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Abstract

We study ideal irreducible and band irreducible positive operators and
semigroups of positive operators on Banach lattices.

In Chapter 1, we consider irreducible positive operators. In particular,
we prove the following comparison theorem. Let T, S be two operators on a
Banach lattice such that 0 < S < T and r(T") = r(S). Suppose that r(S) is
a pole of the resolvent R(-,S). Then T' = S if either S is ideal irreducible, or
S is band irreducible with a o-order continuous functional zg > 0 such that
S*zy = r(S)zy and T is o-order continuous. We also provide some applications
of comparison theorems. We prove that if two positive operators are semi-
commuting with one of them compact and the other one irreducible then
they are commuting. We also prove that if two positive operators are semi-
commuting with one of them compact then their commutator is quasinilpotent.
These results answer questions in [1, 9].

In Chapter 2, we consider irreducible semigroups of positive operators. We
prove that for an ideal irreducible R+-closed semigroup .# containing a non-
zero compact operator, if all the minimal-rank projections of . have the same
range, then there exist positive disjoint vectors z1, ..., x, such that every op-
erator in . acts as a positive scalar multiple of a permutation on z1, ..., z,; in
particular, the operators in . have a common eigenvector. We also establish
the dual version of this result for ideal irreducible RT-closed semigroups which
have a unique minimal-rank projection. Both of these results apply to commu-
tative semigroups. This study extends the approach invented in [36, 37] and

improves some results of [1] about peripheral spectra of irreducible operators.



In Chapter 3, we consider positive operators which have irreducible super-
commutants. We prove that if a compact operator K > 0 has ideal irreducible
super left-commutant or super right-commutant then it is non-quasinilpotent
and it acts as a positive scalar multiple of a permutation on some positive
disjoint vectors x1,...,x, which span the peripheral spectral subspace of K.
We also show that lim,||K"z||= = r(K) for any > 0 and that every oper-
ator semi-commuting with K commutes with it; in particular, [K) = (K] =
Ly (X)Nn{K}'. Similar properties are shown valid for K*. We also prove
that the positive operators S > 0 in the following three chains have positive
eigenvectors: T <+ K < S, T < S+ K and S & T < K, where T" > 0 is
ideal irreducible, K > 0 is compact and <> stands for commutation.

This thesis is based on [19, 20, 21].



Preface

A positive matrix A is said to be irreducible if it does not have a block form
[A(}l ﬁ;;] under any permutation of the standard basis. The classical Perron-
Frobenius theory explores the peripheral spectrum of irreducible matrices. We

present it following [1, Chapter 8].
Theorem. Let A > 0 be an irreducible matriz on R™ (n > 2).

(i) The spectral radius r(A) is non-zero and is a simple root of its charac-
teristic polynomial fa, and ker(r(A) — A) = Span{zo} for some strictly

positive vector xg.

(i) The peripheral spectrum ope(A) = r(A)G where G is the set of all k-th
roots for some k > 1, and each point in ope(A) is a simple root of fa

with one-dimensional eigenspace.
(i) If 0 < B < A and r(A) =r(B), then A= B.

This theory has been extensively studied and generalized to irreducible
operators on arbitrary Banach lattices. Following [23], we refer to results
of style of (i) as Jentzsch-Perron Theorem and to results of style of (ii) as
Frobenius Theorem. We also follow [30] to refer to results of style of (iii) as
comparison theorems.

For ideal irreducible positive operators whose spectral radius is a pole of
the resolvent, the Jentzsch-Perron part was established in [40, 38], the Frobe-
nius part was established via the various efforts of [33, 34, 39, 35], and the

comparison theorem was established in [10]. Similar properties have also been



established for band irreducible g-order continuous operators whose spectral
radius is a pole of the resolvent, under some additional conditions, through
the efforts of [28, 4, 5. We refer the reader to [23, 26], etc for more results
and history in this direction.

However, it had not been known whether these results applied to compact
operators until de Pagter proved the celebrated result that compact ideal irre-
ducible operators are non-quasinilpotent ([12]). The band irreducible version
was proved in [43, 22]. de Pagter’s Theorem has been extensively studied. It
was extended in [2, 3] to commuting and semi-commuting positive operators
that possess irreducibility and compactness in one sense or another (cf. also
[1, Chapters 9 and 10]). It was also extended in [14] to collections and semi-
groups of positive operators. In particular, Drnovsek proved that if a compact
operator K > 0 is locally quasinilpotent at a non-zero positive vector then its
super right-commutant [K) = {S > 0: SK > K S} is ideal reducible.

In Chapter 1 of this thesis, which is based on [19, 20|, we consider the
Jentzsch-Perron theorem for irreducible operators under some less restrictive
conditions and we develop a uniform approach to several versions of com-
parison theorems including the versions in [10, 4, 5. We also show that the
conditions imposed on the band irreducible operators in [4] and [5] are equiv-
alent (cf. Theorem 1.14). Finally, we provide some applications of compari-
son theorems. In particular, we use a comparison theorem to show that the
semi-commuting condition is equivalent to commuting in some results of [1].
Specifically, we prove that if a compact operator K > 0 semi-commutes with
an ideal irreducible operator T' > 0 then it commutes with 7.

This result is improved to a much general form in Chapter 3, where we

prove that if a compact operator K > 0 has ideal irreducible super right-



commutant or super left-commutant then every operator semi-commuting with
K commutes with K. In particular, this implies that in the aforementioned
theorem of Drnovsek, we can replace the super right-commutant with super
left-commutant. A more thorough study of such operators K is conducted
in Chapter 3. We actually establish a Jentzsch-Perron-Frobenius theorem for
such operators K. Chapter 3 is based on [20].

The Perron-Frobenius theory has also been extended to semigroups of pos-
itive operators on Banach lattices. An approach was invented in [36] for irre-
ducible semigroups of positive matrices and then was extended to irreducible
semigroups of positive compact operators on L,(¢) (1 < p < 00) in [37, Sec-
tion 8.7]. This approach was later also used in [27] to extend some of the results
to irreducible semigroups of positive compact operators on order continuous
Banach lattices.

In Chapter 2 of this thesis, we fully extend the approach to irreducible
semigroups of positive operators on arbitrary Banach lattices. The compact-
ness condition is weakened to that the semigroup contains a non-zero compact
positive operator. As an application of this study, we give an alternative proof
of the Frobenius theorems for irreducible operators whose spectral radius is a
pole of the resolvent, which are originally due to [35, 4, 5]. Chapter 2 is based

on [21].
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Chapter 0O

Preliminaries



0.1 Basic notions on spectral theory

We briefly review some fundamental concepts on Banach spaces and spectral
theory. Standard references are [11, 1].
Throughout this chapter, F stands for either the set R of real scalars or

the set C of complex scalars.

Definition 0.1. A real-valued function ||-|| on a vector space X over F is

called a norm if it satisfies the following:

(i) |||l > 0 for all z € X, and ||z|| = 0 if and only if z = 0,
(i) ||ax| = |af ||z|| for all z € X and « € F,

(it)) lz+yll < [l + ly] for all 2,y € X.

In case ||| is a norm, the pair (X, ||-||) is called a normed space. If, in

addition, (X, |[|-||) is complete, then it is called a Banach space.

When no ambiguity arises, we write X for (X, [|-]|) for simplicity. We refer
to [11, Chapters III, VI and V] for basic properties of normed and Banach

spaces, especially, for their weak and weak-star topologies.
Definition 0.2. Let X and Y be two normed spaces over F.

(i) A linear operator T : X — Y is bounded (or continuous) if the

following is satisfied:

T := sup ||Tz|| < oo. (1)

[l=f|<1

We denote by L(X,Y") the space of all bounded operators from X to Y
endowed with the operator norm defined by (1). In case Y = F, we write

X* for L(X,TF) and call it the dual space of X.
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(ii) An operator T' € L(X,Y) is ¢nvertible if there exists S € L(Y, X) such

that T'S = Idy and ST = Idx. In this case, we write S := T

(iii) For T' € L(X,Y), its adjoint operator T* € L(Y*, X*) is defined by

T*y* :=y*oT for any y* € Y*.
If X =Y, we write L(X, X) as L(X) for simplicity.

Definition 0.3. Let X be a complex Banach space. For an operator T' €

L(X), we define its

(i) spectrum by o(T') :== {\ € C: A —T is not invertible},

(ii) spectral radius by r(T') := max{|\|: A € o(T)},

(iii) peripheral spectrum by o (T) :={ A€ o(T): |A\ =7r(T)},
(iv) resolvent set by p(T') := C\o(T),

(v) resolvent by R(-,T) : p(T) = L(X); A — (A=T)"L.

We refer to [11, Chapter VII] and [1, Chapter 6] for general spectral theory
of operators on complex Banach spaces. For operators on real Banach spaces,

we pass to their complexifications when considering spectral properties; cf. [1,

Section 1].

The following is a useful result on continuity of spectral radius.

Proposition 0.4 ([19]). Let X be a Banach space and (T,) a sequence in

L(X) converging to T € L(X). If 0per(T) is a spectral set then r(T,,) — r(T).

Proof. 1t is well known that lim sup,, 7(7,,) < r(7'); cf. [32, Chapter 1, Theorem
31]. It remains to prove (1) < liminf, r(7,). We imitate the proof of conti-

nuity of spectral radius on compact operators. Assume r(7") > liminf, (7,).
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Take ¢ > 0 such that r(T") > liminf, r(7,,) + 2. By passing to a subsequence,
we may assume 7(7") > r(T,) + ¢ for all n > 1.

Since o(T")\oper(T') is closed, we can take § > 0 small enough such that
20 < e and o(T)\oper(T) C {2z : |2| < r(T') —20}. Now for j = %1, define
curves v;(t) = [r(T) + jdle", 0 < t < 2m. By Cauchy integral theorem, we
have

/ R\ T,)dA=0, Vn > 1.
Y1—7-1

On the other hand, we know that in a unital Banach algebra, for a invertible
1||2

el e~ - cf. [32’

and x with [[z]| < [la™"||7", one has [[(a —2)™! — 7| < {H

p. 5]. Using this, one can easily verify that R(-,7,,) — R(-,T") uniformly on

7;'s. Therefore,

1 1
P=— R\, T)dA = lim —/ R\, T,)dA =0,
270 s mATE Sy =y
where P is the spectral projection of T' for o, (7). This is absurd. O]

We now introduce several important classes of operators.

Definition 0.5. Let X and Y be two normed spaces. An operator T €
L(X,Y) is said to be

(i) finite-rank if its range Range(T') is finite dimensional,

(ii) compact if T(Bx) is relatively compact in Y where By is the closed

unit ball of X,
(iii) weakly compact if T'(By) is relatively weakly compact in Y,

(iv) strictly singular if T'|; : Z — T(Z) is not invertible for any infinite-

dimensional closed subspace Z of X.
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In case X =Y, an operator T" € L(X) is said to be power compact
(or weakly compact, strictly singular, etc) if there exists & > 1 such that T*

satisfies the property.

Definition 0.6. Let X be a Banach space. An operator T' € L(X) is said to

be

(i) Riesz if for any ¢ > 0, {\ € o(T) : |A\| > e} ! is a spectral set with

finite-dimensional spectral subspace,

(ii) pertpherally Riesz if r(T) > 0 and o, (T) is a spectral set with

finite-dimensional spectral subspace.

The class of peripherally Riesz operators was introduced in [21]. We refer
to [11, Chapter VI] and [1, Chapters 2, 4 and 7] for relations and (spectral)
properties of these classes of operators. In particular, we refer to [1, Section
7.5] for equivalent characterizations of Riesz and peripherally Riesz operators

in terms of their essential spectra.

0.2 Asymptotic behaviors of peripherally Riesz
operators

We consider asymptotic behaviors of peripherally Riesz operators in this sec-
tion. We are motivated by [36] and the results are based on [21].

Throughout this section, X stands for a Banach space. Recall that we pass
to the complexifications whenever considering spectral properties of operators

on real Banach spaces.

IThis set could possibly be empty.



A set of operators on X is said to be R*-closed if it is norm closed and it is
closed under multiplication by positive scalars. Given a set A of operators on
a Banach space X, we write RTA for the smallest R*-closed (multiplicative)
semigroup containing A. In particular, if 7" is an operator on X, we write
RFT for the R*-closed semigroup generated by 7. Clearly, RTT consists of
all positive scalar multiples of powers of T" and of all the operators of form
lim; b;7™ for some sequence (b;) in R, and some strictly increasing sequence
(n;) in N; these limit operators form the asymptotic part of RTT.

Given a semigroup . in L(X), we denote by minrank.” the minimal
rank of non-zero elements of .¥; we write minrank . = +oc if . contains no
non-zero operators of finite rank.

The following observations on matrices are based on [36, Lemma 1] and
are critical to our study. We need the following standard lemma. Recall that
a vector u € C" is said to be unimodular if |u;| =1 for all 1 <i < n. Let
U,, denote the set of all unimodular vectors in C". Clearly, U, is a group with

unit (1,..., 1), with respect to the coordinate-wise product.

Lemma 0.7. If u € U, then there exists a strictly increasing sequence (m;)

in N such that u™ — (1,...,1).

Proof. Since U,, is compact, we can find a subsequence u* — v for some
v € U,. Passing to a subsequence, we may assume that m; = k;1; — k; is
strictly increasing. Then u™ = vuFi+iy=% — vt = (1,...,1). O

Let A be a square matrix with r(A) = 1 and 0(A) = oper(A). Using
Jordan decomposition of A, we can write A = U + N where U is unimodular

(i.e. there is a basis under which U is diagonal and the diagonal is a unimodular



vector), N is nilpotent, and UN = NU. By Lemma 0.7, we can find a strictly
increasing sequence (m;) such that U™ — 1.

Case N = 0. In this case, A = U, so that A™ — [I.

Case N # 0. Let k be such that N* # 0 but N¥*! = (0. Then

A" — (U 4+ N)" = U" + G) UIN 4.t (Z) [k N @)

Note that lim,, (7)/(}) = 0 whenever i < k. Therefore, if we divide (2) by (}),
then every term in the sum except the last one converges to zero as n — oo.
Denote r; = m; + k and ¢; = 1/(77), then lim; ;A" = lim; U *NF =
N*. Moreover, we claim that if B = lim; b; A" with (n;) strictly increasing,
then B is nilpotent (even square-zero) and b; — 0. Indeed, let eq,..., e, be
a basis under which the matrix U is diagonal and diag(U) is a unimodular
vector. For z = Y " ze;, put ||z| = D7 |z;]. Clearly, this is a norm on
C"™ and U is an isometry with respect to this norm. It follows from (2) that
(Z)_IA” — U *N*¥ 5 0 as n — co. Since U is an isometry and N* £ 0, the
sequence (||U"*’“Nk||)n, and therefore ((Z)fl||A”||)n, is bounded and bounded
away from zero. It follows from b;A" — B that the sequence (bj (T]Lj))] is

bounded, hence b; — 0. It also follows that b;("/)U™*N* — B so that

2
B? = limj<bj( )U”j*ka> = 0 because UN = NU and N? = 0. This

J
k

proves the claim.

Now we can obtain the following two possible structures of the asymptotic

part of R¥T when T is peripherally Riesz.

Proposition 0.8 ([21]). Suppose that T' is peripherally Riesz with r(T) = 1.

Let X = X; & Xy, where X, and Xy are the spectral subspaces for ope(T') and



its complement in o(T'), respectively. Let P be the spectral projection onto X .

Then exactly one of the following holds:

(i) (“Unimodular” case) T|x, is unimodular, and each operator in the asymp-
totic part of R¥T is of form cU @ 0, where ¢ > 0 and U is unimodular.
Some sequence (T™7) of powers of T converges to P, P is the only non-
zero projection in R+T, and R*¥T contains no non-zero quasinilpotent

operators,

(ii) (“Nilpotent” case) The asymptotic part of RTT is non-trivial. For each
operator S = lim; b;T™ with (n;) strictly increasing, we have S = B &0
where B € L(X4) is nilpotent (even square-zero) and b; — 0. Moreover,

R*T contains no non-zero projections.

Proof. Let Ty = Tix, and T, = Tjx,. Then r(T}) = 1 and r(73) < 1. Since
0(Th) = oper(T1) = 0per (1), the preceding observation applies to 77.

(i) Suppose that 77 has a zero nilpotent part. Then 7} is unimodular. Take
any S € R¥T. As X; and X, are invariant under S, we can write S = S; @ 5.
Suppose that S = lim; ;7™ for some sequence (b;) in R and some strictly
increasing sequence (n;) in N. Then b;7}” — S;. Since T} is unimodular, we
have that {||77*||}» is bounded above and bounded away from 0. It follows
that (b;) is bounded and hence has a convergent subsequence. By passing to
a subsequence, we assume b; — b. If b = 0, then S; = 0; if b # 0, then
S1/b = lim; T™ is also unimodular. Thus, S is always a scalar multiple of a
unimodular matrix. It also follows from r(T3) < 1 that Sy = lim; b;7,7 = 0.
So S has the form ¢U @ 0. Furthermore, for every non-zero S € R*T, the
restriction S|x, is a non-zero scalar multiple of a unimodular matrix, so that

S is not quasinilpotent.



