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ABSTRACT

This investigation is part of the current research
effort in geotechnical ‘engineering "to integrate the
‘deformation and stability anelyses of soil structures. With
the aid of recent advances made in the mathematica)
modelling of soil behavior, the engineering profession is
now a step cioser to making successful predictions for the
_ movements of soil masses at allhstages of loading up to
fai}ure The study presented here is an attempt to evaluate
the perfbrmance of Lade’'s work hardening stress-strain
relation in an integrated analysis. Previous applications of
" the mode] oarried out by others have not been fully
satisfactory despite several corrections and proposed
modifications.‘ ;

To begin with, the original formulation of the model
and subsequent modifications are re- evaluated as part of the
present study. It 1s found that the d1ff1cult1es encountered
in the past are due to the nature of the hardentng law of
the model. For a general three dimensional problemr a unique
relatton between stress level and plastic work does not
exist. It is shown here that, by "making a suitable
assumption, measured stress-strajn behavior of cohesiontess
soils cen‘ be successfully predtcted. At the,same time. the
problems that are oreated in finite element anelysis can be

avoided.

For further evaluation of the mode1. a finite element'

program has\been developed to predict the results of passive |

el



¢

,;éarth . pressure tests carried 6ut " by ‘ Wong. The
load-deformation response, ;s qell as thé ~distribution of
/ # normal stressesracting on a fully instruﬁentgd wall has been
predicted with ~suft1éient accuracy  for all practicaf
purposes. These resuits have shown that Lade’s work
hardening model works very well for the an?lysés of complex
,b6uﬁdafy value problems at all stages of loading. When
compared with other ~models, such as the hypg}bolic
,stnesstfrafn law and the- stress-dilatancy model, Lade’s
mode1 gave ngh better.results for the same wall behavior.

It is believed that the major factor in successful

predictions of Lade’s work-hardening stress-strain relation
is the reasonably accurate mode 111ng ~of basic

.charactenis_ics of soil behavior.

13
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CHAPTER 1\

INTRODUCT ION
1.1 GENERAL
In classical soil mechanics, the problems of

deformation and stability are treated separately.. Combined
with.experience, these methods provide éatisfactory results
for most geotechnical engineering problems. However, the
response of a soil mass to loading is one‘ cont inuous
process, and the classical approach is therefore artificial.
In some deformation problems, it is quite possible to have
local yielding even at high factors of safety. Similarly,
when collapse takes place, not'al] elements of a soil mass .
are in a st;te of failure; some regions may still be
undergoing loading or even unloading. Considering that the
. aim of a stability analysis, at least for some érbbléms; is
to find the most economical way of Evoiding failure, the
collapse ioad needs to be"prqucted as accurateiy as
possible. Further, the mechanism sf failure {s mainly a
function of the stress distribution which can only be found,
in genéral, by  using a deformation analysis capable of
simulatihg all loéding stages prior to instability.

' One of thel principal requirements for an integrated
analysis of deformations and bfailure“ is a constitutive
relationship - sqitable for modelling the 'stréSSrstrain

behavior of " soil correctly up to and beyond the peak

o



strength. This challenge has been taken by a growing number
of researchers siﬁce the first establishment of the Cam-clay
mode! (Roscoe et al, 1958) which marked the beginning of a
modern approach to modelling and fundamental understanding
of the mechanical behavior of soils.

Soil behavior under controlled laboratory conditions
has been investigated in great detail and is well documented
in the literature. Even Qnder these ideal éondi;iéns sof)
behavior is extremely complicated in comparison to other
engineering materials. Consequently, constitutive laws which
aim to model most aspects of soil behavior tend to become
. highly complex. Considering that the behavior of, natural
soils is affected by many other factors such as anisotropy,
non-homogeneity. time and te&perature effects, the task of
developing mathematical models becomes very demanding if
every aspect of soil behavior is to be accounted for.

While the importance of developing constitutive model;
is indicated and the complexity of the developer's work is
acknowledged, the size of the remaining work required to.
complete the analysis of an engineering structure should not:
be underestimated. The analysis of any continuum mechanics
‘problem reduires that the field equétiéns must be solvgd
subject to the appropriate boundary conditions. Also, the
‘effects of the. initial state of stress and the stress
history of in-situ soils have to be considered fn‘ a
realistic analysis. Finite element techniques employing

elastic or nonlinear elastic models have been used widely in



3

the past for the analysis of important soil structures, and
considerable experience has alreidy been accumulated in this
area. But much more effort is required to use the
complicated constitutive models in finitq element analysis
with the same level of confidence gained so far for linear
and nonlinear elastic solutions. It should be noted that
nonlinear analysis by th; finite element method is still an -
ongoing reseirch area requiring a high level of expertise.
In the following, the stress-sirain laws which attempt

to mqgel the essential features of soil behavior such as
nonlinearity, 1inelasticity, shear dilatancy and path
dependency are referred to as "noen-classical” hodels This
term is used in this thesis not only (to point out the
remarkable abilities of these - models to predict the
stress-strain behavior of soils, but also to suggest that
-their application to the aﬁalygisAof soil structures may not
be straight forward but full of difficulties.

. It would seem that ufficiently accﬁF;te answers can be‘
found to any geotechnc\cal problem once the finite element
programs for non- c}assical stress-strain laws are deve loped.
-However, one should be cautious about reaching this
- conclusion too quickly. Not too long ago Wroth (1976) stated'
that: ‘ .

|
|
/
/

'It might be thougt that any boundary value problem
in foundation engineering, such as the behavyior of



/ |
/’):he ground around an excavation could now be
completely and accurately solved by a deformation
analysis using the finite element method. But it is
my contention that is not so; 1 intend to show that .
the finite element ﬁ\ethod as developéd at present is
unable to' represent in an adequate manner the
discontinuous nature of the behavior of soils at

failure..."

In addition to our“inability to introduce the
development of failure surfaces - into finite element
analysis, geotechnical engineering practice is also troubled
in determining accurately the state of stress and the stress
H?story of in-situ soils. This vital information is the
starting point to any analysis. | r“ ‘

" Knowing that rio single cor'\stitutivéwlaw describes
adequately all features of soil behavior, the analyst has to
.. make a choice of the most appropriate model which inevitably
‘ becomes a compromise. Therefore the finite element method of
anafysis will be useful to engineering practice only'if the
limitations of particular soil model and solution method are
recognized. | ' |

" It should also be noted that the appreciation of all
the refinsments of recently developed constitutive laws and
the understanding of the Timitations of finite _element

"analysisv are not. the oniy_ ‘issues the user or practicing
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engineer has fo. deal ‘hitq. As pointed out by Morgenstern

(1875},

"Stress-strain belafﬁoﬁsq'_for soils, . either
theorefica] or ;empirfga1. constitute only one
element in the total design procedure that involves
at fhe very least calcu]ations.‘judgement, quality

control and monitoring of performance.”

n

In relation to the‘application of stress-straih lawgd
there are several impontant points to be considered. Some of
them are discussed below.

1. 'So far, there ha§ ‘not  been any comparative study
available as a guideline to the users to show the
cababiliﬁies and limitations of non-classical models.
Nof only predictions of laboratory test results but also
analyses .of the saﬁe engineering structures by all
modeis considered are necessary before the true value of
each model can be assessed. Therefore it is difficult to
decide among a dozen or more different constitutive
models which one to choose for a particular problem in
hand, unless information on .comparative performance,
cost, avai]abi]iéy etc has been provided.

2. For each model, xtesting. fechniques "required'- and

diffﬁculties . involved to obtain soil parameters should



be the first questions to be asked. While some models
require several different types of tests, for others
conventional triaxial tests are sufficient for deriving
soil parameters.

Due to the difficulties associated with representat{ve
sampling and sample disturbance, laboratory tests often
are of 1limited wvalue (Lambe, 1873). Therefore the
existence of a correlation between the results of
present day in-situ testing techniques and the
parameters of a stress-strain model has practical
impor tance. ”

Some of the non-classical constitutive models depend
heavily on curve fitting techniques to obtain soil
parameters from laboratory test regults. However , gue to
the nature of, soils, it is difficult to duplicate the
test :esults for the same type of soil even under ideal
1abor:fory conditions. Therefore the sensitivity of each
soil parameter td any slight variation in soil
properties and also to the accuracy of the soil testiné
technique should be fully investigated.'For those that
vary significantly and have a conside;able effect on the
results of an analysis have tg be determined and the
analysis has to be carried out accoraingly.

It is not always . necessary to use the most compliete
stfess-strain model in every ’analytical problem. . The

significance of modelling certain soil characferistics

depends on the type of boundary value problem and the



nature of the in-situ soils. For example in sone
problems the time factor becomes important. For some
others cyclic loading does not exist. A constitutive law
capable of modelling strain softening may be attractive
_ but a work hardening model may well be satisfactory for
some problems, The use of a ﬁon-associated flow rule
does not necessarily produce better results over an
associated flow rule for all problems. Similarly, a
failure criterion which has a curved envelope in the:
triaxial plane and can also account for the effect of
intermediaté principal stress may not be significantly
superior to the Mohr-Coulomb failure criterion. So far
there has not been any systematic study of real soil
"structures demonstrating the advantages of the effort
involved to include the refinements mentioned above in
an analysis. A parametric study using the type 5nd the
size of soil structure, the‘boundary conditions, and the
Kind and the statg of soil as variables would be
valﬁab]e for engineering practice. ' |

Although some models are claimed to account for ;ost
characiefist%cs of _soil‘ behavior, they are developed
mostly on the basis of laboratony tests on kaolinite or
uniform ;and ("university materials"). The applicétiqn
of such models to the analysis of soil structures where
natural materials exist may be a good test for those
models. | ,
.-.Once the type of model to be used has been Qecided, the
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avajlability of the finite element progrém specificalbly
written for the model has to be ascertained. At this
point, the difficulties involved in its use have to be
determined. If modifications are required or problems
are encountered during;analysis, it is usually necessary
to consult the developer of the program or even the
developer of the model itself. These processes may
greatly complicate the application of a model.

8. The cost and the time required to run a finite element
program depend on the complexity of the model adopted
and the refinement ﬁece§sary'to solve that particular
problem. This can be a decisive factor 1in choosing a
soil model for analysis depending on the size and the
importance of the project.

9. Sometimes the accuracy of the results of a finite
element program becomes questionable. Dépending on the
numericaf‘téchniqﬁe uséd to solve the nonlinear problem,
there are always' approximations introduced into the
analysis.

10. The reliability of the finite element: program at hand
should be éhecKed carefully. For any situatfon different
from a previous successful use, the program should be
treafed as suspect‘until prqven otherwise. Every program
has to go through a testing period before its results

_are relied upon. | ‘
The pointsw made in this ihtroductbry sectfon form the

generai framgwork of presént study. An attémpt is made to



find answers to some of the question§ discussed above by
ugjng a model which is one of the most advanced
stress-strain laws presently proposed. The model was
.developed for sand and its capabilities were demonstrated by
Lade (1972). Subsequent development by Ozawa (1974) and Wong
(1978) to apply the model to geotechnical engineering
problems was not fruitful for reasons which will be

discussed as they arise during presentation.

1.2 OBJECTIVES

The research effort preséntedvhere is directed towards
the following objectives: |

1. To find out the siénificance of using an elastddplastic
stress-strain- law ~ for modelling the behavior of
cohesionless soils in‘a deformation banalysis. This is
acComplished:‘ N ‘
a)by reviewing"critically the characteristics and the
limitations of the. selected model as well as- thé‘

“modifications . introduced subsequent]y by others J
b)by analyzing a well documented boundary value problem
us1ng the finite element method.

2. To investigate the reasoﬁs th thé previous jf'im‘te
element applications of the model to ertechnical
problems were not successful. |

3. To compare the measured collapse' load for a paésive
earth pressure problem against the predictions of a

- finite element ‘analysis. The pbesent day finite elément
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models ars not capable of simulating the propagétion of k
a' thin fupture zone in a \previously undetermined
airectiOn. In the selected model the soil mass which has
discrete rupture surfaces at failure is approximated by

a continuum with averaged deformatioh properties.

1.3 ORGANIZATION OF THESIS® N

In.Chapter 2, the original formulation of Lade’ s mod;l
and the modifications suggested by others are introduced.
| Chapter 3 is partly devoted to the re-evaluation of the
modified form of the model. A shortcoming of the model is
indicated and a new way iof interpretﬁng Lade's original
. formulation is proposed as part of the present stqdy.

Although it is not used directly in any of the analyses
introduced in fhis thesis, Lade’s strain-softening model is
presented in Chapter 4. One reason for its presentation is
thét,,part of it is utilized in Chapte; 5 in connection with
the wé;K hardening model . A]so‘theipfoblems attached to the
work hardening “laws of both models aré found to be common.
Therefore aAclarificat{Oﬁ is considered to be useful for
future work. .

The significance of a cap-type yield surface is
elaborated in Chaptér 5. The cap yieid surface used by Lade
in his strain softening modei hés been selected for use in
his work hardening model, which had iny a cone shaped yield
surface. By ~ this means one of the major cfiticisms
concerning - unsatisfactory modelling “under increasing

- hydrostatic stresses has been eliminated.
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The de;elopment of a finite element program using
Lade’'s work hardening model without a cap is introduced in
Chapter 6.' ‘

~Chapter 7 deals with the predictions of the finite
element analysis of a boundary ' value problem. Resuits'
obtained by using finite element method are compared with
the passive garth pfessure tests carried out by Wong (1978) .
| Finally, inyCh&pter~8 the coﬁclusions of this research
are stated and the recommendations for future research are

presented.



CHAPTER 2

LADE’ S ELASTO-PLASTIC WORK HARDENING MODEL

2.1 INTRODUCTION _

The mbdol was developed by Lade (1872) to account for
several 'aspects of the stresé-strain and strength
characteristics of cohesionless soils under general
thbee-d{mensional stress conditions. To‘a certain extent, it
has the capability for modeling:
1. Nonlinearity

Shear dilatancy
Inelasticity .

j

2
3
4. Stress path dependency
S’ Influence of intermediate principal otress
6. . Coincioénce of -strain incremenf ‘and stress incremerit
axes at low stress levels with transition to coincidence
of étrain increment and stress axes at high stress
. levels. ' - |
The theory is baSeo ‘on exXperimental data from ‘cubical
tﬁiaxiaf tests on sand, and uses the concepts of the
1ncremental theory of plast1c1ty ”
In. the follow1ng sectlons, the theory ,as 1ntroduced by
Lade and Duncan (1975), is summarized, and the degree of
'success in its appllc ion is‘réviewed The limitations of
~ the model ‘and modif1cations to overcome these limitations

ére also ind1cated

12
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2.2 ELASTO-PLASTIC STRESS-STRAIN RELATIONSHIP

For the purpose of the development of this theory, it

is assumed that the total strain increments{séu can be
e

divided into an elastic part {déu} and a plastic part {dég }

as shown in Eqgn. 2.1.

{'dég,-} {de}{deg} e Ean. 21

Each part 1is then calculated separately. A schematic
"illustration of this concept is given in Figure 2.1 for a

triaxial compresion test.

2.2.1 Elastic Strain lncrements
The elastic strain increments are calculated from
Hooke's 1law, using the unloading-reloading modulus, E,. ,

defined by Duncan and Chang (1970):

/Ty \

Eyr = Kur % P x

where KQ,‘ and n are elastic unloading-reloading psrametefs '
(dimensionless) and P, is the atmospheric pressure exeressed
in the same units as E, and J;. The evaluation of these
parameters from tr1ax1a1 tests is explained in Append1x A.
The ‘value of Poisson’'s ratio is sassumed to be zero.:

This assumption -is based on tr1axial test data where the
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axial and ~volumetric strains are very nearly equal for the
first increment of load.
As a result, the fncremental stress-strain relationship

for an elastic isotropic material takes the following form:

, d G: 9 PE!_; 1 r d o_x <
des o 1 SYMMETRIC el
: o 40,
ﬁ dei | = 0 o E;'r' 1 ‘ z & E -
d G:y -0 ©O0 O B 1 d Txy an. 2.
d ezz © o 0o 0 g= B d Tyz
| dezx‘ | 0o o o© © o g | _dex‘

2.2.2 Plastic Strain Increments

For the calcu]ation of plastic strain increments, the
model follows the basic requirements of plastic?ty_thgory‘as
summarized by Lade and Duncan (1975)

"There are‘three basic requirements for a plastic

stress-strain theory:

WL;m‘There must exist a yield‘surface such that if
| the soil is subjected to changés in étress
represented by points inside that gurface, the
soil will deform elastically, whereas .if the
changes in stress tend to cross the yield
surfade, it  will simultaneously yield
pla§tica1]y and deform elasfical]y..The‘yield

surface expands- as the soill -is loaded to
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successively higher stress levels, and at
failure the yield surface coincides with the

fai lure surface.

A flow rule is also required. The flow rule is a
law which relates the relative mabnitudes of the

strain increments to the stresses. The flow rule

is derivéd from the requirement that the plastic .

strain increment direction should be normai to:

the plastic potential surface. There are an
infinite number of such surfaces, and one passes
through  every ppfnt in stress space} In
so-called "perfect plasticity,”" the plastic
potential surface is assﬁmed to be the same as
the yield surface. As mentioned previously, this
implies much higher rates of dilation than are
obéerved in tests on reél soils. When the
plastic potential surface is assumed to differ
from the yield surface, i.e. when the flow rule
is "non-associated,” much better agreement

between theory and experiment can be achieved.

A work-hardening law is needed, from which th§
" magnitodes of the plastic strain  increments
caused by a given ‘stress increment can be

determined.”

N

15
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The details of Lade’'s model in relation to those

Eequirements are given below:

1. Yield surface
The yield surface is assumed to have the shape of a
~cone with the apex' at the coordinate center of the
-principal stress space as shown-in Figure 2.2. It is
expressed as a function of the first and third stress

invariants as follows:

¢ z..i‘_?_ ............... Eqn. 2.4
( .

f denotes the stress level and its value varies from 27
for hydrostatic stress condittens up to a value Ky at
failure. Hith increasfng values of f, the yield surface
'expands continuouq}y, and becomgs identical with the

failure surface at its outermost~§hape.

