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Abstract

This thesis concentrates on the construction of directional tensor product complex
tight framelets (TP-CTF,,). It uses a complex tight framelet filter bank (CTF,,) in
one dimension and the tensor product of the one-dimensional filter bank to obtain
high-dimensional filter banks. It has a number of advantages over the traditional
tensor product real wavelet transform.

Motivated by two-dimensional dual tree complex wavelet transform, the com-
plex tight framelet filter banks with frequency separation are constructed in the fre-
quency domain. Then the high-dimensional framelet filter banks via tensor product
and corresponding frames will have directional selectivity.

The computational cost increases exponentially as dimension and redundancy
rate grow, which restricts the application of framelet filter banks in high-dimensional
data processing. In the frequency domain, we propose complex tight framelet filter
banks with mixed sampling factor to reduce the redundancy rate.

The tensor product complex tight framelet filter banks constructed in the fre-
quency domain are bandlimited. They are not finitely supported in the time domain.
Compactly supported wavelets or framelets are essential to many applications due
to their good space-frequency localization and fast computational algorithm. We
have proved a theoretical result on directional selectivity and provided step-by-step
algorithms to construct compactly supported complex tight framelet filter banks
CTF3, CTF,, and CTFg. Then the directional compactly supported tensor product
complex tight framelet filter banks TP-CTF3, TP-CTF,, and TP-CTFg in high

dimensions can be obtained via tensor product.
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The directional tensor product complex tight framelet is used to the application
of image denoising and video denoising. Experimental results show that our con-
structed TP-CTF,, succeeds in providing improved image denoising results com-
bined with advanced statistical models comparing with many other state-of-the-art

transform based image denoising methods.
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Chapter 1

Introduction

1.1 Definitions, background, and motivations

In order to introduce the background and motivations, we first need some definitions
and notion. By l5(Z) we denote the linear space of all complex-valued sequences
u = {u(k)}rez : Z — C such that ||ul|,z) == (3 ez |u(k)|2)% < 00. The Fourier
series (or symbol) of a sequence u € [5(Z) is defined to be
Q€)= Y u(k)e ™, ¢eR,
keZ

which is a 27-periodic measurable function in Ly(T) since

N 1 ~
@z, = 5 | [a(©)fFde =Y lu(k) = JJullf,z) < oo,

[_ﬂ-aﬂ' keZ

where T is defined as the quotient R/27Z. If u € [;(Z), that is,

ulli @z =
Y ez [u(k)| < oo, then u € l5(Z) and u € C(T) is a continuous function.

For a,by,...,bs € 1(Z),{a;by,...,bs} is called a (dyadic) tight framelet filter
bank if

@)+ lbe©))? =1,
=1 (1.1.1)

s

A©)alE+m) + Y be(&)be(€ + 1) =0,

/=1

for £ € R. (1.1.1)is also called the property of perfect reconstruction and it is one
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of the fundamental properties for filter banks. The filter a is called a low-pass filter
since it is often required that a(0) = 1, and all the filters by, . . ., b, are called high-
pass filters since they often have bAl(O) =...= bAs(O) = 0. Note that if a(0) = 1, it
follows from (1.1.1) that 51(0) =...= I;S(O) = 0. When s = 1, the (dyadic) tight
framelet filter bank {a; b; } is called a (dyadic) wavelet filter bank.

A (dyadic) wavelet system comprises a set of functions {t; ;}; ez, Which is
generated from one single function or more functions by dilations and shifts. It
forms an orthogonal basis for the function space Ly(IR). Each member in this set is
defined as

Vi =202 —k), j, ke,

where v is called the mother wavelet, which plays an important role in wavelet
analysis.

Mallat [37] and Meyer introduced multiresolution analysis (MRA) to generate
mother wavelet ¢. Let Vj be a subspace of Ly(R) and V; := {f(27:) : f € Vo}.
As outlined in Chapter 5 by Daubechies [4], MRA is a decomposition of Ls(RR) into

a nested chain of closed subspaces such that
(]) '-~CV,]€C-~'CV,1C%CvlC“'CVkC--';
(2) ﬂjeZVj = {0}

(3) Ujez Vj is dense in Ly(R);

(4) there exists a function ¢ € Lo(IR) such that Vi = span{¢(- — k) }rez;

(5) the mother wavelet function ¢ € Ly(R) can be constructed such that V; =

Vo & W where W = span{¢(- — k) }rez.

The MRA is completely determined by the function ¢ in item (4). Thus we have

to construct such a function ¢ first. Since by item (4) Vi = span{¢(- — k) }xez,
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¢ € Vy. Also by the definition of Vi, we have V; = span{¢(2 - —k)}xez. Since
¢ € Vy C Vi, the following refinement equation holds:
0 =2 a(k)p(2- k),
kEZ
where a = {a(k)}rez is a sequence on Z. ¢ is called refinable function if ¢ €
Ls(R) and satisfies the refinement equation. The MRA can be constructed from a
refinable function ¢ under mild conditions on the sequence a. From an MRA, a

wavelet system can be constructed.

A wavelet system has many advantages. First, it is a time and frequency rep-
resentation [1] comparing with Fourier transform. The Fourier transform of f €
L (R) is defined to be f(¢) = Jo f(x)e™4dE, for € € R. Since all the information
in the time domain is involved in the Fourier transform, the time and frequency in-
formation cannot be seen simultaneously. The wavelet system enjoys a multiscale
structure: for j € Z, v; corresponds to a frequency scale. The frequency infor-
mation can be reflected by the wavelet function ), ;, with different j. Therefore, the
wavelet system can describe the time-frequency localization very well. Second, a
wavelet system offers a sparse representation for smooth or piecewise smooth sig-
nals [38]. A wavelet function ¢ is called to have vanishing moments of order m
if

/xk¢(x)dm20, k=0,1,...,m—1.
R
The wavelet function with high order vanishing moments makes only a few wavelet

coefficients large while the other coefficients very small.

For practical applications, The decimated dyadic filter bank tree proposed by
Mallat [37] is the most acknowledged form in application. The most popular set of

wavelet filter banks was proposed by Ingrid Daubechies [4].
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Although wavelets have many applications in compression and signal process-
ing, the requirements on wavelets to be orthonormal or biorthogonal are too restric-
tive to construct bases with extra conditions. For example, it is well known that the
dyadic real-valued orthogonal compactly supported wavelets cannot have symme-
try except Haar wavelet. As a generalization of wavelet representation, frames are
over-complete systems that allow us to have more flexibility. Frames of a vector

space were introduced by Duffin and Schaeffer in [6].

A sequence { f,, }ner is a frame for Lo (R) if there exist two constants B > A >
0 such that
AllFI7amy < D IF £ < Bl flfamy  f € La(R).
nel
A frame {f, }cr is tight if A = B. For a tight frame, A and B can be normalized
to one such that the Parseval identity holds:

£, = DI f)l2 f € La(R).

nel’

Throughout this thesis, the word framelets is a synonym for wavelet frames.

One problem with the real wavelets and framelets is a lack of directional se-
lectivity in high dimensions. Multidirectional representation systems can represent
curve or edge singularities effectively and offer a sparse expression for the hight-
dimensional data which simplifies the processing and modeling of geometric fea-

tures of the data in high dimensions.

To better understand directionality, consider the Haar orthogonal wavelet fil-
ter bank in two dimensions. The one-dimensional Haar orthogonal wavelet filter
bank is {a; b} with a = {3, 1} and b = {3, —3}j0,1 on discrete support [0, 1].

The two-dimensional Haar orthogonal wavelet filter bank is obtained by the tensor
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product {a ® a;a ® b,b ® a,b ® b}. More specifically, they are

11 1 1 1 _1 1 1

1 1 i 1 1 1 i 1
a®a= , a®b= , b®a= , b®b= )

11 1 1 1 _1 1 _1

1 1 1 1 1 1 1 1

on discrete support [0, 1]2. The two-dimensional transform can be implemented
separately because of the tensor product filter: each row of the two-dimensional
input data is convolved with the one-dimensional filter in the first dimension of
the tensor product filter, then each column of the resulting two-dimensional data is
convolved with the one-dimensional filter in the second dimension. Worthy of note
is both a ® b and b ® a are able to select horizontal and vertical edges, respectively.
But b ® b is oriented along two diagonal orientations simultaneously and produces

a checkerboard pattern. See Figure 1.1 for the demonstration.

Figure 1.1: Two-dimensional tensor product real-valued wavelets in the time do-
main. The third graph demonstrates the checkerboard artifact of b ® b. Figure
adapted from [44].

This is because u is real (that is, v : Z — R) if and only if u(§) = u(=¢).
Thus, we always have |u(—¢)| = |u(§)] for a real filter u, and the magnitude of
its frequency spectrum is symmetric about the origin. If both « and v are one-
dimensional real high-pass filters, then the frequency spectrum of the tensor product
filter © ® v concentrates equally in all four quadrants (more precisely, the four
corners) of the basic frequency square [—m, 7|%. Consequently, the filter u ® v

behaves like a saddle point and lacks directional selectivity.
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The same argument applies to the tensor product of real-valued functions. This
lack of directional selectivity complicates the image modeling and processing of
ridges or edges singularities. Since the edges and textures are ubiquitous in images,
directional representations have to be devised to handle the geometric features by
offering effective and sparse expansions.

In order to remedy this drawback, it is natural to design the spectra of high-
dimensional filters in separate quadrants of the frequency plane. Several approaches
have been proposed in the literature: for example, the curvelet transform [2] and the
shearlet transform [21, 29, 30, 34] in two dimensions on R?, contourlets [5] in the
discrete domain Z?, symmetric complex orthogonal wavelet filter banks [13, 15,
35], and the dual tree complex wavelet transform (DT-CW'T) in [27, 28, 43, 44],
and etc.

Curvelets are one type of tight frames proposed by E. Candes and D. Donoho [2,
3]. In the frequency domain, curvelet transforms apply angle-trapezoid filters to
achieve directional selectivity. However, it is a challenge for curvelets to develop an
efficient algorithm for practical applications in discrete setting. Based on unequall-
spaced fast Fourier transform, discrete curvelet transform was proposed in [2]. The
construction requires a rotation and partition of the two-dimensional frequency
plane in polar coordinate perspective. Even so, it still suffers high redundancy rate.

Shearlets were introduced for the approximation of functions f € Lo(R?) in
2006 [10]. Shearlets constitute an affine system from one single shearlet function
by scaling, shearing, and translation operations. The scaling operation can elongate
the elements in the affine system. The shearing operation captures the directionality
of the curve singularities. The translation operation offers the spatial localizations.
In order to have discrete transform, one has to calculate the coefficients in the con-

tinuum setting and pseudopolar Fourier transform is applied. However, to achieve
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nearly perfect reconstruction of the obtained discrete shearlet transform, the over-
sampling rate used in pseudopolar Fourier transform is often very large, and this
results in high redundancy rate.

Contourlets, proposed by Do and Vetterli [5], are one of the multidirectional rep-
resentation systems. Contourlets can handle piecewise smooth images with steady
contours effectively. The construction of contourlets is directly from the discrete
domain. The contourlet transform can be treated as a discrete version of certain
curvelet transforms. One drawback of the contourlets lies in its shift-sensitivity.

The DT-CWT is probably the most popular and successful among all these
approaches mentioned above. The success of the DT-CW'T depends on three major

advantages [44]:

e the two-dimensional DT-CWT offers six directions (roughly along +15°,
+45°, £75°), comparing with only two (horizontal and vertical) directions of

classical tensor product real wavelets;

e the DT-CWT is nearly shift-invariant without high redundancy, comparing

with the shift-invariant undecimated wavelet transform, see Figure 1.2 for the

wavelets of the two-dimensional DT-CWT;

Figure 1.2: Typical wavelets associated with the DT-CW'T in two dimensions. The
first row illustrates the real part of each complex wavelet; the second row illustrates
the imaginary part. Figure adapted from [44].



e the d-dimensional DT-CW'T can be implemented by applying 2¢ tensor prod-

uct discrete orthogonal wavelet transforms in parallel.

The one-dimensional DT-CW'T employs two trees of finitely supported orthog-
onal real wavelet filter banks with three sets: {a% 8}, {a';b'}, and {a?;b*}
such that |a/(&)2 + |a’(€ + )2 = 1 and b = e %al(€ +7) for £ = 0,1,2.
The filter banks {a’; 1°} and {a°(- — 1);0°(- — 1)} used for the first level of the
two trees can be any finitely supported orthogonal real wavelet filter bank, where
a’(- — 1) and b°(- — 1) are the shifted versions of sequences a° and b°, respec-
tively. The correlated pair of finitely supported orthogonal real wavelet filter banks
{a';b'} and {a?;b*} used for all other levels of the two trees are linked to each

other through the half-shift condition [42, 43, 44]:

-~

a2(€) ~ e %%al(¢), € e [-m, 7).

Then complex wavelet coefficients are generated by taking the wavelet coefficients
from two trees as the real part and imaginary part, respectively. Equivalently, com-
plex wavelet coefficients in the DT-CW'T are obtained by employing the complex
high-pass filters ' + ib* and b* — ib?>. Due to the half-shift condition, the two

high-pass filters b' and b? satisfy

~

B2(€) ~ —isgn(£)et2bL(¢), € € [, ),

where sgn(§) = 1 for £ > 0 and sgn(§) = —1 for £ < 0. Consequently, the under-
lying complex high-pass filters b' + ib? and b' — ib? enjoy the following frequency
separation:

DO +ilP() =0, £ el-m0] and B(E) —ib2(¢)~0, e 0.
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The frequency separation plays a critical role to produce the desired directional
selectivity of DT-CW'T in high dimensions.

The half-shift condition for a' and @? in the DT-CWT is not trivial in dis-
crete setting in the time domain. Instead of using pairs of correlated orthogonal
real wavelet filter banks to achieve frequency separation, in this thesis, we propose
complex tight framelet filter banks with frequency separation so that the high-pass

filters in high dimensions via tensor product achieve directional selectivity.

1.2 Discrete framelet transform

Let us introduce the discrete framelet transform using the one-dimensional tight
framelet filter bank {ug;uy,...,us}. The discrete framelet transform can be de-
scribed by two linear operators — the subdivision operator and the transition opera-
tor [19]. For a filter u € ly(7Z), the subdivision operator S,, : [(Z) — [(Z) is defined
to be

(n) =2 ov(k)ju(n—2k), nez,

and the transition operator 7, : {(Z) — [(Z) is defined to be
=2 Z — 2n n € Z.
keZ
The transition operation often averages data to lower frequency resolution levels;
while the subdivision operator refines data to higher resolution levels.
The subdivision and transition operators can be implemented through convolu-
tion, upsampling, and downsampling operators. For u € [y(Z) and v € [(Z), the

convolution u * v is defined to be

[ v]( Zu n € 7.

kEZ



The upsampling operatortd:[(Z) — I(Z) and downsampling operator|d:{(Z) —

[(Z) with the sampling factor d are defined to be

v(n/d) if § is an integer,
[v1d](n) = and [v]d](n):=v(dn), n € Z.
0 otherwise,

Using convolution, upsampling, and downsampling, we have

Tov=2(v*u*)|2 and S,v=2(v12)*u,

where the adjoint filter u* is defined by u*(n) := u(—n), n € Z.

-~

In terms of Fourier series, we have u * 0(¢) = 6(€)v(€), v*(€) = v(£), and

<)

—_

v12(6) =0(2€), vl2(€) =2710(6/2) +0(¢/2 + 7).
Then, the subdivision and transition operators can be expressed as

S.v(€) = 26(26)a(€),

Too(€) = 0(e/2)a(€/2) +(E/2 + m)u(€/2 + 1), E€R.

The one-level discrete framelet transform consists of two parts: decomposition
and reconstruction. Let {ug;u;, ..., us} be a tight framelet filter bank. For given

data v € [(Z), the one-level framelet decomposition is

V2

wy = 77;21), (=0,...,s,

where w,’s are called sequences of framelet coefficients of the input signal v. We

can group all coefficient sequences together to define the framelet decomposition

operator W:
2
Wo = g (Tag¥y -+, Tuv), v EUZ).
The one-level framelet reconstruction employing the filter bank {ug; uy, ..., us}

10



can be described by a framelet reconstruction operator V which is defined to be
2 S
V(wg, ..., wg) := \/7_ ZSWUJ@, wo, ..., ws € (Z).
=0

The factor ‘/75 is applied to balance the energy between the input data and its
framelet coefficients.

The simplest way to obtain tight framelet filter banks in high dimensions is
by the tensor product of one-dimensional tight framelet filter banks. The main
advantage of tensor product wavelets and framelets lies in their easy construction
and fast computational algorithms.

For one-dimensional filters u, v € [;(Z), the tensor product filter u ® v in two

dimensions is defined to be
[u®v](j, k) = u(j)v(k), j,k€Z

Let {a; by, ..., bs} be a one-dimensional tight framelet filter bank. The tensor prod-
uct d-dimensional tight framelet filter bank is defined by ®%{a;bi,...,bs}, with
®%a being the low-pass filter and all other filters being the high-pass filters.

For d-dimensional filters a, by, . . ., b, € [1(Z?), following (1.1.1), {a; by, ..., bs}

is called a (d-dimensional dyadic) tight framelet filter bank if

@1+ b)) =1, (1.2.1)
(=1
A(€)al€ + mw) + > be(€)be(€ + 7w) =0, (1.2.2)
=1

for all ¢ € R? and all w € Q\{0}, where Q := [0,1]¢ N Z<. The filter a is called
the low-pass filter since we often have a(0) = 1, and all the filters by, ..., b, are
called high-pass filters since it is often required that bAl(O) = ... = bAs(O) = 0.

Note that if @(0) = 1 in a tight framelet filter bank {a;bs,...,bs}, then it fol-

11



~

lows directly from (1.2.1) that b;(0) = --- = b,(0) = 0. When s = 2¢ — 1,
the (d-dimensional dyadic) tight framelet filter bank {a;by,...,bya_;} is called
the (d-dimensional dyadic) orthogonal wavelet filter bank. Let {a;b;,...,bs} be
a d-dimensional tight framelet filter bank. Under the mild condition |1 — a(§)| <
ClEl, ¢ € [—m, m]? for some positive numbers C' and 7 (all the tight framelet fil-
ter banks constructed in Chapter 2 satisfy this condition with 7 = 1), the function
D€)== [[;Z, @(277€) is a well-defined function in Ly(R?) and {¢; 4", ..., ¢} is
a tight frame for L, (R?), where the functions !, ... 1 are defined by W(f) =
(5/2) (5/2) ¢ =1,...,s. That means the system

{o(- —k) « ez} | J{290"(2 - —k) : keZ' jeNU{0},(=1,..., s}
(1.2.3)

is a (normalized) tight frame for L (R?) satisfying

1wy = D2 WKFSC=RNPHD > Y K292 @ =k, [ € Lo(RY).

kezd J=0 £=1 kez

Due to this connection between a tight framelet filter bank and a tight frame for

the function space Ly(R?), we concentrate on tight framelet filter banks instead of

tight frames for L,(R?) in the whole thesis. In fact, it is more natural to study

its underlying discrete affine systems instead of the functional systems (1.2.3) in

Ly(R9).

1.3 Overview

Chapter 2 and Chapter 3 comprise the construction of directional tensor product
complex tight framelet filter banks in the frequency domain. Chapter 2 begins with

the definition of discrete affine systems, explains the connection between the tight
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framelet filter banks and the tight frames for the function space Ly(R), and finally
discusses the construction of tight complex framelet filter banks with frequency
separation in one dimension. Though a tight frame with higher redundancy often
leads to superior performance, the computational cost magnifies exponentially as
the dimension increases. This restricts the usage of frame with immense over-
complete rate. Chapter 3 introduces a complex tight framelet filter bank with mixed
sampling factors to reduce the computational cost in high-dimensional applications.

The complex tight framelet filter banks constructed in Chapter 2 and 3 are ban-
dlimited in the frequency domain. They do not have compact support in the time
domain. Compactly supported wavelets and framelets are of importance due to their
good space-frequency localization and computational efficiency in applications. It
is still an unsolved problem whether there exist compactly supported tensor prod-
uct complex tight framelets with directionality. Chapter 4 covers the answer to this
question by proving theoretical results and providing step-by-step algorithms to
construct compactly supported complex tight framelet filter bank {a; b7, b"}. Built
on Chapter 4, Chapter 5 continues to work on compactly supported tight framelet
filter banks so that their tensor product filters in hight dimensions have more direc-
tions.

Finally, the directional tensor product complex tight framelets are tested in the
applications of image and video denoising. Experimental results demonstrate that
our proposed system shows superior performance comparing with the DT-CW'T

and many other transform-based methods.
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Chapter 2

Directional Tensor Product Complex

Tight Framelets

This chapter develops the idea of the frequency separation. The directional tensor
product complex tight framelets are systematically constructed and studied. The no-
tion of discrete affine systems associated with a multilevel discrete framelet trans-
form is introduced in [19]. It allows us to analyze the frequency separation of
high-pass filters in the multilevel tight framelet filter bank. Following this, one-
dimensional complex tight framelet filter banks with good frequency separation are
constructed. Finally, we explain how and why one-dimensional complex wavelets
and framelets with frequency separation lead to directional selectivity in high di-
mensions via tensor product. Several examples are provided to illustrate our con-
struction. The results in this chapter have been published in SIAM Journal on Imag-

ing Sciences [24].

2.1 Discrete affine systems

The advantage of discrete framelet transform lies in the ability to extract the mul-
tiscale information from the input signals. Hence a multilevel discrete framelet
transform is applied. The multilevel discrete framelet transform applies the filter

bank recursively in both decomposition and reconstruction procedures.
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Let {a; by, ..., b} be the tight framelet filter bank used in the discrete framelet
transform. For a positive integer J, the J-level discrete framelet decomposition is

given by the following recursive formulas:
vj = 2_d/27;vj_1, Wy 1= 2_‘1/27221)]»_1, (=1,....8, j=1,...,J,

where vy = v € l5(Z?) is the input signal. The original input data v is decomposed
into one low-pass subband and sJ high-pass subbands after the J-level discrete

framelet decomposition.

Now the .J-level discrete framelet reconstruction is used to rebuild the original

signal recursively as follows:

o1 =228, 0y + 272N Sy, j=J,. L
(=1

It is convenient for us to define the associated discrete affine systems to analyze

multilevel discrete framelet transforms.

Following [19], the multilevel filters a; and b, ; with j € Nand / = 1,..., s are

defined by

@) = 29a(9)a(2¢) - - a2 a2’ '),
by (&) = 29/%6(€)a(26) - a(P B2 ¢),

with a; = 2%2q and by ; = 24/2b,. Now their shifts in the time domain are defined

by

Q5. = CLj(' — QJk') and bg,j;k = bgjj(' - 2jk), ke Zd, ] S N, (= 1, .o, S
(2.1.1)

Since I5(Z?) is a Hilbert space with the inner product (v, w) = >, ;. v(k)w(k),
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as shown in [19], we have
vi(k) = (v,a;;) and wy (k) = (v,bs), KE€Z jEN, £=1,....s,

Consequently, a J-level discrete framelet transform is to compute the following

representation:
J s
V= Z v, a]k aj.r + Z Z <’U, bg’j;k>b57j;k, v E lg(Zd) (2.1.2)
kezd J=1 ¢=1 keZzd

with the series converging unconditionally in ly(Z?). Moreover, we have the fol-
lowing cascade structure:

Z (v, a5 1k)aj-1h = Z (v, aj) g + Z Z (0, bejin)be ik

kezd kezd =1 kezd
jEN, vely(ZY).
The fast discrete framelet transform algorithm is built on this cascade structure.

The J-level discrete affine system associated with the filter bank {a; by, ..., bs}

is defined to be

DASJ({CL7 b17 s 7bs}> ::{aJ;k ke Zd} U
I (2.1.3)
U{bz,j;k; ckeZt t=1,..., s}

Following the general theory in [19], we have the following result for discrete

affine systems.

Theorem 1. Let a, by, ..., b, € 1,(Z%). For J € N, define DAS;({a; by, ...,bs}) as
in (2.1.3) with a ., and b ;.. being given in (2.1.1), respectively. Then the following

statements are equivalent:

(1) {a;by,..., bs} is atight framelet filter bank.
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(2) The following identity holds:

v = Z <U, al;k>a1;k + Z Z <U, bé,l;k>b€,1;k; V€ lg(Zd) (214)

kezd =1 kczd

(3) DAS;({a; by, ...,bs}) is a (normalized) tight frame for l5(Z%), that is,

[l = 3 wead?+ 32 S [0, ba) P v e bz, 2.15)

kezd (=1 kezd

(4) For every j € N, the following identity holds:
D Wi = Y (W a) ety Y 0 b, v € L(ZY),
kezd kezd (=1 kezd
with convention ay = & and agy, = 8(- — k) for k € Z% where § is the
Dirac/Kronecker sequence on 7.%:

1, ifn=0
d(n) = I

0, ifn#0.
(5) Forevery J € N, the identity in (2.1.2) holds.

