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Abstract—In this paper, a stair-step-shaped magnetic pole
structure is proposed to use in a permanent-magnet linear syn-
chronous motor (PMLSM) for its application in an electromag-
netic launch system. The aim of this configuration is to shape the
air-gap flux density distribution produced by poles to be as close
to a sine waveform as possible for the reduction of thrust ripple
and the increase of motor controllability. An analytical model
is derived for the PMLSMs by solving Maxwell equations and
applying the superposition theorem for calculating the magnetic
field, electromotive force, and thrust/torque of the motor. Magnet
dimensions are then optimized using the analytical method and
genetic algorithm, where the reduction of air-gap flux density
harmonics is considered as the optimization target. Finally, the
effectiveness of the proposed technique to enhance the motor
performance is investigated by a time-stepping transient finite-
element method. The results show an improvement in the optimal
motor performance.

Index Terms—Analytical modeling, finite-element methods
(FEMs), permanent-magnet linear synchronous motor (PMLSM),
stair-step-shaped magnetic pole (S3MP).

NOMENCLATURE

JM Equivalent magnetization current vector.
ay Unit vector in the y-direction.
H Magnetic field intensity.
B Magnetic field density.
F Thrust force.
e Induced electromotive force (EMF).
ϕ Flux linkage of a winding.
L Motor width.
g Mechanical air-gap length.
kwn Winding factor of the nth harmonic.
pf Coil packing factor.
P Number of pole pairs.
lm Magnet height.

Manuscript received August 26, 2011; revised October 20, 2011 and
November 23, 2011; accepted November 29, 2011. Date of publication
December 29, 2011; date of current version February 10, 2012.

N. R. Tavana and V. Dinavahi are with the Department of Electrical and Com-
puter Engineering, University of Alberta, Edmonton, AB T6G 2V4, Canada
(e-mail: roshande@ualberta.ca; dinavahi@ualberta.ca).

A. Shoulaie is with the Department of Electrical Engineering, Iran University
of Science and Technology, Tehran 16846-13114, Iran (e-mail: shoulaie@
iust.ac.ir).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TPS.2011.2178616

lw Winding height.
wm Magnet width.
ww Winding width.
τ Pole pitch.
τwp Winding pitch.
J Current density.
Br Remanence.
x0 Load angle.
vs Synchronous speed.

I. INTRODUCTION

E LECTROMAGNETIC launcher (EML) is a kind of tech-
nology used to develop thrust force and launch heavy

loads. It can be utilized for various industries including military,
aerospace, and civil applications [1], [2]. Due to their high
efficiency, compact structure, high thrust-to-current ratio, fast
dynamic response, simple mechanical construction, high power
density, and easy maintenance and control [3]–[6], permanent-
magnet (PM) linear synchronous motors (PMLSMs) are appro-
priate for linear electromagnetic launcher. Additionally, these
advantages of PMLSMs in EML have enabled it to supplant the
steam catapult system [7] which has been used with low overall
efficiency for over 50 years [8]. Among the various PMLSM
types, slotted topologies suffer from detent force due to the
slots of the primary part and finite length of the moving part.
Detent force increases thrust fluctuation and decreases motor
controllability. On the other hand, in some applications such as
space platforms and electromagnetic guns, a high operational
accuracy of the motor is required. A suitable solution is a slot-
less topology offering relatively low thrust ripple and no detent
force [9], [10]. A slotless PMLSM is usually driven with sinu-
soidal currents to satisfy applications that require less mechan-
ical vibration. Ideally, it should have a sinusoidal air-gap flux
density distribution, a sinusoidal current waveform, and a quasi-
sinusoidal distribution of stator conductors [11]. Therefore, the
flux density distribution of PM poles plays a crucial role in their
performance, and a nonsinusoidal flux density distribution with
significant harmonics leads to performance degradation.

