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Abstract

Over the last decade, machine learning (ML) has lead to advances in many fields, such as com-
puter vision, online decision-making, robotics, natural language processing, and many others. The
algorithms driving these successes typically have one or more user-specified free variables called
hyperparameters, or simply parameters, which must be set prior to running the algorithm. These
parameters can have a significant effect on an algorithm’s performance in practice, and setting them
optimally requires problem-dependent knowledge that the practitioner does not typically have access
to, such as statistics of the underlying data-generating process. Common practice is to empirically
“tune” the hyperparameters for a specific problem setting by repeatedly guessing values, observing
the resulting performance, and adjusting the hyperparameter values accordingly. However, this
practice is ultimately heuristic in nature and generally fails to provide meaningful performance

guarantees, especially if the problem may change or drift over time.

The aim of this thesis is to develop learning algorithms which make meaningful performance
guarantees in the absence prior knowledge, obviating the need to tune hyperparameters entirely.
We focus in particular on developing algorithms which are suitable for non-stationary problem
settings, in which the unknown problem solution may change arbitrarily over time. We study this
problem through the lens of online learning, a framework used to model learning from a stream of
data. We present the first online learning algorithms that achieve optimal performance guarantees
in the complete absence of prior knowledge about the problem solution, even if it changes over time.
We achieve this feat in the standard setting of Lipschitz losses, as well as under a relaxation of the
Lipschitz condition which allows for unbounded losses, leading to novel results for stationary problem
settings and saddle-point optimization as well. Our efforts culminate in a universal algorithm for
online linear regression, which requires no prior knowledge of any kind to make optimal performance

guarantees, even in the face of non-stationary data.
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Preface

This thesis is based off of a series of publications developed in collaboration with Ashok Cutkosky.
Ashok assisted with editing each of the papers, occasional bug fixes, and contributed intellectually

via weekly discussions. Everything included in this thesis is otherwise my own original work.

Chapters 4 and 6, and Section 9.1, as well as their corresponding appendices, are based on
Jacobsen and Cutkosky (2022). The mirror descent equality in Appendix A.1 is a straight-forward
generalization of the one from Jacobsen and Cutkosky (2022) to account for an additional “post-
hoc adjustment” that we occasionally leverage. Chapter 7, Section 9.2, and their corresponding
appendices, are based on Jacobsen and Cutkosky (2023). Chapter 10 and its appendices are based
on Jacobsen and Cutkosky (2024).
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Don’t quote me in your PhD thesis.

— Cameron Linke, 2019.
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Chapter 1

Introduction

Over the last decade, machine learning (ML) has lead to advances in many fields, such as computer
vision (LeCun, Bengio, and Hinton 2015), online decision-making (Mnih et al. 2015; Silver et al.
2016; Abbeel et al. 2007; Ng et al. 2006), robotics (Lillicrap et al. 2015), natural language process-
ing (Bahdanau, Cho, and Bengio 2014), and many others. The algorithms driving the successes
in ML typically have one or more user-specified free variables called hyperparameters, or simply
parameters, which must be set prior to running the algorithm. These parameters can have a signifi-
cant effect on an algorithm’s performance in practice, and setting them optimally generally requires
problem-dependent a priori knowledge that the practitioner does not have access to. In practice, it
is common to empirically “tune” the hyperparameters for a specific problem setting by repeatedly
guessing values, observing the resulting performance, and adjusting the hyperparameters accord-
ingly. However, this practice is ultimately heuristic in nature — there are typically no guarantees
that a performant hyperparameter setting will be identified, or even what parameter ranges one
should search over. Even if one chooses to accept these heuristic tuning procedures as a necessary
evil, the use of free hyperparameters in algorithm design leads to several significant impediments to

progress.

First, hyperparameters tend to exhibit high sensitivity to problem-dependent quantities
— that is, the hyperparameters may have to be re-tuned if certain aspects of the problem change.
This is a major stumbling block for the application of ML in real-world settings, as real-world prob-
lems can change over time. For example, an autonomous robot operating in the real world will be
subject to the daily wear-and-tear of its hardware components; this can result in inconsistencies in
the measurements used to inform decision-making, and as a result may require different hyperpa-
rameter settings to compensate for this additional uncertainty in its measurements. More generally,
environmental changes can occur suddenly and without warning in the real world, requiring that the

agent be able to adapt to these new conditions without being given the opportunity to re-calibrate



its hyperparameters. In any such situations, traditional algorithms could exhibit unexpected or even
unsafe behavior in deployment if the new conditions are sufficiently different from those expected a

priori by the human designer.

Second, even in more “well-behaved” problem settings, one is still left to face the reality that
parameter tuning is often infeasible in real-world domains. Unlike in simulation domains,
where the learner can experience a large number of examples in short periods of time, real-world
applications are often limited by physical constraints. In applications such as robotics, for example,
actions can take orders of magnitude longer to execute than they would in simulation domains
since the actions correspond to real, physical movements. This can make thorough hyperparameter

tuning impossible or prohibitively expensive in practice.

Finally, in addition to being a poor use of a highly-trained expert’s time, this tuning process
can be incredibly inefficient and expensive. Each day thousands of hours of computation
is spent by researchers and practitioners tuning these hyperparameters. Experiments can be run
hundreds of times tuning the parameters of a single algorithm, and a thorough experiment typically
requires tuning multiple hyperparameters of multiple algorithms. Not only is this a wasteful use of
high-performance computing (HPC) facilities, which come at a high cost to operate and maintain,
but it raises valid concerns about the environmental sustainability of ML research. Indeed, HPC
facilities require massive amounts of energy resources to operate, and power is in fact one of the
main operational expenses of these facilities (Couchman et al. 2015). Thus, any progress in reducing
the need for such excessive parameter tuning could have significant impact on the efficiency, the

cost, and the sustainability of research in ML.

This thesis is dedicated to the design of algorithms that achieve provable performance guarantees
under minimal assumptions/prior knowledge, without tuning any hyperparameters, whatsoever. A
major focus of this work is to develop algorithms which achieve these goals even in the face of
problems in which may change in arbitrary and unpredictable ways over time, a property which we
will broadly refer to as non-stationarity. This is in itself a very challenging type of adaptivity to
achieve, and requires that we develop exceptionally strong tools and methodologies to achieve our
goal. As such, as a result of our development we are able to make several substantial contributions
advancing the state-of-the-art in online learning for both stationary and non-stationary problem

settings alike.

1.1 Outline and Contributions

The remainder of this document is organized as follows.

Part I: Foundations. This thesis formalizes learning in the online learning framework, which

is a framework for designing and analyzing algorithms that learn incrementally from a stream of



data. In Part I we introduce the framework and provide a brief overview of of the hyperparameter-
free algorithms that have emerged from this framework in recent years (Chapter 2), as well as
common strategies for designing these algorithms (Section 2.2.1). In Chapter 4 we introduce our
own approach and the algorithmic framework that will be used to design every algorithm in this
thesis: the Centered Mirror Descent framework (Jacobsen and Cutkosky 2022).

Part II: Adaptivity in Stationary Settings. Part II is dedicated to hyperparameter-
free learning in stationary settings. As a warm-up, in Chapter 6 we first apply our framework
from Chapter 4 to design several new parameter-free algorithms in settings with bounded gradients
(Lipschitz losses), achieving several novel results (Sections 6.3 and 6.4) and improving the guarantees

of existing approaches (Sections 6.1 and 6.2).

In Chapter 7 we turn our attention to a problem setting in which the losses and gradients
may potentially be unbounded. We provide the first parameter-free algorithms for online learning
which achieve meaningful regret guarantees for non-Lipschitz losses in unbounded domains. We
also provide a matching lower bound demonstrating that our result is unimprovable without further
assumptions. Then, in Section 7.2 we use this approach to provide the first parameter-free algorithms
for saddle-point optimization which converge in duality-gap without assuming strong convexity or
bounded decision sets. This result provides as a special case algorithms for bilinearly-coupled saddle-
point problems, which capture many notable problem settings, such as off-policy policy evaluation
in reinforcement learning, quadratic games, and regularized empirical risk minimization (Du et al.
2022).

Part III: Adapting to Non-stationarity. The final part of the thesis is dedicated to
hyperparameter-free learning in the face of non-stationarity. In Chapter 9, we provide the first
algorithms for online learning which achieve meaningful guarantees in the absence of all assumptions
on the problem “solution”. In particular, our algorithms automatically adapt to notions of complexity
of any benchmark sequence of decisions, which may be stationary, non-stationary, and could at any
point be arbitrarily “far away” from the learner’s own decisions. We begin by providing an algorithm
for the setting of Lipschitz losses in Section 9.1. Then, as in Part II, we extend our result to the

unbounded loss setting, and provide a matching lower bound for this new setting (Section 9.2).

In Chapter 10, we shift our focus to the related problem setting of online linear regression. In
this setting, we develop algorithms that are not only hyperparameter free but universal: they utilize
no instance-dependent prior knowledge of any kind yet still automatically adapt to natural notions
of “difficulty” of any given problem instance without any hyperparameter tuning. We provide a
matching lower bound demonstrating that our result is unimprovable in general. We also provide
a simple extension of our result which makes a matching guarantee on all intervals of time simul-
taneously. Our result is the first instance of such “all-intervals” guarantees (called strongly-adaptive

guarantees in the online learning literature) being achieved without any boundedness assumptions.



1.2 Notations

Throughout this document we will use the following common notations. We denote [N] ={1,..., N},
N={0,1,...}, and 1 is the N-dimensional vector of ones. The N-dimensional simplex is denoted
Apy. The indicator function Iy (-) = I(- € W) is the function such that Iy (w) =0 if w € W and
Iy (w) = oo otherwise. For any sequence ay, ag, ..., we denote amax = maxy |as|. Positive thresholding
is denoted by [-]+ = max{-,0}. We denote aVvb = max{a,b} and anb=min{a,b}. We use the short-
hand Clipy, 41(y) = (yva) Ab and the compressed sum notations g;;j = Z{:i gt and ||gH2:b =yt lge])?-
For brevity, we occasionally abuse notation by letting V f(x) denote an arbitrary element of df(x).
The Bregman divergence w.r.t. a differentiable function 1 is Dy, (z|y) = ¥ (z) - (y) —(VY(y), = - y).
Given a positive definite matrix M, the weighted norm w.r.t. M is |w],, = \/{w, Mw). When un-
specified, ||| is assumed to be the Euclidean norm. The notation O(-) hides constants, O(-) hides

constants and log(log) terms, and O(-) hides up-to log factors.
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Chapter 2
Online Learning

This thesis studies learning through the lens of the online learning framework, which is an elegant
framework for analyzing and designing algorithms which learn incrementally from a stream of data
(Zinkevich 2003; Nicolo Cesa-Bianchi and Lugosi 2006; Shalev-Shwartz and Singer 2007; McMahan
2017; Orabona 2019). This chapter provides a broad overview of the results and techniques in online

learning, and reviews some of the ubiquitous design philosophies used in problems of this nature.

In the online learning framework, learning is formalized as a game played between a learner and
an adversary (sometimes alternatively referred to as nature or the environment). On each round
of the game, the learner makes a choice w; € W from some convex decision set W € R?, then the

adversary reveals a loss function ¢, : W — R and the learner pays a penalty of £;(w;).

Algorithm 1: Online Learning Protocol

1 fort=1:T do
2 Learner plays w; € W ¢ R?

3 Adversary reveals loss function ¢; : W - R
4 Learner suffers a loss of ¢;(w;)
5 end

The standard performance metric in this setting is regret — the total loss of the learner compared

against the total loss of some fixed benchmark u e W, called the comparator:

T
RT(U) = t_zlgt(wt) - Kt(u)

Intuitively, one may think of the benchmark u € W as being a “batch” solution: if the losses ¢1, ..., 01
were given up front, one could choose a point of best-fit to make the function w %Zthl li(w)

small. Hence, we are typically interested in online algorithms which guarantee sublinear regret



(im0 Ry(u)/T = 0), as they perform as well on average as being able to choose with perfect
hindsight.

The benefit of the preceeding formulation is that we avoid making any particular assumptions
on the process generating the loss functions until they’re relevant or necessary, yet we are still able
to model a wide variety of problems by introducing constraints on the loss functions and adversary.

In this thesis, a consistent limitation we’ll impose is that the losses ¢; are conver.

Definition 2.0.1. Let W be a convex subset of a real vector space. Then ¢£: W — R is convex if
laz+ (1-a)y) <al(x)+(1-a)l(y)
for any x,y € W and a € [0, 1].

For our purposes, the important property possessed by convex functions is that they can be

lower-bounded by a first-order approximation given by its subgradients.

Definition 2.0.2. Let £: W — R be a convex function. A subgradient of ¢ at x € W is any vector
g € W7* satisfying

Ur) > l(y) +(g,x~y), YyeW

The set of all subgradients at x € W is the subdifferential of ¢ at x and is denoted 9¢(x). This
property lets us bound the regret above by the regret against linear losses: letting g; € 944 (wy) for

all ¢, we can write

T T
RT(U):;@(wt)—ft(u)St;<gt,wt—u)- (2.1)

In this way, any algorithm A guaranteeing sublinear regret on linear losses can be used to achieve
sublinear regret on convex losses as well — we simply choose any g; € 9¢;(w;) and pass A the
linearized losses = — (g¢, x). This reduction lets us focus our attention on designing algorithms
for online linear optimization. Throughout this thesis, we let will frequently use g; to denote an
arbitrary element of 9¢;(w;). We will also occasionally write V/;(w;) to denote an arbitrary element

of 0¢;(w;) when appropriate (e.g., to emphasize the dependence on wy).

The second common assumption we will make is that the losses ¢; have bounded subgradients

(i.e. the losses are Lipschitz).

Definition 2.0.3. A function ¢: W — R is G-Lipschitz w.r.t. |-| if for every x,y € W,

[f (@) = fF(Y) <Gz -yl



If ¢ is convex, then ¢ is G-Lipschitz if and only if for every z € W and g € 9¢(x), it holds that
lg| < G. For the rest of this chapter we will assume that the losses are G-Lipschitz for simplicity,

but we will relax this assumption later in Chapter 7.

Finally, we will occasionally consider losses which are smooth, meaning that they can be upper-

bounded by a quadratic approximation.

Definition 2.0.4. A convex function ¢: W — R is L-smooth w.r.t. |-| if for every x,y e W,
L 2
Ua) <t(y) +(Vl(y),z -y)+ 5 |z -y["

For a detailed introduction to properties of smooth losses, we recommend X. Zhou (2018).

2.1 Minimizing Regret

To help build intuitions and get a feel for what kinds of guarantees we should expect in this problem
setting, let us review the regret guarantee of the quintessential online learning algorithm: online
(sub)gradient descent. Let W be a convex set in R?, and consider linear losses £;(w) = (g¢,w).

Starting from w; € W, on each round update

w1 = Hw (wy —nge),

where n > 0 and Ilyy (z) = argmin,,y |w — x| is the projection of x onto W. Let us assume for
simplicity that W = R, so that w1 = wy — ng¢ on each round. Now, for any u € W we may begin

by investigating how w1 relates to u over time: in particular, observe that
Jweer = wl® = ws = ngs = ul® = Jwr = ul® + n? | g:|* = 21 (g2, we = u),
hence, re-arranging, we have

N e ] R AT
(g1,01 - ) = - + 2 g
n 2

Y



so summing over ¢ € [T'] we find that the regret is precisely

a z Hwt—UH2_Hwt+1—UH n I 2
Rr(u) = (gr,we —u) =) 5 52 lgell
t=1 t=1 n t=1

_ Ju—w1|* - |u - wri]? W i g2
2 2 !

M an .

[u—w |

27
Vil

The step-size 17 which minimizes the RHS above is n = which would yield

T
2
Ry(u) < Ju=wi\| D gl
t=1

Moreover, a modest generalization of this argument shows that the same result also holds in con-
strained settings, where W c R%. The proof is standard in the literature (see, e.g., Orabona 2019,
Theorem 2.13).

Proposition 2.1.1. Let {1,...,0p be arbitrary convex loss functions. Let W be a convex set in RY,

wy € W, and set w1 = My (wy —ngy) for some n >0 and gy € 0y(we). Then for any ue W,

Jwr—ul® 7 &, o
Ry(u) < ————+2 lo]”-
2n 24

lwi-u]

Moreover, setting n=n" := guarantees

2
[

T
Ry (u) < |wy -ul \‘ ; lge . (2:2)

This result has several desirable features:

Y llge

1. It is essentially tight (nearly a regret equality in the unconstrained OLO setting, in fact!), so
we can not hope to get any significantly tighter result than Equation (2.2). Indeed, as we will
see in Section 2.2, this bound is actually too good to be achieved without access to rather

strong prior knowledge.

2. It is worst-case optimal: in a domain W with sup, .oy ¥ —y| < D, it can be shown that
any algorithm must incur at least Rp(u) > Q(DGV/T) regret in the worst case (See e.g.
Orabona and Pal (2018) Theorem 5; Orabona (2019) Theorem 5.1; Hazan (2019) Theorem

3.2). Equation (2.2) always matches this lower bound in the worst-case.



3. It is data-dependent: the bound automatically adapts to the “easiness” of the problem. If
the gradients are “small” or the learner has sufficient prior knowledge to be able to choose wq

reasonably “close” to u, regret can automatically be much smaller than the worst-case bound.

4. Tt holds even in unbounded domains': nowhere in the analysis is it necessary to assume that
the decision set is bounded (e.g. sup, e |z -y| < D for some D). Instead, the bound is

adaptive to the initial distance from the comparator ||u — w1 |.

5. It is dimension-free: there is no explicit penalty related to the dimension of the space W, so

the performance naturally scales to high-dimensional data.

|wi—u]

ZtT:1||9tH2
would require a priori knowledge of the comparator u as well as all of the future subgradients g;.

Of course, we can not actually implement this algorithm in practice — setting n* =

Because of this, in practice 7 is left as a free variable referred to as a hyperparameter, and its value
is empirically “tuned” by running the algorithm with many different values for n and measuring the
performance. Not only is this an error-prone and computationally expensive process, but we will
also tend to lose the worst-case robustness that made the algorithm interesting in the first place!
Instead, over the last decade there has been a concerted effort to develop algorithms which adapt
to these unknown quantities on-the-fly. In the following section we will review basic results and

strategies related to these adaptive online learning algorithms.

2.2 Adaptivity in Online Learning

Motivated by the discussion in the previous section, a natural question is whether it’s possible
to achieve regret of the form Ry (u) < O( |wi —ul\/X i, | g¢|2), without prescient knowledge of
gi,-..,gr or the comparator u € W. In other words, is it possible to adapt to the unknown quantities
|wy —u| and /L, |g¢|* on-the-fly, without tuning hyperparameters. It turns out there are several
different frontiers of adaptivity, characterized by different kinds of prior knowledge that the learner
might have access to: typically that the subgradients are uniformly bounded by some &7 > max; ||g¢|,
that the losses map to a bounded range ¢, : W — [a,b], that the learner has prior knowledge of a
D > |u— w1 (usually by assuming that the domain is bounded with D >sup, ey |2 - ¥]), or some

combination of these conditions.

In the simplest case, when one has access to both a bound D > ||lu —w;| and a bound on the

subgradients &1 > |lg¢| for all ¢, it is well-known that adaptivity to \/ S % ; [ g¢|? can be achieved up to

constant factors by simply using the best approximation to the optimal 7* = |u— w1 | /\/ Xy 9]

!Note that constrained does not imply bounded, so this point is relevant even in the constrained setting. To see
why, consider an algorithm with domain W = {(x,y) eR?:y> :EQ}, i.e., the domain is the epigraph of a parabola.
This is a convex, constrained domain in which sup, ,cw |2~y = co.

10



that one has access to on each round: 7, = D/\/®%+ Yl |lgs|®2 This is the essence of the
AdaGrad algorithm (McMahan and M. J. Streeter 2010; J. Duchi, Hazan, and Singer 2011). When
D is available but not the Lipschitz bound &g, it is still possible to match this guarantee up to
constant factors (for instance, by instead setting n; = D/\/ X1 |g¢||*), in which case the algorithm
is said to be Lipschitz adaptive or scale-free (Orabona and Pal 2018; Mayo, Hadiji, and Erven
2022; Cutkosky 2019&).3 When the losses are L-smooth, these bounds can be improved to Rp(u) <
O(LD2 + D\/LYL, Et(u)) — referred to as an L* bound or small loss bound — though the
works which achieve these guarantees still require one or more of the following assumptions: prior
knowledge of &, that ¢; has bounded range (known in advance), prior knowledge of a lower bound
0f < ly(w) for all w € W, additional structural assumptions such as strong convexity or exp-concavity,
or by assuming the losses take some specific form such as the square loss (Nicolo Cesa-Bianchi, Long,
and Manfred K Warmuth 1996; Jyrki Kivinen and Manfred K Warmuth 1997; Srebro, Sridharan,
and Tewari 2010; Orabona, Nicolo Cesa-Bianchi, and Gentile 2012).

If a bound &7 > maxy |g| is known but not the bound D > |u—w1|, the situation gets sig-
nificantly trickier. The essential difficulty is that without prior knowledge of how far we started
from the comparator, the learner’s iterates w; could at any point be arbitrarily far away from the
benchmark u, leading to high regret. As such, the learner must take great care to control |w;| in
such a way that it is adaptive to this unknown unknown initial distance comparator norm ||u — w1 |.
Without prior-knowledge of this gap, AdaGrad and its variants can never guarantee the optimal
dependence on ||u —w; |, even with some clever hyperparameter tuning. In fact, no algorithm can
guarantee regret Rp(u) < |u—wi| /X5, |g:|* without prior knowledge of u: it turns out that in
the setting of &p-Lipschitz losses and unbounded W, the worst-case regret of any algorithm is at

least

RT(u)ZQ(u—wlﬂ ®T\/Tlog(||u—w1||ﬁ+ 1)) (2.3)

in the worst-case (Mcmahan and M. Streeter 2012, Theorem 7; Orabona 2013, Theorem 2). Hence,
there is an additional cost of at least (2 (\/ log(||w1 —u| VT + 1)) associated with adaptivity to

|u—wi|. For instance, a standard result in this setting is

T
Rr(u) <O fu=wi| | ¥ eI 1og (- wi| VT +1) + & Ju=wi|log (u-wi | VT +1) | (24)
t=1

?Bounds which scale with the adaptive \/Y7, |g:|° instead of the pessimistic Gv/T are occasionally referred to
as “second-order adaptive”, owing to the squared dependence on the gradient norms.

3Note that scale-free is actually a stronger notion than just Lipschitz adaptivity, in that the regret of a scale-free
algorithm depends only on max; | g:||, rather than the potentially pessimistic upper-bound &r. However, for our
purposes drawing this distinction is not necessary since all of the Lipschitz adaptive algorithms we discuss in this
thesis will also be scale-free.
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which exhibits the adaptivity to both |u —w:| and /3L, |, and matches Equation (2.3) up to
logarithmic terms (Mcmahan and M. Streeter 2012; McMahan and Orabona 2014; Orabona 2013;
Orabona and P&l 2016; Cutkosky and Orabona 2018; Hoeven 2019). Algorithms which guarantee
regret matching the lower bound up to logarithmic terms are called “comparator-adaptive”, or
“parameter-free”,* owing to the fact that they optimally adapt to both unknown quantities |u — w;||

and \/YL, | g¢||* simultaneously on-the-fly, and hence require no offline hyperparameter tuning to

achieve near-optimal regret. Some works also consider the weaker bounds of the form Rp(u) <
O : T 2
(Hu —w | QST\/T log ([|u—w1| VT + 1)) to be parameter-free, allowing the \/Y;_; [¢:” term to

degrade to the worst-case &V/T. In either case, note that the key property that distinguishes the

parameter-free bound is that the regret against w; is constant:
Rr(wr) <O fwi —wi|\| X lge]” | = O(1).
t=1

The first results to avoid both the bounded domain and bounded gradient assumptions have only

been achieved in recent years. Cutkosky (2019a) develops an algorithm which achieves

T
Ry (u) <O\ u=wi|\| X lge|*log (lu - wi [ VT +1) + & [u-wn ||,
t=1

and Mhammedi and Koolen (2020) shows that the additional cubic penalty is unavoidable while
maintaining a O (|u - w1 | &7V/T) dependence. Alternatively, Orabona and Pal (2018) show that

Rr(u) < O(Ju—wi|* /L, |g¢]?) can be attained without prior knowledge of 7 in an unbounded
domain, avoiding the cubic penalty in exchange for a horizon-dependent quadratic penalty. Works
such as Mayo, Hadiji, and Erven (2022) and Kempka, Kotlowski, and Manfred K. Warmuth (2019)

show that the cubic penalty can be avoided in certain special cases such as regression-type losses.

Note that adaptivity to ||u — w1 is closely related to the problem of unconstrained online learn-
ing in general. The reason being that in the unconstrained setting, there is never a constant D
such that D > sup, .o |7 -y, so bounds which scale with ||u —w| are the only real option. As
such, throughout this thesis we will primarily focus on the unconstrained setting with W = R? for
simplicity, though the results presented here can be easily generalized to constrained settings by

accepting some notational and proof bloat (see Remark A.1.2).

Remark 2.2.1. For brevity, we will frequently adopt the common convention that wy = 0 (particularly
in Parts IT and III of the thesis), in which case parameter-free regret is characterized by the property

R7(0) <O(1) and features bounds scaling with |u| instead of |u —w;|. This assumption is without

“Note that throughout the machine learning literature, the decision variable w; € W is often referred to as a
“parameter vector”, while in our context “parameter-free” refers to hyperparameters.
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loss of generality since one could otherwise perform a translation of the coordinate system.

2.2.1 Principles for Adaptive Algorithm Design

In the previous section we saw there were two main types of adaptivity in the general online con-
vex optimization setting: adaptivity to \/>7, |lg:|* and adaptivity to |u—wi|. The former is
fairly straight-forward to understand: we observe g; after each round, so we can reasonably “ap-
proximate” the optimal step-size by running (sub)gradient descent with an adaptive step-size n; o<

1/7/ 1) gs|?. The adaptivity to |u —w; | is much less obvious at a glance; we know that the bound

we're shooting for must have an additional multiplicative penalty of O (\/ log (||u —wi | VT + 1)) in
it, but where does it come from? How do we design a strategy that achieves such a bound? In this
section we provide some of the key insights and approaches to designing algorithms which attain
bounds of the form Equation (2.4). Throughout our exposition here we will assume for simplicity
that we are in the unconstrained setting with W = R?. The goal here is to provide some of the
broad-strokes of the main approaches so that the reader has a high-level perspective on how to go
about designing these algorithms. Seeing the approaches here will also later help illustrate the need

for a new approach, which will be introduced in Chapter 4.

One of the foundational observations leading to comparator-adaptive guarantees is a certain
reward-regret duality, which tells us that designing an algorithm which guarantees Ry (u) < Br(u) for
some function By : W — R is equivalent to designing an algorithm which guarantees — Zg;l (ge, we) >
B (— ZtT=1 gt), where By is the Fenchel conjugate of Br, defined as

Br(0) =sup (0, w) - Br(w).

In particular, to achieve the optimal parameter-free bound, we would want to consider Br(u) =
O |lu—w1| \/22;1 lge]? log ([lu—w1| VT + 1)) and its corresponding Fenchel conjugate Bf. The
following theorem is a standard starting point for many works which develop parameter-free bounds
(McMahan and Orabona 2014; Orabona and Pal 2016; Cutkosky and Orabona 2018; Cutkosky and
Sarlos 2019; Mhammedi and Koolen 2020; Hoeven 2019; Jun and Orabona 2019). We provide a

basic proof for convenience to the reader.

Theorem 2.2.2. Let By : W - R be a convex function. An algorithm guarantees
Ry (u) < Br(u), VueW

if and only if it guarantees

-y

T
(ghwt)ZB’;’ (_th)a vglv"'agT' (25)
t=1

t=1
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Proof. Suppose that for any u € W, A guarantees Ry(u) = YL, (gs,ws —u) < Br(u). Then re-

arranging, we equivalently have

T T
(- Son) - Br(a) < 2 v

t=1 t=1

and since this holds for any u € W, it must hold for the one which tightens the bound:

T T L
sup(‘Z%ﬂL)—BT(U) <> g, we), e, BT(th) Z gt>we) -
u t=1 t=1 t=1 t=1

For the other direction, suppose that — Z;;le (g, we) > B, (— Zthl gt). Then we immediately have
that

T

T T
Rr() = Y () = Y o <—B;( )+<—ng )<supeu> B3(6) = Br(u).

t=1

O

The value of this theorem is that it has shown us an equivalent condition to Rp(u) < Brp(u)
which does not depend on the unobserved quantity u. That is, by considering instead the equivalent
condition — Y71 (gs, we) > B, (— >, gt) we remove the comparator completely from our objective.
Moreover, the new condition depends only on the gradients, which we do eventually observe, making
Equation (2.5) appealing from an algorithm design perspective. Let us consider a few common

approaches for designing an algorithm which guarantees Equation (2.5).

Potential-based Arguments. The idea with this approach is as follows. We want to design
an algorithm which guarantees — Y7, (gi, wi) > B (— >, gt). To this end, let BY,...,B}_; be an
arbitrary sequence of functions (which the designer will eventually choose) and define the “potential”
at time ¢ to be ®; = ¥1_) (gs, ws) + By (- i, gs) and ®p = 0. Then, if we could ensure that this

potential is non-increasing (via our choices of w; and By'), we would have

T T
th,wt +BT( zgt)éq)T_lﬁ...S(I)():O
t=1 t=1

hence,

( th) igt,wt

and so via Theorem 2.2.2 we will have Ry (u) < Br(u). To ensure non-increasing potential, we need
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only select wy and B} in such a way that
Py — D41 = (g1, wr) + By (=g1:¢) — Bi_y (=g1:4-1) <0

on each round. Unfortunately, this is often easier said than done, but there is nonetheless a clear
sequence of steps that the algorithm designer can take: define the potential ®; and ensure the
sequence is decreasing by choosing w; and B; appropriately. See Abernethy et al. 2014; Hoeven
2019; Cutkosky and Sarlos 2019; Kempka, Kotlowski, and Manfred K. Warmuth 2019; Mhammedi
and Koolen 2020; Orabona and Pal 2021 for examples using a potential-based approach to designing

adaptive algorithms.

The main issue with the potential-based approach is that it is in some sense too general, in
that it does not restrict the designer enough. Because of this, the potential-based approach often
often requires a good deal of cleverness on the part of the designer to choose the B; and and w;
appropriately. The ideal framework from an algorithm design perspective should instead naturally
guide the designer towards the right choices by introducing natural restrictions/limitations, pruning
the space of possible design choices without significantly limiting the power of the framework.
The following approaches can all be loosely considered to be particular restrictions of the general

potential-based approach.

Coin-Betting. Coin-betting is arguably the most well-known framework for designing parameter-
free algorithms, and can be seen as a particular form of the potential-based approach which intro-
duces the restriction that the designer need only choose a “betting fraction” on each round, and
prescribes a choice of w; based on this betting fraction (Orabona and Pal 2016; Cutkosky and
Orabona 2018; Jun, Orabona, et al. 2017; Orabona 2019). The idea is that if we define Wealth; =
— %% 1 (gs, ws), then on any time ¢ if we set w; = Wealthy_18; for some Sy € {BeR?: |3 <1}, we'd

have
Wealthy = Wealth;_1 — (g¢, wi) = Wealthy_; — Wealthy_1 (g4, 5¢) = Wealthy—1 (1 - (g4, 5t)) -

So suppose that the desired wealth bound holds at time ¢ —1: Wealth;—1 > B} ; (—g1:¢-1). Then

Wealthy = Wealth;_1 (1= (g¢,6:)) > Bi_1 (=91:0-1) (1 = (g¢, B¢))

so if we can set f; in such a way that B} ; (=g1:1-1) (1 = {9+, Bt)) > B} (—=g1:¢), we’d have
¢
Wealth; = = > (gs, ws) > By (=g1:4) .
s=1

Formalizing this more rigorously as an induction argument, one can use this approach to ensure that
Wealth; > Bj (~g14) for any ¢, so that Wealthy = =¥, (g, w;) > B3(~g1.r) and hence Ry (u) <
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Br(u) via Theorem 2.2.2. Orabona and Pal 2016 provides a set fairly general conditions on B}

that are sufficient to ensure that the induction step goes through.

Follow the Regularized Leader (FTRL). Instead of explicitly using the reward-regret
duality, throughout this thesis we will take an FTRL-based perspective. The key observation is
that it’s not actually necessary to go through any fancy reward-regret duality to get a comparator-
adaptive guarantee; we can use the same FTRL tools that are ubiquitious throughout online learning.
In particular, on each round FTRL chooses

t-1
wy = arg min, .y ( > gr w> + ¢ (w) = argmin,, .y Fr(w),

T=1

where ¥, : W — R is a convex regularizer. Then, via the well-known regret guarantee for FTRL

(see, e.g., Orabona 2019, Theorem 7.1), we have

T
Ry(u) <¢r(u) + ; Fi(wg) = Fren(wien) + (ge, we) -

=:0¢

and so, if we would like to guarantee Rr(u) < Br(u) up to constants, all we have to do is design
a sequence of regularizers 11, ..., 97 such that ¥r(u) » Br(u) and that the latter terms sum to a
constant, Y7, 6 < O(1).

Mirror Descent. A closely-related approach to FTRL is mirror descent. The typical mirror

descent update is of the form

w1 = argming,ey (ge, w) + Dy, (wlwy),

where ¢, : W — R is a convex regularizer and Dy, (z|y) = ¥(x) — ¥(y) — (VY (y),z —y) is the
Bregman divergence w.r.t. 1, between z,y € W. Setting ¢;(w) = % |w|? leads to the standard
(projected) subgradient descent update, so mirror descent can be seen as generalizing gradient

descent to different parameter-space geometries, represented by different choices of /.

The design principles of mirror descent are similar to those of FTRL: we still want to choose the
regularizers in such a way that ¢y (u) » Bp(u), while also ensuring certain stability terms sum to
some small constant. However, as we will elaborate in Chapter 4, mirror descent on its own is not
suitable for designing parameter-free algorithms. The issue is that mirror descent is fundamentally
unstable in unbounded settings, and in particular it is possible to show that mirror descent with a
time-varying regularizer can incur linear regret (Orabona and Pal 2018). In Chapter 4 we present
a framework that employs a generalization of the mirror descent perspective to incorporate the
stability properties of FTRL. We will then use this approach to design every algorithm featured in

this thesis. First, we take a short detour to to introduce some natural notions of non-stationarity
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for the online learning setting, which will motivate the development of a new approach which goes

beyond the limitations imposed by reward-regret duality and FTRL.
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Chapter 3
Learning in Dynamic Environments

In the previous chapter we discussed a class of algorithms which adapt to both the unknown initial
distance |w; —u| and the gradients \/>7, |lg:|* simultancously to achieve an optimal adaptive
regret bound of Ry (u) < O( | —w | \/2;{:1 lge]? log (lu—w1 | VT + 1)) However, like any measure

of performance, regret is only meaningful insofar as it captures some notion of “goodness” that we

actually care about. In many problems of practical interest, competing against any fized comparator
u € W can fail to be meaningful, particularly when modelling problems with a time-varying or non-

stationary solution.

As a simple illustrative example, consider a simple 1-dimensional prediction problem in which
the objective is to predict a response variable y; € R before it is observed. A simple way to model
this problem is as an online learning problem with losses that capture prediction error, such as

l(w) = %(yt —w)?. On one hand, if

Yt = U+ &y,
for some p € R, and mean-zero noise &;, then clearly the fixed comparator u = u would provide a

meaningful performance baseline. On the other hand, suppose instead that the mean of g is drifting

over time, according to an unknown dynamical system:

pe = Fy(pe-1)

Yt = Wt T Et,

where F; is an unknown transfer function and pg is arbitrary. In this case, even under relatively
simple time-varying dynamics such as Fy(u) = p + 0 for zero-mean noise d¢, no fixed comparator
u will provide reasonable predictions of y; across time; instead, our baseline ought to somehow

“track” y; as its distribution changes over time. More generally, to meaningfully model learning in
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a dynamically changing environment, we need to consider stronger notions of regret which better
capture the dynamic nature of the problem. In this chapter, we review the two main notions of

non-stationarity studied in online learning, dynamic regret and strongly-adaptive regret.

3.1 Dynamic Regret

The most straight-forward way to strengthen the notion of regret is to instead measure performance

relative to a sequence of comparators w = (uq,...,ur), leading to dynamic regret:

T
RT(U) 215_21&(1015) —ét(ut). (31)

Dynamic regret is more appropriate for true streaming settings in which data might drift over
time, wherein a fixed benchmark « may be an excessively weak baseline. However, it is also more
demanding than the previous definition (called static regret, when the distinction matters). Indeed,
without further assumptions on the losses it can be shown that there exist sequences of losses and
comparator for which the dynamic regret is vacuous in the worst-case, Ry(u) > Q(7T) (T. Yang et al.
2016). Intuitively, the issue is that the comparators u can be chosen to “overfit” to the sequence
of losses so that the benchmark performance YL, #;(u;) is too difficult to compete against. Thus,
ideally we ought to somehow distinguish such sequences from the ones which are actually useful for

us to reason about.

Recall that in the static regret case, the optimal regret scaled with |u—wi|. In some sense, we
can think of this quantity as a measure of “complexity” of the benchmark point u € W: difficult-
to-compete-with benchmarks are those that are very different from our initial preconceptions, rep-
resented by a large |u —wi|, while easier benchmarks are those which are close to w;. Likewise,
one might expect that dynamic regret should also account for some notion of of “complexity” of the
comparator sequence, so as to account for the “difficulty” of the sequence we're up against. One

natural measure of this complexity is the path-length:
T
P(u) = ue — ] (3.2)
=2

When the comparator sequence is clear from context, we will use the short-hand Pr = P(u).

In the setting of G-Lipschitz losses and a bounded domain of radius D = max, yew |z -y, T.
Yang et al. 2016 show that in the specific case where the comparator sequence is the sequence of
local minimizers, w* = (u],...,u}) with u; = argmin, . £ (w), a simple greedy strategy that plays
wy = argmin,y f-1(w) guarantees Ry(u*) < O (GP(uw*)), and prove a matching lowerbound.

However, as alluded to above, we may not always care about this specific comparator sequence: in
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many instances the sequence u* can “overfit” to the losses, resulting in small cumulative loss but
a long path-length, making the Rr(u*) < O(P(u*)) bound vacuous. For instance, let W = [-1,1]
and (y(w) = 3(w—g;)? for g, = (~1)", then the path-length is clearly P(u*) = YL g —us1| = QT)
and so the greedy strategy incurs linear regret. On the other hand, were we instead to compare
against the optimal fized comparator u; = %ZST:l gs = @ for all £, then dynamic regret reduces to
static regret and on the very same problem projected gradient descent with step-size n = —= will

GVT
guarantee sublinear regret Ry (@) < O(GVT).

What the above discussion suggests is that making meaningful dynamic regret guarantees in-
volves competing against a sequence u which somehow favorably strikes a trade-off between the
path-length Pr and the cumulative loss Y2, ¢;(u). Yet this trade-off inevitably depends on the
specific sequence of losses #;, which are unknown to the learner a priori. An ideal strategy should
thus instead make guarantees w.r.t. arbitrary sequences u, not just for specific sequences such as
u” or .

Interestingly, the question of how to compete with an arbitrary sequence w was introduced all
the way back in the seminal work of Zinkevich (2003), considered by many to be one of the first
works to popularize the online learning framework. Zinkevich shows that in a bounded domain with

G-Lipschitz losses, projected gradient descent with step-size 1 guarantees

D?+DP a
Ry (u) SO(—TJFQZ%HQ) (3.3)
2n 244
Hence, if Pr and Y1, | g;|? were known a priori, the learner could set the step-size to n* = 4 / é’i*—ﬁ
=119t
to get '
z 2
Rr(uw) <\| (D2+DPr) 3 gl (3.4)
t=1

which was later shown to be optimal via a matching lowerbound of Rp(u) > Q (G\/(D2 + DPT)T)
due to L. Zhang, S. Lu, and Z.-H. Zhou (2018).

Clearly one can not actually choose the step-size n* that yields this bound in practice, but it
turns out that one can match the optimal regret up to logarithmic terms using a simple mixture-
of-experts approach. The idea is rather simple: we can run several instances of projected gradient
descent in parallel, each using a different step-size 7;, and use an experts algorithm to combine
their predictions. By using a carefully selected grid of O(log (T")) different step-sizes n; and suitable
experts algorithm, one can guarantee regret matching the optimal bound Equation (3.4) up to an
additional factor of O (GD\/’T log (log (T ))) This is the essence of the ADER algorithm of L.
Zhang, S. Lu, and Z.-H. Zhou (2018).

20



3.2 Strongly-adaptive Regret

At the beginning of this chapter we motivated the need for a stronger notion of regret by reasoning
that in certain dynamic/non-stationary environments, a fixed comparator can be a weak baseline
when it fails to “track” some time-varying statistic of the losses. Dynamic regret addresses this

issue by comparing the learner’s performance against that of an arbitrary solution trajectory u =
(u1y...,urp).

Another way to think of the issue is as a matter of insufficient resolution. That is, while a fixed
comparator may be a weak baseline over the entire interval, it can still be a good baseline over
smaller subsets of the loss sequence. Intuitively, by “zooming in” to smaller subsets of the sequence
one could in theory partition [1,7'] into subintervals over which the local statistics of the losses are
approximately fixed, so that a fixed comparator captures a temporally-local optimum. Then a strong
baseline would be to insist that the learner achieves low static regret on each of these subintervals.
The difficulty with this is that what constitutes a “reasonable” partition of [1,7] will depend on the
particular statistics of the particular loss sequence. To avoid making assumptions about the lengths
and locations of these subintervals we can instead insist that the learner achieve low regret on every
sub-interval simultaneously. In particular, an algorithm is called strongly-adaptive if it achieves
static regret which is minimax optimal up to logarithmic terms on every sub-interval [a,b] ¢ [1,T']
(Daniely, Gonen, and Shalev-Shwartz 2015).

These sorts of all-intervals guarantees were originally studied in the context of portfolio selection,
under the assumption of exp-concave losses (Hazan and Comandur Seshadhri 2007; Hazan and
C. Seshadhri 2009). Somewhat recently there has been a renewed interest in strongly adaptive
guarantees, with Daniely, Gonen, and Shalev-Shwartz 2015 being the first to obtain a strongly-
adaptive guarantee for general convex functions. In particular, for G-Lipschitz convex functions

and domain W of radius D, they derive an algorithm which guarantees
R[mb](u)gO(DG\/b—alog(b+1)), V[a,b] < [1,T],

and the log (b + 1) was later improved to \/log (b+ 1) by Jun, Orabona, et al. (2017) by leveraging
parameter-free algorithms. Cutkosky 2020 further refines the strongly-adaptive guarantee to yield

near-optimal dynamic regret over each interval:

R[a,b](u) < 0 (\/(D2 +DP[a,b]) Z ”gt2) ) V[a,b] < [LT]

te[a,b]

where P, ) = Zi’:aﬂ [us —ug—1|. This is clearly the strongest type of guarantee, since it captures
the optimal dynamic regret as the special case [a,b] = [1,T] as well as as the strongly-adaptive
guarantee R, ;) (u) < 9] (GD\/b - a) by setting the comparator u, = ... = up = u.
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A natural question is whether a parameter-free analogue of these bounds might be attainable,
avoiding the factors of D by instead adapting to the comparator norm. Unfortunately, parameter-
free guarantees appear to be incompatible with these all-intervals style guarantees. To see why,
notice that for all intervals [a,b] of some fixed length 7 = b - a, we would require Rp,;1(0) =
Y (g, w) < O(1), from which it can be shown that |w:] < O(27) (see, e.g., J. Zhang and
Cutkosky 2022, Lemma 8). Yet clearly for large enough T" we can not simultaneously guarantee
Ry r(u) < O( |ul G\/Tlog (|u] \/T)) for all u € RY, since via reward-regret duality this entails
competing against a comparator u € R? with |u| = O(exp (T) /V/T) in the worst-case’ which can be
made arbitrarily large relative to the fixed O(27). Hence, even in the best possible scenario where
wy precisely aligns with u on all rounds, the regret on the interval [1,7T] could still be very large

simply due to the difference in magnitude between w; and w.

