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ABSTRACT

The problem of a vertical plane jet-pluma in shallow
water was investigated experimentally and analytically. ne
four distinct regions of flow are the jet-plume region,
surface impingement region, internal hydraulié jump region
‘and the stratified counterflow region. Only the first thr:e

were studied in detail.

The experiments concentrated on the surface impingement
and internal hydraulic jump.regions. Velocity profiles and
dve photographs were compiledtfor Six runs. An additional 13
runs were done in which only dye photographs were taken. The
‘velocity profiies and scale data were then analyzéd and

plotted.’

The analytical portion of the study céﬁsisted of ttree
parts. The first was the development of the plahe jet-plume
equatiohs. The second part was a control volume type of
analysis of the surface impingement region This yielded ag
equatlon for the impingement depth of the surface layer. The
third part was a momentum analysis of the internal hydraulic

jump region. Twp distinct equations were developed.

The expefiméntal data was compared to the predictions
of the theoretical equations. The variations of the velocity
and length scales were compareéd to the @ﬁé of a plane

non-buoyant surface discharge.
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I. INTRODUCTION

A. GENERAL

The case of the vertical jet-plume in shallow water is
a complex problem in the field of fluid mechanics. There
have been several studies of this particular flow .
configuration but few conclu51ve results have been Qgtalned
This is due to the complicated ingeractions and couplings of
the different regions of flow and because of thka difficulty
in esfablishing the far field boundary conditirns. This

study explores both experimentally and analytically the

behavior of a vertical plane jet-plume in shallow water.

. B. PRACTICAL SIGNIFICANCE

| The study of a jet-plume impinging on a fr?é surface
has practical application to several engineerihg procleﬁs{
" One application is to the discharge of cooling water from
electric generation plants. A convenient metho3 of-disposing
of the cocling water is to discharge it through.a pipé intb
.the ocean. The pipe is constructed out from the shore along
the bed and, when a suitable depth is reached, the cooling
water is discharged through ports in the top or side of the
pipe. The individual jet-plumes merge to form a pléne |
jet-plume which impinges on the free surface and then

spreads out along the surface.



Another practical application is the cischarge of
sewage into coastal waters. For coastal citieé, the most
economical method of sewage disposal is to perform only a
primary treatment and then to pipe the sewage out into the
ocean. This discharge scheme is similar to the one descrlbed
previously for the cooling water except that the Sewage must

be discharged at much greater depths for environmental

reasons,

A thjrd application'is to the flow induced by air
bubblers which control ice formation in reservoirs and the
spread of oil slicks. A pérforated'rubber hose is weighted
down on the bed and compressed air is pumped through the
hose producing‘a row of bubbles. As the bubbles rise to the
surface they induce flow which impinges on the free surface
and then spreads. This :flow at theiéurface will keep
reservoir gates free from ice and can also be used to

contain an oil slick.

C. FLOW- REGIONS AND FIELDS

To simplify the analysis of the vertical plane
jet-plume in shallow water Jirka and Harleman (1979) defined
four regions of flow. The four regions are: jet*plume
region, surface impingement region, imternal hydraulic jump
region and stratified counterflow region. Figure 1 shows the

four regions and some of the nomenclature used.
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FIGURE 1. Flow regions and nomenclature.

The flow near the nozzie up to the point where the
potential core ends is called the zone of flow
establishment. In this zene the shear layer caused by the
sheafing at the interface ef the high velocity jet-plume and
the stagnant ambient fluid has not penetrated to the center
line. At the point where the shear layer has penetrated to
the center line, the center line velocity and temperature
begin to decay Beyond this point the reglon is called the
zone of established flow. The length of the zone of flow
estaklishment is approximately 10 b, as determined by
Albertson et al (1950). Therefore the neglect of this zone
can only be justified if the submergence ratio H/b, is

Q

|



large.

The flow can also be classified more generélly as thé
near field and the far field. The near field will include
the jet-plume, surface impingement and internal hydraulic
jump regions. The far field will include the stratified
counterflow ;egion; The near field is where the momentum
characteristics of the jet-plume dominate. The far field is
where surface transfer aspects dominate, (Pande 1975).
Temperature can be treated as a conservative tracer in the
near field but not in the far field. This is because the
surface transfer of heat within the far field determines the

boundary conditions.
D. LITERATURE REVIEW

PLANE JET-PLUMES

Many studies have been done on the subject of plane
jet-plumes or plane buoyantAjets, as they are also. called.
The work of Rouse et él (1952) on free convection from a
line source and point source was one of the first. Many
other investigators have studied the problém since but the
. most compléte’and definitive study was carried out by

Kbtsovinos (1975).



e

He stgdied the plane jet—plume in great detail using a
laser Doppier velocimeter for velocity measufements and
small bead thermistors for'temperature measurements. The
main conclusion of his‘study was that the turbulent
structure of jets and plumes are quite different reflecting
the different nature of the forces which propel each of
them. The pure jet is propelled by inertia forces and the

jet-plume by buoyancy forces.

Jets and plumes were found to'have dissimilar
turbulerce characteristics but the shape and spfeadihg‘rate
~of their mean velocity profiles were found to be
approximately équal.'The spread of b, the velocity .

\
. half-width for jet-plumes, was observed to be:

(1)

db _
gb = 0.1

-
A'constant spreading rate for jet-plumes.prdvesAthat

earlier theories which assumed a constant entrainment

éoefficient were incorrect. Kotsovinos gives the following

‘entrainment coefficients for jets and plumes.

a,(jet) = 0.055 (2)



b}

a,(plume) = 0.110 (3)

Kotsovinos observed that the virtual origin for the
. !
mean velocity profiles was sometimes upstream and sometimes
doknstreém of the nozzle. It varied in location from 6 b,
dowﬁstream to 13 by, upstream from fhe noz;le and there waé
no correlation with the outlet Richardson number. Kotsovinos
explains that thiS’is‘due to the fact that a plane jet is-

non-self-preserving in character.

SURFACE DISCHARGES

Rajaratnam and Humphries (1984) studied the behavior of
plane non-buoyant surface discharges. They found that the
longitudinal velocity profiles were similar. The exponential

equation:

E; = exp[-0.693(§)2] : — ' (8)
was found to describe the experimental resultg reasonably
well up to y/b equal to 1.4. Above this value the equation
underestimated the data. The variation of the velocity séale
was found to be given by the following semi-empirical

equation:

w
*
(-

chf
fn

o
T

<’

of
o

- (5)



‘where u is the maximum value of u at a crdss-section and
U, is the outlet velocity. |

Thié’gives a value for the velocity scaie which is about 0.9
times the corresponding value for the plane free jet;ﬁThey
also determined that the variation of the length scale was

linéér and given by:

= 0.07 | (6)

S

Chu and Vanvari /(1976). investigated the case of a
th—dimensional buoyant surface discharge. Their study was"
primarily experimental in nature and concehtrated on the
supercritical jet region upstream of the internal hydraulic
jump. A series of four tests were run in which fresh water
was discharged at the surface.over a layer of saline water,
Vélocity‘and.température measurements were Qathered ang

analyzed.

