MILNOR-WITT K-THEORY AND SYMMETRIC BILINEAR FORMS OVER FIELDS
OF CHARACTERISTIC 2
by

Jasmin Omanovic

A thesis submitted in partial fulfillment of the requirements for the degree of
Master of Science
in

Mathematics

Department of Mathematical and Statistical Science

University of Alberta

(© Jasmin Omanovic

2015



ABSTRACT

The central aim of this paper is to extend the main results of Morel [15] to fields of char-
acteristic 2. In particular we will show that the n-th graded component of the Milnor- Witt

K-theory, KMW(F), is the pull-back of the following diagram.:

I'(F) —— I"(F)/T" Y (F)
with KM (F) denoting the n-th graded component of the Milnor K-theory and I™(F) denoting
the n — th power of fundamental ideal in the Witt ring of symmetric bilinear forms. Our
results depend on a presentation of I"(F) due to Arason and Baeza [1] which in turn relies

on the characteristic 2 version of the Milnor conjecture proven by Kato [10].
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CHAPTER 1

Introduction

A classical result in commutative ring theory due to Serre [18] asserts that if R is a com-
mutative Noetherian ring of Krull dimension n and P is a projective R-module of rank m

then m > n implies there exists a projective R-module Fy such that
P> Py& R™™", i.e. P splits off a free summand.

However, if rank(P) = dim(R) this is not always the case. To tackle this problem, several
attempts have been made to construct an obstruction class similar to the Euler class in
topology. One construction by Barge and Morel [3,4] uses the Milnor K-Theory of a field F
denoted by

KM(F) = Tensz(F*)/(u® (1 —u)), u€F*

and the n — th power of the fundamental ideal I(F') in the Witt ring of symmetric bilinear
forms of F' denoted by I"(F). Assuming X is a smooth integral scheme over a field F' of
characteristic # 2, they considered the following complexes of groups due to Kato (1.1) and

Rost-Schmid (1.2):

Cr(X): 0 — KEM(F(X)) — @ KMi(k(2) — @ KMaw(2) — -+ (11)

zeX @) reX(2)
Di(X):0 —I'(F(X)) — P I'''(sx) — @ I'’(kx) —-- (12
zeX @) reX(2)

with X(® denoting the set of points in X of codimension i and x(zx) the residue field of

the local ring Ox . The complexes C,(X) and D,(X) are considered as cohomological



complexes with

B KMilk())

zeX ()

resp.

D ' (x))

zeX (@)

in degree i and the associated cohomology groups are denoted by H*(C,.(X)) resp H'(D,.(X)).

There is a natural map of complexes
Cu(X) — Dx(X)/ D11 (X)
such that one can consider the diagram:

Dy(X) (1.3)

|

C(X) — Di(X)/Dy41(X)
with Gg(X) denoting the pull-back of (1.3). The k& — th Chow-Witt group, or the oriented

Chow group is then defined as
——k
CH (X):= H*(Gr(X))

where H'(G(X)) is the i — th cohomology group of G (X).

Assuming X is a smooth affine variety of dimension m, Barge and Morel associated

a class

e(P)e CH" (X)

to a projective module P of rank m over X, called the Euler class of P. They showed if

m = dim(X) = rank(P) = 2 then

e(P)=0¢ ﬁ{m(X) <= P splits off a free summand.
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The theory developed by Barge and Morel has been worked out as well as extended
by Fasel in his thesis [7,8]. It has been successfully applied by several mathematicians to
splitting problems for projective modules. A particularly impressive application of this the-

ory, in our opinion, is the following theorem by Fasel, Rao and Swan [9]:

Theorem: Let R be a d-dimensional normal affine algebra over an algebraically closed
field k such that char(k) = 0. If d = 3, suppose moreover that R is smooth. Then every

stably free R-module P of rank d — 1 is free.

There is another approach to Euler classes of projective modules by Morel using the
A'-homotopy theory introduced by himself and Voevodsky [17]. In this theory, there arises
a Nisnevich sheaf, K nM W called the sheaf of Milnor-Witt K-theory in weight n such that

Morel was able to associate a class
€(P) € H]T\lfzs(XaKny)

to every vector bundle P of rank n over a smooth n-dimensional affine scheme. He then
showed:

Theorem [16]: Assume n > 4. If X = Spec(A) is a smooth affine scheme over F of
dimension < n and £ is an oriented algebraic vector bundle of rank n with an associated

Euler class e(¢) € HY, (X; KMW(F)) then

e(€) =0 € HY, (X; KMW(F)) < ¢ splits off trivial line bundle.



In collaboration with Hopkins, Morel discovered a presentation of

KMYV(F)=@rF KN
nez

and using this he showed the following result:

Morel’s Theorem: Assume F is a field of characteristic # 2 then KMW (F) = T'(F, KMW)

n

is the pull-back of the following diagram for every n € N:

IM(F) —— I"(F) /T"Y(F)
As a consequence, it follows that the ¢ — th cohomology group of G,(X) is equal to

Hi, (X; KMW) whenever X is a smooth scheme over F.

The aim of this thesis is to extend Morel’s Theorem to fields of characteristic 2. As
Morels proof in characteristic # 2 relies on a presentation of I"(F') discovered by Arason
and Elman in [2] we similarly rely heavily on a presentation of I"(F') discovered by Arason
and Baeza in [1]. In particular, these results depend on the Milnor conjecture proven by D.

Orlov, V. Vishik, and, V. Voevodsky [20] in characteristic # 2 and Kato in characteristic 2.

In Chapter 1 we outline all of the important notions in the theory of symmetric
bilinear forms over fields of characteristic 2 which are necessary to the development of our
main result. In particular we will follow Arason and Baeza in showing that isometry implies
chain p-equivalence for anisotropic symmetric bilinear forms. We refer to the book [6] by
FElman, Karpenko, Merkurjev for a standard exposition of the theory of symmetric bilinear

forms in any characteristic.



In Chapter 2, following Morel, we introduce the Witt K-theory of a field and develop
all the significant relations needed to provide a presentation of the Witt K-group KV (F)
using the work of Arason and Baeza in [1]. In particular we will prove both the commuta-
tivity of symbols and Witt relation in K}V (F) which will be used to apply a trick due to
Suslin in [19] to show that

Ky (F) = I*(F)
The last section of this chapter will be used to demonstrate
Tensy ry(I(F))/(<<u>> Q) << 1—u>>)= D0 K (F)

which has been shown by Morel in characteristic # 2 in [15].
In Chapter 3, again following Morel, we introduce both the Milnor-Witt K-theory
of a field and the Milnor K-ring K™ (F) due to Milnor in [13]. The main result uses the

ideas established in Chapter 2 to show that
KMW(FY = W(F) for every n > 1, KMW(F)=W(F)

and KMW(F) is the pull-back of the diagram:

IMF) —— I"(F)[T"(F)

for every n > 1. The last section of this chapter will be used to demonstrate

Tens g (K1 (F)) /([ulsaw @gcprw () [1 = ulaaw) = @nzoEp "™ (F)



CHAPTER 2

Preliminaries

2.1 Symmetric Bilinear Forms

Definition 2.1.1: Let V be a finite dimensional vector space over the field F. A symmetric
bilinear form on V is a map b : V x V — F satisfying the following properties for all

v1,v2, w1, w2 € V and ¢, d € F":
e b(v,w) = b(w,v),

e b(cvy + dvg, wy) = cb(v1, wy) + db(ve, wy).
We denote a finite dimensional vector space V equipped with a symmetric bilinear form b
by (V,b) or b when appropriate.
Definition 2.1.2: A bilinear form b is called non-degenerate if b(v, w) = 0 for every w € V
implies v = 0.
All symmetric bilinear forms will be assumed to be non-degenerate. The following propo-
sition is a classical result in linear algebra which characterizes Definition 2.1.2 in several
different forms:

Proposition 2.1: The following are equivalent:
(1) (V,b) is non-degenerate,
(2) I: V.— VV given by v — I, : w —> b(v, w) is an isomorphism,

(3) The associated matrix (b(e;, e;)) is invertible with eq,--- , e, a basis of V.



Definition 2.1.3: An isometry is a linear isomorphism ¢ : V' — W such that

b(v, w) = d($(v), p(w))

for all v,w € V. If b and d are isometric we write b = d.

Let us consider the symmetric bilinear form defined by

b(x,y) = axy

with a € F*. We denote b by < a >, and remark that by Definition 2.1.3,

<a>p=E<d >y

whenever d € D(b)* with D(b) = { b(v,v) | v eV —{0} }.