Interestingly, in Chapter 10 we will see that in the specific setting of online linear regression,
it is actually possible to achieve the stronger all-intervals dynamic regret guarantees even in un-
bounded domains with unbounded losses, without tuning any hyperparameters. Note that this
does not contradict the reasoning above because the algorithms in that setting instead guarantee
Rr(0) = O(log (T)), rather than Rp(0) = O(1), so even though these algorithms make very strong

guarantees, they are not considered “parameter-free” in the sense discussed in Section 2.2.

'i.e., the comparator which tightens the regret inequality satisfies Y i, (g:,w:) < Yoy (ge,u) + r(u) =

ming ey 22;1 (ge,u”) + ¥r(u*). For the usual comparator-adaptive guarantees this comparator can be as large as

lu*[ = V97 (=gr2)| = Oexp (T) /VT).

22



Chapter 4

Centered Mirror Descent

In order to design algorithms which make strong guarantees under minimal assumptions, we will
require a great deal of flexibility in terms of algorithm design. In this chapter we introduce our
framework and key technical tools which will be used to design every algorithm in the thesis, which

we refer to as Centered Mirror Descent.

Before getting into the details of our approach, let us motivate why the existing approaches
are not sufficient for our purposes. Recall from Section 2.2.1 that one of the key design principles
behind comparator-adaptive algorithms is the reward-regret duality, which states that guaranteeing
Rr(u) < Br(u) is equivalent to guaranteeing — Y7 (g, w;) > Bi(~ Y11 9¢). In fact, it will be
instructive to recall the reasoning connecting the regret upper bound to the wealth lower bound:
suppose that we wish to guarantee static regret of Ry (u) = YL (g, ws — u) < By(u) for all u e R%.
Since this must hold for any u € R?, it must hold for the u which tightens the inequality:

T T T T
SIJPRT(U) = Br(u) = ; (gt,we) + su <—;9t,u> - Br(u) = t; (gt,we) + B:F( - t;gt)-

so re-arranging we have — YL, (gs, w;) > B}( > gt). Crucially, this latter condition does not
depend on the unknown comparator, making it more amenable to algorithm design. However,
notice that the assumption of a fized comparator v € R was crucial for the above argument to
work. It is unclear in general what the analogue of this argument should be for dynamic regret,
where we instead have a sequence of comparators. Similarly, the FTRL-based approach to regret
minimization is strongly tied to competing with a fixed comparator, and devising dynamic regret
guarantees for FTRL is non-trivial in general. Indeed, we show in Section 4.1 of Jacobsen and
Cutkosky (2022) that vanilla FTRL algorithms are not capable of guaranteeing sublinear dynamic

regret in general.

On the other hand, it is well-known that there exists a natural connection between mirror descent
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Algorithm 2: (Generalized) Centered Mirror Descent

Input: 1 : W >R, MW ->W

Initialize: wy = argmin,, 1 (w), W1 = My (wy)
fort=1:T do

Play w; € W, observe loss function ¢; : W — R

AR W N =

9]

Choose regularizer 9.1 and composite penalty o
Define At(w) = Dwt+1 (w|w1) - D1l1t (’LU|’IU1)
7 Update w1 = argmin,,py £ (w) + Dy, (w[@y) + (A¢ + 1) (w)

=]

Choose mapping My : W - W
Update w1 = Mt+1(wt+1)
10 end

algorithms and dynamic regret. For instance, in a bounded domain with sup, .y ||z -yl < D,
subgradient descent! with a fixed step-size 1 guarantees dynamic regret (see, e.g., L. Zhang, S. Lu,
and Z.-H. Zhou (2018))

L D?>+DP,
Rr(u) = Z g, Wy — —T

9 Z | t||
where we recall from Chapter 3 that Pr = YL, |us —us_1| is the path-length of the comparator
sequence. Observe that this differs from the usual static regret bound from Section 2.1 by only one

term, %PT, which naturally introduces the path-length of the comparator sequence into the bound.

Moreover, optimally tuning n* = , /S;J'—@P”TQ yields the optimal dynamic regret bound:
t=119t

T
Ryp(u) < \J (D*+DPr) Z; lge .

This suggests that a mirror descent-based approach might be naturally well-suited to designing
algorithms for dynamic regret. At the same time, we noted in Section 2.2.1 that the vanilla mirror
descent algorithm can be fundamentally unstable in unbounded domains. The key to our approach is
to remedy this stability issue by incorporating an additional penalty into the mirror descent update,
which helps the algorithm behave more similarly to an FTRL algorithm while still maintaining the

natural connection to dynamic regret inherent to mirror descent algorithms.

The algorithm is shown in Algorithm 2. Here we present a modest generalization of the original
framework due to Jacobsen and Cutkosky (2023) which incorporates a post-hoc adjustment into

the update (shown in blue in lines 8-9). For ease of exposition, we first discuss the core algorithm

'Recall that subgradient descent is a special case of mirror descent, obtained by setting 1 (w) = % Jw]?
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which skips the adjustment step (i.e. setting M;(w) = w for all ¢), and will discuss the implications

of the post-hoc adjustment separately in Section 4.1.

The base algorithm is a particular instance of composite mirror descent (John C Duchi et al.
2010), which is a mirror descent update that adds an auxiliary penalty ¢;(w) to the loss func-
tion 4;(w). Typically, ¢:(w) is a composite loss function which enforces some additional desirable
properties of the solution, such as sparsity. In contrast, we will use these terms ¢;(w) as a crucial
stabilizing quantity in our algorithms. This composite term is composed of two parts, A;(w) and

¢¢(w), with the distinguishing feature of our approach being the A;(w) = Dy,,, (wlw1) — Dy, (w|wy).

To see what this term A(w) contributes, assume £;(w) = (g;,w) for some g; € R? and suppose
we set ¢y and w; such that miny, ¥ (w) = ¥y (wy) = 0 for all ¢, pr(w) =0, and M;(w) = w. From
the first-order optimality condition w1 = argmin,ga (g, we) + Dy, (w|we) + Ay(w), we find that
Vhre1 (wes1) = Vb (we)—ge, so unrolling the recursion and solving for wyy; yields wir1 = V7,1 (=g1:),
where ¢/, is the Fenchel conjugate of ¢;,;. This latter expression is equivalent to the Follow-the-
Regularized-Leader (FTRL) update w1 = arg min,,cpa (g1:¢, w) + ¥e1(w) (McMahan 2017). More-
over, in the constrained setting, letting 1.1 w(w) denote the restriction of 1.1 to constraint set W,
Algorithm 2 captures both the “greedy projection” update w1 = V?j);l’w(th(wt) - ¢g¢) and the
“lazy projection” update w1 = Vb7, yr(—g1:) by adding the indicator function Iy (w) to the ¢y
terms or to the 1, terms respectively. Hence, including A;(w) in Algorithm 2 is a way to incorporate

some properties of FTRL into a mirror descent framework.

In the unconstrained setting, the function A¢(w) is in fact a critical stabilizing quantity in the
update. Indeed, Orabona and P4l (2018) showed that adaptive mirror descent algorithms can incur
linear regret in settings where the divergence Dy, (:|-) may be unbounded. The issue is that vanilla
mirror descent does not properly account for changes in the regularizer v, allowing the iterates
wy to travel away from their initial position w; too quickly. Algorithm 2 fixes this by adding a
corrective penalty Ay(w) related to how much v, has changed between rounds. Since this penalty
acts to bias the iterates back towards some central reference point wi, we refer to Algorithm 2 as

Centered Mirror Descent.

Our approach is similar to dual-stabilized mirror descent (DS-MD), proposed by Fang et al.
(2020), which employs the update w1 = argmin,,ga ve( (mege, w) + Dy (wlwe)) + (1 = 41) Dy (wlwy)
for scalars ~; € (0,1). This prevents the iterates w; from moving too far from w; by decaying the
dual representation of w; towards that of wy. The DS-MD approach considers only ¢, of the form
Wy = % for a fixed 9, whereas Centered Mirror Descent applies more generally to ;. This property
is crucial for our purposes, as the ;s we employ cannot be captured by a linear scaling of a fixed
underlying 1. One could view our approach as a generalization of Fang et al. (2020) that easily
captures a variety of applications, such as dynamic regret, composite losses, and implicit updates.

The following lemma provides a generic regret decomposition that we’ll use throughout this work.
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Lemma 4.0.1. (Centered Mirror Descent Lemma) Let 1;(-) be an arbitrary sequence of dif-
ferentiable non-negative convex functions, and assume that wy € arg min, ga ¥y(w) for all t. Let

et(+) be an arbitrary sequence of sub-differentiable non-negative convexr functions. Then for any

ui,...,ur, Algorithm 2 guarantees
T T
Rr(w) <tpria(ur) + > @(ue) + (Ve (we) — Vipe(wr), ue-1 — uy)
=1 =2
=Py
T
+ Z (gt, wt — wt+1) - Dwt(wt+1|wt) - (At + @t)(wt+1)7 (4-1)
=1

=:0¢

where g € Ol(wy).

Proof of this Lemma can be found in Appendix A.2.1. The proof follows as a special case of
a regret equality which we derive in Appendix A.1. To build intuition for how to use the Lemma,
consider the static regret of Algorithm 2 with ¢;(w) = 0 and My(w) = w for all t. In this case,
Equation (4.1) becomes Ry(u) < ¢ri1(u) + Y1, 6. Now, to guarantee a parameter-free bound of
the form Rp(u) < 5( [l \/T) for all u, a natural approach is to set .1 (u) = 5( [l \/T)7 and
then focus our efforts on controlling the stability terms ZtT:1 d¢. To this end, the following Lemma
(proven in Appendix A.2.2) provides a set of simple conditions for bounding an expression closely
related to d;:

Lemma 4.0.2. (Stability Lemma) Let 1y(w) = Wy (|w|) where U, : Ryg - Ry is a convex function
satisfying Wy(x) >0, W)/ (x) >0, and V)" (x) <0 for all x >0. Let ¢ >0, Gmax >0, Gmax > G, and
assume that there exists an x; > 0 and 1]/Guyax-Lipschitz convex function n; : Rsg - Ryg satisfying

n¢(0) = 0 such that |¥})"(x)| < %Q;’(@Q for all x > x¢. Then for any w1, ws € W,

(c+ 1)2G%
204 (24)

~ d
5: “ Gy |wi = wier | = Dy, (e [wr) = mi(Jwean |G <

We will generally apply this lemma in the context of G-Lipschitz losses, in which case we can set
Gmax = G and Gy = | g¢|. The more general conditions in terms of a Gy < Gyax Will become relevant
in Chapter 7 when we consider a generalization of the usual Lipschitz assumption which captures

quadratic losses.

To see the utility of Lemma 4.0.2, let ¢;(w) = (A +¢¢)(w) and observe that the only difference
between the &; of Lemma 4.0.1 and the d; of Lemma 4.0.2 is that in the former has a —r(wes1)
where the latter has a -, (Jwg1]) |g¢|*>. Our approach throughout this work will be to design he
components of ¢y (w) to satisfy ¢ (w) > n:(|w]) |g¢|* for all w e R? so that & <3;, and then apply
the stability lemma to get 7, 6; < 1,8, <O (Zthl \IIH;EJ‘;) ) Then, we design W;(-) to ensure this
summation sums to a constant, leading to small regret.
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In the sections to follow we will see several examples of vy which meet the conditions of the
stability lemma, but for concreteness let us consider as a simple demonstration the fixed function
P(w) = U(|w|) = 2/0”1”” wdm‘ where 7 < é Careful calculation shows that W(-) satisfies
the conditions of Lemma 4.0.2 with 7;(z) = nz. Hence, 8; < % = 2n%|lg:|*. Now, we wish to
achieve ¢¢(wiy1) = ne(|west])]g¢|?. This is easily accomplished by setting oy (w) = 2n?|ge|?|w].
Thus, setting = O(1//T) yields YL, 6; < YL, 5, = YL, 2% g¢|> < O(1) so that overall we would
achieve a regret of O(|ul\/T).

This example demonstrates the purpose of ¢; in the update. When A (wiy1) = n¢(Jwesr]) | gel?,
we already obtain &, < 3;. However, this identity may be false (as in the previous example) or difficult
to prove.? In such cases, we include a small additional ¢; term to easily ensure the desired bounds.
In fact, this strategy can be viewed as generalizing a certain “correction” term which appears in
the experts literature (e.g. Steinhardt and Liang 2014; L. Chen, Luo, and Wei 2021), but to our

knowledge is not typically employed in the general online linear optimization setting.

4.1 Incorporating Post-hoc Adjustments

Now that we have a feel for how to use the base algorithm, let us consider a modest generalization of
which on each round makes an additional post-hoc adjustment to the choices of the base algorithm
through the use of an arbitrary mapping M;: W — W. Algorithms of this form have been studied
in prior works such as Gyorgy and Szepesvari (2016) and Hall and Willett (2016), wherein M, is
interpreted as a dynamical model that the learner has access to. In this work, we will typically
use M, as a convenient way to formulate algorithms such as fixed-share, which can be interpreted
as “mixing in” the uniform distribution to the outputs of the Hedge algorithm to ensure that the
output iterates are bounded away from zero (Nicolo Cesa-Bianchi, Gaillard, et al. 2012). Note that
the algorithm with no post-hoc adjustment can be interpreted as the special case in which M; is
the identity mapping My(w) = w for all t. When M, is not explicitly stated, it is assumed to be

the identity mapping and we will write Wy = wy.

The following lemma provides a regret template for the general algorithm. Observe that several
of the key terms related to the algorithm’s stability replace the mirror descent iterates w; with the
adjusted iterates w; = My(w;); this property is particularly useful when the regularizer becomes
unstable at some wy € W, in which case we can use M; to bound iterates chosen by the mirror
descent update away from that point. The trade-off is that we must ensure that the new penalty
terms & = Dy, , (w|Wi+1) = Dy, , (ue|wis1) are not too large, which places an implicit restriction on

how much we can adjust the iterates via M;. Proof of the lemma can be found in Appendix A.2.3.

2Proving an analogous identity is the principle technical challenge in deriving FTRL-based parameter-free algo-
rithms.

27



Lemma 4.1.1. For all t let ¢y : W — R be differentiable convex functions, p; : W — R be subdif-
ferentiable convex functions, and let Mt W — W be arbitrary mappings. Then for any sequence

w = (uy,...,ur) in W, Algorithm 2 guarantees

RT(U’) < DwTﬂ (uT|H}1) - D¢T+1 (UTHDTH) + Z @t(ut)

T
+ > AV (W) — Vo (1), g1 — ue) Z Dy, (wi|Wis1) = Dy, (we|wisr)
= =

=Pt &t

NglE

+ <9t7’wt - wt+1> - D’(f!t(wt+1|mt) — (A¢ + 1) (wir1),

~+
1}
—

=5,
where g € Ol (Wy).
We will occasionally use a linearization of the composite penalties w — (V. (Wy), w) for Vo (W) €
O (). The main reason for doing so is that it can lead to updates with simpler closed-form ex-

pressions. The drawback is that doing this generally leads to slightly worse constants in the regret
bound.

Lemma 4.1.2. Under the same conditions as Lemma 4.1.1, let Vi (W) € Opi (W) and suppose we

replace g with its linearization (Vi (W), w). Then Algorithm 2 guarantees

T
Rr(w) < Dy, (up|@y) = Dy, (up|@rin) + Y e (ug) + Pap + Erer
=1

T
+ Y {9t + Voor (@), We = wie1) = Dy, (wesa[@e) = Ap(wer1) = p1(We),

t=1
=:0¢
where g € 0l (Wy).
The proof is immediate by observing that
T T T
th(@t) - ft(ut) < Z <9t,ﬂ7t - Ut Z gt, Wt — Ut [Sot(wt) - @t(ut)]
t=1 t=1 t=1

<A{gi + Vi (Wy), Wy — ug) + ; @i (ue) — i (Wy)

and then applying Lemma 4.1.1 with losses w — (g; + V(0 ), w) and composite penalty ¢ (w) = 0.

28



4.2 Conclusions

In this chapter we introduced our main framework for designing and analyzing OCO algorithms.
Our approach maintains the natural connection to dynamic regret provided by a mirror descent
algorithm, while incorporating the desirable stability properties of an FTRL method. In the re-
maining chapters, we will leverage these properties to design novel algorithms for both static and

dynamic regret alike.
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Part 11

Adaptivity in Stationary Settings
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Chapter 5
Overview of Part 11

In Part II of this thesis, we begin by applying our framework from Chapter 4 to design parameter-
free algorithms for static regret. As discussed in Chapter 3, static regret is a special case of the
more general notion of dynamic regret, so in this part of the thesis we are considering strictly
easier problem settings than what we’ve set out to solve in this thesis. However, starting with static
regret allows us to first showcase how to use our framework and build up a set of tools and intuitions
for designing comparator-adaptive algorithms without the additional complexity of a time-varying
comparator. Moreover, we are able to highlight the utility of our approach by developing several
novel parameter-free guarantees as well as improvements to existing results. Notably, in this part
of the thesis we develop the first parameter-free algorithms that can be applied in settings with
non-Lipschitz losses, such as quadratic and logistic losses. This part of the thesis is organized as

follows.

Learning with Lipschitz Losses. We begin in Chapter 6 in the setting of G-Lipschitz losses and
unbounded domain W. This is the standard setting in which parameter-free algorithms are studied.
The results in this chapter serve as a nice warm-up demonstrating how to accomplish various forms
of adaptivity in our framework. We first show that our approach to algorithm design presented in

Chapter 4 allows us to improve upon existing results in the literature.

e In Section 6.1, we construct a parameter-free which attains the optimal parameter-free rate,

achieving complete second-order adaptivity to the gradients

2
ol v/l
eG '

Rr(u) <O| Ge+ |u] | [g]3slog

Note that bound is fully second-order adaptive, meaning that nowhere in the bound does
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the pessimistic upper bound G\/T > /| gHiT appear. Prior works have only achieved this

(I\U\I\/G\Ifl\i:r + 1)

property while maintaining the optimal log
doubling trick (Cutkosky and Sarlos 2019).

dependence by resorting to the

e In Section 6.2, we consider the Lipschitz-adaptive setting in which the learner does not have
a priori access to an upperbound G > |g¢:||, and instead has to estimate Gy = maxs< ||gs|
on-the-fly. The state-of-the-art result in this setting is the FreeGrad algorithm of Mhammedi
and Koolen 2020, which requires a doubling-like restart strategy to ensure non-vacuous regret.
We use our framework to design a scale-free algorithm which avoids resorting to restarts and
even modestly improves the regret guarantee of FreeGrad. These improvements fall seamlessly

out of our mirror-descent-based approach.

On top of these improvements to existing results, we also develop new types of parameter-free

guarantees. In particular,

e In Section 6.3, we design an algorithm which adapts to the gradient variability, guaranteeing

Jul /L [Vt C0) - Tt ()P
Ge

T
Ry(u) <O\ u| (| 3 |Vl (we) = Vb1 (wy) | log
t=1

Notice that this bound can automatically be much smaller than the standard parameter-free
bound which scales with /Y~ | g¢]* in any problem where the losses are “slowly varying”. We
achieve this result by leveraging modern extensions of mirror descent (implicit and optimistic
updates) which have no obvious analogue in existing approaches to parameter-free learning

such as coin-betting.

e An alternative parameter-free bound that has received recent interest takes the form
2 2
Rr(w) <0 (/g + 1ul/lglr log (Jul fe+ D))

sacrificing larger regret at the origin to remove the horizon-dependent penalty \/ | gHiT from

the logarithm. In Section 6.4 we show that not only does our approach allow us to imme-
diately derive bounds of this form, but we can in fact achieve any intermediate guarantee
on a spectrum between this and the usual parameter-free bound, leading to a novel fron-
tier of parameter-free guarantees. We provide analogous results for our scale-free and im-

plicit /optimistic algorithm as well.

Learning with Unbounded Losses. The main contributions of Part II of this thesis are

presented in Chapter 7. We consider a relaxation of the standard Lipschitz assumption which
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captures many standard but non-Lipschitz loss functions as special cases, such as the square loss

and logistic loss. Then, under this assumption,

e We design an algorithm which achieves regret guarantees of the form

Ror(u) <0 1ul G/ Tiog (Jul Ve 1)« L1u*VT),

where L is a scaling factor related to non-Lipschitzness of the losses. Not only does our result
provide a strict generalization of the usual parameter-free bound, but it is the first result in
OCO to achieve non-trivial regret guarantees in a setting where both the domain and the

losses may be unbounded.
e We provide a lower bound demonstrating that our result is unimprovable in general.

e As an application of our result, in Section 7.2 we are able to design the first algorithms
for saddle-point optimization which converge in duality gap in unbounded domains without
curvature assumptions such as strong convexity. As a special case, our results can be applied to
bilinearly coupled saddle-point problems, a very common type of problem which captures many
settings of practical interest, such as off-policy policy evaluation in reinforcement learning (see
Section 7.2.1).
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Chapter 6
Lipschitz Losses

In this chapter, we consider online learning in unbounded domains W ¢ R? with G-Lipschitz convex
losses, satisfying | V4 (w)| < G for any V& (w) € 94 (w) and w € W. We begin our study by limiting
our scope to static regret, representing problem settings with stationary dynamics. For simplicity,

in this chapter we assume W = R%.

6.1 Parameter-free Learning

As a warm-up, we first use our framework developed in Chapter 4 to construct a parameter-free
algorithm which achieves the optimal static regret, matching the lower bound in Equation (2.3).
Pseudocode for the algorithm characterized in the following theorem is provided in Algorithm 3 for

convenience.

Theorem 6.1.1. Let ¢1,...,0p be G-Lipschitz convex functions and gy € 0¢y(wy) for allt. Let e >0,
2 € : 1 1

Vi =4G? + |\ g1y, = W, and set P (w) = 3[0“1“” min [% + th] dxz. Then

for all w e RY, Algorithm 2 gquarantees

2 2
P U 9l u 9l
e <0 Ges | 2o VIR ) (11l
€ €

1
n<g

where O(-) hides constant and log(log) factors (but not log factors).

The full proof can be found in Appendix B.1.1, along with derivation of the update formula
shown in Algorithm 3. It follows the intuition developed in the Chapter 4: Lemma 4.0.1 implies
Rr(u) < pry1(u) + XL, 6. Then, we show that v satisfies the conditions of Lemma 4.0.2 while the
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Algorithm 3: Parameter-free Learning via Centered Mirror Descent
Input: Lipschitz bound G, Value € >0

Initialize: V; =4G? w1 =0,6,=0

fort=1:T do

Play w¢, receive subgradient g,

[T VU CR

and define

Set Oyi1 = 0; — gi, Vier = Vi + | ge %y cveer =
lo|>

= 36% 1
fr41(0) {ﬂ : Vi
3G G2

6 Update w41 = % [exp (fes1(Op41)) — 1]
7 end

eG
V' Vit IOgQ(V;Hl/GQ) ’

if 0] < Stet

otherwise

—~ —_ 2 2
growth rate A¢(w) ensures that d; < d¢, so that d; < d; <O (%) < O(%). Finally, we choose
t

oy small enough to ensure Y1, 6; < O(1).

Treating log(log) terms as effectively constant, the bound in Theorem 6.1.1 achieves the “ideal”
dependence on |g|%; in the logarithmic factors. Indeed, given oracle access to |u| and |g|3.p, we

could set € = O(@)

, causing all the log terms to disappear from the bound and leaving

only Rp(u) <O( [u\/| gHiT), which matches the optimal rate that vanilla gradient descent would
achieve with oracle tuning up to a log(log) factor. Prior works typically do not have this property,
failing to avoid additional log penalties even with oracle tuning of . One exception we are aware of
is Cutkosky and Sarlos (2019, Appendix C.1), which requires resorting to the doubling trick, and
partial exceptions include McMahan and Orabona (2014) and Jun and Orabona (2019), which fail
to maintain complete second-order adaptivity, incurring worst-case dependencies G2T > | gHiT in
the bound.

6.2 Lipschitz Adaptivity and Scale-free Learning

The algorithm in the previous section requires a priori knowledge of the Lipschitz constant G to
run. This is unfortunate, as such knowledge may not be known in practice. An ideal algorithm
would instead adapt to an unknown Lipschitz constant G on-the-fly, while still maintaining Rp(u) <
O ([l GVT ) static regret. Unfortunately, various lower bounds (e.g. Cutkosky and Boahen (2017)
and Mhammedi and Koolen (2020)) show that this goal is not achievable in general. Nevertheless,

it is possible to make significant partial progress.

One simple approach to this problem, suggested by Cutkosky (2019a), is the following reduction
based on a gradient-clipping approach. First, we design an algorithm A which achieves suitable

regret when given prescient “hints” h; satisfying h; > ||g¢| at the start of round ¢. In practice, we
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obviously can not provide such hints because we have not yet observed g, so instead we pass our best
estimate, hy = maxg« [|gs|. Then, we simply pass A clipped subgradients g, = g; min {1, ”};—:”}7 which
ensures that hy > |g,/, so that the hint given to A is never incorrect. Finally, the outputs w; of A

are constrained to lie in the domains Wy = {w e R?: |w] < >0 lgs| /Gs} where Gy = max < | g-|.-

Cutkosky 2019a showed that this approach ensures Ry (u) < Rt (u) + G |ul + G/ S5 il /G +
Gr |ul®, where R4 (u) is the regret of A on the losses g;, and Mhammedi and Koolen (2020) showed

that these additive penalties are unimprovable, so this bound captures the best-possible compromise.

While this hint-based strategy can be used to mitigate the problem of an unknown Lipschitz
constant GG, a truly ideal algorithm would be scale-free. That is, the algorithm’s outputs w; are
invariant to any constant rescaling of the gradients g; — cg; for all t. Scale-free regret bounds scale
with the maximal subgradient encountered G = maxscr | g¢||, while non-scale free bounds typically
depend on some user-specified estimate of G and may perform much worse if this estimate is very
poor. Mhammedi and Koolen (2020) used the approach proposed by Cutkosky (2019a) to develop

FreeGrad, the first parameter-free and scale-free algorithm.

FreeGrad unfortunately suffers from an analytical difficulty called the range-ratio problem.
Briefly, the range-ratio problem occurs when hp/hy (called the range-ratio) is very large: in principle
if we set hy = |g1]|, then this quantity could grow arbitrarily large, and so even logarithmic depen-
dencies can make the regret bound vacuous. In order to circumvent this difficulty, Mhammedi and
Koolen 2020 utilize a doubling-based scheme, restarting FreeGrad whenever a particular technical
condition was met. While such restart strategies only lose a constant factor in the regret in theory,
they are unsatisfying: scale-free updates are motivated by potential practical performance benefits,
yet any algorithm which is forced to restart from scratch several times during deployment is un-
likely to achieve high performance in practice. The following theorem, proven in Appendix B.1.3,
characterizes a new base algorithm that, when combined with the reduction of Cutkosky (2019a),
generates a scale-free algorithm which avoids the range-ratio problem without resorting to restarts.
Our approach employs a simple analysis which follows easily using the tools developed in Chapter 4,

enabling us to achieve tighter logarithmic factors than FreeGrad.

Theorem 6.2.1. Let {q,...,¢p be convex functions and g; € Oy(wy) for all t. Let hy < ... < hyp

be a sequence of hints such that hy > |g|, and assume that hy is provided at the start of each

_ w| . log(z/ai+1) _ 2 2 _ €
round t. Set y(w) =3 [, min, 1 [—n + 77Vt'] dx where Vy = 4hi + | g|._q, o = NIEATEITAT
2
By=4%"_, (4 + Yo ”gh%”), and € >0. Then for all u e R?, Algorithm 2 guarantees

_ ' B VB
Ri(u) < o(ehT ol N o e R T e 1)])

where O(-) hides constant and log(log) factors
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Algorithm 4: Unbounded, Scale-Free, Lipschitz Adaptivity

Initialize: wq =0, hy1 =0, Go=0, by =4, By =4b;, 01 =0
2 fort=1:7T do

3 Define D; = /Y44 % and Wy = {w e R?: |w| < D;}
4 Play @; = Iy, (wy) = wy min{l, ”5—2”}

=

5 Receive subgradient g;

6 Set g, = g min{l, H;L_:H}’ Gy =max {||g:| ,G¢-1}, and hyy1 = Gy
7 Set ly(w) = % (9, w) + % |9 max {0, ||w| - D;} and compute G, € 94 (wy)

~ ~ —~ 2 —~ —~ ~ 12 —_~ —_~ —~
8 | Set Opq =0y Ty Vier = 402, + |Gl Drar = by + 2 Byyq = B, + 4B, and

h2
9 at+1 =
\V/ Bt+1 10g2(B2t+1)
0 . 7
el U e
—_ +
10 Define f111(0) = HGIIM Vous .
= — =L otherwise

3hts h?+1

11 | Update wy = aﬁ#@}ﬁl [exp (fre1 (0141)) - 1]

12 end

The proof of this Theorem follows the strategy of previous sections: from Lemma 4.0.1 we have

Rr(u) < tpi(u) + XL, 6. To bound YL, 8, we apply Lemma 4.0.2 and show that the growth

2
rate A;(w) is sufficiently large to ensure Y1, 6; < 1, \1,21‘,9(;”0) for some small zp. The main subtlety
t

compared to Theorem 6.1.1 is the influence of the terms By.

The terms B; are carefully chosen to address the range-ratio problem in an online fashion:
we show that \/B; upper bounds the quantity h¢/h,, where starting from 71 = 1, the variable 7;
roughly tracks the most-recent round ¢ where the ratio hy/h;, , exceeds a threshold analogous to
the one used by FreeGrad to trigger restarts. That is, B; enacts a kind of “soft restarting” by
shrinking w; according to the restarting threshold, just as setting a learning rate of 1/y/¢ in online
gradient descent can be viewed as a “soft restart” in contrast to the standard doubling trick. It
is quite possible that FreeGrad could be similarly modified to avoid restarts by incorporating By
directly, but this is difficult to verify due to highly non-trivial polynomial expressions appearing in

the analysis.

The full pseudocode for our Scale-free, Lipschitz adaptive algorithm for unbounded domains
is given in Algorithm 4. The update equation is derived in a similar manner to the algorithm in
Section 6.1. The implementation can be understood as the Leashed meta-algorithm of Cutkosky
(2019a) with an instance of the algorithm specified in Theorem 6.2.1 as the base algorithm. The
corresponding regret guarantee is immediate using Theorem 6.2.1 along with the with the afore-

mentioned reductions (Cutkosky 2019a, Theorem 3).
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Algorithm 5: Implicit-Optimistic Centered Mirror Descent

1 Input: Initial regularizer 11 : R? - Rsg, initial 7;(-)

2 Initialize: z; = argmin, ¢ (), w; = argmin,, 01 (w) + Dy, (wlz1)

3 fort=1:7 do

4 Play w¢, observe loss function #(+)

5 Set gt € 8£t(wt)

6 Choose functions 1,1, Y41, and define Ay(w) = Dy, (w|z1) = Dy, (wlz1)
7 Update x1 = argmin, (g¢, ) + Dy, (x]x) + A¢(x)

8 Wiy = arg minwzt+1(w) + Dy, (w|zi41)

9 end

Corollary 6.2.2. For any u e R%, Algorithm J gquarantees

Rr(u) < a(eaT ol N O Lz W L 1)]
€ €

3 S gt
+Grul” + Gr [ul + G| Y o |
t=1 t

2 ~
where Gr = max,<r | g-| and Bri1 = 4 14 (4 + it %) and O(-) hides constant and log(log)

factors.

6.3 Adapting to Gradient Variability

A useful consequence of our mirror descent formulation is that we can easily incorporate the entire
loss function #;(-) rather than the linear proxy w ~ (V¢ (w;),w) used in the usual mirror descent
update. Mirror descent updates incorporating ¢;(-) in their update are called implicit, because
setting wy,1 = argmin, ga ¢ (w) + Dy (w|w;) leads to an equation of the form w1 = VY™ (Vip(wy) -

V4 (wes1)), which must be solved for w1 to obtain the update.

Implicit updates are appealing in practice because they enable one to more directly incorporate
known properties of the loss functions or additional modeling assumptions to improve convergence
rates (Asi and John C. Duchi 2019). Moreover, in bounded domains there may be advantages even
without any additional assumptions on the loss functions. Indeed, Campolongo and Orabona (2020)
recently developed an implicit mirror descent which guarantees Rp(u) < O(min{\ /1 gH%T,VT})
where Vr = Yo sup,ey be(2) — £i-1 () is the temporal variability of the loss sequence. This bound
has the appealing property that Rp(u) < O(1) when the loss functions are fixed £;(-) = £(+).

In this section we leverage our mirror descent formulation to incorporate an additional im-
plicit update on each step to guarantee Ry(u) < O( ||u| \/Zthl |6 (w;) = V-1 (we)[2), which can

be significantly smaller than the usual Ry(u) < O( |u] \/ZL | V€ (w;)|?) bound when the loss
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functions are “slowly moving”. Similar to Campolongo and Orabona (2020), this bound guaran-
tees that Rp(u) < O(1) when the loss functions are fixed, yet our result holds even in uncon-

strained domains. In fact, in the setting of Lipschitz losses in unconstrained domains, the quantity

\/ S IVee(ws) = V1 (wy)||? is perhaps a more suitable way to achieve this property, since in

unbounded domains Vyp is typically infinite unless ¢; — ¢;_1 is constant.

The only prior method we are aware of to incorporate implicit updates into parameter-free learn-
ing was recently developed by K. Chen, Cutkosky, and Orabona 2022. They propose an interesting
new regret decomposition and apply it to develop closed-form implicit updates for truncated linear
losses. We adopt different goals: without attempting to build efficient closed-form updates, we
consider general loss functions and show that implicit updates fall easily out of our mirror-descent

formulation.

Our algorithm is derived as a special case of the algorithm shown in Algorithm 5, which can
be understood as an instance of centered mirror descent with an additional optimistic step on each
round. The optimistic step leverages an arbitrary guess Zt+1(-) about what the next loss function
will be. Intuitively, if the learner could deduce the trajectory of the loss functions, they’d be able
to “think ahead” and play a point w1 for which the next loss f4,1(-) is minimized. The follow-

ing theorem provides an algorithm which guarantees Rp(u <O(|u 1 IVE&(wy —VAt Wy
g theorem provides an algorithm which g Rr(u) < O( Jul \/SEy |V4(wr) - Vi (wi)|?)

using an arbitrary sequence of optimistic guesses E()

Theorem 6.3.1. Let ¢q,...,07p and ’lﬁl,...,’ZT be G-Lipschitz convex functions. For all t, let

delw) =3 fo " min, o [PEEEED 1y d, where Ve = 1662 + S [V (ws) = Vs (ws)|?, @ =
eG

G 4 _
VVilog?(VijG2)’ and €>0. Then for all u e R", Algorithm 5 guarantees

)

Rr(u) <O €G + |u] Vi log(

ol VP |
Ge

leog(

ol VT
Ge

where O(-) hides constant and log(log) factors.

The proof is similar to the proof of Theorem 6.1.1, with some tweaks to account for the optimistic
step, and is deferred to Appendix B.1.2. As an immediate corollary, we have that by setting
Ty (w) = £4(w), the regret is bounded as Rp(u) < 5( u \/Zthl |Vl (wy) - Vﬁt_l(wt)HQ). Bounds

of this form have previously only been obtained in bounded domains (Zhao et al. 2020).

Note that our algorithm only makes use of an implicit update during the optimistic step. One
could also implement an implicit update in the primary update, but it is unclear what concrete
improvements this would yield in the regret bound in the unbounded setting. We leave this as an

exciting direction for future work.
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6.4 Trade-offs in the Horizon Dependence

In the preceeding sections, we focused primarily on standard parameter-free guarantees of the form

~ Jull /I
Rr(u) <O Get Jul | lglizlog| ——g——+1]|. (6.1)

However, recently there has been interest in a variant of Equation (6.1) that scales instead as

~ u
Rr(u) <O | ey/lglZp + Il \’ 12 log (U . 1) (6.2)

€

which captures the optimal asymptotic dependence on the variance terms || g||iT by moving them
out of the logarithm (Z. Zhang, Cutkosky, and I. Paschalidis 2022b; Z. Zhang, Cutkosky, and I.
Paschalidis 2022a; Z. Zhang, H. Yang, et al. 2023; Z. Zhang, Cutkosky, and Y. Paschalidis 2023). It is
easy to see that non-adaptive forms of Equation (6.2) can be achieved using the usual parameter-free
guarantee, Equation (6.1), by setting e = VT. The result can likewise also be achieved in a horizon-
independent manner by applying the doubling trick. The first work to achieve guarantees of the form
Ry (u) < O(Géﬁ-ﬁ- G |ul /T log(|[u] /e + 1)) without resorting to the doubling trick was Z. Zhang,
Cutkosky, and I. Paschalidis 2022b, using a novel approach based on discretizing the dynamics of

a continuous-time potential function. The fully-adaptive bound shown in Equation (6.2) was then

later achieved by Z. Zhang, H. Yang, et al. 2023 by using an improved discretization strategy.

Inspired by these works, in this section we show that bounds in the form of Equation (6.2) can
also be attained in a straight-forward manner using our mirror descent framework. Interestingly,
each of our static regret algorithms attain a bound analogous to Equation (6.2) by simply setting
ay = € for all t. The following proposition shows the core argument in the context of our scale-free
algorithm in Section 6.2. Analogous results hold for the parameter-free algorithm in Section 6.1

and the optimistic algorithm in Section 6.3 using an identical argument.

Proposition 6.4.1. Under the same assumptions as Theorem 6.2.1, suppose we instead set oz = €
for all t. Then

u U
Rr(u) <O ey/lg i + ] N |g||iTlog(@ R 1) Vthog(”— . 1)]

€

Proof. Following the same arguments as Theorem 6.2.1 and recalling that V; = 457 +|g]3,_, > |93,
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we can bound

T
R () < o (u) + z 20000l )+ 2e y ol ) + 40/ T

vV L/l

where the last line invokes Lemma A.3.3. The result then follows by using the same argument as
Theorem 6.2.1 to bound ¥ (u) < O( u] [\/IlgHiT log ([[ul /e +1) v hplog (Ju] /e + 1) |). O

Interestingly, as observed by Z. Zhang, H. Yang, et al. 2023, the scale-free guarantees in the
form of Equation (6.2) naturally avoid the range-ratio problem. Indeed, Proposition 6.4.1 requires
neither the restarting strategy of FreeGrad nor the soft-restarting scheme of our scale-free algorithm
in Theorem 6.2.1. This is because in order to achieve a scale-free version of the standard parameter-
free guarantee (Equation (6.1)), we must balance out the gradient “units” in the logarithm term of
the regularizer, and this unit-balancing is what gives rise to the range-ratio problem. By instead

setting oy = €, no such unit correction is needed and the range-ratio problem is naturally avoided.

More generally, it is possible to achieve any of the intermediate results between the two types
of parameter-free guarantee using a similar argument to Proposition 6.4.1. The following theorem
provides a result analogous to Theorem 6.1.1, and is proven in Appendix B.1.4. An equivalent result

also holds for our optimistic algorithm in Section 6.3, which we defer to Appendix B.1.4.

Theorem 6.4.2. Under the same assumptions as Theorem 6.1.1, let p € [0, %) and suppose we set
oy = EGZ”/th for all t. Then for all u € RY, Algorithm 2 quarantees

eG* |ul VE [ul VE
Ry (u) <O( VT2+1'”+ [ [\ Vi 1og(T7;+1+1 v Glog T{;ﬂ +1]1 1,

where Vi < O(HQ”%T)

Hence, at p = 0 we have the bound matching the bound in Z. Zhang, H. Yang, et al. 2023 up to
constant terms, and as p - % we move toward the usual parameter-free bound, Equation (6.1). It
should be noted that this result is complimentary to Theorem 6.1.1, rather than a generalization:
the leading term blows up as we approach p = % This is unsurprising, as the loglog(7T') penalty

incurred by setting oy = in Theorem 6.1.1 is necessary — without this loglog(7")

dependence, it would be possible to use the regret guarantee to contradict the Law of Iterated
Logarithm. Indeed, there are well-known connections between regret guarantees and concentration
inequalities (Rakhlin and Sridharan 2017), and the regret guarantees of parameter-free algorithms
in particular can be used to derive tight concentration inequalities matching the Law of Iterated

Logarithm (see, e.g., Orabona and Jun 2023).
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A similar result can also be shown our scale-free algorithm (Proof in Appendix B.1.4).

Theorem 6.4.3. Under the same assumptions as Theorem 6.2.1, let p € [O,%) and suppose we
|

p
set BY = (4 > [2% + Y54 ”95—]) and oy = €/Bf for all t.* Then for all u € R, Algorithm 2

/= h2,
guarantees
2p o o
eh 1_ ul B ul B
Rr(u) <0 1 —ngTQHp + [lul \J Vi log (—‘ | - T+l 1) v hp log(—” | - T+l 1)]

where and Vi < O(”QH%T)

6.5 Conclusions

In this chapter, we used our framework developed in Chapter 4 to design new parameter-free algo-
rithms in the standard setting of G-Lipschitz losses. Our approach allows us to streamline existing
results by avoiding applications of the doubling trick or related restart strategies, while also enabling
improvements to the existing bounds (Sections 6.1 and 6.2). Moreover, our approach naturally leads
to new parameter-free guarantees that could not be easily obtained using previous frameworks for
parameter-free online learning such as coin-betting (Sections 6.3 and 6.4). In the next chapter, we
will extend these techniques to relax the restrictive Lipschitz assumption, enabling parameter-free

learning in several natural problem settings which have unbounded domains and losses.

'Note that lim,~o Bf =2, so for p =0 we allow an abuse of notation by letting BY := 2 to avoid specifying separate
cases.
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Chapter 7
Beyond Lipschitz Losses

Up to this point, our discussion has revolved around parameter-free algorithms for Lipschitz loss
functions — losses ¢ such that for all w € W and g, € 0¢(w), |gw| < G for some G. This is
unfortunate because some of the most pervasive loss functions in machine learning are in fact not
Lipschitz on an unbounded domain. The obvious example being prediction error type losses such
as f(w) = § |y - w|? for some target vector y: clearly for this loss we have |V (w)| = |y — w],

which can be arbitrarily large when |w| is unbounded, so ¢; is not Lipschitz.

Another use-case where the Lipschitz assumption tends to fail is in saddle-point optimization.

Let £: X xY — R be a convex-concave function and consider the following min-max problem:
HR A

A common approach to such problems is to reduce this problem into an online convex optimization
problem with g; = (¢f,-¢g;/)" where g7 € 0,L(z¢,y:) and g € OyL(xs,y¢) (see Section 7.2 for more
details). In this setting, |g:|| will tend to be unbounded if X and/or Y are unbounded. The reason
being that most interesting saddle-point problem will contain some coupling between the variables
x e X and y € ). For instance, let B be an arbitrary coupling matriz and consider a simple bilinear
optimization problem such as L(x,y) = (z, By) + f(z) — g(y) where f(z) and g(x) are Lipschitz
convex functions. Here we have V,L(x,y) = By + Vf(x) — which can grow arbitrarily large for

unbounded Y — and likewise V,L(z,y) = B'z - Vg(y) can grow without bound for unbounded X.

Our goal in this chapter is to develop algorithms which achieve favorable regret guarantees when

both the domain W and the losses may be unbounded.
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7.1 Online Learning with Quadratically Bounded Losses

In an unbounded domain with unbounded losses, it will generally be impossible to avoid linear
regret without some additional assumptions. Intuitively, what’s missing in this problem is a frame-
of-reference for the magnitude of a given loss. In the Lipschitz or bounded-range settings, the learner
always has a frame-of-reference for the worst-case loss they might encounter. In contrast, without
these assumptions, hindsight becomes the only frame-of-reference, and the adversary can exploit

this to “trick” the learner into playing too greedily or too conservatively.

To make the problem tractable, yet still allowing the losses to have unbounded range and
subgradients, we assume that the subgradients are bounded for all ¢ at some reference point wy,
but may become arbitrarily large away from wg. This effectively gives the learner access to an a
priori frame-of-reference for loss magnitudes, yet still captures many problem settings where the

losses can become arbitrarily large in an unbounded domain.

