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Herein, we analyze an efficient branching particle method for asymp-
totic solutions to a class of continuous-discrete filtering problems. Suppose
that + — X; is a Markov process and we wish to calculate the measure-
valued process t — s () = P{X; € -|o{Yy,, ty <t}}, where ty = ke and Yy,
is a distorted, corrupted, partial observation of Xy, . Then, one constructs a
particle system with observation-dependent branching and # initial particles
whose empirical measure at time ¢, u}, closely approximates p;. Each par-
ticle evolves independently of the other particles according to the law of the
signal between observation times #;, and branches with small probability at
an observation time. For filtering problems where ¢ is very small, using the
algorithm considered in this paper requires far fewer computations than other
algorithms that branch or interact all particles regardless of the value of ¢. We
analyze the algorithm on Lévy-stable signals and give rates of convergence
for E1/2{||u,§1 — p,,||}2,}, where || - ||y is a Sobolev norm, as well as related
convergence results.

1. Introduction. The filtering problems in many key, contemporary fields
such as mathematical finance and communication networks initially appear to
be resolved by the celebrated mathematical solutions of the Duncan—Mortensen—
Zakai and Kushner—Stratonovich equations, which have been known for over three
decades. However, upon further reflection, one realizes that these equations are nei-
ther computer workable nor applicable at large. More theory is required keeping:
(a) the ultimate computer enduse, and (b) some real world applications in mind.
Many of the corresponding filtering problems are large enough that the mere stor-
age of the exact solutions is impractical. We require more implementable, practical
methods of filtering, where the solutions are almost optimal and can be stored. The
introduction of particle approximations is natural under these criteria.

The general problem of continuous-discrete filtering for Markov processes is
concerned with extracting information about a continuous-time Markov process
t — X; called the signal based on the current record of discrete-time observations

Received August 2003; revised April 2005.
1Supported by NSERC, PIMS, Lockheed Martin Naval Electronics and Surveillance Systems,
Lockheed Martin Canada and Acoustic Positioning Research Inc., through a MITACS centre of ex-
cellence entitled “Prediction in Interacting Systems.”
AMS 2000 subject classifications. Primary 93E11; secondary 65C35.
Key words and phrases. Filtering, reference probability measure method, branching particle ap-
proximations, rates of convergence, Fourier analysis.

2739


http://www.imstat.org/aap/
http://dx.doi.org/10.1214/105051605000000539
http://www.imstat.org
http://www.ams.org/msc/

2740 M. A. KOURITZIN AND W. SUN

{Yy, ti <t} that are probabilistically linked to the signal. The goal of filtering is
to estimate past, present or future values of ¢ (X;) based on our observation record
{Yy, tx < t}. Direct implementation of the mathematical solution to these filtering
problems usually requires the on-line solution of an infinite-dimensional (often
parabolic) equation (see, however, [11] for counter examples where such infinite-
dimensional equation solution is not required), which is impossible to either im-
plement precisely or store. For these reasons, one may be forced to approximate.
One exciting method of approximation for continuous-discrete filtering problems
was recently studied by Del Moral and collaborators (see [7] for one of the ear-
lier works), where, instead of solving a parabolic equation on-line, one simulates
particles so that the empirical measure of the particles is a good approximation to
the solution of the differential equation. Then, to account for the incoming obser-
vations, one allows the particles to redistribute themselves to locations favored by
the observations. This second branching or interacting step is devised to ensure
that new information obtained through the observations can be incorporated into
our conditional probability law of the signal given the observation record. A thor-
ough account of this interesting interacting particle method can be found in [9].

More recently, algorithms have been considered in [1] and [8] that do not disturb
most particles at each observation time and thereby introduce far less resampling
noise. Indeed, the huge performance gained by only resampling those particles that
need to be resampled was quantified experimentally in the former paper and theo-
retically in the latter. Herein, we further develop and study the cautious branching
particle approach in [1], which was motivated in part by the particle system ap-
proximation scheme suggested by Sherman and Peskin [17] for the deterministic
reaction-diffusion equations and by the earlier branching particle method of Crisan
and Lyons [6]. To make our presentation clear, we choose to introduce and analyze
our method on Lévy-stable signal processes, however, this particle approximation
method is extendable well beyond our current setting as experiments have demon-
strated.

Lévy-stable processes are one of the most basic and important classes of
Markov processes. They are widely used in various economic and physical sys-
tems. In particular, the use of Lévy-stable processes in mathematical finance and
communication networks has recently become more popular. For instance, Lévy-
stable models have been applied in the fields of portfolio theory, asset and option
pricing (cf. [3, 14] and the references therein); and Lévy-stable processes have
been used to model teletraffic and to approximate network traffic (cf. [10, 15]).
These vital applications are motivation for us to analyze our method on Lévy-
stable signals.

We let (2, F, P%) be a complete probability space and E° be the expecta-
tion with respect to P?. Suppose that X is a R%-valued Lévy-stable process
on (2, F, P% with index « € (0,2] and spectral measure I (cf. [16]), that is,
X is a stochastic process on R? such that X has independent increments, and
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there exists a finite measure I" on the unit sphere Sy, of R? such that, for any
0=(01,....00) eRM"and 0 <5 < t < 00,

In E%{exp(i0 (X, — X,))}

—(t — S)/S |9/Z|a(1 —1i Sign(Q/z) tan(%))f‘(dz), for o # 1,
d|

2i
_(t —s)/ |9’z|<1 + —lsign(e’z)ln|9’z|>r(dz), fora = 1.
Sdl T

[T

Hereafter, we use to denote the transpose of a vector. We let 0 < ¢ < 1, define
tr = ke for k = 1,2,..., and suppose that V is a standard R%-valued
Brownian motion on (£2, ¥, PO) independent of X. Then, we consider calcu-
lating the conditional probability law of signal X, given the multi-dimensional
observations {Y;,, # <t}, defined by

Yy =Yy +h(Xy) @t —tim1) + (Vi = Vi),

via change of measure and particle approximation.

Our particle approximation scheme can be summarized as follows: We con-
sider a branching particle system which starts off with n particles and each particle
has the “opportunity” to branch and die every ¢ seconds. A particle reaching x at
time f;— branches with small probability and in this unlikely event that the particle
does branch, it either just dies or is replaced by two or more independent particles
starting at (#, x). Efficiencies are gained at observation times in two ways: The
vast majority of particles do not branch at branching times for small ¢, which re-
duces computation related to duplicating or removing particles, and branching de-
cisions only depend on the very particle that may or may not branch so decisions
require little processing. On the other hand, the number of particles in our scheme
does not stay constant, but rather is a nontrivial martingale. Still, there are effec-
tive ways to control the number of particles in practice, by introducing additional
births and deaths that do not bias estimates, and thereby to keep the computations
essentially constant over the various observation times.