2.2 Hyperbolic and Metabolic Bilinear Forms

In this section we introduce two classes of symmetric bilinear forms which will play an im-

portant role in the development of the Witt ring.

To begin, we consider a finite dimensional vector space V and its associated dual
space V'V consisting of all linear functionals on V.

Definition 2.2.1: We define the hyperbolic form on V' to be the map by vy such that

br(vy (V1 + wi, va + w3) = wi(v1) + wi(ve)

with vy, v € V and w},w} € VV.
It follows by construction that by is a symmetric bilinear form. In particular we note

that char(F') = 2 implies

brvy(v1 +wi, v1 + wy) = 2wi(v1) = 0. (2.1)



To define a metabolic form let us first consider (V,b) with v € V' — {0} such that b(v,v) = 0.
If such a vector exists we call it an isotropic vector and say b is isotropic, otherwise we say
b is anisotropic. In this sense we define a subspace W C V' to be a totally isotropic subspace
of V if

blw = 0.
It follows by Proposition 2.1 and dimension considerations that
dim(W) + dim(W+) = dim(V) (2.2)

with Wt = {v € V | b(v,w) = 0 for all w € W }. Therefore, a totally isotropic subspace

W is contained in W+ and by (2.2) we conclude that dim(W) < dim(V).

Definition 2.2.2: We call (V,b) a metabolic space equipped with a metabolic form b if
there exists a totally isotropic subspace W C V such that dim(W) = %dim(V).

It follows immediately by (2.1) that by is a metabolic form so a natural question to
ask is whether or not hyperbolic forms and metabolic forms are equivalent since it is well-
known that this is indeed the case in characteristic # 2, see [6].

Assume dim(V') = 2: If v € V is an isotropic vector then Definition 2.1.2 implies that there
exists w € V — F-v such that b(v,w) # 0, which after scaling is equivalent to b(v,w) = 1.

Therefore (V,b) is a 2-dimensional space with basis {v, w} and
b(v,v) =0, b(v,w) =1, b(w,w) = =.
If x # 0 then we let {w, v + w} be another basis for (V,b) such that

b(w,w) =z, blw,zv+ w) =0, b(zv+ w,zv+ w) = x.



We denote this b by < z,x >p. It follows by (2.1) that b = by ) implies every w € V' is an

isotropic vector in b =< x,x >, which is clearly a contradiction. Therefore,

<z,x>p Z bpr).
If x = 0 then we have a linear isomorphism from V — F & FV defined by

w1, zv+w— 17
with 1* denoting the standard basis vector in FV. This implies
b = byry- (2.3)
Therefore, if b is a 2-dimensional metabolic form then
b= bypy or b=E< x>y

with z € F*. In particular if b(v,v) = 0 for every v € V then b is a hyperbolic form by (2.3).

2.3 Orthogonal sum and Kronecker product

In this section we construct the orthogonal sum and tensor product of symmetric bilinear

forms.

Let (V,b1) and (W, b2) be vector spaces with associated symmetric bilinear forms

over F'. We define the orthogonal sum of by and b, denoted by by L by, to be the map
by Lby: VoW xVeW - F

defined by

(b1 L b2)((z1,22), (y1,92) = bi(z1,y1) + b2(22, y2)



and by L by is clearly a symmetric bilinear form such that (by L b)(V, W) = 0.
Similarily we define the Kronecker product or tensor product of by and bs, denoted by b R bo,
to be the map

b1 @b : VRIWxVQW = F

defined by

(b1 ® be)(v1 ® v2, w1 ® wa) = by (vi,w1) - ba(va, wa) for every v; € V, w; € W.

2.4 Witt ring

In this section we introduce the Witt Cancellation Theorem and define the Witt ring of

symmetric bilinear forms.

The following two results are well-known and can be found in [6]:
Theorem 2.4.1 (Bilinear Witt Decomposition Theorem): If b is a non-degenerate

symmetric bilinear form on V then there exists subspaces U W C V' such that

b=bly Lblw

with bly anisotropic and bly metabolic. Moreover, b|y is unique up to isometry.
Theorem 2.4.2 (Witt Cancellation Theorem): Let by, by and b be nondegenerate

symmetric bilinear forms over F'. If by and bs are anisotropic then

b1 Lbg=ba L b

implies by = bo.

To define the Witt ring of symmetric bilinear forms we first remark that the isometry
classes of nondegenerate symmetric bilinear forms over F', denoted by M (F'), form a semi-

10



ring under orthogonal sum and tensor product. The Witt-Grothendieck group of F', denoted

—

by W (F') is defined by a relation ~ on M (F') x M(F') such that
(b1,02) ~ (d1,d2) (2.4)
if and only if there exists A € M(F) such that
by Lde LA=dy Lby LA (2.5)

with b1,be,d1,do € M(F)
To avoid confusion we denote the equivalence class of (b1, b2) in m by by — by. It turns

—

out W (F') has the structure of a ring where we define addition in VV(F) by:

(bl — bz) + (d1 — dg) = (bl i dl) — (bg 1 dg)

—

and multiplication in W (F') by:
(b1 = b2)(dy — d2) = ((by ® d1) L (by ® d2)) — ((b1 ® d2) L (b2 ® d1)).

This is clearly well-defined, associative and commutative.

It follows by (2.4) and (2.5) that

—

bi — by =dy —do € W(F) (2.6)
if and only if there exists a nondegenerate symmetric bilinear form A over F' such that
by Ldo L A=dy 1L by LA (2.7)

To construct the Witt ring of F we need to quotient out the ideal (H) consisting of all

—

hyperbolic forms over F' in W (F').
Definition 2.4: The quotient W (F) = I/I//(\F) /(H) is called the Witt ring of nondegenerate

symmetric bilinear forms over F.

11



In particular, the structure of the Witt ring implies < z,x >,= 0 in W (F') since by definition

this is equivalent to showing that
<z,w >y L <x>pFbypy L< x> (2.8)
Following [6] we consider the basis {u, v, w} of b =< x,z >, L < x > such that
b(u,u) =z, b(v,v) =z, b(w,w) = x.

If we apply a change-of-basis to {u, v, w} such that

1 1

{u+w,—v+ —w,u+v+w}
x x

forms a new basis we can conclude (2.8).

The following classical result will play an important role in Chapter 3 and can be found in

[6]:
Theorem 2.4.3: The Witt ring W (F') is generated by nondegenerate 1-dimensional sym-

metric bilinear forms < u >y, with uw € F* subject to the following defining relations:
(1) <uv? >, — <u>p=0
(2) 2<1>, =0

B) <u>p+<v>y +<utv>+<uwu+v) > =0ifutv#0
with u,v € F*.

2.5 Fundamental Ideal and I*(F)

In this section we will introduce the notion of the fundamental ideal of symmetric bilinear

forms and give a presentation for I"(F) for every n > 0 due to Arason and Baeza [1].

12



In Section 2.4 we denoted every element in V[//(F\) by the formal expression b; — bo

where b1, by are nondegenerate symmetric bilinear forms over F. Let us consider the map

o —

dim: W(F) —Z
defined by
dzm(b1 — b2) = dzm(bl) — dlm(bg)

Assume there exists dy, do € M (F') such that
by — by = dy — da.
Then (2.6) and (2.7) imply there exists b € M (F') such that
by Ldy Lb=dy Lby LD
and dim(by L d2 L b) = dim(dy L by L b) implies
dim(by — bg) = dim(d; — da)

and we conclude that dim is well-defined.

— —

Let I(F) = ker(dim : W(F) — Z). It follows that

dim(<u>p — <v>p) =dim(<u>p) —dim(<v>p) =0

—

implies < u >, — < v >, € I(F). Moreover,

—

US>y, —<v>p= (< 1>, —<v>p) — (K 1>, — <u>p) € W(F)

—

which implies < 1 >, — < u >p with u € F* generate I(F') as an abelian group. These

results can be carried over to W (F') by the following observation:

I(F)N(H) =0 (2.9)

13



which follows immediately by definition given every element in (H) is of the form

(b1 — b2) by (2.10)
with b1,by € M(F'). The multiplication operation in W//(\ﬂ implies (2.10) is equivalent to
(b1 @ by(r)) — (b2 @ b(r))

which by ([6], Lemma 2.1) is equal to

(dim(b1)-by(ry) — (dim(b2)- bey(ry)

with dzm(bl) bH(F) denoting bH(F) L b]HI(F) Since (dzm(bl) bH(F)) — (dzm(bl) bH(F))

~~

dim(by)
is the additive identity we conclude

dzm((b1 - bg) & bH) = 2dim(bl - bg) 75 0

whenever dim(by) # dim(bz) or (by — b2) ® by is non-trivial

—

Definition 2.5.1: The fundamental ideal over F' denoted by I(F') is the image of I(F')

—

under the projection map W (F) — W(F).
We then have that (2.9) implies ITF\') & J(F) which under the projection V[//(?) — W(F)

maps

<1I>),—<u>y—= <lu>y.
Moreover the remarks preceeding (2.9) imply that I(F') is generated by the Pfister forms,

= dim

< 1,u > := << u >>, with u € F*. Consider the map d : W(F) =5 Z — 7Z/2 then
d(H) = 0 implies by the universal property of quotient map that

dim : W(F) — Z/2
is well-defined. This allows us to formulate the following proposition which is a direct

consequence of Theorem 2.4.1, Definition 2.5.1 and

<:L',l’>bJ_<l'>bng(p) l<ax>y.