2. Flow Ruie | , _

- A non- assoc1ated flow rule is used for this model
in which the plastic potential surface is nOHWOnger
assumed to be the same as the yield surface In doihg\\
so, much better predictions for the rate of dilation are
expected. o

The plastic potential is a8 function of the state of

stress, from which the relative, but not the absolute
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magnitudes of the components of the ﬁlasfic strain
increments can be determined by diffe~entiating with
respect to stresses. The funétion incorporated in the
theory is expressed by Lade and Duncan (1975) in a form:

(5

g:ﬂ-Km.‘ls ........ Eqn. 25

where:
] is the value of the plastic potential and
K, is a constant for a given value of f. It is

calculated from

K= Axfe2Tx(1-A)  ........ Eqn. 2.6

A is a material constant and  its evaluation from
triaxial compression tests is given in Appendﬁx A.
Egn. 2.5 describes a series of surfaces which_are}noﬁma] to

—rt

the plastic strain increment directions.
In the theory of‘ plaslicity. ~see for example Hill
;(1950). the relation between the plastic strain increments
and the plastic.potehtial function is given by an expression
as follows:’ | - 4 . |
. 3 " , . o
. dei;;'\z >\ -a-—g-_— ’ .
. .0U;;

in which )\ ) is called the proportionélity,consfant. The-
~ value of - ')\ is the same for all components 6f plastic :

o
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strain increments and is determined@by the work hardening .

Jaw as explained next.

3. Work hardening law

The Qork hardening law adapted for the model is amn
experimentally determined relationship between the plastic
work Wp and the stress level f. The increment of plastic
work done per unit volume due to a strain increment {déﬁ }
is calculated from {O',j} {dép } and is added to the previous
values to find the total plastic work.

Test data by Lade l(1972) have indicated that the .
plastic work was very small for a range of f starting with
27 at hydrostatic state of stress up to =a certéin value

which was called the threshold stress level fy . As a
© convenience in fitting curves to the experimental data. it
has been assumed that for valus of f betweén 27 and fy . no
plastic strains occur’ and no plastic\ work is done.
Therefore, the relations between Wp and (f-f;) have been
approximated by hyperbolae for which Eqn. 2.8 has been

propbsed.

| (f—ﬂ)a

."‘h*Wg

The inxtiai slope of a curve representing Wp versus (f-f, )
relationship is the reciprocal g: the parameter a as shown .
~in Figure 2. 3 ‘

'.The-valbe“bf a increases with confining pressure, and this :

’ »
L



~var1ation has been expréssed as in Egqn. 2.9.

(

I=Mx%X(g5) ....... P Egn. 2.9
a

where:
P, is atmospheric pressure e%press the same
_units as a.and ;.
‘M and 1 are diménsionless numbers. Their evaluation
~from.testgdaté is given{}n Appendix A.
- The parameter b in Egn 2.8 is thévreciprocal of the u}timate
Cvalue of (f-f, )  which the " hyperbola approaches

‘asymptotically with increasing values of wp . This

- relationship is given by Egn. 2.10.

b=.;_l___ ............. Eqn._2i10
T

Since the wvalue (f-f, ) determinea‘from the curve fitting
~ procedure is always larger ‘than the value of (f-ﬂ ) at
'fgilure for all finite values of wp, a new parameter . was
introduced to relate the asymptotic value of (f-f, ) to its

value at failure.

r =.iﬁi:le. ....,; ....... . Egn. 2.11
R
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The determination of the proportionality constant >\
follows the development outlined by Hill (1950) and is given

as.

The increment of plastic work de is expressed as:

axdf

de= §- 2
(‘I - rfx;__?t.>

The plastic strain increments expressed in suffix

notation in Eqn. 2.7, can now be written in matrix form:

AN
N

(dey ] . 313-K,(0,0,- T2) |
deg ‘a;i-xz(@q-nz)
< de: > = axdf ZJ 3 -KA 00y - Ty ) Egn. 2.14
% de:y 39(1¢ffg£:—.:“l) 2K Ty Ty~ T, T, )
d€Eyz £ 1t 2K2(0'x7'yz-7§y’7;x)
KL~ IR QN £ A 24
- . '
| Thenéfore, the “éﬁastic and plastic parts of strain

increments are fully described. Substitution of Egn. 2.3 and
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Egn. 2.14 into Egn. 2.1 allows the total strain increments
to be calculated if the state of stress and the stress
increments are Known. |

There are nine soil parameters required to characterize
the soil behavior according =~ this theory,kand their values
can be derived from the results of conventional triagxial

compression tests. ¢

2.3 LIMITATIONS

The theory, as recapitulated in the previous section,
is not able to,mode1 all aspects 6f soil behavior._

1. Strain softening cannot be handled. If the condi tions
for strain softening specified” in Chabter 4 prevail,
then the predictfoné maY‘deviate from measured results
‘considerably depending on the degree of soffehing.

2. According to the -theory, no plastic straining takes
place as a result of a proportional loading. This is due
to the fact that the model does not have,a yield cap.
For examplé in hydrdstati¢ compression tests which
;ollow a proportional loading path, the model predicts
recoverable strains only. This is in contradiction with
measured behavior. The degree of discrepancy between the
predicted and measured results depends mainly on the
relative density of the soil and the stress lével. .

3. Although thé Mohr énvelope is CUrYed for 'mosj
cohesionless soils, the failure envelope in the triaxial.

plane for this model 1is linear. The effects of this
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limitation apply more to soils under low mean nbrmal
stresses where the curvature of failure envelope is
appreciable: |

4, The value of Poisson’'s ratio for elastic deformations
was assumed to be equal to zero.  Therefore the terms
multiplied by its value will disappear in formulae to
calculate strain increments. Consequently, no straining
should be expected in any other direction but that of

the stress increment.

2.4 APPLICATIONS OF THE MODEL

AppI;cations of the model ;tb laboratory tests and
engineering prob3ems are reviewed next. \
1. Predictions of laboratory testing results:

To assess the ability of the model tc predict. soil
behavior, a variety of tests with different stress paths
were conducted and the comparative results were
published by Lade and ‘Duncan (1975,1976). . Their

conclusions were:

"The generally . good 'agreement between tﬁe
calculated and measured strains -indicatéd that
the conditioﬁs of primary loading, un]oading,
~and reloading iqplied in plasticity theory fob
isotropically work-hardening materials is
reasonably aé?urate for cdhésionless;sb{]s. The .

strains calculated...are in reasonable agreement

with those méasuredt_but some discrepancies do
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occur. The largest differences between measured
and calculated strains occur for proportional
loading with increasing stresses and for
unloading and reloading at constant confining
‘preésure. Considehing thét the strains observed
in these cases‘ are relatively small, the
calculated‘strains may be close enough for many .
purposes. The analyseé thus demonstrate the
usefulness of elastoplastjc stress strain theory
for calculating strains... during complex stress
changes..."”

The effectiveness of the thebry in modeling stress
strain behavior along severgl,different stress paths was
‘also confirmed by'Medeiros (1979). P
Engineering Problems:

Ozawa (1973) was the first to use the model for the
analysis of stresses and movements in earth masses. His
results of finite element analyées of passive> earth
pressure problems were published later 'by OzaWa:and
Duncan (1976a). Due fo'érrors in the analysis’ of this
published }dafa, and the problems related to the..
formulation of the model, (see Section 2.5), the results
were not suitable for determining the uséfulhess‘of;tﬁe’
mode 1. . _ _'

The‘second attémpt-to find'the_effecfiveness of the
model for engineérihg probiems waé made by Wong (1978).
Using the modifications summarized in  the following

-—
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section, tﬁe predictions of a finite element analysis
were compared with experimental results from passive
pressUre tests on sand. The calculated values of average
strésses on the wall exceeded those measured by_a.
"considerabie amount. Attention was then drawn to the
limitations of the model as possible reasons for the
discrepan01es For the same problem, WOng\‘has also
provided ca]culated Eésults ‘obtained by using simpler
relationships, ;uch as the nonlinear elastic Hyperbolic
"model. The predictions made by using Lade’' s model weré
not as impressive as the others, 'yet the simpler
stress-strain relétionships have ° more severe

limitations.

2.5 PREVIOUS MODIFICATIONS
Modifications and corrections for the model were first

proposed by ODzawa and Duncanv(1976br as follows:

{. The plastic potential function was found vtof be
mathematically inconsistent with the expﬁessioné for
plastic strain increments and a new equation was

proposed as: . s

g=Ix(f ,'27)0‘ | e Eqn. 2.15

‘where:
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‘CX is a constant for a particular material ‘and is

defined as: _
oy -
ek o

_ where A is the same 'as in.Eqn,'é.S
'Due to the error in the Eplculation of derivatives of
plastic ootentiai function with -espect to shear
stresses, the  shear strain increments were in ar. error
by a'fector of 2.0. Therefore on the right hand side of
Egn. .2.14, vthe multipiier 2.0 of each term'related‘to |

plastic shear strain increments has torbe:removed,

The oarameter a of Eqn' 2.8 Varies.with'Cxi-eccording to
Egn. 2.9. This. variation was neglected in. calculating,
af/a{a'} which is used in the finite’ eiement formulation'
to form the elasto plastic oonstitutive matrix‘[Cep] '
Having made these corrections, ‘the. authors then"7

presented the elasto plastic constitutive relation 1ni

Vmgtrix notation, su1table for use in a finite element o

anaiysis WOng s predictions were based. on this form ofﬁye,

- the model and therefore : utilized »_aif previous'
'"; modifications | R

The same corrections were again published by Duncan){;v

1

et (1977) w1th an illustration of the newfplasticef'“

j:potential surface which has an unsymmetrical bullet?fﬁa
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shape in principal stress space, The intéhsections of

: ¥
the plastic potential surfaces with the triaxial plane

are shown in Figure 2.4.
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CHAPTER 3

RE-EVALUATION OF WORK HARDENING MODEL

3.1 INTRODUCTION

For most stress paths, Lade’s model has been shown to

be effective in its predictionsAofvstress strain behavior of
cohesionless soils in ldboratory tests. However finite
element applications of the model have not reached the same
level of success so far. In the past, difficulties Qere
encountered with regard to the formulation of the médel, and
consequently a number of modifications were proposed by
others as reviewed in Section 2.5. . |

The‘ discouraging results of finite element analyses of
earth pressure problems by Wong (1978) as opposed to the
satisfactory predicfions of laboratory tests by Lade (1872},
Lade and  Duncan (1976), suggested that either the
limitations of‘ the , mode’ wire too .severe or the
modifications proposed by Ozaws @~d Duncan (1976b) have not
| been effective. enough 4for the model to become useful in
engineering practice. »

In this Chapter, certain aspects. of the original
formulation of the model and breyioys MOdifications are
examined. Thelsignificance of correct interpretation of the
laws used in Lade’s original theory ‘is demonstrated by
comparing the test results of Lade (1972) with predictions
by - the previously modified and present]y're-evqluated forms

29



30

of the model.
The adéptation of the suggestions made here to finite

element analysis is dealt Qith in Chapter 6.

3.2 VALIDITY QF PREVIOUS MODIFICATIONS

Any alteration to the original ‘formulation of the model
affecté its abflity to predict stress-straih behaviof of
soils. To evaluate the effect of modffications on the
existing capabilities of the model, predictions have to be
compared with laboratory test results;“The calculations made
by using the or{éina1 form of the model (Lade, 1972) and the
form with previous modifications (Ozéwa and Duncan, 1976)
are presented next with some ;est daté.

Ozawa and Duncan (1976} have proposed that the
variation :of ‘paraméter a with respect to U; has to be
included in the calculation of af/a{O'} which is used in
the ‘finite element formulqtion to form the élasto:plastic
consfitutive matrix [Cep] . If this proposal is used in
the finite element analysis, the results will Be equivalent
to that of a simple. stress analysis where the parameter ais
used as a variable in the calculation of plastic work
increments. Therefore, realizing that the parameter a of
Egn. 2.8 has to be treated as a variable‘rather than a
constant and using the new plastic potential function given
by Eqn; 2.15, the constitutive relationéhip in modified form

can be written as:
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Eqn. 3.1

Q-1

2) The column vector on the right hand side of th
3.1 will be denoted by {COLUMN} -and the left hand

side by{dé }m ‘the following as required
3) M, g. b, 1 are all defined in Chapter 2.

-

Several stress-strain curves following different stress

paths were reproduced by substituting Eqn. 3.1 into Eqn.

2.1, a‘nc_i are preéented with the test results, if - available,

in Figures 3.1 to 3.5.

The - predictions by usihg Lade’s

approach are also plotted in the same figures. Although the
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A

predicted curves~of_the previously modified approach are as

good as &'curves produced by using Lade’'s approach for
Figure 3.1 ‘3 2 the gap between: these _cutves rapidly

opens up for large changes inlﬂj} but relatively small

changes in f. Figures 3.3 to 3. 5 demonstrate that the

‘modified approach may produce significantly different
" results from Lade’s approach, even resylting in different
signs—for strains as shown in Figure 3.5.
| Although there are no measured ‘test results to be
plotted in Figures 3.4 and 3.5 to support either one of the
predictions, it can be concluded that the use of Egn. 3. 1
alters the abilities of the model for certain stress paths.

Figure 3.6 shows the strain increment vectors for two
' different stress paths in the triaxial plane as predicted by
the previously modified form and the presently re- evaluated
approach which is described later in this chapter

For asimilar stress paths. -Lade and Duncan (1P78)‘
- provided measured test results which are reproduced) on

Figure 3.7. A comparison of measured and predicted strain
~increment vectors. shows that the re-evaluated ‘procedure
;'predicts the increments of- strain reasonably well for both
stress paths, while the modified approach fails to do so for

the "stress path with decreasing deviator 'stress ‘and -

,decreasing confining pressure

To find out-which one of the previous modifications s

responsible for altering the abilities of the model, the
effect of each modification tp the original formalation is

,v%:'

(o]
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1nvestugated separately. The modification felated to the

plastlc potential function is treated first, with the

parameter a held constant ), calculating the 'plastic work

‘o

‘1ncrement Rather than reproduc1ng;the stress-strain curves,

the following proof is'prov1q$d to show that the modified
plastic ' potential funct10n (Eqn. 2.15) does not change the

stress strain relatlon in incremental form

To‘d1fferent1ate between the original and modified

‘plastic potential functions, g of Egn. 2.5 and Egn. 2.15 are
renamed here as g, ‘and 9y respectively. Sdbstituting Egn.

2.12 into Egn. 2.7 and using qui 2.5 for the plastic

‘potential function results in the followihg ‘plastic strain

increment values:

where:{dep}and {EOLUM&}«are defined in the notes for Egn.
- . } o

If Egn. 2.15 1is wused rather than Eﬁn. 2.5, the set of
éduatiOns for calculatiﬁg the plastic strain iﬁérements

becomes:

. a_" ' , ] “” ' _ t
{d_ep}"' —q—“-lﬂxa(f-d?) . ){COLUMN} o Eqn.‘ 3:3 ..

1f the multipliers on the righthand side of Egqn. 3.2 and
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L)

Eqn. 3.3 have the same values, then (Lé% calculated by
either way are identical. This can readily be shown:

Ignoring the common‘multiplier (dWp/3.0), and writing
f, g, and 9m in terms of stress invariants gives:

Reduced multiplier for Egn. 3.2:

1

3
3 B-ali270.a01,
I3

—

1
3
g I7-K, 1

1 L Egn. 3.4

-
-

- 3 3
e Poarl-2715 4 271

Reduced multiplier for Egn. 3.3:

| Q-1 Q-1
- 27
-l—xa(f-27) _ 1 x(f 27) - 1
T 1-A 13(f-271% (1-a)(F-27) 1,
1 Q-1 " |
-g—m-xa(f-n) T Eqn_. 3.5

3 3 ‘
.11—A11—27l3+27A13

 where QW= 1/(1 - A ,_
) Egn. 3.4 a&d Egn. 3.5 have equal values, therefore, the
use of‘th.,2.15‘for the modified plastic potential function
gill produce'reSults identical to. those obtained from Lade’s
.original formulation; 1f this modification is wused, it
imphoyes the formulation of the model in the sense of
'»mafkematica] integrity..,THe explanation for this stafement
* is as follows: when the derivétives~ofﬂthé plastic potential

functjdn are negdéd_for‘the flow hu\e,‘thé use of -Eqn. 2.5

)
!
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requires that K, be held constant in the derivation
process. Yet KZ' is a function of f which is in turn a
function - of stresses. The use of Eqn. 2.15 does not require

suchs, \assumption.

“the light of the above ~ observations regarding the
plastic . potential function, the cause for large
discrepancies between the predictions by Lade’'s approach and
the results of the modified formulation, as plotted in
Figure 3.3 to Figure 3.6, seems to be related to the
parameter a, in other words, to the work hardening law of

the theory. | /

3.3 PROPOSED INTERPRETATION OF WORK HARDENING LAW

The work hardening law and its modification are
re-evaluated here to establish a correct method for its usee

Lade’'s test results from which the work hardening law
was obtained are rebroduced in Figure 3.8. The.results show
that there is a unique relationship between f and va‘for
tests where &3 is held constant. This re]afionebip is
expressed by Lade and Duncan (1975) in mathematical form
(see Eqn 2.8). Figure 3.8 also shows some data points for
various b values [b %%] obtamed from tests where 03
was still kept constant. These results allowed Lade and
Duncan (1875) to state that, “the relationshlp between Wp and
f ... depends on ‘the confining pressure gs o but it is

eséen‘lally the same for all vvalues of b“ There are no

other test rosults with plagtic work calculat1ons to support

s
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the validity of Eqn. 2.8 for stress paths\with varying CI3
Therefore, this equation is applicable strictly for stress
changes for which (75 remains constant.

