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A B S T R A C T

Three factors can jeopardize the stability of haptic virtual environ-

ments (HVE)s and teleoperation systems: (a) delayed communica-

tion channel, (b) controller discretization and (c) active operator

intervention. This thesis studies the stability of these systems and

investigates the simultaneous effect of all three de-stabilizing fac-

tors via a proposed unified framework. The conditions that ensure

the stability of these systems are derived and reported. This thesis

also addresses the stability problem in the context of teleoperation

systems in the four-channel architecture in a passivity-based frame-

work. While it is assumed that the teleoperation system operates

in continuous-time and the terminations are passive, the commu-

nication delay is compensated for and the stability conditions are

derived.
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1
I N T R O D U C T I O N

German philosopher and psychologist Max Dessoir was the first to
propose the term haptic to comprehensively encircle all different
aspects of sense of touch and its study [26]. Haptic technology re-
lates to a technology that interfaces with a user through the sense of
touch. Many applications of haptic enabled interfaces can fall into
two main categories: Haptic Virtual Environment (HVE) systems,
and Teleoperation systems. A single-user HVE system consists of a
human operator and a virtual environment and a haptic interface
that acts as a link between them and conveys a kinesthetic sense of
presence in the virtual environment to the operator. Surgical sim-
ulation [5, 50, 59, 72], VR-based gaming [9, 52], and telerehabilita-
tion [14, 34, 60] are only a few applications of HVE systems. A tele-
operation system comprises of a human operator interacting with
a master robot, thus remotely controlling a slave robot to perform a
task in a remote environment. Ideally, from a performance perspec-
tive, the slave robot exactly reproduces the master’s position trajec-
tory while the master robot reproduces the slave-environment con-
tact force for the human operator; this is called bilateral teleopera-
tion. Bilateral teleoperation has applications including telesurgery
and remote underwater and space exploration. Surveys on bilateral
teleoperation can be found in [3, 58, 64].

1.1 thesis organization and synopsis

The main focus of this dissertation is the analysis of stability of
HVE and teleoperation systems. Stability is a vital issue and can be
jeopardized due to several factors. Here, we narrow the research to
three main factors: controller discretization, communication chan-
nel delay and operator and/or environment activity. The following
presents a brief summary of each chapter in this thesis and how
they are connected to each other.

Chapter 3 investigates the stability of HVE systems. An HVE sys-
tem is a sampled-data system in the sense that it includes a virtual
environment simulated in a digital computer while the human op-
erator and the haptic interface are actual physical systems. For this
sampled-data, system a stability criterion is given under delayed
communication channel and also while allowing the operator to

1



1.2 contributions of the thesis 2

behave actively. The proposed stability criterion is verified through
simulations and experiments involving a Phantom Premium 1.5A
robot.

In the study of bilateral teleoperation systems stability, two ap-
proaches have been taken in this dissertation. Chapter 4 studies the
stability in the context of a sampled-data teleoperation system. It
gives a criterion for stability of the teleoperation system when the
controllers are modeled by discrete-time systems while the rest of
the system is in continuous-time. This stability analysis considers
communication delay and active operator/environment. The pro-
posed stability criterion is verified through simulations and experi-
ments involving a pair of Phantom Premium 1.5A robots.

In Chapter 5, the stability of bilateral teleoperation systems is
studied when the entire system is assumed to operate in continuous-
time. A passivity-based stability criterion is given for a bilateral
teleoperation system under the general four-channel (4CH) archi-
tecture. The delay in the communication channel is compensated
for via wave operation blocks. Also, the stability of 4CH trilateral
teleoperation systems is investigated under the architecture pro-
posed in [39].

Finally, the conclusions are discussed in Chapter 6. Also, in this
chapter directions for future work are proposed. These include ex-
tension of the proposed framework for HVE systems to the case
where the robots have more than one degree of freedom. For the
bilateral teleoperation system in the sample-data approach, the fu-
ture work can be the extension to the 4CH architecture. Another
extension in both sample-data and continuous-time approaches is
to consider multilateral teleoperation systems in the presence of
both active terminations and delayed communication channel.

1.2 contributions of the thesis

In Chapters 3 and 4, the main contribution is the proposed unified
framework using which stability can be investigated in the pres-
ence of both delay and active operator/environment while consid-
ering the sampled-data nature of HVE and bilateral teleoperation
systems. Although the stability of sampled-data HVE systems have
been studied extensively in the literature, the effect of active oper-
ator has been neglected. The assumption of operator passivity is
not always valid and much depends on the task being performed
by the operator. This proposed framework enables us to study the
stability of both HVE and bilateral teleoperation systems in the
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presence of active terminations (operator or environment). Another
advantage of this framework over previously proposed methods is
that it can be easily applied to m-user HVE systems where m ≥ 2.
This framework also enables us to compare the relative effects of
delay, sampling and activity on the stability of HVE and bilateral
teleoperation systems. For instance, in the context of sampled-data
HVE systems, it has been shown that the effect of communication
time-delay on jeopardizing the stability is twice the effect of the
sampling period.

Previous studies in the literature tend to model the teleoperation
systems via 2-port (teleoperator) and 1-port (operator and environ-
ment) networks to address the stability using the physical inter-
pretation of system passivity. In Chapter 5 we propose a transfer
matrix based approach to modeling and stability analysis which is
easier to follow compared to traditional two-port network based
passivity analyses and requires no need for physical interpretation
of the signals that are involved in a delay-compensated 4-channel
teleoperation system.

In the literature, the passivity-based stability analysis for a de-
layed teleoperation system under 4CH architecture has mostly been
narrowed down to only compensating for the delay in the commu-
nication channel while assuming the rest of the system is passive.
In Chapter 5, we show that although the master and slave robots
are passive systems, when combined with their controllers the pas-
sivity may be jeopardized, thus a set of conditions imposed on the
controllers are derived.



2
B A C K G R O U N D

In recent years, haptic interfaces have been successfully integrated
into a wide range of fields. The many applications of haptic inter-
faces can fall into two wide categories: haptic virtual environment
systems and teleoperation systems. In Section 2.1, we start with
a brief overview of haptic virtual environment systems and their
applications in recent years. In Section 2.1.1, the passivity and ab-
solute stability of single and multi-user virtual environment sys-
tems are briefly discussed. In Section 2.2, a brief overview of bilat-
eral and trilateral teleoperation systems is given, followed by their
contemporary applications. In Section 2.2.1, common controller ar-
chitectures for bilateral and trilateral teleoperation systems are dis-
cussed. Then, stability and absolute stability of bilateral and trilat-
eral teleoperation system are discussed in Section 2.2.2. Finally a
brief introduction is given to the main three chapters of this thesis.

2.1 haptic virtual environment systems

A haptic interface acts as a link between a human operator and a
virtual environment and conveys a kinesthetic sense of presence in
the virtual environment to the operator. Collaborative haptic inter-
action has gained great attention in recent years both in gaming
and medical applications [19, 25, 63, 74]. As an application exam-
ple, virtual reality (VR) based surgical simulation has opened up
new opportunities in medical training and education. The surgeon
is provided with both a scene of modeled organs on the computer
screen and haptic feedback at the tool handle of the haptic interface.
Scheduling various training situations, repeating identical training
scenarios, and tracking surgical gestures for future evaluation or
replay are only a few advantages of VR-based, haptics-assisted sur-
gical training over the traditional training methods. As another ap-
plicaton, VR-based gaming has received massive attention in rela-
tion to adding the sense of touch for bringing more realistic feeling
to users. It is well-known that gaming experience has four aspects:
physical, mental, social, and emotional [57]. Haptic feedback im-
proves emotional and mental aspects while enhancing the physical
feeling sensed by the player, making the game more immersive and
realistic.

4



2.1 haptic virtual environment systems 5

Another emerging application of haptic virtual environment sys-
tems is in telerehabilitation. According to the World Health Orga-
nization, by the end of 2050 a 73 and a 203 percent increase will be
seen in the number of persons over 65 in industrialized countries
and worldwide, respectively. People in this age range are particu-
larly prone to stroke, since the relative incidence of stroke doubles
every decade after age 55. Stroke is the leading cause of perma-
nent disability in industrialized nations. In addition to stroke, other
age-related diagnoses such as orthopedics and arthritis will likely
increase. Therefore, rehabilitation facilities must keep pace with
these changes by providing effective, less costly services. Robotic-
assisted and VR-assisted telerehabilitation have received huge at-
tention in recent years since they provides innovative, interactive,
and precisely reproducible therapies that can be performed for an
extended duration and implemented remotely from hospitals.

Collaboration is possible through a shared virtual environment
with which operators interact through their haptic interfaces. The
common architectures for creating shared virtual environments (SVE)
over the Internet are [81]:

• Server-Client (Hierarchical): A single virtual environment runs
on a server and clients pass local information to the server.
The server updates the virtual environment and sends graphic
and haptic (force command) updates to the clients.

• Peer-to-Peer: Each client runs its own virtual environment.
The clients update their own graphics and haptic loads and
exchange the local updates with each other.

A few implementations of the client-server architecture in creating
SVEs in telerehabilitation applications can be found in [14].

2.1.1 Stability in HVE Systems

The stability and passivity of single-user HVE systems have been
studied extensively in the literature. Assuming that the operator is
passive, conditions on the controller (the virtual coupling between
the operator and the virtual wall) are reported for ensuring passiv-
ity and absolute-stability of single-user HVE systems. As described
later, this operator passivity assumption may be violated depend-
ing on the task being performed. A thorough introduction on this
topic is given in Section 3.2.

Stability analysis in the context of multi-user HVEs depending
on the architecture chosen, server-client or peer-to-peer, may take
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different approaches. In [74], a multi-rate control strategy is pro-
posed for multi-user haptic cooperation under server-client archi-
tecture. In [19], for both server-client and peer-to-peer architectures,
stability conditions are derived.

In this thesis, because of rising applications of cloud computing
designed under the client-server architecture, the stability analysis
for the multi-user HVEs is done under the client-server architec-
ture.

In Chapter 3, the stability of both single-user and multi-user HVE
systems are studied, and using a unified framework, the conditions
for ensuring stability are derived.

2.2 teleoperation systems

A teleoperation system consists of human operator(s) interacting
with master robot(s) in order to extend the human operator’s sens-
ing and manipulation capability to remote site(s) [3, 55, 58, 62]. The
many applications of teleoperation systems are in handling haz-
ardous materials [73], undersea and space manipulation [20, 76],
mobile robotics [48], remote delivery of health care [31] including
tele-surgery [49], etc. Basically, when the task environment is haz-
ardous, has a large distance from the operator or has a considerably
different scale compared to the human hand’s natural range of mo-
tion, a teleoperation system can be useful.

The first teleoperation system was developed in 1945 in order to
handle hazardous materials remotely [65]. Soon after landing on
the surface of the moon in 1966, the research in teleoperation sys-
tem boosted vastly and motivated the need for dealing with time
delay in the communication channel between the master and the
slave robots. Delay causes instability and the need to design sta-
ble teleoperation systems which can handle time-varying commu-
nication delay has been felt by researchers. Since 1980’s, control
systems theory has influenced the theoretical and controller de-
sign aspects of teleoperation systems in the presence of delay [53].
To deal with delay, in 1990, Bejczy and Kim proposed a predic-
tive display where the human operator was able to see the slave-
sides response in a predictive manner [10]. Since 1990’s, with the
use of Internet as communication channel, time-varying delay and
packet loss in the channel had to be considered [54]. Recent ad-
vances in teleoperation systems has made remote surgery possible.
In 2001, a surgeon in New York, U.S., performed a robot-assisted
minimally invasive surgery in which he remotely removed gall-
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bladder of a patient in Strasbourg, France, using a ZEUS surgical
robot [12, 21].

2.2.1 Controllers for Teleoperation Systems

Three common control architectures for bilateral teleoperation sys-
tems are:

• position error-based (PEB) control architecture in which the
position of each robot is transmitted to the opposite robot in
the teleoperation system.

• direct force reflecting (DFR) control architecture where the
position of the master robot is sent to the slave robot and
contact force of the slave/environment is transmitted to the
master robot.

• 4-channel (4CH) architecture where both positions and forces
of the master and the slave are transmitted to the other end
of the teleoperation system [46, 75].

The possible control architectures for a trilateral teleoperation
system consisting of two master robots for two operators and one
slave robot to perform a task on an environment are:

• force-position: A weighted sum of positions of the two mas-
ter robots is sent to the salve robot while the force of con-
tact between the slave and environment is sent back to the
master robots. The force feedback to each master robot is a
weighted sum of the environment contact force and the other
operator’s hand force applied to his/her master device. The
weights are specified by a dominance factor, α, which deter-
mines the supremacy of each user over the slave [41].

• position-position: A weighted sum of positions of the two
master robots is sent to the slave robot while position of the
salve robot is sent back to the master robots. The position
for each master robot is a weighted sum of the slave position
and the other master device’s position. Again the weights are
specified by a dominance factor, α [40].

• 4-channel (4CH): The desired position and force for each robot
are a weighted sum of positions and forces of the other two
robots, realizing a four-channel multilateral shared control ar-
chitecture. The weights are again specified by a dominance
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factor, α, which determines the supremacy of each user over
the slave [39].

In the design of teleoperation system controllers, two objectives
are to be met. First, the system stability must be ensured in the
sense that all the signals within the system must be bounded. Sec-
ond in a bilateral teleoperation system, positions/forces of the mas-
ter and the slave should be similar, meaning that the human oper-
ator should receive an undistorted perception of the environment
properties – this is called transparency and is a performance mea-
sure. There is a tradeoff between transparency and stability of tele-
operation systems [18,46]. The best transparency is achieved by the
least-conservative stabilizing controller [28].

2.2.2 Stability and Passivity in Teleoperation Systems

Since the dynamic parameters of human operators are largely un-
known, and the dynamic parameters of environments are also usu-
ally uncertain, time-varying and/or nonlinear, analyzing the closed-
loop stability of teleoperation systems using conventional stability
analysis methods is not possible. In order to overcome this prob-
lem and stabilize the system in spite of unknown models for hu-
man operators and environments, two main approaches have been
proposed in literature: passivity-based stability analysis and abso-
lute stability analysis. For a bilateral teleoperation system in both
approaches the system is modeled as three main blocks two of
which are 1-port networks (human operator an environment) while
a 2-port network block represents the teleoperator. The combination
of the master robot, the communication channel, the slave robot
and local controllers is defined as the teleoperator. The concern
in passivity-based stability analysis is to to ensure that teleoperator
does not generate any net energy. If so, with the assumption of hav-
ing a passive human operator and a passive environment, the over-
all teleoperation system will be passive (the concatenation of three
passive blocks is passive). Absolute stability, on the other hand, is
concerned with the stability of the overall teleoperation system for
any passive or otherwise arbitrary operator and environment.

In the stability analysis of teleoperation systems in the litera-
ture, the entire system is assumed to be in continuous-time. While
the human operator, the environment, and the robots operate in
continuous-time, the controllers involved in teleoperation system
are implemented via discrete-time components, we cannot neglect
the discrete-time nature of the controller and the energy leaks caused
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by the Zero-Order-Hold (ZOH) [47,70]. The ZOH also accounts for
half-sample delay (distinct from the communication channel delay)
and has energy-instilling effects [4, 24, 47]. In our work, to fully ac-
count for the continuous-time and the discrete-time nature of var-
ious signals in the stability analysis of a teleoperation system, a
sampled-data analysis is applied (Chapter 4).

The stability analysis of delayed teleoperation systems is usually
meant to passify the communication channel and assumes that the
rest of the system is passive. In reality, however, passifying the com-
munication channel alone does not guarantee the stability of the
entire teleoperation system. The reason for this is that although the
master and slave robots by themselves are passive, when combined
with their corresponding controllers their passivity will no longer
be guaranteed. The detailed stability analysis of delayed 4CH bilat-
eral and trilateral teleoperation systems while examining the effect
of local controller on the passivity of robots are provided in Chap-
ter 5.