14



Proposition 2.5: The commutative diagram
W(F )——7Z

| 7]

W(F) ——7/2

dim
is a Cartesian square.

We define I"(F) to be the n-th power of the fundamental ideal I(F') over F' and note that
I (F) is generated by

<< Uy >y << Uy S>>

which we call the n-fold Pfister form and denote by
<< UL, " ,Up >>p

with u; € F*. The main result of this section is the following:
Theorem 2.5: For every n > 1 we define I"(F') to be the abelian group Z[(F*)"] modulo
the subgroup generated by the following relations:

(1) (uy,--- ,upn) where (uy,--- ,up) € (FX)" such that << uy, -+ ,up >> = 0 in W(F).

(2) (a,ug, - ,up) + (byua, -+ ,up) — (a4 byug, - ,u,) — (abla + b),us,- - ,uy,) with

(a,byug, - ,up) € (FX)" and a+b # 0.

(3) (ab,c,us, -+ ,up) + (a,byus, - ,up) — (ac,byug, -+ ,u,) — (a,c,us, - ,uy,) with
(a,b,c,us, - ,uy) € (F*)"* andn > 2.
(4) (u1, - yun) — (1, ,vn) with (U1, ,Up, V1, ,v,) € (FX)?" whenever
<< UL, Uy DOELL VY, Uy >
Then I"(F) = I™(F) with (u1,--- ,up) — << U, -+, U, >>p for everyn > 1.

Proof: The proof is due to Aarson and Baeza in [1] and uses the characteristic 2 version

of the Milnor conjecture which was proven by Kato in [10].

15



O
Definition 2.5.2: Let I*(F') be the Z-graded W (F')-algebra @p,czI™(F) with I"(F) =
W(F) if n <0 and I"(F) is the n-th power of the fundamental ideal I(F') over F whenever

n > 0.

2.6 Chain p-equivalence

In this section we will define the notion of chain p-equivalence and following Aarson and
Baeza in [1] we will provide a theorem which relates chain p-equivalence to isometry.
Definition 2.6.1: Two Pfister forms << ui, -+ ,u, >>, and << vy, -+ ,v, >>, with

u;, v; € F* are said to be simply p-equivalent, denoted by

<<V, 0, Up >>po<< V1,0 ,Up >>p

if there exists 4, j € [1,n] such that << u;, u; >>, = << v;,v; >> and uy, = v, whenever
k#1,j.

The definition of chain p-equivalence follows naturally:

Definition 2.6.2: Two Pfister forms << ui, -+ ,u, >>p and << vy, -+ ,v, >>, with

u;, v; € F* are said to be chain p-equivalent, denoted by

<< UL, Uy >RV, st ,Up >
if there exists << wy 4, -, wp; >>p with w;; € F* such that
<< UL, Up >2p=<< W11, " ,Wp1 >>p
<<V, U 22p=<< Wim, " ,Wnm >>b

16



and << Wi, Wi >>p ~ << Wjipd, -, Wnip1 >>p for every i € [1,--- ,m —1].

Consider
<< UL, Uy >>p=< 1 >pl< vy, - ,v9n_1 >
with v; € F*, we say < v1,---,van_1 > is the pure subform of << wuy, - ,u, >>, and
denote it by << uq, -+, uy, >>y.
Lemma 2.6.1: Let << uq,--- ,u, >>p with u; € F* such that
vE DK< U, uy >>p)%
Then there exists vy, -+ , v, € F* such that << uy, -+ ,up >>p=<< 0, V9, ,Up >>p .

Proof: We proceed by induction on n:

Let n =1 then we have << w1 >>p=<1 > 1< u; > and

vE D(<up >p)*

implies v = ujx? with € F*. Then,

<<up >>p=<1>pl<u; >p=< 1 >pL<ua? >p=< 1 > L< v >

with < 1 >, 1< v >p=<< v >>.

Assume n > 1, v € D(<< uq,- -+ ,u, >>;)* is equivalent to

vE DK< Uy, Up—1 S>> L Uy << U, Upag >>p) "
which implies v = x + u,y with x € D(<< uy, -+ ,up—1 >>}) and
ye DK< UL, ,Up—1 >>p).

If y = 0 then v = x and by induction we have that

<< UL,y Up—1 >>pR<< VU, V2,000, Un—1 > >

17



with vg, -+ ,v,—1 € F* which implies
<< UL, Uy >R V,V2, 0 ,Up—1,Up >>p .

To proceed with our proof we will first need to show the following claim:

Claim: Let << uy,- - ,uy >>p with u; € F* and w € D(<< uy,- -+ ,up—1 >>p)* then
<< ULy 0 3 Up—1,Up >>pR<< UL, 5 Up—1, WUy >>p.

Proof of Claim:

Let w € D(<< 1, ,up—1 >>p) = D(< 1 >, L<< up, - ,up—1 >>;)* which implies
w=z2?+ywithe € Fandy € D(<<ui, -+ ,up_1 >>}).

If y = 0 then w = 22 and << uw >>=<< Uy >>p.

If y # 0 then we proceed by induction assumption of Lemma 2.6.1 which implies
<< UL, Upn—] S>pR<< Y, Y2, Yno1 >>>p (2.11)
with y2,- - ,yn_1 € F*. Therefore
<< UL, Uy > R<< Y, Y2, s Yn—1,Up >>p .
However Lemma A.1 (1) implies
<Yy Uy >SS Y, Un (22 + ) >>p=<< Y, upw >>p .

Hence,

<< ULyt Up—1,Up >>p<< Y, Y2, ,Yn—1, UpW >>

and by (2.11) this implies

<< ULy, Up—1,Up >>pR<< UL, "+, Up—1, UpW >>p .

18



Resuming where we left off, assume that y # 0. It follows by Claim that

y € DK< U, up—1 >>p)"

implies

<< ULy Up—1,Up >>p<< UL, " * ,Up—1,UpY >>p .
If x = 0 this gives

<< UL, 0y Up—1,Up >>p<< UV, UL, " ,Up—1 >>p -
Assume x # 0, then x € D(<< uy,- -+ ,up—1 >>7)* implies by induction that
<< UL,y Up—1 >>pR<< T, T2, ,Tp—1 >>
with xo, -+ , 2,1 € F*. Therefore,
<< ULy, Up—1,UpY >>p<< IT,T2, " ,Tpn—1,UnY >>p

which along with a result by Lemma A.1 (2):

<L T, UpY >>p=L<< T F Uy, TURY >>p=<< VU, TURY >>>p

and (2.12) implies

<< UL, Up—1,Up >2pR<< UV, T2, , Tp—1, TUpY >>p .
Lemma 2.6.2: Consider << uq,--- ,u, >>, with u; € F*. Then
weE D(K< ug, -+ ,Up—1 >>p)~
implies << Up, -+, Up—1,Up S>pR<< UL, -+, Up—1, Wy >

Proof: This was shown in the proof of Lemma 2.6.1.
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Lemma 2.6.3: Consider << ug,- -+ ,up >>p, << V1, -+, Uy >>p with u;,v; € F*. Then
wE DK< up, Uy >>p - << UL, Uy >>p) "
implies there exists wa, -+ ,w, € F* such that
<< ULy " Uy > - << V1, ,Um >>p

is chain p-equivalent to

<< ULy " Uy > << W, W2, , Wy >>p .

Proof: We proceed by induction on m.

If m=1then w € D(<< uy, -+ ,u, >>p - < vy >p)* implies w = xv; with

T € D(<< up, -, uy >>p) .

