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'spﬁcific problems for each process.

-

ABSTRACT

The purpose of the study was to describe cfeative thinking in
mathematics as done by gfadevnine students. This purpose was
: ’

carried out in three phases.

The first phase was to establish a ﬁodel of creative problem
solving in-terms of four processes--two divergenttxcoﬂjecturing,
sensitivity) and two convergent (redefinition,’vefifiéation). The
model was defined by reference to literature, |
especially that of Guilford, Torrance, Polya, and Taylor-Pearce.
Implicit in the definition of fhe model was the formulagion of

specific guidelines for problem—si;uations which reflected each

' process. Furthermore these guidelines were used to construct two

During the second phase of the study the eight problems were
| : A _
administered to forty-two grade nine students from four junior high
schools in the Edmonton Public School System. ?he children were

asked for written responses, oral elaborations on their responses,

as well as coﬁmgg§§ on how they achieved their solutions. These

oral responses were taped:‘ §E5tés on standard measures of
creatiQity (Torrance), achievement, and ability wére also coilected
for each student. The written responses were scoréd, the scoreé"
were correlated and an imagé analysis procedure performed on the
correlations. . The.correlgtional and the image analysis results were
examined in an attempt to identify the constructs presented in the
questions. This was done by discussing thé extent to which the

different scores on the same problem correlated, the scores on

iv



different problems for the same prﬁcess correlated, the scores on -
the diféerent'processes correlated, thé séores on the cghstrueteq
problems correlated with the scores on the standard measures and
the scores'on tﬁe constructed prdblems clustefed into groups
identifiable by.reference to the four processes preseﬁtéd in the
hypothesized model., | |

The third phasé centered about the students' oral élaborations
on their solutions to the conjecturing problems. An aﬁtempt was
made to classify respdnses according to how conjéctﬁres were made,
and accbrding tp the levels of abgtraction at which they were made.
Speciﬁic responses for each classification are reported.

In concluéion, it was found that thg image analysis‘on'the
correlations between scores on fhe problems separated Into three
factors which indicated the processes of conjecturing, redefinition;'
and vé;ifi;ation. The two senéiti&ity problems’ loaded on two

~

fact;rs which separated from each other and from the otHer factors.
It was also found'thgt the scores on the constructed tests
didlho£ correlate with the scoreévon the Torrance creativity tests.
It seemed that éhesé problems identified a facet of.créaiiviiﬁvnot
measured by the Tor ~ance ﬁééts. "The scores on the verificatiem
and fédefinition problems correlated with the scofes on achievemenﬁ\
and ability. The probiehs were also found to intercorrelgte in
various ways. This seemé to be due to the fact that each problem

requires an interaction between several -processes and 1s not a

clear representation of only one process.

The analysis on the correlations and the examination of

the oral responses did not discredit the model. It sgéms that the

»,



responses of \children to problems can be discussed in terms of

conjectuﬁiff sensitivify, redefinition and verification.
The data gathered in the study would seem to imply t}at
further research into the types of thinking patterns used by

QCudents,to solve problems can provide information ugeful to the

classroom teacher in helping children learn mathematics.

£y



ACKNOWLEDGMENTS

This study has reached fruition '‘because of the patient faith

that many people have had in me. In particular, thanks 1is due to

M

Dr. Sigurdson and Dr. Kief%n who were willing to encourage yet nots

W

to restrict or demand, who gave me the freedom to pursue my own

ideas. Special appreciation’is due to Dr. Sigurdson who read the

report many times during its.preparation.

>

I am very grateful to Dr. Heidi Kass whose careful serutiny
and specific suggestions were particularly important in the

organization and presentation of this report,
Special thanks to Dr. Maguire and Ernie Skakun who were

willing to explain and}to advise, at short notice, on the statistical
prPcedures used in the study.

b ;,’ ’ .

P I am grateful to Gail Babcock for her earnest apd careful .

rg—scoring of a sample of student responses. Particular gratitude

*

i5 felt for the enthusiastic help given by Angela Jones in proof-

reading. .

Ivthank the‘administretors, teachers, and pafticularly'the

students in the four schools who gave me their warmest welcome and

-

cooperation. Their accepﬁfnfe and interested participation in the

study made the experiment gimost enjoyable experience

" I am grateful to my brothers, and my mother and Frank for
their love and encouragement. 'To'my father, who participated
pfoudly in all I attempted, but who was not allooed to waig\ior the
codgletion of this project, I, with'deepeSt iegret, dedicate this

work.

-z

vii



TABLE OF CONTENTS

'CHAPTER ’ : - PAGE

I. BACKGROUND AND SIGNIFICANCE OF THE STUDY. . . . . . . . 1

Introduction to the Problem . . . . e e e e e 1
‘ General Creativity. . . « . « . =« e e e e e e 3
Historical Views of E%eati?ity. o v e .. ; . 3

Some Diverse Approaches to Creativity . . L . 5

The Problem . . . « « + v « o o o o o o o o o s s s o 9

" Statement of the Problem. . . . . « v .« « « « . ;
Definitions . « o « o o « o o & o o o s e 4 s . 11
Significance bf the Stgéj . e ... e e e e e ; . 13
Delimitations . . « . « « ¢« + & ... e e e e e 14
Limitations . « « ¢ o o o o o o s 0 s e e s 4 s 16
An Outline of the Report.>. . 17
II. 'AREVIEWOFTHELITERATURE...'.........'... 20
" Five Views on the Nature of Creativity. . . . . . . . 2
Chronological StagesS. . « « « &+ « o ¢ o o o o o 21
Personality and Environmental Traits. . . . . . . 23 °
Pgychic Levels. . . . e e e e e e e e e e e 26
The Products;b. T 27
The Processes . . . « « « o + o o o o o = & .. 29
Creative Thought as Problem—-Solving e e e e e e e 32
Guilford. . . . . . . O ¥
CPOLYA 4 ¢ v 4 e e e e e e s e e e e e e e e e e 39‘

A Mathematician's Model . o « o « o « o « « « « o 45

viii



CHAPTER
The Definition. ,

ITI. THE MODEL . . . . . . .

~The Processeé——A Detailed Definition,

Sensitivity , ., ..

-

The Problem—Situations. .

Guidelines for Sensitivity Problem-

Situationé.

Redefinition.l. .

The Problem-Situations, .,

» Guldelines for Redefinition Problem-

Situations,

Conjécturing. . .

L L

The Problem~Situations, .

Guidelines for Conjecturing Problem-

Situations. , .

Verification.

The Probiem-Situations.

' Guidelines for the Verifying Problem-

Situations,

Pilot Studies ., . . .
P;lot Study I ., .
Pilot Study II, .

S

Summary , . ., . . .

IV. THE DESIGN FOR PHASE TWO AND PHASE THREE, .

Administration of the Problem-Situations,

ix -

\

PAGE
47
52
53
53

58

59
61

71

73
75

83

84
86

90

92 .
93
94
96
97
98
99



CHAPTER
Choice of Sample--Pilot
The Procedures, . .,
The Schedule, ., .
The Oral Interview,
Validity. . . . . . . . .
Image Analysis. . . . .
The Hypotheses., , . . .

V. SCORING PROCEDURES. . . . . .

Some Background to the Measurement of

The Scoring Procedures for Conjecturing,

Sensitivity, Redefinition and Verification,

Conjecturing, . . . . .
Sensitivity . . . . . .
Redefinition.
Verification., . . .,;
Reliability . . . ... . . .
Summary . . . ¢ . . 0 e o
VI.. RESULTS ., . . . « & « « &« &
Image Analysis Results. . .
The Correlational Régults“;
Analysis of théAffocéss
Analysis of the Process
Analysis of the Process
Analygis of_fﬁe Process

Summary of Results. . .

.

.

Creativity,

of Conjecturing

of Sensitivity.

of Redefinition

of Verification

PAGE
99
lOé .
103
105
108
111
112
114

115

120
120
130
137
144
148
154
156
156
175
176
188
199
207

216



CHAPTER
VII. THE ORAL INTERVIEW, . . . . .

Conjecturing, . . . . . . .

Case Studies, , , ., ., . .

Levels of Response, , .

Means of Forming Conjectures,u;

Pupil Awareness of Responses Made

Sequences of Ideas, , , .

The Potential in the Conjecturing

Situations, , , . . . .

Redefinition,', e e e e e e .

The Board and the Hole, .
Sensitivity ., , . . . . . . .
The Square, . . ... . . .

VIII. SUMMARY AND IMPLICATIONS, . . .

Implications for the Classroom,

Implications for Further Research

BIBLIOGRAPHY . . . . . ., . .. .. ..

|APPENDIX A. THE EFFECT ON PERFORMANCE OF THE ORDER
OF PRESENTATION OF THE TWO CONJECTURING
SITUATIONS. . . . . . . . . .

APPENDIX B. THE FIVE-FACTOR SOLUTION FOR THE TMACE
ANALYSTS PROCEDURE CARRIED OUT ON THE TWENTY-

SIX TEST SCORES FROM THE TORRANCE TESTS, THE

.

SCAT TESTS AND THE CONSTRUCTED TESTS.

APPENDIX C. THE CONSTRUCTED PROBLEM~-SITUATIONS, - .

_xi

..

259
271
. 271
..277
277
282
289
291

. . 296

. . 306

. . 313

. . 317



CHAPTER -

APPENDIX D. THE RAW SCORES FOR FORTY-TWO INDIVIDﬂf\Lé ’
ON THE LORGE THORNDIKE, SCAT, MATHEMATICS
ACHIEVEMENT, CREATIVITY, AND THE CONSTRUCTED

TEST ITEMS. . ¢ ¢ ¢ ¢« v ¢« ¢ o« v o 4 o o @

(9]

xid

324



LIST OF TABLES

AN

Table Description

1.

10.

11.

12.

13.

14.

15,

Guilford's Structure of Intellect——A Section of
the Semantic Slab of Guilford's Model - Convergent

Production and Divergent Production ., . .

Steps in the Solution of a Problem, in Creative
Production, and in Invention, as Seen by Dewey,
Wallas, and Rossman, Showing Similarities and
Differences . . . . . . . . . v v v v v . o

An Operational Model for Problem Solving in
General, Based upon Concepts Provided by the
Structure-of-Intellect Model. .\. . . . . . . .

w

Polya's Model and the Experinental Model for
Creative Thinking . . . . . . . . . . . . . ..

The Questions for Luchins' Water-Jug Experiment |,

Categorization for Scoring the Square-Novelty .

The Scores Assigned to The Board and the Hole

Determined by Time Taken to Solve the Problenm ', .

‘CategOries of Reéponéesrfor Poiygons. « e e

Categories .of Responses for Parallel Lines,
Abstract Argument . . ... . v 4 e e e . o4 e 4

Responses for Parallel Lines, Specific Argument

Scores Assigned by Two Independent Markers for
Conjecturing. e e s e e e e e e e e e e

Six Image Factors Extracted from Twenty-Six Test

Scores Representing Creativity, Ability and the

Constructed Problems. . , . . . . . . . . ., . k\\

Intercorfelations Among the Fluency, Variety
and Novelty Scores for the Two Conjecturing
Problems. . + + ¢« v ¢ v ™ o ¢« o o o« o o + o o

Correlations .etween Pairs of Scores on

" Conjecturing and the Other Constructed Tests, .

Correlations Between Pairs of Scores on the
Conjecturing Problems and the Standard Measures
of Ability, Achievement and Creativity. . . . .

»

xiii

36

Page

.. 30

38

; 48

.. 64

. 134

. 143

. 145

. . 146

.. 147

... 149

. 160
I

.. 1717

. . 180

. . 185



Table Description

16.
17.

18.

19.
20.
21.
22.

23,

24,
25.
26.

27.

28.
29.

30.

v
Intercorrelations Among the Fluency, Variety and
Novelty Scores 7 r the Two Sensitivity Problems .
Correlations Between Pairs of Scores for the
Sensitivity, Redefinition, and Verifying Problems

Correlations Between Pairs of Scores for the
Sensitivity Problems and the Standard Measures of
Ability, Achievement and Creativity , . . . . ...

’,

Correiatiqns Between Pairs of Scores on the
Redefinition Problems and the Verifying Problems.

Correlations Between Pairs of Scores on the’
Redefinition, Verifying and the Standard Measures

Intercorrelations Among the Scores on the
Verifying Problem-Situations, . . . . . . . . . .

A Summary of the Relationships Present Among

“the Problems., . . . . . . . . . v v v v v v .. .

Types of Conjectures Made by Students in Sample .

Y .
Student Responses According to Heinke's Classifi-
cation for Variation of Data, . . . . . . . . . .

Student Responses to the Pentagon as a SOurce of
Mathematical Study. . . . . . . . « o« v o . :'.

Student Responses to the Triangles as a Source of
Mathematical Study, . . . . . . . . . . . . . ..

The SCAT Scores for the Sample of Students Divided
Into Two Groups for Which Order of Presentation of

- Problems Differed--A Comparison of the SCAT Scores

Obtained by-Group Aand Group B, . . . . . . ..

A Comparison of the Scores .Obtained by Group A
and Group B for the;Pentagon. e e s a e e e e s s

A Comparison of the Scores Obtained by Group A
and Group B for the Triangles ., , . . . . . . . .

Five Image Factors Extracted from Twenty-Six

Scores Representing Creativity, Ability and the
Constructed Problems, . . . . . . . .. . ...

xiv

Page

189

191

196

200

205

" 208

217
225
228

260

267

309
310

311

315



LIST OF FIGURES

Figure IR _ Page
‘ o —, _
1. Eigenvalues for the First Fifteen,Image Factors
Extracted from Twenty-Six Test Scores
Representing Creativity, Ability, and
the Constructed Problems . . . . « + « « « « & « « « . o 159

2. Relationships Between the Side and the Diagonal
of the Pentagon. « « « « « « o « « « o » o o o o + « « « 264



CHAPTER I
BACKGROUND AND ‘SIGNIFICANCE ' OF \THE ‘STUDY

T/O‘TI‘HE PROBL

INTRODUCTION
s
Creativity has been hypothesized to exist in many forms, and

to vary in requirement and form from one specific discipline to

.
.

another. In mathematics curriculum, as in other curricula, new
developments have emphasized the central role pf-xyg student. The
interesf‘in the discovery method in relation éo éathématics teaching
(Davis, Polya, Kemeny (1961), Hohn (1961), Hendrix (1961)) hés.
resulted from the notion that students should be able to develop
their own intuitive ideas of mathematical concepts and to explore
relationships of their own;formulation. ‘Papert (1972) extends‘this
notion eveﬁ~further. He stétes thaf the.child is "constantiy
engaged in inventingbtheories about everything" (p. 3) and should be taught
.about thinking. He defends the right of the child to formulate

theories and to tes;, verify or discard them, and maintains that

children working on his computer programs have -shown their

capability, to do ﬁhis. Wheeler (1970) discussés the interest existing-
iﬁ‘éreaﬁ Britain in establishing sch;olvmagﬁgﬂa;ics as an inventive

study, "Td see mathematics as an invention rather than discovery

and plicable .to virtually any raw material whatever can give us

a different sense of its blace ih education." (p. 150) He defends

the gpplicability of this view to general education maintaining that
. ¥



higher mental -behaviors such as substitutions, reversals, and
.‘coubinations.have been observed in the spontaneous behaviour of

- pre—schooi chiidren. "The'illumination that these scientific
observations can give is thdt the young child is alreaQ& applying
to data provided by his experience mental powers which are the basic
constituents of the mathematicians' algebra. The revolution in
teaching mathematics will come if and only if these powers are
' acknowledged as belonging to the chilp before anyohe starts to teach
him mathematics at all." (Wheeler, p. 150) ‘
Banwell,»Tahta, and Saunders (1972), who describe a number
of mathematicai starting points for projects which have been
' presented and successful with children, describe the importance of
matheuatica as problem-solving. Emphasized are the place of the
.refinement, the definition of a broad problem in mathematical
problem-solving: "Ihe importance of mathematics inreducation lies
invprocess.rather than product." (Banwell, p. 6)
fhese views haintain that school children are to some degree
capable of mental processes of the higher forms. The International
Study of "Achievement in Mathematics (Husen, 1967, p. 81) when.
comparing mathematics curricula in twelve countries throughout the
world, listed "Inventiveness. reasouing creativity in mathematics
as oue~of the.five objectives as acceptable to all regardless of
nationality. Bloom (1956, p. 165) notes: "In onevsense, all
1earning is creative, the individual has acquired an underetanding

or some reorganization of experience which is novel for him The

novelty for him is what makes the experience "creative'".



The extent to which this objective of creative endeavor can
be translated into classroom practice is unce;tain. Moré must be
‘known about.the way students éf various levels approach problems if
we are to encourage creative endeavor in the school. The present
study see'~ to estaﬁiish a model for creative behaviour in
mathema ~ich notfbnly-incorporates the definitions of 2?3

creativity, but one that is also relevant to the junior high school

~
~

level. The intent was to create problem-situations calling for
processes that are defined by the model, then to examine the

responses and some of the procedures used by grade nine students in

soiving these problems.

General Creativity

~Historical Views of Creativity

" The concept of creativity has long puzzled man. The sudden
flashes of insight which distinguish the inventor, the alchemist,
or the philosopher were attributed to evil, to unnatd;al powers, to

\
" madness, and to God. These individuals were revered, burned, or

- - \

merely shunned depending on the mbod of ;he masses and'the.tiﬁés.,'-
With the advent of the méchine’agé, thg concept of supernatural
power fell into_ill repute, and creative talent became recognized
és a domain of-stud; within the realms of psychology and psychiatry.
Traditionally the schools, being mainly concérned with the

transmission of established knowledgé, have left the Galileo,*f?e '

. Hindemith, and the Einstein, to grow as well as he would within o% .

et



despite tﬂe system. As our world continues to become an enviroﬁment
that changes more and more rapidly, nPted people in the fields of
psychology and educ;tion as well as those in various other disciplines
have impressed upon the world the need‘for an individual who has not
L
only been exposed to the knowledge of the past, but one who is
capable of using tﬁié knowledge.in a new and useful (utilitarian or
aesthetically gratifying) way. (Toynbee, 1964; Moustekas, 1967)
The need of the world for such an individual, and the individual's
own need for a development of his own creative worth, whether it is
smail>or large, in order éo retain his sanity in a world of automa-
tion, has resulted in a new demand on the school.1 The schools aré
now asked not only to transmit to the chiid historical facts,
discovered principles, ahd established evaluations, but to develop
the means wiﬁh which thése basic foundations can be uqed to establish
new footholds and worthwhile pursuits for the éomiﬁg generation..
This emphasis encompasses the fgct that, although there is’a
praétical reasonr.for our society's interest in develdbing creativé

potential, an equally important facet may be to focus on the

individual aﬁd his?inner need.

14) Taylor Pearce (1971), Bloom (1956) and I. E. A. Husen
(1967), include in their objectives for the school, the category of
inventiveness: The ability to reason creatively in mathematics.

11) Guilford (1959) suggests that creativity 1s related to
learning. A look behind some of the ideas in a creative solution may
help us to understand the processes by which we learn.

-t



Underlying this focus 1s the assumption thét every individual
has creative pétential. With additional recreational tiﬁe available
"to méﬁy individuals, with fhe emphasis on the individual well-being,
and mental health, it may be important to encourage each individual
to develop his mental potentiai as much as possible. Bar{?n (1968)
speaks of developling an individual ability.to reflect in the
creation éf one's own personality. |

A person may be said to he most elegant, and most
healthy, when his awareness includes the broadest
possible aspects of human experience, and the , .
deepest possible comprehension of them, while at
the same time he is most simple and direct in
his feelings, thoughts, and actioms.

.(Barron, 1968, p. 4)

Barron sums up the points discussed above in the following
paragraph as he discusses his rationale for his interest in
creativity;

Governments became Iinterested because the sheer

physical power and, by a very short step, political

pawer that comes from inventiveness has su‘denly

become so manifest; commerce is newly interes*ed

because the increase in goods, services, and g

is most evidently dependent on new ideas; -eil.

is interested because old meanings have been

destroyed and new ones call to be created; :he

individual is interested because to create lg tc
o more fully and more freely oneself. Perhaps -t

no other time in all of human history has :here o<

such general recognition that to be creative-in (.=

own everyday activity is a positive good .

(Barron, 1968, p. )

Some Diverse Approaches to Creativity IR

The creativ? act has been defined and redefined for many
.

-"7‘

years. A collectibn of autobiographical sketches edited by Ghiselin



recounts the creative experiences felt by a number of famous
contributers to our soclety. Many of these creative 1m§ulse8 were
discussed in terms of the classic chronological stages proposed -
by Wallas--preparation, iucubation, illu+ination,'and verification.

|
(Ghiselin, 1952; Hallman, 1967) \

Creativity has also been defined ¥n terms of character traits
such as dominance, the ability to toleraue ambiguity, opennees to
experience, spontaneity, a desire to. remain outside a group 1earning
situation. It 1s possessing an inner senekiof values thereby
.being independent of standards and judgemeWte outside of the subject.
(McKinnon, 1962) It is being intuitive and free to follow the non-~
_rational impulses. / .\'

The creative male is suggested to be more feminine, more
gsensitive, more intuitive and to have been eloser to\Pis mother
as a youngster than the non-creative male; the creativejfemale is
said to have more of the masculline traits of independedee and
dominance, to have related much more to her father than her non-
creative counterpart. (Rue! 19%4; Maslow, 1958; MecKinnon, 1962)

The strength and power behind the creative impulse has
been claimed a resultanukof repressiun~of devianf sexual behevior
or desires preseutvinetﬁe developing‘youngsger} (Haliuan, 1967)

Creativeness has been looked upon as inseniey, as witchcraft,

as some type of deviation from the established norm. Contrary éb_

—

this view, the creative process ie now being accepted as a form of
psychotherapy, an acceptable way of\reducing tension, a protective
measure against the stresses that develop into mental iliness.A —

(Barron, 19683 Maslow, 1962)

e
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Cfeative thinking has been Aefined in terms of types of mental
operations, of "levels of psyche". Two types of thinking usually
reported in any account of the creative happening are the unconscious
or involuntary, and the conscious, rational controlled thought.
(Ghiselin, 1952) Poincaré's account of his creative gxperience
portrays incubat;on and illumination as involuntary, pressing, and
having a surging power over which _.the individual has little or no
control. The rational and controlled processes are reflected.in the
hard wérk of careful preparation and in the methodical, careful
aspect of verification and gommunication anﬁ the elaboration and
testing aspects of creative action. (Poincaré)

These descriptions specify only some of the‘conditions .
which may represent a creative act or person. Hallman (1967)
claims the evidence concerning creativity clusters around §ive
methodological apprdécﬁes to the problem of -defining creativIZ&.
The five approaches. are listed.beiow and the references indicated
for each are those included by Hallman. |

.J/ : 1) 1Identification of personality traits. (Fromm, Maslow,

Barron)

11). Identification of a seriles of chronological stages.
(Poincaré, "Ghiselin) ‘ |
111) Identification of layers of psychological systems.
{Freud, Murray, Taylor)
iv) Identification of types of thinking. (Spearman, Bruner)

v) Review of personal reports. (Ghiselin, Nietzsche)

~—~ Hallman's purpose was to orgénize this evidence into a structure that
{ o .



would "reflect the necessary and sufficient conditions of creativity".
(p. 18) These criteria describe the creative act in. terms of five
major components: the act, the object, the'process, the person and
the env%ronment.

N vi) The act is identified by the condition of connectedhesg.
Tl1s criterion means the fusion of elements into new structure; with
new relationships; it means the production of new connections
between ideas.”’

1i) The object is identified by the condition of originality
or more specifically by the qualities of 'newness", unpredictability,
uniqueness, or surprise which describe the invention.

1i4) The process is identified by the condition of

irfationality. This criterion focuses on Fﬂe essential activity «
which occurs in the unconscious as well asgthé description of the
- mental functions which give rise.to the creative att.‘

iv) The person is identified by the condition of self-
actualization. This criterion identifies those ihdividuais that
are motivated towards personal growth, toward self—expression,
towards. a goal which is above ?undane and material gratifi . ion.

v) The environment of the'individual, both ﬁersonal and
social, is identified ?y the condition of opemness. This criterion
refers to the péréonality traits (toleranée of ambiguity, spontaneity),
as well as to physical environment.

These numerous ways of looking at creativity spell out the

complexity of the attribute, and indicate that any specific

definition or study pecesséfily fragments the creative act in order



to focus on some specific view.

Since the present study is concérned with a descfiption of
the mental functions by which the student achieves solutions to
problems, the process view of creativity was emphasized. The
processes examined during. the study are not all described by the
word irrational but fhe study seeks to establish as best as
possible some of the comscious and uncoﬁscious mental processes‘
instrumental in creat}ve golutions to mathematical problems. These
procesées are defined in detail in Chapter III. |

The objects of the creative érocess are also identified
by the present study since -the responses of the individuals were

scored and examined for originality in terms of the procedures

¢iscussed in Chapter IV.

- - THE PROBLEM

Statement of the Problem

The purpose of this study is to exaﬁine creative thinkihg'by
ﬂresearching the processes by which junior high studentg golve
problems in geometry. The study procéeded in three phases.

- -,
Phase One

1) A definition for creativity in mathematics, which is
appropriate to mathematical study at the junior high school level,
yet is valid beyond this ievel, was established logipallyAAnd-by'

reference to established literature. Creativity is deécribed by .



10

four processes to be defined in Chapter III.
i1) Specific characteristics and guldelines were established
by which a set of problem-situations that measure the defined

processes may be constructed.

~

111) Problem-situations which require the individual to use

s

the defined processes were constructed.

Phase Two

1) Thevconstructed problem-situations were-adﬁinistered to
a sample of forty-two érade nine school students. Written résponses,
as well as oral elabérations 6n the procedures by.which students
arrived at the written reSpOnseéﬁwefe collected s

ii) An“appropriate scoring scheme for the problem—situatiéﬁs
was established. ' ,

111) The results were analyzed by cdrrela;ional‘qompa;isons.
and B& image analysis 1in an attempt to Qalidate the model.
The adequacy of the problem-situations in terms of the guidelines
established under the definition was discussed with reference to
the statistical results of this analysis. Indications of the
appropfiateness of the es§ablishedrmodel in reflecting the problem-

solving processes of junior high students were also considered in

terms of the responses given to tﬁé problems.

Phase Three

i) 'The specific student answers and their additional
comments taped during the administration of the problems were

examined. The oral elaborations on the written responses further

t
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described the ﬁrocesseé hypothesized for the model.
Definitions

The pertinent definitions are stated briefly. The processes

of creativity and the scoring terms will be elaborated in Chapters

III and IV, fespectively.

Convergent Production. Convergent production is the

'

generation of information from given 1nformation where emphasis is
on an unique or most approprilate answer. The problem demanding
convergent production is typically highly‘structured and the

-iteria are specific.

Convergent Process. A convergent process is a way of

respdnding which emphasizes a most appropriate amswer and results in

convergent produétion.

Divergent Production. Divergent production 1s the generation

of information from given information where enphasis is on quantity
and variety of output from one stimuli. (Guilford, 1967, p. 213)
The problem calling for divergent production is loose and broad inv

its requirements.

. Divergent Process. A divefgené process is a way of

respon&ing which emphasizes the generation of gégx‘appropriate

answers to a givén question. ' |
Creagivitx. Creativity is defined as four processes--

conqu;u;ing, gensitivity, redefinition, and verification. (The

_definition is developed in Cﬁapter III of the report.)
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. Conjecturing. Conjecturing is a divergent process which

refers to the generation of hypotheses, of relationships, in
response to a given source of data. The individual may conjecture
by making naive guesses or by making deductive guesses.

Sensitivity. Sensitivity is a divergent process which
1nclndes the ability to perceive deficiencies and errors, shoqﬁ-
comings. or inadequacies in a given gituation, and the ability fo see
possibilities in_a given situation; ;ibilities that lead to

further questions.

Redefinition. Redefinition is a convergent process which

includes the reassociation and the recombination of previously
unassoclated elements of knowledge to tgsult‘in new combinations,
and the discarding of previously adequate approaches in order to

facilitate the perception of. and the solution to a problem.

Verification. Verification is a convergent process which

refers to the justification of a stanement or relatinnship in four
ways: by testing with specific examples, by establishing a
rationale'of.aséumptioné, by.prbducing snggestions by which a
statement may be t;sted, or byrfornulating a deductive proof.
Fluency. Fluency refers to the quantity of response given
by an’individnai to é éiven situation. The fluency score for the
divergent-production problems in the study is given by the number
of appropriate regponnes.
Variety. Variety refers to the number of different types of
responses given by an individual to a given situétion. The variety

score for the divgrgent—production problems in the study is given
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. by the number of different categories of responses.

Noveltz. Novelty refers to the uniqueness, the uncommonness
of a response. The rovelty score for the divergent-production
problems in the study is given by a rank assigned to the statistical

frequency ogfa‘response. The more frequently a responée is given,

the lower the novelty score.
Significance of the Study

Describing situations which reflect processes involved in
creative thought has some relevance and implication for the teaching
of mathematics in the classroom. The assumption underlying this
study 'is that creative thought can be inhibited or encouraged, the

quality of creative thought can be improved and can be taught for

RN \

in the classroor. -

The scc f crr.tive thinking islvery broad and has beeh‘ :
considered in many ways, some of which have been indicated in the above
discussion. Further understanding of the wéys in whiéh students
perceive relationships and concepts in mathematics, of the approaches
students use when facing a new problem, of the incomplete and |
;nappropriate associat;éhs present in the student's mind can add to
the élassroom teacher's awareness in the area of mathematics and
in the area of thinking. This.awareness may be helpful in
structuring some of the learniﬁg tasks in méthematics S0 as ;o'allow

the children to explore and to expand on the incomplete concepts
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that they possess. If certain'problem-solving strategles can be

3 ,
identified as ones which children use, teachers may Incorporate
these into their discussions, or their preaenﬁation. It may be
very important to let a student choose hig direction to solving a
problem, then to discuss or indicate to the student at which points
this solution 1s weak or does not meet necessary criteria.

The ordinary cléssroom teacher does not have much time to
explore an in&ividual'étudent'é tréin of thought as he laarns
mafhematics, however if creative thinking can be presented in terms
that are understandable and related to material and happeniqgs
which occur every dayin the classroom, the teacher may devote more
time to this aspect of the curriculum.

The present study has focused on cregtivity for a specific
content area. This focus should be simpler to apply to the ordinary
classroom situation than a more -cnaral viey of creativity. |

The main emphasis in the study is on the processes hehind
creative problem-solving. These processes are units that are 1érger
than those used in psychiological studies such as Cpilford's Structuré
of the Intellect, but because of this, may be more easily
identifiable in the context of the eyeryday classroom.

—7

' Delimitations

The study was delimited to forty-two grade nine students

in four Edmonton Public Schools. The constructed problems weré

h : L .
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1imited to those that require for solution only those cencapts and
skills included in the junior high school program for geometry in
Alberta schools. The following is a list of the ideas that were
considered necessary knowledge for the study. (Department of
Education, 1971; Edmonton Publlc School Board, 1971)°
1) An understanding of points, lines, planes, space.
11) An understanding of angles.

~ to know the relationshipe of vertically opposite

anglea and supplementary angles. ~

ii1) An understanding of polygons.

- to know the characteristics of a square, trianglj
isosceles triangle, equilateral triangle,: rectangle,)
parallelogram, circle, the right triangle.

- to know that the $um of the measures ‘of the interior

R angles of the triangle is 180 . _
-~ to know that the measure of the angle described by a
~ circle is 360°
- to know the relationship between the length of the
hypotenuse of a right triangle and the length of the
othervtno sides. .
iv) An understanding of area and‘perimeter.w
- to know how to calculate the measuré of area for
triangles, rectangles, circles, and parallelograms.
- to know how to calculate the measure for perimeter for

these figures.

v) An understanding of percentage.
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- to know how to calculate questions 1ike 3% of 16, and
6 is % of 18.

>

Limitations

The study 1is exploratory in nature, therefore specific
procedures for scoring were determined ffom the resﬁonses, both
writtenfand oral, given to the problems. One other ihdividual
- gcored the responses to the conjecturing gi;uations for a smalll
sample of the students taking paft in the experiment. This pfovides
a serious limitation on the religbility of the scores used in the
statistical analysis_and for this reaéon the'statistical analysis
was used mainly to quantify the description of the processes rather
than to validate the measuring instrument. Since there was only

one observer in the study, the reliability of the task administration

is also not known.

-~

The validity of the instrument for measuring creativity is
limited by the imposition of a time limit on the students' solving
of the problems as well as by thé interpretation ofAresponses by
the singlé observer'and interviewer. This interpretation_was
particularly important éince a criterion of apbropriateneés was
) gpplied to the rgéponses for scoring. -Although the researcher
" attempted to conduct the study without any pre-experimental bias,
each child had different questions and a different attitude to the-
study. - An attemp; was m%dE‘to‘bé'gé shpport;ve as possible. Since

this attention was persoﬂgihtd each child some bias may have resulted
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in the way each problem was éresented from oné child to the next.
The students were chosen for thé study on the basis of
convenience for the schools,bresultihg in a sample that was not
random. This difficulty combined with that of small ﬁumbers in the
éample, the inductive approach used to establish the scoring schemes,
and the decision to concentrate on an explo;ative and descriptive
examination of student responses limit the exFent to which the
results of the study may be generalized. The results only indicate
the nature and the description of the processes that may be used by
students in solﬁing problems;  they do not predict their occurrence
in the general population.‘ As such they can.only bg used és -

guidelines for further expioration.
An Outline of the Report

The study is organized around eight chapters. The literature
most relevant to the interpretation of‘creativity and for the
development of a model for mathematical creaéivity in terms of
problem solving is presented in Chapter II.

The model is presented in detail in Chapter III. The
processes hypothesized té.describe creative problem-solving are
defined, characteristics of situations which reflect these processes
are discussed, and outlined, and two problem situations designed to -
require each process afe presented.

In Chaptér IV, the design for phases two and three of the

study as well as a discussion of the statistical procedures used is



18.

presented.

In Chapter V, the scoring procedures are established with
reference té 1iteratu;eAand to the specificiresponses given to the
constructed problem-situzations.

- In Chépter VI,jthe results to the correlational and image
analysis are presented and used to answer the following questions
which represent the major hypotheses for the study.

i) Do the scores for the problem-situations separate into
four distinct image factqrg_whiaﬁ can be described as the»foﬁr
processes‘stipulated by the ﬁodel established in Chapter I11?

i1) Are the scores for the two problems representing each
process correlated? More generally, does the first conjecturing
ﬁroblem refléct the same process as the second’conjecturing process?

‘iii) Are the scores for the prbblems of conjécturiﬁg,
sénsitivity, redefinition, and'verifying significantly intercorrelated?

iv) Are the scores for the experiment#l problems significantly

correlated with the scores for tests of ability, achiévement,'and'

creativity? A. .

This chapter seeks to establish the degree to which the
results froﬁ scores on the constructed probleszituations can
be described by the model. The weaknesses apd the appropriateness
of each problem are also discussed in terms of the results.

In Chapter VII,‘éome of the individusl résponseé and oral
-comments provided by the students afe presented in an attempt to

describe the process of cohjecturing as used by the students. This

chapter attempts to find some levels of response and some
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' categorization of approaches that describe individuals who produced
creative responses.
The summary and suggestions for further research are

'presented_in Chapter VIII.



CHAPTER II

A REVIEW OF THE LITERATURE

Tﬁe discussion in the previous chapter 0utlined.the_maﬁy
approaches to e defieition of creativity. 1In tﬁis section,.five main
approaches will be reported in greater"detail. The fifth approach,
the process view, will be emphasized and chosen for the present
study. The discussion of especially this section will poiet the
way for -establishing the model to be used in this discussion.

Reputable researchete, such as Getzels and Jackson (i962)
and Cattell (1971) have agreed that the creQE%ve individual must have
a certain level of ability as defined by intelligence studies, but
that he mustfelso possess some other traits as well. These may be
environmeqtal, personality, or some special mentai abilities. The

N

focﬁs depeﬁdé_upon the writer discussing creativerendeavour.

| 'It is not the purpose of this study to determine the effect
of intelligence on creativity, nor to.argue the relative effects of
environment or personality, but to choose a definition of creativity
that will enable the - author to describe responses of junior high
students to mathematical problems, thereby achieving some information as
to how to best plan activities that will enable each student to
develop the creative potential that he possesses.

The following literature report will present five views of

creativity in order that the reader will have some understanding

of why the process view was thought to be most acceptable. This view

20
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will then be expanded to include problem solving. The final working
definition will be a result of the ideas discussed in the connectidn

between problem solving and creativity.

FIVE VIEWS ON THE NATURE OF CREATIVITY

Chronological Stages

1

Creativity was first.described in historical accoﬁntsiby
notéble'iudividuals in science and literature. One of the accounts
most pertinent to this study was made by Poincarg, who pinpoints four
distinct stages in his account of a mathematical discovery.

Most striking at first is this appearance of sudden
illumination, a manifest sign of long, unconscious
prior work. The role of this unconscious work in
mathematical invention appears to me incontestable,
and traces of it would be found in other cases where
it is less evident. . . _ .

There is another remark to be made about the
conditions of this unconscious work: 1t is possible,
and of a certainty it is only fruitful, if it is on
the one hand preceded and on the other hand followed
by a period of conscious work. These sudden
inspirations . . . never happen except after some

days of voluntary effort which has appeared absolutely
fruitless and whence nothing good seem54;6 have come. . .
The need for the second period of conscious:work,
after the inspiration, is still easier to understand.
It is necessary to put in shape the results of this
inspiration, to deduce from them the immediate
consequences, to.arrange them, to word the N
demonstrations, but above all is verification
necessary.

4

(Poincaréz p. 38)
) Wallas (1926) described these stages as preparation,
incubation; illumination and verification; and cites in his defence

of these stages accounts by -such notables as Hemholtz, Hobbes,
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Wallace, ﬁarwin, and James. Several otﬁer individuals (Taylor-
Pearce, 1971, p. 15) have outlined variations of the four steps, however
the basic ideas behind the stages are very similar.

During the.first stage, prepération, information is
agsimilated, ekplored, outlined, and organized; This work enables
the individual to be very familiar with the ideas behind the ‘
problem and enabies him to manipulate the ideas easily in his mind.

| | At this point, a period of incubation is necessary. Poincar£' 

refers to this as’the unconscious work of the individual, a beriod
when the individual stops his conscious concentration on thé
probleﬁ at hand and allows the unconscious to rearrange the
information into new combinations and new ideas. Dewey explains that
when the consciousness hasrrelaxed its strain, the material often
rearranges itself, and ideas, that were confused become ordered.
At this point a solution often occurs.

Il1lumination is this insight iﬁto the solution, ﬁhepher‘;F’.
is sudden and total, as described by Poincafé, or whether ii ;ﬁpéars
in successive stages of inspiration and clarificatién. (Ghisglin, 1952,
p. 30) In the latter case, the two stages of illumination and
verification blena into one.

During the verification stage, the insights of the previous
stage are verified, checked against realities, and ideas are
elaborated or extended. L

After that excitement 1is dissipated{ its intrinsic
value is its only relevant one even to himself. He
must find out if it will serve to organize experience

in a fresh and full and useful way. To that end he

tests it critically.
' (Ghiselin, p. 30)
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These four stageé defining the chronological description of-
the creative ,act have influenced the development of problem solving
models (Dewey, 1910; Guilford, 1967). This relatioﬁship will be
elaborated upén later in the chapter. |

In addition, awareness of the four stages establishes some
ide; about thé conditions necessary for creative problem solving.
An attempt must be made to ensufe that-subjects asked to respond
creatively have had the §pportunity for preparation and 1f possible
have had time to deal with the content at some leisure.

One other hotéwortﬁy feature of this view of creativity is
the equal consideration of verification, especially‘in the césé
when solution and verification interact in altérnate sequence. The
realiiation that each specific insight‘may be dependent upon the
verification or'rejection of a previoﬁs jdea, makes ghe inclusion

of this ‘stage important for any model of creativity.

Pe;sonality‘and Environmental Traits o
The second approach to défining'crgagivity depends upon the
description of creative indivi@uals in terms of personal and
soclological copditions. ﬂIncluded.are)cﬁara;teristics of the
individuals' e#ternal environment as ;ell as inner resources and
frgits. Hallman (1967), Tayior (1962),_Jackspﬁ and Messick (1965)
all consider traits such as sensitivit ,J(thé.ability to be aware of

deficiencies, to be aware of the obviods, of the external environment,

to be puzzled), tolerance of ambi ty, and spontaneity to be important

¥
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to the creative individual.
The empirical studies of character and creativity have come

Vo
from two sources, first the study of biographical data of scientists

accepted as creative by time, and second, the description of :
contemporary researchers, identified as creative by theirvpeers.

" Roe (1952), and Cattell (1959) reported eminent scientiats
from biography to be introverted, dominant, and self-sufficient.
Catfell and Drevdahl (1955),7extending thg research to physicists,
biologists, andvpsychologists deemed creative by their peers, found -
that 1) the scientific researcher'is more introverted, mor;
dominant, more inhibited, and more emotionally sensitive than the
average individual; i1) the scientific reseércher’is more introverted,
less stable, more radical and more self-sufficient than another
- p;ofessional of equal infelligence and educatioh; i11i) the scientific
researcher is very similar to his artistic or literary counterpart,
expept that he is somewhat more stable and less tense. Roe alqo
found that the social sclentist differed from the physical and
biological ééientist, in that he tended to be an extroverted
individual much more concerned with social interaction than his
physical or biological peer.

McKinnon (1962) found that.his_sample of creative architects
shared these traits and also were very marked'by‘tﬁeir receptiveness
and opénness to richnesé #nd complexity of stimuli as compared to
other'professionals and to less creative architects. Jackson and.

Messick (1965) explain .that the reflective individual has the

ability to condense the complex into a simple unified work which has



.25

)

about it an "intensity and concentration requiring continued
contemplation.' (p. 321) Co

Barron (1955), Taylor (1957) found army personnel and
college students that were deemed‘creative to be more self-sufficient,
more able to stand stress, more independent of values external to
themselves.than their less‘creative coq%terparts.

Personality studies, like. the above.have attempted to
‘describe some of the character traits that distinguish the creative
from the less creative. The danger lies in predicting the existence
of creative potential from thL character traits. "An introverted
non-conforming cynic is not necessarily a creative individual.

" A new and more fruitful direction for describing the
character and the environment of the creative lies in the establishment
of an environment that will encourage the deveiopment of creative
potential in every individual. Educators, such as Smith, Torrance,
Osborne, and Parnes have established some guidelines for'programs
_that have as their objective the increase of creative potential but
at present there 1s disagreement as to what conditions produce what
effects.”Stratton and Brown (1972) found that creativity programs
which combined judgenent and production training resulted in an
increase of number of responses and quality of responses as measured
by the Plot Titles Problem, when compared to separate training or no
training. Clark (1968) found that stndents in Grade VIII science—” |
taught by traditional teacher—centered methods increased their ”;é
scores on fluency and originality (Torrance) more significantly than

did those students taught according to Suchman'stnquiry Training
‘ ‘ \

2



26

°

Method. Studies such as these vary so greatly as to standard
procedures, means of checking achievement and creative abillty that

it is very difficult to draw any definite conclusions at this time.
Psychic Levels .

Hietorically creativity was linked with the subconscious and
the unknown energies present in the human being, and contrasted with
the conscioes energies which we can willfully control. These mystic
powers were lipked with the psyche, with the powerful repgessed
drives of sex and with madness. Recently, however there hee been a
break from the mystical espect,in an attempt to organize the levels
of creétivity into a.classification useful for description or
development. Irving Taylor (1959) has suggested that creative
behavior is possible at five levels. The first ievel 15 an
expressive creativity,‘spontaneous, but one in which the quality
.of  the product is relatively unimportant. A second level is that‘
of productive'creativity. The emphasie 1s on an improved technique
and controlled free play, however is still very likely to produce
products of inferior quality. Inventive crea;ivity involves a
percepti- ~f new and unusual relationships between previously
‘separated parts; innovative creativity, undergaken.gé\very few,
results in modification of basic foundations, and concepts in a field
of study. The top level, thevemergentativeslevei; resq&tssin a most
abstract and fundemental éorm of a product.

The above approach may initiate several questions in the
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minds of teachers. Hyich levels of creativity can be developed in i‘
.the classroom? (The experimentér would suggest that some part of the;v
junior high population can work at the third level.) Is the
development and the encouragement of even the lowest level ofl
creativity important enough to warrant classroom emphasis? How do

//Z"We distinguish‘between créativeness at this bottoﬁ ievel_from
permissiveness and lack of standard?

N .. In the present study, this latter discermment will be
established by the questions constructed. The responses may not be
original in the absolute sense, but many of them may be original

to the student. Students will certainly be aware that the answers

will have to be appropriate in the mathematical sense.

The Productéf
q;;; '
The previous categorizatigg infringed upon this one in that
the product was used in defining some of the categories.-\

Historically the- product has been the final determining factor by
which an_individual is deeped creative, but as with other ériteria,
there are difficulties. Should the result be new to the world or
_ should it be new to the discoverer? Kneller (1965, p. 3)! Hadamard
(1945, p. 104);.Taylor—Pearce (1971)‘support the latter. However a
Kneller (1965) notes a distinction of dégree between the creativity .
exhibited by the discoverer and that of the rediscovérer. (p. 3)

' Guilford has used the concept of unusualness or novelty in

-comparison to other people. A re%ponse to one of his problems is
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novel if it isn't reproduced.by a numerically significant number in
his sample. Taylor—Pearcé has introduced the impoftancelof‘
appropriateness. A product may be statistically rare, but may be a
totally {rrelevant or a nonsensical idea. Tae specific applicatioh
of these ideas will be discussed later in co?pection with the
gcoring scheme, (Chapter V)

Messick and Jackson (1965) have also used the ideas of
appropriateness and usefulness in their classification for-
evaluating responses and—produc£s. (p. 312-313) A class of
potentially creative préducts are limited by these two criteria.
Further distinction in quality and level of respogg:ﬁéare judged in
terms of transformation and condensation. Transformation (p. 315)
is the degree to which the products involved have overcome
conventional constraints. The constraints themselves are also
evaluated: the nature and strength of these constraints determine h
the creative valueﬂdf the product. Condensation (p. 320-323)
includes the complexity and the "summary power" of the response.

A creative product has a multiplicity of intérpretation, yet is
;nified by a basic simplicity that binds together fhe complex
elements. |

The above ideas have further implication for buiiding a
task which will elicit a cregtive response. Sgch a task shoﬁld
allow an individual to work.at many levels of interpretation, and to
be able to unify several interpretatious, sgyeral ideas into a li)

unified structure. Transformations of the given data should also be

possible for the student.
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The Processes

Webster defines process as the succession of related
changes by which one thing gradually becomes something else, a
particular method of doing something, of producing something. The
process view of creativity geeks to expiain tﬁe creative act in
terms of the means (the proceséés) by which the final act is
produced. Guilford is one of the most well known writers who
incorporates process into his definitioﬁ of creativity; This writer
has described human intelligence in terms of three dimensions--
Products, Content, and Operations. The five operations (or processes)
include cognition, memory, convergent thinking, Aivergent thinking
and evaluation. Gﬁilford created a large battery of tests and By
factor analysis related these test results to.tﬂe hypothesized
categories defined by the three dimensions. From his findipgs he
defines crea;ive thought largely as divergent production. He
found however that factors of redefinition were convergent
éroductioﬁ; sensitivity to problems was evaluation. -(1967)

(He later recategorized it into the éognitive area).

Table I shows the convergent and divergent rows as presenfedd
in the semantic slab.of the Structure of the Intellect cube. These
two processes are focussed because they underline the scoring
procedures used in the—bresent study.

Guilford's study has been ctiticised from two points of
view. The first questions the technique of establisﬁing an a priéri

model and the using of factor analysis procedures to confirm the
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TABLE 1
GUILFORD'S STRUCTURE OF INTELLECT

A SECTION OF THE SEMANTIC SLAB OF GUILFORD'S MODEL -
CONVERGENT PRODUCTION-AND DIVERGENT PRODUCTION

: OPERATIONS
PRODUCTS CONVERGENT PRODU;TION DIVERGENT PRODUCTION
Units : concept meaning, subsuming ideational fluency
several given ideas for new 1little or no restriction
idea :
Classes organizing ideas into - spontaneous fléxibilitye-
meaningful classes number of varied
responses
Relations to produce an idea related associational fluency to
K to another in a specific /produce manipulations
way ' i{having an idea in common
Systems to generate a system from ' expressional fluency,
several ideas, order a many sets of ideas

sequence of steps to
complete a task -

Transformation redefining change in inter~ originality to produce l

pretation or emphasis effective surprise
’ transformations unusual
ideas
Implications to deduce a statement of elaboration of an idea,

results from a set of ideas deductions or inferences

*Units - relatively segregated or circumscribed items of information,
a "thing", something of character.

Classes - sets of items of information, the emphasis is on
attributes, properties. :

Relations - recognized connection between items of information

" based upon applicable variables. '

Transformations - changes of various kinds of existing known
information in attribute, meaning, role or use.

Implications ~ expectancies, anticipations, predictions, of one
item to another.-

Cognition - awareness, immediate recognition, comprehension,
understanding.

Convergent Production - logical deductions compelling inferences,

an unique answer.

A
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!
model. Cattell (1971, p. 412) states "Indeed, we need constantly to .
be reminded that nnen tentatively we. conceptualize the behavior of
rigidity, fluency, and flexibility as expressions of. cognitive
performances, we are actually in a complex and insufficiently
analyied field in which much of the variance probably will turn out
to be due to personality and temperanent_factors. et

. Second, Guilford's tests have been considered irrelevant

measures oflcreativity. For instance, an individual who can find
vmany unusnal uses. for albrick may or may not be creétive in reality.
This definition of creativit; in terms of performance on a constructed
test of this type results in creativity as a projection of the
author's personal.bias. (Cattell, 1971, p. 608)

;These criticisms do not seriously affect the present
experiment. The model for creativity that is to be defined does not
depend upon Guilford s model or his tests. The scoring scheme,
however, does use the philosophy that the number of responses, the

‘number of different responses and the unusualness of response

indicate the creativity of an individual in connection with a divergent

production situation. These ideas are only used to describe more

specifically the responses given by students to specified situations. vw;/~~4

The.situations to Be chosen are problems which represent the field
and structure of mathematics. The concepts of fluency, flexibility.
and originality have been modified to_include a consideration of

the appropriateness of the response. -The foundations behind the
scoring scheme willibe considered further in Chapter V.

