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Abstract
Information granules regarded as the key components of knowledge representation help
generalize information while the level of granularity of information granules becomes
crucial to the problem description and an overall strategy of problem solving in system
modeling. The ultimate challenge is to develop a comprehensive model within which
information granules serving as an important design asset helps realize problem solving.
In this study, we propose a system modeling framework of granular architectures and
evaluate its effectiveness. We develop a new approach to build functional rule-based
fuzzy models by focusing on the reduction of input space which is realized by genetic
algorithms. A concept and practice of a granular fuzzy model is established with interval
results of global character by aggregating some collective sources of knowledge (local
models). The granular fuzzy model based on interval analysis directly reflects upon the
diversity of the local sources of knowledge in which intervals are constructed through the
use of the principle of justifiable granularity.
Two approaches are proposed to design granular neural networks. The first method is
concerned with a formation of a global granular neural network whose architecture is
formed as a result of reconciliation of outcomes produced by local neural networks. The
second method is aimed at the realization of granular neural networks through the
formation of interval (granular) connections around numeric connections of the original
neural networks where single- and multiple-objective particle swarm optimization is used.
We develop a granular analytic hierarchy process (AHP), which provides decision-makers a significant level of flexibility (expressed by the granular nature of the underling
construct) so that their initial preferences can be adjusted within a certain interval to

achieve higher level of consensus within the group. Moreover, a granulation of linguistic
information used in the AHP model is adopted to elevate the consistency of the obtained
solution.
Throughout the overall study, particle swarm optimization is used as a comprehensive
optimization framework to realize the design of granular constructs.
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Common nomenclature
symbol
N
x = [x1, x2, …, xn]
target
c
U = [uik], i = 1, 2, .., c, k =
1,2,…,N
V = [vi]
m

Q
ν
λ
e
s = [s1, s2, …, s2]
v = [v1, v2, …, v2]
η
G(R)
I
L
w

description
number of data
an instance in a data set with n features
output of an instance
number of clusters
partition matrix
prototypes
fuzzification coefficient
standard deviation
objective function value
inconsistency index
the largest eigenvalue of a matrix
eigenvector corresponding to the largest eigenvalue
position vector in PSO
velocity vector in PSO
inertia weight
a granular construct
coverage ratio
average length of intervals
weight of a neural network

1. Introduction
1.1 Motivation
Computational Intelligence (CI) is a field of intelligent information processing
related with different branches of computer science and engineering (Pedrycz and
Gomide, Fuzzy Systems Engineering: toward human-centric computing 2007).
The core of CI embraces fuzzy systems, neural networks, and evolutionary
computation and its ultimate aim is dealing with various ways in which these
technologies are brought together to constitute some form of hybrid architectures.
System modeling plays a very important role in many areas such as control,
expert systems, communications, etc. One can convincingly note that reaching the
ultimate agenda of system modeling—approximation, optimization, prediction,
decision making and alike requires not only intelligent information processing
techniques but also some flexibility and elasticity within the models to adjust their
architectures and the corresponding learning algorithm.
The purpose of system modeling is to model the operation of an unknown system
from a set of measured input–output data. While many approaches have been
proposed to deal with this problem, several outstanding questions still remain that
need to be addressed in this field. The first one is that many existing algorithms
achieve high accuracy of their models at the expense of the complexity. It is hard
to be avoided since generally more information helps reveal more details about
the results. Thus how to balance these two factors becomes crucial. The second
challenge is concerned with exploration of mechanisms for developing a model. It
becomes very difficult to develop a system model when the unknown system is
highly nonlinear and complex. Third, the selection of structure and parameters
identification methods is a considerable challenge. Though in many researches the
authors give effective solutions for a particular problem, there is no general design
framework to solve this problem.
Information granules regarded as conceptually justifiable constructs constitute
building blocks of intelligent systems. As such, information granules are used in
various pursuits of system analysis and design. However, the studies reported so
far concentrate on proposing granular architectures at the very beginning which
makes the subsequent learning process more or less sophisticated.
The above observations and findings motivate the following studies on system
modeling issues. Intuitively, if we allow any model to treat their entries
(parameters or input or output) not as numeric values but rather as information
granules, this will bring a badly required factor of flexibility. In this manner, the
model itself may admit all numeric realizations, which are compatible with the
more general granular abstraction. We introduce a concept of a granular model
1

with this context and emphasize a role of information granularity being regarded
here as an important conceptual and computational resources which can be
exploited as a means to improve the performance of the model in terms of some
evaluation criterion. In a nutshell, the level of granularity could be treated as
synonymous of the level of flexibility injected into the modeling environment.
This terminology underlines an important, unique role being played by
information granules. By admitting a certain level of information granularity, we
are provided with a unique possibility to navigate in the space of entries assigned
to a model.

1.2 Objectives and Main Contributions
The main concepts of this study can be outlined and illustrated in the following
graph.

Figure 1. The main concepts of the dissertation

The aim of this study is to address these challenges present in system modeling by
developing models with granular architectures capable of capturing essence of
domain knowledge to benefit the modeling. Specifically, these objectives are to


construct local functional rule-based fuzzy models by focusing on the
reduction of input space which is realized by genetic algorithms
2









establish a concept and practice of granular fuzzy models with interval
results of global character by aggregating some collective sources of
knowledge (local models)
form a global granular neural network whose architecture is formed as a
result of reconciliation of outcomes produced by local neural networks
build granular neural networks through the formation of interval (granular)
connections around numeric connections of the original neural networks
which is realized by single- and multiple-objective particle swarm
optimization
develop a granular analytic hierarchy process to achieve higher level of
consensus within the group
adopt a granulation of linguistic information used in the AHP model to
elevate the consistency of the obtained solution

It is interesting and practically legitimate to consider realizing system modeling
with granular architecture of CI. CI being commonly viewed as a highly
synergistic framework of neurocomputing, fuzzy sets, and evolutionary
optimization benefits immensely from the concept of information granularity, cf.
(Karray and Silva 2004) (Pedrycz, Computational Intelligence: An Introduction
1998). The idea of granular constructs of CI brings forward an essential
generalization aspect of fundamental architectures, such as neural networks, fuzzy
models (classifiers, predictors, etc.) that result in granular neural networks and
granular fuzzy models. Likewise, we name the generalized model no matter with
what architectures a granular model due to the granular information used to build
the model.
Information granulation also becomes beneficial to the process of knowledge
management in a multimodel CI environment (say, multi-agent systems) by
facilitating the realization of knowledge sharing, reconciliation, consensus
building, and knowledge transfer, cf. (Pedrycz and Rai, A multifacted perspective
at data analysis: a study in collaborative intelligent agents 2008). In this sense,
information granularity emerges as an immediate and inevitable consequence of
the existing diversity of sources of knowledge (models) involved in the overall
process of knowledge management. The granularity of the resulting construct is
essential to the description and quantification of diversity and coherence of the
available sources of knowledge. Information granularity furnishes a very muchneeded level of flexibility that becomes crucial to facilitate interaction.
The formation of information granules can be realized by using the principle of
justifiable granularity. In social computing, we are faced with a number of
separate streams of information granules generated by individual sources (users,
models) and the resulting individual sources of knowledge form on their basis. An
ultimate objective is to realize an effective interaction at the global basis by
3

invoking some mechanisms of knowledge sharing and collaboration. In this way,
each source of knowledge is developed not only by relying on some experimental
evidence that becomes locally available but is exposed to some general conceptual
perspective by effectively communicating with other entities and sharing and
reconciling.
Since there are various diversities of selection of frameworks of the individual
sources, the building strategies of a granular model for the entire system or
phenomenon may differ a lot. We devote ourselves to architectures of neural
networks, fuzzy models and decision making models on basis of information
granulation in which knowledge sharing, reconciliation and knowledge transfer
are incorporated among individual sources of knowledge. The formation of local
models, knowledge transfer and collaboration among them, and their effect on the
final outcomes of the overall model are elaborated in all cases.
Being treated as an important design asset, the assumed level of information
granularity being distributed (allocated) among an architecture in a certain way
realizes a formation of an abstract and general architecture. Neural networks as a
typical example cf. (Ishibuchi and Tanaka, An architecture of neural networks
with interval weights and its application to fuzzy regression analysis 1993)
(Ishibuchi, Kwon and Tanaka, A learning algorithm of fuzzy neural networks with
triangular fuzzy weights 1995) (Park, Pedrycz and Oh 2009) (Zhang, Jin and Tang,
Granular neural networks with evolutionary interval learning 2008) (Zhang,
Fraser, et al. 2000) are generalized through allocation of granularity to all
connections (weights and biases). The obtained granular structure reflects the
general nature of a system.
A phenomenon that cannot be overlooked in system modeling is the preprocessing of input data, especially when dealing with data with high
dimensionality. Some effective methods have been proposed. Hence we choose
one of them called feature reduction which aims at reducing the searching space
of input data as well as making the model more transparent (interpretable)
especially when doing fuzzy modeling. The study tells a truth that an effective
pre-processing technique may improve a lot the performance of a model in terms
of structure and the learning algorithm.
System modeling in solving a group decision making problem, (DeSanctis and
Gallupe 1987), is always challenging. This is due to the nature of the problem:
pursuit of reconciling differences of opinions (judgments) expressed by individual
members of the group; once an individual changes his/her idea, others have to
change simultaneously. Fuzzy decision making mechanisms bring a great deal of
flexibility, cf. (Prodanovic and Simonovic 2003) (Herrera-Viedma, Alonso, et al.
2007) (Mata, Martinez and Herrera-Viedma 2009). By admitting membership
degrees, we are offered flexibility to exploit different aggregation mechanisms
and navigate a process of interaction among decision-makers to achieve
increasing level of consistency within the group. While the studies reported so far
4

exploit more or less sophisticated ways of adjusting initial judgments (preferences)
of individuals, here we bring forward a concept of information granularity. It is
viewed as an essential asset, which offers a decision-maker a tangible level of
flexibility using which some initial preferences conveyed by each individual can
be adjusted with intent of reaching a higher level of consensus. This again testifies
the profound role of information granules in system modeling.
To be fully utilized, linguistic information present in decision making problems
(Bordogna, Fedrizzi and Pasi 1997) has to be made operational through
information granulation. Moreover, in general, information provided by humans is
inherently non-numeric in decision-making problems. This phenomenon makes us
look for some ways to map linguistic terms to numeric representations.
Information granules and information granulation occur here as an overwhelming
alternative. The mapping of the linguistic terms to the predetermined scale
produces a linguistic decision matrix and the consistency of it can be regarded as
an optimization object. Finally we reach the same goal: increase consistency of an
individual decision maker or consensus among decision makers.
The main contributions of this study are







Various classic and well-studied models and the corresponding learning
algorithms form the basic framework of this research. Fuzzy models,
neural networks and analytic hierarchy process which are used for the aim
of approximation, optimization, prediction, decision making are for
instance.
The usage of information granules as an important modeling asset is the
second accomplishment.
A novel way of feature reduction in data pre-processing realized by
genetic algorithm can be seemed as a third contribution.
The fourth novelty is in the knowledge management and reconciliation
among individuals models used to build a granular model.
A model with granular architecture that is trained through using some
optimization technique and reaches optimal in terms of a certain criterion
is formulated.

Some
benchmark
data
sets
from
Machine
Learning
website
(http://archive.ics.uci.edu/ml/datasets.html)
and
StatLib
website
(http://lib.stat.cmu.edu/datasets/) are used to provide a detailed insight into the
algorithm or developed model. Those data sets are: Auto MPG, Boston Housing,
Concrete compressive strength, Abalone, PM10, Bodyfat and so on. Their
detailed introduction is elaborated when the first time it is used.
The notation and nomenclature used here are the ones being commonly
encountered in literature.
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1.3 Dissertation Organization
The subsequent chapters are structured as follows.
Chapter 2 Background and literature review
Some fundamentals about system modeling along with their development in
literature are introduced: the conceptual and algorithmic underpinnings of
information granules, information granulation, computing with information
granules; classic system modeling methods, analytic hierarchy process in
particular; particle swarm optimization and genetic algorithms as critical assistant
tools of population based optimization methods.
Chapter 3 The principle of justifiable granularity
This chapter is concerned with the principle of justifiable granularity which is
used to form a meaningful representation of a collection of numeric values. We
show a construction of interval-based information granules as well as information
granules represented as fuzzy sets. The principle of information granularity
becomes one of key techniques of building granular models.
Chapter 4 Allocation of information granularity
Allocation of information granularity is another key technique we use to develop
granular models. Four common protocols are discussed along with illustrative
examples: in forming granular neural networks and in group decision making
problems.
Chapter 5 A genetic reduction of feature space in the design of local fuzzy
models
In this chapter, an effective genetic reduction of input space method is discussed
and compared with the results generated by no feature reduction in fuzzy
modeling. Evolutionary methods are employed to reduce features. Synthetic data,
auto MPG data set and Bodyfat data set are used to test our approach.
Chapter 6 Granular fuzzy modeling
We propose an advanced fuzzy model (a granular fuzzy model): a hierarchy fuzzy
model aggregated by local fuzzy models in which the principle of information
granularity applies in this chapter. The local fuzzy models are realized by a
commonly used type: linear functional fuzzy models. Numeric results (by using
concrete compressive strength data set and PM10 data set) are discussed with
intent of displaying the most essential features of the proposed methodology and
algorithmic developments.
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Chapter 7 From local neural networks to granular neural networks
Here we are concerned with building granular models on another fundamental
architecture of system modeling—neural networks (a set of local neural networks)
which also appears as a core of CI. The essential design technique is the principle
of justifiable granularity. Three data sets are used here: abalone data set, Auto
MPG data set and Boston Housing data set.
Chapter 8 Local granular neural networks
In this chapter, we propose an idea of building a granular neural network based on
a single network. Thus the development process embraces mainly two steps: train
a neural network; allocate information granularity to its connections and form
granular connections. A series of numeric studies completed for synthetic data,
auto MPG, Boston Housing, PM10 and Bodyfat data sets provide a useful insight
into the effectiveness of the proposed algorithm.
Chapter 9 Granularity of information in solving group decision-making
problems
Chapter 9 is about solving the group decision making problems with analytic
hierarchy process and allocation of information granularity. A number of numeric
studies are provided to illustrate an essence of our method.
Chapter 10 Granulation of linguistic information in decision making
A commonly faced phenomenon present in decision-making--linguistic
information has to be made operational through information granulation in this
chapter. Both individual and group decision-making models of analytic hierarchy
process are discussed. Particle swarm optimization is used as an optimization
framework.
Chapter 11 Conclusions
In this chapter, we draw conclusions from our works. We also consider the future
work in the area of system modeling with granular architectures.
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2. Background and Literature Review
In this chapter, background knowledge of information granules and literature
review of traditional system modeling approaches are given. Firstly a brief
introduction to granular information is provided in which we emphasize several
formalisms, their characterizations, design process and operations.
Following the introduction of information granulation, the basic frameworks,
architectures and algorithms in system modeling are outlined to offer a basis on
which to discuss a model with information granules in subsequent chapters. Two
well-known modeling architectures which are usually used to model complex
systems are reviewed: fuzzy models and neural networks.
We recall one of the most popular strategies in solving decision making
problems—analytic hierarchy process (AHP). Some recent developments of AHP
are also given.
Due to the complexity of optimization problems encountered in various modeling
algorithms, a selection of a proper optimization vehicle becomes crucial.
Developments in particle swarm algorithm since its origin along with its benefits
and drawbacks are mainly discussed as particle swarm optimization provides a
simple realization mechanism and high convergence speed.

2.1. Granular Information
Information granules, as the name itself stipulates, are collections of entities,
usually originating at the numeric level, that are arranged together due to their
similarity, functional adjacency, and coherency or alike. Information granules are
seen everywhere: spatial granulation like image processing and Geographic
Information System (GIS), temporal granulation like cultural, legal, business
orientation of the designer and so on. They are central to processes of abstraction
which guide our intellectual pursuits. The process of constructing information
granules is referred to as information granulation. The notion of granulation was
introduced to deal with information abstraction and summarization typically in
data related works, cf. (Zadeh, Fuzzy sets and information granularity, in: M.M.
Gupta, R.K. Ragade, R.R. Yager (Eds.) 1979) (Pedrycz, Granular Computing: An
emerging paradigm 2001). It is very important and necessary since too detailed
information is rarely processed due to some physical and cognitive limitations,
and user‘s requirements.
Quite often, we need a reduced number of variables and instances who own
representative characters of the whole data or satisfy some requirements by the
particular task. To solve this problem, a procurement of effective abstraction is
needed. Information granules can be used to represent the aggregated detailed
8

numeric information. The formed information granules are regarded as a
collection of elements that are perceived as being indistinguishable, similar close
or functionally equivalent. We below first take a quick browse of several
representation formalisms of information granules.
Granular computing is knowledge-oriented and the knowledge-inclined
processing arises as a cornerstone of data mining, rule-based models, hierarchical
and supervisory control or decision making systems, etc. Hence, some
fundamental algorithms within granular computing are introduced which will be
often used in system modeling.
2.1.1. Representations of information granules
There are some different formalisms and concepts of information granules, for
example, sets (intervals), fuzzy sets, rough sets, etc. cf. (Bargiela and Pedrycz
2003) (Pedrycz and Gomide, Fuzzy Systems Engineering: toward human-centric
computing 2007). We will first review some basic concepts and operations on
these information granules.
A. Sets (Intervals)
Set theory occupies an important and unique place in modern mathematics since it
can be shown that it can be used as a starting point for the derivation of all other
branches of mathematics. In set theory, interval arithmetic which first appeared in
(Warmus 1956) (Warmus 1961) and (Sunaga 1958) offered an important
generalization of arithmetic defined on real numbers. Since then there has been a
sustained research effort in developing theory, applications and the support
software for interval computations, cf. (Kearfott and Kreinovich 1996)
(Kreinovich, et al. 1998). One example of the most successful application of
intervals to solve real-life problems is that of solving Gibbs free-energy equations
arising in a super-conducting super-collider design (Stadtherr, Schnepper and
Brennecke 1994). The significance of that solution is twofold: one is that it
showed the computational feasibility of large scale interval computations and the
other is it provided a benchmark against which many floating-point solutions were
measured.
Owing to the ease of manipulation of intervals and their straightforward
interpretation, we mostly use intervals as a formal format of information granules
in our research. Each numeric interval includes a collection of elements in the line
of real numbers and is bounded by two numeric values: lower bound and upper
bound. Multidimensional constructs are built upon Cartesian products of numeric
intervals. The operations on intervals are also easy to realize. This makes itself
preferred by many people.
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Now let's recall some results of interval operations. Given information granules
represented in the form of intervals, say X = [a, b], Y = [c, d], etc., the algebraic
operations are expressed as follows (de Weerdt, Chu and Mulder 2009):
Addition: X + Y = [a + c, b + d];
Subtraction: X - Y = [a - d, b - c];
Multiplication: X × Y = [min(ac, ad, bc, bd), max(ac, ad, bc, bd)]
Division: (excluding division by an interval containing 0)

(2.1)
(2.2)
(2.3)

1
1 1
X
1
[ , ]
 X  ( ) with
Y d c
Y
Y

(2.4)

Furthermore when it comes to the mapping of intervals, we have the following
results.
non-decreasing function f:
f(X) = f([a, b]) = [f(a), f(b)]
(2.5)
non-increasing function f:
f(X) = f([a, b]) = [f(b), f(a)]
(2.6)
B. Fuzzy Sets
Fuzzy sets provide a possibility to formally express concepts of continuous
boundaries. These concepts are everywhere. When expressing ideas, describing
concepts and communicating with people, we always use terms to which the yesno does barely apply. Natural language like low, high, small and alike terms is
common environment with huge similar examples of such description. Since early
1900s, researchers began to observe the limitations of dichotomy, for instance,
(Duhem 1906), (Wiener 1923), (Korzybski 1933), (Black 1937), etc. In 1965, L.
A. Zadeh introduced a concept of "fuzzy set" which partial membership of
elements to a set is admitted. Fuzzy set A is generally described by a membership
function which maps the universe of discourse X in which A is defined into a unit
interval:
A: X→ [0, 1]
Formally, A(x) denotes a degree of membership that describes an extent to which
x belongs to A. If A(x) = 1, then we conclude that x is fully included in A. If A(x)
= 0, then we know that x is fully excluded from A. The values between 0 and 1
point at a partial membership of X to A. The higher the membership degree is, the
stronger the association of the given element to the concept.
For instance, when we talk about temperature, a value of 19°C would be fully
compatible with the concept of comfortable, yet 0°C and 30°C would not. In this
case, a single number does not make too much sense.
(Dubois and Prade 1997) discussed three points of view at fuzzy sets which are
closely linked with general areas of applications. In these view, membership
10

grades take specific meanings: degree of similarity, degree of preference and
degree of uncertainty.
Membership functions evaluate the notion of partial membership. Formally
speaking, any function A: X→ [0, 1] could be qualified to serve as a membership
function describing the corresponding fuzzy set. In practice, the form of the
membership functions should be reflective of the problem at hand for which we
construct fuzzy sets. We can anticipate a diversity of the types of membership
functions to represent different problems. For example, triangular functions,
trapezoidal functions, Gaussian functions, parabolic functions, non-symmetric
Gaussian functions and others, please refer to Figure 2.
Fuzzy sets can be characterized by a scalar index: size (granularity). There are a
number of descriptors commonly encountered in practice. We here list one which
is going to be used in our following studies—cardinality. The formula is (2.7).
Cardinality: Computing the cardinality is about enumerating (counting) the
number of elements in the information granule.
Card (A) =

 A(x)dx

(2.7)

X

where A is an information granule under consideration. The higher the cardinality
is, the higher the abstraction of the granule and the lower its specificity.

Figure 2. Four types of membership functions: triangular, trapezoidal, Gaussian, Membership functions
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C. Rough Sets
The description of information granules completed with the aid of some
vocabulary is usually imprecise. Intuitively, such description may lead to some
approximations called lower and upper bounds. This is the essence of rough sets
introduced by (Pawlak, Rough sets 1982) (Pawlak 1991); refer also to (Skowron
1989). Interesting generalizations, conceptual insights, and algorithmic
investigations are offered in a series of fundamental papers by (Pawlak and
Skowron, Rudiments of rough sets 2007) (Pawlak and Skowron, Rough sets and
Boolean reasoning 2007) (Pawlak and Skowron, Rough sets: Some extensions
2007). To explain the concept of rough sets and show what they are to offer in
terms of representing information granules, we use an illustrative example
displayed in Figure 3. Consider a description of environmental conditions
expressed in terms of temperature and pressure. For either of these factors, we fix
several ranges of possible values where each of such ranges comes with some
interpretation such as ―values below‖, ―values in-between‖, ―values above‖, and
so on. By admitting such selected ranges in both variables, we construct a grid of
concepts formed in the Cartesian product of the spaces of temperature and
pressure. In more descriptive terms, this grid forms a vocabulary of generic terms
using which we would like to describe all new information granules.
Now let us consider that the environmental conditions monitored over some time
have resulted in some values of temperature and pressure ranging in-between
some lower and upper bound. Denote this result by X. When describing it in terms
of the elements of the vocabulary, we end up with a collection of elements that are
fully included in X. They form a lower bound of description of X ( AprA ( X ) )
when being completed in presence of the given vocabulary. Likewise, we may
identify elements of the vocabulary that have a nonempty overlap with X and in
this sense constitute an upper bound ( AprA ( X ) ) of the description of the given
environmental conditions. Along with the vocabulary, the description forms a
certain rough set. Please refer to Figure 3.
We are here concerned with a description of a given concept X realized in the
language of a certain collection (vocabulary) of rather generic and simple terms
A1, A2, ..., Ac. The lower and upper boundaries (approximation) are reflective of
the resulting imprecision caused by the conceptual incompatibilities between the
concept itself and the existing vocabulary.
It is interesting to note that the vocabulary used in the above construct could
comprise information granules being expressed in terms of any other formalism,
say fuzzy sets. Quite often we can encounter constructs like rough fuzzy sets and
fuzzy rough sets in which both fuzzy sets and rough sets are put together.
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Figure 3. A rough set X and its lower and upper approximation

2.1.2. Fuzzy C-Means (FCM)
Clustering and fuzzy clustering have been regarded as a synonym of structure
discovery in data. The result, no matter what technique has been used, comes as a
collection of information granules which serve as a quantification of concepts
serving as descriptors of the phenomenon behind the data. Fuzzy C-Means is one
of the commonly used mechanisms of fuzzy clustering.
Given a collection of n-dimensional data set xk = [xk1, xk2, …, xkn], k = 1, 2, …, N,
the task is to determine the structure in the data represented by a collection of c
prototypes. Patterns are assigned membership values, i.e. a partition matrix U, to
the clusters based on their distance from the prototypes. With FCM, one is
concerned with discovering the prototypes and partition matrix U by a
minimization of the following objective function Q being regarded as a sum of the
squared distances:
c

N

Q   u ikm x k -vi

2

(2.8)

i 1 k 1

where vi's are n-dimensional prototypes of the clusters, i = 1, 2, ..., c, and U = [uik]
stands for a partition matrix; uik is the membership degree of data xk in the ith
cluster. The distance between the data and the prototype vi is denoted by ‖•‖. In
this study, the distance function used in the clustering is the standard Euclidean in
which the corresponding features are normalized by including the corresponding
variance, i.e.
n

x  y   (x j  y j ) 2 / j2
2

(2.9)

j1

where  2j is the variance of the j-th input variable (feature). The fuzzification
coefficient m (>0) expresses the impact of the membership grades on the
individual clusters.
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The optimization process is completed through a sequence of iterations where we
start from some random allocation of data (a certain randomly initialized partition
matrix) and carry out updates by adjusting values of the partition matrix and the
prototypes through (2.10)(2.11).
1
(2.10)
u ik ( t  1) 
2 /  m 1
c  x  v t  
i
 k




j1
 x k  v j t  
N

v i (t) 

u
k 1
N

m
ik

(t)x k

 u ikm (t)

(2.11)

k 1

The iteration stops when a certain termination criterion has been satisfied.
Typically, the termination condition is quantified by looking at the changes in the
membership values of the successive partition matrices.
The vast amount of accurate of numerical data available in all domains of human
activity highlighted the fact that there is an urgent need for a more human-like
processing of information, namely generalization and abstraction. Zadeh first
coined the term of information granulation in the framework of fuzzy sets and
emphasized the fact that the plethora of details does not amount to knowledge.
The ubiquitous nature of information granulation stems from the continuing
human endeavour to extract and organize knowledge about the external world for
the purpose of decision-making, control, system description, prediction and others.

2.2. Modeling Methods of Complex Systems
The problem of system modeling has been studied in different frameworks,
investigated from different standard points, and facilitated by various optimization
techniques. System is regarded as a set of interacting or interdependent
components forming an integrated whole. A system is a set of elements (often
called 'components' instead) and relationships which are different from
relationships of the set or its elements to other elements or sets. Most systems
share common characteristics, including: structure, behaviour, interconnectivity.
In the process of system modeling, some fundamental architecture, such as
artificial neural networks, fuzzy logic, expert system, and statistical
methodologies have been vastly developed and applied. Different methods have
different advantages and emphasis. Among them, neural networks are proposed to
realize high accuracy of modeling in which any non-linear functions can be
approximated. Fuzzy models, from the perspective of interpretability, are
preferred in many human-centric systems. In what follows, we concentrate on
these two examples: fuzzy models and artificial neural networks.
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2.2.1. Fuzzy models
Fuzzy models, in one way or another, rely on the use of information granules –
fuzzy sets in the formation of their structure (Alcala, et al. 2009) (Delgado,
Gomez-Skarmeta and Martin 1997) (Park, Pedrycz and Oh 2009). Information
granules constitute a backbone of these models based on which further details are
developed. In this way, they constitute highly abstract and flexible constructs.
Given the environment of physical variables describing the surrounding world and
an abstract view of the system under modeling, a very general picture of the
architecture of a fuzzy model (Pedrycz and Gomide, Fuzzy Systems Engineering:
toward human-centric computing 2007) is portrayed as present in Figure 4.