In order to use Eqn. 2.8 in the anafysis of a general
three dimensional prob]em where (3 generally chancas
during loading, an assumption has to bé made. The theory
which was first published by Lade and Duncan (1975) does not
elaborate on this point, but simply treats the parameter a
as a constant when Egn. 2.8 is used to derive an expression
for the increment of plastic work. However, in an attempt to
use Egn. 2.8 in its true semse, Lade (1972) calculated the
stress dependent parameter a for an average Cx3 value
which was obtained from initial and final values of Uj
for a given stress increment. Some of his predictions of
laboratory testé can be fouﬁd in the ppblication by Lade and
Duncan (1976{. Unfortunately - the impor tance of the
nonfgenerality of Egn. 2.8 ‘forl changing (35 values has
‘never been emphasized, nor has the' basic assumption which
allows- its use in sucﬁ problehs been clearly stated. In the
publications by Ozawa and Duncan (1976, 1976b), Egn. 2.8
remained as a three dimensional repﬁésentation of the work‘
-hardehing law. Subsequehtiy, as a deviation from Lade’s
original work, Duncan et al. (1977) and Wong (1978) treafed
the parameter a as a variable when a differentiation was
needed on Eqn. 2.8. B |

.The' consequences of ‘assuming that Eqn.v2.8 is unique

-for/geheral three dimensional problems are as follows:
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Case I: |
Referrlng to Figure 3.9a, the imitial state of stress
is assumed to be on the current yield surface as indicated
by point A w1th a total plastic work value equal to W,. An
increment of stress is applied such that the- stress path
follows the route from A to B without ‘travelling outside the .
. current yleld surface. The limits of the elastic region are
not exceeded, so there are no plastic deformations, and no
increment in plastic work. Therefore, the total plastic work
done is the same for points A and B. But'since the value of
U3 has changed, and with it, the value of parameterva; the
Egn. 2.8 is no longer satisfied for point B. '
Case 11: }, |
| Figure 3.9b 1llustrates three d1fferent stress paths,
all of wh1ch start from the hydrostat1c axis. All three
follow the stress path of the convent1onal trlax1al test up
> the new yield surface, then, without leav1ng that surface
end at po1nt F. The change in f value in go1ng from the -
hydrostatlc ax1s to the new yield surface is the same for
all points A, B and C. But the parameter a calculatéd for
po1nt A will be the smaliest of all, and- the plastxc work
1ncrement for path A to D will be smaller than r%} path

EorC toF. Therefore, depend1ng on which path-is foli
"~ the total plast1c, work at point F will have a differen_
value Although all these work values as . well as an 1nfinite
nymber of others are poss1ble for p01nt F, only one.of them_

satisfies Eqn 2.8. Subsequent 1ncrements' of stress from
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point F with increésiné stréés level will create - probiems
for any total plastic work value other than the one which
satisfies Eqn. 2.8. The reason for this is that Eqn. 2.8
"will become an inequality and cannot be used any further to
calculate fhe increments of plastic work..which are needed
for Eqgn. 2.12.

Tﬁis case is related to the use of Egqn. 2.8 in.its
modified form, in which the parameter a is treated as a
function, of O; in balculating the incremant of plastic

work, as formulated below:

¢wp=-§1-[mbh) (G} )a1)eMITE RAT,) - Ean. 3.6

The problem does not surface with this formulation until the

‘term with d0; becomes larger in absolute value with a

. negative sign than the term with df on the right hand side

of the equation as in stress paths with decreasing 03 and
mcreagmg f values. As a result of this, de ‘ wi‘ll havé a
'_negat1ve value As long as the plastic deformation is. an

irreversible process from which the energy cannot be
4, ) '

e

r'ec’overed a negative dwp,. Will confradiét the laws of the
"theory of plast1city o o
| v “ Due to the lack of general1ty as demonstrated by Case I
.‘and 11, Eq. 2.8 is not assumed here as a work hardentng. law -
app11cab]e_for al) probléms._fﬁstead'the:fQIIQWing prpcedufe

[
S
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is .adopted:

Rather  than lsearchlng for a general relatfonship
between f and Wp |, and then differentiating that funcfion to
find a relation rbetween df and’*dW§» ' 'the 'followjng.
assumption is made to establish a criterion about how 'the

yield.surfaceiwill expand as~the-plastic»worklls-done}~USinga -

Figure\3{8,'the tangent to the related experimental curve
specified by O, . at the point corresponding to known f,
defines the'relatlon between the lncrements“ of‘ f and ’Wp
without any regard for . the actual value of wp As it is
shown earlier, dependlng on the loading h1story of the soil,
‘v‘the accumulated value of Wp may vary for the same values of
" f and J; . However, the ‘increments of plastic work wlllp
always be unique for a ‘given state'of stress and stress
increment. In mathemat1oal form th1s statement is equ1valent
to 'the expressnon‘ glvenA'by,_Eqn. 2. 13 whigh}1s Lade’ suu
orlginal equation for~plastic work increments. TherefOre;‘iti
can be 'conoludedrthat.the re:evaluatedrapproach makes full
“use of the experimental ‘data . and Eqnl‘ 2”8': w1thout

1nfluencing adversely what has been formulated 80 far

‘To find out “the results ~of such an approach the. o

stress- strawn curves of F1gures 3 1 to 3.6 were reproduced-

// ~ and plotted as " "re- evaluated" pred1ctions “on the ‘saMem{;

frgures These results show that the curves obtained by the;r

re-eValuated -approach : follow closely the_‘ orlginalt,

pred1ct1ons which. were . provided by Lade (1972) for ;the;" e

3 ver1f1catwon of hls model

[ S B : /
- . . . . . . /
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3.4 CONCLUSIONS |

| .-As‘ the caiculations provided here indicate, the
measured stress-strain behavior -of oohesionless soils can be
successfully predicted by us1ng the newly \ proposed
interpretation w1thout making the- prev1ous modif1cat1ons of
_ Ozawa ‘and Duncan (1976) At_thersame time, the problems that
are created in finite element'analySis by usino Eqn..2;8 as

' b , A , . ,
the work hardening law can be avoided .
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"Figure 3.3 Stress-path wi th décr'easing deviator stress and
decreasing confining . pressure.  Monterey No.0  Sand.:

Experimental results after Lade and Duncan (1976).
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CHAPTER 4

" STRAIN SOFTENING MODEL

4.1 INTRODUCTION

In his continuing workton so'l '‘plasticity Lade (1977)
developeg a .strain softenina miel . to overcome the
‘limitations of his work hardeniny model. Those limitations
are presented in Section 2.3. Although some of the - general
concepts ‘used for the. work. hardeningrmodel remaipned the
.same, the formulation of the conical yield surface, the
corresponding plastic potential, and the hardening law were
all modified in the development ‘of the strain softening
mode . -
In this model h¥?e cone has a curvature\Jike'a bullet
‘and not only expands asguork hardening takes place but can
| also. contract in order to model the strain softening after
the failure surface is reached Since the failure surface is
"\the outermost yield surface which has a curvature, the-
.failure envelope in the triaxial plane is no- ngger straight
but curvilinear v ‘ - !“#*-5 :
In addition to the strain softening feature ‘dncap type
yield surface was added to the open end of the conical yield
| surface to account for the plastic strain increments due to'
‘proportional loading
W Elastic strains Were calculated using a non-zero

Poisson s ratio (zero was used ?or the work hardening model)

-l
cpeTe
ES H

- ,
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and therefore a general improvement was expected in
predictions.of elastic deformations. \

The .strain softening model has been used so\far mainly
for the analysis of laboratory tests. The modelling ~of
stress-strain curves was reasonably accurate and the .pore
pressure calculations in undrained loading were
satisfactory. The ‘model was debeloped for sand but its
application to cohesive soils was also a, success (Lade and

‘AMusante, f976) The finite element application of this model
has not been popular’ yet even among researcﬁers At present o
the only published data is by Aubry and Des Croix, (1979),
and the correctness of the#r results is not beyond doubt . ;f;

ﬂl
-

The present research worK essentially deals w1th thé y,
9

Y

‘work hardening model. The reasons for 1ntroduc1ng the strain 7}

softening model in thls thesis are as follow. ? »

1. Part of the strain softening model is used in Chapter ls
to improve the capabilities of the gork hardening model.

2. The suggestions made ‘for the use of the hardedgng law -
given in Section 3._3' are also valid 'for“ the Whain
softening model. It s be1ieved that a ofitioal'
evaluation of the hardening softenlng law of the strain
softening model will be useful for future developments
in the subject. ‘._ L ,

In this ‘chapter the strain softening mode T’ is presented

first as developed by Lade (1977) Then, by following a

- s1milar line of thought,to that expréssed in Chapter43n ,the
i generality of the hardening softening alaw s evaluated
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Essehtial conditions for stratn-softening to take place in
cohesionless soils are also examined, and reference will - be
made to this when the( finite element results of passive -

earth pressure tests are evaluated in Chapter 7.

1

4.2 STRESS-STRAIN RELATIONSHIP

In the strain softening model, it was assumed that the
total strain increments {cléu } » can be divided into an
' ‘ I . .
elastic -, { d€ } » @ plastic collapse, {dé%o }, and a
exp i '
plast1c~expans1ve part, {déu .} , eﬁgpwthat

- ev | col xp{ ... . Ean. 4.1
d€; t = 1d€; 1+ (A€ 1 + {d€T o

The parts of the total vstrain'. are ;llustrated

schematically in Figure 4.1. The éatculation_of each part is
‘fdiseussed in the fo]lowing.
~ ' v m 7
~ 4.2.1 Elastic Strain Increments .
The. e]astic strain 1ncrements {deS }, are TCalculated'
‘using Hooke's ,law.; The unloading- reloading branch of a
stress -strain’ curve is used tO\determ1ne the elast1c modulus
- as presented fon the worK hardening model in sect1on 2.2.1.

Po1ssbn's ratio 1s chosen equal to 0 2 based on the work by
buncan zﬁdcnanq (1970) Calladine (1973) '

R g ‘.
A .Q‘ > .
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v
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4.2. 2 lgst1c §trg1 ncrgmgnt
t\«.

plastic collapse * strains and plastic: .eﬁpansiye strains.
These parts are calculated from tuo distincf stress-strain
relationships. The yield criterion, flow rule and hardening
law used for each part are formulated separately. The shape
of the yleld surfaces related to different parts of plastlc

straining are illustrated in Figure 4.2.

4.2.3 Plastic Collapse Strains

Contrary to the assumption made for metals in .the-

classical theory of plasticity, so1ls behave in such a way

that part of the strain increment e to- hydrostatic

compression. is irrecoverable. Similarly, under proportional

loading part of the 'strain increment is plastic 'in nature

It is believed that the plastic collapse stra1ns are

produced by re?arrangement of the grain struCture ‘and this

results in ‘a volumetrlc reduct1on T evelopment of the

)

-stress-strain relat1onship is as follows

<

1. Y1eld Crxter1on

!

Plastic straln increments are d1vlded into two parts.

"The cap y1eld surface used by Lade (1975l 'is 'a‘i'

sphere w1th the center in the origin of*the principal'

f-stress space as. shown in‘Figure 4 2 and is described by
the funct1on ‘ |

-
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fo) = If,_églz e Egn. 4.2
where »11 and I, are the first and second stress
invariants respectively. '

If a stress increment results in an increase in the
value of the yield function feoys 1.e., dfeg > 0, “then
the so1l wi11 undergo elasto plast1c deformatlon wh1le
'7work harden1ng takes place. This type of y1eld1ng does
not result in eventual failure. The type of y1eld1ng
- which ‘causes the conical yield surface to expand is
'resp%?sible for soil failure. | ;,. -

ah .

£

Flow Rule

i&

An associated flow rule is used for the calculation

of plastiqh collapse strain increments. Hence, the

pladtic potential function is. identical to the yield

function and is exprqssed a$:

o |
Qo= Ty +2x1;

The relation. between the plastic collapse strain

increments and the plastic potential function is given

.:_gkﬁv
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Og__,

de = }\col col .oo... Eqn. 4.8

>\.co|' is the .proporfionalify constant and its value
is determined by the work hardening law. |
Work Hardemng Law - "
";,g The work har‘dening law, * requr1ed for.uthe“
calculation of the magnitudes - of "the plastic sfrain
1ncremen;s, is expressed as an experimentally determmed

relatlon between the total plashc work, Weq ’ e to

collapse strains, and 'the value of the yield function "

fcel
feol
sCxpaux(—=2) oo Egn. 4.5
- nl
Py
- o
where P, is the atmosphemc pressure, and. C and ‘p

‘constants which can be determmed from ‘a (Wco|/p )

- versus (fco|/p ) plot-in log- log scale,‘as shown in

Figure 4.3. is assumed that the work. hardening

re'latlonsmp is independent of the stress path | o
The value. of g )\c0| | an be. determmed frbm the.

- 'fol‘lowi‘ng_v expre_sswn.
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| )\col= ::Jcol " ...... Egn. 4.6
where 9cal
p2 J-p f .
dWco,-Cxp xp._f_)xd ._Cg_'.) Eqn. 4.7
col P

- The derivation of Eqn. 4.6 i§ given by Lade (1975) .
and will not be .ﬁrepeated here. 7 |
By substituting Eqn. 4.6 into Eqn. 4.4 and
calculating the -partial derivatives of the plastic
potential function'. the final form of the stress-strain

relationship for plastic collapse strains becomes

‘ dAfo". | .(U,\
] de| | o ,
col . : ' ,
o L dezoi ?’E'&?'L.J- 0. ? . ...... Egn. 4.8
g\ _ d € fcql ‘ Txy '

| d€°°' . o Ty

d §COI o - . sz‘l

K L .

» ,4.'2 4 Plastic Expansive Strgi‘ng

i

: whehé_dﬁcm - is given . by Egn. 4.7.

'«.4

Th'ls part of- the strain 1ncrement is calcuiated

'.'4 according to a stress strain | theory wh'ich resenbles the "

5



‘theory presented previougJy for the work hardening law.
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§

Yield Surface
The y1e1d surface is assumed to have the same shape

as the failure surface and is expressed by Egn. 4. 9

fexp= -27)( ) ..... . Egn. 4.9

where foxp 18 the stress level

m-is a mater1al contant which is re5pons1ble for
'the‘eurvature of the yield surface.
- 11'?‘13 are the stress invariants. kJP#\V\fB
It should be noted that the expres51on for dtress
level given here is different from thet of Egn: 2.4 . In

the work hardening model the yield eprface does not have

curvature. S

As the value of'fexp }nereases, the yield surface

‘expands symmetrically around the'hydrosfatic,axisgtwhen'
the stress level is increased to its peak value, i.e., -
| fexp_ n1 the Failure ﬁﬁ‘te : s:_reached. ’Beypnd this
'point soil- can not support any fur ther increase'in.

stress'leve1 ‘and is not capable of sustaining prevnous 

stress levels under continued stra1ning

The . parameters ;n, and m can be found by plotting!g

:,(11/13 -27) versus (p /L‘),ﬁat fa1lure in a log- log;u
,sca]e In Figure 4 4, n1 1s shown as the intercept of:;
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the straight Tine with A1 )=1dindln as its slope.

~ The effect of 0'2<s®in,cﬁ.‘ & in  this failure
criterion. S\ | |
Flow Rule

| A non-associated'flow rule is enplc:oy_ed in the
developmerit C§f ' the stress-'strain relationship to
calculate the plastic expansive strain increments.
Consequently, the »pllra_s‘ti‘c petentlal function which is
given by Egn. 4'.10 is di.fferentrfro'm tha ,yiele-%uhctioe.

,g“p [27”\2(.,__.)] E}ggij 4.10
N | -

- where g‘mp 1s the value of the plastlc potenhal and '

R

n, is a &:nstant for given values of fexp and O3 ¥~

The value of n2 can be found by using the following

'expression : T
*l. . ) T,

= Sxf *R( ..,f* Eqn. 4.11
uif S

. in'which S, 'R and t are material contants.

| The stress-strain relationship . fOr plastic |

"v'expansive strains{ is then derived according to Eqn 4, 12

,‘lin incremental form



59

Og

de,i.j‘p = A.xp—--—um : vy e T Eqn; 4, 12
',

The magnitude . of -)\.xp is determined from the

hardening-softening law.

:Hardehing-SoftDening" Law | s B |
An. experimentally ' determined relation between:_,_._..

plastic work and stress level is used as - the

hardemng softening law for the strain softening mode 1.

The term stress level is defined "in Eqn. 4.8, Ihe

plastic work is calculated from

W.x,, fO' de"“‘ " Eqn 4.l3 |

*where U d€°p is the plastlc work done per,unit‘ '

vo lume during a strain 1ncrement de"‘" _ | S
" Figure 4. 5 shows the variationlof the total plastic*

.'mk«, w,xp oy with the stress level f,x,, ' and the"._f-’_

a. Sifb]e QX‘-p . WQCC‘\ CU"ve. tm Vllw of u 9"'.::"‘t 5
f_peak stress Tevel is used to dlstingui‘sh;

confining pressure, 0'3 as. obtalned from triaxinl{_?*if
'tests It is assuned that the peaks of all f.xp verm : '."‘f.‘-‘{
‘Wexp curves occur at f,x, z n, Tl'qe alnomt of plasticf";“_"f‘.‘f.'

o work required to reach the peaks is Mndent on the‘-f

= ,gning pressure Since there u:e two '.xp values for
"‘» . SN
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0

points on the ascending and descending parts.
Experimntal results shown on Figure 4.5 are
approximated by exponential functions and the foiiowmg‘

expression gives this relationship

i

The parameters 8, b and q are constants for a given

vaiue of the confining pressure 0'3 . As a iimitationh
to Eqn. 4 14, Lade (1975) indicated that - the value of;‘

_ f"p ‘ decraases’ lsyuptotically to zero for very iarge
: . e

vaiues of Wexp - e

The, wriatim of the total 'plastic work at peak

astress ievei is approximated by Eqn. 4.-.1’5 as a function
V%finim pressure 0'3 |

> - J wpm Pxp 3) . A JREICII th-. 4.1%

’ a

o _—

. where P and ’l tre oonstants and _
"“%l is the ntwtpheric prmure.v
"The vuluu"o,._q. s and b can be calculated from the

following exprmim B o ».‘

A

U d ;.,"

e
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whére ( and 3 are constants,

.

1

. 5 ‘ »
a =n1( E)tpq_> e e e e Egn.
wpouk v

o
. . .)

. .

o wheFé e is the base for natural logarithms and

.n, is the value of peak stressé]eve1.