Suppose that &, denotes the Dirac delta measure at x and

1 ll et

I
Z (Sx;'*”

(1) wi ==
n
i=1

is the empirical measure of the particle system if there are || particles

{th’”, e X,”M’ ||’n} alive at time ¢. Then, among other things, our results will
imply that

) @O (dx) — E%o(X)|{ Yy, tx <t}}|— 0

1
‘ wi (R /Rdl
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in probability, as ¢ — 0, n — oo, with a rate of convergence for all continuous
bounded ¢ so long as inf;, 2{€'/?n} > 0. Indeed, we establish much more in terms
of estimates on the error in (2) and types of convergence, including 2nd-mean and
almost sure.

2. Notation, results and algorithm. In the current section we set our main
notation, state our results and give our particle system algorithm to asymptotically
solve our filtering problem. The proofs of the stated results are given in a later
section. During the course of a proof we use the same symbol ¢ for constants,
although the exact value of the constant may change. We show the dependence
of ¢ on relevant parameters unless suppression causes no confusion. Throughout
this note, we take | - | to be both Euclidean distance, as well as absolute value
(depending on context). We fix a constant 7 > 0 and let 0 < ¢ < 1. To conserve
space, we define

()= [, @)

for all signed Borel measures A and |A|-integrable functions ¢. Next, we let
B,(RY) denote the set of all measurable bounded functions on R“. For
¢ € B, (R, we let ||¢|loo denote its supremum norm. We denote by £ the gen-
erator of the signal X, and define

T = {p € Br(RN): Lo € Bp(RM)).

Then, one can check that 7 contains all finite multivariate trigonometric series.
Further, we let $(R%) denote the set of all rapidly decreasing functions on R%
and assume that h = (hy, ..., hg,)" with h; € /S(Rdl) for each 1 <i < d,. Finally,
we let | # ] denote the greatest integer not more than a real number u, let [#] denote
the least integer not less than u, and adopt the convention that a product over zero
or a negative number of elements is one.

We define filtration

Y=oV, <t}VvN

for the observations Y, where . is the collection of P%-null sets of (2, ). Mo-
tivated by the reference probability measure method for filtering, we define a new
probability measure via
ap .
d PO =nr,
where
Lz/¢]

(3 = 1_[ exp{_h/(th)(ka — Vi) —
k=1

(h'h) (Xy) (tk — tx—1) }
2
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for 0 <t < T.We define X! =0 {X;,0<s <t}V N and find that {n;, ¢ € [0, T}
s an {XT V Y'Y o<;<r-martingale with respect to PY. Under P, Yy =Yy | k=

1,2,...,|T/e]} is asequence of N(0, £14,) random vectors independent of X and
the law of X remains unchanged. Yet, by (3), it follows that
L7/e] /
_ (h"h) (X)) (ke — te—1)
7' = TT exp{n () (1, — ¥, ) - S b,

k=1

We let E be the expectation with respect to P and define

(i, ) = E{p(X)n; 1Y)

for 0 <t < T. Then, it follows from Bayes’ rule that, for any ¢ € 8B} (Rd' ),

E{p(X)n7'1Y")
E{n;' 1y}

_ Efp(X)n7" 1Y)
— En 1y
(s, @)
(e, 1)

by the X7 v Y’-martingale property of 1, ! with respect to P. For the processes
that we will work with later, one may always assume that X is cddlag and, hence,
that u, is also (cf. [19]). We always work with this cadlag version.

First, considering the optimal solution to the filtering problem, we have the
following lemma whose proof is sketched in the Appendix.

ENo(X)|Y'} =

LEMMA 1. Suppose that g is the distribution of the initial signal state. Then,
{1es, t > 0} is the unique measure-valued, {Y'};>0-progressive process satisfying

t
(s 0) = (10, 9) + /0 (s, Lo} ds

) - Wf(ﬂrk—» o(exp (v vi - W} -1))

k=1

forallp e T .

Moving to our particle approximation, we recall that ||u} || and u} denote, re-

spectively, the number of particles alive and the empirical measure for the particles

. n
as in the Introduction. Once we have particles {X ?”}ll.li ’1”, t > 0, we can form our

approximation to u; via empirical measure (1). Therefore, our pressing need is to
find a good generation method for the particles. We suggest using the algorithm
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below to produce particles whose empirical measure is shown in the sequel to con-
verge nicely to {u;, ¢ > 0}.
To ease the notation in what follows, we define

(tx — tk—l)(h/h)(x)} _1
2

&) 0 (x) = eXp{(sz — Yy ) 'h(x) —

and

DY (x) =) 8e()of (x)

k=1
£F (x) = o5 (x), if o (x) <0,
K= 0p(x) — Log(x) ], otherwise.

Moreover, due to the fact that we have both continuous and discrete components
to our systems, it will be convenient in the sequel to interpret §x. in two ways:

/ 8k8(t)dt={1’ if ke € (s, u],
N

0, otherwise,

and

! :
(1 ifkeliit1,....0),
Zing(je) - {0, otherwise.

Next, we let {p’ }'_, be n independent R% -valued random variables with the dis-
tribution po, let {X i}?il be a sequence of independent R%!-valued Lévy-stable
processes with index « and spectral measure I, let {U%* }f";{ | bea sequence
of independent uniform random variables on [0, 1]. We suppose that {p’ }l 1
(X "}oo and {U¥ }"O _; are defined on the same probability space (2*, ¥*, P*)
and they are 1ndependent of one another. We define the product probability space
Q, F, P) QRQ, FF* P°® P*) and let E be the expectation with re-
spect to P. Then, to construct our particle system to approximate u;, we do the
following:

1. Let [lugll =n and X(i)"1 =pifori=1,..., gl (*Assign initial particle loca-
tions™®).
2. Fork = 1,.2, e do the following'
(a) Set X;" = X"+ (Xi — X
(*Evolve particles as signal*).
(b) Fori=1,..., lu_, I, do
G If Qk(x(’ ”>) > 0 (*Branch*),
(A) Replace particle Xi "_ with m = | o} (X —)] + 1 particles X;, @1, -
(i,m),n
s Xy at site X"

) fort € [t—1, ) and i € {1,..., [l I}

tk—>
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(B) Add 1 more particle X ,(,f’mH)’" at site X;;"_
Lop (X5 1,
(i) Otherwise, . .
(A) Make no change if U"¥ > lop (X",
(B) Kill X;" if U™k < |of (X,;")| (*Particle will just be removed*).

k—
. . iy g .
3. Relabel the alive particles to be {X f,;"}iilk so that ||[,LZ( || is the number of par-

ticles alive.

if UMk < g (X)) —

Our main contributions can be considered as the popularization of this algorithm
and its analysis. As we already mentioned, U Lk < |"§,f (X ;];”_) |, hence, branching or
killing will seldom occur at a particular observation for small ¢ > 0. In prepara-
tion to listing our main analytic results, we wish now to assert that our empirical

measures or particle density profiles

1 I 1
n_- E .
//L[ = ; SX;,n
i=1

do henceforth pertain only to the particles {X ;’”}ll.li g”, t > 0, generated by this

algorithm. We define new filtrations {F'},;>0, {§'};>0 to keep track of current in-
formation in our empirical measures and our whole particle system construction
via

Fr=o{Xii=1,....Iull,s<t+8 VY,
>0

§'=(olX"i=1... lull.s<t+8)
5>0

vyYT velUK, <t i=1,2,...}.

