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i'lntrodueed 1nto a spln 3/2 Lag anglan are examlned hﬁ.jf'*ﬁ

/)

" “ﬁ ,"_‘

,tors are 1ndef1n1te .--‘gj"'<ivi S M

1fthe Lagranglan, In bo

ABSTRACT o

. , L :
The lncon51sten$1es present when lnteractlons are

the c= number level' there exlsts acausal propagatlon whlle75~}%;

‘h-

1n the quantlzed ver31o gertaln equal—tlme ant1commuta~ DI

w T
\‘\‘.. A

f.? Flrst con51der1ng the:case of mlnlmal coup%;ng, we‘"**“

'”xattempt to correct the'thuailon by addltlon of ‘a scalar

)

.hand spln 1/2 fleld and qh N by a spln l/2 fleld alone to

\cases the problems remaln.bvg ~ff“‘

I

| 1"

""_;ljf We then con51fer Jhe Bhabha-Gupta theory of a leEd

'f“fspln 3/2 spln 1/2

”ield

1th two dlfferent mass s}ates.gxkf“:.
%*@wrf

”;;Causallty here ma be preserved 1f the total free charge

\

4”f:dens1ty is allow d. to be 1ndef1nlte ; An 1ndef1nlte metrlc

| hfiJohnson Sudarshén problem w1th the antlcommutatorsﬂdlse

‘”j.jappears for th

»1s thus needed‘upon quantlzatlon, where we flnd the s

J 1ndependent flelds These results can be'hﬂ“

-'ﬁfhh;partlally expl 1ned by examlnlng the partlcular ch01ce of

.”5the coupllng _onstant whlch actually turns the SECondary

constralnt 1nto a prlmary constralnt

C-

Flnal y, we attempt to f1nd a phy81cal explanatlon

'-rffor the unsa lsfactory behav1our of 1nteract1ng hrgher spln

:ij-theoraes.:‘

’f one accepts the v1ew that all partlcles w1th.)‘

"1sp1n 8S:; > 3/ are not elementary but CompOSlte, then such

i'an explanat(on may be

'891b1e 1n llght of the fact that

the Hamllto'lan in, fl correspondlng Schrodlnger equatlon

iy

o -
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Y

;1s non—local for hlgher Spln flelds.: However, at least

. A
9. . .

Vvln the mlnd of the author, the questlonfas to. whether or
fnot we have put enough 1nformatlonp1nt0 the theory 1n1-1"'

7t1ally to justlfy thls Ls Stlll open.»--°'

W
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v:t chapter IL assume values from l to 2 ;;j'j;'[fjﬁvg;j;»;

LT, o o

o In order to avoxd pOSSlble confusron, the coﬁven- -
tlons used 1n thls work wxll now bg descrlbed

Natural unlts, in whlch E¥ 1, are used through—:7

Out- 'uf’f:uvn»”:;f;v‘gifﬁ:.L ﬁf: i ff. Vfﬂ "“_'
lg A four vector has the components

& . T et e . . B
: '4.,}':'.% R " PR |

e ;dw;,a:,;r
X =.(x:,x)':

Summatron over repeated\rndlces 1s understood.: Greek
:: lndlces assume values fro\ 0 to 3, whlle Latln ones run

from l to 3 Capltal Latlh splnor 1ndlces, used only 1n

The metrlc tensor g Q 1s deflned as"ft.Vt°f""

A‘ZA! ,uVU

' The scalar product of 2 four vectors is thus

o g 0.0 o> . el

xey = gooxPx’ = x0Y0 - %y .
B TRV R S

- We assume the conventions -~ . . .

SN
Ty TR ten .

. As well, for two operators A-and B,

'fi[A)Blr*wAB:;fBAft'flt"'fftgf“rff: tik&j_ ERR
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| The four Dirac matrices ¥ satisfy

/

| ¥hen required, the folloving represenvation is dmployed:

-
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: p.rthe theory of spln 3/2

<

lls.dev01d ofﬂproblemsh_ “‘on51stenc1es arlse when 1nter- fr°'
';actlons are lntroduced | ' _ o ; 'W“J o
| ;.esent the theory of spln 3/2 flelds
ploneerlng work here was done by '

h .Dlrac, Flerz and Paull whose formulatlon was ln terms of

?lds. Although the free fleld case .

'i{splnors We then glve the more ea811y handled vector splnor 5]f

}ffftheory as proposed by Rarlta and Schw1nger

Chapter III explores the 1ncon31stenc1es present when s

:iflnteractlcns are 1ntroduced We flrst concentrate on the b

"tgm;nlmally coupled Rar1ta—Schw1nger (RS) fleld w1th an

i Ty e
"nhexternal electromagnetlc f1e1d.~ Interpreted as a c-number

'Cﬁjf7theory, there ex1sts acausal propagatlon, Whlle 1ndef1n1te

'5f5ﬁequal tlme antlcommutatlon relatlons are found 1n the q-

~-_Jtazfleld coupled to a’ splnor and a scalar fleld

1fffa:number theory The same two problems also occur for the RS vfttf

In chapter IV we’ attempt two modlflcatlons of the RS -
,fleld w1th mlnlmal coupllng. We flrst try a comblnatlon of

f:the two lnteractlons dxscussed 1n chapter III, but find the

'-fundeslrable effects do not cancel : The two problems also hf;7f;'*h

"5awrema1n when a. spln 1/2 f1eld lS added to the RS fleld by

/ .

”‘scalar coupllngz\\



) "the case of electromagnetlc and scalar-splnor 1nteractlonS°-ﬂ-3

C .

o . . ) . o - . Sty

In chapter V we try coupllng the RS fleld to a spln jig g
,1/2 fleld by derlvatlve coupllng.ﬂ ThlS system is in’ fact
| fythe Bhabha-Gupta (BG) theory of a mlxed spln 3/2-—sp1n 1/2

"_fleld w1th two dlfferent mass states.‘ Causallty 1n both

:‘fjcan be retalned here, but at the expense of havlng an.

,1f3_1ndef1n1te total charge for the free fleld : UpOn quantlza-”g-

*Eyfgch01ce made for the coupllng constant-g;efﬂfﬁ’;

"tlon, we flnd thlS 1ndef1n1teness manlfests ltself as an
'”,jlndeflnlte metrlc belng forced upon us 1f we wrsh_to "?}i;rfqu;
hhfellmlnate the antlcommutator problem for the 1ndependent

“?“1f1elds. We then dlSCUSS the 51gn1flcance of the partlcular

We flnally glve some concludlng remarks 1n chapter VI

'7iﬂygw1th a general outlook on the area of hlgher spln theorles ‘_..,.,

”hVn'belng offered.;yfsi“:f*




R ,‘\L‘HAPTER I |
| *+ FORMULATION oF‘_s'PIé 3/2 THEORIES | S

e

."‘A The Equatlons of Dlrac: . ﬁ;' h”‘fli'

| The dlscovery of the Dlrac equatlon for partlcles of
-spln 1/2 and its appllcatlon to the case of electrons l
prompted the search for - equatlons of hlgher spln flelds.:i

,Although not compelled by experlmental ev1dence for a

theoretlcal descrlptlon, there yas no rea oa- -d nyrthe'
existence»of/higher spin particles’that_mi ~b found \in -

the future.. As well such ajsetlof~equatiohs’woul§ ’fes

quantum fleld theory, thereby puttlng he theory n a more

,loglcally complete foundatlon.

. varlous degree, accordlng to the spln _'conside edf(for

‘some b381c propertles of splnors, see Appendi I).-.For

"ospln 3/2 two symmetrlc spﬂnors | \
Ly .. _.‘b.l R - '
S c _ C.
iw53=- Yea ‘ ) A\
A | ‘..) = éé P RN V',
. ‘ ¢C ¢)C
PEre.used. They satisfy the eqhations
BC. A . Ac. 8 AB | ’
Yep + B Y = 2m 430 (2.1a)

!



* . »

- oy DR
. + [3 = 2 ’ - 2'1

Pa¢ ’p * Pge 12 _m _IPAB - - (2.1B)

w,subject to the;conditions' _‘
. . . L . V 4 |

B A B AC - . -
. = 0 =. .. ! . . . N 2.2

Py ¥po = ¢ ‘pA ¢>B< R ( ~>_

The constralnts (2 2) 1mpose elght condltlons on the -
| ‘16 components of the fleld, leav1ng elght components to ;
'descrlbe a spln 3/2 fleld The two flelds ellmlnated are -
'idescrlbed by spln 1/2 for rotatlons 1n Spln space. Thls
“{tellmlnatlon is necessary to ensure that the total charge L
‘;jden51ty 1s pos1t1ve deflnlte, thereby enabllng the fleld
‘to be’ quantlzed 1n the usual manner.- However, the splnl/zl
hflelds are needed 1f'the total energy 1s to- be p051t1ve

| | ) |
~def1n1te. We shall encounter thlS dlfflculty agaln when

- we’ con31der the Bhabha equatlon for a. mlxed Spln 3/2-sp1n

‘_““J, ' T

1/2 system [Bhabha 1952] ~t'i:’ SR

B. The Flerz-Paull Modlflcatlon R

Electromagnetlc coupllng 1n Dlrac s equatlons was..

assumed to be accompllshed by the mlnlmal substltutlon '

3 +a-i-‘1eA‘ Loy
‘T %y w0

where Au are tJe electromagnetlc potentlals. However,Fleer
'and Pau11 [1939] observed that an algebralc lnconSLStency
.arose if thls prescrlptlon was used. In effect, a relatlon'

'derlved from one of (2. l) was 1ncompat1ble w1th “(2.2).

\



o L

‘To solve thlS dllemma, they suggested that the fleld;

,equatlons (2.1) and (2 2) be derlved from a Lagranglan by R
.-a variatlonal(;rln iple.  Two aux111ary flelds were 1ntro—p‘f'
bgduced such that th:\de81red equatlons were ohtalned 1n they*‘
"free field case. Wlth no 1nteractlon terms present these h

aux1llary flelds vanlshed 1dentlcally. Upon 1ntroduct10n |
' of mlnlmal coupllng, the constralnts that followed in |
fgeneral 1nvolved the aux111ary flelds._ The elght 1ndepen~.
' dent components left upon use of these constralnq§ then\

: descrlbed a- pure spln 3/2 state. The dlfflcultles found 1n

Dlrac s equatlons were ellmlnated and a consxstent method
‘”for descrlblng charged spln 3/2 flelds, as well as’ those of
'hlgher Spln, was thought to: be avallable. : |

)

“C The Rarlta Schw1nger Formallsm
. ' Another formulatlon of the theory of spln 3/2 flelds
swas glven by Rarlta and Schw1nger [1941] In thlS approach

'»Ithe flelds are descrlbed by a 16 component vector splnor :

§ .
<d - \\\

\\ w ’ w1th each of the fourvvector 1nd1ces representlng a

| \Dllac four—splnor Thls feature, together Wlth the fact
lhat the Lagranglan 1s composed of the Dlrac matrlces, makes

e'}manapulatlons easrer in thlS formallsm.y’ o |

\\ 1) The Nature of ConstralntS'
A\

The Lagranglan 1s given by

$ “’u‘“ L ey



I zero elgenvalue of A

iy

\\
g
"

and ;C lS an 1nvar;ant functlon of the fleld w and any

addltlonal flelds to Whlch it is coupled The four l6x16

v

’matrlces_(r ) Y are Hermltlan in the sense that

L0y &-'v o c“v _" CR
. - = T . = A . e
[Y E(r‘ )u‘ ] =y (r)7, = A "
The Euler—Lagrange.equationngollowing,from (2.3) are
S P PP PREN P TR
Cwhere <

st ,'ai“/._ “ra(pvﬁF)

It may occur~that the matrlx A 1s s1ngular, ‘in whlchﬁ
case constralnts arlse 1n the follow1ng manner (Constralnts
, here w1ll be taken to mean relatlons among the fleld compo-

£
- nents whlch do not 1nvolve tlme derlvatlves )

Let P be the prOJectlon matrlx assoc1ated w1th the

‘ so that P A ,-0 Wlth (P )

Operatlng on (2 4) w1th P then glves the constralnts

Lo o 5% e ._n
P (A ) k‘P PO;Y. 54; i ‘ (2.5)_

‘ Now, by con51der1ng the 1nvar1ance of equatlon (2 4) under

“an 1nf1n1te51mal Lorentz transformatlon,'



9

‘we obtain the‘relatidna LT

- In particular,

B et = @S ve

Jad

e i i
TS L] = ir g, ‘Fvgu;)..

L

TS0k 7 Sgel = eily

ol _o ° 6 o B P Co L
R S

_We‘thus;arrive;at- -_f:;. N ’"_}-_;:'v"_,,{“*n'_'\.t

Y

?bzinpéréaQTQQi:ff'“‘74;\ﬁ;;\§A,';fgdfffﬁrff,;lf}y_i'

Y

P(A) pk(l P)\b
/

‘w?°7“*g¢u ;”ti‘?;<f7-',(??5?;g

// : U

: | B o .
These are called prlmary constralnts as they result '

ti:from the klnematlcs of the fleld (i e. the 31ngular naturebh
afof A ), the components P w belng 1ndependent of the dynaml—iiiia;in
i{cal term )C 8 They are to be dlStlngUlShed from p0551ble |
'f:secondary conStralnts whlch deflne another set of components:;il

'Twhose structure w111 depend on JC

Slnce the left 31de ‘of (2 6) does not 1nvolvé the

'"*tecomponents P w, two p0331b111t1es arlse. One is that the

.'7f_structure of the rlght 31de is SuCh that all °f the



» components P w are expressed ln terms of (l P )w by (2 6)

',Substltutlng (2 6) 1nto (2.4) will then glve the equatlon ;p

 of motion for the 1ndependent components (l P )w,- The

;‘-fthen w1th the ald of thlS

other p0551b111ty 1s that (2 6) leaves some or all of the
fcomponents 2 w undetermlned, glVlng lnstead addltlonal
constralnts on (l 123 )w When (2 6) is" then used 1n con—
,»junctlon w1th (2 4), new secondary constralnts w1ll emerge
-whlch 1nvolve the dynamlcal terntaﬁ B ‘. ‘
| In thelr cla951c paper, Johnson and Sudarshan [1961] f
':_showeq that secondary constralnts must occur 1f the fleld |
:‘lS to be quantlzed accordlng to Ferml—Dlrac statlstxés and
{?the spln of the fleld 1s greaterq%han 1/2 To do thls,,':b
:ifformatlons of the fleld w (see Schw1nger [1953] and Roman

'“[19691>,—

e w l[G w] f’f I e T
| where"hﬁf,ﬂ o L o
B . /,\ P

o ey Wy e

G._ J( a;ﬁ )) Gw d

n:“_

St

'fIf there were no. constraln s on the components Y

fq'tlme antlcommutatlon rela lons (ETACR) could be derlved

. ;aar{¢d(8}(¢s(¥)}§(x§—yo) [ l P )A (l P )] 6(x-y) "253’1
’f”,The;matrixﬁAo'; to be 1nverted in ltS non31ngular

- subspaCe. Slnce the 1 Jt Slde of (2 8) is posxtlve\\\ B

'they flrSt constructed the generator of 1nf1n1te51mal trans-f.."

