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Abstract

Last couple of decades have witnessed massive upsurge in efforts of transport-

ing and manipulating solutes and moieties in microfluidic devices, motivated

by their wide applications in disciplines ranging from astrophysics to nano-

medicine. Pressure-driven transport scales as the square of the channel height,

and therefore demands massive pumping power for microchannels making it

unusable in several microfluidic applications. Accordingly, there have been a

plethora of endeavors to devise novel non-mechanical fluid driving techniques

in microchannels, e.g., transport by applying electrostatic, magnetic, or acous-

tic forces. However, these mechanisms, often necessitate special fluid proper-

ties, as well as cumbersome fabrication requirements. Hence, there has been

a tremendous drive to develop passive pumping mechanisms, that successfully

exploit the inherent geometric and physical characteristics of the microchannel

and the fluid, yet are free from the above constraints.

In this thesis, several aspects of one of the foremost microfluidic passive

pumping mechanisms, namely capillary-driven transport, has been analyzed.

Firstly, the effect of a transient velocity profile on a classical capillary filling

problem has been investigated. All the existing analyses invariably consider a

fully-developed velocity profile – accordingly, the proposed model could reveal

several yet unaddressed non-trivial mechanisms inherent in a capillary filling

problem, intrinsic to the consideration of a more generalized situation of a

developing velocity profile.



Secondly, an appropriate analytical model has been developed to describe

the pressure-field at the entrance of the capillary. This pressure-field improves

on the existing expressions in the sense that it is applicable to capillaries of

all possible aspect ratios, and manifest its influence by predicting a capillary

filling length that is different from that hypothesized by the existing models.

Thirdly, important correlations interrelating the wetting and other physical

properties of popular biomicrofluidic solvents such as BSA (Bovine Serum Al-

bumin) solution or microbead suspension have been derived from thoroughly

performed experimental studies. These correlations are next employed to study

the capillary dynamics of these two liquid as a functions of its physical prop-

erties.

Finally, effects of additional body forces, such as gravity or electrostatics,

in affecting a capillary transport have been investigated.
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Chapter 1

Introduction

1.1 Motivation

Over the past and the present decades, microfluidic channels have become inte-

gral components of biomedical devices like Lab-on-a-Chip (LOC) (Stone et al.,

2004). A typical LOC device consists of three different sections; (i) sample

preparation section, (ii) reaction chamber, and (iii) quantification / detection

cites (see Fig. 1.1). These sections are interconnected by microchannels of var-

ied geometries and cross-sections. In order to transport biomolecules, particles

and chemicals from one section to the other, we therefore need to drive these

moieties through these interconnecting microchannels. The necessary driving

force is typically achieved through several traditional or conventional pumping

mechanisms (Nguyen and Werely, 2003). Till date these mechanisms are such

that the pumping is actuated by some external means, which inevitably intro-

duces several undesired difficulties in operation of the device. These difficulties

can be either due to the unfavorable scaling of the corresponding actuation

forces in a microchannel, or the possible intrusive changes that the actuation

mechanism triggers inside the system. For example, when the transport is

achieved by a pressure driven flow, actuated by an externally operated me-

chanical pump such as a syringe pump, the flow strength scales linearly with

the applied pressure gradient and quadratically with the microchannel height

– therefore one requires an extremely large pressure-gradient to obtain a sat-

isfactory flow strength in a pressure-driven microchannel flow (Karniadakis

1



et al., 2005). Additionally, for such a flow external microscopic actuators and

connectors with external pumping interface are needed, thereby restricting

the flexibility of the devices. To overcome such extremely intuitive difficulties

associated with the pressure-driven transport in a microchannel, researchers

have attempted other methods of driving flow in a microchannel. These meth-

ods typically rely on generating additional volume/surface forces on the liquid,

thereby successfully driving a non-pressure-driven transport in the microchan-

nel. To ensure that such non-conventional forces are created one requires

additional features to be patterned on the microchannel system, and the rapid

advancement in micro-nano-manufacturing in recent times has served as a

great blessing for such endeavors. The most important related example is to

drive an electrolyte in a microchannel by employing an external electric field

applied through micro-manufactured electrodes embedded in the microchan-

nel. Such a transport is classically known an electroosmosis, and is one of the

four methods of imparting fluid/particle motion by the application of elec-

tric field (known as electrokinetics). Electroosmosis relies on the fluid motion

created by the body force generated by the interaction of the charge density

(within the induced Electric Double Layer or EDL formed at the interface of

the solid and a dielectric liquid) with the applied electric field. Therefore, the

properties of the solid and the liquid dictate the electroosmotic transport. One

of the major advantage of the electroosmotically-driven fluid flow over the con-

ventional pressure-driven transport is the absence of any moving mechanical

parts, as well as a favorable scaling that appropriately utilizes the enhanced

surface-to-volume ratio of a microchannel. In fact, the electroosmtic trans-

port is the most favored non-mechanical transport for microfluidic operations

(as compared to other non-mechanical mechanisms such as magnetohydrody-

namic, optofluidic or acousto-fluidic transport) owing to factors such as its ease

of operation, understanding and repeatability. However, one major difficulty

associated with the electrokinetic transport is that it is strongly dependent on

the conductivity of the solution. In case the conductivity is very high (i.e.,

ionic strength is significantly large) the electroosmotic effect is substantially
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Figure 1.1: Schematic of typical Lab-on-a-Chip (LOC) device

screened. This typically occurs for biomolecular solution, where the solution

conductivity is substantially large – as a result in presence of the applied elec-

tric field the biomolecules are transported due to their own electrophoretic

motion and there is no influence of electroosmotic advection. Similarly, for

other non-mechanical means of transport the advantages obtained by employ-

ing a transport without a non-moving part is often compensated with other

difficulties intrinsic to the very nature of the transport. More importantly, for

all such transport, commencement of flows requires external equipments for the

actuation of the necessary driving field (electric, magnetic, or acoustic), which

in turn requires the additional equipments and the complex fabricating steps.

This not only increases the cost of the device but also the self sustained LOC

device can not be obtained, neither can they be applied to real life applications

on account of the entire set up becoming extremely cumbersome.

Hence, non-mechanical pumping approaches without any moving compo-

nents have been introduced.

The intrinsic difficulties associated with the microfluidic devices with ex-
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ternal actuation have motivated design and implementation of self-actuated

microfluidic systems without any external actuations. These systems are also

devoid of any cumbersome connectors and are considered as ideal microflu-

idic systems (Juncker et al., 2002), where the flow is autonomously generated

with passive pumping (Walker and Beebe, 2002) by controlling channel ge-

ometries, surface chemistry, and physical properties of the fluid (e.g., surface

tension). The passive pumping has several advantages such as operational

simplicity, portability, and suitability for handling multiple biological species

(since the denaturation of biomolecules, typical in electroosmotic flows, can

easily be avoided). The terminology of passive pumping for microfluidic de-

vices has been first introduced in 2002 by Beebe and Walker (K.Young and

Beebe, 2010; Walker and Beebe, 2002). Further, the passive pumping in LOC

devices has successfully been attempted for different biomedical applications

for immunoassay (Hosokawa et al., 2006; Juncker et al., 2002), plasma ex-

traction (Sollier et al., 2009), microsphere arrangement (Randall and Doyle,

2005), cell culture (Meyvantsson et al., 2008), protein production (Khnouf

et al., 2009), enzyme sensing (Chen and Lindner, 2009), stable concentration

gradient generation (Gao et al., 2012), (Gervais and Delamarche, 2009; Zim-

mermann et al., 2007) etc. Overview of such passive pumping based microflu-

idic devices can be found elsewhere (Sollier et al., 2009). There are, however,

certain challenges associated with the passive pumping – for example, it is

difficult to generate a continuous flow (with uniform flow rate) with passive

pumping, and efforts are being made to overcome this difficulty (Berthier and

Beebe, 2007; Lynn and Dandy, 2009).

As the size of the devices decrease, the large surface-to-volume ratio makes

the surface forces dominant. Transporting liquid in microfluidic channels by

the use of capillary action demonstrates a typical example where such dom-

inant surface effects can be utilized to ensure passive pumping (Walker and

Beebe, 2002). The state of the art on the subject performs the analysis of

such capillary transport with several simplified assumptions, which may not

always hold true for micro-scale geometries. Moreover, in capillary flow, wet-
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ting properties of the transporting liquid decide the capability of the pumping,

i.e. passive pumping and the change in the wetting properties due to inclu-

sion of different suspensions or biomolecules is also neglected in most of the

reported studies. As the traditional theory predicts, the fluid transport with

capillarity always attains the steady state due to the balance among the driving

capillary pressure, and retarding viscous and gravity forces. For maintaining

the continuos flow with constant flow rate is also another challenging task in

the capillary flow. Hence, it is necessary to explore the several other passive

or non-mechanical pumping approaches combination with the capillary flow

for enhancement in the pumping capability.

1.2 Objective

Objective of the present research has been the development of passive and

non-mechanical pumping mechanisms for LOC devices. The rationale for this

study is to investigate the scope of passive and non-mechanical pumping like

capillary, gravity assisted capillary, electrokinetic (or a combination of these

mechanisms) in microfluidic devices. Individual role of these mechanisms in

driving the flow in a microchannel is well known; however a combination of

them and their effect on the microfluidic transport has been grossly overlooked

in the literature.

1.3 Outline of thesis

1.3.1 Thesis Contributions

The novel approaches for transport in microfluidic devices, realized by a com-

bination of different passive and non-mechanical actuation mechanisms, are

proposed in this study. These flow mechanisms have the potential to be used

as an alternative of the existing conventional pumping mechanisms, and there-

fore will usher in important paradigms for microfluidic pumping. Theoretical

background and implementation of these ideas will be elaborated in the up-

coming chapters.The main contribution towards of the present thesis, clearly
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distinguishable from past studies, are summarized as follow:

1. Identification of the key parameters that dictate the transport in the mi-

crofluidic device with a combined passive and non-mechanical pumping

and use of these parameters for further improvement in the design

2. Proposition of a theoretical model for passive pumping using a capillary

flow in a microchannel considering microscale effects

3. Investigation of the wetting properties of microbead and biomolecule

solutions to regulate the passive pumping capabilities

4. Exploring the potential of combination of passive and non-mechanical

pumping for transport of biomolecules

1.3.2 Thesis Outline

The guidelines from the Faculty of Graduate Studies and Research (FGSR)

at the University of Alberta have been followed to prepare the thesis and this

thesis is arranges as follows:

This thesis contains the analysis of passive and non-mechanical pumping

approaches. In view of the proposed motivation, the first phase of the work

deals with the theoretical background of passive (capillary transport) and non-

mechanical (electrokinetic transport) pumping. Further, the impact of wetting

properties of the working fluid containing microbeads and biomolecules is well

understood. Finally, the combination of passive and non-mechanical pumping

is also presented.

Chapter 2 emphasizes the comprehensive theoretical modeling of the cap-

illary flow with different aspects which are considered in the literature with

simplified assumptions.

Chapter 3 provides the detailed procedure for the derivation of the pressure

field at the entrance of the rectangular microchannel of high aspect ratio.

Chapter 4 presents the empirical expressions for the variations in the

contact angle and surface tension of microbead suspension with the change in

the microbead volume fraction.
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Chapter 5 is the extension of Chapter 4 where the the variations in the

contact angle and surface tension of Bovine Serum Albumin (BSA) solution

with the change in the concentration of BSA is presented.

Chapter 6 shows the effect of microbead presence in the career fluid on the

capillary transport along with the demonstration of use of additional gravity

head along with the capillary transport.

Chapter 7 presents the enhancement in the capillary flow pumping by cou-

pling it with the non-mechanical pumping approaches like electroosmotic flow.

Finally, Chapter 8 draws the conclusion with important observations along

with the future scope with recommendation based on the outcome of the per-

formed research.
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Chapter 2

A comprehensive theoretical
model of capillary transport in
rectangular microchannels 1

2.1 Introduction

Microfluidic channels are integral components of a Lab-on-a-Chip (LOC) de-

vices. Transport of biomolecules, particles or chemicals of interest within these

microchannels is an important requirement which has been achieved by sev-

eral traditional or conventional pumping mechanisms. However, in most of

the mechanisms till date, pumping has been actuated by external actuations,

which are an additional burden on the system. Most commonly, transport is

obtained with pressure driven flow by actuating a mechanical pump. How-

ever, due to large surface forces at micro-scale, a very high pressure drop is

required for the transport of the working fluid. Hence, non-mechanical pump-

ing approaches like electrokinetic and electromagnetic pumping have been in-

troduced (Karniadakis et al., 2005; Nguyen and Werely, 2003). Commence-

ment of such flows requires external equipments to actuate of electrical and

magnetic fields, which in turn requires additional complex fabricating steps

for the device. In such external microscopic actuators and connectors with

electromechanical interface restricts the flexibility of the devices. Moreover,

electroviscous effects have to be included with other significant effects (Phan

1A version of this chapter has been published. Waghmare and Mitra, 2012, Microfluidics
and Nanofluidics, 12 (1-4), 53-63

11



et al., 2009). Attempts are being made to establish flow without any external

means i.e., autonomous flow. The fluid transport can be achieved by control-

ling channel geometries, surface chemistry, and physical properties of the fluid

like surface tension. Such pumping approach is widely termed as autonomous

or passive pumping which would be an ideal mechanism of transport for mi-

crofluidic devices (Juncker et al., 2002; Zimmermann et al., 2007). As the

size of the device decreases, the large surface to volume ratio makes surface

forces dominant, particularly the force due to capillarity-induced pressure is

very high as compared to other forces (Eijkel and van den Berg, 2006). At-

tempts are also being made to pump the fluid with capillary flow in closed

end nanochannels (Phan et al., 2010; Radiom et al., 2010). Hence, the use

of surface forces to transport the liquid with capillary action is becoming a

popular option in microfluidic devices (Walker and Beebe, 2002) and have

attracted special attention at micro (Waghmare and Mitra, 2010) (Waghmare

and Mitra, 2010b,c), meso (Diotallevi et al., 2009; Zhang, 2011) and molecular

level (Dimitrov et al., 2007).

Theoretical understanding of capillarity has been conducted over the past

century. Through the theoretical investigations, temporal variation in the po-

sition of the flow front along the length of the capillary is predicted. The posi-

tion of the flow front from the capillary inlet is generally termed as penetration

depth. Two distinct modeling approaches are reported in the literature. In the

first approach, the closed form expression for the transient variation in the pen-

etration depth is proposed which is similar to Washburn approach (Washburn,

1921). Whereas, in the second approach, the differential equation in terms of

penetration depth is obtained which encompasses all possible forces present

during the penetration of the flow front (Levine et al., 1976). The penetra-

tion depth with the first approach is predicted without considering the viscous

and inertial effects and therefore to include such effects, the second approach

has been developed (Levine et al., 1980). Further, the final governing equa-

tion for the capillary penetration is obtained by applying differential (Levine

et al., 1980) or integral (Dreyer et al., 1993) momentum equation. Washan-
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burn (Washburn, 1921) has reported the close form solution for the entrance

length, which emphasizes that the steady state velocity assumption is a valid

assumption for capillary flow analysis. A microscopic energy balance is used

by Newman (Newman, 1968) and Szekely (Szekely et al., 1971), as opposed

to the quasi-steady state approximation of Washburn (Washburn, 1921) and

they claimed that, the Washburn approach (Washburn, 1921) can not be

used for short capillary transport. Further Saha and Mitra (Saha and Mitra,

2009b) demonstrated numerically and experimentally (Saha et al., 2009) that

Washburn prediction deviates for micro-scale geometries. Moreover, Saha and

Mitra (Saha and Mitra, 2009a) have performed the numerical simulation of

capillary filling process in a pillared microfluidic geometry and reported that

variation in the capillary filling length does not follow the Washburn equa-

tion. Dreyer et al. (Dreyer et al., 1994) have also quantified the capillary

flow behavior according to the penetration depth variations with respect to

the time. In such analysis, the governing equation for penetration depth is

obtained by balancing various forces viz., the entrance pressure force, the sur-

face or the pressure force at the interface, the viscous and the gravity forces

with the inertial and transient terms in the momentum equation. The viscous

force, inertial, and convective terms in the momentum equation depend on the

velocity profile across the channel. Whereas, other forces are function of the

fluid properties, as reported in a recent modeling effort (Waghmare and Mi-

tra, 2010c). In such analysis, the velocity dependent terms are determined by

assuming a fully developed i.e., parabolic velocity profile across the channel.

The assumption of the parabolic velocity profile is a valid assumption

for steady state conditions. In case of the transient flow, several researcher

have used the assumption of parabolic velocity profile (Dreyer et al., 1994;

Chakraborty, 2007; Dreyer et al., 1993; Levine et al., 1976, 1980; Newman,

1968; Szekely et al., 1971; Washburn, 1921) in their analyses. But this as-

sumption is only valid for a high viscous fluid or very low Reynolds number

flow which may not be true in all cases (Bhattacharya and Gurung, 2010).

Hence, it is important to adopt a different approach for capillary flow analysis
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to rectify this discrepancy. This can be achieved by considering the transient

velocity profile derived from transient momentum equation. This transient

velocity profile not only satisfies the transient integral momentum equation

but also accounts for the time dependent term in the velocity profile. The

equation which governs the capillary transport consist of two types of terms-

velocity dependent and velocity independent terms. The velocity dependent

terms can be determined using transient velocity profile and further transient

effects can be analyzed by comparing the results with the steady state velocity

profile.

The velocity independent terms in the momentum equation are force terms

except the viscous force viz.; pressure forces at the inlet of the microchannel

and at the air-fluid interface. The pressure field at the air-fluid interface can be

calculated using Young-Laplace equation. On the other hand, Levine (Levine

et al., 1976) proposed the pressure field at the inlet of the microchannel, differ-

ent from the common notation of an atmospheric pressure typically applied at

the entrance of the microchannel. In their study, they have proposed the pres-

sure field expression for circular capillary. Several researchers have extended

this circular capillary expression for non-circular capillaries with equivalent

radius assumption. The equivalent radius assumption may not be applicable

for a wide range of microchannel aspect ratios. The present literature suggest

that there is a lack of a pressure field expression for rectangular microchan-

nels, which is a more common geometry based on microfabrication techniques

for microfluidic devices. The authors have attempted to propose a pressure

field expression at the entrance of a parallel plate arrangement (Waghmare

and Mitra, 2010). The pressure field expression is developed by assuming the

length of the plate is much longer than the gap between two plates, but in

microfluidics applications such assumption may not be universally valid. Fur-

ther, the capillary transport analysis with such modified pressure field for a

rectangular microchannel is also not available in the literature. Therefore, it

is necessary to determine the appropriate pressure field at the entrance of the

rectangular microchannel and the effect of such pressure field expression on
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the capillary flow analysis needs to be studied, which is performed in the later

part of this study.

A generalized non-dimensional equation for capillary transport can be ob-

tained by calculating the velocity dependent and independent, i.e., appropri-

ate force terms. In the upcoming section, the theoretical model for capillary

transport with transient velocity profile is presented. Further, a generalized

non-dimensional equation with steady state and transient velocity profiles is

derived and solved numerically to investigate the effect of transient velocity

profile. An appropriate pressure field expression at the entrance of the rectan-

gular microchannel is also derived in the later part of this study. Finally, the

effect of such pressure field on the capillary transport is also analyzed. Hence,

the analysis presented here is a comprehensive one, which provides a greater

understanding of capillary transport in rectangular microchannels.

2.2 Mathematical modeling

In most of the capillary flow analysis, the integral momentum equation for

deformable fluid control volume along the microchannel is used (Dreyer et al.,

1994, 1993; Levine et al., 1976, 1980). The integral momentum equation for

the fluid transport in the microchannel of width 2B and depth 2W , as shown

in Fig. 2.1, can be written as,

∑
Fz =

∂

∂t

∫ h

0

∫ W

−W

∫ B

−B
ρvzdxdydz +

∫ W

−W

∫ B

−B
vz(−ρvz)dxdy (2.1)

Here, ρ is the density of the fluid, vz is the velocity of the capillary across

the channel and h is the penetration depth or movement of the fluid flow front

in the capillary. This momentum equation governs the transient response of

the capillary front movement along z− axis, which is termed as penetration

depth in this analysis. Here,
∑
Fz is the summation of all forces acting on the

fluid under consideration viz., viscous (Fv), gravity(Fg = 4ρghBW ), pressure
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Figure 2.1: Schematic of microchannel of width 2B and depth 2W considered
for the theoretical modeling of capillary transport. Figure (a) shows the rect-
angular microchannel where the width and depth are comparable to each other
and Fig. (b) represents the high aspect ratio microchannel which is considered
in this analysis. The dotted line shows the control volume considered for the
analysis.

forces at the flow front(Fpf ) and at the inlet(Fpi), as illustrated here:∑
Fz = Fv︸︷︷︸

velocity dependent

+ Fg + Fpf + Fpi︸ ︷︷ ︸
velocity independent

(2.2)

Transient and convective terms in Eq. 2.1 and the viscous force term in Eq. 2.2

can be determined by using the velocity profile, vz across the channel. For

simplicity, fully developed Poiseuille flow is assumed in the literature (Dreyer

et al., 1994; Waghmare and Mitra, 2010b; Chakraborty, 2007; Dreyer et al.,

1993; Levine et al., 1976, 1980; Newman, 1968; Szekely et al., 1971; Washburn,

1921), neglecting the change in the velocity profile at the entrance region
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and at the flow front. This introduces an inconsistency due to the fact that

the fully developed velocity profile assumption is valid only for steady flow

systems (Bhattacharya and Gurung, 2010). Thus a developing i.e., transient

velocity profile instead of a developed velocity profile needs to be considered

for the analysis. This can be achieved by considering the transient momentum

equation for pressure driven flow with pressure drop dp/dz as depicted here,

ρ
∂vz
∂t

= µ
∂2vz
∂x2

+
dp

dz
(2.3)

where, µ is the viscosity of the fluid. The velocity in Eq. 2.3 can be decoupled

in the following manner (Keh and Tseng, 2001),

vz(x, t) = vz∞(x) + vzt(x, t) (2.4)

here, vz∞(x) is the velocity field at steady state, which can be written

as (White, 2006),

vz∞(x) =
B2

2µ

dp

dz

[
1−

( x
B

)2]
(2.5)

The transient component of the velocity can be obtained from following equa-

tion using boundary conditions of no-slip and maximum velocity at wall and

center, respectively with zero velocity as an initial condition (Keh and Tseng,

2001).
1

ρ

∂vzt
∂t

= µ
∂2vzt
∂x2

(2.6)

The method of separation of variable is used to obtain the solution of

Eq. 2.6 and is given as,

vzt(x, t) = 2
∞∑
n=1

(−1)n
[

1

Bµλ3n

dp

dz

]
cos(λnx) exp

(
−νλ2nt

)
(2.7)

where, λn = (2n−1)π
2B

and ν is the kinematic viscosity of the fluid. Hence, the

transient fluid velocity profile vz(x, t) can be obtained by combining Eq. 2.5

and 2.7.
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vz(x, t) =

{
∞∑
n=1

(−1)n
1

Bµ

(
2

λ3n

)
cos(λnx) exp

(
−νλ2nt

)

+
1

2µ

(
B2 − x2

)} dp

dz

(2.8)

The average velocity across the channel can be expressed as,

vz(x, t)avg =
B2

3µ

[
1−

∞∑
n=1

96

(2n− 1)4π4
exp

[
−(2n− 1)2π2νt

4B2

]]
dp

dz
(2.9)

As done for other capillary flow models (Newman, 1968), the pressure

drop term in Eq. 2.8 is replaced by the average velocity so that the velocity

profile is obtained in terms of the penetration depth,

vz(x, t) =
B2

2µ
α1

{
∞∑
n=1

(−1)n
[

4

(Bλn)3

]
cos(λnx) exp

(
−νλ2nt

)
+

(
1− x2

B2

)}
×
{

1

α1[1−
∑∞

n=1 β1 exp (−λ2nνt)]

}
dh

dt

where,

α1 =

[
(φ)4 − 4 exp−φ2t

3

]
[
(φ)4 − 6 exp−φ2t

3

]
and φ = λnB. The velocity dependent terms of the governing equation for

capillary transport can be derived with transient velocity profile provided in

Eq. 2.10. Pressure forces at the fluid-air interface within the microchannel

and at the inlet of the microchannels can be determined by using respective

pressure field distributions at the interface and at the inlet of microchannel.

Young-Laplace equation (Washburn, 1921) with the fluid surface tension, σ

and equilibrium angle, θ is used to determine the pressure at the interface. The

radii of the curvature for Young-Laplace equation are B/ cos θ and W, respec-

tively. The concept of pressure force at the entrance of the capillary was first

proposed by Levine et. al (Levine et al., 1976). However, they have reported
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the pressure field expression at the entrance of circular capillaries and several

researcher have extended this circular capillary expression to parallel plate

configuration with a simplified assumption. For parallel plate configuration,

the pressure field is investigated by assuming a hemispherical control volume

and the radius of the hemisphere is determined from the projected cross sec-

tional area at the capillary entrance. The derived pressure field in such case,

as used by several other researchers for rectangular capillaries like flow of liq-

uid coolant (Dreyer et al., 1994), alcohol (Xiao et al., 2006), nanoparticulate

slurry (Mawardi et al., 2008), and blood (Chakraborty, 2007), can be written

as,

p(o, t) = patm −

{
1.11ρ

√
BW

d2h

dt2
+ 1.58ρ

(
dh

dt

)2

+
1.772µ√
BW

dh

dt

}
(2.10)

To emphasize and analyze the effect of transient velocity profile, in this part

of analysis the pressure field expression from existing literature (i.e.,Eq. 2.10)

is used to determine the pressure force at the entrance of the microchannel.

