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Abstract

This thesis develops three major essays on the topic of horizon-dependence
for optimal portfolio. The first essay contributes extensively to the newest
concept of forward utilities. In this essay, we describe explicitly three classes
of forward utilities—that we call HARA forward utilities—as well as their cor-
responding optimal portfolios. The stochastic tool behind our analysis lies in
the concept of Minimal Hellinger Martingale densities (called MHM densities
hereafter), introduced and developed recently by Choulli and his collaborators.
The obtained results for HARA forward utilities by using MHM densities are
derived under assumptions on the market model. The relaxation of some of
these assumptions leads to introduce the new concept of Minimal Hellinger
Deflator in order to characterize HARA forward utilities. The second essay
addresses the problem of finding horizon-unbiased optimal portfolio from the
perspective of contract theory. In fact, we consider an agent with classical
exponential utility and describe—as explicit as possible-the payoff process for
which there exists a horizon-unbiased optimal hedging portfolio. The last es-
say focuses on the financial problem that we call optimal sale problem. This
problem consists of an agent who is investing in stocks and possesses a non-
tradable asset that she aims to sell. The goal of this investor is to find the
optimal portfolio-from her investment in stock market—and optimal time to

liquidate all her assets (tradable or not).
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Chapter 1
Introduction

This chapter constitutes a general introduction of the thesis. Herein, I will
introduce the reader to the birth of the area of mathematical finance in Section
1.A. Afterwards, I will address the topics of optimal portfolio and random
horizon in Section 1.B. These two topics are the core financial topics that
the thesis deals with. For the convenience of the reader, I will conclude this

chapter by a summary of the thesis in Section 1.C.

1.A Historical Facts for Mathematical Finance

and Modern Finance

Mathematical Finance and Modern Finance were born in 1900, when Louis
Bachelier —a French mathematician— defended his PhD thesis at Sorbonne
University (Paris). In his thesis, Bachelier simultaneously elaborated the
first building blocks for Mathematical Finance and Modern Finance and for
Continuous-time stochastic processes by discovering the Brownian motion five
years before Albert Einstein. Unfortunately, this foundational and revolu-
tionary work was forgotten for more than fifty years. It is in mid-fifties that
Paul Samuleson who translated and highlighted the tremendous importance of
Bachelier’s work. Then, many foundational and important works were derived

afterwards, such as the historical works of the Nobel Prize winners Black-



Scholes (see [7]), Robert Merton (see [58]), Harry Markowitz (see [55]),...,
etcetera. For more details about the evolution and the birth of Mathematical

Finance and Modern Finance, we refer the reader to [3] and [20].

1.B Optimal Portfolio and Random Horizon

The optimal portfolio problem is an old and important problem in Finance
and Economics. The seminal and foundational works on optimal portfolios
are the works of the two Nobel Prize winners Markowitz and Robert Merton.
In Markowitz analysis (see [55]), the author addressed the optimal portfolio
by using the variance as a measure for the risk, while in Merton’s works, the
author used the utility of the agent to deal with the risk and address the issue
of optimal portfolio. In Mathematical Finance, both Markowitz” and Merton’s
works have been extended to the most general market models and in many
directions due to the rich theories of martingale and convex analysis. For the
topic on mean-variance portfolio optimization, we refer the readers to [10], [32],
[71] (and the references therein), while for the case of utility maximization,
see [46], [48], [45], [70] (and the references therein).

All these highly interesting works consider either infinite horizon or a finite
horizon that is a constant real time fixed at the beginning. This assumption
excludes the situation where the agent may suddenly liquidate all her assets
due to the occurrence of a random event for instance. Another case of random
horizon is the one where the agent looks for the optimal portfolio and optimal
time to liquidate all her assets (tradable or not).

Besides the optimal portfolio problem d la Merton (or utility maximiza-
tion), this thesis deals with the issue of random exit time, or random time-
horizon. As a basic terminology in finance, a time-horizon is a time interval
during which an investment lasts. When an investment is created or selected,
the time-horizon could be fixed constant, such as the fixed income financial
products of bonds, the insurance contracts for retirement plan and the financial

derivatives of European options,..., etcetera. However, there are also plenty of



economic and financial problems where the time-horizon needs (or even has)
to be variable and/or random. When incorporated into the market model, a
random time-horizon would have a pronounced effect on investment /portfolio
selection, hedging and /or pricing problems. This fact was observed and conjec-
tured since early twentieth century by Irving Fisher. In [30], Fisher discussed

“General Income Risks” and wrote

“ Even when there is no risk (humanly speaking) in the loan itself,
the rate realized on it is affected by risk in other connections. The
uncertainty of life itself casts a shadow on every business transac-
tion into which time enters. Uncertainty of human life increases
the rate of preference for present over future income for many peo-
ple, although for those with loved dependents it may decrease impa-
tience. Consequently, the rate of interest, even on the safest loans,
will, in general, be raised by the existence of such life risks. The
satlor or soldier who looks forward to a short or precarious exis-
tence will be less likely to make permanent investments, or, if he
should make them, is less likely to pay a high price for them. Only
a low price, that is, a high rate of interest, will induce him to invest

for long ahead”.

This Fisher’s conjecture was established by Yaari in [73] for the discrete-
time market models. Around that time, there were an increase interest in
investigating the effect of the Fisherian random time-horizon (a time-horizon
that is related to the death of a life) by many economists. Among these, we
cite Champernowne, Hakansson, Levhari, Mirman and Yaari (see [9], [33], [51],
[73], and the references therein). For this type of random horizon, researchers
appeal to life insurance and actuarial sciences to deal with the risk intrinsic
to this horizon. While in economics and empirical studies researchers have
been actively discussing this issue of variable horizon, the mathematical struc-
ture/foundation that drives this impact of the horizon on market models was

left open—up to our knowledge—and only recently the literature starts grow-



ing with the works of Choulli-Schweizer and Larsen-Hang, see [14] and [50]
for details. Furthermore, during the recent decade, this horizon-dependence
problem has been addressed in a different perspective. One of these problems
constitutes one of the main Leitmotif-goal of this thesis, to which we refer as
“optimal sale problem”, and can be described as follows. Consider an agent
with utility function U, who possesses an asset (tradeable or not) that we
model by a stochastic process, (FP;)¢>o. The aim of this agent is to find the
optimal portfolio and the optimal time to liquid all her assets. This can be

translated, mathematically, to

0 _
_max B [U(W! —P)].

Here T is the set of stopping times, © is the set of all admissible portfolios,
and WY is the wealth process associated to the portfolio # € ©. This problem
was considered also by Henderson and Hobson in the real option context, see
[36] for details. By considering this problem, the authors contributed to the
birth of a new concept called Forward Utilities.

These forward utilities/performances were fathered and baptized (with
their current name) by Musiela and Zariphopoulou in a series of papers start-
ing with the multiperiod incomplete binomial model in [62]. Then, the concept
was extended to diffusion models in [61]. For motivations behind this concept,

those authors wrote in [60]:

“ Firstly, fizing the trading horizon makes the valuation of claims

of arbitrary maturities impossible....”

“ Secondly, the fact that, from one hand, the utility is exogenously
chosen far ahead in the future, and on the other, it is used to make
investment decisions for today, does not appear very natural. Be-
sides, the optimal expected utility is generated backwards in time
while the market moves in the opposite direction (forward), an ap-

parently not very intuitive situation.”



For more economic motivations on forward utilities, we refer the reader to the
numerous papers of Musiela and Zariphopoulou on this topic (see [59], [61],
[62] and [63] for details). Therein, the authors also introduce applications of
forward utilities on indifference pricing and optimal asset allocation. Around
the birth time of these forward utilities, Choulli and Stricker introduced and
constructed in [16] and [17] a class of optimal martingale measures that pos-
sesses the feature of being robust with respect to the variation of the horizon.
The authors also linked these optimal martingale measures to optimal port-
folios that are horizon-independent for a simple example of utilities. At the
same time, and independently, Henderson and Hobson proposed the concept
of horizon-unbiased as the solution to the optimal sale problem. These three
independent groups of researcher contributed then to the birth of the forward
utilities in a way or another. For more details about this fact, we refer the

reader to [75].

1.C Summary of the Thesis

The thesis contains seven other chapters besides the current one, and is orga-
nized as follows. The next chapter (Chapter 2) will recall some stochastic tools
(martingale theory and stochastic calculus) that will be very useful through
out the thesis. I give a short review on some important results on Minimal En-
tropy Hellinger martingale densities in Section 2.D.1 and on Minimal Hellinger
Martingale densities of order ¢ in Section 2.D.2. My original contribution in
Chapter 2 lies in extending this theory to include the case where one faces
a change of measure. The main and original contributions of the thesis are

detailed in chapters 3-8.

Chapters 3, 4 and 5 describe as explicit as possible the HARA (log-type,
power-type and exponential-type) forward utilities under mild assumptions on
the market model. Furthermore, their optimal portfolio is described via point-

wise equations in IRY. The analysis uses the powerful tool of semimartingale



characteristics and the interesting concept of minimal Hellinger densities. For
the needs in following chapters, we list some important definitions and the-
orems on stochastic processes and utility functions. In these chapters, the
explicit parametrization or characterization is achieved for the most general
semimartingale model that satisfies some mild assumptions. Illustrations of
the main results on different practical market models (such as discrete-time
markets, discrete market models, volatility models, and market driven by Lévy

processes) are also detailed.

In Chapter 6, one of the assumptions imposed on the market model in pre-
vious chapters (mainly Chapters 3 and 4) is relaxed. This leads naturally to
the birth of the concept of Minimal Hellinger Deflator. This concept extends
in more general context the previous concept defined by Dr. Choulli and his
collaborators in [16], [17] and [18]. We prove the existence of this minimal
deflator and establish the duality between the obtained deflator and HARA
forward utilities. This gives a new characterization for HARA forward util-
ities in more complex market models with much less technical assumptions
(without any technical assumptions for many practical market models). The
analysis used for this study involves stochastic optimization, convex analysis

and martingale theory.

Chapter 7 addresses the horizon-unbiased hedging problem for exponential
utilities. We find out the necessary and sufficient conditions on the payoff
process such that the optimal portfolio-that hedges this payoff dynamically
in time—exists and does not depend on the horizon. Meanwhile, this optimal
portfolio is again described explicitly. Herein, we consider the usual exponen-

tial utility.

Chapter 8 focuses on the optimal sale problem where the agent with exponen-
tial utility is looking for the optimal portfolio and the optimal time to liquidate

her assets (tradable or not). The optimal pair constituted by the optimal in-



vestment timing and the optimal portfolio is described as explicit as possible
using the previous results on forward utilities for the case of general semi-
martingales. When the market model is Markovian, this optimal sale problem
is investigated using the variational inequalities and Hamilton-Jacob-Bellman
(HJB hereafter) equations. We proved that the value function is the unique

viscosity of the HJB equation written in the form of variational inequalities.



Chapter 2

Elements from Stochastics and

Martingale Theory

In this chapter, we will review some fundamental concepts and properties on
stochastic processes and utility functions. We will start with the stochastic
basis and some useful o-fields. Then, we will put emphasis individually on
four topics in the following sections: semimartingale and its characteristics in
Section 1.A, local martingale and its Jacod decomposition in Section 1.B, util-
ity functions in Section 1.C and Hellinger process of local martingale densities
in 1.D. For more details on these topics, we refer the reader to [39], [66], [26]
and [34].

Consider a filtered probability space denoted by (Q, F,F = (F;)o<t<t, P),
called stochastic basis. Here, () is the sample space and F is the filtration,
which is right continuous and complete (i.e. satisfies the usual conditions).
For each ¢t € [0,T], the o-field (or o-algebra), F;, represents the aggregate
public information up to time t. P is the real-world probability measure and
we further denote by P, (respectively IP.) the set of all probability measures
that are absolutely continuous with respect to (respectively equivalent to) P.

T represents a fixed horizon for investments.

Definition: A process X is called cadlag, or RCLL, if all its paths are right-

continuous and admit left-hand limits.



On the product space Q x [0, T], we define two o-fields: The optional
o-field denoted by O and the predictable o-field denoted by P. Moreover, on
the set Q x [0, T] x R?, we consider the extended o-field P = P @ B(IRY)
(resp. O = O ® B(IRY)), where B(IR) is the Borel o-field for IR?.

Definition: The optional (respectively predictable) o-field is the o-field O
(respectively P) on © x IR, that is generated by all adapted and RCLL

processes (respectively continuous processes).

In the sequel, a process X that is O (respectively P)-measurable is called
optional (respectively predictable) and frequently it will be denoted by X € O
(respectively X € P).

Definition: A random variable 7 :  — [0,400] is a stopping time if the

event {1 <t} € F, for every t € [0, 400

The set of all stopping time, 7, such that t < 7 < T, P-a.e., will be denoted
by Tir. For simplicity, when ¢ = 0, we write this set as Trp.
For any process X and stopping time 7, we denote by X7 the stopped process

of X at 7, given by
{Xt, when ¢t < 7;
X[ =

X:, otherwise.

Definition: Let 7 be a stopping time. Then, the o-field F, is defined by

Fr={AeF:An{r <t} e F, forall t>0.}

One way to interpret o-field F, is to compare it with the o-field F; at fixed

time t: F, represents the aggregate information up to 7.

Definition: We denote by V' (respectively V) the set of all real-valued pro-
cesses X that are RCLL, adapted, with Xy = 0, and whose each path
t — Xi(w) is non-decreasing (respectively has a finite variation over the

interval [0, 7).



For any X € V, we denote by Var(X) the variation process of X, which is
clearly non-decreasing. Therefore, its terminal variable, Var(X)r, exists. We

denote by A the set of all A € V that have integrable variation, that is,
A={AecV: EWVar(A)r) < +00.}

Also, we put AT := AN VT, which represents the set of all A € V* that are
integrable, that is,

Moreover, we denote by L(A) the set of all predictable processes, H, satisfying
T
/ |Hs|dVar(A)s < +oo0, P —a.s. (2.1)
0

For any H € L(A), we denote the resulting integral of H with respect to A
by H - A, which is an element of V. More details on this integration and the
set L(A) (especially for the case of multi-dimension) can be found in [39] (see
page 206).

Throughout this thesis, if C is a class of processes, we denote by Cy the
set of processes X with Xy = 0 and by Cj,. the set of processes X such that
there exists a sequence of stopping times, (7},),>1, increasing stationarily to
T (ie., P(T, =T) — 1 as n — o) and the stopped process X’ belongs to
C. This sequence of stopping times are called a localizing sequence for X. We
put Cooc = Co N Cioe.

Remark that by following this notation, we can write the set of locally in-
+

. and the set of processes with locally

tegrable increasing processes by A
integrable variation by Aj,..

The following lemma is borrowed from [23] (see Lemma A1.1). It provides
a technique to construct an almost surely convergent sequence via a convex

combination.

Lemma 2.1: Let (f,) be a sequence of [0,400] valued measurable functions.

There is a sequence g, € conv(fn, fni1,-..) such that (g,) converges almost

10



surely to a [0, +00] valued function g, and the following properties hold:
(1) If conv(fn,m > 1) is bounded in L°, then g is finite almost surely,
(2) If there are ¢ > 0 and § > 0 such that for all n

P(f, >c) >4,

then P(g > 0) > 0.

Remark that the notation L° used in this lemma is the abbreviation of the
space L°(Q), F, P), which represents the set of all F-measurable and real-valued

random variables.

2.A Semimartingales and Its Characteristics

The use of semimartingale characteristics in mathematical finance can be
traced back to Yuri Kabanov in [31] and [40]. The latest work on its ap-
plications can be found in [15], [11], [16], [18]...,etcetera.

We start this section with the most fundamental concepts in mathematical

finance: martingale, submartingale and supermartingale.

Definition: A martingale (respectively, submartingale, supermartingale) is an
adapted and RCLL process X, such that X; is integrable for any ¢ € [0, T,
and that for s < ¢:

Xs = BE(Xy|Fs), (respectively, X, < E(Xy|Fs), Xs> E(Xy|Fs)).

The set of martingales under the probability @ is denoted by M(Q) whereas
the set of all local martingales is denoted by M,,.(Q). Especially when @ = P,
we write them as M and M, for short. Furthermore, we denote by M? the

set of all square-integrable martingales, which is given by

M ={XeM: sup B(X})<+o0.}

t€[0,T]

11



2

e Fur-

And, the set of locally square-integrable martingales is denoted by M

2
loc

fying H* - [X, X] € A, such that the integration H - X is well defined and

thermore, we denote by Lj .(X) the set of all predictable processes H satis-

H-X e M. More details on this integration can be found in [39] (see page
204).
The following theorem is well-known and useful when manipulating martin-

gales (respectively submartingales and supermartingales) on stopping times.

Theorem 2.1: (Optional Sampling Theorem) Let X = (X;, F;)ico1] be a
martingale (respectively submartingale). Let 71 and 15 be two stopping times
such that 7 < 1o, P-a.s. Then, the following hold:

(i) If X is a martingale, then

X = E<X7-2|.F71).
(i1) If X is a submartingale, then
XTI S E(X7—2|‘FT1)'

The compensators of the increasing processes are frequently used in this

thesis and defined in the following.

Definition: Let X € A (resp. Aj.). Then the compensator, or dual pre-

loc

dictable projection of X, denoted by XP?, is a predictable process that be-

+
loc

longs to A (resp. Aje) such that X — X? is a local martingale.

Remark that if the process X is predictable with finite variation, then X? = X.
Semimartingale is the central concept in this section and even in the whole

thesis. Its definition will be given in the following.

Definition: A semimartingale is a process X of the form X = Xo+ M + A
where X is finite-valued and Fy-measurable, M is a local martingale and

A has finite variation (i.e. A € V).

12



Remark that the decomposition of semimartingale in above definition is not
unique. However, a subclass of semimartingales, called special semimartingale,

admits a unique decomposition. Its definition is given in the following.

Definition: A special semimartingale is a semimartingale X which admits
a decomposition X = Xg+ M + A, where A € VNP and M is a local

martingale.

For any d-dimensional semimartingale .S, the random measure p associated to

its jumps is defined by

w(dt, dr) = Z Itns,2010(s, asy)(dt, dx),

where d, is the Dirac measure at point a. For any B[0,7] ® B(R%) ® F-
measurable and non-negative functional W, W = (W(t,z,w), = € R% t €
[0,T], w € ), we denote by W x i the following non-decreasing process given
by

(W)= > LaszqW(s,AS,), 0<t<T. (2.2)

0<s<t

+

Furthermore, for every P-measurable functional K satisfying |K|xu € Af |

there exists a random measure, called the compensator of ;i and denoted by v
such that |K|xv € A;f and K xv is the compensator of K * pu (or equivalently,
K % — K x v is a local martingale).

Also, for any measurable functional W on Q x [0, T] x IR?, we associate the

process

Wi(w) == /Rd W (w, 2w, {1} x da),

if [o|W(w,t,2)|v(w, {t} x dz) < +o0 and I//V\t(w) := +o00, otherwise.
Consider the set, G} (1), given by

1/2

Gloe(p) =W € P [Z (Ws(ASs) I {as, 20y — Ws)2 eAl +. (2.3)

0<s<:

Then, for any functional W € G} (p), the integral of W with respect to (u—v),

13



denoted Wx(u—v), is well-defined and is purely discontinuous local martingale.
These formulations lead to the following decomposition of semimartingale S,
called “the canonical representation” (see Theorem 2.34, Section 11.2 of [39]),
namely,

S =5+ S+h(x)*x(up—v)+ (z—h(x)xu+ B, (2.4)

where S¢ is the continuous local martingale part of S and h(x) is the truncation
function which is usually given by h(x) = xl{;<1y € GL.(1). For the matrix
C with entries CY := (S%* S%7) the triple (B, C, v) is called predictable
characteristics of S. Furthermore, we can find a version of the characteristics

triplet satisfying
B=b-A C=c-A and v(w, dt, dz) = dA;(w)Fi(w, dx). (2.5)

Here A is an increasing and predictable process , b and c¢ are predictable
processes (A is continuous if and only if S is quasi-left continuous), Fi(w, dz)
is a predictable kernel, b,(w) is a vector in IR, and ¢;(w) is a symmetric d x d-
matrix, for all (w, t) € Q x [0, T]. In the sequel we will often drop w and ¢
and write, for instance, F'(dzx) as a shorthand for Fi(w, dz).

The characteristics B, C, and v, satisfy
o Fy(w, {0}) =0;
. /(]:c|2/\1)Ft(w, dr) < 1
« AB - / h(z)w({t}, do):
e c=0 on {AA#0}.

The measure v({t},dx) will appear from time to time in this thesis, we write

it in a compact way as v;(dz). As well, we denote the quantity
¢ = Vt(IRd) = AAtFt(IR,d) S 1

which will be commonly used within semimartingale framework.

14



For any O-measurable functional, g, we define

M} (g) == E(g pr) = (// (s, 2)u(ds dx)).

Furthermore, we define M} (g | P) to be the unique P-measurable functional,

when it exists, such that for any bounded W &€ 73,

MPWg // Wi(s,x)g(s,xz)p (dsdx)>:Mf(Wle(g|ﬁ)).

The integration with respect to semimartingales is another main topic in
this section. We formulate it in two cases. First of all, for any locally bounded
and predictable process H and semimartingale X, the following integration is
well defined: .

Y, :—/0 H.,dX,=H - X,

which is also a semimartingale. More properties on this integration can be
found in related reference books, particularly in [39] (see page 46 for more
details). As an extension of above integration, the class of integrands can
be enlarged to some non-locally bounded processes. Precisely, we say that a
predictable process H is integrable with respect to a semimartingale X if there

exists a decomposition of X, given by
X=Xo+M+A MecMi,6 AcV.

such that H € L?

respect to X as

(M) N L(A). In this case we define the integral of H with

loc

H-X:=H-M+H-A,

and denote by L(X) the set of all predictable processes that are X-integrable.
Finally in this section, we focus on an important class of semimartingales

that are locally bounded. They have the following properties.

Proposition 2.1: Suppose that S is locally bounded with the following decom-
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position

S=S+S+zx(p—v)+b-A

Let 0 be an S-integrable process, and a € (0,+00). Then the following
assertions hold.
(i) The process

X":=0-5=> 0"ASIrasay: (2.6)

15 a locally bounded semi-martingale.
(i) If we denote

then |£%-A € A

loc*
(iii) The process
X0 ¢t A, (2.7)

s a local martingale.

Proof. The proof of assertion (i) is classic, and can be found in [26] or [39].
Now, we will focus on proving simultaneously the remaining assertions.

Since S is locally bounded, then it is clear that 01yg<,y - S and Ifjg<ny - X
are locally bounded semimartingales. Therefore, > 6T AST (0T AS|>a, |0]<n} 1S @

locally bounded process with finite variation, and its compensator is given by
Vvon .= (QTZ)I{‘QTZ|>Q7 l0|<n} * V-
It is obvious that the two processes
0" Ijgj<ny - S — 0"0I(pg<ny - A, and > 0TASTgragisa, jo12n) — V"

are local martingales. Since X% —the compensator of X exists and is a

locally integrable process, then—due to Var (I{|9|§n} . )?9> = |91 11 19)<ny - A-we
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derive

Var ()?6> = lim [{|9‘§n} -Var ()?6> = lim Var (I{‘g‘gn} : X@) = ‘SO‘A

n—+400 n—+00

This proves both assertions (ii) and (iii). O

2.B Local Martingales and Jacod Decomposi-
tion

In this section, we will focus on local martingales and their Jacod decomposi-

tion. Additionally, the concept of o-martingale is also introduced.

Definition: Let X be a RCLL semimartingale, and () be a probability mea-
sure.
(i) X is called a o-martingale under () if there exists a bounded and positive
predictable process ¢ such that ¢ - X is a (Q-local martingale. The set of all
o-martingales under @) will be denoted by M, (Q).
(ii) X is said to be locally integrable if there exists a sequence of stopping

times (7),)n>1, that increases stationarily to 7, such that

E{ sup |Xt|} <400, Vn>1.

0<t<Ty,

For the following representation theorem, we refer to [37] (Theorem 3.75,
page 103) and to [39] (Lemma 4.24, page 185) and recent result in [15]. Con-
sider a set Hj,.(11), given by

Hipe(it) i= {g: 2 x [0,400) x R 5 R, g € O, M/ (g | P) =0,
and \/g%2* p € Afw}
Then, the Jacod decomposition of a local martingale is given by:

Theorem 2.2: (Jacod Decomposition) Let N € Mg ,.. Then, there exist
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a predictable and S¢-integrable process 3, N' € Mg 1o with [N',S] =0, func-
~ 1/2

tionals f € P and g € H},.(1) such that <Zi:0f(3,ASs)ZI{ASS¢O}) €

Al

loc

~

N = B-SHW(umv)tgrnt N, W= [+t Ty € Ghul). (28)

Here f, = [ fi(x)(dx) and f has a version such that {a =1} C {f = 0}.

Moreover

AN, = ( FAAS,) + gt(ASt))]{AStﬁ} _

. " Iiasi—oy + AN/ (2.9)

And if AN > —1, f can be selected to satisfy f+1 > 0.

In the sequel, we shall call (5, f,g, N’), the Jacod components/parameters of
N (under P, with respect to S).

2.C Utility Functions

The development of utility functions in economics and finance has its intrin-
sic reasons. Undoubtedly, all agents in market aim to maximize their wealth.
However, their expectation over wealth can not be unlimited because of the
tradeoff between return and risk. A rule of thumb can explain it: “ Higher
return is typically accompanied by higher risk”. Therefore, the value of a po-
tential investment is affected by investor’ preference or tolerance towards risks.
For different investors, such tolerance is typically different. In mathematical
finance, such preference is measured by a utility and is described by a math-
ematical function equipped with some basic properties: strictly increasing,

strictly concave and twice differentiable.

Definition: A (deterministic) utility is a function U(z), z € dom(U), that is

strictly increasing, strictly concave and twice differentiable.
In particular, a family of utilities called HARA (hyperbolic absolute risk aver-

18



sion) utilities is extensively developed and widely used in finance and eco-
nomics (see [1], [57], [65] and the reference therein). Its definition is given as

follows.

Definition: A utility U(x) is a member of HARA utilities if its absolute risk

_U//(l,)
U'(x)

aversion A(x) := is a hyperbolic function.

* and

It is easy to check that the power utility, 27 /p, exponential utility —e~
logarithm utility log(x) are all HARA utilities.

Forward utility is one of the main topics in current thesis. These utili-
ties have the basic properties of conventional deterministic utility functions.
Furthermore, it is endowed with more features to deal with more complicated
problems. In this section, these features will be exhibited one by one as we
review its definition and some related concepts. First of all, we recall an ex-

tension of the notion of deterministic utility functions. This extension is called

random field utility and appears in [75].

Definition: We call a random field utility, any B([0,T]) ® B(dom(U)) ® F-
measurable functional, U(t,z,w), such that, for any fixed x, the process
U(t,z,w) is a RCLL adapted process, and for any fixed (t,w) the function

z+— U(t,z,w) is a utility.

Clearly from above definition, random field utilities are functionals of ¢ and w.
This is actually a feature of random field utilities, which reflects the variation
of investors’ preference over time and scenarios. Another important concept
associated with forward utilities is the set of admissible portfolios or admissible
portfolios. The following definition is written in general form but will appear

in different specific forms in following chapters.

Definition: For a random field utility, U (¢, z,w), any probability measure @),
any semimartingale X, and = € IR such that U(t, z,w) < +00 we denote by

Agam(z, X, Q) = {7r € L(X) Sél}g E€ |:U<T,JZ + (7 - X)T>] < —I—oo},
o (2.10)
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the set of admissible portfolios for the model (z, X, Q,U). Here Tr is the
set of stopping time, 7, such that 7 < T. When X = S and Q) = P, we

simply write Aggn,(z) and, furthermore, when x = 1, we write it as Aggm.

The forward utilities are built up on the basis of random field utilities. But it
has nicer properties, which make them powerful tools for dealing with financial

models under random horizon.

Definition: Consider a RCLL semimartingale, X, and a probability measure,
Q. Then, we call a forward (dynamic) utility for (X, @), any random field
utility, U(t,w, ), fulfilling the following self-generating property:

a) The function U(0, z) is a deterministic utility function.
b) There exists an admissible portfolio 7* (i.e. 7* € Auam(z, X, Q)) such
that

U(s,:r+ (7" X)S> — B9 [U(t,x—l— (m* -X)t>|fs} L YT >t>s>0.
c¢) For any admissible portfolio 7, for any 7' >t > s, we have
U<s, z+ (7 X)8> > B9 [U(t,a: + (7 X)t> ]]—"5} .

When X = § and () = P, we simply call U a forward dynamic utility.

Definition: For any 7 € L(S) and any = > 0 satisfying
z+7m-5>0, and z+ (7-5)_ >0, (2.11)
we associate it with the portfolio rate that we denote by m,, and is given by

= (x—l— (- S))_lﬂ. (2.12)

Lemma 2.2: For any m € L(S) and any initial capital x > 0 satisfying (2.11),
its portfolio rate 7, satisfies:
(i) T, is S-integrable and (7, - S) > 0.
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(ii) There is one-to-one correspondence between the portfolio m and its port-

folio rate 7, via (2.12) and
T =xE (Ty - S)Ty. (2.13)

Proof. The proof of this lemma is obvious and will be skipped. m

For any portfolio 7 € Auam (), the associated wealth process is X™ =z +7 -9
and the portfolio rate is 6, = m;/ X[ , 0 <t < T such that the wealth process
can also be rewritten as X% := 2€(6 - 9). In the same spirit as Augm (7, X, Q),
Agam (2, S, P) and Ayg,, we denote the set of portfolio rates by ©(x, X, Q),
O(z, S, P) and O, respectively. Remark that in many places of this thesis, we
shall use portfolio rate # instead of w for convenience.

In the forthcoming analysis, both the stopping rule and the change of
probability measures play crucial roles. Thus, the following lemma states how

robust of the forward property under these two operations.

Lemma 2.3: Let U := U(t,w,x) be a random field utility and S be a semi-
martingale. Then the following hold.
(i) If U is a forward utility for (S, P), then for any stopping time T € Tr,

the functional

Ult,w,z) :=U(t ANT(w),w, z), (2.14)

is a forward dynamic utility for (ST, P).
(i1) Consider a probability measure Q) that is absolutely continuous with re-
spect to P with the density process denoted by Z. Then, the random field
utility

Ut w, ) = Ult,w, r) Z(w), (2.15)

is a forward dynamic utility for (S, P) if and only if U is forward dynamic
utility for (S, Q).

Proof. The proof of this lemma is straightforward and will be omitted.
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2.D Hellinger Process of Local Martingale Den-
sity

The concept of Hellinger process was introduced for the first time by Kabanov,
Y. M., Liptser, R. S. and Shiryaev, A. N. in [41] (See also in the following
papers, [42], [43]). Afterwards, it is further developed by Jacod, J., Choulli,
T. and Stricker, C. in [39], [16], [17] and [18].

In this section, the classical concept and properties on Minimal entropy-
Hellinger Martingale density (called MEH hereafter) and Minimal Hellinger
Martingale density of order ¢ (called MHM of order ¢ hereafter) will be re-
viewed quickly in the beginning. Afterwards, we will introduce the generalized
version of these concepts and properties under change of measure, which is the
main purpose of this section. This section prepares the ground for Chapters

3, 4 and 5 when we will focus on characterizing forward utilities.

2.D.1 Minimal Entropy-Hellinger Martingale Densities

When focusing on the exponential utility, we consider the o-martingale mea-

sures with finite entropy. The set of these measures is given by

eran _ d@Q d@
ME(S) = {QG]P)6| S e M, (Q), and E {ﬁlog<ﬁ>

< +oo}. (2.16)

Very frequently, throughout this section and Chapter 5, we will work with

densities instead of probabilities. For this, we will use the following set

Z0.(S):={Z € My,(P)|Z > 0, Zlog(Z) is locally integrable, ZS € M, (P)}.

(2.17)
The following function will be used from time to time,
fi() = (x +1)log(x +1) — x, if v > —1; (2.18)
1 «— .
00, otherwise.
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Throughout this section and Chapter 5, the main assumption on S is
/ z|eN *F(dz) < +o00, P®A—as., forall A eR%  (2.19)
{lz[>1}
The next proposition will provide a necessary and sufficient characterization

on o-martingale density, which is expressed by Jacod parameters.

Proposition 2.2: Let Z = E(N) be a positive local martingale and (5, f, g, N')
be the Jacod components of N. Then Z is a o-martingale density for (S, P)
if and only if the following hold:

(i) We have

/|m(1 + f(z)) — h(z)|F(dz) < o0, P®A—a.e.

(i1) and
b-A+cf-A+ (v —h(z)+af(x))xv=0. (2.20)

Furthermore, if Z is a o-martingale density for (S, P), then the following
holds:
/x(l b (@) Fldz)AA =0, P—as. (2.21)

Proof. Thanks to Ito’s formula, we deduce that ZS is a o-martingale if and
only if S + [S, N] is a o-martingale. The last statement is equivalent to say

that there exists a bounded and predictable positive process ¢ such that
¢ - (S + ]9, N]) is a local martingale. (2.22)

Due to Theorem 2.2 (precisely the representation of AN given by (2.9)) and
the representation of S given by (2.4), we derive that

SH[S, N] = So-+ S+ hlw)x (1 —v) +cB+ A+ b A+ [z~ h(z) +2(f(2) +g(x))] o1
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Therefore, (2.22) holds if and only if the following two conditions hold:
olr — h(z) + z(f(x) + g(z))] * p is locally integrable (2.23)

ob- A+ ¢cf- A+ ¢(x — h(z) + o f(x)) xv =0. (2.24)

Since ¢ is predictable, positive and bounded, it is easy to deduce that (2.24)
is equivalent to (ii). While, (2.23) is equivalent to

/ cbt/x— ) + xf(2)]Fy(dr)dA, < +00, P —a.s.

which holds if and only if (i) is true.

Furthermore, by taking jumps on both sides of (2.24) and using AAb =
[ xF(dz)AA, AAc = 0 (see the properties of predictable characteristics of
S in Section 2.A for details), we have (2.21) immediately. This ends the proof
of this proposition. O

The following definitions on entropy-Hellinger process can be found in [16] and
[17], to which we refer the readers for more details about the entropy-Hellinger
process of a probability measure (which is also called Leibler-Kullback pro-

cess).

Definition: (i) Let N € My jo.(P) such that 1 + AN > 0. Then, if the

non-decreasing adapted process

VO () = th+ 3 [ + AN, log(1+ AN,) — AN,|  (2.25)

0<s<t

is locally integrable (i.e. VE(N) € Af (P

r.(P)), then its compensator (with

respect to the probability P) is called the entropy-Hellinger process of N,
and is denoted by h (N, P).

(ii) Let @ € P, with density Z = E(N). Then, we define the entropy-
Hellinger process of () with respect to P by

RE(Q, P) := hE(Z,P) = hF(N,P), 0<t<T.
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The expression of entropy-Hellinger process for a positive o-martingale and its

jump will be shown explicitly in the next lemma.
Lemma 2.4: Consider a positive o-martingale density Z = € (N) satisfying
N=X-S+Wx(u-v),

(2.26)
Wilw) = (¥~ 1) (1~ + /eAthV({t},da:)>_l.

Then, we have

T
(7 p) = 2CA A %fl (¥ =1)sv =3 (10g (1)~ 1+ %) (2.27)
T
A 2C>\ CA+ fl(%eATz —Dxv+ 2(1 QA =1 (2.28)
and

where v =1 — a; + [ N v({t},dz)..

Proof. Notice that h®(Z, P) is the compensator of VE(N), where
1
VE(N) = 5 (V) + > [(1+AN)log(1+AN) — AN]J. (2.30)

Then, from (2.26), we derive

eA?ASt
1 + ANt -

1
Iens, 20y + —Iias,—o1-
% {AS£0} % {AS,=0}

After simplification, this leads to

T

SN [(1+ AN)log (1 + AN) — AN] = [f log (6* ) _ee 1} “ i

v

+> [%bg G) - % + 1} Iias=0y-
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Then, by plugging this equation in (2.30) and compensating, we obtain

he (Z,P) = §ATCA A+> ( log <i) - % + 1) (1—a)+%, (2.31)

where

e

ATy T 1 Mz ATz e
(57) = 1 o= (S es (3) + 25 ) *v

=5 [t1og (1) [ rannas (1-2)a] +1 (Vres - o 1)

Hence, after simplification, (2.27) follows.

By taking the jumps in both sides of (2.27), we get

AhE(Z,p):l (a—/e’\TxF(dx)AA> qlog(y) —v+1

g
—v+1 ~log 7+1
= - ) - —log (7).
Y Y

Note that in this equality, we used that [ ze *v({t},dx) = 0. This follows
from the fact that Z is a o-martingale density (see (2.21)). This completes
the proof. O

Theorem 2.3: Suppose that Zf,,(S) # 0 and that (2.19) holds. If Z € Z¢ ,(S)
18 the MEH o-martingale density, then, there exists He L(S) such that

log(Z) = H-S+h*(Z,P). (2.32)

Proof. Notice that the assumptions of Theorem 3.3 in [17] are fulfilled. Hence,

a direct application of this theorem implies

Z=EWN), N:=8-5+Wx(u-uv),

Wi(z) == (3) (eﬁfw - 1) . A= 1—a+ [P eu({t}, da).
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Thus,

log(Z) = N — 1(N) + [log(1 + AN) — AN]

=B S4+ Wk (u—v) = 15Tch - A+ Y [log(£=") — = + 1] Ias0)

+ Z[log(%) - % + 1]l as—0}

~ —~ ~ ~ ~ ~ |~ ~ g1,
— B3-S+ Wk (u—v)— 157 A_i_Z[*’YlOg(%)Jr’yfl] I vﬁTx—§B s,

Remark that

%(?5% — M 1) k= BT (2 = b))+ %(?BTh(:v) — e )k (- )+

3 LG R(z) — P + 1) %,

since the functional 3~ (F5%h(x) — efT 4 1) is (1 — v)-integrable which is due
to the (1 — v)—integrability of ﬁfl(e/fﬂx — 1) = W(z) and the boundedness of
h(x). Therefore, we get

log(Z) = B+ S°+ BTh(zx) * (1 = v) + BT (x — h(x)) * p+

NGB h(w) — T 4 1) kv — 1FTeB - A+ A (—Flog(R) +7 — 1).
Equivalently, we deduce that

ET:L’GBT”” — e P
= xw+Y 7 (—Flog(F)+7-1),

! (2.33)

log(Z) = ~-S+%§TC§-A—|—

due to
B-S=pB-5+p"b- A+ B h(z)* (n—v) + B (x — h(z)) * p.

Therefore, a direct application of Lemma 2.4 for A = E , (2.32) follows imme-
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diately. This ends the proof of the theorem. O

Next, we will give the variation of this entropy-Hellinger concept towards the

change of probability measures.

Definition: (i) Let @) be a probability measure and Y be a Q-local martingale
such that 1 4+ AY > 0. Then, if the RCLL nondecreasing process

VE(Y) = %(Yc> + 3 [(1+ AY) log(1 + AY) — AY], (2.34)

is Q-locally integrable (i.e. VE(Y) € Al (Q)), then its Q-compensator is
called the entropy-Hellinger process of Y (or equivalently of £(Y')) with
respect to @, and is denoted by hF(Y, Q) (respectively h¥(E(Y),Q)).

(ii) Let N € My, 1oc(P) such that 1 + AN > 0 and Y is a semimartingale
such that YE(N) is a P-local martingale and 1 + AY > 0. Then, if the

process
%(Yc) + 3+ AN [(1+AY)log(1+AY) - AY +1],  (2.35)

is P-locally integrable, then its P-compensator is called the entropy-Hellinger
process of £(Y') with respect to £(N), and is denoted by h¥ (E(Y), E(N)).

Remark that the first definition above in (i) is a natural extension in proba-
bility as well as in mathematical finance areas, due to the popular and useful
technique of change of probability measures. The second definition in (ii),
which we will use throughout the thesis, extends (i) to the case when the
uniform integrability of the nonnegative local martingale £(N) may not hold.
The relationship between the two definitions is obvious. Indeed, let (7,),>1
be a sequence of of stopping times that increases stationarily to 7" such that

E(N)T» is a true martingale. Then, by putting @Q,, := &z, (N) - P, we obtain

hipr, (E(YV),E(N)) = b (E(Y™), Qu), 0<t<T.
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What we actually need in current thesis is the MEH local martingale den-
sity under change of probability measure. In the remaining part of this section,
we focus on describing the MEH o-martingale density when we change prob-
ability. This case can be derived easily from the more general case where one
works with respect to a positive local martingale density, Z, that may not be
uniformly integrable. First, we generalize the characterization of the MEH
o-martingale density for the case when S may not be bounded nor quasi-left
continuous. For the case of bounded and quasi-left continuous S, a more
elaborate result is given in [16].

In what follows, we denote by Z a positive local martingale given by

o~

Z :=E&(N), N :=p-S+Wx(u—v)+gxu+N, Wi(z) := ft(ﬂfH%f{ata},
- U
(2.36)
where (ﬁ, 7, g,N) are the Jacod components of N. Here, we define:
Zp (8, 2):={Z|Z>0, ZZ € Z;.(5)}, (2.37)

where Zf (S) is given by (2.17).

Theorem 2.4: Consider Z defined in (2.36) and suppose that

Z,.(5,2) #0,  and / (14 f(2))F(dr) < 00, VA€ R
{l=|>1}
Then, the minimization problem

_min  A¥(Z,2), (2.38)
ZeZ¢ (S,2)

loc
admits a solution Z = E(N) given by

€
N —_— /B * SC’Z + W I/ ’ W x 5 |
(” ) t( ) 1 atZ +f€/3tTyy ({t}, y)
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where B is the root of

0="0b7 +cA+ /(e’\Txa: — h(z))F?(dz). (2.39)
Here S9%, b2, a?, v? and F? are given by
SeZ = S¢—cB-A, b7 = b—l—cﬁ—/ f@)h(z)F(dz), of = v?({t}, R"\{0})

and vZ(dt,dr) .= FZ(dzx)d4,,  FZ(dz):= (1+ f,(z))Fi(dx).