(1te >w,,7.;f "

:enerator the followlng equal- 1 S



definite, the rlght sxde must also be.. However, as Johnson
/ and Sudarshan [19611 showed, A' 1s posltlve deflnlte only o
1i,r1f it 1s a- multlple of the unlt matrlx and the spln of the

i:ffleld is 1/2- otherwmse, 1t 1s 1ndef1n1te. Thus, for .
‘theorles of Spln 3/2 or greater, there must ex1st addl-‘i
tlonal (secondary) constralnts on the components (l P )w

.so that (2 8) does not follow from (2 7) ThlS 1s because}
2 only 1ndependent components, not related by constralnts,

Vo
are allowed 1n the expre331on for the generator
3 11) The Lagranglan

Hav1ng dlscussed the nature of constralnts, we now féa—

"fproceed w1th the formulatlon of the Rarlta—Schw1nger (Rs)

thLagranglan.o The most general form of the matrlces (P )uv-hh

'd;*con81stent w1th Hermltlclty and a descrlptlon of Ferml-;ﬂ

"g:DLrac StatlSthS, 13}57'" \

o "'»'-(I‘ ) v’ qu +W(9 Y +g Y )+KY Y Y 0 " R

f:,where'W and K are real parameters. The,matrifoééfy:r_rfilef-j”"‘

- hhas elgenvalues x satlsfylng
(x 1) [x + 2(w+ 2K)x+ (2K 3w2 -2w 1)] 0o,
hj,so 1s lndeflnlte as reﬂulred It may be made 81ngular by ,:f"'

Cog

k ftaklng

K= (3W + 2w + 1)

~in whlch case the elgenvalues solve 7;[] S ST D S

'ﬂp* ujlfix+26#%3w+hl4%oaf;e(



§

W

The elgenvectors of the eagenvalues 0 and -2(3W2+-3W4-1)
.*w111 be seen to transform as spln 1/2 splnors, but that
’:h'correspondlng to the elgenvalue 1 w1ll not srmply be des-‘

-crlbed as a spln 3/2 ob;ect

The parameter Wis Stlll left undetermlned To flnd

tflts 31gn1flcance, consmder the poxnt transformatlon of the

v~'f1eld component5~"f

*fwﬁfiwif%,ﬁi?FaYuY-w9':}h'“

A.ihThe transformed Lagranglan then has exactly the same form af"

'-_»as (2 3), w1th W belng transformec} as T

. F ol

hf}*Except for a —1/4 when the transformatlon 1s 81ngular,ytf‘

thlehas no bearlng on the structure of the set of compof;fff}f f'

A

'3ff~nents descrlbed by Spln 3/2. The value of W 31mply

| "f;determlnes the two sets of spln 1/2 components, and 1sv*d}},~fi

;:‘:HW1thout phy51cal Slgnlflcance. _T5Q-°

In the followrng, we choose W-——l/3 flxlng the

ffﬂelgenvalues correspondlng to the two spln 1/2 components kl[!rV”

'7Tto be O and -2/3 | The PrOJectlon matrlces are then'J'”“'

8 P RRE J EC A Eh Nt 1 e
[ R, ¢ GE 20 o B
B T P AT Py AL o B
R o L s R

L PG 0 vy




- -where. " . ‘

11

¢ Rl PR A &
T I 0

-~

: The two Spln 1/2 components are therefore Y $ and w v
. a

-respectlvely The spln 3/2 components are descrlbed by

“A'_the set : »_(.-r'

i

n

v¢k. gg'ipov. 2/3)u .wv‘

"': .

Gt gvehe,
o*]hweiCan'write'forithejtermféﬁjin (2.3)3 

S .‘;.fvavf}"f';;;vo]p;Vgn g e
S BEY = =mila + Ty v )y o ol
'”7;U?a~f%;(gh'fo'Y“y'{q{;jVﬁf”fﬁfv*f““*

ThepiiﬁaFYConstraint‘<2f6>‘bé00méi;.
2 (A) ,pk(l P)xp +PyB w "Josx

. \‘i’ -—-——‘\n.‘

_ di“P [(A,L Pk+'Y B ](1 P )w -tP o B P w OYo GXL ”;_1:;f;v'5
2 , B _ ey GW o

' - ‘."» H .. g

'“vvxinIf secondary constralnts lmposed on the components (1 P )w

iare to emerge from thls,g_'en P y'B P must vanlsh. Wej"'{

: U o
7=¢f1nd thls occurs, 1f for w,

-1/3' Tis taken to be -1/3 ol B
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Thus, the Lagranglan for the free spln 3/2 fleld,.”'
B where 2 -0, can be wrltten 1n the form o
\wt@re 'j 2

By -;j_fm_(g;u TR

111) Introductlon of Mlnlmal Coupllng e
'”«¢ ?, The comments made concernlng mlnlmal coupllng in. the: L

. Dlrac splnor th\bry also apply 1n the vector splnor forma- ;;"

: f’

llsm - Wlth ﬁhe Lagranglan (2 9),_we can derlve the :
:' equatlons of motlon:ifhf;;ﬂ;
$>p‘- m)- w -— (y p +p y )rp + ly (y p+m)Y w 0 (210) R
| Contractlng w1th y and p ylelds,_respectlvely,; f!i

e

"fffmp‘?ff
Substltutlng (2 ll) 1nto (2 12) leads to the conclu51ons ?t?;
that, for m;éo D Ve R

Thus, the equatlons (2 10) are equlvalent to the system

(Y p m)w

lf?‘?Y-‘-PYf,"P ,’;*‘i;Y_-i';pp‘]w_ o -lj s ,'-(2..12\)-4 L

'if[vwlth By - “.:y;¢’a, e aan T



"-mlnlmal coupllng must be lntroduced from the outset 1n hk

13

'”fIf we were now: to subject (2. 13) “to mlnlmal coup11
_the substltutlon p -*p -+eAu) we could derlve the ad('

_ftlonal constralnt, yhf

,:whlch is lncompatlble w1th the other equatlo/% Hence,

"equatlon (2 10) ln order that such algebralc lncon51sten—7"

"'c1es be avomded

‘éﬂ,f* e e T e , SR e
L 1v) An Equlvalent Form of the Lagranglan ;{ g o

s Before proceedlng w1th an anaIYS1s of the fleld w1th

“f'ifelectromagnetlc coupllng, we shall flnd 1t advantageous to f]~d"*f)/'

4
,1;;cast the Lagranglan (2 9) 1nto a form Whlch 1nvolves

‘h'fexp11c1tly the spln 3/2 and two spln 1/2 components.: Thlsiif{_f“;

’wﬁfﬂformallsm is due to Dr. Y Takahashl [personal notes]

The equlvalent form of the RS Lagranglan 1s
.-_z?,--ac =m, ¢ "ot +¢>“ A, ¢ ] c“¢ +¢“ ey ean
"fwhere

= [¢ ’d)k]

o

h ‘

l

W ’(gk 3 YkY )wll
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o
1

1

win

P AS=-3pn

Tz?jf{;it
W}

FYER e

il

i =t e % $.E)” ok

~V;fThe Euler—Lagrange equatlons follow1ng from (2 14) are ;.r

/.

¢ + 2 ¢ + «©, ) b 0 - ;»(2."'15')""75”

ey } oo

7v'ch¢ *=10'.' ',g_.if, ','.r~’lﬁf7“i*-o"' S g2016)

im f'3r¥-p)w5wtw'~9 @k.=h91f-et3“if"ﬁ;}t?,_5  S

fﬁwhlch ls’the prlmary constralnts expre351ng the spln 1/2

| f;fleld w non—locally 1n terms of the spln 3/2 fleld.

'bfa,Thls can be solved for A to glve

‘ff:where

IVi The secondary constralnt is’ obtained by multlply1ng

%)

o (2 15) by du*‘ C (m l) u and us1ng (2 16) We obtaln Qf;ﬁ-' |

d“A ¢ * (d c+)x ff?f7?é}lfaeéfféfd?fé;)*;;;{{f;pﬁi“'”

’.

(a c ) A ' ?f;i;"”’

2

”32The fleld A will not be glven unlquely 1n terms of the )

:ffflelds ¢ vlf a non—trivmal A ex19ts. Such a A does 1n
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'efact ex1st for the RS fleld 1nx1nteractlon w1th an electro—_“

: magnetlc fleld, leadln%/f/_kwo lnconSLStenc1es 1n the theory

®
K Whlch we shall next examlne.-

o~

-y



?;b' ’ \ z ) . .‘
' 'gatlon was p0581b1e 1n the cla351cal RS fleld w1th mlnlmal','@

*hfcompute the ray ve1001t1es.; To 1llustrate the method we now

/ffXYv m)w 3(yn +wY)w +§Y WT”WﬂY¢ ° ‘31)

Yfis mlnlmal coupllng to an electromagnetlc fleld

:fshow thlS calculatlon.:'fu** I

CHAPTER III ‘73 ‘“-7"

': INCONSISTENCIES OF THE INTERACTING RS FIELD

_A; Coupllng to an External Electromagnetlc Fleld

As mentloned prevxously, two basmc 1ncon51stenc1es

arlse when one attempts to take 1nto account 1nteractlons .‘1'

| 1n the RS theory._ The flrst lnteractlon we shall con51dergﬁrl

S,
) R :

S o

to be cla351cal entltles., -'t~¥43y- '»j‘-;‘f'}a

o i A T
1) Presence of Acausal Propagatlon' - L

L ST

.~n'

'ﬁthllght was pOSSLble._ To do thls, théy showed that the RS

I

”fﬁtlal equatlons w1th 1n1t1al condltlons,{ By the method of

”7ffﬁfcharacterlst1cs, brlefly outllned 1n Appenﬂlx II, one can

ulvp
The RS equatlon (2 10) w1th mlnlmal coupllng 1s

: -a'..

Throughout thlS work we shall conflne ourselves tof_'}

”an external electromagnetlc fleld, the potentlals Au taken f,-sh[t

Velo and Zwan21ger [1969a] noted that acausal propa-,if“-/7

. £

h‘f!Coupllng in that propagatlon at speeds greater than that offijﬂu*x»

"'_fequatlon was equ1va1ent to a system of hyperbollc dlfferen—}jfflifff

:The mameum veloclty of propagatlon w111 be glven by the ;:ﬂ;t?*



N
v

relles on the fact that no propagatlon can occur outsxde

“the llght cone.' We w1ll now" demonstrate, by calculatlng

the normals to the characterlstlc surfaces of the system

(3 1), that this condltlon is v1olated. e*-

“

As dlscussed 1n the prev1ous chapter, constralnts

' 'are present 1n the RS equatlon of motlon. Before calculat-

}.1ng the normals, we must flrst ellmlnate these constralnts

'

sln order to obtaln the true equatlon of motlon.

By contractlng (3 l) w1th n“ and y ‘we obtaln,

Here,'wT haye;usedvthe'relation

&

~The prlmary constralnt results from taking the zeroth compo-

nent of (3. 1) and uSLng (3. 3) It is

k

(m+§?-_?h'w + yorky = I & 'Y

which is identical to. (2.16), with,gpu * iru.

: et
- \ ek

17 .

*rslope of the charaeteristie‘surfaCes._ vasal propagatlon L
r ;_ :

f“;respectlvely,-v
: -3- ‘Y- TTTT'lIJ +TY°F'YY '.w - leY'F-lb-mTr-lb :
L RO *jhh‘ “-;U . o
o HFyemyey =0 T 3.2)
: = M ! AT
L Teye=i- 3 YV L 8 ST € PR 5 M
) . ‘ ) . ' - . N ) . - N ) :
where. . E
-' - u . v
Y-F¥ = v Fwt‘b‘
. ".' = u | \,‘
YeFey =y Fu\,Y B
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3 :51:

The secondary constralnts are obtalned by substltutlng (3 3)

1nto (3 2) ‘and using the relatlons “

(Y;N)2~# 2 ﬁ:ég?ly;p.y

ie _ . ; s

o Y F-Yyeb-diey.F.y +iey.y:F.9 =
N'f.l ] L ) 5 ' .

whErek' .
Fuv Euv' oA - . Lo

N

~is the dual<tensor’to“Fuv. 'The §eo0ndary7constraint ia
Zle [Y Y-F. w + 2y F zp] . (3.5),
3m? S | | | . R

]

L Yoy

sting (3.3), we~also obtain',“

.

oy mwsywsz e

"',

o ”Theltrue equatlon of motlon results by substltutlng
(3. 5) and (3 6) 1nto (3 1), whlch becomes

o _,(Yl’_-w'-m)‘w'u + -;;ne— v _tst'-i*.-'w' * 2Yof4w1'

"'_3}_‘23_[1, }V n-m][nyw+2YFw] (3.7‘);»
9m - o ,
:The normals nu to the characterlstlc eurfaceslare computed
by substltutlng nu for the hlghest derlvatlve of the fleld
’components 1n (3. 7) : The characterlstlc determlnant belng

a polynomlal in the components of nu, we can, by Lorentz |

; 1nvar1ance, take n = (n,0, 0 0) and put the result into

covarlant form at the end. We obtain for the characteristic

equatlon

s
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» | 2. » ll. . ; | /.\

- ' o 2ie ;. . : =t SN s '
D = - 2= “Y Y )e
Pl = fnvtg onZ Gou VY )ergv B0 +2v F0 ) |
. ({ : . N N LN - B
. 2 4 i
=ntfp1 - 2% 84 co
R 3m . ' . ] . » i
T , o - N

- 4 S~ 4 _

=m0+ (EptanHyto, (3.8)

- ‘_'3m- R o . R
where we have put the equatlon ln covarlant form 1n the last
step. ThlS is’ the equatlon Whlch determlnes the normals to :
Athe characterlstlc surfaces which pass through each p01nt

8
It is now ev1dent that (3.8) allows for propagatlon
out31de the llghtcon% in- some Lorentz frame. ThlS requlresv'a )
the ex1stence of a tlmellke normal satlsfylng (3.8). -For
example, 1f we choose n. = (1,0, 0,0), ‘then we requlre' - - ~\*\\
I 2 2'

" AR ‘ =5 B =0 PR
Wthh ls satlsfled in- some Lore\tz frame whenever a .non-

vanlshrng electromagnetlc fleld ex1sts. Indeed the system

. R

"=loses 1ts hyperbollclty 1f fc.--l

/

1 - (2 );E": <o
S g3m _ ‘

-fas there then exlst normals w1th complex components wthh

7»f’satlsfy the characterlstlc equatlon. It mlght be hoped

that the constralnts ellmlnate these dlfflcultles but, as
'Velo ‘and Zwan21ger [1969a] showed, the constralnts are !{f%f‘:.
fpreserved 1n tlme and there ex1st dlsturbances, compatlble

-‘w1th the constralnts, whlch propagate outSLde the llghtcone.'