However by Lemma 2.6.2 this implies

<< ULy 0, Up, V1 >>pR<<< UL, - ° Uy, TV >>p=<< UL, ,Up, W >>p .
Assume m > 1 then w € D(<< ug, -+ ,up >>p - << V1,0, 0y >>p)° =
>< . .
D<<< UL, ey Uy >>p 0 (K< V1, Upet > Loy << UL, U >>b)> implies

w = €1 + vy dy with
e1 € D( <UL, - Uy >>p (K< V1, U >>§))

and
dy € D( << UL, Uy S>> (K< U1y U >>b)).
If e; = 0 then w = vy, d; which by Lemma 2.6.2 and d; € F* implies

<< UL, U, V1, 3 Um—1 > 2 - << Uy >
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is chain p-equivalent to

<< UL, Uy VL, U1 > 0 << Uppdy >>p

with w = v, d;.

Similarily, if d; = 0 then w = e; and by induction assumption

<< ULy 0 Uy >>p - << V1,00 ,Um—1 >>p
is chain p-equivalent to
<< UL, Uy >>p - << €1,W2,° ,Wp—1 >>p
which implies
<UL, Uy > << ULy U1, Um >
is chain p-equivalent to
<< UL, Uy >y - << €1,W2,"+ , Wm—1,Um >>p .

If e1,d; # 0 then the above considerations show

KLU, e Uy >>p - << VL, U > (2.13)

is chain p-equivalent to

KLU, v Uy S>> << €1,69,0 0 ,em1 >>p + << Undy >>p (2.14)

with eg, -+ ,em—1 € F*. It follows by Lemma A.1 (2) that

<< e1,Undy >>p=E<< e + vndy, e1vmd] >>p

which by (2.13) and (2.14) implies

UL, Uy >>p - << VL, U >
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is chain p-equivalent to

<< ULyt 5 Up > << W, Y2, ,Ym >>p
with w = e1 + v,dy and yo, -+ ,ym € F*.
Theorem 2.6: Consider << ui,- - ,Up >>p and << vy, -+ , vy >>p with u;,v; € F* :
(1) If << wuq,-- ,up >>p is isotropic then
<< UL, Uy SO L we, -+, wy >>p
with w; € F'*.
(2) If << wup,--+ ,up >>p and << vy, -+, v, >>p are anisotropic then
<< UL, - Uy >PELLS VL, s, Uy >
if and only if
UL, Uy SSPRLS VL, -, Uy S

Proof:

1) Tt suffices by Lemma 2.6.1 to show 1 € D(<< uy, - ,up, >>7))*. We proceed by
b

induction on n:

If n = 1 then << u; >> is isotropic implies u; = 22 with z € F* and

1€ D(< 2? >p)%.

Assume n > 1 and consider << uq,--- ,u, >>, which can be written as

<< UL, L Up—1 S>>yl upy << UL, , Up—1 > -
We consider two cases: << Uy, ,Up_1 >>p is isotropic and << w1, ,Up_1 >>p 1S
anisotropic.
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If << wy,--- ,up—1 >>p is isotropic then by induction we are done.

If << wuqy, -+ ,upn_1 >>p is anisotropic we have that << uq,--- ,u, >> is isotropic implies
there exists ¢1,co € D(<< uy,- -+ ,up—1 >>p) such that
C1 = UpCy.

To apply this we first observe that

<< UL, Uy S>>
is equal to
<UL,y Up—1 S>> L Uy << up, o Up—1 S>>
and Lemma A.2 implies
Ci << UL, Up—1 >>p=2< UL, -, Up—1 >>p (2.15)

with ¢ = 1,2. It follows by the above that

<< UL, " ,Up >>p

is isometric to

<UL,y U1 >>p L << up, Uy >

However by (2.15) this is isometric to

<UL, Uy S>> L<< U, Uy >
Therefore,
leD(<<ug, + ,up—1 >>pL<< Uy, up_1 >>p)"
implies
1€ D(<<ug, -+ ,up >>p)%.
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(2) We begin by first showing the following claim:

Claim: Consider the anisotropic n-fold Pfister forms << uq, -+ ,u, >>pand << vy, -« , vy, >>p
with w;,v; € F*. Assume << uy, -+, Uy >>p=<< v, , v, >>p. Let 1 < m < n then
there exists w41, , Wy, € F* such that

<< ULy 0 Uy >R VL, 00y Umy W1, 00, Wy >>>p

Proof of Claim: We proceed by induction on m:

If m =1 then by Lemma 2.6.1,

v1 € D(<K<up, - yup >>) = D(<< v, v, >>7)
implies there exists ws, -+ ,w, € F* such that
<< UL, Uy >opR<< VL, W+, Wy > .
Assume m > 1 then by induction assumption on m — 1, there exists wy,, - ,w, € F* such
that
<< UL, Uy SR VL, U1, Win, * Wy > (2.16)

It follows by our initial assumption that we can apply Theorem 2.4.2 to

<< V1,00, 0p >>bg<< V1, 3 Um—1, Wm, " "+, Wn >>p
such that
<< Uy vy Up SRS Wiy, + o0, Wy >
Therefore,
<ULy e Ul > 0 << Wiy o0, Wy S>>
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is isometric to

<UL, U1 S>>0 << Upyy o, Up S>>

which implies

Um € D(K< 01, yUme1 >>p 0 << Wiy oo+, Wy, >>7)

which by (2.16) and Lemma 2.6.3 implies

<< UL, Uy SR VL, -, Ume1 > - << Uy b1, 5 b >>p

With b1, by € FX.

Applying Claim to the case m = n implies

UL, Uy SSPRLSK VL, -, Uy >
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CHAPTER 3

Witt K-Theory

The aim of this chapter is to introduce the Witt K-Theory of a field F, due to Morel in [15]
and establish some elementary facts and relations which will be of great importance in the

next chapter.

3.1 Definition and Facts

Definition 3.1.1 The Witt K-ring of F is the free and graded Z-algebra K}V (F) generated
by the symbols [u] (u € F*) of degree 1 and one symbol n of degree —1 subject to the

following relations:
(W1)*: For each a € F* — {1} : [a][l — a] = 0,

(W2)*: For each (a,b) € (F*)?: [ab] = [a] + [b] — nla][b],
(W3)*: For cach u € F* : [uln = n[u],

(Way: nf-1] = 2.
Theorem 3.1: In char(F) = 2 we have that (W4)* is equivalent to:
(W4) : pf1] =0 =2
Moreover, KV (F) is a 7Z/2-graded algebra.

Proof: Indeed we have by (W2)*

which by (W4)* implies



Hence, [-1] = [1] = 0 and

Therefore, (W4)* = (W4) and (W4) = (W4)* follows trivially.

The following reformulation of Definition 3.1.1 will be used henceforth:
Definition 3.1.2: The Witt K-ring of F in characteristic 2 is the free and graded Z/2-
algebra K (F) generated by the symbols [u] (u € F*) of degree 1 and one symbol 7 of

degree —1 subject to the following relations:

W1: For each a € F* — {1} : [a][1 +a] = 0,

W2: For each (a,b) € (F*)?: [ab] = [a] + [b] + na][b],
W3: For each u € F* : [u]n = nlul,

W4: g[1] =0 =2.

Following Morel, for any u € F'* we define
<u>=1-—nu] =14+ nuyl (3.1)

with < u >€ K}V (F). The following elementary relations follow as a direct consequence of

Definition 3.1.2.

Proposition 3.1: Let (a,b) € (F*)2. Then the following relations hold in KV (F):
(1) [ab] = [a]+ < a >0,
(2) <ab>=<a><b>,
3) <—1>=1land[l]=0,
(4) <a>isaunitin KV(F)and <a>"!'=<a" !>,

) [5] = lal= <5 >1[b],
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(1) [ab] = [a] + [b] + nla][b] = [a] + (1 + nla])[b] = [a]+ < a > [b].
(2) < ab> =1+ nfab] which by (W2) implies
1+ n(la] + [b] + nla][b]) = 1 4 nla] + n[b] + nlaln(b].
Applying the definition < v >= 1+ nfu| to the above:

I+(I+<a>)+(1+<b>)+(1+<a>)(1+<b>)=<a><b>.

<l>=<-1>=1+19[-1]=1
by (W4)* and [1] = 0 follows by the proof of Lemma 3.1.
(4) <a><al>=<(a)(a!) >=<1>=1by (2) and (3).
(5) The following set of equalities follows directly by (1) and (3):
O=[1]=p1 ="+ <bd ! >
which implies
b~ =<b"t > [b]

and we conclude

71 =lab " = [al+ <a> ) = [+ <ab' > o]

(6) (W2) implies
[ab] = [a] 4 [b] 4 n]a][0]

28



and

which by (W3) implies

b + niblla] = [B)(L + nla)) = o] < a >

(7) This follows directly by observing that

[ba] = [ab]

and using (W2).
O
We can now show following non-trivial set of relations which will be used in the next section
extensively:

Corollary 3.1: Let (a,b) € (F*)2. Then the following relations hold in K¥ (F):

Proof:

1—a
1—a—1

(1) Assume without loss of generality that a € F* — {1} then —a =

implies

l1—a
1—a!