(6) For every J € N, DAS;({a;by,...,bs}) is a (normalized) tight frame for
I5(Z4), that is,

S

J
HUHZQQ(Zd) = Z ‘(%aJ;kHz + Z Z (v béyk , VE 52(Zd)-

kezd j=1 ¢=1 kezd

Proof. These claims have been proved in [19] for the general downsampling matrix
M. This theorem is a special case with downsampling matrix M = 2l,. For the
completeness, we only present a sketch of the proof here.

Plugging v = §(- — n) with all n € Z% into (2.1.4), we deduce that the resulting

equations in (2.1.4) with v = (- — n) are exactly the time domain version of the
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conditions in (1.2.1) and (1.2.2) in the frequency domain. Hence, (1) <= (2).
(2)=(3) is by direct calculation. (3)==-(2) is an application of the polarization
identity to (2.1.5). Hence, (2) <= (3).
It follows from the convention ay = 6 that

> (w,aom)aok = > v(k)8(- — k) = v.

kezd kezd
Thus, (4)=—(2).

We now prove (2)==-(4). By the definition of b, ; in (2.1.1) and b, = by,

bej = aj_1 % (127 Mg) = aj1 % (b1 1277 g)

= @ = n)(bea 12N (n) = Y ajoa (- — 2 Hagm)bya (m),

nezd meZd

where | is d x d identity matrix. Therefore, by the definition of by ;. in (2.1.1),

bojie = 29bg (- = Plak) =29 > " aj 1 (- — gk — 27 gm) by (m)

mezZd

— 2d] Z aj—l(' — 2j_1|dm)bg’1(m — 2|dk3) = Z aj—l;mb&l;k(m)'

meZd meZd

Consequently,

(W bein) = > (0, 5-rm)beaw(m) = (v, a;-1.), bea(-)).

meZd

From the above two identities, we deduce that
> (0 begdbee = Y ajm <Z (v, aj-1;.), bz,l;k>be,1;k(m)> :
kezd meZd kezd
The same argument can be applied to a;,;, similarly by replacing by ;.. and by 1., with
a;.,, and ay.y, respectively. Therefore,
S
D (i adage + > > (0, bejdbe
kezd =1 kezd
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=) 4 im <Z<<Uy%‘1;->7a1;k>a1;k(m) + Z Z((Uﬂj1;->7bz,1;k>bz,1;k(m)>

meZd kezd =1 kczd
= § :<U7aj*1;m>aj*1;m7
mezZd

where (2.1.4), i.e., item (2), is applied in the last identity. This proves (2)=-(4).
(4)=(5) is from the summation of equation in item (4) with j = 1,...,J.
Conversely, considering the differences between J = jand J = 7 — 1 in (2.1.2),
we see that (5)=—=(4).
The equivalence between item (5) and item (6) is similar to the equivalence

between item (2) and item (3). ]

Therefore, the performance of a multilevel discrete framelet transform is com-

pletely determined by its underlying discrete affine systems. Similarly, {a; b1, ..., by_1}

is an orthogonal wavelet filter bank if and only if DAS ;({a; by, ..., bya_; }) is an or-

thonormal basis for I5(Z?) for every J € N.

2.2 Tensor product complex tight framelets TP-CTFo 4

with s ¢ N

We first provide a road map and some explanations. The one-dimensional complex

tight framelet filter bank {a; b'?, ... b%P '™ ... b%"} is constructed such that

(1) {a;b*P, ... b%P b, ... b5} is a tight framelet filter bank. By definition,

the following conditions are satisfied:
[@OP + ) @+ ) brn(©f =1,
(=1 m=1
a(€)a( +m) + Y (b P(E +m) + Y b (Ebmn (€ + ) = 0,
m=1

(=1
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a.e.l € [—m,ml;

(2) the low-pass filter a is real and symmetric about the origin, and has 2m order
linear-phase moments with zero phase: a(¢) = 1 + O(|¢]*™) as & — 0 for

some m € N;

(3) all b#, ..., b*P concentrate in [0, 7] and almost vanish in [—, 0], while all
b/ﬁ, ..., b>™ concentrate in [—7, 0] and almost vanish in [0, 7];

(4) b = br, which is equivalent to b4(€) = btr(—€) forall £ = 1,..., s.

The requirements in item (2) are not necessary for directionality except the con-
dition a@(0) = 1. However, the linear phase property (i.e., symmetry) and linear-
phase moments of the low-pass filter are desired in numerical algorithms and ap-
plications. The linear-phase moments in item (2) imply that a(0) = 1 and all
the high-pass filters b7 and b®" have at least m order vanishing moments (see
[16]). The condition a(0) = 1 is indispensable for the existence of the refin-
able function (Z(S ) =112, a(279¢). Ttem (3) is simply the frequency separation.
Item (4) allows us to simplify the associated underlying high-dimensional real tight
framelets which are obtained by separating the real and imaginary parts of the com-
plex tight framelets. For simplicity, the following additional condition is imposed
such that (1.2.2) holds automatically:

(5)A(€)a(¢ + 1) = 0 and ber(E)bEr(€ +7) = 0forE € R, £=1,...,s.

We now construct the one-dimensional directional complex tight framelet filter
banks. Let Py, (2) == (1 — )™ 3"} ("*71)a?. Then P, satisfies the identity
Po(x) + Py(1 —x) = 1 (see [4]).

For c¢;, < cg and two positive numbers €, e satisfying €1, + e < cg — ¢, we

define a bump function on R by

CL,CR];EL,ER
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0, §<cp—epor{>cr+eg,

sin (%Pm(%)), cr, —ep <&<cp+eg,

Xleerlier.en(§) 7= (2.2.1)

17 CL+€L<€<CR_5R5

sin (ng(%)), CrR—€r <& < cRr+er.

Note that X(c; cp is a continuous function supported on [c;, —¢ 1, cg+£g]. This

E€LER
bump function (2.2.1) is actually a partition of unity and serves as our prototype for
the one-dimensional complex tight framelet filters. Let 0 < ¢; < cp < -+ < ¢ <

Cs+1 = mand gy, ..., €, be positive numbers satisfying

0 <er <min(ey, 5 —c1) and  (cyqp1 —cp) + g1+ 60 < 7,
2.2.2)

(=1,...,s.

Define the symmetric real low-pass filter a and 2s numbers of complex high-pass

filters bYP, ... bSP bb™ . b" by

~._ hop — on — php(—.
a = X[—01701]§51,€17 b P = X[Cg,ce+1];5£75£+1, and b = b p( )7

(2.2.3)
(=1,...,s.

The conditions in (2.2.2) guarantee item (5): the short support length makes each
term in item (5) zero. It is easy to check that all items (2) — (4) are fulfilled.
In particular the low-pass filter a has infinite order linear-phase moments. Due
to the bump function in (2.2.1), the condition in item (1) is satisfied. Therefore,
CTFas11 = {a;bVP ... b%P bb" ... b%"} is a (one-dimensional dyadic) tight
framelet filter bank satisfying all the requirements in items (1) — (5). For simplicity,

c1 and ¢, are often set to be free parameters and

™ —C1

Cp =1+ (f—l), Ey = €1, {= 1,...,8. (224)
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For this particular choice, due to the constraints in (2.2.2), the parameters c; and £,

must satisfy

1
0 < £, < min <c1,g —a, (“(25—>W> . (2.2.5)
S

Tensor product complex tight framelet filter bank TP-CTF4,; in d dimensions

1s defined to be
TP-CTFs11 == ®* CTFgeq = @{a;b"F, ... %P bY", .. b},

where ®7 means taking d times of tensor product and d is often omitted when d = 2.
This tight framelet filter bank TP-CTF,,,; has one real low-pass filter ¢ ® a and
(25 4+ 1)¢ — 1 complex high-pass filters. And the associated .J-level discrete affine

system is given by

DASJ(TP—CTF25+1) = DASJ(@d{a; bLP’ . 7b&p7 bl,n7 ool bs,n})'

It is important to understand how and why tensor product complex framelets
TP-CTF,, and the DT-CW'T can achieve directionality in high dimensions. To do
so, consider the complex-valued wavelet function v : R? — C in two dimensions.
The same argument can be applied to the high-pass filter v : Z? — C similarly.
Separating the real and imaginary parts, ¢» = 9"l 4911, where ¢! and 1] are real-
valued functions in two dimensions. For /") and ¢/’ to have directionality, QZ often
concentrates around a point ( € R?\{0} (i.e., a nonzero vector) in the frequency
domain. More precisely, 12(5) = g(§ — (), where g is a function concentrating
around the origin. Let f be the inverse Fourier transform of g, that is, f = g.
For the TP-CTF,, and the DT-CWT, f is often an isotropic real-valued function

concentrating around the origin in the time domain. From the relation ¢(§) =
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~

g(& —¢) = f(£ — ¢), we deduce that

Y(x) = fz)e*, ¢l(a) = f(z) cos(Ca), ¢(z) = f(x)sin(Ca), = eR™

Even though the complex-valued function 7/ does not exhibit any orientation
with isotropic magnitude |+(x)| = |f ()|, its real part ¥I"l and imaginary part ¢!’
indeed have directionality. The function f provides good spatial localizations as
well as the magnitudes for 1" and ). The factors cos(¢ - ) and sin({ - x) grant
the directional selectivity to ¢/l"! and ¢!/ according to ¢. Note that )"} and !l have

the same direction, which is perpendicular to the vector (.

To see this point, let us look at the simplest case: the two-dimensional tensor
product tight framelet filter bank using CTF3. By the definition in (2.2.3) with s =
1 and the requirement in (2.2.5), the tight framelet filter bank CTF3 = {a;b?, 0"}

is given by defining 27-periodic functions a, 6\?, and b

~

a:= X[=c,clsee9 bp = Xle,mliee and b := X[—m,—clse.e (226)

where the bump function y is defined in (2.2.1). Then {a; b*, b"} is a one-dimensional
tight framelet filter bank such that a is real and symmetric about the origin with

a(0) = 1. Define functions ¢, ¢?, and 1" by
o) = [[a2¢), ¥r(€) := w(€/2)(£/2), and ¥7(€) == bn(€/2)6(£/2),
Jj=1

£eR.

Then {¢; ¢?, 1"} is a tight frame for L, (R) such that ¢ is real-valued and symmetric

~

about the origin. Since bA”(f ) = bP(—£), we have b" = bP and ¢ = 1)P. Moreover,

both functions ¥? and ¢ are complex-valued and enjoy the frequency separation:

P(€) ~ 0, €€ (—o00,0] and ¥n(¢)~0, &€ [0,00). (2.2.7)
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The tensor product of complex tight frame {¢; 1/, 9"} in two dimensions are

{p@ ¢ @17, 604" 4P @ 6,4" ®@ ¢, ¥ @YP, P @v", " @ ¢, " @ y"}.
(2.2.8)
By (2.2.7), for g, h € {¢?, "}, @L — h ® h concentrates in an area away from
the origin of the frequency plane. As a consequence, both the real and imaginary
parts of g ® h exhibit good directions. For a complex-valued function f : R — C,
define
fP(2) == Re(f(x)),  fi(2) = Im(f(2)), @€

Denote f = fI"l +4 fll with both fI") and f” real-valued functions on R. Similarly,
for a complex filter u : Z — C, we can write v = ul"! + iul? with both sequences
ul"l and vl having real coefficients. Define real-valued functions "'} := Re(v?),
PPl = Tm(yP), Y™l = Re(y™), and ™[ := Im(y)"). Correspondingly, define
real filters b7") := Re(b?), 0Pl .= Im(b?), b™I") := Re(b"), and 6™ := Im(b").
{; pPlrl qpmlr]l qpplil 4hmlil} §s a real tight frame in Ly(R) with the underlying real
tight framelet filter bank {a; porlrl prolr] el gyali] }. However, this real filter bank is
not applied to generate the high-dimensional one by tensor product since it suffers
the same shortcoming as general real wavelets or framelets. Instead, we first take
the tensor product of the one-dimensional complex tight frame in two dimensions
as in (2.2.8), then separate the real and imaginary parts to derive the directional real

tight frame in L,(IR?). More specifically, we have
\/5{ \/7§¢ ® ¢: ¢ @ YPI ¢ @ Pl Pl ¢ YPllg ¢ Yl ypil_yplilg Pl

wp,[ﬂ ® wp,[rl _,_wp,[i] ® wpy[i}, wp,[T] ® wp,[i] _wp,[i] ® wn[ﬂ’ wp,[rl ® wp,[i] +¢p7[i} ® wp,[rl}

(2.2.9)
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with the following underlying two-dimensional real tight framelet filter bank

\/5{\/?501 ® CL; a ® bp{T]? a ® bpv[ﬂj bpv[ﬂ ® a) bp’[z] ® CL, bp7[T] ® bp’[r] — bpvm ® bpvmj
bp,[T] ® bp’["'} + bpv[z] ® bpv[ﬂ’ bpv[r] ® bp,[l] J— bp’[l] ® bpu[r]’ bpv[T} ® bpv[l] — bp,[l] ® bp7[r]}

Now one can check that the derived two-dimensional real tight frame exhibits four

directions:

(1) ¢ ® ¢Pand ¢ @ 1Pl select the horizontal edges along 0°;
(2) Y7 @ ¢ and Pl ® ¢ select the vertical edges along 90°;
(3) Pl @ Pl £ Pl @ 4Pl select the edges along 45°;

4) Pl @ Pl £ Pl @ P ] select the edges along —45°.

The directionality of tensor product complex tight framelet filter bank using
CTF,, with m > 3 can be analyzed similarly.

TP-CTFs444 in d dimensions with d > 3 can be defined by taking d times the
tensor product of CTFy, . For simplicity, TP-CTF ., is also applied to stand for
CTFasyq in one dimension. Since TP-CTFq,, is a tensor product filter bank in
high dimensions, the discrete framelet transform using TP-CTF,,; is essentially
the same as the classical real discrete wavelet transform except for having more
high-pass filters.

In two dimensions, there are 2s(s+1) directions for 4s(s+1) high-pass filters in
TP-CTFy,, 1 with directions along 0°, £45°, and 90° repeated s — 1 times. There-
fore, the two-dimensional TP-CTFy,; offers 2s(s+1)—4(s—1) = 2s(s—1)+4 =
+(n —1)(n — 3) + 4 different directions with n := 2s + 1. For example, TP-CTF}
has four directions along 0°, 45°, and 90°; TP-CTF; has eight directions along
0°,£22.5°, £45°, £67.5°, and 90°. The particular example constructed in [19] cor-
responds to TP-CTF3 here.
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2.3 Tensor product complex tight framelets TP-CTFo, 5

with s € N

The directional selectivity of TP-CTFy, ;1 can be further improved by splitting the
low-pass filter @ into two auxiliary low-pass filters a” and a”. Let 0 < ¢; < ¢ <
coe < ¢y < Cgy1 :=mand €g, €1, . ..,Es be positive numbers satisfying (2.2.2) with
the additional condition

0<egy<cy—eq. (2.3.1)

Define the two auxiliary filters a” and a™ by

~ —~

ap 1= X[0,e1]e0,€1 and dh = p(_,). (2.3.2)

The high-pass filters b'?, ..., b%P, b1, ... b>" are defined the same as in (2.2.3).

Since

[a(e)l* = lar(&)1* + lan (&),
a(§)a(§ +m)

(2.3.3)

aP(§)ar(§ + ) + a™(§)a™(€ + ),

CTFasy0 := {aP,a™; bbF ... 0P bY" ... b*"} is a (one-dimensional dyadic) tight
framelet filter bank. Despite the low-pass filter a is real and symmetric about the
origin, the two auxiliary filters a” and a™ are complex and may not have any sym-
metry. They are one-sided in the frequency domain satisfying the relation a” = aP
and (2.3.3). c1, €9, and €, are often set to be free parameters and the special choice
in (2.2.4) is taken as well. For this particular case, both (2.2.5) and (2.3.1) must be

satisfied. Techniques in (2.3.3) are often applied to split one filter into two one-sided

auxiliary filters to improve the directional selectivity of high-dimensional filters.
The one-dimensional complex tight framelet filter bank is simply CTFq, 5 :=
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{aP,a™; 0P ... b*P bY" .. b*"}. Now the tensor product complex tight framelet

filter bank TP-CTF9,, 5 in d dimensions is defined to be
TP-CTFy,,9 := {®%a; TP-CTF -HPy,. 5},

where TP-CTF -HPs4 5 consists of total (2s + 2)¢ — 2¢ complex high-pass filters

given by
( @ {af,a™;b"P, ... bV DY, ,bs’”}>\< @ {a?, a”}).

It is not difficult to see that the associated J-level discrete affine system is given by
DAS j(TP-CTFy,,5) = DAS ;({®%a; TP-CTF -HPy, 5 }).

TP-CTFy,. 4 is also used to stand for CTF4, 5 in one dimension for simplicity.
The discrete framelet transform using TP-CTF,, 5 is essentially the same as the
discrete framelet transform using filter bank ®@{a?, a™; b7, ... b>P bb" ... b5"}

with a slight modification as follows:

(1) the filter bank @?{a?, a™; b, ... bSP bY" ... b%"} is first applied to the d-

dimensional input data v;
(2) the outputs from @?{a”, a"} are discarded;

(3) the low-pass filter ®%a is applied to the input data v, from which the output

is used to replace the discarded outputs from step (2);

(4) steps (1) — (3) are repeated recursively by treating the output from step (3) as

the new input data.

In two dimensions, due to ¢® = a? and b = btP, ¢ = 1,....s, there are

25(s+2) directions for the 4s(s + 2) high-pass filters in TP-CTF -HPy; 5 with the
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directions along +45° degrees repeated s— 1 times. Therefore, the two-dimensional
tensor product complex tight framelet TP-CTF, 5 offers 2s(s +2) — 2(s — 1) =
2(s—1)(s+2)+6 = 5(n—4)(n+2) +6 different directions with n := 2s+ 2. For
example, TP-CTF, has six directions along +15°, £45°, and +75°, and TP-CTF§

has 14 directions.

2.4 Examples

This section presents several examples of tensor product complex tight framelets.
These TP-CTF,, are characterized by their corresponding filter banks in the fre-
quency domain. Despite the fact that there are many other choices, the parameters
given here are tuned according to the best performance in image denoising for test-

ing image Barbara at standard deviation o = 30.

Example 1. This example is from [19]. For TP-CTF3, we apply (2.2.4) and set

__ 33 69

— — 51
=390 C2 =T, €1 = 155, 512

and g9 = 23

&1

See Figure 2.1 for graphs of the one-dimensional complex tight framelet filter
banks CTF;3. See Figure 2.2 for the directionality of the two-dimensional ten-
sor product complex tight framelet TP-CTF3 (more precisely, the generators in

DAS ;(TP-CTF3)). Please refer [19] for more details on this example.

Example 2. For TP-CTF,, we apply both (2.2.4) and (2.3.1), and set

— _ 291 _ _ 35 _ 27
co=0, ¢ C2 =T, €0 = 1585 €1 = g

_1
= 56 and g9 = <.

2

See Figure 2.1 for graphs of the one-dimensional complex tight framelet filter

banks CTF,. See Figure 2.3 for the directionality of the two-dimensional ten-
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(a) CTF; (b) CTFy

Figure 2.1: (a) CTF3 = {a;b?,0"} in the frequency domain. Solid line is for @,
dotted line is for b/;’ and dashed line is for b".

(b) CTFy = {a?,a™;b?,b"} in the frequency domain. Solid line is for ab, dotted
line is for a”, dotted-dashed line is for bp and dashed line is for b".

Figure 2.2: The real part (the first four) and the imaginary part (the last four) of the
generators at level 5 in DASs(TP-CTF}).

sor product complex tight framelet TP-CTF, (more precisely, the generators in

DAS ;(TP-CTF,)).

IIIIIIIII |||||||||| ||||Hi|||| |||||H|III IIIIHIIII IIIIHIIII

Figure 2.3: The first row shows the real part and the second row shows the imagi-
nary part of the generators at level 5 in DASs(TP-CTFy).

Example 3. For TP-CTFg, we apply both (2.2.4) and (2.3.1), and set

81 115

115 115
1287 2 = 2567

g1 = 256

_ _ 119 19 . _ _ 35 _
co=0,c1 =15, 2=5+55 G3=T, €0 = 155 and €3 =

See Figure 2.4 for graphs of the one-dimensional complex tight framelet filter
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banks CTFy. See Figure 2.5 for the directionality of the two-dimensional ten-
sor product complex tight framelet TP-CTFg (more precisely, the generators in

DAS ;(TP-CTF)).

1+
0.9F
0.8
0.7F
0.6
osf ¢
oal
oal I

ozl ¢

01

ol

Figure 2.4: CTFg = {a?,a™; b"P,b*P b'™ b*"} in the frequency domain. Right
solid line is for aAf\ and left solid line is for a”. Dotted-dashed line is for btr and
dotted line is for b?P. Dashed line is for b and the line with + sign is for b%".

.-

3

Figure 2.5: The first two rows show the real part and the last two rows show the
imaginary part of the generators at level 5 in DASg(TP-CTFg). Among these 16
graphs, the directions along +45° are repeated once. Hence, there are total 14
directions in the discrete affine system DAS ;(TP-CTFg).

We now explain the directionality and oscillations for the graphs in Figure 2.5.

The total six nonzero different vectors (’s of the complex wavelets associated with
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the 12 high-pass filters in ®{a?, a™; b"* b'"}\ @ {a?, a"} have small norms (near
the origin). Therefore, the graphs of the real and imaginary parts of these complex
wavelet functions/filters exhibit six edge-like (i.e., fewer oscillation) directions in
Figure 2.5. In addition, the corresponding vectors (’s of the complex wavelet func-
tions associated with all other 20 high-pass filters in TP-CTF -HPg have larger
norms (away from the origin) with total 10 different directions (with +45° repeated
once). Therefore, the graphs of the real and imaginary parts of these complex
wavelet functions/filters exhibit 10 texture-like (i.e., more oscillations) directions
in Figure 2.5. The good performance of TP-CTFg in applications is probably be-
cause TP-CTFjg has both edge-like (for selecting edges) and texture-like directional

elements (for capturing textures).
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Chapter 3

Directional Tensor Product Complex

Tight Framelets with Low Redundancy

Though empirically higher redundancy of a tight frame often leads to better perfor-
mance, the computational costs increase exponentially with respect to the redun-
dancy rate and dimensions. These computational expenses and storage requirement
restrict the usefulness of such tight frames and over-complete representations in
multidimensional applications (in particular, for moderately high dimensions such
as video processing).

Motivated by the directional tensor product complex tight framelets, this chapter
covers the construction of tensor product complex tight framelets with low redun-
dancy. We introduce the definition of redundancy rate and generalize the notion of
dyadic tight framelet filter banks to tight framelet filter banks with mixed sampling
factors. Finally, example of directional tensor product complex tight framelet with
low redundancy are provided. The results in this chapter have been submitted to

Applied and Computational Harmonic Analysis [25].

3.1 Redundancy rate

Let us explain by what we mean the redundancy rate of a transform or a system.

Most data in d-dimensional applications has finite length. For given data v with
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finite length, we first extend it into a periodic sequence v° on Z?, then perform the
wavelet/framelet transform on the extended data v°. This induces a linear transform
on the original data v, which can be expressed in terms of a matrix /. More pre-
cisely, we can arrange the d-dimensional data v properly so that it can be regarded
as an n x 1 column vector in R, thatis, v € R™. By performing the linear transform
W on v, we obtain another column vector w := Wuv € RY of frame coefficients. If
{a; by, ..., by} is areal orthonormal wavelet filter bank with s = 2¢—1,then N = n
and W is a real n x n orthogonal matrix satisfying WTW = I,,. If {a; by, ..., b}
is a real tight framelet filter bank, then we must have N > n and Wisareal N x n
matrix satisfying WTW = |,,. The ratio N/n is called the redundancy rate of the
linear transform W or its underlying tight frame, since it is the ratio of the frame
coefficients number N to the original input data number n. Note that the redun-
dancy rate N/n is independent of input data length n and it only depends on the

number s of high-pass filters and the sampling factor (which is |, here).