Further, we interpret our particle system approximation as a (purely atomic)
measure-valued cddldg process through the stochastic equation (6) in Proposi-
tion 2. Hereafter, for a semimartingale Z, we use [Z] = {[Z, Z];,t > 0} to denote
its quadratic variation process.

PROPOSITION 2.  Suppose that {i1}, t > 0} is the particle density profile con-
structed by the preceding algorithm. Then

t
(W 0) = (. ) +/0 (", L) ds

Lr/e]

+ ) (e 0fp) + M (@)
k=1

(6)

forall p € T, where {M]'(¢)}s>0 is a cddldg {§'}i>0-martingale. We define EY 10



2746 M. A. KOURITZIN AND W. SUN

be the expectation taken only with respect to the {U"*}. Then

R Le/e) g | . .
EVIM @) = 5 3 3 (90X nine = [9(X "))
k=0 i=1
Lt/¢e]
+ - 2 (e (181 = €D)e?)
k=1

(7N

Moreover, we have that

lt/e]
E { o (M@ Tke — EV{IIM" (0)]ke})
(8) <c(r) (I hlloo v 172

p
k=|s/e|+1 }

lt/€] r/2

> R

k=|s/e]+1

81/2 . )
xS (s E(Get 1)) Il
n- \o<r<r

for any {fk},fil CR,0<s<t=<T, where r >2 and c(r) > 0 is a constant

independent of d, da, e, n, t, s, ¢.

This representation lemma differs from standard formulations because it con-
tains both continuous and discrete time components. It is possible to come up
with a more complete martingale problem description by considering more general
functionals F({u},p)) instead of just (u}', ¢). However, our representation is suf-
ficient for our purposes. To prove Proposition 2, we need the following Lemma 3.
The proofs of Lemma 3 and Proposition 2 are given in the Appendix.

LEMMA 3. Suppose r > 1. Then, there is a constant c(r) > 0 independent
ofdy, do, &, x, k such that

E{lof(0)|"} < c(r) W h|| 26
forallx e RN and k=1,2,....

By Lemma 1, {u;,7 > 0} is the unique measure-valued, {Y’},;>o-progressive
process such that

t
) (e 0) = (10, @) + /0 (15—, BE@) ds
for all ¢ € T, where

(10) Bégp =Ly + DYg.
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Note, here and in the sequel, integrals like fé (s—, BEp) ds should be interpreted
in the Lebesgue—Stieltjes sense, including jumps at ¢ but not at O (owing to the fact
that DY? is a purely atomic measure and not a function). We let y < —d;/2 and
define

1215 =fR @)y @o),  y(@d)=(1+101%)7do,

AO) = (A, e_g), e_p(x)=e " vpeRY,

where A denotes the Fourier—Stieltjes transform for a signed measure A. In the se-
quel, we use ||¢|| L2(y) ll@llz2, respectively, to denote the L2-norm of a function ©

in L2(R%; y(dB)), L*>(R%; d9). We denote ||T|| = I'(Sy,). For m € N, we define
‘( [1 (|x,~|+1))D’hi }
[e.e]

1<j<d
where © = (71, ..., 7q,) With 7; € Z is a multi-index, |7| = Z‘;‘Zl 7j and D =

T Tdy
3\r|/(3x1 ...axdl ). .
Now, we can state our main results.

Y (h)m=  sup i

I<i=dy,|t|<m

THEOREM 4. Let {u},t > 0} be our particle density profile as described
above. Suppose y < —(d1/2 + 2a).

—~

(i) Let E > 0 be a constant. Then, there is a constant c(E,dy,a, ||[T'],
{(hWd;—2p142, T) > O independent of €, n, t, s such that

EV2{ () = ) — (= o113}

_cE dya IT] (7hiay—2y1+2, T)
= e1/8,1/2

(12) x {(r —) -

DGR

~

forany 0 < & <1 and n € N satisfying ¢'/>n > E.
(i1) (Rate of convergence.) Let 0 < ¢ < 1 be a constant. Then, there is a con-
stant c(e,dy, o, [T, {h)a,—2y142, T) > 0 independent of n such that

c(e,dy, a, T, (h) gy —2y1+2, T)
/2

(13) sup E'2{|luf — w2} <
0<t<T

foralln e N.
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COROLLARY 5. Let {u},t > 0} be our particle density profile as described
above. Suppose that o =2 and y < —(d1/2+ 4).

(i) Let E > 0 and B > 1/8 be two constants. Then, there is a constant
c(8,dy, B, ITIl, {h)ay—2y1+2, T) > 0 independent of &, n such that

El/z{ sup [ (= pr) — (f — /mni}

0<s<t<T

C(u dy, B, ITIl, {(h)dy—2142, T)
eBnl/2

(14)

~

forany 0 <& <1 and n € N satisfying ¢'/>n > E.
(i) (Rate of convergence.) Let 0 < &€ <1 be a constant. Then, there is a con-
stant c(g, dy, |[T'll, (A)[a,—2y1+2, T) > O independent of n such that

2| _ cledi 1T (ANiay—2y1+2, T)

as) £ sup fuf -
0<t<T

foralln e N.

REMARK 6. For the interacting mechanism chosen in the work of Del
Moral [7], the number of particles remains constant and particles redistribute
themselves around existing particle sites according to a multinomial distribution
at observation times. Specifically, suppose {X,lk’f tk—} denotes the n parti-
cle locations used to approximate the filtering problem solution just prior to fx,
{Wkl’”,. Wk "} are the normalized weights for the particles, and {X

tk g aeey

i} is the system immediately followmg the interaction. Then, the X L are

obtalned from the X ,Jk_ P " with

probability Wk’ independent of all other particle de01s10ns. Each weight ij "

s by having each xin n choose starting location X/

is a function of all the previous generation particles {X fims s X Zc’f}, the current
observation Y;,, the conditional distribution of the observation given the current
signal state X, , and the conditional distribution of signal X, given all the previ-

ous observations {Y, , J <k}.Clearly, W = 1 and the event {X ;k" #*X ;:"_}

has probability 1 — W,ﬁ "(w), so the expected number of branches or jumps created
at an observation time is n — 1 even when the observation interval or the time be-
tween jumps is very small. Moreover, as mentioned in [5], the decision of where
each particle will jump to requires sampling all particles, and the overall result is
that a large amount of computational work must be done at observation times.