L
'
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d Thls demonstratlon of acausal propagatlon has been a
great.source of worry to theoretlcal phy51c1sts. Here is avd
system o\\équatlons whlch‘descrlbes a free Spln 3/2 partl—
cle, wrltten in a Lorentz covarlant form However, when

.mlnlmal cohleng is 1ntroduced one of the baSlC postulates
v-of spec1a1 relatrvrty is v101ated Shamaly and Caprl[l972]d
attempted to correct the srtuatlon by the addltlon of ,;,~"'>
. general Paull terms, but found the\;causallty was only

\.enhanced. Inclusion- of the 1nternal ele\tromagnetlc fleld

~was also found to be unsuccessful in curlng the problem
.,_(Caprl and Shamaly [l974]) Evldently wrltlng Lorentz

covarlant equatlons does not automatlcally guarantee that

the postulates of spec1al relat1v1ty wrll be Satlsfled ‘b-~f v?‘ﬂkj

Pl

. : . B . .
'-f’ ‘11) Ex1stence of Indeflnlte Equal Tlme

Antlcommutatlon Relatlons (ETACR)

A second 1ncon31stency of the mlnlmally coupled RS B
fleld was demonstrated by Johnson and Sudarshan [1961] ln,sf
'thelr work they calculated the equal tlme antlcommutatlon
,'hrelatlons (ETACR) between the fleld components and found
jhcertaln ones 1ndef1n1te, whereas they should be p081t1ve ’g:ﬂ

;deflnlte by defln1t10n.1 To dlsplay the calculatlonal o
Ftechnlque, we w1ll now derlve these results tdh
, We construct the generator of 1nf1n1te51mal trans-‘d

:'formatlons of the fleld components
s = 'i[é,;p]f%a T

 where



=

S 7%—- o,

‘eFrom'the.ferm.of the.Lagrangianq(Z,l?

N 2 .
e -l.{d~Y[Qk 0y * 3

- (3.9)

'[3bezy“

Only those fleld components whlch are lndependent are to be

‘used 1n the expre351on for the generator.f_By substltutlon

of the prlmary constralnt (3 4), c

: )and-iteiHermitianAcohjugate into'(B.iOX, we-find"-

RO
where

;R?hegETACRfmey;nowhbe.derived_uéihgh(3;ll);}.We;f;nd.e
"r;_USlng the 1dent1ty ‘;';; e,?g,h?fﬂfyf_

| )fwe flnd

‘acpk(x)—-jdy% (y),¢k(x)}(g

: | .Y‘ow‘. = ‘-:[?n_ ___T _32_-Y>.7;T.]- TT ¢k“{

‘Jd Y[¢ ~% ¢ nmAﬁ¥]6¢k

ll.

G

’_[m2 j.%.(yﬁﬁ)zl.; e

PR
TR

e

Cep

95¢£‘x)f

| P

ileg, 01

DI FIUEN

| “[AB'C] A{B c}'— {A c}B ,'vh 8

- l

2 ,2
+3 nmAn )6¢2(y)

'7‘fhfassum1ng {6¢ (y) ¢k(X)} 0 :=${¢k(x) ¢ (y)} = o

. P
NS
Wl

.ehihh_+ :‘h uﬁfh o »ﬁ  ‘bh_fei- :
'Jd3y[¢m'xgm%?hé”ﬂmA"&)§¢gi¢kﬁ¥);;}]“'

i :(3{11;



"‘:Taking the ETACfvof'the'form_

G0 e gy = “.Pkl‘gi.l,‘?"iéﬁj )28 )

where .

e g B TR
i TR TN o
we find (3.12) is satisfied if ©oo

T-0-300543 49T -0

.hWith Ehgiven;bY;(3gll), wé‘therefcre*cdnclude‘that'7‘

~with TRt _ . .
| e S22 e

C A,

o8B

ve 22
il
|
=
o
ST e—,
=<
=3
-

’ 3 belng the vector formed from the antlsymmetr1Cﬁc'

[Y :Y 1. Thus, we have arrlved at the ETACk .

R ,:.1”.,+. P j“. , -.p'.e,;ﬁ;,-~7-f-»~ SERERR

U51ng the prlmary constralnt (3 4), we can calculate

- other ETACR.; Operatlng on (3 13) w1th nk from the left, we }f'

""_obtaln

'e,{¢¢(8f{¢ (y)} % - )’Anklpk 6(x—y) ?=¢-J,tf’k§;i4) hlf0c

_~.Operat1ng on (3 14) by nk fromvtheileft, we get*



‘{_zp\o'cx),-wg(.y)'};_;g-t‘(mf% ;-.m(m -2y ) —l]cS(x-y) . (3:15)
These ETACR ‘are local, in $pite*of,thegnonelocal ch
*'of the constralnt (3 4) Antlcommutators 1nvolv1_g the
.oother Spln 1/2 fleld y $ Wlll also be local, as‘y
‘glven locally by the secondary constralnt (3 5)
o We now show there 1s an lncon51stency present ln :

f;these relatlons.v For SlmpllClty, con51der (3 15) et o
;Jx(x) be an arblttary Spanr. Multlplylng (3. 15) by x (x)

from the left and x(y) from the rlght and lntegratlng w1th

respect to x and Y ylelds the relatlon

o fx*(;":)'w 5‘-(x>_» w; (§)'}'x;;i’y)'_‘dxi é.iy =

N
N

s % f x7°u_‘<f>'<):;[-,<m+3;;’_*_',--’n*_')-\a; (m '4*5 ?}‘-F) -11 k;(f_k')f"djx,"-v (3.16)

"f:fﬁ.slnce the left 51de of (3 16) lS p051tive deflnlte, theh‘y'.

e rlght 51de must also be-; However, 1f we deflne

've;,“then the rlght s1de of (3 16) becomes |

fd: (x) [A A]cb(x) dx
,?:where | _h' i‘v PR e
A= [m + (—) (Y-ﬂ)(Y ") ] y
"thlch is a posxtlve deflnlte operator. fﬁbweye:,’*

; 7A¥ Im? +l%§-§;§]fl



'islpositivelonlyfif

'_.Consequently, the rlght srde of the relatlon (3 16) becomes»

w,jnegatlve for a sufflcrently strong magnetlc fleld, whereaS'

. ThlS agaln 1s a very troublesome result The RS

Vﬁlt should aIWays be p051t1ve deflnlte by deflnltlon

'theory wrtn mlnlmal coupllng is. formally Lorentz covarrant
1‘f.1n the sense that the equatlons have the same form in. all

' dLorentz framesu However, the work of Johnson and Sudarshan

o shows that 1ncons1stenc1es arlse only ln those frames wheref

'the magnetlc fleld 1s suffrcrently strong, in other frames,t*v'

ﬁ,no 1nconsrstenc1es are present., Whereas the Velo Zwanzrger.ﬁ

]f,result v1olated the postulate of specral re1at1V1ty that no.fd

_fepropagatlon can occur Wlth a speed exceedlng that of llght,_}5»

5thlS result seems to v1olate the other postulate of spec1alf?'-f'

fg"relat1V1ty that physlcal laws should be lndependent of the

'hﬁpartlcular Lorentz frame 1n whlch they are derlved ‘ Incon-ffff,,‘*

ffofslstenc1es,'lf they are to occur, should be present 1n all

'observer frames._ ThlS relnforces the clalm that%the postu—h

e
. //

“Qlates of spec1al relat1v1ty and the wrltlng of equatlons ln;g_f{_ i

"” a Lorentz covarrant form are: not necessarlly compatlble

PREARP

o . B Coupllng to a. Splnor and a Scalar Fleld

A questlon that comes to mlnd lS 1f the PrOblems,rf'”"
a;assoclated wrth mlnlmal coupllng are unlque in the sense nE

'flithat acausallty and the 1ndef1n1tene35 of the antl-f'if'fhv



.scalar bo

L Coupllng also oceur. here.

: that constralnts ex18t for the components w

commutators is llmlted to thlS lnteractlon

All spln 3/2 partlcles known ln nature so far decay

K 1nto a scalar and a spln 1/2 partrcle. For example,.the .

decay scheme of the N ‘iS»'

| (:N,‘, — N'ﬂ"

) It is of some phy51cal 1nterest then to explore the Spln'

3/2 fleld in
Qi%iflEId “We shall see that the same sort of
problems that per31st 1n the case. of electromagnetlc

v -

- The Lagranglan for the Rs fleld ln 1nteractlon w1th

L a splnor fleld x and a pseudoSGalar fleld p lS glven by ‘fl

_4_» R . '} . )

fw u\))(p p f(p»p)xe uw .

' '7"ggu?_ gﬁuVl- hY Y S }jf} "-?h:?~‘d

The real constant h 1s 1n fact flxed by the requlrement

"vf Nath et al [l97l] were the flrst to suggest thlS ff,;»

type of coupllng w1th the alm of explalnlng the Spln 3/2

25 .

1nteractlon Wlth a nucleon fleld and a pseudo—dl’I

otf— w“(l“p B) w +x(Yp M)x-—(p ppp+u p) )

B .Q’ . g v.;,“' L

: contrlbutlon to wN scatterlng data., In“thls paper, 1t was ”h}7 g

e concluded that the anticommutatlon relatlons dld not sufferlff‘

from the Johnson-Sudarshan dlfflculty.» However, Hagenj:"‘HA'

[1971] showed that these concluslons were in error.‘ By

4

: quantlzlng the flelds accordlng to Schw1nger s actlon

-~
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.pr1n01ple, he obtalned the follow1ng ETACR

{x (y),x(x)} =m _A,;,S,(x'é?)' o 7>' ., "('3-.{1"7)"
. z* .

et (y)"cbk(x)}-—A-P (g -%‘p ap? e, a(x—y>[' O ean

g:hwhere' '

R T e 2,1
-'_A,f=—"~[m2\".§.f (.gp).']_ '

v;(For a compIete llstlng, see Hagen [19711)V

79'These relatlons are 1ndef1n1te for anY Bo # 0: as may mOSt»

'(3 18) to that obtalned for mlnlmal coupllng (see 3. 13) 1sz

Y

5 remarkable.,Q'

.
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K L easmly be Verlfled by examlnlng (3 17) The 51m11ar1ty of[f

Slngh [1973], and later Ta:Lt [19731, showed that,

1nterpreted as a classxcal theorY: there is acausal propaAQih"”

’ "_gatlon present.} As well as. the usual llghtcone charac-u'”"

‘ﬂ-hterlstlcs, there are normals to the characterlstlc surfaces'*t‘;-5

hf'satlsfylng the equatlon
no- %— [(n p p) --n_;(\p.“pp*o)l- =0 o

ww

m

V?fIf 1t lS requlred that t constant lS a characterlstlc then 3f§x3*9

{75577we obtaln the condltlon jﬂf5 o

s l 2f (pp)

‘“3m,

'"hf;very 31m11ar to the same condltlon obtalned for the electrOf’f

'[f;magnetlc case,

B R (%) ‘*2‘ 0. -

':fh"jwhlch 1s satlsfled for a non-tr1v1al p ThlS form 1s agalnfgfinfh'



The results presented in thlS chapter suggest that
the problems of causallty and the lndeflnlteness of the

antlcommutatlon relatlons are related The dlfflcultles

- in both the c-number and q—number theorles occurred in a -

'51m11ar set of Lorentz frames (1. e. where B and pp were

‘FSUfflCIently strong) As Well the problems were not o

27

<restrlﬁﬁed to one type of lnteractlon Thls leads to the” SRR

flj‘hope that resolv1ng one of the problems wxll lead toa e

'ﬂsolutlon of the other one. ;
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CHAPTER IV
: MODIFICA’I"IONS‘:OFZ THE MINIMALLY COUPLED RS FIELD N

AL Addltlon of an’ External Scalar and a Splnor Field

l-': - As was dlscussed 1n the preV10us chapter,}the RS

' fleld 1n 1nteractlon w1th a scalar and a splnor fleld as

well as w1th mlnlmal coupllng suffers two 1ncon51stenc1es.-;

’It would be lnterestlng tOASee 1f a comblnatlon of the two

g - 1nteractlons mlght lead to a con51stent theory » An example

of comblnlng two acausal 1nteractlons that leads to a

v'jsatlsfactory theory has been glven by Shamaly and Caprl A

i.[l972] for the Takahashl-Palmer spln l Lagranglan._fIf

”-f;such a g-ncellatlon of the undeSLrable effects is‘ to. occur'-":

the scalar fleld o wlll have to become depen—.s

.-;(.‘1{_'.'7;;{13) w +X(Y - M)x—— <p pp p+u29 )

8 ._.,.'___‘_.‘9“.;,"‘”'.""'9_“{,"" hv Ty

'5Vf'The equatlons of motlon followxng from (4 l) are Jf"'h"

V-ailfzsf{af;;)f,vaw»}v;ﬂ:'h

he electromagnetlc fleld - Consequently, we w1ll ,*’”
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.‘-+-~"f"_6' '-‘XP.\’ox-=°' B CE

N

Y S

(y n-M)x - f(p p) 6 w“ = 0/ IR | )6'_ (4-‘-'3‘-).{

‘Constralnts are present in (4 2) Contractlng thlS equa-~

.tlon w1th y and n ylelds, respectlvely,

wnd'

R Aoy ..rg-.,'.‘v»; A R e
A S ¥ eruvxp 0= Q_» Sl e ‘» __»(.4".‘4_)
YT = SR U2y Ry 4y e Fey] ey 4 B ymyey

W

_f_’(-j__r, ,Q-uvx.)_;P p f,_fewxw plp) =0. . <4 5) .

fThe prlmary constralnt results by taklng the zeroth compo- )

.nent of (4 2) and u51ng (4 4) The result lS»’.