VR

- - - . PO

1 e

b == L e ., Egn.

qxWpeak e

Based on Eqn. 4.14, the iﬁqremént of p1asfié
is expressed as R *

-

AWerp =

_ \p'°p°rti°931i§§\ constant. )\,xp is giveh by Ean
and its derivation cah be found in Ladg'(1§75f; |

- u.wex
"A.xpz - p

- TR qu

. ’ ) p
s 3g,xp+-.m:nz( I: ).]37 -

‘{., . . | . ’ ?‘Q ,

" The - expression for the "evaluaiigpf' of
. 4:20
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4.3 EVALUATION OF HARDENING-SOFTENING LAW FOR PLASTIC

"The. test results shown in rjgpﬁe 4.5 indicate the
dependence of Weyp versus fexp‘. relationship on the
‘confining pressurev (75 . Accordingly, Eqn 4.14 which is
Mthe expre551on for this relationship |is valid only for cases

where the - confining pressure is kept constant

Generalization of Edn’ 5 14 -into problems with varying -

QEf-ls not p0581ble as’ can be shown next

2
. Referring to Figure 4.6, it is assumed that the inakial

state’ of stress of a s01l element is on the current yield

surface as 1ndicated by point A, with total plastic work
.

value equal to WA . A stress increment is applied such that'

o
¥

2limits of the current yield surface, No plastic def «««« *ons i

takewplace for this stress increment and th%refore the total

plastic work regains the same, i,el'wg' éAUA » Sﬁpce

& 3

value of CT3 ‘has changed ‘the value of the paramet;rs a, b

-

and .q have also changed due ;to, thlS’ stress incremenb

Looking af Figure 4 6b point B is

N curve for which the

”parameters are based on the new !95 anthhe stfess level

fexp corresponds to p01nt B of Figure 4 6a. The on%y value .
of the total plastic work which can satisfy Eqn 4. 14 . for

point B is in@Mated by Watrue - Since the plastic work -value
" for point B attained at: the end of the stress increment
ggoing from A to B. as in Figure -3, Sa is not equal to

D

-VNBtru, o Eqn 4 14 -is no longer valid Therefore. a unjiue I

-

the state of stress moves to point B without excee. g the‘

N
Xp.

~
3
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i A ~ o i
relatwnshlp between fexp ancL wexp* does not exist, -except

P

. for tests with 03 constant. |
! In order to use tt'ns hardening softening relationship
estabhshed for (U3 = constant tests in the analys1s of
“-beneral three dimenswna@}problems an assunption has to be

o

made . Thi‘? asstm'ption s ‘as follows _ |
, Copstdermg wl&?. at 'any stress lével :'féxp, a
tangeng to the fo rsus Wexp curve for Uy = constant at.
a Known. state of stress prov1des the relatlonship"al"”’between
dfx,  ahl I xp - It should - be noted that for each
fexp versus Wexp curve there ex1st t’wo points w1th »t,he
same fexp : value,_,on‘é before and t%‘t%ther af»ter the'_

: £

T
. ~
S Y B *
‘ '/vP 4‘, il.l : \_. “
K .

’“‘harg;lemhg

14

| peak lni‘ad'e s apprgach to d1fferent1ate between'-_
. \164 ]

and the. softemng parts of. these curves 1s to & ”ar?%/ the
: current values of w Qand R 1 "'Ifl . Wekp s
c exp D?O"é&_ & ,E'*P'

L8 l%sé* tham Wpeak -' -hardening is taking place a""d therefyré"
fex is. st1ll on the ascendmg partu o‘F;; the curvéw If

'w,xp e dreater than wDeqk , the d ndmg part o.f t'he 4
. C"ﬂfve* whrch cor'responds ‘to s,tram si:n;#e : has to be uSed 4
% This rul&e ;'gan no - longer b:e aéce‘%ted.','_1 thm the contex( _
of theﬂéw approach as explamed next. . o '- gy " . :’l‘_ K

In general wexp , fexp -a'nd‘ : 0'3 ~ are. not-«--u'niquély'

. related  to each other The total plastw work wex,g at any |
point, for exanple at point D on Figure 4, Gb‘ may have any"}?{",
value mcluding the larger values than wpeuk for the‘ﬂ |

- -k:orrespondmg confimng pr.essure, G'g This sxtuation may

ar1se ,for certain stress paths Ieading to: point D. As an‘v_-'_‘

¢
: 2 'é: :‘“ ST I I A
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exanple of this, a stress path is cons1dered which results
in no change to thq stress level fexp but a large decrease
in confining pressura In F1gure 4.6 the results of such a
stress change et 'from pmnt CtoD is shown .- At point C
the tptal plastic work 1§¢ exp - which has a -larger value

than i pe%)k . During the stress increment, - the stress

P

point remams on the cUrtaent yleld surtace ‘as shown oqﬁ o
_‘Fagure 4.6a. Therefore when pomt D is reached, there will

not be * any change in total plastlc work ‘and werp will. have

4T3,

, thg same - value as N" p Smce wexw euk "wex;; is also

1arger than ‘p?gk’ ¥ 1t should b,.,nqted A at at point D

b d' fore the- peak

mq;’ .

stress level is. reached moce harden hg has ‘@ take place and @
A .

" more’ plashc wéizk has to be. ‘ane Therefore&*’ Wpeck -
e , ,A“.}j\"
values can Wt gw‘e a- c0rrect 1ndic‘ﬁhon° of whéther the

. the soﬂ*helement hasy not ’ yet f

_ R R | e &

) asée“nding dr descen‘%ing sectton - of fexp - versys

w,xp cy‘gges to be tl!,seddf C ' . AN |
It°© seems that the only way to dec1de wh1ch part »wf a “}?g

cu"?:ve is to be enployed is to Keep track of@the stress leve]

vel 1s - attained

A

| ~at akl- t1mes Onge the Peak stress .

further” l'oading }l ) a]ways requ1re the strain softemng
. sectibns of f,xp vasus w“p curves to be utiligﬁed .
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L ‘,‘* . One of the hardorrf/g hypotheses in plastimty theory is

v;‘__‘vif’stated as the amount of hardening depends on the- tot’a
plastic work (Mendelson. 1968)‘:‘. The yield criterion is

4 %i?‘itten-as ) | J_ Y o
( ) - f (w"") ... Eqn. 4.21
. . . o

w1th the inplig:ation that, the reSistance to further yielding _
. ., depends only 'on the amount of work which has been done on ‘
‘the material, -The work harderting and also the strain ‘
_softemng models presented here adOpt thiss hypothesw In

7 both models the"stress leVel, confimng,preﬁlre and total

'plastic work *orm a unigue relﬁtions%fp hence the plastic ‘

N

gsstram 1norements can be. found uniquely foma given stress‘n
©

inqrement if the state of gressyin sml 1s Known . In this
oo Chapter and also in ehapter 3 C it has been shown that such
a umqugfre'lationship for f, 03 and Wp goesmnot eXist

Fpr the samei state of stress.’the total plastio work, W'p b

’

.may assume almost any value . It appears that the work‘

-

LN

€5

hardemng hypothesn-s) usq dn- the classiCal theory 'Bf

plastiCity does not apply to smls and the sub:ject requi'res

further study o . f o ‘Q o '.‘,‘-.,4
. » - R T .

\*, | To ‘secure the uniquenéss,of plpstic strz‘ # inérements

<

\- an interpretation of the hardening laws of L e is proposed

#i this thesis Although satisfactory results are Qtained

. ‘2’-,"‘ o .~ ‘ R _‘

v by ':::."' IR N CoLe 1\‘,

._f
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there is no real reasQn why a relationship between df and

(1Np obta1ned fr .?a conventional tr1ax1al test data

should apply to stronply path dependent soil behavior in any

;. other loadlnp conditions. Yet it is a common practice in

: \metal.plasticity to use a .herdening relationship obtained

from one type of test to predict material behavior under

. other test conditions. This islin fact one of the basic
massumptiOns of the classical plast1c1ty theory (see Hlll

1950) . Slmilarly} by u51ng the same approach, good

Y N
pred1ct1ons for laboratory tests on soils wkre obtained as

shown in Chapéﬁp 3. With the 1nterpretat1ons presented here

,  forg -the Hardening and soften1ng laws,Vlade s models can now

i
pe employed for the solution of boundary value problems
Consequently, the evaluat1on of tHese models can be

%

‘Wlth the1r appl1catlon to ﬂﬁe t1cal~Problems

& ‘ v

1
Lo _
. : -t ) } .' .
K d‘r TN e

ot A RN ' Y T o
‘ ..-y . . N N - &- g . '7_ e

4.5 5 QQQITION ESSENTIAL -FOR STRAIN SOFTENING

-——mpur-—

Strain softening behav1or of material mgy play “an
' .
1mportant role - in both movements and 1nstab1l1ty of soll

structures The progress1ve loss of ét%ength with 1ncreased

defermatlon ‘may cause @ s1gnificant red1stribution ‘of the ~-
stress and eventually a progress1ve Y failure _fof the
Lstructure The key points whlch play an’ important role in
the. development of strain softenlng are dfscussed next byr

using convent1onal triaxial test: results Figure 4 8 and 4.9 R

T -
anige data f
ggg %&9%5-9'_ loose and‘
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~
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sands. As illustrated on these figures
1. The behavior gf soil durtng the .shear stage is dependent

ghe relative denstty of the spec1mén attained at the,~

end of all round pressure application. 'Under continued

strainiﬁg after the peak resistance 1s reached, large
decréase in resistance is: mostly related ‘to dense sand..

2. Ap 1ncreasing conf1ning : essure decreases the tendency

-to dwlate, increases the strain to failure and reduces

the br1ttle characteristlcs of the stress stram ,%urves,'

For - high confimng pressures even dense sand doe% not

&

<

"exhib1t any s1gnif1cant soften1ng,: and thé . volume-
changes are ent1re1y compressiye“ When ;heared at low
pressures@“dense sands @re a‘ﬂowed to dﬂate. | 'a'nd"

- ‘softemng becomes apparqnt On the other hahd. sands '

:i:cen_,be sheared wﬁthout any. -
‘a:;:V6iuheﬂchange atifﬁhh§£1w;y"applylng an approgriate céll

- !pressure This pressure, corresporw ~to zero iro'lume
change, ' is- called the critical conftnlng pressure An- ;t?
example of 1t is g1ven in F1gure 4 10%~£er samples of

v /// sacramento Rtver sand tested at d1fferent vo1d ratwos S
‘ (Lee and Seed 1967) Points between the o:1gin Aof the
coord1nate axes andk_the curve shown on this figure 7
ind1cate the state of soil whtch 1s most likely to {Q,
display strain softening characteristics., It appeans ;1;

then only the comlined effects'of re\;31Ve density and

- confining pressure ‘can - reveaff'

behav‘bgu 3 .'

- & (A
e

,"':
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Evidently, for strain softening to take place. the
stress level should go high enough to reach the peak value.
_Also. stra1ns should be large enough to pass well beyond the
“values corresponding'to'the peak strength.before the effect
of soften1ng becomes apprec1able y:~
.'h. These conddtions~§are ‘not sa?isfied in all boundary
value problems Uhen they do, they might be confined to a
small port1on of the struCture and ’therefore m1ght not -
affect the overall behav1or When w1despread,area§rof a soil
masg are: !=¥fected or the deformations are concentrated in
diSérete zonqs -then the problem requwres a; neal1st1c
analysis The effects of ‘strain softén1ng&oan be studfedi

.

only by dnalyzing ‘the complete”§o1l pstructure under load

yée and tr1ax1ql test data algne are’ not enough

: 5‘ M . '3'. ; . d
"g‘juﬂgmentﬁqv -e,mﬁ: ;3& }y':;-.”o‘” o *~;
. . L e.:.'/j¢ e e, e L,“v A Y
% S . P > 3



"' conpression{ test

N . .
. - N L. .
A Y g . . Y L
‘ ) - 0

69 --

* .
. ;.- o N ‘
\' i R - !
- 'ﬁ
b @t .y
sopR ELASTIC srmm . o
. . ; » .
" STRAIN Y Eur
~ PLASTIC -
EXPANSIVE
STRAIN 1 - 0,-0,
. .
€y
- . .. €1 ' .
= R e . v\, .”.
' ELASTIC STRAIN (Compross:on) '
— T — PLASTIC COLLAPSE STRAIN
Y . : R (Compression)
- PLAS‘I'[C Exwmsws STRAIN
v . ‘ : L \ .
. ,;,.',.;“ .
v ev S

i]lustration of elastic.}iplastic}“;.‘};:

en } twc
strains ~._1_n triaxialvf}_j;'

-?i‘gure”‘ 4.1- ‘
collapse and plastic expansive

(Aftar Lade f975)




"""f”‘ m in triaxm p!ane.‘ (After Lade 1975} " i:

@

LS - - : o -

CONICAL YIELD SURFACE

: N
- Triaxial s’ v
-~ o Comprossaon 6‘3 .
| SPHERICAL 5%
L YIELD CAP \ -7 |
s s L 'Triaxial
L Q N }‘,’ Extension
PLASTIC COLLAPSE STRAIN

INCREMENT vecron_a

L)




nm:’\ B L o

0.01.

P “
'a‘ﬁ : o
00001

."

and the value of f

Afte}: Lade 19“?)* %“'



Y
"

72

(13714-27)

fao s

1)

b .

TR | D3 T
e 061 ’
T o~ -
. 65«
v

Figure 4. 4 Determimtion of the value of n, °lM’_lll i &Tved
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Figure 4. Assmetion used for dfexp versus OWexp-

relationship. ' y



Figure 4.8 Measured stress-strain and volume change behavior
for loose Sacramento ~River sand in drained triaxial

compression test. (After Lee and Seed, 1967) . .
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Figure 4.9 Measured stress-strain and vo lume cl"xanbe behavior
for dense Sac_’t"'amen'to River sand in grained triaxia_l

compression test. '(Aftér"‘li.'eé:and' Seed, 1967).
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Figure 4.10 Relationships between void ratio after,
consolidation and critial confining pressure. (After Lee'and

Seed, 1967).
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CHAPTER §

.

WORK HARDENING MODEL WITH A CAP

5.1 INTRODUCTION

Lade’'s work hardening .model has a number of
limitations. As_ discussed in Section 2.3, one of these
limitations is unsatiSfﬂbtory modelling in proportional
loading. Similariy. for all stress paths shown in Figure .
5.1, the model predicts 6n1y recoverable strains'which is in
contradiction With obse'Véd soil behavior. The cone shaped
yieﬁd‘surface of the mode! without a cap is éhowh in Figure
‘5.2a. Any stress increment along a stress'path remaining
within that cone does not produce any plastic 'strains. In
reality, plastic strains. may take 'p1ace for some stress
paths in tha; ione. It is proposed here to overcome this
jimitation _alone by .attaching a'cap typé yield surface to
the open end of the conical yield/surfacé. The details of

the fype of cap used and the improvements obtained in

predictions are presented in this Chapter.

r.\{}?
1
5.2- TYPE; OF /CAP

Irf 6rder to model soil behavior more correctly cap type
yie]d- surfaces ~have been proposed in 'fhe past by many
researchers stafting with Drucker et al., (1957). Depending
on the model, a spherical or some other convex shape yield

surface i; employeq as é Cap.rlf the state of stress changes’

~
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such that this cap is pushed out as in FigureH5.2b. then
plastic strains are predicted. Among several cap type yield

surfaces available in the literature, the cap yiéld'surfééeA"

used by Lade (i975) as part d?'his strain softening model
was selected as a cap for the preseni wbrk, and is used in
connectibn with His work hardening model. The corresponding

“flow rule and the work hardénipg law are also taken from his
wofk witbout any change. The details of'the yield criterion

are giQen in Section 4.2.3.

5.3 UTILIZATION OF CAP TYPE YIELD CRITERION

e G —————— Sev——

| A]thdugh the cap yield surface of Lade's strain
softening model was chosen wi thout .ény change win its ’
‘forhu1ation, as the desired cap for the work hard ning»model‘
» the conditions under which it is uséa are not the same in
the preseﬁt developmeﬁt. In order to clarify'the differences
in using the same cap yield criterion for these two mode s,
it is necessary first to- ;lébor;te on the cér;esponding
sections of the strain softening model. |

In the strain softening model total strain 1{ncrements
are _calculated as the' sum of_él%g;ié, plastic collapse and
plastic expansive parts. It is assumed that each part can b;
calculated separately and then superposed. An ihportant
‘point here is that any stress change causinb thé yield cap
to féxpand,‘ see Figure 5.3a and 5.3b, will produce{deao}
without any conditfoh on where the conical yield surfagg.,is

locafe¢ at that moment. For example the stress paths from A
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to B and from P to D of Figure 5.3a and 5.3b respectively,
‘reqdjce that the plastic coll se strains be calculated and
superposed on the other parts of strain as inaicated by Eqn
4.1. The significance of the sjress path from A to B is that
it causes only the cap yield s&rface to. expand while the
conical yield surface stays} where it was before. On the
other hand the stress path fro& P to D results in expansions
pf both y‘eld surfaces. ; o ' e
Egn. 2.1 which is soﬁewhat similar to Eqn. 4.1
represents the concept of eividing the total~ ‘strain
increments into ei;stic and plastic parts for the work
hardening model.‘However,\ the plastic strain increments,
{?65} .' are not furthertsub-divided into plaétic,collapse
and plastic expansive parts as in the cas of the straip
softening 'model. For exemple, the plasti ;strain increment

taking place due to the stress change from P to D in Figure

/
/

5.2c, is represented as {dég}-/ alone’ by usingthe work
hardening model while the same plastic strain increment s
calculated as the. sum of two  components, i.e.,
{dGCOI} {déexP} when using the strain softening model. For
~proportional loading, such ‘as the stress path 1 of Figure
5.1, {déﬁ} becomes zero while both. '{dégo} and {déﬁxg} _
. have non-Zero values. It is clear that{dég} of Eqn. 2.1
does not have the same meaning as {def""} of Eqn. 4.1.

When the stress changes - take place along any one of the
stress paths shown in Figure 5.1, the work hardening model_%
without a cap predicts only elastic strains. On the other
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hﬁnd,.the work hardeniﬁg model with a cap is able to predict
plastic collapse strains in addition to the elastic
increments of strain for the same stress"péths.

| ‘A sumﬁary of requfrements for caléulating different
;parts of tof;l strain increments, 'by using the work
hardening mode | with a cap, is now provided.

a)When a stress path remains within the current conical

yield surface (indicated as the shaded area in Figure 5.2a)

the “total strain increments are calculated by

(o6, - [ogg] o [os] oo

\\Ca]culation of {deﬁm} is given by Egn. 4.8, and the
proportional loading path 4§ included in its 2zone of
application. Of course, df has’ to be bigger than zero for
{JG%”} to be calculated, otherwisé it must be zero.

b)If the stress increment is aloag a stress path directed
oUtward‘from the conical yield surface, as in Figure 5.2c,

and 5.2d, the total strain increments.are calculated by

{ee)-fog)ofec) e 52

"which is identical to Egn. 2.1.
" c)When the state of stress follows the path from Pto D as
shown in Figure 5.26, the plastic collapse strains are not

calculated separately but {dé%} ‘of Eqn. 2.1 represents the
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sum of all parts of plastic strain‘{ncrements. Care has to
be taken for this type of stress path. Althoug %ﬂéﬁm} is
Fot calculated, the value of f.o has to be updated. In other
words, thé cap yield surface has to be moveé to a new

location passing through poiﬁt D.