Proof. Consider a sequence of stopping times, (75,),>1, stationarily increasing
to T (i.e., P(T,, = T) — 1 as n — oo) such that Z7» is a true martingale,
for a fixed but arbitrary n we denote Q) := Zr, - P. Remark that all the
equations in the theorem are robust with stopping. Then due to Lemma
2.5, it is enough to prove that the theorem is valid on [0,7,,]. Then, we
obtain that v9(dt,dz) = (1 + fi(2))[p<ryv(dt, dz), Z.(S,Q) # 0 and that
Stz A TFQ(dx) < +o00 for A € R%

Therefore, the assumptions of Theorem 3.3 in [17] are fulfilled. Hence a
direct application of this theorem for S and under the measure Q = Z7,, - P,
we deduce that the problem defined in (2.38) admits a solution Z9 = & (K/ Q) :
where N is given, on [0,7,], by

efle — 1

N =359 4T « (n— 1), Wy(x) = 5 |
3 (i ), Wi(x) 1— a2 + [ ePvQ({t}, dy)

Herein S“% is the continuous local martingale part of S under ) and % is
the Q-compensator measure of y, and a? = /9 ({t}, R\ {O}) Moreover, 3

is given by the equation

0=09+ch+ /(e”x - h(x))FQ(dl") o)
2.40

_ [bZ +ed+ [(Nrr - h(w))FZ(diﬁ)] Io,1,-
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It is then clear that N coincides with N of the theorem and that the equation
(2.40) is exactly the equation (2.39) of the theorem. This ends the proof of

theorem. ]

Theorem 2.5: Let Z be a positive local martingale and 7€ ZL (S, Z). If the
assumptions of Theorem 2.4 are fulfilled, and Z is the MEH local martingale
density with respect to Z, then

log(Z) = 3-S+h"(Z, 2). (2.41)

Proof. The proof of this theorem follows the same arguments as in the proofs

of Theorems 2.3 and 2.4. ]

2.D.2 Minimal Hellinger Martingale Density of Order
q

Consider the following function f,(z) and the set D, which will be used fre-
quently in this section and Chapter 3 and 4:

%, if x > —1and ¢ ¢ {0, 1};
fo(x) == ¢ o —log(1+x), ifz>—1andq=0; (2.42)
400, otherwise.
D:={f¢c R : 1+60T2 >0, F—ae}. (2.43)

Also, considering the following set of local martingale densities

Ze

q,loc

(S):={Z=E(N)>0|N € MelP), ZS € Mye(P), f,(AN)€ L}

loc

(2.44)
Now, we introduce the central concept in this chapter on Hellinger processes

of order q.

Definition: (i) Let N € Mg, jo.(P) such that 1 + AN > 0 and ¢ # 1. Then,
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if the non-decreasing adapted process

VOW) = LN+ Y f(AN), 0<t<T, (249)

0<s<t

is locally integrable (i.e. V@W(N) € A} (P)), then its compensator (with
respect to the probability P) is called the Hellinger process of order ¢ (¢ # 0)
of the local martingale N, and is denoted by h(® (N, P).

(i) Let @ € P, with density Z = E(N). Then, we define the entropy-
Hellinger process of () with respect to P by

WNQ,P) =0z P):=hN,P), 0<t<T.

From time to time, we need to stop the local martingale densities. The fol-

lowing lemma will help us a lot when we go back from “local” to “global”.

Lemma 2.5: Let (T),)n>0 (To = 0) be a sequence of stopping times that in-
creases stationarily to T. Suppose that for each n, ST admits the M HM
density of order q, denoted by AQH Then, S admits the M HM density of
order q, Z, given by

1

. ym
N

Z:=&(N) and N = ZI]Tnthn]
n>1

The next proposition provides an important characterization of the local mar-
tingale density, given by (2.47). Furthermore, the representation of Hellinger
processes of local martingale densities and the associated jumps are given in
assertions (2), (3) and (3'). Remark that we consider the process S in the
general framework as a semimartingale. However, when we apply them in our
main results in Chapter 3 and 4, we are only interested with the case that S

is locally bounded.

Proposition 2.3: Let p € (—o00,1), ¢ = z%’ and Z = E(N) be a positive
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martingale density given by

N=3-84+Wx(u—v), (2.46)

e

where Wi(x) = ki(z) + -

]{at<1} and k, ::/kt(x)l/({t},dx).

1/2
Here € L(S) and (Z kt(ASt)QI{AS#O}) € A;b . Then, the following
0<t<

hold:

(1) The process |x(k(x) + 1) — h(z)|xv has a finite variation (h is the trun-
cation function such as h(x) = xljz<iy) and Z (or equivalently (53,k))
satisfies

b-A+cB- A+ [(k(z)+1) — h(z)]*v =0 (2.47)

(2) The Hellinger process of order q for Z is given by

—a

h9(Z, P) = —ﬁTﬁ A+ f(k *1/+Z (1—a)f, ( i ), (2.48)

where f, is a function defined in (2.42).
(3) Let q # 0 and suppose that there exists X € L(S) such that 1+ ATz > 0,
F(dr) ® dA® P(dw)-a.e., and

o ~ \ /(1) ~
(o) =7 (L4 802) L R ek [V, dy)
(2.49)

Then, the Hellinger process of order q and its jumps are given by

h(Q)(ZP):% A+ fo(k *V—i—Zl—a (;—1)(2.50)

-1

and ALV(Z Py=1 — _
@R ==

(2.51)

(3') Suppose that there exists A € L(S) such that 1+ Xz > 0, F(dz)@dA®
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P(dw)-a.e., and
k() = (1+ M 2) ™' — 1. (2.52)

Then, the Hellinger process of order zero, h9)(Z, P), and its jump process,
AR (Z, P) are given by

hO)(Z, P) = %XTCX AT ((1 ATyt 1) v (2.53)

and AR(Z,P) = / log(1 + AT @)wy(dx). (2.54)

Proof. The proof of the assertions (1) and (2) follow from Lemma 2.4 and
Proposition 3.5 respectively in [18].

It is obvious that (2.50) follows from (2.47) using (2.49).

Since 7 # 0, then, by taking the jumps ion both sides of (2.48), and using
(2.49), we obtain

/y (1 +Xfy)p_1u({t},dy) =0, p—-1= b

qg—1

Hence, (2.51) is derived from taking jumps in both sides of (2.50), inserting
the above equation in the resulting equality, and using the expression of v of
(2.49) afterwards.

Assertion (3') corresponds to the case of p = 0. Remark that in this case, the
quantity 74 given in (2.49) is 1. Then, a similar calculation as (2.50) and (2.51)
leads to (2.53) and (2.54). This ends the proof of the proposition. O
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Consider the following assumption

Assumption: For any predictable process A such that A € D, P ® A-a.e.,
and every sequence of predictable processes, (A,)n>1, such that A, € int(D),
P ® A-a.e., and A\, — A\, we have, P® A — a.e.,

(2.55)

lim [ K,(\[2)F(dr) =

n—-+o0o

+00, on I
[ K,(\'2z)F(dz), on T-

where K,(y) := |y||(1 +y)?~' — 1] and T := {F(R%) > 0 and X ¢ int(D)}.

What follows below is very useful proposition which is slightly different formu-
lation of Corollary 4.7 in [18]. Indeed, in the following proposition we explicitly

provide the integrand in the stochastic integral with respect to S.

Proposition 2.4: Suppose that (2.55) holds. Let Z € Z810.(S) be the minimal
Hellinger martingale density of order q. Then, the following hold.
(1) There exists X € L(S) such that 1 + ATz > 0 F(dz) @ dA ® P(dw)-a.e.
and

) — — 1 N
Z:=&(N), N:= q_—l-Sc—l-W*(u—u), Wi(z) = = ((1 + )\th> — 1> :
Bom L=t [ ) (2}, dy).

(2) Furthermore, Z satisfies

717t = (30 5 +glg = DAZ, P)),

- 5(X : S)E(q(q ~1)h@(Z, P)) (2:50)

Corollary 2.5.1: Suppose (2.55) holds for p = 0. Let Z € Z610¢(S) be the
minimal Hellinger martingale density of order 0. Then, Then, the following
hold.
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(1) There exists A € L(S) such that 1+ ATz > 0 F(dz) ® dA ® P(dw)-a.e
and Z satisfies

~ ~ — N ~ N1
Z:=E&(N), Ni=-A-S+Wx(u—v), Wiz)= (1+AtTa:) Y
(2) Furthermore, Z satisfies

771 = 5(X : S). (2.57)

This section extents the MHM density concept to the case where one is
facing a local change of probability. Through out this section, consider a
positive local martingale, Z, given by
Z :=E(N), N := B-S4HWx(u—v)+gru+N, Wi(z) = fi(r)—1 ft - at[{atd}

(2 58)
Here (5 s g,ﬁ) are the Jacod components of N. Through out this section,
we will frequently use the set of martingale density with respect to the density
Z defined by

(S,2) = {7 | Z>0, ZZ¢ Z;,OC(S)}, (2.59)

q loc

(&
where Z7),.

(S) is given by (2.44). Then, the minimal Hellinger martingale
density of order ¢ with respect to Z is given by the following.
Next, we will give the variation of this Hellinger concept towards the change

of probability measures.

Definition: (i) Let @ be a probability measure and Y be a Q-local martingale
such that 1 + AY > 0. Then, if the RCLL nondecreasing process

V(q)(y) = %<YC> + qu(AY), (2.60)

is Q-locally integrable (i.e. V@(Y) € AL (Q)), then its Q-compensator is

called the Hellinger process of order ¢ of the local martingale Y (or equiva-
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lently of £(Y")) with respect to @, and is denoted by k(@ (Y, Q) (respectively
hOEY), Q).

(ii) Let N € My, 10c(P) such that 1 + AN > 0 and Y is a semimartingale
such that YE(N) is a P-local martingale and 1 + AY > 0. Then, if the

process

%(YC) +3 (L+AN)f,(AY), (2.61)

is P-locally integrable, then its P-compensator is called the Hellinger process

of order g of the local martingale £(Y") with respect to £(V), and is denoted
by AP (E(Y), E(N)).

Consider the following assumption.

Assumption: For any predictable process A such that A € D, P ® A-a.e.,
and every sequence of predictable processes, (\,)n>1, such that A, € int(D),
P ® A-a.e., and A\, — A\, we have, P® A —a.e.,

(2.62)

Jim K,(\l2) f(z)F(dx) =

{—i—oo, on I7
[ K,(\T2)f(z)F(dz), on T-
where K,(y) := |y||(1 +»)?' — 1] and T := {F(R%) > 0 and X ¢ int(D)}.

Theorem 2.6: Let D be the set defined in (2.43), 1 # p € IR, and q = }%.
Suppose that (2.62) holds, Z¢,,.(S) # 0, int(D) # 0, and for any \ € int(D)
P®A—a.e.,

/ 12](1 + ATz~ FZ(dz) = / | f(2)(1 + A2~ F(dz) < +oo.
{lz[>1} {|z|>1}

(2.63)
Then, the minimization problem
~_ min  h9(Z,2), (2.64)
Zeze, (S,7)

q,loc
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admits a solution Z = E(N) given by

~ 1 ~ N __ N _
N = B8t W), Wilo) i= (7)1 (45 ap 1) (269
where 3% =1 —aZ + /(1 + Efy)p_lyl/z({t},dy), and Za’ is the root of

0=0b7+(p—1)eA + / [(1+ MN2)P'e — h(z)] FZ(dx). (2.66)
Here S%, b7, a?, v? and F? are given by

SeZ =8¢ —cB-A, af = v?({t}, R,
b? :=b+cB+ /(f(x) — 1)h(z)F(dx), (2.67)
vZ(dt,dz) = FZ(dx)dA;, FZ(dz):= fi(x)F(dx).

Proof. Consider a sequence of stopping times, (7},),>1, that increases station-
arily to T' (i.e., P(T,, = T) — 1 as n — 0o) such that Z» is a true martingale,
and denote @ := Zp, - P (for n fixed but arbitrary). Remark that all the
equations in the theorem are robust with respect to (stable under) stopping,
and due to Lemma 2.5, it is enough to prove the theorem on [0,7,]. If, we
put

vO(dt, dz) = fi(z)Iy<ryv(dt, dz) = FP(dx)dA,,

then it is clear from the assumption of the theorem that Z;ZOC(ST“, Q) # 0 and
that [;,oq,(1+ A z)P~12|F9(dx) < +oo for A € RY. Hence, the assumption
of Theorem 4.3 in [18] are fulfilled for the model (S™,Q = Zp, - P). Thus,
a direct application of this theorem leads to the existence of the minimal

Hellinger martingale density of order ¢ for (ST, Q), that we will denote by
ZQ0=¢ (NQ>, and is given, on [0, T,], by

- 1 ~ — ~ (1+ Bz -1
NO .= — B3-S4 Wx(pu—1¥ Wi - 5 |
1), W) = e B e (e dy)
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Herein (59,59, a9, 19, F¥9) coincides with (S%% b7 a?,v?, F?) (defined in
(2.67)) on [0,7,,]. Moreover, B is given by the equation

0=10%+(p—1)eA + /((1 + M)ty — h(x))FQ(dx)

Therefore, it is obvious that the above equation coincides with (2.66). This

ends the proof. O

Proposition 2.5: Let p € (—o0, 1) and q be the conjugate number. Consider
(S,Z). If the assumptions of

Theorem 2.6 are fulfilled, and Z denotes the minimal Hellinger martingale

a positive local martingale, Z, and 7 c Zg,zoc

density of order q with respect to Z, given by (2.65), then

Zo = ¢ (ﬁZ .S+ qlg — D@ (Z, Z))
(2.68)
-y (E- s) £ (q(q ~ 1R (Z, Z).)

Here HZ = (yz)l—qﬁ, E is root of (2.66), and vZ satisfies

~ ~ p—1
= 1-af [ By Ay = (14 ala - DAKD(Z,2))
(2.69)

while a? and v% are given by (2.67).

Proof. The proof of this proposition follows the same arguments as in the proof
of Proposition 2.4 after stopping and under a suitable change of probability.
m
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Chapter 3
Log-Type Forward Utilities

This chapter focuses on our first class of forward utilities that we will param-
eterize /characterize fully. This class of forward utilities will be called log-type

forward utilities and is defined in the following.

Definition: Let X be a RCLL semimartingale and () be a probability measure.
Then, we call log-type forward utility for (X, @), any forward dynamic utility
for (X,Q), Up(t, z,w), given by

Uo(t,w,x) = Dy(t,w) + Do(t,w)log(z), =z € (0,+00). (3.1)

Here Dy(t) and D;(t) are two stochastic processes.

The first contribution of this chapter lies in characterizing the two processes
Dqy and D; of (3.1) such that Uy is a forward utility. While, the second contri-
bution deals with the explicit description of the optimal portfolio for Uy. These
two important contributions will be first elaborated for the general semimartin-
gale framework in Section 3.A and, afterwards, illustrated on many particular

examples for different market models in Section 3.B, 3.C, 3.D and 3.E.

40



3.A The Semimartingale Framework

Consider a filtered probability space denoted by (2, F, (F;)o<i<T, P) where the
filtration is complete and right continuous. Here, T" represents a fixed horizon
for investments. In this setup, we consider a d-dimensional locally bounded
semimartingale S = (5;)o<t<7 which represents the discounted price processes
of d risky assets. Our goal in this section is to describe the processes Dy and

D in (3.1) such that Uy(t, z,w) is a forward utility.

First, we recall the predictable characteristics of S, (B :=b- A, C := ¢ A,
v(dt,dz) := Fi(dx)dA;), that are defined in (2.5) such that S can be repre-

sented as
S=S+S4+rx(pu—v)+0b-A (3.2)

Throughout the analysis, the set D and the function @, (that are dependent
on (w,t)) defined below will play important roles. The set D is given by

D:i={eR”: 1+0"x>0, F—ae.}. (3.3)
The function ®( takes values in (—o0, +00] and is given by
1
Py(N) := —b" A+ 5/\Tc/\ + /fo(/\Tx)F(da:), VA e RY (3.4)

where, the function fj is defined by

(3.5)

fo(z) := {JC — log(1 + =), i > —1:

~+00, otherwise.

The set of admissible portfolios for Uy (see (3.1)) is denoted by Agam (z, Uy, P)
(or simply Aggm(x)), which is already defined in (2.10) that I recall below

Agam(x) 1= {7r € L(S)| 1+7-S >0 and sup EUO(T,x+(7T~S)T) < +oo}.
T€TT
(3.6)
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Remark: Since Uy(t,w,x) is a random field utility, for any fixed x > 0, the
functional Uy(t,w, ) is adapted and RCLL. As a result, by taking z = 1
and x = e, we deduce that the processes Dy and D; are adapted and RCLL
processes. Furthermore, Dy(w,t) > 0, for all (w,t) € Q x [0,T], due to the

strict increasingness of x — Uy(t,w, x).

The characterization of Uy in the full generality will be achieved after two
steps. In the first step, we assume that the process Dy is constant and equal
to 1, that is,

Uo(t,w,x) :=log(x) + Dy(t,w), x>0. (3.7)

Here, we suppose that D; satisfies the condition

sup E (|D1(7)]) < +o0. (3.8)

TETT

The second step will relax this assumption and work towards the general result.
For the first step, our main assumption on the model is intimately related to

the random measure F'. Below, we state this assumption:

Assumption: For any predictable process A such that A € D, P ® A-a.e.,
and every sequence of predictable processes, (\,)n>1, such that A, € int(D),

P ® A-a.e., and \, — A\, we have, P® A — a.e.,

(3.9)
. ~+00, on I7
lim Ko\, z)F(dx) =
n—+o00 0< " ) ( ) /KO()\TJ:)F(CZ:E), on I
where Ky(y) = vl and
1+y
I={(w,t) € Q2 x[0,7]: F(RY) > 0 and \ ¢ int(D)}.

Theorem 3.1: Consider the functional Uy given in (3.7). Suppose that S is
locally bounded and the assumption (3.8) and (3.9) hold. Then, the following

two assertions are equivalent.
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(i) The functional Uy is a forward utility with the optimal portfolio rate 0.
(i) The following properties hold:
(ii.1) The optimal portfolio rate 0 belongs to int(D) and is a root of

b— A—/ A F(dz) =0 (3.10)
¢ L A = ‘

(71.2) The M HM density of order zero exists, denoted by Z, and there ezists

a local martingale M such that
Di(t) = Dy(0) + M, — B\O(Z,P), 0<t<T. (3.11)

(ii.3) The process N := Dy —log(Z) is a martingale.

The proof of this theorem is long and requires some technical lemmas and
propositions. In the following, we will start by stating and proving these
intermediate results that are also interesting in themselves while the proof of

Theorem 3.1 will be provided after them.

Lemma 3.1: Suppose S s locally bounded. Then, we have
0 € int(D) C Dy,

where Dy:={\eD: 3 6§>0, 1+XNa>5, F-ae} (3.12)

Proof. For any \g € int(D), there exists ¢ > 0 such that for any A satisfying
Ao — A|[< &, we have 1 + A\Tx > 0, F — a.e.

Now, we put A := \¢/a, where

1

= €(0,1).
IRy (0,1)

It is easy to check that |\ — A\g|< € and
I+ XNz=14+aNr=a(l+XN2)+(1-a)>1—-a>0, F-—ae.

Hence, \g € D;. To prove 0 € int(D), we follow the localizing procedure and—
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without loss of generality—assume that S is bounded, i.e. |S|< K. Then, there

exists € ;= ﬁ such that

1
Y A€ B(0,9), 1+)\T:1;21—Kﬁ:1/2>0.

Therefore, the neighborhood B(0,¢) C D and thus 0 € int(D). This completes
the proof of this lemma. O

Lemma 3.2: Suppose S is locally bounded, then for any X € IR* and § > 0,

we have

/ foQTz)F(dz) < +oo P® A —ae. (3.13)
{NTz>5-1}
Proof. Thanks to Taylor’s expansion of fy, we have

(\'2)?

fo\'z) = (1+r\T2)™2 for 0<r<l.

For § > 0 such that ATz > § — 1, we put 0 :=d A 1 and obtain
T+ e >1+7r(0—-1)>5A1=4. (3.14)

Therefore, we obtain that

T 1 5
/{AT@_I} fo(N x)F(dx 2 %I\ /yas\ F(dx). (3.15)

Since S is locally bounded, it is easy to see that [S, S| € A;° .. As a result, we
have 2% x v < +00, P-a.s., (terminal value of the compensator of > |AS|?)
and hence

/|x|2F(dx) <400, P®A-—ae.

By combining this with (3.15), (3.13) follows immediately. This completes the
proof of this lemma.

]

Lemma 3.3: Suppose S is locally bounded. Then, the following two assertions
hold, P ® A-a.e.
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(1) For any X € int(D),

Az
|| T /\TxF(dx) < +00. (3.16)

(i1) ®o(N) is differentiable on int(D) and for any Ao € int(D),

PN
T
1+ Nz

Bi(No) = b— cAg — / F(dz).
Proof. (i) For any X\ € int(D), due to Lemma 3.1, there exists € (0,1) such
that 1+ X2 > 6 > 0 F — a.e. Thus,

T Fldx) < — z|“F(dx
/{ATmZ(;_l}’x‘l—f—)\ x ( ) - 6 | ’ ( )

which is finite since [S, S] € A;f

loc*

(ii) Let Ao € int(D). Then, for any y € IR%, thanks to Lemmas 3.1 and 3.2,
there exists g9 > 0 such that for any 0 < e < &g, Ao + ey € dom(Dy).

Due to Taylor’s expansion of the function go(ATz) := AT — log(1 + A'z), we

deduce the existence of r € (0,1) such that

ke () go()\gx + 5yT:E) — go()\gx) T )\OTa: +reyla
xTr) = = €T .
c € 4 1+ M+ reyTz

Meanwhile, notice that (|k.(z)|)c is bounded from above by

I\ z| ANz + egyT x| )

k =
(z) [yllz[max (1+)\0Tx’ 1+ Mo+ eoyTx

Thanks to Lemma 3.3—(i), k(z) is integrable since A\, \g + gy € int(D) C
dom(®y). It allows us to apply Dominated Convergence Theorem to (|k.(z)|)e,

which leads to
lim (1)0()\0 + ey) — CD[)()\())

e—0 g

=yl ", (3.17)
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where ®* is given by

Mg
O :=bh—c)\y — 0 F(dz).
Ao /xl—i-)\OTx (dz)

It is clear from (3.17) that y”®* is the directional derivative of —®q at A,
which is linear in y. Thus, due to Theorem 25.2 in [68], @y is differentiable on
int(D). This completes the proof. O

Lemma 3.4: Suppose S s locally bounded. Then, the interior of the effective

domain of ®y coincides with int(D), that is,
int(dom(®y)) = int(D), P® A—a.e.

Proof. For any g € int(dom(®y)), there exists a neighborhood B(\g, €), such
that B(\g, ) C dom(®g). Let § = /2 and A € B(\g,£/2) such that

A=+ de; € B(/\Q,é).

Due to the convexity of the function fy(x), we have

\T d
1|+ )\T| < Z [fo(N 'z + 0] ) + fo(\ @ — de]2)],

e

o]

th

where e; is the vector of IR whose i component equals one, and the others

are null. Therefore, we have

)\T
/\ | | x| F(dz) < 400, P®A—a.e.

It implies that 1+ Az > 0, F'—a.e., from which we clearly deduce that A € D.
Therefore, \g € int(D).

On the other hand, for any A\ € int(D), there exists a neighborhood B(\g, €) C
int(D). Then, due to Lemmas 3.1 and 3.2, we have B(A\g,e) C dom(®dy)
Hence, Ay € int(dom(®Py)). This completes the proof of this lemma. O
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Proposition 3.1: Suppose S is locally bounded and assumption (3.9) holds.
If ®o(N\) attains its minimum at X, then X € int(D). Furthermore,

B (N) = b— ch— / L eF(dz) = 0. (3.18)

Proof. Suppose that the minimum of ®(\) is attained at A Then, it is easy
to deduce that A € D. For any 7 € (0,1), we put A := (1—7)X, which is convex
combination of 0 and X, that belongs to int(D). Since A is the minimum of

®o(\) over D, we have

Do(N) < By(N), P®A—ae. (3.19)

On the other hand, due to the convexity of fy, we have

foWTw) = fo(N )

r

> fo(XTﬂU)-

Since fO(XTa:) is integrable, the above inequality allows us to apply Fatou’s

Lemma ,and get

r—0 T

<0, P®A-a.e.,

Here .

AN
=b—c\— F )
G(\) :=b—cA /1+)\Txx (dx)

After rearranging the terms, it is clear to see that

|S\/T$|2 3T 3T X
0< ——F(dr) < X'b— M\ el < 0. (3.20)
1+ M\

For some \g € int(D), it is easy to check that the convex combination

1~ 1
A= 1—=—=)A+ =X €int(D) and A\, = A\
n n
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Suppose that A ¢ int(D) and put

XT 2 XT 2 A |2
lo(z) = —’ "f| [(x) := max | f| , | Ox’T .
14+ Ay 1+ Tz L+ X

It is easy to see that the function k(y) := %,

Thus, we have [, (z) < I(x). Meanwhile, {(z) is integrable due to (3.20) and

y > —1, is positive and convex.

Lemma 3.3—(i). This allows us to apply Dominated Convergence Theorem to
(), ie. N

———F(dx) = lim I)\Z—fPF(dac),

1+ Tz notoo ) 14+ ATy

which is +o0o0 due to assumption (3.9). This is a contradiction with (3.20).
Thus, we can conclude = int(D). Meanwhile, due to Lemma 3.3—(ii), ®q
is differentiable at X. Therefore, we have (3.18) by recalling Lemma 3.3(ii).

This ends the proof. m

Lemma 3.5: Let 0 € L(S) and suppose that

or
((1 +072) 7 — 1+ log(1 + %))m € Af . and / L y({t},dx) = 0.
1+0Tx
(3.21)
Then, the functional W, given by
Wi(z) == (1+072)" =1
belongs to G} (i) and the process Z, given by
Z:5<N), N=—0-S+W=x(u-v) (3.22)

1s a well-defined local martingale.

Proof. We need to show that every component in this construction is well-
defined. For § € L(S) and S being locally bounded, thanks to Proposition
2.1, we have € L(S°). Thus, the integral —8 - ¢ is a well-defined continuous

local martingale. For the purely discontinuous part, we need to prove W is
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(u — v)-integrable, i.e.

(Z(Wt<AS)[{ASﬁéO} - /Wt)2>1/2 € A,

T
Due to / i - v({t},dz) = 0 assumed in (3.21), we deduce that

1+ 60Ty
W - /Wt(:c)z/({t},d:c) _ —/ 1ingy({t},dx) _o.

Hence, W € G| (1) if and only if

(Z(Wt(AS)[{AS#O})Q)m € A,

Since § - S is a RCLL semimartingale, then, for any o € (0,1), the non-
decreasing process Iy gragi<ay ° [5 S, 9. S] is locally bounded! and, hence, it is

locally integrable. Then, due to the inequalities

2
rac) ! 1 T
3 ((1 0 As) - 1) Lgrasica) 3 Ty S @ A8 g,

1

== a)2[{|5TAS|Sa} [0-5,0- 5],

we deduce that S>((1+6TAS)~! — 1)2I 57 as|<qy i locally integrable.
Put A= (1—-a)log(l —a)+ a € (0,1) and remark that

1+07AS)™ = 1|1,5r < > 0.
I ) Higrasiay < (AK(GTAS) - 1) Lgrag)say 0AS < 0.

where K(y) := (1 +y)™' —1+1log(1+y). Then, we derive that

P ar
DI +0"AS) ™ = U gragimay = 2L garapsay * 1+ AIKO72) T gr g 00y * -

IFact: any semimartingale with bounded jumps is locally bounded.
The process [0-5,0-5] is non-decreasing and has finite variation with bounded jumps, hence,
it is locally bounded.
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Hence, due to (3.21), S|(1 4+ 6TAS)! — 1|1 5rag)>q) I8 locally integrable. 2
Finally, using the inequality

1/2
(Z((l +0"AS) " - 1)2]{\§TAS|>a}) <> 0+ fras)™ - W @rasisay

_ 1/2
we obtain the local integrability of (Z((l +6TAS)™ — 1)2> .
This ends the proof of the (1 — v)-integrability of W, and hence W % (u—v) is

a local martingale and the process Z constructed in (3.22) is well defined. O

Proof of Theorem 3.1:

The proof of this theorem will be carried out in four steps, where the impli-
cation of (1) = (ii) will be given in Step 1-3, while Step 4 will focus on the
proof of (i1) = (7).

Step 1: Suppose (i) holds. Due to assumption (3.12), = 0 is admissible. We
deduce that D(t) is a supermartingale, which can be written in the form of
D(t) = D(0) + M; + aP, where M is a local martingale and a” is predictable
with finite variation. By Ito’s formula, we get for any admissible portfolio rate
0,

X?:=log(£(-5))=6-S— %@TCG A+ (log(1460"2) — 0"2) * p.

Hence, for any admissible portfolio rate 6 (respectively, the optimal portfolio

rate 6 ),

Ut,z&(0-S)) = U(t,zE(0 - S)) = D(0) + log(z) + M, + X! +aP  (3.23)

2For the process ZI{@TAS|>Q} = I{@Tx|>a} * (1, it is non-decreasing, and note a fact

that, it is right continuous and , hence, the number of jump is finite (RCLL process (5 -S)
has finite number of lower bounded jump and countable total jumps ), which implies it is
real valued and has finite variation. Moreover, its jump is bounded and, hence, it is locally
bounded. When —1 < z < —a, we choose A such that f(x) < 0, where

1
14+

f(z) = A(log(l—i—x)—i—l_'_%—l)—l—( 1).

Note that the function g(x) := (1+x)log(1+x) — x is decreasing on (—1, —a) and ¢(0) = 0.
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is a supermartingale (respectively, a local martingale) if and only if the process
X% + aP is a local supermartingale (respectively, is a local martingale). It
implies that

|log(146%2) — 0T z|xp € AS (3.24)

loc?

and the process
a” — ®y() - A is non-increasing (respectively, is null), (3.25)
where ®y(6) is given in (3.4). From (3.25), it is clear that when 6 = 6,
P = @, (5) A, (3.26)

that is, the optimal portfolio rate 8 will minimize the functional Do (6).
Recalling the assumption (3.9) and Proposition 3.1, we can conclude that
0 € int(D) and it is a root of equation (3.10). This completes this proof of
(ii.1).

Step 2: By inserting the equation (3.10) to the right hand side of (3.26)(recall
the integrability (3.24)), we have,

_aDzlchg.A+/( 1,\ —1—|—log(1—0—§Tz)) F(dz)-A  (3.27)
2 1407z

From (3.27), we deduce that the process ((1 F 07271 — 1 +1log(1 + é\Tz)) x [
is locally integrable. Meanwhile, by taking jumps in (3.10), we deduce that

/~7ﬂ33
/ O (), dx) — 0.

1+ 07y

This fulfills the condition of Lemma 3.5, where we have proved that A , given
in (3.22), is well defined. Moreover, it is a local martingale density due to
(3.10) and Proposition 2.2.

It remains to prove the optimality of Z. Thanks to Proposition 3.2 in [17] (see

also Proposition 4.2 in [16] for the case of quasi-left continuity), it is enough
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to consider a positive martingale density Z = E(NN) of the form

~

ke
l—at

N = p-54Y*(u—v), Yi(x) = k(zx)+ Ifaecry, iy o= /kt(x)V({thdx),

loc*

vexity of z7cz and fy(z) := 2 — log(1 + 2), we obtain on {AA = 0},

where 8 € L(S) and (3 kt(ASt)QI{ASHéO})I/Q € Af . Then, due to the con-

dh©(Z,P)  dh®(Z,P)
dA dA

— [ [auta)) = fa((1+872) = 1) Pldo) + 5 (67cB — 0" ch)

(3.28)

> §Te( — 8) + / §T:c<k:(;1:) Tl (14 @Tx)*1>F(d:c) —0. (329

The equality (3.29) is derived from a combination of (3.10) for Z and a similar
equation for Z based on (2.47) that

b-A+cfB-A+x(k(x)+1)xv=0.

On the other hand, due to (2.53) and (2.54) in Proposition 2.3 and the con-
vexity of fo(z), we get

ALYz, P) — AR (Z, P)

— [ [t = (14870 = 1)l + 1 = apfo (= )3:30)

> / (ko) + 1 (14 82) ") Ban () = 0 (3.31)

~

_kt
1 — Q¢

Indeed, the equation (3.30) comes from Proposition 2.3, while the equation
(3.31) follows from (3.10) for Z on the set {AA # 0} and a similar equation
from (2.47) for Z that

/a:(l + ki(x))(dx) = 0.
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Thus, by combining (3.29) and (3.31), we deduce that Z is the M HM density
of order 0.
Step 3: In the step, we will characterize a” and then conclude (3.11). Fur-

thermore, the proof of (ii.3) is given in the end.

By considering (3.27), on the set {AA = 0}, we have

1~ ~ ~
_[{AA:O} . aD = [{AA:O} |:§9T09 + /fo ((1 + GTy)*l — 1)1 A

= Iiaazoy - BO(Z, P) (3.32)

where the Hellinger process h(o)(Z , P) are given in Proposition 2.3. On the
set {AA # 0}, (3.10) implies

/ L y(dz) =0, (3.33)

1+0Tx

With the help of (3.33), we take jump on both sides of (3.27) and use Propo-

sition 2.3, we derive
— Ad® = /log(l + 072 (dz) = ALKO(Z, P). (3.34)

Therefore, following (3.32) and (3.34), we can conclude immediately (3.11).
Finally, due to the forward property of Uy, Uy(t,E ((/9\ -9)) is a martingale. We

combine this fact with the result in Corollary 2.5.1 and derive
N =D, —log(Z) = Uy(t,£(6 - 5)).

Therefore, (ii.3) holds immediately.
Step 4: Now, we suppose (ii) holds. For the particular portfolio rate §7 we
apply the result in Proposition 2.4,

Uo (-, z€ (5 S)) = log(z) — log (2) + D (3.35)

which is a martingale from assertion (ii.3). Meanwhile, for any admissible
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portfolio rate 6, we have

o910 o0 5-9) e (22)

By applying Jensen’s inequality, we have

&(0-5) &(-89)
E [log (5}(5- S)) | Fs log | E <5t(§- 5) |.7-"3>] : (3.36)

Thanks to Corollary 2.5.1, we have Z = 5*1(5- S) and hence

log [E <5t(f' S)|J-“5>
&(0-5)

It is easy to see that ZE (0 -S) is a positive local martingale hence a super-

— log [E(Z&(G : 5)|fs)} . (3.37)

martingale. As a result,

log | B(Z£4(0 - 8)|F.)] < log (Z:£,(0-5)) = log (%)

Therefore, log (5(9 : S)/S(é\ S)) is a supermartingale, and U (-, &€ (6 - 5)) is

a supermartingale too. This completes the proof. O]

Now, we are ready to characterize the log-type forward utility, Uy, given by
(3.1), for the most general case without any assumption on Dy and D;. This
will be achieved in two steps. First, an equivalent statement on the forward
property of Uy is established in Theorem 3.2. Then, in Theorem 3.3, we focus

on this equivalent statement and give a full characterization of Dy and D;.

Theorem 3.2: Suppose that the processes Dy and Dy of (3.1) satisfy

sup E (|Do(7)|+|D1(7)|) < +00. (3.38)

T€TT

Then the following two assertions are equivalent:
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(i) Uo(t, z) is a forward utility.
(i) (Do(t))i>0 is a positive martingale, (D1(t)):>0 S a supermartingale and

the functional U(?, given by

UL(t,z) := log(z) +

(3.39)

is a forward utility for the model (S, Q), where Q) := g%—(T)) - P.

Proof. Suppose that (i) holds. Then, under the assumption (3.38), the null
portfolio rate is admissible, and hence Uy(t,x) = D;(t) + Dy(t)log(z) is a
supermartingale for any x > 0. By considering the cases of x = 1 and = # 1,
we conclude that the process D; is a supermartingale and the process Dy is a
special semimartingale.

The Doob-Meyer decomposition of Dy and D, are
Dy = Dy(0) + MPr + APr ) Dy = Dy(0) + MPo 4 AP0,

where MPt and MP0 are local martingales, and, APt and AP° are predictable

processes with finite variation such that
MP = AP = M = AP = 0.

By inserting the above decompositions into the expression of Uy, we get for

any z > 0
Us(t, ) = D1(0)+ Do(0) log(z)+MP* + MP° log(z) 4+ AP° log(z) + AP, (3.40)

Since Uy(t,x) is a supermartingale, the predictable part of Uy(t,z) is non-

increasing and hence
APolog(x) + APY <0, V x>0. (3.41)
The inequality in (3.41) holds only if AP> =0 and APt < 0 P-a.s. Therefore,
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the process Dy is a local martingale. To prove that Dy is a true martingale, we
note that for any = > 0, there exists a portfolio rate 7, (we explicitly denote
its dependence on z) such that (Uy(t, z + 0, St))iejo,r) is a martingale. Thus,

T, is the solution of the following maximization problem for any 7 € Tr

max FE(Uy(r,x +7-5;)) = E U,z +7,-S;)) =Up(0,2). (3.42)

7T€~Aad7n (I)

Meanwhile, we notice the equality

™
1 B (Dol loa(1 45 -57)) =y, B (Dolr)loglL 75
(3.43)

A combination of (3.42) and (3.43) leads to

E(Do(7)log(x)) — DAo(O) log(z)
=-F (DO(T) log(1 + % : ST)> + E (Do(7)log(1 + 71 - S,))
=0.

Since x can be taken arbitrarily, it is easy to derive that
E(Do(1)) = Do(0), V7 €Tr.

Hence, we conclude that the process Dy is a true martingale.
Now, an application of Lemma 2.3-(ii) can complete the proof of (ii). Further-
more, (ii)=(i) follows again from this lemma. This completes the proof of this

theorem. O

In Theorem 3.2, the process Dy is characterized as a positive martingale.

Thus, we can write it in the form of stochastic exponential, given by
Dy = Dy(0)E(N),

where N is a local martingale and we let (3, f, g, N/) be the Jacod components
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of N. We consider the following assumption:

Assumption: For any predictable process A such that A € D, P ® A-a.e.,
and every sequence of predictable processes, (A,)n>1, such that A, € int(D),

P ® A-a.e., and A\, — A\, we have, P® A — a.e.,

(3.44)
‘ . 400, on I
A | Kolna)(1+ fl@)Fde) = /KO()\T:c)(l + f(2))F(dx), on T*.
where Ko(y) := % and I' := {F(R%) > 0 and \ ¢ int(D)}.

Now, thanks to Theorem 3.1, the full description of Dy and D; can be
derived via working on the equivalent statement on the forward property of

U(? , given by Theorem 3.2—(ii).

Theorem 3.3: Let Dy be a positive martingale (put QQ = g%((:g)) - P) and D,

be a supermartingale. Suppose that S is locally bounded and the assumption

(8.44) holds. Then the following two assertions are equivalent.

(1) The functional U(? given by (3.39) is a forward utility with the optimal
portfolio rate 9.

(2) The following properties hold:

(2.a) The MHM density of order zero with respect to Q) exists, denoted by
ZQ, and there exists a Q-local martingale M® such that

Di(t) = Dy(t) (géggg + M2 — n\9(Z°, Q)) , 0<t<T. (345

(2.b) The optimal portfolio rate 0 is a root for

14+ Mg

b9 —cA +/ ( L 1) rF9(dz) = 0, (3.46)

where b9, F?(dx) are the predictable characteristics of S under Q.
(2.c) The process N := Dy — Dylog(Z?) is a martingale.
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Proof. (1) = (2). Suppose that (1) holds, that is, the functional U®(t,w, x) :=
log(x) + g;gg is a forward utility for (S, Q) with the optimal portfolio rate )
and the process D;/Dy is a Q-supermartingale. Hence, we can apply Theorem
3.1 directly on the model (S,Q,US) under the assumption (3.44). It states

that there exists the M HM density of order 0, denoted by ZQ, such that

D, /Dy can be characterized as (3.45). Furthermore, the optimal portfolio rate
§ is a root of the equation (3.46).

It remains to prove (2.c). Due to Proposition 2.5, we have
N := Dy + Dylog(£(F - S)) = — Dy log(z) + U(t, &8 - S)).
Hence, N is a true martingale, and we complete the proof of (1) = (2).

(2) = (1). Since Z9 is the MHM density of order 0, we apply the result in

Lemma 2.5 and derive

~

Ul <-,x5 (5 S)) = log(z) — log <ZQ> + %(1) = log(z) + Dﬁ (3.47)

0

Then, due to assertion (2.c), we conclude that Ué‘y <',a:8 ((/9\ S)) is a Q-

martingale. Now, for any admissible portfolio rate 6, we have

-1 (o0 05) v (03)

By applying Jensen’s inequality, we have

(&5 e (E0-S)
1g(&(5.s)>m] <1og | (@(@Sﬂg)], 349

Thanks to Proposition 2.5, Z9 = 1/€(f - S) and thus £(6-S)/E(6 - S) is a

E<
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positive -local martingale. Hence, it is a ()-supermartingale which leads to

E9 wm < log w : (3.49)
£(0-3) £.@-9)

By (3.48) and (3.49), it is clear that log <5(9 : S)/S(@\ S)) is a Q-supermartingale

and hence, UZ (-, z€ (- S)) is a Q-supermartingale as well. This completes

log

the proof.
[

Remark: The proof of (2) = (1) does not require the assumption (3.44).
Thus, the assertion (2) is the full description of the processes Dy and D,
such that Uy(t, z), given by (3.1), is a forward utility.

3.B Discrete-Time Market Models

This section is devoted to illustrate the general results of Section 3.A on
Discrete-time market models. Precisely, the trading times are countably many,
say, 7 = 0,1,...,N, and the information flow of the market model is given
by F = (F;)j=0.1,..~n. The d-dimensional stock price process is denoted by
S = (5j)j=01,. N, where S; is a d-dimensional, bounded and F; random
variable.

In this setup, the random utility Uy in the log-type given by (3.1) becomes
UO(jvx):DO(j)log(x)_'_Dl(j)? j:O,l,...,N, v.1'>0, (35())

Here, Dy = (Do(j))j=0.1,..~ and Dy = (D1(j)) =0,1,... v are stochastic processes
satisfying
sup E (|Do(j)|+|D1(j)]) < 4o0. (3.51)

0<j<N
Similarly as the continuous-time case, we denote the jumps of the price pro-

cess by AS; = S; —S;-1, 7 = 1,2,...N, and their corresponding conditional
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distribution given F;_; is denoted by G,(dx), i.e.
G,(dz) .= P(AS; € dz|Fj_1).
Then the sets D;, j = 1,2, ..., N, take the following form
D;:={0eR’ | 1+6"2x>0, G(dz)—ae.}. (3.52)

By following a similar argument as Lemma 3.1, the interior of D, int(D), can

be expressed as
int(D)={0€R? |3 §>0 st. 1+0"x >0, Gj(dzx)—ae.}.