3
S TA B I L I T Y O F S A M P L E D - D ATA , D E L AY E D
H A P T I C I N T E R A C T I O N I N A V I RT U A L
E N V I R O N M E N T U N D E R PA S S I V E O R A C T I V E
O P E R AT O R

3.1 summary

This chapter studies the absolute stability of a sampled-data, m-
user haptic virtual environment (HVE) system based on the discrete-
time circle criterion. Depending on the task being performed by an
operator, the passivity of the operator is influenced. We provide a
framework for the system stability analysis in which the operators
are allowed to exhibit passive or active behavior. In this chapter,
the well-known Colgate’s stability condition for a 1-user haptic sys-
tem with a passive operator is reproduced and then extended to
the m-user case while allowing each or all of the operators to be-
have actively. Another extension to Colgate’s condition comes by
allowing communication delays to exist in the system. Simulations
and experiments confirm the validity of the proposed conditions
for stability of sampled-data, m-user HVE systems.

3.2 introduction

A haptic interface acts as a link between a human operator and a
virtual environment and conveys a kinesthetic sense of presence
in the virtual environment to the operator. The combined system
is sampled-data as it includes a virtual environment simulated in a
digital computer and a human operator and a haptic interface that
are actual physical systems. For this system, stability is a prime
concern because it may be jeopardized by the discrete-time sim-
ulation of the virtual environment due to its inherent sampling
effects. Investigations done on energy leaks caused by the sample-
and-hold in sampled-data haptic interaction has shown that a zero-
order-hold (ZOH) accounts for a half-sample delay and has energy-
instilling effects [69]. To qualitatively explain this, consider haptic
interaction with a finite-impedance virtual object where the inter-
action forces are sampled and fed back to the user. As the virtual
object is penetrated by the virtual tool, the sampled forces will be

10
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less than the real forces during each sampling intervals, resulting
in the forces reflected to the user to be too low. By contrast, as the
virtual tool moves out of the object, the reflected forces will be too
high compared to reality. Thus, the user’s legitimate expectation
that a passive object would not generate energy is violated. Indeed,
as the user utilizes the haptic device to probe the virtual object by
pushing and letting go of the user interface, the energy-instilling
sampled-data coupling presents the object to the user as one emit-
ting energy and causing vibrations, an effect never observed when
touching the same object directly by hand.

3.2.1 Literature Survey

A number of authors have considered the issue of stability in sampled-
data haptic interaction in the virtual space. Minsky et al. [51] were
the first to study this problem. As shown in Figure 3.1, they consid-
ered a continuous-time model of a one degree-of-freedom (DOF)
haptic device interacting with a discretely-simulated virtual wall.
The robot (haptic interface) was modeled as a mass m and a damp-
ing b connected to the virtual wall by a virtual coupling (digital con-
troller) modeled by a stiffness K. In their study, system instabilities
were attributed to the time delay introduced by the hold operation;
in fact, the hold operation is absent from Figure 3.1 because it was
replaced by a time delay of one sampling period T approximated
by a second-order Taylor series expansion. It was shown that the
system in Figure 3.1 is stable if

b > KT (3.1)

They argued that the above condition is approximate and in re-
ality there is a constant C approximately equal to 1/2 for which
b > C ∗ KT is the true stability condition. Also, they showed via ex-
periments that with the operator’s mass mh, damping bh and stiff-
ness kh, and with a virtual damping B complementing the virtual
stiffness K, the stability condition will become

B + b + bh >
(K + kh)T

2
(3.2)

A more rigorous examination of stability was performed by Col-
gate and Schenkel [15]. They again considered a 1-DOF haptic in-
terface to derive necessary and sufficient conditions under which a
sampled-data haptic display system would exhibit passive behav-
ior. For a common discrete-time implementation of the virtual en-
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Figure 3.1: A continuous model for a single-user HVE system
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Figure 3.2: A single-user HVE system

vironment composed of a spring and a damper in parallel as in
Figure 3.2, which is essentially a discrete-time PD controller, the
necessary and sufficient condition for passivity and absolute stabil-
ity1 of the sampled-data HVE system was derived as

b >
KT
2

+ B (3.3)

This result shows that some physical dissipation in the haptic in-
terface (i.e., b > 0) is essential to achieving passivity and absolute
stability. On the other hand, high robot damping causes poor per-
formance. The upper limit on the environment stiffness imposed by
the stability condition implies that in order to implement a highly
stiff, dissipative wall constraint, it is imperative to lower the sam-
pling period T as much as possible. Another approach to the sta-
bility analysis of a similar HVE system was provided by Gil et al.
In [22], using the Routh-Hurwitz criterion, the closed-loop stability
problem of the 1-DOF HVE system was addressed directly; this is
distinct from the absolute stability and passivity analysis in [15].

1 Since the human operator model is unknown, there is interest in absolute stability
and passivity methods instead of conventional stability method. A common as-
sumption in absolute stability and passivity methods is that the operator behaves
passively.
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The environment was modeled as a virtual spring and damper in
mechanical parallel and the stability condition was derived as

b + B >
KT
2

(3.4)

The above condition was shown to be valid only for low values of
the virtual damping B. Comparing Colgate’s and Gil’s condition, it
is easily seen that the passivity criterion is more conservative than
the stability criterion. As for the human operator model, it has been
argued in [22], [32] and [16] that the operator only contributes posi-
tively to stability (i.e., the absence of a user amounts to a worst-case
scenario for stability) as long as it is passive, thus the operator ef-
fect is neglected in the stability analysis; note that the operator is
simply modeled as an external input force fh. However, as men-
tioned later, passivity of the operator is case-dependent and that is
why that in this chapter we will introduce a new method that will
allow us to account for active operators as well

The stability of time-delayed HVE systems has been inspected
in [33], once again assuming that the operator is passive and that
the virtual damping B is small. For a delay td, which can be the sum
of several effects (computations, communications, etc), the stability
condition was found to be

K <
B + b
T + td

(3.5)

The passivity of the operator is simply a convenient assumption
used in all of the above work for stability analysis of a teleoper-
ation system independent of the typically uncertain, time-varying
and/or unknown dynamics of the operator. However, given that
the operator voluntarily manipulates the master robot and thereby
has the capacity to inject energy into the teleoperation system, this
assumption may not always be valid depending on the task. Ac-
tive behavior of the operator in a haptic system has been reported
in [17]. In this chapter, a discrete-time circle criterion based frame-
work to find the stability condition for a sampled-data, delayed hap-
tic system for passive or active operator is proposed. This chapter
derives Colgate’s stability condition for passive operator in a new
and simplified way and extends it to the case of an active operator.
Also, while because of the nature of Colgate’s or Gil’s methods, it
is difficult to extend them to multiple-operator collaborative HVE
systems, our proposed method is easily extended to the m-user
case where m ≥ 2. The many applications of multi-user collabo-
rative HVEs in surgical training [77, 78], telerehabilitation [79, 80],
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gaming [81, 82], etc. have been reported in literature. This chapter
studies the stability of multi-user HVEs based on the client-server
architecture (see Section 2 for client-server architecture). When con-
sidering client-server architecture, we should also account for the
transmission delay of the visual and haptic commands. With this
another extension to Colgate’s stability condition comes by allow-
ing communication delays to exist in the system. The rest of the
chapter is organized as follows. Section 3.3 provides mathemati-
cal preliminaries required for the rest of the chapter. Section 3.4 is
divided into two subsections 3.4.1 and 3.4.2. In Section 3.4.1, for
the single-user haptic system in Figure 3.5a, stability conditions
for both passive and active operators as well as under delayed or
non-delayed channels are derived. In Section 3.4.2, a model for a
sampled-data, m-user collaborative HVE is proposed and its stabil-
ity conditions is derived. In Section 3.5, the simulation results are
described. Experimental results are presented in Section 3.6 and
Section 3.7 presents the conclusions.

3.3 mathematical preliminaries

Definition 3.3.1. The output of a sampler can be represented as a Dirac
comb weighted by the sampled signal, i.e.,

x∗(t) =
∞

∑
k=0

x(kT)δ(t− KT)

and the representation of the sampled signal in the Laplace domain is

X∗(s) = Lx∗(t) =
∞

∑
k=0

x(kT)e−skT (3.6)

The z-domain equivalent of (3.6) is

X(z) = Zx∗(t) = X∗(s)|s= 1
T lnz

Definition 3.3.2. [44] The memory-less system

y = h(t, u)

is passive if

uTy ≥ 0

Otherwise, it is active.
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Lemma 3.3.1. [44] The LTI minimal realization

x(i + 1) = Ax(i) + Bu(i) (3.7)

y(i) = Cx(i) + Du(i) (3.8)

with G(z) = C(zI − A)−1B + D is

• passive if G(z) is positive real;
• strictly passive if G(z) is strictly positive real.

Definition 3.3.3. [44] An m×m proper rational transfer function ma-
trix G(z) is positive real if

• poles of all elements of G(z) are inside or on the unit circle
• for all real ω for which ejω is not a pole of any element of G(z), the

matrix G(ejω) + GT(e−jω) is positive semidefinite, and
• the poles of any element of G(z) on |z| = 1 are simple and the

associated residue matrices of these poles are positive semidefinite.

Definition 3.3.4. [44] Let A be a Hermitian symmetric matrix. A is
positive semidefinite, if all its leading principle minors are non-negative.
We say that A is positive definite if all its leading principle minors are
positive.

Definition 3.3.5. Consider a system with input u(t) and output y(t). If
there exists constant β such that for all t ≥ 0,∫ t

0
y(τ)u(τ)dτ ≥ β + δ

∫ t

0
u(τ)u(τ)dτ (3.9)

then for δ > 0 the system is input strictly passive (ISP) with excess of
passivity (EOP) of δ [13], [29]. For δ < 0, the system is active with
shortage of passivity (SOP) of δ.

Passivity of an LTI system is equivalent to having the system’s
Nyquist diagram entirely in the right half plane Figure 3.3a. The
Nyquist diagram of an ISP system with transfer function G(s) and
EOP of δ > 0 is in the right hand side of the vertical line at δ,
i.e. <G(s) ≥ δ (Figure 3.3b). Similarly, for a non-passive transfer
function G(s) with SOP of δ > 0 the Nyquist diagram is in <G(s) ≥
−δ (Figure 3.3c).

Theorem 3.3.1. [45] Consider a sampled-data multivariable control sys-
tem that consists of an LTI system in the forward path and the nonlinearity
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Figure 3.3: Nyquist diagrams of (a) a passive system, (b) an ISP system
with excess of passivity of δ, (c) an active system with shortage
of passivity of δ
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Figure 3.4: The model of a sampled-data feedback system with LTI sys-
tem G in the forward path and the nonlinearity φ = φ(y) in
the feedback path

φ = φ(y) in the feedback path as shown in Figure 3.4. Such a system can
be presented by the difference equation

x(i + 1) = Ax(i)− Bφ(y) (3.10)

y(i) = Cx(i), y ∈ Rm (3.11)

φ(y) = [φ1(y1), φ2(y2), ..., φm(ym)]
T (3.12)

If there exists K = diag(k1, ..., km) > 0 such that

K−1 + C(zI − A)−1B (3.13)

is positive real then G(z) is absolutely stable for any φ satisfying

φ(0) = 0, 0 < yiφ(yi) ≤ y2
i ki (3.14)

Thus, the sampled-data system (3.10)-(3.12) will be stable. For a passive
φ, ki → ∞ and condition (3.13) will change to G(z) being positive real.
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3.4 stability analysis of haptic virtual environments

This section comprises of two subsections. In Section 3.4.1, the sta-
bility of the single-user 1-DOF HVE system in Figure 3.2 is studied.
When there is no delay, Colgate’s stability condition is arrived at
using the proposed framework and based on the discrete-time cir-
cle criterion in Theorem 3.3.1. Also, the stability condition in the
presence of delay is derived. In both cases, the effect of an active
operator on the stability condition is studied. Later in Section 3.4.2,
a multi-user 1-DOF HVE system is considered and for both non-
delayed and delayed cases the stability condition is derived while
accounting for possible operator activity.

3.4.1 A Sampled-Data Single-User HVE System

In this section two methods for stability analysis of single-user HVE
systems are provided. The first method is the based on discrete-
time circle criterion and is the proposed method in this thesis and
is explained in Section 3.4.1.1. In Section 3.4.1.2 the previously pro-
posed method in [15] is extended to the cases where the commu-
nication time-delay can exist in the system while the operator is
allowed to behave actively. It is shown that both methods result in
the same stability conditions for single-user HVE systems.

3.4.1.1 Discrete-Time Circle Criterion Based Method

The block diagram of the single-user HVE system in Figure 3.2 is
shown in Figure 3.5a, where Zh(s) is the unknown human operator
model and H(z) is the known discrete-time model of the environ-
ment (i.e., the digitally-implemented virtual coupling between the
haptic interface and the virtual wall). As before, the haptic interface
is a rigid manipulator and is modeled as a mass m and a damper b.
The input and output of H(z) pass through a sampler and a ZOH
with a sampling period of T, respectively. Simple manipulations in
the block diagram in Figure 3.5a will result in the one in Figure 3.5b.
The equations governing the resulting system in Figure 3.5b will be

fh − u = bvh (3.15)

xh =
vh

s
(3.16)

u∗ = z−nH(z)x∗h (3.17)
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With the assumption that n = td/T is an integer (td represents the
communication delay), the discrete-time equivalent of (3.15) is

f ∗h − u∗ = bv∗h

and with the help of (3.17) we get

f ∗ − z−nH(z)x∗h = bv∗h

The above can be written in the z-domain as

F(z)− z−nH(z)Xh(z) = bVh(z)

where

Xh(z) = Z{
vh

s
}

It is important to note that Z{ vh
s } 6= Z{

1
s }Vh(z). To be able to

derive the transfer function from fh to vh, we need to approximate
Z{ vh

s }. We can do so based on one of the following approximation
methods:

• Forward Difference

xh(kT + K) = xh(kT) + Tẋh(kT) Z−→ zXh(z) = Xh(z) + TVh(z)

=⇒ Xh(z) = T
z−1 Vh(z)

• Backward Difference

xh(kT) = xh(KT − T) + Tẋh(kT) Z−→ Xh(z) = z−1Xh(z) + TVh(z)

=⇒ Xh(z) = Tz
z−1 Vh(z)

• Tustins Transformation

xh(kT + T) = xh(kT) + Tẋh(kT) + (ẋh(kT + T)− ẋh(kT)) T
2

Z−→ zXh(z) = Xh(z) + TVh(z) + (zVh(z)−Vh(z)) T
2

=⇒ Xh(z) = T
2

z+1
z−1 Vh(z)

In previous related works [15, 23, 32, 33] the impedance of the en-
vironment in the z domain has been approximated as H(z) =

K + B(z−1)
Tz and, we will use the same model. In the following, we

consider four cases for operator passivity and communication de-
lay.
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Figure 3.5: Model of a 1-DoF sampled-data HVE system

passive operator , no delay Assuming that td = 0, depend-
ing on which approximation is chosen, the f to v mapping will be
one of the following:

Fh(z) = bVh(z) + (K +
B(z− 1)

Tz
)

T
z− 1

Vh(z) = G−1
1 (z)Vh(z)

Fh(z) = bVh(z) + (K +
B(z− 1)

Tz
)

Tz
z− 1

Vh(z) = G−1
2 (z)Vh(z)

Fh(z) = bVh(z) + (K +
B(z− 1)

Tz
)

T
2

z + 1
z− 1

Vh(z) = G−1
3 (z)Vh(z)

The above correspond to forward difference, backward difference
and Tustin approximations, respectively. Based on Theorem 3.3.1
for m = 1, since Zh(s) + ms is passive, the system in Figure 3.5b
is stable if G(z) is positive real. Based on Lemma 3.3.1 and using
the fact that passivity of G(z) is equal to G−1(z) being passive [6],
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the stability of the system is ensured if G−1(z) is positive real. The
first condition for positive realness of G−1(z) is satisfied since it
can be clearly seen that the poles of G−1

i (z), i = 1, 2, 3, lie inside
or on the unit circle. Since z = 1 is a simple pole and its residue
for each G−1

i (z) is positive semidefinite, KT, the only remaining
condition to check is the second condition in the Definition 3.3.3,
which for m = 1 will reduce to <{G−1

i (z)} ≥ 0. In this way, the
conditions for stability of the single-user HVE system based on the
three approximations are found as follows:

b >
KT
2
− B cos(ωT) (3.18)

b +
KT
2

+ B > 0 (3.19)

b + B
1 + cos(ωT)

2
(3.20)