5.4 JUSTIFICATION FOR WORK HARDENING MODEL WITH A CAP

As presented earlier in section 4.1, a cap improves the
capabilities of the work hardenfng model and the calculation
of plastic strains which 6§§“ take place duerto‘s;ress
increments along certain paths=remaihingrwithin the conical
yield surface becomes  possible. This point has been
gmphasized enough already.

Comparisohs of obs'P#ed stress strain curves with those “
predicted by the work hardening model with a. cap are
’presented in Section 5.5. to illustrate the possible
jmprovements “that can be obtained 1in prediction -of
- laboratory test results. .

The significance of a cap Qield surface in the analysis
of a geotechnical engineering problem may be predicted,
provided that the stress paths followed by the soil elements
compfising the structure are known. If the majority of the
eleﬁents undergo proportional loading while the remaining
elements experience a very small amount of plastic expansive
~straining, the yield cap will have a dominant role ’in the
prediction of behavior. Without a cap, the work hardening
‘ modél predicts mostly elastic strains for such problems.
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~

There are {important soil structures where stress paths
generally follow profortional 1loading, for example earth
dams as indicated by Eisenstein and Law (1979).

For the justification to be complete, the following
question is to be answered: why is there ; need for a work
hardening model with a cap whilg there already<9xists a more
sophisticated mode! which has a cap and can take the .strain .
softening into account? There are a number of reasons for
this effort as discussed next. ‘ .

1. Not all soifs under all circumstances exhibit strain
softéning. Key conditions for strain softenfhg to take
pla?g,are presented in‘Chaptér 4. Therefore there’ may
not be a need for ‘more sophistication and the work
hardening model with a cap may be just as good.

2. For a pnoblem where strain softening does not occur, an
unnecessarily .refined analysis us'ing the strain
softening model will be too costly.

3. The calculations required to obtain the parameters for
the softening model are more involved. .

4. The development of a finite elgment program for a strain
softening model}is more difficult.

5. One way of determining the significance of model1ling thé
strain softening behavior of soil in analysis of soil
structures , is to compare the predictions of two finite
élement programs developed for constitut1ve laws with
different capabilities for modelling straln softeéning
alone but otherwise exactly the same. It is believed

-
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that the Lade’'s strain softening mode | and/the uxwér
)

_comparison. o ] ] e .i‘ i
/l \:;_ t\ N
RS

€. Finally, the importance of using a cap., eld cﬁ% 6h
X% REELON

- -

hardening model with a cap can be used ’fepn_j;%‘§ﬁhﬁxg‘

in the analysis of boundary value prdBiems caﬁ& be
investigated by examining the differences of predictions
. made by two finite element programs developed'for mode ls
such as “tade’'s work hardening model with and without a

cap yield surface.

5.5 PREDICTIQNS OF STRESS-STRAIN BEHAVIOR

The measured behavior of two different soils tested

along various stressf paths are presented next with the
predictions of the work hardening model with a cap.
| The first set of test results, using Ottawa sand was
provided by the ongan‘&ing committee of the‘NSF/NSERC Nor th
American Workshop on "Plasticity Theories and Generalized
Stress-Strain Modelling of Soils" held in McGill University,
Montreal in May 1980. The parameters required in the present
work for the calculation of the elastic and plastic collapse
s:;jins were‘obtained from conventionel triaxial compression
'hydrestatic compression test results. The stress-strain

curve as predicted and the experimental results for the

stress path along the hydrostatic stress axis are plotted (h

Figure 5.41 The results show that there is a significent
improvement in predictions. ‘

" ‘The second e{perimentalv data is' taken from the
published work of Lade and Duncan (1976). in which the

t
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results of tests on loose Monterey\No .0 sand were provided

for a stress path representing proportional loading. Those

_messured results and the preditions made using the cap model
are presented in Figure 5,5. The :aiue of PSisscn‘s ratio
used in this calgculation is '0.26. Agein. a comparison
suggests that by adding a cap Yyield criterion, 'some
iﬁprovement can be achieved over the work hardening model
without a cap. ‘

; The results of -exper iments on loose Monterey No 0 sand
tested along a stress path with increasing deviator stress
and  constant confining pressure after previous loading to a
higher stress level were also given by .Lade and Du‘pan
(1976). These test results and the predictions.mnde using
the present mode! for the soil behavior along this stress
path, are shown on Figure 5.6. Although a slight'imprOVenent,‘
is achieved, especially in the predictions of "\tolunetr-ic
strains, there seems to be more room for further improvement
in modelling soil behavior,for this kind of stress path- and

stress history. It should be noted that the stress path from -

.

point A to point B involves reloading because ' the soilfﬂ
element was sub jected to ah earlier higher stress leVel
before point A was reached. Therefore only elastic strains
are predicted for the section between point A end point:P
when cthe loading follows the lpath from A to B. The
stress strain curves in Figure 5.6 show that the largest
difference between predicted and measured curves is et point‘
P. ‘This difference does not change to a not able degree
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under si.lﬁneq@nt loading. It ‘appears” that 'Quring large
unloading-reloading cycles solls tend’ to “forget*  the
V_maxin‘un stress level attained previously This\contradictsm
an assuvption used ‘ln " the development of Lade’'s work
hardening and strain 'softening mod:ls. In reality, the
current yield surface during unloading-reloading cycles may
not stay at the level corresponding to the maximum stress
level reached in its history, but may éh;‘ink or shift its

‘position or even may take another shape.

5.6 CONCLUSIONS ‘ Y,

-In - this Chapter a cap type yield criterion was
tnco(r‘pbr;ated into " Lade's work hardening m¥el. The
improvement .that; can \BAé obtained by using a cép yield
criterion-was demonstrated by cmpaéing‘experimenﬁ_‘aj results
with predictions made by the models with and without such a
cap. in all cas;s examined, the predictions made by adding a
cap to the model shon;led (a“ better agreement with the
exberimentalf data. The degree of success attained in
modelling ‘soiNk behavior was dependent on the stress path and
‘stress h¥story. For certain ‘stress paths " ifvolving
unloading-reloading. 1wproveuent was not signi-ficant Cyclic, '
loading requires more atten.tion. b

The work hardenfng model with a. cap 1links the work
hardening model without a. - cap and the strain softening
model, and nltopether they provide a selection of differ-ent
mode 15 ui‘th 1nprovad capabilities. ..

Ve
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ﬂqforx cOnstltutave laws*. dealﬂng with smaller number ‘of'g,

~ .\ ‘ 88

. | | o |
Furthermore. the procedure proposed 1n”Section 5.2 to

combine two models may be used by other model developers h

Plastic strain 1Pcrements need not be divided ' into plast1c
cblﬂppse and plastic expansive parts for all stress paths.

If sUCh a division.exists, then certain assumptions have to

pe _ ‘made in dividing fhe total plastic strain increment into

./‘

its parts Eor a' general stress increment, direct

P

” measurement of. wseparate plastic collapse and plastic

)

' expansi?& sfrain 1n¢rements is not possible.

& . Finally, the finite element procedures become K @asier

X stress stra1nxrefat1onsh1ps within the model.

¢ . ‘;,_. , ~ W

¢ w

P T . /\
i, W, . < .
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CURRENT YIELD
SURFACE

"HYDROSTATIC
AXIS

V7.0,

Figure 5.1 Example of stress paths where.no plastic strain
1ncr'emen£s are predicted by the work hardening model without |

a cap.

~
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o ATTo
CONICAL ‘ CAP
YIELD YIELD
SURFACE SURFACE

Stress Stress
increment increment 4H

F%gure} 5.2 The effect of different stress paths on the
expansion of”yield surfaces for work harthing model (a)
without a cap (b, ¢, d) with a cap.

”
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Figure 5.4 Hydrostatic coﬁdession of Ottawa sand..
Predictions o; work hardening model withﬁand.withqut a cap
yield cr¥terion. ( Experimental data from NSF/NSERC:UOrKshop
on Soil Plasticity, Montreal, May 1980) o |
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with a cap

-~ Work hardening model
without a cap

O O Experimental

Work hardening model |

work
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0.2_ 0.3 0.4
i T 1
®oos - ]
8 -
0.4 1 b L ok
\\ 0 0.2 0.4 0.6 0.8 1.0 1.2
'6,( %o ) \ 0, ¢ Kglem?)
@ 4 "\I'
Figure 5.5 Proportional loading. Predictions of

hardening mode! with and without a cap. Loose Monterey No. 0

sand. Experimenté} data after Lade and Duncan (1976)
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CHAPTER 6

FINITE ELEMENT PROCEDURES FOR WORK HARDENING MODEL

6.1 INTRODUCTION

In order to analyze plane strain problems, a finite
element progfam was developed by using the displacement
formulation. The main intention was to examine the
capabilities of'Lade’s work hardening model (without a cap)
to predict soil behaviqf under complex béundary conditions.
~ Also, the difficulties related to the use of the model in a
'.finite element analysis were investigated. Efficiency,
simulation of construction stages or modeling soil structure
/interfaée behavior were not the prime concern; their study
was left until after the usefulness of the model was proven.

. The work hardening law of the model was used in its

\_’;;}eﬁgluatedv form as presented in Chapter 3. This led to a
fferent constitutive matrfx for the finite element
formulation thén the ones pfopoéed by Ozawa and.Duncan
(1976a), Duncan et al (197;. and Wong (1978). Therefore, the
results. of the finite element analysis of the present work
and the conclusions reached are‘*ﬂéifferent from  the
calculations and arguments of alll the oiﬁer studies, as will
be discﬁssed in the next two Chapters.

A.linear elastic finite element program coded by Murray
(1874) was used as a starting point. Major changés were made

in order to assign initial stresses to elements, to solve - a

95
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system of algebraic linear simultaneous equations ﬁaving an
unsymmetric coefficient matrix, and to deal with material

nonlinearity. Isoparametric elements were employed in this

program.

6.2 SOLUTION METHOD FOR MATERIAL NONLINEARITY

Convergence problems encountered by others, such as
Naylor (1975} and Wong (1978) Qere taken as a lesson in the
present work for the selection of 'av solution method "to
handle the material nonlinearity. The solution technique
chosen is called the tangent stiffness method. The basis of
this procedure is the application of the load in small
increments. A new stiffness matrix. reflecting the changing
stresétstraih relationship, is formed at each increment.
Thus, the procedure approximates the nonlinear problem as a
series of linear problems.

To improve the accuracy of;the incremental procedure'
and to reduce the deviation from the true solution, an
jterative technique was introduced for the tangent stiffﬁess
method. In Figure 6.1, the technique is illustrated for a
single degree of. freedom sYstem. The starting point for the
load increment,(kl? , is represented by point A at which the
stress, 0, . 1is known. The tangent stiffne;s based on the
| state of stréss at point A , K1=K(C&\); is calculated first.
The solution using the stiffness Kt yields displacement
increment A51. From this a strain increment A€, is

obtained. The stress increment ZX(% corresponding to £>€1

-
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is then evaluated by using the stress-strain relationship
formed for the stress U, ]

The ‘procedure described so far constitutes the simple
inCPemeqtal tand;nt stiffness method. The iteration scheme
introduced here to improve the approximation for the same
load increment is as follows:

After the stress increment ZSCﬂ is calculated (as
described above) a new stiffness K2 is formed as a
function of the stress CLf%Y(ZSCﬂ ) , and a new estimate
for the displacement increment A62 is calculated by
solving the system of equations for the same load
‘increment. Then the corresponding strain increment Zléz
is obtained from A52 . Calculation of AQ, is based
oh the stress-strain relationship produced for the
stress OA+—;—-( ACTl ).

The iteration process can be repeated until thg
difference between two SLccessive solutions is
sufficiently small. In the present work the iterations

were carried out once or twice.

6.3 DERIVATION gﬁ CONSTITUTIVE MATRIX

The nonlinear material behavior is approximated by
changes in stress-strain relationship during successive load
increments. Therefore the constitutive matrix suitable for
_incremental finite element analysis bhas to be formulated
such that the increments of §tress can be caiculated for

given strain increments at known stress state of soil.
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The followind derivation is similar to the one given by
-Zienkiewicz (1971}, with- the exception that the necessary
changes were introduced to take into account the
non-associated floy rule used in the present étqdy.

During an 1nf1nitesimal increment of stfess. the strain
increments taking place are assumed to be separable into
elastic and pléstic parts.

ofe}-ofer] afel] o - e

The elastic strain increments are related to the stress

4

increments by a symmetric matrix, [Ce] » as written
. \
explicitly in Eqn. 2.3. Plastic stmmin increments were given

“in Egn. 2.7. Thus, Eqn. 6.1 can be written as

d{e}z[cej"d{gld_@; s 2

6{0}
The yield function may be expressed for a work hardening

material as

e(fo]fe])-e T e

When differentiated, Eqn. 6.3 gives
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T T
o) 9
ﬁ‘a{FO'] d{O’]+ a{:P} d[Gp}zo ....... Eqn. 6.4
or . |
<L_é__a{_5-_j}. d{o-}*f}\_,___-o BEREEEEE Eqn.. 6.5

in which a substitution is made for

\
N
T

3T

1 aF ?d{ep} R Eqn. 6.6
A a{eqx |

Egn. 62 and Eqn.“‘x_:_S.S is how written in matrix form as given

COA =

AN

!

next.

de,] g%%fﬁrdq-

de S 199 | l4g

" [C] 1 9g, ||

J * Sm= ' : . J ° :

N 1 ) . Egn. 6.7

e . ' ™ ® -
. . T A

FE OF ... a
° og, 9o, = J1 }\.
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By inverting the square matrix of Eqn. 6.7, an expression is
~ obtained to determine the- stress 1nerementswm4nu~termsMMofwlu.

specified st//in increments.

o d{a}:[c'p]d{é} . .......sq}.‘,s,a.

where [C?p] is the elasto- plastic constituJive matrix. and

{

is formed by using Eqn. 6.9. (see the next page )
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The elasto- plastic constitutive’ matrix ,[(:ep]
replaces ‘the elastic matrix ‘[(:e] in incremental analysis
when plastic as well as elastic straining takes place. It
should be noted that . [(: p] is no longer a symmetric
matrix because the partial derivatives of the plastic
potential and the yield functions are not the same in Lade’'s

\ work™ hardening model.

- 6.4 VERIFICATION OF FINITE ELEMENT PROGRAM - é
In geotechnical engineering practice today, the ‘trend

to test . the correctness of newly developed finite element
~ programs for nonlinear stress strain relationships is to
,compare the calculated values with laboratory test results.
Here an alternative and more accurate procedure is offered.
Rather than u51ng experimental results, predictions made by
the model (such as the ones given in Chapter 3) are emp loyed
- for testing .the results of the finite element program The
advantage of using the predictions is to separate the
capabilities of ‘the -model from the rcorreotness'and the
‘accuracy of the finite element program. This approach can be
| -used effectively for'boundary value problems where the state
of stress and strain are uniform Three test cases chosen
‘ fOr the verification of. the finite element program of the

present study follow.
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TEST CASE 1: ANALYSES OF PLANE STRAIN TESTS

Plane 'strain . test results shown in Figure 6.2 and
Figure 6.3 for loose and dense Monterey No. 0 sand are used
to illustrate the verification procedure. The related
stresslstratn parameters as derived by Lade are ltsted in
Table 6.1. By using the const1tut1ve model in a simple
stress analysis, it is possible to predict the plane strain
behavior of soil without resorting to finite element
calculations. For“a given constant cell pressure end .an
increment of axial stress from a known state of stress, the
" increment ofsgntermediate principal stress can be calculated
in en iterative procedure_yhich satisfies the plane strain
condition as defined by Z§€i=0; The predictions made by
such an analysis are shown on Figure 6.2 and Figure 6.3. It.
<nould be noted that the comparisons of predictions with
eXperimentat' results give simply an indication of the
capabilities of the model. For the analysis of the same .
problems ysing the finite element method only one element is
required because the state of stress enddstrain are assumed
to be 'uniform.b Calculated stress‘strain and volume change
/ Values by'finite element analysis are also plotted in Figure
6.2 and F1gure 6.3. The agreement between these results and
the- pred1ct10ns of simple stress analysis is excellent wh1le
they both dev1ate from the expenimental curves. For~example$
‘as shown in Fjgure 6.3, the measured axiel strain at
deviator. stress 6.0 Kg/szis'T.ZS %. Fcr the same deviator

stress, the simple stress analysis and the finite element
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methoé give axial%;trains approximately 5.0 ¥ which is four
times larger than the experimental value. This coﬁparison
cléarly indicates%fhat finite element'proghams‘shouid not be
tested against experimenta]\ results, but thewgredictions

~made by simple stress analyses should be used for this

A

purpose.

TEST CASE II: Ko-LOADING CONDITION
Ko - loading‘condition is satisfied when a soil element
is subjected to vertical Joad increments with no
deformations é]lqwed in . the horizontal dfrection;TJ.ThZ
béhaQior of soil wunder tﬁese. boundary conditfons has
significant importapce in geotechnical enginegring because
'the‘accumu1ation of sediments s aséﬁmed to take place under
similar coﬁditions. Ahalyses of the behavior. of soi?
depo#its under subsequent changes in boundéry conditions
require the Knowledge of inésitu stress state prior to‘thése
changes such aS'an excavation of foundatidn 1oading eté.‘
Soil -behaQior under Ko-loading conditions has'been studied' 
extensively in the past.‘Although.field_measurements of the
stress state of soil depositsvhaVe yet to be‘pebfeCted, the
results of laboratory studies sfartiﬁg with the
comprehensive ihvestiga?ion" by - Bishop (1953} and
subsequent ly by Brooker and‘Ireland (1965) indicated  that
| the fol]owihg expression proposed by daky for initial

loading is valid for all practical prposes. ’
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KO: 1_Sin ¢' . ...... Eqn. 6!10

where K,denotes the coefficient of earth pressure at rest
K horz. '

o="r
) Overt.

and,(iy denotes the angle of shearing resistance in terms of
effective stress.

As a second'test for the correctness and ac¢Ufacy of
thé finite element program, soil behavior under Ko-loading
conditions is examined. While the vertical stress on a soil
‘element is increased, the no horizontal strain increment

‘condition can be met if the following equation is satisfied.

.d€ﬁ+ dG;::O ..i..;Eqn.G.H

e

where déi and d€£ refer to‘' horizontal eiassib and
plastic strain'increments respectiVely. Again, without\using
the finite element program,hthe béhavior of an infinitesimal
soi ] élement under Ko-ldading.condition is predicted first.