Associated with the log-type forward utility (3.50), we denote the set of ad-
missible portfolio rates for the j** period of time, j = 1,2, ..., N, by @§-0), which
is given by

e\ .= {9 € LY(F;_1)ND;|E (|Do(j) log(1 + 0T AS;)||Fi—1) < +oo}. (3.53)
The main assumption imposed on this model is given in the following:

Assumption: For any j =1,...,N, 0 € D;, P-a.e., and every sequence
(01)n>1, On € int(D;), P-a.e., and converges to #, we have, P — a.e.

(3.54)

p(I200)E8)

400, on I';;
1+ 60TAS; j‘l)

EAOUEHIPS ‘
E(W Fj-1), on 15,

lim

n—+400

where T := {G;(R?) >0 and 0 ¢ int(D;)}.

The next theorem states our parametrization algorithm for log-type for-

ward utilities having the form of (3.50).

Theorem 3.4: Suppose that S is bounded and the assumptions (3.51) and
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(8.54) hold. Then, the followings are equivalent.

(i) The functional Uy, given by (3.50), is a forward utility with the optimal
portfolio rate 0 = (@)jzlz 77777 N-

(ii) The following two properties hold:

(i.1) Dy is a positive martingale and the process gforj =1,2,..., N satisfies

Do(j)
1+ 0TAS,

-~

0; € @go) and is a root for E ( ASJ-|.7-"J-1> =0. (3.55)

(ii.2) The process Dy is a supermartingale with the predictable part APt
given by

J
A]Dl = - ZE <D0(k) lOg(l =+ é\gASkﬂfk*l) ) .7 = 07 17 "'7N'3 (356)
k=1

Proof. Suppose that assertion (i) holds. Then, for any x € (0, +00), the func-

tional Uy(j, ) is strictly concave with respect to z. Hence, Dy(j) is positive

almost surely for any j = 0,1, ..., N. Meanwhile, the processes

J
Uo <j, :vH(l + %AS@) , j=0,1,...,N, is a martingale (3.57)

k=1

and for any admissible 6 = (6;),-;

,,,,,

J
Uy <j, x H(l -+ 6%5@) , 7=0,1,..,N, is asupermartingale. (3.58)
k=1

It is easy to see that the null portfolio rate § = 0 is admissible due to (3.50)
(ie. 0 € @g-o)). Then, a direct application of (3.58) implies that for any = > 0,

Uo(j,x) = Do(j)log(x)+D1(j), 7=0,1,...,N, is a supermartingale. (3.59)

Due to the arbitrariness of z in (3.59), we put = 1 and x = e respectively

3By convention, the sum of empty, when j = 0, is zero.
4By convention, the product of empty, when j = 0, is one.
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and deduce that D, is a supermartingale and Dy is a special semimartingale

with the following Doob-Meyer decompositions
Dy = Dy(0) + MP + AP1 | Dy = Dy(0) + MPo 4 AP0,

with MP* = AJ* = M = AP =0,

where MPt and MP° are local martingales, and, AP and A”° are predictable
with finite variation. Accordingly, the supermartingale Uy in (3.59) can be

rewritten as
Up = D1(0) + Do(0) log(x) + MP* + MP° log(x) + AP? log(x) + AP*. (3.60)

where its predictable part is AP0 log(z) + AP, For any x > 0, the super-
martingale property of Uy implies that

D D1 s
A% log(x) + A71 <0, Vao>0, j=12,.,N. (3.61)

It is a linear function in log(x) and holds true only if A;-j =0 and Ajpl <0,
P-a.s. We therefore proved that the process Dy a local martingale. Then, an
application of Theorem 2 in [38] leads to that Dy is a martingale.

To prove (ii.2), we consider a process M = (M;);=o1,..n, given by

) + ZE (DO )log(1 + 0T AS)|Fie 1)

After simplification and application of the martingale property of Dy, the

conditional expectation, E(M;|F,_1), can be calculated as follows

-1
Do(j — 1) Zlog(l + §,§AS,€) +NF (Do(k) log(1 + %Ask)\fk,Q .

k=1 1

.

e
Il



Remark that the process
J
Di(j) + Do(j) D log (1+ 87 AS,), j=0,... N
k=1
is a martingale due to (3.57), thus,
-1

E(M;|F;—1)=Di(j —1)+ Y FE (Do(k) log(1 + @ASkﬂfk*l) = M;_,.

1

.

>
Il

This proved that (M;);—o 1.~ is a martingale and hence AP is the predictable
part of D;. This completes the statement (ii.2).
Now, it remains to prove (3.55) in order to complete the proof of (ii). Again,

due to the martingale property of Dy together with (3.57) and (3.58), we derive

B (Do(j) log(1 + 8 AS))|Fy-1 ) = D = 1) = B(D1()|Fj-r), and
E (Do(j) log(1 + 6TAS)|F;—1) < Di(j — 1) — E(D(j)|Fy—1), ¥ 6; € 0.

Do(N)
DO - P and

Then, by putting @ := o (0)

B,(y) = / log(1 + y70)0y(dz).  Cy(dr) == Q(AS, € da|Fy_), y e D,
(3.62)

we obtain
®;(0;) < ®;(0,), ¥ 6;,€0Y vV j=12 . N (3.63)

Thanks to the assumption (3.54) and Proposition 3.1, we can conclude that

for any j =1,2,..., N, é\j is a root for

T Do (5)
_ v~ — g =% AgG|F ) =0
/1+9Tﬁ<dm) (1+0TAsj SilFi-1) =0

This proves (3.55) and completes the proof of (i)=(ii).
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To prove the reverse, we suppose that assertion (ii) holds. Since the processes

M := D; — AP+ and D, are martingales, we obtain

E (Dl( )+ Dol )ilog ((1 + %Ask)) yfjl>

k=1
( ) + Z E (DO )log(1 + 0T ASy)| Fi 1) |F; 1)
1 j—1
+Do(j — 1) Z log(1+ 87 ASy) — S B (Do(k) log(1 + 0 ASy) | Fic 1 )
k=0 k=0
7j—1
=Di(j—1)4+ Do(j — 1) Zlog aTASk).
k=0

Hence, in one hand, the process

(;,xH 1+ 0TASy) > ,j=0,1,...,N

is a martingale and we have
B (Do) log(1 + 0T AS)|F 1) = DiG — 1) = B(DWG)IF;) (3.64)

On the other hand, for any admissible portfolio rate 6 = (6;),;=12,. ~, due to
the concavity of the function ¢(y) := Dglog(1 + y), we derive

Di(i

_ 0 g —9)TAS,,
_1+9J.TASj(j 2 !

By taking conditional expectation in both sides above and using (3.55), we

obtain

E (Do(j) log(1 + 07 AS;)|F;-1) < B (Do(j) log(1 + I AS;)|F51) . (3.65)
j—1
Then, adding Do(j — 1) Y _log(1 + 6 ASy) + E(D1(j)|F;-1) on both sides of

k=1
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(3.65) and using the martingale property of Dy together with (3.64), we have

J
E <U0 (j,leog(l + QZASk)) |}—31>
k=0

J—1
< B (Do) log(1 + 07 AS;) + Di(j)|F5-1) + Do — 1) Y log(1 + 0 AS)

k=1
j—1
k=0

J
Clearly, U(j,leog(l +0FASL)), j = 0,1,...,N, is a supermartingale for

k=0
any admissible § = (6;),-o,... v and this completes the whole proof. ]

.....

3.C Discrete Markets Models

This section will investigate two particular examples of the general discrete-
time market model. More precisely, it will contain two subsections by consid-

ering respectively two cases:

e The stock price process is binomial (i.e. branches into two values at any

time)

e The stock price process branches into n (n > 2) possible values at any

time.

We pay attention to these two examples for their common feature that they
are not relying on the assumption (3.54). The technical reason behind this

will be explained in their proofs.

3.C.1 One-Dimensional Binomial Model

In this subsection, we will consider the binomial model. Let &; be a Fj-
measurable random variable, which has two values, ;' and 5‘? satisfying 0 <

§J‘-l <1< forany j =1,...,N. Then, given the price of the stock at time
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j—1(ie. Sj1), the price at time j will either go up to S;_1£} or go down to
Sj_lf;-l. Therefore, we get

J
Sj =818 = So | [ &
k=1

Assume that S > 0, P-a.s., then & = qu*_l. We denote a sequence of events,
J

Aj={§ =& e (3.66)

For this current binomial model, the size of the sample space, #(Q) = 2%, is
finite.
Similarly as in the discrete-time model in the general framework discussed in

last section, we calculate the jump of S as follows
AS; =8, —S;1=(&§—1)S;_1, j=12,..N.
Therefore, the set D, j = 1,2, ..., N, becomes
D;:={0ecR| 1+ (& —1)6S;-1>0and 1+ (& — 1)05;_1 > 0.} .
Or, equivalently,
D; = |1/(1 =€), 1/(1-€)8;|. (3.67)

Therefore, one of the features of this model lies in the fact that given Fj_,

D; is an open set in IR and hence
int(D;) =D;, P—ae, V j=1.,N. (3.68)

Furthermore, due to #(Q2) < 400, it is obvious that any real-valued random
variable is integrable and its conditional expectation is finite as well. Thus,

we conclude that the admissible sets, @5-0), defined in (3.53) take the following
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forms

0 = L%F;,.)ND;, j=1,..,N. (3.69)

The characterization of the logarithm forward utilities in binomial model is

stated in the following theorem.

Theorem 3.5: The following two assertions are equivalent.
(i) The functional Uy(t,z), defined in (3.50), is a forward utility with the
optimal portfolio rate denoted by 0 = (é\j)jzl,g ..... N-
(ii) The following properties hold:

(ii.1) Dy is a positive martingale and gj s given by
~ (-1 - (1-&)H(1-Qy)

=T e na s, S

(3.70)

where Q; = Q(A4;|F;-1), Q = % - P and A; is given by (3.66).
(11.2) Dy is a supermartingale with predictable part given by

- & — ¢ =&
_ Z [log (ﬁ@j)@j + log ( e (1— Qj)) (1- Qj)]. (3.71)
k=1 k k
Proof. Remark that the one-dimensional binomial model is only a particular
example of the discrete-time markets models. As a result, the proof of the
current theorem would be very similar with-but simpler than—the proof of

Theorem 3.4 due to the following three remarks.

a) Assumptions (3.54) and (3.51) are automatically satisfied for the current
case due to (3.68) and #(2) < 400, respectively.
b) The function ®; given by (3.62) becomes

®;(0) =log ((1+ (& —1)0S;-1)) Q; +log (1 + (& — 1)85;-1)) (1 — Qy),
(3.72)
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which is differentiable for any 6 € D; and its derivative is given by

(& —1)S (& — 18—
1+ (@u — 1)9‘5']',1 Qj + 1+ (5}1 — 1)05]‘_1

®5(0) = (1-@Qy)
Clearly the solution of ®’(f) = 0 is given by (3.70).
c) It is clear that the predictable part of D; takes the exact form of (see (3.56))

j
=3 [tog (1 (& = DBSi1 ) Qs +log (1+ (6 = VA1 ) (1 - Qy)] -
k=1
Afterwards, by plugging (3.70) into the above expression, (3.71) follows im-
mediately. This ends the proof of the theorem.
O

3.C.2 Multi-Dimensional Discrete Model

This subsection will extend the one-dimensional binomial model given in Sub-
section 3.C.1 to multi-dimensional discrete model. Precisely, we will consider
a market with d stocks, (S;)jzo,l ,,,,, N, © =1,...,d. Same as before, we assume
St > 0, P—a.s.. Moreover, at any time 7, the stock price takes up ton, n > 2,
possible values. In other words, fori=1,....d, j=0,1,....N,

Sini =615, G €{8n(1), §1(2), &)}

where §§+1 > (is Fjqi-measurable. In vector form, we put §; = ( , . ,gd)

j =1,...,N. Remark that for current multi-dimensional discrete model, the
size of the sample space, €, is finite, i.e., #(Q) = (dn)V

We denote the set of the index of different scenarios by N := {1,2,...,n}.
Then, for d stocks, when the time goes from j to j 4+ 1, there are totally
n? combinations of different scenarios. If we represent one of such scenario
by {ni,ns,...,ng} with ni,no,...,ng € N, then it is an element of the d-
dimensional product space N:=N®@-aN. Meanwhile, the price for d stocks,

Sjp1 = (S}H, ey S;lH)T at time j + 1 for a particular scenario {ny, ns, ..., ng},
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can be represented in a matrix form, i.e.
Sj—i—l = *:'j—‘rl(nla N, "'7nd)Sj7

where Ejt1(ny, ng, ...,ng) = diag({“jl»ﬂ(nl), §]2'+1(n2), ey f}jﬂ(nd)).

We denote the event that the scenario (ny,...,ng) € N oceurs by A;(ni, ..., nq),

7 =1,...,N, given by

Aj(ny,.ong) = {&§ =& (), & =& (na), .., & =& (na)} € F;,  (3.73)

As well, we can write the jump process of the price process in the matrix form

as follows
ASj = Sj — Sj,1 = (Ej — Idxd)sjfla j = 1,2, N,

where [;.4 is the d x d identity matrix. Furthermore, we denote the d-
dimensional vector with all entries equal to 1 by 1.

In this setup, the set D;, 7 =1,2,..., N, becomes
D, = {e € RY 1467 (2, (1, ..., na)—Lua) Sj—1 > 0, (11, ..., 1) € /\7}. (3.74)
Remark that the set D; is open. Therefore, we have

int(D;j) =D;, P—ae, V j=1,., N. (3.75)

Again, due to #(2) < 400, the admissible sets, @5-0), defined in (3.53), be-
comes

@go) _ LO(]:j—l) NnD;, j=1,..,N. (3.76)
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The characterization of the logarithm forward utilities given by (3.50) in multi-

dimensional discrete model is stated in the following theorem.

Theorem 3.6: The following two assertions are equivalent.
(i) The functional Uy(t,z), defined by (3.50), is a forward utility with the
optimal portfolio rate denoted by o = (é\j)j:172 _____ N-
(ii) The following properties hold:

(ii.1) Dy is a positive martingale and @ € D, is a root of the equation

Z (E5(n1,s s na) — laxa) Ly Q(A;(n1, ..., na)| Fj-1) = 0,

(3.77)
where Q) = % - P and A; is given by (3.73).
(i1.2)Dy is a supermartingale with predictable part given by

J
—Z log (1 + 9T<Ek(n1, ceey nd) — Idxd)Sk_l) Q(Ak(nl, ceey nd)|]:k_1).
k=1 (TLl ,,,,, TLd)G/\N/’
(3.78)
Proof. The proof of this theorem would be very similar with the proof of one-
dimensional binomial model and a special case of the proof of Theorem 3.4.

We omit the details of this proof, but only comment on the following.

Assumptions (3.54) and (3.51) are automatically satisfied for the current case
due to (3.75) and #(2) < 400, respectively. Furthermore, in current model,
the functional ®; given by (3.62) becomes

Oi(0) = Y ~10g(1+‘9T(Ej(nla--'and)_[dxd)ijl)Q(Aﬂnla---and)l}—jfl)?

whose derivative, ®’(6), is exact same with the left-hand-side of (3.77). Finally,
it has been proved in Theorem 3.4 that the process D; is a supermartingale

and its predictable part is given by (3.78) by referring to (3.56). O
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3.D Lévy Market Models

This section illustrates the results of Section 3.A on Lévy market models. I
will discuss the general Lévy market model and proceed with characterizing
the log-type forward utilities. This section contains two subsections, namely,
Subsections 3.D.1 and 3.D.2 respectively, that address two popular and prac-

tical models.

Consider a financial market where the stock price process, S;, t € [0,T], is
given by
Sy = Spexp(Xy), (3.79)

where X is a locally bounded Lévy process.
For any Lévy process X, the Lévy-Khintchine formula allows us to decompose

it as
¢ ~ t
Xy =yt+ oW, + / / xN(dt,dx) + / / xN(dt,dz), (3.80)
0 Jzi<1 0 Jlz>1

where N(dt,dz) = N(dt,dz) — F¥(dz)dt,

Here, v and o are positive constant; W = (W}).c(0,177, represents a Brownian
motion; N(dt,dx) is a random measure on [0,7] x R\ {0}, called Poisson
random measure; N (dt,dz) is the compensated Poisson measure with the in-
tensity measure FX(dz)dt, where FX(dx) is called the Lévy measure defined

on R\ {0}, satisfying
/ (|2 PA1)FX (dz) < +oo. (3.81)
R\{0}

For more details about Lévy processes, we refer the reader to [69]. Particularly,
for its applications in mathematical finance, we refer the reader to [4], [19],
[27], [28] and the references therein.

The Lévy processes treated here are semimartingales. Compared with the

decomposition of general semimartingale given in (2.4), Lévy process inherits
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the same structure but has more concrete components. One of main features
for Lévy model is that it is quasi-left continuous. For locally bounded Lévy
process, we don’t need to introduce the truncation function h(x) since there
is no “large jump”. Also, the condition (3.81) is satisfied since the process
[X, X] is locally integrable and hence W;(z) := z is N (dt, dx)-integrable on
[0,7] x R\ {0} due to

1/2
(Z(AXSV) < (X, X)) € AL,

S

Therefore, the process X can be represented as

t ~
Xe =yt + oW, + / / xN(dt,dx). (3.82)
0 JIR\{0}

In the same spirit as Theorem 2.2, any local martingale N in this model can

be decomposed as follows
N=3-S4+ —Dx(u—v)+Vru+N, v(dtdx)=F°(dx)dt. (3.83)

Here, the vector of processes, (5,Y,V, N’), is the Jacod components of N.
For this Lévy market model, our goal is to characterize the logarithm-type

forward utility, Uy(¢, x), given by

Uo(t, z) = Do(t)log(x) + D1(t), (3.84)
Here we suppose that the processes Dy and Dy of (3.84) satisfy

ngu;; E (|Do(7)|4+|D1(7)]) < 400. (3.85)

Precisely, we need to describe as explicitly as possible the processes Dy and

D such that Uy(t, ) is a forward utility. The set D given by (3.3) becomes
D:={0cR : 1+e'0(e"—1)>0, F*—ae.}. (3.86)
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For any probability measure P, stock price process S, and x > 0 such that

Up(t, x,w) < 400 we denote by

Auin () == {7 € L(S) | sup E(|Do(r)log(w + 7 - 5;) + Di(7)]) < +o0},
o (3.87)
the set of admissible portfolios and we denoted by O(z) the corresponding set
of portfolio rates. Here Tr is the set of stopping time, 7, such that 7 < T.
Remark that under the assumption (3.85), Proposition 3.2 implies the descrip-
tion on Dy and D; that

Dy is a positive martingale and D; is a supermartingale. (3.88)

are necessary conditions for Uy being a forward utility. Thus, without loss of
any generality, we suppose that (3.88) holds. It allows us to write Dy in the
form of stochastic exponential, given by Dy = Dy(0)E(N), where N is a local
martingale and we let (3,Y,V, N/) be the Jacod components of N. Also, we

consider the following assumption:

Assumption: For any predictable process A such that A € D, dP ® dt-a.e.,
and every sequence of predictable processes, (A,)n>1, such that A, € int(D),
dP ® dt-a.e., and \,, — A, we have, dP ® dt — a.e.,

lim [ Ko(e®(e" — DAY (e (e” — 1)) F¥(dx) (3.89)

n—-+o0o
+o00, on I}

/ Ko(eX-(e* — VY (X (¢* — 1))FX (dx), on T<.

T+ and I' := {FX(R) > 0 and \ ¢ int(D)}.

The main result in this section is given in the following theorem.

Theorem 3.7: Consider the functional Uy(t,w,x) defined in (3.84). Suppose
that (3.85), (3.88) and (3.89) hold. Then the following two assertions are
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equivalent.
(1) The functional Uy is a forward utility with the optimal portfolio rate 0.

(2) Let Q = g?)((g)) - P. Then, the following properties hold:

(2.a) D1/ Dy is a Q-supermartingale and its predictable and finite variation

part is given by

S 22X, _
_/0[”2 62 1 &,]du. (3.90)

where

Su = / Jo((1+ X (e" = 1)8,) ™ = )Y (X (e" — 1)) F¥ (du).
IR\ {0}

(2.b) The optimal portfolio rate 0 int(D) is a root for

e’ —1
\oy 1+ e (e — 1A

Y(eX(e* —1))F¥(dz) = 0.
(3.91)
(2.c) The local martingale N := Dy — D, log(c‘f(@ S)) is a true martingale.

1
’y+§a2+eX02(B—)\)+/
IR

Proof. Remark that for locally bounded X, S = e¥ is also locally bounded and

is a Lévy process. Thus, by Ito’s formula, the dynamics of S can be presented

as

dSt 1 2 T X T \T

— =0+z0"+ (e = 1) F* (dz))dt + odW; + (" —1)N(dt, dz).
St 2 R\{0} R\{0}

We can find out the predictable characteristics of S from this representation,

given by
o 5S¢ = fot eXvgdW,, ¢ = e*X-o2,
o 0= X+ o gy (¢ DE ()
o v(dt,dzx) = Ff(dx)dt

Furthermore, for any measurable and non-negative/integrable function k(z),
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the two measures F'X(dy) and F°(dx) are related in the following manner

/ k(x)F®(dx) = / k(eX(ev — 1)) F*(dy).
R\{0} R\{0}
Then the characteristics of S under () are given by

t t
o 599 :/ €X"O'qu—/ e*Xuo? B, du,
0 0

o V@ =cX(y4+ X0+ %2) + eX- / Y (eX-(e” —1))(e” — 1)F* (dx)
R\ {0}

o [9(dr) = Y(2)F5(dw).

The assumption (3.89) allows us to apply Proposition 3.1 for the model (5, @),
which implies that 8 is the root of the equation (3.91).
The MHM of order 0, ZQ, exists and the Minimal Hellinger process of order
0, h9(Z9,Q) is given by
~ 1 ~
h9(Z9 Q) = / [50262)(“@2 + &du
0
We thus have (3.90).
For anything else on this proof that is not provided here can be derived in the

same way as the proof of Theorem 3.3 and will be omitted here.

[]

3.D.1  Jump-Diffusion Model

In this subsection, we will simplify more the Lévy market model in the follow-

ing way. Let the stock price process S be given by
S = S()@X, Xt = ’yt + O'Wt + Nt, Nt = Nt — At (392)

Here, N is a simple Poisson process with rate A (A > 0) and N is the com-
pensated Poisson process. In this model, if X has a jump, its size is 1 and

the Poisson process N counts the number of jumps of X. Compared with the
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Lévy measure F'X (dx), the parameter \ can also be explained as the expected
number of jumps per unit time. Here it is treated as a constant.

Consider the stochastic basis (€2, F, (F)icpo,17, P) and let the filtration (F;)cpo,n
be generated by the Brownian Motion W = (W;)cjo,r) and the Poisson process
N = (Ni)iep,r)- Thus, any local martingale Y in this model can be represented

as the sum of stochastic integrals with respect to W and N. Indeed, we have
t t _
Y, = Yo+ / and WV, + / ndN,. €07, (3.93)
0 0
where o and 7 are predictable processes such that
T
/ (@2 +n?)du < 400, P —a.s.
0

In the current context, the set D becomes

eX,

e—1

D={cR: 1+0e(e—1)>0}=]— , +oo[ = int(D).

Our main result in this subsection is put in the following theorem.

Theorem 3.8: Consider the functional Uy(t,w, x) defined in (3.84) satisfying
(8.85). Then the following two assertions are equivalent.
(1) The functional Uy is a forward utility with the optimal portfolio rate 0.

(2) The processes Dy and Dy satisfy the following conditions :

Do(T)
Do(0) P.

(2.b) D1/Dy is a Q-supermartingale and its predictable and finite variation

(2.a) Dy is a positive martingale and we put @ :=

part is given by
» )
- / Lo 4 A1 4 ) fol(1+ ¥ (e — 1)B) " — ]du.  (3.94)
0

(2.c) The optimal portfolio rate 0 €D is aroot for

1 1
Y+ =o*+ e 0% (a—0) + Ae—1) )

2 TreX (e—ng (3.95)
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(2.d) The local martingale N := Dy — D, log(é'(g- S)) is a true martingale.

Proof. The dynamics of S can be written as

d 1 x
S_St = (74 50° + (e = DAt + 0dW; + (¢ — 1),
t—

Its predictable characteristics are

t
Sy = / eXvodu, ¢ = o?, A =t,
0

1 t
by = (v + 502 + (e — 1))\)/ e du.
0

The jumps of S can be calculated by

AS, — eXt-(e—1), on {AX; =1}
O, on {AXt = 0}

Suppose (i) holds and we apply Theorem 3.2, the process Dy is a positive
martingale. We write it as Dy = £(IV), where the local martingale N can be

represented as

t t
N(t) = N(0) +/ a, dW, +/ nudN,, te0,T)
0 0
Then, the characteristics of S with respect to () are

t t
5@ :/ eXuodW, —/ e?Xug?a,du,
0 0

1
b = eX(y + 502 + (e — DA) +e***a + eXnA(e — 1).

And, the dynamics of S under () can be written as

dS, = dSE? +b9dt + eX (e — 1)d(N, — (1 +n,)Adt).
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Therefore, # will minimize the function
1
Do () == —0b° + 5092 + A(L+1n) (0¥ (e — 1) —log(1 + e (e — 1))) ,

which is differentiable on D, thus, 9 is a oot of the equation (3.95). The

Minimal Hellinger process of order 0 can be calculated as

[ G A1 mfo((1 4 (e = D) = D)
0

such that (3.94) would be the predictable part of D;/D.
The remaining parts of the proof of this theorem follows from the proof of

Theorem 3.3 and will be omitted. O

3.D.2 Black-Scholes Model

Here, we consider the Black-Scholes model where there are no jumps and the
only source of uncertainty is from the Brownian Motion. Same as before, the

price process S = SyeX, where X is an Ito process, given by
X, =~t+oW,, tel0,T].

The filtration is generated by W = (W;):cjo,r] such that any local martingale,

Y, can be represented as

t

Y, :Y0+/ a, dW,, te€|0,T],

0

where « is progressively measurable process satisfying
T
/ a2du < +oo, P —a.s.
0

Consider the characterization problem of the log-type forward utility, given by
(3.84), we derive the following result.
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Theorem 3.9: Consider the functional Uy(t,w, ) defined by (3.84) satisfying
(3.85). Then the following two assertions are equivalent.
(1) The functional Uy is a forward utility with the optimal portfolio rate 0.

(2) The processes Dy and Dy satisfy the following conditions :

Do(T) |
Do(0)

(2.b) D1/ Dy is a Q-supermartingale and its predictable and finite variation

(2.a) Dy is a positive martingale and we put Q) :=

part is given by
1 t
- 50 / eXu2du, t €0, 7). (3.96)
0
(2.c) The optimal portfolio rate 0 is given by

—~ 1
f=a+eX(yo 2+ 5) (3.97)

(2.d) The local martingale N := Dy — Dy log(E(8 - S)) is a true martingale.

Proof. The proof of this theorem follows from Theorem 3.8 by putting A =0
and 7 = 0. Only note that the assumption (3.89) is automatically satisfied

since this model is continuous and hence F' = 0. O

3.E Volatility Models

The volatility models are of great interest in financial industry. The volatility
is a stochastic process and follows its own dynamic. Here we consider two
classes of volatility models, Corrected Stein and Stein Model and Barndorft-
Nielsen Shephard Model. The first one has no jumps, while the later model
permits jumps of Lévy type.

3.E.1 Corrected Stein and Stein Model

In the corrected Stein and Stein model, the price process S follows the dynamic

dS; = uV2Sdt + oV;SidBy, te€[0,T), (3.98)
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and the volatility process V follows the dynamic
dVy = (m — aV,)dt + pdW,, te[0,T]. (3.99)

Here, all the parameters u, o, m, a and [ are positive constants. The
processes B and W are two Brownian Motions with the correlation coeffi-
cient p € (—1,+1). The filtration is generated by the Brownian Motions
B = (Bicpr and W = (Wi)icporys i€y Fi= (F2" )it

Theorem 3.10: Consider the functional Uy(t,w, ) defined in (3.84) satisfying
(3.85). Then the following two assertions are equivalent.
(1) The functional Uy is a forward utility with the optimal portfolio rate 0.

(2) The processes Dy and Dy satisfy the following conditions :

Do(T) |
Do(0) P.

(2.b) D1/ Dy is a Q-supermartingale with the predictable and finite variation

(2.a) Dy is a positive martingale and we put Q) =

part given by

¢
- 502/ (no~% 4+ aS,)*V2du. (3.100)
0

(2.c) The optimal portfolio rate 0 is gien by
0, = po 25" + ay. (3.101)

(2.d) The local martingale N := Dy — D, log(é'(g- S)) is a true martingale.

Proof. From the dynamics of stock price process S in (3.98), the predictable

characteristics of S are
bt = [L‘/tzst, Ct — 02‘425152, F = O, At =t.

Thanks to Theorem 3.2, the process Dy is a positive martingale and hence it

has the form of Dy = E(N). Since the filtration is generated by the Brownian
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motions W and B, the local martingale N can be represented as

N(t)_N(O)+/0 ozudBu+/0 BudW,, te0,T],

where o and [ are progressively measurable processes such that

T
/ (@ + %)du < +00, P —a.s.
0
The characteristics of S with respect to () are

t t
SeQ —/ oV,.S.dB, —/ o V2S%a,du, b9 = pV32S, + o*V72S%a,.
0 0

The optimal portfolio rate 9 is the root of the following equation (note that

the assumption (3.9) is satisfied since it is continuous (thus F' = 0))
b9 — ) = 0,

that obviously leads to (3.101). The Minimal Hellinger process of order 0 can

be written as

1 ! 1 K

—o? / S2V20 du = ~o? / (no? + aS,)*V2du.

2 Jo 2 Jo

Thus we have (3.100). We omit the proof of the remaining parts as they are
straightforward from the proof of Theorem 3.3. O

3.E.2 Barndorff-Nielsen Shephard Model

The model considered in this subsection is known in the literature as the
Barndorff-Nielsen-Shephard model (see [5] and [67]). Precisely, the flow of pub-
lic information is represented by the filtration generated by a one dimensional
Lévy process YV, Y =Y+ ?d, where Y¢ denotes the continuous part and its
pure discontinuous part is driven by the random measure ji(dt x dz) which mea-

sures the jump of Y and has a compensator measure v(dt x dz) = F(dz)dA;.
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Remark that this model is a quasi-left-continuous and for simplicity, we put
A; = t since it is continuous and (Y¢); = t.

The price process S is locally bounded and defined by S; = exp(X}), with
X following the dynamics

dX, = (p+ Bot)dt + oy dY + d(pz * iy )i, (3.102)
do} = —Nozdt + d(z * fiy)s, (3.103)

where the parameters pu, 3, p, A are real constants with A > 0 and p < 0.

The set D is given by
D= {9 eR : 1+80(e”—1)>0, F-— a.e.} . (3.104)
Thanks to the assumption (3.85) and Proposition 3.2, the following conditions
Dy is a positive martingale and D; is a supermartingale. (3.105)

are necessary conditions for U, being a forward utility. Thus, without loss
of any generality, we suppose that (3.105) holds. It allows us to write Dy as
Do = Do(0)E(N), where N is a local martingale and we let (3,Y,V,N') be

the Jacod components of N. We consider the following assumption:

Assumption: For any predictable process A such that A € D, dP ® dt-a.e.,
and every sequence of predictable processes, (A,)n>1, such that A, € int(D),

dP ® dt-a.e., and A\, — A, we have, dP ® dt — a.e.,

lim [ Ko(e¥(e® — 1)A,)Y (X (" — 1)) F(da) (3.106)

n—-+0oo
+00, on F,

N / Ko(eX (¢ — DAY (X~ (e" — 1)) F(dx), on T*.
T+ and ' := {F(R) > 0 and \ ¢ int(D)}.
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For this model, we have the following characterization of the log-type forward

utility.

Theorem 3.11: Consider the functional Uy(t,w, x) defined in (3.84) satisfying
(5.85). Suppose that (3.105) and (3.106) hold. Then the following two
assertions are equivalent.

(1) The functional Uy is a forward utility with the optimal portfolio rate 0.
(2) Let Q) == g(;((:g)) - P. Then, the followings hold.
(2.a) D1/ Dy is a Q-supermartingale and its predictable and finite variation

part is given by

- / Bsgag%%} du, (3.107)
0

where
& - / fol(1+ Su(e”™ = 1)8,)7" = )Y (Su(e?” — 1)) Fo(da).

(2.b) The optimal portfolio rate 9 is a root for

ePr — 1 ~

Y(S_(e”” —1))F(dx) = 0.
(3.108)
(2.c) The local martingale N := Dy — D, log(E(g- S)) is a true martingale.

1
p+ (B + 5)0—2 - 5_029—1-/

Proof. By Ito’s formula, the dynamics of S can be represented as

ds,

5 = (,u +o2(B+ 1) + /(e”z — l)ﬁt(dz)) dt+odY, +d(e” —1)x(fy — vy )y
t— 2

(3.109)
We have S¢ = S_o - Y, AS, = S,_(eP2? —1). We start by calculating the

predictable characteristics, (b, ¢, %), of S from the dynamics (3.109) as follows,

1 -
by = Si— <,u + Uf(ﬁ + 5) + /(epx - 1)Ft(dx)> )
(3.110)
c=SE o2, V(dt x dz) = FP(dz)dt.
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Furthermore, for any measurable and non-negative/integrable function k(z),

the two measures F'S and F are related in the following manner

/ k(2) FS (d) = / k(e (e — 1)) F(dy).
R\{0}

R\{0}

Then the characteristics of S with respect to @) are

t t
SeQ :/ Sy—0,dY,; —/ S? ola,du,
0 0

W =5_ (u +o?(B + %) + /Y((e’“ —1)S_) (e — 1)ﬁ(d:c)) + S o%a,
FO(dz) = Y (x)F5(dz) = Y ((e” — 1)S_)F(dx).

Then 8 is the root of the equation (3.108). The Minimal Hellinger process of
order 0, K (Z9, Q) can be derived as

1/t ~
—/ [Sﬁfcﬁ%—l—ﬁu du
2 Jo

Thus, we have (3.107). We omit the remaining proof of this theorem. They

are same with the proof of Theorem 3.3. O]
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Chapter 4
Power-Type Forward Utilities

This chapter focuses on the description of forward utilities that have the form
of power function. Their features lie in the randomness of their risk-aversion

parameter p and a factor D.

Definition: Let X be a RCLL semimartingale and () be a probability measure.
Then, we call power/power-type forward utility for (X, @), any forward
dynamic utility for (X, @) that takes the following form

o p(t.w) : ; _
Up(t,w,z) == D(t,w)a?", with O%Itlng|p(t,w)|> 0, P—a.s. (4.1)

Here D = (D(t))y<;<p and p = (p(t))o<,<p are stochastic processes.

There are several sections in this chapter where we consider different models
to exhibit our results. The forthcoming section addresses the most general

case, where the stochastic processes p and D are treated separately.

4.A The Semimartingale Framework

Consider a filtered probability space denoted by (2, F, (F;)o<i<T, P) where the
filtration is complete and right continuous. Here, T" represents a fixed horizon
for investments. In this setup, we consider a d-dimensional locally bounded

semimartingale S = (5;)o<t<7 which represents the discounted price processes
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of d risky assets.

The set of equivalent local martingale measures is given by

loc

be(S) = {Q € P.: S isa local martingale under Q}. (4.2)

For any probability measure (), any stock price process X, and = € IR such

that U,(t,z,w) < 400, P-a.s., V t € [0,T], we denote by

A, X, Q) = {7r € L(X) | sup B9 [D(r)"(z + 7+ X, "] < +oo},
T€TT (4.3)
the set of admissible portfolios for the model (z, X, @Q,U). Here Tr is the set
of stopping time, 7, such that 7 < T. When X = S and Q = P, we simply
write Aggm ().

For any random field utility, U(t,z), z € IR™ we define its Frenchel-Legendre

conjugate (called hereafter its random field conjugate), V(w,t,y), by

V(t,w,y) := sup (U(t,w,x) — xy) , for t>0,y>0. (4.4)
>0
In particular, for a random field utility U,, of the form (4.1), we calculate its
conjugate, V, as follows

yq(t)

Vo(t,y) = —(D(t)p(t))l’q“)ﬁ,

where ¢ is the conjugate process of p and is given by ¢(t) := pg()tll, t>0.

Our first result in this section is simple but very useful, and it deals with
deriving the semimartingale structures for both processes p and D as a result

of the forward property of the utility.

Proposition 4.1: Consider a random utility, U,, having the form (4.1). Then,

86



if Up(t, z) is a forward utility and satisfies

sup E [D(7)”] < +o0. (4.5)
TETT
Then (D(t))i>0 is a RCLL supermartingale and (p(t))i>o is a RCLL semi-
martingale satisfying p(t) < 1, P — a.s.

Proof. From the definition of U, given by (4.1), we deduce that for any = > 0,
U,(t,x) is an adapted and RCLL process . Thus, by taking z = 1, we deduce
that D(t) = U(t,1) is an adapted and RCLL process. Also, the function
x +— U,(t, x) is strictly increasing and strictly concave, hence by taking x = 1,
U, (t,1) = D(t)p(t) is positive and UJ/(t,1) = D(t)p(t)(p(t) — 1) is negative.
This implies D(t) # 0 and p(t) < 1, P-a.s. Thus, by taking = = e, we get

p(t) = log (%) . (4.6)

Hence, p is an adapted and RCLL process.

On the other hand, under the assumption (4.5), the null portfolio is admissible
and U,(t, x) = D(t)2P® is a supermartingale for any z > 0. Again, we set z =
1 and conclude that D(t) is a supermartingale. In (4.6), a direct application
of Tto’s formula implies p(t) is a semimartingale. This completes the proof of

this proposition. O

Proposition 4.2: Suppose that S is locally bounded and M, .(S) # 0. Let p

loc

be a real number such that p € (—o0,0) U (0,1), and consider
Uy(t,x) = D(t)aP. (4.7)
For any = € (0,4+00), consider the following maximization problem

s U (Toz+(0-5)r) ] ’ (48)

where the set Agam () is defined in (4.3). Then following assertions hold.
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(1) For any x € (0,400), if the solution to (4.8) —that we denote by 6, —
exists, then

z+0,-S>0, and x+ (6, -S)_ > 0. (4.9)

(2) Furthermore, the optimal portfolio rate for U, with initial capital z, that
~ ~ 1
we denote by 6, = (:L’ + (0, - S),) 0., is independent of x € (0,+00) (or

equivalently 0, /x is independent of x).

Proof. 1t is clear from [48], that the random variable x + (6, - S)r is positive,
and the process (x+§x -S)Z is a supermartingale, for any density process Z of
Q € M, (S) # 0. These imply that both processes z + 6, - S and z + (6, - S)_

loc
are positive and assertion (1) follows. To prove assertion (2), it is enough to
remark that for any x € (0, 4+00), 20, € Agam(2), and for any 0 € Agg,(2),

we have 710 € Auq,(1). This ends the proof of the proposition. ]

This subsection formulates our main results that explicitly parameterize
forward utilities having the form of (4.1). In fact, through out the rest of the
chapter, we denote by U,(t, ) the functional defined in (4.1). This functional
depends, also, on the uncertainty w € €2, while through out the chapter we

use the shorthand U,(t, z) for the sake of simplifying notations.

Our first step —within the explicit parametrization of forward utilities of the
form of (4.1)— consists of describing the dynamic of the process (p(t))g<,<p-

This is the aim of the following subsection.

4.A.1 The Dynamic of the Risk-Aversion Process p

The following theorem is the main result in this subsection. It describes the

dynamic of the risk-aversion process p under the forward property.

Theorem 4.1: Suppose that S is locally bounded. Let Uy(t,x) be defined in
(4.1), such that p = (p(t))o<,<p 45 locally bounded, satisfies (4.5) and

p(t) <1, and 0%?£T|p(t)|> 0 P—a.s. (4.10)
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If Uy(t,z) is a forward utility, then the process p is constant in (w,t), i.e.
plw,t) =p(0), 0<t<T, P — .a.s. (4.11)

The proof of Theorem 4.1 requires a number of intermediary steps. We
will start by recalling a useful result of [6], where the author tried to measure

the effect of forward property on the random field conjugate, V (¢, ).

Proposition 4.3: IfU(t,x) is a forward utility, then for any T', 0 <t < T’ <
T and any n € LY (F;), we have

Z
L) < essinf B V(T 1) P-as (412
Vit < essinf <V( 1) E) : a.s (4.12)
Proof. The proof of this proposition can be found in [6]. O

Lemma 4.1: Suppose that the assumptions of Theorem 4.1 are fulfilled and
the process p = (p(t))i>o is positive. Then, the process p is constant in (w,t)

(i.e. Theorem 4.1 holds true in this case).

Proof. Recall that any random field utility U, (¢, x) is strictly increasing as a
function of x for any (t,w) € [0,T] x Q. It implies the product pD > 0, P—a.s.
and, hence D > 0, P — a.s., since p > 0, P — a.s. Furthermore, it is easy to
see that the null portfolio rate # = 0 is admissible (that is, 0 € O(z)) for
any x > 0. Therefore, an application of the optional sampling theorem to the

supermartingale U,(t, z) leads to
E (D(a)wp(”)\.ﬁ) < D)™, Va>0, Vo, 1€Ty, o>1.  (413)

By putting
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the inequality (4.13) becomes

E9 (502 — 1|F,) < Cq, Cg = ol D(T)‘ V>0 (4.14)

D(o)|F:)
The random variable A can be written in the form of A = AT — A~ and thus

plog@A _ | _ plog()AT | —log(2)AT _ o
By inserting this into (4.14), we get
E° <elog(g”)A+ + e‘log(w)A_\]:T) <Cg+2, Vz>0. (4.15)
A direct application of Jesen’s inequality in (4.15) yields

max {exp (log(z) E?(AY|F,)) ,exp (—log(z) EX(A™|F,)) } < Co+2, Va > 0.
(4.16)
Therefore, (4.16) is possible only if

E9(AT|F,) = EY(A™|F,;) =0 orequivalently AT=A"=0, P —a.s.
(4.17)
Otherwise, there would be a contradiction by sending x — +o00 and z — 0,
respectively. This proves that the process p is a constant and the proof of this

lemma is completed. O

The following lemma deals with the case when the process p is negative.

Lemma 4.2: Suppose that the process p = (p(t))o<i<r is negative. Then
Uy(t,x) := D(t)xP) is a forward utility satisfying (4.5), only if p is constant
in (t,w), i.e., p(t) = p(0), P —a.s.

