find that

E [YNmx|Fnica] = ﬁZE [N, Fniz1] (5.15)

= (mN — 1+ 1)_1 ZU)NJ'.

i=i

Therefore, it follows by Jensen’s inequality that

N
, 1
Jim B —NZE [N e | Fvie1] (5.16)
Z 1/1N] + E EYn 9N k]
j=i jFk=1
< hm 5
N—>oo my — 7 + 1)

IN

lim /———F [ %1] + NE =0
A \/mN N1l [YNa) T (VN1 2]
by i) and ii). O

As noted in Remark 2.5, our resampled filter can degenerate to few particles or grossly uneven weights.
The following one step bounds, used to prove Theorem 5.1, ensure the risk of such system irregularity
decreases exponentially in the initial number of particles.
Theorem 5.3. Suppose n € N; {mn}_, satisfies my > 2, my / oo; h € B(R?); fy € B(R); and

my

g € Oy (RY). Then, there are ¢, >0, Cp, > 1 and DY € o {ZN?, 1< n} such that DY, C DY for all
k=1

n=20,1,2...; QY(DQI) >1—2ne "™~ for N >1; and

NF, max k}L?’i,A;nN <C,Vke{l,..mny},1€{0,...,n} on DN,
ie{1,....N

ie{l,..., !
Remark 5.4. This result says that the algorithms are well behaved for at least one step on DY which
allows comparsion of the resampled and reduced filters on DY .
Proof. Initial Setup: Let Wé“ = ozl(Xl 1) Since
o 9(Yi — h(z)) g(Y1 — h(x))
0< inf ————, sup——= <@
b (i) hen o)
there is a C' = C (Y1, ..., Y,) > 1 such that
1 .
ngfﬂgcwgigNl’zl;lglgn;lgkgmN;Nz1. (5.17)
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For | > 1, we define v (1), 7o (1), DY recursively by

ve(l) = Coe(l —1)71e(l—1), subject to va(0) =1, (5.18)

To(l) = 217¢(l — 1)(Cve()ve(l — 1) + 1) subject to 7¢(0) =1, (5.19)
my

DY = {L < L Y ONF< Tc(l)} N DY, subject to DY = Q. (5.20)
TC my 1

Clearly, DYV € F*UV. Now, recall from (5.2) and the resampled algorithm that

my Ni
AN = — Wk 5.21
B ZZ L (5.21)
AN AW 7;Dz+1(J)L i1 () < Lk] < AN /W ,PL+1(J)L i1 () (5 22)
I+1 I+ I+1 I+1 I+ :
N; Jip Nf i1 Lk ”Wf i
7 1
M- SMeS S s [HEL g
=1 i1= 1Z 7—k i1—1 11 il:Nf’iL7171+1 +1
for j =1, ...,Nl’fH; k=1,2,...,my. These imply that
1
— < AN L l+1 5.24
Uc(l—l—l) l+1 UC( + ) ( )
1 : k
m S]Ll-l—l <'Uc(l+1) vk6{172,,mN}, Ze{l,...,Nl+1} (525)
ki 1 k2 .
ool <WILLY < Coe(l) Vk € {1,2,...,mn}, i € {1,..,Nj;;} (5.26)
NF, < H voli4+Due(i)C +1) = Me(l+1) Vi € {1,2,...,mn} (5.27)

on DY for all I =0,1,2...,n by induction and (5.17).

Base Case: {Nf} are bounded by Mc(1) (since D = Q) and conditionally independent so Hoeffding’s
inequality applies to find

Y 1 — k Vvll61 X 14
Q m—NZ Nk — AT Lyt + Lgrayo | || > ¢ F5 Vv F (5.28)
k=1

2mNt2
< 2€Xp(—m> a.s.,
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where resample set HY is defined in (5.5). Next, by (5.17), (5.24), (5.18), (5.19) and (5.28)

QY<{TCI(1) < miN ) Ny < rdl)}) (5.29)

k=1
2 1 X | wht 7e(1)
> QY < — L1 1 <
= ¢ <{7'c(1) = g A e S T
my Wk’l my
Y | Y k 1 X v
EY|Q (; N} — | v Tt H(HT’I)CH > o ‘]—"0 vaﬂ
2mN
> 1—2exp (— )
ME(1)7&(1)
Inductive Step: Suppose that
2mN
QYMYN) > 1—2lexp <—7) (5.30)
: ME()72(1)
which is true when [ = 1, and let
R R X
ki 1+1-1 ) )
= it laes (5:31)
Then, it follows by (5.26), (5.24) (5.19) and (5.18) that
1 R
N —r < — ) Ny <7e(l+1)pnDY 5.32
Q ({TC(Z+1)_mN§ l+1—TC( ) l ( )
2 o (1+1)
> QY[ —2 < i c IO T I8 DN
= Q Te(l+1) — my k:lgpl - 2 !
Nk:
1 & L ki 1
Y k ki N
— — N ’ NnD
@ my £ i+l P Pi ~ To(l+1) !
1 Al 1
> Q'DY) Q[ |=—D_|N > nDY
Q ( l ) Q my ; +1 P pl TC(Z+1) l

However, we have by the independence of the U’s, (5.27) and Hoeflding’s inequality that

k
my N;

1 ki
Q" | |— Z Nip =) o || >t
k=1 i=1

FRivFE (5.33)
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where resample set Hf’i is defined in (5.5), so by (5.32), (5.30) and (5.33) with ¢ = m

QY<{ c(l+1) mii Ny < 7e(l+ 1)}m ]D){\’) (5.34)
k=1

2mN
> 1-2(l+1)exp|— .
= (1) p< Mg(lJrl)Té(lJrl))
Conclusion: The result follows by induction, (5.20), (5.24) and (5.25). O
The proof of Theorem 5.1 also relies on a coupling of our systems as well as tracking systems that run
as weighted particle filters but signal the resampling events for the resampled and reduced particle filters.

6. Tracking Systems

For analytical reasons, we define tracking systems corresponding to the resampled and reduced systems.
These systems do not resample but do track where resampling would occur (at least initially). They are
used in Appendix 2 to establish the “closeness” of the resampled and weighted filter total masses. However,
they are introduced now in order that we can couple these tracking systems with the resampled and reduced
systems on the same probability space.