An appropriate pressure field expression for rectangular microchannel and the

importance of such accurate pressure field expression are presented in the later

part of this study. Finally, one can rewrite the momentum equation Eq. 2.1

incorporating the relevant forces, transient and convective terms, where the

transient velocity profile is used for calculating the velocity dependent terms.

Further, the non-dimensional analysis is performed which results in a gener-

alized non-dimensional governing equation for capillary flow in microchannel

which can be written as (Waghmare and Mitra, 2010c),

(h∗ + C1)
d2h∗

dt∗2
+ C2

(
dh∗

dt∗

)2

+ (C3 + C4h
∗)
dh∗

dt∗
+ C5h

∗ + C6 = 0 (2.11)

The non-dimensional time (t∗) and the penetration depth (h∗) which are de-

fined with respect to the characteristic time, t0 = ρ(2B)2

12µ
and the characteris-

tic length h0 = 2B, respectively. Table 2.1 depicts the different constants of

Eq. 2.11 for an evolving capillary transport. All coefficients are the function of

the velocity profile. In non-dimensional analysis, two non-dimensional num-

bers are obtained i.e., Bond number(Bo) and Ohnesorge number(Oh). The
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Ohnesorge number
(
Oh = µ√

2Bρσ

)
represents the ratio of viscous to surface

tension force, the Bond number
(
Bo = ρg(2B2)

σ

)
dictates the ratio of gravity to

surface tension force and another non-dimensional parameter, i.e., γ(= B/W )

is the aspect ratio of the microchannel, defined as the ratio of width to depth

of the microchannel.

Table 2.1: Constants of the generalized non-dimensional governing equation
for a capillary flow in a rectangular microchannel with a developing velocity
profile

Constants Expressions
C1

0.55
α1

√
γ

C2
α1

1.158+α1

C3
1

3α1

[
φ4−6e

−φ2 t∗
3

]
×
[
φ6 (1− α1)− 4φ2e

−φ2 t∗
3 + 3φ4

]
C4

0.295
√
γ

α1

C5
Bo

144α1Oh2

C6
γ−cos θ
72α1Oh2

Equation 2.11 is obtained on the basis of the following assumptions:

(i) The liquid is homogeneous, incompressible, and Newtonian and the cap-

illary flow is studied at a constant temperature.

(ii) The change in the interface shape, i.e., dynamic variations in the contact

angles during the capillary filling process are neglected.

(iii) The depth (2W ) is assumed to be much larger than the width (2B) of

the microchannel.

2.3 Effect of developing velocity profile in cap-

illary transport

It is important to analyze the importance of such transience in velocity dur-

ing the capillary transport. The variation in the penetration depth with the

steady sate and unsteady state velocity profile are presented in Figs. 2.2 and
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2.3. The bottom left inset of Fig. 2.2 shows penetration depth variations at the

beginning of the transport and the attainment of the equilibrium penetration

depth is shown in the upper right inset. The equilibrium penetration depth

is the length along the microchannel for which the flow front attains a zero

velocity. In this analysis, the development of velocity profile from unsteady

to steady state is accounted with a developing i.e., transient velocity profile.

At the beginning of the channel filling process, the velocity is undeveloped

therefore, the magnitude of the penetration depth is smaller than the pene-

tration depth with the developed velocity profile. The lower bottom inset of

Fig. 2.2 suggests that within the first 10ms, there is a difference of 5mm in the

penetration depth, which has important implications in terms of controlling

chemical reactions, antigen-antibody binding, and other bio-MEMS applica-

tions. As the flow front approaches towards the equilibrium penetration depth,

the transient velocity profile attains the steady state and the quantitative dif-

ference in the penetration depth is negligible as depicted in the upper right

inset of the Fig. 2.2.

The effect of transient velocity profile with the change in the fluid proper-

ties is depicted in Fig. 2.3. For a highly dense and viscous fluid, the effect of

transience in the velocity profile is qualitatively same as observed in the pre-

vious case. Figure 2.3(a) shows the penetration depth variation with highly

dense(Bo = 0.01) fluid whereas, similar variations are observed for highly vis-

cous fluid in Fig. 2.3(b). The inset of both the figures shows the enlarged

views of the penetration depths with two velocity profiles. The equilibrium

penetration depth with a high density fluid is smaller than penetration depth

with high viscous fluid. In case of high viscous fluid, a longer time is required

to attain the same equilibrium penetration as compared to the case shown

in Fig. 2.2. It is important to quantify the difference in penetration depths,

even though it may seem to be small, due to the transience in the velocity

profiles. Therefore, the difference in the penetration depths with developed

and developing velocity profiles for the same time instant is calculated and the
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Figure 2.2: Transient response of penetration depth with fully developed
(steady state) and developing (unsteady) velocity profile

percentage change in the penetration depth is presented in Fig. 2.4. In this

particular case study, the comparison in penetration depths of previous three

cases (Figs. 2.2 and 2.3) is presented. The enlarged view in the inset shows that

the penetration depth with transient velocity profile deviates up to 16% from

the penetration depth value with steady state velocity profile. The boundary

layer formation is the effect of no slip at the wall which propagates across the

channel and the rate of propagation is decided by the physical properties of

fluid, particularly the fluid viscosity. As the viscosity of fluid increases, the

boundary layer thickness also increases, which results in retardation of flow

within the boundary layer. The density has an opposite effect (Schlichting,

1968). It is observed that for a high viscosity fluid, the percentage difference in

the penetration depth is lower (8%) as compared to the difference with the high

22



0 200 400 600 800 1000 1200
0

40

80

120

160

200

240

650 700 750 800 850 900 950 1000
184

186

188

190

10 15 20 25 30 35 40
50

60

70

80

90

100

110

Pe
ne

tr
at

io
n 

de
pt

h(
h*

)

 Steady state velocity profile
 Transient velocity profile

Time(t*)

Bo=0.01;Oh=0.0075;

(a) Penetration depth variation for fluid with Bo = 0.01
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(b) Penetration depth variation for fluid with Oh = 0.05.

Figure 2.3: Transient response of penetration depth with fully developed
(steady state) and developing (unsteady) velocity profile for highly dense and
viscous fluid. In both the figures bottom left inset shows the variation in
the penetration depth at the beginning of the transport and upper right inset
shows the variations in the penetration depth during the attainment of the
equilibrium penetration depth.
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density fluid (16%). Thus, it can be concluded that the fully developed veloc-

ity profile assumption needs to be used carefully in the capillary analysis. It is

stated in the literature that (Bhattacharya and Gurung, 2010), the approxi-

mation of steady state velocity is a valid assumption for low Reynolds number

flows like a creeping flow. Also literature suggests that, the surface driven flow

can be considered as a creeping flow and hence the simplified fully developed

velocity profile can describe the velocity field across the microchannel in case

of a capillary transport. Here, the quantified difference in penetration depth

due to such assumption is presented and observed that at the beginning of

the capillary transport the transience in the velocity plays a significant role.

At micro-scale, such effects need to be considered carefully before designing

mirofluidic devices particularly for devices, with capillary transport.
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Figure 2.4: Transient response in the difference in the penetration depths with
fully developed (steady state) and developing (unsteady) velocity profile under
different conditions.
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As mentioned earlier, apart from the velocity profile across the microchan-

nel, the pressure field at the inlet of the microchannel is another aspect, which

has been considered with some degree of approximation in the existing litera-

ture. It is necessary to derive the appropriate pressure field at the entrance of

a rectangular microchannel. Therefore, in the next section, the pressure field

for a rectangular microchannel is derived. Moreover, the penetration depth

with the proposed and approximated pressure field from literature is compared

to analyze the importance of the proposed pressure field.

2.4 Pressure field at the entrance of the mi-

crochannel

As explained in Section 2.2, the force at the capillary entrance is calculated

using the pressure field at the entrance of the capillary. Levine et al. (Levine

et al., 1976) reported that the pressure at the entrance of the microchannel is

different than the atmospheric pressure. A separate control volume, as shown

in Fig. 2.5, at the entrance of the capillary, in addition to the deformable

control volume along the microchannel, has been considered for the derivation

of the pressure field. A well defined control volume at the entrance, such as

a hemispherical fluid volume shown in Fig. 2.5(a), within a large volume of

a fluid in contact with capillary is responsible for defining the pressure field

at the inlet. For a circular capillary, Levine et al. (Levine et al., 1976) has

taken a hemispherical control volume of radius equal to that of the capillary.

The velocity components in the hemispherical control volumes are determined

and further the momentum balance to the fluid flow in the control volume is

applied to calculate the pressure field.

The classical expression proposed for circular capillary has been extended

by several researchers for capillaries of different geometries like, parallel plates

(Dreyer et al., 1993). In parallel plate arrangement, a hemispherical control

volume in the reservoir is assumed, as done by Levine et al. (Levine et al.,
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(a) Control volume for circular capillary (Levine
et al., 1976)

(b) Control volume for parallel plate arrangement (Waghmare
and Mitra, 2010)

(c) Control volume for rectangular microchannel with high aspect ratio

Figure 2.5: The fluid volume from infinite reservoir considered as control vol-
ume for pressure field expression analysis. Figure 2.5(a) is the control volume
considered for circular capillary, Fig. 2.5(b) represents the appropriate con-
trol volume for parallel plate arrangement and for rectangular microchannel
Fig. 2.5(c) is the appropriate control volume. Arrow shows the direction of
the fluid flow from the reservoir into the microchannel.

1976). The radius of this hemisphere is calculated by equating the projected

area of hemisphere to the cross sectional area at the entrance of the paral-
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lel plates (Dreyer et al., 1993). Several other researchers have adopted this

concept of equivalent radius and performed the capillary flow analysis in rect-

angular microchanels (Dreyer et al., 1994; Chakraborty, 2007; Mawardi et al.,

2008; Xiao et al., 2006). The concept of equivalent radius with an assumption

of hemispherical control volume is not a realistic representation of the entrance

region in non-circular geometries. For high aspect ratio channels (width<<

depth), the region for the fluid volume or the appropriate control volume for

the analysis can not be considered as a hemisphere. For non-circular geome-

tries e.g., rectangular microchannels, a separate shape for the control volume

needs to be considered. For the parallel plate arrangement, authors have earlier

derived the pressure field expression which only depends on the gap between

the two plates and is independent of the depth of the plates (Waghmare and

Mitra, 2010). It is necessary to derive the appropriate expression for pres-

sure field with an appropriate control volume at the entrance of non-circular

microchannels. In the upcoming section, the appropriate control volume is

considered and the pressure field at the entrance of non-circular microchannel

is derived.

2.4.1 Pressure field at the entrance of non-circular mi-
crochannels

Figure 2.5 shows a representative control volume for different capillary ge-

ometries (circular, parallel plate and rectangular), which acts as a fluid source

mimicking a sink flow at the microchannel entrance. Further, the same con-

trol volume is used for the derivation of the entrance pressure field expression.

In the literature, for a circular capillary a hemispherical control volume is

assumed (Levine et al., 1976), and for parallel plate arrangements, the semi-

cylindrical control volume is considered (Waghmare and Mitra, 2010), as

shown in Figs. 2.5(a) and 2.5(b), respectively. It is also assumed that, the

control volume at the entrance of capillary aligns with the microchannel at the

entrance. In case of rectangular microchannels, neither the hemispherical nor

the semicylindrical control volume is an appropriate control volume for the
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analysis. The hemispherical control volume represents the axi-symmetric sink

flow at the entrance whereas, in case of semicylindrical shape(Fig. 2.5(b)), the

flow along the length of a semicylinder is considered. Further, in case of a

semicylindrical control volume, the fluid volume contained at the two ends of

the semicircular cylinder is neglected. This might be a valid assumption for

very high aspect ratio microchannels, where the microchannel can be treated

as parallel plates for the analysis. But for moderate aspect ratio microchan-

nels, like rectangular microchannels, which are generally used in microfluidic

applications, the fluid volumes at the two ends of the semicircular cylinder

need to be incorporated. Hence, it is necessary to consider a different shape

for the control volume representing rectangular microchannels. Therefore,

to account such effects, the combination of the cylindrical and the spherical

control volumes, as depicted in Fig. 2.5(c), is considered as an appropriate

control volume for the analysis. For the rectangular microchannel of aspect

ratio γ, which is the ratio of width to depth of the microchannel, the control

volume shown in Fig. 2.5(c) is an appropriate control volume. A cylindrical

and a spherical co-ordinate system with origin Oc and Os, respectively, are

considered for cylindrical and spherical regions. One can determine the radial

velocity in the corresponding regions by applying the continuity equation to

the control volumes. The origin Oc of cylindrical region coincides with the

origin of the microchannel at the inlet plane. It is assumed that, vr is the

radial velocity components for both the coordinates.

As mentioned earlier, dh
dt

is the penetration rate along the microchannel.

The flux of volume in the direction of the capillary flow from the reservoir can

be calculated using continuity equation as follow,

vrcrcπlc + 2πvrsr
2
s = −4BW

dh

dt
(2.12)

Here, lc represents the length of cylindrical control volume. In this analysis, the

subscripts c and s are used to represent the cylindrical and spherical regions.

From Eq. 2.12 one can deduce the radial velocity component from cylindrical

and spherical regions as,
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vrs = −2BW

πr2s

dh

dt
− vrcrclc

2r2s
(2.13)

vrc = −4BW

πrclc

dh

dt
− 2vrsr

2
s

rclc
(2.14)

Now, the pressure field in the radial direction can be determined using the

momentum equation in the radial direction. The momentum equation can be

written as,

ρ

{
∂vrc
∂t

}
= − ∂p

∂rc
+ µ

{
∂

∂rc

(
1

rc

∂

∂rc
[rcvrc]

)}
(2.15)

.

Using Eq. 2.14 the pressure field in the cylindrical region of the control

volume can be expressed as,

p(rc, t) = patm −
4ρBW

πlc

(
ln
r∞
rc

)
d2h

dt2
(2.16)

Here, r∞ is the radial distance far away from the inlet of the microchannel

outside the cylindrical region where, the pressure p(rc, t) approaches to atmo-

spheric pressure patm and capillary force becomes negligible. Following the

same approach, the pressure field for the two end regions i.e., for the spherical

domain is given by,

p(rs, t) = patm −
2BWρ

πrs

d2h

dt2
(2.17)

The velocity field within the control volume is unknown which is necessary

to determine the pressure field at the entrance of the microchannel. Such

velocity field can be computed by considering the momentum balance which

suggests, that the rate of change of total momentum in the control volume is

equal to the combination of the net momentum flux and forces acting on the

surface of the control volume.

Two major forces are acting on the control volume shown in Fig. 2.5(c);

the first one is along the surface of the entire control volume and another one

is at the inlet of the microchannel. These forces are determined by calculat-

ing the momentum flux and rate of change of momentum within the control
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volume. Forces acting along the surface at rc = B and rs = B in the direction

of capillary flow can be determined by using the stress tensor in the radial

direction. The forces on both the surfaces are calculated separately. Using

Eqs. 2.14 and 2.16, the stress tensor along the surface of cylindrical region in

the radial direction is,

σrc,rc |rc=B = −patm +
2ρB

π(1− γ)

(
ln
R∞
B

)
d2h

dt2
+

4µ

πB

dh

dt
(2.18)

Similarly, using Eqs. 2.13 and 2.17, the stress tensor for the spherical region

is,

σrs,rs|rs=B = −patm +
2ρW

π

d2h

dt2
+

(
8µ

πB

)
(2− γ)

γ

dh

dt
(2.19)

From Eqs. 2.18 and 2.19, the total force acting on the surface of the control

volume in the direction of the capillary transport is,

Fr=B =
[
2πB2 + 4BW (1− γ)

]
p0 − 4ρB2W

[
1− 2

π
ln
R∞
B

]
d2h

dt2

−16µW

[
(2− γ) +

(1− γ)

π

]
dh

dt
(2.20)

The other force acting in the direction of the capillary transport from the

same control volume is the force at the inlet of the microchannel, i.e., at the

plane z = 0. This can be calculated as,

Fz=0 = −
∫ W

−W

∫ B

−B
p(0, t)dxdy (2.21)

The total rate of change of momentum within the control volume can be

calculated with the instantaneous acceleration within the system. It is difficult

to determine the instantaneous acceleration within the system therefore, the

mean of accelerations at the curvature of control volume and at the inlet of

the microchannel are calculated.

The rate of change of momentum is the product of the mass of the control

volume and the total acceleration across the control volume (Levine et al.,

1976). The total acceleration can be determined by calculating the acceleration

flux within the control volume and the volume flux along the microchannel.

30



The total acceleration flux at r = B is,

4BW
dh

dt

{[
1

π
+

4

π2

]
d2h

dt2
+

[
4(2− γ)

Bπ2
− 8(1− γ)

π3γW

](
dh

dt

)2
}

(2.22)

which is the combination of acceleration flux at rc = B and rs = B. The

volume flux along the rectangular microchannel can be given as, 4BW dh
dt

.

Using the expression Eq. 2.22 and in conjunction with the volume flux

along the rectangular microchannel, the mean acceleration at r = B can be

written as,

ameanr=B =

[
1

π
+

4

π2

]
d2h

dt2
+

[
4(2− γ)

Bπ2
− 8(1− γ)

π3γW

](
dh

dt

)2

(2.23)

Similarly, the mean acceleration at the entrance of the microchannel is (Levine

et al., 1976),

ameanz=0 =
6

5

d2h

dt2
(2.24)

The mean acceleration of the control volume can be determined by the

calculating the average of the mean accelerations over r = B and z = 0.

Therefore, the rate of change of total momentum can be expressed as,

2πρB2W

[
2γ + 6(γ − 1)

3

]{[
1

2π
+

1

π2
+

6

5

]
d2h

dt2

+

[
4(2− γ)

Bπ2
+

4(1− γ)

π3γW

](
dh

dt

)2
} (2.25)

One also needs to find out the total momentum flux across the surface of the

control volume. The momentum flux across the curvature is the combination of

the flux across the cylindrical and the spherical regions, which can be written

as:

Ṁr=B =
4ρB2

π

[
1 +

4(1− γ)

γπ

](
dh

dt

)2

(2.26)
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Eq. 2.26 shows the momentum flux across the curvature. The momentum flux

at the microchannel entrance(z = 0) is given by (Levine et al., 1976),

Ṁz=0 =
24ρBW

5

(
dh

dt

)2

(2.27)

Finally, one can write the momentum balance for the control volume using

Eqs. 2.20, 2.21, 2.23, 2.25, 2.26 and 2.27 and by rearranging the terms, the

pressure field expression for rectangular microchannel is,

p(0, t) = patm − ρB
{[

4γ + 3(1− γ)

24

]{
π

[
1

2π
+

2

π2
+

6

10

]}

+

[
1− 2

π
ln
R∞
B

]}
d2h

dt2

+ρ

{[
4(1− γ)

π2
− 6

5

]
−
[

4γ + 3(1− γ)

6

] [
(2− γ)

2π
− (1− γ)

π2

]}(
dh

dt

)2

−4µ

B

[
(2− γ) +

(1− γ)

π

]
dh

dt

In Eq. 2.28 by substituting γ = 1, one can readily find the pressure field

at the inlet of a square capillary, which can be written as,

p(0, t) = patm − ρB
{

13

12
+

1

3π
+

π

10

}
d2h

dt2

−ρ
{

6

5
+

1

3π

}(
dh

dt

)2

− 4µ

B

dh

dt

(2.28)

Another limiting case is when the length of the channel is very large com-

pare to its width, i.e., γ → 0, for which the pressure field can be written

as,

p(0, t) = patm −
{

1

4π
+

3π

40
− 15

16
+

2

π
ln
R∞
B

}
d2h

dt2

−ρ
{

9

2π2
− 6

5
− 1

2π

}(
dh

dt

)2

− 4

[
2 +

1

π

]
µ

B

dh

dt
(2.29)

One can re-derive the governing equation Eq.2.11 with the proposed pres-

sure field as presented in Eq. 2.28 instead of Eq. 2.10. It is necessary to
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perform the analysis to understand the effect of pressure field on the capil-

lary transport. Therefore, in the upcoming section the penetration depth with

the pressure field from the literature is compared with the penetration depth

calculated using the proposed pressure field.

2.5 Effect of appropriate pressure field in the

capillary transport

Figure 2.6 shows the variation in the penetration depth with the pressure field

from the literature and with the newly proposed pressure field expression. As

mentioned earlier, the pressure field expression for rectangular microchannel

from literature has been extended from circular capillary expression with an

equivalent radius assumption. Hence in Fig. 2.6, the penetration depth ob-

tained using the pressure field from the literature is labeled as the pressure field

with equivalent radius. For higher aspect ratio microchannels, the length of

the cylindrical region (Fig. 2.5(c) ) is much longer than the radius of the spher-

ical region therefore, the fluid volume entering through the spherical region is

negligible as compared to the fluid volume entering through the cylindrical

region.

Figure 2.6(a) shows the variations in the penetration depths for γ = 0.05

which represents the microchannel of very small width as compared to its

depth. For such arrangements, it is observed that there is a negligible dif-

ference between the penetration depths with two different pressure fields. In

such cases, the flow from cylindrical region of control volume plays significant

role compared to the flow from the spherical region of the control volume,

therefore the difference in the penetration depth is negligible. In case of lower

aspect ratio microchannels, where the width is comparable with the depth

of microchannel, the fluid volume entering from the ends of semicylindrical

volumes, i.e., from the spherical regions along with that from cylindrical re-

gion can not be neglected. The penetration depth under such condition is

depicted in Fig. 2.6(b). The penetration depth with proposed pressure field

is significantly different than the penetration depth with pressure field from
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(a) Penetration depths with higher aspect ratio microchannel
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(b) Penetration depths with lower aspect ratio microchannel

Figure 2.6: The comparison of variations in the penetration depth with equiva-
lent radius and with recently proposed pressure field expressions. Figure 2.6(a)
shows the comparison of penetration depth for γ = 0.05 where Fig. 2.6(b)
shows the comparison for γ = 0.9.

the literature. During the filling of the microchannel, the magnitude of the

penetration depth with the proposed pressure field is less than the penetration
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depth with the pressure field from literature for the same time instant, which

can be attributed to the additional fluid mass from the spherical regions. It is

observed that, pressure field from the literature over predicts the penetration

depth. Thus, the proposed pressure field expression is an appropriate pressure

field expression for the analysis of capillary flow in rectangular microchannel,

which is applicable for a wide range of aspect ratios of the microchannel.

2.6 Conclusion

In traditional capillary flow analysis, the velocity across the microchannel and

the pressure field at the microchannel entrance are considered with the sim-

plified assumptions. In this study, these assumptions are revisited and modi-

fications in these assumptions are presented. Initially, the analysis emphasize

on the nature of the velocity profile across the microchannel. For inherently

transient capillary flow analysis, the steady state velocity profile is used in the

literature. In this study, the transient developing velocity profile instead of

fully developed velocity profile is used to investigate the effect of transience in

the velocity profile. The non-dimensional governing equation for penetration

depth i.e., flow front movement along the microchannel due to capillary with

the transient velocity profile is derived. Further, the penetration depth with

the proposed velocity profile is compared with the penetration depth for steady

state velocity profile. While deriving the governing equation, different forces

like, gravity, viscous and pressure forces acting on the fluid volume are consid-

ered. Generally, the pressure force acting at the entrance of the microchannel

is deduced from the pressure field expression at the microchannel inlet. In the

past studies, for rectangular microchannels, the circular capillary expression is

adopted with an equivalent radius assumption. This assumption may not be

valid for all cases. An appropriate pressure field for rectangular microchannels

is proposed and compared with the pressure field from literature. From the

theoretical analysis following important conclusions can be made:

• In capillary flow analysis, transience in the velocity profile need to be

considered at the beginning of the transport. The difference in the pene-
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tration depth is observed at the beginning of the filling process whereas,

this difference is negligible as flow becomes developed or steady state

flow.

• For a high density and viscous fluid, transient effect is observed at the

beginning of the filling of the microchannel.

• Transience effect is more for high density fluid than high viscosity fluid.

• The flow front progression with the proposed pressure field is slower than

the flow front progression with the approximated pressure field from the

literature.

• For lower aspect ratio microchannels, where typically the rectangular

microchannel geometries approaches towards the square microchannel,

it is important to consider the proposed pressure field.
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Chapter 3

On the derivation of pressure
field distribution at the entrance
of a rectangular capillary1

3.1 Introduction

Passive pumping in microfluidic devices has become an area of interest in the

last decade (Levine et al., 1976; Zimmermann et al., 2007). Larger surface to

volume ratio results in dominant surface forces over body forces. The surface

forces can be used to transport fluid with the capillary action i.e., capillarity.