REMARK 7. In [4] rates of convergence for a branching particle approxima-
tion to the solution of the Zakai equation are deduced. For a class of test functions,
exact rates of convergence are established for the filtering model with diffusion
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signal and continuous observations. The analysis in [4] hinges on a powerful rep-
resentation formula of the variance of the branching mechanism in terms of the
local time of an exponential martingale, which is quite different from the analysis
in this paper. Throughout this paper Fourier analysis is used, which enables us to
obtain powerful rates of convergence in Sobolev norms. (We refer the interested
reader to [2] and references therein for some other works via Fourier analysis,
which are close in spirit to our approach.) The analysis of the existing interact-
ing and branching methods for continuous-discrete filters is rather complicated, as
is evidenced by the limited number of existing estimates especially involving the
time intervals between observations. As suggested in [4], the continuous observa-
tion time set-up makes the branching method converge slower. Our Theorem 4 and
Corollary 5 reveal the subtle relationship between the number of initial particles
and the length of the time intervals between observations. In particular, the con-
vergence of the algorithm is ensured if inf, ,{¢'/?n} > 0. In a forthcoming work,
we look forward to further developing the spectral method in this paper to obtain
rates of convergence for more general (not necessary diffusion) Markov processes
and other recently developed particle filters.

3. Proofs of Theorem 4 and Corollary 5.
3.1. Auxiliary results used to establish Theorem 4 and Corollary 5.

LEMMA 8. Let Z be a R -valued Lévy-stable process on (Q £, P) with
index a € (0,2] and spectral measure T'. We define Z,(@) = e_y(Z;) and
||[Z(9)] I = [Re Z(0)], + [Im Z(6)],, VO € R t > 0. Then, for0<s <t <oo,

(16) E(ILZO1I — IZ@)sl1} = 2(t —S)/S 0"z|“T (dz).
d|

Suppose r > 1. Then, there is a constant c(r) > 0 such that, forany 0 < s <t < 00,

E{(ILZ@)1N = IZ®)1s1)}

< (’")“_S)K/sd |9/ZI“F(dz)> v (/Sd IQ/ZI“F(dz)>r}.

Moreover, if o =2, then

(18) IZ@): ] — ILZ©O)]oll = 2t / 16'z)°T (dz).

d)

(17

PROOF. For 0 <s <t < oo, we let {r}",j =0,1,...,kn},_, be a refining
sequence of partitions for [s, r] withs = 7' < 7" <--- < r,ZZ =t and define

kﬂl
7Tmt = Z|Zt}”(9) — 4t
j=1

67r = max =" L
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Then, we find by direct calculation that
E(IIZO)]: ] = IIZ@)s 1)

= lim E{z")}
8(m")—0 ’

§2<1 —exp{—(r}" —r}"_l)/Sd |6Vz|°‘F(dz)}

X cos((r}" - rJ’-”_l)/ 16'z|* sign(0'z)
Sdl

X tan(%)f‘(dz))),

— lim for o ?é 1,
s(l)—0 | Km

ZZ(I - exp{—(r}" — r}"_l)/ |9/z|F(dZ)}
Sdl
2 / . /
X cos((tj’.” — rJ’-”_l)/ —|0"z]| sign(0'z)
Sq; T

X 1n|0/z|1"(dz)>),

fora=1

=2(t — s)/s 16'z|*T (dz).
d

By (16), to prove (17), we may assume without loss of generality that » € N. By
the independence of the increments of Z, we find that

E{(IZ@0: 1 - 112®)s1)")
= lim E{@x")")

) (]T;?f,)—>0

km r
(19) = lim E{ (2(2 — {6_9 (ZT;n — ZT}n—l) + ep (erm — Zf;n—l)})) }
j=1 |

8(md"H—0

. r
= lim Z ( >
8(")—0 a1, ..., 0,

o)+, =1

X EA{(Z - {6—9 (Zt;" - Zr}"_l) + eQ(thm - Zt}"_l)})aj }
j=1 '
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Note that, fora; > 1, 1 < j <k,

E{(2- {e—o(Zen = Zom ) +eo(Zep — Zen Y™}
e (@ oy
—Z{( /)2(‘1)
1=0
aj—l /
(%)
2\
xexp{—(r}" -7y

/ 2q +1—a))8'z|°
Sdl

X <1 —isign((2qg +1—a;)0'z)

X tan %)F(dz)})},

(20) % forot;él,
[ 1ea+i-apo
Sdl

2 ,
X (1 + — sign((2g +1 — «)6'z)

X 1n|9'z|)F(dZ)}) }

fora =1

Ny ! aj—l
=_Z{(/)2(—1)
=0
aj—l ' /
<2 (7, )=

q=0

X / |(2q +1 —oej)Q/zlaF(dz))H +0((z]" - t,’-"_l)z)
Sdl ’

<c(r)(tf" - r;"_l)/s 62| T (dz) + O((z]' — tjm_l)z).
d
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Thus, by(19) and (20), we find that
E{(ILZ@)L ) = IZ®)1s1)")

. r
< lim Z ( )
8(@")—0 oLy, O,

o+ Ay, =1
Ulyenny (o7 €Z+

X H (c(r)(rj’-” - r}"_l)/;d 16'z|*T (dz)

Oljzl

+o(a] - ;"_1>2)>

<cr)(t —s){(/:g |9/z|aF(dz)> Vv (/:9 |9/z|aF(dz)) }
dy )

If o = 2, then we find by the independence of the increments of Z that

2
E{(u[i(e)]tu 2 @)o] — 21 /S |9/z|2r<dz)) }

dy

Km
= lim EA:<7T6’TI — 22(1 —exp{—(r}" -7y
j=1

8(7[3?,)—)0
2
xf |e/z|2r(dz)})) }
Sdl

Ko
= lim ZE{(Zexp{—(r}"—r}’l_l)/S |9’z|21“(dz)}
dy

m
8(7T0J)_)0j:1

2
— {e,Q(ZT]m — ijm_l) + ep (ijm — Zm )}) }

-1
ki

= lim Z<4exp{—2(r}" —r}"_l)/Sd I0/Z|2F(dz)}
1

5(”(’)7,’r)_’0j:1
- Sexp{—2(r;-" - ij—l)/ |9/Z|2F(dZ)}
4 Suy
+ 2<1 + exp{—4(r;" - r;."_l)/s |9/z|21“(dz)})>
d

=0.
Therefore, (18) follows. [
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LEMMA 9. Suppose that r > 1 and B > 0 is a constant. Then, there is a con-
stant c(r, B, T) > 0 independent of d1, dy, €, n such that the empirical measure of
our particle system satisfies

sup EV7{(uf 1)} < e(r, B, T (IW hlloe v 1)
0<t<T

forany 0 < & <1 and n € N satisfying ¢'/>n > E.

PROOF. By (6), (59) in the Appendix, Lemma 3 and induction, one finds that
SUPg<s<T E{{u},1)"} < oo. We define

1) ¢f = &5 — D

From (6)—(8) with ¢ = 1, noting that {"{"%/ (2. _, 0%)}0 is an {F;_};=o-martin-
gale and using Burkholder’s inequality, independence, Jensen’s inequality,
Lemma 3, Minkowski’s integral inequality and (21), we find that

A

Ef(uy, 1)}

Le/e] r
=< C(r){E{(MS, 1"} + E{ ( D (e Qi)) }

k=1
+ (E{EY(IM (DI} + E{IIM" (D], — EV{IM"(1)1}7?))