[ %— ]$ kxpp+ (m-%Y Tr)Yw

"lIn order for constralnts to emerge from thls, we must have“fJ]Jj*”f

{ ko
f_'becomes Lo

o
Substltutlng (4 4) 1nto (4 S) ylelds the secondary
'f;constralnt | Y L

.Z:J_J:.J

":f"837'"0 We thus conclude h 0, and the prlmary constralnte;;gfﬁ'.
-;npc-,1_ tom _¢sk .-._f (-Y;.'PP.)X" =0 .o ed '-6)-'

4.. U ~

“1-2 Y w-+ f(y pp)x -'f(n x) Py p + f(Y Pp)(Y ﬂx) "(i;tﬁilﬁ?%lht*'h

: %?ff?Y%ffw}ff9sY'f??iy=70E?l}{f;f¥f,fﬂfffa;"£4&73f}ff'f f,€

SEASTEE

P
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- By'use‘of equation (4;3),fwe Can;also;arriVe'at'the'resuitf
fmn w + f(n X)pp - Mf(Y pp)x - £ LF pp)(p p)w“

m Py + vgrF w=o . a8y

2}

i

' We are now ready to calculate the normals to. the
yvcharacterlstlc surfaces.l To do thls, we shall use the
'1;,shock-wave formallsm as developed by Madore and Talt[1973]
.It ‘is:an equlvalent method to that of flndlng the charac— e
;;terlstlc determlnant as used by Velo and gwan21ger (see ’}.
Appendlx’il),‘ The shock-wave formallsm exp101ts the fact [?H

| that'the flrSt (and hlgher order) derlvatlve of the solu— }d”‘ o
T |

"x'tlon of a flrst order system of hyperbollc equatlons .

-t,suffers a dlscontlnulty across a charagterlstlc surface.;.”'

":Denotlng thlS dlscontlnulty by square brackets,jwe have

i,

[puw 1 ;"

-8

i
5
'. 5 N .. — .A

i -
-a?fff
i

[Pu“

[w 1 Ix]

SR where nu are the normals to the characterlstlc surface,:?_gnf{f;gﬁd

1{{;w1th K and R belng contlnuously dlfferentlable functlons.qv

’75231nce we are 1nterested ln flndlng modesqof propagatlon

'?yJ,other than those on the llghtcone, we shall assume 1n the

'fﬂjf-folbow1ng that n # 0

Taklng the dlscontlnulty of (4 3) leads to S

m‘gd',r“*

o SR
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Consequently, R 0. and wWe can assume
[p Py x] =nnaT . - o | }

leferentlatlng (4 3) and. taklng the dlscontlnulty leads to
'»'YnT-prp,=’0‘, T

wbilé taking thet ef_(d.S) givesltﬁe result

Taking~the diecodtindity df:k4,2) ;iVes

RS LR S S

i :This enables us to write

S = I vyendy - s daey
where |
oy (y:n)y.K
b =- :
co 3n? B
Using this result in (4.9) leads to
= fYenly.n(yipp) - n-.ppw/nz, c T wan

:fD1fferent1at1ng (4. 7) and taklng the dlscontlnulty gives .

, . l‘?
2 i
I y.ny 4 £In-po -@WJMNY ENLRELIPMY wav Fakl =0 .

‘Uslng (4. 10) and (4. 11) in this last expre551on leads to .

- the conclusion that, for v o# o, - o
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2 oy 2 2 5 (”‘}
{n2 +§—i§ (rkl'“).(p”p,pup) - (nupup)z)}; + (fn%) nz(n-kF)z =0. (4.12)

“Por a timelike normal n = (1,0;0,0), we obtain the condition

o 2 . ‘ ) ;
- 2 gt o (28 3.,

3m' : ‘ 3m

Thus, we: have found that the propagatlon characterls-

Atlcs add for the two 1nteract10ns. "By examlnatlon of (4 12),

‘we can conclude that there is no chorce of the external
| ' field p that w1ll cause the system to be causal This
effect of the propagatlon characterlstlcs addlng was also
observed by Shamaly and Caprl [1932], where varlous 1nter—
actlons between a spln 1/2 fleld and a spln 1l field were
.‘conSLdered , There it was found that 1nteractlons that
produced acausallty 1nd1v1dually could not be comblned to
glve causaiﬂpropagatlon, while a comblnatlon of-causal
'.interactions"was.still‘causai However, when an acausal

' and a causal 1nteractlon were comblned, ‘the propagatlon was

agaln acausal

-'11) Calculatlon of the ETACR :

It would be lntergstlng to see how the addltlon of
~ the prOpagatlon characterlstlcs 1n the c—number theory
carrles over 1nto the quantlzed versron.t In thlS sectlon
we therefore calculate the varlous equal tlme antl-
commutatlon relations between the fleld components.

From theoLagranglanv(4‘1{ we construct the“generator o

. + ot R s
G = --in3y{¢k 56, + §w° s, - xTsxt L (4.13) |



The primary cohstraint (4.6) gives a relation between the‘:-
- variationsiof the field components. |
~— o N
(m.-g-?'?)YOWO*“pk6¢k'-_f(?-5b)ax =0. (4.14)
Jwe‘Shali handié:this cbnstraint by the method of
Lagrange§mﬁl£iples'(see, foi.example,.Hagen [l97l]),' For

a field domponentlw(x)/ we write its variation as’

SW(x) i[G,W(x)]

Jd3y{ 6" 6¢k_,+2§ w? sy - xfax‘,.W(x)‘] |

+AGY) =5 ¥ yOsp + ns0, - £(7.Bp)ex1) . (4.15)
and treat all cbmpohents_as independent{2 Thé_Lagrange.
.multiplier field-is thén aéterminéd S0 aévthe'primary,

‘constraint (4.6) is satisfied.

For Wix) = x(x), (4.15) gives
{¢k5(y)/x(g)} = A(x,y)nm(gmk -ﬂ% YmYk) R

'A(x,y)(m — 37§-FYy°_

0% () x0 A

W

oot a0 =8 GD ¢ By GBe) . o
Wé-find~(4;6){is‘éa£isfied iff;

CoAGLy) = - 2 EFBoas )

where , v ‘ , co
".A ='[m2;y%§-3-§ -_% fz(ﬁp)zjél'r_

The ETACR then become
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S _
(4 (1) x(x))

_'2 e : o .‘ .
-5 EA-B A g - 3y Y8

+ . B N ; .
0 (), x ()} =-—~fgy-§p)A(m - % . )YOG(x—y)
ey = NCERE 2 ﬁ)Aa(x-y> . :) .

Féf W(x) = wo(x); we;find |

RRIIN

+ o o . ‘ > ' o > -
% Gl (a)} = o (m + YfFLAﬂm(gmk-%»mek)é(x—y)

> >

Flm+37-Dam - 298 - 1) 5@

{w°+(y),wo(x)l

£y m + £ .08 Bp)s (5-3)

ochw) s vy 0

while for W(x) = ¢, (x), we'obtain

-

| oo [ T
*;{¢% (y) ¢k(X)} = - Bkn(g s %'nnAwm)Pm£§(§—§)

‘ {wQ‘(y)r¢k(x)}>#,(gk -

{Xt(Y5,‘gk(x)} =3 f‘gkzif % YkYZ)”£A(?'3p)6(§f§)~
 where

L . 1 g
& §.YkY,

o ?Wé sée”thatwthis'set of relatlons is mutually con51stent -
\ .

"for example, the result for {x (y),w (x)} is- compatlble

'w1th that for {w (y),x(x)} -The;ETACRVare tben

\

| {¢2 W, ¢k(x)} =-2"g," e~§,nmAnn)phga<§-§)'

O.,+ =+

6(x-y)

(NI

et (y),¢£&x)} -»ék:n2A<m'+-§ )y
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Ol o) = 2er b 0 GBere i)

S im+2 ¥ 3am -

= YT) - 118 (%-y)

1

wiro

WO (y) ) )

7o+ £ 7 (F-Bo)e (k-y)

T o)

Of @) = @? +F oGy t.16)
_wherer-ké
R 1 3

" We see that there w1ll Stlll be an 1ndef1n1teness(
problem by conslderlng, most convenlently, the antlcommu-‘l
tator between X (y) and x(x) We also flnd that ‘the

, 1ndef1n1teness aSSOClated w1th the two lnteractlons 1nd1-
fvxdually in-a sense added for the comblned 1nteractlon, but o
.1n a fashlon that Stlll was - lndeflnlte.‘ For example, con- 59
.31derwthe relatlon between ¢ (y) and ¢k(x) ThlS can be
dobtalned from the same relatlon found in the case of the

“electromagnetlc 1nteractlon alone (see 3 13) by the replace- o

o ment

A= [_mz"el,- 2 g 8] l—-> A= [m + —3- - §-% fz(pp) ]

3.
‘:On the other hand, the same relatlon can be obtalned from

' the’ result found ln the case of the scalar-splnor 1nter-b

“actlon alone (see 3. 18) by the replacement
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»fThus, the addltlon of the propagatlon characterlstlcs ln
the c-number theory seems td)carry over lnto addltlon of

the lndeflnrteness of the antlcqmmutators 1n the q-number-

theory ThlS agaln suggests the two problems are closely

connected

- B. Addltlon of a Splnor Fleld by Scalar Coupllng

" To attempt to ellmlnate the dlfflcultles 1nherent

.'jln the charged spin 3/2 theory, we mlght compare thlS
‘ theory to that of spln 1/2 | The latter lS free of the
1nconsrstenc1es considered here in both the c—number and '
tq number formulatlons The essen&ral dlfference between
'.'the RS and spln 1/2 flelds is. that the former contalns
_aux111ary flelds (of spln 1/2) whrch must be ellmlnated
ﬁQ.ﬁso as to be left w1th a pure spln 3/2 state.» It may then

hrbe worthwhlle to ‘see 1f the addltron of a spln 1/2 fleld

Y

."»dfw(x) to the RS fleld mlght by a sultable ch01ce of the

Eﬁ"The Lagranglan is.

L coupllng constants, be made to somehow ellmlnate/the "

'1ncon515tenc1es present 1n the orlglnal system.v For the‘

,/

e
///

'”“._ 1) Investlgatlon of Causallty

_ We flrst try scalar and pseudoscalar coupllng

Cow

e

36

/'

"ﬂ'?present we concentrate on the mlnrmally coupled RS fleld | e
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# @by vy @an

,»Where

m 1s the mass of the spln 3/2 partlcle "

Am is the mass of the spln 1/2 partlcle .”

‘FrOm the Lagrang;an_(4.l7),.we obtalnvthe equatlons of

‘motion

Lo v v, .Lbl'f' IR
. - = v. e Fm)ye
'3 _(Yu"f. oY )wv_’+,§_Yu (y.m 41.11)Y v

4

"(Y?ﬂ.fAlm)¢'+f(?f*bY$)Y7w=th;f S Gan

TW,:- r_zrqu,J, 5(a+bY5)\p _ A *(4..20)}-'

. we must elrmlnate ‘the: constralnts present 1n (4 18)

i

_Cohtractlng L4.18).wrth_Y and T glves, respectlvely, .‘

g yemmed = ;ev w + i Y ‘F- YY ¢ - mv w + Y mr w

;f The prlmary constralnt is obtalned by taklng the zeroth

'7hrcomponent of (4 18) and uSLng (4 20) The result 15

‘1 2

30 o3

) before flndlng the normals to the characterlstlc surfaces. S

‘ [_‘IF +-= Y -;?] .'vr.; v+.- 3(a :+ bY5)¢= .(m’_ .'_v_.__: -Y*':E)YO‘PO 5 ,"' (4. 22) o 8

-
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To flnd the secondary constralnt, substltute (4.20) lnto

(4.21) and use’ (4 14) The result is =4

Bw = 11 - _%_] —lg (ysy Foy b 2Y F w) + -n-;’-..cgms)w
- where' 92_= a?’+'b2 -?.ahd | 6g #m? e

cU31ng (4 20), we also obtaln the relatlon .

w—-tl-—g—l { (ny¢+2nyp)

Ly

+ s‘(a N bysk)u} - 3X(a —»‘bys)_'xp'} ot >.+th V. ey

To flnd the true’equatlon of motlon,_substltute (4 23)
vand (4 24) lnto (4 18) Keeplng terms w1th derlvatlves only,
- c‘thls becomes v”.f L | | e

ey i Z 2ie’
::Y_"ff-‘pu ~ 5 [1 —9—1 [,_u_.-; YuY Tr]{—7 (YsY B WZY . w)

3 f;*To calculate the characterlstlc determlnant, substltute

o equatlons 1n terms of n. are

I-l (n 0 0 0) for pu J.n (4 25) and (4 19) 'I_'he _'r_e”su‘ltln__g_A‘-'-"".-"

‘.-‘_..ny w []_ _g_] [gou = Y Y ]{__7 (YSY F w + 2Y-«F l]))
(a + bys)w - ‘__ A (a bYs )‘p} (4 26) E



lzft;?decreased, compared to the case 92 '0 When m <:6g

'"';CZ;SYStem loses rts hyperbollclty.,.ﬂfff*f

Taklng the determlnant of the coeff1c1ents of the fleld .

N components ln (4 26) and (4 27), we obtaln for the charac-';

: s

’_terlstlc equatlon

20 2., %2 6qg°
- D(n) = [1-(=) B7/(1~=5) ]
| 26 2 B 2
=% - & n. )’ /(1 —%-) 1 ;
Co=0 .

,where3we”have put the equatlon into covarlant form in the

"”aleethetep. Thus, there Stlll exrsts acausal propagatlon,r';

-~ as. there are tlmellke normals which. satlsfy thlS equatlon
_:for a sultable Lorentz frame. The condltloh_that the

"system remalns hyperbollc is .

' o l "./(ze 2/(1 - —%—) >0

. :,whlle that for pure mlnlmal coupllng waS"p_x.uw .
2 'ff*t}{‘

| ..3m.