The capillary action is an important surface force in microscale which is used

in several passive microfluidic devices for transporting the fluid (Karniadakis

et al., 2005; Zimmermann et al., 2007). Theoretical analyses of such capillary

flows are reported in the literature to predict the capillary flow front transport

in the circular and rectangular capillaries (Dreyer et al., 1994, 1993; Washburn,

1921; Xiao et al., 2006). In these analyses, the penetration of the flow front

along the microchannel is analyzed with different non-mechanical forces which

are acting on the fluid. The magnitude of the flow front penetration along

the microchannel depends on several parameters such as pressure at the inter-

face i.e., at the flow front, pressure at the inlet of the microchannel, physical

properties of the fluid, etc.

In such analysis, an integral momentum equation in the direction of the

1A version of this chapter has been published. Waghmare and Mitra, 2010, Journal of
Fluid Engineering, 132 (5), 0545021-0545024
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capillary front transport is considered. The transient, convective and sum-

mation of the forces terms (viscous, gravity, pressure forces at the capillary

interface and at the inlet of the capillary) are three main components of the

momentum equation. In such integral momentum equations a deformable con-

trol volume is considered which extends from the entrance of the capillary to

the interface of the capillary front. The forces and the velocity dependent

terms in the integral momentum equation are derived to obtain the final form

of the governing equation for the variation of the capillary penetration depth

with time. The velocity dependent terms are deduced with an assumption

of fully developed laminar velocity profile along the channel. Furthermore,

pressure force at the flow front, viscous force and other relevant forces in mi-

croscale such as electroosmotism (Chakraborty, 2007; Waghmare and Mitra,

2010c) are calculated. Generally, the pressure force at the capillary entrance

is determined by the pressure field exerted by the fluid at the entrance of the

capillary. Levine et al. (Levine et al., 1976) for the first time reported that

the pressure field at the entrance of the capillary can not be considered to be

at atmospheric pressure. Hence, the appropriate pressure field at the entrance

of the circular capillary is derived meticulously considering a separate control

volume at the entrance of the capillary. In their analysis, it is assumed that the

fluid enters in the capillary from an infinitely large fluid reservoir placed at the

entrance of the capillary, which constitutes an additional control volume for

the analysis separate from the deformable control volume mentioned earlier.

Such representative control volume, as considered by Levine et al. (Levine

et al., 1976), is taken as a hemisphere of radius equal to that of the capillary,

whose fluid volume now acts as an infinite reservoir. Further, the pressure

field at the entrance is obtained by the momentum balance to the fluid flow

in the hemispherical control volume.

Using the classical derivation proposed by Levine et al. (Levine et al.,

1976) for circular capillaries, other researchers have adopted the same formula-

tion for capillaries of inherently different geometries like, parallel plates (Dreyer

et al., 1993). For parallel plate configuration, the pressure field is investigated
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by assuming a hemispherical control volume in the reservoir and the radius

of the hemisphere is determined from the projected cross sectional area at

the capillary entrance. Such pressure field expression, as derived by Dreyer

et al. (Dreyer et al., 1993), has been used by several other researchers for

rectangular capillaries such as flow of liquid coolant (Dreyer et al., 1994), al-

cohol (Xiao et al., 2006), nanoparticulate slurry (Mawardi et al., 2008), and

blood (Chakraborty, 2007). The assumption of hemispherical control volume

does not represent a realistic situation of capillary flow for non-circular ge-

ometries. In particular, for high aspect ratio channels (plate gap<< width),

this simplification is questionable as the infinite reservoir can no longer be

considered as a hemisphere. For such geometries, the reservoir will be a semi-

circular cylinder. Hence, for a high aspect ratio capillary, the assumption of

hemispherical region may not be valid. Therefore, there is a need to evaluate

the correct pressure field based on an appropriate control volume representing

the infinite reservoir for capillary flows with non-circular geometries.

3.2 Pressure field distribution at the entrance

of the parallel plate arrangement

In this section the derivation of the pressure field at the entrance of a parallel

plate capillary is presented. Figure 3.1 shows two parallel plates forming the

capillary with spacing of 2B in between them and width of 2W , which are

placed perpendicular to the free liquid surface from the reservoir. As men-

tioned earlier, for such arrangement, the semicylindrical volume at the inlet

is an appropriate control volume for determining the entrance pressure field.

Therefore, a semicylindrical region at the entrance with center ‘O’ aligned

with the capillary is considered. Introducing a cylindrical co-ordinate system

r, θ, and y in the reservoir with origin ‘O’, it is assumed that, the velocity

component vr is in the direction of r only for the region r > B from reservoir.

The velocity component vr becomes zero on the plane z = 0 due to the no-slip

boundary conditions at the entry plane of the channel. The fluid front is mov-

ing in the gap between two parallel plates with penetration rate dh
dt

where, h
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is the position of the flow front measured from the origin ‘O’ in the direction

of the capillary flow between the plates, i.e., along z - direction, as shown in

Fig. 3.1.

Figure 3.1: Schematic of the capillary flow between parallel plates with the
semicylindrical control volume. Arrows indicating the direction of fluid flow
into the capillary

The volume flux at r = B in the inward direction can be given by continuity

equation as,

−
∫ W

−W

∫ π

0

vrrdθdy = 4BW
dh

dt
(3.1)

which results in an expression for vr,

vr =
−2B

πr

dh

dt
(3.2)
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The momentum equation in the radial direction is,

ρ

{
∂vr
∂t

+ vr
∂vr
∂r

+
vθ
r

∂vr
∂θ
− v2θ

r
+ vz

∂vr
∂z

}
= ρgr −

∂p

∂r
+ µ

{
∂

∂r

(
1

r

∂

∂r
[rvr]

)
+

1

r2
∂2vr
∂θ2
− 2

r2
∂vθ
∂θ

+
∂2vr
∂z2

}
(3.3)

Typically, the capillary flows have very low Reynolds number hence, such

flow can be considered to be a creeping flow. Under creeping flow assumption,

the inertial terms from Eq. 3.3 drops out. Since, the velocity component in θ

direction is zero and the variation in the velocity along θ and z can also be

neglected, then Eq. 3.3 reduces to

ρ

[
∂vr
∂t

]
= −∂p

∂r
+ µ

[
∂

∂r

(
1

r

∂

∂r
[rvr]

)]
(3.4)

Now by combining Eqs. 3.2 and 3.4, the transient pressure field p(r, t) can

be written as,

p(r, t) = patm −
2Bρ

π

d2h

dt2

(
ln
r∞
r

)
(3.5)

Here r∞ is the radial distance far away from the inlet outside the semicylin-

drical region, where the capillary forces vanishes and p(r, t) approaches the

atmospheric pressure patm.

The pressure field at the entrance of the capillary is to be determined,

for which the knowledge of velocity field within the semicylindrical region

(r ≤ B) is required. For semicylindrical region, the momentum balance can be

expressed as the rate of change of total momentum equal to the combination of

the net momentum flux and the summation of the forces acting on the control

volume. The calculation of the different forces, the momentum flux and the

rate of change of momentum required for the momentum balance within a

semicylindrical region is presented here.

There are two forces acting on the volume under consideration; one is the

force over the surface of the semicylindrical volume and another one is at the
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entrance of the capillary. The force exerted on the surface at r = B can be

calculated using the stress tensor, as shown here:

σij = −pδij + σv

where, δij is the Kronecker delta and σv is the viscous stress tensor. The

stress tensor σij at the semicylinder surface r = B in the direction of r can be

written as,

σrr = −p(r, t)|r=B + 2µ
∂vr
∂r

∣∣∣∣
r=B

(3.6)

Substituting the pressure field at r = B from Eq. 3.5 and using Eq. 3.2,

the stress tensor at the semicylindrical surface can be re-written as,

σrr = −patm +
2Bρ

π

d2h

dt2

[
ln
r∞
B

]
+

4µ

πB

dh

dt
(3.7)

Hence, the force over the semicylindrical surface in the direction of the r

with component along θ can be calculated as,

Fr=B = 2

∫ W

−W

∫ π
2

0

−σrr cos θrdθdy (3.8)

The other force exerted by the fluid in the gap between two parallel plates

across the base i.e., at the entrance (z = 0) in the direction of the fluid front

transport is

Fz=0 = −
∫ W

−W

∫ B

−B
p(0, t)dxdy (3.9)

The second part of the momentum balance equation is the net momentum

fluxes which can be calculated by determining the momentum fluxes entraining

along the semicylindrical surface and leaving the base of the capillary.

The momentum flux entering the semicylindrical region in the direction of

capillary transport across the surface can be calculated as,
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Ṁr=B = 2

∫ W

−W

∫ π
2

0

vr cos θ (ρvr) rdθdy (3.10)

The knowledge of velocity profile across the channel is required to deter-

mine the momentum flux at the entrance of the capillary (z = 0). For tran-

sient solution, time dependent velocity profile is required. Hence, the fluid

flow velocity profile as a function of rate of the capillary penetration depth

(dh
dt

) is considered in past analyses (Dreyer et al., 1994, 1993; Levine et al.,

1976; Mawardi et al., 2008; Xiao et al., 2006) and it is assumed that, the

flow is fully developed laminar flow. In the recent study by Bhattacharya

and Gurung (Bhattacharya and Gurung, 2010), they have showed that this

assumption introduces an error of the same order as that of neglecting the in-

ertial terms in Eq. 3.3, which may not necessarily hold true for large Reynolds

number flow. However, in the present case for microfluidic applications, it is

essentially a creeping flow and hence the assumption of the velocity profile

provided in Eq. 3.11 holds true as the inertial terms are always neglected in

such analysis. The fully developed laminar flow velocity profile as a function

of rate of penetration depth (dh
dt

) can be written as,

vz =
3

2

dh

dt

[
1−

( x
B

)2]
(3.11)

Using Eq. 3.11, the momentum flux leaving at the entrance of the capillary

(z = 0) can be calculated as,

Ṁz=0 =

∫ W

−W

∫ B

−B
vz (ρvz) dxdy (3.12)

The remaining part of the momentum balance equation is the rate of change

of total momentum within the control volume which is related to its mass and

its instantaneous acceleration. Hence, the instantaneous acceleration within

the control volume is required to determine the rate of change of total mo-

mentum, which is somewhat difficult to calculate. Instead of instantaneous

acceleration, the mean acceleration is calculated at the two surfaces i.e., at
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r = B and z = 0 (Levine et al., 1976). The mean acceleration at r = B and

z = 0 can be determined by calculating the flux of acceleration at respective

locations and the volume flux along the capillary.

The flux of acceleration in the direction of the capillary transport i.e., in

the z-direction across r = B is given by,

2

∫ W

−W

∫ π
2

0

vr cos θ

(
Dvr
Dt

)
r=B

rdθdy (3.13)

and the volume flux in the capillary channel is 4BW dh
dt

. Therefore, the

mean acceleration at r = B becomes,

8

π3B

(
dh

dt

)2

+
4

π2

d2h

dt2
(3.14)

At z = 0, the flux of acceleration in the direction of the flow front transport

can be given as, ∫ W

−W

∫ B

−B

dvz
dt
vzdxdy (3.15)

The expression provided in Eq. 3.15 can be evaluated by replacing the velocity

profile provided in Eq. 3.11, which reduces to

24BW

5

dh

dt

d2h

dt2
(3.16)

and hence the mean acceleration at z = 0 is 6
5
d2h
dt2

.

As stated earlier, the mean acceleration in the semicylindrical control vol-

ume is considered over the z = 0 and r = B. Therefore, the rate of change of

total momentum can now be written as,

4ρBW

π2

(
dh

dt

)2

+ ρπB2W

(
3

5
+

2

π2

)
d2h

dt2
(3.17)

Using Eqs. 3.8, 3.9 3.10, 3.12 and 3.17 one can write the momentum balance

and can obtain the pressure field at the entrance of the capillary as,

p(0, t) = patm −
{
ρB

[(
3π

20
+

1

2π

)
+

2

π

(
ln
r∞
B

)] d2h
dt2

+ρ

[
3

π2
− 6

5

](
dh

dt

)2

+
4µ

πB

dh

dt

}
(3.18)
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3.3 Comparison between the pressure field based

on the equivalent radius and the exact so-

lution

Equation 3.18 derived in the previous section can be re-written in a generalized

form with different coefficients as

p(0, t) = patm −

{
α1ρ

d2h

dt2
+ ρα2

(
dh

dt

)2

+ α3µ
dh

dt

}
(3.19)

Levine et al. (Levine et al., 1976) reported that, the pressure field expres-

sion for a circular capillary of radius ‘a’ is given by,

p(0, t) = patm −

{
37

36
ρa
d2h

dt2
+ ρ

7

6

(
dh

dt

)2

+
2µ

a

dh

dt

}
(3.20)

As mentioned earlier, several researchers have replaced the circular capillary

radius by an equivalent radius based on a projected area for rectangular cap-

illaries and obtained an expression for the pressure field with modified coef-

ficients, as reported in Table 3.1. In the present analysis, the appropriate

assumption for the control volume at the entrance of the parallel plates is

made to deduce the exact form of the entrance pressure field and the corre-

sponding coefficients are presented in Table 3.1. It can be observed that, the

Table 3.1: Comparison between the coefficients of the expression used in the
literature and proposed expression in the presented analysis

Literature
for rectangular capillary

Constants with equivalent radius
(Dreyer et al., 1994, 1993) Proposed analysis
(Xiao et al., 2006)
Mawardi et al. (2008)
(Chakraborty, 2007)

α1 1.11
√
BW 0.6304B + 0.636 ln

(
r∞
B

)
α2 1.158 0.245
α3

1.772√
BW

1.273
B

coefficients of the pressure field expression are different from each other. It is
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to be noted that, the final form of governing equation of a capillary transport

is also a partial differential equation of same order as the pressure field ex-

pression (Dreyer et al., 1994, 1993; Levine et al., 1976; Mawardi et al., 2008;

Xiao et al., 2006). Hence, any change in the expression for the pressure field

will produce changes in the final form of the governing equation for the cap-

illary transport in non-circular capillaries. Therefore, for a better theoretical

prediction of a capillary transport in the rectangular channels, the proposed

expression for the entrance pressure field needs to be considered.

3.4 Conclusion

In the present analysis, the pressure field at the entrance of the parallel plate

arrangement for a capillary transport is investigated. In most of the ear-

lier studies, the governing equation for a capillary transport in circular and

rectangular capillaries is derived considering the different forces acting on the

transporting fluid along the capillary. The pressure field at the entrance of

the capillary is the important parameter to deduce the pressure force at the

entrance of the capillary. Researchers have used the circular capillary formu-

lation by Levine et al. (Levine et al., 1976) for the rectangular capillary

with an equivalent radius assumption. In the circular capillary analysis, the

expression for the pressure field is determined by a momentum balance for the

hemispherical region of the fluid at the entrance of the capillary. For a rectan-

gular capillary flow analysis presented in the literature, the hemisphere of an

equivalent radius corresponding to the rectangle formed by the parallel plates

at the entrance is considered. For high aspect ratio capillaries, the semicylin-

drical control volume is a more appropriate assumption than a hemisphere of

an equivalent radius. Hence, the expression for the entrance pressure field with

the semicylindrical region at the entrance is deduced in this work. The com-

parison between the proposed pressure field and those reported in the existing

literature suggests that, there exists a significant difference in their respective

coefficients. This change in the coefficients of the pressure field expression will

change the theoretical predictions of the capillary transport and hence for a
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rectangular capillary with high aspect ratio, the proposed expression for the

pressure field needs to be considered.
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Chapter 4

Contact angle hysteresis of
microbead suspensions1

4.1 Introduction

Microparticles are widely used as carriers for biomolecules in most of the

biomedical devices. Rapid advancement in the microfabrication opened new

areas for biomedical devices which are commonly known as micro total anal-

ysis system (µ − TAS) or lab-on-a-chip (LOC) devices (Kawaguchi, 2000).

In such microscale devices, the higher surface to volume ratio makes surface

forces dominant over body forces which results in a large pumping power for

pressure driven flows (Nguyen and Werely, 2003). Hence, attempts are being

made to use non-mechanical pumping mechanisms such as passive pumping to

transport biomolecules or analytes of interest (Karniadakis et al., 2005). Flow

driven by surface tension i.e., capillary flow is one of the popular approaches in

passive microfluidics (Waghmare and Mitra, 2010c; Walker and Beebe, 2002).

In the capillary flow, wetting properties of the transporting fluid decide the ca-

pability of the passive pumping. Therefore, in microfluidic applications lower

contact angles are preferred for favorable passive pumping conditions. Gener-

ally, in µ − TAS, biomolecules or microbead suspension containing attached

biomolecules are transported within the chip. Existing literature suggests that

even though there is some understanding of the wetting properties for nanopar-

1A version of this chapter has been published. Waghmare and Mitra, 2010, Langmuir,
26 (22), 17082-17089
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ticle suspensions (Sefiane et al., 2008), there is hardly any in-depth study of

the wetting characteristics of microbead suspension. The interaction of sus-

pended particles with the carrier fluid is well understood (Hòrvölgyi et al.,

1993), but the combined interaction of particle and fluid with the solid surface

is yet to be understood fully. Therefore, a detailed experimental study of the

wetting properties of the microbead suspensions is required.

Surface tension and contact angle dictate the intermolecular interaction

at the interface of different phases. The surface tension represents the mag-

nitude of interaction, whereas the limit to the interaction can be defined by

the contact angle (Hiemenz and Rajagopalan, 1997). Static or equilibrium

contact angle i.e., θe is the angle without any fluid motion on the solid surface,

as shown in Fig. 4.1. The determination of an equilibrium contact angle of a

sessile drop for different combinations of solid-liquid-air interface is of inter-

est to number of researchers. The interface shape and the magnitude of the

equilibrium contact angle are still under development (Sefiane et al., 2008).

There are several parameters which affect the equilibrium contact angle like the

presence of the three phases, intermolecular interaction among three phases,

surface roughness, nature of liquid deposition, etc (Lam et al., 2001). Based

on the Young’s equation, the equilibrium contact angle can be predicted. For

the solid-liquid-vapour system, as shown in Fig. 4.1, there are three interfacial

tensions viz., liquid-vapour, solid-vapour and solid-liquid i.e., γLV , γSV and

γSL, respectively. Young (Young, 1805) proposed that, at thermodynamic

equilibrium, summation of the horizontal components of the surface tension is

zero which can be written as,

γLV cos θe = γSV − γSL. (4.1)

From Eq. 4.1, one can obtain the equilibrium contact angle. There are

several limitations for the pertinency of the Young’s equation, for example

the surface tension values may not be known for different surface pairs. Fur-

thermore, this equation is applicable under chemically inert environment with

smooth substrate, which is not always practical. The Young’s equation has

also ignored the volume of the drop and the deposition method of the liquid.
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Figure 4.1: Schematic of a symmetric sessile drop on a solid surface with an
equilibrium contact angle.

Due to these shortcomings, the equilibrium contact angle obtained by Young’s

equation cannot be used readily for practical applications, particularly in the

present study with microbead suspensions.

The surface tension values required for computing the contact angle can

be measured experimentally using pendant drop method (Edgerton et al.,

1937). As mentioned earlier, there are several parameters, which can affect

the equilibrium contact angle in practice. Therefore, in experimental studies,

always there is a variation in the equilibrium contact angle measurement, as

reported in the literature (Kwok, 1998). Hence, the dynamic response of the

contact angle i.e., hysteresis in the contact angle needs to be considered to

calculate the equilibrium contact angle. The characterization of the wetting

properties of the microbead suspension with the variation in the concentration

of the microbead is an important part of this study. The detailed explantation

of the relevant theory for the wetting of the surface is presented in the following

section.

In dynamic contact angle measurement, two different types of contact an-

gles are measured. The angle measured during the advancement of a contact

line or wetting of the surface is referred as an advancing contact angle (θa).

The angle measured during the de-wetting of the surface or receding of the

contact line is referred as receding contact angle (θr) (Extrand, 2002). The

difference between θa and θr is termed as a hysteresis of contact angle which

is typically in the range of 5◦ − 20◦ . This hysteresis effect can be substan-
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tial for certain cases (Adamson and Gast, 1997; Butt et al., 2003). Effect

of roughness, inhomogeneity in the substrate, line tension, etc. may affect

the contact angle individually or in combination (Chau et al., 2009). Drelich

et al. (Drelich et al., 1996) reported a detailed study on the contact angle

hysteresis in conjunction with the surface heterogeneity and also commented

on the effect of droplet volume on the contact angle. However, their study is

mainly for water and ethylene glycol on rough polythene surfaces.

Existing literature suggests that the contact angle hysteresis is studied ini-

tially for surfactants. Sarkar and Gaudin (Sarkar and Gaudin, 1966)studied

the contact angle hysteresis with the variation in the surfactant concentration.

Further, the contact angle hysteresis has been reported for other areas like

in geology (Woche et al., 2005), petroleum (Cho et al., 2008; Hsieh et al.,

2009), porous media (Hilpert and Ben-David, 2009), etc. In most of these

studies, the contact angle hysteresis is computed either with different solute-

solvent concentration (Lam et al., 2002) or with different chemicals (Lam

et al., 2002; Wang et al., 2005) or for different substrate materials (Hilpert

and Ben-David, 2009). A more detailed coverage of studies related to the

contact angle hysteresis can be found elsewhere (Extrand, 2006). However,

to the best of authors knowledge, contact angle hysteresis measurement for

microbead suspension has not been studied extensively. As mentioned ear-

lier, for µ-TAS and LOC applications, the efficient transport of microbeads

within microfluidic devices is required. Therefore, for such cases, it is impor-

tant to investigate the wetting properties of the microbead suspension on a

substrate. Several attempts are being made to investigate the effect of sub-

strate heterogeneity on the dynamic wettability (Rupp et al., 2002) or contact

angles of microparticles at the interface (Grigoriev et al., 2007). Studies have

been conducted to characterize the variation in contact angle by arranging the

nanoparticles of different sizes on a Si substrate (Munshi et al., 2008). In

case of nanofluids (nanoparticles in suspension), effects of nanoparticle con-

centration and its size on the dynamic contact angle are also studied (Sefiane

et al., 2008; Vafaei et al., 2006). It is observed that, the concentration of
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nanoparticles plays a vital role in predicting the wettability of the suspension

with nanoparticles. The change in the nanoparticle diameter also affects the

variation in the contact angle (Vafaei et al., 2006), which in turn has an

impact on the wetting properties. Contact angle and surface tension repre-

sent the magnitude and the limit of three phase interaction at the interface.

Presence of any foreign material in the fluid changes the intermolecular interac-

tion, which in turn alters the interaction among all three phases. The wetting

properties of the microbead suspension on the substrate depend mainly on

the particle-particle, particle-fluid and particle-substrate interactions. These

interactions are function of the surface properties of nanoparticles, micropar-

ticles or biomolecules in some cases. The particle-fluid-substrate interactions

will be different for microparticles and nanoparticles. Hence, the wetting be-

havior of the nanoparticle suspension from the literature cannot be extended

for the microparticle suspensions. However, an understanding of microbead

suspension wettable properties is important for passive microfluidic devices

particularly where the transport of biomolecules is concerned. There is lack

of consistent studies about the wettability of the microbead suspension with

the variation in the suspension concentration. Hence, in the present study the

wettability of the microbead suspension is studied experimentally where the

surface tension and the contact angle are measured for different microbead

concentration.

The surface tension of the suspension is measured with the pendant drop

technique and the equilibrium contact angle is determined with the dynamic

contact angle measurements. Detailed explanation on measurement procedure

adopted for this present study is given in the experimental measurement sec-

tion. Different techniques for measurement of dynamic contact angle have been

developed in the recent past, details of which can be found elsewhere (Chau,

2009). Three different techniques for dynamic contact angle measurement are

popular in practice viz; Wilhelmy plate, inclined plate and sessile drop tech-

nique. In Wilhelmy technique, the contact angle of a liquid with particular

solid is determined by measuring the height of capillary rise along a vertical
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plate (Hayes et al., 1994). This measurement takes place under the relative

motion between the solid and the liquid interface. In case of a sessile drop

method, an image of the stable drop on the solid surface is captured and

the contact angle is measured by positioning the tangent along the interface

through the point of the three phase junction (Gu, 2006). In this case, the con-

tact angle is measured with the advancement and the recession of the contact

line. This movement of the contact line is achieved by changing the volume

of the drop, as shown in Fig. 4.2. The inclined plate technique is another

method which is widely used for the measurement of contact angle hysteresis.

In case of inclined plate method, θa and θr are measured for a stationary drop

placed on a plate kept at a maximum inclination angle. Beyond this maximum

inclination, drop starts moving on the plate. Leading and trailing edge angles

of the stationary drop at the maximum inclination of the plate represent ad-

vancing and receding contact angles, respectively (Macdougall and Ockrent,

1942). Requirement of a large sample volume for the measurement restricts

the scope of the tilting plate and Wilhelmy techniques. Hence, for limited

and costly samples, the sessile drop technique is a better option. Therefore,

in the present study, the advancing and receding contact angles are measured

with sessile drop technique. As depicted in Figure 4.2(a), θa is measured

with the increase in the drop volume with constant flow rate whereas, θr is

recorded with the reduction in the volume as shown in Figure 4.2(b). In the

next section, the experimental procedure for measurement of contact angles

and surface tension with different microbead concentrations is described. Fur-

ther, the dynamic wetting with microbead suspension is explained and finally,

the results and findings of the experiments are elaborated.