From (3.18)-(3.20), the worst-case condition is (3.18). In turn, (3.18)
assumes its worst-case cos (ωT = −1, when we will have

b >
KT
2

+ B (3.21)

This is identical to Colgate’s condition. As shown, forward differ-
ence approximation method resulted in the worst-case condition
for stability of the single-user HVE system. As a result, in the rest
of the chapter, the 1

s is approximated using the forward difference
approximation method.

passive operator , delay The previous condition was found
assuming no delay in the system. For a delayed single-user HVE
system, the stability condition will take a different form depending
on the virtual environment model. Here again, it can be shown that
forward difference approximation method for 1

s will lead us to the
worst-case condition. The f to v mapping in the z domain will then
be

Fh(z) = bVh(z) + z−n(K +
B(z− 1)

Tz
)

T
z− 1

Vh(z) (3.22)

Since the passivity of G(z) is equal to G−1(z) being passive, the
delayed sampled-data HVE system is stable if (3.23) is positive real:

G−1(z) = b + z−n(K +
B(z− 1)

Tz
)

T
z− 1

(3.23)
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The first and third conditions in Definition 3.3.3 are readily satisfied
leaving us with the third condition which requires <{G−1(z)} ≥
0. Substituting z = cos(ωT) + j sin(ωT) in (3.23) the real part of
G(jω)−1 must satisfy:

b + B cos(ωtd − T)− KT
2

cos(ωtd)− KTS > 0 (3.24)

where, S = sin(ωtd) sin(ωT)
2(1−cos(ωT)) . With the assumption that td/T = n and

B is small, the worst-case condition will happen if cos(ωT) = 1.
Then, we have

lim
cos(ωT)→1

KTS = lim
cos(ωT)→1

KT
sin(ωtd) sin(ωT)
2(1− cos(ωT))

= Ktd

and (3.24) will simplify to

b + B− KT
2
− td/T cos(ωT/2) > 0 (3.25)

For cos(ωT/2) = 1 the passivity condition for a delayed single-user
HVE system will be derived as follow:

b + B >
KT
2

+ Ktd (3.26)

Interestingly, the above condition is identical to the condition re-
ported in [33].

active operator , no delay The same approach will also en-
able us to inspect the stability of sampled-data HVE systems with
an active operator. Note that previously in Figure 3.5b, in order to
simplify the system, the mass m of the master device was moved to
the operator impedance Zh(s) without affecting the overall system
or the passivity of the new operator Zh(s) + ms. Now, employing
a similar technique, given that we want to allow the operator to be
active, we will move enough of damping b of the master device to
the operator impedance Zh(s) to render it passive. Let’s name the
real part of the operator impedance Zh to be −za. When za > 0,
it represents the shortage of passivity of an active operator. Let us
transfer za units of the master device damping b, to Zh(s) to neutral-
ize this shortage of passivity and make the new operator passive.
As a result, based on (3.21) and after replacing b by b− za, the sta-
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bility condition after accounting for the active operator effect will
be

b− za >
KT
2

+ B (3.27)

Evidently, the proposed condition (3.28) extends the condition in
[15] by both allowing the operator to be active and for the delay
to exist, and extends the condition in [33] by allowing the operator
to be active. The above shows an inevitable trade-off faced when
allowing for active operators. Although higher robot dampings go
against conventional wisdom due to the associated performance
degradations, we see that it is the price to be paid for allowing
active intervention of the operators.

active operator , delay In the case of a delayed HVE sys-
tem in which the operator has shortage of passivity of za, again the
approach is the same as for active operator without delay. We will
transfer za units of the master device damping b, to Zh(s) to neu-
tralize the shortage of passivity and make the new operator passive.
Based on (3.26) and after replacing b by b− za, the stability condi-
tion for a delayed single-user HVE system with active operator will
be

b− za + B > Ktd +
KT
2

(3.28)

3.4.1.2 Small-Gain Theorem Approach

The above results, which were derived using the proposed sim-
plified framework, can also be derived using the method in [15],
which did not allow for the operator to be passive or for a delay to
exist. The closed-loop characteristic equation of the sampled-data
HVE system in Fig. 3.5a is 1 + H(esT)GT

∗(s) = 0 where GT
∗(s) =

1
T Σ∞

k=−∞GT(s + jkωs) and GT(s) = 1−e−Ts

s2
1

ms+b+Zh(s)
. Note that the

feedback interconnection of 1
ms+b and Zh(s) results in 1

ms+b+Zh(s)
. In

order to understand the following analysis, Figure 3.6 is key. The
human operator with impedance Zh in Figure 3.6a is allowed to be
active with a shortage of passivity equal to za ≥ 0. In Figure 3.6b,
this impedance is shifted to the right by b (it is assumed that b > za).
It is easy to see that the feedback interconnection of the operator
impedance Zh and the robot impedance 1

ms+b will span the complex
plane region R1 shown in Figure 3.6c. In a manner similar to [15],
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Figure 3.6: The Nyquist plots of (a) operator impedance with shortage of
passivity of za, (b) the inverse closed-loop transfer function of
the operator and robot impedances, (c) the closed-loop transfer
function of the operator and robot impedances, (d) GT

∗(s) and
(e) the mapping of GT

∗(s) into the unit circle.

it can be shown that GT
∗(s) covers the region RGT

∗(ω) = r(jω)R1

shown in Figure 3.6d, where

r(jω) = e−jωtd
T
2

e−jωT − 1
1− cos(ωT)

(3.29)

once we assume that td is an integer multiple of T.

Theorem 3.4.1. The sampled-data system in Figure 3.5a will be stable if

‖MN‖∞ < 1 (3.30)

whereM and N are linear fractional tranformations defined as

M{s, GT
∗(s)} = −1 +

2(b− za)

r(s)
GT
∗(s) (3.31)

N{s, GT
∗(s)} = r(s)H(esT)

2(b− za) + r(s)H(s))
(3.32)

Proof. For the absolute stability of a single-user HVE system in
Figure 3.5a, it is necessary and sufficient that the closed-loop char-
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acteristic equation of the system (1 + H(esT)GT
∗(s) = 0) has all of

its roots in the left half of the complex plane. Let us findM and N
can be found such that the transformed characteristic equation

1 +MN = 0 (3.33)

has the same roots as the original characteristic equation of the
sample-data single-user HVE system 1 + H(esT)GT

∗(s) = 0. As it
can be seen in Figure 3.6e, the appropriate linear fractional transfor-
mation applied to GT

∗(s) that will provide the appropriate transla-
tion and scaling to map RGT

∗(ω) to the unit disk in Figure 3.6e will
be

M{s, GT
∗(s)} = −1 +

2(b− za)

r(s)
GT
∗(s) (3.34)

By replacingM in (3.33) and comparing with 1 + H(esT)GT
∗(s) =

0, N will be

N{s, GT
∗(s)} = r(s)H(esT)

2(b− za) + r(s)H(s))
(3.35)

Since, M is already in the unit disk, by applying small-gain theo-
rem the condition for stability of the delayed single-user HVE sys-
tem with active operator will be∣∣∣ r(jω)H(e( jωT)

2(b−za)+r(jω)H(ejωT)

∣∣∣ < 1 (3.36)

Straightforward manipulation then leads to the following condi-
tion:

b− za >
T
2

1
1− cos(ωT)

<{e−jωtd(1− e−jωT)H(ejωT)} (3.37)

For the virtual wall H(z) = K + B z−1
Tz and assuming that B is small

enough, this stability condition will again reduce to (3.28), where if
za = 0 the condition will be identical to that reported in [33].

3.4.2 A Sampled-Data Multi-User HVE System

Based on the sampled-data single-user HVE system modeled in
Figure 3.2, the model of a multi-user system can be presented as
in Figure 3.7. Since each operator affects one master device only,
the block diagram of the multi-user system can be modified to Fig-
ure 3.8a. A slight manipulation in Figure 3.8a will result in Fig-
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Figure 3.7: An m-user HVE system

ure 3.8b without affecting the overall system. The dynamics of the
system in Figure 3.8b are as

biVhi(z) = Fhi(z)−Ui(z), i = 1, · · · , m (3.38)

where Vhi(z) = Z{vhi}, Fhi(z) = Z{ fhi}, Ui(z) = Z{ui}. Note that

U(z) = z−ni H(z)Xh(z)

where ni = tdi/T is an integer and

Hii(z) = K0i + Σm
k=1,k 6=i(Kik +

(B0i + Σm
k=1,k 6=iBik)(z− 1)

Tz
)

Hij(z) = −(Kij +
Bij(z− 1)

Tz
), j 6= i
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As a result, we have

Ui(z) =

(K0i + Σm
k=1,k 6=iKik +

(B0i + Σm
k=1,k 6=iBik)(z− 1)

Tz
)Xhi(z)

−Σm
j=1,j 6=i(Kij +

Bij(z− 1)
Tz

)Xhj(z)

(3.39)

Substituting the forward difference approximation for 1
s in (3.39)
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Figure 3.8: Model of a 1-DOF multi-user HVE system
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and then combining the result with (3.38), the relationship between
the force vector Fh and the velocity vector Vh can be written as

Fh(z) = G−1(z)Vh(z) (3.40)

where G(z) is the m× m transfer matrix of the multi-user system.
Again, we distinguish the following four cases.

passive operators no delay Based on the multivariable dis-
crete circle criterion, Theorem 3.3.1, G(z) needs to be positive real
for the system in Figure 3.8b to be stable assuming that the opera-
tors are passive. Again, since passivity of G(z) is equal to G−1(z) be-
ing passive, based on Lemma 3.3.1, the positive realness of G−1(z)
will ensure the passivity of G(z). Since the expression for G(z) is
involved for a general m-user system, let us begin by considering
the special case of m = 2:

G−1(z) = (3.41)[
b1 +

(K01+K12)T
z−1 + (B01+B12)

z −(K12T
z−1 + B12

z )

−(K12T
z−1 + B12

z ) b2 +
(K02+K12)T

z−1 + (B02+B12
z

]

The first condition in Definition 3.3.3 for positive realness of G−1(z)
requires all poles of the matrix elements to lie inside the unit disk,
which is clearly the case here. The third condition in Definition 3.3.3
for positive realness of G−1(z) requires the poles on the |z| = 1 to
be simple and have positive semidefinite residue matrices. As it
can be clearly seen in (3.41), z = 1 is a simple pole and the residue
matrix for this pole is

R0 =

[
(K01 + K12)T −K12T

−K12T (K02 + K12)T

]
(3.42)

As it can be seen R0 is a Hermitian matrix and based on Defini-
tion 3.3.4 it is positive semidefinite since

(K01 + K12)T > 0 (3.43)

det(R0) = (K01K02 + (K01 + K02)K12)T2 > 0 (3.44)
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Substituting z = ejωT = cos(ωT) + j sin(ωT), the second condition
in Definition 3.3.3 for positive realness of G−1(z) will lead to the
following two conditions:

b1 −
(K01 + K12)T

2
+ (B01 + B12) cos(ωT) > 0 (3.45)

det(G(ejωT) + GT(e−jωT)) = (3.46)

(2b1 − K01T + 2B01 cos(ωT))(2b2 − K02T + 2B02 cos(ωT))

+ ((2b1 + 2b2)− (K01 + K02)T + 2(B01 + B02) cos(ωT))

(−K12T + 2B12 cos(ωT)) > 0

The worst-case for (3.45)-(3.46) occurs when cos(ωT) = −1. With
b = min (b1, b2), B0 = max (B01, B02) and K0 = min (K01, K02), the
above two conditions will hold if

(2b− K0T − 2B0)
2 + 2(2b− K0T − 2B0)(−K12T − 2B12) > 0 (3.47)

After simplifying (3.47), the stability condition for this sampled-
data, dual-user HVE system will be

b >
K0T

2
+ K12T + B0 + 2B12 (3.48)

Having found the stability condition for m = 2, let us know pro-
ceed to the case of m = 3. The matrix G−1(z) for the corresponding
sampled-data, tri-user HVE system is

G−1(z) =b1 +
K1T
z−1 +

B1
z −(K12T

z−1 + B12
z ) −(K13T

z−1 + B13
z

−(K12T
z−1 + B12

z ) b2 +
K2T
z−1 +

B2
z −(K23T

z−1 + B23
z )

−(K13T
z−1 + B13

z ) −(K23T
z−1 + B23

z ) b3 +
K3T
z−1 +

B3
z


where K1 = K01 + K12 + K13, K2 = K02 + k12 + K23, K3 = K03 +

k13 + K23, B1 = B01 + B12 + B13, B2 = B02 + B12 + B23 and B3 =

B03 + B13 + B23. Again, G−1(z) needs to be positive real. The first
condition in Definition 3.3.3 for positive realness of G−1(z) requires
all poles of the matrix elements to lie inside the unit disk, which
is clearly the case here. The third condition in Definition 3.3.3 for
positive realness of G−1(z) requires the poles on the |z| = 1 to be
simple and have positive semidefinite residue matrices. As it can be
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clearly seen in (3.49), z = 1 is a simple pole and the residue matrix
for this pole is

R0 = (3.49)(K01 + K12 + K13)T −K12T −K13

−K12T (K02 + K12 + K23)T

−K13T −K23T (K03 + K13 + K23)


R0 is a Hermitian matrix and based on Definition 3.3.4 it is positive
semidefinite since

(K01 + K12 + K13)T > 0 (3.50)

((K01 + K13)(K02 + K23) + K12(K01 + K02 + K13 + K23))T2 > 0
(3.51)

det(R0) = K01K02K03 + (K01 + K02 + K03)(K12K13 + K12K23 + K13K23)

+ K01K02(K13 + K23) + K01K03(K12 + K23)

+ K02K03(K12 + K13) > 0 (3.52)

Substituting z = ejωT = cos(ωT) + j sin(ωT), the second condition
in Definition 3.3.3 for positive realness of G−1(z) will lead to the
following conditions:

b1 −
(K01 + K12 + K13)T

2
+ (B01 + B12 + B13) cos(ωT) > 0

(3.53)

det(G(ejωT) + GT(e−jωT)) = (3.54)

(2b1 − (K01 + K12 + K13)T + 2(B01 + B12 + B13) cos(ωT))

(2b2 − (K02 + K12 + K23)T + 2(B02 + B12 + B23) cos(ωT))

(2b3 − (K03 + K13 + K23)T + 2(B03 + B13 + B23) cos(ωT))

− 2(K12T + 2B12)(K13T + 2B13)(K23T + 2B23)−
(2b1 − (K01 + K12 + K13)T + 2(B01 + B12 + B13) cos(ωT))

(K23T + 2B23)
2 − (2b2 − (K02 + K12 + K23)T + 2(B02

+ B12 + B23) cos(ωT))(K13T + 2B13)
2 − (2b3 − (K03 + K13

+ K23)T − 2(B03 + B13 + B23) cos(ωT))(K12T + 2B12)
2 > 0

The worst-case for the above conditions occurs when cos(ωT) =

−1. With B = min (B12, B13, B23), B0 = max (B01, B02, B03), K0 =
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min (K01, K02, K03), K = min (K12, K13, K23) and b = min (b1, b2, b3),
the above two conditions will hold if

(2b− K0T − 2B0 − 4B)3 − 2(KT + 2B)3− (3.55)

3(KT + 2B)2(2b− K0T − 2B0 − 4B) > 0

After simplifying (3.55), the stability condition for this sampled-
data, tri-user HVE system will be

b >
K0T

2
+

3KT
2

+ B0 + 3B (3.56)

In a similar way, it is possible to show that the stability condition
for any m will be

min
i

bi > max
i
{K0iT

2
+ B0i}+ m max

i,j 6=i
{

KijT
2

+ Bij} (3.57)

As it can be seen from (3.57), when only one user is involved,
the condition will reduce to Colgate’s condition for sampled-data,
single-user HVE system.

active operators , no delay The above method also allows
us to inspect the system stability in the presence of active operators.
This is a marked advantage over the method in [15], which leads to
involved equations when there is more than one user in the system
making it very difficult to derive the stability conditions for active
operators. But here, the circle criterion based method enables us
to readily account for active operators. Assuming that operator Zhi
has shortage of passivity of zai, the stability condition in (3.57) will
change into

min
i
{bi − zai} > max

i
{K0iT

2
+ B0i}+ m max

i,j
{

KijT
2

+ Bij}

(3.58)

