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ABSTRACT

In this thesis T shall attempt to defend Kant's claim that the
» ’ :

propositions of mathematics are synthetic and known a paiond. Kant's

’

basic problem is the following: 1if he can demonstrate that the prop~

ositions of mathematics are synthetic in néture, it seems difficulr

- 4

to provide for their-apriority;'if-Kant can show how the propositions

of mathematics are known a PRLORL, it appears difficult to argue for

.

their syntheticity. 1 argue that any successful defence of botrh the

apriority and syntheticity of mathematical propositions or judgments

v

must take into account how Kant construes the analytic/synfhetic
distinction, how Kagt explainsahis nopions.of intpifion_aﬁd pure
intuition, and will eventqally turn upon how mathématical concepts
are.conStructed. |

Kant maintains that mathemafical concepts must be treated <n
conc&etd.. This‘mééns that, féthant, the prﬁpositioqé of mathematics

have content or existential import. And it is precisely in virtue of

. ;o K
this that Kant is able to provide for the possibilitv of distinguishing

<!. e

between analypié’énd syﬁthégic;judgmen;é.4 Svnthetic jgagments have
content; analyticvjudgﬁeﬁﬁs are iﬁvéfiaht with respect to content.’ In
order for Kant to'makgié quﬁal distinctiop be£Ween analytfc and
synthetic judgments, thever,,L argue that this mﬁstvtufn upon’the

activity of the understahaing soméhow functioning at the basal level
of intuitipdy, In Chapter IT, T endeavour to make clear how Kant

.

construes the analvtic/syntheric distinction; and since the success

of this enterprise requires an' adequate ‘account -of intuition and.

g <

figurati&e synthesis, in Chapﬁer iII, I address the ?roblem of intuition,
: _ ‘ 'y

- and the connection between intuition and concepts, directly. Chapter IV



‘continues my exposition of intuition, but from the point of view of -
. . A -
'pure sensibility. 1Im particular, I examine the Metaphysical Exposi-

Y

tions of Space and Time and cull ftom tFem-those arguments that T°

take are. valid and of impdrt in demonstréting the apriority and

syntheticity of mathematics. With these ‘piecesiin place, in Chapter
V,I1 direct my attention specifically ro the issue of concept construc-

tion. Herein I first explore the two main lines of argumentation that
PRSI « ﬁwf}} .o ' v . : o
LA Xglbend the Kanti hesi e eti CORL e
purﬂﬂﬁ%:ﬁgﬁ $ d th tian thesis of th synthgtlg and @ pACOAL natur
Kt

i

» N
of the propd¥itions of mar

.

and turn to a counsideration of the differences between 'mathematics and

logic, in'what way a reduction of mathematics to logic is poSsigle} gnd

how many of the. logicist's objectioné can be undercut. or rgnderéd“otiOSe.
I %lso examine the closé relationship, that Kant asserts hoLds,.Between-
necessity“and aprioricy. 'THis-gxaminaﬁion natura}ly lends itself tp aﬁ'v

account of the Kantian sense of the ttanécéndental conditions of neces--

sity. And this, in turn, leads to a congsideration of "real" possibility
: . ‘ : 2 : ,

and objectivekvalidity, In drawing from the intuitionists;.l argue that

4

. et . . . N , . R R .
‘it-1s possible to identify the notion of constructive nroof with what

would count as a "reallyv" possible construction in mathematics. Armed,

thus, with' the intuitionist's tensed notion of truth and the Kantian

sense of form of intuition and formal intuition, I,argue that Ehé~con—
.strugtion of mathematical concepts defines its own limits of possibility
in virtue of the meg‘od of contruction, and its own content in virtue of
‘the proof process in the” making of mathematical judgments..

o L, i . C
' . * ‘ ] . . ) 5
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CHAPTER I

INTRODUCTION

It would be difficult to gainsay the influence of Kant's philosophy

bl

on tbose who 5ucéeeded him; it would be even more difficult to gainsay

the great” impact Kant had on philosophy in general. Whether in criticism

"‘qf defence, v%rtually every major philosophical figure since Kant has
.refg:red 50, or had‘something to sav about, various aspects of KanF;s

- ohilpsophy.' And this is no less .true in the drea of his\philosophy of

AL

mathematics. Kant has been subject to the criticisms of those explorers

into the foundations of mathematics such as Russell and Frege; on the

other hand, whole scgools of thought, such as the intuitionists) praise
the intent, if not the content, of the Kantian enterprise. The intent
behind Kant's'philosophﬁ of mathematics is, at least, clear. He

maintains that the oropositions of mathematics are both synthetic in
. SN

nature and known a pal¢il. Unfortunately Kant did not produce a work

- directed particularly to mathematics and hence the brevity and, perhaps,
seeming inconsistency of some of his arguments in this area, that are to.
‘be found scattered throughout his writings, have often been misconstrued

or misinterpreted. Yet to hold to a thesis that simultaneouslv asserts

both the syntheticity and apriority' of the propositions of mathematics
is clearly a position that demands close argumentd:ion.:'The fask I set

- before me is a defence of just this position.

&

Now Kant is a systemic philosopher. Hencg any reasonable attéﬁ?ﬁtjo
def%Pd his position on mathematics, and also maintain the spiripﬁof

Kantianism, must be approached from such a perspective. This fact, T

believe, has not been given its proper due in the literature on the

A

subject. Kant's philosophv of mathematics is embedded in a greater



epistemologlcal structure--critical ldeallsm. Thus, if one were to sepa-

rate from Kant's critical {dealism only those arguments that refer spe-w

/ *

cifically to mathematics, one, perhaps, makes the mistake of removing

.

the arguments from the context in which they were embedded, and hence
leaving them more readil& open to misinterpretation or misrepresentation.

On the other hamd, by drawing upon too much o#®fant's "system' in order
» ' k . - .
to explain or defend apparently weak or inconsistent arguments, one. runs

0

thesrisk of, producing a tome the size.off’say; the Ffrst Critique, and
losing sight of the;position Kant assumes with respect to mathématics.
Thevprobiem is thusktwéfold. One must ﬁirst ca;efully identify those
aspects of Kant's critical idealigm théf will. provide for the most faithful
rendering of his philosophy of mathematics; and then one must théréughly
examine those aspects to éee if an adequate defence of Kaﬁt'g éoéition
is to be Eound:

Under the premise, then, that Kant's philoséﬁhy'bf:maéhematics
should not be separated enpireiy from his critical iéeélism; myxattémpt
at a defence will proceed in four distinct stages. Clegrly, prior to
making any assertions concerning whether the progositiéns 6r'}udgmepts

-

of mathematics are both svnthetic and known a pniomé) one must come to

some conclusions regarding what is to count, in anv givenwinStance, as
< ) ] * ) ) . \\
a synthetic or analytic judgment. The first stage will, therefore,

comprise an examinhation of how Kant construes the analvtic/svnthetic .

distinction and upon what criteria he'g}ounds'the possibility of a dis-

tinction. Although Kant proffers various arguments regarding the dif-
ferences between analytic and synthetic judgments, in the final ‘analysis -
I conclude that the distinction rests upon a questjon.df'contehp., A

judgment 1is syntheiic if it has content; mathemacicalojudngnts are

[a%]



4

synthet{ic belause one constructs mathematical concepes in {ntultion. And

H

ft will turn out Lt 1is the process of construction, itself, that somehow

supplies the content. ' * '

.o®

If it can be shown that the propositions of mathematics have content
(and the roate to cogently argue for this i§\rortuous, indeed), then

intuition, in Kantian terms, would arguably be a necessary condition

]

. - : . v
under which mathematical knowledge is possible. To protect against the

possibility ofAthe propositions of mathematics being thus synthetic and
knowable only a posterniond, the intuition in question must be pure. Pure
intuition, thereforé, would arguably be a neceésary condition under which
the propositions of mathematicé.are syntheﬁic and knowable a padload.
Hen¢e stages two and three of my defence of the Kantian program will
comprisé an account of intuition, in general, Md oure intuition, in
particular. Of cr?ticaL importance in‘my survey of intuitiog will be
a consideration of sensibilitv and particularity. I hold that one cannot
f ' . '
divorce intuitiov from sensibility. This is not without little import
for those philosophers (sucp as Hinﬁikka) whose reconstruction of Kant's

philosophy of mathematics mitigates or denies such 2 connection between

sensibility .and intuition. But if the objects of mathematics are, like

..other objects, objects of possible experience, the question remains:

]
what status is one to grant the individual object in experience? Now

\Kgnt would argue against any philosophical position (such a Platonism)
that would confer some sort of-ontological status upoﬁ'mathematical
objects. Objects of experience and mathematical objects alikevare, in
the end, constituted or constructed by the understanding. Yet if the
ground of unity of the object is to be located in the understanding, how

then is one to come to terms with the appearance as phenomenal and the

“



. ==this timg{from the perspective of pure intuition.. Few notiouns in,

A ‘:7 o

thing—in—itSelf as noumeqel? It can be argﬁed, I believe, that by

giving 1ntu1tlon a more constitutive role and prov1d1ng for the func—7

)

tioning of the understandlng at the level of 1ntu1t10n in terms of the

notion of flguratlve synthe51s, the constructlon of the ﬂ%]ect for Kant,

’

becqmes less mysterious. e _ e o - -~

Stage thtee of my defence yill continue the.exam;netlon-é% intuition

.

Kaqt's'philosophy have been subjed; to as much criticism as that oflpufe

intuition. In particular, the arguments of the‘MetaphySiegl and

Transcendental Expositions of space and time, it®is claimed, have been

- 5 ., - c [ " . “" . )
conclusively re%gted. And, perhaps, much of the criticism has not been
unwarranted. ngever;_manyjof the morg common objections (such as those
of Strawson, for example) I believe. can be found wanting. There exists
apkernel of solid, valid argufertation to ?%rfound in*the Metaphvsical .

. i . L T

_Egpbsitions. This kernel‘I‘Hope'tO"identify and’ekpand upon. Cleéiiz,;

)

)

the Metaphysical and Transcendental Expositions de not.succeed'in_proving

what it'appearé‘Kaht wished to prove: the trahscendentaIHidealiCy of
space and time. But, then, it would be questionable Eoeassﬁmevthét'

Il
v

Kant.'s full blown transcendental idealism rests solely upon thevargdmehts'
of .the Expdsitions. ' What the Métaphysical Expositions doishoﬁ,'howeVef}

is that our representation of space and time is intuitive and singular
and not merely'conceptual or 'abstracted from .experience.  Théese notions,
coupled with Kanf'a arguments that spaces and time are necessary con=.

. . : p : _ . .

ditions or pre-conditioms for ‘the possibility of experience, give some’

- ' ‘ . S Lo ' RIS
sense to whats Kant might mean by a form of intuition. Moreover,.Kang

o

A E} e N . © . -
.is careful to note the distinction between space and time as forms of

i

'1ntu1tlon and of our" formal 1ntu1tlon of . space and time. - And, armed o

=

oS
$

v



Exp051tlons that L take to be va 1d Kant I malntaln has suff1c1ent

resources to prov1de for,the sense of concept constructlon in mathe—
: /. -
’

matics that he requlres TR Y f'%ﬁ ST

The fourth, and“crﬁéial; stage w1ll therefore concern the con—.'

P

‘Struction of cOncepts in,mathematics l shall flrst dlSCuSS the two
. . . / \ . .
. ma1n llnes of argumentatlon that purport to defend the Kantlan clalm ,

¢ 3

that the DrOPOSIClOﬂS“Of mathematlcs are synthetlc and known a Q&LOR&

,, R
« . - A N LIRS NS . . f

Brlttan, whom I take as paradlgmatlc of one llne malntalns thatr -

.«' - . j |

_svnthet1c1tv accrues 1n v1rtue of the axioms upon Wthh the varlou o \

\ 0

: e . w .
branches of mathematlcs are based . These axloms are svnthetlc, and

: hence—any'theorems deriVeddtherefrom‘are similarly‘Synthetic{' Hintikka;~

whom L’take as_paradigmatlc ofcthE'other=major?line; asserts thatﬂmathee

matlcs 1s svnthetlc In v1rtue ot the use of the loglcal notlon of exls—'
S A , . . ] oo
tentlal 1nstant1atldn I shall flnd in, favour of nelther of" these’lines}

Vo
/

but w1ll draw from some of the sallent p01nts of both- that I feel'are'
’ 7 . : ' - Co T

“yalid.. I shall then readdress the issue. of content If@'as’l have argued,

‘"Kant maintains'that“the'propositions of mathematics are sVntHetic because

/

o/ ’ . - s i
between mathematlcs and lOglC When*viewed from a Gorrect perspect1ve~ -

o

they have content, one must be careful in maklng arbltrarv dlstlnctlons

.
e

(in particular, by paying close attentlon tQ ‘the - status of loglc as it

ex1sted in Kant s tlme) . some sort-of reduction of .mathematics to~logic>‘
is possible——even Within_the'scope of.Kant's philosophy;‘ This, of course,
1mmed1atelv renders otlose many of the log1c1st s ob]ectlons but problems

< M . ‘ ’

however stlll ex1st The questlon of aprlorltv must also be addresséd
And to thls end an examlnatlon of the transcendental sense of- nece531tv

‘that_Kant attaches to thezpropositions'of“mathematiCS seems calléd for.



o 3éan ap§ééifEbehe'fofmé‘of

.

~ - Although Brittan's reconstruction, hte, appear

+ d mathematicadl corcept can be represented {n concteto. What remains, .

s preferable, neither
line is successful in fully capturing the 'sense of necessity Kant

requires. - . S
+ " From-an examination of the satisfaction of Kant's transcendental

" ¢onditions of necessity, it is natural to turn to a consideration of

iy

Co ) . SRR X
_”reaiﬁ,pqssibility‘and‘”rea%ly” possible construction. ,And this, in

'ZCutn,\leadé~tola‘re-examination.of what it means for mathematics to

ghébé‘éphteﬁt;‘pd treat of, mathematical concepts {n concreto. I argue

~

.i—that ftais'pQSSible‘to ;dentify the notien of constructive proof with

~

' "really" possible comstructions; possessing a constructive proof of 'a
mathematical ptdpﬁsition‘i§; therefore, a necessary condition under which

: S
il

fosT »

émonstrate hOw thié representation .in congeto necegpitates
intuition. To ‘this edd’ both the notion of

> b

‘1;"fofmélfintﬁitibnQdéveloped eariier and the intuitionist theory of truth

\

‘f‘and'meanihgfisqu assistance. What I suggest Kant hopes to demonstrate
» - is that the _construction of mathematical concepts defines its own limits

_‘of'péssibility in yirtue of the-method of construction, and its own

Ccontent in virtue of the’ proof process in making mathematical judgments.
i <y . . AR A ]

If this halds, then t%e construction of ma{hemapiéal concepts is a

~

svnthetic process whic eres to a transcendental sense of necessitv.

. Hence it‘becomQS'possible'to maintain that the propositions of mathe-

i

matics are synthetic and known a PACOAL.



CHAPTER "IT

THE ANALYTIC/SYNTHETIC-DiSTINCTiOﬁ‘.. “(
\;q,i.'w,f
i One of the major themés, pefnaps‘arguablj'the'central theme, in the
‘Kantian.enterprise is ‘the possftility'of synthetie jndgments that are
knéwn arphiaﬂi; my undertaking will’ne of a somewhat more modest seepe;
L.é:'a defence of synthetic judgmentsjknown a prlorl in mathematics. ‘In
- general, then, ftege enumerates four t?pes‘of judgments or propositione
that are logically’possible;l (1) analytie judgments a pnioni, (2y
;nalytic judgnents a‘OOéIQKLO%L, (3) synthetic Judgments a p&&on& and
(4) synthetic Judgments a posterioni. I take it as nnconttover51al that
few would dispute the existence of instances ef (45;,iyélédetake it thativ

most would admlt‘that set of Dr00051tlons or sentences that congflse (7)
: o ,

5 .
‘to be empty. On the other hand while the Judgment! of Cl) -are a matter

of some contention (usually turning on what one means by the terms analytlc

and a‘anO&L), whether (3) has any instances has been‘the focne;of a'great‘
deal of controversy. There are numerous lines of'attack‘thet.ean be made
against tne ciaim that (3) is a non-empty set. One‘can, ferJéXample;" ;‘
question the edequacy of Kant's distinction between analyg}e an&‘s?nthet%ﬂ
'judgmente or propo_sitibonis.'~ One may claim that Kant is vague or confuseﬁi
and that; were he not, the analyticity of mathemetics, for instance,
could not be'gainsaid. Moreover, one could, perhaps, ciaim the distinc-
tign cannot be eoherently.made at all. It is'my intent herein .to argue
that Kant is anything but vague. what he does assert with‘respect to

: , , .
the analytic/synthetic distinction,; although not voluminous, and scattered

., throughout several of his works, is reasonably precise, focusing on
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several somewhat different sets of criteria (some or all of which can be

effectively used to answer the queries of his detractors). ,That’Kant,

,

himself, found the distinction td be important cannot 'be doubted. Indeed,

at times, Kant writes as if he were its originator. Perhaps even, he
says, "the distinctlon between analytlc and synthetic ]udgments, has

"never prev1ously been considered (B19). 3 In any event; before the'real

p0351b111tv of synthetic judgments known a p&&o&A(ean be established a

critical surwey of prec1se1y how Kantconstrued the analvtic/svnthetic

distinction, and his responses to_various objections (or possible res-—
. L ! . .

ponses to meore contemporary objections) seems in order. And again,

2 .
~

perhaps, such a survey would pvove useful as a- prolegomenon to the

1 : ’

\bruc1al preblem of the- synthetic a- p&&ok& in general

o
P . 3 R

cid,

Faarﬁe most oft quoted formulation of'Kant's analytic/svnthetib dis-

~

4\ 'U

tinction appears in the Introduction to the First Crl\;§he\\

[E}ither the predicate B belongs to the subject A, as ™
'something which is (covertly) contained . [Lnthaﬂien] in T
the concept A; or lies outside the concept A, although - -
it does indeed stand in connection with it. In the one
‘case { entitle the judgment analytic, in the other .
synthetic. - Analytic judgments (affirmative) are therefore
those in which the connection of the Dredicate with the
"subject is thought through identity; those in which the
connection is thought without identitv should be entitled
synthetic. The former, as adding nothing through the
predicate to the concept of the subject, but merely - (
breaking it up into those constituent concepts that’ i
have all along been thought in it, although confusedly,
can also be entitled explicative.: The latter, on the. .
other hand, add to the concept of the subject a predicate
- which has not-in anv wise been thought in it, anﬁ'whioh
no analy51s could possigiy extract from 1t4.and_they
may therefore be entitled ampliative (A6~7/B10-11).

Kant can herein be seen to be making at least three separablé points: the

first f dicate of a judgment is somehow contained in the.

-~
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aubjeqt concept, I shall refef“toﬁfﬁipm‘Quine) as the containment meta-

‘phor; the second, wherein the anal ticity of judgments is somehow demon-

.. -strated by identifying;an iden;ity.télation,betWEen subject and predicate,
I shall entitle the identity argument; and the third T shall entitle the

amplfatiiefekpiieative‘d;aFinctipn1§dnee,ghere{”ana;yfde jddgnen;s‘can
p%;bfpﬁen down by‘anainis‘aidneuand;areJthna'expliéative,:%hile_synthetic‘;'
.judgments‘addlfoifnéjaupjeet eoneept phag Which'eannpt be pndnidedipy mere .

analysis,fand'arertpna'anpiigtfve."Qdine,lkér.one; has tWo:ppjections:‘
‘the. ?irat referéptndpneﬁpassaéeyin.general;,and the“second to the ¢bﬁ—’

.4tainment metaphdr in.pafticular, Kant's proposal, Quine says, "1imits

itself to statements of subgect~pred1cat5’form, and iv appeals to a

. : Z;'.‘
notion of contalnment whlch is Ieft at the metaphorlcal leﬁ%J Now

‘o N o

"Quiné’ s;points ce:tainly seem'forceful,-and if this were all Kant'had“

¢

to say on the matter, would, I suspect, be quite damag{ng to the Kantian
program at a rather fundamental Tevel: In the first place, Kant does '
appear ‘to restrict himself unnécessarily to judgments of subjectrpredicate

form.' Thus, for exam'ple,w While the categorial statement, "AIl Bs are’Es”

(where B represents bodles and E represents, extem510n), can be cons1dered

£

: v, Y
“an analytlc Judgment for Kant, it seems thﬁ% the hypoth&t;g&i ]udgment

" "If a is greater than b, and b is greater than o then a is greater than

. . ’5 ?
¢," cannot. Are we to agree with, say, Garver that truth—functlonal

.

tautologies (being usually either hypothetical qr;disjunetfve in form)
‘..and the‘valid formulae of modern logic are to be exeiﬁdedkfrom the
’ : A S R T
‘distinction Kant—dqaws between analytic and-synthetic judgments? Frege

LAY
LN

i .6 L o ,
makes a similar point. He claims "that Kant "underestimated' the value

of analytic judgments as a result of defining them too narrowly. With %

]

-

respect to the subject-predicate relafibn,fKant’s.defindtion of analytic

. . e PR - e
. - B . . . - . -
' . . . v



‘and synthetis judgments is simply not exhaustive. Kant, in epeaking of
categorial judgments, is, in fact, referring only to Frege's universal
affirmative judgments. What of, forvinstance,.si‘gle or particulac
juéémegts—~of existential judgments?7 Now, although Kant does, in the’w‘
Introduction, speak dnAterms of subject and predicage, he elseyhe:e has
some rather enolicit things to say about analyticityfand logicai‘truth.
For Kant, the highest prlnclple of all analytlcal knowledge 1s the prin-
ciple of contradlctlon. The truth of any analytlc judgment can only ‘be
Rknown in accordance with this prlnc1ple, and thus any proposition, the
negatlon of which is self contradictory [ée@bbt WLdenAp&echend], is
entitled to be called analytic. Indeed, 'fHe principle of contradicﬁion.
must therefﬁre be recognlzed as belng the‘unlversal and completely suf--
ficient pr1n01ple of all analytlc knowledge (AlSl/BlQl) Analycic
'prop051tlone, from a purely formal persoectlve are those which”oan be

' . '

v:designated as'logical truths, <.e. those which, whendanyieubétitution
inetances are negated, g;e inconsistenta8h'In;thie~§ein; then, ?recise;y
those propositions which are_noﬁuana;ybic afe synthetic.a

Secondly, .the containment metaphof seems inadequate for the\feasone'i
‘both Ouine and frege bring to theffore. -Ae Frege notes, ififhefanalytic/
synthetic distinction is considered in terms of only the subject—h“
Predicace relatio en it is not exhauetiye: Now‘thehconcainhent | l
metaphor surely e S puch a formulation, and hence is also not.?

. . C PR o
exhaustive. However, as I have indicated, I do not believe tHit Kant .-

3

is necessarily restricted to this formulation. Even so; it 'is difficult

to make clear-exactly what Kant means by ”containment".. As Garver
points out, concepts cannot literally contain one another, and thus -

Quine's objection hits home: 'containment' is. a metaphorical notiom,
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and, élthough it may be instructive or Heufistically helpful,'{t does not
: C ' i ~ .

make precise what one means when one asserts certain judgments are ana-
v k) R . ' .' ) N ' S .

_ lytic or syﬁtheticl Perhaps the'identity argument is of someé assistance

‘here. Kant maintains that analytic judgments are those wﬁerein the con-

nection between predicate and subject is ”thougﬂ§-through identity”;‘

"synthetic judgments are ‘those wherein the’ connection is '"thought with-
out identity":. -If the identity argument, then, is to be of any assistance,

it would seem we would be‘best:sé:ved'by attempting to make ¢lear what
"Kant means by "thinking through identity".. In the first.place, Kant makes
avdistinptiqh=betwéen judgﬁents of‘idenfi;y and idepticél,judgments.:

#

Identical judgments are, for Kant, tautologies. .Kant says they are’

. ' empty.or void of consequence, as in the proposition: '"Man is man''..

‘Héiékthé*identity of subject comcept -with predi

cate concept is explicit.
2 :

-_A“mopé'intérésting case occurs when the identigyraf‘gybject and'pfedicaﬁe
. : ) o ’ ) o . ) J - o . ‘ T, ‘\l:‘?‘ )
_concepts 1s not explicit, vet-analytical. The . set‘of thesé "Sentences

'Kant'wquldypiacé under the ruabriec of—judgments of identity.f'Now this .

notion of identiﬁy«of’concepts,.Kant‘claims, is. a f&rmdl notidh“(alphqugh']
not,'berhaps,.what the modern logician means by identity). Take, for
. example, Ehefjudgment or préposition: "All bodies are exteﬁdéd”; Kant

Lo

ﬁaintains*this is an dnalytic proposition since 'to every X to which
appertains thé conmcépt of body (a +‘b)-appertains also extension (b).'

. Propositions such as, "All bodies attract', however, are synthetic since

"to:every X to which appertaing the concept of body (a + b) appertains
. 11 12 o L S |
also attraction (c). Beck asserts that bv this Kant means that a

N

and b are representations or marks of the object, X, under consideration.
And if "X is a" logically implies "X is b", -then the judgment 'is analytic

and reference to X is otidse. Hence to say, "X is a body" logically



implies "X is extended", and thus the proposition "All bodies are ex-

.\\/‘ L‘ ] “ ' ’/

tended" countsias analytic. .It is in this "sense, then, that the judgment -,

is a Judgment of 1dent1ty. When thinking of the SUbJELt concept "'body"
one 1is thinklng of a conceptual Lomplex (a + b); in thlnking of the

predicate concept'”extension”, one is thinking of a concept (b) which

is identigal tévét~léast part of the subject conqeptual CO@bléx.
It'seQms“to me, however, that the identity argument étill leaves
'Iproblemé iﬁvolving the ability to distinguish between analytic and
féynthetiéijudgmeﬁté unrgsolved. Firstly, the objéctions of Quine and
Frege‘régarding Kant's being committéd only to a subject-predicate , '
pelatioA‘séill appear to hqld. And secondly, it‘appegrs to simply o

shift the focus of the problem of the nebulous notion of containment

~from the predicate concept within.the subject concept ro a notion of

“containment within ‘the conceptual complex. If Beck's analvsis is
¥ o

“correct, aided by the Kantian sense of identity, oné .can, indeed, formally

- distinguish between what 1is to.count as an analytic or synthetic judgment.
. “. » ) ‘. “ ) . V . .4 % M

But how can one identify what is to count, in any given ihstance, as the

constituent parts of. the appropriate conceptual complex which comprises

~ . . -

the complex.subjécf cqnéept?

 Kant's'thipa afﬁémpt.éo make'éleayftﬁé énalytié/gynthetic distianv
»tioﬁ Q%féfs»some p%omise; -HerE:kant distinguiéhéé Eétweeﬁ explicative-
and ampliative [@mvectzihd] judgments-~the former being that class of
/judglﬁe‘dts which 18 ar{alyiig, ‘the latter bei‘ng'.that class {m\mh is
'synthefic. So; for example, wheﬁ one asserts that the proposifioh,

. . ~

"All bodies are extended” is an%}€t1c, what one really means 1is'that

(x)((Bx & Ex)= Ex) rather than (x)(Bx:DEK) This is to say that the

pgedlcate concept in.an analytlc judgment can be "analyzed out'' of -the

E . . . .
. _‘ . N . R
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subject concept; and analysis of an analytic judgmeﬁt serves only to
~make clear or explicate that %E}ph was already known, aibeit‘perhaps'

_confusedly. 1In an ampliative ar synthetic judgment the predicate.céncept
s K . v , ) . T . . v
cannot be sojfsimply "analyzed ouyt' of the subject concept (since it is

1

not a part of tlre conléx of which the subject concept consists);.and

%

thus truly ca

It wo%:'
(g

in order tdﬁf

nts as an ektension'of knowledge.
,hoWéver, still appear that some criterion must be given

i
iﬁﬁc or synthetic judgment. To say that ampliative

B

'f>§§ge's kﬁowledge by adding to the content of knowledge 1 S

‘doés not provide any- substantial clues as to how one 1is to .identify or

recognize what is to count as an extension of content. ‘Consider, for-

), -

example, the mathematical proposition,7+5=12. Now Kant would say that
the coricept one possesses of twelve in no way 'contains" or reduceg to

~‘the concepts of seven and five; and hence the judgment, 7+5=12, is

synthetic and ampliative. Frege, on the other hand, would have us

reduce such mathematical formulae to logic or general laws of logic. = -}
I hope I'may claim in the present work to have made it
probable that the laws of arithmetic are analvtic judg-
ments and consequently a4 WAloi(. Arithmetic becomes
simplv a development of logic and every proposition of
arithmetic a law of logic, albeit a derivative one )
they are laws of the laws of nature. They assert not
connexionslgetween phenomena, but.connexions between
judgments.

‘Even Kant admits that logic (genefal, not transcendental) proceeds
analytically.l[+ Xant's problem is thus twofold. Firstlv, he must still
explain wﬁat is to count as an explicative or ampliatiye jQngent iq~f - R
mathematics. Secondly, he must éither block the reduction of mathematics
:Eo‘iogic or explain how such a reduction, dces not count against judgments

o

in this area being simply explicative. And it is not so obvious how,
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purely in terms of the arguments of the Critique of Pure Reason, he can
set about demonstrating t:u.-
s
Kant, however, does have an argument (one that does not appéar ex-—

plicitly in the Introduction, and, perhaps érguébly, only implicitly E

in the First Critique at ali) that addresses most of the objections

previously raised. This argument I shall entitle the argument from

content. For a precise statement we must turn to the Prolegomena; for

a supporting argument we must turn to On a Discovery.’ In the Prolegomena

Kant asserts that, ‘ )
whatever be their origiﬂ or logicgl form, there is a

distinction in'judgmgnts, as to their content, according

to which thev are either merely explicative, adding nothing

to the content oflknowledge, or expansive [enweitennd];-

T increa§ing the giVen~quwledgei Th? qumer m?% be called

analytical, the 1attgr‘synthet1cal judgments.

Hence whether a particular judgment is analytic and explicative or’ sva-. .

thetic and expansive (ampliative) depends not omne whit'upon‘thg origin z C

or logical form of the judgment. It is the céntent-(of.lack thereof5 of

the judgmentrt%at is the determining factor. ;Thé~pr{nciplevof»qoﬁtfad;c—

tion belongs to general lggic inéofg; as it is %.néceSsany éhd Aﬂ'cient

criterion of analytic.t%uth,tahd'fholﬁs of-knoWLedgel ﬁeteiyiés kn;wfedge:

iﬁ general, irrespgctive.of'conpenﬁ';(AlSl/§i90);_ Ahgi?tiq jddgméné;

are thus,abgtfact from and éfeliﬁbabiaﬁi withvfeép§Ct;Qo pdhténﬁ. -Syn-

thetié judgments, on Ehe other hén&; ;ré jhdgmehté”méde of pos;ibie-

experience and are the;efofe depen@éqt onn the ;énditiogs of éosgibIet'

experience. Whereas apalytic relations_éénpefﬁ'thé loéical‘reiéﬁién

between conceptftermé aéarﬁ from:thefﬁafticular‘contenf‘gf such conéepts,

synthetic judgments'concern'the relafioﬁiof a ﬁgédicate.conéept to the

. i . N . , ‘ - 1
content of the subject concept, (.2. to ‘an object of possible experience.’

Of the four pfeceding Kantian claims, {.e. the containment metaphor,
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the identity argument, the explication/amplification distinction and the
) }

argument from content, I take the last to be the critical one in dis-

tinguishing bétween analytic and syntbetic judgments. .Aﬁd this I do

for two reasons. Firstly, the argument from content most cléarly

addfesses the objections .that can be raised concerning the distinction'

(those of Eberhard and Maass in particular, and Frege in gener;l), and

it actually forms the basis of Kant's only extended discussion of the

distinction in his On a Discovery; Secondly, it seems to me that, in

setting out the criteria under which a proposition is judged té be syn-
thet%é, the first three claims can be said to be dependent, 1in at least
some ways, upon the fogrth‘ Fof example, it is tﬁe cont?nt of ‘judgment
that in fact justifies the meaningfulness of asserting tﬁat ény particular
proposition ampiifies or merely expliéétes the subjgcg concept.

If my‘iﬁterpretation is .correct, then T suggest that most com-—

mentators or critics éither misrepresent the Kantian position or attack

o “v - ’A ’,

little. more than a straw man; by taking the few comments Kant proffers
. - ° .. i J '

about the analvtic/synthetic distinction in the Introduction at face

. value, the? undertake an undermining of the possibility of synthetic

judgments a priosL from an incomplete premise set. It is avgreét

tribute to a philosbphér'such as Frege that he clearly recognized the

‘,\yproblém, and thus sets about‘his_pwn‘resblugion from, at least, a correct

_ " determination of the issue at hand.. .
“'Now these distinctions between.a piioil and a posteriond,
‘synthetic and analytic, cencern, as I see it, not the
«content of the judgment but the justification for making
- the judgment. Where there is no such justification, the
possibility of drawing the distinctions vanishes
When a proposition is called a wosterioil or analytic,
" in my sense, this is not a judgment about conditgong,
psychological, physiological and physical, which have
made .it possible to form the content of the proposition

’



in-our consclousness ... rather, it is a judgment .
about the ultimate ground upon which rests the jus- .
tification for holding it to be true.

: Y
. Kant s concérn is the content of" a¢Judgment Frege's concern is with

its Justification or formal grounds Yet the two positions are not that
@ X .

dlSSlmllar.‘ Kant, too, regards justification as critical, but the justi-
fication, for Kant, will reside in the process of concept construction.

Before examining this aspect of Kapt's philosophy oflmathematics, however,
[ think we would be best served by examining some. of the objections raised

to his construal of the analytic/synthetic distinction (particularly
objections raised by his contempéraries since Kant, then, at least, had

the possibility of responding) and exploring the relevance of Kant's
. . . , i :
notion of intuition. To this end, then, I shall turn to the arguments

.

Kant offers in On a Discovery and the Kant-Eberhard controversy.

| ’
iii.

As adumbrated earlier, there are several lines of attack wherein

one can criticize Kant regarding‘hiskthggierf the synthetic a prionl..

S

I take one method of assault to be an attempt to underqine the distinction -

-~ '

Kant makes between analvtic' and synthétic judgments. y—aléo take as

/
-~

typical the“bbjections raised by pberhard and Maass (partlcularlv those

~ Y

ob]ectlons that appeared in the volumes of the PhL@OéOphAéChQA MAQQZLH

. of 1788 92 and the Ph&@usophAAches Anch&v of 1793 94). The Eberhardﬁ

Maass attack 1is two—pronged. On the one,hahd,'Eberhard‘ques;iens the .

adequacy of Kant's distinction on the grounds of lack of precision i&

formulation. ‘He then goes on to offer his own construal of what kinds

of judgments are analytic or synthetic. #Maass, on the,other;hand, poses.

;

a different problem. He asks what decision procedure is available 'to - -

. . . . ce e . , . Lo

&
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K%

Kant in order to determine, in anv particular instance, whether a
propositidn is analytic or synthetic. There are several related issues

involved in Maass' objection, not the least of which is the real vs.

%

relative distinction concerning what {s to count as an analvtic or’

synthetic judgment, or thé problem of definition in analyticity and

. g . S
syntheticity.

Briefly, then, Eberhard maintains that the distinction between
analytic and synthetic judgments was not. precisely formulated by Kant

&
and, in fact, the distinction lies in a more fundamental difference--

thagrbetween essence and attribute. There are two classes of analytijc,

>
judgments: those wherein the predicate is the essence of the subject

-

itself, and those wherein the predicate is part of the essence of the
subject. For exampke, the judgment, "All triangles are triangles", or

RUNS! triangles are three-sided figures', would be instances of the first

®

class (Eberhard calls then entirely identical judgments); the judgment,

"All triangles are figures' or "All bodies are extended'", would be

E}

_instances of the second class (Eberhard calls these partially identical
° .

vjudgments). Moreover, one may hgye synthetic judgments such that the

-
predicate is non-essential, <.¢. Kant's synthetic judgments a WALCAL,
A ,
-where the predicate is an attribute ®f the subject. And finally one has

judgments wherein the predicate is known through experience only, ¢(.2.-

svathetic judgments a 905temioni:18 For Eberhard, sthen, metaphvsics

contains the Kantian counterpart of syntheti¢ judgments a pricii where
the analvticitv of a judgment rests upon the principle of contrhdiction,

and the Syntheticity of a judgment jrests upon the principle of suffigient

» .

.

reason. ' ' 4 8

)

Kant, naturally, retorts that the essence/attribute distinction that



- " Eberhard

o

18
!

9

draws does not‘address the isSue at all.’

ca lf one has not alFeady given a criterion for a_
synthetic a prioil prop051t10n, the ‘statement that its
predicate is an attribute in no way ‘illumines its.dis-
tinctipn from an analytic pt0p031bion. For by naming it-
an attribute nothing more is said than it can be derived
as a necessary consequgnce from the essence. Whether

it is derived analytically according to the principle

of contradiction, or synthetically according to some
other principle [suff1c1ent reason] remains thereby
undetermined.