By the observation preceding this proposition, (7}"’) converges to the iden-
tity of X; for some strictly increasing sequence (m;). Since r(73) < 1, we have
T, — 0. Therefore, T™ — P. Finally, we show that P is the only non-zero
projection in R¥T. Let Q € R*¥T be a projection. Suppose first that Q = ¢T™
for some ¢ > 0 and n € N. Then C%JQ = (%Q)mﬂ =1T"i — P" = P; it
follows that ¢ = 1 and ) = P. Suppose now that @) is in the asymptotic part
of R*T. By the preceding paragraph, it is easily seen that Q = Q1 & 0 where
()1 is unimodular and is a projection in L(X;). Hence, @1 is the identity on
X, and, therefore, ) = P.

(ii) Suppose now that 77 has a non-trivial nilpotent part. By the obser-
vation preceding this proposition, there exist sequences (¢;) in Ry and (r;)
in N such that ¢; — 0, (r;) is strictly increasing, and (¢;T}”) converges to a
non-zero square-zero operator C' on Xj. It follows from ¢; — 0 and r(73) < 1
that ¢;T,” — 0. Therefore, ¢;T7 — C & 0. It follows that C' & 0 # 0 is in the
asymptotic part of R¥T.

Suppose that S = lim; b;7™ for some (b;) in R and some strictly increas-
ing (n;). The observation preceding this proposition applied with A = T3
guarantees that b; — 0 and S|x, is a square-zero operator. Furthermore,
r(Ty) < 1 implies S|x, = lim; b;7,” = 0. Thus, S has the required form. In
particular, S cannot be a projection.

It is left to show that if Q = ¢I™ for some ¢ > 0 and n € N then () is not
a projection. Suppose it is. It follows from r(Q) = 1 = r(T™) that ¢ = 1, so
@@ = T". Hence, the set of all distinct powers of T is finite. It follows from

c; — 0 that ¢;7"7 — 0, contradicting that ¢;7"7 — C' @© 0 # 0. H

Remark 0.9. Suppose that, in addition, rank 7' = minrank R*7T < co. Then



the nilpotent case in Proposition 0.8 is impossible. Indeed, otherwise, R+T
would contain an operator of the form C' & 0 where C' is a non-zero nilpotent

operator in L(X7), hence

0 <rank(C @0 =rankC < dim X; <rankT

since T is an isomorphism on X;; a contradiction. Thus, we have P € R*T,
where P is the spectral projection onto X;. It follows that rank 7" = rank P =
dim X;, so that Tjy, = 0. Hence, RangeT = X, kerT = X,, and o(7)

consists of o, (1") and, possibly, zero.

We now apply the results to R+-closed semigroups of operators on Banach

spaces. The following is immediate by Proposition 0.8.

Proposition 0.10 ([21]). If an R -closed semigroup .# contains a peripherally

Riesz operator then . contains a finite-rank operator.

In particular, this proposition applies when . contains a non-quasinilpotent
compact or even strictly singular operator.

Can we find not just a finite-rank operator in . but a finite-rank projec-
tion? Asin Remark 0.9, if there is a T' € .% such that rank T = minrank . <
+o00 and T is not nilpotent then the spectral projection P for ope (7 is in
% and rank P = rankT. The next result shows that in this case . contains

“many” projections.

Proposition 0.11 ([21]). Let . be an Rt -closed semigroup. Suppose that
S € & satisfies r := rankS = minrank.” < oo and S is not nilpotent.

Then there exist projections P and Q) in . with rank P = rank ) = r and

10



PS =50 =S. Moreover, the condition “S is not nilpotent” may be replaced

with “AS is not nilpotent for some A € .7,

Proof. Suppose AS is not nilpotent for some A € . or A = I. Then r(SA) =
r(AS) # 0. Clearly, rank AS = rank SA = r. It follows from Range SA C
Range S and rank SA = rank S that Range SA = Range S. By Remark 0.9
applied with T' = S A, the peripheral spectral projection P of SA is in .¥,
rank P = r, and Range P = Range SA = Range S, hence PS = S.

In order to find @, we pass to the dual semigroup ./* = {T* | T € .¥}.
Note that .*, S*, and A* still satisfy all the assumptions of the lemma, so
we can find a projection R € .¥* such that rank R = r and RS* = S*. Then

R = @Q* for some projection ) € . with rank @) =r and SQ = S. O

0.3 Banach lattices and positive operators

In this section, we review some basic notions on Banach lattices and positive

operators. Standard references are [42, 31, 1, 6].

Definition 0.12. A vector lattice (or Riesz space) is a real vector space

X with a partial order “<” that satisfies the following:
(i) for any z,y,z € X, z < y implies x + z < y + z,
(ii) for any z,y € X and 0 < a € R, x < y implies ax < ay,
(iii) for any x,y € X, their supremum, denoted by = V y, exists in X.

Some conventional notations will be used without specific explanations.

For example, “z > y” means y < z, z A y means the infimum of x and y,

11



|z| := x V (=) means the modulus of x, and x, := x V 0 means the positive

part of x.

Definition 0.13. A net (z,)aer in a vector lattice X is said to be order
convergent to z, written as x, — z, if there exists another net (28)gen iIn X

satisfying the following:

(i) (zs) is decreasing (i.e. § < /' implies z5 > zg) and infz 253 = 0,

(ii) for any 5 € A, there exists ap € I" such that |z, — x| < z5 for all @ > .
Definition 0.14. A vector subspace Y of a vector lattice X is called

(i) a lattice subspace if Y with the order inherited from X is a vector

lattice in its own right,

(ii) a sublattice (or Riesz subspace) if it is a lattice subspace and for any

pair of vectors in Y, their suprema in X and Y are equal,

(iii) an 2deal if it is a sublattice and for any z € X and y € Y with |z| < |y|,

one has z € Y,

(iv) a band if it is an ideal and is order closed, i.e. for any net (z,) C Y,

To — x in X implies z € Y.

Definition 0.15. (i) A normed lattice X is a vector lattice with a norm
Il such that |z| < |y| implies ||z| < |ly||. If, in addition, (X, ||-||) is

(norm) complete, then X is called a Banach lattice.

(ii) A Banach lattice is said to be order continuous or have order con-

. . o . : Il
tinuous norm if x, — x implies z, — .
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For A C X, we denote by I4 (respectively, B,) the ideal (respectively,

band) generated by A in the vector lattice X.
Definition 0.16. Let X be a vector lattice. A vector x > 0 is called a

(i) weak unit if the ideal I, generated by z is order dense in X, or equiv-

alently, the generated band B, = X,

(ii) quasi-interior point if X is a normed lattice and the ideal I, generated

by z is norm dense in X.

Note that in normed lattices, bands are always (norm) closed. Hence,
quasi-interior points are always weak units. Note also that in order continuous
Banach lattices, the notions of bands and closed ideals coincide. Thus, the
notions of weak units and quasi-interior points also coincide.

We refer to [6, Chapters 3 and 4] for fundamental properties of Banach
lattices, especially, for equivalent characterizations of order continuous Banach
lattices.

We now introduce some basic notions on positive operators.
Definition 0.17. A linear mapping T on a vector lattice X is said to be

(i) positive if T maps positive vectors to positive vectors; in this case, we

write T' > 0,

(ii) strictly positive if T is positive and vanishes at no non-zero positive

vectors,

(ili) o-order continuous if T maps order null sequences to order null se-

quences,

(iv) order continuous if T maps order null nets to order null nets.

13



We denote by L, (X) the set of all positive operators on X. If T is positive
and non-zero, we write 7' > 0. We refer to [6] for general theory of positive
operators on Banach lattices. In particular, note that positive operators on
Banach lattices are (automatically) bounded. Note also that a positive oper-
ator is zero if it vanishes at a quasi-interior point or if it is o-order continuous
and vanishes at a weak unit. It can also be easily verified that if 7" > 0 is
c-order continuous then so is >_° 4= for all A > (7).

For the rest of this section, X stands for a Banach lattice. Recall

that the dual space of a Banach lattice is a Banach lattice under the natural

order.

Proposition 0.18. Let X be a Banach lattice and € # {0} a collection of

positive functionals on X.
(i) If B¢ = X*, then for any x > 0, there exists x* € € such that x*(x) > 0.

(i1) Suppose X is order continuous. Then By = X* if and only if for any

x > 0, there exists x* € € such that x*(x) > 0.

Proof. (i) Suppose there exists # > 0 such that 2*(z) = 0 for all * € €. Then
it is easily seen that By vanishes at x. Thus, By # X™.

(ii) It remains to prove the “if” part. Suppose that X is order continuous
and By # X*. Let P be the band projection from X* onto By. Then 0 #
P # 1. By [6, Theorem 3.59], there exists a band projection ) on X such that
P = Q*. Clearly, 0 # @ # I. Take any x > 0 in the range of I — ). We have
x*(z) = (Px*)(z) = 2*(Qz) = 0 for all z* € ¥. O

Corollary 0.19. Let x* be a positive functional on a Banach lattice X .

(i) If z* is a weak unit of X* then x* is strictly positive.
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(11) Suppose X is order continuous. Then x* is a weak unit of X* iff it is

strictly positive.

The following are two simple technical lemmas. Recall that two operators
T and S are said to semi-commute if their commutator T'S — ST is either

positive or negative.

Lemma 0.20 ([19]). Let T, S € L(X) be two semi-commuting operators. Sup-
pose T'xy = Axg and T x5 = Az for some vector xy > 0 and some strictly
positive functional z; > 0 and some A € R. Then T'S = ST if any of the

following are satisfied:
(i) xq is a quasi-interior point,
(i1) xo is a weak unit, and T and S are both o-order continuous.

Proof. We only prove (ii); the proof of (i) is similar. Note that z{((T'S —
ST)xo) = (T*x§)(Szo) — x5(STxo) = Axf(Sxo) — x§(SAz9) = 0. Since zf) is
strictly positive, we have (7S — ST')xy = 0. Note also that T'S — ST is o-order

continuous. Thus, xy being a weak unit yields T'S — ST = 0. O
Lemma 0.21 ([20]). For T' > 0 on X, the following hold.

(i) If Tz = Az for some quasi-interior point xo > 0, then lim inf, || T z*||» >
A for any x* > 0. If, in addition, r(T) is an eigenvalue of T*, then

A=r(T).

(ii) If Txo = Ao for some weak unit xo > 0, then liminf, | T™z*||x > X for
any o-order continuous x* > 0. If, in addition, r(T') is an eigenvalue of

T* with a o-order continuous eigenfunctional, then X = r(T).
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(111) If T*x§ = Az for some strictly positive xf > 0, then lim inanT”xH% > A

for any x > 0. If, in addition, r(T') is an eigenvalue of T', then A = r(T).

Proof. We only prove (i); the proofs of (ii) and (iii) are similar. Suppose that
x* > 0. Then xy being quasi-interior implies x*(xy) > 0. Note that A"z*(z¢) =
(T zg) = T™a* (x0) < [T | [lo]l. Thus, |T™z*|[= = A3/a" (o) /[[xo]-
Letting n — oo, we have lim inf,||77*z*||# > A,

Suppose now T*z* = r(T)z* for some z* # 0. Then Az*| < r(T)|z*| <
T*|x*|. Note that (T™*|x*| — Mz*|)(zo) = |x*|(Txo) — Mx*|(z9) = 0. Hence,
being quasi-interior yields T*|z*| = A|z*|. It follows that A|z*| = r(T)|z*| =
T*|z*|. In particular, A = r(T). O

We now include some spectral properties of positive operators on Banach
lattices. Recall that we pass to their complexifications whenever spectral the-

ory is considered. Observe first that if 7" > 0 then r(T) € o(T).

Lemma 0.22 ([25]). For an operator T € L (X), if r(T) = 1 is a simple
pole of R(-,T), then 3" | T* converges to the spectral projection of T for
r(T) = 1.

Recall that Krein-Rutman Theorem asserts that any non-quasinilpotent
positive compact operator has a positive eigenvector for the spectral radius.

The following is a generalization.

Lemma 0.23 ([40]). For an operator T € L, (X), if r(T') is a pole of R(-,T),
then the leading coefficient of the Laurent expansion of R(-,T) at r(T) is pos-

itive. Moreover, T as well as T* has a positive eigenvector for r(T).

We will need the following deep result essentially due to Lotz and Schaefer.

As has been observed in [7], the proof is a revision of that of [42, Theorem 5.5,
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p. 331].

Lemma 0.24 (Lotz-Schaefer). Let T € L. (X) be a non-quasinilpotent op-
erator. Suppose r(T) is a Riesz point (i.e. v(T) is a pole of R(-,T) with

finite-dimensional spectral subspace). Then T is peripherally Riesz.

We end this section with a structural result on finite-rank positive projec-

tions on Banach lattices.

0.25. The following observation is based on [42, Proposition 11.5, p. 214]. Let
P be a positive projection on a Banach lattice X; let Y = Range P. It is easy
to see that Y is a lattice subspace of X with lattice operations x/*\y = P(zA\y)
and z V/ y = P(x Vy) for any z,y € Y. We denote this vector lattice by Xp.
Note that this lattice structure is determined by Y, so that if () is another
positive projection on X with Range () =Y then it generates the same lattice
structure on Y.

Suppose, in addition, that n := rank P < oco. Being a finite-dimensional
Archimedean vector lattice, Xp is lattice isomorphic to R™ with the stan-
dard order; cf. [42, Corollary 1, p. 70]. Thus, we can find positive *-disjoint
x1,...,%, € Xp that form a basis of Xp. Furthermore, we can find positive
yi...,y, € Xp such that y/(z;) = 6;;. Put f =y o P, then a7 ..., 2} € X7

and x}(z;) = 0;;. It is easy to see that P = """  a}f @ ;.

0.4 Irreducible operators and semigroups

We now discuss some elementary properties of irreducible operators and semi-

groups which are the main objects in this thesis. Throughout this section,
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X stands for a Banach lattice with dim X > 1 and T stands for a non-zero

positive operator on X.

Definition 0.26. (i) A collection € of positive operators on X is said to
be ideal irreducible if there is no non-trivial (that is, different from

{0} and X) closed ideal which is invariant under each member of €.

(ii) € is said to be band irreducible if there is no non-trivial band which

is invariant under each member of % .

(iii) In particular, an operator 7" > 0 is said to be ideal irreducible (respec-
tively, band irreducible) if the singleton {T'} is ideal irreducible (respec-

tively, band irreducible).

(iv) A positive operator T is said to be strongly expanding (respectively,
expanding) if it sends non-zero positive vectors to quasi-interior points

(respectively, weak units).

Recall that the notions of bands and closed ideals coincide in order con-
tinuous Banach lattices. Thus, the notions of ideal irreducibility and band
irreducibility also coincide on such spaces. In particular, they coincide on
L,(1)-spaces for 1 < p < oo and on R". Note also that strongly expanding
(respectively, expanding) operators are ideal irreducible (respectively, band

irreducible).

We collect some elementary facts about irreducible operators.
Lemma 0.27. Fiz A > r(T'). The following statements are equivalent:

(i) T is ideal irreducible,

(it) D77 L is strongly ezpanding,
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(iti) Y70 Lra* is strictly positive for any z* > 0.

Proof. The equivalence of (i) and (ii) is shown in [41, p. 317]. For (ii) < (iii),

simply note that :c*( oo 1™ ) - ( oo T

L e > L 2*)(x) and that y > 0 is a quasi-
interior point if and only if 2*(y) > 0 for any «* > 0; cf. [6, Theorem 4.85]. [

Lemma 0.28. Let T > 0 be ideal irreducible.

(i) If Tx = \x for some x > 0 and A € R, then x is a quasi-interior point

and A > 0.

(i1) If T*z* = Aa* for some x* > 0 and X\ € R, then x* is strictly positive
and A > 0.
(1ii) T is strictly positive.

Proof. (i) It is clear that A > 0. Pick any 6 > r(T"). By Lemma 0.27 (ii), we
have that 31" oo = (3077 37) @ is a quasi-interior point. Thus, A > 0 and
is a quasi-interior point. (ii) can be proved similarly using Lemma 0.27 (iii).
(iii) follows immediately from Lemma 0.27(ii). O

Lemma 0.29. Let T > 0 be o-order continuous. Fiz X\ > r(T). The following

two statements are equivalent:

(i) T is band irreducible,
(it) >0 5 is expanding.
Any of these two statements implies the following:
(iii) >0 %x* is strictly positive for any o-order continuous x* > 0.

Proof. (i) < (ii) can be proved similarly as for ideal irreducible operators;
cf. [41, p. 317]. For the last assertion, simply note that if y > 0 is a weak unit

then z*(y) > 0 for any o-order continuous z* > 0. O
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Lemma 0.30. Let T > 0 be band irreducible and o-order continuous.
(i) If Tx = A\x for some x > 0 and A € R, then x is a weak unit and A > 0.

(ii) If T*z* = A\x* for some o-order continuous z* > 0 and A € R, then z*

15 strictly positive and A > 0.
(iii) T is strictly positive.

