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Abstract

An experimental and an analytical investigation was conducted on the

development of the turbulent boundary layer at the entrance of wide open

channeis.

Experiments were conducted in a wide rectangular flume to measure
the boundary layer growth and the entrance length in a smooth and rough
channel for subcritical flow. Velocity orofiles were taken not only along
the centreline but in the across-channel direction to account for the
presence of strong secondary flow structures which caused the boundary

layer development to vary strongly across the channel.

The analytical portion of the study consisted of the numerical
solution of the Karman Integral Equation for the turbulent boundary
layer, the Bernoulli equation for the free surface. and the continuity
equation for the entire flow. The effect of the bed roughness and
Reynolds number on the shear stress and the shape of the velocity profile
was also taken into account. The analytical investigation covered both
mild and steep channels. The results for mild channels were generalized
and also compared to the experimental portion of the study. The results
for the steep channel were generalized and also compared with previously

published data.



Acknowledgements

The author wishes to express his sincere gratitude to Dr. R. Gerard
for his guidance and advice throughout the course of this study. The
author would also like to thank Dr. N. Rajaratnam for providing
additional supervision and financial help and Dr. P. M. Steffler for his
assistance and advice in both the numerical and experimental portions of

this study.

The author would also like to thank S. Lovell and S. Lodewyk for
their technical help at the Graduate Hydraulics Laboratory, and his fellow

graduate students who offered their opinion and advice.

Finally, I would like to thank Jan Lachoski for her patience and

proof reading.



Table of contents

Page
| £eTR e Ts 10115 Lo ) s TEDTTUTD T 1
Chapter
1. Literaturé REWHEANT cvveeireeeeereieaennanns et 3

1.1 The Karman Integral ¥quatioi tor the boundary layer..3

1.2 Solutions for boundary layers with zero pressure

Eradients ....oooeiiiiiiiiii e D
1.2.1 Boundary layer on a smooth piate ................... 5

1.2.2 Boundary layer on a rough plate ..................... 8

1.3 Boundary layers in open channels ............................ 9

1.3.1 Boundary layers in horizontal and mild

channels ..o 10

1.3.2 Boundary layers in steep channels ................. 13

1.4 Secondary flow in straight open channels .................. 18

2. Experiments in a mild channel ... 23
2.1 Experimental arrangement and procedure ................. 24

2.2 Experimental results, analysis, and discussion ............ 31

2.2.1 Smooth channel ............cooi. 31

2.2.2 Rough channel

2.2.3 General discussion



3. Formulation of the equations for the numerical solution ............... 100
3.1 The boundary layer in a wide open channel ............. 100
3.2 Subcritical boundary condition ...........cceeeiiiiiieninn 105

3.3 Supercritical modifications and boundary condition . 106

3.4 Comparison of normal depth and shear

to that given by the Chezy equation ........................ 108
3.5 Comparison of the zero pressure gradient numerical
solution to known solutions ............cccceeviiiiiiinn 110
4. Numerical solution and results for the mild channel ..................... 127
4.1 Solution technique ......c..ccooviiiiiiiiii 127
4.2 Generalization of results ... 128
4.3 Comparison with experiments in mild channel ......... 137
4.4 Comparison to pipe flow entrance lengths and other
channel cross SECtioNS .......cccoeiiiiiiiiiiiinieineiennen. 138
4.5 Sensitivity to inaccurate bed slope and tailgate
MAChING . .oee e 140
5. Numerical solutions and results for steep channels ....................... 193
5.1 Solution technique ......ccoccceiiiiimiiiiiiiimiiiiccnaeee 193
5.2 Further consideration of upstream boundary
COMAILION .ouiniiniiiiiiiieira et cr e e ne e e ean e 193
5.3 Some examples of the numerical solution ................ 197
5.3.1 Effect of discharge ........coooviiiiiiiiiiins 198
5.3.2 Effect of channel bed slope ...............cc...ce 199
5.3.3 Effect of channel bed roughness ................. 200

5.4 Comparison to measurements conducted



by Bauer(1954). ... 201
5.4.1 Bauer's smooth experiment ........................ 201
5.4.2 Bauer's rough experiment .......................... 203
5.4.3 Concluding remarks on Bauer daia

COMPATISON .euiiiiiiintiniit e eiaee e ieienenaenan, 206
5.5 Comparison to x-€ mode! by Keller et al (17°77) ...... 206

5.6 Comparison with measurements conducted by
Ippen (1957) 208

5.7 Comparisen to S2 type gradually varied flow
Profiles oo 210

5.8 Non-dimensional entrance lengths for

depth at spillway crest near critical ....................... 213

5.9 Non-dimensional entrance lengths for

depth at spillway crest controlled by a sluice gate .... 215

6. Conclusions and Recommendations

............................................. 269
6.1 Mild channel experiment ...........ccocoiiiieiiniiiiennnn. 269
6.2 Subcritical numerical solutions ... 271
6.3 Supercritical numerical solutions .............oo..e 275

RE ErENCES ot 280

Appendix 1

Experimental data for smooth mild channel ................... 283

Appendix 2

Experimental data for rough mild channel ............... et aen s 314



Appendix 3
Tabulation of Bauer(1954) and Delleur(1957) data

...........................



List of tables

Table 2.1 Summary of experiments in mild channel

Table 2.2 Summary of entrance lengths in terms of number of depths
for experiment, numerical solution, and zero

pressure gradient flat plate solutions. ... 99

Table 2.3 Summary of entrance lengths as a percentage of
the experimental average.

............................................................. 99
Table 3.1 Comparison of uniform flow between the Chezy

relation and the numerical solution. ..., 117
Table 3.2 Summary of input variables for the zero pressure

gradient boundary layer solution. ... 118
Table 4.1 Summary of Set 1 numerical results. ... 145
Table 4.2 Summary of Set 2 numerical results. ... 152
Table 4.3 Summary of Set 3 numerical results. ...........oiiinni 159
Table 4.4 Summary of Set 4 numerical results. ... 166
Table 4.5 Summary of numerical runs to simulate inaccurate

bed slope and tailgate mMatChing. ... 182

Table 5.1 Summary of S2 gradually varied flow
COMMPATISOMS.  1eiiriiiiiiiiiaiete et e e s ar e e r et s s 211



List of figures

Page
Fig. 1.1 Effect of secondary currents on the velocity
distributions in the transverse direction after measurements
by Delleur (1957) from his study on boundary layer
development in a smooth horizontal channel. ... 21
Fig. 1.2 Silt deposit streaks on gravel bar left by secondary
currents on the Yukon River near Dawson, 1989. ... 22
Fig. 2.1 Illustration of the effect of secondary flows on the
boundary layer growth in the central portion of a wide
173111 1<) T PP ORISR POUPPPPRTUPRRPRPFP S PRSPPI 46
Fig. 2.2 Experimental setup and coordinate SySt€m. .................... 47
Fig. 2.3 Pressure transducer used for measuring velocities. ............... 48
Fig. 2.4 Strip chart recorder used to record voltage from
pressure ranSAUCEL.  .oooooooiiiiiiiiiin it 48
Fig. 2.5 Sample of strip chart recorder Output. ...........cccooeienininn 49
Fig. 2.6 Dye indicating the presence of secondary flow cells. ............ 49
Fig. 2.7 Sample of roughness mat used for the rough
e 327253 1111 1 SO PTPRRPPPEUOUTPPIP PSS PP R PP R 50
Fig. 2.8 Flume and traverse used for the experiments. .........c.......... 50
Fig. 2.9 Example velocity profile showing method of
obtaining the boundary layer thicknesses Ot and &i. Also
shown is the definition of the vertical coordinate for rough
13127« VTR TP PP TUPSRSTPPPPPSTRPS PP PRPRP P PEPR 51

Fig. 2.10 The hydraulic roughness ks was determined by
regression by varying yq at 0.5 mm intervals. ... 52



Fig. 2.11 The bed shear stress for the rough experiment was

determined by varying u* and yq until the lower part of the

velocity profile matched the theoretical expression. .......................... 52
Fig. 2.12a Typical velocity profiles in the developing

portion of the smooth channel for different transverse

locations. 53

......................................................................................

Fig. 2.12b Typical velocity profiles in the developed portion
of the smooth channel for different transverse locations. ................... 53

Fig. 2.13a Velocity profiles in an area of downwelling (Z =
0.335 m) for different longitudinal locations.
(Smooth channel)

Fig. 2.13b Velocity profiles in an area of upwelling (Z =
0.092 m) for different longitudinal locations.
(Smooth channel)

Fig. 2.14 Evaluation of the Bernoulli equation to help
indicate the decay of the potential core and to asses the
reliability of

elevaticn and velocity measurements. (Smooth channel)

Fig. 2.15a Boundary layer thickness based on turbulence
criteria plotted in the transverse direction for different
longitudinal locations. (Smooth channel)

Fig. 2.15b Boundary layer thickness based on turbuience
criteria plotted in the longitudinal direction for different
transverse locations. Aiso shown is the width averaged &
growth. (Smooth channel)

Fig. 2.16a Boundary layer thickness based on extrapolated
intercept method plotted in the transverse direction for
different longitudinal locations. (Smooth channel)

Fig. 2.16b Boundary layer thickness based on extrapolated
intercept method plotted in the longitudinal direction for
different transverse locations. Also shown is the width
averaged d; growth. (Smooth channel)



Fig. 2.17a Comparison of width averaged & and &; with the
numerical solution and Schlichting’s smoota flat plate
solution (1934). (Smooth channel) — .....cocoooiiiiiiiiiiiiiiiiiiiiiiiin, 61

Fig. 2.17b Same as Fig. 2.17a except & is interpolated
between x=3.0 m and the average location where 3; reaches
the surface. {Smooth channel) — ...iiiiiiriiiiiiiiiiiie, 62

Fig. 2.18a Displacement thickness plotted in the transverse
direction for different longitudinal locations.
(SMOOth CRANNEL) oo 63

Fig. 2.18b Displacement thickness plotted in the longitudinal

direction for different transverse locations. Also shown is

the width averaged &+ growth and the numerical solution.

(Smooth channel) ... e 64

Fig. 2.19a Momentum thickness plotted in the transverse
direction for different longitudinal locations.
(SMOoOth Channel) .....ocooeimiiiiiiiiiie it e 65

Fig. 2.19b Momentum thickness plotted in the longitudinal direction for
different transverse locations. Also shown is the width averaged 6
growth and the numerical soluton. ( Smooth channe).........ceeeeeeeeevennnn. 66

Fig. 2.20 Bed shear stress plotted in the transverse direction
for different longitudinal locations.
(SMOOth CRANNEL) oot 67

Fig. 2.21 Minimum, maximum, and width averaged bed

shear stress plotted in the longitudinal direction. Also shown

is the numerical solution and the Schlichting's smooth flat

plate

solution (1934). (Smooth channel) ........cccccoooviimiiiiiiiiiiiiiiiiiiinnnn, 68

Fig. 2.22a Discharge per unit width as integrated from the
velocity profiles plotted in the transverse direction for
different longitudinal locations. (Smooth channel)

Fig. 2.22b Discharge per unit width as integrated from the
velocity profiles plotted in the longitudinal direction for
different transverse locations. Also shown is the width



averaged unit discharge. (Smooth channel)

Fig. 2.23 Width averaged power law exponent from
regressional curve fits of the boundary layer portion of the
velocity profiles. Also shown is the numerical solution.
(Smooth channel)

Fig. 2.24 Width averaged momentum and energy correction
coefficients. Also shown is the numerical solution.
(SMOOth CRANNEL) .o 72

Fig. 2.25 Width averaged total energy, water surface
elevation, and bed elevation. (Smooth channel)

Fig. 2.26 Width averaged maximum velocity and average
velocity. Also shown is the numerical solution.
(Smooth Channel) ..o e 74

Fig. 2.27 Width averaged momentum per unit width. Also
shown is the numerical solution. (Smooth channel) ...........ccccccooiiiei.e. 75

Fig. 2.28a Typical velocity profiles in the developing
portion

of the rough channel for different transverse locations. .................. 76

Fig. 2.28b Typical velocity profiles in the developed portion
of the rough channel for different transverse locations. .................. 76

Fig. 2.29a Velocity profiles it an area of downwelling (Z =
0.335 m) for different iongitudinal locations. (Rough channel)

Fig. 2.29b Velocity profiles in an area of upwelling (Z = -
0.153 m) for different longitudinal locations.
(Rough channel) ..o 78

Fig. 2.30 Evaluation of the Bernoulli equation to help
indicate the decay of the potential core and to asses the
reliability of elevation and velocity measurements.

(Rough channel)

Fig. 2.31a Boundary layer thickness based on turbulence
criteria piotted in the transverse direction for different
longitudinal locations. (Rough channel)



Fig. 2.31b Boundary layer thickness based on turbulence
criteria plotted in the longitudinal direction for different
transverse locations. Also shown is the width averaged O
growth. (Rough channel) ..o 81

Fig. 2.32a Boundary layer thickness based on extrapolated
intercept method plotted in the transverse direction for
different longitudinal locations. (Rough channel) ...........ccccocoeenie. 82

Fig. 2.32b Boundary layer thickness based on extrapolated

intercept method plotted in the longitudinal direction for

different transverse locations. Also shown is the width

averaged 8; growth. (Rough channel) .......c.ccccooviiiiniiiiiiinnniinnn 83

Fig. 2.33a Comparison of width averaged ; and &; with the
numerical solution and Harrison's rough plate (1967) after
Granville(1958). (Rough channel) . .......ccccooiiiiiiiiiiiiiiiiiniinniann. 84

Fig. 2.33b Same as Fig. 2.33a except d is interpolated
between x=2.0 m and the average location whers J; reaches
the surface. (Rough channel) ..........c.ccceee. e eeeeearenen et 85

Fig. 2.34a Displacement thickness plotted in the transverse
direction for different longitudinal locations.
(Rough CRANNEL) .c...eeeniniiiiiiiiiiiiie e 86

Fig. 2.34b Displacement thickness plotted in the longitudinal

direction for different transverse locations. Also shown is

the width averaged 8+ growth and the numerical solution.

(Rough channel) ......... e ereeeaeeseteeteenteienarereateeneracssentearatearantatnanaanaes 87

Fig. 2.35a Momentum thickness plotted in the transverse
direction for different longitudinal locations.
(Rough channel) ...... e teeteeeetseesinsensentinenteuanasasestaseerasiinetasnetnatatneasnas 88

Fig. 2.35b Momentum thickness plotted in the longitudinal direction for
different transverse locations. Also shown is the width averaged 6
growth and the numerical solution. (Rough channel) .....eeueeneeneeenannes 89



Fig. 2.36 Bed shear stress plotted in the transverse direction
for different longitudinal locations.
(Rough channel) ......c.ccocooiiiiiiiiiiiiiiiiiii e e 90

Fig. 2.37 Minimum, maximum, and width averaged bed
shear stress plotted in the longitudinal direction. Also shown
is the numerical solution and the Granvill's rough flai plate
solution (1958). (Rough channel)

Fig. 2.38a Discharge per unit width as integrated ‘rom the
velocity profiles plotted in the transverse direction for
different longitudinal locations. (Rough ckannel)

Fig. 2.38b Discharge per unit width as integrated from the

velocity profiles plotted in the longitudinal direction for

different transverse locations. Also shown is the width

averaged unit discharge. (Rough channel) ..............c.cccocccoiiiiiiii. 93

Fig. 2.39 Width averaged power law exponent from
regressional curve fits of the boundary layer portion of the
velocity profiles. Also shown is the numerical solution.
(Rough channel)

Fig. 2.40 Width averaged momentum and energy correction
coefficients. Aiso shown is the numerical solution.
(Rough channel)

Fig. 2.41 Width averaged total energy, water surface

elevation, and bed elevation. (Rough channel) ............cccccceevnneiiiianin. 96
Fig. 2.42 Width averaged maximum velocity and average

velocity. Also shown is the numerical solution.

(Rough channel) ......c.cocoooeiniiiniiiiiiiiiiiiiiiiiii e 97

Fig. 2.43 Width averaged momentum per unit width. Also
shown is the numerical solution. (Rough channel)

Fig. 3.1 Definition scetch for a boundary layer it a mild
channel.

Fig. 3.2 Definition scetch for a boundary layer in a steep
channel.



Fig. 3.3 Modification of the Bernoulli equation for the
potential core of the steep SIOpe. ..o
Fig. 3.4 Comparison of boundary shear between numerical

and smooth flat plate SOIUtIONS. ...ciieiiiiiiiiiieiiiiii e
Fig. 3.5 Comparison of boundary layer thickness between

numerical and smooth flai plate solutions. ..o
Fig. 3.6 Comparison of displacement and momentum
thickness between numerical and smooth flat plate solutions.

Fig. 3.7 Comparison of the power law exponent between
numerical and smooth flat plate solutions. ...........cccceeiiiiiiiiniinn.
Fig. 3.8 Comparison of boundary shear between numerical

and rough flat plate SOIULION. ..o
Fig. 3.9 Comparison of boundary layer thickness between

numerical and rough flat plate solution. .........cccccoviiiiiiinnneeen,
Fig. 3.10 Comparison of displacement and momentum
thickness between numerical and rough flat plate solution.

Fig. 3.11 Comparison of the power law exponent berween
numerical and rough flat plate solution. .......... .o,
Fig. 4.1 Modified Moody Diagram showing typical colutden

path for the numerical solution of a boundary layer iR & opent
channel.

e e e T R R S P R R T R R R L SRR L L AR A R A A s

Fig. 4.2 Modified Moody Diagram showing numerical
solution paths in Set 1. »

-------------------------------------------------------------------

Fig. 4.3 Dimensionless boundary layer thicknesses for
numerical solutions of Set 1.

R L R R R R R R E T L R RS R

Fig. 4.4 Dimensionless depths for numerical sclutions of
Set 1.

------------------------------------------------------------------------------------------

Fig. 4.5 Relative bed shear stresses for numerical solutions
Set 1.

------------------------------------------------------------------------------------------



Fig. 4.6 Relative potential core velocities for numerical
solutions Set 1. 150

.............................................................................

Fig. 4.7 Power law exponent for numerical solutions Set 1. ... 151

Fig. 4.8 Modified Moody Diagram showing numerical
solution paths in Set 2. .. 153

Fig. 4.9 Dimensionless boundary layer thicknesses for
numerical solutions Of Set 2. it 154

Fig. 4.10 Dimensionless depths for numerical solutions of
Set 2. 155

..........................................................................................

Fig. 4.11 Relative bed shear stresses for numerical sclutions
Set 2. 156

..........................................................................................

Fig. 4.12 Relative potential core velocities for numerical
solutions Set 2.

............................................................................. 157
Fig. 4.13 Power law exponent for numerical solutions Set 2. ........... 158
Fig. 4.14 Modified Moody Diagram showing numerical

solution paths in Set 3. ..o 160
Fig. 4.15 Dimensionless boundary layer thicknesses for

numerical solutions of Set 3. . 161
Fig. 4.16 Dimensionless depths for numerical solutions of

Y =) A FE O TSP PSUUSPP P 162
Fig. 4.17 Relative bed shear stresses for numerical solutions

= A T PO PP PP PR 163
Fig. 4.18 Relative potential core velocities for numerical

SOIULIONS SEL 3. coriiiiiiii ettt e et et et 164
Fig. 4.19 Power law exponent for numerical solutions Set 3. .......... 165

Fig. 4.20 Modified Moody Diagram showing numerical
solution paths in Set 4.



Fig. 4.21 Dimensionless boundary layer thicknesses for
numerical solutions of Set 4. i 168

Fig. 4.22 Dimensionless depths for numerical solutions of

Y= S SO PO PRIPPRTPPPPP PP 169
Fig. 4.23 Relative bed shear stresses for numerical solutions

Y - S PP US PPN 170
Fig. 4.24 Relative potential core velocities for numerical

SOIULIONS SEU 4. Lot e e st ce e 171
Fig. 4.25 Power law exponent for numerical solutions Set 4. .......... 172

Fig. 4.26 Dimensionless entrance length as a function of the
fully developed power law exponent for numerical solutions
Set 1 and Set 2. it se e e teae s s e 173

Fig. 4.27 Dimensionless entrance length as a function of the
fully developed power law exponent for numerical solutions
Set 1, Set 2 and Set 3. oo e 174

Fig. 4.28 Dimensionless entrance length as a function of the
fully developed power law exponent for numerical solutions
Set 1, Set 2 and Set 4. .o 175

Fig. 4.29a Dimensionless entrance length as a function of the
fully developed power law €XPONENt. ......ooceeeemiiniiiiiimmminmiiia. 176

Fig. 4.29b Dimensionless entrance length as a function of

the fully developed dimensionless Chezy coefficient.

Also shown is Yalin's (1972) solution for the entrance

153 1704 o VO U P T TEEE 177

Fig. 4.29c Relative shear stress within the entrance region. ............ 178

Fig. 4.30 Comparison of dimensionless entrance length as a

function of the fully developed dimensionless Chezy

coefficient between the numerical and the two experiments

analysed in Chapter 2. ... 179



Fig. 4.31a Comparison of dimensionless entrance iength as a
function of the fully developed C+ between the numerical
solution for a wide channel and pipe flow entrance lengths by
Ward-Smith (1980). Pipe entrance length non
dimesionalysed by the pipe radius.

Fig. 4.31b Comparison of dimensionless entrance length as a
function of the fully developed C+ between the numerical
solution for a wide channel and pipe flow entrance lengths by
Ward-Smith (1980). Pipe entrance length non
dimensionalysed by the hydraulic radius.

Fig. 4.32 The effect of inaccurate bed slope and tailgate

matching on the growth of a boundary layer in a smooth
channel.

Fig. 4.33 The effect of inaccurate bed slope and tailgate
matching on the bed shear stress in the entrance region of a
smocth channel.

Fig. 4.34 The effect of inaccurate bed slope and tailgate
matching on the depth of flow in the erirance region of a
smooth channel.

Fig. 4.35 The effect of inaccurate bed slope and tailgate
matching on the water surface elevation in the entrance
region of a smooth channel.