(/e r
=C(r){1+E[<Z<MZS_,Q7§>) ]

k=1

1 . Lt/€] r/2
+(WE:<Z<LL28_,;£>) }

k=1
+ E{|IM" ()], — EU{W(DJ,}V“})}

£ /-1 lt/el
5c<r>{1 + M IWRIE ™ D Bl 1)

k=1
(r/2)—1 .r/4
t & ~
- Z sup E{u”, 1)7?
+M R

r/4 G172 }

t ~
W v 2| ST sup Bt 17
& n'/ 0<s<T
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where we have assumed without loss of generality that r > 4 above. Applying the
discrete version of Gronwall’s inequality, one thus discovers that

sup E{(uf, 1))
0<t<T

/2 g!/? 2 /2
/ r n r
< e Do v 1P (14 55 s s E( ) )

1/2 1/2
<. TY(W oo v Y2 (14 ———( sup E{(ur. 1))
=\ o0 er/4nr2\o2 <1 ts :

Therefore,

sup E{(u!, 1)"}

0<t<T

c(r, T)(IWhlleo v 1)2!/2
= er/4nr/2

8r/2nr

2 / r 2
+ \/C DA e VI8 | e Ty Uvhlo v 1)’/2)/2)

<c(r, B, T)(IM'hllos v 1)

~

for any 0 < & < 1 and n € N satisfying ¢!/?n > 8. O

The following maximal inequality is a consequence of a theorem of Longnecker
and Serfling [13] (cf. also [12]) and is used in (14) above.

LEMMA 10. Let 0 < U; < Uy < o0 and suppose that {Q;,U; <t < U}
is a process assuming values in some normed vector space (Z, || - ||) with the
following conditions: (1) t — Q;(w) is right continuous on Uy, Ua] for almost
all w, (ii) There exist constants (4 > 1 and v > 0 such that E{||Q; — O4l||'} <
(h(s, )" forall Uy <s <t < U,, where h(t,s) is a nonnegative function satis-
fying h(s,t) + h(t,u) < h(s,u) forall Uy <s <t < u < U,. Then, there exists a
constant A, depending only upon (i, v such that

E{ sup ||Q,—Qs||“}SA,L,V(MUI,Uz))“.

Ui<s<t<U,

PROOF. Let {tl-l,i =0,1,...,n}72, be a refining sequence of partitions for
[Uy, U] with Uy = t(l) < t{ << t,l” = U, and define

r,ﬁﬁQté—Q,li_l, g, =ht ) Vijkell,...m}i<]j
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Then, we can apply Theorem 1 of [13] to find that there is a constant A, , depend-
ing only upon p, v such that
| }

J

2

k=i+1
U)

el log-our)=e s
U ! ’

1<t} <ti<Up l<i<j=m

j
D T

< 2”( sup
k=1

I<j<m

< Auv(g(1,np)”
= Auv(h(Uy, U))".

The lemma therefore follows from monotone convergence and the observation that
right continuity guarantees that

[—o0
sup HQ,g,—Q,;H /' sup 10— Osll”.

Ulgtf<t§§U2 : Uy<s<t<U, [

3.2. Proof of Theorem 4. Recalling (5), (6), (9) and (10), we find that " —
satisfies

t
Wy = me, @) = (g — 1o, @) +/0 (s — ps—, Bio)ds + M ()

for all ¢ € 7, where M} (¢) is the martingale of Proposition 2. We define

_/ |9’z|“(1+isign(0/z)tan<%>>r‘(dz), fora #1,
Sdl

¢ = 2i
—/ |9’z|(1 — —sign(@'z) ln|0’z|>F(dz), for o = 1.
Sa T
Then, using ¢ = e_y, we find that
(i — mr, e—p)
= (o — Ko, e—p)

(22) t
+ [~ e t®)eg + DY eg)ds + A @)
Vo e R,
Hereafter, to ease the notation, we let M{’ (@) = M} (e—g). We define
I[M" ()] = [Re M" (6)]; + [Im M (9));,
ILXE"(O)) ]l = [Re X" (0)], + [Im X" (0)),,  X"(0) =e_g(X™).
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Then, from Proposition 2 and (21), we find that {JZ;’ (60)}s>0 1s a complex martin-
gale with

aLEAl ' -
EV{IIM @)1} = = 3T (IX O ae | — X" O], ])
k=0 i=1
1 [t/e]
+ . Z (e s CE)-

k=1

(23)

Next, we divide (u} — u;, e_p) into components:
(i — e, e—p) =i (0) + 07 (0) + X, (0).

Here, we define

[ A

24) i (0) = fo (@) (B)ds + M ®),
(25) X ©0) = (x/' e—o)
with

t
(26) <x{“,<p)iw8—uo,<p)+fo (xs' , Bip)ds VoeT,
and
(27) 07 (0) = () — e, e—g) — g (0) — ;' (0).

Note that, in the above definition, ;' is just the unnormalized filtering process 1,
with the initial distribution g — o. We define

Ar= EV{Jlay — @i, )
Ay = E'2{118] = 01175, )
A3 = EV2{IR! = 20N )
Then,
(28) EV2{IGe] — ) — 1 — ) l5} < A1 4 Az + A3

by Minkowski’s inequality. In the following, we will estimate A;, 1 <i < 3, one by
one.

(a) Estimation of A1.

One finds from Proposition 2 that the following Wiener integral makes sense
and from (24), as well as integration by parts, that

(29) 0" (0) =/0 exp{(t — $)£(0)} d M (0).



RATES FOR PARTICLE APPROXIMATIONS OF FILTERS 2757

Fixing a r > 2, one finds from (29) that, for 0 <s <t < T,
Ef|a; 6) —at )"

:E{

Yet, using Burkholder’s inequality, we find that
E{ji} ) — i 6)*')

t A
(exp{(t — 5)€(0)} — )ity (©) +/ exp{(t — T)E(0)} d M7 (6)

Zr}.

< c(r){|exp{<r — e — 11

X E{(/(;Sexp{—Z(s —1)

(30) ,
< [ |9/z|“r<dz>}dn[w%”(e)]rn) }
Sdl
+E{(/texp{—2(t —17)
<[ |9/z|°‘r(dz>}dnw"(e)]fn) ”
Sdl
We define
Lt/e] ”M;k l . th+1INT )
M@= 3 3 (ealXit ) —ea i) - [ ek an)
k=0 i=1 Tk
and
L'[/gj ”/‘Ltkfll

M;”b(e)_ Z Z xin €]

x (sign(&g ( ))]l{Uz ke, |&¢ (X’k"_)|)} —& (Xll‘kn_))

Then, :A/At?’e (6) and J\Z?*b (0) are, respectively, the evolving and branching portions
of the martingale J\ZQ’(Q). Considering (23) and separating %/ () into parts driven
by :A/A(?’e (0) and M?’b (0), we find from double use of Holder’s inequality and
Lemma 8 that the evolving part of (30) satisfies

EVr{ale ) — ame6)1*)

< c<r>{|exp{<t —$)0O)) — 1 E{ILM"¢(0)s]"}

N . 12
(31) + (E{/ exp{—4r(t — r)/ |9/z|aF(a’z)} d||[[M¢ ()] D
s Sd]
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R R . _ 1/r
< (E{(ILM™€ )11l — LM 0)15 1) 1})‘/2}

[} F a
< CCITD G B gen, 1y
n 0<t<T

X {|exp{(t —$)0O)) = 11 (101* v 0]7)s
12
+ (1 - exp{—4r(t - s)f |9/z|“1"(dz)}>
Sdl

12 1/r
X (101 v 1817 — 5)) "/ }

s Wy F -~
S C(r (o4 || ”) Sup El/r{</uL,:, )V}
n 0<t<T

X {101 V 101°7)(161% In |0 ]| + 1) (t — $)}'/".