The following lemma handles relations between irreducibility of 7" and T™;

cf. [1, p. 356, Exercise 16].
Lemma 0.31. (i) If T* is band irreducible, then T is ideal irreducible.

(ii) Suppose X is order continuous. Then T is ideal irreducible if and only

if T is band irreducible.

Proof. (i) Suppose T* is band irreducible. Being the adjoint of a positive
operator, it is order continuous. Pick any A > r(7T") and * > 0. We have that
‘fo %x* is a weak unit of X* by Lemma 0.29 and thus is strictly positive

on X by Corollary 0.19. It follows that T is ideal irreducible by Lemma 0.27.

(ii) can be proved using similar machineries. O

We end this section with the semigroup analogues of these properties. For
the rest of this section, . stands for a non-zero (multiplicative)
semigroup of positive operators on X. For x € X, the orbit of x under
& is defined as .z = {Sx | S € #}. The following proposition is well known;

cf. [37, Lemma 8.7.6] and [15, Proposition 2.1].
Proposition 0.32. The following are equivalent:

(i) & is ideal irreducible,
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(i1) every non-zero algebraic ideal in .7 is ideal irreducible,

(iii) for any non-zero x € X, and x* € X7 there exists S € 7 such that

(z%,5z) # 0,

(iv) A B # {0} for any non-zero A,B € L(X),,

(v) for any x > 0, the ideal generated in X by the orbit S x is dense in X.
Proof. The equivalence of (i) through (iv) is [15, Proposition 2.1]. It is easy
to see that (i)=-(v)=-(iii). O

The band irreducible versions are as follows.

Proposition 0.33. Suppose . consists of order continuous operators. The

following are equivalent.
(i) 7 is band irreducible,
(i1) By, =X for all z >0,
(iii) every non-zero algebraic ideal of % is band irreducible.

Proof. (i)=-(ii) Suppose that . is band irreducible. It is easy to see that By,
is -invariant for every x > 0, so it suffices to prove that .z # {0}. For
each S € ., since S is order continuous, its null ideal Null(S) = {x € X:
Slz| = 0} is a band. Therefore, Mg, Null(S) is a band. It is easy to see
that the intersection is .-invariant, hence it is zero. It follows that for every
x > 0 there exists S € . such that Sz > 0, so that .z, and therefore By,
is non-zero.

For (ii)=(i), suppose that B is a non-zero proper .#-invariant band. For

each 0 < z € B we have By, C B, hence By, # X.
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(i)=(iii) Let J be a non-zero algebraic ideal in .. Take any z > 0.
Then y € Iz, if and only if there exist Si,...,S5, € J and A € R, such
that |y| < A(S; + -+ + Sp)x. In this case, for any S € . we have |Sy| <
A(SS1z+ -+ -+ S55,)x, so that Sy is in I 7,. It follows that Iz, and, therefore,
By, is -invariant.

Observe that Jz and, therefore, B7,, is non-zero. Indeed, suppose that
Jx = {0} and fix any non-zero " € J. Then for every S € . we have
TS € J so that T'Sz = 0. It follows that T" vanishes on .z and, therefore,
on By,. But By, = X by the equivalence of (i) and (ii), so that " = 0; a
contradiction.

Thus, the band By, is .-invariant and non-zero, hence By, = X. Now
the required result follows from the equivalence of (i) and (ii) again.

The implication (iii)=-(i) is obvious. O

Corollary 0.34. Suppose that . s band irreducible and consists of order

continuous operators. The following statements hold.

(i) For any x>0 in X and any order continuous * > 0 in X*, there exists

S €. such that z*(Sx) # 0.

(i) ULV # {0} for any non-zero U,V € L(X), provided that U is order

continuous.

Proof. (i) Suppose not. Then x* vanishes on .z, hence on By, = X, so that
x* = 0; a contradiction.

(ii) Suppose not, suppose U.#V = {0}. Since V' # 0, there exists x > 0
with Vax > 0. Then U vanishes on .V and, therefore, on By, so that, by

Proposition 0.33, U = 0; a contradiction. O
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We define the dual semigroup of . by ./* = {S*: S € Z}.
Proposition 0.35. (i) If 7" is band irreducible then . is ideal irreducible.

(i1) Suppose X is order continuous. Then . is ideal irreducible if and only

if " 1s band irreducible

Proof. (i) Pick any > 0 and «* > 0. Since .#’* is band irreducible and con-
sists of order continuous operators, we have B g+« = X* by Proposition 0.33.
Hence, there exists S € . such that z*(Sx) = S*z*(z) > 0 by Proposi-
tion 0.18. It follows from Proposition 0.32 that . is ideal irreducible. (ii) can

be proved using similar machineries. O
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Chapter 1

Irreducible Positive Operators
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1.1 Introduction

The results in this chapter are mainly taken from [19] and [20]. Throughout
this chapter, X stands for a real Banach lattice with dim X > 1 and T stands
for a non-zero positive operator on X.

Many efforts have been made to extend the classical Perron-Frobenius the-
ory (c.f. Theorem in Preface) to irreducible positive operators on arbitrary
Banach lattices. For example, combining the results in [40, 38, 35, 10], we

have the following.

Theorem 1.1. Let T > 0 be an ideal irreducible operator on X such that r(T)

is a pole of the resolvent R(-,T).

(i) r(T') is non-zero and is a simple pole of R(-,T'), ker(r(T)—T) = Span{zo}
for some quasi-interior point xo > 0 and ker(r(T) —T*) = Span{x}} for

some strictly positive functional x> 0.

(11) Oper(T) = r(T)G where G is the set of all k-th roots of unity for some
k > 1, and each point in ope(T) is a simple pole of R(-,T) with one-

dimensional eigenspace.
(i) If 0 < S <T and r(T) =r(S) then T = S.

Analogous results have also been established for band irreducible operators.

We would like to mention the following.

Theorem 1.2 ([4, 5]). Let T > 0 be a o-order continuous band irreducible
operator on X such that r(T) is a pole of R(-,T). If any of the following are
satisfied:

(i) there exists a non-zero o-order continuous functional on X,
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(i) T as well as the leading coefficient of the Laurent expansion of R(-,T)

at r(T) is order continuous,

then the results in Theorem 1.1 hold (in the Jentzsch-Perron part, xqo is now

a weak unit and xj) is o-order continuous and strictly positive).

It deserves mentioning that Theorems 1.1 and 1.2 are applicable to compact
irreducible operators due to the following theorem. The ideal irreducible case
is conventionally referred to as de Pagter’s Theorem and the band irreducible

case is conventionally referred to as Schaefer-Grobler Theorem.

Theorem 1.3 ([12, 43, 22]). Let K > 0 be a compact operator on X. If
K s either ideal irreducible or o-order continuous and band irreducible, then

r(K) > 0.

In this chapter, we establish some more versions of the Jentzsch-Perron
theorems and comparison theorems for irreducible operators.

Section 1.2 is devoted to the Jentzsch-Perron theorems. Observe first that
they hold under much weaker conditions than those in Theorems 1.1 and 1.2.
For example, the following can be found in [42, Theorem 5.2, p. 329] for ideal

irreducible operators and in [23, Theorem 4.12] for band irreducible operators.

Theorem 1.4 ([42, 23]). Suppose Txo = r(T)xy and T*x§ = r(T)xj for some
xg > 0 and some xf > 0. Then ker(r(T) — T) = Span{xo} if any of the

following are satisfied:
(i) T is ideal irreducible,

(ii) T is band irreducible and o-order continuous and xj is strictly positive.
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We are particularly interested in the dual version of Theorem 1.4. Namely,
we want to know when the eigenspaces of the adjoint operators are one-
dimensional. We provide several sufficient conditions for this property in
Proposition 1.10 and Theorem 1.12. We are also interested in the spectral
behaviors of irreducible operators at their spectral radii (Proposition 1.13).
As a consequence, we prove that the conditions (i) and (ii) in Theorem 1.2 are
equivalent (Theorem 1.14).

Section 1.3 is devoted to comparison theorems. When the dominating
operator is ideal irreducible with spectral radius being a pole of the resolvent,
the comparison theorem (Theorem 1.1(iii)) was established in [10] and was

applied to prove the following.

Theorem 1.5 ([10]). Suppose 0 < S < T and r(T) =r(S). If r(T) is a Riesz

point of R(-,T), then it is also a Riesz point of R(-,5).

Using this theorem, Alekhno established the comparison theorems in Theo-
rem 1.2. We also mention the following result (cf. [8, Theorem 2.8 and Corol-

lary 2.12]).

Theorem 1.6 ([8]). Suppose 0 < S < T on LP(u) where 1 < p < oo and u is
o-finite. Suppose also r(T) =r(S). Then T = S if either T or S is irreducible

and power compact.

We show in Corollary 1.19 that Theorem 1.6 remains valid for general
Banach lattices. We also show in Theorem 1.21 that the power compactness
condition in Theorem 1.6 may be replaced with the (weaker) condition that
the spectral radius is a pole of the resolvent. Thus, Theorem 1.21 not only
includes the comparison theorems in Theorems 1.1 and 1.2 but also allows to

move the assumptions for 7' to the dominated operator S.
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Section 1.4 is devoted to some application of comparison theorems. The
following is an extension of de Pagter Theorem; cf. [1, Theorems 10.25 and

10.26].

Theorem 1.7 ([1]). Let T, K > 0 be such that T is ideal irreducible and K is

compact.
(i) If TK > KT then liminf,||K"z||x > 0 for any z > 0.
(i) If TK < KT then r(K) > 0.

The authors asked the following question ([1, p. 402]): can we obtain local
non-quasinilpotency of K in (ii) as we do in (i)? We prove that the answer
is affirmative. We actually prove a stronger result that in both cases of The-
orem 1.7 the operators T" and K are commuting (Theorem 1.24). Finally, we
apply this result to prove that the commutator of two semi-commuting positive
operators is quasinilpotent if one of the operators is compact. This answers a

question in [9].

1.2 Jentzsch-Perron theorems

In this section, we establish several more versions of the Jentzsch-Perron Theo-
rem. In particular, we are interested in the eigenspaces of the adjoint operators
of irreducible operators. We also prove some auxiliary lemmas that will be of
frequent use in the sequel.

Recall that we always assume 7" > 0. For convenience, we denote
by z% the positive/negative parts of a functional z*. We need the following

technical lemma.
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Lemma 1.8. (i) Suppose T*x} = Az} for some strictly positive functional
x5. Then for any x € X such that Tx > Az or Tx < Az, we have

Tl’:t = )\l‘i.

(i1) Suppose Txy = Axq for some quasi-interior point xo > 0. Then for any

x* € X* such that T*z* > Ax* or T*z* < \z*, we have T 2% = A\x’.

(i1i) Let T be o-order continuous. Suppose T'xo = Axy for some weak unit
xo > 0. Then for any o-order continuous x* € X* such that T*x* > A\x*

or T*z* < A\x*, we have T"z% = \x,.

Proof. (i) Note that 0 = (T*z§ — \xf)(z) = a§(T'x — A\x). Since xf is strictly
positive, we have Tx = Az. This in turn implies A|z| < T'|z|. Using what we
have just proved, we have T'|x| = A|z|. Hence, Ty = Az 4.

(iii) Note that (T*x* — Ax*)(zo) = 2*(Txo) — Ax*(x9) = 0. Since T*x* — Az*
is o-order continuous and x( is a weak unit, we have T*z* — Ax* = 0. This
in turn implies A|z*| < T'|z*|. Since |z*| is also o-order continuous, applying
what we have just proved, we have T*|z*| = A|z*|. Hence, Tx% = \z?.

(ii) can be proved either similarly as (iii), or via (i) since x( acts as a strictly

positive functional on X* such that T**zq = Ax. O

One can replace the spectral radius in Theorem 1.4 with a positive eigen-

value as follows. The proof is analogous to that of [42, Theorem 5.2, p. 329].

Lemma 1.9. Suppose Txy = Axg and T*x§ = Az for some xy > 0 and x> 0

and A € R. Then ker(A — T') = Span{zo} if any of the following are satisfied:
(i) T is ideal irreducible,
(1) T is band irreducible and o-order continuous and xj is strictly positive.
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Proof. We only prove (ii); the proof of (i) is similar. Suppose, otherwise,
dimker(A —7) > 1. Then there exists # € ker(A — T') such that x4 > 0.
By Lemma 1.8 (i), z3 € ker(A — T'). Therefore, they are both weak units by

Lemma 0.30 (ii). This is absurd since x4 L z_. O
We deduce the following “double” version of Jentzsch-Perron theorem.

Proposition 1.10. Suppose T'xy = Axog and Tz = Az for some xq > 0
and x5 > 0 and A € R. If T* is band irreducible (in particular, X has order
continuous norm and T' is ideal irreducible), then ker(A —T') = Span{x} and

ker(A — T™*) = Span{x{}.

Proof. Suppose that T™ is band irreducible. Then T is ideal irreducible by
Lemma 0.31. Applying Lemma 1.9(i) to 7', we have ker(A —T') = Span{z,}.
By Lemma 0.28(i), zo is a quasi-interior point. Thus, it acts as a strictly
positive functional on X* (cf. [6, Theorem 4.85]) such that 7**xy = Azy. Being
the adjoint of a positive operator, T™* is order continuous. Hence, applying
Lemma 1.9(ii) to 7%, we have ker(A — T™) = Span{z}}. Finally, observe that
if X is order continuous and T is ideal irreducible, then T™ is band irreducible

by Lemma 0.31 again. [

We now establish another double version of Jentzsch-Perron theorem. For
this purpose, we need the following technical lemma on o-order continuity of
eigenfunctionals. The idea of the proof has appeared in [43, 22, 23, 2]. Recall
that an operator S € L(X) is order weakly compact if S[0, z] is relatively
weakly compact for all x > 0. This is a large class of operators containing all
compact operators, AM-compact operators and weakly compact operators. It

also includes strictly singular operators; cf. [31, Corollary 3.4.5].
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Lemma 1.11. (i) If T is o-order continuous and order weakly compact,

then T is o-order-to-norm continuous (i.e. x, | 0 implies | Tx,|| — 0).

(i) If T' is power o-order-to-norm continuous and T*xz* = Ax* for some

A # 0, then x* is o-order continuous.

(iii) If T is o-order continuous and power order weakly compact and T*z* =

Ax* for some \ # 0, then x* is o-order continuous.

Proof. (i) Take z,, | 0. Then Tz, | 0. Since T[0,x,] is relatively weakly
compact, we have, by Eberlein-Smulian theorem, T'x,;, — y weakly for some
(n;) and y € X. Since Tz, is decreasing, it is straightforward verifications
that y = inf; T'w,;, = inf, Tz, = 0. Hence, ||Tzy,;|| — 0 by Dini theorem
(cf. [6, Theorem 3.52]). This in turn implies that ||7Tz,|| — 0.

(ii) Suppose T* is o-order-to-norm continuous for some k > 1. For any
z, | 0, we have ||T*x,| — 0. Thus, \N*a*(z,) = T*2*(x,) = 2*(T*z,) — 0.
It follows that z*(x,) — 0. By [1, Theorem 1.26], z* is o-order continuous.

(iii) follows from (i) and (ii). O

Theorem 1.12. Suppose T is power order weakly compact, and Txy = Axg
and T*x§ = Az for some xg > 0 and x5 > 0 and A € R. If T is either ideal
irreducible or band irreducible and o-order continuous, then ker(A — T) =

Span{xo} and ker(A — T™) = Span{z}}.

Proof. We only prove the band irreducible case; the other case can be proved
similarly. By Lemma 0.30 (i), x¢ is a weak unit and A > 0. Thus, zj is o-order
continuous by Lemma 1.11 (iii), and is strictly positive by Lemma 0.30 (ii). It

follows from Lemma 1.9 (ii) that ker(A — T") = Span{x}.
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It remains to prove ker(A — T*) = Span{xz}}. Without loss of generality,
assume A = 1. Suppose dimker(1—7") > 1. Then there exists z* € ker(1—-T")
with 2% > 0 and 2* > 0. By Lemma 1.11 (iii) again, 2* is o-order continuous.
Since zy is a weak unit, Lemma 1.8 (iii) implies that =% € ker(1 — T™). Let
k > 1 be such that T* is order weakly compact. Then (T*)*z% = 7. It
follows that

0=} Aa(a0) = Jnf (@@ — o)+ (2))

= inf ((Tk)*xi(:tg —x)+ (Tk)*x*_(x))

0<z<zg

o * _mk * k

_Oglz}:lgfxo<x+<x0 Tz) 4+ 2% (T"x)).
So we can take (z,,) C [0, o] such that z% (zg — T*x,,) + z* (T"*z,) — 0. Using
order weak compactness of T* and Eberlein-Smulian theorem, we can assume,
by passing to a subsequence, that T*x, — y € [0,T*x] = [0, o] weakly. In
particular, we have 2% (xo — y) + 2" (y) = 0. It follows that 2% (xo —y) =
x* (y) = 0. Since 2% are both o-order continuous and lie in ker(1 — 7%), they
are both strictly positive by Lemma 0.30 (ii). This forces zo—y = y = 0. Thus,
xo = 0, which is absurd. Therefore, dimker(A — 7%) = 1, and consequently,

ker(A — T*) = Span{z}. O

We now study the spectral behaviors of irreducible operators at their spec-
tral radii. Suppose that r(T") is a pole of R(-,T) of order m. Let A_,
be the coefficient of (A — r(7"))™™ in the Laurent expansion of R(-,T") at
r(T) and P be the corresponding spectral projection. Then P = A_; and
A, = (T—r(T))"'P; cf. [1, Lemmas 6.37 and 6.38]. It follows, in particular,
that if m > 1 then A%, = 0. Recall also that if m = 1 then PX = ker(A—T);
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cf. [1, Corollary 6.40].

