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Abstract

Particle distribution and settling in suspensions with non-Newtonian liquids agi-

tated with a Rushton turbine in a lab-scale tank have been studied. The rheology

of the non-Newtonian liquids can be described by the power-law, Bingham and

Herschel-Bulkley fluid models. The dynamics of the dispersed phase – settling

particles (size 0.65mm) is modeled by a Lagrangian tracking approach while the

liquid phase is resolved by the lattice-Boltzmann method.

Qualitative insight emerging from exploration of shear-thinning/thickening, New-

tonian, yield-stress fluid models at Reynolds number, Re=6 × 103, 8.5 × 103 and

1.25× 104 indicate that bottom particle concentration is highest in power-law liq-

uids than in Newtonian; while yield stress fluids had more uniform particle con-

centration and least bottom concentration. Also, turbulent kinetic energy and vis-

cous dissipation are highest in the Newtonian liquid. Extra viscous diffusion due

to fluctuating non-Newtonian viscosity in the turbulent kinetic energy equation

attributes to these differences.
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1 Introduction

1.1 Computational Fluid Dynamics and Two-Phase

Flows

Over the last few decades, computational fluid dynamics (CFD) has increasingly

gained reputation as research and design tool. As a research tool, it can be used to

uncover or corroborate insights about fluid flow that are challenging to measure

experimentally or deduce from theory. When used as a design tool, CFD has the

capability of reducing if not eliminating pilot scale testing and can serve as a guide

towards equipment selection. The application of CFD in industrial processes can

lead to improved product quality and minimal pollution.

CFD generally refers to the various numerical schemes, e.g. lattice-Boltzmann

method, finite difference, finite element, spectral method etc, used in simulating

fluid flow. In all schemes, the flow geometry along with its boundary conditions

are specified; then this domain is discretized and the equations of motions are

solved for in the domains.

Arguably, CFD is of tremendous advantage when it comes to two-phase stirred

tank flow owing to the complex 3D turbulent structures generated by the impeller

in stirred tank flow coupled with the presence of a second phase. Usually, in

the modeling of such systems, two approaches exist [1]: Eulerian-Eulerian and

Eulerian-Lagrangian. In the Eulerian-Lagrangian approach, the liquid phase is

treated as a continuum and the dispersed phase is tracked as individual particles

whose trajectories are solved by integrating the equations of motion. The Eulerian-

1
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Eulerian approach regards both phases are interpenetrating and interacting con-

tinua. The equations of motion in this case are similar with each phase containing

its volume fraction. This approach is known to be computational economical as it

can handle large volume fractions of dispersed phase and convenient for imple-

menting two-way coupling [2]. However, the Euler-Lagrangian method, by some

comparison studies [3, 4] has proven to give more detailed particle flow field.

The Eulerian-Lagrangian modeling approach will be used in this thesis in the

simulation of solid particles in turbulently agitated viscous non-Newtonian liq-

uids. Direct numerical simulation1 (DNS) of the liquid flow employed in this work

is to a large extent beneficial [5, 6] since the impact of the non-Newtonian charac-

teristics of the liquid on the flow will be examined at all scales of the flow.

The use and application of mechanical agitation employed in this work extends

beyond the confines of academia; in fact it is a process widely used in several in-

dustries. Mostly, agitation takes place in a stirred vessel equipped with an impeller

(also called agitator) used to generate large shear and contact area that facilitates

the required homogenization, phase change, mass transfer, reaction, etc. When

there is more than one component, then mixing is substituted for this term2. To-

gether, agitation and mixing are central to the majority of process industries includ-

ing, food, bio, paint, polymer, chemical, etc; and failures — emanating from poor

design, lack of fundamental understanding — associated with these processes are

in the range of billions of dollars per annum in the US alone [7].

In several applications the liquid phase is non-Newtonian. At other times, the

liquid is Newtonian at start, then as the process goes on the liquid rheology be-

comes non-Newtonian either due to reactions as in fermentation or additives e.g.

emulsions [8]. The impact of the non-Newtonian rheology in many instances is

ignored.

1In DNS, all scales – time and length – are resolved directly without any turbulent modeling.
2In this work, agitation is preferred to mixing considering the fact that simulations are started

with homogeneous suspension
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1.2 Present Study

The focus of this investigation is to gain insight as to how non-Newtonian charac-

teristics of the liquid phase affect the solid-liquid interaction of multi phase stirred

tank flow. The non-Newtonian liquids considered here are the simplest and often

encountered in oil sands tailings processing. Non-Newtonian behaviors described

in this work are purely viscous in nature e.g. shear-thickening, shear-thinning with

and without yield stress. Tailings (largely due to the fines) are known to exhibit

these non-Newtonian characteristics and sometimes thixotropy; the added com-

plexity of thixotropic rheology is beyond the scope of this work and hence not

considered.

Together the clay and water phases of tailings can be modeled as a single homo-

geneous, non-settling carrier fluid [9]. The solids phase is treated as course mono-

sized sand particles with size very typical of course particles found in tailings. The

task of this research is to numerically simulate the agitation of tailings in a stan-

dard lab-scale tank equipped with baffles and a Rushton turbine. Given the dearth

of literature on turbulent non-Newtonian stirred tank flow, the first stage of this

work will aim at consolidating understanding of turbulent non-Newtonian single

phase flow in stirred tank by DNS; and then after, in the second stage, particles

will be added to the tank.

1.3 Outline of thesis

This thesis is structured in the order as indicated below:

Chapter 2 is a literature review highlighting the key concepts in this work, namely,

turbulent stirred tank flow, turbulent non-Newtonian agitation and solid-liquid

mixing.

Chapter 3 – methods and techniques – outlines the different non-Newtonian rhe-

ological models used in this work. The lattice-Boltzmann method is formally in-

troduced. The numerical techniques involved in the implementation of some of
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these models are discussed and afterwards 2D shear flows of these viscous non-

Newtonian models are solved using the lattice-Boltzmann method. The analytical

solution to these flows are also solved for and compared with simulation results.

Single phase non-Newtonian liquid agitation is presented in Chapter 4. This

chapter will attempt to delve into qualitative and quantitative differences in tur-

bulent structures like velocity structures, kinetic energy, anisotropy, viscosity, etc

owing to non-Newtonian rheology. Results in this chapter will be analysed in sev-

eral perspectives, as in light of theoretical, empirical and experimental work.

Chapter 5 will move one step up on Chapter 4 and address two-phase flows:

particle distribution and settling in non-Newtonian liquids using the same tank

settings and rheology in the previous chapter.

Then finally, Chapter 6 will reflect on the work as a whole: the perspectives

gained and new research directions garnered from this work.



Bibliography

[1] Crowe, C., Sommerfeld, M., Tsuji, Y., “Multiphase Flows with Droplets and

Particles”, CRC Press LLC, 1998

[2] Ilea, C.G, Kosinski, P., Hoffmann, A.C., “3-D Eulerian-Lagrangian Simulation

of Dust Lifting”, International Conference of Numerical Analysis and Applied

Mathematics, 2006

[3] Nijdam, J. J., Guo, B., Fletcher, D. F., Langrish, T.A.G, “Lagrangian and Eulerian

Models for Simulating Turbulent Dispersion and Agglomeration of Droplets

within a Spray”, Third International Conference on CFD in the Minerals and

Process Industries CSIRO, Melbourne, Australia, 2003

[4] Durst, F., Milojevic, D., Schonung, B., “Eulerian and Lagrangian Predictions of

Particulate Two- Phase Flows: A Numerical Study”, Appl. Math. Modeling, 8,

1984

[5] Hartmann, H., “Detailed Simulations of Liquid and Solid-Liquid Mixing: Tur-

bulent agitated flow and mass transfer”, Ph.D thesis, TU Delft, 2005

[6] Yu, H., Girimaji, S.S., Luo, L., “DNS and LES of decaying isotropic turbulence

with and without frame rotation using lattice Boltzmann method” J. Comput.

Phys., 209,2,2005

[7] Paul, E. L., Atiemo-Obeng, V., Kresta, S.M., “Handbook of Industrial Mixing”,

John Wiley & Sons, Inc., ISBN: 0-471-26919-0, 2004

5



Bibliography 6

[8] Venneker, B.C.H., Derksen, J.J., Van den Akker, H., “Turbulent non-Newtonian

Flow in a Stirred Tank-LDA Experiments on the influence of Reynolds Number

and Flow Index”, Chemical Engineering Research and Design, Preprint, 2008

[9] Spelay, R.B., “Solids Transport in Laminar, Open Channel Flow of non-

Newtonian Slurries”, Ph.D. thesis, University of Saskatchewan, 2007



2 Literature Review

Most published research on agitation of solid suspensions in stirred tanks deal

with Newtonian carrier phases. This comes as no surprise given the multi phase

nature of the flow, complex flow structures in a stirred tank and variety of non-

Newtonian characteristics. Consequently, in the literature, one finds studies on tur-

bulently agitated solid suspensions (in Newtonian liquids) in one group, and more

recently, studies on single phase non-Newtonian turbulently stirred tank flow in

another group.

Possibly, Derksen’s [1] study on solid particle mobility in turbulently agitated

Bingham liquid is the only reported study of agitation of solid suspension in non-

Newtonian carrier fluid. Pinelli and Magelli [2] carried out experiments to find out

how particles settle in pseudoplastic liquids. Their interest in particle terminal set-

tling velocities and dispersion coefficients limit their work to the laminar regime.

Similarly, Roman and Tudose [3] studied the impact of Rushton turbine blade mod-

ification on particles suspended in five pseudoplastic liquids up to Re = 2400. In

their work nothing is mentioned about the impact of non-Newtonian fluid and no

comparison is made to Newtonian systems.

In view of the fact that the literature on agitation of solid suspensions in stirred

tank is vast, coupled with the dearth of cases using non-Newtonian carrier phase,

this review will focus on three key areas. First, a dissection on flow structures in

turbulent stirred tank flow with Rushton turbine, then followed by a review on

turbulent non-Newtonian stirred tank agitation. The last segment of the review

will be a paragraph discussing solid suspensions in stirred tanks.

7
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2.1 Stirred tank �ow with Rushton turbine

The advent of non-intrusive measuring techniques and technologies such as Laser

Doppler Anemometry [4–6]; Particle Image Velocimetry [7–9], etc has enabled

more accurate and extensive characterization of the flow structures in a stirred ves-

sel. Previously, flow characterization was accessed indirectly by means of global

parameters such as, power drawn by impeller, circulation times, pumping ca-

pacity, etc [10]. These “traditional” methods quickly phased out when more ac-

curate description of the flow field was desired. Preceding intrusive techniques

such as the hotwire anemometry (HWA), constant temperature anemometry (CTA)

enabled velocity fluctuations at points in the flow to be measured. Although

these techniques and their variants are still used today, the state of the art is non-

intrusive optical techniques. As said previously, these new techniques can give

detailed and full flow field information with remarkable accuracy.

