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Abstract

For the weight function H?:1|xj|2”f on the unit sphere S¥1, estimates
of the maximal Cesaro operator of the weighted orthogonal polynomial expan-
sions at the critical index are proved, which allow us to improve several known
results in this area, including the critical index for the almost everywhere con-
vergence of the Cesaro means, the sufficient conditions in the Marcinkiewitcz
multiplier theorem, and a Fefferman-Stein type inequality for the Cesaro op-
erators. These results on the unit sphere also enable us to establish similar

results on the unit ball and on the simplex.
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Chapter 1

Introduction

Spherical Harmonic Analysis is an important branch of Harmonic analysis, a
mainstream branch of mathematics that has a history of more than 200 years.
It is important in many theoretical and practical applications, particularly in
the computation of atomic orbital electron configurations, representation of
gravitational fields, geoids, and the magnetic fields of planetary bodies and
stars, and characterization of the cosmic microwave background radiation. In
3D computer graphics, spherical harmonics play a special role in a wide variety
of topics including indirect lighting (ambient occlusion, global illumination,
precomputed radiance transfer, etc.) and recognition of 3D shapes.

The purpose of this thesis is to study the pointwise convergence of Ceséro
means of weighted spherical polynomial expansions on the unit sphere. For a
class of product weights that are invariant under the group Z¢ on the sphere,
estimates of the maximal Cesaro operator of the weighted orthogonal polyno-
mial expansions at the critical index are proved, which allow us to improve
several known results in this area, including the critical index for the almost

everywhere convergence of the Cesaro means, the sufficient conditions in the



Marcinkiewitcz multiplier theorem, and a Fefferman-Stein type inequality for
the Cesaro operators. These results on the unit sphere also enable us to es-
tablish similar results on the unit ball and on the simplex.

This is a joint work with my supervisor Dr. Feng Dai and Dr. Sheng Wang
(Guilin University of Electronic Technology, China). And our paper is now
published in [1].

Below, we shall describe the main results and their background in more
details with a “ minimum” of definitions and notation. Necessary details and
appropriate definitions will be given in the next chapter.

Let S1 := {z € R¢: ||z||= 1} denote the unit sphere of R? equipped with

the usual rotation-invariant measure do, where ||z|| denotes the Euclidean

norm. Let
d
hn(m) = H|mj|nja Tr = (:L‘17"'7$d) EIRd7 (11)
j=1
where k := (K1, -+, kq) € R and Ky, := minjcjcqr; =0. Throughout the

thesis, all functions and sets will be assumed to be Lebesgue measurable.
We denote by LP(h%;S% 1), 1<p<oo, the LP-space of functions defined on
S9! with respect to the measure h2(z)do(z). More precisely, LP(h%;S%1) is

the space of functions on S with finite norm

= ([ 1f0PREGo0) 150 <0

For p = oo, L>®(h2) is replaced by C(S%!), the space of continuous functions
on S%°! with the usual uniform norm.
A spherical polynomial of degree at most n on S?! is the restriction to

S9! of an algebraic polynomial in d variables of total degree n. We denote



by I1¢ the space of all spherical polynomials of degree at most n on S!. We
denote by H%(h?) the orthogonal complement of T1¢_| in T1¢, where it is agreed
that 11, = {0}. Each element in H%(h2) is then called a spherical h-harmonic
polynomial of degree n on S?!. In the case of h, = 1, a spherical h-harmonic
is simply the ordinary spherical harmonic.

The theory of h-harmonics is developed by Dunkl (see [8, 9, 10]) for a family
of weight functions invariant under a finite reflection group, of which h,; in (1.1)
is the example of the group Z$. Properties of h-harmonics are quite similar to
those of ordinary spherical harmonics. For example, each f € L?(h?;S%!) has
an orthogonal expansion in h-harmonics, f = >~ proj,(h2; f), converging in
the norm of L2(h2;S%!), where proj, (h?; f) denotes the orthogonal projection
of f onto H%(h2), which can be extended to all f € L!'(h2;S%1).

For 6 > —1, the Cesaro (C,0) means of the h-harmonic expansions are

defined by

LAY n—j+o0
Si(hi7f) ::Z A5]pro.]j(hi;f)7 Aifj: ( n—j >7 Tl:O,l,"',
j=0 “n

whereas the maximal Cesaro operator of order ¢§ is defined by

S2(h2; f) () = sup|Sp(hZ; f)(x)], = €S

neN

One of our main goals in this thesis is to study the following weak type

estimate of the maximal Cesaro operator: for f € L*(h2;S%71),

Hf”ml
a )

meas,{{x e St SURE; f)(x) > oz}gC Vo > 0, (1.2)

here, and in what follows, we write meas,(E) := [, h2(z)do(x) for a mea-
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surable subset £ C S?!. Such estimates have been playing crucial roles in
spherical harmonic analysis on the sphere; for example, they can be used to es-
tablish a Marcinkiewicz type multiplier theorem for the spherical h-harmonic
expansions (see [4, 6]).
The background for this problem is as follows. In the case of ordinary
spherical harmonics ( i.e., the case of k = 0), it is known that (1.2) holds if
d—2

and only if 6 > “=. (See [4, 21]) . Indeed, in this case, since the Cesaro

operators are rotation-invariant, a well-known result of Stein [18] implies that

for h.(x) =1, (1.2) holds if and only if

lim S°(h2; f)(x) = f(z), ae. z€S¥' VfeL'(h?;S%). (1.3)

n—oo

In the case of k # 0 (i.e., the weighted case), while a standard density argu-
ment shows that (1.2) implies (1.3), the result of Stein [18] is not applicable to
deduce the equivalence of (1.2) and (1.3), since the measure h2do is no longer
rotation-invariant. In fact, an estimate much weaker than (1.2) was proved
and used to study (1.3) for § > A, = 42 + Z;.lzl k; in [25], whereas (1.2)
itself was later proved in [6] for 6 > A, where the results are also applicable
to the case of more general weights invariant under a reflection group. Finally,
for h, in (1.1), it was shown in [32] that (1.3) fails for 0 < o, with

1<j<d

d—2 &
Oy = )\K — Rmin = T —}—;KZJ — min I{j. (14)

Of related interest is the fact that o, is the critical index for the summablity



of the Cesaro means in the space L'(h?;S?"!). More precisely,
i [[SX (B3 f) = fllea=0, V[ € L' (k8™ (1.5)
—00

if and only if 0 > o,. (See [14, 7]).

In this thesis, we prove that if x # 0, then (1.3) holds if and only if 6>0,,
and moreover, if at most one of the k; is zero, then the weak estimate (1.2)
holds if and only if 6>0,. Of special interest is the case of § = o,, where
our results are a little bit surprising in view of the facts that (1.5) fails at the
critical index § = oy, and the corresponding results in the case of Kk = 0 (i.e.,
the case of ordinary spherical harmonics) are known to be false at the critical
index og := d;22.

Our results on the estimates of the maximal Cesaro operators also allow
us to establish a Fefferman-Stein type inequality for the Cesaro operators and
to weaken the conditions in the Marcinkiewitcz multiplier theorem that was
established previously in [6]. The precise statements of our results on the
sphere can be found in Theorem 3.1.1, and Corollaries 3.7.1-3.7.6 in the third
chapter.

We will also establish similar results for the weighted orthogonal polyno-

mial expansions with respect to the weight function

1<i<d+1

d
W) = ([Theal™ ) = el =2, min £20 (16)
j=1

on the unit ball BY = {x € R? : ||z||<1}, as well as for the weighted orthogonal



polynomial expansions with respect to the weight function

d
W (z) == (H x*?i—l/z)u _Ja|)ran=1/2, min k0. (1.7)

L1 1<i<d+1
=1

on the simplex T? = {z € R?: 2,>0,...,24>0,1 — |2[>0}, here, and in what
follows, |z|:= Z;l:l|xj| for z = (x1,--,24) € R%. The precise statements of
our results on B? and T? can be found in Theorem 4.1.1, Corollaries 4.2.1-4.2.4,
Theorem 5.1.2, and Corollaries 5.2.1-5.2.4 in the fourth and the fifth sections.

