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ABSTRACT

A semigroup S is n-extremely left amenable if there is a set F' of n multi-
plicative means on the space of bounded real valued functions on S which is
minimal with respect to left translation. When S is a semi-topological semi-
group, we replace the space of bounded real valued functions by the space of
left uniformly continuous functions on S. n-extreme left amenability is related
to some fixed point property.

First we characterize extreme left amenability of a semigroup in term of ul-
trafilters. We also give some result on the semidirect product of two extremely
left amenable semigroups. Finally, we give some results related to density and

to homomorphic image of semi-topological semigroups in relation to extreme

left amenability.
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Chapter 1
Introduction

In this thesis, we are interested in studying n—extremely amenable semi-
topological semigroups and related algebras. The subject comes from amenable
semigroups, about which most of what we need for our purpose can be found
in [6]. This paper proposes an interesting way to define the concept of mean,
a concept which will be very important:

“A mean value, or average value, of a function is a number chosen in some
reasonable fashion between the least upper bound and the greatest lower bound
of the function. Here we ask that the choice be made simultaneaoustly for all
functions in m(S) and made in a linear way” [6].

A functional analysis definition of a mean, which is equivalent, will be given
in the begining of chapter 2.

Chapter 2 contains the basic definitions and theorems that we need. We
define the notion of ultrafilters and talk about the Stone-Cech compactification
of a semigroup and the Bohr compactification of an abelian group. We define
some interesting algebras related to a semigroup and define the notion of action
of a semigroup, which we relate to the notion of extreme amenability. We
also provide a characterization of extremely left amenable semigroups and
extremely left amenable semi-topological semigroups.

In chapter 3, we present our main results. In particular, we are interested

in seeing how we can characterize extreme left amenability using the notion
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of ultrafilters. We define the semidirect product of two semigroups, and give
results related to the semidirect product of two extremely left amenable semi-
groups. We are also interested in how extreme left amenability of a group and
extreme left amenability of a dense subsemigroup are related. We also present
some results related to dense subgroups of an n-extremely left amenable semi-
topological semigroup and the homomorphic image of an n-extremely left
amenable semi-topological semigroup.

Finally, in the last chapter, we provide some examples of possible future

research.
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Chapter 2

Preliminaries

2.1 Introduction

In this chapter, we define most of the basic notions that are needed for
the next chapter.

We start this chapter with some important definitions and notations. In
sections 2.4 and 2.5, we define the notion of ultrafilters and give the basic
idea of the Stone-Cech compactification and the Bohr compactification which
will play an important role later in characterizing extremely left amenable
semigroups.

In the following two sections, 2.6 and 2.7, we present some basic charac-
terizations of discrete extremely left amenable semigroups, and extremely left
amenable semi-topological semigroups.

In section 2.8 we define some important subalgebras of m(S), the space of
all bounded real valued functions on a semigroup S, that will be useful later
on.

In the last two sections of this chapter, we extend the notion of extreme
left amenability first for semigroups acting on a Hausdorff space and then for
the case where we do not necessarily have a multiplicative left invariant mean,
but a left invariant mean which is the convex combination of n multiplicative

means.
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2.2 Definitions and notations

Definition 2.2.1. A semigroup is a set S with a binary operation which is

associative, i.e., for any elements z,y and z in S, we have

(z-y)-z=z-(y-2)

Definition 2.2.2. A groupis a set G together with a binary operation denoted
by “ - "satisfying:

For any z,y,2 € G:
(z-y)-z2=2-(y-2).

There exists an element in G denoted 1, such that:

l-z=z-1=2z,Vr €.

For each element z € G, there exists an element z=! € G such that:

Remark 2.2.3. When the group is abelian (i.e., the binary operation is com-
mutative) we usually denote the neutral element by 0, and use the notation

(—2z) for the inverse of z.

Example 2.2.4. The sets N of natural numbers, Z of integers, Q of rational
numbers, R of real numbers, and C of complex numbers are all commutative

semigroups with addition and multiplication.

Example 2.2.5. The sets Z, Q, R and C are all abelian groups under ad-
dition, and the sets Q\{0}, R\{0}, and C\{0} are all abelian groups under

multiplication.

Example 2.2.6. The set M(n,C) of all n x n matrices over the complex

numbers C under matrix multiplication is a noncommutative semigroup.
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Example 2.2.7. If X is a set of cardinality greater than 1, then the set of all
functions from X into X is a noncommutative semigroup under composition

of functions.

Given a semigroup S with a topology, we say that the product S x § — S
is separately continuous if whenever a net {s,} in S converges to an element

s € §, and t is any element of the semigroup, we have that:
8ot — st

and

s, — ts.

In the same way, we say that the product is jointly continuous, if whenever

{sa} and {ts} are two nets in S such that s, — s and tg — t, we have:
Satg — St.

Definition 2.2.8 (semi-topological semigroup). A semi-topological semigroup
is a semigroup with a Hausdorff topology such that the product G x G — G

is separately continuous.

In the same way, we define a topological semigroup to be a semigroup with

a Hausdorff topology, such that the product is jointly continuous.

Example 2.2.9. The sets Q, R, and C with the usual topology are all topo-
logical semigroups with both addition and multiplication. They are also topo-
logical groups under addition. The usual topology on those semigroups is the

topology coming from the Euclidean norm. Note that Q is not locally compact.

Example 2.2.10. The semigroup M(n,C) with the usual topology is a topo-
logical semigroup. The subgroup GL(n,C) of invertible n x n matrices over C

is a topological group. The usual topology on M(n,C) is the relative topology
of C*.
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Example 2.2.11. Let X be a topological space and let C(X, X) be the space
of continuous functions from X into X under composition of functions and the
topology of pointwise convergence on X. Then C(X, X) is a semitopological

semigroup.

Definition 2.2.12 (The space m(S)). Let S be a semigroup. We then define
the space m(S) to be the space of all bounded real-valued functions on S.
Many authors use the notation £°(S) instead of m(S). On the space m(S) we

use the topology of norm convergence, where the norm is defined by:

[LfIl = sup|£(s)]
sesS

for any function f € m(S).

We denote by ¢ the left translation £, : m(S) — m(S) defined by

b:f(s') = f(ss)

for any s,s’ € S, and f € m(S). In the same way, we define the right
translation r, : m(S) — m(S) by

rsf(8') = f(s's).

We denote by C'B(S) the space of all bounded, continuous, real-valued
functions on a semi-topological semigroup S. Clearly CB(S) C m(S).

Definition 2.2.13 (The space LUC(S)). Let S be a semi-topological semi-
group. The space LUC(S) is the space of all left uniformly continuous func-
tions on S. A function f € CB(S) is left uniformly continuous if the map
0 : S — CB(S) defined by 6¢(s) = ¢,f is continuous when CB(S) has the

sup norm topology.

Note that when G is a topological group, the space LUC(G) is precisely
the space of bounded right uniformly continuous functions on G defined in
Hewitt and Ross [13].
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2.3 Amenability

Recall that a Banach space F is a normed linear space which is complete
in the norm topology. If E is a Banach space, we define the dual space of F,
denoted by E*, to be the set of all continuous linear functionals ¢ on E with
the following norm:

el
16ll = sup =TT

It is easy to see that E* is therefore also a Banach space (see [30] and [4]).

Remark 2.3.1. For any semigroup S, the space m(S) is a Banach space over

the real number. Therefore, it makes sense to talk about m(S)*.

We can rewrite the definition of a mean given in chapter 1 in more math-
ematical form in the following way: A mean is a linear functional p € m(S)*
such that

inf f(s) < u(f) < sup f(s)

s€S s€S
for all function f € m(S).