[a][=a] = [al] ]

which by Proposition 3.1 (5) implies

[a][ J=la([l —a+ < —a>[1—a™)).

1—at
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However by (W1)* we know that [a][1 — a] = 0 hence
(l—a+<-a>[1—a'])=la <-a>[l—-a]
However Proposition 3.1 (1), (8) implies
0=[1]=[aa™ ] =[a+ <a>[a"}
which gives us
[a] =< a > [a 1. (3.2)
Therefore,
la][-a] = [ <-a>[1—-a"]

= (<a>[a )< —a>[l—a']by (3.2

= <a><—a>[a [l —a'] by Proposition 3.1 (6)

= 0 by (W1).

(3.3)

(2) (W2) implies

which by (1) implies

Similarily, (W2) and [b%] = 0 imply
[ab®] = [a] + [b°] + nla][b°] = [a].
Lastly,
<P >=1+4qp =1
by [b?] = 0.
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3.2 Witt relation and Commutativity of Symbols

In this section we will establish some deeper results in the Witt K-ring KV (F).

Proposition 3.2 (Witt relation): Let (a,b) € (F*)? such that a + b # 0. Then
[a][b] = [a + b][ab(a + b)]

in K3V (F).

Proof: Let us consider the right-hand side:
la.+ bl[ab(a + b)] = [a + b]([ab] + [a + b] — nlab][a + b))
Proposition 3.1 (7) implies
la + bl[ab(a + )] = [a + bl[ab] + [a + b][a + b] — nlab][a + b][a + b
which by Corollary 3.1 implies
la + b][ab(a + b)] = [a + b][ab].

b
If we rewrite (a + b) as a(1 + a) and use the equality [ab] = [ab(a~2)] by Corollary 3.1 (3)

we have

-+ blfat] = o1 + ][]
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b b
Letting [a(1 + —)] = [a]+ < a > [1 + =] by Proposition 3.1 (1) allows us to conclude:
a a

@+ N = (al+<a> [+ )
= W <a> [+ 0]
= %) by (W)

= [a][ab] by Corollary 3.1 (3)
= [al([a] + [6] + nlal[0]) by (W2)
= [a][b] by Corollary 3.1 (1) and (W3)

(3.4)

and

[a + b][ab(a + b)] = [a][b].

O
The Witt relation will be an important tool in allowing us to determine the structure of
KY(F) in the next section. We conclude with the following corollary which implies the
commutativity of symbols in KV (F).
Corollary 3.2: Let (a,b) € (F*)? then [a][b] = [b][a] in K}V (F).

Proof: This is a direct consequence of Proposition 3.2:

[a][b] = [a + b][ab(a + b)] = [b+ a][ba(b+ a)] = [b][a].

3.3 Generators and Relations in K" for n € Z

In this section we will establish some facts regarding K)V (F) which will be of great impor-

tance in the next chapter.
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Proposition 3.3: The following hold:

(1) For n > 1, KV (F) is generated as an abelian group by the product of symbols

with u; € F*.

(2) For n < 0, KV (F) is generated as an abelian group by

Nt <u>

with u € F*.
Proof: Following the construction of K (F) we have that any element in KV (F) is
of the form n™[uq]---[ug] with &k —m = n. The result follows inductively by applying
n[a][b] = [a] + [b] — [ab] to n™[u1] - - - [ug], reducing it to (1) if £ > m and (2) if & < m.

([l

Corollary 3.3.1: Let a,b € (F*) then the following relations hold in KW (F) for m > 0:
(1) n™ < ab? > +n™ < a >=0,
(2) 2™ < 1>=0,

B)nm<a>4n"<b>4n"<a+b>4n"<abla+b)>=0if a+b#0.

Proof: It is enough to consider the case m = 0.
(1) This follows immediately by Proposition 3.1 (2) and Corollary 3.1 (2).
(2) This follows by Proposition 3.1 (3) .

(3) Let us consider
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<a>4+<b> = (1+nfa])+ (1+n[b])
= n(la] + b)) by 2=01n K (F)
= n([ab] +nla][b]) by (W3)
= n([ab(a + b)?] 4 nla][b]) by Corollary 3.1
= n([ab(a + b)?] + nla + b][ab(a + b)]) by Proposition 3.2
= n([a +b] + [ab(a + b)]) by (W3)
= (14nla+0b)+ (1 +nlabla+b)]) by 2=01in KV (F)

= <a+b>+<abla+b)>.

Therefore,

<a>+<b>=<a+b>+ <abla+b) >

and adding < a + b > + < ab(a + b) > to both sides implies

<a>+<b>+<a+b>+ <abla+b) >=0.

Corollary 3.3.2: Let a,b € (F*) then the following relations hold in K}V (F):

(2) [ab?] + [a] =0,
(3) [a] + [b] + [a@ + b] + [ab(a + b)] = 0.
Proof:

(1) This was established in Proposition 3.1 (3).
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(2) Similarly this follows by Corollary 3.1 (2).

(3) The Witt relation implies
[a][b] = [a + b][ab(a + D)].
Applying (W2) to [ab] = [ab(a + b)?] (which follows by (2)) implies
[a] + [b] + nla][b] = [a + b] + [ab(a + b)] + nla + b][ab(a + b)].
By Proposition 3.2 we can cancel common terms such that

la] + [B] + [a + b] + [ab(a + b)] = 0.

Corollary 3.3.3: Let a,b,c,d € F* then the following relations hold in K}V (F):

(1) [a][b] = 0 whenever << a,b >>,=0 in I*(F),

(3) [a][b] + [c][d] = 0 with << a,b >>,=<< ¢,d >>y.
Proof: The idea for this proof is due to Suslin [19].

Consider the map 6 : I(F) — K&V x (F*/(F*)?) defined by
<< u>>p— (0,7)
where addition in KJ x (F*/(F*)?2) is defined by
(@,7) + (y,5) = (x +y + [r][s], 75).

It is easy to see that K3 x (F*/(F*)?) is an abelian group by Corollary 3.2. The additive
identity is
(0,1)
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and the additive inverse of (z,7) is given by

(x,7).
It suffices to show that § is well-defined by checking the relations of I(F) in Theorem 2.5:
(1) (<< 1>>p) =(0,1).
(2) 0(<< wv? >>p 4+ << u >>p) = (0,uv?) + (0,7) = (0,7)+(0,a7) = (0,T) by Corollary
3.1.

(3) d(<<u>>p+ <<v>>p+ <<u+v>>, + << uww(u+v) >>p)

is equal to

([u][v],uv) + ([u + v][uv(u + v)], (v + v)(wv(u + v)))

which by Witt relation and Corollary 3.1 is equal to
([ul[v], wo) + ([ul[v], uv) = 0.

Therefore we have shown that ¢ is well-defined.
Claim: §(I%(F)) c KJV(F) x {1}.

Proof of Claim: This follows from the following fact:
<< U,V >>p=<<U>>p + <<V S>>+ << uv >>y .

Indeed,

(<< u,v>>p) = (0,w) + (0,7) + (0,uv)

which is precisely

([W][v], w) + (0, uD).

However ([u][v],uw0) = ([u][v] + [uv][1],w0) = (0,uv) + ([u][v],1) which implies

([u][v], w0) + (0,70) = ([u][v], 1)
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and 6(I%(F)) ¢ KYV(F) x {1}. If we consider the projection
K3 (F) x {1} — K3 (F)

and apply Theorem 2.5 we are done.
O

Corollary 3.3.4: Let u;,v; € F* then the following relations hold in K}V (F) whenever

n > 3:
(1) [w1]---[up] = 0 whenever << uy,--- ,u, >>p=0in I"(F),
(2) [u1] -+ [un] = [v1] - - [vn] = 0 whenever << uy, -+, up >>pZ< V1, -+, Uy >>p .

Proof: We will begin by first showing the following:

Claim: If << uy, -+ ,u, >>} is simply p-equivalent to << vy, -« ,v, >>p then

[wr] -+ - [un] = [oa] - - [vn]-

Proof of Claim: It follows by assumption that there exists ¢, j € [1,n] such that

<< Uy U >>PELL v, V5 > (3.6)

and uy = v, whenever k # i,j. Then Corollary 3.2 implies

[wr] -+ [un] = [01] -+~ [vn]

is equal to
([uilu;] = [oil[ojD)]wn] - - - [wn—2]

where wy, takes on the values of vy whenever k # 1, j.