It turns out that results on the unit ball B? are normally easier to be
deduced directly from the corresponding results on the unit sphere S¢, whereas
in most cases, results on the simplex are not able to be deduced directly from
those on the ball and on the sphere due to the differences in their orthogonal
structures. (See, for instance, [6, 7, 24, 26]). In the fifth chapter of this thesis,
we will develop a new technique which allows one to deduce results on the
Cesaro means on the simplex directly from the corresponding results on the
unit ball.

We organize this thesis as follows. Chapter two contains some preliminary
materials on weighted orthogonal polynomial expansions on the unit sphere,
the unit ball and the simplex. Our main results on the unit sphere are stated
and proved in the third chapter. After that, in the fourth chapter, similar
results are established on the unit ball. These results are deduced directly
from the corresponding results on the unit sphere. Finally, in the fifth chapter
we discuss how to deduce similar results on the simplex from the corresponding

results on the unit ball. A new technique is developed.



Chapter 2

Preliminaries

In this chapter, we will describe some necessary materials for weighted orthog-
onal polynomial expansions on the sphere, the ball and the simplex. Unless
otherwise stated, the main reference for the materials in this section is the

book [10].

2.1 Notations

In this section, we shall introduce some necessary notations that will used
frequently in the rest of the thesis. We use the notation C; ~ C5 to mean that
there exists a positive universal constant C', called the constant of equivalence,
such that C~1C1<Cy,<CC. And we note C; < Cy(Cy 2 ) if there exists a
positive universal constant C' such that C;<CCy(Cy > CCy).

Let R denote the d-dimensional Euclidean space, and for z € R, we write

x = (x1,%, -+, 24). The norm of x is defined by ||z||:= ,/2?:1 3. The unit



sphere S%~! and the unit ball B of R? are defined by
ST = {z: ||z[|=1}, and B? := {z: [jz[|< 1}.

Given z = (21, -+, 24) € RY and € = (g1, -+, &q) € Z4 := {£1}%, we write
T = (|z1], -+, |zal), |2]:= Z;l:l|$j’, and xe := (x1€1, -+, xq4cq). We denote by
p(z,y) the geodesic distance, arccosz -y, of x,y € S¥1.

The simplex T? of R is defined by

T = {z € R : 2,>0,...,24>0,1 — |2|>0}

2.2 Orthogonal polynomial expansions in sev-
eral variables

Let © denote a compact domain in R% endowed with the usual Lebesgue mea-
sure dx, where in the case of Q = S !, we use do(x) instead of dx to denote
the Lebesgue measure. Given a nonnegative product weight function W on €2,
we denote by LP(W;Q) the usual LP-space defined with respect to the mea-
sure Wdz on . For each function f € LP(W;(2), we define its |-||,w norm

as following

1= ( / \f(x)\pW(x)dx)p Cl<p<oo

and for p = 0o, we consider the space of continuous functions with the uniform

norm

1./ loo = supl f ()]
€



We denote V(W) the space of orthogonal polynomials of degree n with
respect to the weight function W on Q. Thus, if we denote by I1,,(€2) the space
of all algebraic polynomials in d variables of degree at most n restricted on the
domain ©, then V¥(W) is the orthogonal complement of IT,,_;(£2) in the space
I1,(Q) with respect to the inner product of L?(W;Q), where it is agreed that

~1(€2) = {0}.

Since 2 is compact, each function f € L*(1W; Q) has a weighted orthogonal
polynomial expansion on Q, f = > > proj,(W; f), converging in the norm
of L*(W;Q), where proj,(W; f) denotes the orthogonal projection of f onto
the space V{(W). Let P,(W;-,-) denote the reproducing kernel of the space
VA(W); that is,

P,(W;z,y) : Zsong 2)ni(y), z,y€Q

for an orthonormal basis {¢,; : 1<j<al := dim VI(W)} of the space VI(W).
The projection operator proj,, (W) : L2(W;Q) — V(W) can be expressed

as an integral operator

proj,(W; f, x) /f (Wi, y)W (y)dy, x €, (2.1)

which also extends the definition of proj,(W; f) to all f € L(W;Q) since the
kernel P,(W;z,y) is a polynomial in both = and y.

Let SS(W; f), n=0,1,---, denote the Cesaro (C, ) means of the weighted
orthogonal polynomial expansions of f € L(W;Q). Each SS(W; f) can be

expressed as an integral against a kernel, K°(W;x,y), called the Cesaro (C,9)



kernel,

SI(W: f.z) = / F@) KW, )W (y)dy, = € 9,

where
Ko (Wia,y) = (A) 'Y AL P(Wsay), @,y € Q.
j=0
Finally, given a sequence of operators T,,, n = 0,1,--- on some LP space,

we denote by T, the corresponding maximal operator defined by T, f(x) =

sup, | T f ()]

2.3 h-harmonic expansions

We restrict our discussion to h, in (1.1), and denote the L? norm of LP(h?;S% 1)

by [
1/p
= ([ WP wdnw) " 1< oc

with the usual change when p = co. An h-harmonic on R? is a homogeneous
polynomial P in d variables that satisfies the equation A, P = 0, where A :=
D? +...+ D3 and

f(x) — [z — 2wie;)

'sz(l’) = (91 + K; 5 lglgd,
Ty

with e; = (1,0,--+,0), -+, eq = (0,--+,0,1) € R% The differential-difference
operators Dy, ..., Dy are the Dunkl operators, which are mutually commuting.
The restriction of an h-harmonic on the sphere is called a spherical h-harmonic.
A spherical h-harmonic is an orthogonal polynomial with respect to the weight
function h2(z) on S !, and we denote by H%(h2) the space of spherical h-

harmonics of degree n on S¢~!. Thus, using the notation of the last subsection,

10



we have H2(h2) = V4(h2).
A fundamental result in the study of A-harmonic expansions is the following

compact expression of the reproducing kernel (see [9, 24, 29]):

d d
s
Pu(hZ;x,y) = cﬁn;r /[11]d Cor () wayity) [ [+ t)(1 = )= dt, (2.2)
k ) =1

where C? is the Gegenbauer polynomial of degree n, and ¢, is a normalization
constant depending only on x and d. Here, and in what follows, if some x; = 0,
then the formula holds under the limit relation

hmc)\/ f(t) )‘ Ydt = w

The following pointwise estimates on the Cesaro (C, ) kernels were proved
in [7].
Theorem 2.3.1: Let v = (x1,---,24) € S and y = (y1,---,94) € S¢L.

Then for 6 > —1,

15 (g +n~p(2, ) + n=2) ™
(np(z,7) + 1)5+d/2

4 HJ Vs 1+p(2,9)* +n72) 7%
(np(z, ) + 1)

K (hips . y) | <en™!

2.4 Orthogonal expansions on the unit ball

The weight function W2 we consider on the unit ball B? is given in (1.6) with

K:= (K1, *,Kar1) € Ri. It is related to the h, on the sphere S by

hia(w, /1= ||2]?) = W (@)y/1 = |l«]?, = eB, (2.3)

11



in which h, is defined in (1.1) with S? in place of S¥~!. Furthermore, under

the change of variables y = ¢(z) with
¢:x€B i (z,4/1— ||z]2) €SL:={y €S: ya1>0}, (2.4)

we have

dz
gyday):/ [g(:v, L—z||?) 4+ g(x, —/1 = ||z 2)]—
[ stz = [ [ate. /T=TolP) + o )] =
(2.5)
The orthogonal structure is preserved under the mapping (2.4) and the

study of orthogonal expansions for W2 on B¢ can be essentially reduced to

that of h2 on S%. More precisely, we have

Po(Whim,y) = = [Pu(hl; (2, 441), (¥, Yar1)) (2.6)

N —

+ Pu(h2; (2, 2a41), (9, —Yar))]

where 7,y € BY and x4 = /1 — ||2||2, yar1 = /1 — ||y]|2. As a consequence,
the orthogonal projection, proj, (W25; f), of f € L*(W2;B%) onto VH(WE) can
be expressed in terms of the orthogonal projection of F(x,z4.1) := f(x) onto

Hd+1(h2)2
proj, (W.7; f, ) = proj, (h2; F, X),  with X = (z,4/1—[[z]]?). (2.7)

This relation allows us to deduce results on the convergence of orthogonal

expansions with respect to W2 on B? from that of h-harmonic expansions on

S

12



For d = 1 the weight W2 in (1.6) becomes the weight function
Wiy ry (1) = [E* (1 — t2)n271/27 k=0, te[-1,1], (2.8)

whose corresponding orthogonal polynomials, C’,(fz’”l), are called generalized

Gegenbauer polynomials, and can be expressed in terms of Jacobi polynomials,

A
02(27.“‘)@) — E illf;n qu)\—l/Q,,u—l/Z)(QtZ o 1)’
u =
Ot 2)” (2.9)
) (1) = ) nt1 75P(A71/2,u+1/2)(2t2 —1),
2n+1 (,U/+ l) n
2/n+1

where (a), = a(a + 1)---(a+n — 1), and P*? denotes the usual Jacobi

polynomial of degree n and index («, ) defined as in [23].

