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Abstract 

For a pure bulk (unconfined) fluid, phase transition happens at the saturation 

pressure. In contrast, for a fluid inside a confinement of small size (commonly 

below micrometers), vapour and liquid coexistence may happen at pressures other 

than the saturation pressure; or an expected phase transition might be prevented 

due to tight confinement of a specific geometry.  Practical examples include fluids 

confined in miniaturized systems, catalysts, membranes, and reservoir rocks.  

This thesis makes a comparative study, using thermodynamic stability analysis, of 

new phase formation out of a confined fluid, for three different confinement 

geometries of conical pit, plate‒plate, and sphere‒plate. Both the formation of 

liquid out of vapour and vapour out of liquid are studied for each geometry.  

Effects of different parameters: the equilibrium contact angle, the confinement 

solid separation, and the sphere size for the sphere‒plate case, are investigated. 

The conclusions of this comparative study are extendable to other geometries.  
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Nomenclature 

A Surface area 

α 
Half filling angle of the bridge for sphere‒plate 

geometry 

  Half of the cone apex angle 

Bo Bond number 

∆ Difference 

d 
Bridge half width for a bridge between two flat 

plates, or between a sphere and a flat plate 

F Helmholtz free energy 

  Half−filling angle of the new phase inside a cone 

g Standard gravity 

G Gibbs free energy 

γ Surface tension 

h 
Height of the interface (from apex of the cone) 

for liquid−vapour interface inside a cone 

h' 
Distance between the highest and the lowest parts 

of the liquid−vapour interface inside a cone 

H 
Distance of the closest approach between solids 

for  two flat plates, or sphere‒plate geometry 

HBreak  Breakage distance 

k Number of components in a phase or interface 

  Characteristic length of the new phase 

   Capillary length 

  Chemical potential 



 

 

N Number of molecules 

P Pressure 

P∞ Saturation pressure 

r 

Radius of the circle approximating the vertical 

section of a liquid−vapour interface between two 

flat plates, or between a sphere and a flat plate 

   Universal gas constant, 8.314  
 

      
 

R1 , R2 Principal radii of curvature 

R1e , R2e Equilibrium principal radii of curvature 

RC Kelvin radius 

Rm Mean radius of curvature 

ρ Density 

S Entropy (Extensive property) 

S
C
 Entropy of the composite system 

T Temperature 

U Internal energy (Extensive property) 

θ 
Contact angle 

θe Equilibrium contact angle 

θt Transition contact angle 

V Volume (Extensive property) 

  
  Specific volume of liquid at saturation pressure 

W 
Radius of the three phase contact circle for the 

liquid−vapour interface inside a cone 

y1 

y position of three phase contact with the lower 

solid for a bridge between two flat plates, or 

between a sphere and a flat plate 



 

 

y2 

y position of three phase contact with the upper 

solid for a bridge between two flat plates, or 

between a sphere and a flat plate 

Superscripts  

a Typical bulk phase 

b Typical bulk phase 

ab Typical interface between phases a and b 

L Liquid phase 

LV Liquid−Vapour interface 

R Reservoir 

S Solid phase 

SL Solid−Liquid interface 

SV Solid−Vapour interface 

V Vapour phase 

Subscripts  

0 Reference condition 

1 Component (1) 

2 Component (2) 

e Equilibrium state 

i Typical component in a phase or interface 

∞ Refers to saturation condition 
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1. Introduction 

For a pure fluid inside a container with walls that are distant from one another 

(unconfined fluid), liquid−vapour equilibrium only happens at the saturation 

pressure. At saturation pressure, both the liquid and the vapour phases are stable in 

the bulk and are separated by a flat interface. At any pressure other than the 

saturation pressure only one phase is stable in the bulk phase; i.e. the vapour phase 

for pressures below the saturation pressure and the liquid phase for pressures above 

the saturation pressure.  

In contrast, phase behaviour of a fluid may be affected as a result of confinement. 

At small−scale confinements of specific geometry, vapour and liquid phases may 

coexist at stable equilibrium even at pressures other than the saturation pressure.  