Chu and Vanvari found that the velocity length scale b

tended to vary linearly near the nozzle and be described by:
db _ ‘
3 = 0.0678 | : - (7)

but further downstream the expansion rate decreased. The

longitudinal velocity profiles were found to be similar and



described by a standard exponential equation, simllar to

equation 4. They-also found that the buoyancy profiles were

linear with the maximum occuring at the free surface and the

minimum equal to zero atvtne jet boundary. The entrainment

velocity was found to be proportional to the longitudinal

turbulent inrensityJuT: with the‘eonstant of ﬂroportionality
. ~ "

-

equal to 0.18.

Rajaratnam and Subramanyan"Q1983) studied bothAbuoyant'
surface jets and Jumps. They found that in surface jets the
growth of the: ]et thickness followed the non-buoyant surface
jet curve given by equation 6 up to some value of x/bq and
then deviated from it to-approach asymptotically ;
horizontal line. This agrees~with the findings of Chu and
Vanvari (1976). The growth of the jet thickness for surface
jumps also follows the non-buoyant surface/jet curve up to
some x/b, value and then falls below the curve approachlng
asymptotlcally a horxzontal line. However, the szmptotlc

value approached by the surface jump is always greater than

the correspondlng value for the buoyant surface jet.

Rajaratnam and Subramanyan (1983) also determlned that
for both buoyant surface jets and jumps the lbngltudlnal
velocity proflles at different x stations were approx1mately
similar. Equatlon 4 descr1bes the proflles reasonably well

up to values of y/b of 1.5. Temperatuve measurements were



u

obtained in the surface jet experiments and it was found
that the temperature profiles at different x stations were
similar. The egquation

~o 2 i

AT _ oL y ‘ Cay
st = eel-0.693(5) I (8)
m . .

- 4

—

/gasfféﬁﬁa‘to describe the profiles well for Rio equal to °
0.002, 0.003 and 0.004 but for Ri, equal to 0.4 the profilé,
is very different. This iS'explaiﬁed by the reduced miiing‘
at the interface at'high Rio. In eguation 8 by is the

Adisténce from the poihf of maximum temperature to the point
where it is half the maximum, A T is the temperature
difference and A Ty is the maximum of ATat a giveﬁ

cross-section.

Rajaratnam and Subramanyan, through careful injection-
of dye near the ihterface, determined that Qor.buoyant
surface jets there is vertical entrainment of ambient £1id
“but for internal hydraulic jumps tﬁeré is hardly any. The
small velocities in the reverse roller are said to be too
M weak to jhduce turbulent entgainment in this regioﬁ.oUsing
‘this ':Et and théir experimental results they developed a.

diagram which can be used to df!kerentiate between buoyant

surface jets, surface jumps and drowned surface jumps.
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IMPINGING JET-PLUMES

Notable studies on the subject of vertical plane
jet-plumes in shallow water are those of Jirka and Harleman
(1979), PrYputniewicz_andﬁBowley (1975), and Lee and Jirkg
(1981). The investigatidn by Pryputniewicz and Bowley (i975)
was for a round jet-plume and concentrated on the vertical
jet-plume region. The studies by Jirka and Harleman (1979)
and Lee and Jirka (1981) dealt with plane and round
jet-plumes respectively. Both sgudies invnrstigate
thouroughly the near field characteristizs c¢f these flows.
This study is concerned specifically witk plane jet-plumes
and as a’resul} only Jirka and Harleman's {197%) work wiil

3

be reviewed in detail here.
Jirka and Harleman (1979) analyzed the jet-plume region

of flow using an integral analysis. A variable

entrainment coefficient was assumed in a form which

corresponds to an approximately constant spreading rate. The

entrainment velocity was assumed to be proportional to the

maximum velocity at a cross section following Morton et al

{'1956) . The normélized profiles for velocity and density

~were assumed similar and were approximated by the familiar

exponential equations. These assumptions reduced the
governing equations to a.solvable form and the solution
obtained is similar to one which will be developed in the

following chapter.
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The surface impingement region was analyzed by Jirka
and Harleman using a conﬁ:ol voiﬁme type of analysis. They
made the following assumpfions:

1. The inflow has the characteristics of the buoyént

jet region , that is fully established proffles and
zero dynamic pressure. R
2. Negligible entrainment occurs into the control
volume, |
3. The horizontal outflow has uniform velocity aﬂd
aénsity profiles. |
The energy iosses through the region were estimated using
the following formula:
ghL =%KL 512 | (9)
wvhere h is the energy loss in meters, U, -is the average
outflow velocity and K is a loss coefficient. Estimates for
K were obtained from data on 90vdegree elbows in closed
conduit ;low;'An energy eguation, a-continuity equation and
a buoyancy conservation equafionZWere thén used to obtain a
solution for y,, the outflow depth.

Jirka and Harleman (1979).méde the following
assumptions in analyzing the internal hydraulic jump region:

1. Shear stresses at the surface, interface'and bed

were negligible.
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Hydrostatic pressure occurred throﬁghout.

The velocity distributions were uniform.

The entrainment into the jump region was negligible.
Equal counterflow, that is, the discharge in the
lower layer was egqual to that~in the upper layer.

Boussinesq approximation was valid.

Following Yih and Guha (1955) the momentum conservation

equations were written for the upper and lower layers.

Manipulation of these equations provided an equation for the

change in height of the upper layer. A solution was

. presented graphically which for a given supercritical depth

and densimetric Froude number gives the corresponding

conjugate depth.

For high upstream densimetric Froude numbers there was

no solution to the equation. Jirka and Harleman interpreted

this as indicating a downstream flow ins}ability. An

B

unstable flow or discharge being defined“as one in which the

flow in the upper layer mixes with the flow in the lower

laye

d is re-entrained into the jet-plume region. The

ischarge instability occurs because as the densimetric

' Froude number increases the outlet densimetric Froude number

has also increased. From’thisAiE follows that the

entrainment into the jet-plume region has increased and thus

the discharge in the lower layer ..as also incrgased. An

increase in the upstream densimetric Froude number also
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implies an increase in the upper layer discharge. With the
discharges and velociEies incréasing in both layers, the
interfacial shear between the two layers also increases and
at some critical point mixing begins to occur between the
two layers. Thus an unstable discharge configuration is
formed. A recirculation eddy approximately 2.5H in length =
forms at the outlet and a build-up of heat occurs until some

steady state is achieved. A stability diagram was presented

which for a given submergence and outlet densimetric Froude

number predicts a‘stable<or unstable discharge
configuration.