'47vf1we now see the effect of the addltlon of the spln 1/2 ,

wh7f1eld._ For m? :>6g o the upper llmlt on the magnltude of

"f;the magnetlc fleld needed to keep the system hyperbollc 1szh;""'

o 2

"Hfllmlt is: 1ncreased However, for any 692 # m2' there

-39

, thls,;;_ e,,__

"f’exlsts Lorentz frames where causallty 1s v101ated and the LA



Jciih ;For W(x) ¢(X), we obtaln }fwhf"
T (y) w (x) }

S f.{w (y) .wx)}
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'ii§:Ca1culation of the ETACR |
It would be worthwhlle to see how the addltlon of o
" the spln 1/2 fleld affects the antlcommutatlon relatlons. o

. From the Lagranglan 4. 17), we can construct the generator'
o _G=vfljd;yf¢. §¢ + 3 ¢ aw - ¢ 5¢} ‘

‘“gw1th the fleld components subject to the prlmary constralnt

: (4 22),,

m"_;

, >+ 0, o k..o S
‘,>(I,1:1>—’§- Y'W)Y.-'Swof“‘ﬁ(&k.— 3(_a ‘*‘bYS),"W’. =

“We shall agaln take into account thisvconsttalnt g
‘:1n the expre551on for the generator by the method of : ‘:t"
HLagrange multlpllers.‘ We wrlte for the varlatlon of a:
'vfleld component‘n(x)h Q.f‘ |

'GW(x)- ilg, W(§51

fdy{[cp 6¢k §w° w waw W(x)] |

‘ + A(x,y) [(m_.'.._ 'Y n)y (Stp +1r <S¢ 'j-3(a+bY5)6‘M}

I ‘.."<

A(x,y)wm(gm- 3T uy],‘) T (:

A(x,y) m -,:3”;‘Y 1T)Y o

: ll'-"

‘ .
.

{w cy), w(x)} = 6(x-y1 + 3A(x,y) (a+by5) ST

' ”g”In Order that the prlmary constralnt (4 22) lS Satlsfled,

'IJQLJB must have
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A(x.yiléf2(a~<bY5)As(2-?)1ﬂ

4=+ 2238 - 6g?

gt =atep?, B |

We then-arriVe‘étvthe ETACR

=5 e ED)

5

(Y) lll(x)}—-Z(a bYS)A" (g

PG

'wnw,

.{w° (y) w(x)} 3(a bYS)A(m
{w (y) w(x)}\—(m + 3 g ﬁ)Ae;(x-y)

"-;?For W(x) w (x), ‘we obtaln
e i 'v géQ o '; . SR
. "{ (y) bo ()} =y (m

wpu -

’?-E)AFW(9£9;§fggk)6(§4§)

(Y) IP (X) } = > [ (m _:2? ».Y‘ .-7?) A (m ?_ ) -1]6 (;E...i;)‘

' w]w

{w (Y) Yo (x)} 3Y (m
E]"fwhi;é'fcrﬂW(x) %1¢k(2);fwega?;iyéjat » L e

: % t$§

u[ N‘
=Y

--,%);A;'t*a+.-m;,->-s_<sz-§> s

(Y) ¢k(x)}___P (g ‘% ﬁ;AW§)é %g{§;§)il
(Y) ¢k(x)}-—(gk®:j% ka )n A(m.QZ:,.n)yos(x_y)
'v':'ﬁ'_‘”’(y) “’k(x” = 2(9k "% YkY ’" A(i‘l’bes)é(x-y) - /

f(.u

"3 §iAga1n, these relatlons are mutually consxstent, as can be:f?g‘i jj:;

J' f;:seen by examlnlng. for example, {w (y) ¢k(x)} and ,;f;}:;f;;ﬁ
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k (gm -.-5 'n'mAn ')-Pn s(x Y)

N

Ty A =2 5.9 y%% (3-9)

'_ZPkthé(é-beS)a(xfy) -

I

Wi

W+ Y Fala+br)e G

Ve am=-29.9) - 106 (3-9).

win
o

N

fbfwfiy)’?< l<£b(m 4 Tr,g,g)As(§g§)' | o ~‘(,4:.28),

- 3 YkY‘

= [n? i+‘,-2§97.3,'§'_-'.5,92.1 e

Agaln, theSe relatlons are 1ndef1n1te,’as can be

B Do
seen by examlnlng say, {w (y) w (x)} along the same llnes S T

"”flias used before 1n the case of mlnlmal coup'lng (see 3 15 ,sh

°,and the subsequent dlscu351on) However,’“‘e condltlon for BT

ﬁ[ﬂthe antlcommutator to be p031t1ve def; l'e has been altered J;' blfh

vtft?fby 1nc1u510n of the lnteractlon w1th'the spln 1/2 fleld

: fileth only mlnlmal coupllng, thls condltlon was‘s]‘fﬁfjfhbﬁngrb/

2e lﬁl

[ r‘.'

Hu:ﬁh.whlle the same condltlon w1th the spln 1/2 fleld°1ncluded ls

,'g‘ e



'0 ‘

‘Thus,_for m

2 18] lm’z,-ssf'zl'

2>692, the upper limit on the magnltude of the

\

1 magnetlc fleld strength needed to have the antlcommutator

posxtlve 1s decreased compared to the case g2 0 For |

2 <692, the same llmlt lS lncreased : However, there

”»sﬁlll exlst Lorentz frames 1n Whlch the antlcommutator 1e?f

;3negat1ve for all 6g #nI : These effects are srmllar to ”

L<those found for the condltlons of hyperb01101ty in the c-
number theory, agaln suggestlng that the problems of

| ‘causallty and the 1ndef1n1teness of the antlcommutators

are e lated
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CHAPTER V

' THE BHABHA-GUPTA FIELD .

Slnce the addltlon of a spln 1/2 fle@d to the RS

fleld by scalar coupllng was’ seen . to have the same problems,'

'_1nherent in the mlnlmally coupled RS equatlon, 1t would

dseem natural to try the same two flelds Wlth derlvatlve |
'h.coupllng. We would expect that thls type of coupllng has
= more of ‘an 1mpact on the propagatlon characterlstlcs and
*antlcommutatlon relatlons than dld scalar coupllng, where
monly the constralnts were changed The presence of derlva-y]
M;tlve coupllng w1ll also alter the prlnclpal part of the hih'
xrhequatlons of motlon (1 e. 1ntroduce more terms 1nvolv1ng
.: derlvatlves) a&well as chqnge the form of the generator. ;‘ )

We start from the Lagranglan

.

oﬁ=’¢7“(rp- 'B) w 4 dw(v p-‘-Amw w(a+by )p w

= p(a+bvs)w | et l)

B . . : . . L. . <‘9
. _Thls system 1s 1n fact equlvalent to one proposed by
s w

's’Bhabha [1952] for a partlcle of two mass ‘states (w1th b——O)

S Bhabha s Orlglnal equatlon 1nvolved a 20 componemgfwave jjilfr;jif

hffunctlon and was wrltten 1n the form vh’;;3fffiﬂFffff§f_i*ﬁ

(a p m)w

S : R .5 ” R L
";One state, of mass m, had spln 3/2 Whlle the other state,vv,'

Eiﬁh:of mass Am, had spln 1/2 The parameter A 13 an arbltrary\ﬁﬁ;?fi

. 44 e
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3

real number, whlle 4, also real, is a constant to be dis-

¢

cussed shortly. By computlng the matrlx ao, Gupta. [1954]
showed that the system (5.1) was equivalent to Bhabha's
orlglnal fleld (for b 0). For the rest of this work we
shall denote the system (5 1) as the Bhabha-Gupta - (BG)

¢

ffleld

A. The Mlnlmally Coupled BG Fleld
i) Investlgatlon of Causallty
Introduc1ng m\nlmal coupllng in the Langranglan

(5 l), we flnd for the equatlons of motlon

(Y-n-m)wu -1 (.thr\’+nuy")tpv+% Yu('Y‘-Tffm)Y"P
+ (a+brgmp=0 s
‘dhﬁn-hﬂwr’m+bngﬁﬂl=0 . .,_~ (53)

i i ¢

'lé eliminate the constraints, contract (5.2),wit1u1’yu and

s respectiﬁely to obtain
T == FYY - 3 (asby)yvemp . (5.

‘% $-ﬁnéw-iey.F.w~E%? y}F.yy.w-fman-f%-y-wy-w
S e - - | ;
+ (a-kbys) ™Y = 0 .. : | ‘ - (5 5)
The prlmary constralnt results from taklng the zeroth com-

-/ ponent of (5.2) and using (5.4). It is



46

[?+%7ﬁﬁ.$+iﬁh+bnﬁw=mhgfﬂmY%b . - (5.86)

1)

To find the secondafy constraints, substitute (5.4) into

(5.5) and use (5.3). The result is
)

~ ., ) S
2ie (147%§T)[Y5Y'Eﬂw + 2Y-F-¢'+§'(a'*bYs)Y‘F:YW]

- Ma-bydb B (5.7)

2

where g2==a o+ bz.i

) Uéing (5.4) and (5.3), we also obtain the relation

T o= m Drsy Py e 2Ry + 3 (akby)v.Fewl . (5.8

bThé'true eqﬁat;on'of motion résuits ffom'substitﬁt{ng (5.7)
. and (5.8) into (5.2).. To/calculéte the characteristic
determinant, substitute-nu = (n,O}O,O)V%n for pﬁainfthié
‘equation and in”(§;3). The‘resulting equétidns in terms

of n are

P . C : 2 : ‘ o
Q -Zle 3 ) ' - : .~. L] - -
“nY“‘VP“l 21’1‘(1 + zd)(gou : YuYO,)‘ [ysy Fe + 2Y.F.y )

9m

|

: +=§- (a"+b75),Y-F-WJ +ngou[(.a+by'5)-+x(afbys)]“;,, o f

-n)‘Yu_Yo(a-bYS)w =‘0
o ' : )
ndyy -~ n(a + bys)xpQ =0 ., » e |
_ B ‘ R ;
The characteristic determinant of this system of equations

is

]
3



D(n) =n? [1-(———) B (1+-9—) 1

: o, 4 -
= (n?)®n? (ﬁa—)2 1+3L) m-m?4’ =0 C(5.9)

~where we have cast the equation into covariant fcrm infthe
last steP. |

nBefcre proceeding‘yith;an ana;ysie Qf the‘propage—
. tion»characteristics, let us see what the significence of
the parameter td' is. - To do thls, we calculate the four—

vector current density from the free Lagranglan (5.1).

We obtain v
c _ ol oL ]
J a(pcw,u) "’g t 3 7y Y
=‘$“YU¢#"‘ + %—,fﬁc’wf Yo+ % Peyy? %w Y%y ¥

. ,+d$y°¢i —-i(a-?bys)wo - ﬁc(a-tbys)w. .
' The charge dens1ty J° has to be p051t1ve deflnlte'
1f a consxstent quantlzatlon on a pOSLtlve deflnlte metrlc
is to»be achlevedf From p w"O from equatlon (5 8), we

. conclude @ -0 1n the rest frame._,Calculatlng J° in the

t

rest frame, we flnd

o [;54_ L YY m [$+% ;-Y*;p] ‘j,,+v“d¢“rw.‘ R

_ rest

Thus, if. d>»0, the charge denSLty is posrtlve ‘

definite. However, from (5.9), w% see that if d< 0, we

'can have causal propagatlon by choosrng g ==|§43|, whereby"

A

the characteristic equation becomes \~\ B A
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Coola
)" =0 1.

" The sithation isa trade-off: we can elther have acausal
propagation and a p031t1ve deflnlte charge den31ty, or
else causal propagatlon w1th an 1ndefln1te charge dens1ty
It would be 1nterest1ng to see if the lndeflnlteness of
the antlcommutatlon relatlons is ellmlnated as well by
choosing d;<0 However, we should: be prepared from the’
start to expect an 1ndef1n1te metrlc is’ needed for quan-
tlzatlon, due to the 1ndef1n1teness of the total free

§ELO

charge den51ty.

11) Calculatlon of the ETACR

From the Lagranglan (5 1), we can construct the

- generator of 1nf1n1te51mal transformatlons of the fleld

Sy
A

»components,'“
G=-ljdy{[~w +vta- bY5)]Y aw + 0% sp,
+ 130 (a+by5) - ayt vy (5.10)

) fFrom thehprimary'conStanti(S;G)[ S ...'J'»"L~ F; o

(m—%y n)y w + T ¢k AY W(a+bY5)lP = 0

'and 1ts Hermltlan conjugate, we may ellmlnate all terms |

contalnlng w in the expre351on (5 10) The result is -
G --J.Jd yf(—Lk mtp (a bYS)A‘" +- d)g' R A'rr ]Gd)k

v -[dw -+m¢ n A(a-+by5)-— gzw A]Gw} _‘ (5111}

[}
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where

A.‘='[m—§(?§?)] o
+ b2

We flnd we can dlagonallze the generator (5 11) by castlng

lt into the form
_ Xls‘éf m(au-bjs)EelzﬁE¢k , .

B\=-d- 3 g° + 3 n?gs

‘f'z_',z__z_«'sz -1- 8
B T % »\3,1rk 79 +AE BT .

A . e

‘We can now ea31ly derive the ETACR For example, -

t_.by the relatlon . .

'axm)=:ucahnlg
. we arrive at |

S W x ) =0
v.:andd ,
; €
| Similérly; by use\o"fv'
a¢k(x) ='1[G ¢k(x)]

we flnd

{x (y)“,(tk(x})i} ‘= 0; ; o ' o .,, .

‘:{xf(Y)yx(x)}réﬂfE“%8(§-§)1 o el '<5-13%%:,"'



and

68 Wy Y=g e R e L) (s.10)

where o | oo
N S D
P T 9% T3 vy
A = [ /(1-+—335 +'39'*»§]‘1
n? 2d° T 3T O

For a oo31t1ve charge denSLty, d3>0 Chooéingd=éi,
‘we have, from (5 13), R
TX”Ybed}=I1+§gtf%nng] M#ﬁ)
and bY‘ksii4),,'?' . | |
. o

{4 (Y5 ;(bk‘ k(*)(}'v‘.:—‘Pk: (‘gmn = % ﬁmA“r,l’) Pnz 6(§'§)

- “where .
T .,

A= %/ 4 3 gz)v+ 39 5. ﬁ] .

‘These are the same results as obtalned by Johnson and

~jSudarshan [19611 There, the latter antlcommutator was

i shown to be 1ndef1n1te, and the BG theory w1th p031t1ve'

*!charge denSLty thﬁs encounters the same dlfflcultles as_hh
. '\.the RS fle]_d does : - : ;} \\
t We now recall that causal propagatlon 1s poss1ble lfé;ﬁ
jhthe ch01ce d-—-§1; .lS made. We are now ln a posxtlon to

Tt,dlscover lf the lndeflnlte antlcommutator problem is also L

";.ellmlnated by thls choxce. wlthout loss of generallty, we o

,}take d-——l, 31nce the fleld Y can be renormallzed to meet
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this COndition{ »Imposing-gz==a2-tb2?=§-jwe find, by(S 13L
K== wf s G EHGHNED T suas)

m

and by (5.14);
. ) . !