Recently, other researchers in education have taken the
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process view"pf creative Ehought. Evans (1964) discusses, intuitive '
thought as the common element in mathematical discovery learning,

.1n problem solving and in ;ransfer; then proceeds to measure the
process. Smith (1967) describes creativity as "a mental process
that involves tapping one's experiences énd rearranging them into
something new." (p. 2) Torrance (1963)‘and éimon (1967) descfibé
creativity in tefﬁs of problem-solving processes.

Since the researcher was concerned with describing students'
tﬁinking»as they proceéaéd~through their,méthematical problems and
thereby distinguishing some.of the features which resulted in
effective and new solutions;the process view seemed most appropriate.
The next section justifies the description of creative ﬁrocess in

connection with problem-solving process, and leads to the

development of the definition to be used in this study.
CREATIVE THOUGHT AS PRQBLEM SOLVING

Creativity, up to this point, has been discussed in general
terms; has been referred to as a general trait. There is some
question, ho&ever,‘as to whether creativity is a'general intellectual
facﬁor or whetﬁer it is specific to some disciﬁline or to some
sitq;tion.' Brandewin (1260, p. 67) states that the consensus is
that the crgative pfocess 18 the same for allﬁsuﬁjeét matter,’bu;
that iflis quite likely th?t there are patterns of intellectual and

personality make-up whichl?}ert an influence on creativity in a given

field of work. Spieth (1963) compared éhe intelligence of students
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"judged creative in literary, scientific, artistic areas or in more
thaﬂrthree areas, by Eeachers who had had them over a periéd of ten
years. He concluded that éufficient_intellectual differences
existed between thésé fogr groups, thus making it unwise to combine
fields together when gorrelating creativity and intelligencé. '
Certainly, if a measure or description of creativity ié to
be most approprilate to a certain éfea, it will be best described in
terms of that discipline. The researcher's prime intereét is in~
describing thinking as it occurs in thqzﬂathematics classroom in

response to qathematical content.

Doestmuqh of what has been already saild aboﬁt creativity

-

apply to mathematics and creative thought in fhis field? Mathematics
has b;en described in terms 6f'two»aspects. Like all sciences,

it is intuitive. Hypotheges are generated, conjectures are made,
apgfoacbes to problems are based on;a "hunch". But mathematics

diverges from this scientific type of exploration in its deductive

form. Because it is based on man-made assumptions and not on the
physical world, mathematics is capable of an éssolute truth with

respect to the scientific system. Lovell (1966) makes the following

gtatement about the study of mathematics:

It can be regarded as a totality of deductive
"theories'", all of which are grounded in pure logic,
or as an autonomous activity of the individual, the
ultimate source of which i1s the primordial faculty
of intuition. However, the former viewpoint does not
appear to be in favor in many quarters since the :
metamathematical theorem of Godel implies that
formal logic is incapable of ever containing the
whole of intuitive mathematics. Although formal
logic is indispensable to mathematics it does not .
appear to be able to prpvide the ultimate criterion
of the validity of mathematical assettionms. -

(p. 209)
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»
rﬂ?olya states that mathematics appears in two gulses——as thevﬂ
.'rigorous systematic science of Euclid, and as the mathematics in
its making, an experimental and inductive'science. -(Polya, 1946,
p. vii) Courant and Robbins (1941, p. xvii) point out that constructive
invention and intuition are at the hearéﬁof mathematical achievement
and provide the driving force, but tnat the.goal is a neat logical
deductive system which gives a better understanding of mathematical
fact and relationship. |

These statements indicate that mathematics has the’two
aspects thus far discussed for most creative work--the producing,
generating phase, and the verifying, directive phase. These two
aspectsvwill be included in the definition used in tnis‘study.
N : )
The intuitive and the deductive aspects are included in
definitions of creative thinking that relate to problem-solving.
Torrance, who has been involved in much of the research on creative
thought at the school level, defines creative thinking as the process”
of sensing difficulties, problems, gaps in information, missing
elements; making guesses or formulating hypotheses about these
deficiencies; testiné these guesses and possibly revising them; and
finally in communicating these results". (1965, 19711,- .)  These
processes are often used in definitions of problem—solvingﬁl Dewey
(1910, p. 72), for example, proposed the following steps for problem—
solving: "a difficulty is felt, the difficulty is located and
refined, possible solutions arersuggested, consequences are

considered, and then a solution is accepted, .Polya (1946) states

that the following steps be followed in solving a problem:
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understanding a problem, devising the plan, carrying out the plan,
looking-back and verifying phe~solution in terms of the original

problem.

Torrance maintains that the similarfity to problem solving

ig valid. He.refers to Newell, Shaw and S mon's view, that problem h'..

LA
e
v

solving is creative to the extent that it meets oAe or more of the

following criteria:

: 1
W

i) novelty or value, social or personal, possessed by the

product.

ii) unconventionality of the thinking, requiring

. A
modiiication(or rejection of a previously held idea (redefinition).

111) motivation or persistance level is high.
iv) vagueness of the'probleﬁ, requiring formulation of the

problem. (Torrance, 1967)
Simon makes a more direct statement:

My first hypothesis is that the creative processes,
the processes a person uses when he's doing creative
thinking, are indistinguishable from ordinary problem
solving processes.. What distinguishes the creative
thinker from any person who is solving problems is
only the distinctiveness of the product: that his
solution is a novel, valuable unconventional result.

(Simon, 1967)

" Guilford agrees with this point of view and states that
"Ihere is something creative about all genuihe problem solving and

creative production is typically carried out as a means to the end

'

of solving some problem." (Guilford, 1967, p. 314) In summary

is presented Guilford's 1llustration comparing the classical

definitions for problem~solving per Dewey and Wallas to a me. 21 of

v

creative behaviour by Rossman. (Table 2)
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STEPS IN THE SOLUTION OF A PROBLEM, IN CREATIVE PRODUCTION,
AND IN INVENTION, AS SEEN BY DEWEY, WALLAS, AND ROSSMAN,
SHOWING SIMILARITIES AND DIFFERENCES

DEWEY

WALLAS

ROSSMAN

Difficulty felt

Difficulty located
~and defined

!

Possible solutions
suggested

Consequences con-—
sidered

Solution accepted

Preﬁaration (infor-
mation gathered)

Incubation (unconscious
‘work going on)

Illumination (solutions
emerge) .

Verification (solutions

tested and ela-
borated)

Need or difficulty -
observed

Problem formulated

Available information
surveyed

- Solutions formulated

sklucions critically
examined -

New ideas formulated

' New ideas tested and

accepted
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Th; experimenter has presented the above li atyre in

order to defend the premise that creativity can be validly defined

in terms of proilem-solving processes. It is necessary to establish
what some of these processes may be and to desc;ibe them specifically/}
enough so that mathematical problems- requiring each of these processes
may be constructed. The following section will present fhree - \
theories describing mathematicai‘problem—solving. The problem "
solving réferred to by each of these individuals 1is not thé solving
of the familiar problems by familiar récipes, in routine work, but
the solving of new problems, pfobléms requiring some degree of

independence, judgement, and originality. This type of problem

solving may be considered cognate with problem-solving. (Céttell, 1971,

v

p. 428)
Guilford

As stated before, Guilforﬂ favors a/problem—solvihg approach
to creative thought. He hés incorporatgd h;s divergent andJconvergent
production abilities into a :»ueliwhich iiiustrates thelr possibie
interaction. (Table 3) .

Note the general problem solving categories of problem
sensed, solutions genefatéd, solutions tested, categories which
reappear in a continuous cycie. Notice also that evaluation is.
present throughout the activity. . |
4 It is questionable as to whether the evéluationjat‘;he

production.stage is the'same as that occuring at the filtering stage
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or the cognition stage. Does it differ in level or Just in
intensity? Is there an optimdm level of evaluative rigor that
can be applied at each of the levels to allow for a creative

responsé? These are questions which will be noted again during the

present study.

Guilford'S‘problem solving model includes both divéfgent and
convergent produtction under the productiﬁn station.‘ He maintains
that this is valid since both types of production call for the same
psychological events. -The diffgrence is in the requirements imposeq
upon the problem. The type of-response is éompietely specified in
cénvergent production, but not in divergeﬁt production.

There is some question in the experimenter's mind whether a
prob;em requiring ﬁanyhresponses is treated fhé same way by a student
as is the problem requiring only one response. There v be
personality factors which Bias an individuai toward one or the.othe;.
Thig bias may determine the-effectiﬁeness with wh;ch a child reéponds
to one type.of-question or the other. |

: fhis-model also suggésts thaé hypothesizing solutions and
testing them are not independent évents bﬁt that they interact gnd
depehd upon one anothéer. It is important to remembér therefore that

problems may minimize relative interaction but any problem which is

not artificial will-require both types of thinking.

Polyai

~

yam LN

‘ Polya, who implies creativity during his discuébiogg,but e

“
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concentrates mostly on the means by which_everyone can learn some
basi;'approaches to-matheﬁAtical problem‘éol;ing, outlines_four :
steps in the ;olving of any problem: understanding the problem,

deyising a pian, carrying out the plan, and looking back. These

éteps or spme variation of these steps pervade any discussion of

the scientific meﬁhod. — |

The first phasg includes an understandiﬁé‘ and an acceptance
of the p?obieﬁs by the solver. Questions like "What is the unknown?
What is the data? What is the condition?" are important for

. s
separating éndlinterpreting the various aspects of the data, of
establishing the important variables.

Devising a plan requires the ipdifidual to "find the
connection between the data ana the unknown'. Polya has established
a number of suggestions or plans for attack that are techniques
used by mathematicians ‘and to which a novice problem solver may
refer. ideas such as looking for a similar problem or often a
.simpler analogous problenm, working béckwafd, gene;alization, and,
induction, are all ﬁsgd in various combinations to solve préblems.
?olya suggests that the teachgr present the student with sample
problemsvfrom various methods and thereby inérease each student's
repetoire of responses when he ié cdnfronted with a mathematical
problem. - | |

Polya suggests that from the given data, new problems may
result 4uring_the so%ving of the given problem. He tells the
student to ask such questions as "Can you soive.a part of the

e

problem? Keep only a part of the condition, drop the other part;

\ ‘



41

how farkis the unknown then de*ermined, how can it vary? Could you
derive something useful from the data? Could you think of other
data éppropriate to determine the unknown?. Could you change the
unknown or the data or both if necessary, so that the new unknown
and the new data are nearer to each other?" (1945)
Carrying éut the plan-is to use ;he chosen of the “above
methods, chgcking each step; towards the solution of the problem.
The process of lqoking back is the process of checking the
{esult for‘validity.r The plan of attack should be checked for
;gffibiency, the solution for cofrectness. At this time, the plan
and'fhe result are evaluated for their use in other problems or for
new learning.
Polya's model echoes some of the ideas behind Guilford's model.
‘Polya states that the.problem mustAbe understood; Gui;ford includes
a cognition station; a point at which‘fhe problem is sensed and“:»
-structured. These ideas relate. to Tofrance’s first process in his -
definition,ﬂfﬁat of sgpsing difficulties. The‘inclusion of this
process remind us that‘fheftrait of awareness has been found a
characteristic of the creative. (refer to page.23, Persoﬁality and
" Environmental Traits) The resuitant definitibn of creativity should
ﬁhen attempt to encorporate this process.
‘Polya alsbwdiétiﬁguiéheé_betweeh two fyﬁes of reéeafch, thé

/

finding of and the proving of a solution.’ The latter process becomes

)

the fprmal'discussion and the verification of the statement./ The

former deals with the identification of the unknown, a defining of

‘Ehébcondition which the unknown is to satisfy, an exploration of the

Dy
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data from which a connection is drawn to relate the unknown and
the condition. According to Polya, this 1s the aspect'that is
influenced by the creative process.

Dawson (1969), discussing Polya in térms of Lakatos and
Poppéf, defines a mathematical mode of inquiry whichrhe symbolizes

in terms of the_follbwing model: (p. 143)

Concept
Expansion

Concept -
Expansion

- Testing
phase

Deductive
Conjecture

Proof
Analysis

PROBLEM | | PROBLEM

S‘i e

Testing Naive
phase Conjecture

NAIVE HEURISTIC DERUCTIVE HEURISTIC

%

As in Guilford's mb&el there . . strong * £1on between
the hypothesizing and the verification stages. = gof a
conjecture in the above model is repéated cont auall, ¢n ' 1e basis
of Popper's contention that oniy refutation of a conjeétdre—is

‘conclusive. A conjecture is ohiy strengthened by attempts to prove
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it false. Dawson summarizes "Only refutation spurs the growth of
knowledge for refutationtdemands a renewed attack on tﬁe problem-.
corroboration does not." (p. 135) . PO

Dawson's discussion of Polya has drawn attention to two
-aspects of verification, that of testing and that of proof analysis.
it bec&mes important to ask the-éxtent to which junior high students
will be capable of performing the latter, or to what extent they
eysn wili cénsider using a formal argument. K

fa? . . .
) Polyz also suggests specific procedufeéiyhich can be used in
"solving a préblem. His suggestions of éféating analogous or simpler
éroblems, and of induction call for a rearrangement, a transformation
of eleménts Qithin the problem. Some similarity in concept‘may be
drawn between this ability to vary data and Guilford's concept of
flexibility. The convergent production secfion of Table 1 includes
1) "to generate a’'system from several ideas, 1i) to produce an idea
related to anothef in a specific sense, 1ii) ~ to redefihe, to'effeét a
change in interpretation or emphasis". Theservariations are
exemplified by the variation on a single hypothesis drawn up by
Heinke who extended and elaboratéd on Polya's variation of data.
In his study Heinke compiled and presented means by which conjectures
are made, and organized these ideas which reflected a high school
geometry classroom. (Heinke,>1955)‘ ‘Actofding to Heinke, variation
can occur in two-placés:
i) A vériatioﬁ is made in the data; the résultant effect is

vthen checked in the copc}usion. |

11) " A variation is made in the conclusion; the resﬁltant
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effect in data 1s analysed.

"Variation occurs in several different ways, by addition. to data (or
_conéiuéion), by deletion of data (or conclusion), and by J
substitution into the data (or conclusibn). This variation may or
may not necessitate a change in conclusion or data respectiveiy.

Substitution in the data is specified as occurring through

several different ways’ i B

o

1) substitution of certain numerical elements to other
specific numerical elements. This checks to see 1f the idga holds ~

for conditions other than the given one.

S

ii) ﬁubstitution of numerical data by non-numericai terms.
~Instead of a cerfain angle being specified in degreei information
abogt the angle may be given in terms of isoscelgs triangles,
congruent tfianglés or may be opened to include any triangle.
1ii) substitution of nonrﬁumerical data by numerical data.
tﬁfhis is ;xaminatioﬁ of tﬁé geﬁeral“case in ter&é of specifics. "Tﬁis
is often done in initial éteps of the hypofhesizing process."

. (Heinke,

iv) substitution of generalized data in the figure of other

data. Thi§hgay entail a change in relationships; a change in the

v

basic figﬁre use. - Some examples may clarify this category.

(a) Variation--substitution involving a change in

relationship eg. statement: If two angles have sides
perpendicular, right side to right side, left side to
left side, the angles are equal. R
Variant--If two angles have sides parallel, right side
to right side, left side to left side; the angles are

equal.

(b) Variation--substitution involving a change in s
relationship statement. If two sides of a triangle
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are equal, the angles opposite these sides are
equal.

Variation--1f one side of a triangle 1s greater
than a second side, the angles opposite the first

side 1s greater than the angle opposite the second
side.

(¢) Variation involving the basic figure.

Statement--The angles of a triangle add up to 180°.

Variation——The angles of & rectangle add up to 360

Variation may also occur through any combination of the above.

Besides the use of variation, logical transformations such as
the converse,“the contrapositive, or the inverse of a statement may
be used to formulate a sedond'hypotheses. The principle of duality
is a variant of these and is exemplified by the following two

statements:

1) Two lines determine a point.
ii) ' Two points determiag a line.

The above suggests that another process which contributes to
cieative p;oblem_solviﬁg is the ability to vary and transform data.
This précess of transformation is not only an important ability in
Guilford's Structure of>the Intellect but Messick and Jackson also
distinguished the creative quality of products in terms of
transformation. (refer page 27) In summéry, it is contended that‘
the process of transformation is important in the description of thg

_mathematical creative process.

A Mathematician's Model

Dr. Freedman, a mathematiciaﬁ and professor at the University

of Alberta, suggested in a personal communiéation, that a
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mathematician proceeds in exploring é ﬂew Eroblem in the following
ways: |

1) Conjecturing: The conjectureé presuppose a segment of
informat ‘on or data, a problem or relation already posed. :iﬁisk‘v
information can then be varied by a conjecture which is made in ;Ae
of two ways.

(a) If thé hypotheéis is maintaihed, can the conclusion
be varied? - -

(b) If the congluSion is to remain.unchanged, what

/

variation is possible in the hypothesis?
His example is quoted: *
If a fﬁnction ig differentlable, then it is continuous.
Possible conjectures: (a)u What other conditions can
- determine continuity?
" (b) Are these hypotheses'stronger than
the~conditions of differentiabiiityé
(é) If a function 1is E; remain
differentiable, what are the
implications; other thén |
coqtinuity?
i1) Testing Hypotheses | i
(a) By proving conjectures--the use of the trial and
e;ror method.
(b) By condtructing counEefﬂéx;mples.

: I f
Dr. Freedman feels that it is in testing hypotheses that real

ingenuity 1is necessary.
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ii1) Making Axioms
Dr. Freedman suggested that this aspect takes place very
uinfrequently in history and thus would not be useful in a model for
e?aiuating_creativity in children. J

This view of an individual actually engaged in the
discipiine, coincides greatly with the views presented above. Again
we notice the interaction between making hypotheses, and testing
them. Similarly, we again see thét new ideas can be generéted by
means of varying and transforming the data. The systematic approach
to data or to conclusion is the same as that suggested by Heéinke. o
Two ways of accepting a hypothesisare again suggested-—by testing an;
by proof. As well, Ehg importance of counter—example (Dawson's
rthtatiqn).is underlined.

The above theofies, in ombination, isolate at least four

processes important in mathe ical problem-sblving. These are the

ideas of éoﬁjecture, of:ve ification, of awareness or sensitivity to

a difficuity, and of transformation. Table 4B summarizes these ideas.

Polya's model is summarized in) Table 4A- in an attempt to clarifyvtﬂe
. ' ‘

analogies between the two models. Thesg have already been discussed

in the pages just previous.

'fIhe Definition
For the purpose of this study, creative thinking . will be
 defined as the sum of four processes--the process of bécoming

sensitive or aware of the problem situation, the prdcess of
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redefining the given data, or previousiy known fact; the process of
conjecturing possible solutions for a problem; and the Process of
vérifying the proposed solutions. ' Q:\\\

There is some advantage to using a problem-solving approach
to creativity. Torrance.defends his use of a definition which
.stresses problem solving by claiming ghat his view describes a
natural hum#h process which incorporétés strong human needs. An

- .

incompleteness or disharmony arouses tension, discomfort which the
individual attempts to relieve by investigating, manipulating, énd
making guesses, then testing these guesses, modifying and retesting

them. The tension is relieved when the discovery is communicated. -

He‘further states:

There are many other reasons for favoring this
definition. It enables us to begin defining
operationally the kinds of abilities, mental
functioning and Personality characteristics that
facilitate or inhibit the process. It provides an
approach for specifying the kinds of products that
result from the Process, the kinds of persons who
can engage most successfully in the process and the
conditions that facilitate the process. The definition
also seems to be in harmony with historical usuage
and equally applicable in sclentific, literary,
dramatic and interpersonal creativity.

(Torrance, 1967, p. 74)

Freedmanﬂg agréement wbuld suggest that this model is valid
for a mathematician actually working at mafhematics. The ériterién of
appropriateness 1s satisfied at this level of ;ﬁe’expériment.

The modél Qill be discussed in further detail in Chapter III.
The four processes will be defined more specifically, and problems

calling for the use of these processes will be constructed.
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THE MODEL

SENSITIVITY . :

Understanding the problem, awareness cb defi&ié_ 

B - '

v

implications. S : . B i

REDEFINITION .
Varying the data-decomposing, recombining, generaliéaf%%ﬁ, -
specialization, analogy, recursion, auxiliary elements,
auxiliary problgms, working backward, gbstraction. Includes
the discarding of past experignces when these’hindef cﬁe

solution of a problem.

CONJECTURING
Making naive guesses.

Making deductive guesses,

VERIFICATION

Testing.

Proving.

!



CHAPTER ITI

THE MODEL

[N

In the review of the literature, four processes have appeared °

as important in a definition of creativity. Theée four processes
have been cho 2 define creativit§ for the purposes of this study.
Briefly, thes proczsses are:

i) Sensit .vity: Sensitivity is a divergent process whicﬁ‘
includes an in-depth understanding of a problem, an awarenéss to
deficiencies, implications, and an ability to extrapolate béyond the
obvious.  / |

$i) Redeéfinition: ' Redefinition is a convergent process.

Varying the daﬁa—decomposihg, generalizing, specializing, making 
énalogies, abstracting and transforming elements of information are
aspects of redefinition. This includesvthe discarding of past

experience when it obstructs the achievement of a solutiom.

ii1) Conjecturing: Conjectﬁring is a divergent process
durin;, wrich an individual can prdgeed by making ﬁaive guésses or
by making deductive guesses. The Wbrd "conjgcturef has béen»judged
to be more suitable than "hypothesize" so as tQ keep tnis process
separate from the other uses for "hypotheseé and hypothesizing"_in

the dissertation.

_proceed through the more naive way of testing or through the more

sophisticated method of deductive proof. The method depends upbn the

52

iv) Verification: The convefgent process, verification; can

LY
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individual's state of knowledge and development:
This chapter presents phase one of the Sﬁudy.__The aim is
i) to discuss each procéss so as to establish ;n in;ﬁitivg
understanding as well as a logical dgfinitidn for each process.

'ii) to present some measures that have been used for such

. a process, or for a prbéess analogous to it. This 1s done so that

the readgr can share the background that resulted iﬁ the
chafécteristics established for situations that méasuré the
séeéific process.

if1) to list some cﬁaragtéfistics.of eaéh process and to
establish some guidelinés‘to thé coﬁstructién of prqblem'situations
tﬁat'require a subject to use the specified_procesé. The constructed
problems are then présented.v

The model 1s not an attempt to be- comprehensive; the four
processes. are riot thought to explain creative thinking or
mathematicai problem solving in any exgaustive_way, however the
four areas specified have been chosen because they describe
processes that are impo;tant in mathematical'activity and becausé

they are of a nature such that they can be understood and implemented

in the ordinary classroom by the ordiﬁary teacher,

THE PROCESSES-A DETAILED DEFINITION .

t

Sensitivity

The ability to sense, to be aware of difficulties can be

considered as part gf understanding the problem. In this sense, it
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means not only the converging onto the definition and the structuring

of a probler 'ut also seeing the possibiliﬁiés that 1lie within and

beyond the problem.
Making the familiar strange 1s a way of shedding
preconceptions and perceptual habits. Innocence of
vision, a certain naivete, and ingenuousness,
characterize the creative individual; if these qualities
can be cultivated, the novelty of invention and problem
solution should be increased. Problem solving is
depéndent on’this sort of naivete; one of the worst
effects of habit is to blind us even to the fact that
a problem exists.

(Barron, 1969, p. 133)y;

Taylor Hlescribes this characteristic as follows:

Ability to sense problems is another intellectual
characteristic that is usually included in creativity,
It may also lead to motivational features. The '
capacity to be puzzled may be a very important
“characteristic. A keen observer once‘!pid that part
of Einstein's genius was his inability to understand
the obvious. :
(Taylor, 1962, pu 17?—80)

Guilford has tried to definme sensitivity in terms of the

o

following items in his battery of tegts: (1967, p. 106)

-

1)3 PertinenE Questions: A certain action such as setting up

a new. hamburger stand is Kroposed. The subject is asked to state
four things that should be) considered in the choice of the site for
\

the new business venture. 3\

11) _Contiqgencies; The subject 1s to "state the conditions

which might require the use of specified objects in 4 described
situation." For example, what use might arise_for ointment, for pins
for two -girls berry—picking; . )
Guilford has some difficulty locating thgse tests into his

model for the structure of the intellect. Originally he aasigned'

-~



sensltinity to the ovaluationncategory; it is now assigned to fhe
catkgory of cognition of implication. _?his placement defines two‘
characteristics for the process. First, the subject has to go béyond
the infofmation given in terms of awareness, effect, or condition.+*
This is the characteristic of implication. Second, the problem must
stay within'the.bounds of things that the subject has expfrienced in
connection before. If the subject hqs to inventvconnectioné, then
the process requires more than cognition; it requires some production
) ggd~somektransfer. (p. 106) .

Torrance has adapted' some of{Guilford's ideas for sensitivity

L |

or iﬁareness‘to\problems to the level of elementary school subjects

)

in the‘Ask and\CuéSS'Tesf; This test was found to correlate with
. . o _ Y

other Torrance measures of creativi: . (Yannnofo, 1964,4ﬁ; 76-77;
Torrance,:l965; P. 267-295) The task is.aslfollows:

1) ~ Ask and Guess Test In all forms, subjects are. -
shown a picture (Mother Goose prints for children 4
‘and certain professional groups, pictures similar

‘to those used in the Thematic Apperception Test for
nurses, a picture of boys .starting a small business
for salesmen and so forth) and given the following

set of “instructions.

~

‘The next three ta¥ks will give you a chince to
. see how good you¢axe at asking questidns to find out,
"~ things that yoqhgo not \_ﬁggand making guesses about
possible causes” anﬂ a, qiiénces of events. Look at
sthe picture. What‘£§~happening? What can you tell
for sure?. What do yuu~needfto know to understand
what is happening,'what:caused it to happen -and what
will be the result? . ST
'WJH‘(Torrance, 1966 p: 6)

- Torrance: maintains that the task examines avsubject s ability to

‘ sense?whét he cannot find from looking at the picture and to ask
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A study by Roasman indicates that the difference between
an inventor and non inventor is that the latter can only draw out

the defects in his environment,.the former can suggest what to do
“ . ,/ - . s

about the defects..h(Rosqpﬁn, 1931) Torrance obsexved these two
‘}J . "‘ 1 L

types of responsesiﬁhrﬁng'the administrations ol his Toq Defects Test.

LN

Cos

"Many say that theuﬂay dog used in the . test shogﬂa be able to move
without suggesttng how 1t ‘would be made to mOVeql Otherq would put
wheels on it, tie a string to pull dt along,;put a motor or battery
on it, place a magnet on its nose, install a winding apparatus and
the Like."” (1965, p.' 307) ; o

jV\J Adults also shéw this trait. A group of one hundred eight‘

‘.‘( -

' {students were separated into two groups. One _group was characterised

v

as critical in motivation, the other group as creative in motivation..
All students were asked to read one research‘article er..‘~=11y,
identifying defects in the statement of/the problem, hypotheses,
data collection, analysis of data and the like, and then to read i
another, creatively, pointing out~the possibilities in these ideas.
Each of‘the reports were rated ard then tke scores conparedvto see ifﬂ
which gronp performed better on which asaignment. "Thelstudenta ' |
dominated by a creative attitude tend to do a better jok: in reading
research creatively or constructively than they do in r;&ding
research critically. The reverse is true of students dominated by .
a critica? motivation. 4‘1965, p 292) Torrance has also found
some eviJEnce (p. 307) that imaginative criticism towards .constructive.
" change can be fostered as an attitude. One half of a clges of

- ar
. . . y
graduate students were asker_to read: a set of five articlﬁs and to.

L Y
se g v
+ . Y
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\.

critically point out fhe defects undeflying the assumptions, the
hypotheses, the statement of the problem and other aspects of the
article; the second half were asked tv read the articles and poi
out other possibilities which might arise from‘the problem, statement
of data, and hypothesis. He found that the students in the latter
group were much more capabié aﬁ producing new and novel ideas than
those in the former group.

The above data suggests’that i) the two predispositioné
exist 1n children and ih adults;vii) one predisposition or the other
may Ee encouraged by the instruction © ‘sented.

. Tin
Two possible ins' uction forms to a sensitivity¥ question are

suggested by Smith.

1) Fo?mulate as many problems or qugstions which aré suggested
‘by the above déta yet are not diréctly answered by the given |
information. Include any errors, or sk -comingé about which you

% may feel uncomfortable.

t [N

. ii) If you can make any'change;‘in o;Aadd any additional
information to the»given problem, 1ndicéte tht these would be and
why. (Smith, 1967, . 185). The first instruction emphasizes
the critical attitude, the second the conéﬁfuctiye; -
Dr. Eféedman of the Univgrsity Matﬁematics Départment
‘suggegted in ‘a. personal discussion, that an apprgpriate situation
. . . \

by yhich sensiti&ity'might be measured would be‘an ekperimental one.

An experiment 1nvolving some measurement, for example that of volume
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&

or area, could be described, followed sy‘one of unree possible instructions.
i) Ask any questions which may help'§ou see the
relationships which are present in‘the.déta.
) ii) (A possible consequencé is.specified) Whaﬁ additional

data Qﬁbconditions are necessary to produce this consequence7

«\J
%&“*Jégﬁ, What knowledge do you need, to show the relationship
! “ \L . &J .

between eﬂ%ﬁvqueuces'and data?

These ideas have been modified in the resulting problem situationms.
Tﬂe pioblem situatiofis following rgfled:the guidelines and
¢ﬁ;racteristics that are a result of the above discussion. More

éiecifi( discussion follows the presentation of the problems.

The Problem-Situations.

3

1) Sensitiviey I - The Square

- i
Cut the square in half. Whdt are
the shapes of the resulting halves?
Draw diagrams to show your
reasoning. TFeel free to make
comments about your ‘thinking.

¢
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i1) Sensitivity II - Area-Increase

Two sides of a rectanglerare increased by ten percent. How
does the area of the new figure compare with that of the original
figure? Draw a diagram. Indicate how you would go about solving
this problem. Indicate procedures; it 1s not necessary to complete
calculations.

fg@ﬁv iy

Guidelines for Senmsitivity Problem-Situations.

\.»
In Summary , the process sensitiv1ty will be described as

per
notvon a thorough understanding of. what the problem is, but also

what it can imply. The suggestion 15 thet sensitivity necessarily
' implies understanding of the problem but that understand}ng can occur

at a level without the extra awareness*of posgible implicltions or

difficulties.

~

Situations which are designed to reflect sensitivity should

allow: the respondant to exhibit puzzlements to recognize shortcomings.

Te®

It was felt however that these_deficiencies should not be specifically

‘-,'

called to attention by the instruction. In order not to "sensitize"
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the child in this way, the problem-situations required many possible
answers or at least a continuum of answers. As a result these
‘situations may describe divergent production, something which
Guilford attempted to avoid. The question suggested by Torrance and
the ideas suggested by Smith are also divergent.production
measures, and are ocored using the fluency, flexihility-measures.
A practical consideration which larxgely determines whether the
prohlem 1s divergent or convergent is the extent to which direction
of response 1is indicated to the student. The two situations chosen
indicate the final philosophy There are many ways of cutting a
square in half however the student must realize that the possibility
exists. . There is a continuum of interpretation for '"two sides" of )
a rectangle, however this is not emphasized in the instruction of the
problem. The individual was required to see beyond the usual, but
he was not told that there was more than the usual- in the circumstance.
In bothxof the chosen problems, the emphasis lies injrecognizing
the possibilities in the question and in seeing beyond the obvious.
Thereby the non—commital type of instruction was thought more
appropriate. It is one thing to ask "List all the improvements}j
possible in the toy dog". This giues the examinee very little
.insight into the specific responses most_desirable,“however calling

specific attention to alternate ways of viewing one half, or to_’

the meaning of "two:sides! would eliminate the "awareness' requirement

IR .
R+

of the problem.

Specific questions of the type suggested by Dr. Freedman did

not elicit much response from junior high students in pilot study
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work. This questién may be too sophisticated for this level of
children; on the other hand the lac' of resﬁonse may have been
mainly due to the poor quality of the specific ltems. The
' suggestion of a.Specificqsieuation followed by questions about
mathematical coﬁsequences still must be consideree a Qélid
possibility for further prqblem eonstruction.
During the problem construction, a further characteristic of
the chosen seneitlQity situations beca@b evident. A situation which

seemed'usual, "straightforward", yet rewardeé&the individual who

became aware of more than the usual, that raised queries beyond the

obvious, required some ability to break a "set'".. There is a set
meaning for one-half, a "set" meaning for, two sides of a rectangle;
The necessity to break these setsconfounds the seﬁsitivity categbry
with the redefinitioﬁ.category.' Thlsylatter process however is

" convergent and requires one particular response which 1s better than
the others. The redefinitioe'process will be discussed further
beloﬁ. | |

‘The original intention was to keep 'the pxoeesses”as separate

entities{ however, ln the interpretation'of the ideas into prec;lcal
problems the separateﬁess did not always seem possible. These
problems are then designed to meximize the use of the sensitivity
process, but‘are not equivalent to the process.

»

Redefinition

The importance of redefinition in the creative prdcess is
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implied by Poincaré's statement:

The mathematical facts worthy of being studied are
those which by analogy with other facts are capable
of leading us to a knowledge offymathematical law
just as experimental facts lead us td a knowledge
of physical law. They are those which reveal to us
unsuspected kinship between other facts, long known;
.but wrongly believed to b® strangers to one
"another.

(Poincaré, 1952, p.f35)

" Guilford reserves a special category in his structure of the

intellect for an ability called convergent semantic transformations

N
or more commonly re%efinition. i

One of the creative thinking abilities mentioned,
redefinition, is classified with convergent
thinking factors, a classification that may seem
to be somewhat contradictory, but it is in the
row for which the kind of product is that of
transformations. Much creative effort is in
the form of the transformation of something known
into something else not previously known.
(Guilford, 1962, p. 162)

At leést two cﬁaracteristiés pf redefinition are implicit in
the abo?e quétes. The first/z;\i e c;ncept of a»transformation.
fhe other is the association of el. ents}p;eyiquSIy not, related:ﬂ
The act of reexamining knowledge, previously gained%ﬁéésrganizing it,
iassociating elements of this'segmen; of kﬁowledgg with elements not
usually associated with it leads to the discovery of new ideas.
"Intelligent beﬁaviour.in pfobleﬁ—solVing involves the asseﬁbly of
habit segments never previously assoclated." (Youté, 1962, p. 196)

| Youtz focusses.on ;ﬁis ability and on the factors which

i;hibit the redefinition process. -

At present our interest is in why it is so rare that ”

we can get the behaviour segments into novel combina-

tions. The difficulty seems to lie in the fact that
these novel combinations are composed of 'habit
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segments never previously assoclated with each other.'
Habits stay in their usual form and resist recombina-
tion. . 1
(Youtz, 1962, p. 196)
Youtz suggests that there are two ways in which past experience can
interfere with the production of novel ideas. The first he calls
mechanization, the second functional fixity. |
An individual exhibits the factor mechanization when he
persists in applying the same tentative solution to a problem even
after continued failure. This seems to suggest that past success
established such strong habit that the subject was unable to
- extinguilsh or ﬁreak the habit easily. Functionél fixity means that
the subjects found it difficult to perceive a familiar object in a
new light; ﬁhey were unable to solve problems which demanded a new
use of a familiar object. '&i
Luchins has done considerable work in studying the effect of

_set and attempting to explain some of the reasons fqr a development '
of the Einstellung effect. 1In his phree—volume historical account
(Luchins; 1970) ogfﬁéithéimer's seminars, he suégesté’several
. definitions for the Einstellung effect in an attempt to find the most
usefqlvand enlightening way of describing the tendeycy to establish

a set. Luchins describes experiménts from which he summarizes
factors which maximize and minimize the tendency to establish a set.
An experiment such as the one fifst reported in 1942 exemplifies the
concerns and the explorationslof Luchins. crsamples of both adult and

school students (2709 in all) were asked to work out answers for the

- "waterrsgar" problems. The problem is as follows: The sgbject is

given;tﬁree jars as measures, Using any combination of these three
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jars, the subject is to measure out a required amount of water. An

example 1s given--A =.29 units, B = 3 units, obtain a measure of

20 units. The solution would be to fill the A ja;:, then to empty

from A three quantities of B, i.e. 20 = A - 3B.

questions are then presented.

(Table 5)

TABLE 5

The series of

THE QUESTIONS FOR CHINS' WATER-JUG EXPERIMENT

P

e

Obtain this ﬁgasure

No. - A, B c
of water
W) .

1 29 3 20

2 21 127 3 100

3 14 -~ 163 25 99

4 18 43 10 5

5 9 42 6 21

6 20 59 4 31 A3
7 23 49 '3 20

_§___-f;_3___ 15 39 3 18 .
9 28 76 3 25

10 18 48 . 4 ey 22

11 14 36~ 8 @'\ 6

(Luchins, 1942)
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Problems 2-6 can be solved in the same way, B - A -~ 2C.
These problems are to produce a set, or the mechanization. Problems

7 and 8 can be solved using B - A - 2C but can also be solved by a

D

éprler solution A - C; problem 9 can be solved by only the .shorter

method; probl2ms 10 and 11 can be solved either the short or the
i A

long way. The control group was given problems 1, 2, 7;L8, 9, 10, 11.

The experimental group was divided into two groups, one~half of

A 4
which was cautioned carefully "DON'T BE BLIND"; the other half was
not given any admonition. The first two problems were done and the

method vecbalized (B ~ A -~ 2C), then the rest of the @roblems were

-

N
.

[Aone in'order. The results showed that the control gfoup was able -

to solve item 9 and that all but a few solved 7, 8, 10, and ‘11 using
the shorter methad., In contrast, 50-90% of the,gubjects-in the -
"plain" experimental group failed to solve item §; 75% of this group‘

o .
used the longer method to solve the items 7, 8, 10, 11. The
"DON'T BE BLIND'" admonition lessened the percentage of’individuals‘
failing to solve item 9, and decreased to 50% of the total number of

students using the longer method to solve the other questkbns.

Little relationship was found between establishment of set to age,

educaﬁional level, or IQ.

Maximum Einstellung was obtained 1) By presenting ﬁhe
probiems as a gressful speed test; 1i) by increas;ng the ﬁumbér of
set—créating problems to'a certain limit; ii{) by telling or helping

the subjects .to generalize the rule ox, algorithm which solved the

|
.

problem; iv) by using very complex problemsfwhich emphasized the udge

of the algorithm. Minimal Einstellung effect was achieved by the

.
»
—

o,
v .}‘;’

v



66

following procédures: i) discussing the possibility of developing
'vthe set, and by having similar problems prééented to individuals
participating in one(previous set-establishing situatioﬁs;
11) adding superfluous information so that required data had to be
chosen before the problem was to be solved. (This forced an
inspection of data rather than just an appiioation of an olgorithm.)
iii) preceeding the experibent with exercises in which subjects
Icreated problems of the type used in tﬁe oet—establishing
situations; 1v) using mixed problems and giving instructions to
;treat such problems individually, by not general ' ..ing to a rule;
v) using other unrelated types of problems between problems, for
example, the Irylusion of maze and anagram problems among the
water-jug problems; vi) requiring allvthe subjects to try a series
of possibilities fofﬁeach question. Most of the factors which
maximizéd Einstellung were influenced by habits fofmed duriog the
formél clasoroom hours and preﬁious 1earning experiences. (Luohigs,
1970, Vol. I1II, p. 25-30) | .
Although these studies show tﬁat past-experience can hinder
the transformational process; ;od tﬁg#eby reduce the\possioility of
a novel solution, it would bé un&atréﬁted to conclude that the
crgaﬁive individual is tho ooivo indivi&ual. The studies,on fixation
seem to indicate that this rigidity is counteracted if experiences
ére'pfesented in a variefy of ways; |

~

Point vi) is echoed by Polya when he suggests a number of

(S

techniques that can be used in approaching a problem. ' o

It is probable that in mathematics a student who is made
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aware that‘éﬁnumber of attacks upon a problem are available, and

that even awsipglo_problem may have a variéty of solutions, can

countefact the effect of "set" aqo remain flekible in his approach.
These suggestions have 1mo}ication for the redefinition -

situations to be consttucted. It ﬁiil be necessory to'establish a

. series of situations that determine a set, then to pregent a ‘

situation which, can not be solved by the set condition. Maximal set

will be established by presenting a number of situations which can

be solved by one algorithm, then presenting a condition for which the

algorithm cannot work. Since timeiv ‘ Timit the number of questioos
which may be presented, set may be maximized by choosing problems for
which students have learnmed algorithms. The fourth oondition listed
by Luchins, that of using coﬁplex problemef will.not be used. The

idea in this study, is to see how resourceful Grade nine students

can be with the basic geometry concepts they learn at the Junior High'

P

School. ‘ ;

Guilford uses the follc.ing tasks to measure his factor of

L]

redeffnition.

1) Gestalt Transformations. The subject 1s asked to select

one of f ts that could be"used in whole or in part to
accompl sual purpose. For example, "Which object can best
be adaptec . starting a fire? a) fountain pen b) onion

¢) pocket wateh d) light bulb e) bowling ball.

11) Object Synthesis. The subject is given two common
objects with which, by combination, he is to make something uaefol.‘

For example,‘a 8hoeatring and pliers can be used to make a pendulum.



i1i) Picture Gestalt. A phétograph of a room filled with the

“m~objects commonly found in a home 1s presented to the subject who is

]
b

~

3 asked‘to suggest what, object he would use for accomplishing each of

several purposes. Fof‘example, "What would you use to tle your hat

in the rain?" (Guilford, 1967, p. 181) :
[

I

;ﬁw/‘ In the above situations most people have preconceived ideas

on starting a fire or on uses for the various objects Guilford
suggests. The set that has to be broken has béen establiéhed by’
past experience. In the mathematics problem, mathematical
experience not beingjas common as experience with pliers or onions,
the desired set may have to be established more direétly.

The procesé of redefinition may be closely related to the

concept of reversiﬂility. Reveréibility, as hypothesized byoPiaget,

~tefers to the ity of negating ciasses_(inVersion)‘br the abiiity

of negating t. clations pétween classes (reciprocity) in order to
build new relationships. (Piaget, 1957, p. ig}\ O0'Bryan (1967)
comparing the performances of eighty-five eight year old boyé 7
éonéluded that reversibility was the common dénoﬁinator exhibited by
the creafivity (Torrange), the Intelligence and the Piaget-Inhelder
tasks. The Piaget-Inhelder fasks in Flexibility in Hindsight and
Foresight require the student .

1) to provide a reclassification of an existing arrangement
on the basis of the addition of a new element.’

11) - to provide as maﬁy reclassifications as possible, given

all elements initially After each classification is made, the

elements are scatterec ... the subject -is required to make another
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‘differSfrog thosevusedey Luchins in the number of,responses"that
£k W . o £

~‘f,From this, point of view, the tasks used by o' Bryan m?tch more Eldkgiy

dichotomy.

jii) to provide a‘verbal statement from the subject of the

R
classification that he is going to make. (O Bryan, p. 26)

The Torrance tests used were Unusual Uses, Picture Completion,
L&r

‘Picture Construction and Circles Each task requires the student to

. 5 W

: provide a2 any es possible different responses to a certain stimulus.

iThese tas. ),as do the Piaget -fnhelder tasks, require the student to

-

abandon or modifygg ertain approach in order to produce a secOnd >

one'oﬁsﬁgfferesngmphasis. The approach used in the above tasks

.can be provided.‘dluchins' problems .require one apswer, the tasks

described by 0" Bxyan' ask thedgtudent to provide many ‘responses within
5 .

\,

the context of thé situation The factor qf evaluation or choice
. it

.'aas to "correctness" must be applied to a lesser degree in the lattef

'

' the _concept: of sensitivity as 1t 1is used in this study

& o N ‘b;
How does the concept of redefinition: differ from the concept 3

of . variety or flexibility7 (The following ideas should also

§

distinguish between redefinition and- sensitivity.) If past

-~

.

experience has emphasized one certain solution in the subject s mind,

Vs ’ _
such that the subject must use a transformation to overcome this
L
.blas before he can produce a-correct solutdion, redefinition,fs, o \
o ¢

required. Variety refers to the ability to produCe many different

solutions to a problem Although this requires the individual to

;

discard previous dhtegorizations or approaches in’ solution, a-

. particular bias need not have been esfablished. The degree of energy_n
: . . 7 .
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¥
. @
required to overcome a specific orientation is thus reducgg_ “and
dho &
thisbenergy may be used to produce vaiying responses., For example,

A\‘

", e M, .
in the water jug problem, 1f items 2 6 (see page i

4".»» x

item, 8 would

ewot &

presefited, finding a variety of possible sqluti.
.', B &‘P
’ ?

be a‘matter of flexibil%ty._ 1f problemsIZ—d.are inéguded and the
specific solption emphasized, then a redEIiL ;i e process 1is required
in order td produce other solutions beside the emphasized one. \
| Redefinifion,‘in this'study, will be defined as a.ﬂonvergentf
-'process. Questions will follow the guidelines established by \

S R
Guilford and Luchins as ones for which Anterpretations or’

.ns toward which there exist a certain bias have to be discarded

' v’

o produce more appropriate solutions. It 1is assumed that
Y

= £ B -

athere'is a ence between§tﬁe mental attitude’ established on being
a-‘-; ¥ [

-'“asked to overcometﬂ predisposition to a problem in order to produce

:E 3

:an appropriate soiution from that established on'being asked to ‘;“ ;

?

produce as many possible recfassificgttqns giVen one" sfimuli¢ The
Y . .

former will be used in redefinition,.the latter will be. used in

sensitivity.”

.
NS *

j/i ' InAsummagy, redefinition is defined as
. Y o i . ' . )
o 1) the act of,ré—asSbciating and recombining previously

'unassbciated_elements of knowledge fo result in few knowledge.

ii) the.act of diacardiné a previously\chsistent and

-

appropriate technique or approach to similar but different problems

in oxder to facilitate.thé'peréeption of a new approach to the

R TN i . R - A
. - d .

- problem. ¢ .
3

~
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_ The. Problem-Situations. B & "

L

The folYowing problem-sifuations were chosen as. a result of

pilot work with situations that reflected the .above discussion.

e

1) . Redefinition I - The Board and the Hole - T :
- # 2 S
Cut the board into two equal pieces that will cover the hole,” v Cu
completely ) Show all your attempts including your incorrect ones. s
10 A . ‘u " R ,‘ N
ik T " p S ’t’:& .i.
4 . . x ; ‘
3 . £ % ,. -
' & %M
e : ] . . e
: BOARD,. - ' . e ot o
] ade 18 3 l "‘:\'& A : »{% ' wb
7 T ,~,‘_ " . . .
o, v 3
. @ 1y v \ -
. &5 - ) .
HOLE S
- 14) Rede&ition IIA - Angles . . Ty .

N ] .
Find the measure of the indicated angles. Show your work. DfawingsJ e
are noty necessarily to Beale. : o ‘ . @

Sy

- v Lo ’ ‘ “ ‘5 i
. ‘ 2..?.2}%' : _ R X
v@b
S o
3 o
It ' p
) ¢
Ap W'BC - - T L
A0'>= 0p o
0B = 0OC )

Find the measure of the
Cangle formed by

L(atbtcid) = °
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y
LDCB = % N
Redefinition*IIB - Areas
* Find the areas of the follbwing figures. Show your work. *
3.
N
‘ ' o
7
_;ﬂ‘
d.
2 .
| L 2_,
) . .
: i l
' o 1
“» = ',\'
N 4§ had
N 7 .
. . ~ ? -
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4
Guidelines for Redefinition Problem-Situations. ;

.

The ﬁrohlem—situations which reflect the "rocess of re%efini—
D 4 .

tion were constructed according to the following two principles:
1) A pattern‘for solving d problem, for organizing data or
. ; .
“for reconstructing problems is established.

5 ) . OR ) -
Objects or situations ﬂbich are commonplace and have

specifically defined uses are used in the structure of the problem,

«‘
The %et is then established by one of these tvy} nleans.

"'L}’-;; e
Redefinition I- The Boéfd gnﬁ the Hole - meets the second q#%
/Qi WJ " " et .
“half ‘of this requirement. The problgm assumes that most ind&:{iduals‘ﬁﬁ S
. AP
have established a definite orientation for - Ehe méaning of one-half. -~ ¢§'

It is thiswrientation that the individual has.to break before he can

S <

find the specific cut which is speeified by the conditions of the

. T : el
problem. ’ :
. ) _ y » L ‘ "Q“j
The set in Redefinition(&l is established in the problem. The' -

-first three itens in Angles are solﬁéﬁ%%y use Qf“the_algorithn

—-

(180 - x). These threé items are reiterations df the type of
’ \

question often solved in the classroon with the use of he sa'me,\5

"algori%hm. Similarly, inlxreas, the first three items are solved

¥

by the formula A = lw. Again they reflect the -type ,of question

;ihwﬁng‘classroom ‘*In moat junior high,c}assrooms, finding

area iswlimited to these regular quadrilaterals, and the use of the

-

generalization, A= 1w, 15 emphasized. The.pattern”in the first
three items of the problem-situation is an attempt to reinforce this

set. _ _ . . .



ii) The subject will be calledfu%pn'to perform one or more

?'of the following tasks: E

a. to combine two or m@re previously unassociated’

s

elements to produce aynew,combination.

b. to$polveﬁa problem which is similar in appearance,
‘format or ‘situation to one just previously experienced. (Refer .to
‘water jug problem, page 65)

4 . N
- the Board in half but in a way which meets thé%hpecial-conditionsg‘ o
‘ , . , - . . R

of the 15 x 2-holef ‘Therefis‘one anaver; the individual ig forcedﬁ

to break a set in response to his conception of a certain speCﬁ

%Bﬂhe specified requirement this may establish a aet“’xﬁor

.L!firmly ‘than an open ended situation. ‘ - élhif

- Redefinition II vas constructed in tne modedsuggested by
Lu¢hins' water jug problem (see page 65). As stated before the

<«/first three itemb reinforce a set towards a certain solution. ‘In
%?definition II, Angles, the established algorithm'(l80 = x) can be ‘
uded fon.item four, ‘is difficult to anfly’to item six, and does not Ubﬁ

’
i

work forﬂitem.five;. Items four and six are more appropriately

' Do . .
solved using alternate procedures.~ Slmilarly in Redefinition I;,}\ ‘ =

;Areasﬁiltems four and five can be solved using yhe algorithm, A = 1w,

o

'although a more efficient solution can be obtained by first

-

The subject working The Board and the Hole iswtsked to cut " ﬁ?