A turbulent stirred tank flow is a complex multi-scale time-dependent flow; the

largest scale being about the diameter of the impeller and smallest, obviously, the

Kolmogorov scale. The rotating turbine generates several vortices and jets which

interacts with the walls and baffles to create flow structures such as circulating

loops, trailing vortices, etc. Tatterson [11] accounts for the various flow systems

which can be found simultaneously in stirred tank flow; his account is elaborated

by Venneker [12] who depicts these structures pictorially in his thesis. The points

below are excerpted from Venneker’s work:

1. Bulk flows – the bulk flows generated by a Rushton turbine generally pre-

scripe the radial flow patterns prevailing in the tank. The observed flow pat-

terns consist of two circulation loops located above and below the impeller

disk axis. In a developed turbulent flow, large recirculation zones, toroidal

vortices, and decaying vortex systems are some of the flow structures that

can be associated to the bulk flows.

2. Impeller flows – flows under this category include: discharge from the im-

peller, the trailing vortices behind the impeller blades and blade wakes. These
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flows are also distinctive in their high shear and high local velocities. It is

possible (actually often encountered), computationally and also with experi-

ments to achieve instantaneous velocities higher than impeller tip speed Vtip

in these regions.

3. Wall flows – wall flows include impinging jets originating from the impeller

and shed vortex systems which can be regarded prominent flows as well as

minor flows likes corner flows and baffle bound flows.

The author urges readers interested in understanding the evolution and interaction

between these flow groups to consult cited references.

2.2 Non-Newtonian stirred tank agitation

Studies of agitation of non-Newtonian liquids in stirred vessels dates back to the

late 50’s prominently with Metzner and Otto [13] who postulated the average shear

rate concept for determining viscosity of non-Newtonian liquids. The linear rela-

tionship they proposed has been verified by [14, 15]. It has also been criticized

in handful publications − with most critics concluding the average shear is rea-

sonable only in the laminar regime and for low bottom impeller clearance. Skel-

land [16] also argues the concept leads to no unique power-curve [17]. Qualitative

investigation into the flow pattern formed by a non-Newtonian fluid agitated with

a Rushton turbine was first done by Metzner and Taylor [14]. Their conclusions

though are valid for the laminar and early transition regime Re ≤ 450. Several

studies that followed focused predominantly on effect of non-Newtonian rheology

on power-consumption or different impeller types in the laminar regime [18–21].

Another important research area in agitation of non-Newtonian fluids in stirred

tank is agitation of yield stress fluids such a Bingham or Herschel-Bulkley fluids. It

is known that active mixing occurs within the caverns formed around the impeller

during the agitation of such fluids; there has been several investigations into the

cavern formation, factors that influence the size of the cavern [22–26].



2.3. Solid suspension in stirred tanks with Newtonian liquids 10

The literature of turbulent non-Newtonian stirred tank flow is limited [16]. Hockey

et al [27] identified that the flow field created by inelastic shear-thinning liquids are

very similar to that of a Newtonian, however this similarity pattern in the turbu-

lent regime was “less clear” [12] . The opposite effect is observed by Couerbe et

al [28], who observed in the turbulent regime, the flow field of a thixotropic shear-

thinning liquid with yield-stress is very much like the flow field of a Newtonian

fluid. Finally, the time-dependent nature of thixotropic apparent viscosity has been

analyzed by Derksen and Prashant [29] in a turbulently stirred tank equipped with

a Rushton turbine. The build-up and break-down of scalar fluid network structure

during agitation and influence of Deborah number (Db is the ratio of characteristic

fluid time scale to a characteristic flow time) presents a complex and intriguing

system. As per their findings, at Db=1, turbulently agitated thixotropic liquids are

remarkably similar to time-independent liquids.

2.3 Solid suspension in stirred tanks with

Newtonian liquids

Clearly, the local and global liquid flow in a stirred tank impact particle distribu-

tion and flow field. In practice, the goal of any solid-liquid mixing or agitation is to

achieve a certain degree of homogeneity. A survey of the literature showed there

exist three states of solid suspension: partial suspension, complete suspension and

uniform suspension. The partial suspension state describes a state where solids

settle at the bottom during agitation; the complete suspension state occurs when

there is complete particle mobility and particles are seen suspended in the liquid

and the uniform suspension describes a state of suspension where the particle con-

centration is uniform through vessel and further increment in stirrer speed does

not enhance suspension quality [9]. In the literature, one finds that earlier (and

majority) of research [30–40] into particle transport in turbulent stirred tanks fo-

cused on impeller speed, clearance or geometric configurations required for com-
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plete suspensions [3]. As said previously, all these investigations were done in

Newtonian carrier liquids; and mostly with heavy (non-floating) solids [41]. In

non-Newtonian liquids however, some of these findings might not hold. For ex-

ample, suspension homogeneity increases with increasing impeller speed for New-

tonian suspensions; for suspensions with Bingham liquids, the opposite effect is

observed [1].
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3 Methods and Techniques

3.1 Viscous homogeneous �uid models

A fluid is a substance that continuously deforms so long as a deformation force is

applied. When a fluid is showing uniform density, it is said to be homogeneous

in its constitution. A homogeneous fluid is naturally incompressible given the fact

that the absence of volume dilation or compression guarantees constant density

and the density of a fluid is given in terms of its mass divided by volume. A vis-

cous fluid is characterized by its viscosity – which is a measure of the fluid’s inter-

nal resistance to deformation forces. In general, fluids are classified as Newtonian

and non-Newtonian. For a Newtonian fluid, the applied stress is proportional to

the instantaneous rate of shear and the constant of proportionality is its viscosity

(also known as the dynamic viscosity). For non-Newtonian fluid, the viscosity is

not constant as it may be a function of the shear rate as in power-law liquids, or the

kinematic shear history as fluids showing thixotropy and/or elastic recovery [1].

According to the so-called generalized Newtonian model [2], the incompressible

stress tensor is given as:

τij = −ηSij; η = η(γ̇) (3.1)

Where η(γ̇) is the shear-rate dependent viscosity; the shear rate γ̇ is also

determined from the second invariant of the rate-of-strain tensor

Sij = 1
2

(
dui
dxj

+ duj
dxi

)
, this relation is given by (3.2) below with summation over

17
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repeated indices:

γ̇ =
√

2SijSij (3.2)

Note that for Newtonian fluids there is no shear rate dependency. However, for

non-Newtonian fluids, the simplest empiricism for is the Ostwald de Waele’s [3]

power law expression.

η = Kγ̇n−1 (3.3)

When deviations in using the power-law expressions are significant e.g. at low

shear rates or very high shear rates, other fluid models such as the Carreau model

which is a four-parameter model or the Ellis model (three parameter) or the Cross

model (four parameter) is used. The Carreau model is given as:

η − η∞

η − η0
= (1 + (λγ̇)2)(n−1)/2 (3.4)

where η0, η∞ are the zero shear and infinite shear viscosities respectively.

The Cross model is given by:

η − η∞

η − η0
=

1
1 + K(γ̇)n (3.5)

The Ellis model which is three parameter unlike the two previous is:

η =
η0

1 + (τ/τ1/2)α−1 (3.6)

where η0 is the zero-shear viscosity, α is a measure of shear-thinning index and τ1/2

is the shear-stress value when the apparent viscosity has dropped to half of η0.

For fluids possessing yield stress, the Bingham (BH) and Herschel-Bulkley(HB)

fluid models are often used. HB models are used to account for a fluid which

exhibits shear-thinning behavior if the applied stress exceeds the yield stress; this

is given by:
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η = τ0/γ̇ + Kγ̇n−1 |τ| > τ0

η = η0 |τ| ≤ τ0

(3.7)

where τ0 is the yield stress and |τ| is the norm of the shear-stress expressed as

|τ| ≡
√

1
2 τij : τij summing over repeated indices. When a fluid exhibits a uniform

viscosity if the yield stress is exceeded, then the BH model suites this fluid model.

As like the HB model, the unyielded BH liquid is characterized by the zero-shear

viscosity η0 and the viscous behavior after yielding is given by:

η = τ0/γ̇ + K |τ| > τ0 (3.8)

Fig. 3.1, shown below, is a rheogram for the fluid behaviors discussed above. Pseu-

doplastic and dilatant refers to shear-thinning and shear-thickening fluids respec-

tively likewise the HB fluid is called pseudoplastic with yield point. Fig.3.1b shows

the typical viscosity response to shearing for these fluids.

Figure 3.1: Rheograms of common fluids. Source: Schram [4]
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3.2 The lattice-Boltzmann method

The lattice Boltzmann method LBM is numerical scheme for solving the incom-

pressible Navier-Stokes equation. Basically, the LBM simulates the macroscopic

fluid dynamics as a many discrete microscopic particles which obey the conser-

vation principles [5]; in this way the macroscopic dynamics become sensitive to

the “underlying details of microscopic physics” [6]. The LBM solves directly the

lattice-Boltzmann equation which describes the ensemble average kinetics of par-

ticles moving along the edges of a lattice. In principle, the LBM provides explicit

solution to the discrete form of the Boltzmann equation. The method is second or-

der accurate in both space and time in spite of the fact that the scheme – eqn (3.9)

– is first order discretized. The two- and three- dimensional projections of the face

centred hypercubic (FCHC) lattice is commonly used in solving the Navier-Stokes

equation [7, 8]. The LBM lattice employed throughout this thesis is a regular cubic

lattice having eighteen velocity directions – this model is sometimes referred to as

the D3Q18 model and its shown in fig. 3.2.

Figure 3.2: The D3Q18 LBM model showing the 18 velocity directions ci; vectors in red have
multiplicities mi = 2 while those in blue have mi = 1. Source [9]

Somers [10] provides an elaborate scheme for solving the lattice-Boltzmann equa-

tion as:
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Ni(x + ci, t + 1) = Ni(x, t) + Γi(N) (3.9)

Where Γi is the non-linear collision operator which has the following properties:

∑
i

Γi(N) = 0; ∑
i

ciΓi(N) = f (3.10)

If the right choice of Γi is made then, the scheme converges towards the equilib-

rium solution of:

Ni =
miρ

24

(
1 + 2ci · u + 3

[
cici : uu− 1

2
tr(uu)

]
− 6ν

[
(ci∇)(ci · u)− 1

2
∇ · u

])
(3.11)

The conservation equations can be derived from these equations as follows: Substi-

tuting (3.11) in (3.9) and a summation over i followed by the application of (3.10a)

yields the equation for the conservation of mass ∂ρ
∂t +∇ · ρu = 0.

Similarly, the conservation of momentum is recovered when (3.9) is multiplied by

ci and (3.11) is substituted into the derived expression. A summation over i, and

applying (3.10b) yields the regular Navier-Stokes equation in the limit of incom-

pressibility.