Proposition 1.13. Suppose r(T') is a pole of R(-,T). Let P be the corre-

sponding spectral projection. If T satisfies any of the following:
(i) T is ideal irreducible,

(i) T is band irreducible and o-order continuous and T*z§ = r(T)x for

some strictly positive functional z',

then r(T) > 0 and it is a simple pole of R(-,T), PX = ker(r(T) —T) =
Span{xo} for some xo > 0, and P*X* = ker(r(T) — T*) = Span{z{}. In
1

particular, P = W:UE‘) ® xg.

(i) is in [38, Theorems 1 and 2] (and in [40, Theorem 2] except the last two

assertions); see also Theorem 1.1. Variants of (ii) can be found in [22, 26, 4, 5].

We include here a simple proof combining the techniques of [38] and [40].

Proof. We prove (ii) first. By Lemma 0.23, there exists xy > 0 such that
Txy =r(T)xo. By Lemma 0.30 (i), »(T") > 0.

Let r(T") be a pole of order m. Denote by A_,, the coefficient of (A—r(T"))™"
in the Laurent expansion of R(A,T) at r(T"). Observe that P* is the spectral
projection of T* for r(T). Since T*x§ = r(T)z§, we have zf € P*X* and
Prxy = xf. By Lemma 0.23, we can take z > 0 such that A_,,x > 0. Then
0 < TY(A_pz) = (T = 1(T)" 1 (Pa5)(2) = [(T° = r(T))" 5] (2). T > 2,
then (T* — r(T))™ 'z} = 0, yielding a contradiction! Hence, m = 1, that is,
r(7T) is a simple pole.

By the remark preceding this proposition and Theorem 1.4 (ii), PX =
ker(r(T) — T) = Span{xo}. Thus, rank(P*) = rank(P) = 1. It follows from

!By Lemma 0.23, what we really require here is strict positivity of 2, not its existence.
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0 # ker(r(T) —T%) C P*X* that P*X* = ker(r(T') — T*) = Span{z}}. Now
it is straightforward verifications that P = @x(’; ® Tp.
The proof of (i) is similar, since in view of Lemmas 0.23 and 0.28, there

exist o > 0 such that T'zo = r(T")xy and a strictly positive functional xj such

that T*xf = r(T)z}. O

As a consequence of this proposition, we prove that the conditions (i) and

(ii) in Theorem 1.2 are equivalent.

Theorem 1.14. Suppose T is band irreducible and o-order continuous and

r(T) is a pole of the resolvent R(-,T). The following are equivalent:
(i) there exists a non-zero c-order continuous functional on X,
(i) the set of o-order continuous functionals separates the points of X,

(1i1) there exists a o-order continuous functional xj > 0 such that T*z{ =

r(T)ag,

(iv) the leading coefficient of the Laurent expansion of R(-,T) at r(T) is o-

order continuous,
(v) any positive operator that commutes with T is order continuous.

Proof. (i)=(ii) follows from [43, Lemma 1]; (ii)=(i) is obvious. (i)=>(iii) fol-
lows from [4, Theorem 1(c)]; (iii)=-(i) is obvious. This proves (i)<(ii)<(iii).

Now assume (iii) holds. By Lemma 0.30, xj is strictly positive. Hence,
Proposition 1.13 implies that the spectral projection P of T for r(T') is o-
order continuous, strictly positive and compact. Observe that each positive

operator that commutes with 7" also commutes with P. Hence, (v) follows from
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[1, Lemma 9.30]. (v)=(iv) follows because the leading coefficient commutes
with T" and is positive by Lemma 0.23.

It remains to prove (iv)=-(iii). The proof is analogous to that of [5, Theo-
rem 4.11]. We claim that the spectral projection P at r(7T') is strictly positive
and o-order continuous. Let m be the order of r(7") and A_,, be the coefficient

of (A —=r(T))™™ in the Laurent expansion. If A_,,x = 0 for some = > 0, then

™ ™
A Y U s =30 swA_mz = 0 for any fixed 6 > r(T'). By Lemma 0.29,
> g—:x is a weak unit. Thus, since A_,, is o-order continuous, we have

A_,, = 0, which is absurd. It follows that A_,, is strictly positive. It also fol-
lows that m = 1, since, otherwise, A%, = 0, contradicting its strict positivity.
This finishes the proof of the claim, since P = A_; = A_,, now.

We now claim that P has rank 1. Since m = 1, we have A_5 = (r(T) —

T)P = 0. Therefore, PT = r(T)P, yielding that > ;" g—:P — ( * “{Q") P.

Since P is strictly positive and > (° L= is expanding, it follows that > ° &P,
and therefore, P, is also expanding. If rank P > 1 then there exists x €
Range P such that 2 > 0. Since P is strictly positive, Range P is a sublattice
of X cf. [1, Theorem 5.59]. Therefore, ¥ € Range P. Since P is expanding,
they are both weak units, which is absurd, since z™ L 2~.

It follows that P = xj; ® xo for some z§ > 0 and xy > 0. Clearly, 7"z =

r(T)x§. Since P is o-order continuous, so is . This proves (iv)=-(iii). O

1.3 Comparison theorems

In this section, we establish several versions of comparison theorems. The

following lemma is straightforward to verify.
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Lemma 1.15. Suppose 0 < S < T. Then T = S if any of the following are

satisfied:
(i) T*z§ = S*xj for some strictly positive functional xj),
(ii) Txo = Sxzo for some quasi-interior point xo > 0,
(11i) T is o-order continuous and Txy = Sxo for some weak unit xog > 0.
The following is a generalization of [29, Theorem 4.3].

Lemma 1.16. Suppose 0 < S < T and T is ideal irreducible. Then T = S if

any of the following are satisfied:
(1) T*xy = Azl for some xf > 0 and Sxo > Axg for some xo > 0,
(1) Two = Axg for some xy > 0 and S*z{ > \xf for some z§ > 0.

Suppose 0 < S < T and T s band irreducible and o-order continuous. Then

T =S if any of the following are satisfied:

(1) T*x§ = Axfy for some strictly positive xf > 0 and Sxog > Axo for some

x9 > 0,

(ii’) Txo = Axg for some xy > 0 and S*x§ > Az for some o-order continuous

x5 > 0.

Proof. We only prove (ii’); the other cases can be proved in a similar fashion.
By Lemma 0.30 (i), we know that x, is a weak unit. Therefore, it follows
from \zf < S*zj < T*z} and Lemma 1.8 (iii) that \zf = S*z§ = T*x{. By
Lemma 0.30 (ii), «{ is strictly positive. Hence, it follows from T™z{ = S*x;

and Lemma 1.15 (i) that 7' = S. O
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Lemma 1.17. Suppose T' and S are compact, 0 < S < T and r(T) = r(5).
Then T = S if T is either ideal irreducible, or band irreducible and o-order

continuous.

Proof. Suppose that T is band irreducible and o-order continuous. By Schaefer-
Grobler Theorem 1.3, we have r(7") > 0. Since T" and S are both compact,
we have, by Krein-Rutman Theorem, that there exist o > 0 and zj; > 0 such
that Tzg = r(T)zo and S*zf = r(S)x;. Since S is also o-order continuous,
we know that zf is o-order continuous by Lemma 1.11 (iii). It follows from
Lemma 1.16 (ii’) that 7" = S. The case when T is ideal irreducible can be

proved similarly using de Pagter’s Theorem. O]

Theorem 1.18. Suppose 0 < S < T, r(T) = r(S), and S* is non-zero and
compact for some k > 1. Then T = S if T is either ideal irreducible or band

irreducible and o-order continuous.

Proof. We only prove the band irreducible case; the other case can be proved
similarly. Without loss of generality, assume [|T|| < 1. Put T = ST and
S = >-7°8™. Recall that r(T') € o(T) and (S) € o(S). Thus, by the spectral

mapping theorem, it is easily seen that
r(TT*T) = r(T)* (Z r(T)m> = r(S)* (Z r(S)m> = r(5S*39).

It follows from TT*T > TSFT > SS*S that r(TS*T) = r(SS*S).

Recall that T is o-order continuous. Hence, so is T'S*T. By Lemma 0.29 (ii),
T is expanding, hence so is TS’“T; in particular, TS*T is band irreducible.
Finally, note that since S* is compact, so are TS*T and SS*S. Applying

Lemma 1.17 to 0 < SSkS < fSki we have T'SFT = SSkS.
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It follows from T.S*T > TSkS > SS*S that TSFT = TS*S. Since T is
strictly positive and SET > Skg, we have S¥T = S*S. If Skz = 0 for some
z >0, then S¥Tz = SS*z = 0. But T is a weak unit, forcing S*¥ = 0, which
is absurd. Hence, S* is strictly positive. Now it follows from SFT = S*S and

T > S that T = S. This in turn implies T'=§S. O]

We are now ready to present a generalization of Theorem 1.6 to operators

on arbitrary Banach lattices.

Corollary 1.19. Suppose 0 < S < T and r(T) =r(S). Then T = S if any of

the following are satisfied:

(i) T is power compact, and is either ideal irreducible or band irreducible

and o-order continuous,

(i1) S is power compact, and either S is ideal irreducible, or S is band irre-

ducible and T 1s o-order continuous.

Proof. (i) By Lemma 0.28 (iii) or Lemma 0.30 (iii), each power of 7" is non-
zero, hence 7(S) = r(T") > 0 by [31, Corollary 4.2.6]. In particular, this implies
that each power of S is non-zero. By Aliprantis-Burkinshaw’s Cube theorem
([6, Theorem 5.14]), we know that S is also power compact. Thus the desired
result follows from Theorem 1.18.

(ii) Assume S* is compact. By Lemma 0.28 (iii) or Lemma 0.30 (iii), S* > 0.

Since S is irreducible, so is T. Now apply Theorem 1.18 again. O]

Remark 1.20. Lemma 1.17, Theorem 1.18 and Corollary 1.19 still hold if we
replace compactness involved by strict singularity and assume 7(7") > 0. The

same lines of arguments with minor modifications will work. For example,
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let’s look at the band irreducible case of Lemma 1.17. Suppose S and T are
now strictly singular. Since 0 < r(7') € o(T) and 0 < r(S) € o(5), r(T) and
r(S) are poles of R(-,T) and R(-,S), respectively; cf. [1, Exercise 8, p. 314
and Corollary 7.49]. Replacing Krein-Rutman Theorem with Lemma 0.23, we
get z¢ and zj as before. Since S is order weakly compact, Lemma 1.11 again
implies that x{ is o-order continuous. Thus, Lemma 1.17 holds. Theorem 1.18
holds because the set of strictly singular operators also forms an ideal of L(X);
cf. [1, Corollary 4.62]. Corollary 1.19 holds because the power property also
holds for strictly singular operators (that is, if 0 < S < T and T is strictly

singular, then S* is strictly singular; see Corollary 4.2, [18]).

Motivated by an idea from [8], we can also prove a variant of Corollary 1.19
replacing the power compactness condition with that the spectral radius is a

pole of the resolvent.
Theorem 1.21. Let 0 < S < T be such that r(T) = r(S).

(i) Suppose that r(T) is a pole of R(-,T). Then T = S if T is either ideal
wrreducible, or band irreducible and o-order continuous with o-order con-

tinuous® x> 0 such that T*z} = r(T)x}.

(ii) Suppose that r(S) is a pole of R(-,S). Then T = S if either S is ideal
irreducible, or S is band irreducible with o-order continuous xj > 0 such

that S*x§ = r(S)xy and T is o-order continuous.

Proof. (i) Suppose first that 7" is band irreducible and o-order continuous and
T*x§ = r(T)z for some o-order continuous zf > 0. Let P be the spectral

projection of T" for r(T"). By Lemma 0.30 (ii), x is strictly positive. Hence, by

2By Lemma 0.23, what we require here is the o-order continuity of x§, not its existence.
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Proposition 1.13, (T") > 0 is a simple pole of R(-,T) and P = %x[’;@xo for
some zg > 0. Without loss of generality, assume (7)) = 1. Then PT = P is
compact, o-order continuous and expanding (in particular, band irreducible).

Since r(T') is a simple pole of R(-,7T), Karlin’s Theorem (Lemma 0.22)
implies £ >~ T% — P. Therefore, since PS and PT are compact, we have, by

n

Proposition 0.4,
1=l lisis <1 1iTiS =r(PS)
=limr | — 1 <limr | ~ 1 =r
1
<r(PT) =1 — T ) =1.
<r(PT) imr (n ; )

It follows that r(PT) = r(PS) = 1. Now applying Lemma 1.17 to 0 < PS <
PT, we have PT'= PS. Thus, T = S due to strict positivity of P. The case
when 7' is ideal irreducible can be proved similarly.

For (ii), let P be the spectral projection of S for r(S). As before, one can
show that PS, and therefore PT, is (strongly) expanding. A similar argument
also gives r(PT) = r(PS). Now applying Lemma 1.17 to 0 < PS < PT again,

one obtains PT = PS. Thus, T'= S due to strict positivity of P again. [

Remark 1.22. Recall that power compact operators are essentially quasinilpo-
tent; cf. [1, Definition 7.47]. Recall also that power compact ideal irreducible
(or band irreducible and o-order continuous) operators are non-quasinilpotent;
cf. [31, Corollary 4.2.6]. Hence, the spectral radius of such an operator is a
pole of the resolvent; cf. [1, Corollary 7.49]. Therefore, it is easily seen that

Corollary 1.19 and Theorem 1.6 can also be deduced from Theorem 1.21.

We remark that the ideal irreducible case in Theorem 1.21(i) is just The-

orem 1.1(iii). Note also that the band irreducible case in Theorem 1.21(i)
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is equivalent to the two comparison theorems in Theorem 1.2. Indeed, it is
immediate by Theorem 1.14.
We refer to a recent preprint [24] for some other versions of comparison

theorems.

1.4 Quasinilpotency of positive commutators

Recall that we say two operators U,V € L(X) semi-commute if their com-

mutator UV — VU is either positive or negative.

Lemma 1.23. Suppose T, S > 0 semi-commute and S* = 0. Then T has a
non-trivial invariant closed ideal. If, in addition, both T and S are o-order

continuous, then T has a non-trivial invariant band.

Proof. Without loss of generality, assume ||T'|| < 1. Since S > 0 and S? = 0,
it is easily seen that the null ideal Null(S) := {z € X : S|z| = 0} and the
closed ideal I generated by Range(.S) are both nontrivial closed ideals of X.
Suppose first 7S > ST. One can easily verify that Null(S) is invariant
under T'. Suppose now 1" and S are o-order continuous. Observe that although
Null(S) may fail to be a band, it contains all the bands generated by its
elements. Pick any 0 < z € Null(S). If Tx = 0, then the band generated by =
is non-trivial and invariant under T'. If Tx # 0, consider the band generated by
z:=> 1 T"r > 0. It is clearly invariant under 7'. Since Null(.S) is invariant
under 7', we have z € Null(S). Thus, the generated band is also non-trivial.
Suppose now T'S < ST. Then one can easily verify that [ is invariant
under T'. Suppose now T and S are o-order continuous. Pick any 0 < x € I.

If Tx = 0, consider the band generated by x; if Tx # 0, consider the band
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generated by z := > ["T"x € I. They are invariant under 7. Since S > 0
and S? = 0, we have I C Null(S). Thus the generated bands are contained in

Null(S) and, therefore, are non-trivial. O

Theorem 1.24. Suppose T, K > 0 semi-commute and K is compact. Then

TK = KT if any of the following are satisfied:
(i) T is ideal irreducible,
(i1) T is band irreducible and both T and K are o-order continuous.

Proof. We only prove (ii); the proof of (i) is similar. Without loss of generality,
assume ||T|| < 1. Then T := > 7°T™ is o-order continuous and expanding.
We claim that K7 and TK do not have a common non-trivial invariant band.
Otherwise, let B be such a band. If there exists 0 < z € B such that Kz > 0,
then T(Kz) is a weak unit. But TKz € TK(B) C B implies B = X, a
contradiction. Hence, B C ker K. Now pick any 0 < z € B. Then Tz >0
is a weak unit. From K(KTz) € K(KT(B)) c K(B) = {0}, it follows that
K? = 0. This contradicts band irreducibility of 7" by Lemma 1.23, and thus
completes the proof of the claim.