Furthermore, using the last two claims of Proposition 2 and (21), we find that the
branching part of i} (0) satisfies

EVT{japt @) — i ©0)1)

< C;—”{wxp{(r —9eO) - 17

Ls/e]

X (E: > exp{Z(ks —s)/ |9’z|“r(dz)}<u28_,;;) }
k=1 Sd]
(| Ls/el
—i—n’E{ > exp{Z(ks - s)/ |(9'z|°’F(dz)}
k=1 Say

X (IM" ) ke | — EYV {ILM"(0)keI})

)

+ exp{ —2rt / |9/ZI“F(dZ)}
Sdl

(]

(32) + an{

L1/¢]
Z exp{2ke/S IO/zlo‘F(dz)}(Mzg,é'/f)
d

k=ls/e]|+1
[t/e]

Z exp{2ks/s |9/z|“F(dz)}
d

k=|s/e]+1

|
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n

X (1M (@) ke | — EY (IITM" (0)1ke|I})

_ e hlloo v 1)
a n

x {|exp{(z —$)eO)) — 1

<[l

+—E[

Ls/e]
> e )

k=1

]+s“ N2 sup E{(ut, >}>
[te]
> (e 5F)

0<t<T
;
k=|s/e]+1 }

{12 o)

Using Jensen’s inequality applied to normalized sums and Lemma 3, we find
from (32) that

c(r)(llh hlloo V' 172 supg .y EV" {2, 1))
n

A (| ey
S N e (N

C(r a, TR h||oov1)’/2sup0<,<TE T, 1)}
e1/2,,

x {e‘“”(l A0 I 611 = 5)))

R H R (H RN

Piecing together (31), (33) and Lemma 9, one has that
EVr{1ay ) — a7 @)1*)

c(r E, o, T, T)(I1h hlle Vv 1)37?

(34) iow
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X {81/(2r)(|9|01/r Vi |0|a(r+2)/r)(t _ s)l/r

R (HEH R (HEHIN!

Then, using Minkowski’s integral inequality and (34), we find that

EVCOay — a1,

A 12
< ([, E'tare) - ey

- c(r, B, dy,a, |ITI, W hlloo, T)
= /412

=1/ 2r)
“ {el/“')(t—s)l/(z’)+s‘/2(H _FD e
& &
1/4
(2]
& &

C(r, E’ dlaa’ ||F||’ ||h/h||00’ T)
=1/ ,1/2 :

(35)

Moreover, we find from (35) that

o 1/Q2r) fAn2r
(36) S E {lazl7 )b <

(b) Estimation of A».

In the sequel, we use * to denote the convolution of functions. By our assump-
tion that 4 € $(R%), one finds that 0, €38 (R41) for k € N. We define the function

Ve (0) =exp{l(®)r} VOeRY teR
and the operators
Acf =0+ 8Bp)f, Bif =05 * f.
050 = [ eagiwrdr, ke,
R4
Lt/e]—1

Tz,Lé/Sinllfz—Lz/sJaALz/sJ< I1 {WeAk}>1ﬁa£rs/s1f,

k=[s/e]+1

(37

Lt/e]—1
Tt,sfil//z—Lt/sJeALz/sJ( l_[ {1/feAk}>W(rs/a1+1)s—sf

k=[s/e]+1
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for f € L>(R%; y(d#)), with the interpretations that the products go from right to
left as one goes from the bottom. We find by (22) and (24)—(27) that

ﬁ,”(@)—/ (£(9)+(DY5* _)(9)) ds—i-/ (DYs t_)(0)ds.

Hence, 0} (0) is given by

L7/e]
(38) () = Z T, 6).

Moreover, we find for 0 <s <t < T that

107 (0) — 02 (0)| < [(Ty.s — Yr—s) 02 (O)| + [ (Yrr—s 0y (0)]
(39)
/€]
+HoY i, <9>’
k=|s/e]+1

Yet, recalling (37) and defining
~ Ky t
40) T FO) =i 1e BTy esfO)  VI= H T H

we see that, for any 6 € R 0<s<T,

L7/e]

(Trs — V=)0l @) = Y. T} 000)
I=[s/e]+1
and forany 0 e R4, 0<u <v<T,
e Lv/ J
V/€
Z Tv ke (0)
k=|u/e|+1

are sums of, respectively, forward martingale and backward martingale differ-
ences. Thus, we find that

Lt/e)
(41) E{|(T;,s — 1ﬁr—s)ﬁ":(@)ﬁ} = Z E{|TZISA?(9)| 1,
I=ls/e)+1
' I ’ A /el ,
a V/E ~ V/€
(42) E{ Z Tv ke (9) } Z E{|Tv ke (9){ }
k={u/e)+1 k=lu/e)+1

For @ € R, we define

My () =1+ D720+ 4o
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Then, by Minkowski’s integral inequality, classical multiplier theorem (see [18],
page 96, Theorem 3), Jensen’s inequality, independence, the assumption on /4,
(11) and Lemma 3, we find that

2
[, 8 @)@~ w1+ 0Py de| o

o )
ENSS 1)} =B [,

IA
oS

(e tei@rur-a+ +w|2)”2||dew>2}

2
=E (/Rdl 0] (@) - llme - f - (1+]- |2)y/2||L2dw> }

3) <capE|( [, 16f @i+ |w|2>[d1/2]+1—”2dw)zufllizm}
< c@)E{| (141 D258 T £17,,)
< c@dDE{O] I, —2y112 E{I 1172}
< e(di, (M a-291+2) {1 1172}

forany f e L2(Q, F1~, LAR%; y(d))), where

1/2
|||Qf|||[d1_2y]+z=( > ||ng;“||§2)

ItI<ld1—2y]+2

is the standard Sobolev W41 =2V1+2.2_norm of o; - Moreover, using (40), the fact
that [{:(0)| < 1, independence, (43) and recursion, we find that
max EV2T! 73
Ls/e]+1<I<[1/e] U503z
< ma dy, {(h)rg — cEL|| Ty e 0" 172
< Ls/eJ—HE;(th/sJ(c( 1 (M 2y 12) e E{| Tu-1)e.s05 [ 12 })