Starting from a very small hydrostatic state of stress, the

vertica1 stress is increased ihnéteps. For each step the -

horizontal stress increment which would satisfy the
condition given by Egn. 6.11 is searched. The predictions
made.‘by this analysié for both loose and dense sand are

shown in Figure'6,5 and Figure 6.6. For the same boundary

[
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conditions, the results of finite element calculations are
also plotted on the same Figufes. 1t appears that for this
stress path too, the finite element program gives accurate
results. -

There are no experiments to support the predictions
shown in these Figures, but the measured QS values for
loose and - dense sands are given 34.8 and 45 degrees
respéctively by Wong (1978).  Usihg = Egn. 6.46. the
coefficient of earth pressure at rest are calculated as
Ko70.43 for loose sand and Ko=0.28 . for denée sand. These
numbers are significantly 'different-ythan the predicted
values which are K°=O;28 for Joose sand and Ko=0.24 for
dgnse»%gnd. — Nﬁﬂ |

Predictions might be improved by using .-the work
hardeﬁing model with a cap since the measured §t;esses'in K;
-loading conditions, such'és giQéQBQy Andrawes and Elfséhby
(1973) indicate a stress path caus}ﬁg the'cap-yier"surface

'to expand.

TEST CASE III: PREDICTiONS OF PASSIVE EARTH'PRESSURE'

| 'BEHAVIOR | |

It was 'aésumed that three»soil Samplés representative
of soil ét different dépths-beﬁind a_ retaining Qall wére
squected to passive earth pressure tests individually.
Figure 6.6 shows the hypothetical rétainihg wall, the
sampling }ocatioﬁs and the initial state of stress for each

element. The soil type chosen for this case is ‘dense’
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Monterey No. O send and its-stress-strain parameters are
given in Table 7.2. The behavior of these samples under
‘plane strain boundary cond1t1ons were pred1cted by a stress
analysis in which Oz, increased in small steps while
Jyert. Was kept constant. The predictions.of this stress
analysis are shown in Figure 6.7. Calculated values by the
finite element analysis are plotted on the same Figure. The
agreement once again is excellent between the simple stress
analysis and the finite element calculations. A discussion
on these results in terms of their engineering significance
will be given in Chapter 7 efter the experimental results on

passive earth pressure studies are reviewed.

6.5 CONCLUSIONS

In this Chapter the finite element procedures emp loyed
Lin the computer program were presented and a new approach
was proposed for testtng finite element programs . As
demonstrated by three test cases, the finite element
enalyses give the same results as the predictions made by
us1ng the model and simple stress analysis. More complex
studies by f1n1te element analys1s are expected to give a
~good indicatJon of overall capab1l1t1es of the model to

- predict therbehavior of soll'structures,'
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" Figure 6.1 ‘single 'degree; of freedom representation of

incrementalfithatiQe proceddré,
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LADE’S STRESS-STRAIN PARAMETERS

TABLE 6.1

FOR MONTEREY No. 0 SAND

rorameter | S | g
Kur 2300 1600
n 0.8 0.86
v 0 0
K 103 58
fy 40 33
A, 0. 44 0.39
A, 15.12 16.48
N 1.32 117

M 0.000255 | 0.00068
. 0.970

0,957
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. DIRECTION-OF WALL MOVEMENT - -

—>
i - (NO ROTATION)
% SAMPLE -A
VW:
VA/
y L y
L
 /JC] SAMPLE-B SAND
Frictionless : g
Surfaéo
h%[j SAMPLE-C
— Rigid Frictionless -
Surface
SAMPLE DEPTH Oyert. Ohorz.
| m kg/em? ~ kg/em?
A | oasu 0.025832 |  0.006975
B | 1sa0 0.258320 |  0.069750 |
c . 15.2400 | 2.583200 | 0.697500-

.Figure 6.6 Boundary conditions for the .'hypothet__idal
re‘tainjng wall and the assumed initial 'sta'te of stress at .
'different- depths before wall movement. -
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Figure 6.7 Predictions of passive earth pressure for dense

llonterey No 0 sand and finite element calculations



CHAPTER 7

FINITE ELEMENT ANALYSIS OF PASSIVE EARTH PRESSURE

7.1 INTRODUCTION

In recent years, Several "non-classical" stress-strain
laws have been‘ proposed to model soill behavior more
realistically. The predictions of some of these models show °
remarkable agreement with Jlaboratory test results. Their
capabilities we/e discussed in the NSF/NSERC North American
werkshop on .A"Plasticity Theories ~ and . Generaiized

Stress-Strain Modelling of Soils," Montreal, May 1980. In:

this workshop it also became evident that the number of.

epplications of "non-classical” models in engineering
practice has been very little so far. From the practicing

engineer’s pointb of “view, the goal of develeping a

<constitUtive law is not ful]y accomp11shed unless it can be

used successfully and eff1c1ent1y in the analysis of soil

structures. .Obviously  there 1is a. considerable amouht of
effort to deve]op f1n1te element programs ltoday However ,
cons1der1ng the number of researchers work1ng oh the subJect
and a rather long time lag between ‘the deve[opment of a

mode 1 and its first t ime | engineering epplicatien,
’ ’

. substantial amount of difficulties should be anticipated for

‘the newcomers tovthfs‘fie1d Previous to the present study,_

there have been two attempts one by Ozawa (1974) and the
other by Wong (1978) .to use Lade’s work,hardening model in

116
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a finite element analysis. Reference will be made quite
freqﬁently to their work in this Chapter. The work presented
in the following aims essentially at finding an answer to
one question which is "Does Lade’'s model work in complex
boundary value problems?". The answer to this question has
not been affirmative so far. Strain softening behavior or
modef]ing the plastic collapse strains is not considered in
the finite element analysis of the present stddy.'On}y the
work hardening model without a cap yield surface is used as
the streSS‘strBin relationship for soils.

The passive earth pressure problem has been chosen as

~the field of application tb test the capabilities of Lade's

(‘ '

work hardening model. The reason for this choice is the

_availability of numerous experimental results of model earth

=g

 pressure é}ests‘”in the 1literature. The subject has been

2

studied eXfensiQely in ‘the past and with the help of
advanced measqgement techniques for stresses and sfrains,
§ub§tantia1 amant gf knowledgg has accumdﬁéfed about the
behgbior of eartﬁééetafning structures. Thys, the scope of
this Chapter is’ to find the experimental facts from
litefaiuré and compare‘them with the results of fhe finite
element analysis. No gtfempt is made heré to present a
comprehénsive review of éarth-pressure theories and current
design methods for earth retaining structures. They can be
found in textbooks as —well. as proceedings of ~several
inteqnat{bhél and'specialty'cpnferences on the sUbjéct.

'To proceed Systematically, this Chapter is divided into
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several»major»Sections. In Section 7.2, a brief Jiterature
review reflecting the hibhlights of the experimental}studies
on passive earth préssure problems is presented and the
factors dwhich affect .the behavior - of earth retaining
structures are idéntified. The purpoée is to evaluate, -at
least qualitatively, the results of finite;element.studies
prqsénted here and to investigate the level of agreé@ent
between predicted and-. expected’behavior. In order to aake
direct comparisons between predictions and experimental
’results>iﬁ evaluating Lade’ s work hardening constitutive law
, the mode] studies by Wong (1978) are used .as a case
history in present work. The details of this experimental
work are given in Section® 7.3. Unfdrtuﬁately, not maﬁy case
histories pregenfed in the‘ literature also provide
sufficiéht data on soil properties to deriVe ‘the pérameters
requifed for "non-classical" stress-strain ;aws..The matter
‘has to be brought to the . attention of publishers ‘ih;
geotechnical engineering fiéld[ Wong's finite eiemenf
analyses of the wall behavior is summarized in Section 7.4.
In Section 7.5 the predictions made by the finite element
ahalysié.,of ‘preggnt stpdy are compared with Wong's.
experimental and analytfcal results. This compérisbn
prpvides,endugh evidence fbr the usefulness of Lade’-s work
hardening modél "§nd its superiqrity to ‘the other -
stress;strain laws used by Wongv(1978) to predict passive
earth pressure test Eesults.iThe fiﬁél Sectibn‘ié,devoted,to

fhe intenprefation of results found in this Chapter.

LN
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7.2 EXPERIMENTAL INVESTIGATION OF PASSIVE EARTH PRESSURE

PROBLEM (LITERATURE SURVEY) -

One of the ear]1est experimental studies on 'passive
ﬁearth pressure problems was reported by Terzaghi (1934) who
observed the importance of var1ous modes of wall movement
and the existence of differences between the behavior of
dense end of'IOOSe backfill. In a series of tests using dry
sand a rigid_'watl was Arotated~ about its toe in both an
active and passive sense. Based on the measurements .of
thrust acting on the wall, an average earth pressure was
obtained as a function of wall rotatton; Figure 7.1 shows
* the relation between wall movement and mobilized coeff1c1ent
of earth pressure as provided by Terzagh1 , (1954). The
impor tant 'point to be observed in this Figure is that the
:magnitude of earth pressure is a function of the mode of
wall movement, amount of wall movement and soil properties.

Based on exper{ments. Franzius (1924), Tschebotarioffb
and Johnson (1953) 1nd1cated the importance of wall friction
(roughness of the surface) and the boundary conditions in
.testing apparatus. Tschebotarioff (1951) | reported how
dredging ‘or tbackfilling may affect tne earth pressure'
distribution ~along @& flexible bulKhead | His 'work
demonstrates the s1gn1f1cance of the constructton procedures
and the flexibility of the retaining structure .in .pressure
t distribution. Work by Brinch Hansen (1953) and Narain et al.
(1969) are all part of the effort to increase ourv

: understanding of passive ear th\pressure problem.
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In a comprehensive series of tests in model scale Rowe
and Peaker (1965) 1nvest1gated 1n detail the mob1llzat1on of
normal and shear stresses acting on a wall which can be
translated in a preset direction with the wall iheTined to
the horizontal at any deeired angle. Measuremenfs showed
that passive earth preésUre values vary with the orientetion
of fhe wall and' the direcfion'it is pushed against the soil.

In these tests the ﬁobilized wall frictfen- and‘ the
coeffic{ent of paésive earth pressdre Kp ~ values dfd not
| always reach their peak values simultaneously..Fpr dense
sand, there was a significant drop in Kp after a peak wés
reached. The amount of movement required to. reach maximum
Kp was in the order of 15-25% of wall height for loose safd _ _
~and 4-10% for dense sand. It is most likely that the -
'lmagnitude of these movements is not acceptable in practice.
Then, the' enalysisv of passive earth pressure becomes a
deformation problem. The authqrs have concluded ihat “a
correct ;olution of earth pressure calculation must await
the establishmenf- of the stress-strain...laws for soils
.sub jected to}any stress path” ‘ |

| One of the 'most ssignificant investigatidn in the ;
subject comes: from Cambridge University. James and Bransby.‘
(1970) reported observations of normal and shear etrees |
disffibution along a rotating Qell“as weli',as the ‘strains
| within the sand . mass. Shear ~strain contours, which weret
found by us1ng an X-ray techn1que for different degrees of

wall rotation provided valuabile 1nformat1on ‘about the actual
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ibehavior of sand mesé. Based on thie experimental fact, they
:Ihen evaluated the validity of the assumptions made .in
eurrent methods of e€arth pressure caleulatiohs. Some of the
shear strain contours of their work are reproduced here in
Figure 7.2 for an easy reference to be used later in this
Chapter. Figure 7.3 shows the ruptbre planes as observed by
James and Bransby (1870) on rediographs}exposed at three
stages of a pass1ve pressure test in dense sand. It is clear
that the fa1led zone of mater1al becomes larger with the
increase in wall rotation in a . fashion shown in this Figure.
InbhiS»Rankine lecture, Roscoe (1970).summarized the'besults
of passive eartb bressure'tests on model walls tested at the
.‘Cambridge University. Comparisons of the-wall behavior for

different modes of wall movement indicate thaf when the wa]l

Rotates about its toe the'required angle of rotafion‘for

peak resistance is about 8 degrees. If the same wall is

rotated about the top. the peak is attained at only 1.4
4'degrees of wall rotat1on For pure hor1zonta] transletion
the dlsplacement needed for max imum res1stance is equivalent

to .2 degrees of rotat1on

There have been many more experimental studies Carried ,

out in the past. [hefdetaifsfbf all these are not included
in this review. ‘Nevebtheiess;‘ it is ibelieved “that the
essential po1nts of passive earth pressure problem in 1deal
cond1t1ons are established suff1c1ently for our_ purposes.
What is m1ss1ng 1n the experimental work presented here is

the measurement of intermed%ate principal stresses.

<-

™
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- For large scale problemS‘one;naS'td pemcarefu1vabout
size effects §xtrapo]atidn of findings of small scale MOdel
tests may not be appltcablg) direc*ly to large scale
problems. There are other factors such as in-situ si..e of
stress, construction sequences. temperature changes, creep
effect, seepage conditions and stresses caused by compaction
wh1ch may affect drast1cally the behav1or of real soil

structures. . o
The most useful experimental work to the present study
was earried out py Wong (1978), and forms the\pasis of
'compartSon for theAresuits of a finite element analysis
which is presented in Sectlon 7 5. For this purpose the

related part of Wong s work is presented next.

7.3 EXPERIMENTAL WORK BY WONG

"f}n a series of'passive pressdre tests carried out by
Wong (1978), an tnstrumented wal; was~r6tated“about tts toe
intdn a bed of ~sand ‘as 111ustrated tn _ Figure 7.4.
'Measurements were taken for normal and shear forces on four
.panels of the ,wall at var1ous4 stages of rotation. The
outcrops of the. slip planes on the surface_were mapped at
the end of:each test. TestS”were condusted 'py using dense
(Dr=90%) “and medium,dense_(0r=65%)»Monterey No.0 sand which
is a uniform, medium sand composed mainly of duartzt and
feldspar Sand partlcles are subangular to subrounded
Gradat1on curves for the Monterey No 0 ‘sand used in pass1veﬁ

'pressure ,tests by ‘WOng_ and._that used by Lade (1972) in
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tr1ax1a1 and plane strain tests are shown in Figure 7.5.
Sands used in both occas1ons are not 'only' from the same
source, but as it can be seen in ‘that F1gure, almost have
the  same grain size dtstrtbutlon. A summary = of the
 characteristics of these sands as provided by WOng-(1978) is
g1ven in Table 7.1. B

Separate from the others two more 'passive pressure
tests were carried out by Wong using sand vhich contained -
thin layers of dyed-red sand. These tes'  ..°2 ised “to
identify the location and shapes of slip planes. Figure 7.6
illhstrates the_observed slip planes for Dr=90%-at the end
of a test after a 10 degree wall rotation. What is shown in
this Figure‘ is the sum of" all_nslip planes deve loped
progressively  from ‘top to- bottom for increasing wall
rotation. For example, 1f the tests were carried out on]y up-
.'to 5 degrees rather than- 10 degrees of rotat1on, the lower
s]1p planes would not yet have developed.

Figure 7 7 and F1gure 7.8 show average normal and shear
stresses - on the wall as well as the coefficient of pass1ve
earth pressure, Kp, for ‘two d1fferént denslt1es of sand. The '
d1str1but1on of these stresses. along the wall are g1yen 1nh
vF1gure 7.9 and F1gure 7.10. The mobilization ‘ot_ stresses
vfollow a pattern which can be summartzed ast follows.
Stresses acting on the top panel of "the ‘wall reach to a
“max1mum first. W1th 1ncreas1ng wall rotation; failure
'spreads along the wall downward, and larger port1ons of the

_so11‘ mass away from the wall are affected The movement
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‘below the mid height of the wall is not sufficient to
. develop a failure state in the soil. As shown in Figure 7.8
and Figure 7.10, normal stresses on the third and fourth
panels do not show any sibn of reaching a peak even at 8
degrees'of'wall rotation.

The requirements for strain softening tp take place are
discussed'tnfChaptervs; In laboratory tests, for example see
Figure 7.15, dense sands under low confining pressures show
‘significant soften1ng response These conditions ‘are
satisfied for Wong’'s earth pressure tests when;dense sand is
used. Opposite to anticipations though, the strain softening
does not seem‘ to play a significant role"qg‘the measured
normal Stresses acting on the wall panels as shown in Figure
7. 10 One would expect a larger drop in stresses'beyOnd the
.peak stress level. - Any explanat1on for 'tHis interesting
observat1on w111 not be attempted here, but it is Ieft to
researchers who would like to‘wdrk on the subject.

In any analysis based on‘ridid-plastic soil model, it

is implied that anvinfinitestma} movement along a failure
‘surfaee is sufficient to develop the  full shear-,strength,
‘Cohseduéntty."fatlure 'ts reached simultaneously at every
point within'the deforming part df a soil ‘nass. In most
~analysis, the same assumpttdns are also made prr the
‘soil-wall interface behavior. No attentlon is paid to the.
magnitude of 'deformatiOns; A su1table factor of safety is
expected to prevent excessive movements For the analy51$ of

a retatning;strueture subject to pass1ve earth pressure. it
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is conQentiona] to draw a .rupture surface that passes
throhgh the toe of the wall and extends to the free ground
.sufface. In textbooks, most of the discussion goe’“around
“the shape of this assumed rupture surface. The obg\'vétions
by Wong (1978) as well as the experiments,b§ James and
Bransby (1970) contradict the basic assumptioﬁs of 1limit
equilibrium method of ‘analyéis for this mode of wall
‘movement. In reality, rupture surfaces do not start from the
toe of a Wall rotating ﬁbout its base. Even at large
“deformations, the failure zone extends only from the surface
to somewhepe' around the middle of the wall. This is a good
éxamble of a case where part of the soil mass is in a stéte
of failure even at. early stages of the test while fhe
remaining parts ére still Jloading. appears then a
realistic analysis of the’ passiQé/;;it; pressure problem

requires both the deformation prbperties, and failure

~conditions of soils to be represented reasonably well. Based -

on these circumstances, the choice of the passive ~earth

pressure problem for the evaluation of Lade’s model seems to

be a proper one.

