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Abstract

Mathematical model and numerical computation play a pivotal role in modern geo-
physical exploration. By applying computational algorithms to the observed field
data, the underground structure can be inferred. This process is generally referred
as a geophysical inversion problem. However, due to the model complexity, nu-
merical stability and computing time, solving a geophysical inversion problem is
a very challenging task. A typical inversion problem may involve several million
of unknowns, and this frequently requires considerable amount of computing time
even by using a super-workstation.

This thesis focuses on modelling and developing fast and efficient numerical
algorithms for geophysical exploration. By recognizing a Block-Toeplitz Toeplitz-
Block (BTTB) structure in a potential field inversion problem and combining the
conjugate gradient method with the BTTB structure, a class of efficient numerical
schemes are proposed. From the simulation results applied to synthetic and field
data, we conclude that the proposed schemes significantly improve the stability and
accuracy of a downward continuation problem, and they are more superior to the
existing methods. Since a regularization process inherently induces distortion in the
inversion solution, we construct a novel non-regularized inversion scheme based on
a multigrid (MG) technique. The MG based scheme not only preserves the stability
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of a regularization method, but it also induces less distortion in the reconstructed
magnetization solution.

We expand our 2D results to a 3D gravity field inversion by proposing a 2D
multi-layer model to approximate the density distribution. Based on the multi-layer
model, an efficient 3D inversion scheme is proposed, in which all formulation in-
cluding the regularization, preconditioning and inversion are conducted under a
BTTB-based framework. Mathematical analysis for convergence and consistency
are presented, and a multi-resolution simulation confirms the efficiency and accu-
racy of the proposed numerical scheme.

As an indispensable tool in high precision exploration, electromagnetic (EM)
method is frequently applied to reconstruct the conductivity distribution. We pro-
pose an implicit ADI-FDTD scheme to model the diffusion behavior of the EM
wave. The time and space grids in our proposed scheme can be much larger than
that used in the conventional Du-Fort-Frankel method, while more accurate nu-
merical solution is obtained. Numerical analysis and computational simulation are

presented to demonstrate the effectiveness of the proposed scheme.
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Chapter 1

Introduction

Inverse problems form the basis of modern geophysical exploration. In a practical
survey, most of the observed fields are produced by natural sources, but artificial
sources are frequently used to generate induced fields in some cases [123]. Consider
that the underground geology and the external observed geophysical field are linked
together by a physical law, it is feasible to infer the underground structure from the
observed field.

Predicting the external observable field from given geophysical parameters is
called a forward problem. Inversely, inferring the underground geological structure
from the observed field is an inverse problem, and the reconstructed solution is an
inverse problem solution.

Inverse problem is generally challenging in terms of computation and interpre-
tation [71, 14]. From a numerical prospective, the data obtained from measurement
is always polluted due to the fluctuation of the measuring apparatus, therefore an
inversion scheme should be robust enough for large perturbation. From a mod-
elling prospective, it is impossible to construct an accurate model for the under-
ground structure since the natural geology can be extremely complex. Assumption

1



is usually required to keep the mathematical formulation simple. However, such

simplification also makes the interpretation more difficult.

An effective way to enhance the inversion solution is to increase the inversion
resolution. As a popular method in geophysical exploration, a seismic method pos-
sess more flexibility to achieve a high resolution than other methods [69, 39, 81].
By changing the location of a seismic wave field source, plentiful field data can be
collected to reduce the uncertain of the underground geology. However, even for a
seismic wave method, the accuracy and existence of an inversion solution can not

be guaranteed without using a regularization [5].

The regularization is a critical topic in geophysical inversion. The definition
of a well-posed problem is given by [48, 123], in which a well-posed mathemati-
cal model for a physical problem requires: 1. A solution exists; 2. The solution
is unique and 3. The solution changes continuously with the initial conditions.
Problems that are not well-posed are ill-posed. We define a general geophysical

inversion problem as follows:

A(x)=d,xz € M,d € D, (1.0.1)

where D is the domain of observed data, M is the domain of geological model, A is
the forward operator generating the data d from a given model x. Consider the case
of a potential field problem, where the forward operator A is a linear operator. The
observed data is always polluted and resulting a noisy data d.. Denote the inversion
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solution by m, since the matrix A in (1.0.1) is usually full, huge and ill-conditioned,
the numerical inversion solution m is sensitive to a small change of d.. For a non-
linear inversion problem including an electromagnetic problem and a seismic wave
problem, the non-linearity makes the noise effect even more complicated. It is not

hard to conclude that all geophysical inversion problems are ill-posed.

However, an inversion problem which is ill-posed does not imply that the in-
version solution of an ill-posed problem is useless. In 1977, Tikhonov proposed a
clever way to solve an ill-posed problem [105], in which the problem is approximat-
ed by a family of well-posed problems by introducing additional prior information
and constraints. Thereafter, the basic idea of a regularization has been developed
and extensively applied to all geophysical inversion problems [123]. The regular-
ization is capable of improving the robustness of a numerical scheme regardless of
the problem dimension, and it has been reported that regularization is effective for
1D [55], 2D [96] and 3D [119] geophysical inversion problems. Many progress
have been made in applying the Tikhonov regularization for geophysical inversion
problems. However, in recent years, the geophysical database grows explosively
due to the use of aero-survey and sensor techniques. Processing enormous field da-
ta is now routinely needed to handle survey from satellite data and high resolution

data.

The trend of growing large field data exerts additional challenges to a numerical
inversion scheme. Therefore, developing efficient computing methods for geophys-
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ical inversion problem is of significance in theoretical study and practical applica-

tions. The main goal of this thesis is to make contributions in the following issues:

(i) How to construct a fast inversion for large scale data without sacrificing the

quality of the solution by using a modest computing resource.
(i1)) How to achieve a fast computation for regularization without simplification.
(i11)) How to preform a high-resolution inversion.

(iv) How to carry out numerical analysis for inversion schemes under the geo-

physical background.

In the following section, we review the formulation of geophysical problems.

1.1 Inverse source and scattering problem

Geophysical methods are based on studying the observed field generated by dif-
ferent geophysical parameter distributions. The most important geophysical fields
are gravity field, magnetic field, electromagnetic field and seismic wave. Although
these fields are generated by totally different physical parameters, the inversion
process can be classified into two categories.

For the first type, once the underground parameters are fixed, the resulting fields
are determined. A typical example is the gravity inversion, where the observed
gravity fields are uniquely determined by the underground density distribution. The
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forward model can be represented by

As = d, (1.1.1)

where A is the forward operator, d is the observed field, and s is the parameter
distribution that generate the field d. Note the (1.1.1) is a linear problem, and the
parameter s itself is the source of the field, therefore the corresponding inversion
problem is called inverse source problem. Recall that all potential field inversion
problems are inverse source problems, and their formulation are usually given in
the form of integral equations. The literature review for the source inverse problem
can be found in Chapter 3 and Chapter 4.

In the second type of a forward problem, the generated field depends on not
only the underground model, but also the imposed artificial source. Electromagen-
tic (EM) method is the most important scattering method. The secondary field in
EM methods is determined by both the induced field and the underground geology
consisting of the conductivity and the permeability. This type of inverse problem is

called an inverse scattering problem, and can be written in the following form:

A(m,s) =d, (1.1.2)

where m is the model parameters, s is the imposed source. Different from the
inverse source problem, the inverse scattering problems are nonlinear problems,
and the forward model is always given in terms of differential equations.

For the scattering problem, our study focuses on the electromagnetic problem.
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The forward formulation of an electromagnetic problem is based on solving the

Maxwell equation, and there are mainly two approaches:

(1) Apply numerical method such as finite difference (FD), finite element (FE)
and integral equation (IE) to solve the problem in time domain and to compute

the transient solution directly.

(i1) Compute the solution in a frequency domain by FD, FE or IE, and then trans-

form the frequency domain solution into the time domain.

A literature review for the EM problems can be found in Chapter 5.

1.2 Organization of the Thesis

The thesis is arranged into five chapters. The first chapter presents a brief intro-
duction of the geophysical inversion problem, and the corresponding time-domain
and frequency-domain formulation are reviewed. In the second chapter, a novel
computation scheme for a downward continuation is investigated. In a time do-
main formulation of a downward continuation, the conjugate gradient (CG) method
is implemented by utilizing the Block-Toeplitz Toeplitz-Block (BTTB) structure.
Unlike a wavenumber domain regularization method, the BTTB-based CG method
induces little artifacts near the boundary. The application of a re-weighted regular-
ization in a space domain significantly improves the stability of the CG scheme for
noisy data. The synthetic data with different level of noise and real field data are
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used to validate the effectiveness of the proposed scheme. The continuation results
are compared with recently proposed wavenumber domain methods and the Taylor

series method.

In the third chapter, we study the magnetic field inversion problem. We show
that a 3D magnetic field formulation can be converted into a 2D form. By con-
structing a multi-grid scheme, the system matrix preserve the BTTB structure at
each grid level. Consequently, the storage and computational complexity can be
greatly reduced. Comparing with a regularization method, the multigrid method in-
duces much smaller distortion in an inversion process, and preserve the stability of
a regularized method. These properties of the proposed BTTB-MG scheme make it
a good alternative to a regularized method when a high accuracy is required for the

inversion with perturbed data.

In the forth chapter, a 3D gravity field inversion problem is investigated. First, a
novel model for a 3D gravity field formulation is presented, such that the complex
3D density model can be approximated by a sequence of 2D multi-layer models.
The proof of the consistency and convergence for the proposed model are given.
Differed from a conventional 3D inversion method, the proposed method directly
generates a BTTB structure in each 2D layer, such that the 3D inversion scheme is
as efficient as a 2D problem. Both regularization and optimal preconditioning op-
erator can be constructed in terms of BTTB structure. Consequently, very efficient
solvers can be developed, such that tremendous reduction in storage requirement
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and computing time can be achieved. We applied the proposed scheme for real field
data to reconstruct 3D underground density distribution under different resolutions.

The fifth chapter focuses on developing efficient numerical computation for
eletromagnetic forward model. An alternating direction finite-difference time-domain
(ADI-FDTD) scheme is proposed for a 2D transverse electric (TE) mode electro-
magnetic (EM) propagation problem. Unlike the conventional upward continuation
approach for the earth-air interface, an integral formulation for the interface bound-
ary is developed and it can effectively incorporate to the ADI solver. Stability and
convergence analysis together with an error estimate are presented. Numerical sim-
ulations are carried out to validate the proposed method, and the advantage of the
present method over the popular Du-Fort-Frankel scheme is clearly demonstrated.
The simulations of the electromagnetic field propagation in the ground with anoma-
ly further verify the effectiveness of the proposed scheme.

Finally, it should be mentioned that four scientific papers have been written
based on the work reported in this thesis. The four papers have been published in
International Journal of Numerical Analysis and Modeling, Geophysical Journal
International, Communications in Computational Physics and Journal of Applied

Geophysics.



Chapter 2

Downward Continuation for Potential

Field

Downward continuation is frequently applied to enhance the potential field data. It
provides geological information at low elevation by using the field data from high
elevation. In recent years, the aero-gravity and magnetic survey have been wide-
ly used in prospecting [120]. Hence, it is desirable to develop efficient and robust
downward continuation methods to deal with large amounts of aero-potential field
data. According to the physical law, the potential field data at higher elevation con-
tains dim geophysical information, which makes the data less valuable. The poten-
tial field data can be enhanced by using a downward continuation technique, such
that the potential field at lower elevation or even underground within the harmonic
source-free region [78] can be effectively estimated.

In a wavenumber domain (Fourier spectral domain), the continuation can be
carried out by multiplying a continuation factor with the spectrum of the observa-
tion data. Unfortunately, the downward continuation factor grows rapidly as the
continuation distance increases. The high frequency components including noise in
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the observation data will be amplified and thus resulting a severe polluted solution.
Therefore, using downward continuation in a wavenumber domain is an inherently
unstable process. Using appropriate filters or constrains, stable downward con-
tinuation can be constructed. Dean [32] proposed a method to constrain the high
frequency components. The use of a Wiener filter is investigated in [20, 79]. Re-
cently, PavSteka et al. [78] propose a robust wavenumber domain method where the
filter is designed based on the characteristics of Tikhonov regularization, Zeng et al.
[117] use an adaptive iterative Tikhonov method to apply Tikhonov filter in each it-
eration in a wavenumber domain. The advantage of a wavenumber domain method
is that the downward continuation process can be accelerated by fast Fourier trans-
form (FFT). It has been proved that an appropriate designed filter can guarantee the

accuracy and stability of downward continuation even for noisy data [78, 117].

Another type of downward continuation method is based on the Taylor expan-
sion, where the potential field at one elevation can be expanded by the potential
field and its vertical derivative terms at another elevation. The success of the Tay-
lor series method depends on the accuracy and stability in computing the vertical
derivative terms. Fedi and Florio [36, 35] propose ISVD method, where the odd
vertical derivatives can be computed in a stable way, and the even order vertical
derivative can be efficiently computed by finite difference. Zhang et al. [118] pro-
pose a truncated Taylor series iterative scheme to achieve robust and stable down-
ward continuation. Ma et al [67] compute the downward continuation by adding an
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upward continuation and a second vertical derivative at the observation plane, and
the scheme can also be converted to an iterative version. The Taylor series method
is capable of providing very accurate solution when the data are relatively clean,

and the iterative Taylor series method usually has a fast convergence rate.

It should be noted that both the wavenumber domain methods and the Taylor
series methods can be accelerated by FFT. However, the FFT itself can induce an
artifact, and the FFT-induced artifact can be seen in many existing methods, this
is particularly obvious in some iterative wavenumber domain methods [117]. The
FFT-induced error in the downward continuation process has already been studied
by researchers in [107, 24, 78]. To resolve the difficulty, either extrapolation is
needed to extend the original data [78], or a smaller window should be used to
exclude the results near the boundary. For the Taylor series methods, besides the
FFT-induced error, another problem is the robustness for the noisy data. Although
the ISVD method [36, 35] can be applied to compute the odd derivatives in a stable
way, but the even derivatives are still computed by the standard finite difference
which is sensitive to the noise. Other iterative methods such as that based on the
Taylor series has a similar problem [118, 67]. Without a denoising procedure, it is

hard to apply the Taylor series methods for the field data with more than 1%noise.

In summary, the FFT produces an efficient computation with the numerical
complexity of order nlogn, where n is the number of unknowns. To apply the
FFT, a continuation process including the regularization is usually converted into
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the wavenumber domain. For this reason, regularized downward continuation in
a space domain has seldom been investigated. Zhang and Wong [119] propose a
numerical scheme for 3D gravity field inversion, where a special algebraic struc-
ture called Block-Toeplize Toeplize-Block (BTTB) matrix is utilized to make the

scheme efficient.

In this chapter, we consider conjugate gradient (CG) method utilizing the BT-
TB structure for downward continuation problem. The BTTB structure is derived
from the downward continuation formulation in space domain, and it has the same
numerical efficiency as the FFT-based methods. However, compared with the FFT-
based methods, the proposed method induces very small artifact near the bound-
ary, such that neither extrapolation nor tailoring process are required to reduce the
boundary error. This characteristic of the BTTB structure allows the use of an it-
erative scheme without accumulating the error near the boundary. Combining the
BTTB structure with re-weighted regularized conjugate gradient method (BTTB-
RRCQG), a stable downward continuation method can be constructed. Here, all for-
mulations are in time domain, such that various space domain regularization stabi-
lizers can be applied. We compare the proposed computational scheme with other
recently proposed schemes for downward continuation. The simulation results for
synthetic and field data demonstrate that the proposed scheme is more accurate and

robust for applications using clean and noisy data.

In section 2.1, the formulation of downward continuation is presented. We
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briefly introduce the Tikhonov regularized method (TR) [78], adaptive iterative
Tikhonov method (AIT) [117], and stable iterative Taylor series method (ITS) [67].
Section 2.2 focuses on the proposed BTTB-RRCG scheme. In Section 2.3, syn-
thetic field data are used to validate the proposed numerical scheme, and the result
is compared with those obtained by TR, AIT and ITS methods. A Gaussian noise
from 0.1% to 5% of the maximum magnitude of the synthetic data are added to test
the robustness. The error are analyzed by using RMS and the relative error in terms
of L-2 norm and L-oo norm. Particularly, the FFT-induced error near the boundary
is investigated. In section 2.4, we apply the proposed scheme to the field data, and

similar to the synthetic case, the result is compared with other existing methods.

2.1 Mathematical Background

The relationship between the potential field data at two observation planes is given

by [117]:

ho—h [ [~ T(2',y', h)ds'dy
T ho) = 2.1.1
(@5, ho) = =5 /_oo /_oo [(w —2')* + (y — y')% + (h — ho)?]>/*’ @D

where x and y are the horizontal coordinates, T(z, y, ho) is the observation field at
higher elevation hg, and T(z, y, h) is the unknown field at lower elevation h such
that hg > h. The downward continuation process is to seek T(z,y, h) at lower
elevation from the potential field T(z, y, ho) at higher elevation.

Denote the kernel as K, the integral equation (2.1.1) can be converted into the
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following convolution form
T(z,y, ho) = /_OO /_OO Kz — 2,y —9 ho— hT(2 ¢, h)dd'dy, (2.1.2)
which can be further simplified as
T(ho) = K*T(h), (2.1.3)
where * denotes the convolution. According to the convolution theorem,
F(T(hy)) = F(K«xT(h)) = F(K) - F(T(h)), (2.1.4)
therefore,

T(ho) = F (F(K) - F(T(h))). (2.1.5)

Since
F(K) = / / K(z,y)e 2 04 dudy = e~ (ho—hVultv? (01 6)

denote T(hy) and T(h) by T}, and T}, respectively, then equation (2.1.3) can be

rewritten into the following matrix form
Ty, = F'AFT,, (2.1.7)

where F and F~! are the Fourier matrices corresponding to a 2D Fourier transform,
and A is the continuation kernel K in the wavenumber domain given by (2.1.6).
Consider for hy— h > 0, the kernel e~ ("o—P)Vu?+v* g stable, since the high frequen-
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cy component can be compressed. This explains why an upward continuation is a

stable process.

According to (2.1.7), the most straightforward way to conduct the downward

continuation is
T, = F_lA_lFThO7 (2.1.8)

where A~! is given by elo—MVui+v* - Obviously, since hg — h > 0, the kernel
given by e(ho=PMVu*+v* will amplify all frequency components in T},, such that the
solution of T}, will be polluted by the high frequency component or noise in Ty, .

Denote Tj, by T, (2.1.8) can be rewritten into a simplified form as
T=A"'T,, (2.1.9)

where T and Tho are the potential field in wavenumber domain with heights h and

ho.