Proof. Consider t > 0, arbitrary but fixed. For any 7" € [t, +o0), Z € Z{ (),
and n € LY (F;), a direct application of Proposition 4.3 to U, (¢, z) = D(t)z?®
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leads to

' N\1—q(T") ; ) 1—q(2)
- ((D(T )zglg) ("ZZ_Tt () E) < (D(t)’;((?)) P10, (418)

(D(s)p(s)' ) Zg(s), the

By choosing n = Z;e®, a € R, and putting X, := e

equation (4.18) becomes

E (XT/ea@(T’)—q(t))m) < X,. (4.19)

p(t)
p(t)—1

Since X is positive (which is due to ¢(t) = > 0), we derive

max { e B (Xp Loz 1) B (Xrr gy -q<—a ) | < X
(4.20)
for any o € R, @ = o™ —a~, and any € > 0. Therefore, again, we deduce that

(4.20) holds only if
q(T") =q(t), P—as. VT >t>0.

This proves that ¢(t) = ¢(0), P — a.s. Vt > 0 and hence p(¢) has a constant
version, i.e.

p(t) =p(0), P—a.s. Yt>D0.
This ends the proof of the lemma. m

Proof. of Theorem 4.1: If the process p is either positive or negative, then the
proof of this theorem follows from Lemma 4.1 and Lemma 4.2 respectively.
Thus, the proof of this theorem will immediately follow once we prove that
the process p has a constant sign (i.e. p(t)p(0) > 0, P —a.s. for all t € [0,T]).

To this end, we consider the following stopping time
7 = inf {t >0 ‘ p(t)p(0) < o} AT.

Remark that, due to the right continuity of p and . gl<fT]p(t)]> 0, the process

91



p has a constant sign if and only if
=T, p0)p(T)>0, P—.as. (4.21)

Since p is locally bounded, there is no loss of generality in assuming p bounded.
Let 6 be the optimal portfolio rate for the initial capital = 1. Then, Dtc‘,’t(@\-
$)P( is a true martingale and for any z > 0, the process D,& (6 - S)P0 271 is
a supermartingale (since 0 is also admissible to # > 0 due to the boundedness
of p). Below, we consider two cases of p(0) < 0 and p(0) > 0 in parts a) and
b), respectively.

a) Suppose that p(0) < 0, and hence D(0) < 0. Then, due to the assumptions
on the processes p and D, we deduce that the null portfolio is admissible for
any z > 0. Hence, the process D(t)z"® is a supermartingale, for any z > 0,

and we have
B (D(T)ﬂf”(” Tip(r)>0) ) fo) <-E (D(T)x”“)f{puko} ‘ fo) + D(0)z"?.

By letting x goes to infinity and using Fatou’s lemma we conclude that we
should have P (p(7) > 0) = 0 (otherwise we will have a contradiction from the
above inequality). This proves that p(7) < 0, P — a.s. or equivalently (4.21)
holds.

b) Suppose that p(0) > 0, or equivalently D(0) > 0. Then for any n > 1,
there exists 6, € Aggm(n™!) such that

E{D(m)n (1 + (0, - 5), )P} = D(0)n "0, (4.22)

Thanks to Lemma 2.1, there exists a sequence of non-negative real numbers,
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(k) k=n....N,, such that

Nn N,

Z ap=1 and Y, =1+ Z ar(0y-S); converges almost surely to Y > 0.
k=n k=n

Furthermore, we can deduce that Y < 400, P-a.s., after an application of

Fatou’s Lemma as follows

E(ZY)< lim E(ZY,) <1, ¥V Ze2:.(S).

n—-+o0o

Now, we consider a sequence of random variables, (X,,),>1, given by
X, == D(r)n POV — D(r)Yro.

It is easy to check that
X, <0, P—a.s. (4.23)

By considering the cases of {p(7) > 0} and {p(7) < 0} separately, we obtain

—D(r)Y?P()if > 0;
lim X, = ™) it p(7) (4.24)
n—+00 —00, if p(r) <O.
Moreover, we have
Np,
Xo 2> agnID(r) (1 + b - S)77 — D(r) Y
k=n
N’VL
> "k PID(r)(1+ 6y, - S, )P — D(r)Y. (4.25)
k=n

Then, by taking expectation on both sides of (4.25), and recalling (4.22) and
the supermartingale property of U,(7, 1 + fo:n aby - S;), we derive

E(X,) > D(0) [i ok PO — 1] : (4.26)
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Since X, is negative (see (4.23), we apply Fatou’s Lemma to the left-hand-side
term in (4.26) and obtain

E( lim X,)> —D(0) > —oo. (4.27)

n—-+o0o

On the other hand, by considering (4.24), we deduce that P(p(r) < 0) > 0
implies

-0 = E(I{p(T)<O} lim Xn) Z E( lim Xn)

n—-+oo n—-+4oo

This is a contradiction with (4.27). Hence, we conclude that
p(t) >0, P—a.s.,

which is equivalent to (4.21). This ends the proof of the theorem. O

4.A.2 The Dynamic of the Process D

Our next step focuses on describing the process, (D())y<;<p, and the optimal
portfolio in the utility maximization problem associated to U,(t, x). This step
contains two theorems that are stated in the increasing order of generality.
First, we describe the process D that is predictable with finite variation. Af-
terwards, we drop the predictability and the finite variation assumptions, and
determine the general form of D.

Through out the analysis, the following set, D, will play important roles in

our analysis
D:={eR’: 1+0"x>0, F—ae.}. (4.28)
Also, the function ®, will be used from time to time, which takes values in
(—o00, +00] and is given by
b\

®,(\) := | + %)\TC)\ +/fp()\Tx)F(dx), VAERY pe(—o0,0)U(0,1),
(4.29)
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where the non-negative function f, is defined by (2.42).
The next assumption is crucial in our proof of Theorem 4.2. It excludes the

situation where the optimal portfolio rate may belong to the boundary of D.

Assumption: For any predictable process A such that A € D, P ® A-a.e.,
and every sequence of predictable processes, (A,)n>1, such that A, € int(D),
P ® A-a.e., and \, — A\, we have, P® A — a.e.,

(4.30)

lim [ K,(\[2)F(dr) =

n—-+0o

+00, on I
[ K,(\"z)F(dz), on T

where K,(y) := |y||(1 +y)?~' — 1] and T := {F(R%) > 0 and X ¢ int(D)}.

Theorem 4.2: Let p be a real number such that p € (—o0,0) U (0,1), q is its
conjugate (q := -L5), and the set D is given by (4.28). Suppose that D(t)
1s a RCLL predictable process with finite variation, S is locally bounded and
assumption (4.30) holds. Then the following assertions are equivalent.

(1) The random field utility, U(t,x) = D(t)a?, is a forward utility with the
optimal portfolio rate 0.

(2) The minimal Hellinger martingale density of order q, Z, exists and
satisfies:

(2.a) The process Z = ZE (5 S) is a true martingale.

(2.b) The process D is given by

~ p—1
D = DyE (q(q —1)h(Z, P)) . (4.31)
(2.c) The optimal portfolio rate, @\, belongs to int(D), and is a root for
b+ (p—1)ch + / [(1+6"2)" ' —1]zF(dz) =0, P®A—ae. (4.32)

The proof of this theorem is long and requires a number of intermediary results

that are interesting in themselves. Technically, Theorem 4.2 is the back-bone of
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this subsection. Thus, for the sake of clear exposition of our ideas and results,
we will postpone the proof of this theorem. In the following, we will highlight
the importance of Theorem 4.2 on particular case of continuous process S, and

afterwards we will deal with describing D in the general case.

Corollary 4.2.1: Suppose that D is predictable with finite variation, and S
is continuous. Then the following are equivalent.
(1) The random field utility, U(t,z) = D(t)z?, is a forward utility with the
optimal portfolio rate 0.

(2) The optimal portfolio rate, 5, is a root for
b+(p—1)ch =0, PRA-—a.e, (4.33)

and the following properties hold:
(2.a) The process D is given by

t
D, = Dyexp (%/ gfcﬁudAu> . (4.34)
0

(2.b) The process Z = & ((p— 1)5 M) £ (5 S) is a true martingale,
where M is the local martingale part of S.

Proof. The proof of this corollary is straightforward from Theorem 4.2, and
from the fact that when S is continuous, assumption (4.30) is fulfilled due to
F =0, and all the minimal Hellinger densities of any order ¢ coincide with
the minimal martingale density. For this last fact we refer the reader to [18].

This ends the proof of this corollary. m

Proposition 4.4: Let p € (—o0,0) U (0,1), 7 be a martingale density, and
0 € Awam(1) such that Z = ZE(O - S) is a true martingale. If we denote
@ := Zp - P and consider 0 € Aoam (1) satisfying

sup B9 &(6-5" 00
p B (5 G ><+ , (4.35)



£(0-S)

then sign(p) (m

P
) 1S a @-supermartingale.

Proof. Notice that the case when p € (0,1), the proposition is trivial and
(4.35) is always true.

In the remaining part of the proof we assume that p < 0, and we consider
(T%)n>1 & sequence of stopping times that increases stationarily to 7" such that
ZTn is a true martingale. Therefore, since ZE (0 - S) is a supermartingale, by

putting @n = ZTn - P and using Jensen’s inequality we derive

p/2 p/2
@ Ent, (6 - 5) ’]: > [ g@ Eint, (0 - 5) ‘]_—
Eonr (0 5) “\" e @-s)

and E“

g -
gt/\Tn( S) ’]__S

~

Einr, (0-5)

_ B (€, (0-S)F) _ Ena, (0-5)
Evr(0-5) T Eur,(8-9)

)

—~ p/2 ~
for 0 < s <t <T. This proves that (5(9 AR S)) is a nonnegative Q-
local submartingale. Then, due to (4.35) and de la Vallée Poussin’s argument,
we deduce that this process is a true @—Submartingale. Again, an application

of Jensen’s inequality leads to,

(a9 | (a0-5)\" (09
po | (&-5) PR (60 -5) 7| = &0-5)1
£(0-9) £(0-9) £.0-59)
which is finite due to (4.35). Hence, — (5(6’ . S)/E( - S))p is a Q-supermartingale
and this ends the proof. m

Now, we are ready to state our parametrization result in its full generality.

Theorem 4.3: Suppose that S is locally bounded. Let U,(t,x) be the random
field utility defined in (4.1) such that p is locally bounded, and (4.5)-(4.10)
hold. Let q be the conjugate process of p (i.e. q := Z%). Then the following

assertions are equivalent.

(1) U, is a forward utility with optimal portfolio rate 0, for any x € (0, 400).
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(2) The process p satisfies (4.11) (i.e. p(t) = p(0), P — a.s. for any t €
0,7)), and hence 0, = 8 does not depend on initial capital z € (0,+00).
The process D is a RCLL supermartingale and there exists a positive local

D

martingale ZP = E(NP) and a predictable process aP with finite variation

such that
D = DyZ" exp(a®), (4.36)

and, the functional U,(t,z) = Dy ZP exp(aP)a? is a forward utility.

Proof. Suppose that assertion (1) holds. Then Theorem 4.1 implies that the
process p is constant in (w,t). This together with the fact that U, is a random
field utility, implies that D/D(0) is a positive RCLL supermartingale (take
x =1) (see Lemma 4.1 and its proof). A combination of this with (4.5), leads
to the multiplicative Doob-Meyer decomposition of D. Hence, there exists a
positive local martingale Z” = £(NP) and a predictable process with finite

variation, a”, such that
D, = DyZP exp(a]), 0<t<T. (4.37)

Consequently, the functional U, (-, ) := DoZP exp(aP)x? = U,(-, ) is a for-
ward utility. This ends the proof of (1) = (2).
The proof of (2) = (1) is obvious and the theorem is proved completely. [

Let <B, f, g,ND> denote the Jacod components for N” and consider the fol-

lowing assumption:

Assumption: For any predictable process A such that A € D, P ® A-a.e.,

and every sequence of predictable processes, (A,)n>1, such that A\, € int(D),

P ® A-ae., and \, — A, we have, P® A — a.e., (4.38)
F.
lim [ K, 0\ Te)(1+ f@)F(de) =4 on
oo [ K,(\z)(1+ f(x))F(dz), on T-

where K,(y) := |y||(1 +»)?"' — 1] and T := {F(R%) > 0 and X ¢ int(D)}.
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Theorem 4.4: Consider the functional U, given by Theorem 4.3-(2). Suppose
that S is locally bounded and (4.38) hold. Then, the following two assertions
are equivalent:

(1) Up 15 a forward utility with the optimal portfolio rate 0.
(2) The following hold:
(2.a) The minimal Hellinger martingale density of order q with respect to

ZP, denoted by ZD, exists and
~ -1
D = DyZP€ <q(q ~ 1)@ (ZP, ZD)>p . (4.39)
(2.b) The optimal portfolio rate, 5, belongs to int(D), and is a root for

b2 4 (p—1)ch —|—/ [(1+6"2)"' —1]2FP(dz) =0, P®A—a.e. (4.40)

Here, b° :=b+cB+ /f(a:):z:F(d:c), FP(dz) :== (1 + f(z))F(dz).
(4.41)
(2.c) The process 7 = ZDZDE(@ S) is a true martingale.

Proof. We start by proving (1) = (2). Let (7},),>1 be an increasing sequence
of stopping times that increases stationarily to 7" and (ZP)™ is a true mar-
tingale. Put Q, := Z:’ﬁi - P. Then, due to Lemma 2.3, we conclude that
Un(t,w, x) := Dyexp(ajrp, )a? is a forward dynamic utility for (5™, @,) with
the optimal portfolio rate @L = 01 0,7,]- Hence, a direct application of The-
orem 4.2 to (ST, Q,, Un,é\n) implies the existence of the minimal Hellinger

martingale density for this model, denoted by ZD”‘, that satisfies

1/(q—1)
)L o<isT (442)

explably,) = Enr, (alg = DHD(ZP7,Q,)

and 0 is a root of (4.40) on [0,7,]. Thus, it is clear that, this last statement
implies assertion (2.b). By virtue of Lemma 2.5, we deduce that the minimal

Hellinger martingale density of order ¢ with respect to Z? (denoted by ZD )
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exists and
W (25", Qn) = Wi, (27, 27).

Therefore, a combination of this equality with (4.42) leads to the assertion

(2.a).

Due to Proposition 2.5 (see formula (2.68) and notice that our 0 here is a

version of 3 of that proposition) and (4.39), we derive

~ ~ ~ ~ ~ -1 ~
7 = 7ZPZPE(@ - S) = ZP€ (HD .S+ qlg — AW (ZP, ZD)>p £@-S)
~ ~ -1 -~
— ZPg(0 - SyE (q(q — )R (ZP, ZD))p £@-9)
~ -1 ~
= 27€ (alg = VRO (ZP,27))" £@- Sy

J— -~

= U, (L, 2&E(0 - 9)).

" DoxP

(4.43)

This proves that 7 is a true martingale, since Up(t, x) is a forward utility with

optimal portfolio rate #. This ends the proof of (1) = (2).

In the remaining part of this proof, we will address (2) = (1). Suppose that
assertion (2) is fulfilled. Remark that (4.43) remains valid as long as assertion

(2—a) holds. Thus, we obtain
U, (-,wé' (5 : S)) = Dyi*Z,

and due to assertion (2-c), we conclude that U, (-, x€ (5 . S)) is a martingale

for any x > 0. Furthermore, for any admissible portfolio rate 8, we have

p

£(0-9)
&(9-9)
Thanks to pDy > 0 since U,(¢,z) is a random field utility, Proposition 4.4
(take Z := ZPZP which is a martingale density for S by definition of Z” ),

U, (t, 2 (0 - 5)) = Dyz*Z, (4.44)
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and

p

sup EQ &6-5) = L sup E[U(T, x& (0 - S))i} < 400,

reTr £ (5. 5) ~ Doa? rery

we deduce that U, (¢, (6 - S)) is a supermartingale for any admissible strat-

egy 0 and any x > 0. This ends the proof of the theorem. n

The rest of this section is to prove Theorem 4.2. To this end, some useful

technical lemmas are required and will be detailed first.

Lemma 4.3: Suppose S is locally bounded. Then, the interior of D satisfies
0 € int(D) =D,

where  Dy:={\€D: 3 §>0,1+Nx>0, F—ae}  (4.45)

Proof. The fact that 0 € int(D) C D; has already been proved in Lemma
3.1. Here, we focus on the remaining part that int(D) 2 D;. By virtue of
the argument of localizing procedure, without loss of generality, we suppose
that S is bounded, for any Ay € Dy, there exists § > 0 such that 1+ Nz > §
F —a.e. and let K be the bound of S (i.e. |[S|< K). Consider a neighborhood
at Ao, B(\o,¢) with radius € := 52—, then for any A € B()\, ), we have

2K+1?

> 0.

1+ Mg >
AT 2o

Hence, Ay € int(D). This ends the proof of this lemma. ]

The following two lemmas (Lemmas 4.4 and 4.5) are generalizations of

Lemmas 3.2 and 3.3 to the case of f, and ®, (p # 0).

Lemma 4.4: Suppose S is locally bounded, then for any A\ € IR* and 6 > 0,

we have

/ f,(M\T2)F(dz) < +o0 P® A —ae. (4.46)
{ATz>6-1}
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Proof. Thanks to Taylor’s expansion of f,, we have

(\'2)?

fr(\z) = (1+rXT2)P2 for 0<r<l1.

For § > 0 such that ATz > § — 1, we put 6 := 6 A 1 and have
T+ e >1+7r(0—-1)>5A1=4. (4.47)

Therefore, we obtain that

T 1 2
/{Asza_l} fo X ) Edr) < 50 N /|93| F(dz). (4.48)

Since S is locally bounded, it is easy to see that [S,S] € A . As a result, we

loc*

have 22 x vp < 4+00, P-a.s., and hence
/|x|2F(d:(:) <400, P®A-—as.

By combining this with (4.48), we can conclude (4.46) immediately. This
completes the proof of this lemma.

]

Lemma 4.5: Suppose S is locally bounded. Then, the following two assertions
hold, P ® A-a.e.
(i) For any \ € int(D),

/ 2|1+ AT2) 0D —1|F(dz) < +oo. (4.49)

(i1) ®,(N) is differentiable on int(D) and for any \¢ € int(D),

A
P (Ag) = b+ ¢ 01 +/ [2(1+ M\ 2)@ ) — 2] F(dx).

Proof. (i) For any A € int(D), due to Lemma 4.3, there exists € (0,1) such
that 1+ Xz >6 >0, F —a.e.
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An application of Taylor’s expansion to (1+"2)"/(@~1-1 leads to the existence

of r € (0,1) such that

T

A —q
(1+ ATg)eD) — 1 = x1(1 +rATz)a s, (4.50)
q J—
It is easy to see that
L+ 2 >147r0—1) >4 (4.51)

By combining (4.51) and (4.50), we have

A
/|xy| (14 A7) 6D 1 Pda) < O] |/|g;|2 (d). (4.52)

Since S is locally bounded, it is easy to deduce that (see the proof of Lemma
4.4 for details)
/|x|2F(dx) <+oo, P®RA-—as.

By combining this with (4.52), we can conclude (4.49) immediately. This

completes the proof of this lemma.

(ii) Let Ao € int(D). Then, for any y € IR%, thanks to Lemmas 4.3 and 4.4,

there exists g > 0 such that for any 0 < e < ¢gg, Ao + ey € dom(P,).

(1A T2)P—1—pA\Tx
q(q—1)

An application of Taylor’s expansion of the function g,(A\'z) :=

implies the existence of r € (0,1) such that

Nz + ey’ x) — gp(Aj )

ke(x) = .

=y 'z ((L+ Mz +rey Ty)t/a=1) 1).
Meanwhile, notice that (|k-(z)|). is bounded from above by
k(x) := |y||x|max (\(1 F ATV 1 (14 N+ goyTa) VD — 1])

Thanks to Lemma 4.5-(i), k(x) is integrable since Ao, A\g + coy € int(D) €
dom(®,). It allows us to apply Dominated Convergence Theorem to (|k.(z)|).,
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which leads to

: _ T xR*
llg(l) g =y’ P, (4.53)
where ®* is given by
* L Ao T 7N\1/(g—-1) _
o} .—b+q_1+ [z(14+ Xjz) x| F(dz).

It is clear from (4.53) that y”®* is the directional derivative of ®, at Ao,
which is linear in y. Thus, due to Theorem 25.2 in [68], ®, is differentiable at
Ao € int(D). This completes the proof. O

Lemma 4.6: Suppose S s locally bounded. Then, the interior of the effective
domain of ®, coincides with int(D), that is,

int(dom(®,)) = int(D).

Proof. =: For any Ay € int(dom(®,)), there exists a neighborhood B(\o, ¢),
such that for any A satisfying |A — A\o|< ¢, A € int(dom(®,)). Let § € (0,¢)
and apply the convexity of the function f,(z), we calculate

ol (1 +>\T)

d
‘ Z[fp Nz +0e]z) + f,(\Tz — def z)],

th component equals one, and the others

where ¢; is the vector of R? whose i
are null. Then from the above inequality, we clearly deduce that A\ € D.
Therefore, \g € int(D).

<: For any A\ € int(D), there exists a neighborhood B(\g, ) C int(D).
Then, due to Lemmas 4.3 and 4.4, we have B()\g,e) € dom(®,). Hence,

Ao € int(dom(®,)). This completes the proof of this lemma. O

Proposition 4.5: Suppose S is locally bounded and assumption (4.30) holds.
If ©,(N) attains its minimum at X, then X € int(D). Furthermore,

o) =b+ qc_—Al -+ / [x(l + \Tz)Y@=D) — 2| F(dz) = 0. (4.54)
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Proof. Consider the case of S being bounded and adopt the argument of con-
tradiction. In other words, we suppose that ®,(\) attains its minimum at by
but A ¢ int(D). For any A € D, put A, := (1 — 1/n)), which converges to A

and, due to Lemma 4.4, satisfies
/ £\ 2) Fdz) < +oc. (4.55)
For any r € (0, 1), the convex combination
Ne=rA+ (1 =r)X=X+r(\, — ) €D,

thus we have

D,(\) < P,(N), P®A—ae. (4.56)
~ ~T
On the other hand, the integrability of M follows from
~ —T ~
foN2) = fo(N @) = r(f,(N2) = fo(A\2))

which is due to the convexity of f, and (4.55). This allows us to apply Fatou’s

Lemma, which leads to

O — VTGO < Tim N =N g po g

r—0 T

where

As a result, we obtain
M —NTGN) <0, Vn>1, PRA—ae.
By sending n — +o00 and taking sup for A over D, we get

MG > supATG(N), P®A-—ae.

AeD

105



As an direct application of above inequality by taking A = 0 € D, it yields
MGA) >0, PoA—ae. (4.57)
We rearrange the terms in (4.57) and get
0< 7 / ( — (1 + M 2P ) F(dz) < Nb+ (p— D)eh < 400, (4.58)

which is due to the function g(y) ==y —y(1+y)? ' >0,1+y >0and p < 1.
Let (A,)n be given by A, := (1 — 1/n)X. Then, due to Lemma 4.3, \, €
int(D) and converges to A. Put

ln(m) — |(1 +Xgm)1/(Q—1) _ 1|7 l(ZL’) = |(1 +XT$)1/(q—1) . 1|
and consider two sets

I\ i={z: Mz>0}, T"(\):={zr: \Nz<o0}

By studying [, (z) on I'"()\,) and I'"()\,) respectively, we obtain

ln(x)IFwL(X) - F+(Xn)(1 — (1 + Xgﬁ(])l/(q_l))
< ]F+(Xn)(1 - (1 + XTI’)I/(q_l))

and () Iy = Tp- gy (1 XTTLx)l/(qfl) —1)
< Tp-z,) (14 N g)!ta=h — 1)
=I5l = (1+ N p)Va=1)|,

These imply that

0<l,(z)<Il(x), PRARF —a.e.
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Thus, the sequence (JAx|l,), is bounded by |AZz|l, which is integrable due
to (4.58). Therefore, an application of the Dominated Convergence Theorem

and assumption (4.30) lead to
/|XTx||(1+XTm)qll ~1|F(dz) = lim /|A§g;||(1+X§x)fl —1|F(dz) = 400,
n——+0o0

which contradicts with (4.58). Hence, A € int(D). Recalling Lemma 4.5, we
deduce that @, is differentiable at X and (4.54) follows immediately. O

Lemma 4.7: Suppose that the assumptions and assertion (1) of Theorem 4.2
are fulfilled. Then, the process D satisfies

D = Dyexp(a®) = Do&(XP), XP .= aD—i—Z(eA“D—l—AaD),
(4.59)
and the following assertions hold.

(i) For any o € (0,1), the processes

(14672 —1—pf”z
plp—1)

nT
Ljgracay * s and (140720 Ligr, oy % pt, (4.60)

are non decreasing and locally integrable.
(i) P ® A-almost all (w,t) € Q x [0, +00], g € int (dom(P,)).
(i1i) The optimal portfolio rate, 5, is a root of (4.32). That is P ® A-a.e.

1 ~ (46T -1
= — F : 4.61
0 p_1b+09+/ p— 2F(dz) (4.61)

(iv) The optimal portfolio rate, é\, satisfies

nr p_ 1 _ nT p—1
/(1—1—9 2P —1—¢q(1+0'2) +qF(dz) A

eQa” xD _ ggrca-fl—i-
2 qg—1

Here XP is given by (4.59).
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~ -1
(v) If we denote u(t,w,x) := (1 + mTGt(w))p — 1, then

I+, =1+ /u(t,x)y({t},dx) =1 —exp(—Ad”)AXP = exp(—Ad®),
(4.63)
and, as a consequence, the nonnegative predictable process, (1 +ﬂ)_1, 18

locally bounded.

Proof. Since pD(t) > 0 for all (t,w) € [0,T] x Q@ —U(t,x) is a random field
utility—, it is obvious to see that D(t)/Dy is a positive and predictable process
with finite variation. Therefore, the decomposition in (4.59) follows from Ito’s

formula.

Then, for any admissible portfolio rate 6,

U(t,z&(0 - S)) = DoxP exp (af)) E (0 - S) = DoaP&, (XD) & (X")
(4.64)
= Dozr&, (1 + AXP) - X? + XP)

where XP? is defined in (4.59) and X" is given by

(p—1)
P

onpG-S—l—p 07ch- A+ (1+6072)P —1—pb"2) % pu.

Therefore, for any admissible portfolio rate 0, U(t, z&,(0 - S)) is a local super-
martingale (respectively is a local martingale) if and only if the process

1
p(1—p)

<€AaD . X9 —|—XD>,

is a local supermartingale (respectively is a local martingale). Then, due to

Ito’s formula, we easily deduce that this fact is equivalent to

|(1 + QTZ)p —1- pQTZI{wTZ‘Sa” * € Alta’ a € (0, 1), (465)
and 2RC29%) D ®,(0) - A is non-increasing (respectively is null for 6 = 9),

p(1-p)
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or equivalently, (4.65) and the following equalities hold,

exp(—Aad”) _, e
PSP =, (9) A, (4.66)
and  min [@,(0)] = ®,(6), (4.67)

where @, is given by (4.29).
Due to Ijgr,say * 1t = 2 Igoras|>ay € Af,, and

’(1 + QTZ)p —1- pQTZ]{\GTz|§a}| * U= |(1 —+ QTZ)p —1- pQTZu{\GTz|§a} *,Ur|-

+(14+6072)" — 1| Ijgrspsa) * 1y

we deduce that (4.65) is equivalent to the assertion (i) of the lemma.
Then, by combining (4.67) with Proposition 4.5 and recalling Lemma 4.6, we
deduce that § € int(D) = int (dom(®,)), and the proof of assertion (ii) and

(iii) are completed.

A direct implication of (4.61) yields

]%5% . / (1+ H;z_)pl_l — L raz) (4.68)
As a consequence, by inserting (4.68) into the equation (4.66), assertion (iv)
follows immediately.

Assertion (v) of the lemma is a direct consequence of (4.61) and (4.62). Indeed,
by multiplying (4.61) with AA, using bDAA = [zF(dz)AA, cAA =0 (see the
properties of predictable characteristics of S in Section 2.A for details), we

obtain

/ (1+ 072 ({1}, d2) = 0, (4.69)
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By taking jumps in (4.62), we get

(1+672)P — q(1 4 67z)p1 ,
qg—1

exp(—Aa?)AXD — / ({t},d2) +a.  (4.70)

Then, by combining (4.69), (4.70) and
(1+6072)P =(1+0T2)P 40721 +602)P", and AXP =exp(Aa®) -1,

assertion (v) follows immediately. This ends the proof of the lemma. O

The following lemma will show how the minimal Hellinger martingale density
of order ¢ is built-up and is related to the optimal portfolio rate, 6A’, when U is

a forward utility.

Lemma 4.8: Suppose that the assumptions and assertion (1) of Theorem 4.2
are fulfilled. Then, the following properties hold:
(i) The following P-measurable functional

(1 + o7 )Mq_l) 1
t < - u(t, z)
Wi(z) == T T h e TNy
L—a+ [ (1+87y) " w({thay)
is (u — v)-integrable, i.e. W € G} ().
(i1) The process, Z, defined by
- - - 1 ~
7 .— N N:=——§.8¢ — 4.72
5( ) 0 5 W (i), (4.72)

1s a martingale density for S.

(11i) The following

(- 1DX°+Y [(1 +AXP)T o1 (g - 1)AXD] = q(q — DRD(Z, P)
(4.73)
holds, where XP is defined in (4.59).

Proof. Thanks to Lemma 4.7-(v), we deduce that (3,)"" = = = exp(Aa?)
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is locally bounded, and

~

2
= U
Swr=3" (1 T A) =< M |0

Hence Z(/Wt)2 is locally bounded process. Therefore, it is easy to see that
W € G} _(u) if and only if the process

[Z (Wt(ASt))Q I{Asgéo}] " = [(7)2 ((1 + afq:)l’*l — 1)2 * /L] . ,

is locally integrable. Since (7)72 = (1+ ) 2 = 2" is locally bounded, then

this is equivalent to
) 1/2
{((1 Tt - 1) " u} €A (4.74)

If we put I' := {z € RY| |§Tz|§ a}, then it is easy to check that (4.74) is
equivalent to the local integrability of

2
V= (140720 1) drwp, and Vo o= |(14 87271 = 1{Tpe s i, (4.75)

loc

The local integrability of V; follows directly from I zr xg5< [9 S, 6 S) e Af

(since 6 is S-integrable and hence 6 - S is a RCLL semimartingale), and

(q — 1 S
1-a) T_apes 1= Y (0"AS) Lo ngi<ay = Larasica) 10+ 5.0 S].

To prove the local integrability of V3, it is enough to prove
T _\p—19T
]/(1 + 607219 2lgr s (dz)|-A e Af.. (4.76)

Indeed, by combining (4.76) with (1 + é\Tz)pI{@TZ'M} *xpu € Al (see Lemma
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4.7-(i)), and

(1+ 072 p sy =— / (140729 2F(dz) - A+ (14 607 2) Iy % v,
r

we deduce that (1 + @\Tz)p_ll{‘é\wm} x i is locally integrable (since it is non-

decreasing and its compensator is locally integrable). Finally, due to

Ligrasay * = Z Iigras=ay € A

which follows from the fact that § - S is a RCLL semimartingale, we conclude

that V4 is locally integrable. In the remaining part of this proof, we will prove
(4.76).

Thanks to Proposition 2.1, we have
7. Ac Af, and [&-A:=|07h— / 0oL ey F(d2) A € AL, (AT7)

Since 0 satisfies (4.61), then we get

~ o~ 146721 — 1
—E—0Th = —— (1+§TZ)P—1éTzF(dz)+/( i)
p—1Jr r p—1

07 2 F(dz).
(4.78)
Then, by combining

1407 2)P~1-1 /%y -2(g
0= S (6T 2) T oy * 10 = (1= )P 207 2) Lo oy * o

= (1= )P 2L grpgieay 10 5.0 5] € A

loc?

(4.77) and (4.78), we conclude that (4.76) holds. This ends the proof of asser-
tion (i) of the lemma.

The second assertion (i.e. assertion (ii)) of the lemma, follows directly from
(4.61) by recalling Proposition 2.2.

The equality (4.73) is derived from (4.62) by using (2.50)—(2.51) depending
whether AA = 0 or AA # 0 respectively. Precisely, on {AA = 0}, a combina-
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tion of (4.62) and (2.50) leads to

Iansoy - (g = DXP + 3 [(14+AXP) ™ =1 - (- 1)AX"))
= Ijaacoye 2 - X7 (4.78)
=q(q — DIanzoy - h'9(Z, P).

While, on {AA # 0}, by combining (4.62) and (2.51), we have

A(q—lXD—IrZ[ (1+AXP)" —1—(q—1)AXDD
zﬁlfq—lzq(q—l)Ah (Z,P).

This ends the proof of the lemma. O

Lemma 4.9: The process A defined in Lemma 4.8 is the minimal Hellinger
martingale density of order q. That is, Z s a martingale density (belongs

to Z¢,..(S, P)) satisfying

q,loc

K(Z, P) = h9(Z, P), forany Z € Z¢, (S, P). (4.76)

q loc

Proof. Thanks to Lemma 4.8-(ii), the proof of the lemma will follow from
proving the optimality of Z. In virtue of Proposition 3.2 in [17], it is enough
to prove (4.76) for any positive martingale density Z = £(N) of the form

ke

N =3-S4+Y*(u—v), Yi(x) = k(x) 1 —

Ky = /kt(:v)y({t},da:),

where 8 € L(S) and (3 kt(ASt)QI{ASt¢O}> e A

2Tez and ¢(z) = (14-(12();—_—{1)2:—1’ on the set {AA =0} we derive

Due to the convexity of

() @ (7 o
dh d(j,P) dh d(j, P) _ % (5T — T ) + / [¢(k(x))_¢(k(x))]F(dx)

> 0T¢(f — ) + / 0"z (k(x) - E(@)F(dx) ~0.
(4.77)
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Here § = (p—1)0, k(z) := (1+672)P"' —1 and ¢/ (k((z)) = (p— 1)07z = 67 .
The last equality in (4.77) is obtained from the fact that both Z and Z belong
to Z¢

o 10c(S), which, due to Proposition 2.2, is equivalent to

b+cﬁ+/xk(z)F(dx) =0, and b+ (p— 1)c§+/x%(x)F(da:) =0. (4.78)

On the other hand, due to (2.48), (2.49), and (2.51) in Proposition 2.3 and
the convexity of ¢(z), we get

AKE(Z,P) — AWF(Z,P) = (1 - ay) [¢(— i )—qb(%‘l—l)]

+ / (o)) = o+ 825 = 1) fualae)

k, 1.7 7-1
1 —a % qg—1
(0Fx + 1)7,51_‘]— 1

+ /[kt(x) 1= 1+ 0wy 1 )
= ;tl__ql /[(kt(x) +1) - @)1+ aTﬁ)p_l] 0] zvy(dx) = 0. (4.79)

The equation (4.79) follows from Proposition 2.2, which lead to two equations

/J:(k(x) + Dr({t},dx) =0, and 0= /ﬁ_%(l + grx)p_ll/({t}, dx).

Thus, by combining (4.77) and (4.79), we deduce that Z is the minimal
Hellinger martingale density of order ¢ for S. This achieves the proof of the

lemma. O

Proof of Theorem 4.2:

We start proving (1) = (2). Thus, suppose that assertion (1) holds. There-
fore, Proposition 4.5 and Lemmas 4.7, 4.8, 4.9 are valid, and the minimal
Hellinger martingale density, Z exists (it is given by Lemma 4.8). Further-
more, an application of Ito’s formula to £(X?)41 combined with (4.37) and

(4.73), will easily lead to (4.31). This proves assertions (2.b) and (2.c) of the
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theorem. To conclude that assertion (2) is satisfied, we need to prove the

assertion (2.a). This follows from the forward property of U and

U <~,x5 (5. S))
— DoaPE (q(q A (Z P))pl £ (5 - s)p (4.80)
— Dya?€ (@ S) £ (‘il—qé- S+ q(q — 1)h@ (2 P))p_l (4.81)
= Dya”€ (5- s) Z = DoaZ. (4.82)

It is clear that (4.80) follows from (4.37) and p — 1 = -1, while (4.81) and
q

(4.82) follows from (2.56) whenever the MHM density of order ¢ exists and

assertion (2.b) holds. This proves assertion (2).

In the remaining part of this proof, we focus on proving (2) = (1). Thus, we
suppose that assertion (2) is fulfilled. Then, it is obvious that (4.80), (4.81),
and (4.82) always hold as long as the MHM density of order ¢ exists and
assertion (2.b) is valid. As a consequence, a combination of these equalities
with assertion (2.a) imply that U (-, x€ (é\ - S )) is a martingale. Furthermore,

for any admissible 6, we have

Va0 - B (- (2.)) e (0:5) e 5-5)

_e(5.5)2 (£ IO

£(0-5s) £(d-s)
Then, due to this equality, the equivalence between the admissibility of 6 and
(4.35), and Proposition 4.4, we conclude that U (-, z€ (6 - S)) is a supermartin-

gale for any admissible 6. Hence, U is a forward utility and assertion (1) holds

true. This ends the proof of the theorem. n
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4.B Discrete-Time Market Models

Consider the discrete-time market model introduced in Section 3.B. Let p be
a real number such that p € (—o0,0) U (0,1). Here, consider the following

utilities:

Uy(j,x) :== D(j)a?, for any x € (0,400) and j =0,...,N. (4.83)

.....

OE?ENE[\DQ)@ < +00. (4.84)

The set D; and measure G,(dx) are same as given in (3.52) that I recall below

D; := {0 € ]Rd‘ 1+ 6%z >0, G;(dz) — a.e} , Gj(dz) .= P(AS; e dx | Fj_1).
(4.85)

For any process X = (X;)j=0,...n, We associate to it the set of admissible

77777

portfolio rates for the j* period of time, denoted by ®§p )(X ), given by

W (X) = {9 e I)(F;_1)ND;

B (1](1 + 07 AS;)"

J—“j_l) < —I—oo}. (4.86)
Consider the following assumption:

Assumption: For any j = 1,..., N, 0 € D;, P-a.e., and every sequence
(0n)n>1, On € int(D;), P-a.e., and converges to 0, we have, P —a.e. (4.87)

400, on I';;

(IDG)EAETAS)IIF) B(IDG)K, (675,11, on T,

n—-+oo
where K,(y) :=y(1 + )Y@ and T; := {G;(RY) >0 and 6 ¢ int(D;)}.

Below, we state our parametrization algorithm for forward utilities having the

form of (4.83).
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Theorem 4.5: Suppose that S is bounded, D satisfies (4.84) and assumption
(4.87) holds. Let p € (—00,0) U (0,1). Then, the following are equivalent.
(i) The functional U,(t,x), defined in (4.83), is a forward utility with the

-----

(ii) The two processes D and 0 are given by

~

0; € @gp)(D) is a root of E (D(j)ASj(l + 0T AS;)P ‘ .7-"j_1> =0,
(4.88)
and D(j-1)=E (D(j)(l + 6T AS; ! fj_l) , (4.89)

forallj=1,...,N.

Remark: Theorem 4.5 completely parameterizes the forward utilities of (4.83)
in the discrete time setting. In fact, the unique parameter for these forward
utilities is the terminal value of the process D, which is D(NV). Given this
random variable, we calculate the optimal portfolio rate for the N**-period
of time, §N as a root of equation (4.88). Afterwards, we calculate Dy_;
from (4.89). Then, we repeat this procedure over and over again until we

completely determine the two processes D and 9.

Proof of Theorem 4.5:
Remark that, due to (4.84), the process D can be represented by

J .
D(q) . D D
ajD = Zlog {E (m -7'—1‘—1)] , j=1..,N; Zy =1, ay =0.

Here it is easy to check that ZP is a true positive (since pD(j) > 0) martingale
and a? is predictable. Thus, through out the proof, we consider the probability
measure Q = ZP - P. We will start by proving (i) = (i7). Thus, suppose
that (7) holds. Then there exists an admissible portfolio rate f such that for
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J
any other admissible portfolio rate 6, the processes U, ( H 1+ Qk ASy) )

J
and U, | J, H(l + QgASk)> are martingale and supermartingale respectively.

k=1
This implies that for any j =1,..., N,

DoE? ((1+07AS;)

_1> < e_aJD'FaJ'D*l = DoEQ ((1 + é;TAS])p

Fj—l) :
(4.90)
Then the equality in the right hand side of (4.90) together with Bayes’ rule

and . b
D(j) Zi" jaP-a?,
Dij—1) 2P,

J

implies (4.89). While the whole inequality (4.90) can be transformed into
Dy / (1+ 672’ GS (dx) < Dy / (1+072)PGY (dx),

where jSi2 (dx) is the random measure give by G?(dx) =Q (ASj € dx

J-“j,l) :
Considering the assumption (4.87), by virtue of Proposition 4.5, it is clear that

the function
U, (A) == Dy /(1 + /\Tx)pG?(dx), A€ D;, (4.91)

is differentiable on int(D,), and attains its maximum at é\] This implies that

¢; is a root for
0= VU,(\) = pDy / (1+ X 12 G (dr).
This is equivalent to (4.88), and assertion (ii) follows.

To prove the reverse (i.e. (i) = (i)), we suppose that assertion (ii) holds.

Then by multiplying both sides of (4.89) by a? [[}_} (1 + 67 AS,)?, we obtain

fj_1> :

Jj—1 J
DG - Da? [T +07AS, ) = E <D(j)xp []@ +8ras,y
k=1

k=1
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J
This proves that for any « € (0, 4+00) the process U, | j,z H(l + g,fASk)

k=1
0,1,..., N, is a martingale. Since pD; > 0 and p < 1forany j =0,...,, N, then

for any admissible portfolio rate 6, we derive

J

ar \F ar
D(j)(1+67AS;)P — D(j)(1+ 87 AS;)? < D(j) (ej . ej> AS;(1+07AS;)P.