The mixing characteristics of fhis type of flow were
also examined by Jirka and Harleman (1979). For a stable

discharge the dilution ratio defined as:

s = Ypper layer discharge (10)
outlet discharge

was directly predicted from the jet-plume theory; For an
unstable discharge the analysis was more comple... Following
Schijf and Schonfeld (1953) the horizontal momentum
equations“for both layers in the statified counterflow -

region were written. Using Boussinesq approximation and the

assumption of constant total depth the two equations reduced

to a singke differential equation. This equation. was

integrated to give a solution for the height of the
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interface above a datum and the layer densimetric Froude
numbér. The integrated eguation was then used to calculate
the height of the interface at the point 2.5H from the
outlet where the recirculating eddy ends. Then knowing the
height of the interface and the layer densimetric Froude

number at this point the dilution ratio was calculated.

An experimental investigation was .included in the study
by Jirka and Harleman (1979) in an aftempt to validate their
theoretical work. A total of 19 experiments were run in
which the submergence rétio was varied from 60 to 1300 and
the densimetric Froude_numbérbat the outlet from 13 to 312,
Ekténsive temperature measurements were taken as well as
photographs of the dyed flow. Limited Qelocity measurements
were obtained by taking time lapse photograpﬁs of falling
dye Erystals. The experimental tank-was closed, that is, it
had no 6verflow and no ambient water recharge system, so the.
flow could not be maintained in a steady state for long

periods of time.

It was observed that the stability-criterion correctly .
prediéted the stability of the 19 runs. It Qas also found
that the dilution ratios were predicted reasonably well by
the theory, within approximately 25% for all 19 runs. The
heightvof the interface was predicted quite closely by the

“theory. It was discovered that entrainment into the jump

¢
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region was negligible as assummed.

Some of the-gain ¢onclusions reached by Jirka and
Harleman were as follo&s: o

1. The discharge stability depends only on the behavior
of the near field. .

2. The discharge. stability is dependent on 2
parameters, the submergence and the outlet
densimetric Froude number.

3. The far-field bouﬁdary conditions have a sigh&fiéant

effect on the mixing characteristics of the flow.

E. PROPOSED WORK

EXPERIMENTAL WORK

This experimental investigation'was proposed because
the behavior of jét-plumes in shallow water islnot weli
understood. Previous investigators such as Jirka and
Harleman (1879) and Pryputniewicz and Bowley (1975) have
studied this problem with emphasis on the_enginéering
aspects. In this study a more fundamental approach to the
problem was taken. The emphasis was placed on velocity
meaSurements. It was thought that a better understanding of
the physics of the problem could be achieved by compiling a

complete set of velocity profiles.



16

The experimental work was done in three parts. The
first was a preliminary investigation to provide some
qualitative information and to smooth out any problems with
the experimental equipment. Dye photographs were taken and

analyzed but no useable data were obtained.

Tbe'ée&bhd part consisted of six complete runs,
velocity profiles and dye photographs were taken. The
velocity profiles were tq}en at distances up to 200 times
the outlet half-width downstream .to ensure that any trends
in the data were clearly observed, and not limited by
inadeqguate data. No data were gathered in the vertical
jet-plume region because it was assumed thaﬁ‘the present

jet-plume theory adequately described this region.

The third part of the expe;imental work Eonsisted of
thirteen supplementary runs. Velocity profiles were taken
only at' x=10 cm. These profiles were used to obtain the
depth of the surface layéf Y1. Dye photographs were also
taken and analyzed for the thirteen supplementary runs.
THEORETICAL_A&D ANALYTICAL WORK

To supplement the expérimental work some theoretical

" analysis was carried out. The theoretical analysis was also

‘done in three parts..The first was the derivation of “the

N 1
equations for the jet-plume region. These equations describe
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the behavior of the flow within this region and also provide
the initial conditions for the surface impingément_region.
"he second section was a controi volume type of
1,.. s user to describe the flow in the surface
;mhingemenﬁ rc ion. The flow in this region is not readily
ar21 :2d b:cause none of thé slender flow approximations are
applicable. rtherefore a cruder type of control volume

analysis had to be used in order to obtain a useable

solution.

The third section of analysis dealt with the internai
hydraulic region. One method of analysis used for
investigation of this region involved many simélifying
assumptions and produced,a Belaﬁger type equation. A second B
method with less resrictive assumptions produced a more
complex eguation, a fourth ordef polynomial. The prédictions

of the conjugate depths from both equations were then

compared to the experimental data to verify the theory.



I1. THEORETICAL DEVELOPMiBNTS
A. JET-PLUME REGION
EQUATIONS OF MOTION

The Reynold's equations of motion for a plane sfeady

flow in cartesian coordinates can be written as:

B3u du 1 3P 2 dut?  auTvT
TR VEy T Thax ot - [ e ] - O
2
ov ov - _ 1P 2 du'v! ov'
ux-t—vy b'b_y“"v"‘[bx +6y_] (12)
5\ 5 .
du dv 1 dp d3py _ _ 1 1® ——r o} ;
lox +ay) + 5 lugg v vl = - 8 EAEHAS TN ISR

7 i

where x and y are as shown in Figure 2

u and v are the turbulent mean velocity components in the x

and y directions respectively

u' and v' are the fluctuafing coﬁponents of velocity 7

P is the mean pressure at a point .

pis the mean mass density of the fluid at a point
. :

v is the kinematic vidgcosity of the fluid

and the bars denote time averaging.

18
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FIGURE 2. Definition sketch for the jet-plume region
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The following assumptions were made in this analysis:

1. The length 5cale‘in the x direction is much larger
than the length scale in the y direction.

2. The density differénces are small,‘that is Ap o/ p
<< 1 (Boussinesqg approximatioﬁ). |

3. Gradients in the y directibn‘are much larger than
gradients in the x direction.

4. Viscous terms are negligible in comparison with
turbulence terms.

5. The largest furbulence‘terms are of the same order
as the inertial terms..

6. The values of u',v' and U , the turbdleﬁce scale are
all of the same order.

7. The values of ET;T, T ,;T’_and U . * are all of
the same order. .

Using order of magnitude arguments the equations of motion

reduce to:

du du _ 1 21 bp
Usx*Vey Tpay T 9%, | (14)
ou ov
H'*a—y-"o (15)

The buoyancy conservation equation can be reduced to:
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b(uc) + d(ve)

5 . ,
% 3y - T [EY (u'c') + %; (vic)] (16)

where c=g Ap and c¢' is the fluctuating component‘of.the'
modified gravity term c.