According to the analysis above, the downward continuation is an inherently
unstable process, and conventionally, there are mainly two approaches to resolve
this issue: Tikhonov regularization in wavenumber domain and the Taylor series
method.
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2.1.1 Wavenumber domain Tikhonov regularization method

Let us denote the downward continuation formulation (2.1.1) into the following

form:

Ty, = AT, (2.1.10)

where A is the upward continuation operator. As we have discussed early, solving
(2.1.10) is an ill-posed problem, which is equivalent to compute (2.1.9). Tikhonov
and Arsenin [105] proposed an effective way to solve this kind of problem. In-
stead of solving (2.1.10) directly, they converted the problem into the following

minimization problem:

min{|[Wa(AT — T, )|[* + 1l [War (T — Teer) [}, (2.1.11)

where o is the regularization parameter, W, and W,,, are the data weighting matrix
and model weighting matrix, respectively, Ty is the prior information, and || - - - ||
denotes the L2-norm. In a downward continuation, T, is usually a zero vector. Let

W, and W,,, be the identity matrix, then the solution of (2.1.11) can be given by

Tri = (A"A + pI) 7 PATT,. (2.1.12)

Convert (2.1.12) into a wavenumber domain, we have [117]:

2

A2+ p

Ty = AflTho = I:TikAilTho- (2.1.13)
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Compare (2.1.13) with (2.1.9), it can be seen that ﬂTik is the Tikhonov regular-
ization filter in a wavenumber domain, which is given by

672Ah\/ u2 o2
e—2Ahy u2+o? + 1

I-4Tik =

(2.1.14)

where Ah = hg — h is the downward continuation distance.

Based on (2.1.14), Zeng et al. [117] proposed an iterative Tikhonov scheme in
the following form:

672Ah\/ u2 o2
e—2Ahv u2 4?2 + 1

T, =T, 1+ A'R,_1, (2.1.15)

with the initial value Ty is given by Ty = Ly ATy, R, = Ty, — A7'T,,.

Actually, the Tikhonov regularization (2.1.11) may have different forms with
different Tikhonov regularization stabilizers. Applying the Tikhonov formulation
given in [106], Pasteka et al. [78] proposed another efficient Tikhonov regulariza-

tion filter in a wavenumber domain in the form of

1

Ly = .
Tik 1+M(u2+v2)6Ah\/u2+v2

(2.1.16)

Our numerical simulations show that as a one-step Tikhonov regularization fil-
ter, (2.1.16) is better than (2.1.14) in the robustness and accuracy, while the iterative
version of (2.1.14) is slightly better than (2.1.16).
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2.1.2 Taylor series methods

Differed from the FFT-based iterative method, the Taylor series method is to express

the potential field at the elevation h by the potential field at another elevation A as

_ 8T(l’,y7 hO) 1 82T($,y, hO) 2
+LMAhm, (2.1.17)

m! 0zm
where Ah = hy — h.

The ISVD method proposed by Fedi and Florio [36, 35] uses vertical integrating
the field in a wavenumber domain to compute the odd vertical derivative, which has
a good stability for noisy data. Ma et al. [67] introduced a method to remove the

odd derivative from the Taylor formulation in the following form

O*T(z,y, ho)

T({L‘, Y, h) ~ 2T({L‘, Y, hO) - T($7ya hO + Ah) + 022

hZ, (2.1.18)

where T (z, y, ho+Ah) is the upward continuation of the observation field 7'(z, y, ho)
with a continuation distance Ah. Recall that an upward continuation is a stable
process, therefore the downward continuation scheme (2.1.18) based on upward
continuation should be stable.

Both the ISVD method and Taylor formulation (2.1.18) requires computing the
second vertical derivative by a finite difference. From the Laplace equation, the
second vertical derivative can be computed by a second order horizontal derivative
in x and y direction. Although finite differencing is an efficient way to compute the
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horizontal derivative [36], it is sensitive to noisy data. In our simulation, assume the
grid size is given by h and to reduce the error to minimum, we apply a second order
central scheme (2.1.19) to compute the second horizontal derivative in the interior,
and the second order forward scheme (2.1.20) to compute the second horizontal
derivative on the boundary, such that the overall numerical derivative is of second

order accuracy.

flx+h) =2f(x) + f(x = h)

f'(x) = o (2.1.19)
f,,(x):f(x+2h)—2£2(a:+h)+f(:c) (2.1.20)

2.2 BTTB-RRCG iterative scheme

We now present a new approach for a downward continuation. Instead of converting
the downward continuation formulation into a wavenumber domain as in (2.1.6), we
work with a space domain formulation and discretize (2.1.1) as

T((i), y (i), ho) = Y Y Glali), y(i), 2" (), y' (k) ho — BT (2" (4), /' (k), ) Ay,

j=1 k=1
1=1,2,--- ,Nx M, (2.2.1)

where hy and h are defined as before, N and M are the number of data grids in

the = and y direction, Az and Ay are the grid interval in the x and y direction.

Denote the data points on the lower plane indicated by 7'(«'(i),vy'(j), h), where

i=1,---,N, 5 =1,---, M. Renumbering the data grids to T'(2'(l),v'(1), h),
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where [ = 1,--- | N x M, which means that we rearrange the index of the data

without changing the total number of data points.

Thus, (2.2.1) can be rewritten as

NxM

T(x(i),y(i). ho) = Y Gla(@)y(@), 2’ (1), /(1) ho — W)T (' (1), /' (1), h) Ay,

=1
i=1,2,--+,Nx%M,(222)

where

ho —h
[(2(6) = 2(1))? + (&) = y(1)> + (h = ho)?]>

G(i, 1, h) = (2.2.3)

By (2.2.2) and (2.2.3), the original downward continuation formualtion (2.1.1)

can be approximated by the linear system

T, = GT. (2.2.4)

Here, T is the discretized observation field, T is the unknown field data, and G

isa (N x M) by (N x M) BTTB matrix generated from the discretization (2.2.2).

The BTTB matrix is given in the following form:

Go Gy G- Ga-m
Gy G Gy G2-nm)
Gun = : Gy G : ) (2.2.5)
Grr-2) G-y
| Gar-1y G-z Gy  Go |
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in which each block Gy, is a Toeplitz matrix given by

A LR R OV A
a"™ g gt g
Guy=| : gm gm 1 | m=01- M-1 226
dh e g
_955”_)1 gy g™ g |

where g; is constant along its diagonals and the value is defined by (2.2.3).

One important property of a BTTB matrix is that the first row and the first
column contain all information of a given matrix. Consequently, for the matrix G
given by (2.2.5), we only need to store the first row and first column, such that
the storage requirement for the sensitivity matrix can be dramatically reduced from
(N % M)* to 2(N % M). It should be noted that for the downward continuation
problem, the BTTB matrix is always a symmetric matrix regardless of the choice
for Az and Ay. Hence, the storage requirement for the sensitivity matrix is further

reduced to NV = M.

Another important feature of BTTB structure is that any BTTB matrix can be

embedded into a Block-Circulat Circulant-Block (BCCB) matrix as [15]:

GMN X
Cun = ) (2.2.7)

X GMN
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such that the matrix-vector product for any BTTB matrix can be computed via

GMN X T GMNT
= , (2.2.8)
X GMN 0 'I'
where X is the BTTB matrix determined by G, T is a vector as defined in (2.2.4),

0 is a zero vector with the same dimension as T, and T is the part to be dropped.

The details of this operation can be found in [15].

The embedding of BTTB matrix in (2.2.7) is very critical. It is known [31] that
the BCCB matrix C can be diagonalized by the Fourier matrix F and its conjugate

transpose, 1.e.,
C = F*AF, (2.2.9)

where F is the Fourier matrix. Recall that F in (2.1.8) is the Fourier transform
operator. Applying the Fourier transform operator to a given matrix is equivalent to
performing a premultiplication between Fourier matrix and the given matrix [15].

The Fourier matrix is given as:

1 27ij
(F)jx = %en’“, i =+/—1 (2.2.10)

for0 < g,k <n-—1.

It should be noted that A in (2.2.9) is totally different from A in (2.1.7). Recall
in (2.1.7), A is the downward continuation kernel in a wavenumber domain, and it
can be computed by (2.1.6). However, Ain (2.2.9) is the eigenvalues of C, and it
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has different dimension from A.

The computation of Ain (2.2.9) is different from computing A in (2.1.6). For
an n by n circulant matrix C, the A can be computed via FFT by observing the first
column of F}, is \/Lﬁln, where 1, = (1,1,...,1)T € R" is the vector consisting of
all ones. Let e; = (1,0,...,0)T € R", then by using (2.2.9), we have

1
F,C,.e; = —A,1,, (2.2.11)
NG

which implies that A can be computed by applying fast Fourier transform to C.

The BTTB matrix has many other attractive properties including the construc-
tion for an efficient preconditioner, and recent work on preconditioners has been

reported in [15].

Now the downward continuation problem (2.1.1) is converted into solving the
linear system (2.2.4). Similar to a wavenumber domain method, the Tihonov regu-
larization (2.1.12) can also be applied. In this study, we consider using the conjugate
gradient type method to solve the regularization problem (2.1.12), since theoretical-
ly it has a rapid rate of convergence [3]. Compared with the steepest decent method
[114, 117], which can be regarded as first order gradient method, the conjugate gra-
dient method is a second order gradient method. Combining the BTTB property
(2.2.9) and (2.2.8) with the RRCG scheme in [123], we develop a BTTB-RRCG

scheme. The details of the standard RRCG scheme can be found in [123]:

RRCG. For the minimization problem given in (2.1.11), denote the observation
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field Ty, by d, and the potential field at the target plane T; by m. Let m, be an
initial approximation, o be the initial regularization parameter. The re-weighted

regularized conjugate gradient (RRCG) algorithm is given as follows.

ro =Amg —d, s;=Wy,(my— m),
I3° = 1°°(mg) = ATW3rg + agWipSo,
forn=1,2,3---

r,=Am, —d, s,=W,(m, —m.),

27 = 1°"(m,)=A"Wir,, + a, WS,

B = I [12/105 1%,

a0

FAn _ J« FAn—1 __ yoo
TN O S A (1)

B = (1) [0 (ATWEA + aW2 )T,

n n

My =m, — ke Ly = [[snial /14l %
a, ify<1
Opy1 =
ap/y ify>1

By combining the discretization process and the properties of BTTB matrix with

the RRCG algorithm, the BTTB-RRCG algorithm is given as follows:

BTTB-RRCG. For the downward continuation problem (2.1.10), denote the obser-

vation field Tj, by d, and the potential field at the target plane T by m.
Step 1. Discretize the upward continuation operator (2.1.1) by using (2.2.2).

Step 2. Generate the matrix G in (2.2.4) in the form of (2.2.5), and a compact
storage format is used to store G.
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Step 3. Choose an appropriate regularization in time domain, and convert the
problem (2.2.4) into a minimization problem (2.1.11). The regularization stabilizer

is also in the form of BTTB matrix.

Step 4. Apply the RRCG algorithm mentioned above to the minimization prob-
lem. In each operation, the system matrix G is embedded into a BCCB matrix as in
(2.2.8), such that the matrix-vector product can be conducted by using (2.2.9) and

(2.2.11).

The details of the compact storage in step 2 can be found in [15], and the regu-

larization stabilizer in terms of BTTB structure has been reported in [119].

The initial regularization parameter o is chosen according to a trial and er-
ror method. It should be noted that when the field data is clean without noise,
the BTTB-CG method should have a better performance than the BTTB-RRCG
method, since the regularization itself will inevitably introduce certain degree of
distortion in the downward continuation solution. On the other hand, it has been
shown that by applying a regularization, the stability of the gradient type methods

can be greatly improved [123, 117].

Note that by using BTTB-RRCG algorithm proposed above, we can always find

a unique solution of the minimization problem (2.1.11) by the following theorem:

Theorem 1.1 [122]: Let A be an arbitrary linear continuous operator, acting from
a complex Hilbert space M to a complex Hilbert space D, and W be an absolutely
positively determined (APD) linear continuous operator in M. Then the Tikhonov
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parametric functional
P(m) = |[Am — d||* + o [Wm||*

has a unique minimum, m, € M, and the regularized gradient type method con-
verges to this minimum for any initial approximation myg : m,, — My, N — 0.
According to Theorem 1,1, the solution of proposed BTTB-RRCG is unique
and convergent for any initial guess. In the next section, we will verify the pro-
posed scheme by using synthetic and field data, and investigate the sensitivity of

regularization parameter « in the proposed BTTB-RRCG method.

2.3 Simulation using synthetic data

To validate the proposed BTTB-RRCG scheme, we now consider a test case with
a synthetic magnetic field data. The computation is carried out by a laptop with
17-3630 CPU and 12G RAM. The numerical results will be compared with those ob-
tained by the Tikhonov regularized method (TR) [78], the adaptive iterative Tikhonov
method (AIT) [117] and the iterative Taylor series method (ITS) [67].

We consider two synthetic tests in this section. By tradition, the synthetic field
is generated by a 3D synthetic susceptibility or density model. However, in the first
synthetic test, we present another approach. First, we design a pseudo-magnetic
field on the ground level (h = 0 m), and we refer this to a pseudo-magnetic field
since it is not generated by a 3D susceptibility model. Then, we realize an upward
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continuation of the pseudo-magnetic field on the ground level to two different el-
evations h; and hy generating two synthetic fields Tj, and Tj,, where ho > h;.
Finally, we conduct a downward continuation for T, with a continuation distance
Ah = hy — hy, such that an inferred potential field Thl can be estimated. By com-
paring T},, with T},,, and evaluating the statistics of the difference between Tm and

T}, , we study the characteristics of the downward continuation.

Performing the synthetic downward continuation simulation in such way is rea-
sonable, because we do not really need to compute the underground 3D suscepti-
bility distribution. Moreover, it has been shown that with some assumptions, the
3D susceptibility distribution can be simplified into a 2D case [120]. Therefore,
a pseudo-magnetic field distribution is sufficient. More importantly, we can now
design the distribution of the magnetic field and include anomalies with various fre-
quency components and anomalies near the boundary, such that the edge-effect can
be investigated. However, 1n a traditional approach, the 3D susceptibility model is
always in the interior of the model domain, and the generated field has a very small
or zero value near the boundary. Consequently, there is almost no edge-effect in the
computation. The synthetic field data is too simple to evaluate the performance of a
downward continuation scheme for test cases with real field data, in which the fields
are usually complicated near the boundary. The design of a pseudo-magnetic field
on the ground level is also much more convenient than constructing a complicated
3D susceptibility distribution.
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The pseudo-magnetic field on the ground level is shown in Figure 2.1, where
Ar = Ay = 9.98 m. The synthetic field contains two semi-circle anomalies on
the upper left and lower right boundaries, and there is no other anomaly near the
boundary. In the interior of the synthetic field, there are two circle anomalies with
sharp boundary variation and a swirl shape anomaly with two shape corners. The
synthetic field is designed to include the field variation with different frequencies,
and the two semi-circle on the boundary is used to investigate the edge-effect of the

scheme.
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Figure 2.1: Pseudo-magnetic field on the ground level (h=0 m).

We now conducted an upward continuation to the synthetic field as shown in
Figure 2.1 with a continuation distance Ah = 50 m and Ah = 250 m, where the
Tso and To5 are shown in Figure 2.2(a) and 2.2(b), respectively. Then, we carry out
a downward continuation for the field at 4 = 250m as illustrated in Figure 2.2 with
a continuation distance Ah = 200 m, and the performance of the computational
scheme can be evaluated by comparing the downward continuation field Ts, and
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Tso. Note that the field data is slightly perturbed by adding 0.005% Gaussian noise

to the maximum of the magnitude of Tos.
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Figure 2.2: The upward continuation of the pseudo-magnetic field in Figure 2.1 to
the elevation of (a) h=50 m; (b) ~=250 m.

For the regularization parameters, an optimal regularization parameter can be
determined using the C' — norm method [78]. However, to compare with different
regularization methods, we apply a straightforward procedure to evaluate the opti-
mal regularization parameter p in the TR, AIT and BTTB-CG methods by plotting
the RM S of the downward continuation error with different i, where the RM .S is
defined in (2.3.1). Since the exact downward continuation result is known, the value
of 11 is obviously optimal. The RM S vs i curves for the TR, AIT and BTTB-RRCG
method are shown in Figure 2.3.

In this study, optimal parameters used in the simulation are g = 514, parr =
0.0157, purreg = 0.095. We have considered data with different level of noise from
0% to 5%. However, the optimal value for y is almost the same, since the optimal
regularization parameter is not sensitive when the noise level is less than or equal
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Figure 2.3: RM S vs p graph for (a) TR method; (b) AIT method; (c) BTTB-RRCG
method

to 5%, and this has been confirmed for TR, AIT and BTTB-RRCG method. Using
TR method as an example and introducing 0%, 2% and 4% noise to the data, we
plot the RM S vs p graph as shown in Figure 2.4. It can be seen that the optimal
regularization parameters for the data with different noise level are between 500 to

600, which are very similar.
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Figure 2.4: RM S vs 1 graph for TR method under the different level of noise.

The optimal iteration of AIT is 2 from a trial and error method, and it should be
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noted that with more iterations used, the results deteriorate. By plotting the residue
defined by e = ||AT;, — Ty||2 vs iteration number N, we can estimate the iteration
numbers in the BTTB-RRCG. For the ITS method, once the noise is added, the
iteration will amplify the noise if no denoising filter is applied. Therefore, we only
consider a non-iterative version for ITS, and we rename the method as TS in the
following. The downward continuation results for the field in Figure 2.2(b) with

0.005% Gaussian noise by TR, AIT, TS and BTTB-RRCG methods are illustrated

in Figure 2.5.
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Figure 2.5: The downward continuation with Ah = 200 m for the 0.005% noised
magnetic field in Figure 2.2(b) by using (a) TR; (b) AIT; (¢) TS and (d) BTTB-
RRCG method.
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The results shown in Figure 2.5 confirm that all four methods produce a stable

solution. The error distribution is computed by plotting the difference between the

continuation results at A = 50 m in Figure 2.5 and the accurate field at h = 50 m

in Figure 2.2(a). The error distribution by the four methods are clearly shown in

Figure 2.6.
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Figure 2.6: The downward continuation error distribution by (a) TR; (b) AIT; (c)
TS and (d) BTTB-RRCG method.

To quantify the performance of these methods, we define the RM .S, RE> and

RE as

RMS =

1

N %

1=
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Table 2.1 reports the performance of TR, AIT, TS and BTTB-RRCG in terms

of RM S, RF>, RE., and the computing time.