Then, by taking conditional expectation in both sides above and using (4.88)
and afterwards (4.89), we obtain

E (g;pD( (1 +6TAS;)

Fi1) < B (a"D()(1+ 0F AS;)

J

Fi1) = D(j=1)a".

j-1
Then by multiplying both sides of this inequality with H(l + O ASR)P, we

k=1
conclude that the process

J
<3,xH GTASk>—xpD H +0FASL)?, j=0,...,N

is a supermartingale. This ends the proof of the theorem. O

4.C Discrete Market Models

Recall the discrete market models introduced in Section 3.C, including the one-
dimensional binomial model in Subsection 3.C.1 and the multi-dimensional
model in Subsection 3.C.2. In this section, I will consider these models, for
which the power-type forward utilities having the form of (4.84) will be char-

acterized.
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4.C.1 One-Dimensional Binomial Model

First of all, for the one-dimensional binomial model, we recall the set D,
j=1,2,...,N, (see (3.67) )

D; = [1/(1- €981, 1/(1-€)8;4]. (4.92)
It is clear that D, is an open set in IR and hence
int(D;) =D;, P—ae, V j=1.,N. (4.93)

Furthermore, recall that #(€) < 400, then the admissible sets, @gp ), for the
4t period of time, j = 1,2, ..., N, defined in (4.86) take the following forms

@gp) — LO(.FJ;l) ﬁDj, j=1,..,N. (494>

Furthermore, remark that in current setting, the assumption (4.84) and (4.87)
are satisfied.
The characterization of the power-type forward utilities in binomial model is

stated in the following theorem.

Theorem 4.6: Then, the following two assertions are equivalent.
(i) The functional U,(t,x), defined in (4.83), is a forward utility with the
optimal portfolio rate denoted by 0= (éj)j:m ..... N-
(i) The process D is a supermartingale with the multiplication Doob-Meyer
decomposition, D = DoM exp(a”) (M is a positive martingale and aP is
predictable with finite variation) such that the following properties hold:

(i.1) By putting Q = ]‘]\44((]8])) - P, then gj is given by for j =1,...,.N

N (1 — HQAS|F, 1)

§~ %~ 1 €D, v := (5;* B 1>Q(AJ'|]:J'*1) o
(=1 =+ 5)S85 v

(4.95)
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ii.2) The predictable process a” is given b
g Y

QAR Fi—1) + QAL Fir)) (& — )P
210g< (fk _1_'Yk€k+')/k)p 1 )

Proof. This theorem can be treated as an application of Theorem 4.5. Thus,
we will avoid to repeat the same proof again, but only give some remarks
emphasizing its nice features that simplify tremendously the proof.

Since D; is an open and #({2) < +o0o, the assumptions (4.84) and (4.87) are
automatically fulfilled.

The function ¥; given by (4.91) becomes

W) = QUA;IF;—1) (1 + (§ — DAS; 1) + QAS|IF;—1) (1 + (6 — DAS; 1)

which is differentiable on D;. Thus, @\j is the solution of the equation, W'(\) =
0, which leads to (4.95).

Finally, a? is derived by plugging (4.95) into (4.89) and apply the decomposi-
tion of D. This ends the proof of the theorem. m

4.C.2 Multi-Dimensional Discrete Model

Now, we turn to the multi-dimensional discrete market models described in
Subsection 3.C.2. Let €2 be the sample space, which is finite in current model
and the number of its elements is (dn)™. We recall the set D;, j = 1,2, ..., N,
defined in (3.74) and the event A;, given in (3.73). Remark that the set D; is

open. Therefore, we have
int(D;) =D;, P—ae, V j=1.,N. (4.96)

Again, due to #(Q2) < +o0o, the admissible sets, @g»p), defined in (4.86) take

the following forms
60" = L%F,_)nD;, j=1,..,N. (4.97)
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The characterization of the logarithm forward utilities in multi-dimensional

discrete model is stated in the following theorem.

Theorem 4.7: Then, the following two assertions are equivalent.
(i) The functional U,(t,x), defined in (4.83), is a forward utility with the
optimal portfolio rate denoted by o = (é\j)j:172 _____ N-
(ii) The process D is a supermartingale with the multiplication Doob-Meyer
decomposition, D = DyM exp(a”), (M is a positive martingale and a® is
predictable with finite variation) such that the following properties hold:
(i.1) By putting Q = % -P, forg=1,2,.... N, QAJ € D; and is a root of

S Gl o) < QU i) (g
. (1 + QT(Ej(nl, ceey nd) - Idxd)Sj_l)l/(l_Q) . '
(17,1 ..... nd)EN
(ii.2) The predictable part a® = (af)jzl ,,,,, N 1S given by
J
af == log[Kyl, (4.99)
k=1
where
Ky == Z (14607 (Zk(na, ..., nq) _Idxd)Sk—l)pilQ(Ak(n17“'7nd)|f/€—1)
(TL1 ..... nd)G/\~/’

Proof. The proof would be a generalization of the proof of Theorem 4.6 to
vectors and matrices. For the same reason as indicated in the proof of Theorem
4.6, the assumptions (4.84) and (4.87) are automatical satisfied.

Herein, the function ¥(A) given by (4.91) becomes

\If()\) = Z . (1 -+ OT(Ek(nl, ceey nd) — [dxd)Sk,l)pQ(Ak(nl, ...,nd)|]-"k,1).

Therefore, we can derive (4.98) and (4.99) immediately. O
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4.D Lévy Market Models

Consider the Lévy market models given in Section 3.D. The process of the stock
price is presented by S = Sy exp(X), which is semimartingale. X is modeled
by a locally bounded Lévy process, given by (3.82). Some usual notation will
be put in the same way as Section 3.D. In particular, W;, t € [0, T], represents
a Brownian motion; N (dt, dx) is Poisson random measure on [0, 7] x IR\ {0},
used to measure the jumps of X; N (dt, dx) is the compensated Poisson measure
with the intensity measure FX (dz)dt, where X (dx) is called the Lévy measure
defined on R\ {0}.

Since X is locally bounded, S is locally bounded as well. Thus, [ fIR\ {0}(6‘”—
x —1)FX(dz)dt is locally integrable and W (¢, z) := e” —x — 1 is N-integrable.
By virtue of Ito’s formula, S is also a Lévy process. Let F¥ is the intensity of S,
then, Furthermore, for any measurable and non-negative/integrable function

k(z), the two measures F'X (dy) and F¥(dz) are related in the following manner
/ k(2) FS (d) = / k(e (¥ — 1)) F* (dy).
R\ {0} R\ {0}

Remark that this model is quasi-left continuous such that any local martingale
N follows a decomposition given by (3.83) and we let (3,Y, V, N’) be the Jacod
components of N. For more details on the properties of each component, the
reader can find them in Theorem 2.2, where they are given in the most general

semimartingale framework.

In this section, we will investigate the characterization of the power-type

forward utilities, Uy(t, ), given by
Uy(t,z) .= D(t)z", pe (—o0,0)U(0,1). (4.100)
As usual, an integrability condition imposed on the process D is

sup E[|D(T)|} < +o00. (4.101)

T€TT

123



Also, we recall the set D given by (4.28) and the functional ®,()) given by
(4.29). For any probability measure @), any stock price process X, and z € R
such that Uy(t, z,w) < 400 we denote by

Awam(, X, Q) i= {7 € L(X) | sup E?[|D(7)(w + 7 X, )/[] < +o0},
TeTr (4.102)
the set of admissible portfolios for the model (z, X, @Q,U). Here Tr is the set
of stopping time, 7, such that 7 < T. When X = S and () = P, we simply
write Agam ().
Recall Theorem 4.3, the following condition is necessary for U, being forward

utility:
D = DyE(N)E(V), where E(N) >0, N € Mj,.(P)and Ve PNV. (4.103)

Let N = (5,Y,V,N’) be the Jacod components and consider the following

assumption:

Assumption: For any predictable process A such that A € D, dP ® dt-a.e.,
and every sequence of predictable processes, (\,)n>1, such that A, € int(D),

dP ® dt-a.e., and A\, — A, we have, dP ® dt — a.e.,

lim [ K,(e* (" — )A,)Y (e (e* — 1)) F¥(dx) (4.104)

n—-+00
on I

400
N / K, (X~ (e® — DAY (X~ (e° — 1))F¥(dx), on T*.
where K,(y) :==y((1+y)P! —=1) and T := {F¥X(IR) > 0 and A ¢ int(D)}.

Our main result in this section is presented in the following theorem.

Theorem 4.8: Consider the functional Uy(t,w, ) defined in (4.100) satisfying
(4.101). Suppose that the assumption (4.103) and (4.104) hold. Then the
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following two assertions are equivalent.

(1) The functional U, is a forward utility with the optimal portfolio rate 0.
(2) The following properties hold.

(2.a) The predictable process V' is

1 N
q/ [éazeQX“é?L—i-fu]du, (4.105)
0

Su = / Fo((L+ e (e” = 1)0)" " — )Y (e™(e” — 1)) F (du).
R\{0}
(2.b) The optimal portfolio rate 0 is a root for

/ (" — 1)(1 4 eX(e* — DAY (X (e — 1)) FX (dx)
R\{0} , (4.106)
+v + 502 +e*a?(B+(p—1)N) =0

(2.c) The local martingale 2, given by

15 a true martingale. Here,

t t
S :/ eXuodW, —/ e*Xug?B,du,
0 0

N(dt,dr) = N(dt,dz) — Y (e (e” —1))EFY (dz)dt.

Proof. This theorem can be viewed as an application of Theorems 4.3 and 4.4.
We can apply their results directly. Furthermore, most of the calculations for
Lévy market model has been given in the proof of Theorem 3.7. They include
the dynamics of S, the predictable characteristics of S, (b, ¢, F'¥) under P and,
(b9, ¢, FY9), under Q. We only need to mention that the function ®, given by
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(4.29) becomes

(b9)TA

P,(N) = o

+1)\T )\+/fp (MN'2)F9dx), YAeERY pe (—o0,0)U(0,1),

(4.107)
Assumption (4.104) will guarantee its differentiability on int(D), which leads
o0 (4.106). Furthermore, (4.105) would be a direct application of (4.39). Fi-
nally, the assertion (2.c) can be derived after some simple calculation by using

the predictable characteristics of S. O

4.D.1 Jump-Diffusion Model

Here in this subsection, we consider the model where the stock price process

S is given by S = e¥, and X is a jump-diffusion process following dynamics
X, =~t+oW,+ N,, N, =N, — M. (4.108)

Here, W is a standard Brownian Motion, N is a simple Poisson process with
rate A > 0, and N is the compensated Poisson process (Kf is a martingale).
(Ft)teo,r) is the filtration generated by the Brownian Motion W and the Pois-

son process N. In this model, for any local martingale Y, there exists two

T
predictable processes, o and 7, such that / (043 + nz)du < 400, P-a.s., and
0

t t
Y, =Y, +/ o, dW, +/ NudN,, t€[0,T] (4.109)
0 0

Then, the characterization/paramaterization of the power-type forward utili-

ties, U,, defined in (4.100), becomes as follows.

Theorem 4.9: Consider the functional Uy,(t,w,x) defined in (4.100) satisfy-
ing (4.101), and the stock price process S = eX with X given by (4.108).
Then the following two assertions are equivalent.

(1) The functional U, is a forward utility with the optimal portfolio rate 0.
(2) D = DyE(M)E(V) is a supermartingale (M is a local martingale fol-
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lowing the decomposition (4.109) and V' is non-decreasing and continuous),
satisfying the following properties:
(2.a) The process V' coincides with

~ 1

t
q/ [10262)(“(/92 F AL+ ) f (L4 X (e —1)0,)7T — 1)]du, 0<t<T.
0

2
(4.110)
(2.b) The optimal portfolio rate 0 is a root for
L 5 x 0 1+n _
’7‘*‘50’ +e* o (O./+ (]_—1)+)\(6— 1) (1 n eX— (e — 1)9)1/(17(]) = 0. (4111)

(2.c) The local martingale

7 = DyE(M)E (rllé S+ [(1 +eX (e —1)f)M D 1] .N) £ -9

s a true martingale. Here
S, = / eXvadW, — / e*Xvoa,du, dN; = dN, — (14 n)dt,
0 0

Proof. This theorem is a direct application of Theorem 4.8 and the following
remarks.

a) All quantities required for this proof are already given in the proof of
Theorem 3.8, especially the characteristics of S under P and Q.

b) The assumption (4.104) is satisfied here since the set D is open and is given
by

X
D={cR: 1+0*(e—1)>0}=]— :_ T +oo[ = int(D).
c¢) The function @, becomes
o 1, "
(I)p(e) = ]: + §C0 + )\(1 + n)fp(ee _<€ - 1)),

which is differentiable on D. Therefore, (2.a), (2.b) and (2.c) will follow after
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some simple calculations. This ends the proof of the theorem. O]

4.D.2 Black-Scholes Model

Finally, we consider the Black-Scholes model where there are no jumps and
the only source of uncertainty is from the Brownian Motion. Same as before,

the price process S = eX, where X is an Ito process. It can be written as
Xy =~t+oW,, tel0,T]. (4.112)

The filtration is generated by W such that any local martingale, Y, can be

represented as

t

yt:/ aud W, Yo—=0, tel0,T], (4.113)
0

T
where « is a progressively measurable process such that / a2du < +oo, P-
0
a.s. Hence, the characterization of the power-type forward utilities under this

setup becomes as follows.

Theorem 4.10: Consider the functional Uy(t,w,x) defined in (4.100) satisfy-
ing (4.101) and the stock prices process is given as S = eX, where X follows
the dynamics (4.112). Then the following two assertions are equivalent.
(1) The functional U, is a forward utility with the optimal portfolio rate 0.
(2) The processes D = Dy& (M) exp(a®) is a supermartingale (M is a local
martingale and a® is continuous with finite variation), satisfying the follow-
ing:

(2.a) The process a® is given by
1,2 / Xu 2. (4.114)
2 Jo

(2.b) Put M = o - W, then the optimal portfolio rate 0 is given by

0=(1-q) [e‘X(VJ_Q + %) +af. (4.115)
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(2.¢) The local martingale Z, given by

1s a true martingale.

Proof. Note that the assumption (4.104) is automatically satisfied when S
is continuous due to F' = 0. Then, this theorem follows immediately from

Theorem 4.9 by putting A =n = 0. ]

4.E Volatility Market Models

In this section, we will describe the power-type forward utilities in two volatil-
ity models: The corrected Stein and Stein model and the Barndorff-Nielsen-
Shephard model. Detailed formulations on these models have been provided

in Section 3.E.

4.E.1 Corrected Stein and Stein Model

I will start this subsection by recalling the corrected Stein and Stein model as

follows. The stock price process, S, follows the dynamics as
dS; = uV2Sdt + oV,SidBy, t€[0,T), (4.116)
where V' is the volatility process described by
dVy = (m — aVy)dt + pdW,. (4.117)

Here, all the parameters p, o, m, a and 8 are positive constants.

Theorem 4.11: Consider two (F;)o<i<r progressively measurable processes,
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D and p, such that

sup E[|D(7)|+|p(1)]] < +o0, and  inf |p(t)|]>0 P —a.s. (4.118)
TETT 0<t<T

Then, the following are equivalent.

(i) The functional, U(t,z) := D(t)x"¥, is a forward utility with optimal
portfolio rate, gm, for any initial capital x € (0, +00).

(1) The process p(t) is constant in (w,t) (i.e. p(t,w) =p(0) =p < 1), and

there exist two progressively measurable processes, ¢ and v, such that

/0 [(¢u)” + (¥u)?] du < 400, P —a.s.,

and the following properties hold.
(ii.a) The process D is described by

D(t):D(O)Et(¢.B+¢.Bi)exp[ b )/Ot<”v“+¢u)2du].

2(p—1 o
(1.119)
(i1.b) The optimal portfolio rate, é\, is given by
6= Ve (4.120)
o
(ii.c) If we put W(0) := (24 cSV)0 + V(1 +0SV), then
& (\IJ(QS) B+ BL) s a martingale. (4.121)

Proof. Remark that, in the current framework, any positive local martingale

Z is given by two progressively measurable processes ¢ and v as follows

T
gD ._ ¢ (6-B+o- BL) : / [(6u)” + (¥u)?] du < 400, P —.a.s.,
0

and any local martingale is continuous. Thus, any special semimartingale is

locally bounded (since its local martingale part is continuous), and hence the
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process p is locally bounded. Furthermore, the assumption (4.30) is automat-
ically satisfied in current continuous model since the measure F' = 0. Given
these details, it is obvious that the proof of this theorem follows immediately

from Theorem 4.3. O

Remark: Since the model in (4.116)—(4.117) is a Markovian model, then one
can probably characterize the forward utilities when p is a real constant by
putting D(t) = g(S;, Vi) and g will be then solution to a Hamilton-Jacobi-
Bellman equation (HJB equation hereafter). The main difficulty in this
method (as well as other methods proposed in the literature) lies in solving
the obtained HJB which there is no reason to have an explicit solution.
Hence, this will directly impact negatively our hope to get examples of

forward utilities or explicitly describe this class of forward utilities.

4.E.2 Barndorff-Nielsen Shephard Model

Now, we turn to the Barndorff-Nielsen-Shephard model. The stock price pro-
cess is assumed to be the exponential of a Lévy process and is defined by

Sy = exp(X;), where X satisfies

dX; = (u+ Bo})dt + 0y dYS + d(pz * fiy ), (4.122)
do? = —Noidt + d(z  fiy)s, (4.123)

Here, the parameters p, 3, p, A are real constants with A > 0 and p < 0. Then,

a simple application of Ito’s formula gives us the following dynamic of S

ds 1 ~
5 - (M +or(B+35)+ /(6"’2 - 1)Ft(dz)) dt+o,dY +d(e” =1)x(py —vy ).
t—
(4.124)
The set D is given by
D= {eelR L 14 S0 — 1) > 0, ﬁ—a.e.}. (4.125)
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Recall Theorem 4.3, consider a process, D, such that

sup E [|D(7)|] < +o0. (4.126)

T€TT

If U, is a forward utility, there exist a predictable process, ¢ € L(Y°), and
a positive and P-measurable functional, f € GL.(w), f > 0, such that the

process D is given by

D(t) = DO)EN) exp(Vi(o. 1)), (4.127)
where N is given by

N:i=6¢-Yot (f—1)*(u—v), (4.128)

Due to Theorem 4.3, (4.127-4.128) are necessary conditions for U, to be a
forward utility.

We consider the following assumption:

Assumption: For any predictable process A such that A € D, dP ® dt-a.e.,
and every sequence of predictable processes, (A,)n>1, such that A, € int(D),

dP ® dt-a.e., and A\, — A, we have, dP ® dt — a.e.,

lim [ K,(e* (e’ — 1)\, f(e* (e — 1)) F(dx) (4.129)

+00, on F,

N /Kp(ex(ew A f(eX- (" — 1)) F(dx), on T
where K,(y) == y((1+y)P"' — 1) and I := {F(R) > 0 and X ¢ int(D)}.

The main result in this subsection is given in the following theorem.

Theorem 4.12: Letp € (—o0,0)U(0, 1), q is its conjugate number and (4.129)
holds. D is given by (4.127-4.128) satisfying (4.126). Then, the following
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are equivalent.
(i) U(t,x) :== D(t)x? is a forward utility with optimal portfolio rate, 0.
(ii) The following holds:
(ii.a) V (¢, f) is coincides with
t
2((];11)2/0 02522 Xu- du+qf, <(1 +6(e” — 1)eX*)q%1 - 1) f(2) * .
(4.130)
(7.b) The optimal portfolio rate, 0 is a root for
1 o2e®- i -
0= u+02(6+§)+0¢+ — 6+/ (L4 0(e”” —1)e*) 7T (e”*—1) f(2) F(dz).
(4.131)

(ii.c) The local martingale

~

7 :=E(N)E <qiL1 S+ ((1 + e (e — 1)f)T — 1) *N(dt,dm)) £(6-9),

1s a true martingale. Here,

S° :/ vodW, — / Xu- 520, du

N(dt,dx) = p(dt,dx) — f(e*= (e’ — 1)) Fy(dx)dt,

Proof. The proof of this theorem is immediate by virtue of Theorem 4.2. We
will only give short remarks to clarify more the connection between the current
theorem and Theorem 4.2.

From the dynamic of S given by (4.124), we can find the predictable char-
acteristics of S, (b,c, ) under P and, (b%,c, F?), under @ (see the proof
of Theorem 3.11 for details). Furthermore, the function ®, given by (4.29)

becomes

(ZQ_)T1A+1)\T A+/fp (\T2)FQ(dx), p € (—00,0)U(0,1), (4.132)

Q,(N) =
Assumption (4.129) will guarantee its differentiability on int(D), which leads
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to (4.131). The assertion (ii.c) is a direct application of Theorem 4.2—(2.a)
together with some calculations based on the predictable characteristics of

S. ]
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Chapter 5

Exponential-Type Forward
Utilities

This chapter will address the third and last class of forward utilities. We start

by providing its definition as follows.

Definition: Let X be a RCLL semimartingale and () be a probability measure.
Then, we call exponential-type forward utility (called exp-type forward util-
ity hereafter) for (X, @), any forward dynamic utility for (X, Q), U(t, z,w),
given by

Us(t, 2,0) = — exp (—I;Vt—?j)“’)> . zeR, (5.1)

where N is a positive process and B is a process.

Herein, the process N can be seen as the risk aversion coefficient of the random
field utility. The interplay between the stochastic risk aversion and the forward
property will be investigated in the following. Indeed, this is an extension of
the case when U;(w, t, z) is independent of (w,t) and takes the form of —e™"".

Remark that one of the main difference between the exp-type forward utili-
ties and the log-type or power-type forward utilities lies in the effective domain
and its impact on the analysis. Moreover, when S is locally bounded, we ac-

tually don’t require any technical assumption to characterize the exp-type

forward utilities.
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5.A The Semimartingale Framework

Consider a filtered probability space denoted by (2, F, (F;)o<i<T, P) where the
filtration is complete and right continuous (i.e. satisfies the usual conditions).
In this setup, we consider a d-dimensional semimartingale S = (S;)o<¢<r Which
represents the discounted price processes of d risky assets. The Canonical

representation of S is given by
S=Sy+ S+ h(x)*(n—v)+ (x—h(x))*pu+ B. (5.2)

More details on this representation can be found in Chapter 1. Throughout

this chapter, the main assumption imposed on S is
/ x| F(dx) < +o0, P®A-—a.e., (5.3)
{lz[>1}

for all A € RY. Remark that this assumption is satisfied automatically when
S is locally bounded.

The following intermediary lemmas play important roles in simplifying our
forthcoming analysis. Furthermore, these lemmas are also interesting on their

own right.

Lemma 5.1: Let Q) be a o-martingale measure for S, and 6 € L(S) be such
that
sup E9 exp [(9 : S)T} < 400. (5.4)

TETT
Then, the process 0 - S is a Q-local martingale and the process expl - S| is

a positive QQ-submartingale.

Proof. Since () is a o-martingale measure for S, then, there exists a positive,
bounded and predictable process ¢ such that ¢ - S is a ()-local martingale. As
a result, 6 - S is o-martingale under ) on one hand. On the other hand, it is

clear that

X, = exp G(e - S)t>
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is a positive and special semimartingale with the Doob-Meyer decomposition
given by
X =X,+N+B. (5.5)

Here, N is a local martingale and B is predictable with finite variation such
that Ny = By = 0. Let (T})n>1 be a sequence of stopping times that increases

stationarily to 7" and
E (W, N2+ Vary, (E)) < +o0. (5.6)
Then, for any predictable process ¢ such that |p|< 1, we have
Elp- Xr,|< ¢E (W, MY + Vary, (E)) , (5.7)

where c is a constant that does not depend on .

Thanks to Ito’s formula, we get
1
X:1+§X_-(6-S)+X_-V(0),

where V() is a non-decreasing process given by

1 1 1
V() := §9T09 A+ (exp (§6Tx> -1- §0T:c) * [ (5.8)
Since 0 - S is a o-martingale under (), then there exists 0 < ¢ < 1 such that
@0 - S is a @-local martingale. Consider a sequence of stopping times, (0, )n>1,
that increases stationarily to 7" such that (¢f - S)7 is a true @-martingale.
Then, for any ¢ > 0, (LX_Q . S) " is also a true @-martingale. As a

d+eX_
result, we derive

onNTh, onNTh ¢
E / X, dVi(0) = lim E / % X ave)  (59)
0 0

el0 Os + X,
: ¢

—lmE(—% . X, < +400. (5.10
o (¢+5X_ ) (510
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The first equality follows from the monotone convergence theorem, while the
finiteness of the last quantity is due to (5.7).

Hence, V(0) is locally integrable and, thus, (6-5) is a Q-locally integrable. This
proves that (6 -95) is really a -local martingale. Furthermore, exp (%0 -5 ) is
a positive )-local submartingale. Then, the condition (5.4) and de la Vallée
Poussin’s argument imply that exp (%0 -5 ) is a positive @)-submartingale which

is square integrable. Hence the lemma follows from Jensen’s inequality. O]

Lemma 5.2: Suppose that (5.3) holds. Then the function, K : R* — IRU
{—00,+0}, given by

K(\) :=b"'A+ %/\Tc)\ + / (e“ -1- )\Th(x)> F(dz), )€ RY,
is convex, proper, closed, and continuously differentiable with
VE(A) =b+ch+ / (:ve)‘Tx - h(:);)) F(dz), \e R (5.11)
Proof. Due to assumption (5.3), we deduce that
/{ - (e)‘T“ + 1) F(dr) < 400, forany A€ RY, P®A—ae. (5.12)
z|>1

On the other hand, it is easy to check that

o?
Ogeo‘—l—aggew, V a€ R,

from which we get

1
[ (@) pa) < e Pp [ PR, 63
{lz|<1} 2

{lel<1}

Meanwhile, since S is a semimartingale, we deduce that Ijjas<1}- [S,S] € A;c,

which implies

|z|*F(dz) < +00, P®A—a.e. (5.14)
{Jel<1}
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A combination of (5.12), (5.13) and (5.14), we obtain
/ <6)‘T”C —1- )\Th(a:)> F(dr) < 400, P® A—a.e. (5.15)

Therefore, K ()) is a well defined real-valued function. Hence, K is proper and

closed with effective domain
dom(K) = R".

It is obvious that K is convex due to the convexity of ATz\ and [ e *F(dx).

To prove the differentiability of K, we notice that the function

1
A=A+ A Ted + / N (dx)
2 {la|>1}

is continuous differentiable. Hence, it is enough to prove that the function
Ko(\) = / (ew —1- )\T:L’) F(dz)
{lz[<1}
is continuously differentiable on IR%. To this end, let A, v € IR? and notice that

17 ol +2) = o)~ [

{le|<1}

vz <e’\Tx — 1) F(dm)‘

/{Im|§1} AT (67% —1— ,yTx) F(dx)’ (5.15)

< €>‘|+|V|% /{| |<1}]x\2F(dx) — 0, as|y[40.

Therefore, the function K is continuous differentiable at A with derivative,

VKy(N), given by

VKo(\) = /{ ot (evz _ 1) F(dz).
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And hence K is also continuous differentiable at A € R? with derivative,

VK(A), given by (5.11). O

Lemma 5.3: The following assertions (i) and (ii) are equivalent:

(i) For any \ € IR®,
/ N PF(dr) < +oo. (5.16)
{lz|>1}
(ii) For any \ € IR%,
/ |z|e* * F(dx) < +oo. (5.17)
{l|>1}
As a result, if assertion (i) holds, then for any X € IR?, any q € (0, 4+00),
/ 127X P (dz) < +oo. (5.18)
{lz>1}
Proof. The implication (ii) = (i) is obvious. We focus on proving the reverse.

Let e; be the element of IR? that has the i component equal to one and the

other components null. Then, due to the equivalence between norms in IR?, it

d
is enough to consider the norm |z|= Z|xz| Then, we get that
i=1
d
[ e R =Y [ () (el R
{le>1} i=1 Y A{l=z[>1}

d d
< Z/ e(eiJr)\)TxF(dx) + Z/ e(feiJr/\)TxF(dx).
i=1 Y {lz|>1} i=1 Y {lz[>1}
(5.19)
Thus, the last term in the right hand side of the above string is finite for any
A € IR?, due to assertion (i). The proof of the remaining part of the lemma

follows from the same arguments. O

Next, we will state our main results of this section. To this end, we first

assume that the process N = 1 and B is predictable with finite variation.
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Remark that this assumption may sound restrictive, but it leads to some kind

of “uniqueness” of the forward utility.

Theorem 5.1: Suppose that (5.3) holds and B = (By)o<i<r is a RCLL pre-
dictable process with finite variation. Then, the following assertions are
equivalent:

(i) The random field utility , U(t,w,x) := —exp(—x + By(w)), is a forward
utility.

(i) The minimal entropy-Hellinger o-martingale measure, @, exists and
B = By+h*(Q, P). (5.20)

Proof. The proof of this theorem will be achieved in two steps. The first step
(part 1)) will prove (i7) = (¢), while the second step (part 2)) will prove the
reverse implication.

1) In this part, we will prove (ii) = (). Suppose that assertion (ii) holds.
Then, thanks to Theorem 2.3 (or see Theorem 4.6 in [16]), the MEH o-

martingale measure @ with the density process, Z , satisfies
log(Z) =0 - S+ hP(Z, P).

Thus, it is easy to check that —6 is admissible and U(-, =0 - §) = —¢B0Z is a
true martingale. Thanks to Lemma 5.1, it is also clear that for any admissible

portfolio 6 € Augm (), the process
U(-,0-8) = —ePZ exp [—(9 +0)- S}

is a supermartingale. Hence assertion (i) follows immediately.

2) In this part, we prove (i) = (i¢) in four steps ((a)—(d)). Precisely,
the first step (part (a)) will show that the optimal portfolio 6 satisfies the
pointwise equation that characterizes the MEH o-martingale density when it
exists. The second step (part (b)) is devoted to the construction of a positive

local martingale, Z , candidate to the MEH o-martingale density. The third

141



step (part (c)) will prove (5.20). Finally, the last step (part (d)) will prove
the optimality of Z , and, in turn, conclude the whole part 2).

To this end, we suppose that assertion (i) holds. Then, there exists g e
Agam () such that —exp (—((/9\ S) + Bt) is a true martingale and for any
0 € Auam(x), the process — exp(—(@ -9+ Bt) is a supermartingale.

a) Thanks to Ito’s formula, for any 6 € L(S),

—exp(—(0-8)i+ B) = —e OB = o, (XE(XP),
X0 = —0-S+107ch- A+ (" —146Tx) % p, (5.21)
XP:=B—By+> (2% —1 - AB).

Therefore, for any admissible portfolio 8, the process — exp(—(@ - S) + Bt>
is a local supermartingale (respectively, a local martingale) if and only if the
process e2P - X% + XB is a local submartingale (respectively, is a local mar-
tingale). This fact is equivalent to the statements (a.1) and (a.2) given by:
(a.1) the process [e™?" % — 1 4+ 0T h(x)|*u is locally integrable,

(a.2) and the process e=2F . XB — K(f) - A is nondecreasing (respectively is

null), where

1 T
K(9) :=6"b — 59%9 + /(—6_9 Tl — eTh(a:))F(da:), 6 c R (5.22)

~

As a result, the optimal admissible portfolio for the forward utility, §, maxi-

mizes the functional K over the set of admissible portfolios, and
K@) A=e P . XP=e28. B4+ (1—e 2P - ABe ®F).  (5.23)

Then, using the optimality of ) together with Lemma 5.2 (note that K(0) =
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—K(—8)) we conclude that —8 is a root of the equation
b+ cl + /[eeTxx — h(z)]F(dx) = 0. (5.24)
Furthermore, by combining (5.23) and (5.24), and putting 6 := —0, we get

|:%§T65+ /(«ngegTaj — ey l)F(dx)} A= e_AB~B+Z(1—e_AB—ABe_AB).

(5.25)
b) Since 0:=—0¢ L(S°), the process § - 5¢ is a well-defined continuous local
martingale that will constitute the continuous part of N = 'Z”_l, 7. Hence, to
define the pure discontinuous ingredient of N, we consider the P-measurable

functional

Wi(z) = (7,)"! (65? 7 _ 1), F=1—a o+ / Hey({e), dr)  (5.26)

and we will prove that W is (u — v)-integrable. This will be carried out in

several steps, see (b.1)-(b.5).

(b.1) Since f- S is a ROLL semimartingale, then the process Ligrasi<ay 10
S, 0 - S] is locally bounded and, hence, locally integrable. Then, due to

S (s - DL grasica) = € Z(QTAS)QI{\gTAS|§a}

< [grasicay [0-5,0-5),  (5.27)

we deduce that Z(egTAS - 1)2]{|§TAS|SQ} is locally integrable.
(b.2) Thanks to the equation (5.25) and the local integrability of both pro-
cesses e 2B . B+ 3 (1 — e 2B — ABe 2B) and 67cf - A, we deduce that the

non-decreasing process

<§T$€§T$ L 1) * [
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is locally integrable. A combination of this and

e —1 n gTASegTAS _fTas +1
« o

[{|§TAS|>O¢}’

(5.28)

0T AS
Dl S U g agay 2D

implies the local integrability of Z|65TAS — 1|I{|§TAS|>Q}-

(b.3) Using the inequality

-, 1/2 -,
0T AS 2 0T AS
(E :(6 -1) I{|§TAS\>a}> = E :‘6 - 1U|{§TAS|>a}

. 1/2
and parts (b.1)—(b.2), we obtain the local integrability of <Z(69TAS - 1)2> :
(b.4) Due to (5.24) and the properties of the predictable characteristics of S
given in Section 2.A (precisely, c = 0 on {AA # 0} and AB; = /h(x)y({t}, dx)),

we obtain
/xeet%yt(dx) = 0. (5.29)

By combining (5.29) and (5.25), we derive
y=1+ /(engm — Dy (dr) = e 28, (5.30)

Hence, 77! is locally bounded.
(b.5) Defining I := {z € R? | |#7#|< a} and using the notations of (5.26),

we derive

%Z@sz(i@ﬂ%wmmf+ (mw/ @%—wwwf

Vi

jZ@Wﬁ@%w%ww(Z@ﬂéywﬂqmmJ

B i 2 11 T 2

Due to (b.1)—(b.2), the predictable nondecreasing processes (egT“*’—l)zI{'nglSa}*

v and |€§Tx —1|7 (72| >a} ¥V have finite variation and, thus, are locally bounded.
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This follows from the fact that these processes are the compensators of the two
processes discussed in (b.1) and (b.2) respectively. Due to the locally bound-
edness of 77! proved in part (b.4), the process Z(/Wt)2 is locally bounded.
(b.6) Using once more the local boundedness of 77!, parts (b.1)-(b.4), and

(S 0W(A8) Iiasivoy - /Wt)2)1/2
(2 Z<Wt(AS))2I{ASt¢O})l/2 N (22</M7t)2>1/2
- [2@)2 (7 =1) *M} ey

IA

we deduce the locally integrability of (Z(Wt(AS)I{Asﬁéo} — /Wt)2> 1/2. This
ends the proof of the (i — v)-integrability of W (i.e. W € G} (1), see (2.3) for
details), and hence Wx(u—v) is a local martingale and the process Z:=E& (]v )
such that
- . e _q
N:=60-S4+Wx(p—v), 0=-0, Wy(zx):= 1_at+f6§tTyV({t},dy)7
(5.31)

is well defined and is a o-martingale density for .S due to the equation (5.24)

satisfied by 6 and Proposition 2.2.
c) Considering (5.25) and (2.27), on {AA = 0}, we derive

Iiaa—oy - B = (e Iian—gy) - X”
0T cH . ~
= I{aa=0} [ 26 + /<9T9369Tx — ey 1>F(dx)

= Iaaoy - h*(Z, P).

- A(5.32)

Due to (5.30), we have AB = —log(¥). Hence, by combining this with (2.29)
(here A = 0 and, hence, v =7), we obtain

AB = AWF(Z, P). (5.33)
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Therefore, (5.20) follows immediately from (5.32) and (5.33).
d) Thanks to Proposition 3.2 in [17] (see also Proposition 4.2 in [16] for the
case of quasi-left continuity), it is enough to consider a positive o-martingale

density Z = E(N) of the form

~

ke

]_—CLt

N = 3-8+Yx(u—v), Yi(x)=k(x)+

Taerys o= / k(@) ({t}, da),

where 8 € L(S) and (3 ki(AS)2T(as,z0y) " € A

loc*

Then, due to the con-
vexity of 27cz and ¢(2) := (1 + z)log(1 + 2) — z, we obtain on {AA = 0} on

one hand
dhf(2,P) dhE(Z,P)
dA dA
_ / [60k(a)) — o7 — 1) | Plda) + %(5%5 _Td) (5.34)
> §Te(f— ) + / §Tx(k<x> +1- egT’”)F(da:) —0. (5.35)

Indeed, the equation (5.34) comes from Lemma 2.4 and Proposition 3.5 in [18],
while the equality (5.35) is derived from a combination of (5.24) for Z and a

similar equation for Z, i.e.

=b+cf+ /[x(k(x) + 1) — h(x)]F(dz)

since Z is a o-martingale density for S (see Proposition 2.2). On the other

hand, due to the convexity of ¢, we get

AW (Z, P) — AWE(Z, P)

= [ty = o= = 1) ot + - P(;i) ~of2- 1>]<5.36>
> /[k;(x) 1o 69;](5% + log(%))ﬁ(dx) F-a) - b - %)log(%).
_ / (k) + 1) = @)™ Ta(d) = 0, (5.37)
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where vy(dz) := v({t}, dx). Indeed, the equation (5.36) is derived from Lemma
2.4 and Proposition 3.5 in [18]. The equation (5.37) follows from the fact that
Z and Z are o-martingale densities for S and an application of Proposition
2.2. Thus, by combining (5.35) and (5.37), we deduce that Z is the MEH o-
martingale density for S. Furthermore, due to Theorem 2.3, (5.20) and § = —0
(see part a), (b.1)=(b.6) and c)), we get

Z = e Boexp [B - (5 S)} = —e*BOUl(-,@\- S).

Hence, it is a true martingale and this implies the existence of the MEH o-
martingale measure, @ This proves assertion (ii) and the proof of the theorem

is complete. O

Remark: 1. It is clear that the proof of the part (ii) = (i) of Theorem
5.1 follows easily from [16] and [17]. In fact, it was clearly stated in those
papers that this kind of robustness with respect to the horizon is one of
the important features of the minimal entropy-Hellinger o-martingale
measure that other o-martingale measures lack to possess; see, also, [18]
for a more explicit relationship between this horizon-robustness for o-

martingale measures and utility maximization for all HARA utilities.

2. The highly original part of Theorem 5.1 lies in proving that the only for-
ward utility of this kind (i.e. when B is predictable with finite variation)
is the one given through the MEH o-martingale measure and this o-
martingale measure exists in fact. Furthermore, this original part of the
theorem also gives necessary and sufficient conditions for the existence of
MEH o-martingale measure via the utility maximization problem with

weaker conditions on S.

Theorem 5.1 sounds restrictive due to the assumption on B, while—as we
will illustrate in the proof of the next theorem—it is crucial and constitutes
an important step for proving our general result. This result requires some

preparations.
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Definition: A RCLL semimartingale B is called exponentially special, if

exp(B) is a special semimartingale, i.e.

exp(B) = exp(By) + MP) 4 AP (5.38)
where M) is a local martingale, A is predictable with finite variation
such that MéB) = AE)B) = 0.

Lemma 5.4: Let B be a RCLL semimartingale. Then, the following hold.
(i) If B is exponentially special, then there exists a unique positive local

martingale, ZB), and predictable process, B, with finite variation such that
P =ePotBzB  pl—0 zP =1 (5.39)

(ii) Suppose that pB is exponentially special, for some p € (1, +00), ZB) is
a true martingale, and that (5.3) holds. Then,

/ 2| " F@(dx) < +o0, for all X € IR?, (5.40)
{lz[>1}

where F@ is the kernel measure for the jumps sizes of S under Q = Z;B) -P.

B_ B

B is a special semimartingale, then e™5- - ¢f is also a special

Proof. Since e
semimartingale. Then, there exist unique local martingale, N®), and a pre-

dictable process, C'®), with finite variation such that
e BB = NB L 0B and C’éB) = NéB) = 0.

Then, the above equation implies

B oPog (NP 4+ 0P), 14ACH) >0 and 14— o 0
e =e ( + ) ) + > an + m > 0.
As aresult, the process HA—lc(B)-N(B) is a local martingale, £ (W : N(B)> >

0, and & (C’(B)) is a positive predictable process with finite variation. Then,
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due to Yor’s formula (i.e. £(X)E(Y) = E(X +Y +[X,Y]) for any semimartin-
gales X, Y), we write

1
B__ B _A(B) (B)
e —605(—1+ &0 N )E(C’ )

Thus, assertion (i) follows directly from putting Z(8) .= & <m - N (B)>

and B' := log [£(CP))].

Next, we will prove the assertion (ii). To this end, we suppose that pB is

exponentially special. Thus, B is exponentially special and, hence, assertion

(i) holds. On the other hand, it is clear that (Z(®))? is locally integrable (i.e. a

special semimartingale), and F'@(dx) = (14 f(z))F(dx), if (8, f, g, M) is Jacod
1

components for MPB) = 57 - Z®B)_ Then, due to Lemma 5.3, we deduce

/ |x|eAT’”FQ(dx) = / |x\e’\Tz(1 + f(z))F(dz)
{lz|>1} {|z|>1}

< ( / f{z|>1}|x|qquTzF<dx))q ( / T (14 f(x))pF(dx))p < foo.

This proves assertion (ii), and the proof of the lemma is complete. O
Now, we will state our main and general result of this section.

Theorem 5.2: Suppose that S satisfies (5.3) and consider a RCLL semi-
martingale, B, such that pB is exponentially special for some p € (1,+00).
Then, the following results hold.

1) The following assertions, (i) and (ii), are equivalent:

(i) The random field utility, U,(t,w,x) = —exp (—z + Bi(w)), is a forward
utility with optimal portfolio 0.

(i4) There exists a unique positive local martingale Z'P) satisfying:

(ii.a) The MEH o-martingale density with respect to ZB) exists. It is de-
noted by Z®) and satisfies

B — By =log [2P)] + n* (Z<B>, Z “3)) : (5.41)
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(i1.b) The process 7®) .= 7B 7B) s ¢ true martingale, @(B) = Z(FB) - P
15 a o-martingale measure, and A log [Z(B)} is locally integrable (i.e a
special semimartingale).

(ii.c) We have
log(Z®)) = 8B) . § 4 hE (Z<B>, Z<B>) and 0P = _§.  (5.42)
2) If assertion (i) holds and furthermore, B satisfies

sup E[epBT] < 400 for some p € (1,+00), (5.43)
TETT

then ZP) is a true martingale. Moreover, the probability @(B) has finite
P-entropy, i.e. QB € M5(S).

Proof. The proof of this theorem will be given in three parts. The first part
(part I)) will prove (i) = (i1), the second part (part II)) will prove the reverse,
while the last part (part III)) will prove assertion 2). First, notice that under
the assumptions of this theorem, the assertions of Lemma 5.4 hold.