=

. rearranging the pleces, item four into a reétgnéle of dimensions ; 7§§?€

C X

¥

3x 4 item five into half of a rectangle of 5 x 12 Item 6 was
. % :
very difficult to solve by use of the direct formﬂ}a to segments of
Y . , TS .
. . I 3
the total piece, however was easily solved by reconstructing into a

<
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I P
parallelogram. o .

ag v Y (ﬁl ' ‘

N . Conjecturing o

S ' ‘ e -
gy - : ] . . : AR 2 ‘
-

« The making. of conjectures and the-testing of these - Lo o
oconjevtures are central to most any discussion of problem‘solvingi ’ - o
f /“ : . ) : )

The indiyidual, involved in the creative act must not only feel the ,
presence of a deficienc¥ or inadequacy; but must ‘be able to respond }
by offering possible alternat esﬁépns in an attempt to
satisfy such an incomplete L8 . i fﬂ ‘q'f .‘zﬁ&.qf,f?’ -
‘ . BRI, S . o e e e N
o Smith who focuses en fou aspects of creative prdblem solving- '
E4 <

<3

recognizing and defining a problem fact finding, hypbthesizing, and .

verifying or elabOrating a sblution——comments on the third stage

4;\.»

in his model g - [

3 »
\.

—
The hypothesizing stage of ¢ eativity ‘is uﬁdoubtedly
the most puzzling, the most unexplainable. It\\\n///,
minvolvesospurious unpredictable behaviour ,on the ™

i .part of the highly creative individual He'may
hypothesize a solution to the prohlem which appears °
to be irrelevant to the. facts. Intuition, feelings —
and a personal whim may give stronger direction’ ’
to the creative problem solver than logical , ’
‘deductive reasoning.

,
&

( (Smith 1967, p. 121) ‘
Th:xsuggestion of -an intuitiveﬂzalmost mystigal experience~wibhﬁfdeas bt ////
is echoedsby Poincaré ‘in his account of personal creative moments, N i
when he recalled the illuminating crowding of ideas as a driving and
independent force of the unconscious.' (Poincaré, p. 36)

‘Davson (1969) 1in his analysis of Popper, Polya, and:Lakutos_

concludes that conjecturing 1s of two types——the naive guessing, and

8‘
the deductive hypothesizing.- Naive guessing occurs when an individual
. ) .

v



¢ '& | | ..

perceives a patﬁ3§§62n his data\and extends it in the hope that it

o

will describe the total data. This is Polya's trial and error

approach to looking for solutions. The algebraic use of a method

ﬂ

as an approach to finding a solution is Dawson's deductive guessing.
) .
" Deductive hypothesizing would occur when an individual

perceives a pattern or formulates 2 theorem as a result of some

I v

carefully organized experience, possibly some analogy, or some
‘P‘testing For example, Sawyer (1964) suggests,teaching children
some of the concepts behind algebraic equations by using some

experience which is common to them, such as the trick problenL:TPH hk

-

5
- of a Number . Sawyer substitutes a bag for the unknown numb

" (this bag easily opens to form an X), and proceeds to explain the

algorithm behisg the trick. o .‘ %}i; = ﬂ"v

Think of a number : | X ‘Fﬁf/

Ado 3. o . x+ 3 :
Dorublle the i‘ésuu?') | 2 (x+3)or2x+6 -

Take away 4 | ):  2Zx + 6»¥'4 or 2£ +;2 i
Divide by.2 ' kb; - (2% + 2)/2 or x + l' \ =
Takevaway'the‘ ) * ; 4 | ’;‘ : \ ,&;
! orfginal number o x+1-x=1 - '/ﬁ

P AN . ,
) (Sawyer, 1964, P 64—65)

*

Sawyer‘uses the step by step analysis to obtain the algebraic
s

rule for, the problem, he leads the pupils through a well-defined

procedure which gives them a rationale behind the rules of operations

for the numbers. (The naive guesser might instead suggest that the

\trick-lies in the two steps, think of a number and take it away; L

{

/
I
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double the number and then divide by 2 rather than follow the oA

deductive argument.)

What is a conjecture? The discussion above leads to the

following statements which may describe the meaning of this term.

\ 1) A conjecture is a guess on which action can be based.
¢ '
'-Jl o

¥11) A conjecture is a statement which seeks to explain a

relationship, a statement which attempts to relate aspects'of data

or knowledge.

AN

T i44) . A conjecture is a statement which. explains the:!
\consequences ‘of a certaid~change, draws a conclusdon by relating,

‘dgeneralizing, explains by drawing an implication from one to

- B

another ’ ‘_ ' &

’ \

-

iv) A conjecture is a statement defining a problem, by
i s

putting forth some .explanation or description of phenomcna later

"

to be verified or discarded ‘Q

e

S

These four statements describe the type of statements required

Ta

-as responses from students Situations eliciting thih\type of

_response have been constructed by Torrance. (1966), Evans (1964),

)

L3
: Heinke YI953) and Taylor—Pgarce (1971) .- Some of’these situations
18

o / ) .
have;been reported below since they have helped to establigi ‘_-

guidelynas for the problems constructed for the present study.

/

The Torrance tests have concentra= ed on *he ability te

hypothesize consequences and causes. N .

i) Ask and Guess Test - The situation described for

>

sensitivity was given and the students were asked to provide (a) as

many possible causes as you can of the action shown in the piCture:"

.\\\ <

3 RS

-

-



(byas ' many possibilities as you can of what might happen as a

thinking and administered these to aytotal of 91 grade five, six,

and seven students in the Michigan school system. The sixteen tests

were marked for‘fiuency, flekibility, and originality. Most of the
tests were found to correlate with each other as well as with

-achievement, intelligence, and creativity as measured.by theubefance Do

. tests. The foligg?ng three tests .were found to be most reliable

| .. | | | o,
(the three levels were compargd, and then compared to the test '&»ﬁk
T md
, scores available from a previous administration) . : o %Fzﬁ?
o

i) 1. FindingﬁSim(larities (Numbe:;) In this set of
exercises you will be asked to examine sets of three

numbers to-find as many similarities between the »
three numbers as you can. .That is, you are to - . e
discover common properties that these numbers ) :
possess. List these common properties briefly but

clearly in the spaces provided under each.set of ) ‘”j?id?
numbers. .
(p. 98)
>
i1) M. Discovering Difﬁerencea in Sets of Three o T~
Numbers. In this set of exercises you will be aske
- to examine sets 'of three numbers to find out in Whgﬁa

way or ways each of the numbgrs differs from the
" two. Remember *that any one Sﬁ\the numbers may differ

from the other two in mare than one\ggy. Be sure to -
look for all possible diffgrences and listxthem in
the space beneath each sef of numbers. Give youts>
statements briefly but clearly. &

(p. 109) - v

f : 3 , .

1i1i) N. Completion Sentences. In this set of exercises
you will be asked to’ complete sentences which have been
begun with some ‘mathematically-related idea. Use the ' y
ideas suggested in the beginning of the sentences and.
experimentsto get ideas of how the sentences can be
completed correctly. There is not just one wgy of
completing each sentense}, In the space beneath eaeh




"

11eg§ flexible tifn when they are allowed to concentrate on

‘relatively si

e SR .
N 79

s ¥ \}

e

sentence, list ae’méni'ways of cempleting the
sentence as you can find--even those whiéh are
. 80 obvious that you might hesitate to write
them. -
(p.311)

Evang' questions although mathematical are similar to that of
fzbrrance. Evans presents a numerical or geometrical situation, then
asks the stuaent to pro:{de as many as possible results of a certain
nature.

The second test in the study had the same situation

presented as I. Finding. Similarities but used the instruction "write

_as many different" responses as possible. Evans found that with %@§;

14 TR

.students of the junior high level, there was no éignificant difference

" in flexibility scores beﬁween the two tests,‘but contrary to -

expectation, the EQexib;lity scores on thée second test were actually
lowered. Evans states "The suggestion hgre is that when students

e "forced" to be flexible, as in Test B, they may in actuality be
Y ) . S '

~1

of‘ideas. In gffect, they may concentndfe 50 hard on getting

. different kin

1e*re§bon§hs . (p. 129) N

2
.1 . _Mhe effect of instructioq on creativity scores has been

n
- ~
LA

-~

raised by individuaI% such.as Torranca (1965), Feldhusen, Treffinger,‘

Van Mondfraus, -and Ferris (1971) Manske and Davis (1968) Adams

~

(1968), Christensen, Guilford & Wilson (1957), and Kogan and Morgan

(1969>:e The Christensea»study concluded ‘that when inqividuals‘were

asked to produce "as'many-clever responses as possible" they

h :
produced more clever responses but fewer total responses than thoses

1

y o
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Just asked to produce as many responses as possible. Manske and

-

Davis varied the responses four ways, one by asking for original
responses; second by asking for practical responses; third for
originaljand,practical%&esponses; and fourth, by asking for wild

responses. In each caﬂe, the responses met the requirement. The
‘; ’\

greatest number of tggal responses were made in answer to the fourth

instrucfion. Feldhuebn, et. al. (1971) and Adans 1968) found that

L)
the number and quality of creative responses increased when the

situation was madq.less competitive, less stressful. The Torrance

creativity scores contributed greater predicative power to

mathematics achievement ‘of grade nine students if the students were

sox N

R allowed to take the creativity tests home and work on them over a ; .

C e

: period’of,four days ‘as compared to standard administration, gamelike

administration situations,~or :1loted incubation periodsbduring'.

. . ¥ B
o , o
N - .

administration. -

' The problem situations, constrtiiyé to elicit hypothesizing

must be tonstructed so as to minimize the stressful situation, yet‘

so as to maximizeithe quality of response. - | . - - .
' i ! ! ’ ‘ - . ' \\ '
Taylor—Pearce (1971) constructed problems to measure S
. . .

divebgent production of grade eleven students in mathematics, and
f

e -

Vv
classified these problems into the categories established by Gui}ford

in the Structure of the Intellect Model. Questions measuring .

'nr

prpdg§tion of units, production of implications were worded "write
(¥4 i}

wily

as many responses as possible"; those measuring transfoﬂhations

and clasgses required "as many -different rdsponses as possible"

, Following are several examples from Taylor—Pearce s collection of
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the student. - ‘ ' , Co : P . '-
. I . . 4

'-see page?79 forvdiscussion), also by.Wallach andlKoganf(l967, p. 22)_

C

: | 81

items. Notice again the presentation of data,ian indication of

the result desired from a combination of this data, then the °
i 4
i on which calls for many responses. The problem is open—
o

he indication of the result only indicates a direction to

ins

i) Qnits Write as mapy . mathematieallyb
' statements as’ you can abdht a %hola in the sense
defined below: -
A Shola is' an .odd integer divisible by 39. S,
OEyg{; . §
ii1) - Classes. -Invent as ma Wsystems of equation as s
‘'you can such that the solut on set of each includes
the numbér (1, 2, 3). Try tb make the systems as.
different from each other as possible. When you
have thought out a pattern for makv“’-:eqnences,

different. “ _ . . 'gﬂ = .g"

S i) Vsttems . Show that l/d—. d—72 using*as many
dtﬂtlnct modes as you can.

iv) Transformat
to Grade Six stud
Think out some unm
can'use. Listlag:
v) nplications. - Suppose that you are working in a .
system in.which it i&-true that 2 x 8 = 4. Think out .
mathematical statements that would he true in, thls
‘system, and. in?each case, explain briefly (as far as
:you can), why. Ll

(p., 47-49)
At this point it yas decided'that maximum responSe‘would -
result from the iﬁstruction "Make as many conjectgres as yqp .can'"

The conJecturing quégtions to be corstructed were . not to emphasize'_

transformation as this process has been considered under sensitivity

I SN

and under redefinition.. sé?%ndly, as stated by Evans. (1964, p. 129;

\

1.
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‘

and found in some pe?%aﬁal experience, asking junior high students

.3 ; , 'SJ
for as many difﬂ%tenéﬁsolutions as possible may cause a hesitant

student to apply too great of an-evalhative filter. Such a student
‘would not record many hypotheses because he would not consider &
them.sufficiently different from a previous idea. The result may be

;oA

a discarding of potentially‘creative‘ideas by the student'himself
A,l

The tendency to repeat«‘many ideas of the same kim{w@ld be

countered by a%.ass session with the subjects just pri

e

administration of the items. In this session, the students would be

told that creative individuals produce not just many ideas but ddeas
whichjdiffer from each other and ideas which are unique to the groupﬁ
o The. process of conjecturing requires motivation The

&
situation must either arise from the individual himself or be

sufficiently open to allow many,individuals to find interesting

.aspects which will~motivate them to generatefideas about conditions, -

consequénces or implications possible in the given data. 4Heinke
(1953) states that generation of tiew hypotheses can proceed from
old ideas by means of variation——by deletion of data, by addition ‘

»

of data, or by substitution in the . data., Whether this variation
occurs in the condition or the conclusion of ‘the initial idea,
the point in emphasis is that the situation presented to the student

must allow for a maximum of this type of variation.
\

Should the problems include an example of the type of
response required? The citing of the example alleviates ehe

possibility that a problem may."leave & student cold", and unsure L

Y

of the type of response to give. The example clarifies the
N ) PR . . . \.\

o
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instructions. Thie is‘particularly importent for the‘junlor high
school student who often lacks confidence, and refuses to answer
unless very sure. that he is'supplying an appropriate response. tt
was decided to include the example of an appropriate response, even
though this example might’infleepce the susceptible stueent‘towards
the certain mathematical concept area reflected By the exemplar.
Another eource of difficulty is in the timehlimit imposed on
the test, Feldhusen, et. al. (1971) found that.the larger ntmber of
response categories were given later ln the administretion period..
\'Te allow the mystical experience implicit in fllumination and the
"bright idea" to occur, the evaluation period must extend over a
comfortable period of time.l It would appear that any test situation
must necessarily tap only superficially the subject's conjecturing
process. This conditiqn will hopefully be alleviated because the
test wituations will deal with subject matter to which the children
have had exposure.‘ The test situation should trigger any unconscioue
questioning or supposing th;txﬁay have been initia._ed dqring the
previous discussion of the meterial.

1

.

The Problem Situations. - o

i)f Conjecturing I - The Pentagons

You are given the following shape. Make as many
conjectures as you can about the given shape. One example;is the
following '

A series of pentagons cannot cover a’ flat surface .
without ‘leaving gaps unless the pentagons overlap.

.

You can use this statement and vary it to make your own conjectures.»
Then make some of youtr own.
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.

The above i1s a sequence of triangles. Make some suggestions
as to how thége triangles are related. For example

The area of a triangle increases as the perimeter
" increases.

Use the conjecture to develop others if you wish. Then state some
of your own.

}

Guidelines for Conjecturing Problem~Situations.

The given problem-situations were constructed on the basis

of the previous discussion. In sumﬁary, they were constructed with
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the following‘characterietics in mind: \

1) A thdught—ptovoking situation should be presented. The;maw
pentagon was consideredta potentially rich source of relationships,
although visually void of suggestive ideas for someone unsophisticated
in mathematical knowledge For this reason, an example of an
apptopriate,relationship wes considered particularly necessary. The
inclusionlof diagonals in.the pentagon or the inclusion of a
circumcircle was considered, but these ideas were discarded because
it was felt that'limiting the data in this way would make the
problem too difficult for junior high school students.

- The triangle question deals with data more familiar to
students of this leve®l. This sequence of tfiangles is a much less
open situation than the pentégon, however it still provides for many

responses. The given conjecture again suggests a possible

telationship.

1

ii) A sample hypothesis is included. It was felt this was
necessary so as to compensate for the students ‘minimal experience
with 51tuations of this nature. |

iii) Instructions\should reflect the emphasis desired. 1In
this eese, for the reasons discussed above (p. 81), instructions
required "as many conjectures as you can'".

Other variations in instruction were pQgEible. The
following are some variations that were considered\\\T the
situation is followed by a statement. The pupil 1s asked how one
part of the statement may'be altered in light of the data, -yet not

changing the truth value of the other part of. the statement; (b)‘ a
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!
new condition is introduced to the problem. How many relationships

does the new condition alter? In what way?; ¢) the problem asks
for generalizations. If the problem has set forth some specific
instances illuétratiﬁg,a similar patterﬁ, a question concerning
the pertinent generalizations may be valid. .
The gnstructuréﬂi‘wide open situation was chosen in favor
" of the above suggestions since the students in most céées were nalve
in the area of conjecturing aboutamathédhtics, and therefore it
séemed that maximal response*wbuld result if the students could choose

from the broadest field of responses. The first and second
fpossibilitiés listedhabOQe were consgsidered to requirela great deal
more sophisticatiqn in.mathematics than possessed by the average
grade nine student. The third possiBility focusses on a vefy
specific area of hypothesié;ng. The ;hosen format segmed to be the
best way to reflect the tréit of generating statementé which may

be theorems, i.e. the posing of questions rathef than the
consideration of many proofs for a statement. Thé generation of
.questions was considered particularlf suited to many of the concepts
discussed at the junior high level. Posing of questions‘;s expected
to be more ¢haracteristic than makiné deductive staéements ready for
proof or refutation of the child at this stage of dévelopment.‘

1

Verification
Verificatién, the means by which a poséible hypothesis 1is

evaluated, then accepted or rejected, serves a concluding and
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summariziné purpoée'to ény collection of data. The éon;ention that
verification calls upon creative pqwef is justified when we'note

that many coéjectures which remained canjectﬁres'for hundreds of
years, resisting the attempts of mathematicians to prove or disprove
them. Subbaro, in an educétional television lecture (1971, ETV)

" on number theory, underlined a theorem proposéd by Fermat that

stated that every number of the form 22n + 1 would be prime. This
conjecture was disproved many years after it had been stated. Anther
example given by Dr. Subbaro was on the discovery of_a ld x 10 Lgtin
Square, again many years after it had been conjectured that such a
square was impossible to construct and even afté; a_computer'had V
spent 6ne hundred hours trying to find-a combination to fit such a
square, |

Guilford's model (Table 3, see page 38) illustrates the

cont@nualﬁiﬁtéf§1a§'between evaluation and the generative aspects

of problem—solvipg. Evaluation occurs at all stages: ‘én evaluation
of the information and data is made before-the problem is defined.
" Evaluation of the data available is made all throughout the
formulation and solution éf the problem; évaldation,of possible
solutions is made tﬁroughout the generation of thés; solutions; agd .
a final and thorough testing, perhaps provihg is made Qhén one
solution is deéided upon. The evaluative filter may then filter

.0ut a new idea on which a,new problem may be based. Thus although\
.evaluation ié summarizing in character it occurs continually, |

throughout the total problem-solving situation.

Dawson( 1969) suggests two distinct types of verification,

-’ \
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festing and proving. Both are charaﬁteristic of the naive heyristic'
and the deductive h:uristic. An individual may test his hypothesis
using examples, attempting to find the one example which will
contradict the hypothesis, each corroborating example adding some
credability to the conjecture; or he gay'at;empc to generaiize these
methods and aLtempt to show the truth or falsity by a logical
analysis. Frgedman (see page 45), who claims that verification

of conclusions is tﬁe staﬁé requiring most ingeﬁuity, agrees with
.Dawson that this process may proceed by 1) the search for counter-
examples, %r 11) the trial and error search for a proof. This trial
and error search for a log£cal discussion may‘pr;duce counter-
examples_qr_corroborating,instances_ﬁor the theorem.

Because of the continuai'interplay gEEWeen the vérification
process and the cénjecturing process, a Flear line of distinction
had to be drawn beforé construction of the problemé. Dawson
describes hypothesizing of solutions by naive or deductive guessing,

\

the actual verification by testing or proving. By this definition
the followup of the.idea, the insertion of a special‘case; the
analysis, organization and communication of his ideas to justify
.a statement for himself, is verifying. |

It was decided not to draw this distinction too closely.
The constructed probleﬁs would present a problem and ask the

student to "prove" it in the best way he knew. The alternative of

suggesting a method of and requiring elaboration was not chosen for

two reasons:

\

1) This suggestion would not have resulted in the expression

-
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of the 1ﬁ§enuit§ necessary fér'evéluatién. Because the level of
mathematics is nbt:complex, it was felt‘tﬁat the method of testing

or proof chosen by an individual would reflect more of his originalify
than the actual manipulation with the proof.

ii)r The method—of proof chosen by the inhividual student
would illustrate the le;el of thinking the individual was inclined
to produce. This could'vary from a very intuitive explanation to
a naive‘presentation of éxamples,to a complete proof.‘ An indication
of the assumptions made and questioned by the pupil would be
reflected in the type 6f.verificafion this, pupil uéed.

In summary, thé brocess of verification will be defined by
the following characteristics: -

i) To verify means to test py use 6f specific examples iﬁ
an attempt to corroborate further a beliefnin the truth of a
statement or in search of a counter—exaﬁ%le>which wi}l dény the

\
truth of that statement. '

»

* 11) To verify means to use an explanation, a justification
;f thé statement uéing ideés which eiplain tﬁe assumptions and the
. ratignale behind the étatement. ¢ |
¢ . /
'111) To verify means to suﬁply\a general proof of the
statement, using the methods of deduction and logic. |
iv) To verify will include the p?oduction of, the ideas by
which the subjects test the statement, formulated in any of the

three ways listed above.
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The Problem~Situations.

90

1) Verifying I - The Polygons
/

Consider the following statements. Prove each statement as

best as you can.

a.

If the length of a
times, the area is

If the length of a
-area 18 multiplied

If the length of a
area 1s multiplied

If fhe length of a

Show: all.your work.

side of a square 1s multiplied 5
increased 25 times. A

side .of a triangle 1is tripled, the
9 times.

side of a pentagon is doubled, the
4 times.

side of a regular geometric figure

is multiplied n times, the area is increased n“ times.

\
!

—r
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The Probleg‘Situations. . .

1i) Verifying II - Parallel Lines.

, Prove each of the following statements. Show all your work.
Diagrams are not necessarily drawn to scale. ‘ '

’ ’ Part A-Abstract
Argument

L ' M ‘ L a. ll 1 l2
R xJ - 1

b.. OM 18 a biseétor of
‘ - LLOD 1f and only if
» - M = 10.

i
: N ; 1 Prove that this state-
e a ment is true.

Part B-Specific Argument

If two lines are drawn parallel,
- QS, RT on the diagram, and the

_ line YZ is drawn to meet QS at
an angle of 70 degrees and XZ-
drawn so that it meets QS at
55 degrees, prove that XZ.
bisects £YZR.




Guidelines for the Verifying Problem~Situations. SO

The Verifying problem-situation presents data, a stateméntlw}
N -

relatiﬁéQ%he éata in conjécture form, and an iﬁstructidn‘askiﬂg fof'
some form of verification. Alternatively the child may have beeﬁ
asked to qupply his own conjecture, and then to examine this
éonjecture. Asking the student to make his own conjecture for
‘ Qerifying may have established greater motivation, and if the study
had been limited to the interview type of format, this alternative
may have resulted in greater information. However,. because
standardization was required for measurement, 1t was decidgd to
supply the conjecture. In.this way, all students started from the
same point, and the resulting responses Wefe more easily compared. ..

Several alternatives were also possible for ﬁﬁstructions:

A .

1) Justify the conclusion By as many ways aéyyou can. OR

Is the hypothesis true og‘faiée? How would you know? Show the

truth value in as many ways as possible.

5
ii1) Explain why the coﬂjecture is true or false but do not .

use specific examples.
.

1i1i) The following is one way of proving that the statement

is true. Elaborate on this suggestion.

iv) -Is the above statement true or false? Prove that it;

o

is true (or false) in the best possible way you can think of. ..; -

The first suggestion for the task assignment coincidesA§1th

RS .

verification as the hypothesizing of solutionk. This em?ﬁhéidi&igbe
. . . ]Zg - .2 & ) =
open~ended search, a divergent process, and this emphadig:was’not'

taken in the study. The emphasis on an evaluativelproéﬁsﬁjyasﬁ
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desi;ed. This emphasis is given in alternatiVe; two and fbur; the
child has to make a judgemeﬁt ass to whether his.jus;ification is '
the best one he is capable of producing and whether it actuglly
verifies the statemenf to his satisfaction. Alternative two was not "
-used sincé it would have eliminated»maﬁy of fhe childrens' résponses,
that of examplg qnd counter—examﬁle. Dawson's worg suggests that
this is an imporéant means of verification, esbecially.whgn the
individual is expoéed to.new information, fhis.would be very
iméortant‘at the junior high school level when youngsters are just
beginning to underptanq the workings of précise mathemaﬁics.,

Alternative four, then, was the desired format used in the.)problem-

situations constructed.

THE PILOT STUDIES

The two problem sit#atibﬁsiaesigged to o 1sure each of. the
four processes'discuSSed in the above chapter were cHosen after
three separate weeks of experiment;tion in three'Edentpn Junior
high schools. érobiems were &ritten or found and éiven to gtudents‘
%ﬁ an attempt to 1) determine the type of content that would elicit
studenf intérest, i1) determing thP type of qqestion that w&uld
elici} student response on a meaninéful,level, 1ii) gain some
‘ ;ﬁsight into the level and typé of ideas present in_the minds of thé'

studénts on .the subjééf"6f~geometry.

\

AN

S~

5

_/
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Pilot Study I

L, »

An initial sample of eight-problems representingjthe qu£

processes was given at random to eight grade nine stud¢nts who
N

volunteered to try the problems. These problems were administered to

two students at one time, each student receiving individual

.« /

instructions and working on a problem that was different from that
worked on by his partner. Seperal:objectives were .set for this
pilot study: - 1) to experiment uith a suitable progedure to use inf

_the study; 1i) to gain confidence in an oral type of questioning,

n

iii) to gain insight into the questions that could, and that should

be asked junior high school students;. iv) to determine whether this f

o

type of administration of test questions actually supplied

1nfbrmation about the thinking of students in addition to that »

Lﬂ

‘received. from a paper and pencil test, thereby justifying the

additional time and effort necessarf for this type of procedure.

The second objective was’ strictly personal. Since the

experimenter did -not have any experience in the oral administration

of tests or in the interviewing field, there was a felt need to gain
. . . O

some experience in this type of procedure. y
~ 'The‘ouestion of-justifying'the procedure also seemed important.
The experimenter was committed to this type of study; (perhonal
experience in teaching mathematics to students of this age has s -
inddcated that strategies are made.and acted upon, yet not verbalized
to the formal written stage) but did it make sense to use'this

“'procedure with a small number of students when the aiternative was
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testing 'with a statistically significant number of subjects?

There was also the\duesiion of timing. The sﬁggested .
procedufe-éas to let the.individual work on a prd%lem\f?; gome . ' .W
given time, then to interview hiﬁ; in an attempt to defg}mine his ,?
method of solut?&gt How long should the initial fimé/;e? The
desired effect was to allow the, student s;fficient time to get
involved in the question, wéll enough to éttempf ét le;gt one
strategy. The time alloted eth question should“ﬁét be too great.
The étudentbshould be interviewed while still engrossed in'the
problem. Retention of pfoblem solving tech@iques, especially ghose
tried which‘had been unsuccessful, was going to present a ﬁrobiem
at best; thé question was hoﬁ‘tq maximize the amount of information
received from the sfudeﬁ£.

,

The question of total time also required an answer. How

1

;ong shquid\the student;épend on each question? It waé'desi;able
Lo maxiﬁize both the amount of feedﬁack received by each ;tﬁdent,
and also tﬁe numbe; of gtddents which'cbuld be interviewed in one day.
Thelresults of ghis study supéofted the following ideas:
i)\ The oral interview was justified} Many-responses tP
problems were not formalized in writing. The method of approach

was not clear from written responses even though students were asked

. o
to show how they had obtained each response. ' ‘%
, \ :

11) The students asked to solve a problem orally without
some me to work individually were not able to respond &as
efficiently as those who had the time to try the problems alone.

iii) The best time allotment seemed to be fifteen minﬁtés
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of initial pencil and paper individual work, followed by a ten
ming£e interview in which the student explained his approaches to
the problem. | ‘ |

| iv) The experimental problemsvsbould be clear and specific.
\ At this point, it was realized that specific instructions were
necessary; students had to know'the type of response required. Sévérél
of the problems confounded the processes; ii was not clear from the
respoﬁses what meané were used to solve the problems. Evidén;iy
further'experimentation was necesgsary with the problem—situagioqs.
The second pilot study arose from this need. >; o

A

Pilot Study II

Thg‘need to exaﬁine a large nﬁmbe; of prcblem-situations
in terms of student response, énd'of clarit, of written, oral
instructién resulted in tﬁe presentation of twenty problem§ in
ﬁarying format to three separate classes of Junior higﬁ'students -
during their reguiar dlassrdom time. The eight prpbiems presented |
~ 1in the above chapter developed fromnthe'twgnéy used in this
'gdminiétratioﬁ, These eight chdsen to be the measuring 1n§trument
“glicited the most étudent reébonse and interesé, aﬁd besf met the |

‘definitions for each process.
SUMMARY

In this chapter the model for creative behavior in mathematics



‘emphggize"éégh of the four

~

was establisﬁéd,‘_The processes of sensitivity, redefinition,

- conjecturing and verification were defined; the definitions were

drawn from literature and from any previous measures established
by other authors concerned with creative problem-solving. From
these discussions certain concepfions and guidelines for actual

problem~situations reflecting these processes were formulated and

. focussed. jIn'conclusion, two problem-situations believed to

} .
processes were chosen to be administered

to a student sample. Phase two and phase three deal with the
administration of these eight problems and with thé~analysis of the

responses to the problem situations.



o _ "~ CHAPTER IV .
THE DESIGN FOR PHASE TWO‘AND PHASE THREE
! ' ' 1

The study which attempts to provide some insight into the
mathemétical thinking of junior high students was carried out‘fn
three phases. Phase One was concerned with defining a mode; &f
creative thinkingv1n>mathematics at the. junior high school level.
This definition includeé‘fhe development of a set of problem-
situations which represent the procesées describing the model. This
part of the study was discussed in Chaﬁter IITI.

During the second ﬁhase>6f the study the problém%situations
were gdministered to a sample of forty-two grade nine students, the
responses to these problems were examihed and a scoring scheme .
developed in terms of the responses. Thebproblans-wére then scored
and the resultant scores analyzéd in terms of correlation and image
analysis.. The developmeﬁt ;;\tﬁe scoring ;cheme is discussed in
Chapter V; a detailed discussioﬁ of -the experimental procedures used
for adminiatra;ion of the problems, as well as a diécussipn of ‘the
sta;istical procedures is diégqued in this chapter.

Phase Three of the study is concerned with a non-'
stasistical discussion of the given responses. Oral responses as
well as written responses were recorded durihg“thg administration.
The o;al responses provided information important in’describing a
student's thought processes. Answers to questions such as "What

ideas and what cues -generate a novel idea?", "What cues or lack of

! 98
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‘cues result in the absence of ideas?" or “wﬁét series of thought
péssed through the individual's mind as he achieved this solut%on?"
are not clear from wriften responses., Phase Tﬁree involved a
descriptive analysis of the responses in an att;mpt to &escribe
individual thougﬁt processes. Chapter VII records some of the
series of thoughts so as to provide the régder wifh some of the

approaches and some of the understanding used by different children

in responding to a set situation.

ADMINISTRATION OF THE PROBLEM-SITUATIONS

Choice of Sample--Pilot Study Three

Four scﬁools in the Edmonton.Public School system volunteered
‘to parﬁiéipaté in the study. At this“point‘the experimenter
visited‘one cléssroom in each school and outlined the proposed study.
The students were ﬁold that 1) the study was to describe creétivity
in mathematics; ii) the author needed their helé in- finding out how
people solved pr;blems; i1i) the process of creativity considered
in the study consisfed of fodr things-—~that of haQingvmany ideas in
response to a given situa;ion, that of‘having many 1deas; all of
_different»typés, in response to‘a given situation, that of being able
to change ideas around and being able to look at thinés irom unusual
ways, that of being aﬁare of answers or quéstions that most persons
do not notice, as for example, Pythago:us\when h; discovered his
triangle theoéem, Banting when he isolated insulin,‘ Two éxamples

were used to illustrate these ideas. The nine dot

2
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problem2 was presented and the solution discussed with the ciass.
The solutibn to’Ehisaproblem emphasizes the importance of making
many trials in an attempt to find the solution, and that.most

"als attempting‘at the solutién are similar ,and that something -
Jerent, that of;ébing beyond the bounds of the problem, is
required béfore the problem can be soived. _ .
The second examble was two sentences which on first glanpé

were meaningless but needed some redefinition of word meaning. For

instance, \\ o

Time flies you can't they fl; too fast. .

At this time students were aaked to volunteer for the'gtudy
and the teacher from each classroom was left with thé responsibility
of providing ten students interested in participating. In two
schools, the teachers chose the first ten volunteers, in two other
schools the teaqhe;s admitted to selecting ten individuéls who were
interested students, although not necessarily top achievers in
ﬁathematics. This was done because it was‘felt that the more
interested students would maintain the_worklfhey would miss in their
regular clasées.-.(ln one of these schools twélve students voiunteered
apd sincé éll of them seemed interested they were accepted.) Thé

(P2

main sample then totalled forty~two. i

18]
[

| .
An additional ten students from one school were chosen’%of'a

test run before a procedure for administration of items was

finalized.

2The problem requires the student to draw four lines but not
lifting his pencil, to join all nine dots. . . .
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During the trial run it was found that hostility towards
the experiment developed. There seemed to be seyeral reasons for
this hostility»and therefore several changes in the administration
procedures was deemed necessary. \

i) The shbjects were of low abilit& and low achieyement.
Their knowledge was inadequate and therefore they were unable to
handle the problems confidently, The‘experimeht soon became a
threat. This was true even though the experimenter tried to supply .
ihfermation needed and to teach the lacking concepts.
- This necessity to teach during the time for problem soiving
resulted in a disruption of the planned time schedule. A standard
treatment with this saﬁple soon became impossible.

The schedule was modified to include a session held with the

_ - N

class after a pretest for ski 1s was administered and marked. These
tests were reviewed with the stuaents and gources of difficulty were
disgussed. Problems from inadequate knowledge were thus minimized.

11) The schedule called for ten minutes of individual work
with paper and pencil, then a ‘ten-minute interview during which
time the student was asked to recall all his ideas about the
question. This probing threatened the individual who felt that_his‘
responses had been inadequate. It seemed necessary to encorporate:
a few additional minutes of further individual work after the
interview. The children's need to feel gsome success in solving the
problems could be achieved by giving some directed hints during the

last few seconds of the interview and then by allowing the children

to follow through with these suggestions. This ensured the students
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success in findiné some solution to the problem.. Without this

.

sﬁccess, their confidence and their interest deteriorated as they

proceeded through the cxperiment.

ii1) It was found that the experimenter must be reassuring

in his respons to the children's offerings rather than just
4 \

oﬁjective.‘ This again was necessary in order to build up confidence

and therefore motivation to continue the next day. 3

After this experience the final procedure was established.

]
)

The Procedures ' [f

An achlevement of skills test was administered to the
students in' the sample. The test consisted of thirty short answer
questions which covered the basics in geometry required at the

I

junior high level. The questions were strictly recall; the purpose

of the test was to establish that the . :uden*s had a certain level

of knowledge. Because of the results of “rd pilot group, this
level of knowledge was reviewed and em; as. a discussion of
the test during a forty minute class peri- - ,J prior to the
beginning of the study. The discussion and . - "centrated on

the following content-~the content also emp:.:s: e
experimental problem-situations.

* 1) properties of triangles--congruent criangles wumber of
degrees in the triangle, special properties of»;he isoscelas and

equilateral,.

1i) parallel 1incs and the qquivalent angies formed.
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1ii) vertically opposite angles.
iv) area of basic figures.
v) perimeter of basic figures.

b

The Schedule.

Each student was to work on one problem per day, spending
about ope—half hour each dey on this problém. This would continue
i for eight days, since there were eight problems. In order to:
administer the probleme in an individual fashion to ten students
per day, taking into account that the schools could only offer one

small room to the experimenter, a staggered type of schedule was

designed.
9:00 - student 1 10:00 - student 3
9:10 — student 2 ‘10:10 ~ student 4 "
Students 1, 3, 5; . kv. were given the problems in the | //~

following sequence: conjecturing I, redefinition I, verifying I,
sensitivity I, conjecturing II, redefinition II, verifying II, '
sensitivity II; students 2, 4, 6, . . . were given the problems ;n
‘the sequence .conjecturing II, redefinition II, verifying II, . . .
Student 1 worked on the problem alone.for ten minutes
(fifteen minutes for redefinition and verifying), then while student
2 worked individually on his problem, a ten minute oral discussion
was conducted with student 1. Then student 2 was interviewed while
student 1 was allowed to complete or-to. add to his initial answers.

The oral interviews were taped.

Since the rooms were small, and the oral interview with one
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student could be overheard by the other student, it was not

desireable to have both studdnts working ‘on the same problem.

; )
This was the reason for presenting the problems in two different
orders. Even with students working on separate problems there may

have been some transfer from one student'srthought and 1deas to the

second student's ideas. .

On Day One of the experiment, before the problems were

prmn additional five minut:es was spent with each student, ]

‘individually, during which the following ideas were stressed

i) There may be more than one answer for each probleﬁ.

Include as many answers as you can.

i1) Guess. If you do not know the answer to a question,

guess at ao answer that you think s possible.

iii). If you need informatfion, ask the examiner. If this is
not sufficieot,.you—may explain~so the requised information would .
be used. | ” Al

iv) Imagine that yoniare a sclentist, or a mathematician.

Use the methods that suchga person might when trying to study a.
' |
|

given question.
The stuéents were.asked not to discuss the ouestions with
theirﬁclassmates until the‘eight day beriod was over.
The students were then“told that, because it was very
imoortant to remember their ideas on how to solve problems, their
responses would “be taped. An sttempt was made to reassure them.about

the intent of the oral interview--it was only to understand their-

. Y
ideas as much as possible, not "to put them on the spot'.
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+

The Oral Interview.

The oral interview was conducted after a period of ten or
fifteen minutes of indiyidual wsrk. An alternative procedure would
" be to ask the student to solve thé problem 6rally t first
presentation. This type of procedure is favored by the Russian
studles (Soviet Studies, 1969), however was not ufed in the pPresent
study for severai reasons, : ,

First, some informal triéls with this procedure previous to
the study indicated that a long lapse of silence often occurred. N
The individual type of examination, together with the fact thqg the

“examiner was rela;ively new to the students may haﬁe inh;bitgd
spontaneity. The student may have felt "put on the spot" especiaily
when the problems did not have‘ﬁm@ediately’obvious solutions.

A period of seemingly random trial and error is ;ecessar§ on
first exposure to a problem. For many people this may be a period
of silence. Vygotsky (1962) seﬁarated the pfocesseg of thought and
speech many.yeérs ago. Modern technology has showmn that the speecﬁ
center in the brain can be physically seParated from the perceptual -

center, resulting in perception whicylthe individual can reproduce |
physically, bgtrvérbally respond withV%I don't kn;w." (Gazziniga,
1967) | - ”
Luchins (1970, Vol. III, p. 14) has indicated that set is
. Ancreased by a stressful situation. This may be even more emphasized

when dealing with junior high students who are often hesitant to-

. j
project and suppose.- These individuals pften lack the confidence to

be wrong.

E
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. The above considerations, thereby, reauited in the
procedure ae outlined. The student was fixst given ten to fifteen
' o s .
minutes to try the problem by himself. He wes‘then:ealled upon to
describe nis ideas, and to remember his initiai thoughts. He had }
Previtously been warned to expect this type of duestioning.
The oral interview was considered important:for sevetal
reagsons. First of all students, who operate at the intuitive level
with a problem, often do not state their ideas very clearly. It was - -

IS

found during the pilot studies, that although the student response
sometimes seemed very ehallow, the student's eiaboration and oral
meandering suggested some in—deptn inveﬁ;igation that had not &et
\\\\Eyéched fruition. Similarly there we;e times when a_written
response could be intetpreted at higher levels then the student
“himself realized. The oral interview.could serve to clerify the

ideas actually present in the etudent'Y mind. This information

" was also necessary in the classification of responses for scoring.

I3

Second, the author wanted as much information as possible
about the»sequence and relation of ideas in the student's mind as he
proceeded to solve the problems. This type of proceduie could give
in-depth understanding about thellevel and type of concepts students
had 1in geometry. The type of information which tesulted ie;presented
in Chapter VII. | |

Third, the oral interview could ptovide information on how
the students interpreted the problem-situations. Thereby it would

‘help to determine the,adequac§'0f~the cénstructed situations, as

vwell as to provide some information on the adequacy of the model.

‘
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itself.

In summsry, the oral questions centered around three aspects:

1) the clarifications and explanation of 'solution thus far

achieved by the student. .

4

ii) the analysis of the responses by the student himself in ~

-

order -to realize some of the influences and’ relationships which
resulted in solutions or prohibited the formation of solutions.

111) the supplying of hints which aided the student in
'achieving some understanding of the prohlem and their solutions. In
some cases these'questions stimulated the students to proceed in more
fruitful directions. The results of‘the third pilot study indicdted
that 1if a student was able to provide some rEsponses'that he
considered satisfactory, herwould.continue to be mo%ivated to try
the subsequent problems the next day. : m

The responses supplied by the students after the oral
,interview were not scored for statistical analysis since the influence
of the oral interview on each student~was not a measureable one,
Although there was a very serious attempt to adhere to the questions
- planned forithe interview and to maintain the same technique from
'dne student to the next, there was an over-riding consideration. It
seemed to be more important to elicit'maximum-infbrmétion from a
given student, therefore additional questions; comments, or supportive
responses were given as the interviewer felt it necessary. In
addition, there was an attempt to follow a student's ideas ot track

of reasoning for as long as information'wss being received. The

effect of the discussion, therefore, could not be deened standard



108

for each studeat, thus it did not seem that the responses after

the interview should be scored;%.”
VALIDITY -

Va}ii@ty'is the "process of examining the accuracy of a
specific prédiction or inference~ﬁade from a test score," (Cronbach,
1971, p. 4&?), the degree to which the test 1s capable of achieving
a certain.éim. The concept is usually discussed from three views, |
éontent validity, pfedictive validity (criterion-related validity)
and construct validity. Confent validity is important whenAstudying
progress in subjeét curriculum, the effectiveness of certain
training procedures; predictive validity is important in selecting
'studentsbfor.college, placing_iﬁdigiduals in positions for which
their»ﬁalue in the fuf&re is‘judgéd by some performance_iﬁvthe \
presént. .(Nunnally, 1967,_pﬁ‘§3—85) Construct‘validity‘referé to a
Egeneral'class of ppocedurés which attempt to measure and describe |
the attfibqte that a specific test measures. A construct resqlgs_
from a classification of responses and ;s'a "deliberate creagiggj__.

chosen to organize experiénce into general law-like statements."

.(Cronbach, p; 462) Construct validity seeis to explain rather
tH;n'to)indicate a nume:iéal relationship. "The emphasis in construct -
validity should ﬁe on the strength of eaéh relation rather than
merely on its statistical significance. (Cronbach{ P. 465)

The present study is to be explorative--it does not seek to

'

predict, but to describe constructs which deséribé creative behavior
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in mathematics at the junior high school level. In order to be
éredictive, high corréiéfions would have to be established between
the constructed problem-situations an& already established criterion
tests or describable observapions. "Criterion-related (predictive)
validation compares test scores or, predictions made from them with

 an external variable considered to proﬂgde a direct measure of the’

characteristic or behavior in question.” (Cronbach, p. 444) The
key words are direct meas . It is not clear that there exists an

accepted measure of creativity in mathematics. The Torrance tests

“ measure some abiliﬁies in a generél‘situation, but these abilities
may or may not indicate creative abilities in mathematics. The
Taylor-Pearce tests for inventive .ess were just being written du}ing
the consfructioﬁ stages of this study, and certainly, even at the

preseht time, without further validation, could not be considered x\\

éé accepted direcé ﬁeasures of creativity in mathématics. h
The Einétellung materiéis were de;elopeq by Luchins to -
measure: the breaking of a prédetermined set, A readaptatiqn of
various problems developed by Polya,‘or found in the Hungarian
Problem Series could be,pseé'to measure problem-solving gbilitiés,.
but the level of sophistication of the students in contrast to the
elegant maﬁﬁeﬁatlcs invoived in the problems, gad; this possibiiity "
impractical at this leyel. More important, all thgse measures,ére
Aexperimeﬁtai'and relate to only parts of the\ponstructed problems.
From this point of viéw, any EOmparisons with existant tests wou}d

describe the constructs of the instrument, and thus fall under the

category of construct-;alidity rather than'predictiﬁe ﬁalidity.
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The problem-situations were compared_to other available -
measures and to each other in an attempt to establish not only what
they measured, Sut the extent to which they were independent of
other measures and each other. (Cronbach, p. 467) Scores on the
problems were correlated with the‘scbres from the scores on

standard ability tests, the scorés on achievement tests and the
scores on Torfance's creativity tests, verbal and non—verbal.‘;The ‘
scores on one.problem.situation were correlated with the scores fFom
the other problem-situations.. These correlations will indicat;h
whether the types of abilities necessary for Conjécturing I, The . _ -
Péntagon, are different from those necessary for Conjécfﬁring 11,
The Triangles, or whether they are different from those necessary
for any of therthgr six problems. Another question to be answered
is - ~éthe: . constructed problem—-situations ca;l upon abilitis§
measur  bv the ability or achievement tests?

Some attempt to remove the factor of immediate recall was
made when the skills pre-test was administered and réturned to the
class, The content reflected by this achievement test'was discussed
with the students prior to the study. Anyone with less than 25/30
'oﬁ the test was asked to take the paper home'aﬁd rework fhe test.
This applied to five students out of the forty-two in the study.

In summary the1significant.correlations»between sébres can
indicate: 1) that the processes are not independent entities,
i1) ‘that the problem-sgituations do not éxc;usivély measure only one
_ procesé-but ﬁhat the solution of one problem required the use of

more than one process. As indicated by the discussion during the
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description of the four processes, (Chapter II) the latter would be

expected. For example, redefinitipn may be necessary in\ the
establistment of a new hypothesis. The probiem of establishing the
four distinct processes sti1ll exists. Do the responses to the .
problem-situations substantiate the model? This question may be

answered to gome degree by an image analysis. ,
Image Analysis

A test score can be described in terms of predictéd value
p and a non-predicted value e, that is zj = pj'+ ej' The image of
test j (pj) which can be determined from a sample of (n) tests,
standardized so that the mean of each is zero and the variance, one,
by a linear least sq?urcs regressibn equation of_p}_= wjkzk' wjj
is defined as zero, and wjk is the regression céefficient for
predicting test j from test k. wjk is chosé; to mgximize the
predictability of test j from the samplé of n - 1 tests. The anti-
image of z is the part of zj not p:edictablehﬁrom the scores Qn'the
remaining tesfs. ‘ .
If the vectof Z repreéents the tgsts Zys Zys +oe e zn,>the;4~
Z =P + E where P = AF, A i1s the vector of linear weights’
andvF 1s.the set of image factors.
The correlation can then be found from 2ZZ' = PP' + K + EE', where '
K is a set of matrices relating the images o% z with the anti-images
-of z. Although the correlation betwegn pj énd ej is'zero, tﬁe

correlations betweéh p, and ek, and between e, and e s J # k, are

] b k

not zero, thus the matrix of corre’ations (R) can be partioned into
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the image covariance ﬁatrix (Gn) minus the anti-image covariance
ﬁatrix (Qn) plus twice the diagoﬁal ma;;}x of anti-image variances.
, (Kaiser, 1963, p. 158; Guttman, 1953, p. 295) Guttman describes
Aeach correlation (rjk)'as arising "from two sources: (a) the
covariance between the common parts of the two variables, and
‘(b) a speéial pairwise linkage that may remain between the two
variables after the remainiﬁg h - 2 variables are partialled out."
(p. 289) h

The predicted values of zj are linear cqmbinqtionf of the
remaining n - 1 tests; therefore the image anai&sia yields factor

’

scores that are\direcf linear combinations qf the: observable data
variables. The common factor space is agsuﬁed to be defined by the -
n variables chosen, and-groupings amoné/the n variables are-examined
by the analysis. This was precisely the need in the present study:

to examine the correlations among the test scores in order to see if
they grouped in any pattern. This pattern. could then be analyzed in
terms of the theoretical model.‘_THé computing proéédures are

described by Kaiser (p. 165) and more specifically by Hakstian.

Bay (1972, pp. 15, 19, 24)
The Hypotheses

After the problem—situationé were administered to all
forty-two students, they were scored. The scoring procedures are
discussed in Chapter V. Correlations between pairs of the scores

for the exberimental problems and the established measures of
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ability, achlevement and creativity were also calculated. These
correlations were used to answer the following questions.

1) Are fhehscores for the two problems reﬁresenting each
process significantly correlated? For exa&blé} do~thé‘écores on .
Conjecturing I~-~The Pentaéonf—correlated with the scores on Conjectur-
ing II--The Triaﬁgles?

ii) Are the scores for the problems of conjecturing,
sensitivity, gedefinition; and verifying significantly intercorrelated?

111) Are the scores for the experimental'problems
gignificaﬁtly correlated with the scores for tesxi'of abilityl (SCAT),
achievement (Grade IX standardized test put out by the Department
of Education), Eﬁd;greativity (The Torrance Tests of Creativity).