‘Letting:

[

0
o
0

-u'c' = ¢ -Vv'c' = ¢
x

(17)

o
x
%
o
e

where ¢ , and € , are the turbulent diffusion coefficients
for buoyancy in the x and y directions respectively.
Assuming ¢ , is of the same order as ¢ y and using the

assumptions listed earlier equatién 16 reduces to:

d(uc) , d(ve) . d (. dc ’ | 1
3x T oy 3y (ty 3y) - (8

If ¢ , is assumed constant across the plume the result is
‘the final buoyancy conservation equation:

d(uc) d(vc) bzc

0x + o] = F —+3 N (19)

|

INTEGRAL ANALYSIS : \

Equation 15 is integrated from y=0 to a large value of
y outside the jet-plume denoted as . Using Liebnitz's rule
and denoting the entrainment velocity by ve the ‘equation

obtained is:
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d
a;\{_u‘dy = - ve (20)
o

Following Morton et al (1956) it is assumed that -the
entrainment velocity is proportionél fo the maximum
longitudinal velocity at a giQen croés-section, Using this
assumption eduation 20 becohes:

d
ax J uady = @, u (21)
T o . : .

where a, 1is the entrainment coefficient and u m 1s the

maximum' value of u at a given cross-section.

Integrating the momentum equation (equation 16) from

y=0 to y== and using both the continuity equation and

3 ’ £

Liebnitz's rule, the result is: _‘ )
d 2 - : |
xPuidy =[cay - | (22)
B ) (o}

Equation 22 states that the rate of increaée,of axial

momentum in the jet-plume is equal to the buoyant force per

unit length of jet-plume.

Integrating the bboyancy conservation equation
(equation 19) from y=0 to y== and applying Liebnitz's rule

gives:
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(R

O.'Q.

</ ucay = o (23)
o]

This equation indicates that the buoyancy flux is constant
along the jet-plume. If B, the buoyancy flux at the nozzle

is given by:

'Bo =2 bo Uo 9@ Apo (24)

then equation 23 can be rewritten as: — - S

- - (25)
/ 2 é u c dy By, = 2 by U, g9 Apg

Multiplying equation 14 by u and integrating from y=0
to y== and applying Liebnitz's rule gives the integral

energy equation.

- 2 - - - " > - '
d pu : - I u
= Lo d = ucd J dy.
a i 5 u dy .i Y £ T3y | (26)

' This equation states that the increase in energy (LHS)
equals the energy pr%duttion'by'buqyanéy_(first‘term on the

RHS) minus turbulence production (second term on RHS).

The u(y) velocity profiles and c(y) density deficienﬁy"
profiles have been shown to be similar at different

"cross-sections (Kotsovinos 1975), This can be stated
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mathematically as:

y |
o = f () (27)
m

c = h (n)

‘m (28)

where b is the velocity half-width, the distance from the

centerline of the jet-plume to where u=u , /2 and

where n =y/b. The integral contiqpity equation (eguation 20)

can now be rewritten as: — — ' -
' N ’ ’ ‘//‘;
- _—
- a / .
a = _© : (29)
dx (umb) TI Ym

where 11 = é f dn

The integral momentum equation (eguation 22) upon

substitution becomes:

I
4 2y _ I3
dx (b Um ) = P I, b e ) (30)
- ® 2 : = ®
where I2 =/ £%n I é h dn

O

The integfai buoyancy conservation equation (equatio%,ZS)

can be rewznitten as:
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where I, =) £ hadn Tl

p.I
a“6 d 3 _ _ 3
2 Eikb Ym Pa Uy Iy +upc bl (32)
where ) - | o .
I, = [ £3 dn I, =) G f' dn
6 ° o}
G = =1
. df —7
f' = an pPuL

The behavior of jet-plumes is very jet like near the
' .

nozzle where momentum :lux dominates:- Furtheg away froﬁ’lhe
nozzle; the behavior becomes more plume-like as'the buoyancy
starts to dominate. Kotsovinos has established that the |
spreading rates for plane jeté and plumés are approxiamately
egual. However the entrainment coefficient for a plane plume
is much greater than that for a plane jet. Given this fact,

the integral continuity, momentum, buoyancy and energy

equations can be used to show that:

I,1I 1 Illj 1114

177 .
« = 2 ¥ = [2 54— - 2 =] (33)
e I6 F2 12 16
2
u
where F2 = i
. Apm -
95 b .

1
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Rewriting equation 33 as:

a2 )
e "1V 2 ' (34)
I, I I, I I\ I
where a, =2 i 7 a, = [2 —%—é - 2 _%_i]
6 2 6
For a pure jet F?== and therefore:
ai = a, (jeﬁ? ' (35)

where a, (jet) is the entrainment coefficient for a pure
i

jet.

J

\

For the pure plume F can Be shown to be equal to 4.14

Lo
and if ge¢ (plume) is the entrainment coefficient for a

plume, a Q;;Qi given by:

a, = (4.14)2 [a

e

e (Plume) - a_ (jet)]. (36)

Therefore the entrainment coefficient for a plane jet-plume

will be given as: ' .

a =a_ (jet) +

17.14 (a
e e 2 e

(plume) - ae-(jet))  (37)
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Using the integral momentum and buoyancy equations an

equation of the form shown below can be developed.

3 2 ¢d
Up® 4+ 2 u (a; um) = A
I B
3 o] b =
where A = - Ky x )
2 K2 12 I4 Pa

The solution of equation 38 is:
14

! A 1/3
= ' 1
u (A + _377]

m
X

where A, is a constant of integration.

(38)

(39)

In the case of a plane jet B,=0, and therefore A=0, equation

39 reduces to:

1/3
Ay

’x
v
In the case of the'plané plume A,=0, because u , is

invariaht with x and therefore:

= al/3
u A
‘. .
it can be shown that A, is given by:

(40)

(41)

(42)
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With these results equation 39 may be rewritten as:

1/3
- ] (43)
2 k.3/2 123/2(x/bo)3/2 »

Substituting equation 39 into equation 31 and rearranging

gives:
. - 1/3
P 1 [ Iy 1, 1 ] 1 |
- 44
Ap K,I, 'K, I, I, F02 (K, 12)3/2 (x/bo)3/2 x/bg (

Now substituting equations 43 and 44 into the expression for

F and reducing:

2 , 1/2
I I, F
3 4 o
F = [ + ] (45)
K,I 3/2 3/2 3/2
272 K, I, (x/b_)
then substituting for F in equation 37 yields:
. 17.14 (a_ (plume) - a, (jet))
a, =a_ (jet) + ) (46)
. I I, F
(2. * 3/2o 373
K,I
272 (KzIz) (x/bo)

Kotsovinos found that the u velocity profiles were
similar and that they were well represented by the following

expression:

U~ = exp (- 0.693 n2) (47)
m

. t [
He also found that the density defect profiles were similar

—_
—_—
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and well represented by:

c 2
oo =exp (- 0.693 (1)) (48)
m .

where K is the ratio of the spreading rate of density to the

spreading rate of velocity.