Does such a mean value exist ? If so, for which semigroup S can such a
value be defined? This is the general idea from which the theory of amenable
(A-mean-able) semigroups comes from. So let us start with the exact definition
that will be used, which is equivalent to the previous one.

Let S be a semigroup. We define the map I on m(S)* by:

leu(f) = p(lsf)

for all f € m(S),s € S, and p € m(S)*, where I, is the left translation map
already defined.

Definition 2.3.2. Let S be a semigroup and A be a norm closed, translation
invariant subspace of m(S) that contains constants. A mean on A is a linear
functional i : A — R such that ||u|| = 1 and p(e) = 1, where e is the constant

one function on S, and the norm is the dual norm of m(S)* coming from m(S).
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A mean p on A is left translation invariant if [jp = p for all s € S, where
(Isf)(s0) = f(ss0). A mean p on A is multiplicative if u(fg) = pu(f)u(g) for
all f,g € A.

Let S be a semigroup. We say that S is left amenable if there exists a left
invariant mean on the space m(S). See Day [6] for many properties of left

amenable semigroups.

Definition 2.3.3. Let S be a semigroup. A subalgebra of m(S) is extremely
left amenable if it is norm closed, left translation invariant, containing con-
stants, and has a multiplicative left invariant mean. S is extremely left

amenable if m(S) is extremely left amenable.

Following Namioka [26], we say that a semi-topological semigroup S is left
amenable if there is a left invariant mean on the space LUC(S), and similarly,
we say that a semi-topological semigroup S is extremely left amenable if there
exists a multiplicative left invariant mean on LUC(S). If S is a discrete
semigroup, then both spaces LUC(S) and m(S) are the same, which makes
the definition of (extremely) left amenable semigroup and (extremely) left
amenable semi-topological semigroup to be the same, if we use the discrete

topology for any semigroup which does not have a topology.

2.4 Ultrafilters

When we talk about metric spaces, everything we need to do about con-
vergence (or almost) can be done with sequences, but when we talk about
convergence for topological spaces, we need to generalize the idea of conver-
gence of sequences. Two main ideas have been developed: The notion of nets,
and the notion of filters.

For our purpose, we need a special kind of filters: Ultrafilters. These are

maximal filters.

Definition 2.4.1. A filter on a set S is a collection % of subsets of S such
that:
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1. IfFl,Fgefthen FnF e %
2. f Fy € & and F; C F, then I € &.

Example 2.4.2. If X is a topological space and z is any element of X, then a
filter of a particular interest is the neighborhood filter U, of all neighborhood
of x in X.

Definition 2.4.3. Given a topological space X, we say that a filter % on X
converges to some z € X if and only if % is finer than the neighborhood filter

of xz. We say that .# clusters at z if z is an element of all the sets in the filter
F.

Definition 2.4.4. A filter .% is an ultrafilter if it is a maximal filter, i.e., if it

is not properly contained in any other ultrafilter.

Remark 2.4.5. It is easy to see that a simple application of Zorn’s lemma

implies that every filter is contained in some ultrafilter.

Proposition 2.4.6. [32] Let S be a topological space. Then F is an ultrafilter
if and only if for all subsets E C S one has E € % or S— FE € #.

Proof. (<=) Suppose that Z is a filter such that for all E C S we have E € &#
or (S— E) € &, and suppose that # is included in some ultrafilter #. Let
E, be an element of .# which is not in #. Therefore by hypothesis, (S — E,)
is in & and by inclusion we have that S — F, is also in #. It follows that
E;N (S — E,) = ¢ is in & contradicting the fact that % is an ultrafilter.
Therefore, & is already an ultrafilter.

(=) Now suppose that % is an ultrafilter, but there exists a subset E C S
such that both E and (S — E) are not in .#. Then & U {E} generate a filter

which properly contains %. This contradicts the fact that & is an ultrafilter,
and the proof is complete. O

Proposition 2.4.7. Let S be a set, &# be an ultrafilter on S and Sy, S2 be two
subsets of S. Suppose S1US; is in F. Then at least one of Sy or S is in F.
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Proof. Without loss of generality, we can assume S is not in #. This is clear
because if S; is already in ., there is nothing to be proved. Then proposition
2.4.6 implies that S — S is in .#, and by the first property of a filter we have
that

(S1US)N(S—81)=(S1US,) -5 € £#.

Finally since
(S1US) — 51 C S,

it follows that S, € Z. a

It is also possible to prove the previous result using the maximality of an
ultrafilter. In that case we need to prove that if A is not in %, then there

exists C € & which does not intersect with A. Therefore we have:
CN(AUB)=(CNAU(CNB)=(CNB)CBe #£.
To prove that such C exists, construct the sets
Fo={CNA:CeF}

and
3;1={DQSEC€370,CQD}

Since #; does not contain the empty set, it is an ultrafilter and since & C #;

this contradicts the maximality of . Therefore, such C exists.

2.5 Stone-Cech and Bohr compactifications

In this section, we define the Stone-Cech compactification of a semigroup,
and the Bohr compactification of an abelian group.
Let S be a semigroup, then we define the first Arens product ® on m(S)*

in the following way: Let u and v be two functionals in m(S)* then

(LOv)(f) =V (f))

10
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where
V(£(s)) = v(lsf).

The Arens product is associative, distributive, and weak*-weak* continuous

in the first variable. We also have:

[l ] < ||l - 1]

which makes m(S)* a Banach algebra. For more information on the Arens

product, see [1].

Definition 2.5.1. Let S be a semigroup. We define the Stone-Cech com-
pactafication of S to be the set 3S of all multiplicative linear functionals on
m(S) with the Arens product and the weak* topology. Equivalently, 3S is the

spectrum of the commutative Banach algebra m(S).

BS is compact with this topology, and S is also a semigroup since the
Arens product is associative. However 35S is not a semi-topological semigroup
in general. When S is a cancellative semigroup, then 3S is a semi-topological
semigroup if and only if S is finite [21] or [5].

We also have the following embedding of S into 3S: If s € S then we have

3—763

defined by

Which gives ¢, € 3S.

Proposition 2.5.2. [28] Let 3S be the Stone-Cech compactification of the
semigroup S, and let a € BS. Then the function p € m(S)* defined by pu(f) =

f (a) where f is the unique extension of f to BS is a multiplicative mean on
m(S).

For more information on the Stone-Cech compactification, see [5] and [14].

We now want to define the Bohr compactification of a locally compact abelian

11
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group which will be useful in the next section. Let (G, ) be a locally compact
abelian group. A character of G is a function v : G — C for which |y(z)| =1
for all z € G, and

Y(@)y(y) = v(z *y).

Let G be the set of all continuous characters of G. Then (G,+) is an abelian

group if we define the addition by:

(M +72)(z) = 11(z)n(z)

for all 71,7, € G, and £ € G. This group with the topology of uniform
convergence on compact subset is a locally compact abelian group called the
dual group of G. As well known, if G is any locally compact abelian group,
then G = G. See [29].

Since G is a locally compact abelian group, there exists a unique Haar
measure (up to multiplication by a positive scalar) on G, and therefore we can
talk about L!'(G): the Banach algebra of all integrable functions on G with

the convolution product. For any function f € L'(G), we define its Fourier

/f

We define the Fourier algebra A(G) by

transform by:

AG)={f: fe 'O}

The topology on G is precisely the weak* topology defined by LY(G).

We can prove that if G is discrete, then G is compact, and if G is compact,
then G is discrete [29].

Now let G4 be the group G with the discrete topology and therefore the
dual group of Gy is a compact abelian group. Also, it can be verified that
G is contained in the dual group of Gg4. The Bohr compactification G of the
abelian group G is the dual group of Gy.