Now assume T'K > KT. Then T"K > KT™ for all n > 1. Thus TK >
KT >0. If TK has a non-trivial invariant band then it is also invariant under
K f, contradicting the preceding claim. Thus, TK is band irreducible. Note
that 7K and KT are both compact and o-order continuous and that T(TVK )=
T(K'f). By Lemma 1.17, we have TK = Kf, and therefore, TK = KT. For
TK < KT, we have K T > TK. The same argument yields K T =TK and

TK =KT. O

We now see that the question following Theorem 1.7 has an affirmative
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answer; namely, in Theorem 1.7(ii) we can obtain local non-quasinilpotency
of K at non-zero positive vectors. See Chapter 3 for more properties of such
operators T and K.

We now turn to an application of Theorem 1.24. In [9], it is proved that
if two operators 7' > 0 and S > 0 semi-commute and are both compact, then
their commutator 7'S — ST is quasinilpotent. It is also shown there that there
exist two semi-commuting operators 7" > 0 and S > 0, neither of which is
compact, such that T'S — ST is not quasinilpotent. The authors asked the

following question.

Question. Suppose T, S > 0 semi-commute and one of them is compact. Is

TS — ST necessarily quasinilpotent?

A partial solution of this question was given in [16, Theorem 3.6] and asserts
that the commutator is indeed quasinilpotent provided that, in addition, it
semi-commutes with the compact operator. We now prove that the question
has an affirmative answer in general.

To this end, we first recall some necessary notions. A collection C of closed
subspaces of X is called a chain if it is totally ordered under inclusion. For any
M € C, the predecessor M_ of M in C is defined to be the closed linear span
of all proper closed subspaces of M that belong to C. The following lemma is

straightforward to verify.

Lemma 1.25. Let C be a chain of closed ideals of X, M € C. Then M_ is a
closed ideal of X, M_ C M and C U {M_} is chain.

Lemma 1.26 ([13]). Let C be a chain of closed ideals of X. Then it is mazimal
as a chain of closed subspaces of X if and only if it is maximal as a chain of

closed ideals of X.
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Recall that a collection S of positive operators is called ideal triangu-
lations if there exists a chain of closed ideals of X such that each member
in the chain is invariant under & and the chain itself is maximal as a chain
of closed subspaces of X (cf. Lemma 1.26). Such a chain is called an ideal

triangularizing chain for §.

Theorem 1.27. Suppose T' and K are two non-zero positive semi-commuting

operators such that K is compact. Then S :=TK — KT s quasinilpotent.

Proof. Since replacing T" with T'+ K does not change the commutator, we can
assume 17" > K > 0. Let C be a maximal chain of invariant closed ideals of T’
(existence of such a chain follows from Zorn’s lemma). Take any M € C. It
is easily seen that M_ is invariant under 7. Hence, by Lemma 1.25, M_ € C.
We claim that the induced quotient operator T on M /M _ is ideal irreducible.
Suppose that, otherwise, J is a non-trivial closed ideal of M/M_ invariant
under 7. We consider 771(J) = {z € M : w(z) € J}, where 7 is the canonical
quotient mapping from M onto M/M_. By [42, Proposition 1.3, p. 156,
7 1(J) is a closed ideal of M, and thus is a closed ideal of X. Tt is clearly
invariant under 7', properly contains M_ and is properly contained in M.
Thus, it is easily seen that 7—!(J) is comparable with members of C. But
771(J) € C, contradicting maximality of C.

It follows that 7 is ideal irreducible on M JM_. Since T'> K > 0, both M
and M_ are invariant under K'; hence the quotient operator K is well defined
on M/M_. Theorem 1.24 implies S = TK — KT = 0.

For each M € C, let é;\} be a maximal chain of closed ideals of M/M_
(existence of such a chain follows from Zorn’s lemma). Put Cpy = {7~ (J) :

J € é]\v4} Then Cjs consists of closed ideals of X each of which contains M_
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and is contained in M. Since S = 0 on M/M_, each member of Cy; is invariant
under S. Thus, it is easily seen that C; = CUjp;¢cCyy is a chain of closed ideals
of X each of which is invariant under S.

We claim that C; is an ideal triangularizing chain for S. It remains to
prove C; is maximal as a chain of closed subspaces of X. Suppose, otherwise,
there exists a closed subspace Y ¢ C; such that C; U {Y'} is still a chain.
Consider M := Ny, joyJ and N := Ujce jcyJ. They are well defined since
{0}, X € C. Note also that N C Y C M. It is easily seen that they are
closed ideals of X invariant under 7. Since each member of C is comparable
with Y, it is easy to see that each J € C either is contained in /N or contains
M. Hence, by maximality of C, we have M, N € C. It also follows that
N = M or M_, the predecessor of M in C. The first case is impossible,
since it forces Y = N = M € C C C;. Hence, M_ = N S Y & M. Note
that Y/M_ is a closed subspace of M/M_. Clearly, Y/M_ ¢ Cy. Since Y is
comparable with each member of C;, Y/M_ is comparable with each member
of é;\}, contradicting maximality of 6;4, by Lemma 1.26. This proves the claim.

Now note that for any N € C;, we can find M € C such that M_ C N_ C
N C M, where M_ is the predecessor of M in C and N_ is the predecessor
of N'in C;. Since S =0 on M/M_, S = 0 on N/N_. Hence, by Ringrose’s

theorem ([37, Theorem 7.2.3]), 0(S) =0, i.e. S is quasinilpotent. O

We remark that an independent proof of this theorem can be found in [17].

45



Chapter 2

Irreducible Semigroups of

Positive Operators
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2.1 Introduction

The results of this chapter are based on [21]. Throughout this chapter, X
stands for a real Banach lattice with dim X > 1 and .¥ stands for a non-zero
semigroup of positive operators on X.

The classical Perron-Frobenius theory was extended to irreducible semi-
groups of positive matrices in [36] and [37, Section 5.2] and to irreducible
semigroups of compact positive operators on L,-spaces in [37, Section 8.7]. In

particular, they have the following results for L,-spaces.

Theorem 2.1. Let . be an irreducible semigroup of compact positive opera-
tors on L,(Q;p) (1 <p < oo and p is o-finite). Let r be the minimal rank of
non-zero operators in R*.7. Suppose that all the rank r projections in R+.7

have the same range.

(i) There exists f € L,, almost everywhere positive, such that Sf = r(S)f

for all S € .. Moreover, [ is unique up to scalar multiples.

(i) Every non-zero S € . has at least r eigenvalues of modulus r(S), count-

ing geometric multiplicities, all of which are of form r(S)6 with 0™ = 1.

(i1i) There are r pairwise disjoint measurable subsets Q; of Q such that Q =
Ui and the r x r matrix representation of every non-zero S € .
relative to the partition L,(4) @ --- @& L,(£,) has exactly one non-zero

block in each block row and in each block column.

The same approach was employed in [27] to extend some of the results
in [36, 37] to irreducible semigroups of compact positive operators on order

continuous Banach lattices.
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In this chapter, we extend the Perron-Frobenius theory to irreducible semi-
groups of positive operators on arbitrary Banach lattices. The approach and
some of the ideas we use are parallel to those used in [36] and [37], but in many
cases we had to develop completely new techniques. Moreover, we weaken the
condition that the semigroup consists entirely of compact operators; we only
require that the semigroup contains a non-zero compact operator or even a
peripherally Riesz operator.

The structure of this chapter is as follows. In Section 2.2, we study R+-
closed ideal irreducible semigroups containing a peripherally Riesz operator or
a non-zero compact operator. We show that such a semigroup contains finite-
rank operators and contains “sufficiently many” projections of rank r, where
r is the minimal non-zero rank of operators in the semigroup. In Section 2.3,
we discuss the special case when all such projections have the same range
(this is the case when .# is commutative, in particular, when .% is generated
by a single operator). We show that, in this case, there are disjoint vectors
x1,...,x,. in X, such that each operator in the semigroup acts on these vectors
as a scalar multiple of a permutation. In particular, z¢o := z; + -+ x, is a
common eigenvector for .. In Section 2.4, we show that the dual semigroup
{S*| S € &} has the same properties under the somewhat stronger condition
that . has a unique projection of rank r (which is still satisfied when .
is commutative). In Section 2.5, we apply our results to finitely generated
semigroups. We completely characterize .# in the case when it is generated
by a single peripherally Riesz ideal irreducible operator T'; we show that T
acts as a scalar multiple of a cyclic permutation on x1, ..., x, which span the
peripheral spectral subspace of T. In particular, we deduce the Frobenius

part in Theorem 1.1. We improve [1, Corollary 9.21] that if S and K are two
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positive commuting operators such that K is compact and S is ideal irreducible
then r(K) > 0 and 7(S) > 0; we show that in this case lim, ||K"z||» = r(K)
and lim inf,||S"z||* > 0 whenever z > 0. In Section 2.6, we extend the results
of the preceding sections to band irreducible semigroups of order continuous

operators.

2.2 Semigroups containing finite-rank opera-
tors

The following generalization of de Pagter’s Theorem is of fundamental impor-

tance to our study and is often used together with Proposition 0.32.

Theorem 2.2 ([14]; cf. also [1, Corollary 10.47]). If .# consists of compact

quasinilpotent operators then .7 is ideal reducible.

Suppose that r := minrank . < +oo; let ., be the set of all operators of
rank 7 in . and zero. Then .¥, is a non-zero ideal of ., so that . is ideal
irreducible if and only if ., is ideal irreducible by Proposition 0.32. Also,
since the set of all operators of rank less than or equal to r is closed in L(X),

it is easily seen that .7, is RT-closed whenever so is ..

Proposition 2.3. If .7 is ideal irreducible R -closed and contains a periph-
erally Riesz operator, then minrank . < 400 and . contains a projection P

with rank P = minrank .¥.

Proof. By Proposition 0.10, r := minrank.” is finite. By the preceding re-
mark, .%, is ideal irreducible, and therefore, Theorem 2.2 guarantees that .7,

contains a non-(quasi)nilpotent operator. Now apply Proposition 0.11. [
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The following example shows that, in general, for a peripherally Riesz

operator T' € ., the peripheral spectral projection of 7" need not be in .&.

Example 2.4. Let A = [} 1] and B = [{]], and let ¥/ = RT{4, B}. Clearly,
& is irreducible and the peripheral spectral projection of A is the identity.
We claim that I ¢ .. Indeed, . consists of all positive scalar multiples of
products of A and B and their limits. Any product that involves B has rank
one or zero; since the set of matrices of rank one or zero is closed, any limit
of products involving B is also of rank one or zero. On the other hand, it
follows from A™ = [} 7] that if S = limb;A™ then S is a scalar multiple of
[84]- Therefore, the only elements of .7 of rank two are the scalar multiples

of powers of A. Hence, I ¢ .7.

Corollary 2.5. If .7 is ideal irreducible R*-closed and contains a non-zero
compact operator, then minrank.” < 400 and . contains a projection P

with rank P = minrank .¥.

Proof. By Proposition 2.3, it suffices to show that .% contains a non-quasi-
nilpotent compact operator. The set of all compact operators in .¥ is a non-
zero ideal, hence is ideal irreducible by Proposition 0.32(ii). Then it contains

a non-quasinilpotent operator by Theorem 2.2. O

Throughout the rest of this section, we assume that .7 is an
ideal irreducible R+*-closed semigroup with r := minrank.? < +oo.
We denote by .7, for the ideal of all operators of rank r in . or zero; we will

write &2, for the (non-empty) set of all projections of rank r in ..

Lemma 2.6. For every non-zero S € .7, there exists A € % such that AS is

not nilpotent.
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Proof. Let J = .#S.%. Then J consists of operators of finite rank, hence
compact. Note that 7 is non-zero by Proposition 0.32(iv) and ideal irreducible
by Proposition 0.32(ii). Hence, by Theorem 2.2, J contains a non-quasi-
nilpotent operator. That is, there exist Ay, Ay € . such that 0 # r(A4;5A4;) =
r(AyA;1S) = r(AS) where A = A5 A;. O

Combining this lemma with Proposition 0.11, we show that . contains

“sufficiently many” rank r projections (cf. [37, Lemmas 5.2.2 and 8.7.17]).

Proposition 2.7. For every S € %, there exist P,Q) € &, such that PS =
SQ=2S5.

Corollary 2.8. For every non-zero v € X4 and x* € X7, there exist P,Q €

P, such that Qx # 0 and P*x* # 0.

Proof. Since .7, is ideal irreducible, by Proposition 0.32(iii) there exists S €
Z, such that z*(Sz) # 0. Now take P and @ as in Proposition 2.7. O

Let P be a non-zero positive projection on X. Let Xp be the lattice
subspace of X as in 0.25. Consider .#p = {PSPx, | S € '}, so that
“p C Ly (Xp) (note that P need not be in .#). The following proposition

extends [37, Lemmas 5.2.1 and 8.7.16].

Proposition 2.9. If P is a positive finite-rank projection and PP C .

then Zp is an ideal irreducible R*-closed semigroup in L, (Xp).

Proof. It follows from P.#P C . that .%p is a semigroup. Let P = > " 2/ ®
x; as in 0.25; relative to the basis x1,. .. ,x,, we can view .p as a semigroup of

positive n X n matrices. Since .¥ is ideal irreducible, by Proposition 0.32(iii),

o1



for each i,j there exists S € . such that x}(Sz;) # 0, i.e., the (ij)-th en-
try of the matrix of PSP, is non-zero. Hence, ./p is ideal irreducible by
Proposition 0.32 again.

To show that .#p is closed, suppose that PS, Fx, — A for some sequence
(Sp) in . and some A € L(Xp). Put S = PAP € L(X). Then PS,P — S,
so that S € . because .7 is closed. Now A = PSP, yields A € /p. O

Of course, the assumption that P.¥ P C .% is satisfied when P € .. If,
in addition, rank P = r, we get the following much stronger result. We begin

with a technical lemma.

Lemma 2.10. Suppose that .7 is an RT-closed semigroup of matrices such
that every non-zero matriz in . is invertible. Then {A € . |r(A) =1} isa

closed group.

Proof. Let &> = {A € % | r(A) = 1}. Take any A € *. Since ./
contains no non-zero nilpotent matrices, the nilpotent case in Proposition 0.8
is impossible, hence some sequence of powers A™ converges to the peripheral
spectral projection P of A. In particular, P € ., hence invertible, so that P =
I and o(A) is contained in the unit circle. This yields that A is unimodular.
It follows from A™i~! = A71A™ — A~! that A~! € .. Clearly, o(A™!) is
also contained in the unit circle, so that A=! € .#*.

Suppose that 0 # A € .. Then @A € %, and the later matrix is
unimodular, so that |det A| = r(A)". It follows that for A € . we have A €
&% if and only if |det A| = 1. Therefore, . is closed under multiplication.

It also follows that .#* is closed. O]

We write Gp := { PSP, | S € % and #(PSP) = 1}.
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Proposition 2.11. Suppose that P € &.. Then every non-zero element of
Sp is invertible and, after appropriately scaling the basis vectors of Xp, Gp is

a transitivel group of permutation matrices.

Proof. By Proposition 2.9, .7p is irreducible and R*-closed. Since r = minrank.?,
every non-zero element of .#p is invertible. It follows from Lemma 2.10 that Gp
is a group. In particular, each matrix in Gp has a positive inverse. It is known
that a positive matrix A in M, (R) has a positive inverse if and only if it is a
weighted permutation matrix with positive weights, i.e., there exist positive
weights wy, ..., w, and a permutation o of {1,...,r} such that Ax; = Wil o (i)
foreacht=1,...,7.

It is left to show that, after scaling z;’s, we may assume that all the weights
are equal to one (for all S € Gp). We essentially follow the proof of [37,
Lemma 5.1.11]. Since .p is an irreducible semigroup of matrices, for each
i,7 < r there exists A € .#p such that Ax; is a scalar multiple of z;. Put
Ay = 1. For eachi = 1,...,r fix A; € Gp such that A;xy = p;x; for some
w; > 0. Replacing x; with p;z; for ¢« = 2,...,r, we have Ajxy = x;. It
suffices to show that with respect to these modified x;’s, all the matrices in
Gp are permutation matrices. Let B € Gp. We know that B is a weighted
permutation matrix. Take any ¢ and j such that \ := b;; is non-zero. Put
C = A;IBA]-. Then C' € Gp and Cxy = Axq, so that A = ¢3 < r(C) = 1.
Similarly, A™! is the (1,1)’s entry of C~!, hence A™' < 1 as well, so that A = 1.

Finally, transitivity of Gp follows from the irreducibility of .#p. O]

Remark 2.12. It follows that the vector xg = x; + --- + z, is invariant

under Gp. Furthermore, for each S € .7, it PSP # 0 then the minimality of

!Transitive in the sense that for each i and j there exists A € Gp such that Ax; = zj.
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rank implies that PSP is an isomorphism on Xp, so that r(PSP) # 0 and,
therefore, a scalar multiple of PSP is in Gp. It follows that z( is a common

eigenvector for ./p with PSPz = r(PSP)xy.