Fig. 4.36 The effect of inaccurate bed slope and tailgate

matching on the potential core velocity in the entrance region
of a smooth channel.

Fig. 4.37 The effect of inaccurate bed slope and tailgate
matching on the growth of a boundary layer in a rough
channel.

Fig. 4.38 The effect of inaccurate bed siope and tailgate
matching on the bed shear stress in the entrance region of a
rough channel.

...........................................

..................................

................................................................................

.....................................................................

.....................................................................

....................................................

...............................................................

................................................................................

.......................................................................



Fig. 4.39 The effect of inaccurate bed slope and tailgate
matching on the depth of flow in the entrance region of a
rough channel. ..........ccococoiiiiiiiiiiiii T 190

Fig. 4.40 The effect of inaccurate bed slope and tailgate
matching on the water surface elevation in the entrance
region of a rough channel. ...........ccccoooiiiiiiiiiiiin 191

Fig. 4.41 The effect of inaccurate bed slope and tailgate
matching on the poten:ial core velocity in the entrance region
of a rouigh channel. ............cccooiiiiiiiiiiiiiiiii 192

Fig. 5.1 Diagram showing the initial depth d; for the
upstream bousndary condition based on the flow going
through critical in the vertical. ... 218

Fig. 5.2 Water surface and boundary layer thickness for the
same discharge, bed roughness and slope of the channel, but
different initial upstream depths. ... 219

Fig. 5.3 Shear stress corresponding to runs of different
initial upstream depths shown in Figure 5.2. ... 220

Fig. 5.4 Same as Figure 5.2 but plotted to actual scale and
orientation near the channel entranCe. .........cciiieiiiiiiiiiiiiiiiienieneennan. 221

Fig. 5.5 Example of an undistorted plot of water surface,
boundary layer thickness, and channel bed in the entire
entrance region of a steep channel. ... 222

Fig. 5.6 Water surface and boundary layer thicknesses for
the same channel bed slope but different discharges per unit
width. (smooth channel ) ......ccoviiiiiiiiiiiiiceere e 223

Fig. 5.7 Same as Figure 5.6 with a portion near the channel
entrance magnified. (smooth channel ) .......ooieiiiiiiiiiiin 224

Fig. 5.3 Water surface and boundary layer thicknesses for
the same channel bed slope but different discharges per unit
width. (rough channel ) ... 225



Fig. 5.9 Same as Figure 5.8 with a portion near the channel
entrance magnified. (rough chea i)

Fig. 5.10 Water surface and boundary layer thicknesses for

same discharge and a smooth bed, but different channel bed
slopes.

Fig. 511 Bed shear stress corresponding to runs of Figure
5.10.

Fig. 5.12 Magnified portion of Figure 5.11 near the channel

entrance.

Fig. 5.13 Bed shear stress non-dimesionalized by the bed
shear when the boundary layer reaches the surface. Also
shown is the subcritical solution in a mild channel for the
same discharge and a smooth bed.

Fig. 5.14 Water surface and boundary layer thicknesses for
the same discharge and channel bed slope but for different
bed roughness.

Fig. 5.15 Bed shear stress corresponding to runs of Figure
5.14.

Fig. 5.16 Velocity profiles from Bauer's smooth
experiment.

Fig. 5.17 Water surface and boundary layer thickness for
Bauer's smooth experiment compared with the numerical
solution.

Fig. 5.18 Potential core velocity for Bauer's smooth
experiment compared with numerical solution.

Fig. 5.19 Bed shear stress for Bauer's smooth experiment
compared with nuinerical solution.

Fig. 5.20 Power law exponent for Bauer's smooth
experiment compared with numerical solution.

--------------------------------------

----------------------------------------------------------------------------------

....................................................................................

..............................................................................

..........................................

......................................................................

....................................................................................

..........................................................................

...............................................................................

........................

.........................................

........................

------- -~

....... a

........ e o



Fig. 5.21 Displacement and momentum thickness for
Bauer's smooth experiment compared with numerical
Yo (1141 1 TR T TN T T U T PO PSPPSR P 238

Fig. 5.22 Velocity profiles from Bauer's rough experiment. ........... 239

Fig. 5.23 The channel bed roughness and bed shear stress
for Bauer's rough experiment was determined from
VEloCity Profiles. ...cocieeeiiiiiiiiiiiiii e 240

Fig. 5.24 Water surface and boundary layer thickness for
Bauer's rough experiment compared with the numerical
SOTULION. 1ottt ettt te e s eae e e reeeeneneiae e 241

Fig. 5.25 Potential core velocity for Bauer's rough
experiment compared with nuraerical solution. ... 242

Fig. 5.26 Bed shear stress for Bauer's rough experiment
compared with numerical solution. ... 243

Fig. 5.27 Power law exponent for Bauer's rough
experiment compared with numerical solution. ... 244

Fig. 5.28 Displacement and momentum thickness for
Bauer's rough experiment compared with numerical
o) L5 1o} ¢ VR U O U TP PRSPPI PS 245

Fig. 5.29 Entrance length comparison between Keller &

Rostogi's k—€ model and the numerical solution. In this

comparison series the same bed roughness is used and the

channel bed slope and discharge is varied. ..........ccccccciiiiiii 246

Fig. 5.30 Entrance length comparison between Keller &

Rostogi's k—€ model and the numerical solution. In this

comparison series the channel bed slope is constant and the

bed roughness and discharge is varied. ... 247

Fig. 5.31 Water surface and boundary layer thickness from
Ippen's experimental Run B. Also shown is the numerical
solution and Schlichting's smooth flat plate solution. ...........cc...c.oe. 248



Fig. 5.32 Water surface and boundary layer thickness from
Ippen's experimental Run C. Also shown are two numerical

solutions and Schlichting's smooth flat plate solution. ....................... 249

Fig. 5.33a Comparison between numerical solution for the
water surface and the S2 backwater curve for ¢=1 degree

and Cx= 12.73. Also shown is the boundary layer thickness
and uniform depth.

Fig. 5.33t Comparison between bed shear stress given by
the numerical simulation and the S2 backwater curve for
¢=1 degree and C+= 12.73. Also shown is uniform flow
shear.

Fig. 5.34a Comparison between numerical solution for the
water surface and the S2 backwater curve for ¢=1 degree

and C+= 29.70. Also shown is the boundary layer thickness
and uniform depth.

Fig. 5.34b Comparison between bed shear stress given by
the numerical simulation and the S2 backwater curve for
¢=1 degree and C+= 29.70. Also shown is uniform flow
shear.

Fig. 5.35a Comparison between numerical solution for the
water surface and the S2 backwater curve for ¢$=45 degrees
and Cx= 12.73. Also shown is the boundary layer thickness
and uniform depth.

Fig. 5.35b Comparison between bed shear stress given by
the numerical simulation and the S2 backwater curve for
-$=45 degrees and C+= 12.73. Also shown is uniform flow
shear.

Fig. 5.36a Comparison between numerical solution for the
water surface and the S2 backwater curve for ¢=45 degrees
and C+= 29.70. Also shown is the boundary layer thickness
and uniform depth.

................................................................

...................................................................................

................................................................

------------------------------------------------------------------------------------

................................................................

...................................................................................

----------------------------------------------------------------

....... 250

....... 253

....... 255



Fig. 5.36b Comparison between bed shear stress given by
the numerical simulation and the S2 backwater curve for
$»=45 degrees and C+= 29.70. Also shown is uniform flow

13 1 112 ST U OO

Fig. 5.37 Dimensionless entrance length as a function of the
uniform flow C+ and the slope of the channel in degrees.
Also shown is the subcritical numerical solution for the mild

1o} 1 72117 1 1<) PR U U OO POPt

Fig. 5.38 The ratio of end depth(depth at which the
boundary layer reaches the surface) to normal depth as a
function of the uniform flow C* and the slope of the channel

IN dEEIEES.  1oiiniiiiiiiii et

Fig. 5.39 Dimensionless entrance length as a function of the
uniform flow Cx and the ratio of initial depth at the channel
entrance to normal depth for a channel slope of 1 degree.

Initial depth controlled by a sluice gate. ......ccccccociimiieniiiiinninn.

Fig. 5.40a The ratio of end depth(depth at which the
boundary layer reaches the surface) to normal depth as a
function of the uniform flow C+ and the ratio of initial depth
at the channel entrance to normal depth for a channel slope

of 1 degree. Initial depth controlled by a sluice gate. ...............

Fig. 5.40b Same as Figure 5.40a but also includes di/do<1.
Slope = 1 degree.

Fig. 5.41 Dimensionless entrance length as a function of the
uniform flow Cx and the ratio of initial depth at the channel
entrance to normal depth for a channel slope of 10 degrees.

Initial depth controlled by a sluice gate. ......cccccocviiiiiniinnnnnnnnn.

Fig. 5.42a The ratio of end depth(depth at which the
boundary layer reaches the surface) to normal depth as a
function of the uniform flow Cx and the ratio of initial depth
at the channel entrance to normal depth for a channel slope

of 10 degrees. Initial depth controlled by a sluice gate. ...........

R R TR R R RN RN N R Y R AR R KR

....... 260

....... 261

....... 262

....... 264



Fig. 5.42b Same as Figure 5.42a but also includes di/do<1.

Siope = 10 degrees. ..o 265

Fig. 5.43 Dimensionless entrance length as a function of the
uniform flow C* and the ratio of initial depth at the channel
entrance to normal depth for a channel slope of 45 degrees.

Initial depth controlled by a sluice gate.

Fig. 5.44a The ratio of end depth(depth at which the
boundary layer reaches the surface) to normal depth as a
function of the uniform flow C* and the ratio of initial depth
at the channel entrance to normal depth for a channel slope

of 45 degrees. Initial depth controlled by a sluice gate. ...........

Fig. 5.44b Same as Figure 5.44a but also includes di/do<1.
Slope = 45 degrees.

...................................

...............................................................

266



Symbol

Cx

C'[

dend
di

as

List of symbols

Discription

dimensionless Chezy conveyance coefficient corresponding to
normal depth.

local skin friction coefficient.

internal pipe diameter.

depth of flow measured perpendicular to channel bed.
depth at which the boundary layer reaches the water surface.
initial depth at channel entrance measured perpendicular to
channel bed.

normal depth m asured perpendicular to channel bed.

outer diameter of pitot tube.

friction factor.

Froude number based on normal depth.

acceleration due to gravity.

total hydraulic roughness.

equivalent sand grain roughness.

laminar sublayer thickness.

turbulent kinetic energy and dissipation.

The distance the boundary layer takes to reach the water
surface, measured from channel entrance. Also referred to
the development length, entrance length, and distance to
critical point.

momentum per unit width (N/m)

reciprocal of the power law exponent for velocity profiles.



Uend

Umax

n evaluated when & =d = d,.

piezometric pressure.

pressure.

discharge per unit width.

hydraulic radius.

internal pipe radius.

pipe Reynolds number.

R evaluated when & = d = do.

Boundary layer Reynolds number based on boundary layer
thickness.

Boundary layer Reynolds number based on the distance from
the leading edge of flat plate.

slope if channel or spillway, S=sin(¢).

friction slope.

slope if channel or spillway, S=sin($).

velocity in the x direction.

average velocity in a pipe.

shear velocity.

potential core velocity.

potential core velocity at channel entrance.

potential core velocity when depth passes through y..
potential core velocity at channel entrance.

potential core velocity when boundary layer reaches water
surface.

maximum experimental velocity found in any one velocity

profile.
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depth averaged velocity in the x direction.

velocity in the y direction.

coordinate in the downstream direction.

coordinate in the perpendicular to the bed direction.
critical depth measured parallel with direction of gravity.
y coordinate correction for rough velocity profiles.
vertical coordinate for rough boundary velocity profiles
(Chp. 2)

coordinate in the transverse to channel direction, origin at
channel centreline positive to the right locking downstream.
elevation.

energy correction coefficient.

momentum correction coefficient.

specific weight of fluid.

boundary layer thickness.

boundary layer thickness based on turbulence criteria.
(Chp. 2)

boundary layer thickness based on extrapolated intercept
method. (Chp. 2)

boundary layer thickness based on 0.99U criteria.
displacement thickness.

increment in x coordinate for numerical solution.
spillway or channel slope in degrees from horizontal.
kinematic viscosity of water.

viscosity of water.

Momentum thickness.

density of fluid.



T shear stress.
Tend bed shear stress when the boundary layer reaches the surface.

To bed shear stress.



Introduction

The flow in hydraulic structures such as culverts, channels and
spillways is generally analysed using fully-developed flow velocity and
resistance relations. However, for short structures - say where the length
is less than about 25 - 100 flow depths - the flow is likely not fully-
developed and these relations may not apply. Furthermore, many
experiments on the above relations assume that the flow is fully developed
in the laboratory without any formal confirmation. From a broader
point of view, the investigation of the boundary layer in open channels
forms a better understanding of the internal mechanism of this type of

flow.

To study the boundary layer and to assess the errors involved in the
assumption of fully developed flow, it is desirable to be able to analyse
the flow in the entrance region. (It was decided to only look at turbulent
boundary layers as laminar boundary layers tend to be quite short before
turning turbulent in most hydraulic structures.) The simplest option to
analyse the boundary layer at the entrance of a channel might be to use
the classical smooth flat plate boundary layer theory found in Schlichting
(1979), or to use some later work done on rough plates; Granville (1958)
and Harrison (1967). In these solutions however, the free stream velocity
is a constant, while in open channels and closed conduits the potential
flow outside the boundary layer is accelerating. It is for this reason that
the full Kdrman Integral Equation was used to find a solution for the
boundary layer growth in this study. With further complications of

roughness, Reynolds number effects, and coupling with the Bernoulli and



continuity equations it was easier to solve the system of equations

numerically, rather than analytically.

To test the adequacy of the analytical solution, experimental data was
needed for both mild and steep channels on smooth and rough beds. A
literature search showed that experiments conducted in mild channels
were few and far between. Two experimental works were found: one by
Delleur (1957) which delt with smooth horizontal channels; one by Binnie
(1957) which delt with laminar boundary layers in smooth horizontal
channels. Due to the lack of experimental data experiments were
conducted in mild channels as part of this study. Also, as secondary flows
in straight noncircular conduits are the rule rather than the exception they

made the experimental results quite interesting and revealing.

There has been a lot more experimental and analytical research done
on steep channels. The main point of this research was to locate the
critical point on the face of the spillway. The critical point occurs when
the boundary layer reaches the water surface and the turbulent eddies
break through and start to entrain air. It is important to find this point
because downstream of it the flow can become a water-air mixture and
could follow very different flow, velocity and resistance relations. The
energy losses and the air entrainment on the face of a spillway are
important since they determine the design of the energy dissipation

structure and the susceptibility to cavitation at any point on the spillway

face.



1. Literature Review
1.1 The Karman Integral Equation for the boundary layer
Starting with the time-averaged Reynolds equations, and using order

of magnitiude arguments, Prandtl derived the following simplified

momentim and continuity equation for a boundary layer

du_ du_ _ 1dp, 19% (1.1
“ax”ay P dx+P y (1]
Jdu . dv
du , dv _ 1.2
ax | dy (12)

where x is the downstream direction and y is normal to the boundary, u is
the velocity in the x direction, v is the velocity in the y direction, P is the
piezometric pressure, p is the density of the fluid , and 7 is the shear

stress.

Flow outside the boundary layer acts essentially as inviscid and is

described by the Bernoulli equation:

p U?

+7Y zo + p = constant (1.3)

where U is the free stream velocity, ¥ is the specific weight of the fluid,

Z, is the elevation, and p is the pressure.



Combining the elevation and pressure term to a piezometric pressure P
and differentiating with respect to x the Bernoulli equation becomes:

dx P dx

Integrating Equation 1.1 with respect to y from y = O to just outside
the boundary layer and using the Bernoulli equation to replace the

pressure gradient term by pU (dU/dx) where required, results in the

Karman Integral Equation:

To=d y2+Us.dU (1.5)
P dx dx

where 1, is the bed shear stress, and &+ and 8 are the displacement and

momentum thicknesses respectively. The latter are defined by:

8= | (1-%) dy (1.6)



1.2 Solutions for boundary layers with zero pressure gradients
1.2.1 Boundary layer on a smooth plate

A boundary laye: solution on a smooth flat plate is derived in
Schlichting (1934) from the similar velocity distributions found in pipes
for a certain Reynolds number range. In this derivation x is the
coordinate from the leading edge of the plate going downstream and y is
the coordinate normal to the plate. If the velocity distribution from a
pipe is used the maximum velocity in the pipe becomes the free stream
velocity U of the boundary layer and the radius of the pipe becomes the
boundary layer thickness 8. The velocity distribution used in this analysis

is Blasius power law and takes the form:

- n (1.8)

Cle

where u is the velocity at any y and n is equal to 7.

There are two types of Reynolds numbers which are useful when

talking about boundary layers, one is based on the boundary layer
thickness:

Rs;=US
v

The other is based on the distance from the leading edge:

R,=UX
Vv



The 1/7th power law velocity distribution agrees well with

experiments up to Rs<105.

The shear stress on the pipe wall corresponding to this velocity

distribution can be derived from the following:

T

To=lfy?
P

1
8

f=03164 (E_D_)%= 0.3164
Vv
R

D8 =

T
U (n+1)(2n+1)

(1.9)

(1.10)

(1.11)

where f is the friction factor, u is the average velocity in the pipe, D is

the pipe diameter, and Rp is the pipe Reynolds number.

Equation 1.9 shows how the friction factor defines the relationship

between the average velocity and wall shear. Equation 1.10 is Blasius

Resistance Formula based on experiment and is applicable to smooth pipes

and has shown it can also be used for boundary layers growing on smooth

surfaces for certain values of Reynolds number mentioned above.

Equation 1.11 is arrived at by integrating the power law velocity

distribution over the area of the pipe and dividing by the area of the pipe.
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Combining 1.9, 1.10, and 1.11 the final expression for the shear is:

«y =L
To = 0.0225 U (U8) % (1.12)
p Y
If Equation 1.8 is substituted into 1.6 and 1.7 and we integrate from O to

o, 0+ and 6 become:

5”:(7{%1—) (1.13)

6=8(n+ Iil(n +2) (1.14)

The free stream velocity U in this case is a constant, therefore Equation

1.5 becomes:

To - y2d8 (1.15)
P dx

Equating 1.12 and 1.15 we obtain:

0.0225 (%Zi)"l‘ =

&6

(1.16)

By Equation 1.14, if n = 7, 6 = 7/72 3, therefore Equation 1.16

becomes:

&

0.0225 (U—&)'}T =L

1.17
7 =5 (1.17)

.

X



And finally integrating from initial value 3 =0 at x =0 gives:

-1
5 (x) = 0.37 x (ULxf3 (1.18)

Equations 1.12 and 1.18 are Schlichtings famous solution for a

boundary layer growing on a smooth flat plate.
The limitations of this solution are outlined in the following:

By equation 1.18 Rg < 105 corresponds to Ry < 6x106. Also, since
the boundary layer is laminar up to about Rx = 5x105 the range of

validity for this analysis becomes:

5%x105 < Ry < 6x106

1.2.2 Boundary layer on a rough plate

The boundary layer solution for a rough plate is also presented in
Schlichting (1934) and follows a similar type of solution as for the
smooth plate. It is similar in that the measurements from rough pipes is
used to describe the velocity distribution and shear stress for the
boundary layer. There is a complication however since the relative

roughness kg/d will decrease as O increases and ks remains constant,

L



where in a pipe ks/r remains constant. In addition, the velocity
distribution is described by a logarithmic velocity distribution which
makes equations 1.6 and 1.7 difficult to evaluate. Also, the boundary
layer can go through several stages from being fully rough at the leading
edge, in a transition region further downstrcam, and eventually
hydraulically smooth further down. The details of this analysis are

lengthy and will not be presented here.

The above work on rough plates was based on uniform sand grain
roughened pipes. It is well known that for non-uniform roughness, as
may be found on most materials, the transition curves between fully
smooth to fully rough are different than for uniform sized grains.
Coolebrook and White (1939) came up with these more practical
transition curves for pipes and Granville {1958) applied it to boundary
layers using the same methods as Schlichting. These relations however
give only the coefficient of skin friction and do not give the boundary
layer thickness directly. By further manipulation Harrison (1967) was

able to extend the analysis further to give 0.

1.3 Boundary layers in open channels

Boundary layers in oper channels can occur under many situations;
thev can occur on a horizoutal channel in both the H1 and H2 backwater
curves: in a mild channel in an M1, M2, and M3 backwater curves; in a
steep channel in the S1, S2, and S3 backwater curves, and in some of the

more exotic backwater curves. They can also occur in cases where there



is no backwater curve at all, such as at the entrance to a mild channel
flowing at normal depth, or an entrance to a steep channel where the

initial depth is forced to be normal depth by a sluice gate or a nozzle.

1.3.1 Boundary iayers in horizontal and mild channels

Delleur (1957) performed an experimental and analytical
investigation on boundary layer development in a horizontal channel. His
analysis used the full Karman momentum equation for the boundary
layer(Equation 1.5) to include the effect of the accelerating potential core
and he used the 1/7th Blasius power law to compute the friction and the
velocity profiles. This would make his results applicable only to smooth
channels with typical laboratory discharges to give a Reynolds number
with the range of the Blasius power law. It also limited it to the H1 and
the H2 backwater curves. He did find however, that his predicted
boundary layer growth was smaller than that predicted by the zero
pressure gradient solution based on Blasius's 1/7th power law (described
in section 1.2.1.). The power law exponent found from his velocity
profiles ranged from 1/5.5 to 1/7.7 with a mean of 1/6.85. He did his
main experimental run for subcritical flow with a high channel aspect
ratio and found secondary flow structures which affected the thickness of
the boundary layer significantly in the transverse direction; the width
averaged boundary layer thickness however agreed well with his theory.
This is much the same thing found in the experimental portion of this

study on mild channels discussed in Chapter 2.
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Binnie (1977) also did some similar work to Delleur but performed
his experiment and analysis on a laminar boundary layer in a horizontal

channel.