(g @)yl ) = (gk" -2 ka"),,a G=9 . (5.16)

'tWe see. that the rlght Slde of (5. 15) 1s negatlve deflnlte,'V
hlle the rlght 31de of (5 16) is p051t1ve deflnlte., As o
dc expected an 1ndef1nrte metrlc 1s needed upon quantlza-
‘ thn.' Successful 1ndef1n1te metrlc theorles requlre -
‘that all observables be a55001ated wrth that part of the
“Hllbert space where the metrlc f; p031tlve deflnlte. Such
‘,tﬁeories have been constructed for varlous 1nteract1ng
fleﬁﬁ problems, partlcularly QED (for a general dlscu551on
;of 1ndef1n1te metrlc theorles,'see Sudarshan [1968], o
'Nakanlshl [1972], Sudarshan [1972]) The 51tuat10n
"presented here 1s perhaps more favourable than one 1nvolv—”;rj'”;
‘lblng 1ndef1n1te antlcommutators, where 1ncon31stenc1es-‘f fd
!‘_arose only in those Lorentz frames where the magnetlc}r,r?
/‘fleld was suff1c1ently strong.j The antlcommutators (5. 14)
:'jfand (5 15) do not possess such deflnlteness.; However,}fh

'vbefore explorlng the pOSSlblllty of 1ncorporat1ng a con-f:l

_'s15tent 1ndef1n1te metrlc theory in the BG fleld, 1t would T

' ?f‘fvbe worthwhlle to calculate the ETACR between ‘all the fleld

”rcomponents to ensure that there is no lndeflnlteness'

:»,present



'lﬁiy'where .

- (AG) -y +EY g ¥ =y g -= - P

B. The ETACR ln Terms of the Independent FleLd Components |

1} Determlnatlon\of the Independent Flelds
Before proceedlng wrth the . calculatlon of the com-

plete set.of antlcommutatlon relatlons, 1et us flrst note

B that due to the presence of derlvatlve coupllng, the

components transformlng with spln 1/2 and 3/2 may not

- Slmply be w 7 y J Y ‘and ¢k The lnteractlon may perhaié//
&

mlx these. In order to flnd the correct comblnatlons,_

‘ us wrlte the field equatlons as

| -- "'i"('ajfbes:)pvw =0

- _(y-p-;vxm‘)w - -(a'f,b'yisy)p."w‘ = 0 .

' The reason for use of thls partlcular form w111 be glven
' ‘shortly Here we are cons1der1ng the non electromagnetlc

- f‘case and have set d 1

If we. let underllned 1nd1ces run from O to 4, the

. above equatlons can be wrltten as

52

K -— I —— | + ; Ll — L [ + - — . - .
- Y_»_‘pru +v3(YuP FRyY ),wv’ R IP. m(gu 3 T,Y .N{\,H e

o,

]
(=

E, ST '

- -(a+bY5)g 94 (a+bY5)9 g .

| ‘2f"l v 4 y
S “+ (1~ : !
B :;3”YHY.,‘ ,(l"l? %y /g4



“and’

[{o]
>
]
o
<
<
it
<
[~

,h‘The eigenvaiuengf thefmatrix'yojxo solve;therequation -

'5 .

AR
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xte-n® e Sxe ot a0 W (5.1

where
.92-=1a2, + b’ -',‘ ’
We may now perhaps justlfy the ertlng of the fleld

equatlons ln the manner used w1th regard to the ch01ce of

= 351gns. When we conSLder the case g -—0, representlng a :‘

_non 1nteract1ng RS spln 3/2 fleld and a- Dlrac Spln 1/2

,::?fleld the elgenValues of y A solve, by (5 17),‘

fx (x - l) (x + -;‘;—,) ;~}('x f.l)'_4»:_.=,‘ 0 .

jthe RS fleld, as dlscussed prev1ous1y., The elgenvalue -Eg

1,corresponds to the Dlrac fleld Wlth a negatlve deflnlte }j-;t

el charge densrty.,.s7fh:he;~fil,mffvrd]iyo-gdjﬁ'“h

We are 1nterested in the Case gz-2/3, when the

"v;fnelgenvalue equation (5 17) becomes

FUTNL RS #0-0.

”ffﬁThe flrst three elgenvalues (0 l and 2/3) correspond to



" We shall mentlon the SLgnlflcance of the doubllng ?u

\'??.

kof the degeneracy of the zero elgenvalue in sectlon D of

(_Po )
"aﬁd A

thlS chapter. The prOJeCtlon matrlces for the elgenvalues

0 and f5/3 are

i<
H o

I=
i
o
Wl W W)
o
pull
W

o =
-
w

e

-e
hi

[? w * (a- bvs)y w

A
' m

W - —(a br?)Y W

A N )

[
= W

',jihefspin”l/z;cdebnénts~are,ﬁhén*ﬂj_«'"

2

o
ojw

‘»fiwhi1e the epih13/2’¢6mpdnent§‘are‘f o
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b= lg-p <p . 3% ot Ll oa
O = lo-ry P-’5/3]E ,‘Py"; G =3 My ey

The . prlmary constralnt (5 6) wrltten in terms of these 3

flelds 1s

unw

v(-gmf.?.v?i)‘(a+b’y‘5")‘¢ '+i4rkqbk- 3 (a+bY5)T. . (5.18)

11) Calculatlon of the ETACR
e determlne the antlcommutatlon relatlons6 We'étart ;

F

Wlth the generator (5 ll),

. G = --i’j{,dfy{P azfé"—aawy " e e ,
'thére” S
B + -»kf :

pk '_.¢k“—mw (a bYS)Aﬂ +-¢1

g
I

. m B
l(

r dw +mq> nA(a+by5)—-gwA

o Slnce all f191d Components 1n the express1on for G are .
ﬂflndegendent (not related by constralnts), we can flnd the
vehfantlcommutatlon relatlons dlrectly .‘fi.e; ;T€;:F*;:'ev : >_;. :f  ;

'js¢>}'.('-'(x') = 1L§¢k(xn R

[d3y[p {6¢£(y) 4 (x)}—{P (y) ¢k(x)}6¢£ |

‘-p{aw(y) w(x)% + {P(y) ¢k(x)}6«p]

"As usual, we assume "fl“



s eemermme e R . ek
- s -7 N . .

)

(9, 00,6, (0) = 0 = W0, hiy)) .

If we also assume

1

| i{P(Y)r¢k(x)Tf# 0.,

lthén-wé~¢btain.theAfeiatiqh

.56

0h )6 03 = m(ot (7,0 odn Earby) B (s.19)

‘where =

. where

ivwhere 57J fjvf  ?j  j :>”- 2 f“;f-’f; :?f 1

-.‘ ..a-' wl N
=<4
Y

.~ We are now left to sOlvé the equationﬁ"

@t 91,0, 00 0m tes, =50 00 -

o  ‘g:_ 7', i‘ 2,'+1¥_.h S
=g +.,_.3_vrm,(d+2-‘g~)3. .An_.

't The solutlon to this equatlon, whlch 1s the same problem »

K

‘jA'as in equatlon (5 12), ls -if@L:  g, ;? '.} _ _ ‘,' ﬁ»?”:ﬁx'.

Lo

X

o w,’_‘}a 'i<,2->f';-¢;¢ ) .1:,.-,="'%'_,1'>k~"“'f<9',;{ -2 a?) PSP (5.20)

[m /(1+—29CT) +»3_::ng,§-] Lo
.,J ‘.;éﬁin;;jyi_; l _Q32~ v  ff€r
Tk T % T I

- SR . 1‘ -l _
(gk "':;';,‘ yky )'n A(l+—9—-) (a+by5)6 (x-y)

(5 21)’} e



‘In order to solve = ‘ Sy

Gw‘(:x) :

Il

fa e {6¢k(x) w(x)}-{p (v, w(xncwk, =

| - P{Gw(x) w(x)} + {P(x) w(y)}Gw]
- C)Qe sg/fh assume

| {¢k(y),w(x)} = iy, t.b(x)}
:'an_d-" R ' |
% (Y),w(x)}(gk - Fvh -0
iWe then obtaln L o B

1_.,

{w”(y) tp(x)}—-— (m"’+2‘3 ﬁ)a(1+—29d—) §Ge9): (5.22)

We can now obtaln the antlcommutataon relatlons

B 1nvolv1ng w : For thlS we use the prlmary constralnt (5 .6) "

(m—%y 'ﬂ)y xp +1r ¢k'_ (a'+by5)w = o

. ’Operatlng on (5 20) w1th nk from theeleft and'using“(5;21) o

11_91V95‘x
i ._§,

2

| :"'{Mu (y),w (x)} -Y [m/(1+-—9—) + 3 y- 1r]A1r p 6(x-y) (523) -

v‘-f5Contract1ng (5 21) w1th nk ftdmfthe_fidhpfaﬁd-ﬁSiné;(Si22ng; o

'f_;’»_f‘P (Y) w (x)}-"".Y [eo ﬁ-mwr w]A(1+—i%—) (a+bys)6(x-y)

g. -




W '(y.’):';'wa(x»).} fz?" 3'5»(;-;)_.---.. ,
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Operatlng on (5 23) with w2 fromgthe rfght and'uéing'(5,24)f
glves the result

- i
s —cy)',wo(x)_}.-‘-—fe.ceB/(l+—9—> +2 )2]A6(X-Y)

24 3

The antlcommutatlon relatlons 1nvolv1ng the compon-:

(5.25)

ents Y $ can be obtalned by use of the secondary constralnt  h
(5.7) e |

: 21e 3
yiﬁ N 32(l+2d)[Y5YFW+2YF‘P+

&

\+_,3A (»a_-py's)w

iy ¢ . . . '

‘ ,:-f‘ We are lnterested ln the case ‘wi en l-%iir- 0, in'r'

whlch causal propqgatlon was found to occur 1n the c-number - .
: S

theory Subst;tutlng thlS 1nto (5 20) through to (5 25) i Ce

: ylelds the relatlons 3

/ -

: {¢£+(y) ¢k(X)}-~(gk - % ka )G(x-y)

LR {lD+(Y) \Dk(X)} =-a(gk ;. YkY )'" (a+bY5)6(X'Y)

{w*(y) w<x)}

ll
4
:3
+
Q

PB*
0
XY

i
S

""f{¢ 2*(y) w (X)}r‘l%YoWk(gkz ;ka )}5 (x-y)

vThe relatlons 1n terms of the spln 1/2 flelds
"::fvah'“, tzif ,h_“r h,*f R 1 ;§'pi*7 )
ot ,;_(,a “bygly i, |

LE e .
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PUINYCIE

\\ T=Y - %(a-bYS)YO\I{O' L.

are found to be

3 3,0, 00} = - (5 - 3 vorhs G

It}
o

62 (), 5001

o

ok, b1 h s
w;(aﬂwgw(% -gﬁa)dkw?

-8 (X-¥)

Wty =-a- 3G o
,.{*»r“(y>,_-r(x)} == (1 + -2—53-‘* §>a<x-y)

v We find these relatlons are con51stent w1th the constralnt ‘

(5 18) - | . £ . . ’ v -
EER | 4_3 " e
g;n--y n)(a+bY5)¢+" 4 =% “‘(f““’\fs)T .

g The ETACR lnvolving the other spln 1/2 fleld y -} can be

,obtalned u81ng the secondary constralnt (5. 7) whlch for !

2 i
1+ 53 = 0 lS’ | | ‘
+ 4 o '/ ‘ AN
v = Y‘¢o~+.3kja;¢bys)¢ . e
). . ¢ 0 o ! o
These anticommutators turn‘out to be e

g -

ATy :?-iﬁ(x)‘} =z (- 207" (gt - 1 y’ky‘)a Ge-¥)

T AT =ty e (1 208731 (2 + by g) 3 )
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W AT =S B a-aerde 0y 3y -7 - 3022 ]
m ) ' '

>

X (a-+b75)6(§-y) | V °
. ' ‘ _ \
U Fwn’ 33 == 510 = 2028 B+ 6n®A216 (3-3) . (5.27)
~ m . . -
S
\ co 2 ; .
Thus we have a\falrly complex srtuatlon The anti-
commut#tor for the "ph;slcal" spln 3/2 field ¢k is posi--
tive deflnlte, whlle that for the 1ndependent Spln 1/2

ghost" fleld ¢ is negatlve deflnlte. Considerlng only

these two flelds, the successful use of an indefinite

metric is pOSSlble. However, the antlcommutators for the d

two auxlllary flelds T and y $ are each. 1ndefln1te, belng
dependent on Ehe external field. ThlS will make the lnclu—
sion of an lndeflnlte metrlc more dlfflcult to handle in-
placing all observables in that sectlon of the Hllbert

space characterlzed by a 9031t1ve deflnlte metrlc.

Srnce completlng thls work, we have become aware

of a 51mllar set of calculatlons performed prev10usly. o

Prabhakaran et al [1975a] found that causallty was

preserved in the BG system (thh the coupllng constant

. b=0) if the total free charge was allowed to be inde~.
dflnlte. It 1s also claimed (see Mathews et al [1979])

~in an unpubllshed study that the antlcommutators evaluated

by SchWLnger 8 actlon prxncxple are 1ndependent of the

' external field (J. Prabhakaran,;Ph D. the51s, Madras

Unlverslty 1975 [unpubllshed]) Our analysis shows'that.
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only those ahticomﬁﬁtators involving‘the fields ¢k and ¢
have thls property, the. .dependent fields t and y $ Stlll

suffer from the indefiniteness problem.

‘ -

C;f Coupling to a Sé;hor ana a Scalar‘Field

‘ It was seen that the. BG system remalned causal in '
the presence of electromagnetlc coupllng if the total free‘o
charge was 1ndef1n1te. As well, the indefiniteness ~
associated with some of the antlcommutatlon relatlons was
found to dlsappear. It would be 1nterest1ng to see lf the
vsame sort of effects occur for the 1nteractlon with a |
scalar and ‘a spinor field.  As dlscussed in chapter III,
sectlon B, thrs coupling with the RS field suffers from
the same 1nconsrstenc1es as found in the case Of mlnlmal

coupllng.

i)‘Igyestigationboftcausality
We begin with the Lagrangian
L= ‘F';'P‘B’uv"’v + dﬁ(y-p-xm)wiw.p-m_x .
v, 22 ~U
7 (P op\,p+u p f—w (a+b75)p V- w(a+bY5)p v,

- 'f.wu u\,XP p "flPY xp p-f(p p)x6 w“-f(p p)XY v. (5.'28)~ |

- Here, the scalar and splnor flelds are’ p and x, respectlvely,

- with 9 ' given b |

C hy vy, .
Y ?uvg’ u'y
\-&\__/ o
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Al

Prhbhakaran et al [1975b] found that’ causallty is pre- |
served for b 0, if the chome d=-'—§-g2 ‘lS made. : ThlS .
is the same condltlon as was found ln the case of mlnlmal
coupllng, and’ necessarlly makes the total - free charge '
density of the BG system 1ndef1n1te. We will perform the
same calculation to see 1f 1nclusron of the Ys term has
any effect. A ‘ | .