Also in very tight confinements, the predicted phase transition (from liquid to 

vapour or vice versa) might not happen.  

In this thesis for each geometry of interest, fluid inside a confinement can be placed 

in one of four categories based on the initial phase type (liquid / vapour) and the 

pressure of the confined fluid (above/below the saturation pressure). Therefore a 

confined fluid is among one of these situations: ❶ confined vapour phase at 

pressures below the saturation pressure, ❷ confined vapour phase at pressures 

above the saturation pressure, ❸ confined liquid phase at pressures below the 
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saturation pressure, or ❹ confined liquid phase at pressures above the saturation 

pressure. Various phenomena are known to be produced by a confining geometry, 

in each of the preceding situations.  

Situation ❶: At pressures below the saturation pressure, vapour is the stable 

phase in bulk (without confinement). If this vapour phase is confined by 

wettable walls, some liquid phase can condense out of and coexist with this vapour 

phase at pressures below the saturation pressure (although the liquid phase is not 

stable in bulk, i.e. without confinement, at this pressure). Formation of liquid out of 

a bulk vapour phase inside a confinement of wettable walls at pressures below the 

saturation pressure is well known as capillary condensation 1. A sketch of capillary 

condensation is shown in Figure ‎1-1 for three different confining geometries of 

interest. It is worth pointing out that wettable walls are made up of a solid material 

that results in the concave meniscus inside any confinement.  

 

Figure ‎1-1 Schematic of a liquid bridge with a concave meniscus inside three different 

confinement geometries: (a) inside a conical pit, (b) between two flat plates, and (c) between a 

sphere and a flat plate. 

Situation ❷: Tightly confined vapour inside a confinement with non−wettable 

walls (solid material for which the contact angle is in the range of 90º to 180º) 
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might not change into liquid even though the vapour pressure is above the 

saturation pressure, and the stable phase in bulk is liquid. 

Situation ❸: A liquid phase at pressures below the saturation pressure and 

confined with wettable walls, may or may not transform into vapour depending 

on how tight the confinement is. This is interesting because at pressures below the 

saturation pressure the stable phase in bulk is vapour, and not liquid.  

Situation ❹: Liquid is the stable phase in bulk when the pressure is above the 

saturation pressure. If this liquid is confined by non-wettable walls, some 

vapour evaporation (with concave meniscus) and hence coexistence of liquid 

and vapour may happen, even though the pressure is above the saturation 

pressure. This phenomenon is called capillary evaporation 1, 2. 

These phenomena inside a confinement happen as a result of two factors: i) high 

surface−to−volume ratio of the new born phase, ii) different interfacial tension of 

solid material with liquid and vapour, which results in curved liquid−vapour 

interface and hence in pressure difference across the interface 3. 

1.1. Confined fluids in applications  

Confined fluid phenomena are of great practical importance in oil and gas, 

chemical and pharmaceutical industries, many geophysical phenomena, and 

increasingly fabrication and function of miniaturized system, among many others.  
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There are several cases where these phenomena are beneficially employed. Liquid 

phase sintering and foam stabilizing with particles are industrial examples of 

applying capillary condensation 4. Capillary condensation has been employed for 

separation purposes such as methanol‒ hydrogen separation in inorganic 

membranes 5. Also pore size distribution of porous materials such as mesoporous 

molecular sieve (MMS) is primarily assessed based on adsorption isotherms of 

capillary condensation 6. 

On the other hand, there are many cases where confined fluids have unfavourable 

results which are to be prevented. Adhesion problems happen, as a result of 

capillary condensation, in miniaturized (<1mm) system components of micro- and 

nano- electro-mechanical systems (MEMS and NEMS), telecommunications, 

automotive industry, surgery, etc, both during fabrication and operation of the 

system components 7. In brittle solids, capillary condensation has a consequence of 

crack propagation 8. Both in storage and processing of powdered materials, 

capillary condensation of water from relatively humid air cause some problems 9. 

Understanding the basics of confined fluid behaviour results in better design, either 

to employ or prevent these phenomena. The next section reviews some of the 

previous studies.  