- di, (h)ja,—
LS/ejﬂg?st/gJ(c( 1 (P 1a,—2y142)€

S N 2
x [, T2t 0)
) 12
[ B1o1 e Tuzyes 30| }y(de))

dy, (h _ 1 di, (h _
< Ls/gjglgiﬂt/SJ(C( 1 (M) ay—2p142) e (1 + c(dr, (h)a,—2y142)€)

~ o) 1/2
x E{||Tu-2)e,s 05 ||L2(y)}) /

@4) < max  (c(dr, (Mg, —2y152)e(1 + c(dr, (R)a,—2,142)€) "

X
o Ls/el+1=i=|t/e]
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~ A 1 2
x E{I157 13, 1)

<c(dr, (hia—2y1+2)e P EV{I] 172, }-

Now, in a similar manner to (44), we find from (36) with » = 2 and Jensen’s in-
equality that

max EAvl/Z T\_U/SJ’\
Luje]+1<k<lv/e] Uk

(45) <c(d, (Mia-2p142)e P EV2 {1515 )

c(u dy, o, 1T, (A —2y142, T)eH?
nl/2 )

Hence, combining (42), (45) and (38), we find that

L7/e] 2
El/z{ }
L2(y)

Z Y}thc{agj Upg—
_ C(Bdi o T (1) g 2y]+z,T>s3/8<H_ H)l/z

k=ls/e]+1
n1/2 A e

/2 a2 c(&, di, o, |ITl, (h))a,—2p142. T)
@n  EVHII,,,) < o1/8,1/2 1 ‘

Replacing y (d9) with (]0|%In |9|)2y(d0), noting that y < —(d1/2 + 2«) by the
assumption and repeating the above arguments, one finds that

L[ o miop?iar oy @]

C(u di, o, [T, (AN gy —2p142, T)
21/8,1/2 :

Now, it follows by (41), (44) and (??) that
EVHI(Ts = ¥i9)sl 7))

_ C(E.di o IITI >>[d1_zy]+z,T>e3/8(H _H>1/2

nl/2 e e

Upe— ||L2(y)}

(46)

(48)

(49)

Finally, using the bound |/ _s(0) — 11* < c(e, [T (16]% In |6])?|t — 5], (39), (46),
(48) and (49), one finds that

EV2{1I) = 97172}

C(u,dl,a T, AN ey —2y142. T)
c1/8,1/2

o1}

(50)
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(c) Estimation of As.
Note that the solution x;*(0) defined by (26) and (25) can be written as

Le/e]

X0 =Y 1ijese | [ (ARG — 10, e—p)
k=1

and
S1/2¢1,,.n 2 4 d
(51 EV (g — 1o, e—g)] }51— VneN,HeR,
nl/2

Then, one finds similarly to (50) that

EVIR = 272}

_ @ d. o Tl (hiay-2y142. T)e'
= nl/2

SR (HEH

Therefore, (12) follows from (28), (35) with r = 2, Jensen’s inequality, (50)
and (52). By virtue of (51), (13) is an immediate consequence of (12) by letting
= o1/2 O

E=g/"

(52)

3.3. Proof of Corollary 5. Since o = 2, we find by (30) and (18) that
EVT i @) — iy @)1)
c(r)

<—= sup EVr{(ur 1)}
n o<r<r

) Kexp{—(t —5) /Sdl |9’z|2r(dz)} _ 1)2’
53 x (/0 exp{—2(s —1) /Sdl |9/Z|2F(dz)}d<r /Sdl |9/Z|2F(dz)>>r
([ ool-20-0 [ werraala(c [, werao))

n o<r<r S
< SO0 Gn BVr g, 1y — )11,

n 0<t<T
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Replacing (31) with (53), we find similarly to (35) that

lar —am2, )< c(r, B, di, ITIl, 1 hlloo, T)
L2(y) ol/4,1/2

(r=1)/@r)
S I
& &
4
sermE]-[2))}
& &

c(8,d1, T, |7 koo, T)
en?

oo d((E - (2D ()LD
_ (B T [ T)

en?

X {81/2(t _S)ZJFSQQH B EJ)(l/z)Hﬂ
+83/2(EJ B EJ)UQHM},

1/(2r){

Letting » = 2, we then find that, for 8 > 1/8,

E{llay —afl72,) <

Thus, by Lemma 10, we find that

12"1/2{ sup ||} — atll; }<E1/4{ sup [} — atll} }
0§s<?§T ' S [ = O<s<£)<T ! L)
4

C(u di, BTN W hlloo, T)

eBnl/2

Similarly, by (50), (52) and Lemma 10, we find that

” a2 c(8.d1. B, IT1l. {h)iay—2y1+2. T)
69 B2, g 15~ | <
and

» oy n2 c(8.d1. B.ITIl (h)1d—2y142. T)
50 B, o 150 2V | i

Therefore, (14) follows from (28), (54), (55) and (56). By virtue of (51), (15) is an
immediate consequence of (14) by letting E =¢!/2. O
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APPENDIX: PROOFS OF LEMMA 1, PROPOSITION 2 AND LEMMA 3

In the current section we give the proofs of Lemma 1, Proposition 2 and
Lemma 3. We realize that similar results are well known in a variety of settings
and only give them for the sake of completeness.

PROOF OF LEMMA 1. For ¢ € 7, we have that
P00 — 9 (X0 = [ Lo(X)ds + Mu(e),
where M, (p) is an X'-martingale. Then,
o(Xn; " = ¢(Xo) +f0t Lo(Xo)n; " ds + /Ot Ny dMs (@)
l1/¢€]

+ Z (p(Xlk)nml(l —exp{—(Ytk - Ytk—l)/h(ka)
k=1

2

By the independence of X and Y under P, we find that M;(¢) is also an
X' v YT -martingale so E{fé ns__l dMg(p)|Y'} = 0. Hence,

N (tx — i) (W) (Xg,) })

t
(s @) = (10, ) + fo (115, Lo} ds

57
7 Le/e]

! — tk—)h'h
+ Z<Mrk»90(1 —eXp{—(Y,k — Y, h+%})>
k=1

On the other hand, we obtain from the definition of 1, and the stochastic continuity
of X that, for any continuous bounded function ¢ on R and k > 1,

, t —ti—1)(Wh)(X
=EX{(p(th)<l—exp{—(Ytk—Y,k1)h(th)+(k £ 1)2( X tk)})

: ! —ti_)(Wh)(X
XHCXP{(YU_YZI1)h(X,I)_(” i 1)2( )( t,)}}

=1

. — i) (W h) (X
ZEX{w(XIk)(eXp{(YIk_Y%l)h(xtk)_(rk i 1)2< ) tk>}_1>

e / — ) (W h)(X
(58) X HCXP{(Yzz—Ynl) h(Xy) — (o =1 1)2( )( lz)”

=1
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te — W' R
— 1im<pbz, <p(exp{(Ytk — Y, ) h— u} — 1)>
My 2

, P~
_ <M, w(exp{(Y,k —v, Vh— %} _ 1>>

where E¥ is the expectation taken only with respect to X. Further, (58) holds for
any ¢ € B (R%) by the monotone class theorem. Substituting (58) into (57), we
get (4).