2.3 Semigroups with all the rank r projections
having the same range

As in the previous section, .7 will stand for an R*-closed ideal irreducible
semigroup of positive operators on a Banach lattice, with r := minrank.” <
oo. We will write .7, for the (ideal irreducible) ideal of all operators of rank r
in . and zero, and £, for the set of all projections of rank r in . (which is
non-empty by, e.g., Corollary 2.5).

Let P € &2, and z( be as in Remark 2.12. For x4 to be a common eigenvec-
tor of the entire semigroup .#, it would suffice that (a) Range P is invariant
under . and (b) PSP # 0 for every non-zero S € .. We will see that, sur-
prisingly, (a) implies (b). The following proposition extends [37, Lemmas 5.2.4
and 8.7.18].

Proposition 2.13. The following are equivalent:
(1) all projections in P, have the same range,
(ii) all non-zero operators in .7, have the same range,
(i1i) S(Range P) = Range P for all non-zero S € % and P € Z,,
(iv) The range of some P € P, is ./ -invariant.

Proof. (i)=-(ii) follows from Proposition 2.7.
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(il)=(iii) Let S € . and P € Z,. Since .¥, is ideal irreducible, S.7, #
{0}, so that ST # 0 for some T € ... It follows from RangeT = Range P
that SP # 0. Since SP € .¢,, we have Range SP = Range P.

(ili)=(iv) is trivial.

(iv)=-(i) Suppose that Range P is .”-invariant for some P € &7,. Take any
Q € Z,.. We have Q7P # {0} by Proposition 0.32(iv), so that QSP # 0 for
some S € .. By assumption, SP = PSP, so that QPSP # 0, hence QP #
0. This yields rank QP = r. By assumption, Range QP = @(Range P) C
Range P, but, trivially, Range QP C Range(). Since all the three ranges
are r-dimensional, the inclusions are, in fact, equalities, so that Range P =

Range QP = Range Q. m
Next, we would like to provide a few examples.

Example 2.14. Suppose that z,y € X, and z*,y* € X7 such that 2*(z) =
y'(x)=2"(y) =y*(y) = 1. Let Z = {o* @z, y*®x,2*Ry,y*®y}. Then & is
a semigroup of projections. Let .7 = R+, the semigroup of all non-negative
scalar multiples of the elements of &2. Clearly, & is exactly the set &, of the
minimal rank projections in . with » = 1, and the ranges of the elements of
< are Spanx and Spany. In particular, all the ranges are the same if and

only if x = y.

Example 2.15. More specifically, take in Example 2.14 X = R? z = [

E )

Q=

IS NIE
1

<
I
©
=

o8

1
,and x* = y* = [1,1]. Then & = {P,Q} where P = [E
2

CoIN Lol Lol wol =
Wt colm ——
[SIESIE

] are ideal irreducible and have different ranges.

Example 2.16. Again in Example 2.14, take X = R?, 2 = y = H], r* =

[1 1]’ and y* = [1 2]. Then & = {P,Q} where P = [ } and ) = [:

272 373

[SIEYNSIES
[SIEANIES
Wl Wl
[SSIINININ)
I

are both ideal irreducible and have the same range.
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Example 2.17. Again in Example 2.14, take X = R?, 2 = y = H], T =
[1,0], and y* = [0,1]. Then & = {P,Q} where P = [18] and Q = [}1]. Even
though neither P nor () is ideal irreducible, they generate an ideal irreducible

semigroup. Note that P and ) have the same range.

For the rest of this section, we assume that all the projections
in &, have the same range. This condition looks rather strong at the
first glance. However, it will follow immediately from Proposition 2.28 that
it is satisfied for commutative semigroups, and, in particular, for semigroups
generated by a single operator.

We now prove a Banach lattice version of [37, Lemmas 5.2.5 and 8.7.19,The-
orems 5.2.6 and 8.7.20]. Denote by Y the common range of the projections
in &,. For a non-zero S € . we denote by Sy the restriction of S to Y; we
write % = {Sy | S € S} and G := {Sy | S € &, r(Sy) = 1}. Note that
Sy = Sp and G = Gp for every P € &, cf. 0.25 and Proposition 2.11. In
particular, G is a transitive group of permutation matrices in the appropriate
positive basis x1,...,z, of Y. The following lemma follows immediately from

Proposition 2.13(iii).

Lemma 2.18. For each non-zero S € ., the restriction Sy is an isomorphism

of Y. In particular, r(Sy) > 0 and T(S;Sy €g.

Y)
It follows, in particular, that . contains no zero divisors and no non-zero

quasinilpotent operators.

Theorem 2.19. There exist disjoint positive vectors xy, . .., x, such that every

S € .Y acts as a scalar multiple of a permutation on x;’s.

Proof. The statement follows immediately from Lemma 2.18 and Proposi-

tion 2.11 except for the disjointness of x;’s. By 0.25, we know that YV is a

o6



lattice subspace of X, and the positive vectors z1,...,x, form a basis of Y
and are disjoint in Y. The latter means that for each i,j < r with ¢ # j, we
have P(z; A z;) = 0 for every P € Z,. It now follows from Corollary 2.8 that
r; Lax;in X. ]

Corollary 2.20. All the operators in . have a unique common eigenvector
xg. Namely, Stq = r(Sy)xg for each S € .. Furthermore, xy is positive and

quasi-interior.

Proof. Let x1,...,z, be as in the theorem. Put ¢y = 1 + --- + z,. Since
each § € % is just a scalar multiple of a permutation on x;’s, it follows
that z( is a common eigenvector for .. Clearly, the ideal I, generated by
To is invariant under .¥, hence is dense in X; it follows that zy is quasi-
interior. It is left to verify uniqueness (of course, up to scaling). Indeed,
suppose that y is also a common eigenvector for .. Then for each P € &,
we have y € Range P = Y. It follows that y is a linear combination of x;’s.
In particular, viewed as an element of R", it is a common eigenvector of the
transitive group of permutations G, so that it has to be of the form (..., \);

it follows that y = Azg. O]
Note that the semigroup in Example 2.15 has no common eigenvectors.

2.21. Other eigenvalues of .. Since every element of G is a permutation
matrix with respect to the basis x4, ..., z, of Y, its Jordan form is diagonal and
unimodular. It follows that every non-zero S € . has at least r eigenvalues
of modulus r(Sy) (counting geometric multiplicities). If we scale S so that
r(Sy) = 1 then (Sy)" is the identity of Y; it follows that these eigenvalues

satisfy A" = 1.
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2.22. Block-matriz structure of . Let X; = I, for each i = 1,...,7. Then
X =X, & ---® X, is a decomposition of X into pair-wise disjoint closed
ideals, and for every non-zero S € .% the block-matrix of S with respect to
this decomposition has exactly one non-zero block in each row and in each

column.

Proposition 2.23. If T' € . is peripherally Riesz then r(Ty) = r(T'). Fur-
thermore, if r(T') = 1 then the component of T' corresponding to ope(T) is

unimodular.

Proof. Without loss of generality, r(7T") = 1. By Lemma 2.18, . has no non-
zero nilpotent elements. It follows that the nilpotent case in Proposition 0.8 is
impossible, hence the peripheral spectral projection P of T'is in .¥ and there is
an increasing sequence (m;) in N with 7™ — P. In particular, (7)™ — Py.
It follows from r(7') = 1 that r(7y) < 1. Suppose that r(7y) < 1. Then
(Ty)™ — 0, hence Py = 0. But this contradicts Py being an isomorphism by

Lemma 2.18. O

Corollary 2.24. If every non-zero operator in . is peripherally Riesz then

spectral radius s multiplicative on ..

Proof. Let S,T € .. By Proposition 2.23, r(S) = r(Sy), r(T) = r(Ty),
and r(ST) = r(SyTy). Since Sy and Ty are scalar multiples of permutation

matrices by Theorem 2.19, it follows that r(SyTy) = r(Sy)r(Ty). O

For each non-zero S € . we have r(S*) = r(S) > r(Sy) > 0 by Lemma 2.18.

The following refinement is immediate by Corollary 2.20 and Lemma 0.21.

*

Corollary 2.25. For every non-zero S € . and non-zero x* € X, we have

lim inf,||S*"z*|| > r(Sy). In particular, S* is strictly positive.
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Example 2.26. In Example 2.14, take X = R?, z = [}], y = [}], and
z* = y* = [1,1]. Then & = {P,Q} where P = [}{] and @ = [?9]. Now
the semigroup generated by P and @) is irreducible, however P and () have

different ranges and neither P* nor Q) is strictly positive.

Remark 2.27. Let zy, ..., z, be a disjoint positive basis of Y as before. Sup-
pose that P € Z,, then, as in 0.25, we have P = )" x} ®ux; for some positive
functionals z7 ..., z}. Observe that these functionals are disjoint. Indeed, by

Riesz-Kantorovich formula, if ¢ # 7 then

(27 A x})(wo) =inf{a}(u) + 25(v) | u,v € [0, 2], u+v =20}

<z;(v;) + zj(ro — x5) = 0,

hence (27 A 7})(zo) = 0. Since z is quasi-interior, it follows that z} A 2} =

2.4 Semigroups with a unique rank r projec-
tion

As before, we assume that .# is an ideal irreducible R*-closed semigroup of
positive operators on a Banach lattice X with r = minrank . < +oc.

In the previous section we showed that if all the rank r projections have
the same range then .% has some nice properties. In this section, we will
show that many of these properties are also enjoyed by the dual semigroup
S ={5*| S € .7} provided that . has a unique projection of rank r. Even
though this is, obviously, a stronger assumption, the following proposition

implies that it is still satisfied for commutative semigroups. It is analogous to
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[37, Lemmas 5.2.7 and 8.7.21].

Proposition 2.28. The following are equivalent:
(i) P, consists of a single projection,
(ii) every P € &, commutes with .7,

(i1i) some P € &, commutes with ..

Proof. (i)=-(ii) Suppose that &, = {P} and let 0 # S € .. It follows from
Proposition 2.13(iii) that PSP # 0. Hence, PS and SP are non-zero elements
of ... Applying Proposition 2.7 to PS and SP we get PS = PSP = SP.
(i)=-(iii) is trivial.
(iii)=(i) Suppose P € &, commutes with .. It follows that PSP = SP
for all S € ., hence by Proposition 2.13(iv), all the projections in &2, have
the same range. Therefore, P = QP = PQ = (@ for every QQ € &,. O]

Throughout the rest of the section, we assume that . has a
unique projection P of rank r. This condition allows us to “dualize” the
results of Section 2.3 for .¥*, even though .¥* may not be ideal irreducible.

Suppose &, = {P}. As in Section 2.3, we denote Y = Range P = Xp. We
can write it as P =Y, |, & ® x; as in Remark 2.27. It is easy to see that P*
is a projection onto Xp+ := Range P* = Span{z},...,x}} in X*. For every
non-zero S € ., it follows from Proposition 2.28 that PSP = SP = PS,
so that P*S*P* = S*P*, and, therefore, Xp« in invariant under S*. Note
that r(P*S*P*) = r(PSP) = r(Sy) # 0 by Lemma 2.18. As in Section 2.3,
if 7(Sy) = 1 then S € G (since P is unique, we write Gp = G) and S acts
as a permutation matrix on zi,...,z,. It follows from z}(x;) = d;; that S*

acts as a permutation matrix on z7,...,z* (namely, as the transpose of the
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matrix of S on xy,...,z,). Moreover, since G is transitive on z1,...,z,, the

group G* := {S* | S € G} is transitive on z7},...,z}. In particular, we have

re

kK % * % *
S*xy = x5, where xf = 2] + - -+ + 2.

Corollary 2.29. For every non-zero S € ., the operator ﬁS* acts as

: * * . * ok *
a permutation of xi,... x5 In particular, S*z§ = r(Sy)x§ for each non-

re

zero S € 7. The functional z{ is strictly positive and is a unique common

eigenfunctional for *.

Proof. Uniqueness is proved exactly as in Corollary 2.20. It is left to prove
that zf is strictly positive. Fix x > 0. By Proposition 0.32(iii), there exists
S € . with z§(Sz) # 0. Since r(Sy) # 0 by Lemma 2.18 and z(Sz) =
(S*xf)x = r(Sy)xi(x), we have xf(z) # 0. O

The following proposition should be compared with Proposition 2.23.

Proposition 2.30. Let 0 # S € .7. If r(S) is an eigenvalue of S or S* then
r(Sy) =r(S).

Proof. We know that Sz = r(Sy)zo and S*z§ = r(Sy)xg. Since ) is strictly

positive and x is quasi-interior, the proposition follows from Lemma 0.21. [

In view of Corollary 2.29, the following fact is the dual version of Corol-
lary 2.25 and also follows from Lemma 0.21. Clearly, Corollaries 2.29 and 2.31
extend [37, Lemma 5.2.8 and Corollary 8.7.22].

Corollary 2.31. For every x > 0 and every non-zero S € ./ we have

liminf, || S™z||» > r(Sy). In particular, S is strictly positive.

This means that not only every non-zero S € .% is not quasinilpotent, but

it is not even locally quasinilpotent.
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We would like to point out that Corollaries 2.29 and 2.31 generally fail if
instead of assuming that . has a unique minimal projection we only assume,
as in Section 2.3, that all the rank r projections in . have the same range.
Indeed, the semigroups in Examples 2.16 and 2.17 are irreducible, R+-closed,
have exactly two distinct projections P and @) of rank r each, and they have
the same range. Nevertheless it is easy to see that the dual semigroup .#* in
Example 2.16 has no common positive eigenfunctionals (as P* and Q* have
no common eigenfunctionals), while the operators P and () in Example 2.17
are not strictly positive.

Recall that a positive operator T is strongly expanding if Tz is quasi-

interior whenever x > 0.
Corollary 2.32. The projection P 1s strongly expanding iff r = 1.

Proof. Note that P is strictly positive by Corollary 2.31. If r = 1 then Range P
is the span of xg, hence Px is a positive scalar multiple of xy whenever x > 0.
On the other hand, if » > 1 then Pxy = x; L x5, hence Px; is not quasi-

interior. O

Example 2.33. Fix n > 2 and let .% be the semigroup of all positive scalar
multiples of all permutation matrices in M,(R). Then .# is not commutative;

nevertheless, the identity matrix is the unique element of &,.

Commutative semigroups

In view of Proposition 2.28, all the results of Sections 2.3 and 2.4 apply to
commutative semigroups. In particular, the group G is a commutative tran-
sitive semigroup of permutation matrices. Every matrix in such a group is a

direct sum of cycles of equal lengths; it follows, in particular, that S‘””Y is a
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multiple of the identity on Y for each S € .. See [37, Lemma 5.2.11] for a

proof and further properties of such groups of matrices.

2.5 Applications to finitely generated semigroups

Singly generated semigroups

Suppose that T is a positive ideal irreducible peripherally Riesz operator on
a Banach lattice X. We now present a version of Perron-Frobenius Theorem
for T', extending [37, Corollaries 5.2.3 and 8.7.24]. In addition, we completely
describe RTT (cf. Proposition 0.8). For simplicity, scaling T if necessary, we
assume that 7(7) = 1. Let X = X; @ X5 be the spectral decomposition for
T where X; is the subspace for op,e(7), and T" = T} @ T3 the corresponding
decomposition of T'. Clearly, R*T is ideal irreducible. Since it is commutative,
all the results of Sections 2.3 and 2.4 apply to it. We will see that, surprisingly,
the asymptotic part of R+7 is very small: it consists of finitely many operators

and their positive scalar multiples.

Proposition 2.34. Under the preceding assumptions, dim X; = min rank R+T,
X1 has a basis of disjoint positive vectors x1,...,x, such that T} is a cyclic
permutation of z1, . .., x,, and R¥T consists precisely of all the powers of T, of
the operators TE ©0 for k =0,...,r —1, and of their positive scalar multiples

(and zero).

Proof. By Proposition 2.23, T7 is unimodular. Hence, we are in the uni-
modular case of Proposition 0.8. In particular, the peripheral spectral pro-

jection P is the only non-zero projection in the semigroup. It follows that

r := minrank R¥7 = dim X;, &, = {P}, and X, coincides with Y in the
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notation of Section 2.3. This implies by Theorem 2.19 that X; is a sublattice
generated by some disjoint sequence x4, ..., x, and T} is a permutation of x;’s.
We claim that this permutation is a cycle of full length r. Indeed, otherwise, T}
has a cycle of length m < r, i.e., after re-numbering the basis vectors, T} acts
as a cycle on xq,...,x,,. But then the closed ideal generated by x1,...,z,, is
invariant under 7" and is proper as it is disjoint with .1, ..., x;.

It follows that 77 is the identity of X7, so that the set of the distinct powers
of T} is, in fact, finite. Suppose that 0 # S = lim; b;7™ for some (b;) in R}
and some strictly increasing (n;) in N. By Proposition 0.8, S|x, = 0 and
Six, = lim; ;77" . Since the set of the distinct powers of T} is finite, it follows

that S|x, is a scalar multiple of a power of T1. n

Remark 2.35. Suppose 7T is an ideal irreducible operator such that r(7) is a
pole of the resolvent R(-,7T"). By Proposition 1.13 and Lemma 0.24, we know
that T is peripherally Riesz. Thus, the Frobenius part in Theorem 1.1 follows

immediately from Proposition 2.34.