The reduced tracking system is defined as follows:

Initialize: ilg = y* and LE=1fork=1,2,...mn;
Repeat: forn =0,1,2,... do
For k=1,2,...,my do:

~k
L, = onp1(X5)LE (6.1)
1), Lh+yr 1),b 1
rk _ ont1(1), L, + n+1 (anont1(1),bnony1(1)) (6.2)
Ent1 ~k ~k P .
L,, L, + Vn+1 € (anony1(1),bponi1(1))
k,1,x*k
XZH = 2.4 (6.3)
while the reduced tracking system is:
Initialize: X’S = x* and ng =1fork=1,2,....mn;
Repeat: forn =0,1,2,... do
For k=1,2,...,my do:
~k
L, = anp1(XE)LE (6.4)
~k
L _ { AnJrl, L + Vn+1 (anAnJrl, bnAnJrl) 6.5
Lpv1 = ~k k1 (6.5)
Ln’ L + V! n+1 € (a’nAn-i-lub An-i—l)
k1.xF
Xfﬂrl = ZnJrl : (66)

In the above algorithms, {V%!:n k =1,2,..} and {ZF"®:n k = 1,2,...,x € E} are the random variables
used in the resampled system while {V¥1:n k =1,2 ..} and {ZF1%;n, k = 1,2,...,2 € E} are the random
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variables used in the reduced system. {A,,n = 0,1,2,...} is also from the resampled system. Hence, the
resampled and reduced tracking systems have been defined on the same probability space as the resampled
and reduced particle filters respectively.

One would never implement these tracking systems. Roughly speaking, they run as weighted filters
but indicate (at least initially) where resampling for the reduced and resampled particle filter would have
taken place. Their importance is solely to ease the analysis by facilitating a break up of the weighted and
resampled particle filters over certain resampling events. In particular, the resample sets of the tracking
systems:

~k
L, ,+Vkl

ﬂfn = W ¢ (am—labm—l) ) (6-7)
~k
L, 1+Vi!
k _ =m-—1 m
ﬂm - O'm(l) ¢ (am—labm—l) (68)

are important to break up the weighted and reduced particle systems into comparable pieces once we have
coupled all systems together on the same probability space.

7. Coupling

To obtain “nearness” estimates between the resampled, tracking and reduced filters, we couple them through
an infinite particle system. Suppose N = {()}, M = OLjO N™ |k| = n if multi-index £ € N™ and we enlarge
n—=

(2, F,Q) to support the following random variables:

. { Xk}:):l are independent samples from 7y,

{ZE;I K€ 061 N* keN;z € E} are independent, distribution K (x,-),
n=

AUF: ke (EJ_Ol N™ k € N} are independent and Uniform|[0, 1],

AVE ke Ole N" k € N} are independent and zero mean with common pdf fy,
n=

which are mutually independent and independent of X, Y. Then, at time n, there is a particle X* corre-
sponding to each initial particle & and multi-index s with |x| = n that satisfies:

kX
Xg=x" Xl =72

(i) VR EM;E i €N (7.1)
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(NF LF) cemren, (VE, LE)wentren, (LT wemven and (L£F)cenren then extend the notion of offspring num-
bers and likelihood for the finite systems to the infinite system, where

(NG, L) = NG, £5) = (1,1), L =L =1 (7.2)
LAVE . ,
o (LU s Ans1) s 552 & (an,ba) i < N
— o Tkt k
(Newir L) =1 1,8), B € (a,0,) 0 < N 3
(0,0) i > Nk
k LvE : ko
(ACU(,{J-), Un-i—l(l)) —y g ¢ (an,bn),i < N,{
NE o LE ) = 5 v 7.4
Wiy £et) (1, 25), Vit ¢ (anb0) i < N (7.4)
(0,0), i>N;
Li+vE,
An-‘rlu Anil ) ¢(an7 );1—1
Lk i) — ~k AVE (7.5)
( ) an ﬁE(an;bn);Z—l
0, 1>1
L +VE
UnJrl(l) G'n+1((l,)> ¢ (anv bn) , 0= 1
( i) L., ﬁe(ambn),zzl
0, i>1
for all k,i € N, |k| =n, n=0,1,2,.... Here,
Lk
LU . = o+ A (7.7)
e \;AHJAJ (*v 1)+{ ij»l J SAiil
Lk
LUE 5 = | —2—=|+1 ~ . (7.8)
0 L’”“(UJ g, z>+{%J§ﬁ
_ Tk —1-
App1 = m—N; Z|: LF forn=0,1,..;80=1; (7.9)
LY = apn(XHLE,  LF = ajqa(XF)LE, (7.10)
~k ~k
. = e (XELE and £, = a1 (XE)LE for k € M,k € N. (7.11)
Next, we introduce a partial order on M: k < & if |x| = |F| and min{i : k; < K;} < min{i : 8; < k;}. To
make room for live particles from all finite systems, we let
=NfVNRVL VEeEN,keM (7.12)
and define the subset of alive multi-indices M by x € M4 if k € M and either
k=0or k= (Ki,.. k) with k; € {1, ... N(,i1 vvvvv ot Vi=1,..n, (7.13)
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so particles X(’fi1 ) With (n > 1 and) some r; > N(’fi1 wi_,) re not in any finite system. To recover
the finite systems, we drop explicit reference to the ancesteral chain and set:

..........