- The equations of motion following from’the

Lagrangien‘(SJZB).are;

(y-p- m)w -—(Yp +pY)w lY(Yp+m)Yw

L ‘\’ B '
+ = ’ .29
“ (a+PY5)PuW,+f°WXP p =0 | (5.29)
dly-p-Amly - (a+byg)p-v-fy xp’p =0 - (5.30)
(y-p-M)x - £(p p)evnw =0 o (5.31)
R R A P T
(p” -u o+ Ep7 LY ewx+_¢y‘vx+xev v +XYUW =0 . (5.32)

Constralnts are present ln (5 29). Contractlng thlS o

equatlon w1th y and p ylelds, respectlvely,
p- W+~ Y w+ (a bygly- pw+— fvue vao= o ‘(5;33)'_ :
2 1 ‘ v

3 Y.pp.w-mp.xp‘-i-}-’my-‘py-lpf (a+bY5)P‘P K

.+ fpu(euvxpvp) =0 . S o o (5.34)




b[-5+

| Y=~

.:where gzg-a -+b2 and p- w is glven by (5 36)
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The ptimary constraint results by taking the zerothwcompon
hent of (5.29) and using (5.33). The result is

S L . o
"‘I/Y'.P(a+bY5)FP=.fY O XP ot (m-g- Y P)Y ¥, d

-

Byl

W

In order for constraints to emerge from this, we must have

eko==0. We then concludé?h==0; end the primary censtraint
becomes

. 2i+ > _; “k -+ | : > e ‘ '
(m=-3vy-Ply ¥, +p ¢’k=‘Y'P(a+‘bY5)W'+ £y-xpp . (5.35)

_lMUItlplYIng (5 33) by 3Y p and subtractlng this from (5.34)

_‘ylelds the relatlon

. . = . - o ) . . x o .36
PV m,_[Y'“YPn RIXxPp - o sae)

To flnd the secondary constralnt, solve for Yo pw in (5 30)

'and substltute 1n (5 33). We obtaln

{

N,w
rh -

2
(1+%901—>p~'-w

‘.Bl_r-n _

(a - bYS)Y XP p+-3- Am(a bvs)w

_'”;.

3 . uy
t 5 fY‘XPHp}

We w19h to\see*lf there is causal propagatlon for

,_d=--g?.v Assumlng thlS relatlon, we have"

| 2 y=-31(a - bys)\P-——prpup-—— (a - bys)v XPye - (5.37)

We again employ’the'shock waveﬁformalism'pf;Madore and

Tait [1973] (see Appendix'IJ).b Denotihg the magni%ude of'



the disqontinuity across a characteristic surface by a ,

square bracket, we have , - | .
T ©
[puwv] =n K‘

I
o
o

o, vl

i
o3
wn

N

. [I?]J x 1
[Pupvpl =’ﬁun T
"énd [qu =?[w]»=’[xlw='[pup] =0 .

In order to see if there is- acausalypropagatloﬁ, assume ln

the follow1ng thatlm # O.v~ " | »

| = Taklng the dlSCOHtlﬁUlty of (5 31) and (5 30), we

find | | | |
ws =0 = s=0

cand dynR= (@ +bygnK.

-1

'ByVéonsiderihg'(5.36),vwefhaVe.

- 'n.K ;'ﬁa{y XQx(ﬁvn"T)lﬁfinZTlezd

SN
R

from whlch we conclude R 0»”

Taklng the dlscontlnulty of (5 32), we obtaln -
= 0 :# T,=v0'.
B leferentlatlng (5 37) and then taklng the dlscontlnulty N

leads to

Y K = 0 .



Finelly,vtaking-the discontinuity of}(5.29).givesg

from which we conclude K =0, Thus, all dlscontlDUltleS

vanlsh for n #0., The characterlstlc surfaces are there- v

Y

-fore ‘those of the llghtcone, and propegation is-Causal.

ii) Calculation of‘the‘ETACR‘-
It now remalns ‘to be seen how the commutatlon
relatlons are affected in the BG theory w1th a scalar-h
'splnor coupllng subject to the condltlon d—e-%gz.'

However, by con81der1ng the Lagranglan (5 28) and the

icompllcated nature of the prlmary constralnt (5. 35), the -

task w111 be qulte 1nvolved
We can sxmpllfy matters exten51vely by u51ng a
method, for example, employed by Hagen [l97l] _ConSlder'

the free spln zero Lagranglan ‘

Lo § [P op o +u 02] .
_?his,Lagranglan is;equiValent tQ.ryri S

RN o ['op”’o =p p p] +§- o¥ oy ‘5 uzpz_ T

o 'where P and P are con51dered to be lndependent flelds.ub*"

- Thls can be seen by flndlng the fleld equatlons lmplled by'f.;

‘3 thlS Lagranglan., Varylng w1th respect to p glvesvi'b'
B \‘\\ .

i - s

Py T By

VFWhile‘vgrylng with'respectftq p gives



VSubstituting in for pu'in thisg lasteeqUation gives
(‘p»2 - uz)p =0

whlch is' the same fleld equatlon lmplled by. the orlglnal

',,Lagranglan._ Hence both are equlvalent

| The coupllng of ‘the BG fleld to the splnor and
) scalar fleld can be effected by addltlon of the 1nter~

'-,actlon term

where

_ Con51der1ng P aqg p ‘as 1ndependent flelds, no derlvatlve

t'terms appear expllc1t1y in i ;' Tbé total Lagranglan f;

"v'1s then

.{,\

- oﬁ= q;”(rp-B) w + dtp(y p Am)w+x(Y p M)X

(p pp-ppp )+-o"p -5'11' e S T

'_,.;1_ \P (a+bY5)P x w(a+by,5)p w -fJ oy -fp (J )

o The klnetlc energy terms (those contalnlng tlme derlvatlves),vff

" are -

N --¢ p ¢k--w s w +dwpw+x P x~zp°pop+pp'c;po' o

‘i

“-<

" '-w (a+bvs)p v - w(a+bvs)p w



Slnce we. WLSh to examlne the antlcommutatlon .rela-
tlons for the case d—-%gz, we assume thJ.s condltlon from
the outset. We can then wrlte éLk as, w1th d-—-l,

Ly =" —¢+-$ + 2Bk = 0% p + pp_p.

g | ‘po¢k , Po ' xvpox P P,yP ,-QPOOO

where .
=yt (a-by) %

¢"'w a "‘_YS Y o . .
‘The’geherator c3nmnew;be written down directly:

'i

G':"ljd Y{¢k59 +¢ §¢ = fﬁx + pgﬁp'épép } .

Recalllng that ¢(x) is an 1ndependent fleld, the antl-
i.commutatlon relatlons can now be der1Ved w1th relatlve” ' Ak%g':

ease.} The varlatlon of a fleld component W(x) is glven b&
| L . et .

’-.§w(x)-; i[G,W(x)]
’:=v.;. IdBY[¢k _6¢k,»+’_¢f>5} _V'-XTGX + .’pgap".- pﬁp__ ,W(x) ] . (5'-38’)“
: _eIh the followlng, we' shall assume that the equal tlme antl- S
. o ¥
";"CommUtators of any of the flelds ¢k(y), ¢(y), or X(Y) w1th
,,ff¢ (x), ¢(X) or x(x) vanlsh.,_:f«" ' '

e Wlth W(X) = p(x) ln (5 38),_we flnd
i [¢ (Y),p(x)] éJO»Q*"

[¢ (y),p(x)]

.vl|_

| _Ix;_(y);p(x)_l =0

L
°.4

- [o'(Y‘)},b'(x)]"l" '

"-myy,um\_.-. ST = e tT=-tsGH) .



 For W(x) _=,-p°(x) ,“we obtain =

[¢k+(y);p°(;)]

. w’f(y%p%xu
EI(xT(j).é°(§)J 
) c,V  i{o?(y);§°(x)1' 

=l %))

r

With W(x) = 4(x), we get

&)

| S o
6 @ty
T S
{9 (¥) oo (x)}

g  :  {*f(¥);¢(*)} : 

'794* [d(yx?fé&*jf   %“°-3;.ii:fi;f§ > 

 For Wix) = x(x), e fina

B TR e S
ld\;z{¢%;(y)5x(x)}‘5

R

. {‘X 1. (-Y.)‘ 7 X (x) } N
: [PO(Y)l X(x
Iy ‘(Y:).,.'x:'(i;ti)l] N

f

I

o

=

S

—
=

et xey =

w0

5
/

0

‘-5(%—?)' = ratf179<y>1 = —ig(%-y).

o o




Finally, for W(x) = ¢£(x), we‘obtain :

69

f¢k+.(y),¢2§x)} = - ngk _%_ Yﬁkm&_;)
'{¢+‘(Y)V,§6£‘:(x)} o D
{Xf(y),l"i’z.(-x)‘-} | S0
[p°.(yv),¢2(x5 | =0
:“[p:'(y)'d’z‘("‘) 1 =0 (5.'395.
| o | o o

' [The'partiCular formvof the antlcommutator between ¢ (y)
and ¢2(x)~was chosen so as to. satlsfy Y ¢ : v Notlce

m 1 m, . .n 1
~that (g " -3 YkY..)(9~ -:-];"Y Y ) gk -ngY 1.

’ These are certalnly a more de51rable set of rela- B

tlons than ‘the . correspondlng ones found by Hagen [l97l]

j‘for the RS field. The flelds x(x) and p (x) satlsfy their .

_free fleld commutatlon relatlons.\\The antlcommutator for

kthe spln 3/2 fleld ¢ (x) 1s p031t1ve deflnlte, whlle the o

' ghost" fleld ¢(x) has a negatlve deflnlte antlcommutator.

However, let us see what the antlcommutator becomes

. o for the spln 1/2 fleld . b_ ",- B

in;}By use of the prlmary constralnt (5 35), Lat':a;

g' m(a+bY5)r = P ¢ + (- m- Y p) (a+bYs)¢ fY xpp e

'7‘7we can derlve the relatlon
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) . . o N i 2 ) ] ) ]
(== - B 3n2se-p .
= o ' v Gm; _ '
Thus, we find this anticommutator is indefiddte, juét as
~.was found in the case of electromagnetic coupling, where

{T (y), r(x’)} —-[1+3%3 B] 5‘(;(*..})' ) | 53

Totfind.the“completevset5of oommutation_relations'
binvolving f(x) and §‘$(g) wonld‘require the‘action prin# S
‘ciple.to beVapplied for the~independent‘fields pf'bo ;
¢k’ X and Ve w1th subsequent use of the prlmary consﬁé;int
(5 35) and secondary constralnt (5 37) However, from
"nnotlng the above relatlon obtalned for T(x), we %ould

’expect a s1m11ar set to: that obtalned ln the case of
‘mlnlmal coupllng (see 5. 27) It seems safe to conclude
that for the scalar-splnor lnteractlon, Just as was found

' for mlnlmal coupllng, the lndeflnlteness of the antl-bf

commutatlon relatlons for the 1ndependent fle;ds ¢ (x)
,-."25,3 Y

ERY

>;,and ¢(x) dlsappears but remalns for the two spln 1/2

f'flelds T(x) and Y $(X)

B . R . . T

2.

u .

Slgm.g\ance of the Chowe d“—-— g9

N

LN :

In llght of the precedlng work ln thls chapter, 1t

{r;would be lnterestlng to know the reason why the causallty

’“ijlndependent fleld ¢k both dlsappear w1th the choicev}cfdﬁ"’h

’vproblem and lndeflnlteness of the antlcommutator of the

Y'd=h-%-9277 In thlB sectxon we' shall attempt to answer thls

. &::



question for the case of mlnlmal coupllng.
We . can galn an lnSlght lnto the 31gn1f1cance of
the partlcular ch01ce of the coupllng constant - 1f we

’examlne the ‘constraints present ln the theory. Here we

A

,are con51der1ng equatlons of ‘the form

&

,(’A.fn-mb)q,;o. o (540)

) J‘,. .

‘Recali from the dlscu351on of . constralnts 1n chapter II
u(see pages 4- 9) that primary constralnts emerge from the
‘51ngular nature of the matrix y A As well, there must
exist secondary constralnts on the flelds for spln s > 3/2

o

rlf the quantlzatlon lS to be done consrstently on a posr—

v tive deflnlte metrlc. Now, when the matrlx y A is found

’for the BG system (see pages 52-55), 1t was dlscovered

.that the degeneracy of the zero elgenvalue doubled for -
, . P |
‘d-"‘% 92 From the form of the progectlon matrlx P in.