Using the exponential egquations it was found that:

i I 1.065 K

= 1.065 I, = 0.753 I3 =1.065 Kk 4 > (49)

I 1 + K

.

Kotsovinos also determined that the value of K, is equal to
0.097. From the experimental work of Rouse et al (1956) and
Kotsovinos (1875) a valye of 1.18 is assigned to K. With

these values for the constants eguations 43 to 46 become:

1/3 .
Um [21.2 , _ 50.7 (50)
[ 2 3/2
o) Fo (x/bo)
bp 12.75 1 (51)
= 51
8p, (2.2 , _ 50.7 . 173 (x/bg)
3 3/2
Fo (x/bo)
, 172 -

41.4 Fo

F =[17.1 + ] . 52
(x/b )2 (52)
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17.1 (a«_ (plume) - a_ (jet)

a, =@, (jet) + = € ‘;J )
41.4 FO

[17.1 + ]
(x/b_)3/2

If a (jet)=0.53 and a (plume)=0.103 equation 52 becomes:

(53)

0.855
a_ = 0,053 + 3

e S
41.4 Fo (54)

: [17.1 + _—37,2_]
! ‘ (x/bo)

Equations 50,51,52 and 54 are plotted in Figures 3, 4,5 and
6 respectively.
B. SURFACE IMPINGEMENT REGION

Within the surface impingement region the fléw changes
direction by 90° and thereforevthe'usual slender flow
approximations are not valid. Without these simplifying
assumptions the equations of motion do not reduce to a
manageable form., Tﬁerefore a control volume'type of analysis
was used to to investigate this region. Figure 7 is(a
definition sketch of the surface impingement region.

-
CONTROL VOLUME ANALYSIS

The unknowns in ﬁhe surface impingement region are the
velocity,density and depth at séction t. All quantities are
known at section 2 from the equations for the jet-plume. The
following assumptions were made in the analysis.

1. Half Gaussian profiles for velocity and density~

profiles at section 1.

2. Inflow'q2 equals butflow g:, that is, there is nol
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FIGURE 7. Definition sketch for the surface impingement
region.

entrainment into the control .volume.

3- Ap m2 = Ap m1
Method 1
A very simple approach would be to assume:
Yy =h (55)

From jet-plume theory it is known that:

b = 0.097 x (56)
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The total velocity width can be .aken as:
b, = 2.5 b (57)

Now y:+ can be solved for in terms of the total depth H.

y; = 0.20 H (58)
/ .

Equation 58 was derived using a very arbitrary
assumption ,therefore another method of analysis was

tried.

Method‘Z
From the work of Beltaos (1972) an equation for the
pressure distribution caused by a plane jet impinging on

a smooth wall could be found:

;: = e*p [-38.5 (x/H)z]‘ ‘ ’ (59)
vhere B, is the pressure on the wall

and P; is the stagnation pressﬁre at the centerline, on
the wall.

Assuming that the disturbance to the free éurface caused
by a plane jet—pluhe.in shallow water is directly
anélagous to this pressure, an equation of the following

form could be written:
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%—f— = exp [~ 38.5 (x/H)2] (60)
m

Recalling that h=0.2425(H-y,) equation 60 could be

rewritten as:

. 2
by - ‘ X
exp [~ 38.5 (s yl) ] (61)
If y\ is taken as 2.5b then the average velocity at
section 1 equals 0.426u ., . Writing the momentum
equation in the x direction and simplifying gives:
Ay = 0.037 u_,2 ‘ (62)
m "“ml
The ?fgﬁsgre along section 2 is constant and equal to
p gy, and the pressure along section 3 is equal to
p g Ay. It follows then that the momentum equation in
the vertical direction is:

Pa,Vy, =pg é Ay dx (63)

The term on the right‘is the weight of the water
contained in the free surfé;e disturbance for a unit

width of jet-plume. Substituting and rearranging gives:

o

2
0.129 u_.2 n
B m 2 .
R Tl 75 ¥7 I 2y | ~(e4)
L

-
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From the assumption that g,=q, it follows that:

m2 M= u, ' (65)
Recalling from jet-plume theory that h=0.2425(H-y,), the

final result is:

y, = 0.23 H e (66)

The second methodvgives almost the same result as
the simplistic>first method. When the‘first method
result is used the eqUationé for velocity and density
are considerabiy simplified. Therefore y, is assumed to

equal h and the equation for u m1 1S as follows:

1/3 ' ‘
= = 21.2 70.8

uy U2 U, [—;—7 + ?;;g—7§77] | (67)
. fo) Pe) . . i

The equation for Ap ., will be:

| 15.94 /“(H/bo) _ |
8 Pm1 =4 Pp =[2,1.2 708 ]b@ (68)

2 3/2
F (H/b )/
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cC. INTERNKiﬁHYDRAULIC JUMP REGION

QOMENTUM ANALYSIS
The analysis of a ﬁydraulic jump in a fluid system of 2
layers was first carried out by Yih and Guha (1955).
Following their analysis closely the following assumptions
are made:
1. Hydrostatic pressure distribution throughout.
2. Interfacial ahd’boundary shear stresses are
negligible. _.' 4
3. There is no entrain@gnt bgtween fhe layers.
Figure 8 shows a system of 2 layers with the relevant
parameters labelled.”By writing and rearranging the momentum
equation for the upper and lower layers Yih and Guha
obtaineé:
for the lower layer,>
q22 | :
25" W3 =¥y =y3v, vy tyy) [% (Yy = ¥p) + (v53 - v, )(69)

for'the upper iayer,

2
T Ty =y Y, vy 4y [tyy - vy) + vy - yp)070)

Equations 69 and 70 are the equations when both layers are
in motion. If the lower }ayér is stagnant, or can be

approximated as such, the equations reduce to:
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Water Surface
/ .

A =

Ug
. Y4 —>
Horizontal Bed : q2
of Flume 4

FIGURE 8. A two layered system following Yih ang Guha.

Yy 2 (71)

”Eéuation 71 is exact;y the same as the classic Belanger
equation for open channel hydraulic jumps. The only
difference is that in equation 71 ﬁhe densimetric Froude
number is uséd rather than the ordinary Froude number which

contains no density terms.