∂ρu
∂t

+∇ · ρuu = −∇P +∇ · ρν[∇u + (∇u)T]−∇
(

1
2

ρν∇ · u
)

+ f

In the evolution of the scheme described above by Eggels and Sommers [6], two

steps can be distinguished. A propagation step, in which mass density Ni at lattice

node x is “shuffled” to position x + ci ; in the next step, the collision step, Ni is

“redistributed” in all i directions to each grid point. In either steps, boundary

conditions − no-slip (bounce-back), free-slip, periodic etc. − can be implemented;

this could be done by imposing rules regarding movements of mass densities in

the propagation step or velocities can be prescribed in certain regions in the flow

as employed by Derksen and Van den Akker [8] in the simulation of stirred tank

flow. Please refer to the cited article for details on the adaptive force-field technique
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employed in imposing liquid velocities on the rotating impeller and static tank

wall.

The greatest advantage of the LBM is in its efficiency. Compared to other second-

order numerical schemes, the LBM works much faster in terms of simulation time

per grid node per time step. As an example, the LBM was found to be 500-600

times faster than the FLUENT code (a finite volume method) in a comparative

numerical study on laminar flow in a Kenics static mixer [11]. The efficiency of the

LBM is further as a result of three features of the method: first, the LBM employs

simple kinetic equations unlike other schemes which discretize the Navier-Stokes

equation. Second, the LBM computations are fully parallel i.e. same computations

are made on each grid site. And finally, operations in LBM are local since only

neighboring particles interact. Another advantage of the LBM is its flexibility with

respect to complex boundaries implementation. The adaptive force-field technique

was used to implement stirred tank and impeller geometry without loss to the

efficiency of the method.

The disadvantage of the LBM is the fact that it is generally restricted to incom-

pressible flows. However this restriction will be a thing of the past in the near

future as recent studies [12] have explored higher Mach number possibilities to

simulate compressible flows.

3.3 Non-Newtonian viscosity implementation and

veri�cation in LBM

3.3.1 Power-law liquids

Since the LBM works more efficiently in cubic domains and with constant fluid

viscosity, any other rheological model passed to it must first be tested with simple

cases to validate its accuracy. In this section 2D laminar cases are passed to the

solver and the results are compared with analytical solution. A simple channel

flow driven by a constant body force can serve this purpose; in this flow scenario



3.3. Non-Newtonian viscosity implementation and verification in LBM 23

the (incompressible) equations of motion are given by:

ρ
Dv
Dt

= −∇p− [∇ · τ] + ρ · g + f (3.12)

∂u
∂x

+
∂v
∂y

= 0 (3.13)

Expanding (3.12) in x,y coordinates axis

ρ

(
∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

)
= −∂p

∂x
−
[

∂τxx

∂x
+

∂τyx

∂y

]
+ ρ · gx + fx (3.14)

ρ

(
∂v
∂t

+ u
∂v
∂x

+ v
∂v
∂y

)
= −∂p

∂y
−
[

∂τxy

∂x
+

∂τyy

∂y

]
+ ρ · gy + fy (3.15)

Assuming further that:

• steady states

• no pressure gradients

• parallel flow i.e. v = 0

• gravity in z-direction only

• body force in streamwise x-direction only, thus, fy = 0 and fx = f0

Under these assumptions (3.13) reduces to

∂u
∂x

= 0 (3.16)

and the Navier-Stokes eqns (3.14)-(3.15) become

0 = −
∂τyx

∂y
+ f0 (3.17)
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Figure 3.3: schematic of the 2D planar flow driven by body force( f0)

Solving for u(y)between 0 ≤ y ≤ H
2 (since solution as well as the flow is sym-

metrical) and invoking the power-law expression (3.3) f0 =
d
(

K(− du
dy )n

)
dy this yields

u(y) =
(

f0 · H
K

)1/n
H

(1 + 1/n)

[
1− (y/H)1+1/n

]
(3.18)

3.3.2 Viscous models for HB and BH �uids

In the implementation of BH and HB models, the method of Beverly & Tanner

[13] was used. Basically, at shear rates below a critical shear rateγc the fluid is

assigned a high but not infinite viscosity ηr(zero shear viscosity); and above this

critical shear rate the fluid yields and with an apparent viscosity deduced from the

slope of the profiles; mathematically, the relation between the critical shear rate

and viscosities is given as: γ̇c ≡ τ0
ηr−η this is illustrated from fig. 3.4.
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Figure 3.4: The viscous behavior of HB and BH models in the simulation. Observe the curve
line (in blue) is the response for the HB model and the solid line in red above is the
BH response. The slope of the straight line that touches the HB curves gives the the
apparent viscosity of the fluid. For the BH fluid the apparent viscosity is the slope of
the from origin that touches the BH profile.

Formally, the HB rheological model is represented as:

τij = 2(τ0/γ̇ + Kγ̇n−1)Sij if |τ| > τ0

Sij = 0 if |τ| ≤ τ0

(3.19)

The expression for its viscosity thus becomes:

ηa = τ0/γ̇ + Kγ̇n−1 if |τ| > τ0

η = ηr if |τ| ≤ τ0

(3.20)

eqn(3.19) and (3.20) are also valid for the BH model when n = 1. In the derivation

of the analytical solution for the planar 2D flow of HB liquid, (3.19) is inserted into

the (3.18) and the resultant equation is integrated with respect to y giving:

u(y) =
n ( f0/K)1/n

n + 1

(
(H − τ0/ f0)

1+1/n − (y− τ0/ f0)
1+1/n

)
(3.21)

for 0 < y < y1 where y1 is the width of the yielded region. In the plug flow (un-
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yielded) region in the center where velocity is maximum, the expression becomes

u(y) = umax = n( f0/K)1/n

n+1 (0.5H)1+1/n and this occurs at y1 < y < 1
2 H.

3.3.3 Lattice-Boltzmann simulation of laminar 2D

non-Newtonian shear �ows

In the simulation of laminar 2D plane flow, an in-house LBM flow solver for 3D

channel flow was used. The original code was made 2D by altering the boundary

conditions so that the previous 40× 21× 21 grid size was now 40× 21; a temporal

size 105 was long enough for flow to reach steady states. The Reynolds number for

the flows were defined as:

Re =
ρlumaxH

ηa
(3.22)

where umax is the characteristic velocity, which is actually the maximum velocity

derived in the analycial solution umax = n( f0/K)1/n

n+1 (0.5H)1+1/n . For power-law

liquids, the introduction of eqn (3.3) into the (3.22) simplifies further to

Re =
ρlumaxH
Kγ̇n−1 =

ρlumaxH
K(umax/H)n−1 =

ρlu2−n
max Hn−2

K

so in effect for these cases, there are n, K, f0, H and ρl in the parameter space. n is

chosen, e.g. in the power-law cases n = 0.68 and n = 1.20 for the shear-thinning

and shear-thickening respectively. Also in the power-law cases, f0 and K are chosen

carefully in a way such that when umax is determined its value will not to achieve

|u| ≥ 0.2 lattice units; an absolute velocity beyond this value causes the LBM to

breakdown in the simulation. H is known from grid size specification in our code,

ρl is also known a priori since it has a constant value in LBM. Given that, Re and ηa

comes out from eqn (3.22) and (3.3) respectively. In HB simulation, the parameter

space becomes larger with addition of ηr. The value of ηr is usually chosen in the

range 0.1− 0.25 and ηa is normally expected to be at least 150 times less ηr (see the

article by Beverly & Tanner [13]). Also a few derived quantities are added such as:

τ0 = f0 · H
4 (the choice of H/4 is to force the plug flow region to occupy exactly
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half of the flow width), and γ̇c = τ0
ηr−ηa

. With τ0 now found, ηa in eqn(3.20) can be

calculated, since n is also known a priori and γ̇ in eqn (3.19) can be calculated from

umax and H as done for the power-law liquids.

Figure 3.5: Comparison of the simulation and analytical solution derived for the power-law fluid;
for this particular flow Re=95 and n=0.68. Maximum deviation computed was 0.92%

Figure 3.6: Comparison of the simulation and analytical solution derived for the power-law fluid;
for this particular flow Re=95 and n=1.20. Maximum deviation computed was 1.01%



3.4. Remarks on 2D planar flows 28

Figure 3.7: Comparison of the simulation and analytical solution derived for the HB fluid; for
this particular flow Re=165 and n=0.60. Maximum deviations were found to be 2.4%
(at the edges of plug region).

3.4 Remarks on 2D planar �ows

In general the figures show good agreement between simulation and analytical so-

lutions. The simulations of power-law liquids, for as many cases of different n and

Re passed to the solver, error margins less than 1% throughout profile length was

recorded. Flows with yield stress liquids were engineered such that the middle

plug flow region occupied the mid-half of the flow width. For these liquids, high

(> 1%) deviations are seen in the regions just bordering the plug flow. It was found

out that the by tuning the ratio of ηr to be two orders of magnitude ηa these regions

could be somewhat “stabilized” and hence reduce the margin of error. In the opin-

ion of the author, the error of 2.4% at these edges should be accepted given the fact

that the simulation clearly captures the flow profile and gives less than 2.4% error

in other parts of the profile.
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3.5 Summary and Outlook

A scheme by Eggels & Somers [7] for solving the incompressible Navier-Stokes

equation using the LBM has been presented. The scheme is numerically efficient

and requires moderate computational resources to resolve even high Re flows. Al-

though it works very well in uniform cubic grids, it can be adapted to complex

geometries provided higher interpolation methods are used [8]. This will be evi-

dent in subsequent chapters which deal with stirred tank geometries. Rheological

models for non-Newtonian behavior presented, are the simplest and commonly

encountered non-Newtonian liquids in oil sands tailings operations. The imple-

mentation of these non-Newtonian models into LBM was straight forward and

proved the LBM as an efficient flow solver. When compared with exact solution,

deviations of no more than 2.4% were realized. In later chapters, these rheologies

(with and without solids) will be agitated in stirred tank and examined qualita-

tively and quantitatively.
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4 Single Phase non-Newtonian

Turbulent Stirred tank Flow

In this chapter, results and analysis of turbulent stirred tank flow for single phase

non-Newtonian – shear-thinning, shear-thickening, and Bingham – fluids are pre-

sented. An additional Newtonian case is simulated for comparison. The outline

of this chapter is as follows: First, an analysis of turbulent structures in terms of

velocity, kinetic energy and anisotropy. This is followed by a comparison of av-

erage velocity field data of shear-thinning liquids to empirical correlations in the

literature. Finally, the power number of the various flows will be computed from

the simulations and compared with data in the literature.