Yalin (1972) made a simplified attempt at solving for the entrance

length. It is shown in the foilowing:

He equated the fully developed surface velocity from the logarithmic

velocity distribution to the free stream velocity for the boundary layer:

U-25m8 +85 (1.19)
U= ks

where 8 and u* vary with x. He then introduces the friction coefficient

L 'ro
Cc'r= 1.20
=L (1.20)
and using T, = p u*2 he determines:
U= _2_ (1.21)
U= c's
Equating 1.19 to 1.21 he obtains:
2
-L=LP5m§+&ﬂ (1.22)
C'f 2 ks
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For the case of a fully developed turbulent regime Schlichting gives the

following expression for the variation of c'r with the distance x:

1 - {1.58 log X + 2.87F° 1.23
o og - } (1.23)

Equating 1.21 with 1.23 Yalin arrives at the relation between 6 and x:

2
L (2.5 ind + 8.5) = (1.58 log X+ 2.87)2'5 (1.24)
2 \ ks kS

Now the distance L is the value of x where 8 reaches the flow depth
do. Substituiing x = L and & = d,, in 1.24 and solving for L he develops

an expression for the entrance length as:

L _0.0152 Ks em (wit_h m=23
d, do

4
In 30.1 E‘k&H (1.25)

S

Equation 1.25 may not be adequate since it does not take into account
the presence of a piezometric pressure gradient. This relation will be

compared later with a numerical solution which includes the presence of a

pressure gradient.

With the exception of Yalin's work, surprisingly, no literature was
found on mild channels. This is strange since the case where the boundary
layer grows in the absence of any backwater curve is the most common
and fundamental situation in a mild channel. In this case when the

boundary layer reaches the surface the flow should be close to fully



developed, the depth should be normal depth and the water surface and
friction slope should be parallel to the bed slope.

1.3.2 Boundary layers in steep channels

The most common work found in the literature on steep slopes has to
do with the prediction of the critical point on the face of the spillway
which occurs when the boundary layer reaches the surface. This involves
the prediction of the boundary layer in an S2 type backwater curve.
Bauer (1954) took some of the first velocity profiles in the laboratory to
measure the boundary layer growth for channel slopes ranging from 20°
to 60° for a smooth bed and a rough bed. The roughness he used was a
fly screen - "1 a similar roughness to concrete. He discovered that the
growth of the boundary layer was relatively independent of the slope and
discharge, but a higher bed roughness did increase the growth rate of the
boundary layer, as expected. Bauer also proposed a design method for
predicting the critical point on a spiliway by using the experimental data
to come up with a design curve to calculate the boundary layer thickness,
adding the displacement thickness to the potential flow to solve for the
water surface and proceeding downstream until the boundary layer and
the water surface intersected. The design curve gave 8/x as a function of
x/ks for rough flow and 8/x as a function of the Reynolds number for
smooth flow. Some of the drawbacks to this design method are: the
design curves do not deal with the transition between smooth and rough
flow; the potential core velocity is calculated only as a function of x and

not frem the actual location of the water surface (ie. U2/2g=x sin(¢), ¢
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being the slope of the spillway in degrees), and the determination of the
shape of the velocity profile to calculate the displacement thickness was
not very rigorous in that it assumes a constant power law exponent. The
experimental data was not width averaged to test for the possible effects

of secondary flows. Further discussion of Bauer's paper s provided by
Halbronn (1954).

Ippen (1957) performed some exper‘ments to evaluate the
combination of a total head tube with a capacitance type pressure
transducer for measuring mean velocities and turbulence. One type of
flow he investigated was boundary layer growth in high velocity
streams(supercritical flow). The bed slopes he used were quite small,
about 2° and 0.5 so the results could be very different from some of the
spillway data. The slopes where steep enough to categorize the channel as
steep by definition for the discharges he used. The flow was controlled
by a wide rectangular nozzle at the upstream end; the channel bed was
smooth. It was apparent that he tried ' - match the bed slope, discharge,
and nozzle opening to give uniform depth at the nozzle, thereby avoiding
the S2 and S3 backwater curves. Ippen published two runs, the first runs
showed a boundary layer growing somewhat slower than Schlichting's
smooth flat plate solution and the second one closely matching it. The
second run also showed a slightly increasing depth going downstream,
while the first run showed a constant depth. The discussion of his results

continues in Section 5.6 where the two runs are numerically modelled.

As an aside, Ippen concluded that the instrument he was investigating

was reliable in giving mean velocities; root mean square values of the

14



turbulent velocity fluctuations in the direction of the mean flow, and the
scale of macro turbulence in water. A similar type of measurement
device was used to measure the mean velocities in the boundary layer
growth of a mild channel in this investigation. The turbulent fluctuations
were not quantitatively analysed but are available in analog form for

anybody wishing to do further work.

Back to spillway design, Campbell et al (1965) used the solution
technique of Bauer to compute the energy losses on the face of the
spillway to aid in design of energy dissipation structures occurring in
situations where the length of the spillway is shorter than the distance tc
the critical point. Since this procedure is based on Bauer's design
method, it posses some of same drawbacks mentioned earlier. Also,
Campbell uses a dimensional plot in one of his design graphs making it
difficult to obtain solutions for different situations. However a discussion

on Campbell's paper by Cassidy (1966) nondimensionalizes this figure.

Keller and Rastogi (1975) used a k-€ model o predict the boundary
layer growth on spillways with a standard crest and a vertical upstream
face. They simulated the experiments by Bauer, observations of the
Glenmaggie Dam, and measurements taken on the Avienmore Spillway
with good agreement. The initial velocity profiles specified for their
solution were based on Blasius's 1/7th power law for smooth flow and
from measured profiles on rough boundaries. In 1977, Keller and
Rastogi expanded their model for general design use. They developed
design charts by feeding synthetic data covering a wide range of possible

spiliway flow situations into their k-& model and generalizing their results

15



through dimensional analysis. The variables chosen to influence the
distance L for the boundary layer to reach the surface was the discharge
per unit width q, gravitational acceleration g, spillway slope S, and
spillway roughness ks. The fluid density p was not included in the
dimer:sional analysis as consideration was limited to water flows. The
viscosity ¢ was also neglected as the Reynolds number were reasoned to
be high enough for it not to be important. So in summary, L =

f(q,ks,g,S), and by the Buckingham [1 theorem the dimensionless

combinations of these variables results:

t:f{ q ,s} (1.26)

From this relation, design curves for L/ks as a function of q/(g
ks3)0.5 for different S where drawn. The drawback to these design
curves is that as kg gets smaller, or even zero, one is quickly out of range
of the design curves as ks is in the denominator of two of the variables.
Under these situations, consideration of the viscosity or Reynolds number

dependence seems necessary in order to come up with more general

solutions.

Keller and Rostogi (1977) also tested the effect of the nonlinear
pressure distribution on the spillway crest on the location of the criﬁca]
point for flows below, at, and above the design heads. They concluded
that their design charts are within 5% for flows given by 0.5 to 1.33
times the design head of the spillway for slopes more than 109, for

smaller slopes the errors could be about 6% - 7%.

16



Wood et al (1983) try to generalize even further the Keller and
Rostogi's results by assuming the boundary layer growth formula takes a
general form and evaluate the coefficients by regression. Here it should
be said that just because things vary subtly, they should not be simplified
to the point where the physics is lost. Wood (1985) goes on to say that
his simplified equation can be differentiated and applied to a spillway
profile in which the slope varies gradually; he argues that the boundary

layer is "close to local equilibrium”.

In summary, the work done on steep slopes has still fallen short of
the nature of the entire problem. The work of Keller and Rostogi seems
to be adequate for spillway design in which a standard crest combined
with a constant slope spillway is used with roughnesses typical of
concrete. The cases of smooth spillways, high roughness spiliways, slope
varying spillways, and sluice gate controlled spillways still need to be

investigated.
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i.4 Secondary flows in straight open channels

This investigation will not go into the cause of these secondary flows,
only to say that they arise from turbulent stress gradients in the
transverse direction. They are known to occur in non-circular ducts

(Gerard,1978) as well as open channels.

In wide channels it has been found that several secondary current
cells form across the channel with each cell having an alternate direction
of rotation than the cell next to it, with the size and spacing of the cells
scaling on the depth. Wolman and Brush 1961, Kinoshita 1967, lkeda
and Hikkawa 1977, Muller 1982, Gulliver and Halverson 1987, found that
the cell width varied from about 0.84 to 1.2 depths. Because an even
integer number of cells has to occur across the width of a channel, it is
evident these cell widths were the closest possible to 1.0 for the particular
channel aspect ratio used by each investigator. The observations of the

above investigators included both laboratory and river flows.

The impact of these secondary flows in wide channels can be quite
significant on the mean longitudinal velocity distribution. The magnitele
of these secondary flow velocities are generally only 2 to 4% of the mean
longitudinal velocity (Gulliver and Halverson, 1987) but can cause a
much larger variaticn in velocity or discharge between two profiles taken
less than 1 depth apart from each other in the transverse direction(Ch.2).
Although these transverse velocities are relatively small, they are strong
enough to redistribute the momentum and cause changes in the mean flow

by an order of magnitude greater than their own. As shown in Figure

18



1.1, Delieur(1957) found differences in unit discharge and velocity of
12.6% and 17.8% respectively. The effects of secondary currents in the
experimental portion of this study were of the same order and will be

discussed further in Chapter 2.

These secondary flows have an effect on the developing boundary
layer as well as fully developed flow. As mentioned earlier,
Delleur(1957) found secondary flows as part of his investigation. He also
found secondary flows affecting the boundary layer thickness in the
transverse direction for his experiments in a horizontal channel. This
phenomena occurs in steep channels as well; Gulliver and Halverson
(1987) say the secondary flow streaks "can be seen first-hand downstream
of most spillways, where the surface foam provides an excellent surface
movement tracer.” It is possible that these secondary flows are
responsible for the first signs of air entrainment on spillways occurring
upstream of the theoretical critical point; they could be responsible for
the intermittent turbulence found 1.2 & from the bed. Nevertheless, one
should keep in mind these secondary flows when analysing any boundary

layer development with a 2-D analysis.

Another point is that sometimes these cells are stationary in time and
space but at other times they seem to be shifting wildly. Further work is
needed to see what flow conditions affect the stability of their location.
It is possible that in a situation where the cells are not stable that

intermittent turbulence could be easily found 1.2 6 away from the bed.

Falco (1977) found that large scale motions are also present in
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unrestricted boundary layers with longitudinal spacing of large scale

motions equal to 2.5 times the boundary layer thickness.

These secondary flow structures in open channels can also affect the
bed shear in the transverse direction. This can best be seen by evidence of
sediment streaks left in natural channels and laboratory channels. An
example can be seen in Figure 1.1 of silt streak deposits left on a gravel
bar on the Yukon River near Dawson. These sediment streaks will not be
found in every case but only when the erosional velocity of the finer
sediment is in between or close to the minimum and maximum produced

by the secondary flow cells.
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1.2 Silt deposit streaks on gravel bar left by secondary currents on
Yukon River near Dawson, 1989.



2. Experiments in 2 miid channel

Experiments were conducted in a wide rectangular channel to
measure the boundary layer growth and the entrance length in the case of
a mild channel flowing at normal depth; the situation where there is no
sackwater curve. In this case, when the boundary layer reaches the
surface the flow is close to fully developed, the depth is normal depth and

the water surface and friction slopes are parallel to the bed slope.

As mentioned earlier, secondary flow structures caused the boundary
layer development to vary strongly across the channel. Fig 2.1 shows the
effect of the secondary flow structures on the boundary layer, in the
central portion of a wide channel, where the measurements were taken.
There is 1/4 of the channel width on each side which is not shown. The
secondary flows persisted despite all efforts to avoid them by refinements
to tae approach flow and inlet conditions. Hence, for a reasonable
comparison of the experimental results with a the two dimensional
analysis the expcrimental data had to be width-averaged. Consequently,
extensive across-channel measurements had to be carried out in addition
to the traditional down-channel measurements. Because of the large
number of measurements required, the experimental investigation was

limited to one run for a smooth channel and one run for a rough channel.



2.1 Experimental arrangement and procedure

The experiments were conducted in a flume 18 m long, 1.22 m wide,
and 0.65 m deep as shown in Figure 2.2 and Figure 2.8. The channel had
an adjustable bed slope and a gate at the downstream end for tailwater
control. The waier leaving the flume dropped into a sump network and
was returned to the head tank by a Fairbanks - Morse propeller pump
through a 20 cm dia. line. The maximum discharge of the system was
about 80 L/s. The head tank was 2.44 m long and 1.8 m wide and had
smooth semicircular contractions from the walls and floor into the
channel. Inside the head tunk 10 cm dia. pipes about i m long were
stacked to act as flow straighteners, with a synthetic hairlike material
placed at the upstream and downstream ends of the pipes to reduce
turbulence. The extreme turbulence generated by the water supply pipe
was intercepted and controlled by a weir of masonry bricks placed
upstream of the flow straighteners. The configuration of the contraction
caused a strong longitudinal vortex to form and propagate down the
centre of the channel. This problem was resolved by placing a sloping
board at about 45 degrees to the head tank bed to intersect the curved
surface of the inlet tangertially. The coordinate system set up for the
velocity measurements was x in the direction of flow measured from the
top of the curved portion of the channel entrance, y from the bed
upwards, and z fror:: the channel centreline positive to the right, looking

downstream. (See Figure 2.1).

The experiments required measurement of the discharge, water

surface profiles, depth, velocity profiles, boundary shear and for the



rough channel the hydrauli - roughness.

The discharge was measured by a 20 cm dia. Foxboro Magnetic flow
meter. This enabled the discharge to be kept within 0.2 L/s of the desired

discharge.

Velocities were measured by a United Censor 3 mm dia. pitot tube
connected to a Validyne pressure transducer shown in Figure 2.3. This
system allowed for the accurate measurement of relatively small
velocities ranging from 0.1 tc 0.5 m/s. The voltage output from the
transducer was linear with velocity head and was recorded on a stripchart
recorder which could be read within 0.1 mm of velocity head (See Figure
2.4 and 2.5). Each reading was averaged over 0.5 to 4 :nin depending on
the turbulence intensity. The number of velocity readings taken ranged
from about 12 - 20 for each vertical velocity profile, with the readings
located closer together near the bed where high velocity gradients occur,
and near the edge of the boundary layer. Measurements were confined to
the central half of the channel to be away from the side wall boundary
layers. It was necessary to locate the secondary flow cells in order to
choose the lateral spacing of the velocity profiles. This was done by
injecting a line of dye across the entire channel width on the surface and
observe its behavior as it travels downstream. If there were secondary
flow structures present then the line of dye would split up into several
streaks as shown in Figure 2.6. As streaks formed between cells where
fluid is moving downward, the distance between 2 streaks represented 2
cells. By this method it was determined that the middle half of the channel

contained 4 cells. The velocity profile locations were chosen to coincide



with the low and high velocities produced by these secondary flow
structures: 17 vertical profiles were taken for each longitudinal location
for the smooth boundary and 13 profiles for the rough boundary. The
lateral distance between each profile was between 0.3 - 0.6 of the flow
depth. In the longitudinal direction, the velocity profiles continued to be
taken until no more change was found in the velocity profiles going
downstream. There were 10 longitudinal locations for each run for a
total of about 170 profiles for the smooth and about 130 profiles for the
rough. The longitudinal location of the profiles for the smooth run was x
=043,1,2,3,4,5,6,7,9, and 11 m, for the rough run it was x = 0.5,
1,1.5,2,3,4,5,6,7,and 8 m. The occasional profile was repeated and

was found not to vary significantly with time.

It was thought important to look at the experimenta’ ~cd ~hear stress
distribution of the boundary layer since this is an importar® parameter in
the analytizal approach, which uses a conservation of momentum
formulation. It is also of interest for any sediment transport or heat
transfer study within the channel entrance length. This shear stress or
shear velocity on the smooth bed was measured using a Preston tube and a

formula from Haitonidis(1989) was used:

(.2 142 2
Log (“* 29) =-1.39 % Log (‘; D;) (2.1)
Vv

where Dy, is the outer diameter of the pitot tube, u is the velocity given by
the pitot tube when rested on the bed, and v is the kinematic viscosity of

water. The proper formula was used based on the criteria in Springer
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and Verlag. To test the accuracy of this technique, the shear stress was

also calculated from a few velfocity profiles using:

ﬁ%=251nP31-+55 (2.2)

where u is the velocity, and u* is the shear velocity. The two methods

were found to be in excellent agreement. A variation less than 5% was

found.

The bed shear stress for the rough bed was determined by analysis of
the velocity profiles. The roughness used was a floor mat with very
rough and stiff protrusions about :: mm long. A sample of the mat is
shown in Figure 2.7. The mat only covered half the channel length but
the boundary layer reached the surface well before the end of the mat.
Before the shear stress for the rough channel could be determined, the
hydraulic roughness ks of the bed had to be measured. This was
determined from 13 vertical velocity profiles taken 7.0 m from the
entrance where the flow was essentially fully developed. It was assumed
the lower 30% of the boundary layer thickness was described by:
L:Zﬂ%hiﬂ%+8j (2.3)

Ux
S

where y,; is the vertical coordinate measured upward from the lowest
velocity reading, and yg is the distance from the lowest velocity reading
to the theoretical point of zero velocity (See Figure 2.9). The viscous

sublayer in this case was much smaller than the roughnesses. The
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velocity u was plotted verses leg(yul+yd) as shown in Figure 2.10. The
bed location correction y4 was assigned 9 values at increments of 0.5 mm
for each velocity profile and a least squares fit performed on the bottom
30% of the velocity readings, this included 4 to 6 points for each profile.
The regression coefficient for each curve fit was used to determine the
best log fit and best value of y4. The y intercept when u=0 can be shown
to be equal to ks/30. By this method an average value of kg was found to
be 30 mm with a standard deviation of 10 mm, the average value of yg
was 5.9 mm with a standard deviation of 1 mm, and the average value of
the shear velocity ux was 0.0396 m/s. Since ks is very sensitive to small
errors in y4 and ux , kg was fixed at the average value of 30 mm and only
yd and u* were readjusted to obtain the best log fit when u/ux versus
log((yu1+yd)/ks) was plotted {See Figure 2.11). For x=7.0 m this gave an
average yd of 6.1 mm with a standard deviation of 0.42 mm, and gave an
average ux of 0.0402 m/s. It can be seen that by fixing ks the standard
deviation of yq decreased and the average value of yd and u* remained
relatively unchanged. This method of determining u* and yq with a fixed
ks was employed for all other profiles and the average yq was 6.3 mm
with a standard deviation of 0.9 mm. It is worth mentioning that the
hydraulic roughness ks was abcut 3 times the roughness height and the
value of yq would put the point of zero velocity about 4.8 mm below the

top of the roughness elements and 5.2 mm above the bottom of the

roughness elements.

Normally the boundary layer thickness is defined as the point where
the velocity is 99% of the potential core velocity, but this definition was

found to be unsuitable for these experiments because the potential core



velocity sometimes had a 1% variation in it. Two methods of obtaining
the boundary layer thickness were developed. The methods are explained
in the following and illustrated in Figure 2.9. The first method consisted
of checking the stripchart output for the potential core to see if the level
of turbulence was low enough to be potential flow.(See Figure 2.5). As
we increase the y coordinate, the point where the large turbulent
fluctuations disappear was almost always the point where the velocity
profile became vertical. This point was named O¢ ; the boundary layer
thickness based on the turbulent criteria. No intermittent turbulence was
found above this point. As the boundary layer grew, the potential core
disappeared and &; was taken as the depth of flow. The second method
consisted of drawing a vertical line through the potential core velocities
or through the maximum velocity in the case where d: was equal to the
depth of flow. Then a power law curve was fitted by regression through
the velocity points in the boundary layer neglecting points in the potential
core and in the transition region where the'proﬁle was tending to become
vertical, this was systematically done by choosing points only up to where
they did not deviate significantly from the power law as shown in Figure
2.9. The point where the vertical line and the fitted power curve
intersected was taken as the boundary layer thickness based on the
extrapolated intercept method and was labeled: 8i. The power law
exponent for each velocity profile was noted and is presented later in the
analysis to compare with the numerical solution. It is not intended here
to change the definition for determining the boundary layer thickness, but
rather to use these two thicknesses as a tool to help establish a lower and
upper bound to the 8 based on 99% of the potential core velocity (399).

In velocity profiles with well behaved potential cores, these two methods



always yielded: 8; < 899 < & .

Water surface elevations and depths were taken. The water surface
was quite calm and the depths and elevations were reproducible within
0.1 mm. The depth was measured at each profile location by a point
gauge readable to 0.1 mm. The elevation of the water surface was
determined with a survey level which could also be read within 0.1 mm.
The elevation was required te allow the Bernoulli equation to be
evaluated for the potential corc. This provided another check on the
growth of the boundary layer and on the velocity measurements. To
measure the depth for the rou:::: boundary a modified point gauge was
used. It had a horizontal flat plate just above the tip of the point gauge
which rested on the tops of the roughness elements, while still providing a

sharp tip when the point gage was placed on the water surface.

The salient features of the two experiments are summarized in Table
2.1. Great care was taken to try and match the bed slope to the
precalculated slope of the energy line for fully developed flow. To do
this an effort was made to ensure a constant depth existed in the fully
developed region of the channel by adjusting the bed slope and tail gate
position for a given discharge. However, the undulations in the bed were
found to be of the same order as the slope itself, sc accurate bed and

surface slope matching was difficult.



2.2 Experimental results, analysis, and discussion.

This portion of the chapter refers to many figures which can be
found at the end of the chapter. They contain the analysis for both the
smooth and rough experiment. The smooth experiment is contained
within Figures 2.12a to 2.27 and the rough between Figures 2.28a to
2.43. The order of the figures in both the smooth and rough sections is
the same and each figure caption contains the words "Smooth channel " or

"Rough channel " in italics to aid the reader.