Definition 7.1.1. Let (W, |-|) be a normed space. A function ¢: W — R is (G, L)-quadratically
bounded w.r.t. |-|| at wy if for any w € W and V/(w) € 9¢(w) it holds that

[Ve(w)| < G+ L|w-wo| . (7.1)

Note that Definition 7.1.1 is a strict generalization of the standard Lipschitz condition: any G-
Lipschitz function is (G, 0)-quadratically bounded. The definition also captures L-smooth functions
as a special case, since any L-smooth function is (||0¢;(wo)| , L)-quadratically bounded at wg. How-
ever, in general a function satisfying the quadratically bounded property need not be smooth. As
a simple illustration, note that if f(w) is an L-smooth and (G, L)-quadratically bounded function,
then f(w) + ¢ |w| will be (G + ¢, L) quadratically bounded but non-smooth. For the remainder of

the paper we assume without loss of generality that wg = 0 and ||-| is the Euclidean norm.

The quadratically bounded assumption was initially studied in the context of stochastic opti-
mization by Telgarsky (2022), where it was sufficient to attain convergence in several settings of
practical relevance. In this work, we show that it is also sufficient to achieve sublinear regret even
in adversarial problem settings. We will in fact take it one step further and consider a stronger
Online Linear Optimization (OLO) version of the problem. We say that a sequence {g;} is (Gy, Ly)-
quadratically bounded w.r.t. {w;} if for every ¢t we have | g;| < G¢+ Ly |wy|. Then using the standard
reduction from OCO to OLO, for any sequence of (G¢, Li)-quadratically bounded convex functions

we have the following regret upper bound:

T T
Rr(u) = ;ft(wt) —li(u) < ; (91, wi —u),
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where g; € 94, (w;) and {g:} is a (Gy, Ly )-quadratically bounded sequence w.r.t. {w;}. Hence, one can
solve OCO problems involving quadratically bounded losses using any OLO algorithm that achieves
sublinear regret against sequences {g;} that are quadratically bounded w.r.t. its outputs {w}.
Note that this is potentially a more difficult problem, as it gives the adversary freedom to impose
severe penalties whenever the learner plays large wy, yet this effect is experienced asymmetrically
by the comparator: the comparator can have large norm and not necessarily experience large losses
unless v is aligned with ¢g; and the learner plays a point |w;| o |u|. We refer to this harder problem
setting as the QB-OLO setting, and QB-OCO for the setting where adversary must play ¢; satisfying
Definition 7.1.1.

Surprisingly, it turns out that it is possible to achieve sublinear regret even in the QB-OLO
setting. The following theorem provides an algorithm which achieves sublinear regret and requires

no instance-specific hyperparameter tuning. Proof can be found in Appendix B.2.1.

Theorem 7.1.2. Let A be an online learning algorithm and let wy € W its output on round t.
Let {g:} be a (Gy, Li)-quadratically bounded sequence w.r.t. {w;}, where Gy € [0,Gmax] and Ly €

_ 2 2 _ 1 — EGmax
[0, Limax] for all t. Let € > 0, Viy1 = 4G50 + G1as Pre1 = —\/m, sl = oo Tam

Denote ¥y (w) = 3f0||w” min, 1 [M + th] dz and set

Gmax

2 2 L} 2
Yr(w) = Ue(w) + — |w|”,  pi(w) = = |lw[”.
Pt 2\/L7,

Then for any uwe W, Algorithm 6 guarantees

_ lull /Gy
Ry (u) < O] €Grax + |u] | G2 log T+1 +ul® /L2, |,

max

where O(-) hides constant and loglog terms.

Let us briefly develop some intuition for how the above result is constructed. Algorithm 6 is
an instance of Centered Mirror Descent (Algorithm 2), applied with a linear composite penalties
w ~ (Vei(we), w), which by Lemma 4.1.2 admits a generic regret guarantee of the form Rp(u) <
Yr(u) + XL, oi(u) + XL, 8, where the §; are similar to the “stability” terms encountered in vanilla

Mirror Descent, but with certain additional negative terms A; and ¢;:
0 < O( <gt7wt - wt+1> - Dwt(wt+1|wt) - At(wtﬂ) - %(wze))-

It’s easily verified that that the 7, (u) + Y1, ¢s(u) terms in Theorem 7.1.2 match the terms
in the stated upper bound, so the main difficulty is making sure that the stability terms Zthl 0t
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Algorithm 6: Algorithm for Quadratically Bounded Losses

1 Input: o1 : W — Ry with mingew ¥1(w) = 0, Gmax and Lpax

2 Initialize: w; = argmin, .y 1 (w)

3 fort=1:7 do

4 Play wy, observe g, € 00y (w)

5 Choose Gy and Ly satisfying ||g:| < Gt + Ly |wy|

6 Choose functions .1, ¢

7 Set Vipr(wy) € Opr(wy) and G, = g1 + Vipr (wy)

8 Set At(w) = 1/}“_1(’[0) - ’l/)t(’w)

9 Update

Wis1 = Arg Min,epy (G, w) + Dy, (whwy) + Ag(w)

10 end

disappear. Crucially, because {¢:} is a (Gy, L¢)-quadratically bounded sequence w.r.t. {w;}, we
have |g¢| < Gt + Lt ||we|. The utility of this is that we can design separate regularizers control the

“Lipschitz part” Gy and the “non-Lipschitz part” L; |w;|. In particular, using a similar argument to

the one in Chapter 6, by setting ¥;(w) = O(Gmax |w| \/T log (|Jw| \/T/e)) we can ensure that the

Lipschitz part of the bound is well-controlled:

T
Y Gy |wi = wis1|| - D, (i |we) = Ap(wie1) <O(1).
-1

However, in general this ¥, is not strong enough to control the non-Lipschitz part Ly |w;|. Instead,
for this term we use ®;(w) = O (LmaxV/T HwH2), and then using standard arguments for Mirror

Descent with a strongly convex regularizer, it can be shown that

Ly Jw|?

Lo —wt(wt)) <0

Ly |wi [wi = wer1 | = Do, (wer1wi) = o¢(wy) <O (

. Lillw 2
by choosing ¢ (w;) = O (%)

Note that in the setting of G-Lipschitz losses we have Lpyax = 0 and hence set Gy = | ¢¢], so the

bound reduces to the usual parameter-free guarantee Ry(u) < O (”u” \/Zthl | log (M + 1)

studied in the previous chapter, which is known to be optimal up to constant and log(log) terms
(Mcmahan and M. Streeter 2012; Orabona 2013). On the other hand, if Lya.x > 0 the algo-
rithm can choose any Gt < Guax and Ly < Lyax such that Gy + Ly |we| > |g¢|. Ideally these

factors should be chosen to be tight — that is, to minimize G + L |w;| subject to the constraints

{G < Gmax, L € Liax, G + L ||w¢| > |g¢|}. However, there may be many such (G, L) satisfying these
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conditions, and in general it is unclear whether there exists a general-purpose strategy to choose
among them without further assumptions. Indeed, Theorem 7.1.2 suggests that when |u| is very
large, we’d prefer to set the L;’s smaller at the expense of large G¢’s, and vice-versa when |u] is

sufficiently small, so optimally trading off G} and L; would require some prior knowledge about |u].

Nevertheless, there are many situations in which one can choose (Gy, L;) pairs along some
pareto-frontier. As an illustrative example, consider an online regression setting in which ¢;(w) =
%(yt — (x4, w))? for some target variable y; € R and feature vector z; € R?. Observe that V& (w;) =

—(yt — (x4, we))wy, so setting Gy = |y| |ze]| and Ly = [{zy, wi/ |we])] ||t ], we have
IVl (we) | = [(ye = (ze, we))ae| < Gy + Ly |we

so {Vl(wy)} is a (Gy, Lt)-quadratically bounded sequence w.r.t. {w;}, and Theorem 7.1.2 quaran-

tees regret scaling as

~ L 2 2 [z we \° g
O fuln] 302 el + 1l Z(:ct,—) =l
=1 = e |

which is more adaptive to sequence of observed feature vectors x; and targets y; than the worst-case
bound of Rr(u) < O (|ul lymax| |#max | VT + [ul | @max|* VT).

Finally, notice that for Lmayx > 0 Algorithm 6 suffers an additional O(Lmax |[u|®v/T) penalty
which is not present in the Lipschitz losses setting. The following theorem demonstrates that this

penalty is in fact unavoidable in the QB-OLO setting. Proof can be found in Appendix B.2.1.

Theorem 7.1.3. Let A be an algorithm defined over R? and let wy denote the output of A on round
t. Let € >0 and suppose A guarantees Rp(0) < € against any quadratically bounded sequence {g;}.
Then for any T > 1, G >0 and L >0 there exists a sequence qi,...,gr satisfying ||g:| < G + L |wy|

and a comparator u € R? such that

(w2 (G Jul\Tlow (1l VTfe) v £ 1u*VT).

Remark 7.1.4. An alternative way to approach online learning in our problem setting would be
to apply an algorithm which is both comparator-adaptive and Lipschitz-adaptive, since these algo-
rithms do not require an a priori upper bound on |u| nor on |¢;|. Theorem 7.1.3 demonstrates that
this approach would be sub-optimal in our setting. Indeed, Mhammedi and Koolen (2020) show that
without prior knowledge of a Lipschitz bound, there is an unavoidable O(|u|® max;<r | g|)) penalty
associated with comparator-norm adaptivity, which can lead to a sub-optimal O(||u|? L max; |w;]) >
O(L |u|* v/T) dependence in our problem setting.

47



Algorithm 7: Saddle-point Reduction
Input Domain W = X x ), OLO Algorithm A
fort=1:T do
Get wy = (x¢,y:) € W from A
Receive g7 € 0, L(x¢,y) and gf € Oy[-L(xt,y1)]
Send g; = (g7,9{) to A as the ' subgradient
end

Return wr = (M > yt)

DU A W N

N1

T T

7.2 Unconstrained Saddle-point Optimization

As a result of the algorithm in the previous section, we are immediately able to produce a novel
algorithm for saddle-point optimization in unbounded domains. Consider the following convex-

concave saddle-point problem:

inf sup L(z,y) (7.2)
zeX yey
where X and Y are convex sets, L(+,y) is convex for all y € Y, and L(x,-) is concave for all z € X.
Solutions to Equation (7.2) are captured by the notion of a saddle-point: a point (x*,y*) € X x Y
is called saddle-point of L if for any (z,y) € X x Y it satisfies

L(z*,y) < L(z",y") < L(x,y").

When such a point exists, it satisfies L(2*,y") = infex sup,ey L(2,y) = sup,ey infrex L(z,y). Qual-

ity of a candidate solution (z,y) € X x ) is commonly measured in terms of the duality gap:

G(z,y) def sup L(x,y*) — inf L(z",y).
y*ey TreX
It can be shown that the duality gap is non-negative, and that any (z,y) € X x ) such that
G(z,y) = 0 must be a saddle-point (Boyd and Vandenberghe 2004). Fortunately, any such gap is
easily controlled using an online learning algorithm via the well-known reduction to Online Linear
Optimization (OLO) shown in Algorithm 7. We provide a simple proof in our notation for convience

to the reader, though we emphasize that this is a very common lemma in the saddle-point literature.

Lemma 7.2.1. For any w = (z,y) € X x Y, Algorithm 7 guarantees

S (ge, wy — 1) _ R (1)
T T

‘C(ET):&) _‘C’(:%vyT) <
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Proof. To see why this is true, observe that by convexity of  — L(z,y) and y —» —L(z,y), we can

apply Jensen’s inequality in both arguments to get:

_ o L[S : :
E(I'T,y) _E(xayT) < f Zﬁ(xtay) —[/(l',yt)
t=1
now add and subtract L(z¢,y:):

_ St L(we,ye) = L(E,y1) — L(we, 1) + L (4, 7)
T

let gf € 0,L(x¢,y:) and g} € Oy[-L(x4,y:)] and again use convexity to upper bound both difference

terms:

< ZtT=1 (gf,xt—:%)+<gf,yt—g?)
- T

and now define w; = (x4, y:), w = (&,7), and g¢ = (g7, 97 ) to complete the proof:

_ S {ge, we — 1) _ R (i)
T T

O

Thus in order to control the duality gap G(x,y), it suffices to provide any OLO algorithm that

achieves sublinear regret under the given assumptions.

The only existing work to achieve a comparator-adaptive convergence guarantee for the duality
gap in general saddle-point problems is Liu and Orabona (2022). Their approach does indeed
A (% ~ *
w < O(%) under the assumption that the
L(-,-) is G-Lipschitz in both arguments, which is justified by assuming that X and ) are bounded

guarantee a rate of the form G(Zp,yr) <

domains. However, generally saddle-point problems can have some coupling between the x € X and
y € Y, leading to factors of |z| and |y| showing up in both |V,L(z,y)| and |V,L(x,y)|. Thus,
even in a bounded domain a bound of the form Rf(w*) < O (Jw*| GVT) actually still falls short
of being fully comparator-adaptive because the Lipschitz constant G is subtly hiding factors of
Dy =max, ey | — 2'| and Dy = maxy ey |y —y'|. See Section 7.2.1 for a more explicit example

of this issue.

On the other hand, there are many interesting problems in which £(-,-) is quadratically bounded
in both arguments, which will enable us to immediately apply Algorithm 6 to the linear losses

gt = (9¥,97) as described above. In particular, we have the following:
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Proposition 7.2.2. Suppose that for all § € Y, the function x — L(x,7Y) is (Gg + Lyy |U], Laa)-
quadratically bounded, and for all T € X the function y — —L(Z,y) is (Gy + Ly |Z|, Lyy)-
quadratically bounded. Let gf € 0,L(x¢,yr) and g) € Oy[-L(x¢,y)], and set g = (gF,97). Then

{g:} is a (Guw,Lyw)-quadratically bounded sequence w.r.t. norm |(z,y)| = \/|=|*+ |y|? where
Gu<O(\[G2+G3) and Ly <O (\/L2, + L3, + 12, + L2,).

Proof. Let (z,y) € W. For g, € 9,L(x,y) observe that

”9:16”2 < (G + Lyy |yl + Laa “x||)2
2 2
<5(Ga+ L3,y + L2, |=)?),

where the first line uses the assumption that x — L(x,y) is (Gz + Lgy |yl , Lzz) quadratically

bounded for any y € Y and the last line uses (a + b+ ¢)? < 5a® + 5b + 5¢2. Likewise,
2 2 2
lgyl* <5 (G5 + Ly I + Ly, 1yl®)

and so overall, letting g, = (g, gy) we have

2 2
l9wl =V 19217 + 19y
(*) 2 2
< VB\[G2+ G2+ VB[ L2, + L2, + L2, + L2,/ |2]* + |y
=Gy Loy

=Gy + Ly ||

where (%) uses \/T+y </x+/y for z,y > 0. O
Hence, with this in hand we can use Algorithm 6 to guarantee that for any w = (z,y) € W,

. .o Lemma 7.2.1 R'A(’&))
E(QTT,y)_L:(]T,yT) < TT

o o 12
Theoregm 7.1.2 5 (Gw ”’w” + Ly, HU}H ) ,
VT

which is indeed fully adaptive to comparator w.

It is important to note that our results in this section are made possible because our algorithm
works even in the more difficult QB-OLO setting. It may be possible to get a similar result by
using two QB-OCO algorithms designed for quadratically bounded functions ¢;, though it it seems
more challenging. In particular, letting ¢7(-) = £(-,y¢) and ¢} (-) = =L(x¢,-), one might instead run

separate algorithms against the quadratically bounded loss sequences ¢7 and ¢{. However, now both
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algorithms need to very carefully regularize their iterates such that the gradients received by the
other algorithm are never too large, since || V¢ (x;)| may can contain factors of |y, and V€] (y:)|
can contain factors of ||x;|. Hence careful coordination between the two algorithms will be required.
The upshot is that by using un-linearized losses ¢f and ¢] it may be possible to get faster rates in
some settings by better accounting for local curvature. We leave this as an exciting direction for

future investigation.

7.2.1 Example: Bilinearly-coupled saddle-points

Before moving on, let us make things less abstract with a simple example. Consider a bilinearly-

coupled saddle-point problem of the form

where F, and F), are convex and (Gy, L) and (éy,zy)—quadratically bounded respectively, and
H(z,y) = (x, By) — (ug, x) + (uy, y) for some coupling matriz B and vectors uy, u,. This problem
captures several notable problem settings, such as minimizing the mean-squared projected bellman
error for off-policy policy evaluation in reinforcement learning, quadratic games, and regularized
empirical risk minimization (Du et al. 2022). The following proposition demonstrates that these

problems do indeed satisfy the conditions of Proposition 7.2.2.

Proposition 7.2.3. Equation (7.3) satisfies the assumptions of Proposition 7.2.2 with G, = Gy +

luall, Loz = Lo, Lay = |Blop, Gy =Gy + |uy|l, Lyy =Ly, and Ly, = |BT],,.

Proof. Observe that for any (z,y) € X x Y and g, € 9. L(x,y), we have

|9z = [VEz(2) + By - uq |
<[VE (@) +[Blop Iyl + lluel
< Ga + lluzl + Lo ] + | Bllop Iyl

where VF,(z) € 0F;(z) and |B],, denotes the operator norm

| Bllop = SUPa:|o)=1 [ Bz[. Likewise,
lgal < Gy + Lyl + L, Iyl + [ B[ .

Hence, L(:,-) satisfies the assumptions of Proposition 7.2.2 with G, = Gy + lus|, Lz = L. Lyy =

HB“op7 Gy =Gy + |uy|, Lyy = Ly, and Ly, = HBTHOp' m

We note that this specific example is mainly for illustrative purposes — in many instances of

Equation (7.3) the functions F, and F, satisfy stronger curvature assumptions than used here, and
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our approach would be improved by more explicitly leveraging these assumptions when they hold.
Nevertheless, our approach here does have a few key benefits: first, we naturally attain convergence
in duality gap with an explicit dependence on the comparator, whereas prior works generally only
attain a bound of this form making stronger assumptions such as strong convexity or one of the
boundedness assumptions we're seeking to avoid (Liu and Orabona 2022; Du et al. 2022; Ibrahim et
al. 2020; Azizian et al. 2020). Second, our approach can be applied under fairly weak assumptions:
L(+,-) need not be Lipschitz, strongly-convex, nor smooth in either argument, and we do not require
X x Y to be a bounded domain.

7.3 Conclusions

In this chapter, we developed the first parameter-free guarantees for a setting in which both the do-
main and the losses may be unbounded. Our results generalize the standard parameter-free bounds,
and our lower bound demonstrates that the additional penalties incurred are unavoidable without
further assumptions. As an application of our results, we develop novel saddle-point optimization
algorithms which converge in duality gap even in unbounded decision sets. We obtain as a special
case parameter-free algorithms for bilinearly-coupled saddle-point problems, which capture many
problems of practical interest, such as minimizing the mean-squared projected bellman error for

off-policy policy evaluation in reinforcement learning.
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Part 111

Adapting to Non-stationarity
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Chapter 8

Overview of Part 111

Now that we’ve had a taste of how to use our techniques, in Part III of this thesis we turn to the
challenging problem of competing with an arbitrary sequence of comparators w = (uy,...,ur), and
develop algorithms which adapt to the comparator sequence without tuning any hyperparameters.
Notably, these are the first algorithms in online learning that require absolutely no prior knowledge

about the comparator sequence.

To understand this claim, note that prior works which study dynamic regret only do so in
the bounded domain setting (Zinkevich 2003; T. Yang et al. 2016; Hall and Willett 2016; Gyorgy
and Szepesvari 2016; L. Zhang, S. Lu, and Z.-H. Zhou 2018); this amounts to having strong prior
knowledge of a radius D for which ||us —w;| < D for all ¢. Alternatively, prior works which make
meaningful guarantees in unbounded domains (i.e. the standard parameter-free online learning
literature) only study static regret (Mcmahan and M. Streeter 2012; McMahan and Orabona 2014;
Orabona and Pal 2016; Cutkosky and Orabona 2018); this amounts amounts to the strong prior
knowledge that the comparator does not vary with time. In contrast, each of our results in this
part of the thesis hold regardless of how large max; |u; —wi| may be and each result achieves
near-optimal performance against both fixed and time-varying comparators. In this sense, truly
nothing about the comparator sequence needs to be known a prior: in order to implement these
algorithms or achieve their associated performance guarantees. Not only are these the first results
to fully remove prior knowledge of the comparator sequence in online learning, we are able to extend
these novelties outside the standard setting of Lipschitz losses, achieving optimal dynamic regret

guarantees in two settings in which both the domain and the losses are unbounded.

This part of the thesis is composed of two main chapters: In Chapter 9 we revisit the Lipschitz
losses and quadratically bounded losses problem settings from Part II. Then, in Chapter 10 we

consider the related problem setting of online linear regression.
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Adapting to Non-stationarity with Lipschitz Losses. @ We begin with the Lipschitz loss

setting in Section 9.1. Our contributions in this setting are as follows:

e We develop an algorithm which guarantees dynamic regret

t=1

' T
Rr(u) <O \J (M +Pr) Y | gel® |ue —wn] |,

where M = max; ||us — w1 || and Pr = ¥y |us — us_y1]. This result is the first non-trivial dy-
namic regret guarantee of any kind in unbounded domains, and the result matches the minimax
optimal guarantee from the bounded domain setting up to logarithmic terms. Our result also
naturally attains a new form of per-comparator adaptivity Y1y |g¢|* |us — w1, in which the
variance penalty | g;|? is removed on all rounds where our initial guess w; matches the com-

parator u;. Even in bounded domains, prior works instead scale with the significantly worse

2
mMaXg yeW |~y 2%21 lge|”

e We additionally provide two useful dynamic regret reductions. In Section 9.1.1, we show that

if one is willing to forego the per-comparator adaptivity above, O(\/(M2 + MPr)YE g
can be achieved using dynamic regret algorithms for bounded domains via a straight-forward
application of the 1-dimensional reduction of Cutkosky and Orabona (2018). This bound still
matches the minimax optimal guarantee from the bounded domain setting up to logarithmic
terms. Then, in Section 9.1.2, we provide a simple reduction which reduces the per-round

computation from O(dlog(7")) down to O(d) on average, while still maintaining the optimal
9] (\/(M2 +MPr)YL g ||2) guarantee up to poly-log terms.

Adapting to Non-stationarity with Unbounded Losses. Next, returning to the setting of

quadratically bounded losses in Section 9.2, we make the following contributions:

o We design an algorithm which guarantees dynamic regret

Rr(u) <O \‘(M2+MPT)§:[G§+ML§] ,
t=1

where M = max; |us — w1 |, and Gy and L; are constants satisfying | V& (w)| < Gt + Ly |w]| for
any Vi (w) € 00 (w) and w € W. When the losses are Li-smooth, the bound automatically

improves to an L* bound of the form

Rr(u) <O \'(M2+MPT)§:Lt[€t(ut)‘@] ;

t=1
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where ¢; = min,, ¢;(w). These are the first non-trivial dynamic regret guarantees to hold in

settings where both the domain and the losses can be unbounded.

e We provide a matching lower bound demonstrating that these results are unimprovable in

general.

Online Prediction in the Complete Absence of Prior Knowledge. Finally, in Chapter 10,
we turn our attention to the related problem setting of online linear regression. This is an online
learning problem with losses ¢;(w) = %(yt — (x4, w))?, where y; € R and z; € R? is a vector of features
which are observed at the beginning of the round. We develop the first algorithms for online linear
regression that require absolutely no prior knowledge about the data stream, yet still make strong

performance guarantees. In particular, our contributions are as follows:

e We show that even in the absence of any boundedness assumptions, a discounted variant of the
Vovk-Azoury-Warmuth (VAW) forecaster with a well-chosen discount factor achieves dynamic
regret Rr(ug,...,ur) < O(dlog (T) v \/W), where PJ.(u) is a measure of variability
of the comparator sequence (i.e. the magnitude of P}’ (u) is related to how drastically the
comparator changes over time). We also obtain small-loss guarantees of the form Rp(u) <
O(dlog (T)v \/dPr}(u) >, €t(ut)), so that the algorithm will automatically perform better

on “‘easy” data where the comparator has low loss.

e We provide a matching lower bound of the form Rp(u) > Q(dlog (T)v MdTP%(u)), demon-
strating optimality of the discounted VAW forecaster.

e We show that the discount factors required to obtain the results in the first point can be
learned on-the-fly, leading to algorithms that make guarantees matching our lower bound.
Moreover, we show how to extend our approach to achieve bounds of a similar form over every
sub-interval [a,b] € [1,T] simultaneously. This is a significantly stronger form of adaptivity
which has previously only been achieved in bounded domains with Lipschitz losses. Our results
are in fact the first strongly-adaptive guarantees to be achieved in the absence of boundedness

assumptions.
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Chapter 9
Non-stationarity in Online Learning

In this chapter we develop parameter-free dynamic regret guarantees in both the Lipschitz and
quadratically bounded settings studied in Chapters 6 and 7. Our goal is to develop guarantees
which are fully adaptive to arbitrary comparator sequences, requiring no prior knowledge about the
magnitude or variability of the sequence, while still making near-optimal guarantees without any

hyperparameter tuning.

Prior works studying dynamic regret guarantees for general OCO assume both bounded domains
W and bounded subgradients (Lipschitz losses). In this chapter, we develop the first dynamic regret
guarantees for unbounded domains, under the standard Lipschitz assumption (Section 9.1). Our
algorithm guarantees Rp(u) < 5(\/(M2 + MPr) YT |g:)?), where M = max, |u; — wy |, matching

the minimax optimal guarantee (Equation (3.4)) from the easier bounded domain setting up to

logarithmic terms. Then, in Section 9.2 we consider the (G, L)-quadratically bounded setting, in
which both the domain and the losses may be unbounded. We develop an algorithm guaranteeing
5(G\/MPTT + LM?’/Z\/PTT) dynamic regret, and provide a lower bound showing that this result

is unimprovable without further assumptions.

9.1 Lipschitz Losses

We begin our study of dynamic regret guarantees in the G-Lipschitz loss setting. To get a feel
for what we should expect in this setting, let us recall the results from the simpler bounded do-
main setting, in which sup, ,cy |2 —y| < D. The minimax optimal dynamic regret in this setting
is Rp(u) < G\/(D?+ DPp)T, where Pr = Y%, |us —u;-1| is the path-length of the comparator
sequence (L. Zhang, S. Lu, and Z.-H. Zhou 2018). A matching guarantee can be made using an

“online hyperparameter tuning” argument. The idea is simple: vanilla gradient descent with a fixed
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step-size 1 guarantees (see, e.g., Lemma 4.0.1)

D?+yL |wy = w1 || |we—1 —ue]| 7 L 2 D? +DPT n & 9
Rrtu) s 222 Tk AT lalr s PP 1
=1 =1

2n

where g; € 94, (w;), and the final inequality uses the bounded domain assumption to bound [w; — w1 || <
D. Observe that the optimal n would be n* = 4 /?Jr—@PHTQ, which would yield regret which matches
t=119¢t

the minimax optimal bound in the worst-case:

Rp(u) < \J (D2 + DPr) i lg:|? < G\/(D? + DPy)T.
t=1

The approach of L. Zhang, S. Lu, and Z.-H. Zhou (2018) is to simply run many instances of gradient
descent in parallel with different step-sizes, and combine their predictions using a mixture-of-experts
approach. In particular, let 7,...,n7ny be a collection of step-sizes, and for each i € [N], let A,,
denote an instance of gradient descent with step-size n; and let w," denote the output of A,,, on round
t. Let Apfeta denote an experts algorithm (e.g., Hedge) which outputs a distribution p(n) over the

outputs {w,j}ﬁ\:j1 on each round. On round ¢, we play w; = ¥iern] ¢ (1:)wi* and observe g; € 04y (wy).

Then, we update our predictions by passing g; to each of the A,, as the ' subgradient, and passing
7, = ((gt,wfl) vy (g, w™) )T € RY to Apeta as the t™ loss vector. Using a geometrically spaced

grid of O(log (T')) different step-sizes, this approach allows one to guarantee the optimal dynamic
regret up to a log (log (T")) factor.

Now returning to the unconstrained setting, there are two places where the above argument will
fail. First, we can no longer bound |w; — w1 || < D, and we will generally fail to produce meaningful
guarantees by naively bounding Y7y |ws — w1 | |us = ws_1| < max; |Jwy — wy|| Pr since |w; — w1 | can
be arbitrarily large in unbounded domains. Moreover, even if we could argue that this term is
bounded by some comparator-dependent quantity such as |wy — w1 | < maxy ||u; — w1 ||, the mixture-
of-experts part of this argument will fail due to being passed losses of unknown scale. Indeed, the

loss vectors passed will have components (g, w;"), which could be arbitrarily large.

Our approach will instead be to leverage properties of parameter-free guarantees to avoid these

difﬁculties Using the tools developed in Chapter 4, we’ll first derive an algorithm which, for

Pr+maxy [Ju
n

bound has the property that Rp(0) < O(1) for any 7, which will allow us to combine algorithms using

any 7 < ¢, guarantees Ry (u) < O( +0 58 1ge)? e ) The key observation is that this
a simple iterate adding approach instead of relying on a mixture-of-experts approach (Cutkosky
2019b). Indeed, suppose we run an instance of this algorithm A, for each 7 in some set S =
{7] eR:0<n< é}, and on each round we play w; = 3,5 w, where w} is the output of A,. Then for

any arbitrary 77 € S, we can write (g, wy — ug) = (gt, w;ﬁ - ut> + Y (9t w)'), so the regret is bounded
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Algorithm 8: Dynamic Regret Algorithm

[uny

Input: Lipschitz bound G, value ¢ > 0, step-sizes S = {G\/_ & 1<k <log, \/_]}

D ez £ = = = 0=
2 Initialize: €= S [1og2(\/_)] Vi = 4G? , w] =0 and 6/ =0 for each neS
g fort=1:T do
4 Play wt = ¥ es wy!, receive subgradient g
_ 2 _ eG?
5 Update Vi1 = Vi + ||ge]|” and agyq = Vg (Vi J%)
6 for neS do
] n
7 Set 0? = 2wt log’;‘wz% ‘||‘/at+1) — gt (Wlth 9? = =0t if w? = O)
t
+167
8 Update w},; = a‘t‘eﬁ [exp [ 2 max(]|0)] - 2n]g:[?,0)] - 1]
9 end
10 end
as

T T
Rr(u) < Y (g 0] —w) + 3 [ Y Ao w]) | = By (u) + 3 R77(0) < O(Ry7 (w) +18]).
t=1 n#n - t=1 n#
Since this holds for an arbitrary 7j € S, it must hold for the n € S for which R7.(u) is smallest,
so we need only ensure that there is some near-optimal 7 € S, and that |S| is not too large. The
latter condition is easily accomplished by setting S to be a geometrically-spaced grid such that
|S] < O(log (T')). The base algorithms A, and their corresponding regret guarantee are given in the
following proposition.

Proposition 9.1.1. Let ¢q,...,0p be G-Lipschitz convez functions and gy € 04 (wy) for all t. Let

2 eG? 1 1
€> 0, Vi = 4G + gy, ar = Ginsirgmy and set vn(w) = 2 [y REHLE D dr and i (w) =
21|\ ge|? |w| . Then for any ui,... up in RY, Algorithm 2 guarantees

(M+PT)[log(%+l)vl

Rr(u) < 5(6 +
n

T
£ Y (gl e )

t=1
where M = max; |ug| and O(-) hides constant and log(log) factors.

The proof can be found in Appendix C.1.1, and again follows the intuition in Chapter 4: we first
apply Lemma 4.0.1 to get Ry (w) < ra1(ur) + Yo Pr+ Yy @i(ug) + Y1y 6. Unlike in Section 6.1,
the regularizer 1, generally does not grow fast enough for Ay(w) = ¢11(w) — ¥ (w) to ensure that
8; < 0;. Instead, we include an additional composite regularizer Pt in the update and show that this

now ensures & < 0y, so that by Lemma 4.0.2 we have §; < 0; < ?I,H;‘,]z(”)) < 2noy |\ g || Then we choose «y

to be small enough to ensure that Y7, §; < O(1). We also now need to control the additional terms
associated with the time-varying comparator, P = (Viby(wy), us—1 — ur). To handle these, we again
exploit ¢;: by increasing it slightly more, we can decrease d; enough to cancel out the part of P

which depends on |Jw¢|, so that this (unbounded!) quantity does not appear in the regret bound.
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With this result in hand, we proceed to “tune” the optimal step-size by simply adding the iterates
of a collection of these simple learners A, as discussed above. The full algorithm is given in Algo-

rithm 8, and the overall regret guarantee is given in Theorem 9.1.2 (with proof in Appendix C.1.1).

Theorem 9.1.2. For any £ >0 and uy,...,up in R?, Algorithm 8 guarantees

. T MT?|g|}, MT? g},
Rp(u) < O(eG +\| (M +Pr)>. lgell? el log(g—Gg”LT + 1) +GPrlog (% + 1)
t=1

where M = max; |ug| and O(-) hides constant and log(log) factors.

The bound achieved by Algorithm 8 is the first dynamic regret guarantee of any kind in un-
bounded domains. Further, Theorem 9.1.2 exhibits a stronger per-comparator adaptivity than pre-
viously obtained by depending on the individual comparators |u|, in contrast to the Rp(u) <
5(\/(M2 +MPr) YL, Hgt||2) rate attained by prior works in bounded domains (L. Zhang, S. Lu,
and Z.-H. Zhou 2018; Jadbabaie et al. 2015).

To see why this per-comparator adaptivity is interesting, let us consider a learning scenario
in which there is a nominal “default” decision u which we expect to perform well most of the
time, but may perform poorly during certain rare or unpredictable events. One example of such a
situation is when one has access to an batch of data collected offline, which we can leverage to fit
a parameterized model M(u) to the data to use as a baseline predictor. Deploying such a model
online can be dangerous in practice because there may be certain events that are poorly covered by
our dataset, leading to unpredictable behavior from the model. In this context, we can think of u as
the learned model parameters, and without loss of generality we can assume u = 0 (since otherwise
we could just translate the decision space to be centered at ). In this context, Theorem 9.1.2
tells us that Algorithm 8 will accumulate no regret over any intervals where we would want to

compare performance against the baseline model, and over any intervals [a,b] where the model is a

poor comparison we are still guaranteed to accumulate no more than a 5(\/ (M2 + MPrap) |l 9”2:13)

penalty, where P, = Y i1 lug —us_q| is the path-length of any other arbitrary sequence of

comparators over the interval [a,b].

The property in the preceeding discussion is similar to the notion of strong adaptivity in the
constrained setting, in which an algorithm guarantees the optimal static regret over all sub-intervals
of [1,T] simultaneously (Daniely, Gonen, and Shalev-Shwartz 2015; Jun, Orabona, et al. 2017).
One might wonder if instead we should hope for the natural analog in the unconstrained setting:
Rpapy(u) = b Age, wi —u) < O(|lul|v/b = a) for all [a,b]. Unfortunately, this natural analog is likely
unattainable. To see why, notice that for all intervals [a, b] of some fixed length 7 = b—a, we would
require Rp,1(0) = Zf:a (g¢, wr) < O(1), suggesting that no w; can be larger than some fixed constant
(dependent on 7). Yet clearly for large enough T' this cannot be guaranteed while simultaneously
guaranteeing Ry (u) < O(||u| G\/ZW) for all u € R?, since via reward-regret duality this
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entails competing against a fixed comparator u € R? with |u| = O(exp (T') /V/T) in the worst-case,
which can get arbitrarily large as 7" increases. For this reason, we consider Theorem 9.1.2 to be a

suitable relaxation of the strongly adaptive guarantee for unbounded domains.

9.1.1 A Simple Reduction for Dynamic Regret in Unbounded Domains

Interestingly, if one is willing to forego adaptivity to the individual |u|| observed in the previ-

ous section, it turns out that a dynamic regret bound of Rp(u) < O \/(M2 + MPr) ||gHiT can
be achieved very simply using a generalization of the one-dimensional reduction of Cutkosky and
Orabona 2018 to dynamic regret. Note however, that this approach fails to achieve the improved

per-comparator adaptivity observed in Section 9.1. The following lemma shows that achieving the

Rp(u) < 5(\/ (M2 + MPy) | g||iT bound in an unconstrained domain is essentially no harder
than achieving it in a bounded domain, so long as one has access to an algorithm guaranteeing

parameter-free static regret.

Algorithm 9: One-dimensional Reduction (Cutkosky and Orabona 2018)

1 Input: 1D online learning algorithm A;p, online learning algorithm Ag with domain equal
to the unit-ball S ¢ {z e R?: |z| <1}

2 fort=1:T do

3 Get point z; € S from Ag

4 Get point ; € R from Ajp

5 Play point wy = B¢ € RY, receive subgradient gy

6 Send G, = (g¢,2¢) to Ajp as the t*® loss

7 Send ¢ to Ag as the t*™ loss

8 end

Lemma 9.1.3. Suppose that Ag guarantees dynamic regret R?S (w) for any sequence uy, ..., up in
the unit-ball S = {w e R?: |w| <1} and suppose A;p obtains static regret R?w(u) for any u € R.
Then for any ui,...,ur in R, Algorithm 9 quarantees

Ry(u) = R (M) + MRS (%)

where M = maxycp ||ug].

Proof. the proof follows the same reasoning as in the static regret case (Cutkosky and Orabona
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2018, Theorem 2):

M=

T
Rr(u) =) (g, w —ut) = th,ﬂtwt—m
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Using this, one could let A;p be any parameter-free algorithm and let Ag be any algorithm
which achieves the desired dynamic regret on a bounded domain. For instance, to get the optimal
V Pr dependence we can choose Ag to be the Ader algorithm of L. Zhang, S. Lu, and Z.-H. Zhou

(2018), which will guarantee MR?S(%) <O (MG\/T (1+ P—]\;)) =0 (G\/(M2 + MPT)T).

9.1.2 Amortized Computation for Dynamic Regret

All known algorithms which achieve the optimal O(/TPr) dynamic regret follow a similar con-
struction, in which several instances of a simple base algorithm A are run simultaneously and their
outputs combined in a way that guarantees dynamic regret approximately equal to an instance with
a near-optimal choice of step-size. Generally O(log (T')) instances of A are required to ensure that
one of them has a near-optimal choice of step-size. Assuming the base algorithm .4 uses O(d) com-
putation per round, the full algorithm then requires O(dlog (7)) computation per round. Ideally
we’d like to avoid this log(7") overhead.

A simple way to combat this computational overhead is to only update the algorithm every
O(log (T)) rounds, so that the amortized computation per round is O(d) on average. The following
proposition shows that Rp(u) < O (\/T_PT) can be maintained up to poly-logarithmic terms using
only O(d) per-round computation on average by updating only at the end of itervals Ij of length
O (log (T")). Proof can be found in Appendix C.1.1.
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Algorithm 10: Lazy Reduction for Amortized Computation

1 Input: Algorithm A, Disjoint intervals I, ..., Ik such that U,Ilelk 2[1,7T]
Get wy from A
Set k=1
fort=1:T do
Play w¢, observe loss g;
if t+1¢ 1, then
Send Gy, = ZSdk gs to A
Update k< k+1
Get wyyq from A

© W N S s N

else
‘ Set w1 = wy
end

e
= o

[
N

end

[
w

Proposition 9.1.4. Suppose A is an online learning algorithm which guarantees

T
R (u) <O \‘(M“MPT)Z!JHQ :
t=1

for allui, ..., ur in R with maxep |ue|| < M. Then for all uy, ... ,ur in R, Algorithm 10 guaran-

tees

Rr(u) <0 (max 1/ < M Pr) g1 )

9.2 Unbounded Losses

In this section, we return to the quadratically bounded losses setting introduced in Chapter 7. Here
we consider in particular the QB-OCO setting, in which the losses satisfy |Vei(w)| < Gi+ Lt |w|
for some 0 < Gy £ Gax and 0 < Ly < Lyay, rather than the more difficult QB-OLO setting. In
contrast to previous sections, in this section we consider full-information feedback, in which the

learner observes the function ¢,(-) (as opposed to first-order feedback V¢;(w;) € 0¢;(wy)).

In the static regret setting, we saw in Section 7.1 that to control the stability of the algorithm
it was necessary to add an additional term ®;(w) = O (LimaxV/T ||w||2) to the regularizer to help
control the “non-Lipschitz” part of the loss. We will likewise need a stronger regularizer to control
the gradients for dynamic regret, but now it will lead to new difficulties. To see why, consider the

dynamic regret of gradient descent with a fixed step-size . The regret can be bound (e.g. using
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Lemma 4.0.1) as

Jurl? + max Jud Pr 0 & o
() < - 25 o) (9.1
t=1

where g; € 0;(w;) and Pr = Y15 |us —us—1]|. In a bounded domain of diameter D, we can bound

|ur|? < D? and max, |w;| < D, and then by optimally tuning 1 we get

' T
Re(u) < 0(\J (024 DPr) Yl
t=1
which is optimal in the Lipschitz loss setting (L. Zhang, S. Lu, and Z.-H. Zhou 2018). More generally,

using Mirror Descent with regularizer 1 (w), one can derive an analogous bound:

T
RT(U) <0 ('(,b(uT) + mtax ||V¢(wt)H Pr+ ;&) ,

where §; are the stability terms discussed in Section 7.1. In an unbounded domain, in Chapter 7 we
used a regularizer of the form v (w) = O (Jw|log (|w| T) /n), which enabled us to bound ¥, d; <
O(n), and moreover, we showed that max; | Vi (w;)| can be bound from above by O (log (M T'/¢) [n)
after adding a composite penalty oi(w) =7 [g:|* |w| to the update. Then optimally tuning 7 lead

to regret scaling as

Rr(u)<O \J (M2+MPT)§:||gt“2 , (9.2)
t=1

where M = max; |u;|, which matches the bound from the bounded-domain setting up to logarithmic

terms.

In the quadratically bounded setting, the situation gets significantly more challenging. As
in Section 7.1, we will need to include an O(|w|?/n) term in the regularizer ¢, in order to
control the “non-Lipschitz” part of the loss function. However, as above this leads to coupling
max; || Ve (w) | Py = maxy |w| Pr/n in the dynamic regret, and the term max; ||w;| is generally too
large to cancel out with additional regularization as done in Chapter 7. Even more troubling is
that our lower bound in Theorem 9.2.2 suggests that the ideal dependence would be O(M Pr/n),
which we can only hope to achieve by constraining |w;| to a ball of diameter proportional to

M = maxy ||uy]|. Yet M is unknown to the learner!

Luckily, hope is not all lost. Taking inspiration from Luo, M. Zhang, et al. (2022), we can still
attain a bound similar to Equation (9.2) by tuning the diameter of an artificial domain constraint.

The approach is as follows: for each (1, D) in some set S, we run an instance of gradient descent
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Algorithm 11: Dynamic Regret Algorithm

1 Input: Guax, Lmax, weights 51,..., 87 in [0,1], hyperparameter set

2
3
4
5
6
7
8
9

10
11

12

13
14

15

16
17

=0

{OnD)ins s D> 0f pre g,

for 7=(n,D)eS do

Initialize: ng) =0, q1(7) =pi(7)
Define u, = m
Define ¢, (z) = % o log (v) dv

nd

rt=1:7do
Play w; = Y res pt(T)wt(T), observe loss ¢, : W - R
Choose any reference point W € W s.t. || @W¢|| £ Diin

for 7=(n,D)eS do
Query gIST) € aft(wy))

Set wl)= I ™ _n(1+8nLe)g"”
W {weW:|w|<D} (wt 77( on t)gt )

Define 7y, = £y(w'™) - £,(T;)
end

. ~ ~2
Set gri1 = argmin Y, (bgr + prlyr)qr + Dy, (Gr|per)
qEA‘S| TeS

Set pra1 = (1 = Be)qe+1 + Bepr.

end

A(n, D) which uses step-size n and projects to the set Wp = {w e W : |w| < D}. Then, using a
carefully designed experts algorithm, it is possible to ensure that the overall regret of the algorithm
scales roughly as Ry(u) < O (Ré(n’D)(u)) for any (n,D) € S. Thus if we can ensure that there is
some (n,D) € S for which D ~ M and 7 is near-optimal, then we’ll be able to achieve dynamic regret
with the desired M Pr dependence. The following theorem, proven in Appendix C.1.2, characterizes
an algorithm which achieves dynamic regret analogous to the above bounds, and in Theorem 9.2.2

we show that this is indeed unimprovable. Notably, our result also automatically improves to a

novel L* bound when the losses are smooth.
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Theorem 9.2.1. For all t let ¢y : W — R be a (Gy, Lt)-quadratically bounded convex function with
Gt € [0,Gmax] and Ly € [0, Lynax]. Let € >0, By < 1 —exp(=1/T) for all t, and for any i,5 >0
let Dj = % [23' A QT] and n; = [S(Gmaxiileax)T A 8L[1nax]’ and let S = {(n;,D;):1,j>0}. For each
2
T:(H,D)ES letﬂfzm

bz
Algorithm 11 guarantees

and set p1(7) = Then for any w = (u1,...,ur) in W,

Yres 3

Rr(u) SO( [(M+e)AT + Pr] Gpax + \/(MQA} + MPT)ET).

where A < O (log (M) +log (log (GLmT))) Grnax = Gmax + M Linas, L7 < $1, [G2+ ML),
Pr =YL, Jus —us1|, and M = max; |us|. Moreover, when the losses are Li-smooth, the terms L

automatically improve to

T T
Lr < min{z Ly [l(ue) - 01,2 [GE + ML?]}
t=1 t=1

Hiding constants and logarithmic terms, the first bound is effectively

T
Rr(u)<O \J (M?+MPr)> G?+L?M?
t=1

Notice that our result again generalizes the bounds established in prior works. Unfortunately, the
result is not a strict generalization as Theorem 9.2.1 requires Lpyax > 0 for the hyperparameter set
S to be finite. To achieve a strict generalization, one can simply define a procedure which runs the
algorithm Theorem 9.1.2 when Ly, = 0 and Algorithm 11 otherwise; this is possible because Lyax
must be provided as input to the algorithm. Notably, the algorithm of Section 9.1 does not use
the aforementioned domain tuning trick and requires significantly less per-round computation as a
result (O(dlog (T)) vs. O(dT log(T'))). We leave open the question of whether the exists a unifying

analysis for Lyax = 0 and Lyax > 0, and whether the per-round computation can be improved.