The above condition can be derivd in a manner similar to (3.27), so
the details are not shown. Again, for only one operator, (3.58) will
reduce to (3.27).

passive operators and delay For a delayed m-user HVE
system, assuming that tdi/T = ni is an integer and B0i and Bij are
small enough, the stability condition will be derived below. Again,
for simplicity, let us start with the special case of m = 2. The matrix
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G−1(z) for the corresponding sampled-data, dual-user HVE system
is

G−1(z) =

[
b1 + z−n1(K1T

z−1 +
B1
z ) −z−n1(K12T

z−1 + B12
z )

−z−n2(K12T
z−1 + B12

z ) b2 + z−n2(K2T
z−1 +

B2
z )

]
(3.59)

where K1 = K01 + K12, B1 = B01 + B12, K2 = K02 + K12 and B2 =

B02 + B12. As before, based on Theorem 3.3.1 and Lemma 3.3.1, we
require G−1(z) to be positive real assuming that the operators are
passive. The first condition in Definition 3.3.3 for positive realness
of G−1(z) requires all poles of the matrix elements to lie inside the
unit disk, which is clearly the case here. The residue matrix for the
delayed system is the same as non-delayed system explained before.
Therefore, the third condition of Definition 3.3.3 is met. Substitut-
ing z = ejωT = cos(ωT) + j sin(ωT), the second condition in Defini-
tion 3.3.3 for positive realness of G−1(z) will lead to the following
three conditions:

td1 = td2 (3.60)

b1 + (B01 + B12) cos(ω(td − T))− (K01 + K12)T
2

cos(ωtd)−

(K01 + K12)TS > 0 (3.61)

det(G(ejωT) + GT(e−jωT)) = (b1 + B01 cos(ω(td − T))−
K01T

2
cos(ωtd)− K01TS)(b2 + B02 cos(ω(td − T))

− K02T
2

cos(ωtd)− K02TS) + (B12 cos(ω(td − T))

− K12T
2

cos(ωtd)− K12TS)(b1 + B01 cos(ω(td − T))

− K01T
2

cos(ωtd)− K01TS) + (B12 cos(ω(td − T))

− K12T
2

cos(ωtd)− K12TS)(b2 + B02 cos(ω(td − T))

− K02T
2

cos(ωtd)− K02TS) > 0 (3.62)

where S = sin(ωtd) sin(ωT)
2(1−cos(ωT)) . As it can be seen form the first condi-

tion, td1 = td2 (which in general will be tdi = td), the limitation
of this method is that it cannot allow for different delay values in
the multi-user architecture. Assuming that td/T = n is an integer
and B0i and Bij are sufficiently small and with b = min (b1, b2),
B0 = min (B01, B02), and K0 = max (K01, K02) the worst-case for
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(3.60) and (3.62) occurs when S has its maximum value. Therefore,
solving the d

dω S = 0 will lead us to cos(ωT) = 1, which is con-
firmed to give the maximum value of S by checking the sign of the
second derivative of S for cos(ωT) = 1. The maximum value of S
will then be

lim
cos(ωT)→1

sin(ωtd) sin(ωT)
2(1− cos(ωT))

=
td

T

Then,

det(G(ejωT) + GT(e−jωT)) = (3.63)

(2b + 2B0 + 2B12 − (K01 + K12)T − 2(K0 + K12)td)
2−

(2B12 − K12T − 2K12td)
2 > 0

Simplifying (3.63) will give us

b + B0 + 2B12 >
K0T

2
+ K12T + K0td + 2K12td (3.64)

In a similar way, the stability condition for a delayed m-user HVE
system will be

min
i
{bi + B0i}+ m min

i,j 6=i
Bij > max

i
{K0itd +

K0iT
2
} (3.65)

+m max
i,j 6=i
{Kijtd +

KijT
2
}

Again, for a single-user system, condition (3.65) will reduce to
(3.28).

active operators , delay Finally, with the addition of active
operators to the delayed system and assuming that td/T = n is
an integer and B0i and Bij are small enough, the stability condition
will be

min
i
{bi − zai + B0i}+ m min

i,j 6=i
Bij > (3.66)

max
i
{K0itd +

K0iT
2
}+ m max

i,j 6=i
{Kijtd +

KijT
2
}

3.5 simulation study

In this section, the conditions derived throughout the chapter are
tested using MATLAB/Simulink. Since having an operator with a
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desirable amount of shortage of passivity is quite difficult to ro-
bustly implement in practice, experimental resultswill not be pro-
vided for conditions that allow operator activity; instead, such cases
are tested in simulations. This is the main reason for reporting both
simulations and experiments in this chapter.

In order to test conditions (3.27) and (3.28), the sampled-data
single-user HVE system in Figure 3.5a is simulated in MATLAB/
Simulink. To determine the stability of the system, the system out-
puts are monitored for boundedness at all times -- if any output
goes unbounded, the system is unstable. The master robot has been
modeled with m = and b =.

For the non-delayed single-user HVE system with m = 0.015, b =

0.02 and B = 0, simulations have been conducted for three cases
where the shortage of passivity za of the operator is either 0, 0.5b, or
0.8b. To this end, the operator model was considered to be −za +

1
s ;

note that <{ 1
s } = 0 makes it a least-passive operator corresponding

to a worst-case scenario for the coupled system stability.
During the simulations, the sampling time is increased by steps

of 1ms. For each sampling time, the controller gain K is changed
to find the largest gain value for which the system remains stable.
In Figure 3.9a, each of these maximum controller gain values at
a given sampling period is represented by a star. Evidently, these
simulation data points are very close to the solid lines, which cor-
respond to the theoretical borderline given by (3.27). Therefore, the
simulations confirm the theoretical condition (3.27). Also, as ex-
pected from (3.27), an increase in the shortage of passivity za will
cause the stable region to shrink.

For the delayed single-user HVE system with m = 0.15, b =

0.2 and B = 0, the delay td is set to 10T and again simulations
are conducted for the three cases involving shortages of passivity
za of 0, 0.2b, and 0.5b. The simulation procedure is the same as
before. As shown in Figure 3.9b, again the simulation data points
represented by stars are close to the theoretical borderline (3.28).
This time, there is a small gap between the simulation data points
and the theoretical borderline, which corresponds to cases where
condition (3.28) is conservative for detecting the system instability.
The conservatism of condition (3.28) was predictable due to the
fact that it was found as a sufficient condition for stability. Also, as
before, any increase in the shortage of passivity za decreases the
stability region as predicted by the theoretical condition (3.28).

It is also educational to compare the stability regions for a single-
user HVE system with and without the time delay. As shown in
Figure 3.10, for the same shortage of passivity of the operator, de-
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lay causes the stability region to shrink. This was predictable if one
compares the theoretical conditions (3.27) and (3.28) for B = 0. Sim-
ilar simulations are conducted for a sampled-data dual-user HVE
system. Using MATLAB/Simulink the system in Figure 3.8a is sim-
ulated and conditions (3.58) and (3.65) are tested for m = 2. The
simulations for both non-delayed dual-user HVE system with envi-
ronment parameters K01 = K02 = K12 = K

2 , B01 = B02 = B12 = 0,
m1 = m2 = 0.015, and b1 = b2 = 0.01822 and delayed dual-user
HVE system (td = 5T) with K01 = K02 = K12 = K

2 , B01 = B02 =

B12 = 0, m1 = m2 = 0.15, and b1 = b2 = 0.1822, are done for
three cases with shortages of passivity za of 0, 0.2b, and 0.5b (See
Figures 3.11a and 3.11b). As before, there is a good match between
the simulation results and the theoretically-derived stability border-
lines.

3.6 experimetal results

To verify the stability conditions (3.21) and (3.28), experiments in-
volving a single-user HVE system consisting of a Phantom Pre-
mium 1.5A robot (Geomagic, Wilmington, MA) with a JR3 force
sensor (JR3, Inc., Woodland, CA) at its end-effector are conducted.
The mass and damping for the Phantom Premium 1.5A robot are
m = 0.015 and b = 0.01822, respectively. The robot can move in
three Cartesian directions and can be modeled as first-order trans-
fer functions from the end-effector force input to the end-effector
velocity output along each of these directions. Out of the three
Cartesian axes, the x axis is used in the experiment while the y
and z axes are locked using high-gain controllers. In agreement
with the literature, the virtual environment composed of a spring
and a damper in parallel as in Figure 3.2 has been implemented in
discrete-time using the backward-difference method.

In the experiments, the robot is initially in free space and at some
distance (initial condition) from the virtual wall. The initial condi-
tion is the difference in the position of the robot from its rest po-
sition, which is chosen to be co-located with the wall edge. Since
a passive system should remain stable regardless of its initial con-
dition, when investigating the stability of the system, the initial
condition has been changed over a series of trials in a large span
only limited by the physical constraints of the experimental setup.
If the system becomes unstable in one trial (corresponding to a par-
ticular initial condition), it can be indicated that the system with
the chosen parameters is unstable. If in none of the trials of an ex-
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periment with the controller gain K and the sampling time T the
system becomes unstable, then it is identified as stable.

The procedure for experimentally determining the stability/in-
stability borderline is as follows. The objective of the experiment is
to determine the largest and smallest values of the controller gain
K with which the system is stable and unstable, respectively. At
different sampling times apart by steps of 1ms in a given range,
the controller gain is altered gradually until the above-mentioned
maximum and minimum gains are found. The exact experimental
protocol for this process of changing the controller gain is described
below. Starting with a value of K close to the value obtained from
conditions (3.21) and (3.28) for a given sampling time T, if no insta-
bility is seen, the experiment is repeated with a larger initial condi-
tion while keeping the same controller gain K. If the system stays
stable for all initial conditions tested in the robot workspace, the
corresponding data point is considered as being stable in the K− T
plane. Then, K is increased (by steps of 0.1) and the previous pro-
cedure involving changing the robot initial condition is repeated.
Increasing the value of K is continued until the system becomes un-
stable. The last data point for which the system is stable is marked
as stable (represented by a star) in the K − T plane. Also, the data
point corresponding to the unstable experiment with the smallest
controller gain K is marked by a circle in the K− T plane.

The results of the above procedure form a stability borderline
in the K− T plane. The experimentally-obtained borderlines found
for the non-delayed and delayed single-user HVE system with a
passive operator are shown in Figure 3.12a and 3.12b, respectively.
For each case, the theoretical regions of stability and instability ob-
tained from conditions (3.21) and (3.28) are separated by the the-
oretical borderline (blue line). As explained before, the result of
each experiment is indicated either as a star or a circle, which cor-
respond to largest and the smallest controller gains for which the
system will be stable or unstable, respectively. Note that for each
sampling time, many more tests were conducted but they are not
shown in Figures 3.12a and 3.12b; only those data points corre-
sponding to the smallest and largest controller gains for unstable
and stable systems are shown. From both Figures 3.12a and 3.12b,
it is seen that the theoretical absolutely stable/potentially unstable
borderline is more conservative than the experimentally-obtained
borderline.
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3.7 conclusion

This chapter studied the absolute stability of an m-user haptic vir-
tual environment system based on the discrete-time circle criterion.
In practice, depending on the task being performed by the human
operator, the operator might behave passively or actively. The pro-
posed stability analysis method enables a unified framework in
which the human operators can demonstrate active or passive be-
havior. The same unified framework can be applied to study the
stability with or without time delay. Simulation results and exper-
iments confirm the validity of the proposed stability conditions.
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Figure 3.9: Simulation data points and corresponding theoretical border-
lines for (a) a no-delay single-user HVE system, and (b) a de-
layed (td = 10T) single-user HVE system
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HVE system when the operator is allowed to have za = 0.5b
shortage of passivity
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Figure 3.11: Simulation data points and corresponding theoretical border-
lines for (a) a no-delay dual-user HVE system , and (b) a
delayed (td = 5T) dual-user HVE system
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Figure 3.12: Experimental data points and theoretical borderlines for (a) a
non-delayed single-user HVE system, and (b) a delayed (td =
10T) single-user HVE system
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S TA B I L I T Y A N A LY S I S O F A T E L E O P E R AT I O N
S Y S T E M V I A C I R C L E C R I T E R I O N : E F F E C T S O F
C O N T R O L S A M P L I N G , C O M M U N I C AT I O N D E L AY,
A N D A C T I V E O P E R AT O R A N D E N V I R O N M E N T

4.1 summary

This chapter studies the absolute stability of a sampled-data,
position-error-based (PEB) bilateral teleoperation systems using the
discrete-time circle criterion. We pay attention to the fact that de-
pending on the task being performed by an operator through the
master robot, the passivity of the operator is influenced -- i.e., the
operator may behave actively in some cases. The environment of
the slave robot can also behave passively or actively. The use of
circle criterion in this chapter provides a framework for system
stability analysis in which the operator and the environment are
allowed to exhibit passive or active behavior. In this chapter, the
stability criterion previously derived in [37] for a sampled-data bi-
lateral teleoperation system is re-generated and then extended to
the case where the operator and the environment behave actively.
Another extension to past work comes in the form of allowing for
the communication delay. The proposed stability criterion not only
unifies the analysis of stability under control sampling, communi-
cation delay, and operator/environment activity in a single frame-
work, it also allows for comparing the relative effect of each of these
non-idealities. Simulation results and experiments confirm the va-
lidity of the proposed stability conditions.

4.2 introduction

In the design of controllers for a teleoperation system, stability is a
vital issue that can be jeopardized by time delay in the communi-
cation channel, controller discretization, and active intervention of
the operator and/or the environment. While the impacts on teleop-
eration system stability of delay [2,55], of control sampling [36,37],
and of operator/environment activity [35] have been studied by
and large individually, it is interesting to study the combined im-
pact of these effects on stability. Below, we briefly review selected

41
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literature concerning the effect of each of the above three factors on
the stability of haptic teleoperation systems.

A stabilizing continuous-time controller does not necessarily pre-
serve the stability after being discretized [24, 47]. Because of the
energy-instilling effects of the ZOH [24], the stability of the sys-
tem may be jeopardized. In the context of bilateral teleoperation,
Stramigioli et al. proposed a geometric framework allowing both
continuous-time and discrete-time signals in a teleoperation system
[68]. In more recent studies involving sampled-data bilateral teleop-
eration systems, the effects of discretized controllers on teleopera-
tion system passivity and stability have been investigated [36, 37].
Moreover, if the sampling time is comparable to the fast dynam-
ics of the controlled system the resulting sampled-data system will
perform poorly.

Given that the human operator in a teleoperation system volun-
tarily manipulates the master robot, and has the capacity to inject
energy into the teleoperation system, the stability of the teleopera-
tion system might be jeopardized. Active behavior of the operator
has been reported in [17]. As such, the stability of bilateral teleop-
eration systems under active operator has been studied in [7, 35],
albeit assuming continuous operation of the teleoperation system
controllers. Communication delays have long been recognized as
a main cause of instability in bilateral teleoperation systems. Time
delay compensation in teleoperation has been studied extensively
in the literature including for discrete-time implementation of the
communication channel [11]. Reviews of time delay compensation
techniques for teleoperation systems can be found in [3, 58, 64].

In this chapter, the absolute-stability of a sampled-data, PEB bi-
lateral teleoperation system based on the discrete-time circle cri-
terion is investigated. The main contribution of the chapter is in
proposing a unified framework that allows inspecting the effects
of various de-stabilizing factors including controller discretization,
time delay and active behavior of the operator and/or the environ-
ment at the same time. This framework for stability analysis leads
to conditions involving the control parameters and other system
parameters for preserving the stability of the teleoperation system
when coupled to an operator and an environment. In this chapter,
the stability criterion for sampled-data teleoperation systems previ-
ously derived in [37] is re-generated and then extended to the case
where the operator and environment are allowed to behave actively
and delays are allowed to exist in the communication channel. The
resulting conditions also provide a way to compare the relative ef-
fects of all of the three de-stabilizing factors.
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Figure 4.1: Model of a sampled-data bilateral teleoperation system

The rest of the chapter is organized as follows. Section 3.3 pro-
vides mathematical preliminaries required in the rest of the chap-
ter. In section 4.3, the model of a sampled-data, delayed teleopera-
tion system is presented and used to derive stability condition for
passive or active operator/environment under a delayed or non-
delayed communication channel. The simulation results are pre-
sented in Section 4.4 and the experimental setup and results are
presented in Section 4.5. Section 4.6 includes the concluding re-
marks.