PR ) o .

It is still the case that we must be able to distinguish whether .an

/// att%ibute is analytic~of synthetic.» To take Kidt s example, in the

prop051tion "Every body is d1v151ble ‘the predicate is an attribute

because it - can be derived as a heééssery cohsequence from'the subject

' concept.

<

analvtic.
>

- Yet it is an attribute which belongs to the subject concept

. -

. according to the principle of contradiction and hence is entitled

Now if one asserts, ''Every substance is permanent"; again

o 3 -

the predicate.is an attribute since permanance is a necessary predicate !

wy

of substahce. ,Yet_it,isinot "econtained" in the3subject concept and so.

cannot be in any way derived by’énalysis. The -proposition is therefore

svnthetic.

Clearly theny,with regard to the possibility 6f svnthetic

judgments a prionl, whether limited, indeed determined, bv the realm . .

.0of possible expe}ience, or actually having validity in the provinsgbbf'

3

"metaphyagcs, any 'hope of expleining synthetic prggbéifiggg,g_p%faté“';‘( _
NN : o . - ' ] .

which have attributes of the-subject as a predicate is destroyed, unless

. obvious tautology.'

_one.adds to. this that they are synthetic, and thus perpetrates an

- - vf\ e ) l ) ‘. » . .,‘ . ‘ .
The fact that the-analyff%/synthetlc distinction cannot be-reduced -

N .
\ - a .
Rt N X R Sk B

»

¥ “to an essence/attribute dinstinction, however, does not absolve .Kant. from

the responsibility of making his position clear. As it turns out, in
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‘%c;'

_ s . ce T .‘ o )
. fact;‘there‘isga much-largermiSSue at stake'here——ao issue that is /

brought7out in‘Kant'e‘criticism of the role that the principle of

sufficienthreasohfplays in Eberhard's arguménts. “Kant notes that "

_ Eberhardvseems°to want the principle of sufficient reason to be taken

gL% two Ways as.a logical*or”formal prynciple and as a’ transcendental

or material pr1nc1ple of knowledge-‘,Kéﬁt asserts that, for example,

"Every proposition must have atreason” is a formaP principle of know-
ledge and is thus subordlnate to the prlnc1ple of contradlctlon When

1] . ,
“one claims, on the other nand that]”Everythlng must have its reason',

-

\ife is asserting a tfanscendental'printiple’of'knowledge, 'which no ,one
has ever proven, or w1ll ever prove bv means of the prlnc1ple of con-

. 21 ) . , A
-tradiction.' To affirm the contrarv is to "smuggle" in a principle

of causality (which is actually a,material.or transcendental principle)

.. in the guise of the principle of .contradiction. The assertion, however,
is in fact synthetic, (.¢. is itself a svnthetic judgment and thus
‘-requires an adequate gﬁbund in its own right. Apd it is this point

.

that is absolotely‘critical. Formally one can. speak of the relation

S

between concepts (in this case presumablv between subject and predicate)

in abstraction from content; materially the relation between concepts
takes {nto account the content of a 01ven Judgment the thing(s) to

whlch the thought 1s dlrected ,Nevertheless Kant has all along in the

Crlthue of Pure Reason and the Prolegomena been careful to dlStlngul@EN*

the formal from the transcendental: general logic from transcendental

1ogic. Id his Lectures onsLogic‘(pata. 36),Kant‘sepafates the formal

from the material extension of knowledge. This, and the wvarious argu-
ments Kant offers in criticiem of Eberhard, leads Allison to conclude-
that the ‘question of the‘analytic/syhthetic,distinctioh 'as develéped in

‘ .
B . '

19



20

* +

'Qﬁ a Discovery does nog/attéll concernfthe logical form, but rather the
content of a judgmént,;22'i.e. it is a question only to be approached
epi;fémdiogicallyzfrom within thé prqvince of transcendental logic.

No@ I agree that it is‘a questidﬁ of.éontent that determines whether
a judgmént is synthetic or analytic. Allisoa's,contentibn is that once
content- is bfought\in as a jﬁstification for being.able to. make the dis-
tinction,lthen the distinction is no longer formally groundéd. ’Analytic
judgments still‘cdngérn'the_relation between concepts--a logicai or
formal relaﬁiqn; gxnthetic’judgments éonpern the predicéting a concept
of an intuition--a transéendentél 6? material relation. If this were
the case then it would seem that-any distiqctiénxbetweéh analytic and
synﬁhetic judgmenté must .therefore eventually be apprpached ﬁhrough

transcendental logic rather than general.logic. *Agaih, I agree‘thatb
. . . . ,

the distinction can be made transcendentallv. - If this were the only

a

manner in which it could be made, howevef, it mightfnbt be without con-

sequences that would, perhaps,. be troublesome to a purely formal account
. \ ‘ _
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of amalyticity. Beck, for one, is troubled bv. Kant's failure to

adequately .diStinguish the logical from, what Beck calls, the phenom-
enological aspects of thoughtf.:::

Where definitions or fairly complete analyses are

ab%ilable, he thinks of the distinction between

analytic and synthetic judgments as logical; when

they are not, but rather t#e objects of search, he

has recourse to a phenomenblogical'criterion by virtue

of which he seeks definitlons.through analysis of what,
o "~ in the plainest sense, is "actually thought'" in a

concept or even ''contained in" a complex experience

subject to subsequent analysis. 4 ‘

Allison, meanwhile, appears perfectly satisfied with the shift in emphasis
from the logical to the epistemological. It seems’ to me, however, that

~

.



"4 judgment would have both an intuitive and conceptual component.

TN

Beck aﬁgﬁé}fison are really addressing two somewhat different issuéé.‘

Beck is searching for a criterion under which judgments can be said to

~be analytic or synthetic; Allison is attempting to provide for some

justification whereby one is able to make the distinction between

o el T
analytic and synthetic judgments in the first place.
' . : {4

Nevertheless, perhaps the two approaches can be reconciled. Perhaps

.

" it is possible to proviﬂéralcriferion that will permit- the distinction

to be~madé on formal grounds while justifying the ability to draw the ,

distinction epistemologically. All::on, himself, providesa clue to a

-solution to this problem. He points out -that Kant copsiders two dif-

. 7/ 1
ferent ordefs of concepts. On the on hand, concepts_are the result

of a synthetic activity of judgment; on the other haﬁd, concepts function

as the rules or forms of judgment. Kant, in the Critigque of Pure Reason,

o

clearly wishes to distinguish between znalvtic and svnthetic judgments

on purely formal grounds. This position is-further reinforced in the

~Prolegomena where he speaks of the content of a judgment as though it

consisted in thé relation between éoncepts. Yet, as Allison indicated,

when pressed on the issue, as Kant is in On a Discoverv, he speaks of

N T~ . h . .
the-content of a condept. And it certainly sounds.as if this refers

1

. to the predicating of a concept of an intuition. He then reverts to

epistemological justification (what Beck calls a phenomological criterion)
which appears to be inconsistent with the logical distinction he has

already drawn. T take it, therefore, that what Kant requires to_salbagé

~his position, is the functioning of the understanding, in some manner,

-at the level of intuition. If this were the case, then the subject of

Kant would, thus, still have at his dispecsal his notion of identity in
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order to identify the relationship between the predicate concept and the

. 25 ? . iy i : :

subject complex. Hence, Allison is partly correct. Thereare (at

least) two "orders'" of concepts at work in Kant's epistemology: the ;ﬂ7
order of concepts tha; arises through svnthesis and Judgment and the

r \mr» /“‘ -

order of concepts that not only prescribes rules of Judgment but functlons

at the basal level of intuition! What remains, then, is to provide an

b

adequate decision procedure wherebﬁ.the reIetionship'between concepté'in‘

a judgment can be said. to be either analytic:or synthetic. Since Kant's

position on definition appears, to most clearly.address this issue, and

' N - v o
. .

~.

. since Maass' criticism of Kant is directed, in part) to this area, I

| N N .
shall now turn to Maass' objections proper.
' . H ‘ . E -
e ive, .
* - N * ' .l T > e
Maass' basic objection, as I ‘have already indicated, fdcuses upon

what would count as a decision procedure wherebv one could, in anv

particular instance, decide-on'the'analyticity:orﬂ$§ntheticity of a
given judgmet. Perhaps the same - judgment .would for onme person .be ~
analytic, for amothér syathetic, depending upon background knowledge: -

¢

and context. Thus unless one is willing to accept a relativized dis-
tinction, some universal rule for deciding each case’on ifs own merit
seems warranted. The problem for Maass is figurative (for which we

should probably read psvchologlcal) Now there are, I believe, at least
three separaté and crltlcal probleme that issue from the objections that

Maass either raises or could have raised. Firstly, Maass offers the

avenue of definition as‘a'possibie.candidate for the universal’ rule he

feels is trequired.

2

Only by means of a definition ... ¢an we determine with
certainty what is contained in a concept. We can say .
that a judgment is analytic if the predicate B either



&

: " \ . oo .
'givéé'€“£ definition of the subject A or some charac- .
teristic found in that definition. *If it does mot do-
sotherm it is synthetic.26 : '

. e
PR .

Maasé'then_closes{;his avenue for Kant in his discussioh-df;realﬁénq
nominal .definitions. But as can be gleaned from various of Kant's
@ritings (and as expressed  explicitly by Schulze) definitions_have a .

"role to play.in concept construction--particularly the construction df

mathematical concepts. -Secondly, Maass maintains that thé_subject"“ ,
. . e . ~

concept is variable in meaning and thus if we even entertain’ the pos—xx }:

.

sibility of'a’relativizeﬁfanalYtic/svnthetic distinction, it sutrely.

makes sense to ask if:it is possible, by adding to the con¢ept of the

+

1shbject‘appropr£a;e data or definitions, te arbitrafily*breate analvtic

judgments from those previously determined éynthe;ic.' Thirdly, the:é is

-
\

"' the yariability~problem in general--the meta-problem: .there simply is .

néi;heria criterion nor a justification that' could count against a-

- A o

relativized distinction. Since no cornceptual scheme coudd possibly have

any nropositions that could not be subject to..revisiony Iircluding those

propositions that.we call analvtic.truths, it is meaningless to hold on
._‘.. . o " A-\ : . .-‘ ‘\ : \ ‘A . . 2 K ..
to.any ‘such-hard and fast distincticns.

'If one takes the approach from deﬁ}nition one nbcesiimmediately.
that there are two different kindéior.classes, depending upon the content

“ o~ .. s

of' that which 'is to be defined,.to be considered: nominal definit'ions
and real definitions, Now nominaL_definitions state the logical essence

of the concept of the thing in question and are thus explanations that

arbitrarily assign a pdarticular meaning to a certain name. . Real

definitions 'contain a clear property by which the defined object can

) B8 \

dlways be known with ceértaintv, and which makes the explained concept

- serviceable in application'. (A241n.), and hence states the real essence

23A
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{.of the subject that is constitued by real, and not logical, predicates

-

(and is therefore wconditioned by the limits of possible experience)-,

 What is important here, I presume, is that a real definition is.not a
mere substitution of names for words or descriptions, but it‘actually

voa

reflects a real property, a real dlstlnguishlng feature of the ohJect

whlch belongs to the referent class of the concept to be deflned (a

.
.

posltlon not far removed from the contemporary notlon of ”rlgld desig-

B

>nator ) I shall not belabour the dlstlnctlon between real and nominal-

28" . : .
deflnltlons other than to p01nt out ‘one crltlcal 1ssue it brlngs to.

'the fore:» that of real vs loglcal esSence. One can oet a lOglcal es~

'sence bv 31moly reflectlng upon the congepts 1nvolved in abstractlon

2

'tfrom'actUal contentf real‘essences'must ze-arrived at"through eXperiencé

._thrOugh that whlch 1is really Doss1ble.. Beck malntalns that those verv

features of an ObJeCt that make that ob]ect an object ot p0331ble

-

experience ,are entltled to ‘be called a real essence.‘ But how can‘this

ko

be? Kant has repeatedlv aroued that intultlon cannot reveal to us’ the

thlng-ln 1tself . Yet if We are dealing within an experiential.framework,

‘suéh intuition, as;aimode of\hnowledge,'seems,reqqired, And that is a

. situation whichlkanr coulo not‘conntenance; However;\if,one gyéhts Kant
”his‘Transcenoental Deduction, the condltlohs'for the'posslhilityfofv
experience are precisel§'those.conditions.for the poss1bilityno%‘the
objects'of‘ekberience.-ﬂSo if intuition™is pure “(thus one-mnst, I

suppose,” also tentatively grant Kant. at least some of the results ot
. ) ~ ‘,- .o

the Transcendental Aesthetic),"g‘the‘real essence .is indeed revealed

insofar as it is «an intuition of thé conditions:under which that’ thing,

t
v

whose essence we are seeking, is an object for us at all.. And.this,

in turn, actually provides. for the possibility;ofssynthetic judgments



‘@ priond.

. ~Judgments can be both svnthetlc and known 4 Uk&on&

" therefore, only if there is SOmethlng a prniosd which
» 1is not,log;cally mnecessary. This is the condition of
pure sensible intuitability. Without pure sensible
intuition, all judgments are either analytic and

‘a priofd or synthetic and a posteriorl. 30

The preCedipg discussion of real and nominal definitions provides
us with a 'springboard from which to approach 'the more serious difficulty

of variability. "How do We,Aiodeed, decide whether a:givén proposition

. X ; S SN . SUPRETY .
"is analytic o¥' synthetic? 1If it were simply a matter of definitions it

would seefn.that the choice" is arbitrarv and would depend upon how-much

.one ‘knows about’ the proposition‘in question, how much relevant backgroundv

knowledge one oossesses, in what context the prop051tlon appears “and
therefore how much one can ‘pack into" the Subject concept of the Judzment

Beog‘notes, however, that definability is, for Kant, a'much‘Stricter,no—'

tion than analyzability. To define 'means only to présent the complete,

‘ofiginal concept of a thing within the iimitsnof iqs.concept' (A727/B755).

Completeness here refers to the claritv of the préfate; limitation

means that only those predicates are applicable; originality asserts

_ that those predicates cannot be defived{from,an?thing else. Kant main-
. tains that one can alwavs define an lnvented _concept since it anOlN&r
‘neither the nature of. the understanding nor experience. 3But thlS would

"not be a concebt'of a true object and does not guarantee the possibility

of the oBject so defined. 'There remains, therefore, no concept which
allows of definition, except only those which contain an arbitrary )

. . 4 L ) g .
synthesis that admits of a prloil construction' (A729/B757), (.e. sthe
concepts of mathematics. This appears to permit Beck to correctly affirm

that, in general, 'if is, in fact, through organizing analytic judgments
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that we gradually approach definition, which is the end, not the-

y 31
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beginning, of knowledge.
Now clearly Kant would not accept any kind of variability or

arbitrariness regarding judgments that 'are analvtic or synthetic. And
the method of "packing in'" definitions into a subject concept -does not
alter his stance one bit. The analyticity or~syqpheticity of a par-
iticular proposition) once correctly determined, cannot‘chéngelin virtue
of definitions. So, for example, "packing in" with respect to nominal
definitions would have no effect on the synthetidity or analyticity of
~a judgment. Nominal definitions are, as Werkmeister,points,out;
_essentially grammatical;'and«since they prescind, in general, from the
-content of any given judgment, .thev cannot alter the crfterion.unﬁer
which the judgment .was seen to be analytic-or svnthetic in the first
place. With respect to* real definitions, "packing in" merely begs the
question, since a real definition defines the objects of the referent- y
class.of the concept essentiallv, not the mere name. <®Beck frames it
_nicely:

A definition which will change a synthetic into an o

analytic judgment must eitfier be nominal-or real. If

nominal it does not affect the cognitive status of the

original judgment: while it may make the original

sentence formally analytic, it does not give to the

knowledge it expresses any logical or epistemic neces- -

sity it previously lacked. If real we must know the

necessary conjunetion of independent, coordinate ' )

attribute; in order to make it; and this conjunction -

is precis&ly what was stated in the svnthetic judgment

whose status is now being disputed. All that is

effected by such a procedure, we might savy, is that =

the locus of a P2(0Al svnthesis is shifted.
Let us take a mathematical example, namelv, Euler's conjecture. Thé

conjecture, itself; has a somewhat controversial career. Can Tuler's



conjécturé’be proven? Perhaps Kant would ask.gf Euler's conjecture hés.
objective validity? Originally it was thought‘ﬁhat Eﬁlér's conjecture-
was valid for all polvhedra, then only éonvex pOlyhedra, then oéLy
convex polyhedra withouF tunnels, and so on!‘ At'bné time geometricians
took.the_;dnjegtufe to’be“analytically true (at least those.who held
geomgtry to be éﬁalytic——a positiog to wﬁiéh Kant'obvigusly.dégs‘ﬁgt
‘adhere). Now it would seem‘;hat Euler;sfconjecture holds ouly of
Vcegpain'speéific'types of polyhedra; and Ehose types_have been éppro~'
'priétely.dubbed~Euieriaﬁ polvhedra. Perhaﬁé all opne can effectivély

- claim is the rather uninférmative: ~"Euler's conjectheAis valid with

]

‘respect to Eulerian polvhedra." Although Lakatos,.fof'ong,»tells_a‘,‘~?

-

o

_ much longer story, in this case, at least, we have packed into the
concept of polyhedron éd Eulerianess that would make the assertion
analytic+(were it svnthetic to begin with; and even Kant would accept

this‘fdrmulatipn—-but notice how the locus of alleged syntheticityv has

. .

“shifted). Lakatos guestions how precise definitions in mathematics

©cdn be madé;, It wddld.sgem, Lakétos-argues, that;ifAdeEinitioqs are -
-;a;bitrafy one can nevér;be éertain that one has achieved é lével‘of 
‘_p;ecisidn‘sufficiéht to guarantee that the object of a‘maphematiqal
investigation is -identié%i‘wit.ﬁ:fclhe St:i‘pulative defain'.i't_'ior;.j Defini=
tigns iﬁ mathematics, for Kant, héwever, actuallw presétibe_rgles,fér"f
tﬁe constrﬁc;ion §fnméthematical goﬁcepts~—an8 as such éf; AOp'éﬁtirelyf
arbiﬁrary'fdr they must conform to -the limitézof'féélfpossibility.
And it is this ;oqstruction, accordingﬁ;oifuiﬁs,aﬂdlﬁOt‘far:removéd
from the notion d% constfuCFive probf‘forvthe intuitionist, ﬁhéﬁ‘

preserves svntheticitv.
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There are objections that can be made—-many objections; I shall,

at this time however, only deal with those that refer to the establish-
.ment and demonstraﬁion of the anglytic/synthetic distinction itself. .
Frege complains, and perhaps justifiably so, that Kant 'seems to think;w
of éoncepts,as defined by giving a simple list of characteristics in

no special order; but of all ways ;f forming concepts, thag is one of

- the least fruitful.ﬂ3a Fruitful definitfons, according to Frege, such
.as the coﬁtinhity of a function, are those wherein all “the elements

are "inﬁimately” and ”organicéllv" interconnected. Kant, however,

‘makes hiS'éase-clééf iﬁ‘the Transcen@éntal Dop;rine of Method. Empirical
concepts\areAmgaé»eXplicit,_ggE defined{-by producing é.list_bf cha£ac—
teristics. But this 'is moré.prOPErlyvto be reéafdéd as meré}§ a .
description‘than as a concep£ of ﬁhe ﬁhiﬁg, the so-called defiﬁition

. 1s nothing more than éwéécermining of ﬁhe word'r(A728/B756). Nor éah
concepts given a pﬁiam& (éuch as céuse, substance, ¢t¢C.) be so defined
sincevthe ;omp%etenessyof'ahy anélyéis is alwavs in doubt. What

rémains; then, are concepts arbitfarily'defined, but afbitfafiiy
‘_defined with resbetg‘tb chéi%_éxhibition or Qerifigation_inviQCuition
(éﬁd';his meaﬁs-subject't§ che conditions of pOSsiElé expérience).
'Sgch‘definitions contain‘nothing more. than we put thére..Jin this éense;v
 tHeﬁ2't5e cohcepp'is_priginaimamd ¢§ﬁplete.35 Now, mathematics, ailoQ— ;
?ng,of définitién,’is thus subjé§cAtQ these parameters.- This.is not;
choug%, to say that Kant is éicoﬁveqfionalist in his approach to
méthematiés{36 While Kant's positioﬁ éeféaimly\permits any number -
of competing consistent axiomatic svstems (sav, for insaa?ce, Euclidean, -

Lobachewskian and Riemannian geometries), the problem is to ascertain

o
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’ whléh system is really possible (that is to say, which system provides

- the necessary and sufficient conditions for the possibility<of the
oneécs of\experience). So, for example, K;nt could quite easily
acdept‘Peano's posﬁulates of arithmetic and possibly, non-standard
arithmetic, as well; in terms«of’pure logical poésibilit?; but he could
find no poésibility of application for the latter, (.e. non-standard

arithmetic does not describe a ''really possible world". Moreover,

‘

- problems such as Cantor's Continuum Hvpothesis would probablv remain

:

alien to Kant as they lack significant.meaning for the intuitionist.

In the non-mathematical realm many other examples present them-

~

selves (examples that are, perhaps, even more clear since one, DresSum-—
ably, is more readily prejudiced towards associlating analyticitv with
mathematics than with vague notions of svnonvmy).. For instance,_given

the synthetic judgment, "All bodies are heavv", there is-no wav in
which one can build the concept of heaviness into the subject concept
(thus atteémpting to create an analytic judgment) without obviously -,

shifting the locus of svntheticity ana therefqre'leaviqg the'pfoblem'

unresolved. Schulze, probably ia cooperation with Kgnt, formulates a

-

solution in terms of svnthetic judgpents a p&(o&} which is not without’

value to the general problem.at hand. 7 : . C
Let one place Just SO manv marks in the conceot of the
subject-that the- predlcate .which he.wishes to prove of-

" the subject, can be derived from its uoncept through .-

the -mere principle of contradiction. This t?lck does
not help him at all.  For the Critique-grants to him- T
without dispute this kind -of analvtic judgment. " Thén. - - » .

it takes the concept: of -the SubJECt into consideration, .
and it asks: ‘how did it come about that 'vou have .
- placed so many different marks 'in this concept that
"already contain-svnthetic prop051tlons7 First’ Drove
the objective realitv. of vour concept ...‘then ... prove
that the other marks belong to the same- thlﬁg that the



first one belongs to without themselves belonging to
the first mark. The entire dispute ... belongs merely
in the lggical theory of definition.>’

V.
We have thus far seen that Kant can adequately deal with the typi-
'cal, if not classical, objections of Eberhard énd_Maass, leaving us
Qiﬁh~a residue of positive sfateﬁgnts regarding his forﬁulation of the
analytic/svynthetic distinétion, {.¢..the containment metaphor, the
identity afgument, the expkicative/ampliativg.distinction and, most
- important of all, the argument from content. All the objections

raised so far, however, have been more or less within the context of

[ - .

the Kantian enterprise. Whdt has not been consideted is the meta-

problem alluded to earlier. T have argued (with some promissorv notes)

-~ -
- \ -

) .= ) o~ L . . . -
that if one can grant that an analvtic/svhthetic distinction can be

made at all, Kant can do so with reasonable precision, and can provide

reasonable justification. for such a distinction with the tools and

methodsAhis-phi;osophy plaqeé at his disposall But what if one denies s
that theAdisfinction can bé made at alll asserts thatfthé diétinctgon
" 1s without meaning, or that the'distinction.remains relative to a
.concep:uai scheme that @s, itself, §ﬁbject to change? To evenfaftempt
éo answér this tvpe Qf bbjecﬁion permit me’to reformulate the probiem
in terms of Kripkean possible wor;d semantics.38 Analvtic propqsitions
would then be propositions Ehat‘are true of all possible worlds; syn-
thetic propositions’wbuld be‘pfopositions true of tﬁe éctual world.

ana pogsibly some others as well. ?ropbsitions that are both gvnthetic

¢

and @ posternionl would be true of the actual world, but not of all

30
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really possible worlds; pro‘posit}ons that are both synthetic $pnd a prooite

would be true of all really possible worlds but not all possible worlds.

-

Now tﬁe meta-critic‘(duine, for example) would deny that one Fould co-
. § r. ’

herently assert what wpﬁld constitute areally possible world. What one

construes as really possible is subject to revision (indeed from inside

fhe scheme what one constrﬁes as possible‘at all is subject to revision

--for example, the fundamental laws of logic).*-Brittan maintains that

Kant need not give up the analvtic/svnthetic disg&nction on* these

. grounds.

e Kant appears to have accepted_th% implication. That
there are certain necessary prop¢sitions that can be
known @ prluil is coupled -bv him with the clalm that
these propositions are not revisable. But one could
surely separate the two claims ... Kant's main claim

is that certain judgments are synthetic a prccil with
respect to a giyen bodv of kno®ledge. He has no sepa-
rate argument ... for claiming that these same judgments
are not revisable ... [M]oreover, even if the judgments

. ] : o . s
- he lists as synthetic a waloal have since.been teyised

or rejected, all that follows is that he was wrong
about these particular judgments, and not that:there
are not ~judgments that plav the role he assigns to
them. Thus, Quine's argument'applies onlv partiallv .
‘to6™Kant, in that, even if we grant Quine's point, .it .
does not show that certain priq%%ples cannot playv the
kind of role Kant assigns them.””

*agree, in general, with Brittan's intent, but not with his formulation.!

It seems to me that if Kant were wrong about particular svnthetic judg-

ments ‘4 Prioid, there is no longer any guarantee ‘that he codly not be

>

wrong abo%s all of them--and Quine's point hits home. What is tequired
. A [

is an adequate ground‘and the application will take caFEfofﬂAtself. But

elsewhere in the Critique of Pure Reason Kant does supply an argument

that onlv a particular kind of world within a particular range of

‘experience is really po$sible. 1If one grants Kant the Transcendental

-

'S. . : ¢
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YDeduction then the cond tions for the‘pqssihilitylof experieﬁee are

Ay

51multaneously the conditions for the pOSSlbllltV of the ObJECtS of

experlence Hencéﬁwhat is a really p0381ble object for us ig also'

what counts as'a'really'pOSSible.Werd.‘ One could T suopose, deny

'these conclus1ons (as I susoect Oulne would), but fortunatelv the

- A . _ . -
valldlty of the Deduetion ig nbt at iésue heremﬂ One thlng that mlght

«

be said in p3551ng, however, is- that the range of Kant s concluslons

;n the Transcendental Deductlon ma? be 1nterpreted in. one of hhreev
gMays (Kant sometimes seehs ‘to oscillete~between'the three)t (1) over
2 e allIPOSeihie experiehbe (11) over all pe881ble human experlencek or :
(1i1) ovef all poesihle humah ﬁﬁ@erienceeas.werhowiknoyfit. I sdggeét‘h
the'thirdtclaim;:the weahest, Weuid be'Sﬁffieient:_thehgh‘not.without‘ -

Ergument, to Sﬁﬁ&tantiate an adequate and-Workablejfdrmulation of the:
R ) S S R . . ‘
% analytic/synthetic distinction.
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CEHAPTER III R

¢ INTULTION L

Any account of Kant S theory of mathematlcs would be 1ncomplete

e

.
: w1thout a concoml anﬁ account of 1ntu1t10n That Hntuition plavs a
. - ' | ;
'key_folé'in the construgtion of mathematical concepts, foF Kant, cannot

. be .denied; what the'scope of;that role ig remains, yet, to be decided.

In this chggter T.shall e %‘1Vour to’méke\clear what, precisely, Kant

méant By.intoition in tero; of his general epistemology. I have also
. P ‘ ) .
.been:chargeakwith tbé'added task of prov{ding.an éxplanation of how the
unde£§tapdin8 ng‘fgnc;ion; in'atkl;ast some manner, at the level of
intoition.' NOQ:I éﬁéliloot preteno,tofsofoe‘all of the problems in-

'herent ‘in Vant S eplstemolooJ, my intention. is to offer a reasonable

~explanation of Kaﬁ~

's notion of ontultlon in order to allow smodtH
. [iE
passage to his theorfes of‘pure_intuition and conétqution'of mathe-
matical concepts.

~According to Kant, 'all human knowledge involves two different.

faoulties;ﬂ sensioility and ondetsténaing. ”Thos, for- Kant, human

o . ' S
knowlodge,sorings'from:two'different, vet fundamental,‘souto?s: the
caoacity tor feoéiving impressions og'representations, realized in
intuition; and the Spontaoeous poﬁér of knowing the:object through

is

‘these repmesentations, realized in the production_of a -concept.

g

- - N . " 4 .
"Intuitions and concepts,’ therefore, become two modes of knowledge or

e
»

cognition [E&h?%htntééa]. Now all knoWledge intends or requires an

s

object of whiohuit.oan be called'kqowledge. . An object cannot, however,

33.
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be known by intuition. If this were the case then what need have we of

the understanding? Intellectual intuition, for Kant, is perhaps pos-
sible for God (énd is arguably, thﬁs; a paradigm/for any knowledge

claim), butﬁhot'characteristic of what one WOuld construe as finite:

human knowledge. On' the other nd, the understanding, by itself,
cannot wholly constitute the object. For, then, what 3eea have we -of
sensibility? 1If the sense data proffered by the object cannot in any

 way affect the knowledge ohg may claim one has of that object, then

the object will be constituted solely in virtue of the powers of the

understanding. = And such transcendent use of concepts is forbidden by

» “ o

Kant. These assertions inevitably- lead to Kant's famous formulation:’

'Thoughts'without content are emptv, intuitions without concepts are
. | . - » o

blind' (AS51/B75). This does leave him, however, in a somewhat pecul-

iar, if not unenviable, situation. On the one side, one has the
7 - . .

noumenal realm, the province of the thing-in-itself, a province of
which one can never have anv theoretical knowledge; on the other, one

has the phenomenal realm, the province of the appearance, and one in

\

‘which knowledge of the object das a representation or appearance is

possible. ‘And so the problem of the. Two Worlds Dichotomy, and its
J

concomitant dilemma of the object as thing-in-itself and the.object

: i
. as appearance, arises. Ona cursorvy inspection, then, it would appear
) ’ ‘ 1 ‘ ’

that if there is to be any knowledge at all, either Kant must accept

that one can have sensible knowledge of, thé"object as it is (as a

.

thing-in-itself) at the level of intuition, or the understanding must
_wholly constitute the undetermined object of experiencg; in virtue of

its own formal rules, at the level of concept‘formation.‘ It is my

.
»



not tell one how intuitions arise, or what

35

purpose'to demonstrate the dilemma to bé a false ome. I hope to show

that Kant has adequate, resources at his disposal to allow sensibdlity

to meaningfully affect the determination of an object of experieﬁce by
the understanding. The Kantian solution revolves around what it means
to be an object of experience, indeed what it means for us to.know an

dbject at all; and this, in turn, depends upon how the sensible qﬁ@i—

fold is unified by the understanding. If an object of knowledgé?is to

have a determinate unity, this must clearly be provided in virtue of.

formal rules of the understanding. Yet this object of knqwledge'must,

at the same time, have somé ground, something to limit the arbitrariness
o ) : I S

tr
]

of the conceptual process. And since the touchstone for sensibility s,
for Kant, intuition, it. is here one must turn, I think, to find the
necessary direction for the resolution of the problem.

L 4

ii.

. ‘n respect to intuition [Anschauung) Kant, I believe, makes a

fiye—fold'distincﬁidn. Aside from it being a mode of knowledge or

,cognition [e.ine Erkenmntnds] (AL9/B33, A68/B93), intuition-is also

sensible (ASI/B7§), pérticular or of individual objegts (A320/B377),

“immediate (A19/B33, A320/B377), and that to which thought as a means is

.directed (Al9/B33). Thig, however, merely lists a set of conditions
thét must be fulfilled in‘order for one to have an intuit?on; if does
. "caﬁses” one to have an

intuition in the first place. It is sensations, Kant .says, that yield

intuitions. A sensation [Empf{indung] is 'the effect of an object upon

the facultv of representation, so far as we are affected by it' (A19-20/



B34). The intuition which relates to the objecgithrough sensation Kant
célls-empirical. 'Kant,amoreover, deSignates'Ehe undetermined object of -
-an. empirical intuition as appearance'[EhAcheinuﬁg]:'sIt ié, rather, the
representation that is determinate and this requitesjthe process of
synthesis ppdvided by the ﬁaculty of judgmeng..:Héﬁce a somewhat éfude

and preliminafy.formulation of how khéﬁledgé’céﬁ come about is pro-

ffered. The object somehow‘”causqs”'an appearance to arise by means

of sensation; and the intuition which we have of this appearance, in

o

tu;n, spmehow éerves fo} the predicating of appropriate concepts in
judément.

Now sensagib;‘ié not, in itself, a mode of”knowledg; or cogni;ién.»
Iﬁ is simply.tﬁéﬂmatter.of experieﬁce. Knowledge requires.judgmemt;‘it
is only through judgment that any assertiops céncerning the tfu;h'oy

. 5 ‘ )
falsity of any particular propositions may be made.” 'It is therefore

'Vgorrect to say that the senses do not err--not because they always judge

"rightly_but’because'they do notvjudge at all' (A293/B350). HénFe that

iLnAabpearance which corrésponds toAsensation is its mactef§ £Hat in
appe&faan which Qetermines the manifold is its form: Bup a determinate
unit?Iiszhép, in-iESelf, present ih:thé.manifold;,it is rather pre-
scribed'bfltﬂé.undersﬁanding (and - so; fofVKant, is idéal). The sensible

- - ) v

manifqld,”dsVSPCh, ié'qﬁife indeterminate and uﬁdifferentiated. So, it
would ?eem; ié aéés not make sense to speak of the unity §f thé object
(andthénqe;.pééﬁaps,.of an object at all) prior to categor{;ation_or
judgment. Anq phﬁs another account of knbwledge presents itself: the

union of intuitions and concepts in judgments gives rise to representa-

, tions that refer to a constituted object when the sensible manifold, .in

.



‘all its undifferentiatedness, is thought, and made determinate according

to the formal rules of tﬁg.understandiﬁé. But this is‘és,little grati-

.

fying as is the first account. ,Represenfations must be understood as

Having content; the coritent’ of a representation lies in sensation; and

sensation comes from outside consciousness, from outside the under-
Al A4 - . -

standing. "33 how is it Kant can maintain, as he does in the A-edition
BN f . N .
mDeduciion of*the Categories, that eaﬁh representation iinsQfar as it

is contaiﬁéd\in\a'single_moment, can never be .anvthing but absolute
unity' (A99)? - -

One story th?t'could be told, I suppose, is that of affection. The’

- .

content of a representation is a result of semsory affection. Affection

is pure passivity, {.e¢. the passive recéption of sensations or sénse
. . ‘,"

data.  This being the case, it seems reasenable to ask, them, aﬁoucgthe

cause of sensations. On this issue, obViously, one can, say little in a

. A N "I
f ¥

positive vein for, if one accepts the general thrust-.of Kant's arguments,
.it is that ‘of which one, virtually by definition, cannot have knowledge.
Piopin 3. L SR o
ippin suggests” that any line of argumentation-tiirning upon the .cause
"of 'sensation should be ignored. The problem, accbrding to Pippip,'
rather calls for an account of the nature of the effects of sensations
. _ F.
inh experience and their role in empirical knowledge, regardless of the
original cause. And this, I must admit, is a position with which I find
much sympathy. Kant has certainly'limited any knowledge claims to the
realm of phenomena and forbids any causal link between the noumenal
. thing-in-itself and the object of experience. "It seems to me that it
o ' ) -

is to Kant's credit, perhaps one of his great achievements, that whae-

ever characteristics a sensible manifold may intrinsicallv possess (I

e

37



admit that even thig could only be intelligently stated after much argu— .
mehtatiqn),,any meaning or significance that may be attached to the
- nification of the manifold is in virtue of rules of -the understanding‘

known d paloal, rules contributed by the subject which set the limits

and conditions of objectivitﬁ; However, it also seemis to me that to

.~

speak only of effects, to speak, as Kant -does, only of’ a.ground rathei
than a-cause, does not make the '"causal" .problem.disappear. -And,:

/

‘reasonable

indeed, I believe Kant does préﬁide thg framework of a
- .account of the problem in both the Transcendental Deduction of the

Categories (in particular, the -solution lies in the difference betweén':”

the' A éﬁd B editioné,,and'the role’of figurative synthesis 'in.B) and .

. the Schematism of the Categories (alfhough I admit that the locus of
- the account seem$ to reside in both cases in the somewhat mysterious

“

activities-of.the productive imagination). .