I) Suppose that assertion (i) holds and consider a sequence of stopping times,
(T;))n>1, that increases stationarily to T such that (Z®))7 is a true martingale
and Bj,r is bounded. Then, by putting Q, := Zi(pf) - P, and using Lemma
2.3, we deduce that the process U,(t,w, ) := —exp(—x + B}, ) is a forward
dynamic utility for (S, Q,,). Therefore, assertion (ii) of Lemma 5.4 (precisely
condition (5.40)) guarantee a direct application of Theorem 5.1 on the model
(ST Q,,U,). This implies the existence of the MEH o-martingale measure
with respect to @),,, denoted by é", whose density ZBn) gatisfies

B;/\Tn = htE <Z(B,n)’ Qn) .

Using Lemma 2.5, we conclude that the MEH o-martingale density with re-
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spect to Z(B) | denoted by Z(B), exists and satisfies
B, = hP (Z<B), Z<B>) .

Then, plugging this equation into (5.39), the assertion (ii)-(a) follows imme-
diately.

From Theorem 2.5, we have
log(Z1) = 018 5+ n (29, 7}

where the process 0(B) is explicitly described and coincides with —(/9\; this fol-
lows as a consequence of Theorem 5.1 on the model (S™", Q,,, U,). This proves
(i)-(c).

To prove assertion (ii)-(b), it is easy to note that—due to the definition of
ZB)__Z(B) ig g o-martingale density for S, and ZB) Z(B) log(Z(B)) is locally
integrable.

Now, we will prove that Z® log(Z\ (B)) is locally integrable. Consider a se-
quence of stopping times, (7,),>1, that increases stationarily to 7" such that
E [(Zgj))p] < +oo (this is possible since pB is exponentially special) and
hir, (Z(B), Z(B)> is bounded. Then, by putting e = p—1 and Q,, := Z:(Ff) P,
and using Young’s inequality (i.e. zy < ylog(y) — y + €%), we derive

~ 1~
B [0 20 ou(2i2)] = 5% (1282 0sl(271)

< B9 | =2 log(

€ €
Z\P) 7B 1
< E@r Z" log( ET") ——+E [(ng))p}

This proves that Z®) Z(®B) log(Z®)) is locally integrable. Thus, by putting

ZP1og(ZP)) = 2B 7PB) 16g(ZB)) 4+ 2B 2B 1og(ZB)), (5.44)
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we deduce that Z®) log(Z®)) is locally integrable.
IT) Suppose that assertion (ii) holds. Then, assertions (ii)-(b) and (ii)-(c)

imply that —0® is an admissible portfolio, the process
U (£~ -8),) = —exp (@) - 8),+ B) = —e® 2",

is a true martingale, and @ = 2}3) - P is a o-martingale measure for S. Then,

for any admissible portfolio 8, we have

sup EQ exp [—(9 + 5(3)) : ST} = e P sup Eexp [BT —(6- S)T} < 4o00.
T€TT T€TT

Thus, thanks to Lemma 5.1, we deduce that the process
- exp(—0 -S4+ B) = —ePZB) exp <—(5+ 0) - S) :

is a supermartingale. This proves assertion (i).

IIT) Thanks to (5.41), (5.44), and assertion (ii)-c), we obtain

—~(B ~(B
E (Zq(-/\gr’n log |:Zﬂ('/\2pn:|>
= E@ (Zﬁf;n log [2’53) D + B [2“9) (BTW — By —1log ZP) )}

Ny, TATy TATy

= E |23}, By, | - Bo

Hence, again Young’s inequality yields

E (251/5\;’}” log[gifgpnb < b sup F (epB”) P By.

p_laE'TT p_1

Then, using Fatou’s lemma, the above inequality leads to @(B) € M?(S)
and, hence, assertion 2) of the theorem follows. This ends the proof of the

theorem. ]

Theorem 5.3: Let B be a RCLL semimartingale and N := E(w-S) a numéraire.

Then, there is equivalence between.:
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(i) The random field utility U(t,w,x) = — exp (—%) is a forward util-

ity for the assets S, and

(i) The random field utility U(t,w,x) := — exp (—x + %) is a forward
utility for the assets
Si=§ L 5.9 (5.45)
TP T arAs TRk ‘

Proof. Due to Yor’s formula, we deduce that

1 1
N—E(—WS—FI_HT—TAS[TFS,TFS])

On the other hand, Ito’s formula yields

0-S —
d <T) = ¢(0)dS, (5.46)
where ¢(0) is given by
6(0) = 9_%—5)‘” for any 6 € L(S). (5.47)

As a result, we get
Ut,z+(0-9))=U(t,x+ (¢(0)-S);), forany 6 L(S).

Therefore, for any process 0, 6 € Aqgm (2, S, U) if and only if ¢(0) € Aggm(z, S, U).
The proof of the theorem follows easily. m

Remark: 1. Theorem 5.3 yields our complete and explicit parametriza-
tion for the exponential forward utilities. In fact, using a nice result
of [75] that states that if — exp(—%) is a forward utility, then N is a
numéraire and B is a semimartingale. This gives us the first parametriza-
tion through the description of N. Then, by using Theorem 5.3, we
transfer the self-generating property to the model S and the payoff

B = % instead, and Theorem 5.2 completes the explicit parametriza-
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tion of the utility by describing the structure of B. Thus, the parame-
ters of a forward utility are (7, N®)) € L(S) x My,e(P) or equivalently

(7,8, £, N7,

2. The semimartingale property for B becomes obvious from the definition
of forward dynamic utility if the set of admissible portfolios Aggm ()
contains the null portfolio for some x € IR. This situation is realizable
when more integrability conditions are imposed on the payoff B such as

boundedness for instance.

The following remark discusses the originality of this section, and compare
its results (mainly Theorems 5.1-5.2) with the most recent literature on the

exponential forward dynamic utilities.

Remark: This remark, as suggested by an anonymous referee, discusses the
originality of the results of this section and compares them with those of
Zitkovic obtained in [75] (especially Theorem 4.4 of that paper). To this
end, we focus on the case of N = 1 for simplicity. The result of Zitkovic
in [75] characterizes the exponential forward utility relying on the relative
conditional entropy concept. Precisely, for any () € P, with density process

Z9 and any 0 <t < T < 400,

(% (%

denotes the relative conditional entropy of () with respect to P. Using this

concept, Zitkovic derived the following characterization

B, =— inf H(Q,t, T 5.48
t Qeesj%/ll;r%S) (Qa ) )7 ( )

for the case of N =1, for any 0 <¢ < T < +oo. Here, M%(S) denotes the
set of @ € P, with finite entropy (i.e. H(Q,0,7) < +oo for any 7T') such
that S is a Q-local martingale.
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It is very clear—up to our knowledge—that for any 7', the essential inf in
the RHS term of (5.48) is attainable under Zitkovic’s assumptions (i.e. S
locally bounded and M$(S) # 0)) by the minimal entropy martingale mea-
sure for the model ST. It is, also, very clear that there is no single result
in the literature that describes explicitly this optimal martingale measure
for the general semimartingale S. Thus, in our view, (5.48) is a characteri-
zation that is not applicable (at least we do not see how to apply it) and it
is not explcit for general case of locally bounded semimartingale S. Thus,
This result does not parameterize the exponential forward utility, while our
results (of this section) give a clear and explicit parametrization.
Furthermore,—as mentioned by an anonymous referee—our assumptions on
the model S are much more general than those of Zitkovic. Indeed, in [75],
the author assumed that S is locally bounded and M$(S) # (), while we de-
signed our parametrization under the assumption (5.3) which is much more
weaker.

In our view, the most practical result of [75]—beside the section that deals
with the easiest case of Ito processes—is Proposition 4.7, where the au-
thor proved that the process N (denoted by 7 in his chapter) should be a
numéraire. In other words, there exists 7 € L(S) such that N = Ny&E(m-5).

Herein, we use this nice result to complete our full parametrization.

5.B Discrete-Time Market Models

Recall the discrete-time market models described in Section 3.B. Now, we

consider the family of exponential utilities, given by
Ui(j,x) = —exp(—z+ Bj), j=0,1,.,N, ,zelR. (5.49)
Suppose that the process B satisfies

sup E(eP7) < +oo. (5.50)
0<j<N
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Define the set of admissible portfolios for the j** period of time (j = 1,2, ..., N),
denoted by @§1)7 and is given by

oW .— {9 e LO(F;_y) | E(exp(—@TASj +B)) | fj_l) < +oo} . (5.51)

J

The next theorem will state our parametrization algorithm for the subclass of

exp-type forward utilities having the form of (5.49).

Theorem 5.4: Suppose that (5.50) holds. Then, the following are equivalent.
(i) The functional Uy(j,x), defined in (5.49), is a forward utility with the
optimal portfolio denoted by 0 = (0 )j=12,..N-

(ii) The following two properties hold:
(i.1) The process = (9 )j=

equation

N satisfies 9 S @ and é} is a root for the

,,,,,

E (exp(=A"AS; 4+ Bj)AS;|F;_1) =0, j=1,2,..,N. (5.52)

(11.2) There exists a positive martingale M = (M;)j=o,. .~ such that My =1

.....

and
B; = By+log(M. Zlog [EQ <exp( 9 ASE)|Fr_ 1)] ., j=0,1,..,N,1
(5.53)
where () := My - P.
Proof. Suppose that assertion (i) holds, then 2
J J
U, <j,2§,{ASk) = —exp(— Y BFAS,+B;),j=0,1,.,N,  (5.54)
k=1 k=1

By convention, the sum over empty set is zero.
2By convention, the product over empty set is one.
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is a martingale and

J J
U, (j,Z@fAsk>—exp(—ZQkTASHBj), j=0,1,...,N,  (5.55)

k=1 k=1

is a supermartingale for any admissible portfolio 6 (i.e. 6; € @(1) ,j=1,...,N).
By combining (5.55) and the assumption (5.50), we deduce that the process
—exp(B) is a supermartingale. Remark that in discrete time models, any

positive special semimartingale can be decomposed explicitly as follows:

where

M- ﬁ exp(By) ﬁE eXp (Bx)
! Pl E (exp(By,)| Fr-1) Pl exp(By_ 1)

fk—l) y

It is clear that M is a positive martingale and A is a predictable process.
Put Q := My - P. Then, by combining Bayes’ rule with (5.54) and (5.55)

respectively, we obtain

Ai_
B2 (exp(~0 AS))|1F) = S j =1, N (5.57)
A;
Q T Aj .
and F (exp(—HjASj)]}"j,l)Z v Vo, e0;7, j=1,..,N. (558)

j
From (5.57) and (5.56), we derive (ii.2) directly. Now, we combine (5.57) and
(5.58) together and obtain for every j = 1,..., N,

E@ (exp( Si)|Fi- ) < E9 (exp(—0T AS;)|Fj-1), Vb€ @5-1). (5.59)
By considering the functional

B(0) 1= [ exp(-y"0)Gy(dn),  Gy(do) i= QAS; € delFyr). (500
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the inequality (5.59) is equivalent to
©,;(0;) > @;(0;), vV 0,€0, j=12 N (5.61)

Based on the definition of admissible portfolio in (5.51), the functional ®; is

proper, closed, convex and differentiable on IR?. Therefore, gj is the root of
/exp(—)\Tx):Béj(dx) = B9 (exp(—A"AS))AS)|Fj—1) =0, j=1,2,..,N..

This proved (5.52) and completes the proof of (i)=-(ii).
To prove the reverse, we suppose that assertion (ii) holds. Put @ := My - P.
Then, for 7 =0,1,..., N,

J j

k=1
-1

J
= —Mjexp(— > _0FAS) | ] E?(exp(~0f ASY)| Fis) |
k=1

<.

which is a martingale by a simple calculation. For any admissible portfolio

(0)j=1.2,. N, the convexity of the function exp(—y) implies
exp(—0TAS; + B;) — exp(—0T AS; + B;) > exp(—07 AS; + B;)(0; — 0,)TAS;.

By taking conditional expectation in both sides above and using (5.52), we

obtain

E@mkgﬁ%+BME4>gE@m@ﬂA%+BME4) (5.62)
j—1
By multiplying both sides of (5.62) with H exp(—0f AS},) and using

k=1

E (eXP(—ngSj + Bj)|]:j—1> = exp(Bj-1)
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which follows from the martingale property of Ui (7, Zizl @TASj), we derive

. i—1
E <U1 (j,xzj:QkTASk> |fj_1) <U, (j . 1,;@]20,%&) .

k=0 k=0

J
This proves that U j,leog(l—l—H%ASk) , 7 = 0,1,...,N, is a super-

k=0
martingale for any admissible # and this completes the proof of this theo-

rem. O

5.C Discrete Market Models

To further exhibit the characterization of exponential forward utilities in discrete-
time markets, we will consider two particular cases. Namely, the binomial
model and the multi-dimensional discrete model. For details on the setup of

these two models, I refer the readers to Subsections 3.C.1 and 3.C.2.

5.C.1 One-Dimensional Binomial Model
In binomial model, the stock price process, S, satisfies for j = 1,..., N,
1

Sj+1 = S0 Hﬁk; .
k=1

where &1 is a random variable that takes either £, or &' ;. Here, £, and
&1 are real numbers such that 0 < &fﬂ <1 <&, We denote a sequence

of events for j =1,..., N,

A= {g=¢re T,

Furthermore, due to #(£2) < +o0, it is obvious that any real-valued random
variable is integrable and its conditional expectation is finite as well. Thus,

we conclude that the admissible sets, @gl), defined in (5.51) take the following
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forms

o\ = L%F;_1), j=1,...N. (5.63)

Theorem 5.5: The following are equivalent.
(i) The functional Uy(j,x), defined in (5.49), is a forward utility with the
optimal portfolio denoted by o = (9 )j=12...N-

(1t) There exists a martingale M = (M;),=o,.. .n such that My =1 and for

.....

1 =0,..., N, the following two properties hold:
(ii.1) 0= (0 ( )j=1...N is given by

5 log(Qs(g) — 1)) — log((1 - Q))(1 — &)
7 (€ — €S- ’

j=1,..,N,  (5.64)

where Q; = Q(A;|F;-1) and Q := My - P.
(i1.2) B can be described as follows for j =0,1,..., N

Bj = By+log(M Zlog(exp((l fk)GSk 1)Qr+exp((1— fk)gsk 11— Qk))
=1
(5.65)

Proof. The proof is straightforward from the proof of Theorem 5.4 and the
following remarks.

a) The assumption (5.50) is automatically satisfied since the sample space is
finite.

b) The function given by (5.60) becomes

©;(0) = exp[(1 — &A1) Q(Aj|Fj—1) + exp[(1 — &)AS; 1] Q (A Fj-),
and its derivative is given by

D) = Sy — Dexp [(1- &) AS;1]Q;+
S;a(€d = 1) exp [(1 —EHAS; L] (1 - @Qy).
The root of ®%()\) = 0 is obviously given by (5.64).

c) Assertion (ii.2) is a direct application of (5.53).
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This ends the proof of this theorem. m

5.C.2 Multi-Dimensional Discrete Model

The setting of the model is same with the model introduced in Section 3.C.2.
To this end, we use the same notations as there and skip their definitions. We
only remark that due to #(2) < o0, the admissible sets, @g-l), defined in
(5.51) take the following forms

0\ = L%F;.), j=1,..N. (5.66)

The main result in this subsection is given the following theorem.

Theorem 5.6: The following are equivalent.
(i) The functional U,(j,x), defined in (5.49), is a forward utility with the
optimal portfolio denoted by o — (é\j)j:m _____ N
(i1) The following two properties hold:
(11.1) There exists a martingale M = (M;),—o
j=0,..,N,

N, My = 1, such that, for

-----

J
Bj = By +log(M;) =) "log V] (5.67)
k=1
where we put () := My - P and

Q(Ak(nl, ceey nd)|]:k_1)

Yk =

.....

.....

equation for 5 =1,....N

(Ej(na; ooy na) = Taxa) I
A‘ PR .F', == 0
Z _ eXp(eT(Ej(nh ”'7nd) - Idxd)Sj_l)Q( J(nl nd)| J 1)

(5.68)

Proof. This theorem is a particular case of Theorem 5.4 by considering finite

sample space. Note that the assumption (5.50) is automatically satisfied since
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the sample space is finite. Therefore, (5.67) and (5.68) can be derived by
writing the expectation in (5.53) and (5.52) for discrete sample space. O

5.D Lévy Market Models

Recall the model described in Section 3.D, the stock price process S is given by
S = Spexp(X), where X is a Lévy process. We consider a class of exponential

forward utilities given in the form of
Up(t,w,z) := —exp(—x + By(w)). (5.69)

For any probability measure (), any stock price process X, and x € IR such

that Uy(t, r,w) < +o00 we denote by

Awam(X, Q) = {w € L(X) | sup E? [exp(—7 - X, + B,)] < +oo}, (5.70)
T€TT

the set of admissible portfolios for the model (X, @, U). Here T is the set of

stopping time, 7, such that 7 < T. When X = S and () = P, we simply write

Aadm .

Theorem 5.7: Suppose that S is locally bounded and consider a RCLL semi-
martingale, B, which is exponentially special. Then the following two asser-
tions are equivalent.

(1) The functional Uy given by (5.69) is a forward utility with the optimal
portfolio 0.
(2) There exists a local martingale M = E(N) (let (5,Y,V,N') denote the
Jacod components of N ) such that
(2.a) B can be written as

B = By +log(M) — /0.[30262)(“524‘

~

(5.71)
-l—/ fi(exp(—e*(e” — 1)8,) — )Y (e**(e* — 1)) F:* (dw)]du.
R\{0}
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(2.c) The optimal portfolio 8 is a root for

1o, x 205 (e =DY(eX(e" =1)) x o) =
V5ot (B A)+/B\{O} (e (e — DN FX(dz) = 0. (5.72)

(2.d) The local martingale exp(—@\‘ S + B) is a true martingale.

Proof. By Ito’s formula, the dynamics of S can be presented as

d 1
B (4 Ly +/ (% — 1) FX (d))dt + od W, +/ (e — 1N (dt, du).
St 2 R\{0} R\ {0}

The triplet of predictable characteristics of S can be written as follows,
t
Sy :/ eXvodW,, ¢ =e* o,
0

1
b=t 5ot [ (@ - DR ()
R\{0}

For any measurable and non-negative/integrable function k(z), F'*X is related

to F® as follows

/ k(2) FS (d) = / k(e (¥ — 1)) FX (dy).
R\{0}

R\{0}

Since B is assumed to be exponentially special, due to Lemma 5.4, it can be
decomposed as

exp(B) = exp(By) M exp(B’),

where M is a positive local martingale with My = 1. Hence, M = £(N), where

the local martingale N can be represented as
N=p3-S+Y -D)x(p—v)+Vxu+N, v(dtdr)=Fdz)dt

By the procedure of localization, it is enough to consider M to be a true

martingale and define () := My - P, then the characteristics of S with respect
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to () are
t t
SC’Q:/ eX“Uqu—/ eXug? B3, du,
0 0

1
b9 = ey + 0?3+ —eX0? + et / Y (e (e — 1)) (e” — 1)F¥(dx)
2 R\{0)

FQ(dz) =Y (2)F®(dz).

For locally bounded S, the assumption (5.3) is satisfied under measure Q.
Hence, based on Theorem 5.2, 0 is the Toot of the equation (5.72). The Minimal
Entropy Hellinger process, hE(Z @ Q) helps us to find the representation of B
in (5.71). Anything else that is not proved here is straightforward and the

reader can find hints in the proof of Theorems 5.1 and 5.2.

O
5.D.1 Cramér-Lundberg Risk Model
Consider the classical Cramér-Lundberg risk process (R;):>0, given by
N
Ri=xz+yt—)» Y. (5.73)
i=1

Here (Y;);>1 are i.i.d positive random variables representing the claims, N =
(Nt)i>0 is an independent Poisson process with intensity A > 0 modeling the
times at which the claims occur, z > 0 denotes the initial surplus, and v is a
premium intensity. The stock price process is given by S = exp(R). In this
model, there is no Brownian Motion and the source of risk coming from the
compound Poisson process.

We assume that each claim follows normal distribution, N(u, o) with density
function

1 _(@—w)?
e 202

fz) =

2ro

Theorem 5.8: Consider the functional Uy(t,w,z) defined in (5.69). Suppose
that pB is exponential special for some p > 1. Then the following two

assertions are equivalent.
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(1) The functional Uy is a forward utility with the optimal portfolio 0.
(2) There exists a local martingale M = E(N) (let (5,Y,V,N') denote the

Jacod components of N ) such that

(2.a) B can be written as

B = By + log(M)—

: ~ 5.74
A /0 { / Fexp(—Su (& — 1)) — DY (Su_(e® — 1) f(@)d| du. 7
(2.b) The optimal portfolio 0 is a root for
e —1 . DN —
v+ )\/ (5 (e 1)9)Y(S_(6 1)) f(x)dz = 0. (5.75)

(2.c) The local martingale exp(—é\- S + B) is a true martingale.

Proof. Notice that for normal distribution, the intensity v(dt x dz) = F,(dz)dt
becomes

F(dz) = Af(x)dx.

Furthermore, the assumption (5.3) is satisfied. Thus, by associating the as-

sumption that pB is exponential special for some p > 1, the functional
1
(0) = Ob — 5092 + A/f(g;)(—e—ez +1— 6h(x))dx

is proper, closed, convex and differentiable. If (i) holds, 9 is the minimum of
®(z). That is, the root of (5.75).

Anything else on the proof-that is not provided here-is straightforward and
the reader can find them in the proof of Theorems 5.1 and 5.2. O

5.D.2 Jump-Diffusion Model

Consider the jump-diffusion model of Subsection 3.D.1. In current subsection,

we will characterize the exponential forward utilities for this model.
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Theorem 5.9: Consider the functional Uy (t,w,x) defined in (5.69). Suppose

that B satisfies
sup E(eP7) < +o0. (5.76)

T€TT
Then the following two assertions are equivalent.
(1) The functional Uy is a forward utility with the optimal portfolio 0.
(2) Uy has the following properties:

(2.a) There exists a positive local martingale M, and predictable processes

T
a and n satisfying / (@ +n?)du < +o00, P — a.s., such that
0

t t
M, = / o, dW, +/ NudNy, My=0, te€]|0,T]
0 0

and
" o2e2Xup? N
B = By+log(M) —/ [T“ + A1 +n,) f1(exp(—e**(e—1)0,) — 1) | du.
" (5.77)
(2.b) The optimal portfolio 9 is a root for
Ly x_ o 147
= - —0)+Ae—1 =0. :
T+g50 teto (a—0)+ A(e )exp(eX*(e—l)Q) 0 (5.78)

(2.d) The local martingale exp(—8 - S + B) is a true martingale.

Proof. The dynamics of S can be written as

1 ~
D (4 30 (e~ DNt + 0dWi + (e — 1),
t_

The predictable characteristics of S are

t
Sy :/ eXvodu, c¢=e**-0% A =t,
0

1 t
by=(v+ 502 + (e — 1))\)/ eXdu.
0
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F,(dz) = 61 (dx).
pd(dt, dz) = (e — 1S Y Iax.z0p0(s,ax.) (ds, d)

The jumps of S can be calculated by

AS, — eXt-(e—1), on {AX,=1}; |
0, on {AXt = 0}

Under assumption (5.76), the null portfolio is admissible and the process e

is a positive submartingale. It can be decomposed as
eP =ePopeP . M =E(N), My=1.

Due to procedure of localization, it is enough to consider M to be a true
martingale. Put ) := My - P, then the characteristics of S with respect to )

are

t t
5@ = / eXvadW, — / eXug?a,du,
0 0
1
b =X (v + 502 + (e — DA) + e~ c?a+ eXni(e - 1).
FP(dx) = (1 + ) Fy(da).
And, the dynamics of S under ) can be written as
dS, = dSF? + b2dt + Xt (e — 1)d(N, — (1 + ) Adt).
If (1) holds, then 6 will minimize the following equation

B(0) = —01° + %ceﬂ AL+ ) (05 (e — 1) — 1+ exp(—0e- (e — 1))

It is clear that ¢ is differentiable, and hence § is a root of the equation (5.78).

The Minimal Hellinger process of order 0 can be calculated as

| Gt 4 A1 )i exp(—e e~ 1)8,) ~ 1))du
0
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such that (5.77) will be the predictable and finite variation part of D; with
respect to Q. O

5.D.3 Black-Scholes Model

In Black-Scholes model, the only source of risk come from the Brownian Motion

W. The optimal portfolio 0 can be obtained explicitly.

Theorem 5.10: Consider the functional Uy (t,w,x) defined in (5.69). Suppose
that B satisfies (5.76). Then the following two assertions are equivalent.
(1) The functional Uy is a forward utility with the optimal portfolio 0.

(2) There ezists a local martingale My = f(f o, dW,, such that
(2.a) B can be described as

1 .
B = By +log(M) — 502 / e2XuB2 du. (5.79)
0
(2.b) The optimal portfolio 0 is gien by
) -X -2 1
0=e " (yo "+ 5) + a. (5.80)

(2.c) The local martingale
7= ME <—0'an W+ 02/ aueQX”audu)
0

1 a true martingale.

Proof. The proof is a direct application of Theorem 5.9 by putting A = n =
0. O
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Chapter 6
Minimal Hellinger Deflator

In this chapter, we combine the concept of deflators (see its definition in Sec-
tion 6.A) with the concept of Hellinger processes and look for the minimal
Hellinger deflator (called MHD hereafter). This idea is a natural extension of
the main idea developed in [16], [17] and [18]. In these papers, the authors
created the concept of entropy-Hellinger process and Hellinger process of order
q for local martingale densities and obtained the minimal Hellinger martingale
densities. The definitions and properties on minimal entropy-Hellinger mar-
tingale density and minimal Hellinger martingale density of order ¢ are briefly
reviewed in Section 2.D.

Here, we extend these concepts and build up the new concept of MHD.
Precisely, we define the Hellinger distance for deflators that are supermartin-
gales. Then, we focus on minimizing this distance to obtain the MHD. Finally,
we conclude our study by deriving properties for this MHD and applying these
results to HARA forward utilities.

6.A Mathematical Model and Preliminaries

Consider a filtered probability space denoted by (€2, F, (F;)o<i<r, P) where
the filtration satisfies the usual conditions and is quasi-left continuous. The

quasi-left-continuity of the filtration is equivalent to the continuity of any
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RCLL predictable process. We consider a d-dimensional stock price process,

S, which is a semimartingale with the Canonical representation
S=Sy+ S+ h(x)*(n—v)+ (x—h(x))~pu+ B. (6.1)

More details on this representation can be found in Chapter 2.

Throughout this chapter, the set of integrands, £, given by
L={ncLS): 1+7"s>0, PRF®A—ae} (6.2)

will play a crucial role in our analysis. Moreover, the set of bounded elements
in £ will be denoted by Ly, i.e.

Ly :={Xe€ L : there exists C > 0, C' € R, such that |A\|[< C.} (6.3)
For p € (—00,0) U (0, 1), our main assumption in this chapter is given by
(A1) : /’x(l—l—)\Tm)p_l —h(z)|F(dr) < +o00, P®RA—ae,VAeL. (64)

Remark: It is easy to check that the null element 0 € L. Therefore, the

assumption (6.4) implies

/ 2|F(dz) < 400, P& A—a.c. (6.5)
{lz[>1}

The condition (6.5) will be used from time to time in this chapter as an
assumption.

Furthermore, the set £ (defined in (6.2)) is intimately related to the set of
wealth processes, 27 (z), defined below

Zy(z) ={X : thereexists # € L(S), X =2z+6-5, X >0and X_>0.}
(6.6)
The relationship between £ and 27 (z) is described in the following,.
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Lemma 6.1: For x > 0 and 6 € L(S), we consider X = x +6-S. Then,
X € Z(x) if and only if there exists m € L such that X = z&(mw - 9).

Proof. For X =z +6-5 € 2, (z), consider the sequence of stopping times,
(Rp)n>1, given by
R, :=inf {t: X;<1/n}AT.

Since X > 0 and X_ > 0, it is clear that R,, increases to T stationarily and
on [0, R,], for n > 1,
Xi—>1/n, P—a.s.

This implies that the process 1/X_ is locally bounded. Hence, the integral

Y = X% - X is well-defined, which allows us to write X in the stochastic

exponential form as follows

X =az&(n-9).
Then, it is easy to check that 7 := ML.S? € L(S) and 1+ 7TAS = fj(f's‘i >0
since § € L(S) and = is locally bounded.

The remaining part of this proof follows from the following equivalences.

1+7'AS>0, P—as. < P—as 1+ax>0, pu—ae (6.7)
= 1+712>0, PRA®F —ae. (6.8)

The equivalence (6.7) is easy to see, while the equivalence (6.8) comes from

the following fact:

P®A®F<{(w,t,x) : 1+7TTx§0}> E(/TFS({x:1+7rSTm§0})dAS)

=F (I{(t,x):l-i-thwSO} * VT)
=L <[{(t,x):1+w$aggo} x MT) ~

From the equivalences in (6.7) and (6.8), we have immediately that 7 € L.
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To prove the reverse sense, it is enough to prove that X = z€(w-S) =z +6- S,
0 := wX_, satisfies X > 0 and X_ > 0. This follows from 1 + 7ZAS > 0,
which is induced by 7 € £ and (6.8). Then, we get

X

X X =————
>0 and 1+7rTAS>

0, P—a.s.

This completes the proof of this lemma. O

Remark: This lemma allows us to write the wealth process in 27 (z) in two

forms:

X=x46-5, orequivalently X =z&(n-S), =: 4 L.

T rr0.8 ¢

Most of the time throughout our analysis in this chapter, the second one is

more convenient and hence frequently adopted.

Definition: A stochastic process Y is called a deflator if Y X is a supermartin-

gale for any X € 27 ().

Lemma 6.2: Let V be a RCLL, non-decreasing and predictable process with
Vo = 0. Then, there exist two predictable and non-negative processes, o and

VL, such that V* is non-decreasing,

a - Ar < 400, P —a.s, (6.9)
and V=a-A+V* supp(VE) N supp(A) = 0. (6.10)

Proof. Thanks to the Lebesgue Decomposition Theorem (see [2], page 115)
which is applied path-by-path, we deduce the existence of processes, V, and
VL. such that dV, < dA, V+ L A and

V=V, + V"

This proves (6.9) and it is obvious that V, and V+ are RCLL, predictable and

1For instance, we can put I' := supp(A), V, := 1p -V and V* := Ip. - V.
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non-decreasing with Vi~ = 0. Then, the Radon-Nikodym Theorem implies the

existence of a non-negative and predictable process « such that
V,=a- A

This ends the proof of the lemma. m

Throughout this thesis, the pair (o, V+) will be called the Lebesgue-Radon-
Nikodym components of V.

Definition: Let X and Y be two processes such that X, = Y;. Then, we
write

XY
if Y — X is a nondecreasing process.

Proposition 6.1: Let N € My ,.(P) with Jacod components (3, f,g, N') and
V' be a RCLL, predictable and nondecreasing process with Lebesgque-Radon-
Nikodym components (a, V+) such that

1+ AN — AV > 0. (6.11)

Then, the process Y := E(N)E(=V) is a deflator if and only if the following
conditions hold:
(i) For any 6 € L, |07 [(1 — AV)z(1 + f(z) + g(x)) — h(z)] | * p is locally

integrable, or equivalently, we have
0T2(1 — AV)(1 + f(x)) — 0" h(2)| xvp < +00, P —a.s., (6.12)
(ii) For any 0 € L, we have

0TG(B, f,a)<a, P®A-—ae. (6.13)
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where

GB, f,a) =b+cp +/ [(1 —aAA)x(1+ f(z)) — h(x) | F(dx). (6.14)

Proof. Consider the wealth process X of the form X = £(6-5), where 6 € L.
Then, Y is a deflator if and only if

YE(#-S) is a supermartingale for any 6 € L. (6.15)

Put 0y, := 0Ip<ry, & > 1. Then, 0, € L, bounded and converges to 6. In

virtue of Fatou’s lemma, (6.15) is equivalent to the fact that
YE(O-S) is a supermartingale for any 0 € L. (6.16)

Moreover, due to Ito’s formula and the Canonical decomposition of S given in

(2.4), (6.16) holds if and only if the process

X:=0-(S+[N,S])=V —=[N+6-(S+][N,S]),V]
=0Tox(u—v)+0-S°—AV-N+6"b- A
+0TcB- A -V +0T[(1 — AV)2(1 + f(2) + g(x)) — h(z)] *x p

is a local supermartingale for any 8 € £,. This is equivalent to the following

two conditions:

0711 = AV)a(1+ f(z) + g(2)) — h(@)][xp € A (6.17)

locy

and 0TG(B, f,a)<a, P®A-ae., (6.18)

for any 6 € L,. This equivalence is derived via compensating X using M, lf (g|15) =
0 and applying Lemma 6.2. Finally, note that for any 6 € L, there exists a se-
quence 0 := 0lg9<y, k > 1 such that 0, € £, and converges to . Therefore,
(6.17)-(6.18) are equivalent to (6.12)—(6.13) immediately. This completes the
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proof of this proposition.
O

Remark: In Lemma 6.1, the characterization of deflators is given in the gen-
eral semimartingale framework. When the filtration is quasi-left continuous,

the functional G(8, f, @) in (6.14) becomes

G(B, ) =b+cB+ /(az — h(z) + xf(z))F(dz), (6.19)
and the condition (6.12) becomes

0721+ f(x)) — 67h(z)| % v < +00, P —a.s.. (6.20)

Furthermore, the conditions (6.17) and (6.18) in the proof of Proposition
6.1 also play important role and can be used as alternative results for (6.12)

and (6.13).

Lemma 6.3: For any positive supermartingale Y, there exists a predictable

and non-decreasing processes VY and a local martingale MY such that
Y = Yo&(M)E(-VY) =Yo&(M' —VY), M :=(1-AVY)-MY. (6.21)

Proof. The proof of this lemma can be found in [11] and [12]. O

The following function will be used frequently in the rest of this chapter:

1+2) —1—rz

-1 "€ (—00,0)U (0,1) and z > —1;  (6.22)

fr() ==

Let p and ¢ are conjugate numbers (p = qf’l, q € (—00,0)U(0,1)), which will
be used from time to time.
In the current section, we are interested in the set of positive deflators satis-

fying an integrability condition,

Y, (S) = {Y > 0] Y is a deflator and qu(AY/Y_) € Af;c}- (6.23)
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Definition: Let ¢ € (—00,0)U(0,1) and Y = E(N—V) where N € My, 1o.(P)
and V' € PNVT such that 1+ AN — AV > 0. If the non-decreasing process
V@(Y), given by

Vi
1 —

V) = %(NC)H— > f(AN) +

0<s<t

. 0<t<T, (6.24)
q

is locally integrable (ie. V@(Y) € AF

loc

(P)), then its compensator (dual
predictable projection) will be called the Hellinger process of order ¢ for Y
and will be denoted by h®9(Y, P).

Lemma 6.4: Let ¢ € (—o00,0)U(0,1) andY = E(N—V') where N € Mg, 1o.(P)
and V€ PNV such that 1 + AN — AV > 0.
Then, > (Y, P) exists if and only if h\D (N, P) eists.

Furthermore, when h®9(Y, P) exists, it is given by

Vv
K9 (Y, P) = h9(N, P) + T (6.25)
-9
Proof. Recall the definition of Hellinger processes of order ¢ for local martin-
gales given in [18]: h(@ (N, P) exists if N € My, j,.(P) satisfying 1 + AN > 0
and

%(NC> + Y f(AN,) € AL (6.26)

0<s<:
Under the conditions of this lemma, we have V € PNV and
1+AN > AV > 0.

Thus, (6.26) is fulfilled if and only if

VO(y) = %(Nc> + Y f(AN) + I—Yq e At

loc*
0<s<-

This gives us the equivalence between the existence of h(>9(Y,P) and the

existence of h(@(N, P). Therefore, by compensating V(@ (Y), (6.25) follows
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immediately. This completes the proof of the lemma. m

6.B Existence of Minimal Hellinger Deflator

This section will discuss the existence of the minimal Hellinger deflator as well
as its description in an explicit way. To this end, we present the following
definition on the “smallest” Hellinger process among all Hellinger processes

for deflators.

Definition: A deflator Y € Y,(9) is called the minimal Hellinger deflator of
order ¢ (called MHD of order ¢ hereafter) if

hED (Y| P) < KD (Y, P), for any Y € Y,(S).

In virtue of this definition, the MHD of order ¢ is the solution to the

following minimization problem

min A9 (Y, P). (6.27)
YeY,(S)

Therefore, the remaining part of this section will focus on investigating the
existence of solution to (6.27). Thanks to Theorem 2.2, for any local martingale

N € My o.(P) with Jacod components (5, f, g, N') can be written as
N=N'4gxu+N,

where

N'=p3-S+ fx(p—v). (6.28)

The following lemma characterizes a class of deflators whose local martingale

part has the form of N

Lemma 6.5: Let ¢ € (—00,0)U(0,1) andY = E(N-V) where N € Mg 1o.(P)
with Jacod components (B, f, g, N') and V € PNV with Lebesque-Radon-
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Nikodym components (o, V). If Y € Y,(S), then Y! := E(N' —a - A) €
V,(S) where N has the form of (6.28).

Proof. For Y =&(N —V) € Y,(S), we have 1 + AN — AV > 0, which implies
1+AN > AV > 0.

Then, an application of Theorem 2.2 (precisely AN > —1 implies that f can
be selected to satisfy f+ 1 > 0), we get

1+ AN' = A(a-A) = 1+ f(AS){asz20y = Iias—op + (L + f(AS)) [{as0y > 0,

which implies Y! > 0, P-a.s. On the other hand, thanks to Proposition 6.1
and AV = 0 (due to quasi-left continuity), we have

0T2(1 + f(z)) — 0 h(z)|xvr < +00, P —a.s. and

0'GB, f)<a, A®P —a.s.

for any 0 € L (see (6.19) and (6.20)). Notice that these two conditions—
that completely characterize deflators in the quasi-left continuous context—
are independent with g, V* and N’. Hence, these two conditions, in turn,
guarantee that Y is also a deflator. Moreover, Y € ),(S) satisfies X :=
S F,(AN) € AF

., whose compensator, X?, is (see (3.10) in [18] for details)

XP = Jy(f) xv+ (U TME (o 5)IP) *v € A

loc*

Observe that
fo(f(x) *vr < XF < 400, P —a.s.,

and f,(f(z)) x v is the terminal value of the compensator of > f,(AN?).

Hence
> f(ANY) € AL (6.29)

Therefore, Y! is a positive deflator and satisfies (6.29), from which we can
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deduce that Y € ),(S). This ends the proof of the lemma. O
The subset of V,(S) whose elements have the form of Y will be denoted

by

V,(S) ={Y = E(N = V) € Y,(S)|N has the form of (6.28) and dV << dA.}

(6.30)

Proposition 6.2: Let g € (—00,0) U (0,1) and Y' :=E(N' —a- A) € Y,(9),
where N' has the form of (6.28). Then, the Hellinger process of order g,
h&(YY P) for Y1, is given by

MoV P) = 37 A [ f(NF(e) A+ oA (63)

Proof. This proof comes from a combination of Lemma 6.4 and Proposition

3.5 in [18]. First of all, based on Lemma 6.4, we have

meﬂm:mwﬁm+TﬁmA
—q

Furthermore, h4(N*', P) has already been derived from Proposition 3.5 in

[18] as (for quasi-left continuous model)
MV P) = 5%es A+ [ (0F()- A

Therefore, (6.31) follows immediately. O

In the following, we will prove that the solution to (6.27) — when it exists

— will belong to Y, (S).

Proposition 6.3: The following equivalence holds:

min  A®9(Y,P) = min ASI(Y, P). (6.32)
Y eV, (S) Yeyi(s)
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Proof. Thanks to Lemma 6.4, for any Y = E(N — V) € V,(5), where
N=N'4gxu+N and V=a A+V*
its Hellinger process h(>? (Y, P) can be represented as

h(s,q)(y7 P) = h(q)(N, P) + 1L
—q

Following a similar argument as Proposition 4.2 in [18], we can easily prove

that (recall that X <Y means that Y — X is non-decreasing)
(N, P) < h9(N, P).
Meanwhile, due to Lemma 6.2, we have
Vi=a- A

Thus, for any Y € Y,(S), there always exists a process Y := E(N! — V1),
which belongs to y;(S ) deduced from Lemma 6.5 and whose Hellinger process,
R0 (Y1, P), satisfies

D (Y P) < hED(Y, P).

This leads to

min A9 (Y, P) = min KDY, P).
Yey,(S) YeYl(s)

Therefore, (6.32) follows immediately due to Y, (S) € V,(S). This ends the
proof of this proposition. O]

By observing closely the elements in y;(s ), one may find that any deflator
Y € yql(s ) can be uniquely determined by a triplet (3, f, a). Particularly, we
call 8 the principal component for reasons that will be explained later on when
we are looking for the M HD of order ¢ (¢ € (—00,0) U (0, 1)). Moreover, due
to positivity of any deflator in Y, (5), we have f > —1. Here, we denote the
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set of all such triplets by J'(.S), which can be defined precisely as

JHS) ={(B,f,a) : BEL(SY), 0<acPNL(A) and — 1< f(x) € G} (1)
satisfying (6.20) and f,(f) *x vr < +o00}.

Thanks to Proposition 6.3, the minimization (6.27) becomes

min K (B, f,a), subject to supf G(B,f) <o, PR A—a.e.
(B,f,)€TH(S) gL

(6.33)

1
where K(B, f,a) = 56%6 + /fq(f)F(d:B) + v
The next theorem states our main result of this section. We provide —
under some no-arbitrage assumptions on the model — sufficient and necessary
conditions for the existence of the MHD of order ¢, as well as its explicit

description.

Theorem 6.1: Let g € (—00,0) U (0,1) and suppose that (6.5) holds. Then,
the MHD of order q exists if and only if Y,(S) # 0.
Furthermore, if the MHD (denoted by }7) exists, then there exists \ € L
such that

where

flz) = (1 +XT33> 1/(q—1)

-1, and a:= XTG(g, ]7) = sup )\TG(E, ]7)
AEL

The proof of this theorem is long and requires numerous lemmas. The first one
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introduces a new minimization problem by considering a set J2(.9), defined by

JAS) :={(B,f) : Be€L(S) and — 1< f(x) € G} () satisfying (6.20),
sup 07 G(B, f) € L(A) and f,(f) *vp < +oc}.
AeL

(6.35)

The new minimization problem has close relationship with the minimization

of (6.33), which is described in the following.