4.3 system modeling

A sampled-data teleoperation system with PEB architecture is mod-
eled in Figure 4.1. The master and slave robots are modeled as 1-
DOF, mass-damper, LTI systems with the following dynamics:

f
′
h − fm = mm ẍm + bm ẋm

f
′
e − fs = ms ẍs + bs ẋs (4.1)

In the above, f
′
h and f

′
e are the human operator and the environment

forces. Also, fm and fs are the control actions from the master and
the slave discrete-time controllers Cm(z) and Cs(z). The parameters
bm and bs are the dampings and mm and ms are the masses of the
master and slave robots, respectively. In the force-velocity domain,
the operator and the environment are modeled as LTI impedances
Zh(s) and Ze(s), respectively. In Figure 4.1, f̃h is the exogenous in-
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put force from the operator and f̃e is the exogenous input force
from the environment. As shown in Figure 4.1, the positions of the
master and robots are discretized using sampler blocks. The super-
script ∗ denotes sampled signals. ZOH blocks convert the sampled
signals back to the continuous-time domain. The output of the sam-
pler can be mathematically represented as a Dirac comb weighted
by the sampled signal, i.e., x∗(t) = Σ∞

k=0x(kT)δ(t− kT). Thus, math-
ematical representation of the sampling operation in the Laplace
domain is

X∗(s) = L{x∗(t)} =
∞

∑
k=0

x(kT)e−skT (4.2)

Conversely, mathematical representation of the ZOH operation in
the Laplace domain is

X(s) =
1− e−sT

s
X∗(s) (4.3)

The LTI models of the environment and the operator can be written
in the Laplace domain as

F̃h(s)− F
′
h(s) = Zh(s)sXm(s)

F̃e(s)− F
′
e(s) = Ze(s)sXs(s) (4.4)

The dynamics of the master and slave robots in (4.1) are also as
follows in the Laplace domain:

sXm(s) =
1

mms + bm
(Fh(s)− Fm(s))

sXs(s) =
1

mss + bs
(Fe(s)− Fs(s)) (4.5)

The PEB controller blocks in Fig 4.1 apply forces based on the mas-
ter/slave position difference while considering the time delay in-
curred when each position signal travels to the other end of the
teleoperation system. Thus, the discrete-time controllers of the mas-
ter and the slave implement the following laws:

F∗m(s) = Cm(z)|z=esT [X∗m(s)− z−nX∗s (s)]

F∗s (s) = Cs(z)|z=esT [X∗s (s)− z−nX∗m(s)] (4.6)
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Figure 4.2: Block diagram of a teleoperation system, which includes dis-
cretized controller models

The system in Figure 4.1 can be represented as the block diagram
in Figure 4.2a where delay n = td

T is an integer and

H(z) =

[
Cm(z) −z−nCm(z)

−z−nCs(z) Cs(z)

]
(4.7)

Simple manipulation in Figure 4.2a will result in Figure 4.2b. Note
that by moving the masses of the master and slave robots mm and
ms to the operator and environment impedances, the closed-loop
transfer matrix will not change. Then, the mapping for the system
in Figure 4.2b can be written as:
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[
Fh(z)

Fe(z)

]
=

[
bm 0

0 bs

] [
Vm(z)

Vs(z)

]
+ H(z)Z

[
Vm(s)

s
Vs(s)

s

]∗
(4.8)

Note that Z [ v
s ] 6= Z [

1
s ]V(z). To be able to derive the transfer func-

tion from force to velocity we need to approximate Z [ v
s ] based

on one of the three approximation methods (forward difference,
backward difference and tustin transformation) discussed in Sec-
tion 3.4.1.1. In this chapter it is assumed that Cm = Km + Bms and
Cs = Ks + Bss. In agreement with [36, 37], to have the z domain
equivalent of Cm and Cs, the backward difference is used to ap-
proximate s:

Cm(z) = Km +
Bm(z− 1)

Tz
Cs(z) = Ks +

Bs(z− 1)
Tz

(4.9)

passive terminations , no delay Assuming that td = 0, de-
pending on which approximation is chosen, the force to velocity
mapping will be one of the following:[

Fh(z)

Fe(z)

]
= (

[
bm 0

0 bs

]
+ H(z)

T
z− 1

)

[
Vm(z)

Vs(z)

]
= G−1

1 (z)V(z) (4.10)[
Fh(z)

Fe(z)

]
= (

[
bm 0

0 bs

]
+ H(z)

Tz
z− 1

)

[
Vm(z)

Vs(z)

]
= G−1

2 (z)V(z) (4.11)[
Fh(z)

Fe(z)

]
= (

[
bm 0

0 bs

]
+ H(z)

T
2

z + 1
z− 1

)

[
Vm(z)

Vs(z)

]
= G−1

3 (z)V(z) (4.12)

The above correspond to the forward difference, the backward dif-
ference and the Tustin approximation methods, respectively. Based
on Theorem 3.3.1, the sampled-data PEB bilateral teleoperation sys-
tem is absolutely stable if G(z) is positive real. Since passivity
of G(z) is equal to G−1(z) being passive, it suffices to show that
G−1(z) is positive real. The first condition in Definition 3.3.3 re-
quires all poles of G−1(z) to lie inside or on the unit circle, which
obviously is the case here. As it can be clearly seen in (4.10)-(4.12),
z = 1 is a simple pole and in order to satisfy the second condi-
tion for positive realness the residue matrix corresponding to this
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pole must be positive semidefinite. For all three approximation, the
residue matrix is

R0 =

[
KmT −KmT

−KsT KsT

]
(4.13)

which is clearly positive semidefinite since Km, Ks, T > 0 and det(R0)

is zero. The only remaining condition is the second condition in
Definition 3.3.3, which requires G(ejω) + GT(e−jω) to be positive
semidefinite. Starting with the forward approximation method and
substituting z = cos (ωT) + j sin (ωT), leading principle minors of
G(ejω) + GT(e−jω) need to be positive semidefinite. Therefore,

bm −
KmT

2
+ Bm cos (ωT) > 0 (4.14)

det(G−1
1 (ejωT) + GT−

1 (e−jωT)) =

(2bm − KmT + 2Bm cos (ωT))(2bs − KsT + 2Bs cos (ωT))−

((
Km + Ks

2
)T − (Bm + Bs) cos (ωT))2−

((
Km − Ks

2
)T cot (

ωT
2

) + (Bm − Bs) sin (ωT))2 > 0 (4.15)

It can been shown that condition (4.15) is valid for Cm = Cs =

K + B(z−1)
Tz if

bmbs

bm + bs
>

KT
2
− B cos (ωT) (4.16)

Condition (4.16) is dependent on the frequency ω and since cos (ωT)
can vary between −1 and 1, the worst-case for conditions (4.14) and
(4.16), assuming Cm = Cs = K + B(z−1)

Tz , will be

bm >
KT
2

+ B (4.17)

bmbs

bm + bs
>

KT
2

+ B (4.18)

For b = min{bm, bs}, a sufficient condition for absolute stability of a
non-delayed sampled-data PEB bilateral teleoperation system will
be

b > KT + 2B (4.19)
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Now, proceeding to the backward approximation method, the same
procedure is applied on G−1

2 (z). Again for Cm = Cs = K + B(z−1)
Tz ,

the absolute stability condition will be

bm +
KT
2

+ B > 0 ,
bmbs

bm + bs
+

KT
2

+ B > 0 (4.20)

Finally, applying the same procedure for the tustin transformation
approximation method the absolute stability condition will be

bm + B > 0 ,
bmbs

bm + bs
+ B > 0 (4.21)

From (4.19), (4.20) and (4.21), it can clearly be seen that the forward
difference approximation method returns the worst-case condition
(4.19) for absolute stability of sampled-data PEB bilateral teleoper-
ation system.

active terminations , no delay The above approach also
enables us to inspect the stability of sampled-data PEB bilateral
teleoperation system with active terminations. Note that previously
in Figure 4.2b, in order to simplify the system, the masses mm and
ms of the master and slave devices were moved to the operator
and environment impedances Zh(s) and Ze(s) without affecting the
overall system or the passivity of the new operator Zh(s) + mms
and the new environment Ze(s) + mss. Now, given that we want
to allow the operator and environment to be active, we will move
enough of dampings bm and bs of master and slave devices to the
new operator and the new environment impedances. Let’s name
the real part of the operator impedance Zh to be −za and the real
part of environment impedance to be −zb. When za > 0 and zb > 0,
they show the shortage of passivity of an active operator and an
active environment. We will transfer za units of the master device
damping bm, and zb units of the slave device damping bs to Zh(s)
and Ze(s), respectively, to neutralize the shortages of passivity and
make the new operator and the new environment passive. As a
result, based on (4.17)-(4.18) and after replacing bm by bm − za and
bs by bs − zb, the stability condition after accounting for the active
operator and environment will be

bm − za >
KT
2

+ B (4.22)

(bm − za)(bs − zb)

(bm − za) + (bs − zb)
>

KT
2

+ B (4.23)
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With bd = min{bm − za, bs − zb}, the absolute stability condition
for a non-delayed sampled-data teleoperation system under active
terminations will be

bd > KT + 2B (4.24)

passive terminations , delay For a delayed sampled-data
PEB bilateral teleoperation system, again the three approximation
methods are compared and the worst-case condition is chosen as
the absolute stability condition. For brevity, only the procedure us-
ing the forward approximation method is shown here becuase it
returns the worst-case condition for the stability of the delayed
sampled-data PEB bilateral teleoperation system. The resulting in-
verse transfer matrix will be

G−1(z) = (4.25)[
bm + (KmT

z−1 + Bm
z ) −z−n(KmT

z−1 + Bm
z )

−z−n( KsT
z−1 +

Bs
z ) bs + ( KsT

z−1 +
Bs
z )

]

Here again, based on Theorem 3.3.1 and using the fact that pas-
sivity of G(z) is equal to G−1(z) being passive, for the absolute
stability of the delayed sampled-data PEB bilateral teleoperation
system it suffices to show the positive realness of G−1(z). Same as
before, based on Definition 3.3.3, three conditions are to be satis-
fied. The first and third conditions are the case here since all poles
of each element of G−1(z) lie inside or on the unit circle and the
pole at z = 1 is simple with the same residue matrix as (4.13),
which is clearly positive semidefinite. The third condition which
requires G−1{jω} + G−T{−jω} to be positive semidefinite, is yet
to be checked. Substituting z = ejωT = cos (ωT) + j sin (ωT), the
second condition in Definition 3.3.3 for positive realness of G−1(z)
will lead to the following conditions:

bm + Bm cos(ωT)− KmT
2

> 0 (4.26)

det(G(ejωT) + GT(e−jωT)) =

4(bm + Bm cos(ωT)− KmT
2

)(bs + Bs cos(ωT)− KsT
2

)−

4(
(Km + Ks)T

2
(cos (ωtd) + S1)− (Bm + Bs) cos (ω(T + td)))

2−

4(
(Km − Ks)T

2
(sin (ωT)− S2)− (Bm − Bs) sin (ω(T + td)))

2 > 0

(4.27)
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where S1 = sin(ωtd) sin(ωT)
(1−cos(ωT)) and S2 = cos(ωtd) sin(ωT)

(1−cos(ωT)) . Assuming that
td/T = n is an integer and for equal controllers Cm = Cs =

K+ B(z−1)
Tz , the worst-case for (4.27) occurs when S has its maximum

value. Therefore, solving the d
dω S = 0 will lead us to cos(ωT) = 1,

which is confirmed to give the maximum value of S by checking
the sign of the second derivative of S when cos(ωT) = 1. The max-
imum value of S will therefore be

lim
cos(ωT)→1

S = lim
cos(ωT)→1

sin(ωtd) sin(ωT)
2(1− cos(ωT))

=
2td

T

Then, condition (4.27) will simplify to

(bm + B− K
2
)(bs + B− K

2
)− (

KT
2

+ Ktd − B)2 > 0 (4.28)

With b = min{bm, bs}, the absolute stability condition for a delayed
sampled-data teleoperation system under passive terminations will
be

b + 2B > KT + Ktd (4.29)

active terminations , delay Using the same procedure as
for the non-delayed bilateral teleoperation system with active ter-
minations the conditions (4.26) and (4.28) will change to

bm − za + Bm cos(ωT)− KmT
2

> 0 (4.30)

(bm − za + B− K
2
)(bs − zb + B− K

2
)

− (
KT
2

+ Ktd − B)2 > 0 (4.31)

With bd = min{bm − za, bs − zb}, the absolute stability condition for
a delayed bilateral teleoperation system under active terminations
will be

bd + 2B > KT + Ktd (4.32)

4.4 simulation results

In this section, the stability conditions derived throughout this pa-
per are verified using simulations. Having an operator or an envi-
ronment with a set amount of shortage of passivity is quite difficult
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to robustly realize in practice. For this reason, experimental results
could not be provided for conditions that allow operator activity;
instead, such cases are tested in simulations. In order to test con-
ditions (4.24) and (4.32), which correspond to active terminations
without and with delay, the sampled-data bilateral teleoperation
system in Figure 4.2a is simulated in MATLAB/Simulink. To deter-
mine the stability of the system, the system outputs are monitored
for boundedness at all times -- if any output goes unbounded, the
system is unstable.

For the non-delayed bilateral teleoperation system with with Mm =

Ms = 0.015, b = 0.02 and B = 0, simulations have been conducted
for three cases, where the shortage of passivity of the operator and
the environment are either 0, 0.2b, or 0.5b. To this end, the operator
and the environment models are considered to be −za +

1
s ; note

that <{ 1
s } = 0 makes it a least-passive termination corresponding

to a worst-case scenario for the coupled system stability. During
the simulations, the sampling time is increased by steps of 1ms.
For each sampling time, the controller gain K is changed to find
the largest gain value for which the system remains stable. In Fig-
ure 4.3a, each of these maximum controller gain values at a given
sampling period is represented by a star. Evidently, these simula-
tion data points are very close to the solid lines, which correspond
to the theoretical borderline given by (4.24). Therefore, the simu-
lations confirm the theoretical condition (4.24). Also, as expected
from (4.24), increase in the shortages of passivity za and zb will
cause the stable region to shrink.

For the delayed bilateral teleoperation system with Mm = Ms =

0.15, b = 0.2 and B = 0, the delay td is set to 4T and again simula-
tions are conducted for the three cases involving shortages of pas-
sivity za = zb of 0, 0.2b, and 0.5b. The simulation procedure is the
same as before. As shown in Figure 4.3b, again the simulation data
points represented by stars correspond are very close to the theo-
retical borderline (4.32). As before, any increase in the shortages of
passivity za and zb decreases the stability region as predicted by the
theoretical condition (4.32).

4.5 experimental results

To verify the stability conditions (4.19) and (4.29), experiments in-
volving a PEB bilateral teleoperation system consisting of a pair of
Phantom Premium 1.5A robot (Geomagic, Wilmington, MA) with
JR3 force sensors (JR3, Inc., Woodland, CA) at their end-effectors
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are conducted. The mass and damping for the Phantom Premium
1.5A robot are m = 0.015 and b = 0.01822. The robots can move
in three Cartesian directions and can be modeled as first-order
transfer functions from the end-effector force inputs to the end-
effector velocity outputs along each of these directions. Out of the
three Cartesian axes, the x axis is used in the experiment while
the y and z axes are locked using high-gain controllers. The con-
trollers Cm and Cs have been implemented in discrete-time using
the backward-difference method.

With the assumption that Cm = Cs = K + B z−1
z , the procedure

for experimentally determing the stability/instability region for the
bilateral teleoperation system is as follow. The objective of the ex-
periment is to determine the largest and smallest values of the con-
troller gain K with which the system is stable and unstable, re-
spectively. At different sampling times apart by steps of 1ms in
a given range, the controller gain is altered gradually until the
above-mentioned maximum and minimum gains are found. Start-
ing with a value of K close to the value obtained from conditions
(4.19) and (4.29), the master robot is shaken intentionally. If after
the master robot is released (rendering the human operator to be
the free-space, which is passive), the position oscillation amplitude
increases over time, it means that the system was unable to reach
stability and hence the data point corresponding to that experiment
is unstable Figure 4.4b. But if after the master robot is released the
oscillations tend to damp, then the corresponding data point will
clearly be stable Figure 4.4a. For each unstable data point found in
the K − T plane using the aforementioned test, the controller gain
K is decreased to find the minimum controller gain value that stabi-
lizes the system despite the initial instability forced on the system
by the operator. The corresponding value is then marked on the
K − T plane by a circle corresponding to stability. For stable data
points on the other hand, the controller gain K is increased untill
instability is observed. The largest controller gain value for which
the system remains stable is then marked on the K − T plane by a
star.