-

How, then, can one faﬁourablyﬁinteréref the problem-of affection?
Tt wbg;d ‘appear, irrespective of whether one construes the problem ‘as

' causal, that one avenue might be.the-diffefingqperspectiyeé one could

: S I P 4 L L . :
~take when viewing an empirical object: - Kant, in his Observations on

B

the‘Tranécendeptal Aesthetic,Vsays.that'ohe must be éargful to note

v

the merely empirical distinction between the object in itself and its

appearances, and the transcerdental distinction wherein the empirical .

‘object is taken in its general character as appearance and entirely
distinctffrgm the thing-in-itself. This ‘sort of assertion is also

found in the Fourth Paralogism where Kant maintaing that an object can

be tthghﬁ frbm two separate perspectives (and the thought, itself,

can be considered in two different senses). Thus the claim is that the

1



« . ' . ,‘.‘. ’ o . X : ‘ \‘3;9t

.

status of an object’ can be examiggd e@piriqélly or\tfanscendéntally.' If
viewed empirically, the question'of‘the thing—in-itéelf does'métrméan-

; ; . ' o . IR T
ingfully arise. One can speak of sensations causing our -intuitions;

appegrances are just appearances of ‘an external object;-one.can have
empirical knowledge in virtue of a correspondence theory of truth as-
long as oné recognizes that this is subject to the usual empirical‘con—.

"straints and open to appropriaté sceptical criticismﬂ"If, on the other
hand, one takes a transcendental perspective the spectre of the thing |

-inkitself arises. ’dhe‘can nh longer»meanihgfhliy épéak:offthe.causg_
of éppéafange or sehsatiqn;-appqétantezis Sééh fbr:whatAit ig--

‘phéndhgnaiﬁ and oné cahnotihabe any knhﬁlédge:ofhan bhjéct»independént‘~
‘of the rules of the hnderstandiné'thét prescribe thé,tdnditioné Undgt

which an object of experience is possible; knowledge,.and any ériterion
‘thereof, shifts ftom the.empirical ‘to the ttranscendental realm where

’ o ) A ‘ ) . 5
a coherence theory of truth subsumes a, correspondence theorv.

Many chéf_paSsages.}n_the-First'CritiqueialéobﬁeEm‘té lend cre-
dence to this ''perspectival argument'. For example, in the Ptéféce.tb

. the'Seconﬁ»Ed;tion, Kant-sdpposes that his cfitical ghiioéophy has”

shown necessarv the dlstlnctlon ’between thlngs as object of experlence @f

5
énd those same things as thlngb in themselves (Bva11 mv emphaSls) vfgy)

Even more explicitly Kant malntalns that the valldlty of the Transcen—

i
3

dental DeduCtion dépends ‘upon the teaching that the"obje¢t.is to be

raken in a twofold sense), namelv as appearance and as thing in itself'

o (Bxxvii). s

r

Now I do not wish to gainsay the importance of the thing—in—itself

in Kant's.philosoph§. Nor do I wish-:to @eny*that th%jperspectival



argument is valuable in descrlblng how one can thlnk of a thlng in |
-itself.: The thlng in- itself is, clearlv for Kant a necessary’“bn\\

dition of appearance After all if he is to argue for his transcen—

dental idealism aﬁd empirical realism ul$ a vis transcendental realism

and empirical idealism he requires that there cannot beé an appearance
without anything thar_appedrs. Westphal makes.the point quite force-

.

fuliy.
But the thing in-itself lies at the heart of Kant's
great achievement. Without it the distinction between
transcendental ‘ideality ‘and empirical reality is
vacuous. Wlthout it the antinomiés are unresolved.
'Wlthout it the purnorted orlglnalltv of the Copernlcan
Revolution is reduced go the giving. of fangy names. “to
famlllar dlstlnctlons :

7 What T wish to say is~thet the perspectival argument is not suf-.

ficient: - That there exists empirical knowledge seems to be urdeniable

except to the staunchest‘seepric; but when one makes_the transcendental

. , - . (
turn. and raises the meta-question of guarantee$ or grounds, then to

‘-

.« simplv. argue. that -there are two perspectives one can-take when viewing’
: o S p

.
v

K . . ) e L - [ - S ’ . .
the same object misses the point of raising the meta-question in the
first place. Surely, on .a-transcendental ieyéf, we are permitted to
‘think of the thing-in-itself as the cause o€ sensation; but then we

e

in this area, is some justification for what constrains 'us to think in

‘

can .think of mdny things. What we need, since we cannot have “pwl,edge

this manner. And the answer .to this.just as surely camnot emerge from
-- . .\“ ‘ . . ‘ ’ &v
within thé compass of empirical knowledge. Let us, for a moment, .grant

~

“that Kant has demonstrated that' the. unity of the manifold is determined

by the formal rules of the faculty of judgment. If the Transcendental

' Deduction goes through, then-the necessary-conditions for the pds-

v

40



.sibility of experience are .precisely the necessary conditions for the
B . . I

'_possibilityfof the objécts of experience. Hénce,'wﬁatever it is‘oné

.

‘cah tfﬁly or falsely assert of the object must conform to how the seﬁ;‘a

sible manifold is thought together according to a rule. So the cor-

. ’ . . , f.-’ . ‘ .
respondence theory that functions on the empirical level is replaced

by the coherence ;heory,thatlfs_madifes; on the trénséendental level,

ot

(:e. the necessary conditions for the possibility of empirical truth

are found to be just. those conditions for the péasibility of transcen- °

dental truth. But in virtue of wHac~can one provide a transcendental

n

criterion of truth?’ It cannot be.srﬁple consistency, for -that would

’
leave Kant in.a position not' significantly superior to, say, Leibniz.
It seems to me that, when consiaering the sensible manifold, in order

to know what general concepts to applv to particular intuitions, - we

must already possess ‘some.awareness or understanding of what this Co

manifold is-presenting. Thus, an account of the determination of the

‘manifold by the understanding is onlv half an answer; ~A”ground\of unitf' :

4

from the side of sénsibili;y'must also be pfoyidgd.S o o

- To come to terms with—thevfwo Worlds Diehotoﬁv, theﬁ,vi§*to come

'

to terms with how the relation or connection between a maniﬁdld as an

amorphous, indeterminate and undifferehtiéted ijécﬁ'of tﬂogght,~and

the manifold as a-structured, detetrminate and unified object of knowf B

ledge, can be explained. And this, in-turn, means to tome .to férms -

with the manifold ways,in.whiéh a unified, individual object can be’-

constructed bv; -or presented to, consciousness. As a’ preliminary dis-

cussion to a possible solutidn of the problem, I take to be.critical’

an examination df'tHé‘ti@nézahdénf&ﬁc‘Gegﬁnétand.— The Gegenstand can

41
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':(\ » . ) o'

be viewed as roughly equivalent with the object as it is in itself,
but with positive nuances that the thing-in-itself does not carrzj

What more the trhanszendentale Gegenstand offers other than a mere

e

indeterminate thought of something in general, or other than the
ground of the synthetic unity of appearahce that will give rise to

-the fully constituted empirical object, however, remains-to be seen.

At this stdge, clearly, the manner in which sensation guides or affects

the object of appearance remains undecided, bhut it is at least con-

-

‘ceivable that such direction.can emerge from a consideration of the -

“regulative ideas of reason, I take this as the next step.in'a pbs—“

, »

sible solution. The regulative ideas will.provide the necessary con-

textual and background infofmation to seek ‘unity; but being regulative,.
and got,deﬁerminatiVe;:théy do not guipantee;a-ﬁnique’intexpretatiop of- -

~ . -

the'manifoldf“They, hewever,-'lay the foundations for the final stage
whereih‘é”layeredvsynthesis'and,interpretatiou of experience takes

’

place. . The categbfiéé'wiLl be found to be operating, in“some fashiQn,

at each layer of svnthésis; and'thus bv providing. for a more comstitu~

. o .

tive role at the level of intuition, the demands upon the synthe§is of : -

the manifold in .imagination will no®be as great. -~ ..

. “ L - .
* s 111, Lo . _
N - - ; :
x ) N

¥

. oy
. v

-The Transcendental Deduction' of the .Citegories, on a minimal inter—

fpretation;Apurporis to, éstablish-thq,coﬁditions.of bbjecti@ity for
“human knowledge. Now, Kant main'tains thaf wherever one finds unity one..
finds it as a result of some svnthetfic precess. Such synthetic unitv - -

~
S -

is a necessary condition for the posgibility of experience and is the

v

- ~

‘product of the understandfng,‘the'sdﬁrce of the categories. Therefore,

- ’
- ’ .



the general rules which will accdunt for the unity of various sense data
must be provided for, at some point, by the understanding. There is a
problem, though, as Pippin notes.

It is clear that Kant meant only for the categories to
be the necessary conditions of experience, that without
which no experience would be possible for us, and not
that they were sufficient conditions of experience.  He
did not intend that our conceptual structure was a priori
.sufficiently complex to prescribe the "discrimination
rules"” by virtue of which any conceivable emplrlcal
manlfold could be apofehended 9 e

Pippin's observations have some merif: It seems correct .that our -

conceptual structures cannot be the sole orbiters of "discrimination
rules. Yet the. answer, to me,- does appear £ lle w1th1n the compass

of the Deduction.. . I rlrmlv belleve that Kant thought he had proved much

more. than just the‘neceSSary.cqnditions for the possibility of experi-

1 . . - .
.cence. Kant wished to demonstrate, as is clear, I think, in -any reading,

.

that not only are the categories the nécessary conditions for ‘the pos-

43

'Slbllltv of (human) etpexlence ~but that +they are the only conditions, .

'

" that ,is, thev, are uniquely'so, Hence, I suggest, the groundwork for
“such sufficiency condifions are dmplicit (if not explicit) in the text.
. - - . - . . 4 ' ‘ R - ’ T W t

8

In tiis &ien,;however,'it‘must,be carefullv noted "that the Deduction
does not-stand alone in the-Kantian corpus. Kant, for example, in sec.

' ) .
s - -

26 ‘draws on both‘tne results of the Transcendental Aesthetic -and the

P

- CL =11 ‘ ot - L '
Metaphysical Deduction. ™~ Moreover, I think that anv reading of the
Deduction is. incomplete.without a means of applying the categories to

~ ‘experience, Hence; I'take it, it is incomplete without the Schematism

e L N
N < Vo

chapter. 'If:-this is granted, them all the toels.réquited are already
present in the Deduction. el o,
- Now, at the transcendental level (or meta lqvel if. vou like) a

f
2 —
- - o . T <

i . i ‘
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conundrum arises with respect to sensation. Empirically, one might say
’

that sensation causes the appearance in intuition. Transcendentally,
the appearance is seen as t@f'undeterminéd object of intuition and it is

1

the representation,“througﬁ jgdgment, that is determinate.  Hence one
; re
may well ask about th%fﬁature of the object of representation, an object

that obvicusly canqd{’arise through intuition-~-for that would merely be
I v

.I -
yet another rep;ésentation of which we could ask the same question. ' In
. R .

the A-edition version of the Déductidn Kant supplies just such an object,
’which may, thereﬁpre, be named the non-empirical, that is, transcen-

dental.object [Gegenstand] = X' (A109). The cause of semsation, though

v

unknown in the negative realm of the noumena, has thus been assigned a
positive value in terms of both the ground of objective validitv and the

"necessary relation between the representations themselves. . Hence, any

[

unifyihg of the manifold must conform to that ground. And that-is to
say that the synthetic unity,fwhich is a product of the 'categoriés
through judgment, must conform to the conditions whi;h maké.it>possible
for that unitw té be grounded in the transzendentate Gegenstand. As

Allison points out, -this leads to the verv idea or formula of objec-

3

. tivity,
'S
since this necessary svnthetic unity of representa-
tions has already been identified with the unitv of
conscliousness, and since this unitv is itself grounded
in the unity of the rule or function wherebv the
manifold was svnthesizeéd, we can see that the pro-
claimed necessity of the relation to a transcendental
e ‘object is simply another way of stating, this time
from the side of the object, what must be regarded
as the_fundamental thesis of the Transcendental Deduc-
tion. ~ b

The thesis to which Allison is referring is the condition for the pos-
sibility of knowledge. This 1is to say that appearance in experience

8
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>

must stand under those a pr(onl rules of synthetical unity whereby‘th}

g . : (3 ' !
relation of appearances in empirical intuition is possible under chej
7,

a

conditions of the necessary unity of apperception.’ %
) Ayl

i

T g el L
-

This brief examination now permits @me to draw some p:efatoryy v ) ©

conclusions. When Kant speaks of an Objekt he is referring to gﬁé;,
. ; ,Q woow

S
*

logical conditions to which an object of experience must confogm;f"4n v
R

Gegenétand, on the other hand, refers to a possible object oé ewverlehcu

" which is the ground of that which appears. The 0bjekt must conform to

-

| what is known,\and thus objectively valid, for the Gegenétand. On a
h meta-level, however, what do we know about the Gegenstand uberhaupt
other than that the transzendentale Geganbta%g is theuground of the Yoa
neéessary unity of appearances? Surely nothing but this necessary

~
svnthetic unity; for at this level we are forbidden to draw any gor-

*

¥

respondence between the ttans: zdgnfa@ Gegenstand and the Ehinagﬁg)w

-itself. : R
Thus far we have been considering only the A-edition version of
‘the Transcendental Deduction. In the B-edition Kant shifts his perspec-

tive in three important areas: the capacity.of svnthesis is located

entirely in the understanding, the notion of figurative syntheéis is
brought to the fore, and the concept of a .transzendentale Gegenstand

‘dissappears. Drawing from the previous discussion it would appear that

i

in rezirc to the third area Kant requires a more complete explanation
of what can affect sensibilitv--and Kant realized this was so. The

three-fold synthesis and the transzendentale Gegenstand, in the A-edi-

-~
tion, alone do not provide for such affection.
according to the second edition; the object which
is given to the senses [is] the object qua object



o
Iinétead of some indeterminate X. In fact, the text of
this second version attests to the, dlsappearance of .
the transcendental object X in Kant S argumentation.
Kant speaks indistinctly of the object, thought and
known (sec. 22), as if the object of knowledge and
the- object of thought were the sgme. . Consequently,
the objeft is- sald to be given, whereas in the first
edition, the glven object-was a mere X.13

However, that the object is now alven, and not a mere X, is in itself of

llttle expllcatlve value A more active role of the understanding in

¢

providiqg for the svuthetin proéess of unification (and thus, in passing,

a moré constitutive role :t the level of intuition in virtue of the

*

acti&ity of th- undersranding =zt ité level), must be possible. And all
this seéms o hlnge on the notions bt flguratlve and 1ntellectual s§n~
thesis (BlSl— "). What Xant acpears to want is for ;he.understanding

to actively function within intuitioﬁ. “Iﬁtelléctual s?n&hesis is of

no assistance here since it ié merely that activity of the undérstanding
which rélates, or bring§, the manifold of}iﬁtuiﬂion to the unitv of
‘apperceptigﬁ. Buf figufative synthesis makes poséible the determinate
representa££0n of space and time, and this, through.ihagination,'syn—
thesizes and Qnifies the manifdld. And %yaéé.and.tiﬁe, foffKant;\

-belong in the province of intuition. ¢ Hence it seemsAthat it is’ the

<
)

flguratlve synthesis whlch unifies or determines an 1ntu1t10n A e

makes p0551ble a determlnate intuition (B154), by organizing the spatio
: —temporal manifold given bv the imagination. The rub here is, of

P - , : .

course, the role of the imégination. How -much or how little. does one
.require of a faculty whose mechanism is 'an art codcealéd in the depths

of " the humang§oul whose real modes of act1v1tv nature is hardly 11kelv
- o .
ever &k allow us to discover, and . bo have open to our eves' (8180 31).

s

Permit ne, then,‘co apprdach the problem somewhat indirectly. What

R . ~
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v

is given, is always given in cont8xt{'a successful interpretatiom of

which can only.be made with reference to th;t.context and with regard

to suitable background imformation: Fof Kant, underStaﬁding,bas ap- .
pearance fof“its object; reason has the undersﬁanding and its concept.

for its.object. Thus when one is given almanifold one must unify it
according to the a pﬁio%i rgles 9f the undergtanding. There exists,

then, a subjective necessity'fér the otdering of objects given (A305-06/
' ' : |
B362-63) . But what of objective necessity and objective ordering?

- “

Consistency, surely, is not a sufficient test for there may be an in-

finite number of possible consistent interpretations for a given pro-

. . . N
position or se€t of propositions. Yet, Kant maintains the ordering of
objects of experience must still meet the systematic demands of reason.

The law of reason which requires us to seek for this
unity, is a necessary law, since without it we should
have no reason at all, and without reaSon no coherent
emplovment of the understanding, a¥d in the absence
of this no sufficient criterion of empirical truth.
In order, therefore, to secure an empirical criterion
we havé»nd'option save to presuppose the systematic
unity of natire as objectivelv valid and necessarv
(A651/B679): - ) o

The claim, I take it, is this: the necessary connection of one's

representations, be it through -the thranszendentalfe Gegenstand or some

.

activity of the productive imagination, must cohere within the” context

in which it arises, and the background svstem against which it is in

relief. Kant repeatedly makes this claim. 'For -instance, in the
~ I " %

Analogies, he maintains that an order and regularity must bé presupposed *

for nature (an order of which we can have no direct kn®wledge) in order

that anv. systematic knowledge be at all possible.

@ . . .
Yet I am somewhat troubled by’ the use of the regulative ideas. Kant

o
&
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says they 'are not arbitrariiy.invénted; they are imposed by the very
nature of reason itself and therefore stand in necessary relation to
the whole employment of thewudderstanding' (A327/B384). But when

queried as to the ground for this activity of reason, one wonders

whether he is trying to have reason pull itself up by %ps own boot-

n

straps.

Reason does nobt- here follow the order of thlngs as they
present themselves in appearance, but frames for itself
‘with perfect spontaneiry an order of its own according
to ideas, to which it adapts the emplrlcal conditions
and accordlng to which it declates actlons to be neces-
sary, even although they have nevar taken place, and
perhaps never will take place (A548/B576).

i

rReason,jKant assertsy must exhibit an empirical character since every

cause péeéupposes a rule accOrding to which, as an effett, ce§$ain'ap—
\V? ‘

pearances follow. Still it remains the case that_these'

<

human reason are self-referentially imposed by reasg

in the First Critique sﬁpplies, to my knowledg@ru“
grounds. o

b ' iv. . R
Trnd

i
4

In any event, what Qe determine we ﬁust determiﬁe contexfually.
The regulative ideas of reason provide for such a contextual deter—c
‘ minagion but attach no necéssity thereupon.l Only if we assume an order,
a prel?minary mganing; can we meaningfully make judgménts in experience.
And without a éertain amount of b@ckgfound.already painted in, so to
speak, ‘that of which we méke judgments would have nothing at all With‘
which to cohere. There is much to be said of the unit§ of the object

) and the ungty of consciousness belng reclprocalLv related in a system-

gfgxnhole Thus we are, indeed, further ahead than before. Appear-

R,
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ances are not only part of a systematic unity imposéd: for whatever
reason, by reason itself; it would also seem thaft there is an order to
appearances. At the empirical level, appearances would be uninter-
preted;'ét the transcendental level appearances become interpreted con-
textually for "goodness of fit'". What I am concerned with is a trans-
‘ ~
cendental explication of first order appearances. Now something like™
. . . c. 14 ) ‘
phenomenological object profiles are represented. Recall that in the
first edition Deduction each representation in the manifold of appear-—
ance, as it is contained in a single moment, cannot be anvthing but an

i

absolute unity (A99). According to the second edition, that unity must

\

: 4 :
be provided solely by the understanding in terms of a figurative svn-

thesis. Indeed, intuition(is,only possible through this figurative

synthesis. YNow in the sej concerning the Synthesis of Recognition

V.

in a Concept Kant states: 'It is only when we have thus produced'syn-
thetic unity in the manifold of intuition that we are in a position to
say that we know the object' (A105). Rolf George suggests that Kemp.
v . ' N . . . ‘ llaev -|'v . . PR nooo
Smith's translation is.incorrect. ## “For ."'manifold of intuition'. one
should, perhaps, read "manifold of an intuition” or '"manifold of the
intuition". If this were the case the amorphous manifold of intuition
acquires some characteristics. The addition of a definite or indefinite
article in front of "intuitionh' seems to indicate that it is some seg
of sensations that makes up a particular intuition. Now whether Kemp
» s/ ‘
Smith's translation i% infelicitous or George's suggested rendering
simply unfounded, it does make sense to sav that it is some set of

sensations that provide the material for the appearance of the_ object

profile.u“Tﬁfs'muét; itself, in each successive temporal profile, be an

RN
~
41 .

absolute unity, the repreSentation of whigh is generated as a unity bv

£



)

the figurative synthesis. Being an activity of:-the umderstanding,

figurative synthesis, as such, is subject to the censtraint:

s of reason

——e———

and produces unity from the manifold of an intuition in terms of con-

textual warrant dictated by the demands of the. regulative function of

reason. And the Schematism provides for the application of the

»

categories in théir temporal aspect since it specifies how the pure

sciousness.

concepts of the understanding are to be construed as conditions of
‘
human experience, (.¢. by being considered as modes of our time con-
K .

If this interpretation is correct, it seems to-square well with -

: J
the conclusions of the B—editidn'Deduction. The givenness of the object

is explicated in terms of figurative synthesis; but ‘theé -object is still
i

given in terms of appearance. The material of appearance, sense data,

now reflects a specifiable set of data particular to the manifold of an
y

intuition. Of course, this appearance must still be interpreted, even;

|
at. the level of intuition, by the understanding before any claims re-

\
|
1
\

\
garding knowledge cawibe made of the constitured object. However, it

\
4 . ! .
now makes sense to assert that the categories no longer wholly deégrmlne

what an object of sense, in fact, is (this is guaranteed by the givenness
of a set of sense data in the manifold of an intuition), although they

still set the conditions for what it is to be.a possible object of
experience. '
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CHAPTER: IV

PURE INTUITION

i.
‘Many commentators have criticized Kant on the grounds of incon-
sistency regarding his presentation of space and time in the Trans-—
cendental Aesthetic and the Axioms and Anticipatioﬂs. That one can so

crificize Kant is, I suppose, possible, but probably not terribly

: e 1 . . . T
profitable.” However, the differences in presentation are, in them-

selves, instructive. -Kant maintains that knowledge, in general,

requires two necessary ingredients: intuitions and concepts. Now

one of the pervading problems and recurring techniques in Kant's \\>

philosophy is the search for the necessary conditions for the pos-

. o
sibility of (human) experience. From the sided of intuitiom, it would:

seem, in the Transcendental Aesthetic, that Kant argues for space and

.

time beihg"Such necessary conditions; from the side of.COHEEpts it

P

would appear that, in the Analytic of Concepts, Kant.argués for tﬁe“

-necessity of the Categories. C(learly, one cannot deny that the Ana-

lytic of Concepts at «imes assumes the éuccessful demonstrétion of
various claims of the Aesﬁhetic (the ;atter parts of the B-edition
Transg;ndental Deduction, in particular, seém CO-draw heavily upon
these claiﬁé). Mofeover, I have previously argued that figurative

synthesis requires the operation of the understanding, in some manner,

at the level of intuition. Indeed it seems to me that the probplem of

the separation of gense data and appearances, noumena and Shenomena,
. i : .

must be continuallv reappraised as the (Critigue progresses. Kant's



. . . . RN :- -
philosophy is aptly described as-an architectonic. All the pieces are
there, but their coherence'dépends,-at least in part, .upon a‘s&étematic
exposition, upon the careful erection of ‘self-supporting arguments, .

From a reading of the Transcendental_AestheticAseyéfal puzzles. present.

themselves, puzzles involving intuitiom, 'pure in;ﬁi;ion:d.pnioh4,»gtp. o

The process of figurative svnthesis resolves, 'T beiieve; spme'df'thésg

problems; others involving pure intuitidn and space ‘and’ time, remain. -

But just'as it would have been inappropriate to bring inftne‘notion of - .
! ' . Y

v

figurative synthesis at m!F'leVEl of the Transcendental‘éesthééié (that |

is, before the necessary apparétus of the understanding had, been -estab-

. . ‘ - _ .
lished in the Analytic %gaConcepts),Z it seems to me that.a successful

(8 . o
interpretation of pure intuition must take irto account the implications.

of the Axioms and Anticipations of the Analytic of Principles. ~And it
is, thus, from this perspective that I shall apnrbach the issue of Kant's
much criticized, often maligned, and undoubtedly Pecuiiar notion.of . .-

space and time.
w .
ii.” - .
Kant claims there are four sets of principles of the understanding: -

the Axioms of Intuition, Anticipations of Perception, Analogies of

Experience and Postulates of Empirical Thought. The former two he .

asserts are mathematical principles and are constitutiye, the latter '..
two are dynamical and regulative. The principles, and their concomitant
N . N A - » - " . >-.
proofs, purport, in the former case, to deal with .the conditions whiah -~
must be met within experience, if experience is to be ‘possible and the

principles to have application. The Axioms of Intuition, therefore,

are not axioms in the mathematical sense of the word, but rather

-~
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principles that ground the applicability of mathematical judgments

within a possible experiential framework;

|

While, therefore, I leave aside the principles of
mathematics, T shall none the less include these
[more fundamental] principles upon which the pos-
sibility and a pfionl objective validity of mathe-
matics are grounded.. These latter must be regarded
as the foundation of all mathematical principles.
Théy proceed from concepts to intuition, not from
intultion to concepts (A160/B199).

S

The proof of.the Axioms of Intuition thus 'Serves.only to specify the
principle of the possibilitv of axioms‘in general' (A7§3/B761). The
possibility ofbméthematics, in general, then is ta be demonstrated by
transcendental ﬁhilogéphy.
_ \ R p
~ The principle of the Axioms of Intuition is: All intuitions are
extensive magnitudés (A162/B202; in the A;edition: All appearances are,.
in their intuition] extensive magnitudes). A magnituée is défined as
eQCensive, Kant savs, 'when the representation of the parts makes pos-
sible, and therefore necessarilv precedes, the feprgéentation of the
' Qhole fd&é Ganze]'’ KA162/3203). It is this,formulétion, and others like
it‘pr’deriﬁéd ffom it, thag has been the cause of some concern by Kant's
’Cripics¥' fn;the IranscendenFal Aesthetic Kant hold; to the doctriﬂes
of the iﬁtuitiQéinature of space as a whole, as essentially one
>[wQ$én£K6ch éénég];’wgich mages possible our apprehénsion of parts
of sﬁace:.in éhé Aiioms{he seeéms to say thét our representation of-
the éarts of.spaéé is a-hecessary‘breliminary for the agprehensiop of

'

space as a whole. Now, to begin with, one could question to what extent

”daxifan:e” means whole as in tHé’sense of unity or oneness. If it does
not, ‘then much of the.criticism to which the Axioms has been subjected

seems amiss. The translation remains unclear. But, perhaps littrle is

:
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lost. Lf we. accept Kemp Smith's rendering, since a closer' examination-
P _ , g - . :

discloses that what {s actually at issue here 1is the problem of deter™

»

 ﬁinatioﬁ.or"Qeterminaﬁéness;  Intuit;bﬁé are,'for kagc; sensiblé€~and
it:can ﬁe'maiﬁgaiﬁéd that what is'sensible ﬁdst{éléarly'haye some
sﬁa&ial.and/oy témporal'prdperties in .order fof'iplcé béléénsible at
;ll:"The'qﬁeStion'that thué'arises’ié’defoia;» How‘;ye~£Qese sensible -
.spatialzand pémporai‘propefties made de;ermiﬁamé_andfuhdér what, con-
difioﬁs is:this deterﬁinatioé possiglé?::éimply_ﬁﬁf,iﬁheﬁ;‘théseuspatial
‘(and temPérqi) pfoperiiés;.being‘spatialx(dg ﬁemporai), ﬁuéﬁiédmit of
Béiﬁgrédait§ve (contingous)} geing édditiVe:(coﬁfinhqué)i'éﬂéy éfé
thus\exéensive (iﬁteﬁsive), .And sd#kif intuitions are.séﬁéiblep and - H
Ehaﬁ which’is'seﬁsible i$.extensive (intéhsive), all‘intuitions afe:
therefore ektensiﬁef(intéﬁéive) ﬁagnitﬁées. But this séyé Iittléiabéut"

¢

the conditions under which the determination takes place. For Kant, -

such gldéterﬁination ﬁust.bé AQCEssgfy{'th héré we are,Speakiﬁg‘qf
‘empirica}.intuicions and ‘all the:tbnéémiganﬁ qontingénc?—thgy,implyf
'Empiyical igéuitién'ié‘possible,'aceording.;G'Kant; éniy.on the gréupa
'Sf'pure intuitiog a pmﬁd&é. ﬁénéé épgeérahcgs,mus€ fbtmally contéin.
an intuition in.spéqeﬂa&d/time’;hiéﬂiténditiqﬁé tgem a p&idﬁi; and so
the Axioms and Anticipdtions must addréss_this'bfoblém‘diretﬁiyi“ Nor
doéS'ourrsimple exposition fésolvé.the appa;ent,incoqsigtency bet&eén
the_notioné of spaée and time in -the Aesthetic ahd thé Anai?tig‘bf
Principles,‘forwwe_are still at a loss to ex?lain how this detéiﬁina_
tion in space.and time gakes place. Merelv noting that dbjects pfesent

" themselves spatially and temporallv dpes not reconcile the subordination

of part to whole in the Aesthetic with the creation of a whole from

A

parts in the Amalvtic.



' . “ . L - “.‘. VS“S]

" ‘Recall, for & moment, the logation of the Axioms with respect to the

gntife Fiféu Criiique, :IE QECurs'afterAKént Haé,léid éui the.Metaé.
pﬁysiéél ana fr;n;cendental Deductions of thé C;teg&fies."RééalL_aisq'
thé;lthé Tfénécendeﬁtai Déductioﬁ‘pufparté to déhonétrate‘ﬁhaﬁ tﬁéf j -
conditions’for theipossipility_of eﬁperiénce are the_ééndigions fér-tﬁe.
possibility of _the obje;ts of‘e*pe;iehce iﬁhié ;laiﬁ is'rgitérated at
Ai58}B197 of the Anéi?ti; @fvPrincipieé).j ﬁrittad;poinps éut4 fhaﬁlthe‘
_AXioms are néceésgry conéitions of'tﬁe uniiy‘of“épnsciousheéslinéoﬁaf.

as they make possiblg the concept of a public objective world imwhich

individuals can detetminately locate .themgelves. 'Hence, objects are

objecﬁsqu experience only if they are determinate. Brittan refers to

this as a fundamental condition of objectivitv and asserts that the :
. . : ‘ | | . -
Axioms thus deliver us "objectivity concepts,'.
Brittan maintains, ahd:rightly.so,thqt\bhere’are two distinct
arguments- present in the Axioms+—both of which involve the notion of

what he calls ”objectivity concepts'’.’ From-Al62/B202 to Al163/B204 Kaht

argues progressively from the unity of.éonséiousngss to the Axioms as
necessary;conditions for tﬁélpossibiiity ofighisAunigy;AiiOm Al63/8204.
to Ai66/3297 Kant argues reggessively from an esﬁablished‘body.of mathe~
matical truths to the Axioms agﬂan a pméc¢( éondition for the pos-
Sibiiity~bf knowledge of these truths. It}is.the fgrmer argument that ‘
I také to’ be critical, although thé:létﬁér,il believe, carries with it
ééhe interesting auances.

Now appearances serve as the undetermined objecg gf aﬁ.empirical~
Cintuition. Appearances have two aspects: the material or that'which

" corresponds to sensation, and the formdl or that which determines the

manifold. The formal aspect contains’ an intuition in space and time
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, v ‘ .
which determines the manifold a prion and which can neither be ap-
.prehended nor, ' , g '

... taken up into-empirical conscidusness, "save through.
“that synthesis of.the manifold whereby the representa-
‘tions of a determinate space or ‘time are ‘generated,
that -is, through combination of .the homogeneous manifold. /.
and consciousness of its synthetlc unigy. Consc10usnesa
.of the synthetic unity of the manifold [and] homogeneous
in intuition:in general, in so far as che representatlon
.0f an object first becomes possible by means of it,  is,
however, the concept. 6f a magnitude (quantum) (Al62/ L
B202-03). - ' o T e

4

What Kant wants to argue is this: }the Transcendental Deduction has dem-
‘onstrated that the perception of an object as appearance is only possible

-

“_througﬁ a synthesis, or-series of syntheses, whereby the object is con-
T R . 5 : ) . .
stituted as'an object of consciousness;” the manner in which an object

as appearance isconstituted as an extensive magnitude is possible only
. ‘ ’ ’

through a successive synthesis wherebv the unitv of the combination of

the manifold is thought; and these respective syntﬁeses are—o§f and, the

N

same
appearances are all without exceptioh magnitudes,

indeed ektensive magnitudes. As intuitions in space

or time, they must be represented through the same -

synthesis whereby space and time in general are

determined (A162/B203).

/

One result of the Transcendehtalf Deduction is to lay out an ‘account

of what is to count as an object bf{human experience, to make clear the

s

conditions of objectivity. The Axioms purport to fulfill what Brittan
] o : _ Y : B

would term the application of ”objéctivity concepts''. - And the condition
under which ﬁhis obtains {is through a determination of the object in a.
successive synthesié. ’Moreover,'the Deduction, has putatively already

‘shown that a unity of 1ntu1t1on can arise out of the manlfold only

through an act of synthésfSVWhich most be exercised a paica(. .If this



* . 1 ' -
.

"were not the case then one could never have a pa(oi(. the representation

1 -
- - .

~of-either spacé or timex(A99).6 But this, T take it, is preéisely-éhe

N i

ool B . . . ) . \
synthesis requiredlfor,the~genpratﬁ'ﬁ of extensive (intensive) magni

N Y

{ f St . . .
tudes. Kant's example of the representation of a line of thought, T .

-

think, demonstrates just-this. Thé line is gengra:gd,(from_a‘point all

its parts one éfter“another' (A163/B203). "That a line must be so

. P -1 X
. < - . - .
generated Is moot. Take, for instance, the intersection of two planes
]

¥

--but Kant's point remainsiclear, I believe, in any event, for then

mightAone not speak.of the generation of the plane from Tines, one after

another, and so on? To represent the line as an extensive tagnitude

simply is to represent it as an object of experience. N .

Kap argument from an established bodv of syhthe;ic mathematical

SIRN

proposi- 5 known @ PAfcal T take to be less successful, but rather
-4 : : )

more instructive. Leaving di ’K »Oor & moment, the obvigus fact that

¢
N .

the position that

maﬁhematiés‘aghﬁmdiscfpliﬁe is, -in general, a bodv of
knowledge the nature of the propositions of which is synthetic and

LY

known a prlonl,-is surelv a ‘thesis that must be argued for and not

- given, the arguments here touch the heart of Kant's critical idealism:

the notion of the transcendental ideality of space and time. It seems
- B .
to me that the previous claims made in régayd<tg.the Axioms do not

nNecessitate.adherence to a transcendental idealist picture of space

and time. Such a picture might prove sufficiert to substantiate these
. ' ) A Co- S A -7
claims, but other storiés, perhaps many other stories, could be told.
The argument. from mathematics, however, .supplies a differenf'twiﬁt// Bv
- detfinition, measurement of any sort presupposes an extensive magnitude;

.

hence measureability presupposes the Axioms. But for Kant a metric is

brought to space and-time by the understanding.
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sort of metéic.and may do so arbitrarilv. ~But this is not what Xant

Unless we assume satisfaction of the appropriate
topological and metrical conditions, measurements
cannot be carried out. In other words, statements
assjgning numbers to objects, for instance, that pro-
jec%ile a has terminal veloc1ty #, have no truth ®
value. But the "possibility" of a mathematical
physics, of which Newtonian physig¢s ig the paradigm
for Kant, depends on such measurements.
. LA
Yet on what basis does_the understanding determine the nature of the

metric which it brings to spacevaed time? Clearlv it may provide any

) -
wishes to argue. On the other hénd, Kant does not’wanp/to assert that
space énd.time>have an intrinsic metric that is merely "read off'" bv the
understaqding. If,Kant's‘arguﬁent so far is sound, then he has shown
that the svnthesis whereby appearances as extenéive magnitudes are
generated;is precisely that same svnthesis whereby space and time, in.

general, are determined. So the mathematics of space, (.C. geometgV,

. e
r‘, IR

lS grounded upon tb;s succe531ve svnthesis of the Droduc*lve imagination

Y ,La
RS

Thls lS gﬁé 15 of the axioms which

Entu1t1@HMpnder whlch

H

gi&@tc

A \2 W L
as aopedraneg rn;fhe

. m "‘.,
L

«asserts of pure intuition

pOSSlbllltygof ? metrxc,'chen whét oeomet’

.