Different methods have so far been proposed for the shaping
of PM poles to produce a sine magnetic field and to improve the
PM motor efficiency. One method is the magnet-arc-shaping
technique [12]–[14]. In this model, the outer surface of the
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Fig. 1. Topology of a double-sided PMLSM with S3MPs.

poles in a PM motor is considered as a part of a cylinder. How-
ever, this method increases the complexity and cost of man-
ufacturing. Another method is pulsewidth modulation (PWM)
[15], [16]. In this configuration, the block magnets are arranged
similar to PWM signals used to switch power electronic de-
vices. This technique reduces the flux density of the PM pole
as well as the machine thrust or torque. Moreover, it is very
hard to implement because placing the segments of a divided
PM pole in one direction of magnetization vectors near to each
other in a PM motor with short pole pitch is quite difficult. The
third method is the modular PM pole technique [17]. In this
model, the pole consists of three or more magnet pieces with
different types and specifications. Unfortunately, that is why
this technique increases the complexity and cost of manufactur-
ing of PM machines. The fourth method is to use the Halbach
magnetized topology [18]–[20]. This method needs many mag-
net pieces with different sizes and directions of magnetization.
Thus, it uses excessive amount of PM material, leading to a
high production cost. It is worth mentioning that some of these
methods are also used for reduction of cogging force [21]–[25].

This paper proposes a new structure for the magnetic poles
in the PMLSM to shape their air-gap flux density distribution.
The proposed pole configuration is called the stair-step-shaped
magnetic pole (S3MP). The S3MPs develop high thrust or
torque and reduce flux density as well as EMF harmonics sub-
stantially. Furthermore, the design complexity of this method is
considerably less than those of the aforementioned methods.
In this paper, a PMLSM incorporating the proposed S3MPs
is presented as a case study, and then, an analytical method
is used for its modeling. Moreover, the finite-element method
(FEM) is employed to evaluate the accuracy of the analytical
modeling. Finally, pole shape optimization is carried out using
the developed analytical model, together with a genetic algo-
rithm. The comparison between the initial motor and optimized
motor performances proves the validity of modeling and design
optimization.

II. ANALYTICAL ANALYSIS OF A

PM MACHINE WITH S3MPS

A. Machine Topology

The S3MPs can be used in different topologies of PM motors.
This paper focuses on modeling and design optimization of
a double-sided PMLSM topology with the proposed S3MPs
shown in Fig. 1 which is appropriate for EML. The practical
issues in implementing this type of machine can be found in
[26]–[29].

Fig. 2. Magnetic field analysis model for the PM: (a) Simplified model and
(b) field regions.

B. Field Distribution due to PM Source

In order to establish analytical solutions for the magnetic
field distribution in the foregoing machine topology, the fol-
lowing assumptions are made [1], [30].

1) The length of the motor is extended to infinity.
2) The permeability of the iron core is infinite.
3) The PMs have a linear demagnetization characteristic,

and their permeability is equal to the permeability of free
space.

As the surfaces of PM poles have different heights, the
solution of Maxwell equations for calculating the magnetic field
becomes difficult. The magnetic field should be calculated by
splitting the magnet piece into 2j − 1 segments, as shown in
Fig. 2(a). Therefore, a layer model can be used to solve the
Maxwell equations in each magnetic segment for the prediction
of the field distribution.

Consequently, the magnetic field analysis due to the ith mag-
netic segment is confined to two layers: the air space/winding
and the PM layer. Fig. 2(b) shows the field regions of the ith
segment. The governing field equations in terms of the magnetic
vector potential for the ith segment lead to Laplace and Poisson
equations as follows [31]:{ ∇2AIi

= 0, in layer I
∇2AIIi

= −μ0JMi
, in layer II

(1)

where JMi
= ∇ × M i and M i is the magnetization vector of

the ith magnetic segment given by

M i = Myi
ay (2)

where Myi
denotes the component of M i in the y-direction.

The distribution of Myi
can be expressed as the Fourier series

Myi
=

∞∑
n=1,3,...

Pn sin
(mnwmi

2

)
cos(mnxi) (3)

READ O
NLY



TAVANA et al.: ANALYTICAL MODELING AND DESIGN OPTIMIZATION OF MOTOR WITH S3MPS 521

where Pn = 4Br/nπμ0 and mn = nπ/τ . The boundary con-
ditions to be satisfied by the solution to (1) are

HIxi
|yi=lgi

= 0 HIIxi
|yi=−lmi

= 0

HIxi
|yi=0 = HIIxi

|yi=0 BIyi
|yi=0 = BIIyi

|yi=0 (4)

where lgi
is the effective air-gap length of the ith segment

given by

lgi
= g + lw/2 + lm1 − lmi

. (5)