The uniqueness of p; can be proved by the action of £ on the trigonometric
polynomials and induction. In fact, suppose that {u,, ¢ > 0} and {v;, ¢t > 0} sat-
isfy (4), and u; = v; for ¢t <t for some k > 0. Note that

—(/ |9’z|°‘<1 +i sign(O/z)tan<ﬂ>>F(dz)>e_9, fora #1,
Sdl 2

5
—</ |9’z|(1 _Z sign(6'z) ln|9'z|>F(dz)>e_9, foro = 1.
Sd T

1

Le_yg=

From (4), one finds that, for any 6 € R 1 <t < iy,
(pe, e—g)
(> €—) exp{—(t — ) /Sd1 |9’z|“(1 +isign(6'z) tan(%))r‘(dz)},
fora #1,

)y
(tps €—0) exp{—(t — tk)/s |0'z|<1 — ;lsign(é'z)ln Wzl)f’(dz)},
dq

fora =1
= (vl’ve—9>'

Since the set of trigonometric polynomials is measure-determining, u; = vy, tx <

t < ty+1. Hence, by (4), we find that p, , = vy, . Therefore, the uniqueness of
follows by induction. [J

PROOF OF LEMMA 3. Let W be a standard R%2-valued Brownian motion
on (Q, ¥, P). We fix an x € R%! and define

25 = exp{ (Wi )

t(h'h) (x) }
—

Then,

E{lof(0)I"y = E{|ZX — 1)
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for any k € N. By Burkholder’s, Minkowski’s integral and Jensen’s inequalities,
we find that, forany 0 <t <e,

. R r/2
E(z —11) < c(r>||h/h||gézE{(/I<Z§>2ds) }

r/2
<c(r)||hh||’/2< {(/ ZF - 1) ds) }+e'/2)
t . r/2
§c(r)llh/hllroéz<( [ &z - 1|r})2/rds) +8r/2)
0
ZA
< c<r>||h/h||gé2(s<r/2>—1 [ Euzs —1ryas +8r/2),
0

where we have assumed without loss of generality that r > 2 above. Applying
Gronwall’s inequality, one then discovers that

sup E{|ZF — 11"} < c(r)|W'h||"L2e™?

0<t<e

and the lemma follows. [

PROOF OF PROPOSITION 2.  To ease the notation in the sequel, we let & = &;.
For ¢ € T, we define

L[/gJ IIM,k Il

in tp 1 Nt N
=3 Y (o) — o) = [ spin au)

2o i1 Tk

1 /el lleet, I

(59) + = Z Z ,n,<p
x (sign(8 (X)) i o g xin ypy — 86 (X52)-

Then, we find from our algorithm and (1) that (6) holds. Recalling that the {U LKy
are independent and compensating the square of the jumps in the second term
of (59), we find that {M] (¢)};>0 is a cadldg {§'};>o-martingale satisfying (7).
Now, turning to bounding the difference between the quadratic variation
[M"(p)]; and the expected quadratic variation E U{IM" (9)]:}, we define

o . - :
Abk = ;<8X;,’(”,’ W)(Slgn(ék(Xll‘/;n—))jl{yhke[o,|§k(X;'I«("7)|)} - ‘i:k(X;kn—))

Letting { f}7=; C R, recognizing the martingale transform and using Burkholder’s
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| }

L%S:J fk<<||l%ll Ai,k>2 B EU{(% Ai’k>2}>

.
k=|s/e]+1 i=1 i=1 }

L%S:J sz(<|Il§fll Ai’k)z B EU{(I;%_ Ai’k>2})2

k=ls/e]+1 i=1 i=1
Lt/e] (r/2)—1
< C(”)( Z fk2>
L1/e] )
X Z szE{

k=|s/e]+1
Nt I 2 Nz, I 2
k=|s/e]+1 ( i=1 i=1

However, defining the filtrations {#;", }°_ | and {F"_} ", via

and Jensen’s inequalities, we bound

Lt/e]
E{ Y fIM @)k — EV{IIM™ (9)1ke))

k=ls/e]+1

=1;~i

60) < c(r)é{

)"/2}

Fo=6 veUK i<m),  F =% vo{UK i =m),

we find that
i=1 i=1

is an {F" }_,-martingale and m — Ai’kz;;lrn A7k is a  backward

{}‘k’f_};'le—martingale for each i. This means we can again apply Burkholder’s,

Jensen’s and 2ab < a? + b? inequalities and use the independence of {U*F} to find

that
Nz, I 2 lleer, I 247
i=1 i=1

ity 1
<c@)|ui_ 7Py E{|(Al~k>2—EU{<A”k>2}|’

i=1
.
I

6  <cmul_ 7Y (é{uA’*")z—EU{(A’W}WF}

i=l

+

i—1
2APK Y ALK
j=1
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i—1
+3 E{|Ai*kAf’k|’|3’k—}>

j=1
[z _ .
<cr|ur_ |2 Y (iEU{I(A"")2 — EV((AMHyr)
i=1
+ (i — D(EY (A"
i—1
+ Y (EV{I(ATR? — EV{AaTh )
j=1
+ (EU{<AJ*">2})’)>
[z _ .
<c|ur |71 3 (EV{1A™)? - EV{athyr)
i=1
+ (EV{A™M%)),  P-as.
Now, ||y, Il =n(uy _, 1) and it follows by direct calculation of J@l]{I(A"J‘)2 —

EV{(A™%)2}|"} that

(e
E{(n(u?k_,l))"l > |(A'*k>2—EU{<Al’~k>2}|’}

i=1

A1 _
=E{;<u;1_,1>r M 1P {11 = 31Ed + 267 16l

+ 282 — &l (1 — |sk|>}>}.

Next, conditioning on o {xy _}, using the independence of the increments of ¥ and
Lemma 3, we find that

||u,k I
E{( nul 1 Z |(APK)? — EU{(A"W}V}
(62) C||h,h||c1x/>281/2 ~
< ———E{{ul _ 1) .

nr

By Lemma 3 and the fact that

(EY{(AT2) = (l&] — £ n =2 o™ (X)),
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we find that
iy
3 r—1 AU [ 4B k20
E{<n<u;1_,1>> 3 (BV(a) }
i=1

/2 .r/2
c(r)|W'h|% e
< ) (e V1 [

Then, substituting (62) and (63) into (61) and (60), we find that

(63)

Lr/e] r
E{ > fk([avt"(so)]kg—EU{[M"w)]kg})}
k=ls/e]+1
Lt/e] 212 R
sc<r><||h/h||oov1>’/2( > f;?) —r< sup E{Wz,l)’})uwn%z
k=Ls/e]+1 - No<r<T

for some constant c(r) > 0 independent of dy, d», &, n,t,s, 9. [
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