2.2.1 Smooth channel

Figures 2.12a and 2.12b show typical velocity profiles in the
developing portion and the developed portion respectively. Both figures
are for one x section down the channel and the differences in the velocity
profiles in each figure is attributed to secondary flows. A complete set of
all profiles for the smooth experiment can be found in Appendix A. Note
the differences in the boundary layer thicknesses in Figure 2.12a and the

surface velocities and depth integrated discharges in Figure 2.12b.

Figures 2.13a and 2.13b show typical velocity profiles in an area of
downwelling and upwelling respectively for different longitudinal
locations. An area of downwelling occurs where flow between two
secondary flow cells is moving downward and a area of upwelling occurs
where it is moving upward. Note the acceleration of the potential core in

both figures. This is what makes the boundary layer grow more slowly
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than on a flat plate where there is a constant potential core velocity. Note

also the faster boundary layer growth in the area cf upwelling.

As mentioned earlier, water surface elevations were taken so that the
Bernoulli equation could be evaluated by adding the width averaged water
surface elevation to the maximum velocity head obtained from each
velocity profile. This was not done for every profile, but rather areas of
the strongest upwelling and downwelling were chosen. The areas of the
strongest downwelling correspended to z = -0.335, -0.030 to 0.030, and
0.335 m, these where referred to as the left, centre, and right
downwelling respectively. The areas of strongest upwelling corresponded
to z = -0.152, and 0.213 m and were referred to as the left and right
ﬁpwelling respectively. The Bernoulli equation is evaluated and plotted
in Figure 2.14 for the five regions of interest. The elevation of the water
surface is also plotted as a reference. As one would expect, the Bernoulli
equation should be constant within the potentiai core; as one examines
Figure 2.14 closely, the areas of downwelling stay constant until about x
= 9 m and the areas of upwelling to about x = 3 and 4 m. These
locations where the value of the Bernoulli equation started to decrease
also corresponded to the location where the turbulence or §; reached the
surface. Note that all five curves eventually become parallel with the
water surface. Not only did the evaluation of the Bernoulli equation
show the decay of the potential core, but also showed that the velocity and
water surface elevations where reasonably accurate. The elevation is used

once again to evaluate the total energy line later in the discussion.

Figure 2.15a shows the boundary layer thickness based on turbulence

(DY)

to



criteria (&) plotted in the transverse direction for different longitudinal
locations. Note the effect of the secondary currents on the growth of &.
Figure 2.15b shows the same S¢ but from a longitudinal view point. Also
shown is the width averaged &; and the width averaged distance where Ot
reaches the surface. Note that this distance does not correspond tc where
the width averaged &; reaches the surface. This is because as long as there
is at least one & less then the depth, then ihe average will not reach the
surface. This is important later when the experiment is compared with

the numerical solution.

Figure 2.16a shows the boundary layer thickness based on the
extrapolated intercept method (3;) plotted in the transverse direction for
different longitudinal locations. Again, note the effect of the secondary
flows on the transverse variation of 8;. Figure 2.16b shows the same Si
but from a longitudinal view point. Also shown is the width averaged 6.
Note in Figure 2.16b that §; rarely attains a value equal to the depth of
about 0.104 m. This is due to the slight deviation from the power or log
law of the top portion of the fully developed profile; the profile is more

vertical near the surface than suggested by the power or log law.

Figure 2.17a shows both width averaged 3¢ and &; along with the
numerical solution and Schlichting's smooth flat plate solution(1934).
Note that the growth rate of the numerical solution agrees better with the
experimental data than the smooth flat plate solution. The potential core
velocity used for the Schlichting's solution was the average of U; and
Uend. Ui is the initial potential core velocity at the channel entrance and

Uend is the surface velocity when the boundary layer reaches the surface.
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As mentioned earlier, there is a problem with the width averaged &, as 1t
approaches the surface. This is attempted to be resolved in Figure 2.17b
by only considering the width averaged values of &; before any individual
O reaches the surface, that is for x <= 3.0 m (See Figure 2.15b). A line
is then interpolated between this point and the average distance &, takes to
reach the surface for the remainder of the average d; growth. In this way
it might be possible to predict the growth of & if there where no
secondary flow cells present. As & is generally greater than 89y it agrees
well with the numerical solution. Also note i Figure 2.17a or 2.17b the
updulations in the width averaged depth when compared with the nearly

constant numerical solution. This is due to the undulations in the bed.

Since the numerical solution uses the definitions of displacement
thickness (0*) and momentum thickness (0), these two quantities were
obtained from each velocity profile sc a comparison could be made.
Since 8+ and 6 come directly from a integration process using the velocity
profiles, they are a less judgmental values than 8; and 8;, where there is
need to judge the level of turbulence or to decide which part of the
boundary layer to use for the power law fit. This makes them valuable
experimentally. But the trouble comes again when the individual
boundary layers reach the surface and the maximum velocity for each
profile is no longer constant for each x section. Since the integration
procedure involves the quantity (Umax-u), one would expect the

comparison to be valid up to about x=3.0 m for &+ and 8.

Figure 2.18a shows the displacement thickness plotted in the

transverse direction for different longitudinal locations and Figure 2.18b



shows &+ from a longitudinal view point. Also shown in 2.18b is the
width averaged 0+ growth rate émd the numerical 8*. The numerical and
experimental values agree well until about x = 3.0 m where the lateral
difference in Umax starts to have an effect. The experimental fully
developed width averaged displacement thickness is about 82% of that
given by the numerical solution. This is due to the slight difference in the
velocity profiles described earlier; the power law has a slightly higher

surtace velocity (Umax) than the actual velocity profile.

The same can be said for the momentum thickness 0 as was in the
above for &+. The difference being 6 is represented in Figures 2.19a and
2.19b and experimental width averaged fully developed 6 is 79% of the

numerical value.

Figure 2.20 shows the bed sk ar stress plotted in the transverse
direction for different longitudinal locations. The lateral variation of
shear stress varied by 30% and was found to be consistent with the
secondary flow cell structures; shear stress was high where fluid was
moving downward and low where fluid was moving upward. Figure
2.21 shows the minimum, maximum, and width averaged shear stress in
the longitudinal direction as well as the numerical solution and
Schlichting's smooth flat plate solution. Surprisingly, the width averaged
shear varies little in the longitudinai direction; it varies less than that
predicted by Schlichting's smooth flat plate solution and agrees better
with the numerical solution. This low variation of shear stress in the
longitudinal direction can be explained by the following: the shear stress

decreases with an increase in boundary layer thickness but increases with
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an increase in potential core velocity, so in the flat plate case where the
potential core velocity is constant, and the boundary layer thickness is
increasing. the shear stress has no choice but to decrease. In an open
channel the effects are compensating; as the boundary layer thickens the

potential core is accelerating and the shear stress tends to be evened out.

Figure 2.22a shows the discharge per unit width as integrated from
the velocity profiles plotted in the transverse direction for different
longitudinal locations. The trapezoidal rule was used to integrate the
velocity profiles. The higher discharge occurred in areas of
downwelling, the lower discharge occurred in areas of upwelling. Figure
2.22b shows q from the lcngitudinal viewpoint and shows that the
secondary flows have a progressively increasing influence on lateral
variation of discharge as the flow develops. The maximum lateral
variation in unit discharge was 19%. The width averaged unit discharge

remained fairly constant in the longitudinal direction;

Figure 2.23 shows the reciprocal of the width averaged power law
exponent 1/n from regressional curve fits of the boundary layer portion
of the velocity profiles. Also shown is the numerical solution.
Considering the distortional effects of the secondary flows, they are in
pretty good agreement. The experimental power law exponent decreases
from about 1/6.5 at the first x section to about 1/7.1 when fully
developed. The numerical curve lies somewhat lower near the entrance
but is in good agreement after x = 2 m. This couid be due the properties
of the velocity field along the ﬁurved inlet surface having an affect on the

boundary layer some distance downstream from the entrance.
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Before the total energy and momentur: could be calculated, the
correction coefficients o and P had to be calculated from each velocity
profile. Figure 2.24 shows the width averaged momentum and energy
correction coefficients obtained from the velocity profiles. When width
averaging the total energy and momentum, the correction coefficients for
each individual velocity profile were used and than the width averaging

was performed.

Figure 2.25 shows the width averaged total energy, water surface
elevation and bed elevation. In general, the slope of the energy line
tended to get steeper as the boundary layer developed and the slope of the
water surface tended to get milder, both lines became of equal slope when
the flow was fully developed. Note the bed undulations, the low points at
x = 0.43 and 5 m, and the high points at x = 3 and 6 m. It was unclear if
they had significant effect on the boundary layer growth but they did
have an effect on the depth averaged velocity, the maximum velocity, and
the longitudinal shear stress distribution. When comparing Figure 2.26
with 2.25. it can be seen that the width averaged maximum velocity and
the width averaged depth averaged velocity both show variations
consistent with the bed undulations. There is an higher than normal
increase in V between x = 0.43 and 2 m, there is a decrease in V through
the dip at x = 5 m, and a higher than normal increase in V between X = 5
and 6 m where the bed comes up slightly again. The maximum velocity
Umax is affected in a similar fashion. When comparing the width
averaged shear stress in Figure 2.21, the shear stress increases slightly at

x = 6 m where :here is high point on the bed. The width averaged



momentum is shown in Figure 2.27 and also seems to be at the mercy of

the bed undulations.

2.2.2 Rough channel

Rather than restating the same comments for each figure of the
rough experiment, only the differences from the smooth will be discussed

and some of the similarities stated.

Figures 2.28a and 2.28b show typical velocity profiles in the
developing portion and the developed portion respectively. A complete
set of all profiles for the rough experiment can be found in Appendix B.
Note that there is a bigger difference in the velocity profiles in the lateral

direction than for the smooth channel.(Figures 2.12a and 2.12b).

Figures 2.29a and 2.29b show typical velocity profiles in an area of
downwelling and upwelling respectively for different longitudinal
locations. Again, there is higher boundary layer growth rate for the
upwelling and slower growth rate for the downwelling. When comparing
with the smooth Figures 2.13a and 2.13b, the potential core acceleration
is much greater for the rough than the smooth. This is because the

channel is on a higher slope to attain uniform flow for the higher

roughness.

Evaluation of the Bernoulli equation in Figure 2.20 showed similar

decay of the potential core as the smooth. As expected, the potential core

Y
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decs . -# more quickly for the rough experiment; decay started to take
gl at x = 4.0 m for the downwellings and x = 2.0 m for the
upwellings. The areas of the strongest downwelling corresponded to z =
-0.335, -0.030 to 0.0, and 0.335 m. The areas of strongest upwelling

corresponded to z = -0.152, and +0.152 m.

Figure 2.31a shows the boundary layer thickness based on turbulence
criteria (8y) plotted in the transverse direction for different longitudinal
locations. Figure 2.31b shows the same &; but from a longitudinal view
point. Also shown is the width averaged &; and the width averaged
distance where 8; reaches the surface. When comparing the d; growth
with the smooth and rough, figures 2.15b and 2.31b, notice the larger
effect of the secondary flows on &, for the smooth case. Although it was
observed that the secondary flows were stronger for the rough
experiment by evidence of dye and their effect on lateral shear and
discharge, their effect on the boundary layer in the lateral direction was
smaller. This was because the boundary layer growth was much more
rapid for the rough channel so the secondary flows did not have the time

or distance to create such a difference.

Figure 2.32a shows the boundary layer thickness based on the
extrapolated intercept method (J;) plotted in the transverse direction for
different longitudinal locations. Figure 2.32b shows the same O; but from
a longitudinal view point. Also shown is the width averaged &;. The
behavior is similar as in the smooth channel but the lateral variation is

less for reasons mentioned above.



Figure 2.33a shows both width averaged & and &; along with the
numerical solution and Harrison's rough flat plate solution(1967) after
Granville(1958). Note that the growth rate of the numerical solution
agrees better with the experimental than the rough flat plate solution.
The potential core velocity used for the Harrison's solution was the
average of U] and Uend. The problem with the width averaged d; as it
approaches the surface was resolved in Figure 2.33b by the same
technique as for the smooth experiment to help predict the growth of & if
there where no secondary flow cells present. As 8 is generally greater
than 399, it agrees well with the numerical solution. Also note in Figure
2.33a or 2.33b the undulations in the width averaged depth when

compared with the nearly constant numerical solution are again due to the

undulations in the bed.

Figure 2.34a shows the displaccment thickness plotted in the
transverse direction for different longitudinal Incations and Figure 2.34b
shows O from a longitudinal view point. Also shown in 2.34b is the
width averaged 8+ growth rate and the numerical 8+. The numerical and
experimental values agree well until about x = 2.0 m where the lateral
difference in Umax starts to have an effect. The experimental fully
developed width averaged displacement thickness is about 69-79% of that
given by the numerica! solution. This is again due to the slight difference
in the velocity profiles described earlier; the power law has a slightly
higher surface velocity (Umax) than the actual velocity profile. The
decrease from 79% to 69% between x = 4.0 m and x = 7.0 m is unclear
and may have something to do with further adjustment of the velocity

profiles after all the potential core is eliminated.
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The same can be said for the momentum thickness © as was in the
above for 8+. The difference being 0 is represented in Figures 2.35a and
2.35b and experimental width averaged fully developed 8 is 67-75% of
the numerical value. The experimental and numerical 6 in the developing

portion do not agree as closely as in the smooth case.

Figure 2.36 shows the bed shear stress plottcd in the transverse
direction for different longitucinal locations. (The first value of shear at
x=0.5 m in Figure 2.36 is suspected to be high as this location is only
about 7 cm away from the leading edge of the roughness mat where it is
possible to have a boundary layer growing within a boundary layer and
there are less data points to match the profile in the logarithmic region
for the thinner boundary layer.) The lateral variation of shear stress
varied much more in the rough experiment than the smooth; a 100%
variation in bed shear was found compared to 30% in the smooth. The
variation was again consistent with the secondary flow cell structures.
This explains the existence of sediment streaks in natural channels (Figure
1.1). Figure 2.37 shows the minimum, maximum, and width averaged
shear stress in the longitudinal direction as well as the numerical solution
and Granville's rough flat plate solution. Again, the width averaged
shear varies little in the longitudinal direction; it varies less than that
predicted by Granville's rough flat plate solution and shows the same
degree of uniformity as the numerical solution. As can be seen in Figure
2.37, the numerical shear siress is about 20% lower than the experimental
values and could be the result of the higher difficulty in obtaining the

shear stress and depth measurements for a rough bed. It was however,
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theoretically impossible to find the right combination of discharge,
roughness, and slope of the energy line to satisfy the experimental values

of discharge, roughness, energy line slope, and depth of flow. The

dimensionless Chezy equation V/u*=2.5 In(12d/ks) was used along with
the definition of uniform flow ux = (g d Sp)”0.5. It will be left for a later
time to unravel this mystery. Although there is a discrepancy between
the experimental and theoretical shear stress, the relative behavior in the

lateral and longitudinal direction is felt to be preserved.

Figure 2.38a shows the discharge per unit width as integrated from
the velocity profiles plotted in the transverse direction for different
longitudinal locations. The higher discharge again occurred in areas of
downwelling, the lower discharge occurred in areas of upwelling. Figure
2.38b shows g from the longitudinal viewpoint and show again that the
secondary flows have a progressively increasing influence on lateral
variation of discharge as the flow develops. The maximum lateral
variation in unit discharge was 26% compared to 19% in the smooth

experiment. The width averaged unit discharge remained fairly constant

in the longitudinal direction.

Figure 2.39 shows the reciprocal of the width averaged power law
exponent 1/n from regressional curve fits of the boundary layer portion
of the velocity profiles. Also shown is the numerical solution. The
experimental power law exponent decreases from about 1/2 at the first x
section to about 1/3.2 when fully developed. The numerical curve lies
somewhat lower near the entrance but is in good agreement after x = 2

m. This could be due to the closeness of the leading edge of the
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roughness mat to the first x section, as well as the properties of the
velocity field along the curved inlet surface having an effect on the
boundary layer some distance downstream from the ertrance. The power
law exponent for uniform flow had slightly lower value of 1/3.2

compared with the numerical value of 1/2.8.

Figure 2.40 shows the width averaged momentum and energy
correction coefficients obtained from the velocity profiles. Note that the

values are somewhat higher than for the smooth channel in Figure 2.24.

Figure 2.41 shows the width averaged total energy, water surface
elevation and bed elevation. The general behavior was even more
pronounced than for the smooth channel; the slope of the energy line
tended to get steeper as the boundary layer developed and the slope of the
water surface tended to get milder, both lines became of equal slope when
the flow was fully developed. The effect of the bed undulations have a
smaller affect because relatively they are smaller when compared with the
higher bed slope.

The slightly imprecise matching of Umax, V, and Momentum in
Figures 2.42 and 2.43 between the measured and the numerical is due to
the the difficulty in exactly modelling the uniform flow condition
discussed earlier, but the gereral behavior is similar with the exception of
some decrease in Umax, V, and Momentum after about x = 4.0 m. This is
due to the slight increase in depth after this point due to bed

imperferi’~ns and inexact tailgate settings.
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2.2.3 General discussion

Now comes the difficult part in establishing what the average
entrance length is for the two experiments. Since the boundary layer
thickness at the inlet of the channel (x = 0.0 m) is a function of the inlet
geometry, the virtual origin based on a backward extrapolation of the
boundary layer thickness was used. For the smooth channel, the origin
was found to be at x = -0.4 m, both for the experiment and numerical
solution (See figure 2.17a or 2.17b) The origin for the rough channel
was more difficult to define since the roughness mat did not start until
about x = 0.43 m. Since the first section of the roughness mat was only 7
cm downstream of this leading edge, the rate of growth at the first x
section would be smaller than expected for that thickness and roughness.
This had an effect on the location of the origin. The origin for the
experimental data was chosen to be just ahead of the roughness mat at x =
0.3 m by extrapolating the &; and d; curves to about the same starting
boundary layer thickness as the numerical solution. (See Figure 2.33a or
2.33b). The origin for the numerical solution was taken at x = 0.7 m to
best fit the numerical solution downstream of x = 1.0 m since it is far

enough from discrepancies caused by the leading edge of the roughness

mat.

The boundary layer thickness based on the turbulence criteria (&)
was the best way of determining the entrance length. It was thought to
underpredict the entrance lengt: -iightly since the turbulence continued
to develop for about another G uorit. {or the smooth experiment, and a

another 5 for the rough, aficr 4. reached the surface. So the average
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entrance length was given a range; it was between the average distance Ot
took to reach the surface plus an extra 10 and 5 depths respectively.
Taking the origins into account, the entrance lengths in terms of number
of depths are tabulated in Table 2.2. In addition to the average entrance
lengths, the minimum and maximum entrance lengths are also presented.
The minimum entrance length occurred between two secondary flow cells
where fluid was moving upward and the maximum occurred between two
cells where fluid was moving downward. The numerical, Schlichting, and
Harrison solutions are also tabulated for comparison. Table 2.3 shows
the entrance length as a percentage of the experimental average for
comparison. Looking at Table 2.3 under the minimum and maximum
columns, one can see the importance of width averaging when making
boundary layer measurements; for the smooth channel the error in
measuring the entrance length could have ranged from 44% under to
54% over; for the rough, 45% under to 39% over. For the smooth
channel, the numerical solution over predicted the entrance length by 2%,
and the Schlichting's smooth flat plate solution under predicted the
entrance length by 15%. For the rough channel, the numerical solution
under predicted the entrance length by 9%, and the Harrison's rough flat
plate solution under predicted the entrance length by 40%.

The secondary flow cells were about 1.47 and 1.39 depths wide for
the smooth and rough channel respectively. This differs from the range
of values of 0.84 to 1.2 found by the other investigators. It was observed
that the number of cells changed if the depth in the channel was changed,
but there was a certain range of depths for which the number of cells did

not change.
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Slope adjusting

Fig. 2.2 Experimental setup and coordinate system.

Table 2.1

Summary of experiments.
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Fig. 2.4 Strip chart recorder used to record volarm preasure
transducer.
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Fig. 2.8 Flume and traverse used for the experiments.
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Fig. 2.10 The hydraulic roughness ks was determined by regression by
5

varying yd at 0.
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Fig. 2.11 The bed shear stress for the rough experiment was -determined
by varying u and yq until the lower y.:1t of the velocity profile matched
the theoretical expression.
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X=4.00 m, Zone B
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Fig. 2.12a Typical velocity profiles in the developing portion of the
smooth channel for different transverse locations.
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Fig. 2.12b Typical veiocity profiles in the developed portion of the smooth
channel for different transverse locations.