€ 2311& for emplrlcal 1nzu1tlon

‘.‘. S

would 51m11'r

g 'yvﬁgheSLs of spaces ‘and times, belng a svnthe51s of
, és§ent1ai forms of all 1ntu1tlbn is what makes
'pgssxblﬁ the,apprehenSLOn Ot appearance, and consequentlv
everv gutex - appearance and‘all knowleage of the objects
sbc% ekperlencew Whatever pure mathematics establishes
i@gﬁegard to the svnthesis QE the form of apprehension is
alk _eCESSarl;V'Valld of the objects approbonded {A165-66/ .
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?validity of space he will have the genesis of an answer to the

Against the Newtonian Kant would argue that the metric cannot be

intrinsic since space is not Q possible object of experience; against,
. ;

say, Poincare, Kant would argue that there is a sense in which the choice

of gepmetries is not conventional; against Reichenbach, he would assert
that although our choice of congruence standards mav he conventional,

P .

this does not necessarily mean that the metric, itself, is conventional.
These contrasting positions, and manv others (relativitv, Neo—Newtonian
spacetime,'quéntum physics, e¢tc.), are certainly quite relevant to- the
Kantian enperprise and demand some sort of response. However, it seems
that Kant's position is somehow more fundamental (in the sense that it
would ground the possibilitv or non-possibility of alternative metrics
and geomefries)f Although it appears he would wish to affirm the

veracity of Euclidean geometrv, Newtonian mechanics, and the like, it

h. What he does maintain,'in

1s not necgssarv that he be read as su

w .

fact, depends wpon his rather peculia fion of pure intuition. In

light of this, then, I.turnp to the Transcendental Aesthetic and various

other accounts where some of the objections that mav be made mav be met

directlv.

iii.

o . . - | .S
From the perspective of the Axioms, if Kant can show theob}ect1v7

b4

relationist and conventionalist. To this end, Kant will attempt to

’ e}
argue for a notion of space that is dependent upon a ﬁ#rther notion of
pure intuition. That is to sav, he must demonstrate th#t space is

neither a concept noy an abstraction of empirical intuition and thus,

‘ - - » 0] - ‘ ‘ -
perhaps, a convenient fiction. Against the realist, on the other hand,
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" to show that our knowledge of space, our manner of cognizing space

| N
: j

- _ ., , o
Kant will argue that our knowledge of space is a pAloil and that we

. , _ ; .
. . . . 9
cannot have any direct intuition of sﬁace as an absalute entlkx.
Kant's investigationm will give rise to what he will maintain is the
only correct position: the transcendental ideality of space and time.

. As I indicated earlier, although my concern will be with‘Kant’s

theory of space and time, the arguments of the.Metaphysical Exposiciops

-
[

-df,Time closely parallel those arguments with respect t space. I shall

" thus content myself witH\Kant'shexposition of space, while merely high-

Q

4lighting thogse differences that exist in his exposition of time. 1In

[¢N

this vein, then, Kant presents.several arguments that he assendé}-

« s

‘taken tggether; will vindicate his transcendental idealism. The argu-

‘ ‘ - ‘ RS e
ments that 1 shall consider are the four Metaphvs#al Expositions (ME)

\ . ! )
as enumerated in the B-edition, the Transcehdental Exposition (TE), and

10 ME-1 and ME-2 purport

"

the argument of Incongruent Countervarts (IC&).

.

is W pilonl_and not a posteriohl or empirical; ME-3 and ME-4 purport

to show that our knowledge of space is not -discursive and lies in

~

intuition; the TE presupposes that,spaceahasﬁgome determin#fe struc-
ture *and purports to show that our knowledge of this-very structure .

must be a piaicrl and infuitive; the ICs argument appears to spetifically

‘attack the relationist position and is therefore of value in a more or’

less negative sense. What I hope to accomplish is this: after examining
7 ' ' ' ' ‘

these arguments for validity and soundness, I wish to cull from them

those claims that I take can be adequatelv substantiated; I shall then

develop what I take‘w0pld‘be a minimally acceptable position from which

R i

Kant can argue, within the context-of critical‘philosophy, for the
synthetic and a WALl nature of the propesitions of mathematics.

w
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The Metaphysical Expositions, as Pippin notes 'are best viewed as

establishing what must be the case if we are able to represent numer-

; .
S : o 12
ly .distinct objects or regions of space'.

‘ME-1 seems to under-

. 1

W

ore this thesis. Space, Kant agserts, I's not an e&pirical concept

derived from outer experience. In some respect, however, one's notion
) . ] A

.

of space is acquired empirically. One has perceptual experiences insofar

as sensation affects the fadulty ofvfepresentation and yi;lds intuition.
Nevethelgss, as I have elégwgere argued, for Kant the uﬁiﬁy of the
sensible manifold in teéﬁs of.whﬁch one,coula speak of an object”of
experience is not&provided bxfghe manifold itself, but rather by the
Subjeét. To be sure,»theré must Qé something in the varicus sets of

b :
sense data that affects the pure Qassivity'of reception, but the unity

i

is possible only by a s?nthesiziﬁg activity provided by the subject (an

. . . : i. - . . ’ . .
examination of figurative synthesis was crucial in this regard). Now - -

I ‘:“ 3 L
it is not mv intent fo embroil. myself in the ‘pros and cons of the

i

¢
!

émpiricists's position-= nct do so. I simplv take it that

+ N

“Iurking in the background of an& empiricism is some sort of trans- .
‘cendental mechanism that makes sense of, or gives meaning to, the
o j : 4
empirical framework.. The inderééting task, then, is to uncover or
o : J e
I . 5

discover the structure of this mechanism in prowviding a goherent account

of experience. And the entire Kantian enterprise, it seems to me, is

“directed in one way or another to this problem. Thus what does it mean
i e . \ 3 o 513
to sav that I refer to something, other than myself, outside of mysel£?
Perception in this sense (not necessarily the_strdng Kantian sense)
@merely means that I am immédiately aware of something other outside of

me. Any meaning that might accrue ftom this otherness seems to pre-

sdppose an activity of the Subject that provides for the possibilitv of
N . R

'

#
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o meaning. To 'sav ghét the Subject interprets the sense data does not

4 4 Bainsay that there might be something in the sense data that might make

,y\;vv ) ) ., . « . .' . . . R
the difference in interpretation; but the interpretation is, essentially,
a product of the subject. The question, then, is this: is the notion

of space (and time) presupposed by the ability to represent the other-

. ness (or coexistence and succession) that is perceived?

1

: - ’ .
-Suppose, for example, one maintains that one's notion of space is
8] N

' o

. . O - N
‘obtained by abstraction from the perceived object(s). Kant would pro-

)

bably retort that the object, as an objgct of experienée; has already .
gone through successive syntheses, syntheses proVidédﬁ@% the subjecty
9} R ] . N ) . e _.'v s “ ‘:b
Thus the ''object of experience" is already a constituted "object". What
_ ‘ A ~
of the sense data then? The apprehénsion of mere sensation, for Kant,

takes place in an instant and thus 'sensation is not in itself an
P , sg

I3

objective representation, ‘and since neither the intuition of space nor

£

N N . N . 3 . ' I3 3 ‘ .. “. lg““ ' -
that of time is to be met within it, i agnitude is not extensive but

Al66/B208 en this, it seems to me, Kant's point is
///fw”incontrOveftible. - If there is nothing in sensation which admits of
A . o . 1 ' ’ ’

spatiality (as we' represent ic), there is nothing in sensation from

' - ' which spatiality can be abstracted. Howeyer, this is''surely not a
position which is indubitably true. The arguments—of-the Axioms and

S : - : , :

Anticipations are directed towards providing a metric for space and

time on the basis o% the manner in which an object is constituted and
. ’ B ’

thus 1is objectivelJ valid; the.object is not so counstructed as a con-

sequence of the im@osifion of a metric alone (although  the imposition

‘of a metric may be|a necessary condition for construction) since the LA

' ; ’ . . s,
metric, itself, depends in some way.upon our tonceptualizing process.

You will recall tHat from the Axioms the same synthesis that constitutes

¢ ’ ¢

I . : ,

i : &
| .



" than, for instance, Strawson claims. "

7y ically distinct objects. . : o

the object'as appearance also provides for the possibility of a metric.
Thus the construction of the object and thé imposition of a metric go
hand in hand. This line of refutation, thus, appears merely'fo beg the
question. Consider then, how this reflective, abstractive progess of
generating notions of space and time out of empirical intuition,wduld

. . I

work. Kant could say that this very process presupposes some fabulty
‘ ‘ A

or "innate'" capacity of making spatial (or temporal) that which is

ES

intuited in sensation. .Such a claim may seem trivial, but it savs more

It is difficult to extract anvthing from it ™ME-1]
remotely to the purpose except the tautology that we .
#  could not become aware of objects as spatially related .
unless we had the capacity to do so. If the '"pre-
supposing' of the ”representation of space' means more
than this, the argument, by itself, sheds no light on
what more it means. , ’ f S
Kant is careful tb speak of the representation of space in ME-1, not of!

; N \? '
space in itself (whatever that might mean). He therefore is not making
any claims about the nature of space, paima 4acla, in this passagé: @{

o
rather his arguments pertain to our cognitive awareness of how certain

sensations mav be referred to. something outside of us, and how they

may be represented as numerically distinct ({.e. als aussen- und‘neben

N -

elnandes) by our cognitive faculties. Hence, the argument, itself, sayvs
. - o ’ N

)

3,

nothing about whether that which is in sensation possesses spatial if
qualities from which a notion of space can be abstracted. This mayv, or -
: = o ' : - S it

may not, yet be.the-case. His arguments do assert that any representas’

“

tion of an object in space presupposes a representation of space, that

"is not empirically derived, such that it is possible to represent numer-

A

-
-

ME-2 is a peculiar argument. In ME=1 Kant wanted to prove that



one's representétion'of space could not be derived empirically; in ME-2
. » h ' v » ~ } -
he wishes to demonstrate that space is a necessary a pPALOAL representa-

tion which underlies all outer intuition. The proof, however, leaves

something to be desired. There are, as 1 see 1t, two possible inter-
pretations. Firstly, one could read the argument as a tHought experi-
ment. This is suggested by the manner in which Kant formulates the

first premise of the argument: 'We can never represent to ourselves

<«

the absence of épace, though we can quite well think }t empty of objects’
(A24/B38-39). .Broad indicates that if by "représent” Kant means ''con-

¢éive" then the mere possibilitv of there being extended objects in-

volves ‘the actuality of space. This interpretation seems to me to be

Ny ]
Soend n

too strong and reallv involves a notion of absolute space (a position
Kant could scarcely have held at the time of the writing of the First
Critique). Therefore, Kant simply could not mean by the phrase "we can

qdfte well think it [space] empty of objects'" that space is some sort of

container without which objects would not be possible, {.e. the

&

I

‘§ible without objects. What he could mean

actuality of space is %os
. . 4

leads us to the second interpretation: objects could not be repre-

. . . . \';) .
sented except as in some determinate space. This claim plays on what
Kant means by "represent' and '"think'. One can "think'" many things

insofar as thev are not inéonsistent.v ”Repreéentation”, in general,

: .
has Subordinate to it represéntation within consciousness (Peiaaptdo)“
"A perception which relates solely to the subject as the modification
of its state is seﬁsgtion (Senéatia), an objective perception 15 know-
ledge (cognitio)' (A320/B37§§77). "From our discussidns of the Axiomé

we found that Kant was seérching for a guarantee of the application of

"objectivity concepts'. In ME-1, I think 'representation' refers to

4

&
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real possibility. One can, thus, very well thigpk an object in and out
of existence without thinking out of existence the volume of space it
: L noo )
determinately occupies. Nowhere does Kant arguwe 'for the logical neces-
' U ,') * -, '

. t R Y ., )
sity of space. To the contrary, if space wepgwl@gﬁbally necessary,
W' '

then Kant would have a difficult time, indeed}ye;guing for its gntuitive
nature; rather it is the case ofythis séace in w‘icﬁ oee thinks things
in and out of existence being-already a determinate space. When one
speaks of the real possibility of "representing' the absence of space,
one 1is confroﬁped with the problem of how one een represeft anything at
all except as, in some sense, spatial.l7 Mopeever, Kant is quite clear,
and repeatedly'states,vthat space (and time)-is not, itseiE; a possible
object of experience. Experience (in the streng Kantian sense of the
word) simply demands the ability to represent spatially (or temporally)
and thus the ability to‘represent that thing or object determinately as
in space (or time).

If this interpretation is correct, then it would appear that one can

take ME-2 as an extension of ME-1. 1In some fundamental sense, therefore,

space can be re'garded as a condition of the possibility of appearance

h‘ .
(the "can'" could be replaced by ''must', I believe, only with further
argumentation--but this Kant provides in ME-3 and ME-4). Hence, insofar

as space 1is a condition of the possibility of appearance, it is q‘pnéomé.

This, I believe, one could grant in at least the Strawsonian austere

sense of the word. Allison makes™a similar point.

b -

... -the extension and figure of bodv is the primary con-
tent of the representation of space. Since this content
remains when one abstracts from the other properties and
relations thought in connection with the representation
of a body, whereas these do not remain when one abstracts
fgrom igl'it cannot be.viewed as derived from these other
yoperties and relaticnms. In a word; it is a priori.

)
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So, when Kant maintains that space is a necessary a pA{oA( representa-
. i » "

tion that-underlies all outer intuition, in a minimal sense one can

take him as asserting that all objects of outer sense encountered in

intuition are so encountered in virtue of a representation of Space -

that simultaneously arises with (and is not 'subordinate to) the deter-.

mination of said object. Now Kantwill, of course, go on to argue that '

since the representation of space a p&(o%d is fognd to be a necessary
4condition for the possibility of human experiencé, then-it must be
‘subjectively contributed and its transcendental ideality folldws as a
direct cdnsequeﬁce. Just hqw far I wish to pursue‘this tack I shall
leave open for the moment; but surely Kant owes us some explanation of

the nature of this representation of space that underlies éll outerv
intuition. To say, for ihétande, that spacg\is not a discursive or
general concept generated out of the reLgti?qs that hoid between objects

that are putatively "in" space is to deny certain reductionist or

w

relationist theses on the nature of space; to affirm that space is an
intuition @ padlond is to assert something positive about our manner of
ikognizing space. And ME-3 argues both these points.

o -

The crucial premise upon which ME-3 hinges is to be found in.the

claim that space is unique: 'we can represent to ourselves only one /
- , , ' /
sbace; and if we speak of diverse spaces, we mean thereby only parts of
N T , o \
one and the same unique space' (A25/B39). This claim, in itself, says

nothing, of course, as to whether this one unique space is Euclidean,

Riemannian, Lobachewskian, Minkowskian Spééétime,‘etc“' At this stage,
1% -be. an empirical issue. Now, .if

sl . P

S e . )
v of ‘Kant"s,cdnclusions follow. For
R 14 R 0 .
‘rexample, if one)ddpl

; dneself bnly'one space, within the

- R <



context of Kant's,critical philosophy, that representation muSt be

., . 19 , s -
grounded 1in intuition. And since the representation of space under-
lies all outer intuitiom it belongs to the conditions of experience in
even Strawson's austere sense of 4 p&io&i; hence, for Kant, our in-
tuition of space must be pure. But what does it mean to say that we
can represent only one space? Borad suggests that Space (with a capital

”s”){serves as the grammatical subject of sentences "which cannot be

[

replaced by statements about bodies, actual or possible, and their
;ctuai or possible spatial relations'.zo The term ''Space', then, in
this sense serves as a sort of proper name. :Yet sdrgly this cannot be
thé sense In which Kant construes space. As I have previously in-
dicatgd, space is not a possible object of experience for Kant; it is
a’form of sensibil;tf underlying @ ﬁm&on& any repreééntation one might
have of objects of outer sense. It is true that Kant would not aver
that spéce, as such, is$ reducible to descriptioms that relate objects
of experience in- spatial terms;iit is false to claim that Kant would
assert the kind of substantival snace that Broad suggests.

Kant says that the parts of sSpace cannot precede (representatively)
the représentatién of theﬂ”one all-embracing space". Tb conceive of
diszin;t, diverse spaces depends upon a notion of limitation of the
"one space'". And there is a very real difference between space as a
whole and parts or Sub-regions of space, and the properties of things
-in general and their instantiations. One can, perhaps, generate a
general concept of, say, book or Aog. “When one represents’to oneself
the concept of book or dog, one recbgnizes that theré'are an infinite

number of possible representations which could instantiate that concept.

When one ''forms' a representation of space, however, one does not

67
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similarly recognize the possibility oé instantiating an infinite number
of possible parts of space. One "thinks" of all of the partsﬂ?r sub-
regioﬁs of space as coexisting; one does not 'think'" of all Qf the pos-
sible instantiations of book or dog, (.e¢. all particular boogs or dogs, k
as coexisting (if they exist at all--but I shan't dwell Qh what .it
would mean for fictional<objects or entities to gelinstan#iated). This
line of argumentation ig; I think, the force behindQME—A,‘the force
behind what Kant intends when he refers to the abiliéy Qf a concept to
contain an infinite number of representations under itself but not ' h
within itself (B40). One perceives objecﬁs and events (and does so in
virtue of their taking place in space and time); one does not pérceive
space itself or time itsel%u . The concept one has of individual,r

A
distincp or dive;se spaces is arrived at by a process of limitdtion
of space as é Whole. for‘exqmple, the space of the book before me is
not an instance of Space (as this particularbbodk is an instance of
some general concept of Bookness), but rather a limi;ed part of, say,
the space in this room. A general concept of spacé 'is found alike in
a foot and in an ell' (A25). Spatialitv is a general concept and can

“ N

be instantiated in objecgﬁy&but pne cannot speak of parts of spatiality.
- R q%

A concept of spatiality, then, would rangr over sets of objects (poten-
tially infinite) that have in common some range of characteristics or

coordinates. The concept can thus be limited or expanded by varving
restriction@%@p the set over which it ranges. One can, however, speak

2

of parts o

Gy : T
#asPace; and parts of space are not instances of space, but

sub~re%}on§, limitations of a whole. One cannot, for example, restrict
e

N

a voldme of space in the same manner in which one restricts the members
G ' :

of a set. Hence, to represent numerically distinct objects or sub-

i Y



regions of space presupposes a representation of one space, of space as
21 , . L .

a whole. And if one adds the further premise that it is only in

intuition that an individual'is given, space being one, a whole, an

individual, one's representation of space, then, must be intuitive.

iv.

Let us, for a moment, examine what Kant hoped to conclude from the
MEs. He wished to demonstrate thét 'space does not represent any
determination‘that attaches to the objects themselves, éhd which remains

e ,

even when abstraction has been made of all the subject%ve conditions of
intuition' (A26/B42). 1In this, I believe, he was partly successful.
He also hoped to conclude that séace 'is nothing but the form of all
appearances of outer sense' (A26/B42). This,‘I’take it, he certainly
did not pr;ve in the four MEs (or in the corresponding arguments with
respect to time). Now it is true that at A28/B44 Kant draws a cor-
relation between that yhich underlies thiﬁgs—in—themselves and % trans-
cendental idealis; nocion of space; and I would even go s0 far as to
grant Kant that he was ;;ccgssful in demonstrating that some notion
of space as a whole must underlie all representations of outer a?—
pearance; but it is not until Kant has gone through the TE that he
speaks of space as Being "the form of outer sense in general. And as
I have alreadv indicated, the premise from which Kant argues in the TE,
L.Q.,'Geometry is a sciepce which determines the properties of space
synthetically, and vet a pd&oik' (B4Q), is a claim to be argued for,
not from. It seems to me that Kant's arguments for the intuitive

, :
character of our representation of space (or time) is a strong one; and

I have also argued that there is a clear sense in which space (and time)



70

is a representation which underlies all outer intuition (it can thus‘pe
considered a‘pniomc in at.least this manner). But does it follow that
space and time are nothing but the forms of sensibility? "The form of
appearance is that which determh:i;and orders the manifold a paioidl!
The brogram of the Transcendental Aesthetic, Kant says, is twofold.
Firstly, one must isolate sensibility by separating from it the con-
ceptual process provided by the understanding adﬂ_ieaving as a residue
onlv empirical intuition. Secondly, one must 'separate off from [rhat]
evervthing wﬁich belonés to sensation, so that nothing may remain save
. a

pure intgition and the mere form of appearances, which is all that
sensibility can supply a niadlcad’ (A22/836)¥ Now Kant explicitly proffers
two distinct interpretations of pure intuitign, and, T suggest, it is )
possible to construe the form of sensibility in a corresponding manner.

Before I endeavour to undertake{é further examination of pure
intuition, I think ip would be beSt if T made mav position clear on a
point or two. OEviously the thesis of the transcendental idealitv of
space and time is at,stake here, a cornerstone of Kant's éritical
philosophy. The four MEs’purport to demonstrate that our representation
of space is both intuitive and a »ialci{. This means, among other things,
that the nofion of space cannot be reduced to rglationg obtaining
between objects of experience; it mpeans that a notion oL space cannot
be empirictally derived, but must underlie and be presupposed byv ogiects
of experiencé. But if what is presupposéd bv experience cannot be
derived from it, it must; f§£ Kgnt, be bontributed %y the subject. And
thus,}concomitant with the TE, épaée becomes a form of sensibilitv and
its traﬁscéndental ideality foLlowswasﬁavmatter of course. As I have

Rart 2ot

alreadv argued, I agree, for the most part, with what Kant has. asserted



&
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concerning the necessity tqﬂconceive of a representation 35 space as
underlying our intuition of\outer sense (at -least insofar as this
representation must arise simultaneously with a perception of an
extended object), and that the concept of space is irreducible, (.e.
that our representation of space lies in intuition. Hence, space and

time: &re not thiggs that appear to us, but rather how things appear tg

us. But if space and ;?%e are forms of sensibility, Kant owes us an

71

explanation of how this ordering process, as a subjective contribution,'

-

occurs. There must be some connection between the structuring process
and that which is structured. Kant savs, .

[O]Jur exposition therefore establishes the reality, that

is  objective validity, of space in respect of whatever

can be presented to us outwardly as object, but also

at the same time the ideality of space in respect of

things when thev are considered in themselves through -

reason, that is, without regard to the constitution of

our sensibilitcy (A28/B44). ‘

One of Kant's great achievements is the laving out and determining

of the limits of knowledge; one of Kant's great difficulties is recon-
ciling the various problems that arise through the phenomenon/noumenon

distinction. Kant is an empirical'realist as well as a transcendental

idealist. [ have earlier attempted to show that one can hold these two

e ——, .

L . NVnb *
positions without contradigtion as long as one-is careful to appro-
f

priately limit the knowledge claims applicable in each. It seems to
me, therefore, there is no manifest reason whv one could not, fur
example, on an empirical fealist's level hold some sort qf'Substan—
‘tivalist position régarding space (or spacetime) while concomitantly
A@?lding‘space as a form of sehsiﬁility'when considering the issue “rom
a‘transcendental idealist's persvective. To accomplish this, however,

one requires a notion of space as @ form of sensibilitv that is, perhaps,



somewhat un-Kantian. One Lanwtheﬂ I /suspe ct, eXtract a notion.. ot pure

intuition that is both consonad&kwmcgﬁwﬂbbtantlval s&gée and ‘sufficient

L :
to provide for the svnthqtlt and a onC nature of mathematics.’

The argument from ICs, in their various forms, provides an excel-

lent starting point for the issues I raised in section (iv). One thing’
o

~all the ICs arguments have in common is their attack on the reductionist

approach to the mathematies of space angd the relationist approach to the
‘ £

‘concept of space. Another common denominator is thé avail made of the

explanatory powers of taking space as a form of sensibilitv. Broad

summarizes the central ideas of the arguments from ICs as follows:,

[They] are taken to show that spatial charadte'istigg o
do not belong to things as they are in themsel-es, . but
are onlv ways in which such things -appear when DErC&LVed y
by observers whose minds areqprOVLded with a certiin n" e
innate form of sensibilitv.-~ :

v ¢
.

.o, R

The argument. of the Inaugural Dissertation (paya. 1l7c) diséqsseg

-

) ° o [t v
‘ \

the well known examples of Ehe left and right hand énd spheri¢a1_tfian—“

¢ ki

gles;'thé”Prolegomena (para.’ 13) reiterates the spherlcal tfldnglé’“ }'F-

RS

example and uses a variant of the "hand" argument. I také it, in both"

i
2B

texts, Kant is trving to maintain that the' difference between?two,ian-’

»

A
. S
P <

congruent counterparts must be some 1ntennal difference, Eor, from a® .y’

tvv_

purelv relational view of space, there simply is no differenée.‘ Thégéi

. . B o Lo .-
are several objections one can raise, most of which, however, miss’ the
‘point Kant is attempting to make. For instance, one could object (with

Broad) that- although one could rot obtain the idea of incongruent coun-=
terparts unless one has perceived instances of such pairs of objects,
. \ R

»

this doe%s not mean that one could not form a general contept of "incon-

*
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gruént counterpartness', generalize it, and apply it to possible in-
stances which have not yet even been perceived. This, I agree, may be

true; but it does not address the problem Kant is posing. He is asking.

Fad

~what makes the difference, not,how we can identify such differencﬁ. It

is also true tkat the matter can be treated mathematically in virtue of
algebraic transformations; but these equations must be interpreted in

terms,of perceived instances. Kant never denies the possibility of,

say, pure unintérpreted mathematical systems (actuallv the question of

the possibility of uninterpreted mathematical svstems, for Kant, does
not even arise). Yet what we require is a mathematical svstem that will

explain the putative intrinsic difference, and this is just what mathe-'
. “ ‘ ‘

matics cannot do. Broad also points out that the argumént from ICs
is bound up with the number of dimensions that we assign tc space. By

some manipulation, then, one can resolve the problem of spherical
?

triangles by reflecting them through a third dimension. The left and -

right hand examples, thus, require a# similar maneuver through 4-space.

Again mathematical tranéfdrmatijpf can accomplish this feat (topology .
2 “

. ‘5‘ .x’ ) i .
might even offer inversion). ®hat one needs to consider, though, is

14

the insistence upon real possibility in Kant'"s critical philosophv.
And unless the real possibility of n-space can bhe demonstrated (Kant is,

of course, wont to argue for three spatial and one temporal dimension)

2
this mathematical ploy will not w.ork.h3

LR

. : o
So 'how does Kant explain what it ig@&hat intrinsicallv makes the

difference?

TN

These objects are not represepfations of things as thev

are in themselves and as some hmere understanding would .
know them, but sensuous intuitions, that is, appearances

whose possibility rests upon the relation of gertain

things unknown ip themselves to something else, namely, -



. ‘to our sensibility. Space is . the form of external
ituition of this sen31b111ty, and the internal deter-
mination of every space is possible only by the deter-
mination of its extern%%,relation‘to the whole of space

.

N~ : of which it is a part. - o
wo , : . ‘ A
¥ Kant's explenation makes two distinct points. Firstly, there is the

' . ' : 4
'tusual assertion that intuition is required.  Secondly, space as a form
of intuition provides for, the internal determina}ion of any given sub-
. 4. _ . . . N .

\ . . ; . .
N But notice well that there is nothing in

,region of'"'space as a whole.
the argument from 1Cs that mandatés Yagainst aisubstantival view of R

space. Moreover, not only is a substantival theory of_Space-consohant

.with Kant's arguments so far (except, perhaps, the TE), it, intféct;

L T S 25 ' 2 -’
o at the empirical level seems implied. R , ‘
. . . " $¥s § .‘. “’

"\Bearing this in mind, let us return to pure.intuition and  the forms -

@

\prréé;;;bility: Early in the Aesthetic Kant appears Bo equate these o

twé notions. S o ,,'.' o L A
/ Lo
I term all representatlons pure (in thé transcendental o

sende) in which there is nothing that belongs to sensa- :
k\\~\\“jy ' v,tlon - The' pure form of sensible intuition’s, in general, -

: L in which all the manifold of intuition is intuited in

}.*_ ' ceftain relatlons, must be lfound in the mind a WRLOAL.
oL : Thls pure form of sen51b111tv may. also 1tself be called

v . pure 1ntu1tlon (AZO/BBA 35) S ) B b

,_ X, - . “

ExtenSiOn and figure, for - example,qwould beIong to‘oure 1ntu1tlon T

(Zw ) T . “‘A’ s 4 . ) : i .@,.*; o ) e o
Moreover, 51ﬁce Kant has, argued that a representatlon’of space must cue
2 Ab 0 0 IS ‘ . A - . ) h *

, e all outer 1ntu1tlons, if- space is a Dure gorm of sen51b111t1

' 4 .
wo s : wf". P & ® fo ‘/ﬂ : }L.
'hen the notlons of exﬁen31on and“flgure would remaxn in the mlnd a -

© O
: 0 = ° - : <

- »MLQAA even, wathout the represeﬁtatlon of any actual ObJECC of the .
» senses. ~AUnderstoo‘d ﬂn:this manner, pure 1ntu1tlon would seemAto be

'

“° | taken in a purely passive sénsei That is to say that a.puré intuition
of space is' merely a capacity to be affected in a particular way by -

. . Vo - . . !
v g : iy I . L A

something othet and external. BuE‘thiﬁ interpretation gives rise to a
o . . ’ ‘ \\ L f ‘. N ‘ : ’ ‘ ’ ’
K o ; LA S,
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familiar problem. Just as there must be something in the set of sense
data' that ''makes the diffErence" betweeg-my taking this object of

perceptlon as a plece of paper and my taklng that object of perception

‘as a cup, there must 51m11arly be something that makgs theﬁﬁifference

between my taklng this piece of paper as rectangular and that cup as

-cylindrical. But‘if space (or time) is construed merely as a form of

e

Rt

1ntu1t10n in the sense so far con31dered then that cannot be it--
‘ - j&ﬁ ; < . ‘ ) ,
pure pa531v1ty s Sﬂ;ely not. constltutlve Part .of the solution to
. [ R ) '

IR : - S v
-y . I . “ X o .
this conundrum@ﬂ&!s;ﬁn“the fact {hat Kant not only considers space and

; A . - o : . . \
time -as the pure forms of intuition, but as“themselves,-1ntﬁ&qions. In

a passage from the Transcendental Deductlon (whlch takes placej after the

. )
s .

structure of the understandirg has been laid out- and the machlnerv of

£ o K

concept tormatton ‘has been put in place), Kant returns to some of the -
issues brought o llght in. the Aesthetic.

In the representatlon of space and time we have &
0%&0&1 forms ofjouter and inner sensible intuition;

‘&?" R and - tb tﬁgse the synthesis of apprehenSIOn of the

manifold of appearance must always conform because&

in no other way can the svnthesis take place at all.

But space and time-ard represented a DQ&U&L not merelv

e as forms of sen51ble intuition,Ybut as themselves

¢ .intuitions which contain a manlfold and therefore
are, represented with the determgpatlon of the unity b “

“

L of thls'manlfold (ULde the Transcendental Aesthetlc) ° .
‘ (B1607 ' 7 ‘ S o
’ o ’ ’. . .A LI
‘So safce cannot onlv be ‘construed as'a pure form of intuition. But

P T ‘
. N

this should not be particolarly Sufprising, 'Clearly there is & sense

Ve - o
. : Y Yoo ~ - : XN L

. B N ' . R ' LN . s YN ]
.in whidh}the space of the geometritian of the Axioms is wotPrhe "same"

o,

spdce as that. of the phllosopher of the Aeschetlc.26

e , RS 1 e, é A il w K " ” , CT e
o Space, répf@s d aS<bo@ect (as ‘we are required’ to
do;ln weome rﬁ’ 4%onta;n nore than mere form of
1ntu1tlon'f so comtal cembr 1on of the

of sen81b111tv
at the form of

\ a

manlfold glven accordlng to- the fe
in a%élntultlve reoresentatlon So

PRI UT N

R S -3
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~sary conditions for the possibility of experience are the neéessary

76°

e o o

intuition gives only a manifold, the formal in-

tyition gives unity if representation (B160n.).
Aliison notes ﬁhat}pufe1intuition, taken undgr these conditions, ap-
pears ¢oﬁtfadictbry. On the one hand, pure;intuition as“a form ofh
sensibiiity is both universal and necessary; on the other hand,‘ﬁéken
as a fgrmal‘intuitiqn it is pérticular“ahd‘determinate.' I, howe&er? do
not see.it as‘such; In the case of formal intuition we are speaking of
the spacg, of the geometrician, a space ofVAeterminate,contént, a,spacé
wherein metric hés already been iTPosed. The space of thevpﬁglosopher .

provides for an account of how the geometrician can determine the metric

T

of spacé as a whole. And so we have returned to the applicabiiity

problem of the Axioms; vet our position has'been improved considerably.

“From the Tfanscendental_Deduction Kant has’ purported to.show the neces-—

T

Qe . . . o T =
conditions for the possibility of the objects of experience. T%?/X;:;;;\—//ay‘
} - “ ) X ’ ' X ) .

'
A

have been shown to be necessary conditions for the unity of conscious-

sidered objects of experience only if they
£ ' N : \

. . @ ) N )
are determinate. -But the same synthesis in which an object as ap-
pearance is constituted as -an extensive magnitude is that which the

ness, and objects are con
, , . g

2]

unity of the manifold is‘thought ?é.intuition in space and time. And
this unity of tgs‘manifold.is‘now grounded in formai intuition, From

the results of. the MEs, space is an individual and thus a representation

i3 . . \

of space must be intuitive. Moreover, this representation of one space,
Y . . .

- &

‘as given, ‘must .underlie any external intuition and hence any. determina-
o [ * TN o * > « ) : e
4 , . s Fia
tions made thereupon. In this sense, @an, space ‘does. have a particular

: -
P EY . 5t : , wo,
"form'". ‘Any determination made by the geometrician upgn the representa-
R ‘s T a0 ' - ’ .
tion ¢f space he thus takes for hig objekt.must conform to what would
v e 3 _ 3 . ,
&é Wn%ﬁé-
1 g SR
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far, are sound, then this is not necessary (it is in the construction,

tival, Space,doés
appear to us.

mathematizing substantival space considered as an object insofar as phét

(&

77

'
3

count as a "really" possible object or sub~region of the one, underlying
. L . BV Y

representation of the‘Substantival space of the philosopher. It is in

3

this sense of pure intuition, as a form of a -really possible object,

that the crucial part of the Kantiam enterprise, thus far‘unexplained,
- | o . .27 .
becomes ‘clear. Brittan makes essentially the same point™ ' (though in a
different’ context). He asserts,,

[t]he only guarantee of "real possibility'" in the case
of pure concepts such as those of a mathematical
geometry is an a palorl consgﬁﬁdtion.ZS ~ S

a

This, I believe, is quite correct; but Brittah-gdpes on to argue that the

o . ’ »
s a = - } . B a,}
only mathematical concepts capable of such construction with regai - $
e s o ’ B -
) Y I » ‘ %‘; R
‘space, for’§ant, are tho%g of Euclidean geometrv. If my /arguments, SO ,

itself,. that the apriority is reVealéd). The notion of space gleaned

from the MEs leaves-it quite open as to what metric is appliéablé; it

v

éimply guarantees that.a metric will be ‘ppligable. The one, substan-

& i . .
§ho't:, in itself as am object, appear to us; .rather it

’

.is how objects (that are‘real}y possible) of a one,'substantival, space

2

“For all we know, the metric-mav be decidgd upon from .

empirical considerations. But it does guarantee the/ggiiiﬁ}&i&w\of

.

mathematization must conform to the aforémentiofed notion of pure.

intuition.

Finally, Kant maingains that pure intuition must-underlie pure
. - - “ B ~ N .

concepts in synthetic judgments a walorni. The verv possibilitv of making
| L . Y |

synthetic judgments a paAcLorL in, sav, .mathematics, dePwnds then uponan
. . . . . I3

1+

« N

aceount of pure  intuition. Such a notion ascgghaVe’developed here ({.e..

Y

the minimal notion. Vof pure intuition generatsd from Kant's account of .




formal intuition), T suggest is sufficient to provide for this
' .4

~

" possibility.
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. synthetic  and a prlgad, there must be something about eitheér hache-

¥ o
' CHAPTER * V

®oncerr CONSTRUCTION

¢
P

S i

’ ' " l I3 . - . !
According to Kant, the ‘propositions of mathematics -are both syn-

thetic and known a paloil. For Kant-this means that the theorems or

. .

truthp of m thgmatics are arrived at through some process that is in

FpNn o

.

etic and yet is, at the same time

, necessary and in-

LB

v

) respect to any_pdssiblé experience: Against this thesis

several competing schemes, one .of which is the logicist’

pfogram of Frege énd Russell.~'Ana to this program I shall refer N

S -

- . , .
periodicallv since the vivid contrast “serves well in underscoring.those

-.areas wherein Kant actually locates the svntheticity and aprioritv pf

1

mathematics. - The Logicists argue ‘that mathematics, as a discipline, is

-

both analytic and 4 walcal. Thev maintain that mathematics is reducible

to logical notions, and because logic is agnalvtic, then so, toqo, is

7

v

R o o
mathematics. Now one thing$ at- least, is clear. Kant- would agree

that logic (or what he *calls general logic) is both analytic and known’

. i . . \v' ' )
a prionl. “General logic abstracts from all content of knowledge; it

a v

..

théught in general’ (A55/B79). -Hence 1if mathemétics is, as Kant claimé,

el

o <

X<

different from logic. o .