XM= XE UR = UY, Vi = VE Z80 = Z8, (7.14)

KhS =k, KhI =1, Rb = B, R =Tk, (7.15)
y i le—l

Nid = NEND =37 NP™and Nf = > NP™ with N§ =1, (7.16)
m=1 m=1

where & is the unique alive multi-index such that |x| = n and
j=nk) = #ReMA R <k} + 1. (7.17)
(Many K, K could be zero.) For the tracking systems, we define
~k sk =k -~k
Ky = Li, Ky=L. K,=L, K, =L, (7.18)
for k = (1,1,...,1) with |k| = n. Now, it follows by (7.9), (7.3), (7.12), (7.10), (7.1) and (7.14-7.16) that

k
my N,

1 X ~ 1 P
App = m_NZ > LK:m—NZZKHJ and (7.19)
k=1 k:|k|=n k=1 j=1
. X —k,i— —k,i
XE = 27 forj e (N LN (7.20)

For convenience, let 1 = {i : K& £ 0} and ZF = {i : K& £ 0} be the resampled and reduced particles at
time n that started from the k' inital particle and |I¥| denote the cardinality of I¥. Redefine the resample
and non-resample sets (previously defined in (5.5,5.6,6.7, 6.8))

RE: {@”XTJ;% ¢ (am—1,bm—1),i € Hﬁl_l} , (7.21)
Syt = {ielh 1} \RY, (7.22)
Ry {% ¢ (am—1,bm_1),i € I,’;l} , (7.23)
Sylo= {ieTh 3\ Ry, (7.24)
~k
Ry = W ¢ (am—1,bm-1) ¢, (7.25)
. K vkt
Ry, = W ¢ (am—1,bm-1) ¢ (7.26)

The following combinations of resample and non-resample events will be useful in comparing our resampled
particle filter total mass to the weighted total mass in Appendix 2:

RSI, o = RPUTASHE N A Sk {i, e I, (7.27)
RSZS -Vt = RPUIASEY N N SR 0 (i, € T (7.28)
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Our coupling of the finite systems on common probability space (€2,F,QY) is complete. We use this
coupling to transfer the bounds of Theorem 5.3 to the infinite particle system, to prove Theorem 5.1 and
to ease notation about (9.14) of Appendix 2. For these uses, we need the following result.

Theorem 7.1. Suppose BE, BE are the resampled, reduced Markov branching processes defined in (5.1),
(4.1) and NE, N'F are the corresponding particle numbers. Then,

Ny
k mk D k ki .
{N"’B"}lskSmN,neNo,NeN =\ Il ZKH 5Xif’1 (7.29)
=1 1<k<mn,n€Ng,NEN
Nk
k 1k D k ki )
{Nn’Bn}lngmN,neNo,NeN - |In|’zlcn 5X§’1 (7'30)
i=1 1<k<mn,n€Ng,NEN
and
— ki
le—l Nz =t
Kyiyesin ) ) )
> > Wl (1)1 g phoisiivin (7.31)
ij_1=1. ~=kij_q-1 o
Ta=N, +1 Lk, N
N N
D Kyt nyin
= Z Z Wl+ll,n+1 Ul(l)lHk,il,l o c Hk,in71 c
i_1=1 —kyig_q—1 i ( l+1) ( " )
1=, ety
! Lkn,N
where
Kyityeesin kyin k)il+1 ki
Wl+1l,n+1 — W1 VV1+2 Wl+1l (732)
kyiryeosin kyin k7il+1 ki
Wl+1l,n+1 - Wn+1' ’ 'Wl+2 Wl+1l (7~33)
W, = a(X,™)) and W)™ = oq(X]77). (7.34)
my
Moreover, there are e,,Cy, > 0 and DY € U{Z |, 1< n}, such that ]D)fy_H c DY,
k=1
QY (DY) > 1 — 2ne=cnmn (7.35)
max KM VIF VA <C,V1<k<mpy;0<I<nonDY (7.36)
ie{1,...,N}F}
maxk/Cf’i\/ﬂﬂﬁchlSkﬁmN;OglgnonQ (7.37)
ie{1,...,N}F}

for alln =0,1,2...
Note: For notational simplicity, we take DY, = Q in the sequel.

Proof. Suppose (temporarily) the alive multi-indices M4 were x € M4 if x € M and either

k=0or k= (K1,..., kn) with x; € {1, ...,Né“

Ki,..

eI VI= 1, (7.38)
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replacing N(’f_{1 777 K1) with N(K1 _____ ki) and we defined
Xpl = Xg, Up? = U, Vil =VE, (7.39)
ZEIT = zke Lk =Lk LE =LF, (7.40)
y % le—l
NEJ = NE N = ) NP™and Nf = ) ° NP™ with Nf = 1, (7.41)
m=1 m=1
where « is the unique alive multi-index such that |k| = n and
j=nk) = #{ReM* 1R <k} + 1. (7.42)

Then, the resampled particle system algorithm is recovered by (7.1-7.3), (7.9), (7.10) with these definitions.
Moreover, the process distribution of the resampled estimates B® and particle numbers N* do not change
if we select from the (independent) {Z¥*}, {U¥} and {V}*} differently nor if we add in zero weights and
zero offspring numbers. Therefore, examining the equations (7.1-7.42) and concentrating on this resampled
particle algorithm, we find

Ny
D i
{NFBEY, v = QLY KE 6k : (7.43)
i=1 k,n,N
(7.30,7.31) are handled similarly. (7.35-7.37) now follow from Lemma 4.1, Theorem 5.3 and (7.29,7.30). O

For notational convenience, we define the (exchangeable random) signed measures {BY*}7"% and the
parent operators (with respect to x and n defined in (7.42)) by:

Ny
B = dpy Y KNSk with Kb = KR — K (7.44)
=1
pi(d) = n(ki,...,k1—1) when i =n(k1, ..., k) (7.45)
o i pme1(pm(i)  for I <m
Pim(i) = { i forl >m (7.46)

(soi€ {Nf’pl(i)_l—k 1, ...,Nf’pl (i)}). Finally, by the argument in (5.17) there is a ¢ > 1 so that
W/ < ¢ Vi k,l € N. (7.47)

Now that we have redefined the algorithms on the same (infinite particle system and) probability space
(Q, F,QY) (for each fixed Y), we can compare their particle systems.

Theorem 7.2. Suppose p € N as well as the conditions and setting of Theorem 7.1 with all algorithms
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defined on (2, F,QY). Then, there are C,, = C?Y > 0 such that

EY [MN — a1y | < Cumit, (7.48)
! o

EY - Z Z |Kk N3 K:k [ 1]DN71 S Cnm]_\[% (749)
L MmN k=1 ielkuZk ]
- .-

1 L .

EY|— Z S RE-KEY| 1y | <Cumy® and (7.50)
L N = ielk uzk i
R, )

EY |7 ZI Loy | < Cumy® (7.51)

forallmy =p+1,p+2,... and n = 1,2..., where DY | is as in Theorem 7.1.