-+
Ue)

G0

(jauupyd Y1o00us)

SUOLIRIO] [eupniiduoy WasdIP 10§ (w ¢gerQ = Z) Juiiamumop jo eale ut ul sopijord K120
(sjw) N

St'C b0 GE'0 €0 $2'0 2'0 GLo 10 G0'0 0
T . ” o
!
..... _

.;ooq_%wiA - -_..

o X

Ev'0o —

(W) %

$—0—0--»
— OO
B | <
—<G XY,
H——X——
b,

< <<

o
D
e

— @
Y

BBy

<
K

.-
&=
<«—
s<=
L

/!
<
7

vE1'T 81

0

200

v0°0

900 (w)
A

800

£'0

AN



55

(1auunyd yroows)
SUOIIBIO] [RUIPMIISUO] 1UAIRHIP 10] (W 2600 = Z) Juijjomdn jo ease ue ut saqyjoid ANOOPA qEI'T ‘31

(syw) n
S0 Sv'0 v0 GE'0 €0 Gec'o0 ¢'0 G0 L0 G000 0

| |

q | _ , _ % 0

T i '

o . \\ ....................... R R — ...................... L 200

......... B 1/ /- S B AL

. ,‘.x.(,.e.wzi..i;is,;w-rx!:isll 90'0 >

........... 80°0

Ero —

(W) ¥




v,
(JauuDY) Y100 S ) "SIUILANSEIU A1100[3A puE UONEBAJ[? JO Anpqeifal
Ayl $asSR 0} pue 2102 [enuiod Ay jo Aedap 3y Aw d{ay o1 uonienba 1[jnowrag Ay Jo uenen[eAy 1 ‘814
(W) X
A 0t 8 9 v 4 0

i : 96170
8610
buiiemumog 14ybiy - 20 (w)
Buijamdn 1ybiy -v-
b2
Buijemumog anuad o xmam_i
e e 202°0 ©
Buntomdn 1497 o N
A3
Buyiamumoq 1491
/«! |
Q e ) ///41/4 e I 4 goz0
............................ TSRS N « | - A §]



57

1)

Ct o &

(W) ¥

v0

(12uuDYyd Y100UWS) *SUONIEIO]

reutpnyIduof

JIP 0} UOTIDANP ISIIASURL AU Ul patjojd BLIILID 20UI[NQIN] UO paseq ssawfaly ke[ Arepunog B[ 31

(w) z
£0 2’0 10 0 1°0- 2'0- £'0- A
] " _” { “ f | ]
20°0
+ $0°0
(w)
900 g
80°0
L zio




w0
v,

(Jouuny) 100ws) "UIM0IT 1Q PATRIAAR YIPIA ) SLUMQYS OS]y "SUGHEIO] ASIIASUES] JUIIHIP
10 uoLAIIP [RUIpRIFUO] AL Ut panojd RUAILD DUINGINT U0 PAsEq SSARYIIY] 1aAe] Asepunog qS1°7 8L

(w) X
b 0t 6 8 L 9 g 14 € 14 3 0 b -
r : - _ “ 0
saniea pabelaae Yipipm
borereereesesniiannes 4 VOO
(w)
et G070 ﬂm
80°0
Z Jualajip
1o} au; yoe3
L 210




(13104749 1100ULS) “SUOTIEOO] [RUIPNIIZUO] UAIIYIP JOJ

o))
 Lonpanp 9s19ASURL 3y Ul panofd poaw 1dadsamur parejodeiis U0 PISEq SIS 19Ke] Krepunog 9['g 9i
(w) Z
70 €0 2’0 L0 0 10" ¢0- £'0- v'0-
| -+ M | ; ” w # 0
b — ¢0'0
6 —
L% 90°0
)% ()
G .
90°0 Q
b v
£ o
2 80°0
b o
€+'0 w 1'0
(W y
= ¢t'0




=)
O
SUO1EI0] ASIASUEL] JUIIIJIP 10§

(Jouur.  g1oows) Yisoid 'Q padeIdAr yipim Ayl St UMOYS OSY
ryouy) sake] K1epunog q91°C ‘3u

wondanp [eurpniiduop ayr ut panogd poyraw 1dadsaul paiejodenxa uo paseq st
(w) X
b 04 6 8 L 9 G y € ¢ I 0 L

[




61

(jauuny) poows) “(yge1) uonnjos aweyd
B[] YIoows S SUnydYdS pur UOHIROS [EdLIWINU A1 Yim g pue 1@ PITRISA® YIPIM JO uosuedwo) v/ 17 ‘81

(w) X
L 0t 6 8 L a g Y £ 2 b 0 -
i “ “ } f 0
1dap [eouswnN ..
yidsp [ed! N 20°0
yidap pabeiare yipim o
(pee1)bunyonyog ..
#0°0
[BoLIBWNN —
!
Q pabeiane YIPIM -e- | (w)
uw pabeiane YIpIM g | oo e e T 900 Q
80°0
10




O
(J2uUDY) YIOOWS) "IDLHNS ) SIAYILA
1g 219yM UOIEBDO] ORRIIAR ) PUT W (){=X UIIMIAQ parejodiatur si 1g 1daoxa v 'z 315 se awes qz1°C S
(w) ¥
YT 6 8 L 9 g y € ¢ , 0 b

90BNS BY) SAYJEal 18AE|
Alepunoq a;aym u0129S iSii4

¢0'0

v0'0

90°0 Q

80°0



63

(jpuupy yroous )
"SUO11RI0] :E_na_wco_ JUI9JJIP 10} UOTIIMIP ISIDASURI] Y} Ul Bzo_m sSaUNOIYl wauaeldsiq 281'T 31y

(w) z
0 £0 70 10 0 L 0- 20" £'0- v 0~
W _“ | ,“ | | e 0000
Cooil')
-
6 — 0y00 5
JAR'E
9 X R ..‘_,H....N
fw)
S .
2800°0 Q
b v
£ G010°0
C e
(R 02100
| EY0 &
i — 0v4L0°0
{w) ¥

0910°0



-+
O

(JuuDYD Y100WS) “UOTINJOS JEILIAWNY Y PUE YIMOITZ xq PITBIIAL YIPIM U St UMOYS

0S|y 'SUOLIEIO] ISIDASUEI) JUIIIJJID J0F UONINP peurpnySuoy sy ul panojd ssawony widwdeidsiq G817 S
(w) X
L 0l 6 8 L 9 G y 3 4 0 L -
ﬁ _ _. —+ , 7 ’
uoNNIOS [BOLBWNN \
- ¢00°0
- ¥00°0
90070
(w)
800°0 'Q
L0°0
. ¢io0
Z jualsyip
10§ 8ul yoe3
L4 p100
- 91070




ol
(jounry? y100uUs)
'Suoned0] :E:E:wco_ JUAIJJIp 10§ UOHIAMIP JsJaAsuey I} panojd ssauOIp WRUSWOW BH]'C 313
(w) Z
v'0 £0 2’0 1’0 0 1'0- 20 £0- v 0-
I w : __ : - : 0000°0
S _ 020070
=
6 - 0v00°0
L x
9 x. 09000
(w)
G
08000 @
12 /
£ o 0010°0
¢ ¢
Loy 02100
V0 m ;
- - . e o _ —e zn et OPLOTO
(w) x :
............................... ST UE OO OO OO PP PO P TR P UG PR SIOTT RSNSOI O [T O DO UOUROTUUDSRORRUOPR B O@ _. 0.0




66

(19UUDYD YIOOWS) ‘UOLIN[OS [EILIAWNU Y] PUB YIMOIF @ PITLIIAB YIPIM A} ST UMOYS

0S|y "SUOTIBOO| SIDASURI] JUISJJIP JOF UOINDAP [eurpnyduol Y uf pajio[d SsauyIY WNMUSWOW q61°T gl

(w) X
Ll 0t 6 8 L 9 G 14 £ 14 b 0 -
, | W | | | | i | | i 7 g
: . |uounjos jeonswnN| -/
E— 4
- 200°0
- $00°0
(w)
9000 ¢
Z juasapip
10} Ul yoe3
- 1070
- ¢10°0




67

(1ouupyd y100wus)
'SUONIBIO] [RUIPNIGUO] WUIJJIP JOJ UONIJAIIDP ISIAASURL) JYi Ut panoyd ssans Jeays pag 07’z ‘8

(w) z
0 £0 20 1'0 0 L'0- 2'0- £0- p°0-
r , : : : } : : 0
e R 4- €¢0000°0
I
6 - i _
L e eehietereee ot e e ereeeees e e e ke R e s e - 1000°0
Lo :
, | (By/w N)
9 x .
¢ ,
dn
b -y
2000°0
£
S -e
620000
iy
£vr0 m
T £€000°0
(w) X
Ge000'0




00
\O

(Jauunyd yroows) (FE61) uonnjos Aeld 1)) Yroows s, ZUYIIYdS Y) puk UOTINJOS JEILIIWRU Y S UMOYS

os[y ‘uondanp jeupnnguoy ay) ur panojd ssans JEays paq pIJeIdAr YIpIM pue ‘WMUIXeW ‘WAWIUIN [7°7 31

(w) X
tb 0L 6 8 L 9 S y ¢ 2 1

(P£61)6UNYDIYOS ..

[BOLIBWNN —

WNWIXeW

WNWILIN o

pabeiare YIPIM o

i
|

1000°0

20000
(Oy/w N)
£000°0 dp
$000°0
G000°0

9000°0



N
O
(JuuDY Y1001S) "SUOIRIO] [EUIPRNZUO] JUSIAJJIP 10)

Hon2anp 3s1aAsurn ay ut panojd sapjord Awoojaa ayr woyj paiesdaiut se qpim Jun Jod adreyosiq eggg o
(w) z
v0 £0 20 L0 0 1°0- 20 £0- v'0-
: ,u M _ ” : 00000

-+ 0c000

I ——

e e e b e 4; OO [ OO

L e i e e . S 4 06100

RV —— R S —— S 1 00200 (s/ w)

S SR SO —— ........................... ............... -1 00£0°0

0GE0'0
£Ev'0

, 00%0°0
(W) X

0§v0°0



o
7
(12uupiy y100wS) “33IRYISIP UN PITRISGAE YIPIM Y1 S1 UMOYS OS]y "SUOIEIO] ISIIASUEI) JUIIYIP 0]
uonpanp feurpriduoy ays ut patiord sayijord A1100{9A 3y1 woj PALIZUL SB YIPIAM J1UN 1ad 93reyosiq qgz'z 81

(w) X

R e .................. e ............ .................. 4- 500°0

+ 1070

et e S AL A . ...................... ..................... TR 4- 6100

200 (57 )

4

e e e e e e .................... - f 2 Juosap |

e ...................... e 4 620°0

Tm:.? pabiane Yipim

. TN €00

10} Ui} Yoe3ly|:

..................... e LS e 4+ G£0°0

- p00

.......................................................................................................................................................................... ~.-L Gy0'0



~
(J2uumyy Y100 S) "UOLINJOS [BILIAWNU A ST uMOYs oSy "sajijoxd A11d0jeA
ayi jo uorod 1ake| Aepunog ayr Jo $1j AN [RUOISSAT S wody Juduodxd me) 1omod padesaae yipig €0 S

{w) X
Ll 01 6 8 L q S 14 £ 14 4 0 Ve
“_ﬁ , m _ | . o
........................................... 4
8 z
uolnos |eJlIBWNN
. S e e - - SUUS Y 2
S ]
9
. L
@ -
|




(Ql
~

b1

0t

(w) X

(1uuvy? yio0us)
"UOHN[OS [EILIAWNU Y] ST UMOUS CS[Y SIUIDI}30I UOIIIALI0I AZIUa pue Wwnuuow padesaae YIPIM 2T 'S

Fl

.‘H.,...O__._, ——

e eetaseeeeieeieesas S eaaseesreseeseer e TeS s aal satreeeseted i e T bR ST TR

80

680

6'0

G6'0

GO’

bt

¢t



(JUuDY) Y1001 S) "UOLIBAJJR PAQ DU ‘UOHIBAJR ITLINS JAlEm ‘£219U9 [L10) PITEIAE YIPIM §TT -qig

¢l

0l

8

(w)

X g

0

oo ey

[

-

l .

| ABioug je10] - 5

AL O

 jone] JoleM -+ —

B

—lt

.

{

880°0

¢60°0

960°0

O v
o’ .
-—
O

¢ 0

LAY

80¢°0

(W) NOILYAT 13

(W) NOILVYATS



74

(1ouupyd Y100WS)
‘UOTIN]OS [POLIBWINY 9Y) ST UMOYS OS]y “K1190}9A 93rIaAr pue A1I00oA WwnwIXRW PITeIdAe YPIM 977 ‘3
(W) X
b 04 6 8 L 9 e y € 2 b 0 -
_ _ _ _ ; 1 ; F——] Ge'0

4

e ...................... ...................... e e 9€°0

R e e _” .“ | : : FAN)

8e0 (s/w)
A

?
6£0 %N

uonn|jos _mo:mE:zy ,

LAY

L0

e 2970



(Jouuny> Y100WS) "UONNJOS [RILISWNU 3Y) S1 UMOYS OS]V "HIPIM 3iun 13d wiuswiow padriane YIPIM LT'T ‘8L

(W) X
Lt ot 6 8 L 9 g 14 £ c l l -
uoNN|0S _mo:mesi
M VA L
L :i«l--.,..\ - e - oo

Vel

9°€4

8'tl

bi

cvi

122

vt

gvi

Gi

(W/N)



X =20 m, Zone C
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Fig. 2.28a Typical velocity profiles in the developing portion of the rough
channel for different transverse locations.
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Fig. 2.28b Typical velocity profiles in the developed portion of the rough
channe! for different transverse locations.
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Bed
type

Experimental

Minimum

Maximum

Average

Numerical

From
flat
plate

ol B = AR = v

Smooth

32.5

89.9

53.2-63.2

theories §

15.4

425 | 28.0-33.0 .

Table 2.2 Summary of entrance lengths in terms of number of depths for
experiment, numerical solution, zero pressure gradient flat plate solutions.

* Schlichting's smooth flat plate solution based on Blasius's 1/7 th power

law(1934).

** Harrison (1967} based on coefficient of skin friction after
Granville (1958) and turbulent boundary layers on rough plates by
Schlichting (1934).

Bed
type

Experimental

Minimum

Maximum

Average

Numerical

From
flat
plate B
theories &

- 138 =

Smooth

56

154

91 - 109

102

* 85

’.:.'; l\)

Rough

55

139

92 - 108

o1 |++60 &

Table 2.3 Summary of entrance lengths as a percentage of the experimental
average. {From Table 2.2)
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3. Formulation of equations for numerical solution
3.1 The boundary layer in a wide open channel

It was decided to follow a similar solution route taken by
Schlichting(Sec 1.2.1) to establish the equations for a boundary layer
problem in a wide open channel. There are three additional
complications to this problem then for a smooth flat plate: the presence of
a pressure gradient; the effect of Reynolds number on the velocity
distribution; the effect of roughness on the velocity distribution. For
reasons of simplicity, the power law velocity distribution was used. Itis
well known that the power law exponent increases with Reynolds number
and decreases with roughness (Schlichting,1979). Therefore, an
expression for the power law exponent had to be developed, which

included the effect of the Reynolds number and bed roughness.
Figure 3.1 helps to illustrate some of the following derivations.

For wide open channel flow with a developing boundary layer an

expression for discharge per unit width q can then be written as:

5 d
q=fudy+fUdy (3.1)
0
)

where d is the depth of flow.
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Substituting the power law velocity distribution (Equation 1.8) into
3.1, integrating, and using Equation 1.13 to simplify further, the

expression for unit discharge becomes:

For small water surface slopes the Bernoulli equation at the free

surface can be written as:

2
2o+ d + Y~ = constant (3.3)

[0 4
o

where z, now is the bed e¢icvation. The equivalent equation for a steep

slope will be derived later.

If the bed slope is uniform Equation 3.3 can be written as:

-Sox+d+ U%  constant (3.4)
2g

where S, is the bed slope.

As mentioned earlier, for different Reynolds numbers, and rough
boundaries, n will not be equal to 7. If it is assumed that velocity power
law expressions work as well for boundary layers as they do for fully
developed flow in pipes, then it is possibie to use the Colebrook - White

equation:



L =-174-2 log (—ki+ 18.7 ) (3.5)
vt r f R
Rp=2\l’l T

r = pipe radius
Rp = pipe Reynolds number

ks = Equivalent sand grain roughness

The reason the coefficients used in the log expression are those for a
pipe rather than that of a wide channel is because Schlichting found
success in applying pipe velocity distributions in his solution. This
expression applies for smooth, transition, and rough turbulent flow, and
has the advantage of having an industrial type transition between the
smooth turbulent and rough turbulent regimes. From this expression it is

possible to derive an expression for n, using Nunners relation found in
Hinze (1959) pg. 519-520.

Nunners relation states that:

n=

N |

This relation has been experimentally shown to be valid for fully

developed pipe flow for both smooth and rough boundaries.
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By using Equations. 3.6 and 1.9, the friction factor t and the average
velocity u can be eliminated from Equation 3.5. Also the pipe radius r

can be replaced by the boundary layer thickness &.

_ ki . 18.7 n
n=174-2log (—i+ ————) (3.7)
o) R,
Rp=8 U 4 n?

V (n+1)(2n+1)

Equations. 1.9, 1.11 and 3.6 give:

To U2 n2 _ (3.8)
P 2(n+1P(2n+1}p
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In Summary, the equations that describe the turbulent boundary

layer in the open chanrel including roughness and Reynolds effects are:

To=-d y9+Us.dU (1.5)
P dx dx

Su= O 1.13

(n + 1) ( )

0=25 n (1.14)

(n+ 1)(n +2)

To = Un2 (3.8)
P 2(n+1P2n+1F

U=-_9 (3.2)
d - 3+«

- Sox +d+ U2 = constant (3.4)
2g

_ k 18.7n)

n=174-2log|=%+ 1111 3.7
g(8 R, (3.7)

Rp._.5U 4 n?

V ([n+1)(2n+1)

We can now solve the above equations for U(x), d(x), n(x), 8(x).
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3.2 Subcritical boundary condition

Subcritical flow is governed by a downstream boundary condition;
the boundary layer thickness is equal to the depth which is equal to the

normal depth,

§=d=d, (3.9)

and the bed shear is given by the friction or bed slope:

;—0=gdoso (3.10)

Define: n, =n and Ry, = Rpwhen 8=d=d,

If Equations. 3.9 and 3.10 are substituted into Equations 3.8, 3.2, 3.7

and simplified further, the downstream boundary conditior: reduces to-

W [

d°=(2g50(§2n0+ 1)2) 3.1

no=1.74 -2 log [Xs 4 18.7 ng (3.12)
do Ry

PPy (2 no + 1)

The downstream boundary condition is a function of discharge ¢, channel
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bed slope S,, and bed roughness ks only. We can now solve egns. 28 and

29 implicitly for no and do.

3.3 Supercritical modifications and boundary condition

Supercritical flow is governed by an upstream boundary condition;
the initial depth where the boundary layer starts can be of any value,
ranging from below normal depth to critical. This variation of initial
depth depends on the weir geometry at the crest of the spillway or some
other control such as a sluice gate. When the boundary layer reaches the
water surface, the depth does not have to be equal to the normal depth as
in the subcritical case, for we could have an S2 or an S1 gradually varied
flow profile or be in a region of a self-aerated profile. The different
depths mentioned above are shown in Figure 3.2 and will be referred to

as follows:

d, = normal depth as defined by Equations 3.11, 3.12.
d;j = initial depth at top of spillway.
dend = depth when boundary layer reaches the surface.

It is necessary to modify the Bernoulli equation (Equation 3.4) for a
steep slope since the direciion of gravity can no longer be considered
close to the perpendicular to bed direction. Figure 3.3 shows the basis

for the modification and the explanation is in the following:
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The elevation difference between points A and B in Figure 3.3 can be
written as:

- d cos(9) + x sin(d) + d; cos(dp) = Elevation A - Elevation B (3.13)

The difference in velocity head also has to be equal to this elevation

difference:
U2 U?- . ]
LU . 1 = Elevation A - Elevation B (3~14)
2g 2g

By equating Equation 3.13 to Equation 3.14, the modified Bernoulli

equation for the potential core becomes:

. U2 U.z
x sin(®) - d cos(¢) + 5= d; cos(¢) + =L = constant (3.15)
g

A

Now equations 1.5, 1.13, 1.14, 3.8, 3.2, 3.7 and 3.15 can be solved for
U(x), d(x), n(x), 8(x).

3.4 Comparison of normal depth and shear te that given by

the Chezy relation

It would be desirable to compare the downstream boundary

condition for uniform flow (Section 3.2) to well established uniform flow
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relations, such as the dimensionless Chezy equation for a wide channel:

Ce=251n (%&) (3.16)

where C+ is the dimensionless Chezy coefficier: and is defined by:

Ce =Y (3.17)

.V is the depth averaged velocity, R is the hydraulic radius, and k is the
total roughness, defined by:

k = ks + ky (3.18)

where k, is the laminar sublayer thickness and is defined by:

ky = 33V (3.19)

W%
For uniform flow, the shear velocity can be defined by:
ux = ¥g do So (3'20)

Also, the hydraulic radius R is equal to the normal depth do, therefore:

C.=25n (lgkﬂa) (3.21)
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From continuity:

v=4 (3.22)
do
Combining Equations 3.17, 3.20, and 3.22 we obtain:
1
2 2
do = (—i——;) 3 (3.23)
g Sr_) C*‘_
Combining Equations 3.18, 3.19, and 3.21 we obtain:
Ce=251n[—12do (3.24)
. kS + 33 A%
U=*
Combining Equations 3.17 and 3.22 we obtain:
usx = —34 (3.25)

We can now solve Equations 3.23, 3.24, and 3.25 for dy, C*, and ux*.

Comparing Equation 3.23 with 3.11 we notice that they are very

similar. If both sets of equations give the same dg, then it follows that the

reiationship between the dimensionless Chezy coefficient and the power

law exponent is:

Cr=V2(2n+1) (3.26)
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To compare if Equations 3.11 and 3.12 give the same normal depth
and bed shear stress as Equations 3.23, 3.24, and 3.25, a variety of
different discharges, slopes, and bed roughnesses were chosen, and both
sets of equations were solved for each flew condition. The results and

percentage difference are tabulated in Table 3.1.

Table 3.1 shows that the differences between the two sets of
equations is very small; errors of the order of 1% or less were found in

the normal depth d,, the bed shear stress To/p, and Cx.

Another way to come up with a relation between C+ and no, would be

to substitute the relation between f and Cx:

f=-=8 (3.27)
Csx

into Nunners reiaiion to obtain:

C+=2YV2n, (3.28)

The difference between 3.26 and 3.28 could be due to the slight
difference in the coefficients between log expressions for pipes and wide

channels.

Another relation from Odgaurd (1986) to Zimmerman (1978) comes
from equating the surface and average velocities between the log and

power law expressions and yields:
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C+ = 2.5 no (3.29)

The difference between this equation from 3.26 or 3.28 is fairly
significant. This could be due to the fact that the log expression does not
accurately predict the surface velocity without 'ae wake function
component being considered. The wake function is also differant between

open channels, pipes, and boundary layers.

3.5 Comparison of the zero pressure gradient numerical

solution to known solutions

The first test of the numerical solution was of the zero pressure
gradient case, where the potential core velocity U was constant. These
tests were then compared with two known solutions; Schlichting's smooth
flat plate solution and Harrison's work on rough plates after Granville's
rough plate solution. Table 3.2 su. marizes the details of the two
comparisons. For these simulations, the potential core velocity and
roughness were chosen from conditions used in the numerical simulations
of the experiments in the mild channel, which included the presence of a

pressure gradient (Sec 4.2.).