Table 2.1: Computational errors using TR, AIT, TS and BTTB-RRCG methods

TR AIT TS BTTB-RRCG
RMS 0.0234  0.0233  0.0202 0.0187
RE, 6.25% 6.17% 4.63%  3.99%
RE 17.00% 16.03% 21.76% 5.74%

Computing time (s) 0.065s 0.068s 0.092s 6.738s

From Figure 2.6, it can be seen that the edge-effect is clearly evident on the
upper and lower boundary by the TR and AIT methods. In contrast, the edge effect
is much smaller for the TS and the proposed BTTB-RRCG method. It is inter-
esting to note that the RM .S and RE, for the TS are relatively low, however, the
RE 1s quite high. From the error distribution illustrated in Figure 2.6(c), the ef-
fect due to noise is noticeable. From Figure 2.7(c) and Table 2.1, the BTTB-RRCG
method produces good results in terms of RM S, RE, and RE,,. The BTTB-
RRCG method requires more computing time than other methods, since it is an
iterative scheme. However, the computing time per iteration is similar with the TR
and AIT methods. Note that the numerical complexity of BTTB-RRCG is of order
n logn, which is same as a FFT base method. It can be easily verify that the error
can not be reduced by increasing the field data resolution. Moreover, the edge-
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effect is unavoidable by using wavenumber domain methods. For the Taylor series
(TS) method without the use of a regularization, the performance is very sensitive
to noise. Adding a 1% Gaussian noise to the field data, the RM S, RE5 and RE, of
TS method increase rapidly to 0.2470, 695% and 4200%, respectively. By incorpo-
rating a denoising preprocessing, the robustness of TS can be improved. However,
the denoising itself usually induces new errors. Therefore, in the following, we only
compare the proposed method with regularized TR and AIT methods.

To further investigate the robustness, we increase the Gaussian noise from 1%
to 5% in the synthetic field data. The errors of downward continuation solutions by

various methods are shown in Table 2.2 and Figure 2.7.

Table 2.2: Error of downward continuation by using TR, AIT and BTTB-RRCG
methods with different level of noise

% of noise RM S RE, RE,

TR AIT BTTB | TR AIT BTTB | TR AIT BTTB
0% 0.0234 0.0233 0.0187 | 6.25% 6.17% 3.99% | 16.99% 16.03% 5.74%
1% 0.0235 0.0233 0.0190 | 6.29% 6.17% 4.12% | 17.04% 16.00% 6.38%
2% 0.0235 0.0233 0.0188 | 6.22% 6.20% 4.02% | 17.04% 16.00% 7.16%
3% 0.0236 0.0233 0.0193 | 6.34% 6.17% 426% | 17.48% 15.87% 7.86%
4% 0.0239 0.0235 0.0198 | 6.53% 628% 4.46% | 18.05% 16.32% 9.61%
5% 0.0244 0.0233 0.0208 | 6.80% 6.20% 4.95% | 1895% 1491% 10.71%

From Figure 2.7 and Table 2.2, we conclude that TR, AIT and BTTB-RRCG
methods have a robust performance for noisy data, while the BTTB-RRCG method
provides the most accurate solution in terms of RM S and RFE;. Moreover, the
computed solutions by BTTB-RRCG have the smallest RF, confirming the edge-
effect is small compared with other two regularized methods.

Different from the conventional downward continuation methods, the proposed
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Figure 2.7: The downward continuation error distribution for 5% noised data by (a)
TR;(b) AIT; (¢) BTTB-RRCG method.

BTTB-RRCG method is an iterative method in space domain, which is seldom
investigated due to the computation workload. However, by taking advantage of
the BTTB structure makes the CG type methods as effective as wavenumber domain
methods. Table 2.3 reports the computing time and storage requirement for various
data sizes using the conventional CG method and the BTTB-RRCG method. The

resolution of M x N implies that the field data is given by M by N matrix.

Table 2.3: Storage and computing time by conventional and BTTB-RRCG methods

Resolution  Conventional CG method BTTB-RRCG

Storage cost Time cost Storage cost Time cost
128%128 1.47 GB 260 seconds | 0.31 MB 0.33 seconds
256%256 23.52 GB 1.16 hours 1.22 MB 1.63 seconds
512%512 376.32 GB 18.6 hours 4.95 MB 6.11 seconds
1024*1024 6000 GB 297 hours 30 MB 24.88 seconds

35



From Table 2.3, BTTB-RRCG is much more efficient than the conventional CG.
Moreover, it is noted that as the size of the problem increases, both the computing
cost and storage requirement for the conventional CG increases exponentially. In

contrast, the computational complexity for the BTTB-RRCG increases linearly.

The second synthetic test focuses on the density model as shown in Figure 2.8,
and the gravity field is generated by the synthetic density model. The density model
consists of two dipping prisms underground, where the density of the long prism
and the short prism are 1.0g/cm?® and 0.8g/cm®. The depth from the ground to the
top of the density anomaly is 100 m. The density anomalies are used to generate a
gravity field at A = —50 m and A = 200 m as illustrated in Figure 2.9(a) and 2.9(b)
respectively, where the grid interval is Az = Ay = 20 m. Denote the gravity field
at h = —50 m and A = 200 m by T_5y and Tsg, we add 2.5% Gaussian noise
to Togg and then apply the TR, AIT and the proposed BTTB-RRCG to conduct the
downward continuation to Tyg with continuation distance A = 250 m to compute
the field T_5,. The downward continuation is conducted to the underground, be-
cause within the harmonic source-free region, the downward continuation should

be always feasible.

The continuation results are shown in Figure 2.10, and the error distribution is
given in Figure 2.11. By comparing T_s in Figure 2.10 with T_s, in Figure 2.9(a),

we also report the error in terms of RM .S, RE,, and RFE, in Table 2.4.

From the downward continuation results in Table 2.4, the proposed BTTB-
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Figure 2.8: Synthetic density model.
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Figure 2.9: Generated field by density model in Figure 2.8.

Table 2.4: Error of downward continuation by using TR, AIT and ITM methods for
synthetic gravity data

TR AIT BTTB-RRCG
RMS 0.0648 0.0607 0.0430
RE. 2417% 23.52% 10.67%
RE,  31.18% 31.58% 19.74%
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RRCG method is clearly more accurate than the TR and AIT method in terms of
RMS, RE., and RF,. More importantly, consider that for the density model in
Figure 2.10, all anomalies are positive which means generated gravity fields should
be positive. However, in Figure 2.10, both TR and AIT methods induce negative
values on the left side. However, the proposed BTTB-RRCG scheme perfectly p-
reserve the positivity property, and has a much smaller boundary effect than other

two methods.

2.4 Applications using real field data

Now, we apply the proposed BTTB-RRCG scheme using real field data '. The field
data shown in Figure 2.12(a) is the magnetic field distribution at the ground level,
where the data grid size are Ax = Ay = 10 m. The upward continuation of the

field data to A = 200 m is shown in Figure 2.12(b),

1000 2000 3000 4000 5000 1000 2000 3000 4000 5000
Easting (m) Easting (m)

(a) h=0 m (b) h=200m

Figure 2.12: (a) The real magnetic field data at ~ = 0 m;(b) The upward continua-
tion by A = 200 m of the field data in Figure 2.12(a)

I'The field data used in this thesis is provided by TerraNotes Ltd
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By adding 2.5% Gaussian noise to the potential field in Figure 2.12(b), the TR,
AIT and BTTB-RRCG methods are used for a downward computation with a con-
tinuation distance h = 200 m. The same regularization parameter for the synthet-
ic data is used for the real field data applications. In real applications, the exact
downward continuation results are always unknown, therefore we can only have an
estimation of the value for the optimal regularization parameters. In our study, we
use the optimal regularization parameters obtained in the synthetic case for the real
field data. Recall that in a downward continuation formulation (2.1.10), the upward
continuation operator A depends only on the Ax, Ay, and h. Once these parameters
are fixed, the spectral characteristic of the continuation operator is determined. In
the first synthetic case, Az = Ay = 9.98m, and h = 200m, while in the real field
data, Ax = Ay = 10m, and h = 200m, which means that the spectral characteristic
of the continuation operators are similar between the first synthetic case and real

field case.

The downward continuation results for the real field data are shown in Figure

2.13, and their error distributions are illustrated in Figure 2.14.

From Figure 2.14(a) and 2.14(b), we observe that the edge-effect is evident n-
ear the boundary for the TR and AIT methods. A simple procedure to improve
the computed solution is to remove a layer near the boundary. Figures 2.15 and
2.16 illustrate the solutions by tailoring 40 grids (i.e., 400 m) from the edge for the
solutions shown in Figure 2.13 and 2.14. It is important to note that the solution
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Figure 2.13: The downward continuation by A~ = 200 m for 2.5% noised real field
data by (a) TR;(b) AIT; (c) BTTB-RRCG method.
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Figure 2.14: The downward continuation error distribution for 2.5% noised real
field data by (a) TR;(b) AIT; (¢) BTTB-RRCG method.
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computed by the BTTB-RRCG method is very stable and with little edge effec-
t. The BTTB-RRCG scheme is an accurate scheme even without the use of any

extrapolating and tailoring process.

500 1000 1500 2000 2500 3000 3500 4000 : 500 1000 1500 2000 2500 3000 3500 4000
Easting (m) Easting (m)

(a) TR (b) AIT

500 1000 1500 2000 2500 3000 3500 4000
Easting (m)

(c) BTTB-RRCG

Figure 2.15: The downward continuation by Ak = 200 m after tailoring for 2.5%
noised real field data by (a) TR;(b) AIT; (c) BTTB-RRCG method.

From the tailored computed solutions for downward continuation shown in Fig-
ures 2.15 and 2.16, it is clear that the BTTB-RRCG method is robust and accu-
rate for the real field data compared with TR and AIT methods. By evaluating
downward continuation results by TR, AIT and BTTB-RRCG methods in terms of
RM S, Table 2.5 reports the errors in terms of Ly and L., norm. Figure 2.17 dis-
plays the convergence rate of the BTTB-RRCG using real field data. It is noted
that the residue reaches a steady state after 15 iterations, hence the iteration can be
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Figure 2.16: The downward continuation error distribution after tailoring for 2.5%
noised real field data by (a) TR;(b) AIT; (c) BTTB-RRCG method.

terminated much earlier than the prescribed 35 iterations.

Table 2.5: Error by TR, AIT and BTTB-RRCG methods for real field data

TR AIT BTTB-RRCG
RMS 0.0348 0.0357 0.0240
REy;  339% 3.55% 1.61%
RE. 6.02% 6.52% 3.37%

The robustness and accuracy of the proposed BTTB-RRCG method are verified
by the simulation results based on test cases using synthetic and field data. The CG
type method is a popular iterative technique for solving large scale linear equations,
and it is particularly efficient for large sparse matrices. The main computational
work per iteration is typically depended on the matrix-vector product operation. In
the present applications, the matrix A is a full matrix, and without taking advantage
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Figure 2.17: Convergence rate of BTTB-RRCG method in the real field data appli-
cation, where e = ||AT;, — Ty||2.

of BTTB structure, it requires considerable computing resources. We compare the
computational complexity using the conventional RRCG method and the BTTB-
RRCG method. The results speak for itself. It is clear that the utilizing the BTTB-
structure dramatically reduces both the storage and computing cost, and a large
scale downward continuation problem can be computed with a modest computing

resource.

2.5 Conclusion

In this chapter, we propose efficient approach by utilizing the BTTB structure with
the re-weighted regularized conjugate gradient method. Not only the BTTB struc-
ture greatly enhance the stability and robustness of the downward continuation com-
putation, but the computation workload and storage requirement are also signifi-
cantly reduced. We demonstrate that compared with the conventional wavenumber
domain FFT-based methods, the BTTB-RRCG scheme induce negligible artifac-
t near the boundary. The simulation results using the clean and highly perturbed
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synthetic field data as well as the real field data verify that the proposed method are
more accurate and robust compared to the Taylor-series and wavenumber domain
regularized methods.

It is also easier to implement various regularization stabilizers directly in time
domain instead of wavenumber domain. By plotting the residue at each iteration,
we can quickly estimate the number of iterations required for the BTTB-RRCG
method. The BTTB structure allows the design of an optimal preconditioner to
further accelerate the convergence rate, in which the preconditioner is also in the
form of BTTB matrix.

The work presented in this chapter has been published in Journal of Applied

Geophysics [121].
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Chapter 3

Numerical Inversion for Magnetization

Magnetic field survey is a popular tool for fast mapping of large areas in geophysical
and environmental study. A typical survey consists of mapping one or more com-
ponents of the earth geomagnetic field in order to analyze the magnetic anomalies.
The magnetic anomalies mapping is generally used in many geological applications
such as estimating the basement topography, assessing the depth in oil exploration
and the magnetic polarization in mineral prospecting.

Recall that for the potential field inversion problem, the model can be expressed
mathematically as an integral formulation, which can be converted into linear equa-
tions Au = b, where b is the observation magnetic field data, and the matrix A is
often large, dense and ill-conditioned [29].

Instead of using a 3D potential field inversion [64, 82], 2-D model is more
preferred in many cases, and this is particularly true for the aero-magnetic survey.
The simplicity of a 2-D model also makes the 2-D inversion practical and efficient.
The inversion for tabular magnetic anomalies or thin layer magnetic anomalies have
been investigated in [40, 87, 6, 88, 111].

For an irregular raw data, it can be rewritten into a uniform data conveniently by
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the use of a regridding procedure. Many efficient methods have been developed, for
instance, Briggs [10] proposed a minimum curvature method for regrid non-uniform
data. Cordell and Blakely [25, 9] presented an equivalent layer method (ELM), in
which a fictitious source layer is introduced, and then the non-uniform data points
are interpolated on a uniform grid according to the source layer. The advantage of
implementing the ELLM has been reported by Cooper [23], and a comparative study

of ELM and the minimum curvature method can be found in [70].

Once the field data are gridded regularly, the linear system of a magnetic in-
version problem leads to a symmetric Block-Toeplitz Toeplitz-Block (BTTB) ma-
trix, which has a similar form as the downward continuation problem discussed in
Chapter 2. Actually, in the study of interpolating the potential field data, the BT-
TB structure has already been noticed. Rauth and Strohmer [89] investigated the
potential field gridding problem by interpolating the non-uniform field data into a
uniform field data, where a trigonometric polynomial is used to approximate the
magnetic field, and the coefficients of the polynomial are computed by solving a

BTTB system.

In this chapter, we investigate fast magnetic field inversion scheme. Particu-
lar attention is focused on incorporating the BTTB structure to develop efficient
numerical inversion algorithms based on the multigrid (MG) technique. A com-
parative study of the MG and conjugate gradient type methods is presented, and
the performance of these methods is validated by numerical simulations applied to
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the synthetic field data and the real geophysical data. We show that the BTTB-MG
technique is robust, accurate, and compared with regularized methods, it is provides

more information.

3.1 Magnetic Field Forward Model

Assuming that the magnetic data covers an area which is filled with a set of vertical
prisms with arbitrary horizontal section and the bottom at infinity, the magnetic
anomaly reduced to the pole is given by a layer of poles on the top of each prism as

shown in Figure 3.1.

Geomagnetic field

_.—
L R

= L i

i

;Sor n l‘. e e

.1!

(0,0.h)

Figure 3.1: Forward Model.

The magnetization is defined as the magnetic moment (M) per volume given by

_
dv’

J (3.1.1)

which is induced by the earth magnetic field, and it is the source of the magnetic
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anomaly. To determine the magnetic field generated by magnetization, the concept
of magnetic scalar potential v is introduced. When there is no free current, the
magnetic scalar potential can be used to determine the magnetic H-field especially

for the permanent magnets in the following way:

H=—Vy. (3.1.2)

It is known that the magnetic potential generated by dM at an arbitrary point P

is defined by dy) = dl\g'r, where r is a coordinate of P, and p is the distance from P

to dv. According to (3.1.1),

1
dy = — {J : V(;)} dv. (3.1.3)
Thus, the magnetic potential at the point P generated by a prism is given by

¢:_[jmv€ﬂm. (3.1.4)

According to the Gauss formula, (3.1.4) can be further rewritten as

i) [ aw
w_/s : /V( ). (3.15)

where V' is the volume of magnetization, and S is the surface area of the magne-
tization. By assuming that in each prism, the value of magnetization J is uniform,
and the magnetization in the prisms have the same direction, then divJ = 0, and
only the first term in (3.1.5) is retained. The integral on the side facing the prisms
can be neglected, since the bottom is assumed to be infinitely deep and the upper

49



surface can be regarded as the source plane. Hence, (3.1.5) can be simplified as

w:/ﬁdS, (3.1.6)
s P

where J,, is the vertical magnetization in the nth prism. Here, the magnetic potential
1) is a function of the coordinate point P. If we denote the position of dv as (), and
the coordinate ) as r’, then p = |r — r’|. According to (3.1.2), the magnetic field

generated by each prism is given by

In

H=-Vy=-V das, (3.1.7)
s |r—r'|
in which the vertical magnetic field is
o
H, = / Ilz=2) g (3.1.8)
s [r—rp

Now, consider all prisms as a whole, thus the magnetic field at the point P
is generated by all prisms. By (3.1.8), denote the .J,, as a function of coordinate,
then the magnetic anomaly is described by the convolution of two functions: the
kernel depending on the positions of the observations and the other describing the

distribution of magnetization as the following:

H.(z,y,2) = // m(z' ', 2G(x,y, 2,2y, 2 dx' dy (3.1.9)
S

where

z—2z

(=22 +(y—y)2+(z—2)

G(x,y,z, 2y, 2) = (3.1.10)
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It is interesting to note that the kernel in (3.1.10) has exactly the same format as
that in Chapter 2 of a downward continuation formulation. Similarly, the forward

model of a magnetic field problem can be written as

b = Au, (3.1.11)

where b is the observed magnetic field, u is the magnetization distribution, and A

is the magnetic forward operator.

3.1.1 Multigrid techniques

It is well-known that the convergence of CG type methods depends on the condi-
tion number of the matrix A. In a magnetic inversion problem, the system matrix in
(3.1.11) is usually very ill-conditioned and with a large condition number. Multi-
grid (MG) technique is developed based on multilevel iterative methods, and it has
generally been regarded that MG is an optimal iterative method for solving large
positive definite systems resulting from elliptic partial differential equations. The
technique is optimal since the convergence rate is independent of the condition

number of A and the size of the linear system.

When solving a linear system by a classical relaxation scheme based on the
Jacobi or Gauss-Seidel method, we note that the high frequency error can be elimi-
nated very quickly, but it is hard to remove the low frequency error. Consequently,
a rapid error reduction is typically observed at the initial stage, and after that the
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error decreases very slowly leading to a slow convergence rate.
Suppose we want to solve a linear system (3.1.11), instead of applying an iter-
ative scheme directly, we now consider the solution being computed by applying a

relaxation scheme to multilevel or multigrid systems
Al =1, (3.1.12)

where A’ denotes the matrix at different grid levels with A'=A known as the finest
grid, and the matrices A, j =2,3,--- are referred as the coarse grid levels, b’ and
w’ are the observed field and inverted solution in each level. The coefficient matrix
A’ for j > 1 can be constructed using the same way as for A' but with a coarser
mesh. The superior performance of a MG method is achieved due to the fact that
the low frequency error on the fine grid can be regarded as the high frequency error
on the coarse gird. Thus by employing a relaxation scheme to a sequence of various
grid levels, the high and low frequency error components can be eliminated rapidly
and this ensures a fast convergence rate for a MG method.