12
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2.6 Discrete semigroups

Let S be a semigroup, and let X be a compact Hausdorff space. A rep-
resentation of S as continuous mapping from X into X is a semigroup homo-
morphism

®:5 - CX,X),

where C(X, X) is the set of continuous functions from X into X with compo-

sition. Recall that ® is a semigroup homomorphism if
@(8182) = @(81)@(82)

for all 5;,8, € S.

Let S be a semigroup. We say that S has the common fized point property
on compacta if for every compact Hausdorff space X and every representation
® of S as continuous mapping from X into itself, there exists a common fixed
point of the family .

Two elements sy, s3 € S have a common right zero if there exists an element
83 € S such that:

8183 = 8283 = S83.

Finally a subset A C S is left thick in S if for every finite subset o C S there
exists s € S such that s C A. Mitchell [22] has proven that if A is left thick
then we can choose s to be in A without changing the definition of left thick

subsets.

Theorem 2.6.1. [22] If V is any subset of a left amenable semigroup S, then
V is left thick in S if and only if there exists a left invariant mean on S whose

value on the characteristic function of V is one.

Lemma 2.6.2. [23] Let S be a semigroup and let n: S — ® be a homomor-
phism of S onto ®, where ® is a semigroup of continuous maps from X into

X. If y € X then there exists yo € X such that for every open neighborhood
U of yo, U C X, the set

{s€S:(ns)yeU}

13
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s left thick in S.
Theorem 2.6.3. Let S be a semigroup. Then the following are equivalent (see
[23], [10], and [16]):

(a) S is extremely left amenable.

(b) Whenever A C S is left thick in S and A = A; U A, then at least one of
Ay, Ay is left thick in S.

(c) For each finite collection of subsets A; C S such that S = UA;, then at
least one of the A; is left thick in S.

(d) S has the fized point property on compacta.
(e) Each two elements of S has a common right zero.
(f) B(S) has a right zero.

(g9) For each subset E C S, either E is left thick in S or S — E is left thick in
S.

Proof.

(a = b) We want to make use of theorem 2.6.1, so we need to construct
a multiplicative left invariant mean on S whose value on the characteristic
function of A; or A, is 1. Let u be a multiplicative left invariant mean on S,
and let {B,}, be the collection of all finite subsets of S directed by inclusion.
Therefore, since A is left thick in S, for all A, there exists s, € S such that
Bysy C A. Let @ : S — (S be the map defined by Qs(f) = f(s) for all
f € m(S). Therefore, by w*-compactness of 3S it follows that there exists a
subnet {@Qss}s of {@sy}, which is w*-convergent to some u; € 8S. Let

M2 =[O .

Since the Arens product of two multiplicative means is a multiplicative mean

and since p is left invariant, it follows that us is a multiplicative left invariant

14
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mean on S. If we want to show that us is the multiplicative left invariant

mean we need to apply theorem 2.6.1. We have that for any s € S:

p(1a)(s) = m(lsla)

= W' ~lim (Qs,s(fslA))
- i (6
= w —lign (1A(356))
= 1.

This last equality follows from the fact that any s € S is eventually in some

of the As which implies that sss is eventually in A.

pa(la) = pOu(la)
= p(py(14))
= u(ls)
= 1.

Now, since ps is a multiplicative mean, its value on characteristic functions

is 0 or 1, and since

1= pa(1la) < p2(1a,) + p2(la,),
it follows by applying theorem 2.6.1 that at least one of A; or As is left thick
in §.

(b = c) Let
S = U?:lA‘i,

where A; C S for all i. If n =2, by (b) we know that at least one of A; or A,

would be left thick in S, since clearly S is left thick in itself. Now assuming

15
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that ¢ is true for n = k — 1, we want to show that this is still true for n = k.
We have that:

S=AU (uf;; A,-).

Therefore, by (b) at least one of A; or UFZ}A; is left thick in S. In both
cases, this implies that at least one of the A; is left thick in S by the induction
hypothesis.

(c = d) Let n: S — ® be a homomorphism onto, where ® is a semigroup of
continuous maps from a compact Hausdorff space X into itself. Let y be any
element of X. We denote by I' the family of all finite subsets A, of S directed
upwards by inclusion and denote by A the family of all open neighborhoods Y

of yo directed downwards by inclusion, where yg is coming from lemma 2.6.2.
Let

Bs ={s € S:(n(s))y € Ys}.

For all ¢ = (v, 6), there exists s, € S such that
A75¢ g B,g.

Therefore, for any s € S, the net ssy is eventually in each Bjs, which implies

that the net n(ssy)y is eventually in each Y;. Thus we have for all s € S:

Yo = limn(ssy)y.
Now, if sg is a specific element of S, then for all s € S we have:
n(s)yo = n(s)lim(n(sosy)y)
= lim(n(s)n(s0s4)y)
= lim(n(ssosy)y)

= ligl(n(Sosw)y)
= yo_

16
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Therefore, 1 is a fixed point of the family .

(d = a) Let n: S — ® be the homomorphism defined by 7(s) = £%, where ®
is a semigroup of continuous maps from 3S into SS. Then, by (d), there is
a fixed point o € 5S. Therefore g is clearly a multiplicative left invariant

mean for the semigroup S.

(a = e) On the semigroup S, we define the following congruence relation (i.e.
an equivalence relation for which a ~ b = ac ~ bc and ca ~ cb). For any
a,be S:

a ~ b <= there exists ¢ € S such that ac = bc.
For any element s € S, we denote its equivalence class by § . Let
S={s:5€8}
and let
F:§5 8

be the homomorphism defined by F(s) = & for any s € S. Then S is a right
cancellative extremely left amenable semigroup. By [10, corollary 2], we have
that (3)2 = § for all elements $ € S. Therefore, it follows that b(a)? = ba,
which implies

ba=b
for all a,b € S. This implies that a5 = a for all @ € S. Therefore, if a,b € S
such that a # b we have that:

aSNbs =g,

which is impossible, since any two right ideals of an extremely left amenable
semigroup have a non-void intersection. This implies that S contains only one

element, and therefore each two elements of S have a common right zero.
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(a = f) If S is extremely left amenable, then S is in particular left amenable,
so we can apply [6, Corollary 4], and it follows that if u is a left invariant mean
on S, then for any ¢ € 3S:

PO p=p.
(c = g) If E is any subset of S, then we have that:
S=EU(S—-E),
so by applying (c), it follows that E or S — F is left thick in S.

(f = a) Suppose that 8S has a right zero y. Then for any ¢ € 85, we have
that:

POu=p
and in particular, since 1, € 8S for any s € S, we have that:
IO u=p.

But we also have that:

Loulf) = LE())

= (W (N))s)
= .u(es(f ))
Therefore, it follows that for all s € S:
Copu=p,

which implies that p is a multiplicative left invariant mean on S.

(e = b) By induction, we have that for every finite subset A C S there exists
a € S such that Aa = {a}. Suppose S does not satisfy condition (b). Then
there exists subsets A;, Ao C S such that A;, A; are not left thick in S, but
the subset A; U A, is left thick in S.

18
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Thus there exists finite subsets A, A5 C S such that:
Ais € A

Als & A,

for all s € S. Let A’ = A} U A),. Since A’ is finite, there exists a € S such
that A'a = {a}. But also we have that A; U A; is left thick, so there exists an
element b € S such that ab € A; U Ay, which implies that ab € A; or ab € A,.
Assume ab € A; then:

A’ (ab) C A'(ab) = {ab} C A;,

which is a contradiction.