1.2. Models to describe confined fluids 

 Both applying and preventing these phenomena require a close study of the 

phenomena and various parameters that are involved. Lord Kelvin (Thomson) was 
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the first who explained capillary condensation for the case of vapour‒liquid 

coexistence 2, 7. Since then several studies have been performed.  

Many experimental studies have been performed, mostly for capillary 

condensation, to achieve a better understanding of confined fluid phenomena. For 

example, atomic force microscopy (AFM) has been widely used, in which various 

tip shapes and materials (with different wettability), and different separation 

distances from the tip can be studied. AFM results showed that the capillary force 

is sensitive to ambient humidity (relative vapour pressure, i.e. the ratio of vapour 

pressure to the saturation pressure), and tip / particle wettability 10. In several other 

works, the formation or disappearance of liquid bridges as a result of a decrease or 

an increase in separation distance of solid surfaces in the surface force apparatus 

(SFA) has been studied experimentally 11, 12.  

Many theoretical models of confined fluid behaviour have been developed to 

reduce the cost of trial and error (experiments) in design. Various existing models 

can be categorized, as presented by Chau in his thesis 7, in three groups based on 

the application scale: 1) Macroscopic models that consider phases to be uniform. 

These models are valid down to a scale of several nanometres (approximately 

5nm). 2) Molecular scale models which consider each particle of the fluid 

individually. Molecular dynamics, Monte Carlo simulations, and Lattice models 

are different methods under this category.  Even with today’s fastest computers, 

these models are only applicable to very small geometry problems (for particle 

number of less than 106, or equivalently over a scale of less than approximately 30 
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nm). 3) Mixed models as a compromise between microscopic and macroscopic 

approaches, including Density Functional Theory. Although these methods demand 

less computing time, they are still only applicable to small scales (less than 100 

nm)7. 

Up until now, macroscopic models have been employed more commonly due to the 

wide range of size (from above approximately 5nm to several millimetres) they can 

predict 7 at a ―much reduced computational cost‖ 10.  

Most of such macroscopic modeling efforts investigate the phenomena from a 

mechanical point of view. The focus is to develop some relation to calculate the 

adhesion force between particles of different geometries as a result of the capillary 

bridge (capillary neck) for capillary condensation, or capillary evaporation 

phenomena. However most of these models are dedicated to capillary condensation 

for various fundamental geometries, such as the gap between plate‒plate 9, 

sphere‒plate 9, 10, 13, 14, cone‒plate 9, 10, 13, 14 (also truncated cone‒plate10) , 

cylinder‒plate 13, 14, sphere‒sphere 9, 14, 15and cone‒cone 9, 14 among many others.  

Even in studies from the mechanical point of view with the focus on force 

calculation, some subtle equilibrium thermodynamic assumptions are made. In 

some of these studies, the exact shape of the meniscus of the new phase is 

calculated (through the Kelvin equation, equation (‎2.20)) assuming perfect 

thermodynamic equilibrium between the confined phase and the new phase that 

forms out of the confined phase 10. The results from equilibrium assumptions are in 

good agreement with surface‒force apparatus results, for example in atomic force 
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microscope (AFM) where the contact is typically between 0.1 to 1 second 13. Many 

others use the toroidal approximation for the shape of the bridge, as it was in good 

agreement with the exact shape calculations 9. 

Another approach of modeling the confined fluid behaviour is thermodynamic 

stability analysis. In this approach, first an appropriate free energy of the system is 

determined, then stability of the new phase formation out of a confined fluid is 

investigated through the trend of the free energy vs. size of the new phase. It can be 

determined whether the phase transition is possible, and if so whether the whole 

initial phase turns into the new phase, or the initial and new phase can coexist at 

equilibrium 16-18 . This approach has also been used to describe other surface 

phenomena, such as the ease of heterogeneous nucleation on fluid surfaces, 

compared to rigid surfaces 19.  

Fewer articles can be found using this approach; however the results of such 

studies predict several observations and reveal the reason behind many phenomena: 

Through such thermodynamic stability analysis, vapour formation and growth from 

a liquid −gas solution in a system of constant mass and volume within bone cells 

(modeled by a conical pit) is shown to be one potential reason of cell death after 

decompression 20.  