7.4 ANALYTICAL WORK BY WONG

In the analytical part of his work, wQﬁg (1978) made
pred1ct1ons for the behavior of a model wall by using four
‘ const1tut1ve models which were considered to have potent1a1
-practlcal value. They are:

1) The nonlinear elastic hyperbolic ‘mode |
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"2)The Mohr-Coulomb simple eIasto-plasﬁic mode |
3)The stress-dilatancy model /’
4)Lade’ s work hardening modell
A summary of Wong’s predictions in relation to all four
models is reproduced in Figure 7.11 and Figure 7.12 in order
to compare with the- prédictions of present study. As
demonstrated in these Figures, the wall lbehavior ‘is
predicted quite well by the simple elasto-plastic model.
Therefore, a brief presentation of the characteristics of
simple elasto-plastic model, as used in Wong's analysis, 1is |
considered necessary. .The model employs the Mohr -Cou Tomb
yield criterion withoui any work hardening. Deformations are
elastic..up to failure and Tasto-plastic.thefeafter. The
fidw rule used is non-assoc’- .ed. Hence, the cost of running
a finite element analysis is very similar to that of Lade’s
model. The secant modulus at 70% of the maximum ,devfatoric
stress is used as the elastic modulus. The friction angle at
peak‘strength as well as the elastic hodulus are obtained
from conventionél triaxial compfession test data. It should
be emphasized here that the finite element ané‘ly'sis of the
experimental wall is a plane strain .pnoblem  ahd the
stress-strain behavior of soils in conventionélv triaxial
tests is Significantly different than the soil behavior
under plane strain test conditions. o ”
. The details of the nonlinear elastic hyperbolic model
and the stress-dilatanéy model will hot bevgiVen here. These

and the soil parameters used for each model can be found _in
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wong (1978).

-

7.5
STUDY

PREDICTIONS BY THE FINITE ELEMENT ANALYSIS OF PRESENT

A-PRELIMINARIES
Before a proper analyéis of model wall‘behavior was
attémpted with a sufficient number of elements, the finite
element program of the present study was used to predict the
coefficient of earth pressure versus horiiontal strain
relationship similar to the one given in Figure 7.1. This is
~ done by u;ing a single element. The selected mode of wall
movement‘considéred here is a pure translation rather than a
rotation. A vertical wall with frictionless surface is
advanced hqrizontally'to induce Rankine states of failure in
50{1..Using Lade’ s work hardening model, tHe predictions 6f
the strains developed for the stress conditions ranging from
Ko at rest to failuré, in both active and passive sense,
are calculated. The results are shown in Figuré 7.13. The
relative ordersiof magnitude of earth pressure and strain
':values are in accordance with experimental resu]févgiven in
fhevliferature. Roscoe and Burland (1968) presented similar
predictions for wet \clays'tc illustrate and emphasize the
practical'significance of the Cambridge model. However,
‘Morgenstern and Eisenstein (f970) have indicated that these
: \felatibns hdve nét been used in practice as yet. It éhould

be noted that the relation between Kp and horizontal strain
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is a fonctlon of ‘the ‘state ‘of _stress‘ oefore'the“Wall '
movement is initiated. In other words, the passive pressure’

coefficient Kp  versus horizontal strain €horz. relation ‘
varies with depth. As shown in Figure 6.7, " horizontal
strains to_ failure increase with increasing depth. It is
well Known that the strains required for soil samples to
reach /fallure increase with increasing confining pressures
in triaxial tests as shown in Figure 4.8nsnd Figure 4;95' It
appears that}/this characteristics of soil behavior is also
applicable for stress . paths followino stress ststes in .
passive earth pressure conditions. However,'the_ourves inen
in Figure 7.13 and the Kpversus Engrrelationship offered by
Roscoe and . Burland (1968) arev,calcUlated for highly
idealized boundary conditions. Evenlunder these hypothetical
ucondftions they only correspond :to ,sOil behavior at one
- point ln the whole soil'msss. Therefore, they should not be
expected to be. useful in great detail to prscticing
engineers. Lambe and Whitman (1969) use triaxial test data
for the same problem to est1mate the magn1tude of strains

In order to find out possible consequences of using trlax1al
data for the" analy51s of passive earth pressure problenw

the followinglcalculatlons are carried out by using .Lade.s
work hardening model. It is assumed that three soil samples
are obtained from locations shown in Figure 6.6. It is- also
assumed that Ko cond1t1ons prevail in these soil elements.
and this prov1des the in1t1al state ,of stress before the .

loading commenoes. During subsequent loading vertical stress
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fs kept constant but all around horizontal normal stresses
" are increased ﬁntil\failure occured. These calculations are
carried. out for the same soil used for the passive pressure
_calculations which are showniin Figure 6.7. The results of

such calculations are given in Figure 7.14. A comparisoh of

Figure 6.7 with Figure 7.14 indicates that horizontal"

'strains/required to.reach failure are about 50-100% more for
plane strain calculations than triaxial results. Before the
‘failgge state vis reached, the streSsttrain curves of
i}iaxial.tests have steeper slopes. The implication of this

is that the use of triaxial data, (OUvert =const. and Unorz.

'increasing to faj ure) in the analys1s of passive J:arth-
the

preseure'problems gives deformation results which are
unsafe side. | |
B-ANALYSES OF THE WA_L IN PRESENT STUDY ]

" In the present sfudy-two analyses were performed to
.prédict the experimental results of passive earth pressure
teste by'wong‘(1978). The predictions -were ‘made for both
‘dense and medium dense sands.

)
. 1- Analysis gf Wall Behavior for Dense Sand
- ' : )

a- 8011 Parameters

- The representatxve soi l parameters for the analysxs of

' wall behavior are obtained from the tr1ax1al test data wh1ch |

" are “provided »by Hong j(1978). The procedures followed to

|
/

s

ot 129
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caleulate soil parameters'are the same as described by Lade
and Duncan (1975). Their values are listed in Table ".2;
fBecause Wong employed a dtfferent method of evaluatlon than
Lade ‘and Duncan(1975) (compare the parameters in Table 7.1
and Table 7.2), the-parameters of the present study are not
1exactly the same aszthe ones used by Wong (1978). Using the

data given in Table. 7.2, plane strain behavior of a soil w‘%

- I n§ B

element is predicted and compared with'experimeptal Lresults %

to demonstrate that the parameters used in-the-anatysesfgf

. < '
present study are approprlate This compar1son is shown in

Figure 7.15.
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b-Boundary Conditions ‘

The finite element mesh and the boundary conditions for
the analysis of the rigid wall are shown in Figuré 7.f6. For
each load increment, the horizontal displacements of the
nodes along the rotéting wall and soil interface - are
épecified. The measuremént§ of shear stresses given. in'
Figure 7.9 are used to calculate the equikalent shear forces
to be applied to the nodes. Thus, the wall is no longer

needed in the analysis of this probiem.

c- Results of Analysis’
, Results of the'aﬁalysis involving dense sand aré shown
”~ in Figure2¢;17 aﬁd Figure 7.18. In these figures he average
“normal stress as well éé its distribution aioqg the wall are
plotted againSt the ahgle of wall rotation. Tﬁe experimental
) results and the predictions made by Wong are also plotted on
the same figures for the purpose of comparison. Additional
curves‘ for the  average' values of coefficients of.passivg
earth pressure are given {n Figure 7.17. If the vériaiion of
‘Kp on each. . panel is calculated separately, the following
_ndmbers would be qbtalned accprd1ng to the present study.
Kp values on each gane)f ' '

f-(Note:The‘numbers in'barenthesés'indicate the experimental

& values.) .
é%. ' o vAf 0.5hde§rge‘wall rotation:
© PANEL.1 = 13 (13) 'PANEL 2 = 12 (11)
PANEL 3 = = 0.9 (1.0)

5 (4.8)  PANEL 4

/
2
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At 1.0 degree wall rotation:
15 (15)  PANEL 2
g9 (7.4) PANEL 4

15 (14)
1.9 (1.2)

PANEL 1
PANEL 3

As the angle of wall rotation increases, Kp values increase
as well, but not at the same rate for all panels.
The growth of highly stressed zones is shown in Figure

7.18.

———————

| 1= Analysis of Wall Behavior for Med1um Dense -Samd
a: Soil Parameters . ‘

The soil parameters used for medium dense sand in the
analysis of the wall are different than the ones ppovided by
Wong (1978) The reasons for not using Wong's parameters are
discussed next. :

"1-Wong wused a different ‘method of evaluation for the~
soil parameters than Lade and Duncan (1975).
2-Wong’' s description of the state of_medium dense sand
in the soil biq indjcafes that the dehsity of each'layer
varied within fts depth. Dense and loose'subléyers were
>'g!Lsenf within each layer. | |
| 3-There ‘was another‘ dgfficulfy in obtainihg a
homogeneous soil deposit i medium dense sand. Thms is
'.related to the striat1ons as. photographed by Uong
,4 Measurements on the experimental wal]l by Wohg showed
that the coeff1c4ent of earth pressure at rest Ko was'

.0.35 at zer0nwall rotation This value of coefficient of
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earth pbeSsure' édrresponds to a maximum stress level
Ky=64 rather than 68.4 which is defived from
interpolated triaxial curves by Wong (1978).l |
Due yto the uncertainties‘ about the state of soil in
medium dense sand, the following ‘approach is taken to
eva]uate soil parameters. First Ky is chosen 64.‘Then the
stress-straiﬁ curves corresponding to K, are ‘obtained by
interpolating betweeh the triéxial test data for dense and
loose sands. After that the procedures given in Appendix A
are followed to determine the soil parameters. The results

are listed in Table 7.2.

b- Boundary conditions

an The f1n1te element mesh for the analys1s of the wall in
med1um dense sand is the same as for dense sand as shown in
Figure 7.16. Boundary conditions . a1ong the wall éré
'simUlated by specifying hor izontal displacementé and the

shear forces which are obta1ned from experimental results

o
4

g1ven in F1gure 7. 10

c- Results of the'Analysis:

Figure 7.20 and Figurer'7.21 show the average normal
stress and its distribution along the wall respectiVely. The
experfmenta] results and the predictions of Wong are given

 oH the same figures.,iheAaVerage value of the coefficient of
'_pass1ve earth pressure is illustbated in‘Figure‘7;20. The

. breakdown of_Kp into each panel is g1ven next

~"~.
Y
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Kp values on each panel:
(Note:The numbers in parentheses indicate the experimehtal
values.)

At 0.5 degree wall rotation: _
7.3 (7.3) PANEL g

PANEL 1 = = 5.8 (4.2)
PANEL 3 = 3. (3) ' PANEL 4 = 0.7 (0.45)
At 1.0 degree wall rOtatioﬁE .
PANEL 1 = 8.5 (8.7) ‘ PANEL 2 = 7.5 (5.9)
PANEL 3.= 4.6 (4.4) PANEL 4 = 1.4 (0.6)

Growth of highly stressed zones for medium dense sand
3 shown in Figure 7.22. Contours of cumulative shear strain

and volumetric strains are‘given in Figure 7.23.

—

» 7.6 INTERPRETATION OF FINITE ELEMENT PREDICTIONS . \

\

In. this Section particular details of the finite
element predictions are examined in the following order.

I)The significance of the results presehted in

/

previous sections are discussed on the bases

of comparisions between:

$

- U althe experimental results and the results of

presehtvstudy. h

—— -

b)the calculations of Uong-and the pfedictions o
| of presgnt study. ®
/ - 11)Several important factors which have pbssiblg
: effeéts on the rebul;s‘are elaborated.
I11I1)Finally, in the light 6f_évidencé bresented_i;
“above, the theoreticél'and practical value of

H
LIS
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Lade’s»hodel fs diséuéséd.

\I{Comparative studies of average normal stresses on ‘the
instrpménted ‘wall, as shown in Figuré 7.17 énd"Figure 7.20,
indicate that the predictions of the present study af all:
stages of tests are within reéSonable limits of -the
experimental dafa for both dense and medium dense sands. Thé
analysis of the present study gave average stress values
which were not different from the experimental results by
more than  15-20% for an¥ specified angle of wé]l rotation.
For\similér conditions Wong's calculations gave avefage
normal stresses heaching ‘up to 1.7 to 1.9 times ‘the
experimentai vé]ues. Beyond approximately 2.3 degrees—of
wall -rotation Wong Was’ not able -~ to cohtinuevhis fin{te
elemed® analysis for numerical reasons. Calculations of the
preseﬁtv gtudy were notf continued any further than 2.2
degrees 536‘3.7 degrees for dense and medium dense sands
.respectiVely; becausé the trend " had _alreééy been
| estabiished, |

| On the bther hand, if the angle of}wall.rofation is to
be} predicted for a  specified average normal stress, the
‘foflbwing examples will be more relevant. For dense sénd. at
a normal stnéss': of 500 psf (=0.245kg/sq.cm), the
expérimehtél resufts_'are‘ 3.16 times larger than ' the
calcu]ations of Uohg and . 1.67 times Jlarger than the
’ prediétjohs of tﬁe‘breSeﬁt study. Fob medium dense sand at a

normal stress of 300 pSf (=0Q148kg/éq}cm). the experimental

results are 4,01-times lérger'théh'WOng’s calculatﬁons and
. v o . ' . - / .
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1.6 times larger than - the predictions of":present ‘study.
‘These numbers can be taken as an indication of: '
l)The‘ finite element analysis of the present study
gave much Dbetter  predictions than‘ Wong' s
‘calculations. ‘
2)The 1 predictions of the present study ‘are
reasonably good For both low and high stress levels.
:3)Although the results of the present study are very
reasonable, they are stil]l on the unsafe side of the
exper1mental results. | | |
. When attention is turned to the distribution of . normal -
"stresses along the wall a better understand1ng of the
deta1ls of the problem such. as .the development of - contact
pressures. can .be obta1ned Exper imental results 1nd1cate
" that the soil elements Qi shallow depths behind the wall'
reach the maximum stress level first. As the angle of .
rotatlon increases, the failure grows deeper For | example.
as shown inm F1gure 7 18 and Figure 7.21 the 5011 elements:
next to the top two panels reach to. the max1mum stress Tevel
first while the so0il aga1nst lower two panels is st1ll
_load1ng This phenomenon has been modelled ‘well by Lade's
'stress stra1n Jaw as the results of the present study show
Yet it is not p0551ble to observe this ‘feature in WOng s
calculat1ons. For example, in hls'caICUlations the soil‘negt .
to Panel 1.in both dense and. medium’ dense sands does not
seem‘ to be gett1ng closer to failure state D1fferences
between the pred1ct1ons of the present study, and . that of° .

po

. - N o
\';;{, o . . g
e -, .



137

»,WOnQ_aré'ﬁost 1ikély:dué to difterent. prdceduﬁesb tn‘ ustﬁg
. the  hardening .law of the model in these analyses (see
Chapter 3). | .
AFjguré 7.19 and Figure 7.22 show lthe expahsion of
highly stressed zones ih soil mass as predicted by the
present stady It appears that h1gh1y stressed zbnes in
dense. .sand spread out more than that of medium dense sand
for the same degree of wall notat1on. For example at ‘2
degrees of rotation, the region of dense sand stressed above
fp>-098 K1 is about 2 tg 3 times more than  the
‘correspond1ng area for medium dense sand It should be noted
~that the gradual growth of. the zone Of. failure is' well
rebreaented' in this»analysis.'Failube has not been rezached
! ,ih.ali soil elements (see for exampte thure-7,19) along the
wall face, but only the sand within one third of the wall
height from.the surface has experienced failure. . . |
’tFigufe'7.23 shows predictions of present -study for the
'cumuiativé  maximum™ shear and volumetric strains at the end
 of 2 degbaes of wall rotation. When compared with’ curves
-heaSUred; by ‘dames'and Bransby (1970)t(see Figure 7.2), the
vshear strain contours given in Figure 7 23 indicate that the
‘strains w1th1n the soil mass are pred1cted very well by
Ladefs'model{for'complex loading cond}tIOns . _

The finite.elaﬁéht analysist6f the wall by Wong employs
| several streés-stratn “laws. The level of success of each
tmodet‘is_shownain_Figure‘7;t1 and Figuﬁé 7.12. If these

1Aresults are cqmpared ’with “the predjctions‘of the present
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study which are given in'ﬁﬁgUré 7.18 and Figure 7.21, one
can conc)ude that, Lade’s modél gives much better results
~-than the  hyperbolic étress-stbain law and .the
stress-dilatancy model. Comparisons between  the simple
eiaéto-plastic mode 1 and‘ Lade’'s model indicate that the
predictions re]ated to the top three panels are in favor 6?
Lade’s model. - o - |
Ii)FaCtbrs which have pdssible effects on the finite -
element results are discussed ne%t. These are related to:
| 'a)Accurécy of experimentél results | |
b)Influence of s0i 1 paraheters |
fc)Approximations related to the finite‘. elementc
énaiysis. | |

a

a)Accuracy of experimental data

As  will be quoted next from Wong (1978), there were
several ‘difficulties, -rélated\. to the e*perimental‘
work. o o | : »r ’}

" Good uniformity/of sand denSity was Obtained'except'in
the areas adjacent.tQ the wall... /

. Although thé heasured densities appeared to be uniform
thrbﬂéhout' the bin, tﬁéwq§gsity of each thin layértvafied-'
within its-depth, The'16ose aha déhse; 5ub1ayefs were more
prohouncéd in ioose samples than in déhse~sample§.;.

" Each’ Jﬁyer‘ deposited in thé medium dense »samplés
(Dr:BS%) was about 0.3in. thick, and‘ thQ%e'>ih the dense

(Dr=90%) samples “were about 0.07in. thick. Striations were
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readily identifiable within the'hedium‘deﬁse sample,:.."

In ‘addition to the difficulties involved in achiving a
- uniform sand deposit, theré was another problem related to
the r1g1d1ty of the testing apparatus. This will be quoted
again from Wong (1978)

"1t was found that the bottom of the wall tended - to
move away from the sand during rotation: the amount,
however, was very small.:when the tank was filléd with dense
Monterey.No.O sand, the movement was less than 0.03in..."