Another approach to the problem was taken by Mehrotra

(1973). He analyzed an internal hydraulic jump in a 2
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layered system, enclosed in a duct. Figufe 9 shows a sketch
of his formulation. Mehrotra made the following assumptions
in his analysis:

1. .Hydrostatic pressure distribution throughout.

2. Interfacial and boundary shear stresses are

negligigie. “

3. No entrainment between the layers.
The pressure at point A is arbitrarily given the value of
zero and the pressure at B the value of Po. “he momentum
equation for the upper layer can be reduced to the following
form:

2p, g, (u, -.ul)
2 92 Uy 2
N & TRy S o (72)

The momentum eguation for the lower . =r can similarly be

reduced to: ‘

2 [pya,tul = u) + 229 (h2 _ 02,
Po T TR+ Ry LA 9y luy —oup) + ==

(73)
P29 ) 2 5.
+ —— (h'“= h)]

If equations 72 and 73 are rearranged, simplified and like

terms are grouped Mehrotra's final equation is obtained:
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Horizontal Ceiling of Duct

T ;
bou—y A B
! P2 | U
| | —
H | 92
noo
Uy , P1 ' f U’
) l . , h, ‘;.
q,

v l l

Horizontal Bed of Duct

FIGURE 9. A two layered system following Mehrotra.

2 q, 2rq—2
o 1 2 2
O=¢4—(3—2a)¢3+[az-4a+2+as -s(l-aT]¢
, 2 9% 2 r 3%
'[a‘Za-sa(“.‘”*gT_—ay](i* (74)
4ql 2ql
+
s a s
Py g2
2 — 2 i
_ h' _ h r = — C ==
where ¢ =5 =5 Pl i g H
' Py - P
s =1-~-r s=1 2
: Y

Equation 74 defines the conjugate depths of an internal

hydraulié jump, in a system of 2 layers, enclosed in a duct

i
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with both layers in motion. It is a fourth order ploynomial

in Yy , a ‘dimensionless depth.

MOMENTUM COEFFICIENTS

If the velocity distribution is non-uniform a momentum
coefficient must be applied to the momentum flux terms in
the momentum equation. The momentum coefficient B for a

given velocity distribution may be calculated using the

following equation (Henderson 1966).

A 2 .
J'v" an (75)
B = 2g—
VT A -
where V=average velocity A=area

v=velocity at a point

For a triangular velocity distributipn B can be shown to
equal 1.333. For an exponential velocity distribu}ion of the

form:

u 2
U; = exp (- 0.693 n ) (76)

v

B can'be shown to equal 1.666.

If the momentum coefficient is applied to the anal ;is

by Yih and Guha (1955) the following eguation results:
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2
XZ =‘V1 + 8 B Fl -1
Y; 2

(77)

1f B is used in the derivation of Mehrotra's equation the

4

result is:

- 2 - 2
28,9 28,9
4 3 2 19 292 ;2
0 =4¢° - (3 - 2a) ¢ +[a+2-4a+as ”s(l—ﬂ]"(?B)
— 2 — 2 -2
_[az_za ‘t+ 6qu1 _Zqul +282raq2 .
s a s s (1 - a)
+ 9 _ 28y 9
s a ' s
where 51 = momentum coefficient for lower layer

B2 = momentum coefficient for upper layer



IIl. EXPERIMENTAL INVESTIGATION

A. FLUME
All experiments were run in a flume located in the T.
Blench Graduete Hydraulics Laboratofy. The flume was 4.6 m
long, 0.32 m wide and 0.5 m deep. A side view of the flume
is shown in Figure 10 and a.plan view in Figure 11. The
actual test section was 3.7 m long, 0.1 m wide and 0.37 m
deep. The test section had a wooden bed and plexi-glass

sides.

The nozzle was streamlined and made of galvanlzed steel.
The nozzle opening was 0.8 cm for the preliminary
investigation and 0.5 cm thereafter. The, flume slope eould\

be adjusted but was kept level throughout the investigation.

B. CONSTANT HEAD ARRANGEMENT

To supply the hot water at a steady rate a constant
head arrangement was used. Plate 1 shows the details of this
arrangement. The'water‘from the boiler was conveyed under
city water pressure to a 200 liter mixing tank. From the
mixing tank it was pumped up to a constant head overflow
tank, by means of a small submersible pump. The constant fﬁ\
head overflow tank was mounted about 3 m above the flume in
order to provide the necessary head From the constant head

tank the hot water flowe3 through a flexible rubber Eoée to

45
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FIGURE 10. Side view of the testing flume.
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- _ 'FIGURE 11. Plan view of the testing flume.
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a rbtameter and then into the hot water intake of the flume.

The mixing tank was installed after the first two rgﬁs
‘because it was found that the boiler could not supply the
hot water at a constant enough temperéture."The first tQQ
runs were at high tcnperatures and the fluctuations in
temperature were acceptable. However at lowér temperatures
the fluctuations increasea and the mixing tank had to be
installed to limit fluctuations to moré acceptable levels.
C ROTAMETER

The nozzle discharge was measured using a rotameter. It
had a range of~0.015 lifers/secto 0.2 liters/sec (0.25 U.S.
gal/min to 3.Q U.S. gal/min) and a scale which could be read
to an accuracy of #0.001 liters/sec (#0.02 U.S. gal/min).
The rotameter-was calibrated at three different
temperatures, 60° C, 43° C and 21° C. The calibration chart
is shown in Figure 12. The chart clearly indicates the
rotameter has some sensitivity to temperature which follows
from the fact that the dynamic viscosity varies from
1.81%10 "® N*sec/m at 20° C to 2.00%10 ~* Nxsec/m at 60° c
(Roberson and Crowe, 1981). The calibration was carried out
by volumetrically measuring the dischérge over a set -
interval and then plotting thebscale reading versus the

measured discharge. ’ - .
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D. HOT WATER SUPPLY

THe hot water was'supplied from a boiler located within
the laboratory. The boiler wasAa Delta Hot Water Blast
Cleaning system having a bufner input of 900,000 Btu.
Operating at city water éresSure, the boiler was capable of
supplying up to 16 liters/min of hot watef at temperatures

up to 65° C. - | .

At temperature settings greater than 35° C the boiléf
supplied the water at a reésonably constant temperature,
fluctuating only 3% C. At temperatures 1owér than 35°}C the
fluctuations increased, to up to 8° C at a setting of 25° .C.
Installation of a mixing tank as shown in Plate 1 corrected
~this problem. The temperature in the hot water intake of the
flume varied minimally with the mixing tank in operation,

0.6° C was the largest fluctuation.