In some other studies, surface roughness in contact with a liquid‒gas solution (with 

gas concentration in the liquid being slightly greater than the equilibrium value) at 

constant pressure and temperature and with system boundaries closed to mass 
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transfer was analysed with surface thermodynamic. There surface roughness was 

represented by conical pits. It was found from thermodynamic stability analysis 

that bubble nuclei (with convex meniscus, or equivalently confined in a wettable 

wall) can form in a stable condition 16. 

For the sphere‒plate geometry, the liquid capillary bridge with concave meniscus 

and only for a zero contact angle has been studied using thermodynamic stability 

analysis by Elliott and Voitcu18. The results of such study were able to predict the 

diffuse liquid‒vapour interface that has been previously observed at some certain 

separation distance (breakage distance), above which liquid bridge formation is 

thermodynamically impossible. For small separation distance (below the breakage 

distance), they found that the free energy as a function of the size of the bridge has 

two extrema, where the smaller one is a maximum point, corresponding to a 

nucleation barrier and the larger one is a minimum point, corresponding to the 

stable bridge. That study also noted the plate‒plate case, as the extreme of the 

sphere–plate in which the sphere radius is infinity 18 . 

Also the equilibrium shape of the bridging bubble between two colloidal spheres of 

identical size was found by minimization of the constrained Gibbs free energy 

(obtained from statistical methods in some of Attard’s other article 21 ) and a 

polynomial expansion describing the shape 22. Attard showed a microscopic 

bridging bubble to be stable for hydrophobic spheres at small separation distances 

22 . He proposed the force as a result of the bridging bubble to be responsible for 

the long‒range attraction between hydrophobic surfaces in water. From this 
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thermodynamic analysis, the hysteresis in formation / disappearance of the bridging 

bubble on the approach and separation of the spheres is also explained 22. 

Capillary bridging with concave meniscus (for the case where a phase inside the 

capillary completely wets the surfaces) was also studied from the thermodynamic 

point of view with a different free energy than the Elliott and Voitcu article 18, for 

either a liquid bridge or a vapour bridge inside the gap in the sphere‒plate 

geometry. Andrienko et al. considered the free energy of the system as the sum of 

the bulk and the surface terms 2. Without further explanation, they then describe 

each of these terms: The surface term is a result of the difference in surface 

tensions of the interfaces between solid‒new phase and solid‒initial phase, 

assuming the sharp interface limit (interface with no volume). The bulk term is due 

to the difference in chemical potentials of the phase‒separated components inside 

the bridge (new phase) and in the initial bulk phase. In the first part of their article, 

they considered a cylinder approximation for the bridge volume and surface area. 

They got the same number of extrema (two extrema) in the excess free energy as 

Elliott and Voitcu 18, and stated that the larger bridge corresponds to the minimum 

(stable) point. They had also found that bridging (where the bridge had concave 

meniscus) is impossible for distances greater than a certain amount ( 
    

∆ 
  where 

γLV  is the liquid‒vapour interfacial tension and ∆  is the difference in the chemical 

potential of the phase‒separated components inside the bridge and the bulk). They 

also calculated the interaction force from the derivative of free energy with respect 

to the separation distance of the sphere and the plate 2. 
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1.3. Scope of this thesis 

This thesis is aimed to theoretically study new fluid phase formation out of a 

confined fluid with the thermodynamic stability analysis 16, 18 approach. The 

problem is investigated under conditions of constant temperature and constant 

pressure of the initial confined fluid, and zero gravity (or for negligible 

gravitational effects). The system is closed to mass transfer. The solid of the 

confinement is considered to be made up of a non-volatile, non-dissolving 

component and is also insoluble to the fluid. Solid surfaces are considered to be 

ideal 23, i.e. smooth, rigid, homogenous, with no appreciable vapour pressure. 

Assuming the fluid to be single component (pure), reduces the complexity of the 

problem, for the purpose of making a comparative study for various geometries 

with various affecting parameters.  