2.5 Orthogonal expansions on the simplex

The weight functions we consider on the simplex T? are defined by (1.7),
which are related to W2, hence to h2. In fact, W is exactly the product of

the weight function W2 under the mapping
U (2,...,1q) €EBY s (22, 22) € T¢ (2.10)
and the Jacobian of this change of variables. Furthermore, the change of

variables shows

dx
/g(az%,...,xﬁ)das:/ g(x1, .., Tg) ——. (2.11)
B Td

xl PR I‘d
The orthogonal structure is preserved under the mapping (2.10). In fact,

13



R € VIWT) if and only if Ro € Vi (WB). The orthogonal projection,
proj, (WT; f), of f € L*(WT;T9) onto VW) can be expressed in terms of

K

the orthogonal projection of f o4 onto Vi (W?E):

rof, (W75 £,0(0) = 07 3 brof (WP f o ve), we B (212)

c€zg

The fact that proj, (WT) of degree n is related to proj,,,(W2) of degree 2n
suggests that some properties of the orthogonal expansions on B? cannot be

transformed directly to those on T¢.

14



Chapter 3

Weak estimates of the maximal

Cesaro operators on the sphere

3.1 Main result

Recall that the letter k denotes a nonzero vector k := (ky,- -, Kq) in
RY = {(x1,~~~,xd) eER?: 2,30, i— 1,2,~.,d},

and
1<5<d

d
d—2
Kmin i= Min k;, |k|= Zkaj, O 1= =5 + |K|—Kmin- (3.1)
=1

We will keep these notations throughout this chapter. Some of our results
and estimates below are not true if k = 0.

Our main result on the unit sphere can be stated as follows:

15



Theorem 3.1.1: (i) If 6=0,, then for f € L'(h2;SY) with || f|l.1= 1,
d-1 512 1
meas,.g{x eSS S)(hi f)(x) > a}éC’a, Va >0

with o log | in place of a™' in the case when § = o and at least two

of the k; are zero.

(ii) If 6 < oy, then there exists a function f € L*(h%;S% ') of the form
f() = follzj|) such that S°(h2; f)(x) = oo for a.e. x € S¥1, where

1<]0<d and Rjo = Rmin-

3.2 Proof of Theorem 3.1.1: Part (i)

Let us first introduce several necessary notations for the proofs in the next
few subsections. Recall that p(z,y) denotes the geodesic distance arccosz -y
between two points z,y € S?'. We denote by B(z,f) the spherical cap
{y € S p(x,y)<O} centered at x € St of radius § € (0, 7). It is known

that for any z € S*! and 0 € (0, )

Vo(z) := meas,(B(z,0)) = / h2(y)do(y) ~ 6% H(:U] +6)*,  (3.2)

B(z,0) j=1

which, in particular, implies that h2 is a doubling weight on S%! (see [5, 5.3]).

And we denote that:

V(z,y) == meas.(B(z, p(z,y))).

16



For f € L'(h2;S%71), we define

M, f(x) := sup !

h2(y) do(y).
0<o<r measy(B(z,0)) /{yesdl: p(m)@}\f(yﬂ W) doly)

Since the weight h? satisfies the doubling condition and is invariant under
the group Z4, the usual properties of the Hardy-Littlewood maximal functions

imply that for f € L'(h%;S%1),

meas,{r € S M, f(z) > a}éC’“f”F"’l, Va > 0. (3.3)

«

For the proof of the first assertion in Theorem 3.1.1, we use Theorem 2.3.1

to obtain
Ko (h2; 2, y) |[<KCE) (s 2, y) + CRu(h; 2,y), (3.4)
where
E‘s(hz’x )i =nd! H?=1(|$jyj|+nflp(faﬂ) +n7%)"% (3.5)
n\ey T, Y) - (np(z, ) + 1)0+d/2 5 .
d = =\2 —2\—K;
(x| +pl, +n J
Ra(hZ; 2, y) : = i1 Lzt (a8l 22 9 40 7) (3.6)
(np(z,9) + 1)
Thus,

1S2(h2; f,2)|<C|EY(R2; f, @) |+C|To (h; f,2)|+C|Ru(hZ; f,2)],

17



B fe= [ B feRDdew, 67

T30 f) = [ B2 2 )[R0 doty). (39
{yesi=t: p(z.9)>5~}

Rt fa) = [ R(h ) [ ) do(y), (3.9

This implies that

meas, {z € S : S°(h2; f,xz) > a}<meas {zr € ST : E2(h3; f,2) > %

+ meas, {x € S*!: TO(h2; f,z) > %

+meas,{z € S : R, (h%; f, x) > i},
3C
where

E2(R2; f,x) = sup| ES(h2; f, )|, TP (h%; f,x) := sup|T2(hZ; f,2)]

neN neN

R.(hii; f, @) = sup|Ru(hy; f, ).

neN

Thus, for the proof of the stated weak estimates of S°(h2; f,x) in Theo-
rem 3.1.1, it will suffice to establish the corresponding weak estimates for the
maximal operators E?, T? and R,. Namely, it suffices to prove the following

three propositions:

Proposition 3.2.1: For §>0, and each f € L'(h?;S%1), we have that

R.(h%; f,2)<CM,.f(2), €S, (3.10)

18



and

meas, ({x € S™ . R.(h2; f,z) > a})SC’HfHI’H, Vo > 0. (3.11)

(0%

Proposition 3.2.2: For §>0, and f € L'(h?;S%1),

meas, ({x € S T2 (h?; f, ) > oc})éC’”fclll’K, Va > 0.

Proposition 3.2.3: If either 6 > o, or 0 = 0. and at most one of the k; is

zero, then

meas,i{x e S EBNRE; f,x) > a}gC%, Va > 0. (3.12)

Furthermore, if 6 = o, and at least two of the k; are zero, then

measn{x e ST ES(hE; f)(x) > a}gCHfﬂf’l log Hfllf’l, Va > 0.

The proofs of these three propositions will be given in Sections 3.3, 3.4, 3.5

respectively.

3.3 Proof of Proposition 3.2.1

For the proof of Proposition 3.2.1, we need the following two simple lemmas.

Lemma 3.3.1: For z,y € S,

1 1
R, h2, ,Y) ~ . 3.13
@)~ @) Vi g) + Vi @) (313)
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Proof. By (3.6), it is sufficient to show that for each 1<j<d,

Ji(@,y) = (Jzjyil+p(2,9)" +n7%) "% ~ (|2l +p(@.9) +n7) ™. (3.14)

In fact, let’t consider the following two cases:

Case 1. If |x;|> 2p(Z,7), since |z;|> 2p(Z,§) = 2||z;|—]|y;||, we have that

\%‘|N \%’%

thus

Ji(x,y) ~ (lz;*+n7% + p(2,9)) ™ ~ (lz;[4+n7" + p(z,9)) 7.

Case 2. If |z;|<2p(z,7), then since |y;|—|z;|<p(zZ,7),

i |<p(Z,9) + |25]< 3p(2,7),

thus

Jj(x.y) ~ (p(Z,§) +n71) 7 ~ (|2l +p(2,5) +n7) 7.