Since it‘is,possible and highly likely that although the’
correlations betﬁeen pairs of scores assigned to the problems will be
positive, and yet that the four p£ocesses def}ned are distinct, but’
still required in varioué\degrees by the eight pﬂobléms, it was
important to see if the various factors or clusters of scores did
emerge. The image analysis procedure provided information on this
question as well as the further question: "If four factors do emerge,
are these factors representative of the hypothesized processes, and
are these processes disfinct from one another?"'

.The'small nupbérs (N = 41) were not considered a deterrent

since a‘descrip;ivg comparison was reqﬁired, not a predi&tive oﬁe.

No generalization from the sample to a population was made from the

-.. rotated image analysis.,-



CHAPTER V -

A .
SCORING PROCEDURES

Chapter V is divided into two major sections; Studies that
have been concerned with measurement of creativity in matgfmatics are
first presen;ed, and establish géme precedent in the scoring of
divérgent production. The second section éonsists of four parfé,
each dealing specifically with one of the processes. There were two
general rationales which goVefned the scoring procedﬁres. vFor the
question calling for divergent prodpction, regponses were Judged .
appropriate rather than correct; for those requiring convergent
production, responses wereAjudged éorrect or incorrect. For the
latter a limited number of responses were acceptable, for the former

T

an infinite number.
The conjecturing and sensitivity problems were scored for
fiuency, variety and novelty. These scores were established from
an examination and a classification of the responses. The responses
to the redefinition and verifying quéstipns were classified inﬁo a
hierarchy and each level was assigned a rank. Since all the scores
depended upon the responses given, points of procedure between scoring
for one process and scoring for another process differed. To make
these variations known to the reader, the scoring procedurés are
discusged in four sections, one for each procesé. The scoring with
respect to individual problems is also discussed wherever more

individual variations in procedures were found necessary.

114
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‘ Sinee the process of conjecturing was to be the main focus
in Phase Three of the study, the hypotheseg_begin by examining the
relationship between conjecturing and the other problems.
Sensitivity, because it is also-an open—eﬁded process was discussed
eecond to conjecturing. This bfeaks the order used in the mode;, the
order which followed a natural development of Polya's model. The
reeder, however, must realize that ;heae processes all occur during
.. @ creative activity and may occur in any order or in overlapping
sequenees. Sensitivity is‘necessary throughout the total solution
to a problem. Conjecturing may be a means by which verifying .can

occur. Redefinition is necessary when conjecturing as well as when

verifying.

From this point in the dissertation, the.processes will be

.
b
3

discussed in the order: conjecturing, sensitivity, redgfinition and

verifying.

SOME BACKGROUND TO THE ﬁEASUREMENT OF CREATIVITY

A measure of creativity may be contradictory. Thevidea of
assigning a number, no matter how wide an iﬁterpretation this number
may have, to an act of the mind wﬁich in its ultimate has ne bounds
may be unécceptable to those most EOncerned with creativity. However
the attempt to descfibe_creativify as a process and to describe i;
as qeantitatively as possible has onlyqbeenvproﬁptee by the best of
reasons. This seerchlis underscored by the asgumptions that-there

exists creative potential to some degree in everyone, and that the -

'
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educational system has the obligation to ehcourage the development
of this potential in the individual.

Guilford has used factor anglytic methods on a very
extensive test battery which included match étick problems, word.
'associations, practical sitﬁations, soclal and personal situations.
Mény test items were similar to thoge used by the armed forces ‘to
test personnel for adaptability and resourcefulness in a field
sitdation. A factor of sénsitivity, four factors of fluency, (word,
ideational, associational, and expfessional), two factors of
flexibility; (spontaneods and adaptive) factors forvredefinition:
pénétration, and elaboration have been éstabiished as important in
describing creétivity.

}/ Torrance adapted éome of Guilford's ideas to school
children; His emphasis was on open-ended situatibhs which called
upon the individual to supply as many responses as possible to a
g#ven situatioﬁ, and fhen, to scoretthese situations for fluenc&, '
flexibility; and originality. Fluency was the number of responses
given; flexibility, the number of classes of responses.givén; and
originality, a measur;\bf how_infrequeqtly a response is given.

A limited amoqns of york has been done in the field of
measurement of mathematical cfeativity.‘ Some of the problems
constfucted by Evans have already been illustrated in Chapter III
(page 78). These problems set a numerical or geometrical situation,
thenR;sk for as many solutions as possiblé. The following 1is a

further example of the type of problem constructed by Evans: (1964,

-

3The Torrance Tests and Manual for; Scoring are available from
" Princeton Press, Princeton, New Jersey. '
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1, 3, 5,7,9, 11, . . . . 18 an example of a seque
of numbers.

rule, and once that rule is known, we cgm find as many
numbers in the sequence as we want For
example, . . . . ... . . . . o

Now go on and write as ma sequences as you can, using
different kinds of ruled. 1In each case, think of a
rule, apply the rule to 1, and continue to apply 1t to
get the next 4 terms of the sequence. Make a brief ’
statement of your rule in the space provided. Any
‘sequence is permissible if you state a rule showing

how you constructed it, and you have complete freedom
in making up the rules. \

Sequence Brief Statement of Rule Used

The responsoq\;o most items (small variations were
incorporated depending upon the detalls required by the specifics
of the test items). were scored for fluency, flexibility and
originality in the Torrance sense. The fluency score was obtained
by assigning one mark for one-response, whether the response was
correct or not; the flexibility score obtained by assigning one
score to each response of a'different form. For the question above
one mark was givep for each different kind of rule used. For
example, "add 5," and "add 7" are one type~of rule and would score
one for flexibility, while "add 5", “and "multiply by 5" would score
two for flexibility. The score for ori;;;:Zity was based on
Guilford's statistical reference; a score of 0, 1, 2, 3, or 4 was
‘assigned to each different kind of response, depiqding upon the
percentege~of the sample giving this response. (BiZ-IOOZ-QO; 612~

80%--1; 41%-60%--2; 21%-40%Z--3; 0Z-20%7--4)
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Eastwood (1965) has d;ne some work on the idea‘of Problem
Construction. His type of questidﬁ is more complex and less specific
than the Evans' items and may be argued to be a part\of the factor,
sensitivity to problems, or related to the area which~Torrance
measures by his Ask and Guess Test~-the ability to formulate
hypotheses. Following is the problem used by Eastwood.

Trieste Problem:

In February, 1960, a United States Navy Submarine
called a bathyscaphe, touched down 37,800 feet under
the Pacific on the floor of the Mariana Trench. The
submarine, Trieste, was towed by a Navy tug nearly
two hundred miles from Guam before starting its dive.

It took the Trieste one hour and fifty-eight
minutes to get to the depth of 30,000 feet and after
that it went down at a rate of one foot per second
until 36,000 feet. From then on the speed was
checked to half a foot per second. They reached the
soft floor of the trench, the deepest in the world, at
1:10 p.m. To their astonishment, the depth, 37,800
feet, was.l,600 feet deeper than the figure expected.
The return“trip to the surface took three hours and .
thirty~seven minutes.

The instructions are to-construéf as'many problems asg
possible, problems that can be answered with reference to the data
given, v

Eastwood obtained fluency, flexibility and originality
scores for this problem but also initiated two other scales,
adequacy and péﬁetration. The two séores correlated at 0.90: The

former score was found by applying a criteria to the responses; each

.

response was judged on its matheﬁatical adequacy or appropriateness

in the situation. The latter was a scale constructed on the basis

of expert mathematical opinion on the degree of mathematical

insight required'in formulating the problem. For example, questions
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wﬁich could be applied directly to the context without any
calculation would be scored zero, pfoblems which used the data to
predict outcomes of possible applicagiggfreceived a score of four.
The above data suggests two other considerations in tﬁe assessing of
responses, the appropriateness of the solution to the problem as ﬁeil
as «the depth of insight sbown by a response. Since both correlate
highly, the former procedure may be used. The appropriateness
consideration waé incorporated by Taylor-Pearce in his modification
of the divergent scores of fluency, flexibility, and originality.

Taylor-Pearce did an extensive mathematical analysis on the
scores of fluency, flexibility and originality for mathematical tests
of'divergent thinking at the grade eleven level. He established a
system of concept sets to overcome the difficulty caused by the
hierarchial organization of mathematics. This system of establishing
the distinct concepts found in one response and comparing itvwith the
concept set representing a second response established an effective
way’ of judgiﬁg the number of distinct classés of responses made by
any inqgvidual. If the concept set of one response was a subset of
the concept set of a second response, the first was of the same
"kind" as the second and thus only one score for flexibility would be
awarded. This modification of the‘flexibility acore,ATaylor-Pearcé“
;alled variety. - V

One difficulty with the originality score, as it w#s
established for the content used by Torrancef’jﬁs that of
"acceptability of response". To quote Taylor-Pearce:

One aspect of this proéedute, however, that does

not appear to have been accounted for by previous
investigators, 1s that it is not only the most novel
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responses that may have statistically low frequencies

in a sample. Some responses may appear so insignifi-

cant to a student, that he does not bother to write L e
them down, but he may write down responses which
indicate that he knows these ideas and more. When
most students ignore the insignificant, but .
appropriate responses, these resgponses tend to have
low frequencies. It was considered that the frequency
proportion could only determine upper bounds for the
responses, and that if there is evidence that a
response 1s implicit in another response, the response
should not be assigned a novelty score higher than

the novelty score of the response in which it is
subsumed. :

A (Taylor—-Pearce, 1971, p, 77)
This'adaptation of the originality score, renamed novelty,
prevents the peﬁalizing of the more discriminating student by
awarding thehvery uncommon trivial response a high score.
These,%focgdures for establishing variety and novelty'wére
used by fhe experimenter for the present study. Some further
modification for the classification of responses was necessary, but

these were determined by the specific questions and are included in

the discussion on these questions.

THE SCORING PROCEDURES FOR CONJECTURING, SENSITIVITY,

REDEFINITION AND VERIFICATION

Conjecturing
The scoring procedures, based on Taylor-Pearce's '
modificaflon of Guilford‘and Torrance, follow'the following
guidelines: .
A fluency mafk 1s given to measure the number of apprﬁpriate
resﬁonses made by a studenté Although the decision as to whetﬁer a

¢
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response 1is appropriafe or not was used very sparingly by the
original developers (Torrance used it only in the Unusual
Modifications to Toys Test),'Taylor—Pearce argued that this decision
is very important in measuring a specific‘type‘of creativity. It
was relevant and importamt to limit responses to tne mathematical
domain, and to eliminate responses obviously incorrect. 1In contrast
to the broad responses given in answer to Torrance's creativity

test items (reasons as to why the individual is at the pool are
elicited from the test subjects), mathematical responses can be
judged as appropriate or inappropriate within the more limited
content, This qualification was very pertinent to the study ‘under
discussion in this text. A few responses such as "It reminds me of
a barn, . . . a watering trough, a symbol for luck. . .". were

given to The ?entagon. These responses were. not considered
mathematical and thus eliminated from the scoring process.

In general all responses were given a mark for fluency
except those which were non-mathematical, an incorrect»stetement of
description that should be obvious to a grade nine student, or a
repetitionfofva previous.statement. This elimination of incorrect
and inappropriate responses resulted in a lower fluency score than
would have occurred if every response had been accepted. Since one
of the purposes of the experiment was to show that most students can
respond to the open-ended situation in some meaningfui and creative

fashion, this more conservative estimate was considered more

_ desireable. . e,

4For eg. A picture of an elf-like creature kneeling by a poal
osed. -
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The respﬁnseé to.open—ended questioﬁs were also given a
variety score. This score,;again a Taylor-Pearce modifibation of
the Guilforq flexibility écqre, réflgcts the number of different
answers given in response to a questioh. Thebretically, the more
creative student will be aﬁle to supply responses that c}early differ
from‘one anotﬁer.- De Bono defines lateral thinking as the}searqh
for a problem through many avenues;'Guilford speaks of spontaneous
flexibility; Taylor—Pearce'summarizes "Flexible thiﬁking implies a

shift, .a jump, an unconnectedness in ideas while rigid thinking

el
’

1mplié? a sequence, a pathway, a connectequss in ideas." (Taylor-

Pearce, p. 61)

The modification again reflects the nature of the specific
content. Mathematics 1s sequgntialj some ideas, some conjectures
are generalizations or extensions of more specific ideas; some
ideas are subsgets of theila;geytggre inclusive cénjectures. In
order to recognize gnd reward zhe individual who organized a

conjecture which may have included several minor onesg, yet not to

reward the individual who responded with a general statement,.then'

.repeated smaller conjectures which were only specific cases of the

‘larger one, a method of categorization was established. Taylor-

Pegrce (pp. 63—78)>established mathematically that every response

could be brokeh down into statements of one concept each, and that
these concept statements not only éxisted, but that each conjecturé'
could be analyzgd into a minimal set of concept statements. ‘Once
eéchkfesponse was classified iﬁ terms of the concept set, the-
individual was given a scbré fof‘every concepi set which was noﬁ

\
.
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included in a previous one.

For example, the following two statements ﬁay appear on the
same paper in respoﬁse to the triangle question.

When the base and altitude increase the area Increases.

The bases are the same length. v
Statement one could be répresented,by the concept sqt7Ql =§:area,
altitude, linear measure}; statement twolby the set Q2 = Elinear
measure}. This individﬁgl would be awarded a score of 2 for fluekcy,
a score of 1 for variety, since QZCQl. “

The oral discussion helped to determine the level and the

~

appropriateness of the response, because the student was able to
elaborate on what the response meant‘;o him. This reduced the error
attributable to the marker reading %mplications into a response or to
the marker's inability‘fo understand the i1deas present behind a
response. A response made by two individuals may sound very‘much
the same, yet be representative of two largely differing thought
processes and levels. One example is the following response: '"Each
of the five points where the pentagon touches the circumference of
the,circie would be ﬁhe same distance apart".. When one student made
this as an observation, all he meant was that the pentagon was
réguiar; This w;s a fairly low level observétion. A second student
de the same observation, but waskreally mentally rewording it to
mean that if the pentagon was rotated it wdﬁld'describe a circle and
was tﬁen intrigued with the question of what relationship existed

betwéen.the side of a pentagon and the circumference of its

circumscribed circle.
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! The:;ral interview was used to classify the respsnées and the
additional ideas expressed orallXVwefe,not recognized by th;.score.
The score was limited only to the written ideas because of thg
possibility that the interaction of ideas between the 1nterviewer

"and the studént might affect the quality of response.

" The'hoveltx score is a statistical appr;xihation;tb some

measure of originality in a response. It is basgd.on the assumption
that the more ffequeptly given responses are not as originél, as
unusual in a creative sense, as those which occur less.frequently.

The Guilford and the Torrance guidelines used the following

categories for awarding scores.

Responses made by y 4 A Originality
of the subjects score
7 81-100 : 0
. ' ’;‘Nm : R
61-80 e 1
41-60 . o 2
— '\ ) R .J
21-40 : : 3
. . .
“0-20 : 4

éeveral difficulties occurred wheﬁ a strict applicétion of
percentage guidelines was attempted. Because of thevsmall number
of students. in the sample- (42) and becauée of the diverse ﬁature‘of
the rgﬂ;onses, it was foundnthat no one response was repeated by mofé
than 55% of the‘subjects.' Some of the responses, although seemingly
different on the surface, resulted f:om the same type of thinking
. about ﬁhe variables. - It was necessary thén to ér°ﬁ?~‘§ﬁ3ta§ements
.binto categories. Each cétegory was defined by the htaceﬁents which

it contained and these statements would therein be deemed equivaleht.
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The following procedure was used in establishing the novelty

scores. .

1) The statements were analyzed into concept sets.

2) The statements with ﬁhe same concept sets werevchecked
for equivalence. If one statement followed from the same line of
.thinking (the oral responseslﬁelped to establish this),- or theyi
resulted in an identical result then the two statements were put
into one novel;Y'class.

Tﬁe separation of the respéa?es for The Triangles seemed
more obvious; that for The Pentagon méy need some explanation; The
following discussion should providé Ehis explanation for the reader
as well as provide an understanding of the rationale behind the
novelty cétegéry.

The responses from this question seemed to fall into fifteeﬁ
categories--the main four are elaborated.

I. Variation of the Original Statement. As indicated in

Chapter III, a suggested conjecture was given:

A series of pentagons cannot cover a flat surface
unless the pentagons overlap.

. ) -
Twenty-three of the eighty-five responses were variations on this
theme. Some were elaborations, some were extensions, but none
included any concepts'but that of the lattice in their concept set.

Some examples are the following: .

3

4

. “1) A series of pentagons and oth
a flat surface. a

¢

r shapes can cover

1]

2) A series of pentagons can cover a rounded surface.
"~3) .A serles of pentagons if not regular, can cover
a

rectangular surface.
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IT. Some Basic Variations of the Inverse of the Original

Statement. The statements of this category all-depended upon the
concept "the division of the pentagon", and were non-quantitative
descfiptions of the polygons which resulted when the diagonals of

the regular pentagon were drawn. Several subtypes represent this

-

cateQbr}»of equivalent statements. 1) A seriles of squares would
not cover a pentagon. 2) A series of triangles would cover a
pentagon. 3) A pentagon is made from a star and five triangles:
4) Ten triangles are formed by joining a vértex with a side
opposite. (meaning at right angles) These statements may not be:
considered equivalent by the adult or the more sophisticated
Imathematics student. Each type of response may imply a different
avenue of research, not necessarily gqually fruitful, however the
division.chosen by the student seemed random and accidéntal, was
descriptive' in nature, and in most cases did not seem to lead or

&

to suggest further research. For this feason; assigning equivalent
priginality scores to these statements seemed justifiable. °
If more tiﬁe'wére given to a student to discuss and theorize

about the pentagon divided by its diagonals, the various

mdescriptions may separate and may lead to the noting of ﬁhe 1soéqe1es
72° triangleé, then to a comparison of the lengthé‘of sides and
diagohalé. Undéi‘the circumstances in the present study none of the
responsés included in category II suggested even a hint of these-
ideas. | |

Individuals who were aware of the possibili;ies inherent in

the pentagon resulting from the drawing of the diagonals usually
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extended or qualified their conjectures. These more elaborate
conjectures were not included in the second . category, but in a
category which included a smaller proportion of responses, and were

‘thﬁs awarded.a higher novelty score.

—

Several examples of responseq‘éxéluded from category II are
,.* ) (“ i i A
the following:

1) The area of any triangles formed by the two sides
of the pentagon and any line that joins two
vertices of the pentagon will be the same.

2) The small pentagon inside the large pentagon is
not in the same position as the original pentagon.

3) Since ten triangles are formed by joining vertex
to side in the pentagon, fourteen triangles would ‘
be formed in a seven-sided figure.
L .

4) The area of one pentagon will be proportional to
another.

III. Properties of Regular Polygons. These were statements

of pure descriptién, statements of obvious ideas or ideas which
required little or no deductiégqutatements of memory or statements
which weré redundancies. Statemen;s in this category were assigned
a measure of zero because they were not hypotheses and thus
inappropriate. This assignment only applied to the novelty score..
Some examples which define category III are the following:
"1) If the sides are equal it looks exactly the same, any

Qay you turn it. | \

2) Each angle will be the same measure in a regular polygon.

3)— Ali sides will be the same in a regular polygén.

4) A pentagon has five sides and five points.

5) All the altitudes from vertex to opposite bése‘are the

same.
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6) ‘A pentagon may vary in size, but the shape 1is uniform.

7) The pentagon may be seen as a 3~-D figiire.

IV. Variations of the Inverse Statement (II) but with an

Ordinal Type of Size Specifications. The size specifications
included in the responses from this category were ones of comparison
between one or more of the pol&gons that)made up the pentsgon; For
example:
‘ 1) The diagonals drawn result in five isosceles triangles,
five obtuse triangles,_and a pentagon.
* 2) The figure is made up of five similar isosceles

triangles. |

3) A pentagon can be divided .into an infinite number of
stars. | |

4) Three is the smallest number of triangles in the pentagon.

Response number four illustrates one of the weaknesses in the
classification scheme for novelty. Subjective Judgement of the
scorer determines the inclusion or the exclusion of a certainr_‘
"response. In this case it may be very Justifiably argued that the
thinking iniresponse four 1s on a level separate from the other‘
three. There seems to be a hint cf division, or realizing a number
of possible dinisions, and then of a comparison among classes (of
divisions) rather then among units (of one division) At the tiﬁ57
‘of the classification, the experdmenter made her decision by listening
to the taped responses of the subject, which did not suggest this
individual 8 appreciation of this type of higher implication of his
own response. This response was made by one student, anquould nOt.’

. T

RIS

/
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change the novelty score for the category, although the subject
‘ respongible for the response may have reeeived'a more conservative
grade than he deserved. | |
| The remaining categories.were very snéll nnmerically.
‘Category V dealt with the altering of the sides or the shape of the
pentagon, Lategory VI with the relationship of the perimeter and the
area of the pentagon, Category VII with the compat?son between'the
measures qf'patameters of the pentagon or its part. .For~examp1e:

The area of any two triangles formed by the side of

a pentagon and two lines that join 2 vertices of a . .

pentagon are the same.

When you divide the pentagon into triangles by the
altitudes are the two triangles the same size? '

The other categories VIII-XVI contained one or two responses .in
each. One of the most interesting was the following¥;~jrﬁiwm‘

The area of an inner pentagon will be proportional
to the original one.

,Several of the one-response categories were considered as
éubsets'(had concept sets wnich were subsets) of the first four
categorieélend were then ewarded a score~equal to that of the
superset. _ | o k\
| The novelty score-awarded to everyrresponse within a'specific
category was calculated by counting the number pf respanses in the
specific category,vthen by eomparing this number to forty-two as a
percentage. Guilford's percentage limits listed above were tnenv
appiied. |

One other qualification in the novelty score was made befére

the final score was obtained. An initial ‘score of zero was assigned

to responses that were redundant of some ideas stated in the question,
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that were statements of fact or were facts that are commonly given
in grade niné“classes.‘ Several examples follow

The total number of degrees in a pentagon is 360.

The area is 30 square units.

A series of pentagons cannot cover a rectangular

-surface without leaving gaps. (This is essentially

a restatement df the given hypothesis.)
All other responses were given an initial score of one. The final
"novelty score was then equal to the initial novelty score [kgi]x the
statistical novelty scbre[b‘l‘z 3 4]. This score was awarded to
each given response that a student made, and the average of the two.

highest scores became that individual's novelty score.
Sensitivity

Although both The\Sqﬁare and Area Increase were logically
assessed as problems measuring the same trait, the responses given

seemed to indicate that the children of this level saw the two

; E .

questions differently. The é}ﬁilarifie; and the breakdown of these.
similarities is &iscgssed'under two points: one--the relative
.open—endedness of the froblems, and two--the relative importance of
the spdtial factor in each problgm.

- 1) Most of the students aséﬁmed both problems to have a
definite number of ansﬁers. This similarity preaks down, however,
-when- students realize-that both questions_réaily have many answers.

The diff;rence is that the infinite number of responses for”The_Square,

are not interdependent.or,sgquential. The responses to Area Increase

are infinite along a continuum which can be déscribed by setting



131

L

limits on bqth‘ends.' The area tends to zero aé the altitude

approaches ;ero,'thua the area décreases if ;he number of degrees
betweén‘thé slant side and the hérizontalitends'to zero. The

greatest increase occurs when both of the two adjacent sides are
increased by ten percent. Since these relationships are interdependent
and sequential,{thislqpestion,nat a more sopﬁisticated level,‘becqmes o

a convérgent type of problem. The children participating in the

experiment, however did not see it at this level; most of them did

T

not even see the problem-having more than the obviéusytwo responses
of increasing length and of increasing. width. . (See discussiop in .
Chapter VI) ‘ v - “

ii) Both problems had a spatial factor, however the spatial
factor.played a greater#part ih.the The Square than it did for
the Area,IncfeASe. Since most students answered the latter
problem only by increasing the two 1engthsvor the two widths,
the spatial.factor did not even enter into their conception. On the
other hand, Fhe spatiallfactor for the former was_an obvious onfe
in the.thinkiné %or.The Square.

Becaﬁse of these factors, barring the fact that the genéral
procedure for écoring‘the two sensitivity problems was the same,“thev
novelty categories for the éecpnd senai;ivity p;oblems todk on a ~ﬂ:;;
more sequential character than those for the;fi;st sensitivity
probled;b To illustrate these facts, a more spécific enumeration of
the catego;ies used in the'scoring follows. -

Each set of written responses was scored for fluency, variety

and novelty. All responses except those that didn't meet the
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specifications of the problem (didﬁ't c;t the square in half, or
didn't increase two‘gides‘of a rectanglé by 10%) were awarded a
score of one for fluency; the‘total number of responses became the
fluency score of that individual. Scores ranged from 1 to 8 for
The Square and from O to 4 for Area.  Increase.

The i?itial fifty different responses given by Fhe group to
the first sensitivity problem--The Squarer—weré classified into
twenty—-three different types of responses. Some of the characteristics
used as concepts to establish these categories were 1) the straight—
line cut, (veftical, horizontal, diagonal, off-diagonal) 1i) the zig-

" zég[cut?,(;ertical, horizontal, diagonal, off-diagonal) 1ii) the
L—shapgd cut, iv) the curved line, V) the?insert using one.side;or
corner of the sqﬁare, vi) topological cut, vii) the use of.more than
t&o piéces to make a half. |

One‘mark was glven to each category représentéd b& the

responses made by an individuél; in other words, the variety score

. for an individual'indicates the number of different types of

responseg made by that individual. The varilety score for The Square

Ny,

ranged from one to eight.
The cléssification for variety was to be used to establish
novelty scores, as had been done for conjedtqfing. This plan was
----800R-realized as inadequate. 'Many of the résponses fell int6
ééﬁegory-i or 11; these responses would be given a score of zero. of
the remaining respbnses,.thdse_made by one~half of the class were
placed in categories iv and vi; these would réceive ! scofe of two.

Ha

i R ' :
/ All other scores were sp?ead thinly among the remaining categories
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and therefore would all receive scéres of four. A further grouping
_go reduce_the number of categories was deemed necessary if the |
novelty score was to be more meaningful. The‘further claséification
ag shown in Table 6 resultéd'in a greater spread of scores and
Zreduced the number of responses recelving a top score of four to:
twelve out of the oriéinal one hundred fifty-four.
| One weakness in the ‘scoring scheme, that of subjective

judgement used in the classificatioﬁ of responses for novelty,
has already been mentioned in connection with conjecturing. Two
other difficulties became éﬁident. First, the scoring procedure aoes
not enable the reader to distinguish between two extremes of response,
ong-—the analytical listing and classificatioﬁ of the possible héive;,'
makiﬁg use of rough drawing and mentai concerUalization of the
meaning of the term one-half, as compared to two--the detailed,
artistic or very carefﬁl drawing of half a squére, resulting in a
beautiful but single response. Both extremes are statistically
novel, yet the first individual wins a greater fluency scofe,
variety scofe, and sometimes may average a higher novel score.

Second, the scoring proceaure does not answer the question
of whéther the symmetrical responses or assymmetrical responses
are more creative. Is the break from symmetry a mark of originality
‘_or of flexibility? 1Is it just an avoidance techmique which makes
the probléﬁ easier to answer;' Is the imposition of stmetry’onto'
the meaning of one;half a tradition or is it a self-imposed reétriction
which results in a more aesthetically satisfying response? Possibly

responses maj fall along a continuum such as this:

s
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TABLE 6

CATEGORIZATION FOR SCORING THE SQUARE-NOVELT! '

CATEGORY . CHARACTERISTICS NUMBER OF
. RESPONSES
1 i - - 39
i1 :' o ' . | 40
111 Considered a subset of 2 | 6
w o [F] 21
: & ;
vi 11
vii Er] E] Variations of shape in;ide" f 3 7
viii @ N M variations of inside cut X 8
« R
. N E :
xi Y '3 3
xi1 . | 1

Cxiit Elaborata symmetrical design 1
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symmettical, equal break from symmetry cbmplex
traditional parts ~ break from conventional symmetrical -
: halves " cofigruent
“ghapes

Originality is difficult to separate from complexity in this

problem.

balance and physical skills.

The most complex responses confound spatiallsensfbility,

Just how to award scores so as to

recognize these problems can be answered only after further research

into the types of individuals who give certain types of responses.

As mentioned before the categories for Area Increase are of

a type di{ﬁsrent from those established for The Square'because wney

" have a sequential nature,

Because of this, the safeguard applied

in the other problems to prevent the rewarding of responses that

were given infrequently, but that were defined by concept sets which

were subsets of concept sets for responses given much more frequently,

was not necessary.

A)
B)
C)

D)
E)

F)
G)
.H)
)
J)

K)
L)

The categories were as follows:

Increasing four sides of the figure maiptaining
the rectangle.
Increasing two lengths. only, maintaining the

rectangle.
Increasing
rectangle.
‘reasing

. easing
two widths
Increasing

length, one width.

Increasing
width., (2

two widths only, maintaining the

one length and one width only.

two lengths-

as a second
two lengths
(3
two lengths
responses)

as one response and
response.

and two widths and one
responses)

and one length .one

Increasing four lengths, one length and one

width. (2

responses)

Using the square for easy calculation, then
generalizing to rectangle.

Doing more than one example for each calculationm.
Attempting to generalize the idea exemplified.
Posing completely inappropriate or incorrect

ideas.
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gories C, B, and D are independent of each other.

l ' -~

Notice that cat
BCESF,"CEECE, DEGCF, and ACH. Categoriés I, J, K are used
in conjunction with .categories. A-H inclusive. Thus a résponse

(A, J) which increased foﬁr sides_of a figure and used several .
exaﬁples to establish a generalization would score two on flﬁeécy,

and one on vafiety, since the response (A, J) would subsume the

.résponse A, and“(A, J) can be considered as a subset of J. kie.
TAC (4, J) <) The range for variety onléhgs problem was zero to
three. ‘ J A

The statistics on which the novelty score was based were
arrived at by comSining the number of respdnSes made in a certgin
category plus the_nﬁmber 6f fesponses made in the categories.which
supgrcgﬁéd it. Thué the percentage from whiéh the novélty score
for B is achie&éd = 1/42 (the number of :>0nses given in B +
the number of responses‘in E + the number of responses in F + the
number of réspohses in G.) x 100. The péqcengage gui&élines stated
on page 124 were then applied.

Although categories I¥L.were methodg;of’verification, it was
udeéided to include them as abpropriate responses 8;9 to treat them
in a manner consistent to that of the other categ rie;. These
resbonses ﬁere indi;ati§ns of thorough mathematical invesgtigation,
and theée individqals felt the need to estggliSh_the truth of the
cértain intefpretation they”had chosen for the question. As a result,
these indiyiduals did not héve the time to investiééte the othgr

interpretations for the questioqf To distinguish the individuals

who would have proceeded to further investigatién from those who



Ly

would have not seen these other possibilities would.réquire an '
extended time for the problem. This was ﬁbt~possibre here. The ’
awarding of the additional score to students who had ingluded

- responses of type I-L may be over-~rating these individuals for
novelty. This error was reduced somewhat by the averaging‘;f two
novelty;scores aséigned to t@o responses!from ﬁdo different catégoriéa
to obtain the final novelty score for that individuél. The novélty

scores for Area Increase ranged from zero to four.
Redefinition

The redefinition problem-situations are to measure .the
ability of the individual to solve a’se;iés of seemingly similar
problems by the mést appropriate means.. The decision as to which
response was most appropriate was based on efficiency, that is,
which method resulted in the solution in the easiest énd quickest
way. This decision was based on seeing the problem in isolation,
not in-tge context of any special previous selution.

Each question consists of six parts. The first three parts,
which were short answer questions similar to those used.in any
classroom, were not scored. They, however, served two purposes—-
one, they‘established a set, a prediéposition t?wards the problems
whigh the students would have to break; second-~they servgd to build
student confidence, or enabled the sﬁudent.to reyiew concépfs in

terms of a specific situation. The sepoﬁd purpose turned out to be

quitq‘ihportant in the experiment since, as mentioned before, the

il



138

!
Py 5

students appeared unable to function well without reassuring
feedback.

‘For the three remaining parts, a list of ohe possible
solutions and the approaches was maoe. The most straight-forward
one was assigned a score’ of two, the others a score of one. An
incorrect or inappropriate answer was gcored zero. For example,

the answer to Angles, part five, is easily seen if it is realized

~that;f(a + b+ c+d) 1is equivalent to a complete revolution.

’qﬁestion. Angles

m(a + ﬁ + c + d)o) =

Because the previous questioné had focused on the algorithm

'180 - m (givenl) = m(x), where x is the required angle; many

students attempted to find the individual measures’. for angles a, b,/—
c, and d with the intention of combining them to form the total.

The method based on one revolution was awarded a score of two, any

‘other method of solution, if correct, was given a score ©of one.:

For this question, no one achieved a correct solution by any means
other than the complete revolution method.

The second example illustrates a possible weakness in this

D

(vi) ' »
. LDCB o= 0 ’ - /

500 A . -

-
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The solution awarded a score éf two was dependent on realizing that
AABC = ADBC, thus £C = 30° + 50°. Most students solved the problem
by using AABO and AODC, that ié,'by anglyzing the parts rather than
the whole figure.

‘ In this problem, it is not clear that the fq&mer solution is
better than the second, although it is more direct. This difficulty
is indicated further in the ‘analysis of the statistical results.

The second question in the Qecond problem for redefinition,.

J
’

Afeas, also qpnsisted of six parts, the first three parts dealing
with the .areas of three parallelégrams,'two of them right-angled.
These énswers provided‘a setting, emotional and academic, and were
not awarded marks. The remaining three attempted to providé
ksituations for whichlthe lpquould hinder the findings of a solution
which was most direct. Spécifigally part four could éasiiy be |
solved by moving A to position B, forming a squafe. This approacﬁ
yas awarded two marks. Two ther apprbaches;—one of finding fhe
area of two barallelograms, then summing the areas, and second of
f;nding the area of "two équares in three dimensional arrangement
(an idea disqourége& in the instructions bu; one that ténded to <

reappear), were M-ces - .s of one.
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The favored approach to the fifth part of the problem was
again one of rearrangement, that of doubling the given information
to férm a rectangle of 5 units by 12 units, then realizing fhe area
- of the required part was half of 60 square units. A second
Nalternative Qas to use rectangles A and B to c9gglg;e rectangles
D and C respectively, to obtain a large rectanéle of 5 uni;s by 6
units. These two approaches were given scores of two; approaches

which utilized the division into smaller parts and their summation,

were given scores of one.

2
2
' 2
5 2
D c B 2
2 2 2 2 2

-

Part six of the question réquiredArearrangement into a
parallelogram for easy solution. Finding the area by divisioﬁ‘of
the parts was very unwieldy, althoﬁgh one student did manage to get
the corréct answer in this fashion. The former solution scored two,
the latter, one.

The question of whether one solution is justifiably favored
over the other étill remains. Although rearrangement was a convenient
way of solving these specific.problems, the #pproach of division is
certainly a mathematically valid and understandable one. Division
andxanalyais by p#rts is a method of calculus. As suggested by one
of the s;udents.wﬁo examined both types of sdlution to the stgircdse-—

"Doing it by parts was easier. I knew it would work; the other way
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is faster, if you notice it, but longer since you have to look for

ie."

This queétion is of the typé constructed by Luchins in his
work on the Einstellung effect. The first three parts establiéh
the set for area and the use of formulae. Part five is possible -
by rearrangement or by division, although less efficiently by the
latter; Part six is possiﬁle'only very péinstakingly, by division.
As a regult, the mére fruitful source of information is in the ‘
seggnd analysis of this problem——the comparison of individuals who
solved this probkem——and the greater value of this problem is that
~ of helping students learn to overcome the Einstellung effect.

The total score for each section ranged from zero to six
depending upon the solution given by the student.

The. first redefinition question was much more difficulﬁ tob
mark since the redefinitive aspect was enclosed in a single complex
problem rather than in several parts whi&h required a simple process.
WhereasAin the second redefinition problem each small parf focused .on
one fix;tion which had to be broken; to cut the board in half and to
fit it onto the hole required the student to break from the
traditional straiéht cut of-g half, £o manipulate the many
possibilities of irregulér cuts until the numbers matched the
réquiredvdimensions, and then to fit these pileces tbgetﬁer to form
a second complete whole. .Thus, the ayﬁﬁetry,Athe number ratios,
and the spatial teaftangement of the pieces wére additional demands
compounded on the simple requirement of cutting the piece in half,
and served as stumbling blocks for at least a portion of the sample.

The original intention was to score the types of responses

-
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given by/étudents as they gttempted't6 éolve the probiem; The -
children were thus given inétructiéns-go include all their ideas
and all their attempts even though they realized that they were
incorrect. This information was to bé important in analyi;ng the
pre of thought which resulted in correct answers but it was also
thought that it might revgai some numerical relationship Setween
number and type 6f variations that an individual attempféd'ﬁhd the
ability to solve problems of this type. The preliminary work soon
showed this approach unfeasible. Some individuals only had "to
 mutter a few incantations under their breath" beforerthey'quickly
drew the correct response. Others drew mahy variations‘of the
zigzag cut and even then could not establish the correct connection.
Two individuals coulggapproach the problem in similar ways yet ome
would quickly see a sﬁlutioﬁ, another would not at all. Other
faétors besides thé number and type ofAdrawings seemed to correlate
with a solution; fhese factors would be Egtterlanaly;ed by discussion
than by numerical means. |

In the last énalysis, the best repreéentatipn of an
individual's ability to solve the problem seemed to be the time
taken to solve the problem. The subjects had been asked to record the
time at which a solution was achiéved."A clock was provided and the
student noted the time of solution‘td the nearest‘miﬁute; Since the
time had not been intended as a basis for scoring, e#tra care was not
taken, and may prove to be a source of erfor iﬁ the analysis. The

students were classified into categories based on solution within five

minute-intervals. The following table indicates the scoring.
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TABLE 7

THE SCORES ASSIGNED TO THE BOARD AND THE HOLE DETERMINED
BY TIME TAKEN TO SOLVE THE PROBLEM

TR (x) SCORE
in minutes )

x£5 3
5<x %10 2
10 < x £15° B 1
15 < x 0

The assumptions behind.this prbcedure are'severalz
1) The greater the time taken to solve thg problem, the

less able an indiQidual 1s able to break a set to reorganizewhis
- 1deas, his conceptions, and to adapt them to the given conditionéf

i1) The time-redefinition ability proportion lies along
a continuous and an iﬁterval type of scale. This scoring schéme
suggests that the difference be;ween the ability of an individugr
who solves theléroblem in five minutes and that of the indiQidugl
who solves it in ten minutes is the same as the difference between
the abilities of the individuals who solve the problem in ten and
fifteen minutes respectively.

The difficulty with these assumptions is obvious in terms

-

- of reliability. ,Thélflash of insight reSponsiﬁle for those responses
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that took piace within the first few minutes will not necessarily
happen to the same individual in another context. It’is suggested,
however, that thé individual who scored higﬂ in thié problem would
solvé a greater proportion of similar problems 1f given a series of
these problems than would the individual who’obtained a low score.

q

VERIFICATION

The first verifying problem-situation, Pol&goné? 18 composed
of féur parts, the first three comparing the.area.of a regular
polygon to tﬂ% length of its sides, the fourth st;ting ghe same
relationshipﬁfor a general polygon. The polygon varies from the

least complex, the square, to the triangle, to the pentagon, then

to the' general case.

'yécsging prbﬁédure similarifb that used for tﬂe second
sensitivity érbblem,'Area Increase, was set up. The responses were
first awardéd a score of one or zero depending dpon‘vhether it was
correct or incorrect; they were then caﬁegorized into sets which
were Similaf in their‘approach of solution. Six scoring catégories‘
were the result aﬁd are summarized in Table 8.

» These categories indicate lévels of answers which can
éeneralize'tq other situations. The categories that résulted'fibm-
an organizétién of the responses to tﬁe second verifying problem--
,Parailel Lines, Part A--are shown in Table 9 and illustrate a similar
hierarchy. The responses from Part B sepérated into similar

categories. (Table 10)
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TABLE 8

CATEGORIES OF RESPONSES FOR POLYGONS

'

CATEGORY , S - . SCORE

I) Restatement of Problem-Descriptive restatement or an
attempt  to justify by restating the problem in a different
form. 0
II) a. Use of one example to substantiate a proof.

b. Some attempt to generalize by using the side
measure of one for the polygon.

c. Distinction between side and altitude not
realized; the square sometimes seen as a generalized
polygon.

III) As II) but a distinction made between altitude

and side, but no formal treatment made of the

assumption that relates side and altitude.

“~" b, Use, of more than one example. E 2

IV) a. Some indication of a general proof.
b. An intuitive idea 3f similar figures used to
relate increase of side to respective increase in area.
c. Some indication (clarified by the verbal
discussion) that a generalization was understood, even
though it was not stated in formal form. : ‘ 3

V) a. A geometric proof was attempted,
b. An intuitive geometric idea was generalized.
c. Some attempt made to generalize a geometric drawing. 4

VI)-a. An unfinished attempt to formulate a hypothesis
or theory that would generalize.

‘b. Assumptions behind altitude-side relationship \
are still not questioned. . . 4

VII) Use of many examples resulting in a generalized
algebraic statement.
b. Proof by formula, some discussion of the
agsumption that altitude is proportional to side. ) 5

VIII) Proof by formula-discussion and consideration .
of the assumption. , .6
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TABLE 9

CATEGORIES OF RESPONSES FOR PARALLEL LINES, ABSTRACT ARGUMENT

CATEGORY- ) SCORE

/

I) Restatement of the problem
a. descriptive
b. an attempt to justify by use of an assumption that
simplified the problem, ie. that the triangle was
equilateral.
c. a restatement in the contrapositive form. There
is no realization that these are just equivalent forms
of the same statement. - 0

I1) Proof by measurement or by construdtion. < 1

I1I) A generalized proof but based on the assumption that
the triangle was a specific one—-the equilateral triangle. 2

1V) Proof based on construction of the parallelogram

and the resulting congruent triangles. No proof of \
the congfuency, the presence of two congruent triangles -
in a parhllelogram justified in terms of observation

or intuition. 3
V) Proof based ‘on the construction of a parallelogram

with all sides congruent. Justification of congruency

supplied in oral discugsion when asked on' the basis

of equal angles, which makes the proof equivalent to

the one below; or justification on the basfis of three

congruent sides of the parallelogram. 4

VI) Proof established from first‘prinéiples. Equal
angles justified on the basis of parallel lines; no
unjustified assumptions. e ) 5

—
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RESPONSES FOR PARALLEL LINES, SPECIFIC ARGUMENT
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CATEGORY

SCORE

-I) Restatement of the problem
“a. no attempt at justification '
b. justification by measuring with protractor.

II) Proof by construction--a statement of congruent

triangles but no attempt made to describe the conditions

necessary for congruent triangles.

IIT) Proof approximating desired proof, but making use
of the conclusion to justify conclusion. (But half
-of 110 18 55, so angle is bisected.) Note the
realization of the important facts but jinability to
separate the given information from the required .
information.

IV) Proof attempted by use of the parallelogram.

Argument for congruent triangles based on the construction

of arcs with equal radius. A generalization of the
problem is made. ]

V) Proof as desired achieved during the oral discussion.
Some confusion during the first ten minutes due to
inability to read the diagram or to understanding the
meaning and implication of the question--eg. the
meaning of bisection.

VI) Proof based on the result to Part A. Since Part A
was true, then Part B, a special case, was also
necessarily true. Part A was not justified
adequately. v

VII) Proof by use of vertically opposite angles and
parallel lines.

!

VIII) Proof by use of paralleiogram, the two congruent
triangles and thus the two congruent angles justified.
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Note that the initial category which was assigned a score
of zero was one of relteration, of restatement, of description and

elaboration of the given problem. A second level of proof seemed

to concentrate on the use of a speqifié{ 37w
the proof._fTheruseAbf speciﬁic aﬁd“fémi} :f
concept established the idea ;nd was 8 ;
truth for the student. A third level vag a p;‘

a justification which went beyond a specific casevﬁut-in which
underlying assumptions were accepted and sometimes not even
;éparated. A fourth level was an unfinished theory or statement
which was stated in formal and general terms, which established the
necessary conditions.and set out the concepts important for the
proof, but did not formally justify the assumptions. The fifth
level was the formal proof, one in which assumptiqns wére separated‘

and explained.-

&

RELIABILITY ' : \

In order to establish the extent to which the scores awaréed
were capable of being reproduced, a sample of five folders was
marked by a graduate student in mathematics education. This person
had not been involved in any of'the'philoso?hy behind the scoring'of
responses to divergent thinking items, and was not conversant with
the Torrance tests. This second scorer marLed the papers according

-J«’

to a close description of the scoring procedures given to her by

the experimenter. Table 11 ﬁrésents the scores-given by the- -
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TABLE 11

SCORES ASSIGNED BY TWO INDEPENDENT MARKERS
FOR CONJECTURING

I

Fi
CONJECTURING I CONJECTURING II
Pupil Fluency Variety Fluency Varlety .
~ A B A B A B A B
3 4 2 3 6 6 5 5
1 , 3 3 33 22 11
o IIT 2 2 11 3 3 2 2
IV : 3 4 2 2 4 8 4 6
v, 4 4 3 3 6 8 3 4
TOTALS 15 17 11 12 21 27 15 18
% AGREEMENT* 877 91 71 | 80%

%% AGREEMENT = (Difference + Total A) x 100
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experimenter and the scores given by the second marker f;r the
two conjecturing pro?lems.

The scores given by this individual differed for three
reasons: 1) An incomplete understanding of fhe scéring
procedures used provided some difficﬁlty in assigning concept'sets.
This was correéﬁed after further discus;ion. iij An‘incomplete
unders;anding of the students' written responses provides a source
of difficulty for any scorer. fThe oral comments made by the studeﬁf
clarified or biased the experimenter in hef scbrihg of the responses.
Tﬁese ofal'éommenfs were not heard by the second scorer. -1ii) There
was some disagreement on the épprppria;éness of responses. The
experimenter's scores were lowef than were the second marker's, a
fact which was due to two reasons. First, since the study was to

show that creative responses were possible at the grade nine level,

-

a- more conservative score was preferable to a less conservative

one. The experimenter therefore did not award marks to responseg that
were unclear or incorréct,}!The second marker accepted moré'responsés
as appropriafe for the given situation. Second, the oral discussion
revealed soﬁe.amgiguous student responses to be étatemepts of
observation or of little depth. There isvahdanger‘of reading in
meaning of greatef depth into a fesponse than iﬁ realized by the

student himself. These sources. of discrepané??&ﬁe discussed and
e

¢ , .
illustrated by specific examplaes in the following_discussion.‘

]

= The marker gave pupil i‘credit for a coﬁjecture.ﬁhich was
incorrect. At the time of scoring, the conjecture

‘A series of pentagons can cover a flat surface without
 leaving gaps only if the flat surface is a pentagon.
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Ty was considered incorrect and unacceptable. The decisi%n'hgd been
not to accept an incorrect conjeééure unless it took careful
analysis to judée its incorrectness. Because of the fact that many
studpntﬁ.realized that pentagons can not fit together without
overlapping this hypothesis was not given a score. The marker
disagrgeq_;hat this hypothesié was inappfopriate and thus the

‘tscrepgﬁcy of one in both the fluency and variety scores stood.

(Table 11)

\x

Similarly the discrepﬁhcy for ﬁpp;l'lv for conjecturing I is

.
N o
v

MO

due to the following hypothesis. ‘» @

The lengths of-the sides of the parallelogram can be
altered to any extent as long as’ there are five sides.

The author felt that tf®s hypothesis was unclear. The

student, himself did not consider it any more than an obvious

AN R — .
statement, as indicated by his‘oral comment that the ﬁéhtagon could

be an irrggular pentagon.
- The large discfepéncy in the score for the.second‘hypo;hesizing‘
.question fqr pupil IV was again beéause the author considered -the
hypothe;is unélear; and thus inappropriate. The statements of-
discrepancy are as follows:
i) the segments consisting of the base of the )
triangles would increase the .same if all the triangles !

were expanded to a larger size.

ii) No matter how the angles were expanded tﬁey’vould
remain in the same proportion to one another. . -

The student's oral comments on the two ideas were as follows:

1 dectded that if they had the same perimeter they

" have to have the same area and as the area increased
in all of them they would have tc remain the same
size in proportion gf one to the other.
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2=

From this it seems that pupil IV was expecting the triangles

. e . .
to grow as perimeter increased and to maintain the same shape under

growth: When pressed for furtherrexplanation of the.second
|

statement, the student stated: .

w?

If each triangle was blown up to say twenty times
their normal size they would remain constant and in |
proportion one to the other.

Would the angles have to remain the same?
Yes. (The-idea was stated very definitely)

As was indicated above, inappropriateness was decidei on the

#

o

. basis of two ideas; incorrectness, or lack of clarity.
The judgment that any response‘was inappropriate may be
‘questioned. In fact the idea of such a judgment being made may be

Jquestioned. However since mathematics is a- science with definite

i

guidelines some classification of3responses was felt to be necedsary.

Taylor-Pearce established his. ideas on’subsets of concepts in an

¢attempt'to solve this~prob1em. ‘He also had a panel of mathematicians

‘place some value judgment on the appropriateness of responses.

f

- Eastwoodkén his’Trgeste problem found that thé same classification

s 5\
‘resulted.Bq,_wﬂ 9 Qorrelation by either an appropriateness scale or
e,

v

a judgment’ seale of established mathematicians. (Eastwood, 1965)
,ﬁ‘-; .A .‘U’

Certafﬁlyfthelauthor ] decisions in a case such as that of pupil»
IV may be readily questioned It 1is notable that IV, a high bachiever

(IQ-llO) wes 80 definite that the perimeter increase maintained shape.

! ) W *

(1f oneﬁthinks of them expanding one may think of thém stretching equally

-

iinJaIl-directions.) In that case, pupil IV is a@arded“s much smaller

L L. !

score than he deserved

o

: f; The other hjpdtheses for pupil IV in question are the following

S RS O
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i) All the triangles are found in space.