4.2 Experimental details

Dynamic contact angles with the sessile drop technique and the surface ten-

sion with pendant drop technique are measured using Krüss DSA 100 (Krüss

GmbH, Hamburg, Germany). Figure 4.3 shows the schematic of the exper-

imental set-up used for these measurements. A detailed explanation on the
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(a) Advancing contact angle

(b) Receding contact angle

Figure 4.2: Pictorial representation of advancing and receding contact angles
with initial and final positions of the interface during measurements.

sample preparation and measurement techniques are discussed in the following

sections.

4.2.1 Sample preparation

Microbead suspensions with different concentrations are prepared for the anal-

ysis. Two different concentrations of microbead suspension are used for the

experiments. In both the suspensions, polystyrene microbeads of 10µm in
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Figure 4.3: Schematic of the experimental set-up used for dynamic contact
angle and surface tension measurements. Images of pendant drop and sessile
drops in the inset are captured from the CCD camera.

diameter with maximum concentration i.e., of 10% and 5% are selected to

prepare the samples. The polystyrene particles are selected based on its appli-

cation related to the biomolecule transport in microfluidic devices (Verpoorte,

2003). The standard deviation in the particle size for 10% concentration i.e.,

Suspension A (Bangs Laboratories Inc., USA) and for 5% particles i.e., Sus-

pension B (Discovery Scientific Inc., Canada) is 7.6% and 10.0%, respectively.

The measurement of dynamic contact angle and surface tension is performed

with Suspension A and Suspension B. Further, the suspension is diluted with

deionized water (DI) to get a variation in the suspension concentration. Gen-

erally, the microbead suspension concentration ‘C’ containing microparticles

of diameter dp in the suspension is a known quantity. If the density of the

microbead and the fluid i.e., ρp and ρf , respectively are known, the number of

particles per ml can be calculated as (Tec, 2008),

np =
6ρf

πdp
3
[
ρf +

(ρp
C

)
− ρp

] (4.2)
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The physical properties of suspensions are mostly expressed in terms of volume

fraction, φ (Hiemenz and Rajagopalan, 1997), which is defined as the ratio

of particle’s volume in the suspension to the total suspension volume. For a

calculated value of np given in Eq. 4.2, one can determine the total volume

of the microparticles and subsequently the volume fraction of the sample can

be computed. Samples of different volume fractions are prepared from the

suspension with maximum concentration. An appropriate volume of DI water

is added to obtain a required set of suspensions which has a variation in the

volume fraction.

4.2.2 Surface tension measurement

The pendant drop method is used to determine the interfacial tension of the

microbead suspension. An image of drop in hydromechanical equilibrium con-

dition is captured. DSA drop shape analysis, an in-built software in the Krüss

DSA 100 system is used for the image processing to determine the surface

tension of the microbead suspension. The software relies on the derivation of

surface tension based on Laplace pressure equation, details of which can be

found elsewhere (Girault et al., 1984; Ham, 2004). Since, hydromechanical

equilibrium condition of the pendant drop is an important parameter than

the drop volume, the change in the drop volume is ignored during the surface

tension measurement. For surface tension measurement, the optimum image

of the pendant drop is obtained by slowly increasing the drop volume. Fur-

ther, an image of the entire pendant drop with the needle is selected for the

magnification and measurement purpose as depicted in the bottom left inset

of Fig. 4.3. A sharp image of the pendant drop with the needle is used to

determine the pixels/mm in the captured image. The diameter of the needle

used for the experiments and number of pixles/mm from the captured image

are further used to determine the shape of the pendant drop. Five measure-

ments on each sample of specific volume fraction are taken and the average

surface tension of the corresponding suspension is determined.
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4.2.3 Dynamic contact angle measurement

For the dynamic contact angle measurement, the sessile drop technique with

the tangent method is used. In the tangent method, a mathematical expres-

sion is fitted to the interface of the sessile drop image and the contact angle for

corresponding image is determined by the slope at the gas-solid-liquid inter-

face (Ham, 2004). Although Young-Laplace fitting is a better option than the

tangent method, the assumption of a symmetric drop is not necessarily fulfilled

for the dynamic drop disposed from the needle. Hence, the tangent method

with the polynomial curve fitting is used for the dynamic contact angle mea-

surement. The dosing flow rate of the suspension to change the droplet volume

is selected such that the equilibrium interface formation can take place. All ex-

periments are performed under same environmental and operating conditions,

with Borosilicate glass as the substrate material.

Advancing contact angle is measured with the increase in the volume of

the drop as depicted in Fig. 4.2. The continuous increment in the drop volume

is achieved by adding the microbead suspension with a constant dosing with

help of a motorized syringe. During the entire measurement the needle remains

attached to the drop. The portion of the needle inside the drop is maintained

as small as possible so that, adhesion of microbead suspension particles to

the needle surface is minimized. After setting up the DSA system for the

contact angle measurements, the CCD camera is adjusted for an optimum

image setting by obtaining a sharp needle image. A 10µl sessile drop, as

shown in the bottom right inset of Fig. 4.3, is formed on the glass substrate

prior to the measurement of the advancing contact angle. Further, the needle

is inserted into the sessile drop and the microbead suspension is supplied with a

constant flow rate of 150µl/min. The advancement of the interface is captured

with an in-built high speed CCD camera in the DSA system.

Receding contact angle is achieved by reducing the volume of the drop

with the same dosing flow rate which is used in the advancing contact angle

measurement. But the flow direction of the motorized syringe is reversed to

obtain the reduction in the droplet volume. While selecting the maximum
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size of the drop at the beginning of the measurement, the effect of gravity for

the microbead suspension is neglected. It has been reported that, the contact

angle with glass substrates is very sensitive with operating parameters, wetting

conditions and the cleanliness of the glass (Bouaidat et al., 2005). Therefore,

the glass substrate is cleaned with DI water and acetone and further dried

with the nitrogen before the start of every set of experiment.

4.3 Results and discussion

The variation in the surface tension with the change in the microbead volume

fraction is presented in Figs. 4.4(a) and 4.4(b) for Suspension A and Sus-

pension B, respectively. Suspension A has a maximum 10% volume fraction

whereas, for Suspension B it is 5%. In case of a Suspension A, exponential de-

cay in the surface tension with an increment in the volume fraction is observed.

Whereas, for Suspension B , beyond 3% volume fraction sudden decrement in

the surface tension is observed. The decrease in the surface tension with the

increment in the suspension volume fraction has also been observed in the

existing literature for slurries (Brian and Chen, 1987; Kihm and Deignan,

1995). These current measurements suggest that, the surface tension of the

microbead suspension decreases as the microbead volume fraction increases

but the nature of the decrease varies from case to case. The error bars in

Fig. 4.4 are generated based on the maximum and the minimum variation in

the surface tension at a given volume fraction. This method generally over

predicts random uncertainty but can be accepted as a conservative approach.

The variation in the surface tension for a fixed volume fraction may be due to

measurement error, instrumental error, local variation in the concentration of

the microparticles, etc.

Although selected set of particles are of same diameter with a marginal differ-

ence in the standard deviation, the nature of decrement in the effective surface

tension with the increment in the volume fraction is different from each other.
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Figure 4.4: Variation in the surface tension with the change in the microbead
volume fraction. Error bar reveals the range of maximum and minimum surface
tension for corresponding measurement series.
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Figure 4.5: Images during the advancement and the recession of sessile drop
on the glass substrate. Underneath numbers represent the corresponding time
in seconds at which the image has been captured and the respective base
diameter in millimeters.

This variation can be comprehended by understanding the rearrangement of

microparticles at the fluid interface. As mentioned earlier, hydromechanical

equilibrium condition of the pendant drop is a prior requirement for the mea-

surement. Increase in the volume fraction changes the physical properties of

the microbead suspension. In the pendant drop measurement technique, the

surface tension is calculated based on the profile shape and physical properties

particularly density of the hanging drop (del Ŕıo and Neumann, 1997). The

increase in the volume fraction changes the density and size of the equilib-

rium drop. These changes in the density and the drop shape profile modify

the surface tension. The difference in the nature of surface tension decrement

curves needs to be understood from several other perspectives like interaction

of the microparticle on the surface, preparation method of suspension, etc.

The reduction in the surface tension may be due to the adsorption of mi-

crobeads on the drop surface. It is known that, under laboratory conditions,

the adsorption of vapor and air at the interface tends to reduce the surface ten-

sion (Israelachvili, 1998). The change in the nature of decrease in the effective

surface tension seems to be different because of difference in the cohesive and

adhesive interaction between fluid molecules and microparticles (Bresme and

Oettel, 2007). In case of Suspension A, when the volume fraction of micropar-

ticle reaches up to 6%, there is a strong probability of particles appearing at

the air-fluid interface, which affects the interface profile. Further increase in
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the volume fraction reduces the size of the equilibrium pendant drop. At the

same time, such increase in volume fraction also reduces the available sur-

face area at the interface for the microbeads to agglomerate, which limits the

presence of microbeads at the interface. Therefore, marginal decrement in the

effective surface tension has been observed beyond 6% which can be mainly

contributed to the change in the density of the suspension. For Suspension B,

up to volume fraction of 3%, the microparticle present in the suspension are

not sufficient enough to agglomerate at the interface and hence insignificant

amount of change in the equivalent surface tension has been observed. Be-

yond 3% volume fraction, particle concentration is sufficient enough to cause

such agglomerate at the interface, which has a noteworthy effect on the sur-

face tension. Further detailed investigation based on the theoretical analysis

is needed to explore the nature of such decrement (Mi et al., 2009). In the

present study, the emphasis is directed towards finding appropriate expressions

for the effective wetting properties as a function of the microbead suspension

volume fraction. Such expressions can then be readily incorporated in the

theoretical analysis of capillary flow in microchannels and nanochannels.

The study of the change in the contact angle with the variation in the vol-

ume fraction is required to understand the wetting properties of the microbead

suspension. Therefore, dynamic contact angle experiments are performed to

measure the advancing and receding contact angles and subsequently the equi-

librium contact angle is determined. Fig. 4.5 shows the contact line advance-

ment and recession of Suspension A. For each image, the time instant and the

corresponding base diameters are recorded. The advancement in the contact

line can be observed up to 50s. Further, the flow is reversed but with the same

flow rate as used for the advance contact angle measurements. In Fig. 4.5 the

recession of the contact line can be observed between 50s and 75s. During

the advancement of the drop, one can observe that the change in the base di-

ameter is 1.08mm over time interval of 25sec., which roughly translates into a

contact line velocity of 21.6µm/s. Whereas during the recession, for the same

time interval and flow rate, the decrement in the base diameter is 0.12mm,
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Figure 4.6: Measurement of average advancing and initial receding contact
angle corresponding to the variation in the base diameter for Suspension B of
5% microbead volume fraction on the glass substrate.

which results in the contact line velocity of 2.4µm/s. Hence, the contact line

moves at a faster rate during the advancement as compared to the recession

of the drop.

Neumann and co-workers (Lam et al., 2001, 2002; Hoorfar and Neumann,

2006), have extensively studied the contact angle hysteresis with different

chemicals and surface combinations. In these reported studies, the measure-

ment of dynamic contact angle is divided in three different transient regimes.

Figure 4.6 shows the measurement of the dynamic contact angle and corre-

sponding base diameter of Suspension B droplet with 5% volume fraction,

where such trends are observed. These measurements are performed by pro-

cessing the captured images, similar to those illustrated in Figure 4.5. The

68



variation in the base diameter of the sessile drop represents the change in the

volume. Such distinct regime can be obtained by performing experiments at

higher flow rate viz., 1000µl/min as done for this case. The first regime cor-

responds to the advancing contact angle in which an increase in the volume

and subsequently in the base diameter of the droplet is observed until the flow

direction is reversed. The advancing contact angle can be deduced by com-

puting the average of the measured contact angle over the domain in which

base diameter of the droplet increases temporally with the marginal change in

the contact angle. A linear increment of the base diameter and corresponding

advancing contact angle for Suspension B is observed in this case. The advanc-

ing contact angle can be determined by averaging the measured contact angles

over the period of the increment in the base diameter i.e., over the Regime I

as depicted in Fig. 4.6.

The receding contact angle measurement is performed by reversing the di-

rection of the flow. During this process, initially the base diameter of the

droplet remains same up to a certain time, beyond which the base diameter

of the droplet starts decreasing. The Regime II is the domain in which the

base diameter is unchanged in spite of the reduction in the suspension volume.

In Regime III, simultaneous reduction in the base diameter and the change

in the contact angle can be observed. In Fig. 4.6, the contact angles and the

base diameters for the Regime II are not presented because of the random

fluctuations in contact angles. It is to be noted that, for Regime II, Neumann

and co-workers (Lam et al., 2001, 2002; Hoorfar and Neumann, 2006) have

observed a constant base diameter. However, in this present study, it is ob-

served that there is a difference between the base diameters at the beginning

of Regime III and at the end of Regime I. This may be due to the fact that the

drop volume does not decrease immediately after reversing the flow direction.

The mechanical delay in the response of the instrument creates the time lag

during which the volume of the drop might have increased in the Regime II

and subsequently there is an increment in the the base diameter. In case of

receding contact angles, different variations are observed in literature (Lam
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Figure 4.7: Measurement of an average advancing and minimum receding
contact angle with corresponding to the variation in the base diameter for
the Suspension A of 10% microbead volume fraction on the glass substrate.

et al., 2001, 2002), viz; fluctuating, constant and no receding contact angles.

Hence, it is difficult to determine the precise value of the average receding

contact angle. Therefore for such cases (Lam et al., 2001, 2002), the initial

receding contact angles i.e., θri is measured to determine the hysteresis. In case

of dynamic receding contact angles, as shown in Fig. 4.6, θri can be determined

by extrapolating the line which approximately fits the receding contact angle

trend for the Regime III to the point where it intersects the Regime I (Lam

et al., 2002). It is to be noted that the illustration of θri in Fig. 4.6 is to

demonstrate the similar trend as observed by Neumann and co-workers (Lam

et al., 2001, 2002; Hoorfar and Neumann, 2006) and is not being incorporated

in the calculation of the equilibrium contact angle.
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The main purpose of the present study is to investigate the variation in the

equilibrium contact angle with the change in the microbead suspension vol-

ume fraction. There are several parameters which can affect the contact angle

hysteresis and hence it is difficult to determine the average receding contact

angle (Extrand, 2006), but one can obtain the minimal contact angle during

the recession of the contact line. An equilibrium contact angle for a suspension

of particular volume fraction can be determined from the knowledge of an av-

erage advancing contact angle and a minimal receding contact angle (Tadmor,

2004). Figure 4.7, shows the variation in the contact angle of Suspension A

with 10% volume fraction corresponding to the change in the volume of the

drop. Similar behavior in the dynamic contact angle variations is observed

for all selected samples under same experimental operating conditions. Three

sets of experiments on same volume fraction suspension are performed and an

average of these three results are considered for further calculations.

The change in the advancing and receding contact angles for Suspension

B with the variation in the volume fraction is presented in the Fig. 4.8. The

decrement in the advancing and receding contact angles with an increment in

the volume fraction is observed. Similar procedure is followed for the Suspen-

sion A and the average advancing and receding contact angles are determined

for each volume fraction. Further, the equilibrium contact angle is determined

based on the average advancing and receding contact angles (Tadmor, 2004).

Figures 4.9(a) and 4.9(b) demonstrate the variation in the equilibrium con-

tact angle of Suspension A and Suspension B, respectively. As observed for

advancing and receding contact angles, the equilibrium contact angle also de-

creases with the increase in the volume fraction. In case of a nanoparticle

suspension, the combination of increment and decrement in the contact angle

is observed in the literature (Sefiane et al., 2008; Vafaei et al., 2006). The

‘lubricating effect’ and the concept of ‘structural disjoining pressure’ are in-

troduced to support the increment and decrement in the contact angle. In the

present study, wettability of the suspension increases as the suspension volume

fraction increases which can be attributed to the three different interactions
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Figure 4.8: Variation in the advancing and receding contact angle of Suspen-
sion B with the change in the microbead volume fraction on the glass sub-
strate. Error bar reveals the range of maximum and minimum contact angles
for corresponding measurement series.

viz; particle-particle, particle-substrate and particle-fluid interactions.

In the case of a microbead suspension, during the advancement and the

recession of the contact line, the three types of interactions might take place.

For the perfect wetting condition, the fluid and the substrate interaction has

least resistance. The microbead suspension wetting is not only governed by

the fluid-substrate interaction but also the interaction between microbeads

can play an important role. The present experimental results suggest that,

the suspension with low volume fraction of microbeads retards the contact

line motion. Whereas, an increment in the volume fraction of the microbead

suspension results in an increment in the advancement of the contact line.

Hence, for observed combination of microbead suspension and substrate, the
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Figure 4.9: Variation in the equilibrium contact angle with the microbead
volume fraction on the glass substrate for two different microbead suspensions.
Solid lines represent the corresponding curve fitted expressions, reported in
Table 4.1
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microbead-substrate interaction provides less resistance to the advancement

or recession of the contact line as compared to the fluid-surface interaction.

Table 4.1: Correlations for contact angle and surface tension using curve fitting
to the measurement values over the range of the volume fraction expressed in
percentage. The values in the parenthesis represent the corresponding coeffi-
cient of determination of the curve.

Range of volume Expression
fraction(φ) of microbeads σ θ

0− 0.1︸ ︷︷ ︸
Suspension A

44.89 exp
( −φ
2.95

)
0.152φ3 − 2.74φ2

+27.41(0.9879) +11.13φ+ 52.31(0.9863)

0− 0.05︸ ︷︷ ︸
Suspension B

−0.005 exp
( −φ
0.611

)
1.24φ3 − 10.63φ2

+70.71(0.9923) +16.29φ+ 69.75(0.9863)

In passive microfluidic applications, which are mainly based on the capil-

lary flow phenomena, the contact angle plays a vital role while predicting the

performance of the device. Passive microfluidic devices are becoming emerg-

ing options in LOC and MEMS devices (Lim et al., 2007). Transport of

several biomolecules in such microfluidic devices is generally achieved with

biomolecule coated microbeads (Yun et al., 2009). Hence, it is important

to know the change in the physical properties due to inclusion of the mi-

crobeads in the suspension. The viscosity and the density of suspensions can

be determined with the available expressions from the literature (Hiemenz

and Rajagopalan, 1997), but no such expressions for modified or equivalent

surface tension and equilibrium contact angle are readily available. From the

current experimental data, one can extract such expressions for surface tension

and contact angle by using an appropriate curve fitting to the measured val-

ues over the range of the volume fraction under consideration. For the range

of volume fraction and microbead suspensions used in the present study, the

appropriate correlations for contact angle and surface tension are provided in

Table 4.1. For representing the agreement between the curve fitted polynomial

expressions and experimentally reported values, the coefficient of the determi-
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nation (COD) is calculated and reported in Table 4.1. The CODs for different

types of curve fittings like exponential, second order, third order polynomial,

etc., are determined and the best-fit with the maximum COD is selected to

depict the correlations. Such expressions for the variation in contact angle and

the surface tension with volume fraction can be readily used in modeling of

transport processes of microbead suspensions in micro-capillaries used in LOC

devices (Waghmare and Mitra, 2010b). It is to be noted that, correlations

presented in the Table 4.1 are case specific but can be used for the combina-

tion of polystyrene microparticles suspension and glass for the given range of

volume fraction.

4.4 Conclusion

The present study reports an experimental investigation of equilibrium contact

angles and surface tension of microbead suspensions. The variation in the

advancing and receding contact angles are measured for suspensions of different

microbead volume fractions. Further the variation in the equilibrium contact

angle with the change in the microbead volume fraction is observed. The effect

of microbead volume fraction on the surface tension is also studied. From the

experimental results following important conclusions can be made:

• The surface tension of the microbead suspension decreases as the mi-

crobead volume fraction in the suspension increases.

• The advancement of the microbead suspension drop is higher as com-

pared to the recession of the drop under same operating condition and

time interval.

• The equilibrium contact angle based on advancing and receding con-

tact angles decreases as the microbead volume fraction increases in the

suspension.

• For the considered combination of the microbead suspension and the

substrate, microbeads in the suspension assist to the advancement and
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the recession of the contact line.

• These measurements confirms that the contact angle and the surface

tension depends on the volume fraction of the microbeads in suspensions.

• Empirical correlations for surface tension and contact angle are proposed

in terms of microbead volume fraction.
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Chapter 5

Contact angle hysteresis of
Bovine Serum Albumin (BSA)
solution/metal (Au-Cr) coated
glass substrate1

5.1 Introduction

The multifunctional capability of microfabricated devices introduced a new

era in immunosensing devices. These microfabricated immunosensing devices

are generally known as lab-on-chip (LOC) or micro total analysis system

(µ− TAS). In such LOC or µ− TAS the bimolecules are mainly transported

for separation, mixing or detection purposes (Lim et al., 2007). In microscale

devices surface forces are dominant compared to the body forces which can be

utilized to transport the biomolecules along the microchannels (Waghmare

and Mitra, 2012, 2010b,c; Nguyen and Werely, 2003; Saha and Mitra, 2009a;

Saha et al., 2009; Stone et al., 2004). The pumping based on the capillary flow

has been successfully used to transport biomolecules in microfluidic applica-

tions, which is widely termed as passive pumping or autonomous pumping

approach (Juncker et al., 2002; Walker and Beebe, 2002; Zimmermann et al.,

2007). Wetting properties like interfacial surface tension and contact angle of

fluid depict the limit of passive pumping. Hence, it is important to know about

1 A version of this chapter has been published. Waghmare and Mitra, 2012, Colloid and
Polymer Science, DOI: 10.1007/s00396-012-2756-1

83



the wetting properties of biomolecules suspensions relevant to immunosensing

or LOC devices.

Albumin is a plasma protein which is abundantly available in human blood.

Bovine Serum Albumin (BSA) is often used in experiments as a substitute for

actual human body fluids like blood. Hence, it is often easier to perform

microfluidic experiments with BSA rather than actual bio-fluids, like blood,

which can cause blockage of the narrow microfluidic channels (Peters, 1995).

If the passive pumping with capillarity is the pumping mechanism, then wet-

ting properties need to be understood. Existing literature suggests that there

is a detailed study on interactions of proteins at the liquid-air interface. Neu-

mann and co-workers (Chen et al., 1998) reported that the surface tension

of protein solution varies with the temperature and concentration of protein

solution. They have used a wide range of concentration to study the variation

in the equilibrium surface tension which decreases as the concentration of pro-

tein increases. Even though the interaction of proteins with the fluid is well

developed, but the quantification of the contact angle with the change in the

concentration of the protein is still limited. Therefore, in this work the wetting

properties of BSA solutions with the variation in the BSA concentration are

studied in detail.

Different techniques are used to determine the contact angle and surface

tension. Most commonly adopted and reliable techniques are pendant and

sessile drop techniques for surface tension and contact angle measurements

respectively (Israelachvili, 1998; Lam et al., 2001). The intermolecular inter-

action at the three-phase contact line of the sessile drop is dictated by the

surface tension and contact angle. The three-phase contact line is the locus

where all three phases - gas, liquid and solids co-exist. The surface tension

represents the magnitude of intermolecular interaction at the contact line,

whereas the contact angle represents the direction of the intermolecular in-

teraction (Hiemenz and Rajagopalan, 1997). At an equilibrium condition,

the contact angle is termed as a static or equilibrium contact angle (Young,

1805). The chemical composition, roughness and orientation of surface also af-
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fect the equilibrium contact angle and describing wetting of liquid under such

conditions has been an area of research over the last decade. Currently, the ex-

act determination of an equilibrium contact angle under such conditions with

different solid-liquid combinations is of interest to a number of researchers.

Recently, Bormashenko (Bormashenko, 2011) has presented the general equa-

tion for wetting of rough surfaces. The magnitude of contact angle can also

be affected by several other parameters like intermolecular interactions among

three phases, surface heterogeneity, mode of liquid deposition, etc. (Lam

et al., 2001). These parameters affect the contact angle, hence in experimen-

tal studies, there is always an inconsistency in the magnitude of the contact

angle (Waghmare and Mitra, 2010a; Kwok, 1998). Therefore, the dynamic

contact measurements, i.e., the hysteresis in the contact angle needs to be

considered during the measurement of the equilibrium contact angle.

The characterization of the wetting behavior of the BSA solution with

dynamic contact angle measurements is the key part of this study. The detailed

coverage of studies and development in the use of contact angle hysteresis for

multicomponent systems can be found elsewhere (Chau, 2009; Waghmare and

Mitra, 2010a; Extrand, 2006). In most of these reported studies, the contact

angle hysteresis is computed for different combinations of liquid solutions with

different substrates. As mentioned earlier, in most of the LOC and µ-TAS

applications the biomolecules are carried with BSA solution. Therefore, it

is important to investigate the wetting properties of BSA solution with the

variation in the concentration of the BSA. In the next section, the experimental

details for contact angles and surface tension measurements are described. The

contact angle hysteresis with BSA solution is presented in the next section and

finally the findings of this experimental study are reported.