(g = a) For this part of the proof, see [16]. O

An interesting question when we are talking about semigroups, is to con-
sider the special case when the semigroup is a group. Using the preceding
theorem, one can easily prove that no group is extremely left amemable. In
fact Mitchell proved a little more than that in theorem 2.6.4.

Theorem 2.6.4. A two-sided cancellation semigroup S is extremely left amenable

if and only if S is the trivial group.
The following proof can be found in [23].

Proof. Suppose first that G is an abelian group which is extremely left amenable.
Then G is embedded in its Bohr compactification G. Then G acts on G by
left multiplication. Therefore the representation ® of G defined by:

®(9)g=g9, (9€G,7€G)

has a fixed point. Therefore, there exists an element gg in G such that gg5 = Go

for all g in G. But since G is a group, we can simplify, which gives g = e for

all g € G, where e is the identity in G. Therefore G is the trivial group.
Now, suppose G is an extremely amenable groupimplies that there (not

necessary abelian), and let H be a subgroup of G generated by only one
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element of G. Therefore H is abelian, and since every closed subgroup of an
extremely left amenable group is extremely left amenable, it follows that H
is an extremely left amenable abelian group. Therefore, by the first part of
the proof, H is the trivial group. But since H could be any subgroup of G
generated by one element, it follows that G is also trivial.

Finally suppose S is a two sided cancellation semigroup which is extremely
left amenable. S can be embedded in some group G’ [31, corollary 3.6]. Con-
sider G the subgroup of G’ generated by S, and consider 7 : G — S to be the
restriction map. Then if p is a multiplicative left invariant mean on S then
7* 1 is a multiplicative left invariant mean on G. Since G is an extremely left
amenable group, it is trivial. It follows that S is also trivial.

a

Example 2.6.5. Let (S, V,A) be a lattice and consider the semigroup (S, V).
For any two elements 51,89 € S, let ' = 8,V s3. Then we have s; Vs =35,V s,
therefore by Mitchell [22, corollary 6(a)] any two elements of S have a common
right zero, and by theorem 2.6.3 it follows that S is extremely left amenable
[23], [10]. Recall that (S,V,A) is a lattice if for any a,b € S we have:

Commutative laws: aVb=bVa aANb=bAa
Associative laws: aV{bve)=(avbVe an(bAc)=(aAb)Ac
Absorption laws: aV(aAb)=a aAN(aVb)=a

Example 2.6.6. [23] Let X be an infinite set, and let S be the semigroup
of maps s : X — X for which the set {z € X : s(z) # =z} is finite, with the

composition of functions. Then for any s;, s, € S define ‘_che set Y by:
Y={ze X :s(z)£z}U{z € X:s(x)#z}.
Let 2o € X — Y, and define the map s’ € S by:
sxy=zifre X -Y,
sz)y==z0ifz €Y.

Then we have

518 =& = 595,
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Theorem 2.6.3 can now be applied to show that S is extremely left amenable.

2.7 Semi-topological semigroups

Let S be a semi-topological semigroup. Since the space m(S) does not
reflect the topology of S, we use a more appropriate space than m(.S) to reflect

the topology of S.

Definition 2.7.1. Let S be a semi-topological semigroup. Then S is extremely

left amenable if the space LUC(S) has a multiplicative left invariant mean.

Lemma 2.7.2. [26] Let S be a semi-topological semigroup. Then LUC(S) is
a translation-invariant closed sub-algebra of m(S) that contains the constant

functions.

Theorem 2.7.3. If G is a locally compact group, then G is extremely left

amenable if and only if G is the trivial group.

The proof of this result is due to Granirer and Lau [11] and will not be

given here. However, many topological groups are extremely left amenable.

Example 2.7.4. [12] The unitary group of an infinite dimensional Hilbert
space with the strong operator topology is extremely left amenable. This is
one of the first examples to have been constructed and has been found by

Gromov and Milman.

Example 2.7.5. [9] The group L°(I, U(1)) of measurable maps from the stan-
dard Lebesgue space to the circle rotation group U(1), equipped with the

topology of convergence in measure, is extremely left amenable.

Example 2.7.6. All generalized Levy groups are extremely left amenable.

For the definition of a generalized Levy group and for the proof, see [27] and

[8].

21

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Now we want to characterize which semigroups S are extremely left amenable.
The following theorem is due to Mitchell [25], and it shows that like for dis-
crete semigroups, the extreme left amenability of a semi-topological semigroup
is related to some a fixed point property. But first, we need a definition and

another theorem due to Mitchell.

Definition 2.7.7. Let S be a semigroup, X be a subset of m(S), and Y be a
compact Hausdorff space. Let n: S — & be a homomorphism of S onto ¢ a

semigroup of continuous maps from Y into Y. Then ® is a D-representation
of S, X onY if the set

Y={yeY :Ty(C(Y)) C X}
is dense in Y, where the map Ty is defined by:

(Tyh)(s) = h((ns)y)

for h € C(Y) and s € S. We say that S, X has the common fixed point
property on compacta with respect to D-representations if, for each compact
Hausdorff space Y and for each D-representation of S, X on Y, there exists in

Y a common fixed point of the family ®.

Theorem 2.7.8. [24] Let S be a semi-topological semigroup and X a transla-

tion invariant closed subalgebra of m(S) that contains the constant functions.

Then the following are equivalent:
(a) X has a multiplicative left invariant mean.

(b) S,X has the common fized point property on compacta with respect to

D-representations.

Theorem 2.7.9. [25] Let S be a semi-topological semigroup. Then S is ez-
tremely left amenable if and only if, whenever S acts on a compact Hausdorff

space Y, where the action is jointly continuous, then there is a fixed point for
Sin X.
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Proof.
(=) Let S be an extremely left amenable semi-topological semigroup, and
suppose S acts on a compact Hausdorff space Y where the action is jointly
continuous. Then we want to show that this action is a D-representation,
which by theorem 2.7.9 implies that there is a fixed point. For any y € Y,
define the map:

Ty:C(Y) - m(S)
by:

(Tyh)(s) = h(sy).

So we need to show that the set:
Y = {y €Y : Ty(C(Y)) C LUO(S)}

is dense in Y. For any h € C(Y) let f = Tyh. We want to show that
f € LUC(S). Suppose not, then there exists a net {s(+y)} in S which converges
to s € S such that ¢, f does not converge uniformly to £, f. Then there exists
a real number a > 0, a subnet {s(6)} of {s(v)}, and a net {¢(6)} in S such
that:

I(s(6)(t(8)y)) — h(s(t(O)))| > a.

We denote t(8)y by y(6). By compactness of Y, the net y(8) has a convergent

subnet y(n) which converges to yo € Y. Therefore we have:

a < lim |h(s(m)y(n)) — h(sy(m)|

= |Asy0) — h(syo)|
= 0,

which is a contradiction. It follows that f € LUC(S), and the action is a

D-representation, therefore there is a fixed point.
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(<) Let Y be the sets of multiplicative left invariant means on LUC(S) and
define the action S XY — Y by:

s-p="~Cp

for any s € S and p € Y. This is clearly an action, so we only need to prove
that it is jointly continuous. Suppose for now that it is jointly continuous,
then there exists a fixed point o € Y. po would then be a multiplicative left
invariant mean on LUC(S) which shows that if the action if jointly continuous,
then S is extremely left amenable.