The idea of a MG approach can be easily explained by a two-grid method as

illustrated in Figure 3.2.
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Figure 3.2: Two-grid and V-cyle MG.
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Recall that if u is the computed solution of Au = b, the residual is defined by

r=b—Au=A(u—u) = Ae, (3.1.13)

where e is the error vector. By solving Ae = r, we can then improve the numerical

solution, such that

u=u-+e. (3.1.14)

Let Q! and Q2 denote the fine grid (i.e. level 1) and the coarse grid (i.e. level
2). In a two-grid method, starting with an initial approximation u’, the algorithm is

given as
(i) Smoothing step: In Q', apply relaxation (3.1.15) v, time, u' — S(u', b'),

(ii) Compute the residual and transfer from Q! to Q:

r' =b' —Alu!, r’ =Rr!,

(iii) In Q2 solve the error equation: A%e? = r?,

(iv) Interpolate error from Q2 to Q! and improve the approximation: u! — u'! +
Le?,
(v) Correction step: Apply relaxation again v, time, u! — S(u!, b'),

(vi) Repeat the procedure until a stopping criteria such as ||r!|| < ¢ is achieved.

Here, S(u!,b') denotes a smoothing or a relaxation process which will be de-
fined shortly. Dropping the superscript index for the matrix A, let A =D — L — LT,
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where L is the lower triangular of matrix A, u’ is an initial approximation, the
weighted Jacobi relaxation is selected as a smoothing operator such that S(u', b')

is defined by

u' = [(1 — )+ wD YL+ Lu’ + wD b, (3.1.15)

where w is a parameter, which can be estimated by a formula proposed in [100]:

(3.1.16)

where ag o is the first element of the matrix A and p(A) is the spectral radius of A.
Note that R? is a restriction operator which is used to transfer the residual from a
fine grid denoted as grid 1 to coarse grid denoted as grid 2, and I is an interpolation
operator which is used to interpolate the error from a coarse grid to a fine grid. Also,
(1) is generally referred as the smoothing step, and (iii) is the correction step in an

MG cycle.

The most important advantage of using BTTB structure in the multi-grid method
is that, in step (iii), the system matrix of at coarser level always keep the BTTB
structure as the original system. This means that in each level, we are able to apply
the efficient FFT to accelerate the computation. By repeatedly applying a two-grid
method, we can construct an efficient multigrid method, and the V-cycle MG is
shown in Figure 3.2. The details on the construction of the coarse grid coefficient
matrices, the restriction and interpolation operators can be found in [11].
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3.2 Numerical Simulations

To validate the effectiveness of the proposed BTTB-MG scheme, we consider the
following test cases. The proposed BTTB-MG method will be assessed and com-
pared with the BTTB-RRCG method based in terms of efficiency, accuracy and
robustness. The computation is carried out using a laptop computer with Intel i7-
3632QM 2.2 Hz and 12G RAM. For the MG method, the level of grids in the
V-cycle will be determined, and v{ =v, = 1 will be used in the smoothing and

correction steps.

3.2.1 Synthetic data

The first test case is constructed as in Figure 3.3, which illustrates an initial mag-
netization distribution. The reason we use this synthetic data has been discussed
in Chapter 2, and it is considered to be the source generating the magnetic field
solution for the magnetic inversion problem. In Figure 3.4, we display the comput-
ed magnetic field data generated by the given synthetic magnetization distribution
with different depth 4 = 50m, 100m, 200m, 250m, respectively. By applying the
magnetic inversion scheme to these synthetic magnetic field data, we can evalu-
ate the performance of the BTTB-MG scheme, and compare it with the proposed

BTTB-RRCG scheme. First, let the relative error (RE) be defined as:

Uinv - Uexactl |oo
| |Uexact| |oo
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Table 3.1: Condition number of the coefficient matrix corresponding to different
depths.

Depth (m) Condition Number

50 1.2410%10%
100 5.8372*%108
200 2.1781*10°
250 3.2852%10°

where Uy, is the computed inverse solution, U, 1s the exact solution.
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Figure 3.3: Initial magnetization distribution.

In Table 3.1, we list the condition number of the coefficient matrix T in (3.1.11)
for a range of depths from A = 50 m to 250 m. The condition number increases as
the depth is increasing, therefore, within the 250 m depth, that the largest condition
number appears at the maximum depth. Hence, the synthetic field data at h = 250
m is chosen as the test case in which the simulation data will be inverted. Instead
of using fixed iteration numbers as in Chapter 2, the stopping criterion used in this
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Figure 3.4: Magnetic field data at different depths.

is

|| oo

[Io[loo

< tol,

where tol is the tolerance of the iteration, r,, is the residue at the n-step iterations,

Iy is the initial residue. For the multigrid method, to determine the optimal level of

the grid in V-cycle iteration scheme, we report the level of grids vs the computing

time and number of cycles in the following Table 3.2.

Table 3.2: Computing time and number of V-cycles of MG with various grid levels.

Tol=10"3 Tol=10"*
Level Ty (s) N Tvc (s) N
2 7.122357 24 62.540190 203
3 3.575487 11 32.270307 97
4 3.248739 10 33.257580 103
5 3.209048 10 33.601279 103
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In Table 3.2, we present the MG results where the level denotes the number of
grid levels used in a V-cycle, 7' is the computing time in second, /V is the number
of cycles to reach a given tolerance. It is clear that a good performance is achieved
when the grid level is greater than two. However, for the inversion problem consid-
ered here, taking three grid levels in a V-cycle seems to suffice, and a 50% reduction
in computing time over a two-grid method is achieved. However, it should be noted
that the number of multigrid levels is problem dependent and also depends on the
resolution of grids. We use three level grid in the following problem because the
field data used in the simulation has very similar resolution with the case we tested
above. While for the data with different resolution, more work is needed to find the

optimal grid level.

To compare the effectiveness of various numerical inversion schemes, Table 3.3
reports the inversion of the synthetic magnetic field data at h = 250 m by CG,
Preconditioned CG (PCG), RRCG and MG methods, where all numerical schemes
are taking advantage of the BTTB structure. Particularly, the preconditioner used in
the PCG method is constructed according to (4.2.9) in Chapter 4. Here, /N denotes
the number of iterations in CG type methods and the number of cycles in MG
method, and N/A means that the scheme fails to converge within 2000 iterations. In

Figure 3.5, we plot the convergence rate for the CG, PCG, RRCG and MG methods.

From the results presented in Table 3.3 and Figure 3.5, we note that the pre-
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Table 3.3: Computing time and iteration numbers of various numerical inversion
for synthetic data at h=250m.

Tolerance TCG (S) N TRRCG (S) N TPCG (S) N TMG (S) N
1%1072 0.678969 9 9.323636 50 0.547881 7 0.585323 2
1%1073 1.330730 19 31.220969 167 1.175903 14 3.219449 11
1%107% 3477457 53 N/A N/A 2.692719 35 27.853854 97
1%107°  11.896358 182 N/A N/A 7.668079 99 306.236100 1026

conditioned CG (PCGQG) is the most efficient in term of computing time needed to
reach a given accuracy, and it then follows by the CG, MG and RRCG. Although
the RRCG method has been a robust method used in many geophysical application-
s, it has a slow convergence rate and fails to reach a given tolerance within 2000
iterations when a small tolerance is required as indicated in Table 3.3. When the
tolerance is in the level of 11072 or 1% 1073, the performance of the CG, PCG and
MG are comparable in terms of convergence rate and the computing time required.
In Figure 3.6, the computed solutions of the four methods for the inversion problem

are displayed.

In Table 3.4, we present the relative errors between the accurate distribution and
the inversion solution computed by the CG and MG methods for the test cases using
the synthetic data. For a given depth, the relative error can be reduced by setting a
smaller tolerance. It is observed that for a fixed tolerance, the error increases as the
depth is increasing.

The test cases investigated here are constructed based on synthetic data, and
they are essentially noise-free data. However, the accuracy and effectiveness of an
inversion algorithm can not be guaranteed if the data is contaminated with noise. In
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Table 3.4: Relative error of CG and MG method at different depths and tolerance.

CG MG
Depth (m) 1072 103 1074 107° 1072 103 1074 107°
50 6.55% 2.83% 1.30% 0.52% 6.72% 432% 2.13% 1.75%
100 11.54% 3.55% 233% 097% 14.00% 9.77%  5.09%  3.710%
200 21.78% 1495% 8.62%  6.7% 24.11% 1647% 10.43% 7.75%
250 2442% 1928% 12.97% 6.67% 2720% 2125% 15.00% 9.87%
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Figure 3.5: Convergence rate of CG, RRCG, PCG and MG method at tolerance=1 *
1073,
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Figure 3.6: Inversion of the magnetic field at h=250 m by CG, RRCG, PCG and
MG method.
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reality, the magnetic field data obtained by measurement are always contaminated
with noise. Thus, it is important to study the robustness of numerical inversion

schemes.

Let A be the potential field resulted from a synthetic magnetization distribution,
and E be the matrix with coefficients generated randomly in the range [0, 1] drawn
from the standard normal distribution. Considering the noise in the observation data
is caused from the measuring apparatus, the noisy observation data A with a noise

level of a% can be defined by A = A + a%  E.

In Table 3.5 and Figure 3.7, the performance of the CG, PCG, RRCG and MG
methods are compared when the observation data with different level of noise are
inverted. When the noise level is 0%, the test case converts to the original clean
synthetic magnetic field data. It is observed that although the CG and PCG are very
effective when applied to clean data, their performances deteriorated rapidly when
noise is added in the field data. The RRCG is a very reliable method, and the rel-
ative error remains almost at the same level even when a 20% noise is introduced.
The MG method is not sensitive when the noise level is less than 10%, but the noise
effect becomes noticeable when the noise level is greater than 10%. Unlike the R-
RCG, a regularization procedure is not incorporated to the MG method. Therefore,

the performance could be improved if a suitable regularization is introduced.

From the computational results presented for the synthetic data, it is clear that
both CG and PCG methods are sensitive to the noisy data, thus the methods can not
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Table 3.5: Relative error of CG, RRCG, PG and MG with different noise levels (%).

0% 1% 4% 8% 12% 16% 20%
CG 2442% 24.46% 2425% 26.13% 4.8%¥10* 6.7%10* 8.0%10%
RRCG 26.51% 26.51% 2640% 25.63% 25.34% 25.00% 24.09%
PCG  25.80% 60.36% 7.2*%106 1.4*107
MG 2720% 27.19% 2724% 26.60% 27.78% 29.49% 32.90%

100 + o
0 CG
90 * RRCG
+ PCG
80 A MG
£ 7l
)
5]
o e0f +
=
2 s0f
o
40+
30 A 4
% ¢ & * *
20 1 1 1 1 1 J
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Figure 3.7: Error vs noise level for the CG, RRCG, PCG and MG method under
tolerance=10"2.
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be used for real field data. The proposed BTTB-MG and BTTB-RRCG methods
are more robust than the CG and PCG methods. However, the BTTB-MG method

is non-regularized, and is more accurate in term of relative error.

3.2.2 Real Data

Given areal geophysical data, the numerical inversion program provides an estimate
of magnetization of underground rocks at certain depth h. Generally speaking, h
is an unknown, and by producing a sequence of magnetization at various depths, it
would provide useful information for the geologists or geophysicists to interpret the
computation results and to study how dependent the results are on the variations of
h.

In order to reduce the numerical artifact introduced by the numerical scheme
near the boundary, we adjust the results presented in the window shown in Figure
3.8 which is obtained by removing the shadow layer from the original data. Note
that the shadow layer has a thickness of only five grid points, and the original data

field usually covers several hundred grid points in both directions.

3.2.2.1 Test casel

For the first test case, the magnetic field data covers a square area with 6000m in
both the x- and y- directions, and the interval between each grids is 12m. Thus the
resolution of the magnetic field data is 500 by 500 as shown in the Figure 3.9.
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Figure 3.9: Test case .
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Let the tolerance of the inversion program be 3 * 10~!, the computed inversion
results at depth 4 = 50 m, 100 m and 150 m using the RRCG and MG methods are
shown in Figure 3.10. Note that the tolerance used here is relatively large, this is
because for the real geophysical field data, the schemes can hardly converge with

small tolerance. The corresponding computing time are listed in Table 3.6.

RRCG
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100 200 300 400
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100 100
s N
100 200 300 400
400 400
300 300
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‘\ ‘\\_L_-_
100 200 300 4
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Figure 3.10: Inversion results for test case I with tolerance 3 * 10~

From the results presented in Figure 3.10 and Table 3.6, we observe that the
magnetic inversions using the RRCG are in good agreement with those computed
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Table 3.6: Computing time for test case I with tolerance 3 * 107+

Depth (m) Tgrrcg () Tma ()

50 1.102995 0.466652
100 2.121059 0.964995
150 3.515279  1.404609

by MG. At h = 50 m, the two results are almost identical. However, as h in-
creases, the RRCG produces noticeable artifacts near the boundary. To investigate
the sensitivity of the RRCG and MG methods to the given tolerance, we carry out
the simulation with fixed depths, namely /=50 m and A=100 m, and examine the
inversion solutions at two values of tolerances. Figure 3.11 and 3.12 present the
numerical inversion results, and the corresponding computing time are reported in
Table 3.7. As expected, the computed solutions are less sensitive when h is small
as shown in Figure 3.11. Figure 3.12 displays the RRCG and MG results when
h = 100 m and the tolerances are set at 4 * 107! and 2 * 107}, respectively. Here,
the difference between the inversion results corresponding with two tolerances are
obvious. Moreover, the artifacts resulting from RRCG at ¢ = 2 * 107! is also no-
ticeable. From the computing time reported in Tables 3.6 and 3.7, it is clear that
MG is more efficient and requires less computing time than the RRCG for all cases

tested.

Table 3.7: Computing time for test case [ using RRCG and MG

Depth (m) Tolerance TrrcG (8) Tva (8)

50 e=4%10"1 0894744 0.304539
50 e=2x10"1 2557688 0.964625
100 e=4%10"1 1576802 0.549794
100 e=2%10"1 4114992 2.068582
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Figure 3.11: Inversion result for test case I at depth h=50 m

3.2.2.2 Test case I1

In the second test case, the real magnetic field data is given as a rectangle area with
length=14040 m, width=8720 m, and the interval between each grids is 20 m. The
real magnetic field is defined by a two-dimensional grid of 702 by 436 as shown in

Figure 3.13.

To further evaluate the two numerical inversion schemes, Figure 3.14 presents
the computed solutions using RRCG and MG methods at a fixed depth ~=100m
for tolerance 1 * 1071, 5 x 1072 and 1 * 102, In Figure 3.15, the inversion results
at various depths /=50 m, 100 m and 150 m are illustrated. The computing time
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Figure 3.12: Inversion result for test case I at depth h=100m

required by the two methods are reported in Table 3.8.

From the results applied to test case II, we note that when the depth h is small,
the inversion results produced by RRCG and MG methods are very similar. Howev-
er, the discrepancy in terms of the maximum and minimum recovered magnetization
become noticeable as the depth increases and when the tolerance is decreasing. It
is noted that both methods are capable of capturing similar underground geological
features, but the RRCG produces larger artifacts near the boundary. The superior
performance of the MG method over the RRCG is also clearly demonstrated by the

significant saving in computing time as shown in Table 3.8.

Recall that in Chapter 2, we have shown that the BTTB-RRCG method produces
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Figure 3.13: Test case 1I.

Table 3.8: The computing time for test case II.

Depth (m) Tolerance Trreg () Tva (s)

100 e=1%10"1 2.626800  0.700371

100 e=5%10"2 8.858662  2.744200
100 e=1%10"2 144.395461 46.382697
50 e=1%10"2 33221171 15.612463
200 e=1%10"2 352.861550 75.893122
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Figure 3.14: Inversion result for test case Il at & = 100m.
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Figure 3.15: Inversion result for test case II with tolerance = 1 * 1072,
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much smaller edge-effect than the wavenumber domain method. However, applying
to the same field data, proposed BTTB-MG method has a smaller edge-effect than
the BTTB-RRCG method even when a small tolerance is applied. On the other
hand, for the field data with modest noise level, the BTTB-MG method is as stable
as BTTB-RRCG method.

It should be noted that when the noise level is high, the regularization should
be used, and the BTTB-MG method can also be implemented by incorporating the

regularization stabilizers.

3.3 Concluding Remarks

In this chapter, efficient multi-grid inversion schemes for magnetization inversion
is developed. It is important to recognize that the inversion results can be computed
by solving a symmetric Block-Toeplitz Toeplitz-Block (BTTB) system. The linear
system is frequently large, dense and ill-conditioned. Direct implementation of the
matrix coefficients will require considerable storage and leading to the requirement
of large computing resources for the solution. By taking advantages of a symmet-
ric BTTB property, the storage requirement can be reduced from O(N?) to O(N)
and the computational work for a typical iterative scheme decreases to O (N log N)
instead of O(N?). Therefore, efficient numerical inversion schemes can be devel-
oped, and they are capable of dealing with a large scale inversion problem.

It has been demonstrated that the RRCG and MG methods are effective numer-
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ical tools for the inversion problems. Both methods have been tested to problems
generated by synthetic data and real magnetic field data. Based on the numeri-
cal simulation, we conclude that for the field data with moderate perturbation, the
BTTB-MG technique has a superior performance compared to the BTTB-RRCG
method, in particular, the artifact near the boundary resulting from BTTB-MG is
much less than that produced by the BTTB-RRCG. Moreover, significant saving in
computing time is achieved by the BTTB-MG for all cases tested in this paper.

As a powerful structure in geophysical problem, the BTTB structure can be gen-
eralized to the 3D inversion problems, which will be discussed in the next chapter.

The work reported in this chapter has already been published in International

Journal of Numerical Analysis and Modeling [120].
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Chapter 4

3D Inversion for Gravity Field Data

Gravity field survey is an essential step in prospecting of large areas in geophysical
and environmental study. In many applications, meaningful underground informa-
tion can be obtained from the density distribution. Similar to the magnetic field,
inversion can be used to deduce the density from the observation gravity field, and
the inversion solution is then sought by repeatedly computing the underground den-
sity according to the observation gravity. Unfortunately, there exists some structures
producing a zero external gravity field. Therefore, for a given field data, there are
infinite underground models generating exactly the same field. Hence, it is impos-
sible to seek an exact solution from an inversion process. However, using prior
information and/or applying regularization, we can obtain meaningful information
from the observation.

In general, two techniques are commonly used for the three-dimension inversion
schemes. The first one is based on the structural inversion, in which the structure in-
formation is obtained from inversion results, such as the Euler deconvolution [104],
wavelet analysis [50], signal analysis [91, 7] and so on. The structural inversion
techniques also include using models with certain properties such as inversion for
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tabular anomalous [40, 87, 6, 88, 111], inversion for interfacing surface or anomaly

boundaries [95, 83, 85].