As these are bounds in IV, we highlighted the previously-suppressed N-dependence in A]'V.
The following lemma is used (with induction) to prove (7.50) implies (7.48) in Theorem 7.2.

N _p
Lemma 7.1. Suppose n € Ny and EY [|A;"N - Ul(1)|p111)>{[1} KL my? for alll <n. Then,

n—1 mN p
N 1 =k ok
s -eeatomod £ 5 [0 oy
» n—1
SRR [R5 9l SRR E
j=1 k 1z€HkUIk

The proof of this lemma is involved and hence delayed to Appendix 2.
Proof of Theorem 7.2. Set Up: Using the independence of the Vs, letting

Gl =o{Vii: i jeNm#I}Va{V)':j<kieN}vFLZ (7.52)
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noting the boundedness of fy and considering —oo < a; < b; < 00, one has by (7.21,7.23,7.25) that

Y l
E Z 1Rf‘iARf*i Ok—1 (7.53)
i€k uTk |
az 101(1)— ’Cl,l bi—10(1)— fl
< Z fv()dv| + / _ fv(v)dv
i€l UTk | al 1A]N Kkl bzf1A:nN7Kffl

y ki >k,
< 1(]1)){\171)0 + |A71N_ Ul(1)|1]D){V,1 “+ Z |’Cl_'Ll _ Kl_zl|1D{\i1
ielf UZF |

G, (7.54)

Y § ) )
E 1S;“AS;“

ek k
i€l (UIP

y m >kt ki
< 1(D{\£1)C + |Al N _ O'l(l)um)fv,l + Z |IC _ K |1Df\7,1

ielf UZF |
BY |15 s |94] (7.55)
N i ~k ~k
< Iy pe + A —o(py +IK; =Ky [1py |

N m ~k ~k
< 1(D{\L1)C + |Al N _ O’[(l)|1D{\Ll + |£171 _Kl71|1D{\L1

almost surely for all [ = 1,2,... Now, set S/ = §;7 NS/, with S/, S/ defined in (7.22,7.24). If
i € IFUTE, then either i € I¥ AZF so there is a time [ > 1 when only one algorithm ancestor was resampled
or i € IXT* so the resampled and reduced particles have the same ancestorial chains. Hence, by (7.45,7.46)

n

e — K <y

{|K§Z| + |’Cﬁl|} 1Rk,m,n<z> kopy (i) (7.57)
1

AR,

kpjn(i)pam
1 k P, n(%)s’C Pn 1,n (1), -Sk Pry1,n (D) H W s [A N— O'l(l)] 1Rk,plm(i) oy n (8 |
1

Lt Jj=Il+1 Rl
n
[RE+ — Kol < 37 |{IRE + K5 | Lghn® g ghoin + (7.58)

=1
n+1

kpjn(i)pam
1 kpn n (i) kpn 1,0 (@) Gkprgp1,n (i) I I W o [A N— Ul(l)] 1 kpy o (8) S kspp pn (i) | -
S, -S+ R, R,
Jj=Il+1
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For the tracking systems, we let ST = (RF) N (RF)C and find by (7.5,7.6,7.11,7.18) that

~k -~k "~k K
=1
n n+1
k,1ram
+ D lsrst st | T WPHATY — o)) gy
=1 j=l+1

Base Case: Clearly, (7.48-7.51) hold with n = 0 and Cy = 0, even though this trivial case is not claimed
in the theorem statement.
Inductive Step: Suppose

Y [[amn P N -4
EY [|A7 = i(1)] 1@5&] <my (7.60)
- » -
1 X k. ki N _P
EY||— >R -KG| dpy | <my? (7.61)
L N k=1 ielFUZp ]
- » :
vl 1T & Sk ki N _»
E m—z >R dpy | <my? (7.62)
Y k=1 sers oz |
and
L N N
EY . Z K, — K | 1]1)){V1‘| <my? (7.63)

k=1

hold for all [ < n, which are true when n = 0. Then, it follows by Lemma 7.1 that

N _p
BY[|A7 = o)1y | <myf vi<n+1. (7.64)
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Recalling (7.58), noting (7.36), (7.37), (7.47), (7.64) and using exchangeability, one finds that
p
Z > |Kiii1— Katal| 1oy (7.65)
N = Lielk uTk
N n+1 1 my P
< EY Z |Aj—0j(1)|+m—NZ Z 1 jpjn+1(1)ARkP]n+l(1) 1]1))5
Jj=1 k=1ielzk
P
N n+1
<y EY[|Aj - aj(1)|P1DN71} +EY Z > Lpeeages| loy,
J=1 ! k llEHZk ) J
Y v
gl E Z 1RR’“1 i Z 1RR’“2 ER Z 1Rqu’“’ 1D§\51
N ) i 4
<myz > > 1 — -
ki#kot kg 5=1 N
q<p
Y
p n+l E Z 1]R721 i Z 1]R722 R Z 1]RRq K 1DN
N _»p j e}, in€IT2_, ig€IT?_,
Lty - ,
=1 j=1 N
where
179, =19, UZ!_, and RRY' = R ARE". (7.66)
In exactly the same way, we also get from (7.57), (7.36,7.37), (7.47) and (7.64)
P
k,i
Z Z |Kn+1 n+1| 1]1))2[ (767)
k 11€Hk UI
Y
P ntl E Z 1RR Z 1RR Z 1]RRq ialpy
j €Iz}, in€IT2_, ig€ITY_,
<< mN + Z Z mP4
q=1j=1 N
and from (7.59,7.47) and (7.64)
m p
1 ok ~k
e ,; K1 = Koy 11@4 (7.68)

< my® +

p ol Ey[lﬂml Igg2 - lggalpy 1}
—J —J —— J—

p—q
Ul

g=1j=1
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where

RR} =R} AR, (7.69)

However, letting KK} = [K¥* — K|, we find by (7.53,7.36,7.37), exchangeability and (7.64) that

A D D D D LY legesa oy, (7.70)