Now to prove that the action is jointly continuous, let {s(v)} and {u(é)}
be a net respectively in S and Y, such that s(y) — s and p(é) — . Then for
any f € LUC(S) we have:

0 < liml(s(v)- w(@)f = (s- wf

lim | (4(8) s f = ) + ((6) = )

< lim|lls)f — € f|] +1lim [u(8) — p)tsf|
= 0.
Therefore:
s(7) - u(8) — s- p,
which proves that the action is jointly continuous. O

2.8 Subalgebras of m(S)

When S is a semi-topological semigroup, we have already defined the space
LUC(S) of left uniformly continuous functions on S.

In the same way in which we defined the space LUC(S), we can define
the space RUC(S) of right uniformly continuous functions on a semigroup S.
We do that in the obvious way by changing the left shift by the right shift

in the definition of the left uniformly continuous functions. Using these two
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spaces, we can now define the space UC(S) of uniformly continuous functions

by taking the intersection between these two spaces.

Definition 2.8.1. The space of uniformly continuous functions UC(S) is the
intersection between both spaces LUC(S) and RUC(S):

UC(S) = LUC(S) N RUC(S).

By changing the topology in the definition of the space of left uniformly
continuous functions on S, we can also define the space of weak left uniformly
continuous functions WLUC(S):

Definition 2.8.2. Let S be a semi-topological semigroup, and let f be a func-
tion in m(S). Then f is weakly left uniformly continuous (i.e. f € WLUC(S))

if the map 6, : f — I,f is continuous in the weak topology of m(S).

From these definitions, it is easily noticeable that we have the following
inclusion between m(S), LUC(S), WLUC(S) and UC(S):

UC(S) C LUC(S) C WLUC(S) C m(S).

In particular, if S is a discrete semigroup we have that all these spaces are

actually identical:

UC(S) = LUC(S) = RUC(S) = WLUC(S) = m(S).

2.9 Action of semigroup

A left action of a semigroup S on a topological space X is a mapping
S x X — X denoted by (s,z) = s-z, s € S,z € X such that:

e fs: X — X defined by fs(z) = s - z is continuous for each s € S.

o (st)-x=s(t-z)forall s,t €S and all z € X.
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Similarly, we can define the right action X x § = X of a semigroup. When
we have an action of a semigroup S on a topological space X, we can define

the left and right action of a function f € CB(X) by an element s € S in the

following way:
o .f(x)= f(s-x), x € X, for the left action.
o °f(z) = f(xz-s), x € X, for the right action.

Let S be a semigroup that acts on a Hausdorff space X. A closed subalgebra
A of m(X) is said to be S-translation invariant if for each f € A and s € S
we have f € A.

Using the definition of left action, we can define the space of left uniformly
continuous functions LUC(S, X) (or in the same way, the space of right uni-

formly functions) in the following way:

Definition 2.9.1. Let S be a semigroup which acts on X a topological space.
Let f be a function in the space CB(X) of bounded continuous real valued

functions on S. Then f is left uniformly continuous if the map:

s— of
is continuous in the norm topology of CB(X).

Notice that LUC(S, X) is S-translation subalgebra of m(X) for any semi-
group S which acts on a Hausdorff space X.

Definition 2.9.2. Let S be a semigroup which acts on a topological space X,
let A be a S-translation invariant closed subalgebra of m(X), and let u € A*
be a mean on A. Then we say that p is S-translation invariant if u( ,f) = p(f)
for all functions f € LUC(S, X).

If S is a semi-topological semigroup which acts on itself by left action, then
both spaces LUC(S) and LUC(S, S) coincide. As a reference for this section,

we suggest the book [2] which inspired the work in this section.
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2.10 n-extreme left amenability

A way to extend the notion of extremely left amenable semigroup is to
consider n-extreme left amenability. Instead of considering the existence of a
left invariant mean, we will consider the existence of a set of n means which

is invariant by left translation. See [18] and [17].

Definition 2.10.1. A semigroup S is n-extremely left amenable if there exists
a subset F' of B(S) such that |F| = n and F' is minimal with respect to the
property £:(F) = F foralla € S.

Remark 2.10.2. Suppose there exist two subsets F; and Fy of 3(S) which are

minimal with respect to the property £%(F;) = F; fori =1,2 and for alla € S.
Then |F11 = lF2|

Proposition 2.10.3. A semigroup S is k-extremely left amenable for some
k < n if and only if there exists a left invariant mean on m(S) which is the

convex combination of n multiplicative means.

Let us now give some examples of semigroups which are n-extremely left

amenable:

Example 2.10.4. [18] Let S be a finite group of order n, then S is n-extremely

left amenable.

Example 2.10.5. [18] If S is a left amenable finite semigroup, then S is

n-extremely left amenable for some integer n.

Example 2.10.6. [18] If S is any extremely left amenable semigroup, and G

a group of order n, then S x G is n-extremely left amenable.

It is easy to see that all groups of order n are n-extremely left amenable.
A result much harder and surprising is that we can prove that if G is a locally
compact group, then the only n-extremely left amenable groups are in fact any

group of order n [11].
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The last example we just presented is particularly interesting, since it allow
us to construct a wide variety of n-extremely left amenable semigroups.

Let S be a semi-topological semigroup, and let F' C (3(S) such that £ F =
F for all a € S. We define an equivalence relation R by aRb if and only if
9 = L;¢ for all ¢ € F. We denote S/F the factor semigroup defined by this
relation.

Let us complete this chapter by an interesting theorem on the structure of

n-extremely left amenable semigroup:

Theorem 2.10.7. [18] If S is a semi-topological semigroup such that LUC(S)
is n-extremely left amenable, then there exists a collection F' of n disjoint open
and closed subsets of S, with union S, such that 14 € LUC(S) for all A€ F
and F is the decomposition of S by cosets of S/H for any finite subsets H C 3S
satisfying L,H = H for alla € S.
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Chapter 3

Main Results

3.1 Introduction

In this chapter, we will present mostly new results on extreme left amenabil-
ity that we found during our research.

We start this chapter by giving a characterization of extremely left amenable
semigroups using the notion of ultrafilter, a notion that we defined earlier in
chapter 2.

In section 3.3, we define the semi-direct product of two semigroups and
present results relating the semi-direct product and extreme left amenability
of semigroups.

In section 3.4 and 3.5, we explore results related to density. In section 3.2
we first find analogue results from Lau [19] related to dense subsemigroup of
a topological group. We prove that these results are also valid for extreme left
amenability. In section 3.4, we prove some results relating dense subsemigroup
and n-extreme left amenability.

We already know that the homomorphic image of an extreme left amenable
semigroup is extremely left amenable. At the end of the last section of this
chapter, we prove a similar result, but for n-extremely left amenable subalge-
bras of CB(S).
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3.2 Left thick subset and ultrafilters

The goal of this section is to characterize discrete semigroups which are
extremely left amenable by the way of their left thick subsets by using the

notion of ultrafilters.

Theorem 3.2.1. Consider a discrete semigroup S, and let & be the collection

of all left thick subsets of S. Assume that we can write:
where all #; are ultrafilters. Then S is extremely left amenable.

Proof. Suppose S; U S, is a left thick subset of S. Then S; U S; is contained
in an ultrafilter #; which contains only left thick subsets of S. By proposition
2.4.7, since %; is an ultrafilter, we know that at least one of S; or S, is in .%;.
Then at least one of S; or S, is left thick. From theorem 2.6.3 (b) = (a) it

follows that the semigroup S is extremely left amenable. O

Example 3.2.2. Consider the semigoup S containing only two elements:

S = {a, b} with the following multiplication table:

Pla b
ala b
bla b

Then it is easy to see that there are only two ultrafilters on S, namely:
Vo= {{a'}7 {a’b}}’
Vs = {{b},{a,b}}.