The other technique is the generalized inversion based on discretizing the 3D
underground into cells with constant susceptibility or density. To guarantee a u-
nique solution, regularization or prior information should be incorporated. In par-
ticular, a smoothness regularization [64, 65] can be employed to produce a smooth
inversion solution, whereas a focusing regularization [84, 125, 122, 124] is appro-
priate for a compact solution. The inversion solution largely depends on which
stabilizer is used, but it may not be consistent with the real geological features. In
some applications, adding prior information from previous experience or borehole
data can result in certain geologic constraints [60]. To reduce the uncertainty in the
inversion solution, cell-based inversion methods utilizing the assumption of certain
physical property have been reported [12, 58]. For large scale potential field da-
ta, 3D inversion computation is a very challenging task and the solution requires
significant computer resource. Hence, it is desirable to develop efficient numerical
inversion schemes so that the solution can be computed rapidly with modest com-
puting time and storage requirement. Recently, wavelet based methods [66, 29]
have been considered to compress the sensitivity matrix by dropping small wavelet
coefficients. Similar work includes the foot-print technique [26, 126], in which the
threshold value to the sensitivity matrix is defined by users. Both wavelet method
and moving foot-print technique aim at representing a dense matrix by a sparse ma-
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trix. They can be applied to data domain and model domain [84, 4, 29, 46, 30]. In
addition, down-sampling in data domain and model domain can further reduce the

computation load with a cost of lowering the resolution of the inversion solution.

Compared with the 2-D problem in Chapters 2 and 3, a 3-D inversion produces a
much larger system with dense and ill-conditioned matrix. The storage requirement
of 3-D problem is of order O(n?) and computational work per iteration of O(n?),
while the n in 3-D can be significantly larger than that in 2-D problem. However, the
computational complexity can be dramatically reduced from O(n?) to O(nlogn)
by using FFT based methods for regular field data. Pilkington applies a 2D Fourier
transform for the 3-D magnetic field inversion. A 3-D Fourier transform method
for the potential field inversion is also reported [13]. As discussed before, for an ir-
regular or non-uniform data, fast gridding algorithms [10, 25, 9, 23] are available to

convert irregular data into regular data, and the computational complexity is O(n).

In this chapter, we propose a novel numerical scheme based on a 2-D multi-layer
model for a 3-D gravity field inversion. The consistency and convergence are stud-
ied, and an error estimate is derived. Unlike the previous FFT-based schemes where
FFT is applied to the kernel, the present scheme is directly applied by discretizing
the proposed mutli-layer model in the space domain, such that a BTTB structure
is obtained. Moreover, the FFT is employed by embedding the BTTB matrix into
a BCCB matrix. The BTTB-based scheme has attractive features in constructing
preconditioning operator and regularization. Differed from the popular Conjugate
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Gradient (CG) inversion scheme reported by Pilkington [82] utilizing a simple pre-
conditioner in the form of diagonal matrix, the preconditioner presented here is
optimal and it is in the form of BCCB matrix. Using recent mathematical results
and properties related to BCCB and BTTB structures, optimal preconditioned CG
solver can be accelerated by FFT, and a good convergence rate can be achieved. We
also incorporate the regularization into the BTTB framework. To the best of our

knowledge, the application of FFT for a general stabilizer have not been reported.

For a large scale 3-D inversion problem, the computation time usually can not
be predetermined until the whole inversion is completed. In our work, numerical
analysis including the convergence order of the computational scheme is presented.
Useful information can then be extracted by carrying out inversions with various
resolutions, and a reasonable computing time can be estimated for solving a large
scale problem. We propose an improved penalty function so that it allows negative
values in the recovered model unlike the conventional positive constrain in terms of
logarithm substitution. Similar to a 2-D case, the numerical experiments presented
in this study also indicates that the BTTB-based scheme induces little artifact at
the boundary for a 3-D model, while the conventional FFT-based method produces
significant error deteriorating the inversion solution. We validate the efficiency and
the effectiveness of the BTTB-based inversion schemes, numerical simulations us-
ing synthetic and field data are reported. The computing time to recover a model
with large number of unknowns is estimated confirming the proposed scheme is

77



capable of solving large scale inversions with a modest computing resource.

4.1 Gravity Field Forward Model

The gravity potential generated by a 3D density model is given by the first-kind

Fredholm equation [122],

U,(r) = / / /D K,(r,x')p(r)dv, 4.1.1)

where p(r) is the density distribution, /,(r, r’) is the gravity potential Green’s func-
tion. Since the division of the cells is determined before the inversion, then p(r)

becomes constant in each prism, such that

N
U, (r') = Zpi ///D K,(r;, r')dv. 4.1.2)
i=1

From equation (4.1.2), [[[, K,(r,r’)dv can be computed analytically [74].
Consequently, the coefficient matrix of the resulting linear system can be deter-
mined exactly. However, evaluating (4.1.2) for each cell is time consuming. An

alternative procedure for solving (4.1.1) is to employ numerical discretization:

Nm
U, (r') = Z K,(r;, v')piAx; Ay; Az (4.1.3)

i=1

Both (4.1.2) and (4.1.3) lead to a linear system

d, = Ap. (4.1.4)

78



It has been shown [124] that numerical discretization given in (4.1.3) can be as
accurate as using the analytic solution (4.1.2), but the computational speed using
discretization could be at least ten times faster. Therefore, numerical discretization
is frequently preferred in real applications. Consider applying a discretization and

let the general form of a potential field forward model be given by:

Gm=d, (4.1.5)

where m is the known underground model, G is the sensitivity matrix, in which
each element represents the effect of the m; to a observation point, and d is the
external field generated by the model. To achieve a unique solution with a specific
physical property, instead of solving (4.1.5) directly, the Tikhonov regularization

[105] is introduced, and we consider

min ® = |[Wy(d — Gm)||? + p||Wn(m — myg)||?, (4.1.6)

where o is the regularization parameter, my¢ is the prior information, W4 and W,
are the data weighting matrix and the model weighting matrix, respectively. Other
regularization terms can be used in (4.1.6) to achieve particular properties. The

minimization problem can be solved by the following matrix equation:
(GTWIW.G + pyWIW, )m = GTWIW,Gd + yWIW, m.; (4.1.7)
Many efficient iterative schemes have been proposed to solve (4.1.7) [75, 64,

65, 82, 30]. It is not hard to verify that the matrix-vector product is the major
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computational operation in an iterative scheme. Since G is an n-by-n full matrix,

the cost for a matrix-vector product is O(n?).

4.1.1 Gravity field multi-layer model

Let g(r) and U,(r) denote the gravity field and gravity potential at location r. Ac-

cording to the potential theory,

g(r) = VUy(r), (4.1.8)

since

L
_7/]ZAr—ﬂW&ﬁm’ 4.1.9)

then

—7/]/|:_;Pp . 4.1.10)

In real applications, the anomalous gravity field generated by an anomalous
density underground is recorded. The real density distribution p(r) is a function
of the location, and it can be decomposed into homogenous background density p,
which is a constant value and the anomalous density Ap(r). Thus, the anomalous
density Ap(r) can be calculated as the difference between the real density p(r) and

the background homogenous density p:



Therefore, a gravity anomaly is given by

Z—Z
I; = Ag. (v /// Ap(r) r,|3d (4.1.11)

To solve the first-kind Fredholm equation (4.1.11), numerical discretization sim-
ilar to (4.1.2) or (4.1.3) can be applied. However, instead of discretizing (4.1.11)

directly, we consider splitting a 3D density model into a sequence of 2D models.

Theorem 3.1 (Approximation of a forward model). A 3D density forward model

I given in (4.1.11) can be approximated by a 2D layer model I, as the following:

h
L, ~ // Am(zx,y, h /’3)61 dy, (4.1.12)
and the error of the approximation is bounded by
t
I3 — I < Cﬁ’

where ¢ is thickness of the layer, A is the depth from the ground to the top of the
layer, and C' is a constant related to the maximum density contrast.

Proof: Assuming t is the thickness of the layer and £ is the depth from the ground
to the top of the layer, then the absolute value of the difference between I3 and its

approximation I is given by

e e e vy e
// R P e t;h _yz)/)+(h—zf)2|3d“’dy|

- !/// p(x,y, 2)K(z,y, 2 dxdydz—t// z,y, h) K (z,y, h)dzdy|
1%

81




h+t
- |/// pla.y, 2)K (2, y, z)dedydz = / / / plw,y, WK (x,y, h)dwdydz|
\%4 3 g

< [ 1t 21w 2) = ot K G ey

0
// |z — h| wplg@@%@K@wﬁmM@M

z€[h,h+t] OF

: t/// sup |0.pK (2,9, 2) + p0. K (z,y, z)|drdydz.
V z€[h,h+t]

Since

0.pK (2,9, z) + p0. K (2,y, 2)|

= \sz(:c,y, Z) + p& ((x — x/)Q + (y — y/)Q + (Z _ 21)2)3/2’
- \Pz[(x — )2+ (y—y )2+ (z — /)23 +
pr—f) (y—y)+ (2 — )Pm—3@—2)‘
Kx—mﬁ (y Y)?+ (2 = )27

1 1
Eszmdx' + |pmax| +3|pmax| }
1
S |pzmax ﬁ as h — 00.
Therefore,

L-ni<e | / 10K (2, 2) + p0. K (,, 2)|dudyd>

W%AV o u

- h2 h?’

According to Theorem 3.1 and considering the linearity and additivity of the
potential fields, the error of the resulting gravity field is strictly bounded when
approximating a 3D density model by a 2D multi-layer model. Since the goal is
to seek the underground density distribution from a observed gravity field, we need
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to verify that using the same data set, the inversion solution by solving a sequence
of 2D models is converging to the solution of original 3D model. To prove the
convergence, we use the Theorem 3.2 stated in the following.

Theorem 3.2 (Approximation to the identity). Suppose that the least decreasing
radial majorant of ¢ is integrable; i.e. let ¥(z) = sup,, >, [#(y)|, and we suppose

Jgn ¥(z)dx = A < co. Then with the same A,

(a) Sagloﬁl(f*soe)(xﬂ < AM(f)(x), f € LP(R"), 1 < p < oo,

(b) If in addition / @(x)dx = 1, then 1in(1)(f x o )(x) = f(z) almost everywhere.
e—

n

(c)Ifp < oo, then ||f * . — f||, = 0, ase — 0.

By using Theorem 3.2, we are able to obtain the following Theorem 3.3 for the

convergence of the solution:

Theorem 3.3 (Convergence). Assume b is the observation field data, let ug =
I;'(b) be the exact solution obtained by solving a 3D forward model, and u, =

I, ' (b) be the numerical solution by solving a 2D forward model, then

t 2
ﬁ + My—

luz —uy| < M, Ex

where ¢ is the thickness of the layer, h is the depth from the ground to the top of the
layer, M; and M, are constants.

Proof: Suppose we have us = p(z,y, z) and us = m(z,y, h), such that

/// p(l‘,y,Z)K(l' - .CE/,y - y’,z - Z/)d$dyd2 = b7
D
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/// m(x,y, h)K(x —2',y —y',h — 2')dzedydz = b,
D
then,

/// p(l’, Y Z)K(SC - xla Yy — y/7 2 z/)dxdydz -
D
/// m(x,y, h)K(x — ',y — ', h — 2')dxdydz
D

= /// p(z,y,2) —m(z,y, h)|K(x — 2",y — v,z — 2")daedydz +
D
/// m(x,y, h)|[K(x — 2",y —y,2—2)— K(x—2',y —y',h — 2")]dzdyd=
D

= part I+part II = 0.

According to the mean value theorem,

part II < /// m(x,y,h)t sup O.K(x —zx',y—y, z— 2 dxdydz.
D z€

[h,htt]
Since
9 z—2z
(CEF Ty P
B 1 3(z—2)?
(R PR R R e (PR LR PR LR R
o1 3(z —2)? o4

therefore,

4t t2
part IT < 73 ///D m(z,y, h)dzdydz < Mﬁ’
2

t
|part I| = |part II| < Mﬁ (4.1.13)

Now, what we actually want is to investigate is |p(z,y, z) — m(z,y, h)|, which is
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given in part . Let

f(xayaz) = p($,y, Z) - m(mayah>7

and set

then choose

1 1
HE(:E,y,Z) - 6_

X zZ §
S22+ (£)2+(2)2)2
According to Theorem 3.2 (c),
f(,y,2) ~ lim £ Ho(w,y,2) = f+ H(z,y, 2),
E—>
therefore
f(@'y 2 = f+H( Y, 2)
= | / flx,y,2)H (2" — 2,y —y, 2" — 2)dv|
D

S |/ f(JZ,y,Z)K(?E, _xvy,_ya Z/ —Z)d?]|
D

+|/ f([E,y,Z)(H(ZU,—I',y/—y,Z/—Z)—K(JI/—I,y,—y,Z,—Z»d'Ul.
D
Since

|Hzx -2 y—y,z2—2)—K@x—2"y—vy,z—2)|

[1- (=2
[z = @)+ (y —y)2 + (= — )]
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and recalling (4.1.13),

t2
‘p(l’,y, Z) _m('xay7h)’ = ‘f(x7y7 )‘ < M1h2 + MQE |

4.2 BTTB-based Gravity Inversion

The most attractive feature of using a 2D multi-layer model is that the resulting
linear system in each layer has a BTTB structure. Denote the dimension of each
layer as N-by-M , then by discretizing (4.1.12), the 2D equation can be expressed

as

d(w(i),y(2), (1)) =

Z > K(  2(10), 2°(5), ' (k), h)m (2’ (5), ' (), h) AzAy,(4.2.1)

1 k=1

which can then be rewritten as

d(x(i),y(i), 2(1)) = Ct Y K(a(i),y(i), 2(i),2'(1), 4/ (1), hym(' (1), 4/ (1), h) AxAy,
=1
4.2.2)
where
K(i,1,h) = h—z 4.2.3)

[(2(i) = 2(1))? + (y(i) — y(D)? + (h — 2)22/>
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Figure 4.1: Uniform splitting of a 3D forward gravity model.

Thus, equation (4.1.12) can be approximated by a sequence of linear systems

di = Gimi, 1= ]_, cee ,Nl, (424)

where d; is the N x M gravity field generated by the :th layer, m; is the density in
the ith layer, [V, is the number of layers in a multi-layer model, and G; is (N x M)
by (N x M) BTTB matrix at the corresponding layer. The BTTB matrix is given

as in (2.2.5).

Now, consider splitting a 3D density model into a sequence of 2D model as
shown in Figure 4.1. Suppose a 3D model is split into /V; layers, then the forward

model for the potential field become

d=Tim; +Tomy + - + Tymy,, (4.2.5)

where T}, is the BTTB matrix defined in (2.2.5), my, is the density distribution at the

kth layer, k = 1,2,--- | N;. Thus, (4.2.5) can be rewritten as

d = Tm, (4.2.6)
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Figure 4.2: Non-uniform splitting of a 3D forward gravity model.

where

l

T=|T1, T, - TNZ},m:[ml m, --- my

Different from (3.1.11), the coefficient matrix T here is a non-square matrix,
therefore solving equation (4.2.6) is an inherently under-determined problem.

Another important feature of a multi-layer model is that the thickness of each
layer is not fixed. According to Theorem 3.1 and Theorem 3.3, the error in the
inversion solution is proportional to the layer thickness ¢, and inversely proportional
to the depth of the layer h. Therefore, as illustrated in Figure 4.2, the thickness of
a shallow layer can be chosen smaller, and the thickness of a deeper layer can be
chosen larger. The BTTB structure always exists and is independent with respect to

the vertical splitting of the density model.

4.2.1 Preconditioner for BTTB system

A powerful tool to accelerate the convergence rate for the CG iterative method is to
introduce a preconditioning operator. To be an effective preconditioner the operator
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must be a good approximation to the original matrix and the inverse must be easier
computed. For a sparse matrix problem, popular and effective preconditioning can
be constructed based on incomplete Gaussian elimination or approximate Cholesky
factorization, etc. For a full matrix problem considered in this study, the precondi-
tioning is usually based on a diagonal matrix [82]. However, by utilizing the BTTB
framework, we can now construct an optimal preconditioner [17]. Starting with a

general block matrix A:

Al A o Ay
A1 Aoy Agm
A — , (4.2.7)
Am 1 Am,2 An m
where A; ; € C"*". Define the matrix operator
Cyo0(Amn) = (V@ U)S[(V @ U)A,, (Vo U)] (Ve ), (4.2.8)

where d[A] denotes the diagonal matrix of A, and V and U are m-by-m and n-by-n
unitary matrix. Let
Mygu = {(V@U)*Appn(V @ U)|A,,, is any mn-by-mn diagonal matrix},

where V and U are any given m-by-m and n-by-n unitary matrix, respectively,
® is the tensor product, then the optimal preconditioner can be obtained from the

following theorem.

Theorem 3.4 [15]. For any arbitrary matrix A,,,, € C™"*™" given in (4.2.7), let
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cveu(Amy,) be the minimizer of [|W,,,, — A, || 7 over all W,,,,, € Mygy, where
cygu 1S the point operator. Then the optimal preconditioner for matrix (4.2.7) is

given by
Cgfz)U (Arn) = cvgu(Amn).

According to Theorem 3.4 and for any BTTB matrix, the optimal preconditioner

c(FQ)F (Aynn) can also be expressed in the form of BCCB matrix [15]:

m—1n—1

i ) > (A | (N @QM29)

1 —
J=0 k=0 \p—qg=j( mod m)r—s=k( mod n)

2
Ci‘% (Amn) = mn

4.2.2 BTTB-based least squares solver

Since the system (4.2.6) is a non-square matrix, the solution can be computed by

considering the problem
min ® = ||d — Tm||,, (4.2.10)
which can be solved by applying the CG method to the normal equation
T*(d — Tm) = 0. (4.2.11)

To avoid explicitly forming T*T, CG method applied to the normal equation
(CGNR) [8, 77] was developed. The preconditioned CGNR (PCGNR) method for

solving (4.2.11) is given in the following.

PCGNR. Let mg be an initial guess to Tm = d, and let C be a given preconditioner.
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I'OZd—TmO

Py = So = C"*T*rg

Yo = lIsoll3

for k=0,1,2,---
q, = TC 'p,
ar = /llaxl3

m; 1 =my +a;,C'p,
Fpy1 =T — Qg
s, = C T 4
Vi1 = [Isk41ll3
Br = Ve+1/Vk
Pr+1 = Skt1 + BrDr-
The PCGNR can be used to solve non-square matrix system (4.2.6). It should

be noted that a regularization can also be added to the normal equation. Recall that

the objective function to be minimized is

min ® = [|[Wy(d — Tm)||? + p||[Wn(m — myg)|]%. (4.2.12)

where 1 is the regularization parameter, my is the prior information, Wy and W,

are the data weighting matrix and the model weighting matrix respectively.

When no prior information is available, we set m,s = 0, such that the mini-
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mization problem (4.1.6) can be rewritten in the following form [16],

2

Wud W, T
min ¢ = — mil . (4.2.13)
0 UWi,
By setting
. W,T . W,yd
T = ,d= ,
W 0

the PCGNR can now be applied to (4.2.12). By changing the structure of W,,, d-
ifferent type of regularization can be developed, and this will be discussed in next

section.