5.2 Experimental details

A Krüss DSA 100 (Krüss GmbH, Hamburg, Germany) system was used to

measure the contact angles and surface tension. The static and dynamic con-

tact angles of BSA solutions on the metal (Au-Cr) coated glass substrate were

85



measured and the BSA solution interfacial surface tension was also determined.

The BSA solutions with the variation in the BSA concentration were prepared

by adding the BSA powder (A7906, Sigma-Aldrich, USA) into the DI water.

The BSA concentration was varied by varying the amount of the BSA powder

in the DI water, which varied from 2 mg/ml to 10 mg/ml.

5.2.1 Surface characterization

The roughness of metal coated glass substrate was measured using an optical

profilometer (Zygo). Figure 5.1 shows the surface profile and surface rough-

ness of the substrate obtained with the optical profilometer. The profilometer

is operated with 10X lens and has 0.1nm (root mean square) roughness res-

olution. An approximate area of 750µm × 550µm was scanned at 5 random

locations of the substrate. It was observed that the length scale of surface

roughness was in the order of a few nm (maximum valley depth 0.95 nm and

maximum peak height 1.75 nm). The aim of the present study was to deter-

mine the variations in the contact angle as the BSA concentration increased.

Hence, the effect of nanoscale roughness on the contact angle was neglected in

the present analysis.

5.2.2 Surface tension and contact angle measurements

The interfacial tension of BSA solution was measured with the pendant drop

technique whereas for the contact angle measurements, a sessile drop was

deposited on the glass substrates. Images of sessile and pendant drops in

equilibrium conditions were captured and the contact angle and surface ten-

sion values were determined using an image processing software. An in-built

software in the Krüss DSA 100 system was used for image processing (Gi-

rault et al., 1984; Ham, 2004). The shape factor for pendant drop profile

from image processing was determined, which was further used to determine

the surface tension. Whereas, from a captured sessile drop image the corre-

sponding contact angle was determined by positioning the tangent along the

interface through the point of the three-phase junction. Experimental method-
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ology and corresponding details have been given elsewhere (Waghmare and

Mitra, 2010a).

5.3 Results and discussion

Figure 5.2 shows the variation in the surface tension of the BSA solution with

respect to the change in the concentration of the BSA in the solution. Five

measurements on each BSA solution of specific concentration were taken and

the average surface tension of the corresponding solution is presented with the

error bars. It is observed that the BSA in the DI water affects the air-liquid

interface, which, in turn, reduces the surface tension. It is reported in the

literature that adsorption at the interface has a significant role on the surface

tension and this has also been experimentally demonstrated (Israelachvili,

1998). These measurements suggest that surface tension of the BSA solution

decreases as the concentration of solution increases, which represents the sur-

face activity of BSA. Similar observation for Human Serum Albumin (HSA)

has been reported by Neumann and co-workers (Chen et al., 1998). In their

study, the variations in the surface tension for 15 concentrations from 1×10−4

to 10 mg/ml were studied. The decrement in the surface tension with the

increment in concentration was observed. It was also reported that the sur-

face tension remains unchanged above 0.05mg/ml. Figure 5.2 shows that

mostly the surface tension decreases linearly for a wide range of concentration

whereas for a smaller range, the nature of the decrement is nonlinear. It is

to be noted that in case of BSA the surface tension does not remain constant

for higher concentrations as observed for HSA. The diffusion of protein to the

interface increases as the protein concentration increases which contributes to-

wards the decrement in the surface tension. Young proposed the relationship

between the surface tension of liquid and the contact angle (Young, 1805)

and if the Young’s hypothesis is applied to a given system, then the decrement

in the surface tension may affect the contact angle as well. Therefore, it is

interesting to study the variation in the contact angle with the change in the

concentration of BSA solution.
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(a) Surface profile

(b) Surface roughness

Figure 5.1: The surface roughness measurements of the metal coated glass
substrate with an optical profilometer. The surface profile of the scanned area
is presented in (a) and, (b) represents the surface roughness of the correspond-
ing area of the substrate.

The variation in the static contact angle with the variation in the BSA con-

centration is presented in Fig. 5.3. The static contact angle of BSA solution

decreases with the increment in the concentration of BSA. As mentioned ear-

lier, the diffusion of protein towards the interface increases with the increase

in the bulk concentration. It is demonstrated in the literature that during

the evaporation process, biomolecules like proteins and cells deposit at the

contact line, which is explained as another form of “coffee ring effect” (Wong

et al., 2011). In case of BSA solution, the deposition of protein at the con-

tact line might have increased with the increment in the concentration. This
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Figure 5.2: The variation in the surface tension with the change in the BSA
concentration. Error bar reveals the range of maximum and minimum surface
tension for the corresponding measurement series.

cluster of deposited protein at the contact line can be considered as a hur-

dle for further motion of the contact line. Therefore, the increment of the

contact angle with the increase in BSA concentration is observed. Five mea-

surements on each sample of specific concentration were taken and the average

static contact angle of the corresponding concentration was determined. The

error bar represents the maximum and minimum static contact angle for the

corresponding measurement series. It is to be noted that the error bar of

each measurement series overlaps on the successive measurement series error

bar. The minimum static contact angle obtained for 6 mg/ml concentration is

lower than the average static contact angle of 4mg/ml concentration solution.

Hence, the static contact angle measurements are not the exact representation

of the actual wettability conditions. Therefore, it is necessary to study the

contact angle hysteresis from dynamic contact angle measurements. One may

argue that the error bars presented in Fig. 5.2 also overlap with each other.

Therefore, for surface tension measurements, the dynamic measurements also
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Figure 5.3: The variation in the static contact angle with the change in the
BSA concentration. Error bar reveals the range of maximum and minimum
static contact angle for the corresponding measurement series.

need to be performed. The equilibrium surface tension along with dynamic

surface tension measurement for albumin have already been reported in the

literature (Chen et al., 1998). However, to the best of authors’ knowledge, the

equilibrium contact angle along with the dynamic contact angle measurements

have not been reported in the literature. Hence, in this study the emphasis

has been given to the measurement of equilibrium contact angle considering

the contact angle hysteresis.

Different techniques for measurement of dynamic contact angle or contact

angle hysteresis have been developed (Chau, 2009). There are different tech-

niques used to measure the contact angles viz., Wilhelmy plate, inclined plate

and sessile drop technique. The advantages, disadvantages and appropriate

applications for these techniques can be found in detail elsewhere (Gu, 2006;

Hayes et al., 1994; Macdougall and Ockrent, 1942). In the Wilhelmy technique,

the height of liquid rise due to capillarity along a vertical plate of a particular

solid represents the static contact angle (Hayes et al., 1994), whereas the drop
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on the inclined plate provides the advancing and receding contact angles which

are essentially static ones (de Gennes et al., 2003; Marmur, 2009). The dy-

namic contact angles are always associated with the moving drops. Therefore,

in this study, sessile drop or needle-in-drop technique is used to analyze the

contact angle hysteresis. In such measurements the advancing and receding

contact angles of the sessile drop are measured with the advancement and re-

cession of the contact line. The advancement and recession of the contact line

is achieved by increasing and decreasing the sessile drop volume, respectively.

This change in the drop volume is obtained with the help of a motorized sy-

ringe where the needle of the syringe is always kept inside the sessile drop.

For the increment in the drop volume, the liquid is pumped into the drop

whereas for the decrement in the drop volume the liquid is pumped out from

the drop. The magnitude of the flow rate is the same during the increment

and decrement of the drop volume. One can find more experimental details,

like initial drop volume, volume flow rate, etc., for such measurements in our

previous study (Waghmare and Mitra, 2010a).

One measurement series of dynamic contact angle for BSA solution of con-

centration 6mg/ml is presented in Fig. 5.4. The transient variations in the base

diameter, contact angle and drop volume of sessile drop are presented in Fig-

ures 5.4 (a), (b) and (c), respectively. Generally, such transient variations are

divided into three different domains viz., advancing domain, transition domain,

and receding domain. The advancing domain is characterized by the contact

angle whereas the base diameter is used to characterize other two domains.

It has also been reported that in such dynamic contact angle measurements,

four types of patterns can be obtained, which are typically dependent on the

type of liquid and solid surface on which measurements are performed. These

four patterns are categorized based on the transient response of the receding

contact angle and these four patterns are: decrement in the contact angle,

constant receding contact angle, stick/slip pattern, and non-receding contact

angle (Chen et al., 1998; Lam et al., 2002). The ‘extrapolation approach’ is

generally used to determine the receding contact angle in the needle-in-drop
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Figure 5.4: The variations in the base diameter, contact angle, and volume
of the sessile drop corresponding to the particular measurement series. The
encircled point represents the time at which decrement in the drop volume
starts.
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dynamic contact angle measurements. In this approach the receding contact

angle pattern is curve fitted and the fitted curve is extrapolated back to the

point where the receding of the contact line is initiated in experiments, i.e.

at the point where the pump direction is reversed (Waghmare and Mitra,

2010a; Lam et al., 2002). This angle is considered as the initial receding con-

tact angle and is further used for the calculation of equilibrium contact angle.

The equilibrium contact angle can be determined from the knowledge of av-

erage advancing and receding contact angles, based on the analysis reported

by Tadmor (Tadmor, 2004). The expression for the equilibrium contact an-

gle presented by Tadmor (Tadmor, 2004) is derived similarly to the Young’s

thermodynamic approach. Instead of the equilibrium contact angle, an arbi-

trary contact angle from a spectrum of contact angles between advancing and

receding contact angles is consider for the analysis. For attaining an arbitrary

contact angle an additional energy along the contact line is considered for the

minimization of the energy and the expression for an equilibrium contact angle

based on the advancing and receding contact angles is derived. The proposed

expression is validated with the experimental results of advancing and receding

contact angles (Lam et al., 2002).

The variations observed in Fig. 5.4 represent non-receding contact angle

pattern where the base diameter remains approximately the same in spite of

the reduction in the drop volume as depicted in Fig. 5.4 (a). The encircled

point in Fig. 5.4 (c) shows the instant at which the decrement in the drop vol-

ume is achieved by reversing the pump direction. Since there is non-receding

contact angle pattern, the extrapolation approach cannot be used in this case.

The contact angle hysteresis using the needle-in-drop using axis symmetric

drop shape analysis-profile (ADSA-P) technique has been extensively studied

by Neumann and co-workers (Chen et al., 1998; Kwok, 1998; Lam et al.,

2001, 2002). It has been concluded that in case of non-receding contact angle

pattern, the contact angle hysteresis is only dictated by advancing contact

angle. Therefore, the average advancing contact angle is used as the equi-

librium contact angle for the surface energy calculations in conjunction with
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Figure 5.5: Variation in the equilibrium contact angle (θe) with the change in
the BSA concentration (φ). Error bar reveals the range of maximum and mini-
mum equilibrium contact angle for corresponding measurement series. Dotted
line represents the corresponding curve fitted expression presented at the bot-
tom right corner and the value in parentheses represents the corresponding
coefficient of determination of the curve.

94



Young’s equation (Kwok, 1998; Kwok and Neumann, 1998; Lam et al., 2001;

Li and Neumann, 1992a,b). Hence, in this case the equilibrium contact angle

is determined by averaging the advancing contact angle over the advancing

domain. In the case of protein solution, it is speculated that the deposited

molecules at the contact line do not respond to the bulk motion inside the

drop during the receding of the drop.

Figure 5.5 represents the variation in the equilibrium contact angle of the

BSA solution with the variation in the BSA concentration. The equilibrium

contact angle is determined by averaging advancing contact angles over the

five measurements using the same concentration. It is observed that the equi-

librium contact angle magnitude is higher than the static contact angle, ob-

served in Fig. 5.3. Moreover, the equilibrium contact angle also decreases as

the BSA concentration decreases. The error bars with the dynamic contact

angle measurements are much smaller as compared to the static contact an-

gle measurements. Therefore, one can say that the wettability obtained with

contact angle hysteresis is more realistic than the wettability obtained with

the static contact angle measurements. In case of BSA solution, it has been

observed from the surface tension measurements that the protein diffusion to-

wards the interface increases as the BSA concentration increases. It is believed

that the presence of the protein at the three-phase contact line might be the

reason for non-receding contact angle pattern. It is also observed that the

equilibrium contact angle increases as the BSA concentration increases. The

protein concentration at the contact line also plays an important role dur-

ing the advancing of contact angle. The increment in the concentration of

bulk liquid also increases the protein concentration at the contact line. This

contributes towards the resistance to the advancement of the contact line.

Therefore, with the increment in the BSA concentration, the decrement in the

advancing contact is observed, which, in turn, also decreases the equilibrium

contact angle.

In microfluidic applications, based on the capillary flow, the liquid wet-

ting properties, particularly the contact angle, play a vital role in predicting
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the device performance. The passive pumping or autonomous pumping using

capillarity has become a promising option in LOC and µ-TAS devices (Lim

et al., 2007). In the laboratory conditions, to mimic the real blood sample,

the transport of biomolecules is generally achieved with the BSA solution.

Therefore, it is important to understand changes in the physical properties

due to inclusion of the BSA in the working liquid. The viscosity and the

density of BSA solution can be obtained with the available expressions from

the literature (Hiemenz and Rajagopalan, 1997), but no such expressions for

wetting properties, like surface tension and contact angle, are available. In the

literature, the expressions for contact angle and surface tension for microbead

suspensions are proposed on the basis of experimental observations (Wagh-

mare and Mitra, 2010a). In a similar way such expressions for BSA solution

can be proposed based on the experiments performed in this study. One of

such expressions for equilibrium contact angle is provided at the right bot-

tom corner of Fig. 5.5 where φ is the BSA concentration and the value in

the parentheses represents the corresponding coefficient of determination of

the curve. Such expressions which represent the variations in contact angle

and the surface tension with the variation in the concentration can be fur-

ther used in the modeling of passive pumping or autonomous flow transport

processes (Waghmare and Mitra, 2010b).

5.4 Conclusion

The present chapter reports an experimental study of equilibrium contact angle

and surface tension of BSA solution. The variations in the static contact angle

and the surface tension are measured for BSA solutions of different concentra-

tions. Further, the hysteresis in the contact angle is studied with the dynamic

contact angle measurements. From the performed experimental study, it is

observed that the surface tension of the BSA solution decreases nonlinearly as

the concentration of the BSA in the solution increases. The variation in the

static contact angle with the variation in the BSA concentration is not consis-

tent, therefore dynamic contact angle measurements are performed. For the
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considered combination of BSA solution and the substrate, non-receding con-

tact angle pattern is observed. The equilibrium contact angle obtained from

dynamic contact angle measurement decreases as the concentration of BSA

increases. It is evident from these measurements that not only the surface

tension but also the contact angle depends on the concentration of BSA in the

solution. Finally, one can obtain an empirical correlation for the variations in

contact angle and surface tension from these experimental results, which fur-

ther can be used in the theoretical modeling of capillary flow in microfluidic

devices for transporting different biomolecules of interest.
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Chapter 6

Finite Reservoir Effect on
Capillary Flow of Microbead
Suspension in Rectangular
Microchannels1

6.1 Introduction

Lab-on-a-Chip (LOC) devices are increasingly become popular as a point-of-

care system (Geschke et al., 2004). In a typical LOC, the analytes containing

biomolecules flow through the complex microchannel network, performing dif-

ferent functions. The transport of such analytes is a major concern while

predicting the optimum functionality of the device. In microscale devices, the

surface to volume ratio is very high which results in surface forces being dom-

inant over body forces (Karniadakis et al., 2005; Nguyen and Werely, 2003).

Higher surface forces require a large pressure drop for conventional fluid trans-

port especially with pressure driven flows. Hence, researchers have focused on

different mechanisms for transport of the fluid with non-mechanical approach

or with combination of mechanical and non-mechanical pumping mechanisms.

Attempts are being made to establish flow in microchannels without external

means, where the flow rate is achieved by controlling the microchannel geome-

tries, surface chemistry, and fluid surface tension (Walker and Beebe, 2002).

1A version of this chapter has been published. Waghmare and Mitra, 2010, Journal of
Colloid and Interface Science, 351 (2), 561-569
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Capillarity is one such approach, which is widely termed as passive pumping

in microfluidic devices. It has been successfully attempted in LOC (Juncker

et al., 2002; Zimmermann et al., 2007).

Theoretical understanding of capillarity has been conducted over the past

century. From Washburn (Washburn, 1921) to till date (Waghmare and

Mitra, 2010c), the flow transport due to capillarity with infinite reservoir at

the microchannel inlet is investigated. In theoretical investigations, the dom-

inance of several forces such as viscous, surface tension and gravity forces is

considered for modeling. Washburn (Washburn, 1921) performed experiments

in round capillaries of few millimeters to validate the closed form solution for

the time required to attain the steady state capillary rise generally termed

as equilibrium penetration depth. Further, similar model for polymer trans-

port considering the dynamic contact angle along the slit of vertical plates

is proposed by Newman (Newman, 1968). Rather than using quasi-steady

state approximation of Washburn (Washburn, 1921) and Newman (New-

man, 1968), Szekeley et al. (Szekely et al., 1971) used a microscopic energy

balance to a control volume of liquid rising in a channel. The kinetic en-

ergy, potential energy, work done against surroundings and frictional force are

calculated and rearranged, which results into a second order differential equa-

tion. Szekeley et al. (Szekely et al., 1971) claimed that the Washburn

approach (Washburn, 1921) is not applicable for short capillary transport

and thus proposed a characteristic time which dictates the applicability of the

Washburn equation. Levine et al. (Levine et al., 1976) proposed the expres-

sion for an additional suction force at the inlet of a circular capillary with the

quasi-steady state approximation. Similar nature of the governing equation,

as proposed by Szekeley et al. (Szekely et al., 1971), is obtained by Levin

et al. (Levine et al., 1976) with an integral momentum approach. Pressure

field proposed by Levine et al. (Levine et al., 1976) has been further used for

rectangular capillaries with an equivalent radius assumption (Dreyer et al.,

1993). This equivalent radius assumption may not be appropriate for realistic

situation of capillary flow in noncircular geometries. In particular, for high as-
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pect ratio channels one needs to consider modified pressure field as proposed

by Waghmare and Mitra (Waghmare and Mitra, 2010). Development of such

theoretical approaches for predicting the capillary transport can be seen else-

where (Xiao et al., 2006). In recent years, analytical solutions for parallel

plate and circular capillary are presented by Xiao et al. (Xiao et al., 2006).

Finite volume approach for capillary transport has also been reported by Saha

and Mitra (Saha and Mitra, 2009a) where they have meticulously demon-

strated the applicability of different dynamic contact models at the beginning

of the microchannel filling process.

For many years, researchers have tried to validate the Washburn’s (Wash-

burn, 1921) close form solution for different operating conditions (Jeje, 1979;

Stange et al., 2003). Jeje (Jeje, 1979) performed a series of experiments with

microscale circular tubes (266µm and 1191µm in diameter). It is demonstrated

that at the beginning of the filling process of the capillaries, the theoretical

predictions with Poiseuille flow approximation deviates from experimental ob-

servations. Such departure from the quasi-steady state approximation i.e.,

Poiseuille flow for predicting the capillary transport is also summarized by

Levine et al. (Levine et al., 1980). The rate of capillary penetration for a

slit capillary is studied by Dreyer et al. (Dreyer et al., 1994, 1993). In their

study also an assumption of infinite reservoir is made to develop similar pres-

sure field as proposed by the Levine (Levine et al., 1976). It is to be noted

that for most of these studies, the capillary flow is assumed to take place from

an infinite reservoir. The reservoir effect at the inlet of the microchannel has

been simply ignored by assuming infinite reservoir. In case of LOC, where the

fluid flows from the inlet reservoir into the microchannel by capillarity to the

detection site, the presence of such finite reservoir size can not be neglected.

Hence, in case of capillary transport analysis for LOC applications, reservoir

with infinite size may not be a valid assumption.

Although it has been reported with the scaling law that the gravity forces

are less dominant as compared to surface forces (Nguyen and Werely, 2003),

attempts are being made to take an advantage of gravity with capillarity in
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microscales. To enhance and control the transport, LOC chip may be oriented

vertically to take the advantage of gravity. Jong et al. (Jong et al., 2007)

theoretically developed a model for investigating the effect of gravity on capil-

lary transport for a L-shaped reservoir-capillary configuration. An additional

gravity head is achieved by placing the capillary in the same horizontal plane

as the reservoir exit. Such reservoirs are not un-common in a LOC, where the

analytes and biomolecules are typically stored in a fluid reservoir at the inlet

of the microchannels. Variation in the reservoir fluid height i.e., gravitational

head on the capillary transport is investigated experimentally and the results

are compared with closed form theoretical solutions. Their theoretical analy-

sis assumed a constant static head and it matched with the experiments. The

effect of gravity with capillarity on the blood transport in microdevice is ex-

perimentally presented by Yamada et al. (Yamada et al., 2008). In this study,

device consists of intersecting channels- a straight one and two inclined mi-

crochannels. It is reported that the channel with more inclination gives higher

velocity beyond the point of two intersecting channels. Kung et al. (Kung

et al., 2009) have demonstrated experimentally that the velocity of blood flow

due to capillary transport in a microchannel increases with the increase in the

inclination angle of the microchannel. These studies strongly suggest that,

one can couple the gravity with capillarity in microfluidic device to enhance

the non-mechanical pumping capability of microfluidic devices. Hence, in the

present study the gravitational head with the reservoir effects is modeled and

analyzed in detail.

The working fluid considered in the analyses discussed so far is a single

phase fluid, but it is quite common for microfluidic applications to have mi-

crobeads and other suspended molecules in its carrier fluid (Kawaguchi, 2000).

Hence in the present study the working fluid is considered as a microbead sus-

pension. Kawaguchi (Kawaguchi, 2000) has provided an overview for the po-

tential use of microbeads in biomedical applications. Presence of microbeads

in the working fluid accommodates more biomolecule due to increase in the

surface area. This increment in the surface to volume ratio increases the sensi-
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tivity of the device (Verpoorte, 2003). The capability of multiple functionali-

ties of microbeads allows the development of LOC for various applications like

detection, separation and identification of different biomolecules (Yun et al.,

2009). Review on the development of the microbead based assay in microflu-

idic devices can be found elsewhere (Lim et al., 2007). In such devices, the

majority of the fluid transportation is achieved by either conventional pressure

driven flow or by electrokinetic approaches, but rarely using capillarity.

Existing literature suggests that, the investigation of the fluid transport

with non-mechanical pumping approach in the microbead based microfluidic

devices is in evolving phase. It is observed that the presence of reservoir at

the inlet of microfluidic channels and its effect on the capillary transport in

the microchannels has not been analyzed in great details. Hence, a theoretical

study for predicting capillary transport of a microbead suspension considering

reservoir effects is necessary. In the present study, the pressure field distribu-

tion at the inlet of the vertical rectangular microchannel is proposed which

accounts the reservoir effect and gravitational force from the reservoir. Inclu-

sion of the microbead in the transporting fluid changes the fluid properties like

viscosity, density, surface tension and the contact angle. Appropriate expres-

sions for the equivalent physical properties are considered while deriving the

governing equation. Further, a generalized non-dimensional governing equa-

tion is obtained considering equivalent physical properties of fluid. Finally, a

parametric study is performed to investigate the effects of different operating

conditions like, gravity head, channel dimensions, fluid properties, etc. on the

capillary transport.

6.2 Mathematical modeling for gravity assisted

capillary transport

The schematic of the microchannel geometry along with the fluid reservoir un-

der investigation is presented in Fig. 6.1. A rectangular fluid reservoir for

an additional gravitational head is considered at the top of the vertically

oriented rectangular microchannel. Typically, the microchannel dimensions
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in the microfluidic applications are in the range of 50µm to 200µm and the

reservoir dimensions are in the range of 500µm to a few millimeters (Kung

et al., 2009). The configuration presented in Fig. 6.1 is a fair representation of

reservoir-microchannel arrangement in a typical LOC. The additional gravita-

tional head from the reservoir fluid provides an assistance to the fluid, which

penetrates through the microchannel due to surface tension i.e., capillarity.

This gravitational head can be varied by changing either the volume of fluid

or by changing the inclination of the device. Typical fluid volume in the reser-

voirs is 500−1000µl and within the microchannel it is 50−200µl. Initially, the

mathematical model for the capillary penetration is developed with equivalent

fluid properties. It involves the development of the pressure field expression at

the entrance of the rectangular microchannel which accounts for the reservoir

effects. Further, appropriate correlations for the equivalent fluid properties are

used in the formulation, which are based on previous experiments conducted

by the authors and a non-dimensional governing equation is derived to perform

the analysis.

The integral momentum equation is applied to a fluid volume which pen-

etrates within the rectangular microchannel of width 2B1 and depth 2W1, as

shown in Fig. 6.1., which can be written as,

∑
Fz =

∂

∂t

∫ h

0

∫ W1

−W1

∫ B1

−B1

ρevzdxdydz +

∫ W1

−W1

∫ B1

−B1

vz(−ρevz)dxdy (6.1)

Here, h is the penetration depth or movement of the fluid flow front in

the microchannel, ρe is the effective density of the suspension and vz is the

velocity of the flow front across the channel, the details of which are provided

later. This momentum equation represents the transient movement of the

liquid front meniscus along the z− axis, which is termed as penetration depth.