As in Section 7.1, we again observe an additional penalty associated with non-Lipschitzness,
this time on the order of O (M 3/ 2\/ (M +Pp)YL, L%) The following theorem shows that these

penalties are unavoidable in general (proof in Appendix C.1).

Theorem 9.2.2. For any M > 0 there is a sequence of (G, L)-quadratically bounded functions with
% < M such that for any v € [0, %],

Rr(u) > Q(GM'™ [PrT]Y + LM*7 [PrT]").
where Pr = YL, |us — w1 | and M > max; |ug|.
Notice that with ~ = %, we have Rp(u) > Q (G\/MPTT + LMS/Q\/PTT), matching our upper
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bound in Theorem 9.2.1 up to logarithmic terms. On the otherhand, for v = 0 we have Ry(u) >
GM + LM?, suggesting that the lower-order leading terms of our upper bound are also necessary.
We also note that the assumption G/L < M is without loss of generality: when G/L > M one can

construct a sequence of (G + LM )-Lipschitz losses according to existing lower bounds to show that
Rr(u) > Q((G+ LM)/MPrT) = 0 (GVMPrT + LM*\/PrT).

Interestingly, when the losses are smooth, the bound in Theorem 9.2.1 has the appealing property

that it automatically improves to an L* bound of the form

Rr(u) <O \J(M2+MPT)iLt[€t(ut)—£;] ,
t=1

which matches bounds established in the Lipschitz and bounded domain setting up to logarithmic
penalties (Zhao et al. 2020). This is the first L* bound that we are aware of to be achieved in an un-
bounded domain for general smooth losses without a Lipschitz or bounded-range assumption. More-
over, our bound features improved adaptivity to the indiidial Ly’s, scaling as YL Ly [£;(us) = €]
instead of the usual L.y ZZ;I li(u) — £f achieved by prior works (Srebro, Sridharan, and Tewari
2010; Orabona, Nicolo Cesa-Bianchi, and Gentile 2012; Zhao et al. 2020).

On the other hand, our upper bound bound contains terms of the form % Such ratios
are unappealing in general because Gpax and Ly, are not under our control — it’s possible for
this ratio to be arbitrarily large. Fortunately, this ratio only shows up only in doubly-logarithmic
terms, and hence these penalties can be regarded as effectively constant as far as the regret bound
is concerned.

A more pressing issue is that the ratio Cz‘“‘”‘

€Lmax

S as in Theorem 9.2.1 requires a collection of O(Tlog2(\/T) +T'logy (Gmax/Lmax€)) experts, so in
practice we can only tolerate Gax/Lmax€ < poly(T') without increasing the (already quite high!)

shows up in the number of experts. That is, setting

order of computation. We note that any algorithm that guarantees Rp(0) < Gpaxe cannot hope
to ensure non-vacuous regret when Gax/Lmaxe > T anyways, so this seems to be a fundamental

restriction in this setting. Nevertheless, the following result shows that if we know a priori that
Gmax

Lmaxe

)) penalty entirely and reduce

the number of experts to T'logy(v/T) by instead setting 7min o ﬁ Proof can be found in

Appendix C.1.2.

the losses will be smooth, then we can avoid this log (log(
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Theorem 9.2.3. For all t let £y : W — R be (G, Lt)-quadratically bounded and Li-smooth conver
function with Gy € [0, Gmax] and Ly € [0, Limax|. Let € >0 and for any i,5 >0 let D; = ﬁ [2j A QT]

and n; = m [2”\\/7], and let S = {(n;, Dj) : 4,5 >0}. Then for any u = (u,...,ur) in W,

Algorithm 11 guarantees

RT(u)sO((M + e)(LmaXPT + esmaxA;) + i [ (ug) - 0]
t=1

+ \} (MZA}+MPT) iLt [Et(ut) —f;]),

t=1

M\/Tlog(ﬁ)

€

where A} < O(log( )), Omax = Gmax + MLpmax, M = maxy|u|, and Pp =

g ue —wa ]
9.3 Conclusions

In this chapter, we developed parameter-free algorithms for dynamic regret. Our results in Sec-
tion 9.1 are the first dynamic regret guarantees of any kind for unbounded domains, and likewise
our results in Section 9.2 are the first for unbounded domains and losses. In both cases, our results
automatically obtain near-optimal guarantees in both stationary and non-stationary settings using
no instance-specific hyperparameter tuning, and require no prior knowledge of the magnitude of the
comparator sequence. Thus, our algorithms are the first to completely remove a priori knowledge

of the comparator sequence in general OCO.

An important open question is whether it is possible to reduce the computational or memory
overhead of the algorithms designed here. All known algorithms which obtain an O(~/PrT') depen-
dence, including our own, require at least O(dlog (T")) per-round computation and memory. This
sort of horizon-dependent complexity can be prohibitively expensive for many settings in which
one is concerned with adapting to non-stationarity, such as in continual learning settings. It may
be possible to construct the set of step-sizes in a more on-the-fly manner, beginning with a small
number of step-sizes and selectively adding more based on some empirical measure of performance.
This way it may be possible to be both dynamic and efficient in most problems, and computation-
ally expensive only in unreasonably hard problems. We leave these as exciting directions for future

investigation.
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Chapter 10

Non-stationarity in Online Linear

Regression

This chapter presents new techniques and analyses for online linear regression, a variant of the classic
least-squares regression problem tailored to streaming data (Azoury and Manfred K Warmuth 2001;
Vovk 2001; Orabona, Crammer, and Nicolo Cesa-Bianchi 2015; Foster, Kale, and Karloff 2016).
Formally, consider T' rounds of interaction between a learner and an environment, in which learner’s
objective is to accurately predict some observable target signal y; € R before it’s revealed. On each
round, a vector of features z; € R? is first revealed, representing the context of the environment at
the start of the round, and the learner predicts 7, = (z;,w;) by means of a weight vector w; € R,
The signal y; € R? is then observed, and the learner incurs a loss proportional to the prediction
error, {i(wy) = %(yt — (x4, wy))?. Since wy is allowed to depend on z, this protocol is sometimes
referred to as improper online regression, as the learner is able to make predictions outside of the
class of linear models. Indeed, since x; is revealed before the learner must make their prediction, it
is always possible to make predictions 7, = fi(x;) for any arbitrary transformation f; : R? - R, for

instance by setting wy = fi(z¢)ze/ || ze|*.

As in previous chapters, the classical measure of the learner’s performance in this setting is

regret, the cumulative prediction error relative to some fixed benchmark point u € R%:

T
RT(U) = ;Zt(wt) - Et(u)

Notice that this performance measure can only properly reflect prediction accuracy when there
exists a fized v € R? which predicts well on average. For example, this may occur when when the
(x¢,y¢) pairs are all generated i.i.d. from some well-behaved distribution. However, in many true

streaming settings the data-generating distribution may change over time due to changes in the
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environment. Dynamic regret attempts to model such settings by comparing against a sequence of

comparators u = (u1,...,ur):

T
Ry(u) = ;@(wt) — Ly (u)-

Notice that dynamic regret captures the usual notion of regret (referred to as static regret) as a
special case by setting u; = ... = up. Our goal in this chapter is to make favorable dynamic regret
guarantees even in the complete absence of any prior knowledge of the underlying data-generating
process. Naturally, because such an algorithm leverages no prior knowledge, it necessarily must be
adaptive to all problem-dependent quantities without requiring any instance-specific hyperparame-

ter tuning.

Related Works. Despite being a well-studied problem setting, there are no prior works
which approach online linear regression with sufficient generality to be considered free from prior
knowledge. The closest works to our own are Vovk (2001), Azoury and Manfred K Warmuth (2001),
Orabona, Crammer, and Nicold Cesa-Bianchi (2015), and Mayo, Hadiji, and Erven (2022), each of
which consider the same improper online learning setting as this work and present algorithms that
can be run in an unbounded domain (hence requiring no prior knowledge about the comparator)
and without any prior knowledge of the data stream. Yet these works provide guarantees that only
hold for static regret—the dynamic regret of the algorithms in these works may be arbitrarily bad.
In this sense, deploying any such algorithm implicitly requires rather strong prior knowledge: that

the data-generating distribution is not changing over time.

A closely related problem setting which does account for potential non-stationarity is the classic
filtering problem (Kalman 1960; Simon 2006; Kozdoba et al. 2019; Hazan and Singh 2022). This
problem setting assumes that the y; are generated from a dynamical system of a specific form, and
seeks to estimate the hidden state of the system. Thus, these works revolve around strong structural
assumptions about the data-generating process from the outset. Similarly, there is a large literature
on adaptive filtering which seeks to solve the filtering problem without a priori knowledge of the
system (J. Kivinen, M. Warmuth, and Hassibi 2006; Hazan, Singh, and C. Zhang 2017; Hazan,
Lee, et al. 2018; Rashidinejad, Jiao, and Russell 2020; Tsiamis and Pappas 2022; Ghai et al. 2020),
though these works still implicitly require prior knowledge that the underlying dynamical system is

from some specific class, as any performance guarantees may otherwise fail to hold.

Alternatively, there are several related problem settings that one might hope to leverage results
from, but these all inevitably require additional assumptions of some form to be applied to the
online linear regression problem. For instance, many prior works develop algorithms for general
online regression settings that capture linear regression as a special case (Orabona, Crammer, and
Nicold Cesa-Bianchi 2015; Luo, Agarwal, et al. 2016; Kotltowski 2017; Kempka, Kotlowski, and
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Manfred K. Warmuth 2019; Mhammedi and Koolen 2020). Even more generally, one might hope
to approach online linear regression via reduction to a more general online convex optimization
setting (L. Zhang, S. Lu, and Z.-H. Zhou 2018; Yuan and Lamperski 2019; Zhao et al. 2020; Baby,
Hasson, and Y. Wang 2021; Baby and Y.-X. Wang 2021; Luo, M. Zhang, et al. 2022; Jacobsen and
Cutkosky 2022; Z. Zhang, Cutkosky, and Y. Paschalidis 2023; Zhao et al. 2024). Unfortunately, all of
these works require additional boundedness assumptions on the losses such as Lipschitzness or exp-
concavity, both of which require a bounded domain in the context of losses £;(w) = %(yt —{xg,w))2
Yet assuming a bounded domain amounts amounts to having strong prior knowledge that the
comparator sequence u = (ug,...,ur) lies entirely within some bounded subset W c R?, which

must be known and accounted for a priori for the guarantees to hold.

One recent exception to the limitations mentioned above is our contribution in the previous
section, Section 9.2. Recall that in that section, we developed algorithms which can be applied
to any loss functions satisfying |Vl:(w)| < G¢ + Ly |w| for some non-negative constants Gy and
L, and hence could be applied in the improper online regression setting by setting Gt = || | z¢||
and L; = ||z;|®. The algorithm in that section achieves a dynamic regret guarantee on the order
of O(M?3?\/PrT) where M = max; |u]| and Pr = YL, |lus — us_1]. However, the approach still
requires prior knowledge of Gax > Gy and Lyax > Ly for all ¢ (and hence is not prior-knowledge-free),
and later in this chapter we provide a lower bound demonstrating that the M 3/2/T dependence
is overly pessimistic in the improper online regression setting. Moreover the algorithm from that
section requires O(dT log (T")) per-round computation, making it inappropriate for many of the long-
running problems where non-stationarity naturally emerges due to subtle changes in the environment

over time.

10.1 The Vovk-Azoury-Warmuth Forecaster

In the context of static regret, it is well known that the optimal strategy in our improper online
linear regression setting is the Vovk-Azoury-Warmuth (VAW) forecaster, discovered independently
by Azoury and Manfred K Warmuth (2001) and Vovk (2001). On each round, the standard VAW

forecaster sets

¢ 14
wy = ()\I + Z .IZSLI?;) Z YsTs. (10.1)
s=1

s=1

The VAW forecaster is well-known for the following regret guarantee (Azoury and Manfred K
Warmuth 2001; Vovk 2001; Orabona, Crammer, and Nicoldo Cesa-Bianchi 2015).
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Theorem 10.1.1. For any u € RY and any sequences (y;)L, in R and ()L, in RY, the VAW

forecaster guarantees

2 T 2
Rr(u) < 3 Jull + dma%log(l Ik Lthz)7

Let us briefly pause to appreciate some of the subtleties of this result, as it represents a very high
standard of excellence in online learning. First, note that the result holds using no prior knowledge
about the data — there are no underlying assumptions about how the features x; or the targets y;
are distributed, the algorithm requires no specific statistics or bounds such as |y¢| <Y or |z¢] < X,
and the algorithm works in an unbounded domain — a relative rarity in adversarial settings. Yet
despite this incredible degree of generality, the VAW forecaster boasts a strong logarithmic regret
guarantee, which can be shown to be optimal up to constant factors (See, e.g., Nicolo Cesa-Bianchi
and Lugosi (2006, Theorem 11.9)). Thus, the VAW forecaster achieves a harmony between theory
and practice which is quite rare in online learning, requiring no problem-specific information or

assumptions while still guaranteeing optimal regret.

However, a major caveat to the above discussion is that these favorable properties hold only
within the context of static regret. The dynamic regret of the VAW forecaster can be arbitrarily
bad in general. To see why, let us consider the simple case where d =1 and z; = 1 for all ¢. In this
case, the VAW forecaster predicts 7, = z;w; = (A +t)"' Y11 y,, which approximates an empirical
average of the targets observed up to round ¢. It is easy to see that any such prediction strategy
can fail when competing with a time-varying comparator. For instance, if the first 7'/2 targets are
-1 but the second half are +1, the VAW forecaster will quickly converge to predicting —1 in the first
T'/2 rounds, but will be unable to quickly adapt after the change in the latter 7'/2 rounds, leading
to linear regret overall. In this sense, the VAW forecaster actually implicitly requires quite strong
prior knowledge about the data: that it is, in some sense, stationary. Because of this, its predictions
can not be trusted in the absence of prior knowledge, but rather only when the practitioner knows
they are dealing with data that can be reasonably predicted using only a single fixed hypothesis
uw e R?%. In the next section, we will see that this issue can be alleviated by incorporating a suitable

recency bias to the statistics of the VAW forecaster.

10.2 Dynamic Regret via Discounting
Despite making strong static regret guarantees, we saw in the previous section that the standard

VAW forecaster may fail to attain low regret when competing against a time-varying comparator.

Loosely speaking, the problem is that the VAW forecaster treats all time-steps as equally important.
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Indeed, it can be shown that VAW forecaster can be understood as updating
1 9 t—1
Wy = arg min,  pd 5 lwlx, + Z ls(w),
s=1

where A; = AT + x;2].5 The latter term Y2} £4(w) forces the VAW forecaster to choose a w which
balances all of the losses encountered so-far. Yet in dynamic scenarios, the losses that contain the
most-relevant information for predicting y; are typically the ones that have been observed the most
recently. In order to more closely track these recently-observed losses, we make two modifications
to the VAW forecaster. First, we incorporate a forgetting or discount factor - in to the algorithm’s
statistics, placing less emphasis on losses observed far in the past. Second, we allow the update to
additionally make use of a sequence of “predicted labels” or “hints” %, that are available before we
commit to g;. Intuitively, we would like our algorithm to do better when %, = y:. Later, we will

provide some concrete ways to set J, that yield strong regret bounds.

The variant of the VAW forecaster described above is provided concretely in Algorithm 12.
Observe that by unrolling the recursions for 6; and ¥;, the update w; = X; 1 [7,x4 +v0¢] can be

written in closed-form as

t -1 t-1
we = (vtﬂ +2 ’V”xswl) [’zita:t 2 T s |-
s=1 s=1
By setting v = 1 and 3, = 0, the update precisely reduces to Equation (10.1), so the discounted
VAW forecaster is a strict generalization of the standard VAW forecaster. Likewise, the following
theorem shows that Algorithm 12 obtains a regret guarantee which captures Theorem 10.1.1 as a

special case. Proof can be found in Appendix C.2.1.

Theorem 10.2.1. Let A > 0 and vy € (0,1]. Then for any sequence w = (uy,...,ur) in RY, Algo-

rithm 12 guarantees

YL AT x5
d

A d -
PGy < 5 a0 s - 7o 1+
T-1 d T )
oy 3 7 (o) ~ E ()] + 1og (1) Y070
t=1 t=1

2 _
where F,'(w) = fyt% |w]3 + Yo o (w).

The regret decomposition obtained in Theorem 10.2.1 is appealing for two reasons. First, it

captures Theorem 10.1.1 as a special case: setting y=1, %, =0, and u; = ... = ur = u, the last two

!The equivalence to Equation (10.1) is readily checked via the first-order optimality condition, though this claim
can also be derived as a special case of a more general claim Proposition C.2.1 provided in the appendix.
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Algorithm 12: Discounted VAW Forecaster
1 Input: A>0, v€(0,1]

2 Initialize: w1 =0, Xp=AIl, 0, =0

3 fort=1:T do

4 Receive features z; € R?

5 Set ¥y = mtxt + ’th 1, choose 7, e R
6 Update wy = 37! [7,2¢ + 76;]

7

8 Predict (x4, w;) and observe y;

9 Incur loss £ (wy) = %(yt — (x4, wy))?
10 Set 9t+1 = YTt + 7915
11 end

T 2
terms of the bound evaluate to zero, so the regret is bounded by % Hu”%+g max; 32 log (1 + %) ,

which is precisely the guarantee promised by Theorem 10.1.1. Second, the decomposition displays a
clean separation of concerns. The terms in the first line are the unavoidable penalties associated with
static regret, which are of course also unavoidable here in the more general dynamic regret setting.
In the second line, any penalties incurred as a result of a changing comparator sequence are captured
entirely by the variability term v Y11 Fy (ugs1) — F} (ug), while the term dlog (1/7) ¥, %(yt -7,)?

represents a stability penalty incurred due to discounting.

Intuitively, the terms in the second line represent a tracking/stability trade-off: against a
volatile comparator sequence, we would ideally like to set the discount factor v to be small to
control the variability penalty, yet this will come at the expense of increasing the stability penalty
dlog (1/7) XL, %(yt ~%,)%. In its current form, however, this trade-off is still a bit mysterious. The
variability term v 7! F}'(ug1) — F} (ug) is not necessarily monotonic as a function of + nor is it
necessarily positive, making it difficult to meaningfully analyze or understand how it relates to the
stability penalty %log (1/9) 2L, (y: = 7,)2. If we instead consider a modest upper bound on these
terms we can reveal a more explicit trade-off. We provide proof of a slightly more general statement
of the following lemma in Appendix C.2.1.

Lemma 10.2.2. (simplified) Let €y, {1, ...,0p be arbitrary non-negative functions, v € (0,1), and
FY(w) =%t oy (w). For allt, define
At
d} (u,v) = Z 5 7 [ls(u) = Ls(v)],

=07

and P%(u) = ZtT;ll &Z(utﬂ, u¢). Then for any Vp >0,

T-1
SDNIACINE F(ut)]+log(,y)vT<1—P”<u>+ Ty,
t=1

74



The lemma bounds the variability term Y7 ' [F) (uts1) — F;'(ug)] from Theorem 10.2.1 in
terms of a new one PJ.(u). To understand this new measure of variability, for each ¢ let us first
define a v-exponentially-decaying distribution over time-steps s < ¢ as p/(s) = Z’SL:' Then,
s'=0

t—s

: o P .
given v we can express P} (u) as

t_i;/ (Ut+1 7Ut)

Py (u)

T-1 t
Z Z(:)pZ(S)[ES(UtH) —fs(ut)]Jr

o~
[y

N
L

By [ (6 (uen) - 6s(u))- ),

~
I
—

so each term of P%(u) is a measure of how different the prediction errors of u; and w1 are on
average across “recent” losses. The quantity P%(u) can also be naively related to the more common

measure of variability — the path-length leL'H = 3T Juy — uget| — as follows:

T-1
Pp(u) < 3 max [ Ves(ura) | |ur = upaa |
t=1

<max |7, (u)| P} <O (mtax Juse] PM) .
sS

Thus, P%(u) is proportional to the usual path-length. Note that a multiplicative penalty of
max; ||u¢| is the same worst-case penalty that appears in prior works, even in bounded domains
(L. Zhang, S. Lu, and Z.-H. Zhou 2018; Jacobsen and Cutkosky 2022; Z. Zhang, Cutkosky, and
Y. Paschalidis 2023; Zhao et al. 2024).

Letting n = ﬁ, Lemma 10.2.2 tells us that that latter terms of Theorem 10.2.1 are bounded by

a4z
nPp(w) + 5 2 (ur -7,)%,
=1

d —
25l (ye9)?

a trade-off which can be optimized by choosing n = P (w) to get
T

d T _ T 1 _
nPl(u) + — > (ye—7)% = 2\J dPL(uw) Y, = (ye = Ty)?.
2n i3 =12

This is very promising; as we will see in Section 10.2.2, a penalty of this form is unavoidable in
general. Plugging this choice of 1 back into 7 = ﬁ and solving for 7, we find that the ideal choice
of discount factor would be a ~y € [0, 1] satisfying
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- \/% S (e - )2
VESL (5 -7)% + VP(w)

Notice in particular that v appears on both sides of the expression, and solving for this v explicitly

is non-trivial in general. Nonetheless, the following theorem shows that a discount factor satisfying
the above expression always exists, and if it could somehow be provided to the discounted VAW
forecaster we would achieve dynamic regret matching the lower bound in Section 10.2.2. Proof can
be found in Appendix C.2.1.

Theorem 10.2.3. For any sequences yi,...,yr andqy,...,yr in R and any sequence w = (uy, ..., ur)

in RY, there is a discount factor v* € [0,1] satisfying

_ \/%l S (v = T)?
VESE -7 +/ P (w)

*

Y

(10.2)

with which the regret of Algorithm 12 is bounded above by

T
Rr(u) < O(dmtaX(yt ~7,)* log (T) + \J APy (u) Z;(yt —@)2)

While this result is promising, it is important to note that it still falls short of our desired goal of
prior-knowledge-free learning. Indeed, it seems that we require exceptionally strong prior knowledge
to choose the prescribed discount factor v* satisfying Equation (10.2). We will return to this issue
in Section 10.3 to show that this discount factor can be learned on-the-fly, resulting in algorithms

that are truly free of prior knowledge.

Interestingly, the discount factor +* in Theorem 10.2.3 can help to shed some light on the
variability measure P}f* (u). Observe from the relation in Equation (10.2) that v* can be near zero
only when P%* (u) is very large relative to the stability penalty, and likewise, if v* is near 1 then
P%* (w) must be inconsequentially small. In this sense, the P}’* (w) corresponding to small 4* can be
regarded as the worst-case measures of variability. Yet as +* approaches zero, P%*(u) approaches
St [0 (ugsr) — €e(ur)],, which can be naturally related other standard measures of variability.
Indeed, this penalty is similar in spirit to the temporal variability 7% [€re1(us) — € (uz)| studied
in works such as Campolongo and Orabona (2021) and Besbes, Gur, and Zeevi (2015), and can be
related to the path-length Y731 |u; — us,1|| via convexity of ;. In this sense, P;f* (u) can be thought

of as a relaxation of the more common measures of variability.
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10.2.1 Small-loss Bounds via Self-confident Predictions

In the previous section, we saw that the discounted VAW forecaster can achieve regret scaling as
(0] (\/ dP%* (w) YL (g - ’gt)Q), where 7, € R is an arbitrary “hint” available before observing the true

y¢. One particularly interesting option is to use the learner’s own prediction as a hint, 7, = (z¢, wy).
The reasoning is that any learner achieving low dynamic regret must be predicting y; reasonably
well on average, so their own predictions would naturally make for reasonable predicted labels ;.
Concretely, observe that by choosing 7, = (x, w;) we would have YL (y:~7,)? = S5, (ye— (¢, we))? =

2%, £(w;), and hence for some ~ € [0,1] the guarantee in Theorem 10.2.3 would scale as

T T
Rr(u) = ;Et(wt) —ly(u) <O \J dP%(u)t;Et(wt) ;

where the O(-) hides the logarithmic factor. Now notice that Y7, ¢;(w;) appears on both sides of

this inequality. Solving for YL, ¢;(w;), we find that \/ 3L, £;(w;) < O (\ [dP(u) +\/ 2L, Et(ut)) ,

so plugging this back into the regret bound we have

T
Rr(u) <O| P)(u) + \‘ P%(u);&(ut) .

Bounds of this form, sometimes called small-loss or L* bounds, are highly desirable because they
naturally adapt to the total loss of the comparator sequence, potentially leading to lower regret

than more naive hint choices such as ¥, = ;-1 or §, = 0.

Unfortunately, the above argument does not quite go through because the now the logarithmic
penalty in Theorem 10.2.3 scales as O (dmax;(y; —¥,)%log (T)) = O (dmaxy ¢;(w)log (T)), and
this max; 4 (w;) could be arbitrarily large. Fortunately, it turns out that this issue can be remedied
by a simple trust-region argument. On each round, instead of directly using hints 7, = (z, w;), we
can constrain these predictions to be close to some arbitrary reference point y{{ef. In particular, in
Lemma C.2.7 we show by clipping the learner’s predictions to a suitable interval centered at thef

we can guarantee (y; —¥,)* < O (max;(y; — yRehH2 A ¢;(wy)). This gives us the best-of-both-worlds:

a similar self-bounding argument to above still yields a small-loss penalty O(\/ dP}(u) >, Et(ut)),
while the logarithmic penalty can be bounded as O (d max; (y; — yi)? log (T)) < O(dmax; y? log (T))
by setting y?ef = 1y4_1 O thGf = 0. The following theorem follows this above argument through,
demonstrating that the discounted VAW forecaster can achieve small-loss bounds when using a

well-chosen discount factor.
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Theorem 10.2.4. Let thefe R be an arbitrary reference point and let By = [thef—Mt,theer My] for
R

Ys = Ys Ef‘ .

for any sequence of losses £y,...,0p and any sequence w = (uy,...,up) in RY, there is a 7° € [0,1]

M; = maxset Suppose that we apply Algorithm 12 with hints 7, = Clipg, ({(z¢,w¢)). Then

satisfying

T
0 ) (10.3)

")/ = .
\/d S b)) + \/P¥o (u)

Moreover, running Algorithm 12 with discount ¥° V Ymin fOT Ymin = % ensures

T
Rr(u) < o(dpgmin(u) +dmax(y; - ylN 2 log (T) + \} AP}’ (u) t_zlet(ut)),

Notice that unlike the previous section, there are two different variability penalties, P%O (u) and
P} (w). The first mirrors the measure encountered in the last section. The other, PJ™"(u), is
% is generally quite large, so P7™"(u) may evaluate
losses at irrelevant comparators that are far away in time. Nevertheless, notice that this term

rather annoying; in high dimensions vy, =

satisfies P7mm (u) < Y/ max [€s(ugs1) — £5(ue)],, a penalty which we will show is unavoidable in

general in Theorem 10.2.5.

10.2.2 Dimension-dependent Lower Bound

In this section, we show that the regret penalties observed in the previous sections are unavoidable

without further assumptions. The following lower bound is proven in Appendix C.2.3.

Theorem 10.2.5. For any d,T >1 and P,Y >0 such that dP < 2TY?2, there is a sequence of losses
l(w) = %(yt ~{z¢,w))? and a comparator sequence w = (u1,...,ur) satisfying max;|y;| <Y and
Y Y max, [Cs(uge1) — ls(u)], < P such that

T
RT('LL) >0 dY2 IOg (T) +dP + \J dP Z(yt - yt—1)2
t=2

The key observation is that there is always a sequence of losses such that Y7, £;(us) = 0 can
be ensured using only T'/d different comparators. Indeed, letting the features z; cycle through the
standard basis vectors, for any sub-interval [s,s + d] € [1,T] we can choose a single u € R? such
that (x¢,u) = y; for each ¢ in the interval. Then by sampling the y; randomly from {-Yo,Yo}
for some o € [0,1], we can ensure variability of at most O(TY?20?/d) < P but regret of at least

QTY?0?) > Q (\/dP (57 (e —g1)? v dP]).
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Note that the condition dP < 2TY? captures a natural restriction of the problem setting, in
that for larger P the vacuous lower bound Rp(u) > Q(TY?) can be constructed. Indeed, in the
boundary case where dP = 2TY2, Theorem 10.2.5 tells us that there is a sequence such that Rp(u) >
Q (\/m) =Q(dP)=9Q (TYZ). Yet this bound is achieved against any comparator sequence by
the algorithm that naively predicts 0 on every round: Ry (u) = XL, £;(0)=¢;(us) < YL, Ty <3TYZ
Hence, no lower bound can exceed %TYZ, so it is sufficient to consider comparator sequences with

variability bounded by P < 2TY?2.

If we instead consider a more restricted problem setting by assuming a bounded domain, then
the losses f4(w) = %(yt — (x4, w))? can be considered to be exp-concave. In this setting, Baby and

Y.-X. Wang (2021) have shown a lower bound of
Ry(u) > Q (Y2 PR, (10.4)

where Cr = Y/1' |ug —w-1];. A natural question is whether similar results also hold in the un-
bounded setting, and how they compare to our lower bound in Theorem 10.2.5. Note that even in
the exp-concave setting, the bound in Equation (10.4) is not necessarily tight. Indeed, Baby and
Y.-X. Wang (2021) provide an algorithm which guarantees

Rr(u) < O(Y*Pa>> T30,

which does not match the lower bound w.r.t. the dimension d. In contrast, our lower bound in
Theorem 10.2.5 matches our upper bounds in all involved quantities (see Sections 10.2 and 10.3).
Regardless, we also demonstrate in Appendix C.2 that the same (~)(Y4/ 3q3-57 30;/ 3) upper bound
can be attained, even in unbounded domains, using the strongly-adaptive guarantees developed in
Section 10.4.

10.3 Learning the Optimal Discount Factor

Recall that our goal from the outset has been to design algorithms that achieve favourable dynamic
regret guarantees using no prior knowledge. To this end, we showed in Section 10.2 that the

discounted VAW forecaster can achieve dynamic regret guarantees of the form

Ry(u) <0 (\ [dP2(w)T v dlog (T))

where P%(u) is a certain measure of variability of the comparator sequence, and in Section 10.2.2
we showed that these penalties are unavoidable in general. However, these results hold under the
assumption that the learner chooses discount rates satisfying special conditions (Equations (10.2)

and (10.3)), either of which would require exceptionally strong prior knowlege to ensure. Indeed,
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the learner would need to know the future! In order to achieve our goal of learning in the complete
absence of prior knowledge, we need to ensure that the learner can adequately guess or learn these

ideal discount factors on-the-fly.

A common way to achieve runtime parameter-tuning of this sort would be to run many instances
of the algorithm for different choices of v in parallel, and combine the predictions using a suitable
meta-algorithm. In particular, suppose we have a collection of algorithms A;,..., Ay and on each
round we can query each A; for a prediction yt(i) e R. Moreover, suppose we have a meta-algorithm
AMeta Which tells us how to combine these predictions by outputting a p; from the N-dimensional
simplex Ay. Then by predicting 7, = XY, ptiyti), 2 for any benchmark sequence u = (ug,...,ur)
and any j € [IV] we have

T
Rr(u) =Y l(G;) — Le(us)

=1
() a )

=3 0(y) = l(ue) + D 4(Ty) — Le(y,”))
t=1 t=1

A
=R, (u) =:RMeta(e,)

where the last line observes that yt(j ) - (xt,fng )). Hence, we may achieve our goal if we can ensure
1) that there is a j € [IV] such that A; uses a near-optimal discount factor 7;, and 2) we can provide
a meta-algorithm which guarantees low regret R%eta(ej). We first investigate the latter point, and

return to the former in Theorems 10.3.2 and 10.3.3.

The obvious approach to bounding the meta-algorithm’s regret would be to observe that the

——1 - (Lemma C.2.8), which will allow
2max; £ (y,"’)

us to apply an instance of the fixed-share algorithm (Nicolo Cesa-Bianchi, Gaillard, et al. 2012) to

losses 4(y,) = %(yt ~7,)? are ay-exp-concave for oy =

get:

log (NT)

ari1

R%/Ieta(ej) < O( ) < O(n%z%xﬁt(yt(i)) log (NT))7

as shown in Theorem C.2.12. However, just like in Section 10.2.1, the term max; ; Kt(y,gi)) is hard to
quantify and could be be arbitrarily large in general. Fortunately the very same clipping trick used
in Section 10.2.1 also works here: instead of having the meta-algorithm combine the raw predictions
ygi), we can simply clip the predictions to a trust-region around a given reference point thef. In

Lemma C.2.9 we show that the clipping strategy detailed in Algorithm 13 incurs only an additional

2Recall from the introduction that because the features x; are provided at the start of the round, we can work
directly in the output space R if we so choose by setting w = 7, x+/ |+ ||2 Hence, given 3 € R we allow a slight abuse
of notation by letting () = & (y: - 7).
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Algorithm 13: Range-clipped Meta-algorithm

1 Input: Online learning algorithms Ay, ..., Ay, experts algorithm Apeta over the simplex
Ay.

2 Initialize: Apeta, A1, ..., An, and set My =0

3 fort=1:T do

4 Receive features z;

5 Choose reference point y2¢f

6 Define B; = | {{ef My, {{ef + My]

7 fori=1,...,N do

8 Send z; to A;

9 Get prediction yt( D2 (:pt, wlf )) from A;

10 Compute y( R Chth(yt )

11 end

12 Get p; € An from Apnjeta

13 Predict 7, = ¥V, ptzyg " and observe Yt
14 Update M1 = My v |y — yi°f|

15
16 Send £y (w) = %(yt —({zy,w))? to A; Vi
17 Send Et@( )) ft@fgm) to Apeta
18 end

constant penalty in the regret. Then, using Lemma C.2.7, using these clipped predictions leads to
RY“*(e;) < O(max(y, - ;") log (NT)).

Note that a penalty of a similar order is already present in the regret of the VAW forecaster (e.g.
Theorem 10.2.1) so this result will be sufficient for our purposes. Overall, the following theorem
formalizes the argument described above. We provide a simplified statement here for brevity, but

the full statement and its proof can be found in Appendix C.2.4.

Theorem 10.3.1. (simplified) Let Apperq be the instance of fized-share characterized in Theo-

rem C.2.12. Then for any sequence w = (u1,...,ur) in R and any j € [N], Algorithm 13 guarantees
—~ , 2
R () < O (B () + g (3 - ) o (NT) ).
where O(-) hides loglog terms.

A similar target-clipping strategy was recently used by Mayo, Hadiji, and Erven (2022) to prove
a static regret result for scale-free unconstrained online regression. Theorem 10.3.1 generalizes

their approach by clipping to a trust-region of an arbitrary center yRef € R, and offers a somewhat
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streamlined argument which does not appeal to probabilistic notions such as mixibility.

Finally, with Theorem 10.3.1 in hand, we can achieve our desired result by running Algorithm 13
with the base algorithms A; being instances of the discounted VAW forecaster with different discount
factors . The following theorems show that for a well-chosen set of discount factors, we can make
guarantees that match the bounds attained under oracle tuning of v (Theorems 10.2.3 and 10.2.4),

yet require no prior knowledge of any sort. Proofs can be found in Appendix C.2.4 respectively.

Theorem 10.3.2. Let b > 1, Nin = 2d, Nmax = dT', and for all i € N let n; = nminbi A Nmax, and
(i€ N} u{0}. For any v in S, let A, denote an

instance of Algorithm 12 with discount .2 Let Apperq be an instance of the algorithm characterized

construct the set of discount factors Sy = {% = 1:7;7

in Theorem 10.5.1, and suppose we set thef =7, for all t. Then for any w = (uq,...,ur) in R?,
Algorithm 13 guarantees

T
P < Of st~ "o (1) bJ P () Y -7
t=1
where v* € [0,1] satisfies Equation (10.2).
Theorem 10.3.3. Under the same conditions as Theorem 10.3.2, suppose each A, sets hints [, =

Y] = Clipg, ((, z¢,w])), where By = [thef— Mt,yﬁef+ M,] and M; = max yfef|.
w=(uy,...,ur) in R?, Algorithm 13 gquarantees

Ys — Then for any

T
Ry(u) < o(dpgmin(u) +dmax (yt - yfef)2 log (T) + b\J AP}’ (u) zet(ut))
t=1

where Ymin = % and v° € [0,1] satisfies Equation (10.3).

It is worth noting that Theorems 10.3.2 and 10.3.3 use knowledge of the horizon T to construct
the set of experts. All of our results extend immediately to the unknown T setting as well via
the standard doubling trick (Nicolo Cesa-Bianchi and Lugosi 2006), so for simplicity we treat T as
part of the problem setting rather than a potentially unknown property of the data. An interesting
direction for future development would be to construct the set of experts in a more on-the-fly way,

so as to avoid using the doubling trick to adapt to unknown 7.

3For brevity, here we refer to an algorithm that directly predicts 7, on every round as being an instance of the
discounted VAW forecaster with v = 0. This terminology can be justified by Remark C.2.2, but for our purposes here
it’s sufficient to consider it convenient alias.
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10.4 Strongly-Adaptive Guarantees

While our original goal was only to achieve dynamic regret guarantees in the absence of prior knowl-
edge, it turns out that we can actually achieve an even stronger result: dynamic regret guarantees
that hold over every sub-interal [a,b] € [1,T] simultaneously. To our knowledge, strongly-adaptive
guarantees of this sort have previously only been achieved under various boundedness assumptions
(Baby, Hasson, and Y. Wang 2021; Baby and Y.-X. Wang 2022b; Baby and Y.-X. Wang 2022a;
Jun, Orabona, et al. 2017; Cutkosky 2020; Daniely, Gonen, and Shalev-Shwartz 2015).

The results can be derived using the results in the previous section. As shown in Appendix C.2.4,

for any [s,7] < [1,T], w = (us,...,u,), and v € S,, Algorithm 13 more generally guarantees that
Riory(w) < O (Y (w) + mavx(y - ) log (V7))

where R[, - denotes the regret over sub-interval [s,7] ¢ [1,T]. The only caveat is that the regret
guarantees of the discounted VAW forecaster only hold when the algorithm begins learning on round
5.* However, suppose that for each s € [1,7] and each v € S, we define an algorithm A, ; which uses
discount v but begins learning at time s. Then for any [s,7] Lemma C.2.10 implies that there is a
A, s such that Réﬁ;l (u) < O(dmax;(y; — yR)2log (1 - ) + b\/dP[ZT] (w) X7_(y: - 7,)?). Plugging
this back into the previous display and choosing |S,| < O(log (T")), we have N < O(T'log (7)) and

an overall regret bound of

Rior(u) < G(dmgx@t ~7,)?log (T) + b\J P (w) Y —m)?).
t=s

This is the essence of the Follow the Leading History algorithm of Hazan and Comandur Seshadhri
(2007) and Hazan and C. Seshadhri (2009).

While the above approach leads to a strongly-adaptive guarantee, it would be excessively expen-
sive in general, since we’d now have O(T'log (T")) total experts to update on every round. We may
instead lower this to O(log?(T')) experts using the geometric covering intervals of Daniely, Gonen,
and Shalev-Shwartz (2015) and Veness et al. (2013). The idea is as follows: instead of initializing
a new instance of each A, on every round s € [T'], we will construct a set of intervals S such that
any [s,7] € [1,T] can be covered using only a small number of intervals from S. Then for each
v €Sy and each I € S, we can define an instance of the discounted VAW forecaster A, ; which is
run only during the interval I. The geometric covering intervals are constructed in such a way that

1) any round t can fall into at most O(log(T")) of the intervals, and 2) any [s,7] € [1,7] can be

4More generally, it can be seen from the analysis that if the algorithm starts at time ¢ = 1 and we try to bound
the regret over [s, 7], then after telescoping the divergence terms we will end up with a non-trivial term D, (us|ws)
which is hard to quantify in general for s > 1 without further assumptions.
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covered using only O(log (7 - s)) disjoint intervals from S. The first property ensures that there at
most O(log?(T")) active experts on each round, while the second property implies that there is a
disjoint set of intervals I, ..., I such that R, ;j(u) = YK, Ry, (u), so bounding each of these using

a similar argument to the above followed by an application of Cauchy-Schwarz inequality yields

Ris(u) < a(dmtax(yt —?jt)2 logQ(T) + b\} dP’Y (u) Z(yt yt)Q)

where Py, -1(u) is the total variability over the intervals and we’ve used K log(T') < O(log?(T)).
Hence, overall the penalty we incur for using the geometric covering is a modest increase from
log (T') to Klog (T) < O(log?(T)) in the leading term. Likewise, a similar argument holds for our
small-loss bounds. We formalize these intuitions in the following theorem. Prof can be found in
Appendix C.2.5.

Theorem 10.4.1. Let S, be the set of discount factors defined in Theorem 10.5.2, let S denote
a set of geometric covering intervals over [1,T], and for each v € Sy and I € S, let Ay be an
instance of Algorithm 12 using discount v and applied during interval I. Let Apjetq be an instance
of the meta-algorithm characterized in Theorem 10.3.1. Then for any [s,7] <€ [1,T], there is a set
of disjoint intervals Ir, ..., I in S such that U I; = [s,7], and moreover, for any u = (us, ..., u,)

Algorithm 13 with th of = Y, guarantees

Ry (u) <O (d max(y, - y;'7)* log*(T) + b\/de (w) > (e —?t)z)

te[s,7]

\/ﬁ
where P7 (u) v, P% (u) and each ~} €[0,1] satisfies v} = REEAC) —
VISP

If we instead suppose each A, sets hints as in Theorem 10.3.3, then for any u = (us,...,ur)

Algorithm 13 guarantees

R[SJ](U)Sa(dP[l":i’(u)+dm?x(yt ylN210g2(T) + b \/dp7 (w) Et(ut))
’ te[s,7]

/A ter be(u
where P7 (u) = i P% (w) and each ~; € [0,1] satisfies 7] = Zier; ©0)

VSt P (w)

10.5 Conclusion

In this chapter, we designed algorithms for online linear regression which achieve optimal dynamic

regret guarantees, even in the absence of all prior knowledge. We developed a novel analysis of a
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discounted variant of the Vovk-Azoury-Warmuth forecaster, showing that it can guarantee dynamic
regret of the form Rp(u) <O (dlog (T)v \/W ) when equipped with an appropriate discount
factor (Section 10.2). We also provided a matching lower bound, demonstrating that these penalties
are unavoidable in general (Section 10.2.2). We then showed that the ideal discount factors can
be learned on-the-fly, resulting in algorithms that can be applied in the complete absence of prior
knowledge yet still make optimal dynamic regret guarantees (Section 10.3) and strongly-adaptive
guarantees (Section 10.4). These are the first algorithms for online linear regression that make

meaningful guarantees without making assumptions of any kind on the underlying data.