Hence, in either case, we have have proven (3.14).

It follows that
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Then

(@, 9) + )4 1+ np(z,g) V(z,g) + Vi (2)

S]]

Lemma 3.3.2: For z,y € S*! and >0, let

U

dfl

Ax(x,y) = aIIWAﬂﬂvy+n Ds

(1 +np(2,9))* <]

Ifa>d—1 and f € L*(h%;S*1), then
| @Az i) do) <O fa),

where the constant C' is independent of n, f and x. Furthermore, if« = d—1

and € > 0 then

1
/ 1) 1A45 )P () do ()<Clog *| M, £ ()
{yesi=1: p(&.9)>¢} €

Proof. For x € S, by the last Lemma we have

Let
B foa) = [ A0 F)RE) do(o),
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and

A2 fx) = / AR 2, 9) F )RR (y) do ().

{yesd—1: p(z,5)>¢}

Then if a >d — 1,

a(p2. ’f(y)|hi(y) — \\a—d+1
Anlhi LIS | 5 v @ & eE )T do(y)

|/ (y)[h2(y) Cedit
<[ Tt g oy
010
)+

x £ Can
Y / | N (1 + np(z, §))**do(y)
= S <ep<2ty V(T Y

o
<[ o o)
*Zz(d“j/ ey V0

{y: 2 <p(z,5)<

h2(y)do
+zmeasn BT o T

z) + Z 2 My (f) ()

SM(f)(z)

w1 (2)

If a =d—1, then

oesoe LTI
Al ) fyesi=1: p(agzey V(T,9) " 9)do(v)
|—10€2§-|

1 2
$ Y e BETD) Ja, SO

< ().

1
5‘10g—
19
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Proof of Proposition 3.2.1. The pointwise (3.10) follows directly from
(3.9), Lemma 3.3.1 and Lemma 3.3.2, while the weak estimate (3.11) is an

immediate consequence of (3.10) and (3.3). O

3.4 Proof of Proposition 3.2.2

Without loss of generality, we may assume that || f||,= 1 and a@ > 1. Let

S;.’*l ={r eSSt |xj|>ﬁ8} for 1<j<d. Since for each z € S%!,

1
max |z;|>—=||z|=

1
1<j<d Vd Vd’

it follows that S~ = U?_,S7~". By (3.8), this implies that

d

d—2_ 1 o
T3 (h2; frx)|Sn= 0 / LI [zl 4+n" p(2,9) + n) Rk (y)do (y)
p&0)> 5 g
yesd—1
d ; d
d—2_ 1 o\ s
<3 nf / FOIsmsl4n 03, 5) + =2~ h2 (y)do(y)
m=1 _ 1 ]:1
p(x’y)>m
lym|> 7=
d
éCZTiJ(hi,fﬁE),
j=1
where
=2_5
nz °|f(y)
T2 (W2 f,z) = h2(y)do(y).
! s [T, (2ol +n=p(2, §) + 02y
{yesj™ hp(@.9)> 55}
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Thus, it suffices to establish the weak estimates of

Tﬁj(hi;f, T) = SUPTg,j(hi§fa z)

neN

for each 1<j<d. By symmetry, we only need to consider the case of j = 1.
Take £ > 0 such that e = ca for some absolute constant ¢ to be specified

later. Set F. = {z € ST!: |x|< e}. A straightforward calculation then shows

that

€ d—3
meas, (F;) =/ s [P (1 = ) 7 ey /d 2|y2|2"‘2~"|yd\“dd0(y)
—e Sé—

~ el Oem L Cal.

On the other hand, if z € S™'\ F., y € S9" and p(f,gj)}ﬁa, then

d
[[(zigil+n""p(z, 9) +n =25 >Cerin e,

i=1

which implies that

a—2
[T (hi; foa)|[KOn ™2 ~ore | £l

= OnT trl=m—ox—m < Ce™™ = Cea.

Therefore, choosing ¢ > 0 so that C'c = %, we deduce that
d—1 . 6 (72 1
meas,i{a: €S T (his fx) > oz}< measK(Fg)gCa

which is as desired.
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3.5 Proof of Proposition 3.2.3

The proof of Proposition 3.2.3 relies on the following lemma.

Lemma 3.5.1: Let z,y € S be such that p(Z,7) < ﬁa. If 1 is a positive

integer such that i<d and |ZBZ'|>Ld, then

d d
[ 5@ w<c+np@ )= [ [l +o@ 9) +n") >, (3.15)
j=1 j=1
where
Li(x,y) = (|ajy;l+n~"p(Z,9) +n~2) 7. (3.16)

Proof. By symmetry, we may assume that ¢ = 1. Consider the following two
cases:

Case 1. p(z,5) <n L

In this case, note that I;(x,y) ~ (n=24|x;y;]) " If |2;|= 2n~t > 2p(Z, 7),

then |z;|~ |y;| and
Iy (a,) ~ by 25 (Jay (@, 5) + )2,
If |z;|< 2n~t, then |y;|< 3n~! and
1y (o,) ~ %~ (i p(,5) )

Thus, we have conclude that
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which clearly implies (3.15).

Case 2. p(z,9) >nt.

In this case, note first that if |z;|> 2p(Z,7), then

Li(a,y) ~ (Ja; 40" p(2, ) ~ |ay| 79~ (|| +p(2,9) +n~H) 7,

while if |z;]< 2p(Z, ), then

Ii(z.y) < (07 p(2,5) +n7%) 7

~ (L4 np(z,9)) (p(2,9) + |xj|+n~") "

This means that for all 1<j<d,

Ij(x’ y) S C(l + np(fv g))nj (p(‘f7 g) + |xj|+n_1)_2ﬁj.

L

On the other hand, however, recalling that |z;|> > 2p(z,7), we have

S

that |zq|~ |y1|~ 1, and hence

Li(z,y) ~ (|Jz1|+p(z, g) + n~ 1)~

Therefore, putting the above together, we conclude that

d d
HIJ(x y) =Ii(x,y HIJ
j=1 j=2
d
<C(1+np(z, )= [ [l +p(2,5) + 017>,
7=1
which is as desired. O
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Now we are in a position to prove Proposition 3.2.3.

Proof of Proposition 3.2.3. Without loss of generality, we may assume
that || f]lix= 1 and @ > 1. As in the proof of Proposition 3.2.2, we have

St =| IZ S with
S?‘l = {r e S+t x| =>— }

Thus, it is enough to prove that for each 1<i<d,

meas,({z € ST EX(h%; f,x) > a})<Ca™!, (3.17)

with a~!tloga~" in place of a~! in the case when § = o, and at least two of

the k; are zero.

To prove (3.17), we consider the following cases:

Case 1. K; > Kupin O 0 > 0,

In this case, we shall prove that

E2(h2; f,2)<CM,.f(x), VoSt (3.18)

from which (3.17) will follow by (3.3).

By Lemma 3.5.1, if x € S;l’l, y € ST ! and p(z, g)gLf then
d
_ o\ d
B (12 2, 9)|<Cn (14 np(2,9) 2 [ [ L, v)
j=1
d
<Cn" (1t np(, )ttt ) [ (g +p(2,5) + 07 1) 72

J=1
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Since K; — Kmin + 0 — 0, > 0 in this case, the estimate (3.18) then follows
by Lemma 3.3.2.

Case 2. K; = Kmin and minj; k; > 0.

Without loss of generality, we may assume that ¢« = 1 in this case. Let ¢ > 0
be such that e~ 1+25=2m1 — ¢ 1q~1 where ¢; > 0 is an absolute constant to

be specified later. Set
F.={zeS™: 1-<|n|< 1}
A straightforward calculation shows that
' 2 2y 4=3 d—1+42|x|—2 1
meas, (F.) = c,{/ 22 (1 — 22) 7 IRl gy o g1 ARI=2m oL
1—€2
Next, for z € S\ F., and y € S¥ !, we set

Ji=J(z,y)={j:2<i<d, |v;]<2p(z,9)},

J = J(x,y) =1{2,3,---,d} \ J.