The capillary front is measured from the inlet of the microchannel to the

point of intersection of the meniscus front with z−axis. The reservoir effect is

accounted through the pressure field at the inlet of the microchannel, which

is elaborated in the later part of the study.
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Figure 6.1: Schematic of gravity assisted capillary flow in a vertically oriented
microchannels of width 2B1 and depth 2W1. The additional gravitational head
from the fluid in finite reservoir of size (2B2 × 2W2) is assisting the capillary
flow. The depth of microchannel is assumed very large as compared to the
width of microchannel.

In Eq. 6.1,
∑
Fz is the summation of all forces acting on the fluid under

consideration viz., viscous (Fv), gravity (Fg = 4ρeghB1W1), pressure forces at

the flow front (Fpf ) and at the inlet (Fpi), as illustrated here:∑
Fz = Fv + Fg + Fpf + Fpi (6.2)

The knowledge of the velocity field vz across the channel is necessary for eval-

uating transient and convective terms of Eq. 6.1 and the viscous force term

in Eq. 6.2. Washburn (Washburn, 1921) showed that, the length prior to

establishing Poiseuille flow is negligible in microscale capillaries and therefore

a fully developed velocity profile can be assumed for the entire microchannel.

Also Newman (Newman, 1968) reported that, in capillary transport, the rate

of change of momentum of the capillary fluid is negligible as compared to the

wetting rate. Further, the width of microchannel is assumed to be very small

as compared to the depth of the microchannel. These approximations result

into a parabolic velocity profile for vz in pure capillary flow, which can be

written as,
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vz =
3

2

dh

dt

[
1−

(
x

B1

)2
]

(6.3)

where, the velocity profile is a function of rate of change of the penetration

depth. In the recent study by Bhattacharya and Gurung (Bhattacharya and

Gurung, 2010), they have showed that this approximation introduces an error

of the same order as that of neglecting the inertial term in the Navier-Stokes

equation. They have also shown systematically that such approximation may

not necessarily hold true for large Reynolds number flows. In the proposed

analysis, the flow is a surface tension driven and therefore it can be assumed

as a creeping flow. Hence, the approximated velocity profile, provided in

Eq. 6.3, holds true as the inertial term in Navier-Stokes equation is always

neglected in such analysis. However, one can avoid this approximation by

using the exact transient velocity profile (Batchelor, 2002; Waghmare and

Mitra, 2010c). The change in the velocity profile at the entrance region and

at the flow front are also neglected. It is demonstrated that, the error due to

these approximations is negligible because the entrance region and depth of

meniscus are very small (Newman, 1968). Theoretical investigations based on

these corollaries have been widely accepted and validated with experimental

results (Dreyer et al., 1994; Barraza et al., 2002; Dreyer et al., 1993; Mawardi

et al., 2008). It is also assumed that the velocity profile, provided in Eq. 6.3,

does not alter with the introduction of reservoir placed at the inlet of the

microchannel.

6.2.1 Pressure field and force at the inlet of rectangular
microchannel

In most of the capillary transport analysis, the entrance effect is added by con-

sidering a suction pressure at the inlet of the capillary (Dreyer et al., 1994,

1993; Levine et al., 1976; Mawardi et al., 2008). Szekely et al. (Szekely et al.,

1971) used the energy balance to depict the pressure drop at the entrance. In

their study, the rate of energy dissipation at the capillary entrance is deduced

in terms of empirical constants. Levine et al. (Levine et al., 1976) deduced

109



the entrance effect in terms of pressure distribution field at the inlet of a circu-

lar capillary. The pressure field, as proposed by Levine et al. (Levine et al.,

1976), is widely used for circular capillaries and has been further extended to

non-circular capillaries by several other authors (Dreyer et al., 1994; Barraza

et al., 2002; Dreyer et al., 1993; Mawardi et al., 2008). For non-circular capil-

laries, the capillary radius has been replaced with an equivalent radius which

represents the non-circular geometry. This approach may not be a valid for

higher aspect ratio channels (Waghmare and Mitra, 2010). The pressure field

in such cases is derived with an assumption of an infinite reservoir i.e., the

effect of reservoir is neglected. In the present analysis, the reservoir of a finite

dimension is placed at the top of the microchannel, hence the pressure field

expression from the literature can not be used in its available form. There-

fore, the expression for the pressure field at the entrance of microchannel with

reservoir effect is presented here.

If H represent the initial reservoir fluid level, then the rate of penetration

within a microchannel is dh
dt

and rate of decrement in the height of the fluid in

the reservoir is dH
dt

, which can be correlated through the continuity equation,

dH

dt
= α

dh

dt
(6.4)

where, α is the ratio of microchannel area A1 to reservoir area A2. The mo-

mentum equation for the suspension of effective viscosity µe in the reservoir

in terms of rate of increment in the penetration depth can be written as,

ρeα
d2h

dt2
= −dp

dz
+ µe

32α (γ22 + 1)

B2
2

dh

dt
+ ρeg (6.5)

Here, γ1 and γ2 denote the aspect ratios (ratio of width to depth) for the

microchannel and the reservoir, respectively and g denotes the acceleration

due to gravity. The second term at the right hand side of Eq. 6.5 represents

the resistance offered by the reservoir to the fluid in flow within the capillary.

The pressure at the inlet of the microchannel, i.e., p can be deduced assuming

an atmospheric pressure p0 at the free surface of the reservoir fluid at height

H. The height of the fluid in the reservoir changes with the penetration depth
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in the microchannel. The expression for the pressure field at the inlet of the

microchannel in terms of rate of increment in the penetration depth can be

deduced by integrating Eq. 6.5 with respect to reservoir height,

p(x, y, t) = p0 − ρeα
d2h

dt2
(H − αh) +

32α (γ22 + 1)

B2
2

µe (H − αh)
dh

dt

+ρeg (H − αh) (6.6)

Thus, the force at the inlet of the microchannel can be calculated as,

Fpi =

∫ W1

−W1

∫ B1

−B1

p(x, y, t)dxdy (6.7)

The gravitational force due to fluid transport in the microchannel is,

Fg =

∫ h

0

∫ W1

−W1

∫ B1

−B1

ρgdxdydz (6.8)

The capillary action can be determined by the capillary pressure which

can be used subsequently to determine the pressure force at the flow front.

Generally, the capillary pressure is given by Young-Laplace equation and the

force at the flow front can be written as,

Fpf =

∫ B1

−B1

∫ W1

−W1

σe

(
cos θe
B1

− 1

W1

)
dxdy (6.9)

where, σe and θe are the effective surface tension and equilibrium contact

angles of the suspension, respectively. Several attempts are being made to

present a generalized model which can encapsulate relevant physics for the

change in the contact angles of working fluid without microbeads (Barraza

et al., 2002; Newman, 1968; Xiao et al., 2006). In case of contact angle, the

time dependent contact angle expression is often used which contains tun-

able parameter that depends on experimental inputs. Recently, Saha and Mi-

tra (Saha and Mitra, 2009a) reported different dynamic contact angle models

and their applicability in the microfluidic applications. It has been observed

that, no generalized model for dynamic contact angle can be used for capillary

driven flows in microfluidic applications. Hence, effective static equilibrium

contact angle is considered in the present analysis which will be a function of
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microbead concentrations only. Detailed explanation on the effective physical

properties of the microbead suspension is elaborated in the next section.

The viscous force in the microchannel can be calculated as,

Fv =

∫ h

0

∫ W1

−W1

µe

(
dvz
dx

)
x=±B1

dydz (6.10)

The velocity profile given by Eq. 6.3 is used to evaluate the viscous force.

The same velocity profile is used to determine transient and convective terms

of the momentum equation. Finally, rearranging the forces, the convective

and the transient terms of the integral momentum equation, the dimensional

momentum equation can be written as,

[
h+

αH

(1− α2)

]
d2h

dt2
− 0.2

(1− α2)

(
dh

dt

)2

+
3µe

ρeB2
1 (1− α2)

{
[λ+ 1]h− λ

α
H

}
dh

dt

−g(1− α)

(1− α2)
h− gH

(1− α2)
− σe
ρ (1− α2)

(
cos θe
B1

− 1

W1

)
= 0

(6.11)

where, λ = 32
3
γ2Bα

2 (γ22 + 1) and γB is the ratio of the microchannel to the

reservoir width. The detailed explanation on the development of Eq. 6.11

is reported in the Appendix A-1. Equation 6.11 governs the gravity assisted

capillary transport in a microchannel. Physical properties in the governing

equation are effective properties since the inclusion of microbead in the work-

ing fluid changes its rheological behavior. The detailed explanation on the

selection of the expression for equivalent physical properties is provided in

next section.

6.2.2 Physical properties of suspension

In this analysis the properties of the suspension is denoted with subscript ‘e’

whereas the fluid in which the particles are suspended is denoted with subscript

‘f ’. Inclusion of microbeads in a carrier fluid changes the effective physical

and surface properties of the fluid like viscosity, density and surface tension.

In this section the expressions for these properties are proposed which dictate
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the effect of microbead in the fluid according to its concentrations. Following

assumptions are made in this analysis for microbead suspension:

1. Spherical particles are uncharged, large and rigid enough to assume

that Brownian motion will not change the velocity distribution of fluid.

Therefore Brownian motion is neglected in the present analysis.

2. Spherical particle has velocity in the direction of flow only i.e., towards

gravity.

3. The variation of particle concentration across the channel is neglected.

4. Effect of particle-particle and particle-wall surface interaction is neglected.

It is also assumed that, microchannel inner wall and particle surfaces will not

acquire any surface charges during the transport process of the suspension.

Hence, the electrokinetic or electrostatic effects such as an electroviscous effect

are neglected in the present analysis.

Density and Viscosity

Einstein in his pioneer work reported an expression for the viscosity of a dilute

dispersion of solid spheres. It has been assumed that, these spherical particles

may or may not rotate in response to the fluid flow. In case of rotating

particles, the additional energy is required to rotate particles whereas, non-

rotating particle reduces the velocity gradient. The additional energy for the

rotation of the particles and due to decrement in the velocity gradient can be

compensated by the change in the viscosity. Generally, the concentrations of

the microparticles is represented as volume fraction (φ), which is the ratio of

the particle to suspension volume. The effective viscosity of a suspension with

microbead of volume fraction φ can be written as (Hiemenz and Rajagopalan,

1997),

µe
µf

= 1 + 2.5φ (6.12)

which is widely known as Einstein’s first order equation of viscosity of suspen-

sion. There are certain restrictions for Einstein’s equation like, particles must
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be solid spheres and the concentration must be small up to 10% (Hiemenz

and Rajagopalan, 1997). The applicability of the equation can be extended

by providing an exponent to the bead volume fraction, φ in Eq. 6.12 but the

constant factor for the exponents generally varies with the application. The

presence of microbeads also changes the mass of the fluid per unit volume which

in turn changes the effective density of the suspension. The effective density

of the suspension with particles of density ρp can be represented as (Peker

and Helveci, 2008),

ρe = φρp + (1− φ)ρf (6.13)

which is a strong function of the volume fraction of the microbeads present in

the fluid.

Surface tension and contact angle

Surface tension and contact angles are manifestations of the intermolecular

interactions of three phases at the liquid-wall-air interface. It has been re-

ported that, the presence of solid particles in the fluid also changes the surface

tension (Blute et al., 2009; Brian and Chen, 1987; Kihm and Deignan, 1995;

Wang et al., 2004). Literature suggests that, there is no generalized theory for

predicting the surface tension and the contact angle of microbead suspension

based on its concentration. Hence, authors have performed experiments to

determine these expressions which can be readily used for theoretical analy-

sis. Suspensions with different volume fraction of polystyrene microbeads are

prepared to determine the surface tension and the equilibrium contact angle.

Equilibrium contact angle is determined by dynamic contact angle measure-

ments i.e., by measuring advancing and receding contact angles. The pendent

drop technique is used to determine the surface tension whereas, dynamic

contact angles are measured with the sessile drop technique. Average surface

tension and equilibrium contact angle for the corresponding sample with fixed

volume fraction are determined by averaging the five measurements which are

performed on the each sample. Finally, empirical correlations for variations in

the surface tension and contact angle are obtained by appropriate curve fitting
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to the measured values as depicted in Table 6.1. Such expressions can readily

be used in the present analysis. Further details on the experimental set-up

and the empirical correlations that are used in the present study can be found

elsewhere (Waghmare and Mitra, 2010a). The coefficients of determination

for the contact angle correlations are 0.9923 and 0.9642 for suspension A and

B, respectively. In case of surface tension correlations for suspension A and

B the coefficients of determination are 0.9879 and 0.9863, respectively. The

correlation for suspension A is used in further analysis.

Table 6.1: Empirical correlations for contact angle and surface tension using
curve fitting to the measurement values over the range of the volume fraction
expressed in percentage (Waghmare and Mitra, 2010a)

Range of volume Expression
fraction(φ) σ θ

of microbeads

0− 10 44.89 exp
( −φ
2.95

)
0.152φ3 − 2.74φ2

(SuspensionA) +27.41 +11.13φ+ 52.31

0− 5 −0.005 exp
(

φ
0.611

)
1.24φ3 − 10.63φ2

(SuspensionB) +70.71 +16.29φ+ 69.75

Expressions for effective physical properties of the suspensions are re-

placed in the dimensional governing equation and further non-dimensional

analysis is performed to obtain the generalized non-dimensional equation. A

non-dimensional time (t∗) and the penetration depth(h∗) are defined with re-

spect to the characteristic time, t0 =
ρf (2B1)

2

12µf
and the characteristic length

h0 = 2B1, respectively. Hence, a generalized non-dimensional governing equa-

tion for gravity assisted capillary transport in a microchannel with reservoir

effects can be written as,

(h∗ + C1)
d2h∗

dt∗2
+ C2

(
dh∗

dt∗

)2

+ (C3h
∗ + C4)

dh∗

dt∗
+ C5h

∗ + C6 = 0 (6.14)

The coefficients of the non-dimensional governing equation are tabulated

in Table 6.2. Several non-dimensional numbers are obtained like Bond num-

ber(Bo) and Ohnesorge number(Oh) which represent the importance of grav-

ity and viscous force relative to the surface tension force. The Ohnesorge
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number

(
Oh =

µ√
2B1ρfσf

)
is the ratio of viscous to surface tension force

and the Bond number

(
Bo =

ρfg(2B2
1)

σf

)
is the ratio of gravity to surface

tension force. Some of the non-dimensional parameters like γ1, γ2, γB and

H∗(= H/2B1) represent characteristic groups of geometrical dimensions. In

the analysis, area aspect ratio α is represented in terms of width and depth

aspect ratios. Effective physical properties are normalized with the fluid prop-

erties and represented with superscript ‘∗’. The fourth order Runge-Kutta

method is used to obtain the solution of Eq. 6.14 with zero capillary velocity

as the initial condition.

Table 6.2: Constants of the generalized non-dimensional governing equation
for a gravity assisted capillary flow of microbead suspension in a microchannel

Constants Expressions

C1
αH∗

(1−α2)

C2
−0.2

(1−α2)

C3 −µ∗

ρ∗
1+λ

(1−α2)

C4 −µ∗

ρ∗
λ

α(1−α2)
H∗

C5 − Bo
144Oh2

(1−α)
(1−α2)

C6
σ∗(γ1−cos θe)
72ρ∗Oh2(1−α2)

− BoH∗

144(1−α2)Oh2

6.3 Results and discussion

The variation in the penetration depth, i.e., h∗ with different operating

conditions is presented in this section. Such variation can be achieved by

varying the reservoir fluid level. This variation depicts the interplay between

the surface tension force from the microchannel and gravity force offered by the

reservoir. The variation in the flow front transport by changing the reservoir

fluid level for a given volume fraction of microbead suspension is observed in

Fig. 6.2. Three different reservoir heights (H∗) have been selected for this

parametric study viz., 10.0, 50.0 and 100.0. Microbead suspension transport

with these different fluid levels in the reservoir has same capillarity effects at
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the entrance of the microchannel. At the beginning of the flow front transport,

the inertia force dominates the gravitational head of the reservoir. Hence for

H∗ = 100, initially the flow front penetrates with lower rate as compared to

other two reservoir heights (10 and 50).
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Figure 6.2: Transient response of a flow front transport for different gravita-
tional heads in the reservoir with Bo=0.0055, Oh=0.0084, γ1=0.05 γ2 = 0.2,
γB = 0.1 and φ = 0.04. I : Flow front penetration rate for H∗ = 100 sur-
passes the penetration rate for H∗ = 50. II : Flow front penetration rate
for H∗ = 100 surpasses the penetration rate for H∗ = 10. III : Flow front
penetration rate for H∗ = 50 surpasses the penetration rate for H∗ = 10.

In case of H∗ = 10, at the beginning of the flow front transport, the capil-

larity is dominant over gravitational head since less inertia is offered from the

reservoir. However, for H∗ = 100, at the beginning of the flow front trans-

port the inertial forces suppress the capillarity and hence reduces the rate of

penetration depth. In the later part of the microbead transport, the rate of
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capillary penetration increase with H∗ due to the increase in the momentum

of the reservoir fluid. Three different transcendences are observed for three

different H∗, which are presented in three different insets in Fig. 6.2. The

rate of penetration depth with H∗ = 100 surpasses the rate of penetration

with H∗ = 50 and H∗ = 10 in insets I and II, respectively. Such observed

crossing of the profiles are due to the interplay between capillary and gravity

dominating regions. Similarly, such observation is presented in inset III for

H∗ = 50 and 10. Thus, the finite reservoir and gravitational force have signif-

icant impact on the capillary flow. The present formulation can be extended

to the case where the reservoir has completely drained out with time. Under

such condition, pressure at the entrance of the microchannel will approach

towards the atmospheric pressure and the total gravity head on the flow front

will be from the liquid inside the microchannel. One can use the gravitational

head as an additional non-mechanical pumping tool to transport the carrier

fluid within the LOC devices. In the subsequent study, for a fixed gravita-

tional reservoir head the capillary penetration is studied by varying different

non-dimensional parameters.

The interplay between gravitational head and capillarity in the microchan-

nel can also be studied with the variations in the geometrical dimensions of the

microchannel and the reservoir. Figure 6.3 shows the variation in the penetra-

tion depth with the change in the width aspect ratio γB. Aspect ratio is the

ratio of the microchannel to the reservoir width and it is varied form 0.001 to

0.01. It is observed that, lower γB assists the transport i.e., flow front for small

γB penetrates at higher rate as compared to large γB. Lower γB represents

the lower B1 or higher B2, which denotes the smaller microchannel width for

a larger reservoir width.

Figure 6.3 suggests that at the beginning of the capillary transport, the

surface force dominates the gravity and hence a sudden jump in the penetration

depth at the initial time instants is observed as opposed to a linear variation in

the penetration depth with time. For lower γB, in spite of higher gravitational

force due to larger reservoir width, capillarity dominates over the gravity and
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Figure 6.3: Transient response of a flow front transport for different ratios
of microchannel to reservoir width with Bo=0.0055, Oh=0.0084, γ1=0.001
γ2 = 0.1, H∗ = 10.0 and φ = 0.04. Inset shows the linear increment in the
penetration depth under gravity dominating region.

hence with the lower γB the flow front penetrates with a higher rate. The

initial portion of the transport can be termed as the capillary dominanting

region. In this region there is a sudden jump in the penetration depth of

the capillary front, which is due to capillarity. Afterwards the gravitational

head at the rectangular microchannel entrance dominates the surface forces

and the flow is due to gravity only i.e., free fall condition is observed. It is

found in Fig 6.3 that the penetration depth attains the equilibrium penetration

for shorter time instances i.e., within the capillary dominating region. The

microbead suspension flow is allowed to occur beyond the initial capillary

dominating region as depicted in the inset of Fig. 6.3 and the linear increment

in the penetration depth is observed. Beginning of the linear increment of the

penetration depth in the gravity dominating region represents the transition
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from capillary dominant region to gravity dominant region. The gravitational

head at the microchannel inlet does not allow the flow front to attain the

equilibrium penetration depth which is commonly observed in the capillary

flow analysis without gravity head (Xiao et al., 2006). Further increment in

the reservoir height i.e., with H∗ = 500.0 is presented in the Fig. 6.4 and it is

observed that even for smaller time instances the gravitational force dominates

the capillary action and hence for initial portion of the transport, the linear

increment is observed. However, under such high H∗ condition, differences in

the penetration depth for different aspect ratio are smaller as compared to the

previous case as shown in Fig. 6.3.
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Figure 6.4: Transient response of a flow front transport for different ratios
of microchannel to reservoir width with Bo=0.0055, Oh=0.0084, γ1=0.001
γ2 = 0.1, H∗ = 500.0 and φ = 0.04

Individual geometrical parameters of the microchannel and reservoir can

also affect the transport of the flow front. This can be studied by varying

the aspect ratios of the microchannel and the reservoir separately. The effect
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of aspect ratio of the channel for capillary transport has been reported in

the literature (Dreyer et al., 1994, 1993; Xiao et al., 2006). Earlier due to

limitations in the microfabrication, often the parallel plate arrangement was

used with a very small gap instead of a rectangular cross-section. Figure 6.5

shows the variation in the penetration depth with different aspect ratios of

the microchannels which are comparable to the parallel plate arrangements

reported in the literature. It is observed that, microchannel with higher aspect

ratio assists the capillary transport. Aspect ratio of the microchannel γ1, is

the ratio of the microchannel width to the microchannel depth for constant γB.

Variation in the γ1 for constant γB represents the variation in the depth of the

microchannel. Increment in the γ1 results in the decrement in the depth of the

microchannel. This decrement in the overall area of the microchannel assist

capillary flow and hence as the aspect ratio of the microchannel increases, the

increment in the penetration depth is observed.

As the aspect ratio of the microchannels plays a vital role in the flow front

penetrations, it is important to investigate the effect of reservoir aspect ratio

on the variation in the penetration depth. Figure 6.6 shows the variations in

the flow front progression with different aspect ratios of the reservoir which is

varied from 0.01 to 0.1. Aspect ratio of the reservoir defines the gravitational

head on the fluid present in the microchannel. It is to be noted that the as-

pect ratios of the reservoir are varied keeping the reservoir fluid level (H∗) and

width aspect ratio (γB) constant. Two hypothesis can be presented for the

observed behavior of the capillary front in Fig. 6.6. Firstly, the increment in

the reservoir aspect ratio with constant H∗ and γB results in the decrement in

the depth of the reservoir. This provides smaller reservoir area which results in

smaller gravitational head for the same capillarity action in the microchannel.

The decrement in the gravitational head reduces the magnitude of penetration

depth at same time instant for different γ2 as demonstrated in Fig. 6.6. Sec-

ondly, this may be due to the fact that the reservoir with higher aspect ratio

exerts more viscous/frictional force for transport of the fluid from the reservoir

to the microchannel and hence as the dimension of the reservoir approaches
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Figure 6.5: Transient response of a flow front transport for different as-
pect ratios for parallel plate arrangements of the capillary with Bo=0.0055,
Oh=0.0084, γB=0.005, γ2 = 0.2, H∗ = 10.0 and φ = 0.04

towards square cross-section, the frictional resistance increases. This results

in decrease of penetration depth as the reservoir aspect ratio increases. In this

case also the sudden jump in the penetration depth at the beginning of the

process is observed.

Hence, from Figs. 6.4, 6.5 and 6.6 it can be seen that at the beginning of

the capillary transport, the surface force dominates the gravity and hence a

sudden jump in the penetration depth at the initial time instants is observed

as opposed to a linear variation in the penetration depth with time. More im-

portantly, this initial jump in the penetration depth is higher for lower width

channels. Also, the difference in the penetration depth created in the capil-

lary dominating region for different aspect ratio channels remains the same

in the gravity dominating region, which occurs beyond the initial capillary

dominating regime. Hence, at microscale the effect of capillarity at the begin-
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Figure 6.6: Transient response of a flow front transport for different aspect
ratios of reservoir with Bo=0.0055, Oh=0.0084, γB=0.005 γ1 = 0.005, H∗ =
10.0 and φ = 0.04

ning of the channel filling process can not be neglected and this becomes more

predominant in case of smaller width microchannels.

Besides the geometrical configurations, the role of the physical properties

of the fluid itself on the variation of the flow front transport is also impor-

tant. As mentioned earlier, the presence of microbeads changes the physical

properties and it depends on the concentration of the microparticles in the

suspension i.e., volume fraction φ. The effect of change in the physical prop-

erties of the working fluid can be studied by varying the volume fraction of

microparticles in the suspension. The case φ = 0 represents the fluid without

microbeads i.e., the working fluid only. The transient response of a flow front

with different microbead volume fraction φ is depicted in Fig. 6.7. Here, φ

is varied from 0% to 8%. The presence of microbeads in the fluid suspension

delays the transport of flow front. The inset of Fig. 6.7 describe the surface
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force dominating region which shows the jump in the flow front progression

with different volume fraction. It has been demonstrated with experimen-

tal reported evidences (Waghmare and Mitra, 2010a), that the presence of

microbead reduces the surface tension. Hence, higher volume fraction of mi-

crobeads suppresses the jump due to capillarity and delays the transport of the

flow front. The flow front progresses till sufficient fluid is left in the reservoir.