.8 3 N . :
~Recent Lliterature has proffered two main

] > '
c

theticity and apriority of mathematics can, bé

4
L e [

-~ . _'".‘sw

»

concerns itself only with logical form in the relatiog of knowledge to

i

. knowledge, not knowledge to its object; 'it treats of the form of
g g je :

.
>

matical propositions or mathematical reasoning,'or-bcth; thqf'is_qhite

ST

Rl S

linesewherein the syn-

cogently argued. Line

sl

v



(1), in general, grants thg '@ pALCOAL tature of mathematics, permits
mathenaticalipeasoning to proceed analytically (via the principle of

i
R

contradiction¥-and locates synthegicity in the axioms or primitive
S :
popositions of the”discipline' llne (2) locates syntheticity and
‘1‘11' N . ’
apriority 1n the reaso&!hg process ltself Several issues are in-
. , . fee gy .
“'
volved in the equsitﬂgn of these“&ines; three of which are crucialr
EP S ,'
(i) the dlstlnctlon between loglt and mathem%@%asynandftbéJqoncomitant
. - o ‘ gk S S .
dlStlnCtlon betyeen what 1is mere&v loglcafly p0851b1e and what s,

v A

_“W J"
- I AP
I Q". :

really p0351ble, (ii) the; relatlonshlp between‘a§k$0$1ty and neces~;-

,

'\5N§1ty and what it means for mathématical propositions to'be true or

. t
follow from previous propositions necessarily; and (iii) precisely

s - . Lo
@Qat role intuition plays in the generation of mathematical concepts.
Now, as ' I hope to make elear, although both lines certainlyv address

s ,

< . -

these iss neither are entirely successful in inferpreting or arguing

@

for, ®¥r against, the issues. Hintikka's enterprise, for example,; which -
. g S

I take aq paradigmatic of line (2), involves the divorcing oE.intuition

trom sen51b111tv and thus leads to a quite un—-Kantian reconstruction.

Or again, Brl@n s proposal, wh‘lkh I ta to‘ mgmatlc of llne
@

¥
(1), requlres such a strong POSltlon with respert to Kantlan trans=—

b

. . . ‘

80

i

cendental idealism that I believe it not toab%’gefensible.b What [ shall

attempt‘ rather, is a defence of the synthetic a“prnlond nature~OEfm§tne—

.matics that 13 both con51Stent with Kant s mo’so;)hy as  a -whole “and.

- 5 .

adequate in ' its own*right. 5. . : e
' E . v e o0 . : L

i o Lo > w . . N ! .
Now, much of .the argumentation in the earlier chapters has been

directedgto the thesis thac the solution to the problem of "the pos- -
sibility of making swpthetic judgments a vrical in machematics lies
Ty Xt » . )
in how one constructs, or what it means to construct, ‘mathematical
’ © " .




il

.

in partlcular, whlle av01d1ng the pltfa&ls and shortcomlngs and in-

81
d‘r

concepts. Mathematics, Kamt maintains, as opposed to,‘say, philosophy,

" presents the most splendid example of the successful extension of pure

N

‘weaeon ¢Why is,Ehis so? How is it-that gur mathematical knowledge has

y -

grown so, proven so effective in application, and so on, whilegin meta-

‘physics one 1s constantly retfacing one's steps and atguing again and

: o ‘
again on old battle grounds. Kant has an answer, an answer that is ' "
. . Z} o . & v

the key to understanding how synthetic judgments are possible a prRLoC

in mathematics.

. Philbsophical knowledge is the knowledge gained by

A E
reason from concepts; mathematical knowledge 1is they“ v ‘$ & .
) . ‘kngyledge-galned by .reason’ ﬁypmvthe constnuntlon 5 o . f% ;
> . concegts T6" construct a concevameans to exhibit g
" a whiort the lntu%tlon which*corresponds to the con- A?’;w
cept (A713/B741).7 * ‘ : , ‘?ﬁ,g
o N . 'x" ﬁ
What one needs is an account of what ‘would count as a really possible - ! ﬁvf.
ond [
’ : ’ L "“',.é‘.‘ =~
construction, of the nece551tv in such a constructlon and the relatlon : .
" ",
of intuition to the'construction.ﬂ To this end I shall first draw Eroﬂﬁ JRR !
YN o
‘ L

both lines (1) and (7) those arguments that are consistent with and K ¢f¢;

+ pmt’ ; ¥
faithful to Kant's program in general and the construction of! concep [z{,,;

Fiead
- Ko L]
o

felicitous or incorrect lnterpretatlons of Kant that I oeileve are L
characteristic of these lines considered bv themselves. 1T shall €ﬁen ' b
' C ~ .

formulate, on the basis of the construction-of mathematical concepts, W

N ~n . - '
a defence of the- syntheticity and aprioricy of all mathematical” g- -

-ments.

’ ii.
As adumbrated earlier, Frege and Russell object to Kant's use of - *
intuition in mathematical inferences. The reduction of arithmetic to

logic, thev assert, renders anv reliance on intuition otiose,. or even

- : . i



a liability. There are those who would admit syntheticity'in some parts

2}

of mathematics but staunchly affirm the analyticity of other parts.v
Frege, for instance, in maintaining that arithmetic is reducible to

logic, says this lends credence to wh*he feels is the analytic nature

A

of aritHmetic (Russell is much more forceful in his analysis); geggpcry,

s

on the other hand, Frege avers admits of svnthetic cdnstrugtion. Dryer,

-

a Kantian scholar, to give yet another example,imakes short work of the
. N 3 o

possible svntheticit’kof arithmetic and thenwtnlléfﬁkverv long story,. a
g Y,

large part of which is devoted to showing’ uh% svnthet1c1tv of geometrv
e

.

Another putative llne lS that pure mathemaé&ts is analvtlc, while ap—

plied mathematics is svnthetic. Presumably arithmetic,‘algebra and

geometry as axiomatized and unintefpretéﬁ'qualify‘as the former;

axiomatized geometrv given an interpretation would be applied, and Hence

s . . . - .‘.?: A_;
, D

qualifv as the latter. Regardless of these possible construals, OF -
Variations thereupon, Kant is quite clear on the matter: "1l mathe-

matical judgments, without exception, are synthetic; (B14). As far as

o
-, -

syntheticity is concerned, there is no distinction to be made between
pure and applied mathematics, between geometry and arithmetic, -etc.

So where is svicheticity located in mathématics? 1It.certainly . seems

-

that intuition, whatever that mav be dt this stage, must play a crucial

role. In geometry it appears, at least superficially, that it is in
B . . : - i

virtue® of the construction of actual figures (either on paper or in the

’1mag1natlon) that SVnthetlcltV obtalns Kt‘A7l6/ﬁ7ﬁ4'Kantkproffers a
. - ) “J ’ Tow )} ’ ; ' : . bl “
specific example. Suppose he savs, one considers the ‘relation between
® - \

the sum of the angles in a trlanOle and a rlght angle. Kant asserts

that by mere analysis of the 'concept trlangLe alone, all that one can

82
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A

derive is the concept of a figure enclosed by three lines and con-
.taining‘three angles. ”Phiiosophical_analysis”, he maintains, cannot
get- beyond thié. The geometrician, hpwever, 'at once begins by con-
‘structing\a tﬁiangle' (A716ﬁ874a).51'Presumably such construction can
either be imaginative or actual-—the point being that one starts with
an arbigyarily constructed figure and performs further constructiSns
ugbn itc. Eventﬁally, and 'in this faéhion, through a chain of in-
fefenees guidgd\throughOut byi}ntuition, he [the geometer] arrives at
a fully evidénﬁyand univers;ily,yalid solﬁfion of the Eroblem"(A7l6—LZ/
B744~45) ., “ e , L '

EES

»

Now, at first glance, it appears that this ostensive coghection -
o ¢ ' o

between' geometrv and sensible construction warrants some plausibility

e . 2o

that is not so obviougly a;tainabfé in, sav, arithmetic. When one L{

V ’ 3 . : 3 . ¢ b'.‘ ) . . . . ) ) . .
constructs a geometrical. figure, one cond®ructs it in sphace with certain

P o ey %
"

spatial characteristics or determind¥lonsy(be it Euclfdean, Riemannian, -

kY

Lobachewskian, or whatever--the number of different axiomatic systems

seems to lend support to the svnthetiticv of geometrv, though not

-

necessarilv the apriority). But what sensible characteristics do

arithmetic objects, numbers, possess? Fregé, here, draws "the line. For
. Lo . v
him arithmetical propositions can be defined in terms of logical notions.
o . . . '
"Givan "0",/"is a number', a successor operation,”a few quantificational
- i . .
and propositional operators and connectives, and the set theoretic notion

of "€", all propositions of arithm&tic can be generated. What need has
one, ‘then, of sensible intuition? Kant has a somewhat different ap-

proach. At BI5-16 he asks us to consider the proposition "7+5=12".

. Kant maintains that the conceot of the sum of 7 and 5 "contains’ nothing

Sut the unicn of two numbers. - The -oncent ~f 11 in a0 wav already



{
"contains"

«

this apion and no amount of analysis could possibly

the concept of such a union. Kant says one must 'go outside"

generate

[rinawsgenen] and enlist the aid of intuition. For example, one starts

with the number 7 and with the assistance of fingers or points, suc-

. ~ .

cessively counts off 5 units and somehow ''sees the number 12 come into

being' [selie so die Zahl 17 entspringen]. Now, of course, construed in

this manner, the arithmeqip operation of addition appeals to images, to

intuition at a sensible level. And if addition were merely the counting

- ¢ >
.off of strokes in this rather primitive fashion, then not only does
Frege's program seem far §uperiof;‘but even Drver's Leibnizian formula-
' ! ? . \ :
tion is infinitely Dre%erable. But Kant has much more to sav. He
'ithmecical«prbposi;ions_are therefore always svn-
, thetic. This is still more evidenr if we take larger
numbers. For it is ¢hen gbvious that, however we might

turn or twist our concepts, we_could never, by mere
analvsis“of. them,“¥ndwitheuyt.the aid of intuition,
discover what [the number is that] is the sum (B16).

v . - - -, #\

q

Clearlv, fdr large numbersC the abilitv to use one's’finger$, or

tick bff points or strokes, bredks down. I, thus, take Kant's example to

be merelv heuristic, indicative that it is the general process of count=-

ing bv successive addition of units that is important insofar as sxe—

& S

-thesis is concerned, It is the dossibilitv o ptéviding the conmstruction

e
FEN

- . L W ‘ L
of a magnitude in gedhetrv and arlthm%QQ

Kant .actuallv provided anvthing of real imdort? Frege and Russell weculd

3 Ed
¢

~hardlv answer in the positive. If all Kant means bv Addition is the

N

successive iteration of units, and if arithmetic can/be viewed

65 o
ceghat is relevant. Yet: has ’
o

as in-

cluding all that can strictlv be called pure in mathematics, then for:

O

1ll algebra and analvsis and even geometrv (uninterpreted) it

N

t

i

is

84



“wother hand, svnchetic.

, aimathemacical pT@&%ﬁ: : d ar Y 71 Qe ot ehCerwriae,

' " "
unnecessary to assume any material bevond the integers” which, as we .
%

* R N

have seen, can themselves be defined in logical terms. It is this,

science, far more than non—Euclideaﬁ Geometry, that is really‘fatal to

the Kantian theory of a prloil. Idﬁﬁitlons as the babis of mathematlcs

Again it seems to come down to the problem of the containment metaphor

#

outlined in Chapter IT. The metaph@ﬁalb simply tdbo vague td support a

~ /
precise interpretation. As a mere thought experiment it appears impos-

sible to determine whether onme can actually think the union of 745 in

thinking the concept 12. Clearlv a much more pfecise’aCCouﬁt of-how a
concept is constructed is required. -

! . - - .
One such account is offered by Beck and Brittan and.cons%igqtes, by

N
A

and large, what 1 have presented as line (l@.‘“ln the Inproductidn to i

the First Critique one passage that Brittan,‘in'partiéulag;*picks up on,
seems to Wérmit an, answer, ot sorts, to(the Fregebﬁﬁ%sell program.
2 ] ’ N | o
x?or as it was found that all mathemdtlcal inferences
prOLeed in gccordance with .the principle of contradic-
.~ tion (which=the nature of all apodeictic certainty
requlres) it was supposed that, the fundamental pro-
positions of the science.can themselves be known to
We true through that principle. This is an erroneous
“view. For though a svnthetic propésition chAn indeed Coe
, ,be discernedvin accordange w1th‘bhe Drlnclple of con- ° S
. . tradlLClOD, this can onIV1be if ‘another bvnthetlc
.o proposition, is oresgpoosed and lt“ t can then be . ) - .
aporehended as following. from this other prop051tlon8
it can never be so discerned in.and, bv ltbelf (Blu)

Here Kant lS probably reboondlng to” Lelbnlz But the passage can be read oL
‘ 5 ) L '

R A

o o (%3

the axioms d¢r premises

4 a

]

ilthough in 1 mathematical aront the'stefs Fo lww ane anotﬁe% bnal tl-

‘.

ELE
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:

-~

. Lt .
“‘xan 580 awrv, amﬁwnot that Ltybnlz lo alwavs wrong ;orﬁcbo:e re dsans.;. - s

B . - .86

ve

cally, that is, in accordance with the principle of' contradiction, the

initial premises of the prog

and the concfusion are themselves ‘syn-
L » o . - .

‘iE;an,‘the syn%ﬁﬁcic character of the ~

", N
1

thetic'.lo Thus;»accorﬁi

’ .
e

propositions of mathemd‘l‘ a function of 3ome feature of the’'pro-

»

positions themselves aq the wav in wh1Ch they Lome to be estab-
¢ 11 o "
~lished'. And thls does. indeed, seem to be a.response to.the
v ‘fﬁ ‘ . . . »
logicist. A common cr®icism of, sav, Frege and Russell, 'is that the

: . -
most their arguments demonstrate is that mathematics is reducible to

logic and some set theorv. Moreover, this set theory involges an appeal

to existence axioms; and existence axioms are certainly svnthetic in
Vs , A i .
.

A

) e e . 1
nature since thev canwlwavs be falsified in some possible world.

o .13 .
Hintikka, however, has two quarrels with Brlttan's,llne. - Firstly,

v

Hintikka p01nts out that Kant does not sav that mathematica?® truths .

alwavs get-their syntheticity from earlier svnthetic theorems, and from

which it alwavs is the case thev can be derived. bv tHe prlnCLDle of
Contradictlon, C.e. analytically. \What Kant, in. fact, savs is that

.

» , _
this can happen and is, rather, the onlv wav in which one svathetic 4

. R . B co L el . '_ . \u“/‘
proposition can be analvtically derived from another svnthetic pro-

.

position. IThis, I believe, is correct, and, is hornme aut by the use of
. ol ’ . . : . \ 4 "

"tdin'' in both the Crigique of Rure Reason and the torresponding passage

K hd . . ¢ M

of.the Drolegomena. If one reads these Passages as a ériticism'of.

rd \\
.

Leibmiz, what kant is putatlvelv olferxng is one wav in which \Leibniz

e i

L
13

2,

ny

8

2 A-‘ P - % . . e : >~'>’w‘

ER ~, H. hemi
but»one wav, of rourse, is enough to topple this paht "of the Lelbanlan

»

i 3

14 . ' »
DOblt Lon.

‘ L . e . ) .
Secondlv, Hintikka objects thar B3ristan maintains rhat the son-

“

_



R b . ( . - K
theticitvi'of a given mathematical proposition can always be traced back
- , >
. to the syntheticity of its axoms. Now, alfhodgh geometry can, and has
[ 2 . ¢

> B

been, axiomatized, arithmetic certainly was not--at leadt in Kant's
,
: : . .,

dav. And though Brittan alludes to axiomatizations he'gas just as
. .y

aware as was Hintikka of the passage at Al64/B204 where Kant holds that .,
in arithmetic 'there are no axioms in tKe strict meaning of the term,

although there are a number of propositions which are synthe%ic and

-

\

immediately certain'. Frege states the problem quite clearf%.

We must distingyish numerical formulae, such as

2+3=5, which d with particular; numbers, from

general laws, which hold good for all whole numbers.

The former are held bv some philosophers to be un-—

provable and immediatelv self-evident like axioms.

Kant decldres’ thedf £o be unprovable and synthetic, =
' but hesitates to call thesf axioms because they are

not general and because the number of them is. ’

infinite.~” . 5 o ‘ . i

+
.

_Peano's postulates aside, then,"syntheticityiaccgbﬂﬁng‘to"Bfittén i
) ) A % L ‘ T - L
is éssentiglly derivable from some unprovable, vet self-evident, primi- B
\Ji . C .‘\u . i o . v ) N
tive proposigions of numerical relat{adns. . But. if, as Btittgp,ﬁaintaiﬁéiy

\ ‘ B oYY O
N mathematical proofs alwavs proceed through analytic'inferencegj Ehén pﬁg ERES
[ . . a3/ . L

. -~ s .. N . ) Y

° ) N /"!' e J 4 . . ey e s
onus is upon theswremise.set, and:thus eventually these primitive pro-
s - ) : . . e S von
nositicns of numerical relaglqns, to provy&e for both synth7t1c1ty and s
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Hence, if the propositigﬁ? of mathematics ate to béknecessqry (and for -~

Kanp aprioriwy and necessity and universalitwv are more or less svnony-
.mous terms), then Kant is cdmmitted to showing how ‘onlv gertain ﬁp581ble,
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worlds are "reallv” possible. Now that, alone, is not a' positien with’
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to identify and app;oprlately limit the domain over which these existence

assumptions range. ' For :example, to maintain that the axioms of, say,

(Euclidean),geometry are, in fact, the self-evident primitive proposi-

tions .upon which geometry, as a science, is founded requires a position
N - el

akin to ‘the full—blown transcendental idealism of the Aesthetic. And

& .
that is a position that requires much more argumentation; surely much
o - J . ’ . ¢

more than Kant provides. It is a position for which I know no adequate

defence. This is not, however, to gainsay the merit of Brittan's

.

’ AN N
reconstruction; there is'much of value to be garnered from his' argu-~

. . ‘

‘ments (in particular, his position on real possibility, objective

validity and meaning). But since I wish to appraise his position with

<
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respect to that of Hintikka, i# is to Hintikka's reconstruction that %;\{\
: - . \“ R

now turn. v P ' s .
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One idteresting interpretation regarding Kant's theory of mathe~
matics that has surfaced recently .is due to Jaakko Hintikka (an inter-

pretation, that I regard as paradigmatic of line (2)). Hintikka;@ould
. ; : .

not block any Fregean reduction of mathematics to logic. To the

contfary, when mathematiéal anguments are translated into arguments of
: B i o i ) ¥ i

the quantificitional catculus, ~it-is prééisely this mode of logical -

" . , e . . = o -

argumentation that provides .for syntheticity. K Hintikka claims that
. . ‘\‘ . -.' B
: § . : : J N
what Kant'meant by construction.in mathematics (in the.late eighteenth
' | , " R L
now be more,properly . rendered asfquanwification theory

and quantificational gpoofs:lé He notes that many,éf tﬁese proofs of

1

quantificational logic (particularly those that afte tran$$ormatlons of

constructive proofs in geometry) involve the"ngtural deduction rule of
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existential instantiation--and that is a synthetic process.
) .

Now the first thing that-is of concern to us is the permﬁssidn,

gréntedﬁby Hintikka, of the Fregeanbﬁrogram. Just because mathematics

L3

?could be reddced to l%gic.does not‘preélude, Hintikka cfﬁims, its bei

ng

v

Frege that logic is both analytic and -a pAionl. There must therefore
be soﬁething about mathematical reasoning, or mathematical propositions,
Q

¢

or -the discipline-~of mathematics itself wherein syntheticityv arises.
- \\ .
t

In defence of Hintikka, however, one must be

;are of both the state of -
logic, in general, at the time Kant forfmulated his critical philosobhy,
and Kant's own views on the subject. Formal logic, for Kant, was more

‘or less restricted to the syllogism (and at that, basically; in

categorial.form) and the’various inferﬁ@ces of Aristotelian log
- i e

ic. For

Kant, the sphere of 'logic was preciselv delimited and 'since Aristotle

. ; = .

it has not been required to retrace a s%ngle step, unless, indeed we
5 \ A

care’to count as improvements the removal of needles subtleties which

-
.

concern ‘the elegance rather than the certaintv of the science' (Bviii).

Kant further remarks that “logic, in his era, to all intents and pur-—

™

poses, appeared to be a 'closed ‘and completed' science. Clearly he
had no  conception of the possibility of what would become, for example,

‘modal or deontic logic, or even simple quantification theory. It is not
. c X 5

&
ments of logic. In any event, were he to so cousider modern logic as an

even entirely certdin' that he Would consider the developments, develop-
advance gﬁ\ﬁristotelian svllogistic logic, given nearly

two ceénturies of
hindéight, it seems reasonable to suppose that, given alsc the extension
t

of logic into the field of quantification theorv {(witH appropriate exis-

tence assumptions), Kant would nb_longer'assert the analyticitv of logic.

we
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syMthetic. Yet, as I have previously argued, Kanthouid agree with
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The separation between logic and mathematics, for Kant, seemed quiteb

)

precise; now the distinction is not so clear. " But what Kant tocok to be
; R
logic, and what we tiow know it as, are obviouély-quite different. As
. ; 17 L N . Y .
Brittan points out, Hintikka draws the line at monadic predicate

calculus; it also seems reasonable to assume Kant would have done like-
’ J
wise. 1In Hintikka's germs, then, :
EW]hat Kant says of mathematics pertains more to con-
temporary first-order logic, whose mainstays are P
preciselv instantiation rules, than to what we twen-
tieth~- centurv Dhllosophers would c1a551fy as spec1L1—

e —

ﬁ&i Let us, thus, provisionaly grant this part of Hintikka's recon-

~

. .
stéuction,@aee how it applies. to nt's program, and what of value can

be cdlled from it. For Hintikka, the\ground of mathematical syntheticity

is to be found in existential instantiation rules.. Nathemati&al proofs

¥

that introduce new free individual symbols are svathetic in nature;
' . g1

“ \
~

: . B LN .19
proofs that do /not introduce such symbols are analytic. Now, much
. i . Ps . .

of what Kant has to say about syntheticity and content seems to lend
credence to this view. Moreover, Xant would also appear to assert that

analytic statements could never éhpport the existence claims represented

.

in existential instantiation. For example, in the Analogies Kant main-

tains that through the mere concept of these things, analvse them as

/
/

we mav, we can never advance from one object and its existence to-the
\\ ) !

exiiiFnce of. another or to its mode ofbexisté%cef (A217/B264%y . “Kant i%,

at\keast, clear that the existential import of a statement is-sufficiény

for its syntheticity: 'all existential propositions are synthetic, [for]

4 IS

how can we maintain that the predicate ofs existence can be negated with-
out contradiction? This is:a feature which is found only in analytic

propositions, and is indeea:precisely what constitutes their analvtic



qﬁaractér' (A598/B626) .. . ‘ - - 4f’

»

Now much of Hintikka's analvsis appears to beafied to the trans-
]

\

lation of constructive geometric proofs igto quantificational form.
Indeed, he claims that Kant's theory of Mathematics is actually based

on a generalization of the constructive types of proofs seen in .

20 < °
geometry. v

What made mathematics svnthetic was the introduction

of such singular terms to represent the. individuals to
which cextain general concepts applv., in thefséme way
that geometrical entities are introduced by geometrical
"construction” into the figure by means of\which we

are illustrating the interrelations of the geometrical
concepts involved in the proof. Kant's wider notion

of ‘a construction is thus nothing bhut a generalization
from the constructions which make geometrical arguments
synthetic.” ‘

Hintikka notes that Euclid's method. of oroof provides a clear model of-
e . 22 . ) ) .

Kant's mathematical theorv, and that considering the historical per-

spective, it is onfly natural that Xant would have adopted such a model.

From a general eﬁunciation‘or proftasis, Euclid then proceeds to épply

!

.the enunciation to a particulaf case. So, .for instance, if7§£e were
to endeavour to préve Pythagorés' theo:em, one generaliy sparts.with
the phrase: 'Let. ABC be a triéngle-... and so on'. This is called

the setting-out or 2kthes.ds, andiclosély CorreSpohds with the manner

in which Xant apbproaches a geometric proof; recall that even Brittan

notes that, for Kant, the geoﬁetrician 'at once begins bv constructing
. ‘ ‘ .
4

.a triangle’ (A%l6/B744). ThelghthQSLs is followed bv auxiliary con-
struction, or kataskeue, and the proof pfoper, of”apodeéxés. Both the
ehthesis and hataskeue iﬁtrdduce';ew individual termss and, as such,r
represent the svnthetic element of the pr&of;.the dpodeéxcs, being

based essentiallv on Euclid's Common Notions, theorems proved earlier,

N\

A
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. v C o
ete., represents the analytic part of the proof,
One question that immediately presents itself is how closely

Hintikkaﬂs analysis parallels the Kaﬂtian program. On cﬁé surfacé, at
least from the perspective of geometryv, .Hintikka's case onears quité

fofceful. For example take a 81mple constructive proof of Pvthagoras
theorem (Euclid's I, 47). One flrst satlsfles the Lhthescs by lettlng

ABC be a right- angled trlangle As” Kant Dolnts out, 'philosophical

Y

‘-knowledge con51dtrs the particular onlv in the universal, mathematlcal

knowledge the universal in the particular, or even in the 81ngle

!

v b
instance’ (A714/B742). On the ba31s of a given right-angled triangle,

.
ca
* -~

then, one will prdceed to prove that the sum of the squares»gi the éides
containing the right angle will be equal to the square of the‘side
v su&Eénaing the right angle--and dé so Qnive;sally and necessarilv.
dotice that the given trianglé, ABC, is given érbitrarify (at-least under
the constraints of "right-angleness" and Euclideaness),.and as such,
any proofs established on ﬁhe basis cén be generalized and are'valid
dn;versally of all right-angled (Euclidean) tfiangles. In. the next step
in’the proof, one is asked to construc; squares on each of the sides of
ché triangle. The éltitude of trianglé'ABC i; constructed from the
vertex of the r¢ght angle and extended to the opposlte side of the
sq;are constructed on the hvpotenuse Finallv two other line segments

. } . ’ :
are constructed connecting an appropriate vertex of a square with an
appropriate vertex of théntriangle. This completes the rataskeue part
of thé proof; . The constructicn of the Squagéé and line segments ciearly -
represent whatAHintikka would call the introduction of new free'tefms
into the proof. As these éOHStrUCClOHb are what so Ob\lOUQJV give rise

'

to the svnthetlc nature of the proof, it is the translation into a



quangsficational form of argumen ation that introduces new terms, in
virtue of the natural deduction rule.ofAexgstential instantiation, qhat'
would provide .for ‘syntheticitv. For the géometsician, as Kant puts it,

- r

[Tlhe true method, so he found, was not to inspect what

he discerned either in .the figure, or in the bare con-

cept of it, and from this, as it were, to read off its

properties; but'to'bring out what was necessarily implied

in the concepts that he had himself found a prical, and

. had put into the figure in the construction by which he
presented it to himself. 1If he is ta know anything with
@ pAichl certainty he must not ascribe to the figure any-
thing save what necessarily follows. from what he has °
himself set into M)in accordance .with his concept (Bxii).

One can now, perhaps, aftach some meaning to Kant's notoriously
’ . 7 R

J

vague containment metaph@r? ﬁow is it that from the conéept of a
triangle one\can analvticallv aerive Pythagoras' theorem? Analvze as
“one may; in the proof outlined above certain auxiliaryv constrﬁctions are
required, new line segments and figures were drawn that were not present
in the ¢ktiresis. 1In this case, at least, it would be difficult to find
any determinate sense ig which Pyvthagoras’ theorem is "contained" in the
concep; of right—aggleg triangle. ncepsome auxiliarv coﬁstructions
have been performed, howeve}, the proof becomes trivial, and Ehé con~
éleion can be "read off" or "analvzed out” of the concent.of the right
_angléd tr#anglé plus the extra gonstrugtion: 'And this is_orecisely
Hintikka's point, I take irt, éoncerﬁing the apdde(x{s. The qpcdaéx(s
proceeds qpalyti%élly; and in cur example, the proof proper 1is, indeed,
trivial. All one needs is a previous notion of congruence and the proof
of Pythagoras' theoren readily follows. Hence, both Hintikka and Brittan
would both be in agreement coﬁcerning‘this part ofvthe proof. For
Brittan the inferences areﬂmaae aHHLVticaily;-syntheticity is found in

-

the axioms from which the proof cauld eventuallv be traced. For Hintikka
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the inferences are, 1n general, similarly analvtic (at least in the

~

apode(xLs); syntheticity is located dn the auxillary constructions with-
. N .

out which the proof (or this tvpe of proof) could not be established.

-

It, therefore, appears that Hintikka's program provides some

»

measure of progress from that of Brittan. As I have previouslv argued,
Brittan's reconstruction asserts that syntheticity obtatys from the
axioms or premises+upon which a mathematical ar%ument is based, and anv.

necessity arises from following, precisely, various rules of inference.

But what is it that makes the premises necessarv? 1In the quotation fzgp

Bxxi above, Kant is wont tp argue for the a ptiv4i{ certaintv of tre -

|

matical theorems. And for him this-apriority means,more thanimere

logical necessitv. Logical necessitv is involved, surelv, but for Kant

the possibility of mathematics, itself, must be demonstrated--and that

is a problem for transcendental philosophv. I shall have much more to

“

say on this issue later, but suffice it for now to show how Hintikka's

.

position differs from that of Brittan. Hintikka locates svntheticityv in

/

che‘Saiashguu and, verhaps, the ektiesls parts of a geometrical proof.

This does not denv the possible svntheticitv of the axioms as well; it

\ -

is just that it is not absolutelv necessary to trace syntheticity back
to axioms or premises. And it is here, bv locating svntheticity in the

proof process itself, that I find Hintikka's program superior to Brittan's

enterprise. o M

Several objections can, however, be raised regarding Hintikka's re-

construction.  For one, it is Unclear how well his reconstruction works

.‘ - - - - v )
when considering arithmetic rather rthan geometrv. The analogy between

“

auxiliary constructions in- geometrical proofs and the logical notion of

&

‘existential instantiation and introducing new free terms into che



course of a DFOQE seems reasonably pellucid. An extension into the area

of arithmetic, ﬁowever, is not so clear. Hintikka, himself, says that
) ) 3 ) ‘ . ‘ -
not all proofg will be synthetic--only those that avail themselves of the

introductiod of new terms or variables; Kant, to the contrary, holds that

all mathematical judgments are svnthétic. 1In Hintikka's defence, though,

N

it would appear that all constructive proofs (and thisxapplies to arith-

-~
metic as well as geometryv), and perhaps some non-constructive proofs as

well, would be svnthetic under his criteria. And it is quite uncertain
-2 o '

3

Kant would accept a non-constructive proof as a proof at

A much more‘seripus objection, however, can bé put forth. How would
Hintikka interpret ‘what Kant'means bv concept construction in mathe-
matics? For Hintikka,, it would seem to follow that what it means td con-
struct a mathematical concept, what Kant meant bv exhibiting a wiionl
the intuitionvwhich corresponds fo the concept, is to introduce new
individual objects or representation, new free terms, into a mathematical
proof. And that can be done bv existential instantiation in the cor-
fesvonding argument in quantifipational‘forﬁ of, sav, a geometrical”
proof. Hence, for Hintikka, anv new ffee terms introduced in a proof
find their counterpart in Kant's notion of intuition. . But this intuition
need not be sensible in nature. Hintikka declares that\when Kant
defines intuition as a particular Yorsteliung, what he has in mind is
what Euclid took to be particular cases. Mathematical construction,
therefore. 1Is simplyv the introduction of particular eﬁtitiés as rep-

¥
resentations used to instantiate general concepts. 'For him [Kant],
an intuitionbis almost like a ”proger name" in Frege's unnaturally wide

sense of the term, except that it did not have to be a linguistic entitv,

95
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but could also be anything in the human mind which "stands for' an
’ -

ge . . "
25 . . . .
Hintikka asks us to take intuition as a singular term,

individual"'.

\\,

as répresenting an individual object. He further supports his position
by providing a plethora of examples from the Kantian corpus wherein Kant

mentions intuitions without any reference to sensibilityv., Now I shan't

\
deny that particularity is certainlv part of the Kantian definition of

intuition; nor shall I enumerate the examples Hincikka Drofgcrs.26
Rather, I hold that the connection hetween,iﬂtuition and sensibilityv in
Kant is so fundamental that any attempt to sever or divorce thé.two
‘would be intolerable (the position being.so fundamental, in fact, that
Kant need not refer to S%psibility everv time he mentions intuition--
it must always be assumed).
) )

The Stroggest argument against Hintikka's position comes from Kant,

himself, when he denieé the possibilitv of a non—sensibl; intuition Sr

the possibilitv of intellgctual intuition (this is particularlv true of --

the second edition of the First Critique). Examples are too numerous

5]

to list,;7 but several commentators, such as Mitscherling, do a credible
job of attacking Hintikka on all fronts, and provide an adequate supplw

' . 28 . _
of counterexamples to his position. Moreover, in addition to for-
bidding any non-sensible intuition, Kant makes several forcefu*.positive
remarks con;erning'intuition and sensibility. To take just one example,
Hintikka holds that the construction Qf mathématical concepts depends
only upon the representation of individuals hv insténtiationcof free
symbols in modern logic.’ That this representation of individuals bv K\\
insﬁantiation might be the case T do not denv™in fact, I believe Hintikka
is quite correct 50 far as nhe goes--it is just nor the whole Story); but

to say that mathematical construction depends onlv upon this scrt of

>
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instantiation is, T think, quite wrong. When Kant talks ahout the

\

construction of concepts at A713/B741, he savs that this means "to ex-

hibit a prconc the intuition which corresponds to thd concept': and

at A720/B748 he states 'the only fntuition that is given a nrior( is
that of the mere form of appearances, space and time' (mv emphasis).
Feaving aslde, for a moﬁent, what Kant "really'" means by a ptlen( here,
[ cannot imagine a more clea%«statement ot the 1issue.

Finally I shall wountenance one further objection, an objection

that is directed not only to Hintikka's notion of intuition, but to his
reconstruction of Kant's theorv of mathematics as a whole. Pippin
asserts,

... In discussing Hintikka, Iwhlso claimed that a re-
construction which el-iminates all such appeals to
sensibility eliminates too much. This is so not only
because It eliminates.a possible explanation of the
applicability of mathematics, but. because Kant's

whole idealism argument depends on his being able to
show that the onlv way space.could be representable

a priori is if it were-a form of sensibiiityv. This
claim is supposed to accaunt for what we are able to
do in mathematics, and thus is involved in a strategv
which must be accepted or rejected as a whole. And

if we reject the idealism argument, (which I believe
must be done if we are to reconstruct the ‘¢ thodenfeline
in the wayv Hintikka suggests), much 9f Kant's case for
his whole formal idealism collapses.~

.

One could, perhaps, argue that Pipoin stétes his case too sfrbnglv; but
I think his point is esseﬁtially correct. Consider Hintikka's recon-
struction, in itself, ang what he has putativelv shown. Kant had hoped
to prove that mathematics, as a bodv of necessarv truths, was both svn-
thetic - nature and known a »t(¢%({. Hintikka has demonstrated that
mathematics, ewven reduced to first-order log}c, does not lose its
§ynthetic character. And, moreover, the proposition of mathematics ;ré,

if true, necessarily true. But what guarantees the truth of the antece-



dent of this conditional (which [ shall refer to as the (4) axiom)?
. ‘ \

’ ~
Two questions at once present themselves: s this a mathematical prob-

lem or a-meta-mathematical problem; and if the latter, can’ anv resources

be found in the former that would provide some ground for an adequate
answer to the latter? 1 shall not, vet, hasten towards anv definitive
answer, but it is surelv a question Kant wculd have wanted resolved;

it is surelv a question which would, for Kant, require embedding in a
. ‘

larger epistemological framework; vet it is not a question that, to my

knowledge, Hintikka addresses at all. 1In addition, by sévering the ties

between intuition and sensibilitv, Hintikka also severs the ties between

intuition and the forms of sensibilitv; and that is a position that not
‘ C? ‘ —
onlv Kant could not countenance, but it seems to render any attempt byv

Kant to guarantee the truth of the antecedent of the (4) axiom, with

respect to mathematical judgments, otiose.