For the d-dimensional tensor product tight framelet filter bank TP-CTF,,, if m

is odd, there are one real low-pass filter and (m — 1)¢ — 1 complex high-pass filters.

m?1 for any decomposition level

Consequently, its redundancy rate is no more than 57—

J € N. If m is even, there are one real low-pass filter and m? — 2¢ complex high-
pass filters in the TP-CTF,,. Therefore, its redundancy rate is no more than %
for any decomposition level J € N. For both the DT-CWT and the TP-CTF,,,
one complex coefficient is counted as two in the calculation of redundancy rates.
The TP-CTF, has almost the same performance, directionality and redundancy

rate as those of the DT-CW'T. The TP-CTFg4 has superior performance than both

TP-CTF,4 and DT-CWT in image denoising [24] and image inpainting [47], but

6d_2d
2d

— in d dimensions. See Table 3.1 for a numerical

it has higher redundancy rate

illustration of redundancy rates.
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d 1] 2 ]3] 4 5 6 7 8
UWT [[4]10 [ 22] 46 | 94 | 190 383 766
UFT, 7125 [ 79 [ 241 | 727 | 2185 | 6559 | 19681
UFT, | 13| 73 | 373 | 1873 | 9373 | 46873 | 234373 | 1171873

DT-CWT || 2 | 4 | 8 | 16 | 32 64 128 256
TP-CTF; || 2 | 22 [ 32 | 55 | 722 | 112 | 1722 | 25%¢
TP-CTF, || 2| 4 | 8 | 16 | 32 64 128 256
TP-CTFs [ 4 | 8 [172 ]| 413 | 1003 | 248 | 6157 | 153122
TP-CTFq || 4 | 102 [ 292 | 855 | 2492 | 7392 | 22037 | 65852
TP-CTF; || 2| 22 [ 32| 51 | 72 | 112 | 172 | 253

Table 3.1: Redundancy rates of various tight frames for different d dimensions.
UWT is the undecimated wavelet transform with decomposition level J = 3 with
the tensor product of 1D orthonormal real wavelet filter bank {a; b}.

UFT; is the undecimated framelet transform with decomposition level J = 3 with
the tensor product of a 1D real tight framelet filter bank {a; by, ..., bs}.

DT-CWT is the dual tree complex wavelet transform.

TP-CTF,, is the tensor product complex tight framelet with m = 3,4,5,6.
TP-CT Fé is our proposed tensor product complex tight framelet with low redun-
dancy.

The construction of TP-CTF,,, with m > 3 is modified in order to reduce
the redundancy rate. For simplicity of presentation, we restrict our attention to
one particular example: TP-CTF¢ with underlying one-dimensional complex tight
framelet filter bank CTFg. We hope the redundancy rate of TP-CTF¢ can be sig-
nificantly reduced, while keep almost all the desirable properties of TP-CTF.
Hence, the modified directional tensor product complex tight framelet is denoted
by T P-CTF{, where the superscript | here means that TP—CTF% is a reduced ver-
sion of TP-CTF.

There are also many nonseparable approaches beyond the tensor product (i.e.,
separable) to achieve directionality in high dimensions. The notation dD stands for
d dimensions or d-dimensional. Some examples of such nonseparable transforms

are 2D curvelets in [2], 2D contourlets in [5], the steerable pyramid in [48], 2D and
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3D shearlets in [26, 29, 30, 33, 34], 3D surfacelets in [36], and directional tight
framelets in [12, 18, 26], as well as quite a few more in the literature. The redun-
dancy rates of such nonseparable transforms depend on the numbers of directions
applied in each resolution level and the decomposition level J € N. Generally
speaking, those nonseparable transforms often have much higher redundancy rates
than those tensor product based transforms for reasonable performance in applica-

tions.

3.2 Tight framelet filter banks with mixed sampling

factors

This section introduces tight framelet filter banks with mixed sampling factors
and studies their properties. Our proposed TP—(CTF% is a particular case of such

framelet filter banks.

3.2.1 Fast framelet transform using tight framelet filter banks

with mixed sampling factors

To reduce the redundancy rate, higher sampling factors are applied to the high-pass
filters in the TP-CTF,,. To this end, let us generalize the definition of the (d-
dimensional dyadic) tight framelet filter bank {a; by, ..., bs}, which uses the uni-

form sampling matrix 21,;, where |, is the d x d identity matrix.

Let M be a d x d invertible integer matrix. For a sequence u = {u(k)},cza :

74 — C, the downsampling sequence u | M and the upsampling sequence u 1+ M
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with the sampling matrix M are defined by

u(M~'k), if k € MZ?,
[wiM](k) == u(Mk), k € Z* and [utM](k) :=

0, if k € Z4\[MZ4].
| det(M)] is called the sampling factor. We adopt the notation u!M to explic-
itly specify the sampling matrix M associated with the filter u. A (d-dimensional
dyadic) tight framelet filter bank {a; by, ..., bs} with uniform sampling matrix 2l,
will be denoted more precisely as {a!2l4; b, !2l4, ..., bs!2l;} under this new nota-

tion.

For a filter v € [;(Z%) and a d x d integer matrix M, the subdivision operator

Sum : loo(ZY) — 1,o(Z) and the transition operator Ty : loo(Z%) — 1oo(Z2) are

defined to be
[Sumv](n) :=[det(M)] > v(k)u(n — Mk),  n €z,
kezd
[Tumv](n) == [ det(M)| Y " v(k)u(k — Mn),  n e Z%,
kezd

Define Qy := (M~TZ%) N [0, 1)4. In terms of Fourier series, we have

Sumv(€) = | det(M)[G(MTE)A(E),
Tonv(€) = 3 (M T¢ + 270)a(M-TE + 2mw).

wENM

(3.2.1)

Define the conjugate sequence u* of u by u*(k) := u(—k), k € Z% Note that

~ -

u*(§) = u(€). Then
Sumv = |det(M)| (vt M) *u and T, mv = |det(M)|(v*u*) LM,

where v x u := ), . v(k)u(- — k) is the convolution of v and w.

Leta,by,...,bs € [;(Z%) and M, My, ..., M, be d xd invertible integer matrices.
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For J € N and given data vy € l(Z%), the .J-level discrete framelet decomposition

(or forward transform) employing the filter bank {a ! M;b; | My, ... b, My} is

vj = |det(l\/|)|_1/27;7,v|vj_1 and wy; = |det(Mg)|_1/277%Mevj_1, (322)

C=1,...,8,7=1,...,J,
where v; are sequences of low-pass coefficients and all w, ; are sequences of high-
pass coefficients of the input signal vy. The J-level discrete framelet reconstruction
(or backward transform) employing the filter bank {a!M;b; ! My, ... bs! Mg} can
be described by

b1 = | det(M)|72So by + > | det(Mg)[ 728y, w, the 5,
P (3.2.3)

j=4J,...,1,
where 7 is a reconstructed sequence on Z?. The property of perfect reconstruction
requires that the reconstructed sequence v, be exactly the same as the original input
datavgif vy =vyandw,; = wejforj=1,...,Jand ¢ =1,... 5.
Using [19, Theorem 2.1], we have the following result on the perfect recon-

struction for the filter bank {a!M;b; My, ... bs! M,}.

Theorem 2. Let a,by,...,b, € 11(Z%) and let M,My, ... M, be d x d invertible

integer matrices. Then the following statements are equivalent:
(1) Forevery J € N, the J-level fast framelet transform employing the filter bank

{a!M; by My, ... by My} has perfect reconstruction.

(2) The one-level discrete framelet transform employing the filter bank

{a!M; by My, ... by Mg} has perfect reconstruction, that is,

v=|det(M)| " SamTamv + Y [det(Me)| ™' Sy, Toom, v, v € Loo(ZY).

=1
(3.24)
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(3) The filter bank {a! M;b; ! My, ... bs! M} is a tight framelet filter bank with
mixed sampling factors, that is, the following perfect reconstruction condi-

tions hold:

@)+ b1 (&) + -+ [bs(&)? =1, (3.2.5)

Xz (@)A()A(E + 27w) + > Xy, 120 (W)Be(E)be(€ + 27w) = 0, (3.2.6)

=1
for almost every §¢ € R and all w € [Om U Ui_,Qm,]\{0}, where Qu, :=
(M, TZ%) N [0,1)¢ and
1, ifweM,; Tz
Xm;, Tzd (w) =
0, ifwgM;TZ4
Proof. The equivalence between item (1) and item (2) is straightforward. By (3.2.1),
the Fourier series of the sequence Sy, m, 7p,,m,v 18
| det(M)| > D& + 2mw)be(€)be(€ + 2mwy).
WgGQMZ
Consequently, we see that (3.2.4) holds if and only if

0(8) = > B(E+2mwo)a(e)alE+2mwo)+ Y > B(E+2mw)be(€)be(E+2mwy)

woENM /=1 WZEQMZ

- > 6<s+2w>(xM-Tzd(w>a<5>a<f+2m>+ZXMZTZAw)Ee(&)@(&zm)).

WEQMUUZ?:lQMZ /=1
Now using the above identity and employing a similar argument as in the proof

of [19, Theorem 2.1], we can deduce that item (2) is equivalent to item (3). L]
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3.2.2 Discrete affine systems of tight framelet filter banks with

mixed sampling factors

To understand the performance and properties of the J-level fast framelet transform
using a tight framelet filter bank {a ! M;b; ! My, ... bs! M}, it is important to look

at the J-level discrete affine system associated with {a!M;b; My, ... bs!M,}.

Let a,by,...,b, € l1(Z%). Note that [1(Z?%) C 15(Z?) and I5(Z?) is a Hilbert
space equipped with the inner product (u, v) := Y, 4 u(k)v(k) for u,v € Io(Z?).
Following Chapter 2, the multilevel filters a; and b, ; with j € Nand ¢ =1,... s

are defined to be

@;(€) == a()a(MTe) ---a((MTy 2 a(MT)y 1), (3.2.7)
bei(6) = G2 ()be(MTY 1) = A()AMTE) - - A((MTY2€)by(MT)1¢).
(3.2.8)

In particular, a; = @ and b,y = b,. We also use the convention a, = §. Since
a,by,...,bs € 11(Z7%), it is straightforward to see that all a;, b, ; are well-defined
filters in [1(Z%) C I1,(Z%). For j € Nand k € Z%, we define the shifts to be

ajg, = | det(M)P/%a;(- — Mk),

(3.2.9)
bejse = | det(M)[9=172] det(Mg) [V ; (- — MTIMk).

Then J-level discrete affine system associated with mixed sampling factors filter

bank {a!M;b; ! My, ..., bs! M} is defined to be

DAS,({a! M;by I My, ... by IM,}) =
(3.2.10)
{aJ;k IkEZd}U{b&j;k I]{IEZd,EIL...,S,j:1,...7J}.

Under the framework of the Hilbert space l5(Z?), the J-level fast framelet transform
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using the tight framelet filter bank {a ! M; b; | My, ... bs! M} is exactly to compute
the following representation:

v = Z (v, u)u

uEDASJ({a!M;b1!M1 ..... bS!MS})

J s
=Y (Wagkags+ Y>> (0., v € B(ZY),

kezad j=1 (=1 kezd

(3.2.11)

where the series converges unconditionally in l5(Z%).
Similar to Theorem 1, we have the following result on the discrete affine system

associated with a mixed sampling factor filter bank.

Theorem 3. Let a,by, ..., b, € [1(Z%) and M, My, ... M, be d x d invertible inte-
ger matrices. For J € N, define DAS ;({a!M;by ' My, ..., bs! Mg}) as in (3.2.10)
with a; and by ; being given in (3.2.7) and (3.2.8), respectively. Then the following
statements are equivalent:

(1) {a!M;by ! My, ... bs! M} is a tight framelet filter bank with mixed sampling

factors.

(2) The following identity holds:

v = Z (v, a1 ) a1, + Z Z (0, bg 14 )bk, v € (ZY.  (32.12)

kezd (=1 keczd

(3) DAS;({a!M; by ' My, ... b, M,}) is a (normalized) tight frame for lo(Z%),

that is,

S

ollfyzey = D Hosar) P+ Y0 Y o beaw) P, v € b(Z9). (3.2.13)

kezd =1 kezd
(4) For every j € N, the following identity holds:

> Wi = Y (W az)azaty Y Wbk, v € L(ZY),

kezd kezd =1 kczd
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where by convention ay := 8§ and ag, == 8(- — k) for k € Z°.
(5) Forevery J € N, the identity in (3.2.11) holds.

(6) Forevery J € N, DAS;({a!M;b; My, ... bs!M,}) is a (normalized) tight
frame for l5(72), that is,

S

J
HUHlQ (zd) = Z (v, @k \2—1-2 Z [(v,be i) |2, v € Io(Z%).

kezd Jj=1 =1 kezd

Proof. Similar to Theorem 1, we only prove (2)==>(4). By the definition of b, ; in

(3.2.8) and b&l = bg,

bf,j = Q-1 % (bgTMJfl) =aj_1 % (bg,lTMjil)

= (=)l tW () = > aj (- = M )b (m).

nczd meZad

Therefore, by the definition of b j.;, in (3.2.9),

be gk = | det(M)]97D72] det(Mg) |2y (- — M~ M,k)

= | det(M)[Y=D2 [ det(M)[V/* > " a1 (- = M Mek — M7~ 'm)by 1 (m)

meza

= | det(M)[Y=2 | det(Me)[Y/> >~ a;_1(- = M m)bgy (m — Myk)

meza
= ) aj 1mbran(m).

mezd

Consequently,

(. begr) = D (a5 1m)bek(m) = ((v,05-1.), bea (). (3.2.14)

meZa
From the above two identities,
Y (0bemdbeie = D aj-um (Z<<Uaaj—1;~>7be,l;k>be,1;k(m)> :
kezd mezZd kezd
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The same argument can be applied to a;, and the above identity still holds by

replacing by ;. and by 1., with a;,;, and a,.;, respectively. Therefore,

> wagm)azk+ > > (0, be k) bejn

kezd =1 kezd
S
=Y a5 1m (Z((Uy%1;->7a1;k>al;k(m) +> Z((Uﬂj1;->7bz,1;k>bz,1;k(m)>
meZd kezd =1 kez4
=D (0,45 1m) 851,
meZa

where (3.2.12) in item (2) is applied in the last identity. This proves (2)=—=-(4). [

The coefficients in the representation in (3.2.11) using a J-level discrete affine
system can be exactly computed through the .J-level fast framelet decomposition in
(3.2.2). In fact, since a;_1(£) = a(&)---a((MT)772¢) and T, mv = | det(M)]|(v *
u*) LM, by [19, Lemma 4.3],

(v, aj-1) = [ det(M)|9"D2(v, aj1 (- = MIT1R)) = [ det(M)["72[T, i) (k)

= [ det (M) 2T ] (k) = vj-1(k),

where v;_; is exactly the same sequence as obtained in the fast framelet decompo-

sition in (3.2.2) with vy := v. Similarly, by (3.2.14) and the above identity,

U, O¢,5ik) = \\U, Qj—1;.)5 De156) = | A€ 1 Vj—1,0¢(- — WVl
(v, bejse) = (€ )y bea) = [ det(Me)["2(v; 1, be(- — Mek))

= | det(Mg)[V* Y~ v 1 (m)be(m — Mck) = | det(My)| /[Ty, m,v;-1] (k)

mezZd

= wy;(k).

This establishes the connection between the representation in (3.2.11) under the
J-level discrete affine system and the J-level fast/discrete framelet transform in

(3.2.2) and (3.2.3).
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3.2.3 Connections to tight frames in L,(R?)

Following the general theory on frequency-based framelets in [14, 18], this sub-
section discusses the natural connections between the tight framelet filter bank

{a!'M;b; ' My, ..., b, ! M,} and the tight frame in Lo(R?).

For a function f : R? — C and a d x d real matrix U, following [ 18], we adopt

the notation:

forn() = flumn) (@) = [Usk,n] f(x) := | det(U)["/2e~ ™Y f(Uz — k),

z, k,neRY
In particular, fy := furo = ]det U\l/gf( —k). For f € Li(R?), its Fourier
transform is defined to be f(¢ = Jpa f(@)e ™ dx for £ € RY. Note that Fon =

fU*T;O,k'
The following result is based on the general theory developed in [14, 18] on

frequency-based framelets.

Theorem 4. Leta, b, ..., b, € [1(Z%) and M, My, ..., M, be dx d invertible integer
matrices. Suppose that all the eigenvalues of M are greater than one in modulus
and there exist positive numbers ¢, C, T such that |1 —a(€)| < C|[€||7, € € [—¢, €]

Define

a((MT) ) and  U(E) = b (M TE)HMTE),
e (3.2.15)

EeRY 0=1,....,s
If {a!M;by I My, ... bs! Mg} is a tight framelet filter bank, then
{p!M; I My, ... 08 EM, Y s a tight framelet in Ly(R?), that is, ¢, 0, ... ¢° €

Ly(RY) and ASo({¢ | M; 1 I My, ... p* I M,}) is a (normalized) tight frame in Ly(RY):
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s

A ey = D 10 = RN+ D00 [(f [det(M™ M) Y20 1w, s

kezd J=0£=1 kezd
f (S LQ(Rd),
(3.2.16)
where
ASo({p!M;pt IMy, .. p* IMLY) i= {o(- — k) : k ez}
(3.2.17)

{1 det (M M) 2 -in © k€20 6=1,...,5,j e NU{0}}.

The converse direction also holds provided in addition that ) , ;4 |¢A5(§ +27k)|* #

0 for almost every & € R%.

Proof. By the same argument as in [18, Theorem 13] and [14, Theorem 6], (3.2.16)
holds for all f € Ly(RY) and ¢, ¢, ..., 1% € Ly(RY) if and only if

]Einoo Z [{f dmia) |* = 11 £ 112, ey (3.2.18)
and
Z|f¢|v|k| —Z|f¢ (- —k))
- T (3.2.19)
Z ST [ det (M M) Y204 (- — M~ Mk)) 2
=1 kczd

for all f € Ly(R?) such that fisa compactly supported C'*° function.

By our assumption on M and a, gg is a well-defined bounded function. By
the similar argument as in [14, Lemma 4], we see that (3.2.18) is satisfied, since
lim; s oo (M) 7€) = 1.

Define N := M~T and N, := M, . Note that ‘(- — M~'Mk) = n‘(M,;'M .
k) with 7 = $/(M-IM,-) and 77(€) = | det(M; M) (NIN,E). By [18,

Lemma 10], we have
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I et MM 20 (- — MM = [ desM= MO 3 [(F. 7y 10

kezd kezd

=(2m) "> det(M~'My) |2Z| f 77 N, 1N0k>|

kezd

—(27)" / > (&) (€ + 2aN-INgk ) VO (E + 2nN~ NGk de

kezd

—(27)~ / > F(E)F(€ + 2mN-INGk)be(NE)be (NE + 2Npk)H(NE)S(NE + 27Nk )dé

kezd

:(Qﬂ)—d 7l & Y. by(NE)D(NE + 27y

WZEQMZ

37 e+ 2nN~twy + 20N-1k)G(NE + 2wy + 27k ) e,

kezd
where we used (3.2.15) in the last second identity and the fact that Z¢ = MTQM )

MT 72, Similarly, by [18, Lemma 10] we have
¢

> ot —k)P

kezd

=(27)~ / > F(€)F (€ + 2mk)a(NE)a(NE + 2mNk)G(NE)(NE + 2mNFk)de

kezd

=(m™ | FQONE > GNANE + 2mwo)

UJ()GQM

3" F(€ + 27Nty + 2nN-1k)G(NE + 2mep + 2mk)de

kezd

and

Yo S dma)l” = 2m) [ F©OSNE) Z (€ + 27N-1k)H(NE + 27k de.
€zd

kezd

By the similar argument as in [14, Lemma 5], we can conclude that (3.2.19) holds
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if and only if
BE)B(E + 2mw + 2wk>(xM-Tzd (@)a(€)a(€ + 27w) + > Xy ()be(E)Bul€ + 2m>)
/=1

—~

= §(w)p(E)B(E + 2mk), a.e.& € RY
(3.2.20)

for all w € Qv U U;_,Q, and for all k € Z4. If {a!M;b; ! My, ... b, M} is a
tight framelet filter bank, by (3.2.5) and (3.2.6), it is obvious that (3.2.20) is satisfied
and therefore, {¢! M; )1 | My, ... ¢! M,} is a tight framelet for Ly(R?).

If > e |6(& + 27k)[% # 0 for almost every & € R, then it is easy to deduce
that (3.2.20) is equivalent to (3.2.5) and (3.2.6). This proves the converse direction.

O

Since M~*M,Z? = Z? may not hold any more for all / = 1,..., s, the system
ASo({p! M; ot IMy, ..., 9* I M,}) in (3.2.17) is not covered by the current theory

of wavelet/multiresolution analysis.

3.3 One-dimensional complex tight framelets with low
redundancy

Built on the tight framelet filter banks with mixed sampling factors, this subsection
builds a one-dimensional tight framelet filter bank (CTFi, which consists of one
real low-pass filter a, two auxiliary complex filters a” and ", and four complex

high-pass filters b1, b7 b>"™ and b*>" such that
(1) a" = a?, b'™ = bLr, and b>" = b2P;

(2) both CTF} := {aP14,a™ 1 4;b'P 14, b>P 14, b1 14, p>" 14} and

{a!2;0"P14,b%P 14 b1 14 p?" 14} are tight framelet filter banks;
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(3) all the filters a?, a™, b*?, b*P, b1", and b*™ have good frequency separation.

As discussed in Chapter 2, the directionality of the tensor product complex tight
framelet TP-(CTF% largely depends on the frequency separation of all the high-pass
filters in the J-level discrete affine system DAS ;({a ! 2; 17 14, 027 14, b1 14, b7 14})
as well as the frequency separation of the two auxiliary filters a” and a". For

¢=1,2and j € N, define

6;(€) =a(¢)a(2¢) - a(2’ a2’ ),

0= G (R (21E) = a(€)a(2e) a2 (2), 331
b = G (B (277E) = G(€)a2e) - G220 (2. (33.2)

Note that a; = a, b, , = by and by, = bj}. We also define
ajp = 29%a;(-—20k), b, = 20D/ (i) e = 20D/ (it L),

for ¢ = 1,2, 7 € N, and £ € Z. Then the associated one-dimensional J-level

discrete affine system is given by

DAS;({a!2; 714,654,067 14,0514}) =
{asw © ke ZH V) o Vb KEZ, L=1,2, j=1,...,J}
A detailed construction of (CTFé is given in the following result by defining the
filters @ and b'P, b>P bb" b>" as in (2.2.3) with s = 2 and a?, a™ as in (2.3.2).
For a filter u, we say that u has the ideal frequency separation if either u(£) = 0

forall £ € [—m, 0] or u(§) = 0 for all £ € [0, 7). The following result describes the

frequency separation of tight framelet filter banks with mixed sampling factors.

Theorem 5. Let 0 < ¢y < c1 < ¢ < 7 and €y, €1, €9, €3 be positive real numbers.

The filters a,a?, b}, by are constructed by defining their 2m-periodic Fourier series
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on the basic interval [—7, ) as follows:

~ ~

~ o D . .
@ = X[=cy,e1lien,err @ 1= X[0,e1)ie0,61 bl = Xle1,calien,825 and b2 = Xlez,mlie,e3-

Define

n

avi=ap, b= =100 (3.3.3)
If the following conditions are satisfied,

gotear<as<i—e—¢e, jFtertez<ce<m—é&—eé;,

(3.34)

s
E1te2 S 2 — 01 < 5 — €1 — &g,

then both {a? ! 4,a™ 14,07 14,6514, 67 14,0514} and {a!2;07 14,6514, 67 14,0514}
are tight framelet filter banks. If both (3.3.4) and the following additional condi-

tions are satisfied:
lot+ieta+ea <7 and o +e+ 363 < 3, (3.3.5)

then all the high-pass filters b ;.. by ;.. b7 ;1,5 50, k € Z at all scale levels j > 2
in the J-level discrete affine system DAS ;({a!2; b7 14,0514, 714,05 14}) have the

ideal frequency separation for any J > 2, more precisely,

—

0.(6)=0, €e[-m0] and b},(€)=0, €e[0,7]
(3.3.6)
j=2 and (=1,2,

where b/fg\J and b/’;} are defined in (3.3.1) and (3.3.2), respectively.

Proof. By Theorem 2, {a!2;0}14,0514,b7 14,0514} is a tight framelet filter bank

if and only if

()2 + R + [B5(E)? + 1B + B3P =1, (33.7)
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a€+m+ Y (REOUE+m) + BN E+m) =0, (33.8)

(=1
2 _ - =~
S (ROBE+ D +H©OFE+D) =0 (339)
(=1
2 [ —~ D em——
(€ +5) + BB+ %)) =0, (3.3.10)
(=1

By the definition of the bump function, it is easy to check that the identity (3.3.7)

holds. By (3.3.4), we see that for { € R, v =1,2,3, and u € {0}, 05, b7, b4 }:
aE)aE+r) =0, a(©ar(E+T)=0, a(ar(E+Z)=0, (33.11)
u(§)u(§ + %) =0. (3.3.12)

Therefore, all the identities (3.3.8) — (3.3.10) hold and {a ! 2; b7 14,6514, b7 14, b5 1 4}

is a tight framelet filter bank.

By Theorem 2, {aP!4,a™14;b7 14,0514 b7 14,05 14} is a tight framelet filter

bank if and only if
@ ()7 + | ()2 + (B + )2 + B + B =1  (3.3.13)
and for all v = 1, 2, 3,

2 _ -
PEOP(E+ T+ €+ F)+ D (WORE + F)+REOFE+F)) =0,

= (3.3.14)
By the definition of the bump function, it is easy to check that the identity (3.3.13)
holds. It also follows directly from (3.3.11) and (3.3.12) that (3.3.14) holds. Hence,
{aP 14, a™ 1 4; 67 14,0514, 0714, b5 14} is a tight framelet filter bank.