Semigroups generated by two commuting operators

In [1, Corollary 9.21], the following extension of de Pagter’s theorem was estab-
lished: suppose that S and K are two non-zero positive commuting operators
such that S is ideal irreducible and K is compact, then r(S) > 0 and r(K) > 0.
Moreover, K is not even locally quasinilpotent at any positive non-zero vector
, i.e., iminf,|K"z|» > 0; cf. [1, Theorem 9.19]. Using the results of the

preceding sections, we can now strengthen this conclusion even further.

Proposition 2.36. Under the preceding assumptions on S and K, there exists

a quasi-interior vector xo € Xy, a strictly positive functional xj, and a positive
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real X such that Sxy = \xo, S*x = Aafy, Kxg = r(K)zg, and K*z§ = r(K)xj.
Furthermore, liminf,||S"z||= > A and lim,||K"z||x = r(K) > 0 whenecver

z > 0.

Proof. Let . = RT{S, K}. Then .# is ideal irreducible and commutative, so
that all the results of Sections 2.3 and 2.4 apply. In particular, by Corollar-
ies 2.20 and 2.29 there exist a quasi-interior vector o € X and a strictly posi-
tive functional zfj such that Szg = r(Sy)xo, S*z§ = r(Sy)z, Kzg = r(Ky)xo,
and K*zj = r(Ky)z§. Now put A := r(Sy) and note that r(Ky) = r(K)
by Proposition 2.23. Also, observe that r(S) > A > 0 and r(K) > 0 by
Lemma 2.18.

It is left to show the “furthermore” clause. Fix z > 0. It follows from Corol-
lary 2.31 that liminf,||S"z||* > X and liminf, || K"z||= > r(K). However, we

clearly have limsup, | K"z|» < r(K), so that lim, ||K"z|» = r(K). O

Remark 2.37. (i) It is easy to see that limsup, ||T"z||x < r(T) for every
operator T" and every vector z. Therefore, the conclusion lim,, || K"z||» =

r(K) in the theorem is sharp.

(ii) Corollary 2.25 yields liminf,||S*"2*||= > A and lim,||K*z*||= = r(K)

whenever z* > 0.

(iii) Clearly, the result (and the proof) remains valid if we require that K
is ideal irreducible instead of S. Moreover, the result can be extended
to any ideal irreducible commutative collection of operators containing
a compact or a peripherally Riesz operator. In this case, the result will
still be valid for every operator S in the collection (with A depending on

S).
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2.6 Band irreducible semigroups

In this section, we will show that most of the results of the preceding sections
remain valid if we replace ideal irreducibility with band irreducibility under
the additional assumption that all the operators in .% are order continuous.
This additional assumption is justified by the following two facts. For A C X
we write 4 and B4 for the ideal and the band generated by A, respectively.
Suppose that S is a positive order continuous operator. If S vanishes on a set
A C X, then S also vanishes on B4. Furthermore, if J is an S-invariant ideal
then the band Bj is still S-invariant.

For the rest of this section, we will assume that . is a semigroup
of positive order continuous operators on a Banach lattice X. We
start with a variant of Theorem 2.2 for band irreducible case using the idea of

the proof of Lemma 1.11.

Proposition 2.38. If all the operators in . are compact and quasinilpotent

then . is band reducible.

Proof. Let F be the closed ideal generated by the union of the ranges of all the
operators in .. We may assume, without loss of generality, that dim F' > 1
as, otherwise, I’ is a band and we are done. Applying Theorem 2.2 to the
restriction of . to F', we find a non-zero closed ideal J C F' such that J is
Y-invariant. It follows that Bj is .%-invariant. It is left to show that B is
proper. Suppose that B; = X. Then for any x € X, we have x,, T = for some
net (z,) in J4. Let S € .. Since S is order continuous, we have Sz, T Sz.
Since S is compact, after passing to a subnet we know that (Sz,) converges
in norm; hence Sz, — Sz in norm. It follows that Sz € J. Since z > 0 was

arbitrary, it follows that /' C J; a contradiction. O]

66



2.39. One can now easily verify that the results of the previous sections remain
true for band irreducible semigroups of order continuous operators with the

following straightforward modifications.
e In Corollary 2.8, one has to assume that x* is order continuous.

e In 0.25, we now only consider order continuous projections. It is easy to

see that the functionals x7, ..., 2} defined there are also order continuous.
e Proposition 2.9 extends as long as P is order continuous.
e In Corollary 2.20, we replace “quasi-interior” with “a weak unit”.
e In 2.22, we replace I, with B,,.

e In Corollary 2.25 we need to assume that x* is o-order continuous, be-
cause in this case we still have 2*(xy) > 0 (recall that z( is now a weak
unit). In particular, S* is strictly positive on o-order continuous func-

tionals.

e In Corollary 2.29, the functional z{j is now order continuous because

xy =] + -+ 2y and 27,...,x) are order continuous.

e Proposition 2.30 remains valid for S. For S* we can only say that if there
is a o-order continuous eigenfunctional x* for r(S) then r(Sy) = r(S).

Apply Lemma 0.21(ii).

Next, we consider finitely generated semigroups. Let T be a band irre-
ducible g-order continuous operator such that r(7) is a pole of R(-,T). To
apply our results, we need to require that R+7T consists of order continuous

operators. For this purpose, it suffices to assume that there exists a o-order
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continuous functional = > 0 such that 7%z} = r(T")z{ (cf. Theorem 1.14). By
Lemma 0.30, 7(7") > 0 and z is strictly positive. Hence, T is peripherally
Riesz by Proposition 1.13 and Lemma 0.24. Assume 7(7") = 1. Then all the
conclusions of Proposition 2.34 remain valid. In particular, the Frobenius part
of Theorem 1.2 follows.

Finally, we can also extend Proposition 2.36 as follows (it can also be

viewed as an extension of [1, Corollary 9.34]).

Lemma 2.40. Let S and T be two commuting non-zero positive g-order con-

tinuous operators. If T is band irreducible then S is strictly positive.

Proof. Suppose not, suppose Sz = 0 for some x > 0. Without loss of general-
ity, || 7| < 1, so that z := >~ T"x exists. Clearly, Tz < z. It follows that
B, in invariant under 7" and, therefore, B, = X. On the other hand, we have

Sz =0, so that S vanishes on B,, so S = 0; a contradiction. n

Proposition 2.41. Suppose that S and K are two non-zero commuting posi-
tive operators such that K is compact, o-order continuous and band irreducible.
Then there exists a weak unit vo € Xy, a strictly positive functional xjj, and
a positive real N\ such that Sxy = Axg, S*z§ = Azf, Kxy = r(K)zo, and
K*z§ = r(K)xi. Furthermore, liminf,|[S"z||* > A and lim, | K"z||= = r(K)

whenever x > 0.

Proof. Let . = R+¥{S,K}. Then .# is commutative and band irreducible.
By Lemma 2.40, K is strictly positive. Thus, by [1, Lemma 9.30] that all the
operators in . are order continuous. Hence, all the results of Sections 2.3
and 2.4 apply with the modifications described in 2.39. The rest of the proof
is exactly as in Proposition 2.36 with the only exception that, instead of being

quasi-interior, x( is now a weak unit. O
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Remark 2.42. Using Corollary 2.25, which remains valid for band-irreducible
semigroups if x* is o-order continuous, we can show, as in Remark 2.37(ii),
that liminf,||S*z*||» > A and lim,||K*"z*||x = r(K) whenever z* > 0 is

o-order continuous.

Remark 2.43. As in Proposition 2.36, the result can be extended to any
commutative semigroup of o-order continuous operators containing a band ir-
reducible operator and a non-zero compact operator. Indeed, by Lemma 2.40,
the compact operator is strictly positive, so that all the operators in the semi-
group are order continuous by [1, Lemma 9.30]. Now we can apply results of

Sections 2.3 and 2.4.
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Chapter 3

Positive Operators with

Irreducible Super-commutants
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3.1 Introduction

The results in this chapter are mainly taken from [20]. Throughout this chap-
ter, X stands for a real Banach lattice with dim X > 1.

For a positive operator T, recall from [1] that its super right-commutant
is defined by [T") := {S > 0: ST > T'S} and its super left-commutant is
defined by (T] := {S > 0 : ST < TS}. The main goal of this chapter is to
study spectral properties of positive operators which have irreducible super-
commutants.

Let {K} :={S € L(X) : SK = KS} be the commutant of K. We would

like to mention the following variant of de Pagter’s theorem.

Theorem 3.1 ([1, Theorem 9.19]). Let K > 0 be a compact operator. If
lim, || K"z||= = 0 for some x > 0, then Ly (X)N{K} is ideal reducible.

This can be viewed as a special case of [14, Theorem 4.3].

Theorem 3.2 ([14]). Let K > 0 be AM-compact (i.e. K maps order intervals

w =0 for some x > 0, then

to relatively compact subsets of X ). If lim, || K™z
[K') is ideal reducible.

A natural question following Theorem 3.2 is that whether we can replace
the super right-commutant of K with the super left-commutant. Generally,
the answer is no. For example, take X = ¢y and let L and R be the left and
right shifts on X, respectively. Then Le; = 0 where e; = (1,0,0,---); in
particular, lim, || L"e; || = 0. Since the order intervals in £y are compact, L is
AM-compact. Put T'= L + R. Then it is straightforward verifications that

T € (L] and T is ideal irreducible; in particular, (L] is ideal irreducible.
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However, it is surprising that the question has an affirmative answer when
K is compact. In this case, we can actually prove that if either the su-
per right-commutant or super left-commutant of K is ideal irreducible, then
lim,, || K"z||= = r(K) > 0 for all z > 0 and every operator semi-commuting
with K commutes with it; in particular, [K) = (K] = L, (X) N {K}.

These results follow from a Jentzsch-Perron-Frobenius Theorem for such
operators K. Recall from Proposition 2.34 that an ideal irreducible peripher-
ally Riesz operator T" acts as a positive scalar multiple of a cyclic permutation
on some positive disjoint vectors xy,...,x, which span the peripheral spec-
tral subspace of T'. We prove in Section 3.2 that similar results remain valid
for peripherally Riesz operators which have ideal irreducible super commu-
tants (cf. Remark 3.6 and Theorem 3.5). In particular, they hold for compact
operators with ideal irreducible super commutants.

It deserves mentioning that although the super commutants are always R+-
closed semigroups, the results of Chapter 2 generally do not apply to them.
This is simply because the minimal-rank projections in the super commutants
may fail to have the same range. For example, one can consider the identity on
R™(n > 2). The super left /right commutant is the set of all positive matrices
and is clearly irreducible. But it is easily seen that all the band projections
P; onto Span{e;} (1 < ¢ < n) are minimal-rank projections in the super
commutants with different ranges.

In Section 3.3, we establish some Jentzsch-Perron theorems for operators
related to irreducible operators and compact operators. In particular, we
prove that the operators S > 0 in the following three chains have positive
eigenvectors: T+ K < S, S < T < Kand T < S « K, where T > 0

is ideal irreducible, K > 0 is compact, and <> stands for commutation. In
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the second and third cases, we can actually choose the eigenvectors to be
quasi-interior points. This implies, in particular, that r(S) > 0. Therefore, it

extends [1, Corollary 9.28]:

Theorem 3.3 ([1]). Let T,S, K > 0 be such that T <+ S <> K, T s ideal

irreducible and K is compact. Then r(S) > 0.

In Section 3.4, we include the band irreducible analogues.

3.2 A Jentzsch-Perron-Frobenius theorem

Note that, for a positive operator T, the super commutants [T) and (7] are
both (multiplicative) semigroups containing the identity.

We also need the following fact. Suppose 7', S > 0 are semi-commuting. If
TS < ST then (T'S)" < S™I™ for all n; if ST < TS then (ST)" < T"S" for
all n. Thus, in either case, we have r(T'S) = r(ST) < r(T)r(S).

Lemma 3.4. Let K > 0 be a compact operator such that either [K) or (K] is
ideal irreducible. Then r(K) > 0.

Proof. Suppose first that [K) is ideal irreducible and r(K) = 0. Let K be the
algebraic ideal generated by K in the semigroup [K). Then each member in
K is of the form S} K Sy for some S; € [K). It is clear that S;KSy < S15:K.
Moreover, it follows from the remarks preceding this lemma that S5 € [K)
and r(S15:K) < r(K)r(S152) = 0. Therefore, r(S;KS3) = 0. It follows that
KC consists of quasi-nilpotent compact operators. Hence, K is ideal reducible
by Theorem 2.2 and, therefore, so is [K') by Proposition 0.32. This contradicts

our assumption. Similar arguments work for the other case. O]
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For the rest of this section, we assume that K is a non-zero com-
pact positive operator such that either [K) or (K] is ideal irreducible.

Then r(K) > 0 by the preceding lemma. We scale K so that r(K) = 1.
Theorem 3.5. Let P be the spectral projection of K for ope, (K).

(i) There exist a quasi-interior point xo > 0 and a strictly positive functional
x5 > 0 such that

k* _k *
Kzy=x9 and Kz = x.

(i) There exist disjoint positive vectors {x;}] and disjoint positive function-

als {x}], where r = rank(P), such that

(iii) K|px is a permutation on {z;}] and K*|p«x+ is a permutation on {x}}].

In particular, there exists m > 1 such that P = lim,, K™".

Proof. Suppose first that [K) is ideal irreducible. We apply Proposition 0.8 to
K. We claim that the nilpotent case in Proposition 0.8 is impossible. Indeed,
otherwise, ¢; K™ converges to a non-zero finite-rank nilpotent operator IV for
some n; T oo and positive reals ¢; | 0. Clearly, N is positive and compact.
Thus, Lemma 3.4 implies that [N) is ideal reducible. It is easy to verify that
[K) C [N). Hence, [K) is also ideal reducible, a contradiction. This proves the
claim. Using Proposition 0.8 again, we have P = lim; K™ for some n; 1 0o. In
particular, P > 0. It follows from 0.25 that the range P.X is a lattice subspace
of X with lattice operations :c/*\y = P(x Ay) and there exist positive *-disjoint
vectors z; € PX (i =1,...,r) and zf € X7 such that P = "] 2] ® z; and

; (x5) = bij.
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Being a spectral subspace, PX is invariant under K. Note that K|py is
positive on the lattice subspace PX. Moreover, it follows from P = lim; K™
that I|px = lim;(K|px)™. Thus, (K|px)~' = lim;(K|px)" ! is also positive
on PX. It is well known that a positive operator on R" has a positive inverse
if and only if it is a weighted permutation on the standard basis with positive
weights, if and only if it is a direct sum of weighted cyclic permutations with
positive weights. Since o(K|px) = 0per(K) C {2z € C: |2| = 1}, it is easily
seen that after appropriately scaling the basis vectors z;’s, K|px is a permu-
tation on x;’s. We accordingly scale z}’s so that we still have x}(z;) = §;;
and P = > | 2f @ z;. Note that Kz; = KPx; = PKz; = Y ., of(Kxj)z,
and that K*z5 = K*P*z; = P*K*x; = ) i, xj(Kx;)z;. Hence, the matrix

of K*

px+ relative to {z}} is the transpose of the matrix of K|px relative to

{z;}. Tt follows that K*

p+x+ is a permutation on z}’s. Put zo = > | z; and
xh =Y 1 x. Tt is clear that Kzg = xo and K*zf = x}.

Since K|px is a permutation on z;’s, we can take m > 1 such that
(K|px)™ = I|px. Denote by @) the spectral projection of K for o(K)\oper(K).
Then r(K|gx) < 1. Thus (K|gx)" — 0 as n — oo. It follows that K™" =
(K|px)™ @ (Klgx)™ = I|px ®0= P as n — oo.

Since P = > |z} ® x;, it is easy to see that P is strictly positive if and
only if xf is strictly positive and that P* is strictly positive if and only if
Zo is quasi-interior. We now prove that both P and P* are strictly positive.
It is easy to verify that the null ideal Null(P) := {x € X : Plz| = 0} is
a closed ideal invariant under [P). Since [K) C [P), we know Null(P) is
also invariant under [K). From this it follows easily that Null(P) = {0}.
Thus, P is strictly positive, and so is zj. Now for any 7" € [K), we have

2{(TK — KT)xo) = a§(TKxo) — (K*z})(Txo) = 0. By strict positivity of 7,
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we have KTxy = TKxg = Txg. Thus, Ty € ker(1 — K) C PX C I,,. This
implies that I, is invariant under [K), hence I, = X. It follows that z is
quasi-interior and thus P* is strictly positive.

Since P is strictly positive, it follows from 0 = z; A x; = P(x; A x;) that
x; L x; whenever ¢ # j. We now prove that z;’s are disjoint. Indeed, by
Riesz-Kantorovich formulas, for ¢ # j,

0< (a7 Aaj)lao) = inf {a7(u) +a5(z0 —w)} < 27 (x;) + 25 (0 —2) = 0.