As in the previous chapter, an important direction for future work is to reduce the computational
complexity of the algorithms. Similar to the traditional VAW forecaster, the approach developed
here can be infeasible for very high-dimensional features, requiring roughly O(d?log (7)) compu-
tation every round. The d? factor likely can be reduced by extending our analysis to use modern
sketching techniques (Luo, Agarwal, et al. 2016), and the log (T") factor can possibly be reduced

using similar techniques to the recent work of Z. Lu and Hazan (2022).
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Appendix A

Part I (Foundations)

A.1 A Strong Mirror Descent Lemma

In this section we derive a regret template for Centered Mirror Descent which holds for arbitrary
sequences of loss functions and choices of ¢y and ;. The result is analogous to the Strong FTRL
Lemma of McMahan (2017), but applies to a sequence of comparators and is tailored to mirror
descent-style analysis. Here we present a mild generalization of the lemma which incorporates the

post-hoc adjustments Wy = My (wy).

In this section, the following short-hand notation will be convenient:

Dy(z,y:95) € f(2) - F(y) ~ (g2 —y) .

where f is a subdifferentiable function and g, is an arbitrary element of 0f(y). Note that when
f is differentiable, then 9f(y) = {Vf(y)}, so the short-hand reduces to the standard bregman
divergence. Moreover, observe that D still satisfies the usual subgradient inequalities. For instance,

if f is convex, then for any g, € df(y) we have D (z,y;g,) > 0.

The following lemma provides a powerful regret equality for the centered mirror descent frame-
work, showing how each of the components of the update feature in the regret bound. We will use

this lemma to derive many of our results as special cases.
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Lemma A.1.1. (Strong Centered Mirror Descent Lemma) For all t, let ¢,(-) be a subdif-
ferentiable function, ¢ (+) be a subdifferentiable non-negative function, and ¥(-) be a differentiable

non-negative function. Define Ay(w) = Dy, , (w|wi) — Dy, (wlw1), and
Wee1 = arg min, e pa e (w) + Dy, (wlwe) + (A¢ + ) (w).

Then, for allt there is some Vi (wiy1) € O (wer1) and Vi(wis1) € Opi(wir1) such that Ve (wyeq) =
Vi (wi) = Vi (Wie1) = VA (wis1) = Vo (wis), and for any uy,. .., ur in RY,

T T
Y (@) = €y (ug) = Dy, (up|@y) = Dy, (upl@ren) + ) e (ue)
t=1

t=1
T T
+ 3 Dyyyy (we|@Wis1) = Dy, (uelwesr) + - (Vipe (W) = Vo (1), -1 — )
t=1 t=2
=&t =P

T
+ ;Et(@t) - ft(wt+1) - Dz/;t(wt+1|7-0t) - (At + @t)(wtﬂ)

5
T —_
> _Dﬁtﬂpt(uta wii1; VO (wee1) + Vcﬂt(wml))
=1

=Ly

Observe that the lemma holds even for non-convex losses; in this case we’ll need to account for
the fact that the terms —Dgt (wt, wis1; VO (wer1)) may be positive and may require additional effort
to control. When the losses are convex the terms —Egt (ug, w13 VO (wer1)) can often be leveraged in
useful ways, particularly when the ¢; have nice properties such as strong convexity or exp-concavity.
We will typically only assume convexity of ¢; and drop these terms. Similarly, for simplicity we
assume that ¢; is convex so that we can bound —Bw(ut,wtﬂ; Vr(wer1)) < 0. It’s possible that
this term could also be leveraged in some useful way, but we do not investigate this in the current

work.

Remark A.1.2. Note that Lemma A.1.1 captures constrained updates as a special case. In particular,
it can be shown that the constrained update is equivalent to an unconstrained one which includes
an indicator function in the composite penalty (see, e.g., Orabona 2019, Theorem 6.3, McMahan
2017, Section 2.4), that is,

arg min,epy £ (w) + Dy, (wlwy) + (A¢ + ) (w) =
arg min, cga £ (w) + Dy, (wlwy) + (A + @) (w) + I(w e W).

Moreover, it is easy to see that the same regret bound holds; from Lemma A.1.1 we can see that
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the effect of this addition in the regret guarantee is simply that Y2, ¢;(u;) will contain factors of
I(u; € W) =0 for sequences u = (uy,...,ur) in W.
Proof. (of Lemma A.1.1)

First, observe that the existence of the specified V4 (wi11) € 00 (wir1) and Vo (wis1) € Ope(wes1)
follows directly from the first order optimality conditions applied to the update w1 = argmin,, £;(w)+
Dy, (w[iwe) + Ag(w) + r(w).

Thus, using the notation ﬁf(x,y;gy) = f(z) - f(y) = (gy,x —y) for g, € f(y), we can write

M=

T T
;Et(m) —li(ug) = ) li(ween) = £ (u) +;ft(ﬂ7t) — U (wes1)

~
Il
—_

oL

T
(Ve (wis1), wier = ue) = Dy, (ug, wen; Ve (wien)) + Y (W) = b (wyen)
=1

~
Il
—_

(A1)
Further, again by first order optimality conditions, we have:
Ve(wis1) + Vor(wien) + VA (wie1) + Ve (wier) — Vipe (W) = 0,

so the first summation can be witten as

T T
YAVl (wir1), wirn —ug) = Y (VW) = Vipe(wia1), ween = ue) = (VA (wir1) + Veor (Ween), weer — )
=1 t=1

T
(i)ZD (ug|We) = Dy, (ug|wis1) = Do, (wee1|Wy)
=1

T
+ > (VAL (wia1) + Veor (weer), ug — W)
=1

®)

M=

Dy, (ut|@y) = Dy, (ue|wis1) = Dy, (wis1]W¢)

~+
I
—_

T
+ Z At(ut) - At(wt+1) - DAt (Ut|wt+1)
t=1

+ Z ot (ut) = oe(wer1) - E@t(uta w13 Vor(weer)),
t=1

where (a) uses the well-known three-point relation of Bregman divergences (V f(a) — Vf(b),b-c) =

Dy(cla) = Dy(clp) = Dg(bla), and (b) observes that (Vf(y),y -x) = f(y) = f(z) = Ds(x,y,V f(y))
for Vf(y) € df(y), and that Da,(z,y; VA(y)) = Da,(x|y) since A; is a differentiable function.
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Plugging this back into Equation (A.1), and re-arranging terms, we have

T T T
Y (@) = €e(ue) = Y Dy, (ue@y) = Dy, (ugwpsr) + Y Ag(ug) = Da, (uewesr)
t=1 t=1 t=1

T T
+ ; or(ug) + t;@(@t) —li(wir1) = Dy, (wis1|[We) = (At + @1) (wie1)
=5,
(A2)

T
+ Z Dy, (ug, wer1; VO (wier1)) = Dy, (ug, wer1; Veor (wesn)),
t=1

::Et

So it remains to study the terms in the first line. We have

Dy, (ug|Wy) = Dy, (uiwes1) + Da, (welwier) + Aq(ug)

NglE

~
Il

Dy, (ugl@e) = Dy, (ui|wir1) + Doy (ue|wirr) + Dy, (ue]@1) = Dy, (ug|i01)

~
Il
—_

Dy, (ugl@¢) = Dy, (uelwis1) + Dy, g (ue|@1) = Dy, (ug|@1)

R

~
Il
—_
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Add and subtract Dy,,, (u¢|Ws1):

T
= Z [Dwt (ut|1~ut) - D¢t+1 (ut|wt+1)] + [Dd)zu (ut|1~ut+1) - D¢z+1 (ut|wt+1)]
t=1

=&

T
+ tZl [ Dy, (we|@1) — Dy, (ue])]

T
= &1p + Dy, (u1|@1) = Doy, (up|@ri1) + Y, Dy, (we|@r) = Dy, (ui—1|¢)
t=2

T
+ Dy, (up|@y) = Dy, (ur|@1) + Y Dy, (ug—1|W1) — Dy, (we|iy)
t=2
= gl:T + DwT+1 (’U/T|@1) - D’l[JT+1 (uT|wT+1)

T
+ t_z;%t(ut) = Pe(ue-1) = (Voe (W), ug — ug-1)

T
+ t_Z;Tﬁt(ut—l) = (ur) = (VP (W1), ue1 — ug)

=&ur + Dy, (ur|@i) = Dy, (ur|@rir)

M=

(Vo (Wy) = Vpe (W1), w1 — ug) -

t=2

Pt

Plugging this into Equation (A.2) yields the stated result:

T T
Yl (Wy) = by (ug) = Dy, (up|@r) = Dy, (ur|@rar) + Y @i(ug) + Err + Por + 010 + Lor
t=1 t=1
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A.2 Proofs for Chapter 4 (Centered Mirror Descent)

A.2.1 Proof of Lemma 4.0.1

Lemma 4.0.1. (Centered Mirror Descent Lemma) Let 1;(-) be an arbitrary sequence of dif-
ferentiable non-negative convex functions, and assume that w; € arg min,ga ¥¢(w) for all t. Let

o(+) be an arbitrary sequence of sub-differentiable non-negative convexr functions. Then for any

ul,...,ur, Algorithm 2 guarantees
T T
Rr(u) < vpa(ur) + Y @r(ug) + Y (Vi (we) = Vop(wr), wm1 — ug)
=1 =2
=P
T
+ Z (gt, wr — wii1) — Dwt(wt+1|wt) - (A + @) (wes), (4.1)
t=1

=0
where gy € 0l (wy).

Proof. From Lemma A.1.1 with M;(w) = w for all ¢, we have have w; = W, for all ¢t and

T T T T T
Yo b(wy) = Le(ug) = Dy, (urlwr) = Dy (up|lwpiy) + Y oe(ue) + Y P+ Y 6+ Y Ly,
b t=1 t=2 =1 t=l

where

Pr = (Vpe(wy) = Vs (wr), w1 — ug)
0t = (gt, W — wie1) = Dy, (wes1we) = (A¢ + @1) (wis1)
Li= _Eft(uthl? Ve (wier)) — Elpt(utv W15 Vor(wis)),

where g; € ¢, (wy) and f)f(m,y,gy) = f(z) - f(y) = (gy,x —y) for subdifferentiable function f and
gy € Of (y). Since £;(-) and () are convex, for any z,y € R? we have Dy, (2, y; V4 (y)) > 0 for any
V4i(y) € 94 (y) and Dy, (2, y; Vepr(y)) 2 0 for any Ve (y) € Opi(y), so Niy L < 0. Further, using
the assumption that wq € argmin,, ga 1 (w) and 1y (w) > 0 for all ¢, we have that Vi, (w;) =0 and
Dy, (w|wy) < ¢y(w) for any w e R¢. Using this along with the fact that Bregman divergences w.r.t

convex functions are non-negative yields

T T T T
t;@t(wt) — e (ut) <Yy (ur) + t; (Ve (we) = Vb (w1 ), ug-1 — ug) + t; pr(ue) + t; Ot
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A.2.2 Proof of Lemma 4.0.2

Lemma 4.0.2. (Stability Lemma) Let 1y(w) = ¥y (|w|) where U, : Ryg - Ry is a convex function
satisfying Wy(x) >0, W)/ (x) >0, and V)" (x) <0 for all x >0. Let ¢ >0, Gmax >0, Gmax > G, and
assume that there exists an x; > 0 and 1/Guyax-Lipschitz convex function n; : Rsg - Ryg satisfying

n:(0) = 0 such that |W)'(x)| < %\Pg’(mf for all x > x¢. Then for any w1, ws € W,

(c+ 1)2G%
207 (32)

~ d
5: “ Gy |wi = wier | = Dy, (e [wr) = mi(Jwean |G <

Proof. The proof follows using similar arguments to Jacobsen and Cutkosky (2022) with a few minor
adjustments to correct for the leading term c.

First, consider the case that the origin is contained in the line segment connecting wy and w,1.
Then, there exists sequences @}, > ... and Wy,, W, ... such that limy, e WP = wy, limy, e W =
w1 and 0 is not contained in the line segment connecting @y and @y, for all n. Since v is
twice differentiable everywhere except the origin, if we define 3, = Gy @7 - @] - Dy, (W} |w}) -
ne (@7, 1) G2, then lim,, o0 05 = 8;. Thus, it suffices to prove the result for the case that the origin is
not contained in the line segment connecting wy and w,1. The rest of the proof considers exclusively

this case.

For brevity denote 3y “a, lw = wir || = Dy, (st |we) = ne(Jwee |) || Since the origin is not
in the line segment connecting w; and w1, ¥ is twice differentiable on this line segment. Thus,

By Taylor’s theorem, there is a @ on the line connecting wy and wy4+1 such that

1 2 1 2 _
Dy, (wealwe) = 5 [we = Wil g2y, @) 2 5 lwe = wea @y (|@])

where the last line observes ¥y (w) = ¥¢(|w]||) and uses the regularity assumptions ¥;”(z) < 0, and

Ui (x) >0 for z >0 to apply Lemma A.3.2. Hence,
’(S\t = Gy |we — wiaa || - Dwt(wt+1|wt) - nt(“th”)G?
< Gt Jwe —wpar ] - 5 Jwe — wean 12wy (@) = ne(lween |)G?
(a) 1 2 g1 (||~ ~ 2 I(1l 7~ 2 ~
< Gt |we —wear] = 5 Jwe = wen|" W (1@]) - me(J@D G+ (1D]) Gy [weer - @

(®) 1 _ .
< (e+ DG |we = wear] = 5 Jwe —wen 1>y (@) - ne(|@]) G

© (c+ 1)2G?

< 7—77(”774‘)612
2wy (@) !
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where (a) uses convexity of n.(x), (b) uses the Lipschitz assumption n;(|@]) < 1/G; and the fact
that |@ — wy| < |we1 — we| for any @ on the line connecting wy and wy,1, and (¢) uses Fenchel-Young
inequality. If |@| < 2¢, then we have

(c+1)2G?
20 ([@l)

+1)%2G?
- ] G2 < (C—t7
77t(”w”) 2\1’1’5'(&})
which follows from the fact that ¥;”(z) < 0 implies ¥} (z) is non-increasing in z, and hence

_ . U . o —wl
Y (|w]) > W) (). Otherwise, if || > &, we have by assumption that |\II§(§::D))2| = \I,;,t(gg) = % \I,;,l(x) <
2ni ()

ez for any x> Ty, so integrating from z; to |@| we have

1 1 2 [lfvl ,
— — < x)dz,
TED W S er 1t e M)

SO:

1 < 1 2 f@ ,( )
= o~ T x)dx
vr([@]) S (@) (er1)2 Ja T

1 > lal
< d
S (E)  (ex1)? Jy e
1w

U (E) | (c+1)?

and hence,

22 22 2,72
St - s ot L2 ) - 6
(c+1)2G?
T 20 ()
(c+1)2Gt2
T2 ()

+ne(|@)GE - me(|@]) G

so in either case we have
0t = Gy |we = west| = Dy, (weawe) = ne(Jweaa ) GF

(c+ 1)2G?
20/ (&)
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A.2.3 Proof of Lemma 4.1.1

Lemma 4.1.1. For all t let oy : W — R be differentiable convex functions, oy : W — R be subdif-
ferentiable convex functions, and let My : W — W be arbitrary mappings. Then for any sequence

u = (uy,...,ur) in W, Algorithm 2 guarantees

T
Rr(u) < Dy, (ur|@r) - Dy (ur|Wryi1) + Z or(ut)

=1
T T
+ > (VY (We) = VY (@1), w1 — we) + . Dy, (we|@ia1) = Dy, (weween)
=2 . =1
::Pt gt

+
M=

(gt, Wy — wt+1> - D¢t(wt+1|’wt) - (At + @t)(wml),

~
Il
—_

=:0¢

where g € Ol (Wy).
Proof. The proof follows immediately from the general regret equality of Lemma A.1.1 by bounding
C(Wy) =l (wie1) < (gt, Wy — wysq) for gy € 00 (W) and observing that the terms thl — <0 for convex

¢y and ¢;. Note that the result is valid even in constrained settings by including the indicator

function I(w € W) in ¢4, as discussed in Remark A.1.2. O

A.3 Supporting Lemmas

In this section we collect the miscellaneous supporting lemmas used in our proofs.

Lemma A.3.1. (Orabona and Pdl 2021, Lemma 23) Let f: R - R and g : R? - R be defined as
g(x) = f(|z]). If f is twice differentiable at ||x| and |z| >0 then

min {g"(nxn), M}I < ¥2g() < max {g"<||x||>, 9'(“56“)}1

|z |z

Lemma A.3.2. Under the same assumptions as Lemma A.3.1, further suppose that f'(x) is concave

and non-negative. If f is twice-differentiable at |x| and |z| >0, then

vig(x) = f"(J2)I
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Proof. Apply Lemma A.3.1,

Vg(a) = Imin{f”(HxL M}

|z

and use the fact that f/(x) is concave and f’(z) >0 to bound

=) o £700) + f"(=[) (=] - 0)

[ |z

2 £ ()

The following lemma is common in adaptive online learning and provided for completeness.

Lemma A.3.3. Let aq,...,ap be arbitrary non-negative numbers in R. Then

Proof. By concavity of x — /x, we have

at

Va1t —\/a1:-1 2

2 al;t’

so summing over ¢ and observing the resulting telescoping sum yields

T
a
L <9 Z Vo1t —\/a1i-1 = 2v/ar.T.
\a1:t t=1

For the lower bound, observe that

T
2
t=1

2
gt b

The following lemma shows that we can bound sums of the form Z%pzl ol 1oz (912 /C2) vV a
1:t 1:t

constant.

Lemma A.3.4. Let V; >4G2 + Y124 | gs|? where G > | gi| for all t. Then

2
gl

= Vilog?(V,/G?) ~
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Proof. Let ¢ >4 and V; = cG2+||gHit_1. We apply the integral bound Y7, a; f (Xl a¢) < a%§=0 “ f(z)dx
for non-increasing f (Orabona 2019, Lemma 4.13) to get

S Joul?

t=1 thogQ(Vt/GQ) =t ((c— G2 + Hg”it)logQ ( (c—l)Cé;;HQH?:t)
. f(c—l)G2+lgliT 1 e "2 (c-1)G2+]g|2p
- J(e-1)G? zlog?(z/G?) log (x/G?)lz=(c-1)G?

<— <2
“log(c-1) "7

where the last line uses log (¢ - 1) > log (3) > 1.
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Appendix B

Part IT (Adaptivity in Stationary
Settings)

B.1 Details for Chapter 6

B.1.1 Proofs for Section 6.1 (Parameter-free Learning)
Proof of Theorem 6.1.1

Theorem 6.1.1. Let ¢1,...,0p be G-Lipschitz convex functions and g; € 0l;(wy) for allt. Let € >0,

k>3, V;=4G? + ||gHit_1, and oy = m. For all t, set

lwll
¢t(w) =k / min [w + n‘/t:| dzr.
0 n<1/G n

Then for all u € R, Algorithm 3 guarantees

Rr(u) < 4Ge + 2k |u] max {\/Vp.1log (Ju] Jars +1), Glog (Ju] fars +1)

Proof. First, let us derive the update formula, which can be seen in Algorithm 3. By first-order

optimality conditions for w1 = argmin, ga (g¢, w) + Dy, (w|wy) + Ar(w) we have:

gt + th(wtﬂ) - V¢t(wt) + VAt(th) =0
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Expanding the definition of Ai(w) = Y1 (w) — 1 (w), we obtain:

gt + Vi1 (wee1) — Ve (wy) = 0,

and unrolling the recursion we have

Vi1 (wee1) = Vo (wy) — ge = Vi1 (wie1) = Ge-1 = Ge = - .. = =gt

Inspecting the equation for 1,1 then yields:

W41
—+”\112+1(||wt+1H) = — g1t

” t+1

where we define the function

I 1
U, (z) = k min 0g (w/01+1+1)
n<1/G n

2]{:\/Vt+1 log (/a1 +1)  if G\/log (z]a1 +1) </ Vi

kEGlog (z/aw1 +1) + kv—é“ otherwise.

+ Vi1

From this, we immediately see that w1 = xﬁ for some constant x that satisfies:

‘1’1,:+1 () = g1

Now we see that one of two cases occurs: either

\I’z,€+1($) = 2k\/‘/;5+1 log (x/at+1 + 1)7

which holds when é > \/ log (x/ags1 + 1) [Vis, or alternatively we have

Wy, (2) = kGlog (x/az +1) +

kVt+1
G

which holds when é < \/ log (/a1 +1) /Vis1. Observe that at the boundary value where é =

Vi0og (/a1 + 1) [Visr we have

2kV;
Wy (2) = 2/ Vit Tog (e + 1) = —
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Using this, we consider two cases. First, if | g1.¢] < %, then we have

2k\/‘/;f+1 ]-Og (”’th” /at+1 + 1) — ”th”
2
lwes | = cusa [exp (Z&gzl—t”) _ 1] .
Vt+1

On the other hand, if |g.¢|| > MTM then

kV
kGlog (|wesr] fowsr + 1) + gl = [lgr|
||91:t H Vis1
- Wil o) g
wis1] = cp1 [exp( O o

Putting these cases together yields the update described in Algorithm 3 (with k£ = 3, which is

important later in the regret analysis).
Now, we concentrate on proving the regret bound.

For brevity we define the function Fy(z) = log(z/as+1). Recall that we have set Wj(x) =

kminngl/G[Ftéx) +77V}] so that U (z) = k:fox min,<q /G [% +77Vt] dz and Y (w) = Ui(|w|), and

dr(w) = Ap(w) = Uiy (Jw|) = Ui(|Jw]]). We have by Lemma 4.0.1 that

T
RT(U) < ¢T+1(u) + Z 5t
t=1

(a) , T
<l Oy (ful) + 3 6
t=1

(b) T
< 2k |luf max {\/Vp.1 log (Jul far + 1), Glog (Jull fazsa + 1)} + . 4,
t=1

where (a) observes that ¥/, (x) is non-decreasing in x, so

] [l
bra) = [ @)des [ daVh (ul) = lul (),

and (b) observes that V;/G < GF;(x) whenever Vj(z) = kGFi(z) + % and hence

2k\/Vra Pra(ful) i G/ Fra(ul) < vV

EGFr(|ul) + ‘fT_i otherwise

U1 ([lu]) —{

<{27€ VraProa(lul) if G/ FPro(ful) < vVra

| 2kG P (Ju]) otherwise

= 2kmax (Ve Fro(Jul), GFra(lul)}
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Thus, we need only bound the stability terms Zthl d¢, which we will handle using the Stability

Lemma (Lemma 4.0.2).

For any x > 0, we have

w( ){Qk: ViFi(z)  if G\/Fy(z) <V

kEGF;(x) + % otherwise

I VA
‘Pé’(w){(mt)m if G\/Fy(z) <VVi
kG

otherwise
r+ot

Vi (1+2F (x .
s i GVRE) <V

-kG

Gra)? otherwise

v (z) = {

Clearly Uy(z) >0, Ui(x) >0, ¥{(x) >0, ¥{(x) <0 for all z >0. Moreover, observe that for any

x> ay(e—1) = zp, we have

Uy ()2 T ke (@rar)?

Gran? F2G2 otherwise

xX T+ 2 x .
v () {ﬁﬂiiiﬁ&ﬁé“;ﬁﬁ” it GV/E () < VT

otherwise

_{m&ﬁ(ﬁ” Ft(:c)) it G\/Fo(2) < VT,

1
kG

Now, since & > ay(e — 1), we have Fy(z) > 1 so that ——— < +/F;(«). Thus:

\/Ft(a:) -

{%\/Fw it G/Fi(z) < /Wi

<

% otherwise

1 . [Fi(z) 1 1
Sémln{ ‘/;5 75}25771/5(1‘)7

where the last line defines n:(z) = [ min{ Ftv(t”),é}dv and uses k > 3. We also have nj(x) =

Ft‘%x), é} < é, and n;(z) is monotonic, so 7 (z) is convex and 1/G Lipschitz. Hence, by

Lemma 4.0.2 we have

min {

— 2 2
5, = (goswi — wier) - Doy (wian [we) = me (e ) e < —09] (B.1)

~ U (o)

with zo = az(e - 1).
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Next, we want to show that ¢ (w) = Ay (w) > n,(Jw]) [ g:|%, so that &; <3;. To this end, let z >0

and observe that for az1 < oy, we have Fiq1(z) =log (x/ay1 + 1) > log (/o + 1) = Fy(x), so

\I/£+1($)—‘I’£($):kmi{1[Ft+:7( 7, V+1]—kmm[ t(a:)wm]

n<g n<g n
F
Zk:min[ Hr) + Vt+1]—kmm[ Fi(z) +77V}],
nsé n n<x n

B Ve = B8 s 4 i >

t()

+1n Vt] +1 HgtH we have

> k| g min \/M,i +kmin[m+n%]—kmin[m+n%]
Via G nsé n nsé n
: Fy(z) 1 k 2 F(z) 1 2
=k |g)* min{ / . \/ iy S :
gt mm{ Vi ’G} 7 gl mln{ VG lgel™ m; ()

where the last line uses k > 3 and thﬂ V{/Zl = Vm (1 + [ ge|? /Vt) Vt+1 for V; > |lg¢|*. From this,

min *<1/G[

we immediately have

lw] ]
A(w) = [0 @) - wi@)da > gl [ wi(@)de = m(lw]) o),

and hence

0 = <9t7 wt — wt+1> - Dwt(wt+1|wt) - At(wt+1)

-9 2
< (gt = wen) ~ Dy (westlee) = e (Juesr ) el = 5o < 209l
\Ijt (»TO)

for g = ax(e — 1) via Equation (B.1). Summing over ¢ then yields

idt < i 2| g:)* i 260% Fi(a(e-1))
t=1 t=1 \Il”(at(e - 1) t=1 Vi
L 2eqy 6o HgtH
< g H =<7
a T
@ o ||zgt §
i=1 Vilog™(Vi/G?)
b
(<) 4Ge
where (a) chooses ay = W and recalls k > 3, and (b) recalls V; = 4G + Hg||it71 and uses
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2
Lemma A.3.4 to bound Z%F:l % < 2. Returning to our regret bound we have

T
Ry (u) < 2k [uf max {\/Vr1 log (Jul farsa + 1), Glog ([ul fag.a + 1)} + 4,
t=1

<4Ge + 2k |ul max{\/VT+1 log (|u| Jars1 +1),Glog (|ull Jarst + 1)}

2 2
—~ u . u .
<0 e ul ging(__Mzﬂiz+1)vakg(__ﬁt§iz+1)
€ €

B.1.2 Proofs for Section 6.3 (Adapting to Gradient Variability)
Proof of Theorem 6.3.1

Theorem 6.3.1. Let {1,...,0p and?l, . ,’ZT be G-Lipschitz convex functions. Let e >0, k>3, and
V,=16G?*+ 3t} &= <G
forallt set Vi =16G*+ Yy .| , O o082 (T2/C2) and

o) = k:/| w]| ,1|:log(x/77at+1) nvt]d:c.

Then for all u € R, Algorithm 5 guarantees

Rp(u) < 4eG + 2k |u max{\/vt log (||u| /@11 +1),2G log (||u| /A1 + 1)}

Proof. The proof follows similar steps to Theorem 6.1.1. Let g; € ¢4(w;) and let h; € 8E(wt) be
the subgradient of Zt(wt) for which the first-order optimality condition hy + Vb (wi) — Vibe(a¢) = 0
holds. Then

M'ﬂ

T
Z gt, Wt — (gt o1 —u) + (ge, we — Ty41)
t=1

~
]
—_

M=

(g9t Tee1 — w) + (e, wie — Tps1) + (ge — e, W — Tpa1) -

~
]
—

112



Following the same steps as Lemma 4.0.1 we have

T T
Y gt wes1 = u) < Dy, (ulz1) = Dy, (ulzrir) + ) =Dy, (21|20) — ¢ (2041)
t=1 t=1

T
< (u) + Z —Dy, (xt+1|55t) - ¢s(wir1),
t=1

where the last line observes argmin,ga t741(x) = ¥ri1(z1) = 0, s0 Dy, (ulz1) = 71 (uw) and

Dy, (u|zri1) < 0. Similarly, from the first-order optimality condition for w; we have

(he,we — 1) = D (Ve (we) = Ve (ae), we — Teg1)

M=
M=

t=1

~
I
—_

L

Dy, (we11]we) = Dy, (T41|we) =Dy, (wilzt)

t=1 [
<0
T
<Y Dy, (zea1lre) = Dy, (w241 |we)
t=1

where the second line applies the three-point relation for Bregman divergences:

(VI(y) - V() x=-2) = Ds(2ly) - Dy (zlz) - Dy(zly).

Combining these two observations yields

T

Rr(u) <tpra(u) + Y (gt = b, we = 2p41) = Dy, (w41 |wi) = ¢ (z41)
=

=:0¢
~ —~ = =2
T fine G, = - =9 -4 -2 g s G
o bound 0, define G, = Vl(wy) — Ve (wy), G = 2G, Vi = 4G + X1 [G,]°, @r T (011G
and observe that iy (w) = k fOHw” min, e [log(x/++1) + nvt] dz is equivalent to the regularizer from
Theorem 6.1.1. Hence, borrowing the arguments of Theorem 6.1.1, we can bound th:l 0 < 4e@.

Returning to our regret bound, we have

(a)
Rr(u) <vprea(u) + 4€G < 4eG + uf U, (Jul)

(b) = oy A
< 146G+ 2k Ju] max {7 log (Jul /@1 + 1),2G g (Jul far + 1)}
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where (a) defines

1 a 1 —~
U7.1(2) =k min [ o8 (z/Grn +1) +nV i
n<1/2G n

~ {2k\/‘7T+1 log (z/aps1 +1) if 2G\/log (z/aps +1) <V Vo

2kGlog (z/ary +1) + % otherwise

and observes that p.q(u) = fouu” Ui (x)dx < |u] ¥i(|ul) since ¥} is non-decreasing in its argument,

and (b) observes that the case Uj(x) = 2kGlog (/a1 +1) + k‘g%, coincides with V7,1/2G <
\/VT+1 log (z/ar+1 +1) <2Glog (/@i + 1), so

Qk\/VTH log (z/ars1 +1)  if 2G+\/log (z/@rs1 +1) <V Vi
4kGlog (x /s + 1) otherwise

\IJ&“+1($) < {

=2k max{\/VT+1 log (x/@rs1 +1),2G log (z/ap.q + 1)}

B.1.3 Proofs for Section 6.2 (Lipschitz Adaptivity and Scale-free Learning)

Proof of Theorem 6.2.1

The complete theorem is stated below.

Theorem 6.2.1. Let ¢y,...,lp be G-Lipschitz convex functions and g; € 0;(w;) for all t. Let

hi < ... < hyp be a sequence of hints such that hy > ||g¢|, and assume that hy is provided at the start
2

of each round t. Let € >0, k>3, V; = 4h? + | g|3,_,, B =4X", (4 + Y54 ”‘(;l+”), ap =

e
VBt log?(By)’
and set

Yuw) =k [ ! iy [bg(”*“/+”) N th] iz,

1
ht

Then for all u e R, Algorithm 2 guarantees

V/Bri1log? (B
Ry (u) < dehp + 2k |ul| max{\J Vit log(”u 7+110g8° (Bri1) +1)’
€

Br.1log? (B
thog(”u” r+1log” (Bro) +1)}
€
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Proof. The proof follows similar steps to Theorem 6.1.1. We have via Lemma 4.0.1 that

T

Rr(u) < ¢raa(u) + Y (g, wi — wir1) — Dy, (weaa|we) — Ag(wyer),
=1

=0t

so the main challenge is to bound the stability terms Y., §;, which we focus on first.

Let Fy(w) =log (x/ay + 1) and define

U (z) =k : min [Ft(m) +77V}] dz,
0 nél/ht n

so that ¥ (w) = U¢(|wl), and observe that

Ui(z) = kmin [Ft(x) + nV}]
n

1/hy

{Zk: ViF(@)  if he/F (@) < VT

khiFy(x) + kh—‘t/t otherwise

khi
r+ot

k Vi ;
\pg’(x)_{m i eV E (@) sV

otherwise

—khy

Grar)? otherwise.

“kVVi(1+2F(z)) -
‘Ijgll(x) _ {2(x+att)2Ft(;)_3/2 if ht\/Ft(x) < \/Vt

Hence, ¥(z) > 0, Wj(z) > 0, U/(x) > 0, and ¥;”"(x) < 0 for all z > 0. Moreover, for any x >

a(e-1) def o we have

S (2)2 | bk (@t

(@+ar)?  k2h2 otherwise

xX T+ot 2 (T .
V() {’;ﬁﬁjﬁ;ﬁg%( 0 ) ity /F(e) < VT

<{2kﬁ(ﬁ+2 Ft(x)) if hyn/Fi(z) <V,
Tl

= otherwise
he ]

=
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and since x > g, we have \/Fi(z) > 1 and \/% </ Fi(x), hence
(x
[ Fe(x .
< % % if ht\/Ft(.T) S\/‘/t
kiht otherwise
1 | Fy
< —min () , i
2 Vi T h
1

Vi
hi > | g¢||. Hence, ¥, satisfies the conditions of Lemma 4.0.2 with g = ax(e - 1), so

for k > 3 and n(x) = f0”w” min{ Fifz) hit}d:r; Notice that n; is convex and 1/h; Lipschitz with

2
2] ge]

e (B.2)

3¢ = (g, we = wes1) = Dy, (wea|we) = me(|west]) [ge)” <

Next, we want to show that d; < 9;, which will follow if we can show that Ay(w) > n;(Jw]) |g¢|* for

any w. Observe that for any x >0 we have

U (2)-Vy(z) =k min [Ft%(x) V+1]—/~cm1n[ t(x)+77Vt]

s ht+1 n< n
> k min [L(x)+ V}H]—kmm[ Fi(z) +7ﬂ/}].
ns,%t n n< n

Now observe that for any n < 1/hy, if we define Ay, = 4ht+1 4h%, it holds that M + Vi 2

Fii1 (l')
n

Ft+1()
> w
t
Vi (S Ll?) 2 i [0 V] 4+ L), whic vields

> k(A + | ge]*) min \/ Fin(z) , 1 + k min [ Fin(@ ) ] k min [M + nV,}]
Vvt+1 ht 77<hi n 77<— Ui

(g) k(A + [ g:]*) min \/ Ft(x),i + k min I:M+77V:| kmln[ Fi(x) +17V}:|
Visr Iy 773;% n n< n

= k(A 2 \/ 2 v/ l

(An+ gl )mln{ Vi ht} ﬂllgt\\ mln{ v
. Fi(z) 1
> |gt||2mm{\/ A ht} () ol

where (a) uses that azy1 < oy so Fyii(z) = log (x/ags1 + 1) > log (z/ay + 1) = Fy(z). For inequality
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(b), observe that:

Anlgel®  An+ gl

Vit Ve A+ g

A 2
-

A
"\ Vit A+ H9t||2

2
¢
2
H

v

Vi + gt

_ lg: ] Vi
VVi \ Vi + ]

Observing that |g:| < hy and V; > 4h2:

From this we immediately have

flw]

auw) = [ W@ w2 lal? [ niCe)de = nl) Lo,

so combining this with Equation (B.2), we have

0t = <gt, wt — wt+1> - Dwt(wt+1|wt) - At(le)
< (g, wi = wi1) = Dy, (weerfwe) = me([wesa[) e
3, < 2]ge)* _ 2auegnl® _ 20 )g:)”

T U(m) KWV T VW

for k > 3. Returning to our regret bound, we have

2
at | gt

N

T T
Rr(u) <rei(u) + )0 <ria(u) +2) )
t=1 t=1

(a) I oy gl
<) Oy () +23° =2
t=1

VVi
()

< 2k u] max {\/Veo1 log (Jull far1 + 1), hroilog (Jul fara + 1)}

T 2
vo3 aclal
t=1

N
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where (a) observes that Wj(x) is increasing in z, so

] I
vraG) = [ W @dr < wicu) [ de = jul wul),

and (b) observes that the case Wj(x) = khyFy(z) + kVt coincides w1th < hiFy(x), so

2k\/ Vi1 Fra (Jlul]) if hpsin/Frea(|u]) <V Vi

khpio Fro(flu]) + % otherwise

2k\/Vra Fra(Jlull)  if hrs/Fraa(Jul) <V

2khpy1 Fro(Jlul) otherwise

2k max {\/Va Froa ([ul)), hroa Pro(Jul) }

Note that the regret does not depend on gr,1, so without loss of generality we can assume gri1 = gr
and hence hry1 = hp. Finally, Lemma B.1.1 bounds QZT % < 4ehr, so plugging this into
Equation (B.3) yields the stated result. Notice that Lemma B.1.1 is responsible for removing
the “range-ratio” problem addressed by Mhammedi and Koolen 2020 via a doubling-like restart

W (Jul) =

scheme. O

1 s _ €
Lemma B.1.1. Let ¢>4, Vi =chi + |g|3,_,, Bi=cYl 1(4+ZS ”93” ) and set oy = NEATEITRE
Then

< 26hT.

i o Jlg.]*
VW

Proof. Define 7y = 1 and 7; = max {t’ ' <tand YL thSzH +4< hth’ } for t > 1. Then, we partition
[1,7T'] into the disjoint intervals [1,7'] =Z;U...UZy over which 7 1s_1lixed. Denote Z; = [7},7j+1 - 1]
where 71 = 1, Tny1 = T+ 1, and 7; = min{t >7,_1: 7 > 7v_1} for j € [2,N]. Observe that by
definition, 7; = 7; for all t € Z;. Further, for all j and ¢ € Z;, we have either t =7; or ;,_1 =7; <t, so

that:

Now, we show that Vi q /h’Tf ) < Biy1. Notice that if ¢ is the last round of an interval Z;, then
t +1 would be the start of the next epoch so hr,,, = ht1 and V}H/hn+1 Vt+1/hf+1 < Byyq (since
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¢ >1). Otherwise, t + 1 occurs before the end of interval Zy, so

2
Vi _ Cht+1+||g”1t <ec t+1 +Z Z HQSH
hgﬁl h’g‘k h'?k Jj= 13€I h72']
sgt
USRS
4 Z
th J=1 ZJ
<t

Now, apply the definition of 7; to get:

Now, using this we have that oy = \/Elosgz B < o Ej(T‘t/ p ) and thus
t 10g t 2

2
Qi ||gtH gt

%Z lge]”
VViVBilog*(By) © S, Vilog® (Vi/h2)

M=

'MZ

<
I
—_
-+
m

N

alaff &
VAP

- lge)?
te

t
h2 2‘
T (chi + 191741 log® (%)

lgel”
h,
D 2 Y (R
S ((e= 1R, + g1, ) log® | ———

h2
Tj
% f<c—1>h% +lgl3., 1
= (

t=1

Y

A
Il
—_

KMZ

M=

<e

.
Il

ez, ol liZ)
N i (c—l)h%;\\gu“ N
- 6]21 hz, log (2/n2)) 2, 1og(c- ]Zl
h

Notice that each interval begins when

h2 > yt-l Hgs\l +4>4, 50 hz, > 2hz,_, and hence
Ti-

N N-1
€ € 1 2¢hp
S S S < oy,
log(c—l)j; " T log(c-1) jz:(:) 2™ “log (c—1) o
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for ¢ > 4. O

B.1.4 Proofs for Section 6.4 (Trade-offs in the Horizon Dependence)
Proof of Theorem 6.4.2

Theorem 6.4.2. Under the same assumptions as Theorem 6.1.1, let p € [0, %) and suppose we set
o = 6G2P/Vt’) for all t. Then for all u e RY, Algorithm 2 gquarantees

Jul VZ,q Jul V7.
\JVT+110g(EC:—2p+1 VGIOg £—2P+1 R

eGP 1
RT(U) < O(l_—QpVTerlp + ”U,”

where Vi1 < O(|gl3p)-

1
Proof. We will prove the result with o; = eG'~27/ V.2 g for € (0, %] and then conclude by choosing

8= % —p for p €0, %) Following the same steps as Theorem 6.1.1, we have

T
Ry(u) <roa(u)+ .6
=1

<Y (u) + i 2o Joul”
= VVi

1
and substituting oy = eGl_w/V}2 67

T 1-28 2
2¢G " | gt
= P71 (u) + -

t; Ve

Lo al?
< (u) + 2eG' Z T2 N1
= (lgli)r?

where we've used V; = 4G? + | g|?,,_, > |g|?,. Moreover, by concavity of & — 2 for 8 < 1 we have
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2 2
2 ..
(l91%)" = (lg134-1)” 2 o5, and hence Sy 845 < §(gl%r)?, giving am overall bound of

“ (lglf)?’ 130"
2e¢G128
Rr(u) <tpii(u) + T(”Q\ﬁ::r)ﬁ
) Gl 28
<k|ul l\’ Vi log( [ H )+1leog( o H ) M A (Vip)?
+1 ary1 B
| 3-8 1p
Jul V, |ul Vi
<O IBGI 2/3V,1@+1+”U” VT+110g Gl—,:[;—ﬁ]"l'l VG] T_,I;—Bl-i-l

where the first inequality bounds 17,1 () using the same argument as Theorem 6.1.1. Substituting

b= % — p gives the stated result. O

Proof of Theorem 6.4.3

Theorem 6.4.3. Under the same assumptions as Theorem 6.2.1, let p € [O,%) and suppose we

set BY = (4 > [2 + Y54 ”gs'” ]) and oy = ¢/Bf for all t.* Then for all u € R, Algorithm 2

guarantees
ul| B ul| BE
J Vi log(ﬂ +1) thlog(M ) 1)]
€ €

2p

1
V2 |l

RT(U)SO 1 2 Ta1

where and Vpiq < O(”QH%T)

Proof. First note that lim,_o B} = lim,q [4 > [2ﬂ Y00 ! ”95 I H = 2, so for the case p =0 we

let BY =2 for all t. Then following the same argument as Proposmon 6.4.1 we get

u
Rr(u) <O [ e/ll2r + ul N |g||‘iTlog(“ ”+1)vh 10g(”6+1)]

Next, we consider the case p > 0. Slmllar to Theorem 6.4.2, we prove the result with By =
4%t 2728 5 + 3 _1 ”95” ] and oy = e/B2 for B € (0, 5), and then substitute p = 35 1 _ 3 to complete

the result. Following the same arguments as Theorem 6.2.1, we have

T 2
a
Ry (u) < 2k |ul [\/VT+1 log (|ul| Jars1 +1) v hrlog (|u| Jars + 1)] +2 3 lot]
=1 VvV

'Note that lim,~o Bf =2, so for p =0 we allow an abuse of notation by letting BY := 2 to avoid specifying separate
cases.
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where V; = 4h? + | g|3,_, and hy; > || g;| for all ¢.

Next, we follow the same argument as Lemma B.1.1. Define 71 = 1 and for ¢ > 1 define 73 =
2

max {t’ t' <t and Zt -1 Hg&H L OT8 < hh } Then, we partition [1,7T'] into the disjoint intervals
Tt/ -1

[1,T]=Zyu...uZy over Wthh 7, is fixed. Denote Z; = [7;,7j4+1 — 1] where 71 = 1, Ty =T + 1,

and 7; =min {t >7;_1 : 74 > 74_1} for j € [2, N]. Using the same argument as Lemma B.1.1, it holds

that Byyq = Z”l [21 P+ 354 ”gs'“ ] > ,}/2"—”7 so plugging this in above we have
Tt+1
2 2
i ai | g: ZZV: 5 ||gt||
=1 VWi j=1teZ; 32 *8\/_

]ZV: 129 5 lgel®
7 L 18

7=1 tEIV_
0 X 1251 3
S Z (> lgel®)

7=1 teZ;

ngﬁZ#”

where (*) bounds ZteI V H

begins when hZ /hT] - >yt H + T8 > 2@7 we have h%—?ﬁ > 2h%___21ﬁ, 0

T N
Ot || Gt € —
> ””s—wﬂbﬁzﬂfﬂ

IA

_op 1
(MMWZM”—

€
B = ™~ 9]
N-1
€.1-28, 12 \8 1
< <hy " (lglir) o
gt P2

26,12 2
SEhT ﬂ(||9||1:T)6

Plugging this back in above and substituting 8 = 5 — p, we have

Ry(u) <2k ||u [\/VT+110g(HUH Jari1+1) v hrlog (|u] /04T+1+1)] 5 hy 25(”9“1T)ﬁ

2,0 1
<O| o Vil + Il Jvmlog(” g T+1+1)thlog(” s S )] ,
and BY, | = (4 o [Qp syat logl ]) . O
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Optimistic Trade-offs in the Horizon

A result analogous to Theorem 6.4.2 can be shown for our optimistic algorithm as well, and is stated
here for completeness. Formal proof is omitted since it follows the same argument as Theorem 6.4.2

with only superficial modification: following the same steps as Theorem 6.3.1, we have

R (u) < 2k |Ju] [\/Vm log (| u] [@rs1 + 1) v 2Gog (|ul [ar.: + 1)]

T 2q, H Ve (wy) — V?t(wt)HQ

+> — ,

t=1 Vi

where V; = 16G2 + Yt HVES(U)S) - V/E\S(wS)HQ. Now follow the same arguments as Theorem 6.4.2

to prove the following result.