By the definition of the semigroup S, it is also easy to see that the only
left thick subsets of S are:

{a}, {b} and {a, b}.
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Therefore, we can write the set of all left thick subsets of S as the union of
ultrafilter on S:

{{a’}7 {b}’ {a7 b}} =Va UV

Therefore, by the theorem above, the semigroup S is extremely left amenable.

Now, we want to investigate the possibility that the converse or at least a
partial converse would be true. This part of the work is inspired mostly by

[28]. In particular, we correct a gap in a proof in [28].

Lemma 3.2.3. Consider 3S as the Stone-Cech compactification of a semi-

group S, and let a € S. Then the set
Vo ={V NS :V is a neighborhood of a in 3S}
is an ultrafilter on S.
Proof. For a proof of this lemma, see [3] a

Lemma 3.2.4. Let S be a semigroup, and BS its Stone-Cech compactification.
For any element s € S we define €, € BS by: e,(f) = f(s) where f is the
unique extension of f € m(S) to BS. Then the map l,: BS — BS defined by

L = €5 © p is the only continuous extension of s to 3S.

Theorem 3.2.5. [28] If S is an extremely amenable semigroup, then there

exists at least one ultrafilter on S such that all elements of this ultrafilter are
left thick in S.

Proof. Since S is extremely left amenable, by theorem 2.6.3, we know that 3S
has a right zero. Assume a is a right zero for 3S. Then we want to show that

the ultrafilter
Vo, ={V NS :V is a neighborhood of a in 35}

contains only left thick subsets of S.
Let 01 N S be an element of V,, and let o3 be any finite subset of S. Then
we want to find an element v, € S such that ovs C 0. Since oy is finite, we

can write oo = {1, 82, 83, ..., Sn }-

31

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Let W be a neighborhood of @ in 5S. Then since Zsi is continuous for all
i € {1,2,3,...,n}, we can find neighborhoods U; of a such that £, (U;) C W
for all i € {1,2,...,n}. Let v, be any element in SNU; NUy N ... N U,, then
o9vs C (01 N S). O

Remark 3.2.6. In the previous proof, the set SNU; NU; N ... N U, was non-
empty because all U; are neighborhoods of a, therefore contain a, and a finite
intersection of open sets is open. Thus U; NU; N ... N U, is an open set in B8S
that contains a and therefore non-empty. Now we know that a might not be in
S, but all open sets in 35 need to intersect with some element of S. Therefore
SNU;NU;N...NU, is non-empty.

Remark 3.2.7. Note that there is a gap in the above proof when presented in
[28]. There, they chose v, to be an element of W N U; N UyN, ..., Uy, but in

that case, there does not seem to be any reason why v, need to be in S.

Theorem 3.2.8. [28/ Let S be an extremely left amenable semigroup, and let
E C S be left thick in S. Then E is contained in some ultrafilter U which

contains only left thick subsets in S.

Proof. Suppose S is extremely left amenable. Then there exists a right zero
a € 3S of 3S.

Now we want to construct the net z, in the following way: for each finite
subset ¢ C S, let z, be an element of E such that yz, € E for all elements y
in 0. The index set of the net {z, : o € I} is I, the set of finite subsets of S
ordered by upward inclusion.

Then {z, : 0 € I} as at least one cluster point. Let b be one of these
cluster points and define 7(a) to be the only continuous extension of the right
shift map 7, of the set 3S. Let z be defined by

z = fb(a).
Then the set
V., ={V NS :V is a neighborhood of z in 85}

is an ultrafilter which contains only left thick subsets of S. O
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3.3 Semidirect product and extreme left amenabil-
ity

We begin this section by defining the notion of a semidirect product of
two semigroups. We will give some results relating this product to extreme

left amenability.

Let U and T be two semigroups. Then the direct product of U and T is
defined to be the set:

S=UxT={(u,t):uelUteT}

with the product:
(u1,t1)(ug,ta) = (ugug, t1ts),
where ui,uy € U and t,t, € T.

The semidirect product of two semigroups is a generalization of this con-
cept. Let End(U) denote the set of all endomorphisms of U, let Sur(U)
denotes the set of all surjective endomorphisms of U, and let p be an homo-
morphism p : T' — End(U).

The semidirect product U x, T is the direct product, with multiplication
defined by:

(w1, 81)(uz, t2) = (vapy, (u2), titz)
for any (us,%1) and (ug,ty) in S. It is easy to show that the set U x T with
this product is a semigroup.

Now, we want to see how we can relate the semidirect product and extreme
left amenability. First we need to introduce some notation. Let U and T be
two semigroups, and let p be a homomorphism p : T — End(U). We will
usually write p, instead of p(a), and we define for all a € T the linear operator
P, on m(U) by:

Fag(u) = g(pau).
We define P; to be the adjoint operator, i.e.,

P u(g) = p(Pag).
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In Klawe [15] it has been proved that:

Theorem 3.3.1. If U and T are two left amenable semigroups with a ho-
momorphism p : T — Sur(U), then the semigroup S = U x, T is also left

amenable.

The proof of this theorem is based on the following lemma, which can also
be found in {15]:

Lemma 3.3.2. IfU and T are left amenable semigroups with a homomorphism
p:T — Sur(U), then there ezists a left invariant mean ¢ on m(U) such that
Pi¢p=¢ foreacha € T.

Now we want to relate this result to extremely left amenable semigroups. If
U and T are two extremely left amenable semigroups, then from the previous
lemma we know that there exists a left invariant mean ¢ on m(U) such that
P:¢ = ¢ for all a € T. Suppose that we can choose this mean to be also

multiplicative, then we have the following result:

Theorem 3.3.3. Let U and T be two extremely left amenable semigroups,
and let p be a homomorphism p : T — Sur(U). Assume that there exists a
multiplicative left invariant mean ¢ on m(U) such that Pr¢p = ¢ for alla € T.
Then the semigroup S = U %, T is extremely left amenable.

Proof. Let v be a multiplicative left invariant mean on m(T') and define for
all f € m(S) the function f on m(T) by f(a) = ¢(f.), where f,(u) = f(u,a).

Then we want to show that z € m(S)* defined by u(f) = v(f) for all f € m(S)
is a multiplicative left invariant mean on m(.S), which will show that S is also

extremely left amenable.

First, we want to show that p is a mean. If f € m(5), then we have:

Ifll = sup |f(u,a)| Zzlelglfa(u)l =l fall

(u,a)es
and clearly we have:

LfIl = sup || fall-
aeT
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From that equality, it follows that for f € m(S) we have:

sup | f(a)|

a€T

sup |¢(fa)l
a€T

sup ||@|| - || fall
a€cT

sup || fal|
aeT

HA1l-

Il

[ VAN |

Finally, this implies that:

llull = sup |u(f)|
lI£l}=1

= sup [v(f)|
Ifli=1

= sup |[v(F)|
IFi<1

= [l

= 1,

which proves that 4 is a mean, since clearly u(e) = 1.
We now want to show that yx is multiplicative. Let f, g be two functions
in m(S), and let a € T,u € U then we have:

(f9)a(w) = (f9)(u,a) = f(u,a)g(u,a) = fa(u)ga(w),

which implies that we also have:

Fg(a) = ¢((£9)a) = ¢(faga) = ¢(fa)#(90) = F(a)5(a)-

It follows that:

1(fg) = v(fg) = v(fg) = v(Fv(@) = u(f)u(g)

which shows that y is multiplicative. We now need to show that u is also left
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invariant, which will prove that S is extremely left amenable. We notice that:

Cwp)fa(u) = Lloyf(u,a)
= f(vps(u),ba)
= foa(vos(u))
= Py fra(u)-

Therefore, we also have that:

Cwpy F(a) = ¢(Poly fra) = ¢(foa) = bof(a),

which finally implies that:

Wy f) = vy f) = v(bf) = v(Hulf),
which proves that S is extremely left amenable. O

Theorem 3.3.4. Let U and T be semigroups, and let p : T — End(U) be a
homomorphism. Then, if S = U x T is extremely left amenable, both T and

U are extremely left amenable.