The experimentally-obtained borderlines found for the cases of
non-delayed and delayed bilateral teleoperation system with a pas-
sive operator are shown in Figure 4.5a and 4.5b, respectively. For
each case, the theoretical regions of stability and instability ob-
tained from conditions (4.19) and (4.29) are separated by the the-
oretical borderline (blue line). As explained before, the result of
each experiment is indicated either as a star or a circle, which cor-
respond to largest and the smallest controller gains for which the
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system will be stable or unstable, respectively. Note that for each
sampling time, many more tests were conducted but they are not
shown in Figures 4.5a and 4.5b; only those data points correspond-
ing to the smallest and largest controller gains for unstable and sta-
ble systems are shown. From 4.5a and 4.5b, it is seen that the the-
oretical absolutely stable/potentially unstable borderline is more
conservative than that obtained experimentally. As it can be seen
in Section 4.4, the data points found via simulations are very close
to the theoretical borderline. What explains the distance between
the two plots is the methodology used to test stability in the simu-
lations versus that in the experiments. In simulations, the system is
excited using a very small, bounded sine-wave F∗h . In experiments
happening in practice, however, this is not an actual physical input
that can be manipulated. Therefore, in the experiments, we had
no option but to use the method based on initial intentional desta-
bilization (i.e., violently shaking the master followed by releasing
it and then observing the outputs), which is a different criterion
for detecting instability. Despite this difference, both borderlines
exhibit the same trade-offs between the sampling period and the
control gain. ‘

4.6 conclusion

This chapter studied the absolute stability of a sampled-data PEB
bilateral teleoperation system based on the discrete-time circle cri-
terion. In practice, depending on the task being performed by the
human operator, the operator might behave passively or actively.
The proposed stability analysis method enabled a unified frame-
work in which both the human operator and the environment are
allowed to demonstrate active or passive behavior. The same uni-
fied framework was applied to study the stability with or without
time delay. Simulation results and experiments confirmed the va-
lidity of the proposed stability conditions.



4.6 conclusion 54

0 2 4 6 8 10 12 14 16 18 20
0

5

10

15

20

25

30

35

40

Sampling time  T  (ms)

C
on

tr
ol

le
r 

ga
in

  K
  (

N
.m

/r
ad

)

 

 

Unstable region

Stable region

Stable for z
a
=0

Stable for z
a
=0.2b

Stable for z
a
=0.5b

(a)

0 2 4 6 8 10 12 14 16 18 20
0

5

10

15

20

25

30

35

40

Sampling time  T  (ms)

C
on

tr
ol

le
r 

ga
in

  K
  (

N
.m

/r
ad

)

 

 

Unstable region

Stable region

Stable for z
a
=0

Stable for z
a
=0.2b

Stable for z
a
=0.5b

(b)

Figure 4.3: Simulation data points and corresponding theoretical border-
lines for (a) a no-delay bilateral teleoepration system, and (b)
a delayed (td = 4T) bilateral teleoepration system.
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Figure 4.4: The master and slave position trajectory. (a) A stable system;
the operator deliberately de-stabilizes the system by shaking
the master robot violently, which injects energy to the system.
After releasing the master arm at t = 8s, the teleoperation
system regains stability. (b) An unstable system; after relasing
the master arm at t = 10s, the position oscillation amplitude
increases and the system goes unstable.
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Figure 4.5: Experimental data points and theoretical borderlines for (a)
a non-delayed PEB bilateral teleoperation system, and (b) a
delayed (td = 4T) PEB bilateral teleoperation system.
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S TA B I L I T Y A N A LY S I S O F D E L AY E D 4 - C H A N N E L
B I L AT E R A L T E L E O P E R AT I O N S Y S T E M S

5.1 summary

This chapter studies the stability of a delayed four-channel (4CH)
teleoperation system based on the passivity framework. Assuming
that the operator and the environment are passive systems, the sta-
bility of the teleoperation system is reduced to ensuring the pas-
sivity of a master control unit (MCU), a slave control unit (SCU),
and the time-delayed communication channel. Each of these blocks
is modeled as a 2× 2 transfer function matrix and passified using
our proposed approach in a multi-loop feedback (MLF) structure.
We report conditions on the controllers of the 4CH architecture that
are sufficient for passivity of MCU and SCU. Simulation results
confirm the validity of these conditions for the stability of the tele-
operation system.

5.2 introduction

A teleoperation system consists of a two-port network representing
a teleoperator (comprising a master robot, a slave robot, their con-
trollers, and a communication channel) coupled to two one-port
networks representing a human operator and an environment. A
teleoperator’s two-port network model can be an impedance ma-
trix relating velocities to forces, a hybrid matrix relating a mixed
force-velocity vector to another mixed force-velocity vector, or an
admittance matrix relating forces to velocities [27, 56]. Based on
this modeling, two-port network theory can be used to analyze the
teleoperator’s passivity and, therefore, the teleoperation system’s
stability.

Passivity-based stability analysis of bilateral teleoperation sys-
tems was first introduced in [1] through scattering theory, and then
presented in the wave variables framework in [55]. A review of
time delay compensation techniques for teleoperation systems can
be found in [3]. In [1,55], the emphasis is on passifying the commu-
nication channel assuming that the master and the slave when combined
with their respective controllers are passive systems. Although the mas-

57
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ter and the slave robots may be assumed loosely to be passive [30],
there is no guarantee that the master control unit (MCU) and the
slave control unit (SCU), which result from combining the master
and the slave with their controllers, are also passive. To the best
of the authors’ knowledge, the conditions under which the MCU
and the SCU remain passive have not been reported before. In this
chapter, we derive conditions for passivity of the MCU and the
SCU while also passifying the delayed communication channel.

Wave transformation for passifying a delayed communication
channel were developed for a channel that can be modeled as a 2-
port network [55]. In order to apply the wave variables method to
a delayed 4CH teleoperation system, in which the communication
channel has 4 inputs and 4 outputs, similar to the method in [8], a
weighted sum of force and velocity at each side of the teleoperation
system can be sent through the channel making the communica-
tion channel appear as a 2-port network. However, this approach
to delay compensation in the 4CH teleoperation system introduces
non-physical variables that complicate the teleoperator’s passivity
analysis. In this chapter, without any need for physical interpreta-
tion of the signals that are involved in a delay-compensated 4CH
teleoperation system, a transfer matrix based approach to modeling
and stability analysis is presented that is easier to follow compared
to traditional two-port network based passivity analyses. The sta-
bility analysis introduced in this chapter has been also extended to
trilateral teleoperation system with the 4CH structure introduced
in [39]. In recent years, multilateral teleoperation systems have been
studied extensively in literature [38, 39, 41–43, 66, 67, 71].

The rest of the chapter is organized as follows. Section 5.3 pro-
vides mathematical preliminaries required for this chapter. In Sec-
tion 5.4, the 4CH teleoperation system is modeled. In Section 5.5,
the passification procedure for the delayed communication chan-
nel within the 4CH architecture is presented. Section 5.6 finds a
condition for stability of the delay-compensated 4CH teleoperation
system in terms of passivity of the MCU and the SCU. Simulation
results are presented in Section 5.8 and Section 5.9 presents the
conclusions.
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5.3 mathematical preliminaries

Definition 5.3.1. [27] The M-port network NM shown in Figure 5.1
with zero initial energy is passive if and only if

t∫
0

M

∑
i=1

fi(τ)vi(τ)dτ ≥ 0, ∀t ≥ 0 (5.1)

for all admissible forces fi’s and velocities vi’s, i = 1, ..., m.

Figure 5.1: An M-port network

Definition 5.3.2. [44] The system

ẋ = f (x, u) (5.2)

y = h(x, u) (5.3)

is said to be passive if there exists a continuously differentiable positive
semidefinte function V(x) (called storage function) such that

uTy ≥ V̇ =
∂V
∂x

f (x, u), ∀(x, u) ∈ Rn × Rm (5.4)

Moreover, it is said to be strictly passive if uTy > V̇.

Lemma 5.3.1. [44] The LTI minimal realization

ẋ = Ax + Bu (5.5)

y = Cx + Du (5.6)

with G(s) = C(sI − A)−1B + D is

• passive if G(s) is positive real;
• strictly passive if G(s) is strictly positive real.

Definition 5.3.3. [44] An n× n proper rational transfer function matrix
G(s) is positive real if
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• poles of all elements of G(s) are in Re[s] ≤ 0,
• for all real ω for which jω is not a pole of any element of G(s), the

matrix G(jω) + GT(−jω) is positive semidefinite, and
• any pure imaginary pole of jω of any element of G(s) is a sim-

ple pole and the residue matrix lims→ jω(s − jω)G(s) is positive
semidefinite Hermitian.

Applying Definition 5.3.3 and Lemma 5.3.1 to a 2 × 2 transfer
matrix G(s), which can represent a two-port network, leads to Rais-
beck’s passivity criterion (see Appendix A.1 for details).

5.4 system modeling

The LTI dynamics of the operator and the environment are as-
sumed to be

Fh = F∗h − ZhVm (5.7)

Fe = F∗e − ZeVs (5.8)

where Fh and Fe are the operator force applied to the master robot
and the environment force applied to the slave robot 1, Zh and Ze

are the operator and the environment impedances, Vm and Vs are
the operator and the environment velocities, and F∗h and F∗e are
the exogenous force inputs from the operator and the environment,
respectively. The LTI models of the master and the slave robots are
assumed to be

ZmVm = Fh + Fcm (5.9)

ZsVs = Fe + Fcs (5.10)

where Zm = Mms and Zs = Mss are the impedances of 1-DOF mas-
ter and salve robots, respectively. Also, Fcm and Fcs are the control
signals for the master and the slave robots, respectively. In the 4CH
teleoperation architecture in Figure 5.2, the control signals are

Fcm =− CmVm − C4Vmd + C6Fh − C2Fhd (5.11)

Fcs =− CsVs + C1Vsd + C5Fe + C3Fed (5.12)

where Cm = (Kdm +
Kpm

s ) and Cs = (Kds +
Kps

s ) represent local PD
position controllers, C6 and C5 are local force controllers, C2 and C3

1 In this chapter Fe is considered as the environment force applied to the slave
where in literature it is defined as the slave’s force applied upon the environment.
This change of notation is made to preserve symmetric structure of the 4CH tele-
operation system.
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cation channel has been re-modeled as a two-port network

are force feedback and feed-forward controllers, and C1 to C4 are
position compensators working in conjunction with Cs and Cm, Vmd
and Vsd are desired velocities, and Fhd and Fed are desired forces for
the master and the slave, respectively.

5.5 channel delay compensation in 4ch teleoperation

Inspired by [8], for compensating for the communication delay in
a 4CH teleoperation system, a weighted sum of force and velocity
at each side of the teleoperation system must be considered as in-
coming signals such that the communication channel appears as a
2-port network system. Once we do so, the 4CH teleoperation sys-
tem in Figure 5.2 is re-modeled as shown in Figure 5.3. The 2× 2
transfer matrix relating the outputs of the delayed communication
channel to its inputs are[

I1

−V2

]
=

[
0 e−sT

−e−sT 0

] [
V1

I2

]
(5.13)

Based on Definition 5.3.3, the channel transfer matrix is not posi-
tive real and thus the delayed communication channel is not pas-
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sive. Realizing a passive communication channel can be carried out
through two methods. The first method is based on the wave vari-
ables formulation [55]. In Figure 5.4, the outputs of the wave trans-
formation block at the master side are

I1 = bV1 +
√

2bum; vm =
√

2bV1 + um (5.14)

and at the slave side they are

−V2 = −1
b
(−I2 +

√
2bvs); us =

1
b
(
√

2bI2 − bvs) (5.15)

Since um(t) = us(t− T) and vs(t) = vm(t− T), we get

I1 = e−sT I2 − be−sTV2 + bV1 (5.16)

−V2 = −e−sTV1
1
b

e−sT I1 +
1
b

I2 (5.17)

This will change the channel transfer function matrix from (5.13) to

C(s) =

 b esT−e−sT

(esT+e−sT)
2

(esT+e−sT)

− 2
(esT+e−sT)

esT−e−sT

b(esT+e−sT)

 (5.18)

which is positive real according to Definition 5.3.3, and therefore
is passive. The second method follows a purely transfer function
based approach. The objective here is to change the original delayed
channel (5.13) to become a passive transfer matrix. Thus, the prob-
lem boils down to solving the following equations for unknown
coefficients a1, a2, b1, b2, c1 and c2, so that the resulting transfer ma-
trix satisfies the positive-realness requirements.

I1 = aV1 + be−sT(−V2) + ce−sT I2 (5.19)

−V2 = a
′
I2 + b

′
e−sTV1 + c

′
e−sT I1 (5.20)

Note that if T = 0, we need to get I1 = I2 and V2 = V1. To satisfy
this, it is necessary that

a = b, c = 1, a
′
= −c

′
, b
′
= −1

Substituting these in (5.19)-(5.20), the new channel will be positive
real if

c
′
=
−1
b
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Thus, the new channel (5.19)-(5.20) will have only one free parame-
ter b. Finally, the transfer matrix of this delay-compensated channel
will turn out to be the same as (5.18), which meets the positive-
realness conditions according to Definition 5.3.3 and is passive.

5.6 stabilization of a delay-compensated 4ch bilat-
eral teleoperation system

A mathematically involved and intractable approach to stabilizing
the delayed 4CH teleoperation system is to consider the teleopera-
tor as a whole[

Vm

Vs

]
= Gtotal

[
Fh

Fe

]
(5.21)

where Gtotal(s) is to be passified through the design of the con-
trollers. This transfer matrix is far too complicated to analyze for
passivity. In the context of bilateral teleoperation systems in the
presence of constant time-delay, passivity-based stability methods
are attempt to passify the communication channel assuming that
both the MCU and the SCU are passive. However, the passivity of the
MCU and the SCU needs to be guaranteed via proper choice of
control systems. Here, it is shown that there are certain conditions
involving the values of the gains of the master and slave controllers
in order for the passivity of the MCU and SCU to be guaranteed.

Three different approaches to the passivity analysis are presented
below. The first two approaches, the 2-port network (2PN) and
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Figure 5.6: 2PN structure: passivity of the human operator, MCU, time-
delayed communication channel, SCU, and environment is suf-
ficient for passivity (and stability) of the teleoperation system.

single-loop feedback (SLF) structures, are previously introduced in
literature and we show that they cannot stabilize the 4CH teleoper-
ation system. However, using the third approach, multi-loop feed-
back (MLF) structure proposed in this chapter, the stability of the
system will be guaranteed.

5.6.1 Approach 1: 2-Port Network (2PN) Structure

Theorem 5.6.1. The teleoperator, i.e., the teleoperation system excluding
the operator and the environment as shown in Figure 5.6, is passive if the
MCU, the time delayed communication channel and the SCU are passive.

Proof. If the MCU, the time delayed communication channel and
the SCU are passive, then based on Definition 5.3.1 we get∫

f1v1 +
∫

f2(−v2) ≥ 0 (5.22)∫
f2v2 +

∫
f3v3 ≥ 0 (5.23)∫

f3(−v3) +
∫

f4v4 ≥ 0 (5.24)

The sum of (5.22) - (5.24) gives∫
f1V1 +

∫
f4V4 ≥ 0 (5.25)

which implies the passivity of the teleoperator.

The problem faced in practice with the 2PN structure in the con-
text of 4CH teleoperation is that since a weighted sum of both
force and velocity are exchanged between the MCU, the channel,
and the SCU, physical interpretation of these signals is not easy,
which means that writing the two-port network models based on
immitance parameters is rather difficult. It is preferable to pursue
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a solely transfer function based approach that deals with system
inputs and outputs regardless of their physical interpretation (or
lack thereof).