4.3 BTTB-based regularization

4.3.1 Smoothness stabilizer

The aim of a stabilizing functional or stabilizer is to select an appropriate model
according to prior information or the geological knowledge provided by a user.
When some prior information is available, the simplest regularization is to minimize

the difference between the current model and the prior model:

®p(m) = ///V(m — Myer)*dv, (4.3.1)
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such that the weighting matrix W, in (4.1.6) is the identity matrix L.

To generate a smooth transition, consider a smoothness regularization [64, 65,

58] as follows

Dn(m) = a, / / /V wo{w(z)m — my}2du (432)

+a, / / /V w, {87“”(2)[2;_ e }2 dv (4.3.3)
+ay / / /V w, {8w<z>[g‘y_ e }: dv (4.3.4)
ta, / / /V w, {@w('z)[g‘; mref]} dv, 4.3.5)

here, ws, wy, wy, w., oy, o, a, and «, are the weighting parameters which are

chosen to balance the importance among (4.3.2) (4.3.3) (4.3.4) and (4.3.5), w(z)
is the depth weighting function to counteract the geometric decay of the kernels.
The smoothness stabilizing functional can be efficiently utilized by using BTTB
structure. Assuming a 3D density or susceptibility model is split into N; layers

as displayed in Figure 4.1, and denote the density distribution in zth layer as M),

i=1,..., N, then the M can be given in the following form,
@ @) (i
myt Myyr - Mpy_1)N+1
@ ) (1)
my’ m .om
MO — | 2 N (M=ON+2 (4.3.6)
m® w8
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such that the density distribution in a 3D model can be reformed into a vector as

T

m = mgl) mgl) “ee mg\b)N mgz) . e mg\zj)N mgg) e mg‘jjvjl\)[ (4.3.7)

From (4.3.6) and (4.3.7), the partial derivative in (4.3.3) (4.3.4) and (4.3.5) can

be denoted as

T
)
1 T
%_m - m= Am, (4.3.8)
X x
(V)
where
T, 1 -1
. T, 1 -1
T = , T, = . (43.9)
Ty 1
L . L 4 NxN
GWo
)
o 1 G
a_m - = m = Bm, (4.3.10)
Y Y .
G(Nl)
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where

) G |
, I I
G = Lis N x N identity matrix. ~ (4.3.11)
I
L d MxM
)
MM _ Cm, 4.3.12)
0z
where
I -1
1 I I
C= ~ Lis MN x MN identity matrix. (4.3.13)
Z . .
I
= - NZXNZ

Since A, B and C are BTTB matrices, the overall smoothness regularization can
be expressed in a BTTB framework. Notice that, other regularization stabilizers can
also be transformed into BTTB form, such as the minimization of the Laplacian of

model parameters [122]:
®,,(m) = || V*m|?. (4.3.14)
In addition to the smoothness stabilizer, the focusing regularization has been

proposed to achieve compact inversion results. The minimum support (MS) stabi-
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lizer [122] and the minimum gradient support (MGS) stabilizer [27] can be incor-

porated into the BTTB framework.

4.3.2 Reweighted parameter, depth weighting function and pos-

itivity constraint

Using the BTTB framework, we now define a data misfit functional ®; = ||d —
Tm||, and apply the regularization stabilizer ®,, presented in Section 4.3.1. To
achieve a meaningful and accurate inversion solution in real applications, more
factors including regularization parameter «, depth weighting function w(z), and
positivity constraint should be considered.

The regularization parameter o determines the degree of smoothness or com-
pactness. However, choosing an appropriate value for « is a hard problem. The
prior information and the degree of perturbation will be useful to estimate « [1],
and the cross-validation method is also available [8]. The trial and error method
[33, 108] and the L-curve technique [49] are frequently used when little prior in-
formation is known. Here, the trial and error method is employed to determine the
initial value for the regularization parameter «.

In this study, the solver is based on the re-weighted regularized conjugate gradi-
ent method (RRCG) given in section 2.2, where the regularization parameter o will
be updated in each iteration.

Since the gravity potential kernel decreases with the depth, the inversion with
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a smoothness regularization tends to generate a density distribution concentrating
near the surface. It has been shown that using a weighting function [64, 65] is an
effective way to counteract the decay of a kernel, and the weighting function is

given in the form of

1

where £ is chosen in the range of 1.0 < [ < 1.5.

To guarantee the positivity of the inversion solution, conventionally a logarith-
mic substitution m = In(k) [65] is used such that the recovered model is strictly
positive. Here, we propose a positivity constraint in the form of a linear penalty

function:

p(z) = , (4.3.16)

where C' is the penalty parameter controlling the constraint degree. The proposed
penalty function allows a negative value in the recovered model. Particularly, the
penalty parameter provides a flexibility to recover the model for different field data.
Notice that, the parameter C' can be chosen larger if the field data is strictly positive,
and C' should be smaller if there exists negative field data. Numerical experiments
show that for the field data without negative value, the parameter C' can be chosen
from 200 to 4000, and the inversion results are not sensitive to a wide range of
values for C'.
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Compared with the FFT-based methods, another advantage of the BTTB struc-
ture is that it produces little artifacts near the boundary. This attractive property
makes the BTTB structure has potential to be a powerful tool in many other geo-

physical applications.

4.4 Numerical Results

To demonstrate the power of the proposed BTTB-based scheme, computational
simulations using the synthetic data and the field data are reported. The synthetic
density models tested in this section have also been investigated for 3D numeri-
cal inversions [64, 65, 93]. All computation was performed on a Laptop with i7-

3632QM CPU and 12GB RAM.

4.4.1 Synthetic data

The first test case is taken from a numerical example investigated by many re-
searchers [64, 65, 93], where Figure 4.3 represents a synthetic density model con-
sisting of a dipping dyke with density 1.0 g/cm?. By inverting the resultant gravity
field shown in Figure 4.4, and compare the inversion result with the original synthet-

ic density model, we evaluate the effectiveness of the proposed inversion scheme.
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Figure 4.3: Synthetic density model I.
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Figure 4.4: Gravity field generated by synthetic model I, unit of the gravity field in
mGal.
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Figure 4.5: Inversion result with different constrains.

The dimension of the generated field is 1000m by 1000m as shown in Figure 4.4.
We vertically split the density model every 50m into 10 layers, and in each layer, the
cell size is chosen to be 50m by 50m, such that there are 20 by 20 cells in each layer.
Note that the cell number in the model is related to a given resolution, for example,
when a recovered resolution is 20x20x 10 for the synthetic model I, the density
model contains 4,000 cells. In Figure 4.5, the effect due to the depth weighting
function (4.3.15) and positivity constraint (4.3.16) are displayed. The exact density
distribution is contoured by black line. Without the depth weighting and positivity
constraint, Figure 4.5(a) reveals that the density tends to concentrate at the surface
and some negative values are observed. In Figure 4.5(b), the solution has a vertical
resolution due to the use of the depth weighting function. The application of a
depth weighting can offset the decay of the kernel such that each model parameter
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is provided with an equal opportunity to have anomalous values [64, 65]. Without
a negative penalty function, part of the solutions could remain negative. The effect
of a penalty function is clearly shown in Figure 4.5(c). When applying a depth
weighting and positivity constraint together, the vertical resolution and the density

value are well recovered as illustrated in Figure 4.5(c).

In investigating the robustness of the proposed scheme, an extra 2% Gaussian
noise is added to the resultant observation data. The inversion results using the
perturbed data are shown in Figure 4.6. It is observed that the dipping shape in
recovered model is accurate, and this confirms that the numerical scheme is robust
even when the perturbed data is used. To examine the sensitivity effect due to the
parameter «, Figure 4.5(c) presents the inversion results using the regularization
parameter « = 0.1. The corresponding inversions using o = 10 are shown in
Figure 4.6. Both results are in good agreement, and further numerical experiments

also conclude that the inversion solutions are consistent for a wide ranges of «.

Next, we consider a more complex density model as illustrated in Figure 4.7.
Here, the test model consists of two dipping prisms underground, where the densi-
ty of the long prism and the short prism are 1.0g/cm?® and 0.8g/cm?, respectively.
Figure 4.8 shows the gravity field generated by the density model given in Figure
4.7. Using the perturbed data with adding 2% Gaussian noise directly, the inversion
solutions are shown in Figure 4.9. Similar to the previous case study, the inversion
scheme is capable of capturing the features for the test case.
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Figure 4.6: Inversion result of gravity field without noise and with 2% Gaussian
noise.
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Figure 4.8: Gravity field generated by the synthetic model II.
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Figure 4.9: Inversion result for gravity field in Figure 4.8 with 2% Gaussian noise.

4.4.2 Field data

In real geophysical applications, the underground structure can be much more com-
plicated than the synthetic models. Figure 4.10 presents a test model using real
field data showing a gravity anomaly in a 5 x 5 km area. The interval between each
two gridded observations points is 50 m in the north-south and east-west directions,
therefore the observation field data is 100 by 100. To infer the underground densi-
ty structure, we apply the proposed numerical inversion scheme to the 10000 data
points. The black lines indicate the position of the inversion results to be investi-
gated.

Figure 4.11 shows the inversion results at three different locations as indicated in
Figure 4.10 and with four resolution levels. The details of the inversion resolutions,
cell sizes and the corresponding computing time are summarized in in Table 4.1.
Obviously, the inversion results are improving as a finer resolution is used. Even
though the size of the linear systems grows rapidly as the resolution is increasing,
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Figure 4.10: Real gravity field data.

it is important to note that the computing time for the numerical inversion increas-
es only linearly. Figure 4.12 displays the computing time required with increasing
number of unknowns. With 300,000 unknowns at the finest resolution in R4, the
computing time using the proposed scheme is 186.82 seconds for 1000 iterations.
However, for a standard iterative scheme without using FFT, the complexity will be
O(n?) and the estimated computing time using the same computer for 1000 itera-
tions is estimated to be 5.44*107 seconds. According to the information presented

in Figure 4.12, the computing time can be estimated by the following equation:

log(7") = 0.807 * log(NN) — 4.89, (4.4.1)

where 7' is the computing time, and NV is the number of unknown. According to
(4.4.1), when the number of unknown /N = 10,000,000 in the recovered model, the
estimated computing time is 3352s. It is also important to note that the compact
storage requirement is O(n), making the proposed BTTB-based schemes capable
of inverting large scale data with a very modest computing resource.
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Figure 4.11: Inversion results at location 1, 2 and 3 in Figure 4.10 at four different
resolutions.
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Figure 4.12: The logarithm of the number of unknowns versus the logarithm of the
computing time.

Table 4.1: Computing time for inversion of gravity field real data

Resolution Cell size number of unknowns number of iteration  7'(s)
(Easting x Northing x Depth)
R1 20x20x6 250mx250mx167m 2400 1000 3.92
R2  33x33x10 152mx 152mx100m 10890 1000 13.45
R3  50x50x15 100mx 100x67m 37500 1000 38.09
R4 100x100x30 50m x50mx30m 300000 1000 186.82
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To address other issues in real field applications, we also investigate the sen-
sitivity on the depth weighting parameter (3, and the number of iterations needed.
The inversion results presented in Figure 4.11 is based on 5 = 1.0. Repeating the
simulation using 5 = 1.4, the corresponding result is shown in Figure 4.13, where
the side sections are inverted along the direction 1,2 and 3 as indicated in Figure
4.10, and 4 is the inversion result at the cross section at 300 meters deep. In Figure
4.13 - 4, the recovered model contains negative value, which just under the negative
point of the field data in Figure 4.10, showing the ability of the proposed positivity
constrain to recover a negative model. It is also observed that there exists some
discrepancy between the results in Figure 4.11 - R4 and Figure 4.13, however, for
1.0 < 8 < 1.5, the inversion solutions are generally consistent. Although the inver-
sion results presented in this work is based on the solution after 1000 iterations, the
iteration can be terminated early. Figure 4.14 plots the misfit e versus the iteration
number N for a typical inversion simulation, where e = &4 = ||d — Tm]|. It is clear
that a rapid convergence is achieved and the iteration can be terminated after after

a few hundred iterations.

4.5 Concluding Remarks

In this chapter, we present a BTTB-based numerical scheme and demonstrate that
the proposed method is capable of performing large scale 3D gravity field inversion
with a rapid convergence. The success of the new scheme is achieved by utilizing
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the properties of the Block-Toeplitz Toeplitz-Block structure. We also prove that it
is reasonable to split any 3D gravity field model into a 2D multi-layer model, and
the BTTB structure exists in each 2D layer. We further investigate the smoothness
and focusing stabilizers under the BTTB framework, such that the convergent rate
of the numerical inversion scheme can be rapidly accelerated. The most attractive
features of the proposed inversion scheme are that the computation complexity is
O(nlogn) and it requires O(n) storage. Unlike many existing standard iterative
schemes such as that based on the conjugate gradient methods, the computing time
for the proposed method depends linearly with the number of unknowns for large
scale inversion problems. The new scheme can be regarded as an efficient and

powerful tool for 3D large scale inversion and when high resolution is needed.

The proposed scheme has been tested for inversion models using the synthetic
and real field data. The effect of the a depth weighting function and positivity
constraint function has been investigated. The robustness of the numerical scheme
is validated by introducing additional Gaussian noise to the observation data. We
have optimized the scheme not only in computing the misfit functional, but also for
the regularization stabilizers based on the BTTB framework. Based on the real data
simulations, we conclude that large scale inversions can be easily preformed using
a laptop with reasonable computing time. The proposed numerical scheme can also

be extended for inversions using magnetic field data.

The work reported in this chapter has already been published in Geophysical
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Journal International [119].
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Chapter 5

ADI-FDTD for 2-D Transient Electro-

magnetic Problems

In the previous chapters, we have investigated the modelling and efficient com-
putation for inverse source problem. In this chapter, we investigate the inverse
scattering problem. Using an electromagnetic (EM) method to reconstruct the con-
ductivity distribution, we need to exert artificial magnetic electric field to generate
induced field, since the conductivity itself can not generate external fields. Inter-
pretation of electromagnetic data in complex geological environments depends on
the multidimensional forward and inverse modeling, and the topic is of great inter-
est to geophysics community. The finite-difference time-domain (FDTD) method
first introduced by Yee [115] and Taflove [102] is now generally regarded as one
of the most commonly used tools in the EM exploration applications. Oristaglio
and Hohmann [76] used the DuFort-Frankel scheme to simulate a 2D transient re-
sponse to the shut-off of a line source. Lepin [62] extended the FDTD scheme into
3D cases by using the Fourier transform along the strike direction, in which a 2D
problem was solved for discrete wavenumbers. Such model is usually referred as
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a 2.5D problem, and it performs well for a general 3D structures [99]. Wang and
Hohmann [112] extended the FDTD scheme to 3D applications, where the DuFort-
Frankel scheme was employed with a staggered-grid. The divergence condition of
the magnetic field was imposed and a displacement current term was introduced
to ensure the numerical stability. Commer and Newman [21] developed a parallel
version for 3D applications. By transforming the Maxwell equation to another form
which was less frequency dependent, Maao achieved an efficient implementation of
FDTD computation [68]. Other works based on the finite difference including the
hybrid finite-difference method and parallel computing were reported in [116] and

[97].

In addition to the finite difference (FD) method, the finite volume (FV) and
finite element (FE) methods have also been frequently used. The work on FV
method covers both the frequency domain [45, 22] and time domain [47]. With
the advantage of dealing well with complex geometric domains as well as compli-
cated geologic interfaces, the FE method is very popular in time domain [51, 52]
and in frequency domain [53]. Goldman et al [41] applied the FE method in the
spatial formulation for the 2D problem and the backward Euler method in the time-
domain. Everett and Edwards [34] developed the finite-element time-domain (FET-
D) method to simulate the marine electromagnetic propagation in 2.5D case. Um
et al [110] developed an iterative FETD to investigate the diffusion behavior in
3D earth, where an adaptive time step doubling method was considered to reduce
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the computing time. Besides the time domain approach, many work has also been
reported in the frequency domain. Without the consideration of time step, it is par-
ticularly suitable for applying FE to 2D [61], 2.5D [56] and 3D [86, 109] problems.
Recent development on the FE method in EM includes the edge-based FE method
[72, 19], multifrontal method [28], adaptive FE method [90, 43], parallel computa-

tion [86, 57] and other inversion related problems [92, 42].

However, it is well known that the computing cost associated with FE method
is very expensive. It is not a trivial task to generate a proper grid system, the more
complex the earth structure is, the more cost there will be needed. Since the resul-
tant matrix in the FE method is frequently ill-conditioned, the solutions may require
the use of direct methods [110, 109]. It is worth to note that the computational cost
for a direct solver is O(N?), therefore a tremendous amount of storage requirement

and computing time are demanded.

Compared with a FETD approach, one attractive advantage of the FDTD algo-
rithm lies in its straightforward implementation. It is feasible to implement an ef-
ficient FDTD code with limited computing and storage resource. Further improve-
ments are possible by considering implicit FDTD because of their favorable sta-
bility condition as well as computing efficiency, such as ADI-FDTD, Symplectic-
FDTD, EC-S-FDTD, etc [37, 73, 101, 22, 38, 18]. With its unconditional stabili-
ty, the ADI method first introduced by Peaceman Rachford [80] and Douglas [54]
could take larger time step than the explicit schemes. Moreover, it is easy to extend
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an ADI algorithm from 2D problems to 3D problems.

The storage requirement and computing cost usually depend on the model and
the governing equations. Various FDTD formulations have been proposed using
diffusion equation [76, 112, 21], Maxwell equations [59, 113, 94] and Helmholtz
equation [98, 110, 109]. In this study, we consider a 2D model based on the dif-
fusion equation simulating the electric field. The primary advantage of this choice
is that the number of unknowns is much smaller than in other cases. The study
of a 2D wave propagation problem is essential, since developing an efficient and
accurate solution for a 2.5D model directly depends on the quality of a 2D scheme.
Moreover, when implementing a 3D computational code, a 2D scheme can also be

extended by adding variables without changing the governing equations.

The major contribution of the presented study are threefold. First, we imple-
ment accurate boundary conditions for the earth-air interface and the underground
interface. A popular approach to avoid the discretization in the air is to extend
one layer into the air [76, 2, 112, 21], and this procedure is known as upward con-
tinuation. Here, we imposed an integral equation at the earth-air interface, and
this provides an accurate relationship between the normal derivative and horizontal
derivative of the electric field. The challenge is how to incorporate the integral equa-
tion numerically. Moreover, for the boundary in the earth, the Neumann boundary
condition is applied instead of the PEC (i.e. Dirichlet type boundary condition) in
order to reduce the reflection error. Secondly we propose the ADI-FDTD scheme
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including the treatment of a nonlocal boundary condition, which appears due to
the integral boundary condition at the earth-air interface. The stability analysis and
convergence order are reported. Finally, as an implicit scheme, numerical example
demonstrates that the combined ADI-FDTD algorithm has a competitive advantage
over the explicit FDTD in both efficiency and accuracy. This is because the ADI-
FDTD is unconditionally stable and allows the use of larger time steps.