4.1 Fluid characteristics

In developing rheological models for shear-thinning/thickening fluids, a method

similar to the one used by Metzner & Otto [1] was considered. An apparent in-

stead of “average” shear rate based on the impeller tip speed was employed; the

derivation of γ̇a = Vtip/D closely resemble the approach by Wu et al [2] although

Vtip = Ω D
2 = πND is employed here rather than average velocity. With the value

of γ̇a in place, the apparent viscosity ηa = Kγ̇a
n−1 in the power-law [3] can be

deduced from the relation since K and n are characteristics of the fluid. For the

Bingham liquid, the method of Beverly & Tanner [4] was followed; in this method,

the fluid behaves as a highly viscous fluid below a critical strain rate and above

this critical strain rate, the fluid “yields” with its apparent viscosity given by:

32
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ηa = τ0/γ̇ + K. Please refer to the previous chapter for details. In the base cases–

shear-thinning(n = 0.5), shear-thickening(n = 1.5), Newtonian and Bingham– the

flows are desired to have Re=6× 103, defining Re based on the impeller as:

Re =
ρl ND2

ηa
(4.1)

Note that in the case of the Newtonian fluid the apparent viscosity ηa = µ, and

for the Bingham(BH) fluids is equal to the slope of the line as illustrated in chapter

3 of this thesis. Eqn (4.1) presents four degrees of freedom, and in the simulation

as a whole, there exist five degrees of freedom with respect to parameter space -

−n, N, K, D, ρl. The stirred tank to be simulated is a cylindrical tank of volume

10L (see next section below on dimensions), given that D comes automatically

from tank dimensions, ρl like Re and n are known a priori. N is chosen such that

Vtip ≤ 0.2 lattice units; in base cases for example where N = 10rev/s corresponds

to Ω = 2π/2000 in the simulation and thus Vtip = 0.0946 lattice units. With N, ηa

can be deduced from 4.1. n, flow indices in this work are taken from similar studies

in the literature and thus, K can be back calculated from ηa only. In the Bingham

case, the yield stress and associated viscosity modeling present extra parameters

and quantities i.e. τ0, γ̇c, ηr. As such another dimensionless number is defined to

cater for these parameters. A yield-stress number Y = τ0
ρl N2D2 , defined as ratio of

yield stress to inertial stresses, is calculated for the liquid in the stirred tank and

instantiated in the simulation as well. With τ0 found, γ̇c ≡ τ0/ηr as ηr is always

chosen in the order of ηr ≥ 102ηa.

Rheology ηa [kg/m/s] K[kg/m/sn] n[−] Y(τ0)
Newtonian 1.014× 10−2 - - -
Bingham 1.014× 10−2 1.014× 10−2 - 2.18× 10−2(12.67Pa)

shear-thinning 1.014× 10−2 5.68× 10−2 0.5 -
shear-thickening 1.014× 10−2 1.844× 10−3 1.5 -

Table 4.1: viscous properties of liquids model led in base case simulation. All liquids in this work
have ρl = 103kg/m3
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4.1.1 Stirred tank geometry

The agitation system employed is a standard 10L mixing tank with diameter T =

0.234m. It is equipped with a Rushton turbine (6-blade) impeller of diameter T/3

and mounted at clearance T/3. Baffles are mounted vertically on the inside cylin-

drical walls to prevent solid body rotation of the fluid and inhibit surface vortex

formation. See Fig. 1 below for more details. Note that the top of the tank is

closed, this ensures Froude and Weber number effects are absent; also, a hole is

made in the lid to tightly fit the top of the impeller shaft. The impeller in base case

simulations spins with a speed of 10rev/s.

Figure 4.1: Tank geometry; midway view of the tank (left) and vertical cross-section view at
z=T/3 in (r,z) co-ordinates. Source: [5]

4.1.2 Simulation Procedure

The lattice-Boltzmann method is employed in solving the equations of motion.

The high numerical efficiency of the method enables highly resolved flows of high

Reynolds numbers. In the simulation set-up a grid of size 1803 is chosen as do-

main size. On each grid node, 21(18 LBM directions + 3 force components) single-

precision, real values (4 bytes each) have to be stored; thus, each simulation oc-

cupies 1803 × 21× 4 ≈ 0.5gigabyte of memory. All simulations were run on (the
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neskerd)1 PC cluster with Dual Quad-core AMD Opteron(tm) 1895 MHz processor

which has 8 nodes of combined physical memory 16.5gigabyte. The rotation of the

impeller was modeled by adaptive force-field technique [6] based on earlier work

by Goldstein et al [7]. The impeller makes a complete revolution in 2000 time steps,

thus, 1 time step on the simulation is (2000N)−1 = 50µS on the wall clock. The flow

field is initialized to zero at start. The flow becomes more or less steady after 20

impeller revolutions; this was monitored by observing the velocity time series at a

point below the impeller (z/T = 0.11). Then after, 10 or 15 impeller revolutions

more were preformed for the phase-averaged angle resolved data to be processed.

Running four cases in the base case simulations on four cluster nodes at a time, it

took between 14-18days to complete with the Newtonian case always being first to

complete.

4.2 Results and Discussion

4.2.1 Velocity snapshots

Simulations in the base cases were done for a total of 30 impeller revolutions. As

evident in the time series fig. 4.2 start-up phase behavior was lost before tN = 10.

Nevertheless, the instantaneous velocity snapshots, fig.4.3a-d show it took about 5

revolutions more to stir up the full flow field and turbulent eddies can be seen in

the flow fields of Newtonian, shear-thinning and shear-thickening at tN = 20 and

beyond.

1stationed in the CME building of University of Alberta
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Figure 4.2: Time series profiles for base cases Newtonian and shear-thickening n = 1.50 moni-
tored at the point located in the center (radial location 2r/D = 0) of mid-baffle plane
at z/T = 0.11

Notice the cavern like structure around the impeller of the shear-thinning fluid,

this is not very clear and will be dissected later in the discussion. For the Bingham

fluid simulation, the development of the cavity (as a full dome) shows up at

tN = 5, however, inside the cavity the flow structures are not laminar given the

absence of left-right symmetry; thus the flow immediatedly around the impeller

outflow and regions near the “cavity” is best said to be in the transition regime.

The entire flow is largely laminar in view of the fact that the cavity occupies only

a small volume of the tank and also in the regions outside the cavity the Bingham

liquid is stationary.
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Newtonian fluid

Bingham fluid

Shear-thinning(n = 0.50) fluid

Shear-thickening(n = 1.50) fluid

Figure 4.3: Absolute velocity |u|/Vtip snapshots in the mid-baffle plane for the base cases (whose
properties have been given in table 4.1). Left to right tN = 1, 5, 15, 20, 30

4.2.2 Average viscosity pro�les

Before beginning the discussion on viscous effects, it is important to know how

the viscosity is changing for the cases of shear-dependent-viscosity models. Fig.4.4

and 4.5 shows vertical viscosity profile radially averaged in the mid-baffle plane.

Clearly we anticipate the dynamics at the impeller region to be markedly differ-

ent from the other regions. As expected, the viscosities of the shear-thinning and
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Bingham fluid show a decrease around the region of the impeller and are in the

horizontal plane carrying the mid-half of the trailing vortex. Owing to high yield

stress 12.67Pa (Y = 0.0218) and consequently laminar nature of its flow, the Bing-

ham viscosities have been multiplied by factor of 100 to fit into plot. Since shear-

thickening fluids become more viscous with agitation, around the same plane the

fluid viscosity is highest (a factor of 3 more than viscosity at the top of the tank).

At the same Re, vertical shear-thinning viscosity profiles exhibit variation with n;

shown in Fig. 4.5, it can be seen that vertical profiles become blunter with increas-

ing n, indicating weakening viscous effects as n→ 1. It should be emphasized that

the average viscosity profiles presented are averaged in three respects i.e. with re-

spect to time, angle, and the radius. Other averages such as those presented in the

contours of turbulent kinetic energy and anisotropy are averaged with time and

over angle to give a 2D plot in (r,z).

Figure 4.4: Vertical viscosity profile through mid baffle plane for the Bingham, shear-thinning
and shear-thickening liquids
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Figure 4.5: Vertical viscosity profile through mid baffle plane for the various shear-thinning liq-
uids all at Re=6× 103

4.2.3 Turbulent kinetic energy

In the processing of the averaged quantities i.e. turbulent kinetic energy and

anisotropy, only the truly turbulent contributions of the velocity were considered.

This is in view of the fact that, the blade passage contributes periodic fluctuations

to the truly random turbulent motion [8]. This is the usual approach in many publi-

cations and angle-resolved averages has been employed in a number of studies [6]

in which k is defined as:

k =
1
2
(〈u2

i 〉θ − 〈ui〉2θ)

with ui indicating velocity in i-th direction, 〈〉θ denotes time average value at θ,

and overbar ( ) denote averaging over all angular positions. The trailing vortex

core and impeller outflow regions are known to have high TKE. In addition to

these regions, the circulating loops possess large amounts of TKE for the fluids

without yield stress.
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Figure 4.6: Vertical axisymmetric contours of kinetic energy k/V2
tip through mid baffle plane

(from left to right) Newtonian, Bingham, shear-thinning and shear-thickening liquids
in the base case simulations.

From the contours shown in Fig.4.6, it is clear that the Bingham case is laminar

and its high yield stress or Bingham number is responsible for the small cavity

formed. For this reason, the Bingham case will be ignored in further discussions

of turbulent kinetic energy and anisotropy. In addition, the shear-thinning case

exhibits a pseudo-cavity around the impeller. And regions around this pseudo-

cavity have zero liquid kinetic energy typical of cavern forming likes Bingham. A

flashback at the instantaneous velocity structures indicate a pseudo-cavity forma-

tion in the shear-thinning case. It is known, experimentally though, that highly

shear-thinning liquids (n < 0.3) usually forms a cavity during agitation [9, 10] al-

though the mechanism for this still remains elusive. It can be shown through a

parameter study that the rheological behavior (precisely, the shear stress vs. strain

rate) of lower n, behave nearly like a yield stress fluid. This illustration is shown

in the appendix.

Closer inspection of contours of non-yield stress fluids, especially the impeller

outflow regions, the lower and upper arms of the circulating loops, it can be seen

that the size of surface regions of high kinetic energy (where k/V2
tip ≥ 6× 10−3)

is larger in the Newtonian liquid than in the shear-thickening and shear-thinning;

this translates to in figures, 18.8%, 15.6% and 12.1% respectively.
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4.2.4 Viscous dissipation

One possible reason for these observed differences in TKE could be viscous dissi-

pation ε of turbulent kinetic energy. Because it occurs at the scales at which viscos-

ity is important, it is reasonable to expect the varying shear-dependent-viscosities(in

the power-law liquids) to have varying viscous dissipation rates all other things

being equal. Viscous dissipation in this work was computed from the kinetic en-

ergy fields using ε = Ak3/2/L. In the literature L is sometimes argued to be the

integral length scale [11] or based on the dimensions of the impeller [12,13]. In this

work as in [12] L = D/10; this choice is reasonable in the impeller outflow region

where we consider.