Hence, in each case with different volume fraction, the flow front attains the

same penetration depth with different rates. The attainment of same depth

with different volume fraction in the microchannel gets delayed as the volume

fraction of microbeads increases.
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Figure 6.7: Transient response of a flow front transport for different concentra-
tions of microbeads with Bo=0.0055, Oh=0.0084, γ1 = 0.05 γ2 = 0.2, γB=0.1
and H∗ = 20.0. The case φ = 0 represents the fluid without microbeads.

The overall theoretical study conducted so far suggest that, the behavior

of flow front transport not only depends on the suspension properties but also

depends on the microchannel and reservoir dimension. It is also demonstrated
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that, the amount of microbead concentration decide the penetration depth

along the microchannel. The capillary, gravitational and viscous forces are

important forces acting on the fluid. Interplay between these forces decides

whether the flow front transport is capillarity controlled or gravity dominant.

Although the scaling among forces tends to suggest that the gravitation force

is negligible at microscale, the reported analysis infers that with finite reservoir

an added advantage due to gravity can be an useful tool for transporting fluid

in microscale. This added force for the capillary transport can be utilized

without any additional burden in the design of the LOC device.

6.4 Conclusion

Theoretical investigations for capillary transport of microbead suspension with

reservoir effects are presented in this study. Initially, capillary flow with reser-

voir effects for fluid with effective physical properties of microbead suspension

is reported. An expression for pressure field accounting the finite reservoir

which is placed at the top of microchannel to gain the advantage of the gravi-

tational head is proposed. The expression for pressure field accounts for both

the finite reservoir effects and gravitational head. Correlations for change in

the physical properties particularly in surface tension and contact angle are

used from earlier reported experimental observations. The non-dimensional

governing equation for capillary flow with microbead suspension considering

finite reservoir effects is obtained, which is solved numerically. Detailed para-

metric study is performed to trace out the effects of different operating con-

ditions on the flow front transport. At the beginning of the microchannel

filling, the capillarity dominates and at the later time instance the gravity

force dominates. The ratio of microchannel to reservoir width and fluid level

in the reservoir decides the magnitude of capillarity and gravitational force.

For reservoir with higher fluid level, the flow front progresses very slowly at the

beginning of the transport but surpasses the penetration depth corresponding

to the lower fluid level reservoir with time. Geometry of the microchannel and

the reservoir also plays an important role in deciding capillary flow front trans-
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port. It is observed that the microchannels of lower width results in higher

capillarity. It is also found that the higher aspect ratio reservoirs exerts more

resistance to transport of fluid from the reservoir to the microchannel. The

concentration of the microbeads in suspensions influences the physical prop-

erties of the fluid, which in turn delays the capillary flow front progression.
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Chapter 7

Modeling of combined
electroosmotic and capillary
flow in microchannels1

7.1 Introduction

The recent developments in micro-electro mechanical systems (MEMS) tech-

nologies and micromachining techniques opened a new era in fabrication of

microfluidic systems consisting of pumps, mixers, valves, filters, etc. In mi-

crofluidic devices, the transport of fluid can be achieved by mechanical, non-

mechanical pumping or by combination of mechanical and non-mechanical

pumping. As the size of the these devices decreases, the availability of large

surface to volume ratio makes surface forces dominant. These surface forces

are termed as surface tension forces or capillary effects which arise due to the

large interface between fluid and the bounding channel walls. The flow rate in

a pressure driven flow is proportional to the cube of the characteristic channel

dimension which requires a very large pressure drop in microchannels. This

draws attention towards non-mechanical pumping mechanism, which not only

solves the problem of pressure drop but it also eliminates the use of moving

components in these devices. The non-mechanical transport can be achieved

by electrical, chemical, thermal, magnetic or surface tension effects (Karni-

adakis et al., 2005; Waghmare and S. K. Mitra, 2008).

1A version of this chapter has been published as a cover article. Waghmare and Mitra,
2010, Analytica Chemica Acta, 663 (2), 117-126
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Higher surface to volume ratio allows capillary transport in microfluidic

devices. The study of the fluid motion due to capillarity has been well studied

theoretically as well as experimentally. Starting with Washburn (Washburn,

1921) and till date by Saha et al. (Saha et al., 2009), researchers have de-

rived the flow equation to describe capillary phenomenon with different geome-

tries for different applications and compared their results with experimental

data (Saha and Mitra, 2009a). Theoretical models are developed by balancing

several forces acting on the fluid control volume. The novelty in each study

is the addition of a new force or an effect which is unaccounted earlier but

being an important force to decide the behavior of flow front development.

An excellent theoretical model with generalized governing equation for cap-

illary transport in rectangular and circular capillary is presented by Xiao et

al. (Xiao et al., 2006). The analytical solution of this model is compared

with experimental results. The development of such theoretical models is ex-

tensively reviewed by Mawardi et al. (Mawardi et al., 2008). Important

modifications in Washburn equations are inclusion of inertial force, entrance

pressure difference and dynamic contact angle between the moving liquid front

and the solid wall in addition to the viscous, surface tension and gravity forces.

It is also demonstrated that, the variation in the contact angle also changes

the behavior of capillary transport within a microchannel (Saha and Mitra,

2009b). After the inclusion of dynamic contact angle, the theoretical model

shows good agreement with experimental results. The dynamic contact angle

can be included using empirical correlations, which prescribe the contact angle

as a function of time (Barraza et al., 2002; Hamraoui and Nylander, 2002).

The wide range of advantages of non-mechanical pumps attract the atten-

tion towards electrokinetic pumping. The substrate materials for microfluidics

materials acquire a surface electric charge when brought into contact with an

electrolyte (Li, 2004). There are several mechanisms like ionization, dissocia-

tion of ions, isomorphic substitution, etc., which make the surface electrically

charged (Masliyah and Bhattacharjee, 2006). These surface charges forms

an electrical double layer(EDL) while filling the channel with the buffer solu-
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tion. The movement of the liquid with respect to stationary surface charges

can be achieved by applying external electric field across the channel. This is

known as electroosmotic flow which is one of the electrokinetic transport in

microscale. Electroosmosis finds wide applications and the review of electroki-

netic flow in microchannels and its applications can be found in Nguyen and

Wereley (Nguyen and Werely, 2003), Rawool and Mitra (Rawool and Mitra,

2006) and Stone et al. (Stone et al., 2004). Hsieh et al. (Hsieh et al., 2006)

demonstrated experimentally that, the flow behavior in electrokinetic flow de-

viates significantly from the predictions of conventional fluid mechanics. The

transient analysis of electroosmotic flow without capillary effect is studied ex-

tensively and the review of these studies can be found elsewhere (Chang and

Wang, 2008; Keh and Tseng, 2001; Yan et al., 2007). Recently, an analysis on

a capillary transport (Chakraborty, 2005) and electroosmotically driven cap-

illary filling process (Chakraborty, 2007) of non-Newtonian fluid are reported

by Chakraborty. In the case of electroosmotically driven capillary process, the

effect of hemetocratic fraction on the flow front displacement and velocity are

demonstrated.

However, literature suggests that, generalized theoretical analysis for elec-

troosmotically assisted capillary filling process has not been presented yet.

Hence, a theoretical analysis of electrokinetic flows with capillary effect is re-

quired to decide the optimum design and performance of micro-devices. The

objective of the present study is to investigate the effect of capillary and elec-

troosmotic transport parameters on flow front displacement and velocity be-

havior. Experiments are needed for the approval of such electroosmotic effect

on the capillary transport. A generalized analysis of electroosmotically as-

sisted capillary flow in a microchannel incorporating the transient effect for a

range of different operating conditions is presented here. The analysis is based

on the capillary flow model presented by Dreyer et al. (Dreyer et al., 1993)

and Xiao et al. (Xiao et al., 2006). A generalized non-dimensional second

order differential equation is derived and it is solved numerically to perform

the parametric study.
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7.2 Formulation of the Mathematical Model

and Solution

Theoretical model for the investigation of the fluidic transport in an elec-

troosmotically assisted capillary flow is presented here. The schematic of

the microchannel is shown in Fig. 7.1. The electric field is applied in the

axial direction i.e., parallel to the direction of flow. The microchannel of

width 2B and depth of 2W is considered for the analysis. The lower aspect

ratio(γ = B
W

<< 1) causes the capillary transport in microchannel and the

axial electric field results into an electrokinetic transport. The magnitude and

direction of the electrokinetic transport depends on electrokinetic parameters.

Figure 7.1: Schematic of the microchannel of width 2B, depth 2W and of
length L considered for electroosmotically assisted capillary transport.

The integral momentum equation for homogeneous, incompressible and

Newtonian fluid is given by Eq. 7.1 where h is the penetration depth. This

equation represents the transient movement of the liquid front meniscus along

the z− axis, which is termed as penetration depth. This movement is measured

from the coordinate origin to the point of intersection of the meniscus front
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with z−axis (Dreyer et al., 1993).∑
Fz =

∂

∂t

∫ h

0

∫ W

−W

∫ B

−B
ρvzdxdydz +

∫ W

−W

∫ B

−B
vz(−ρvz)dxdy (7.1)

Here, ρ is the density of the fluid,
∑
Fz is the summation of all forces act-

ing on fluid under consideration viz., viscous (Fv), gravity(Fg = 4ρghBW ),

electroosmotic(Feo) and pressure forces at the flow front(Fpf ) and at the inlet

(Fpi). ∑
Fz = Fv + Fg + Fpf + Fpi + Feo (7.2)

In the present study, in addition to the capillary effect, the influence of elec-

troosmosis(EO) is to be taken into account. Therefore, it is necessary to

derive the velocity profile which can take care of capillary as well as EO. In

electroosmotic flow, the distribution of potential due to applied electric field is

governed by the Poisson’s equation. Assuming Debye-Huckle approximation

with Poisson’s potential distribution within the liquid part of the channel,

the charge density(ρe) is given by Eq. 7.3. Where, 1/κ is the characteristic

thickness of the electric double layer(EDL) which represents the Debye length

i.e., λ = 1/κ and εl is the dielectric permittivity of the liquid. In the present

analysis the wall potential(ψw) is assumed as the zeta potential(ζ) (Masliyah

and Bhattacharjee, 2006).

ρe = −εl
d2ψ

dx2
= −k2εlψw

cosh(κx)

cosh(κB)
(7.3)

The modified Navier-Stokes equation including electrokinetic effect is,

ρ
∂vz
∂t

= µ
∂2vz
∂x2

+
dp

dz
+ ρeElz (7.4)

where, dp
dz

and Elz are applied pressure drop and electric field along the

flow of the channel, respectively. The velocity in Eq. 7.4 can be decoupled in

the following manner (Keh and Tseng, 2001),

vz(x, t) = vz∞(x) + vzt(x, t) (7.5)

where, vz∞(x) is the velocity field at steady state, which can be written

as (Batchelor, 2002),

vz∞(x) =
B2

2µ

dp

dz

[
1−

( x
B

)2]
− εElzζ

µ

[
1− cosh(κx)

cosh(Bκ)

]
(7.6)
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The transient coupling of the velocity can be obtained from following equa-

tion (Keh and Tseng, 2001),

1

ρ

∂vzt
∂t

= µ
∂2vzt
∂x2

(7.7)

The method of separation of variable is used to obtain the solution of

Eq. 7.7 and is given as,

vzt(x, t) = 2
∞∑
n=1

(−1)n
{

1

Bµλ3n

dp

dz
− εEzζ

Bµ

[
κ2

λn (κ2 + λ2n)

]}
× cos(λnx) exp

(
−νλ2nt

) (7.8)

where, λn = (2n−1)π
2B

and ν is the kinematic viscosity of the fluid. Hence, the

transient fluid velocity profile vz(x, t) can be obtained by combining Eqs. 7.6

and 7.8.

The average velocity across the channel can be expressed in terms of On-

sager transport coefficients L11 and L12as (Keh and Tseng, 2001),

vz(x, t)avg = L11
dp

dz
+ L12Elz (7.9)

The Onsager transport coefficients can be derived by Eqs.7.5, 7.6 and 7.8

as,

L11 =
B2

3µ

[
1−

∞∑
n=1

96

(2n− 1)4π4
exp

[
−(2n− 1)2π2νt

4B2

]]
(7.10a)

L12 =
εζ

µ


 ∞∑
n=1

32 (Bκ)2 exp
[
− (2n−1)2π2νt

4B2

]
π2(2n− 1)2

[
(2Bκ)2 + π2(2n− 1)2

]


−
[
Bκ− tanh(Bκ)

Bκ

]} (7.10b)

It is to be noted that, the steady state velocity profile (Eq.7.6) for combined

electroosmotic and pressure driven flow can also be obtained from Eq. 7.9 as

t → ∞. In Eq. 7.5 the pressure drop term is replaced by average velocity(as

done for capillary flow (Dreyer et al., 1993)) so that the velocity profile is
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obtained in terms of the penetration depth, as given by Eq. 7.11. The detailed

expressions for different terms(A1 to A7) used in Eq. 7.11 are reported in

Appendix A-2.

vz(x, t) =

{
∞∑
n=1

A1 cos(λnx) exp
(
−νλ2nt

)
+ A2

(
1− x2

B2

)}
{

h′(t)

A3[1−
∑∞

n=1A4 exp (−λnνt)]
−
∑∞

n=1 [A5 exp (−λnνt)]− A6

[1−
∑∞

n=1A4 exp (−λ2nνt)]

}
−

{
∞∑
n=1

A7 cos(λnx) exp
(
−λ2nνt

)
+ A8

[
1− cosh(xκ)

cosh(Bκ)

]}
(7.11)

Equation 7.11 is derived based on the following assumptions:

(i) The Change in contact angle, velocity profile and electric field due to

accumulation of charges on the liquid-air interface is neglected as the

meniscus depth is small

(ii) It is known that, the electroviscous effect mainly depends on the stream-

ing potential and the EDL thickness in nanochannels, which can be ne-

glected for microchannels (Mortensen and Kristensen, 2008)

(iii) In the present analysis, the flow is governed by the pressure drop due to

surface tension and electroosmosis. Therefore, the magnitude of stream-

ing potential is very small as compared to the combined electroosmotic

and pressure driven flow where the externally applied pressure drop is

a major factor to cause the streaming potential (Li, 2002). Hence, the

effect of streaming potential is neglected.

During the filling process, the electrolyte penetrates the empty channel

replacing the gas present in the channel. Therefore, the net applied voltage V0

is the combination of electric field which acts on the electrolyte(Elz) and the

gaseous part(Egz) of the channel and can be expressed as,

Vo = Elzh+ Egz(L− h) (7.12)
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It is to be noted that at the interface, the electric filed at either phases is

related through following relationship (Yang et al., 2004),

Elzεl = Egzεg (7.13)

Hence, combining Eq. 7.12 and Eq. 7.13 the electric field in the electrolyte is

given by Eq. 7.14,

Elz =
V0εg

Lεl + h(εg − εl)
(7.14)

By expressing Elz in terms of penetration depth(h), the transient response

of the electroosmotic component in the velocity profile given in Eq. 7.11 has

been addressed. The velocity profile given by Eq. 7.11 can be used to calculate

the necessary terms in the governing equation. The viscous force during the

transport of flow front can be calculated using Eq. 7.15,

Fv = 2

∫ h

0

∫ W

−W
µ

(
∂vz
∂x

)
x=B

dydz (7.15)

where, µ is the dynamic viscosity of the fluid. The entrance effect at the

microchannel inlet is considered to be due to the pressure force at the entry

of the microchannel. This can be computed using the pressure distribution at

the inlet of the microchannel. Levine et al. (Levine et al., 1976) reported

for the first time the pressure field at the entrance of the circular capillary.

Typically the entrance pressure for the rectangular capillary is derived based on

a circular capillary geometry (Dreyer et al., 1993; Xiao et al., 2006), where an

equivalent radius for a rectangular capillary is used. Such approximation may

not be valid for a high aspect ratio channel. Hence, the modified expression

for rectangular capillary as shown in Eq. 7.16 is used in the present analysis.

Further details of the derivation of this can be seen elsewhere (Waghmare and

Mitra, 2010). Finally, the pressure force at the entry of microchannel can be

calculated using Eq. 7.17,

p(0, t) = patm −
4µ

πB

dh

dt
− ρB

{(
3π

20
+

1

2π

)
+

2

π

[
ln
r∞
B

]} d2h

dt2

+ρ

{
−6

5
+

3

π2

}(
dh

dt

)2 (7.16)
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Fpi = −
∫ W

−W

∫ B

−B
p(x, y, 0)dxdy (7.17)

Here r∞ is the radial distance far away from the capillary inlet where the cap-

illary forces vanishes. In this study, this is taken as ten times the half channel

width. The pressure force at the flow front is estimated by balancing the force

due to surface tension(σ) and the ambient pressure force. In this analysis, the

effect of applied electric field on the liquid-air interface is neglected therefore,

the pressure on the liquid front can be derived using Young-Laplace equation.

The dynamic contact angle θd can be used instead of constant equilibrium

contact angle but the experimental based empirical relation is required for the

inclusion of the dynamic contact angle. Hence, the equilibrium contact angle

θe, is considered for deriving the force at the flow front. Here, the force at the

flow front can be written as (Xiao et al., 2006),

Fpf = 4BW

[
σ

(
cos θe
B
− po

)]
(7.18)

The electroosmotic effect is added by considering the additional force i.e.,

electroosmotic force(Feo), which can be estimated by (Chakraborty, 2007),

Feo =

∫ h

0

∫ W

−W

∫ B

−B
ρeElzdxdydz (7.19)

The detail explanation for deriving the forces can be found elsewhere (Chakraborty,

2007; Mawardi et al., 2008; Xiao et al., 2006).

The momentum equation, Eq. 7.1 can now be rewritten using the forces

given in Eqs. 7.15 , 7.17, 7.18 and 7.19. The transient term is evaluated

using the same velocity profile given by Eq. 7.11. Typically, for microfluidic

applications, the Reynolds number for the flow within the capillary is very

small and hence inertial effect can be neglected (Bhattacharya and Gurung,

2010). Therefore, in the present analysis the convective term is neglected.

After rearranging the terms, the dimensional form of the governing equation

for the penetration depth as a function of time can be written, the details of

which are presented in Appendix A-2.

A non-dimensional analysis is performed to get the generalized non-dimensional

equation. The non-dimensional analysis provides a better ability to perform
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parametric study which decides the transient behavior of penetration depth.

The characteristic time(t0) and length (h0) are used to represent the non-

dimensional time (t∗) and the penetration depth(h∗), respectively. The char-

acteristic time and length are defined as, t0 = ρ(2B)2

12µ
and h0 = 2B, respectively.

Using these definitions, a generalized non-dimensional governing equation for

electroosmotically assisted capillary filling process in a microchannel is given

by Eq. 7.20,

(h∗ + C
′

1)
d2h∗

dt∗2
+ C

′

2

(
dh∗

dt∗

)2

+
[
C
′

3h
∗ + C

′

4

] dh∗
dt∗

+ C
′

5h
∗ + C

′

6 = 0 (7.20)

For the purpose of brevity, the expression for constants (C
′
1 to C

′
6) of Eq. 7.20

are provided in Appendix A-2.1. These constants are combination of dif-

ferent non-dimensional groups which depends on the geometry. Certain non-

dimensional groups are defined by the non-dimensional numbers like Bond

number(Bo), Ohnesorge number(Oh) and Electroosmotic number(Eo). Some

are represented as characteristic groups like aspect ratio (γ), non-dimensional

length (L∗) and non-dimensional permittivity (ε∗). The non-dimensional length

of channel(L∗) is the ratio of the total length of the channel to width of chan-

nel, aspect ratio(γ) is the ratio of width to depth and ε∗ is non-dimensional

dielectric constant, which is ratio of air to liquid permittivity. Remaining

non-dimensional groups are representation of ratio of forces, which are vis-

cous, gravity, electroosmotic and surface tension forces. Gravity, viscous and

electroosmotic forces are normalized with surface tension forces to get the

non-dimensional form of the governing equation as a function of different non-

dimensional numbers. The Ohnesorge number
(
Oh = µ√

2Bρσ

)
is the ratio of

viscous to surface tension force and the Bond number
(
Bo = ρg(2B2)

σ

)
is the

ratio of gravity to surface tension force. A new non-dimensional group, Elec-

troosmotic number
(
Eo = V0εgζ

2Bσ

)
, which is the ratio of electroosmotic to surface

tension force is formulated here. The present analysis is mainly focused on the

response of penetration depth and velocity of the flow front due to change in

Eo under different operating conditions. The governing equation is a second

order ordinary differential equation, the solution for penetration depth with
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respect to time can be evaluated analytically (Xiao et al., 2006) or numeri-

cally (Morales et al., 2005). In the present analysis, the fourth order Runge-

Kutta method is used to obtain the solution with zero penetration depth and

zero velocity as initial conditions. Here, t∗ = 0 represents the starting of the

capillary filling process.

7.3 Results and Discussion

The variation in the penetration depth(h∗) and velocity(v∗ = dh∗

dt∗
) with differ-

ent operating parameters is presented in this section. As mentioned earlier, af-

ter the non-dimensionalizing of the governing equation, a new non-dimensional

group is obtained i.e., Eo due to inclusion of electroosmosis. It is important

to decide the operating range of Eo to perform the parametric study. The

range of electrokinetic parameters can be found in (Karniadakis et al., 2005;

Lee et al., 2005). A detailed explanation for deciding the operating range of

Eo with respect to surface tension is recently reported by Waghmare and Mi-

tra (Waghmare and Mitra , 2009). In addition to Eo,Bo and Oh, different

electroosmotic flow parameters are also considered to perform the parametric

study. In the present analysis, it is assumed that, the contact angle is indepen-

dent of the electroosmotic parameter. Thus the parametric study is performed

with constant contact angle of 270.

The transient behavior of penetration depth under different electroosmotic

operating conditions is demonstrated in Fig. 7.2. Here, the effect of positive

and negative ranges of Eo numbers on the penetration depth is studied. In

Fig. 7.2, the Eo number varies from −0.01 to 0.01. Negative range of Eo

numbers can be achieved by Changing the applied electric field or the surface

charges. It is observed that, the transient behavior of penetration depth due

to positive and negative ranges of Eo numbers deviates from a pure capillary

flow(Eo = 0). In a pure capillary transport, the penetration depth attains the

equilibrium penetration depth asymptotically and the time taken to attain

the equilibrium depth is a function of viscous, gravity, surface tension forces

and capillary geometry. Similarly, the attainment of equilibrium penetration
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Figure 7.2: Transient response of a penetration depth for 0.01 ≤ Eo ≥ −0.01
with Oh = 0.0070, Bo = 0.0075, γ = 0.006, ε∗ = 0.07, L∗ = 300 and Bκ = 4.
Eo = 0 represents pure capillary flow
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depth is observed in combined electroosmotic and capillary transport for lower

range of Eo numbers. In the combined flow, the flow with positive Eo numbers

(Eo > 0) opposes the capillary transport. Therefore, it retards the capillary

flow and subsequently reduces the equilibrium penetration depth. In case of

negative range of Eo numbers (Eo < 0), the assistance to capillary transport

is observed. In general we can say that, the flow with Eo < 0 is electroosmoti-

cally assisted flow whereas, the flow with Eo > 0 is electroosmotically retarded

flow. For 0 > Eo > −0.005, the increment in equilibrium penetration depth

as compared to pure capillary transport is observed. Hence, the magnitude of

equilibrium penetration depth increases as the magnitude of −Eo increases.

It is observed that, the magnitude of assistance in electroosmotically assisted

flow and retardation in electroosmotically retarded flow is different for the

same positive and negative Eo numbers. Further, the increase in the mag-

nitude of −Eo(Eo = −0.01) changes the behavior quite dramatically. In the

present analysis, the entire length of channel (L∗) is taken as 300. In case of

Eo = −0.01, the penetration depth attains the value of L∗ instead of attaining

the equilibrium penetration depth within the channel, which represents the

complete filling of the channel. The rate of penetration depth for complete

filling of the channel depends on the magnitude of negative Eo, which is illus-

trated in the inset of Fig 7.2. As the magnitude of −Eo increases, the rate

of penetration depth approaches towards the linear behavior at large time in-

stants. The physical situation similar to Fig. 7.2 is presented in Fig. 7.3. The

variation in an electric field within the electrolyte is also presented in the inset

of the Fig 7.3. This electric field decides the nature and magnitude of the

electroosmotism. The transient behavior of penetration depth is similar to the

non-dimensional analysis presented in Fig. 7.2.