3

How, then, can Kant provide us with an account of the svntheticity
and aprioritv of mathematics that he desires? Hintikka has shown us
that svntheticitv can be a nart of the mathematical process itself and,

although it can also be derived from the axioms or premise set of an

-

argument, it need not. lNow coupled with an account of what is to count

1

as ""'really" possible experience, or a 'really' possible object of

experience, the next step in the program may be taken. We need to know

-

not onlv how matnematical concepts are constructed, but how onlv certain

. . »

constructions are possible.

iv.

As I have alreadv indicated Kant felt that philosophical knowledge -

-

is obtained by reason from concepts; mathematical knowledge is obtained

bv reason from the construction of concepts. Moreover, to construct a

|

98



concept, means CO.txhibit @ proond the intuition which céfrespnnds to the
concept. Now if the exhibition is to Be a bm(umc, tﬁe {ntuitiom which
corresponds to the concept must be non-empirical in nature. And that
means that the intuition must be formal, that ié, of space or time. Yet
what, exac;ly,*tﬁis means 1is not entirely perspicuous. For example, is

. . . . - . 9 .
the intuition in ¢4#®Stion to be considered merelv as a form of intuition,

a
-

or, rathetr as a formal intuition?* Is the intuition to be an intuition
in space or ¢§me, or is it to be of our representation of space or time,
or both? One can even ask (as would presumably Frege and Russell) about
the necessity of intuition, in anv form, at all. Now sifce the success
~ . » : o . : :

or tailure of. the Kantian program”of demonstrating the svntheticitv and
apriority of mathematics hinges, [ belivve, upon how one construes the
construction of concepts, these problems must be addressed. It is my
intent, therefore, in this section, to lav the foundation for a resolu-
tion to these problems.

It is clear that Kant tAought mathematics and logic to be different
in kind. Though judzments of\ both are known & »ilo%{, judgments of the
former are synthetic, while judgments of the latter are analytic., In
this area, then, Kant is quite opposed to the logicist program. Both
Hintikka and Brittan, however, offer reconstructions that, although not

R \‘
blocking the reductionist move of the logicists, permit of the svntheti-
h I3 . - . .

citv of mathematics. Hintikka locates svntheticv in the natural deduc-
tion rule of existential instantiation., which could then be generalized

~ - ~ °
over all lbgical proofs utilizing this natural deduction rule. Brittan
finds svntheticitv in the axioms or premises upon which 31 mathematical
proot is based. This reconstruction gains support tfrom the fact that

g

mathematics, at best, seems réducible to logic plus some set theorv, a

99
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set theotv that contalns existence axioms, And regardless of whether
set theorv 1y considered extra~logical, it remains rthat existence axioms
' .

must be svothetic, Lf anything i{s to be svanthetic at all, The programs
of both Brittan and Hintikka have, thus, at least one point in common:
they agtee that mathematical propositionyhave (or can have) existential
import, and it is bv virtue of this that mathematics (s svnthetic,

e ’ -
3rittan makes this clear.

Mathematics, in contrast to logic, is not "emptv' or

"merely formal'. It has "content", and for this reason

ls synthetic rather than analvtic. T have tried to

indicate one wav in which "having content'" can be under-

stood: the propositions of mathematics have eXistential

import, whereas the propositions of logic do not. This

fact has a further consequence that the propositions of

mathematics, unlike those of logic, do not hold in or,of

all possible worlds. ‘ ‘
There is also a sense. in which Hintikka's and Brittan's reconstruc-
tions fail for the same reason: they fail to provide for -the sense of
;nedessicy Kant attached to mathematics. I[f Hintikka or Brittan are
correct, then mathematics is, indeed, synthetic and known @ prioi(. But
one should recall that, for Kant, apriority is virtually svnonvmous with
necessitv. For both Hintikka and Brittan necessity obtains from the
correct emplovment of logical (or mathematical) rules applied to the
steps of a given argument. Hence, mathematics is svathetic and known

R 3 )

A DAC-~but in an unedifving fashion. To be sure, logical necessity N
is involved here. Mathematical propositions are certain or necessarv
propositions insofar as thev follow other certain or necessagv nroposi-
tions according to rules (of inference or construction). So, for example,

the propositions of Euclidean zeometrv are necessarv with respect to Aa
brop 3 ) )

particular set of axioms; one can sav that the theorems of Euclidean

Y

geometry are known a ©oA(Al with respect te its axioms. But this is not

.
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P st

the only sense of apridrﬁty or necessiity to which Kant is referring. If

K]

it were, it seems to me it would make Kant's theory of mathematics

v Vo L . g : . 3, . ‘
almost-a trivial extenstion of the conventionalists. Kant says that.

'all necessity, without exception;'is‘grouﬁded in a transcendental con-.
o . ; B

dition' (A106). It is this'epistemological‘cwist‘that separates Kant .

- ‘ . ! }:( . - . ‘ : ] .
from the logicist or conventionalist. Brittan is quite correct when he
maintains that, for Kant, mathematics is not empty or merely formal and

that the propositions of mathematics do not hold in all possible worlds,

but only in those "really" possible worlds. Yet how#do~the reconstruc-

.tions of either Brittan or Hintikka permit such a* transcendental condi-

) . &
tion ,of hecessity?

For Kant, if geometry (and presumably arithmetic) is to be possible

(and here one shoﬁld‘read"réalf§” possible) certain spatial and tem-

B

pgf@l gohditions must obtain. And these‘conditions“will specify what

\ :
is "really" consd?EEtibIe in mathematics. -

Geometry is' a science which determines the properties of
space, syntheticallv, dnd vet a paioil. What then, must =
. be our representation of space, in order. that such know-
ledge of it may be.possible? It-dyst in its origin be
intuition ... Further, this intugﬁzgﬁ must be afp&idm@’
(B40D-41) . o

3
i,
B,

. Although Kant has no comparable argument with respect to arithmetic and R

our repreﬁgntatlon ot time = it 1Is not impossible to supplv such. But

what really concerns us.here is how Brittan and Hintikka ¢an account

for the transcendental sense of necessity that Kant's position entails.
*— ] b ‘ .

It seems to me, "that, insofar as Fintikka's position is concerned, the_

situation,is hopeless. In séviflng intuition from sensibility Hintikka,

“

in fact, loses any contact with what woald ‘count as a "

reall-y"

v possible
construction. For Wintikka, necessity meets the demands of logical
et /':’" . ’ .
X
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consistercy, and only the demands of logical conslstencv In Kantian

terms it \s true that there is no more in a mathematical Drop051t;on
than what we put there but in terms of construction there is no
5oy v A .
guarantee that what we put there is,'really" possible. -In this sense,

then, Brittan's recg%struction has a better chance of working than

7

Hintikka's does. /If the axioms or bremises of a mathematical argument

/

. s ) .
conform to our ;forms of sensibility, then Kant's transcendental con-

dition of negéssfﬁw is satisfied. But to substantiate this thesis seems
r/ ’ ’ ’

a difficul€7enterprise indeed. With the advent of consistent (and

e

constructlble) non- Euclldean oeometrles and the uncertainty reggfding

L : 33
whlchﬁgeometrv Egallv describes space, this avenue seems closed

.
- ; . . s

w1th respect to the pure form .of space And it is unclear,‘eVen'had"
Kant the benefic of Pgﬁno;s pdetulates, whe'ther he would havefaccepted
the akiomatization of arithmeﬁic as founded’ on tﬂe pure fofm of time.
Brittan's analysis of what ie.means to be "really" possibie,’howf .
ever, possesses great=merit. 'If'one can deiimit what constryctions ere
"really" possible when one construcﬁs odéﬁs concepts;in mathematics,

then one has taken a large Step in anv defénce of Kant's theorv of mathe-

matics. Now Brittan equates real possibilitv.with objective reality;

;

and various passages in.the First Critique lend support to this claim.

For instance, Kant points out, in the Postulatés .of Empirical Thought,

3

that logical consistencv alone is not sufficient to determine the objec-

tive validity of a concept.

- Thus there is ne contradiction in the concept of a
figure which is enclosed within two lines, since the
concepts of twe straight lines and of their coming
together contains no negation of.-a figure. The impos-
sipility arises not from the concept in itself, but

in connection with its construction in space, that is,
from the conditions of space and of its determination.
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And since -these contain a pPrlond in themselves the
‘f% of experience in general,. they have objective
reality; that is they apply to possible things
(A210-11/B268) . 3% S

In addition, Brittan connects objective reality with meaningfﬁlness.
This position, although somewhat more controversial, also seems to find ¢

35 ‘ ' . .
One consequence of this, for Brittan,

support from the First Critique.

is that to say a propogition of mathematics 1is meaningful is also to say

that it has a truth value. The controversvy arises over Brittan's con-

tention that although synthetic propositions will thus have truth values,
- S . 36 . .

analytic propositions need not.-° For example, the judgment, ''the round

square=the round square", as a substitution instance of the analytic

identity, a=a, is‘neither true nor false--but rathervmeaninglessf.‘Aﬁter
;il;:ét'BIG, after admitting that some\ﬁropositions of mathematics may
'4-be‘anéthic, Kanﬁ goes on to say that even though these prqpositions
are valid according to pure concepts, thev are "only admipted in mathe-
'matics becaﬁse theyv can.be exhibited in intuition'. ﬁ&eéumably, thén,
ﬁhg;e is little.chance of a §ingu1ar term such as '"round square" béing
ékhib}ted in intuition. Now, although I shall not enter Into this issue

-~

here, Brittan does, it seems to me, raise an extremelv important point

. N B y
., with respect to existential judgments.

”%‘ That is to say, I think, that if the existential pro-
: . position is not satisfied, then the judgment does not
have a truth value. Kant puts his point in a mis-

leading way'by saying that if you reject the subject
you reject the contradiction, for he has already as-
serted that any judgment of the form a=a is analytic,
hence anv judgment of the form a#a is self-contradic-
» tory. What he wants to sav is that if vou reject the -
subject, then the principle of contradiction cannot
be used to establish the ttuth of the judgment. Thus!
once a triangle is posited, it is true, analyticallv,
that it have three angles. But if a triangle is not
posited, then no judgment about "it" ig either true
or false.37
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Kant has said that 'to posit a triangle, and yet to reject its
three angles, is self-contradictory; but thére is no comtradiction in
- rejecting the triangle together with its three angles' (A594/B622).
S |
Hence, before any meaningful assertion of judgment may be made at all
concerning,' say, a trianéle, it (the triangle) must first be posited or

.38 , . o o .
given. Brittan is onto something here; it is a pitv he does not
carry this line of argumentation further. Once a triangle is given,

‘ v.- . " ’ .
certain’auxiliary constructions are performed and certain theorems can .
be derived by following pre-established rules of inference or rules of
construction. Geometrically, then, orne hegins with a "really' possible
construction -and performs further "really" possible constructions on
that basis. But a "really'".possible construction here need not be
actuallv a construction of a figure in space. It suffices that the
concept constructed be "reallv' constfuctible. ' And what is it that
determines this? It is simplv the providing of a proof or providing
for, in principle, a proof of the object in question. The proof must.

: e

be constructive; that is to say, it must not-only establish the exis-
tence of something, but offer an adequate means of finding it or .
demonstrating it (thus/any non-constructive proofs are ruled out).//

: L. ) o * . y
This, I take 1it, is the force behind the passage in the first chabter
of' the Transcendental Doctrine of Method.

Philosophy confines itself -to universal concepts; mathe-
matics can achieve nothing bv concepts alone but hastens
at once to intuition, in which it considers the concept
EEE . . - ‘A'-
{n conctetr, though not empirically, but only in an in-
tuition which it presents a piacorl, that is, which it
has constructed., and in which whatever follows from the
universal conditiors of the construction must be uni-

versallv valid of the object of the concept thus con-
structed (A716/B744). !
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\ Many arguments may treat logically of concepts 4n abstractv; mathe-.

matics proper, for Kant, treats of concepts An COﬂa&QIQ. Thié I take to
mean, in agreement with Hintikka and Brittan, thgg mathematics hés‘¢on—
tent, has existential import. ®But it also means tﬁat the content‘of the
concept must be ”réally” possible (it must conform to the pure forms'of

intuition a prcenl). Kant states that philosophical knowledge is ob-

-

tained by reason from concepts, whereas mathematical knowledge is ob-
tained by reason from the construction of concepts. Considering a mathe-

matical concept. .yl concheto then, for Kant, means exhibiting a pméomé

the intuition which corresponds to the concept one has constructed. And

) .
'
v

this T now take to mean that, in mathematics, the knowledge obtained

through judgments,‘is obtained\in virtue of constructive proofs,'i.e.

39

"really'" possible constructions.

Now this will immediately restrict maﬁhematics to a province qaite
¢ Ny .
familiar to the intuitidnists. But there is hotﬁing{ in particular,
o o ‘ o \\\\\ lj
inconsistent with an interpretation of Tathematics\in thié\ginner with .
. . ) L
respect of the rest of Kant's philosophy. Kant is quite firm ath{KFhe

restriction of any knowleﬁge claims to the realm of possible exoefienée,
and aEéut prescinding from any metaphysical knowledge ciéims made_bgyond‘
this redlm. I strongly sﬁspect'that Kant would'treat'attempté to prove‘
Cantor's Continﬁum Hvpothesis in %uch'the same manner as hé would the
ontological'proof of God. Having a\constructive Drodf of a proposition
is thus a necessary condition for the possibility §f repfesenting the
proposition, and its constitug?t elements,ftbe conceﬁts th t comprise

the proposition, i concteto. Intuitionisticallv, mathema

actually limited to the realm of the finite or denumerablv \infinite.

But again, this is not inconsistent with Kant's phildsophy general.



.
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»

SR :
problems and contradictions invelved in any metaphysical consideration

of thé?ih%inite. Moreover, in what sense could one, say, represent
the concept of aleph-one .in concreto? If the question of the construc-

tion of concepts in mathematics turns upon' a question of meaning, as 1
: )
think it must, then an intuitionistic interpretation}of Kant seems

warranted. For instance, what meaning could Kant attach to the realm

’

of transfinité numbers? _Very little I suspect. The denumerably in-

finite ordinal number w, the cardinality of which is aleph-null, is

constructible infan intuitioﬁistic.sense and, ﬁence, has meaning. On
the othér Band, the set pf all deﬁumerably infinite ordinal numbers is
not intuitionistically constructible, and- so lacks‘meaning; Brouwer
‘makes this point clear.

Because it is possible to argue tc the satisfaction of
both formalist and intuitionist, first, that denumerably
infinite sets of denumerably infinite ordinal numbers
can be built up in various ways, and 'second, ‘that for
every such set it is possible to assign a denumerably
infinite ordinal number, not belonging to this set, the
formalist concludes: ‘"aleph-one is greater than aleph
-null", a proposition that has no meaning for the
intuitionist. Because it is possible to argue to the
satisfaction of. both formalist and intuitionist that it
is lmpassﬁble fo conscﬂuct a set of denumerably infinite
ordinal numbers vh&eh aquld be proved to have a power
less than that"* T aBEphﬁone, but greatar than that of
aleph- null “the’ formallst concludes: "aleph-one is the
second smélles; infittite number” , @ proposition that has
no meaning for the ‘intuitionist. **

We are now in-a position where the notions of constructive proof and

intuitionism may be able to shed some light on a few of the problems
\posed earlier. The fact thaft a proposition of mathematics for which a

constructive proof cannot be given is thus devoid of meaping, engenders

a notion of truth and real possibility not dissimilar to that proffered

106
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by Brittan. Clearly for a proposition to \have a truth value, it must

in some sense be meaningful. The statement "7+5=12" is decidable and
hence is bofh meaningful and has a truth vaiye. But what of proposi-
tions such"as "1Hv=w"? At B16-17 Kant asserﬂg that certain mathe-
matical pfbpositions Sucﬁ as a=a and a+b a (wﬁere b}O) are analytic.'
Mofeover, at Al51/B190 he appears to affirm théﬁ these propositions
haQe truth values. They must thus refer only éo those decidable state-
ments_forlwhich‘a constructive }roqﬁ can be providéd;.and this reliance
on constructive proof will prescind from statements of transfinite
arithmetic whicﬁ; for Kant, as well as the intuitionist, lack meaning
and whose truth valueé are hence indeterminate. An iﬂtuiﬁionisﬁic
interpretation of Kant will therefore replace a notion of mathematical
truth as central .to a theory of heanihg-by'a ﬁdtion of proof. What we
must consider now is how such an interpretation is of assistance in
demonstrating the syﬁthéticity and apriorityv of mathgmétics.

By restricting knowledge claims to the realm of possible experience
Kant can be séen to be, iﬁ some éénse, a verificationist, L.e.»we can
only know what we can or could, in principle, verify as possible
experientiallyv. Tojbe sure;'problems orrparado#eS'arise when con-
sidering any, metaphysical nétion of the infiniFe‘by the finite under-
standing; Kant‘recognized that, and appropriatgly‘limiCed the domainl.
over which knoWledée claims‘by the understanding range. Similarlv in

3

‘mathematics there exists a plethora of problems .and par&doxes concerning
infinite sets and the infinite in general. Intuitionists resolve the
problém by attaching meaningfulness onlv Eo decidable statements
(statements of é finite oF_denumefably infinite nature) for which one

, I
can, at least in principle, provide a proof. Now Parsons points out

107
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that 'it would be a pfhusible interpretation of Kant to say that the
form‘of'intuition must: be appealed to in order to verify the existence Ty
assuﬁptions of mathematics'.42 A bold claim, but to pdrsue this veri-
fiqation perspective in mathematics seems profitable. Duﬁmett, in
attempting to pfovide a philosophical founda;ion forathe intuitionist
theories of mathematics and logic, maintains that this foundation could

be prévided by replacing the notion of truth with the notion of proof,

and then this could be generalized over arbitrarv statements within a

greater epistemological framework.

. Fi
Since we were concerned with mathematical statements,
which we recognize as true, bv means of a-proof (or,
in simple cases, a computation), this meant replacing
the notion of truth by that of proof: evidentlyv, the
appropriate generalization of this, for statements of
an arbitrary kind, would be the replacement of the
notion of truth, as the central notion of the theory
of meaning, byt that of verification: to know the
meaning of a stgtement is, on such a view, to be
capable of rébognifang whatever counts as verifying
the statement, i.e. as$ ¢3nelusivelv establishing it
as true. ‘ 7 '

In terms of geometrical pfoofs the appeal .to a form of intuition ﬁs
verificatory of mathematical propositions isnot difficult to visualize. .
One sets Oﬁt with a figpre, performs some coﬁstruction and derives
vvarious éoﬁélusions. The ‘problem with this conclusion is just as easy
to viSuélize: There exists the familiar difffculty of selecting the;
Co;rect interﬁretation, and there seems to be no‘wav that,‘frdm a con-
sideration of the pure fdrm of épace alone, one can make a choice. As
4i have earlier indicated, this verv difficultv tends to support the claim
that geometry is a Syntﬁetic discipline. And perhaps the .fact that the

theorems of geometrvy are, if true, necessarilyv true, influenced logicians

such as Frege, and Kant scholars such as Drver, in declaring that, al-

O')
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though’arithmetic is analytic and known a priord, geometry is both -

synthetic and a bméomi_in nature. But as we have already seen, this’
conception Sf geometry turns upon ; notion of logical necessity with
respect to ; chosen axiomafic scheme. To be sure, Kant would ask this
of any branch af mathematics, but he would also require a transcendental
condition of ﬁecessity——an epistemological ground, if you like. Hence,
for Kant, to say 'that geometrv is @ pialcid is to sav it is descriptive
of what would constitute a "'really'" possible world, and it is at least
arguable tﬁat Kant would hold that fhis geométry must be Euclidean.
Clearlv, though, alternative geometries exist--geometries that are
‘iaternally consistent, but inconsistent with each other (many contain,
for example, the negation of Eucli&'s famoﬁs fifth postulaté). And
even 1f Kant were not tied to one varticular intérpretation, that is,

Fuclidean geometry, how is one to account for his transcendental sense

of necessitv? Formal axiomatization, even for all of geometry, would
. . { ’

not be sufficient. Hilbert, for ékample; would take Euclid's construc-
tive postufates, replace their non-logical terms, such aslline,fpoint,

circ}e, centre, ¢tc., with sentenée‘letters and then consider the whole
" as a relational structure. This structure could then be ”reinterpretedﬁ

in virtue of points, lines, efc¢.; but such an interpretation is not

<

necessarily unique. Manv commentators wolld assert that Kant's position
demands a unique interpretation. I do not hold to such.a strong line,
but Clearly for Kant the range of interpretation must be, at least,

specifiable (that is, the interpretation must minimallv range over that

which is ""reallv" possible);/aﬁd even that is not implied bv Hilbert's
! y _

/
program. [

!

Now, in Kant's defence, several points can be raised. To begin with,



although Hilbert's program prescinds from the purely cqnstructivc
nature of an axiom scheme, it still employs the exiétentiah\quantifier.
Aﬁd‘if Hintikka 1is correct, then even purely deductive manipulation
of symbols and sentences would not preclude syntheticity. Of greater

’ » .
impprtance, though, is the question of content. If no specific meaning
Is attached to the primitive terms of an axilomatic system, then any
manipulation of the sentences in that svstem becomes little more than
a logical exe%cise. I do not see Kant denving the possibilitv of
investigations into geometrical systems as uninteréreted sets of sen-
tences, any more than he would of investigations intchFransfinite
drithmetic or even pure logic. What Kant would’denybis the meaningful-
ness of such investigations. Mathematics, for Rant, h%s con&ént, and

-

in virtue of its constructive character, in fact, creates its own

content; it is this that separates mathematics from logic. Having con-

tent means having existential import; and to make judgments upon state-
L]

men;srhaving existential import involves us in a method of satisiving
that judgment. Satisfaction of the judgment, in turd, is dependent
upon the provisions of our notion of constructive proof. We are there-
fore led to a proof—théoretic notion of meaning which, in terms of the
representation of mathematical concepts (i ceneteto, leads us to the

problem of objectiwe validitv and "real' possibilitv--the application
.

N . . .
of our mathematical concepts to what would count as "reallv" possible
experience.

Presumably Kant saw the "existence problem' and the
"application problem' as two sides of the same coin.
Thev come together in Kant's claim that the proposi-
tions of Euclidean geometrv have "objective realitv'.
On the one hand, to sav that a proposition has ob-
jective reality is to say that it has a (knowable)
truth value. On the other hand, to say that a

110
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proposition has objective reality is to say that it
applies to objects. But how, on the one hand, do we
guarantee truth values, and how, on the other hand,
do we guarantee application of ebjects? The answer,
once again, is to claim that Euclidean geometry is
a PRLOAL. 4 ‘

v

Brittan, I believe, is correct in his assessment of the "application

"existence problem".45 The point is this:

broblem” with respect to the
to verify a proposition of geometrv or arithmetic requires that some
interpretation be given. One then constructs a proof of said proposi-
tion which must either conforﬁ to what would count as a "reallv" pos-—
sible construction, or constitute what would count as a ”reaiiy” pos-—
sible construction. And this proof process would, in fact, take place
in time. Hence, even if the formalist program of Hilbert or the re-
ductionist program of the logicists is granted, the method of actually
proving propositions under these coqstraints appeals to anothey pure

)

form of intuition--time. 1
It seems to me, therefore, three issues remain to be considered in
terms of a defence of Kant's philosophy of mathematics. Firstlv, with
respect to cime_and the pure form of time, we must note how the notion
of constructive probf’engenders a tensed notion of meaningffilness and,
hence, trath. Secondly, we must note how this notion of mpaningfulness
is effecred by the construction of concepts (the constituent.elementé

‘of a judgment) in mathematics. -‘And thirdlv, we must note how this must

conform to what would count.as a '"really' possible experience.

Vi
Kant.claims that geometrv i$ a science which determines the proper-
ties of space syntheticallyand vet a pa(ciac (B40f.). Tt would seem to

follow, then, that arithmetic is arguably a science which determines the
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" properties of time syntﬁeticully and vet a prlorl. Karnt then asks what
must be our representation of space (or time) in order that geometric
(or arithmetic) knowledge is possible. He concludes that the‘origin
éf the representation must be intui;ive, and further that the intuition
must be @ p%égmé. But to argué from the synthetic and a p%éa%é nature
of mathematics to the intuitive and a pPrioid nature of our representa-
tions of space and time has been justifiably subject to much criti-
cism.46 Kant, however, has other arguments (notably the Metaﬁhysical
Expositions) to support his claim that space and time gré pure intuitions.

Now, I have already considered what Kant feels he proved and what he, in

fact, does demonstrate in the Metaphvsical Expositions; what is of con-

cern, at this point, is how what is representable in space and time .
conditions what is mathematicallv- constructible.

Of course it is one thing to speak of representations

in space and time and another to speak of representa-

tions to the senses. What is represented tO the senses

is presumably represented in space_and time, but maybe

not vice versa. To establish a link of these two Kant )

would appeal to his theory of space and time as formg N

of sensibility. The' relevant part of this theorv j

that the structures which can be represented in space
- and time are structures of possible objects of percep-

tior The kind of possibilitv at stake here must be -

eé5¢ntiallyimathemati§al and go bevond 'practical' or

physical possibilitv.*/”

.

Mow the possibilitv that Parsons mentions here is equated, by

"Brittan, with objective realit&. Brittan further connects objective

‘reality with meaningfulness. "This is to say that onlyv those sentences
whose subject term$ are 'reallv'" possible, (.e¢. have objective validity,

have truth values. And those sentences for which it is not\possible to

. : , . 48 -
assign.a truth value are simplv not.meaningful. . Hence, for a mathe-

matical proposition to be meaningful and thus have a truth value, it
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must have objective validity. And that, as Brittan points out, means Its

-

~ S . 49
"existential presuppositions" must be satisfied.’ But the only method

i

of satisfying these' flexistential presuppositions'" is the "real' pos-

sibility of giving an object (at léast a.mathematical object) in intui-

tion a paclorl. Therefore, it is the 'possibilitv of providing a priond

intuitions for Euclidean geometry [that] guarantees satisfaction of its

. 50
presuppositions’'.

Although I agreé with the thrust of Britéan's argument, in general,
my positi&n is somewhat weaker. For a m&theﬁatical proposition to be
meaningful, and hence have a truth value) one must be able to give, or
provide in principle, a proof (constructive) of said propoéition. In

Kantian terms, then, the proposition or judgment must allow of verifica-

i

tion. Now, the construction of such a proof must th onlv conform to
what is "reallv'" possible, it will, in fact, turn out <that the construc-
tion, itself, wiil détermine the limits of "real" possibilitv. There-
fore, if the notion of a constructive proof not onlv appeals to a notion

of intuitisq_iés do, for example, most proofs in Euclidean geometrv) ,
N /
and satisfied Brittan's "existential presupposition’ (by providing a

'

method whereby one can actually construct a speqific instance of a -

- /

. ‘ . ' N S %
closed statement of the form (Ix)Fx), but is grounded in the same
g .
conditions under which anvy experience, at all, is possible, then the
transcendental conditions of necessitv Xant requires in mathematics

can be established.

Before examining preciselv how the construction of concepts in

1
!

mathematics will provide for this transcendental condition of necessity,
let me recapitulate some of the pgobiems Kant faces. The issue at stake

is the syanthetic and a palosl nature of the propositions of mathematics;
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and, on the surface, it would appaear that since analvticity and ap-

r

riorityv usually go hand in hand, }f one were to argue for svntheticity,
L ; s
&

it would also seem to follow that ope should argue for the a posteriotd

nmature of mathematical knowledge. Thus {f Kant can show how it fis that
mathematics is svanthetic, his major-Stumbling block will be ‘to demon-

RY ]
strate its apriority or its transcendental conditions of necessity.

Kant argues that mathematics has content, has existential import, and
in virtue of this is svnthetic. Both Hintikka and Brittan have prof-
&~

fered lines of argument in support of this thesis. ‘Brittan traces svn-

. 3 g . - . ¢ v . . .
theticity back to synthetic axioms from whi'ch mathggatical propositions
can be derived; Hintikka locates syntheticity in the proof process itself

in virtue of an appeal to the use of auxiliarv constructions or exis-

tential instantiation. Note that these two lines are not mutuallv

exclusive, and both have much of value to sav. Mv complaint has bPeen

»

that neither line can successfullyv account for the sense of aprioricty

that Kant requires. Brittan's program has the advantage that, indead,
‘ . ¢
it seems to be true that mathematics is reducible to logic plus some

set theo?y; and this set theory contains existence axioms, which are

svathetic,  if anything is. Since the theorems of mathematics follew
. *

according to certain rules of construction or inference, thev are. if

true, necessarilv true. But what guarantees the truth or the antece-
‘ . ‘v y - .

dent of this conditional (the (4) axiom)? Geometricallv, there are

many different ;vstems from which to choose: Euclidean, spherical,

R A ' : :
hyperbolic, 2¢c.; arithmetically there exist standard and non-standard

. Y . - - . *
arithmetics. The axioms of, for example, Euclidean, Absclute, {
4 a . .

Lobachewskian and Riemannian geometries are mutually inconsistent, vet

the theorems of each are necessarily true, 1if true. Moreover, in some

-
-
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sense it seems to be a matter of empirical investigation which set of
3 : - . . 51 .
-axioms correctly describes our representation of space. This surely

lends- support to‘q&iathesis cﬁazzﬁeometry is synthetic in nature, but .
A ' ( .'*\..\ . .l E
mitigates the posjtion ‘that gevmetry can be known a pilonl. One might
respond that the theorems can be known a paloid with respect to the
. - \

respective axiom'sets, but this "is not a position acceptable.to Kant
r~he would ask much more.. The theorems or propositions must not pnly

& be logically necessary with respect to 52? panticular.sys;em, but the

v .
-

system, itself, must be transcendentally necessary with respect to thé

conéitions ugdeq‘yhi%ﬁ one can represent, in space, the mathgmatical,
_objects of the sxgteﬁ\at all. Any attempt to argue for the apriority
. , \ :

of?mathématics must téks ipto account:the'possible verifiéation'of a
pafticularvgeométric syéégﬁ. Hencg, i; seems to me tﬁat4Brittan's

proposal is doomed from thﬁ onset. What' is of import is how we con-
Struct our geomeitrical conc%Fts, and how these concepts are descriptive,

. \ ‘
of our representation of spate; therein will be the sought after trans-—

cendental conditions of necessity.

For Kant, however, how we construct our concepts depends upon what

e
p

is constructible; and what is constructible surely depends upon limita-

tions set upon our conceptual process by intuition. For example, there
% '
is nothing inconsistent with conceiving two straight lines (taken in a

Euclidean sense) enclosing a figure. Such a figure, however, CQQPOC be

-

'_struction. Bg,divorcing intuition from sensibility, Hintikka eschews

enufg%gggggioné by intuition on what is constructible. And, for Kant,
, , y ) _ \
the construction of mathematical concepts must appeal- to intu{tion in

this sense. The notion of constructive proof that I have devehoped,'on

¢

represented in intuition. Herein lies the failure of Hintikka's recon-.

115
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the other hand, permits precisely this. To satisfy the proposition,

"two straight lines enclose a figure (in Euclidean space)", one must
’ B A . - i
be in possession of a constructive proof of the proposition. This is

‘

to say that ome must not only be in a position to assert there exists

a figure- losed by two straight lines, but one must actually provide

a method whereljy such a.figure can be constructed. Ir¢ the absence of
s . 4 52

such a method, the proposition has no truth value and is meaningless.

N

: Y
Since a constructive proof oOf the proposition, in Euclidean geometry,

cannot, indeed .can never, be providéd,»the mathematical object (a figure
“enclosed by two straight lines) is not a possibie object.of egperience;
and since such an objéct‘could not be‘represented in space 1it, as
Parsons puts it, is not a poséible object of per.eption.

Naturally, this intuitionistié stance concerning constructive pfﬁof
and méaningfuiness gives rise to a tensed notion of truth. YNow, although
I shall not specificaily enter into the controversy reyolving around ~*
vtensed vs. tenseless truth, I do have a feQ'comments that are pertinent.
Firétly; a tensed notion of truth seems to be consisteﬁt with Kant's
philosophy of mathematics in particular,’and his epistemology as a
.whole. The Platonist, whatever else he may assert, certainly makes an
ontological commitment concerning mathematical objects. Kant, on the
‘éther hand; speaks répeatedly of the gonstruction,df mathematical con-
cepts. This s;rongly implies that the objects of mathematics are - .
similarly the product of a constructive proéé&ii fndeed, in general, "
any ijéct of experiencg is the result of some copstructivé ptocéss,
and as such cannot be said to acquire meaning withogt some con;FibﬁEion

from the side of ghe SUbject.33

Secondly, this tensed motion of truth brings to the fore the
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crucial importance of time as a form of sensibility. Although Kant
offers us no Transcendental Exposition of time with reference to arith-
metic, I think Parson, for one, is qu&te correct in assuming 'the

dependence of arithmetic on the form of our intuition is in the first

: .y 54 ’ . ‘ ~
instance only on time'. Parsons points out that whenever Kant speaks
about arithmgtic, he claims that number always lves succession,
Kant's characterization of number in the Schematism makes this explicit.

The pure image of all magnitudes (quantorum) for
outer sense is space; that of all objects of the
serses in general is time. But the pure schema of
magnitude (quantitatis), as a concept of the under-
standing, 1is number, a representation which comprises
the successive addition of homogeneous units (Al427
'B182). ‘ : )

If Kant is correct, (.e. if number depends upon the temporal notion\’
of the successive addition of homogeneous units; then it is not so long

a step to asserting that arithmetical propositions, indeed agkthmetic in
.-

general, are dependént upon the pure intuition of time developed in the
Metaphysical Expositions. And if this is true, then it is a very short
step to asserting the a p4lca{ and synthetic nature of mathematics.

In this way the apriority of time does not only qualifv
the properties of arithmetic as svnthetic a paloal
judgments, but it does the same for those of geometry, .
and not only elementary two- and three-dimensional
geometry, but for non-euclidean and si-dimensional
geometries as well. For since Descartes we have
learned to reduce all these geometries to arithmetic

by means of the calculus of coordinates.?>?, C i 2

( ' & ", b@;

This iline of argumentation cleariy goes against the grain of both

-

v . * ‘.
common Platonist practice and the logicists's program. For the Platonist,
the truths of mathematics in general, and of number-theoretic statements
in particular, -are if true, necessarily true. The Platonist makes

certain ontological commitments concerning mathematical objects; pro-—

positions of mathematics may be true even though one might not be in a .
’ . L
. 4 ) . . : !
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position to affirm their truth. And aYthough there is much Fp gg said
for and against the acceptaﬁce of one schéme or thevather, I teﬁarto
agree yith, say, Dummett, that such acceptance mﬁst Be made from within

a greater epistemoldgical framework or ﬁheory of meaning. 'Kaﬁt proffers

such a theory, a theory which iséonststent 'with the intuitionist ap-

N

, .
proach. The logicist program, on the other hand, poses, in some ways,

a more difficult problem for Kant. For the, logicist the arithmetic
operation of, for instance, addition can be explained by the set-theo-

retic union of classes. And that can be further defined in terms of a

fevarimitAVu ideas and the propositions of logic. The point to be
o :
stressed here is the putative tenseless relation between classes and the

universalit. ~f the 'logical relation. There is no need to appeal to
a temporal notion of successive addition of units that involves in-

tuition or pure intuition when one can emplov tﬁé\atemporal notion of
. 4

class and achieve the same result.

How, then, does Kant propose to introduce the idea of the pure
intuition of time as conditioning what is arfithmetically constructible?

In the first place, nowhere does Kant assert that time, or a pure
. . o ;
intuition of time, c ditions the properties of the concept of number.

s

Number, Kant has claimed, is a pure schema of magnitude, -but the con-
cept of number is arrived at through an intellectual synthesis that
echos some of the assertioms of the logicist.

pure mathematics considers space in geometrv and
time in pure mechanics. To these is to be added a
certain concept, intellectual to be sure in itself,
but whose becoming actual in the concrete requires
the auxiliary notions of time and space in the suc-
cessive addition and simultaneous Juxtap081tlon of
separate units, which is the concept of number
treated in arithmetic.
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.

As Kant notes, however, it is the concept being represented (1
concreto (becoming actual) that necessitates the appeal to the forms
of intuition: space and time. Just as many arguments outside the- realm

of mathematics may confine themselves to universal concepts and treat -
: - 9 : Y

logically of these concepts .n abstracto, so one can -also .treat. arith-

metic in a similar manner. The whole arena of standard and non-

/ o C . L . : - -
standard arithmetic is open ‘to such treatment. If one is to make any

sucéessful knowledge claims regarding these concepts in judgment,

8

howéver, one must deal with them {n conctrete, and what was once an N

intellectual synthesis involving the coﬁcept'of number is now replaced

S

by a figutative‘syntggsis”ihvolved in the application of the schema

number. This is .to say that one must supply content, provide for an

interpretation. And that, I have argued, means to provide, at least

in principle, for a constructive proof of the judgment of which -the

57

concept is predicated. It 1s in terms of constructive proof, then,

-

“an are%yso critical to the constructioﬁ of concepts in ﬁathemétics,
that the connection between pure intuitiqn and arithmetic construc-
tibility will .be. found.