Fig.4.7 plots ε in the impeller outflow region normalized by N3D2. The profile

was drawn at r/R = 1.5 with z/R = ±0.4 (where to z/R = 0 is the impeller

disk height). It could be seen that the Newtonian liquid recorded the highest dis-

sipation energy followed by the shear-thinning and then shear-thickening. The

figure on right was made with the Newtonian liquid only but various values of

the constant A found in the literature. Also in this figure, a comparison is made

with experimental data of Wu et al [11]. The fact that the different liquids show

variation in the trend of ε plot is still of use, although it does not directly support

the initial assumption that differences in kinetic energy levels is caused by viscous

dissipation.
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Figure 4.7: viscous dissipation ε/N3D2 in mid-baffle vertical plane at r/R = 1.50, plots for shear-
thinning(n = 0.68), shear-thickening(n = 1.20) and Newtonian all at Re=1.25× 104.

A survey of the literature explained the differences in TKE profiles between

Newtonian and shear-thinning liquids on the bases of the “extra” viscous diffu-

sion terms that appear in the transport equation of TKE [14]. When instantaneous

apparent non-Newtonian viscosity ν̃a is decomposed to the average and fluctuat-

ing apparent viscosity as in, νa + ν́a where ν́a 6= 0, the viscous diffusion terms of

the TKE equation now has two extra terms i.e.

∂

∂xj

(
2νauisij + 2ν́auiSij + 2ν́auisij

)
(4.2)

where sij = 1
2

(
∂ui
∂xj

)
and ui is the fluctuating velocity in the i-th direction. Similar

extra terms are found for ε in the TKE equation of the shear-dependent liquids (or

technically generalized Newtonian liquids). Viscous dissipation was also found

to be higher in the Newtonian liquid than in shear-thinning liquid in the data of

Pinho & Whitelaw [14]. Please refer to the appendix for details on the derivation

of the TKE for generalized Newtonian liquids.
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4.2.5 Turbulent (an)isotropy

In characterizing the level of (an)isotropy in the tank the approach of Galletti et

al [15] is considered. They define the anisotropic tensor as:

aij =
〈uiuj〉

2k
− 1

3
δij (4.3)

where δij is the Kronecker delta function. The tensor has three eigenvalues (λ1, λ2, λ3)

whose its invariants are given by:

I = λ1 + λ2 + λ3 = 0; I I = λ1λ2 + λ2λ3 + λ1λ3; I I I = λ1λ2λ3 . And finally,

defining a parameter |A|, where |A| =
√

I I I2 + (−I I)2 is the distance from isotropy.

Thus, a value of |A|=0 indicates an absolute isotropic state and 0.09 indicates high

anisotropy. It must be said that this approach yields a maximum possible value

of 0.103 which corresponds to 0.42 in the data of Derksen et al [16]. Contours

of |A| are shown in Fig.4.8a-c; the figures shown are taken from the mid-baffle

plane which does not section through the impeller blades unlike the figures in [15]

who also presented vertical contours of the distance from anisotropy. Nonethe-

less, we get a picture of the areas where both cited references have high turbulent

anisotropy, which are at the impeller outflow and bottom of the tank [15, 16] and

regions around the centers of the circulation loops [15].

Figure 4.8: Contours of |A| (distance from anisotropy) from left to right: Newtonian, shear-
thinning and shear-thickening liquid for the base case simulations.
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4.2.6 Shear-thinning mean velocity pro�les

Recently, Venneker et al [17] have demonstrated that shear-thinning liquids in

stirred tanks exhibit some variation with Re and n at the disk height and tip of

impeller blade. In view of that, a second string of simulations were started for

only shear-thinning fluids at Re= 6× 103, and n = 0.56, 0.75 and 0.90. The mean

disk height(MDH) velocity profiles are read at impeller disk height z/T = 1/3

for all three velocity components i.e. axial, radial and tangential. The empirical

correlations for these profiles are:

W
Vtip

=
1

1
0.676 + 8.48ln( r

R )
(4.4)

This gives the mean disk height tangential velocity; the radial V, and axial U, are

as follows:
V

Vtip
= 0.785

( r
R

)−1.11
tanh

(
3.63

(
T
D
− r

R

))
(4.5)

U
Vtip

= −0.109 + 0.228
( r

R

)−0.704
tanh2

(
2.34

(
T
D
− r

R

))
(4.6)

It must be emphasized that these equations are “purely descriptive” and were gen-

erated by commercial software TableCurve2D (refer to [17] for details).

Figure 4.9: Mean disk height velocity profiles for different n (left to right) radial, tangential and
axial velocity profiles.
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From Fig. 4.9a-b it can be seen that the radial and tangential correlations pro-

vides acceptable fit to MDH profiles; the correlation for the axial profile (Fig. 4.9c)

does rather poorly as it neither falls within boundaries nor capture trend. The de-

pendency on n for the radial and tangential profiles at 1.0 ≤ r/R ≤ 1.3 can be said

to be slight.

Figure 4.10: Mean discharge velocity profiles for different n (left to right) radial, tangential and
axial velocity profiles.

Discharge velocity profiles defined as “velocity profile along the blade at its tip”

in Fig. 4.10a-c show the profile widening effect with n as Venneker et al [17] ob-

served. In this case too the axial discharge profile exhibited invariance to n. There

is also a weak dependency on n when one examines the three fluctuating rms ve-

locity profiles presented in Fig. 4.11a-c. Profiles indicate in addition to the tangen-

tial rms velocity which is known to exhibit a dependency on n, the axial rms also

shows this dependency. The radial rms velocity however, shows no sensitivity to

n.
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Figure 4.11: Fluctuating rms velocity profiles for different n (left to right) axial, radial, and tan-
gential velocity profiles.

4.2.7 Non-Newtonian Power Number

The power number is one important and widely used dimensionless group for

agitator design specification [18]. Engineers have long since worked with correla-

tions from experimental results for Newtonian power numbers with 6-blade tur-

bine ever since Rushton et al pioneered this work in the 1950’s. More recent inves-

tigations include Hockey [19] and Distelhoff [20]. Work on non-Newtonian fluids

dates back in the late 1950’s [1] and although a lot correlations and experimental

results exist, there are hardly any that go beyond Re= 103. Hockey [19] identi-

fied a difficulty in prescribing a truly representative viscosity to define a working

Reynolds number. Nevertheless he applied Metzner and Otto’s average shear rate

approach and recorded experimental data for shear-thinning and Newtonian flu-

ids over a wide range of Reynolds numbers (102 − 105). The power numbers in

this work are determined from the torque and shaft speed NP = TqΩ
ρN3D5 , where the

torque is the cross product of the radial arm vector and the force vector, given as:

Tq = r× f. Our simulation of Newtonian and shear-thinning (n = 0.5) liquids at

Re= 6× 103 gives a power number of 3.63 and 3.47 respectively. Hockey’s experi-

mental data indicate 3.9± 0.1 and 3.8± 0.1 for the Newtonian and shear-thinning

liquids respectively. Although it must be said that flow indices in his work are

much different from that of this work.



4.3. Conclusion and outlook 47

4.3 Conclusion and outlook

The response of non-Newtonian fluid behavior to turbulent stirred tank conditions

has been explored using Bingham, shear-thinning and shear-thickening liquids.

Except the Bingham case which happened to be laminar, flow structures are similar

to the Newtonian case.

• The shear-thinning liquid formed a pseudo-cavern observed for this rheol-

ogy but at lower flow index. Among the non-Newtonian liquids the shear-

thickening exhibited greatest turbulence in terms of velocity magnitude dis-

tribution TKE.

• Simulations indicate that TKE is higher in Newtonian liquids than in non-

Newtonian liquids; the same trend is observed in the Reynolds stresses. Among

the non-Newtonian liquids, shear-thickening liquid exhibited higher turbu-

lent conditions in terms of TKE than shear-thinning.

• Also, energy dissipation, as seen in a radial profile at r/R = 1.5 in the im-

peller outflow region, is higher in Newtonian liquid than in shear-thinning

and followed by shear-thickening. The differences in TKE were traced to the

extra terms that appear in the viscous diffusion term in the TKE equation of

shear-dependent liquids. The same line of reasoning is applied to the viscous

dissipation trend (which also has 2 extra terms due to fluctuating viscosity)

observed in these liquids.

• Turbulent anisotropy was characterized by distance from isotropy |A| – a

technique that has been employed in a number of studies. The distribution of

turbulent anisotropy agrees very much to what is reported in the literature,

i.e. in the plane of the trailing vortex, the bottom of the tank, and in the

centers of the circulating loops.

• Since simulations with the lattice-Boltzmann method give highly resolved

flow data, our simulations compare very well to the empirical correlations
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in [17]. Results from our simulations indicate the radial and tangential MDH

profiles exhibit a slight dependency on n. The widening effect of profile with

n observed experimentally is also seen in our simulation for the radial and

tangential profiles. Then, in addition to the tangential, axial rms velocity

profile also shows a weak dependency on n.

• The power number for shear-thinning liquids of different n but at the same

Re, gives reasonable agreement with experimental data found in the litera-

ture.

In this chapter, the simple power-law equation was used to characterized the vis-

cous behavior of the shear-dependent viscosity liquids. One drawback of this

equation is its instability in very low- and high- shear regions. Although this is-

sue was not observed in this work, it will be useful to check with other models. If

one desires a more accurate representation of the viscosities in these liquids then

higher parameter models like the Carreau or Ellis models can be used. Of course

these models come with their challenges, as in the application of these models one

has to find a natural way of handling and representing the extra parameters in

these models.
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5 Solid particle motion in

turbulently agitated

non-Newtonian liquids

The response of non-Newtonian behavior to turbulent stirred tank conditions was

explored in the previous chapter. Turbulent characteristics such as turbulent ki-

netic energy and anisotropic states were observed to have subtle differences al-

though velocity flow structures and circulation patterns in the tank were struc-

turally similar.

The purpose of this work is to examine and possibly identify the effect of non-

Newtonian rheology on the turbulence characteristics as well as the settling and

distribution of solids in a stirred tank. There is not much to find in the literature

concerning solid particles in turbulently agitated non-Newtonian carrier liquids. It

is understood that the complexity of turbulence and the variety of non-Newtonian

characteristics [1, 2] is the reason for limited research into turbulent flow of non-

Newtonian liquids. The Lattice-Boltzmann method, LBM, is employed in the di-

rect numerical simulation of liquid-phase while discrete particle modeling is used

in the modeling of the solid-phase in this two-phase flow. In all simulations, the

suspensions are dilute −3.29% by mass fraction and so simulations are one-way

coupled (i.e. particles “feel” the liquid but doesn’t influence liquid). This assump-

tion has been investigated and proven reasonable by Picciotto et al [3] who studied

modulation by particles over solid boundary layers.