W".ii) Théy are all composed of dots side by side to form
g R T
dégit?‘ts . ‘ : e ‘\‘a
Pupil V also offered two hypothefes ‘that provided a source
. “<x?f.’ a

ey

-'r‘

fortdlbagreement.n

"'? " If the perimeter increaseh, the area increases,’ but
the number of degrees- 18- the\same. .-(180)
B
All are scaled drawings, drawn to the same scale.

The first one was discarded because the first part of the

/
hypothesis is a repetition of the original statement, the se&ond

(the 180 %) because it is a fact which was used in many problems

during the experiment, and an idea which had been emphasized in the
pretest and a fact which everyone had bec . exposed to in the

classroom.’

v

The marker who had not worked with the students, suggested

’

that maybe this was a thought which suddenly made sense to the girl
This indeed may be true and had happened many other times during the
experiment An idea, a concept which was presented many times in
class suddenly was "discovered" by the student during his
explorations. .The‘role of the accommodibion of these concepts is

. not' to be underestimated (Dienes, 1960) and may very well have

- e

‘occurred here.i The difficulty however is to maintain a consistent

scoring scheme.j Because this was Such a_common idea, many

individuals, esp!cidlly those more capable, ‘more creative, would not
. ., E 13 .
<
even consicer stating this fact. It thus seemed improper to

S e &f’

give this response a score and thus to penalize those individuals

" who eliminated it, becauseyofnits obviousness.

i

- - 24
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Similarly t} ypothesis dealing with t » o e drawiné

seemed to be merely an observation from the grid. ine marker

suggested that it wasn't obvious that the lengths were drawn in
proportion. A score gilven to this concept also seemed to be
penaliziﬁg those individuals who were attempting to éstablish more

general relationships.

A statisticalbcorrelaﬁion of reliability was not obtained

since only one other person marked a s sample of the tests

marked by the author. A second indi {pual had been asked to mark
“ B

a second sample; a statistical report would then have compared the

v scoring for the three samples; however the time fequired for

>

adequate scor was too great and the scores were not awarded.
. ,

, with the cooperation from the first scorer, the
: n
w B

detailed description of he scoring discrepancies was presented J‘

insfead.‘

<

' 'SUMMARY

o

In the present chapter, a scoring procedure for each

“problem was established. The conjecturing and the gensitivity

problems were scored for fluency, variety and novelty. A

>

hierarchial type of scoring scheme resulted for Semsitivity II.
This necessitated some modification, that of adding the number of
responses in a category that was a suBset of the speEific category

iﬁvplved to the number oﬁ?respbnses’in the éategory itself, in order

>

to obtain the number of total respopsés in that category.

V-

~Eo,
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The responses to Redefinition IIA, and»Redefinition IIB
were assigned scorés of one or two, depending upon the efficiency of
that response. Redefinition I was given a score which reflected
the length of time taken for solution. The responses for verifying

myere classified into categories that were thought'to refléct a
l:\_j'ble;vel'loif sophistication in verifying;‘ ThgselFategories were
assigned ranks of zero to six.

The question of reliability was treated in a very intuiltive
and desc;iptive gense. An attempt was made to describe areas of

and reasons for discrepancies found between the scores of one

marker and that of another.



. : . CHAPTER VI

RESULTS

X

Chapter VI has been divided into two sections.""*.
deals with the results from the image analysis performed on the
"correlations between the taest scores, the second with the‘oirect

‘.comparison of correlations between paira of scores.; Although some
‘of the conclusions drawn from the image analysis are dependent upon

" the discuaaion based on examining the correlations betweeh painagtf

test scores, it was felt that the discussion on‘the image aﬁalysis

would provide the reader with an‘gverall view of the nature and

egmposition of the 6roblems and therefore a point of reference

for the later discossion. The reader may also wish to refer to the

constructed problem~situations during the discussion. For

convenience, they are presented again in Appendix C.

IMAGE® ANALYSIS RESULTS

L) .
N

R RN _
Do the test situations construcdéﬂ‘tg_meaaure the processes

defined by the model (Chaptér IIIQ actually rppxeaent theae

processes’ In this chapter the correlations between paira of scores

on the problems, on the SCAT tests,’ the achievemehﬁ’teSt, and the

-

Torrance tests are compared in an attempt to establish the constructa)

measured by the constructed problem—situations. The image analysis

was performed in order to establish whether four factors,

A

. N
X ¢ ‘ s . 156 '

~3 -
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representative of the four processes, did exist in the constructed
tests.  -If the conjecturing problems were‘all found to 1oad highly
on one factor and not to load on any other factor, such results
would‘eupport the assertion that these tests had in common and

were representatiﬁe of this one ability or process. The"
conjecturing process could then be further deacribed by'examining
the intercorrelations present among the ‘tests, the content in each‘
problem, and the oral discussions of the pupils working on: the
problems. In summary, the image-analysis results are to be used to
help deécribe the influences present in each test, to help
substantiate that one process question is indeed like another, .and

e

to help 1isolate at least four processes by which children sol'_

problems.
A total of twenty-six acoresdwere included in thedimage
’analysia——the twenty-one scores from the constructed problems,‘three
Torrance scores, and two SCAT scores. All the scoresvfor each
constructed problem were included. A varimax rotation was used in
an attempt to define independent dimensions that could be
interpreted in terms of the model. The image analysis was done

. . 4
three times, the first calling for ten factors, the second for six

factors, and the third, for five factors. Six,factore were:
vindichted by the theory and the correL;tional results but the five-
factor‘and ten-factor analysis were also obtained in an attempt to
see if more adequate interpretation was possible from these analyses.

After examination, the six-factor solution was considered most,

appropriate for the reasons discussed below.
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First, the §'ree test on eingenvalues greater than one was
applied. (Hakstian, Bay, 1972, p. 24;26) The break after the
sixth eignevalue (Figure 1) seemed  to support the hypothesis
suggested by the theory that called for four processes, the ability
tests, and the Torrance tests as the six_factore. Table 12 presents
the loadings on the six rotated factors extrected from twenty-six
test scores obtained fér the sample in'thiskstﬂdy.l The discussitn
included in this chapter is based on the results presented in this

© table. SR , S b

.The results fEQm”the five-factor analysissdid‘not ptoﬁieeam
more information thad did those from the six-factor analyeis. In d
fact, the scores separated into .clusters that seemed analogous to
those in the six—factdi eolution. The results from the five-factor
_ analysis are reported briefly‘in Appeddix B..
| Similetly,the loadings on the ten-factor analysis did not

seem to add further interpretabilit§ to the variables. The six main

clustefé,werefagain indicated and the remaining four factors were

)g N
-

; identified by one or two sEEz;ate scores. }As a result the problem
of identifying the factors did not seem to be simplified and
therefore this result wasg not reported.

The Torrance testa were found to load heavily on Factotr IV.

No other variable from the twent six included in the analysis
loaded on//;is factor. " Since this distinct and separate loading on
a single factor also occurred in the five—factorvanalyqis, it might

‘be assumed that little or no relationship exists betwaen the

constructed tests and the Torrance tests. Apparently, the children

N
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SIX IMAGE FACTORS EXTRACTED FROM TWE
REPRESENTING CREATIVITY, ABILI
CONSTRUCTED PROBLEMS

TABLE 12

i AND THE

b‘*\q‘

Sa
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SIX TEST SCORES

% COMMUNALITY

[

18.5 17.1 16.8 16.7 15.8 14.2

VARTABLE 1. 2 3 COMMUNALITIES
a

SCAT Verbal - .36 .43 - .35 - 47
SCAT Quantitative - - .69 - - - .69
Torrance F - - - .96 - - .94
Torrance V - - - .90 - - .85
Torrance N - - - 97 - - .96
Conjectdring IF -.30 .63 - - - - .56
Conjecturing IV =~ - A7 - - - - .65
Conjecturing IN - .80 - - - - .71
Conjecturing IIF .30 .62 - - - - *.55
Conjecturing IIV .45 .63 - - - - .73
Conjecturing IIN .30 .50 - - - .47 .65
Sensitivity IF - - - - - .71 .52
Sensitivity IV vg; - - - - .86 .84
‘Sensitivity IN , - - = - .69 . .59
Sensitivity IIF - - 47 - .81 - .90
Sensitivity IIV - - - = .95+ - ! .95
Sensitivity IIN - - - - .86 - - .76
Redefinition I 32 - .70 - - - .61
Redefinitdion IIA .39 - .61’ - - - \gz
Redefinition IIB - - 46 - - - -30
"Verifying Ia .84 - - - - - .83
Verifying Ib .64 - - - - N .45
Verifying Ic 4 - .33 - - - .69
Verifying Id .79 - = - - - .80
Verifying IIA .36 - .50 - - - .45
Verifying IIB - - .52 - .32 .38 .54
TOTAL : . .
COMMUNALITY - '3.15 3.00 2.96 2.92 2.80 2.51 17.61

-

*The Varimax Rotation of Factors was used. o
*Only Loadings greater than .30 are recorded.



however, appeared to resent and to feel threatenednby the total
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~did not treat any of the constructed questions in the same way that

‘they treated the Torrance tests.

N

This result was surprising. The Evans tests, used as
exemplars for the open-ended situations, correlated withAfhevTOIFance
gesté. (Evans; 1964, pp. 193-194) bMany of Torrance}s ideas had
acted as stimuli for the rationale behind the study. Nevertheleéé,
the separation of the Torrance te;£s and the constructed problems,
to the extent that the lattéf represent the processés hypothesized
by the model, does not necessarily invalidate the model. Creativity
has been shown to be a composite entity, described by muitiple
characteristiés. (Chapter iI) For example, Guilford's (1967)
factors for creativity were drawn froﬁ orthogonal components defined
by his model, The Structure of the Intellect. It may be that :the
Torrance“xesﬁs describe one aspect of‘creativity, and that the
constructed problems represent another_aspéct or aspects which are
brthogoﬁgl to that viewed by Torrance.

The statistical indication that the children rcsponded in‘a

different wéy to the Torrance tests than they did to the constructed

problems was supported by the experimenter's observations. The
Torrance tests appeared to be treated in one of two wayszsas’
playful‘or as threatening. The students from one school appeared to

treat them very playfully and lightheartgdly. They did not seem to

treat the questjions with any »f thé sgszag§ness or intent they gave

to the constructed questions. Studegr%'from the fourth ‘school,

experieﬂce and their reactions seemed to reach a peak when they” .
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were confronted with the Torrance tests.

The students of the second school, who had reacted very
favorably to the experiment, who‘had enjoyed the constructed
questions and had actively participated and cooperated in the
experimenter's o tempts to‘examine their thinking patterns, seemed
to think the Torrance tests almost irrelevant and too sllly to
b?ther with., The students&in the third school did not‘appeer to
feel very strongly about cﬂé Torrance tests but indicated that they
found these less informative and less ‘enjoyable than the constructe-
problem—situations. Perhaps the stu?ﬂhts saw all the constructed
questions as having more direction and, having a more established
expectation on the appropriateness of solutions, Were more
comfortable with them. : ﬁ |

The Torrance tests snd the constructed problem;situﬁtions
also differ in the specificity of th content describing the tests.
Torrance's verbal test reminds one QZ creative composition. It |
seems more related to the fieid oifstory;telling, rather then to
mathematics. The figural test reduireS'the individuel to complete

a series of given line segments in as many ways as possible. It

rewards the individual who can snatially conceptualize the individual

.

pleces as psrt of a greater whole. ‘Both»the verbal and the’ non-
verbal forms were scored for fluency, flexibility and'originality.
These scores uould not necessarily reward the individua bwho built
one idea on a previous\bne in the constructed problemS. Many‘of
the responses to the mathematical questions were ideas which éii}

interrelated; one idea often lead to another. (Specific_responses

i,
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to the constructed problems will be discussed further in Chapter VII)

Factor I1 is characteriged by the high loadings’ (0 50-0.80) of
the two conjecturing problems. The SCAT verbal algo contributes a
loading of 0.36 to this factor, implying an association between
verbal ability, The Pentagon, and The Trilangles, Thisg association
may be due to several factors. First, both conjecturing questions
require formulation of hypotheses, which may be generated by -a verbal
manipulation of the characteristics of The Pentagon (or The Triangles)
80 as to obtain a sequence of possible relationships. This isolation
of the verbal form of the variable followed by the proposal of
several'combinations of this variable with verbal forms of other
variables, may have occurred with little intuitive understanding of
the mathematical concepts behind the variables. (Chapter VII, page
250) Second, the verbal SCAT Scores correlate highly with
intelligence and it is possible that the common part shared by the
éCAT verbal and the conjecturing questions may be due to the influence
of intelligence. This suggestion, however, is_not supported by the
correlations between scores on the conjecturing situations and the
scores on the Lorge—Thorndike tests which are not significantly |
different from zero . (See Table 15, page 185)

A third'possibility is that. the relationship between. the
verbal comprehension test, vocabulary test, and the conjecturing
problems is due to general knowledge, Individuals,who read'more
extensively may tend to score higher on the vocabulary tests. This
superior general knowledge may also enable the studeht to react
more capably to tests which call upon the student to formulate his

own conjectures.
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The SCAT Quantitative test measures some numerical
facility of the type required by questions such as the following

1) Change .4375 to a fraction. -

~11) A hotel needs window curtains requiring 1 1/8

yards of material each. How many of these curtains

can be made from a 72 yard bolt of material?
Since both the SQAT Quantitative test and the conjecturing situations
are mathematical, a relationship between these scores may have been N
expected. This did not seem to occur and the SCAT quantitative scores
did not load on FactorAII. This lack of relationship between the

quan_titative ability'._fﬁzt;~ and The Pentagon (or The Triangles) would

indicate that thinkin Teduixed to answer questions of the type

‘ illustrated by the two items fron the SCAT“does not appear to reiate
to the type of'thinking required to formulate hypotheses about a
pentagop or about a serles of triangles.

‘ Some students appeared cognizant of the presence of the
conjecturing type of'question, at least ‘as' an open-ended situation;
As stated by one oirl who was asked to comment on the experiment.
"It seems that there were two types of questions, some for which
there were many possibilities, others for which there was only one

-wer." (This girl preferred the open-ended situatione.)

In summary, Factor II aeems to be mainly characterized by
.1e Pentagon and ThevTriangles and thus it is postulated that this
factor is representative of the eonjecturing process., Since the
loadings fOr Conjecturing I, The Pentagon, Variety, (0.77) and
Novelty, (0.80) are the(highest of the six loadings on Factor 1I,

these seores will be considered as the best indicators of the

conjecturing process. : ’ N
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The verifying And the redefinition problems loaded almost
entirel& on .Factor I and on Factor III. Factor ITIis characterized
by high loadings by the scores for Redefinition I, The Board and
the Hbla»(O.fé)y'Redefinition I1I, Angles 49.61), and Areas (0.46),
as well as-séorés for Poth SCAT tests (0.43, 0;69). Since the -
SCAT tests measure "sc%%ol‘learned.abilities directly rather.than
vpsychological characteristics. . .which afford indirect measurement
of capacity for scﬁool learning" (Buros, Sixth Ye%;book, p. 717),
it seems that Factor III involve; pfocesses that are emphasized in
the traditional classroom situation. This result would seem to imply
that those students who performed well on the three redefinition
questions also perform well in the traditienal classroom. This
‘gsame conclusion would also seem™to apply to Véfifyinglll, Parallels
T ‘nes.

‘What 1is the nature Bf the trait shared by Redefinition I (The
Board and tﬁe Hole), Redefinitdopn II (Angleé and Areas), Verifying II
(Parallel Lines), Sensitiviﬁy ii (Area Increase) Fluency, and the <
SCAT tests? The tests of redefihition may be tests df ;cholastic »

. 5

abilityﬂ Redé%inition II--Angles and Areas--requife resﬁoﬁses which‘k;
are closely felated to traditional claséroom achievement. The |
emphasis_on achieving a solution by the most efficient way might |
tend to increase the relationship between the measures of ability
and the‘redefinition questioné: 'Similarly, Verifying II, Parallel
Lines, calls upon the student to use the knowledge about angle
relationshipq,,given the condition of parailelism, that he acquired

in th __ssroom. This is espei;ally>true for Vérifying II, part B,

\
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V- g

o

which required the student to find'the measures of given angles}a

o

Verifying 11B shares a further characteristic with the

G

. redefinition questions. Both require answers with little or mno

theoreticaiAjustification. The numerical data included in Parallel
, Lines, part B, enables the student to solve the problem without

,,

formal deliberation on the reason for equal angles. Area Increase,
9
:;aicored for fluency, &ay also emphasize the close relationship to

" “classroom work and to including-various examples of length and

&

ﬁpwidth increase without any justification of. the ré%soning process

required to see the influence oﬂﬁarea. e

r}f&, - ',.'i. i ; .
Further, the situations 1oading heavily on-this factor may

T

.J t,_, 1) - v

\3
be a ref ection of an individual E ability to consider several

variables at one ‘time. .The Board and the Hole clearly illustrates

»

.

Lv N t'} i
. min)
the need to distinguish ‘and "to manipulate tw;\difﬁerent variables."'

N Q)

The individual is required to manipulate thebzsea of one-haif with b

x .

the number relationships relating the physical dimensibns of width

-

and* length Sensitivity 11, Area-Increase requires the separation
of. length and width and the comparison of their increase in various

combinations to the area increase. it also requires the discarding'

of the supposed requirement that the rectangle remain a rectangle
=~ : -~

_ under the side increase. On the other hand it is ot clear that -
this ability to'considerrseveral‘variables in a multiple-step )

solution is necessary.. for the second redefinition situation.  However
o -

the association may be due to the fact that many students attempted )

to find the area measgures and the'angle measures by analyzing parts

, ‘ - S - 3
of the given informatiod, then in combining them. '

~

e

P



(7

In conclusiony Factor Ilﬁ~apﬁaars most related to the
N , . . . . . \\ Q .
processes stressed by the school: tests, most notably by the

'quantitative abilibf test. {The loaging for the SCAT numerical

score waa 0. 69 ) This proceas appears to involve an ability to- L
VN ;‘ . : . e
. . . v AN N . L
reorganize data to meet new T 5 rements. (For example,”the‘ g
- .

dimensions of a board of area of thirty square units have to be

altered to new specifications while refaining the _sSame area ) %his

77 - R ,' . 4;"‘}1;‘*:"

seems. to be the samé process thdﬁ is. required to solve problems ﬁﬁm;{ﬁﬁ
- e v,> ’ "c' A y

aboutlthe cost of curtains, or about ratios, that is, traditional ﬁi&'

mathematical problems which required more than one reaSOng g step g.i‘ ‘.

he soluiti ne - v . | L . ‘ : b .
9 9 - .

. . - ~\

In summary, the situations describing Factor i1 had three

o

- o
2P @
RN

common elements~ ) .the reorganization of data to find aegég "‘,' .

a

&W‘"}‘ ' "\"a' ¥ A N
sd@ution of a multiple—step problem, and iii) the use of content.

and'thinking pattedﬁ?nsimilanitovthose.emphasized in the classroom.

-

This ability to realize a certain end and to'use variables from the - ' » l

probleﬂs in various combinations in‘order to achieve the peYCeiveQ‘ ¥

requ1rement meets the original definition for the hypothesized . r

* “b . > M e
‘ process of redefinition i) the act of reassociating and recombining
-, - ,

prev1ously unassociated elements of knowledge to result in new-

combinatigns, and i1) the act of discarding of a previOusly
A

consistent approach in order to facilitate the'perception.and the S

~
P

ﬁolution to‘a problem. The number of combinations and the extent

to which one. combination was suggested by acr .ous oné.differed
from one individual to the next. The‘gumerical analysis cannot -

.

2y ’ n%j}"; »
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~Yelp us know how ¥Well the individuals discarded;or_how quickly they,

changed their approach to a proﬂnem. A closer investigation into

‘the methods used by the students is needed to give insight into
. - .,'J

, this question."’ . ' . 2ot

e

w
' Factor I was largely described by the: high loadings (0. 64—

&
,-/

0. 84) of the scores for Verifying I, The Polygons. Yer 1ing
% S

I
the abstract part of Parallel Lines, also loaded (0. 36§gbn

‘ fhctor These situations all requirbd that“the individual justify

: statement by logic, or deduction, iv) producing suggestif ok

which the subject may st the sﬁiement #a

-characteristi s/of this problem. First, the queStion pfesentedvto v

to the best of hlS ability th&Jﬁiatement given in théﬁpra&ﬁem These
- M \ ‘_\

justifications vere mad ﬁ?Vresponses that may be considered tog .....

approximate the definition of verifying pgesented in Chapter III:

B}

i) testing by use of sﬁecific examplés @d) finding éf a-’ e

justification or a rationale of assumptionsQ 1ii) proving a
Vs s

N k—‘

[ T ' >

The second conjecturing lem, The Triangles also ‘loaded"

' o~ .
(0 30 0 45, 0. 30) on this factor. This may be due to Several

students may require different processes from an individuaP

depending~upon that individual's level of experience with the concepts
R ¢ ‘

| involved in the question. Conjecturing II The Triangles, seemed

jto have two- levels: the first, a verifying plateau from which the

problem-solver coulgythen extend into the second, the conjecturing,
aspect. Conjecturing II, presents a series of triangles of equal

perimeter and different area. The sample conjecture (incorrect in

that it was incomplete) suggests that the area for a triangle
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incregses as 1ts perimeter 1: . ses. Most of the studenty

not seem to have full unders .1ding of the relationships‘involﬁed

Y

and therefore became very interested in examining the reason why.

area did not remain cdnstant when the perimeter had done so. TFor
: . .
‘these individuals the question’ then took on some of the nature of
‘ T . .
T a verifying question. They attempted tOIconstruct more triangles .

of perimeter equal to the given triangles and proceeded to #('
calculate the area of these triangles (usuaily by the area fdrmuh‘i
in order to éstablish the specific relationship betWéen .area anﬁ‘

tReir owTL. satisfaction. Just as these students had

Ape&imgter

generated" ecific instances in the verifying problems, s0 they"'

tried to generate specific instances f%r the series of triangles
in Conjecturing IT. In-this respect, the‘question lost some of
.1ts open-endedness, hecoming more limited than the pentagon

QUestion, but not quite as limited as the side-area question
' <

, Invblved in Verif¥ing. I, }iﬂbe there were at least three obvious

: ~ . . . .
possibilities to consider: S } o
) ' v o Te Ty - ‘ *

sl)  If the perimdter increages, the area increases.

ij) ‘If the. perimeter is cénstant, the. area increases just by

: changing tbe altitude base relationshipr <

iii) . If the perimeter increases the area may remain constant.

_The process of generating_or working with specific instances
* A
often did_set the scene for'the question, "Why?", and eventually
ﬁforga cohjecturing:situation, as seen by the high correlations

between scores on Conjecturing IIland Conjecturing‘I (Table 13,

. page 177).
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An interaction between the verifying and the conjecturing

processes may be necessary‘and'frultful in achieving solutions to
Jproblems. Such interaction as observed for The Triangles»emphasizes
. 7

the difficulty of constructiné problems which reflect only one N

process, particularly when té@ﬁe problems are designed for students

v

of heterogenous «and unsophisticated mathematical experience.
. 13&“)‘
Second, the association between Conjecturing I and Verifying

o

I may be due to their common content of area-perimeter in certain

polygons and the efkrc! of this relationship on angle sﬁ&e ©oug

Tt

Redefinitiggjﬁf)The Board and the Hole, and Redefinition 11A,

Angles, also load on Factor L‘(O 32 0.39 respectivefggs If Factor
: Lo EX

S “m

I is to be described as representing the process of verifying, theh
some aspect of Redefinition I and Redefinition IIA should be
interpretable in terms of this process; One approach to the
solution of The Board and the Hofe was a trial and error- mbthod

which could be similagmto the testing of specific suggestions. It
£
!

is also pbssiblejthat'the concep{s.of area (!hnstant at thirty

sqnare units) and perimeter (varying from Y0 x°3 D 15 x 2) may

have resulted in the association of this problem with the

conjecturing situations and with Verifying I. " 4

» .
1\‘~‘ o The loading of Redefinition IIA is difficult to- interpret in
T _‘:u.‘ ‘.7,¥~.j W' A . : ,_‘, _"—., - -‘;5»-?,"’4 -

terms of either process or' content held in common with the other

Az
E

' situations that load on Factor I. This problem‘is described in
4 : 5 .

greater detail later in the chapter (see page 212).
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on the two problems as reported in Table 16 (pa%e 189 ). The

scores on Verifying IJIB, the specific part of Pa?gllel Lines, and

Conjecturing II, Novelty, loaded (0.38, 0.47 respectively) on Factor

_ Factor V characterized hy Sensitivity II. Area—lncrease.

v

3

VI which is characterized by Sensitivity I, The Square. The SCAT

verbal scores and the Verifying IIB scores loaded (0.35, 0.32) on

85

-
X

The first sensitivity problem, The équare, theoretinally
appears to require'tﬂthypes of?thinking. First,\;he realization ¢
: / AN

that a straight cut is unnecessary has to be made and second

some sort of hypothemizing as to tha,cuts possi-

€4 followed by a
classification of the types, should be formul. |
individual progressed to a full classificatiantof types. A ? 6nd
person generated several types and- then produced a very el borate
artistic division. Statistically these two'extrenes were considered
#quivalently creative. . E o ) "

Facfor Vl, characterized-by the'Square~(0.69-0.86);‘may

involve the manipulation of ideas in respdﬁ%e to an unrgalized and

Y

‘ unspecified goal In comparison, for the process redefinition, -

as reflected by Factor IIJI, the goal was established manipulation :

was goal directed and the goal.ﬂas very specific. For The Square,

the goal was not specific dlthough a definite direction for response

was indicated. This possi&lg d%scription of Factor VI isig&gb

supported by the 0.47 1oading of Conjecturing I1 (Novelty) on this

ﬁactor.‘ Those responses‘to Conjggturing II (The Triangles) regarded
LN N

as most novel extended beyond the concepts of farea and perimeter

suggésted by both the given conjecture and the usual school

4

P W, !
& .
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i S o . . .
“ﬁctivities about triangles. “These were' manipulations of specific
ideasﬂ&bout measures of triangles in an attempt to realize ‘sofge

Y

new ideas about the given set of triangles in the situation.
e

The|3ec9nd sensité§ity sltuation seems to have a verbal ¥ ¥
component inherent in it, “and this may be the reason for the high

*'1
‘loading on Factomp V (0.81-~0. 95), a ﬁactor Which also involves the

M [

SCAT Verbal scores (0 35). The ability to delve into the meaning

. erbal point of view, which‘seemed to‘

‘of "'two jsides" ‘fr

Lés indicated by sevéral students, f
W . “v' " tu i ;a. - .

elated to- geﬂeral intelligence. The solutipn‘ L

of the problem required individuals to break the set" .of expecting

kY en “a
v

a rectangle to remain a rectangle underfchange but also required

Shé respondent to inquire as to the meaning behind the WOﬂds used. '(

e

“This ‘step often did not occur in dhe observed performance, "two sides

(u e

/.\ ., .
rautomatically‘meant "parallel and oppobite sides" to the students. %
‘,’. \f

%" The ability to question the meaning behind "two sides"
e

-did not always: imply that the "set" of the rectaﬂgle would be broken.

During the oral interview many individuals yere able to interpret

to:draw a figur% which met th@’specifications of the probl
was not a rectangle. Just which of the two above ideas . (the, verbal
influence, or the ability ‘to break the set of the rectangle) is //

_most reflected by Factor \ is not known.’ Neither the five- ~factor, .

'

nor the six-factor analysis seemed to help in characterizing the

avprocess. Certainly if it is the set—breaking ability that is

- e

descriptive of Factoﬁfv then it does not seem to relate to the
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gyéaking‘of thévgeometrical set of one-half required by The Square
N . o : \!‘\
and thus Factor VI. Hay,

-

.

Both possibilities for Factor V (the verbal component, and.
‘t%e ability.to break the set of the rectangle) can be justified by
the consistent hpading of the specific second verifying situation

) .

(Verifying IIBﬁ(x1this factor.. There appeared ‘to be a need to
break a set toward the special case of equilateral triangles in
Parallel Lines. . (See page 146) There also seemed to be a language
problem with the second part of Verifying 11, E;fallel Lines. Some

A

individuals indicated that the second part

difficult than the first part because of the m_t éatical wording

*&used in outlining the questipn. This consideration may'be the one
which was most influehtial in determining responses to the question.
How do these descriptions relate thé rwo sensitivity
problems to the process of sensitivity as defined by the model? The
definition of sensitivity was specified as follows‘ i) the ability

to perceive deficiencies and errors, shortcomings or inadequacie

in a\given situation, and _.) the ability to see pOSSibilities in

a given,situation,vpossibilities thst lead to further questions.
o . . . ) ’ ' ,
)

The ability to formulate ideas on the cutting of the square. in half
/ &

(Sensitivity I) appears ‘to meet both criteria. First, the student
¢

-

must critically assess the idea of "one—half" and straight -1line cuts
\ [ B
and secondly, he must be able to produce some examples—of these cuts.

' The ‘ability to question the meaning of "two sides" (Sensitivity II)
reflects the critical attitude inferred by the first criteria. The

4

ability to draw an alternative figure to the rectangle which meets,
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the specification for the increase in the lengths of two sides
(Sensitivity II) reflects the second criterion in that the ié?lvidual
must be able to produce the possibilities present in the situation

It is possible that the ability to see shortcomings in a

problem may not necessarily.be dependent on the ability to see

possibilities that lead to further exploration., Theselmay’be'twd_

gindependent facets in the process of being sensitive. This \

generalization reflects the findings reported by Rosapan (1931) and

by Torrance (1965) that a critical attitude is not necessarily

-

flequivalenb to am inventive attitude.b (See detailed report, Chapter
III, page 56%& - | | “ |
Since none .of' the students were able to produce the range of
alternative possibilitiesitsee Chapter V, paée 135) for the
rectangle in Area—Increase)//nis problem may reflect only the
critical levelwof sensitivity. This may explain in part why‘the

. 'Y . . .
scores for this question loaded on a\iﬂctor different from that
’

.loaded by the‘scores for The Square, which reflected both aspects

W

of sensiggwity. @here lkre other agpects present in Area*Increase
e \ .
s $

' uwhich may explain the separation of scor§§ for this pneblem from

»

" that. for The Square. Thesc sre examined in light of the™ correlations
'between pairs of scores later in -his chapter. 'At.this point;in v
the discussion, however, it - , te suggested that the process of |
sensitivity may be described by, two separate factors. Later in the
chapter, Factor VI is described as the superior representation of

the process of sensitivity.

The image analysis identified'six clusters of scores whichx

\ ‘ '

:) -



.characterized by The Square, and seems to include redefinitive and

‘{correlations to the'oth§? yariables in'theységdh.

?ﬁ&iflid , é&g@?

7
SR ae-

could be interpreted in terms of the hypothesized model. Five of

these clusters were characterized by loadings by scores from

individyal constructed problem-situations. Factor i; was identified
very clearly as the creativity defined by the Torrance tests. This
aspect of creativity does not gseem to be the same process as that T
reflected by any of the other‘tests used in the analysis. Factor IT
seems to be a clear representation of the conjecturing process.
Factor I was not as clearlypinterpretable but seems to be consistent

with the discussion on verifying. Factor III seems to represent the

pfﬁgess of redefinition and seems to associate very Q%osely -with

'-abilities emphasized by traditional school activitiegggﬁﬁ&athematigsr

Y Y

The process of sensitivity cannot be clearly identifie from the
"

image analysis. Either Eactor'V or Factor VI may represent this

process. F:ctor V is identified by Area-Increase and &eems to

include a,redefinitive and a verbal component. Factorfzzﬁiﬁ

) fO ;:
conjecturing aspectsm Further description of these factors occurs '

{ ¢ L: ‘
later in the chapter in terms of the two questions and their

AR

]

A
- ®

Coo )
R . , ) Tt EL\~ .
Lo [THE CORRELATIONAL RESUL;?S'
'S

SN o - e
The following discussion, based on the correldations between

‘pairs of scores provides further description of the questions and

their responses. The discussion is presented in four sections, one

section for each\proceSS. Each section is organiged about the

1
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i Wt &’ j?~
yfollowing quéastioms. - .
i) bo‘the scores for the two situatione on each process

(conjecturing, sensititity, redefinition, verifying)'éorrelete?

Do the scores between dif erent measures on the  same problem

correlate? “
- | ”iirﬁ Do the scores for'the situations for each process
(tbnjeeturing, sensitivity, redefinition, verifying) correlate nithj

thelscores for the other constructed situations? This‘éiscuesion‘

- )

will*investigate the extent to which the problem-situations designed

for one process measure the same comstruct as those designed for
. s AT

the other processes.

iii) Do the scores for the constructed problem—situations
corrg&ate wich the scores on tﬁe standard measures?
b#*’ . . L i
Analysis of the Process of Conjecturing
: .. +

A

) SR VRN
How well do the t%ggconjecturing probl ' fhlaté? ~To what

extent doyﬁbnjecturing I The Pentagon, and Con}ecturing II " The
B 5 [
’the same process?- Table 13 presents tbe'
. . 3 s
N B
correlation betweeh pairs of scores on the two problems.

v

invobve

i
! -

= The correlations between meagures on the same sftuation were

s

= found to be sfgnificantly different from'zero; the smallest
correfations present between the novelty and the fluency séQ;esfin

each case~ That the® correlations between the fluency scores and the

novelty scores for each problem are smaller than the correlations

between fluency and variety or between variety and novelty would be

P

“n
EVN)
e
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TABLE 13
INTERCORRELATIONS AMONG THE FLUENCY, VARIETY AND NOVELTY
g SCORES FOR THE TWO CONJECTURING PROBLEMS
g .

) Con. I Con. I Con. I Con. IT Con. II  Comn. II

- Fluency Variety Novelty Fluency Variety Novelty-
o> . ﬂ . . R o

AW ‘
oo
Flud#y  1.00 - - - - -
Copy 1 1;( v
Vatiety . LTT7 %% 1.00 - - - - ‘
Con. 1 A_ Tl e
Novelty .38% . 55%% 1.00 - - - "
Con. II = ~'an ° C e ’ m
Fluency .26 C34% J51k% 1.00 - _ S
Con.-IT ‘ ] . E
Variety - .19 32% REYALS . 66%% 1.00 . -
Con. II ® . > ‘ B3
Novelty .05 .18 ST ' N1 e .55%% 1.00
i =t
* p<0.05 . )
*% p ¢ 0.‘01 ; - =
% .
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expected. For fluency, all responses were accepted, for novelty

a.classification and subjective judgment was appfied.

o 7 " The correlation between fluency, Conjecturing I, and the

’ .
scores on Conjecturing II-were not significant, however the novelty
. . sy K

- scores of- Conjecturing I did correlate highly (r = 0‘? 0.57, 0.54)
e

PR

with the scores on Conjecturing II :This may have be ‘due to the

N O = ‘
.v“\'i’.
fact that students'Tound ﬁc easier to evaluate their own responses

for The Triangles than‘fdr “The Pentagon Most of the responses to - -
0)‘:‘);6( .. . . i o - ’

A

The Pentagon that wegs not observations were obtained by adding o
some further limitation or by varying some specification of the

' ation about the triangles in the

original hypotheses,.or an o

:'

pentagon} (See Chapter VII 3 225)° Eighty-seven percent of the

. responses for The Pentagon fell inlto the categories delehlon of

‘ S

' @,
.data, addition of data, or variation of specifics whereas fifty—six

_percent of the responses for The Triangles were classified into the ‘%/y
' L L / A

The greater spread in ‘responses for The . i
. 3

,same threef:
in the-variety'and novelty-scores more*closely
" o v v

%%approximating the»fluency scores for.this question.

4

Triangles oy

‘ 'The high interrelationship betweep the three parts of each )

- P
il 1+, a ™

R
cbnjecturing question would suggest thatione.of‘the scores. could. be'

7

"a valid representation of an individual s ability to-perform on
this task 4Since the novelty scores between The Bentagon and The R

' Triangles seem to correlate most copsistentlyw the novelty score may

s s 4 -

be the best representation of an individual 8 ability to conjecture.

There is, however, some.advantage,tO'using the variety score
. . . - R !

as a measure of conjecturing. Although the correlations between the
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two vaf&#&y scores (r = 0.32) are lower than the correlations

'y ‘
bétWee§>the two novelty scores {(r = 0.54), the variety score is

more objective than the novelty score. Obtaining the novelty score

‘required organizing ithe responqes into categories of equivalent

statcments . The equivalence of such statements was decided upon
by the experimenter and not only included statements which said the

"i

same in different words but also two sta‘ten%ﬁ? which seemed

&ivalent in'\/alue. For example, the d sion of the penragon o

. . . 7
. V%
by its diagonals might- result in ‘the descriptive statements .

i) A pentagon is made. from a star and five triangles,

ii) A pentagon is made from three triangles.

i1i1) You can make five triangles by joining’the vertex
and the sides. : L5

The"descriptivébstatement resulting from joining the vertices.and

* the center point,}q considered to be ' equivalent to the statement
(

J

resulting from joining the diagonals. These statements were judged

by the experimenter to be alike in the amount of thinking and

manipulatiOn to‘the figure which gave rise to the information_

»

‘descrihed in the statement. (Chapter 'N page 125ff) , This type of

: \

categorization requires sdme interpretation of the possible depth

-~
g

and implication of the child s hypotheses. In categorizing the two.

statements into the same class, there is a judgment of the possible\ ‘

- ~

value of the response. This bias does-not occur in the variety

scoring procedure. .- - 7\ )
s N - N o . . 1

" Table 14 and the discussion following the table presents

-

"information on the extent to which the conjecturing problems measure’

. 2
L

the same constructs as, do the other constructed. problem situationms.

The first conjecturing situation, The Pentagon,‘does not

7 : - ‘ -

e
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correlate with the sensiqivity situationsf the rédefinifion sit. at
or the verifying situations. The énly exce;tion occurs between
nbvelty score on The Pentagon and ‘the novelty (r = 0.42) and the
variety (r = 0.32) scores for The Square,'Sensitivity I. This may
be a result of the type of scoring procedureg used for both
‘situations.v In both cases it was necessary to categorize the
regponses into groupé of "‘equivalent responses. The process of
categorization, the process of judgment imposed by the scorer may haye
resulted in the siﬁilarity in "appropriateness" ‘standards. S
/
The significant correlations between these scores may beQ\N
dug to a second teason. The quality of rggponse for The Pentagon
often depended upon the éelagionships observed by the student as he
divided thgipentagon into variou;ﬁBﬁrtsvv/This spagial insight was

also required in finding new wayé to cut a square in half. . j

( The‘secoﬁd conjecturing situation, however: interrelate&~
éléarly i1 the other constructed problem-situations. Theré is
a clear relationship between the novelty scores of The Triangles .
and éhe variety scores of both the sensitiviEy questions (r = 0.47;
" 0.36). This again ﬁg& reflect the scoring pggceddre. Howéver,
the fairly high’re}ationships (r = 0.31, 0.42) between The Triangles
and the two redefinition Qituations indicate that there may exist
a level of predet;rmined set in The Triangles, a characteristic which
is éhared by Sensitivity I,vThe Square. In The Square this set was
intentional;the‘students‘have_to be sensitive to:the existence of

numerous ways to cut a square in half before théy are free to

conjecture these numerous ways. The need to overcome a set, however,
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oV,

‘had not been an intendcd characteristic for The Triangles, but ma;
have occurred because of the expectations developed from the school
curriculum which is maiﬁly concerned with area and perimeter
teiati;nships fgr The Triangles. For this problem, it is necessary
to bgeak from the’érea—fbrmula tréatment for individual triangles
and to look at the setydf triangles as a un;t'o}:pattern which can
be extendea"befOre new conjectures can be formulated. Many children
had an easier t{ﬂgveitenQing the pentagon relatignships; perhaps
‘because they dié not have a predetermined standard of what was
corfect or what was expected. ‘The exiétence of a predetermined
expectation of what constitutes‘a good answer may also explain the
relationship between‘The Triangles and Redefinitibn II—;Angles.

The content of the latter question is very closely related to

that traditionally found in the class:oom tests.

The redefinitive;éspect of The Triangles is emphasized by
the correlations of the novelty score with both parts of
Redefinition II (r = 0.40 and 0.31) and of the variety score ;o
The Board and'Hole qﬁestionl(r = 0.42). Why did the variety 'score
correlate with The Board and the Holeﬁand the novelty score correlate
with Redef}nitioq II——A;eas? A procedure baged on'time wasg used to
score The Board and the Hole. The individ?al whb scored higher on
‘The Board and the Hole was capable of being more flexible within
a short;r-time. This individual would tend to\produce more\responses3‘
-of various.types (variety) within a specified time than the

individual who required a longér time to produce the alternatives

necessary to solve The Board and Hole problem. The scoring for
P . ' - .

-
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Redefinition II--Areds rewarded the rearrangement of parts of

figures into more regular polygons as a,means of finding area.
Feqef sdndividuals used‘;his approach and most of the solutions wer.

found by division of the polygon into smaller areas. This occurrence

-

may have resulted in the correlation between this score and that of

the novelty score for Tria.gles, which was also a statistical score.’

1

The correlapion between thekéerifying situations and The
Triangles (0.31 £ r = 0.48) may be due to two factors. The.éontent
in The Polygons was that of the area and perimeter of the shapes
sbécifiéd. The treatment of triangles in the classroom curriculum
emphasizéd the area-perimeter|setting and therefore thé'response to
Conjecturing II, The Triangles,may_reflect this aspect of the
students' ‘knowledge. Many‘students responded to Conjecturing II,'

_The Triéngles, at a verifying level.- To them the area-perimeter

relationships appeared to be iﬁsecure and they had to test out ideas

such as "if the perimeter iIncreases, the area also increases."
r'e
e

‘;The lack of éorrelatioﬁ between Conjeg¢turing II, The
”Triangles, ﬁo&elty, and fhe second and. third parts of Verifying I,
_The Polygons, may be in part attributed to ;he largé number of-l

people who écored zero on thévvéiifying questions. Responses were
made, but many of these Qerg only descriptive statements. HoweQer,
this observatioq;does not explain the significant cérrelation betweén

“part d and The Triangles, since many zeros were also scored on part
d. The irregular pattern present in the correlations between the

verifying situations and the second conjecturing situation may .be

due to some irregular pattern of responses  given to the verifying
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questions. (See page 207ff)

Table 15 presents the éorrelations~between scores on the
conjecturiﬁg situations and the“ecores on the standard measures of .
creativity, ability aﬁd achievement. The discussion about these
correlations will focus on the extent to which the‘constrqcted
measures reflect abilities measuréable by the already existent
tests. »

The correlations between the conjecturing situations and
the Torrance tests indicate that the expefimental questions measure

something different from wpat is meagured by the Torrance tests.

1
1

Some aspects of this surpriéing‘result have been discussed on pages
158 ahd 161 of the forﬁer section in this chaRter.
f
The suggestion at that time was tha; the cdﬁstructed tests
and the Torrance tésts measured two independent facets of the multi-
-faceted ability, creétiVity; The fdllowing two observations may
« S
summarize the reasons for considering that the two sitaéfféns measure

~

different processes:

i) The content of the experimeﬁtal problems agd the Torrance
tests différs. The situations constructed for thiéfékperiment are
spreific to mathematics. They deal with content which is applicable
to the matﬁémétical learning situation present iﬁ the school,
curriculum today. The Torrance tests are nonspecific, possibly
being closer to language arts than to any other field. It may be
‘possible that many of the children's answers‘tb the Torrance items

¢ ’

are influenced by their knowledge from television and science :

 fiction. The figural tests which call upon individuals to draw
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plctures suggested to them by couplets of straight lines or other
similar basic figures, do not seem to be specific to any field of

study.

. “
1i1) The procé&s involved in the Torrance tests and the

- N,
constructed situations may differ. /fhe mathematical testd/measure'“~\\’

~.

an indi§idual's ability to work in a limited situation and in answer
to a specific standard. This requirement is certainly not the same
as that of trying to suppose consequences to putting strings on
clouds. (Torrahce, 1966) The former task places before the
student a definite expectation, the latter a fanciful and playful
situation which seemed to be treated in a more light-hearted manner
by the students. The results would not necessarily be expected to
"relate, because of possible‘Aifferences‘in emotional and mental
set for the two tasks.

Conjecturing I, The Pentagon,vdid not correlate with the
achievement or the aﬂility tests except for the relatively low buf

significant correlation (r = 0.33) bétween the novelty score for
The.Pentagon and the SCAT ;erbalvability test. On the other héﬁd,
Cpnjecturing II, The Triangles, correlated Vith both the ability
and the achievemént tests (0.35 £ r £ 0.53). The Triangles seemed
to relate to questions which were.not open—-ended, that required
numerical and mathematical knowledge used in the typical classroom
work. It was néted earlier that students at a certain level. seemed

to respond to this question as they had to verifying situations.
S ) _ \

This type of response may account for a significant part of the

correlation between achievement and The Triangles. (Verifying algg//”\\\\
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correlated with achievement)

Summarx.

First, the scoreé of the probléms for the different measures .
| of fluency, vériety, and novelty seemed consistent with each other.
Iﬁ may be concluded that one of the three scores for each question
may represent the performance on that question. The novelty score
1s cited as the sco;e providing the best statistical association
be;ween the two probiems, héwever the variety score is claimed fo
be the more objective okahe two. The fluency score is considered
least appropriate of the three because it is only a measure of the -
number of responses rather than of the quality of responses.

Second, the pentagon problem seems to involve a fairly
disginct process. The Pentagon meets the specification §ssigned
for conjecturing, that ig, -students intérpreted thevproblem as an
open-ended situation and were able to respond to the situation at
various levels. Factor I, identified by the ioadings by The Pentagon,
. may thus be.interpreted as‘a conjecturing factor. The Triangies, séems
to have at least two distinct plateaus. One may be described as a
verifying plateau at which the students justiﬁied the suggested
relationship. The second is the conjecturing plateaﬁ called for by
the question, a third level may be distinguished as the verifying
that occurs in an interlocking fashion with the conjecturing that
1s done. Nevertheless the fwo conjecturing problems correlated at a

level significantly different from zero and therefore may be

considered to represent the same.process. The Pentagon has already
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been identified as representing the conjécturing process. Since The
Triangles was found to load most heavily on Factor I, the main
characteristic of this situation seems to be thét of conjecturing.
The correlations between the scores on The Trighgles, and the scores
on verifying, on redefinition, on ability, and on achieyement however
do indicate that The Triangles.as a composite problem having
characteristics of set (tpe expeétation toward area and perimeter

that was hel Iby the students) and substantiation (as in the verifying

problems).

Analysis of the Process of Sensitivity
!

: -

Do the scores on each sensitivity question relate to the
other scores on the same question? Does the first sensitivity
question relate to the second senéitivity question? To whatveXCent
is the sensiti;ity process identified by the two constructed
» problem situations? Table 16 presents the cd;relations between
pairs of scores on the two‘seﬁsitivity problems.

The correlations between pairs of scores on Sensitivity I,
The Square are significantly different- from zero. This.is also the
case for SensitivityuII. As for the coniecturing_problems,
correlations between fluency and novelty were lower than those
relating either novelty and variety or fluency and variety. It
may mean that the application:of some system of categorization

appears to introduce an influential factor into the meggure or it

may mean that the more fluent individual does not always produce

i <&
l v
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TABLE 16 N IR
: . e =\

-~ A

INTERCO?RELATIONS AMONG THE FLUENCY, . VARIETY AND NOVELTY,
SCORES FOR THE TWO SENSITIVITY PROBLEMS .

Sen. I Sen. I Sen. I Sen. II 'Sen. II Sen. II
Fluency Variety Novelty  Fluency Variety Novelty

Sen. I

Fluency 1.00 - - - - -

Sen. I . ‘

Variety . 66%% 1.00 : - . - T o

Sen, I .

Novelty .39% L 73%% 1.00 - - - -

Sen. II : \

Fluency .11 .17 .13 1.00 § - -
.y b

Sen. II N

Variety .02 .09 .14 .88%%x . 1.00 -

Sen. II , ,

Novelty -.02 - .03 .10 . 66%k% .85%% 1.00

* p<0.05

** p ¢0.01
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the”more novel respodées. Again, as for conjecturing, it seems to
be appropriate to use one score, probably variety, to describe each
situation.

The two problems constructed to measure sensitivity do not
correlate (0.03 S < 0.18). Under both the six~factor image
analysis (page 160) and the five-fdctor analysis (Appendix B), the
two problems loaded on separate f%ctors, relating more closely to
othe; problems than to each other.. Further description of- éach is
dependent upon correlations to be réported 1at§5 in thislchapper.

Y

Tgble 17 presents the correlations bet:;én palrs of scores
on sensitivity, redefinition and verifying. As indicated earlier,
finding ways to cut a square in half (Se;sitivity I) at least as
interpreted by the student response, appears to reflect a different
process than dges incréasing the sides of a rectangle by ten percent.
Some reasohlfor this‘separation may re ul. ?rom an examination of the
other ‘correlations. Téble 14 reveals that tche fluency score for
Sensitivity I, The Squafe, is unrelated to the conjecturing |
situations whereas the variety and novelty scores are related to
The Pentagon, Conjectu;ing I. This discrepa?cy between’fiuency and
novelty, or variegy scores may be due to the‘Qari;us interpretations
taken by the students toward fhe instructions. The instructions
which required the gtudentSJto cut the square in half and to
illustréte the resultant halves were intentionaily stated so as not
to suggestgthe ngmber of reéponses. As a result some of the students

listed as many respnnses as possible, others listed as manj different

responses as possible. For example, some students gave the response
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TABLE 17 -

CORRELATIONS BETWEEN PATRS OF ‘SCORES FOR THE SENSITIVITY,
REDEFINITION, AND VERIFYING PROBLEMS

. Red. . Red. Red. Ver. Ver. Ver. Ver. Ver. Ver.
I ITA, TIB. Ia. Ib. Ic. Id. IIA. 1IIB.
Sen. I . ,
Fluency - - . - - - - - - -
Sen, I
Variety - L43%%k — «35% -~ - L34% - .S54%k
Sen. I . .
Novelty - - - - - - . - .- LG40 %%
‘Sen. II . }
Fluency JA2%% 37% 32% .38% . - 39% L 40%% -~ . 53%%
Sen. II ’ . . :
Variety -~ - - - .31 - - .36 - .39%
Sen. II . _ |
Novelty - - - .29% - - ¢ L30% - 34%
* p<0.05

%% p<0.01 ' .
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.