5.6.2 Approach 2: Single-Loop Feedback (SLF) Structure

In this section, the stability analysis method proposed in [8], the
SLF structure, is further investigated. As seen in Figure 5.3, we
have

Fh(1 + C6)

Ztm
− I1

Ztm
= Vm ,

Fe(1 + C5)

Zts
+

V2

Zts
= Vs (5.26)

C3Fh + C1Vm = V1 , C2Fe + C4Vs = I2 (5.27)

where Ztm = Zm +Cm and Zts = Zs +Cs. Manipulating (5.26)-(5.27)
will result in the single-loop feedback structure equivalent of the
teleoperation system shown in Figure 5.7, where C(s) is the trans-
fer matrix (5.18) of the delay-compensated communication channel
and

G(s) =

[
C1Z−1

tm 0

0 C4Z−1
ts

]
(5.28)

Theorem 5.6.2. [8] Assume that a teleoperation system is coupled to
an environment and a human operator that are passive but otherwise arbi-
trary. If G(s) is strictly positive real, then for inputs with finite norms, the
outputs in the system shown in Figure 5.7 will have finite norms. (Note
that the delay has been compensated for in the channel)

G(s)G(s)

C(s)C(s)

+

-

+

+

C1Vm

C4Vs

C3Fh

C2Fe

V1

I2

 I1

- V2

 Fh (1+C6)

Fe (1+C5)

Figure 5.7: SLF structure: equivalent single-loop feedback structure of the
4CH teleoperator (i.e., not including the human operator and
the environment).

A major drawback of the SLF structure is that it guarantees input-
output stability from the inputs involving Fh and Fe to the outputs
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involving Vm and Vs. However, we know that there are two more
feedback loops involving Zh and Ze in a teleoperation system (not
shown in Figure 5.7) namely (5.7)-(5.8), that can affect the stability
of the closed-loop system. In other words, only F∗h and F∗e are true
inputs to the system. Incorporating the dynamics of the human
operator and the environment into Figure 5.7 results in a compli-
cated structure that cannot easily be analyzed for passivity using
the tools listed in Section 5.3.

5.6.3 Approach 3: Multi-Loop Feedback (MLF) Structure

MLF structure, which is the proposed approach of this thesis, will
enable us to study the passivity of the 4CH teleoperation system
easily compared to 2-PN or SLF structures. The 4CH bilateral tele-
operation system in Figure 5.3 can be represented through an MLF
structure as shown in Figure 5.8, where e1 = Vm , e2 =

(
Fh
−I1

)
,

e3 =
(

V1
I2

)
, e4 =

(
V2
Fe

)
, e5 = Vs, u1 = 0, u2 =

(
F∗h
0

)
, u3 =

(
0
0

)
,

u4 =
(

0
F∗e

)
, u5 = 0, y1 = VmZh, y2 =

(
Vm
V1

)
, y3 =

(
I1
−V2

)
, y4 =

(
I2
Vs

)
and y5 = VsZe.

Theorem 5.6.3. The system in Figure 5.8 is passive if Ze, SCU, time-
delayed communication channel, MCU, and Zh, respectively blocks are
passive.

Proof. Let V1(x1), V2(x2), V3(x3), V4(x4) and V5(x5) be the storage
functions of Ze, the SCU, the time-delayed communication channel,
the MCU and Zh, respectively. Assume the initial stored energy in
each of these systems is zero. Based on Definition 5.3.2,

eT
i yi ≥ V̇i (5.29)

From the feedback loops in Figure 5.8, it can be seen that

e1 = u1 + [1 0]y2 (5.30)

e2 =

[
[1 0]u2 − y1

[0 1]u2 − [1 0]y3

]
(5.31)

e3 =

[
[1 0]u3 + [0 1]y2

[0 1]u3 + [1 0]y4

]
(5.32)

e4 =

[
[1 0]u4 − [0 1]y3

[0 1]u4 − y5

]
(5.33)

e5 = u5 + [0 1]y4 (5.34)
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Therefore, it is easy to show that

eT
1 y1 + eT

2 y2 + eT
3 y3 + eT

4 y4 + eT
5 y5 =

uT
1 y1 + uT

2 y2 + uT
3 y3+uT

4 y4 + uT
5 y5

For the entire teleoperation system, let us define

u =
[
u1 u2 u3 u4 u5

]T
y =

[
y1 y2 y3 y4 y5

]T
Thus,

uTy = uT
1 y1 + uT

2 y2 + uT
3 y3 + uT

4 y4 + uT
5 y5 ≥ V̇1 + V̇2 + V̇3 + V̇4 + V̇5

Taking V(x) = V1(x1) + V2(x2) + V3(x3) + V4(x4) + V5(x5), we ob-
tain

uTy ≥ V̇ (5.35)

This concludes the proof.

5.6.3.1 Passification of MCU and SCU

With Zh and Ze assumed passive, because of Theorem 5.6.3, the
teleoperation system stabilization problem will be reduced to pas-
sifying the communication channel, the MCU and the SCU. As ex-
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plained in Section 5.5, the communication channel can be passified
using either of the methods that were previously described, i.e., the
wave variables method in Figure 5.4 or the transfer matrix based
method in Figure 5.5. For ensuring passivity of the MCU and the
SCU, controllers need to be designed such that they meet the defini-
tion of positive realness. Relating inputs to corresponding outputs,
the transfer matrices of the MCU and the SCU satisfy[

Vm

V1

]
= GMCU

[
Fh

−I1

]
,

[
I2

Vs

]
= GSCU

[
V2

Fe

]
(5.36)

where

GMCU =

[
1+C6

Zm+Cm
1

Zm+Cm

C3 +
C1(1+C6)
Zm+Cm

C1
Zm+Cm

]
(5.37)

GSCU =

[
C4

Zs+Cs
C2 +

C4(1+C5)
Zs+Cs

1
Zs+Cs

1+C5
Zs+Cs

]
(5.38)

Assuming that C2, C3, C5, C6 (but not C1 and C4) are scalar gains
and C1 to C6 are to be designed, based on Theorem 5.6.3, GMCU
and GSCU need to be passive. Passivity of GMCU and GSCU requires
them to be positive-real (Lemma 5.3.1). Based on Definition 5.3.3,
for positive-realness of each transfer matrix, three conditions are to
be satisfied. The first and third conditions are obviously the case
here since all poles are on the left hand side of jω axis. Assuming
that C2, C3, C5, C6 (but not C1 and C4) are scalar gains and they all
are to be designed, applying the second part of the Definition 5.3.3
leads to

(1 + C6)Kdmω2 > 0, (1 + C5)Kdsω
2 > 0 (5.39)

<[C1(jω)((Kpm −Mmω2)j− Kdmω)] > 0 (5.40)

<[C4(jω)((Kps −Msω
2)j− Kdsω)] > 0 (5.41)

[(Kpm −Mmω2)− C3KM](1 + C6)Kdm[(2<C1)(Kpm

−Mmω2) + (2=C1)Kdmω]− [(Kpm −Mmω2) + C3KM]2

− (1 + C6)
2((<C1)

2 + (=C1)
2)KM + K2

dmω2 − 2(1 + C6)

(=C1)(Kpm −Mmω2)Kdmω + 2(1 + C6)(<C1)K2
dmω2 > 0

(5.42)
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[(Kps −Msω
2)− C2KS](1 + C5)Kds[(2<C4)(Kps

−Msω
2) + (2=C4)Kdsω]− [(Kps −Msω

2) + C2KS]
2

− (1 + C5)
2((<C4)

2] + (=C4)
2)KS + K2

dsω
2 − 2(1 + C5)

(=C4)(Kps −Msω
2)Kdsω + 2(1 + C5)(<C4)K2

dsω
2 > 0 (5.43)

where KM = (Kpm −Mmω2)2 + K2
dmω2 and KS = (Kps −Msω

2)2 +

K2
dsω

2. Inequalities (5.39)-(5.43) are general sufficient conditions for
ensuring passivity of the delayed 4CH teleoperation system in the
sense that any given set of controllers (C1, · · · , C6 and proportional-
derivative Cm and Cs) for any given system (Mm and Ms) can be
checked for passivity, and are reported for the first time in this the-
sis. The transparency conditions for the 4CH teleoperation system
(without delay) shown in Figure 5.2 are

C1 = Cs + Zs, C4 = −(Cm + Zm)

C2 = 1 + C6, C3 = −(1 + C5) (5.44)

It is easy to see that (5.44) and (5.39)-(5.43) are incompatible. This
means that using the controllers (5.44), which guarantee transparency
under zero delay, may not result in a stable teleoperation system
when there exists time delay. Though the controllers (5.44) could
not ensure passivity, let us assume that C1 and C4 have similar struc-
tures to Cs + Zs and Cm + Zm, respectively. This results in PID-like
controllers C1 = Km1s + Kp1

s + Kd1 and C4 = Km4s + Kp4
s + Kd4 with

free parameters Kmi, Kpi, Kdi, i = 1, 4. Applying Definition 5.3.3, we
get the following conditions to ensure the stability of the 4CH de-
layed teleoperation system:

Kmi, Kpi, Kdi > 0, f or i = 1, 4 (5.45)

C2 < 0, C3 < 0, 1 + C6 > 0, 1 + C5 > 0 (5.46)
Km1

Mm
=

Kp1

Kpm
=

Kd1

Kdm
=
−C3

1 + C6
(5.47)

Km4

Ms
=

Kp4

Kps
=

Kd4

Kds
=
−C2

1 + C5
(5.48)

In the simulation study that follows, the above controllers for the
4CH teleoperation system are used. However, as mentioned before,
conditions (5.39)-(5.43) are general and can be tested for any given
set of controllers.

Remark Figure 5.9 depicts a 2-loop feedback variant of the 4CH
teleoperation system. It can be shown that it is passive if the time-
delayed communication channel and GMS are passive (note that
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since the operator and the environment are assumed passive, based

on Definition 5.3.3 the matrix

[
Zs 0

0 Ze

]
will be passive as well). The

combination of the MCU and SCU is given by

GMS =


1+C6
Ztm

0 1
Ztm

0

0 1+C5
Zts

0 1
Zts

C3 +
C1(1+C6)

Ztm
0 C1

Ztm
0

0 C2 +
C4(1+C5)

Zts
0 C4

Zts

 (5.49)

Again, the communication channel can be passified using either of

GMS

Time-delayed 

communication channel

-
+

-

+

+
+

+

+Ze

Zh 0

0
Vm

-V2

I1

Fh
*

Fe
*

Vs

Fh

Fe

I2

V1

0

0

0

0

Figure 5.9: 2-loop structure of a 4CH teleoperation system

the methods in Section 5.5. It is easy to show that the passivity of
GMS is equivalent to the passivity of MCU and SCU in the structure
shown in Figure 5.8.

5.7 stabilization of a delay-compensated 4ch trilat-
eral teleoperation system

Khademian et al. [39] has introduced a 4CH trilateral (dual-user)
shared control structure, where adjustable interaction between the
two users as well as between each user and the environment is ob-
tained through introducing a dominance factor α (Figure 5.10). The
following represents the dynamics of the teleoperation system in
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Figure 5.10. For i = 1, 2, the LTI dynamics of the human operators
and the environment are

Fhi = F∗hi − ZhVmi (5.50)

Fe = F∗e − ZeVs (5.51)

where Fhi and Fe are the operator forces applied to the master robots
and the environment force applied to the slave robot, Zhi and Ze are
the operators and the environment impedances, Vmi and Vs are the
operators and the environment velocities, and F∗hi and F∗e are the
exogenous force inputs from the operators and the environment,
respectively. The LTI dynamics of the master and slave robots in
the Laplace domain are expressed as

Zm1Vm1 = Fh1 + Fcm12 + Fcm1s (5.52)

Zm2Vm2 = Fh2 + Fcm12 + Fcm2s (5.53)

ZsVs = Fe + Fcs1 + Fcs2 (5.54)

where Zm1 = Mm1s, Zm1 = Mm1s and Zs = Mss represent the
dynamic models of the masters and the slave. Moreover, Fcm12, Fcm1s,
Fcm21, Fcm2s, Fcs1 and Fcs2 are the 4CH control signals expressed as

Fcm12 =− Cm1Vm1 − (1− α)C4m1Vm2 + C6m1Fh1

− (1− α)C2m1Fh2 (5.55)

Fcm1s =− Cm1Vm1 − αC4m1Vs + C6m1Fh1

− αC2m1Fe (5.56)

Fcm21 =− Cm2Vm2 − αC4m2Vm1 + C6m2Fh2

− αC2m2Fh1 (5.57)

Fcm2s =− Cm2Vm2 − (1− α)C4m2Vs + C6m2Fh2

− (1− α)C2m2Fe (5.58)

Fcs1 =− CsVs − αC1Vm1 + C5Fe − αC3Fh1 (5.59)

Fcs2 =− CsVs − (1− α)C1Vm2 + C5Fe

− (1− α)C3Fh2 (5.60)

In the above, Cmi = (Kdmi +
Kpmi

s ) and Cs = (Kds +
Kps

s ) are local
PD position controllers, C6mi and C5 are local force controllers, C2mi
and C3 are force feedback and feed-forward controllers, and C1 and
C4mi are position compensators working in conjunction with Cs and
Cmi and α is the dominance factor which can hold a value in [0, 1].
When α is zero, operator 1 has the full control over the slave robot
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Figure 5.10: A 4CH trilateral teleoperation system structure

and operator 2 is follwoing operator 1. When α is equal to 1 the
dominance in controlling the slave’s position is transferred to op-
erator 2. With simple manipulation, the system in Figure 5.10 can
be presented as in Figure 5.11, where CC1,2, CC1,s and CC2,s are the
communication channels between master 1 and master 2, between
master 1 and slave and between master 2 and slave, respectively.
MCU1, MCU2 and SCU are the master 1 control unit, master 2 con-
trol unit, and slave control unit, respectively. The detailed model of
control units are shown in Figures 5.12, 5.13 and 5.14.

5.7.1 Stability Analysis of a Trilateral Teleoperation System

The trilateral teleoperation system in Figure 5.11 can be represented
through an MLF structure as shown in Figure 5.15, where e1 = Vs

, e2 =

(
Fs

Vs1
Vs2

)
, e3 =

(
Is2
V2s

)
, e4 = Vm2, e5 =

(
Fh2
V21
−I2s

)
, e6 =

(
Is1
V1s

)
,

e7 =
(

I21
V12

)
, e8 = Vm2, e9 =

(
Fh1
−I12
−I1s

)
, u1 = 0, u2 =

(
F∗e
0
0

)
, u3 =

(
0
0

)
,

u4 = 0, u5 =

(
F∗h2
0
0

)
, u6 =

(
0
0

)
, u7 =

(
0
0

)
, u8 = 0, u9 =

(
F∗h1
0
0

)
,

y1 = VsZe, y2 =

(
Vs
Is1
Is2

)
, y3 =

(
−Vs2

I2s

)
, y4 = Zh2Vm2, y5 =

(
Vh2
I21
V2s

)
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Figure 5.11: The model of a 4CH trilateral teleoperation system
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Figure 5.14: The model of slave control unit
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Figure 5.15: MLF structure: equivalent multi-loop feedback structure for
a 4CH trilateral teleoperation system

and y6 =
(
−Vs1

I1s

)
, y7 =

(
−V21

I12

)
, y8 = Vm1Zh1, y9 =

(
Vh1
V12
V1s

)
. Thus,

using a approach similar to that for the 4CH bilateral teleopration
system in Section 5.6.3, the stability of 4CH trilateral system can be
addressed.

Theorem 5.7.1. The system modeled in Figure 5.15 is stable if each of Zh1,
Zh2, Ze, MCU1, MCU2, MCU3, CC1,2, CC1,s and CC2,s are passive.

The proof of this theorem is provided in Appendix A.2.
With the assumption that for each communication channel (CC1,2,

CC1,s and CC2,s), the corresponding delay has been compensated
for using one of the two techniques explained in Section 5.5 and
assuming that each termination (Zh1, Zh2 or Ze) is passive, the sta-
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bility problem of a 4CH trilateral teleoperation system will reduce
to ensuring the passivity of each control unit.