The outline of this chapter is as follow: first, a section on description of the flow

52
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systems and cases in terms of flow geometry, liquid characteristics and simulation

procedure; this is followed by presentation of particle dynamics where the various

forces acting on particles in the tank are presented and method of implementation

is also discussed. Then after, a results and discussions on particle velocity fields,

vertical solids distribution, effect of Reynolds number, impact of Stokes number

section is next; and the chapter is then tailed by a conclusion.

5.1 Flow system and cases

The stirred tank simulated is a standard 10L lab-scale tank equipped with four

baffles with a Rushton turbine mounted at clearance T/3 from bottom. Fig. 5.1

gives details of its configuration and dimensions. Observe that D = T/3 = 7.78×

10−2m; and the top of the tank is closed like the tank used in Chapter 4 as this

prevents air entrainment.

Figure 5.1: Tank geometry; midway view of the tank (left), vertical cross-section view at z=T/3
and dimensions of impeller blades in (r,z) co-ordinates. Source: Derksen [4]

In the base case simulations, for each Re, 6.0× 103, 8.5× 103, 1.25× 104 four sim-

ulations were set-up with flow indices n = 0.68, 0.85 1.00 (Newtonian) and 1.20.

The Herschel-Bulkley cases were done at Re = 8.5 × 103 and n =0.68, 0.85 and

1.20; also, the Yield-stress number (refer to previous section for definition) for these
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simulations was always Y =1.83× 10−3. The choice of Re and n are inspired by

data available in the literature, hence are known a priori like D and liquid density

ρl = 103Kg/m3. The formal presentation of the cases simulated is shown in table

5.1 below. The definition of Re, is based on Metzner & Otto [5] concept of “aver-

age” shear in the derivation of the mean apparent kinematic viscosity. Please refer

to section 4.2 of the previous chapter on apparent viscosity determination for the

power-law liquids. For the case of the Herschel-Bulkley fluid model, the apparent

viscosity is given as Eqn 3.20. We define Reynolds number as previously Eqn 4.1

but repeated here for convenience.

Re =
ρl ND2

ηa
(5.1)

N is chosen to be 30rev/s and thus, the only unknown in (5.1) can now be found

and further used in finding the consistency index, K of the power-law and Herschel-

Bulkley fluid. Note that the exact definition of ηa depends on the rheology of the

fluid as ηa = µ for Newtonian, ηa = Kγ̇n−1
a = K(πN)n−1 for the power-law liq-

uids and ηa = τ0/γ̇ + Kγ̇n−1 for the Herschel-Bulkley fluids. In the simulations

particles are mimicked as rigid spheres initially uniformly randomly distributed

throughout the tank. All particles used had diameter of 0.65mm. Except for case

3B which had density ratio ρs/ρl = 1.70 all other cases had ρs/ρl = 2.50; also

mass fraction of solids was 3.29% for base case simulations. The Stokes number

Stk =
(

ρp Nd2
p

18ηa

)
, defined as, ratio of Stokesian particle relaxation time and the time

of one impeller revolution was set to less than unity to ensure particle flow closely

couples to that of the liquid flow field as simulations are one-way coupled. The

choice of impeller speed N = 30rev/s is judicious given the fact that it exceeds the

Zwietering [6] just suspended criterion given as:

Njs = s
d0.2

p η0.1
a (|g|∆ρ)0.45Φ0.13

m

ρ0.55
l D0.85

(5.2)

this gives Njs values of 22.7, 21.9 and 21.6 rev/s for Re=6.0× 103, 8.5× 103, 1.25×



5.2. Particle dynamics 55

104 respectively. The application of Njs to non-Newtonian suspensions seems ex-

pedient in the view of the author given the absence of correlations for particle

settling in non-Newtonian liquids.

cases(#) Re×103[−] n [ - ] ηa × 10−2[Kg/m/s] Stk× 10−2[−] Y×10−3

1A(4) 6.0 0.68,0.85,1.00,1.20 3.04 5.78 -
2A(4) 8.5 0.68,0.85,1.00,1.20 2.15 8.24 -
2B(3) 8.5 0.68,0.85,1.20 2.15 8.24 1.83
3A(3) 12.5 0.85,1.00,1.20 1.46 12.1 -
3B(2) 12.5 0.85,1.00 1.46 8.24 -

Table 5.1: Fluid characteristics and Stk of the various cases in this work

As indicated earlier, LBM is employed in the solution of the equations of mo-

tion of the fluid. The 10L tank is simulated on a cubic grid of size 1803. Boundary

conditions on the static (cylindrical tank wall and baffles) and non-static (impeller)

were imposed by an immersed boundary technique also known as the adaptive

force technique [7]. The spatial resolution was such that the tank diameter T cor-

responded to 180 grid spacings, ∆ = T/180 = 1.3mm. The impeller makes a

complete revolution in 2000 time steps, thus, 1 time step (also temporal resolution)

of the simulation is (2000N)−1 = 16.67µS on the wall clock.

5.2 Particle dynamics

Modeling of particle dynamics was done following the approach of Derksen [4].

A particle at position xp has three degrees of freedom i.e. three linear co-ordinates

(no rotational co-ordinates because particle rotation has been neglected in these

simulations). And its equations of motions are solved by:

dxp

dt
= vp ρs

π

6
d3

p
dvp

dt
= ∑ F (5.3)

with vp the velocity of the particle and forces in consideration being net gravity

Fg = (ρs − ρl)π
6 d3

pg where g denotes force of gravity; the drag force is given by:

FD = CD
π
4 d2

p
1
2 ρl|u− vp|(u− vp) (CD and u denote drag coefficient acting on parti-
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cle and liquid velocity respectively). Added mass force given by FAM = 1
2 ρl

π
6 d3

p
dvp
dt

is considered in this work. Given the viscous nature of fluids in consideration, the

drag force is expected to be the dominant hydrodynamic force; consequently, lift,

stress-gradient and history forces have been neglected. The drag coefficient used

is based on the Rep as in Schiller & Naumann [8] defined as Rep = ρl |u−vp|dp
ηa

and

CD =

24Re−1
p (1 + 0.15Re0.687

p ) Rep < 1000

0.44 Rep ≥ 1000
In the simulation, particles collide with other particles (particle-particle colli-

sion), with the wall (particle-wall) and with the impeller blades, shaft and disk

(particle-impeller). All collisions are perfectly elastic and frictionless. The collision

algorithm described by Derksen [9] is applied here. A particle can collide only once

in a time step. Clearly, this assumption limits the time step or number of particles

in the tank at each time step, however, this method reduces the huge computa-

tional expense required to simulate multi-collisions of particles at unit time steps

given the fact particle-particle collision is an M2 where M is the number of parti-

cles; thus, for 2 collisions per particle per time step the process becomes M3. In

the event the collision detection algorithm misses a collision as in the situation

where two particles are so close their mutual distance will be less than dp in the

subsequent time step, the missed collision algorithm is executed (please refer to

the cited article for more on the handling of missed collision). As indicated ear-

lier, simulations are one-way coupled; this choice is largely due to findings in a

similar numerical study [4] in which two-way coupled simulations of solid parti-

cles agitated in Bingham liquids did not vary significantly from one-way coupled

simulations at solids loading of 3.37%.

5.3 Results and Discussion

All simulations were initialized to a zero liquid and particle velocity flow field at

start. In total, 35 impeller revolutions were simulated. Snapshots of solid parti-

cle velocities are shown in Fig.5.2–5.5. The onset of turbulence, evident in chaotic
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eddy structures can be seen from tN = 1 and after. As we expect, the instantaneous

view should provide no differences in turbulence structures of the power-law and

Newtonian suspensions given the fact that these systems are structurally and dy-

namically similar. Among the suspensions with yield stress liquids (Herschel-

Bulkley fluids), the formation of an active cavity is observed in the simulation with

flow index n =0.85 and 0.68 (not shown) but not in n =1.20. This can be rational-

ized on the viscous behavior of the fluid. Compared to the “regular” Herschel-

Bulkley fluid with n < 1, the fluid shear thins after the yield stress is exceeded and

thus, in its velocity flow field, there will be a cavity around the impeller which of

course has a size dependent on many factors including the magnitude of the yield

stress, impeller clearance, etc; and around this cavity will be dead zones – areas of

poor mixing where fluid is unyielded. In the dead zones, particles are held in sus-

pension primarily by the fluid yield stress. In the case of n =1.20, the fluid shear

thickens around the impeller where shear forces are greatest. This thickened fluid

with higher viscosity is easily displaced surrounding less dense fluid by turbulent

convection.

Figure 5.2: Case 3B, suspension with Newtonian liquid. Absolute particle velocity in vertical
mid-baffle slice of thickness 0.01T at tN = 1, 10, 15, 30
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Figure 5.3: Case 3B, suspension with shear-thinning liquid. Absolute particle velocity in vertical
mid-baffle slice of thickness 0.01T at tN = 1, 10, 15, 30

Figure 5.4: Case 2B, suspension with Herschel-Bulkley fluid n = 0.68. Absolute particle velocity
in vertical mid-baffle slice of thickness 0.01T at tN = 15, 20, 30, 35.

Figure 5.5: Case 2B, suspension with Herschel-Bulkley fluid n = 1.20. Absolute particle velocity
in vertical mid-baffle slice of thickness 0.01T at tN = 15, 20, 30, 35

The viscous behavior of the shear-thickening Herschel-Bulkley fluid also affect

the kinetic energy of the liquid phase. The absence of a cavity in such fluid dis-

tinguishes its liquid phase k contour from other yield stress fluids by absence of

dead-zones above the cavity. Fig. 5.6 shows k contour plots of five suspensions all

at Re=8.5× 103.
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Figure 5.6: contours of k/V2
tip for shear-thinning (n = 0.68), Newtonian, shear-thickening(n =

1.20), HB(n = 0.60) and HB n = 1.20.

In studying how high Reynolds number affects particle settling and distribution

in the tank, the author wishes to make clear once again that, for cases tested in 1A,

2A and 3A, the difference or increase in Reynolds number is a result of decreasing

apparent viscosity of the working fluids. All cases were simulated with impeller

speed of N = 30rev/s and in the same tank settings with constant fluid density.

Obviously, the increasing concentration at the bottom with Re, is as a result of re-

ducing viscous resistance and thus, gravity pulling particles towards tank bottom

much easily. Fig. 5.7 shows the effect of changing Re with n on the vertical solids

concentrations. Also, particle accumulation at the tank bottom of non-Newtonian

shear-thinning liquids is considerably higher than that of Newtonian liquids; and

shear-thickening liquids held less particles at the tank bottom than Newtonian liq-

uids. This too is a viscous effect, given the fact that relative viscosities (discussed

in previous section in fig. 4.3) of power-law liquids at tank bottom get lower than

Newtonian; and that shear-thinning being least.
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Figure 5.7: Vertical solids concentration horizontally averaged in mid-baffle plane for the differ-
ent power-law liquids from (left to right) Re=1.25× 104, 8.5× 103 to 6.0× 103.