Theorem B.1.2. Under the same assumptions as Theorem 6.1.1, let p € [0, %) and suppose we set
oy = eGQP/Vf for all t. Then for all u e RY, Algorithm 2 gquarantees

G2 1, [ lu V., ul V5.,
RT(u)sO(EV%HHuH \j VT+1log(6G—2p+l vGlog| ——=—=+1]| |,

where V. = 16G2 + Zle HVft(wt) - VE(wt)H2
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B.2 Details for Chapter 7

B.2.1 Proofs for Section 7.1 (Online Learning with Quadratically Bounded
Losses)

Proof of Theorem 7.1.2

Theorem 7.1.2. Let A be an online learning algorithm and let wy € W be its output on round
t. Let {g:} be a (Gy, Li)-quadratically bounded sequence w.r.t. {w:}, where Gy € [0,Gmax]| and

Ly € [0, Linax] for all t. Let € >0, k >3, k>4, ¢ 24, Vi = Gl + Gy, pra1 = 12 : 2,
max+ 1:t
2
oy = V' Vit lOi;G(V;:-%—l/Gmax)’ and set
o] 1 +1 ’ Ly
P(w) = k’[ . [M +77Vt]d$+ o] and or(w )— ||w||2
77< n 2py L2

Gmax

Then for any uwe W, Algorithm 6 guarantees

R (1) < 26Gom + 5 [l \/ L + Lig + 2kt ma {/Viros Fros (Ju]). G Fron (Jul)}

where Fri1(|ul) =log (|u] /ars +1).

Proof. We can assume without loss of generality that 0 € W, since we could otherwise just perform
a coordinate translation. Hence, we have wy = argmin,, . ¢1(w) = 0, and it is easily seen that for
any w € W we'll have Dy, (w|w1) = Dy, (w|0) = ¢ (w).

2
First apply Lemma 4.1.2 with M;(w) = w and @¢(w) = 2j27 |w|? to get
1:t

T T
Y {gt,we —u) < Dy, (ulwr) + o1 (w) + . (g6 + Veor(we), wy = wear) — Dy, (Wi |we) = Ap(wier) — o (wy)
t=1 t=1

=0t
<Pri1(u) + @rr(u) + 17
Let us first bound the leading term .1 (u). For brevity, denote Fi(x) = log(z/ar+1) and let

Wy(Jwl) = fo* minge ., S22 + 0V ] de and @y (Jw]) = 2 Jwl?, so that gy(w) = i(Jw]) +
®;(||w]]). Then

20t|
lul Koo

bra() =k [ W (@)de+ S ul
0 2py

K 2
<kful Oz (Jull) + 5 Tul” \/ L + L
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Moreover,
Fi(|u
t(H ”) +7]Vt:|

4 =k i
/() %n[ L
if Gmax\/ Ft(”UH < \/Vt

ViFi([ul)
EGmaxFr(|lu]) + kG‘H/;X otherwise

V;th(”u”) if Gmax\/Ft(”U” S\/Vt

otherwise

2kaath(HuH)
= 2k maxx {\/ViFy (Ju). Guna Py }

where () observes that V;/Gumax < GmaxFi(z) whenever W () = kGaxFi(x) + kVi/Gmax. Next

T L2
2 2
<2,
Ll:t

1
prr(w) =5 ol ¥
t=1

using Lemma A.3.3 we have

so overall we have

T
> (g0, we =) < 2k Jul max {v/ Ve Fror (Jul), GumaxFrea (lal) | + 5 [ul* \/ L + L+ Jul® /L3 + 61
t=1

(B.4)

We conclude by bounding the stability terms d1.7. Recall that

Dy, (wis1|we) = A¢(wier) — @i (wy),

0t = (gt + Veor(we), wy — wys) —

where Ai(w) = 141 (w) — ¢ (w). We first separate into terms related to the G¢’s and terms related

to the L;’s:
6t < (lgell + [Vepe(we) ) lwe — wisa |
= Dy, (wes1|wi) = A¢(wisn) — e (wy)
Wit || = D, (wes1|we) = Ay (wir1)

< Gt ||U}t -
Wi+1 || - Ds, (wt+1|wt) - @t(wt)a

+ 2Ly |Jwe | [wy ~
the

where we slightly abuse notations Dy, and Dg, to denote the Bregman dlvergences w.T.t.
=l is £

function w — ¥y (|w|) and w — <I>t(||w||) In the second line, observe that ®;(|w|) =
strongly convex, so Dg, (wes1|wy) > T |wesr —we||* and an application of Fenchel-Young inequality
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yields

K
2L |we|| |we = wesr] = Do, (wes1we) — o (we) < 2L4 [we| Jwg — wigr || - by Jweer = we]* = p (we)
t

2 2
< dpe L we|”

o pi(wy)
17 ) S
<2L%||th2_ L? ” Hz
- R\/L_%:t 2\/L_%t

<0
for k > 4. Hence,
0t < Gy ||lwe — wis1 | — D, (weri|we) — A¢(wisr),

which we will bound by showing that A;(w) > n:(w)G? for some suitable Gy-Lipschitz convex

function 7y and then invoking Lemma 4.0.2. To this end, observe that

Ap(w) = Y1 (w) — P (w)
= W (Jw]) = We([w]) + o1 (Jwl]) = @2(fw])

=AY (w) =AP(w)
> A} (w).

Moreover, writing AY (w) = Uiy (w]) = T (Jw]) = foﬂw” V)., (z) - Ui(z)dzr, we have

F F
t1(x) - Vi(z) =k min [M+nvﬁl]—k min [ﬁ+nv{|
n

’f}Sl/Gmax 77 nsl/Gmax
F F
>k min [ 1) + 77Vt+1:| —k min [ () + 77Vt:|
'V]Sl/Gmax n nSl/Gmax n
and using the f; filz) 2 i GO
g the fact that for any 7 < 1/Gax, we can bound , +nVi+nGy > mings <G red Vi |+
nG%, we have
. Fy(x) . Fy(z) 2 . Fy(x) 1
>k Vil-k Vil + kG ,———
nS?/léIrlnax [ " ”7 t] US{I/lCl:]i:ax [ ’r] " 77 ¢ i t i W+1 Gmax
. Fi(r) 1 2. Fy(z) 1
> kG? ,——>G R
t mm{ 2V; Gmax} IV TV G
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i Lzlvmzl( G_?)<L S G2 S
where the last line observes that > = 7= = 37— (1+ 3 ) < 7 for V; > G§ and recalls k > 3.

Defining n:(||w]|) = fo‘lw” min{ %f), G;} dz, we then immediately have:

o] Fi(z) 1
\ 2 : t _ 2
AY (Jul) > 62 mm{ 7 ,—Gmax}dx m(lw)GE

Hence:

6t < Gt |lwe = wisa || = Dy, (wesa|we) = Ag(ween)
< Gy ||wy = wee | = Dy, (welwear) = me(|wear |)G7 (B.5)

Finally, we conclude by showing that 1, satisfies the assumptions of Lemma 4.0.2 w.r.t. this function

nt-

We can write

z F
U (z) =k min [ﬂ + n‘/}] dv
0 n<1/Gmax n

= k_[Ommax{Q\/VtFt(v),Gmath(v) +

and so for any x > 0 we have

Vi
d
Gmax} v

otherwise

» )_{Qk ViFy(z) it Gonae/E(7) < VW

k’GmaXFt(J?) + Cfn‘l/;:x

R, A
‘I’Q'(w){(%t)m if Grnax/F2(2) < Ve

EGmax

otherwise
Tt+ot

7kaaX

Gra)? otherwise

—k/ Vi (142F; (x .
V() = {W if Gmax/ Fe() < VVio

Clearly, we have W;(z) 2 0, ¥j(x) >0, ¥/(x) >0, and ¥;"(z) <0 for all 2 >0. Moreover, for any

x> ai(e—1) =24, we have

I7; 2 2 .
U (z) &%)2 gg{;n) otherwise

NVi(142F (2)) (z+ag)?Fe(z) .
()] {zﬁi)?ﬂéi)???z( S i G /Fi() < VT

1 .
m otherwise

={%;Vt(¢57)+z Ft(x)) if G /Fr(2) < VT,

127



and since x > ay(e — 1), we have F;(x) > 1 and hence \/AT <V Fi(x):

3 Ft($

2]6—\/715) if Gmax\/Ft(:U < \/Vt

kGinax otherwise
1 F
< —min () , L =
2 V;S Gmax

where the last line recalls n(z) = [, min{ Ft‘gj),ﬁ}dv and chooses k > 3. Further, observe

that n:(z) is convex and n,(z) < ﬁ, hence G;—Lipschitz. Thus, U, satisfies the conditions of

max

IN

L,
5%(95)7

Lemma 4.0.2 with n,(z) = [ min{ Ft‘gx) , ﬁ} dx and x; = ay(e—1), so summing Equation (B.5)
over all ¢, we have

M=
M=

8 < Y. Gy |wy — wier | - Dw, (wear |we) = m(|wee |)GE
t=1 t=1
26?2 I 2G? .
< — = ([l + )
t; Wy () t; kv Vi

where the last line bounds e/k < 3/k <1 for k > 3. Next, substitute a; = mlogf(“‘l/j’/‘ oy to bound

G}
1 Vilog? (V;/G2

max

IN

2€Gmax

T
2,0t
t=1

||M»q

t
Gi
N I A e

(C_l)G?nax"'G%:T 1
< 2Ginax | . da
(e-1)GRax xlog (x/G?nax)

(C_I)G%nax +G%:T

1
log(2/GRax)
2€G max
g - omax
log (¢—-1)

= 2¢G max

(C_I)G?nax

< 26Gmaxv
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for ¢ > 4. Finally, plugging this back into Equation (B.4) yields

T
> (g1 we = u) < 2k [u] max { Ve Fro (Jul]), GuaxPro (Jul) }
t=1
K 2 2/
+ 5 ”u” max + L2 + Hu” L%:T + 51:T
< 2k |u max {v/Ve 1 Froa (Jul), GraxFror (Jul) |
K
+ 5 [ul® L+ L+ [ul® \/ L + 26Grmae

< 26Chmax + £ |ul* /L2 + L2,

2k |u| max {\/ Ve Fra(ul), GuaxEFre ([lul] )}

Proof of Theorem 7.1.3

Theorem 7.1.3. Let A be an algorithm defined over R? and let wy denote the output of A on round
t. Let € >0 and suppose A guarantees Rr(0) < e against any quadratically bounded sequence {g:}.
Then for any T > 1, G >0 and L > 0 there exists a sequence g, ...,gr satisfying ||g:| < G + L |wy|

and a comparator u € R? such that

(w2 (G Jul\/Tlow (1l VTfe) v £ 1u*VT).

Proof. Let w; € R? be the output of algorithm A at time ¢. Consider sequences g1,...,gr where
-G -G -G
gt € ( ),( ) , and define the randomized sequence G, = ( where &; are
Llwe] ) \~L|w| —eo L |w

independent random signs. Consider the worst-case regret against a comparator constrained to an
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{o ball of radius U:

T
sup Rp = sup Z(gt,wt)— min Z gty U

91beensgT 91,97 $=1 wiluf o <U 33
r T T
2 E£17...,ET gt’ nin Z(gt7u>
_t:1 wluf o <U j21

i T
>Eeien |- Z [we] = min Z -Guy — user L ||wt:|
| =1 wluf o <U 457

i T T
=E., . |-G Z |we| + GTU + max usL Z et |lwe
o L t=1 [uz|<U t=1

=K., .. |GTU+UL

T
@y uwtu]
t=1

T T
> Eep.er GTU+7\ Z;IthQ—GZ;thH]
t= t=

T
2 B, er GTU+—\ E;thIQ—G\l Tzillwtll2]
t=

where (a) applies Khintchine inequality, (b) applies Cauchy-Schwarz inequality, and choosing U =
%\/ 2T we have

L L|u|* T
=GTU = —Uu*/T==""1 Y2
V2 2v/2

where the final equality bounds |u]? = u? + u3 < 2U?. Hence, there exists a sequence of g; which

incurs at least Q(L |u||®>v/T) regret. Moreover, for any algorithm which guarantees Rp(0) < e,
there exists a sequence gi,...,g9r with |g]| < G for all ¢ such that for any 7" and u, Rp(u) >

3—% ] \/Tlog(HuH VT/\/2¢) (Mcmahan and M. Streeter 2012, Theorem 8). Thus, taking the

worst of these two sequences yields

glsupgTRT>max{—”u|| \/Tlog H“” \/_/\/—) L‘U\/_\/_}

B.2.2 Multi-scale Experts Algorithm

For completeness, in this section we provide a multi-scale experts algorithm which achieves the
bound required for our dynamic regret algorithm in Section 9.2. Our approach is inspired by
the Multi-scale Multiplicative-weight with Correction (MsMwC) algorithm of L. Chen, Luo, and
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Algorithm 14: Multi-scale Fixed-share
]JV

Input: p; e Ayn (0,1
Initialize: ¢1 = p;
Define ;(z) = %fox log (v) dv for i € [N]
fort=1:T do

Play p: € Ay, receive loss ¢, e RN

y P1y-- oy iy in Rog, k>0, weights SB1,..., 8y in [0,1]

[, SN VR R

. ~ 2

Update qy1 = argmingen, Y0 (o + 11055 + Dy, (a5lpe:)
Set prr1 = (1= B) g1 + Bepr

8 end

N o

Wei (2021), but formulated as a fixed-share update instead of an update on a “clipped” simplex
An=A ~[B,1]Y. The MsMwC algorithm provides a guarantee analogous to the following theorem,
but formulating it as a fixed-share update will allow us a bit more modularity when constructing
our dynamic regret algorithm in Appendix C.1.2, which requires several rather delicate conditions

to come together in the right way.

Theorem B.2.1. Let k > % and assume i1, ..., uN satisfy pily <1 for all t € [T] and i € [N].
Then for any u e Ay, Algorithm 1/ guarantees

k [log (ui/p1i) + 212 log (1%@)]
i

T N
Z (Zupt - U) < Zuz
t=1 =1

e N pu
+ i ) Ly |+ E(L+ Brr) Y=
=1 i

)

Moreover, for f; <1 —exp (_%)7

T N oy T N
Z(Zt,pt—u>Szui[k[log(UZ/pIZ)+l] +#ZZ€;:|+2]€ Pii
t=1 i=1 M t=1 i=1 Mi

Proof. The described algorithm is an instance of Algorithm 2 applied to the simplex Ay with
~2 .
©i(p) = XN, pil;pi, and M1 (p) = (1= B¢)p + Bep1. Applying Lemma 4.1.2:

T
> @t,pt —u) < Dy (ulp1) = Dy (ulprs1) + prr(u) + Evr + S1r,
=1

where

&t = Dy (ulpes1) — Dy (ulges)
8¢ = (0 + Veor(pe) s bt = qes1) = Dy (g |pe) — 91 (pe)-
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Observe that for any u, p, and ¢ in Ax we can write

N ok Nk
Dy (ulp) = Dy(ulg) = Zi—l[uzlog(uz/}%) u; + i) ;_i[uil()g(ui/(h')

N ok
:Z—[uzlog(qz/pz)erz @],
i=1 Hi

so we have

N uglog (prei,i/p1i) + Pri — Pt
)=k
i=1 Hi
N ‘ . _
kS sup Y log (p/p1i) +p1i —p
i=1 p20 K
_ IEV: w;log (wi/p1i) + p1i — wi
i=1 Hi
u; log (Ul/Plz 12\7:
i=1 i i=1

Dy (ulp1) = Dy (ulpria

IA
W

P
11;
and

T T
Z& = Z D¢(U|Pt+1) - D¢(U|Qt+1)
t=1

t=1

=k

i ]ZV: i 108 (Gra1,i/Dre1,i) + Dee1i — Qee i
t=14=1 223

qt+1,i
N, uilo ((1 —Bt)qe+1,i+Btq1 )

1 M
+ki§:(1 Be)qe+1,i + Beqii — Qea1,i

t=114=1 223

:kiiﬂbg( qt+1,i )
‘ (1= Be)qes1,i + Brari

t=114i=1 M1

i JEV: 515(‘]1 i~ qt+l z)

+k
t=14=1 i
T N ,,. .
Skzzﬂlog( 1 )+—/th1Z
t=14=1 M 1-0 Hi
N T
Uq 7
:kaZlog(l )+k:,81TZp1
=1 M t=1 7
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where the last line recalls p; = q1. Plugging these bounds back into the above regret bound yields

i@t,pt—U)Sk%[%*‘(l‘*ﬂhj“)ph E] g( )]+¢1:T(u)+51;T
t=1 i=1 M o’

i Hig=1
N k‘ IOg (Ui/pli) + Z?:l IOg (1%@})] T DL
=2 o T | K B )z
i=1 M - i
N T ~2 L
+ Z Zti + Migti)(pti - Qt+1,z‘) - Dwi(Qt+1,i|pt,i) — il (B.6)
i=1t=1

=01

_ ~2
where the last line recalls &; = (~t +Veou(p),pe — qt) Dy (qe+1lpe) — 0e(pe), @i (p) = val wily;pi, and
denotes 1;(p) = & [Op log (z) dz so that 1(p) = 2N, 1i(p;). We next focus our attention on the

terms in the last hne, Oti.-

Note that by construction, we have py; = (1 = B¢)qu + Brq1i > Beqii > 0 for all i. Thus, ¢;(p) =
% fop log (v) dv is twice differentiable everywhere on the line connecting py; and g+1; for any @ with
qt+1,i > 0. For any such 4, we have via Taylor’s theorem that there exists a p; on the line connecting

pri and g+1,; such that

1 1 (pi — qre10) %k
Dwi(qt+1,i|pti) 2 §(pn qt+1 z) W’( z) = —u

HiD;
so using this with the assumption that p; Vm‘ <1, we have
~ 1(pti —qt414)%k 2
Ot < [Zm' + iy | [Pes = Qe 4] — éﬂl—ijz = pily;Dei
1(pti — qe14)%k 2 ~2 _
<2 rtz‘ i = qre1,4] = % = pilyP; + pily; [pe; — Dyl
HiD;
(a) 1 (i — q 1,‘)2k ~2 __
<3 @tz| Pei = Qear i — = ———— — il
2 HiD;
9 2__ ~2 __
< Gk 0| D — 1il,ip;
(b)
<0,

where (a) uses [P; — pti| < |ge+1,i — pri| for any D; on the line connecting g¢1,; and py; and (b) chooses
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k> %. Similarly, for any ¢ for which g;11,; = 0 we have

~ ~2 2
Oti = (Ui + pily;)pei — Doy, (0lpgi) — peilypes

5 DPti
Sgtipti__'z
(A
< @ — @ < 0’
Hi

where the last line again uses u; "Zm| < 1. Thus, in either case we have d;; < 0. Plugging this into

Equation (B.6) reveals the first statement of the theorem:

L N | k|log (ui/pri) + i1 log (5 T N p
t;@tmt—u)s;ui [ " ! (1 Bt)]+,u,-t;£fi +k(1+51:T);%.

For the second statement of the theorem, observe that ; < 1 -exp (-1/T) < %, so frr <1,
and likewise log (1%&) =log (exp (1/T)) = %, so YL, log (1—_16t) < 1. Hence, the previous display is

bounded as

4 N . . T . N )
> (lpe—u) < 3w [k log (wifpus) +1] | i ZEZ] +2k pui
t=1 ~ - &

=1 M i=1 Mi
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Appendix C

Part III (Adapting to Non-stationarity)

C.1 Details for Chapter 9

C.1.1 Proofs for Section 9.1 (Lipschitz Losses)
Proof of Proposition 9.1.1

We break the proof of Proposition 9.1.1 into parts; we first derive a partial result in Proposi-

tion C.1.1, and then make particular choices for the unspecified parameters a; and b;.

Proposition C.1.1. (Olt),f:l be a non-increasing sequence and consider Algorithm 2 with

D (w) :2f0w Mdz

pr(w) = (ngel* +be) o],

where by >0 and n < é Then for all uy,...,ur in R?, Algorithm 2 guarantees

2M log (M +1) T2 — 1 +1
RT(U) < Og( /aT+1 ) " Z [ ”ut+1 Ut ” og ( Hwt+1 H /at+1 ) _ bt Hwt+1 ”
n t=1 n
I 2 I 2
+ 3 (lgell® +00) el + 0D aufgel”
=1 =1

where M = maxy ||u|.
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Proof. Using Lemma 4.0.1 we have
T-1

Rr(u) < ¢ri1(ur) + Z P+ Z ot (ug) + Z5t
2lurlosullorat) R . 8

2M1 M a+1
0g ( n/OéTl )+Zpt+2<pt(ut)+z5t

where M = max;cr ||u¢]| and

TZ—:1

t=

T-1
V1/1t+1 (Wer1), U — Uge1) < Z Vet (ween) | Jue = wesn |

—

1
ealfel e 2Dy, )

M’ﬂ LM'

(9t wi — wes1) = Dy, (Wir1wy) — G (wye1)

I\Mﬂ
Mﬂ

~+
Il
—

<gt, wt — wt+1> - Dwt(wt+1|wt) - At(wt+1) - @t(wml)

M=

~
Il
[y

First consider the terms Z,T:l d¢. Since (ay);-; is a non-increasing sequence, we have A(wg) =
Y1 (Wes1) — Ye(wee1) 2 0 and
- Dwt(wt+1|wt) - At(wt+1) - SDt(wt+1)

— Dy, (wis1|we) — @i (wis1)
2
Nl gl lwesr || = be [lwear ] -

0 = (gt,wt - wt+1>
<{g¢, wr — Wie1)

= (gt,’wt - wt+1) - Dwt(wtﬂ\wt) -

We proceed by showing that the regularizers 1 (+) satisfy the conditions of Lemma 4.0.2. we have

dr(w) = Wy(fw]) = 2 ! 2D gy and
W) =228 D) gy 2 gy
n n(x+a) n(z+oy)

so Wy(z) 20, Ui(x) 20, U/(z) >0, and ¥}’ (x) <0 for all x> 0. Moreover

“U(@) 2 nPera)®
22 2’

UY(2)?  n(z+ay)?

@\P;’(m)Q for all z > 0, and

so assuming 7 < é and letting n;(|w]) = 7 |w|, we have [} (x)|
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n¢(x) is a 1/G Lipschitz convex function. Hence, using Lemma 4.0.2 we have

8t < (g, wy = wes1) = Dy, (weatwe) =1 | gel* [wesr ]| = be [ween |
= (gt, wi = wes1) = Dy, (wesr|we) = me(wesn |) |gel* = br [wean |

2
2lal

< - b |w = N 2_b lw .
\112’(0) t” t+1H n tHgtH tH t+1H

Plugging this back into the full regret bound we have

2M10g (M/aT+1 + 1) +9 -1 Hut ut+1|| 10g (”wt+1” /at+1 + 1)

Rr(u) < or(ug)
n t=1 n Z
a 2
+ > nag [ gel” = be [wisa |
t=1
_2Mlog (M/ary1 +1) . Tz‘:l 2 |utsr = ug] log (Jwes || fowsr +1) by [wean |
n t=1 n
T
+ 3 (nlgel® + be) ]| + Z o flge)?.
t=1 =1
O
With this result in hand, we prove Proposition 9.1.1 by choosing values oy = L nd

Vi log® (V/G?)
b; = | g¢||*>. The full version of the result is given below.

Proposition 9.1.1. Let {q,...,0p be G-Lipschitz convez functions and gy € 0l (wy) for all t. Let

€>0, Vi =4G% + HgHit_l, and oy = #‘2/@). For all t, set Y (w) = 2f0||w” de, and

oi(w) =20 g |w] . Then after each round Algorithm 2 updates

0y = Vo (we) — gt

10
wre = S [oxp [ D (10 - 201012, 0) -1

where we we define C’” [ = =0 for all C when z = 0. Moreover, for any uy,...,ur in R, Algorithm 2

guarantees

4(M + Pr)|log (% 9MT +1)v1 T
[ 77( ) ]+2nZ;||gtll2ut|-
t=

Rr(u) <2eG +
where M = maxy ||u|.

Proof. First, we will verify the update equation, and then show the regret bound. To compute the
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update, observe that from the first-order optimality conditions, there is some V¢ (wis1) € ¢ (wis1)
such that

gt + Vr(wi1) = Vi (we) + Vo (wes1) = 0

Now, notice that we can write Vo (wi+1) = Vhip1 (wis1) = VP (wis1)+ Vs (wys1) for some Vg (wir1) €
Opt(wiy1). Thus, we have:

Gt + Vhr1 (i) = VP (wy) + Vor (wie) = 0

Moreover, any value for wy,1 such that there is a ¢ (wi11) € Opr(wes1) satisfying the above condition

is valid solution to the mirror descent update. We justify our update equation in two cases.

First, consider the case max(||0:] — 27|lg:[,0) = 0, In this case, the update equation suggests
wys1 = 0. To justify this, notice that dp,(0) consists of all vectors of norm at most 27 g >.
Further, Vt;,1(0) = 0. Thus, whenever max(||6;] — 27| g:],0) = 0, we can set w1 = 0 as described
by our update.

Now, let us suppose max (|0 — 21| g¢],0) = [6+] — 29|lg¢]| > 0. Note that this implies 6; # 0,

and the update equation sets w1 # 0. In the case wig # 0, ¢r(wesr) is differentiable so that

ot(wes1) = 21| g ||2 ”5:1“. Thus, we need to establish that indeed a non-zero w1 given by the

update equation is a solution to the optimality condition:

”2 W41

Jweal

Gt + Vhrir (wee1) = Ve (wy) + 21 | g

Writing v (w) = @, ([w]) = [V ¥l (2)dz, we have Ve (wis1) = 72201, (wisa|) (where we

lwesr |
define Hg:i\l -0 =0) and hence the optimality condition can be re-written:
Wt+1 2
= [ (Jwea ) + 20 [ge|*] = Vape(wr) - g0 = 0;
Jwtss
Now we need only verify that our expression wy g = aﬁgz‘?t [exp [2(16:] - 2n]g:)] - 1] satisfies this

condition. Fortunately, this is easily checked by observing the stated update satisfies:

2
Ui (lwea) = Zlog(llwmll/am +1) = 6] - 20 9[>

Turning now to the regret, we begin by replacing the comparator sequence with an auxiliary

sequence Ui,...,ur to be determined later. This alternative sequence will eventually be designed
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to have some useful stability properties while still being “close” to the real sequence uq, ..., ur:

T T T
Ry(u) = Z (g, wi —ug) = Z (ge,wi =) + Z (9, T — uy)
t=1 t=1 t=1

T
<Rp(@) + ) gl 1T —
t=1

The first term is bounded via Proposition C.1.1 as

2M log (M/aTH + 1)

T T
P 2 |~ 2
Ry (@) < +20 ) [gel” @l +n) e [ gel
t=1 t=1
T-1 ~ =~
2ut—ut110g Wt+1 Oét1+1
+ ” + ” 57 + ” / + ) -7 Hgt”2 ||wt+1||
t=1

where M = max;<r |T;|. We focus first on bounding the sum in the second line. To do so, we first

provide the definition of :

Uy if g >T
fo

Let 7 >0 and set Ut = ur and Ty = rt<T.

U1 otherwise

Hence, by definition we have |@; — g1 = 0 whenever ||g¢| < T, so

T-1T9lT -
2 [@ ~ W | Log (Jwin ]| /evwsr +1) 2
Z [ + + ki =g |wesa |
t=1 N
2T, -0 1 +1
< [ ||ut Ut+1 “ 0og (Hwt+1 ” /Oét+l ) - 7]T2 Hwt+1 ||:|
t:)| ge]| =T 7
< [SUp 2 |[@ ~ G| log (X /a1 +1) nTZX]
tge [>T LX=20 K
P 2| et
(2) 2 |y - Tysr | log (%)
ol 1

QHI’U\,thL\t.H H 10g(X/at+1+1) _
n

777'QX = 0, and otherwise the max is obtained at X = w — a1 > 0, which leads to an

where () observes that either the max is obtained at X = 0, for which sup y

upperbound of

2|[ T+ 1 =Tt | )
Q10?72

2 | — Tpi1 | log (X fvper + 1 2@ =1 | log
o 2T =Tl log (X +1) (

X>0 n n

in both cases. Moreover, for any ¢ such that |g:|| > 7 let ¢ denote the smallest index greater than
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¢ for which |g#| > T then by triangle inequality we have @y — Tyt | = |lue — up | < L, [ws — tise1 |

and
— 2|~ ’ 7
2 [T~ T | log (S ) 342 s — g | log (77257 )
tgel[>T " tlgel>T n
2-PT lOg ( ]\427—2 )
; .
Returning to the regret against the auxiliary comparator sequence we have
— — 4M
. 2Mlog(M/ar. +1 I . I 2Prlog( ;7
Ry (@) < ( - )+2"72H9tH2HUtII+nZat lgel* + (nat = )
= t=1

(a) 2M 10g (M/OZT-{-l + 1) + 2PT 10g<at+1]7\]/£7— )

T T
2 (1~ 2
+2n0 3 lgel ™ @l +1 ) ar gt

n t=1 t=1

(b) 2M10g (M/OéT+1 + 1) + 2PT log(

M ) T
T Y gl
n t=1

T T
2 —~
+ 21 Z lge ™ el +2 Z gl I - i

2M10g (M/aT 1+ 1) + 2PTlog ——5=—5
(C) - (a WQTQ) +2eG
n
T ) T
+20 3 gl luel + 23 gl e — el
t=1 t=1
where (a) observes that M = maxer [T < maxser |ue| = M and (b) recalls 7 < z and uses

G2
009l Vel < nllgel® (lue =l + Juell) <71 gel* [l + gl ue = e, and () chooses at‘m

for V; = 4G? + Hg”%:t—l and applies Lemma A.3.4 to bound

n i at g = neG? i ﬂ
= = Vilog? (V;/G?)

< 2meG? < 2¢G

Returning now to the full regret bound and recalling @; = u; whenever |g¢|| > T and Uy = Tgyq
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otherwise, we have

T
Ry (u) < Ry (@) + 3 [l ge] [ - we
t=1

2M log (M /apsq + 1) + 2Pplog (%)

11?72

< 2eG +
n

T T
2 —~
203 gl el + 337 lgell [ - we]
t=1 t=1

4M
o 2M log (M far.1 +1) + 2Py log (22

n
A 2
+20 3 (gl luel + 3T 30 [T - e
t=1 t:ge|<T

(Z) 2er s 2Mlog (M /ari1 +1) +2Pr log<ﬁ%ﬂ)

n

T
+20 Y [ gel? uel + 3TTPr.
t=1

where (a) uses the fact that @1 = uy for some t' > ¢, so that |Gy, —u| < T |use1—us| < Pr. Since

this bound holds for an arbitrary 7 > 0 we are free to choose a 7 which tightens the upperbound,
__4 .

such as T = T

2Mlog (M [apsr + 1)+ 2Pp log(%)

11272

< inf 2
Rp(u) < inf eG + ;

T
+20 Y gl Juel + T3TPp
=1

. 2Mlog (M [apsr + 1)+ 2Pp (log (QMTQ) + 2)

4oyl

B n

I 2

+26G+2n )" gt e
t=1
2
4(M +Pr){log (2L + 1) v 1 T

<2eG + { (aT+l ) }"'2772”91%”2”“16“'

n t=1

141



Proof of Theorem 9.1.2

The full statement of the theorem is given below.

Theorem 9.1.2. For any >0 and uy,...,ur in R%, Algorithm 8 guarantees

IMAr

4 2
Rr(u) < 2:G + G\J 2(M + Pr) [log( ; 1) v 1] > loel” e

+4G(M + Pr) [log(gﬂiAT + 1) v 1].
3

2 2
where Ap = T? (4 + ”’g#) log? (4 + ”g(!#) [logy(VT)] < O (13 10g3(T)) and M =maxy |ug|.

Proof. Let A, denote an instance of the algorithm in Proposition 9.1.1, w, denote its iterates, and

let R?” (u) denote the dynamic regret of A,. From Proposition 9.1.1, we have that for any 7 < =,

A+ Pr) [log (P +1) vi] 1
[ (401T+1 ) ]+2n2|9t||2|“t”’

R (u) < 2¢G +
n t=1
eG?
Vi1 log? (Vi1 /G?)
€ > 0. The stepsize which minimizes the right-hand side of the inequality is

where o = and Vi = 4G%+ ||9||%;T, M = maxser |ue|, Pr = Yiko |lur — w1, and

" = min 72(M+PT)[log(Zi4Tf+1)v1] 1 |

2 )
St lgel™ el G

for which we have

. OMT? L
R?” (u) <2¢G + 47| 2(M + Pr) [log( + 1) v 1] gt ||2 e
4oy t=1

2
+2G(M + Pr) [log(iMT + 1) v 1] :

QaT41

In what follows, we will match this bound up to constant factors using the iterate adding approach
proposed by Cutkosky 2019b.

Suppose that we have a collection of step-sizes S = {77 eR:0<n< é} and suppose that on each
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round we play wy = 3,5 w;’ where w; is the output of A,. Then for any 7 ¢ S we can write

T T
Rp(u) = Y (gi,we—ug) = ) (gu > wy - Ut)

=1 t=1 neS

tT T
z<9t,wt Ut>+ Z E(gt,wf—m

t=1 n#neS t=1
=R (uw)+ Y R}(0)
n#nesS
< R (u) +26G(1S| - 1). (C.1)

Notice that since this holds for any 77 € S, it holds for the one with the lowest dynamic regret, hence
R (u) < 2¢G(|S| - 1) + mip R (w).
ne

Thus, we need only ensure that there is some 1 € S which is close to the optimal n*. It is easy to

see that

2(M+PT)[log(9MT +1)v1] 1 9
E—

SE1 gl e G G

IN

3

IN
Q-

% .
7" =min

3

so if we let S = {G%;T A é 1<k <[log,y (\/T)]}, we’'ll have

2 L1

TImin :G—\/TSU Saznmaxv
where Npin and nmax are the smallest and largest step-sizes in S respectively. Hence, there must be

an 7y € S such that ng <n* <ngyq < 2nk. Using 7 = ng in Equation (C.1) yields

Ry(u) < 26G(IS| - 1) + R)™ (u)

4(M + Pr)|log|( 3 QMT +1)v1 T
[ 775 ) ]+277k2||9t2||ut||
t=1

8(M + Pr) [log(% + 1) % 1]

<2eG S|+

T
* 2
" +20" 3 gt |
n t=1

9MT? L
=2eG S| +6\} 2(M + Pr) [lOg(4aT - + 1) v 1] D lgel)? e

+ t=1

<2eG S|+

2
+4G(M + Pr) [log(gMT + 1) v 1] .
dari
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. 5 i =& __ < £
The result then follows by choosing € = Toga (V)] SSE O

Proof of Proposition 9.1.4

Proposition 9.1.4. Suppose A is an online learning algorithm which guarantees

T
RA(u) <O \‘ (M2 + MPT)I; gt‘Q) ;

for alluy, ..., ur in R with maxep |ue|| < M. Then for all uy,...,ur in R, Algorithm 10 guaran-

tees

Rr(u) <O max | T\/(12 + MPr) gl
Proof. First observe that for any interval I = [a,b], we have

Z (g6, we —ug) = Z (g, we —up) + Z (gt up —ug)

tel tel tel

and bound the second sum as

Z(gt, Zb: Us = Us— > i Zb: (96, us — us-1)

tel s=t+1 t=a s=t+1

b b
Z Ja:s-1,Us — Us- 1 Z Hgas 1” Z ”ut_utle2

s=a+1 s=a+1 t=a+1

< \ ( Zb: lge|? + Z Z gl ||gt'|)51

t=a+1 t=a+1t'+t

IA

b
\ ( > lgel® + v lgs® |I|2)51

t=a+1

2
V2191210 111281 = V211912114 S111].

where S; = Y0 .1 |ug —us—1||®. Thus, denoting I; = [1,71], Jo = [11 + 1, 72],..., Ik = [T-1 + 1,7k ],
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we can bound

K
(gt, wi - Z (gt, wi - U‘rk <gtauTk - ug)
k=1 tEIk

K
2
(g wi = ur,) + D5/ 251, |9 lier, Tkl
k=1
2
= ) 251l

where the last line observes that w; is fixed within each interval. From the regret guarantee of

M=

T
Z gt, Wt —

t=1

ko
Il
—
5
m
~
e

M=

T
—
~
m
~
=

M=

x>
Il
—
o~
m
~

k

algorithm A we have

i(th,wm—uTk>:g(§Tk7wm U, ) < (\/(M2+MPK)||g|]1K)

k=1 tEIk

<0 (mas /2002 < M P Loy

where the first line defines Py = Zszz |tr, —ur || and the last line observes Py < Pr. Hence,

T
> {g =) < 0 (a0l (V22 < MPr) gl + /287 ol ) ).

The stated bound follows by observing that Sy < M Pr < M 24+ MPp and hiding constants.

C.1.2 Proofs for Section 9.2 (Unbounded Losses)

The main objective of this section is to prove Theorems 9.2.1 and 9.2.3. At a high level, the strategy
is simple: we run several instances of projected gradient descent, each with a different restricted
domain Wp = {we W : |w| < D} and stepsize 7, and then use a particular experts algorithm to
combine them. We first assemble a collection of core lemmas that provide the regret of the base
algorithm (Lemma C.1.2), the regret of Algorithm 11 in terms of the regret of any of the base
algorithms (Lemma C.1.3), as well as some utility lemmas (Lemmas C.1.4 to C.1.7) to help tame
some unwieldy algebraic expressions and case work. We then prove the main results Theorems 9.2.1
and 9.2.3 in Appendix C.1.2 respectively. Finally, we prove our lowerbound Theorem 9.2.2 in
Appendix C.1.

The base algorithms that we combine are instances of (projected) online gradient descent with
an additional bias term added to the update. The following lemma provides the regret template for

this algorithm.
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Lemma C.1.2. For all t let £; : W - R be convex. Let K >1, Ly >0, and KnL; <1 for all t. Let
Wp ={weW:|w| <D}, wy =0, and on each round update wii1 = yew,, (we —n(1+ KnL)ge),
where g € 0 (wi). Then for any w = (uq,...,ur) in Wp,

|up|? +2DPp
2

T T
Ry(u) < +K77;Lt [ft(ut)—ft(wt)]+277;H9t||2

where Pr = 2312 |ue — we—1]-

Proof. The result follows easily using existing analyses. For instance, the update can be seen as
an instance of Algorithm 2 with ¢ (w) = %7 |lw|?, ¢¢(w) = KnL;{ge,w) for g; € & (w;), domain
Wp={weW:|w| <D}, and My(w) = w for all t. Letting wy = 0 and applying Lemma 4.1.2, we

have:
T T
Ry (u) <draa(ur) + 3 (Vi (we), w1 —u) + Kn ) Lily(uy)
t=2 t=1

+ ( gt + KnLigs, w — wier) — D¢t(wt+1|wt) - KLy (wy)

i

|UT|

T
Z lut = w1 | + Knt; Ly [l (ur) = £ (wr)]

+ 2(1 + KnLyt) (g, we — wie1) — Doy, (w1 |wy)
=1

(a) |u 2+2DP a
Y ||T2—T + Kn Y Ly [6(ur) — e (wy)]
t=1

. 2
Wiel — W
+ Z(l + KnLt) (ge, we — wie1) - M
t=1 21
®) |up|?+2DP I S
< Jur|” +2DPr + Ky Ly [le(ur) = by (we)] + + 2 > (L+ KnLi)* g’
2n t=1 2=
() |uw 2+2DP L S
< ”T”2—T + K0 S Ly [0(ug) - G(w)] + 20 S o]
t=1 t=1

2
the (a) observes that Dy, (wee1|we) > W by %—strong convexity of 1, (b) is Fenchel-Young
inequality, and (c) uses KnL; < 1.

O

The following lemma provides a generic regret bound for Algorithm 11. The take-away is that
the regret will scale with the regret of any of the experts up to two extra terms Cs and Arp(n, D),

which we will later ensure are small.
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1
KLmax

Lemma C.1.3. For any 7 = (n,D) € S with n <
satisfying |uel| < D for all t, Algorithm 11 guarantees

Ry(u) < 2kCs + 2kDGruaxA7(7) + |ur]® + 2D Pr + 4kD*Ar (7)

and sequence u = (uy,..

2n

3 L [tu) - ) - 403 ol
t= t=

2

where k > 9/2 and

_ 9
Cs d:ef XS /~L‘2F : AT(T) d:ef log ( Zreg ,Uf»F) i1
Z?ES =

T

Sur) in W

Proof. Let 7 = (n,D) € S and let A, denote an algorithm which after each round updates its

parameters using
wt(ﬁ = Hyew:w|<D (wa) -n(1+ KnLt)gt(T))

(7)

for g, € 6€t(wt(T)). Algorithm 11 is constructed as a collection of algorithms A;, with an multi-

scale experts algorithm (Algorithm 14) to combine their predictions. First, observe that the regret

decomposes into the regret of any expert A, plus the regret of the experts algorithm relative to

expert A;:

t=1
=R7" (u)
A S @) ()
= RTT(’U,) + Zﬁt ( Z pt(?’)ft(wt )) - ft (wt )
t=1 TeS
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and by convexity of ¢; and Jensen’s inequality:

i £ )] )

t=1L7eS

- RA(u) + zzet( N pe(7) - 1{r =7}]

t=17eS

(a)
2 Ry (u)

P33 [0 () - @) | () - )

t=17eS
T
+ ;;gft(@t)(pt(?) -p-(7))
T o~
QR () + 3 3 [t () - @) | (07 - 92 (7)]

t=17eS

T
9 R?T(U) +> (Ztapt —p:)
=1

=Ry (pz)

= Ry (u) + RY2(p2), (C.2)

where W, is an arbitrary reference point with |@;| < Dmin (and hence is in the domain of all of the
experts A;), (a) defines pi(7) = 1 if 7 = 7 and 0 otherwise, (b) observes that Y x.g ¢ (W¢)(pe(T) —
Pi(7)) = (1) Sres pi(7) = pi(F) = 0, and (c) defines 7y ¢ R with 7, - = £o(w{”) - £4()).

Now for any 7 = (n,D) € S with D > max; |u|, we have via Lemma C.1.2 that

R#T (u) < |

2
2DP,
lur|” + 2DPr — (C.3)

KYL [£aue) = o)) + 20 > el
t=1 bt

To bound R}*(p*), observe that for any 7 = (7, D), we have

T = 6,(w) - (W) < Hwt( T))H Hw(T) W H
< (Gmax + LmaxD) 2D,
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1
QE(GmaX+E/~)

1
and 77 < S we have

and so with pz = KL <
max

1
2D (Giax + D7)
1
(Gmax + LmaxE)

1

,uﬁ:ftﬁ-’ < 2D (Gmax + Lmaxﬁ)

IA

(Gmax + Lmaxﬁ)

so these choices meet the assumptions of Theorem B.2.1 and we have:

R%eta(p:) < Z p:(?) |:k [log (p:(ZB/pl?) + 1] + M;i'éf :| + 9%k Z Plf

7S T FeS M7

for k > 9/2. Recalling that p}(7) =1 when 7 = 7 and 0 otherwise and that 7 = (D, n), the first sum

is bound as

k [log (p3(7)/p17) + 1] L2 D n e
- i £T=2I<:D(Gmax+—) log (1/p1,) +1] + 7.
D AL
< 2I<:D(Gmax+ Z) [log (1/p1) + 11+ 5 2 |7t ™) 40
= 2kD (Gmax + 2) [log (1/p17) + 1] +2n Z Hg(T) ,
n
and so with p; » = I ooz e have

Yres Mz

Meta(pT) <2kD (Gmax + %) [log(ZT;‘S :“T) + 1] +2n Z Hgf )H +2k Z

TeS Z’TES /"L"'

Combining this with Equations (C.2) and (C.3) yields the stated result:

2
U +2DP
RT(U) < ” T” . T

+K"§1Lt [£e(ue) = oo™ +4ni“9§” 2
t= =

D s 12 s [
+2kD (Gmax ¥ —) [log (M) " 1] APy Ll
n Hr Lres

|lup|? + 2D Pp + 4k D?*Ar(7)
21

= 2kC's + 2k DGhnax A7 (7) +

+ K"?iLt [ft(ut) - &(wtﬂ)] +4n Z Hg(T)
t=
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where the last line defines the shorthand notations

_ _ o2
Cs def —ZTES K7 and Ar(7) def log ( Les Iz ) +1.