Figure 4. A general view at the underlying architecture of fuzzy models

The three functional components shown in Figure 4 come with different
objectives. The input interface builds a collection of modalities (fuzzy sets and
fuzzy relations) that are required to link the fuzzy model and its processing core
with the external world. This processing core realizes all computing being carried
out at the level of fuzzy sets. The output interface converts the results of granular
processing into the format acceptable by the external environment.
For instance, in rule-based models a great deal of attention is given to the fuzzy
sets forming the condition parts of the consecutive rules. The generic models in
this category are formulated as follows:
if x1 is A1 and x2 is A2 and ... then y is C
15

or
if x is Ai then y = fi(x, ai)
where x1, x2... are input variables and y is the output variable, whereas Ai, C, ...
are the fuzzy sets defined in the corresponding spaces, fi(xi, ai) denotes a
multivariable function, x = [x1, x2, ..., xn]T is the vector of base variables and ai is
a vector of parameters. In particular, one can envision a linear form of the
function in which fi becomes a linear function of its parameters, namely fi(x, ai) =
aiTx. In this case, the inputs are transformed in terms of fuzzy sets and the
reasoning result is offered in its numeric format. Rule-based models are central
architectures of fuzzy models.
The landscape of fuzzy models is highly diversified. There are several categories
of models where each class of the constructs comes with interesting topologies,
functional characteristics, learning capabilities and the mechanisms of knowledge
representation. Here we list some of them:






Tabular fuzzy models
Rule-based models
Fuzzy relational models
Fuzzy decision trees
Fuzzy neural networks

The processes of verification and validation are concerned with the fundamental
issues of the development of the model and assessment of its usefulness.
Verification is concerned with the analysis of the underlying processes of
constructing the fuzzy model. On the other hand, validation is concerned with
ensuring that the model meets the requirements of the customer. The performance
index expressing the accuracy of a fuzzy model to a regression problem is to
compute the distance between the numeric data and the numeric output of the
model, cf. (Pedrycz and Gomide, Fuzzy Systems Engineering: toward humancentric computing 2007).
N



Q   y k  target k

2

(2.12)

k 1

2.2.2. Interpretability of fuzzy models
In the highly diversified landscape of fuzzy modeling, there are several visible
design tendencies to enhance the transparency (visibility) of fuzzy models. With
the increasing accuracy of fuzzy models, which quite commonly happens at
expense of their interpretability, there are a number of fundamental studies, which
raise awareness about the need for the retention or enhancement of transparency
of fuzzy models. One can refer here to a number of interesting studies
documented in the literature, see (Alcala, et al. 2009) (Chen, Chen and Pedrycz
2010) (Eftekhari, et al. 2008) (Ishibuchi and Nojima, Analysis of interpretability16

accuracy tradeoff of fuzzy systems by multiobjective fuzzy genetics-based
machine learning 2007). Some more recent studies carried out with this regard are
reported in (Velez, et al. 2010).
The fundamental question being formulated in this context concerns a
quantification of the notion of interpretability: what makes the fuzzy model more
transparent? The answer is not straightforward as the problem itself is truly a
multifaceted one. In rule-based fuzzy models (which is the commonly topology
encountered in the area), we can think of several main design alternatives, which
are also already quite visible in the literature:
(a) minimization of the number of rules. The number of rules directly impacts
the interpretability of the resulting fuzzy model. Retaining all variables,
the number of rules relates directly to the number of fuzzy sets formed for
each variable, so a possible reduction of the total number of rules links to
the lower number of information granules. This could be realized to some
extent not sacrificing accuracy by optimizing a distribution of these fuzzy
sets in the respective input spaces (Roubos and Setnes 2001).
(b) hierarchical organization of rule-based models. Hierarchies of fuzzy
models, and fuzzy rules, in particular, could be advantageous in the
reduction of the overall number of rules and thus contributing to the
interpretability of the fuzzy model. While the multilevel structures of
models are beneficial, there is an open question of interpretation of
intermediate constructs emerging at the higher levels of the hierarchy.
(c) reduction of dimensionality of the input space. Bearing in mind that the
number of rules directly gives rise to the combinatorial explosion (curse of
dimensionality), it becomes critical to reduce the number of input
variables. Dimensionality reduction has been around in data analysis (e.g.,
present in the form of data transformations such as those realized by linear
or nonlinear projections), singular value decomposition (SVD) techniques
and alike. This trend is also visible in the realm of fuzzy modeling, see e.g.,
(Roubos and Setnes 2001). From the perspective of interpretability of
fuzzy models, it is essential that rather than realizing transformations of
the original variables (resulting in new, non-interpretable variables), one
concentrates on the most essential (meaningful) set of the variables by
discarding less essential ones.
(d) forming tradeoffs between explicit-implicit treatment of input variables.
There has been an overwhelming tendency to treat the input variables
individually in the condition part of the rules of the model. While in this
way, the interpretability has been retained, the dimensionality of the model
started to grow quite rapidly. The use of fuzzy clustering naturally gives
rise to rules whose conditions are not formed for the individual inputs but
for all inputs. For instance, in Fuzzy C-Means, the obtained information
granules – clusters capture implicitly all variables in the form of fuzzy sets
defined as consecutive rows of the partition matrix. So the rules read as
-if input x (= [x1, x2,…, xn]T) is Ri then y = fi(x, ai)
(2.13)
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where i = 1, 2, …, c with “c” being the number of clusters. One can
acknowledge that while the number of rules (c) is quite low, the
interpretability at the level of individual input variables is not present in
the direct way. A certain way of enhancing the interpretability aspect has
been discussed and the information granules have been decomposed into
the Cartesian product of the individual fuzzy sets and a relational
(multidimensional) “remainder”, that is
R i  Ai  Bi  Ci  R ~i
(2.14)
where Ai, Bi, Ci … are fuzzy sets defined in the successive input variables
and Ri~ is the “remainder” defined over the Cartesian product of the
remaining variables. In this way, the interpretability of the resulting rules

of the form
-if input x1 is Ai and x2 is Bi and x3 is Ci and x~ is R~i then y = fi(x, ai)
(2.15)
is enhanced as a number of variables (information granules) show up in a
direct fashion. The choice of these variables themselves could be a subject
of a separate optimization procedure.
(e) accommodation and reliance on logic aspects of the underlying topologies
of fuzzy models. The underlying direction is to construct fuzzy models
based on a logic-based oriented blueprint (Gobi and Pedrycz 2007) (Liang
and Pedrycz 2009). This concerns both the use of logic operators
encountered in fuzzy sets (t-norms and t-conorms) while endowing them
with parametric flexibility. The constructs of fuzzy neurons and logic
processors are representative examples of this tendency of fuzzy modeling.
Along with the learning capabilities, their transparency helps translate
such networks into a collection of confidence-quantifiable set of rules.
Another alternative exploited in this area is to proceed with Boolean (twovalued) logic models (for which there is a plethora of simplification
techniques present in digital systems design) and use their reduced,
simplified versions as a blueprint (skeleton) over which a fuzzy model can
be formed.
The investigations put forward in our following study are positioned in the main
stream of the design alternatives where the dimensionality of the input space can
be reduced by eliminating some less essential input variables. One can stress here
that this process of reduction is in line with the increased interpretability through
shortening the length of condition parts in the rules. It is also worth noting that
some other techniques enhancing interpretability could be applied to the reduced
input space obtained in this manner. The granulation process comes with some
additional flexibility in terms of the adjustable shape of membership function
controlled by the fuzzification coefficient.

2.2.3. Functional (Local) fuzzy models
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Functional fuzzy models are one of the most popular types of rule-based fuzzy
models. Now let‘s briefly review the develop process. Assume that we have a
number of functional fuzzy models (rules) at hand. The function in consequent
part is linear. A linear model f(x, ai) is constructed in a straightforward way
commonly reported in the literature as the optimization problem can be handled
analytically. With the squared error treated as the underlying performance index,
the optimal coefficients of the model are derived in a standard fashion. Let us
rewrite the model in an explicit way by using the activation levels of the
individual rules. For the i-th local model we have
n

fi (x,ai )  a 0  a1i x1  a i2 x 2  ...  a in x n   a ij x j  a 0

(2.16)

j1

where x = [x1, x2, …, xn, 1]T. The aggregation of the local models is realized in
the form
c



yk   Aik fi (x k ,a i )

(2.17)

i1

c

where we use a shorthand notation ik to denote Aik  u im (xk ) /  u im (xk ) , with
i 1

of the partition matrix.
u i (xk ) being the ik-th element

We optimize the structure of this fuzzy model by minimizing the squared error of
the differences between the output of the model and the data
2
1 N 
1 N
1 N c
2
Q   ( yk  target k )   ( ik (a 0  a1x1  a 2 x 2  ...  a n x n )  target k )   ( zikT ai  target k ) 2
N k 1
N k 1
N k 1 i1
(2.18)
The performance index can be rewritten as follows

min a Q (a)  target  Za
where
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(2.19)

(2.20)

(2.21)

target  Za  (target  Za)T (target  Za)
2

 is expressed in the form
The optimal solution
aopt  Z# target
1

(2.22)
(2.23)

(2.24)
Z  (Z Z) Z
Note that higher order local models (say 2nd order polynomials) can be
constructed in the same manner. When we build functional fuzzy models in the
following chapters, we will use this result directly.
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2.2.4. Artificial neural networks: historical overview
Artificial neural networks are systems motivated by the distributed, massively
parallel computation in the brain that enables it to be so successful at complex
control and recognition/classification tasks. The biological neural network that
accomplishes this can be mathematically modeled (caricatured) by a weighted,
directed graph of highly interconnected nodes (neurons). The artificial nodes have
almost always simple activation functions whose arguments are the weighted
summation of the inputs to the node; early work on neural networks and some
current work uses node functions taking on only binary values. After a period of
active development in the 1950‘s and 1960‘s, that slowed in the face of the
limitations of the networks then being explored, neural networks experienced a
renaissance in the 1980‘s with the work of Hopfield (Hopfield 1982) on the use of
networks with feedback (graphs with cycles) as associative memories, and that of
Rumelhart et al. (Rumelhart, Hinton and Williams, Learning representations by
back-propagating errors 1986) (Rumelhart and McClelland, Parallel Distributed
1986) on backpropagation training and feedforward networks that could ―learn‖
from input-output examples provided in a training set. Learning in this context is
carried out by a descent-based algorithm that adjusts the network weights so that
the network‘s response closely approximates the desired response specified by the
training set. The capabilities of neural networks were quickly exploited in a great
number of applications to pattern classification, control, and time-series
forecasting.
Artificial neural networks are viewed as effective tools for solving problems such
as pattern classification, speech recognition, image analysis, forecasting, and
nonlinear or nonstationary system modeling. The main elements in the artificial
network topology are neurons and connections (weights and biases). Each neuron
includes two parts: sum of weighted inputs and an activation function.
Feedforward neural networks (FNN‘s) and recurrent neural networks (RNN‘s)
(Musilek, Pelikan, et al. 2006) are the two major classes of neural networks (NN‘s)
widely used. Feedforward multilayered networks have been employed to realize
complicated nonlinear decision/mapping functions. It has been shown that
feedforward networks with one hidden layer can approximate any continuous
mapping function, cf. (Blum and Li 1991) (Cybenco 1989) (Funahashi 1989)
(Hornik, Stinchcombe and White 1989) (Marmarelis and Zhao 1997). An RNN
consists of a large number of feedforward and feedback connections that exhibit
complex dynamics. In some applications, an RNN with a smaller network size
may be equivalent to rather complicated feedforward network architecture. Before
the birth of these two neural networks, some early models like McCulloch-Pitts,
Perceptron, ADALINE, et al contribute to the history of artificial neural networks'
development.
2.2.5. Development of fuzzy models and neural networks in literature
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Due to the important roles of fuzzy models in human-centric system modeling,
and of artificial neural networks in approximating any nonlinear function, we
decide to start our study in system modeling with granular architectures of CI by
using these two models. First let's look at what has been done so far in literature
about fuzzy models and neural networks.
Khoshgoftaar (Khoshgoftaar, et al. 1997) et al used neural networks to realize
software quality modeling as they are adept at modeling nonlinear functional
relationships that are difficult to model with other techniques. Iatrou et al (Iatrou,
Berger and Marmarelis 1999) discussed a neural network being composed of a
single hidden layer, polynomial activation functions and the backpropagation
algorithm for the modeling of nonlinear Volterra systems. More studies on the
development of neural networks with MLP topology please refer to (Ridella,
Rovetta and Zunino 1997) (de Weerdt, Chu and Mulder 2009) (Wedge, et al. 2006)
(Liu and Li 2004) (Ishibuchi and Nii, Improving the generalization ability of
neural networks by interval arithmetic 1998) (Fang, et al. 2006).
Wang‘s et al (Wang and Langari 1994) Sugeno-Takagi-Kang models win other
modeling methods by the advantages of simplicity, flexibility, high accuracy in
which the fuzzy discretization technique plays a central role in this approach and
can be handled by an automatic procedure. Chen et al (Chen and Xi 1998)
introduced an adaptive fuzzy inference system to cope with the problems often
encountered in modeling nonlinear systems: conflict between overfitting and good
generalization and low reliability. Jin (Jin 2000) tried to develop a fuzzy model of
high-dimensional system in which many optimal strategies are used: optimal
fuzzy rules covering extrema for initial fuzzy rule system, genetic algorithm and
the gradient method for optimizing structure and parameters, low firing strength,
fine training the fuzzy rules with regularization, and so on. Stylios et al (Stylios
and Groumpos 2004) used fuzzy cognitive maps to model complex systems and
applied their method to model and describe the behaviour of a heat exchanger
system. Liu et al (Liu and Li 2005) used the probabilistic modeling method to
improve the stochastic modeling capability and finally come out with a
probabilistic fuzzy logic system. This system is applied to a function
approximation problem and a robotic system.
To combine the fuzzy theory and neural networks, Lin et al (Lin and Cunningham
1995) introduced a simple fuzzy-neural network with fuzzy curves identifying
significant input variables, determining model structure and setting the initial
weights and proved that it can represent any continuous function. Farag' s et al
(Farag, Quintana and Lambert-Torres 1998) approach combines the merits of the
fuzzy logic theory, neural networks, and genetic algorithms to realize linguistic
modeling of complex irregular systems with fuzzy-neuro network form which can
handle both quantitative (numerical) and qualitative (linguistic) knowledge. Juang
et al (Juang and Chen, A recurrent fuzzy-network-based inverse modeling method
for a temperature system control 2007) designed a recurrent fuzzy network
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developed from a series of TSK-type fuzzy if-then rules in which the Kalman
filter and gradient descent learning algorithms are used for parameter learning. It
has been applied to a real water bath temperature control plant. Lin et al (Lin, et al.
2007) developed a frequency controlled three-phase induction generator system
which uses fuzzy modeling to determine the flux control current and the
maximum output power introduces online training recurrent fuzzy neural network
with backpropagation algorithm to track controller of dc-link power. Juang et al
(Juang and Hsieh, A locally recurrent fuzzy neural network with support vector
regression for dynamic-system modeling 2010) proposed a recurrent model with
five-layer recurrent network structure and the structure and parameter learning are
realized by a one-pass clustering algorithm and an iterative linear SVR algorithm
respectively. In Yeh' s et al (Yeh, Jeng and Lee 2011) model, a type-2 fuzzy
Takagi-Sugeno-Kang IF-THEN rule is derived from each cluster to form a fuzzy
rule base and a fuzzy neural network is constructed based on it. The parameters
are refined by a hybrid learning algorithm which incorporates particle swarm
optimization and a least squares estimation.
We can see a plethora of extension studies about neural networks and fuzzy
modeling in literature; however, the collaboration of different sources of
knowledge and generalization of system models remain challenging issues.

2.3. Analytic Hierarchy Process
Decision making, especially group decision making is very important issues in
real problems which we are constantly faced with. Compared to most
unconsciously decision making, logical decision making is an important part of all
science-based professions. Decisions made collectively tend to be more effective
than decisions made by a single individual.
Group decision making has many application fields in which various kinds of
methods are explored to solve the problems. In business and management,
analytic hierarchy process (AHP) is a widely used procedure for group decision
making. It has been well demonstrated the effectiveness of AHP.
AHP developed by Thomas L. Saaty in 1970s is a structured technique based on
mathematics and psychology for organizing and analyzing complex decisions,
especially in group decision making (Saaty, Introduction to a modeling of social
decision process 1983) (Saaty, The analytic hierarchy process, planning, priority
setting, resource allocation 1980) (Saaty, Axiomatic foundation of the analytic
hierarchy process 1986). AHP also forms an interesting alternative used to
estimate a collection of numbers which can be translated into membership
functions or preferences.
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Basically, a system is an abstract model for a real-life structure such as the
nervous system of a human, the government of a city, the transportation network
of a state. In systems language we evaluate the impact of various components of a
system on the entire system and find their priorities. For practical purposes a
system is often regarded in terms of its "structure" and "function". A hierarchy is
an abstraction of the structure of a system to study the functional interactions of
its components and their impacts on the entire system. This abstraction can take
several related forms, all of which essentially descend from an apex (an overall
objective), down to sub-objectives, down further to forces which affect these subobjectives, down to the people who influence these forces, down to the objectives
of the people and then to their policies, still further down to the strategies, and
finally, the outcomes which result from these strategies. The comparison of these
outcomes invoke the born of AHP mechanisms.
2.3.1. The framework of AHP
Let us look at a related problem which has interesting applications. It is concerned
with measurement. Suppose we are given a set of objects which are all
sufficiently light and can be lifted by hand. In absence of a weighting instrument,
we wish to estimate their relative weights. One way to realize this is to guess the
weight of each object directly in pounds. Another method which utilizes more of
the available information in the experiment is to compare the objects in pairs, by
lifting one and then lifting another and back to the first and then again the second
and so on until we have formulated a judgment as to the relative weight (ratio) of
each pair of objects. The problem is then to adopt a meaningful scale for the
pairwise comparisons.
Note that consistency in any kind of measurement cannot be taken for granted.
Since perfect consistency is difficult to attain in practice, what we need is a way
of evaluating how bad it is. The term consistency here not merely mean the
traditional requirement of the transitivity of preferences (if apples are preferred to
oranges and oranges are preferred to bananas, then apples must be preferred to
bananas), but the actual intensity with which the preference is expressed transits
through the sequence of objects in the comparison.
Many systems or sub-systems show a tendency of being formed in a structure of
hierarchy. There are many advantages of this structure.
(1) A hierarchy can be used to describe how changes in priority at upper levels
affect the priority of elements in lower levels.
(2) They give great detail of information on the structure and function of a system
in the lower levels and provide an overview of the actors and their purposes in the
upper levels.
(3) Natural systems assembled hierarchically.
(4) They are stable and flexible.
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Let's use an example to show how to determine a priority scale. Assume A, B, C,
D stand for apples, oranges, bananas and pears. We develop a priority scale of
relative preference for these fruits. Judgements will be obtained from an
individual. For example, "How do you prefer A to B?" He will then give one of
the numbers for comparison described in the table below and this judgement will
be entered in a matrix in position (A, B). By convention, the comparison of
preference is always of an activity appearing in the column on the left against an
activity appearing in the row on top. We then have the pairwise comparison
matrix with four rows and four columns (a 4*4 matrix).
preference
A
B
C
D

A

B

C

D

Prior to making any assessment, the expert is provided with a finite scale with
values spread in between 1 and 9. Some other alternatives of the scales such as
those involving 5 or 7 levels could be sought as well. This depends on the
different situation and requirements. If A is strongly preferred to B when being
considered in the context that we mentioned above, then this judgment is
expressed by assigning high values of the available scale, say 8 or 9 and inserted
in the position (A, B) where the row of A meets the column of B. If we still sense
that A is preferred to B yet the strength of this preference is lower in comparison
with the previous case, then this is quantified using some intermediate values of
the scale, say 5 or 6. If no difference is sensed, the values close to 1 are the
preferred choice, say 2 or 1. The value of 1 indicates that A and B are equally
preferred. On the contrary, if B is preferred to A, the corresponding entry assumes
values below one. Given the reciprocal character of the assessment, once the
preference of A to B has been quantified, the inverse of this number is plugged
into the entry of the matrix that is located at the position (B, A). As indicated
earlier, the elements on the main diagonal are equal to 1.
Let use return to our example. The diagonal elements in the matrix are all equal to
1. There are 12 elements left. According to the reciprocal principle, we have to
determine 6 elements. The other 6 elements are the reverse comparisons. The
individual provides all these elements.
Let's look at the details of ideal case--a consistent matrix case. Consider a
collection of elements: z1, z2, ... zn (those could be, for instance, some alternatives
whose allocation to
preference
A
B

A
1
1/5

B
5
1

C
6
4

D
7
6
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C
D

1/6
1/7

1/4
1/6

1
1/4

4
1

a certain fuzzy set is sought) for which their membership grades or preferences:
A(z1), A(z2), ..., A(zn) are given. In order to compare the results, we assume that
A(zi) are all normalized into the unit range [0, 1]. Then they are organized in a socalled reciprocal matrix of the following.
A( z1 )  
A( z1 )
A( z1 ) 
 A( z1 ) A( z1 )
...
 A( z ) A( z ) ... A( z )   1
A( z2 )
A( zn ) 
1
2
n

 

A( z2 )   A( z2 )
 A( z2 ) A( z2 )
A( z2 ) 
...
1
...
A( zn )  =  A( z1 )
A( zn )  (2.25)
R = [rij] =  A( z1 ) A( z2 )
 


 

...
...
...
...

 

 A( zn ) A( zn ) ... A( zn )   A( zn ) A( zn ) ...
1 
 A( z1 ) A( z2 )

A( zn )   A( z1 ) A( z2 )
Noticeably, the diagonal values of R are equal to 1. The entries that are
symmetrically positioned with respect to the diagonal satisfy the condition of
reciprocality, that is, rij =1/rji. Furthermore, an important transitivity property
holds, that is, rikrkj = rij, for all indexes i, j and k. This property holds because of
the way in which the matrix has been constructed. Let us now multiply the
reciprocal matrix by the vector of elements of A = [A(z1), A(z2), ..., A(zn)]. For
the ith row of R (which is the ith entry of the resulting vector of results) we obtain
 A( z1 ) 


 A( zi ) A( zi )
A( zi )   A( z2 ) 
...
[RA]i = 
(2.26)

A( zn )   ... 
 A( z1 ) A( z2 )


 A( zn ) 
where i = 1, 2, ..., n. Thus the ith element of the vector is equal to nA(zi). Overall
once completing the calculations for all i, this leads us to the expression RA = nA.
In other words, we conclude that A is the eigenvector of R associated with the
largest eigenvalue of R that is equal to n. In the above scenario, we have assumed
that the values A(zi) are given and then showed what form of results could they
lead to. In practice the values of A(zi) are not given and have to be looked for.
When we have a reciprocal matrix at hand, the next step is to calculate priorities
and the eigenvalue of the matrix. The principle eigenvector is the one with the
largest eigenvalue and when it is normalized, the vector becomes of priorities.
The normalized version of the eigenvector is then the membership function of the
fuzzy set we considered when doing all pairwise assessments of the elements of
its universe of discourse. The pairwise evaluations are far more convenient and
manageable in comparison to any effort we make when assigning membership
grades to all elements of the universe in a single step. Practically, the pairwise
comparison helps the expert focus only on two elements once at a time thus
reducing uncertainty and hesitation while leading to the higher level of
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consistency. The assessments are not free of bias and could exhibit some
inconsistent evaluations. In particular, we cannot expect that the transitivity
requirement could be fully satisfied. Fortunately, the lack of consistency could be
quantified and monitored. The largest eigenvalue is denoted as λmax and the
corresponding eigenvector is e. λmax computed for R is always greater than the
dimensionality of the reciprocal matrix (recall that in reciprocal matrices the
elements positioned symmetrically along the main diagonal are inverse of each
other), λmax > n where the equality λmax = n occurs only if the results are fully
consistent. The ratio
ν = (λmax - n) / (n-1)
(2.27)
can be regarded as an index of inconsistency of the data; the higher its value, the
less consistent are the collected experimental results. This expression also can be
sought as the indicator of the quality of the pairwise assessments provided by the
expert. If the value of ν is too high exceeding a certain superimposed threshold,
the experiment may need to be repeated. Typically, if ν is less than 0.1 or 0.2 (this
threshold differs for different sizes of matrices) (Apostolou and Hassell 2002)
(Chu and Liu 2002), the assessment is sought to be consistent whereas higher
values of ν call for a re-examination of the experimental data and a rerun of the
experiment. It is worth noting that any value of threshold needs to be cast in a
context of a certain application; refer also to an interesting discussion on this issue
covered in (Apostolou and Hassell 2002) (Chu and Liu 2002).
2.3.2. AHP in group decision making
AHP developed in a series of studies by Saaty, cf. (Saaty and Ozdemir, Negative
priorities in the analytic hierarchy process 2003) (Saaty, How to handle
dependence with the analytic hierarchy process 1987) (Saaty and Hu, Ranking by
eigenvector versus other methods in the analytic hierarchy process 1998) (Saaty,
Introduction to a modeling of social decision process 1983) (Saaty, A new
macroeconomic forecasting and policy evaluation method using the analytic
hierarchy process 1987) and further researched and generalized by others (Tung
and Tang 1998) is aimed at forming a vector of preferences given a finite set of
alternatives. Once the reciprocal matrix has been completed through running a
series of pairwise comparisons, the maximal eigenvalue max and the associated
eigenvector of R, say e, are determined. This eigenvector (normalized or not)
serves as a vector of preferences of the alternatives.
One of the main advantages of the AHP method is that it becomes far more
convenient to evaluate only two alternatives at a time, especially in case of a large
number of alternatives and this is a way in which the AHP method supports the
evaluations. Another advantage comes with an ability to assess the consistency of
the pairwise comparisons. In an ideal case, the largest eigenvalue is equal to the
number of alternatives. When we encounter some level of inconsistency (which is
a reflection of some violation of the transitivity property), the eigenvalue gets
higher. Given this, a level of inconsistency of evaluations (the reciprocal matrix)
is expressed in ν.
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The results of the AHP can be conveniently captured and visualized in the form of
a so-called decision profile. It offers a convincing view at the results of rating the
alternatives and the associated quality of the process. We plot the result - the best
alternative is expressed in the coordinates of the inconsistency level () and the
number (index) of the alternative. In addition, the size of the symbol (here circle)
is made proportional to the difference between the membership of the best
alternative and the next one appearing in the increasing order of preference. Two
illustrative examples are presented in Figure 5.

(a)

(b)

Figure 5. Examples of decision profiles: (a) e = [1.0 0.8 0.9 0.2]  =0.05, and (b)
e=[0.3 0.5 1.0 0.6] and  =0.15. The radii of the circles are equal to 0.1 (=1-0.9) and
0.4 (=1-0.6), respectively.

Recently, more and more studies show the outstanding performance of granular
computing in decision making problems, cf. (Cakir 2008) (Dong, Hong, et al.
2011) (Herrera, Herrera-Viedma and Verdegay, A rational consensus model in
group decision making using linguistic assessments 1997) (Herrera-Viedma,
Martinez, et al. 2005) (Herrera-Viedma, Alonso, et al. 2007) (Kangmao, Wang
and Chun 2005) (Mata, Martinez and Herrera-Viedma 2009) (Wang and Chen
2008). However, the studies reported so far exploit more or less sophisticated
ways of adjusting/transforming initial judgements (preferences) of individuals. It
remains a challenging issue to obtain a decision with high level of consensus.

2.4. Particle Swarm Optimization and Genetic Algorithms
Modern heuristic optimization techniques have aroused great interest among the
scientific community in a wide variety of fields for the last years, because of their
ability to solve multimodal and multidimensional discontinuous problems in a
near optimal manner. Basically, these techniques try to mimic natural, biological
or even cultural evolution, depending on the nature of the process. The most
representative algorithms include simulated annealing (SA) (Kirpatrick, Gelatt
and Vecchi 1983), genetic algorithms (GA) (Goldberg 1989), particle swarm
optimization (PSO) (Kennedy and Eberhart, Particle swarm optimization 1995),
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ant colony optimization (ACO) (Dorigo, Maniezzo and Colorni 1996). Compared
to other algorithms, PSO is easier to understand, easier to implement, requiring
fewer lines of code, and having a smaller number of parameters to be tuned.
Genetic algorithms motivated by Darwin‘s theories of evolution and the concept
of ―survival of the fittest‖ have also been widely applied as they have a profound
foundation. In this section, the evolutionary optimization of an objective function
and two-objective function through particle swarm optimization and genetic
algorithm is described.
Particle swarm optimization is an evolutionary computation technique developed
by Kennedy and Eberhart in 1995 (Kennedy and Eberhart, Particle swarm
optimization 1995). It uses a simple mechanism that mimics swarm behaviour in
birds flocking and fish schooling to guide the particles to search for globally
optimal solutions. As PSO is easy to implement, it has rapidly progressed in
recent years and with many successful applications seen in solving real-world
optimization problems. Though it is a comparable new optimization tool, there
have been many developments, applications and resources since its origin.
Genetic algorithms use processes analogous to genetic recombination and
mutation to promote the evolution of a population that best satisfies a predefined
goal. In the selective breeding or crossover process, fit individuals are chosen to
produce more offspring than less fit individuals, which tends to homogenize the
population and improve the average result as the algorithm progresses.
Subsequent mutations of the offspring add diversity to the population and explore
new areas of the parameter search space. The algorithm starts by generating an
initial population of random candidate solutions. Each individual in the population
is then awarded a score based on its performance. The individuals with the best
scores are chosen to be parents, which are cut and spliced together to make
children as illustrated in the breakout. To add some diversity to the population,
some random mutations are applied. These children are scored, with the best
performers likely to be parents in the next generation. At some point the process is
terminated and the best scoring individual in the population is taken as the final
answer.
In our experiments, we mainly use PSO algorithm. We first present some
improved PSO algorithms and pseudo codes for selected algorithms. The
improved PSO algorithms focus on mechanisms for updating a particle's velocity,
selection of population topology, the number of particles, and the strategies for
updating at run time various parameters that influence performance. Then
multiple-objective PSO is introduced with pseudo codes.