Pursuiné the notion ofiinfuition in arithmetic, consider,.for
example, the simple pfoppsition:A”7+5+l2”. _There are several ways in
which one ﬁoulg approach such a proposition. ‘All.of these Wéys,'I claim,
when viéwed from the proper perspective, "involve in some manner, sen-
"sible intuitién or timeuas a form of intuition. Firstly, thefe is an
'immediate appeal to‘iﬁépection. Given a group of seven objects, a group
of five objects, éﬁd a group of twelve objects, one cin draw.a‘oné—to

-one correspondence between the number of objects contained in the first

two groups and the number of objects contained in the third group (note
) *
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that one need not even require the notion of counting in order to per-
form this'task). This quite obviously appeals to intuition in its
- .spatial and temporal aspects, but other alternatives are, just as

obviously,"present.58 Secondiy, one might try the method of direct

computation. I take it .that what one is doing when one performs a

computation, ;;\endeavouring to establish the truth (or falsity) of

!

the_proposition "7+5=12" by discovering Whether, in—fact,A7 and 5
. R nw? !

equals 12. This, I Suspect, is the éolutiothynt envisaged. Given the

LN

conzept of the number 7, one enlists the aid of intuition in the fo;m
of fingers or points in counting off the number 5 and arrives at the
sum i2. fOne, Kané savs, Eégg.the number 12 come into being, and it 1is
in virtue of this that he claims the propositioné of mathematicé are
syhthetic. The r;thgr‘crude example Ként offers clearly refers to
sensible iﬁtuition; just as clearlv, on the otherthand, this méthod

is cumbersome;/if not efféctively impossibLe to emplov, when COU*U
sidering very great aumbers. Kant goes on to-méf;?éin, However, that
when qonsideriné large numgers-the synthetic nature of the propositions

¥

of mathematics is even more evident. Obviously. it is not the use of

fingers gr points aélvisual aids, then, that is critical in t%e counting
process. What Kant must mean is that it is the method, ifself, that.is
important, and not ﬁecessarily the realization of the method. And what
COuld‘thiS mean excepf® the Successive'additioh of units in time? - For
example; consider how the natural numbers are generated from the primi-.

3

tives, "0", and a successor operation. The concept of the number 5
. H .

i

would be represented by SSSSSO; the concept of the number 246532 would

\

‘be represented bv an.appropriate number of S's successively attached in

front of the 0. Hence, we have a method bv which the natural numbers

<
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can be generated (Peano's postulates serve nicely) and the ability to

5o
5

recognize that any given numeral is the name for a number that can be

generated in that fashion. Examine, then, the notion of constructive

ﬁroof I have,offered. A proof is constructive jusf‘in case it, in féct,

proves a specifiqg instance of phe proposition which one sets out to

prove, or permits, in principle, an adequate means of.pfoviding a proof
. : e ! )

of‘that instance. Thus, by analogy, although one migﬁt not in everv

dase count off S's in order to sol&e a numerical problem, one possesses,

with the assistance of Peano's postulates, an effective means of doing

»
59 . ;
so. But the actual employment of the successor operation takes place -
in time. One successively attaches S's; and just as successive times .

are different, so are successive numbers. If the appeal ﬁo‘intuition

is not already clear, one should note that each S one attaches is, in

-‘ . » J.- . N '
1E§éﬂf, a sensibly perceptible object. Note also, that whether one
starts with "0", "1", "101", or anv other given number, each construc-
tion is isomorphic. As a matter of fact, any generation of a series of
natural numbers utilizing Peano's postulates turns out to be isomorphic,

no matter what numeral names or tokens are used. - In this sense, then,

t

perhaps Kant has a right to regard the appeal to intuition as rformal.

The basis for the use of a concrete perception of a

sequence of n terms in verifying general propositions

is that, since it serves as a representation of a

structure, the safie purpose could he serwved bv any

other instance of the same structure, that is any ¥/
other perceptible sequence which can be placed in a
one-one correspondence -with the given one so as to
préserve the successor relation. .This might justify
us in calling such a perception a 'formal intuition'.
We might note that the physical existence of objects
is not directly necessarv, so that we can abstract
also from that "material' factor. '

3

We have all along been considering the propositions that comprise
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mathematics as a body of knowledge. Owing, in large part, to the
greater epistemological framework within which Ként embeds his theorv
of mathematics (a framgwork that contains both a theory of meaning and
a theory of truth), the question we have been examining hqs, therefore,
not been simply: are mathematics and the propositions of mathematics
both s&nthetic and @ palonl in nature? Rather, I would fféme the

]

question more carefully: are the proofs or verifications of the

propositions of mathematics.both synthetic and known a palorl? Kant
|

has claimed that the propositions of mathematics have content and exis-
| ~
tential import, and thus anv proofs of these propositions must be syn-
thetic. The prgblem has, therefore, become a probiemvof demonstrating
how the relevanf sense of apfiority is consistent with the established
svntheticity of mathematics. But what of theblogiéist? Certainly there
exists é fﬁrther manner in which the proposiﬁion, "745=12", can be
construed. The logicist might offer a way which not only restricts
the use of synthetic set—fheoretic notions, bdt prdvides foria solution
.to the problem by émploying oﬁly formal, first-order predicate calcuius.
Take, for instance, the following schema:

(1) (<3x)7Fx & (HX)SGX & (x)~(Fx & Gx))> (Hx)lz(FX<V Gx)

g '
where (Hx)an is expanded astfollows,

(1.1 '(HX)OFX"for '~(Ix)Fx', and 61
(1.2) '(3x) Fx' for "(Ix)(Fx & (Iy) (Fv & y#x))'. :
n+1 : y, ‘n

Here, then, is a formulation of the proposition, "7+5=12'", that is not

only purely formal, but does not even require the postulation of anyv

r s T ‘
. existence axioms. Yet as Parsons points out, 'although the.schema [1]

does not imply.that the universe contains any elements or that anv
' -

.constructions can be carried out, the proof of it involves writing down
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a group of [seven] symbols representing the Fs, another such group [of
five symbols] representing the Gs, and putting them together to get
‘ ' , 62 ) T )
[twelve] symbols’. Firstly, it is not trite to assert that when
carrying out the proof, one must carry it out in time, {.¢. when one
constructs (on paper or in the imagination) the respective groups,
one carries out the operation successively, unit by unit. Whatever else
the symbols mav be they are representative of something with respect
to the proof process, and again we return to the grounding notion of the
form of inner intuition, (.¢. .time. Secondly, we encounter the notion
of symbolic construction. In the Transcendental Doctrine of Method
? . .

Kant avers that mathematics not only constructs magnitudes in geometrv,
but in algebra as well, Algebraic svmbolic construction, Kant main-
tains, abstracts completely from the properties of the object that. is
to be thought in terms of magnitude, and then chooses some sort of
notation to represent the magnitudes to be related.

Once it has adopted a notation for the general concept

of magnitudes so far as their different relations are

concerned, it exhibits in intuition, in accordance

with certain universal rules, all the various opera-

tions through which the magnitudes are produced and-

modified. When, fer instance, one magnitude is to be

divided by another, their symbols are placed together,

in acchrdance with the sign for division, and simi-

larly in the other processes; and thus in algebra bv

means of symbolic construction, just as in geometry

by means of ostensive construction ... we succeed in

arriving at results which discursive knowledge could

never have reached bv means of mere concepts (A717/

B745).

Kant's peculiar phrasing at B15-16 of "seeing" the number 12 ¢ome

into being can now be more easily explained. When one adopts a notation,

one abbreviates or represents certain concepts with svmbols, and the

constructions performed are symbolic constructions.. By manipulating the
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symbols, accoraing to certain pre-established rules, one can "see" with
certainty securing 'all inferences against error By setting each one
before ones eves' (A734/B%62). The point Kant is mgking is this: the
difference between_geometric.construction and algebraic, construction is
not.a difference,in kind. 1If one accepts that ostensive geometric proofs
are synthetic in character; as I think we must, then one must accept the

synthetic nature of symbolic algebraic proofs for the same reason. Just

as after certain constructions are performed on the given triangle used,

¥

[ . B
in the proof of Pythagoras' theorem we can "see' the steps that would

count as a proof of that theorem, after a choice of notation we can

1 (R}

see’ what would count as a proof or solution to.an algebraic equation. .

Schema (1), then, considered formally, would describe én analytic relé—
: ¢

tion, but would be contentless and devoid of determinate meaning. Once,

however, one takes it te~represent a relation among magnitudes (and the
. | " A
concept of number is, for Kant, inevitablyv tied to that of magnitude ,

it is the pure schema of magnitude), it acquires a determinate sense
and is subject to the same conditions as symbolic algebraic construc-

tion.63

If one puts thesé claims in perspective, Kant's meaning‘becomes
moré clear. For Kant, all meaning originates on.the side of the subiect,
The question of a proposition, be it mathematical or otherwise, pos-
.sessing a truth value without it having been suppyied bv the subject,
simplv does not arise. The truth value of a proﬁosition is determined
by a proof, construction, computation or verification regarding its
constituent concepts. So how dovwe know we have correctlv performed a
computation, construction, or proof? In aritﬁmetic, geometrv, ¢tc.,

we "see" it to be true. 1In other words, we must alreadv possess the



ability to recognize what w0uld count as a proorﬁ a valid construction

of a correct computation. In constructing a c

A "‘

,Bt we must already
know what would count as a proof of that concept. The connection,to

“

sensibility in construction is clear in virtye of the "setting out

before one's eves"

; the connection with the pure forms of sensibility
is clear in virtue of the abilitv to recognize what would count as a
proof or verification of what we are, in fact, "seeing'". Note that we

do not require of space that it be a particular, determinate, space

(such as Euclidean 3-space); it‘SufficeS that our representation of

space be intuitive and a pricnd.  And a similar claim may be made about *

time; but a consideration of time provides us with an added bonus,
N {

N

since time, as a pure form, conditions the successive nature of our

representations provides a model for the arithmetic notion of a suc-
cessor operation, And that notion is determinate, insofar as anv
interpretation would be isomorphic, and has & claim on -the sense of

o r.

necessity Kant requires.

vi.
‘Thus far I have argued that the construction of mathematical con-

cepts must appeal.to pure intuitiong I have not discussed at any»léngtﬁ

o>

the mechanism by which concepts are connected wlthnpure lﬂtultlon, and
thus %Wow su o&vis apDeal can bhe sucgesstullv made Vow I eartier 1lluded
to a dlStlnCtloihthat must be drawn when con51derlng pure intuition:

one must be careful to keep separate the notions of form of intuition
) . hlot

and formal intuition. Since I have already laid out much of the
. o ‘ ‘4 A - N ) ‘ oL . .
foundation for this discussiorin Chapter IV, my remarks will be bf;ef“

A form of intuition can be regarded as either a form or manner of

A -

N
- ™



order to successfully make any knowledge claims. In other words, the

intuiting, a disposition, if vou like, or as a form or essential struc-—
s . ) L : .

. o

‘ ) . , 64 . ,
ture of that which is intuited. In either case, however, being a
pure form, it is quftte indeterminate. Nevertheless, I have argued that,

for Kant, mathematics must always consider its concepts (n concreto in

»

2

objects o6f any mathematical inquiry must have a determinate structure.
In a note to B160 Kant proposes the idea of a formal intuition, an idea
that is able to connect the pure forms of intuitién a prioad with the

determinate structure of space and time demanded bv -the construction of

°
¢

concepts in mathematics.

Although this note “is attached to a discuséion of the

svnthesis of apprehension, that is, the empirical svn-
" thesis which Kant contends is involved in sense per-

ception, it is intended to explicate the claim made in

126

the text that space and time are not only a pacorl ° .

forms of intuition but are themselves a paloi( intui-
tions with a manifold, or content, of their own. )

Allison calls this formal intuition a "hybrid' which requires both the '

form of intuition and a concept bv.means of which this form_ is deter-

mined in a particular fashion. Now, if the forms of intuition must
somehow condition or model what is "reallv'" possible, and therefore
what is mathematicallv constructible, in order for Kant's ‘arguments re-

garding the syntheticitv and aprioritv of mathematics to go through,
theﬁ’the’mathematician must have some way of rdpresenting this form in

Fl

a determinate sense such that the concepts he constructs will correspond

\

'

- W ) ' ’ . - - A PR . s
to what is "reallv" possible. But if a formal fntuition is involved

e

whenever a mathematical concepc‘&s constructed, then ‘the concepnt must

"conform” to what is "reallyv'" possible since the construction, itself,

will in effect determine ‘the limits of "real' pbssi@ilicy.' There re-

w

mains, then, cnly an examipation of how this is the case.

.',/",

.



The claim is this: the constructions of mathematical concepts
define thelr own limit of possibility and supply‘tﬁeif own content in
virtue of the construction process, itself. A mathematical judgment or
proposition has meahing if one can, through aiproof process, supply a
truth value for the proposition. ﬁut the proof process, itself, involves
a mathematical conéf?uction without Jhich the proposition and its con-
stituent concepts would have no content (and thus no ﬁeaning). Consider,
for example, the construction of the concept of triangle. I suggest
that when one constructs the concept one does so in a two—fold manner.
The preliminary coustruction gives thevconakpt of triangle a meaning
with a sort of quasi-content. This is to gay that one can analvtically

-

or discursively derive certain things immediatelv from the construction

(such as three angles, the fact that the triangle is a figure,etc.).

The concept triangle "contains' within it at leastlthis much informa-

ﬁion. A concept, Kant savs, is 'alwavs as regards its form, something 4
universal whic# serves as a rule' (Al06). YNow, if a concept functions

as a rule for the understanding, one should be able to ''read" something

out of the rule discursivgiy. But this requires avjudgment;‘and all _
judgments, bv definition, require some sort.of content-—~even analxtic
judgments. The content requiréd in order to make.an analytic judgment,

I call qua;i—content. In terms of méthematics, one might also .hold that :
this is the formation of a preliminary definition ot thé object of which
the concept is predicated. To make determinate judgments, however, id

to give the concept é fullv constituted content. Bv this, I take it,

the concept serves as a rule for a determinate represéntation in space

and time. And this, in the final analvsis, will provide for a complete

definition. For example, the judgment or proposition that the interior
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angﬁ@s of a triangle equal two right angles, or have a defect greater
o -0 )
than 07, or have an excess greater than 0, requires the construction
of a proof in order to give it truth and meaning. But this, in turn,
’g L
requires that the initial concept of triangle be given a determinate

structure. Hence the very act of judging gives the concept its content,

To even make the judgment, "This is a triangle", selects, because of the

demonstrative, a particular triangle, withéL particular spatial strgzl

. s
ture from which various other prapositions can be svntheticallv derived

~

and proven a »A(0t(. To take an arithmetic example makes the point even
more perspicuous. The construction of the concept of "one'" is, in face,
the basal intuition of math®matics without which the number series
could not be generated at all. To construct a concept of, sav, the
number five means to actually generate the number five.. In this case
the verv meaning of the concept is given by its method of construction.
The construction of the concept of the number five, constructs, at the
same time, its own content. The construction is thus svnthetic, and
in* virtue of the necessity involved in the method of construction, is
atso @ pricti.’ The construction of anv mathematical concept, then,

A N
defines its own limits of possibilitv in virtue of its method of con-

[ ’ .

struction, and supplies its own content in virtue qf the process of
proof it must undergo in making anV determinate judgments. This entire
process is a s¥nthetic and necessarv one. Hence it is possible to

demonstrate that judgments inwma£¥ematic§ are synjhetic and known @

Lo,
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concerning the svnthetic a pPALoAL is inextricably embedded ‘within his

: A

i CONCLUSION
& CONCLUSION

& . R '\\>‘

I have herein endeavoured to’deféndDKant's poSitionfthat the pro-

y

-

N M s ) L ". ) .
positions of mathematics are synthetic and known a p/ost. Té this end

I have, in the first place, attempted to select those parts of Kant's

'general epistemology that pertdin specifically to the issue of the syn-

thetic @ prlonl in mathematics. I then offer, in the form of a four
f‘;y‘ r"/‘ ‘ . | ~ R -
st%gé‘argument, my defence proper.. I have, in the' course of my defence,
’ v

triedy in most cases, .tc maintain the spirit of Kantianism'as much as

/ _ ‘ .
poséib}g, This seems to me to be of cmucial importance, and is perhaps
SN .

a ppint-not well observed by many of Kant's commentators or critics.

Kant's philosophy, Kant's system, is an architec%bnic. And his thesis

-

‘epistemology, his critical idealism. Hence, to defend Kant, while nQt

maintaining the spirit .of his philosgphy, runs the great risk of serious-

ly affecting other parts of his system, pnerhaps with d%saéterous con-
sequences. And that runs-:the risk of bringing the whole edifice down,

i

and taking with it the thesis of the synthetic a picotc. This is no-
where more evident than in attempting to defend Kant against the more

contemporaryv philosophical objections of, say, the logicists (Kant is

~more than capable of handling the objections of his own copntemporaries,

One must be careful here. T?e\ngances in logic; mathematics, science

.

M%nd, indeed'philosophy, since the time of the‘Qriting of the First

Critique (in particular, since the time of‘Fregé and RussélI“in whom,

. ! 4 . | .
quite arguably, one can find the gemesis of the logicist enterprise),

129
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demand responses to questions Kant could not haye foreseen."SOme re-
constructions, such as that nf Hintikka, respond to objecnionsbby
vdi&orcing those elements of contention in Kant's philosonny from nis
theory of mathematics in orden to salvage his pdsition. I(am ﬁhinking,
here, of Hintikka's attempﬁ to sever intuition ffom sensibility. This
attempt, howenef interesting it may be in its own right, is a mistake
with‘respect fo'Kanﬁ's philosophy as a wholé. I hane, therefore, at-
ktempted a reconstruction that is faitnful_tb, or ;ompatible with, the
éjbr tenets. of Kant's general epistemology and critical idealism.

sThe first issué that is of-opncern'is the‘bnssibility of drawing
the distinction benneen analytic.and synthetic judgments to begin with.

. Kant's remarks on this matter, ig the Critique of Pure Reason, are

o

brief, "somewhat metaphorical and open to interpretation (or misinter-
pretation). 1 feel, however, in response to various critics, such as

L ,,s,l' . . ,
Eberhard and Maass, Kant makes his pbgition clear. The determination of

the svntheticity of a judgment revolves around the question of content.. fﬂ
Synthetic judgments have content; they have existential import and, as .

such, are at least subject to, and perhaps themselves establish, the

limits of ''realpossibility. Analytic judgments, on the other hand,
are invariant with respect to content. Prima facia, this seems to

~

undercut the logicist's objections by rendering the determination of a
distinction between analytic and svnthetic judgments subjeét to the

g . & 5 ég,
rules of transcendental, rather than general, logic. This therefore -

[

makes the distinction an epistemological or phenomenological one,

rather than purely logical. But this seems to imply that there is

. . . . . . . &
nothing to distinguish,or that analvtic judgments are, in some manner,

v

a mere subset of synthetic judgments. Kant, however, wishes the dis-

©



tinction<to be formal. I have argued that, in order to acdomplish this,
Kant must aliow for the functioning gf the understanding at the .level of
intuition. He will then be able to permit the predicating of cohcep;s

in mathehatical judgments of a subject COnceétual complex containing both
intuitive and Conceptuél components. The intuitive compotent would
provide for ﬁh; content of judément thch determines syntheticit?;’the
conceptual component permits thé relationship éf identity (in the

Kantian sense) to hold between the subject and predicate coqcepts iﬁ
detg;mining analyticity. That,‘however, éan only comé ébOug if a notion

~

of intuition adequate to the task is provided.

In the second stage of my defence, I thus address the Kantian notion
of intuition directly. I examine how one's knowledge claims depend . upon

two fundamental sources: that of receiving impression or representations

v

realized in intuition, and that of the spontaneous power of knowing the

object through these representations realized in the predicating of
cdncepts. After laving out some of the problems that arise in Kant's
theory of knowledge when considering the Two World's Dichotomy, I turn

3

to the notion of figurative%synthesis. Here the facultv of the under-

standing can be seen to be operating, in some fashion, at the level of

* j . . ) ‘ .~
intuition. My intention, at this stage, is not to solve all of the
problems inherent, or claimed to be inherent, in Kant's epistemology,
but to provide a coherent and adeqy#ite account of how knowledge of

: R :

mathematical objects is possible. Now, although the figurative synthesis
will resolve some of the puzzles implicit in the Two World's Dichotomy,
of critical importance is the petmission‘it grants to the possibility of

drawing a formal distinction between analytic and synthetic judgments.
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Moreover, the account of intuition, in general, will provide for a sense

of "content" in judgments while reinforcing\the connection between, in-

Q

tuition and sensibility.
Kant asserts that the propositions of mathematics are synthetic in

nature and known & pnioait Although more must be said about syntheti-

city, and what it means for a judgment or proposition to have content,

o A . .
one should also have a sense of what it me@dns for a judgment or pro-
N . B

position to be known a pilonl. For Kant;'apriority is roughly eﬁuiva—
lent to universality and‘necessity. For haﬁhematical judgments to be
known & pALoAl thus means something much stronger than their being only
’logiéaLly necessary. Pure'inpuitionngant claims; provides for tbis
sense of.apriority and guarantees'thé objective validity of mathematical
judgments in their application. Sﬁage three:of my defence ghus com-

P 4 :
prisesvan account of pure intuition and the_pufe formé of sensibility:
space and time. In the.Axiomslof Intuitions and Anticipations of Pef—
ception, Kant argﬁes that thg sxgthesis wherebv extensivg aﬁd intensivé
magnitudes are generated'is(thé very.same synthesis whereby’space and
time, in general, are determined. ﬁénce, to‘feoreseht’éomething as an~'
extensiyé or intensive magnitude is to represént'it as an object of
'gxperienbe. NYow measurement presupposes an extensive magnitude which
can be measured.  Thus measurability presupposes the Axioms. And the
~Axioms are the priﬁcipies that ground‘the possibility of mathematical
judgments within a possible experiential framework. But the metric,
Kant argues, is brought to space and time by the~und§;standing. The
question, here} is upon what basis he can ground this argument? .One
‘method of approéch is to demonstrate the objective val&di:v of space

and time. And Kant has an argument that putatively establishes
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precisely this; the Metaphy;ical Expositidns of Space’and Time. Ivthus
»uﬁééftake an examination of the Metaphysical Expositions, Expositions
: : s’ o o
~which, it has béen:claimed; have been decisively refutéd. I hold)
however, that they do contain a kernel of solid,. valid argumentation.
'I>érgue that not only-does Kant have a strong case for takiﬁg our .
re;reéentations of space and time as intuitive in character, but that
there is a clear sense in which space end time ;re representatlons which
underlle our fepresentatlons of oute; éénse (of numérically dlStlnCt
objects) and inner sense (of successive or éimultaneous events)., I
further érgue that the Metaphvsical Expositions and the argument from:
IncongrueHC'C6unterparts are consonant with at least sbme ndﬁién of
substan;ival space and timé (or spacetime). This lavs open a path to
an acéOunt of formal intuition,‘an account which permits the particu-
larity'aﬁd determinatgness of space and time at oﬁé lével, wHigh is,
in turn, grounded-in‘the universality énd necessity of the forms of
in;uitio? gt a transcendental level,
The final stage of my defence pulls together all the pleces brought
. Q
to the fore in the previous chapters when I deal with the, problem of
concept constructlon in matgematlcs, itself. :I first explore the two
‘main iines of arggmentation tha%{pufport:to defend Kant's assertion that
' T ' oy ) . .
the propositions of mathematics are synthetic and known a palond.

Brittan, whom I take as paradigmatic of one line, maintains that mathe- \
R . : _ .

N~
f

matics caﬁ be redubed to logic plus some set thepry; This éet theorv
contains existence axloms which aré,_indeea, synthetié.. Hence, mathe-
maticé proceeds analytically (and thus necessarily), but is syntheFic~
in virtue of its‘axioms'or primitive propdsitions. Hintikka, whom I

take as paradigmatic of the other major line of argumentation, permits
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a reduction of mathematics to logic; but argues that syntheticity acérues
in virtue of the logical rule of existential instantiation. 1 find both
lines to fail‘for.various reasons., Brittan claims that the synthet1c1tv
of the prop081tlons of mathematlcs is a feature of the propos1t10ns
themselves, and not the way in whlch they come to be established. I
argue, rather, that syntheticity.is obtained in and through the proof
prdcess itself._ Hintikka maintains that the notion of intuition should
be separated from synthéticity; I argﬁepthét that cannbtwbe the tase

\

when viewing Kant's epistemology in general. In addition, for Hintikka,
.only. those mathematlcal proofs that avail themselves of the natural
deductlon rule of existential instantiation are svnthetlc Kant, I

believe, is quite clear"on the matter. Anv mathematical proposition,

. ~ . ' .
derived through some proof process, is:svnthetic. Moreover, the recon-

i
-

structions of bath Brittan and Hintikka fail for a similar reason:
neithet can ,successfully account. for thgﬁsense of necessitv, and thus
apriority, tﬁat Kantbrequires; C:e. neither provideg for the transcen-
dental conditions of necessity that Kant glgi@s must hold. There ig,
however, mutﬁ merit to be garnered from both reconstructions. Synthetic
propositions have content, existential import.\‘This means that the
propositions of mathematics must conform té the limits of '"reald' pos--
sibility (if the proof pfocess, itself, does not prescribe thése limits).
Now it is arguable that something is "really" possibie just in case it
is objectively real. 1It.is also quite arguable that objective reality
: . .
can be connected with a notion of ﬁeaningfulness. But one way to sav a
propos%tion of mathematics is meaniﬁgful is to say it has a'truth value.
So, if something is meaningful just in case it is "really" possible, what

is it that determines the Ymits of "real" possibility? 1In mathematics,
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I take it, that to show something is "really" possible is to provide for
the poésibility of a "really" possible consfrucfion of that object.
And this is simply Eﬁe ﬁroviding of a proof, or providing for, in prin-

“ % . ' .
ciple, a proof of the object in question;v (For that wﬂich is not
"really" pqssible, one would provide a refutation.) The question
remains, thbuéh: what kind of proof? I argue thaf, for’Kant, the

. AN ,
" proof must be constructive.’ Hence, if Kant can be considered, in some
wayé, a vérificationist, andlif mathematical propositions must contain
an intuitive componént (insdfar as mathematicgl propésitiﬁns must be
represented Lt conenreto in.order for any.successful knowledge claims to
be made), the notion of truth as éentral to a theory of méaning is sup-
planted by the, somewhat verification%st,’notion of proof."This, in
tq?n, implies a tensed notion of- truth that is cpnsonantrwith Kanf's
philosophy as‘a whole, and brihgs into relief the importance of time
aé a form;éf sénsibility. I argue tha& time, as a puré form, conditions
the Suécessivetnature of our representations and provides a mogel fo}
<

the logicist's arithmetic\conceoﬁion of a Successor'operation.; Thus,
also; do. the forms of intuiﬁion c&;dicion what ié "reall?" possible.
And if a ﬁormal intuigion is involved‘whenever a mathematical concept
is constructed, then the concept must conform to what is "really" pos-
sible. But theuproof prqcéss, itself, involves a mathematical construé— \\\
tion without which the propesition, and its constituent concepts, would
have‘no content. Thus the very act of prbving a mathematical proposi-
tion g;ves content ‘to the conétituent concepts in the judgment, and so
supplies synthéticity} kBut in virtue of the method of construction,‘
the necessity ipvoived in the‘rﬁles of construction and_the appeallto

pure intui%}on, apriority is also supplied. It is in this sense, then,
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that I offer my defence of the syntheticity and apriority of mathemati-

cal judémenté in Kapt's theory of mathematics.

r



Notes to Chapter II:

1. Frege, Guundlagen, p. 17.

2. Although Kripke, for example, has argued that there are proposi-
tions that, even though known a posterlofi, are vet necessary.
The Kripkean propbsal, however, is somewhat different than that
of Kant. 1In. the first place, he distinguishes between the epis—-
temological notions of that which isgknown a prlonl or a pos-
ternlorl and the metaphvsical notions of necessity and contin-
gencv. And it is not at all clear whether Kant would have coun-
tenanced such a distinction. Secondly, Kripke, himself, phrases
the problem as a problem involving how contingent identitv state-
ments are possible. He then argues for the existence of a set
of sentences which are identity statements that are true neces-

rily but only known to be true a postenicil. Kant, on the
other hand, is more inclined tao identifv necessitv with @ wrlord
knowledge. Hence the sense of necessity to whigh‘the two philo-
sophers refer is quite different. Kant, in facty. refers to the
transcendental conditions'of ﬁece5sity. These are..conditions tharc,
though they include logical necessity, are much wider in scope
(a position I hope to make clear in Chapter V). Thus, although
I do not wish to denigrate, in anv way, the arguments; Kripke
proffers in the area, the issues Kripke addresses are not the
same issues Kant envisages. Hence, however interesting Kripke's
analysis of contingent identity statements mav be, it is not
particularlyv pertinent to Kant's philosophy of mathematics.

.

3. I shall follow common practice in identifving quotations from
the Critique of Pure Reason bv referring to the standard First
and Second Edition pag1nac1on All referenges to the Critique .
of Pure Reason are 1ncluded\1n the text and follow Vorman Kemp. .
.Smlth s translation. / ‘

P

Quine, '"Two Dogmas of Empiricism,”" From a Looical Point of View,
p. 21. There also exists in the lLterature on “the sub]ect some
discussion of the correct translation of L&fﬁﬂ@cen , . a word
which Kemp Smich renders as "contains' (for example, see Lucev
and Palmer in the Ahten des 4. Igtornaticnalen Kant-Kongresses,
1974; the major point raiséd he eems to concern the spatial

or non-spatial senses of containment). These dicussions, however,
do,not, I helieve, significantly alter the thrgst of the argu—
ment to follow. ~

=~

5. Carver, ""Analwvticitv and Grammar,' Kant Studies Todav, pp. 247-48.

6. Frege, Guundfagen, p. 99ffF. o

7. Existential judgments are not a problem for Kant; thev are svnthetic.
I suppose existential judgments of the sort, 'Unicorns do not exist”
or "Horses exist', superficiallv pose a puzzle in virtue of the
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10.

11.

16.
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. subject~predicate distinction. Kant certainly holds that "being" is

not a real predicate; for Frege existence is not an ordinary predi-
cate, but rather a concept of the seceond order. But as I shall
argue, Kant is not locked into the subject-predicate form in dis-
tinguishing between analytic and synthetic judgments.

Thus any alleged logical truth, such as '"p vep', can be said to

be analytic. Moreover, sentences such as '"No unlearned man is
learwed", represent an instance of the schema (x) (“Fx2~Fx) which
is, of course, truth-functionally true. This I suppose, though,
still dces not gainsay Quine--for he would demand clarification of
the Kantian notion of self-contradictoriness. But it does extend
the scope of what is to count as analytic from Kant's initial for-
mulation in the Introduction. Note also that I use the terms ’
"proposition' and "judgment' as virtuallv svnonomous. I recognize
that Kant, in general, speaks of "judgments" rather than "proposi--
tions", and that there exists some literature (Garver, for example)
on the subject that advocates the necessitv of keeping the distinc-
tion clear. However, for Kant judgments do not actuallv represent
the act of judging but rather that which is judged (Kant's account
of judgment at A68-69/B93-94 makes this quite clear), and hence,

I believe, little is lost with respect to my exposition in using
the terms more or less interchangeably.

Kant, Logic, para. 37, o. 118,
Kant, Logic, para. 36. pp. 117-18.
Kant, Logic, para. 37, p. 118.

Beck, ""Can Kanf@‘Synthetic Judgments Be Made Analytic?" Studies in
the Philosophv of Kant, po. 74-76.

Frege, Grundlagen, n. 99.
Russell points out that Xant ' never doubted for a moment that
the propositions of logic are analvtic, whereas he rightlv perceived
that those of mathematics are svnthetic. It has since appeared

that logic is just as svathetic as all other kinds of truth'
(Principles of Mathematics, p. 457).

Kant, Prolegomena, para. 2, o. L4,
The notion of "content' I shall leave at this point, somewhat vague.
Some  philosophers, such as Hintikka, would simplv identifv the
content of mathematical judgments with the introduction of new free
variables (which would seem to closely parallel the natural deduc-
tion rule of existential instantiation); I, however, feel that anv
explanation of "content' must #nvolve, in a crucial wayv, some notion
of intuition. The critical point to note is that analvtic judgments
are invariant of possible experience, are true across all possible
worlds, if vou like; svnthetic judgments are subject to the con-
straints of possible experience, are true in only "reallv" possible



17.

18.

19.

)
worlds. I shall later argue (Chapter V) that the content of a
mathematical concept, and thus its meaning, is inexorably tied
to the process by which the concept is constructed. And there I
shall endeavour to show how this constructive process ip mathe-
matics describes those worlds that are really possible

Fyef&g)bnundﬂagey p. 3. . ~

On this baSlb, Eberhard goes on to criticize Kant's Lrltltdl
idealism insofar as the very possibility of what Kant construes
to be synthetic judgments a prloil or a posteriotl( in fact pre-
supposes a reference to things as they are in themselvés (a p01nt
which Kant would, of course, strongly denvy).

Kant, On a Discoverv, [229] (in Allison's The Kant-Eberhard Con-
troversv, p. 141).

Kant, On a Diécovery, [231] (im Allison's The Kant~Eberhard Con=
troversv, p. 143). ’

Kant, On a Discovery, [194] (in Allison's The Kant-Eberhard Con-
troversy, p. 113). b

Allison, The Kant-Eberhard Controversy, p. 56.

There is a sense, for example, in which one might maintain that,
for Kant, one must be able to decide upon a criterion of svn-
theticity prior to making anv claims about analvticitv. All know-
lege must begih with 4 svnthesis; and this svnthesis is a negessarv
condition for the possibility of experience. It is that prior syn-
thesis which confers meaning--even with respect to analytic judg-
ments. Kant, himself, savs that with regard to content no concepts
can first arise bv wav of analy51s 'Svnthesis of a manifold (be
it given empiricallv or a wlgrd) is what first gives rise to know-
ledge' (A77/B103). Though this knowledge may be crude and confused
(and so mav require analvsis) it is in virtue of stnthesis that the
elements necessary for knowledge are first combined to produce "a
certair” content."” TIn any event, to emphasize this aspect of syn-
thesis (as Allison does) seems quite inconsistent with the position
Kant lavs out earlier in the First Critique with respect .to the-
analytic/svnthetic distinction. I suggest, rather, one should view
this issue.fYom the perspective of epistemological justification,

“while atcémptlnx to keep the abilitv to draw the distinction at a

purelv tormal Jlevel.

a_jw.

And T shall argue, in Chapter III, that the notion of figurative
synthesis provides for this verv activitv, <.¢. the functioning of
the understanding at the level of -intuition.

g~
I~

Allison, The Kant-Eberhard Controversv, b.
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Beck, "Can Kant's Svnthetic Judgments Be Made Analvtic,' Studies in
the Philosophy of Kant, ». 78.



27.

29.

30.

31.

33.

34,

35.

Kant, Logic, para. 106, p. l44.

¥

For an extended discussion and a reasonably complete categorization

of analytic, svnthetic, real and nominal definitions, ste Beck's
"Kant's Theory of Definition,” anthologized in.Studies in the
PhMilosophy of Kant. Beck also argues that.nowhere does Kant base
even analvtic judgments upon definitions.’

a

-

Frege was quite concerned that the notion of Lntultxan be kept
separate from any mathematlcal inquiry grounded on pure logic. He
maintained that Kant had 'no altérnative but to invoke a pure in-
tuition as the ultimate ground' (Ghundﬁagen, p. 18). Russell's
view, at one time, was that the reduction of mathematics to logic
rendered any notion of intuition in mathematics otiose: 'thanks

to the progress of Symbolic Logic, especially as treated by Profes-
sor Peano, this part of the Kantian philosophy is now capable of a
final and irrevocable refutation' (Principles of Mgthematics,

p. 4). 1If we take the argument from content seriously, however,

then mathematical reasoning is not merely formal. One constructs
mathematical concepts (in intuition); mathematics has content,
existential import. It seems to me that some notion of pure in-
tuition is necessary; and insofar as this .is-.the case I agree with
Kant:; but I do not feel that the full-blown critical- idealism of
the Transcendental Aesthetic is either warranted or necessary (and
so, in some sense, I svmpathize with Frege). YNevertheless, 1 shall
let the issue remain open until Chapter IV. 5

Frege, Guundfagen, p. 100.

"

Beck, '"Can Kant's Svnthetic Judgments Be Made .Analvtic,
the Philosophv of Kant, p. 77. ‘

. . (€
Werkmeister, Kant, The Architectonic and Development of His

Philosophy, pp. 19-20.