The input-output mapping for each control unit isVm1

V12

V1s

 = GMCU1(s)

 Fh1

−I12

−I1s

 (5.61)

Vm2

I21

V2s

 = GMCU2(s)

 Fh2

V21

−I2s

 (5.62)

Vs

Is1

Is2

 = GSCU(s)

 Fe

V1s

V2s

 (5.63)

where

GMCU1(s) = (5.64)
1+C6m1

Zm1+Cm1

1
Zm1+Cm1

1
Zm1+Cm1

α(C2m2 +
C4m2(1+C6m1)

Zm1+Cm1
) αC4m2

Zm1+Cm1

αC4m2
Zm1+Cm1

α(C3 +
C1(1+C6m1)

Zm1+Cm1
) αC1

Zm1+Cm1

αC1
Zm1+Cm1



GMCU2(s) = (5.65)
1+C6m2

Zm2+Cm2

1
Zm2+Cm2

1
Zm2+Cm2

(1− α)(C2m1 +
C4m1(1+C6m2)

Zm2+Cm2
) (1−α)C4m1

Zm2+Cm2

(1−α)C4m1
Zm2+Cm2

(1− α)(C3 +
C1(1+C6m2)

Zm2+Cm2
) (1−α)C1

Zm2+Cm2

(1−α)C1
Zm2+Cm2



GSCU(s) = (5.66)
1+C5
Zs+Cs

1
Zs+Cs

1
Zs+Cs

α(C2m1 +
C4m1(1+C5)

Zs+Cs
) αC4m1

Zs+Cs

αC4m1
Zs+Cs

(1− α)(C2m2 +
C4m2(1+C5)

Zs+Cs
) (1−α)C4m2

Zs+Cs

(1−α)C4m2
Zs+Cs
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Based on Definition 5.3.3, for passivity of each of the above transfer
matrices three conditions are to be satisfied. The first and third
conditions are obviously the case here since all poles are in jω < 0.
The second condition in Definition 5.3.3 still needs to be checked.
Assuming that C2mi, C3, C5, C6mi (but not C1 and C4mi) are scalar
gains and they all are to be designed, applying the second part of
the Defintion 5.3.3 leads to

1 + C6m1 > 0, 1 + C6m2 > 0, 1 + C5 > 0 (5.67)

C2m1 < 0, C2m2 < 0, C3 < 0 (5.68)
C4m2

Cm1 + Zm1
=
−C2m2

1 + C6m1
(5.69)

C1

Cm1 + Zm1
=

−C3

1 + C6m1
(5.70)

C4m1

Cm2 + Zm2
=
−C2m1

1 + C6m2
(5.71)

C1

Cm2 + Zm2
=

−C3

1 + C6m2
(5.72)

C4m1

Cs + Zs
=
−C2m1

1 + C5
(5.73)

C4m2

Cs + Zs
=
−C2m2

1 + C5
(5.74)

C2m1

C2m2
=

C4m1

C4m2
=

1− α

α
(5.75)

Here, it is assumed that C4m1, C4m2 and C1 have similar structures to
Cm1 + Zm1, Cm2 + Zm2 and Cs + Zs, respectively. This results in PID-
like controllers C1 = Km1s+ Kp1

s +Kd1 and C4mi = Km4is+
Kp4i

s +Kd4i
with free positive parameters Km1, Kp1, Kd1,Km4i, Kp4i, Kd4i, i = 1, 4.
Note that these results are only valid if 0 < α < 1; when α =

0 or 1 the structure is no longer considered trilateral since there
will not be any feedback connection from operator 1 or operator 2,
respectively. As it can be seen in the above conditions, the stability
of the 4CH trilateral teleoperation system is dependent on the value
of the dominance factor α. In the special case where the dominance
is equally distributed between two operators (α = 0.5), (5.75) will
become:

C2m1 = C2m2, C4m1 = C4m2 (5.76)
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(A)
Mm 0.3 Kpm 100 Kdm 10 C2 -2 C6 1 C4 0.3s + 10 + 100/s
Ms 0.6 Kps 200 Kds 20 C3 -4 C5 3 C1 0.6s + 20 + 200/s

(B)
Mm 0.3 Kpm 100 Kdm 10 C2 -10 C6 1 C4 0.3s + 10 + 100/s
Ms 0.7 Kps 300 Kds 30 C3 2 C5 3 C1 0.35s + 30 + 300/s

Table 5.1: The masses and controllers gains used in the simulation: (A)
passive case and (B) non-passive case

5.8 simulation results

In this section, the passivity conditions derived in this chapter,
(5.45)-(5.48) found in section 5.6.3.1 and (5.67)-(5.75) found in sec-
tion 5.7.1, will be verified via simulations. For checking the passiv-
ity of the 4CH teleoperation system, a passivity observer [61] has
been incorporated into the simulation to calculate the dissipated
energy in the teleoperator. This dissipated energy is given by

Edissipated =

t∫
0

Fh(τ)Vm(τ)dτ +

t∫
0

Fe(τ)Vs(τ)dτ ≥ 0 (5.77)

The teleoperator is passive if this integral is non-negative at all
times. The 4CH teleoperation system in Figure 5.3 has been simu-
lated in MATLAB/Simulink. The time delay in the communication
channel is set to 0.5 sec. A pair of 1-DOF master and slave robots
modeled by point masses is considered. Both the master and the
slave are connected to LTI terminations with transfer functions 1

s+1 .
This termination is passive as for s = jω we have Re( 1

s+1 ) =
1

ω2+1 >

0 when ω > 0. For F∗h , a sine-wave with unit amplitude and 1 Hz
frequency is used. According to (5.45)-(5.48), it is expected that the

Figure 5.16: Passivity observer Edissipated used for the teleoperator’s pas-
sivity analysis

passivity of the 4CH teleoperator should depend on the controller
gains. Figure 5.16 shows that when the controller gains are cho-
sen to meet conditions (5.45)-(5.48), e.g., as listed in Table 5.1(A),
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(A)
Zm1 0.6s Cm1 1+1/s C2m1 -4 C6m1 1 C4m1 1.2s + 2 + 2/s
Zm2 0.6s Cm2 1+1/s C2m2 -4 C6m2 1 C4m2 1.2s + 2 + 2/s
Zs 0.6s Cs 0.6s+1+1/s C3 -4 C5 3 C1 0.6s + 1 + 1/s

(A)
Zm1 0.5s Cm1 1+1/s C2m1 -4 C6m1 1 C4m1 1.2s + 2 + 2/s
Zm2 0.6s Cm2 1+1/s C2m2 -4 C6m2 1 C4m2 1.2s + 2 + 2/s
Zs 0.3s Cs 0.6s+1+1/s C3 1 C5 2 C1 0.6s + 1 + 1/s

Table 5.2: The masses and controllers gains used in the simulation: (A)
passive case and (B) non-passive case.

the teleoperator is passive. However, for a set of masses and con-
troller gains that do not satisfy (5.45)-(5.48), e.g., as listed in Ta-
ble 5.1(B), the teleoperator will become non-passive. Similarly, in
order to check the validity of the passivity conditions (5.67)-(5.75)
for the 4CH trilateral teleoperation system in Figure 5.10, a passiv-
ity observer has been incorporated into the simulation to calculate
the dissipated energy in the teleoperator. This dissipated energy is
given by

Edissipated =

t∫
0

Fh1(τ)Vm1(τ)dτ +

t∫
0

Fh2(τ)Vm2(τ)dτ

+

t∫
0

Fe(τ)Vs(τ)dτ ≥ 0 (5.78)

The trilateral teleoperator is passive if this integral is non-negative
at all times. The 4CH trilateral teleoperation system in Figure 5.10

has been simulated in MATLAB/Simulink. The time delay is set to
0.5 sec. Two 1-DOF, point mass master and one slave robots mod-
eled by their point masses are considered. The master 1 and mas-
ter 2 and the slave are connected to passive LTI terminations with
transfer functions 1

s+1 . Sine-wave (with unit amplitude and 1 Hz
frequency) F∗h1 and F∗h2 are used. According to (5.67)-(5.75), it is ex-
pected that the passivity of the 4CH trilateral teleoperator should
depend on the controller gains. Figure 5.17 shows that when the
controller gains are chosen to meet conditions (5.67)-(5.75), e.g., as
listed in Table 5.2(A), the trilateral teleoperator is passive. However,
for a set of masses and controllers gain that do not satisfy (5.67)-
(5.75), e.g., as listed in Table 5.2(B), the teleoperator will become
non-passive. Note that it is assumed that α = 0.5.
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Figure 5.17: Passivity observer Edissipated used for the trilateral teleopera-
tor’s passivity analysis

5.9 conclusion and future work

In this chapter, the stability of 4CH bilateral and trilateral teleop-
eration systems in the presence of time delay is studied. When de-
lay exists in the communication channel, addressing the passivity
(and stability) of the teleoperation system as a whole is too compli-
cated and computationally intractable. Modifying the structure of
the 4CH teleoperation system as shown in Figure 5.8 (or Figure 5.9)
will enable us to study the requirements of passivity on a modular
and tractable basis. It was discussed that passifying the communi-
cation channel alone will not guarantee the stability of the entire
teleoperation system. Assuming that the operator(s) and the envi-
ronment are passive, controllers for the master(s) and the slave still
need to satisfy a set of requirements found in this chapter.



6
C O N C L U S I O N S A N D F U T U R E D I R E C T I O N S

6.1 conclusions

This thesis addressed the stability problem in the context of sampled-
data HVE systems and sampled-data and continuous-time teleop-
eration systems. The major contributions of this thesis are summa-
rized as follows:

• A unified framework to study the stability of sampled-data
HVE and sampled-data PEB bilateral teleoperation systems in
the presence of three main de-stabilizing factors: (a) delayed
communication channel, (b) controller discretization and (c)
active operator/environment. Although the stability of HVE
systems had been studied extensively in literature, the effect
of active operator was neglected assuming that the operator
behaves passively. However, this assumption is not always
valid, and depending on the task being performed by the
operator, the passivity assumption may be violated. Our pro-
posed framework enables us to study the stability of both
HVE and bilateral teleoperation systems in the presence of
active terminations (operator or environment). Another ad-
vantage of this framework over previously proposed methods
in the literature is that it can be easily applied to m-user HVE
systems where m ≥ 2. This framework also enables us to com-
pare the relative effects of delay, controller discretization and
active terminations on the stability of both HVE and bilateral
teleoperation systems.

• A framework to study the stability of delayed 4CH bilateral
teleoperation systems is proposed. While previous studies in
the literature tend to model the teleoperation systems via
2-port (teleoperator) and 1-port (operator and environment)
networks to address the stability using the physical definition
of passivity, in our proposed method a transfer matrix based
approach to modeling and stability analysis is presented that
is easier to follow. Also, in the literature the passivity-based
stability analysis for a delayed teleoperation system under
4CH architecture has mostly been narrowed to only compen-
sating for the delay in the communication channel while as-
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suming the rest of the system will be passive. We show that
although the master(s) and slave robots are passive systems,
when combined with their controllers the passivity can be
jeopardized, thus a set of conditions involving the controllers’
parameters need to be satisfied. For the case of 4CH trilateral
teleoperation system it has been shown that the passivity-
based analysis results in a set of conditions where the con-
troller values are dependent on the dominance factor involved
in the architecture.

6.2 directions for future research

In the context of stability analysis of sampled-data HVE systems
and sampled-data bilateral teleoperation systems, potential future
works include the following:

1. A possible extension to the proposed framework in this thesis
is to consider more dexterous robots. Applications of HVE
systems under 1-DoF robots are limited but can boost vastly
where there is more than one degree-of-freedom in the robot.

2. The nature of the delay in the Internet-based communication
channels is time-varying which can jeopardize the stability
of the system greatly. A natural extension to the proposed
framework comes by allowing time-varying communication
delays and studying its effect on the overall system stability
in both Chapter 3 and Chapter 4.

3. In this thesis, the stability analysis proposed in Chapter 4

is only applied to bilateral teleoperation systems under PEB
architecture. Extending this proposed framework to bilateral
teleoperation systems under 4CH and DFR architectures can
be considered.

In the context of stability analysis of continuous-time teleoperation
systems under 4CH architecture, possible future work includes the
following: Since the passivity assumption for terminations in tele-
operation systems is not always valid, an immediate extension of
the stability analysis method proposed in Chapter 5 is to study the
effect of active terminations on the stability of the overall teleop-
eration system. Considering time-varying communication delay is
also another possible future work in this context.
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A
A P P E N D I X

a.1 proof of raisbeck’s passivity criterion

Raisbeck’s passivity criterion [28]. The necessary and sufficient
condition for passivity of a 2-port network with immitance param-
eters p are

1. The p-parameters have no RHP poles
2. Any poles of the p-parameters on the imaginary axis are sim-

ple, and the residues of the p-parameters at these poles satisfy
the following conditions (kij denotes the residue of pij and k∗ij
is the complex conjugate of k ji):

k11 ≥ 0

k22 ≥ 0

k11k22 − k12k21 ≥ 0, with k21 = k∗12

3. The real and imaginary part of the p parameters satisfy

<p11 ≥ 0

<p22 ≥ 0

4<p11<p22 − (<p12 +<p21)
2 − (=p12 −=p21)

2 ≥ 0

Proof.

G(jω) =

[
p11(jω) p12(jω)

p21(jω) p22(jω)

]

is positive real if

G(jω) + GT(−jω) =[
p11(jω) + p11(−jω) p12(jω) + p21(−jω)

p21(jω) + p12(−jω) p22(jω) + p22(−jω)

]
=[

<P11 ((<P12 +<P21) + j(=P12 −=P21))

((<P12 +<P21)− j(=P12 −=P21)) 2<P22

]
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is positive semidefinite. Since positive semi-definiteness is equiv-
alent to having non-negative leading principle minors, the condi-
tions in 3 will be met. Also the following matrix must be positive
semidefinite Hermitian (kij denotes the residue of pij and k∗ij is the
complex conjugate of kij):

lims→ jω(s− jω)G(s) =

[
k11 k12

k21 k22

]

Applying the positive semidefinite Hermitian conditions will leave
us with the same conditions in 2. This concludes the proof.
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a.2 extension of passivity theorem to 4ch trilateral

teleoperation systems

Theorem A.2.1. The system modeled in Figure 5.15 is stable if each of
Zh1, Zh2, Ze, MCU1, MCU2, MCU3, CC1,2, CC1,s and CC2,s are passive.

Proof. Let V1(x1), V2(x2), V3(x3), V4(x4), V5(x5), V6(x6), V7(x7), V8(x8)

and V9(x9) be the storage functions of Ze, the SCU, CC2, s, Zh2, the
MCU2, CC1,s, CC1,2, Zh1 and the MCU1. Assume the initial stored
energy in each of these systems is zero. Based on Definition 5.3.2

eT
i yi ≥ V̇i (A.1)

Fom the feedback loops in Fig. 5.15, it can be seen that

e1 = u1 + [1 0 0]y2 (A.2)

e2 =

 [1 0 0]u2 − y1

[0 1 0]u2 − [1 0]y6

[0 0 1]u2 − [1 0]y3

 (A.3)

e3 =

[
[1 0]u3 + [0 0 1]y2

[0 1]u3 + [0 0 1]y5

]
(A.4)

e4 = u4 + [1 0 0]y5 (A.5)

e5 =

 [1 0 0]u5 − y4

[0 1 0]u5 − [1 0]y7

[0 0 1]u5 − [0 1]y3

 (A.6)

e6 =

[
[1 0]u6 + [0 1 0]y2

[0 1]u6 + [0 0 1]y9

]
(A.7)

e7 =

[
[1 0]u7 + [0 1 0]y5

[0 1]u7 + [0 1 0]y9

]
(A.8)

e8 = u8 + [1 0 0]y9 (A.9)

e9 =

 [1 0 0]u9 − y8

[0 1 0]u9 − [0 1]y7

[0 0 1]u9 − [0 1]y6

 (A.10)

Therefore, it is easy to show that

9

∑
i

eT
i yi =

9

∑
i

uT
i yi
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For the entire teleoperation system, let us define

u =
[
u1 u2 u3 u4 u5 u6 u7 u8 u9

]T

y =
[
y1 y2 y3 y4 y5 y6 y7 y8 y9

]T

Thus,

uTy =
9

∑
i

uT
i yi ≥

9

∑
i

V̇i

Taking V(x) = V1(x1)+V2(x2)+V3(x3)+V4(x4)+V5(x5)+V6(x6)+

V7(x7) + V8(x8) + V9(x9), we obtain

uTy ≥ V̇ (A.11)

This concludes the proof.
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