It follows immediately by Corollary 3.3.3 (3) and (3.6) that

([willuy] = [oil[o;D[wn] - - [wn—2] = (0)[wr] - - - [wn-2] = 0.
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We can now proceed to prove the lemma:

(1): Theorem 2.6 (1) implies that

K< UL, Uy S>> Liwe, -, wy >>

with w; € F*. However by induction on Claim this implies

[ur] -~ fun] = [1][ws] - - - fwn] = O

by Proposition 3.1 (3).

(2): Theorem 2.6 (2) implies

UL, Uy SSPRSK VL, -, Up >

which by induction on Claim implies

[wr] -+ [un] = [o1] - - [vn]-

3.4 KY(F) and I*(F)

In this section we will construct an isomorphism of W (F) — algebras between KW (F) and
I*(F).

Proposition 3.4: The map o : KV (F) — I'*(F) defined by
n< 1>, W(F)=1"YF)
and
[a] »<< a >>,e I(F)

with a € F* is well-defined.
Proof: It suffices to check relations (W1), (W2), (W3) and (W4) hold:
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W1 : a([a][l +a]) =<< a >>p - << 1+a>>,=0in I*(F) since
<< a>>p-<<1l4+a>>
is isotropic implies by Theorem 2.6 (1) that
<< a>>p << 1l4a>>p=E<< lu>>y

with v € F* and

<< lLyu>>p=<1l,u,1l,u >,=0¢€ W(F).
W2 : «([ab] + [a] + [b] + n[a][b]) is equal to
<<ab>>p+ << a>>p+ << b>>p 4+ << a,b >>y

which can be rewritten as

< lyab >pl< 1l,a >pLl< 1,b>p 1< 1,a,b,ab >,=0 € W(F).

W3: a(laln —nla]) =<1>p - <<a>>p — <<a>>p - <1>=0¢e W(F).

Wi an[l]) =<1>, - <<1>>=0¢c W(F).

Therefore we have that « is well-defined.
Theorem 3.4: o : KV (F) — I*(F) is an isomorphism of W (F)-algebras
Proof: « is clearly surjective following the construction of I*(F') in Definition 2.5.3.

Thus it suffices to show that the map 7, : I"(F) — K}V (F) defined by
<< a >>p— [al

and
<1>eI"YF)~
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is well-defined. This follows immediately by Theorem 2.5, Corollary 3.3.1, Corollary 3.5.2,
Corollary 3.3.83 and Corollary 3.3.4. Therefore,

K)Y(F) — I'(F) — K} (F)
is the identity map which is equivalent to

Tn © Oy = ldK,XV(F)

and we conclude that a,, is injective for every n € Z which implies « is injective.

3.5 I*(F) and TV (I(F))

In this section we will construct the 7./2-graded algebra TV (I(F)) containing the tensor
algebra of I(F') modulo the Steinberg relations and use the structural results in the prior
sections to define an isomorphism between T)V (I(F)) and I*(F).

Definition 3.5.1: We define TV (I(F)) to be the tensor algebra of the W (F)-modules

I(F) modulo the ideal generated by << u >>p Qu(p)y << 1 —u >>p with u € F*.
TV (I(F)) = Tensy () (I(F)) /(<< u >>p @y << 1—u>>p).
Proposition 3.5: The map TV (I(F)) — I"(F) defined by
b1®w(p)-~-®w(p)bn — by-...- by

with b; € I(F) is well-defined.

Proof: There is a canonical W (F')-multilinear map

I(F) x -+ x I(F) —s I"(F)

n times

defined by
by X - by > by - by
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with b; € I(F') which by the universal property of tensor products of W (F')-modules extends

to a well-defined map

n—times

To prove Proposition 3.5 it is enough to show that
(<< u>> Qury << 1T—u>>p) NTL(I(F))

factors through (3.7), which follows immediately by the presentation of I"(F') in Theorem

2.5 and the fact that
<<u>>y-<<l—u>>=0 ¢ I*F)
for all u € F'*
O

Let us consider TV (I(F)) = @pez TV (I(F)) with TV (I(F)) = W(F) for n < 0. We define
an action of

< 1>, TV (I(F)) = W(F) (3.8)
on TW(I(F)) with m,n > 1 by showing the following:
Lemma 3.5: For every n > 1 there exists a unique homomorphism of W (F')-modules

en: T, (I(F)) — T0, (I(F))

defined by

b1 Qw (F) bo Qw(F) = Qw(F) by, — (bl : bQ) Qw(F) = Qw(F) by,
with b; € I(F).

Proof: We begin by considering the map

G I(F) x - x I(F) — T)V, (I(F)

n times
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defined by
b1 X by X -+ X b, — <b1'bz) Qw(F) - Ow(F) bn
with b; € I(F) then (, is clearly W (F)-multilinear and the universal propety of tensor

products implies that we have a map

ot I(F) @wpy -+ Qwr) I(F) — Ty (I(F))

n—times

where (,, is a homomorphism of W (F)-modules.

Therefore all that remains to show is that
Zn((<< US>y @y py << 1—u >>p) N T,&V(I(F))) —0e TV, (I(F)).

However this is an immediate consequence of the following:
Claim: Zn(<< up >>p Quw () Qw(r) << Un >>;) =0¢€ TKl(I(F)) if wj +uipr =1
for some 7 > 1.

Proof of Claim: If ¢ > 3 the result follows immediately since
( << UL >>p << ug >>p >®W(F) << Uu3>>p - ®W(F) << Up >>p

is an element of (<< u >>y Qu(py << 1L —u >>) NN (I(F)).

Assume i = 2, then
< << up >>p - << ug >>b) Qw(r) * Qw(r) << Up >>p
is equal to
<< up >>p ( << Uz >>p ®W(F) << ug >>p ) & - "®W(F) << Up >>p

which is an element of (<< u >>p Qu(py << 1L —u >>) VTN (I(F)).

If =1, then

( << up >>p - << ug >>b> Qw(r) = Qw(r) << Up >>p= 0
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since << up >>p - << ug >>p=0¢€ I(F).

O
It follows by the universal property of quotient maps that €, is well-defined and
Co  I(F) @wry -~ @y LF) — T, (I(F)) == T,V (I(F)).
n—times
O

To show that TV (I(F)) has the structure of Z/2-graded algebra of W (F)-modules we define

the multiplication
<1 >y <<ur >> Qup) - Qwry << Um >>p
with < 1 >,€ TW (I(F)) = W(F) by
€Em—n410*0 €m< << up >>p ®W(F) s ®W(F) << U >>p )

The right multiplication of < 1 >, € TW (I(F)) = W(F) is defined mutatis mutandis. If

<u >, TW (I(F)) and < v >,€ TW (I(F)) then
<u>p-<o>p=<uw >y € TV, (I(F)).
We can use the above structural results on T}V (I(F)) to define a map:

6: KV (F) — 1)V (1(F))

[u] << u>>e TV (I(F)n—< 1>, TY(I(F))
which is well-defined.

Theorem 3.5: The natural map B : TV (I(F)) — I*(F) defined by

<< u >>p— [u

43



is an isomorphism of W (F)-algebras.

Proof: It is easy to see by Proposition 3.5 that § is a well-defined surjective homomorphism

of W (F)-algebras and the above remarks along with Theorem 3.4 imply
™V(1(F)) -2 1"(F) = KV (F) L T (F)

is the identity map and £ is injective.

Corollary 3.5: The map
TensW(F)(I(F))/(<< u >>yp ®W(F) <<1l—-wu >>b) — @nzoln(F)

defined by

<< U >>p—=><< U >>y

is an isomorphism of W (F')-algebras.

Proof: This follows immediately by Theorem 3.4 and Theorem 3.5.
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CHAPTER 4

Milnor-Witt K-Theory

In this chapter we will establish the main results of this thesis extending the work of Morel

in [15] to fields of characteristic 2.

4.1 Definitions and Facts

Definition 4.1 The Milnor-Witt K-ring of F is the free and graded Z-algebra KMW (F)

generated by the symbols [u]yw (u € F*) of degree 1 and one symbol nym of degree —1

subject to the following relations:

MW1 :

MW?2 .

MW3 :

MW4 :

For each a € F* — {1} : [a]pyw [l — a]lyw = 0,
For each (a,b) € (F*)? : [ablyw = [alpw + [blpw + narw [a] B,
For each u € F* : [ulywnmw = nuw [ulmw,

nvuw (maw [—1pw +2) = 0.