Using (3.3.4) and (3.3.5), by calculation we can directly check that the ideal

frequency separation (3.3.6) holds. [
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3.4 Tensor product of CTF%

This section discusses the tensor product tight framelet filter bank TP-(CTF% de-
rived from the one-dimensional tight framelet filter banks in Theorem 5. Define
TP-CTF -HP}, to be the set including all 6¢ — 27 complex high-pass filters as fol-

lows:
TP-CTF -HP; := (®{a”, a"; b"2, b22, b1 > }) \ (@%{a?, a"}) .

Then the directional tensor product complex tight framelet filter bank T P—CTF% in

d dimensions is defined to be
TP-CTF}; := {®%a!2l, ; u!4ly with u € TP-CTF -HP}.

Note that the low-pass filter ®?a is real and due to the relations in (3.3.3), U €
TP-CTF-HP; if u € TP-CTF-HPj. Therefore, the tight framelet filter bank

TP—CTFé can always be rewritten as
TP-CTFy = {®%!2ly ; u!4ly,u!4ly with u € TP-CTF -CHP{},

where TP-CTF -CHP} is a subset of TP-CTF -HP;, with exactly # filters. Con-
sequently, the complex tight framelet filter bank TP—CTFé is essentially equivalent

to the following real tight framelet filter bank:
{@% ; vV2Re(u), V2Im(u) with u € TP-CTF -CHP}}. (3.4.1)

Therefore, we essentially only have total (6% — 2¢) /2 number of complex high-pass
filters in TP-CTF —HP%. Thus, the number of real coefficients (by identifying one
complex number with two real numbers: its real and imaginary parts) produced by

all the complex filters in TP—CTF% is the same as those produced by the real tight
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framelet filter bank in (3.4.1). That is, TP-CTF -HPé produces exactly the same set
of real coefficients as the 67 — 29 real filters in (3.4.1) do. Note that the sampling
matrix is 44 for all high-pass filters in ®{a?, a™; b7, b5, b7, b3 }, while we only per-
form sampling by 2l on the low-pass filter ®?a. Consequently, regardless of the
decomposition level, the redundancy rate of the fast framelet transform employing

TP-CTF} in d dimensions is no more than

69 — 24 1 3¢ -1

4d  La9jd — 9d _ 1"

7=0
For example, the redundancy rates of TP-CTFj are 2,22, 32,51 and 72 for d =
1,...,5, respectively. See Table 3.1 for more details on the redundancy rates of
TP-CT Fé. Note that the redundancy rate of the original TP-CTF is 2 times that
of the TP-CTF}, in d dimensions.

3.5 Example

This section presents one example of tensor product complex tight framelets with

low redundancy rate.

Example 4. For the directional tensor product complex tight framelet TP—CTFé

with low redundancy, the parameters in Theorem 5 are set to be

g0 =0.125, e, =03, =035 &e=00778, ¢ =75-0425 c=20.

(3.5.1)
Note that the above parameters satisfy the conditions in both (3.3.4) and (3.3.5). To
have some ideas about the filters in (CTF%, see Figure 3.1 for the frequency response
of the filters in CT Fé. For the directionality of TP-CTFé in two dimensions, see

Figure 3.2 for some elements of DAS ;(TP-CTF}) with J = 5.
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Figure 3.1: The one-dimensional tight framelet filter bank CTF% =

{aP14,a™ 1 4; 614,054, 07 14,6514} in Theorem 5 with parameters in (3.5.1).
Solid line for a?, dotted line for a”, dashed line for b, dash-dotted line for b7,
circled line for b5, and circle-dotted line for 7.

Figure 3.2: The first two rows show the real part and the last two rows show the
imaginary part of the 2D high-pass filters at the level 4 in DAS5(TP-CT Fé) in two
dimensions. Among these 16 graphs for the first two rows or the last two rows, the

directions along +45° are repeated once. Hence, there are 14 directions in the 2D
discrete affine system DAS;(TP-CTF}).
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Chapter 4

Compactly Supported Tensor Product
Complex Tight Framelets TP-CTFy

Despite several desirable properties, the directional complex tight framelets con-
structed in Chapter 2 and Chapter 3 are bandlimited and they do not have compact
support in the time domain. Compactly supported wavelets and framelets are of
great interest and importance due to their good space-frequency localization and
computational efficiency. It remains an unsolved problem whether there exist com-
pactly supported tensor product complex tight framelets with directionality. This
chapter satisfactorily answers this question by studying and constructing compactly
supported tensor product complex tight framelet filter banks with directionality.
Several concrete examples will be provided. The results in this chapter have been

accepted by SIAM Journal on Mathematical Analysis [23] for publication.

4.1 Preliminaries

This chapter only discusses the two-dimensional TP-CTF3 with two high-pass fil-
ter in its underlying one-dimensional filter bank. It plays a fundamental role for
the construction of compactly supported TP-CTF, and TP-CTFg with increasing
directionality.

The tight framelet filter bank CTF3 = {a; b”, b"} constructed in (2.2.6) (see [19,
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24] for more detail) are bandlimited. Due to the short support length of @, bAP, and bA”,
one can observe that the equation (1.2.2) in the definition holds. More precisely, (2.2.6)

induces
QQaE 1) =0, PEOPE+T) =0, PEOFE+m) =0,  @LD)
which straightforwardly imply
AGAE + 1) + PEOPE +m) + PO (E+m) =0. @412

Therefore, taking advantages of short supports of @, l;\l’, and l;;l, the bandlimited tight

framelet filter bank CTF5 only has to satisfy the following partition of unity:
[a(&)1* + [br()* + b () = 1.

If we require all filters a, b, b" € ly(7Z) to have finite support, then @, l;;’, and bn
are 2m-periodic trigonometric polynomials. Consequently, the identities in (4.1.1)
cannot be true and the condition in (4.1.2) can not be ignored for constructing a
finitely supported tight framelet filter bank CTF3. As we discussed before, the di-
rectionality of the above bandlimited tight framelet using CTF3 largely relies on
the frequency separation of 1 and ¢" in (2.2.7). However, if ¢ and ¢ have are
compactly supported and not identically zero, the frequency separation in (2.2.7)
cannot hold neither. These restrictions make the construction of directional com-

pactly supported CTF3; much more difficult than that of bandlimited one.

Directionality of wavelets or framelets in high dimensions has close relation
to the frequency separation of their associated one-dimensional filter banks. By
YP(2€) = DP()d(€) and Pm(28) = " (€)o(€). since generally ¢ & Y[ rz. 1O
satisfy the condition in (2.2.7), b? should be relatively small on the negative interval

[—7,0) so that bP concentrates largely on the positive interval [0, 7), while b" should
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be relatively small on the positive interval [0, ) so that b" concentrates largely on
the negative interval [—7,0). A natural quantity to measure frequency separation

(and therefore, the directionality of tensor product tight framelets) is
By e (€) = [P(& +m)]* + ()7, €€ [0,7).

The smaller the quantity By over the interval [0, 7], the better the frequency
separation of the two high-pass filters ¥ and b™. If we can construct a tight framelet
filter bank {a;b?,b"} such that the integration of By 4n (&) over [0, 7] is relatively
small, then the resulting tensor product tight framelet filter bank ®{a; b”, b} and its
associated real tight frame will have strong directions along 0° (horizontal), +45°,

and 90° (vertical) in two dimensions.

4.2 Lower bound for frequency separation of CTF';

This section addresses a sharp theoretical lower bound for the best possible fre-
quency separation of CTF; = {a;b, 0"}, shows that the frequency separation
function A() in (4.2.2) is often small for many known low-pass filters, and finally

shows that all real tight framelet filter banks cannot have good frequency separation.

Theorem 6. Let a, b, b" € l5(Z) such that {a; P, b"} is a tight framelet filter bank.
Then

6P(& + )2+ [(O? = A(E), ae. £ €07, 4.2.1)

where the frequency separation function A(§) associated with the low-pass filter a

is defined to be

_ 2—fa@©P —f[a€ + )P — VC(©)

A©) :

4.2.2)
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with
C(&) =41 —[a©)f —[a +m)*) + ([a@©))* — [a¢ +m))*.  (4.2.3)

Moreover, the inequality in (4.2.1) is sharp in the sense that there exist lO)p, " e
1o(Z) such that {a;b°,b"} is a tight framelet filter bank satisfying |b°(¢ + 7)[% +

(&> = A() ae. € € [0,7]. If in addition the filter a is real, that is, a(§) =

a(=¢) a.e. & € R, then the tight framelet filter bank {a; 0P, b”} can satisfy the

~

additional property: b”(g) = 5?(—5) a.e. £ € R, that is, b* = b,

Proof. Since {a; 0P, b"} is a tight framelet filter bank, by definition

e e | |BE© PEtm| | 1-@@P  -a@a+ )
(e+m) brE+m)| 07O brE+m)| | ~aE+ma(e) 1-a+ )P
4.2.4)

Since the determinant of the matrix on the right-hand side of (4.2.4) is 1 —[a(&)|* —
(¢ + )

m)|? > 0, for almost every £ € R.

2, it follows directly from (4.2.4) that we must have 1 — [a(£)|* — [a(¢ +

Note that from (4.2.4), {a; b?,b"} is a tight framelet filter bank if and only if for

almost every ¢ € [0, 7], the following three equations hold:

@) + ()] + [on () = 1, (4.2.5)
@€ + ) + b6+ )P + [br(€ + )2 =1, (4.2.6)
AOAE+ )+ P(OBP(E+7) + b7 (E)b (& +7) = 0. 4.2.7)

In the rest of the proof, we always assume £ € [0, 7]. Note that (4.2.5) and (4.2.6)

imply

B = /1 - [a())2 — [ ()P,

- _ (4.2.8)
(€ +m)| = /1 — [a(e + )P — [B( + M.
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Using (4.2.8), we deduce from (4.2.7) that

a©ace + P < (IPEOB(E + o] +IF©F € +m)])
= (B +mI1 - @O ~ O] + [y 1 - [a(e +m)P — (e +m)P)
< (1P +mE + 10 ©F) (2= [ = [a( +m)F = (( +m) + 157() ),

2

where Cauchy-Schwarz inequality is applied in the last inequality. Define B(&) :=

|6°(€ + ) >+ |67 (€ )|%. Then the above inequality can be rewritten as

F(B(§) =0 with f(x):=—a’+(2—[a(©)] —[a¢+m)]*)z—[a(§)a(¢ +)["
(4.2.9)

Since f is a quadratic polynomial, by calculation, f has two real roots:

A(€) and 2 —a(§)]* — [a(€ +m)|* — A(9),

where A(§) is defined in (4.2.2). Note that the function C'(§) can be rewritten as:
C(&) = 2—a(§))* ~ [a(¢+m)[*)* —4[a(©)a(¢ +m)|* < 2—[a(§) ] —[a(¢+m)[*)*.
From the expression of A(¢) and the above inequality, we see that A(£) > 0 and

0 <A <2—[aQ)]” - [al¢ +m)I” = A(9). (4.2.10)

In particular, f(z) > 0if and only if A(§) < z < 2 — [a(&)]? — [a(£ +7)[> — A(€).
Therefore, since f(z) < 0 forall x < A(£), by f(B(£)) = 0, B(§) > A(&). Thus,

we proved inequality (4.2.1).

We now show that the inequality in (4.2.1) is sharp by explicitly constructing a

tight framelet filter bank {a; b, b"} satisfying |b7(¢ 4 7)|2 + |b7(€) |2 = A(€) for all

~

¢ € [0, 7). In the following, we construct such 27-periodic measurable functions b

~

and b” by defining b7 (€), b»(¢ + ), b7 (€), and b*(¢ 4 ) on the interval & € [0, 7).
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For £ € [0, 7], we define

~ 3 if C(¢) =
(€ +m) = RN (4.2.11)
\/%A(Q (1 — B®P-lalerm* 7|Ca((§)+ﬂ)‘ ), otherwise,
and
~ 3 if C(€) =
n 4.2.12)

)= 1 [@(©)2—la(¢+m)[?
5A() (1 + C’(£)>’ otherwise.

We first show that both b7 (¢ + ) and b"(€) are well defined nonnegative functions

for ¢ € [0, 7. By the definition of C'(§) in (4.2.3), it is straightforward to see that

V@ = @) - fat + mP?

[a(§)I* — fa(€ +m)|*
V()

Since A(€) > 0, both b?(€ + ) in (4.2.11) and b*(€) in (4.2.12) are well defined

[0, w]. Consequently, we have

nonnegative functions for £ € [0, 7]. Let 5(£) denote the phase of a(§)a(§ + ),

that is, 5(¢) is a real-valued measurable function on [0, 7] such that

a(gla(g +m) = e"Olaggla +n)l,  €elo,ql. (4.2.13)

Ifa(¢)a(§ + m) = 0, define 5(§) = 0. For £ € [0, ], define

(6) =~V 1 - @l ~ i) 4214)
and
(5 + ) \/1 — |a(§ + ) |13AP(€ + 7)|2. (4.2.15)

We now prove both bp(§ ) and b” (€ + ) are well defined functions by showing that
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for £ € [0, 7],
L— [@€) — () >0 and 1- (€ +m)P - [E+ >0 @2.16)

and

~

[@(€)are + )| = [ r(E + )| + (b (€ + 7). (4.2.17)
We prove (4.2.16) and (4.2.17) by considering four cases.

Case 1: C'(¢) = 0. Since C(&) = 0, it follows from (4.2.11) and (4.2.12) that

~

e+ 1) = (&) = 1. By C(&) = 0, it follows from the definition of C/(¢)

in (4.2.3) that 1 — [a(&)|? — |a(é + m)|? = 0 and [a(€)|? — [a(§ + 7)|? = 0. Hence,

AOP = [a(€ + m)? = L. Consequently, 1 — [a(€) — |b(6)P

1> 0and 1 —[a(+ ) — |m@+ﬂP= — 11 =150 Thus, (4.2.16)

1
1-1-

1
4

holds. Now by the definition of bp(f) in (4.2.14) and b”(E + ) in (4.2.15), we have

(€)= —P© /2 and b7 (€ + 1) = —e#©) /2. Thus, it is straightforward to check

that (4.2.17) holds.

Case 2: C(£) # 0 and A(¢) = 0. By the definition of (¢ + ) in (4.2.11)
and b"(€) in (4.2.12), we have (¢ + ) = b*(¢) = 0. Clearly, (4.2.16) holds
since 1 — [a(¢)|* — [a(¢€ + m)|*> = 0. It is also easy to see that A(§) = 0 implies

a(§)a(§ + m) = 0. Therefore, (4.2.17) is true.

Case 3: C'(&) £ 0, A(¢) # 0, and [a(¢)]> — [a(§ + 7)> = /C(€) or —/C
Without loss of any generality, we only consider [a(£)|* — [a(€ + 7r)]2 =/C (5),

from which we deduce that
L—[a(§))? — [a+m)> =0, b(E+m) =0, and b (&) = /A(S).

It follows from 1 — |a(&)]? — [a(€ + 7)|> = 0 and the definition of A(€) in (4.2.2)

that A(§) = 1—|a(5)|2;\a(g+7r)|2 = |a(& + m)|?. Now we see that (4.2.16) is satisfied,
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since 1 — [@(¢ +7)|2 — [IP(€ + )2 = 1 — [A(¢ + )2 = [@(€)[2 > 0 and

L [P — (O] = 1~ [P ~ AE©) =1 — @) — [ale + m)f> = 0.

~

Consequently, we deduce from the above identity and the definition of I;P(f )in (4.2.14)
that b?(¢) = 0. Since b?(€ + 7) = 0 and A(¢) = [a(¢ + )2, from the definition of
(€ + 7) in (4.2.15) we deduce that

b€+ m) = 1= [a( + m)[2 — |br(e + m)* = 1 — [ale + )2 = [a(e) "
Therefore, by bAP(g) = Iif;(é +7) =0, bA”(g) = /A(), and |l;7\1(£ + )| = [a(é)|,
we see that
b2(€)br (E+) |+ |bn (€)b (6-4+m)| = [b(€)bn(6+)] = VAE)[a(E)] = [a()a(e+m)].

where we used the identity A(£) = [a(€ + 7)|? in the last identity. Hence, (4.2.17)
holds.

Case 4: C'(£) # 0, A(&) # 0, and [a(&)|* — |a(§—|—7r )2 # 4+4/C(€). Note that
the last two conditions 1mp1y that bp(§ +7) # 0 and b”(§ ) # 0. From the definition

of bp(§ + 7)in (4.2.11) and b”(f) in (4.2.12), we see that

e+ VT© — () - m< o) 1 [P — Ae)
|

P VOO + (PR —lag+mP)  1-la€+mP - A
(4.2.18)

where the relation /C(£) = 2 — [a(§))* — [a(§ + 7)]* — 2A(E) (derived from
the definition of A() in (4.2.2)) is applied in the last identity. Since C'(§) # 0,
we deduce from the definition of IBAP(Q’ + m) in (4.2.11) and bA”(g) in (4.2.12) that
|lO)AP(§ + )2 + |bA"(§)|2 = A(€). Now it follows directly from (4.2.18) that

e+ mP _ 1-@©P - A€ _ 1-[@(©F - AQ) + W + )P
prp L IEETE A et mp - 4 + P
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1P - P
L= [a( + ) = (s + )

That is, we proved

L O e 3 [t L (3

P 1 falE+m (e + )P

From the identity in (4.2.19), we further deduce that

(4.2.19)

PEmP )P
AO e+ )L i
- -r@Pr
(1= @) — [ + (1 = [a(€ + mI2 — (€ + mP?)
QP - QP
2= @) — [a€ + mP — A)’

In other words, we proved

E+mE 1 [a©)] — ()

= = — . 4.2.20
A€  2-PEP- @E+mE—AQ) (3220

Similarly, we can prove that
@ 1 +m)[? — [br(€ + ) @221)

A€  2-a©) - [a(g + )2 — A(g)
By our assumption A(£) > 0, we see from (4.2.10) that 2 — [a(¢)|> — [a(& +m)|? —
A(&) = A(&) > 0. Since EAp(g + m) # 0 and l;;l(é’) # 0, we deduce from (4.2.20)
that 1 — [a(¢)|> — \bA”(f)|2 > (. By the same argument, we deduce from*(4.2.21)
that 1 — [a({+7) > — \lg;’(f‘ +m)|? > 0. Hence, we proved (4.2.16). Therefore, I;Ap(é’)

and b* (€ + ) are well defined. It now follows from (4.2.19) that

L TG o (3] (3 N L 3
rOF  1- e+ m = e+ b+ TP
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~ ~

from which we see that the vector (|b(¢ + )], [b7(€)|) is parallel to the vector

(|br(€)|, |b*(€ + 7)|). Consequently, we must have

()b () 0 () (em) | = VB (e + )P + (@) P () + (e + )P

By the definition of b?(£ + ) in (4.2.11), b*(£) in (4.2.12), b?(€) in (4.2.14), and
(€ + 7) in (4.2.15), we conclude that

~

B(€)br (€ + )| + [bn(€)b (€ + )|

(e + mp + @RV PO + 15(E + )2
—VAE)2 - [aOF — G + MP — A@) = [a(e)a(e + )|,

where in the last identity we used the fact that A(£) and 2 — [a(€)|? — [a(¢ +m)|? —
A(€) are the two roots of f in (4.2.9) and f(0) = —|a(&)a(€ + 7)|>. Thus, we
proved (4.2.17).

lO)AP(ﬁ + )%+ \bA"(f)|2 = A(¢) for all £ € [0, 7] such

By our construction,
that C'(§) # 0. If C(€) = 0, as discussed in Case 1, then we have A(¢) = 3
and |bP(€ 4+ )2 + |07(9)]? = T+ 1 =1 = A(). To complete the proof, we
now show that {a; b, b”} is a tight framelet filter bank. By our construction of b
and 5”, (4.2.5) and (4.2.6) are satisfied with b” and 0" being replaced by bP and ZOJ”,
respectively. To check (4.2.7), we have

a()al€ + m) + br(€)br(¢ + ) + b ()b (€ + )
=P Ofa(€)a(¢ +m)| = PO(br(E)br(€ + )| + [b"(€)bn(& + m)) = 0,
where (4.2.17) is applied in the last identity. Therefore, {a; 1071’, b"} is indeed a tight

framelet filter bank.
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If the filter a is real, a(§) = a(—¢) a.e. £ € R. Consequently,

[a(=&)| = la(¢)| and C(=§) =C() =C(r=E), A(=¢) = A(§) = A(m—9).
(4.2.22)

~ ~

We now prove that ZO)P(—f )= 13”(5 ) a.e. £ € R, which is equivalent to verify that

~
o

(=¢) =0v"(§) and gp(ﬂ—f)=l§l(£—w), ae. £€[0,m]. (42.23)

<)

By (4.2.22) and the definition of loﬂ’(f + 7)in (4.2.11) and b”(é’) in (4.2.12),

~ ~

(=€) = bo((m— €) +7) = be((m — &) +7) = b(€), £ €0,7)

which is the first identity in (4.2.23). Similarly, we have

~ ~

b(r— €)= —e PN [a(m — )P — ir(x — )P

— _iB(m—E) \/1 —Ja+m)? - |[;p<€ + )2 = 61‘(5(5)—6(%—5))(‘;71(5 + ),

where (4.2.15) and the first identity in (4.2.23) are used. If we can prove that
BEO-F=) =1 ¢£e0,n], (4.2.24)

then the second identity in (4.2.23) holds and therefore, we proved bP(—¢) = b (¢ )

ae. £ € R.

We now prove (4.2.24). Replacing £ by m— ¢ in the definition of 5(§) in (4.2.13)
and using (4.2.22),

a(r — &)a2r — ) = " a(r — a(2r — )] = PV aE)alg + ).

Since a(§) = a(—¢), we have

a(m — &§)a2r —§) = a(§ —m) a(=¢) = a(§ + m)a(§) = a(§)a(€ + 7).
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Consequently, comparing with (4.2.13), we conclude that for £ € [0, 7] such that
A(€)a(€ + 7) # 0, we must have 29 = ¢ which is simply (4.2.24). For
the case that a(§)a(¢ + m) = 0, (4.2.24) is true since 3(§) = B(m — §) = 0. This

completes the proof of Theorem 6. 0

Let a be a finitely supported low-pass filter such that @(0) = 1 and a(7w) =
0. By (4.2.2) and (4.2.3), we have C'(0) = C(w) = 1 and A(0) = A(7) = 0.
Now by the definition of li;’(ﬁ) and li;’(f), we see that limg_,,+ |bAP(£)‘ = 0 and
limg_, .- ‘bA”(f )| = 0. Now it follows directly from (4.2.14) that

lim |32()] = Tim \/1— @@ - | = 1.

E—m— E—m—

However limg_, .+ |bAP(£)| = 0, therefore EAp(g) must be discontinuous at £ = .
Similarly, b/’\l(f ) must be discontinuous at £ = 7. Hence, though the two high-pass
filters b” and b achieve the optimal theoretical lower bound A(¢), they cannot be
finitely supported in the time domain and have slow decay filter coefficients.
Interestingly, as demonstrated by the following result, the frequency separation
function A(€) in (4.2.2) is often very small for most known low-pass filters in the

literature.

Theorem 7. Let A() be the frequency separation function defined in (4.2.2) asso-
ciated with a filter a € l5(Z) satisfying [a(&)|* + [a(§ + 7)* < 1, a.ef € R
Then

0 < A(E) < min([a(é)]? [a€ +m)*), ae &R (4.2.25)

In particular,
(1) A(&) =0, a.e.l €[0,7]ifand only if a(§)a({+m) =0, a.e. € R

(2) A(¢) = min([a(&)?, [a(€ + 7)|%), a.e.& € [0,7] if and only if [a()]* +

64



[a(&+m)|? =1, a.e.£ € Rwithmin(|a(€)|?, [a(€ + 7)|?) # 0. In particular,
ifla(©)+]a(+m)* =1, a.e.£ € R (that is, a is an orthogonal filter), then
A(€) = min([a(§)[*, [a(§ + m)[?), a.e.§ € [0, 7).

(3) If a is the B-spline filter a2 of order m given by (;,\ﬁ(ﬁ) = cos®™(&/2) with

m € N, then

47msin™(€) < A(E) < 47 ™sin™(€), €€ [0, 7). (4.2.26)

Proof. Define z := |a(§)|? and y := [a(§ + 7)[%. Then 0 < z,y < 1and 0 <

x + y < 1. In terms of x and y, the function A() in (4.2.2) can be rewritten as

A(E) = IA(z,y) with Alz,y) =2—2—y— V4l —2—y)+ (z —y)2.

By direct calculation,

4z(l —x —
%A(x, y)=x— M <z, (4.2.27)
9(z,y)

where g(z,y) :=2-3v—y+/4(l—2—y)+(x —y)? = 2-3z—y+(x—y) =
21—z —y) =0.

If g(x,y) > 0, by the symmetry of = and y in A(z, y), it follows from (4.2.27)
that A(¢) = $A(z,y) < min(z, y) = min(|a(§)|?, [a(€ +7)[*). Note that g(z, y) =
Oifandonlyifz +y=1andz > y.