Beck, '"Can Kant's Svnthetic Judgments Be Made Analvtic,
the Philosophv of Kant, p. 34.

"

Frege, Grundfagen, ». 100.

Studies in

Studies in
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There does exist a question of how complete the concept actuallv 1is.

Lakatos, for evample, would undoubtedlv object that one cannot
alwavs be certain one has captured what one wishes to capture 1in
anv given definition (his presentation of the different positions$
held with respect to the proofs'of Euler's conjecture bear this
out): but even he, I suspect, would admit that once a set of sen-
tences or propositions has been axiomatized, then the given concept
with respect to that set of sentences or propositions is pellucid.

To the contraryv, Kant's program has all along been to delimit the
realm wherein knowledge claims can be justifiably asserted (in this
area Kant's enterprise is intimately involved with justification
and Frege's comments seem amiss). Frege argues (Grundlagen, p.
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38.

39.
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101 ff.) that, since knowledge claims for Kant require concepts
and intuition as necessary ingrgdients, no intuitjon would give
us nought, or one, or infinitelv manv objects (to be. fair to both
Frege and Kant, Frege realizes that Kant assuredly uses the word
"object" in a different sense than he). But of course Kant will
deny the possibility of any meaningful sentences being asserted
about completed infinite totalities (the Antinomies of Pure Reason
attest to this fact). Kant would argue that such considerations
regarding infinities would lead to contradiction; the least one
could argue would be that these infinities would lack significant
meaning. As far as zero and one are concerned, t attér can
come about through the concept of unity described in the Analvtic
of concepts as a necessary precondition for the possibilityv of
experience. The former presents a more difficult problem and is

"not specifically addressed, to my knowledge, by Kant. 1In the

Anticipations, and in a different context, Kant speaks in a

rather unedifving fashion of zero being the negation of reality.
The prob}em though, I suspect, is not insuperable. &n the Antici-
pations he also speaks of '"absence' and, perhaps equating nought
with the experiential perception of "lack" represents a possible
solution. In any event, if Kant's nrogram goes .through, both the g
conventionalist and logicist positions will be undercut. Hilbert, ™%

even though it turned out his enterprise failed, frames it well.y,
'

[Material logical deduction] deceives us onlv when we form
arbitrary abstract definitions, especiallv from those which
involve infinitelv manv objects. In such cases we have il-
legitimatelv used material logical deduction, (.¢. we have
not paid sufficient attention to the preconditions negessarv
for its valid use. 1In recognizing that there dre such pre-
conditions that must be taken into account we find outselves
in agreement with the philosophers, notablv with Kant. o
Kant taught--and it is an integral part of his doctrine--
that mathematics treats a subject matter which is given
indevendently of logic. Mathematics, therefore, can

never be grounded solely on logic. Consequently, Frege's

and Dedekind's attempts to so.ground it were doomed to
failure ("On the Infinite." Philosophv of Mathematics,

p. 142).

RS

’

Schulze, "Schulze's Review,' [409] (in Allison's The Kant-Eberhard

Controversv, p. 175).

: 3

As,- for example, does Brittan in his Kant's Theorv of Science. I
am aware, as 1s Brittan, that this places the emphasis on ontology
rather than epistemology. Like Brittan, I feel that little is lost
in such a reformulation (indeed, much is gained in both ease of
explication and clarity) as long as one dees not lose sight of the
fact that. Kant's program is fundamentallv epistemological; unlike
Brittan I prefer the epistemological approach whenever wossible
since the onotological approach tends to stress somewhat different
problems than Kant was addressing.

Brittan, Kant's Theory of Science, pp. 26-27.
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Although the bCEPtlLal ‘problem of the ﬂb%ﬁlblllty df an Khy wledge
at all is an {ssue that warrants some 3gsppnbe, sﬁa,i not do sp
directly in the course of my arguments, n dnf LdSE “Af ng qu
resolve some of the problems that plag the. Trantcéndent&lﬁﬂedut-
tion of the Categories, then thg Dedu g;on daoes, T bellevé,<go. b
through. And that, of course, woulgd ﬂcs&kﬁ he a refptatlon g;¢
most of the sceptic's argumenrb AT e o B
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More precisely, judgment is acfu&ilv thé mediate knowledge bf an
object; it 'is the representatlog mf a representation of an obg ect

(A68/B93). I o ¥z

¢ ? e
Pippin, Kant's Theorv of Form, p. 47ff. ‘ -
This avenue seems to be a favourite of many commentators.,q@f is,

however, I think at best inadequate. Nevertheless, the "'pétspec-
tival argument' is quite instructive and makes clear several dis-
tinctions required for the 1ayefq§\3ynthesis I propose.
\ Y
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Allison, in "Kant's Concept of the Transcendental Object,

correctly maintains that the transcendeqtal distinction

appearances and things—in-themselves Lb the result of #
order analvsis of the necessarv Londltlmns of thelr S
However, he goes on to assert that- smr;e Sppearans ¥
cally real, one c¢gn affirm that o g5 immedi e ot real
spatio-temporal ects. It is onlv whan vid¥ed %transcendentallv
that these empiricaglv real things are seem'é51@;y as representa-
tions that, themsel®es, must have an'object. And this seems to
lie in the main avenue of approach which I earlier adumbrated.
Nevertheless, the strength of Alllson S expo<1tlon resides in hi's
account of the transzendentale Genens tand and-its 'relatiop to
appearance and the thing-in-itself--a relation that is critical
to any attempt to resolve the problem of Kant's Two Worlds
DthOtOmV :

44

Westphal, '"In Defense of the Thing In Ttself," Kant-Stufien 59,
p. 119. : )

This I also take tp be a species of the Hegellan crLtlplsm (a sort
of meta-meta-criticism) of now, or under what LOHdlClOﬂS Kant's
critical philoscphyv is possible. Thus, it <is at least logically

possible that any resoluticn obtained might serve as an answer to

the Hegelian problem as well.

Perhaps this can be interpreted too stongly. Intellectual intuition,
of course, must still be ruled out; but rhere has to be some coherent
wav of speaking of the unitv of the manifold prior to the constitu-
tion of the empirical object, prior even to the svnthesis of recog-
nition in a concept; the manifold must have, at least, the potential
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to be unified in a manner that is not entirely arbitrary. Kant,
himself, offers the vague formulation of the affinity of the
manifold.

-

Pippin, Kant's Theorv of Form, p. 46.

. ? :
It is apguable that the adjective "human" unnecessarily limits

what Kant thaught he had shown-~though whether he’ actually demon-
strated more 1s moot. i

With respect to the Transcendental Aesthetic, it seems -to me that
without the pure forms of intuition of space and time, Kant cannot
hope to uphold his uniqueness thesis for human experience. - It alséd
seems to me that Kant repeatedly assumes that the conclusions of

the Metaphysical Deduction have already been adequately demonstrated
(this is explicit at B159, for 1nstance3 Now I shall not herein
argue for the necessity of the Metaphysical Deduction in the con-
struction of the Transcendental Deduction (Horstmann's article

""he Metaphysical Deduction in Kant' $ Critique of Pure Reason,

ma-es -some interesting points); but by analogy I ask: how much

doss Kant .really prove in ‘the Transcendental Exposition of space

anZ time w1thout granting the valldlty of the Metaphvsical Exposl—

ti ns?

Allison, "Kant 's Concept of the Transcendental Object," Kant-
Studien 59, p. 178.

Mever, "Why Did Kant Write Two Versions of the Transcendental Deduc-
tlon of the Categories?" Synthese 47, pp. 373-74.

Perhaps ”presented” is more correct here, but the there exists
some'controversy as to the correct English rendering of

"Vorstellung". In any case, I do not believe that the controversy
affects my drgument to anv significant extent. SR . .

‘

5 o : . ) .
George, "Kapt: Sensationism," Svathese 47, makes this point.

George's, suggestion does not appear to have much textual support.
However, it does seem that his interpretation of '"manifold of
intuition" is of great merit. Whether Kant reallv intended
"manifold of an intuition" or '"manifold of the intuition', he 5

clearly should have. )
!
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Notes to Chapter IV:- ’ ‘ \
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. ) : \ : :
1. _There are innumerable works by commentators such as Brittan, Broad,

Cassirer and Walsh who argue there is not such inconsistency pre-
sent, There do exist many lines of defence. 1In the Aesthetic, for
example, Kant asserts that since intuitions are sensible it makes
sense to ask for their spatial and temporal properties. In the
Axioms, at least, Kant speaks of the imposition of a metric upon
space and time. Thus it is no wonder that one can pick up on-
isolated phrases here and there and claim inconsistencv. - Kant's
intent, what he purports to demdnstrate, in the Aesthetic and
Analytic of principles is quite different; and this is reflected
in his manner of argumentation and approach. To argue for in-
consistency on such a basis is, minimallv, to commit a category

mistake.
2. Moreover, it would appear more faithful to interpret the notion of
: figurative synthesis, itself, with what Kant would call a formal
intuition. ' :
3. In point of fact, the bulk of my initial discussion will be'directed

~towards Kant's arguments regarding space and not those, except
cursorily, regarding time. It would, I suppose, be somewhat trite,
though not perhaps incorrect, to maintain that Kant's arguments for
the intuitive and a prl0nl nature of space are the same with res-
pect to time (especially in the Metaphysical Expositions) and are
but mere variationg of 'a theme. Hence what one could confidently
assert of spacg, one could also confidently assert of time (taking
into account, @% course, their respective fealms);O On the other

. Hand, there is a sense in which time can be considered the more
primitive of the pair,. and thus, perhaps should be treated with
more fespect.\ However, since many of the arguments concerning
time are almost word for word transposed, I shall content myself
with highlighting important points or .differences. ‘

4. “In Brittan's Kant's Theory of Science, ch. 4, pp. 90-116.

- ' ’ . s . 5
5. It is clear that if the object to which we are referring is the

Objekt, then the object is a logical comstruct conforming togthe
-requirements of thought. If, following ‘the A-edititn Deduction,
the object is the transzendental Gegenstand, then one is refetring
to a possible object of experience which is the ground of that
which appears. If, following the B-edition Deduction,  the object

is spoken of-as merely given, then I have argued tha# the roje of. " ~

figurative ‘'synthesis provides for the functioninggdtithe under-

standing at the intuitive level. , . L4
6. ‘In the A-edition this svnthesis is inseparablv bound to that svn-

thesis of representation in imagination, and,:-in terms of know-
ledge claims, to the svnthesis of recognition in a concept. It is
the first svnthesis, however, that is crucial here since it 1is

144

s

R



10.

1.

representative of the rationalist (dogmatist) and realist camps, N
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there that the spatio—temporal field 1is provided.

v

¢

I recognize that this might depend, in turn, upon how much one
thinks the Transcendental Deduction of the Categories has proven,
and how much the Deduction depends upon the results of the Trans-
cendental Aesthetic. My own opinion is that Kant's only chance

at establishing his uniqueness thesis is to draw heavily from the
Aesthetic. This is not to gainsay the validity of the Deduction;
if one rejects the Aesthetic, it can more or less stand alone, but

- the less sald about the Aesthetic the .more tr%vial, I think, the

Deduction becomes. Hence I question the force of the Axioms with-
out some adequate notion of space and time,

Brittan,‘Kant's Theory of Science, p. 113.

35 T .(

’@

In particular, Kant directs his attack against Lelbnlz an3 miw&ua
a lesser extent against Newton; but taking them to be som #mégﬁp DA

his attack serves a more general purpose. Note that if Kant's
arguments hold they will also hold, with perhaps some amelioration,
against the more contemporary views of, say, Reichenbach or Eins-
teinian relativity. Only quantum physics seems to posevproblems
requiring an entirely different line of argumentation.

These arouments are varlouslv found in perhaps somewhat different
forms in the Critique of Pure Reason the Inaugural Dissertation

and the Prolegomena ) @w

oy .
‘.‘% respect to time, MEt-1 and MEt-2
zing time is a palonl; MEt-4 and
me is not discursive and lies in

The correspondlng argu
show that our manner
MEt-5 show our knay,
intuition.

Pippin, Kant's Theorv®r#form, p. 60. Pippin's perspective seems
to square well with the interpretation of the Axioms already con-

'“gidered. To represent numerically distinct regions of space is
to-dete¥mine space or objects with respect to space. In other

words, it sets the foundations for the imposition of a metric that
Kant will claim are mind imposed. At the onset, however, one
point should be noted well. There appears to be some tradition
that affirms Kant's proqram to be settlng out a series of D051t10ns
sav, P, ¢, ‘1 (where » represents Newtons's claims, ¢ represents
Leibniz, and 1 represents trancendental 1dealism) arguing for not
-P and not-¢, and then by disjunctive syllogism asserting #.
Clearly, part of the Kantian enterprise is to argue against Newton
and Leibniz; but just as clearly he does not offer transcendental
idealism as a ''what else' solution. The transcendental ideality
of space and time is a critical part of his program, and both
negative and posrtlve arguments»are proffered. Kant, himself,
maintains that an "expositicn' is “not necessarily an exhaustlve'
account, but rather a clear representatlvn of what belongs to a
concept' (A23/B38).

i3y
o
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In MEt-1 the question is how I refer to some thing(s) as existing
simul taneously or successively.

< ,
Actually, I believe that one can argue for some sense of the
spatiality and temporality of the manifold in terms of what one
might call "spreadoutness', though this w1ll be touched on again
with reference to "formal intuition"

Strawson, The Bounds of Sense, p. 59. 1In regard to this capacity
being innate, Kant maintains, in On a Discovery [221-22], that it
is only the ground in the subject that makes possible the rep-
resentation of space in this manner thaw is innate; of the rep-
resentation, itself, it can enly be spokén of in terms of being
originally acquired (although, at times, I admit T am at a loss in
adequately dlstlngu1sh1ng between "innate" and "original acquisi-’
tion'). - .

In the case of time Kant maintains that the representation of an
object in time presupposes a representation of time which is not
empirically derived such that it is possible to represent object(s)

‘as existing simultaneously or successively. Note that this

1nterpretatlon is much closer to, sav, Strawson's austere sense

. of a priord than the transcendental idealist sense Kant would hold.
It would seem that, in an austere way, space and time are essential

elenients in any coherent’ explanatlon of experigence that one could

¢ hat the presence of space and time is a function of experience

‘that is attributed entirely to the subject.

A similar argument is offered with respect to time (A31/B46) which
should take care of those cases where one is concerned with purely
intensive magnitudes (such as pitch). Frankly, I cannot even =
”cohceive” what it would be like to '"represent'" an emptv space or
time. .  How one thinks of space or time is fundamentallv different’
in kr@ﬁ‘than how one can think of the objects of space or events
in time (or even, in a weaker sense, spatial objects or temporal
events). ) ~

Allison, Kant's Transcendental Idealism, p. 89.
If it were not thus, then one must be able to make sense of what
it would mean to sav that space is an individual concept. Kant,
himself, seems unclear on this issue (for example, para. 12,
Inaugural Dissertation), and I am at a loss to explain how a
coherent account can be laid dut. For an excellent exposition on
the probletn of individual concept and "Anschauung’ in general,
see Gram's '"The Sense of a Xantian Intuition' anthologized in
Interpreting Kant., Note also that theé arguments corresponding to
ME-3 and ME-4 with respect to time are quite similar, if somewhat
abbreviated. I shall thus concern myself primarilv with only the
intuitive niture of space. ~ '
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29.

Broad, Kant: An Introduction, p. 32.

I shall have more to say about the shortcomings of the reductionist
or relationist account of space when considering the ICs; suffice
it to say now that the reductionist cannot account for the pos-
sibility of representlng numerically distinct objects without
invoking the somewhat circular notion that the object in question
must already possess individuating spatlal properties or positions
that permit of such distinction. g

3
\

Broad, Kant: An Introduction, pp. 37-38. s

It seems to me that what it means to have human experience is to
experience an external world in terms of three spatial and one.

temporal dimension. (In The Bound of Sense, Strawson argues es-
sentially the same point, but I disagree with many of his con-
clusions). And even were a proof for, say, ll-space to be given

.tomorrow, a proof that would unify the four known forces, it

would not alter, one iota, the manner in which we,_experlence”
the external world. '

. Kant, Prolegomena, para. 13, ppf333434.

Newton, of course, was a substantivalist, but in an absoLute sense,
{.2. all positions, velocity and acceleration are determinate. . One
need not hold such a strong position, however, and yet remain a
substantivalist.-
This is made quite explicit bv Schulze's comments (made in- colla—
boration with Kant) on an essayv .by Kdstner. Allison's The Kant

)

-Eberhard Controversy contains the text to the comments.

i

In Brittan's, Kant's Theorv of Science, chapter 3. |

Brittan, Kant's Theory of Science, p. 82. . (w

This formulation occurs in various forms throughout Kant's work
It is explicit, for example, in On a Discovery [241].

~ |
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Notes to Chapter V:

TS

This, T suppose, is not precisely correct. Frege, for'eXample, held
that while arithmetic was analytic, geometry was synthetic. Rus-
sell's views seemed.to fluctuate, although early in his career he
advocated most of the major tenets of the logicist position. Never-
theless, nothing is_lost if, in general, we take the logicist
program to be a reduction of mathematics (or even that part of
mathematics we call arithmetic) to logic, and thus an analytic
enterprise.

Note that this particular formulation appears throughout the Kantian
corpus. For example, the Prolegomena (para. 2) contains such a ‘-
restatement of the position held in the Critique of Pure Reason:

in the Logic (Intro., sec. III) the quotation is virtually word for
word identical with that in the First Critique. The problem in the

‘formulation is how, precisely, to cash out what concept construc-

tion in mathematics has to do with exhibiting a paioid the intuition
which corresponds to the concept.

Dryer's argument for the analyticitv 6f arithmetic, in Kant's Solu-
tion for Verification in Metaphysics (pp. 48-53), is curiously

Leibnizian--and extremely brief. One cannot help but wonder if he
has not only missed the nuances of the situation, but the point

entirelv. -
0

.There is a question whether a difference exists at all from anv

perspective. I suppose it could be argued that all mathematics,
for Kant, requires an interpretation and is, hence, in this sense
applied. And though I do notefind this position as queer as 1t may
sound, it is not one for which I shall argue; Kant's program can,

I think, be put through without any *such claims.

The interpretation to follow will parallel that of the line (1);
but note that this very passage can be (and has, been, by Hintikka)
used as a‘jumping-off point for line (2).

Note also that at A717/B745 Kant asserts that magnitudes are con-
structible even in algebra. Algebra allegedly abstracts com-
pletely from the properties of the object as such, and a choice

'1s made regarding notation whereby all construction of magnitudes,

such as addition, subtraction, the extraction of roots, and so on,
takes place. This Kant calls svmbolic construction (in conkrast

_.£0 ostensive construction in geometry),

Russell, Principles of Mathematics, p. 158. Essentially, Russell
claims that 1f all of mathematics can somehow be reduced to number
theoretic statements, and if Qhese can be generated from merely
logical notions, then it follows that all of mathematics is ana-
lytic in character.
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Kant restates this position in a similar, although somewhat briefer,

fashion in the Prolegomena (para. 2, p. 15).

For as it was found that the conclusions of mathematics -
all proceed according to the law of contradiction (as is
demanded by all apodéitic certainty), men persuaded
themselves that the fundamental principles were known
from the same law. This was a great mistake, for a
synthetical proposition can indeed be established by the
law of contradiction, but only by presupposing another -
synthetical proposition from which it follows, but never
by that law alone.

Recall, also, Beck's argument from Chapter II regarding the shifting

of the locus of syntheticity in attempting to make synthetic judg-

ments analvtic.

Brittan, Kant's Theory of Science, p. 46.

Brittan, Kant's Theorv of Science, pp. 55-56.

Russell, for example, was deeply troubled by'the'axiom/of infinity.

It is also worth .mentioning that any system of logic that accepts
as axiomatic existence claims such as,.(ﬂx)x ¥, will be in a simi-
lar dlStrESSlng situation.

\

Hintikka, "Kant's Theory of Mathematics Revisited', Essays on Kant'

S
Critique of Pure' Reason, pp. 208-09.
Note that in the. following passage, when Kant argues 7+5=12 is a
synthetic proposition, he does so not on the basis of the syn-
theticity of any prior mathematical proposition, but through’ ’
reference to the oft disputed containment metaphor. _ L
Frege, Guudlagen, p. 5.
As, for example, in "Kant's Theory of Mathematics Revisited," Essays
on Kant's Critique of Pure Reason; p. 202, or "Kant and the Tradi-
tion of Analysis," Logic, Language Games and Information, p. 220.
Bfittan, Kant's, Theory of Science, p. 55f.
Hintikka, "Kant's Theorv of Mathematics Revisited,' Essays on Kant's

Critique of Pure Reason, p. 202.

Hintikka argues, rather convincingly, for this thesis in "An

‘Analvsis of Analyticitv" and "Kant Vindicated" (both anthologized

in Logic, Language Games and Information). 1In the latter paper he
further maintains that the ""degree" of a quantlflcatlonal Sentence
is the maximal number of individuals or'free terms counsidered in

their relation to one another. A step in a proof is synthetic 1f,

-the "degree'" of the sentence in question increases, a step in ana-

lytic if it does not.
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Such a position has assets and liabilities. To its merit, the
analogy with geometry permits an extremely clear presentation;
the Euclidean method of proof highlights exactly those points
Hintikka wishes to make.. On the debit side, however, geometry
and, say, arithmetic are only two aspects of mathematics. It is
not clear that what is true of one is necessarily true of the
other. Moreover, whereas Kant would appear to allow for axioma-
tization of geometry, he certainly would not permit anything of
tHe sort in arithmetic. Thus unless one first argues for the
foundational nature of geometry, or the foundational nature of
constructive proofs in both geometry and arithmetic transformed

‘into quantificational form, then the import of Hintikka's re-
‘construction is somewhat weakened.

~

"

Hintikka, 'Kant angd the Tradition of Analysis,
Games and Information, p. 207.

Logic, Language

Much of the following is drawn from Hintikka's "Kant's Theory of

' Mathematics Revisited," Essays on Kant's Critique of Pure Reason,

pp. 203ff.

Although'Hintikka does not explicitly sav so, 1 think it reasonable
to suppose that it is the apodelx{$ to which Kant is referring in
Bl4 where he asserts that mathematical inferences proceed according
to the principle of contradiction. Brittan, as I have already
noted, uses this passage to claim that Kant must trace svntheti-
city back to axioms of the initial premises of the proof; Hintikka,
on the other hand, would trace svnthet1c1tv back to the katasteoue
and possibly thnescb

Intuitionists such as Brouwer or Hevting, for example, would ad-
vocate the use of only constructive proofs. And not only do
they have much sympathy with Kant's theory of mathematics but
allegedly ground their own position in parts of Kant's program.
Brouwer, for instance, asserts:

However weak the position of intuitionism seems to be
after this period of mathematical development [formalism
and non-Euclidean geometry], it has recovered bv aban-
doning Kant's aprioritv of space but adhering more
resolutely to the apriority of time ("Intuitionism and
Formalism," Philosophv of Mathematics, p. 69).

Hintikka, "Kant and the Tradition of Analvsis," Logic, Language
Games and Information, p. 207. I am franklv-#uzzled bv the
amount of support this position has received. Even Werkmeister
(in Kant, the Architectonic and Development of His Philosophy,
p. 22) pleads his case.

4

Many are pre-critical and hence are somewhat suspect for that
reason; but enough are drawn fromc¢ritical writings to be cause
for a response. Note also that Hintikka claims Kant provides
two different approaches to nis philosophy of mathematics. His
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"preliminary theory" affirms no connection between intuition and
sensibility, while his "full theory" does. Hintikka's reconstruc-
tion is, therefore, based on the "preliminary theory".

3

Here are a few: Bxln., B72, B159, and especially B307€f.

Mitscherling, "Kant's Notion of Intuition: 1in Response to Hintikka,"
Kant-Studien, 72, pp. 187-94.

Pippin, Kant's Theory of Form, p. 85.

Brittan, Kant's Theory of Science, p. 61. v

1

At least with regard to apriority it is conventional.' One could
- say that one has knowledge of the theorems of .as. a priond - (where
one could fill in the blank with their favourite axiomatic scheme).
Syntheticity is a different problem, but T doubt if the conven-
tionalist would argue as long as it was synthetic and a widcad with

respect to ... , and there was nothing upon which to base a choice.
v.”s——jL————-— . . : i

32.

33.

34.

353,

That is to say that the Transcendental Exposition of Time proffers
no comparable argument. At B15-16, though, Kant seems to indicate
that the solution of arithmetical propositions depends upon the
concept of succession, and thus time. -And in' theiProlegomena (sec.
10) Kant explicitly savs that arithmetic comes bv'the concept of
number: through successive addition of units in time. ;

Current thought tends more towards Riemannian geometry. In anv
event, it would now seem clear thar Euclidean geometrv does not
truly represent phvsjcal, substantival, space. Hopkins (in "Visual
Geometry," Kant on Pure Reason, Pp. 41-65) argues convincingly that
Euélidean'geometry does not even truly represent what Strawson
would call phenomenal figures in space.

This would, I suppose, depend upon a Euclidean notion of straight-
ness. The noticn of two intersecting geodesics, however, is not
only logicallv possible, but is also really possible. 1 have,
though, arguéd earlier that Kant's notion of space is nét tied to
a Euclidean interpretation; and the argument can, in anv case, be
Suitably rearranged to encompass non-Euclidean geometries as well.

For example, at A155/B194-95, Kant asserts,

[I1f knowledge is to have objective realitv, that is, to
relate to an objec&, and 1s to acquire meaning and signi-
ficance in respect to it, the object must be capable of
being in some manner given, otherwise the“concepts are

.empty ... - That an object be given ... means simply that the
representation through which the object is thought relates
to actual or possible experience.

Even space and time, as pure forms.of intuition, would have nc
objective realitv and hence would be senseless and meaningless



36.

37.

38.

39.

i~

i~

152

were their application to objecfs of experience not estahlished
through the schematism of .the categories,

Actually, it would appear that Kant would admit that analytic judg-
ments have truth values. At A151/B190 Kant asserts that the truth
of analytic propositions can always be known in accordance with

the principle of contradiction; and hence any substitution instance
of a=a would be formallv true. In a mathematical proof, however,
the extension of "round square’ would be the null set. And since
the singular term, "round square", would not, indeed could not,
refer to anv possible object of experiende, it would not be mathe-
matically constructible. To sav the proposition is meaningless
seems to me to be overstating the case--unless by meaningless one
means lack of constructibilitv.

Brittan, Kant's Theorv of Science, p. 63.

Recall that in any proof the geometrician startS at once by a con-
struction (A716/B744). Note that his squares well with Hintikka's
interpretation; after the'protascs, the ehthesis is the next step
in any Euclidean proof. Note also that at A155/B194 Kant holds
that if an object is to have anv. significance or meaning it must

be capable of being given. In terms of mathematics, I read this as
meaning being capable of being constructed. ‘

-
Three questions immediatelv surface here. ,The first is the fami-
liar question of apriority and pure‘intuitﬂbn and how it,functions
in the construction of mathematical concepts. Secondly, we have
a new problem area: the content of a concept and what that would
entail. And thirdlv, there is. the question of meaningfulness, of
precisely how mathematical judgments are meaningful. These are,
I believe, three closely related issues, and I think we should be
best served byv approaching the last firsc, since it, after a

fashion, serves as a basis for an explanation of the first two.

The thesis side of the First Antidomy, for instance, bears some
resemblance to the Burali-Forti paradox (if one stretches a bit
what Kant might mean bv the completion of an infinite series).

In any event, however weak one may take Kant's arguments in the
Antinomies to be, it is clear that there remain nroblems and
paradoxes having to do with the infinife that are not easily re-—
solved, if they can be resolved at all. Russell, for one, took
great pains to effect such a resolution with his theorv of types;
it is moot as to whether his resolution did not generate more
problems than it putatively solved.

Brouwer, "Intuitionism and Foramlism," Philosophy of Mathematics,
p. 74.

Parsons, "Kant's Philosophy of Arithmetic,"” Kant on Pure Reason,
pp. 32-33.
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Dummett, "The Philosophical Basis of Intuitionistic Logic," Pro-
ceedings of the Logic Colloquium, 1973, p. 17. To be fair Dummett
offers other possible methods of defence for intuitionistic logic
and mathematics. At the conclusion of the above article (p. 40)
he notes:

Anyone who can hang on to a view as hard-headed as this
fthat there is no notion of truth applicable even to numer-
ical equations save that in which a statement is true when
we have actually performed a computation or effected a proof]
has no temptation at all to accept a platonist view of number-
theoretic statements involving unbounded'quanitification:

he has a rationale for an"intuftiOnistic interpretation ...
But, for anvone who is not prepared to be quite as hard-
headed as that, the route to a defence of an intuitionistic
interpretation of mathematical statement’s which begins

from the ontological status of mathematicalsobjects is
€losed; the only path that he can take to this‘éqal is

%hat which T sketched at the outset: one.turning on the
answers given to general questions in the theory of mean-
ing.

And, although hard-headed, T shall, in general, concern myself with
the issues revolving around the theory of meaning.

Brittan, Kant's Theorv of Science, pp. 83-84.

I disagree that one must claim the transcendental sense of neces-—
sity or apriority with respect only to Fuclidean geometrv. But
this will become clear later.
i » v

- *‘g e :
Strawson, for example, deals with the Transcendental Exposition of
space in terms of a more comprehensive critique of transcendental
idealism in his Bounds of Sense, Pt. 2, Ch. 1 (particularlv pp.
67ff.).

/

Parsons, "Kant's Philosophv of Arithmetic,” Kant on Pure Reason,
pp. 36-37. :

Brittan also asserts that analytic propositions do not have truth
values. This would, presumably, include most of the truths of
logic. I have suggested that, perhaps, this is overstating the
case; but one must be careful hére. Truths of logic,; being true
in all possible worlds, are, in fact, also true of all''really"
‘possible worlds. One must, however, be cautious about what dne
accepts as a-truth of logic. For example, one cannot necessarilv
assert that p vw~p 1is truth-functionallyv true. It is true that

p vap might hold, but only in the sense that one can actuallv
construct a proof of p, or construct a refutation of p. Whether
this would subordinate logic to mathematics, as Hevting, for .
example, would have us believe, I leave open.

This, I take it, is why Brittan maintains that the "existence
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problem” and the "application oroblem” are two sides of the same
. 3 .
coin.

Brittan, Kam®'s Theorv of Science, p. 82.

, -
Tg.s may not be preciselv correct. Empirical evidence could, I
suppose, once and for all "prove" the axioms of spherical or
hyperbolic geometry; but I know of no evidence that would find
conclusively in favour of Euclidean or Absolute geometry. Here,

-perhaps, the best for which one could hope is the lack of tv1dence

for alternative systems.

In fact the assignment of the truth value 'false' would onlv be-
applicable if one could prove the proposition could never bhe’ s@tls—
fied. Notice also, that by replacing "straight line" by "geodesic'
in spherical geometry, a constructive proof could be provided; and
hence with respect to spherical geometrv the proposition would have
a determinate meaning. But then what are we to make of Kant's
claim that geometry is a science that determlnes the properties

of space synthetically and vet a pa(0ctl(? There is one sense in
which it will have no effect. I have all along been arguing that
it is the,propositions of mathematics to which svntheticitv and
apriority attach. Geometrvy as a science, then, could be con-
sidered as comprising all those propositions of Euclidean,
Riemanniam, Lobachewskian, ¢{c. , geometries. Svntheticityv would
stlll accrue according to the proof process; a prioritv would N
emain relative to the interpretation selected. If geometrv can

ve tfurther reduced to number-theoretic _Statements, however, the

granscendental sense of necessitv, and ‘hence apriority Xant demands
ca® then be supplied, if one can demonstrate how such number-
theoretic statements are conditioned bv the pure form of time. I
do not, however, assert that this is A position that Kant would
have wished to hold.

This is not surprising for those of an idealist persuasion. Never-
theless, for Kant, the notion of figurative svnthesis, outlined in
Chapter IIT, makes possible the determinate represeptatlon of

. objects in space and time by Perﬂltglng the understanding to
ractivelv function within intuition. This is to say that, although
“the pure concepts of the understanding do not completelyv determine

an object as an object of experience, thev do provide the condi-
tions under which an object is a possihle object of experience.

Parsons, "Kant's Philosophv of Arithmetic," p. 31. The reason, I .
suspect, that Kant does not offer a Transcendental Exposition of
time drawing upon arithmetic, rather than pure mechanics, is tha
arithmetic does not admit of axiomatization. Arithmegical pro-
positions are numetical formulae which arg svnthetic and immediatelv
certain (A164/B204). 1 franklv do not know what Kant's response
might have been had he the benefit of the advances made bv Peano

and Dedekind. Certainly, he would have still maintained that arith-
metic, as part of mathematics, has content and is not reducible to

.

J
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purelv logical notions. The "arithmcti7ation”'of mathematics
would not have troubled Kant; the log1L171ng of arithmetic would
have been of some concern. In anv event, as shall become clear,

I feel Kant could have turned Peano's acgompllshment to his ad-
vantage.

B"rouwer, "Intuitionism and Formalism," Philosoph,of Mathematics,
pp. 69-70.

Kant, Inaugural Dissertation, para. 12, p. 52.

- -

Parsons Lomplalnb that the ObJELt to which a concept refers is quite
‘different in mathematics than in evéry dav, mundane, experience.
Mathematical objects, Parsons Cldlmb are abstract entities. 1In
-geometry it is arguable that these entities could be considered in
' space and time; in arithmetic, Parsons claims this is not so. Thias
objection, I believe, does not hold. .One should recall that, for
Kant, any object, if not a fullv constituted object of conscious- .
‘ness, 1s at least partially constituted bv the understanding. There
may be a difference between the objects of reference of empirical
concepts and mathematical concepts, but the difference is not neces-
sarily a difference in kind. Even Frege recognizes that Kant uses
the word "object' in a special sense (Giuﬂdﬁdg@i p. 101), and one
must be aware of this,

This example is not as trite as it sounds. If one is to ‘explain
the arithmetic operation of addition' hv the notion of ¢lass union,
one can ask how one initiallv devefopa the notion of what it is to
be a class. :One answer, although T admit it is not the onlv one,
is that one must begin w1tH a group of perceptible or sensible
objects. élﬁgchls holds, the notion of class is not as alien to
benS%Qll?%V ngzgge loglglsts would have it..

W, g =2

ngas ﬁhe&numenal token involved does not extend into

”kanﬁ'a phllosoohv of Arlthmetlc,' Kant on Pure Reason,
» Pa%Sons is onto somethlng here. There is a crucial dl:tlnc-
cioﬁ'toxbe made“~nhough -between formal intuition and form of in-
tultlon knd“thls is a distinction that Parsons does not draw. I
/shallvre”u to Chlb issue later; in the meantime, it is quite
important, tb hote that all interpretations of the generation of
< the natural numbers are isomorphic. Recall that Brittan was search-
1n0 for a way in which Kant could demonstrate the objective validity
of Euclldean.oeometrv This task turns out to be virtuallvy impos~-
Sible ;* but if alil 1nterpreta§1ons of Peano's postulates (in the
realm of ‘the finite or dewumerablv infinite) ‘are, in fact, iso-
morphlc, what more of a claim to objective valldltv could one
request°. What might not have been possible with respect of geometry
is pdsslble with respect to arithmetic.

This.fbrmulation is'drawn from the Encyclopedia of Philosophy,
Vol. 5, p. 197.

g

1
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62. Parsons, "Kant's Philosophy of Arithmetic,”" Kant on Pure Mpason,
p. 35. .

-

63. ®Hence, schema (1) can be satisfactorily explained by‘KgEg under the
rubric of symbolic construction. I do not agree with Parsons,
however, that this blurs the distinction between logic and mathe-
matics. The explanation of (1), for Kant, requires that it be
given an interpretation. In doing so it is given content and falls
under the compass of mathematics proper. One may wish to make a
distinction between pure logic and what one might call mathematical
logic; but then Kant has already made other distinctions (such as
that between transcendental and general logid). If any distinction
veceurs, it is between mathematical and transcendental logic; and

that, at least has little impact on the separation of analytic from

synthetic judgments and the possibllity of drawing svnthetic judg-
ments a WALCARL.

Allison, .in his Kant's Transcendental TIdealism (p. 96ff.) provides
an excellent account of the wavs in which a form of intuition mav
be taken.

-

Allison, Kant's Transcendental Idealism, p. 96.

h6. Brouwer (in "Intuitionism and Formalism," Philosophv of Mathematics,

p. 69) calls two-oneness the basal intuition of mathegatics. Here
the referenceispossibly more closely related tog Holg¥ | ian tvpe of
unityv ingliversity and diversitv in unitv, than anv Mgrticular
Kantian M- However, little {s lost, I pelieve, whether one
holds ond™t® be the basal intuition or holds to Brouwer's thesis
concerning two-oneness.

% -
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