Lemma 6.6: The optimization problem (6.33) admits a solution (B, f,&) if

and only if the following optimization problem:

min  H(S, f), 6.36
o fuim o H B 1) (6.36)

admits a solution (B\, f). Here

HG.f)i= 3570+ [ f(NF(o) + 1 sw 67G(5.), (637

— q oec

Furthermore, the two solutions—when they exist—are connected as follows

~ ~

B=08, f=F a=sup §°G(3,[). (6.38)

oeL
Proof. We start by supposing that the minimization (6.36) admits a solution,

denoted by (B, f). Thus, for any (3, f) € J2(S), we obtain

K(B,f.a)=H(B,f) < H(B,f), where @ = sup 0TG(B.f).  (6.39)

On the other hand, for any (3, f,«) € J'(S) satisfying the constraint
sup TGS, f) <a, PRA—ae.,

ocL
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we have

H(B,f) < KB, [, a) (6.40)

By combining (6.39) and (6.40), we deduce that (3, f,a) is solution of (6.33).
To prove the reverse, suppose that (6.33) has a solution, denoted by (E , f, Q).
Then, the following holds

a > @ = sup QTG(E, fv), P®A—a.e.
el
We start by proving that a@ = @. Indeed, if @ > @, then K(g,f,&) >
K (5, f,a), which is a contradiction with the fact that (E,f,&) is the solu-
tion of (6.33).
Now, for any (53, f) € J?(S), we put a = sup 07 G(B, f) such that

ocL

H(B, f) = K(B, [, a). (6.41)

It is easy to see that (3, f,«) € J(S) and by taking B =8, f:: £, we have

-~

HQB,F) = KB, f,a) < K(B, f,a) = H(B, f). (6.42)

This proves that (B, f) € J2(9) is the solution of (6.36). This completes the

proof of the lemma. O
The next lemma is a technical result that is needed in the forthcoming analysis.

Lemma 6.7: For any q € (—o0,0)U(0, 1), the conjugate function of the convex
function, f,(x), defined in (6.22), is given by

q

(L (1 gy
q

fiw) —y, for y>_Z3=p-1.  (643)

Proof. In general, for a convex function k(y), its conjugate function, k*(y), is
defined by
k*(y) = inf (k(z)+ zy).

z>—1
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Thus, a simple calculation leads to (6.43). O

Associated with the set £, we introduce another set of £ , defined by
L={NcL(S):1+)N2>0, PRF®A—ae}

The following lemma defines a functional on £ and provides its upper bound

over L.

Lemma 6.8: Let g € (—00,0)U(0,1) and suppose that (6.5) holds. Then, the

functional
Moo 1 ATe 1— 1+ ATz ATh(z) -
L(\) = - = —l—/( + )Fdx,/\eﬁ,
) l—q 2(1—9¢) q q—1 ()
(6.44)
is well defined * (p = 17 ).
Furthermore, for any (B, f) € J*(S) and V X € L, we have
LX) < H(B, f), P®A—ae. (6.45)

Proof. We first check that the function L is well defined on £. Indeed, under

the assumption (6.5), we can rewrite the integral part of L as

/(1— (LMo Ae ) F(d:r)+/{ N F(dz).

q q—1 e>13 ¢ — 1

Meanwhile, notice that the function g(y) := #4—%1 satisfies that g(y) <

0 for any y > —1. Hence, the integral /g()\Tx)F(dx) is well defined for any

A € £ and thus the function L is also well defined on L.

On one hand, for any (3, f) € J?(S) and A € L, thanks to Lemma 6.7, we get
(1+ flx)!—1—gqf(z) 1

1 o
5(1_(1+>\T95) )_1—_q)\TSU§ 7= + 1_q)\T37f(5U)-
(6.46)

by convention 1/0 = +o0
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On the other hand, since the following quadratic formula always holds,

A T A
(m”) C(:ﬁﬁ)

we have
1 1 1 1
e )Vd§§ﬁ$+Tj?%ﬁ (6.47)
Then, by combining (6.46) and (6.47), we get
T T _ )\Th
(6.48)

Due to the definition of J%(S) in (6.35), for any A € £
/|)\T(1 + f(2))x — N h(2)|Fr(de) < +00, P® A —a.e. (6.49)

This allows us to rewrite the integral in the right-hand-side term of (6.48) as

follows

AG(B, f)
l—gq

Y

1 T
35es+ [ 51)F(d) +

where G is defined in (6.19). Therefore, it is clear that

L) < 3878+ [ FOF(o) + TN G(5.1) < H(S. 1)

This completes the proof of this lemma. O]
Lemma 6.9: For any r € (—o0,0) U (0,1), the function, f,(y), given by

(A+y)"—1-ry .

= By — y > -1

frly) = = , (6.50)
—+00, otherwise.

is lower semi-continuous on IR,

Proof. For any y € IR? and an arbitrary sequence in IR?, (y;) — vy, such that

f;(yz) converges to [, we consider three cases: y > —1, y < —1 and y = —1.
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For y > —1, there exists an integer N such that for any « > N, y; > —1.
Hence, due to continuity of ﬁ(y) for y > —1, we get

Frly) = lim f(y) = L.

i——+00

For y < —1, ﬁ(y) = 400 and there exists an integer N such that for any
1> N, y; < —1 in which case

fr(y) = lim fo(ym,) = +o0 =1,

i——+00

For y = —1, we can either find an integer N such that for any i > N, y;+1 >0

in which case

Fry) = lim folym) =1,

i—400
or, otherwise, there exists a subsequence of y,,, satistying v,,, < —1 such that

Ym; — Y, in which case,

Fely) < lim f(ym,) = +00 = L.

i—>—400

Thus, we always have f;(y) < [ for any y € R% Hence, f, is lower semi-

continuous. OJ

Remark: As stated in [68], page 51, an alternative definition of lower semi-

continuity for ﬁ, is:

frly) = liminf f,(z) = lim(inf{f,(2)| |z —y|< €}), V¥ yeR
2=y e—0
Thus, for any sequence of (y;) — y, we have

fr(y) = liminf f,(z) < liminf f,(y;).

=Y Yi—y

We also introduce the following technical result. This result provides a suffi-

cient condition for £ to be included in the effect domain of the functional L
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(defined in (6.44)), denoted by dom(L). It also gives us a way to approximate

the element in £ by a sequence of elements in dom(L).

Lemma 6.10: Let ¢ € (—00,0) U (0,1) and suppose that (6.5) holds. Then,
for any X € IR and 6 € (0,1), we have

t/ f,(M\Tz)F(dz) < +o0 P® A — ae. (6.51)
{A\Tz>5-1}
Proof. Consider the following two sets:

If={z: M2 >0}, Ty:={z:\Nr<0}, viecR™

For any A € IR?, the integral A - S = ATS is a well-defined semimartingale.
Thus, we have

ZI{MTASECY}(/\TAS)Q < Ifprasi<ay - [V S, A - 5] € A

loc?

Vo >0. (6.52)

+

Hence its compensator Igzr<qy (A @)? % v exists and belongs to A .

Then, in one hand, by putting « = 1 — 9, we derive

/ £ (V) F(dz) < (14 672) / (\T2)2F(dz) < +oo.
{ATe>6—-1}0Ty {I\Tz|<a}

(6.53)
On the other hand, due to assumption (6.5) and {\Tz > §—1} CT'}, we have

/ fr(\2)F(dr) < l/ |z|F(dx) < +o0, (6.54)
rin{|z>1} L—p {lz[>1}

and due to (6.52), we get

/ fr(\2)F(dr) < \)\]2/ |z|?F(dz) < +o00. (6.55)
r{n{lz|<1}

{lzl<1}

Therefore, by combining (6.53), (6.54) and (6.55), we deduce that (6.51) holds.
[
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The following lemma will play an important role when proving our main results

in this chapter.

Proposition 6.4: Let ¢ € (—o00,0)U (0, 1). Suppose that Y,(S) # 0 and (6.4)
holds. Then, the following arise.
(i) The functional L()\) given in (6.44) attains its mazimum at some \ € L.
(ii) We have
= q_LlX eL(s), Je=(1+32)"" S1eghin.  (650)

f(f)xve A

loc)

(6.57)

NGB, ) =supATG(B, f), and XTG(3,f)-Ac A, (6.58)
AeL

Proof. (i) Consider the function f; defined in (6.50) by putting 7 = p and the

functional E, given by
E0) =T + (p—1)? / LOTH)F(de), AeRL  (6.59)
Here I'(\) is a quadratic function of A, given by

1 1
I\ = (p—-DA\b4 — MaF(dr) + =(p — 1)2ATe.
P =1 Jiz>1) 2

Due to the assumption (6.5), it is clear that

+00, otherwise.

~ { —L(\), on L;

Next, we are going to prove that the functional L attains its minimum at
X € L. This proof relies on Theorem 27.1—(b) in [68], which states that a
convex, proper and closed function would attain its minimum if the set of
recession is contained in the set of directions in which L is constant.

First of all, it is easy to see that L is convex and proper. Meanwhile, note

a fact that for convex function, the closeness is equivalent to its lower semi-
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continuity. Thus, in order to prove L being closed, it is enough to focus on its
lower semi-continuity in the following.

For any sequence of (\;) — A such that L();) converges. In virtue of Lemma
6.9 and the remark after it, the sequence y; := A’z converges to y := Az and

we have

foly) < liminf f,(y,).

i Y
Then, an application of Fatou’s lemma leads to
L)) < liminf L(\;) = 1
>\i_>>\ /\iﬁk
This proved the closeness of L.

In the remaining part of this proof, we will calculate the set of recession for

L. First of all, we calculate its recession function EOJF((S), which is defined by

LOT(6) := lim LA+ ad) - LM), 5 € R

a——+o0 o

By considering different cases, we obtain

LO*(8) = { +o0, F(T;) = 0 and ¢6 # 0; (6.60)
PO MaI) p(rs) = o8 = 0 and F(T}) > 0;

where
Ifi={zeR*:75>0}, Iy:={zecR*: 6<0}

We need to work more on the third case in (6.60). Remark that the assumption
V,(S) # 0 implies that there exists a local martingale density Zy = (5o, Yo > 0)
(see [45] and [18]) such that

b+ By + / (2Yo(x) — h(z))F(dz) = 0. (6.61)
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By virtue of (6.61), the third case in (6.60) can be rewritten as

b'6 — [ 6T h(z)F (dx) _

qg—1
too, F(Ty)=c5 =0, F(T{) > 0 and [ 6h(z)F(dz) = +o0;
b F(T5) = e = F(IF) = 0;

Furthermore, using (6.61) again, we deduce that
bV'6=0, P®A—ae, on {F(T;)=ci=F(})=0}
Therefore, the set of recession for L (i.e. {6 : LOT(8) < 0}), is
R:={§€R? : c56=0, v'6=FT})=F(y)=0}.

It is easy to check that 6 € R if and only if —0 € R. As a result, the set of
directions in which L is a constant (i.e. {0 : LOT(6) < 0 and LOT(—d) < 0}),
coincides with R. Hence, due to Theorem 27.1-(b) in [68], we deduce that the

functional L(\) attains its minimum in £, we denote it as A.

(ii) Thanks to measurable selection theorem, X can be selected to be pre-
dictable. For any A € £, put A, := (1 — 1/n)), that converges to A. Due to

Lemma 6.10 (consider 6 = 1/n), we have
/fp()\gm)F(d:v) < 400, n>1. (6.62)
For any r € (0, 1), the convex combination
Ne=rA+ (1= A=A+7r(A—\) € L,

thus we have

L) <LQN), PoA—ae. (6.63)
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The convexity of f, and (6.62) implies

f,(\z) — f,(\ )

r

> fp(XTx) - fp(/\fﬂi)-

This allows us to apply Fatou’s Lemma and get

(1=p)(A — NGB, f) < lim

r—0 r

Thus, we have

M= NTGB, /) <0, Vn>1, PRA—ae.

By sending n — 400 and taking sup for A\ over £, we get
NGB, f) 2 supN'G(B, f), P®A—ae.
AeL
As an direct application of above inequality by taking A = 0 € L, it yields
NGB, [)>0, PoA—ae. (6.64)

Then, by rearranging the terms in (6.64), we get

0< AT /(x—x(1+XTx)p_1)F(dac) < XT/ xF(dx)%—XTb—i—(p—l)XTcX < 400,
o (6.65)

due to our assumption (6.5) and the positivity of the function g(y) := y —

y(1+y)P !, 1+y >0and p < 1. Thus, F({z : 1 + ATy = 0}) = 0 which

implies X € £. This proves the first part of (6.58).

Consider B and fdeﬁned in (6.56). Then, a simple calculation leads to

L— (X2 M) _, & 1 <y _
. T —fq(f(:v>>+1—_qA (2(1+ f(z)) — h(z)) (6.66)
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Then, (6.65) allows us to rewrite L()) as
L) = —5Tcﬁ +/fq F(dz) + 1—)\TG(,8 . (6.67)

Observe that the first two terms of L()) expressed in (6.67) are non-negative
and the last one, due to (6.64), is non-negative as well. Meanwhile, due to

V,(S) # 0, there exists (B, fo) € J*(S). Then, thanks to Lemma 6.8, we have

L(X) -A S H(ﬁm fO) A€ Aloc’
which implies

BreB-Ae Al f(Hxve A, and NGB, f) Ac A,

This completes the proof of the first part of (6.56) and (6.58). It remains
to prove (6.57). To prove it, we apply Theorem 1.33-d) in [39] which states
f(z) € GL (1) if and only if

2
C(f) = (1— \/l—l—f) *xv € A"
_ (4x)i-1—qux

For x > —1 arbitrary and fixed, a study on the functions f;(q) := .

and fy(q) == mgggz% reveals that fi(q) is increasing for 0 < ¢ < 1/2, thus

~hi) > 2VTH T~ 1 2a) = (1 VIF )
and f5(q) is increasing for 1/2 < ¢ < 1, thus
f2(q) > —2(V14+2—1— %x) =(1—-+1+2)%

By putting K := max(q,1 — ¢), we have

2
(1—\/1+f) xv < Kf(f)xve A,
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This completes the proof. n

Proof of Theorem 6.1:

Suppose that ),(S) # 0. Thanks to Proposition 6.4, the functional L(\)
attains its maximum at A € £. And, for any (B, f) € J*(S), we deduce from
Lemma 6.8 that

LN <HQB,f), PRA—a.e.

By taking minimum over (53, f), we derive

L\ < i H(B, f). 6.68
W)=, min o H(B.f) (6.68)
By putting
B = %X, f(x) = (1 +XTx)1/(q_1) —1 and a:= XTG(§7 J?)
q—

and a direct application of Proposition 6.4 lead to

BeL(S), f(f+veAl, Feglu (6.69)
a =sup \'G(B, f) € L(A). (6.70)
AL

We deduce from (6.70) that V A € £
NGB, f)<a, P®A—ae. (6.71)
Meanwhile, due to assumption (6.4), we have V. \ € L,
N z(1+ f(z)) = ATh(z)| x vr < 400, P —a.s. (6.72)

Then, thanks to Proposition 6.1 (and the remark after it), (6.71) and (6.72)

allow us to construct a deflator
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Moreover, by combining (6.69) and (6.70), we deduce that (3, f) € J2(S) and

L(A) can be rewritten as
. lap = ~ 1 ~p = = ~ -
L) = 38+ [ f(DF@) + = NGEH = HE.D. (67

Thus, by recalling (6.68), it is clear that (3, f) is the solution of (6.36). Fur-
thermore, from Lemma 6.6, the triplet (3, f,&) will be the solution of (6.33).

It remains to verify that Y is the MHD. Note that due to Proposition 6.3,
it is enough to consider this problem over y;(s ). We let Y! be an arbitrary
element in Y (S), given by

Y'=E(N'—a-A), N :=3-A+fx(u—v).
Recall Proposition 6.31, the Hellinger process of order ¢, h(>9 (Y, P), is

WY P) = 37 At [ f(NFUn) A+ oA 6T

Recalling (6.73), since (B, f) € J2(S) is the solution of (6.36), we get

DV, P) = L) - A= H(B, [) - A < b (Y', P) = K(B, f,) - A.

This proves the minimality of Y and completes the proof of this theorem. [J

6.C A Useful Characterization of MHD

In this section, we will elaborate a very important property on M HD.

Theorem 6.2: Let Y € Y, (5) and X € P be such that 1+ X7z > 0, PR F & A-
a.e. and

A
qg—1

Y=EWN-a-A), N= SC4+ Fx(p—v). (6.75)
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Here,

L1 = NG P (6.76)

1/(g—1)
) qg—1

filz) = <1 + Xf:v
Then, X € L(S) and
yol=¢ (X .S+ qlg — DRI (Y, P)) . (6.77)
Proof. In virtue of Ito’s formula, we have
Yol =£(X),
where X is given by

X=(q— 1)]V—I— —(q— 1)2((]— 2) (NC> +Z ((1_|_Aﬁ)q—1

“ (6.78)
1 (g— 1)AN) ~(g—1)d- A
Therefore, to prove (6.77), it is enough to show
X =X-S+qlg— DAY, P). (6.79)

First of all, notice that
AN = f(AS)[(aszep = (1+ NTAS)YE@-D — 1,

By inserting AN into (6.78) and integrating [ ([xj<ny O both sides of the re-
sulting equality, we obtain
I Sem - X (6.80)

~ —2

_ XL ge g —Q(QQ =" AT - A+ (g — 1)((1+ A T2)TT — 1) % (1~ v)

+ (OO = (g = DI+ A T2)77 = 1)) st = (g = 1) 50,8 - A,

where (™ = I Recall the (u — v)-integrability of f and the bound-

{IXI<n}
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edness of h(z), we have the (u — v)-integrability of the process
)T h(z) = (g 1) ((1+ Q) T2)77 — 1)
Thus, the fourth term in (6.80) can be rewritten as

()72 = (g = DL+ Q) Ta)77 = 1)) wp
= ()7 (x = k(@) s+ (A)Th(x) = (g = 1) (1 + GO T2)77 = 1) ) wv
+ (ONTh@) = (= 1) (1 + A7) 7T = 1) ) (= v), (6.81)

On the other hand, note that «a satisfies the equation
~ 1 o~ ~ ~ ~ ~ ~
NTh- At —=XTeh- A+ (A%u Nz — ATh(a:)) wv=a-A (6.82)
q JE—

Hence, due to (6.81), (6.82) and recalling the decomposition of S in (2.4),

(6.80) can be rewritten as

v £y q

I X =I5y h S+ I

m {IXI<n}
+qlq — 1)I{|X\§n}fq(f(x)) * U,

~ . NT N. — ~ N.
(1F1<n} AeA A= qlzoya- A

(6.83)

Since X is a semimartingale and the processes a-A, ATcA-A and fq(f(:c))*y are
non-decreasing and locally bounded, we deduce that I (N<n} ° X converges in
the semimartingale topology to X, and the random variables o0 Sn})\Tc)\ -Ar,
Li3j<my@- Ar and I 5.,y fo(f (%)) xvr all converges in probability. This implies
that o gn})"S converges in semimartingale topology. Hence A € L(S). Thus,

by sending n — 400 in (6.83), we derive

iy g q ~T~ ~T _1 ~
X=X9 el A —1 1+ \Tg)et — 1 —ga-A
+2(q_1) cA-A+qlg—1)f, <( + A z) )*V qa

=X S+q(g—1)h= (Y P).

It completes the proof of this proposition. n
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6.D Duality with HARA Forward Utilities

In this section, we will investigate an important application of the MHD.
Precisely, we will establish a duality between the MHD of order ¢ and the
HARA forward utilities.

Considering the HARA forward utilities, U(t, ), having the power form as

follows
U(t,z) = D(t)a?, x> 0. (6.84)

where p is a constant, p € (—o00,0) U (0,1), and D is a process. The following

theorem is our main result of this section.

Theorem 6.3: Consider the quasi-left continuous model defined in Section
6.A and q € (—o00,0) U (0,1). Suppose V,(S) # 0 and (6.4) holds. Let D(t)
is a RCLL predictable process with finite variation. Then, the following
assertions are equivalent.

(1) The random field utility, U(t,z), given by (6.84), is a forward utility
with the optimal portfolio rate 0.

(2)The minimal Hellinger deflator of order q, }7, exists with the principal
component 8/(q — 1) such that

(2.a) Y =YE (5 S) is a true martingale.

(2.b) The process D is given by

1/(a-1)
) . (6.85)

D(t) = DoE <q(q — 1))V, P)

Proof. We will start proving (2) = (1). Suppose assertion (2) holds. By

combining (6.85) and Lemma 6.2 , for the particular portfolio rate 5, we have

U (-, z€ <§ S)) = Dyat€ (q(q — 1)hsD (37, P))l/(ql) £ <§ 5>p
— Doi?€ (5- S) £ (5- S+ qlg — 1)k (17, P>>
— Dyi?E (5 - S) %
= Doxp?,

1/(g—1)

197



which is a true martingale due to assertion (2.a). This also allows us to define

a new martingale measure @ = ?T - P. Then, for any admissible portfolio rate

6, we have
U(a€(0-5))
- D;ég_?)g (atg— 1o (7.)) e (6-5)7" (630
:DO:U%:(@ s)ff £00-9) p:DOxP? e@-s) )

£(0-s) £(0-3)
Since 6 is admissible (see (2.10)) and Dyp > 0, (6.86) implies

p

sup E9 & (0-5) - sup E [U (1,zE- (6-5))7] < 400. (6.87)

~

reTr £ (9 . 5) DoxP rer

Since Y is a martingale density, we combine (6.87) with Proposition 4.4 and de-

duce that U(-,2€(6-5)) is a supermartingale. This ends the proof of (2) = (1).

In the rest of the proof, we focus on (1)=- (2). Suppose (1) holds. Since D(t)
is predictable with finite variation and never vanish, we can write it in the
form of D(t) = Dyexp(al). In virtue of Ito’s formula, the forward property

of U(t,xz) = D(t)z? leads to

%aD S L) A, ¥ 0€ A, (6.88)
1, P
and 5(1 = max L(#)-A=L(0) - A. (6.89)

Here, for any A € £, L()\) is given by

T T _ T \p T
L) = Mb 1 ATe /(1 (1;@1-) +)\qli(:f)

1 —¢ 2(1—q)2+ )F(dm)

Remark that ) € L since 0 is admissible and @ is the maximizer of L over L.

198



Thus, by putting

o 1/(a-1) ~
B i=——0, f::<1+éT.9:> U1 and &::@\TG(,B,f),

we follow the same argument carried out in (6.70)-(6.72) and deduce that the

process
Y =EB-5+ fx(u—v)—a-A) (6.90)

is a deflator. Furthermore, thanks to (6.57), we have f,(f) xv € A}l . Hence,
Y € YI(S).

In the following, we will prove that Y is the minimal Hellinger deflator of order
q. To this end, we consider any deflator Y € Y1(S) (it is enough to consider
Y € yql(S) instead of ),(S) due to Proposition 6.3), given by

Y=EN-V), N=3-S+fx(p—v), V=a A

Thanks to (6.31), the Hellinger processes of order ¢, h*? (Y, P) and h(S’Q)(?, P),
are given by
1
R (Y, P) = 55%5 A+ / fo(f)F(dx) - A+ li - A. (6.91)
—q

RV, P) = %BTCB A+ / fo(f(x))F(dz) - A+ % A (6.92)
By plugging 3, f and & into h(s’q)(?, P), we obtain
h&)(Y, P) = L(B) - A.
Moreover, an application of Lemma 6.8, we deduce that

LO)- A< H(B, f)- A=hED(Y,P), P—as., YV YeVYS)

This proves that Y is the M HD of order ¢q. Furthermore, recalling (6.89), we
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have
b oy o) /D
D = Dyexp(a”) = Dy& (q(q — DR I(Y, P)) .

Finally, due to Proposition 6.2, we have

q—1)

£@0-59)
V=) | ~
) £@.

~ o~ ~ ~ 1/(
YE@-S)=¢€ (9 .S+ qlq — DRIV, P))

— (§ 5)1/(q—1)g (Q(q _ 1%(841)(}77 p)
(8- S)E(gh>) (Y, P))

1 -

£ S)
£

o~ ~ o~

Hence, Y :=YE(0 - S) is a true martingale. This completes the proof of this

theorem. O
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Chapter 7
Horizon-Unbiased Hedging

In general, the optimal portfolio depends on the variation of horizon. The
difficulty lies in how we can materialize this dependence and there is no single
result in the literature addressing this issue. As explained before, the notion
of forward utilities cancels out the effect of horizon on optimal portfolio. Here,
in this chapter, we explore the case where the optimal portfolio is horizon-
unbiased (independent of horizon) from a different perspective. In fact, we
consider an agent with classical exponential utility. We want to characterize
all payoff processes that this agent can hedge with an optimal portfolio which
is horizon-unbiased. Basically, we are approaching this horizon-unbiased opti-

mal portfolio from the view of contract theory.

Consider a filtered probability space denoted by (2, F, (F;)o<t<7, P) where
the filtration is complete and right continuous. We consider a d-dimensional
semimartingale stock price process, S. The set of o-martingale measures with

finite entropy is denoted by

ME(S) = {Q €P,| SeM,(Q), and E B—g 10g<2—g)} < +oo}. (7.1)

Throughout this chapter, we assume that
S locally bounded and M$(S) # 0. (7.2)
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Remark that under assumption (7.2), M,(Q) = M,(Q).
In this chapter, we are interested with the following exponential random field
utility,

U(t,x) = —exp(—z+ B;), xz€R, tel0,T]. (7.3)

For the process B and any stopping time 7, we denote by Q(™?) the minimal

entropy martingale measure for S™ with respect to PP where P("5) .=
eBr

P P. Then, the set of admissible portfolios that we will consider in this

chapter is given by
O(S,B) :={0€ L(S)| (0-9) e M(Q"P)), forall 7€Tr}, (74)

where Tr denotes the set of all stopping times that are bounded from above
by T'. This definition of portfolio extends slightly the definition given by [24]
to the case of a dynamic payoff B. For other sets of portfolios, we refer the
reader to this seminal paper.

For the random field utility U (¢, z) defined in (7.3), we will focus on describing
the process B such that the optimal hedging portfolio, 9\, is horizon-unbiased
(independent of horizon). In other words, we will find B such that for any

7 € Tr, the following holds

961889},{3) E [— exp <BT —(6- S)T>] =F [— exp <BT — (- S)T>] : (7.5)
As a consequence of our method, the optimal portfolio 0 will be described as
explicit as possible.

In what follows, we will solve this problem in two steps. First of all,
a particular case when B is predictable with finite variation is investigated
and the necessary and sufficient conditions for horizon-unbiased hedging are
derived. Afterwards, the most general case when B is a semimartingale is
considered and is fully solved. In both cases, the optimal horizon-unbiased
hedging portfolio is presented explicitly.

For a random variable H, we denote by @(H ) the minimal entropy martin-
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gale measure for S with respect to PH) .= ef (E(eH))_1 - P. Moreover, 6,

denotes the set of portfolios considered in [24], and is given by
O, = {e e L(S) ) 0-9) e M(@<H>)} . (7.6)

Lemma 7.1: Suppose that (7.2) holds. Let H be a random variable that is
bounded from below and

E [e"] < +o0, (7.7)

for some p € (1,+00), and 0co,.
Then, the following are equivalent:

(i) We have
1 —wup:= HiGHglE (exp[H — (6 - S)TD =F <exp [H — (8- S)TD .

(i1) For any stopping time o < T, we have

1—wu, :=essinf K (exp [H — /T QudSu}

€O,
J—"0> .

= F <exp [H — /T 5ud5u]

Proof. Using the results in [24], we change the probability and work under Q

)

instead of P, where
exp(H)

“ Blow®)

Suppose that assertion (i) holds, and put

Z Z
J, = essinf E¢ (—T log—T
2€24(5.Q) Zy Zy

ft) ) (78)
where Z%(S, Q) is given by

25(5,Q) == {Z > 0|Z € Mpoe(Q), ZS € Myoo(Q) and E?[Zy log(Zr)] < +oo}.
(7.9)
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Due to the assumption (7.2), Proposition 3.1 in [44] implies the existence of {

that belongs to the set

== {§ >0|EE) =1, E(n) =0, forany n:=(6-9)r, 0¢€ @1}

and § satisfies
Jo = min E9(¢log §) = E¥(¢log ).

Furthermore, an application of Theorem 3.5 in [44] leads to

§ = exp (— 1og<EQe—(§.S)T> _9. ST) and ug=1—e"h,

(7.10)

It is clear that the set Z$(S,Q) is stable under concatenation ! and due

to Proposition 4.1 in [44], we conclude that the optimizer of J; is given by
Z; = E9(£|F) € Z5(S,Q). Then, by considering P* := Z; - Q and applying

Bayes’ rule, it is easy to derive the following two equalities

VA Z5
E9 (Z—Ze“}" log (Z—::G_J"> ‘]—"U> =0,

g

E? (( / ' QudSu)%eJ“ fg> —0.

Moreover, the first equation in (7.10) implies

*

Zy . Z
J = EQ ([ ZL 10 ZL
t (Z: "z

Equivalently, for any stopping time o < T, we have

Z* T _
ZZ = exp {—/ 0.dS, + Ja} )

And by taking conditional expectation, it is easy to see that

E? (1 —e I BudSu

.7:0) =1—¢7"

'We refer for more details on this concept to [44]
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E) =Jo—0-8,—logZ;.

(7.11)

(7.12)

(7.13)

(7.14)



Thanks to Young’s inequality (i.e. zy < e* +ylog(y) —y), for any 6 € ©1, we
obtain that

T
(_/U eudSu> <Z_€€_Ja) <e fUT OudSy + Z—fe_J" IOg <Z_7>5:6_JG> _ Z_ge—Jo'

oz o o

Therefore, by taking conditional expectation above on both sides, and using

(7.11), (7.12) and (7.13), we derive

5 (1 S0

fg> <1-e (7.15)

By combining (7.14) and (7.15), assertion (ii) follows immediately. The con-

verse is immediate by putting o = 0. This ends the proof of the lemma. [

In the following, we start addressing the horizon-unbiased hedging problem
for the case when the payoff process B is predictable with finite variation. The
next proposition characterizes the optimal portfolio ) being the solution of an

equation.

Proposition 7.1: Suppose that (7.2) is satisfied and let B be a bounded pre-
dictable process with finite variation. Then, if there exists f e O(S, B) such
that for any stopping time T,

min F [exp (BT —(6- S)T)] =FE [exp (BT — (- S)T)} , (7.16)

0€0(S,B)
then, —fisa pointwise root of

b+ cl + /:c(eeT” — 1)F(dx), on{AA=0};

0=
/xeeTxF(dx), on {AA #0}.

(7.17)

Proof. Notice-see Lemma 7.1 for details—that (7.16) is equivalent to the fact
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that for any stopping times 7' > 7 > ¢ and any 6 € ©(S, B), we have
]:a) , P—a.s.

E (eXp [BT . / ' eudsu} fg) > E <eXp [BT - / ' ?)‘udsu]
0 0 (7.18)

Put X! := exp [Bt —(6- S)t} , and for any 0 € O(S, B) consider a stationarily
increasing sequence of stopping times (75,),>1 such that XfAATn and X}, are
both special semimartingales with integrable martingale and predictable parts,
and their left limit processes are bounded from below by 1/n. Then for each T,,,
(7.18) implies that for any nonnegative left continuous and bounded process
H, and any subdivision p := (7;)o<i<m+1 With 70 = 0 and 7,11 = T},, which is

composed by a finite and increasing sequence of stopping times, we have

NE

Ti+l
H., E(exp|B,,,, — / 6.dSu]| Fu)

i . (7.19)

H. E(exp[B;,,, —/ 0,dS,] | F,).

i

{\gEL

Il
o

>

(2

Due to (7.19), it is easy to deduce that:

S He w6 6 — 1, 7 7
Let K™(0) == >"1", i—?lhmﬂ]. Then, the sums in (7.20) can be written in

the form of integrals and consequently (7.20) can be written as follows

7 T, L
E ( Ky(e)dxg) >FE < K;”(@)dXﬁ) (7.21)

0 0
Due to the arbitrariness of the subdivision p, we let |p|— 0.> Then, K™ (0) —

I and (7.21) becomes

Th H Th H R
E( u dX9> > E( u dXe). (7.22)
o X" o X! “

u—

2Here, we put |p|:= SUPg<;i<m (Tit1 — Ti)

206



An application of Ito’s formula to (X?)™ and (X g)T”, and recalling the bound-
edness of H, (X?)"" and (XQ)T”, we have

Tn Tn

0 " Hy g " Hy 5 0
E[ HudAu} - E[ . dxu}, andE[ : qu} - E[ HudAu},
0 0o Xu- o X9 0
(7.23)
where A% is a predictable process with finite variation given by
1
A" =B—0"b- A+ 59%9 A+ (2P —1-AB)(1-a)+
(7.24)

+ (eAB—ﬁTI ~1-AB+ 9Tx> * V.
Since the process H is arbitrary, we let n — 400 in (7.23) and deduce that
AP < A, for any 0 € O(S, B).
Or, equivalently, for any 6 € ©(S, B),
F(6) > F(0), where f()) := —)\Tb+%>\Tc>\+ / (2B _1-AB+AT2)F(dx).

We easily deduce that, on the set {AA = 0}, the function f(f) coincides
with K (—6) of Lemma 5.2 (note that, in our current situation, the truncation

function can be taken h(x) = x due to the local boundedness of S), where
§78 T Lir Az T d
K(\) = b A+ 3TeA + (e —1—)\9:>F(dx), A e R%

Hence, we deduce that —8 is a root of the first equation in (7.17). On the set
{AA # 0}, we obtain

T.(0)AA, = AP / ({1}, dz) — (1 + AB,)ay
= eAPUK (—0)AA + ay) — (1 + ABy)ay.

Hence — is a root of the second equation in (7.17). This completes the proof
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of the proposition. O
Our main result is given in the following theorem.

Theorem 7.1: Suppose that (7.2) is satisfied and let B be a bounded pre-
dictable process with finite variation. Then, the following are equivalent:

(i) There ezists b e ©(S, B) such that for any stopping time T,

min B [exp (BT — (0. S)T>] —F [exp (BT — @ 5)7)} . (7.25)

(i1) For any 6 € O(S, B)
Lios)-r0y - B = Iyw.s)_zoy - WP (Z, P), (7.26)

where Z = exp (5 S+ hE(Z7 P)> 1s minimal entropy-Hellinger local mar-
tingale density.
Furthermore, the optimal portfolio 0 coincides with —0 obtained explicitly

from Z, i.e. —0 is a pointwise root of

b+ cl + /:U(eeTx — 1)F(dz), on{AA=0};

0 —
/xeeTxF(dx), on {AA #0}.

(7.27)

Proof. In Proposition 7.1, we have proved that the optimal portfolio 0 in
(7.25)—when it exists—can be derived from (7.27). Therefore, in the remaining
part, we focus on the equivalence between assertions (i) and (ii). First, we

assume that assertion (i) holds, and put
©,:={0 € L(S) | (0-95)(w) is uniformly bounded in t and w}. (7.28)

Then, for any 6 € Oy, both (0 -S)" and (5 S)™ are true Q™P)-martingales,

where Q(™P) is given by

Q(T’B) ,: exp[B; — (a S)+] )
"~ Eexp|B, — (@\ S),]
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Therefore, for any 6 € ©, and any stopping time 7, we obtain

~

E[(e . S), exp (BT @ 5)7)} — E[(§ . S), exp <BT @ S)T>] — 0.

Hence, the process (0-5) exp(B—(8-5)) = eB=""(ZP) 7(9.5) is a local martin-
gale. Then, a direct application of Ito’s formula leads to (7.26), and assertion

(ii) follows.

Now, suppose that assertion (ii) holds. Thanks to a direct application of Ito’s
formula, assertion (ii) is equivalent to the statement that, for any 6 € ©(S, B),
the process Y := exp [B +6- S} (6 - S) is a local martingale. Indeed, this

equivalence follows immediately from the fact that
exp [B 40 s} 0-5) = Zexp [B —hE(Z, p)] 9-9).

Let 6 € ©y, and (7},),>1 be a sequence of stopping times that increases station-
arily to 7" and YfATn and Y/, are true martingales. Then, for any stopping
time 7, we put 7, := 7 A T,, and obtain

E[eBm—(9~S)m] — E[eBer(?-S)m] > F {((_9 — 5) -S), eBm+(5-S)m} —0

Thanks to Fatou’s lemma and the boundedness of exp[B + (6 - S)] for any
0 € O, we get

E <exp [BT — (0 S)TD >FE <exp [BT +(6- S)TD : (7.29)

Due to Theorem 2.1-(c) in [44], there exists a sequence of (0"),>1, 0™ € Oy,
such that

2ol ) = gt B ool 0-9.]) 7

By combining (7.29) and (7.30), and putting § := —6, the proof of the assertion
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(i) is complete. O

Remark: Theorem 7.1 determines explicitly the optimal portfolio in the horizon-
unbiased exponential hedging when it exists. Furthermore, the theorem
clearly illustrates the relationship between horizon-unbiased hedging and a
forward utility. In fact, we can easily conclude that, in general, the horizon-
unbiased problem in (7.25) admits a solution while the corresponding ran-
dom field utility , U(t,z) = —exp(—z + B;), may not be a forward utility.
A simple example is when S is constant in a neighborhood of zero (i.e
Sy = Sp for t close to zero), and B is neither increasing nor constant pro-
cess. Furthermore, the equivalence between the existence of solution to the
horizon-unbiased hedging problem and the property that —exp(—x + B) is
a forward utility only holds only if there exists a portfolio 6 such that

{(w, D)[(0 - 5)i(w) # 0} = 2x]0,T7.

In general, this equality does not hold. In fact if S is constant in a neighbor-
hood of zero (i.e Sy = Sy for t close to zero), then this equality is violated.
Hence, in this case, the two concepts of forward utility and horizon-unbiased
utility differ.

Also, it is easy to see that the horizon-unbiased hedging problem admits a
solution and its value function v(7) := mingcos,p) £ [exp (BT — (6 - S)T>]
is constant, i.e. v(r) = v(T), if and only if —exp(B; — z) is a forward

dynamic utility.

Now, we turn to the general case, where B is semimartingale satisfying the

following condition:

sup E[epBT] < 400 for some p € (1,400). (7.31)
T€TT

Our main result is formulated in the following theorem.

Theorem 7.2: Suppose that (7.2) holds and consider a semimartingale, B,
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satisfying (7.31) with the Doob-Meyer multiplicative decomposition given by
eB = ePozB)eh (7.32)

Here ZB) is a positive local martingale (Z(SB) = 1) and B’ is a predictable
process with finite variation (B = 0).
Then, there is equivalence between assertions (i) and (ii):
(i) There ezists b O(S, B) such that for any stopping time T,
in E|exp(B: — (0-5),)| = E|exp(B, - (- 9),)]. 7.33
,uin exp( (6-5)) exp( (0-5)) (7.33)

(i) The MEH local martingale density with respect to ZB), denoted by Z(B),

exists and satisfies
Iosy 20y - B = Ij0.5) 20y - h” (Z(B), Z(B)> 7 (7.34)

for any 0 € ©(S, B).
Furthermore, the optimal portfolio in (7.83) is given by

log(ZB)) = —8- 8 + h* (Z<B>, Z<B>> . (7.35)

Proof. Consider a sequence of stopping times, (7},),>1, that increases station-
arily to T and such that (B")™ is bounded and (Z(®))™ is a true martingale.
Then, by putting Q,, := Z:(F]f)-P, assertion (i) implies that the horizon-unbiased
hedging problem for (S (B’)’» @,) has a solution. Thus, a direct applica-
tion of Theorem 7.1—to the model (ST (B’ @Q,,)—implies that (7.34) holds
for any 6 € ©(S, B), and the optimal portfolio 0 in (7.33) coincides with —5,
where 0 is the integrand that appears in the expression of Z®B). This proves
assertion (ii).

Next, assume that assertion (ii) holds, and notice that this assertion is equiv-
alent to the statement that exp(B — 8 - S )(0 - S) is a local martingale for any
0 € ©(5,B). Let § € ©, and (T,,),>1 be a stationarily increasing sequence
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~ ~ Tn
of stopping times such that ((§ — 6) - S)™ exp (BT" — <9 : S) ) is a true
martingale.

Then, for any stopping time 7, we derive

0=FE |exp (BTATn — (- S)T/\T"> ((5— ) S> T/\TJ

R (7.36)
<FE eXp<BT/\Tn - (9 ) S)r/\ﬂ)] -k [exp (Br/\Tn - (9 : S)T/\Tn>:| .

Thus, due to Fatou’s lemma we get

E [exp <BT — (@\ S)T>] < 1%I_I>li£l§E [GXP(BTATn —(0- S)Mﬂ)]

—B [exp(BT vy S)T)] .

The last equality above follows from the fact that {exp(B,—(0-5),), 7€ Tr}

is uniformly integrable. Indeed, this fact follows from

/ ePrdpP < e~-ep [epBT] < g~ —1e sup F [epBT] ,
{Br>c}

TETT
and for any 0 € Oy,
eBr=0-9r < eBrexp || sup [(6- 9| | -
te[0,T)

Hence, again due to Theorem 2.1—(c) in [44], we obtain that

E [exp (BT — (5 S)Tﬂ = min FElexp (B, —(0-5),)]

0€0(S,B)
= inf Elexp (B, —(0-5),)].
0Oy
This proves assertion (i), and the proof of the theorem is complete. ]
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Chapter 8

Optimal Investment Timing and

Optimal Portfolio

In this chapter, we focus on the problem where the investor is seeking the opti-
mal portfolio from her investment in stocks and the optimal time to liquidate
her assets (tradable or not). In previous chapters, we have introduced and
developed two powerful approaches when dealing with this problem (i.e. for-
ward utilities and horizon-unbiased hedging). In fact, these two methods solve
this problem partially. This chapter will exhibit direct approaches to solve
this problem in two contexts. Precisely, we will use the martingale theory for
general market model with exponential utility, and control theory when the
market model is Markovian.