As expected, suspensions with yield stress liquids recorded lower bottom con-

centration of particles than suspensions with power-law or Newtonian liquids. In

similar numerical study with Bingham liquid [4], explained that the fluid yield

stress keeps the particles distributed throughout the suspension. The vertical pro-

files in fig. 5.8 show a more uniform profile (5.8a) for the yield stress fluids in

addition to the lower particle concentration at the tank bottom.

Figure 5.8: Vertical solids concentration horizontally averaged in mid-baffle plane for the
(5.8a) shear-thinning and HB suspensions at n=0.68 and Re=8.5× 103; (5.8b) shear-
thickening and HB suspensions at n=1.20 and Re=8.5× 103.
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In view of the fact that initial three cases – 1A, 2A, 3A, simulated had different

Stokes numbers, case 3B was implemented to investigate the impact of particle

Stokes number on the solids settling. This was done by using carrier phases with

higher density and this reduced the density ratio of solid to liquid, from 2.5 to

1.7. This implementation also served the additional purpose of providing insight

on buoyant effects on the solid particles. In Fig. 5.9, the effect of particle Stokes

number is shown to be independent of the rheology as shear-thinning and Newto-

nian carrier fluids both indicate that for particle settling at the bottom increases (by

nearly 25%) when Stokes number increase (in this case for nearly 50% increase).

Figure 5.9: Vertical solids concentration: effect of Stk number (5.9a) shear-thinning and HB sus-
pensions at n = 0.85 and Re=1.25× 104; (5.9b) shear-thickening and HB suspensions
at n = 1.20 and Re=1.25× 104.

This is not unexpected, in view of the fact that reducing the density ratio be-

tween solid and liquid will inevitably increase the buoyant force acting on a parti-

cle thereby reducing net gravity force on the particle and thus minimizing drift of

particles towards bottom of tank. Although, this result was expected, it invariably

clarifies doubts about the dominant forces which was acting on the particles in

tank; which was initially not clear given the presence of viscous effects in the non-

Newtonian liquids. Initially, it was reasoned that at the high solids concentration

at the bottom of non-Newtonian suspensions was caused by non-Newtonian ef-
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fects acting to increase local viscosity as well as thickening of the viscous sublayer

to trap particles into that region. At the same Stk, when Re is increased particles

show increasing tendency towards the bottom shown in Fig. 5.10

Figure 5.10: Vertical solids concentration: effect of Re on Stk number (5.10a) shear-thinning and
HB suspensions at n = 0.85 and Stk = 8.24× 10−2; (5.10b) shear-thickening and HB
suspensions at n = 1.20 and Stk8.24× 10−2.

In a side study, the solids mass fraction was increased (to 6.63%) in two simula-

tions of shear-thinning n = 0.68 and Newtonian all at Re=8.5× 103. For reasons of dis-

creteness, these results are presented separately from the main findings. Snapshots

of instantaneous particle velocity provide handy information about clustering of

particles, influence of gravity and strength of turbulent dispersive forces. In fig.

5.11, in the start-up phase, gravity pulls particles to the bottom of the tank; and ar-

guably from 5.11c, if the duration of the pre-turbulence phase was any longer most

if not all particles will be lying at tank bottom. Also observe the thick multi-layer

of particles that develops at tank bottom at tN = 5.
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Figure 5.11: Dense suspension simulation of Φm = 6.63%. Particle velocity snapshots in ver-
tical mid-baffle slice of thickness 0.01T from top left to right and down: tN =
2 1

2 , 5, 7 1
2 , 10, 12 1

2 , 20, 25, 30 for shear-thinning at n = 0.85, Re= 8.5 × 103 and
Stk=8.24× 10−2.

When turbulent conditions finally set in (tN = 10 and thereafter), eddies – pri-

marily in the upper circulating loop – can be seen “lifting” particles as high as the

top of tank. The strength of these eddies is best appreciated in the light of the

vertical solids concentration profile. Compared to case 2A (same Re), it is seen

that both Newtonian and shear-thinning examples with high loadings the solids

bottom concentration is far lower than cases with lower loading. The reason for

this is not entirely clear. Another feature observed in the dense suspensions is the

high particle-liquid slip velocities which consequently translates to higher particle

Reynolds number. It is tempting to conclude that these observations, in concentra-

tion profile and Rep, is as a result of modification of liquid turbulence by particle

flow field and/or particle-collisions. The former, a feature of two-way coupled

flows and latter four-way coupled flows where particle contacting is also an issue

and hence usually applied to dense suspensions and granular flows. The reader is

however reminded that in this work simulations are one-way coupled and there

is no feed-back of particle flow field to the liquid. Missed collisions –described in

section 5.2, in the suspension with higher loading were also higher (by factor of

2) as in 6.17% and 12.65% in the Newtonian at Re= 8.5× 103; and also 6.94% and
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13.60% in the shear-thinning suspensions. As explained earlier, missed collision

procedure is executed when two approaching particles will be closer than dp in the

next time step, so it can be seen that in the simulation of dense suspension par-

ticle contacting is important. In this regard four-way [11, 12] coupling should be

applied for this system. Contours of particle Reynolds number are shown in fig.

5.12.

Figure 5.12: Vertical solids concentration: effect of high solids loading. (5.12a) shear-thinning
suspension atn = 0.85 and Re=8.5 × 103; (5.12b) Newtonian suspensions also at
Re=8.5× 103.

Rep

Figure 5.13: Contours of particle Reynolds number Rep for the dense suspension, Φm = 6.63%,
and base case loading shown left. Both simulations were at n=0.85, Stk=8.24× 10−2

and Re=8.5× 103. High slip velocities in the dense suspension results in high particle
Reynolds number.
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5.4 Conclusion and Outlook

The settling and distribution of inertial particles in non-Newtonian liquids agi-

tated with Rushton turbine in a lab-scale tank has been investigated. The non-

Newtonian models used in this work are the simplest commonly occurring types

in oil sands operations. Since these operations usually are in the turbulent regime,

the simulations explore three degrees of Re: 6× 103, 8.5× 103 and 1.25× 104, i.e.

from quasi-turbulent to fully turbulent. Our simulations show that:

• for suspensions with power-law liquids, at the same Re, particle concentra-

tion at the tank bottom increases with decreasing flow index. Thus, shear-

thinning suspensions recorded highest concentration at the tank bottom, fol-

lowed by Newtonian suspensions; shear-thinning suspensions recorded least

bottom concentration of particles. This observation was seen to be consistent

with respect to Reynolds number as all three Re explored produced this be-

havior.

• increasing the Reynolds number, caused significant increase in bottom con-

centration of particles. However, given the fact that the same tank and im-

peller speed is employed, this statement could also be framed as, using less

viscous liquids for the same suspension can cause increase in bottom parti-

cles.

• suspensions with yield-stress liquids expectedly recorded lower bottom par-

ticle concentration. The Herschel-Bulkley model with n > 1 behaved as if

it had no yield stress by not forming a cavity and holding more particles at

tank bottom than those with n < 1.

• viscous effects played little to no role in the settling and distribution of solids

in the non-Newtonian liquids without yield stress; net gravity rather, played

the dominant role in the settling of solids. This is observed in the simulations

with reduced solid-liquid density ratio where solids were found to be less

concentrated at the bottom than base case simulations.
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• when the solids mass fraction was doubled, higher slip-velocities and rather

much lower bottom particle concentration are observed. The concentration

field is much distributed than at the base case mass fraction. This observa-

tion however, needs more insight especially as these simulations are one-way

coupled; in two-way coupled simulation the particles will likely attenuate the

liquid flow turbulence given the fact that dp/D < 0.1 [11].

In general, faster stirring is known to increase suspension homogeneity [10] in

Newtonian systems and cause the opposite effect in suspensions with Bingham

liquids [4]. It will be interesting to examine this effect in power-law and Herschel-

Bulkley fluids in our simulations. Then also, since the grand objective of this

project is to acquire insight into impact of non-Newtonian behavior of oil sands

tailing, future work should deal with higher solids mass fraction in the proximity

of 10%.
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6 Conclusions and Outlook

6.1 General Discussion

The work presented in this thesis forms part of a broader research to investigate the

impact of non-Newtonian behavior on oil sands tailings. Because tailings exhibit

a broad spectrum of non-Newtonian characteristics − shear-thinning/thickening,

yield stress, time-dependency − the initial phase of the research focused on in-

corporation of purely viscous (i.e. without time-dependency and memory of shear

history) non-Newtonian characteristics into liquid phase. The first systematic work

was done with Bingham liquids [1], and my task was to continue with shear-

thinning/thickening and Herschel-Bulkley fluids.

In order to put this work into proper academic context, it was decided to be-

gin with single phase agitation of the selected liquids since the literature was bar-

ren with non-Newtonian turbulence. The scope at this phase to say the least was

bound by what (was there.) Starting with agitation of dynamically similar (same

agitation system and at Re=6× 103) Newtonian, shear-thinning, shear-thickening

and Bingham liquid flows in base case simulations, results from this batch of sim-

ulations prompted further investigation into the flow index. This enabled di-

rect comparisons of results to data in the literature about shear-thinning velocity

profiles. In the second phase of the work, solid particles were introduced into

the tank and agitated. The modeling of this two-phase flow followed the Eule-

rian/Lagrangian approach. The main findings of this work are summarized be-

low.
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6.2 Single phase non-Newtonian agitation

• Viscous characteristics of non-Newtonian liquids govern the characteristics

of the flow structures observed during the agitation of these liquids. The

turbulent flow structures of shear-thickening liquid however, closely resem-

bled that of Newtonian liquid. Cavern formation for shear-thinning liquids

observed experimentally at n < 0.3 is seen in this work at n = 0.5 and

Re=6× 103.

• Although similar structures were seen in the contours of turbulent kinetic

energy, k for the shear-thinning/thickening and Newtonian liquids, the dif-

ferences in these structures were analyzed in terms of percentage of high k

regions. It is observed that the Newtonian liquid had the highest percentage

in terms of high k regions, followed by the shear-thickening (n = 1.5) and

then shear-thinning (n = 0.5).

• Expecting the viscous dissipation trend to reflect these differences in the tur-

bulent kinetic energy (TKE) structures, viscous dissipation was estimated for

the three different liquids at Re=1.25× 104. The trend did not support the ob-

served differences in the kinetic energy contours as it showed the Newtonian

liquid having the highest dissipation rate, followed by the shear-thinning

and shear-thickening. This was traced to the extra terms in the TKE equation

of non-Newtonian liquid which constitute (viscous) diffusion in the turbu-

lent kinetic energy as well as reduced dissipation. See appendix for details.