Ej meaniﬁé to include EQ and EﬂA ; others listed both. The
former {ndividual may have only realized one of the diagonal
responses, and not consldered ip‘further. Another individual may
have evaluated the fesponse;. Qj , realized that it was equivaleny |
to N and thereby listed only the one response to represent the

category of diagonal cuts. Thus the same response may have been

’

made at two different levels of thought. These two levels are
not distinguished by the scoring scheme for fluency. This evaluative
work-by the student, although also potentially influential in the
conjecturing questién, was not as qbvious and thereby may have occurred
less frequently in the résponses to lagter questions.

The correlations (r = 0.32, 0.42) between the quelty scofesA
for The Pentagon1add the varfgqy and novelty scores fof The Square'
are‘greatef'than any‘of4€he correla;ions betweeﬁ The Pentagon and
Sénsitivity Ii, Area;Increase (r is not significant). The first
sensitivity .question (The Square), in contrast- to the second
sensitivity p:obleﬁ,~may have been interpretéa as a divergent
situation. Interpigtation of the second sensitivity prablém, Area
Increase, as a convergent type problem, is supported by the
significant correlations between the scores on this probleﬁ and the
verifying and the redefinition problems (r = 0.31, 0.53).

Before the Area-Increase situatioh can be treated as a
sensitivity question, there is a need to transcénd the.stage of
Vé;ifying the idea that for each rectangle a ten percent increase
in the length would result in a ten.percent increase in area. This -

level of verification was the first level at which students operated;'

Those who searched the problem beyond that level had to overcome a

»



set‘inhefent in the wording of the question. "Two sides of a

r. ctangle' was usually interpreted to mean two lengths or two widths.
As a result.the.dimensions of the fectangle were increased, buf‘in,
such ; way as to maintain thg:rectangle. This interﬁgétation 18
frequently made by texts,.ahd‘many good students kept this
Justifiable interpre;ation. The breaking of this expectation is

- necessary before the sensigivity or the awareness aspect can be
called into play. The initial stage seems to have been the stage

at which most individuals operéted. The existence of the three
stéges——verificatiqh of the given sta;emepﬁ, Fedefinition of the
meaning of the rectangle, sensitivity 5; the continuous relatioqship
between side and areé—-in the problem may assist in interpre;ing

the significantchrrelations present between Area-Increase, fluency,
and rédefinition (0.32—0.42) and be n Area-Increase and
Verifying (0.29-0.53).

The fluency score for Area~T“creeaevcorrelates with
redefinition while the variety and thc¢ novelty scores do not. For
those individualé who broke the set and investigated the sevgral
possibilities resulting gfom an inc;eaée of two sides (and therefore
feceivéa>higher novelty a;d variety scores) tﬁe simple ielationghip
between this question.an@ redefinition was no longer found t6’exist:

The significant correlations between sensitivity IT, fluency
and redefinition would also follow from the observation that most
of the responses to the former were manipulations with nu#befs in

the area formula. Individuals verified the statement relating side

increage with area increase by choosing specific numerical data for
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the sides of a rectangle in order to substantliate the percentage
increase in area. The fedefinition questions required the
calculation of specific numerical data. |

.This approach of specific examples used to verify the Area-
Increase relationship was also used by many students to justify the
area relationships stated in The Polygons, Verifying I. This was
specifically true for parts a and d which dealt with tbe slide-area
relationship in the square and in the general polygon, respectively.
The latter was often justified in terms of the.specific casé of the
square. The testing of specific examples in &he Area-Increase
situation may also explain some of the high correlation beﬁwéen the
variegy scoré of the sensitivity situation and the specific part of
the second verifying situation, Parallel Lines,‘which involved using.

specific angle measures in their relationship to parallel lines and

/

transversals.

There appears to be a relationship between Bedefinition 11,
Angles, and Sensitivity I, The Square, Variety. It has been |
hypothesized that some type of rédefinition.is necessary to break the
set that all halves are not formed by stra}ght liqgs. If the high
correlation between the variety score and ﬁhé redefinitign situation
(r = 0.435 regzbcté a redefinitive aspect in both situationis, it
would be exbected that the novelty scoré would also cofrelate with
ﬁhe.%édefinition question or that The Sguare would correlate with.
The Board and Hole pfdblem, or with Redéfinition 11, Areas. This
was not found to be the éase~ It may be that the'fﬁrther categoriza—

tion and statisticgl dréwing of boundaries for originality necessary
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for the novelty score ﬁas introduced an aspect that overpowers this
relationship. However, there is no reason to expect that the type
of "breaking ;f set" that is ;equiféd when solviﬁg a familiar |

_ problem on area or angle éizg, with a knowledge of the tyﬁe of
~solution reéuired, is' th# same as the '"breaking set" required to
realize that it is possible to cut a square in half by other than
straight line cuts, much less thelsame as the ability to finalize
novel means for cﬁtting this square in half.

. Table 18 presents the corre}gtions between scores on the
sensitivity problem situations and thé scores for achievement, for
ability (verbal and non-VerbaQ{, and for the Torrance tests of
creativity. Neither of the two sensitivity problem-situations
correlated with scores on the Torrance tests. Again as with the
conje;turing si;uations, the sensitivity situations measured
processes that didhnot relate té tﬂose required'to’generate responses’
to fanciful situations. (See discussion pages 158 and 161)

The scores on-Sensitivity I, The Square,.were found not to
correlate with intelligence 'as measured by the Lorge-ThornQike tests
or ﬁitglabi}ity as measured by SCAT, except for the 0.38
correlatién of Sensitivity I, variety Qith the SCAT nonverbal scores;'
A variety score also cor lated with the achievement test_Sr = 0.38).
The categorization ;sed in scoring the first sensitivity qué;tion
for variety may have resulted iﬁ the significant correlation between
this score and achievement, with the nonverbal abili;y score. - Th;é,

significant correlation was not found to exigt for the flugncy score,

that is, before the classification was made. The correlation between
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achievement and novelty was also not significant., The final
grouping or categorizationAof responses used to establish the
»
novelty score mz: have resulted in some bias affecting this variation

in the correlatiéhs. More -specifically, the following groupings may

be questioned:

1) E] was gréuped with E_ and L_LJ . As a result

—— )

this group contained a large number of responses, eausing these_'j
responses to be scored low on novelty. (Fourteen individuals made
the response lE;:q , seven made one of the two or both of the

responses E , ' j} o

was made by fourteen individuals. LA/ was

11)

[

placed in the same category, but was only made by three individuals.;

These were placed in geparate categories for the variety scoring,
as were the responsés discussed under i). |

'iii) Other categories, thch were made from responses separately
grouéed.for the variety measure, are the following:

M0 A& WS

‘ ! .
I ] - 8 1I \ ITX
These additional groupings in the novelty measure were necessary to ~

obtain a range of nove}ty scores from 1—4.. Without the extra
categorizatien many scores of 4 Qould be given and many scores of 0
would be, given.

The second sensitivity situation correlated significantly
with measures of ability, (0.43—0.59)f,and with measures of
achievement (0,41—0.53). The children apparently did not see the
second sensitivity question as an open-ended situation. Even when

prompted, no one extended the rectangle" to its limit points of a
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parallelogram which is almost flat, or examihed the possitble shépes
of a quadrilateral which has the specified sides. In fact, no one
saw that the answers lay along a continuum. As a resuli the fluency
score was not realliba fluency score as measured by Torrance's
situational gr,straight line tests in which students know that there
are an infinite number of answers.

The response to this question implied that no one récognized
the second sensitivity question in its "sensitive' character. This
may héve been due to two factors.> First,'the level of mathematical
competency and computational fécdiity held by grade nine st&dents
was not suﬁficiently high. Students were unable to proceed to the"
generalizations quickly enough to realizgvthe open—ended nature of
the question. Second, there was a neceséit& for the students £o be

attentive to a subtlety in word meaning (two sides). Instead the <

a

ésponding to

attention to the straight application of faCts.wheﬁ r
the second sensitivity situation was emphasized and this may expléin
the high correlations wt@g sténdard achievemen; and ability test
vscores. Because éf’the complications in the second.sensitivity
situation, Area Increase, this problem méy not be an adequate
méésure of sensgitivity for é£udent; of this levelhsf mathematical<

sophistication.

Summary. 7 .

The different measures of flugncy, variety and nove%§yf'

‘on each question correlated, and therefore only one of these measures

i

may be used to represent the performance on sensitivity. The

B
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same arguments used for favoriﬁg the variety score on the
conjecturing process may also be applied here. (See page 178 of
this chapter) |

The two sensitivity problems did not correlate, re—emphasizing
'.fhe loadings on separate factors found under imagé analysis. The
first sensitivity question, Thequﬁare, which loaded on Factor VI,
seéms to be»the better»representatibn of sensitivity. It correlﬁted
to the conjecturing\question and to the redefinition questions,
reflecging the redefinitive and the divergent characteristic; of
sensitivity outlined iﬁ the guidelines. (Chapter III, p;ges 59-61)
The second sensitivity question, Area—Increase; however seems to be
a composite of various traits shared by the redeftnition, the
verification, and Fthe abiliéy tests. The students treated th}s
question as they had the convergent problems. Thg realizatioﬁ of
other possibilities and therefoée the éroduction'of these other
possibilities for the questin- did not mate%ialize because of the
difficulty of the question. - ~eult, Factor VI will be

consldered the sensitivity fac:or e Square will be assumed

to reflect this process.

Analysis of the Process o find LOﬁ”‘\\
Table 19 presents the correlatic . air-ng the redefinition
- scores and the verifying scores. This table .- --=ther w’th Teble 14

(page 180) and Table 16 (page 189) present the correlati.ons between

scores on redefinition and on the other procesées.



TABLE 19 ~ . N

CORRELATIONS BETWEEN PAIRS OF SCORES ON THE REDEFINITION
- PROBLEMS AND THE VERIFYING PROBLEMS

Red. Red. Red. Ver. Ver. Ver. Ver. Ver. Ver.

I ITA. TIIB. Ia. Ib. Ic. 1d. ITA. TIIB.
Red. I 1.00 .60%% — LAOkk L 42%% 50%% _38%  60%% _38%
Red. IIA. .60 1.00 AL L46%%x 39 JA1kk  53%%k — . 49%%
Red. IIB. . .24 L44%%1,00 - - - - - -

. \

* p¢0.05
** p¢ 0.01

£

The three redefinition scores were found to correlate
significanfiy Qi;h each>§ther. This faét“was feflected in the iﬁage
analysis results which showed Redefinition I, IIA, IIB loading
primarily on Factof III. The interrelqtionshiszamong the
redefinition questions may be summarized as follows:

Redefinition I correlated with Redefinition IIA. (r = 0.60)

RedefinitionHIIA.correléted with Redefinigion IIB. (r = 0344)\

Redéfinition I did not correlate significaﬁtly with
Redefinition IIB. (r = 0.24) |
It seeﬁs ghat the processes nécessary to solve Redefinition IIA are
described by those needed to solve Redefinition I and those needed -

to solve Redefinition IIB. However very little is common to all

e

N

three.
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A Venn diagram might show the relationship between The
Board and Hole, Redefinition I, Redefinition IIA, The Angles, and

Redefinition IIB, The Areas.

Redefinition IIA and Redefgnition IIB were structured in a
similar way and were administered as one situation. The first
déﬁls with angle measures, the second with areas. 1In both the
attempt is to reinforce thé‘finding of a solution to a problem
similar to that used in the classroom, then to place new situaﬁions
before the respondent. These new situations call upon the student
to alter his method 'in order to find a more efficient one for
solution.

The relationship betwéen Redefihition I, The Board and Hole,
aﬁd;RedefinitioqéILA, Angles 1s a strange one in light of the non-
significant correlation between The Board and Hole and Redefinition
I1B, The Areas. Initially it was supéosed that rearrangement of
. shapes to find areas would correlate with the ability to cut a board
in half and_;p rearrange thg halves to form a new érea. This was not

{

observed to ﬁappen.

. \‘ e e Ta L
Redefinition I, The Board and the Halg, was found to not

correlate with The Square, although both situations deal with cutting.
a rectangle in half. The lack of correlation may be because
individuals who responded well to the breaking of a set in an opeh

situation may be different from those individuals who respond to the
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breaking of a set in é highly directive situation. Only fifteen of
the forty-two 1ﬁd1viduals were able to solve The Board énd Hole
problem. All fifteen of these individuais were able to produce
three of‘ﬁore types of responses to The Square. However, the five
individuals who scored zero on The Board and the Hole -produced
five or six different responses to The Square. These individuals
were often flustered by the spécific requirements of the former
"-'question, but could whimsically experiment with The Square.

During the experimeﬂt it was realized that, because of the
similarity3 The Board and the Hole, i1f done first, could sensitize ‘/}
a student to other possibilities in The Square, or vise-versa.

The Square was a&ministered after The Board and the Hole to all
. ~__ :
students except for the few whose schedule had been interrupted
by absenées-aﬁd therefore the effgct should have been the same for
aAl..l. The oral interview, however, revealed that some of _the
students realized the relationship between the two situations while
others did not even remember The Board and H when -they were
confronted by The Square. A student with ab:thy to relate one

problem to gnother may have scored hig“.. on the problem than he
would have had he worked the problem in isolation. This relative
effect of previous experience may have distorted some of thé
correlations.

Redefinition I, The Board\and the Hole, and Redefinition IIA, -
the Ahgles, were found té correlate significantly with the vefifying
situatibns, the heavy correlations result{ng in a loading of 6.32

on Factor I as well as the 0.70, 0.61 loadings ow Factor III, the

redefiﬁition factor. This high correlation was emphasized by the
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results of the five-factor analysis where the redefingtion anqd the
verifying questions all loaded on one factor. This siparation of
these questions from those f conjecturing and sensitivity would
suggest that the students saw\at least two types of questions and
may therefore justify the sepa atU;?of the processes into
convergent and divergent branches.

The strong relationship between The Board and Hole problem
and the ggnetal version of the parallél lines problem may be due
to a similarity in the complexiﬁy of thought required for solutionm.
Both questions required the student to work with two ideas at omne
time. To solve the general parallel line pfoblem the student had
to realize i) that ALMO was isosceies and therefore /1 5‘23.

g i1) that thg 1ine MO was not only a side of a triangle

but that it was also a transversal thus [3 = 12.

111) that if £1 = 43, /3 = /2, then L1 = £2.

LM = LOEP L]l = L2

The students solving The B&d&d and Hole problem were required to
work with the following information: 1) the board was to be cut in -
half with only one cut; ii) the specifié numerical ratios of 15:10,
and 3:2 for the dimensions of the rectangle--a fact which seemed to
inhibit‘those having difficulty, yet at the .same time etimulatingrin

others the means for a quick solution.
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~

When specific angles were stipulated in the parallel lines
q;estion, the students no longer had to keep one idea in mindvﬁhile
working with another. They'could calculate angle measure one step
at a time, then notice that phe required angles were equal, The

.

correlation between-  this part of the probiem and The Bbard and Hole

3

problem wasbconsequently less.

)

Table 20 presents the correlations of the scores on the
measures of redefinition with the scores on the standard measures
of creativity, ability and intelligence,_and achievement.

The‘redefiﬂition tests were found to not cgrrelate with
measureéhof érgativity, the Torrance tests, except for the one
correlation (r = 0.31) betwedn Redefin?tion IIB, Angles, and
nonverbal originality. This correlation may be attributa%le to
the'difficulé item (item 6) on Redeﬁinitiqn I1, Angles. This item
which was solved by oniy two individuals requifed the student to.
find the area of a arrow shaped polygon by rearranging it intdaa
parallelogram. The two individuals tended to perform.better én .
the Torrance tests than did the rest of the sample. .Other than
that one correlation, it seems that the Torrance tests and the
redefinition tests measure different procegses or abilities.

Redefinition I, The Board ana the Hole was found to relate
to the standard measures of ability (r = 0.39, 0.44) and of
achievement (r = 0.42). The individual who perfbrms well in
adcepted tasks in the/classroom wa; also able to rearrange & 3 x 10
rectangle into a 2 x 15 rectangle by cutting the given one in half.
Similarly the questioné on angle measure and oﬁ findings areas

correlated highly with measures of ability. (r = 0.56, 0.59)  The
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angle question also correlated yith achievement. (r = 0.53) The:
area question did not correlate\;;th achieveﬁent, possibly because
the specific approach and not the answer was awarded the high
marks. Although this type of scoring wae used for Redefinition IIA,
Angles, the separation of clearly apprepriate answers was not made
to fﬂe same degree. It may be that the approach awarded the higher

»
score was more appropriate than the one awarded the lower score.

Summarx.

f;o of the three redefinition questions, The Board and the
Hole, and Angles were found to correlate significantly different
from zero and to characterize Factor III most strongly. All three
pfoblems relatéd»sufficiently to load above the 0.30 level on.this
factor, which seems to represent the process of redefinibionf

Redefinition IIB, Areas seems to reflect some other
proeesses as well. These processes do not seem to be described by
the six~factor solution, since the. total communality shown for this
- 'test on the si# feétors was‘b.30, totally due to the loading on
factor III.

Redefinition I, The Board and the Hole and Redefinition 114,
Angles, correlated with the‘verifying gituations, and to parts of
the seeond conjecturing questions. The close relationship between
verifying and these two redefinition problems 1is reflected ﬂb the
high loading of their scores on one factor when a five-factor..
solution for the image analysis was required. This relationship may

be due to the strong common trait of convergence.
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Factor III, characterizedlby Redéfinition I and Redefinition
IIA seem to represent the redefinition process. This may be
summarized as the ability of manipulating data already in thé,question
so as to achieve a most appropriate solutibn. Redefiﬁition IIB
seems to reflect this characteristic to a lesser dégree.

The scores on Redefinition I and Redefinition ITA were
found to correla;e with the ability an& the achievement scores. It
may be assumed that the questiong of redefinition, measure somewhat
the same processes as do the ability tests, or that the individual
who is capable of redéf;ning ideas and rearranging them is the same
individual who does well in the tasks assigned in the classroom.
The student who 1g able topwork the problems, to rearrange the
.numbets in thg usuai application questions is possibly'the more

f' -ible and the more alert for an easier solution to a given

"Prov. .

Analysis of the Process of Verification

N /

The first verifying situation was found to correlate very
highly within itself. (Iable_zigq This suggestsAthétlperceiving
that the area of the‘square increases as tﬁg square of the‘sidé |
increasesorelates clbsely.with the ability to perceive the same
relationship in a triangle, in a pentagon, or in a general polygon.-
This does not mean that those individuals Qﬁéﬁvere ab}e to.present

some rationale for the relationship in a square were able to do so

for other polygons; but an individual who was able to perceive the
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TABLE 21

INTERCORRELATIONS AMONG THE SCORES ON THE
VERIFYING PROBLEM SITUATIONS

—

Ver. Ia Ver. Ib Ver. Ic Ver. Id Ver. IIA Ver. IIB

3
. Ver. Ia 1.00 - - - - -
Ver. Ib _58%% 1,00 - - i, -
Ver. Ic J7LRk 65%x | 1,00 - - -
Ver. Id LRk 4%k T0K% 1,00 - -
Ver. IIA L33 42w TRx 0% 1,00 -
Ver. IIB .35% - .38% .35% - 1.00
* p0.05 : oy

** p<0.01
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. 3

relationship in a general sense was able to do the specific parts

in an abstract way.

—

. \

Tﬁe high correlation between part (a), the area o}\a-sauare,
and’part (d),‘the area of»a general polygon, may be due to several
relationships seen in the list of écores awa;ded to the individuals.
First of all, some individuals proceeded to prove the general case
using a square. Secondly, lower scores avarded to (a) corresponded
to zero scores on (d). Ranks of one and two (the highest rank
awarded was 6) were given to those ihdividu#ls wh6 were able to
give only one or twojspgéific examples to substantiate the statement;
These indiviéuals then supposed the stafement to be proven'for all
cases; and orally were not able to generalize the abstract argument.
Thgse individuals were not able to cope Qith the abstract argument
necessafy in part (d) for the aréa of a genefal pol}gon. Many af
these did not even realize that part (d) was a geﬁeralization of
' parts (a), (b), or (c). For.some part of the difficglty was an
incomplete understanding of ;he term polygon.
' Those individuals who scored anything but zero on part (d)
tended fo obtain a higher rahk on part (a).

Only two of the forty-two individuals scored higher on part
(d) than on part .(a).. Both individuals seemed more concerned with
solving the abstract stateﬁent, being aware that the others were
specific parts, .and ;roduceé in incomplete solutioh-whicp promised,
in the sgprer's opinibn,‘an’intuitive gendéral proof. .One individual
chose to work with the circle for part (d) without spending any

time on the.first three parts, but because of the difffculties

which aroée from dealing &ith'large numﬁe:s and with €Y, he was unable
R

- .
b .
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. R ]
to complete any formalized statement. He received a high score

for this incomplete proof, and, not having spent much time on the
other parts,‘scoreq low on ;he first three parts—--2 on (a), 0 on

(b) and (c). The second individual spent more time on each specific
part but also realized that the extreme generalizatiqn of a polygon
would be a circle. He also did not complete the proof for this

idea within the given time 1imit. This latter individual appeared
more adept in computational skill and was later able to completg

, thié proof. '

The discrepancy observed in these two cases may bé the
fault of the way thg.problem was scored. A more complete scoring
scheme to deal with proﬁlems like these, which may occur more
frequently in a'largei sample, might possibly assign the individual
the score he received on the last part, if this score was the

-

greatest, to all other ﬁrevious parts of the problem as well. In
other words‘Part X/;Z Part (b),/gart (c) € Part (d)

It is possible, however, that the incomplete solutionm,
especlally in the first individual's case, might not rate such a
high rank. It may be the experimenter's interpretation that awarded
this resanse its promisef The individual may not _have been able
to completely generalize from the circle to the general polygon. He
- did reaiize‘that the circle waé-an_extreme case, howejer may not

have been able to explain the connection between the radius of a

~

circle and the side of a polygon.

Of the fourteen individuals who scored O or 1 on parts(a) of

The Polygons problem only one. received higher than this on any of
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the other three parts. This iﬁdividuél waé able to work with the
triangle, possibly because of carry-over from the digcussions on
the second conjecturing question, with which he greatly identified.
He spenﬁ little time oﬁ the square, and was‘nof able to generalize
the concept of area and altitude to all polygqns and received 0 on
all other parts of the first verifying problem.

The. correlation between part (a) and part (b) (r = 0.58)
of The Polygons was moderate and significant butinot as high as
that betwgen (a) and (¢) (r = 0.71) or that betﬁeen (a) and (d)
(r = 0.655. This reduted corrélation may be due to the followiﬁg
regson:' most students who attemptedvpart (a) also atteméged part
(b) of the problem because it dealt with a familiar polygﬁnl However
k because the cbrre;t solution rgquired the 1ntermediate understanding
of the altitude as related to but distinguished from the side of a
polygon, many students who had achieved a solution to part Sﬁ) at
an intuitive 1¢vel did not achieve an equivalently correct solution
to part (b).

. This distinction between side and altitude is not explicitly
distinguished in the square,problem and many stﬁdents solving barﬁ
(a) did not deal with these cbncepts and thus were unable to discuss
i) the necessity of preserving similarity'and 11) the
proportionality betwéen side and altitude ugder this provis}on. In
conclusion, the smaller correlations between part (b) and ﬁhe other
parts of the question could be at 1east‘partially dué.tdbmﬁny |
individuals attempting a familiar situation which they did not fully

= :
grasp, and for which théxjused assumptions that were not questioned
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or perhaps not even realized.
3

A high correlation was found between parts (a) and (c) (r =

0.71). Only those individuals who did well‘ébstractly with the square

3
attempted and dealt with the pentagon; those who could only cobe

with part (a) at the specific level seldom even attempted part (c).

Thus the scores awarded the pentagon were either zero or high. |
The correlation between parts (a) and (d) (r = 0.65) can

be explained in the same way as that between (a) and (c). . Similarly

the separation of scores into two groups--0 or hiéh;—woﬁld at

"least partially'account for the 0.70 correlation between (&) and

-~

(e). ., |

The following discussion will refer to the correlations
among séotes on the verifying measures and tﬁé'scores on the other
. constructed problems found in Table 14 (pager180), Table 16 (page
189);>and Table 20 (pége 2055.

High correlations (0.31 £ r £ 0.48) were found between
Conjecturing II (yariety) and the vefiffing problems. - This may
have<béen”due to the students conceptualization of The Triangles
as a verifying type of situation. The students began to.exﬁmine’
the relationship between the area and the perimeter of the triangle -
and became engrossed with finding out why area varied even if the
perimeter remained constant. The students who made responses which
were‘more cbmplex than just observable facts and which‘ﬁied several
concepts together, received higher variety'écores. Tﬁese'students

usually did well in the first verifying situation which dealt with

8lde-area concepts.

PR

meaal



213

Most of the students,.however, did not extend themselves
beyond the area—perimeter sphere for The Triangles, and thus their
vresponses were notvstatistically.novel; The reduced relationship
between the scores on the verifying situation, The Polygons, and
the novelty score for Conjeeturing II, The Triangles reflect this

v

fact.

The common content element present in Verifying Ib and.in
Conjecturing II may further account for the correlation (r = 0. 48)
between the two questions. Both dealt with the area—perimeter
concept in triangles. ’ .

A high correlation also eXiets between the variety.score on
Conjecturing II, The‘Triangles, and Verify%ng IIA, Parallel Lines,
Abstract Argument (r = .43). The high relationship does not extend
to the more specific part of Parallel Lines. It may be that because
of the specific numbers included in the second part of Parallel Lines,
the student was able to blunder and to work thropgh the angle
measures without having to carefully examine and manipulate several
variables at one time. This ability to retain end to manipulate
several vatiables in order to pose a possible relatienship 1s present
~ in both Coejecturing II and in Verifying ITA. 1In fact, the
distinctive feature of Verifying IIA, Abstract Argumeﬁt, may be the
presence of the two independent ideas, first that relationship
between parallel‘lines, transversals, and the angles thus formed,
and second, that of the ieqsceles triangles end its relationships.

A SuCCessfui response was possible ohly when both ideas were

combined_and used by the student. In the conjecturing question, the
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: S
variables of area and perimeter depended on altitude, shape and angle
size. Granted, in the conjecturing situation, the direction in
which manipulation occurred was open to students, whereas in the
verifying problem a distinct required answer directed student
efforts. However, since the level at which most students approached
these problems was very intuitive, this distinction may well bé
hypothetical ratﬁér than actual. ‘Such a distinction would only make
itself apparent to the student who had some idea of where the
questions led, who had advanced beyond the "floundering" level.

Verifying IIAixébstract Argugent, loads on two factors,
that shared by the other verifyidg situation (r = 6.36) and that
shared by Fhe_redefinition questions (r = 0.5). It 1is strongly
associated?with the redefinition questions, and this may be’the
result of he manipulative ability necessary to work with several
variables %t once, '

| Thg scores from Verifying IIB the specific part of Parallel
Lines,%corqelate closely with the redefinition scores, and load .
on Facqgr>fif\(r = O;SZ)ﬁghlgg‘represents the redefinition process.
This proﬁlem differs from Parallel Lines, pgrt A, by the inclusion
of specific numerical values for-angle measures. This uge of the
numbers resulted in a closer correlation of this problem with
redefinition. The quality of manipulatién of specific numérical
‘data seems to meet the requirement of definition; it seems that
this question was misnamed and should have been classified as
redefinition.

Table 20 presents the correlations between pairs of scores

on the verifying problem-situationg and the standard mehsqres of
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ability, achievement and creativity. The significant negative
correlations between the Torrance Tests and thé verifying situations
indicate the opposing qualities of divergence and convergence in the
two situations. -All students were able.to respond to the sifuatibns\\
presented'by the Torrance tests whereas many students were awarded
a score of zero on the'yerifying situations. That is,‘qn the
verifying problems, no distinction was made between the student who
didn't reépond and the one‘who responded with an inappropriate
statement,

'fﬁg.fg;ifying situations were found‘to correlate significahzly
with the étandard measures of ability and achievement. This may
mean that the construc;ed problems measured to some extent a process
already present in established measures of studént success in the
classroom. This is not surprising as the process of verification
is emphasized in the classroom. The correlation between the firsf
verifying situation, The Polygons, and the ability tests were not:
large enough to 1nfluqnce the image analysis, and SCAT did not load

«

on Factor I.

Summarx.'

Ihe scores on tﬁe parts of Vérifying I correlate with.each
other and with the scores on Verifying II. Verifying IIBhdoes not
cofrelate witﬁ Verifyihg IIA and does not correlate as highly wiégw’
Verifying I as does VerifyingAIIA. As a result it seems that
Verifying I, The'Polygons, and Verifying ITA, the abstract part of

Parallel Lines are a consistent representation of the same process.
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The scores from ghese questions were found to load on Factor»I,‘
which seems to represent the verifying pProcess. Verifying I11B,
the specific‘part of Paraliél Lines, seéms to be a redefinition
questidn. This follows for twb reasons, First-thé question seems
to meet the qualities possessed by the other redefiniﬁion questions.
The problem presents specific numerical data to the student for
rgorganization into a specific and correct solution. Thisg tréit
also meets the guidelines for redefinition more appropriately than
it meets the guidelines for verifying. Second, the correlations
between redefinition and Verifying IIB are higher than the |
correlations between the other verifying questions and Verifying
IIB,

The verifying questions were found to correlate with the
redefinition questioﬁ. Boéh types of problems measure the
convergent processes, and both questioné seem to relate to the type
6fftﬁinking'present1y emphasized in' the classroom. This latter fact
is‘supported by ‘the high correlations found between the scores on

the verifying questions and the scores on the ability and achievement

tests.

Summary of Results

Table 22 presents a summary of the relationships found
between the twenty-three scores used in the image analysis. (The.
Torrance tests were not included in the Table since no relationship

occurred between the'scores on these tests and the scores on the
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other tests.) The research questions posed at the beginning of the
chapter were the following:

i) Do the scores from the constructed tests c¢luster into
four distinct groups which may be interpreted in tefﬁs of the
model? .bo the different scores for each question correlate?

11) Do the scores for the problems representing the
same process correlate? .

ii1) Do the scores for the problems on one process
correlate with the scores for problems on another process?}.

iv) Do the scores for thé con;tructed problems correlate .
with the scores for the standard measures of ability, achievemenf

e

and creativity?

The last three queétions are‘anéwered first. The answer to
the first question includes some cdnclu;ions about the results.

i) The different scores for‘e h question correlated at a
high level. This would indicate that ome méasﬁre’wquld be
appropriate for each questioh. Specif caliy the added categorization
of reéponses to achieve the variety and novelty scores for the |
divergent problems did not basiéélly chfhge the proceass reflected
by the question. The_variéty score is éonsidetgd to incorporate
best the Eequiremeﬁts of appropfiateness and objectivity, and thus

to be the best representation for this study*of the performance
on éhe diﬁergent—progess problems, A .

The scores on one problem representing a process did not
alwayé correlate with another problem for the ‘same pfoceés. This
lack of cérrelaﬁion was ﬁost_notable for séneitivity.‘ Verifying

IIB also did not correlate with other measures of verifying bﬁt'this
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A

is considered to be due to an error in classifying this problem. It
seems that Verifying IIB is actually redefinition.
fjii) The scores ‘for the constructed problems on one process

correlated to eo%ehe;tenenwith scores from another process.
Conjecturing I, Ihe'Pengagon, was an exception shoﬁing little
correlation with the other construé?ed.problems. Similarly, éhe
Square, Sensifivity I,iseemed to remain distinct from most other
problems. The Triangles and Areaflncrease on the other hand seemed
to be conglomerate problems. The. problems for verification
correlated with tn¥ problems for redefinition. These associations
helped to identify the characterietics in each problem.

| -The eeparation of these scores on orthogonal factors would,
however, snpport the contention that the hypothetieal processes-of
conjecturing, sensitivity,oredefinition and verifying may be
iniependent but that problems callingifor only one process, and not
anothef, cannot be constructed at a non-superficial level..

111) To_e 1afge extent, the constructed Problen-situations
eorrelated with ability and achievement. Conjecturing I seems to
‘measure a process not reflected by the standard measures. Sensitivity

I also seems to remain distinct from ebility and achievement. ilhe

other problems related to some extent with the stanQafd measuree,

redefinition and verifying mostbnotably. The extent of the

correlation depended upon ;he epecific problem involved. These

:correlationslhelpeq io identify the characteristics of each problemﬂ
iv) The.scores from the»eonstnucted tests clustered in

¢

five groups, all distinct from the scores .on the Torrance tests which
- - \ - B -

Y
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clustered on the sixth factor. Four of these five clusters were
interpreted as_conjeéturing, verifying, redefinition and gsensitivity.
The!other factor was characterized by Sensitivity II, but this
problém seemed to be a conglomerate of abilities and the factor
could not be definitely identified. fhe following points~identify
the factors from the image analysis, and try to describe the -
problems in terms of these factors.

(@) The conjecturing process may be considered &o be
rep;eéented by Factor II. The pentagon proélem largely characterized
this factor. The interpretation of this factor in terms of the
‘EBEjEEE:;ing process helps to describe the few correlations between
performance on The Pentagon and on the other tests used in the study.

®) The verif;ing process may Se pregented by Factor I. This
factor was largely described by the Polygons, Verifying I.

(c) Conjecturing II, Thé.I;iangles, is a problemAthat can
be4?escribed in terms of both verifying and ;qnjecturing._ Its
loading on both Factor I and on Factor II is consistent‘with the
experimenters observations of student responses as well as with the
interpretation of Factor I as verifying and Faqtor II as conjecturing.

(d) The process of redefinition appears to be approximated
by Factor III. This factor was characterized by the tests of_ability,
the tesﬁs of redefinition, and by the second verifying situation.
Factor III may thus be described as rébresenting a convergent process,
~one in which numefical data 1is used fo sbtain a specific éhewer |
to a specific sitﬁatioh. The questions describing this factor

require some reinterpretation of data and the discarding of seemingly

[N
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{

obvious data or interpretations of this data in order to achieve a
. . I ‘ bl
more efficient or more dppropriate response.

e) The two sensitivity questions described different

processes and loaded on two distinct factors. The Square

(Sensitivity I) related to the'coﬂjééfﬁring questions and to one of
the redef;pition queé;ions. In this sense, it may meet;the”
specifications for sensitivity, being divergent in character and
requiring the breaking of a "set" in this case the set of "one—hélf".
Sepsitivity II, Area-Increase, was found to relﬁte méfe closely to
the problems reflecting convergent processes. This is fhought to

be due to the several levelévpresent in‘the problem, and the fact
that the level of solution at which sensitivity would occur was too

difficult for the grade nine students in the sample.

)



CHAPTER VII

THE ORAL INTERVIEW

This chapter, considered to be the aessence of the study,
describes some of influencés and somé of the procedures used by
the grade nine students in this sample in solving complex
mathematical probleys. This is knowledge that may be invaluable
to any teacher of mathematics; He is confronted every day Qith a
great number of éhildreh who are solving problems and many of them
take devious routes to thgir solutions. It is important that

. g
a teacher understand some of the techniques, some of the conceptions.

5

(or misconceptions) and some of the interpretations tﬁat;are present
in the minds of the children"if he is to communiéate or to modify
their mental behavior. 4”"'_

The chapter 1s divided into three sectibﬁ;, one 'dealing with
conjecturing;‘another dealing with redefinition, and the third,
with sensitivity. The content has been chosen so as to give the
réader the greatest poésibie insight into the great mass of
1nformétion which confronted the researcher. The greatést

concentration is on the conjecturing process, a decision made for

the foliowing reasons:

if Although the plan is to examine the tapes for all eight

-

' P o
questions in equal detail, time congidSi%tions necessitated pausing
.at this stage." ‘ S ‘
i1) A close look at the conjecturing process éppeared to

[
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offer the greatest amount of information about the divergent
processes. The researcher wished to know whether grade nine
students were capable of asking fruitful questions, and also the

means by which they arrived at these qﬁestions.f
N - CONJECTURING

This part of Chapter VII is divided into three sectiuvns. The
first section presents some of the student responses; An effort
was made to classify these responses into the framework established
" by Heinke in order to ascertain whéther children of this age had
deyeloped intuitive ways of constructing conjectures that were
similar to those used by mathematicians. |

The second section pfesents taped responses to oral
questioning. This record of responses revolves around individuals'
approaches toward the problem—situaﬁions. An attempt is made to
include i) a discussion of the categories of-approach used by the
studenﬁs; i1) an examiqation of thé%fiow and the-éequéncing of
ideas which occurred in the think;ng’éroceéses of these children;
and 1ii) an indicat@on of the extent to which children are aware of
their conjecturing procedures.

The third section presents a look at the potential of the
.problem;situations in a classroom situation: It also gives the
reader an idea of some of‘the mathematics inherent in the two
problem-situations, thereby providing him with some basis for
comparison for the student responses discussed in the first section

of the chapter.



Ty ‘ 224

Means of Forming Cbnjecthres According to Variation

of Hypotheses by Heinke

The conjecturing problem attempts to separate and to reflect
the individual'sgﬂﬁi;fy to formulate or to pose questions about
information. Since the type*and quality of conjecture formulated
determine the information that will be advancéd by investigating
these questions, a most important task that must be performed by
the creative mathematician is:the expression of his explorations
of a set of data into a form which directs further investigation,

a statement whose truth value can thep be determined and tested.

Heinke has outlined a detailed description of how one
statement can be developed from an already established stafggéﬁt.
This precess, which he calls variation, would seem to be én
elaboration of Freedman's suggestion that one conjecture often
lgads to many other productive ones; that mathematicians often
proceed by varying, 1imiting; and extending hypqtheges,lexamining
the resultant effect on conclusions} or by varying conclusions in
these same resbective ways, thereby investigating the borfesponding
efféct on the conditionms.

co

The conjectures made by the students were categorized
accofding to Heinke's classification. Table 23i§resents the
number of each type of conjectures made. "Althougﬁ this is just an
approximate coun?,wit doeslindicate thai children can make

conjectures and that they make them 1n ways that are considered

valid by mathematicians.
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Many of the responses (57/125; 83/130) were noﬁ true
conjéctures, but were classified aslobservétional‘statements. ‘Any
individual who made only these.séatements scé?ed zero on ;riginality.
The very obvious observations, such as "A triangle has three sides"
were not considered as appropriéte answers for any score.

Heinké sees a statement as do most mathematicians, as
consisting of daEh, é;nciusion, and the relation between the two.
Thus conjectures may be generated by merely manipulating verbélly
these three aspects of the statement. Some grade nine students
were observed to operate this way; Et,ﬁho was a high achiever in
language arﬁs, did not construct briginal conceptual'stgtements,
but used variations of given conjectures by chaﬁgiqg the words in
the'origipal stafement. His comparison of conjecturing was téhan
analysis of pcéffy, wﬁere one examines the structure of the words
and their arrangement within the poem. G., who scored very high
on the creative scale, used the QerBal symbols also, bué his
underétanding.of the concepts was excellent, and the verbal symbols
were not séﬁarate from the concepts that they represented. Thus he
was able to manipulate the concepts very efficiently énd very
rewardingly.

Heinke suggests that new conjectures ;esult from old ones by
procedures which he organizes into three categories:‘ i) variaqion
of the data, ii) variation of the conclusion, and i1i) others!
Thé "o;hers" category includes the converse, the inverse, the

contrapositive, and the dual principl-~ of a given statement.

Variation in data may necessitate a change in conclusion
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or may just supply new data to support the samevconclusion.
Similarlx the change in conc¢lusion may or may not;effeot a cﬁange
in the data. ' The means by which variatlon ln data d£ in conclnsion
may be obtained, as established by Heinke, were discussed in
Chapter~II, page 43. This llst is presented again in Table 24,
and at this stage, each method is illustrated by an example from
‘the collection of student responses obtained in the present study.

, Most of the variations will originate from the hypotheses
.originally provided in the constructed problem—situations, a fact‘
which may be assumed in the following discussion unless otherwige
specified. The original statements are:

1) A series of pentagons cannot cover a flat gurface
) without leaving a gap unless the pentagons overlap.

i11) The area of a triangle is directly related to its
perimeter.

The "other" category includes the following techniques for
changing one conjecture into another.

i) PConperse; A common occurrence was for students to nse
the concept of a plane interchangeably with the conceptfoffa'square.
Thus égtonverse of the original statement would read as follows:

"A series of squares would not cover a pentagon." The converse
of one aspeet of the triangle conjecture vas'as follows:

"If perimeter increases would the area*inerease?"

The following two statements were also made by a student.

!

J"The area 1s proportional to the altitude."
"The altitude is directly proportional to the area."

lf proportional implies directly proportional as it seemed to do for

this‘student, then the two statements are also converses.
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TABLE 24

STUDENT RESPONSES ACCORDING TO HEINKE'S CLASSIFICATION -
- FOR VARIATION OF DAIA :

VARIATION BY

STUDENT RESPONSE

Addition: of data’

to conclusion

’

A series of pentagons along with. some
triangles should be able to cover a
flat surface.

A series of pentagons would not cover a
perfect square unless you added more
surface area or unless the shapes
overlapped greatly. N

_Note _hat this latter hypothesis also makes a substitution in the.-
.. conclusion by substituting a more specific square for the more 't
general plane. It was noticed that many students seemed to treat
these two ideas ag being equivalent. “

Substitution of one
specific piece of
numerical information
for another:

of data

to conclusion

Generalization:
Substitution of ‘
‘numerical information
by non-numerical
information:

of data

»

If the sides of a pentagon are all 6
inches would the area remain the same
if you had three sides, 6 inches, one »
side, 3 inches, and one side, 9 inches?

Compare the change that one student
made in the following sequence:
Pentagons can be divided into three

- triangles which are not eqdal.

Pentagons can be divided into four
triangles, three of which are equal,

one unequal.

This occurred in the triangle question

when many students calculated areas of

the triangles, perimeters of the
triangles, then drew generalizations
for the relationship.

. "
i A
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Table 24 (Continued)

+

STUDENT RESPONSES ACCORDING TO HEINKE{S CLASSIFICATION . -

FOR VARTATION OF DATA

VARIATION BY

STUDENT RESPONSE

‘to conclusion

INDUCTION: Substitution
of non-numerical informa-
tion by numerical
information:

of data

to conclusion

SUBSTITUTION OF ONE
RELATION FOR ANOTHER:

of data

to conclusion

Similarly G. M. played around with
numerical relationships between the

sides of the repeating pentagon series
obtadned by drawing the diagonals. The
result~-The area of one pentagon will

be proportional to another. A second
idea did not reach completion in the
given time--that of finding the relation-~
ship between the area of the pentagon
and the area of the circumscribed circle.

. o

I
When the perimeter is changed by one,
the area is chahged by two units.

Note that this hypothesis is illustrative

of a change 4n both the data and the
conclusion. ;

Compare these two hypotheses given by
one student. ‘The conclusion remains
the same even though the data changes.
"The area of any triangles formed by
the two sides of the pentagon and any
line that joins two vertiéés of the
pentagon will be the same." :
"The area of any triangles formed by
the sides of a pentagon and any two
lines that join two vertices of a

‘pentagon will be the same.'

l'When you divide the pentagon into
triangles by t..2 altitudes are the
triangles the same size?"

A "When you divide the pentagon into
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Table 24 (Continued)

STUDENT RESPONSES ACCORDING TO ‘HEINKE'S CLASSIFICATION S

- FOR VARTATION OF DATA

VARIATION BY

STUDENT RESPONSE

SUBSTITUTION which
results in a change
of the figure:

of data

to conclusion

triangles by the altitude are the areas

,; the same?"

A series of triangles can cover a plane.

A series of pentagons cannot form a
circle.

A pentagon cut in half makes a
trapezoid.

If you put one pentagon on top of
another, then you get a ten-sided

figure. -
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i1) Inverse. eg. A serles of pentagons can cover a flat

surface.
|

1i1) Contrapositive. The contrapositive of the pentagon

hypothesis‘would read: If the surface is not a plane, then a
mosaic of pentagons is possible. The following equivalent

statements made by the students:

A series of pentagons can cover a rounded surface.
A series of pentagons can cover a pointed surface.

iv) Dual Principle. None of the given hypotheses seemed to

. {
fit into this category. Notice that for the hypotheses dealing/with

) /
area and perimeter the dual principle is equivalent to the converse.

The type of response mést prevalent depended upon the
1nformatiop and the conjecture given.by the author. The variéty
of the type of response could be increased by poirting out to the
students the way in which responses could be made. Mosf of the
students ndicated that they had never worked on problems such as
these; a few suggested that these,problems reminde& them of science
experiments and several compared the problems to Language Arts
exercises.

The ::udeﬁts coliectively produced at least one response for
"each of Heinke's categories except thﬁt of dual principle. Most of
the responses ware variations of the condition rather than of the
.onclusion. The most popular way of establishing new conjectures
was by variation of the specifics involved or by addition of‘data.
The more complex, fhe converse, the contrapositive, the dual
principle, reguired a more adequate separation of variables than -

. Mmost o?qthese students were capable of doing. i
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CaselStGdies

» The following discussion is presented in four sections. The
first is a report of some of the ideas volunteered by four of the
more "creative" individuals. The section folloning the report
attempts to identify five levels of responses made by the students.
The levels are exemplified by the individuals in the case studies,
and by responses made by two other individuals. The third section
summarizes the student responses to the question "How do you make a
conjecture?", thus indicating the extent to which the st ‘ects were
consciously aware of the strategies they ueed to~conjecture. The
last section reports on some of the sequence of ideas which occurred
in the minds of studente asmtheynproduced the hypotheses. Since
" these seqnencei seemed }eminiscent ef Vygqteky's ideas, .a sunmary'
of this author's thenry is included.
. - a
The first two cases reported are of two individuals_who
worked in distinctly different ways and achieved different products.
Both, however, may be elassified as creative in the defined sense.
G. (14~6, 113, 131),5 a boy whn was very active in
scier . ¢ and mathematical recreational study, used some very
systematic and efficient mathematical thinking‘in his attack on the
glven problems. He treated the set of triangles as a sequence and

dealt with the abstractvconcepts of area and perimeter, rather than

with the specific numerical facts, when making his conjectures. He

(Age, Lorge—Thorndike verbal score, Lorge-Thorndike non-
verbal score).
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was more concerned with theqe than with the specific aspects given in

'the diagram and as a result, did not, as had most of his peers, check
out all the details and facts present in the diagram. For example,
he had nopﬁat~§he end of his initial fifteen minutes calculated

the specifié‘;éfi$éfer of the triangles. |

Preoccupafion_with”ﬁhe abstractions (area, perimete;;‘ !
altitude, claébifications) was characteristic of G.;s work -
throughout‘the.é;periment. This familiafity'and confidence of the
ideas which .extended beyond any of the specifics given enabled G.

" not only to make more interesting conjectures bﬁt tO'giYg detailed
proofé for tﬂe verifying questions andvto classify the answers to
the sensitivity questions in a systematic and orderly fashion;
(Thé sénsitivity question will be‘discussed in detail 1§£ér.)

G.'s greater knowledge and f~ﬂility with mathématical ideas

enabled him to work at a much higher ievel than some of his

] .
?olleagues. G, did not check his cbhﬁectures thoroughly,’althougﬁ
gé did "think'ébout them partially to see if they made sense". He
seemed capable of eliminatiqg the ﬁore trivial‘ideas, and certainly
was not reduced to just stating facts about the Qiagéaﬁ.

G.'s firm gfip on the concepts enabled him to manipuléte the
words and symbols to achieve ‘his ends. 1In the tria;é;q question, he’i
-examined the sequence of trianglés;Atheir”similaritiés, and then
quickly separated ou;°the variébles. Area and'perimetér_were
suggested by the statements; altitude was suggested to him by the
sequenée, (shape of'the(triangle depended on thetheight). He then
consciously focused on one variable, and compareq that va;iablg:with .

the others in as'many ways as possible. He then focused on a’ second
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variable and combined it into.as many relations as possible.

It seems that G. had a fairly clear notion of altitude.

Kl

One of the most common difficulties for students in the sample was
that of separating the altitode from the length of a side in a
polygon. This difficulty revealed itself distlnctly in the first
verifying queétion»ﬁpd formed one of ﬁhe"basee for the CQtegofization

of responses for that process.

- The responses made by G. to the triangle question were:

1. The area of -a triangle increases as the altitude
increases. .
2. The altitude of a triangle is directly proportional
to the perimeter.
3. -The altitude of a _triangle is directly proportional
" to the area.
° - 4, The areas of a triangle is proportional to its

altitude. ~
5. The sides are related to each other determined
- by the angles of the triangle. .
6. Any pair of angles determines the third angle.
7. The altitude of a triangle is determined by any.
palr of angles.

[

G. had an abundance of ideas, and the number of ideas‘grew
as the time increased. Many;students would run out of ideas; for
*G. eéch‘idea multiplied. The following reéponses“Were made after the
initial discuseion and were not scored.

8. The areas of the two triangles that are formed by
the meridian are equal.
9. - The decreasing or increasing of the sides of a
" triangle at a proportional rate will affect the -
area of the triangle but not the angles. -
10. The sum of the base and altitdde is equal to the
sum of the other two sides. ’
11. The sum of the two equivalent tr gles placed
80 their base form a mutual diagonal will form
a parallelogram.

The ideas although related do not repeat but'ppoceed from one

area to‘another, relating as many fields as possible.

\
“r
w o *



When reépoﬂding to the pentagon question, G.'s ability to
coosciously vary the conditions 1A one idea until he had examined
all the combinations, and rhen to "look for some idea that I have
not looked at before. . ." enabled him ta produce some productive
ideas. G. was also able to list and to separate some of the

variablee present in the pentagon, and, because of his ability to
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deal with these variables in the abstract, he was not bothered by

the presentation of the pentagon without specific information.

Many of the other individuals found the problem barren of stimuld,

and were thus unable to relate to the data.

The following conjectures illustrate how he was able to use

consclous variations similar to those iﬁentified by Heinke.