If g(z,y) = 0, A(€) = 3A(a,y) = y = min(z,y) = min([a(&) 2, [a(¢ + m)P).
Therefore, we proved the inequality (4.2.25).

Item (1) follows directly from the definition of A(&) and the relation in (4.2.3).
Item (2) follows directly from (4.2.27). For item (3), by the definition of the func-

tion A with a = aZ, we have A(§) = 1A(z,y) and

sin?(€) = 22" sin*™(£/2) cos®™(£/2) = 4™ xy.
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Note that

dxy
(2—z—y) + /2—z—y)? —day

Since 0 < 7,y < 1,0 < /(2—2 —y)? — 4wy < 2 — x — y. We conclude that

Az, y) = 2—z—y)—\/(2—z—y)* — day =

2_22—3’_1/ < A(x,y) < fo;—?iy. Consequently, by 0 < z,y < land z +y < 1,
2 4
1y < s S A(2,y) < s < day.
2—x—y 2—x—y
This completes the proof of (4.2.26). 0

For each low-pass filter a € [3(Z), Theorem 6 provides a sharp lower bound
for the frequency separation of the associated high-pass filter 6” and b". Theorem 6
guarantees the existence of a tight framelet filter bank {a; lo)p, b”} achieving this
optimal lower bound. However, the 27-periodic functions Z’;(g ) and bA”(f ) must be
discontinuous. As a consequence, the high-pass filters bP and b cannot be finitely
supported with slowly decay filter coefficients. The theoretical optimal lower bound
A(£) can only be approximated at the cost of long filter supports for both ¥ and
b™. The main purpose of this chapter is to obtain finitely supported tight framelet
filter banks {a; b”, b™} with short support and good frequency separation. We often
slightly sacrifice the optimal frequency separation given in Theorem 4.2.1 to have
finitely supported complex tight framelet with short support and good directions.

The following result shows that for a tight framelet filter bank {a; b?, b"}, if the
high-pass filters b” and b™ are real (but a can be a complex filter), then the frequency
separation of O and 0" cannot be good. Moreover, the best possible frequency
separation between two real high-pass filters b” and b™ in a tight framelet filter bank
{a; 0P, b™} is achieved when a is an orthogonal filter. However, Theorem 7 tells us

that the frequency separation between two complex high-pass filters 0 and b" in a
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complex tight framelet filter bank {a; b?, 0"} is the worst when «a is an orthogonal

filter.

Theorem 8. Let a,b?,b" € I5(Z) such that {a;bP,b"} is a tight framelet filter bank

and the two high-pass filters b’ and b™ are real (but a may be complex). Then

bo| 3

| IBermp+i©R)as = 5 | -poP-laernP)a > 5, @229

a§)P +

where the equal sign holds if and only if a is an orthogonal filter (that is,
[a(§+m))?> =1, a.el €R).
Proof. Define B(£) := |bP(€ + m)[2 + |0*(€)|2. Note that a filter u has real coeffi-
cients if and only if u(§) = u(—¢). Then bAP(f +7) = bAP(f —7) = 61\D<7T —¢) and
B(€) = [pr(m = ) + [5"(€)

By [@(&)[> +[67(&)]? +[5"(€)* = 1. we have [a(m — &)+ b (w — &) >+ 0" (m —
€)|? = 1. Therefore,

B(&) + B(r — &) = |p(m — )P + [0 + [P + [0(w — &)

=2 —[a(¢)l* — la(r — oI

(4.2.29)

Note that
1= [@(=&)? + [ (=€) 2 + |07(=6) > = [a(=&) > + [B(€) > + |b7(€)|?
— 1+ [a(=&)P — (),
we must have |[a(—¢)| = |a(§)|. Therefore, it follows from (4.2.29) that B(&) +

B(r—€) =2 — [a(¢)[? — [a(¢ + )[2, from which

/0 "2 @) — fa(e + )] de = /0 "[B(©) + Blr — £))de =2 /0 " B(e)de.

Since [a(&)]* + |a(€ + 7)|> < 1, a.e. € R, we conclude from the above identity

that (4.2.28) holds. ]
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4.3 Structure of finitely supported complex tight framelet

filter banks

In order to design directional finitely supported complex tight framelet filter banks
{a; 0P, 0™}, this section investigates the structure of all possible finitely supported
complex high-pass filters b and 0" from the tight framelet filter bank {a; b?, 0" }.
We are interested in finding all possible finitely supported complex tight framelet
filter banks {a; b?, 0™ } from a given finite supported low-pass filter a. For prescribed
support lengths of v” and b™, such result enables us to find the complex tight framelet
filter bank {a;b”,b"} with the best possible frequency separation by optimization

techniques.

To construct finitely supported tight framelet filter banks, it is convenient to
use Laurent polynomials instead of 27-periodic trigonometric polynomials. Recall
that [y(Z) denotes the linear space of all finitely supported sequences on Z. For a
sequence u = {u(k)}rez € lo(Z), its z-transform is a Laurent polynomial defined
by

u(z) =Y u(k)¥, e C\{0}.

keZ

Letu : Z — C"** be a sequence of r X s matrices. We define u* to be its associated
adjoint sequence by u*(k) := u(—kz)T, k € Z. In terms of Fourier series, we have
ur(€) = ﬂ(f)T and 1(&) = u(e~%). Using Laurent polynomials, we have
—T
uw(z) = [u()]* =) ulk) 27, zeC\{0}.
keZ

In terms of Laurent polynomials, for a, by, by € lo(Z), {a; b1, b} is a tight framelet
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filter bank if

*

a(z) bi(z)  ba(z) a(z) bi(z)  ba(z)
a(—=z) bi(—z) ba(—2)| |a(—z) bi(—2z) ba(—2)

=l 4.3.1)

for all z € C\{0}, where I, is the 2 x 2 identity matrix. It is easy to see that (4.3.1)

is equivalent to
bi(z)  ba(z) bi(z)  ba(z) _ Mu(2) 432)
bi(—z) ba(—z)| |b1(—2) ba(—2)
with
1—a(z)a*(z) —a(z)a*(—=)
—a(—z)a*(z) 1—a(—z)a*(—=2)

For a 2 x 2 matrix U of Laurent polynomials, we say that U is paraunitary
if Uz)U*(z) = Iy forall z € T := {¢ € C : |[¢| = 1}, or equivalently,
U(e"f)WT = I, forall £ € R.

For a Laurent polynomial u, the notation u = 0 denotes u is identically zero,
while the notation u # 0 denotes u is not identically zero. We say that u is an
orthogonal filter if u(z)u*(z) + u(—z)u*(—z) = 1 for all z € C\{0}.

The main result in this chapter is as follows:

Theorem 9. Let a, by, by, b7, 0" € lo(Z) such that {a; by, by} is a tight framelet filter

bank and a is not identically zero. Suppose that
la(2)]? + |a(—2)|* < 1, zeT.
Then the following are equivalent:
(1) {a;b",b"} is a finitely supported tight framelet filter bank and

b?(2)b"(—2z) — bP(—2)b™(2) = Az [by(2)ba(—2) — by (—2)ba(2)] (4.3.3)

69



for some k € Z and A € T. Remove condition (4.3.3) if a is an orthogonal

filter.

(2) There exists a 2 X 2 paraunitary matrix U of Laurent polynomials such that
[bp(z) b”(z)] = [bl(z) bg(z)} U(z*), =ze C\{0}. (4.3.4)

To prove Theorem 9, we need several auxiliary results. Let us first introduce
some definitions. We say that u is a trivial factor if it is a nonzero monomial, that is,
u(z) = Az* for some A € C\{0} and k € Z. For two Laurent polynomials u and v,
by ged(u, v) we denote the greatest common factor of u and v. In particular, we use
the notation ged(u,v) = 1 to mean that u and v do not have a nontrivial common

factor.

Lemma 1. Let py, p2, p3, p4 be Laurent polynomials. Define

ply o |PE P 4.3.5)

p2(2) pa(2)

Then the following are equivalent:

(1) det(P(z)) = 0 forall z € C\{0}.

(2) p1(2)pa(z) — p2(2)ps(z) = 0 forall = € C\{0}.

(3) There exist Laurent polynomials q1, qz, qs3, 4 Such that
pi1(2) = q1(2)as(2), p2(2) = a2(2)as(2),
(4.3.6)
Pa(2) = a1(2)da(2), pa(z) = q2(2)qu(2).

(4) There exist Laurent polynomials q1, qs, 3, d4 Such that



Proof. If P is identically zero, then all claims hold obviously. Hence, we as-
sume that at least one of p1, p2, p3, p4 1s not identically zero. Since (1)=—=-(2) and
(3)=(4)==(1) are obvious, it suffices to prove (2)=—=>(3) to complete the proof.
If both p; and p- are identically zero, then the claim in item (3) obviously holds
by taking q; = ps3, g2 = p4,qs = 0 and q4 = 1. Now we assume that either p; # 0

or po # 0, that is, at least one of p; and p» is not identically zero. Define

qs = ng(Ph P2) and qp := Pl/Q3; qz = P2/CI3- 4.3.7)

Since q3 is not identically zero, all q, g2, q3 are well-defined Laurent polynomials
and at least one of q; and g, are not identically zero. Moreover, p; = qiqs, p2 =
293, and ged(qp, g2) = 1, which means that q; and g, have no nontrivial common
factor. By item (2), we have 0 = pyps — p2p3 = d3(qips — g2p3). Since g3 is not
identically zero, from the above identity we must have q;ps = q2p3. Because at
least one of q; and g2 is not identically zero, without loss of generality, we may
assume that q; is not identically zero. By gcd(qi,q2) = 1 and q1ps = qop3, We
must have q; | ps. Then we define q; = p3/q;, which is a well-defined Laurent
polynomial. By q;ps = q2p3, we see that p; = g2q4. Using (4.3.7), now one can

directly check that (4.3.6) holds. Therefore, we complete the proof of (2)=—-(3).

O]

Proposition 4.1. Let Q and V be 2 x 2 matrices of Laurent polynomials. If

c(z) O
V(2)Q(z) = : (4.3.8)
0 d(z)
then there exist Laurent polynomials uy, us, us, Uy, Vi, Vo, V3, V4 Such that
c(2) = vi(2)vs(2) (u1 (2)ua(2) +ua(2)us(2)),

4.3.9)

o
—
[\
~—
I

Vo (2)vy(2) (u1 (2)ug(2)+ u2(z)u3(z)) ,
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V() = vi(2) 0 ui(z) —us(z) Q) = ug(z)  uz(z)| |vs(2) 0
0 wva(2)| [u2(z) ua(z) —uz2(2) ui(2) 0 va(z)
(4.3.10)

Ifc = 1, then we can particularly take vi = v3 = 1 so that uy(2)uy(2)+us(2)us(z) =

L and d(2) = va(2)vy(2).

Proof. By our assumption in (4.3.8), we have [V(2)Q(z)]12(2) = V1.1(2)Q12(2) +
V12(2)Q22(2) = 0 forall z € C\{0}. By Lemma 1, there exist Laurent polynomi-

als uq, us, vy, v4 such that

= e -]
—Q22(2) Quia(z) —v4(2) 1 ’

Similarly, we have [V(2)Q(2)]21(2) = V21(2)Q1.1(2) + V22(2)Q2,1(2) = 0 for all

z € C\{0}. By Lemma 1, there exist Laurent polynomials us, uy, vo, v3 such that

Vg’l(z) VQ’Q(Z) VQ(Z)
= uz(z) ua(z)|-
—Q21(2) Qu1(2) v3(2)
Now we can directly check that both (4.3.10) and (4.3.9) are satisfied.

If ¢ = 1, then it follows from (4.3.9) that all v, v3 and ujus + usuz must be

monomials. Now it follows directly from (4.3.10) that

1 0 ui(2)vi(z) —us(z)vi(2)

V(z) =
2 Jus(2)va(z)  ua(z)vs(z)
and
ug(2)vz(2 uz(z)vi(z 1 0
Q) = (2)vs(2)  us(2)va(2)
—us(2)v3(z) ui(2)vi(2)] |0 :?8

Redefine uy, ug, ug, uy, Vo, vy as UVvy, UgVs, UgVy, UgVs, Vo /V3, Vya /vy, Tespectively. We
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now see that the claim holds for the particular case of ¢ = 1. [

The following two corollaries are direct consequences of Proposition 4.1.

Corollary 1. Let P be a 2 x 2 matrix of Laurent polynomials defined in (4.3.5).
Then P is paraunitary, that is, P(2)P*(z) = I, for all z € C\{0}, if and only if

p3(z) = —A2"p3(2), palz) = A2"pi(2), p1(2)pi(2) + p2(2)ps(z) = 1,
4.3.11)

AET, keZ

Proof. Let Q and V be the 2 x 2 matrix of Laurent polynomials defined by

pi(2) p5(z
V(z):=P(2) and Q(z):=P*(z) = iz) pa(z)
p3(2) Pi(2)
If P is paraunitary, then V(z)Q(z) = I5. By Proposition 4.1 with ¢ = 1, we see that

(4.3.11) must hold.

Conversely, if (4.3.11) is satisfied, then we can directly check that P is a parau-

nitary matrix. 0

Corollary 2. Let Q,V, COQ, V be 2 x 2 matrices of Laurent polynomials. If

and det(V(z)) = A2k det(V(z)), for some A\ € C\{0}, k € Z, then there exists a

2 x 2 matrix U of Laurent polynomials such that det(U(z)) = \z* and

V(z) = V(2)U(z). (4.3.12)



Proof. By Proposition 4.1 with ¢ = 1, we see that

1 0 . 1 0
V(z) = Ui(2), V(z) = Ua(2),

o

0 det(V(2)) 0 det(V(2))

where Uy, Uy are 2 x 2 matrices of Laurent polynomials such that det(U;(z)) =
det(Uy(2)) = 1. Therefore, [U;(z)]~! is also a matrix of Laurent polynomials.

Define

Now it is trivial to check that (4.3.12) holds and det(U(z)) = Az* is a nontrivial

monomial. O]

Now we have the following result about the essential uniqueness of factorization

of a positive semidefinite 2 X 2 matrix of Laurent polynomials.

Theorem 10. Let P be a 2 x 2 matrix of Laurent polynomials given in (4.3.5) such

that ged(p1, p2, ps, pa) = 1. If V and V are 2 x 2 matrices of Laurent polynomials

satisfying
V(z)V*(2) = P(2) = V(2)V*(2) (4.3.13)

and det(V(z)) = A2Fdet(V(2)) for someh € T, k € Z then there exists a
2 x 2 paraunitary matrix U of Laurent polynomials such that V(z) = V(z)U(z),

det(U(2)) = \2*, and U(2)U*(2) = I, for all = € C\{0}.

Proof. It is a basic result in linear algebra that there exist two 2 X 2 matrices A and

B of Laurent polynomials satisfying det(A(z)) = det(B(z)) = 1 and

A(z)P(2)B(z) = (4.3.14)
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with c, d being Laurent polynomials satisfying c | d. The above result can be proved
using elementary matrix forms and Euclidean division of Laurent polynomials. The
diagonal matrix diag(c, d) is called the Smith normal form of P and such Laurent
polynomials c, d are essentially unique. See [49] for a detailed proof of the above

result. Moreover, one can directly verify that
c =gcd(p1, p2,p3,p4) =1 and d=det(P)/c. (4.3.15)

Consequently, by (4.3.13), we have

1 0 o
(A(2)V(2))(V*(2)B(2)) = 0 diz = (A)V(2))(V(2)B(2)).  (4.3.16)

We now consider two cases: det(P(z)) # 0 or det(P(2)) = 0.

We first consider the case det(P(z)) # 0, that is, the determinant of P is not
identically zero. Note that det(A(z)V(z)) = det(A(z)) det(V(z)) = det(V(z)) =
A2Fdet(V(2)) = Az¥det(A(2)V(2)). Consequently, it follows from Corollary 2
that there exists a 2 x 2 matrix U of Laurent polynomials such that det(U(z)) =
AzF and A(2)V(z) = A(2)V(2)U(z), from which we have V(z) = V(2)U(z) since
det(A(z)) = 1. Therefore, it follows from (4.3.13) that V(2)V*(z) = V(2)V*(2)

which leads to

V(2)(U(2)U*(2) — L)V*(z) = 0.
By (4.3.13), we have det(V(z)) det(V*(2)) = det(P(z)) # 0, hence, det(V(z)) #
0. Therefore, V(z) is invertible for all z satisfying det(V(z)) # 0. Now we deduce
from the above identity that we must have U(z)U*(z) = I, for all z € C\{0}. This
proves the claim for the case det(P(2)) # 0.

We now study the case det(P(z)) = 0. Then (4.3.15) implies d = 0 and (4.3.13)

implies det(V(z)) = 0. Applying Proposition 4.1 to the first identity in (4.3.16) and
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noting that d = det(V) = 0, we must have

1 0] [ui(2) —us(z
A(2)V(z) = =) ) and  up(2)us(z) + ua(2)uz(z) =1
0 0] |ua(2) us(z)

for some Laurent polynomials uy, uy, uz and uy. By (4.3.13) and V(2)V*(2) = P(z2),

it follows from the above identity that

1 0)lui(2) —us(2)|| ui(z) uz(2)[|1 O z) 0
NP () () —ul) || i) w1 o] at)

0 Offua(z) wa(2) ||—uj3(2) ui(2)[|0 O 0 0

where q(z) := ui(2)uy(z) + uz(z)uj(z). Since det(A(z)) = 1, by our assumption
ged(p1, p2, P3, p4) = 1, the Laurent polynomial q must be a nonzero monomial.
Since q* = g, q must be a positive real number. Redefining A, B through scal-
ing by diag(q~/2, q'/?)A and Bdiag(q'/?, q~1/2), respectively, we conclude that all
(4.3.14), (4.3.16), and (4.3.17) with g = 1 are still satisfied and

A(2)V(z) = P U1(2), Ui (2)Ut(2) = Iy with Uy (z) := q~1/2 ui(z) —us(2)

00 u3(z)  ui(z)

o

Similarly, by d = det(V) = 0 and (4.3.17) with q = 1, we can apply Proposition 4.1
to the second identity in (4.3.16) and conclude that there exists a 2 X 2 paraunitary

matrix Uy of Laurent polynomials such that
A(2)V(z) = Us(z) and  Us(2)U3(z2) = L.

Note that there is no further rescaling on the matrices A and B due to the identity
in (4.3.17) with q = 1. Define U(z) := U%(2)Us(2). Then V(z) = V(2)U(z) holds.
Moreover, U is a paraunitary matrix and det(U(z)) = 1. It is also obvious that

o

det(V) = det(V) = 0. This proves the claim for the case det(P(z)) = 0. O
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We are now ready to prove Theorem 9.

Proof of Theorem 9. (2)==(1) is straightforward. Note that (4.3.4) is equivalent

to

= Uz2), =zeC\{0}.  (43.18)
b?’(—z) b"(—2) bi(—z) ba(—2)

Since {a; by, bo } is a tight framelet filter bank and U is paraunitary, it follows directly
from (4.3.2) and (4.3.18) that {a;b", b"} is a finitely supported tight framelet filter
bank. Moreover, it follows directly from (4.3.18) that (4.3.3) holds with \z¥F =
det(U(2)).

We now prove (1)=—=>(2). For a sequence u : Z — C and v € Z, its coset
sequence 1! is defined to be ul! (k) := u(y+2k), k € Z. Since both {a; by, by} and
{a; 0P, 0™} are finitely supported tight framelet filter banks, using coset sequences,

we see from (4.3.2) that

b7l (2)  b™Ol(2)| |bPl(2) b™I0l(2) ’
bPM(z) bml(z)| [bPl(2) b™l(z)

where
3 —al(z)@%z))  —all(z)(altl(2))*
—@"(2))ralll(z) 3 —all(z)(al(2))*
Define c(z) := ged([Na(2)]11, Na(2)]1.2, [Na(2)]2.1, [Na(2)]2,2). Then we have
2det(N,(2)) = 3 — al%l(2)(al%(2))* — al(2)(al'l(2))* and trace(N,(2)) = 1 —

Na(2) ==

al%(2)(al%(2))* —alll(2)(al¥l(2))*. Therefore, c must be a factor of trace(N,(z)) —
2det(N,(z)) = 1/2. Consequently, we conclude that ¢ = 1. By Theorem 10, there

must exist a 2 x 2 paraunitary matrix U of Laurent polynomials such that

bp7[0](2) bn,[O](Z) _ b[lo](Z) b[QO](Z) U(,z) (4319)

bpv[l}(z) bnv[l}(z) b[ll](Z) b[;](z)
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for all z € C\{0}. Since u(z) = ul”(2?) + zul'l(22) holds for any u € ly(7Z),
it is straightforward to deduce from (4.3.19) that (4.3.4) holds. Hence item (ii) is

proved.

4.4 Algorithms of directional compactly supported com-

plex tight framelet filter banks

This section proposes an algorithm to construct finitely supported complex tight
framelet filter banks {a;b”,b"} with good frequency separation from any eligible
finitely supported low-pass filter a. Several examples is provided to illustrate our

algorithm.

We first explain how to construct all tight framelet filter banks using Theorem 9.

For by, by € ly(Z), define a Laurent polynomial d, 5, by
dbl,bz(zz) = z[by(2)ba(—2) — by (—2)ba(2)].
Then d;, p, is a well-defined Laurent polynomial. It follows from (4.3.2) that
by (2) " = det(Ma(2)) = 1 = [a(2)[* = Ja(=2)",  z€T. (441
If a is an orthogonal filter, d;, ;, = 0. Define
bi(2) := za*(—z), ba(z) =0. (4.4.2)

For d, 5, # 0, by Fejér-Riesz lemma, we see that up to a monomial factor there
are essentially only finitely many Laurent polynomials d;, 5, satisfying (4.4.1). All

finitely supported complex tight framelet filter banks {a; b, b2} having the shortest
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possible filter supports can be derived from the low-pass filter a by solving a linear
equation system. Consequently, Theorem 9 allows us to obtain all finitely supported
complex tight framelet filter banks {a; by, by} with the given low-pass filter a.

For a finitely supported sequence u = {u(k)}rez such that u(k) = 0 for all
k € Z\[m,n] and u(m)u(n) # 0, define fsupp(u) := fsupp(u) := [m, n] to be the
filter support of u and len(u) := len(u) := n —m to be the length of the filter u. We
now recall an algorithm, which is a special case of [20, Algorithm 4], to construct an
initial finitely supported tight framelet filter bank {a; b1, by }. In fact, this algorithm
can construct all possible complex tight framelet filter banks {a; by, by} with the

shortest support length.

Algorithm 1. Let a € lo(Z) be a finitely supported filter on Z such that |a(z)|> +

la(—2)|> < 1 forall z € T and a is not an orthogonal filter.

(SI) Define A(z) := 1 — a(z)a*(z), B(z) := —a(z)a*(—2), and D(z?) := 1 —
a(z)a*(z) — a(—z)a*(—=2).

(S2) Select €, s1, 89 € {0,1} and a polynomial d satisfying d(z)d*(z) = D(z) with
[ate=l] Cmy < ng < [ 25222 | + ng + € where [—ng, ng) := fsupp(A)

and [mg, ng] := fsupp(d).

(S3) Parameterize a filter by by by(z) = 2! Z;‘fgg t;2?. Find the unknown coef-

ficients {to, ..., tnysc} by solving a system X of linear equations induced by
R(z) = 0 and coeff(by, z,7) = 0withj = s; —ng —2mgq — 1,..., =8y —
ng—e—landj=1—5s9,...,5 +2ng — 2ng + € — 1, where R and b7 are

uniquely determined by fsupp(R) C [2mq, 2ng — 1] and

B(—2)by(2) — A(2)bi(—2) = d(2?)zb3(2) + R(2).
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(§4) For any nontrivial solution to the system X in (S3), there must exist A > 0
such that

Ad(2%) = 27 [bi(2)ba(—2) — bi(—2)ba(2)]

holds. Replace by, by by \=1/2by, \=1/2by, respectively.
Then {a; by, by} is a finitely supported tight framelet filter bank satisfying
max(len(by),len(by)) < len(a) + ¢,

with fsupp(by) C [s1, 51 + no + €] and fsupp(bs) C [sq, S2 + ng + €.

We are now ready to present an algorithm to construct finitely supported com-

plex tight framelet filter banks with frequency separation.

Algorithm 2. Let a € [y(Z) be a finitely supported filter on Z such that |a(z)|* +

la(=2)]> < 1forall z € T.

(S1) If a is not an orthogonal filter, construct a finitely supported tight framelet
filter bank {a;by,by} by Algorithm 1; if a is an orthogonal filter, construct

{a;b1,bo} by (4.4.2).

(S2) Choose a suitable filter length N € N U {0} and parameterize filters u, and

ug by
ui(z) i=co +crz+---+enz?, Ug(2) i=do +dyz + - +dyz,

where cy, ..., cn,dy, . .., dy are complex numbers to be determined later. We

can further assume cy € R by normalizing the first filter u,.