This chapter is organized as follows. In Section 5.1, we present the mathemati-
cal model for the 2D transient EM (TEM) problem with boundary conditions in the
earth-air interface and underground interface. The ADI-FDTD formulation for this
model are reported in Section 5.2. Then, Sections 5.3 and 5.4 present the stabili-
ty analysis and error estimate. The proposed ADI-FDTD scheme is validated, and

numerical simulations are reported in Section 5.5.

5.1 TEM Model

Consider a 2D transient electromagnetic (TEM) model in the x-z plane with a rect-
angular domain €2 = [0, a] x [0, b] as depicted in Figure 5.1, and the time interval is
[0, T']. Under the quasi-stationary assumption of the Maxwell’s equations, the TEM

model is constructed as the following initial-boundary value (IBV) problem [76]:

OE O*E  O°E oJs .
Moga—w—‘—w :—MOE, m Q, (511)
OE 1 te 1 9E
%(x, z="0,t)+ ;P/ — x/%(x’,z =b,t)dz' =0, onTly, (5.1.2)
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oFE
— =0, only I's, ['y, (5.1.3)
on

where F is the electric field, 1 is the permeability of the free space, o = o(z, 2)
is the conductivity distribution, J is the density of the source current in the y-

direction. P represents a principal value integral and n is the outward pointing

normal direction.

zZ T : air—earth interface .
7 1 double line source
+ _
Zfb
‘1
)
Z.
r, \ \
T
ZZ
“
20:0 i _ >
0 x 0:0 X X X X X,=a X

1 r i -2 I-1 1

Figure 5.1: Geometry for the 2D TEM problem with the double line source.

The system (5.1.1)-(5.1.3) describes the electric field induced by the variation
of the source J; in the earth. Since the conductivity o in the earth is normally much
larger than the permittivity € so that wavelike features of the electric field vanish
very quickly, therefore we consider the diffusion equation (5.1.1) as the govern-
ing equation. The upper boundary condition (5.1.2) is derived from the radiation
boundary condition, it indicates the relationship to be satisfied for the electric field
at the earth-air interface.

For the treatment of the earth-air interface in a 2D TEM modelling, a popular
approach is to apply an upward continuation by extending one layer into the air [76,
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112]. Moreover, to avoid the reflection error from the Dirichlet boundary condition,
the computation domain must be large enough so that the values at the subsurface

boundaries to be the analytical solution for a half-space.

In the present study, we handle the earth-air interface by imposing the exact
integral boundary condition (5.1.2). In addition, the Dirichlet condition is replaced
by a Neumann condition for the boundary in the earth (I', I's3, I'y) (5.1.3). For
the simulation of a sufficiently large domain, this would significantly reduce the
reflections from the subsurfaces.

In fact, to avoid the singularity at the early time, the excitation of EM responses
from the shut-off of the current source .J; is generally replaced by imposing the ini-
tial conditions on the electric field. Thus, we set .J; to zero and adding the following
initial condition:

E(z,2,0) = Ey(z, 2), in (2. (5.1.4)

5.2 Numerical Formulation for ADI-FDTD with In-
tegral Boundary

In this section, the ADI-FDTD scheme is proposed for the IBV problem (5.1.1)-
(5.1.4).

First, let us introduce the partition of the computation domain as displayed in
Figure 5.1, where z;,7 = 0,1,--- 1, and 2;, j = 0,1,--- , J, represent the mesh
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grids along the x and z directions, respectively. Here, z; is the earth-air interface.
Let t" denote the discretization for the time interval [0, 7] and At,, = t" — ¢"!
be the time step. Also define ;1 = (r; + xiv1)/2, Zjpl = (2j + 2zj41)/2 and
s = (t" +t"*1) /2. Let Ax; = x; — -1, Az; = z; — zj_; be the spatial steps

in the = and z directions. Define the central-difference operators as:

E .. —FE 1. E . .i—FE . 1
Z+§7J 7/_57‘7 27J+§ 7’7]_5
0B = — , 0.1 = — , (5.2.1)
_1 _ 1
where z; 1 — 2, 1 = 5(Az; + Axiy ), and Zigl — 21 = 3(Az; + Azjp).

The proposed ADI-FDTD scheme for the TEM model (5.1.1)-(5.1.4) is con-

structed as follows:

Step 1 : Compute the intermediate variable Ents using £" implicitly in the x

direction and explicitly in the z direction.

1
En+§ — Er. 1
T T s2ptty  s2pm
SR ORTERE B
n+i n+3 nt3 n+3g
_ Q(Ei-i—l,j - Ei,j ) _ 2<Ei,j — Ei—l,j)
Az (Az; + Azir)  Axy(Azy + Azigg) (5.2.2)
2(E74 — E7)) 2(E; — By )

+

Azjir(Dz+ Azjpr)  Az(Az + Azjp)’
i=1,.. . I—1, j=1,...,J—1,

with the following boundary conditions for I'y, I'5 and I'y:

E’Z,O - Ei,l ’ EO,j =F

1
n+3

n—l—é n—l—%
1, j

9 El,j == EI—I,]' (5'2'3)

It is necessary to note that in the first step, there is no need to compute the values
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of the intermediate variable E"2 on the upper boundary I'; since they would not

be used in the second-step calculation.

To clarify the computing procedure of this step, the scheme (5.2.2) is rearranged

as:
(1 + Athrl + AIfn+1 ) n+%

ILLUi,jAZL’Z'(A.Ti + AZEH_l) ILLO'Z'JA.TH_l (AZEZ + A.CEH_1) J

N Athrl nJr% . Athrl En+% _
1o AT (Ax; + Awigq) ik poi j Az (Ar; + Awigg) T

(1 B Atn+1 . Atn+1 )En

poijAzj(Azj + Azja)  poijAzj(Dzy + Azjia)

Aty Aty

+ B+ B
10Dz (Azj + Azjen) T poy Az (Azy + Azjey)

(5.24)

For a givenindex j (j = 1,...,J —1) in the z direction, (5.2.4) and (5.2.3) lead
to a tridiagonal linear system which could be computed effectively by the Thomas’

algorithm with a cost of O(I) [103].

Step 2 : Compute £"*! using Ents explicitly in the x direction and implicitly in

the z direction.

Eret - g
L —_ .. 1
i i, 2 i tsg 2 n+1
/J/O-i7j = 51:Ez j + 52Ez j
Atn+l/2 sJ 5]
n+% n+% n+% n+%
Q(EiJrLj B Ei,j ) 2(E'i,j - E¢71,j)

- Ami—l—l(AfEi + Ami—f—l) B AZL‘Z(AJZZ + Ami-{-l) (525)
2Eh - B 2Ey - B

+ - )
AZJ'+1(AZJ' + AZ]'+1> AZJ'(AZJ' -+ AZ]'+1)

i=1,...,0—1, j=1,....0—1,
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with the boundary conditions for 'y, I's and ['4:

ntl  pmtl n+1 __ 41 n+l _ g+l 5.2.6
Ei,o —Ei,l ) Eo,j —El,j’ El,j _EI—LJ" ( )

The numerical scheme for the upper boundary I'; is given by (we will elaborate

on this shortly):

n+1 n+1 n+1 -2 n+1 n+1
SEZ',J - 4Ei,J—1 + Ei,J—? 1 E - Ek,J

k+1,J
— : =0. 5.2.7
ZAZJ +7T; $i—$k+% ( )
Scheme (5.2.5) can be rewritten as
(1+ Binin + Ehi Vo
oAz (Azj + Azj1)  poi Az (Az + Azjya)”
JAN A il Aty bl _

_ - Eril
105 Az (Azj + Azjya) T poi Az (Azy + Azyp) T

Atpi Aty ) ntl

1— — .
( [LO'Z'J‘AZ'Z(A[EZ‘ + Al'i—l—l) IUO'Z'J‘ALUHJ (AIz + ALUZ'_H) J

+ Atn-i—l E,TH-% + Atn+1 E,H_%
MO’Z‘J‘AJZZ‘(AIZ‘ + AZL’H_l) =L IUO'Z'J‘AZEH_l (Al‘l —+ AZL’Z'_H) i+

(5.2.8)

For a given index 7 (i = 1,...,1 — 1) in the x direction, a tridiagonal linear

system could be constructed by (5.2.8), (5.2.6) and (5.2.7).

For simplicity, we use homogeneous mesh grids and time steps, that is Az =

Az =h, At =T/N.

Treatment of the integral boundary condition (5.1.2)
In the second step of the ADI-FDTD scheme, the electric field at the earth-air
interface Elnjl (¢ = 0,---,I) must be known in order to make the linear tridiago-
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nal system solvable. This can be achieved by discretizing the boundary condition

(5.1.2) using numerical differential and integral. We approximate the derivative

OE 1.
term 5> by:

8n 9, J 2h ’

which is of second-order accurate. For the integral term, we employ the following

discretization:
n+1
“+oo 1 aE 1-2 (5 E
P/ OB 2= b, e = S Ty,
oo T — 'O

=1 T Thetg

-2 En+1 _Eg—ijl

_Z At . i=1,...,1—1

i~ Tptl

(5.2.10)

Substituting (5.2.9) and (5.2.10) into (5.1.2), it leads to (5.2.7). Note that (5.2.7)

can be rewritten as

§ n—&-l . Eﬁ:if_l + E?j_llJ + l i 1 )En+1
27 w(i—3/2)  w(i—1+3/2) 7Tk:22 k+1/2 Ci—k—1/277R
4En+1 o En-i—l
L U S
2
(5.2.11)

From (5.2.11), it is clear that the values of E™*! at the earth-air interface, i.e

Efﬁl 7» can be computed by solving the following linear system:

AEYS, = BEYY , + CEYL (5.2.12)
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where B = diag(2), C' = diag(—3). And the matrix A is given by

A(r—nyx(-1) =

% + % %(% - 1) %(% o %) %<211—5 B 211—7) _%(211—5)
2 3, 4 2/1 2/ 1 1 2 1
-2 5+ G- .. G we) iw
_%% %(%_1) %"i_% %(211—9 B QIill) _%(211—9)
2 1 2/ 1 1 2/ 1 1 3, 4 2
T w (2I-7) %(21—7 B 21—9) %(21—9 B 21—11) 2t = T
2 1 2/ 1 1 2/ 1 1 21 3,2
—tary @ - ww) Fam o ws) - G- 1) 5t
B ot A1)
= 5(21—2) AO ﬁ1(21—2) )
BI—-1) of B(I-1)
(5.2.13)
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B=AL:I-1 )= (5+, _%, | _%(2[1_5)>T7

AT =) = (=g g )

oAl [_Q)T:(%%_l)’ %(%_%)’ ""%(211—5_211—7))T’

=AU =1,2:1-2) = (2(r s - 52), Sr =5 s 25— 1)
(52.14)

It is obvious that Ay is an (/ — 3) x (I — 3) symmetric matrix.

However, with the unknowns E7 7', ;_; and E7JL, ;_, in (5.2.12), it is impos-
sible to compute E}'f', ;. To resolve the problem, we eliminate E7'}', ; | and

EpfL, ;5 using (5.2.5).

First, let us express the system (5.2.5) in a matrix form, for each ¢ from 1 to

I — 1, we have

PE = F, (5.2.15)
with
—a l1+a 0 0 0 0
—a 1+2a —a 0 0 0
P=|: i o S (5.2.16)
0 0 —a 14+ 2a —a 0
0 0 0 —a 14+2a —a
(J-1)x(J)



At

where ¢ = W,

F represents the RHS of this linear system.

Now, a downward recursion algorithm could be applied to the tridiagonal sys-
tem (5.2.15) eliminating the lower diagonal and yielding the diagonal element to be

unity (upper triangularization). The last two equations in the system are given by

n+l1 _ n+1lpn+l n+1
Ei,J—l_pi,l E',J +4q

i1 o

(5.2.17)

n+l1 _  _n+l1lpmn+l n+1
Ei,J—Q =Dip Ei,.]—l + 4o -

Substituting the first equation of (5.2.17) into the second one, we obtain

ErMt, = pr i B 4 i e+ gl (5.2.18)

Using(5.2.17) and (5.2.18), we could replace E{'!, ;_;and E7}L, ;_,in(5.2.12)
to complete the linear system with respect to Eﬁil ; and solve it by a linear solver.

With the values of E{Lﬁl ;- the second step of the ADI-FDTD scheme can be im-

plemented.

Remark 1. The proposed ADI-FDTD scheme is easy and efficient to implement.
For the integral boundary condition (5.1.2), there is only one extra linear system to
compute in each iteration besides a sequence of tridiagonal linear systems. How-
ever, the extra cost is negligible since there are many fast solvers. In addition, in
each substep, the original 2D problem is transformed to a series of 1D problems

with tridiagonal linear systems.
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5.3 Stability analysis of ADI-FDTD in L? norm

Now, we analyze the stability of the proposed ADI-FDTD scheme for the model
(5.1.1)-(5.1.4) ' . Firstly, define the following discrete L? norms and the corre-

sponding inner product:

J—11-1 J—11-1
mn n2 n
1B"[P=)_> EnR* 6B = SR
7j=1 =1 7=1 =0
J—-11-1 J—11-1
16.E"P =" (6. E} 1) 22, 16,6, "2 = (0.0.E7, 1 j+2)2h2,
J=0 =1 j=0 i=0
J—11-1
(U, V) - Uiyj‘/l]hQ,
7j=1 =1
(5.3.1)
and
2 2 2h2
1B 13, = Z B, = ZEM -
, R (5.3.2)
n 2 n n2
I1E"[[f, = Z g IIE ||%4=ZEOJ-§,
j=1

where I'; refers to the earth-air interface, I's, I'5 and 14 are the three subsurfaces
counterclockwise as shown in Figure 5.1.

The discrete L? norm of F in the inner domain without boundaries is defined
by (5.3.1), and (5.3.2) gives the discrete L? norm of E on the four boundaries
respectively. By estimating the discrete energy of this system, we will analyze the

stability of the ADI-FDTD algorithm.

'The main work in theoretical analysis of stability is conducted by Dr. Wanshan Li
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Eliminating the intermediate variables E"*3 from the schemes (5.2.2)and (5.2.5),
it is not hard to verify that the ADI scheme is equivalent to the following scheme

for all the inner points:

n+1 n
B - By 1
At 2uo

(624 63 (E™ + E™MY) j + ——=8262(E™ — E™);; = 0,

»J 4Iu20_2 xr-z

Multiplying (E™+ E™*1), ; to both sides of (5.3.3), computing the inner product
and denoting the three items on the left hand side as Iy, I, and I3, respectively, it

follows that with the definition in (5.3.1),

Ert! — Er 1
h= (T e ) = (P - 871P),

At T At
L=--1 (<6§ FRYE 4 B, (B E)) (534)
2uo
At mn mn mn mn
Iy = 1207 (5§5§(E t_E", (E"+E +1)>.

Using the discrete Green formula and imposing the Neumann boundary con-
ditions on the subsurface I'y, I'5 and I'4 (5.2.6), for the 5% and 53 terms in /o, we
deduce respectively, that

1 1
I, = — 52 Em En+1 B En+1 — (536 B En+1 2
= g (BB 4 BV, (B 4 B ) = (B + B,

(5.3.5)
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[22 — —L(52(En En—&-l)? (En +En+1))

2uo
1 I-1

- 5z B En+1 2 B En—&—li —(E" En—l—li _
R (GRS [ DI MR R W

< (E" + E>}
(5.3.6)
In fact, the boundary schemes on subsurfaces ['s—1I"; (5.2.6) imply the following

relationship:

0By = 0By s OB = 0B s § =000 T =
(5.3.7)
5;3E,7 _5EZL+ L 220771_1
By the discrete Green formula and (5.3.7), for I3, we derive
Ap oIt
3 4Iu20-2 Z 59652 En+1 )i,j(En+1 + En)ith
7j=1 =1
At
e 2{ 10,0 E" |7 — []6,0.E"||? (5.3.8)

I—-
Z Enﬂ En)i-r%,J - 5x(En+l - En)i-}-%,]—l] X 0g(E"™ + Enﬂ)i-s-;,J}'

=0

The last terms in the RHS of (5.3.6) and (5.3.8) need to be dealt with carefully,

since they involve the values of £ at the earth-air interface.

Firstly, we introduce the following lemma.

Lemma 1. Assume that E(x, z,t) is the exact solution of the IBV problem (5.1.1)-
(5.1.4), which is of sufficient smoothness, and E;'; is the numerical solution of the
ADI-FDTD scheme (5.2.2)-(5.2.6). Then there exists a constant C independent of
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At and h, such that

I—
1E"||F, < Z L+ BN ). (5.3.9)

Proof. Taking the inner product of F;.;_; ; with both sides of (5.2.12) at the n-th
time level, and considering the left-hand side E{Lj_L JAET; | ; (Ais of the form

(5.2.13)), we have
nT n
El:Ifl,JAElzlfl,J

*ng 0.7 A0Fs 2J+E11 1J5EnJ+E11 1B ET 4
-2

+ Z Ef ok —1)E;; + Z By o0k —1)Eg,

k=2

TLT n n2 TL2 n n
= By 5405 5 5+ B(1) (EIA,J + ELJ) +26(I = 1)E} ;BT 4

+Z (I—k-=1)+p8- k))EkJE?lj

+Z k—1)+B(k)E; BT

(5.3.10)

Note that A is a symmetric and strictly diagonal-dominant matrix, thus Ay is

positive-definite and we can estimate its eigenvalues, that is,

(§+m) < AMAo) = (5 +

3 1 58 (5.3.11)
m
In addition, by applying the Cauchy-Schwartz inequality, monotonic decreasing
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and convergence of some series, we conclude that the bound of ||[E"[|?. is given by:

2 h? — e B — e B
B[, = Z Ek E EI?,J—1E + M, Z El?,]—???
k=1 k=1
where
3C, C1Cy 4CY 50C,Ch
M, =1 —C? - _
! /(2 1 rI=3) 97 )
16C, 200CHCy
My =1/(6Cy — 4C1Co — Cj -
2 /( 2 e 2+7T([—3) 9m )’
(', Cy are some positive constants independent of At and h.
(5.3.12)
Therefore, it confirms (5.3.9) with C' = max{%, % . ]

Remark 2. Lemma I reflects that the energy on the boundaries could be bounded

by the inner energy, that is,
I|E™[}, < C|IE™)2. (5.3.13)

Using Lemma 1, we can treat the last terms in the RHS of I5, and I3 to present

the following result,

At?
41202

. A . AtM  A*M
<P + 2503100 E11° + (55 + ) (

||En+1||2+ ||5I52En+1||2

IE™| + 1IE™H%),
(5.3.14)
where M = max(3M; + 1,3M,).
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Summing n for both sides of (5.3.14), we obtain

1E"||* + T2 1940-F I
AP M ALM (5.3.15)
<|IE°]* + v 723020 E°||2+2At( 2 —25,1) ZIIE'“|I2~
By the Gronwall inequality [44], it implies that:
max ||E"||* < e<uoh2+ )T TIEC|2. (5.3.16)

n<[T/At]

In a typical TEM problem, the spatial step h is frequently taken as no less than
10 due to the large scale of the computational domain (10% — 10*), but the time step

At is O(107). The total simulation time for receiving the EM response is generally

of the 1073 order, thus the exponential term e(th . 2h4) could be bounded by
some constant. We now derive the stability conclusion of the TEM problem as

follows.