; 1 1 ; 2 2 ; q q
11€Hj71U1j71 lQEHj,lUIj,l quHj71U1j71

< EY <|Aj —o;(1)] +ZK/¢§£5> o 1Ay = o ()] + Y KK Ip |
il iq

q
< 3B
r=0

— >7100 75200 >
A — oy (DT KK Y KK - KK, Lpy |
i1 12 ir
T
N 4 1 X =Sk
DI E|A (DT> > KK Ipy,
r=0 mn k=14l  uzk ’
ji—1 i—1

q
my

_g 1 o ~
<myt +EY||—3 S IR - K| 1py

m k=1 ;eTk k
7116Hj71UZ].71

Substituting (7.70,7.62) into (7.65) and using Holder’s inequality, we find

p
1 & Sk ki
EY m—NZ > Ry —KRL| oy (7.71)

k=1 eIk k
a
p P
1
DY,

n+1u n+1

q 1 ON
-3 Y ki 5k
p o v | BV =D 0 K - K|
Nk*l 7

< m 43y -

q=1j=1 My
N _p
< my°
s0
P
1 <= Sk ki N P
BY||==% 3 IRP =R 1oy, | <myt Wi<n+l (7.72)
N k=1 icrruzr
Similarly, replacing (7.65) with (7.67), we have
m P
Y 1 ~ ki ki N oz
E m—NZ Z K" = K7 1py | <my® VI<n+1 (7.73)

k=1ielfuzy
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Turning to the tracking system and following (7.70), we find by (7.55,7.64) and exchangeability that

EY[lM; legs + lgrelpy | }

mNZZ| =j-1" 31|

k=1 1

N
< P LR

q
1D§V1‘|

N _»
1D{V1‘| <Kmpy® Vi<n+1.

so by (7.68) and the method of (7.71-7.72) one has that

1™ g
— > K, - K|
my

=1

O

With this coupling and prior preliminary results, we can establish our main result.
Proof of Theorem 5.1.
We can work directly on the coupled algorithms by (7.29,7.30).

Mllns: Taking p > = 2[3’

baIES

N=1
< ZEY

< Z NP my? < Z NO=3P < 5o

xS |
mNZZUK’“ k|

k=1 1

1@5 ]

N=1
and it follows by N*"-term divergence that
[ele] Nﬁ mn p mN
Z —ZBNk <oo:>—ZB,sz’k(f)—>0as QY]
N=1|"N k= N k=1

Moreover, by Borel-Cantelli and (7.35)

Z Q((Dﬁf—l)c) < Z 2(n — 1)e" 1MV < o0
N=

N=1

Finally, we know

LZK’“f X & N as. [QV].

mN 4

by (4.1) as well as Theorems 4.1 and 7.1 so this part follows by (7.44).

slln: This part follows from the Mllns, using the same {f;} C C(E) as in the proof of Theorem 4.1.

we then find by (7.44), Theorem 7.2 and Fubini’s theorem that

(7.74)

(7.75)

(7.76)

(7.77)

(7.78)

(7.79)
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Establish i),ii) of Theorem 5.2: It follows by (7.44) and (7.36,7.37) that

N . .
BB NP < BV Y K - KL Py (7.80)
€L UTY
RS IRY - K1
n n Dy,

€L UTY

for f € C(E),. Hence, by (7.80), exchangeability and (7.49) with p =1
N N \?2
N2EY|BNY(f)]? < (—) — 0. (7.81)
mn

and Theorem 5.2 i) is true with p = 1 and ¥y = BY*(f).
It follows by (7.44) and (7.49) with p = 2 that

NEY|BYH(F)BY2(S)) (7.82)
2 Ly 1, 1,i11102,] 2,7
< N|f|ooE Z Z |Kn _Icn ||Knj_lcnj|1]D)£:Ll
1€l UT) jel2 uZ2
2 Y k,i k,i
e e |3 et
k=1ielk ULk

N N
< — —0.

myn

Apply Exchangeability Result, Reduced System clt:
N

f) =¥ 0by (7.82), (7.81) and Theorem 5.2 with p = 1, with E = EY and ¢ = BY*(f).

k=1
Therefore, it follows by (7.44), (7.35) that for any € > 0

N
TR YD S TE ) - K ) > 0 (7:83)

k=1 1
< N"ZBNk > e) + QY((MYN_)) —o.
The clt in Theorem 5.1 now follows from the clt in Theorem 4.1 and Theorem 7.1. (O

8. Appendix I: Proof of Proposition 4.1, variance calculation

Abbreviating MF = Mfk (f), one notes from (4.11) and (4.8) that

= > [BF (Aveinf) = B (Aunf)] | (8.1)

=0
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where B¥ | = 7. The variance of the ‘{ = 0’ term is
2 2
EY ‘B(]Jc(Al,nf) - BEI(AO,nf)‘ = EY ’(Al,nf(xk)) - 71—O(AI,nf)’ (8-2)
=m0 ((A1,0f)?) = (mo(A1,0 ))*
The martingale differences for [ > 1 are by (4.1), (4.4), (4.2), (3.2), Step 4 of the algorithm and (4.7)

B (Aiginf) = B 1 (Ainf) (8.3)

N

N
= Z Z Ef’jAlH,nf(Xlk’j)—EfiilKAlH,nf(sz—’il)
=1

—EY Z Al+1nf (XY | FHE v FY

Therefore, by the independence of the {U/,V, Z}

EY [(BF(Arr1nf) = BE A (An)? |FEY v 7Y (8.4)
N
= N T

i1,ip=1
N Ny

EY Y Apan (YT A f(XR) | FEY v FY

G=NTT Jo=N 27

N

- EY S A f | FY v FY

L k-1
A=N1TTTH

N2
x BY Z Ao F(X)72) | FUY v 7Y
jzzﬁf’izilﬁ-l ]
2
Aflk—l i 1
ki k,j
== ’,cl_l EY 3 Alﬂ,nf()q N |Fux v 7Y
=1 j= N;c Ji— 1
. 2
e
- |EY Al+1,nf()(k’]) FYVvFY

G=N T
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However, by the independence of the {U/,V, Z} again as well as (4.6)

i ’
BY > AzH,nf(X/“) |FUX v FY (8.5)

k11

JNL

_ B [N“{K(Am nf)Q(Xlk_’il) — (K A /)P )