2.4.1. A single-objective PSO
A. The original PSO algorithm
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To optimize an n-dimensional continuous objective function f: Rn → R, a
population of particles P = {p1, . . . , pN} (called swarm) is randomly initialized in
the solution space. The objective function determines the quality of the solution
represented by a particle‘s position. We assume the following discussion to
minimization problems.
At any time step t, a particle pi has an associated position vector si = [sij], j = 1,
2, …, n and a velocity vector vi = [vij]. A vector pbi = [pbij] stores the best
position the particle has ever visited. The best vector pbi in a particle‘s
neighbourhood (called local best) is a vector pg = [pgj].
PSO algorithms update the particles‘ velocities and positions iteratively until a
stopping criterion is met. The basic velocity- and position-update rules are
vij (t  1)  vij (t)  c1r1j (pbij (t)-sij (t))  c2r2j (pg j (t)-s ij (t))
(2.28)
sij (t+1)  sij (t)  vij (t+1)

(2.29)
where t is the current generation, c1 and c2 are two constants acceleration
coefficients being typically set to 2. In the following chapters, if there is no
specific explanation, we use this setting. r1j and r2j are two uniformly distributed
random numbers independently generated within [0, 1] for the jth dimension.
There are also some limits imposed on the velocities, say vmax and vmin. Their
values are related to the scope of the search spaces and prevent velocities from
growing to extremely values.
The searching loop will stop when some conditions are met or the maximum
iterations reaches.
B. Time-Varying Inertia Weight Particle Swarm Optimizers
Shi and Eberhart (Shi and Eberhart, A modified particle swarm optimizer 1998)
(Shi and Eberhart, Empirical study of particle swarm optimization 1999) noticed
that the first term of the right-hand side of velocity update formula plays the role
of a particle‘s ―inertia‖ and they introduced the idea of an inertia weight. The
velocity update rule was modified to
vij (t  1)  η(t)vij (t)  c1r1j (pbij (t)-sij (t))  c2r2j (pg j (t)-sij (t))
(2.30)
where η(t) is the time-dependent inertia weight. Shi and Eberhart proposed to set
the inertia weight according to a time-decreasing function so as to have an
algorithm that initially explores the search space and only later focuses on the
most promising regions. The function used to schedule the inertia weight is
defined as
η(t) 

t ηmax  t
t ηmax

(ηmax  ηmin )  ηmin

(2.31)

where tηmax marks the time at which η(t) = ηmin, ηmax and ηmin are the maximum
and minimum values the inertia weight can take, respectively. Normally, tηmax
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coincides with the maximum time allocated for the optimization process. We
identify this variant as decreasing-IW PSO.
Experimental results showed that this approach is effective (Shi and Eberhart,
Parameter selection in particle swarm optimization 1998) (Shi and Eberhart, A
modified particle swarm optimizer 1998) (Shi and Eberhart, Empirical study of
particle swarm optimization 1999). The pseudo code of the decreasing-IW PSO is
presented as follows
Create the initial population of swarm
t=0;
While t<maximum number of generations
Update inertia weight using (2.31)
t=t+1
For each particle i do
Calculate the optimization criterion, namely q1(si(t))
If q1(si(t))<q1(si(t-1))
Replace si(t-1) with si(t)
Endif
Endfor
Find global best--the particle with largest q1
Save the position of this particle and its q1
For each particle i do
Update the velocity vi(t) according to (2.30)
If vi(t) satisfies the limitation of velocity
Update the position si(t) by (2.29)
Endif
Endfor
Endwhile
C. Constricted Particle Swarm Optimizer
Clerc and Kennedy (Clerc and Kennedy 2002) added a constriction factor to the
particles‘ velocity-update rule to avoid the unlimited growth of the particles‘
velocity. Equation is modified to
vij (t  1)  χ(vij (t)  c1r1j (pbij (t)-sij (t))  c2r2j (pg j (t)-sij (t)))
(2.32)
where χ  2 / 2  c  c 2  4c , c = c1 + c2, and c >4. Generally, c1 and c2 are set to
2.05, giving as result of χ equal to 0.729.
D. Fully Informed Particle Swarm Optimizer
Mendes et al. (Mendes, Kennedy and Neves 2004) proposed the fully informed
particle swarm (FIPS), in which a particle uses information from all its
topological neighbours. Clerc and Kennedy‘s constriction factor is also adopted in
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FIPS; however, the value c (i.e., the sum of the acceleration coefficients) is
equally distributed among all the neighbours of a particle.
For a given particle pi, c is decomposed as ck = c/|Ni|, pkNi, Ni is the topology
neighbourhood of pi. The velocity-update equation becomes
(2.33)
vij (t  1)  χ(vij (t)   ck rkj (pb kj -sij ))
pk Ni

E. Self-Organizing Hierarchical Particle Swarm Optimizer with Time-varying
Acceleration Coefficients
Ratnaweera et al. (Ratnaweera, Halgamuge and Waston 2004) proposed the selforganizing hierarchical particle swarm optimizer with time-varying acceleration
coefficients (HPSOTVAC), in which the inertia term in the velocity-update rule is
eliminated. Additionally, if any component of a particle‘s velocity vector becomes
zero (or very close to zero), it is reinitialized to a value proportional to vmaxi,
which is the maximum velocity of the ith dimension allowed. This gives the
algorithm a local search behaviour that is amplified by linearly adapting the value
of the acceleration coefficients c1 and c2. The coefficient c1 is decreased from 2.5
to 0.5, and the coefficient c2 is increased from 0.5 to 2.5. In HPSOTVAC, the
maximum velocity is linearly decreased during a run so as to reach 1/10 of its
value at the end. A low reinitialized velocity near the end of the run allows
particles to move slowly near the best region they have found. The resulting PSO
variant is a kind of local search algorithm with occasional magnitude-decreasing
unidimensional restarts.
F. Adaptive Hierarchical Particle Swarm Optimizer
The adaptive hierarchical PSO (AHPSO) (Janson and Middendorf 2005) modifies
the neighbourhood topology at run time. It uses a tree-like topology structure in
which particles with better objective function evaluations are located in the upper
nodes of the tree. At each iteration, a child particle updates its velocity
considering its own previous best performance and the previous best performance
of its parent. Before the velocity-update process takes place, the previous best
fitness value of any particle is compared with that of its parent. If it is better, the
child and its parent swap their positions in the hierarchy. Additionally, AHPSO
adapts the branching degree of the tree while solving a problem to balance the
exploration-exploitation behaviour of the algorithm: a hierarchy with a low
branching degree has a more exploratory behaviour than a hierarchy with a high
branching degree. In AHPSO, the branching degree is decreased by degrees (one
at a time) until a certain minimum degree is reached. This process takes place
every number of iterations.
2.4.2. Multiple-objective PSO
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The basic PSO algorithm has been extended to accomodate the problem
formulation of multiobjective optimization problems (MOP), which is to search
for a well extended, uniformly distributed, and near-optimal Pareto front. PSO is
of particular interest in the context of multiobjective optimization considering its
rapid convergence and a relatively low computing overhead. Here we review
some well-known related works of MOPSO algorithms and give pseudo codes of
one MOPSO.
Coello Coello et al. (Coello Coello, Pulido and Lechuga, Handling multiple
objectives with particle swarm optimization 2004) proposed an approach which
includes the following three features: incorporating Pareto dominance to handle
problems with several objective functions, using a secondary (i.e., external)
repository of particles to guide particles flight, incorporating a special mutation
operator to improve the exploration capability. Leong et al. (Leong and Yen 2008)
proposes an integration of a dynamic population strategy within the multipleswarm MOPSO and designs adaptive local archives to improve the diversity
within each swarm so that the algorithm obtains a nondominated front that is close
to the true Pareto front and maintains the diversity of the solutions along the
resulting Pareto front. It incorporates four strategies: 1) cell-based rank density
estimation scheme to keep track of the rank and density values of the particles; 2)
population-growing strategy to increase the population size to promote
exploration capability; 3) population declining strategy to prevent the population
size from growing excessively; and 4) adaptive local archives designed to
improve the distributed solutions along the sections of the Pareto front that
associate with each sub-swarm.
Other works about improvement and modification of PSO to MOPSO focus on
different aspects of MOPSO. In these areas, selection and update mechanisms of
best global leaders within the population is a basic but very important issue. Hu
and Eberhart (Hu and Eberhart 2002) proposed a dynamic neighbourhood PSO
that includes the following three criteria: dynamic neighbours, a new global best
particle updating strategy, and one dimension optimization. The scheme of
selecting and updating the leaders involves the particles‘ neighbourhood. At every
iteration, each particle is assigned to the closest neighbourhood. Among the
solutions in the neighbourhood, each particle finds the local best particle, as the
global best and the local best are updated only when these solutions dominate it.
This algorithm is only capable of dealing with a small number of objective
functions. Another work by Zhang et al. (Zhang, et al. 2003) has suggested a
selection scheme for global and local leaders that involves computing the new
leaders via the proposed equation, which depends upon each objective function
and the current iteration, and deciding whether the particles should follow their
leaders based upon the proposed criteria.
It is difficult to control the velocity of each particle to perform its optimal flight in
a high-dimensional search space in MOPSO. Hence, external archive is usually
used to record any good particles found at each iteration. Mostaghim and Teich
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(Mostaghim and Teich 2003) adopted the ε-dominance method to control the
archive size and help reduce computational cost. Li (Li, A non-dominated sorting
particle swarm optimizer for multiobjective optimization 2003) proposed a
nondominated sorting particle swarm optimizer (NSPSO), in which the design
elements and archive maintenance of NSGA-II are adopted in PSO design.
Another prominent work was contributed by Coello Coello and Lechuga (Coello
Coello and Lechuga, MOPSO: A proposal for multiple objective particle swarm
optimization 2002). They proposed a MOPSO algorithm that incorporates the
concept of Pareto dominance and adopts archive controller, which stores and
decides the membership of new nondominated solutions found at each iteration.
In addition, an adaptive grid feature based upon the objective function values of
archive members is applied to the archive, with the goal of producing a welldistributed Pareto front.
Typically, we consider two objectives, which are often in conflict. The results
give rise to a Pareto front forming a collection of non-dominated vectors. To
construct the front, we use the approach presented in (Coello Coello, Pulido and
Lechuga, Handling multiple objectives with particle swarm optimization 2004).
At each generation, we calculate the values of the two objectives for each particle
of the swarm, namely q1 and q2 (assume that their values are within [0, 1]). These
two values form a two-dimensional vector. Then we find non-dominated vectors
in the entire population and compare them with regard to the external repository.
At the beginning of the process, this repository is empty. If the external repository
is empty, then the current solution is accepted and stored there. Otherwise, we
compare the new solution with the existing non-dominated vectors present in the
external repository. If this new solution is dominated by an individual within the
external archive, then such solution is discarded. If none of the elements in the
external archive dominates the new solution, then such solution is stored there. If
there are solutions in the archive that are dominated by the new solution, then
such solutions are removed from the archive. Finally, the elements of the external
repository are used to construct the Pareto front. To visualize the Pareto front, we
display all solutions present in the external archive in a two-dimensional space
with q1- (1- q2) coordinates.
To allow a quantitative assessment of the performance of the two-objective
optimization algorithm and single-objective optimization algorithm, one metric is
computed for the generated Pareto front: the average distance (Euclidean distance)
between points on the Pareto front and the origin.
A pseudocode of the two-objective PSO is presented in the following way:
Create and initialize the swarm
Initialize the external repository as set it empty
t=0;
While t<maximum number of generations
Update inertia weight using (2.31)
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t=t+1
For each particle i do
Calculate the optimization criteria, namely q1(si(t)) and q2(si(t))
If q1(si(t))< q1(si(t-1)) & q2(si(t))< q2(si(t-1))
Replace si(t-1) with si(t)
Endif
Endfor
Find all non-dominated vectors [q1, q2] from the population and store them and
their
positions in two different archives R and S respectively, of a certain size.
Calculate distance between each element in R and the original point and save
them in
Qe
Sort Qe in descending order and select top 20% of elements and denote it as
Qeo
Randomly select a value from Qeo and its corresponding position as pg
Update velocities and positions of all particles according to (2.30), (2.29)
Endwhile
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3. The Principle of Justifiable Granularity
Information granules regarded as conceptually justifiable constructs constitute
building blocks of intelligent systems. They are used in various pursuits of system
analysis and design. In this chapter, we introduce the principle of justifiable
granularity that is used to form a meaningful representation of a collection of
numeric values and how it is applied in a realistic problem especially when we
construct a granular model. Then we fix the problem of a mapping of linguistic
terms to information granules in which linguistic information is made operational
based on intervals and fuzzy sets.

3.1. Motivation and Definition
The scientific theories and their application in industry have elevated accuracy of
modeling of systems to a very high level. However, the vast amount of numeric
data that become available nowadays in various domains of human beings
highlight the fact that there is an urgent need for a more human-like information
processing. We can name this activity as generalization or abstraction. In 1979,
Zadeh first gave the term information granulation and emphasized the fact that the
plethora of detail data does not amount to knowledge (Zadeh, Fuzzy sets and
information granularity, in: M.M. Gupta, R.K. Ragade, R.R. Yager (Eds.) 1979).
Another important issue in system analysis is to make the process of knowledge
building automated. Information granules are inherently associated with these two
issues.
Most raw experimental data collected by human beings or machines are numeric.
Granulation of information happens in the process of data organization and data
comprehension. An interesting thing is that people granulate information in a
subconscious manner. And this action is demonstrated making the ensuing
cognitive process more effective.
So this chapter will introduce the basic framework that facilitates transition from
numbers to semantically richer information granules. The principle of justifiable
granularity is proposed with intent to having an effective and parametrically
flexible vehicle to form information granules.

3.2. A Design of Granules
The principle of justifiable granularity is concerned with formation of a
meaningful representation of a collection of numeric values (real numbers). Two
representative categories of problems involve processing one or two-dimensional
signals. In our study, we give an example of one dimension case, say representing
numbers {d1, d2, …, dN}. Such a representation comes in the form of a certain
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information granule rather than a single numeric entity, no matter how such a
single individual has been selected. For example, what is being done in statistics
is realized in the language of probabilistic information granules. A sample of
numeric data is represented not only by its mean or median (which is a very rough
description) but also by the standard deviation. Both the mean and the standard
deviation imply a realization of a certain probabilistic information granule, such
as e.g., a Gaussian one. The probabilistic information granules are just one of the
possibilities to build an information granule to represent a collection of numeric
data. Some other formal approaches that could be engaged here involve sets,
intervals, fuzzy sets, rough sets and others. Formally, we can view the process of
granulation as a transformation G operating on {d1, d2, …, dN} resulting in some
information granule
G : R  G(R)
(3.1)
where G(R) is a granular construct, for instance, interval, G(R) =P(R) or fuzzy set,
G(R) = F(R), etc.
Generally, in the formalism of information granules, the development of the
corresponding granules is guided by a certain optimization criterion, which
becomes a crux of the principle of justifiable granularity. Depending on what
form of the information granules, we may have different optimization processes
and requirements. In the following, we focus on interval form and illustrate the
whole development process.
We discuss several general cases to venture into more algorithmic details of the
realization of information granules. We show a construction of interval-based
information granules.
3.2.1. Design of interval-based information granules
When we consider interval forms G(R) =P(R), there are two situations of
formation according to the information of numeric data.
(a) The design of interval-based information granule of numeric data. The data are
illustrated in Figure 6.

t1

b

a

t2

Figure 6. Realization of the principle of justifiable granularity for numeric data and
interval form of information granules
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In the optimization criteria, we manage two conflicting requirements. The first
one is about forming an information granule of sufficiently high level of
experimental evidence that is accumulated behind it and in this way supports its
existence (and usage). The second one is about maintaining high specificity of the
resulting information granule. In what follows, we show a construction of
interval-based information granules in presence of some numeric evidence, see
Figure 6. Consider two intervals: where Ω = [a, b], and Ψ = [t1, t2]; note that t1 and
t2 are just the minimal and maximal elements in the data under consideration.
Given the two conflicting requirements identified above when forming
information granules, we set up the numeric interval Ω in such a way that (i) the
numeric evidence accumulated within the bounds of Ω becomes as high as
possible. One simple way to quantify this requirement is by counting the number
of data falling within the bounds of the information granule (interval) Ω, that is
card {dk  Ω}, which has to be maximized. At the same time, we require that (ii)
the support of Ω is as low as possible, which makes Ω specific enough. A certain
way to combine these two conflicting requirements into a single criterion is to
consider the ratio

card(d k  )
Q=
(3.2)
supp()
which is maximized with regard to the end-points of the interval, namely max Q.
(b) Here we design the interval information granule considering that the numeric
data come with membership values; that is we are concerned with the pairs (dk, k)
where k stands for the k-th membership value. This design situation is illustrated
in Figure 7.
k

t1

a

dk

b

t2

Figure 7. Realization of the principle of justifiable granularity for numeric data with
membership -graded (weighted numeric data) and interval form of information
granule and the optimization criterion

The same design development as discussed in (a) applies here. As each data point
comes with the associated membership value, the numeric evidence accumulated
within  has to be computed in such a way that they are present in the
calculations and contribute to the accumulated experimental evidence behind .
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We determine the -sum of the evidence, that is

 μ . This leads to the

d k 

k

maximization of the following performance index
 μk
d k Ω
Q=
(3.3)
supp()
Alternatively, we can focus on the formation of the information granule , which
leads to the minimum of changes of the membership grades of the corresponding
data. To admit dk with membership k to , we need to change (elevate) the
membership grade and this change is equal to 1-k. Similarly, if we exclude dk
from , the corresponding change (suppress) in membership value is k. See
Figure 8. The criterion of interest is that of the sum of all possible changes made
to the membership grades. We construct  in such a way that the changes in
membership values are as low as possible. Formally, the performance index is
expressed as

Q

 (1 μ

d k 

k

)+  μ k

(3.4)

d k 

and its minimization leads to the interval-type of information granule,
Min a,b: a<b Q

(3.5)

Figure 8. The design of interval information granule realized through the
minimization of the criterion of modification of membership grades

3.2.2. Application of the principle on a family of numeric values
To illustrate the underlying idea, we use a simple example where we consider a
set of following numeric data,
{5, 8, 10, 15, 20, 21, 26, 28, 34, 37}
An interesting alternative to design interval-based information granule of numeric
data is:
card(d k  )
Q=
(3.6)
α b-m
e
where "b" represents the bound and "m" is the predefined numeric representative
of the numeric data (for instance, mean, mode or median) which helps split the
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optimization process into two separate parts: we separately optimize the lower
bound, "a" and the upper bound of the interval, "b". It is a general version of ()
offered some flexibility through the exponential function. Another case is to
design the interval information granule considering that the numeric data come
with membership values; that is we are concerned with the pairs (dk, k) where k
stands for the k-th membership value. The calculations involve the formula
 μk
d k 
Q = α b-m
(3.7)
e
Note that both (3.6) and (3.7) contain some adjustable parameter  which helps
endow the method with some level of flexibility.
In real applications, numeric values may come with a membership values
positioned in the unit range: [0, 1]. Thus, in the following study, we construct
intervals by considering two aspects: (a) all membership values are equal to one
(b) their membership values are different. For the given example above, assume
the different memberships for the numeric values are as follows
[0.21, 0.99, 0.73, 0.66, 0.84, 0.09, 0.9, 0.01, 0.71, 0.98]
Let us recall that the value of  controls the changes of the exponential function
and this results in the scope of the interval. From formulas (3.6), (3.7) we can see
that with the increasing value of , Q will be decreasing. The exponential function
tends to be 0 if  is assumed high values. If  is too small, the exponential
function starts to become equal to 1 for its arguments. In practice, we set the value
of  to be in the range of [0, 5].
Let us optimize the upper bound of the interval (the lower one is determined in an
analogous manner) using the synthetic data given at the beginning of this section.
The plot of Q for selected values of  on upper bound of the given example, see
Figure 9 (a), shows that there is an optimal value of b associated with a clearly
visible maximal value of Q for  = 0.1 and 0.01. As it could have been expected,
higher values of  produce more specific information granules (shorter intervals).
When the numeric values are associated with their individual memberships, the
relationship between value of Q and upper bound is shown in Figure 9 (b). It
exhibits a similar tendency but with a different location of "b" resulting from the
optimization of Q.
When  is equal to zero, the values of denominator in (3.6) and (3.7) are equal to
1. So we only need to maximize numerator—to count the number of points in the
entire range. If the bounds formed in this way cover all testing data, or most data
(for example cover p% data, where p tends to be 100), we can say that the
granular model comes with about round p% data being covered.
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(a)

(b)

Figure 9. Q versus b for different values of  for the numeric data: (a) numeric
values without membership degrees (b) numeric values with membership degrees

3.3. Numerical Evaluation of Information Granules
We have discussed the principle of justifiable granularity in chapter 3.2. Here we
consider a situation of satisfying two conflicting requirements—specificity and
generality. To come up with a single performance index Q taken as a product of
two functions (requirements) f1 and f2, Q =f1*f2 where f1 is an increasing function
of the cardinality of the elements falling within the bounds of the information
granule  (generality) and f2 is a decreasing function of the support (length) of |ba| (specificity).
One of the interesting alternatives is to consider the following two functions:
f1(u)=u
(3.8)
and
f2(u)= e αu
(3.9)
where u =|b-m| and  is a positive parameter controlling the changes of the
function and subsequently offering some flexibility in the produced information
granule. In the optimization problem, it is helpful to consider a two-step process.
First, a numeric representative of the data is determined (say, a mean or median or
any other numeric representative) and the formation of information granules is
realized separately for the lower bound (taking all data that are lower than this
numeric representative) and the upper bound (where we consider the data
positioned to the right from the numeric representative). The maximization of the
expression
 α m a
V(a) = card(d|(d))* e
(3.10)
is carried out with respect to unknown lower bound ―a‖. Here ―m‖ stands for the
numeric representative of the numeric data. Likewise, we proceed with the
α mb
maximization of the expression (objective function) V(b) = card(d|(d))* e
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with ―b‖ being the upper bound of the information granule. It is worth noting that
(3.10) comes with some parameter (), which is essential to its further usage in
granular constructs.
With regard to the above maximization (3.10), one can note an interesting and
intuitively appealing relationship between ―b‖ and the values of the parameter .
Consider that the data larger that the numeric representative are d1, d2, …, dN with
―m‖ being a certain numeric representative. In spite of the values of , the
location of optimal ―b‖ is in-between minimal di and maximal di. Given the form
of (3.13), if b falls below the bound minimal di, then the performance index is
equal to zero. If b moves beyond maximal di, the performance index decreases
monotonically. Indeed, take b1 and b2 where b1<b2. In this case, the performance
index V(b1) is higher that V(b2) which indicates that moving towards higher
values of ―b‖ after exceeding maximal di leads only to the reduced values of the
performance index.
In a similar way we can develop an information granule in the form of a certain
fuzzy set. Here the only difference is that the cardinality of the set of data
contained within the interval has to be replaced by the sum of membership
degrees of the data belonging to the fuzzy set.
To proceed with a numeric quantification of these two criteria, we introduce two
indicators that are closely reflective of the two criteria we identified above. These
two indicators are often used in our granular models in the following chapters.
(a) The cumulative length of information granules (intervals) of outputs of the
granular model described as

L  L i

(3.14)

i

which is reflective of the specificity (the level of detail) achieved in the granular
model, and Li is the length of an interval generated by the i-th instance.
(b) Level of coverage of the
data expressed as a ratio
no. of data covered
I
(3.15)
all data
The higher the ratio is, the better the coverage of the data. Ideally, we may like to
see “I” being very close to 1 however this might result in an unacceptable lack of
specificity of the results provided by the granular model. Accepting a certain
value of  in the construction of the information granules through running the
principle of justifiable granularity, we calculate the resulting values of I as well as
the cumulative length of intervals of the granular outputs of the model.
An example plot in the I-L coordinates is shown in Figure 10. An important
characterization of the quality of the granular model is obtained by computing an
area under curve (AUC), that is
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 I(α)dα

(3.16)

Figure 10. Plot of I versus accumulated length L for selected values of 


The higher the value of the AUC, the better the obtained model is. The
monotonicity property holds: higher values of  imply broader intervals and as a
consequence, result in a higher coverage of the data. Note, however that the
specificity of the results (intervals) is negatively impacted. A single numeric
characterization of the curve I() is provided in the form of an AUC. It could be
sought as a synthetic indicator of the performance of the granular model. In this
way, two granular models can be compared: the one with the higher value of the
AUC is preferred.

3.4. Granulation of Linguistic Terms
Given a numeric scale, 1 to 9 as an example, some linguistic descriptions are
always pursuit in decision making problems. Linguistic terms used in humancentric systems like low, medium and high are a simple partition on this scale.
They can be effectively represented by intervals and fuzzy sets. Schematically, we
can portray the process of arriving at the operational representation of linguistic
terms as illustrated in Figure 11. In this figure, capital letters denote the
corresponding linguistic terms: L- low, M – medium, H – high.
The two important features of such granulation mechanisms are worth noting here:
(a) the mapping is by no means linear that is a localization of the associated
information granules on the scale; (b) the semantics of the terms allocated in the
process of granulation are retained. Various information granulation formalisms
can be contemplated including sets (intervals), rough sets, fuzzy sets, and
shadowed sets (Pedrycz, From fuzzy sets to shadowed sets: interpretation and
computing 2009), just to mention several alternatives.
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Figure 11. Towards the operational realization of linguistic terms: (a) realization
with the aid of intervals, and (b) fuzzy set-based implementation

The question on how to arrive at the operational version of the information
granules can be reformulated as a certain optimization problem. To achieve high
flexibility when stating the optimization problem, especially expressing a
minimized optimization criterion, we use a technique of Particle Swarm
Optimization (PSO) (Kennedy and Eberhart, Particle swarm optimization 1995)
(Ling, et al. 2008) (Trelea 2003) (Tripathi, Bandyopadhyay and Pal 2007) (Bergh
and Engelbrecht 2006) (Wang and Watada 2010) as a viable vehicle. This
population-based method offers a significant level of diversity of possible
objective functions, which plays a role of fitness functions.

3.5. Conclusions
The algorithm realizing the principle of justifiable granularity produces an
information granule (either an interval or a fuzzy set or other types) based on a
collection of numeric data. The nature of the numeric data themselves can be
quite different. Two situations are worth highlighting here:
(a) The numeric data could result from measuring some variables present in
the system. In this case, information granules are treated as non-numeric
data, which can be then used in the design of the model and highlight the
structure of a large number of numeric data.
(b) The numeric data are just membership values of some fuzzy sets reported
for a certain point of the universe of discourse. The granular representation
resulting from the discussed construct gives rise to the information granule
of higher type, fuzzy set of type-2, to be more specific. Depending on the
nature of the information granule formed here, we construct an intervalvalued type-2 fuzzy sets or type-2 fuzzy sets. It is worth stressing that in
this manner, we have arrived at a constructive way of designing of type-2
43

fuzzy sets – the area that has been very much left neglected in the existing
studies.
The algorithms supporting the design of information granules presented so far
have been concerned with one-dimensional data. In situation of multivariable data,
the developed method can be applied to individual variables separately.
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4. Allocation of Information Granularity
The principle of justifiable granularity we introduced in previous chapter
elaborates a way how to construct a meaningful representation of a collection of
numeric values (real numbers)—information granules. It is based on real numbers
that all are under the same definition, such as outputs of local models. When we
are faced with a single model or a set of individual models, a proper way to
provide elasticity or generalize a model is to consider allocating/distributing
information granularity to their components. We will introduce the fundamental
algorithm of the allocation of granularity, several frequently used protocols and
two real application examples in this chapter.

4.1. Information Granularity and Its Allocation
For a model which has numeric parameters and structure, system modeling is
realized in a more or less local way: the model is suitable for the data provided so
far. Owing to the huge size of data stored in the database over time, an abstract
(general) system model becomes an overwhelming alternative. An appealing way
to solve this problem is to assign a level of granularity to the entire system. The
concept of granularity is closely related with the "size", "capacity" or "dimension"
of the information granule (Pedrycz and Gomide, Fuzzy Systems Engineering:
toward human-centric computing 2007). From the intuitive point of view, the size
of the granule describes its specificity. We say that how specific the granule is and
how many details are embraced. The more elements we identify as belonging to
the granule, the more abstract and general it becomes. The notion of cardinality is
the one commonly used to address the problem at the corresponding level of
generality (specificity). The granularity brings a flexibility to view the system.
Moreover, the level of granularity provides an opportunity to avoid the noise and
disturbance on components (parameters and structure) of the system caused by
training data and learning methods. However, an inevitable issue appears
simultaneously: how to distribute (allocate) the assigned level of granularity to
components of the system?
This chapter serves as an exploration to a proper mechanism for allocation of
granularity.
The level of information granularity depends heavily on the task at hand and the
need of the decision-making process. Assuming that given a level of information
granularity "ε" with its value in the unit interval [0, 1], it is going to be allocated
to individual components of a system or local systems, local models, and alike.
We name these components or local systems, local models as "units" and each
unit is assigned with a numeric value of granularity which reflects the level of
flexibility of the unit. For example, the allocation of granularity to a neural
network is the task of allocating information granularity to its connections
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(weights and biases). Thus the value of the unit refers to a weight or bias. Since
there may be a number of units, the process of allocation needs help from a
certain optimization strategy, like evolutionary methods, PSO, ant colony, etc.
The essence of allocation of information granularity is to find a best combination
of granularities that satisfies an optimization of an objective function which
reflects the performance of the whole granular system. We require that the overall
balance of granularity is retained, meaning that the requirement
hε =

h

ε
i 1

i

(4.1)

is satisfied. The values of ε1, ε2, …, εh are levels of granularities for different units
and become the core of the overall optimization problem. h is the total number of
units. Since the values of ε1, ε2, …, εh may differ a lot, different units show
different levels of granularity--generality and specificity. However, we need an
overall criterion of the whole system or model to compare with others. That is
why we ask for the fulfilment of (4.1). In this way, the value of ε is seemed as
information granularity of the whole system or model. We will use symbol ε for
the same meaning in the following chapters. With regard to different formations
of granules, the protocols of allocation of granularity have some diversity.

4.2. Fundamental Protocols of Allocation
The issue of the allocation of information granularity to individual units can be
realized in several different ways depending on how much diversity one would
like to accommodate in the allocation process.
Let's first look at protocols of allocation when information granules are
represented by intervals which are basic and helpful for the more complicated
types of information granules, refer to Figure 12. The following five fundamental
protocols are studied; note that in all cases the balance of granularity presented
above is satisfied (4.1).
C1: uniform allocation of information granularity. This protocol is the simplest
one. Each unit is affected in the same way. In essence, this allocation does not call
for any optimization. All units become replaced by intervals constructed with the
use of the same value of  Intervals themselves are distributed symmetrically
around the original numeric value of the unit meaning that we have - =+ =/2.
Note that - is the granularity for the lower part of the interval and + is for the
upper part.
C2: uniform allocation of information granularity with asymmetric position of
intervals around the original units. In this case, each unit uses the same level of
granularity that is . Instead of - =+ =/2 for all units, - and+ may be
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different. For each unit, the condition of - ++ = is also satisfied. That is: =, and + =).  is a value between 0 and 1. Same rule is abided by the
following protocols.
C3: non-uniform allocation of information granularity with symmetrically
distributed intervals of information granules. The levels of granularity are
different for different units and equal to i. Because of the symmetry, we have i=i+ =i/2. Note that i- is for the lower part of the ith interval and i+ is for the
upper part.
C4: non-uniform allocation of information granularity with asymmetrically
distributed intervals of information granules. The levels of granularity of different
units may be different and we have i- +i+ =i, where i- =i, and i+
=i).
C5: random allocation of information granularity. This protocol is proposed as a
reference method to demonstrate how much improvement is achieved by
optimizing the granular units by using different protocols.

Figure 12. Protocols for intervals and their associated constraints

Each protocol presented above implies a certain way to realize allocation of
information granularity. In the case of C1 and C2, we envision no optimization or a
very limited one-dimensional optimization. As to protocols C3 and C4, the
allocation process has to be realized through some optimization techniques since
the problem is of high dimensionality. Given the increasing level of flexibility in
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the realization of the granularity allocation protocols, C4 offers the highest level of
flexibility.
By these protocols, the resulting interval granule is described as P (u) = [u-, u+].
u- = u - (4.2)
+
u = u + +
(4.3)
This has a premise that the original numeric values of units are mapped into [0, 1].

4.3. Allocation of Granularity in Neural Networks
Neural networks as a fundamental architecture in system modeling is used here as
a typical example to show how to realize allocation of granularity. Although we
are confined with a specific topology—a multilayer perceptron (MLP) (Rocha,
Cortez and Neves 2005), this strategy applies equally well to all other topologies,
such as radial basis function neural networks (RBFNN), neurofuzzy systems and
so on.
Assume that a numeric network that has already been developed by means of one
of well-established learning strategies. Then a data set is used to construct a
granular network, viz. form interval connections on a basis of the given network.
The essential part during this process is the allocation of information granularity.
The granular neural network under consideration, presented in Figure 13,
comprises a single hidden layer consisting of n1 neurons, and a single neuron
located in the output layer. Features (inputs) to the network are organized in a
vector form x = [x1, x2, ..., xn]T. The weight (connection) connecting the ith
neuron in the input layer to jth neuron in the hidden layer comes in the form of an
interval and is denoted by Wji, Wji = [ w -ji , w ji ]. The weights between hidden layer
and output layer are also interval-valued. Each neuron in the hidden layer and
output layer comes with an interval bias. In virtue of the interval connections used
in the network, for any numeric input, the result of processing is an interval, say Y
= [y-, y+].
The challenging yet highly important issue is how to construct interval-valued
weights and biases of a network. The available information granularity (more
specifically, its level of granularity), being treated as an important design asset,
has to be carefully distributed among all the connections of the network so that
the interval-valued output of the neural network ―covers‖ (includes) the
experimental datum. In what follows, we use the proposed protocols of allocation
of information granularity and discuss two indexes whose optimization is realized
through this allocation process.
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Figure 13. An architecture of a granular neural network

Given a level of information granularity assuming values in the unit interval, it
is allocated to the individual weights and biases. A way of building intervals
around the original numeric values of the weights and biases can be referred to as
granularity allocation. The allocation leading to the optimization of a given
performance index refers to optimal information granularity allocation. The
original weight or bias, denoted symbolically by ―wji‖ and "bk" is made of interval
character by forming some bounds around the original numeric values in the
following way
(4.4)
w ji = wji - - |wji| and b-k = bk - - |bk|
= wji + + |wji| and bk = bk + + |bk|
(4.5)
The resulting interval granule of the weights and biases are described as G (wji)
=Wji= [ w ji , w ji ], or G (bk) = [ b-k , bk ]. In this notation, we use G to stress an
w ji

operation of the formation of the granular connection. For a given value of  and a
total number of weights and biases equal to ―h‖, the overall balance of granularity
is equal to h, namely
h
h =  (ε i-  εi+ )
(4.6)
i 1

This formula is an extension of (4.1).
The allocation of information granularity to individual connections can be
realized in several different ways depending on how much diversity one would
like to accommodate in the allocation process. Each protocol presented in chapter
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4.2 (C1 to C5) implies a certain way to realize allocation of information granularity.
In the case of C1 and C2, we envision no optimization or a very limited onedimensional optimization. As to protocols C3 and C4, the allocation process has to
be realized through some optimization techniques since the problem is of high
dimensionality. Given the increasing level of flexibility in the realization of the
granularity allocation protocols, C4 offers the highest level of flexibility.