E. DIGITAL THERMOMETER

A model 251A, Digitec,>Digital Thermometer was used for
afl the temperature measurements. The thermometer had a
range of -30° C to +100° C. The temperature was d1splayed
.dlgltally to two decimal places. The calibration of the

digital thermometer was checked against a mercury

thermometer.
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- F. PHOTOGRAPHIC EQUIPMENT

A Pentax MX camera was used for all the photography in
the investigation. For ;i; ﬁydrogén bubble photographs the
camera was mounted on ‘a tripod and the shutter‘speed was
1/60 sec or 1/125 sec at an f-stop of 1.7. For the dye
photographs the caggia was handheld and the shutter speed
was 1/30 sec_at an f-étop of 1.7. Kodak VR160 film was used
for all photographs. A tungsfen 656 Qatt lamp was used for

lighting in the hydrogen bubble photographs.
G. VELOCITY MEASUREMENTS

BACKGROUND

In this experimental investigation thevvelocities of
interest were in the fagge from 1 cm/sec to 10 cm/sec.
Several methods of measuring the velocity were attempted. A
pitot tube with a pressure transducer to measure the
difference between the sfatic and dynéhiE‘heads was. tried.
This method was unsuccessful becéuée the most sensitive
tfansduqer was not sensitive enough to pick up the small
heaé differences at the low velocit}es. A pitot tube with a
manometer filled partially with benzaldehyde, a substance
which is 104.4% the density of water, which magnified the
head difference by 22.7 times was also tried. .This method

was unsuccessful because the response time of the manometer

was as long as one hour. Finally the hydrogen bubble method
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was tried ‘and found to be very successful.

BASIC DESCRIPTION

The hydrogen bubble method of veloc1ty measurement is
1deally suited for the measurement of very low veloc1t1es
In thlS method a. fine wire.is placed in the flow and
subjected to an electrical impulse. The 'impulse causes
electrolysis of water near the wire.and Small hydrogen

J

bubbles to form oh fﬁe wire, As ‘eash elmpﬂklcal impulse
transmits through the wire a row of hyorogen bubbles forms
on the ere and is swept off by the drag of the flowxng
water. The result 15 rows of small hydrogen bubbles
downstream of the wire. To determlne the veIoc1ty a
photograph was taken similar to the one in Plate 2. From the
photograph the distance between the rows of bubbles was
measured. Knowing the appropriate scale factor for the
photograph and the time between the impulses'the veiocity

. B 3 * Ve
can be calculated. The longitudinal velocity.u is given by:

o
U ES

. . u = . (79)

5

where A x is the dlstance in cm between the rows of bubbles

<o

from the photograph T is the time between pulses in seconds
and S 'is the scale factor for the photograph. The scale

factor was determined by photographing a scale at the same
¢4 .

point in the water as where the wire was placed. S is the

ok

t
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ratio of the average distance between rows of bubbles on the
photograph and the actual distance in the water. A more

complete treatment of the hydrogen bubble method of velocity

‘measungment can be found in Pande (1975).

- HYDROGEN BUBBLE APPARATUS

A view of all the equipment used to produce the
hydrogen bubbles is shown in Plate 3. The power supply was
capable of providing up to 600 volts. The pulse generator
could produce pulsb frequencies from 0.5 Hz to 45 Hz and a
pulse width froh.O;G msec to 8.5 m sec. An oscilloscope and
digital frequenéy meter ‘'were used bo détermine the pulse
period and width. Atlshown in‘Plate'é the tungsten wire'waé
mbunted on é plastic frame. The wire used was 0.06 mm
diameter and a 27 cm length was used to span the frame. A
block diagram of the eéuipment set-up is illustrated in
Figure 13. O
OPERATIONAL CONSIDERAfIONS

The clearest and strongest rows of bubbles were
_4

obtained at a voltago of 400 and at the wldest pulse width

;.of 8 5 msec. At narrower pulse wldths and lower voltages the

,q}

bubble rows tenﬁed to be easily broken vp and more difficult

b@ﬂ_to see in the photographs.

{



Frequency Pulse — i
Meter Generator
Oscilloscope J Voltage
- Supply S
+ -

To Anode

Wire
————

| Frame
, —

FIGURE 13. Block diagram of the h

equipment.

ydrogen bubble

57
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At discharges higher than 0.08 liters/sec, there were
SO many air bubbles in the hot water coming from the boiler
that the rows of hydrogen bubbles were indistinguishable in -
the photographs. To circumvent this problem the:higher
densimetric Froude numbers were obtained by.lowéring the
density difference rather than by increasing the outlet

velocity.
H. EXPERIMENTAL PROCEDURE °

COMPLETE RUNS

After some preliminary work which helped to clarify the
problem, six deﬁailed runs were done. The outlet F, was
varied from 0;85 to 13.82 and the submergence ratio H/bo was
varied from 43 to 68. Table 1'gives a complete listing of
the relevantﬁb;fémetefs.‘The outlet densimetric Frbudei-_

number at the nozzle is defined as: ——

u

U

F = ° - :
( Ao - : (80)
g
Pa © ;

and the outlet Richardson number is defined as:

a o .(81).

The two aré related by the following expression:
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Run Fo Rio To Ta H/bo Uo'

No. A (°c) (°c) (cm/s)
1 13.82 | 0.00524)26.4 13.7 68 15.6

2 10,131 0.00975|25.3 14.5 68 10.6

3 9.05 0.0122 }29.1 12.6 68 - 11. 9

4 6.22 0.0258 [29.2 14.2 68 8.0

5 2,83 0.125 . | 41.4: 14.6 43 7.0

6 0.85 | 1.384 36.1 14.7 43 1.8

TABLE 1. The relevant parameters for the 6 complete
runs. :

= 1
Rio = =3 | . - (82)

c

For éaéh of the six runs, velocity profiles were taken
downstream of the outlet at 10cm intervals, up to a distance
of 100cm. The profiles were obtained by taking three
photographs of the hydrogen bubbles at each cross-section,
Approx1mately 7 data p01nts were used to define a proflle

[al

Each data point was obtalned by taking 2 measurements fram
each photograph for a total é% six veloc1t1es which were
ti.on averaged to give the average longltudlnal veloc1ty at
that point. The first measurement was obtalned by taking the
distance between.the first and second rows of bubbles and
dividing 1t by‘the period .The secghd measurement was
obtained by taking the distance between the first and thiré
fous‘and dividing it by fwice the period. Figures 14;j9 show
all of the velocity pfofiles for the six runs. The data was

-

‘connected by straight iines in Figures 14-19 to make it

vy SE
o
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cross-sections at whlch veloéitt profiles were. taken.\F1gure Lo

y ‘
easier to distinguish the individual profiles. . | /.
. . . P e o i N y R/ '