By solving (1), the tangential and normal components (Bxi
and

Byi
) of the flux density produced by the ith segment in the air

gap are provided from the curl of AIi
as follows:

BIxi
(xi, yi) = −

∞∑
n=1,3,...

mn [aIni
sinh(mnyi)

+ bIni
cosh(mnyi)] sin(mnxi)

(6)

BIyi
(xi, yi) =

∞∑
n=1,3,...

mn [aIni
cosh(mnyi)

+ bIni
sinh(mnyi)] cos(mnxi)

(7)

where aIni
and bIni

are determined as

aIni
=

(emnlmi − e−mnlmi )(emnlgi − e−mnlgi )(
emn(lgi

+lmi
) − e−mn(lgi

+lmi
)
)

×
(

Pnμ0

2mn
sin

(mnwmi

2

))
(8)

bIni
=

(e−mnlgi − emnlgi )(
emnlgi + e−mnlgi

)aIni
. (9)

As the soft magnetic parts are assumed to be infinitely per-
meable and all materials behave linearly [17], therefore, the
resultant air-gap flux density is obtained in terms of x and y
components by using the superposition theorem as

Bx(x, y) = BIx1 +
j∑

i=2

BIxi
(XW (x, i), y − lm1 + lmi

)

(10)

By(x, y) = BIy1 +
j∑

i=2

BIyi
(XW (x, i), y − lm1 + lmi

)

(11)

where

XW (x, i) =

⎧⎨
⎩

x ± wm1
2 ± wm2

2 , if i = 2

x ± wm1
2 ± wmi

2 ±
i∑

j=3

wmj−1 , if i > 2.

(12)

C. EMF Calculation

The total flux linkage of a distributed multicoil phase wind-
ing caused by the ith magnetic segment can be obtained as

ϕi(xi) =
∮
s

BIyi
· ds =

L∫
0

xi∫
xi−τwp

BIyi
dxdz

=
∞∑

n=1,3,...

φni
cos mn

(
xi − τwp

2

)
(13)

where

φni
=

8PLpfkwnNc

lw
sin

(mnτwp

2

)

×
g+lw/2+lm1−lmi∫

g+lm1−lmi

[aIni
cosh(mnyi) + bIni

sinh(mnyi)] dy.

(14)

Using Faraday’s law, the induced EMF due to the ith segment
is given by

ei(xi)=−dϕi

dt
=−vs

∞∑
n=1,3,...

φni
mn sinmn

(
xi− τwp

2

)
. (15)

Thus, the EMF produced by all magnetic segments can be
expressed as follows:

e(x) = e1 +
j∑

i=2

ei (XW (x, i)) . (16)

D. Thrust Prediction

The average thrust force exerted on the armature resulting
from the interaction between the winding current and the fun-
damental component of the flux density By1 produced by poles
is given by

Favg = −
∫
V

Jz × By1dV. (17)

Assume that each coil side on the armature occupies areas
bounded by x1 = x − ww/2, x2 = x + ww/2, y1 = g, and
y2 = g + lw. The thrust force exerted on each coil side due to
the ith magnetic segment can be obtained from the following
integration [32]:

Fi(xi) = 2

xi+ww/2∫
xi−ww/2

g+lw/2+lm1−lmi∫
g+lm1−lmi

(LJBy1)dxdy (18)

which can be written as

Fi(xi) = Ki sin(m1xi) (19)
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where Ki is given by

Ki = 4LJpfkw1 sin
(m1ww

2

)

×
g+lw/2+lm1−lmi∫

g+lm1−lmi

[aI1i
cosh(m1yi) + bI1i

sinh(m1yi)] dy.

(20)

Therefore, the force F1phi
exerted on a phase winding compris-

ing a number of series-connected coils is obtained as

F1phi
(xi) = Ti sinm1

(
xi − τwp

2

)
(21)

where Ti is defined as the thrust constant of the essential
component and is given by

Ti = 2PKi cos
(m1τwp

2

)
. (22)

For a three-phase machine carrying balanced sinusoidally time-
varying currents, the average thrust force due to the ith mag-
netic segment is obtained from

F3phi
(xi) = FAi

(xi) + FBi
(xi) + FCi

(xi) (23)

F3phi
=

3
2
Ti sin

(π

τ
x0i

)
. (24)

Therefore, the average thrust force due to all magnetic segments
or S3MPs is given by

Favg =
3
2
T1 sin

(π

τ
x0

)
+

j∑
i=2

3
2
Ti sin

(π

τ
(XW (x0, i))

)
.