2 2
FeS Mz K7

O

Next, we provide bounds on the terms terms Cg and Ap in terms of the hyperparameter ranges

[Mmin, Mmax] and [ Dmin, Dmax] that the meta-algorithm tunes the hyperparameters over.

Lemma C.1.4. Let 0 < Nmin € Ymax, 0 < Dpin € Dmax, and define the hyperparameter set S =
S, xSp for &, = {m = [nmei A nmax] 1> O} and Sp = {Dj = [Dmij A Dmax] 1y 0}. For each

T = (777D)€S; let Mfzm. Then

cs Y Zreshr VT Dy (G + Dmin)
- - min max
YreS :U“72— Tlmax

and for any T €S,

2 2 4 2
def{ Sres 112 24n2, D 6[S,|D
A =1 =T +1<1 max— A +1
r(7) = log ( L2 ) 8 ( n2. D* D?

T min™~ min min

Proof. For the first statement, we have

. T T
Cs = ZLSMQ' < 5 < 3
FeS /-L?: Z?”GS 'u?: /'L(nma)ﬁDmiﬂ)

= \/T(QDmin)2 (Gmax + l)min/nmax)2
= 27T Dynin (Gmax + Dmin)

Thmax

where the first inequality applies Cauchy-Schwarz inequality. Moreover, for any 7 = (n, D) € S we

150



have

Yreskz 1 1

-2 Z 9
K2 1 oy | 50)es (2D5)? [Gunax + Dy i)
1 Z 77z2
Y
4M(n D) (1i,D;)eS D
1 221nm1n
4M(n D) (1:,D;5)eS D 24]
,,72 . [IOgZ(nmaX/nmin)] [10g2(Dmax/Dmin)] 22i
4“%77,D)D;4nin i=0 20 247
7712nin 22[10g2 (Mmax/Nmin ) |+2 _ 1 1
- 2 4 1
4“(17,D)Dmin 3 1= 15
Moin 21082 (Mhasc/Mimin)*4 — 1 16
4w}, oy Diin 3 15
nmln nmax 16
4“(17,D)D§11n 12nm 45
677r2nax _ 3nmax

- 2 4 - 2 4
4“(77,D)Dmin 2“(7],D)Dm1n

At the same time, we can also bound this term as

Yres 12 _ 1 5> 1
e ’u?n,D) (mi.D)es (2D5)? [Gax + D;/ni?
1 1
) 4“%771D) (ni,D;)eS Grznax
S| [log2 (Dmax/Dmin)] 1
< 5 5 e
4N(n,D)GmaX j=0 Dme Jj
Syl 1
S 4M%n7D)G1211ax min 1- Lll
415y 1S,

4. 2 2 2 2 2 2
43452, 1) G D 3u(n’D)G D

min max-~ min
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Hence,

Ar(n,D) =log Z?—;ﬁ) +1
It
37]2 X |S77| 1
<log [2DH2‘a A e 7 |t 1
min max 'U’(mD) min
2
2Dr2nin 3G12'ﬂax DIZnin

Now if Gax < D/n, we have

AT(T/) D) < lOg

34 1 D [Gunax + D/1]”
2D}

min

6120 D - (2D/77)2) 1

<log Dl

min

24n§1axD4) i1

<log T

2
nmin min

and otherwise

Ar(n, D) < log

4 |S77| D2 [Gmax + D/U]2
+1
3G2 D>

max~ min

6|S,| D>G?
< log L)H

G2 D2 max

max"—~ min

6|S,| D?
—’ nl )+1.

=log ?

min

Thus, we can bound

24n2 . .D*  6]S,| D
AT(n,D)glog( T |D’;| )+

min~~ min min

O

Lemma C.1.5 provides a simple but tedius calculation which we will use a few times in the proof
of Theorem 9.2.1.

Lemma C.1.5. Let ¢; be (Gy, Li)-quadratically bounded, c1,c2 > 0, u,w € W, and g € 0y(w).
Assume |w| < D and |u| < D. Then

1L [0 () = (w)] + ez || ge]|* < 3(er +e2) (GF + LI D?)
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Proof. Since ¢ is (G, Lt)-quadratically bounded, and g; € 9¢;(w) where |w| < D we have
lgel? < (G + Ly Jwl)? < 2GF + 2L |w|® < 2G} + 2L2D?.
Moreover, letting V4 (u) € 9¢;(u) and ||u| < D we have

Ly (G (u) = £(w)) < Ly [ Ve () | |lu - w]
<2DLy [V (u)||
<2DL; (G + Ly D)
=2DLiGy +2L?D?
<G?+ L}D?*+2L?D?
= G7 + 3L D%

Thus,

1Ly (£e(u) = Le(w)) + 2 | ge|* < (1 + 2¢2)G? + (3¢ + 2¢9) L2 D?
<3(c1 +¢2) (G + LiD?)

O

Lastly, we provide two lemmas which let us assume that there is a 7 = (n,D) € S for which
%D < M = max; |ui| < D by showing that the regret is trivially well-controlled whenever M is “too
big” (Lemma C.1.6) or “too small” (Lemma C.1.7).

Lemma C.1.6. For allt let ¢; be a (Gy, Lt)-quadratically bounded convex function for Gy € [0, Giax ]
and Ly € [0, Lipax]. Let € >0, Dpax = 2" and let u = (u1,...,ur) be an arbitrary sequence in W

such that M := maxy |utl| > Dmax. Then for any wi, ..., wp with |w¢| < Dpax,

I M
th(wt) - Kt(ut) <2 (GmaxM + LmaxM2) 10g2 ( ) .
t=1

3
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Proof. Let g¢ € 0¢;(w;) and observe that

T T
Yoli(we) = Le(ug) <37 gl we = we
t=1 t=1
T
S; lgell (Dmax + lluel)

T
<2M gt
t=1

<2M (Gmax + LmaxDmaX) T

<2M (Gmax + Linax M) T
) M
<2 (GmaxM + LynaxM?) log, —)

where the last line uses M > 27 = T <log, (%) O

Lemma C.1.7. For allt let £, be a (Gy, Ly)-quadratically bounded convex function for Gy € [0, Gax ]
and Lt € [OyLmax]- Let € > 0, Dmin = %, Nmax = m, and Mmin = m Let Wt € w
be the outputs of the algorithm characterized in Lemma C.1.8 with n = Nyin and D = Dyyiy, and let

w = (uy,...,ur) be an arbitrary sequence in W with M = max; |u;| < Din. Then

RT(U) < (Gmax + ELmaX) [K(M + PT) + GCT]

where Cp < O (—log(log(jm)) )

Proof. For M < Dy, we can apply Lemma C.1.3 with 7 = (9min, Dmin) to get

|lup|® + 2Dgin Pr + 4k D2, Ap(7)

min
27 min

+ KNmin i Ly [ﬁt(ut) - Kt(wt(T) )] + 40 min i Hgt(T)
t=1 t=1

Rr(u) < 2kCs + 2k Diyin Gax A1 (7) +

2

9

1

where Uz = m

for any 7 = (77, D) € S, k> 9/2, and

- oo 2
CS dgf ZL’S’U;, AT(T) = AT(T/minmein) d:eflog (M) + 1
TeS :u'q‘—' 'u(nminaDmin)2
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Observe that with M = max; |u¢| < Dyin and % = K(Gmax + €Lmax ), we have

[uz|* + 2DwinPr + 4k D, A7 (T) _

mln 2 (||uT|| + 2PT + 4/~€DmmAT(T))

277min min

1 eAp(T
- 5K(GmxJr«sLmaX)(||uTH +2Pp + 4k 25 )).
Moreover, by Lemma C.1.5 we have

T
Z KnminLt I:gt(ut) Kt(wt( ))] + 477rn1n (T)

t=1

< Ninin Z 3(K +4) (Gt + L7 mm)

€ (G2 ax + L2 D2,

max"~"min )

K(Gmax + 6Lmax)

2
€ Limax
(eGmaX+ Tr;a )

<3(K +4)

< 3(K +4)
- K

Plugging in the previous two displays back into the full regret bound yields

A
R () < 260 + G " L (o + L) (HuTu + 2Py + 4k T(T))
2
conCa s eG [BUCFD) K+ DAR(D)] | o) [3(K+4) 26K A7(7)

+ K (Gmax + €Lmax) [M + Pr].

Finally, Lemma C.1.4 bounds

2k’CS < 2k - 2ﬁDmin (Gmax +

€ Kelax

LAk (€Grmax + K€ Liax/T')
B VT

Dmin)

Thmax
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and

A7 (Nmin, Dmin) <1og (6]S,]) +1 <log (|S,]) +3

T max
slog([logQ( f )]+1)+3
€Lmax

T max
slog(logz( f )+2)+3

max

Plugging these back in above:

k 2kA minvain
Rr(u) < €Gax (K +4) [% v T(UT )]

3 4k 2kA7 (i, Dmm)]

K72 TR T T

+ K(Gmax + €Lmax) [M + Pr]
< Cr (€Grmax + € Linax ) + K (Grmax + €Lmax) [M + Pr]
= (Gmax + €Lmax) [K(M + Pr) + eCr]

+ € Linax (K +4) [

where
Cr<(K+4) (% N % N 2k’(log(log2 (ig?r;“::) +2) +3))

. O(log (1o I(f—)))
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Proof of Theorem 9.2.1

Theorem 9.2.1. For all t let ¢y : W — R be a (Gy, Lt)-quadratically bounded convex function with
G €[0,Gmax] and Ly € [0, Lynax]. Let €>0, K >8, 5, =1-exp (-1/T) for all t, and for any i,5 >0
let Dj = % [27 A2"] and m; = [ ], and let S = {(n;,Dj) : 4,5 >0}. For each

2

2
Z?ES Mz

(3

€2 A 1
K(Gmax"'ELmax)T K Lmax

T=(n,D)eS let p, = m, and set p1(7) = . Then for any u = (uq,...,ur) in W,

Algorithm 11 guarantees

T
Rr(u) < O([GmaX + (M + e)LmaX][(M +e) A+ PT] + \J (M2A% + MPr) Y G? + L2M?, )
t=1

where Pr = YL, |us — 1|, M = maxy |wl, and A < O(log(%%&og(log(@))),

€Lmax

Moreover, when the losses are Li-smooth, the bound automatically improves to

Rp(u) < O([Gmax +(M + e)LmaX][(M +e)AT + PT]

+ \} (M2A% + M Pr) [i L [6(ue) - €] A i G2 + LfM?]).
t=1

t=1

Proof. First observe that we can assume that there is a 7 = (9, D) € S for which D > maxy ||u| = M,

since otherwise using Lemma C.1.6 with ¢ = % the regret is bounded as

MT
R(w) < 2M (Ghax + M L) log (—) . (C.4)
€
Likewise, if M < Dy, then by Lemma C.1.7 we have
Rr(u) < (Gmax + Limax€) [K(M + Pr) +€Cr], (C.5)

Gmax

log(1
where Cr < O(W). Otherwise, we have M € [ Duin, Dmax], in which case there is a

D; = % for which D; > M > D;_y = %Dj, so for any 7 = (1, D;) € S we can apply Lemma C.1.3 to
get

lur|? +2D;Pr + 4kD3 A (7)
2n

K% L) - )] 0 3o
t=1 b

RT(U) <2kCs + Qk‘DijaXAT(T) +

2

)
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where g7 € 9y(w{"), Pr = £, |uy w1 |, and
O = Yres M
Dres 7

Z’-Fe ’72’
Ar(n, D;) =log | S7EET ) 41
H,o;)

2 Dj ? 2
= log D] [Gmax + _] Z Mﬁ-’ + 1
n

TS
2
Z Na%) +1

2M ]
TeS

TImin

<log| (2M)? [Gmax +

= A7 (Mmin, 2M ).

2

Thus, bounding D; < 2M and denoting Qr := Y7 KL, [Et(ut) - Kt(wy))] +4 Hgt(T) , we have:

. M? (1 +16kA7(Nmin, 2M)) +4M Pr
2n

2] . (C.6)

RT(’U,) <2kCs + 4k'MGmaXAT(7]mina 2M)

! i (KL [tu(an) = ()] w7
t=

::QT
Next, we show that there is an n for which the above expression is well-controlled.

Observe that choosing 7 optimally in Equation (C.6) would yield

" M?2(1 + 16kA7(Nmin, 2M)) + 4M Pr
n = .
2Q7

If " > Nmax, then choosing n = Nmax yields

. M? (1 + 16kA7(Nmin, 2M)) + 4M Pr o

Ry (u) < 2kCs + 4kM Grax A7 (Nmin, 2M) 9 m S
Thmax
KLmax 2
= 2kCss + 4k M G max A7 (Nmin, 2M) + — [M?(1 + 16kAT(Nmin, 2M)) + 4M Pr]
1
+ \/5 [MZ (1 + 16kAT(77min, 2M)) + 4MPT:| QT. (07)
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Similarly, if 7* < min, then choosing 1 = Ny, yields

. M? (1 + 16kA7(Nmin, 2M)) + 4M Pr

RT(U) <2kCs + 4kMGmaXAT(77min7 2M) In*
Ui

+ nminQT

1
= QkCS + 4kMGmaxAT(77min7 2M) + \/5 [M2 (1 + 16kAT(77min, 2M)) + 4MPT] QT

+ GQT
K (Gmax + €Lmax) T

Observe that by Lemma C.1.5, we have

2

Qr = iKLt [et(ut) _gt(wzgf))] 4 Hgé‘r)
t=1

<U3(K +4) (Ghiax + Laax D7)

max max-— 7

<3(K +4) (Ghax +AM°L2

max

)T.

Thus

eQp L€ 3(K +4) (GZ . +4M?L2

K (Guax + €Lmax) T~ K (Giax + €Liax) T
< 3(K +4)

K

< (K +4) (6Grmax + 4M>Lynax)

)T

(€Gmax + 4M? Liyax)

for K > 3. so overall when n* < npin the regret can be bounded as

1
RT(U) < 2]€Cg + 4kMGmaxAT(77mina 2M) + \/5 [M2 (1 + 16kAT(nmin7 2M)) + 4MPT] QT
+ (K +4)eGmax + 4(K + 4) M Lyjax. (C.8)

Finally, if 7* € [min, Jmax], then there is an n; = m such that n; < n* < 941 = 214, SO

choosing 1 = n; Equation (C.6) is bounded by

N M? (1 + 16kA7(min, 2M)) + 4M Pr .

Rr(u) < 2kCs + 4k M G max AT (Nmin, 2M) "
n

n*Qrp

<2kCs + 4kMGmaXAT(nmin7 2M) + 3\/% [M2 (1 + 16kAT(7]min7 QM)) + 4MPT] Qr. (09)
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Now combining Equations (C.4), (C.5) and (C.7) to (C.9), we have

MT
Rr(u) < 2M (Guax + M Liax ) log (—)
€

+ (Ginax + Linax€) [K (M + Pp) + €Cr]
+2kCs + 4k M Gmax A7 (Nmin, 2M)

’ 3\/% [M2 (1 + 16kA7(Nmin, 2M)) + AM Pr] Qr

+ (K +4)eGmax + 4(K + 4) M Lynax

K Linax
+
2

[M?(1 + 16kAT (min, 2M)) +AM Pr].

From Lemma C.1.4 we have

D .
CS < 2\/Tl)min (Gmax + mm)

TImax

J2K (eGrmax + € Limax)
B VT
AT(nmina 2M)

Slog(w) ‘1

D2

min

< 10g(24M2T2 ([togs (F==)] + 1) )

+1

€2

T TG max
)+log(log2( G )+2)+1
€Lax

M
S2log(5

Hence, hiding constants we may write

Rr(u) < O(Gmax((M +€)AJ + Pr) + Linax [(M +€)*Af + (M +€)Pr] + \/(M2A;j,, + M Pp)Qr, )

where A7, <O <log (@) + log (log (%))) <O (log (%) + log (log( Grnax ))) Finally, the

€Lmax €Lmax

proof is completed by observing that if the ¢; are L;-smooth, then using the self-bounding property
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we have Hgt(T) H2 <2L, (ft(wfﬂ) - E;’) for £f = minyew ¢ (w), and thus

M’ﬂ

QT = [Et(ut) ét T)):I +4 Z Hg(T)

~
I
—_

E%q

KL, I:Et(ut) - Et(wt(T))] + 8;Lt [Et(ww,gﬂ) - 6;]

~
I
—_

L

KLt [Et(ut) - E;]

~
I
—_

where the second-to-last line chooses K > 8, and simultaneously we have using Lemma C.1.5 that
T
Qr <3(K +4) Y. [G} + L7 Dj]
t=1
T
<3(K +4) Y [GF +4L;M?],
t=1
and so we have Qp < O (X5 Ly [6(ur) - ;] A Ty G7 + LIM?). O

Proof of Theorem 9.2.3

Theorem 9.2.3. For all t let 4 : W — R be (Gy, Lt)-quadratically bounded and Li-smooth con-
vex function with Gy € [0, Gax] and Ly € [0, Lipax]. Let € >0, K > 8, and for any i,5 > 0 let
D; = ﬁ[2j/\2T] and 1n; = KLmax\/_ [21/\\/_] and let S = {(n;,Dj) :i,5>0}. Then for any

u = (uy,...,ur) in W, Algorithm 11 guarantees

Rr(u) < O(GmaX(M + )N + Linax (M + €)? A + Linax (M + €) Pr

S -1 J<M2A*+MPT>iLtm<ut>—fzJ)7
t=1 t=1

€

M~V/Tlog(V/T
where M =max; |w|, Pr= %1 |ut— w1, and A% <O (log( g( )))

Proof. By Lemma C.1.6, we can assume that there is a 7 = (1, D) € S for which D > max; |u| = M

)

since otherwise the regret is bounded as

(C.10)

Rr(u) < 2M (Gax + M Liax) log(M\/T) .
€

Hence, we can assume there is a (7, D) € S which has M < D. For any such (n,D) € S, we can
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apply Lemma C.1.3 to get

lup|? + 2D Pp + 4k D?*Ap(7)
21

’ K”ilLt [u) - et +477i1 Jai™
t= =

Ry (u) < 2kCs + 2k DGrax Ar(T) + |

2

)

where gt(T) € 8&(11}57)), Pr= ZtT=2 [us — ug—1] and

_ = o2
CS dgf Z’TES M7 AT(T) dgf IOg ( ZT&Z MT) n 17

Z"FES )U“’q% 7 Kz

where for any 7 = (D,7) € S we define h Dy = 25 L Using the self-bounding prop-

Gmax"’-ﬁ/’ﬁ).
. (7) (7) ™| (T)y _ pr s _
erty of smooth functions, for any g,"’ € 0¢;(w; ’) we have |g, < 2Ly | b(w, ) = £f | for ¢}

argmin, . £¢(w), so the last line is bound as
< (r) < (7) S
K’I? Z Lt [Et(ut) - ét(wt )] + 87’] Z Lt [Et(wt ) - ﬁ;] < K?? Z Lt [ﬁt(ut) - E;]
t=1 t=1 t=1
for K > 8. Hence,
lur|® + 2D Pp + 4kD*Ar(7)
21
T
+ K0y L [£e(ug) - 0] (C.11)
t=1

Ry(u) < 2kCs + 2kDGax A7 (7) +

Now suppose that M < Dy, then choosing 7 = Tiin = (min, Dmin) We would have

|lup||* + 2Dgin Pr + 4k D2, A7 (Timin)

min
2N min

Rr(u) < 2kCs + 2k DininGmax A7 (Tmin ) +

T
+ Knmin Z Lt [Et(ut) - 62_]
t=1
Dmin

TImin

1
<2kCs + QkDminGmaxAT(Tmin) + — (M +2Ppr + 4kDminAT(7—min))

1 T
+ E L.[¢ -0
VT Lipax =1 L) =]

A min A min
<2kCs + Gy DT (Tin) ey (M + P+ QkM)
VT VT
I 2
| 2 [ (ue) = ;] (C.12)
t=1
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where the last line applies Cauchy-Schwarz inequality, observes that Diin/Mmin = K€Lmax, and
recalls Dpin = —=. Finally, assume that M € [Dmin, Dmax], then there is a D; = % for which
D;>M>D; ;= %Dj. Then, choosing 7 = (1, D;), Equation (C.11) yields

~

M? + 4AM Py + 16kM? A (Nin, 2M)
2n

RT(U) < QkCS + 4]€MGmaxAT(nmina 2M) +

. Kni Lo (6 (ue) - £] (C.13)

where we’ve observed that

oo U2

'LL(T]’D]')
=log| > 42D7 [Grmax + Dj/n]2) +1

TeS

< IOg Z ,LL;Z:(QM)Q [Gmax + 2M/77]2) +1
TeS

= AT(% 2M)

S0 it remains to show that there is an 7 that favorably balances the last two terms of Equation (C.13).

Observe that the optimal choice for  would be

o | M2(1+ 16kA7 (nmin, 2M)) + 4M Pp
- .
2K Yy Lo [le(ue) = ;]

If »* < Min then choosing 7 = Ny we have

M?(1 + 16kA7(Nmin, 2M ) + AM P
Rr(u) < 2kCs + 4k M G max AT (Mmin, 2M ) + (1+ 16k T(; * : )+ -
n

T
+ Knmin Z Lt [gt(ut) - g;]
t=1

K
< 2]{205 + 4kMGmaXAT(7]min, 2M) + \/3 (M2(1 + 16kAT(77min, QM)) + 4MPT) QT

T
+ ; [£:(us) - 017, (C.14)

where the last line defines the short-hand notation Qp = Y1, L; [¢:(uz) — £;] and uses Cauchy-
Schwarz inequality to bound Knmin Y iy Lg [£e(us) = €F] < \/Zthl [0 (ut) —€§]2. Likewise, if n* >
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Nmax then by choosing 7 = nmax we have via Equation (C.13) that

M? + 4AM Pp + 16kM? A (1min, 2M)

RT(U) <2kCs + 4kMGmaXAT(7]mina 2M) + 9
Tlmax

T
+ Ky Ly [ (ug) - €]
t=1

= 2kC's + 4k M G max A7 (Thnin, 2M) + K Liyax (M? (1 + 8k A7 (min, 2M)) + 2M Pr)

+\/§ (M2(1 + 16k A7 (Nmin, 2M)) + 4M Pr) Qr (C.15)

2i

6Lmaxﬁ

Finally, if n* € [9min, Jmax] then there is an 7; = for which n; < n* < ;41 = 215, so Equa-

tion (C.13) is gives us

K
RT(U) <2kCs + 4k3MGmaxAT(7]min7 QM) + 3\/5 (MQ(l + 16kAT(77mina 2M)) + 4MPT) Qr
(C.16)

Finally, combining Equations (C.10), (C.12) and (C.14) to (C.16), we have

A min
Rr(u) < 2kCs + 4kGax [MAT(Umin, M) + eAr (T, )]

VT
Mﬁ)

€

+2M (Gax + M Lyax) log (

A min
+ KeLpax (M +Pp+ 2kM)
VT

+ K Linax (M?(1 + 8k A7 (1hmin, 2M)) + 2M Pr)

4 2
+ ;[Et(ut) -]

K
+ 3\/3 (M2(1 + 16kAT(77mina QM)) + 4MPT) QT
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Lastly, note that by Lemma C.1.4, we have

D .
Cs < 2V/T Duin (Gmax + mm)

Thmax

2K € Linax

VT
242 D* 6|S,|D?
Ap(7) < log( 277mg(4 A ‘DZ’ ) +1

nmin min min

6|S,|D?
slog(|D+|)+1

min

= 2eGmax +

so we have the following bounds:

A7 (Mmin, Dmin) < log (610g2 ([logg(\/f)] + 1)) <0 (log(log(\/f)))
2AT M logy ([logy(VT)] + 1)) < 0 (tog (M/Tlog (VT) Je)).

AT(T/mina 2M) < log ( 3

€

Overall, the dynamic regret is bounded as

Ry(u) < O(GmaX(M LA

+ Linax(M + €)? A% + Liax (M + €) Pr

I 2
+ ;[ft(ut)—@]

+\/(M2A5 + MPy) QT)

where A}sO(log(M)+log(log(ﬁ)))£0(log(M)). O

€

Proof of Theorem 9.2.2

We focus on the case where G/L < M, since otherwise when G/L > M the loss function ¢,(w) =
(%G+ %LM)gtw for & e {-1,1} satisfies |[¢j(w)| = 3(G + LM) < G for any w € W, so & is G-
Lipschitz. Hence, existing lower bounds tell us that there exists a sequence & € [-1,1] such that

Ry(u) > Q(GVMPrT) > Q(3(G + LM)\/MPrT) = Q(3G/MPrT + 3LM3/?/PrT) where M =
max; |us| and Pr = YL, |us —us_1| (L. Zhang, S. Lu, and Z.-H. Zhou 2018).
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Theorem 9.2.2. For any M > 0 there is a sequence of (G, L)-quadratically bounded functions with

% < M such that for any v € [0, %],

RT(U) 2 %Ml_’y [PTT]’Y + §M2_’y [PTT]’Y .

where Pr =YL, |us —ug_1| and M > max; |ug].

Proof. On each round ¢, we can always find a u; such that u; 1 wy. Let |u| := 0 < M for some o to
be decided. Let G >0, L >0 such that G/L < o, let & = 4, and on each round set

e

() = =5 G {6 ) + T (0 - (6w

Observe that these losses are (é,f) quadratically bounded with G = %G + %O'L and L = L, and

G/L <o < M as required. Since w; L & and (&, us) = |us| = o, we have
I 1 L ,
RT(U) = Zét(wt) —Et(ut) 2 iGUT + ZTU .
t=1
Note also that the path-length of this comparator sequence is bounded as

T
Pr= Z ||ut - Ut71” <20T.
t=2

Now for p € [0,1/2] set o = MT™*, then the path-length is bounded as
Pr<2MT'*

and the regret is bounded below by

EGMTl‘“ + £T1‘2“M2.
2 4

Now set v = % € [0,4] and consider the second term:
§T1‘2“M2 = g(MTl—“)W(MTl—”)l—WT—MM
L

> Pr)"(MT" )7+ M
o (Pr) (MTY)

= £M2—7P7T(1—M)(1—7)—M
8 T
L

= M [T
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where the last line observes v = 22 ¢ [0, %], so that (1 —pu)(1—-~)—u=-. Similarly,

2-p
%GMTI‘“ = %G(MTl—“)V(MTl‘”)l‘7 > ﬁGMI‘V(PT)VT(l‘“)(I‘V)
1
> ZGM1‘7(PTT)“’,

so we have

Rr(u) > %MH [PrT]" + gM’M (PrT].

C.2 Details for Chapter 10

C.2.1 Proofs for Section 10.2 (Dynamic Regret via Discounting)
Equivalence to FTRL and Mirror Descent

We accomplish our analysis of the discounted VAW forecaster using the equivalence in the following
proposition, proving both optimistic FTRL and and optimistic mirror descent interpretations of
the discounted VAW forecaster. Equation (C.18) is perhaps the most natural interpretation of the
update: it says that the discounted VAW forecaster chooses the w which minimizes the discounted
sum hy(w) +ve_1(w) +v*_o(w) +. . ., thus placing greater emphasis on the most-recent losses and
the hint function hi(w). However, it is not at all obvious how to analyze the dynamic regret of
the discounted VAW forecaster when interpreted in this FTRL-like form. Rather, the key to our
results in this work is to instead approach the analysis through the lens of the mirror descent update
(Equation (C.19)). Interestingly, a similar mirror descent interpretation was used in the seminal
work of Azoury and Manfred K Warmuth (2001), though they did not account for an arbitrary ¥,

and they did not refer to the algorithm in terms of mirror descent.

Proposition C.2.1. (Discounted VAW Forecaster) Let vy € (0,1], A\>0,7; =0, and Y, € R fort>1.
Define hy(w) = %@t —{x,w))? and lo(w) = %||w||§ Recurswvely define ¥y = iy +y5¢-1 starting

from 3o = M, let Y(w) = %HwHQEt and set wy = argmin, g Y1 (w) = 0. Then the following are

equivalent
1 S
Xy [gtxt + Z 7t_ _Sysxs] (017)
s=1

t-1
argmin,,cgahy(w) +v > A 1750 (5) (C.18)

5=0
arg min, cga (Y0-1 — vhi—1 + he) (w) + Dy, (wlw-1) (C.19)
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Remark C.2.2. Note that with v = 0, Equations (C.18) and (C.19) prescribe choosing any w
satisfying (wy, x¢) = ¥,. The choice is not unique, but nevertheless it will often be convenient to refer

to an algorithm which greedily predicts 7, on each round as an instance of Algorithm 12 with v = 0.

Proof. The result follows by showing that Equations (C.18) and (C.19) are both equivalent to
Equation (C.17). First consider the former, Equation (C.18). From the first-order optimality

condition we have
t-1 .
0= Vht(wt) + 7y z’yt_ _SVES(wt)

s=0

-1
==, — (ze,we)) T -7 Y, YT (ys = (s, wi) ) s + Y Awy,
s=1

where the last line recalls that we defined £o(w) = % Hng Hence,

t t
(’YtAI + Z ’Yt_s-rsx;—) wy =Yypwe + Z 'Yt_sysxs
s=1 s=1

t -1 -1
= w; = (vtM + >y ma] ) [’zitxt +9 YAy
s=1 s=1

t—1
=3 [’%xt +v Y. vt‘l‘sysxs] ,

s=1
where the last line can be seen by unrolling the recursion for ¥;.

Likewise, consider Equation (C.19). From the first-order optimality condition w; = arg min,ga (7f¢-1—

Yhi-1 + he)(w) +¥Dy,_, (wlw), we have

0 = y(Vl—1(we) = Vhe1(wy)) + Vhe(we) + v [Vt (we) = Vo1 (wi-1)]
= =YY 1T1-1 + VU1 Te-1 — Uplop + e wy + YW — YE w1

= =YYt-124-1 + VY1 Te-1 — Yyt + Lpwy — Y1 We-1,
where the last line observes that ¥; = zyz] +vX;-1 by construction. Hence, re-arranging we have

2wt =Yy + VY141 — VY141 + Y1 W1
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and unrolling the recursion:

=Tt + VY1841 = VY1 Te—1 + ¥ [Tp_121-1 + VYt—2T1-2 — VY;_o%t + YEi-2Wi—2]

~ 2 2 2
=Tt + VY 1Ti-1 + Y Y-2Tp-2 — YV Yy_oTi—2 + Y Dp_2Wi_2

t-1

=Tme =y T+ YT Py
s=1

-1
=Yty Z ’Vt_l_sysxs,
s=1
for 7; = 0. Hence, applying ¥;! to both sides we have
-1

w =S T+ YA Py
s=1

Proof of Theorem 10.2.1

Theorem 10.2.1. Let A > 0 and v € (0,1]. Then for any sequence w = (uy,...,ur) in RY, Algo-

rithm 12 gquarantees

- 2
ZtT:1 VT ¢ ||f'3t ||2)

A d -
Ryr(u) < 77 s Hg + B mfmx(yt - yt)2 log (1 + ¥

T-1 d T _
+9 2 [ (i) = ] (un)] + 5 log (1/7) 2 (we - )
t=1 t=1
where F (w) = 4'3 |w|3 + T8 v 7545 (w).

Proof. Begin by applying the regret template provided by Lemma C.2.3:

T T | T ~
Rr(u) < )7 Dy, (utlwe) = Dy, (uelweer) + 3 hesr (ug) = he(ue) + 5 > (e =7)* thuzzgl ’
t=1 t=1 t=1

bound the first two summations using Lemma C.2.4:

'Y)\ T-1 1 T _
<5 lurll3 + b (ur) + 4 Y [F) (uger) = F) (ue) ] + 5 >y -7, IIxtllé,;l ;
t=1 t=1
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and apply a discounted variant of the log-determinant lemma (Lemma C.2.15) to bound the final

summation:

T T-t 2
(“ ST uxtnz)

A d ~
< a3 + b (ur) + 5 max(ye 7)o

2 Ad
T-1 d T
#9 XLF7 () = 7 )] + o8 (1) = 30)°

Finally, since the regret does not depend on hp,1(-) we may set hyi1(-) =0 in the analysis and hide

constants to arrive at the stated bound. O

Proof of Lemma C.2.3

The following lemma provides the base regret decomposition that we use as a jumping-off point to
prove Theorem 10.2.1. The result follows using mostly standard mirror descent analysis, though

with a bit of additional care to handle issues related to the discounted regularizer.

Lemma C.2.3. Let v ¢ (0,1]. Then for any sequence w = (u1,...,ur) in RY, Algorithm 12 guar-

antees

T
Rr(w) <) Dy, (uglwi) = Dy, (uelwisr)
t=1
T
+ Z hiv1(ue) = he(ug)
t=1

L1 2 2
+§:_(yt_yt) |zt 551
i=1 2 ¢

Proof. We will proceed following a mirror-descent-based analysis, and thus begin by exposing the

terms (€ — yht + he1)(wee1) observed in the mirror-descent interpretation of the update (Equa-
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tion (C.19)):

T
Rr(u) = th(wt) = L)

T
;w[&(wt) Cr(ug)] + (1 - V)Zﬁt(wt) O (uy)
T T
;w [(€e = he)(we) = (be = he) (ur)] +t_217ht(wt) = vhi(ut)
T

+(1—’Y)t_21€t(wt)—€t(ut)

T i T

lt_Zl’Y[(ﬂt ht)(wt+1)—(€t—ht)(ut)]+;7ht(wt)—7ht(ut)

T
+ 7;(@ — ) (wy) = (b = by ) (wes1)

T
+ (1 —7);@(%) = Li(ur)

T
Z(’Yﬁt Yhi + hie1) (weer) = (V0 = Yhe + hgr) (ug)
t=1

T
+ Z’Yht(wt) = by (weer) + Y herr (we) = vhe (ug)
=1 =1

T
Y ;(ﬁt = he)(we) = (b = he) (wee1)

T
+ (1 —’Y);Et(wt) — Uy (ur)
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Re-arranging factors of v from the second-line and observing that ¥, hs(ws)—hes1 (wee1) = by (wy) -

hT+1 (wT+1):

M=

('Yet —yhy + ht+1)(wt+1) - ('YEt —yhy + ht+1)(ut)

I
—_

t

T T T
+ t_zlht(wt) - ht+1(wt+1) + t_zl—(l - 'y)ht(wt) + (1 —’y)ht(ut) + t_zthI(Ut) - ht(ut)

T
+ 7;(& — ) (wy) = (b — by ) (wis1)

T
+ (1 —’Y);ﬁt(wt) —Le(ut)

M=

("Yet —yhy + ht+1)(wt+1) - ('7€t —vhy + ht+1)(ut)

I
—_

t

+hy(wy) = hroi(wre) + i hi1(ue) = he(ug)
t=1
T
+ 7;(& = he)(we) = (b = he) (wee1)
T
+ (1—’y)t;(ft—ht)(wt)—(ﬁt—ht)(ut) (C.20)

Moreover, from the first-order optimality condition wyy; = argmingga(v4 — Yhe + b)) (w) +

¥Dy, (w|wy), we have
(V(vle = vhe + hig1) (wer1) + 7V (wi1) — YV (we), Wi —ug) <0
SO re-arranging:

(V (vl = vhe + his1) (Wes1), wee1 —ug) <YV (wr) — Vo (wie1 ), weer — ug)
= YDy, (ug|wy) =y Dy, (ui|wir1) = v Dy, (ws1fwy),

where the last line uses the three-point relation for bregman divergences, (V f(w) — Vf(w’),w’ —u) =
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D¢ (u|lw) = Dy (ulw') = Dy(w'|w). Thus,

T
Z(Wt —yhe + ht+1)(wt+1) - (’th —yhe + ht+1)(ut)
t=1

T
@ S V(4 = vhy + heat) (Wi )y st = ) = Doygyynysiss (utlwrer)
=1

< ) vDy, (utlwe) = v Dy, (ue|wisn) = v Dy, (Wit [wt) = Doty vy sy iy (wt|wte1)
t=1

~

T
b
J YYDy, (uilwy) = v Dy, (uglwes1) = D,y (welwie1) = v Dy, (w1 |wy)

where (a) uses the definition of Bregman divergence to re-write f(w) — f(u) = (Vf(w),w—u) -
Dy(ufw), (b) observes that (£ = he)(w) = v (397 = 577 + (s = ) (21,w)), 50 Dty hr (1) =
Dy, ., (+-) due to the invariance of Bregman divergences to linear terms, and (c) recalls that 3.4

xt+1x;1 + 3 so that overall we have:

1
’YDwt(ut|wt+1) + Dht+1(ut|wt+1) = % e — wt+1H22t + 9 (Te1,up — wt+1>2
1

"2
= Dl/)t+1 (ut|wt+1)'

2
lue = wiia Hzm

Plugging this back into Equation (C.20), we have
T
RT(U‘) < Z D'll)t (ut‘wt) - ‘Dwt+1 (utlwt+1)
t=1
T
+hi(w1) = hrea(wren) + ) Byt (ue) = he(ue)
t=1
T
+ 2 (8 = he) (we) = (€ = he) (wear) = Dy, (w1 [we)
t=1

T
+(1-7) ;(gt = he)(we) = (bt = he) (ut) = Dy, (ugwesr).

Finally, observe that for any u, v € R?, (£4—hy)(u)—(£i—he)(v) = (T, ~yt) (¢, u — v), so an application
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of Fenchel-Young inequality yields

(€= he) () = (b= 1) () = Dy (vl) = @ = 90) (=) = 5 Ju =,
< 5Tl

Applying this in the last two lines of the previous display yields

T
RT(U) < Z D¢t(ut|wt) - D¢t+1 (ut|wt+1)
t=1
T
hi(w1) = hrsa (wrsa) + Y b (ue) = by (ur)
t=1

<0

T T
1 — 2 1 ~ 2
Yo S =T ez + (L=7) 2 5 (0 = T)* e 51
012 ¢ =12 ¢

S

< Ddit (ut|wt) - D¢t+1 (ut|wt+1)
t=1

T
+ Z hi1(ug) = he(ue)

t=1
T

+2,

t=1

N2 2
(Y =T)" [zl 5

N | =

Proof of Lemma C.2.4

The following lemma bounds the sum of divergence terms. Intuitively, the goal here is to remove all
instances of w; from the analysis, since in an unbounded domain any terms depending on w; will
be hard to quantify and could be arbitrarily large in general. Lemma C.2.4 shows how get rid of
the wy-dependent terms left in the bound from Lemma C.2.3, such that only dependencies on the

comparators u; remain.

Lemma C.2.4. Under the same conditions as Lemma C.2.3,

T T T-1

A
Z Dwt (ut|wt) - D¢t+1 (ut|wt+1) + Z ht+1(ut) - ht(ut) < —72 Hulug + hT+1(’LLT) + Y Z Ft'y(ut_,_l) — Ft'y(ut).
t=1 t=1 t=1

where F)(w) = ¥t oy 55 (w).

Proof. Observe that by Lemma C.2.14 we have Dy, (ulv) = § (x4, u - v)? = Dy, (ulv) for any u,v e W.
Hence, letting F{'(w) = Yo7 *ls(w) and F, (w) = hy(w) + vEF,](w), and recalling ¢ (w) =
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i HwH%t = VtT)‘ Jw|3 + DR (z,w)?, we have Dy, (ulv) = Dz (ulv) for any u,v ee R?. Thus:

T
Z DT/’t (ut‘wt) - D¢t+1 (utlwt+1)
t=1
T
= Dy, (u1|w1) = Dy, (urfwrer) + Z Dy, (uewy) = Dy, (wi-1|we)
t=2
T
= Dy, (u1|w1) = Dy, (urlwrin) + ), Dpy (uilwy) = Do (ug-1/we)
t=2

T
= Dy, (urlw1) = Dyg, (urlwrn) + 33 FY (ue) = FY (i) = (VE (wi) e = i)
t=2

Moreover, by Proposition C.2.1 we have

t-1
wy = arg min,, ga he(w) +7 Z yt_l_sfs(w) = arg min,, pd FZ(w),
s=0

hence by convexity of F Z and the first-order optimality condition we have VF Z(wt) =0, so overall

we have

T T
> Dy, (wgwe) = Dy, (uelwyn) + D heer (ug) = hy(uy)
t=1 t=1

T T
= Dy, (urfwy) = Dy, (uplwrir) + 3 F) (ug) = F) (ugr) + 3 by (ug) = by (uy)

t=2 t=1
T T
= Dy, (u1|w1) = Dy, (uplwrir) + 30 [he(ug) = by (ueer) + YL (ug) = vF (uee1) ]+ 3 B (ug) = he(ur)
t=2 t=1
T-1 T
= Dy, (urw1) = Dy, (urlwrer) + 7 > F) (uger) = FY (ue) + Y hygr (ug) = he(ug—1) + ho(ur) = h(wr)
t=1 t=2
T-1
= Dy, (u1w1) = Dy, (urwrir) + hpsa(ur) = ha(ur) +v Y. FY (ugen) — F (ug).
=1

Finally, observe that with w; =0 and §; = 0 we have

Dy, (urwr) = ¥1(u1) = ¥1(0) = (Veh1(0),u1) = hy(u1) +vfo(u1) = ha(u1) + % a3

so we can express the bound as the bound as

T T
> Dy, (wilwi) = Dy, (uelwesr) + > haer (ue) = by (uy)
t=1 t=1

T-1

A
<l + o (ur) + 3 3 F () = B (ue).
t=1
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Proof of Lemma 10.2.2

The following lemma bounds the variability and stability terms from Theorem 10.2.1 to expose a

more explicit trade-off in terms of the discount factor ~.
Lemma 10.2.2. Let ly, {1, ..., 01 be arbitrary non-negative functions, 0 <y < B <1, and F, (w) =

Y07 s(w). For allt, define

gltﬁ(ujv) oﬂt . Zﬁt *[ls(u) = £s(v)],

and let Pﬁ(u) =yt atﬁ(utﬂ,ut). Then for any Vi >0,

T y 1 B o8 -7
S Y (uea) - F (ut)]+log(—)V Po(u)+ = vy
t=1 Y -7 Y
Proof. The first summation can be bounded as
T-1 T-1 .
v [ (ue) = B (uee)] =y 20 20" [ (uesn) = £s(ue)]
t=1 t=1 s=0
T-1
<y 2 2 T s (uren) = s (ue)]
t=1 s=0
T-1 t t t—s’
Z /= Oﬁ t—s
<p ot B Ws(upen) = € (ue) ]
t=1 ;:E) Yoo B i '
T-1

where the last inequality uses Y% 3% = =55 < 15 Using this along with the elementary
inequality log (x) < x -1, for any Vp > 0 we have

3 1 B 8 1
Y t; [F} (ur) = F} (ug-1)] + log(;) Vr < . 5PT(U) + (5 _ 1) Vi

_ B s gl
1,6P()+7VT
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Existence of a Good Discount Factor

The following lemma establishes the existence of a discount factor that will lead to favorable tuning

of the y-dependent terms in Lemma 10.2.2.

Lemma C.2.5. Let £y, ¢1,... be arbitrary non-negative functions, Vp > 0, and denote EZZ(u,v) =
t t—s _ —
Za=07 Zt[és(;ﬁsés(v)h for v €[0,1], and P}(u) = £11' d (ugs1,ut). Then there is a v* € [0,1] such
s5=0
that

* _ \/VT

v = .

Proof. First, notice that that any such v with the stated property must be in [0,1] since

. VVr VW
Ve +/Pl(u) V'V

Next, observe that the condition can be equivalently expressed as follows:

.
Vi /B ()

= VVr(1-79) =7/ P}(u)

T-1 t
:7\ DD D v [€s(uer1) = s (ur)],
t=1 s=0
; T_li 1) ) — ()]
_"y\ t=18:01_’yt+1 i s\Ut+1 s\ut) |4+
T-1 ¢ ,.Yt—s
Vr(1-7) TN\ & ;:)1_7“1 [€s (uge1) = €s(ue) ],

The quantity on the LHS begins at /Vp (for v = 0) and then decreases to 0 as a function of ~.
Likewise, the RHS begins at 0 (for v = 0) and increases as a function of -, approaching oo as v — 1.