Proof. For T, this follows directly from the fact that the map oy : S — T
defined by 01(u,a) = a is a surjective homomorphism.

Now to show that U is extremely left amenable, we can suppose without
loss of generality that T has a two-sided identity (see [15, Remark 3.7]). For
each f € m(U), we define f € m(S) by:

flu,0) = f(u)

for u € U and a € T. Then, it is easy to see that we have:

Gf) =Lwyf.

Let v be a multiplicative left invariant mean on m(S), then we define u €
m(U)* by:
w(f) = v(f)
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and this is easy to see that y is a multiplicative left invariant mean on m(U)

w(lof) = v((&f)) = v(lwy f) = v(f) = u(f),
w(f9) = v((f9)") = v(fg) = v(f)v(§) = u(f)u(g)-

3.4 Dense subsemigroup of a topological group

Let S be a topological semigroup which is a dense semigroup of a topolog-
ical group G. It is easy to see that if UC(S) has a multiplicative left invariant
mean, then UC(G) has one too. Just notice that if f is a function in UC(G),
then the restriction of f to S is a function in UC(S). Therefore, we can define

a multiplicative left invariant mean i on UC(G) by:

i(f) = u(fls),

where p is a multiplicative left invariant mean on UC(S) and f is a function in
UC(G). What we want to do in this section is go further by proving a partial
converse to this result. This has been done by Lau in [19] for the case when
UC(G) has a left invariant mean. First we need to recall the definition of the

finite intersection property for left (right) ideals and give a lemma, from [19].

Definition 3.4.1 (Finite intersection property for right ideals). Let S be a
semigroup. We say that S has the finite intersection property for right ideals
if any finite collection of right ideals of S has a non-empty intersection. We

can define in the same way the finite intersection property for left ideals.
Lemma 3.4.2. If S is a dense subsemigroup of a topological group G then:
1. For each f € UC(S), there exists F € CB(G) such that F|s = f.

2. If S has the finite intersection property for right ideals, then for each
f €UC(S), there exists F € LUC(G) such that F|s = f.
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3. If S has the finite intersection property for right ideals and has the finite
intersection property for left ideals, then for each f € UC(S) there exists
F € UC(G) such that F|s = f.

Theorem 3.4.3. Let G be a topological group, and S be a dense subsemigroup
of G. If CB(G) has a multiplicative left invariant mean, then UC(S) has a

multiplicative left invariant mean as well.

Proof. From lemma 3.4.2 we know that if f € UC(S) there exists a unique
function f € UC (G) such that f|g = f. Let ¢ be a multiplicative left invariant

mean on CB(G) and define ¢ € UC(S)* by ¢(f) = ¢(f). We want to prove
that ¢ is a multiplicative left invariant mean on UC(S). First, because of the

way we define @, it is easy to see that

ol = [lell =1

and
@(le) = ¢(1s) = 1.

Therefore, ¢ is a mean on UC(S). Now we want to show that @ is left invariant;:
We first notice that if f € C(S) and s € S then we have:

Isf = lsf = Lf.

Therefore, we have:

Pl f) = plsf)" = o(lsf) = o(f) = &(f)-

It follows that ¢ is left invariant. So the only thing we need to prove is that
@ is also multiplicative. If f and g are two functions in UC(S) then f,§ and
fg are all functions in UC(G). Moreover f§ = (fg)". This implies that

¢(fg) = &(f)#(9)-

Therefore ¢ is a multiplicative left invariant mean on UC(S). O
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It is important to notice that theorem 3.4.3 is false for a general semi-
topological semigroup G even when G is a compact. As an example, consider
the free semigroup on two generators with the discrete topology, and G =
S U {2} be the one point compactification of S, where tz = 2t = z for all
t € G. Then CB(G) has a multiplicative left invariant mean, but UC(S) does

not even have a left invariant mean [25].

Theorem 3.4.4. Let G be a topological group, and S be a dense subsemi-
group of G. If LUC(G) has a multiplicative left invariant mean, and S has
finite intersection property for right ideals, then UC(S) has a multiplicative

left invariant mean too.

Proof. From lemma 3.4.2, we know that if f € UC(S) and S has the finite in-
tersection property for right ideals, there exists a unique function f € LUC (G)
such that f]s = f. Let ¢ be a multiplicative left invariant mean on LUC(G)

and define ¢ € UC(S)* by @(f) = ¢(f). We want to prove that ¢ is a mul-
tiplicative left invariant mean on UC(S). First, because of the way we define

@, it is easy to see that
1@l = llel] =1
and

¢(le) = p(1s) = 1.

Therefore, ¢ is a mean on UC(S). Now we want to show that ¢ is left invariant:
We first notice that if f € LUC(S) and s € S then we have

Isf = lf = 1.f.

Therefore, we have:

SZ’(lsf) = “D(Zsf)‘~ = ‘P(lsf) = Sp(f) = (ﬁ(f)

It follows that ¢ is left invariant. The only thing that we need to prove is that

@ is also multiplicative. If f and g are two functions in UC(S) then we have
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f,§ and fg are all functions in UC(G) and moreover we have fj = (fg)".
This implies that

o(fg) = &(f)&(9)-
Therefore ¢ is a multiplicative left invariant mean on UC(S). O

Theorem 3.4.5. Let G be a topological group, and S be a dense subsemigroup
of G. If UC(G) has a multiplicative left invariant mean, and S has the finite
intersection property for right ideals and finite intersection property for left

ideals, then UC(S) has o multiplicative left invariant mean.

Proof. From lemma 3.4.2, we know that if f € UC(S) and S has the finite
intersection property for right and left ideals, then there exists a unique func-

tion f € UC(G) such that f|ls = f. Let ¢ be a multiplicative left invariant

mean on UC(G) and define ¢ € UC(S)* by ¢(f) = ¢(f). We want to prove
that ¢ is a multiplicative left invariant mean on UC(S). First, because the

way we define @, it is easy to see that
eIl = llell =1
and
¢(1e) = p(1s) = 1.

Therefore, ¢ is a mean on UC(S). Now we want to show that ¢ is left invariant:
We first notice that if f € UC(S) and s € S then we have:

Isf =1f =1.f.

Therefore, we have:

B(1.f) = o(.£) = p(l.f) = o(f) = ¢(f)-

It follows that ¢ is left invariant. The only thing that we need to prove is that
¢ is also multiplicative. If f and g are two functions in UC(S) then we have

f,3 and fg are all functions in UC(G) and moreover we have fj = (fg)
This implies that:

p(fg) = &(F)@(9)-

Therefore ¢ is a multiplicative left invariant mean on UC(S). O
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In a more general way, we notice that the only thing we really need to
have such theorems is some way to extend any functions from a subalgebra
of CB(S) to some subalgebra of CB(G). Therefore, we have the following

theorem:

Theorem 3.4.6. Let G be a topological group, and S be a dense subsemigroup
of G. Let A be a subalgebra of CB(S), and B be a subalgebra of CB(G) such
that any function of A can be extended to a function in B. We also assume
that A and B are norm closed, left invariant, and contain constants. Then if

A is extremely left amenable so is B.