4.4. Allocation of Granularity in Analytic Hierarchy Process
Another example of allocation of granularity being a flexible asset in system
modeling is in group decision making problems in which each decision maker
(reciprocal matrix) is assigned a level of granularity (we denote it as  here). With
flexibility, each decision maker can adjust their pairwise results and choose the
best representative reciprocal matrix that reaches high consensus among all
decision makers.
Consider a group decision-making scenario in which there are ―c‖ decisionmakers and each of them comes with own preferences (preference vectors), e[1],
e[2],…, e[c] obtained by running the AHP for the corresponding reciprocal matrix
R[1], R[2], …, R[c]. Each reciprocal matrix has the following expression: R = [rij]
and is provided with a finite scale with values spread in between 1 and 9.
Furthermore the quality of preference vectors is quantified by the associated
inconsistency index [i].
The very much needed elasticity/flexibility is brought into the AHP structures by
allowing the reciprocal matrices to be granular rather than numeric. By granular
reciprocal matrices we mean matrices whose entries are not plain numbers but
information granules, say intervals, fuzzy sets, rough sets, probability density
functions and others. In a nutshell, information granularity present here serves as
an important modeling asset, which brings forward an ability of the decisionmaker to exercise some flexibility to be used in modifying his/her own position
when becoming aware of the preferences of the other members of the group. In
essence, the reciprocal matrix is elevated (abstracted) to its granular format. To
emphasize this, we use the notation G(R) to underline the fact that we are
concerned with granular reciprocal matrices where G(.) stands for a specific
granular formalism being used here. Being more specific, we can talk about
interval-valued reciprocal matrices where G(R) = P(R). If information granularity
is formalized in terms of fuzzy sets, then we have G(R) = F(R). When considering
shadowed sets S(.) (Korpela and Tuominen 1996) (van Laarhoven and Pedrycz
1983), we have G(R) = S(R).
Evidently, the higher level of granularity is provided to the individual decisionmaker, the higher the likelihood of arriving at preferences accepted by all
members of the group. Here we appealed to the intuitive concept of granularity by
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trying to present a qualitative nature of the process in which the asset of
granularity is involved. This idea can be formalized depending on the form of
information granules being the entries of the reciprocal matrices. For instance, if
the granularity of information is articulated through intervals, the length of such
intervals–entries of the reciprocal matrix can be sought as a level of granularity.
In case of fuzzy sets, the level of granularity can be gauged by -counts of fuzzy
sets (fuzzy numbers) that are the entries of the granular (fuzzy) reciprocal matrix.
In our further considerations, we confine ourselves to interval-valued reciprocal
matrices with the level of granularity equal to. The flexibility offered by the
level of granularity can be effectively used to optimize a certain objective function
capturing the essence of the reconciliation of the individual preferences.
An idea of having entries of the reciprocal matrix R treated as granular entities
was originally introduced in (van Laarhoven and Pedrycz 1983), see also (Wang
and Chen 2008). More specifically, in this study discussed was a generalized
version of the AHP where the reciprocal matrices were composed of triangular
fuzzy numbers. The underlying motivation was to reflect uncertainty present in
judgments of decision-makers when forming pairwise estimates. The one
advocated here exhibits some resemblance in the sense we are again concerned
with the idea of granularity of information. The crucial difference lies in the
treatment of information granularity – here we treat it as a conceptual vehicle to
facilitate admissible changes to the results of pairwise comparison. This fact is
underlined by including a granular form of the reciprocal matrices allowed in the
problem, that is R[1] R[2], …, R[c] which are elements of the family of intervalvalued reciprocal matrices, namely P(R).
Two suitable scenarios of allocation of granularity among decision-makers are
considered here, namely a uniform allocation of granularity and non-uniform
distribution of granularity. For uniform allocation, starting with the initial
reciprocal matrix provided by the expert and assuming a given level of granularity
 (located in the [0, 1] interval), let us consider an entry for which rij is lower than
1. The interval of admissible values of this entry of P(R) implied by the level of
granularity is equal to
[a, b] = [max(1/9, rij –(8/9)), min(1, rij+ (8/9))]
(4.7)
As to non-uniform allocation, each reciprocal matrix is assigned a level of
granularity i. P(R) is equal to
[a, b] = [max(1/9, rij – i (8/9)), min(1, rij+i (8/9))]
(4.8)
It is interesting to observe how the allowed level of granularity  translates to the
maximal changes in the integer entries of the reciprocal matrices. Table 1 offers a
view at this relationship – this is also helpful in envisioning a reasonable range of
granularity which exhibits a sound impact on the modifications of the entries of
R‘s.
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Table 1. Maximal changes to the entries of reciprocal matrix versus assumed values
of the granularity level



0.005

0.01

0.015

0.02

0.025

0.03

0.05

maximal
changes to
entries of R

0

1

1

1

2

2

3

4.5. Conclusions
This chapter illustrates several basic protocols of allocation of granularity and
explains their potential application fields. One is in the abstraction of an existing
architecture like neural networks (no matter what types) through optimal
allocation of granularity to their connections guided by an optimization criterion.
With the granular architecture of a system one can effectively gauge the
performance of the already constructed model in presence of training data and
when dealing with new data, it is instrumental in the quantification of the quality
of the obtained result. Another application case in system modeling is concerned
with dealing with group decision making problems where we provide each
decision maker some flexibility (a level of granularity). The usage of information
granularity reflects upon and quantifies the diversity among decision makers
within a group. Those two real world application examples will be detailed
discussed in the subsequent chapters with aid of experiments.
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5. A Genetic Reduction of Feature Space in the
Design of Local Fuzzy Models
Before we proceed to system modeling with granular architecture, let‘s look at a
strategy frequently used to deal with raw data which are sent to modeling:
reduction of feature space. It becomes more important in various modeling
methods as a transparent yet accurate model is often required by users and
reduction strategies can help improve transparency and accuracy. Feature
reduction is a straightforward yet effective method that we will discuss its main
advantages in the follows. We realize fuzzy modeling with the reduced feature
space and finally a functional rule-based fuzzy model is constructed.

5.1. Reduction of Input Space
The challenge of building transparent yet accurate enough models remains in the
area of fuzzy modeling. This is particularly essential considering that retention or
enhancements of interpretability is often difficult to realize when the
dimensionality of the input space increases. Fuzzy models, in one way or another,
rely on the use of information granules – fuzzy sets in the formation of their
structure (Alcala, et al. 2009) (Delgado, Gomez-Skarmeta and Martin 1997) (Park,
Pedrycz and Oh 2009). Information granules constitute a backbone of these
models based on which further details are developed. For instance, in rule-based
models a great deal of attention is given to fuzzy sets forming the condition parts
of the consecutive rules. The functional (linear) models forming the conclusion
parts and a way of rule aggregation are the subject of further detailed design steps.
Information granules link also with the important aspect of interpretability of
fuzzy models relating in an important way with the easiness that the model can be
perceived by the user and the underlying nature of the modeled phenomenon
described in a clear way. The effect of combinatorial explosion of features comes
into the picture.
There is no surprise that there have been a variety of ways in which the number of
input variables (features) can be reduced. This happens either by running feature
reduction or feature transformation mechanisms. The reduction of the number of
input variables is one of the appealing alternatives to enhance the compactness of
the model. Then a construction of information granules is realized by a clustering
mechanism in the reduced input space. Hence the term ―information granularity‖
is referred to the number of clusters. Evolutionary optimization, including Genetic
Algorithms, Particle Swarm Optimization and Ant Colonies, has emerged as one
of interesting alternatives supporting the design of fuzzy models (Bonissone, et al.
2006) (Pham and Castellani 2006).
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By emphasizing the essence of the concept of information granules and
information granulation permeating the area of system modeling, the main
objective of this study is to come up with a coherent design framework in which
reduction of input space, granulation of information and realization of functional
models result in cohesive and intertwined activities. By exploiting the well-known
mechanisms, it is our intent to show that when being used in a coherent manner
along with carefully utilized capabilities of parametric optimization they support
the design of accurate and interpretable fuzzy models. As it is well-known in the
literature, feature reduction (reduction of input space) is one of the essential
mechanisms at arriving at fuzzy models of elevated interpretability as well as
higher approximation abilities.
The objective of this study is to inherently associate the process of reducing the
feature space with the design of fuzzy models by invoking the genetic
optimization in the wrapper mode of feature selection. With this regard, there are
several design issues that deserve attention and have to be carefully quantified
with some potential design guidelines:
(a) Relationships between granularity of information processed in fuzzy
models and associated abilities of the input space reduction,
(b) Impact and effective use of parameters of fuzzy clustering in the
realization of the fuzzy model in the reduced input space,
(c) A level of interaction between the rules forming the fuzzy model and the
limits of dimensionality reduction
To fully concentrate on the reduction process itself, we intentionally embark on
the well-established topology of fuzzy rule-based models as those are thoroughly
documented in the literature and as such can be used as a convenient
experimentation platform. Dimensionality reduction is usually realized in two
different ways: (a) by reducing the feature (input) space, and (b) by transforming
the original feature space. In this study, we confine ourselves to the reduction of
the feature space as it retains the identity of the individual input variables. In
contrast, feature space transformation could be more effective (as it does not
invoke any combinatorial optimization, which is evidently associated with a
selection of a subset of features encountered in any reduction of the input space).
It, however, makes the features built in the transformed space difficult to interpret.

5.2. Key Design Phases of Fuzzy Models
One of the essential design phases of the model is the dimensionality reduction of
the input space, which becomes critical in all cases where there are a large number
of inputs and we are concerned with the enhanced interpretability of fuzzy models.
To alleviate the problem, the original input space becomes reduced by retaining
only a subset of inputs that are deemed to be the most essential from the modeling
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perspective. In the sequel a set of information granules {Ai} is formed in the
reduced space and the associated local linear models become constructed. We
envision a general flow of design as portrayed in Figure 14. In contrast to the
standard development of fuzzy models being encountered in the literature, the
essential phase present here deals with dimensionality reduction of input (feature)
space. The fuzzy model described here operates in the reduced space.

Figure 14. An overall flow of design of the fuzzy model and its association with its
underlying architecture and ensuing mechanisms of unsupervised and supervised
learning

The design process naturally implies the use of suitable optimization tools. The
role of various techniques arising under the rubric of Evolutionary Optimization
and swarm-like optimization techniques are worth stressing, see e.g. (Araujo and
Coelho 2008) (Zhao, et al. 2010) (Oh, Pedrycz and Roh 2009).
Here, in contrast to the commonly existing design practices, we engage a broad
spectrum of techniques of structural as well as parametric optimization. In what
follows, we highlight the nature of the optimization processes. Different learning
phases are realized in unsupervised and supervised modes. The experimental data
are provided in the form of input-output pairs ( x 'k , yk), k = 1, 2, …, N, where x 'k
 Rn and y  R. The reduction of the input space results in the pairs (xk, yk)
where now xk  Rp and p < n. When describing each of the design phases, we
stress a suite of parameters, which can be used to assure a sufficient level of the

design flexibility of the overall design.

5.2.1. The architecture of the functional models
The architecture of our fuzzy model is dwelled upon a collection of information
granules, which are formed in the input space. These information granules – fuzzy
sets form a nonlinear transformation of the input space into the c-dimensional unit
hypercube where any input x results in a vector of activation levels – membership
grades of information granules A1, A2, …, Ac. In more detail, we use the notation
ui(x) =Ai(x) to emphasize that the activation level produced by Ai has been
implied by x. The choice of these fuzzy sets forms a suitable cognitive perspective
at which the model is being formed. With each information granule we associate a
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functional (linear) model Li(x, ai) = aiTx with ai being the vector of the parameters
of the i-th linear model. The aggregation of these models to form an overall input
–output relationship is governed by the well-known relationship
c

y (x)   Ai (x)Li (x,a i )

(5.1)

i1

where y(x) is the output of the fuzzy model for x. The derivation process of the
vector of parameters is elaborated in chapter 2.2. From the point of view of flow
of processing, there are two phases: (a) nonlinear transformation of input space
 of membership in the c-dimensional unit hypercube, and
into a vector of degrees
(b) linear aggregation of the membership degrees.

5.2.2. Development of reduced feature space
In order to deal with feature searching space‘s explosion problem when the
number of features is large, some feature dimensionality reduction approaches
have been proposed. For many practical problems, the original data sets are
obtained without professional analysis and this makes the noisy features‘
existence. Our experiments show that only subset features may have the same or
similar performance (accuracy) with using all the features on regression problems.
In this section, we do the feature selection with evolutionary algorithms (EA) and
genetic algorithms (GAs), in particular. EA has already been used for structural
and parameter optimization in fuzzy modeling. Real-code GA is adopted as the
technique to select essential features. In order to decide the number of subset
features, we have done experiments from one feature to all features on some
benchmark data sets. All the results show the same tendency that there exists a
critical drop on output error and after which the error just fluctuates in a very
small range. In this way, we can say that this point or its next point (or we can
give a criterion to decide the point) is the number we would like. At the same time
we also know which features are selected. At this point, the prep-processing has
been completed. The subset features can be used as the input in the next step in
fuzzy modeling.
Selecting a relevant subset of features (inputs) from a large set of features is
critical to the effective construction of fuzzy models, their accuracy and
interpretability. The problem is of combinatorial character. Selection ―p‖ out of ―n‖
requires the number of attempts equal to
n
n!
(5.2)
 
 p  p!(n-p)!
which for large values of ―p‖ calls for some optimization. Genetic Algorithms
form one of the viable alternatives. As they are well documented in the literature,
we recall only the most essential realization aspects. The real-number content of
the chromosomes is more suitable to represent the search space of subsets of
features. The length of the chromosome is equal to ―n‖. The decoding of the
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chromosome is realized as follows. The entries are ranked and replaced by integer
values of the ranking indexes. The string of integers obtained in this way produces
the subset of indexes of the input variables which form the reduced space. The
fitness function describes the performance of the fuzzy model; the relevant details
will be covered in the subsequent sections.

5.2.3. Design of information granules
A commonly accepted way of forming information granules (Zadeh, Towards a
theory of fuzzy information granulation and its centrality in human reasoning and
fuzzy logic 1997) on a basis of experimental data is to use techniques of fuzzy
clustering. With this respect, Fuzzy C-Means (FCM) (Bezdek 1981) has assumed
a highly visible position. As the method is well documented in the literature and
has been exploited quite often in the context of fuzzy modeling, rather than
presenting details, we recall the most essential design aspects. The minimization
of the objective function of (2.7) is realized in an iterative fashion by adjusting
location of prototypes and the partition matrix. The two important design
parameters here concern the number of fuzzy sets and a value of the fuzzification
coefficient (m) assuming values larger than 1. The distance function is predefined
in advance and the iterative scheme given in the literature works under the
assumption of the use of the Euclidean distance or its weighted counterpart.
The fuzzification coefficient implies a certain level of interaction between the
rules. The higher the overlap between the information granules, the more
interaction occurs between the granules. This increased interaction is manifested
at the level of the rules themselves, which has a detrimental effect on the
interpretability of the rules, which cannot be easily interpreted out of the overall
context formed by the collection of the rules. The interaction between two rules
(their conditions) Ai and Aj can be quantified in the form of the integral
f(m)   min(Ai (x),A j (x))dx
(5.3)
or, which becomes more practically viable, as a sum taken over all data used to
construct the fuzzy model


N

f(m)  min(A i (x k ), A j (x k ))
k1

(5.4)

The relationship between the values of “m” and the interaction level expressed as
a function of m, f(m), is illustrated in Figure 15.
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Figure 15. An example plot of the interaction index regarded as a function of the
fuzzification coefficient (m). The prototypes are defined in one-dimensional space
where v1 = 1.0 and v2 =7.0.

The interaction between the rules is indirectly associated with their interpretability;
the higher the interaction level, the lower the interpretability of the rule in the
sense that when displaying the rule, we have to be cognizant that its performance
does not only depend on what it contains in the condition and conclusion parts but
also relates to the contributions coming from other rules and being brought
forward to the picture through the particular level of interaction. Given the
relationship presented in Figure 15, high values of the fuzzification index are not
suitable from the interpretation perspective.
The granular signature of the data can be concisely viewed as a collection of fuzzy
sets {Ai(vi, m)}. An interesting generalization of fuzzy clustering arises when for
each cluster we allow for a different value of the fuzzification coefficient (Pedrycz,
Knowledge-Based Clustering: From Data to Information Granules 2005). In other
words, the objective function reads as follows
c

N

Q   u ikmi xk  vi

2

(5.5)

i 1 k 1

i = 1, 2, …, c. where m1, m2, …, mc >1. The optimization is realized in a slightly
different way in comparison to what has been done so far. While one cannot
determine the partition matrix in the same fashion as in the standard FCM, we
postulate the calculations to be in the form
1
u ik (t  1) 
(5.6)
2/(mi 1)
c
x k  v i (t)


j1

x k  v j (t)

2/(m j 1)

while the prototypes are computed in the same way as before that is,
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N

vi 

u

mi
ik

xk

k1
N

u

(5.7)

mi
ik

k1

The associated advantage comes with the higher level of flexibility captured by
vector of the fuzzification coefficients which as results produces the granular
signature of the data to
 be in the form {Ai(vi, mi)}. The drawback is more
demanding optimization process to arrive at the optimal values of the entries of
the vector m = [m1 m2 …mc]T.

5.3. Experimental Studies
Through the series of experiments reported in this section, we quantify the
performance of the model and analyze the resulting structure as well as draw
several observations pertaining to the overall design process and discuss an
impact of various parameters of the model on its performance.
All experiments are carried out in the 10 fold cross-validation mode, which brings
about higher stability of results in comparison with the case of a simple split of
data in the training and testing part. The structural optimization of the model
(selection of a subset of input variables) is realized through the use of the floatingpoint version of Genetic Algorithm (GA).
The values of the essential parameters of the GA such as the size of the population
and the number of generations are selected experimentally based on some
preliminary runs of the method. The content of each chromosome is translated
into a subset of selected input variables to be used in the model. Given ―n‖
dimensional inputs, the chromosome consists of ―n‖ real number entries assuming
the values in the [0, 1] interval. To select a subset of ―p‖ inputs, we rank the
entries of the chromosome, order them from the highest to the smallest and select
those features whose indexes are the first ―p‖ entries of the chromosome. Assume,
for instance, that the content of the chromosome is [0.59 0.10 0.23 0.66 0.14 0.98
0.50]. The ranking leads to the order [5 1 3 6 2 7 4] and if p = 3 features are
required; those are 5, 1, and 3. The design of the information granules is carried
out in this reduced feature space. Once the information granules have been
constructed and the associated local linear models developed, its performance is
evaluated and it is being used as a fitness function. We use the elitist strategy,
two-point crossover operation and a uniform mutation operation. The values of
the crossover and mutation rates are equal to 0.8 and 0.05, respectively. They are
in line of the values being encountered in the literature. Data sets used here are:
synthetic data, auto MPG and Bodyfat.
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Synthetic data
The two-dimensional synthetic data are generated from the nonlinear relationship
of the form:
f(x1, x2) = 0.8*sin(x1) + 0.2*sin(2*x2)
(5.8)
with the inputs assuming values in-between -4 and 4 (x1), 10 and 18 (x2). The plot
of the data set generated by this relationship is shown in Figure 16. The training
and testing data comprise 240 and 160 input-output data being uniformly
distributed throughout the input space.
As we have only two input variables, there is no need to carry out genetic
optimization to select a subset of input features. Considering both input variables,
we run a series of experiments to determine an optimal value of the fuzzification
coefficient ―m‖ assuming a certain number of clusters. The results are presented
in Figure 17. It has been found that the performance index depends on the values
of the fuzzification coefficient; however, the general tendency of the relationship
varies depending upon the level of granularity. For c = 2, there is a clearly visible
minimum in the vicinity of c = 2. For c = 3 the relationship is quite monotonic
with the values of Q being lower with the increase in the values of ―m‖; however
the minimal value is obtained at m = 9.3. With further increase of the values of
―m‖, the values of Q increase; however there is some level of oscillations. For c =
4, there is a minimum m located around 5, Figure 17 (c). Higher values of the
fuzzification coefficient imply a spike-like form of the membership functions,
which assume values equal to 1 for the prototypes of the clusters and then rapidly
move down. The average of membership degrees in each cluster tends to 1/c. The
shapes of information granules do not change significantly when moving from c =
3 to c = 5, see Figure 17.

Figure 16. Two –dimensional input-output relationship used to generate synthetic
data

60

(a)

(b)

(c)

(d)

Figure 17. Performance index Q as a function of “m” – results shown for the
training and testing data, c = 2, 3, 4, 5

The distribution of the information granules for several selected values of ―c‖ is
illustrated in Figure 18.

Figure 18. Distribution of information granules in the input space; shown are the
boundaries of the clusters for c =2 and c =4.
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The obtained results, which are reported vis-à-vis varying values of ―c‖ are
presented in Table 2. Here we include the values of the performance index for the
training and testing set (both the mean values and standard deviations, std) and the
optimal values of ―m‖ (along with their means and standard deviations)
Table 2. Performance of the fuzzy model (training and testing data) for selected
levels of granularity (number of clusters)
c
Qtrain±std
Qtest±std
Optimal value
of ―m‖

2
0.1142±0.0070
0.1294±0.0096
6±0

3
0.0663±0.0055
0.0731±0.0068
4.8500±1.7803

4
0.0222±0.0069
0.0268±0.0087
4.2000±1.7512

5
0.0163±0.0037
0.0222±0.0062
6.1100±2.4379

Now we reduce the feature space to a single variable; as shown in Table 3, it is
apparent that the first variable was the preferred choice resulting in lower values
of the performance index. The obtained results are reported in Table 3.
Table 3. Performance of the reduced fuzzy model (training and testing data;
successive rows) for selected levels of granularity (number of clusters)
c

features

3
0.0273±0.0013
0.0290±0.0020
4.6500±1.8416

4
0.0233±0.0011
0.0265±0.0016
3.3500±1.8265

5
0.0196±0.0009
0.0226±0.0016
3.7000±1.3984

Second feature 0.1923±0.0106 0.1821±0.0059
0.1987±0.0105 0.1876±0.0111
optimal value
2.2500±0.6770 3.3000±1.7029
of ‗m‖

0.1676±0.0091
0.1788±0.0104
3.6000±1.5951

0.1696±0.0054
0.1840±0.0110
5±1.6330

First feature
optimal value
of ‗m‖

2
0.0621±0.0034
0.0652±0.0042
6 ±0

When for each cluster we allow a different value of the fuzzification coefficient,
and the optimized entries of the vector m = [m1 m2 …mc]T are obtained by real
coded GA, we can find the same trend as above, just a slightly different of the ―m‖
value. Please see Tables 4 and 5.
Table 4. Performance of the fuzzy model for the whole feature space (two features)
and optimized values of the fuzzification coefficients of the individual clusters

c
Qtrain±std
Qtest±std
range
of
values of ―m‖

2
0.1140±0.0071
0.1380±0.0117
[5.85 5.85]

3
0.0621±0.0056
0.0922±0.0184
[5.2 5.25 5.45]

4

5

0.0182±0.0060
0.0562±0.0241
[4.9 4.35 4.9
4.55]

0.0158±0.0040
0.0481±0.0249
[4.15 4.3 4.5 4.3
4.4]

We present the results for several real data sets by focusing on the performance of
the fuzzy models being treated as functions of the granularity of the architecture
(c) and the dimensionality (p) of the reduced feature (input) space.
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Table 5. Performance of the fuzzy model for the reduced feature space and
optimized values of the fuzzification coefficients of the individual clusters

c
features
First feature
optimal value
of ‗m‖

2
0.0612±0.0022
0.1042±0.0090
[5.85 5.85]

3
0.0264±0.0008
0.0336±0.0033
[4.8 4.75 4.8]

Second feature 0.1878±0.0075 0.1740±0.0071
0.2002±0.0125 0.2403±0.0568
optimal value
[1.8 1.9]
[4.35 4.1 4.55]
of ‗m‖

4

5

0.0221±0.0009
0.0366±0.0108
[3.85 4.4 4.2
4]
0.1632±0.0065
0.2114±0.0204
[3.8 4.2 3.15
3.3]

0.0188±0.0007
0.0329±0.0141
[4.3 4.45 4.2
4.4 4.5]
0.1601±0.0075
0.2921±0.0822
[4.15 4 4.35
4.5 4.05]

Auto MPG data set
In this data set, the automobile‘s fuel consumption expressed in miles per gallon
is to be the output of the model. The dataset includes 392 input–output pairs (after
removing incomplete instances) where the input space involves 6.

(a)

(b)

(c)

(d)

Figure 19. Performance index (mean value and standard deviation) versus the
dimensionality of the successively reduced feature space for c = 2: (a) m = 1.5 (b) m
= 2 (c) m = 3 (d) m = 4
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10 fold cross-validation is adopted to quantify the performance achieved on the
training and testing data. In each run, the data are subject to the 60% - 40%
random split into the training and testing subsets. The results are visualized in
Figure 19 where we show the values of the performance index for the training and
testing data (both in terms of the mean value and standard deviation) for selected
values of ―m‖.
It becomes apparent that the set of input variables can be significantly reduced by
retaining only 2 or 3 inputs and this reduction is possible irrespective of the values
of the fuzzification coefficient. The graphs shown in Figure 20 show the
performance of the model for the increased level of granularity, that is c =5. Here
an interesting tendency is clearly emphasized: with the increased dimensionality
of the input space, the performance of the model on the training set is not very
much improved however there is a clear deterioration of performance of the
model when run on the testing data.

(a)

(b)

(c)

(d)

Figure 20. Performance index (mean value and standard deviation) versus the
dimensionality of the successively reduced feature space for c = 5: (a) m = 1.5 (b) m
= 2 (c) m = 3 (d) m = 4

Table 6 summarizes the values of the performance index obtained for different
levels of granularity (by varying c from 2 to 5 and keeping the same value of the
fuzzification coefficient set to 2.0).
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Table 6. Performance index Q versus the granularity of information (c) and the
number of retained input variables (shown are the values mean values and standard
deviations on the training and testing sets, m = 2)
p
c2
3
4
5

1

2

3

4

5

6

17.5729±1.4211
18.9065±2.5516
17.3228±1.5186
19.0289±2.8038
17.1226±1.4717
19.4137±2.8925
16.9059±1.3408
19.9814±2.0456

9.1595±0.8620
9.0494±1.2683
8.6544±0.7201
8.7526±0.9740
8.1999±0.8647
8.8479±1.1926
7.7949±0.7541
8.7357±1.3463

8.1524±0.7720
8.6698±1.1510
7.2756±0.7161
8.3428±1.1507
6.7196±0.6791
8.0306±1.0567
6.5609±0.7602
8.6393±1.1240

7.9872±0.7849
8.9437±1.2623
6.9295±0.7663
9.0557±1.5033
6.2978±0.6283
8.2109±1.0461
6.0883±0.6123
8.5388±1.0213

7.7937±0.7534
8.9619±1.3059
7.0041±0.6128
9.1924±1.1062
6.1886±0.5969
8.1364±0.9766
5.9816±0.5920
9.3210±1.6391

7.7315±0.7461
8.8648±1.3229
7.2242±0.6786
9.2007±1.2870
6.6570±0.6446
9.0212±0.5723
6.4183±0.6795
12.3718±3.7188

Figure 21 visualizes the results in the performance index – p coordinates. Here it
becomes apparent that the changes in the values of the performance index are not
affected too much when increasing the dimensionality of the input space. There is
also a consistent pattern of behaviour with respect to the increased granularity of
the space.
The results being reported in a tabular format in Table 7 focus on the details of the
feature space by showing subsets of input variables (features), which form the
reduced feature space; these relationships are reported for selected values of ―m‖.
The notation used here shows combinations of inputs which appear most often
(results contained in the first brackets) which is followed by frequency it appeared
(the result in the second bracket). For instance, for p = 3 and m = 2, the reduced
subset of inputs is (3, 4, 6) and in the 10 fold cross validation it appeared 10 times
out of 10 times.

(a)

(b)

Figure 21. Visualization of the characteristics of the fuzzy model in the performance
index – p coordinates. Shown are the relationships between the performance of the
model and the increase of the dimensionality of the input space.

We can observe that the subsets of features are stable (viz. they appear quite
consistently over all repetitions of the experiments) and the increase of the
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dimensionality of the input space results in adding new features while retaining
the smaller subset that has been already identified. With this regard the growth of
the input space results in the sequence of the inputs
p = 1 weight (4)
p = 2 weight (4), model year (6)
p = 3 weight (4), model year (6), horsepower (3)
p = 4 weight (4), model year (6), horsepower (3), displacement (2)
p = 5 weight (4), model year (6), horsepower (3), displacement (2), number of
cylinders (1)
These subsets of inputs are intuitively appealing and reveal an interesting
relationship between fuel consumption and the main characteristics of vehicles. If
only a single input is to be considered then the weight comes into the play. For
higher dimensionality of input spaces, the year of the model is to be considered
and next horsepower and displacement start to appear in the realization of the
model.
Table 7. Formation of reduced feature spaces and their stability (in terms of
occurrence of subsets of features) for selected values of c and m
p

1

1.1
2
3
4

(4)(8/10)
(4)(9/10)
(4)(10/10)
(4)(10/10)

2

c=2
3

4

5

(3,4,6)(10/10)
(3,4,6)(10/10)
(3,4,6)(10/10)
(3,4,6)(10/10)

(2,3,4,6)(10/10)
(1,3,4,6)(5/10)
(1,3,4,6)(9/10)
(1,3,4,6)(9/10)

(1,2,3,4,6)(7/10)
(1,2,3,4,6)(6/10)
(1,2,3,4,6)(7/10)
(1,2,3,4,6)(9/10)

c=3
3

4

5

(3,4,6)(10/10)
(3,4,6)(10/10)
(3,4,6)(10/10)
(3,4,6)(10/10)

(1,3,4,6)(5/10)
(1,3,4,6)(8/10)
(1,3,4,6)(10/10)
(1,3,4,6)(9/10)

(1,2,3,4,6)(4/10)
(1,2,3,4,6)(8/10)
(1,2,3,4,6)(9/10)
(1,2,3,4,6)(9/10)

c=4
3

4

5
(1,2,3,4,6)(5/10)
(1,3,4,5,6)(5/10)
(1,2,3,4,6)(10/10)
(1,2,3,4,6)(10/10)
(1,2,3,4,6)(10/10)

m

p

1

(4,6) (10/10)
(4,6) (10/10)
(4,6) (10/10)
(4,6) (10/10)

2

m

1.5
2
3
4

p

(4)(6/10)
(4)(7/10)
(4)(6/10)
(4)(8/10)

1

(4,6)(10/10)
(4,6)(10/10)
(4,6)(10/10)
(4,6)(10/10)

2

m

1.5

(4)(6/10)

(4,6)(10/10)

(3,4,6)(10/10)

(1,3,4,6)(10/10)

2
3
4

(4)(7/10)
(4)(7/10)
(4)(6/10)

(4,6) (10/10)
(4,6)(10/10)
(4,6)(10/10)

(3,4,6)(10/10)
(3,4,6)(10/10)
(3,4,6)(8/10)

(1,3,4,6)(10/10)
(1,3,4,6)(10/10)
(1,3,4,6)(9/10)
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Bodyfat data set
The Bodyfat data set (http://lib.stat.cmu.edu/datasets/bodyfat) is a collection of
estimates of the percentage of body fat determined by underwater weighing and
various body circumference measurements for 252 men. The results are reported
in Figure 22 and Table 8 and 9. It becomes apparent that for this data set, the
feature space could be reduced to 1 or 2 features; the plot of Q is ―flat‖ and does
not change when reducing the number of the features.