Theorem 3. (Stablility) Assume that E(x, z, 1) is the exact solution of the equation
(5.1.1)-(5.1.4) and is of sufficient smoothness. Let E}'; be the numerical solution of
the ADI scheme (5.2.2)-(5.2.6), with the definition of discrete L* norm, there exists

a positive constant K, such that

max ||E™||* < *T||E°| 2 (5.3.17)
n<[T/At]
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5.4 Convergence analysis of ADI-FDTD

We now analyze the convergence of the proposed algorithm by the energy method.'

First, let the error define by,

o= E(ZL’i,Zj,tn) — E"

i,j 4,57

i=0,....1, j=0,...,J (5.4.1)

For the truncation error at all interior and boundary grids, we have the following

Lemma.

Lemma 2. Assume that E(x, z,t) is the exact solution of the IBV problem (5.1.1)-

(5.1.4) and is of sufficient smoothness. Let E}'; be the numerical solution of the
ADI-FDTD scheme (5.2.2)-(5.2.6), it holds that
n+sz 2 2
- < O(A
1:1,...,11111,?21,...,‘771{’RW ‘} < O(At"+ 1Y),
n n 2 2
jgg?{J{KO,j’a |5I,j|} < O(At” + h%), (5.4.2)
_max_{[&], [R7,1} < O(AF + 1),
nal
where Ri’;” denotes the truncation error for the interior points, & ;, §', &' ; rep-
resent the truncation errors on the three subsurfaces I's — 'y, respectively and ﬁ? J

is the truncation error at the earth-air interface 1'y.

Proof. For the interior points, from the inner equivalent scheme (5.3.3), we derive

'The main work in theoretical analysis of convergence is conducted by Dr. Wanshan Li
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the error equation:

At n n 7”"%
4/1/2 25553(5 i 6) j — zg )

n+1 n
S —&y 1

At 2uo

(02 + 62)(E" + ")+
i=1,...,0—1, j=1,...,J—1.

(5.4.3)

By Taylor expansion,

n+i E 79 'Jtn+1 —F iy '7tn 1
RiJ‘Q _ (I Zj )At (l’ Zj ) o 2/“7(6% +53){E($i,2}j,tn)
+ E(xi, zj,t )}+4M2 25m52{E(€U¢72’j7t ) = E(wi,25,t") }

=0(A+nrY, di=1,...,]—1, j=1,...,J—1.

(5.4.4)

Secondly, in view of the boundary schemes for the subsurfaces (5.2.6), by Tay-

lor expansion, we have,

h?9’°E )
o = E(x0,25,1") — Eg; = &' — 282(3:0,2], M+ 0, j=0,...,J
(5.4.5)
Similarly,
n N h2 82 .
é-I:J':flfl,j 2 ox Z(vazm )+O(h3)7 ]:O,...,J7
(5.4.6)

h2 O*E o
§lo="¢&41— 232(%%, "4+ O0Mh®), i=0,...,1.

By considering the scheme for the earth-air interface (5.2.9) and (5.2.10), we
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have the corresponding error equation

3/{1_4?7—'_?7 1]—2n _c<n .
§ry =48 5,J2+_ 5’””—6’” =Ry, i=1,...,I—-1

2h T T; — Ly, 1
k=1 ¢ k+3

Using Taylor expansion and the upward continuation (5.1.2), we have:

D 3E($Z, zj,t ) - 4E(ZE2, Zj-1,1 ) + E(xiazJ—Qatn)

ol 2h
E(xk—‘rl? ZJ tn) - E([Ek, ZJ, tn)

~

-2

1
+_
™ Ti— Lpy1
1 v Tkt

e
Il

= O(h?). (since the mid-point integral formula is O(h?))
(5.4.8)

]

To derive the error estimation for the ADI-FDTD scheme in the discrete 12
norm, multiplying both sides of (5.4.3) with (&}, {"“) and computing the inner

product, we obtain

n+1 n 1
B = (S5 et e er) = IR - leP).

Brrs = (—5 (4 ) (€ +€7), €464 ) = Brmy + B,
s (5.4.9)

At
Brra = ({a2(ET =€), € v ),
Erry = (R"+%, &+ g"“).
Since Erry,, Erry,, Errs and Err, are estimated using Lemma 2 and similar

method as that for the stability analysis, thus we will omit the detailed procedures
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and present the final conclusion,

n At? " At?
€7 ” + mmag 1> < 11€°1” + m|\5x5z50“2
My, 2AtMy, &

+ At(1+

k|2 4 A
o h? + #202h4);|’§ [+ O(At* + h*).

(5.4.10)

Notice that fg ; = 0, and by the Gronwall Lemma, we obtain the following

theorem.

Theorem 4. (Convergence) Assume that E(x, z,t) is the exact solution of the IVB
problem (5.1.2)-(5.1.4) and is of sufficient smoothness, let E'; be the numerical so-
lution of the ADI-FDTD scheme (5.2.2)-(5.2.6) and define error §'; = E(x;, zj, ") —

Er

i.;» then there exists a positive constant M, such that

max ||&"|]* < M(AE + h?). (5.4.11)
n<[T)At]

5.5 Numerical Simulations

To validate the proposed ADI-FDTD scheme for 2D TEM models, we present the
computational results for the following test cases. Particular attentions will focus on
demonstrating the accuracy and performance advantages of the presented algorithm
over the popular FDTD method based on DuFort-Frankel method. Three test cases
have been taken as test examples to validate our ADI-FDTD considered in [76].
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5.5.1 Half-space

As a first check of the proposed numerical algorithm, we compute the responses of
a homogeneous half-space to the shut-off of a steady current in a double line source
at the surface. The test case is chosen because the analytical solution is available
for both the electric field at the surface and in the half-space. The initial condition

is taken as that reported in [76].

The computational domain is [0,32000m] x[0,10000m] and the double line source
is set at the centre of the earth-air interface with the negative limb located at z =16250m
and the positive limb at z =15750m. The current is I =1A and the electric con-

ductivity of the ground is o =1/300S/m.

In our simulations, the inhomogeneous grids are adopted along x and z direc-
tions with an increasing step size according to the distance from the source, with the
smallest step size Ax = Az = h,,;, =10m for the grids near the source. In terms
of the initial condition, we take ¢, = 2.0 x 107% and the top eight-layer electric field

is assigned. The time step At used in the computation is listed in Table 5.1.

Table 5.1: Time steps in second for the ADI-FDTD and DF schemes

response time(ms) | At for DF | At for ADI-FDTD
(0,0.1) 1.1793e-7 9.4345e-7
(0.1,1) 1.1793e-6 1.8869¢-5
> 1 2.3586e-6 3.7738e-5
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Figure 5.2: Comparison of analytical and numerical solutions computed by the
ADI-FDTD and DF schemes for the vertical EMF (0, B,) induced by a double line

source on a half-space. Profiles are at (a)0.007 ms, (b)0.1 ms, (¢)3 ms, (d)15 ms
after the source current was switched off.
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Table 5.2: CPU time in second for the ADI-FDTD and DF schemes

simulation time(ms) | DF | ADI-FDTD
0.007 9 52
0.1 128 265
3 442 482
15 1292 1240
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Figure 5.3: Relative L, and L? errors for the ADI-FDTD and DF schemes
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Figure 5.4: Contours of electric field in a half-space computed by the ADI-FDTD
scheme induced by a switched-off 500m wide double line source at the earth-air
interface. Profiles are at (a)3 ms, (b)10 DS (c)15 ms, (d)21 ms after source current
was switched off.



We now compare the performance of the developed ADI-FDTD scheme and that
based on DF method [76]. The DF scheme is also unconditionally stable, but the
time step At could not be taken very large in numerical simulations since oscillatory
solutions might occur. Compared with the DF-FDTD method, it is worth to note
that more accurate numerical results could be achieved by using the proposed ADI-

FDTD algorithm.

Using the time steps listed in Table 5.1, the solution snapshots are shown in
Figure 5.2, and the corresponding CPU times are reported in Table 5.2. Due to the
transient of the initial electric fields, at the very beginning (generally before 0.1ms),
the time steps must be chosen small enough to describe the responses without dis-
tortion. Thus it gives rise to a little longer CPU times for the ADI-FDTD method
than the DF scheme at the early time. However, consider that the early time is
very short compared with the total computational time, the improvement in accu-
racy (Ref. Figure 5.2, Figure 5.3) is more significant. In practical applications, the
late time responses are generally required instead of the early time responses. From

Table 5.2, after 3ms, the CPU times for these two algorithms are of the same order.

The vertical electromotive force (EMF) at the earth-air interface of the numer-
ical solution and the exact solution are shown in Figure 5.2, and they could be
obtained by measurement. Figure 5.2(a) and Figure 5.2(b) present the short time
response to the switched-off of the current in the double line source, while Figure
5.2(c) and Figure 5.2(d) are the long time responses. The relative L., and L? er-
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rors defined as follows are also illustrated in Figure 5.3 with respect to the response
time. Itis obvious to see that the ADI-FDTD scheme with large time steps produces
more accurate solutions than the DF scheme with relatively small time steps. The
advantage of using the presented method is clear especially for computing the late
time solution. Figure 5.3 confirms that when comparing with the numerical solu-
tions by the DF scheme, an improvement in accuracy of an order of magnitude can

be achieved by using the ADI-FDTD scheme.

||Enumerical - Eea:act ’ |LoO (T1)

ReFErrorl =

Y

| ‘Eemact‘ |Loo (1)

‘ |Enumerical - Eemact ’ ‘LQ(Fl)

ReFError2 =
| |Eezact| |L2(F1)

Figure 5.4 gives the contours of the electric field in the whole simulation do-
main, which illustrates the profile of the induced field propagation. We clearly ob-
serve the diffusion of the smoke ring profiles for the electric field as time marching

forward.

5.5.2 Half-space with conductor (large contrast)

The second test case shown in Figure 5.5 is to model a 300§2-m half-space con-
taining a thin rectangular ore body with the electric conductivity 1000 times more
than the surroundings. The thin ore body with the scale of 20m x300m located at
300m away from the negative line source to the left along the z direction, thus the
distance of the ore body from the center of double line source is about 550m.

In this example, the time steps for the simulation are taken as in Table 5.3. For
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the sake of exhibiting the influence of the anomaly elaborately, a small enough At
is set for the very early time till 0.01ms. Furthermore, to demonstrate the efficiency
and effectiveness of the proposed scheme, we adopt a larger time steps after 0.01ms,
compared with DF scheme, as shown in Table 5.3. The vertical EMF, horizontal
EMF curves and contours of the electric field induced by the switched-off of double

line source are reported in Figure 5.6, Figure 5.7 and Figure 5.8, respectively.

J
‘ 500m 777300m g 100m

61‘20.0033 S/m

6,333 S/m /E

e/

20m

300m

Figure 5.5: Model geometry for half-space with large-contrast conductor.

The vertical EMF (—0,B,) profiles using the ADI-FDTD algorithm in Figure
5.6 are featured by the crossover from positive to negative values on account of
the existence of the thin vertical conductor, and the location of crossover in Figure
5.6 is gradually moving to the exact horizontal position of the thin anomaly. In
addition, the peak of the horizontal EMF (—0,B,) using the ADI-FDTD algorithm
displayed in Figure 5.7 could also serve to examine the horizontal position of the
thin body approximately.
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Figure 5.6: Profiles of the vertical EMF (0, B.) by the ADI-FDTD scheme for the
half-space conductor with a 1000:1 contrast. The negative line source is on the

right. Open marks indicate negative values and dark marks represent positive ones.
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Figure 5.7: Profiles of the horizontal EMF (0,B5,) by the ADI-FDTD scheme for

the half-space conductor with a 1000:1 contrast. The negative line source is on the
right. Open marks indicate negative values.

Table 5.3: Time steps in second for ADI-FDTD and DF schemes

response time(ms) | At for DF | At for ADI-FDTD
(0,0.01) 4.7172e-8 4.7172e-8
(0.01,0.1) 1.1793e-7 9.4345e-7
(0.1,1) 1.1793e-6 1.8869¢e-5
> 1 2.3586e-6 3.7738e-5
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(g) ADI, T = 0.08ms
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Figure 5.8: Contours of electric field(the values are the logarithm of £) computed
by the ADI-FDTD scheme(on the left) and the DF scheme(on the right) for the half-
space with the conductor of 1000:1, induced by a switched-off 500m wide double
line source at the earth-air interface.
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Figure 5.8 compares the contours of the electric fields for this large contrast
model using ADI-FDTD scheme(on the left) as well as the DF scheme(on the right)
and the snapshots presented cover a wide range of time from the very early time
0.006ms to the late time 20ms. It is clear to observe that the two sets of results
are generally consistent with each other except for some subtle distinction. Results
by the ADI-FDTD method capture the responses well for both early times and late

times.

To illustrate the characters of the electric field around the thin conductor and
double line source, only the central and uniform regions of the numerical grids
are shown. The crossover on the left of the first four subfigures makes clear the
position of the source center, while the crossover on the right highlights the main
domain containing the thin conductor. The following subfigures reflect that when
the diffusion of electric field encounters the thin anomaly, they are distorted by
the interaction with this conductor. The snapshot taken at 3.7ms displays a fully
developed target response and the further evolution of the electric field involves its

gradual equalization and decay within the conductor.

5.5.3 Half-space with conductor (small contrast)

We now consider a small contrast(100:1) version of the second test model as illus-

trated in Figure 5.9 !. The parameters for this simulation are set the same as those

I'The figures in this section and following sections are prepared by Dr. Wanshan Li
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in the large contrast case, except that the half-space resistivity is 100{2-m, while the

body resistivity is 1£2-m.

From the vertical EMF presented in Figure 5.10, it is clear that even though
the crossover appears at nearly the exact target position at 1 ms, it moves to the
right and away from the target with time advancing. This may be attributed to the
currents in the half-space, whose contribution covers some of the effect from the

currents flowing in the ore body.

On the other hand, the horizontal EMF profiles shown in Figure 5.11 obvious-
ly illustrate the location of the anomaly by their peaks. Generally, in contrast to
the crossover point of the vertical EMF, the peak in the horizontal EMF is always
directly above the target in the millisecond time range and thus giving a better in-
dication of the conductor location. We also report the snapshots by the ADI-FDTD
and DF schemes in Figure 5.12 to reveal some details of the development of the
electric field in early time and later the interaction between the smoke ring and the

conductor, and their results are in good agreement.

|
f 500m 300m

)
0,=0.01 S/m E 300m
6.=1.0S/m —
b e}

Figure 5.9: Model geometry for overburden and half-space with small-contrast con-
ductor.
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Figure 5.10: Profiles of the vertical EMF (0;5B.) by the ADI-FDTD scheme for the
half-space with small contrast conductor model. The negative line source is on the
right. Open marks indicate negative values and dark marks represent positive ones.
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Figure 5.11: Profiles of the horizontal EMF (9, B,) by the ADI-FDTD scheme for
the half-space with small contrast conductor model. The negative line source is on
the right. Open marks indicate negative values.
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5.6 Concluding Remarks

We present an efficient and accurate ADI-FDTD algorithm to simulate EM diffu-
sion phenomenon in a 2D earth excited by the electric line sources. Comparisons
with the analytical and DuFort-Frankel solutions confirm the accuracy and efficien-
cy of the proposed algorithm. The ADI technique is applied such that the resultant
tri-diagonal system can be effectively computed by the Thomas algorithm. To en-
sure an accurate representation for the earth-air interface, an integral formulation is
imposed at the interface boundary. A novel numerical discretization scheme for the
integral equation is presented and it is incorporated to the ADI scheme implicitly.
With the numerical implementation for the integral boundary condition, the stability
and convergence analysis for the ADI-FDTD scheme are reported. Numerical sim-
ulations clearly demonstrate that the proposed ADI-FDTD scheme produces more
accurate computed solutions than those resulted by the DuFort-Frankel scheme both

in the early time and late time computation.

It is worth to investigate further applications and improvements of the proposed
ADI-FDTD algorithm. For example, consider using the secondary field instead of
total field in the model. Secondary field is defined as the difference between the
total field and the field of a background model, and they vary more slowly than
the total field in both time and space. The application of an absorbing boundary
condition including a perfectly matched layer (PML) for the underground interface
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is also an interesting topic. Finally, it is important to extend the present approach
for 2.5D and 3D problems.
The work reported in this chapter has been accepted and will appear in Com-

munications in Computational Physics [63].
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Chapter 6

Conclusion

This thesis is focused on the numerical analysis and mathematical modeling for the
geophysical exploration problems. Potential field inversion is an important meth-
ods related to mining and oil industry. By measuring the potential field and apply
the inversion schemes to the observation data, the underground structure can be re-
covered. The numerical inversion scheme is the key to the quality of the recovered
model. Conventional inversion schemes require a huge amount of computational
cost and storage requirement, which can be only run on super computer clusters.

In Chapter 2, we present a novel computational method based on conjugate gra-
dient method. Taking advantage of Block-Toeplitz Toeplitz-Block structure, we
develop a robust and efficient downward continuation scheme. The method is vali-
dated on synthetic and field data, and its superiority is verified by comparing with
recently developed wavenumber domain and Taylor series methods.

Chapter 3 presents an efficient numerical inversion scheme using the idea of
multi-grid technique. The scheme is efficient for the aeromagnetic field data. The
most important feature of the proposed method is that it preserves the BTTB struc-
ture in each level, such that the error with different frequencies can be efficiently
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removed. By synthetic and field simulation, we have shown that the BTTB-MG
method is a competitive alternative to a regularized method, particularly when a

high accuracy is required for the perturbed data.

Chapter 4 presents the 3D gravity field inversion problem. Compared with the
2D inversion problem, 3D inversion is much more challenging due to the complexi-
ty of the model and extremely heavy computational work load. It is reported that for
the inversion with several million unknowns, the time cost of the inversion scheme
can be as high as hundreds of hours by using super workstation. We expand our 2D
method to the 3D gravity inversion, and made several improvements for both the
regularization and preconditioner. Numerical simulations based on synthetic and
real data show that for the 3D inversion with several million unknowns, our numer-
ical scheme can be run on a laptop within several minutes to finish the inversion
process. Besides, we give the strict mathematical proofs for the convergence and

consistency of the numerical solution, which has not been investigated before.

In chapter 5, we investigate the electromagnetic method in exploration, which is
based on modeling the electromagnetic (EM) wave diffusion underground to recov-
er the conductivity distribution. EM problem is a very challenging problem in terms
of algorithm complexity and stability. We proposed an implicit ADI-FDTD scheme
to simulate the diffusion behavior of the EM wave. The time and space grids in our
proposed scheme can be much larger than that in the conventional Du-Fort-Frankel
method, while the accuracy of the numerical solution is superior to the conventional
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method for an order.
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