The first comparison of the numerical solution was the simulation of
the boundary layer growth on a smooth flat plate. It was compared with
both the smooth flat plate solution of Schlichting(1934)(based on Blasius's

1/7th power law) and Harrison's solution on a rough plate using a small
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roughness. As mentioned earlier, Harrison's work is needed to obtain
boundary layer thicknesses from Granville's solution of the rough plate
since Granville's solution gives only the boundary shear. The
comparisons were solved for a certain length in the x direction
corresponding to the limits of Rx where the 1/7th power law applies (Sec
1.2.1).

Figure 3.4 shows the comparison in boundary shear between the
three solutions and Figure 3.5 the boundary layer thickness. All three
shear stresses agree well with each other, but the boundary layer
thickness differs somewhat. The boundary layer thickness seems to be a
more sensitive parameter than the shear stress, making the growth of the
boundary layer all that more difficult to predict. Nevertheless, the
Schlichting and numerical solutions start to disagree significantly near the
limit at Rx = 6 x 106, while the Harrison solution shows a somewhat
lower growth rate through the entire domain. Figure 3.6 shows the
comparison of the displacement and momentum thickness of the three
solutions. Notice that their rate of increase is more similar than it is for
the boundary layer thickness. The momentum thickness especially agrees
well between all three solutions. Figure 3.7 shows the power law
exponent for the three solutions and shows that the numerical solution
falls above and below the constant value of n = 7 for the Sclichting
solution. This is what one might expect; n should be less than 7 at the
smaller Reynolds number limit and more than 7 at the upper Reynolds
number limit. However, the Harrison solution falls consistently below the

numerical solution by a difference in n of about 1.8. Also, it is always
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below 7 within the range of validity of the Schlichting formula. It is

unclear what is the cause of this discrepancy.

The second comparison was for the simulation of the boundary layer
growth on a rough plate using the work of Granville and Harrison
mention I earlier. Again, the shear stress was an easy match (Figure
3.8), but the boundary layer growth of the Harrison solution was
somewhat lower than the numerical solution (Figure 3.9). In an opposite
fashion, the displacement and momentum thickness for the numerical
solution were less than that of Harrison. The power law exponent in
Figure 3.11 again showed a lower power law exponent than the numerical

solution; n was about 1.3 less in the Harrison solution.

Since all these solutions have been derived from the analysis and
experiments conducted in pipes, further experiments are needed in
evaluating this analysis in its application to toundary layers. Although
this analysis seems sufficient enough for predicting skin friction or shear
stress (one of the first intention of this analysis was to predict the drag on
ship hulls and aircraft), it lacks the ability to accurately locate the edge of
the boundary layer, and to accurately predict velocity profiles and
turbulence. It was for this reason that the solution based on the
Colebrook and White equation and Nunners relation was deemed as good
or bad as the Harrison-Granville solution. With the added advantages of
agreeing with the Schlichting power law exponent within the valid range
and being of the simpler form, the solution based on the Colebrook-White
relation was chosen to continue the work in the numerical analysis of

boundary layers in open channels.
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2g 2g

‘Potential core

Turbulent

|
l
boundary layer - |
| |

|
|
| Elevation B

Elevaltion A

Fig. 3.3 Modification of the Bernoulli equation for the potential core of
the steep slope.
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boundary layer solution comparisons.

** Small roughness used to simulate smooth plate using Granville and

Harrison solution.

S max
(m/s) (m) (m)
Smooth plate comparisons 0.387 0.0 15.5
(107
Rough plate comparison 0.400 0.03 31.9

Table 3.2 Summary of input variables for the zero preasure gradient
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4. Numerical solution and results for the mild channel

4.1 Solution technique

The subcritical case involved the solution of Equations 1.5, 1.13,

79

1.14, 3.8, 3.2, 3.4, 3.7, with downstream boundary conditions specified
by Equations. 3.11, 3.12. The solution technique consisted of a simple
step solution method. The descritized form of Equations 1.5, 1.13, 1.14,
and 3.8 combined is:

2 2 2 2

2@ +1* 2 mi+2° 2 (@i +1)2 Qo + 2% ] _
2

P

(Uz,, 0i41 - U? 0;) + (Uir1 + Ui) (8« + 84) Uiy - Uj)
Ax 2 2 AX

(4.1)

The solution technique was as follows: First d and n were held
constant and were given the values d, and n, for all x. The Bernoulli
(Eqn. 3.4) and the equation for the power law exponent (Eqn. 3.7) were
ignored for the time being. Now the Karman integral equation (Eqn.
4.1) and the continuity (Eqn. 3.2) could be solved for 0 for all values of x
until 8 = d, by iterating for 8 moving downstream. Now all values of nj
could be calculated using Equation. 3.7. The constant in the Bernoulli
equation (Eqn. 3.4) is evaluated at the node where & = d,. Then the
Bzrnoulli arnd continuity (Eqn. 3.2) could be solved for d for all x by the
step method moving upstream. Now we could solve for 6(x) again

moving downstream with new values of n and d. These iteration cycles
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continued until U(x), d(x), n(x), and &(x) converged. Ax was chosen bv
decreasing its value for successive runs until no significant difference in

the solutions was present.

4.2 Generalization of results

Equations 4.1,3.2,3.4, and 3.7 are in dimensional form. To obtain
non-dimensional solutions, several possible non-dimensional parameters
where tested.

Lets define L as the total length of channel for the flow to be fully
developed, for the boundary layer to reach the surface, and non-

dimensionalize it by the normal depth d,:

i = non-dimensional entrance length.

The input variables for Equations 4.1,3.2,3.4, and 3.7 are q, S,, and
k., and the downstream boundary condition d, and n, can be calculated
from these using Equations. 3.11 and 3.12. Preliminary runs of the
numerical solution showed that n, (the final shape of the velocity profile
when the boundary layer hits the surface) was an important parameter.
The parameter n, will later be interchaged with the more familiar C+. It
is apparent from Equations 3.11 and 3.12 that n, is a function of two
parameters, the relative roughness k¢/d, and the Reynolds number Rp,.
These two parameters are a function of the input variables q, S,, and k..

It is possible that S, is also an important parameter and should be tested.
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Four sets of runs where performed to test the effect of n,, Rp,. S,. and

ks/d, on the entrance length:

Set 1

Test the effect of roughness induced n,,.
n,; vary from 2 - 12 by varying kJ/d,,
Rp,; keep almost constant by keeping q constant.

S,; keep constant.

Set 2
Test the effect of Reynolds number induced n,,.
ny; vary from 6 - 13 by varying q.
Rpo; allow to vary to be consistent with ng
ki/do=0

S.; keep constant.

Set 3

Test difference between roughness induced n, and Reynolds

number induced n, for the same value of n,,.
n,; keep constant.

Rp, and ky/d,; vary in such a way to keep n, constant.

S,; keep constant.

Set 4

Test che effect of slope.(or Froude number)
n,; keep constant.

Rp,; keep constant.



k/d,; vary to keep no and Rp, constant.

S,; vary slope from small to near critical.

As the boundary layer grows n and Rp adjust to satisfy equation 3.7
and finally end up equal to no and Rp, when the boundary layer is fully
developed. Figure 4.1 is a modified Moody diagram showing the relation
between n, Rp, and k8. The line of solid syinbols show a typical solution
path for a particular solution of equations 4.1,3.2,3.4, and 3.7. Note that
the upper right most point is (Rpo, no). For each set of runs the solution
paths will be displayed in this way to help us make comparisons easily
between different sets of runs. Also note that the initial value of n is
equal to 1(the lower left most point). This is an arbitrary starting point
and could be of some debate since it corresponds to a linear velocity
profile. This is not of great concern as the boundary layer grows very
rapidly near the beginning and n is often substantially greater than 1 at
the next node. Also n equal to 1 suggests a relative roughness ks/S of
about 2.3. Since the equivalent sand grain roughness is usually 2 to 3
times the size of roughness elements, this would suggest that the starting
boundary layer thickness is somewhere near the top of the roughness

elements; a reasonable assumption.
Setl
The input parameters q, So, ks as well as some output values for the

runs of set 1 are tabulated in Table 4.1. The output values consist of the

normal depth d,, the value of the fully developed power law exponent n,,

-
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the dimensionless Chezy coefficient C+ of the fully developed flow

(Equation 3.26), the value of the fully developed Reynolds number Rpo.
the relative roughness of the fully developed flow kg/d,, the Froude

number, the dimensionless entrance length L/d,, and the ratio of the

channel depth at the entrance to normal depth d;/d,,.

Figure 4.2 shows the soi. on paths on the modified Moody diagram
for the numerical solutions of set 1. Motice Rp, is nearly constant and the
relative roughness for the fully developed flow varies from about 0.74
for no = 2 to almost zero for n, = 12. Figure 4.3 shows the dimensionless
boundary layer growths. The entrance length varies between about 20
depths for n, = 2 to almost a 100 depths for n, = 12. Figure 4.4 shows
the variation of relative depths within the entrance region. In all cases
the depths varied little from that given by uniform flow; a variation less
than 0.14% was found. With the exception of n, = 2 the maximum depth
occurred at the channel entrance, it then decreased to slightly below
normal and than increased to normal depth as the boundary layer neared
the surface. For n, = 2 the depth at the channel entrance was less than
normal depth, it then decreased slightly and then increased to normal
depth as the boundary layer approached the surface. Notice also that the
initial depth decreases with n,. Figure 4.5 shows the bed shear relative to
the fully developed shear and shows a similar trend as Figure 4.4, except
the differences are more than a fraction of a percent. Still, the difference
varies little from uniform flow, except near the entrance where the shear
stress falls sharply. The bed shear stress will be discussed in more detail
later. Figure 4.6 shows the variation of potential core velocity relative to

the water surface velocity when the boundary layer reaches the susface.
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Notice that the difference between the potential core velocity at the
channel entrance and when the boundary layer reaches the surface is
greater as n, decreases, or as the roughness of the channel increases. This
stands to reason since, the surface velocity is higher than the average for
a rough channel than for a smooth channel. Figure 4.7 shows the
variation of the power law exponent within the entrance region. The
power law exponent increases rapidly in the first five depths or so and

then begins to level off.

Set 2

Table 4.2 shows the input and output parameters of the numerical
runs of set 2. S, and k¢ were held constant and q was varied to give
different values of n, and Rye. The tis:+ for the smooth channel did not
go below the value of n, = 6 corresponding to Rpo = 15135 since the flow

may start to become laminar.

Figure 4.8 shows the solution paths on the modified Moody diagram
for the numerical solutions of set 2. Notice all runs in set 2 overlap on the
line where ks/8 = 0. The boundary layer growths shown in Figure 4.9
are almost identical to those of set 1, indicating that the value of the fully
developed power law exponent is more important than what determines
its value, namely, k¢/do, and Rpo. In other words, if we have two channels,
one smooth, and another rough with a higher discharge(or R;o) to give
the same value of ny, as the smooth channel, the dimensionless entrance

length will be almost the same. The numerical solutions of set 3
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investigate the differences more carefully. Figure 4.10, 4.11, 4.12. and
4.13 show the same variation in depths, bed shear, potential core velocity,

and power law exponent respectively as set 2.

Set 3

As mentioned earlier, the purpose of the numerical runs of set 3 was
to investigate more carefully the difference between roughness induced n,
and Reynolds number induced n,. Table 4.3 summarizes the runs of set
3. In this set of runs n, was held constant by varying Ry, and k¢/d, in the

appropriate manner.

Figure 4.14 shows the solution paths on the modified Moody
diagram. Notice n, is always equal to 7 and Ry, and ks/d, vary. Figure
4.15 shows almost identical boundary layer growths for all 8 runs in set
3. In addition, Figure 4.15, 4.16, 4.17, 4.18 and 4.19 show little
variation in depths, bed shear, potential core velocity, and the power law

exponent respectively between the runs of set 3.

Set 4

The numericai runs of set 1 were chosen to investigate the effect of
the channel bed slope or Froude number. The power law exponent and
R, was kept constant by varying k¢/d,. The slope was varied to give

Froude numbers from 0.07 to .94 to investigate how the entrance length
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varied as the critical slope was approached. The runs are summarized in
Table 4.4.

The modified Mcody plot in Figure 4.20 shows that all runs in set 4
follow a similar solution path. Figure 4.21 shows that the boundary layer
is not significantly affected by the slope until the Froude number is about
0.93; the entrance length in this case is only about 6% greater. The
relative depth is significantly more affected for higher Froude numbers;
for small Froude numbers the initial depth at the channel entrance is only
a fraction of a percent greater than the normal depth, while for a Froude
number of 0.95 it is 8% deeper(see Figure 4.22). The initial depth starts
to increase significantly after about F, = 0.4. Notice for F, = 0.95, as the
water surface approaches normal depth, it experiences some numerical
instability. In fact, the numerical scheme for the mild channel which
sofves the boundary layer going downstream and the water surface going
upstream does not work for Froude numbers greater than one. The
instability for F, = 0.95 is suspected to be an early sign of this condition.
The relative shear stress shown in Figure 4.23 shows that the initial shear
for the F, = 0.95 is about 8 % lower; this is largely due to smaller
potential core velocity near the channel entrance shown in Figure 4.24.
Notice the dU/dx is larger for the higher F, in Figure 4.24; this causes
the boundary layer to develop more slowly. The power law exponent

shown in Figure 4.25 shows little deviation between the runs of set 4.



Generalizations from setl. 2. 3 and 4.

The entrance length L/d, as a function of the fully developed power
law exponent is plotted in Figure 4.26 for both set 1 and set 2; there is
little difference. Figure 4.27 shows a magnified portion of this diagram
around n, = 7 where the set 3 run results are also shown. Set 3 as
expected shows a transition between the subtle difference between the
entrance lengths of set 1 and set 2: the difference is about 1/2 a depth out
of about 57.5 depths. The entrance length at n, = 7 for the rough bed
was only about 1/2 a depth shorter than the smooth; a 0.8% difference.
This is probably due to the higher relative roughness near the channel
entrance where the boundary layer is thin. This can be seen by a careful
eye in Figure 4.15 where the boundary layers deviate slightly at the
channel entrance and than become parallel further downstream. In other
words, their initial growth rates are different but further downstream

they are the same.

Figure 4.28 shows the same magnified portion as Figure 4.27 excejt
set 4 rather than set 3 is plotted with set 1 and 2. Set 4 shows a greater
variation in the entrance length than set 3 for the same value of n,; a 3.5
depth difference was found, about a 6% longer entrance length for a

Froude number clese to 1 than a more subcriucal flow.

As there seems little difference between entrance lengths for
roughness induced n, and Reynolds induced n, for the same value of n,,
Figure 4.29a was constructed from set 1 and set 2 as a single curve to

describe the entrance lengths in general as a function of the fully

'2d

N
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developed power law exponent no. Since it is not often customary to
describe fully developed open channel flow with the power law velocity
profile, "+::re 4.29a was converted to Figure 4.29b by Equation 3.26.
Figure - .s5b shows the entrance length as a function of the fully
developed dimensionless Chezy coefficient C+. Also shown in Figure
4.29b is Yalin's(1972) solution for the entrance length. Since Yalin's
solution does not include the presence of a pressure gradient or an
accelerating potential core, his entrance lengths are about 15-25 depths
shorter. This error translates to about a 50% shorter entrance lengths for
very rough channels, about a 30% shorter entrance lengths for typical
laboratory flows in smooth flumes, and about a 25% shorter entrance

lengths for high discharge flows in very smooth channels.

It is often more of an interest to know the variation of bed shear
stress within the entrance region rather than the thickness of the boundary
layer. This is often the case where sediment transport studies are
conducted in laboratory flumes. Figure 4.29c shows this variation.
Plotted in Figure 4.29c is To/Tena as a function of C+ and x/do. To s the
shear stress in the entrance region and Tenq is the fully developed shear
stress when the boundary layer reaches the surface. It was demonstrated
in Section 3.5 that the shear stress was more accurately predicted than the
thickness of the boundary layer. Hence, greater confidence can be placed
on the variation of shear stress within the entrance region than the
entrance length. Figure 4.29¢ shows that the shear stress takes less depths
to reach the fully developed shear than for the boundary layer to reach
the surface. Take the example of a smooth laboratory channel with a C+

say of about 20; the boundary layer takes about 54 depths to reach the
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surface, while the shear stress is within 2% of the full:' developed value

in abnut 21 depths, and is equal to fully developed in about 30 depths.

4.3 <Comparisons with experiments in a mild channel

Before the entrance length in the experiments could be compared to
the the numerical solution, C+ for each experiment had to be calculated.
This was done in two ways for each experiment. The first method
consisted of taking the width averaged t,/p obtained from the velocity
profiles in the fully developed portion of the channel and converting it to
ux; the width averaged depth averaged velocity V was obtained from the
integration of the velocity profiles, and finally C+ was computed from Cx
= V/ux. The second method consisted of taking the curve fitted width
averaged power law exponent in the fully developed region and
converting it to C+ using Equation 3.26. For the smooth experiment, C+
had a value of 22.64 and 21.50 for the first and second method
respectively. For the rough experiment, it had a value of 8.26 and 10.32.
The 1arger variation of C+ in the rough experiment is probably the result
of the difficuity encountered in the determination the shear stress and
roughness to satisfy all applicable flow and resistance relations.
Nevertheless, this variation was taken into account when comparing with
the numerical solution. Figure 4.30 shows the comparison of the
numerical solution for the entrance length compared with the two
experiments of chapter 2. Note the box plotted around each experimental
point in Figure 4.30. The height of the box is determined from the

difference in C* obtained between method 1 and method 2, and the width
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of the box is determined from the average entrance length range given In
Table 2.2. The range was given since the exact entrance length could not
be given due to complications of secondary flows and the difficulty in

defining the boundary layer thickness.

The numerical solution showed better agreement with experiments
than the zero pressure gradient theories. For the smooth channel, the
numerical solution overpredicted the entrance length by 2%, and the
Schlichting's smooth flat plate solution under predicted the entrance
length by 15%. For the rough channel, the numerical solution under
predicted the entrance length by 9%, and the Harrison's rough flat plate

solution under predicted the entrance length by 40%.

Also plotted in Figure 4.30 is the effect of secondary flows on the
range for the boundary layer to reach the surface. It is apparent from this
that width averaged values are needed when comparing the entrance
length with theory. Overall, the two points plot quite well near the
experimental curve and obviously more width averaged experimental
entrance lengths are needed to establish if the numerical solution is

adequate.

4.4 Comparison to pipe flow entrance lengths and other

channel cross sections

The numerical solution in this thesis is for wide channels. Hence, it

would be desirable to investigate further the development length for other
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channel cross sections. As a first step one might compare to the entrance
lengths for pipes since a pipe and a wide mild channel ars the two
extremes of all prismatic channels. In this way, one could at least get an
initial 1dea how the entrance length varies for other channel cross

sections.

Ward-Smith(1980) shows that the relationship between the entrance

length and the friction factor to be:

o

-3 -

where D is the pipe diameter. In terms of Cx this relation is:

[\

=244 C, (4.3)
8

vle

Since the boundary layer stops growing when it reaches the channel
centreline, let us use the pipe radius r as a length scale to replace the

diameter:

"

Plotting 4.4 along with the relation for wide channels in Figure
4.31a, we see that the entrance length is shorter for a pipe than for a wide

channel. This is probably due to the boundary layer growing from all
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sides of the pipe and having a combined effect on the small potential core
in the centre. It is difficult to make predictions about other channel cross
sections from these two curves since it is unclear what length scale 1o use
for the boundary layer to reach d, or r in a more complicated cross
section. One length scale which immediately comes to mind when
thinking about this is the hydraulic radius R. Replacing D with R in

Equation 4.2 we obtain:

L-976C. 4.5
L -2 (5)

Figure 4.31b shows equation 4.5 plotted along with the relation for a
wide channel. Now both sets of entrance lengths have the same length
scale. Although the two relations are closer than in Figure 4.31a, the
pipe entrance length is slightly longer. This could be due to the higher
difference between the average and maximum velocity in a pipe than in a
wide channel for the same profile. This could increase the dU/dx in the
pipe and slow the boundary layer growth. Nevertheless, one could use
Figure 4.31b to estimate the entrance lengths of other cross sections for

subcritical flows.

4.5 Sensitivity to inaccurate bed slope and tailgate matching

Often in the laboratory, the depth and discharge are set to give the

desired values of depth and velocity in a particular area of the flume

using the tailgate and discharge setting. The flume bed slope is
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approximately adjusted to give a uniform depth in the area of study;

sometimes if is not adjusted at all. When care is exercised in trying to
match the bed slope with the water surface and the slope of the energy
line, some difficulties can arise. Often for subcritical flows the slope can
be very small, in fact, imperfections in the flume construction or
deflections under load can be of the same order as the slope itself. In
these cases and in cases where the adjustment of the bed slope is simply
neglected, it would be desirable to test the effect of inaccurate bed slope

and tailgate matching on the boundary layer growth and entrance length.

The two numerical solutions used to simulate the boundary layer
growth of the smooth and rough experiments of Chapter 2 were tested.
In addition to the original simulations, two different conditions were
simulated for each of the smooth and rcugh channels. In one case, the
bed slope was doubled and the downstream depth or boundary condition
was fixed at the same value. In the other case, the bed slope was made
horizontal and the downstream boundary condition was again fixed at the
same depth. The notation for the simulations is as follows: 0 S, is the
horizon:al channel case; 1 S, is the original numerical solution where the
channel bed slope is consistent with the fully developed bed shear: 2 S, i1s
the case where the bed slope is doubled. As a matter of interest, 0 S, is
the case of a boundary layer growing in an H1 backwater curve and 2 S,
is the case of a boundary layer growing in M2 backwater curve. The

simulations are summarized in Table 4.5.