+ (N KA1+1nf) ) | FRY vﬂ]
Ekj i i
= S {K(Am,nf)?(»q’“;l) — (KA P}
-1
i 2 i i i i 2 _
+ = +_2;-1—{_§;-1J— —= - {_LJJ (K Avprnf)2 (X0,
L) Ly L5 Jo
since
_ i |2 Vind Fhi Fhi
EYWHP RS A = (S| | S| Qo s - | =),
L7 Jo Loy Lo
and
) 2
N
EY > Am,nf( MY | FHY v Y (8.6)
_N;cz 1
_ [N K A f(X, |ﬂ“’fvﬂ”
ki .
= = (KA. )&,
-1
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Combining the last three equations, letting f; , = Al (Al+1 nf)?—ay(KAj+1.,f)?, breaking over the resample
and non-resample cases, and averaging over the Vl one finds by (4.17,4.18,4.2,4.3) that

+

VBl (A1 f) = BEy (Ain f))? | FEY ] (8.7)
N

EY Z L\ Ly {K(AlJrl,nf)Q(sz_’il) - (KAHL”JC)Q(X/Z)}

g ki [ LF Uvx
S (2) 7 (S5 ) KA P |7
=1 Ll*l

N
1) Z [ffjlvl(al(xllga)‘cfjl) {fl,n(Xlkfl)}

=1

k,i
Z SOLE ) (E( 3) (KA1 f)? (X0

K
NiZy

> (eth) e mlan e (D)}

i=1

p
z ] ,
since r (#) = 0. Now, in the case ‘{ = 1’ we have ﬁffl =1= ]\/lk_l and

1

EY [(B{(A2nf) = Bi(Ainf))?] (8.8)
a1 (D) EY 71 (a1 (x")) { A1 (A2, /)2 (XF) = ar (X") (K A2, f)* (X*) }]
(5] k 2
AW e () (20 ) (21200
7 o (¢ a(n (0¢)) {41 (Ao /POE) — o (V) (K Az ()]
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Moreover, for any I > 2, m € {1,2,...,1 — 1} and bounded function ¢,,, we have by (4.4), (4.6), (3.1),
independence and division over resampled and non-resampled cases that

where

(8.9) implies that

N,
Y ki ki pky UV X
E Z‘le(bm(Xml"cml) fm—l
=1
Ny a [ N,
Y —k.J ki R UVX
E Z Emfl(bm(‘)(ml?ﬁmfl) fmfl
j=1 12N2j71+1
NEL [ Wy

EY Z Z:;j—lK¢m(X5£172i;j—1) Fave

NE -

> B B Kon (X L0 )| A
j=1 -

erclfl 3

>0 LB (Aot T |
j=1

N1
k,j k,j k,j
Z ‘ijfl(bm*l(‘)(milv Emjfl)v
j=1

¢m—l('X7‘C>
Am¢m(X7Um(1)) 7m(am(X)E) + Am¢m(-X7L)

L=am (X)L

N
CEVERACNCE

i=1

= 7o [A1¢1(-,01(1))71 (e () + A1 (-, a1 (+))vi(aa(+))] -

Now, recall (4.23) and suppose that

k
anfl

EY LN b dma (XN L)

=1

—

Z 70l ALm—10m—1( Xy m—1)Vij m—1Viy in,....i; ]

0 1<ii<in< -<i;<m—1

U (0 (X)L).

(8.9)

(8.10)

(8.11)

(8.12)
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for some m € {2,...,1 — 1}, which is known when m = 2 by (8.11) and (4.19,4.20,4.21). (For clarity, the
“j = 0”7 term on the right of (8.12) is simply mo[A1,m—10m—1(:, ®0,m—1)Y0,m—1].) Then, it follows from
(8.9,8.10,8.12) and (4.19,4.20,4.21) by letting r = j + 1 that

N,
EY Y L om (X5 L3) (8.13)
=1
m—1
B Z TrO[Al’m(bm(.’Um(l))vijvmyijﬁmflﬁil,m ..... ij]
J=0 1<i1<ip<-<i;<m—1
m—1
+ Z WO[Al,m¢m(~,Oéij,m)Vij,mﬁiLh _____ ij]
J=0 1<) <ig<-+-<iz<m—1

m
= Z Z T0[A1,m®m (s Wiy Vi, m Vi ia, .. i)

r=1 1<i;<ig<---<i.<m

1r=m
m—1

+ Z WO[ALm(bm('vaimﬂl)yijﬂmﬁilv@ ----- i]‘]
J=0 1<ii<ig<--<ij<m—1

m
= Z Z To[A1,m®m (s iy, m)Viy mPis i, i5 -

J=0 1<i;<iz<---<i;<m

Hence, (8.13) holds for all m =1,...,1 — 1 by induction and (4.22) follows by (8.1), (8.2), (8.7) and (8.13),
considering the three cases:

d1-1(X, L) = {fin(X)}Tr(u(X)L) (8.14)
G1-1(X, L) = La(X){f1.n(X)}vi(u(X)L) 8.15)
di1(X, L) = %?l(al(ﬁf’)ﬁ)r <a;(li(1))£>(KAl+Lnf)2(X), (8.16)

Where fl,n = Al (AlJanf)Q— al(KAl+17nf)2. |:|

9. Appendix 2: Proof of Lemma 7.1

Essentially, we observe that this result would hold trivially for the weighted particle system and then use
induction and the coupling to show the necessary differences between the resampled and weighted systems
converge appropriately.