1. A series.of pentagons can cover a flat surface without
leaving gaps only 1if the flat surface represents a
pentagon.

2. The area of any triangles formed by the sides of the

©  pentagon and any line that joins two vertices of the
pentagon will both be the same.

3. The area of any triangles formed by one side of the

pentagon and any two lines that are joined at one

vertex of the pentagon and its other endpoints by
two other vertices will'be the same.

4. The area of one pentagon will always be proportional
to another.

The following conjectures were offered and not scored, since they
occurred after the initial fifteen minute period. 4

5. Within any .pentagon, when the vertices are all Joined
by lines, there will always be two sets of five
congruent triangles and one pentagon in the center.

6. The apothem of the péentagon times the perimeter will
result in the area of the pentagon.

7. . Congruent triangles will be formed when vertices
‘'of the sides are joined by lines onto a common point
in the center.

8. There can be a minimum of six pentagons that can be
placed into one pentagon, not counting the fact that
one pentagon can also be fit into one pentagon.
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G.'s very deductive and logical approach, used in the
formulation of all his conjectures, is indicated by this comment
by him on his method of making conjectures about the pentagon

situation: ‘,
I thought that the conjectures about the area of the
triangles were almost realized, so I thought about
the area of something else, the lines I had drawn -
indicated a pentagon, =0 I wondered about the area
of the new pentagon.

This approach is in total contrést to the one reported next.

's (14;10,I142, 113) approach and attitude were totally
differeht. At the end of the experiment, she very clearly stated.
thaﬁ she had been able to distinguish between the openfended
questions as compared to those that were not. She preferred the
open—ended ones because she preferred to ask questions rather than
to look for a definite solution, as in that way she could choose
those ideas which appealed to her-and then follow up those ideas.

C. proceeded by asking questions such as "What would hapben
if I did this. .?" For example her initial reaction to the
pentagon was "If I could fold in the anglesrof the pentagon, ;hd

if it\did make a star, if it would be along the. same lines as the

ﬁiagonals?" St.. ther Legan to wonder about the relationship

between the "igi“- - .- tagon and the one that she would forﬁ?
This appfoéch war sneo<ualy she ? with the angles and an
artistic, craft-1like approac . .o -agram, then realized that

the edges of the angles mig t lie a_or the JZ;gonals to form_a

second pentagon. This type of appro:ch rather than a logical one

... was noted throughout the experiment but especially in her response
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to rhe first sensitivity question. (See page 277)‘ Although the
‘diagrammetic approach to the pentagon was common, and Eie use of
the figure to make designs was noted, the gap from the artistic
notion to a mental questioning about the properties or the relation-
shipe specificall& mathematical wae not often bridged.

How does C. form conjectures? The following excerpts from
the taped responses indicate some of C.'s own analysis of the

procedures that she used. v

1

A: I have to think of one idea. Then the others just
come, mainly because they seem to relate, sometimes
-I know that they will relate, other times I don't.

Q: What makes the second ideas come from the first one?

A: Well, they are just variations of-the same idea. . .
And then as soon as I look at those and I know its
a group of one thing, that a group of shapes inside
this, then I think about something else-that is

a group of another thing. T

Q: Do you try to formulate some definite ideas about
what will happen as a result of some of your
ideas? . '

A: I don't usually try to find the answers, I just

‘ask the questions. .
. . . and if T had a lot of time, I think about

all the things I was thinking about first and

then, I'd take the ones I couldn't stop thinking

about, and then I'd work those ones out.
The contrast between G. and C. may again be noted. G. has
total cognizance of the final result and isolates one possibility
at a time which he investigates; C. follows up the idea which
appeals to her at the time, and is reluctant to commit herself to
one possibility.

Because of her whimsical approach C. made fewer well-defined

conjectures than did G. Some of her conjectures are presented below.
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These had to be clarified to some extent because her ideap were

fragments of sentences and thoughts.

1;‘ A series of pentagons would cover a pointed

surface?

2. A series of pentagons would cover a rounded
surface?

3. What would you get if you folded in the angles--
how many lines, triangles on sides, pentagon
in the middle. . .

4. Pentagon in the middle is not in the same
position as original. ~

5. Are the lines diagonals?

The following conjecthre was made after or du;tng the oral
interview and 80 was not scored, but it is a result of hef previoug,
rather disjoint gonjectures.

6. Whatifé the relationship between the size of the

original figure and that of the pentagon formed
by the diagonals?

C. was also able to separate out.assumptions. For.example,
she was able to quéstion'whether her folded angles and the diagonals
were one and the same. She was also able to distinguish the
variables which were present in the- second question.  Her first tﬁéught
on the queséion was "Instead of area varying'as perimeter 1t varies
as altitﬁde." This led her in a direction not discussed by anyone
else, thé length of the slant lines and their relatioﬁship to the
~other twp sides. Wﬁereas other students oftén made note of the
slant line, none had tried to compare thét\length to the altitﬁde.
She seemed fascinated'bf hog-one\wouldﬁeé;im;;;;the length of theséb
lines. One cbuld not count squares to find the measure as ane cbuld
in the case of altitude and base. This f#ct provides difficulty
for most junior high school students. Although they may reélize thét

distance AB 1s greater than distance AC, they still try to find the



239

length of a slant line by counting the number of squares that the
A [

line cuts. : SR

C B ) "” o
Various ideas passed through her minhr—no right angles,

moving trianglés together, straightening the érianglea, the shape,
and finally wondering what effect angle size and shape had on
slant length especially if she straightened the triangle into a
right angle.

Her concern seemed to be with general conFepts rather than
with specific instances. C. had beén influenced by some reading on
perception (the psychological studies on the ink-blots) and was
piaying around'with shapes and impressions that were pérceptuai.

"~ C. and G. seemed equaily capable but in a different way.
Both individuals sé&féd high og the constructed tests, and both

&} - |
supplied responses that are interesting and worthy of note. G.

however was conéidered an excellent student by the school and had
channelled his energiesvinto doing”well at school as well-as
pursuing his academic interests. outside of the classroom. He had
immigrated to Canada when in elementéry school and thus his verbal
intelligence score at this ﬁoint was not a true indication of his
ability. C. on the other hand, was doing poorly in'classrooﬁ work.
The counsellor, although recognizing C.'s potential, voiced some
fgaf.ac to hef achievemené; and her future séﬁodl career.

Although neither C. nor G. actually evaluated their ideas,
they weré able to select relevant paths. There Qere individuals in
the sample, howeﬁer,.who tehded to generate new ideas as a result
of a somewhat more detailed examination of their initial ideas.

Success with this type of approach depends upoh how quickly one can
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ahalyze his ideas to wee where they lead. The individual who has a
lesser knowledge may spend more time examining initial ideas before
realizing the most fruitful direction. GM.'s case.illustratee'how
difficulty in computing'specific instances may delay the formation
of conjectures. In a setting with a time limit, this delay
ihflcences performance scores. .

GM. (14-10, 140, 131) gave indicatiohs that he would
formulate very strong hypotheses, but in the time allotﬁent did not
write down notable ideas. CM.'s approach was a very intuitive, B
Vbasic‘one which did not depend upon memorizeo data. To establish

area and perimeter relationships in the triangle question, he

attempted to match pieces of triangles together, utilizing a very

basic notion of area.

Although GMtfemmethod was admirable, it resulted in an

4

incompleté»éonjecture, ahé thus, in the limited time«available,

was less efficient than‘the“method used by G. He did decide that
o S

area Qge_dependent'upon perimeter, but did not realize the extent

of the relationship; However this examination did lead to dg;e

ideas as to the relation between angle size and side size. The' 1dea

unfortunately was not questioned closely by the researcher during )

the oral interview. It was only upon reflection and further

experienc; with GM. that the possible strength of his idea was

realized:. GM. did not express his ideas well, and it was only

during the course of the experiment that it was realized that

conjectures which at first were considered trivial or incorrect were‘

. 4
potenti4/iy strong. GM only wrote. down the more obvious aspects

P
I
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1

of his ideas or the ones he had'checked out totally.

GM. proceeded in a similar manner while working on the penta-
gon question working from basic ideas, getting a total picture of

what was available in the figure. Again he did not write down
1

notable hypotheses, but ‘when questioned voiced two concerns, that
of the relationship between respective pentagons, and later that

between the pentagon and the circumscribed‘circle.

— '
His written hypotheses were:

1. If the pentagon is rotated around one point until
one revolution is made, a circle is formed.

2. A pentagon with congruent segments can be inscribed
in a circle.

3. One can obtain the same pentagon in perspective
increases by forming star shapes.

These ideas do not indicate the depth of the ideas expressed during

N

the oral interview.
Q: Can you -tell me some of your present thoughts?

A: Well right now I'm seeing ‘the relationships between ¢
different sizes: I'm going to get the area of this
(pointing to the original pentagon) and the area of
that (pointing to the smaller enclosed pentagon),
see if the increase in that uh, check the area of
this one with that one and then the area of this
one with that one, (GM. indicated the series of
pentagons, two at a time, choosing the two
sequential ones)

Q: ' What made you think of that?

A: First of all I was working with, my first one was

circular shapes, and I was trying .to find the center,
- 80 1f you placed a compass point . . ., 80 I was

trying to find the center point, then I found that
I made another pentagon in the center here that was
Just sort of inverted . . . So I then did the same
thing with that and so on till I could relatively
approximate the center point. .

\

Q: And that gave you the idea of finding the area of the
pentagons? e

o
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Q: What gave you the idea of the circular shapes?

A: In Math. Regular shapes can be inscribed in
clrcles. So theoretically then if you just move -
one point every time, from this side to this side
it would be enough to give you a circle. And then
you could have circles inside, or touching the
sides of the pentagon . . . .

(Some further discussion of the same).

Q: How does one idea come from another? Your
conjectures just lead from one to another. How
did that happen?

A: TFirst of all I, took this one first just thinking
of this, seeing 1f it was right or wrong, and Just
as I'm working an idea I hadn't though of before
comes up while working, then I just leave that
-and go on to a different area.

First of all I was thinking of all pentagons in
general. Like I was thinking of this one here,
but not thinking of it as a regular pentagon
but just a pentagon in general, and theén as I
got something for that, I took a closer look

at this and found it was a regular pentagon so
that I could stay on the same idea as this but
modify it somewhat.

Q: Have you dome things like this in class?

A: No, I don't think so.” . . -.

. {Discussion on the given hypothesis, GM.

started to explain why the mosaic would not result,
at first supposed that this would depend on whether
the number of sides was odd or even.)

Q: What made you think of comparing areas?

I !
A: Well mainly because it describes the size better
than would maybe perimeter, although the two
are closely related.

Q: What made you think of using numerical data, like
area, for example? .

A: Probably because . igs that I like working more with
numbers than with shapes. I like to find abstract
. differences, not something that you can actually
_ see, but sort of abstract relationships between
this and something else.
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'

Q: What suggestions would you gilve someone having
‘difficulties in making conjectures?

A: First of all I'd ask them to take a look at thig
first one, did you try it to see if 1t'd work
out and 1f it doesn't work out, why doesn't it
work out? And if it doesn't work out for this
will it work out for other shapes? And then how
can you use this to form other figures?

If you join every point with every other point,
Just seeing what happens, and what you can do
with the result of what you have here.

In answers to the same question when dealing with the

triangles GM. suggested the following:

1) Look for similarities between the triang}es.
11) Look for interrelationships that made the triangles

a set. :
111) Look for the differences between the triangles.

iv) Vary the shapes of the polygons. _
v) Check other shapes and compare them with the triangles
in size. - - ’
After working with thg triangle question, GM. did not have
. .

time, due to class changes, to discuss his second hypptresis——"the
perimeter of a given triangle equals the perimeter of a rectangle
two units smaller". This éonjecture is again unclear in meaning
but assuming he means size as in area, his idea seems to stem from

examination of the triangle and its rectangle as shown in the

diagram. This type of diagram was part 6f his exploration shown in

/\

his rough work.

The hypothesis, relating the rectangle and the triangle by

//a sum, rather than a product, occurred even though GM., a good
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student, knew that the area of the triangle 1s given by thedf?rmula
A = Y%bh. 'This is just another example of the fact tﬁat concepts
are formed in partial stages, the actual concept growing as new
experience is brought to bear on the individual. It is difficult
for an outside individual to tell just how much the concept as
realized by a child matches the concept that‘is specified by v
mathematical authority.> .”\ |

CL. (14-7, 127, 124) exemplifies another approach %ﬁ
solving problems. He claimed, during the solution for cutting
the square in half, that he looked fof differences,.for different
solutions in order to achieve’ide;;. As have the other three
individuals reported above, CL. has a clear understanding of wha£
made a significant ;oﬂjecture, and was not content to list only
observed facté‘ His work with the triangle question 1llustrates the
effectiveness with which he.generated new 1deas by evaluating given
ones. This is,in-zontrast with his quk with the’pentagoﬁ; Here
he was unable ﬁo "get started" on ;n idea that generated new 6nes. |

As a result, although his numerical examinétions and explorationg

with the sequence of triangles were‘in,light of an abstract

I

relationship, much in the same way as were GM.'é, his numerical
work with the pentagon deteriorated.into a description of the
specific polygon. Thie was totally frustééting.to hiﬁ, but
although he needed help iﬁ locating a relationship to investigéte,

and even though, several ideas for investigation were suggested,

he appeared unagie to submerge himself into any of them. In contrast,

he was 80 interested in the triangle problem that he took it home

to investigate further at his leisure.
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CL. seemed at the point at which further knowledge was
._necessary. From a teaching standpoint, this may have meant a
reading assigonment, a discussion directed by someone more

knowledgeable’ than himself, a lecture, or some other directed

stimulis: CL. did not see the 1mporg i 'M'h“1<iqplication of

drawihg the star he did not sew" anyf i ;‘paring line

list of polygons that could“make nﬁnneniczigGiven more time, this
last idea may have been prnmoted by fucthef questioning. The
significance of an individual's background knowledge seems : have
been emphasized by this case. CL; d1d net pursue any of the above
ideae because he did not realize or apprecigfe the types of
relationships they might have ctreated. The other three students all
sensed these possibilities. On tne other hand, CL.'s’experience
with triangles seemed to have enabled him to pursue some potentially
fruitful ideas. It is also possible that the more relaxed
individual pursues theee avenues even though he may 1eck knowledge
and that someone less concerned than CL. with achieving a good

answer may be more willing to take the chance to investigate ideas

without fully foreseeing the results.

The English teacher commented that CL. set very high
standards for himself and that he ‘was never confident of meeting
them. For example, he would write a perfect egsay" and include
the comment at the bottom: '"At least I try very hard."

The following excerpt from CL.'s ccmmentevgmcthe triaengle

'question illustrates the high quality of work produced and thereby
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emphas;zes the gap found between production 6n the two questions.
It aléo shows the interaction present between cdonjecture and
vefification which enébled CL. to proceed through the problem and
led him eventually to his self~assigned math project for homework.
Note also that CL.'s 1d%fs are.very closely tied in to the

relationships he would have "had d%scussed in class.
. {

Both sets of measures add up to 18. The lower
right triangle does not have the game perimeter as
the others if this 1s true--yes it does. The
greater the angle, greater than 90 degrees, gets
on the upper right and lower left, with the base
remaining the same, the larger the side opposite
gets, and the smaller the side adjacent to it
becomes. The greater the angle greater tham 90. .
ig, the less the altitude is, and the connected '~
length of the line opposite the angle increases in
order to join with the line adjacent to tgg large
angle. The area of the triangles should.be the
same according to earlier thoughts, but it isn't.
Therefore I conclude altitude must have something
to do with it, I find that a and d have the same
area and the game altitude (He is approximating
and 1s slightly off, however the idea 1s correct.)
and base so, if the base and the altitude of a
triangle are the same, the areas are the same,
regardless of measurement of angles and other
ideas. ’

Next day he brought a page of investigations which centered around
the concerns he had voiced above.
Could there be some way triangles' measures are related?
Like pi for a circle.
Do squares and rectangles have this, maybe like a gircle?
His comment near the end of the examination--"It probably
couldn't do anything with sides and area--maybe cross distance
tines somet™ing gives area."

CL. 11id have an interesting idea about theﬁfenfagdn which

he discarded after evaluating onme counter—example.. He suggested
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that every pentagon‘might have a total interior angle sum of five
hundred and forty. He took specific measurements of omne irregular
pentagon, found the sum to be greater than five hundred and fogty
(551) and disqarded the idea.. In this case CL. was unable to use
an Incorrect idea to generate further hypothesesf The confidence
necessary to do this may require further experience with an area

previously unexplored.
Levels of Response

The above report on the case studies indicates that the .
students in the sample were aware that data can be varied, and tHéy
intuitively used the procedures-suggested by Heinke. The information
in the report also suggests that the students used three levels

"of attack on the problem—situations. The top level, exemplified
by G. and C: involved thepeiamination of the concepts aﬁd’the 7
variables in the ‘@bstract sense. A second level involved the use
of numbers in an attempt to develop abstract relationships. This
level is Qgst illustréted by the work done by GM. and the work on
the triangles by'éL. A third level occurred when the attempt to
find abstract relationships fai}e&, and\thé result ﬁas»a*iisting of
numerical déta and observation wi;bout;theupresencé of an oée:—

E
'

%ﬁiamatigally by CL.'s

riding hypothesis. This was illustrate
L4
experlence with the pentagon.
‘6
Responses were also made on two lower levels. 1In one, the

individuals were aware that additional abstract relationships were

required, but the domiqant need was to establish the correctness of"

~
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the given statement by using some numerical calculation. Sope
stodents were particularly fascinated by the fact that perimeter
and area were not totally dependent- upon one another; others
established the fact ‘and questioned it no longer. Often these
latter individuals were unable to proceed with ideas of tbeir own.
M. (14-8, 143, 130) for example, found the aree{‘%ound
. )

the perimeter, saw very clearly the idea that

Triangles with the same perimeter do not necessarily
have the same area.

and that R
If one side of the triangle was changed, then the
© altitude would change 4186, " If the base was increased,

then the altitude would also decrease, (that is, if
the sides remained the same length) and vice-verse.

From there she was enable to proceed, even after the discussion.

M.'s paper showed very little exploratory work. She had
apparently calculated the- areas ﬁentally and had investigated the
suggested relationship very efficiently. She had not, however,
investigated any other combinations or possibilities with the words
or variables or the éiagram.

JH. (14-6, 119, 130) was less efficient and in character
seemed less concerned with obtaining the one correct answer than
was M., but also had difficulty in extending her ideas beyond the

43
suggested relationship. JH. constructed the following conjecﬁprea:

i) When the bases are the same, the higher the

altitude the shorter the third side.

i1) - There are not right angles in these triangles.

-iit) The bases are all six. . R

iv) The perimeter 1s eighteen.

v) If the base remains the same the higher the

altitude the larger the area.

She could not continue further. The conjectures are all
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“.
) 4
observational and converge towards a final conclusion, rather than to

the opening up of further. questioning as had the conjectures of

-

G. or C., or of GM. This difficulty was common with the responses

for this question. It seemed to present a pro¥lem which required

. .
[

'justification, and at that point, either due to lack of time or

"other_thén that of area, such as additive or pythagore:n rel#tionships

between measures of sides were attempted and left incomp:te due
o ) R}

ﬂf o A somewhat higher level response thah given by JC. was -that

to a set, imposed b} the given conjedture, created a hurdle.
There were many responses of still lesser quality than those

given above. Some were numerical, but calculations were either

incomplete or ineorrect because of the lack of knowledge or

oo

manipulative skill possessed by the student. Sometimes relat.onships

to the time ahd ‘he lack of arithmetical skiil~ This was unfortunate,

~

but occurred in <everal cases even though a. pre—test and a pre-

teaching session had taken place. These few individuals were not

able to retain and apply the concepts and were the lower mathematical

achievers.

Perhaps the 1east'creative respbnses were those which were

strictly a’ recording of observational facts. Note for exauple R

JC&S(I&*S’EQ

2 fﬁ,& 110):

/ﬂ)k They are all three—sided

A1) | The " perimeter of ‘triangle omne is 18 o

The,perimeter of triangle’ two is 18. SR

. “The* perimeter of triangle three is 18. ‘

v9 The perimeter of triangle four is 18. ‘

vi) Trianglés 1, 2, 3, 4 all have the same R S
perimeter. - -

vii) The aréa of triangle one is 30.

", ro G

(This was incorrect.:'He forgot to divide by'tée.j

i

S0 ; ’
MES R L ' |

Cae el T S
P ;G
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cof giving abstract relationships without reference to the actual
numerical data, but by manipulation of the given conjecture. ‘This

differed 2{om the type of manipulation by individuals such as G‘
. ‘«\ . ERS ﬁ“’i
f?n that%it was very closely defineﬂ by .. the given statement, dﬁnsome
" ‘?
Qne statement of the srudenﬂs. Just as some individuals were bound
s

Mg ; ‘ﬂ"
by the given diagram, thes@ individuals were bound by the written

2

: S
word This may indicate that althOugh their intellectual (verbal)

W

level had ptogressed to abhigh stage, the set or inhibition had

’

not released their ﬁérspeétive. Such an examplerwaﬁ ES, His

&

hygotheses-for the pentagon'follow:
pd

i) If enough pentagonal shapes were used in a certain
formation it would be possible to cover a flat
v surface. (restatement of original)
ii) It is impossible to create‘a pentagonal shape
‘ out of any combinations of squares,
111) A pentagon can be comp. '=¢ of ten isosceles
triangles, and a smalles  nterior pentagon.
iv) It would be impossible to create a pentagon
out of any number of smaller péntagons. .

_ His hvpotheSea{ at face value, were very fine reorganizations of a -
few variables;"ﬁe;dnowever, uas unable to'ask the sane'queations

. i ’ RS
about size relationahips,,about wny some formations weré'possible
and how the various triangles.related, that some of his tolleagues
posed. The difference was not evidqgt in the written work The
difference was that C., G.,'and GM. were using“this,type of

reorganization as stepping stones to further questions; ES. was

using them as a final result.
It is suggested that the above examples represent some sort

‘of hierarchy in ¢reative fﬁought; Although it is difficult and

] - : ) \ .
dangerous to say that one of ‘the above individuals 1s more creative
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than another, the abstraction of the respons wode in this one
specific experimenr, suggests the tentative clac—:_ ication of

responses Into these 5 levels.

g

A. The use of abstract concepts as variables in combinationg

to result in new relationships.

B. The use of numerical examples to establish and to

generalize some new relationships.

Cl. The use of numerical data to investigéte a certain idea
followed by a sudden inability to suggest relationships.

C2. The us of the verbal égeas given to generate hypotheses,

%
@€
but 4. inability. to develop new relationships, once all combinations

of verbal ideas are considered.

D. The calculation of some specifics, which are recorded

as obéervﬁtions about the given data. No relationships are sought.
”

»

E. Recordin c¢f the given or observable data with noxf

further calculation, no suppoéed relationships.

A

Individuals in the last category were able to realize S
perimeter, however, did not investigate the more difficult concepts

¢: area, and altitude, even by intuitive means such asithé counting

bf,squares in Conjecturing II.
Pupil Awareness of Responses Made

Many individuals Vere’partially aware of the procedures that

they used ‘in making their conjectures. Here are some of the replies

. to the question: )"Howago you make a conjecture?"

v

- P

1. Find an iﬂferest;ng idea and develop it by

L~

R e,

i
p
”
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11.

o 12,

13.

14,
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&

examining loopholes in the conjecture.

Figure out everything, then seé how to change and
to establish relationships.

Look for similarities, interrelationships,
differences, and some ways to vary the given
shapes. . '
Look for similarities, differences; Use one
variable in the sequence at one time. @
Decide if the given conjecture 1s true or false.
If false, try to establish conditions under
which it would be true.

Invert or negate a conjecture. Vary a shape.
Look for similarities. ' R
Look for similarities and differences. .

Use a basic idea; check it if 1t is right; if

. right, look at all the ideas which inspired it

and attempt to get related ideas from these

+ideas; 1f incorrect, look at the reasons why
‘it 1s 1ncorrect. -

One should consider an idea even 1f it sounds
irrelevant and maybe you can "do something with
this problem

I think you just have to sit there and 1ook at 1t
long enough and get ideas and be unrealistic if
you have to, to get yourself going; so I figure

. that about the best way 1is to dream a little and

then you'll start to get to the right thing.
Substitute one idea for another, for example,
substituting the pentagon as an alternative for
the square as a unit of measure.

(This individual, although considered a weak
student, indicated that she liked to write
poetry at home, and compared her thought-processes
here to the ones she used for getting ideas for

her writing.)

Take a small example and build it up as far as it
would go. It's finally like a chain reaction.
Conjectures are a result of adding lines or ideas

to the figure, then trying to see the relationships
between the ideas in the diagram. Relationships:
turned out to be similarities, differences, and
inversions although the inversion was unconscious. 1
The first day I came in here, I didn t know what you
were talking about, but when you're doing it like
this you get used to picking anything and not.
being.afraid of whether its right or wrong, just
trying different things, just seeing what will
happen if you increase something a little more or
something like that--just stretching it around
in your mind and taking it out to see if it
works. . .its just trying different things and
you're not afraid if you're wrong about it.
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v

15. Consider the following things: thinking of all
the possibilities, thinking of all relationships
between the possibilities, thinking of why
certaf‘frelationships don't hold, thinking
through some problem from these questions, "This
way you could think out a problem and then get
hypotheses out of ‘that."

The above ideas reoccurred duging the discuesions with the
individuals. Although these responses came from" tﬁggi\, dividuals '
#ho were aware of the techniques that they were using, there were
students who used some of these ideas without realicing that they
were doing so. Some of these were.surprised pleasantly when the

experimenter indicated that maybe they were thinking this way.

Sequences of Ideas

4

The students often generated new hypotheses by associating
an idea from a previous hypothesis to a new area and thus another

idea or relationship. Some of these sequences were revealed in the

\

oral interviews. These may relate to some of Vygotsky's views on

concept formation;

Vygotsky qlaims‘that the 'child's ascent to concept

1o

formation occurs along a pontinuum which can be described in three

 stages, each divided: into severalfsubstages. The first step toward
. 7
concept formation by*the cbild is a gatherlng together of a. number

."

of ”disparate objects grouped without any basis and which reveal a,

diffuse undirected extension of the meaning if’the artificial word

Y

to inherently‘unrelated objects linked by chance in the child s

perception." (Vygotsky, p. 59)

Three substages descnibe this syncretic organization of
- R V- - ' .
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objects:

1) The trial and error stage:. The group representing the
given word (concépt) is created at random and each object added is
a mere guess or trial; it is replaéed by another o%dect when the
guess 1s proven wrong.

ii) Syncretic organization of the child's visual field~--
The group of ebjects which represent the required concept is formed
as a result of a more or less complex relationship between object
iin‘the chila's immediate perception field, for example tﬁe objects
contiguity)in space or time.- -

iii) A combination of objects taien from syncretic heaps
previoﬁsly formed as in 1i) or 1i). f-

The second stage Vygotsky calls Thinking in Complééég; a
“state during which individual objects are united‘in the cﬁf&d’s mind
not only.ﬁy his subjective.impregsions but also by bonds'actually
exiéting bétweennthese objectg. The bonés which exist betweén the'l
Eomponents of the complex are éoncrete and factual. Vygotsky
coméares this type of organization fo a family brganized by their
last name. A person belongs to the Petrov family not because of
any ldgi;al or abstract relationship but because of a factual one.

Thinking in Complexeévis subdiQided’into five stages. The
assoclative type 1is based on any bénd which may exist between an

N . v .
xaiFeady existent objéct in the clas§ representing the concept and.
oth;r objects. In-Vygotsky's’experimeﬂt, chiidren were to group é.;
set of logic blocké according to some set conéeptipfedetefﬁined by

the experimenter but unknown to the children. A sample block was

given the child who formed the remainder of the set by*an
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inconsistent (adult judgement).set of rules. For example, subsequent
blocks may be cboqen as follows: ﬁz same size as Bl’ B3 same color;
Bl, B4 same shape as B1 and\so omn.

In the second type "the child mould pick out objects
differing from the sample in color, or 1nf%5§n;*ar in size, or in
some other characteristic. He did not pick them at.random; he chose
them because they contrasted and complemented the one attrionte of
the sample which ha.rtook to be the basis of grouping". (p. 63)

The chain complek 1s a more dynamic linking of objects into

a class, the meaning being carried from one link\to the next. For

example, the following blocks may go into oﬂeﬁclass. yellow triangle,
yellow triangle two, blue triangle, red triangle, red square, red
rectangle, red’ circle, yellow circle, blue circle. |

The criteria by which the class s formed is changing. Thiak
indicates that{eacp block enters the class as an individual rather

than a carrier of a common trait. The single trait-has not been

aostracted, the attribute is a perceptually concrete and factual
thing. »

The last stage in complex thinking, the highest stage
previous to formal concept formation, is the pseudo—concept. In»
this case the same class results as would from an abstract
organigation or concept. Vygotsky cites observations by_Hanfmann_
and Kasanin which in&lcates thet the‘classification 1s guided by
concrete likeness and is e‘perceptual bond rather than an abstract

arnalysis and classification. Upon presentation’with a counter-

example, the pseudo-classifier can'only‘discard‘the counter example; -

P
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+

the classifier who has actually formed the abstract concept can

reorganize his total set to meet the additional objectiéns of the-

‘l\
counterexample.

Pse do—concéSts of ten ébpeaf as a result of training or

of imiﬁati;¢ of some observation éhe child made of an adult
|

pgrfor@ing é gimilar'task. Thus the actual distinction between the
pseudo-éoncept and concept stage is very difficult to discern until
the concept must be apélied in a new situation.

The seque#ce of ideas which pasged through W.'s mind as he
produced his conjectures might be compared to Vygotsky's second stage
of complex thinking. The concept of shape pervades his ideas and

provides a link to chain ideas as they pass from one specific idea

to the next, however the bond changes from one pair of ideas to the

next pair of ideas.
W.'s conjectures were:

i) 1Is it possible to arrange the triangles and thec
pentagon from the pentagon into a square?

i1) A circle with center A, radius AB = AC, would
~ also pass through points K, L.

(The second hypothesis came after the oral diséussion, and althbugh
it was not scored for fhis réaéon, it was, in the investiéator's
opinion, W.'s origiﬁai thought.)

W.'s initial hypothesis seemed to be related to the given

idea, that of forming a mosalc from pentagons, however‘he did not

B

i ? "‘E}' L
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- seem to realize this relationship until it'V&S drawn to his attention.
He had started by testing out the giveh hypothesis, but had tried to
-establish the shgpe of polygons resulting when pentagons are placed
together. The idea of covering a flat surface related to the
:question of area. (He seemed to treat flat‘surface as a finite

area.) The idea of area was at this stage, only a fleeting idea,

but the idea of area in terms of a square, combined with the

diagonals and the sides of the pentagon led him to consider triangles,
then the rhombus, phen other shapes including the circle. The idea

of circles was temporarily discarded by W. but the idea of

connecting vertices suggested the notion of a curve aﬁd again a
circlé, this time a circle that was the circumcircle for the

pentagon. Thip}raised thé possibilitf that a pentagon might be

constructed ffom the éircle. After the discussion and the

suggestion that the diagonals may have a measure and that this

measure mg& be of interest, W., i; searching for a centeﬁ, discovered

the second idea.
A ‘ )

n 1
g T

)

The ideas as they change can be summarized by the diagram:
. N

Pentagons covering a Squares diagonals and
flat surface e ‘area sides

Rhombus and « Triangles e Squares covering

other shapes ; ’ pentagons

Circles-—_—___—9.Curve.___ﬂ____, Circumscribed ___, Construction
. circle - of a
pentagon from a

circle

' Exploration
B Various relationships between line segments
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The)same initial idea, that of pentagons covering a flat

surface, gave rise to an alternate sequehce by RT. She followed the

AN

ideas thisg way.

Pentaggns covering ] . Pentagons not covering'
a flat surface 7 a flat surface
Pentagons made L One~-half pentagon
from the trapezoid € o covering a flat surface
Pentagon being cut up (other diagonals are drawn)

further into various other shapes

W.'s ideas on area and flat surface also show some of the

characteristics of a pseudo-concept. The idea of a plane was

. considered in terms of a specific shape,.mostly that of the square.
The thinking about this concept ﬁas then guided by concrete or
p¢r%gptua1 relétionships‘not b& abgtract analysis.

.In'RT.'s case, the bopd between pairs &t ideés;was changing.
Alg?ough no conclusions can be based on the limit~d data, the
sequences in thinking suggest that it might be pc..sible to classify

: - . : i
responses In reference to ;he stage of concept formatibn they
indicéte for a specific individual. This type of classification
would emphas#ze tbg way in which a response was forgulated rather
than thé resbonse>itself. Further research 1s necesSar& before the
plausibility of thié approach is examined.

The, above two se~tions h ealt with student responses to

N

the conjecturing -situations. Tgéfe has been an attempt- to classify
. . >

the responses according to Heinke's or anization of variation, and i3

according to the level of response and approach used by the student.



259

Some iﬁdication has also been suggested for a classification of
sequence of ideas in terms of the theory of concept formation as
suggested by Vygotsky. The following gection will consider some
of the mathematical possibilities in the constructed conjecturing
situations. Reference_will alsq be made to the possibilities for
the problems as teaching situations.

!

«
The Potential in-'the Conjecturing Problem Situations

The Péntagon.

= &

The pentagon can provide many hours of exploration for

anyone at any level of knowledge. Children at the grade nine level
can raise many interesting qdéstions and conjech;es, as can be seen
from the list included in Table 25., This table ﬁfesenté_some of '
the student ;esponses in the firsg colﬁmn; the aféa of étudy

which 1s related to the student cenjecture and the sqggestion'of

a reference which is directly applicable to the area 6% sﬁﬁay;in thei

second column.

-

Some of the glven student responses listed in Column I are

correct, some are incorrect, but most of them can serve the
discerning classroom teacher as valuable starting~poih£s for
mathemafical exploration,and discussion. For éxample‘the given
conjecture evoked the follow}ng responses from the 7tudentsr

1) Could a series of pentagons cover another pentagon?
ii) Could a series of squares cover a flat surface?
a pentagon? - o S
i1i1) Could a series of triangles cover a pentagon?’
any flat surface?"
9‘
»
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One student follo&éd up these ideas by establishing for himself that
pentagons couid not cover a plane since the measure of each angle
was not a factor of 3600. The study of tesselatiornis and mosaics

on the plane may follow directly from such an examination resulting

frof the questions posed above.

-\l

KS

 The quéétin of angle measure also relates with a second
!
category of response popular with the children--that of subdividing
the pentagon into sub-polygons, the most common being that of the

triangle. The following statements are illusttations of this type

of response.

i) The pentagon can be divided into three.
ii) _.You can make five triangles by joining the vertex
~with the center.
ii1) 'The figure 1s made from five similar isosceles
triangles.

Any of these responses may have resulted in another student response, -
‘ ¢

"There are 360° in a pentagon.' The algorithm for determining the
sum of the measures of the interior angles for a pentagon and more

generally for any--polygon &?ﬁh = 180 (n - 2) , where n is the number }“’
n , S

£

of sides) might follow from an examination in the classtoom of the -
. "4 . .

division concept combined with the coﬁcept of angle sum. o 'f 3

N

The concepts on mosaics can be extended into three
dimensional space and the study of polyhedra by examining mosaics
whose: angle sum at a vertex is less than 360°. (Stover, 1966)6

6Some theorems that, are developed by Stover are the following.
i) No mosaic symbol may contain more than six numerals eg. (3,3,3,3,3,
3) and the only one containing six numerals is the one given above.
This would indicate that the triangle is the simplest polygon that
may be used to construct a tesselation, also that a maximum of six
equilateral triangles can be placed at one vertex.

i1} - re are at most thirty mosaics.
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Some conjectures given by the children which can generate this type
. .

of: extension are the following: ' ‘ ' A

1) A serles of pentagonsfcan cover a rounded surface.
i1) When, you 1ay a series of pentagons side by side .
you will have to travel a curved path in order to
= . -reach your starting point. '

L A completely different® direction may be pursued as a result

of the pupil conjecturevnumber vi) listed on Table 25. The’pentagon
PR - ;2 . T B .

encloses a number of'special isosceles triangles. The 720, 360,_36o

‘triangle'which id regenerated under a fibonnaccf‘curve, and thereby

¢

called the golden triangle results from the relationship which

RZ 2

DU :
& exlgts between the diagonal and" the side of thegpentagon aé well

as the proportional lengths which are obtained when the diagonalsl .

I : ~ . S - .
, cut each other. : : G, ' - - : - Vﬁ
>; ) . - 'T‘_' @ L 1Y . v\ i
Hippasius (MeschkoWski 1964) constructed an infinite » ’
%, . 7
] series of pentagons using the’ diagonal of an initial pentagon to - .
v . b\__.w“? Ks . "

<establish the side of the subsequent pentagon.a\The relationships o

(=Y q

» are shown @n the diagram below Establishgyg that the sequence is

infinite is equivalent to establishing that s is not a real factor

~ -
- ~

of d, and thereby that diagonal/side is an irrationa& number

< The actual relationship between diagonal and side has been
found to be d(d - s) = 52. The fibonnacci series is generated by . ‘¥

»Astarting with a non—regular pentagon of s =‘d =1, ahd using the

e

. relationships, d2 = s + dl’ and 52 = 1}' This felationi?ip' e f‘

depends upon triangle ABC (in Figure 2) being isosceles.
Three students wondered whether the pentagon can be

constructed from a circle. Although this sugges&ion was most

.certainly made in naivete, the;questionfas to nhiCEBpolygons are

P

A



grade nine level, but the children can examine some polygons which

» . ' R - 264

Q
’
&
!
B
, Fi ure- 2 . ' . : oo E [ ;,"V\'Q‘u[_-
¢ ¥ ; Sty e
e AT
: Relationships Between the Side and’ the R Ut
. : A e gy
- ) Diagonal of the Pentagon .. . . B
. 3 N ) ! .)» ’ '; ) . : ‘,:“
' : - L - ’ oo [
RN ! w P S
" M N {
3 ¢ ,
. . - Y
i3 ¢ s «

constructsgre snd which are“not haslbéen a historiqaﬁs'f

” “ A 2

set up the fol]pw:m)g conjectures‘_ a

i

Polyg 5 were constructable if one of the following .
. cond ons held true ‘ A _ : W

1) the number of the sides is .a power of 2, : )
i1) the number of the sides is'a prime of the form ~ K
) - 2% +.1 vhere n, itself 1is a powef of 2. ' .
. *i11) the number of sides is the product of primes Q 9-‘?’_
< satisfying the second’ condition. v .
v 3  (Ley, 1967, P 42) - P

o : . :
: “ . v .
. .

2

This type of detail for the pentagon is not important at ;he

~N -

a

,4,,
are.easily constructable and examine the reasons behind the

e

'constructions. " The 2, 4 48 . e series is based on subsequent SR

5

bisection of a diameter, the 3, 6; 12, 24,.. « . series is based on

the special characteristics of the hex:_.nl, and subsequent bisections.

4, . o . ,\_
LJ . . .
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b‘ with presently at he grade

L4

‘ relationships in areadﬁnd perimeter. ExampleS”of these resgogses

265

-

-

Sé

i
C.

bl

golden section‘proportions, from whioh the biseetion strategy.can

give rise to the polygons wMch heve a multiple of five sides.

The quality of intuitive classifigftion and 1ogic can then

 be emphasiaed in' geometry. "A geometric consgfuction 13 supposed

v A . e
. to be the'result of pure thinking. #4s .Since we, know that the
4 o P Co S e

- E'Y
6reek geometers usuqlly traced their construction i&sé )
0y » . _dathd

constructions certainly cannot havepbeen accurate¢7

.behind them was." (Ley, p. 33) Df; I x B
A fifth Category ofﬁgtudent response deaﬁt w&kp
RS

S w0 K

are: numbers eight to fifteen listed gp Table 25 - i g;h;,;.

The pentago bpens up. investkgations in ma&y areas of mi

geometrical"concept.' Area, sha%e, angl% size, the properties of.

\

polygons are some of the ideas which relate to concepf
R .

ally for
?
“s may be encouraged. Theorema such

fne 1evelnm If desired, esp*
A ’ -2
the more advanced formal P

[

b ¥
rhombus or its equivalent "ADCK and 4ACB are both

T

B

as;"FBDE_is

L4

triangles”with?two sides of S5 and base, d - 8" are
Y L .

important for many of the subsequent ideas and need justification——

isoscel

the"'are not obvious.

3
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~§'~1«-
% The above discussion * s

1)

many of the conditions nec

potential ds specified b . B. Davis. Davis discusseé th S

; ]
characteristic of "many avenues of exploration" undet. the topic-
\

Tt

extension approach,, and emphgsizesvthat a process approach to
mathematicsbintroduces the student to manv”concepts at the same
time; L"'In_the course. of doing.this, various other topics will appear
whichmturn‘out to be morejor-less inextricablY'intertwined with the

oo,

classrogm work with the original topic". J(Davis, 1967, p;ySOf'

In his opinion, this not only increases the motivation o.nd ' &

L‘meaningfulness of the content, but enables the student to discover
u - l} i 3 .

“many o¥.ithe concepts on his own terms, and gives him time E‘,,

o

‘”assimilate.and to accommodate.the wew concepts. (Davis, 1964, p. 312)

v

31

-

The Triangles .qugstion established itself as a mbre directed'

“

. - e &
and less open;ended question than was The Pentagon. Table 26 lists '

/ ”~- - *
some of the stﬁdent r?spdnses In the first column, and then; in the

3
. N g

second column, relates this conjecture to an area of study that

may be generated by this conjecture. ‘ o _f ) ' %‘_rqf’ -
o N -t bl
fMost of the meaningful ideas produced by the students dealt
L - ,
- with measurement. This possibly was a result of the specific ' e

informstion incduded in the question and of the given hypothesis
which related area and perimeter In~spite'of the narrow range of
responsewgiven to the problem, many of the same categories of study

that were»spggested for The Pentagon may befincluded for\The Trianglesv‘
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A B .
the investigated by students in a classroom.

t

% e : e ,
.‘} J . ) . ‘ 270

:@‘

Q
.

(Table 26) The following are some of the general ‘topics which may

\-

o

-~ \\i) ThevinvestigatiOn qf the existance of, and the condiiEOns
for tesselations formed by some combination of the triangles. This
question may have been posed by the student conjecture M"If all

the triangles are joined together what type of shape is formed?"

ii) gﬁhe construction of polyhedra frdm the triangles.

i1i) The investigation of the relationship between angle

size and the size of the triangle. This may be area, the~height—

" base ratio, perimeter or shape " The student conjecture "The

; altitude is determined by ~any pair of anglil'

i

hl

»

category of inquiry.

(=3

iv) The investigation of the relationships between the
. &
circle and the triangles. A circle-may be circumscribed on 4

triangle, or a circle may be inscribed, The latter opens up the

investigation of the various centers of the ‘triangle.  A.question

may arise as to the -type of‘triangle‘whiéh may be, inscribedmin a
. o o ’

‘circle and yet 1ie'on the diameter. The conjecture WIf ‘one divides ’

~straightened out into right triangles?" and "How would[the slant

but this would- also pzovidevforfinquiry and discussion.)” .There"

L ,u

thek\riangle into two sej rate triangles he would get one—half of
e ’3

f divisibn for. the triangle. -

’3"

the total area" suggests one type

(The idea of one-half would have tb be//ade more explicit here, - ,4

~

were no conjectures;‘given bydthe students, that were concerned
with the'circle-triangle relationahips.
- ‘ v) The investigation of the properties of special triangles.

-..‘,\ 1

The conjectures "What would happen if the triangles were‘“fﬁa_

-

e
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- - \

height vary as the proportions of altitude and_bise vary?" suggest
one direction for study. .

| vi) The investigatione of the area-perimeter rgla nships.
These concepts have already been discussed in detail, and télate

easlly to the content and curriculum already present in the school

system.
The first section in this chapter indicates the type of
examination which may be done on the problem-situations for

~~redefinition, sensitivity, and verification. This*yas not done at

present because of the time and space limitations. The reader has

-

alpeadysbeen prowided with'some_information on the responses for the o
two verifiﬁgtion problems and the second sensitivity problem during »

the categorizations established for the scoring procedures in

2

Chapter V. A closer look at the responses given to The Board and

Hole (Redefinition)'anddto The - Square (Sensiti&ity I) is now being
. @ . . . .
taken. This disoussioh just represents an abbreviated look at some

B ‘ - . .
of the ways students achieved‘rqugzees to the two:questions.

«

’ ’ ‘ v . 1 . .
£ , 2 REDEFINJTION - - A ;

.
N . e ; N . \.-/
! 7 0y )
P - ‘B :
T £ ) g ,
The Board and the Hole » L e ¢
% i b ™. " /,,"

»

The Board and the He = cffered aﬁ%bpportﬁnit& for some novel

v

solutions which range a.:~ng » continﬁum from a step by_step

. . :
analytical approach to a numerical, intuitive one as*welllas‘to a

spontaneous inexplicable realization of the correct’ cut. -
. = . Vad . \ ¢

¢ LN., (13—9, 124, 113) a very quiet student who performed at

q‘? -

-



 'a low level on the'coqjecturing and verifying problems; was more
at home wifh this;yroblem and Thé Square. His ability in spatial
relations seemed higher than his ability in logicq} relations-~~he
quickly rejected the straight line cuts and thought'immediately |

about ‘the crooked %ine cut. He adjusted his initial thought

e ! into the correct jagged cut, since the curved cut

would present difficulties in fitting two halves together and

o

suggested that his éxperience in woodwork made a response of this.

type reagonable.

.

A solution on a second level was achieved by C. (discussed.

a‘i‘}' gx
~ on page 236fl) who worked almost entirely from an% nalys:[s of&
:M Té nt

HfAé}r!* few minutes

of thé'aL}o;éd time. Able o reject the obvious straight line cuts

"dimensions. ”Sbg‘also a\ﬁieved thé solution in t

&

immediately, she foresaw the possibility of a solution. In her
'vown words~-"I had an idea of what the solution wouiﬁ’be likg." How
or why was she able to realize this solution? Mj?éﬁk‘
v

I don't know, I just thought that.way. The -
diagonal cut wouldn't work, the straight line across =
wouldn,'t work, .the up and down cut wouldn't work. So
I forgot about straight lines for 4'while and

y concentrated more not on the shape or on the way I
was drawing my lines, but on.th qmzzasurements, the

+ way . I had tg\graw them. The onldy problem I had was,
Por a while, I didn't)know what to think about this

.15 and 10, and then didalt think of putting this

* tight .doyn the middle until I ras@mbered they had to o
be equal) so I had to put this n&ght down the middle- -
and then I figured it out. .. o= :

" The measurements that C. refers to are the 3, 2 relationShips
S—
between the sides of the board and the sides of the hole. . She
Tealized that the boagg\had to be cut at the width'of two inches'

- from both sﬁges. She continued this ‘cut from both-sides until she



reached the middle and then realized that she had to make a
vertical cut at this poilnt. Note the step by step realization of
the solution; she had the confidence to follow the intuitive idea

N
-of the final soluét%n to 1its completion.
G. ptesented another analytical but spatial solution. His

approach was charactetistic ,of him. He conjectured (pages 235-236):

L
by 1sclating the variables, then by varying the relationships of

NS

these variables, "I try to exhaust all the ideas on one variable." )

* Here again G. realized_that each piece had to be two inches on one‘f“

N -

end, one inch on the other and also that the dividing step was S

»

length five. Here is:;his explanation' . - _ ,
: . I L
I note that there must be two equal;jpieces, so I e 'A$4§Q?
tried a simple idea and from that idea-I might develop '
“‘] Bother ideas which might help me in finding the
-golution. So I inided this into. triangles —
Al'  #y0d T just.slipped it like this _, |
. 80 thdt you get two here ‘and two | \
©  here so that ydu have to get rid ‘ :
of those, so I thought of a solution to get rid of 1 _ o
L those and that they both are equal, so one would fit . {)
/))/ v+ ., here, and the other fit neatly here, then .I tried it : ;
\

out and it worked. I then tried te}g anether idea.
’\. ) . ‘. ’ ( o
GN. (14 8, 94“’8) exemplified the o _extreme in respense P,

Rl Thé’%oard agd Hole pt?blem GN.; operating at'd low level of -

F R |

";abstraction, was_very dependent upon the visual material’presented

14 L.

~and tended to ighore numerical analysis. “Her low level of maturity <

_‘was indicnted by her response to the question of whether the shape
o ‘Q’a .
of the final answer was familiar to her. This was -an unusual shape _

I

Lfor her, usually one worked with triangles and rectangles, but this

- U

was a different shape. Shapes like these were used for building

castles. (She had seen a sghape like this in the structure of an old :
A ™ .
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# blocks were tommon to others. IJ.

z
rs

castle on TV).

.Below are the various stumbling blocks that hampered her as

she’ proceeded to find the solution:

'23. i) She traced the diagrams onto the graph paper and counted

the @quares within rather than use the numerical dimensions given.

The\visual facts were more important to her. (Soviet Studies, p..115)

v ’» 0‘
,ﬁy' 11) She then proceeded to cut the board in three, then the
/

EQird ‘plece in half. She was unable to see the inappropriateness

bf this uns{l asked to reread the instructions. : ‘ 'ﬁf;

™ iii) She suggested that the idea of a zig-zag cut kad

' ’ . : NP <R
passed through her mind but it had seemed incorrect since the,ffhél'

W 4
requiremént was to be a rectangle. a
_* 4iv) Her approach was to try something new each time. She

C .

was not able to evaluate'what she .had done in terms of improving her

- C
Teo LY

dext attempt. Therefore her zig-zeg'euts (after the idea“was

-

suggested) tended tomzj/random_rather than directed responses.
 GN.'s difficiTties are described because, these stumbling
- . ) ) B - v N \ﬁ;\

Al 1 B
P . v b [

U

7

- GN. " Although GN.'s lack of mathematical knowledge and skill .

hampered, her progress in the experiment, she nevertheless produced a

-very’intu{tive and elegant-response to Verifying I parts a, b. Her

(13-8, 130, 143), an individual who

K

“ drawings of the square and the triangle, and gheir increased counter-
. parts as well as her discussion, showéd clearly that.she "squared"

proportion, and had some idea of the necessity, of similarity.

s 8The experiment& showed that although thé object under
analysis (the diagram) was the same for all subjects,: they saw

different things and different numbeTs of things, depending upon the

level of their processes of analysis. and synthesis. .

iz

"+

.“’,‘ .