First lets look at the smoot.. -hnnel simulations; the effect on the

boundary layer growth in Figu:> 4.+7 is minimal. The horizontal
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channel has an entrance length which is about 3.2% longer and the double
slope channel has an entrance length which is about 3.0% shorter. Figure
4.33 shows the effect on the channel bed shear. Near the channel
entrance, the channel bed shear is 2.3-3.5% lower for 0 S; and 2.2-3.6%
higher for 2 S,. The bed shear for all three cases when the boundary
layer reaches the surface is identical, as it should be since this is part of
the boundary condition. As expected, the depths in Figure 4.34 are
slightly deeper for O S, and slightly shallower for 2 S, as we get nearer to
the channel entrance. Figure 4.35 shows the water surface elevation and
shows that the slope of the water surface is relatively maintained even if
the bed slope is varied. The total drop in elevation within the entrance
region however, is greatest for the O S, case and the lowest for the 2 5,
case. This also shows in the potential core velocities of Figure 4.36,
where the largest increase in potential core velocity is for the O S, case

and the lowest for the 2 S, case.

The results for the rough channel case are similar to the smooth
channel case except the differences are larger. The differences are larger
since the channel bed slope is larger and doubling or reducing the bed
slope to zero is a bigger change than it was for the smooth channel. The
differences in the entrance length is about 7.2% shorter for the 2 S, case
and 8.4% longer for the 0 S, case(Figure 4.37). The difference in shear
stress near the channel entrance was about 5.7-7.3% smaller for the 0 S,
case and about 4.9-7.0% larger for the 2 S, case(Figure 4.38). Figure
4.39 shows the variation of depth. It is likely that such a high variation in
depth (4 mm in 3 m) would be detected and a closer bed slope and tailgate

matching would be obtained. The water surface elevation is shown in
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Figure 4.40 and shows again that the water surface slope is maintained

for all three cases. The potential core velocities in Figure 4.41 showed a

similar behavior as the smooth scolutions.

In summary, one can conclude that the effect of inaccurate bed slope
and tailgate matching has little effect on the developing boundary layer
and entrance length if some care and effort is made in slope adjustment
and tailgate settings. This throws some confidence on the experiments of
Chapter 2 where there was some difficulty in obtaining a constant depth
in the fully developed portion of the channel due to bed undulations, but a
sincere effort was made. However, the effect on the boundary layer can

be large if the channel bed slope and tailgate position is grossly

mismatched.
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5. Numerical solutions and resuits for steep channels

p—

5.1 Solution technique

The supercritical case involved the solution of Equations 1.5, 1.13,
1.14, 3.8, 3.2, 3.7, and 3.15, with the descritized form of Equations 1.5,
1.13, 1.14, 3.8 combined being the same as the subcritical case; Equation.
4.1.

The solution technique was as follows: In this case all equations
could be solved by the step method moving downstream. First d and n
were held constaat and & was solved for by Equatiens 1.5, 1.13, 1.14,
3.8, 3.2 for one step. Then d was solved for by Equations 3.2 and 3.4 for
one step. Then n was solved for by Equation 3.7 for one step. Then )
was solved for again and the iteration cycle continued untii all unknowns
converged for the next node. Then the unknowns could be solved for the

next step. This continued until 8 was equal to d.

5.2 Further consideration of the upstream boundary

condition.

The upstream boundary condition or depth is very difficult to define
since it depends on the weir-crest geometry. This is further complicated
by non-hydrostatic pressure distributions and possible boundary layer

separation if the crest of the spillway is not streamlined enough. The
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flow usually goes through critical depth somewhere near the spillway

crest but the initial depth can also be controlled by a sluice gate.

A simplification was made for establishing the upstream boundary
condition for the case of a free overflow spillway. This was justified by
the relative shortness of the spillway crest when compared with the long
boundary layer development region. It will be further justified by

showing how the development lezgth varies with the initial depth.

It was assumed that the flow at the crest of the spillway went through
the critical depth yc in the vertical, as shown in Figure 5.1. Assuming

that the discharge is known from some weir discharge relation, the depth

)"c can be calculated from:

ve =(Z] (5.1)

W =

Assuming that the potential core velocity is constant through this vertical
and the boundary layer thickness is very small, using continuity we obtain

an expression for this potential core velocity Us:

Uc =3

J (5.2)
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Now for our upstream boundary condition, we are interested in an initial
depth d; measured in the perpendicular direction to the spillway face.

The potential core velocity corresponding to this depth becomes:

-9
U; ) (5.3)

Now suppose we write the Bernoulli between the two points shown on the

water surface in Figure 5.1:

”
Uf

2
ye + & = d; cos ¢ + (5.4)
2g 2g
Substituting Equation 5.1, 5.2 and 5.3 into 5.4 we obtain:
2 2 L
d; cos ¢ +—q——=3-(9—)3 (5.5)

We can now solve Equation 5.5 for our upstream boundary condition or

initial depth d;.

Equation 5.5 casts some doubt since non-hydrostatic pressure
distributions have been neglected. However, if the non-hydrostatic
pressure distributions were carefully determined and the actual initial
depth d; was found, a problem would still remain. Since the equations for
the boundary layer and water surface calculation assume a hydrostatic
pressure distribution, it would be wrong to incorporate only this initial

depth without the effect of the non-hydrostatic pressure distribution.
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Before getting caught up further in the details of flow over a weir (a
subject in itself), let us look at the effect of the initial depth on the
boundary layer growth and entrance length using the solution from the
numerical model. For one discharge, spililway slope, and bed roughness,
a series of runs was performed for different initial upstream depths. The
depth and boundary layer thickness for these runs is shown in Figure 5.2.
The initial depth upstream was scaled by the normal depth d,. It can be
seen from Figure 5.2 that the entrance length increases with an increase
in the initial depth but changes very slightly for 5 < di/d, < 8.421. For
di/d, of 5.955, d; was determined by Equation 5.5. For di/d, = 5 which is
16% less than that given by Equation 5.5, the entrance length is only
1.6% shorter. For di/d, = 8.421 which is 40% greater than that given by
Equation 5.5, the entrance length is only 1.4% longer. For a more
detailed relation on the effect of initial depth on the entrance length for
different channel bed slopes and bed roughnesses see Section 5.9. It can
be seen from the above and Section 5.9 that the calculation of the initial
depth does not have to be very accurate. It was therefore decided that
Equation 5.5 was accurate enough to calculate the initial depth for a free
overflow spillway. From hereafter (except for solutions in Section 5.9)
the initial depth will be calculated using Equation 5.5. In Section 5.9 the

initial depth is controlled by a sluice gate so the depth does not pass
through critical in the vertical.

Let us look further at the numerical results of the above runs which
investigate the effect of the initial depth on the entrance region. Figure

5.3 shows the bed shear stress for the different runs. It shows that the



197
bed shear stress increases with a lowering of the initial depth. This is
attributed to the higher velocities. Also notice that for di/do = 1, the
shear Stress distribution is very similar to the subcritical numerical
solution. Figure 5.4 shows the water surface near the channel entrance
plotted to actual scale and orientation for the different runs. It also shows
the vertical depth yc. One purpose of this figure is to give a feeling for
curvatures in the flow likely to be encountered near the crest of the
spillway. As can be seen for di/do = 5.955(d; calculated by Eqn. 5.5), the
curvature is relatively small. The second purpose is to see which initial
depth would be visually consistent to someone who is familiar with the
shape of the water surface near the crest of a spillway. Assuming the
water surface goes through y, right at the crest, di/do = 5.955 looks like a
good candidate.

Figure 5.5 shows an undistorted plot of the water surface, boundary
layer thickness, and channel bed in the entire entrance region. Its
purpose is to give a feel how thin the actual flow is and how slowly the

boundary layer grows.

5.3 Some examples of the numerical solution

Since the discharge, channel bed slope, and bed rcughness also
influences the normal depth(the length scale used for non-dimesionalizing
later), it is helpful to look at some numerical runs before the non-
dimesionalization is performed. This is presented here to show the effect

of these three variables in a qualitative way.
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5.3.1 Effect of discharge

Two sets of runs, both covering two orders of magnitude were

performed for this investigation. One for a smooth bed and one for a

rough bed.

Figure 5.6 shows the water surface and the boundary layer thickness
in a smooth channel for 5 different discharges covering two orders of
magnitude. Fig 5.7 is a magnified portion of Figure 5.6. Note the
increase in boundary layer growth with increasing discharge. This
disagrees with Bauer (1954). He found that the boundary layer growth
was independent of discharge and therefore assumed that the same rate of
growth could be inferred onto a real spillway from his laboratory
experiments. The discharge range for his smooth experiment was 0.073
< q < 0.342 m2/s, about a 1/2 an order of magnitude. It was therefore
difficuit for him to discern a significant difference between boundary

layer growth from the small range of discharges used in his experiment.

Figure 5.8 shows the water surface and the boundary layer thickness
in a rough channel for 5 different discharges covering two orders of
magnitude.  Fig 5.9 is a magnified portion of Figure 5.8. Again an
increase in the boundary layer growth with an increase in discharge was
found. Bauer found for one roughness the rate of boundary layer growth
was independent of discharge. Since his roughness was typical of
concrete, he used his experiments to predict the critical point on

spillways. His discharge range for his rough experiments was only 0.116
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< q < 0.342 m2/s. Figures 5.8 and 5.9 show it would not be very
accurate to use such a small discharge to predict the boundary l.yer

growth on a large spillway.

5.3.2 Effect of channel bed slope

Figure 5.10 shows the water surface and boundary layer growth for
the same discharge and a smooth bed but different channel bed slopes.
Notice that the boundary layer growth rate decreases with an increase in
channel bed slope. This is due to the higher favorable pressure gradient
or a higher acceleration of the potential core associated with higher bed
s.lopes. However, notice that the entrance length decreases with an
increase in channel bed siope. This is due to the rapid fall or decrease in
the water surface associated with large channel bed slopes; even though
the boundary layer is growing more slowly, the water depth decreases so
rapidly that the boundary layer does not have to grow to a great thickness

before it reaches the water surface.

Note in Figure 5.10 that the boundary layer growth rate does not
vary significantly between the larger slopes of 20°, 45", and 70°. This
may have led Bauer (1954) to conciude from hiz experiment on channels
of 20°, 40°, and 60" that the boundary layer growth rate was independent
of slope.

There is some uncertainty on how the bed shear stress might vary

along the length of the spillway since there are two opposing effects. On
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one hand, the boundary layer is getting thicker as the distance down the

spillway increases, thereby decreasing the shear stress. On the other
hand, the potential core is accelerating thereby increasing the shear stress.
Figure 5.11 shows the bed shear stress associated with the runs of Figure
5.10. It is apparent that the acceleration of the potential core has a more
significant effect on the bed shear than the growth of the boundary layer;
this is true for slopes greater than about 1°. Figure 5.12 shows a
magnified portion of Figure 5.11 near the channel entrance. Figure 5.12
shows that for the runs ranging from 1° - 70°, that the boundary layer
effect on the bed shear is only apparent in the first 0.5 to 1 depth near the
channel entrance. To see the overail variation of bed shear stress as a
functionn of channel bed slope, Figure 5.13 was constructed. The bed
shear stress in Figure 5.13 is non-dimensionalized by bed shear when the
boundary layer reaches the surface and the distance x is non-
dimensionalized by the development length L. Also included in this
figure is the bed shear stress development for a subcritical channel. It
can be seen in this figure that the boundary layer thickness plays a more
important role on the bed shear stress distribution in mild channels and

steep channels with small bed slopes.

5.3.3 Effect of channel bed roughness

Figure 5.14 shows the variation of water surface and boundary layer
thickness for the same discharge and channel bed slope but for different
bed roughnesses. As expected, the boundary layer growth is more rapid

for a higher rcughness and the entrance length decreases with an increase
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in bed roughness. Note also how the water surface is effected by the
higher bed roughness; the water surface decreases somewhat slower for
higher bed roughnesses. This is attributed to the higher displacement
thickness attributed to rougher surfaces. Figure 5.15 shows the higher
bed shear stress associated with the higher bed roughness for a given

slope and discharge.

5.4 Comparison to measurements conducted by Bauer (1954)

Bauer performed 11 experiments where he obtained velocity profiles
down the centerline of steep channels to measure the growth of the
boundary layer. He varied the channel bed slope, discharge, and used a
smooth glass bed and a rough wire mesh bed. He published complete
velocity profiles for only two of his runs. Both runs were for a
discharge of 0.342 m2/s and a channel bed slope of 40°. One was for a
smooth glass bed and the other was for a wire mesh bed. The numerical

solution developed in this study will be compared to these two runs.

5.4.1 Bauer's smooth experiment

Figure 5.16 contains Bauer's velocity profiles for his smooth
experiment. Bauer did not publish the depths for each velocity profile
and stopped taking velocity measurements once he was well out of the
boundary layer. However, with the discharge being known and if it is

assumed that the same potential core velocity exists all the way to the
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surface, then the total depth at each profile can be calculated using
continuity. This depth along with the boundary layer thickness is shown
in Figure 5.17. Figure 5.17 shows a good agreement in boundary iayer
growth and the water surface profile between the numerical solution and

Bauer's experimental data.

Figure 5.18 shows the experimental and potential core velocities and

shows an excellent agreement between the two.

The shear stress was calculated from the velocity profiles plotted on

o semi-log plot. Equation 2.2 was used:

U =251n [y_j*] +5.5 (2.2)

The slope of the lower 30% of the velocity profile was used to determine

ux. The numerical and experimental shear stress are plotted in Figure

5.19; the agreement between the two is good.

A power law least squares fit was performed on the velocity profiles
and the power law exponent compared to the numerical in Figure 5.20.
It shows reasonable agreement. The experimental power law exponent
ranged from 1/6.9 to 1/8.3.

The displacement and momentum thickness was calculated for each
velocity profile and compared to the numerical solution in Figure 5.21.

The numerical momentum thickness agrees well but the displacement
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thickness is a bit low. This suggests that a power law fit does not exactly
match the velocity profiles. There are some arguments that the fully
developed velocity profile in steep channels is not the same as in mild

channels. (See Tominaga and Nezu, 1991 or 1992)

5.4.2 Bauer's rough experiment

Before a numerical simulation of Bauer's rough experiment could be
performed, the roughness of his wire mesh was needed. As there was
some dispute by other authors reviewing Bauer's paper on the value of kg
for his rough channel, it was decided to independently calculate the
roughness from his velocity profiles. Bauer's semi-logarthmic fit gave a
ks = 0.00064 m, his subcritical uniform flow experiments gave him ks =

0.0027 m, and a review by HalBrann (1955) gave a ks = 0.00016 m.

An attempt was made to follow the same method used in Section 2.2
bused on choosing a value of yq4 to give the best regression coefficient for
a semi-log fit to the bottom 30% of the boundary layer thickness, using

the relation:

L =251n {L:(—'l‘i] + 8.5 (2.3)

S

This was not as successful as in Section 2.2 since it yielded an average

value of yq that would put the zero velocity point 1.1 mm below the
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midpoint of his 0.5 mm thick wire mesh, or 0.75 mm below the glass bed

on which the mesh was resting on. It was noticed that the wake function
is more strongly apparent in Bauer's velccity profiles than in the wake
function of velocity profiles in subcritical flows measured in Section 2.2.
This stronger wake function portion of the velocity profile may have had
some effect on the regression performed. The roughness had to be

determined differently.

Bauer's mesh was made of 0.26 mm dia. wire inter-twined to give a
total mesh thickness of 0.52 mm. His datum for his velocity profiles was
at the midpoint of this mesh. Since the zero velocity plane should be
around this point and not 1 mm below it, it was decided to assume the
same zero datum as Bauer's, therefore yq would be chosen as 0.0. Once
yq is fixed it than becomes apparent which data points belong to the wake
function and which ones to the logarithmic portion. The data points taken
closest to the bed also stand out as poor fits since pitot tube measurements
near a boundary have some error due to the shifting of the stagnation
point on the tip of the pitot tube toward the boundary. We can now
neglect these points and the ones in the wake function visually to obtain a
proper semilogarthmic curve fit. This is illustrated in Figure 5.23 where
all of Bauer's rough profiles are plotted. A polygon is drawn around the
data points on which the regressions were performed. From the slope of
these lines, the shear velocity u* can be calculated and from the y
intercept the roughness ks determined. The average ks found was
0.00082 m with a standard deviation of 0.00018 m. The average value of

ks is very close to what Bauer obtained from his semilog plots.
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Now that the roughness is known, the experiment can be simulated
numerically. Figure 5.24 shows the boundary layer thickness and water
surface profile and shows good agreement between the experimental data
and the numerical solution. The numerical boundary layer growth is

slightly higher.

Figure 5.25 shows that the numericz! potential core velocity is in

excellant agreement with the experimental values.

When the roughness was being determined from Bauer's velocity
profiles, the shear velocity ux was obtained from the slope of the semi-
log plots. u* was converted to To/p and plotted along with the numerical
results in Figure 5.26. The numerical shear stress was slightly higher

than the experimental. Considering the difficulty in obtaining the proper

values of yd and ks, the results are not too bad.

Figure 5.27 shows the power law exponent n obtained by regression
along with the numerical solution. The experimental power law exponent

ranged between 1/4.3 to 1/4.8. and compared reasonably with numerical

solution.

The displacement and momentum thickness was calculated for each
velocity profile and comparec to the numerical solution in Figure 5.28.
The numerical momentum thickness agrees well but the displacement
thickness is a bit low. This suggests that a power law fit does rot exactly

match the velocity profiles. This was also the case in Bauer's smooth

experiment.
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5.4.3 Concluding remarks on Bauer data comparison

Based on Bauer's experimental data, the numerical model works
quite well for both smooth and rough surfaces. To increase the models
accuracy, more data on boundary layers on steep slopes is needed to
upgrade the power law velocity profile in the numerical model to a more
representative semilog relation with a wake function. This data needs to
cover transverse variations as Bauer's data is not conclusive since only
centreline measurements were taken. Several velocity profiles are needed
to be taken in the lateral direction for each longitudinal location to

average ouf the lateral variation due to secondary currents.

5.5 Comparison to k - € model by Keller et al (1977)

As discussed in section 1.3.2, Keller and Rastogi developed a k - €
model to predict the development of the boundary layer on the face of a
spillway. They performed 90 numerical simulations covering a wide
range of discharges, spillway slopes, and roughnesses typical that of
c:..crete. They used the results of these runc along with some dimensional
analysis to come up with design curves for predicting the critical point. on
a spillway. Some of the Keller et al's simulations are compared with the

numerical model developed in this study.

Figure 5.29 shows a series of numerical runs for one spillway

roughness and different discharges where the slope was varied from 5 to
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75°  The difference in entrance length between the two numerical models
was about 1.5-3.7% for slopes 5° - 50" and about 6.5% for 75°. The
larger difference for the 75" slope can be attributed to the higher non-
hydrostatic pressure distributions at the crest of such a steep spillway.
Since the k - € model had experimental upstream depth and pressure for
input, the largest difference between the two models occurred on very

steep slopes where the strong curvature in flow at the crest had the most

effect.

Figure 5.30 shows a series of numerical runs for one spillway slope,
several discharges and different roughnesses. The difference in entrance
length between the two numerical modeis was between 2to 3 %. Since
Keller et al were interested in concrete spillways, they did not perform
any numerical runs for kg = 0. This also would have further complicated
their non-dimensie- .iization since two of their dimensionless variables
used k¢ in the denominator. In Figure 5.30, the numerical solution of this
study shows how the entrance length varies as the roughness goes to zero.
it shows that a smooth spillway of 30" would have an boundary layer
development region about 30% longer than the same spillway made of

concrete.

In all cases, the numerical model of this study under-predicted Keller
et al's k - € model entrance lengths slightly. But, since Keller et al found
that their model slightly overpredicted the entrance lengths measured in
the field, the model of this study has been evaluated as suitable for

predicting the boundary layer development on spillways.



5.6 Comparison to measurements conducted by Ippen (1957)

Ippen’s main concern in his investigation was to test a velocity
measurement technique. He performed experiments in well understood
flow situations to evaluate his instrument. In one of his inve tigations, he
measured boundary layer thicknesses by taking velocity profiles down the
centreline of a channel. He expected that the boundary layer growth rate

would follow the well known Schlichting's smooth flat plate solution.

As described in Section 1.3.2, Ippen made some measurements in
high velocity streams on small, steep slopes. The flow originated from a
wide rectangular nozzle. The nozzle height was adjustable. The channel
bed was smooth. It was apparent that he tried to match the chan.el bed
slope to give uniform depth equal to the nozzle height, thereby avoiding
the S2 and S3 backwater curve profiles. However, by putting the channel
on a slope, he introduced a pressure gradient or an accelerating potential
core velocity. This violated the consta.’ potential core velocity

assumption in the Schlichting's smooth flat plate theory.

Ippen never stated the channel discharge directly but left enough
information in his Figure 4 to calculate it; the discharge could be
determined from the potential core velocity U, the displacement thickness
&+, and the depth d from three velocity profiles for each run. Using
Equation 3.2, three different discharges were calculated for each of his
runs. The variation for discharge calculated by the above method varied
about 6% for each rurn. The three discharges were averaged and used for

the numerical simulations along with the given channel bed slope .
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Ippen published two experiments which he called Run B and Run C.

Ippen's Run B, the numerical solution, and Schlichting's smooth flat
plate solution are shown in Figure 5.31. Figure 5.31 shows that the
numerical solution agrees well with the experimental values of boundary
layer thickness and water surface. However, Schlichting's smooth flat
plate solution shows a higher boundary layer growth than the experiment.

This difference is due to the acceleration of the potential core velocity.

Figure 5.32 shows Ippen's experimental Run C, two numerical
solutions, and Schlichting's smooth flat plate solution. Numerical
simulation 1 used a channel bed siope presented in Ippen's paper, but the
increasing water depth with the distance x could not be duplicated by the
numerical solution unless a smaller value of bed slope was used. A
smaller bed slope was used in numerical simulation 2. The second
simulation not only matched the water surface more accurately but also

provided a closer matchiug boundary layer growth to the experimental

points.