• Simulations compare well to the empirical correlations for shear-thinning liq-

uids found in the literature. Results from these simulations indicate the ra-

dial and tangential mean disk height profiles exhibit a slight dependency on

n. The widening effect of profile with n observed experimentally is also seen

in our simulation for the radial and tangential profiles. Then, in addition to

the tangential, axial rms velocity profile also shows a weak dependency on

n.
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• The power number for shear-thinning liquids of different n but at the same

Re, gives reasonable agreement with measurements in the literature.

6.3 Solid particle motion in turbulently agitated

non-Newtonian liquids:

• Particles consistently showed a higher preference for settling at tank bottom

in shear-thinning suspensions than in Newtonian and shear-thickening sus-

pensions. At the same Re, particle concentration at the tank bottom increases

with decreasing flow index for the power-law liquids. Thus, shear-thinning

suspensions recorded highest concentration at the tank bottom and shear-

thickening suspensions had the least.

• Increasing the Reynolds number (by using less viscous power-law liquid but

at the same n and agitator configuration), caused large increases in bottom

concentration of particles. This observation is also valid for the suspension

with Newtonian liquid. As anticipated, the suspensions with yield stress

(Herschel-Bulkley) fluids had more uniform vertical particle profile and less

particle concentration at the tank bottom. Among these fluids, when the flow

index n > 1, the fluid behaved like it had no yield stress in not forming a

cavern (as observed in the velocity snapshots and turbulent kinetic energy).

It also held more particles at tank bottom than those with n < 1.

• At the same Re, when a denser liquid is used so as to analyze the impact

of reduce the solid-liquid density ratio, there is less particles at tank bottom.

Although this outcome is not unexpected; it nullifies our initial assumption

that non-Newtonian effects (in the viscous sublayer) could be responsible

in the high solids concentration at tank bottom in suspensions with non-

Newtonian liquids. The new picture formed out of averaged vertical profiles

of both solids concentration and viscosity indicates a certain trend. Getting

to the tank bottom, the relative viscosity of non-Newtonian liquids decreases
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getting further less than unity (shear-thinning lesser than shear-thickening)

while solids concentration increases. In effect, the increase in bottom solids

concentration is a response of weakened viscous resistance as particles are

pulled to the bottom by net gravity force. This explains why using a denser

liquid will result in reduced bottom solids concentration in both Newtonian

and non-Newtonian liquids since buoyant forces are higher now and dimin-

ishes net gravity force.

• The simulations with denser liquid also served a second purpose in studying

the effect of particle Stokes number, Stk. At Re=1.25× 104 both Newtonian

and shear-thinning (n = 0.85) suspensions with Stk=1.21 × 10−1 recorded

more bottom solids concentration than Stk=8.24× 10−2.

• When the solids mass fraction was doubled, higher slip-velocities and rather

much lower bottom particle concentration is recorded. The concentration

field is much more distributed than at the base case mass fraction. This ob-

servation however, needs more insight especially as these simulations are

one-way coupled.

6.4 Outlook

• For the base case simulations, it was predicted on the basis of their dynamic

similarity that flow structures will exhibit to a fair extent high structural sim-

ilarity (except at the boundaries and at the small scales). Nonetheless, subtle

differences were observed in the turbulent kinetic energy, Reynolds stresses

and anisotropic contours for these liquids. These differences is believed to

stem from the physics at the small scales. The small scales here refers to the

Kolmogorov scale where viscosity is important. In the base case simulation

for instance, the calculated Kolmogorov size is ηK = L ·Re−3/4 (where L is the

characteristic length scale usually taken to be impeller diameter D) which is

about 0.114mm, however, the spatial resolution ∆ = T/180 of the simulation
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corresponds to a linear size of 1.3mm and thus, the dynamics of the scales

below this resolution will be “low pass filtered”.

• One can counter the argument above by making the case that in DNS, it is

possible to capture flow dynamics precisely even if the flow does not resolve

the smallest scale. Moin & Mahesh [2] have argued that the ηK restriction

on DNS is too stringent and that the resolved small scale should be of the

order of ηK i.e. O(ηK). In fact in spectral DNS of curved channel flow [3],

most dissipation occured at scales greater than 15ηK. This could be true for

lattice-Boltzmann simulations too, however until it is confirmed by practice,

the small scales cannot be ignored.

• Two-way coupling will, to a large extent be more beneficial for this work in

unlocking the local particle-liquid interaction. This should combine with a

decent spatial resolution and Kolmogorov scale (ηK of about the size of par-

ticle). This will ensure that velocity gradients induced at the particle surface

is resolved and not “overwhelmed” [4] by the turbulent liquid flow.

• Then also, it would be interesting looking at how more accurate (higher pa-

rameter models e.g. Carreau, Ellis models etc) for the shear-thinning and

shear-thickening liquids will perform in contrast to the power-law model.

• Last point concerning liquids, future work should explore complex rheolo-

gies likes thixotropy and elasticity, the former is a common characteristic of

certain tailings.

• As there are no correlations for drag force on particles in turbulent non-

Newtonian liquids, the local particle Reynolds number are derived with local

apparent viscosity of the liquid and then used in calculating the drag force. In

general, the literature of hydrodynamic forces on single particle mobility in

turbulent non-Newtonian fluid is pretty empty. Although not connected, fu-

ture research should aim at deriving correlations for these forces experimen-

tally or computationally. In addition to applying appropriate correlations
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and forces, hydrodynamic force interactions due to multi-particles should be

considered in future work as single particle correlations have been used in

these simulations.

• In order to elicit a more practical model of tailings, the fines phase should

have to be considered. In this work, the fines was assumed to be non-settling

and homogeneous with the liquid phase. One can easily predict in any realis-

tic turbulent two-way coupled model of tailings with fines present, the fines

will contribute to attenuating the turbulence and in industrial processes this

might have consequences for power and energy input into the agitation sys-

tem. Then again, it should also be emphasized that the non-settling nature of

the fines is due to the presence of surface forces that keep the fine particles as

distributed as much as possible in the suspension due to long range repulsive

forces. In this regard, a good model of tailings fines must take these surface

forces into consideration to avoid simulating a bidispersed particle phase. In

that case, the resultant flow field will be the same as a simulation with the

median size of both particles.

• In reality, the task of simulating tailings flow is not an easy task not only

from modeling point of view. The computational resources required for a

lab-scale tank, as in this work, is beyond current and near future capabilities.

Considering the fact that tailings have high solids loading [5] 55% (of which

82% is course and 17% is fines) and also have residual bitumen present in the

liquid phase, a mesoscale simulation approach will be most practical in fully

understanding the particle mobility in tailing systems.
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Appendix

Derivation of turbulent kinetic energy equation for

generalized Newtonian �uids as well as Newtonian

�uids

Given the incompressible Navier-Stokes:

∂ũ
∂t

+ ũj
∂ũi

∂xj
= −1

ρ

∂ p̃
∂xi

+
∂

∂xj
2ν̃a s̃ij (A-1)

where s̃ij = 1
2

(
∂ũi
∂xj

)
; ũ = U + u; p̃ = P + p where capital symbols denote averaged

quantities/variables, lower case representing fluctuating values of the turbulent

variables. The instantaneous kinematic viscosity ν̃a can also be expressed as ν̃a =

ν + νa where ν is the average apparent viscosity and νa is the fluctuating apparent

viscosity [1]. Expanding the instantaneous expression above yields

∂(Ui + ui)
∂t

+ (Uj + uj)
∂(Ui + ui)

∂xj
= −1

ρ

∂(P + p)
∂xi

+ 2
∂

∂xj
(ν + νa)

(
Sij + sij

)
(A-2)

time averaging (A-2) yields

∂Ui

∂t
+ Ui

∂Ui

∂xj
+

∂uiuj

∂xj
= −1

ρ

∂P
∂xj

+ 2
∂

∂xj

(
νSij + νaSij + νaSij

)
(A-3)
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subtracting (A-3) from (A-2) gives

∂ui

∂t
+Uj

∂ui

∂xj
+ uj

∂Ui

∂xj
+ uj

∂ui

∂xj
−

∂uiuj

∂xj
= −1

ρ

∂p
∂xj

+ 2
∂

∂xj

[
νsij + νaSij + νasij − νaSij − νasij

]
(A-4)

multiplying through by ui followed by substitution of k = 1
2 uiui and then averag-

ing yields

∂k
∂t

+ Uj
∂k
∂xj

+ uiuj
∂Ui

∂xj
− uj

∂k
∂xj

= −1
ρ

∂pui

∂xj
+ 2

[
ui

∂

∂xj
νsij + ui

∂

∂xj
νaSij + ui

∂

∂xj
νasij

]
(A-5)

the terms in the brackets can be processed further in the manner similar to this

example, e.g. ui
∂

∂xj
νsij = ∂

∂xj
uiνsij − νsijsij implementing this rule in (A-5) gives

∂k
∂t

+ Uj
∂k
∂xj

I

= −1
ρ

∂pui

∂xi
I I

− uiuj
∂Ui

∂xj
I I I

+
∂

∂xj

(
−1

2
uju2

i + 2νuisij + 2νauiSij + 2νauisij

)
IV

−
(
2νsijsij + 2νasijSij + 2νasijsij

)
V

The usual interpretations for the various terms are:

I – rate of change of kinetic energy (with time and convection)

II – transport of TKE by pressure fluctuations

III – shear production of TKE, note that sign is reversed so that −uiuj
∂Ui
∂xj

to

represent a gain to TKE

IV – diffusion of TKE due to turbulence itself
(
−1

2 uju2
i

)
and viscous stresses

V – viscous dissipation of TKE

In the case of Newtonian liquid, (A-1) is written as:

∂ũ
∂t

+ ũj
∂ũi

∂xj
= −1

ρ

∂ p̃
∂xi

+
∂

∂xj
2νs̃ij (A-6)
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When the steps above are repeated for (A-6) keeping in mind the viscosity is

constant, the final equation for the turbulent kinetic equation for a Newtonian

liquid becomes

∂k
∂t

+ Uj
∂k
∂xj

= −1
ρ

∂pui

∂xj
− uiuj

∂Ui

∂xj
+

∂

∂xj

[
−1

2
uju2

i + 2νuisij

]
− 2νsijsij (A-7)

Shear-thinning �ow index e�ect on the �uid

rheology: simple parameter study

Assuming the power-law model for the shear-thinning fluid, the shear stress given

by: τ ≡ −ηγ̇ now becomes τ =Kγ̇n. The plot of τ vs γ̇ below shows that keeping K

constant, the viscous behavior at low n is very similar to that of yield-stress fluids.

Figure A-1: Viscous behavior of shear-thinning liquids with at same K but with varying n, the
Bingham line shows proximity of the n = 0.1 case to the bi-viscosity model used in
implementing the Bingham liquids in this thesis.
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