Proof. Recall A" =1 s0 Aj™Y = o¢(1). It follows from (7.19,7.10,7.14,7.15) that for all n > 0

m 1 - 7 7
An_’l_\fl = m—N Z Z an-i—l(X,]? )K»l,? . (91)

k=1ielk
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Base Case: For notational reasons we consider the case n = 0 separately. One then finds by (7.1,7.2) that

(9.1) reduces to

1 X
AN — z : k
1 ma k_lal(x )7

(9.2)

where {a1(x*)}2, are i.i.d., bounded and mean oy (1) with respect to QY. Hence, by the Marcinkiewicz-

Zygmund and Jensen inequalities there is a constant C}, > 0 such that

4
2

m C = 2
EY [ATY —o ()" < —FEY > (aa(x*) — o1 (1))
My k=1
C 1 <X N _p
< 5> B |a(x") - (1)]" < my?
m?2 my —
N k=1

for any p > 1.
Case n > 1: It follows from (7.3,7.2,7.15,7.21,7.45) that K]S’l =1 and

K?’i _ A;nzv le’pj(i> + ij7pj(i)K-];f{(i)1Sk,pj(i) Vi € ]I;—C,j e N.
J J

Using (9.1,7.34) and (9.4) recursively, one has

my
An-{-l
—k gy
1 myN stl N 1
ki
= WErm AN i g
mn . _kz 1 n+1%n RSHn,n rin
k=lin—1=1 i7l:N77,’1n717 +1
NFin—2
1 mn NE_, N1
S E k,i Kyin—
+ m Z Z Wn+YWn " 1AZl—Nl1]1{S>]Ik’i"*2‘i"*l’i”
N k=i o=1, _ghin-a-1 n—ln
In—1=IN, g +
—k,in_3
Loy N W
+ — Wk;ﬂAn Wk,i7171 Wk;ianAmN 1 ) )
my n+1 mn n—1 n—2 RSHk’ngfi **** in
k=lin-s=1,;  _N"n-s"144
| N
Kyin yr7k,in—1 ko yrrk,in pmn _ ,
o Yy W W AT L
N j—1i—1 ,

R kpprklyprk,1
+ =y WhLwE Wttt
MN 3

k,1,..., 1
RSIf Lt

. . . L ==k —
where the non-summed indices satisfy i = 1, i; = N; !

(9.3)

1—|— 1 (since no resampling). For clarity, here and

below RSy, = 'Syt ---Sk{1 € I5}. Noting S}'S5" ---SE{1 € I8} = (RY)C(R5)C --- (R})C (by
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(7.21, 7.25, 7.2, 7.3, 7.5, 7.15, 7.18)) and letting

:_l%@‘
S =
T
—

°

o k,1 k,lyrrk,1
= whhwhktoowetw

k1 k1
+ Winlee L@ pe@ne + Winlee @oe + Winglg:,

we have by (9.5-9.6) that
mNAnm-ij-vl - Un+1(1)

= Z‘ 1n+1 Un+1(1)‘

k,1
= Wi lsgrt + Wi lgi@he-@_)e@he + o

Fin—
mN n 1 N ! !
kyin mn X .
+ § § Wt AT L i = Wi 1
k=1 |tp— 1—1,L-n:Ni"n 1— 1+1
& —k.,ip_o
mn Nn72 anTlL

k,i Kyin—
+ 51 S WESR WL AT 1 i iyt

_ ki, _g—1 n—1,n
k=1|1ip_2o= 11n =N tn—2 41

n—1

k,1
_Wl,n+11R5,1(RZ>C

—k,i,_3

mn st?x anTQL

kyin 117k in—1 kln 2 AT ]

+ § § § Wi Whin a7 =2 AT ]

k=1|1tp_3= 1% R N:i;7371+1

Wi lps @ )o@h)e
mn | NY
k, k, k,

+ DWW Rt AT gikion- i

k=1]di1=1 .

k,1
_Wl,n+11R’f(R§)c---(R’fL)c )

RS]IIC sl —3seees in

n—2,n

45

Now, {Wlk);i+1 — 0nt1 (1)} are ii.d., zero mean and bounded with respect to QY. Therefore, it follows

as above by the Marcinkiewicz-Zygmund and Jensen inequalities that

p

N _»
Z 1n+1 —opt1(l)] <my®
my

(9.8)
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for any p > 1. Next, we consider a typical (non-first) term in (9.7) in terms of [ € {1,...,n}

=k, i1
NL N N
kz ]Cll+1 kyi, ampn
> § Wik WS WA L e, (9.9)
i—1=1 ”:N;C Vi1~ 1+1 o

Wl n+1 1Rf(Bf+1)C”'(RfL)C = T]f + 'JI"; + T§ + TZ,

where
NE | Nk i1
k _ kl k11+1 ki
T = Z Z Wit Wi, m Wiiio (1)17131’“ i—1snin (9.10)
o=l Ny
=N
Wl n"'llRf(Eﬁl)C”'(Eﬁ)C
T3 = (9.11)
NE, R
kln i1 yr7k, i A MmN A A
> § Whi L wEL (AT — 0y(1)) L —
i—1=l, Nk S S o
NF ﬁ" i1
k, . k
> E Whin W W gy (1) (9.12)
1=l N;C S S
X 1 kyig_q,--0in T 1 kyij_1s-in
( RSHl,n RSIl,n
and

k,1 k,1
T3 = Winnlri@®s, po--@e ~ Wi lrbs, o @he- (9-13)
Bound T;: The sums in T; only involve the reduced system so by Theorem 7.1 we can just work in the
original (prior to coupling) reduced system setting. Now, recalling v, &; m, Vi m from (4.18,4.19,4.21) and

using (7.33), one has by (7.34,5.5), independence, the fact Ul(l)lHk,il,l = ijiillHk,zjil, (4.6), (4.4) and
l 1
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(4.1) that
NEL N
Y Kyig,e.ey
E Z Z W-l—ll TL+1 Ul( )1,}_{;6@171(H;ciill)c_'__(,}_{fl,in,l)c (914)
1= 1” N’“t 1- 1
N N
= Y EV o) Y (noaaKana) (X L x00)
1—1=1 il:—f,117171+1
Eyin—1, Ji+1 ik, i ) UVX
X Wn Wl"r? Wl"rll kll I(H;C;IIL)C(H:iq72)C ‘E—l :|
NE Ny
ki
= Z EY |oy(1) Z T} (% Z)leﬂ'zfl Fnx
1—1=1 ”_Nk s — 14»1
NEL
~k,i 7
= Z L7y 'EY [Fz n-l—l(‘)(k Z)lﬂkﬂ'zfl ]_-lu_\{x]
Zl 1= =1 L
NES
= 3 £P (w0 KT, ) (01
Zl 1= =1
= B{il (alleOLZKI‘Z"Jrl)
and by (7.34), (7.26, 7.18, 7.11, 7.6), (4.18,4.19,4.21) that
Y| 11kl VX
E |:W1,n+1173k(73{c+1) (re)C V= } (9.15)
k1 (— k,1
= W1z (Vloo‘lKPl n+1)(X171)
k.1 k.1
= Ham l/loalKrz n+1) (Xz 1)
for [ =1,...,n, where
T} (1) (9.16)
= (uq1vi41 0o a1 K (cqqavipa o oy -+ - K (ann 0 apn Kay1))) (21).
Hence, by (7.31), (9.14), (4.1), (4.9), (1.1), (1.2) and (9.15)
Nl . Nk vip—1
EY| Y Z Wi Wi W a1 )1RSIk H1rein (9.17)
1=, gRi-1— 1+1
u=4iy