Recall that I;(z,y) is defined in (3.16). From the proof of Lemma 3.5.1, it

is easily seen that if |z;|> 2p(Z,7),
I, y)<C(Jaj | +p(7,9) +n ") 7 (3.19)
and that if |z;|< 2p(z, 9),

Lz, y)<C(1 4+ np(z,9))" (p(Z, §) + || +n~") 7. (3.20)
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Note also that if z € S{~! and p(z, y)\%[, then ’l’1|/2\f and |y, |>]z1|—p(7, y))%.

Thus, under the condition z € S¢™! and p(z, 7)<

%|“

d
IIQWWKCU+WwaG]fU%Hp )+ n )2,

j=1 J=1

which, in turn, implies that

B2 (h; . y)]
—5—¢+z Ky <&

<On™ (1 +np(z,9)) ies H |zj|+p(Z,79) +n 1), (3.21)
7=1

If JG{2,3,---,d}, then ) k; < |k|—r1 — mingejcq sy and
jeJ

d
(54—5— EGJ/@J)d 1—1—221]1%/@ >d—1.
J

On the other hand, however, if J = {2,3,---,d}, and 2 € S{'\ F., then

5+——Z/<;] 5+——|/~€|+/@1>d

jeJ

and moreover,

\/1—x%> €

“ovd—1

1
>
p(z,9)> QQggwﬂ/Zvd_l

where the last step uses the fact that 1—|z1|> &2 for z ¢ F.. Thus, using (3.21)

and recalling that e~(@=1+251=251) — ¢/ we conclude that if z € S{~'\ F. and
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p(z,§)< 3z, then
nd—l
(1+ np(z, 7))+ MN2<<d K5 TT9 (|| +p(2,5) + n~

1)2/{j

|E2 (h2; 2, y)|<C

+ Cca.

Since [|f]lx1= 1 and Ky > 0, using Lemma 3.3.2, and choosing ¢;

we deduce that for x € S¢*\ E.,

(20)7,
EX(R%; f, 2)<SC M, f () + %a.
It follows that
meas,({x € ST : B (h?; f,x) > a))
<meas,(F.) + meas,({x € ST\ F. . EX(h%; f,x) > a})
x 2% )gcé.

gCl + meas, ({x € S* : M, f()

Case 3. Kk; =0, minjx; k; =0 and § = o,
Since kK # 0, we may assume, without loss of generality, that ¢ = 2 and

k1 > 0. In this case, using (3.19) and (3.20), we have that for z,y € S¢1

B (h2; 2, y)]
T (lgl+a(z, 9) +no ) o
<Cnd-! P X{yesi—t: Jar|<20(z)} ()
[T (sl +o(z, ) + )=

+ Cni!
(1 +np(z,g))d-t+m

where yr denotes the characteristic function of the set F'. Thus, using Lemma
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3.3.2, we conclude that

B (02 £,0)<C (log 1 ) M, f ).

|1’1|

Therefore, for || f||x1= 1 and a > 0,

meas, {r € ST B (R%; f, 1) > a}
<meas {z € ST |1|<a}
+meas,{r € S : M.f(z) > a(loga)™}

<Ca Ylogal.

3.6 Proof of Theorem 3.1.1: Part (ii

The proof of Theorem 3.1.1 (ii) follows along the same idea as that of [16],
where the Cantor-Lebesgue Theorem is combined with the Uniform Bounded-
ness Principle to deduce a divergence result for the Cesaro means of spherical
harmonic expansions. The result of [16] was later extended to the case of
h-harmonic expansions in [32]. Our proof below is different from that of [32],
and it leads to more information on the counterexample f, from which the
corresponding results for weighted orthogonal polynomial expansions on the
ball B¢ and on the simplex T¢ can be easily deduced.

The proof of Theorem 3.1.1 (ii) relies on several lemmas. The first lemma
is a well known result on Cesaro means of general sequences (see, for instance,

[33, Theorem 3.1.22, p. 78] and [33, Theorem 3.1.23, p. 78]).

Lemma 3.6.1: Let s’ = (A9)! > 0 A _a; denote the Cesaro (C,0)-
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means of a sequence {a;}32, of real numbers. Then for §>0

|an’<C5n6(}’2]a£§l‘8?|7 n:()?l?”'a (322)
and for 0<d; < 6o,
- 5
50 | Congy™ ™ o], m = 0,1, (3.23)

The second lemma was proved in [16, Section 3.3]. It follows from the

asymptotics of the Jacobi polynomials and the Riemann-Lebesgue theorem.

Lemma 3.6.2: Let o, 5> — %, and let F' be a subset of [—1,1] with positive

Lebesgue measure. Then there exists a positive integer N depending on the

set ' for which

sup| P (1) >Cn},  Vn2N,
teF

where the constant C' depends on the set F', but is independent of n.

To state our next lemma, recall that the generalized Gegenbauer polyno-
mial Cf{\’“ ) is the weighted orthogonal polynomial of degree n with respect to

the weight [¢[**(1 — t2)*~z on [—1, 1].

Lemma 3.6.3: Let f € L(w,;[0,1)) with w,(t) = [¢|1(1 — ) "~2. Let

f ST 5 R be given by f(z) = f(|z1]). Then f € L*(h2:S% 1) and

Projo, (h2; o) = don(f)C" "™ (@), @ €S, (3.24)
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where

don(f) = /f COr) (o (1) dt. (3.25)

(e ”L2

wn

Proof. We need the following formula for the reproducing kernel P,(h2;-, e;)

of the space H2(h?2) (see [7, proof of Theorem 2.2 (lower bound)]):

n+ A
Aw

P.(h?;1,e)) = COs=rrr) () 2 € ST n=0,1,---, (3.26)

where e; = (1,0,---,0) € S¥1.

By (2.9), it follows that {Céi”_”l’nl)};’f:o is an orthogonal polynomial basis
with respect to the weight w, () on [0, 1]. Thus, each function f € L(w,; [0, 1])
has a weighted orthogonal polynomial expansion Y >, da,(f )C =1, F”l)(t) on
0, 1], which particularly implies that for each polynomial g of degree at most

2n on [—1,1],
/ F(thg@wn®)dt = 3 dy(f) / O Og(unt)dt. - (3:27)

Next, we note that (3.26) implies that the term on the right hand side of
(3.24) is an h-harmonic in HZ (h2). Thus, for the proof of (3.24), it is sufficient

to verify that for each P € HZ (h?),

—dan(f) [ OO ) Pla)hi o) do(a). (3.25)

33



Indeed, for P € HY (h?),

[ TP do(a)
— [ o[ Plni=atind) o) do,

where h;(y) = H?;ﬂyﬂ"ﬁl for y = (y1, -+, y4_1) € R¥L Since the weight
h%(y) is even in each y;, it is easily seen that the integral over S92 of the

last equation is an algebraic polynomial in x; of degree at most 2n. Thus, it

follows by (3.27) that

| J@P@k @) o)
= dy(f) / O (o) | /S  Plan /1= afy)hi(y) do(y) | da
=X dy(f) | Oy (@) P@)hi(@) do(a)

Since, by (3.26), C](-A”_Hl’nl)(xl) € HY(hZ), the desired equation (3.28) fol-

lows by the orthogonality of the spherical A-harmonics. O

Now we are in a position to prove Theorem 3.1.1 (ii).

Proof of Theorem 3.1.1(ii). Without loss of generality, we may assume

that kK1 = kmin. Assume that the stated conclusion were not true. This would

mean that S¢(h2; f,z) is finite on a set E; C S9! of positive measure for all

f € LY(w,;[0,1]) and some § < oy, where f(x) = f(|z1]) for x € S¥1, and
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w,(t) = [t{*1(1 — #2)7*~2. By Lemma 3.6.1, this implies that

sup n~°|proj,, (h2; f,z)|< oo, Yz € E¢ Vf e L(wg; [0, 1]). (3.29)

neN

We will show that (3.29) is impossible unless 6>0,.

In fact, by(3.29),

E; =

(@

{w e Byt supnIproj,, (h fa)l <N},

neN

2
I

1

hence, there must exist a subset E} of Iy with positive Lebesgue measure such
that

sup sup 1~ |projy, (h2; f,2)|<Ny < 0.