Hence, there must be some 7 € [0,1] at which the two lines cross, and hence a « € [0,1] which

satisfies the above relation, so there is a 7 € [0,1] such that

_ VVr
VVr+/P(u)




Proof of Theorem 10.2.3

Now combining everything we’ve seen in the previous sections, we can easily prove the following

bound for the discounted VAW forecaster under oracle tuning of the discount factor.

Theorem 10.2.3. For any sequences yi,...,yr and ¥y, ..., §p in R and any sequence w = (uq, ..., ur)

in RY, there is a discount factor v* € [0,1] satisfying

. VST (-7, 02)
VESE (-7 +\/ P (w)
with which the regret of Algorithm 12 is bounded above by
' T
Ry (u) < O(dmgx@t ~7)log (T) + \J AP} () X o y))
Proof. Lemma C.2.5 shows that for any sequence w = (uq,...,ur), there is a v* € [0, 1] such that

VAZL 3y -7)?
VASE L -7 +\/ Py (u)

*

’Y:

so choosing v = v* and applying Theorem 10.2.1, we have

2
EtT=1 ||9Ut|2)

d 2
— -7,)°1 1
m?X(yt 7;)" log ( + d

A
Ry(u) < 25w+

T=le s . d T
=" 3 [F ) = B )]+ o (1) 20 -T2

pry B
A

( ) A d
Sl § g - 7)o (10 ZE 12

* T
i v “d ~\2
P e
2P e S )
A d N SR EA oo &
== ”u1H;+—maX(yt—yt)2log 14 ==tz |zl + 2dP¥ (u)Z(yt—yt)2
2 2t Ad =

where (*) uses Lemma 10.2.2 (with 8 = v = ~*). The stated result follows by hiding lower-order

terms. O
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C.2.2 Proofs for Section 10.2.1 (Small-loss Bounds via Self-confident Predic-
tions)

Proof of Theorem 10.2.4

We split the proof of Theorem 10.2.4 into two parts. The following lemma, proven in Appendix C.2.2,
first derives an initial regret template that does most of the heavy lifting. We will later re-use this
template in the proof of Theorem 10.3.3 to avoid repeating the argument. The high-level intuition is
that choosing hints 7, ~ (x¢, w;) leads to YL, (y: - 7,)? ~ Y11 £s(w;), which leads to a self-bounding
argument that lets us replace Y7 (y; = %,)? with Y71 £;(uy) in the regret bound. We defer proof of
the lemma to the next subsection, Appendix C.2.2.

Lemma C.2.6. Let thef € R be an arbitrary reference point, available at the start of round t,

and let By = {y eR: thef— M <y< th6f+ Mt} for My = maxs ’ys - yfef’, Suppose that we apply
Algorithm 12 with hints §, =, := Clipg, ({x1,w:)). Then for any sequence w = (u1,...,ur) in R
and any v, € [0,1] such that 8>~ > Ymin = %,

2 Refy2 Sy ||§
Ry(uw) <A w5+ 4dmftx(yt -y, ) log| 1+ ——=

Ad

B s -7, &
+2——Ph(u)+ ——2d ) {i(uy)
1-5°7 v ;
Now using this template, Theorem 10.2.4 is easily proven by plugging in the stated discount
factor v =~v° V Yin

Theorem 10.2.4. Let thefe R be an arbitrary reference point and let By = [yfef—Mt,thef+ My] for
Ref|
Ys — Ys ‘

for any sequence of losses {1, ..., 0p and any sequence w = (uy,...,ur) in R?, there is a 4° € [0,1]

Mt = MaXg«t

Suppose that we apply Algorithm 12 with hints 7, = Clipg, ({(z¢,w¢)). Then

satisfying

. VAT b (ur)

i VASE b(ur) +\/P%o(u)'

vy (10.3)

Moreover, running Algorithm 12 with discount ¥° V Ymin fOT Ymin = ensures

2d
2d+1

T
Ry(u) < O(dP;mm(w +dmax(y; —y{"7)* log (T) + \} P}’ (u) ;et(u»),
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Proof. By Lemma C.2.6 (with 8 =), for any v > ymin = %, we have

IR o ||§
Ad

Ryr(u) <9\ |ug Hg + 4dmtax(yt - thef)2 log (1 +

1-— T
w2 PI(u) + —L2d Y 4 (uy).
1 Y t=1

. o P o VASE le(ur)
Now by Lemma C.2.5, there is a v° € [0, 1] satisfying ~° =

- T 4° > %, then
\/dth:ﬂt(utﬁ\/P% (u) v “Ymin

for v =~° V Ymin, the terms in the second line reduce to

Y ey LT e NS
OP¥ (u) + —; 2dzet(ut):4 dPj (U)Zet(utL
-~ Y t=1 t=1

2

and otherwise for v° < ~ypin we have

. . 1 A T . ' 1—~° T
9 Ymin ijﬂymm (u) " “min 2dzet(ut) < QJ&PY’me (,u) + 2l 2d Zﬁt(Ut)
. — Ymi t=1

1- “Ymin min t=1 min ’YO

T
< 4dPmn (u) + Q\J AP (uw) " 4y (uy),
t=1
so combining these two bounds and plugging back into the regret bound above, we have

_ 2
ZtT:1 VT ¢ ||$t||2)

Ry(u) <A |ug Hg + 4dmgx(yt - yf'af)2 log (1 + d

T
+4d P (u) + 4\J AP} (u) > € (uy)
t=1

T
<O|dPl™m(u) + dmtax(yt —yReh210g (T) + \l dP%O (u) Y b ().
=1
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Proof of Lemma C.2.6

Lemma C.2.6. Let yRef € R be an arbitrary reference point, available at the start of round t

and let By = {y eR:y, Ref _ M, <y< yfef+ Mt} for M; = maxs |ys — yfef|. Suppose that we apply

Algorithm 12 with hints §, = 3, := Clipg, ({x¢,wt)). Then for any sequence w = (ui,...,ur) in R
and any v, 3 € [0,1] such that B >~ > Ymin

_ 2
T 2d+17

2 Refy2 St v a3
Ry(u) <yA|ui|s + 4dm3x(yt -y, ) log |1+ =
g

1-5°7

+2 Py (u) o2

- T
2d Z Et(ut)
t=1

Proof. Applying Theorem 10.2.1 followed by Lemma 10.2.2, for any v € (0,1] and 3 > v we have

- 2
A A d — ZTz 'YT t Tt
Ry (u) < % Jua |3+ B Hlbe(yt ~7:)* log (1 + DO R E27

Ad
T-1 d T )
+ Z [Ft’y(utﬂ) - Ft’y(ut)] + 5 log (1/7) Z(yt )
t=1 t=1
A d LT el
< % lug ||§ + B mtax(yt - yt)z log (1 + —zt‘l 7)\d ||$t||2)
B 1-7d
t1oghr Z(yt 90)%,
Using Lemma C.2.7 we have
22 2 2 d
Z(yt ~7)° < Z [Mt+1 - M; + 2gt(wt)] <My +2 Zet(wt)v
t=1 t=1

t=1

so for any v > 2511, we have

vd & _ 1- 1 I
——Z yt)2 < —fyd —M%+1+Z€t(wt)
245 v 2 t=1

1—v 11 5 d g
= —Ld| ME > b(wy) — b(ue) + ) (uy)
Y 2 t=1 t=1

1., 1& 1-
< _MT+1+_ E Et(wt)—ﬁt(ut)nt
4 23

ol T
d Z ft(ut),
t=1

where the final inequality uses vy > 2%1 - 1_77 < ﬂ and bounds 2 dzt 10 (we) = Ce(ug) <
%Z:;F:l Ce(wy) — £y (ug) (assuming YL €y (wy) — £y(ug) > 0, which can be assumed without loss of

generality since otherwise the stated bound trivially holds). Plugging this back into the regret

A
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bound and re-arranging terms, we have

YA d _
Rr(u) < 22 ] + 5 maux -7, log

2

_ 2
1+ ZtT=1 7T K ||33t||2
d

1 1-~ L
+—77P%(u)+§RT(u)+ AN
t=1

1- v
Z?:l ’YT_t th Hg )

= Rp(u) <yA|uy ”3 + 4dm§1x(yt - yf‘ef)2 log (1 + v

+2

_ T
1 ?Bpﬁ(u) + 1’7’72(1;&5(’1“),

where we’ve bounded max;(y; — 3,)? < 4Mp,; = 4max;(y; — yi°)? using Lemma C.2.7. d

C.2.3 Proofs for Section 10.2.2 (Dimension-dependent Lower Bound)
Proof of Theorem 10.2.5

Theorem 10.2.5. For any d,T > 1 and P,Y >0 such that dP < 2TY?, there is a sequence of losses
G(w) = Ly - (z,w))? and a comparator sequence w = (uy,...,ur) satisfying max; |y <Y and
STt maxg [£s(ugr1) — £s(ur)], < P such that

T
Rr(uw) > Q| dY?log (T) +dP + \j dP > (yt — yr-1)?
t=2

Proof. First notice that the trivial comparator sequence with uq = ... = up always satisfies
T
stax [gs(ut-%—l) - Es(Ut)]+ =0< Pa
=2
so we can always lower-bound the dynamic regret using the well-known lower bound for the static

regret in this setting (see, e.g., Vovk (2001), Gaillard et al. (2019), and Mayo, Hadiji, and Erven
(2022)). In particular, for any u € W we have

sup Ry(u) > Q(dY?log (1)) (C.21)
Yi,--yT
Next, let o € [0,1] and let o1, ...,0; be a sequence of iid random variables drawn uniformly from

{-0,0}, and let y; = Yo,. Choose feature vectors x; which cycle through the standard basis vectors
e.g. define ¢(t) =t (mod d) + 1 and let z; = ¢,(y). Now observe that the comparator sequence can
(1)

always exactly fit a sequence y1,...,yr by setting u; to satisfy (xy,us) = uy ) = y. In particular,
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by lettlng 7111 = (yl) s 7yd)7 ’62 = (yd+17 s 7y2d) T/d = (y [T/d]+1>- -~ 7yT70707 e ) we can set
ug =1py/q) to guarantee (z¢,ut) =y on all rounds, Whlle only changing the comparator [T'/d] times

at most. From this, we have the following initial bound on the regret:

T
sup Rp(u) > E,y [Z Li(wy) - gt(ut)]

ylv"'ny
Lol )
>Ey i+ = (@ we)” + g (@, wy)
2 2
1
> o o*Y*T, (C.22)

where the last line uses y7 = Y202 and E[y;] = 0. Moreover, since the comparator changes only
every d rounds, the variability is bounded as
[T/d]-1
Z rnax [ls(uts1) — Cs(ur)], < ma ax [ls(Wir1) — Ls(Wi)], -

t=1 i=1

Observe that £s(;+1) — £5(;) can only be positive when (zs,U;) = ys and (s, U;1) = —ys, hence

T-1 [T/d]-1
> max [((upe1) — s (ug)], < me ax [ls(Tis1) — Ls(Wi)],
t=1 ° i=1
[T/d]-1
1 2
< a ys))
i1 2
LY,
d

Hence, setting o =/ 2%1;2 < 1 ensures Y17 max [£s(ups1) — £s(ur)], < QTJ 0? < P, and the regret
is bounded below by

sup Rr(u) > 02Y2T— dP
Y1,y

which we can further lower bound as:

T-1

i\/ P> \l dP-d Yy, max [0s(ups1) = Cs(ue)],
t=1
1 - T q
> 1 Z [ (uger) = Le(ug)], = Q \J dPt; Q(yt - yt—l)z) ) (C.23)
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Taken together with Equation (C.21), we have

Ry (u) > (dY?log (T) v \/dPVr)

where Vpr = dP v ZtT=2 %(yt —y-1)2

C.2.4 Proofs for Section 10.3 (Learning the Optimal Discount Factor)
Proof of Lemma C.2.7

The following lemma shows that by clipping our predictions to some crude “trust-region”, the loss
of the clipped prediction is at worst prortional to the maximal deviation of the true g from the

Ref

trust region. Intuitively, we can think of ¥y as being some data-dependent but already-observed

quantity, such as y;_1.

Lemma C.2.7. Define M; = max ys—yfef, B; = {xeR:thef—Mt Sxétheer Mt}, and let

Y, = Clipg, ((z, wy)) for some wy € RY. Then for any t we have

(ye = 92)? < min {4M7, 26, (we) + My — M7}
Proof. First, observe that we always have
— 2 f £ \2 £\2 £ —\2
(e =007 = (e =9 + 90 =0)" <2(ye— ™) +2 ('™ ~0,)” <2Miy +2M7 <4ME,,.

Next, observe that if (zy,w;) = 7, then we trivially have (y; — 4,)% = (y¢ — (@, w))? = 265 (wy).

Otherwise, when (z;,w;) # 7,, we have clipped 7, to be a distance of M; away from yi°f and

there are two cases to consider. If Sgn (yt - thef) # Sgn (yt —thef), then the clipping operation
Y, = Clipg, ({z+,:)) moves us closer to y;, hence |y — 3| < |y¢ — (ve,we)|. If Sgn (7, - yit) =

Sgn (yt - thef), then we precisely have |y; — §,| = M1 — My when y; ¢ By and |y: — ¥,| < |y — (x4, wy)|

when y; € B;. Hence, combining these cases we have
(ye = F1)> < (e = (we, 20))? + (M1 = My)? < 26, (wy) + My - M,
where we have used (u—1)% <u?-12 for v >1>0. Hence, combining with the first display we have

(yt - yt)2 < min {4Mt2+1v Mz€2+1 - Mt2 + 2€t(wt)} .
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Proof of Lemma C.2.8

The following lemma shows the following important property of the meta-learner’s losses: they are
ag-exp-concave with oy = ﬁ in the domain yt = {y Yis 1pzyt( 9, : Zf\il i = 1},
2max; £ (y, )

Lemma C.2.8. Let vy, ...,.y™) be arbitrary real numbers and let Y = {@ = ZZJ»L piy® :pe AN},
Then £(y) = %(yt -7)2 is ag-Exp-Concave on'Y for oy < m

Proof. Letting f,(7) = exp (—a£,(7)) we have for any 7 € J:

51 =[exp (- 292 | = e (-2 -9 autan )
7@ = e (-5 -9 [od (- )* - ]

= exp (—%(yt - @)2) [20‘?&@) - O‘t]

Hence for o4 < we have

1

2max; £ (y(D)
a

V' (Y) < exp (—Et(yt —y)2) ar [2000(g) - 1] <0

s0 f(7) = exp (—aply (7)) is concave and £ is oy-Exp-Concave over Y for oy < m O

Regret of the Range-Clipped Meta-Algorithm

In this section we prove a simple result showing that the range-clipping reduction described by
Algorithm 13 incurs only an constant additional penalty. This lemma will be used to do most of
the heavy-lifting in proving Theorem 10.3.1, which simply applies the following lemma and then

chooses a specific meta-algorithm for Apfeta.

Lemma C.2.9. For any [a,b] € [1,T], sequence u = (uq,...,up) in R, and j € [N], Algorithm 13

guarantees

1 € eta
Riap(u) < 5 m?X(yt - R f)2 + R A (’U) + RM 3 (e])

where RA’;b](u) =yl ﬁt(w,gj)) — l(ug) is the dynamic regret A; and RMet“(e]) NNACAE
ft(z_j(]))

(4)

Proof. For ease of notation we let yt( R (xt,wt ), where w;

@) is the output of algorithm 4;, and

slightly abuse notation by writing ¢;(y) = E(yt —y)? for y € R. Hence, we may write s (w;) = Et(yt )
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interchangeably. Note that this equivalence is valid in the improper online learning setting since

the features are observed before the learner makes a prediction, as discussed in the introduction.

Now, for for any j € [N] we have

b
R p)(u) = Z: 6(Yy) — b (ur)

tbzz | , '
= > b(w”) - o) + Y 4@ - tlwl)

t=a

b .
Rian(@)+ X 6@ =4 (7))

where we have observed yf . (a: wt(] )> Observe that by Lemma C.2.7 we have

AT §M1:2 M+1 +- (yt 7?2

2

:%M ;M+1+£t( (J)),

where M; = maxg«; ‘ys - y?ef‘. Hence,

b
A _ j
Ry () < BV (w) + Y 6(@) - 4 (u”)
t=a
b
" o
< By () + (@) - 4 (3)
1 2

b
Z Mt+1

SME R <u>+zft<yt) (3"

— RMcta (eJ )
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Proof of Theorem 10.3.1

Theorem 10.3.1. Let Apjerq be an instance of Algorithm 15 with a; = ﬁ, Bii1 =

2maxy ; Uy (]_jt

! and p1 = 15/N. Then for any sequence uw = (uy,...,ur) in R and any j € [N],

(e+t) log? (e+t)+1
Algorithm 13 guarantees

Riag) (w) < O (R, (w) + max(y - ) log (Nblog* (1) )
where R, ) denotes regret over the sub-interval [a,b].

Proof. The proof follows almost immediately using the regret guarantee of the range-clipped meta-

algorithm (Lemma C.2.9), from which we have

Meta

1 B N
Rpapy(u) < 3 max(y; - Up)? + Ry (w) + Ry (e5)-

Now applying the guarantee of an appropriate instance of the fixed-share algorithm (Theorem C.2.12
1 _ 1
2 maxy ; gt(gii)) » B = (e+t) log?(e+t)+1’

1 1
Rt s—[Qlo ( )+1]
fa0] (€4) Qpe1 & Bp+1D1;

< nﬁx@(yg“) [210g (((e +b)log?(e+b) + 1)N) +1]

with oy = and p; =15/N), we have

< O (max(y: ~7)* og (blog* (D)) ).
where the last line applies Lemma C.2.7 and hides constants. All together, we have

A ~
Rigp1(u) <O (R[aj’b] (u) + mfux(yt ~7,)%log (Nb logz(b))) .

Proof of Theorem 10.3.2

The proof of Theorem 10.3.2 follows by applying Theorem 10.3.1, and then showing that there exists
a A, which attains the desired bound. We first provide proof of the latter claim in Lemma C.2.10
for the sake of modularity. In particular, we will also re-use this result to argue strongly-adaptive

guarantees in Section 10.4. Proof of Theorem 10.3.2 is then easily proven at the end of this section.
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Lemma C.2.10. Let b > 1, in = 2d, Nmax = dT, and define S = {1; = Nminb’ A max :i=0,1,...}
and Sy = {'yi =
rithm 12 with discount v. Then for any w = (u1,...,ur) in RY, there is a v* € [0,1] satisfying

. VATt 5 (ve—3,)?

VST E w0 P ()

1:’;7 1= 0,1,...} u {0}. For any v in Sy, let A, denote an instance of Algo-

k3

¥ and a vy € S, such that

T
Ry (u) < o(dmgx@t ~5)?log (T) + b\J APy () Y y))

Proof. Denote Vi = %l YT (y: -7,)% By Lemma C.2.5, there exists a v* € [0,1] such that

"Y*: \/VT

VVr +\/ P} (u)
Throughout the proof it will be convenient to work in terms of the related quantity n* = = =

1-~*
\ /%. Let us first suppose that 0 <n* < npin. In this case, we have

77* _ VT < R li(y _’g’)2< . EP'Y(U)
Pf (u) S T)min 9 & t t)° S nmlnw d T .

Consider the algorithm Ay with v = 0: in this case we have w; = argmin, cpa he(w), so (x¢, wy) =7,

and the regret is trivially

T A T 1 5
Zet(wt 0) = le(uy) < Z 5(% ~Ty)
t=1 t=1

1 1
= \} Z 5(% -7;)? Z é(yt -7;)?
t=1 t=1

’)7 i v I ].
S min P u - _ 2
\/a T ( ) tzzl 2 (yt yt)

=2/ Vo PY (u) (C.24)

for Nmin = 2d.
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Otherwise, for n* > Nyin, using Theorem 10.2.1 we have that for any v € S,,

th1 ’YT_t Hmt Hg
A

A A d ~
) < 5 ol + s o 1

T-1
+y > [F] (ugr) = Fy (ug)] +log (1/7) Vr

t=1
_ 2
2%21 “YT ! th‘b
Ad

() A d -
Tl s § (-7 o 1

* 1%
+ 77*P¥ (u) + TT

*

where () observes that 77min = 1'Ymin <n*

_’len

= 1% = Ymin < ~* and applies Lemma 10.2.2 (with

B =~") and substitutes 1 = . If »* > nmax then choosing 1) = Nyax = dT yields

Vi d L 1
% 2dTZ(yt T)? <—maX(yt—yt)

and otherwise, there is an n, in S, such that n, <n* < by, so choosing 1 = n;, yields

Y bﬁ =b\/ P} (u)Vr
n*

Tk

Hence, overall we have that there is a v € S, such that

1 AR A
5 m?X(yt -7,)° [dlog (1 + iy |2l 7)\d il

1 T Tt 2 —
2l gm0 atos 1+ EETEY A ) ek )

T
< O dmax(y, ~7)* log (T) v b\J APy (u) Y, (ye = 7)*
t=1

A .
R?”(u) < % Ju 3 + v 1] +n P (u) + b‘;—f

O

With the previous lemma in hand, the proof of Theorem 10.3.2 follows easily. The theorem is

re-stated for convenience.
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Theorem 10.3.2. Let b > 1, nin = 2d, Nmax = dI', and for all i € N let n; = nminbi A Nmax, and

construct the set of discount factors Sy = {'yi = 127;7 1l € N} u{0}. For any v in S, let A, denote an
instance of Algorithm 12 with discount ~.' Let Aprerq be an instance of the algorithm characterized
in Theorem 10.3.1, and suppose we set thef =7, for all t. Then for any w = (uy,...,ur) in R?,

Algorithm 13 guarantees

T
P <O g " 10w (7) bJ P () Y -7
t=1
where v* € [0,1] satisfies Equation (10.2).
Proof. Applying Theorem 10.3.1, for any sequence u = (uq,...,ur) in R? and any € S, we have

Rer(u) <O (R () + max(y - ) log (NT)

<D (Rﬁ” () + max(y; )7 log (T)) , (C.25)

where the last line uses N = |S,| = logy(7max/Mmin) < O(logy(T")), then hides log(log) factors.

VATLy 3 (ue-7,)?

Finally, by Lemma C.2.10, there is indeed a v* € [0, 1] satisfying v* = — and
VAL 50>/ P (w)
a vy € Sy such that
.A 2 * T
Ry (w) <O dmax(y, = Tp)"log (T) + b\ | dP () 3 (ye = T¢)?
t=1
Plugging this back into Equation (C.25) and choosing P! = 7, proves the result. O

Proof of Theorem 10.3.3

As in Appendix C.2.4, the proof of Theorem 10.3.3 follows by applying Theorem 10.3.1 and then
showing that there is a A, attaining the desired regret bound. We first provide proof of the latter
claim in Lemma C.2.11 for the sake of modularity, so that we can use it when arguing strongly-

adaptive guarantees in Section 10.4. Proof of Theorem 10.3.3 is proven at the end of this section.

'For brevity, here we refer to an algorithm that directly predicts U, on every round as being an instance of the
discounted VAW forecaster with v = 0. This terminology can be justified by Remark C.2.2, but for our purposes here
it’s sufficient to consider it convenient alias.
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Lemma C.2.11. Under the same conditions as Lemma C.2.10, suppose each A, sets hints J, =

¥, = Clith((xt,wZ)), where B; = [thef— Mt,yfef+ M) and M; = maxs< |ys — yfef

\/ dz?:l Le(ut)

VAST te(ue)\/dPy (u)

. Then for any

u = (uy,...,ur) in W, there is a v° € [0,1] satisfying v° =

and a vy € Sy such
that

A min €, 2
R (u) < O(dP% (u) + dm?x(yt - yﬁ f) log (T)

T
+b\‘ dP%o(u)tz;Et(ut)),

2d

where ™™ = min {y € S, } = 775

Proof. Using Lemma C.2.6, for any uw = (u1,...,ur), 7€ (0,1), and 8>~ > ymin = %, we have

2 Refy2 Yoyt th\li
Ry(u) <yA|ui|;+ 4dmfmx(yt -y ) log 1+ ==

Ad

B 1

1-5

_ T
+2 Pﬁ(u)+ ’Ydeﬁt(ut)y
v t=1

We will proceed by showing that there is a 8 and ~ that suitably balances the summations in

the last line. To this end, recall that by Lemma C.2.5, there is a «° satisfying

. VSl b(ur)

) VAZEy tue) /P (w)

o ° d ’11 4 o max (o}
Denotenzl%y and 7 :#:, /ZPZZ%—(;()M If n anax=1jwm,then we can take 3 = v° and

Y = Ymax to get

v

iPﬂ(u)+ 7 dif(u): °PY (u) +
1—5 T 1_,7 t=1t t n T

d ¥ 0 (ur)

max

Ayl b(u)

max

T
= \ dby (U);@(Ut) +

T
< \ dpP} (u)l;&(ut) +Intax€t(ut),

where the last line recalls nyax = dT. Otherwise, if ° < Nuin = ﬁ# = 2d, then taking 5 = = Ymin

~Ymin
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yields

T T
dzt=l Et(ut) S nminP}{’min (u) + d Zt:]. ft(ut)

Thmin n

T
= 2dP/™™ (u) + \J AP} (u) Y b (uy).
t=1

nminPY'Zmin (u) +

Lastly, if %min € 7° < Nmax, there is a ny =
v = v yields

so choosing 8 =° and

Ayl ft(ut)

77°P¥O(u) + —d Lozt lr(ur) P7 (u)+b
Nk

= (b-l- 1)\} dP’Y U) Zﬁt(ut)

Combining the three cases, we have

B
- g T

T ' T
Pﬁ( ) + 72d;£t(ut) < 4dP%m‘"(u) + 2mffxx€t(ut) + 2(b+ 1)\J dP% (u);&(ut)

Hence, overall the regret can be bound as

ZtT:1 ’YT_t thHg
Ad

1 ) <9 [+ g - 7)o 14

T
+4dPy (u) + 2max fo(up) +2(b+ 1)\‘ AP (uw) > 0y (uy)
t=1

T
<O\ dP}m™(u) + dm?x(yt —yReH210g (T) + b\J dP%O (u) Zﬁt(ut)) ,
t=1

where we’ve applied Lemma C.2.7 to bound max;(y; — 77 )? < 4M2, | = 4max;(y; — y2°")?. Plugging

this back into Equation (C.26) proves the stated bound. O

Now the proof of Theorem 10.3.3 follows by composing Theorem 10.3.1 and Lemma C.2.11. The

theorem is restated below for convenience.
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Theorem 10.3.3. Under the same conditions as Theorem 10.3.2, suppose each A, sets hints J, =
g;ﬁy = ChpBﬁ((MTtawz)); where Bt = [yfef_ Mtathef+ Mt] and Mt = MaXs<t |Ys — yfef|-

u=(uy,...,ur) in R?, Algorithm 13 gquarantees

Then for any

T
Rp(u) < O(dP%mi“ (u)+ dm?x (yt - thef)Q log (T') + b\J dP%o (u) ; €t(ut))

where Ymin = % and ~° € [0,1] satisfies Equation (10.3).

Proof. As in the proof of Theorem 10.3.2, we apply Theorem 10.3.1, from which it follows that for

any u = (uq,...,ur) in R and any v € S, the dynamic regret is bounded as
Rr(u) <O (71 () + max(y, - 4f*)?log (NT)
<O (R?"’ (u) + m?X(yt —yReh2og (T)) , (C.26)

where the last line uses N = |S,| = logy(max/Mmin) < O(log,(7T")), then hides log(log) factors. And

\% d ZtT=1 £¢(ut)
VAT b (ur)+/Po(w)

using Lemma C.2.11, for any w = (uy, ..., ur) thereis a~° € [0, 1] satisfying v° =
and a v € S, such that

T
R?”(u) <O (dP%m“‘(u) + dmtax(yt —yReH21og (T) + b\J dP;Z0 (u) Y b(w) |,
=1

Plugging this back into Equation (C.26) completes the proof. O
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C.2.5 Proofs for Section 3.2 (Strongly-Adaptive Guarantees)

In this section we provide a formal statement of the result sketched in Section 10.4. The result
follows easily from the results in Section 10.3, after borrowing the geometric covering intervals from
Daniely, Gonen, and Shalev-Shwartz (2015).

Theorem 10.4.1. Let S, be the set of discount factors defined in Theorem 10.5.2, let S denote
a set of geometric covering intervals over [1,T], and for each v € S, and I € S, let A, be an
instance of Algorithm 12 using discount v and applied during interval I. Let Aprera be an instance
of the meta-algorithm characterized in Theorem 10.3.1. Then for any [s,7] € [1,T], there is a set
of disjoint intervals Ir, ..., I in S such that U I; = [s,7], and moreover, for any u = (us, . .., u,)

Algorithm 13 with yf of =7, guarantees

Rp;71(u) <O (d max(y; - y,!)* 1og*(T) + b\/dpﬂ;](u} > (we —%)2)

tels,7]
/d _77.)2
where P'Y Aw) =25 1P% (u) and each v} €[0,1] satisfies v} z Zrer, W) —
\/g Teer, (We-T) 24\ P (w)
If we instead suppose each A~ 1 sets hints as in Theorem 10.3.3, then for any w = (us, ..., ur)

Algorithm 18 guarantees

Rps 7 (u) < O (dPBSm;i‘ (u) + dm;dX(yt - thef)2 log?(T) + b\/de (u) >, Et(ut))
7 te[s,7]

’ ; VA e, ¢
where P71 (w) = X5 Py (u) and each 7] € [0,1] satisfies ~; = ter; fe(e) .
| Z @ er, b (u +\/P7; (u)

Proof. For any [s,7] ¢ [1,T], Daniely, Gonen, and Shalev-Shwartz (2015, Lemma 1.2) shows that
there exists a disjoint set of intervals Iy, ..., Ik in S such that UX I; = [s,7] and K < O(log(7 - 5)).
Hence, we can decompose Zfil Ry, (u), so applying Theorem 10.3.1 to each of these sub-intervals,

for any v1,...v, € S, we have:

) = 35 () € 350 (R () + s~ 30 o (V1))

LMN

I
Q)

<
Il
—

(

K
< 5(2 Réwi’li(u) +m?x(yt -7,)? log2(T)), (C.27)
i=1

A1 ~
R )+ K- 7 o (VG- )

where O(-) hides log(log) factors and the last line bounds K < O(log(r —s)) < O(log(T)) and
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N < O(Tlog(T)). The bound on N can be seen from the fact that |S,| < O(log(7T')), and from
the fact that S is constructed as S = Ullog(T)JS where S; = { k2t (k+1)2°-1]:k=0,1,.. .}, from
which it is easily seen that |S| < O(T) by observing that each S; has at most 7'/2 intervals, hence
summing them all up yields |S| = log(T) |S;| < O(T).

Now for any interval I;, Lemma C.2.10 shows that there is a ;" € [0, 1] satisfying

AT -9’

Vi =
VS 3w -T)2+\/ P ()

and a v; € S, such that

A, ~ * ~
R, (u) <0 (dmtaX(yt ~7,)*log (|1:]) + b\j AP (u) . (ys —yt)Z)

tGIi

so summing these up and applying Cauchy-Schwarz inequlity leads to

i=1 i=1 tel;

ZR W (u) < O(KdmaX(yt 7:)?log (1)) + Zb\l dPZi*(U) Z(yt—ﬂt)Z)

te[s,7]

SO(dmgx(yt—’y“t)Qlogz(T—s)+b\/dP” (u) > (yt—’y“t)Q)

where we’ve defined PW (u) = yK P% (u). Plugging this back into Equation (C.27), overall we

may bound:

te[s,7]

Rps(u) <O (dmgx(yt — 4 ) 1og®(T) + b\/dP[sz] (w) > (ue —’y})?)

where we’ve chosen ¥, = yfef for simplicity.

An identical argument holds for the second statement: for any interval I;, Lemma C.2.11 shows

V@ Zter, £ (ur)
i e —— and a 7; € S, such that
NG +\/P;ii (u)

that there is a 7 € [0,1] satisfying 7 =

A, g . . 5
RI:“IZ (u) <O (dPZm”‘(u) + dmﬁx(yt — yReN210g (|1]) + b\/dPgl (u) Et(ut))

t€I,L'
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so summing these up and applying Cauchy-Schwarz inequality again leads to

K o4, A _ K :
>R (u) <O dpgf;l]“(u)+Kdmtax(yt—yt)21og(|f,-|)+Zb\/dpg (w) Y be(ur)
=1

i=1 tel;

<O (dP[ZmTli‘(u) + dmé%x(yt -7,)%log?(T - 5) + b\/dP[VSOT] (u) > Kt(ut))
' ' te[s,7]
where we've defined P['YS ;](u) -yK, PZ; (u), so plugging this back into Equation (C.27), overall we

may bound:

Risr(u) <O (dP[zm;ﬂu) +dmax(y; - y**")* log? (T) + b\/dPgl](u) > &(ut)) ,
' ’ te[s,7]

where we’ve defined PEZT] =¥ P[Zg (u).

Matching the Exp-concave Guarantee in Unbounded Domains

Recall from Section 10.2.2 that in the Exp-concave setting, the algorithm of Baby and Y.-X. Wang
(2021) achieves a dynamic regret bound of the form Ry (u) < O (Tl/?’C%/S) for Cr = Y73 [ue — w1
Our strongly-adaptive guarantees in Theorem 10.4.1 show that a bound of this form can be achieved
even in the unbounded domain setting. To see why, note that the essential intuition of Baby
and Y.-X. Wang (2021) is that if we have access to a strongly-adaptive algorithm guaranteeing
Riap1(u) < O(log(b - a)) static regret on all intervals [a,b] € [1,7], then to attain the desired
bound up to log terms it suffices to show that there exists a set of intervals {I,..., Ix} partitioning
[1,T] such that N < T 1/ 3C:2F/ % and that the dynamic regret is bounded by the static regrets over
the partition, leading to regret matching O(Tl/ 30:2r/ 3) up to logarithmic terms.

Our strongly-adaptive guarantee in Theorem 10.4.1 actually achieves a stronger guarantee than is

necessary to invoke the above argument, by guaranteeing O( log(b—a)v \/dP[,ZL,b] (u)|b- a|) dynamic
regret on every interval [a,b], and hence as a special case we have O(log(b - a)) static regret on
each interval as well. A similar partitioning argument then provides an analogous T 30:2/ 3 bound,
even in unbounded domains. If this is surprising, note that the exp-concave (and hence bounded
domain) restriction is only really used to provide an algorithm which achieves logarithmic static
regret, not to construct the essential partition. In the online linear regression setting, we do not
need exp-concavity to guarantee logarithmic static regret — the VAW forecaster can provide the

necessary guarantee even in an unbounded domain.
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C.2.6 Adaptive Fixed-share

Algorithm 15: Adaptive Fixed-Share

1 Input: Experts A;,..., Anx, p1 € Ay

2 fort=1:T do

3 Get ytl) from A; for all 4

a | Play 7, =3, puy,” |

5 Observe loss 4(y) = %(yt —y)? and let £y = Et(yfz)) for all 4
_ _ priexp(=ail;) .

6 Let g1, S, pry exp(-its)) for all 7

7 | Choose fi1 and set p1 = (1 - Bre1)qes1 + Bre1p1

8 end

In this section, we provide for completeness analysis related to the fixed-share algorithm Nicolo
Cesa-Bianchi, Gaillard, et al. 2012 with time-varying modulus. The following is a modest general-
ization of the analysis of Hazan (2019, Theorem 10.3). Throughout this section we assume that the

losses #; : Y - R are exp-concave in their domain.

Theorem C.2.12. For all t let £y be an oy-FExp-Concave function and assume that oy > apeq for
all t. For all t, set B < m. Then for any j € [N] and any [a,b] € [1,T], Algorithm 15

guarantees

ijé(—)—e((j)yi[mo( ! )+1]
t=a e # 7] s 5b+1p1j

Proof. The heavy lifting is done mostly using Lemma C.2.13, after which the proof follows by choos-

ing the sequence of mixing parameters 5;. Applying Lemma C.2.13 and observing the telescoping
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sum, we have

b b 1 1 1 1
O e R e
g (@) - ( ) Zat Ptj Oyl & Dt+1,5
+>» —lo ( )
Zat S\1- Bis1
b1 1 ( 1 )
- —|log
Q1 Oy /3t+1p1j
1 1 1 1
el )n()
Qq Daj Apt1 Pb+1,5
+>» —1lo ( )
Zat S\1- Bt+1
b1 1 o ( 1 )
s Brapij )

using the elementary inequality log (1 + y) <y we have

+
t=a

+
t=a

Qi1 O

: 1
NOW observe that Wlth Bt-%—l < m,

1 ( 1 ) ( 5t+1 ) Bt+1 1
og =log(1+ < = 5
1= B 1=Bt1/ " 1-B1 (e+t)log(e+t)

so for non-increasing oy we have

1
(e+t)log?(e+1)

IA

>

STV

t=a Ot 1 _ﬁtﬂ t=a Ot
1 b

a_b;a,(em)log 2(e+1)

i/
ylog y

e+b

IA

IA

B -1

= < — 1
p 10g W,

ayp

and similarly,

b1 1

Qi1 O

1 1 b1 1
log < log ( ) -—
(5t+1p1j ) Br+1P14 t; Q1

()
< log ,
Qb1 B+1D1;j

t=a
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so overall we have

b

1
7 NP 1 1 1 log(g——)+1
th(yt) -4 (yt(j)) < a—log(—) - e log( ) + ( b lply)

t=a a Paj Po+1,5 Aprl
Pb+1,5
= ilog (L) + log(ﬁb+1p1j) + 1
(%) Paj Qpy1
Pb+1,5
1 log ( 1 ) + log(ﬁbupu ) +1
e (1 - ﬁa)Qaj + ﬁaplj Qpr1

IA

1 1
< 2log +1
Qpe1 Bp+101j

Proof of Lemma C.2.13

The following provides an initial one-step bound to work from, which we use in the proof of Theo-
rem C.2.12.

Lemma C.2.13. For allt let ¢y be an ay-Exp-Concave function. Then for any j € [N], Algorithm 15

guarantees

_ i 1 1 1 1
Et(yt)—ét(yt(]))g—log(—)_ log( )
(677 Dtj (078 Di+1,5

1 1
+—log( )

oy 1- B
1 1 ( 1 )
+ - —|log
el Bi+1P1;

Proof. By ay-Exp-Concavity of ¢;, we have that y — exp (—a4(y)) is concave. Hence, applying

Jensen’s inequality:

N 0 N
exp (—aly(F;)) 2 Y priexp (_atgt (ytz )) =" priexp (—aly;)
i1 i-1

and taking the natural logarithm of both sides we have

N
—aly(7;) 2 log (Z Dti €XP (_atgti))
i-1

1 N
b () < — log (Zpti exp (_Oéteti)) :
t

i=1
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Hence, for any j € [N] we have

(Ye) — b (yzgj)) S-—— log (Zptz exp (- Oétgtz)) - Etj

o i=1

1 1
=——Ilog (Zpti exp (_atgti)) + — log (exp (~auly;))
at i=1 Qi

1 ) ( exp (—aulyj) )
o Yis1 Pei exp (—ouly;)

1 | ( prjexp (—aulyy) )
Qy Dtj iv1 Pri €xp (—aily;)

1 .
_ [log (Qt+1,g )]
677 DPij
1 1 1
g i o R e
ay DPij di+1,5

Adding and subtracting ﬁ log( 1 )

Pt+1,5 )’

; 1 1
ft@t) — 1y (Z/IS])) < Oé_t log (—) -

( 1
Ptj Oty pt+1, j

+ log -— 10
e7an] pt+1,] qt+1,5
o bt Oét+1 Dt+1,5

+ —log - —log
ay Dt+1,5 Qi qt+1,5

log(qe+1,5/Pes1,5)/

[ 1 1] ( 1 )
+ - —|log
Qg1 O DPt+1,5
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recalling pis1j = (1 = Bie1)@i+1,5 + Bee1P1s

1 1 1 1
=—log|— |- log
Qi Pty Oyl Dt+1,5

. ilog( Gi+1,j )
oy (1= Bes1)qi+1,5 + Bee1p1y

N [ 1 1 ]1 g( 1 )
-—|lo
o1 0y (1= Bre1) @15 + Bre1Dr;

1 1 1 1
<—log|— |- log
&7 Dty Qi1 Pt+1,5
+ 1 1 ( ! )
—lo
Qg s 1 - Bts1

1 1 10( 1 )
& Bt+1p1j

+

Qi1 O

C.2.7 Supporting Lemmas
The following provides a useful relation between the squared loss and its Bregman divergence.

Lemma C.2.14. Let {;(w) = %(yt — {2, wy))?. Then for any u,we W,

Dy, (ujw) = = (x4, u - w)2

N |

Proof. By definition of Bregman divergence, we have:
Dy, (u|lw) = li(u) = l(w) — (Vl(w),u—w).
Expanding the definition of ¢;, we have

£u(0) = () = (= () = 5 o1~ G, )’

2
1 1 1 1

= 5.%:2 + B} (xt,u)Q — Yyt (T4, u) — 5%2 D) (fﬂt’w>2 + Yt (e, w)
1 1

= §(xt,u)2—§(xt,w)2+yt (2, w—u).

Moreover, we have

—(Vel(w),u—w) = ((y = (x1, w)) x4, u - W)

=~y (w1, w = u) + (w, w)* = (s, w) (24,0),
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so combining with the previous display we have

1
<$tvu>2 5 <$t7w>2 + Y (g, w - U)

Zt(u) _Et(w) - (Vﬁt(w),u — w) = %
=y (e, w =) + (o, w) = (1, w) (4, 0)

(:ct,u)2 + % (xtjw)Q — (g, w) (x4, u)

((l‘tv u) - <xt7w>)2

NI~~~ -

(z,u—w)?.

The following provides a discounted version of the log-determinant lemma.

Lemma C.2.15. Let v € (0,1], A>0, a4 € R?, and define My = X and M; = xyx] + M-y for each
t>0. Then for any sequence A1,Ao,... in R,

_ 2
ZtT:1 ’YT ¢ ’xtb)

T
S A7 ”aTt”?\/[—l < dlog (1/7) AT+ max AZdlog |1 +
t=1 ’ t Ad

Proof. By definition we have M; = zyx] +~vM;_1, so re-arranging and taking the determinant of both

)

sides we have

.
xywy M,

[SIES
[SIE

Det (yM;-1) = Det (M; — z¢z] ) = Det (M;) Det (I - M,

= Det (M) (1 - chtH?\/lgl)

where the last line uses the fact that Det (I —yy") =1 - HyHg Re-arranging, using Det (yM;_1) =
v9Det (M;_1), and using the fact that 1 -z < —log (z) we have

M=

Azl viDet (M;_1)
¢ Det (M;)

Aflog( Det (M) )
’ydDet(Mt_l)

4 2 2
> A2 e, =
t=1

t=1

L

t=1

Det (M) )

T
AZdlog (1)) + A21o(
idlog (1/7) ; tog| 5o

=

t=1

T Det (M;) )

<dlog (1/7) A, +maXA2IO(
g (1/7) AL ax 8¢ 10g gDet(Mt—l)

Det (MT) )

= dlog (1/7) Al +max A log ( Det (Mp)
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Observe that Det (M) = Det (AI) = X%, and using AM-GM inequality we have

d
Tr (M) )d B (Tr ()"YTI + ZtT=1 ’YT_txtxtT) )

Det (My) < ( g ¥

d
i (dMT + o thH%)
d )

Hence

d
Det (M AT +3T ATt |22
Dizt(( MZ)) < ( 5 Zt_dl)\v [EA s , so overall we have

3 AT + 3T AT 22\
> A2 a1 < dlog (1/7) Al + max A2 bg( kb
t=1 t Ad
AT T A T-t 2
= dlog (1/7) Al + max AZdlog [ “ +Zt;dv ”IEt“Q)
T T-t 2
Sdlog(l/V)A%:Tﬁ'm?XAfdlog 1+Zt=+d”xt”2)

O

Note that the Lemma C.2.15 also immediately gives us the usual log determinant lemma as a

special case where v = 1:

Lemma C.2.16. Let A >0, x; € Rd, and define Let My = X\ and M; = xyx; + My for each t > 0.
Then for any sequence A1, Do, ... in R,

A 2 2 Vi HﬂftH2
STA7 2|31 < dmax A7 log [ 1+ =2
t=1 ’ t Ad
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