(a)

(b)

(c)

(d)

Figure 22. Performance index versus the dimensionality of the feature space (c = 2):
(a) m = 1.5 (b) m = 2 (c) m = 3 (d) m = 4
Table 8. Values of Q for selected values of p and c (m = 2)

p
c

1

2

3

4

12

13

2

1.5888±0.8209
1.4870±1.2849

1.4106±0.6960
1.7082±1.2425

1.3848±0.6769
1.7665±1.0861

1.4152±0.7103
2.0012±1.1427

1.1652±0.5702
2.6298±1.0720

1.1665±0.5679
2.6562±1.0651

3

1.4661±0.7494
1.5105±1.2041

1.2570±0.6467
2.2371±1.2928

1.1584±0.5581
2.6145±1.1316

1.1949±0.6358
2.5815±1.2893

0.9271±0.4762
3.2899±0.9243

0.9327±0.4706
3.2643±0.9377

4

1.3540±0.6937

1.0306±0.4739

0.9140±0.4315

0.7449±0.4801

0.4930±0.2811

0.6564±0.3185
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14
1.1719±
0.5668
2.6277±
1.0662
0.9479±
0.4702
3.2307±
0.8843
0.7713±

5

1.6698±1.1134

2.6551±1.2858

2.5282±1.1942

2.8897±1.3699

7.2003±5.1335

7.2523±3.5429

1.2430±0.6473
1.8746±1.1262

0.8648±0.4398
2.1813±1.2097

0.5905±0.3721
1.9842±1.3382

0.4689±0.3058
2.0719±1.5221

0.3207±0.2432
4.8568±3.7252

0.3345±0.2571
5.5248±3.6579

0.4001
5.8197±
3.0934
0.3942±
0.2984
9.3702±
9.5224

Table 9. Collections of features forming the reduced feature space for c = 2

p
m
1.5

1

2

3

4

12

13

(1)(10/10)

(1,7)
(8/10)
(1,7)
(7/10)
(1,7)
(7/10)
(1,7)
(7/10)

(1,7,11)
(5/10)
(1,7,11)
(6/10)
(1,7,11)
(5/10)
(1,7,11)
(5/10)

(1,2,7,11)
(4/10)
(1,2,7,11)
(5/10)
(1,2,7,11)
(5/10)
(1,2,7,11)
(5/10)

(1,2,4,5,6,7,9,10,11,12,13,14)
(2/10)
(1,2,3,5,6,7,8,9,10,11,12,13)
(3/10)
(1,2,3,5,6,7,8,9,10,11,12,13)
(2/10)
(1,2,3,5,6,8,9,10,11,12,13,14)
(2/10)

(1,2,4,5,6,7,8,9,10,11,12,13,14)
(3/10)
(1,2,3,5,6,7,8,9,10,11,12,13,14)
(4/10)
(1,2,3,5,6,7,8,9,10,11,12,13,14)
(5/10)
(1,2,3,5,6,7,8,9,10,11,12,13,14)
(4/10)

2

(1)(10/10)

3

(1)(10/10)

4

(1)(10/10)

The reduced input space is formed by the following features (here c = 2)
p = 1; Percent body fat from Siri's (1956) equation (1)
p = 2: Percent body fat from Siri's (1956) equation (1), Abdomen 2 circumference
(7)
p = 3: Percent body fat from Siri's (1956) equation (1), Abdomen 2 circumference
(7), Ankle circumference (11)

5.4. Conclusions
The design of fuzzy models inherently invokes the fundamentals and the
development of information granulation. Among other factors, the interpretability
of the fuzzy model relates to the dimensionality of the input space and thus its
reduction becomes one of the efficient ways of increasing the transparency of the
model. The reduction problem is of combinatorial nature, in which we can resort
ourselves to the methods of Evolutionary Computing and swarm optimization.
Through a series of experiments, we showed that the reduction of the input space
becomes possible and the reduced space is fairly stable (viz. consists of the same
subsets of inputs) irrespective of the varying granularity of the model. The level
of reduction varied from data to data and this could have been anticipated. In
some cases it was shown that the reduced space led to better performance of the
models in terms of the resulting accuracy. We also demonstrated that the
optimization of the fuzzification coefficient impacts the quality of the model.
Furthermore the fuzzification coefficient relates to the interpretability of the rules
considering that the level overlap between information granules translates into the
level of interaction between the rules.
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Further investigations can include nonlinear local models in which case we may
envision the ability to use a lower number of rules (local models)or other
modeling architectures like neural networks. The long-term research agenda
worth pursuing may embrace a general concept of modeling resources such as the
overall number of subconditions, order of local models (treated as polynomials)
which are to be allocated throughout all the rules so that a predefined objective
function becomes minimized. This positions us in the realm of structural
optimization with the anticipated use of the machinery of evolutionary and
population-based computing.

69

6. Granular Fuzzy Modeling
We have proposed a new feature reduction method in fuzzy modeling and applied
it in linear fuzzy modeling. Both feature reduction and linear fuzzy models are
fundamental considerations when we do system modeling. In this chapter, we
propose an advanced fuzzy model: a hierarchy fuzzy model aggregated by local
fuzzy models. A new aggregation technique is proposed here in which each local
model is assigned with a granularity. The result comes in the form of a so called
granular model, which directly reflects upon and quantifies the diversity of the
available sources of knowledge (local models) involved in knowledge
management. Several detailed algorithmic schemes are presented along with
related computational aspects associated with Granular Computing.
It is also shown how the construction of information granules completed through
the use of the principle of justifiable granularity becomes advantageous in the
realization of granular fuzzy models and a quantification of the quality (specificity)
of the results of modeling. We focus on the design of granular fuzzy models
considering that the locally available models are those fuzzy rule-based. Numeric
results are discussed with intent of displaying the most essential features of the
proposed methodology and algorithmic developments.

6.1. Ensemble of Models
In system modeling, knowledge management comes vividly into the picture when
dealing with a collection of individual models. These models being considered as
sources of knowledge are engaged in some collective pursuits of a collaborative
development to establish modeling outcomes of global character. We here
propose a new method thus that the final result comes in the form of a so-called
granular fuzzy model, which directly reflects upon and quantifies the diversity of
the available sources of knowledge (local models) involved in knowledge
management.
We enrich the plethora diversity of existing methodologies and algorithms by
moving from single, individual and local models to a family of models in which
individual models collaborate with others under an ultimate intent of forming a
more abstract, holistic and general model of the underlying phenomenon, process
or a system delivering a global albeit less detailed view at the reality. This shift
has brought a number of new challenges along with tangible benefits and better
rapport with reality irrespectively from the development technologies. There is no
surprise that in fuzzy modeling with its plethora of design techniques, see (Alcala,
et al. 2009) (Chang and Wang 2009) (Delgado, Gomez-Skarmeta and Martin 1997)
(Gobi and Pedrycz 2007) (Kacprzyk and Zadrozny 2001) (Liang and Pedrycz
2009) (Park, Pedrycz and Oh 2009) (Roubos and Setnes 2001) involving criteria
of accuracy and interpretability (Eftekhari, et al. 2008) (Ishibuchi and Nojima,
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Analysis of interpretability-accuracy tradeoff of fuzzy systems by multiobjective
fuzzy genetics-based machine learning 2007) and invoking promising methods of
global optimization (Pham and Castellani 2006), this concept has to translate into
sound concepts, methodology, design strategies, and finally detailed algorithms.
It is worth noting that there have been some developments along the line of
collaboration, consensus–building and knowledge exchange in decision-making
(Pasi and Yager 2006) (Herrera, Martinez and Sanchez, Managing nonhomogeneous information in group decision making 2005) (Pedrycz and Rai, A
multifacted perspective at data analysis: a study in collaborative intelligent agents
2008); however the role and unavoidable emergence of information granules as a
vehicle to quantify a diversity of sources of knowledge has not been fully
exploited. Let us observe the general character of a system which helps motivate
this study.
Consider a system for which formed is a series of models. This system can be
perceived from different, quite diversified points of view. It can be observed over
some time periods, some different locations and analyzed at different levels of
details. Subsequently, each local model is built with a certain objective in mind. It
is a very interesting scheme to form a holistic model of the system by taking
advantage of the individual sources of knowledge which has been constructed so
far. When doing this, it is obvious that the different sources of knowledge show a
diversity character and hence this diversity has to be taken into consideration and
quantified carefully. No matter what features individual models own, it is
legitimate to anticipate that the global model (at the higher level of a hierarchy) is
more abstract, general. Due to the nature of information granules (Pedrycz,
Knowledge-Based Clustering: From Data to Information Granules 2005) (Zadeh,
Towards a theory of fuzzy information granulation and its centrality in human
reasoning and fuzzy logic 1997) (Zadeh, Toward a generalized theory of
uncertainty (GTU) –– an outline 2005) (Zadrozny and Kacprzyk 2006)
(generation of numeric information), it is legitimate to assume that there is a sort
of formalism of information granules in global models. Thus information granules
offer a unique way to quantify the diversity of sources of knowledge and express
this in the way of the level of granularity.
From the reviewed literature (Yager, On ordered weighted averaging aggregation
operators in multicriteria decision making 1988) (Yager, Hierarchical aggregation
functions generated from belief structures 2000) (Wu and Mendel 2007) (Chen,
Tiho and Yao 2009) (Zhou and Yu 2005) (Kuncheva and Rodriguez 2007) (Islam,
et al. 2008) (Reformat, A fuzzy-based multimodel system for reasoning about the
number of software defects 2005), we can find that the concept of using a
collection of models has been around for some time. The term ensemble is
commonly used to describe the combined model. It can be demonstrated from
compelling evidence that the performance of the ensemble is substantially better
than a single model. We provide a list of existing approaches which are most
popular in Table 10.
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In spite of the visible diversity present in the table, there is also a clear similarity:
the result of aggregation is positioned at the same level of granularity as the
results produced by the individual models involved in the aggregation.

Table 10. Selected models and their aggregation
Reference

(Yager,
On
ordered
weighted
averaging
aggregati
on
operators
in
multicrite
ria
decision
making
1988)
(Yager,
Hierarchi
cal
aggregati
on
functions
generated
from
belief
structures
2000)
(Wu and
Mendel
2007)
(Chen,
Tiho and
Yao
2009)
(Zhou
and Yu
2005)
(Fumera
and Roli
2005)
(Kunchev
a and
Rodrigue
z 2007)

Local
models
―n‖ numeric
values in [0,
1] of ―n‖
criteria {A1,
A2, ..., An},

Aggregation mechanism

Aggregation result

OWA (ordered weighted averaging):

numeric value

―n‖ numeric
values in [0,
1] of ―n‖
criteria {A1,
A2, ..., An},

G(a1 ,a 2 ,...,a n )   αi Fw i ([Bi ])

―n‖ intervalvalued fuzzy
sets
n CART
trees in an
ensemble

q

numeric value

i=1

Bi is a subset of relevant criteria, Mi
provides a description of what
portion of the criteria in need be
satisfied in order for the module to be
satisfied and αi indicates the value of
satisfying this module

interval –valued fuzzy set

m

Y

WX
i 1
m

i

i

W
i 1

i

EP
(Expectation
pruning algorithm

propagation)

a subset of ensemble members
(bagging, Adaboost, and Random
Forest used to generate ensemble)

n nearestneighbor
classifiers
―n‖ MLP
classifiers

majority voting

numeric class label

Linear function combiner with
optimal values of the classifier
weights

numeric class label

―n‖ decision
trees

Each classifier in the ensemble is
replaced by a miniensemble of a pair
of subclassifiers with a random linear
oracle to choose between the two.

an ensemble; numeric output
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(Islam, et
al. 2008)

―n‖ neural
network
(NN)
classifiers

No aggregation; each NN is an
element of the ensemble; the smallest
error on a validation set.

an ensemble of ―n‖
networks-numeric output

neural

6.2. Formation of Granular Fuzzy Models
As explicitly described in chapter 3, the principle of justifiable granularity is
concerned with a formation of a meaningful representation of a collection of
numeric values. It is clear that the component of granularity brings a desired level
of flexibility required to reflect and quantify an inherent diversity of individual
fuzzy models. The underlying concept is concisely illustrated in Figure 23. The
unavoidable granularity effect manifests at the resulting model formed at the
higher level of abstraction, hence the construct obtained there comes as a
generation of fuzzy models present at the lower level of the hierarchy, namely
granular fuzzy models.
A certain system or phenomenon is perceived from different points of view
(perspectives). The fuzzy models emerging there, denoted as FM-1, FM-2, …,
FM-p use locally available data D-1, D-2, …, D-p. In general, we can envision
fuzzy models to be of different nature (say, rule-based, neurofuzzy model, fuzzy
cognitive map); however for the sake of the clarity of overall presentation we
assume that all of them are fuzzy rule-based models here. The models FM-1, FM2, …, FM-p are now brought together by forming a global model at the higher
level of hierarchy. The model at the higher level is definitely more abstract
(general) than those at the lower level as it tries to embrace a variety of sources of
knowledge (fuzzy models). As such we envision that the output of such fuzzy
model is less specific than the numeric output generated by any of the fuzzy
models at the lower level. Imagine that the input is equal to x with x being a
numeric vector of inputs coming from the system. Each fuzzy model produces the
numeric outputs FM-1(x), FM-2(x), …., FM-p(x).
In virtue of the different perception of the system itself, it is very likely that these
outputs are different; we do not rule out that they could be close to each other. If
the fuzzy model at the higher level is to capture this diversity of the sources of
knowledge (viz. fuzzy models), intuitively for the same x it should return an
output that is more abstract than a single numeric entity; that is a certain
information granule. Hence such fuzzy models producing granular outputs will be
referred to as granular fuzzy models.
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Figure 23. The emergence of information granularity in the model at the upper level
of the hierarchy as a result of dealing with the diversity of fuzzy models FM-1, FM2, …, FM-p. The emergence of information granularity is denoted by large grey dot
placed next to the granular fuzzy model being formed there

Alluding to Table 10, we can contrast the proposed construct with the approaches
existing in the literature, especially that on a surface there seem to be some
similarities. There are several evident differences:






The result of aggregation is positioned at the higher level of abstraction in
comparison with the results generated by the individual models. For
instance, the models involved in the aggregation produce numeric outputs
and numeric outputs are also generated as a result of aggregation. Here,
the outputs are granular (coming in the form of intervals, fuzzy sets, rough
sets, etc.) even though the individual models generate numeric outputs.
This can be viewed as a substantial advantage of the overall topology as it
helps quantify the diversity of the individual sources of knowledge (viz.
models). The quantification of this diversity is realized by running the
principle of justifiable granularity.
The data are not shared meaning that each model is constructed on a basis
of locally available data; furthermore the variables at each data set need
not be the same. This stands in sharp contrast with the scenario of bagging
or boosting of a family of models.
The individual models could be very different (say, neural networks, rule–
based models, linear regression, etc.)

In the following, we present in more detail one scenario of capturing sources of
knowledge (fuzzy models) in case the individual sources of knowledge-fuzzy
models are treated as a collection of fuzzy rule-based models. The transfer of
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knowledge realized here is focused on the use of information granules forming a
backbone of the individual fuzzy models at the lower level. As the antecedents of
the rules are formed on a basis of information granules, a realization of a certain
model at the higher level of hierarchy calls for a formation of a collection of
information granules to start with. Here we envision two main directions in the
construction of information granules as being portrayed in Figure 24:
(a) A selection of a suitable subset of information granules forming the individual
models, Figure 24 (a). The prototypes of the information granules are selected in
such a way so that they represent all prototypes of the models to the highest extent.
This is a combinatorial optimization problem, which may call for techniques of
Evolutionary Optimization or population-based optimization to arrive at solutions
to the problem. The optimization criterion quantifies a reconstruction error of the
prototypes at the lower level when being expressed in terms of the subset of the
prototypes formed at the upper level.

(a)

(b)
Figure 24. Formation of the information granules at the higher level: (a) selection
and (b) clustering of prototypes
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(b) The second approach, illustrated in Figure 24 (b), is concerned with clustering
(granulation) of prototypes available at the lower level. The standard Fuzzy CMeans (FCM) can be used here. It operates on a family of prototypes present in
all fuzzy models positioned at the lower level of hierarchy and produces “c”
prototypes at the upper level of the hierarchy. In light of the construction of the
information granules, which have been built at the higher level (which are also
sought as more abstract view at the information granules present at the lower
level), we may refer them as information granules of higher type, say type-2
information granules (and type-2 fuzzy sets, in particular).
Given the collection of information granules (which can be represented as a
family of the prototypes), we are at position to develop a model at the higher level.
We note that there is an inherent granularity of the associated model, which
comes from the fact that for any prototype formed at the higher level vi, each
fuzzy model at the lower level returns some numeric value, say, FM-1(v1), FM2(v2),…, FM-p(vi), see Figure 25. It is very unlikely that all these values are the
same. This set of data is subject to the granulation process (with G denoting a
granulation mechanism). The size (level of granularity) of the resulting
information granule depends upon the predetermined value of the parameter ,
which was used to construct information granules. We will be taking advantage of
this flexibility in the realization of the model guided by two conflicting objectives
(as this will be discussed later in more detail).

Figure 25. Experimental evidence behind the formation of the granular model to be
constructed at the higher level, considered here is an interval format of resulting
information granules
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Overall, for ―c‖ information granules built at the higher level, the available
experimental evidence (originating at the lower level of hierarchy) arises in the
form
{ (v1 , G(FM-1(v1), FM-2(v1), ..,FM-p(v1))),
(v2 , G(FM-1(v2), FM-2(v2), …, FM-p(v2))), …
(vi , G(FM-1(vi), FM-2(vi), …, FM-p(vi))), …
(vc , G(FM-1(vc), FM-2(vc), …, FM-p(vc))) }

(6.1)

and invokes an evident component of granularity as highlighted in Figure 25.
Taking these data into consideration, we construct a granular model. Preferably
the model of this nature has to be structure free as much as possible. In this case, a
technique of case-based reasoning (CBR), or being more specific, granular case
based reasoning can be anticipated. The other option worth considering is a
concept of fuzzy regression.

6.3. Computation of Granular Outputs
Moving to the computational details, we compute a degree of activation of the
cases by a certain input x.

Figure 26. The mechanism of granular case-based reasoning and a construction of
lower and upper bounds

1

u i (x) 

(6.2)
, m>1
2/(m 1)
 xv 
i





x

v
j1
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As the outputs are evidently granular, we determine the lower and upper bounds
of the granular model based on the bounds of yi- and yi+ where [yi- , yi+ ]= G(FM1(vi), FM-2(vi), ..,FM-p(vi)). We obtain the following expressions for the bounds:
lower bound
c

c

y (x)  ui (x)yi
i1

upper bound
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(6.3)

c

y + (x)   u i (x)yi

(6.4)

i1

An example of the granular ―envelope‖ produced in this way is shown in Figure
27. Note that the parameter ―m‖ (fuzzification coefficient) affects the shape of the
granular mapping (and this could be used as an additional parametric flexibility

inbuilt into the granular model).

Figure 27. Plots of the granular model for selected values of m; m=1.2, 2.0

The granularity of the data themselves depends upon the value of  being used
when running the process of justifiable granularity. We are faced with a twoobjective optimization problem where one of the objectives is to make the
envelope as narrow as possible (to achieve high specificity level, which is
desirable) and at the same ―cover‖ as much experimental evidence as possible (so
a large number of data are included within the lower and upper bound making the
granular model highly legitimized by the experimental evidence captured by the
series of fuzzy models at the lower level of the hierarchy). Intuitively, the two
requirements, which are evidently in conflict, are illustrated in Figure 28.
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Figure 28. Illustration of the two objectives to be optimized in the construction of
the granular model

The satisfaction of the two requirements and a way of achieving a certain
compromise can be controlled by choosing a certain value of information
granularity level .

6.4. Experimental Studies
In a series of numeric experiments, we present a design and performance of
granular fuzzy models and highlight some essential features of the models along
with a role played by the key design parameters of the granular constructs formed
at the upper level of the hierarchy. In all experiments, the value of the
fuzzification coefficient was set to 2.0 or was subject to some optimization.
Concrete compressive strength data
This data set coming from the Machine Learning repository
(http://archive.ics.uci.edu/ml/datasets/Concrete+Compressive+Strength) concerns
a compressive strength of concrete with association with its characteristics such as
blast furnace slag, fly ash, water, superplasticizer, coarse aggregate, and fine
aggregate. It consists of 1,030 pairs of input –output data. We form 10 fuzzy rulebased models where each of them is constructed on a basis of 103 randomly
selected data. The number of rules in each model is equal to the number of fuzzy
clusters determined for each locally available data set. The performance index Q,
which is used to evaluate the quality of the model is expressed in (2.12).
Once the information granules have been formed by using the FCM algorithm, the
parameters of the linear functions present in the conclusion parts of the rules were
estimated by running a standard least squares estimation (LSE) method. The
number of rules itself is subject to optimization and here we resort ourselves to a
successive enumeration by designing the fuzzy model for increasing the number
of rules while monitoring the values of the corresponding performance index (6.5).
The values of Q treated as a function of the number of rules (clusters) for all the
models are shown in Figure 29.
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Figure 29. The performance index of the models versus the number of rules
(clusters); shown are the values for all 10 models

One can note (as it has been expected) that when the number of clusters is
increased, the performance index decreases. Essentially all the local models
follow the same tendency: there is a cutoff point at c = 5 or 6 beyond which the
values of the performance index are not significantly affected by further
increasing the number of rules. To visualize the performance of the fuzzy models
formed here, a collection of plots of output data versus the corresponding outputs
of the models is included in Figure 30.

Figure 30. The performance of selected fuzzy models (data versus model output): (a)
Q = 21.94 (b) Q = 31.16 (c) Q = 29.25 (d) Q = 24.01

Once the 10 local models have been constructed, the prototypes present there are
clustered at the higher level to create a backbone of the global fuzzy model.
Following the principle of justifiable granularity, for each of the prototypes
obtained in this way we form the intervals of the corresponding output values
coming from all local models. Several selected information granules are
illustrated in Figures 31-32 where the number of clusters built at the higher level
is set to c = 3 and 10. The values of the granularity level  are set to quite low and
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quite high values; this helps contrast the specificity of the resulting intervals
(indicated in the figure by different levels of shading).

Figure 31. Prototypes and the associated intervals for two values of  (0.01 and 0.76),
the number of clusters (c) is set to 3.

Figure 32. Prototypes and the associated intervals for two values of  (0.01 and 0.71),
the number of clusters is set to 10.

The most concise and informative characterization of the quality of the overall
model can be conveyed by plotting the values of the coverage of data ―I‖ versus
the cumulative length of the intervals produced by the granular fuzzy model for
the inputs formed as the prototypes of the information granules obtained for the
individual fuzzy models. The resulting relationships are shown in Figure 33.
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Figure 33. I versus the cumulative length of intervals L of the output for selected
number of clusters

It becomes apparent that ―I‖ is a non-decreasing function of the cumulative length
of the intervals. Furthermore the index ―I‖ assumes higher values for increasing
values of ―c‖. The values of AUC are determined by computing the area of the
plots presented in the (3-, I) coordinates. As noted earlier, we use another xcoordinate (that is 3-) to produce consistent results for all combinations of the
parameters. This is not always possible when using the cumulative length of the
intervals. For instance, we observe this effect in Figure 33 where the curve for c =
3 starts at higher values of L. The choice of the new variable 3- is motivated by
the fact that for values of higher than 3 there is a saturation effect in the sense no
substantial changes in the values of I are reported. The corresponding series of
plots is shown in Figure 34. We report the values of I for m =2 (which is the
typical value of the fuzzification coefficient in the FCM method) as well as for the
optimal values of m. In all cases reported here, there is a visible difference
(improvement) when using the optimized value of ―m‖. As a matter of fact, the
optimal values of the fuzzification coefficient vary in-between 1.5 and 6.0. There
is also a similar relationship between the values 3- and the coverage levels
which increase quickly when  assumes low values (and the intervals become
wider).
The plots of the outputs from the data versus the outputs (intervals) of the
granular fuzzy model are presented in Figures 35 and 36. Here we contrast the
lengths of the intervals and their position when using a different number of
clusters (c was set to 3 and 40, respectively).
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Figure 34. I versus the level of granularity, 3- for selected values of c: (a) c=3, (b)
c=10, (c) c=20, (d) c=40.

As could have been expected, the specificity of output information granules
increases with the larger number of rules (clusters) used in the granular fuzzy
model. Table 11 summarizes the values of the AUC for different numbers of ―c‖
and the two strategies of forming information granules at the higher level, which
is clustering the existing prototypes and the selection of their subsets. The
fuzzification coefficient is also optimized.

Figure 35. Scatter plots of data versus the intervals generated by the corresponding
inputs obtained for different values of : (a)  = 0.01, (b)  = 0.1, (c)  = 1, (d)  = 3,
c = 3.
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Figure 36. Scatter plot of data versus the intervals generated by the corresponding
inputs obtained for different values of : (a)  = 0.01, (b)  = 0.1, (c)  = 1, (d)  = 3,
c = 40.
Table 11. Values of the AUC for selected numbers of clusters and two strategies of
the determination of the prototypes of the granular fuzzy model
Strategy of
prototype
formation
clustering
selection

c=3

c = 10

c= 20

c = 40

Optimal
m

m=2

Optimal
m

m=2

Optimal
m

m=2

Optimal
m

m=2

0.9271
0.7680

0.7682
0.2579

0.7597
0.7846

0.4902
0.4809

0.9184
0.8326

0.7271
0.5736

1.5105
0.9558

1.2774
0.6450

Two observations are well supported by the obtained results. In general, the
quality of the granular model improves with the increase in the number of clusters.
This becomes for both selection strategies (clustering of prototypes or their
selection). The clustering of the prototypes is a better strategy leading to the
higher values of the AUC. There is also a beneficial effect of the optimization of
the fuzzification coefficient – in all cases we report the improvement, which is
more visible when associated with the selection strategy.
When we use different number of clusters (rules) in the models formed at the
lower (more specifically, 6, 5, 6, 5, 4, 6, 4, 4, 5, 6), the performance of the
granular fuzzy model is illustrated in Figure 37.
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Figure 37. I versus the level of granularity, 3- for selected values of c: (a) c=3, (b)
c=10, (c) c=20, (d) c=40. Here we use the strategy of prototype clustering.

Figure 38. I versus the level of granularity, 3- for selected values of c: (a) c=3, (b)
c=10, (c) c=20, (d) c=40.
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In case of using the strategy of selecting prototypes (out of the prototypes
available at the lower level), the obtained results are displayed in Figure 38. Here
the optimal values of ―m‖ are reported to be located in the range of 1.5- 6. The
values of AUC for selected numbers of clusters are list in Table 12.
Table 12. Values of the AUC for selected numbers of clusters and two strategies of
the determination of the prototypes of the granular fuzzy model
strategy of
prototype
formation
clustering
selection

c=3
Optimal
m
1.6741
1.9867

m=2
1.3099
1.3678

c = 10
Optimal
m
1.9393
1.9668

m=2
1.6502
1.5696

c= 20
Optimal
m
2.0171
2.0300

m=2
1.6353
1.7174

c = 40
Optimal
m
2.0832
1.7331

m=2
1.7697
1.5247

PM10 data set
This data set comes from StatLib (http://lib.stat.cmu.edu/datasets/) and comprises
500 observations originating in a study where air pollution at a road is related to
traffic volume and meteorological variables, collected by the Norwegian Public
Roads Administration. The number of input variables is equal to 7. The overall
data set is divided into 10 equal size subsets, which were used to construct 10
local fuzzy models at the lower level. The performance of these models reported
for selected values of ―c‖ ranging from 2 to 6 is illustrated in Figure 39. The
number of clusters used in each local model is set to 4.

Figure 39. The performance index Q versus the number of rules (clusters); m=2.0

The performance of the local models is quantified by plotting the outputs of the
corresponding models versus the target; the series of plots is provided in Figure
40.
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Figure 40. The performance of four lower models (data output versus model output):
(a) Q = 0.15 (b) Q = 0.13 (c) Q = 0.14 (d) Q = 0.14

Once the models have been constructed, the prototypes coming from all of them
are clustered to form the granular fuzzy model. Following the principle of
justifiable granularity, for each of the prototypes obtained here we form the
intervals at the output. Several selected results are illustrated in Figures 41-42 for
c = 3 and 20.

Figure 41. Intervals of prototypes for  equal to 0.01 and 1.6; c = 3
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Figure 42. Intervals of prototypes for the values of  equal to 0.01 and 2.96; c = 20

Considering a fixed value of m equal to 2, the corresponding plots of ―I‖ versus
the coordinate 6- are shown in Figure 43. We observe that for higher values of 
the values of I are significantly reduced. Some cutoff points can be identified
where the values of  are relatively high (so the bounds are quite tight) yet the
granular model still captures a significant fraction of data.
The plots in Figure 44 where several prototypes were selected out of all
prototypes used by the local models are analogous to those reported in Figure 43.
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Figure 43. Values of I versus the level of granularity, 6- for selected values of c: (a)
c=3, (b) c=10, (c) c=20, (d) c=40.

Figure 44. Plots of I versus the level of granularity, 6- for selected values of c: (a)
c=3, (b) c=10, (c) c=20, (d) c=40.

The values of the AUC obtained for all the models are summarized in Table 13.
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Table 13. Values of the AUC for selected numbers of clusters and two strategies of
the determination of the prototypes of the granular fuzzy model
Strategy of
prototype
formation
clustering
selection

c=3

c = 10

c= 20

c = 40

Optimal
m

m=2

Optimal
m

m=2

Optimal
m

m=2

Optimal
m

m=2

4.4040
3.7916

3.5514
2.4319

3.7670
3.5070

2.6678
2.6392

3.6630
3.6470

2.9069
2.8421

3.7247
3.1222

3.0581
2.4868

6.5. Conclusions
The methodological underpinnings of granular fuzzy models stem from the need
of an effective conceptual and algorithmic representation and quantification of
diversity of locally available sources of knowledge – fuzzy models. The diversity
of views at the problem/system/ phenomenon is quantified via the granularity of
results produced by the global model constructed at the higher level of a hierarchy.
The granular nature of the results formed there is inherent to the diversity of the
sources of knowledge. The quantification of granularity itself (viz. the
multifaceted nature of available models) is a direct result of multiobjective
optimization – it is shown that the criteria of coverage of data and specificity of
information are conflicting in nature. The choice of a suitable trade-off in the
satisfaction of these two requirements is left to the user. Nevertheless the AUC is
helpful here as it can quantify an overall performance of the global model and
rank several global models through the use of the AUC values.
Granular fuzzy models subsume the concept of type-2 fuzzy models in the sense
they offer compelling, algorithmically well-supported evidence behind the
emergence of fuzzy models of higher type. They are more general than type-2
fuzzy models as here we are not confined to any particular architecture of fuzzy
models and a way in which type-2 fuzzy sets are incorporated into specific
components of the models.
It is worth noting that the notion of granular fuzzy modeling stretches beyond
fuzzy models. In essence, as we deal with models articulating locally available
knowledge, the quantification of the diversity of such sources becomes
encapsulated through information granules produced by granular models. In this
way, we can talk about granular neural networks (in case of local models being
formed as neural networks), granular regression (when dealing with individual
regression models) or granular fuzzy cognitive maps (when the local models are
fuzzy cognitive maps), etc. One can look into further generalizations in the form
of granular fuzzy models of higher type; say type-2 granular fuzzy models or
granular2 fuzzy models. Those are a result of dealing of several hierarchies of
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sources of knowledge, namely fuzzy models formed in a two-level hierarchical
architecture of the knowledge sources.
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7. From Local Neural Networks to Granular Neural
Networks
We have elaborated the development of a granular fuzzy model through
reconciling and collaboration among local fuzzy models. In this chapter, we
devote ourselves to build granular models with another important architecture of
system modeling—neural networks. Locally available knowledge in case of
neural networks is articulated when being provided with a level of information
granularity for output of each neural network. Comparison of development of a
granular model with two different fundamental architectures reveals to some
extent a general process of system modeling with granular architecture.