Bt
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. 1
3
A

. solved the problem quickly by taking the EEEE;;H cut, and

subsequently adjusting this idea hy using the factors of 2, 3

.:.thereby producing the correct solution, foresaw the following two

o v
stumbling blocks ‘which he theought might prevent others from

pi

. achieving the correct solution. o "

1) People‘'usually don't think that equaly i and
accuracy can be achieved with a curved ine.
: Yay can' t gut exacﬁiy in half that way. ,
11) whas loo igg at the gbard a jagged cut doesn' t
‘  look as*{f it would fit the hole. Why?  Both -
* . .. have sides~ that are straight and’ regular. Thus
it dogﬁg t seem as if a jagged cut woul& fit .

Some indiV%Huals who realized that a crooked line cut was'

necessary 'looked for something more complex. They were reminded_ofv

g . L ' .
oked for interlocking pieces. GM.

wa$~one whO'overcame»this o

i, , '?* )

GM. I knew that 1f you p§§ in tbo many cuts Or turns’
you would have to’ synchronize them to fit‘fogether.

So the more turns the more difficult it is to get oy
them to fit together ‘ B

" you have a harder ‘time fitting them together ' o
' » . . ﬁ.‘

This individual was, ablée to encorporate previous o '”;

‘,experience to a problem not usually associated with ie.

Kabanova-Meller (1950) has suggested that previous experience may

,either help or hinder an individual in solving problems depending

. -\)‘(r -

upon his level of abstraction of the original experience. .

Three individuals who misread the problem and did not

S o

realize thg\significance of the instruction, "two equal pieces,
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)
o

illdstrate the effect of previous directed experiernce on ability to

‘H 1

achT™ve solution. These boys cut the board into more than two

@ -

pleces and fit the pileces onto the hole. When their gttention was
. .

drawn to the instruction of "two equal pileces" they were able to

realize the correct cut immediately.

* One special cut into four pieces (two long, two short)

provided a good intermediate cut. A ﬁg}iation of this cut,
> w

accidently fade by . (L4~ 7 148, 126){ !ﬁ%ed her -to see the:

)n‘

solution.h She used the graph paper,: ad automatically made ther

cut [::I::]". She rejected,this but tried the horizontal cuts on

J
i

the same diagram, knowing they were incorrect but essentially

¥,

drawing them twice, as shown;-Eégggga She thenhsaw the’'correct
rJ

. ocut just bv absently 1ooking at the diagram S.vhad a very good

- who were able to see the parallelogram in the sixth shape of

spatial rearranging ability She was one of the thrée individuals

w - 3 \

'Redefinition B-Areas.

It is notable that Sr produced only straight line cuts in -

‘response to The Square. S.'scored at the average level on the

S : & i

_ novelty aspect of congecturing although she produced an average ﬂ

t S

r

: number of responses for The Pentagon and - -an abovelaverage number of

:responses,forwlhe Triangles.‘.Sj s .forte ‘was in*directing

-

her talents toward a specific_Question and she verYJQuickly solved

such problems. Her conjectures were of the observational type, and
, ‘ IR , -ty

, ‘ . e o . :
even for ‘the triahgle problem which’included numerical data,; she did

"‘:

not do any quantitative work. Specifically her conjectures were:
i) None of the triangles are right triangles. s
ii) The base is the same and when the figures are put
together, - they gould make a shape with many points,
L - ()\7 X - .
A

Yooy,
';

I8
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tion before.

1) One individual.

1278

produced four or five geveral distinct

categories of shapes which could result from cutting the square in

half.

the square and various curve cuts.
the self-imposed instruction:.~

result and how can they be classified?"

I

differe

the squ

He not only considered the zig-zag cuts but cuts from inside

This individual responded to

"How -many different shapes can

~

i1) A second individual produced several types of cuts, all

nt, then proceeded to draw a very elaborate design which cut i

are in half. The design was symmetrical as well as covering

half the area in each piece.

\\

[

ST % \\Y‘“

\\ o

. \\\\\\\W

\
‘-\\\\\\\\

iy

-

ii11) A third group‘of indiriduals produced several-cuts,

using straight lines, curved lines and zig—zag lines, but stated a

generalization to describe how to cut a square in half: '"Do exactly

to one side that you would do on the other." ' These persons reaiized

that there were an infinite number of cuts, however were not

stimulated to classify or to describe the classes which may have

existed.

~
~

1
!
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but the same base. ) '

ii11) The ‘hypotenuse of a triangle is larger with
more gradual slope. and largeness of the opposite
" angle.

iv) When- two triangles are put together, the
resulting figure is s'parallelogram.

~Several high IQ, high achievement individuals were,dot able to
o

'direct their ideas to a'solution. Their reaction to the words, two

s : . ¢
equal pieces, was "I didn't reéalize we could cut it this way."

4
R. (15;0, L34, 118) was one of these. Until confronted with th
‘definite statement that there was a solution, he stesdily maintained
that the cut could only oe made in deoth. Most of the individuais
who were able to solve this problem and. certainly those who ’

L4

provided mostvof the responses for The Square looked upon the concept
of one half from the point of view of areas rather than from the
ideal of symmetrical pieces. Some incorporated the idea of syﬁmetry,
others did not, but the dominating feature of "one—ha@f" as area

~ often appeared to remove a set toward the strsight_line cut.

/ f

"SENSITIVITY - o

The Square ’ -
; S ,
r‘.

The following section presents some of the types of respoﬁses
that were produced in response to the instructiOns ﬁCut the square
‘in half. What are the shapes of the resulting halves?" The types
of responses have been listed in an approximate hierarchy, from
most creative to 1east creative. To some extent, the students were

aware of the variety of responses that could exist because all of

them had been exposed to The Board and the Hole problem reported in

L)

-
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"iv) A fourth group of individuals produced several shapes
as in . ii1), realized "There\are an infinite number Sf shape;.",
but did nét étate’any generalization or show any iﬂtent to
investigate a classificgtion scheme.

. _ , " :

v) "A fiftb group of individuals produced a simple
c}assificatfbn similar to that in number 1), but dealing only with
simpl- -hapes, such as triahgles, rectanglés, and squares. The
student nxémplifying this caﬁeéory was inspired by the instruction
?How many different shap?§ can you find?", and started té develop
;halves which matched the poiygons that he knew.

vi) A sixth group of indi;iduals.divided the sqbare an ’
infinite number of times by progressively cuttiné each half in half.
This can be done by initially dividing .the équare into a rectangle
or altriangle. ' » ' \\\ |

“ vii) A group of individuals produced straight line and zig-
zag cuts. These students rememﬁered The Board and Hole problem,
however had solved the former pfoblem, indicating that they had not
been inhibited by the set that a half had to be a straight line
cut. ' .

viii) A group of-individuals as in number vii), but these
students had not solved Tﬁe Board and Hole problem, and thus were
influenced by the learning that had occﬁrred #t the time.

ix) A groub of iqgividuals who produced only straigﬁt line
cuts. These students had solved The Board and Hole problem but
were unéble to apply this knowledgé to the épen—ended question.
These individuals wéfe often very intelligénf, very high achievers

or both. e

|
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)
o

x) A group of individuals who produced an infinite number of
straight line cuts.

xi) A group of individuals who pfbduced a finite number of
straight line cuts. Some of these students were aware that theré

may be more cuts, although a finite number, but many of them would

*

~The responses to redefinition or sensitivity have not been
classified or investigated fully, however, the following commengs
ﬁay summarize some of the researcher'é‘observations\ | o

An individual's type of approach may remain constant frqﬁ;,
one situafion”f%hhnothér. G.'s anal§tical considératién of the
vafiables, and thé steé by step application of logicAappeared in
both‘the conjecturing problem and the redefini;ion érbblem. G. aiso
defined the first category for The Square. Here again he classified
at the abstract level. 1In V&go;sky's sense heiis‘prdbably at the
full‘concept level. C. also produced responses in a characteristic
way,‘although she showed the ability to be very effective in the
directed thinking éituation of The Boa?d and the Hole. She indicated
both the whimsical and the commitment attitude (see her statement on
page 237) in her response to The Sqﬁare (Category 1ii). |

Thg effect of previous experience on the solution of a
problem Qa;ies greatly. Some individuals did not relate even very,
close experiehce, like The Board and Hole and The Square. Others
related questions like The.Pentagon and the redefin;tioﬁ situations.

Insight about  the individuals who related experience and those wﬁo

didn't may result ffom a more detailed examination of the three

N

BN

state that there were not any more ways of cucting the.square in half.

-

A
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remaining processes.

The discussion in the above chapter has tried to provide

some description about the student response to the.constructed

-

+

questions. ~ihe main émphasis has been on thelconjecturing‘process.

The orai interprefations given by the students-provi&ed clarification

Qf the written responses, and this chapter has tried to provide

the reader; with some of the insights available to the réséafeher.
This discussion has also tried to establish some of the

ways“in‘which st;dents conjectufe. It has béen shown that in many .

ways, fhevintuipive procedures usea by the student in‘the sample

can be classified under proce&ures suggested by mathematicians.

The various levels summariziﬁg the respoﬁses emphasize the

importance of the student's confidence and facility with basic ideas

before relationships occur. The stage-of stating only observed

facts seemed to be aknetessary step previous to the step’of

producing associations.

-1



. CHAPTER VIII

SUMMARY AND IMPLICATIONS

The present .study 1s concerned with the pracedures by which
students solve problems ;n geometry. In order to determine the
extent to which junior ﬁigh school studenfs can react.creatively to
mathematical situatioqs, a model for creafive thinking was
developed with reference to the &iterature on creativity. Four
processes for creative problem solving were defined, and two .

" problems that theoretically reflediédaéach procéss were constructed.
The responses to. the problemsVWere scored and these scores-
eerre;ated. The correlations were examined by pairs and by-the
procedure of imagé analysis in ofder to determine whethe; the
hypothesized four processes emerged oﬁ the basis of éhg responses
given by the student samplei

The image analysis yielded six faCtdrs; One factor was
entirely ident{fied by the Torrance tests. A éecond factor
cérresponded to the conjecturing prdcess, and a third to the’
verifying process. A fourth factor, not as clearlyﬁdelinea;ed
by the‘constructgd sitgationé; was défined by the redefinition
,rand ability scores, and was thﬁs interpreted as the redefinition’
process. The two senséﬁ;vity prqblems separated into the two
remaining orthogonal factérs. Because of the éomplexity and the

difficulty level of ‘Area-Increase, it was decided that The Square

was a better representation of the process of sensitivity.

282
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gy .
Afi;ough the interpretation of the four factors seeﬁs
consistent with the results, and will be accepted for the pughnst
of this“study; it is possible that}the fpﬁr proéebaes are composed
of‘gub~hnits. These sub—units’may involve the five factor;, other
than the Torrance tests, which separafed undef the image analysis.
: §ﬁfficientiinformatiqn to.determin; or'identify these sub-units
was Iacking, but some of them may be identified in the‘eight
summary péints included in the final paragraph of this section.
- Several difficuities were aéparent in the problem-situations.‘
The second redefinition problem is not clear In its purpose. Parts
iv)iaﬁd vi) in Redefinition'II,*Angles, may be solved in several
ways; and it is notbclear that(&ne specific ‘'method should be
considered supetior to another.’ (pageé 139—140) The particular
method of solution used was not clear from only the Vritten
responses. 'Sincé scores were awarded on the basis of method uééd,
the responses given during the oral ipterview were instrumental in
detérmining the score. .It may Se argued that ohly part v), the item
that could be solveq in only ‘one way to get the correct answer, and
the one way that required the breaking of the set, should be awarded
‘ éNEEDre&\ The same comment applies to Redefinition IIB, Areas. In
addition, the étqcial part in Redefinition II, Areas, that is,
part vi); seemed too difficult for the sample of students. Only two
individuals were able to solve the problem without help. The type
of scoring uéed may have affected fhe cor?elations between -
redefinition and the other scores and thus 'the interpretation of

redefinition. The criticism m&y be answered by further research.

Further questions about the constructed problem situations and their
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administration are'ralsed in' the last section, Implications for

- Research.

To what extent are the éhg;acterigtics andhguidelineé
established for each process valid? It may be that this question
is irrelevant,land it¥may be importaﬁt to see if the four defined
procesées appear as separate entities when responses to random
problem-situations are exémingd. *On the other hana from the
m{&iyfément point of view it 1is convenient to be able to focus on
one process as much as possible. “

Both The Pentagon and The Triangles were found to meet the

¢

requirémenps of conjecturing. However, the content used in

\
\

Conjecturing\II resulted in the use of other proéesses by the
students. The data presented to students in Conjectﬁring I1 was
much more familiar to the students than that presented in
Conjecturing I. The given conjectufe re—emphasized'the familiar
ipterpretation. The peﬂfagon in Conjecf&fing 1 was a new object
and most of the responses eﬁphasized the observable generalizations
rather than the numerical data. In time, as the students learn
more about the pentagon, the aspects of verification aﬁd
redefinition ﬁay appear in the responses. In summary, the
conjecturing process may be contaminated less by other processes,
if care 18 used 1in selecting a problem or situation which does
not have many connotations to the student. However such responses
may be more superficial-and less quéntitative than 1if the situation
is a famiiiar one.

Sensitivity I seems-to be a fair representation of the
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established guidelines for this process. It may be,uhowever that

i
in the guidelines the presence of a

set" should be de-
émphasized. A situation for which many fesponses are possible
should perhaps be. presented and students shoul& be made aware that
"the possibility fo' “any responses is present. Sensitivity'éhould
be én awareness of some unusual response among the many, rather than
’just the realization of divergence in whét'sgems‘ko'be a convergent
problem. This idea is simpie ta conceive, bu; difficult to interpret
in the constructionlof problemg.' Firét thére is the diffidulty of
how to instruct the student without telling him that there are
unusual possibilities in the situation. Second there 1s»the
"difficulty of distinguishinglaﬁd separating this process f?om that
of conjecturing. More éxperimentation with problems. using the
instruction: '"'What are the shortcomings 1in this data?", or "Suggégt
the possibilities for problemslwhich'hre.present in this data." are
neceséa;y before alternate and,clear guidelines can be'presented.
] It also may be‘that at ;hé juﬁior high school level conjecturing
and sensitivity are difficult to separate undér this type of
instéuttion because of’the students' "quésﬁion" approach to the
former. (The sfudeﬁts proceed in making conjectures by asking
"I wonder if." or "What happens?'")- |

Tﬁe guidelines fér redefinition require thét the students
overcome or resist the iﬁélinatioﬁ to use an inefficient or an
incorrect method to a probleﬁ which seems similar to Previous and
succéssful experience with this established method. Although both
"fédefiniti?n questidns meet this requirement in‘spirig; difficﬁities

resulted in the establishing of.the set and in the sc@ring of the
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. . . s
"set-bfeaking" items. The first three items in Redefihition IIA, Y
and Redefinition IIR were not.strongx théy did not firmly
eétaﬁlish one definite approach for solution. Second, the decision “.
to s;ore the quéstions_whichvcould have béen solved in two ways may K
not have been a valid Sne pecéuge of the diificulty in establishing‘
which apgroach is really the most appropﬁiate. From this point of
view it m;y be more valid, especially if written respbnses;are‘to
be scored, fo construct a redefinition situation with six items,
five of which.establish a certdin set and one which can only Se
solved by an alternate method. This sixth item should be at an
appropriaté level of difficulty for the group in quéétion. Students
found item vi), in ﬁedefinition iIB, Areas, difficult to solvevevén
after they were given sﬁecific hints.

" For verifying, the insffugtﬁbgTﬁ?%ove each statement as best
as'you can' seemed appr;priate and, as désired, eliéited reéponées
from testing to fesponses{of abstract\argument. Two difficulties
appeared in the verifying problems. First, specific nume;ical
data should nof-be given. A problem with this typé of information
(Verifyiné IIB) seems to correlaté with the re&efinitié< questions.
Second, a problem that does not allow the student to test wit%
specific numbers may bé too difficult in that it is not interpreted
as a problem by the student but only as a statement of "truth."
The résponses for Verifying IIA, Parallel Lines, were of ten Just
restatements of the original broblqn, at times accompariied by some.

measurement .of angles or lines In the physical diagram. This

restatement seemed obvious to the student, and 'so for him no problem
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Qxisted. Verifying ITA, Parallel Lines, is still appropriate as
a yerifying situation and the responses discussed dut%ng the oral -
intérview were inferesting and informative. However, sfatistiéallyﬂ
it may be invalid beéause af the many individuals who were awarded
a score of zero on this problem. (30/42 received a score of zero,
five more received a score of one)> |

The particular problems Chosen to represent the four processes
werefound to gﬁterrelate and appear to &epend‘upon cognitive
approaches which are correlated. The requirements betweeh
prgblems which seemed similar and the specific coérelations have
beéﬁ.discusseq in stail in Chapter Vi and Chapter VII. In “
summary, some of tbgse intefcorrelatibns suggest the following:

i) The aBiiity to isélate important variables in a problem-
situation seems to have been an important requirement in verifying
and in conjeéturfhg.

- 11) The ability to foresee the dependent and ind: .andent

variables seems to influence performance on the cdqjecturing

4
¢

qﬁestions, the verifying queétions, and Sensitivity II. .

111) ?he ability to.foresee,a given résult, and to see the
data from several perspectives seems to result in effective
respo#ses for the sensitivity situatibns, for the redefinition:
situations and forvthe verifying situations.

- iv) The ability to follow a logical afgument in a step by

step fashion seems to result in some of the more efficient responses
for Redefinition I, for Verifying I, and for the conjecturing

situations.

'v) The ability to be aware of possibilities beybnd those
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suggested by the data given scems to be necessary for Conjecturing
I; and for the sensitivity brob]omé. | '

vi? .?he abllity to break from a set established'by previous
experiencecor by data'in'the problem seems to determine the r;nge of
~responses given to the sensitivity questions, the redefinition
questions and to Conjecturing II.

vii) The ability to formulatc relationships in response
to an opcn—ended situation seems to be distinct from the ability to
find the most appropriate respcnse specified by‘a definite
requirement. These abilities wcre describedias divecgent and

" convérgent, respectively. \

viii) The abiiity‘tq génerate relationships, to formulate
conjectcres, seems to be recognizablelto the studcncs. Some of
them were unable to do more than 1ist,obscrvable facts, but were
aware of the'inappropf;ateness of their responses. _

The data in this Btudy-does not rcpudiate che model. iheres
is some difficulty in interpreting the isolation of Sensitivity II
from the other factors and, as indicated above, the processes may
| be a conglomerate of abilities. However, acceptance of the four .
processes aided in the interpretation of the statistical results.
The responses giveqfto the probleﬁ—situations indicate thac the
grade nine SCUdects in the sample were capable 1) developing
conjectures about given”data, ii) verifying énd testing stated
conclusions;‘iii) manipulating specific variables and in breaking
-with traditional understandingqin order to achieve a specific

result (redefinition), and iv) manipulating specific variables in

order to demonstrate unusual understanding of a seemingly obvious.
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situation-and as a result, hroducjng new and novel possibilities

(sensifivity).
IMPLICATIONS FOR THE CLASSROOM

A basic premise underlying this’stu@y‘is ;hat if credtivity
is desirable as a product of education, then it should be
emphasized in teaching. The hypothesis is that breapive effort is
possible from everyone, although at different levels, in response
to varying situations. It also seems that the hypothesized
processes are valid in a discussion of créative endeavo; in
mathematics. The experimenter would like to coﬁtend that the
teacher of mathematics should incorpbrate these processes into the
classroom work, | . | |

Thé-consﬁruétéd situations are most yaluable because of
their potential és ﬁeaching situations. - Some indication of this
potential, with regard to mathematical content and its inter-
relationships has been made in Chapter VII (pages 259-271). Table
25 and Téble 26 list descriptions of topics which may center around
é student response to the conjecturing problem-situations. If a
student conjecture is used to initiate or suﬁblementla classroom
discussion, student-ideas may establish questions and
in&estigations along the areas suggested. Within the limited
context of the g; :n study, two students were stimulated to extend
‘the ideas discpssed in the experiment by dqing some individual
investigation at home. This type of approach may be rewarding to

the teacher in that it proviges him with the opportunity to also be a-

»
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stedent of mathematics and to react to the new ideas‘thet are often
posed in.ah qpen-ended situation.

One objective of the sfudy was to experiment with an
evaluation instrument, The importance of establishing procedures F
for evaluating the four processes is a practical one. Most children
learn that on which they are evaluated and have learned to place
importance on tﬁe.type of thinking tﬁet is rewardeﬁ by our gradiné
syetem. The sceringlprocedures used in the study; although time
consuming, indicate some possibility for emphasizing and evaluating
student response to divergent situation;.. The Qariety score (shown

" to corfela;g;with the novelty score) may be of practical use to the
classroom tédcher. After some initial experience with the isolation
of concept sets, the variety score may be. approximated. This
approximate scere QOuld provide a fairly simple and effective
asseesment of a student's ability to resébnd to sitiatio. 3 such as
those of conjecturing ané gensitivity. Divergen;‘process, ae in
conjecturing or in sensitivity, may be an important & -ans Sy which
knoyledge is assimilated as weli as generated. Learning by
conjeetering may be much more encompassing thae learning by:
repetition; it may mean relating of‘ideas and skills into some

. meaningful total. .The”importancefof dieergeﬁt proeess is yet a

matter of opinion. Further reeearch must uncover its potential as
well as its application. |

There 18 a pfactical.difficulty both in the teaehing'and
evaluation of such situations. Seven elasees with thiity or more

‘students per classroom do not provide the teacher with much

opportunity to examige and to encourage individual thinking processes

B}

—
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in any detail. Nevertheleés, this type of teaching and study into
the students thinking allows tpevteacher the opportunity to be
a student himself. The knowledge from this type of examination
may also result in more effective teaching as well as learning.

- <

DMPLICATIONS FOR FURTHER RESEARCH

Some further research is suggested.by tﬁe results and by
the difficulties and the limitations present in this study. These
are presented as a series of qﬁestions in the seéiions which follow.

The first =& of questions consider variation in the
administration or construétion.of the problem—situations.

.1)' What would be the eéfect on the typé_and the number of
‘responses given to each conjecturing question if the original
sample conjectute was chhnged?. Wouid fhe émphééis on aféa.and
periméter iﬁ the responses to The Triangles be lessened 1if the
sample hypothesis dealt with another relationship, say mosaics?

- Would there be an increase in‘thé number of quantitétive responses
\for‘the pentagon if the sample conjecture for this situation_dealt
with~area and perimeter?

ii) What would be the fect of a practice session on thé
“ .

number of responses given to the conjecturing or to the sensitivity

prqblems? ' . - -
| 1i1) What would be the effect of substituting another

poiygoﬁ for the pentagon? As a learniﬁg situation, the pentagdn

has great poténtial; as a testing situationm, ié may be too mucbétﬁb

. ’ ] .
unknown quantity. The difficulty lies in choosing & more appropriate
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polygon.b Some individuals may have ‘been exposed to the hexagon by

va given teacher within a specific classroom, others may have discuesed
’it at only a superficial level. When this happens it is difficult

to distinguish between /responses creative to the.individual and

those discdssed_by the teacher. "The choice might be to use a

polygon that is very familiar to everyone, say a square Or a

triangle, and then to ask the students to generate conjectures.

Would the results be comparable to those achieved with.tﬁe pentagon?
Would the conjecturing.problem about the square identify a distinct a
‘factor under image analysis as had the peﬁtagqa&proeiem?

iv) What 1is the reliability of the.tegt scoree? If the
given problems are to be used as an evaluatidn instrument, the
scoring procedure must be examined carefully, particularly at the
points where- categorization takes place. An_appropriateness end
classif;eation scales were used in the present study. This
classification should be compared with categorizations rendered
by expert judges and standardized scering schemes established. Such
'a reliaoility check could-entail a study in itself because the '
Acategorizations'aﬁd the analysis of the answers‘as well as of the
" clarifications given grally are time consum}ng. |

v) What is the effect of order -f presentation of the eight
problems on the.number and';uality of responses? ‘An eiample of the
small studies possible from the data gathered is included in
) Appendix A. This report deals with the question’ "Did the students
werking on The Pentagon fourthvin the problem sequence provide more

novel responses than did those who did the problem first?". The

»

results were negative.: ' ’ ¥
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Further research is necessary to extend the context in which
individuals produce novel responses. Extensions on this study‘
may occur in the following ways:

i) Can a numher of distinct problem solving styles be
isolated? The oral‘discussions with certain individuals, such
as G., C., CL., and GM. suggest that, although these individuals
recognized the difference between open-ended and closed problems,
they tended to approach any situation in a characteristic style:

G. summarized and analysed the variables, C. continually asked "what

Tif?" Ehd tended to;"follow her nose"; CL. looked for differences
between‘things he knew and things he didn't know; GM. tended to use
a very intuitive idea of basic ideas to develop new numerical
relationships. Attitude and prohlen style may influence quality
or quantity of response Knowledge about specific problem-solving
approaches may influence presentation of material and the attention
of.teachers to specific learning factofsg

ii) How do the students' responses to the constructed
problem situations in this study compare with responses to the v
problems constructed by Taylor-Pearce? "The Taylor—Pearce problems
depend _ upon mathematical ideas at the grade eleven or twelve 1eve1..
The concepts in the questions constructed for the study, on the
other hand, should be very familiar to grade eleven students/)
enabling them to be as creative as possible. (Redefinition I,
Redefinition 11, Angles, and VerifyingfI may be too simple and
therefore invalid at this level but this is a supposition which

.

needs to be investigated.) Would the same students who score high
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on the constructed questions also score high on Taylor-Pearce's

problems? Do the two sets of problems measpfe tne same domain or

would further factors emerge?
iii) What is the effect of traié%%%k;n co turing, ,

\sensiti' ‘redefinition, and yerifying? Luchins has already
shgges: L one oflthe most valuable ways of breaking the ~
tehdency for the formation of specific sets 1s by exposing
individuals to such experiences and then discussing the formations
of their;sets_with them. It has been the researcher's experience
that this is effective with junior high school children. By exposing
them to euch situations and theﬁ exposing to them their sets, a

- set towards being flexible and an attitude which tends to establish
an alertness for the unusual tends to be fostered in the student.
Similarly, it may be supposed that the variety and the
quality of hypothesizing will increase if some discussion of student-
made responses is carried on in the classroom. Discussion of how
such a hypothesis was made and what prompted it should serve to

make the studehts more capable in generating other éesponses. This
is the old story of teaching specifically the ideae‘iesired for
retehtion’and for transfer. o

The present study has been exploratory in nature. It has:

enhanced the researcher's understanding of the -type and level
a - .

of approaches used hy;studente in solving problems. vIt has also
raised many questions on concept formation. Skemp and Lovell have
tried to explain the development of concepts and schema for

_ mathematical learning by incorporating the theories on concept

formation of people like Vygotsky with those developed by psychologists
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concernea with constructs such as receptors and 1nterventng
variables. The Soviet Studies in the Psychology of Léarning and
“?eaching Mathematics Serfes (1970) records the extensive work of
fﬁany experimenters who used a procedtre'similar to the one used in
this study to seek out pertinent factors in mathematical problem-
solviﬁg. For example, in Zykova's article "Operatiné with Concepts
when Solving Problems", problems were presented to individuals of
varying abilities and their answers described in detail in an attempt
to distinguish bétween the type of solution provided by the high
ability individual as compared:to that provided by the low ability
individual. Theré is much dgta on the tapes made 5uring the present
experiment that could be examined in light of these studies and

ideas.
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APPENDIX A
THE EFFECT ON PERFORMANCE OF THE ORDER OF PRESENTATION

OF THE TWO CONJECTURING SITUATIONS
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THE EFFECT OF THE ORDER OF PRESENTATION OF TWO PROBLEMS
ON THE FLUENCY, VARIETY AND NOVELTY SCORES
FOR THE RESPONSES
The purpose of the investigation presented here was to

investigate whether students who solved Conjecturing I, The

N
Pentagon, first, then solved Conjecturing Two, The Triangles,
performed differently from those who solved Conjecturing II, first,

P

_then solved Conjecturing_I. These problems, two of the eight
problems presented to‘fprty—two grade nine students from the
-Edmonton Public School System, were presented in two orders in
order to overcome practicsl difficultieshin the'aecommodstion of
the students during the experiment discussed in the body of the
main text. Half of the sample worked the problems in the order:
Conjecturing I, Sensitivity I,‘Redefinition I;\Verifying I,
Conjecturing II, Sensitivity 11, Redefinition II; Verification II.
The second half worked the problem in the order: Conjecturing II1,
Sensitivity II, Redefinition II, Verifying II, Conjecturing I,
Sensitivity I, Redefinition I, Verification I. The following two
hypotheses were formulated in an attempt to investigate the effect
of order in which problems were solved on performance in each
problem.

The children had chosen the time at which they were to come"
for the experiment, 80 whether student A solved The Pentagon first

or The Triangles first was a matter of accident. Thus, it was first

necessary to determine whether the group who solved The Pentagon
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(Triangles) first; differéd in ability from those who solved The
Pentagon (Triangles) second. The SCAT scores ﬁere chosen for
comparison because this test is a reflection of ability and is
also a good predictor of ach;evement in the schobl situation.

(Table -27) The F test for homogeneity of variance indicafed that

the variances of the two samples were represéntative of the same I

.

~

population. (p (0.05) The't values compafing the means fqn the
t&o groups were very close to ;ero; supporting th; assumption thét
the two samples were comparable in ability, and that a comparison
~ of the .two groups with respect to their performénce on thg two
ordérs of éresentation of the conjecfuring situati;ns was ﬁlausible.
The means and the variances for the fluency, the variety
"and the novelty scores for tﬁé situationsAwere calculated, the F
test and the t test againlappl@ed; These scores, és well as the
values for thésé statistics, afé shown on Table 28, The F values
were not significant for therpentagons situation and the t test

failed to reject the hypothesis that the means for the two samples

- were representative of the ‘same population mean.

;;;;;;

¥ E

values for F, homogepeiéy of variance, and forht, the Students'
Statistic fdr the Differehce of Meané, are given onJTable 25{
Since tﬁe assumption of homogeneity of variénce wag not justified
for the novelty and thé variety scores.(p<;0.05), the Welch
correction for the t test was used. -

Thé differénce between the two sample means was not

significant ‘at the p { 0.05 level for any of the three measures and

in fact was very close to zero for the novelty score. The conclusion
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TABLE 27
THE SCAT SCORES FOR THE SAMPLE OF STUDENTS DIVIDED INTO .
TWO GROUPS FOR WHICH ORDER OF PRESENTATION OF
- PROBLEMS DIFFERED
A COMPARISON OF THE SCAT SCORES OBTAINED BY
GROUP A AND GROUP B
AT B-1 A-TI B-11
scar SCAT SCAT - SCAT
# N.V. # N.V. # VERBAL # VERBAL
1 9 22 8 1 9 22 8
2 7 23 9 2 9 | 23 7
3 8 24 8 3 8 | 24 7
4 9 25 8 4 7 25 8
5 9 26 9 5 7 26 9
6 7 27 9 6 8 27 8
7 5 28 8 7 7 28 6
8 7 29° 4 8 8 29 7
9 9 30 5 9 7 30 6
10 8 31 6 10 6 31 6
11 7 32 6 11 8 32 5.
12 6 33 8 12 4 33 8
13 9 34 4 13 5 34 4
14 6 35 5 14 6 35 6
15 6 36 7 15 5 36 7
16 8 37 5 16 5 37 4
17 4 38 6 17 7 38 9
18 5 39 8 18 5 39 8
19 7 40 6 19 - 6 40 6
20 6 41 5 20 - 9 41 7
21 5 42 6 21 5 42 6
2X 7140 140 133 142
X 7.0 6.67 6.65 " 6.76
£x? 1028 988 929 | 1000
sx? 2.40 ~2.61 2.23 11.90
N. 20 . ' 21 20 21
STATISTICS: F = 1.09 (Calculated)  STATISTICS: F = 1.16 |
F ,.(19, 20) = 2.07 ' : (Calculated)’
t:.35 685 (Calculated) o t= 250,
. . 2.02 : ' (Calculated)
91.5 = 2 | , .
tgg = 1.68

(A--Pentagon-Triangles; B--Triangles-Pentagon)

-

¥
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A COMPARISON OF THE SCORES OBTAINED BY GROUP A AND
GROUP B FOR THE PENTAGON

HYPOTHESIZING ONE

STATISTICS.

H

A - U

Ua
Fﬁluency
FVariety

FNoVelty
F.95(19, 2

b
= 1.65

= 1.185
= 1.89

= 0

0) = 2.07

J

tvariety

t
Q!

99'5
t o5

t

ftfluency

novelty

.159
= -.23
= .049
= 2.70

= 1.68

GROUP A HYPOTHESIZING ONE GROUP B
"No. Fluency Varilety Novelty No. Fluency Variety Novelty
1 3 2 1.5 21 4 4 4
2 3 3 2 22 3 2 4
3 2 2 1.5 ‘23 3 2 0 .
4 3 3 0.5 24 2 2 0
5 2 1 2 25 4 4 3
6 5 4 3 26 ' 3 2 1.5,
7 4 3 1.5 27 2 1 0
8 17 1 0.5 28 1 1 0-
9, 0 0 0 29 4 3 1.5
10 3 .2 1.5 30 5 3 4.0
11 4 .2 0.5 31 1 1 1
12 2 1 1 32 2 2 1
13 5 2 0.5 33 4 2 0.5
14 4 3 2 34 2 2 " 1.5
15 4 2 1.5 35 4 3 1.5
16 3 2 3 36 6 3 0.5
17 6 3 1.5 37 4 .3 3
18 4 2 . 1 38 3 2 1.5
19 4 2 1 39 4 2 0.5
20 3 3 4 40 3 3 1.5
: 41 3 2 0.5
TOTAL 65 43 30 67 49 31
MEAN 3.25 2.15 1.50 3.19 2.33 1.48
$x? 249 109 63.5 245 129 82.5
82 1.9 .83 .92 1.48 70 1,75
*Group A received the pentagon problem first.

F test for homogeneity of variance and student t test

df = 20+21-2 = 39
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A COMPARISON OF THE SCORES OBTAINED BY GROUP A AND
GROUP B FOR THE TRIANGLES

GROUP A  HYPOTHESIZING TWO ~ ~~-—GROUP B HYPOTHESIZING TWO
No. ° Fluency Variety Novelty No. Fluency Vartety Navelty :
1 5 3 1.5 L2 5 5N 4
2 3 2 2.5 22 6 5 4
3 4 1 2- 23 4 1 2.5
4 3 2 0 24 3 1 0
5 3 1 2. 25 7. 3 3.5
6 3 1 0 26 3 2 0
7 3 2 ) 27 3. 2 0
8 4 2 2 28 2 2 0
9 2 1 1.5 29 4 2 . 0
10 4 1 0 30° 5 2 0
11 0 0 0 31 2 1 0
12 4 1 0 - 32 2 1 0-
13 1 1 0 33 2 1 0
14 5 2 1.5 34 3 1 0
15 4 3 2.5 35 3 2 0
16 2 2 2 36 4 2 .0
17 T 1 - 0 37 6 3 .47
18 1 1 0 38 4 4 2
19 2 2 2 39 4 2 .0
20 2 2 4 40 2 1 <1
41 1 1 2
TOTAL 56 31 27.5 75 46 23
. MEAN 2.80  1.55  1.48 | 3.57 2.10  1.10
sx? 204 59 5%.25 S 327 124 75.50
g2 2.36 .45 .77 2.81  1.51  2.40

*Group B received the triangles problem first. , _
STATISTICS: F test for homogeneity of variance and student t statistic

U -U, =0 degrees of freedom

B e -b1.2 : Corrected (Welch) = 39; t97;5(39)=2.02

Fluenc :
Sueney = 3,35 - Corrected (Welch) = 32; t97.5(32)-g.04

Variety - Corrected (Welch) = 315 tg, -(31)=2.04

o> B B =~

Novelty = 3.12

.95(19, 20) = 2,07

fluency 1.53 : )

variety = 1.80
' .09

[ ]

"t

novelty =
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then seems to be that it did not make any difference in an

14

individual's score whether he met the}bentagon situation first or

the triangle situation first.



APPENDIX B
THE FIVE-FACTOR SOLUTION FOR THE IMAGE ANALYSIS PROCEDURE

CARRIED OUT ON THE TWENTY-SIX TEST SCORES FROM THE

TORRANCE TESTS, THE- SCAT TESTS, AND THE
£

CONSTRUCTED TESTS

313
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An image analysis, calling for five factors, was performed
on the twenty-six scores (The Torrance tests, the SCAT tests, and
the constructed tests). The'ioadings on the five factors is
presented in Table 30.

The five-factor solution is ébnsisté%t with the discussion

. N .
for the six~factor solution used in the main text. The Torrance

;ests loaded on a distinQE;aﬁg\;eparate.fagtor, Factor IV‘;
.emphasizing the lack-of correlation among these scores andjtyose

from the constructed tests. Similarl& the loading on Factofg I1’,

III', V' were almost identical té thé)loadings on Factors V, III,

VI ?;bm the six-factor analysis. Factor II' wachharactgrized by

Agé; Increase, Factor III' by the conjectured problems and Factor v'
'b; The Square. The tests thaﬁ had loaded on Factors I and II oﬁ

the six—factpr solution mérged into Facgor I'. These were the
situations measuring the vérifyingvand the fedefinition processes,
indicating that thé four convergent problems seemed to share more

traits in common than any other groupiﬁg of fhe eight construéted

tests. The SCAT tests also loaded on this factor (0.36, 0.52).

The strong verbal influeﬁce in Sensitivity II, Area-Increase,

is again emphasized by the 0.41 loading of the SCAT vefbal on_Eactog
II'. Factor V', mainly described by The Square, Sersitivity I,

also shoﬁs loadings from the SCAT nén—ve;bal (0.3;), Redefinition,
(0.30), Verif&ing It (0.50) and Conjecturing II (0.40). ’Th%E% loadings
seem to be consistent with the discussioé‘in the main tht.‘u¥1ese indi-
cate thelpresénce of a multiple step requirement in the problem, that o%
realizing the présence_of_unusual ways of cutting the square in half and

that of the redefinitfive ability in achieving the break from straight

line cuts.
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TABLE 30

FIVE IMAGE FACTORS EXTRACTED FROM TWENTY-SIX SCORES
REPRESENTING CREATIVITY, ABILITY AND THE
CONSTRUCTED PROBLEMS

VARIABLE = I' . 11" III' 1IV' v’ COMMUNALITY
SCAT Verbal .36 .41 .36 - - .45
SCAT Nonverbal .52 34 - - . .39 . .56
Torrance Fluency - - - .97 - ’ .94
Torrance Flexibility - - - .91 - .85
Torrance Originality - - - .97 - .95
Conjecturing IF ' ~ - .65 - - .56
Conjecturing IV - - - .78 - - - .65
Conjecturing IN - - .81 - - 71
- Conjecturing IIF .37 - .59 - - .54
Conjecturing IIV .55 - .60 - - .73
Conjecturing IIN .30 - .46 - 44 .56
Sensitivity IF - - - - .69 .49
Sensitivity IV - - - - .88 .84
Sensitivity IN g - - - - .71 83
Sensitivity IIF - .87 - - - : .98
Sensitivity IIV . - .95 - - - .93
Sensitivity IIN - .82 - - - .68
Redefinition I .58 - - - - .40
Redefinition IIA .60 - - - - .37 .54,
. Redefinition IIB - - - - .31 . 210
Verifying Ia .80 - - - - ;16
Verifying Ib .67 - - - - 457
Verifying Ic ' .80 - - - - .69
Verifying Id _ .81 - - - - .77
Verifying IIA . . .55 - - - - .35
Verifying I1B ‘ - .39 - - .48 47
TOTAL . ' . o
COMMUNALITY 4,69 3,05 2.99 2.95 2.88 16.56

%4 COMMUNALITY 26.2 18.4 18.2 17.8 17.4

*Only loadings above .30 reporﬁed.
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(‘\

and the others as the importance of a redefinitive ability necessary

*

to break from the traditional straight line cuts for one-half. 4

-
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- APPENDIX C

THE CONSTRUCTED PROBLEM-SITUATIONS
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-5y

THE PROBLEM-SITUATIONS

1) Sensitivity I ~ The Square .

Cut the square in half. What *~
_ are the shapes of the .

L . - resulting halves? Draw "
diagrams to .show your

reasoning. Feel free to make
comments about your thinking.

}

'11) Sensitivity II - Area-Increase

- Two sides of a recténgle are increased by ten percent. How
does the area of the new figure compare with that of the original
figure? Draw a diagram. Indicate how you would go about golving
this problem. Indicate procedures; it_.is not necessary to complete
calculations. i . ' ‘ ' —

5
A
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1i1) Redefinition I -~ The Board and the Hole

Cut the board into two equal pieces that will cover the hole .
completely. Show all your attempts including your incorrect ones.

110 : '

S ~ BOARD- : : o e

15

HOLE |

iv) Redefinition IIA - Angles

Find the measure_of the indicated angles.
are not necessarjly to scale.

Show your work. Drawings

AB I BC

A0 = 0D

OB = OC

Find the measure of the
angle formed by

£ (atbicHd) = °
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. LDCB =

Redefinition IIB. - Areas

Find the areas of the followiﬁg figures. Show your work.

1. , 2. . 3.

e~ 2 —~y

b - —— -




A

v) Conjecturing I ~ The Pentagbn

You ®re given the following shape.

conjectures as you can about the given shape
following: '

Make as many
+ One example is the

A series of pentagons cannot cover a:

flat surface
without leaving gaps unless the penta

gons overlap.

You can use this statement
Then make some of your own.

and vary it to make your‘qgg.conjectures.
L]

v 7.

vi) .Conjecturing II - The Triangles

The above 18 a sequenée of triangles.

Make some suggestions
as to hoy these triangles are related.

. For example
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The area of a triangle increases as the perimeter
increases.

Use the cpnjecture to develop others if you wish. Then state some

of your owm.

vii) Verifying I ~ The Pol&gons

Consider the fellowing statements. Prove each statement as

best as you can. Show all your work. . .

(a) If the length of a side of a square is multiplied 5
times, the area is increased 25 times.

(b) If the length of a side of a trianéle is tripled, the
area is multiplied 9 ®imes.

(c) If the length of a side of a pentagon is doubled, the
area is multiplied 4 times. :

(d) If the length of a side of a regular geometric figure
is multiplied n times, the area is incréased n“ times. ®©

r
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viii)a‘Verifying IT - Parallel Lines

Prove each of the folloﬁing“statements.”’Show_all your work,
Diagrams are not necessarily drawn to scale. ' -

Part A ~ Abstract

‘ Argument

b. OM is a bisector
of 4LOD if and
only if LM = LO.

Prove that thiS“,
statement is true,

Part B - Specific Argument

I ' If two lines are drawn parallel,
QS, RT on the diagram, and the
70 line YZ is drawn to meet QS at -
an angle of 70 degrees and XZ
drawn so that it meets QS at

55 degrees, prove that XZ bisects

/‘ YZR.

55

e R &




APPENDIX D
THE RAW SCORES FOR FORTY-TWO INDIVIDUALS ON THE LORGE
THORNDIKE, SCAT, MATHEMATICS ACHIEVEMENT, CREA-

TIVITY, AND THE CONSTRUCTED TEST iTEMg

324



- -

THE RAW SCORES FOR FORTYMWO INDIVIDUALS ON THE
LORGE THORNDIKE, SCAT, MATHEMATICS ACHIEVEMENT,
~ AND CREATIVITY .

3

Y > 123
-3 & ‘ I
Q Q i o \ @ |
L - S ~ 1bq = o) Lol o
~{ Lol o] Lo 1] - (33 £ [=]
o o ] o (<3 g ]
o /=] ~ o 2 |o > N o ] o0

= N [,] ) [} [ ] i N Hl- ] o L] o |

(e} [o 31 £ =] O ]+ o « Ol —~ ~ o

SolER1 8 S| Blg8 5 [anlay M| & S8

— Q > 8’ [« 9 gﬂ LY v .0l 0 ¢ -—Ilr—d - | Q

o | o> ) . HI > o>l o (] o | >
o0 O &0 [5] [ ] H )0 o 5 £ el Na)

D (83883 | S| S|a8 &8 (528 5 5| 58

< - > =& (77 77} . " i':’n = ZlE Ol &> > >
P 14-10| 142 {113 | 8 8 | 96 7149 | 57164 |53]65](62
21 14-6 [ 113 )131 | 7 9 197 | 9128 |33[36]|56]|76]72
3 14-7 | 148 | 126 | 9 9 | 99 7 13213839 445556
4| 14-5 1119 ) 99 | 7 8 {90 8 { 28 | 35128 |39 ] 53] 46
5[ 14-7 [ 127-]124 | ¢ 8 [ 95 9 |32 | 37147 {64 |81]82
6| 14-5 | 135 (122 | 9 7 | 98 9 |46 | 47|71 (62]169]75
7115-0 | 126. {121 | 9 9 | 99 9 | 43 | 5254 ]53]74]62
8| 14-10{ 140 {131 | 8 9 198 |.9 | 29| 3543 (48] 6671
9| 14~6 | 119 | 130 | 8 8 95 1 9 30 37|48 41|50 53
14-9 | 119 | 124 |:7 9 19 | 9 |32) 37140 )64] 6484
14-9 | 133|130 | 7 91951 9|36 33|48i50|58]/70
14-8 | 143 {130 | 8 7 {91 8 {42 | 52154 {3745 50

NA |NA 5 5 | 54 5| - - - 1-1- -

14-6 | NA |NA 6 8 | 89 7 142 ] 47553814745
14-8 | 115109 | 7 5 |75 5 | 45 | 52154 {59]76] 78
14-7 | 138 | 133 | 8 7 |91 8 | 42 | 52|66 |38|50] 45
14-5 | NA | NA 7 4 | 59 5143 | 5315047160/ 54
15-0 | 134 | 118 | 7 9 | 97 8 | 36 | 42|56 48] 62 53
14-6 | 125111 | 6 5 |71 6 | 45 | 50| 53 (371 431 51
14-4 | NA | NA 6 8 | 87 7 |45 ] 52|66 |45]61] 52
14-5 [ 100 1106 | 6 {6 | 71-] 6 | 49 | 58| 61151 61 55
15-4 | 122 (126 | 8 7 | 94 8 | 42§ 52]51(49] 59} 58
14-4 -1 116 | 107 | 5 6 | 61 6 [ 624 .70(80|50] 68| 59
14-1 ) 1271148 | 8- | 8 | 94 A [ 35] 40) 4754 64| 65
14-8 9| 98 | 4 4 126 |74 {39 503944 41} 42
13-9 | 124 | 114 | 4 6 | 50 6 139 43| 57]48] 62| 58
13-8 [ 13011435 | 9 | 90 8 | 39| 43] 40| 43| 63] 53
13-11| 134 | 126 | 6 6 | 67 6 | 55| 67({66]|74]84] 90
14-10| 109 {121 | 5 6 | 57 6 |32 371 29|79 91| 86
14-1 | 129 {122 | 6 5 | 65 5 {46 58| 54|70 76| 80
14-4 | 1221113 {7 | 7 | 86 5 | 40 | 50| 39| 441 48| 49
14-5 [ 10421120 | 4 | 5 | 32 6 | 73] 751 61| 57| 75| 76
14-7 1 113} 119 | 5 8 | 76 8 | 23| 28] 38| 48] 58] 59
13-10{ 147 {104 | 9 6 | 94 8 [ 32| 37| 50| 46| 61| 64
13-10{ 110 { NA 8 8 196 {9 {42 45| 60 83| 90(100+
15-0 | 116 {129 4 7 4 | 65 5 |36 42| 40] 72| 65{ 82
15-2 {110{112 | 6 6 |73 )} 6 | 40| 45] 36| 85| 96{ 98
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THE RAW SCORES FOR FORTY-TWO INDIVIDUALS ON

-~

4&0451,040240001004000000000000000250000111

060/450231201000044000003002000000050000000

263152231001220242420003402100001251100022

\)

5636622313216212460403334121011123513.31122,

333020130313000120000003002000000020030000

000344040003303000040400000000003330000000

——

2222322/41213212112040202022011202221011211

55 1 n LaNTalTy] s}

’ 144102131/4114332001023221112220003320122134

862243536444444334154454435442233552332345

51182|S3 |Sa[Sb|Sc{R1|RA|[RB|V1|V2|V3|V4

884465857654644655166876785583453763443605

|
55 55 wy . v N n o
4/41202302022/400202010200000010002422010022

553112321212221222212111101121222342211112

- THE CONSTRUCIED TEST ITEMS

565433734332233324/425@.22204153344642421112

5 555 UaB 55 5 55 5 5555 5 555 tn
. . .
4/41002311 2340310 104111 — 211 1313 111 -

42222342231231&311303212221232332322233222

433323932323325411405312442542464433436434,

550155523525005005050505005400300130020005

Va|Vb{C1|C2{C3 ‘|Ca|Cb|€Ec

042002020400100000100013000000000130010000

123456789012345678901234567890123456789012
111111111122222222223333333333444
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LEGEND:
'Va - Verifying IIA
Vb - Verifying IIB
Cl - Conjecturing I Fluency
C2 - Conjecturing I Variety
C3 Conjecturing I Novelty
Ca Conjecturing II Fluency
Cb Conjecturing II Variety -
Cc Conjecturing II Novelty
S1 - Sensitivity I Fluency
S2 - Sensitivity I Variety \
S3 - Sensitivity I Novelty AN
Sa -~ Sensitivity II Fluency
Sb Sensitivity II Variety:
Sc - Sensitivity II Novelty
R1 ~ Redefinition I
RA -~ Redefinition IIA
RB - Redefinition IIB
V1 - Verifying Ia
V2 - Verifying Ib

V3
V4

Verifying Ic
Verifying Id

328