While various confinement geometries have been investigated in literature (as 

discussed in section ‎1.2), only a few works have performed a comparative study of 

different geometries (examples of which can be found in references 9, 13). Such 

comparative studies are especially rare for studies with the thermodynamic stability 

approach. In this thesis confined fluids in three different confinement geometries of 

conical pit (in chapter ‎4), the gap between two flat plates (in chapter ‎5), and the gap 

between a sphere and a flat plate (in chapter ‎6), are fully investigated.  

Each of these geometries is of interest on its own, as it represents some real case. 

Conical pits are widely used to model surface roughness 16. The plate‒plate 

geometry is considered representative of a slit 8. The sphere‒plate geometry has 
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been used in several modeling works such as for nanoscale particles interacting 

with a surface in humid ambient conditions 10, in an atomic force microscope 

(AFM) and a surface force apparatus (SFA) 2, 24 . 

To investigate new phase formation in each geometry, thermodynamic stability 

analysis is performed: Initially it is considered that a new phase with a meniscus 

shape of interest (concave or convex) is formed out of a confined phase. Then 

using surface thermodynamics, the free energy (thermodynamic potential) of such a 

system is developed and analysed for a series of virtual states (sizes) of the system, 

to figure out whether such new phase formation is favourable, and the system can 

evolve to some stable equilibrium condition 16.  

Effects of several different important parameters have been examined for each 

geometry and in each chapter. These parameters include: 

1) Effect of the equilibrium contact angle: The equilibrium contact angle may 

change due to different reasons, such as different solid material, surface 

manipulation, and adsorption at the solid−liquid interface 25.  The equilibrium 

contact angle affects the thermodynamic stability of the system.  

2) Geometrical characteristics of the confinement: Solid surface separation 

distance (equivalent to the cone apex angle, and plate‒plate or sphere‒plate 

separation distance) is an important factor to be considered in stability analysis 

of the confined fluid.  

In the sphere‒plate geometry, sphere size is also another factor that has to be 

considered.  
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Some pieces of this thesis reproduce the results of previous literature: Liquid 

bridge formation with concave meniscus and contact angle equal to zero has been 

investigated for sphere‒plate and plate‒plate geometries 18 as discussed in section 

‎1.2. Also the effect of the separation distance for both of those geometries, and the 

effect of the sphere size for sphere‒plate case were explained in that study.  

The contribution of this thesis is the comparative thermodynamic stability analysis 

of confined fluid for different geometries. A broad picture of the confined fluid 

behaviour and effect of important parameters is presented in the conclusion section 

of each chapter and in the conclusion chapter (chapter ‎7). From this comparative 

study, the behaviour of different other geometries can be predicted, even before the 

full study of the case. 

1.4. Outline of chapters 

This thesis is organized in 7 chapters: 

Chapter ‎2 provides a review of surface thermodynamics background for analysing 

thermodynamic stability of new phase formation out of a confined fluid. The step 

by step procedure of this chapter is applicable to a variety of multiphase systems 

with any number of bulk phases and interfaces.  

Chapter ‎3 presents the common topics of liquid phase formation out of confined 

vapour, and vapour phase formation out of confined liquid, which are applicable to 

any confinement, regardless of its geometry. These topics include negligibility of 

gravitational effects, conditions for equilibrium (Table ‎3-4), the appropriate free 
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energy (Table ‎3-5) and free energy with respect to some reference (Table ‎3-6), 

properties of fluid materials of interest, sign of the Kelvin radius according to 

initial confined fluid pressure, and the newly introduced (to the author’s best 

knowledge) concept of the transition contact angle. Each of the presented 

equations and definitions are then applied through chapters ‎4 to ‎6 to find the 

equilibrium state of confined fluids in various confinement geometries.  

In each of chapters ‎4 to ‎6, four different possibilities are investigated: liquid 

formation with a concave meniscus out of a confined vapour phase, liquid 

formation with a convex meniscus out of a confined vapour phase, vapour 

formation with a concave meniscus out of a confined liquid phase, and vapour 

formation with a convex meniscus out of a confined liquid phase.  