From the veloc1ty proflles the’Value of bu the po1nt'{z

Ay

where the velocity goes to zero, can be obtalned Flgure 20

shows b plotted agalnab X for the s1x runs. The maximum

l
«“. N

velocity at a given cross- sectxon Um, can also be read1ly Y
A R ' . :

obtalned from the veloc1ty proflles.,Flgurx 21 shows the . i ? Sy s

3

o ¢
’ - . Y

Dye was injected into the hot water 1ntake and

'photographs of the dyed flow were taken forueach run (except §77

~for Fo=0.85). A typical dye photograph is show% Yh Plate 5 1;;Q_”’H'

D oy S g

The photographs were then analyzed by measurlng the fﬁnﬁt, ,g’ ,?5~ &

thlckness of the dyed flow, defined as b at the same -

N " s

22 shows the varlatlon of bc,wl

h X for each of the 5 runs. s

SUPPLEHENTARY RUNS

In addition to the six complete runs, 'thirtpen- B v S

supplementary runs were done. Table 2 llsts the relevantk
! Jw, “ o

'"parameters for the thlrteen runs..For these runs no veloc1ty i

- measurements were gathered mye Photographs and hydrogen‘ % }#mr”"
bubble photographs at x—10 cm. §%re taken FrOm the dye : N .
| PhOtOQFaPhS bc Vdsaobta1ned’and Figures- 23 25 sk versus B

]

x=10 cm were used ‘to determ1ne bu ‘the dlstancewtrom

x for the irteen runs. The hydrogen bubble photographg at

g : Tl - S
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surface to the point where the velocity goes to #ero.

67

Run

- No.

‘Ri

(°cy

- (°C).

H/b,

Uo
(cm/s)

supf“
“sup2

isup3

. sup?7

\sdp12

sup13

-26.78

6.70
2.96
8.22

21.11

o
~

0.022

0.144

0 - 015 :

0.23

0.0022
0.0014

1 25.2
‘24.8
25.3, ¢

59

27.1

26.7

111

11.1

11.1

J11.8

28.
28.

37,

.68

68

.68

 sup4 14.70. | 0.045 |25.2 [11.2 |37 . €730
'sup5 | 13.45 | 0.0055 | 25.4 [11.8 | 47 15.1
sup6 | 6.72 |0.022 | 25.4 |[11.8 q7"$ 7, sou

sup8 |{4.42° 0.051 \:2;;6“' 11.5 68 ;%1 5.30

sup9 '_§.3s.;wd‘014 | 26.8 1.8 33 v JOE@E&
| sup1o 12,41 | 0.0065 | 27 11.9°) 68 - | 15.7 -

'guﬁjj '16.72' 0. 0036 27.1 15;1f'“68‘; 2043

31.8°

TABLE 2.

The relevant: parametéfs for. the 13

5

o

B

‘ supplementary runs. —y
ea 3 e ’ “
- . R » ) .
» ’ )
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‘IV. ANALYSIS OF EXPERIMENTAL DATA
A. SCALE ANALYSIS AN

LENGTH SCALES

The velocity length scale b ls defined as the dlstance. | ,
from the peint of ﬁéximum,velocityi?usually the free surface !
for this flow configuration, to the point where the velocity
equals one half“the maximum . The values for'b at the |
various cross sections were obtalned using the followlng
_method. The velocity data p01nts measured from the hydrogen
bubble phqtographs, were plotted and the profiles for each
ctoss section drawn in by hand. Hand drawn velocity profiles
-were used, as opposed to some mathematical interpolation'
scheme, because it was felt that a purely mathematlcal

approach d1d not allow for enough Judgment From these

proflles the point where the veloc1ty equalled one half the
max1mum wvas determined and thus values for b were. obtalhed

The varlatlon of the length scale b w1th X 1suu“f§& plotted

\
b= 067 x STy ‘ﬁ83)i.

. . : ) o .' y . ; -
‘the equation Rajaratnam and ‘Humphries (1984) found to
describe the wariation of b for plane non-buoyant surface

'jet§,-There is considerable scatter in the data but b for
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Tuns where veloc1ty measuremehts and dye photographs were
by dividing b by b . These:- values for K were then . ,‘Q;ﬂ

Table 3. The 5 values were then. arlthmetlcally averaged§
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the buoyant jet in shallow water appears to increase more

slowly.

'The three length scales, b the velocity half-width, EL

the velocity width (the distance from the free surface to

 the point where u goes to zero), and'E% the pollutantvwidth

E(thexthddﬁﬁess of the dyed flow), were all

non—dimensidnalized by dividing them by b,, the outlet
w1dth F1gures 27 through 29 show their variation with the
d1men51onless d1stance x/bo for the six complete rnns.

£
Frgure 27 the plot of b/bo versus x/bo contains

ﬁﬂ;con51derable scatter and no trends in the data are
~dlscernable. Flgure 28_shOW1ng the variation of bu/bo with

x/bo has less~scatter and indicates that as. Fo increases so’

does the rate of spread of bU. In Flgure 29 the plot of
b /bo versus x/bo, the trend is that &s .F, incredses so dce’s

the rate of spread of b

' L ]
The value of K, the ratio of the pollutant width to the

velecity width, was calculafed from the data of the five‘

M

‘taken. At each cross section the' value of K was determlneﬁ

i

+

ar;thmetlcarly averaged for each run and are presented'ﬁﬁ

,-/

«.{4’;."

¥



78

et
-~

‘suna 23a7dwod 9 343 103 yipra Jjtey .
&3to0T9a SSaTuotsuawip ayj3 Jo uorjeriea SUL 07 RHAST14

I

.
® U
v e
w ) < ’ r,,oﬁ C
o . 5
R X :
A > ,
o . .
eror="4 o e "
: . : - N So6="y A : » - _ .
O , S : e29='y QO

° | | coz='y m| [ 02
_ : . T | seo="4 @ -
: .| pussaq




79

002

08T -
]

091
]

-£3120794 ssay

o¥1T o021
] )

9

A e .
R o
— . Y- ,
I ~ e A P
. ] .

T o

.
i

-

. - _ - , . v‘:.ﬂ N 3
‘suna muwHaEOUJ¢/wzw 107 Y3ipia.
UoTsSuaWIp 3yy jo uorjeriea ayy.

. |
5 .mw mm:vmw‘ : r..;, ‘_md

LTl B

Qx T
; o_mﬁ 08 09  o¥ = o2 . o
I

N
. . »

0

“y

© < 0 b

gt

" e

RN
O ]
AN

R
=

>O

> O o4«

§ v | eee=*s w| [0 .
» erol=‘a O I
O o no.a,...“_._l D RN ,,
; . g2 9="g O » Yo .
, ; ce2='d W -G <
se0='4 @ S N
.ﬂ | pusBer | e v ®
L . : . = SN
. -0e |
| \ S e 5