" Although it is quite possible to model such a wall
movement in the finite velement analysis, this 'was not
attémpted in the pre@ent study. Yet its importance may not
be ignored. 1f this movement was not allowed in exper1ments.
—-the. bottom panel of the wall would have carried larger load
than what is shown in Figure 7.18 and Figure 7.21. 'This
would_ allow ,the, predictions‘.of the present study to be

.‘closer to the experimental results;

“b)lnfluence of soil parameters

The parameterS‘uséd for soil have major .influence* on
the outcome of the” finite element analysis. It should be '
noted that the selection of -the parameters for Lade’s mode]
is not ?iéed ‘on the - past -experiénce; they have to be
obtained Fréh conventional triaxial téSt data by following
the steps giveh in Aﬁpéhdix A. In soil testing repeatabi]ity'
.of tésts withi9-10%‘errqr is considered to bé'normal.rlf the

friaxial compreésion, test data' given' in Figure A.1 in;
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Appendix,A is examined, one can observe that = measured
maximum stress level Kj for three tests with different
confining pressures vary from K,=78.67 for 0'3_0 6 kag/sg.cm
to K;=88.9 for CB =0.3 kg/sq.cm. For conf1ning presse/e 1.2
kg/sq.cm, K; is 80.95. The parameter K;, used in the present
analysis is the average of all three K, values which is
83.6. 1f K, obtained from triaxial test with

J; =0.3kg/sq.cm. ‘was excluded, a lower value wolld be used

for K, and that would bring pred1ct10ns of present study

closer to experwmental results.

v

c)Approx1matxons related to the f1n1te element analysis

It is most 11Ke1y that a fjner mesh would further B

increese the’flexibility of soil mass in the finite element

analysis. Especially, where the gradient f stress change is

lérge , ~an increased number of eilements would improve the

predictions. Such a point in the analysis ~of the wall is

-

!

around the toe. ’ _ _
' Finally, the procedUre used for the nonlinear analysis
may have an effect on the results. It is well known that the
tangent efiffness me thod gvves. resu]ts which are stiffer
than the correct solution. " |

It is believed'that_these-»factorsvrlisted above have
some‘ inflﬁence on. the predictions of preseht s&ud¥§‘The

investigatiOn of their relative 1mpertance requires‘umore

effort. Subject to the problems mentioned above, conclusipns

will be drawn next for the‘xe]ue of .Lade’s work hardening

S
K\



141

mode 1.

111)Evaluation of the model

The main objective of the work .presented in this

Chapter is to . investuiil |
- the pred1ct1ons made@b : ~ﬂ§'ej and the expertmental
results for oompte\ _ e Cbmpar1sons indicate a very
‘good egreement“{3df%genevu:sf“etweeil.the observed stress
distributiohf' on the 'wdﬁt. ';hd the heasured “values.
Predictiohs of zones of high stress level and their growth
as a function of wall rotat1on agree well with the measured
Qalues. Pred1ctions at work1ng load range as well as at high
stress levels ‘are rather impressive. It seems that the
success in pred1ct1ons is due to the abilities of the model -
to predict the path dependent soil behavior and the failure -
conditions reasonably 'wé11. These results show that e
~unified “analysis of deformations ahd stability ‘can
successfully be carried out. To conduot a reliable"analysis
"though, the soil model used has to be a cepable one.
ComparisOhs of predictions made by'the mode1 used ‘here and

| the other models selected by Wong show clearly that Lade’'s
« ~mode g1ves better results than simple elasto plastic,
" nonlinear elastlc snd stress dilatancy models In’ this
conclus1on it is assumed that Wong s calculatlons for these

models are correct o o e | ‘ P
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- TABLE 7.1 .
STRESS-STRAIN PARAMETERS OBTAINED BY WONG (1978)
" ‘FOR MONTEREY No.0 SAND. - |

Parameter Dense Med.Dense

q sand . sand

Kue . | 3720 2330

n 0.78 . 079 ¢
v o.é N | 0.26
Ky a3 | 68.4 N'i
fy %3. | 308 | i

Ay 0572 C0.4%1, B, -
1 A I XTI 12.96
. -~ 1.45 . 1.38 R o

M« . -} 0.0000746 | 0.000106

) R | -os7 | 0.99
. . O " ';.E' B . B M C )
. T ks
T S g
. s - B P
@ Ll
. "' fe



t ' 148
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Figure‘ _7.,‘6.‘v'50bseryed ;ruptqr.e\:pl_énes at 10 degr‘;e wall -

rotation (After Wong, 1978).
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Figure 7. 7 Eiperimental r&éaﬁts for dense sand. Variations .
QS e .
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CHAPTER 8
.. @
SUMMARY AND ‘CONCLUSIONS

8. SUMMARY |

'The .present- s tudy 'is an attempt' to reassess the"

theoretiCal' and 'practical ‘value of Lade’s work hardening .

3const1tut1ve law. It is..therefore, relevant to summarize

thq~ character1stxcs,' capab1l§t1es and l1m1tat1ons of the

| model .

' . i .-'

13

b HARACTERISTICS OF WORK HARDENING MODEL T &

Lade s first model wh1ch is evaluated 'in thed present

'study, s an‘ elasto- plast1c work hardenjng stress-strain
-lfrelat10n5h1p It s developed‘ for cohesionless soils.

'Essent1al components of the model are the y1eld and failure

~'criter1a flow rule and hardentng law The yleld surface has’
the shape of a cone which expands Wlth 1ncreas1ng stress’

plevels and eventually réaches the fa1lure surTace. The'

effect_ of 1ntermed1ate pr1nc1pal stress in the development

" of state ot'fa1lure is accounted for. "A non- -associated Lf Tow

R O ' . ’

rule is ‘used for better modelling Hence, the pfast1c_°

fpotential and . the yield surface are not 1dent1cal The work :'
f*'hardentng Taw s based on an experimentally determinedvd
'f relqttonship betwégn plastic wcrk and‘séress Jevel, e\\eta1ls‘

./of thefformulytion of the’ model can be found 1n‘tﬁ;;I;% 2 or SRS
: » o | o

’\:rlg1na. uork by Lade (1972)

b
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'“; CAPAB&LITIES OF WORK HARDENING MODEL | £ |
h»_» » The stress strawn law is desiqned for mode]11ng ;thew4i
‘/\wost essential geatures ’ oﬁ' soil behavior' such ‘as
nonlinearity, . tnelasticity;‘ path dependancy and shear |
B ‘dt*htancy{» The -effect of intermediate principal stEeSS'Qn
“soil behavior is included in the'fohmulatioﬁi“soingideace.of‘v
strain inerementt“ahd -streSS ’ihcrement axes at‘low‘stress.
levels with transition to coincidence of strain 'ﬁncrement“
‘(and stress axes at" high stress levels is another significanﬁ .

"

'feature of the model ~The sfi ‘ ’ '*4nder reorientation :

*Q

of pr1nc1pal sttess axes.t;g;;_

g'd for stress paths

N B < % .
S with - 1ncreas1ng stressv v ;ulsr‘ Compartsons between%

Tt

predictions of the model and the observations 1n t;Le

. triaxial, . elahe' sttaih, tors1on ,shear. and convent1onal
triaXﬁal Vapbaratug (used in both compress1on and tens10n)
have demonstrated that the stress strain law g1ves good
results fér '~’a}1'l* stages of load’mg'auﬁ’ aﬁantg 1nc1udvng
fatlure a . " . .'."g D g"t-. s A”,' ‘i&:

;o

D 0nce the capabnl1t1es of the mode1 were undenstood and
2L S
P the Ievel of success ,1n~pred1ct1ons was estab11shed the

o {
atteht1on is Fﬁéaseq?pn the’ limitat1ons of the model -

S /%4/&57 L ,fv_f;,;,ﬂ
LINITATIONS OF waK HARDENING MODEL . « '~ - - o
As qfésented in Section- 2. 3 the lwmitat*ons °f tﬁj“'
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<. Inex1stence of a cap y1eld surface reSults in. inadequate
~modelling for certain stress paths (see Chapter 5)
:éth-é;eld and- fallure surfaces are con1cal rather “tThan thé’>'

shape of a bullet A better f1t to experimental results

-jmay be obtained with bullet shape surfaces (see Chapter
4).

-

4. Po1sson ‘S ratlo is equal to zero Due to this l1m1tat1on;57
' ¥
.'the predlctlons for elastic stra1n llncrqunts do not
- correspond with experimental results veﬁ?ﬂggll L
‘ - S fm
- If the stress’ leveL rema1ns th same dur1n .
i reor1entatlon of pr1nc1pal PeSS' axes;,i

'cannot be modelled accurately

,fs; 5Under«cycl1c load1ng with1n the bounds of a g1ven stress
llevel. theibred1ctrons for stra1ns are purely elastic. \
¢

_Experlments show that plastic stra1ns take BC mtorl

'large ‘'stress reversals o B S SR

S ok ; B N L S

fiREMARKs oN PRé;}OUS FINITE ELEMENT ANALYSES. “'>f4 0
_h S1nce the* first* development of tﬁg model .several
°:modlf1cations" have ‘been proposed to %th'»f or\g1nal
;;formulation These ane d1scussed in Chapter 3 ‘Forfgthe~

/

: a fin1te element S;

‘/All : previous we



have been reached in cannection with @;“"

U s weN

| \;the finite element anelyses of the past the originaI
fiformulation’ of the model and the previeus modific'tions ane

 .of the finite element analysis‘presented by Dzawa (l§7ﬂ) and
wong (1978) are not correct Therefore. their conclusions‘A'
Vabout the significance Of Lade's work hardening model are

<not relevant

',4)-"‘" T

. B.2 DNQLQ§IQN OF ggssN §TUD .

During the cours% of present work various conclUsions

1. The formulation of work hardeqing model e
- The hardening law of strain softenfﬁﬁumodEl~ e

A possible improvement in. work hardening model V§Q;,"
az
o Finite element analy51s ,?:4.,, ' 3;_ -‘ﬁ“ o ?x_}j o
’Pa551ve earth pressure pﬁoblem ‘ » E
" .. These conclu51ons are presénted neXt 9 B
.FORMULATION of WORK, HARD%NING MDQEL ;-‘iiF%ﬂ{.fj‘.‘; ;

In order to(find reasons for unsatisfactory results ofﬁv

Tt




e U
fﬂprdblem. s somewhat arbitrary assumption"has 'to be made
'_ﬁhis assumption stmply suggests that, for a’ general stress ST.;
‘h”ghange from s Known stress leveT and (75 value. the slope S

A h”cf the f versus Hp curve of a conventional triaxial test is

_to be used to relate the ]‘creme'\ of stress level to the |
blastic work 1ncrement. ln trdaxtsl data. at the point where o

=kthe wlbpe of ‘t f versus Wp .curve 4s considered the value~ ;tu
oﬁ G§3 and f have tb CO?ﬁifPONd te‘ that of the so11 .

'Q]nt under qeneral state-of stress (see Chaptﬁg 3& zUswng s

,"‘

that assumpttdn,. measured stressistrain beba~1or
' oils, cfﬁ be successfully pred1cted At tHe
Fthe prdblems that are created in the fini%e

Coe ' . L)

;fﬁ element anal‘sis“ban«be avoidqg» ' “ft'f,'[f”*i e

It is atso shown here,thst the ificatvon°suggested

by Ozawa (1974) Sn relatﬁonvto parameteL a adversely affects

[
K capabiliti&s-of the model for certaxn stress psths (see
‘dtter 3% "fﬂil‘ ;" ﬂ g ] ‘;V o

({L'

h The use of modiﬂed plastic potehttat funct‘io

%

D TN

gwi bf, Lade s,,stra1n softenJLg‘u;
. stress level é"@?lb;fy
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compression tests. In order to use such a relation for
general stress charges and also to avoid problems in finite
elemeht.andlysﬁs. an 1nterbretation of the law is proposed

(see Chapter 4).

POSSIBLE IMPROVEMENT IN- WORK HARDENING MODEL

One of the l1m1tations~of the work harden1ng model is
unsatisfactdry modelling for certaln stress ‘paths “as
discussed in Chapter 5. To eliminate this limitation, a cap
type yield‘ surface is incorporated into ’LadeWS work
hardening -modél.‘ The improvement that can be obtained in
predictions 1s:demon§trated by * comparing experimental and
calculated results. 1

’ _

FINITE ELEMENT ANALYSIS ' : - *

Related to the finite element analys1s, the . conclus1ons
reeched in different sections of the present study follqw.
1. It has already been emphasized that the proper use of

the hardening'rlaw, of. bade’s work hardening model is
essential for the resuﬁ%s of finite eleme%t analysis to
be reliable (see Chapter 3). | '
2. Constitutive 1laws dealing with sevenal stress-strain.
relationships within the. model may be formulated in a
- more suitable way for f{nite element progrmnming.(see
Chapter 5). ‘
3. A method to test the accuracy and the correctness of

. - { .
newly developed finite element programs is proposed. in

4
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W

Chapter 6. This is a better techniqﬁe than what has been

used in geotechnical prectice‘

VPASSIVE EARTH PRESSURE PROBLEM S

Preliminary calculations have shown that the passive
earth pressyre coefficient versus horizonta] strain relation
is a function of the state of stress at rest conditions. In¢
;Ihb words,' it depends strongly on the depth of soi1 
element under consideration.
‘ "Also, the analysis o paseive earth pressure problems

should not be carried out \on the basis of triaxial tests

where soil samples are subject to constant vertical stress

and increasing horizontal stresses until failure occurs. The

‘use of such triaxial test da?a gives deformetion "resultsk
which are on the unsafe side. ‘

The finite element angTysis of the 1nstrumented wall
has 1nd1cated that Lade’ s work hardening model can be used
successfully for deformation analyses. Comparative studies
of exgerimenta1 and analyt;cal ,reep1ts of passive earth
pressure fesfs show that the modeT'is capable of predicting -
the mogi important features of the wall behavior such as the
distribution ‘of contact pressure and the magnitude of
deformations reasonably well. B ot

When, compared with other models such as the hyperbolic
‘Strees?strain law and the stress-dilatancy ﬁodel, Lade’'s

mode] gave much better results for the wall behavior.
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Z.
. N v

8.3 CLOSING genAgks

- In the present study, the first time successful

/

'"dbplféatioh of Lade’s work hardening mode! to a compiex
problem has been achieved. Undoubtedly, the model works well
at all sfages of loading. Therefore, it has the potential to
be very useful to engineering practice. It is hoped that the

model will attract more attention in the future.
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APPENDIX A

-~

DERIVATION OfaSDIL PARAMETERS

The procedures to derive~stress-str§in parameters of
Lade’ s work hardeniné model are -presented here by using
dense Monterey No.0 sand (€20.577). There are ‘nine
parameters in this model, and; they can be Obtéined from
drained conventional triaxial compréssion" teét data. A
minimum of two and preferab]y*tﬁree or more trié}ial tests
with quferenf confining pressures are required. For the
evaluation of elastic parametefs. a minimum  of two
unloading-re;oading branches are necessary. Figure A-1 Shows.

three tfiaxial test data which are used to derive the

parameters.
w

t————

1 DERIVATION OF PARAMETERS FOR ELASTIC STRAINS

The procedures described here for elastic
pérameters can also be found in Duncan and Chang (1970)f

Unloading-reloading branches of the curveS'given in.
Figure A-1 are used first to calculate the elastic
modulus, “,+. In .a log-log plot, E, versus Oy
relation is shown in sFigure A-2. Theslope of the
straight line’connecting the data points gives the value
of parameter n. The modulus value af confining pressure

equal to unity prbvidesvthe magnitude of K, .

~
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2. DERIVATION OF PARAMETERS RELATED IO PLASTIC STRAINS
.Theré ;re six'paﬁametérsf'éoff-the- calculation of

plastic,>'stfa1n . increments. Derivation of _ these

Sfress level, f, corresponding to peak '§tréngth is.

' parameters follows. ' .

a) PARAMETER K, IN FAILURE CRITERION
calculated for‘eaéh stregs-strain curve shown in Figuﬁe A-1. .
The results are: o
| xf,K1;81,24 " for J; =1.2kg/sq.cm
T K=78.95  for ~ Oj =0.6kg/sq.om
| K=88:93 - for U3 =0.3kg/sq.cm’
The mean value of'ﬂk, igﬁ‘qsed "in -- the analysis of

instrumented'Wall,
b)PARAMETER A 1N‘PLASTIC1POTENTIAL' _ |
Paramétér,fA is \introduged‘ in Egn. 2.6'5'for' the -

’

calculation of K, . -1t is related to the direction of

£p1§st7é strain .increments. Steps to be’ followed - for the

calculatiqn'of“A‘aré*giyen'next. ‘ ‘o '

}C;lcuTétéyelastic sfraiﬁ increments' (use Eqn. 2.3).

-Subtract elésiic.strain increments from total sfrain-
increments to find plastic strain increments. o

-For each stress inqyement[;calculate Vp which is défined

next.

JAY:

-V —= - ....Eqn. A.1

-

wyo

>
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-The~next step requires the following calculations.
An explicit form for Vp is derived first by using
Egn.2.5 and Eqn 2.7.

)\K( -0,.0,)
2 Kz 13 . Eqn. A.2

2
)\ KZ KZ 1 ‘JS )

1f Eqn. A.2 is rearranged, an expression can bé obtained

for KZ'

C3d1ev) |
K2 - : . +.. Egn. A.3
0, (G;+0;-T3)

Al var1ables on the r1ght hand side of Egn. A.3 are known.
-Plot KZ versus f for each load increment. As shown in
Figure A-3, the slope of K, versus f relation gives

the parameter A.

c)PARAMETERS RELATED TO WORK HARDENING LAW .
Experimental results by Lade (1972) show that for a
| constant conf1n1ng pr:§sure. there is a un1que relation
| between Wp and f. {ke values of wp and f calculated from
experimental data for dense Monterey No.0 sand are shown in .
Figure A.4. As a convenience in fitting curves, the stress
level at which'wp is practically equal to zero is called
“treshold stress level, f, . As shown in Figure A.4, fy s
chosen 38. The relation between ¥p  and C(f-f ) s
apgé&fihated" by hyperbolas, for which . the following
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expression is used. . \
- = n. .
t). a+_b.wp | ++54

The values of a and b can be dqrived from a plot on
transformed axes as shown in Figure. A.5. In this Figure,

cal axis,

is the interéépt of a straighi -Hne'with the ver
and g is the. slope‘ of that stfaight line. As
Fiﬁgure. 2.3 the requrocal of b is equal to (f-f, ),
llorder to find the barameter r o, Ean. 2.11 is utilized:
-avera'ge value of n is‘,used i'n%e finite element analysis
of rotating wall (see Table 7.2).

The value of 3 increases with increasing confining
pre‘ssures'.' This relétion is ~given by Eqgn. 2.9. The
parametérs M and 1 of Eqn.‘. 2.9 are derived from a log-log
plot for a versus (; relation. Figure A.6 shows the
variation of a8 with J; for dense Monterey No.0 séhd.,
= Summary of all nine ,parametefs is brcvided? in-Table

7.2.

«
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0.2

v

Figure A.1 Three drained conventional triaxial compréssion

tests for dense Monterey No.0 sand. (After Lade, 1972)
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Figure A.2 Derivation of parameters for elastic strains
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