(S3) Define new high-pass filters b? and b™ by

b"(2) = b1 (2)ur () +ba(2)ua(2),  b"(2) := 2™ [ba(2)ui(2*) —bi(2)uj(2")],

80



where m is an integer such that the centers of fsupp(b?) and fsupp(b™) are

close to each other.

(S4) If in addition the given filter a is real, then we further require that the initial
filters by, by should be real and cy, . ..,cyn,dy,...,dy € R. Further replace
the filters b? and b™ in (S3) by [b?(z) +ib™(2)]/v/2 and [bP(2) — ib™(2)]/V2,

respectively.

(S5) Find a solution {cq, ... ,cn,do,...,dn} of the following constrained opti-

mization problem:

min [ 9= 4 o) Pl

uy,u2

under the constraint |u;(e™%) > + |ua(e=®)|? = 1 for all ¢ € R (such con-

straint on uy, uy can be rewritten as equations using co, . ..,cn,do, ..., dy).

Then {a;b?,b"} is a tight framelet filter bank. For a real filter a, we additionally
have b" = bP.

4.5 Exmaples

Here several examples are presented to illustrate Algorithms 1 and 2. In order to
see the improvement of directionality of a tight framelet filter bank {a; 0?, 0"}, we
use the following quantities:

dp = 5 [y [2=[a(©))? —[a(¢+m)PJdE,  da = [7 A()dE, @s
dp = [y + w2 + 15 (©)2)de, B

where the sharp theoretical lower bound frequency separation function A is defined

in (4.2.2) and the subscript R in dp refers to the case of real high-pass filters. By
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Theorem 6, we always have d4 < dp. If both b” and 0" are real filters, by Theorem 8

we always have dg = dp.

Example 5. Leta(z) = (271 + 2+ 2)/4 = {1, 3, +}(-1,1) be the B-spline filter of
order 2. Using Algorithm 1, we obtain a tight framelet filter bank {a; b, b} with
bi(2) = ¥O(1—2"") and by(z) = Y2(1—27")(1+32). Applying Algorithm 2 with
N = 0, we have a finitely supported complex tight framelet filter bank {a;b”, b"}

with b = b? and
b?(2) := 2(1 — 27N [(=V2 + 2i)z + (V2 + 20)].

By calculation we have dr = %7‘(‘ ~ 1.96349, d4 ~ 0.05339, and dg =~ 0.549282.

If we take NV = 2, then

b?(z) =(—0.029642235761 + 0.024549845327i) 22 + (0.065991543776
— 0.054654520855i)z % — (0.134097034666 — 0.310569363503)2 "
— (0.199259492567 + 0.2791338991314) + (0.256396707847
— 0.05036516508574)z + (0.00392785810329 + 0.00474261627248i )

+ (0.0366826532672 + 0.04429175996891) 2°.

By calculation, we have dg ~ 0.329559. See Figure 4.1 for the graphs of the eight
tight framelet generators in the associated two-dimensional real tight framelet for

Ly(R?) in (2.2.9).

Example 6. Let a(z) = 27%(1 4 2)*/16 = {55, 1,2, 1, 7t }|_22) be the B-spline
filter of order 4. Using Algorithm 1, we obtain a tight framelet filter bank {a; by, by}
with by(2) = & (2 = 1)(32° + 1522 + 41 2 + 5) and by(2) = & (4 + V14)(z —
1)(z +5)(22 + 15 — 4/14). Applying Algorithm 2 with N = 0, we have a finitely
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Figure 4.1: The eight two-dimensional generators of compactly supported
TP-CTF; in Example 5 with NV = 0: the first four for real part and the last four for
imaginary part.

supported complex tight framelet filter bank {a; 6", b"} with " = b? and

b”(z) =(—0.00557089416719 + 0.0731736018309i)2 2 + (—0.0222835766688
+0.2926944073244) 2~ — (0.318357701145 + 0.258767723882i)
+ (0.307215912811 — 0.08337750924641)z + (0.0389962591703

— 0.0237227760259i) 2>

By calculation we have dr = %w ~ 2.28256, d4 ~ 0.00187, and dg ~ 0.762678.

If we take NV = 2, then
b?(z) =(0.0136422120987 — 0.00936825359825:)z* + (0.0545688483947
—0.0374730143930i) 2% — (0.117755602061 — 0.0384179743194) 2>
+ (0.176657429397 — 0.2910968048674) 2" + (0.215352648865
+ 0.3337645454704) — (0.226650219509 — 0.0670651937025¢) =
— (0.0454200982851 — 0.001201088489257) 2% — (0.0601885257055

+ 0.08764756685647) 2> — (0.0102066931945 + 0.01486316226664 ) 2*.

By calculation, we have dg ~ 0.283860. See Figure 4.2 for the graphs of the eight
tight framelet generators in the associated two-dimensional real tight framelet for

Ly(R?) in (2.2.9).

Example7. Leta(z) = — 552+ 52 i+ 52—52° = {—35,0, 3, 3, 55,0, =55 =33

32
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be an interpolatory filter. Using Algorithm 1, we obtain a tight framelet filter
bank {a; by, by} with by(z) = %3 273(2 — 1)%(2 + 3)(z — 5)(2> + 42 + 1) and
ba(2) = =22 2732 —12(2V3+3)(2 + 2 — V3) (2 — 2+ V3) (22 + 22 + 9).
Applying Algorithm 2 with N = 0, we have a finitely supported complex tight
framelet filter bank {a; b”, b} with b" = b? and

b”(z) =(0.000765760176767 4 0.004041618553447)z > — (0.0403653729403
+ 0.08804508270597) 2" — (0.0122521628283 + 0.06466589685504 )
+ (0.267462323475 + 0.2286312066064)z — (0.341301227765

— 0.0646658968550i) 2 + (0.125690679882 — 0.1446277424547)2°.

By calculation we have dg = %7‘(’ ~ 1.85305, d4 ~ 0.03719, and dg ~ 0.690756.
If we take NV = 2, then

b?(z) =(0.000127813163114 + 0.0004685783462414)=~" — (0.00306783185075
+0.01570289806774)z % — (0.00204501060982 + 0.007497253539851) > >
+ (—0.0374047192910 + 0.04811386779514)z " — (0.0665960959763
+0.1728555027494) + (0.350214784764 + 0.1316057923651) =
— (0.245342403089 — 0.1695593602971)2> — (0.0151368278988

+0.1484410817554) 2% — (0.0395698809181 — 0.0107933959918:) 2*

=ENENES

Figure 4.2: The eight two-dimensional generators of compactly supported

TP-CTF3 in Example 6 with N = 2: the first four for real part and the last four for
imaginary part.
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+ (0.0588201717073 — 0.01604425868404)2°.

By calculation, we have dg ~ 0.307271. See Figure 4.3 for the graphs of the eight

tight framelet generators in the associated two-dimensional real tight framelet for
Ly(R?)in (2.2.9).

Figure 4.3: The eight two-dimensional generators of compactly supported
TP-CTF3 in Example 7 with N = 2: the first four for real part and the last four for
imaginary part.

_ 3.2,5_-1,15,15_,5 2 3.3_¢ 3 5 15 15 5 _ 3
Example8. Leta(z) = —g2 " +52 tntnstad — 6 =1 th e 3 390 610 —64)1-23)-

Using Algorithm 1, we obtain a tight framelet filter bank {a; by, by} with

0T, 2
= T (2 — 1)%(32032° 4 19212 — 312 — 03),

_ VA96465__,
794344

bl(Z)

by(z) = (z — 1)%(2482% + z + 3).

Applying Algorithm 2 with N = 0, we have a finitely supported complex tight
framelet filter bank {a; 6", b"} with " = b? and

b”(2) =(—0.00427685553137 + 0.004141047561787) 22 + (0.00712809255228
— 0.006901745936314)z~* — (0.0855371106274 + 0.1739239975954 )
+ (0.256611331882 + 0.1794453943441) = — (0.263739424434

— 0.1697829500337) 2% + (0.0898139661588 — 0.1725436484081)2°.

By calculation we have dg = %ﬁ ~ 1.70885, d4 ~ 0.12595, and dg ~ 0.444929.
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If we take NV = 2, then

b?(2) =(0.000174962462941 + 0.0006674289606987)2~* — (0.000291604104902
+0.001112381601164)z > + (0.00604271655936 + 0.004707630732317) 2>
— (0.0147368599440 + 0.02564415683917) 2" + (0.119900001836
+ 0.1974639058297) — (0.282016222613 + 0.153449185519i) =
(0.207557346014 — 0.197627972771i)2* + (—0.0335526030334
+0.1741879210334)2* + (0.0198783637212 — 0.005210992750844 ) z*

+ (—0.0229561008975 + 0.006017802925957) 2°.

By calculation, we have dp ~ 0.387149. See Figure 4.4 for the graphs of the eight
tight framelet generators in the associated two-dimensional real tight framelet for

Ly(R?) in (2.2.9).

Figure 4.4: The eight two-dimensional generators of compactly supported
TP-CTF3 in Example 8 with N = 2: the first four for real part and the last four for
imaginary part.
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Chapter 5

Compactly Supported Tensor Product
Complex Tight Framelets TP-CTF, and
TP-CTFg

Compactly supported wavelets and framelets are important due to good space-
frequency localization and efficient computational algorithms. Based on the ex-
emplary role of compactly supported TP-CTF 3, this chapter studies and constructs
compactly supported TP-CTF, and TP-CTF¢ by optimization techniques such
that they perform comparably well as their band-limited counterpart in image pro-
cessing. We completely answer the question on what type of low-pass filters are
suitable for the construction of compactly supported TP-CTF, and TP-CTF.
Step-by-step algorithms are provided for constructing finitely supported TP-CTF,
and TP-CTFy4 having small frequency separation with prescribed filter supports.
Several concrete numerical examples are presented to illustrate the results and al-

gorithms. The results in this chapter have been summarized in [22].
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5.1 Splitting low-pass filters with frequency separa-

tion property

As discussed in [23, 24], the directionality of tensor product filters is closely related
to the frequency separation. For a filter b = {b(k) } rez which is not identically zero,

we define the following quantities to measure the frequency separation of filter b:

min {2 [ [6(€) %dg, 2 [T b(&) [de |
ST [b(e)[2de |

It is straightforward to observe that 0 < fsp(b) < 1. The smaller the quantity fsp(b)

fsp(b) := (5.1.1)

is, the better the frequency separation of the filter b will have. If b is a real filter,

since 3(5 ) = 3(—5 ), it is trivial to see that fsp(b) = 1. However, things can be quite

different for complex filters.

~

For any complex tight framelet filter bank {a; b, b"} with bA"(f) = br(=¢),

Theorem 6 implies that

2 AOK g alh)

B = Fell) > T G ) e ~

where hp in fsp(a|hp) stands for high-pass. As shown in [23, Theorem 2], the quan-

tity fsp(a|hp) is often very small for most known low-pass filters in the literature.

Note that the main difference between CTFs,,; and CTFy,, 5 lies in that the
low-pass filter a in CTF44,; has to be split into two one-sided auxiliary filters a”
and a”. This section discusses how to split a given real low-pass filter a into two

one-sided auxiliary filters a” and ™ such that a" = aP.
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5.1.1 Analysis and algorithm for splitting a low-pass filter into

two auxiliary filters

Similarly to Theorem 6, a” and a” still have a sharp lower bound as demonstrated

by the following result.

Theorem 11. Let a € [5(Z) be a complex filter on Z. For any complex filters

al,a™ € ly(Z) satisfying

jaP()* +]am(€)|* = [a(§)]*,  ar(§)ar (€ + m) +a™(€)a™ (€ +m) = a(€)a(€ + ),
(5.1.2)
fora.e.& € R, then

@ (& +m)* + a™(©)[* > min([a(€)*, [a(€ + ™)), ae.e0,q]. (5.13)

Moreover, the inequality in (5.1.3) is sharp in the sense that there exist filters

al,a™ € ly(7Z) satisfying (5.1.2) and
(& +m)]* + [a™(©)* = min([a(§)]*, [a(€ + 1)),  a.e.&e€[0,7]. (5.1.4)

If in addition a is real (or more generally, |a(—&)| = |a(§)

), then the relation a™ =

aP is also satisfied by the particular filters o, a™ defined in (5.1.9) and (5.1.10).

Proof. Since @ is a 2r-periodic function, the conditions in (5.1.2) are equivalent to

| (&)” + |a™(&)* = [a(¢)], (5.1.5)
P (& +7))* + |a* (& + m)* = [a(¢ + ), (5.1.6)
ab(&)ar (& + ) + a™(€)a (& + m) = a(&)a(€ + ), (5.1.7)

for almost every ¢ € [0, 7]. Consequently, by (5.1.5) — (5.1.7) and Cauchy-Schwarz
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inequality, we have
[a(©)a(e + ) < (jar( + mar ()| + |an(€)an (& + m)])*

< (lar(€ + )P + la(€)) (]

[@(©)l® = la™©)P + [a(g + m)* — lar(€ + m)) ,

%)

( |2+|a”§+7f)|)
= (la* (& +m)]* + |a(§)?) (
for ¢ € [0, 7). Let F(£) = |aP(€ + 7)|? + |a"(£)|*. Then the above inequality can

be rewritten as

[a©)a(¢ +m))> < F(E) ([a©)P +la +m)* = F(€)) . (5.1.8)

Solving (5.1.8) for F(£), we conclude that

[a©)1* + [a€ + ) — V([a©)? + [a(€ + m)[*)? — 4fa(§)a(§ + =)
2

[a(§)* + [a(€ +m)* — |[a(§)]* — a(§ + m)[? R ,
- = min([a(&)[?, [a(€ + 7)]*).

F(§) >

This proves (5.1.3).
We now concretely construct filters a?,a™ € I5(Z) satisfying (5.1.3), (5.1.5)
and (5.1.6).

For ¢ € [0, 7], we define

(

@ONV2 i [@(©) = @€ + ).
@(E+m) = [ +m)| i @) > [a(e +ml, (5.1.9)

0 if [a(¢)| < [a(¢ + )|,

\

(

[a(€)l/v2 iffa()| = [a(s + ),

a*(§) =140 if [a(€)| > [a(e + 7)), (5.1.10)

@S] if [a(€)] < [a(€ + ),

\
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and

@ (&) i= =< [a() - (O
@ (&+m) = —e PO J[ale + m)2 — (e + ),

where (3(&) is defined in (4.2.13) denoting the phase of a(§)a(§ + ).

(5.1.11)

We show that a?(€) and a™ (& + ) in (5.1.11) are well defined and all the condi-
tions in (5.1.4) and (5.1.5) — (5.1.7) are satisfied. Let £ € [0, 7] be arbitrarily fixed.

We now consider three cases.

Case 1: |a(¢)| = |a(§ + 7)|. By (5.1.9) and (5.1.10), we have
ab(& +m) = [a(6)|/V2 = [a€ +m)|/v2, (&) = [a()]/v2.

The above identities imply that a?(£) and a®(€ + 7) in (5.1.11) are well defined.

More explicitly,

@(6) = ="\ J[a()P — | () = —ePOfa(e)|/V2,
G (€ +7) = —e PO J[GE +m)P — |ab(€ + M) = —e POfa( + m)|/VE.

By the definition of 3(&), all (5.1.4) and (5.1.5) — (5.1.7) are satisfied.

Case 2: |a(&)| > |a(§ + m)|. By (5.1.9) and (5.1.10), we have
a(§+7) = [aE+m)|, a"(§)=0.

The above identities imply that a?(¢) and a®(¢ + 7) in (5.1.11) are well defined.

More explicitly,

D(©) == —PON O - O =~ Ofa(g)]

(€ + ) 1= —e PO Ja(e + m)P — | (€ + )2 = 0.

By the definition of 3(£), (5.1.4) and (5.1.5)— (5.1.7) are satisfied.
Case 3: |a(§)| < |a(¢ + m)|. This case is similar to Case 2. By (5.1.9) and
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(5.1.10), we have
a(E+7) =0, a"(§) =la).
The above identities imply that

(&) = —e PO\ (el — () = o,

@ (g + ) = —e ¢mg+w @ (e + )P = —e POla(E + )2

By the definition of 3(&), all (5.1.4) and (5.1.5) — (5.1.7) are satisfied. O

For a real filter a, according to Theorem 11, we must have

2 [y min(fa(§)[?, [a(§ + m)[*)d¢
J7 [a©)[2dg

where Ip in fsp(a|lp) stands for low-pass.

fsp(a?) = fsp(a™) >

=: fsp(allp),

We now study how to split filter a into two finitely supported filters a” and a”.

Theorem 12. Let a,a?,a"™ € lo(Z) be filters on Z such that the two Laurent poly-
nomials Y., a(k)z* and Y, _, a(k)(—2z)* do not have common zeros on C\{0}.

Then (5.1.2) holds if and only if there exist uy, us € lo(Z) such that

ar(§) =a(€)ur(26), a(§) = a€)@(2€), |@m(&)I* +la(€)* =1. (5.1.12)

If in addition a is real, then both a" = aP and (5.1.2) are satisfied if and only

if (5.1.12) holds for some uy, us € lo(Z) satisfying us = .

Proof. Necessity is a direct calculation. We only need to prove the sufficient part.

Suppose (5.1.2) holds. In terms of matrices, (5.1.2) is

() a(§) | | ar(e+m)| | [@©F  a@aE+n)
ar(e+m) a'€+m)| [an(¢) an¢+m)| |a@©ag+m)  [aE+ )P
(5.1.13)
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For a sequence u : Z — C and v € Z, the coset sequence ul is defined to be
ubl(k) := u(y + 2k), k € Z. Since a?, a", and a are all finitely supported filters,

we see that (5.1.13) in terms of coset sequences is

al() ()| |al(e) arll(€)|  [all(©)all() all(g)all(e)

(&) al(©)| [all€) al(€)| |al(©)all(€) all(€)all(©)

all(€) 0 0 0

Since Y, ., a(k)z*and Y, _, a(k)(—=z)* do not have common zeros on C\ {0},

cﬁ(g)cﬁa}(g), cfm(g)cﬁ(g), aTll(g)aTm(g), and cﬁﬁ(f)cﬁ\”(f) have no common zeros

for ¢ € T. Also, since aP(£) and a™(€) are 27 periodic functions, by direct calcu-

lation, we have det([“i[g] (€) an9() D= det([i[o\](g) 0}) = 0. Then by Theorem 10,
a1 (€) a1 (¢) ail(e) 0

there exists a 2 x 2 paraunitary matrix U of Laurent polynomials such that

—_ — —

p[0] n[0] [0] 0
e @ iE)| e o o

—_ —_ —~

aPll(€)  anl(€) alll(€) 0

Since u/(Z) = 40 (26) + e~ €yl (2£) holds for any u € ly(Z) and U is a paraunitary
matrix, it is straightforward to check that (5.1.12) holds. This completes the proof

of Theorem 12. O

Now an algorithm is presented to apply Theorem 12 to split a low-pass filter a

into two one-sided auxiliary filters a” and a” by optimization techniques.
Algorithm 3. Let a € ly(7Z) be a finitely supported complex filter on Z.
(§S1) Choose N € N and define

U(e) = cos(tg) —sin(tp) Sol cos(t;) — sin(t;) (5.L14)

Jj=1 , .
sin(tg)  cos(to) e~ ®sin(t;) e % cos(t;)
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where to, ..., tn € [—7, | are real numbers to be determined later.

(S2) Define a? := [a" +ia’]/\/2 and a" = [a" — ia']//2, where the filters a" and

a’ are defined to be

() = AOU1(26),  a(€) == AE)V12(26),
where U; ;, is the (j, k)-entry of the 2 x 2 matrix U.

(S3) Find a solution {ty, ..., ty} of the following constrained optimization prob-

lem:

min / B+ m) + (6P,

to,..,tN

Then a? and a™ satisfy the conditions in (5.1.2) with frequency separation quantities
fsp(a®) and fsp(a™) small. Moreover, if the low-pass filter a is real, then o™ =
aP, fsp(a™) = fsp(a?) and the optimization problem in item (S3) is equivalent to

ming, ., fsp(a?).

5.1.2 Design and choice of low-pass filters for TP-CTF,

As discussed in [17], a few statistics-related quantities are of interested in applica-
tions. For a sequence a = {a(k) }rez € lo(Z), we define its expectation/mean E(a)
and variance Var(a) by

_ ZkeZ |a(k)]2k

||a||122(z)

E(a) : and Var(a) := Lienlalk)P(k - E(a))Q.

lallZ, ez,
Note that Var(a) = mineer Yz [a(k)[*(k—c)?/l|all7, ), with the minimum value
achieved at c = E(a).

For an orthogonal low-pass filter, by Theorem 7, we have A(£) = min([a(¢)|?, [a(£+
7)|?). Therefore, fsp(alhp) = fsp(allp) and ||}, = 1/2.
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In Table 5.1, we list the frequency separation quantities fsp(a|lp) and fsp(a|hp)
as well as their /,-norms for three families of well-known low-pass filters: the B-
spline filters a®, the interpolatory filters al,_, and the Daubechies orthogonal filters

a2 for m € N. The B-spline filter a® of order m is given by aZ(¢) = 2-™(1 +

e~%€)™, The interpolatory filter al  is givenby al_(£) := cos®™(£/2)P,,(sin*(£/2)),

where
m—1 .
—1\ .
Pulz) =Y (m +]17 )xﬂ. (5.1.15)
j=0

A Daubechies orthogonal low-pass filter a? of order m is supported inside [0, 2m —

—

1] and satisfies [a2 (€)[2 = al (&) = cos?™(£/2)P,,(sin?(£/2)).

m 1 2 3 4 5 6
laZ]7 2, 05 0375 | 03125 | 0.273438 | 0.246094 | 0.273438
Var(a?) 025 0333333 045 | 0571429 | 0.694444 | 0.818182

fsp(aZ|hp) || 0.363380 | 0.027195 | 0.004327 | 0.000822 | 0.000170 | 0.000037
fsp(aZ[lp) | 0.363380 | 0.151173 | 0.066291 | 0.029913 | 0.013745 | 0.006395
lal, 07z || 0375 ]0.410156 | 0.426498 | 0.436333 | 0.443063 | 0.448035
Var(al,) || 0333333 | 0.428571 | 0.507137 | 0.574308 | 0.633798 | 0.687718
fsp(al,, |hp) || 0.027195 | 0.020072 | 0.016720 | 0.014666 | 0.013237 | 0.012168
fsp(al,,[Ip) || 0.151173 | 0.094585 | 0.073303 | 0.061623 | 0.054049 | 0.048651
Var(aD) 025 | 0.328124 | 0.453684 | 0.425360 | 0.559572 | 0.531640
fsp(aZ[hp) || 0.363380 | 0.257277 | 0.209530 | 0.181110 | 0.161768 | 0.147526

Table 5.1: The frequency separation quantities fsp(a|hp) and fsp(a|lp) for three
families of low-pass filters including Daubechies orthogonal filters a, B-spline fil-
ters a?, and interpolatory filters a!, for m = 1,...,6. Note that for Daubechies
orthogonal filters, fsp(aj, [Ip) = fsp(a,,hp) and [la;[[7, 5 = 1/2 for all m € N.
The listed Var(a?) is the smallest among all possible choices of al satisfying

m
—

aD(©) = ab, (6).

We now discuss how to choose the low-pass filter a so that the directional tensor
product tight framelet filter banks can be built with the following desirable proper-
ties:

(1) short support for computational efficiency;
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(2) small Var(a) for good spatial localizations;
(3) small frequency separation quantities fsp(a?), fsp(a™), fsp(b1), . .., fsp(bs);

(@) all @73,y a2,y 412, - - - 4]12 ) are approximately around 1/ (s

2);

(5) a(€) should be almost 1 in a neighborhood of the origin. This necessarily
implies that [a(¢)> = 1+ O(|¢|") as € — 0 with a largest possible integer

n € N and is closely related to the vanishing moments of by, .. ., bs.

By Theorem 6 and (5.1.3), to achieve (3), it is necessary that the frequency sep-

aration quantities fsp(a”|hp) and fsp(a?|Ip) must be very small. Since |la|/}, @ =

1
2w

J7_[a(€)[?dg, the ly-norm of a roughly reflects the percentage of frequency oc-
cupation covered by the filter a in the frequency domain. Since there are s + 2
number of filters in {a?, a™; by, ..., by}, it is necessary to require (4) so that all fil-
ters work more or less equally effective. (5) deals with the frequency separation
between low-pass filters and high-pass filters. For an input signal v, most large co-
efficients of the discrete Fourier transform v of v are concentrated around the origin.
If 1 — |a(€)|? is not very small in a neighborhood of the origin, then low frequency
information of v will significantly leak into the high frequencies and result in a
not-so-good frequency separation between the low-pass filter and high-pass filters.

As demonstrated in Table 5.1, though the B-spline filters have very short support
and very small frequency separation quantities fsp(aZ|hp) and fsp(aZ |lp), their
variances are generally large. More importantly, aZ satisfy item (5) only withn = 1
(the interval that |o;,\§l(£ )|> = 1is too small) and the quantity [[a}} |7, is often small

as well. Hence, a significant percentage of low frequency information is shifted to

the high-pass filters. This requires the high-pass filters to be extremely efficient for
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reasonably good performance in applications.