!
xEEf neN

By Lemma 3.6.3, this in turn implies that

sup sup n~°|dan (f)||C57" (1) <Ny, (3.30)

er} neN
where dy,, (f) is defined in (3.25). Note that by (2.9),

T\ +n) (k1 + 3)

(O'H_lﬂl’@l_l) 2
P22 902 1)),
T(Ao)D(k1 + 3 +n) (2o = 1)

O™ () =

Hence, using [23, (4.3.3)], we can rewrite (3.30) as

1,1
sup n' 0|6, (f)[sup| P77 72 ()| <Ny, (3.31)

neN tGIf

where Iy := {227 —1: z € E}}, and

alf) = /0 FOPTER D 0 1y dt. (3.32)
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Since £ C S9! has a positive Lebesgue measure, it is easily seen that
Iy C [-1,1] has a positive Lebesgue measure as well. Thus, (3.31) together

with Lemma 3.6.3 implies that

supnz 00, (f)|< oo, Vf € L(w,;]0,1]). (3.33)

neN

Since {n2=%0,(f)}>2, is a sequence of bounded linear functionals on the
Banach space L(wy;[0,1]), it follows by (3.33) and the uniform boundedness
theorem that

supnz sup  |[4u(f)|< o0. (3.34)

n 1A (a0, <1
On the other hand, however, using (3.32) and [23, (7.32.2), p. 168], we

have

1
sup |6a(f)]= male;’“ (0 )= PTETD(1) ~on
1112w 510,17y <1 t€[0,1]

Thus, (3.34) implies that

1 1
*—6 OkL—%5 __ g —6
supn2 n 2 =supn " ~ <00,

neN neN

which can not be true unless 6>0,.. This completes the proof. O

3.7 Corollaries

3.7.1 The pointwise convergence

In this subsection, we devote to the investigation of almost everywhere con-

vergence of Cesaro (C,§)-mean S° of weighted orthogonal expansions on the
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unit sphere S9~! by our weak-type estimation. What we have already known

is for § > 2 + |x|,
SO(R% f,x) = f(z), a.exeSTT,

And for § < &2 + |k|— min k;, there exists a function f € L'(h2;S%)
2 1<i<d i

such that

limsup|S? (h2; f,z)|= 00, a.c.x €S

n—oo

At here we proved the critical index for the a.e. convergence of Cesaro
(C,d)-mean means, that is, for f € LY(h?;S9), if § > % + |K|—Kmin, and
Kmin > 0, then

SO(h%; f x) = f(x), aexeST

Corollary 3.7.1: In order that

lim S (h%; f)(z) = f(x)

n—oo

holds almost everywhere on S** for all f € L*(h2;S%1Y), it is sufficient and

necessary that 0>0,.

Proof. For all f € L*(h%;S%!) we can write

f(@) = gm(x) + b (2),

where g, () € He, and lim ||b,,[|1..= 0. Set
m—oQ

n’

A°(f)(x) := limsup Sy (h%; f, @) — liminf Sp(hZ; f, ),

n—oo
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Then by Theorem 3.1.1 (i), Ve > 0

meas, ({z € ST A°(f)(2) > ¢}) =meas,({x € ST : A%(by)(z) > €})
<meas,({z € ST S2(h2; by, 2) = €})

b
5—” s — 0, asm — 00.
€

This implies that lim S°(h2; f,z) exists.
n—oo

Then since g,,(x) € H,

meas, ({x € ST : | lim S(h2; f,x) — f(x)|>€})
n—o0
<meas,({z € S+ SI(hZ:[bul.7) > =)

+ meas, ({z € ST by (2)|> g})

bl
~ &

Let m — oo, we get

meas, ({z € ST : \nh_g)lo SO(RZ; f,x) — f(x)]>¢€}) =0

lim S2(h%; f,x) = f(x), ae x€ST

n—o0

Then we finish the proof of sufficiency, whereas the necessity follows directly

from Theorem 3.1.1 (ii). O
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3.7.2 Strong estimates on L?

Using Stein’s interpolation theorem for analytic families of operators ([19]), we

can deduce the following strong estimates for the maximal Cesaro operators:

Corollary 3.7.2: If1 < p < 0o and 6 > 20,|5 — 1l>|’ then
152(h%: Pl <Cpll Fllpe (3.35)
In particular,
152 (R Il <Coll fllnps 1 < p < 00.

We first show S? is strong-type (2,2) for § > 0. It is sufficient to show the
following lemmas. The idea of the proof is directly from the proof of Lemma

3.5 of [4].

Lemma 3.7.3: If there exists a 6y > 0 such that for all f € L?(h?;S%71),
152 (B fo @) |lm2Sp | Flliz-
Then for all 6 > 0 and for all f € L?(h2;S%1), we have
152 (h%s fr )12 Sp 11 12

Proof. Firstly, since for any o > 0, and 3 > %,

2
z": AJAPL Nz”: Fin—k)\
A?L.;_g no+8 "

k=0 k=0
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Then

548 (12, VAL e,
155 (hie; [ @) |= Zwsk(hmﬁﬂ?)

k=0 n
n 1
Z |Sp(h%; £, )]
k=0 n
Al ) (Soisio o
=0 k=0

1

5( [Sk(h: f ) nl)
=0

SOTB (R f sup (Z\S‘S )

Therefore, we just need to show that for all § > —%, and for all f €
L2(h; 8471,

Hence

N[

Isup(> 1SR (h2; f, )70 N2 2 [ fllw
" k=0

In fact, on one side, we know that for all f € L?(h2;S41),

IISup(ZISIfO(hi;f,x)IQ-n_l)%||n,z< 152 (h2: £, 2) w2 (1 ]2
" k=0

k

On the other side, since (A2 ,)(A%)~! = [[(n — j + 6)~! is a decreasing
=0

function of 4,
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Z|Sk — SO(h2%; f, )k <Z—\Sk fox) — S (h%; f, )
<Z—\S§ — S%(h2; f,x)?
Z (Aiﬂ AL

2

we can get

n

Isup( > [Sp(h2; f.x) —
" k=0

S (% foa) P2

Zn_l A6+1 2!27@‘1” % PTOJy h’n;f )%) ||i2

(5+1 anl A5+1

=(@+1)" ZHprOJk 2k Z nTH (AL )P (A

n=~k
Since

|(6+1)"

ZkQ Ai k) [|[projy (h i?fﬁ)”i;

kQanl Ai k) A5+1

k2 Z n- n 5+1 k)25 ~ 1
n=~k

we have

HSUP Z|Sk

— S (2 )Pk 2205 1 e
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Then by using triangle inequality,
- 12
Isup(D ISR (k% foo) P )2 e

" k=0
n

<[lsup(> 1S (h2; f.2) P ) 2

" k=0

+[lsup( Y IS2 (A2 fox) — S (bl fo) PR 212
0

n e

SIS llk2

By this lemma, we can get the following Lemma.
Lemma 3.7.4: For ¢ >0 and f(z) € L*(h%;S41), |S2(h2; £, 2) ||l x2S || w2

Proof of Theorem 3.7.2. Firstly, recalling that ([14])
152 (% Pllw<Clflloo, 6 > 0,

we deduce from Theorem 3.1.1 and the Marcinkiewitcz interpolation theorem

that
1S2(h%; Alep<Cpll fllxpy 1<p<oo, §>o0.. (3.36)

Secondly, in Lemma 3.7.4, we have already get
1S2(h2; F)llx2<ClI w2, 0> 0. (3.37)

Thirdly, the index ¢ of the Cesaro (C,d)-means can be extended analyt-

ically to 0 € C with Red > —1, as can be easily seen from the definition.
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Furthermore, it is well known (see [4]) that for 6 > 0, e > 0 and y € R,
SereJriy(hi;f) A6+€+zy ZAE 1+lyA5ScS h2 f) (3.38)

and

| At 12;A8 CYIATLC(e)e (3.39)

It follows that for 6 > 0, ¢ > 0 and y € R,
SIE(hE; f,2)<C(e)e OV S (1 £, ). (3.40)