' thls case, lt 1s seen that not one but two lndependent

'constralnt equatlons w111 emerge when P 1s operated on-

71

f'ﬂi(S 40) One such constralnt is’ the prlmary constralnt- SRR

glven by (5 6),
S R e : L o
(m‘§Y1UYw +n¢k .(a+bglb—0 5

ggn‘addltlonal prlmary constralnt 1s actually the secondary

”~_i} constralnt given by (5 7)’,p;.f

he w ="- :ma bysw

That 18, the secondary constraint becomes a prlmary ﬂ;:_h e
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constralnt for the choxce d-u-% gz..'To‘see this,vnote ﬁ ‘]“w',
‘that we. can derlve thlS latter constraint thhout any ‘
dlfferentlatlon of the equatlons of motion s1mp1y by sub- |
stltutlng (5 4) Lnto (5. 3) and assumlng d=h~% 92.. The »
b  absence of secondary constralnts thus makes a conSLStent
| quantlzatlon on a pOSltlve deflnlte metric 1mp0331b1e, as
was found. | - |

The reason that causallty is preserved in this

7,

sxtuatlon can be understood 1n v1ew of thé work of Amar "
i and Dozzro [1975] ~In thlS paper,‘lt was, found that causal
proﬂ'&atlon for equatlons of the form o o
' (q.n“4m}w =0 »lAh S - | v f(s.41)”

\ . S o

‘exists if a® satlsfles the mlnlmal equatlon =

. u”L e

. . ‘ . : ’h ’ m ‘ . ., Lo PR ‘ I [

s %t [(a ) - (x ) %) 1},— o RN (5 42)
Here, x1 are the non—zero elgenvalues of the matrlx a° and;g“ T e
B ..; T W N

ls some posltxve 1nteger. ‘Follihlng Amar and Dozz1o

. [1975], weigan classxfy the three types of constralnts

associated w1th a® as e ' |
- ;hﬂ;,@a)tthe nondlagonallzabillty of the block corres;r,::t'ﬁw
 £ifffpondLng to non-zero elgenvalues,fﬁj}thVf,_,,ea,
e;?ia;j ‘the® 81ngular1ty of «°; 1f a® 1s aiagonalizable,1 d°_ .
*;;{jféjkthe nondiagonalizabllity of the block corres-f'if?;li.c
‘fﬁté{ftr:tiﬂffvponding to, the zero eigenvalues.e:7 e {t‘iﬂh'ﬁ;tg:
The condltlon for causal propagatlon (5 42) means that,_ln o

| the normal Jordan form of a®, _the. block of the null eiqen-



B o , | )

. W " N
values is' required to be diagonalized. Thus, constraints
(a) -and (b) do not prevent causal propag;tlon, but cons-
tralnts (c) can léad to dlfflcultles. This, however, does
not mean that constralnts of type (c) always lead to
- acausal propagatlon. In the case of the RS field, where
‘ a? satlsfles (a°) [(a ) 1]-—0 they do. However, Caprl_
and Shamaly [1972] gave an example of a causal spin 1 |
theory whose ‘minimal equation is "(a®) [(ao) =11 =0, and _-
thus contains type (c) constralnts. Thus, equatlons w1th |
_a nondlagonallzable null elgenvalue block cannot be, ruledv
 out on. the grounds of causallty | | o
In the case of " the BG theory, the 20><20 matrix ao

has the form

o' Vv _ oy 1 V.o, 1 oy
= - -_— o+ =

YO TV SR e Ty
' o 4 - o - .o'
Na )u~-e(a-fbys)tgu Y,Y )

(a) | l(a+bgl§m

The ergenvalues of a® are 0, tl, and 1/, lrrespectlve -

of the constants a, b or d. The BG theory w1th d > 0

"‘ allows for acausal propagatlon, as/was observed (see

-«equation 5. 9) In fact, the block of the null eigenvalues
of o° for d:»Q is. nondlagonalizable (see Gupta [1954]) and

¢ so type (c) constraints are present.



On the other hand, for d-—-% gz, lt is found that

a® satlsfles the minimal equatign
| 2 2
1?1112 - (H?) -

Thus, the block of null eigenvalues becomes diagonalizable,
when d-u-% g-, and type (c) constraints dlsappear. The.
’condltlon for causal propagatlon (5.42) lS then satlsfled,
and the propagatlon is causal.
We can now also see why the anticommutator.of the

field O iS'independent'of the external field. Cox [1976]
: con51dered theonies with field equatlons of type (5. 41)
‘ He showed that for cases in which a_ is diagonalizable,f
the antlcommutator of the lndependent field components
does not 1nvolve the external fleld.» ThlS 'is again not
to suggest that type (c) constralnts always lead to inde-
flnlte antlcommutatlon relatlons, but that those theorles
‘contalnlng only type (a) and. (b) constralnts lead to no-
: such immediate problems. - For the BG fleld w1th d-a-z gz,
we fndeed did find the ETACR of the lndependent fields
| ¢k(x) and ¢(x) to be 1ndependent of the external field |
.(see page 59). However, the dependent fleld components
T(x) and Y $(x), not dlscussed by Cox, did have ETACR which
depended on the external/fleld and were 1ndef1n1te. |

| Hence, theorles in whlch a is: dlagonallzable have.

'causal propagatidn and the antlcommutatlon relatlons for

.the lndependent fleld components are not dependent on the

74
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e

7"’/e‘exte-.rn‘al field. However, the anticommutation }elations

' for the dependent field components‘may still suffer from

the indefiniteness progiem. The BG field with indefinite

total free'éharge density is an example where the latter

effect occurs.  It would be‘difficult to construCt‘a‘con-

v . ’ e {
sistent indefinite metric theory for the BG field due to

the indefinite anticommutators still present.
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CHAPTER V ,

CONCLUSIONS

®

Let us: summarize the results obtalned

w1th the free RS spin 3/2 Lagranglan.

;We'began‘
covarlant theory,

Thls is a Lorentz
meanlng that expressions derived from

thisg Lagranglan assume the same form in all observer
\
- frames. However,

when mlnlmal coupllng is lntroduced
two 1nconsxstenc1es 1mmed1ately arlse.

Interpreted as a
c-number theory, propagat“on outside the llghtcone is

found to ex15t for a flnlte electromagnetlc field. In .
the quantlzed vers1on,

.certaln antlcommutators, whlch o
should be pOSltlve deflnlte by deflnltlon, could in fact

become negatlve for a suffrcrently strong electromagnetlc
fleld’

Thus, both postulates of Speclal relat1v1ty - no

propagatlon of s1gnals can ‘occur outside the 11ghtcone
and - results obtalned are 1ndependent of the partlcular

/

Lorentz frame used - are seen to be VLolated

,’/ »

Mlnlmal
coupllng lS not unlque in thlS sense,

as the same effects
were noted for the scalar-splnor lnteractlon.

The requlre-‘o
) ment that a theory be Lorentz[

covarlant ls therefore not

sufflcrent to guarantee that the postulates of speclal
relat1v1ty are satlsfied.

The close connection' between the problems of acau~ﬂ /
iallty and- the lndeflnlteness of the
-br

. R
antlcommutators was i
| ought out <%

again in the two lnteractlons con51dered lnf
. ’ . ; V ’ ‘
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chapter rv. This connection is furtherfseen in chapter Vv,
where lt(was found that causal propagatlon could occur 1f
an lndeflnlte total free charge is assumed for the BG |
fleld This requlres the use of an lndeflnlte metrlc'
upon quantlzatlon. Although the antlcommutators of the

independent fields are not indefinite, those of the other

- two spin 1/2'fields are. Thls makes the successful~use of .

‘an 1ndef1n1te metrlc .in quantlzrng the ‘BG field dlfflcult

A

to formulate.

These effects have\also been observed 1n at least

'-two other formulatlons of Spln 3/2 theorles. In the. Flsk—

7_ 1ncluded but the total free charge 1s agaln lndeflnlte

'Talt theory [1973], an antlsymmetrlc tensor splnor w

vthe ba51c field operator. Causallty is preserved when

electromagnetlc and scalar-sprnor lnteractlons are

™~

~.

‘\..\

v(see Mathews et al [1979] and the : references llsted there)

N

L A system of equatlons that descrrbe partlcles of arbltrary s
":stpln w1thout sub31d1ary condltlons has been glven by = '-‘ :Ll’

',Bhabha ([1945], [19491) (The fJ.eld referred to as the .

‘_BG fleld in this work 1s not among this class of equatlons)

.
i

'mentloned in the last paragraph, an lndeflnlte metrlc ls'

”'Thls system remalns causal w1th mlnlmal coupllng, but an .

; indeflnlte metrlc is needed for quantlzatlon (Kra;crk and .'

Nleto [1976])
The 1ncon81stencles present ln fleld theorres of

spln 3/2 also occur in other hlgher spln theorles., As

9.

isneeded for quantrzatlon of ‘the Bhabha system of equatlons.a

3
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At the c-number level, Velo and Zwanz1ger [1969b] showed
that a spin 1 field w1th an electrlc quadrupole 1nter-
~action v1olates causallty . As well, a mlnlmally coupled‘ .
spln 2 fleld also has acausal modes of propagatlon. The'
‘ whole area of fleld theorles w1th spln s 2 3/2 1s beset

,tUW1th problems; the Spln 1 case belng marglnal o

| » leen that we v1olate the postulates of speclal
‘relat1v1ty when certaln phy51cally reasonable lnteractlons k
.are lncluded 1n hlgher spln theorles, lt seems reasonable
to attempt to: glve a phy31cal explanation for the 1ncons:>.'

sistencies present in these theorles. | N "
: Although we can descr1%§ a free partlcle of arbl- o
trary spln w1th no dlfflculty, we must ultlmately be able

“to derlve quantltles from the theory that -can be verlfled

‘f'experlmentally. ‘This- belng the maln purpose of theoretl-_,-

cal PhYSlcs, we then have to 1nclude 1nteractldn terms,pffffl

whlch are always present ln the real world Includlng such e

terms 1n the hlgher spln theorles would seem to be a |

fstralghtforward exten310n to the method uSEd ln the‘cases.tf’

_ of lower spln, where results thus obtalned are falrly |
'accurate.. The problems of acausallty, 1ndef1n1te antl- '}

l'commutators, and the pOSSlble need of an lndeflnlte metrlc':
encountered\ln hlgher Spln 1nteract1ng theorles all draw tlﬁ

-a clear dlstlnctlon between partlcles of spln greater than ;F‘fﬁg

jand lower than*3/2




ThlS vrew is supported by a work of Caprl and
Shamaly [1976] . Here, lt 1s shown that lf we wrlte the .

' equatlon of motron for a fleld Vv in a pure spin state,
X -y,

Vthen H w111 be local for ‘the mlnlmally coupled Spln 0,‘

' l/2, and‘l,cases.. However, H is non—local even in the:
‘[free spin 3/é'case.v ThlS could be lnterpreted to mean
"that the spln 3/2 partlcle has stfucture and lS therefore
»not elementary. The equatlons consxdered so far have
“assumed that hlgher spln partlcles were elementary, and
the- problems assocxated with the 1nteract1ng fleld cases

? ncould be explalned by denlal of thlS lnltlal assumptlon.pv

'fIn v1ew of the fact that all leptons dlscovered so far are )

'7e’of Spln 1/2 and all hadrons seem to be composed of spln

;v1/2 quarks, thlS seems to be a physmcally reasonable i
cllexplanatlon for the 1ncon31sten01es.,"'”

Taklng the p01nt oﬁ v1ew that we can extract more

L"""lnformatlon from a theory than was orlglnallY PUt ln' the*p?

g \

- problems assoc1ated w1th lnteractlng hlgher spln theorlesifn

"fsfsuggest that no such particle exrsts in nature, where |

[lnteractlons are always present., However, a llngerlng
Ca doubt may Stlll persist in some mlnds. If a hlgher spln
3 A\

‘ lepton were ‘to be dlscovered Ln the future, qur whole :“'

o> , »

:funderstandlng of the mechanlsms behlnd lncludlng lnterac- p

(

'vtlons for a partlcle of arbltrary spln would be placed ln*

' fserious questlon. ’71'. »1.<' 'i“ - 7'-'-,~‘f{9'7””'
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' APPENDIX I

In thlS appendlx we shall glve some bas;c proper-"

v‘,tles of splnors.

by

For a more thorough treatment of splnors |

""and relatxvxstlc wave equatlons, seé Corson [1955] and

1Umezawa [1956]

\

A splnor is deflned on a two dlmen31onal Spln

space. Rotatlons

in thls space are descrlbed by the PR

transformatlon laws o ‘ "E A

- wa.’;—»-SAB‘P

B“

o o R

Y

B . L C

aA._ C o e

.fwhere'tne?baraoverfS- denotes complex conJugatlon. The,'

f~1ndlces A,IB run from l to 2. fThese can be ralsed and

‘lowered by means of tqs metrlc ém K _7) .‘;.,.

A four—vector x

<«
N

<« . . .
T

m

N

. ‘:Y;\ L



I R

. -
.

. where G“AB are the‘usua'l Pauli Spin matrices

-
L

coand. L s e

| If we define

== [0 To%® < g Py 3 .'

3
“then a symmetric spinor £, can be associated with an

aiitvisyit#ﬁet;ic.'_"te_n;SOr_ FW by

=

fABa svaBF R

i
+




 APPENDIX II

' Thls is a short outllne of the ‘use of character-
istic surfaces in determlnlng if acausal propagatlon is
: present in a system or- ‘not. For a rlgorous treatment of
':the method, see Courant and Hilbert [1962] »

e Con31der a hyperbollc system ‘of dlfferentlal equa-
;-tions. The system 1s supplemented by certaln lnltlal
: condltlons on the solutlon. A characterlstlc surface may
bf;:be deflned as those 1n1t1al surfaces for whlch the 1n1t1al
;value problem has no unlque solutlon. In Courant and

_Hxlbert [1962], 1t lS shown that the maxlmum speed of =

| propagatlon of 31gnaLs descrlbed by the hyperbollc equa—..f:*’”

R tlons ls glven by the slope of the characterlstlc surfaces, e

“We 1llustrate the method by a hyperbollc system of

P R
CLT PR
o

"flrst order, ;,_;G:_am-__» ftt : R
<r P, '-B) B'Pe S e

:?Here,vo 0 l 2 3 whlle o and B assume values l 2,...ﬁ;w

d';where N is the number of equatlons present\ The term B

e

‘.y. s

fﬁfconta1ns no derivatlves. The,%ormals to the\character-"[fatfﬁ:u

o b tomvact

”'lstlc shrfaces, d;

D(n) ](I‘un ) l =3 Op-l'.’:.

’fyD(n) lS called the characterlstlc determxnant, whlle

R

*D(n)-—o 18 the charaeterlstlc equatlon.~ For causal pro—l"ﬂh:fi'“

J

55[tpagation, no tlmelike normal must satxsfy thls equatlon, e



asfthe'characteristic surfaces would'then have‘spacelike

, tangents and prOpagatron would occur outside the llghtcone.

- An equlvalent way for determinlng rf acausal propa-

‘gatlon 18 present has been glven by Madore and Tait [1973],

ThlS method uses ‘the fact that, across a characterlstlc

: surface, there exist dlscontlnultles in the hlghest order -

«derlvatlve of the solutlon of the~wave equatlon (as well

as . allxthose of hlgher order) Thus, for our example of

a flrst order system, B

» ér Pc«'-B)d Vg =0
we have |
[JWB] =0 ’ | _

‘hThe square bracket denotes the magnrtude of the5613con-f
% - 7

‘h_‘tlnulty across the characterlstlc surface.f”The normals

fhto the surface are agaln represented by nu' whlle KB

v B T

“-*a dlfferentlable function of the coordlnates The dlscon-f

'tlnulty of the second and hlgher order der1Vat1ves of w
'jhjacross a characterlstlc surface becomes an 1ncreasrngly R

Vflengthy expres51on (see Madore and malt [1973]) The

1-. *_’L E ’.‘ s
;’dlscontlnultles of th? derlvatlves of the solutlon w111 ’ .,:,1,

L

i'gpropagate along the characterlstlc surface. [;_or~'
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