7.1. An overall Granular Architectural Blueprint
Neural networks (NNs) can be viewed as essential sources of knowledge. In
presence of distributed, individual and locally available data sets generated by the
same phenomenon or system being observed from different points of view, we
naturally end up with a family of sources of knowledge. Owing to various
technical (e.g., available bandwidth) and non-technical limitations (say, privacy)
the data cannot be shared. The constructed neural networks can. Forming a
holistic view at the system by looking at all available sources of knowledge and
reconciling them becomes of genuine relevance and practical importance: by
doing this we form a general view at the system, perhaps not so detailed and
focused as those offered by individual sources of knowledge (neural networks)
but
providing
a
holistic
and
unifying
perspective
at
the
problem/system/phenomenon already described locally by the individual neural
networks. The diversity of sources of knowledge has to be acknowledged and
carefully quantified: this is done by admitting that the results produced by the
combined sources of knowledge (networks) have to be non-numeric but rather
granular.
The concepts of information granules and information granulation have been
applied to many fields since the origin of fuzzy sets by Zadeh (Zadeh, Fuzzy sets
and information granularity, in: M.M. Gupta, R.K. Ragade, R.R. Yager (Eds.)
1979) (Zadeh, The role of fuzzy logic in the management of uncertainty in expert
systems 1983). The information granularity emerging in this construct is a direct
manifestation of the diversity of views brought into consideration and as such its
constructive role has to be fully acknowledged. The formal realization of
information granules could be different including fuzzy sets, rough sets or
intervals. The essence of the concept presented above is visualized in Figure 45.
The individual neural networks exposed to any input x provide different outputs,
which, given their eminent diversity, are then reconciled in the information
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granulation module. The overall structure emerging in this way is referred to as a
granular neural network where the adjective granular is directly linked with the
nature of the results formed by the neural architecture.
It is worth noting that the local sources of knowledge – neural networks N1, N2, ..
Np could be very different in terms of their architectures. The module of forming
information granules is central to the overall structure and its design is completed
with the use of data to information granule transformation through running a
mechanism of justifiable granularity.

Figure 45. From local neural networks (sources of knowledge) to a holistic view
represented in the form of a granular neural network

There have been several studies on the concept of granular neural networks, all of
which consider only one neural network with information granules as input and/or
output or granular structure. Pedrycz (Pedrycz and Vukovich, Granular neural
networks 2001) focused on the formalization of different types of information
granules and also provided some architecture (topologies) of granular neural
networks. Park et al. (Park, Pedrycz and Oh 2009) proposed granular neural
networks related to radial based function neural networks while information
granules formed in the input and output spaces were constructed by using Kmeans and Fuzzy C-means, respectively. Zhang et al. (Zhang, Jin and Tang,
Granular neural networks with evolutionary interval learning 2008) applied
evolutionary optimization methods to extract interval-valued granular rules from
granular neural networks. Zhang et al. (Zhang, Fraser, et al. 2000) made their
neural networks process with numerical and linguistic data in one data base and
used neural networks to discover granular knowledge from numerical-linguistic
data base. Since the emergence of artificial neural networks (Schapire 1990), a
93

new research filed has been opened. We view NNs as an effective tool in
approximating any nonlinear problems and apply them to many fields (Pedrycz,
Logic-based fuzzy neurocomputing with unineurons 2006) (Nabavi-Kerizi, Abadi
and Kabir 2010) (Pedrycz and Aliev, Logic-oriented neural networks for fuzzy
neurocomputing 2009) (Du, Li and Fei 2010) (David Sánchez 2002). In the
development history, a concept of "neural network ensembles" is worth noting
and contrasting with the idea presented here (Akhand, Monirul Islam and Murase
2009) (Das, Turkoglu and Sengur 2009) (Green, et al. 2009) (Kim and Cho 2008)
(Granitto, Verdes and Ceccatto 2005). Let us recall the main idea behind the
concept of ensemble classifiers (Reformat and Yager, Building ensemble
classifiers using belief functions and OWA operators 2008). In essence, in
ensemble classifiers one uses a resampling technique in building some local
classifiers where each of which is trained on a different training set (Duda, Hart
and Stork 2001). Boosting method applies to a set of weak learners and forms a
strong learner (Schapire 1990). There are a number of techniques worth recalling
here, say, AdaBoost (Freund and Schapire 1997), Gradient Boosting, etc. In all
these methods, an entire data set becomes available and it is split randomly. This
forms one of the main differences between the boosting techniques and the
approach presented in this study. Our primary goal is to design a granular neural
network – architecture composed of a number of local neural networks whose
results are aggregated in the form of information granules. The granularity of
information is an inherent manifestation of the diversity of results provided by
sources of knowledge. A way of translating numeric data into meaningful
information granules is realized through the principle of justifiable granularity.

7.2. Development Phases of Granular Neural Networks
In comparison with the existing design strategies of neural networks (Pedrycz and
Vukovich, Granular neural networks 2001) (Park, Pedrycz and Oh 2009) (Zhang,
Jin and Tang, Granular neural networks with evolutionary interval learning 2008)
(Zhang, Fraser, et al. 2000) (Pedrycz, Park and Oh, A granular-oriented
development of functional radial basis function neural networks 2008) (Panoutsos
and Mahfouf 2010), the development of granular neural networks in our study
involves two main design phases:
Phase A. Construction of local neural networks. These networks are built
separately using individual data sets coming from different sources.
Phase B. Formulation of interval-like information granules. They are formed
on basis of numeric outputs developed from the already constructed neural
networks.
In the first design phase, a number of local neural networks are trained
individually using different data sets. Those neural networks might have different
structures and parameters.
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The second design phase realizes the essence of the formation of granular
architecture combining all local neural networks that have been developed so far.
Given some input data, we form the granular neural network by determining the
results (outputs) of the individual neural networks and then applying the principle
of justifiable granularity. As to the formation of the testing data, two scenarios are
envisioned:
(a) The testing data are completely new data, not used in the design of any neural
networks formed so far
(b) The testing data are formed by randomly selecting portions of data already
used in the training of the local neural networks.
We note that the second scenario is less demanding given the fact that these data
were seen by one of the networks in the development; however there is still quite
substantial diversity as other data points have not been seen by the granular neural
networks.
Depending on whether the quality of individual neural networks is taken into
consideration, we either treat all outputs produced by the local networks in the
same way or determine the information granules by incorporating the
corresponding weights in their design. Here the term "quality" or "performance" is
quantified by a certain numeric performance function, such as mean square error
(MSE). An easy, yet effective way to assign the values of the weights is to take
into account the performance of local networks. The way to compute the weights
is to calculate the following ratios
Qi
(7.1)
βi  1  itest
Qtrain
where Qtest and Qtrain are the values of the performance index determined by the
training and testing data used in the construction of local neural networks. The
weights are obtained by normalizing the values of i.
In summary, the overall design process consists of the following steps:
Step 1. Arrange "g" local data sets for the individual neural networks and one
testing data set (denote it by TE). The arrangement of the data was discussed
in the previous section.
Step 2. Construct local neural models. The offline backpropagation algorithm (BP)
is considered as a sound learning option. All the networks have the same
topology--multiple layer perceptrons (MLP). The parameters are optimized
individually by considering the given "g" data sets. The resulting neural
networks are denoted by NN1, NN2, …, NNg.
Step 3. Assess the quality of NN1, NN2, …, NNg following (7.1).
Step 4. Construct information granules for given input data by running the
principle of justifiable granularity.
Step 5. Evaluate the performance of granular neural networks. Here we are
interested in determining how well the information granules ―cover‖ the data.
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Given a certain value of  (the parameter used in the construction of the
corresponding information granules, see chapters 3.2 and 6.2), we compute a
fraction of output data included in the intervals produced by the information
granules, please refer to (3.15). The granular network with higher value of
AUC is preferred (see chapter 3.3).

7.3. Experiments
In the collection of the experiments reported in this section, we use three data sets
namely abalone, auto MPG and Boston housing. As local neural networks, we
consider multiple layer perceptrons (MLPs) with a single hidden layer constructed
by running the backpropagation learning and the neurons equipped with a
sigmoidal transfer function. The neurons in the output layer come with a linear
transfer function. Before we resort to neural networks, the raw data are
normalized. There are also some parameters of the algorithm, which can affect the
performance of our granular neural networks. To analyze their influence, we
illustrate the performance when using various values of the parameters.
Abalone dataset
This data set consists of 4,177 data points and each data point is described in the
8- dimensional feature (input) space. The output is the age of abalone. See
http://archive.ics.uci.edu/ml/datasets/Abalone.
We randomly select 95% of the original data to build local networks. Whereas the
testing data can either be composed of the other 5% of the original data (scenario
(a)) or be chosen from the 95% of original data (scenario (b)). There are 10 local
networks in this example (in each 80% of local data are used for training networks
and 20% are used for testing) and the number of local networks depends on how
many distributed individual data sets we use.
The selected individual network's output and its associated real target are
illustrated in Figure 46.
In the sequel, Figure 47 shows all local neural networks‘ performance expressed
by the values of the performance index obtained on the training and testing set.
More specifically, we display the values of Qtest versus Qtrain. In most cases, as
could have been expected, Qtest > Qtrain while the ratio Qtest/Qtrain is around one.
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Figure 46. Performance of four selected local models: data versus model output

Figure 47. Qtrain versus Qtest for each local network

A series of intervals are formed in the second phase of the design of a granular
neural network. Figure 48 shows the lower and upper bounds of the output of
testing data (formed by scenario (a)) and the circles scattering on the plots are real
outputs. For this data set, the value of  does not exhibit a significant influence on
the coverage rate.
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Figure 48. Lower and upper bounds of the output of granular neural network
versus the data, results reported for selected values of ;  = 0, 0.5 and 3.0

Figure 49. Coverage rate (I) versus  for four different numbers of local models: 8,
20, 30, 40. The corresponding values of the AUC are equal to 1.29, 1.32, 1.49, and
1.55, respectively
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Figure 50. The output of the GNN versus target in case of 10 local networks: (a)
weights are equal to one and a new testing data; (b) all weights are equal to one and
the testing data selected from the training data (c) weights are not equal and testing
data are completely new (d) weights are not equal and testing data are selected from
training data

An impact of the values of  on the coverage rate is illustrated in Figure 49. A
monotonic relationship is noticeable: higher values of  result in narrow intervals
and this translates into lower coverage values. One can observe that the reduction
in the coverage is reduced at a similar rate. The values of AUC offer a global view
at the behaviour of the granular model with the highest value reported in case of
dealing with 40 local networks.
Figure 50 displays the outputs of granular neural network versus the target values.
Most target values are covered by the intervals for the four different
considerations. Also we find that this algorithm has weaker ability on larger
values of target.
Auto MPG dataset
The details of this data set have been described in chapter 5.5. The organization of
the training and testing data as well as a split of the training data are the same as
in the case of the previous data set. The performance of four selected local neural
networks is illustrated in Figure 51.
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Figure 51. Performance of the local models: data versus model output

The bounds of intervals produced by granular neural network are shown in Figure
52. As before, the plots are shown for selected values of ; it is worth noting that
no substantial changes are reported for values of  higher than 3.0.

Figure 52. Lower and upper bounds of the output of granular neural network
versus the data, results reported for selected values of :  = 0, 0.5 and 3.0
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Figure 53. The GNN output versus target when the number of local models is 5. (a)
weights are equal to one and testing data are completely new (b) weights are equal
to one and testing data are selected from training data (c) weights are not equal and
testing data are completely new (d) weights are not equal and testing data are
selected from training data

Figure 54. Coverage rate (I) versus  for four different numbers of local models: 4, 5,
6, 7, the AUC are: 1.83, 1.43, 1.85, 1.63
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In Figure 53, we present granular output (interval) of networks and real data. In
case that testing data were selected from the training data: (b) and (d); the
resulting intervals of the output cover more data that in the two other cases (a) and
(c).
The coverage rate (when  is equal to zero) and the value of AUC do not always
increase when the number of local models increases from 4 to 7, see Figure 54.
The highest coverage rate in these four cases reaches 0.76.
Boston Housing dataset
The Boston Housing data set, comprising 506 instances, 13 input variables
(features) and a single continuous output, concerns real house price estate in the
Boston area. The organization of the training and testing data is the same as
before. The training data set is split into 7 subsets (each comprises 80% for
training networks and 20% testing data) using which local neural networks are
constructed.
Both the coverage rate and AUC are largest comparing to the other two data sets,
see Figure 55. The largest coverage is around 0.85 when the number of local
models is 6 and the corresponding AUC is 1.99. However, the largest AUC (2.07)
occurs when the number of local models is 4.

Figure 55. Coverage rate versus values of  on four different numbers of local
models: 4, 5, 6, 7, the AUC are: 2.07, 1.99, 1.99, 1.67
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Figure 56. The GNN output versus target when the number of local models is 7. (a)
weights are equal to one and testing data are completely new (b) weights are equal
to one and testing data are selected from training data (c) weights are not equal and
testing data are completely new (d) weights are not equal and testing data are
selected from training data

In light of Figure 56, we conclude that the granular neural network exhibits better
performance when the testing data are selected from the training data used for
local neural networks as opposed to those composed of data never used before in
the design process.

7.4. Conclusions
In this study, we have introduced a concept of granular neural networks being as a
result of forming a holistic view at individual sources of knowledge represented
by local neural networks. We have emphasized the need to capture and quantify a
diversity of the sources of knowledge being dealt with, which has resulted in a
granular nature of the aggregation mechanism and introduced a novel architecture
of granular neural networks. While we have advocated the use of information
granularity
in
capturing
and quantifying the diversity of views, one can investigate the concept of
granularity in terms of information needs and cognitive capabilities or
skills. The idea arises when one considers to insert information granules into
103

neurocomputing and to explore how neural networks work on partial dataset. The
experimental results reveal some interesting and practically viable findings:






The adjustable interval information granules controlled by one or more
parameters make the information granules meaningful and changeable.
Since the principle is realized on some predicted outputs, these intervals
can cover the real outputs with a comparable high confidence also with
rational meaning themselves.
An interval of expected output is obtained with our algorithm by firstly
applying data to some learned local models and then using the principle of
justifiable granularity. This two-step method successfully solves the
limitation of spatial and temporal sources of data and low prediction
accuracy.
Knowledge or structures learned from either neural networks or adjustable
information granules helps reveal relationship between data. The proper
modeling methods and reasonable intervals are essential.
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8. Local Granular Neural Networks
The previous chapter introduces a way to form granular neural networks by
individual available networks in which information granularity is used to quantify
the diversity of sources. In this chapter, we propose another method of building a
granular neural network based on a single local network which implies the
development process: first train a neural network with some method and then
build information granules round the numeric connections of the network and
form a granular architecture. The allocation of information granularity is used
here to achieve an optimal architecture of the granular network.

8.1. The Concept of Local Granular Neural Networks
Most neural networks encountered in the literature are numeric constructs
realizing a certain nonlinear mapping. A conceptually viable and practically
useful generalization of numeric neural networks comes in the form of a nonnumeric mapping realized by neural networks. In this case, we may refer to such
networks as granular neural networks. The non-numeric (granular) nature of the
mapping arises because of the granular character of the connections. In this case
any numeric input to such network produces a granular output of the network.
There are several compelling reasons behind the realization of this type of neural
networks. First, by establishing granular outputs one can effectively gauge the
performance of the already constructed numeric neural network in presence of
training data. Second, when dealing with new data, the network forms granular
outputs, which are instrumental in the quantification of the quality of the obtained
result. For instance, in case of prediction we are provided with a comprehensive
forecasting outcome; instead of a single numeric result, formed is an information
granule whose location and size lead are highly descriptive of the quality of
prediction.
The term ―granular‖ pertains to the nature of the developed construct and by no
means is confined to a certain specific type of the neural network. Instead it
concerns a general augmented neural architecture it builds upon. The proposed
concept applies equally well to multilayer perceptrons (MLPs) or radial basis
function neural networks (RBFNN)) cf. (Ishibuchi and Tanaka, An architecture of
neural networks with interval weights and its application to fuzzy regression
analysis 1993) (Ishibuchi, Kwon and Tanaka, A learning algorithm of fuzzy
neural networks with triangular fuzzy weights 1995) (Kuo, Wu and Wang 2002)
(Huang, Zhang and Huang 1998) (Park, Pedrycz and Oh 2009) (Zhang, Jin and
Tang, Granular neural networks with evolutionary interval learning 2008) (de
Weerdt, Chu and Mulder 2009) (Garczarczyk 2000) (Pedrycz and Vukovich,
Granular neural networks 2001). It works well with neurofuzzy systems cf.
(Bortolan 1998) (Buckley and Hayashi 1994) (Liu and Li 2004) (Juang and Lin, A
recurrent self-organizing neural fuzzy inference network 1999) (Y. Ishibuchi 1996)
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(Juang, Huang and Lin, A recurrent self-evolving interval type-2 fuzzy neural
network for dynamic system processing 2009) (Melin, Mendoza and Castillo 2011)
(Wang, Cheng and Lee 2004) (Juang, Huang and Cheng, An interval type-2
fuzzy-neural network with support-vector regression for noisy regression
problems 2010).
At this point, it is instructive to relate the proposed approach with what is known
in the literature as interval neural networks, especially interval MLPs, see
(Ishibuchi and Tanaka, An architecture of neural networks with interval weights
and its application to fuzzy regression analysis 1993) (de Weerdt, Chu and Mulder
2009) (Ishibuchi and Nii, Improving the generalization ability of neural networks
by interval arithmetic 1998) (Fang, et al. 2006) (Garczarczyk 2000). Ishibuchi et
al in (Ishibuchi and Tanaka, An architecture of neural networks with interval
weights and its application to fuzzy regression analysis 1993) proposed a MLP
neural network with interval weights and interval biases and derived a learning
algorithm supporting its development. The studies presented in (Ishibuchi, Kwon
and Tanaka, A learning algorithm of fuzzy neural networks with triangular fuzzy
weights 1995) being a continuation of the work reported in (Ishibuchi and Tanaka,
An architecture of neural networks with interval weights and its application to
fuzzy regression analysis 1993) generalize numeric inputs of fuzzy neural
networks to their fuzzy set-based counterparts. In (Zhang, Fraser, et al. 2000), a
granular neural network using backpropagation algorithm and fuzzy neural
networks is used to handle numeric-linguistic data fusion providing a mechanism
of knowledge discovery in numeric-linguistic databases. It is noticeable that in all
these cases, the corresponding interval neural networks are built from scratch.
In contrast, in the proposed neural architecture, we are concerned with granular
connections, in general, and this implies various formal models of information
granules including sets, fuzzy sets, probabilities, rough sets. From a
computational perspective, intervals offer a computationally appealing alternative
and while the underlying concepts are of general character and those are relevant
to other formalisms of information granules, more detailed investigations will be
focused on interval-valued (interval) neural networks. Furthermore given the
focus of the study, the term information granule and interval are used
interchangeably. The entire design process behind the proposed networks is
outlined as follows. A starting point of the overall design process is a numeric
network that has already been developed by means of one of well-established
learning strategies. Then a data set (the same as training data set or a new one) is
used to construct a granular network, viz. form interval connections on a basis of
the given network. In this sense, the resulting granular construct augments the
topology of the existing neural architecture. The design process (viz. the
formation of information granules of the connections) is well articulated and
translates into an optimization problem. Information granularity is regarded as an
essential design asset and an allocation of granularity following some protocols
leads to the optimization of some performance index gauging the quality of the
resulting granular neural network.
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Along with the granular (interval) neural networks, some comments are worth
making in the context of applications of such constructs. The granular network
produces results being in better rapport with reality when dealing with training
data. It is accomplished by showing intervals of possible output values rather than
a single numeric entity. An interesting application scenario refers to knowledge
(experience) transfer as elaborated on in (Pedrycz, Russo and Succi, Knowledge
transfer in system modeling and its realization through an optimal allocation of
information granularity 2012). A neural network is built on a basis of existing
data. Then one intends to use it for a new yet somewhat related problem. The
currently available data are very scarce so building a sound model on its basis is
not justifiable. In this case, we consider the usage of the existing neural network,
viewing it as a source of knowledge. However being cognizant of the differences
(and some similarities) of the current circumstances and the environment within
which the neural network was designed, one can anticipate that the results
produced by the network have to be treated with caution and represented as
information granules instead of single numeric entities. This is accomplished by
forming a granular neural network on a basis of the original network that is made
granular (accepting interval connections) on a basis of the existing numeric
evidence (experimental data).
The main objective of this study is to develop a comprehensive design
methodology for granular neural networks through an optimal allocation of
information granularity where the levels of information granularity distributed
throughout the network are assigned to each connection in an optimal fashion. In
our study, we offer a sound motivation behind the emergence of granular
connections. Information granularity is regarded as an important and practically
useful design asset whose optimal allocation helps optimize the resulting
construct. It is also worth stressing that granular neural networks are constructed
based on the already developed numeric neural network (we are not concerned
about a way in which the design has been completed). In essence, the design of
the granular neural network comes as an enhancement of the well-established
practice of the formation of neural networks and augments the originally formed
network with a sound quantification of features of the numeric construct.
The concept of information granules is formalized in different ways depending
upon the underlying formalism. Fuzzy sets, sets, rough sets are just representative
examples of information granules. The number of information granules implies a
level of generality one assumes when dealing with a problem at hand. The level of
abstraction (generality) associates with information granularity. In a nutshell,
information granularity is concerned with a ―size‖ (specificity) of information
granules. Depending upon the formalism being used, information granularity can
be described and quantified in different ways. Commonly, as we are focused on a
size of the granule, its granularity is expressed by counting the number of
elements embraced by the granule (discrete case) or the length of the granule
(continuous case). In situations where there are grades of membership involved
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(like in fuzzy sets), certain generalizations are sought such as a sigma-count of
fuzzy sets (where a summation is completed over the grades of membership) is
involved.

8.2. A Design of Interval-Valued Neural Networks
The architecture of a granular neural network along with the associated learning
scheme are formed by starting with a certain already designed (numeric) neural
network and augmenting its structure by considering granular connections
spanned over the numeric weights (connections).
Here we consider a MLP with a single hidden layer. From numeric neural
network to a granular neural network, the design process is discussed below:
As indicated, in our design, we proceed with the already constructed MLP (e.g.,
realized in terms of batch backpropagation (BP) learning method, see (Ridella,
Rovetta and Zunino 1997)). The choice of the size of the hidden layer is decided
upon during this design phase. The activation functions of the neurons in hidden
layer and output layer are denoted by f1 and f2, respectively. The detailed formulas
are outlined as follows:
The original network:
hidden layer: oj = f1(zj), zj =

n

w
i 1

output layer: y = f2(z), z =
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When it comes to the interval-valued neural network, the above formulas are
generalized in the following way
hidden layer: oj = [o-j ,o+j ]  [f1(z-j),f1(z +j )]
n

n

i 1

i 1

z-j   (w -ji oi  θ j ) , z +j   (w +ji oi  θ j ) ,

j = 1, 2, ..., n1,

output layer: Y = [y , y ]  [f2 (z ),f2 (z )] ,
n

z   (min(w -jo-j ,w +j o-j ,w-jo+j ,w +j o+j )  θ j )
i 1
n1

z   (max(w -jo-j ,w +j o-j ,w -jo +j ,w +j o +j )  θ j )


j1

As the outputs of the granular neural network are intervals while the targets
coming from the experimental data are numeric, we have to define a suitable
performance index (objective function), whose optimization (maximization or
minimization) is realized through a suitable allocation (distribution) of
information granularity.
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The algebraic operations of intervals are introduced in chapter 2.1. The random
allocation of information granularity is not a difficult thing; however, how to
make the constructed granular network optimal in terms of a certain performance
index is challenging. Hence we define a fitness function which comprises two
criteria people always interested in. An optimization mechanism is as well used to
execute the construction.
As we are concerned with the granular output of the network, which has to be
evaluated with regard to the numeric target, two criteria (performance indexes) are
worth considering. The first one looks at the quantification of the concept of
coverage – an extent to which the target values are ―covered‖ (included) in the
corresponding granular outputs. Another one is focused at expressing a level of
specificity of the information granules produced by the network.
Let us assume that for the purpose of the evaluation, we have some data F coming
in the form the pairs (xt, targett), t=1, 2, …, N.
Coverage
The coverage criterion is quantified by some index Q, which is
described as a ratio
Q = number of data inside the intervals formed by the granular neural networks/N
(8.1)
Specificity is expressed in terms of the average length of the intervals produced
by the granular neural network for the inputs coming from the data set F.
N

length =

y
t 1

+
t

-y -t

(8.2)

N

In the optimization of the allocation of granularity, we consider several design
scenarios:
(i)
(ii)

use of the coverage criterion. This gives rise to a single-objective
optimization.
use of both criteria, coverage and specificity. These two criteria, given
their character, are very likely in conflict. In this case a two-objective
optimization producing a Pareto front is an option worth pursuing.

In this section, we briefly review the two essential modes of PSO, namely its
single-objective and multiple objective (two-objective) versions. These two are
used in the subsequent experiments reported in this study.
In PSO, a swarm of particles where each of them represent a potential solution (in
our case it is a vector of optimized levels of information granularity). In this study,
the particles represent possible solutions of the levels of granularity: ε1, ε2, …, εh,
for protocol C3 and ε1-, ε2-, …, εh-, ε1+, ε2+, …, εh+ for protocol C4. In other words,
the searching space is [0, ε]h for protocol C3, and [0, ε]2×h for protocol C4. h is the
total number of connections and biases of the network. We initialize the particles
randomly to proceed with the search of the space. For protocol C3, D = h; for
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protocol C3, D = 2*h. The pseudo codes of single objective PSO are list in chapter
2.4.
PSO is also of interest in the context of multiobjective optimization considering
its rapid convergence and a relatively low computing overhead, (Coello Coello,
Pulido and Lechuga, Handling multiple objectives with particle swarm
optimization 2004) (dos Santos Coelho, Barbosa and Lebensztajn 2010) (Fonseca
and Fleming 1998). Typically, we consider two objectives, which as in the study
here, are in conflict. The results give rise to a Pareto front forming a collection of
non-dominated vectors. The basic concepts of Pareto optimality, Pareto
dominance and Pareto front are introduced in (Coello Coello, Pulido and Lechuga,
Handling multiple objectives with particle swarm optimization 2004). Pareto
optimal solutions are also termed noninferior, and their corresponding vectors are
termed non-dominated vectors cf. (Horn 1997). To construct the front, we use the
approach presented in (Coello Coello, Pulido and Lechuga, Handling multiple
objectives with particle swarm optimization 2004).
At each generation, we calculate the values of the two objectives for each particle
of the swarm, namely its coverage and specificity. The values of specificity and
the complement of the coverage, that is 1- coverage, form a two-dimensional
vector. Then we find non-dominated vectors in the entire population and compare
them with regard to the external repository. At the beginning of the process, this
repository is empty. If the external repository is empty, then the current solution is
accepted and stored there. Otherwise, we compare the new solution with the
existing non-dominated vectors present in the external repository. If this new
solution is dominated by an individual within the external archive, then such
solution is discarded. If none of the elements in the external archive dominates the
new solution, then such solution is stored there. If there are solutions in the
archive that are dominated by the new solution, then such solutions are removed
from the archive. Finally, the elements of the external repository are used to
construct the Pareto front. To visualize the Pareto front, we display all solutions
present in the external archive in a two-dimensional space with specificity-(1coverage) coordinates.
To facilitate a quantitative assessment of the performance of the two-objective
optimization algorithm and single-objective optimization algorithm, we compute
an average distance (Euclidean one) between points positioned on the Pareto front
and the origin of the coordinates. The pseudo codes of single objective PSO have
been given in chapter 2.4.

8.3. Experimental Studies
In this section, we present a series of numeric experiments to illustrate the
proposed algorithm, show its development and quantify the resulting performance.
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The data sets used here are: synthetic data, auto MPG, Boston Housing, PM10
and Bodyfat. In all the experiments, we randomly split the data into the training
(80%) and the testing (20%) set. The performance of the numeric neural network
is quantified by means of the commonly used Mean Squared Error (MSE).
In all experiments, we start with a neural network with a single hidden layer. The
activation function used for the neurons in the hidden layer is sigmoidal while for
the neurons in the output layer we use a linear function. The number of neurons in
the hidden layer was selected experimentally by analyzing the performance of the
network vis-à-vis the size of the hidden layer. The training of the network was
realized using a standard Levenberg-Marquardt minimization method, which was
run for a maximum of 10,000 epochs (this number was sufficient given a fast rate
of convergence of the method). The data were pre-processed by normalizing the
input variables to the unit interval. The initial values of the weights (connections)
were set up randomly to be within the range [-1, 1].
The construction of the granular neural network was realized by running the
protocols of information granularity allocation as presented before and using the
training data (the same as being utilized in the formation of the original neural
network) – case (a) and the testing data – case (b). The setup of the PSO is as
follows: number of generations - 100, the size of population- 50. The values of
these parameters are in line with those reported in the literature (Kennedy and
Eberhart, Swarm Intelligence 2001). We also ran some other combinations of the
size of the population and the number of generations but no improvement of the
fitness function was reported when increasing the values of these two parameters.
Computing overhead is another major concern when we compare different
protocols of granularity allocation. To quantify it, we report the actual running
time for protocols C1 - C4.
To quantify the performance of the granular neural network at the global level
(irrespectively of a specific value of ), we compute the area under curve (AUC)
of coverage relationship.
Two input synthetic data
The two-variable function is a sine wave, which has been used as regression
benchmark data in (Wedge, et al. 2006).
y = 0.8 × sin(x1/4) × sin(x2/2)
(8.3)
where x1 is in [0, 10] and x2 is in [-5, 5]. The training data are made up of 480
randomly selected input-output pairs (followed a uniform distribution over the
input space). The function along with the superimposed training data is illustrated
in Figure 57.
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Figure 57. Nonlinear two-variable function along with training data

The performance of the constructed neural network quantified in terms of the
MSE is illustrated in Figure 58. Through a visual inspection, we choose the
number of neurons in the hidden layer to be equal to 8.
Let us start with the optimization with the fitness function being treated as the
coverage and the data formed following case (a). The plots of the coverage
regarded as a function of ε are included in Figure 59. The values of the AUC are
computed over the unit interval however the plot is shown only for a portion of
the entire range of .