Finally, for each measurable function N : S¥! — {0,1,---}, define
Q¥ f(x) := Sy (h2; fyx) for a € C with Rear > 0. It can be easily veri-
fied that {Q% : « € C, Rea > 0} is a sequence of analytic operators in the
sense of [19]. On one hand, since 2|— — 2|€ (0,1) for p # 2, it follows that for
any 0 > 2045 3|, we can always find 6 € [0, 1] such that 2[———]< 1-0< >
and two numbers ¢, &’ > 0 satisfying § = e+ (1 —0)(o. +¢), and ]l? =44 11)—:,9,

where po =1+¢ if p< 2 and p.. =2+ (¢/)7! if p > 2. On the other hand,
however, using (3.36),(3.37), (3.40), we have that for any y € R,

1QN ™ fllx2<C(E)e™ [Ifl1ne:

QX Fllup SCE)E™ || s

Thus, applying Stein’s interpolation theorem [19], we conclude that

11
1ONf s <Cl fllep, 6> 20”'1_9 — 5l
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Since the constant C' in this last equation is independent of the function

N, the stated estimate (3.35) follows. O

3.7.3 Marcinkiewitcz multiplier theorem

We can also deduce the following vector-valued inequalities for the Cesaro

operators.

Corollary 3.7.5: For 1 < p < oo, § > 20,€|% — 2| and any sequence {n;} of

positive integers,

<c (3.41)

H (Sssozssr)

oo 1/2
(Z |fj|2>
7=0

K,p R,p

Proof. Note first that (3.41) for 6 > 0 and p = 2 is a direct consequence of
Corollary 3.7.2. Next, we prove (3.41) for § > o, and 1 < p < co. Define the

following positive operators:

gd-1

It is easily seen from the proofs of Theorem 3.1.1 and Corollary 3.7.2 that
152 (1% Allep<Cllf lwps 1< p<o0, 6> 0. (3.42)

We shall follow the approach of [20, p.104-5] that uses a generalization of
the Riesz convexity theorem for sequences of functions. Let LP(¢?) denote the

space of all sequences { fi} of functions for which

) llasgen= ( L. (i fj(x)]q>p/qhi(:c)da(a:)) .
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If T is a bounded operator on both L0 (£%) and LP* (¢%) for some 1<py, qo, 1, 1 <0,
then the generalized Riesz convexity theorem (see [3]) states that T is also
bounded on LP!(¢%), where

11—t ¢ 11—t ¢

— + -, = +—, 0<i<l.
Dt Do b1 qt qo q1

We apply this theorem to the operator 7" that maps the sequence {f;} to
the sequence {ng(hi; fi)}. By Corollary 3.7.2, T' is bounded on LP({?). By
(3.42), it is also bounded on LP(¢>°) as

sup [ S, (h: ;)|

§>0

<c
H?p

supl f;|

§>0

< ‘

§f<hi;3gg|fjl)

H7p H7p

Thus, the Riesz convexity theorem shows that 7" is bounded on LP(¢9) if
1 < p<g<oo. In particular, T is bounded on LP(¢?) if 1 < p<2. The case

2 < p < oo follows by the standard duality argument, since the dual space of

LP(£?) is LP (£?), where 1/p +1/p' = 1, under the paring

(o) = [ 3 @l lah oo

and T is self-adjoint under this paring.

Finally, we prove that (3.41) for the general case follows by the Stein inter-
polation theorem ([19]). Without loss of generality, we may assume that there
are only finitely many nonzero functions f; in (3.41). Using (3.38), (3.39), the

Cauchy-Schwartz inequality, and applying the above already proven case of
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(3.41), we obtain that for § >0 and p=2or § > 0, and 1 < p < 00,

(3 15r) "

Jj=0

<C(e)e™

H7p

. (343)

K7p

1/2
|| |S<5+a+zy(h2 )| )
7=0

where y € R and € > 0. (3.41) then follows from (3.43) via applying Stein’s

interpolation theorem to the family of analytic operators,
Q. e 2,
T°f = So(hk f)gj, Rea>0,
5=0
where (g;) is a sequence of functions on S?! with >~ ilgj (2)*= 1 for = €

Sdfl. ]

Corollary 3.7.5 allows us to weaken the condition of the Marcinkiewitcz

multiplier theorem established in [6].

Corollary 3.7.6: Let {p,j};-)io be a sequence of complex numbers that satisfies
(i) sup;|p;|<e < oo,
(ii) sup; 2/(o=b 227+ |A™M0y|<e < oo,

where ng is the smallest integer >0, + 1, Ap; = p; — pjp1, and AT = AA.

Then {u;} defines an LP(h2;S%71), 1 < p < oo, multiplier; that is,

<c|| fllsps 1 <p<oo,

> " pyproj;(h2; f)
=0

R7p

where c is independent of ;.

In the case when the weights are invariant under a general reflection group,
Corollary 3.7.6 was proved in [6] under a stronger assumption that ng is the
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smallest integer >0, + 2 4+ Kpin- The proof of Corollary 3.7.6 is based on

Corollary 3.7.5 and runs along the same line as that of [4].
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Chapter 4

Weak estimates on the unit ball

Analysis in weighted spaces on the unit ball B! = {x € R? : ||z/|<1} can
often be deduced from the corresponding results on the unit sphere S¢, due to
the close connection between the weighted orthogonal polynomial expansions
on B¢ and S?, as described in Section 2.3, see [10, 25, 26, 28] and the reference
therein. In this section, we shall develop results on B that are analogous to
those on S.

Throughout this section, we will use a slight abuse of notations. The letter
r denotes a fixed, nonzero vector k := (K1, +,Kgy1) in ]Rffrl rather than in
R, and h,, denotes the weight function h(z) := H'Jiii |z;|% on S¢ rather than

the weight on S?~!. Accordingly, we write

d+1 d—1
Kmin ‘= 1<Ijn<iCIll+1/€j, |k|= z; Kjy Ox i= —5— + |K|—Kmin- (4.1)
=

For a set E C B, we write meas?(E) := [, WP () dz. Finally, recall that

S (WB; f) denotes the (C, §)-means for the orthogonal polynomial expansions

with respect to the weight function W2 on B? that is given in (1.6).
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4.1 Main result

Theorem 4.1.1: (i) If 6=0, = % + |K|—Fmin, then for f € L(WE;B)

with || fl| Lowe pay= 1,
1
measf{x cB: SYWE: f)(z) > a}é(]—, Va > 0,
o

1

with o log | in place of a™' in the case when § = o, and at least two

of the k; are zero.

(ii) If§ < 0., then there exists a function f € L(WB;B?) of the form f(z) =
fo(lzj,]) such that SS(WB; f)(z) = oo for a.e. x € B, where 1<jo<d+1

is the integer such that Kj, = Kmin, and T4 = /1 — ||z||?.

Proof. Given f € LP(WB;B?), define f St = Rby f(X) = f(z) for X =
(7,2411) € S¢. Clearly, fod = f, where ¢ : B¢ — S¢ is defined in (2.4),
which, using (2.5), is measure-preserving in the sense that for each meas, (F) =

¢, meas? (¢ (E)) for each E C S%. Using (2.5), we also have that [ e

£7(h2; % and || | oz sy = €|l fl owp ey Furthermore, by (2.7),
Sz<hi7.]77X) = S;SL<W£7]C7$)7 X = (xvderl) € Sd? n = 07 17 Tt

Thus, we may identify each function f € LP(WZF;B?) with a function
f € LP(h?;S?%) under the measure-preserving mapping ¢, and such an identi-
fication preserves the Cesaro means of the corresponding weighted orthogonal
polynomial expansions. Consequently, the stated conclusions of Theorem 4.1.1

follow directly from the corresponding results on the sphere S% that are stated

in Theorem 3.1.1. O
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We can also deduce the following corollaries from the corresponding results

on the sphere S?, using a similar approach.

4.2 Corollaries

Corollary 4.2.1: In order that

lim SO(W)2; f)(z) = f(x)

n—o0

holds almost everywhere on B® for all f € L(WP;B%), it is sufficient and

necessary that 6>0,.