The martingale approach is detailed in Section 8.A. Therein, we focus on
the exponential random utility and look for the explicit description of the
optimal portfolio and the optimal stopping time via studying the value pro-
cess. The second approach is investigated in Section 8.B and deals with the
Markovian framework. Therein, the value function is proved to be the unique

viscosity solution of the variational inequalities.
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8.A Exponential Hedging with Variable Hori-
zZon

Consider a filtered probability space denoted by (Q, F, (Fi)o<i<r, P) where
the filtration is complete and right continuous. In this setup, we consider a
d-dimensional semimartingale S = (.S;)o<;<r which represents the discounted
price processes of d risky assets. The set of o-martingale measures with finite

entropy is given by

ME(S) = {Q eP,| Se M, (Q), and E B—g 10g<2—g)} < +oo}. (8.1)

Throughout this section, we assume the following:

MG(S) #0, andV A€ R / z|e) *F(dz) < +00, P®A—a.e. (8.2)

{lz[>1}

Consider the following exponential random field utility,
U(t,z) = —exp(—x+ B;), z€R, tel0,T], (8.3)

where the process B is a RCLL semimartingale and the set of admissible

portfolios is given by

0= {9 e L(S) ) sup E (exp[B, — (8- S),]) < —|—oo} L (84)

TETT

Occasionally in our analysis, there are integrability conditions imposed on B,

such as
sup E[exp(BT)] < +o00. (8.5)
T€Tr
and sup E(epBT> < 400 for some p € (1,+00). (8.6)

TETT
This section is devoted to the following optimization problem. Throughout

this thesis, we often call it the optimal sale problem.
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Problem 8.1: Find the pair (6*,7%) € © x Tr such that

Geg,l}'relTT E <exp [BT — (6 - S)TD =F <exp [BT* — (0" - S)T*]) ) (8.7)
Remark that the solution of this problem has two components. Namely, the
optimal portfolio 6* and optimal investment timing 7*. Our contribution lies in
describing—as explicitly as possible—the optimal solution (6%, 7*) to Problem
8.1. The description is essentially based on the characterization of the optimal
value process via a dynamic programming equation. This will constitute our
first result in this section and is given by Theorem 8.1. The latter is based on

the following lemma.

Lemma 8.1: Suppose that the payoff process, B, satisfies (8.5). Then, for
any 6 € ©, the process

Li(0) == V(1) exp (— /0 t QudSu) C0<t<T (8.8)

15 a supermartingale. Here, V 1s the value process, given by

V(t) := esssup F (— exp [BT —/ QudSu}
t

0cO, >t

ft> , 0<t<T. (8.9)
Proof. For any § € © and any stopping time 7 > ¢, we put
F)

and Jy(0) :=esssup E <_e* J7 0udSu+B-

T>t

ji(0,7) = E <_e*f[ udS.+ B-

).

Notice that the process J(#) exp(—6-.5) is the Snell envelope of —exp(—6-5+
B) and, hence, it is a RCLL supermartingale (see [56], and [26]). Furthermore,
we have for any t € [0,T], 7 > ¢, and any 0 € O,

V(t) 2 Jt(Q) Z jt<9,7') and jt(e,T) = jt(ef]t7T],T).
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Consider t > s > 0, 7 > t, and 6, § € © such that 050 = gf[s,t]. Then, due

F)
).

Remark that for two pairs (61, 71) and (62, 72), there exists (63, 73) such that

to the above facts, we derive

};) —E (Jt(é)e— I3 6udS

V(s) 2 J,(0) 2 B (J(B)e [P
(8.10)

9, r)e- 11,

B (5@

v

max(Jji (01, 71); Je(02, 72)) = ji (03, 73).
In fact, it is enough to consider
O3 := 01155 (01,71)250(02,m)) 02011 + 021 o(01.m) <52 (02, m2)) @1 T

which is predictable and belongs to ©, and

L )moon {5:(01,71) = ji(02,72) };
3 =
To, otherwise,

which is a stopping time satisfying 73 > ¢. Then—an application of Zorn’s
lemma leads to—for any ¢ there exists a sequence of pairs (6, 7,) such that

Jt(0n, 7)) increases to V(t). By combining this fact with (8.10), we obtain

).

Thus, due to the monotone convergence theorem, we deduce that

).

Vis)>E <jt(9n,7'n)e_ S buds.

V(s)> E (V(t)e’ J: 0uds

This ends the proof of the lemma. O

Theorem 8.1: Suppose that (8.5) holds. Then, the following assertions hold:
(i) V' admits a RCLL modification and satisfies the following dynamic pro-
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grammaing equation

V(t) = max [—eBt; esssup B <V(7’) exp [—/ HudSu]
t

0O, 7>t

]—})] . (8.11)

(i7) If B is bounded from below and assumption (8.2) holds, then V is a

RCLL negative semimartingale that has the following decomposition
V(t) = V(0)E(MY e (8.12)

where MY =3-S+Wx(p—v)+gxp+ MV

7 (8.13)

and Wt<$> = ft(fE) + I{llt<1}'

1-— ag
Here, AV is a predictable process with finite variation, MV is a local mar-

tingale, and (B, f, g, MV are its Jacod components.

Proof. (i) It is clear from Lemma 8.1, that the process L(6) is a supermartin-
gale for any 6 € ©. Then, thanks to Theorem 2 in [26] (page 73), we deduce
that the process L(f) admits right and left limits along the rationals and,
the process Ly (0) is a RCLL supermartingale with respect to the filtration
Fiy = Fi. These imply that both processes V(t+) and V(t—) exist, and
moreover that

V(t)>V(t+), P—a.s. (8.14)

On the other hand, since L;(0) = V(t+)exp[—(0-S) is a RCLL super-

martingale and V (t+) > —e®*, then an application of the optional sampling

).

theorem for supermartingales leads to the inequalities

E) > E (—exp - / " 0,48, + B,|
t

Then, by taking the essential sup, we obtain that

V(t+) > B <V(T+) exp(— /t " 0udS.)

Vt+) > V(t).

Thus, a combination of this with (8.14), the right continuity of V' follows
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immediately. This proves that the process V admits a modification that is
RCLL. We will consider this modification throughout the rest of this chapter.
As a result, the two processes L(#) and (0 - S) are RCLL semimartingales for

any # € ©. Therefore, an application of the optional sampling theorem implies

)

Combining the above with V() > —ePt, we conclude that

V(t) > esssup E (V(T) exp [— /tT GudSu]

0cO,T>t

V(t) > max {—eBt; esssup F (V(T) exp [—/ 9ud5u}
t

0€O, 7>t

7).

To prove the reverse inequality, we write

V(t) =esssup £ (— exp [BT — / GudSu}
t

0€O, 7>t

)

— max | —ePt;esssup F (— exp [BT — / HudSu]
L t

0cO,m>t

Ft)l (8.15)

7).

(ii) Suppose that B is bounded from below by a constant —C'. Then, we derive

—V(t) = essinf FE (exp (BT —/ HudSu) ‘]—"T)
0€O,7eTr t

>e Y essinf F (exp(—/ 0.dS,) .7:T>
t

0cO,reTr
ft)

7z 7z

-C . T T
)]
¢ eXp( zezys) - \z, ®\7, i

Here Z%(S) denotes the set of martingale densities, Z, such that Zlog(Z) is an

< max |—ePt;esssup F/ (V(T) exp [—/ OudSu}
L t

0cO, 7>t

This ends the proof of assertion (i).

0cO

T
= ¢ CYessinf E (exp(—/ 0.dS.,)
t
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integrable submartingale. Due to the assumption that M?(S ) is not empty,
or equivalently Z%(S) # (), we have

: Zr Zr
rB(Z5 (-)‘ _ P—as.
éegszjér(ls) (Zt 0g Z }"t) < 400 a.s

Hence, this together with the right continuity of V' prove that the process V is
a negative supermartingale (take # = 0 in Lemma 8.1) or, equivalently, % is a
positive exponential local submartingale. This leads to the existence of a local
martingale M" and a predictable process, AV, with finite variation such that
V = V(0)E(MV)eA". These facts follow from the Doob-Meyer decomposition
and the fact that % -V is a local submartingale. The decomposition for the

local martingale MV follows from Jacod Theorem; see Theorem 2.2. This

completes the proof of the theorem. O

Remark: The equation (8.11) describes the optimal cost process/optimal
value process. This description resembles the dynamic maximum princi-
ple, which will lead, in the Markovian case, to a HJB equation. In a model
driven by Brownian motions, this HJB equation can be solved explicitly
such as the case in [35]. The derivation of these HJB in a more general case
than the Brownian as well as their investigations, and their relationship to
backward stochastic differential equations (BSDEs) are not the scope of this

thesis and are left to future research.

Once the process V is determined, then the optimal investment timing and
the optimal portfolio can be derived in the general semimartingale framework,

as it will be illustrated in the following.

Theorem 8.2: Consider the process V' defined in (8.9) and its Jacod com-
ponents (3, f, g, MV, AV) given by (8.12)-(8.13). Suppose that Problem 8.1
admits a solution (6*,7*), and that the assumptions (8.2) and (8.6) are ful-
filled. Then, the following assertions hold.

(i) There exists a probability measure Qy ~ P such that the MEH martin-
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gale measure with respect to Qv —that we denote by @V and its density by
va = E(jg—“ﬂ Fi)—exists and satisfies

A)Ej\‘r* = h’tE/\T* (@V? QV)? and IOg(ZV) = gv -5+ h’E(QV? QV) (816)

(ii) The optimal controls, (6*,7*), solution to (8.7) can be described as fol-
lows:
a) The optimal investment 0* coincides with —0V on [0,7*], i.e. —0 is a

pointwise root to

—b—l—c(@—ﬁ)—i—/ [h(:c) — (f(x) + 1)6’9%35] F(dx) =0, on {AA = 0}N[0,77]
(8.17)
and /(f(x) +1)e "z F(dx) = 0, on {AA#0}N[0,77]. (8.18)

b) The stopping time T satisfies T > T P — a.s., where T is the smallest

stopping times such that (0*Iy,7) is a solution to (8.7), and is given by
T=inf{0<t<T|V(t)=—eP or V(t-)=—-eP}AT, (8.19)

i.e. V(0) =supkE [—6_(9'5);+B;} . More generally, we have

ISS]
ft) )

where 1 :=inf{u € [t,T[ | V(u) = =P+, or V(u—)=—eB= } AT
(8.20)

V(t) = esssup F (— exp [—/ 0,dS, + BTt]
) t

Proof. First, recall that due to the main result of [15], we deduce that the
set Z§,,.(59,Q) # 0, for any Q@ ~ P if and only if Z; (5) # 0. Here
the set Z%,,.(S, Q) denotes the set of positive @-local martingale, 79, (ie.
79 € Mp,e(Q), Z9 > 0) such that Z9S is a o-martingale under Q, (i.e.
Z95 € Mioe(Q)) and Z%log (Z9) is Q-locally integrable.

It is obvious that (—V(0))~'V is a positive local submartingale and the in-

equality, % =&(MY) e < %, holds. Thus, under assumption (8.6),
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we derive

sup E [&; (Mv)p] < (=V(0)) P sup E (e"") < +o0,
TE€TT TETT
and the uniform integrability of £ (M V) follows. Hence, Qv = &r (M V) P~
P is a probability measure. Furthermore, due to Lemma 5.3 and assumption
(8.2), we get
/ N TRV (dr) < 400, (8.21)
{lz[>1}

where F9V(dx) is the kernel corresponding to the jumps of S under the mea-

sure Qy. Thus, under assumption (8.2) and (8.6), we deduce that

Z;,loc(sa QV) 7é @

and, thus, we can apply Theorem 3.3 of [17] for the model (S, Q). This proves
the existence of the MEH o-martingale density ZV = Z9v with respect to
Qv, and moreover, that, log(Z") = 6" - S + hE (ZV, QV>.

Since L(0) = Ve~ %9 is a supermartingale for any 6 € ©, we deduce that the
process exp (AV — hE(Qv,Qv) — (0 +6Y) - S) is a Qy-submartingale. As a

result, the process
L(=8") = Ve S = v(0)€ (M) A4S = (o) (MV) ZV et T (@vav)

is a local supermartingale or, equivalently, the process AV — h¥ (ZV, QV> is

nondecreasing. Furthermore, a combination of the inequalities

Rov <€h$(2V,QV)) < EQv <6A¥> =F (%) =E (X_/e(())

Br

) < +o00,
and Theorem III.1 of [53], we deduce that ZV is a true Qv-martingale. This

proves the existence of the MEH o-martingale measure for (S, Qy) denoted by

Q. This proves the assertion (i) without the first equality of (8.16).
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By combining the equality
Vexp(— (6" 8)) = oe (M) 2" exp (A = b (Qv.Qu) = (6" +67) - ),
the vi—submartingale property of
AV~ hE (@V, Qv> (G4 6) - Sopr- (8.22)

and the strict convexity of e*, we deduce that V(¢ A 7%) exp(—(6* - S)inr+) is a

true martingale if and only if the process (8.22) is null, or, equivalently, that
A = hipre (@V, QV) , 011071 = —0" Ijo,7+7-

This ends, simultaneously, the proof of assertion (i) and assertion (ii)-a).

Next, we will prove assertion (ii)-b). To this end, we consider the process Y

and the stopping time 7* given, respectively, by

57,5 :=esssup F (— exp [BT —|—/ 5ud5u} ‘ ]—"t) and
t

T>t

7" :=inf {t el0,T] : YV,=—€P, or Y,_=—el } NT. (8.23)

Then, it is obvious to note that for any ¢ € [0, T],

V(t) >Y(t) > —exp(B:), P —a.s. (8.24)
Furthermore, since

V() =E [—V(T*)exp<—(9* : S)T*)] —E [— exp(BT* — (0" S)T*ﬂ
< sup F [— exp (BT — (0" - S)T>]
T€Tr

=:Y(0),
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we derive

V(0) =Y (0) and T">7T>7" P—a.s.

Combining these inequalities with the fact that V(¢ A 7%) exp(—(0* - S)iaz+)

and Y,z exp(—(0* - S);p7+) are martingales, we deduce that
EV(EAF) exp(—(0" - S)inee) = EY (E A7) exp(—(0" - S)ne).

This equality together with (8.24) prove that the two processes V (¢t A 7%) and
)7(15 A T*) coincide. Thus, the two stopping times 7 and 7* coincide also.
Thanks, to the result of [54] (see Théoreme 4 therein), we deduce that the
stopping time 7 is the smallest optimal stopping time, and the assertion (ii)-

b) follows. This ends the proof of the theorem. ]

Remark: 1. Our main results of this section (Theorems 8.1 and 8.2) con-
tribute by giving the structure of the optimal value process V', and the

explicit description of 7" and 6* when they exist.

2. The financial problem that we consider in this section is the same as
the one of [35]. Therefore, our two theorems generalize the results of
that paper to the semimartingale framework. See also [36], [29], and the

reference therein for the same financial problem with other utilities.

3. Concerning the mathematical formulation and/or technical aspects, Prob-
lem 8.1 is very close to the one considered in [47]. However, there are

fundamental differences:

(a) Our running reward function (e*) is multiplied to the terminal re-
ward function (g(S;) = —eP*), while in [47] they add-up. Further-
more, the control # appears in the expectation operation which is

not the case in our situation.

(b) The terminal reward function, g(x), is assumed to be bounded from
below (positive), which does not correspond to our case (g(.S;) =

—ePt < 0 might be unbounded from below). It is important to

223



mention that this positivity assumption is crucial in the analysis of
[47].

(¢) Our framework is very general by dealing with semimartingales in
which the predictable representation property may never hold. Fur-
thermore, the additional feature of jumps in the model may add

tremendous technical difficulties to the method used in [47].

Comment that the optimal sale problem with investments (i.e. Problem 8.1)
was the main motivation for the horizon-unbiased utility concept of Henderson-
Hobson. Herein, Theorem 8.2—and mainly its proof—establishes the connec-
tion between the existence of solution to Problem 8.1 and the forward utility

concept of Musiela-Zariphopoulou. This can be stated as follows.

Corollary 8.2.1: Suppose that assumptions of Theorem 8.2 hold, and con-
sider the following random field utility

Ut,w,z) = Vi(w) exp(—z). (8.25)

Then, there exists a stopping time 7 such that the random field utility
U(tAT(w), x) is an exponential forward dynamic utility for the model S7, and

T—defined in (8.19)—is the smallest stopping time satisfying this property.

Proof. The proof of this Corollary follows directly from the proof of Theorem
8.2. ]

8.B Markovian Case

In Markovian case, the value process V' (see (8.9)) can be written as

V(t,z,p) == esssup FE (e‘ftTC“(XS)d“U(T, X0 —¢P)H X! =a,P, = p) )
0€B6(z,p), T>t

(8.26)
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Here, U(t,x), (t,z) € Ry x R, is deterministic utility function. We assume

that U(t,x) is global Lipschitz continuous, i.e. 3 K such that
Ut z) = U(s,y)|< K(|t = sl+]z —yl). (8.27)
We also assume the function z — () is global Lipschitz continuous, i.e.
€(x) = EW)I< Kle —yl, Va,ye Ry, (8.28)

satisfying £(0) = 0. !

¢ is the discount rate process. O(z,p) is the set of admissible portfolios (see
(2.10)), where, in particular, we require that the portfolios are bounded, i.e.
there exists K > 0 such that |6;|< K, P-as.

X? is the wealth process under the trading strategy 6 which represents the

proportion of wealth invested in the stock, iigf = Qt%. Consider the dynamics
of the stock price process S as follows
dSy ~
—— = pdt + odW; + W(2)N(dz,dt). (8.29)
St- R\{0}

Here, N(dz,dt) is a Poisson random measure on the Borel sets of IR x R\ {0}
with intensity dt x n(dz). n(dz) is the Lévy measure which is positive and o-

finite on IR \ {0} such that

/ n(dz) < +oo
{lz1=1}

N is the compensated Poisson measure given by N(dz,dt) = N(dz,dt) —
n(dz) x dt. ¢ (z) is assumed to be Borel measurable on R \ {0} satisfying

/ ?(2)dz < +o0. (8.30)
R\ {0}

For example, the call option £(x) = (x — K)T.
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Moreover, 1(z) is assumed to be bounded in a neighborhood of z = 0.

Therefore, the dynamics of the wealth process X? can be expressed by

dX? = p0, X dt + 00, X dW, + / 0,0(2) X N(dz, dt). (8.31)
R\{0}

Let the payoff process P follow the dynamics

dP, = Pwdt + PadB, + / P_0(z)N(dz,dt), Py >0, (8.32)
R\{0}

which satisfies P, > 0, P — a.s.. Here, {(z) is assumed to be Borel measurable

on R\ {0} satisfying

?(2)dz < +oo. (8.33)
R\{0}

Also, it is assumed to be bounded in a neighborhood of z = 0.
The Brownian motions W and B are correlated with p € [—1,1] and we can

write
th = det + \/ ]_ — p2dZt

for another Brownian motion Z which is independent of B.

Note that in above setup, the coefficients of X? satisfies the global Lipschitz

conditions, i.e. there exists K > 0 such that:

(b — pfy| < Kl —yl, (8.34)
lobx — o0y| < K|z — y|, (8.35)
[ (2)0x — (2)0y| < K[v(2)||lz —yl, (8.36)

And, the global linear growth conditions hold:

ubz] < Klal, (337
lobz| < K|x|, (8.38)
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In particular, by following the above conditions, the wealth dynamics (8.31)

has a unique strong solution.

8.B.1 Hamilton-Jacobi-Bellman equation
For any ¢ € C?([0,T] x R, x IR, ), we define two differential operators

%(t,x,p) @(t,%p) 824 (t, 2, p)
Dapg(t, 2, p) = (M ) D§p¢(t,:€,p) — [ 92° dx0p

2] 52 92
a_ﬁ(twrap) Wg;(th?p) a_p(f@,«r,p)

And, for any (t,z,p) € [0,7] x Ry x R, and any admissible strategy 6 €
O©(z,p), we define the operator

AP(t, 2, p,m, M) = (M@x /fp) .m+tr{ <%292x2 %9;@9) M}

Furthermore, for ¢ € (0,1) and ¢ € C*([0,T] x Ry x IR,), we define

B (ta.0)i= [ ot + 00 p + o) - oltinip)
{lz]<6}
— 00250 (1 .5) = (I (., )]l

Remark that under our assumptions on n(z), ¥(z) and £(z), B _(t,z, ¢) is well

defined, bounded uniformly in # and
lim sup BY (t,x,¢) = 0. (8.39)
=0 ¢

Define a set of continuous functions, Cs, that grow in quadratic rate:

C5([0,T]x Ry x R,) =

{d) € CO([()»T] X Ry X Ry): sup M

< +oo.}
[0,T]><R+><]R+ 1 + ZCQ +p2
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For ¢ € Cy([0,T] x IRy x IRy ), we define an operator

B (taomo)i= [ [ofta+ 00(np+ alp)
{l=1=6}
—¢(t,z,p) — (Gw(z)m f(z)p> .m}n(dz)
Also, under our assumptions on n(z), ¥(z) and ¢(z), By, (t,z,m,¢) is well

defined and bounded uniformly in 6.

By putting BY(t,x,m, ¢) = BY_(t,z, ¢)+B§+(t, x,m, @), we define an operator
Lo(t,z,p) == —Cv+ v, + A’(t,z, Dv, D*v) + B%(t,z, Dv,v)

If we denote [7(t, x,p) = U(t,z — &(p)), the HIB equation can be formulated

in the form of variational inequality

0 = i { = sup £70(t, ). o(t,2.9) = Tt ,0) o (12.9) € 0TI xR,
0
(8.40)

with the terminal condition

o(T,z,p) =U(T,z,p), V (x,p) € Ry x R,. (8.41)

8.B.2 Viscosity solution

We start by putting the definition of a viscosity solution.

Definition: (i) Any v € C°([0,T] x IR, x R,) is a viscosity supersolution
(subsolution) of (8.40) if

min {v — (7, (v — @ — sup (Ae(t, x, Dp, D*p) + Ba(t, x, Do, <p)) } >0
0

(< 0)whenever ¢ € C*([0, T] x Ry x R4 )NCy([0, T] x Ry x R,) and v — ¢
has global minimum (maximum) at (¢,z,p) € [0,7) x Ry x R,.
(ii) v is a viscosity solution of (8.40) if it is both supersolution and subsolu-

tion.
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We recall some usual notions that appears in different books and literatures.
Given v € C°([0,T] x Ry x Ry ) and (¢,z,p) € [0,T) x Ry x Ry, we define

the parabolic superjet:

P> u(t, z,p) = {(mo,m, M) € R x R* x 5% : v(s,y,q) < v(t,z,p)+

mo(s — 1) +m.(y — 2 g - p)+ 5y~ g - )My~ g~ )

+o(|s — t|*+|y — z|*+|q — p|?), as (s,y,q) = (t,z,p)}.

and its closure

P>t (t,x,p) =
{(mg,m, M) € R x R? x S%: (mg,m, M) = hrf (mg,m", M™)
n——+0oo

with (mf,m™, M™) € P*to(t", 2", p")

and lim (t", 2", p", v(t", 2", p")) = (t,z,p,v(t,z,p))}.

n—-+o0o

Parabolic subjet can be defined as P> v(t,z,p) = —P>"(—v(t,z,p)) and
its closure P>~ v(t,z,p) = —P?**(—v(t,z,p)). One fact which is proved by
P.L.Lions is that

P2yt 2, p) = {%@, 2), Day(t,2,p), D2,(t. z,p)) : ¢ € C% and

v — ¢ has a global maximum (minimum) at(¢, z)}

In the set Cy([0,7] x R4 x Ry), the viscosity solution can be characterized
in another way as follows. It is convenient to use this formulation when we

study its uniqueness.

Lemma 8.2: Let v € Cy([0,T] x IRy x IR}) be a wviscosity supersolution
(resp. subsolution). Then, for all (t,x,p) € [0,T) x IRy x IRy and for
any (mg, m, M) € 7_32’7v(t,x,p) (resp. 7_32’+U(t,x,p)), there ewists o € C?
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such that
min {U - fj»C > U —my— Sup(Ae(thapa m, M) + Bg_(t,ﬂf,p, 90)
0

+ B§+(t,x,p, m, 'U))} Z 0 (T@Sp. S 0)

Proof. The proof of this lemma is referred to Lemma 2.1 in [72]. O

Proposition 8.1: Under our assumptions onU, &, 1 and (, i.e. (8.27),(8.28),
(8.30) and (8.33), the value process satisfies the growth property,

V(t,z,p)|< K1+ [z[+[p]), K >0,
and it 1s Lipschitz continuous in x and p uniformly in t, i.e.
V(t,2z,p) =V(ty,q)|< K(lz —yl+lp—ql), K>0.

Proof. Due to the Lipschitz continuity of U(t, x) with z uniformly in ¢ we have
its linear growth rate
U (L, 2)|< K(1+ [z]).

The lipschitz continuity of £(x) also implies its linear growth rate,
()| < K (1 4+ [x]).
Applying these results, we have

Vtop) < essup B (e 000 X0 g(P)|Xf = 2, Py = p)

0eO(x,p), T>t

< esssup E<2+]Xf\+|PT| Xte:xapt:p>‘

0eO(x,p), T>t

Due to Gronwall’s lemma, we can prove that

E(X7]?) < Claf*,  E(P[*) < Clpf. (8.42)
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Thus, by applying Holder’s inequality, we have
[V (t, z,p)|< K1+ [z]+[p]).
Similarly, we can show the Lipschitz continuity,

\V(t,xz,p) = V(t,y,q)|< K(|lz —y|+|p — q).

]

The following Dynamic Programming equation will play an important role

in our analysis:

Proposition 8.2: Suppose the optimization for V' admits a solution (6%,7%).
Let € > 0. For all (t,z,p) € [0,T] x Ry x IR, and for each admissible
strategy 0 € O(x,p), define the stopping time

Trapo =f{t <s<T: V(s, X! P)<U(s, X!+ E&(P))}  (843)
Then, if t <19 < 71,9 for all 0 € ©(z,p), we have

V(t,:r;,p) =esssup F <e* 17 Cu(X{i)duv(T7 Xf, PT)
0€O(z,p)

X =P =p)

Proof. Let (6*,7*) be the optimizer of the value function V'(¢,z), then we
have V (7%, X%) = U(*, X% + £(P,)) and the process V(t A 7%, XI) is a
true martingale. Then, the claim follows immediately by optional sampling

theorem. O

The above dynamic programming equation implies another version which

we need in the following.
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Proposition 8.3: For all (t,z,p) € [0,T] x IRy x Ry, h € Tyr, we have

V(t,z,p) = esssup FE <I{T<h}e_ftT<“(X3)d“U(T, X? 1 &(P))

0€O(z,p), 7>t

+ I{Tzh}e_ fth <U(X3)duv<h7 Xza Ph) Xte =, Pt = p)

Proof. The implication of the proof from Proposition 8.2 refers to [49].

The continuity of the value function is stated in the following.

Proposition 8.4: Under assumption that every 0 € ©(x,p) is bounded and
U(t,z) is Lipschitz continuous, the value function V€ CO([0, T|x Ry x IRy).

Proof. We first focus on the continuity of V (¢, z,p) in t. From dynamic pro-
gramming equation in Proposition 8.3, for 0 < t < s < T, let h = s — t,
then

0<V(t,z,p) = V(s,2,p)
< esssup E(I{Kh}e*f; C“(Xg)d“(U(T,X +&(P)) —U(t,x+&(p)))

0€O6(z,p), 7>t

ey DU 2+ £(p) = V(s,2,p))

+ireny(e” JEwXDde _ 1)V (s, z,p) + Iirspy(e” S u(Xiydu _ DV (s,z,p)
Flpapye W XDy (1 X P = Vi(s, 1, p)))

which implies

|V(t,x,p)—V(3,x,p)|§K< esssup FE(| X, — z|+|Pr — p|)

0eO(x,p), 7>t

+esssup E(| Xy, —z|+|P, —p|) + (1 + |$|+|p|)h>
0€O(z,p)

< K(1+ [+ p)) (s =t/ +|s — 1))
Then, for any (¢, z,p),(s,y,q) € [0,T] x IRy X IR, we obtain

V(t,z,p) — V(s,9,9)|< K(|z — y|+[p — |+ + |z|+]p])(|s — t|**+]s — t]))
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This completes the proof of this proposition. n

Here we provide a technical result which is needed when we characterize V' as

the viscosity solution in Theorem 8.3.
Lemma 8.3: For any (t,x,p) € [0,T] x Ry x IR, 0 € O(z,p) and h € [t,T],
there exists some € > 0 and constant C' > 0 such that
P(h>1f,,0) < Ch. (8.44)
where 77, o (we will write it as 75 for short) is a stopping time defined as
(8.43).

Proof. We define ¢ in an explicit form as

. {%(V(w,p) = U(t,z+¢(p), it V(t,z,p)>Ut,z+E£p);
5, if V(t,z,p) =U(t,x + &(p)).

for some ¢ > 0. Then, by the definition of 7 and Markov’s inequality, we have
P(h > 1°)

t<s<h

<P ( sup |V (s, X!, P,) = U(s, X! + £(P)) — V(t,z,p) + Utz + £(p))|> €>

<lp ( sup |V (s, X2, P,) — U(s, X! + £(P,)) — V(t,z,p) + U(t, = + £<p))>

€2 t<s<h

1
< S E( swp |V(s, XL P) = Vit p)l+

t<s<h

sup |U(s, X!+ €(P2) — Utz +£0)])

t<s<h
Recall the Lipschitz continuity of V (¢, z,p) proved in Proposition 8.1 and as-

sumed for functions U(t,x) and £(z), we have

K 2
P(h>71°) < —FE ( sup \Xf — x|+ sup |Ps —p|) )

€ t<s<h t<s<h
From the dynamics of X? given in (8.31), we can solve X? explicitly and then
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combine it with the inequality derived in (8.42), we have

2 h 2 h
E ( sup | X7 — w|) <C\E (/ ngs) < Cl/ E(X%)?ds < C|z|*h
t t

t<s<h

By performing a similar argument for P, we can conclude (8.44) immediately.
0

Now, we are ready to state our first main result for this section.

Theorem 8.3: Under assumptions (8.27),(8.28), (8.30) and (8.33), the value
function V' is a viscosity solution of (8.40).

Proof. Proposition 8.4 has proved the continuity of V', hence, it remains to
prove that V' is both a supersolution and subsolution. We start from the
supersolution.

For any (t,z,p) € [0,T] x R, x Ry, we let ¢ be a function in C%([0,T] x
Ry x R;)NCy([0, 7] x Ry x IRy) such that V' — ¢ has global minimum at

(t,z,p). Without loss of generality, we assume

min Vis,y,q) —p(s,y,q)) =V (t,z,p) — p(t,z,p) = 0.
(57y7Q)E[0,T]><1R+><IR+( (s,9,9) — ¢(s,9,9)) ( p) — ¢l P)

Thus, a direct application of the dynamic programming principle derived in
Proposition 8.3 by putting 7 = h (we choose stopping time h as a constant in

(t,T]), we have

V(t,z,p) = o(t,z,p) > gs(sa?up) E (e‘ I th(Xg)duw(th;f’ P,) Xte - p> .
cO(z,p

Applying Ito’s formula to the process e~ wXDduy(s X0 P s € [t,h] and
then rearranging the terms and dividing it by (h — t) in above inequality, we

have

1 P e
0> —F [/ e Ji XG5 X0, P)ds|X{ =2, P, =p|, V0 €O(tp)
- t
(8.45)
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where

2 2

7] g
G(pit,2,p) = = + @1+ KPPy + gy + 10T +

- / —p(@) + ol — 0(2)2) + (e — 00(2)2)00()a] n(d2)

anp
923:290:(:3: + 793329%1)

In (8.45), we let h — t and notice the differentiability of the integral

h
/ (g5, X, P,)ds

t

with respect to h, h € [t,T], and the right continuity of G%(y;s, X?, P,) with

respect to s, s € [t, h], we have
0>G%p;t, X!, P), V0¢cO(xp).

Due to the arbitrariness of 8, and note the fact V (¢, z,p) > U(t,z + &(p)) for
any (t,z) € [0,7] x Ry, we have

2
min {V(t,m,p) —U(t,z+£(p)), CV — @1 — kppp — %

2
sup [uewx + %921’2%@ + %Wﬁxps%p — / [ — (@) + p(z = 0(z)) +
6

oz — Hw(z»ez/z(z)} n(dz)]} >0

Ppp —

which proves that the value process V' is a supersolution.

[t remains to prove the value process V is also a subsolution. For any (¢, z,p) €
[0, T] x R, x R, we let ¢ be a function in C?([0,T] x Ry x Ry )N Cy([0,T] x
IR; x R;) such that V' — ¢ has global maximum at (¢, x,p). Without loss of

generality, we assume

max V(s,y,q9) —o(s,y,q)) = V(t,z,p) — o(t,x,p) = 0.
et o, V@) = els,y,q) = V(L ,p) = olt 2.p)
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For any € > 0, 6 € O(z,p), define the stopping time
T =inf{t <s<T,V(s,X! P) <U(s, X!+ &(P)))} -

Thus, for any h € [t, T], since hA7T¢ < 7€, the dynamic programming principle

stated in Proposition 8.2 implies,

V(t,x,p) = esssup E (e_ B GuXiduy/ (p 7%, X pre, Panes)| X)) = 2, P = p) -
0eB(z,p)
(8.46)

Then, for any ¢ > 0, there exists some strategy 6 € ©(x,p) which depends on
0 and h such that

—0(h —1t)
<E <e’ S Cu(Xﬁ)d%p(T, X0 P — ot x,p)‘Xf =ua, P = p) . (8.47)

Applying Ito’s formula to the process e~ /¢ C“(Xz)d“go(s, X9 P,), s €[t,T], and
noticing that I{s<s} = 1 — {554}, the inequality (8.47) can be improved as

1 h
_6 S ﬁE </ ‘ ft C“(Xg)d“G9<S7 ng’ Ps)ds
- t

1 h
+h—tE (/ _I{S>t5}G6(S>X307PS)dS‘XtQ =T, Pt - p) :
- t

Xte =, Pt = p)
(8.48)

Now, let’s focus on the second term in (8.48). Firstly, by using Hoélder’s

inequality, we derive

‘ -

h
b (/ _I{3>tS}G9(S7X397 Ps)dS‘Xte =, Pt = p)
t

>=

-t

h
< E‘%/ Ge(s,Xf,Ps)dsr\/P(h>t5).
- t
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Meanwhile, we recall the result proved in Lemma 8.3,
P(h>t%) < Ch.
Therefore, by letting h — ¢ and 6 — 0 in (8.48), we have immediately that

—Sup(Ge(t,x,p)) < _Gg(twr?p) < 0.
[

Combining this with the fact that V (¢, z,p) > U(t,z + &(p)), we can conclude

that the value process V' is a subsolution. O

We have verified that the value process (V;)o<i<r is a viscosity solution
of the HIB equation (8.40). It remains to show it is the unique one. We
will prove the uniqueness by the comparison principle of the second-order
integrodifferential PDE. This result is presented in next theorem. Since the
value process (V;)o<i<r has been characterized to be uniformly continuous in
2z and p, uniformly in ¢, it is now enough to show the uniqueness in the set,

UC(z,p), which is a collection of all uniformly continuous functions in = and

p.

Theorem 8.4: Under our assumptions (8.27) and (8.28) on the Lipschitz
continuity of £(x) and U(t,x), let u (resp. v) be a subsolution (resp. su-
persolution) of (8.40) in UC(x,p). If w(T,x,p) < v(T,z,p) for all (z,p) €
IR, x IR, then

U/(t,l‘,p) < U(twrap)? v (t,l’,p) S [07T] X R-l— X R+' (849)

Proof. Remark that it is enough to prove (8.49) for t € (0, T] since the trivial
case of t = 0 will follow immediately by the right continuity.
For any t € (0,7, x,y,p,q € R and 5,¢,a, A > 0, we define a function

— )2 )2
ot,a,y,pq) = b 4 T8 TP d)

. 5% + aeMT V(22 44 + p? + ¢2),
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which is second order differentiable and has second order growth rate in
t,x,y,p,q. For u and v in UC(x,p) defined on [0, 7] X IRy X IR, their mod-
ulus are sublinear and, therefore, have linear growth rate. Thus, the function

O(t,z,y,p,q) defined as

(I)<t7$7y7p7 q) = U‘(t?ajap) - U(t7y7Q) - ¢(t7x7y7p7 Q>

admits an maximum on (0,7] x Ry x Ry x Ry x R,. Let the maximum be
reached at (¢, Z,7,p, ), which is dependent on 3, e, a, A. To see such depen-

dence closely, we notice that
o(t,z,z,p,p) + (L, 9,9,4,q) <22, 2,9,p,9)
which, after simplification, is

—u(t,y,q) +v(t,z,p) —v(t,7,q)

Thus, due to the uniformly continuity of u(¢,z,p) and v(¢,x,p) in (z,p), uni-
formly in ¢, there exists 5 > 0 such that

(T — )%+ (p— §)* < min(ed, ). (8.50)
Therefore, when € — 0, we have (Z,p) — (7, q). Furthermore, due to
®(T’ O? 07 07 O) S (D(i7 f’ g’ﬁ? Q)

we have

ST+ +p+P) <CA+z+75+p+ ).

This fact conflicts with their growth rates, which implies that z,%,q,q are
bounded by some constant depending on a. Thus, for the sequence (¢, z,y, p, q)

parameter ¢, by sending ¢ — 0, there exists a subsequence converging to

(t0, %0, Y0, Do, 9o)-
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where in the last inequality, we have used the condition that w(7,z,p) <
v(T, Z,p). Recall the dependence of (T, Z, ¢, p, §) on € in (8.50), we let 3, &, —
0 in (8.51). Thus, the uniformly continuity of v implies

u(t, z, p) < o(t,z,p).

We now focus on the case ¢ € (0,7T), which allows us to apply directly Theorem
9 in [21]. It states that there exist mi, my € R and 2 x 2 matrix M, N such
that

(m1, Dopo (8, 2,9, 7,7), M) € P> u(t, z,p), (8.52)
(ma, Dyyo(t,,9,9,q), N) € P> (—v(t,9,q)), (8.53)
and satisfies
a ~ _
my +my = —f(t,:c,y,p, q) = —t% — 2T + 7 + 57+ G (8.54)
M 0 D? i,’,’,’,’ 0
( >§<xp¢(xypcﬁ o ) (8.55)
0N 0 Dy, 0(t,2,9,P,q)

Recall the formulation of viscosity solution in Lemma 8.2. For the subsolution

u € Cy , there exists ¢; € C? such that (I omit the dependence of my, ¢ and

M on (t,2,p,7,7))

min {u(f, z,p) — UG, 7,p), GE, 2, B, u, 1, m1, Dapb, M)} <0.  (8.56)
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G(ﬂjap?ua ©1, m17Dxp¢7 M) = gu(l T p) —my — Sup(Ae(iajja[% Dxp¢7 M)

:E,
0
+ B)_(t,z,p,¢1(1,2,p)) + By, (I, Z,p, Dopo, u(l, T, p))).

For the supersolution v € (5, we have
(—ma, =Dyt 7,5,7,0), —N) € P>~ v(1,7,q)
such that there exists ¢, € C? 2
min {0(£,5,9) = U(F.5,0), G(E, 5,4, v, 02, =2, — Dy, —N) } > 0. (8.57)

Combining (8.57) and (8.56) and noting one simple fact that min{a,b} <

min{c,d} — a < c or b <d, we have two cases: either

u(t,z,p) = U(t,2,p) < v(t,9,9) — U(t,9,9), (8.58)
or,
G(ﬂ j7ﬁ7 u, 1, M, pr¢7 M) S G(ﬂ ga Q7 vV, ©2, =M, _qu(b? _N> (859)

For the first case in (8.58), recall the Lipschitz continuity of U and & and the

result in (8.50), we have
u(t, z,p) — v(i, 4,q) < Cmin(ed, ).

Also, recall that the function ¢(¢, z, y, p, q) reaches its maximum at (¢, Z, 7, p, q),
thus, for any (¢, z,p) € [0,T] x Ry x Ry,

u(t7 x7p) - /U<t7 wﬂp) S _¢(i7 i‘? g?ﬁ? Q> + Cmin(€g7 N)'

Zwe omit the dependence of may, ¢ and N on (¢, 7,5, %, q)
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By sending ¢, 5, — 0, we have

u(t, z,p) < o(t,x,p).

For the case in (8.59), we rearrange the terms and recall the result in (8.54),

meanwhile, note one simple fact that sup(a + b) < sup(a) + sup(b), we have

Cu(t, z,p)—v(t,5,q) + té AT N B4+ P+ P*+ ) < L+ L+ I3 (8.60)

. . 1/e + 2aeMT=0) —1/¢
D?g ¢(t,i’,@,]§,(})=D2 gﬁ(t,f,g,ﬁ,Q): ,
" . —1/e 1/e + 2aeT1)

For Iy, recalling the boundedness of §, we have

79+ (P-4
9

L <0y

2 ,
) +CzaeA(T—t)(j2+g2_’_p2+q2)‘

For I, recalling what we have discussed before in (8.39), both of BY_ and Bf,

are bounded uniformly in 6, thus

0—0
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For I3, we combine the two integrals and calculate its integrand,

Bg-f—({;a jvpa Dxp¢> u(ia 'Tvp)) - Bg-&-(ﬂ ga Cja _qu¢7 /U(i? ga Q))
—/ H(z,0,u,v)n(dz
{l=>6}

Due to the boundedness of § and the assumption (8.30) on ) and (8.33) on ¢,

we have

-9+ ((—-7)?

/ H(z,0,u,v)n(dz) < Cy +C0 T (F 4 P15+ )
{|z[=0}

Since the function ®(¢,x,y, p, q) has its maximum at (¢, Z, 9, p, ), we have
(t, x,x,p,p) <O, 2,9,p,q) <u(t,z,p) —v(t,9,q), Y (t,z,p)

By applying the inequality in (8.60) and after some simplifications, this implies

1 A ;
5+2Q6A(T—t)x2+_(II_HQ_H?))__aeA(T—t)(j2+g2+p2+q2)

u(t,z,p)=v(t,z,p) < & ¢ ¢

Let ¢ — 0 and recall that (¢, %, Z,p,p) — (to, Zo, Yo, Po, o) Which may depend

on «, thus,

2 _
u(t,z,p) — v(t,z,p) < g + 20X g2 4 Tae“T‘”(C — A\)(25 + 1)
We choose \ > C' and let ,a — 0, it yields

U(t, ZL‘,p) < U(ta :E,p)
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The uniqueness of the viscosity of the HJB equation (8.40) associated with
the terminal condition (8.41) is straightforward by using above theorem. Pre-

cisely, assume that u; and uy are two viscosity solutions of (8.40) satisfying

u (T, z,p) = uo(T,z,p) = U(T,2,p), V (z,p).

They are both subsolutions and supersolutions. Then, by applying Theorem
8.4, we have both u; < us and us < uq, hence, u; = us.
O
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