While the Daubechies orthogonal filters have the ideal norm HaT’:,’LHl?Q(Z) =1/2
and reasonably small variance Var(al)), the frequency separation quantities fsp(a2 |hp)
is not that small and decreases slowly at the expenses of longer filter supports. In

particular, for low-pass filters af,?l,
A(€) = min(jaB (), [ab (€ + ™).
Due to the relation |c?§t(§)|2 + |@L(€ + 7)[* = 1, we have
A(m/2) = laR(r/2)P = 1/2,

which is independent of the choice of m. This creates a fixed peak point for the
function A(&) and forces the frequency separation of all its derived high-pass filters

cannot be that good.

Table 5.1 indicates that the family of interpolatory filters a2, is a good choice
as the low-pass filters for our purposes. Experimental results show that directional
tensor product complex tight framelets built from al_ perform quite well in appli-
cations. Though aZ  filters have symmetry, the filter support of al  is twice as long
as that of a?. Therefore, the high-pass filters derived from al , tend to have long
support.

We propose a method of constructing low-pass filters with the advantages of
both interpolatory and orthogonal filters. To do so, the following lemma is needed

to guarantee the existence.

Lemma 2. Letn,m € Nwithn <m and% < ¢ < 1. Define

n—

P(z) := Z <m +j B 1).Tj + 2" (co — (¢1 + 2¢9)x) (5.1.16)

1
=0 J

.
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with

¢ = cPl (c) = (m + 1)P,,(c) o — (1 =2¢)P. (c) + (24 2m —m/c)Pn(c)

(5.1.17)
where P, is defined in (5.1.15). Then ¢y, > 0, P(z) > 0, and

(1—2)"P(z)+2"P(1—-2) <1, 0<z<1.

Proof. Define P, ,(x) := 377 (™*7")7. Since the binomial coefficients ("7 ")
are all positive for j = n,n 4+ 1,--- ,m — 1, it is suffice to show that these conclu-

sions hold when n = m. Then P,, ,, becomes P,, defined in (5.1.15).

We first show ¢; > 0 by induction.

Whenm =1,
1 1 1 1 1
=—((1—-2c)P, 2+2—— =—(4—--)= - 1].
e = (1= 20Py(e) + (242 = 2)Pi(e) = -(4= =) 20, c€(5,1]
k

When m = k, assume (1 — 2¢)P(¢) + (2 + 2k — E)Pk(c) > 0.

Then, when m = k + 1 we have

(1= 20Pgafe) + (24204 D) = ) Pras(o

> (1= 20P,, () + <2 ok — %) Pest(0)
> (1 20)PL(c) + <2+2k— é) Pu(c), cc (1],

because

i) () e



and

o= (()- (71 )

J

k
k+4—1 A
:Z( * )jx]_1>0, ve0,1]
: J—1
7=1
Therefore, by induction,
1 , m
g =— <(1 —20)P (c) + <2 +2m — —> Pm(c)) >0, meN
cm c

Next we prove P(x) > 0. Note that ¢y, ¢; are obtained through the equations

P(c) = 0 and P’(c) = 0, then we have

T

P(z) = (1->)"Q(z),

C

where () is a polynomial of degree m — 1. Since it is well known that (1 —

)Py, (z) + 2™P,, (1 — z) = 1, consider

(1 —2)™P(x) =(1 — m)"™ (P (x) + cox™ — (c1 + 2¢o)x™ ™)

=14+2"((1 —x)"(co — (c1 + 2¢0)x) — Ppu(1 — 7).

Also, (1 —2)™P(x) = (1 —2)™(1 — £)*Q(z), thus we have

1 (L —2)(co + (¢1 + 2¢0)x) — Pprp(1 — )

Qo) = g (= a)(1-2) |

1

R (e (e

+O(|z|™), x=—0.

Since Q(z) is a polynomial of degree m — 1, by the uniqueness of Taylor expansion,

1
—om(-Ip to degree m — 1.

I S ..
(1_x)m(1_%)2 are all positive, we

Q(x) is exact the truncated Taylor expansion for

Because the coefficients of Taylor expansion for
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have Q(z) > 0 for x € [0, 1]. Therefore,

P(z) = (1— 2)2Q(z) =0, =€[0,1].

C

By (1—xz)"P,,(z)+2™P,,(1—2) = 1, we see that fol(l—:v)um(x)d:): =1/2

and
m!

1
1
1 — 2)"P(a)de = - — .
/0( o)"P(@)de = 5 = S T

Consequently, by P(z) = P, (z) +2™(co — (¢1 +2¢o)x) and ¢; > 0 we deduce that

1—(1—2)"P(x) —a™P(1l —x)=cia™(1—2)" >0, x€]0,1].
0

Based on Lemma 2, we provide an algorithm to design the desired low-pass

filter a for the construction of TP-CTF, and TP-CTF§.
Algorithm 4. Let m, n € N and% <c< L

(S1) Choose n = m orn = m — 1 and define a polynomial P as in (5.1.16) with

co, c1 being given in (5.1.17). Then by lemma 2, we have

cos®™(£/2)P(sin*(£/2)) = 0, £ e€R.

(S2) Using Fejér-Riesz lemma, we can always get the factorization [a(¢)]? =

cos?™(&/2)P(sin*(£/2)), satisfying the following properties:

0 =1, @+em|a©), [a@P+lag+mP<l, §eRr

Q)

Then the obtained real a € ly(7Z) is the desired low-pass filter.

If we choose ¢y = ¢; = 0 in (5.1.16), the low-pass filter a constructed in Algo-

rithm 4 is simply the Daubechies orthogonal low-pass filter. The two free param-
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eters ¢y and c; are used to add a double root to the polynomial P at the point ¢ so
that the frequency response @ is dumped near the point 0 < 2 arcsin y/c < 7, with
the frequency separation quantities fsp(a|hp) and fsp(a|lp) small. In application,

we often choose ¢ = 1.

5.2 Construction of compactly supported TP-CTF,

and TP-CTFg

This section provides algorithms for constructing directional compactly supported
TP-CTF, and TP-CTFg.

Let us first discuss how to construct the one-dimensional finitely supported
CTF, by splitting the low-pass filter @ into a” and @™ in the filter bank {a; b?, 0" }.
By modifying Algorithm 2, the algorithm for constructing CTF, = {a?, a™; b, b"}

is given by

Algorithm 5. Let a € [y(Z) be a finitely supported real filter on 7 satisfying

[a(&))? + [a(é +m)|? < 1forall £ € R

(S1) Construct two auxiliary filters a? and a™ by Algorithm 3 so that fsp(a?) is

reasonably small.

(S2) Construct a finitely supported real tight framelet filter bank {a;by, by} by

Algorithm 1.

(S3) Choose a suitable filter length N € N and define a 2 x 2 matrix U(§) as
in (5.1.14), where ty, ...ty € |—m, | are real numbers to be determined

later.
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(S4) Define b° := [b" + ib']//2 and b" := [b" — ib']//2, where the real filters b"
and b* are defined to be

b (€) = b1 (E)U1 1 (26) +b(€)Ua1 (26), B1(€) = b (€)U10(26)+02(6)U2(26),

where U; ;, is the (j, k)-entry of the 2 x 2 matrix U.

(S5) Find a solution {tg, ..., ty} to the following constrained optimization prob-

lem:

to,.- stV

min / (e + e,

which is equivalent to the optimization problem: min,,

fsp(bP).

..... tn

Then CTF, := {aP,a™; b, b"} is a compactly supported tight framelet filter
bank with frequency separation quantities fsp(a?), fsp(a™), fsp(b?), and fsp(b™)

small.

Now we present how to construct finitely supported one-dimensional CTFj.
We first split the low-pass a into a” and a™ by Algorithm 3, then directly ap-
ply optimization techniques to find the optimal frequency separation quantities of
b, b*P, blm  and b>™ instead of studying the structure of all finitely supported

CTFg filter banks.

Algorithm 6. Let a € [y(Z) be a finitely supported real filter on 7 satisfying

@(&)2+ [a(€ + )2 < Lforall € € R

(S1) Construct two auxiliary filters a¥ and a™ by Algorithm 3 so that fsp(a?) and

fsp(a™) are reasonably small.

(S2) Choose a suitable filter length N € N and parameterize filters by, by, b3, and
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b4 by

6;(5) =G50 + C]‘,le_i.£ +oe 4+ Cj,Ne_iN.gv j - ]-7 e 747
where c;, are real numbers to be determined later with j = 1,...,4 and
k=0,...,N.

(S3) Define new high-pass filters b*?, b*?, b'", and b*™ by

(84) Find a solution cjj, with j = 1,--- .4, k = 0,--- N to the following

constrained optimization problem:

. FRa . 5 ERE e 2 Ty 2
win O [T @ Pde e [0 O - x [ 1 i
" I 2 —3
3r . w
“Tt3
_)\4/37r |b1,n(£)‘2d§}7
-4

under the constraints:

(@)% + D2 () 2 + [B22(€)]* + |61 (€) | + |2 (€) ) =1,

[\

2 ] -
AQ)als +m) + Y VREOUP(E 4+ m) + Y b (Ebmr(E +m) =0,
(=1 m=1
for all ¢ € R (such constraints on b*P, b*P, b", and b*" can be rewritten as
equations using c;p, withj = 1,--- 4dand k =0,--- | N), where \y,--- , \4

are real multipliers.

Then CTFg := {aP, a™; b*P, b*>P bl b*"} is a compactly supported tight framelet
filter bank with frequency separation quantities fsp(aP), fsp(a™), fsp(b*?), fsp(b*?),
fsp(b'"), and fsp(b>™) small.
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5.3 Examples

Many examples of compactly supported complex tight framelet filter banks with
good frequency separation can be constructed by using Algorithm 5 and 6. Several
concrete examples are presented to illustrate Algorithms 3, 4, 5, and 6. Again,

Laurent polynomial is used to represent filters for our convenience.

Example 9. Letm = 1,n = 1, and ¢ = 1. By Algorithm 4, we obtain the low-pass
filter

a(z) =22 +3z+3+127"
Applying Algorithm 3 with N = 2, we obtain two finitely supported complex tight

framelet filters a? and a™ with a" = a?, and

aP(z) = —0.00794848752i2° — 0.02384546256 12> — (0.00748434124 + 0.0839743577 1) 2*
— (0.02245302373 + 0.18833517304) z* + (0.04140480387 — 0.1803866855 1) 2>

+ (0.1840891416 — 0.06012889515 i) 2 + 0.1915734828 + 0.06385782760 2.

Example 10. Let m = 2, n = 2, and ¢ = 1. By Algorithm 4, we obtain the

low-pass filter

_ V6413 | 35452 | /545 5-v5 | 5-3V5_—1 1-v5 -2
a(z) = V52" + 2P + P+ S+ 0T+ gt

Applying Algorithm 3 with N = 2, we obtain two finitely supported complex tight

framelet filters a? and a™ with a" = a?, and

a?(z) = — 0.004349695057 iz7 — 0.01573734456 i2% — (0.004227143772 + 0.06910881945 7) 2°
— (0.01529394984 + 0.1870886796 1) 2* + (0.03219164397 — 0.2197740875 i) z°
+ (0.1776462614 — 0.08316180815 1) 2% + (0.2307396411 + 0.026211823821) 2

+ 0.08889702305 4 0.01896705390 7 — 0.02697174423 z~1 — 0.01951693746 22,
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Example 11. Let m = 3, n = 3, and ¢ = 1. By Algorithm 4, we obtain the

low-pass filter

a(z) = <\/7+2 W+1) T <5 7+2\/ﬁ+ 7+3\/ﬁ> 2y <21+\/ﬁ 4 9\/7+2«/ﬁ> 52

128 128 128 128 128 128

4 (5=5vel | sV7TH2vaL) o 5V742VAL | 35-5val | (_9V7H2VEL | 21401 ) -1
128 128 128 128 128 128

128 128 128 128

n <_5 742421 + 3\ﬁ+7> 2, (_\/7+2\/ﬁ + 1+\/ﬁ> 53

Applying Algorithm 3 with N = 2, we obtain two finitely supported complex tight

framelet filters a? and a™ with ¢" = a?, and

a?(z) = —0.002431485651 iz® — 0.01034323888 127 — (0.002391775334 + 0.052764700 %) 2°
— (001017431612 + 0.1660768426 1) 2° + (0.02235770774 — 0.2367616231 1) z*
+ (0.1525311712 — 0.121760448211) 2° + (0.2447522517 + 0.03082550567 ) 22
+(0.1291518972 + 0.04059411758 1) z — 0.03166384949 — 0.002492654040 i

— (0.04205918078 + 0.00603854521014) 2~ 4 0.002534039267 22 4 0.006138802345 2 3.

Example 12. Let m = 4, n = 3, and ¢ = 1. By Algorithm 4, we obtain the

low-pass filter

256 256 128 128

a(z) = <1+\ﬁ V/8+2+/28 > (“g}ﬁ 43 8+2\/%) e (74%@ 4 7\/8+2\/ﬁ) 52

7-V7 | TV/8+2/28 35— 5W 7—V7 _ TV8+2v28 | -1
+<32 + 128 >z+ +< 128 )Z

+ <7+\/% T 8+2\/%> 24 (1+\ﬁ 3 8+2\/ﬁ) 23y <1+\/ﬁ \/8+2 )
64 32

128 128 256 256

Applying Algorithm 3 with N = 2, we obtain two finitely supported complex tight

framelet filters a? and o™ with a" = a?, and

aP(z) = —0.001610384272i2% — 0.008358632665 iz" — (0.001572980556 + 0.03703693068 i) 2°
— (0.008164490235 + 0.12035526307) 2° + (0.004639289884 — 0.2133425722 1) 24

+ (0.09429382335 — 0.17929215194) z° + (0.2132241120 — 0.03117824642 ) 2°
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+ (0.1913092832 + 0.04860219956 1) z 4+ 0.03531841033 + 0.02122319973 ¢
— (0.05076102270 + 0.00635261454014) 2~ — (0.02232972752 + 0.003811528158 i) 22

+ 0.006503672580 23 4 0.003902162030 2+

See Figure 5.1 for the graphs of the corresponding wavelet frame functions and

frequency separations of a? withm = 1,2, 3, 4.

Figure 5.1: The magnitudes of @ and aP: the solid line is for @ and the dashed line
is for aP. The first column is for Example 9, the second column is for Example 10,
the third column is for Example 11, and the last column is for Example 12.

Example 13. Let m = 3, n = 3, and ¢ = 1. Applying Algorithm 5 with N = 3, we

have finitely supported complex tight framelet filters b” and b" with b" = b? and

b?(z) = (0.0007476670045 — 0.0007002035305 i) 2'° + (0.003180482860 — 0.002978579118 ) z°
— (0.007223295040 — 0.006554742760 1) z° + (0.01423548086 — 0.01422510646 ) 27
+ (0.1024049440 — 0.06284697495 i) z° — (0.1746180510 — 0.29152477021) 2°
— (0.1091807890 + 0.3181734521 ) 2* 4 (0.2068595684 4 0.05519129755 i) =
+ (0.004606785266 + 0.03038696555 7) 2% — (0.02118423369 — 0.036967224104) 2
— 0.008199923925 — 0.008910041145 i — (0.01327749368 + 0.01455126886 ) 2~

+ (0.0004817649521 + 0.0005144215105 ) z~2 + (0.001167093146 + 0.0012462048524) 2.

Applying Algorithm 6 with N = 3, we have finitely supported complex tight

framelet filters b7, b2P, b and b>™ with b1 = b1» and b>™ = b2», where b and
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b*P are given by:

b'?(2) = (—0.0006928637152 + 0.00002962954706 i) z® — (0.002947356452 — 0.0001260404244 7) =7
— (0.004923137834 — 0.0004482249293 7) 2% — (0.00430741995 — 0.001195316105 i) z°
+ (0.002494118451 — 0.007748024540 %) z* + (0.02011745310 — 0.03907249541 i) 2°
+ (0.06911031776 — 0.01452451456 1) 2> — (0.03722884294 — 0.17312819844) =
+ (0.02200254375 — 0.1599836419) 2~ 1 + (0.1101609272 + 0.01398707627 i) 2>
— (0.02446606216 — 0.059901106537) 2~ — (0.03633367460 + 0.02040494922 ;)

+ (0.01409575615 + 0.007916160189 ) 2~° — 0.1270817587 — 0.01499812678 i,

b2P(z) = —0.1120785661 — 0.1786963212 -+ (0.0006291132418 — 0.0002444780665 7) 2°
+ (0.002676169832 — 0.001039979423 ) 27 + (0.001011376705 + 0.001036252694 7) 2°
— (0.01080213930 — 0.010277776494) 27 — (0.01092476539 — 0.006815808054 ¢) z*
+(0.02793651200 — 0.03423800993 1) 2* + (0.005883393031 — 0.01417034898 7) 22
— (0.00890280119 — 0.115411157214) 2 + (0.2496167834 + 0.10071442694) 2~ *
— (0.2078663904 — 0.036511593704) 22 + (0.07251662177 — 0.07893887976 ) = >

— (0.01584078814 — 0.05973560735 1) 2~% + (0.006145480446 — 0.02317460493 ) z~°.

See Figure 5.2 for the graphs of the frequency separations of 7, b, and b*? with

m = 3andn = 3.

Example 14. Let m = 4, n = 3, and ¢ = 1. Applying Algorithm 5, we have

finitely supported complex tight framelet filters ” and b™ with b™ = b? and

bP(z) = 0.02250135114 + 0.05506310548 ¢ — (0.0003443801525 — 0.0002527203580 ) 28

— (0.001787490874 — 0.0013117345194) z° — (0.004300699297 — 0.001960737896 7) z*
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Figure 5.2: The first and second are for m = 3 and n = 3 in Example 13. The first
1s for the magnitude of b in (CTF4 The second is for the magnltudes of bLP and

b2P in CTFg: the solid line is for b» and the dashed line is for 52. The third and
fourth are for m = 4 and n = 3 in Example 14: the third is for the magnitude of b

in CTF,. The fourth is for the magnitudes of bl» and b2P in CTFg.

— (0.006950362108 4 0.001103654279 7) 23— (0.003342185452 — 0.0001403005844 ) 22
+ (0.01954528967 + 0.027009561604) z + (0.1637178323 — 0.1836739625 1) 2~

— (0.3703940856 + 0.067113334594) 2~ 2 + (0.1508313466 + 0.26087165627) 2>

+ (0.04308758525 — 0.077597721254) 24 + (0.008585532825 + 0.01169944173 1) 2~°

— (0.02114973436 + 0.02882058572) 20

Applying Algorithm 6 with N = 4, we have finitely supported complex tight
framelet filters b7, b2P, b and b>™ with b1 = b1» and b2™ = b2», where b and

b*P are given by:

bhP(2) = —0.07017678857 4+ 0.1204610765 4 — (0.001132750766 — 0.0005481354075 1) 2°
— (0.005879495790 — 0.002845074060 1) 27 — (0.006767265847 — 0.003340854930 %) 2°
+ (0.01543785096 — 0.007126777580 ) 2° — (0.005993067370 — 0.039869360137) 2*
— (0.05597939029 + 0.07211098886 1) 2z* + (0.1049841862 — 0.08187164366 7) 2>
+ (0.06844160670 + 0.1123035699 1) z — (0.1287264047 + 0.06066939528 1) 2z~
+ (0.03833231590 — 0.1241611254 ) 22 + (0.06490831962 + 0.056879193307) 2>

+ (0.01744911612 — 0.0096926666007) 24,
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b2 (z) = 0.1889939478 — 0.1172709272 + (0.0007818352229 — 0.0004202485500 7) 2
+ (0.004058083243 — 0.002181282639 %) 27 + (0.002079721417 + 0.001630026732 7) 2°
— (0.02410439374 — 0.027219393904) 2° + (0.007321862450 — 0.04871391588 ¢) 2*
+ (0.008513641570 — 0.007801830049 7) z* + (0.06403680485 + 0.06340749535 i) 2>
— (0.1622776543 + 0.0084141467801) z — (0.1049455509 — 0.2155499924 1) =~
— (004132617871 + 0.1877097344 1) 22 + (0.09263166169 + 0.071565379207) z >

— (0.03576378056 4 0.0068602019707) 2.

See Figure 5.2 for the graphs of the frequency separations of o”, b'?, and b*? with

m=4andn = 3.
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Chapter 6

Applications of Tensor Product Com-

plex Tight Framelets

This chapter concentrates on the application of proposed directional tensor product
complex tight framelets in image and video processing. In image denoising prob-
lems, bivariate shrinkage [45, 46] and Gaussian Scale Mixture (GSM) model [41,
51] are applied to test the performance. Strong statistical model can improve the
estimation of framelet coefficients in such image restoration applications. For video
denoising in three dimensions, we compare the performance of directional tensor
product complex tight framelet with low redundancy rate with many other multi-
directional representation systems. In all this chapter, we assume that the images
or videos are contaminated with independent identically distributed (i.i.d.) white

Gaussian noise with standard deviation ¢ known in advance.

6.1 Image denoising

This section comprehensively tests the performance of directional tensor product
complex tight framelet in image denoising. Many signals and images contain noise
due to the imperfect acquisition procedure. As the simplest image inverse problem,
noise removing is essential to many other applications. In the past five decades,

numerous researches were devoted to this problem from many different perspec-
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tives. There are four denoising principles can be concluded from all these ap-

proaches [31]:
e Bayesian patch-based methods;
e transform thresholding;
e sparse coding;
e pixel averaging and block averaging.

The denoising methods in this chapter belong to the transform thresholding. The
basic philosophy for this principle is that wavelets or framelets can not approximate
the noise well and so the noise stays in small coefficients while the true signal will
reside in the large coefficients. By thresholding small coefficients, a majority of
the noise will be removed. However, the wavelet coefficient of true signal will be
suppressed as well. Thus, statistical model of wavelet or framelet coefficients is
needed to distinguish the noise from the signal.

The general model for denoising can be expressed as
y=2x+n, (6.1.1)

with observed value y, original data x, and additional noise n. We want to recover
x from the observed y.
As usual, the image restoration performance is measured by the peak signal-to-

noise ratio (PSNR) which is defined to be

i max(z
PSNR(z, ) = 10log, Wx(—):c)

where z is the original data, z is the reconstructed data, max(z) is the maximum

possible value of the original data x which is 255 in our experiment, and MSE(-) is
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the mean squared error defined by

N

MSE(z — i) = % > (i — i),

i=1

where N is the total number of pixels.

It is well known that wavelet coefficients are statistically dependent: if a wavelet
coefficient is large or small, the adjacent ones are likely to be large or small; in
addition, large or small coefficients tend to propagate across the scales. So the
general way of soft or hard thresholding to choose wavelet coefficients of natural

images is weak because it ignores the dependencies between the coefficients.

In order to take dependencies between a coefficient and its parent (adjacent
coarser scale at the same position) into consideration, bivariate shrinkage [45, 46] is
applied to all framelet coefficients in our comparison test. Let o denote the standard
deviation of the i.i.d. Gaussian noise. For a frame coefficient ¢, bivariate shrinkage

is defined by the shrinkage function 7% as follows:

¢ = ATy lc| > A, V302
oer/1+ \cp/cP’

(6.1.2)

soft

() =3 (c) = with )\, :=

0, otherwise,

where o, := o||b||2 with b being the high-pass filter inducing the frame coefficient

c, the frame coefficient ¢, is the parent coefficient of ¢, and

V 02 —0p, Oc> 0On, . .2 1 9
Oc = with Oc 1= 57 5 (10
. C .
0, otherwise, JeNe

where V. is the number of framelet coefficients in the window centering around the

frame coefficient c at the band induced by the filter b.
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The bivariate shrinkage is originally derived from real-valued orthogonal wavelet
coefficients. Two main adaptations have to be made for over-complete complex
framelet coefficients. First, the variance of observed coefficients 62 is estimated
from the magnitude of the complex framelet coefficients. Second, the ||b||; is cal-
culated with respect to the complex high-pass filter b instead of real and imaginary
part of b separately.

The decomposition level for all TP-CTF,, is set to be J = 5 for 512 x 512
images and J = 4 for 256 x 256 images, so that the denoised subband has at least
16 x 16 framelet coefficients. The decomposition level for the dual tree complex
wavelet transform is set to be J = 6 (see [44, 46]). Symmetric boundary extension
with 16 pixels is applied to all test images to avoid the boundary effect.

See Figure 6.1 for the grayscale test images: Barbara, Lena, Fingerprint, and

Boat.

(a) Barbara (b) Lena (c) Fingerprint (d) Boat (e) House

Figure 6.1: (a)-(d) are the four 512 x 512 grayscale test images: Barbara, Lena,
Fingerprint, and Boat. (f) is the 256 x 256 grayscale test image House.