3.5 Dense subsemigroup and homomorphic im-

age of semi-topological semigroup

This section is mostly inspired by the article [20]. In this section, we
first want to define the property @(n) for some pair (S, A), where S is a semi-
topological semigroup and A is a norm closed, left translation invariant algebra
of m(S) that contains constants. Property Q(n) is a fixed point property that
we want to link with the existence of a left invariant mean on A, which is the

average of n multiplicative mean.

Definition 3.5.1. Let X and Y be semigroups and A,B be norm closed sub-
spaces of m(X), m(Y’) respectively containing constants. Then K[A, B] is the
set of all linear transformation 7' from A into B such that T(1) = 1 and
T(f) > 0if f > 0.

Throughout this section, S will always denote a semi-topological semi-
group, and A will always denote a subalgebra of m(.S) that is norm closed, left

translation invariant, and contains constants.

Definition 3.5.2. We say that the pair (S, A) (where S and A are defined

above) has property Q(n) for some n € N, n > 1 if whenever
® = {n(s):se S}
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is a homomorphic representation of S as continuous mapping from a compact
space Y into Y for which there exists a multiplicative function T € K[C(Y), 4]
such that ,T(h) = T(ys)h) for all a € S and h € C(Y), then there exists a
non-empty finite subset £ C Y, |F| < n such that n(s)F = F for all s € S.
We say that mean p is the average of k-multiplicative means for some

k € N* if there exists £ multiplicative means y,, s, ..., fix such that

k
Z Hi-
i=1

Before giving the main result of this section, theorem 3.5.4, we need the

/14=

Nl e

following theorem, which can be found in [20].

Theorem 3.5.3. Let S be a semigroup of transformations from a set X into
X, A be a norm closed S-translation invariant subalgebra of m(X) containing
constants and n € N*. Then A has an S-invariant mean which is the average
of k-multiplicative means for some k € N*, k < n if and only if (S, A) has
property Q(n)

Now we want to use the previous theorem to see what happen when we con-
sider a dense subsemigroup of a semi-topological semigroup which has property

Q(n) for some algebra. This is the main theorem of this section.

Theorem 3.5.4. Let S be a semi-topological semigroup which acts on a set X,
and So be a dense subsemigroup of S. Let B be a norm closed Sp-translation
invariant subalgebra of m(X) containing constants, and A be a norm closed
S-translation invariant subalgebra of B. If B has a Sp-invariant mean which
18 the average of k-multiplicative means then A has a S-invariant mean which

is the average of k-multiplicative means.

Proof. Since B has a Sy-invariant mean which is the average of k-multiplicative
means, then (B, Sp) has property Q(k). Let & = {n(s) : s € S} be a homo-
morphic representation of S as continuous mapping from a compact space Y
into Y and let T € K[C(Y'), A] such that ;T(h) = T(ys)h) for all a € S and

h € C(Y). Then the restriction of ® to Sy is a homomorphic representation
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of Sy as continuous mapping from a compact space Y into Y, and T can be
seen as a multiplicative function in K[C(Y'), B]. Therefore by property Q(k)
we have a non empty finite subset F' C Y, |F| < k such that n(so)F = F for
all sp € Sy. Now we want to show that this equality is true for all s € S,
which proves the theorem. Since the set {s € S : n(s)F = F} is closed in S

and contains Sy, it is all S. O
From this theorem, we can now deduce the following corollaries:

Corollary 3.5.5. Let S be a semi-topological semigroup, and Sy be a dense
subsemigroup of S. If A is a norm closed S-translation invariant subalgebra
of m(S) containing constants, and if A has a Sy-translation invariant left
invariant mean which is the average of k multiplicative means, then we can
extend this mean to a S-translation invariant mean which is the average of k

multiplicative means.

Proof. Take both algebras A and B to be the same in theorem 3.5.4. The
result follows directly. a

Corollary 3.5.6. Let S be a semi-topological semigroup which acts on a set
X. Let A be a norm closed, S-translation invariant subalgebra of m(X) which
contains constants, and let B be a norm closed, S-translation invariant subal-
gebra of A which also contains constants. If A has a S-translation invariant

mean which is the average of k-multiplicative means, then so has B.

Proof. Since any semi-topological semigroup is dense in itself, we can take

S = Sy in theorem 3.5.4. The result follows directly. a

In particular, we can easily deduce from the above corollary that if S is a
semi-topological semigroup which is n-extremely left amenable, then any norm
closed subalgebra of LUC(S) which contains constants is also k-extremely left
amenable for some k < n. If S is discrete, then this will be true for all norm

closed, left translation invariant subalgebra of m(S) contain constants, since
m(S) = LUC(S) when S is discrete.
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Now, to conclude this section, we want to give an application of theorem
3.5.4 using a result of Pestov and Giordano, which states that any generalized
Levy group is extremely left amenable. See [8] for the definition and examples

of generalized Levy group.

Corollary 3.5.7. Suppose S is a semi-topological semigroup that contains a
dense subgroup which is a generalized Levy group. Then S is extremely left

amenable.

Proof. We know that every generalized Levy group is extremely left amenable
[8]. Therefore by theorem 3.5.4, the result follows. a

Our next theorem is inspired by [20]:

Theorem 3.5.8. Suppose S; is a semigroup of transformations from a set
X into X, Sy is a semigroup of transformations from a set'Y into Y. Let
A1 be a norm closed S;-translation invariant subalgebra of m(X) containing
the constants, and Ay be a norm closed Se-translation invariant subalgebra of
m(Y) containing the constants. Suppose there exists a homomorphism onto
v: S — Sy and a multiplicative o € K[A;, Ag]. Then if (S1, A1) has property
Q(n), so has (S2, A2)

Proof. Suppose (S1, A1) has property Q(n). Let ®; = {15(sp) : s € Sz} be
a homomorphic representation of Ss as continuous mapping from a compact
space Y into Y. Suppose there exists a multiplicative To € K[C(Y'), Ag] such
that 5, T5(h) = To(sy(sy)h) for all s, € S; and h € C(Y). Then ®; = {m(s1) :
$1 € S1}, where n;(s1) = n0(v(s1)) is a homomorphic representation of S; as
continuous mapping from the compact space Y into Y, and T; = To o is
a multiplicative function in K[C(Y'), A1] such that ,Ti(h) = T1(y,(s)h) for
all s; € S; and h € C(Y). Therefore using property Q(n) for (S;, A;), there
exists a subset FF C Y, |F| < n such that n(s1)F = F for all 5, € 5. Tt
follows that mo(se)F = F for all s € Sy. Therefore, (Ss, A2) has property
Q). O
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Chapter 4

Conclusion

4.1 Summary

The theory of n-extremely left amenable semi-topological semigroups was
a subject of much research in the 60’s and 70’s, when most of the results
on this theory were develloped. However, no locally compact groups can be
n-extremely left amenable except for some trivial cases.

Recently, many important examples of extremely left amenable non-locally
compact topological groups have been found. In particular, the paper [8] shows
a method for finding many such groups and also shows links between non-
locally compact topological groups and some related subjects of mathematics.

Also, many questions are still open.

4.2 Future work

As future work, it would be interesting to investigate futher the method
used in [8] and see if it could be possible to apply it in a more general way.
In particular, it would be interesting to see if it could be possible to construct
something similar to Levy groups or generalized Levy groups for n-extremely
left amenable topological groups. In particular it would be interesting to

have an example of n-extremely left amenable groups which are not the direct
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product of an extremely left amenable group and a group of order n.

Finally, it would be interesting to investigate futher the results of James
C. S. Wong in relation to a generalization of left thick subsets and lumpy sets
of M. M. Day [7] for locally semi-topological semigroups and its relation to
extreme amenability. See for examples [33], [34] and [35].
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