However, the rate of penetration depth shows nonlinearity at the beginning

of the channel filling process, as shown in Fig 7.4. This nonlinearity arises due

to the viscous, surface and gravity forces. The effect of all these parameters

can be investigated with the parametric study. In general for the combined

flow, two phenomena are observed- the attainment of the equilibrium pene-
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electric field within the electrolyte as flow front progresses under different
applied voltages

144



0 10 20 30 40 50
0

10

20

30

40

50

60

70

0 1 2 3 4 5
0

3

6

9

12

15

v*

T*

Eo = 0.0

Eo = -0.5

Eo = -1.5

Eo =-3.0

 Oh=0.0070;Bo=0.0075;  = 0.006; *=0.07;L*= 300; B

Eo =-3.0

Eo = -1.5

Eo = -0.5

Eo = 0.0

Pe
ne

tr
at

io
n 

ve
lo

ci
ty

 (v
* )

Time(t*)

Figure 7.4: Transient response of a flow front velocity for different E0 with
Oh = 0.0070, Bo = 0.0075, γ = 0.006, ε∗ = 0.07, L∗ = 300 and Bκ = 4 with
constant contact angle of 270

145



0 400 800 1200 1600 2000
0

50

100

150

200

250

300

0 200 400 600 800 1000
0

50

100

150

200

250

300

T*

 h
*

 *=0.8

 *=0.08

 *=0.01

Eo = -0.001

 Oh=0.0070;  Bo=0.0075;  = 0.006;  ; L*= 300;  B

Pe
ne

tr
at

io
n 

de
pt

h 
(h

* )

Time(t*)

Eo = -0.01

Figure 7.5: Transient response of a penetration depth for different non-
dimensional permittivity(ε∗) with Oh = 0.0070, Bo = 0.0075, γ = 0.006,
Eo = −0.001 and −0.01, L∗ = 300 and Bκ = 4 with constant contact angle of
270

tration depth and complete filling of the channel. When the attainment of

equilibrium penetration depth occurs, it shows that the flow is dominated by

capillary transport parameters. In case of complete filling of the channel, the

electroosmosis dominates and overcome the capillary resistance which allows

it to fill the complete channel.

The variation in the flow front velocity under electroosmotically dominant

conditions is demonstrated in Fig. 7.4 where only complete filling of the channel

is observed. At the beginning of the channel filling process, sudden jump in

the velocity is observed. Inset of Fig. 7.4 shows the variation in magnitude

of the jump in flow front velocity at the beginning of the filling process. As
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the liquid meniscus advances inside the microchannel, its velocity reduces due

to the increase in viscous and gravity forces in a capillary flow. In case of

capillary flow(Eo = 0), this retardation of velocity leads to zero velocity and

hence equilibrium penetration depth. In electroosmotically assisted flow, the

additional electroosmotic force overcomes the resistance offered by the viscous

and gravity force. Finally this contributes towards the filling of the channel

instead of attaining the equilibrium penetration depth within the channel.

Theoretical as well as experimental studies are reported on the behavior of the

transient velocity profile in pure electroosmotic flow (Keh and Tseng, 2001;

Yan et al., 2007). In such studies, the analysis is based on the assumption

that, the channel is filled completely prior to application of the electric filed.

Keh and Tseng (Keh and Tseng, 2001) reported a theoretical study for pure

electroosmotic flows in completely filled capillary. They reported that, the

transient electroosmotic velocity far away from the capillary wall attains the

plateau. Similar observation is reported with experimental results and theory

presented by Yan et. al (Yan et al., 2007). For electroosmotically dominant

condition(Eo = −3.0), the flow front velocity also tries to attain the plateau

but as the flow front approaches towards the exit of the channel, it experiences

a higher electric field near the electrode. This higher electric field attracts the

flow front and disturbs the plateau. Therefore, a sudden jump in the velocity

at the channel exit is observed corresponding to large time instants in case of

combined flow.

The permittivity of the medium is an important parameter to decide the

nature of electrokinetic transport in an electrokinetic flow. The ε∗ is the ratio

of the permittivity of the air to the permittivity of the liquid. The voltage is

applied across the length of the microchannel containing two phases. There-

fore, it is important to understand the combined effect of the liquid and air

present in the channel on the flow transport. Figure 7.5 represents the effect

of non-dimensional permittivity (ε∗) on the transient response of the penetra-

tion depth at two different Eo. In the range of −0.001 > Eo the transport

behavior is dominated by the capillary transport therefore, the attainment of
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equilibrium penetration depth is observed. As the penetration depth increases,

the amount of the liquid(electrolytes) in the channel under the electric field

increases progressively. Hence, the increment in liquid permittivity i.e. decre-

ment in ε∗ results in the increase of the equilibrium penetration depth. The

inset of Fig. 7.5 shows the variation in the penetration depth under electroos-

motically dominant condition. In such case, the complete filling of the channel

is expected but for lower permittivity electrolyte(ε∗ = 0.8) the equilibrium

penetration depth is observed.

The effect of Debye length(1/κ) on the potential distribution across the

channel is studied extensively in electroosmotic flow. Keh and Tseng (Keh

and Tseng, 2001) theoretically demonstrated that, as Bκ decreases towards
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the minimum value i.e. zero, the potential distribution approaches towards

wall potential. It is also demonstrated that, for larger Bκ values the velocity

profile becomes like pluglike flow with larger maximum velocity as compare to

the flow with smaller Bκ. Similar effect is observed in Fig. 7.6, where the vari-

ation in the penetration depth is plotted for different values of Bκ. For smaller

Bκ values, the delay in the channel filling of channel is observed and as Bκ

increases, the channel filling time decreases. The geometrical dimensions of

the channel also decide the magnitude of the different forces and subsequently

the magnitude and behavior of penetration depth and flow front velocity. Fig-

ure 7.7 shows the variation of the penetration depth due to change in the

aspect ratio(γ) of the channel. In pure capillary transport, as γ increases,
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the equilibrium penetration depth decreases due to the increase in gravity and

viscous forces (Xiao et al., 2006). In case of combined flow, the similar be-

havior is observed. The same effect is studied under combined flow conditions

i.e., at Eo = −0.01 and Eo = −1.5. In higher electroosmotically dominant

conditions(Eo = −1.5), the effect of larger aspect ratios is less as compared to

the effect under lower electroosmosis(Eo = −0.01). Thus at higher electroos-

motic flow conditions(Eo = −1.5), the effect of increment in the aspect ratio

has negligible impact on the complete channel filling time. It is to be noted

that for lower γ, thicker EDL affects the electroosmotic flow (Baldessari, 2008;

Dutta, 2007), which is not considered here.

The effect of gravity and viscous forces on penetration depth and flow front
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velocity under combined flow conditions is discussed in this section. As the

gravity force decreases (decrement in Bo number), the fluid approaches towards

microgravity, and hence the effect of Bo is negligible. As Bo increases, the

gravity force on the fluid increases which causes the delay in the filling of the

channel. The effect of gravity force for Eo = −0.01 and Eo = −1.5 is presented

in Fig. 7.8. The delay in the filling of the channel due to increment in Bo is

observed in both the cases. These results are similar to the results under

variation in γ i.e., the difference in the delay of complete filling of the channel

for different Bo is negligible at higher electroosmotic flow conditions(Eo =

−1.5). At higher electroosmotic flow conditions the velocity at the channel

exit increases as the Bo decreases. This increment in velocity for Eo = −1.5

is shown in Fig. 7.9.

The viscous force plays a vital role as compared to the gravity force in

the combined flow. In pure capillary transport, the magnitude of equilibrium

penetration depth is independent of the viscous force. The Oh number or in

other words the viscous force decides the delay in attaining the equilibrium

penetration depth. Similarly, in case of combined flow, the delay in the filling

of complete channel depends on Oh number. In Fig. 7.10, the variation in the

penetration depth for Eo = −0.01 and Eo = −1.5 is observed under different

viscous forces. The effect of viscous force at Eo = −0.01 delays the filling

of the complete channel with increment in Oh. For higher electroosmotic

flow(Eo = −1.5), the delay in complete filling of the channel is also observed

with the increment in the Oh. As shown in Fig. 7.11, the increment in Oh

with Eo = −1.5 reduces the velocity of the flow front. Hence, the viscous effect

can not be neglected at the higher electroosmotic conditions.

In combined flow, it is observed that, during the filling process of the

microchannel, the magnitude of surface, gravity(Bo) and viscous(Oh) forces

influences the behavior of the rate of penetration depth. It is also demonstrated

that, the amount of deviation in the penetration depth and the flow front

velocity or in other words, the departure from the electroosmotically dominant

behavior is a function of all the forces included in this analysis. The resistance
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offered by all possible forces like viscous, gravity and surface tension is different

under different operating conditions and the magnitude of electrokinetic force

required to overcome this resistance changes the behavior of penetration depth

under each operating condition.

7.4 Conclusion

A theoretical model for investigating the fluid transport in a microchannel

under the combined influence of electroosmosis and capillarity is presented.

This is particularly important for microfluidic applications where the flow has

low Reynolds number. The non-dimensional governing equation for electroos-

motically assisted capillary flow is obtained which includes viscous, gravity,

surface tension and electroosmotic forces. A new non-dimensional group for

electroosmotic force, Eo is derived through non-dimensional analysis, which

is a ratio of the electroosmotic and the surface tension forces. The paramet-

ric study is presented to trace out the effect of different operating conditions

on penetration depth and velocity. It is necessary to perform experiments to

confirm the reported observations. From the parametric study, the following

important conclusions can be made:

• Transient behavior of penetration depth and penetration velocity de-

viates from pure capillary behavior(Eo = 0) with positive as well as

negative range of Eo numbers. Positive Eo number retard the capillary

transport whereas, negative Eo number assist the capillary transport.

• The equilibrium penetration depth similar to pure capillary transport is

observed for all positive and larger −Eo number range. In electroosmot-

ically dominant combined flow(Eo ≤ −0.01) the complete filling of the

channel is observed and the rate of filling depends on the magnitude of

−Eo.

• The flow of lower permittivity liquid in microchannels delays the capil-

lary transport . The increase in permittivity, results in the transition of

pure capillary to electroosmotically assisted flow.
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• For lower values of Bκ, delay in the filling of the channel is observed.

The large values of Bκ accelerates the capillary transport in combined

flow.

• The effect of aspect ratio and gravitational force is dominant in lower

range of Eo(Eo ≤ −0.001) . In combined flow, the viscous force plays

a vital role as compared to gravitational force. In electroosmotically

assisted flow, large viscous and gravity forces retard the fluid transport.
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Chapter 8

General discussion and
conclusion

8.1 Overview and Summary

The present thesis addresses some important questions related to the passive

and non-mechanical transport in microchannels, especially capillary transport.

Under the purview of this general theme, we address the following issues:

• Investigation of the effect of a developing velocity profile on the capillary

filling problem.

• Development of a generalized expression of the appropriate inlet (en-

trance) pressure field valid for a microchannel of any aspect ratio.

• Development of empirical correlations connecting the wettability param-

eters with the concentration (volume fraction) in BSA solution or mi-

crobead suspension, and use these correlations to describe the microcap-

illary transport of these liquids.

• Analysis of the effect of gravitational or electroosmotic body force in

modulating the capillary transport.

Capillary transport, which depends on the wettability of the liquid and the

solid, is one of the foremost passive pumping approaches. Through compre-

hensive mathematical modeling, influence of different operating and system

parameters on the capillary transport have been pinpointed. For example,
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unlike the existing approaches that invariably considers a fully-developed ve-

locity profile for the description of capillary filling, our model considers a more

general case of a developing velocity profile, and accordingly manifests several

non-trivial effects in the classical capillary-filling problem that gets overlooked

with the consideration of a developed velocity profile (Waghmare and Mitra,

2012).

Another aspect, closely related to the scope of the above-stated study, is the

formulation of the appropriate driving pressure-field at the capillary entrance.

In this thesis, we develop an accurate expression for the pressure field for

microchannels with high aspect ratios (Waghmare and Mitra, 2010). The

gross simplifications intrinsic to the existing expressions of the pressure field

make it inappropriate for applications for such high aspect ratio channels. In

fact, the difference between these two (existing and newly proposed) pressure

fields is exhibited in the significant differences in the corresponding penetration

depths during the capillary filling process (Waghmare and Mitra, 2012).

Very often to transport biomolecules in microfluidic devices, one needs BSA

solution or microbead suspension as the liquid medium. Therefore, investiga-

tions on the wetting properties of these liquid media are extremely important,

particularly in the light of a proposed capillary transport. In this thesis, exper-

iments are performed to systematically analyze the wetting behavior of these

two media. From the results, we derive important correlations expressing the

surface tension and the equilibrium contact angle as functions of the concen-

tration of the BSA solution (Waghmare and Mitra, 2012a) and the volume

fraction of the microbead suspension (Waghmare and Mitra, 2010a). Such

correlations will serve as analogous to Equations of State for describing these

two most widely used liquid solvents. Additionally, using these newly hypoth-

esized correlations, effect of volume fraction (of microbead suspension) on the

microcapillary transport has been analyzed (Waghmare and Mitra, 2010b).

Finally, capillary transport in presence of additional body forces, such as

gravitational (Waghmare and Mitra, 2010b) or electroosmotic body force (Wagh-

mare and Mitra, 2010c), has been studied. These two effects are found to
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not only augment the capillary transport, but also introduce important non-

trivialities in the overall capillary dynamics.

8.2 Scope of Future Work

The developing velocity profile model, or the generalized entrance pressure-

field expressions are substantial sophistications of the existing analyses. A

more important step forward would be to self consistently describe the capil-

lary filling and the wetting of the capillary. This can be done by expressing

the overall curvature of the moving capillary meniscus as a function of the

dynamic contact angle, especially relevant for a very thin capillary (where the

length scale over which the dynamic contact angle varies becomes important).

Under such a condition, the driving pressure-gradient which depends on the

meniscus curvature becomes a function of the dynamic contact angle, and ac-

cordingly the velocity field would also be a function of the dynamic contact

angle. Therefore, one will be able to achieve a perfectly coupled problem,

where both the capillary filling velocity and the wetting dynamics are mu-

tually inter-connected. Through appropriate micro-visualization techniques

(e.g., micro-PIV), one can observe and establish this model which will mutu-

ally interconnect the velocity field and the dynamic contact angle. Further,

in case of the closed microchannel, where the width and depth are comparable,

one can consider the double parabolic or paraboloid velocity profile instead of

one-dimensional parabolic velocity for the analysis.

The correlations connecting the wetting parameters and the properties of

the liquid media like the BSA solution or the microbead suspension are mostly

valid for those ranges of parameters of these liquid media that are typically

employed in biomedical applications. It will be an interesting study to investi-

gate the validity of these correlations at other concentration ranges. Secondly,

it will be useful to develop theoretical models that can correctly identify the

important physical effects which dictate this relation between the wetting prop-

erties and the concentration (or volume fraction) – in such a case we shall be

able to connect the possible differences in the correlations to the changing
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dynamics at different ranges of concentration (or volume fraction).

Finally, the combined electroosmotic and capillary transport model can

be considerably augmented by developing a relation that interconnects the

Electric Double Layer (which dictates the electroosmotic transport) with the

corresponding dynamic contact angle – this will be analogous to the “elec-

trowetting” scenario where the EDL electrostatic energy modifies the apparent

contact angle. In such a case, we shall be able to define a transport where the

capillary and the electroosmotic forces are mutually coupled, and not simply

linearly superposed.
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Appendix

A-1 Detailed explanation of momentum equa-

tion

The Eqs. 2.1, 6.1 and 7.1 are the different forms of the generalized integral

momentum equation. The right hand side of these equations is the rate of

change of momentum of a system, which is derived using Reynolds Transport

Theorem. The Reynolds Transport Theorem provides the relationship between

the rate of change of any extensive property and the variation of this property

associated with the control volume. Here we use the Reynolds Transport

Theorem to obtain the change of momentum. For a control volume presented

with dotted line in Fig. 2.1 and representative of the control volume considered

for analysis is shown in Fig. A-1

The rate of change of momentum for that control volume can be expressed

as,
∂

∂t

∫ h

0

∫ W

−W

∫ B

−B
ρvzdxdydz +

∫ W

−W

∫ B

−B
vz(−ρvz)dxdy ( A-1)

The first term of Eq. A-1 is the rate of change of momentum inside the

control volume whereas the second term represents the net rate of flux of

momentum through the control surface. Here, in case of capillary flow, the

momentum flux at the entrance of capillary is considered. The other surface

i.e., air-liquid interface moves with the capillary filling velocity therefore, no

outlet momentum flux takes place at the air-liquid interface. These two terms

of momentum equation are also known as transient and convective terms of

the momentum equation, respectively. The transient term with velocity profile

from Eq. 6.3 can be given as,

∂

∂t

∫ h

0

∫ W1

−W1

∫ B1

−B1

ρevzdxdydz = 4ρeB1W1

[
h
d2h

dt2
+

(
dh

dt

)2
]

( A-2)

and with the same velocity profile the convective term can be written as,∫ W1

−W1

∫ B1

−B1

vz(−ρevz)dxdy = −24

5
ρB1W1

(
dh

dt

)2

( A-3)

.
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Figure A-1: Free body diagram for a control volume considered in mathemat-
ical analysis.

The left hand side of Eq. 6.1 is the summation of forces term as presented

in Eq.6.2. Different forces of this summation are;

Fv =
−12µehW1

B1

dh

dt
, ( A-4)

Fpf = 4B1W1

[
σe

(
cosθ

B1

− 1

W1

)
− p0

]
, ( A-5)

In the literature (Dreyer et al., 1994), it is experimentally observed that the

air-liquid interface is of saddle shape and to account for this shape the second

radius of curvature is considered as −W1 in Eq. A-5.

Fg = 4B1W1ρegh ( A-6)
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and from Eq. 6.6 the pressure force at the inlet of the microchannel can be

calculated as,

Fpi = 4B1W1 × p(x, y, t) ( A-7)

Replacing Eqs. A-2 to A-5 in Eq 6.1 and one can obtain the dimensional

form of governing equation as presented in , Eq. 6.11.
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A-2 Dimensional governing equation

The detailed dimensional form of the governing equation is presented on the

next page.
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[
2λnA2B − (−1)n3A1e

(−λ2nνt)
]

3BλnA3 [1− A4e(−λ2nνt)]
h(t)h′′(t) + 2.096Bh′′(t)

+


[
2λnA2B − (−1)n3A1e

(−λ2nνt)
]

3BλnA3 [1− A4e(−λ2nνt)]
+ 0.245

h′(t)
2 −

{
σ

ρ

[
cosθ
B
− 1

W

]}
−λnν

[
2λnA2B − (−1)n3A1e

(−λ2nνt)
]

3A3B [1− A4e(−λ2nνt)]
2 −

[
2λnA2B − (−1)n3A1e

(−λ2nνt)
]
λnν

3A3B [1− A4e(−λ2nνt)]

+

[
2λnA2B − (−1)n3A1e

(−λ2nνt)
]
λ2nν

3λnA3B [1− A4e(−λ2nνt)]
+

2λ2nA2ν

3A2 [1− A4e(−λ2nνt)]

− (−1)nµA1λne(−λ2nνt)

A3ρB[1−
∑∞

n=1A4e(−λ2nνt)]
+

2µA2

A3ρB2[1−
∑∞

n=1A4e(−λ2nνt)]

}
h(t)h′(t)

+

(−1)nA7e
(−λ2nνt)

λnB
− A8β3 +

1.273µ

ρB
+
A3A6

[
2λnA2B − (−1)n3A1e

(−λ2nνt)
]

3λnA3B [1− A4e−(λ2nνt)]

−
A3A5e

(−λ2nνt)
[
2λnA2B − (−1)n3A1e

(−λ2nνt)
]

3λnA3B [1− A4e−(λ
2
nνt)]

h′(t)

+

A3A5λnνe(−λ2nνt)
[
2λnA2B − (−1)n3A1e

(−λ2nνt)
]

3A3B [1− A4e(−λ2nνt)]
2 − (−1)nA7λnνe(−λ2nνt)

B

−
A3A6λnν

[
2λnA2B − (−1)n3A1e

(−λ2nνt)
]

3A3B [1− A4e(−λ2nνt)]
2 +

2µA2A6

ρB2[1−
∑∞

n=1A4e(−λ2nνt)]

+
A3A5λnνe(−λ2nνt)

[
2λnA2B − (−1)n3A1e

(−λ2nνt)
]

3A3B [1− A4e(−λ2nνt)]
+

2λ2nA2A6ν

3 [1− A4e(−λ2nνt)]

−
λnA3A6ν

[
2λnA2B − (−1)n3A1e

(−λ2nνt)
]

3A3B [1− A4e(−λ2nνt)]
− 2λ2nA2A5ν

3e(λ2nνt) [1− A4e(−λ2nνt)]

+
λ2nA3A6

[
2λnA2B − (−1)n3A1e

(−λ2nνt)
]

3λnA3B [1− A4e(−λ2nνt)]
−

∑∞
n=1 2µA2A5e

(−λ2nνt)

ρB2[1−
∑∞

n=1A4e(−λ2nνt)]

+
2µA2A6

ρB2[1−
∑∞

n=1A4e(−λ2nνt)]
− (−1)nµA1λnA6e

(−λ2nνt)

ρB [1−
∑∞

n=1A4e(−λ2nνt)]

+

∑∞
n=1(−1)nµA1λnA5e(−2λ2nνt)

ρB [1−
∑∞

n=1A4e(−λ2nνt)]
+

(−1)nλnA7µe(−λ2nνt)

ρB
+ g

}
h(t) = 0
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Different coefficients used in the dimensional governing equations are as

follows;

A1 = (−1)nA2

[
4

(Bλn)3

]
A2 =

3

2

B2

3µ

A3 =
B2

3µ

A4 =
96

(2n− 1)4π4

A5 =
β1β2
A3

Elz

A6 =
β1β3
A3

Elz

A7 = (−1)nβ1β4Elz

A8 = β1Elz

φ = λnB

λn =
(2n− 1) π

2B

β1 =
εζ

µ

β2 =

[
32 (Bκ)2

π2(2n− 1)2
[
(2Bκ)2 + π2(2n− 1)2

]]

β3 =

[
1− tanh(Bκ)

Bκ

]
β4 =

[
2κ2

λnB (κ2 + λ2n)

]

A-2.1 Expressions for constants of non-dimensional gov-
erning equation

C
′

1 =
0.63304 + 0.6366 ln r∞

B

2α1

C
′

2 =
α1 + 0.245

α1
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C
′

3 =
1

3α1

[
φ4 − 6e

−φ2 t∗
3

] [φ6 (1− α1)− 4φ2e
−φ2 t∗

3 + 3φ4

]

C
′

4 = 0.212 +
α2

α1

(
α3

φ2
e
−φ2 t∗

3 − β3
)

(1− α1)

C
′

5 =
α2

3α1

{
φ4α1

φ4 − 6e
−φ2 t∗

3

[
α3e

−φ2 t∗
3 − β3φ2

]
+ α3e

−φ2 t∗
3 (α1 − 1 )

+
β3φ

4 (φ2 + 3)

φ4 − 6e
−φ2 t∗

3

− φ2α3 (φ2 + 3) e
−φ2 t∗

3

φ4 − 6e
−φ2 t∗

3

+
4φ2

(
e
−2φ2t∗

3
) − β3e

−φ2t∗
3

)
)

φ4 − 6e
−φ2 t∗

3

+
e
−2φ2 t∗

3

φ4 − 6e
−φ2 t∗

3

+
Bo

144α1Oh2

C
′

6 =
1

72α1Oh2
(γ − cos θ)

where,

α1 =

[
φ4e

φ2 t∗
3 − 4

]
[
φ4e

φ2 t∗
3 − 6

]
α2 =

Eoλ∗

12Oh2

α3 =

[
2 (Bκ)2[

(Bκ)2 + φ2
]]
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A-3 Detailed explanation of numerical tech-

nique used

Equations 2.11, 6.14 and 7.20 are the generalized form of the non-dimensional

governing equation. One can represent this second order ordinary differential

equation into two first order ordinary differential equation as follows;

dh∗

dt∗
= v∗ ( A-1)

dv∗

dt∗
= −C2v

∗2 + (C3h
∗ + C4) v

∗ + C5h
∗ + C6

(h∗ + C1)
( A-2)

Equations A-1 and A-2 are solved simultaneously using fourth order

Runge-Kutta(RK) method (Chapra, 2003). In fourth order RK method, four

slopes at different intervals are determined. First, the slopes (k) of both the

variables (h∗, v∗) at the initial value is determined (k1) and set of k1’s is further

used to predict the dependent variable at the midpoint of the interval. Then

set of slopes at the midpoint (k′2s) are computed with new interval values.

These new slope values are used again to predict the midpoint interval value

which leads to the new predictions of midpoint slope values (k′3s). New set of

midpoint of slope values are further used to determine the slope at the end

point of the interval (k′4s). Finally, the slopes (k′s) are combined to compute

the prediction of dependent variable at next interval. For any function [f(h,t)],

the expressions for k′s can be written as

k1 = ∆t∗f (t∗i , h
∗
i )

k2 = ∆t∗f (t∗i +
∆t∗

2
, h∗i +

k1
2

)

k3 = ∆t∗f (t∗i +
∆t∗

2
, h∗i +

k2
2

)

k4 = ∆t∗f (t∗i + ∆t∗, h∗i + k3)

Finally, the the

hi+1 = hi +
k1
6

+
k2
3

+
k3
3

+
k4
6

Fortran 77 is used to solve the time step independent solution for the

governing equation.
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