Figure 58. Performance index as a function of the number of neurons in the hidden
layer
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Figure 59. Coverage as a function of ε for the protocols of information granularity
allocation used in the study

The corresponding values of the AUC on training data are: protocol C1: AUC =
0.9755, protocol C2: AUC = 0.9762, protocol C3: AUC = 0.9864, protocol C4:
AUC = 0.9881 protocol C5: AUC = 0.9754.
As shown in this figure, the value of AUC obtained for protocol C4 is slightly
higher than the one produced for C3. However, both are higher than the ones
produced by other three protocols. This is not surprising as they reflect the
increasing flexibility of the successive protocols of allocation of granularity and a
better, more effective usage of information granularity.
Figure 60 displays the values of the fitness function reported in consecutive
generations; it is noticeable that the convergence of the optimization process
(increasing coverage) occurs in the first 25 generations.

Figure 60. Performance of PSO expressed in terms of the fitness function obtained
in consecutive generations; ε = 0.02, protocol C4
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The granular connections of the network are displayed in Figure 61 (= 0.02) and
Figure 62 (= 0.2); both the lower and upper bounds of the intervals of the
connections are visualized.

Figure 61. The optimized allocation of granularity levels realized by running
protocol C4 with = 0.02. The biases of the neurons are not shown.

The optimized coverage of this case is 0.9042. We use the same range for y axis
on each plot of intervals of granularities. Refer to the enlarged plot of the first
hidden neuron's for more detail. Since each interval is constructed by extend the
numeric value to a lower bound and an upper bound separately, we actually form
two sub-intervals for each connection. And in this way, we have to distribute the
bounds of granularity to each connection. There are some connections which have
zero values of the levels of granularity, which means that these connections are
effectively retained as numeric ones.
When considering case (a), the obtained granular neural network is displayed in
Figure 61. As to the case (b) of ε = 0.02 it is obvious that there are many
connections remaining numeric instead of intervals in the optimized vector of ε.
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Figure 62. The optimized allocation of granularity of level 0.2 (ε) for C4

(a)

(b)

Figure 63. Outputs of the granular network of case ε = 0.02 (a) and = 0.2 (b)

The bounds of the output produced by the granular neural network are illustrated
in Figure 63. The plots are shown for the two selected values of ε.
Considering the fourth protocol, C4, we visualize the obtained the Pareto front; see
Figure 64.
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(a)

(b)

Figure 64. Pareto front for cases (a) and (b) and the level of granularity ε = 0.035

The circles shown in the Figures 64 and 65 are the results obtained when running
a single objective PSO. In both cases they are located close or on the Pareto. The
average distance between points on Pareto front and the origin of the coordinates
is 0.4228 for case (a) and 0.4359 for case (b). For comparison, in Figure 65 the
corresponding Pareto fronts are also shown in case when ε =0.10.

(a)

(b)

Figure 65. Pareto fronts for cases (a) and (b) and ε = 0.1

When ε =0.10, the result of single objective optimization produces less specific
(broader intervals), which comes with the higher coverage value. The average
distance between the points on the Pareto front and the origin is 0.3142 and
0.2898 for cases (a) and (b), respectively.
It is interesting to look at the computing overhead. As an example, let us take ε
=0.02.For the computing time when using C1, C2, C3, and C4 with the parameters
of PSO set as before (processor: 2.50 GHz), we obtain:
case (a): Tc1 = 0.06s, Tc2 = 6.33s, Tc3 = 165.40s, Tc4 = 330.32s, case (b): Tc1 =
0.04s, Tc2 = 3.96s, Tc3 = 41.96s, and Tc4 = 84.00s.
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Auto MPG data set
The random split of data results in 314 data forming a training set and the
remaining 78 data used for testing. The results of the development of the neural
network are summarized in Figure 66. The number of neurons in the hidden layer
is set to be equal to 9.

Figure 66. Performance index MSE versus the size of the hidden layer

As before, we look at cases (a) and (b).
case (a):
The values of the performance index shown in Figure 67 show a saturation effect
for higher values of the level of granularity. As before, it is apparent that C3 and
C4 produces higher coverage than the two first allocation protocols.

Figure 67. Coverage as a function of ε
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The corresponding values of the AUC on training data are: C1, AUC = 0.9280, C2,
AUC = 0.9297, C3, AUC =0.9740, C4, AUC = 0.9760, C5, AUC = 0.9279.
For illustration, a plot of the granular neural network is included in Figure 68. It is
noticeable that there is a substantial difference in the granularity of the
connections where some of the connections are quite visibly associated with the
broader intervals.

Figure 68. A topology of the granular neural network for the granularity level of
0.02 (ε) and the allocation protocol of C4

case (b)
The corresponding values of the AUC on training data are: C1, AUC = 0.9233, C2,
AUC = 0.9288, C3, AUC =0.9735, C4, AUC = 0.9756, C5, AUC = 0.9249, refer to
Figure 69.
The granular network generated for the level granularity of 0.02 is shown in
Figure 70. We note that finally there are some numerical connections.

Figure 69. Coverage as a function of ε
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The circles visible in Figure 71 show the PSO-developed result of the single
objective. We note that this time the result of this single objective optimization
locates near the edge of Pareto front for both scenarios. The average distance
between points on Pareto front and original point is 3.2490 - case (a), and 3.0324 case (b).

Figure 70. The optimized allocation of granularity of level 0.02 (ε) of C4

(a)

(b)

Figure 71. Pareto fronts: (a) – case (a), (b)- case (b) ε = 0.035

The actual running time of the two scenarios are: case (a): Tc1 = 0.06s, Tc2 = 6.32s,
Tc3 = 162.88s, Tc4 = 325.92s, case (b): Tc1 = 0.04s, Tc2 = 3.95s, Tc3 = 42.21s, Tc4 =
84.30s.
We also experimented with the three other data sets, Boston Housing data,
Bodyfat data, and PM10 data. Table 14 contains the AUC values for the
optimized distribution of granularity governed by the coverage objective function
obtained on the training data. As it could have been anticipated, the highest values
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of AUC are obtained when running protocol C4 (which offers the highest level of
flexibility).
Table 14. AUC values of the coverage objective function obtained for different
protocols of allocation of information granularity for the training data and testing
data (entries of the table include pairs of results - AUC training data /AUC testing
data) of case (a)
C1

C2

C3

C4

C5

synthetic

0.9733/
0.9732

0.9746/
0.9727

0.9872/
0.9865

0.9875/
0.9298

0.9735/
0.9725

auto MPG

0.8860/
0.8890

0.8950/
0.8940

0.9627/
0.9617

0.9683/
0.7749

0.8814/
0.8881

Housing

0.7701/
0.7624

0.8081/
0.8039

0.9234/
0.9192

0.9408/
0.6073

0.7745/
0.7688

Bodyfat

0.9807/
0.9714

0.9841/
0.9746

0.9918/
0.9855

0.9935/
0.9640

0.9766/
0.9673

PM10

0.9066/
0.9005

0.9097/
0.8999

0.9655/
0.9637

0.9676/
0.7086

0.9069/
0.9044

protocol
data

8.4. Conclusions
The concept of granular neural networks along with the underlying design
practices opens a new perspective at the realizations of neural architectures at the
higher level of abstraction. The granularity of the connections of the network
(which is subject to intensive optimization) delivers the architectures and results
of neurocomputing at the higher level of abstraction. We stressed the role of
information granularity as an important design asset.
The obtained experimental results (when using synthetic and real-world data)
quantify the performance of the granular neural network demonstrating its
performance and capabilities for the single- and two-objective optimization
scenarios and several protocols of allocation of information granularity.
It is worth stressing that the interval-valued connections (weights) of the networks
were studied here as one of the simplest alternatives of granular constructs. The
two promising generalizations worth pursuing could include fuzzy neural
networks (in which case we admit fuzzy numbers built around numeric
connections) and probabilistic neural networks (with the optimal allocation of
granularity expressed in terms of the standard deviation of the probabilistic
connections regarded as respective random variables).
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9. Granularity of Information in Solving Group
Decision-Making Problems
In group decision-making, information granularity is viewed as an essential asset,
which offers a decision-maker a tangible level of flexibility using which some
initial preferences conveyed by each individual can be adjusted with intent of
reaching a higher level of consensus. This study is concerned with an extension of
the well-known analytic hierarchy process (AHP) to the group decision-making
scenario. More specifically, the admitted level of granularity gives rise to a
granular matrix of pairwise comparisons. The granular entries represented e.g.,
by intervals or fuzzy sets, supply a required flexibility using that we select the
most suitable numeric representative of the reciprocal matrix. The proposed
concept of granular reciprocal matrices is used to optimize a performance index.
The flexibility offered by the level of granularity is used to increase the level of
consensus within the group. A number of numeric studies are provided to
illustrate an essence of the method.

9.1. Granularity and Group Decision-Making
We have been witnessing a highly diversified plethora of approaches to multiperson or group decision-making processes realized in the setting of fuzzy sets.
From the very inception of fuzzy sets, they gave rise to numerous concepts,
methodologies, algorithms and applications. The studies by Zadeh et al. (Zadeh, Is
there a need for fuzzy logic? 2008) offer a profound testimony to the relevance of
fuzzy sets in diverse tasks of decision-making, which are inherently associated
with the concept of information granularity. Multi-person or group decisionmaking mechanisms exploiting effective ways of forming consensus are on the
agenda of fuzzy decision-making.
Some of these studies build upon the well-known established techniques being
formed for a single decision maker. One of the approaches is an Analytic
Hierarchy Process introduced by Saaty (Saaty, Introduction to a modeling of
social decision process 1983). Since its introduction there have been a number of
studies dealing with its refinements, analysis, generalizations and applications
(Aguilar-Lasserre, et al. 2009) (Altuzarra, Moreno-Jimenez and Salvador 2007)
(Beynon 2005) (Cakir 2008) (Jeonghwan, et al. 2010) (Kangmao, Wang and Chun
2005) (Korpela and Tuominen 1996) (McCauley-Bell and Badiru 1996) (Mustafa
and Al-Bahar 1991) (Szczypinska and Piotrowski 2009) (Tung and Tang 1998).
As one of the generalizations, the AHP method has been augmented to the
environment of group decision-making, cf. (Dong, Zhang, et al. 2010) (Frei and
Harker 1999) (Herrera-Viedma, Martinez, et al. 2005) (Herrera-Viedma, Alonso,
et al. 2007) (Mata, Martinez and Herrera-Viedma 2009). A quick browsing of the
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existing studies in this setting helps us establish a general taxonomy of
approaches with two dominant directions:
Aggregation of individual reciprocal matrices (individual judgments). Here the
focus is on forming an aggregate of the reciprocal matrices. For instance, a
weighted geometric mean method is used as a vehicle to realize this aggregation.
Aggregation of individual vectors of preferences produced by the AHP method.
The preferences obtained on a basis of the individual reciprocal matrices are then
subject to a certain aggregation.
There have been a great deal of studies elaborating on the advantages and
associated limitations of the aggregation methods coming from these two
categories, see (Dong, Zhang, et al. 2010) (Musilek, Guanlao and Barreiro,
Genetic programming of fuzzy aggregation operations 2005).
An interesting and practically legitimate direction of promising investigations is
devoted to group decision-making involving linguistic or generally speaking, nonnumeric representations of assessments of individual alternatives, cf. (Dong,
Hong, et al. 2011) (Herrera, Herrera-Viedma and Verdegay, A rational consensus
model in group decision making using linguistic assessments 1997) (Xu and
Yager 2010). In all these situations it is assumed that such types of representation
are reflective of the very nature of knowledge about the decision problem. It is
also assumed that such non-numeric quantifications are provided by the decisionmaker.
One can convincingly note that reaching consensus requires flexibility and
willingness on a part of each member of the group to adjust his/her original
position. In the AHP model, these changes can be articulated through
modifications of the entries of individual reciprocal matrices. Intuitively, if we
allow any decision-maker to treat the entries of the reciprocal matrices not as
single numeric values (which are rigid) but rather as information granules, this
will bring a badly required factor of flexibility. In this manner the decision-maker
may admit all numeric realizations of the reciprocal matrix, which are compatible
with the more general granular abstraction such as the assumed granular matrix of
pairwise comparison. We introduce a concept of granular reciprocal matrices and
emphasize a role of information granularity being regarded here as an important
conceptual and computational resource which can be exploited as a means to
elevate the level of consensus to be reached. By admitting a certain level of
information granularity, we are provided with a unique possibility to navigate in
the space of priorities assigned to individual alternatives. In a very descriptive and
informal way, the essence of the information granularity is to support reaching
consensus through bringing some flexibility and exploiting it to the fullest
possible extent. In some sense, this study is parallel to some iterative schemes of
consensus building presented in (Herrera-Viedma, Martinez, et al. 2005) (HerreraViedma, Alonso, et al. 2007).
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9.2. Building Consensus through Allocation of Information
Granularity
Consider a group decision-making scenario in which there are ―c‖ decisionmakers and each of them comes with own preferences (preference vectors), e[1],
e[2],…, e[c] obtained by running the AHP for the corresponding reciprocal matrix
R[1], R[2], …, R[c]. Each reciprocal matrix has the following expression: R = [rij],
and rij = 1/rji which has been discussed in chapter 2.3. An aggregate preference
vector can be formed in many different ways by taking into account various
methods of aggregation of R[i]s or e[i]s and accounting for the corresponding
levels of consistency. This issue was elaborated on in the introductory section. It
is worth noting that irrespectively of the aggregation technique being used; the
resulting vector of preferences is somewhat a result of a post-mortem processing
in which the individual decision-makers are rather passive as to
changes/adjustments of their initial positions expressed in the form of the
corresponding vectors of preference. The question of aggregation is interesting
per se as so many distinct scenarios can be encountered. For instance, there is a
group of decision-makers who share similar position about preferences and each
of them is not very consistent. A few of the members of the group who are in a
clearly visible minority have very different preferences however their reciprocal
matrices are highly consistent. How could this become reflected in the
aggregation mechanism? What if there are several sub-groups of decision-makers
and each group is quite consistent in articulating their preferences but these
preferences vary substantially from one sub-group to another?
Building consensus calls for some flexibility exhibited by all decision-makers
who in the name of cooperative pursuits give up their initial positions and show a
certain level of elasticity. They can demonstrate this by changing the original
entries of the individual reciprocal matrices. The convincing generalization of the
optimization problem discussed above is to optimize allocation of granularity to
the individual decision-makers.
9.2.1. The objective function
It is advantageous to look at the way in which the overall process of forming
consensus can be structured. Figure 72 shows a characterization of the preferences
at the level of the individual decision-maker and a way in which an entire process
of consensus building becomes realized at the group level.
In the interval-valued granular model of reciprocal matrices, we consider that the
individual decision-maker feels equally comfortable to choose any reciprocal
matrix whose values are located within the bounds established by the
predetermined level of granularity. If a certain level of granularity () is allowed
in each reciprocal matrix, it can be used in two ways to reach consensus.
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Figure 72. Characterization of preferences at the level of individual decision-makers
and a way of forming the objective function; see a detailed description in the text

First, we try to bring all preferences close to each other and this goal is realized by
adjusting the reciprocal matrices within the bounds offered by the admissible level
of granularity provided to each decision-maker.


c

 (1  )||e[i]  e ||
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i

i 1
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(9.1)



where e stands for the vector of preferences which minimizes the weighted sum

of differences ||.|| between e[i] and e . The detailed calculations depend on the
form of the distance function used here. In particular, if we select the Euclidean

distance, then the optimal vector of preferences e is expressed as follows
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Second, we try to increase the consistency of the reciprocal matrices and this
improvement is realized at the level of individual decision-maker. The following
performance index quantifies this effect
c

Q2 =



i

(9.3)

i1

These are the two objectives to be minimized. If we consider the scalar version of
the optimization problem, it arises in the following form
Q= AQ1 + Q2
(9.4)

where A  0. The overall optimization
problem reads now as follows
Min R[1], R[2], …,R[c] P(R)Q
(9.5)
The minimization above is carried out for all reciprocal matrices admissible

because of the introduced level of information granularity 
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This optimization task is not an easy one. In virtue of the nature of the indirect
relationship between optimized reciprocal matrices (which are selected from a
quite large search space formed by P(R)) and this calls for the use of more
advanced techniques of global optimization such as e.g., evolutionary
optimization, Particle Swarm Optimization (PSO), simulated annealing, ant
colonies and alike.
The selection of numeric values of the weight factor A and the level of granularity
requires some clarification. The role of A is quite straightforward: by choosing
its value we set up a tradeoff between the consistency obtained at the local
(individual decision-maker) and global group level. The higher the value of A, the
more attention is being paid to the consistency aimed at the group level. In the
limit where A = 0, we are concerned with the consistency achieved at the local
level only. The admissible level of granularity brings flexibility, which has to be
effectively utilized – the higher the values of , the higher the potential to reach a
significant level of consistency. There is a potential of producing some quite
inconsistent reciprocal matrices at the local level.
While in the above scenario we considered that the same level of granularity  is
assigned across all R[i]s, these levels can be optimized as well so that each
decision-maker might have an individual value of i that becomes available to his
disposal. We require that the overall balance of granularity is retained meaning
that (4.1) is satisfied.

(a)

(b)

Figure 73. Endowing the reciprocal matrices with flexibility represented in the form
of information granularity: (a) equal allocation of granularity – level of granularity
set to , and (b) optimal allocation of granularity with different level i assigned to
individual reciprocal matrices under the constraint of overall level of granularity
expressed by (4.1). Shadowed shapes located next to the reciprocal matrices
underline the granular nature of these constructs
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The values of 1, 2, …, h become a part of the overall optimization problem,
that is (9.5) is expanded and reads now as
Min R[1], R[2], …,R[h] P(R)Q
subject to the granularity constraint (4.1).
Figure 73 visualizes the essential role of information granularity in the endowing

the reciprocal matrices with flexibility.
9.2.2. PSO Environment in Optimization of Reciprocal Matrices
The optimization of the reciprocal matrices coming from the space of granular
reciprocal matrices (more precisely, interval-valued reciprocal matrices) is
realized by means of the Particle Swarm Optimization (PSO), which occurs to a
viable optimization alternative for this problem. The PSO is well documented in
the existing literature with numerous modifications and augmentations. The
reader may refer to the generic flow of computing in which velocities and
positions of the particles are updated we discussed in chapter 2.4. What is
important in this setting is a formation of the particle whose entries are
transformed to the values of the reciprocal matrix. From the perspective of the
PSO itself, all entries of the particle are located in the unit interval. As the matrix
exhibits the reciprocity property, only one of the entries located symmetrically
with respect to the main diagonal has to be optimized by the PSO and the other
one is determined on a basis of the reciprocity property.
Let us assume that the entry of interest of the particle is ―x‖. It is transformed
linearly according to the expression, z =a + (b-a)x. a and b are lower and upper
bounds of an interval which has been discussed about its formalism in chapter 4.4.
We compute its inverse, 1/z, and round it off to the nearest integer in the set
{1, …, 9}. Say, the result is the integer value z0. To retain reciprocality property,
we calculate the inverse of z0 and replace the result of the linear transformation (z)
from which we have started with. The essence of this scheme is illustrated in
Figure 74.
For example, consider that rij is equal to 1/5, the admissible level of granularity 
=0.05 and the corresponding entry of the particle is x =0.3. Then the
corresponding interval of the granular pairwise comparison matrix computed as
given by (4.7) becomes equal to [a, b] = [0.155, 0.244]. Subsequently z = 0.181.
This gives rise to the integer value of the (j, i)-th entry of R positioned
symmetrically equal to 6 and finally the modified value of rij becomes equal to 1/6.
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Figure 74. Formation of the reciprocal matrix with the use of the PSO and
predetermined level of granularity ; a and b are two bounds of an interval

The overall particle is composed of the individual segments where each of them is
concerned with the optimization of the parameters of the reciprocal matrices. If
the allocation of granularity is also optimized then the values of is are also
optimized. These optimized values are then used in the decoding of the content of
the corresponding segments of the particle by calibrating the intervals of
admissible granularity (see 4.8).

9.3. Experimental Studies
In this section, we illustrate the method and highlight its main features by
presenting several examples. Here we use a version of the PSO as discussed in
chapter 2.4 (B) (Kennedy and Eberhart, Particle swarm optimization 1995). The
size of the swarm consists of 1,000 particles and the algorithm was run for 200
generations. Since the search space is quite large (there are around 50 elements in
the particle), it has been found that this particular size of the population was
suitable to realize a search process.
Example 1 We consider five reciprocal matrices coming from five decisionmakers. The entries of these matrices are reflective of the pairwise comparisons of
five alternatives (options).
1 1/4 1/3 1/7 1/3
1 1/2 1/4 1/3 1/2




4 1 1/6 1/5 1/6
2 1 1/5 1/2 2 
R1  3 6
1 1/2 1/3
R 2  4 5
1
1 1/2




2
1 1/2
1
1
3 
7 5
3 2


3
2
1 
3 6

2 1/2 2 1/3 1 
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1 1/2 1/2 1/8 1/8
1 1/2 1/3 1/7 1/2




2 1 1/4 1/3 1/9
2 1 1/5 1/2 1/3
R 3  2 4
1 1/5 1/5
R 4  3 5
1 1/4 1/4




5
1 1/4
4
1
1 
8 3
7 2
8 9

5
4
1 
4
1
1 


2 3

 1
1
3
5 5


1 1/3 4 8
 1
R 5  1/3 3
1
3 6



1/5 1/4 1/3 1 6
1/5 1/8 1/6 1/6 1


The corresponding maximal eigenvalues of the reciprocal matrices are equal to:
1=5.68, 2=5.79, 3=5.46, 4=5.73, 5=5.70, which give rise to the following
values of the inconsistency index: 1=0.171, 2=0.198, 3=0.114, 4=0.183,

5=0.175.

It is noticeable that all the matrices exhibit a similar level of consistency with an
exception of the reciprocal matrix R3, whose consistency level is higher than the
rest of the matrices. The corresponding eigenvectors are given below
e1  0.141 0.206

e 2  0.239

0.506

0.509 1.000

0.753 1.000 

T

0.970

0.638 

T

e 3  0.075 0.106 0.195 0.481 1.000 

T





e 4  0.187

0.268

0.501 1.000

0.884 

e 5  1.000

0.647

0.768

0.096 

0.254

T

T


 There is a diversity of preferences discovered here: the fifth alternative is picked
up twice and the remaining alternatives are identified once. In case no granularity

is admitted, the aggregated fuzzy set of preferences computed by making use of
(9.2) comes with a vector of membership values


e  0.3255 0.3427 0.5861 0.6867 0.728
and here the fifth alternative is characterized by the highest membership degree.
The plots of the decision profiles produced by the individual decision-makers are
illustrated in Figure 75.

T

Before proceeding with the PSO optimization of the reciprocal matrices when
supplied with the required granularity level, it becomes instructive to analyze an
impact of the allocated level of granularity on the possible changes in terms of the
improvement or deterioration of consistency of the matrices. To quantify the
effect of imposed granularity, for a given reciprocal matrix R we allow a certain
value of , for this specific value randomly generate a reciprocal matrix coming
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from a granular representation of R, P(R), and compute the associated
inconsistency index. The calculations are repeated 500 times for each value of .
The corresponding plots of  versus  are shown in Figure 76. In addition, in
these figures we visualize average values of the inconsistency index.

Figure 75. Decision profiles generated by the individual reciprocal matrices

(a)

(b)

(c)

(d)
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(e)
Figure 76. Plots of inconsistency index  versus  for reciprocal matrices R1-R5: (a)(e)

When increasing the values of , the possibility of arriving at more consistent
reciprocal matrix increases (which is not surprising as we have introduced some
level of flexibility that we intend to take advantage of) however the likelihood of
producing a very inconsistent matrix increases as well. The average value of
inconsistency remains pretty steady with respect to the increasing values of  as
reported for all matrices however there is some slight upward trend for higher
value of .
Considering a level of granularity () (which is the same for all reciprocal
matrices), we run the optimization of the entries of the reciprocal matrices. The
performance of the PSO is illustrated in Figure 77; the most significant
improvement is noted at the very beginning of the optimization and afterwards
there is a clearly visible stabilization where the values of the fitness function
remain steady.

Figure 77. Values of fitness function Q in consecutive generations of the PSO for
selected values of  = 0.06 and 0.15 (here A =0.2).
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Let us investigate an impact of the granularity level () and the weight factor A in
the composite fitness function on the performance of the method and the form of
the obtained results. For A = 0, the optimization involves each of the reciprocal
matrices individually. Here the increase in the values of  offers more flexibility,
which if prudently used (optimized by the PSO), produces the reciprocal matrices
of higher consistency. This effect is clearly visible in Figure 78 (the curve for
A=0). The advantageous effect of granularity is visible: with the increasing values
of , the reciprocal matrices become more flexible and this translates into higher
levels of consistency of the evaluations of the alternatives. The same effect is
visible for nonzero values of A: if there is some interaction, the positive impact of
introduced granularity is beneficial (the overall level of inconsistency quantified
by Q2 is a decreasing function of ). The strictly monotonic character of this
relationship is not retained for higher values of A as again illustrated in Figure 78
for A=1.0. This is not surprising, however, as the performance index optimized by
PSO is not Q2 itself but Q and as such, this composite index includes also the
effect of consistency of the preferences themselves.

(a)

(b)

Figure 78. Plot of Q2 versus  and Plots of Q1 versus A shown for selected values of


Figure 79 includes a number of plots of Q1 (reflective of the consistency among
preferences) regarded as functions of A for selected levels of granularity. Again,
the advantageous effect of granularity is visible as higher values of  result in
lower values of Q1. For the fixed value of , there is a clearly visible saturation
effect: when moving beyond a certain point, further increase of values of A does
not reduce the values of Q1.
The decision-making profiles obtained for the granular reciprocal matrices for
selected combinations of the values of A and  are included in Figure 79. It
becomes apparent that different combinations of these two parameters result in
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several decision-making scenarios pointing at specific alternatives as well as the
decision profiles.

Figure 79. Decision profiles generated by the individual reciprocal matrices: (a) A=
0, =0.15 (b) A= 0.4, =0.01 (c) A= 0.4, =0.15

For = 0.15, as shown in Figure 79 (a) the level of consistency has been
significantly reduced which speaks to the important role played by information
granularity. For the last example, Figure 79 (c) both nonzero values of the
parameters A and  both the level of consistency as well as the agreement in the
achieved preferences have been increased. The decision profiles are shown in
Figure 81.

(a)

(b)

Figure 80. Q2 versus ; given are selected values of A and Plots of Q1 versus A for
selected values of 
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The plots of fuzzy sets of preferences for the selected values of the parameters are
included in Figure 82. It is noticeable that nonzero values of A and  make fuzzy
sets of preference to become positioned close to each other, which stands in
contrast with the situation displayed in Figure 82 (a).

Figure 81. Decision profiles generated by the individual reciprocal matrices: (a) A=
0, =0.01 (b) A= 0, =0.15 (c) A= 0.4, =0.01 (d) A= 0.4, =0.15

(a)

(b)


Figure 82. Fuzzy sets of preferences e[1], e[2],…, e[5] and the result of aggregation e :
(a) A= 0, =0 (b) A= 0.8, =0.15

So far, we have allocated the same level of granularity to all reciprocal matrices.
Now the available level of granularity is allocated to all matrices when the
allocation itself is optimized by the PSO along with the optimization of the entries
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of the individual Ris. In this case, the obtained plots of Q2 and Q1 are shown in
Figure 80 while some selected decision profiles are included in Figure 81.
As the PSO was used to optimize Q, it is helpful to evaluate how much the
optimized allocation of granularity becomes reflected in the reduction of the
values of Q in contrast to the values of Q where each reciprocal matrix is affected
at the same level. The summary of the results is presented in Table 15. We notice
that in all cases some improvement is present with the achieved level of
improvement as high as 25%.
Table 15. Values of optimized performance index Q for the same value of  and
optimized allocation of granularity for selected values of  and A (each entry of the
table includes two numbers Q/Q’–without granularity allocation (Q) and with
granularity allocation (Q’)
A


0.01
0.03
0.06
0.09
0.12
0.15

0
0.83/0.81
0.71/0.71
0.58/0.57
0.46/0.48
0.38/0.37
0.35/0.26

0.2
1.19/1.17
1.07/1.06
0.95/0.95
0.84/0.78
0.72/0.7
0.74/0.65

0.4
1.54/1.52
1.45/1.4
1.27/1.29
1.2/1.16
1.08/1.06
1.03/0.94

0.6
1.9/1.88
1.78/1.75
1.61/1.61
1.51/1.5
1.38/1.34
1.33/1.27

0.8
2.25/2.23
2.12/2.07
1.9/1.92
1.79/1.79
1.64/1.65
1.58/1.48

1.0
2.6/2.56
2.46/2.39
2.21/2.23
2.08/2.04
1.91/1.87
1.83/1.84

Example 2. Here we consider a larger group of decision-makers who have
quantified the pairwise preferences of five alternatives in the following matrices

1
7

R 1  5

4
1
1
6

R 3  5

1
7

1/ 7
1
1/ 4
1/ 2
1/ 9
1/ 6
1
1/ 2
1/ 7
2

1/ 5
4
1
2
1/ 3
1/ 5
2
1
1/ 9
3

1/ 4
2
1/ 2
1
1/ 7
1
7
9
1
9

 1
1 / 9

R 2  1 / 7

1 / 6
 1

1
9
3

7
1
1 / 7
1 / 2
1 / 3

1 / 9
1 

 1
1 / 5

R 4  1 / 8

 3
 2
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9

7

6

1 1/ 3 1/ 2
3 1
2
2 1/ 2 1
7

5
1
1
6
7

5

6

8
1
1
9
8

1/ 3
1/ 6
1/ 9
1
1/ 2

1 
1 / 7 
1 / 5

1 / 6
1 
1 / 2
1 / 7 
1 / 8

2 
1 

 1 1/ 2 1/ 5 8 1 
 1 8 1/ 7 1/ 6 1 
 2

1 / 8 1 1 / 8 1 / 5 1 / 2
1 1 / 4 5 1 / 3



R5   5
R6   7 8 1
4
1 6 4 
3
9 




5 
1 / 8 1 / 5 1 / 6 1 1 / 8
 6 5 1/ 3 1
 1
 1 2 1 / 9 1 / 5 1 
3 1 / 4 8 1 
6 1 / 7 1 / 4 1
 1 1 / 7 1 / 6 1 2
 1
 7



1 1 / 3 5 3

1 / 6 1 1 / 9 1 / 5 2
R7   6
R8   7
3
1
8 9
9
1
3 7




5 1 / 3 1 5
 1 1 / 5 1 / 8 1 6
 4
1 / 2 1 / 3 1 / 9 1 / 6 1 
 1 1 / 2 1 / 7 1 / 5 1 
For these matrices we obtain the following set of eigenvalues and the
corresponding values of the inconsistency index:
1=5.1180, 2=5.1177, 3=5.1605, 4=5.1599, 5=5.5979, 6=5.5992, 7=5.5988,
8=5.6007; 1=0.0295, 2=0.0294, 3=0.0401, 4=0.04, 5=0.1495, 6=0.1498,
7=0.1497, 8=0.1502
along with the eigenvalues describing levels of preference assigned to alternatives
e1  0.109 1.000
e 2  1.000

0.334

0.559

0.093 0.217

0.148

0.100 

0.879 

e3  0.103 0.636 0.466 0.086 1.000
e 4  0.457

0.106

0.087 1.000

T
T

T

0.686 

e5  0.282 0.280 1.000 0.067 0.416

e6  0.196 0.069 1.000 0.533 0.120

e7  0.129 0.527 1.000 0.187 0.083

e8  0.212 0.100 1.000 0.484 0.109

T

T
T

T

T

Figure 83. Decision profiles generated by the individual reciprocal matrices
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The preferences are quite scattered and the two groups of decision-makers
characterized by different levels of consistency are visible.
After running the PSO algorithm, the obtained results are reported in Figure 84 (a)
and (b). The cumulative level of inconsistency (expressed by Q2) drops very
quickly with the increasing values of granularity, Figure 84 (a) and this effect is
noticeable for different values of A. The values of the performance index Q1 are
reduced however the trend is not so visible as in case of Q1. The decision profiles
and the fuzzy sets of preference of alternatives are displayed in Figure 83 and 84.