The image denoising results for directional tensor product complex framelets
by bivariate shrinkage in terms of PSNR are reported in Table 6.1.

Table 6.1 demonstrates that the image denoising results of compactly supported
directional tensor product complex tight framelets are comparable to those of their
bandlimited counterparts. TP-CTF;5 performs less well than others due to in-

sufficient directional selectivity. TP-CTF4 performs significantly better than the
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512 x 512 Lena

o || DT-CWT | TP-CTF; | Example 7 | TP-CTF, | Example 14 || TP-CTF¢ | Example 14
5 38.26 37.98 38.01 38.12 38.17 38.37 38.38
10 35.20 34.93 34.93 35.16 35.21 35.48 35.49
15 33.46 33.26 33.21 33.51 33.55 33.80 33.80
20 3223 32.09 32.00 32.33 32.36 32.57 32.56
25 31.27 31.17 31.05 31.39 31.42 31.60 31.57
30 30.48 30.42 30.28 30.62 30.64 30.80 30.76
40 29.20 29.24 29.06 29.40 29.41 29.52 29.47
50 28.20 28.34 28.12 28.46 28.46 28.54 28.47
80 26.14 26.42 26.16 26.48 26.48 26.47 26.40
100 25.19 25.52 25.29 25.55 25.56 25.52 25.45
12 x 512 Barbara
5 37.37 37.16 37.02 37.42 37.28 37.84 37.76
10 33.54 33.19 32.98 33.65 33.45 34.18 34.12
15 31.41 30.91 30.71 31.51 31.31 32.07 32.05
20 29.91 29.30 29.10 29.97 29.77 30.54 30.55
25 28.76 28.04 27.84 28.77 28.56 29.35 29.37
30 27.83 27.04 26.83 27.79 27.58 28.38 28.40
40 26.40 25.53 25.33 26.29 26.08 26.86 26.87
50 25.32 24.48 24.29 25.21 25.01 25.71 25.72
80 23.27 22.82 22.67 23.21 23.10 23.53 23.52
100 22.44 22.25 22.11 22.45 22.40 22.64 22.62
512 x 512 Boat
5 36.73 36.45 36.52 36.53 36.57 36.92 36.87
10 33.19 32.97 33.03 33.10 33.16 33.41 33.37
15 31.33 31.18 31.22 31.30 31.38 31.56 31.51
20 30.02 29.94 29.94 30.03 30.12 30.26 30.19
25 29.00 28.98 28.94 29.06 29.13 29.26 29.16
30 28.18 28.20 28.12 28.26 28.32 28.44 28.34
40 26.93 26.98 26.87 27.03 27.07 27.19 27.07
50 26.01 26.07 25.95 26.12 26.15 26.25 26.13
80 24.20 24.29 24.15 24.33 24.36 24.41 24.31
100 23.40 23.50 23.36 23.53 23.57 23.58 23.50
512 x 512 Fingerprint

5 35.97 35.29 35.51 35.56 35.57 36.27 36.27
10 31.83 30.97 31.18 31.42 31.42 32.10 32.23
15 29.81 28.81 28.98 29.33 29.33 29.77 30.02
20 28.41 27.48 27.64 27.99 27.99 28.17 28.49
25 27.30 26.56 26.69 27.00 26.99 26.98 27.34
30 26.39 25.86 25.92 26.20 26.19 26.06 26.43
40 24.98 24.75 24.63 24.93 24.93 24.68 25.06
50 23.94 23.84 23.57 23.95 23.92 23.67 24.04
80 21.90 21.73 21.27 21.92 21.79 21.66 21.99
100 21.00 20.69 20.21 21.01 20.80 20.75 21.05

Table 6.1: Denoising results, in terms of PSNR values, of directional tensor product
complex tight framelets. TP-CTF,, withm = 3, 4, 6 stands for bandlimited direc-
tional tensor product complex tight framelets. Example 7 stands for the compactly
supported TP-CTF3. Example 14 stands for the compactly supported TP-CTF,
and TP-CTFg in the corresponding column.

114




DT-CWT. In particular, the performance of compactly supported TP-CTF, is
comparable to that of the DT-CWT; that is, the compactly supported TP-CTF,
offers an alternative to the famous DT-CW'T.

The performance of TP-(CTF% for image denoising are compared with two
groups of different approaches. The first group tensor product approach includes
TP-CTF3 (which has the same redundancy rate 2% as that of TP—CTFé), TP-CTFg
(which has the same directional selectivity as TP-(CTFé with a higher redundancy
rate 10%), and DT-CWT (which has redundancy rate 4). The second group con-
sists of non-tensor-product approaches including curvelets [2], shearlets [33, 34],
and smooth affine shear tight frames [26].

The software for curvelets is CurvelLab at http://www.curvelab.org.
The frequency wrapping package in CurveLab is applied for comparison. De-
tailed information on CurvelLab package can be found in [2]. The redundancy
rate of the CurveLab wrapping is about 2.8. The shearlets software ShearLab is
athttp://www.shearlab.org. Here two subpackages using compactly sup-
ported shearlets are chosen: one is DST (discrete shearlet transform) described
in [33] and the other one is DNST (discrete nonseparable shearlet transform) in [34]
which has the best performance so far in ShearLab packages. The redundancy rates
for DST and DNST are 40 and 49, respectively. For the smooth affine shear tight
frames (ASTF) in [26]. The redundancy rate for this system we choose is about 5.8.
See [26] for more details. The comparison results of performance are reported in
Table 6.2.

For texture-rich images such as Barbara and Fingerprint, Table 6.2 shows that
TP-CTF% outperforms TP-CTF3, DT-CWT, CurveLab, DST, and DNST. It also
has a better performance than that of TP-C'TFg for Fingerprint but slightly worse

performance for Barbara. Though CurvelLab (wrap) has low redundancy rate, its
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512 x 512 Barbara

o TPf(CTFé TP-CTFq TP-CTF; DT-CWT CurveLab DST DNST ASTF

5 37.63 37.84(-0.21) | 37.16(0.47) | 37.37(0.26) || 33.83(3.80) | 37.76(-0.13) | 37.17(0.46) | 37.40(0.23)
10 33.97 34.18(-0.21) | 33.19(0.78) | 33.54(0.43) || 29.17(4.80) | 33.94(0.03) | 33.62(0.35) | 33.74(0.23)
25 29.28 29.35(-0.07) | 28.04(1.24) | 28.81(0.47) || 24.83(4.45) | 28.90(0.38) | 28.93(0.35) | 29.29(-0.01)
40 26.85 26.86(-0.01) | 25.53(1.32) | 26.45(0.40) || 23.87(2.98) | 26.36(0.49) | 26.48(0.37) | 27.08(-0.23)
50 25.73 25.71(0.02) | 24.48(1.25) | 25.36(0.37) || 23.38(2.35) | 25.22(0.51) | 25.31(0.42) | 26.05(-0.32)
80 23.51 23.53(-0.02) | 22.82(0.69) | 23.27(0.24) || 22.22(1.29) | 23.11(0.40) | 22.96(0.55) | 23.97(-0.46)
100 22.58 22.64(-0.06) | 22.25(0.33) | 22.42(0.16) || 21.61(0.97) | 22.23(0.35) | 22.06(0.52) | 23.02(-0.44)

512 x 512 Fingerprint
5 36.29 36.27(0.02) | 35.29(1.00) | 35.82(0.47) || 33.35(2.94) | 36.02(0.27) | 35.28(1.01) | 35.20(1.09)
10 32.23 32.10(0.13) | 30.97(1.26) | 31.74(0.49) || 30.61(1.62) | 31.95(0.28) | 31.76(0.47) | 30.97(1.26)
25 27.27 26.98(0.29) | 26.56(0.71) | 27.26(0.01) || 26.03(1.24) | 27.04(0.23) | 27.10(0.17) | 26.95(0.32)
40 25.02 24.68(0.34) | 24.75(0.27) | 24.98(0.04) || 23.92(1.10) | 24.79(0.23) | 24.82(0.20) | 25.01(0.01)
50 24.01 23.67(0.34) | 23.84(0.17) | 23.95(0.06) || 23.00(1.01) | 23.77(0.24) | 23.78(0.23) | 24.07(-0.06)
80 21.99 21.66(0.33) | 21.73(0.26) | 21.91(0.08) || 21.18(0.81) | 21.65(0.34) | 21.63(0.36) | 22.11(-0.12)
100 21.09 20.75(0.34) | 20.69(0.40) | 21.01(0.08) || 20.37(0.72) | 20.63(0.46) | 20.56(0.53) | 21.22(-0.13)
512 x 512 Lena
5 38.16 38.37(-0.21) | 37.98(0.18) | 38.25(-0.09) || 35.77(2.39) | 38.22(-0.06 ) | 38.01(0.15) | 38.19(-0.03)
10 35.22 35.48(-0.26) | 34.93(0.29) | 35.19(0.03) | 33.37(1.85) | 35.19(0.03) | 35.35(-0.13) | 35.18(0.04)
25 31.20 31.60(-0.40) | 31.17(0.03) | 31.29(-0.09) || 30.07(1.13) | 31.09(0.11) | 31.51(-0.31) | 31.40(-0.20)
40 29.10 29.52(-0.42) | 29.24(-0.14) | 29.22(-0.12) || 28.15(0.95) | 28.92(0.18) | 29.32(-0.22) | 29.40(-0.30)
50 28.11 28.54(-0.43) | 28.34(-0.23) | 28.22(-0.11) || 27.19(0.92) | 27.89(0.22) | 28.21(-0.10) | 28.46(-0.35)
80 26.11 26.47(-0.36) | 26.42(-0.31) | 26.15(-0.04) || 25.16(0.95) | 25.71(0.40) | 25.78(0.33) | 26.44(-0.34)
100 25.21 25.52(-0.31) | 25.52(-0.31) | 25.20(0.01) || 24.22(0.99) | 24.67(0.54) | 24.58(0.63) | 25.48(-0.27)
512 x 512 Boat

5 36.74 36.92(-0.18) | 36.45(0.29) | 36.73(0.01) || 33.59(3.15) | 36.51(0.23) | 36.04(0.70) | 36.66(0.08)
10 33.10 33.41(-0.31) | 32.97(0.13) | 33.19(-0.09) || 30.60(2.50) | 33.07(0.03) | 33.15(-0.05) | 33.07(0.03)
25 28.81 29.26(-0.45) | 28.98(-0.17) | 29.03(-0.22) || 27.51(1.30) | 28.75(0.06 ) | 29.23(-0.42) | 29.10(-0.29)
40 26.72 27.19(-0.47) | 26.98(-0.26) | 26.99(-0.27) || 25.96(0.76) | 26.71(0.01 ) | 27.20(-0.48) | 27.14(-0.42)
50 25.79 26.25(-0.46) | 26.07(-0.28) | 26.06(-0.27) || 25.18(0.61) | 25.78(0.01 ) | 26.23(-0.44) | 26.23(-0.44)
80 24.05 24.41(-0.36) | 24.29(-0.24) | 24.22(-0.17) || 23.55(0.50) | 23.90(0.15) | 24.17(-0.12) | 24.41(-0.36)
100 23.27 23.58(-0.31) | 23.50(-0.23) | 23.39(-0.12) || 22.79(0.48) | 23.05(0.22) | 23.17(0.10) | 23.57(-0.30)

Table 6.2: Comparison results,
noising methods using proposed directional tensor product complex tight framelet
TP-CT Fi, TP-CTF;, TP-CTFg, DT-CWT, CurveLab (wrap) with redundancy
rate 2.8 in [2], DST with redundancy rate 40 in [33], DNST with redundancy rate
49 in [34], and ASTF with redundancy 5.8 in [26].
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performance is not as good as others for all the test images under bivariate shrink-
age. Despite the fact that DST and DNST have much higher redundancy rates than
that of TP-(CTF%, the performance of DST or DNST is not as good as TP—CTFé
for Barbara and Fingerprint. With twice redundancy rate of TP-CT F:, ASTF per-

forms better than TP—(CTF% only when the noise level is high o > 40.

For Lena and Boat, TP-CTF} does not perform as well as TP-CTF;3 and
DT-CWT only when o is high (¢ > 40) within less than 0.3dB loss in PSNR.
For comparison among TP-(CTFi, TP-CTFg, DNST, and ASTF, we see at most
0.48dB loss of performance of TP-CTF} for both Lena and Boat. TP-CTF} out-

perform DST and CurveLab for the test images of Lena and Boat.

Advanced statistical modeling can improve the estimation of framelet coef-
ficients in transform-based image restoration methods. Gaussian Scale Mixture
(GSM) [41, 51] model has been used to describe the behavior of the wavelet/framelet

coefficients of natural signals, which is given by

where ¢ is a positive location vector. GSM model assumes that each coefficient
is specified by a Gaussian probability density function « with zero mean and a hid-
den multiplier z to adapt spatial fluctuation. In a neighborhood of wavelet/framelet
coefficients at nearby location, the GSM model vector x is the product of two in-
dependent random variables: a positive hidden multiplier z and Gaussian random

vector u with probability density function N (0, C,,).

Note that conditioned on z, the distribution for the coefficient vector x is Gaus-

sian with zero mean and covariance z(C',. Following [41], the probability density
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function is given by

1 'O
plrlz) = (27r)N/2|zC’u|1/2€Xp 22 ’

and the distribution for x can be calculated from

o) = [ atetalpteiz = [ e (<0 ) e

Then the denoising model (6.1.1) combined with GSM becomes

y = /zu +n.

Specified by the hidden multiplier 2 in a neighborhood, the observed y is Gaussian

distributed with zero mean and covariance zC,, + C,, as given in

1 yT(2C + C) "y
po=W2) = Goaane, 5 P <_ 5 - 613

From Bayesian perspective, the image denoising is to calculate the Bayesian es-
timator for the center coefficient in a neighborhood of wavelet/framelet coefficients

modeled by GSM. The estimator is given by

= / zep(z|y)de. = / / Tep(Te, 2|y)dzdz. (6.1.4)
0
_ / / £ep(@ely, 2)p(ly)dzdz, = / p(zly) E{zely, 2} dz,
0 0

where z. stands for the center coefficient in the neighborhood [41]. In implementa-

tion, (6.1.4) is discretized as

K
Te =Y p(zely) B{zcly, 2}, (6.1.5)

k=1

where K is the number of discretized z.
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Conditioned on z, the observed y is Gaussian distributed. Then E{z.|y, z}

in (6.1.5) is the Wiener estimation
E{z.|y, 2} = 2C,(2Cy + Cp) "y,

please refer [32, 40, 50] for more information on the Wiener estimation. The pos-

terior density p(z|y) in (6.1.5) can be calculated using Bayes formula by

p(y|2)p-(2)
[ p(yla)p.(a)da’

p(zly) =

where p(y|z) is given by (6.1.3). As for the p,(z), Portilla ef al. chose a Jeffrey’s
prior in [41]

p.(2) x

?

1
z
due to its superior performance to other options.

In traditional GSM model [51], the signal covariance is assumed to be the same
within each subband. Improvement can be made to catch the different local co-
variance. This is implemented by estimating local covariance in non-overlapping
areas as Spatial Variant GSM (SVGSM) [8], by adapting the local directions to the
covariance as Orientation Adaptive GSM (OAGSM) [11], or by clustering the co-
efficients in one subband into many similar components as mixtures of Gaussian
Scale Mixture models (MGSM) [9, 39] and mixtures of projected Gaussian Scale
Mixture models (MPGSM) [7]. MGSM model can capture the local covariance on
each component. The denoising result can be significantly improved. We choose
mixtures of Gaussian Scale Mixture models (MGSM) as our advanced statistical
model for testing. However, we do not estimate the multiplier z;, for each compo-
nent k. Instead, we take Jeffrey’s prior for all the components to reduce the number

of parameters.
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To implement either GSM or MGSM model, we have to calculate the covariance
matrix C,, in the transform domain. If n; and y; are the vectors of wavelet/framelet
coefficients of the noise and noisy observation, respectively, then C), and C, can be

calculated by
J J
1 1
Co=> > mn] and C, = 5 > i) (6.1.6)
j=1 j=1

where J is the total number of coefficients in the neighborhood. With (), and C,,

the signal covariance C,, can be computed from

with a normalization E{z} = 1. Hence, the covariance of the noise C,, in the
transform domain is essential to the calculation of the signal covariance. The or-
thonormal wavelet transform preserves the variance of the white Gaussian noise in
the transform domain. However, for over-complete transforms, the covariance of

the noise in the transform domain is more complicated.

Though the covariance of the noise coefficients in the transform domain can be
obtained by (6.1.6), it is an approximation. Based on the notion of discrete affine
system, the exact covariance of the noise coefficients can be calculated. It can be
generated to other over-complete transforms. Since the noise n is i.i.d. Gaussian
with zero mean and covariance o2, the covariance of two noise coefficients in the

transform domain between positions %, and k, can be calculated from

B{(, bjim ) (1 bjases ) }
—E{ (X nObiel = 2k)) (3o n(hbiel- = 2k2) ) |

=B n(nlp — el — 2k)bie(p — - — Pka) o = (bjuky, bjuk) E{n’}

p

=(bjtikr > bjiska )07,
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where b, ., and b; ;.;,, are the filters applied corresponding to position £; and ks in
the discrete affine system and the property of i.i.d. Gaussian with zero mean for the
noise n is applied to simplify the expectation.

Above calculation demonstrates that the covariance of the Gaussian noise in the
transform domain completely depends on the corresponding filters applied in the
discrete affine systems. Thus, the exact covariance of wavelet/framelet coefficients
of the noise in the transform domain can be calculated by the inner product of
corresponding filters in discrete affine systems.

The denoising results using advanced statistical models are reported in Table 6.3
for bandlimited TP-CTF, and TP-CTFg. In order to capture the local covariance,

the neighborhood size is set to be 5 x 5.

TP-CTF, TP-CTFg

o || Lena | Barbara | Boat | House || Lena | Barbara | Boat | House
10 || 35.55 34.58 33.50 | 35.35 || 35.73 34.81 33.66 | 35.90
15 || 33.77 32.53 31.58 | 33.31 || 34.03 32.82 31.76 | 33.99
20 || 32.51 31.05 30.22 | 32.06 || 32.80 | 31.39 30.43 | 32.61
25 || 31.51 29.89 | 29.22 | 3093 || 31.83 30.26 | 2941 | 31.55
30 || 30.66 | 28.93 28.38 | 29.80 || 31.01 29.33 28.59 | 30.65
50 || 28.34 | 26.27 26.19 | 27.27 || 28.70 | 26.74 | 26.39 | 28.05

Table 6.3: Image denoising results, in terms of PSNR values, of bandlimited
TP-CTF, and TP-CTF¢ with advanced statistical model MGSM.

Table 6.3 demonstrates the performance of proposed directional tensor product
complex tight framelet with advanced statistical models (MGSM) in image denois-
ing has significant improvement comparing with simple statistical models (bivariate
shrinkage). There is an average of 0.2 ~ 0.3 dB improvement in terms of PSNR
for all test images for all standard deviation levels.

It is comparable to the reported best performance in [7] under the transform

thresholding philosophy.
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6.2 Video denoising

The redundancy rate is crucial for video denoising in three dimensions (3D), since
the computational cost is the bottleneck for high-dimensional data processing. Our

proposed TP-CT Fé only has the redundancy rate 3% in 3D.

We compare the performance of TP—(CTFé with the directional tensor prod-
uct complex tight framelet TP-CTF3 (which has the same redundancy rate 3% as
TP-CT Fé), TP-CTFg (which has the same directionality as TP—(CTF% but has the
redundancy rate 29%), the 3D DT-CW'T (which has the redundancy rate 8), the 3D
nonseparable surfacelets in [36] (which has the redundancy rate 6.4), and the 3D
nonseparable compactly supported shearlet frames DNST?*”—42 and DNST3"—154
in [34] in ShearLab with DNST*”—42 and DNST:”-154 having the redundancy
rates 42 and 154, respectively. The decomposition level for all tensor product com-
plex tight framelets TP-CTF,, is set to be J = 4 and the boundary extension size
for all TP-CTF,, is set to be 16 pixels. The strategy for processing frame coef-
ficients for all TP-CTF,, and DT-CW'T is the 3D bivariate shrinkage as outlined
in (6.1.2) but with window size 3 instead of 7. The constant v/3 in the bivariate
shrinkage function in (6.1.2) for DT-CW'T is still set to be /3, but this constant is
replaced by /4 for TP-CTF,, (though there are no significant performance differ-
ences if the constant v/3 is used for TP-CTF,,). All parameters for 3D surfacelets
and the two 3D shearlets DNST*”—42 and DNST3”-154 are the same as those de-
scribed in [34, 36]. The two video sequences Mobile and Coastguard are used for
comparison, which are the same test videos as used in the paper [34] and can be
downloaded from the ShearLab 3D package at http://www.shearlab.orag.

See Figure 6.2 for the first frame of these two videos Mobile and Coastguard.
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(a) Mobile

(b) Coastguard

Figure 6.2: The first frame of the test videos Mobile and Coastguard.

The comparison results of performance are reported in Table 6.4 under i.i.d.

Gaussian noise with standard deviation o = 10, 20, 30, 40, 50, 80, 100.

192 x 192 x 192 Mobile
o || TP-CTF} || TP-CTFs; | TP-CTF3 | DT-CWT | Surfacelets | DNST*”-42 | DNST*P-154
10 3526 || 35.52(-0.26) | 33.40(1.86) | 34.11(1.15) | 32.79(2.47) | 35.27(-0.01) | 35.91(-0.65)
20 31.58 || 31.77(-0.19) | 29.90(1.68) | 30.53(1.05) | 29.95(1.63) | 31.32(0.26) | 32.18(-0.60)
30 29.52 | 29.66(-0.14) | 28.03(1.51) | 28.55(0.97) | 28.26(1.26) | 29.00(0.52) | 29.99(-0.47)
40 28.10 | 28.20(-0.10) | 26.76(1.34) | 27.17(0.93) | 27.05(1.05) | 27.37(0.73) | 28.42(-0.32)
50 27.01 | 27.08(-0.07) | 25.79(1.22) | 26.15(0.86) | 26.11(0.90) | 26.13(0.88) | 27.22(-0.21)
80 24.82 24.82(0.00) | 23.87(0.95) | 24.03(0.79) | 24.25(0.57) | 23.69(1.13) | 24.75(0.07)
100 | 23.87 23.82(0.05) | 23.06(0.81) | 23.06(0.81) | 23.40(0.47) | 22.63(1.24) | 23.62(0.25)

192 x 192 x 192 Coastguard
10 33.86  [[ 34.15(-0.29) | 32.59(1.27) [ 33.16(0.70) | 30.86(3.00) | 33.13(0.73) | 33.81(0.05)
20 30.26 || 30.62(-0.36) | 29.21(1.05) | 29.66(0.60) | 28.26(2.00) | 29.45(0.81) | 30.28(-0.02)
30 28.38 | 28.73(-0.35) | 27.46(0.92) | 27.82(0.56) | 26.87(1.51) | 27.50(0.88) | 28.40(-0.02)
40 27.13 || 27.45(-0.32) | 26.28(0.85) | 26.58(0.53) | 25.91(1.21) | 26.17(0.96) | 27.13(-0.00)
50 26.18 || 26.48(-0.30) | 25.40(0.78) | 25.66(0.52) | 25.17(1.01) | 25.17(1.01) | 26.17(0.01)
80 2430 || 24.53(-0.23) | 23.67(0.63) | 23.84(0.46) | 23.61(0.69) | 23.17(1.13) | 24.17(0.13)
100 || 2347 | 23.65(-0.18) | 22.91(0.56) | 22.98(0.49) | 22.87(0.60) | 22.24(1.23) | 23.22(0.25)

Table 6.4: Video denoising results, in terms of PSNR values, of several methods
using proposed 3D T P—CTF% with the redundancy rate 32, 3D TP-CTFg with the

redundancy rate 29% (having the same directionality as T P—CTF%), 3D TP-CTF;

with the redundancy rate 3% (having the same redundancy rate as TP—(CTF%), the
3D DT-CWT with the redundancy rate 8, the 3D nonseparable surfacelets in [36]
with the redundancy rate 6.4, and the 3D nonseparable compactly supported shear-
let frames DNST?”-42 and DNST5”-154 with the redundancy rates 42 and 154,

respectively.

From Table 6.4, we see that the loss of performance of TP—(CTFé 1s not signif-

icant in comparison with TP-CTF for both Mobile and Coastguard. TP-CTF}
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can outperform DNST:”-154 when the noise level ¢ is high (¢ > 50) despite the
fact that DNST:”-154 has the highest redundancy rate 154 which is 41.5 times
the redundancy of TP—CTF%. Generally, TP—(CTFé outperforms all other methods
for any noise level o (except a slightly worse performance at ¢ = 10 comparing
with DNST?P-42 for Mobile). Significant improvement can be seen in comparison
with the nonseparable 3D surfacelets in [36] (up to 2.47dB for Mobile and 3dB
for Coastguard) and DNST?P-42 in [34] (up to 1.24dB for Mobile and 1.23dB for

Coastguard).
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