Thus, (xf A x;)(xo) = 0, yielding that 27 A 27 = 0 since o is quasi-interior.
Now assume that (K] is ideal irreducible. We shall apply similar arguments.
In fact, we only need to modify the proof of strict positivity of P and P*. It
is easy to verify that the ideal Ipx # {0} is invariant under (P] and thus is
invariant under (K]. Therefore, Ipx = X. On the other hand, we clearly have
Ipx = I,,. Hence, I,, = X. It follows that zy is quasi-interior and thus P*
is strictly positive. We claim that xj is strictly positive. Suppose, otherwise,
x§(xz) = 0 for some # > 0. Then zf(z) = 0 for 1 < i < r. Note that, for
any T € (K|, (K*T* — T*K*)xj, xo) = x§(TKxo) — x5(KTx) = 0. Hence,
KTz} = T*K*x§ = T*z§. In particular, T*z} € ker(l — K*) C P*X* =
Span{x;}]. It follows that zj(Tz) = (T*zj)(x) = 0 for any T € (K]. By
Proposition 0.32, (K] is ideal reducible, a contradiction. It follows that xj and

P are both strictly positive. ]

Remark 3.6. Note that the operator K in Theorem 3.5 can be replaced with
a peripherally Riesz operator R > 0. The same proof goes along. One can
also deduce Proposition 2.34 from Theorem 3.5. Indeed, let T" > 0 be an ideal

irreducible peripherally Riesz operator with r(7') = 1. It suffices to prove that
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T|px is a cyclic permutation on the disjoint vectors x;’s. Suppose, otherwise,
T|px has a cycle of length m < r. Without loss of generality, assume that
T|px has a cycle on z1,...,2,. Then the closed ideal Iy, . .} is non-zero
and invariant under T'. Since m is disjoint from xz,, it is proper. This

contradicts ideal irreducibility of 7.

Modifying the following example, one can see that for the operator K in

Theorem 3.5, K|py can be an arbitrary permutation.

Example 3.7. Consider T = [

=
=

01
]andK: {1010}. Then K < T and
01

T is irreducible (in particular, [K) and (K] are both irreducible). Note also

b
=

that the peripheral spectral projection of K is the identity and thus K|py = K.
The following corollary shows that K has nice local behaviors.

Corollary 3.8. For any x > 0 and x* > 0, we have
0 < inf|| K"z| < sup| K"z| < oo,

0 < inf|| K™ 2"|| < sup|| K™ z"|| < oo.
n n

In particular, we have lim, | K"z||= = 1 for all z > 0 and lim, | K™ z*||» = 1

for all x* > 0.

Proof. Pick any x > 0. Since P is strictly positive, we have Pz > 0. Therefore,

K|px being a permutation implies that
0 < liminf||(K|px)"Pz|| < limsup||(K|px)"Pz|| < cc. (3.1)

Let @ be the spectral projection of K for (K )\ope,(K). Since (K|gx)" — 0,
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it follows from (3.1) and K"z = (K|px)"Px + (K|gx)"Qx that
0< lilrzianK"SCH < limnsupHK":cH < 0.
This implies, in particular, that K is strictly positive. Therefore, we have
0< irrlbeK"xH < SlipHKnl’H < 0.

Taking the n-th root, we have lim,||K"z||= = 1 for all # > 0. The dual case

follows from a similar argument. O
The following is immediate by Theorem 3.5 and Lemma 0.20.

Corollary 3.9. Every operator semi-commuting with K commutes with K.

In particular,

[K) = (K] = L. (X) n{K}"

We remark that the ideal irreducible case in Theorem 1.24 is an immediate

consequence of Corollary 3.9.

Corollary 3.10. For any 0 < S <> K, there exist A\g¢ > 0, x > 0 and z* > 0
such that

St = Mgz and S*x* = \gx™.

Proof. Since SP = PS, the lattice subspace PX is invariant under S. It
is straightforward verifications that the matrix of S|px relative to {z;} is

(}(Sz;));; and the matrix of S*

px~ relative to {zf} is (27 (Sw;));., the
transpose of (z}(Sz;)); ;. Since both matrices are positive, they have positive
eigenvectors for the spectral radius. It follows that there exist 0 < x € PX

and 0 < z* € P*X* such that Sx = r(S|px)z and S*z* = r(S|px)z*. O
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The following example shows that we can not expect Ag > 0.

00
Example 3.11. Let K be as in Example 3.7. Put S = {00011. Then
00

S < K, but S is nilpotent.

3.3 More Jentzsch-Perron type theorems

Let T' > 0 be ideal irreducible and K > 0 be compact. Corollary 3.10 implies
that if T <» K <> S and S > 0 then S has a positive eigenvector. We now
prove that if S <+ T <+ K then S also has a positive eigenvector.

The following proposition has been proved in Section 2.5 using semigroup

techniques. We now give a direct elementary proof.

Proposition 3.12. Let T, K > 0 be such that T is ideal irreducible, K 1is
compact and T <> K. Then there exist 0 < A < r(T), a quasi-interior point

xo > 0 and a strictly positive functional zf > 0 such that
Txg = Axg, T2y = Ay, Kag =r(K)xy, Koy =r(K)xg.

Proof. Without loss of generality, assume ||T'|| < 1. Then > °T™ is strongly
expanding by Lemma 0.27. Hence, so is K := (3. T™)K(323°T™). It follows
that K is an ideal irreducible compact operator. By de Pagter’s Theorem,
r([? ) > 0. Applying Theorem 1.1 to K , we obtain a quasi-interior point

xo > 0 and a strictly positive functional xf > 0 such that
ker (T(IN() - IN() = Span{z,} and ker (r(lN() - IN(*) = Span{z;}.

Since T +» K, these one-dimensional spaces ker (r(f() —]?) and ker (T(IN()—
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K *) are invariant under 7" and T, respectively. Thus, there exist \,0 € R
such that

Tzy = Avg and T™x; = dxy.

Note that dzf(zo) = T*xi(xo) = x5(Txo) = Axf(xo). Hence, § = A. Since
T > 0 can not vanish on quasi-interior points, we have r(7) > A > 0. Since

K + K, a similar argument yields 0 < p < r(K) such that
Kxg = pxo and K™z = pxg.

By Krein-Rutman Theorem, r(K) is an eigenvalue of K. Thus, u = r(K) by
Lemma 0.21. O

The following is immediate by Proposition 3.12 and Lemma 0.20.

Corollary 3.13. Under the conditions of Proposition 3.12, every operator

semi-commuting with T commutes with T'. In particular,
[T) = (T] = Lo.(X) n{TY}.

Corollary 3.14. Under the conditions of Proposition 3.12, for any S € {T},

Sxzo = Agxo for some g € R. If, in addition, S > 0, then r(S) > 0.

Proof. By Proposition 3.12 and Lemma 1.9, we have ker(A — T") = Span{z,}.
Since S <« T, we know Sxzy € ker(A — T). Thus, Szy = Mgz for some
Ag € R. If S > 0 then Szy > 0 since z( is quasi-interior. It follows that

r(S) > As > 0. ]

Remark 3.15. Suppose X is order continuous. Then for the operator 7T in

Proposition 3.12, we have ker(A — T™) = Span{z}} by Proposition 1.10. Thus
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if R € {T*}, then Rx§ = Agz{ for some A € R. Note also that xj is a weak
unit of X* by Proposition 0.18. Hence, if, in addition, R is non-zero, positive

and o-order continuous, then Ag > 0. In particular, r(R) > 0.

Remark 3.16. Sirotkin in [44] proved a Lomonosov-type theorem for positive
operators on real Banach lattices, which implies that if 7" > 0 is non-scalar,
K > 0 is compact and S < T < K, then S has a non-trivial invariant
closed subspace; cf. [44, Corollary 2.4]. Proposition 3.12(3.14) implies that, in
such a chain, if S is also non-scalar, then either 7" has a non-trivial invariant
closed ideal, or S has a non-trivial hyperinvariant closed subspace (namely,

the eigenspace of S for \g).
We now prove that if T' <> S <> K then S also has a positive eigenvector.

Proposition 3.17. Suppose T' > 0 is ideal irreducible and K > 0 is compact.
Then there exist a quasi-interior point xo > 0 and a strictly positive functional

x§ such that for any S € L(X) with T <» S <> K, one has
Sty = Asxg, S*xy = Mgz,

for some Ag € R.

Proof. Without loss of generality, assume ||T’|| < 1. As before, it is easily seen
that K := 27T K (3°7°T™) is a compact ideal irreducible operator. Thus
by Theorem 1.1, there exist a quasi-interior point xy > 0 and a strictly positive

functional x§ > 0 such that

ker (r([?) - [?) = Span{z,} and ker (r([?) — [?*) = Span{z}.
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Since S <> K, these one-dimensional spaces are invariant under S and S*,

respectively. Now the proposition follows easily. ]
The following is immediate by Proposition 3.17 and Lemma 0.21.

Corollary 3.18. Under the conditions of Proposition 3.17, if S > 0, then
r(S) > Ag > 0, liminf,||S™z||» > \g for any x > 0, and liminf,|| S z* ||+ >
As for any x* > 0. Moreover, As = r(S) if r(S) is an eigenvalue of either S

or S*.
Corollary 3.18 clearly improves Theorem 3.3.

Remark 3.19. In Propositions 3.12 and 3.17, the operator K can also be
replaced with a peripherally Riesz operator R > 0. Simply note that Proposi-

tion 0.8 yields a compact operator to take the position of R.

We end this section with a few interesting criteria on ideal reducibility
improving Theorems 1.7 and 3.2 when K > 0 is compact. The following is

immediate by Lemma 3.4, Theorem 3.5 and its corollaries.

Proposition 3.20. Let K > 0 be compact. Then [K) and (K] are both ideal

reducible if any of the following are satisfied:

(i) r(K) =0, orliminf,||K"z|[x < r(K) for somez > 0, orliminf, | K™z ||+ <

r(K) for some z* > 0;
(i) there exists S € L(X) such that either SK > KS or SK < KS.
Recall that if T',.S > 0 are semi-commuting then r(7'S) < r(T)r(S5).

Proposition 3.21. Suppose T, K > 0 are semi-commuting and K is compact.

Then T is ideal reducible if any of the following are satisfied:
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(i) r(K) =0, orliminf,||K"z||+ < r(K) for somez > 0, orliminf, | K™z ||+ <

r(K) for some z* > 0;

(i) r(TK) =0, orliminf, | T"z||» < rf(Tzf)) for some x> 0, orlim inf,, || T z*||» <

r(TK)
r(K)

for some x* > 0;
(iii) there exists a quasinilpotent operator S > 0 semi-commuting with T';

(iv) there exists S € L(X) such that ST < TS or ST >TS.

Proof. (i) is clear by Proposition 3.20. For the other assertions, we prove by
way of contradiction. Assume that T is ideal irreducible. Then TK = KT
by Theorem 1.24. It is easy to verify that T K > 0. Since TK <« T, we have
r(TK) > 0 by Corollary 3.14. Replacing K with TK in Proposition 3.12, we

have
Txg = Az, T"xy = Axy; TKag =1(TK)xy, (TK) zy=r(TK)z.
Applying Lemma 0.21 to T K, we have, for any = > 0,
r(TK) = li£n||(TK)”a:||% < r(K) limninf||T”x||%.

The dual case can be proved similarly. This proves (ii). (iii) follows from

Corollaries 3.13 and 3.14. (iv) follows from Corollary 3.13. O

3.4 Band irreducible analogues

Many results in Sections 3.2 and 3.3 remain valid if we replace ideal irreducibil-

ity with band irreducibility and assume additionally that all the operators and
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functionals involved are (o-)order continuous.

We start with the modifications for Section 3.2. For this purpose, we
need a few technical lemmas. The first one is a band irreducible version of
Lemma 3.4. The proof is analogous except that instead of Theorem 2.2, we

use Proposition 2.38.

Lemma 3.22. Let K > 0 be a compact operator and . a band irreducible

semigroup of order continuous operators containing K. Suppose . is con-

tained in either [K) or (K]. Then r(K) > 0.
The second one is a semigroup version of Lemma 1.23.

Lemma 3.23. Let N > 0 be an order continuous nilpotent operator and .

a semigroup of order continuous operators. Suppose . is contained in either

[N) or (N]. Then . is band reducible.

Proof. Suppose N¥ > 0 but N**! = 0 for some k& > 1. Replacing N with N*,
we may assume N2 = 0. As in the proof of Lemma 1.23, it is straightforward
to verify that if . C [N) then Null(N) is a nontrivial band invariant under
& and if . C (N] then the band generated by the range of N is nontrivial

and invariant under .¥. m
The third one handles order continuity of limit operators.

Lemma 3.24. Suppose that T' € L, (X) is order-to-norm continuous (i.e. T
maps order null nets to norm null nets). Then every operator in R¥T is

order-to-norm continuous (in particular, order continuous).

Proof. Tt suffices to consider operators in the asymptotic part of R*T". Suppose

S = lim; b;T™ for some positive reals (b;) and strictly increasing (n;). Pick
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any net (z,) such that z, | 0. By passing to a tail, we may assume that
(zq) C [0, 2] for some z > 0. Fix any € > 0. Pick j such that ||S—b,T™| < e.
Then ||Sz,|| < ||S = b7 ||||lzall + ||, T za || < el|z|| + ||b;T™ 20| Therefore,

limsup, ||Sza.| < ellz||. It follows that Sz, — 0. O

The last one is an analogous version of Lemma 1.11. The proof is similar

and thus is omitted.

Lemma 3.25. Let K > 0 be order continuous and AM -compact.
(i) K is order-to-norm continuous.
(i7) If K*x* = Az* for some X\ # 0 then x* is order continuous.

Now we replace the common assumption in Section 3.2 with that either
[K) or (K] contains a band irreducible semigroup .# of order contin-
uous operators containing K. The reason of this assumption is that the
super commutants need not consist of order continuous operators even when
K is order continuous.

Observe that now we still have r(K) > 0 by Lemma 3.22. As before, we

scale K so that r(K) = 1.
3.26. The other modifications for Section 3.2 are listed below.
e Theorem 3.5 remains valid except that xy is now a weak unit and z is

order continuous and strictly positive.

The proof goes along similar lines. We claim as before that the nilpotent
case in Proposition 0.8 is impossible. Indeed, otherwise, N would be a
positive nilpotent operator such that . C [N) or . C (N] according to

S C |K) or & C (K], respectively. By Lemma 3.25, K is order-to-norm

85



continuous. Thus, N is order continuous by Lemma 3.24. It follows from

Lemma 3.23 that .% is band reducible, a contradiction.

That xf is order continuous follows from K*xj§ = z{; and Lemma 3.25.
All the other arguments work as before except that we can not expect
P* to be strictly positive now. It is only strictly positive on o-order

continuous positive functionals.
e In Corollary 3.8, we need to assume that z* is o-order continuous.

e In Corollary 3.9, we only have that every o-order continuous operator

semi-commuting with K commutes with K.

It deserves mentioning that for the super right-commutant we can simply
take . = [K). It follows from the following lemma which is an extension of

[1, Lemma 9.30].

Lemma 3.27. Let K > 0 be compact and order continuous. If K is strictly
positive (in particular, [K) is band irreducible), then [K) consists of order

continuous operators.

Proof. Let K be strictly positive. Suppose T' € [K). Take z, | 0 and let y
be such that Tz, > y > 0 for all . By Lemma 3.25, K is order-to-norm
continuous. Thus, ||Kz,|| — 0 and therefore, ||TKz,| — 0. It follows that
|KTxs| — 0. Therefore, Ky = 0. Since K is strictly positive, we have y = 0.
This proves T' is order continuous. It remains to show that if [K) is band
irreducible then K is strictly positive. Indeed, otherwise, Null(K) would be a

nontrivial invariant band of [K). O

The modifications for Section 3.3 are very minor and are listed below.
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3.28.

e In Proposition 3.12, we need to assume that 7" > 0 is o-order
continuous and band irreducible and K > 0 is g-order continuous and
compact. Now zy is a weak unit and z{ is strictly positive and order

continuous.

In Corollary 3.13, we only have that every o-order continuous operator

semi-commuting with 7" commutes with 7.

In Corollary 3.14, the “in addition” case extends as long as S is o-order
continuous.
In Proposition 3.17, we need to assume that 7" > 0 is o-order continuous

and band irreducible and K > 0 is g-order continuous and compact.

Now g is a weak unit and zj is strictly positive and order continuous.

In Corollary 3.18, we need to assume that x* is o-order continuous.
For the dual case in the “moreover” part, we only have that if r(S)

is an eigenvalue of S* with a g-order continuous eigenfunctional then

Note that S is automatically order continuous in this case. Indeed, it
is immediate by [1, Lemma 9.30] since S commutes with the o-order

continuous, strictly positive and compact operator K.

In Proposition 3.20, we replace the super-commutants by a semigroup of
order continuous operators which contains K and is contained in one of
the super-commutants. In (i), we assume z* > 0 is g-order continuous.

In (ii), we assume S is o-order continuous.

87



e In Proposition 3.21, T is band reducible if all the operators and func-

tionals involved are assumed to be o-order continuous.
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