Let us denote h = n[—1]|pw + 2 such that (4) can be rewritten as

nh = 0.

Again following Morel, for any u € F* we let < u >pw= 1+ nlu|pw.

We have the following relations in KMW (F):

Lemma 4.1.1: Let (a,b) € (F*)2. Then the following relations hold in KW (F):

(1) [ab]MW = [a]MW+ <a>pyw [b]Mw,

(2) <ab>yw=<a>yw<b>yw,

(3) <1>yw=1and [1]yw = 0.
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Proof:
(1) This follows as in Proposition 3.1 (1).

(2) This follows as in Proposition 3.1 (2).

(3) nvmw (mvw [—1]mw + 2) = 0 implies

[Unarw (marw [=aw +2) = (< 1 >pw —1)(< 1 >yw +1) =0

which upon expanding implies

<1>pyw=1.

Hence [1]pw = [(D)(D]yw = [Hauw+ < 1 >ypw [Hvw = 2[1pw and [1]yw = 0.

We can reformulate (M W4) in the characteristic 2 case as follows:
Lemma 4.1.2: (MW4) is equivalent to
(MW4.) : 277MW =0= [1]

Proof: By (MW4) and Lemma 4.1.1 (3)

2nvw = uw (Muw [—1pmw +2) =0

which implies A = 2 and nyrwh = 2naw = 0. The reverse implication is trivial.
Lemma 4.1.3: The following hold:

(1) For n > 1, KMW(F) is generated as an abelian group by the product of symbols

[wilpew - o [um] i
with u; € F,

(2) For m < 0, KMW(F) is generated as an abelian group by

nﬁw <UuU>pmw

46

O



with u € F*.

Proof: The proof is identical to the one of Proposition 3.2.

O
Lemma 4.1.4: The map 7 : K}V (F) — KMW(F)/(h) defined by
[u] = [u]prw + ()
and
n = nuw + (h)
is a well-defined morphism of Z — algebras.
Proof: This is immediate by Definition 3.1.2.
O

Lemma 4.1.5: The map p: KMW(F) — KY(F) sending [u]yw — [u] and naw — 7 is
a well-defined morphism of Z — algebras.
Proof: This is immediate by Definition 4.1.
]
If we consider p we see that KMW (F) - h C Ker(u). Therefore u factors through 7 and
moreover
morm: KV(F) — KY(F)
is the identity map on KV (F) with 7 defined by
p KM (F) — KMV(E)/(h) 5 KLY (F).

We can conclude that

M+ K (F) — K3 (F) /() 0 KT ()

n n

is an isomorphism.
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Proposition 4.1: The map w : KMV (F) — I*(F) defined by

[ul v = — << u >>y

and

nuw —< 1>, T"HF)

is well-defined and surjective.
Proof: It follows by Lemma 4.1.5 and Theorem 3.4 that w is well-defined and surjectivity

follows by definition.

4.2 Milnor K-theory of a field F

In this section we will define the Milnor K-theory of a field F, originally introduced by J.
Milnor in [13].

Definition 4.2: The Milnor K-theory of a field F' is given by
KM(F) = Tensy(F*)/(u® (1 —u))

where (u® (1 —u)) is the ideal generated by u ® (1 —u) in Tensz(F*) with u € F* — {1}.
It follows easily by Definition 4.2 that KM (F) has the structure of a graded Z-algebra.

Lemma 4.2.1: The map ¢ : KMW(F) — KM (F) defined by
[u] =@, n—0

is a surjective morphism of Z-algebras.
Proof: It suffices to check that 6 is well-defined. Therefore, by Definition 4.1 we only need

to check the following corresponding relations hold in KM (F):
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MW1 : For each a € F* — {1} : [al]yw][]l — a]pw = 0,

MW?2 : For each (a,b) € (F*)?: [ablyw = [alpw + [B]aw + nla][b].
(1) follows immediately by Definition 4.2.
(2) follows by the group structure of F'*.
(|
Lemma 4.2.2: The induced homomorphism ¢ : KMW(F)/(n) — KM(F) is an isomor-
phism.

Proof: Indeed consider the map
KM(F) — KMY(F)/(n)

defined by

To show that this map is well-defined it is enough to check:
u® (1 —u)—0
with u € F* — {1} which follows immediately by Definition 4.1. Therefore
KXMY(F) /() — KM(F) — KMY(F)/(n)

is the identity on KMW(F)/(n) and we can conclude that ¢ is an isomorphism.

Moreover this implies that
b KRV (F) /() VK (F)) — KQ'(F)

n

is an isomorphism of groups.
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4.3 Main Result

In this section we will combine the results of the prior sections to construct an exact se-

quence between K (F), KMW(F) and KM (F).

We begin by considering the map corresponding to multiplication by nasw:
nw = K3 (F) — K™V (F) (4.1)

defined by

niew fun ) vew -+ [u]vew = m [walvew =+ [we) e

with k —m = n+ 1. Definition 4.1 implies that nym is well-defined in this sense. The

universal property of quotient maps and (4.1) imply 77,y defined by
n
maw = KpiV (F) — K20 (F) /() 0 K3 (F)) =% K™Y (F)

is a well-defined map.

Proposition 4.3: KV, (F) T Ot KMW(F) n, KM(F) — 0 is an exact sequence
with

Tarw © T = Kl (F) ™5 KUY (F) () ™ 1Y (F)
and

O+ KV (F) — K (F).

Proof: It is easy to see that ¢, (KMW (F)) = KM (F) by definition so it enough to check:

n

Taw © Tt (Kpy 1 (F)) = Ker(¢n).
However we know that ((n) N KW (F)) = n- KMW (F) and by Lemma 4.2.2 we have that

Ker(g,) = - K1Y (F).
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It follows by definition of 77,y and (4.1),

Tauw © Tt 1 (K1 (F)) = Tagw (Kpi (F)/(R)) = maw- K0 (F).

Theorem 4.3.1: KMW(F) is the pull-back of the diagram:

for everyn > 1.
Proof:
For every n > 1 consider the following diagram:

KV, (F). —— KMW(F) ———— KM(F) ———0

NpMw OTn+1 on
an"t‘ll Wnl )\nl

00— ["(F) ——— [*(F) —— ["(F) /" (F) —— 0

with the map A, : KM(F) — I"(F)/I""(F) defined by
UL @ - @ Uy << U, - Uy S>>y AT (F).

and it follows easily that A, is well-defined and surjective. The commutativity of the above
diagram is then given by Proposition 4.3, Theorem 3.4 and Proposition 4.1. The result
follows immediately by Lemma A.S.

O
Corollary 4.3: K}V (F) is the pull-back of the canonical projection Ao : Z — Z/2 and
W(F) — 7Z/2.

Proof: This follow identically to Theorem 4.3.1.
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Let us define G,,(F'), for every n > 0, to be the the pull-back of

K (F)

|

I'(F) —— I"(F) /I (F)

Consider G4 (F) = @®nezGp with G_,, = W(F) whenever n > 0 then Corollary 4.3 and
Proposition 2.5 imply

K™ (F) = W(F) = Go(F)

Moreover, the following theorem will show that G.(F) is a Z-graded algebra isomorphic to
KMW(F):

Theorem 4.3.2: The natural homomorphism Q : KMW (F) — G.(F) defined by
[u]MW g (<< U >>b,u)

nuw —< 1>y G_1(F) = W(F)

s an tsomorphism.
Proof: It follows by Proposition 4.1 and Lemma 4.2.1 that € is well-defined and surjective.

Additionally, Theorem 4.3.1 and Corollary 4.3 imply that it is enough to show
KMV = G, (F)
for every n > 0. Assume n > 0 and consider the map

I'_p =Tpw © T—nt1 Oa:rlz+1 :W(F) — K5V(F).

—-n

This is well-defined and

KMW(py 28 gy T8 gMW ()

n
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is the identity map. Therefore we conclude that for every n > 0:

KXV (F) = W(F).

4.4 KMW(F)and TV (KMWY(F))

Definition 3.4: We define T (KMW(F)) to be the tensor algebra of the KW (F)-
modules KW (F) modulo the ideal generated by [u]aw QMW (F) [1 — ulpw with u €
F* —{1}.
TV (K (F)) = Tens garw () (KT (F)) /([ulmw @ gearw oy [1 = ularw ).
Let TV(KMW(F)) = @pez T (KMW(F)) with TV (KMW(F)) = KMW(F) for every n >
1. We define the multiplication operation on T}V (KMW (F)),
nmaw <1 >uw -lur]aw @gpw gy - @gaw gy [Um]vw

with m > 1 by introducing the following lemma:
Lemma 4.4: The map X4 : Lo (KMTW(F)) — TV (K{MW(F)) defined by sending

YL Oxpw () Y2 Opyv () 1 ORI () Ymtd
to

(TZMW "Y1 yz) QW gy OMW (F) Ym+1
with y; € KMW(F) is well-defined.