(a)

(b)

Figure 84. Q2 versus  and Q1 versus A

Figure 85. Decision profiles generated by the individual reciprocal matrices: (a) A=
0, =0.01 (b) A= 0, =0.15 (c) A= 0.4, =0.01 (d) A= 0.4, =0.15
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Figure 85 includes as series of decision profiles and as such offers a general view
on how the preferences are affected by various values of  and A. Similarly, we
show the membership functions of the fuzzy sets of preference in Figure 86.

(a)

(b)

Figure 86. Fuzzy sets of preferences: (a) A= 0, =0 (b) A= 0.8, =0.15

After optimization of the allocation of granularity to the reciprocal matrices, the
obtained results in terms of Q1 and Q2 are included in Figure 87 (a) and (b).

(a)

(b)

Figure 87. Q2 versus  and Q1 versus A

After running PSO (with 1,000 particles, 100 generations), the optimized value of
Q without optimization of the level of granularity (the same value of  for each
R[i]) and with the optimization of  under some certain values of A and  are
shown below. In each cell, the ―a/b‖ form represent the two values of Q. ―a‖ is the
value of Q obtained when no optimization of  was done and ―b‖ is the values of
Q obtained with the optimization of We notice that in most cases some
improvement is present however its level varies in-between -3.81% and 19 %.
See Table 16.
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Table 16. The values of Q for uniform and optimized allocation of the levels of
granularity
A


0.01
0.03
0.06
0.09
0.12
0.15

0
0.7/0.66
0.57/0.59
0.5/0.44
0.43/0.35
0.37/0.34
0.31/0.26

0.2
1.5/1.46
1.39/1.38
1.28/1.24
1.19/1.16
1.06/1.06
1.02/0.96

0.4
2.31/2.27
2.19/2.15
2.07/2.04
1.95/1.89
1.83/1.75
1.72/1.69

0.6
3.12/3.09
2.96/2.9
2.81/2.79
2.64/2.65
2.52/2.48
2.37/2.39

0.8
3.93/3.87
3.73/3.71
3.56/3.54
3.43/3.34
3.17/3.17
3.04/3

1.0
4.72/4.67
4.46/4.52
4.28/4.32
4.12/4.09
3.9/3.86
3.76/3.71

9.4. Conclusions
Information granularity is an important and useful asset supporting reaching
consensus in group decision-making. It offers a badly needed flexibility so that
the granular reciprocal matrices can produce numeric realizations so that they are
both of higher consistency at the individual level and the consistency at the group
level. The PSO environment has been shown to serve as an efficient optimization
vehicle allocating levels of granularity to the corresponding reciprocal matrices
formed by the decision-makers. The granular representation of reciprocal matrices
discussed in this chapter was the one using intervals; however any other
formalisms of Granular Computing, especially fuzzy sets could be equally
applicable here. There is an interesting further research pursuit, which relates to
the proposals provided in (Alonso, et al. 2010) (Perez, Cabrerizo and HerreraViedma 2010) where interesting concepts of consensus formation can be
combined with the principle of justifiable granularity and its allocation presented
in this study.
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10. Granulation
Decision Making

of

Linguistic

Information

in

To be fully utilized, linguistic information present in decision-making has to be
made operational through information granulation. This chapter is concerned with
information granulation present in the problems of AHP, which is available in the
characterization of a pairwise assessment of alternatives studied in the decisionmaking problem. The granulation of entries of reciprocal matrices forming the
cornerstone of the AHP is formulated as an optimization problem in which an
inconsistency index is minimized by a suitable mapping of the linguistic terms on
the predetermined scale. Both individual and group decision-making models of
AHP are discussed.

10.1. Linguistic Information in Decision Making
In decision-making problems, we are commonly faced with information provided
by humans, which is inherently non-numeric. Partial evaluations, preferences,
weights are expressed linguistically. The evident role of fuzzy sets in decisionmaking and associated important processes such as consensus building is well
documented in the literature, see (Alonso, et al. 2010) (Herrera, Herrera-Viedma
and Verdegay, A rational consensus model in group decision making using
linguistic assessments 1997) (Herrera-Viedma, Alonso, et al. 2007) (Perez,
Cabrerizo and Herrera-Viedma 2010).
While fuzzy sets have raised awareness about the non-numeric nature of
information, its importance, a need for its handling and provided a great deal of
techniques of processing fuzzy sets, the fundamental issue about a transformation
of available pieces of linguistic information into formal constructs of information
granules. The resulting information granules are afterwards effectively processed
within the computing setting pertinent to the assumed framework of information
granulation. The linguistic terms such as high, medium, etc. are in common use. It
is not clear, however, how they have to be translated into the entities, which can
be further seamlessly processed using the formalisms of sets, fuzzy sets, rough
sets and alike. Likewise, it is not straightforward what optimization criterion can
be envisioned when arriving at the formalization of the linguistic terms through
information granules.
Given the diversity of decision-making problems and being alerted to the fact that
each of their categories could come with some underlying specificity and
particular requirements, in this study we concentrate on the Analytic Hierarchy
Process (AHP) model, which addresses a large and important category of
decision-making schemes, see (Saaty, How to handle dependence with the
analytic hierarchy process 1987) (Saaty, A new macroeconomic forecasting and
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policy evaluation method using the analytic hierarchy process 1987) (Wang and
Chen 2008). There is a visible abundance literature on the refinements and
generalizations of these models as well as various applied studies (Dong, Zhang,
et al. 2010) (Dong, Hong, et al. 2011) (Jeonghwan, et al. 2010) (Korpela and
Tuominen 1996) (Saaty and Hu, Ranking by eigenvector versus other methods in
the analytic hierarchy process 1998).
The pairwise comparisons of alternatives are articulated in terms of linguistic
quantifications, say highly preferred, moderately preferred, etc. Each term is
associated with some numeric values. It has been identified quite early in the
development of the AHP-like models that the single numeric values taken from
the 1-9 scale do not necessarily fully reflect the complexity of the non-numeric
nature of the pairwise comparisons. The first approach along this line was
presented in (van Laarhoven and Pedrycz 1983) where the authors admitted
triangular fuzzy numbers defined in the scale. There have been a significant
number of pursuits along this line. The granular nature of the pairwise
assessments was discussed in the context of a group decision-making where
reaching consensus calls for some flexibility of evaluations individual
assessments have to be endowed with to facilitate processes of consensus building.
In the study, we focus on two scenarios: decision-making involving a single
decision –maker and decision-making realized in presence of several decisionmakers (group decision-making problem). The granulation formalism being
discussed in the study concerns intervals and fuzzy sets however it applies equally
well to any other formal scheme of information granulation, say probabilistic sets,
shadowed sets, rough sets. It is worth stressing here that information granulation
offers an operational model of the AHP to be used in presence of linguistic
pairwise comparisons. The PSO framework supporting the formation of
information granules helps translate linguistic quantification into meaningful
information granules so that the highest consistency of the evaluations is achieved.
The linguistic terms used in a pairwise comparison of alternatives are expressed
linguistically by admitting qualitative terms. They can be organized in a linear
fashion, as there is some apparent linear order among them. The terms themselves
are not operational meaning that no further processing can be realized, which
involves a quantification of the linguistic terms.

10.2. Quantification and Optimization of Interval Linguistic
Information
The construction of information granules is realized as a certain optimization
problem. In this section, we elaborate on the fitness function, its realization, and
the PSO optimization along with the corresponding formation of the components
of the swarm.
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The objective of the fitness function is to provide a quantification of the
information granules on which information granules are to be mapped.
Considering the nature of the AHP model, the quality of the solution (preference
vector) is expressed in terms of the inconsistency index. For the given vector of
cutoff points, their quality associates with the corresponding value of the
inconsistency index. The minimization of the values of the index by adjusting the
positions of the cutoff points in the 1…9 scale is realized by the PSO. When it
comes to the formation of the fitness function, its determination has to take into
account a fact that interval-valued entries of the reciprocal matrix have to return
numeric values of the fitness function. This is realized as follows. As we
encounter information granules in the form of intervals, we consider a series of
their realizations. Let us consider that an individual generated by the PSO has
produced a collection of cutoff points specified by the individual in the swarm on
which PSO operate, which is located on the [1, 9] scale. For instance, if there are
three linguistic terms in the reciprocal matrix, say L (Low), M (Medium), and H
(High), and the corresponding cutoff points are a1 and a2, respectively, we arrive
at the mapping (representation) of the terms as follows L: [1, a1] M: [a1, a2] H:
[a2, 9]. If we consider ―m‖ linguistic values, this results in ―m-1‖ cutoff points.
Being arranged in a single vector, they constitute an individual in the swarm of
the PSO.
A finite series of realizations of the information granules being the entries of the
granular reciprocal matrix is formed by randomly generating entries coming from
the above intervals, plugging them into the reciprocal matrix, and computing the
largest eigenvalue and the corresponding value of the inconsistency index. The
average of the values of the inconsistency index is the fitness function associated
with the particle formed by the cutoff points a1 and a2. A way of the formation of
the fitness function is in line with the standard practices encountered in Monte
Carlo simulations, see (Pelaez and Lamata 2003) (Williams 1991).
Example 1. We consider a 5 by 5 reciprocal matrix with the three linguistic
entries

 1
1 / M

R L

 M
 H

M 1/ L 1/ M 1/ H 
1 1 / L 1 / H 1 / H 
L
1
1/ L 1/ H 

H
L
1
1/ L 
H H
L
1 

The granular matrix R is sampled 500 time (the numbers drawn from the uniform
distribution defined over the corresponding subintervals of the [1, 9] scale). Recall
that the fitness function is the average of the inconsistency index computed over
each collection of 500 reciprocal matrices. The process of learning realized by the
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PSO is illustrated in Figure 88 where we show the values of the fitness function
obtained in successive generations. The parameters of the PSO were set up as
follows: the number of particles is 100, and the number of iterations is set to 500.
The progression of the optimization is quantified in terms of the fitness function
obtained in successive generations, see Figure 88.

Figure 88. The values of the fitness versus generations of the PSO

To put the obtained optimization results in a certain context, we report the
performance obtained when considering a uniform distribution of the cutoff points
over the scale, which are equal to 3.67 and 6.34, respectively, see Figure 89. The
average inconsistency index assumes the value of 0.1159 with a standard
deviation of 0.0332. The histogram of the inconsistency rates provides a more
comprehensive view at the results: there is a visible presence of a longer tail of the
distribution spread towards higher values of the inconsistency index.

Figure 89. The distribution of the values of the inconsistency index- a uniform
distribution of the cutoff points
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The PSO returns the optimal cutoff points of 2.2 and 2.4, which are evidently
shifted towards the lower end of the scale. The inconstancy index takes on now
lower values and is equal to 0.054 with the standard deviation of 0.0252. The
corresponding histogram is shown in Figure 90.

Figure 90. The distribution of the values of the inconsistency index- a PSOoptimized distribution of the cutoff points

For the optimal splits of the scale, a reciprocal
inconsistency index is given below:
2.2 1 / 1.65 1 / 2.35
 1
1 / 2.2
1
1 / 2.1 1 / 4.05

R   1.65 2.1
1
1 / 1.45

1
 2.35 4.05 1.45
 2.4 6.15 2.45
1.25

matrix with the lowest

1 / 2.4 
1 / 6.15
1 / 2.45

1 / 1.25 
1 

with the normalized eigenvector corresponding to the largest eigenvalue of this
reciprocal matrix equal to e = [0.79
1.00
0.65
0.30
0.00]T, which
identifies the second alternative as an optimal one.
Example 2 Here we consider another 5x5 reciprocal matrix with 5 linguistic
terms, VL, L, M, H, and VH
L
M
VL
H 
 1
 1/ L
1
M 1 / VL VH 

R  1 / M 1 / M
1 1/ H
L 


H
1
H 
1 / VL VL
1 / H 1 / VH 1 / L 1 / H
1 
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The results of the optimization are shown in Figure 91, here the parameters of the
PSO were set up as follows: number of particles: 100, number of iterations: 500.

Figure 91. The values of the fitness function obtained in successive generations of
the PSO

The results corresponding with the uniform distribution of the cutoff points (that
is 2.6, 4.2, 5.8, and 7.4) come with the average inconsistency index of 0.0888 with
a standard deviation of 0.0162. The PSO produces the cutoff points of 1.1, 1.8, 5.3,
and 5.6. The inconsistency index is now lower and equal to 0.0205 with the
standard deviation of 0.0102. The corresponding histograms both for the uniform
and PSO-optimized cutoff points are shown in Figure 92.

(a)

(b)

Figure 92. The distribution of the inconsistency index: (a) uniform distribution of
cutoff points, (b) PSO-optimized distribution of the cutoff points
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For the optimal split of the scale, a reciprocal matrix with the lowest
inconsistency index is given below
1.1
4.55 1.05
5.5 
 1
 1 / 1.1
1
3.85 1 / 1.05 6.05

R  1 / 4.55 1 / 3.85
1
1 / 5.3 1.3 


5.3
1
5.3 
1 / 1.05 1.05
 1 / 5.5 1 / 6.05 1 / 1.3 1 / 5.3
1 
and the corresponding eigenvalue is equal to e = [1.00

0.92

0.06 0.97 0.00]T.

Example 3 We consider a 7x7 reciprocal matrix with 5 linguistic terms as before,
that is VL, L, M, H, and VH

 1 1 / M 1 / VH 1 / H 1 / M 1 / VL 1 / L
M
1
1 / L 1 / VL 1 / VL M
M 

VH
L
1
H
VL
H
VH 


RH
VL 1 / H
1
1/ L
L
L 
M
VL 1 / VL
L
1
L
H 


1
L 
 VL 1 / M 1 / H 1 / L 1 / L
 L 1 / M 1 / VH 1 / L 1 / H 1 / L
1 

The parameters of the PSO are the same as in the previous examples. The PSO
optimization takes place in the first generations of the method, Figure 93.

Figure 93. The values of the fitness function versus successive generations of the
PSO
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The obtained results are as follows:
Uniform distribution of the cutoff points: {2.6, 4.2, 5.8, 7.4}. The average
inconsistency index assumes the value of 0.1184 with a standard deviation of
0.0153, the histogram of the inconsistency index is included in Figure 94.

Figure 94. A histogram of distribution of values assumed by the inconsistency index
– uniformly distributed cutoff points

PSO-optimized cutoff points: {1.5, 1.7, 2.3, 2.4}, average inconstancy index
0.0269 0.0075. The corresponding histogram of the values of the inconsistency
index is illustrated in Figure 95. Not only the average value of the inconsistency
index is lower but its standard deviation is also reduced to 50% of the one
encountered when having a uniform distribution of the cutoff points.



Figure 95. A histogram of distribution of values assumed by the inconsistency index
– PSO optimized cutoff points
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For the optimal splits of the [1, 9] interval, a reciprocal matrix with the lowest
inconsistency index is given below
 1 1/2.15 1/3.9 1/2.3 1/2.25 1/1.25 1/1.6


1
1/1.65
1
1/1.05
1.8
2.2 
2.15
3.9
1.65
1
2.3
1.15
2.35
3.8 


R  2.3
1
1/2.3
1
1/1.5
1.65 1.55 
2.25 1.05 1/1.15
1.5
1
1.6
2.35 


1
1.55 
1.25 1/1.8 1/2.35 1/1.65 1/1.6
1.6 1/2.2 1/3.8 1/1.55 1/2.35 1/1.55
1 


the eigenvector associated with the maximal eigenvalue is e = [0 0.47 1.00
0.36
0.59
0.16
0.06]T. For comparison, the uniform distribution of the
cutoff points yields e = [1.00 0.63 0.00 0.73 0.43 0.91 0.97]T.


10.3. Fuzzy Sets in the Quantification of Linguistic Terms
The quantification of the linguistic terms with the aid of fuzzy sets can be realized
by further refining the representation completed through intervals of the scale.
The intent is to form fuzzy sets by using the cutoff points already formed when
building the intervals. This helps assess the performance of this model of the
linguistic terms versus the one of the interval character.
Consider the intervals already formed over the [1, 9] scale with the cutoff points
shown in Figure 96.

Figure 96. Formation of fuzzy sets of quantification of the linguistic terms based on
the already constructed interval-valued representations of the terms, shown are
calculations of the activation levels of the terms L and H for randomly drawn
sample with the values a1 and a2.
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Based on them we form triangular fuzzy sets whose modal values are adjustable.
In the construct above the fuzzy sets overlap at 0.5 at the cutoff points as shown in
Figure 96.
When selecting randomly the realization of the linguistic terms, they come with
the membership values computed on the basis of the membership functions. For
instance, if we randomly draw the values a1 and a2 as the realizations of the
linguistic terms Low (Low) and High (H) present in the reciprocal matrix the
results (viz. the eigenvalue and its associated eigenvector) come with the figure of
merit computed based on the aggregation of the membership degrees of L and H
that is L(a1) t H(a2) where ―t‖ stands for any t-norm. Note that the values are
drawn randomly from the supports of the linguistic terms L and H. Denote it by 
where  = L(a1) t H(a2). The calculated inconsistency index  is now associated
with the value of . In a nutshell, we slightly augment the procedure of evaluating
the fitness function discussed for the interval realization of linguistic terms. The
main difference is that in the calculations of the fitness function used by the PSO
to optimize the modal values of the fuzzy sets of the linguistic terms we use the
weighted sum of the form
K

μ
k 1
K

k

μ
k 1

νk

(10.1)

k

with the summation completed over all the samples drawn, k=1,2, …, K. The
above formula reduces to the one used in the previous case when the membership
functions are replaced by the characteristic functions.
An alternative approach is to start with the construction of fuzzy sets of the
linguistic terms. In this case the content of the particle is a collection of the modal
values of the triangular membership functions. We assume that the consecutive
membership functions intersect at the level of 1/2; this implies that the fuzzy sets
are completely specified by their modal values.
Example 4 We use the same reciprocal matrix as in Example 1. Using interval
granulation, the best cutoffs of interval are 2.2 and 2.4. By making use of the
fuzzy sets in scale granulation and with the sample of 500 elements and the fitness
function expressed by (2.27) the average fitness function Q is equal to 0.0533, and
other results are from 0.0533 to 0.0635. The PSO optimized fuzzy sets are shown
in Figure 97.
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Figure 97. Optimized membership functions of triangular fuzzy sets

The fuzzy set of preferences comes as e = [0.84

1.00

0.83

0.47 0.00]T.

Proceeding with the second approach, viz. constructing fuzzy sets from scratch,
the PSO-optimized cutoff points are 1.4, 2.6, and 2.8 for which the performance
index Q is equal to 0.051 (which is very close to the value of the fitness function
obtained in the first approach). The progression of the optimization process is
illustrated in Figure 98.

Figure 98. Q in successive PSO generations

The fuzzy set of preferences has the following entries e = [0.81 1.00 0.84 0.37
0.00]T. The results are practically the same as obtained when starting with the
interval quantification of the linguistic terms.
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10.4. A Group Decision-Making Scenario
The AHP model is used in the realization of group decision-making processes.
Here we assume ―c‖ reciprocal matrices. Each decision-maker uses the same
number of linguistic terms. The optimization is realized in the same way as before.
The main difference is with regard to the performance index which is taken as a
sum of the inconsistency indexes for all reciprocal matrices R[1], R[2], … R[c].
Here we distinguish between two scenarios, namely (a) each reciprocal matrix
involves the same number of linguistic terms, and (b) there are different numbers
of the linguistic terms. The fitness function to be minimized is the sum of the
inconsistency indexes of the corresponding reciprocal matrices, namely
c

Q=

[i]

(10.2)

i1

The joint treatment of the linguistic terms coming from the experts engaged in the
process of group decision-making allows us to treat these terms in a unified
fashion and reconcile their semantics so that the individual rankings are made
 aggregated to arrive at the joint view at the
comparable and thus could be
alternatives. A granulation of the linguistic terms realized at the level of
individual decision-makers involved in the group decision-making may result in
results of individual rankings that are more difficult to aggregate.
Example 5. We consider 4 decision-makers whose assessments of alternatives are
presented in the form of the following reciprocal matrices (with 5 linguistic terms);
note there is the same number of linguistic terms used in all reciprocal matrices

L
M
VL
 1
 1/ L
1
M 1 / VL

R1  1 / M 1 / M
1 1/ H

H
1
1 / VL VL
1 / H 1 / VH 1 / L 1 / H
H
VH
M
 1
 1/ H
1
1/ L 1/ M

R3  1 / VH
L
1 1 / VL

M
VL
1
 1/ M
1 / VH 1 / VL 1 / L 1 / H

VL 1 / L
H
 1


VH 
1 / VL 1 1 / L
L
1
L  R2   L


H
L
H
 M
 VH H VH
1 
VH 
 1 1 / L 1 / VL

 L
VL 
1
1/ L

L  R4   VL L
1


H
M
VH VH
 M
1 
L
VL

1 / M 1 / VH 
1 / H 1 / H 
1 / L 1 / VH 

1
1 / VL 
VL
1 

1 / VH 1 / M 
1 / VH 1 / L 
1 / M 1 / VL

1
H 
1/ H
1 

One should note that the linguistic terms L, M, etc. even used by all decisionmakers may have slightly different meaning resulting in different information
granules. The parameters of the PSO were set up as follows: the number of
particles is set to 100 (the larger population was tried as well however the result is
similar), number of iterations is equal to 500. The results in terms of the average
inconsistency indexes of the reciprocal matrices are included in Figure 99.
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Figure 99. Q in successive PSO generations

The minimized fitness function is now equal to 0.1392  0.049. The corresponding
preference vectors associated with the maximal eigenvalues of the reciprocal
matrices are as follows


e[1] = [1.00 0.69 0.12 0.97
e[2] = [1.00 0.99 0.83 0.34
e[3] = [1.00 0.07 0.15 0.37
e[4] = [1.00 0.95 0.87
0.00

0.00]T
0.00]T
0.00]T
0.85]T

The cutoff points obtained here are 1.5, 1.8, 3.8, and 4.0. The realization of the
linguistic terms was unified throughout the group of experts. In contrast, let us
consider the same reciprocal matrices and come up with the granulation of the
scale done individually. This means that four separate optimization problems are
solved. The results are as follows:
R1 :
R2 :
R3 :
R4 :

Q = 0.0013, e = [1.00 0.95 0.03 0.99 0]T, cutoff points: 1.1, 1.8, 5, 5.1
Q = 0.0174, e = [0.004 0 0.11 0.53 1.00]T, cutoff points: 1.8, 2.6, 6.7,6.8
Q = 0.0071, e = [0 0.95 0.85 0.65 1.00]T, cutoff points:1.6, 1.7, 3.2, 4.7
Q = 0.0058, e = [1.00 0.93 0.84 0 0.79]T, cutoff points:1.5, 1.7, 3, 3.1

The comparison of performance of uniform distribution of cutoff points and
optimal distribution is shown in Figures 100 and 101.
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Figure 100. The distribution of the inconsistency index in case of a uniform
distribution of cutoff points: (a) R1 (b) R2 (c) R3 (d) R4

Figure 101. The PSO-optimized distribution of the inconsistency index: (a). R1 (b),
R2 (c) R3 (d) R4
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In the previous example, the reciprocal matrices have the same number of
linguistic terms. In the next example, we consider different numbers of linguistic
terms present in the reciprocal matrices. This requires that some mapping between
the linguistic terms is defined so that the corresponding information granules can
be constructed.
Example 6 Here we use several reciprocal matrices each of them exhibiting a
different number of linguistic entries. More specifically, we have the following
collections of linguistic terms
R1 - {L1, M1, H1}, R2 - {VL2, L2, M2, H2, VH2}, R3- {L3, M3, H3}, R4 – {VL4,
L4, M4, H4}
We consider the following association between the linguistic terms present in the
individual reciprocal matrices or form new aggregated (concatenated) linguistic
terms L, M, H, namely
L = {VL2, L2} = L3 = {VL4, L4},
M = M1=M2=M3=M4,
H = {H2, VH2} = H3 =H4.
The optimization of the cutoff points (whose number is equal to 4) is completed
for the newly defined linguistic terms with the interval-valued granulation. We
consider 4 decision-makers whose assessments of alternatives are presented in the
form of the following reciprocal matrices (all are 5-dimension); note there is the
different numbers of linguistic terms used in each reciprocal matrix.

L1
M 1 M 1 H1 
 1
 1/ L
1
M1
H 1 M 1 
1

R1  1 / M 1 1 / M 1
1 1 / L1 L1 


L1
1
L1 
1 / M 1 1 / H 1
1 / H 1 1 / M 1 1 / L1 1 / L1 1 

 1 1 / L2 1 / H 2 1 / VL2
L
1 1 / VL2 1 / VL2
 2
R2   H 2 VL2
1
M2

1
VL2 VL2 1 / M 2
 M 2 VH2 VL2
M2

M3
H3
L3
 1
1 / M
1
M3
L3
3

R3  1 / H 3 1 / M 3
1 1/ M 3

1
 1 / L3 1 / L3 M 3
1 / M 3 1 / L3 1 / L3 1 / H 3

VL4
H 4 1 / VL4 M 4 
 1
1 / VL
1
VL4 VL4 M 4 
4

R4  1 / H 4 1 / VL4
1
1 / L4 L4 


1
H4 
 VL4 1 / VL4 L4
1 / M 4 1 / M 4 1 / L4 1 / H 4 1 

M3
L3 
L3 

H3 
1 

1/ M 2 
1 / VH2 
1 / VL2 

1/ M 2 
1 

The parameters of the PSO were set up as follows: the number of particles is set
to 100 (the larger population was tried as well however the result is similar), and
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number of iterations is equal to 500. The minimized fitness function is now equal
to 1.1289  0.1045. The corresponding preference vectors associated with the
maximal eigenvalues of the reciprocal matrices are as follows


e[1] = [1.00
e[2] = [1.00
e[3] = [0.00
e[4] = [0.00

0.99
0.98
0.01
0.52

0.98
0.11
0.02
0.56

0.00
0.09
1.00
0.65

0.24]T
0.00]T
0.76]T
1.00]T

The cutoff points obtained here are 1.7, 3.3, 3.4, 6.3. If we solve the optimization
problem separately for each matrix, the results are:
R1 :
R2 :
R3 :
R4 :

Q = 0.0549, e = [0 0.10 0.98 0.99 1.00], cutoff points: 1.6, 8.1
Q = 0.0601, e = [1.00 0.79 0.13 0.82 0], cutoff points: 1.6, 1.7, 2.1, 2.3
Q = 0.0931, e = [1.00 0.42 0.04 0.57 0], cutoff points: 1.6, 2.9
Q = 0.0809, e = [0.98 0.69 0.22 1.00 0], cutoff points: 1.4, 3.6, 3.7

10.5. Conclusions
The study presented here provided the methodology and the algorithmic
framework of constructing preference vectors on a basis of reciprocal matrices
with the linguistically quantified results of pairwise comparisons. It is important
to underline that while linguistic information is readily available, it is not
operational and thus the phase of information granulation becomes indispensible.
The mapping of the linguistic assessments to the corresponding information
granules makes the linguistic information operational so that the final preference
values are determined. The formation of a suite of information granules realizing
a linguistic (symbolic) quantification as a result of a given optimization problem
equips these granules with well-articulated semantics.
The use of PSO as an optimization environment offers a great deal of flexibility.
Different fitness functions could be easily accommodated. Likewise a
multiobjective optimization can be sought. The need for the two-objective
optimization becomes apparent in case of a group decision-making where in
addition to the criterion of consistency of evaluations applied to the individual
reciprocal matrices, one can consider a minimization of dispersions among the
vectors of preferences associated with these matrices.
While we have predominantly focused our discussion on the granulation of
linguistic terms in the language of intervals and fuzzy sets (to some extent), the
discussed methodology applies equally well in case of other formalisms of
information granules. In particular, dealing with probabilistically granulated
linguistic terms could help shed light on possible linkages between probabilistic
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and fuzzy models of decision-making along with some possible hybrid
probabilistic-fuzzy schemes.
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11. Conclusions
In this research, a new system modeling framework with granular architectures
was introduced, developed and experimented with. It is very difficult to analyze a
system or phenomenon with the use of a single monolithic (and quite commonly
complex) model. In this study, a complex system modeling problem is addressed
by firstly constructing some local models, which are then aggregated through
some mechanisms of collaboration and resulting in higher level granular models.
The term ―granular‖ reflects upon and quantifies the diversity of the local models.
Knowledge collaboration and reconciliation is used to establish modeling
outcomes of global nature. The diversity of views at the
system/problem/phenomenon is quantified via the granularity of results produced
by the global model constructed at the higher level.
In the development process, several essential problems have been solved aiming
at achieving fullest usage of knowledge at hand and better performance of the
ultimate model in presence of new data. Firstly, a reduction of feature space is
realized by real-coded genetic algorithm prior to the construction of local models.
The sources of knowledge (local models) are quantified by information
granularity. It is also shown the construction of information granules completed
through the use of the principle of justifiable granularity which deals with two
conflicting requirements.
The approach itself is rational as information granularity can provide some
flexibility to quantify the diversity of available sources of knowledge, optimize
parameters of a model, and adjust decisions of decision makers. We have
demonstrated the effectiveness of the techniques used to generate information
granules by synthetic data in order to better understand the benefits of information
granulation and its ability. Our approach is then successfully applied through
several different applications including




granular fuzzy systems
granular neural networks
granular analytic hierarchy process

For example, with a granular fuzzy system, when dealing with a collection of
individual models, aggregation methods studied in the literature produce the result
at the same level of granularity as the results generated by individual models
involved in the aggregation. This strategy fails to reflect upon and quantify the
diversity of the available individual models, shows poor ability in evaluating the
quality of the results of modeling. In this way we are able to demonstrate the
advantages of using information granularity as a design asset. We have shown the
most essential features of the proposed methodology and algorithmic development
through numeric experiments and obtained results.
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The main contributions of our study are
 providing a mechanism for forming meaningful representation of numeric
data
 optimizing the distribution of information granularity by PSO
 providing a way to operate on linguistic information
 reducing the input feature space of data
 reconciling the knowledge coming from local available models
 producing a granular outcome of a model
 generating interval representations of reciprocal matrices
 solving two-objective optimization by PSO
The theoretical development of system modeling with granular architecture is still
very much incomplete since a number of open research problems remain
including





realizing modeling with other formalisms of information granules
choosing a most representative level of granularity
comparing PSO results with other optimization methods
decreasing complexity of the algorithm and the computation time

The granular representation of neural networks discussed above was the one using
intervals; however, any other formalisms of granular computing, especially fuzzy
sets, could be equally applicable here. In this way, all weights and/or biases are
extended into fuzzy sets and the output of the granular neural network is in the
fuzzy set formalism.
We envision from above discussion that while granular models can offer
substantial advantages over the existing ―conventional‖ models, it opens up
interesting new applications in the future that could otherwise not be
contemplated.
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