(25)

E. Comparison With FEM

The validity of the analytical results for the calculation of the
magnetic field, EMF, and thrust force in the PM machines with
S3MPs greatly depends on the accuracy of the analytical model.
However, the analytical model is based on some simplifying
assumptions such as ignoring saturation and considering an
infinite motor length. Thus, it is necessary to evaluate the
extent of model accuracy. In this section, a 2-D nonlinear time-
stepping transient FEM is employed to validate the model. The
relative movement is taken into account in the FEM by using
a time-stepping transient analysis and the Lagrange multiplier
method [10]. The flowchart of the FEM is shown in Fig. 3.

In this section, the proposed analytical model is applied to a
PMLSM with two-step PM poles whose parameters are listed
in Table I. This case is chosen for simplicity without loss
of generality. The results can be extended to any other pole
configurations with more steps.

A graphical representation of the flux lines and the flux
density distribution from FEM in the analyzed motor are shown
in Figs. 4 and 5, respectively.

Fig. 3. Flowchart of the finite-element analysis for the PMLSM.

TABLE I
PARAMETERS OF THE INITIAL PMLSMs

Fig. 4. Magnetic flux lines in the PMLSM.

Fig. 6 shows the comparisons between the normal and tan-
gential components of the open-circuit flux density distributions
computed by the analytical method and FEM as functions of the
x position at the center of the mechanical air gap. It is seen that
the FEM accurately verifies the analytical method.

A comparison of the EMF waveforms per turn for a constant
armature speed of 2.1 m/s obtained by the analytical method
and FEM is shown in Fig. 7. Again, a close agreement between
the results of the analytical method and FEM is observed.

Fig. 8 shows a comparison of the analytically predicted and
finite-element-calculated thrust force distributions with respect
to the mover position. It is seen that the analytical prediction
agrees well with the finite-element solution; the slight discrep-
ancy is due mainly to the effect of core saturation, which is
neglected in the analytical model.

READ O
NLY



TAVANA et al.: ANALYTICAL MODELING AND DESIGN OPTIMIZATION OF MOTOR WITH S3MPS 523

Fig. 5. Flux density distribution in the PMLSM in terms of Tesla.

Fig. 6. Flux density distribution as a function of x at the center of the air gap.

Fig. 7. EMF per turn at vs = 2.1 m/s of the PMLSM.

III. OPTIMAL DESIGN OF S3MPS

The procedure for any optimization is to find a vector
X = (x1, x2, . . . , xn), representing a set of n design variables,
with each of them bounded by ximin ≤ xi ≤ ximax , with i =
1, 2, . . . , n, so that the objective function F (X) is maximized
(or minimized), subject to a set of k constraints Gj(X) ≤ 0,
with j = 1, 2, . . . , k. As the genetic algorithm is widely used
to optimize electromagnetic problems [33]–[35], in this paper,
genetic algorithm is applied to the design of PMLSM to reach
an air-gap flux density distribution close to sinusoidal form.

Fig. 8. Thrust characteristic of the PMLSM.

Fig. 9. THD variation with wm2 and lm1 − lm2 for the PMLSM.

Total harmonic distortion (THD) of the flux density distribution
is used as an objective function as

THD(X) =

√
∞∑

n=3,5,...
B2

yn

By1
. (26)

The optimization procedure is employed to minimize the THD.
Magnet dimensions are chosen as the optimization variables.

Fig. 9 shows the variation of THD in the analyzed PMLSM
with two-step PM poles in terms of wm2 and lm1 − lm2 while
lm1 and wm1 + wm2 are fixed. It is seen that an air-gap flux
density distribution close to sinusoidal form can be obtained by
choosing appropriate width and height of each step in the PM
poles.
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Fig. 10. Air-gap flux density distribution of the PMLSM.

Fig. 11. Harmonics of the air-gap flux density distribution.