It is unclear why the numerical solution provided a better simulation
in Run B than in Run C. One reason may be that Ippen never measured
the boundary layer growth across the width of the channel to average out
the effect of secondary currents. Another reason may be that he expected
a boundary layer growth rate which matches the Schlichting'’s smooth flat
plate solution. Therefore, his boundary layer growth rate may be slightly
biased toward the higher growth rate of the Schlichting Solution.



5.7 Comparison to S2 type gradually varied flow profiles

In backwater curve calculations, it is assumed that the shear stress or
friction slope Sy is given by the same relations as in uniform flow. That
is, for a given depth, discharge, and bed roughness the same resistance
relations apply as if the depth was normal depth. This is a very good
approximation since backwater curves are usually gradual in nature so the
velocity profiles and turbulence likely have adequate time to adjust to a
quasi uniform state. However, if there happens to be a developing
boundary layer within a backwater curve, the bed shear or friction slope
could be substantially different than if the boundary layer was equal to
the depth of flow. It is therefore of interest to investigate the effect of

the boundary layer on a backwater curve profile.

The most common occurrences of boundary layers within backwater
curves are spillways and sluice gates. This includes the S2, S3, M3, and

H2 backwater curve profiles. This investigation only deals with the S2

backwater curve profile.

A gradual varied flow calculation was performed by using the
standard step method outlined in Henderson (1966). The flow resistance

relation used in the standard step method was given by the dimensionless

Chezy relation:
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Y =251n (—1241——) (5.6)
U* kS + 3.3 Vv

1%
us = ~/gd S¢ (5.7)

To compare the backwater curve to the water surface profile of the
numerical solution, the same initial upstream depth, discharge, spillway
slope and bed roughness was used in each comparison. It was of interest
to find out under what conditions did the boundary layer make the most
difference; would the largest difference occur on a rough channel or a
smooth channel, or would the largest difference occur on a very steep
channel or a not so steep channel? Four comparisons in all were
performed; a smooth and rough channel for a channel slope of 1" and a
smooth and rough channel for a channel slope of 45°. The bed shear was
also compared in each comparison. The four comparisons are

summarized in the following table:

Uniform ¢ Figure# | Maximum | Figure#
Run # flow for difference for
Cx (degrees) depth in depth | bed shear
comparison Yo comparison
1 12.7 1 5.33a 5.6 5.33b
2 29.7 1 5.34a 1.3 5.34b
3 12.7 45 5.35a 3.8 5.35b
4 29.7 45 5.36a 1.8 5.36b

Table 5.1 Summary of S2 gradually varied flow profile comparisons.
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It can be seen frcm the depth comparisons that the difference in
depth between the S2 profile and the numerical solution increases with an
incrzase in the bed roughness. It also increases with a decrease in the
channel bed slope. The differences in depth were not very significant.
Even tor the worst case, the depth was only 5.6% higher for the
numerical solution than the gradual varied flow. Runs were also
performed for ¢ and Cx in between the above values and showed

consistant results with the above conlsusions. These results are not shown.

As expected, the numerical solution gave a higher bed shear stress
near the channel entrance than the gradually varied flow solution. This
was due to the small boundary layer thickness near the channel entrance.
The shear stress at the channel entrance given by the numerical solution
was usually about 2 to 2.5 times the shear stress given by gradual varied
flow. However, as the boundary layer grew to about 1/5th of the depth,

the bed shear was within a few percent of that given by gradual varied

flow.

Note: The slight undulations in the numerical solution of Figure
5.33a and 5.33b is due to the instability encountered when the Froude

number is close to unity.
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5.8 Non-dimensional entrance lengths for depth at spillway

crest at critical

The aim of this section is to come up with design curves to determine
the entrance length on steep spillways when the d«pth at the crest goes
through critical. Figure 3.2 illustrates the development of the boundary

layer on a steep slope.

As in the subcritical case, the normal depth do was chosen as the
length scale for the entrance length L. Through numerous numerical
runs, two parameters were found to influence the entrance length. As in
the subcritical case, one of these was the fully developed Cx, or the C+
corresponding to the normal depth. Unlike the subcritical case, the

channel bed slope did have an effect on the entrance length.

In addition to the entrance length L, one may also wish to know the
depth at which the boundary layer reaches the surface. It does not have
to be normal depth, as in the case of subcritical flow. Let us call the
depth at which the boundary layer reaches the surface dend (See Figure
3.2). Again through numerous numerical runs, dend was found to be a
function of the same variables as the entrance length L and could be

scaled by the normal depth d,. Therefore in summary we have:

L dend _ £(C.
L dot — glc. . o] (59
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The dimensionless parameters above have the advantage over the

Keller and Rastogi parameters below:

sz{ q ,ﬂ (1.26)
b gz

It can be seen that the Keller and Rastogi parameters have a problem with
ks being in the denominator of two of the dimensionless variables; as kg
gets small or even zero, L/ks and g/(g ks3)1/2 go to infinity and one is

quickly out of the range of the design curves generated by Keller and

Rastogi's k-€ model.

Figure 5.37 contains the design curves generated by the numerical
model. It shows the dimensionless entrance length L/d, as a function of
C+ and the channel bed slope ¢ in degrees. The subcritical development
length relation is also plotted for comparison. The supercritical
numerical model coald only solve problems which had a Froude number
F, of more than 1.8, otherwise the solution became unstable. (F, was
based on the normal depth do). The line for Fo=1.8 is also drawn on
Figure 5.37. It is between this line and the subc: tical solution line that

the entrance length relations remain somewhat of a mystery.

Looking at Figure 5.37, one may lead to the wrong conclusion that
the entrance length increases with channel bed slope but, in fact, it
decreases. This is because the length scale d, decreases with slope. (See

Figure 5.10 for an example of how the entrance length varies with

channel bed slope).
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Figure 5.38 contains design curves generated by numerical model
for the depth at which the boundary layer reaches the surface (dend). It
shows the dimensionless end depth (dend/do) as a function of C+ and the
channel bed slope ¢ in degrees. Again there are no design curves
available between the subcritical solution and Fy=1.8 due to numerical
instability. For the subcritical case dend = do, therefore dend/do = 1.
Figure 5.38 shows that dend/d, increases as the channel bed slope
increases. It also shows that for any one value of slope that dend/do
increases as the channel roughness decreases. Figure 5.38 shows that the
largest realistic dend/d, ratios gives an end depth around 1.4 times the

normal depth.

5.9 Non-dimensional entrance lengths for depth at spillway

crest controlied by a sluice gate

In some cases, there is a sluice gate at the top of a spillway for
controlling discharge. In these cases, the initial upstream depth may be
other than critical and the design curves in Section 5.8 can not be used. It
is the aim of this section to come up with design curves for these types of

spillways.

There is now a new input variable to the problem; the initial depth

d;. This initial depth is the opening measured perpendicular to the
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spillway face to the bottom of the gate if the approach flow is guided

under the gate in such a manner as fo eliminate anyv vVena contraction

effect. It may also be considered the depth downstream of the Vena

contraction.

In summary, the entrance length and end depth are given by:

L_dendzf[c* ¢$] 5.9
do do do 159

With the new input variatle di/d,, it is impossible to show all design
curves on one plot. Therefore, three different sets of design curves

where generated for three different channel bed slopes. These slopes

include ¢ = 1°, 10", and 45",

Figure 5.39 shows the design curves for the dimensionless entrance
length as a function of C+ and the di/d, ratio for a spillway slope of one
degree. It shows that L/d, decreases as di/d, decreases. The thick design
curve farthest to the right is from Section 5.8 and shows the end limit of
the design curves. On this line, the sluice gate is above the depth given by
critical flow at the spillway crest and is the maximum d; possible. It is
interesting to note that that the design curve for di/d, = 1 is identical to

the subcritical solution in Figure 5.37.

Figure 5.40a contains the design curves for dend/do as a function of
Cx and the d;/d,, ratio for a spillway slope of 1. Figure 5.40b is the same

as Figure 5.40a but also includes di/d, ratios less than 1. Figure 5.40a
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and 5.40b show that as di/d, increases depg/do increases. They also show
that for dy/do > 1, that dend < di. In other words, if the initial depth is
greater than the normal depth then e depth decreases in the downstream
direction. They also show that if di/do < 1, then depd > di; if the initial
depth is less than the normal depth than the depth increases in the
¢ -wnstream direction. This is much like the behavior of the S2 and S3

backwater curves.

Figures 5.41 to 5.44b show design curves for L/do, and dengd/d, for
slopes of 10" and 45°. They show similar behavior as the 1” slope. In
fact, if we superimpose the L/d, design curves, it can be seen that they
coincide almost exactly in areas which are sufficiently far away from the
d;=d. line. For example, design curves up to d,/do = 1.4 are almost
identical for slopes of 1°, 10°, and 45° and design curves up to di/do = 2.5
are identical for slopes 10" and 45°. Therefore, we can conclude that the
spillway slope becomes a more significant parameter as the initial depth

approaches critical depth.



-0

= d;cosdo+ U

2 |
i~
(i)

Fig. 5.1 Diagram chowing the initial depth d; for the upstream boundary
condition based on the flow going through critical in the vertical.
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- - o - Numerical solution
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Fig. 5.29 Entrance length comparison between Keller & Rostogi's k—€
mode] and the numerical solution. In this comparison series the same bed

roughness

is used and the channel bed slope and discharge is varied.
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Numerical solution
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Fig. 5.30 Entrance length comparison between Keller & Rostogi's k—¢
model and the numerical soluiien. - this compariss;a series the channel
bed slope is constant and the bed rcughness and discharge is varied.
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6. Conclusions and recommendations

6.1 Mild channel experiments

The experiments conducted in a wide rectangular channel to measure
the boundary layer growth and the entrance length in the case of a mild
channel flowing at normal depth showed some interesting results. The
entrance length was longer than that predicted by zero preasure gradient

solutions. The boundary layer was also strongiy affected lateraliy by

secondary currents.

The secondary currents greatly influenced the entrance length or the
distance the boundary layer took to reach the surface. !n the case of the
smooth channel experiment, the entrance length varied anywhere from
56% to 154% of the width averaged value. In the case of the rough
channel experiment, the entrance length varied anywhere from 55% to
139% of the width averaged value. It can be concluded from this
variation that large errors can result in the measurement of the
development length if width averaged data is not taken. The longer
entrance lengths occurred between two secondary flow cells where fluid
was moving downward and the shorter entrance lengths occurred between
two secondary flow cells where fluid was moving upward. The entrance
length difference was larger for the smooth channel despite the fact that
the secondary flows were stronger in the rough experiment. This
occurred because the boundary layer growth was much more rapid for
the rough channel so the secondary fiows did not have the time or

distance to create such a difference.
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The secondary flows were stronger for the rough channel by the
evidence of dye and their effect on the lateral distribution of shear and
discharge. The lateral variation in bed shear was 30% for the smooth
channel and 100% for the rough. The jateral variation in depth
integrated discharge was 19% for the smocth channel and 26% for the
rough. The higher sheaz and discharge occurred between two secondary
flow cells where fluid was moving downward and the smaiier shear and

discharge occurred between iwo secondary flow cells where fiuid was

moving upward.

Once the data was width averaged, the results agreed very well with
the two-dimensional analysis of this study. Both the experiments and
numerical results showed a longer entrance iength than predicted by
smooth and rough: ilat plate theories which neglect the effect of a pressure

gradienv or an accelerating potential core velocity.

The experiments and numerical solution also showed a smaller
longitudinal variation in bed shear stress; it was found to be almost
constant through most of the development region except for a few depths
near the channel entrance. While in the smooth and rough flat plate
theories, the shear stress decreased throughout the entrance region. The

depth was also found to be fairly constant within the entrance region.

By measuring the water surface elevations, other features of the
development region were investigated. For an instance, the Bernoulli

equation was evaluated to show that the decay of the potential core was
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consistent with the growth of the boundary layer: the Bernoulli equation

was constant until the boundary layer reached the surface. Another
faature was the slope of the water surface and energy line in the entrance
region. The slope of the energy line tended to get steeper as the
boundary layer developed and the slope of the water surface tended to get

milder; both lines became of equal slope when the flow was fully

developed.

Small bed undulations in the flume bed had a small but noticeable
effect on the velocity, bed shear, and depth. A small rise in bed elevation
produced a slightly higher potential core acceleration than normal; a
slight increase in bed shear, and a small increase in the water surface
slope. The opposite effect occurred for a small fall in bed elevation.

However, the bed undulations had a small effect on the boundary layer

growth.

6.2 Subcritical numerical solutions

To test the analytical formulation for the numerical solution a few
tesis were performed on zero pressure gradient boundary layer problems.
These results where compared to known solutions by Schiichiing (1934),
and Harrison (1967) after Granville (1958). Schlichting's solution gives
the boundary shear and boundary layer thickness for the smooth plate.
Granville's solution gives the boundary shear for smooth and rough

plates. Harrison's solution expands on Granville's to give boundary layer

thickness for smooth and rough plates.
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For the smooth plate, the boundary shear agreed very well between
the numerical, Schlichting and Granville solutions. For the boundary
layer thickness, the numerical and Schlichting solution agreed well but the
Harrison solution had somewhat of a lower growth rate. The Hairison
solution also gave a power law exponent which ranged from 1/4.8 to
1/6.2 in the valid Reynolds number range for the Schlichting solution.
This does not agree with the power law exponent of 1/7 from the well

accepted Schlichting solution.

For the rough plate, the boundary shear agreement between the
numerical and Granville solutions was excellent. However, for the
boundary layer thickness the Harrison solution produced a slower growth
rate than the numerical solution and again gave a lower power law
exponent than the numerical solution. For an example, the Harrison

solution gave a power law expoaent of 1/3.5 when the numerical solution
gave 1/4.8.

Since all these solutions have been derived from the analysis and
experiments conducted in pipes, further experiments are needed in
evaluating this analysis in its application to boundary layers. Although
this analysis seems sufficient enough for predicting skin friction or shear
stress (one of the first intention of these analysis was to predict the drag
on ship hulls and aircraft), it lacks the ability to accurately locate the edge
of the boundary layer, and to accurately predict veloci-v profiles and
turbulence. It was for this reason that the solution based on the

Colebrook and White equation and Nunners relation was deemed as good



27

or bad as the Harrison-Granville solution. With the added advantages of
agreeing with the Schlichting power law exponent within the valid range
and being of the simpler form, the solution based on the Colebrook-White
relation was chosen to continue the work in the numerical analysis of

boundary layers in open channels.

The downstream boundary condition or uniform flow expression
developed in the numerical solution using the Colebrook-White relation
was tested against the well known dimensionless Chezy relation. It was
discovered that the two sets of equations gave differences of less than 1%
in normal depth, bed shear stress, and C*. Altough these two sets of

equations are basically the same, this excersize did support the relation

developed between no an C+ as Equation 3.26.

From the results of the numerical simulations, the entrance length
for subcritical flow in terms of the number of depths was found to be a
function of the fully developed Chezy coefficient C+; the relation is given
in Figure 4.30. To help give a feel for the entrance length in mild
channels, the following examples are given. A very rough channel of
kJ/d, = 0.5 gives a C+ = 8, the boundary layer takes about 25 depths to
reach the surface. A smooth channel with a typical laboratory size unit
discharge of say 30 L/s gives a Cx of about 20, and gives an entrance
length of about 60 normal depths. A very high Reynolds number flow in
a smooth channel, say about q = 20 m?/s gives a Cx of about 37, gives an

entrance length of about 100 depths.

'JJ
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Yalin's (1972) solution for the entrance length gave a shorter
entrance length than the numerical solution since his analysis did not take

into account the presence of a pressure gradient.

From the numerical runs, the entrance length for subcritical slopes
was found to be independent of the channel bed slope up until the Froude
number approached 1. For an example, for a channel with C+ = 21 and a
Froude number of 0.94 increased the entrance length by only 6%

compared to a channel with the same C+ and a Froude number of 0.07.

The bed shear stress distribution obtain=d from the numerical
solutions for subcritical channels is shown in Figure 4.29c and shows that
the bed shear approaches the fully developed value much more quickly
than for the boundary layer to reach the surface. However, one has to
keep in mind that secondary curremts can vary the bed shear stress

strongly in the transverse direction.

The two width-averaged subcritical flow experiments conducted
support the entrance length relation, boundary layer growth, bed shear
stress, and depth obtained from the numerical solutions. However, more
width averaged experimental entrance lengths are needed to establish if
the numerical solution is adequate. This is especially evident in Figure
4.30 where the two experiments plot as two single points on the

numerical entrance length relation.

By comparing the numerical entrance lengths for wide channels to

pipe flow entrance lengths by Ward-Smith (1980), one can make a first
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approximation on the entrance lengths for other channel cross-sections.

The length scale for other cross-sections becomes the hydraulic radius

and Figure 4.31b can be used for this purpose.

The numerical solution was used to predict the boundary layer
development in a channel with less than ideal situations, such as inaccurate
bed slope and tailgate matching. This is often the case in laboratory
channels and can effect the entrance length. However, these effects were
found out to be smal} and can be minimized to a few percent even if
minimal care is taken to ensure a reasonably constant depth through the
channel. The tailgate setting had the following effect. Setting the tailgate

to high (M1 Curve) shortens the entrance length. Setting the tailgate to
low (M2 Curve) lengthens it.

6.3 Supercritical numerical solutions

For a free overflow spillway, the initial depth at the spillway crest
does not have to be #:curately determined to obtain the upstream
boundary condition for the numerical solution. It is adequate to assume
that the depth goes through critical in the vertical and the equivalent
depth perpendicular to the spillway face can be calculated using the
Bernoulli equation. In this way, non-hydrostatic pressure distributions
are neglected but, as it turns out, the boundary layer and water surface

profile are very insensitive to the initial depth around the value given by

the above method.(Equation 5.5)
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[f a sluice gate is used to decrease the initial upstream depth the
boundary layer growth rate increases, the bed shear increases and the
entrance length decreases. If the initial depth is lowered to normal depth,
the entrance length, boundary layer growth rate, water surface, and bed

shear stress are similar to the subcritical case.

The numerical model suggests that the boundary layer growth rate
on a steep channel increases slightly with discharge. This contrasts
Bauer's (1954) conclusion which states that the growth rate is independent
of discharge. This error is due to the small range of discharges possible
in a laboratory experiment. Thus it is wrong to assume that the same
boundary layer growth rate will occur in the physical model and the

prototype if the same roughness is used.

If the discharge is held constant and the spillway slope is increased,
the boundary layer growth rate and the entrance length decreases. The
boundary layer growth rate is smaller since the potential core
acceleration is higher. Even though there is a smaller boundary layer
growth rate, the entrance length is shorter since the depth falls much
more rapidly on steeper slopes. However, if one non-dimensionalizes the
entrance length by the normal depth the non-dimensional entrance length
becomes longer with increasing slopes. This is because the length scale
(the normal depth) decreases with an increase in the spillway slope. The
change in boundary layer growth rate is most sensitive to changes in
small supercritical slopes in the range <1 to 15°. For slopes 20" to 707,
the boundary Jayer growth rate is almost the same. This is probably the
reason why Bauer (1954) concluded that the boundary layer growth rate
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is independent of the channel bed slope since his slopes ranged from 20
to 60°.

The bed shear on steep channels of more than 17 is mostly affected
by the acceleration of the potential core; the shear stress increases going
downstream. The fall in shear stress due to the thickening of the

boundary layer is only apparent in the first 0.5 to 1 depth.

Based on Bauer's experimental data, the numerical model works
quite well for both smooth and rough boundaries. To increase the models
accuracy, more data on boundary layers on steep slopes is needed to
upgrade the powsr law velocity profile in the numerical model to a more
representative semilog relation with a wake function. This data needs to
cover transverse variations as Bauer's data is not conclusive since only
centreline measurements were taken. Several velocity profiles are needed
to be taken in the lateral direction for each longitudinal location to

average out the lateral variation due to secondary currents.

Comparing the numerical model of this study to the Keller and
Rastogi (1977) k - € model shows a difference in entrance length by a few
percent. The entrance length of the numerical model always.
underpredicted that of Keller and Rastogi's model. But, since Keller and
Rastogi found that their model slightly overpredicted the entrance lengths
measured in the field, the model of this study has been evaluated as

suitable for predicting the boundary layer development on spillways.
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Comparing the numerical model to experiments conducted by Ippen
(1957) on supercritical flows originating from a nozzle also show
encouraging results despite the fact that Ippan's experiments were not

width averaged.

It is unclear if secondary currents can effect supercritical flow as
much as subcritical and wether width averged data is as important as it is

for subcritical flow.

Usirg the numerical model to calculate the effect of the boundary
layer on the S2 backwater curve shows that the effect is negligible. The
largest difference in depth occurred on vary rough channels with small
but steep slopes. The bed shear was 2 to 2.5 times larger near the channel
entrance than that predicted by the gradual varied flow solution.
However, as the boundary layer grew to about 1/5th of the depth the b~d

shear was within a few percent of that given by gradual varied flow.

Design curves for the entrance length on steep slopes when the depth
at the spillway crest going through critical were constructed. It was
discovered that the dimensionless entrance length L/d. was a function of
the C cecrresponding to the normal depth do, and the spillway siope ¢.
By using d, as the length scale, the design curves hiave an advantage over
the Keller and Rastogi design curves since the Keller and Rastogi design
curves cannot accommodate a spillway roughness where ks =0. In
addition to the entrance length L, design curves for the depth at which
the boundary layer reaches the surface depq Were also constiructed. The

end depth deng Was also a function of C+ and and the spillway slope.
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Similar design curves were constructed for spillways where the
depth at the spillway crest did not go through critical or was controlled
by a sluice gate. Since the initial depth d; constituted an additional input
variable, the results for L/dy, could not be represented in one graph.
Therefore, three different sets of design curves where generated for three
different channel bed slopes. These slopes include ¢ = 17, 10", and 45",

The spillway slope was a more important parameter the closer the initial

depth was to critical.
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APPENDIX 1

Experimental data for smooth mild channel
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Experimental data for rough mild channel
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APPENDIX 3

Tabulation of Bauer(1954) and Delleur(1957) data
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