Corollary 4.2.2: If1 < p < 0o and § > 20,|5 — zl7|’ then

1S2(W.25 )l oo w5y <Cpl | || Lo w2 3y - (4.2)

In particular,

157 (W25 Dlloowppn <Cpll flLowppa, 1<p < oo.

Corollary 4.2.3: For1 <p < oo, § > 205|- — 1| and any sequence {n;} of

positive integers,

1/2

(4.3)

1/2
H le& WB )

: (ZZW)

Lr(WEB) Lr(WB;BY)
Corollary 4.2.4: Let {Nj}}?io be a sequence of complex numbers that satisfies

(i) sup;|p;|<e < oo,

20



(if) sup, 270D T Aoy |<e < oo,

where ng is the smallest integer >0, + 1. Then {u;} defines an LP(W5E;B?),

1 < p < 0o, multiplier; that is,

<C”f||IJ’(VVHB;IPB‘1)7 1< p < o0,
Lr(W,FB)

> i proj; (W2 f)
=0

where c is independent of ;.

In the case when the weights are invariant under a general reflection group,
Corollary 4.2.4 was proved in [6] under a stronger assumption that ng is the

smallest integer >0, + 2 + Kunin-
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Chapter 5

Weak estimates on the simplex

5.1 Main result

In this section, we will show how to deduce similar results on the simplex T¢
from those on the ball BY. Recall that SS(WZT; f) denotes the (C,d)-means
of the orthogonal polynomial expansions with respect to the weight function
WT on T? that is given in (1.7). Our argument in this section is based on the

following proposition.

Proposition 5.1.1: Let v : B — T9 be the mapping defined in (2.10). Then
for each f € LIWT;T?) and §>0,

SUWYE; fo,x) ~ S{WT; fro(x), =eB,

Proof. For simplicity, we set F' = f o). Clearly, FF € L(WZP;B%) and F(z¢) =

F(z) for all € € Z$, and x € B?. In particular, this implies that
pr0j2n+1(WnB;F) :07 n:()alf"' (51)
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We further claim that
proj, (W, f,9(x)) = proja, (W' F, x). (52)
Indeed, using (2.2) and (2.6), we have
P,(W5:ze ye) = P,(W5:z,y), x,yecB? ccZi (5.3)
and hence, for each ¢ € Zg,

projy, (W25 Foe) = [ Plu)Pan(W 0 a2, ) W2 y) dy
B

where we used the Z$-invariance of the measure W (x)dzr in the second step,

(5.3) and the fact that F'(-¢) = F(-) in the third step. (5.2) then follows by
(2.12).

Next, we prove the inequality
S;(Wis f (@) <CS) (W Fou), o € BY (5.4)

To this end, we set
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Using asymptotic expansions for ratios of gamma functions (see [2, p.616]),

we have that for £ =0,1,---,

(%)ZA%—§<(§<§>fi<w+1>5-f+o(<x+1>‘”‘1>’ =20 (55)

Define the operator

2n
T, (WEig,x) =) ®u(j) proj;(Wrig,z), g€ LWE;BY,
j=0
where
Afz—ac/Q _ Agn—z O< <2
@n(x) - A;;L Agn ’ \x\ n’
0, x > 2n.

Let ¢ be an integer such that § — 1 < £<J. It is easily seen from (5.5) that

for 0 < x < 2n,
+ 1) m =01, 0+ 1,
which, in turn, implies that
A1, ()| <Cn~(n — g P12 0Ki<2n — 1, (5.6)

and A™®,,(2n) = 0 for m = 0,1,---,¢ — 1. Thus, using summation by parts

¢ times, we obtain

2n—1

75, (W25 9)[SC Y 1A 0, ()15 ISHW.E; 9)[+-CIA R, (20) 1] S5, (W23 )1,

K
J=0

o4



which, using Lemma 3.6.1, is controlled by
2n
Cn™Y (20— j+ 1) 20 S0 WE g)<CSi(Whig).  (5.7)

J=0

On the other hand, however, using (5.1) and (5.2), we have
SaW [l ZAn s Projg; (W75 F ) (538)
Z An —j/2 pI‘OJ] WKZB7 Fa 37)

A‘S 2 AS
=Z[ AS 0 ]]proiAWst,x)+S§n<W5;F,:c>

0 (WB.F2)+ S5, (WE; F,z). (5.9)

Thus, combing (5.7) with (5.9), we deduce the estimate (5.4).

Finally, we show the converse inequality
SS(WB: F,2)<CSY(WT: fah(x)), e B (5.10)

The proof is similar to that of (5.4), and we sketch it as follows.

Let m be the integer such that 2m<n < 2m + 1. Then by (5.1) and (5.2),

5 m
n

A2 prOJQJW  Fx) Z
n =0 n

i proj; (W, fr1(x) + Sp, (W £, 0 (),

SO (WE F,z) = L proj; (W f,¢(x))

MszMs

<.
Il
=)

where
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AS . A .

—5 — s, 0<y<m,
Hj =

0, ] >m.

Using (5.5) and similar to the proof of (5.7), one can easily verify that for
0<y<m,

|AY|<KCm™(m —j + 1)1 i =0,1,---. (5.11)

Let ¢ be an integer such that § —1 < ¢<d. Summation by parts £ times shows

that

m m—~
I3t oroi (W] £.6(@))| <C SDIAH ] G+ 1 ISHWT: f06(2)
j=0

Jj=0

£ i Qe T.
+Cm 52?§|A ,um—zHSmfi(Wn ,f,¢($))’,

which, using Lemma 3.6.1, and (5.11), is controlled by C'S®(WZT; f,4(x)). The

desired inequality (5.10) then follows. ]

Recall that s, k] and o, are defined in (4.1). For a set E C T¢, we

T

write meas,,

(E) := [, WI(z)dz. The following result is a simple consequence

of Proposition 5.1.1, Theorem 4.1.1, and (2.11).
Theorem 5.1.2: (i) If 6>0, := &L + |k|—Kmm, then for f € L(WT;T)
with HfHL(WE,Td): 1;

1
meas::{x eT?: S(WT; f)(x) > &}éCa, Vo > 0,

1

with o log | in place of a™' in the case when § = o, and at least two

of the k; are zero.

o6



(ii) If§ < 0., then there exists a function f € L(WT;T?) of the form f(z) =
fo(lzj,]) such that SS(WT; f)(x) = oo for a.e. x € T?, where 1<jo<d+ 1

is the integer such that Kj, = Kmin, and T4 = /1 —|z|.

5.2 Corollaries

As a consequence of Theorem 5.1.2, we obtain

Corollary 5.2.1: In order that

lim S, (W,.; f)(z) = f(z)

n—oo

holds almost everywhere on T? for all f € L(WTI;T9), it is sufficient and

necessary that 6>0,.

Corollary 5.2.2: If1 <p < oo and § > 20,§|% — z_l)|’ then
1S3 (W,55 Al o qwr ey <Cpll F || Loz (5.12)
In particular,

1S (W,; I eeowr aay <Gyl fll Lowrimay, 1 < p < o0.

Corollary 5.2.3: For 1 <p < o0, § > 20K|% — 3| and any sequence {n;} of

positive integers,

<c
Lr(WT;Td)

(5.13)

H (é ISij(Wg;fj)P) 1/2

0o 1/2
(15F)

Using Corollary 4.2.3, and following the approach of [4], we have

Lp(WI5T?)
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Corollary 5.2.4: Let {11,152, be a sequence of complex numbers that satisfies
(i) sup;|p;|<e < oo,

27+1

(i) sup, 2/0=D 37 |Amow|<e < oo,
where ng is the smallest integer >0, + 1. Then {u;} defines an LP(WTI;T?),

1 < p < oo, multiplier; that is,

> pyproj; (W) f)

J=0

<C”fHL?’(VVE;'I[‘d)7 1< p <09,

Lp(WI5T?)
where c is independent of ;.

Corollary 5.2.4 was proved in [6] under a stronger assumption that ng is

the smallest integer >0, + 2 4+ Kmin.
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