Proof: There is a canonical K}V (F)-multilinear map

X K (E) x o KPTY(F) — T (KT (F))

m+1 times

defined by sending

Y1 X s X Ymet1
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to
(Marw - Y1 - y2) Qgeyw (py -+ QMW () Ymt1
which by the universal property of tensor products of Ké\/IW(F)—moduleS extends to a well-

defined map

KW (F) QW gy QMW (F) K{"W(F) — T (KW (F)).

/

m-+1—times

To conclude it suffices to show,
x(([ularw @pegow () [ = wlarw) N THY (KW (F)) = 0

which is identical to Lemma 3.5. Therefore we have by the universal property of quotient
map that y satisfies

¥ KB @pcamw ey -+ @cpow () KPW (F) — T, (KMW (F)) 5 TW (MW (F)

m+1—times

and  is well-defined.

We identify the multiplication operation on T}V (KMW (F)) by

Mhrw < 1 >mw - lurluw @ gy - @ () [wm]aw
with
Xm—k+10 "0 Xm([ul]MW R pw (py - QMW (F) [um]Mw>
and if <u >pywe KéWW(F) and Yy < v >Mwe KMW(F) with n > 1 then
<u>Syw - M < U Suw= Ty < v >ywe KMW(F)
and we conclude that TV (KMW(F)) is a Z-graded KW (F)-module.

Proposition 4.4: The map TV (KMW (F)) — KMW(F) defined by

Y1 Qppw gy -+ OgMW(py Ym > Y1 - Ym
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is well-defined.

Proof: There is a canonical KW (F)-multilinear map

KM (F) - x KT (F) — KT (F)

m times

defined by

U X oo . X Up > UL .o Uy

with u; € KMW (F) such that the universal property of tensor products of KW (F)-modules

extends this to a well-defined map

K{WW(F) Qpw (py " QMW (F) K{VIW(F) — K%W(F) (4.2)

n—times

To prove Proposition 4.4 it is enough to show that
([ularw @ garw (py [1 = ulaew) 0 T (BT (F))

factors through (4.2), which follows immediately by Definition 4.1.

Theorem 4.4: The map A : TV (KMW(F)) — KMW(F) defined by

[ul sew = [u]arw
and
nuw < 1 >pwe= nvuw
is an isomorphism of K}MW (F)-algebras.
Proof: Consider the map KMW (F) — TW(KMW(F)) defined by
[ulaaw = [ulaew

and

nvw = nuw < 1 >pw .
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It is easy to check that the relations of Definition 4.1 are satisfied which implies the map

is well-defined. It follows by Proposition 4.4 and considering
TV (KW () =5 KM (F) — T (K} (F))

that A is well-defined and injective. Therefore it is enough to show that A is surjective,

which follows by definition.
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CHAPTER 5

Appendix

In this section we will establish some results that are necessary to Section 2.6 and Section
4.8 but did not seem suitable to be addressed in the main text.

Lemma A.1: The following hold:
(1) << a,b>>p = << a,bd >>, with d € D(<< a >>p)%,

(2) << a,b>>p=<<a+bab>>pif a+b#0.

Proof:

(1) <<a,b>>p, =< 1,a>,® < 1,b>, = < 1,a,b,ab >, which is equal to

<l,a>,Lb<1l,a>y.

However bd = bz? + bay? with z,y € F implies

b<1l,a>p=<bd,abd >p=bd < 1,a >

and we can conclude

<Lia>lb<la>=<1l,a>, L db<1,a>

or equivalently,

<< a,b>>p=E<< a,bd >> .

(2) << a,b>>, = << a,ab >>; since by (1) we have a = 02 + a(1)2. Clearly

<< a,ab >>p=E<< ab,a >>y
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and applying (1) again to

<< ab,a >>

with a=!(a+b) =1+ 2 =12+ ab(a™?) implies

<< ab,a >>p=<< ab,ala” (a + b)) >>p=<< aba+b>>y .

Lemma A.2: For every d € D(<< uy, -+ ,uy >>p)* with u; € F*
d << UL, Uy >>pE< UL, -0, Uy >

Proof: We proceed by induction on n.

If n =1 then d € D(<< uy >>,)* implies d = 22 + u1y?. Hence
d << u >>p=<d,u1d > .
However d? = d(z? + w1y?) = da? + duyy? € D(d << uy >>p)* implies

<d,urd >2< &%, —uid? >2< 1, u >=<< ug >>p .

If n = m then d € D(<< ug, -+ ,upm >>p) = D(< Liug >p ® << ug,---
implies

d=x+wy
with z,y € D(<< ug, -, Uy >>p).

If x = 0 then d = w1y implies

d<<up, Uy >>p=ury << UL, -, Uy >>p

is equal to
(up << up >>)(y << ug,- -+, Uy >>p)
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which by induction assumption and the n = 1 case is equal to

<< UL,y Um >
If y = 0 then d = x which implies
d << up, - Uy >>p=<<up >> (x << ugy -+, Uy >>p)
which is equal to
<< UL, Uy >
by induction assumption.
If z,y # 0 then
LK UL e Uy >>p= (<< U,y -+ Uy >>p L up << UL,y Uy >>p)

which by induction assumption is equal to

<< Uy U S>> ma Ty << ug, - um >>p)

or

<< wzrTly >>p<< ug, e U >

However by the base case 1 +ujz 'y € D(<< uiz~'y >>;)* hence

<UL, Uy >>p= (L e ly) << ug, - Um >>p
and © << ug, -, Uy >>p=E<< Ug, - - -, Uy >>p implies that
~ —1
<< UL, Uy > (Lt y) () << up, - Uy >>p

with (1 +uiz~y)(2) = = + ury.

59



Lemma A.3 Let R be a commutative ring. Consider the following commutative diagram

of R-modules:

A - B f2 C 0
] T
0 X Y Z 0
g1 g2

If hy is an isomorphism and hg is surjective then B is a pull-back.

Proof:

It follows from the universal propety of pull-back that it is enough to show for any R-module
@ such that the following diagram commutes

Q—C
k1
kQJ( h{
Y—Z7
92
there exists a unique p : Q — B such that
fQOM:kl and hQO,u,:k'Q. (51)
Let gq1 € Q such that
(hs o k1)(q1) = (g2 0 k2)(q1)- (5.2)
In particular we have that k1(q1) € C implies by exactness that
ki(q1) = fa(br + fi(as))
with b; € B and a; € A. Therefore,

(h3 o k1)(q1) = ha(f2(b1 + fi(ai)))-

However hs o fo = go 0 hy by commutativity of the diagram implies

hs(f2(b1 + fi(a:))) = (g2 © h2)(b1 + fi(a:)))
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and combining this with (5.2) implies

(92 0 h2)(b1 + fi(ai))) = (g2 0 k2)(q1)

which is equivalent to

g2(ha(b1 + f1(ai)) — k2(q1)) = 0.

It follows by exactness that there exists unique z; € X such that

g1(x;) = ha(by + fi(a;)) — ka(q1) (5.3)

and h is an isomorphism implies there exists unique a; € A such that

hi(a;) = z;

which by (5.3) gives the following equation:

(910 h1)(a;) = ha(by + fi(a:)) — k2(q1)-

The commutativity of the diagram implies (g1 o h1)(a}) = (hg o f1)(a}) so we can conclude

(ha o f1)(a;) = ha(b1 + fi(a;)) — k2(q1)
which is equivalent to
ka(q1) = ha(b1 + fi(ai — a;)).

Then by (5.1) we let
n(qr) = by + fi(ai — a3)
and all that remains to show is the uniqueness of p. Assume there exists ps : Q — B such

that

faoua = ki and ha o po = ko
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then by the above,

p2(q1) = b1 + fi(aj — aj)
and fi(a; — aj) = fi(a; — aj) since
ha(b1 + fi(ai — a)) = ha(br + fi(a; — aj))

implies
ha(b1) + (hg o f1)(a; — aj)) = ha(b1) + (ha o f1)(a; — aj))

which by (hg o fi) = (g1 © h1) and injectivity of g1, h; implies

ai — a; = a; — aj.
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