= al,l(al?l o alKPﬁn-{-l)

—n

Y k,1
- B |:W11n+1lgf(gf+l)cnv(nk)C':|
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and {T}}/%, the first terms of (9.9), are i.i.d., bounded (w.r.t. EY) and zero mean. Therefore, it follows
as above by the Marcinkiewicz-Zygmund and Jensen inequalities that

1
mNZTk

k=1

p

EY < my? (9.18)

for any p > 1.
Bound Ts: One has by the induction hypothesis, (7.47,7.36,7.37) and Jensen’s inequality that for any
p=1

1 mn p N 1 my p N
BY =S Ty | < BV 3D (A — (D) oy, | < myt. (9.19)
k=1 k=1
Bound Tj: One finds by (7.47) that
my
ZT§ Lpy (9.20)
N mN Nl 1 Nk e
< Z Z Z 1RSHizl’1””’i" - 172511’“,’7?*1’“"1'" lpy,
k=14 1—1”:]\,’c d-1ml
n my Nia Nk e

<ZZZ E 1’“’111“' ki i k, 1N
- l-lghety -2 i—1 gk gFin—1DN
j=l+1k=14_1=1 —k,ij_1—1 R’ S“rl SJ SAS $j+1 Sn
=N, +1
—k,i
my Nf N, =1
+ Z Z : : 1]RA7?,k i 1Sk 11 Sk,in71 1]1))11\7717
k=11_ 1—l”:N;€ v — 1+1
where
keyij— ki — Feyij— Feyij— Feyij— kyij_
SASFT =87 ASTT and RARFY T =Ry ARV (9.21)
Recalling G; from (7.52), one has that
~rEii-1 P

my Nll N

E 1 kwl lsk 11 S QSASIC zJ lsl.c,ij.nsﬁ,infl 1]1))?171 (922)

l Jj— J+1
—k, 1
k= 111 1 1” Nl 1= 1

Y Y
< E E E E E |:1 ki 1Sk ” S 2SASk i1 ghiig | gkvino1

1
k} 174 1 ZL it

>4

k=1

p

gil] 111){[1

p
+ EY

)
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Al = (9.23)

le—l N;Cvil—l
1 ks i ki ki ki i
Z Z R, 1TISE S T2 sAS T ST s T IDY |
i—1=1 il:N;ﬁiLfl*lJrl
k ~rti-1
Ny Nl
- EY E E 1 ki i ki ki ki ki J
R, llilsﬁf”'sjfiizsa‘sj Zrlsy‘jf”"sn, A k=1
f-1=1, _N’Cvizflfl_i_l
=

are bounded {gi}—martingale differences (in k). Therefore, it follows by the Burkholder-Gundy-Davis in-
equality and Jensen’s inequality as well as exchangeability that

p

my p mN
N
EY Y Al < EV|\[ Y (A (9.24)
k=1 k=1

my
& mETSOEY [Jakp) = mEEY [Ialp) & md
k=1

for p > 2. Now, by Holder’s inequality we can take p to be an integer. Moreover, by (7.36,7.37)

E E EY 1Rk,ililgkﬂl Sk,ij,QSASk,ij,lsk,ij Sk,in,l
) JHESECIE )} S,

: - G417
-1 Y

N
Y
< Ipy e+ E E |:1S;’iAS;’i
i€lr | UZF

gi_l} Ipy (9.25)

gi_l] 1]1»;\’71
—1
and one has by (7.54) that

p

Qil} Ips | (9.26)

1 A
EY m—NZ > EY{1S?1-AS;J

=1 k k
k=1 iely_ uTk |

p

N m IR Ski | Tk
< EY[|AJ.N—UJ‘(1)|P1D§[J+EY m—NZ > KR K Ip

=14 k k
k=1 iely_ uTk |

1
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so by (9.22), (9.24), (9.25), (9.26) and (7.35)

IR
Y . ) . . v .
E m—N;E;1Rf‘”*18m---sff{*2SAsf‘”*ls;j{...sﬁ”“* Ipy
Yo S B A — o)1
Eomyd Y B — oy ()P 1 ]
J=l+1
P
S Ski ki
IR D DEED DI i | R ECS
j=l+1 N =liers_uzs
Similarly to (9.22-9.27), one finds that
my N N;wzil ?
EY Lo ki ghiy okinoa| 1
22 2. Lugrstyston| ot
- il:Nl +1
N -3 Y m
< my*+FE [lAl N _Ul(l)lplﬂ){\il]
P
gy ||t « i _ R
+ m—NZ Z K2 = K| Ty
k=1ielf uzF |
Therefore, one has by (9.20), (9.27), (9.28) and the lemma hypothesis that
1L
EY m_NZT’; 1Dg]
k=1
P
N e BY IR ki _ Rl
< myt Y m_NZ > K —KPL I Iy
j=l k=1 ie]l?fluzj’gl
for any p > 1.
Bound Ty: We find by (7.47) and analogous to (9.20-9.25) that
1oL
EY||—> Tj| 1
S| 1y
k=1
. P
N -5 vls~ 1 <=y j

=l k=1
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(9.27)

(9.28)

(9.29)

(9.30)
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Hence, by (7.56,7.55) and the lemma hypothesis

m P
1 N
Y k
E m—NZT4 1DZN1] (9.31)
k=1
< my? 4> EV[ATY — oy (1)P1py ]
j=l
P
- 1 X ok ke
Y
e | LS g
j=l k=1
N - 1 X ok k|’
_Pp ~ ~
< mN2+ZEY m—Nzlﬁjil_Kjfll 1D§_\rl‘|
j=1 k=1

for any p > 1. 0
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