Figs. 10 and 11 also show the waveform and THD of the
normal flux density component as a function of x position in the
conventional, two-step, and three-step magnetic poles, whose
parameters are presented in Table I. It is seen that the number
of steps effectively influences the THD. The more the steps
that the S3MPs have, the more that the THD decreases, but
the more the complexity in the manufacturing of this kind of
PMLSM that the designer encounters. Therefore, in this paper,
PM machines with only two and three steps are selected for
investigation.

The results, shown in Figs. 9–11, confirm the need for
design optimization to achieve sinusoidal distribution of flux
density by choosing appropriate PM dimensions. Finding the
optimal dimensions of S3MPs with the direct search method is
extremely cumbersome and would take a long time. Therefore,
a genetic algorithm has been employed for the optimization
procedure.

This technique consists of three basic operators, i.e., se-
lection, crossover, and mutation. After initial population is
randomly generated, the genetic algorithm operators are applied
to the population to reduce their cost gradually. The roulette
wheel selection is used for reproducing the population.

TABLE II
DESIGN VARIABLES AND CONSTRAINTS

TABLE III
PARAMETERS OF THE OPTIMIZED S3MPs

The following values of genetic operators are used in the
genetic algorithm:

1) initial population: N = 50;
2) probability of mutation: Pm = 0.07;
3) probability of crossover: Pc = 0.07;
4) number of generations: Ng = 1000.

To have a more realistic design, some limitations are applied
to the optimization procedure, as shown in Table II. Finally,
in the optimal models, PM dimensions calculated using the
genetic algorithm are listed in Table III.

IV. DESIGN EVALUATION

The performance of the optimized PMLSMs is investigated
and compared with the performance of the initial PMLSMs
with the specifications listed in Table I. Since an optimization
procedure based on the analytical method has been employed
to determine the optimal design specifications, another method
with higher accuracy, for example, the FEM, should be used to
assess the performance of the optimized motors.

The flux density distributions produced by the PM poles of
the optimal designs and initial machines in the middle of the
mechanical air gap calculated by FEM are shown in Figs. 12
and 13. The harmonic contents of the flux density distribution
for both initial and optimized motors are also shown in Figs. 14
and 15. It can be seen that the harmonics in the optimized motor
reduce substantially. In the two-step S3MPs, the THD reduces
from 14% in the initial motor to 9.1% in the optimal one, while
in the three-step S3MPs, the THD decreases from 10.6% in the
initial motor to 5.2% in the optimized one.

Moreover, the EMF waveforms at the nominal speed ob-
tained by FEM are shown in Figs. 16 and 17. The fundamental
component amplitudes of the EMF curves of the optimized
motor are calculated and used as the amplitudes of the standard
sinusoidal waveforms. It is also observed that the mismatch
between the standard sinusoidal curves and EMF waveforms
of the optimal motors is approximately zero.

READ O
NLY



TAVANA et al.: ANALYTICAL MODELING AND DESIGN OPTIMIZATION OF MOTOR WITH S3MPS 525

Fig. 12. Air-gap flux density distribution of the two-step S3MPs in the
PMLSM.

Fig. 13. Air-gap flux density distribution of the three-step S3MPs in the
PMLSM.

Fig. 14. Harmonics of the air-gap flux density distribution of the two-step
S3MPs in the PMLSM.

Fig. 15. Harmonics of the air-gap flux density distribution of the three-step
S3MPs in the PMLSM.

Fig. 16. EMF of the two-step S3MPs in the PMLSM.

Fig. 17. EMF of the three-step S3MPs in the PMLSM.
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V. CONCLUSION

As PMLSMs offer many advantages for the applications of
EML, this paper has proposed an S3MP structure for enhanc-
ing the performance of PMLSMs. An analytical analysis has
been presented to model the air-gap flux density distribution,
EMF, and thrust in the PMLSM with S3MPs. The analytically
calculated results have been evaluated using FEM. The close
agreement between the results of two methods confirms the
effectiveness of the presented model. Thus, there is no need to
apply the time-consuming FEM for design optimization. The
pole shape optimization for two PMLSMs with two types of
S3MPs has been then carried out using the analytical model and
genetic algorithm. Finite-element analysis results show that the
optimization procedure significantly reduces the flux density as
well as the EMF harmonics.
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