Chapter ‎4 develops stability analysis of four possible liquid‒vapour systems inside 

a conical pit. Effects of the equilibrium contact angle and the cone apex angle are 

investigated for each of the four cases. 

Chapter ‎5 studies thermodynamic stability of four possible liquid‒vapour systems 

inside a gap between two flat plates. Effects of the equilibrium contact angle and 

the flat plate separation distance on the stability of each of the cases are presented. 

Chapter ‎6 is about thermodynamic stability of four possible liquid‒vapour systems 

between a sphere and a flat plate. Effects of the equilibrium contact angle, the 

separation distance between the sphere and the plate, and the sphere size are then 
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investigated for each of the four cases. Some of the modeling outputs of this 

chapter are validated in comparison with some experimental results.  

Chapter ‎7 summarizes the big picture of different geometries of chapters ‎4 to ‎6, and 

the effect of different parameters (equilibrium contact angle, solid surface 

separation distance, and the sphere size for the sphere‒plate geometry). 

In the whole thesis, Mathematica is used for computational purposes and graph 

production. Through initial efforts using MATLAB, round‒off errors brought about 

some unexpected trends in the graphs. On the other hand run time of the MATLAB 

program increased dramatically when parameters were changed to SYMBOLIC 

and Variable precision arithmetic (VPA) was used. I have found Mathematica to be 

more efficient (over MATLAB) in the problems of interest of this thesis where 

scales are so small. Figures representing different geometries are drawn with 

AutoCAD. All section headings, equations, figure numbers, and table numbers are 

cross-referenced (and have hyperlink) throughout the text, so that Ctrl+click can be 

used on the electronic version to jump to the targets.  
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2. Review of Required Surface 

Thermodynamics 

The basic surface thermodynamics required for description of any new phase 

formation is explained in this chapter. The explanations and equations are 

presented in such a way as to be applicable to a variety of multiphase systems with 

any number of bulk phases and interfaces as the constituent subsystems. However, 

the concerns of this thesis are solid – liquid – vapour systems, which will be 

discussed in chapter ‎3. This review follows the steps in Elliott’s class notes 26 

which in turn refer to Callen 27 and Charles Ward’s class notes 28, and was basically 

introduced by Gibbs 29.  

Any multiphase system is considered as a composite system, consisting of a 

number of constituent simple subsystems. A simple system means that it is large 

enough for validity of macroscopic thermodynamics, is macroscopically 

homogenous, isotropic and uncharged; and is not acted on by electric, magnetic, or 

gravitational fields 27. 

A composite system is in equilibrium if each of its subsystems is internally in 

equilibrium (no macroscopic, spontaneous changes happen, and all of the intensive 

properties are spatially uniform in that simple subsystem) and there is no net 

exchange of energy, mass or volume between the subsystems. 
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 Thermodynamic stability of the system in equilibrium is analyzed through 

different steps in the following sections:  In sections ‎2.1 and ‎2.2 the conditions for 

the system to be at equilibrium are determined. The procedure for finding the 

appropriate free energy of the system through its evolution to equilibrium is 

discussed in section ‎2.3. Section ‎2.4 is about the number and stability of the 

equilibrium states and the size of the new born phase at each equilibrium state. 

2.1. Conditions for equilibrium 

For any composite system at equilibrium the variation of the extensive entropy of 

the system plus reservoir is equal to zero. The composite system of concern is 

made up of different simple subsystems, either bulk or interface. The entropy of the 

composite system, SC, can therefore be described in terms of its subsystems.  

Around each test system (all the phases and interfaces of concern), it is assumed 

that a reservoir exists (denoted by superscript R) which by definition has constant 

extensive properties, i.e. the reservoir is so large that its extensive parameters are 

not altered after contact with the test system. At any equilibrium condition we 

have: 

                

 

      

  

   (‎2.1) 

where dSa is the variation of entropy for any bulk phase and dSab for any interface.  

For a bulk phase, the fundamental equation of thermodynamics in its differential 

form, as mentioned in 27, is given by: 
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  (‎2.2) 

In equation (‎2.2), U, S, V, and Ni are extensive properties of the system 

representing internal energy, entropy, volume and number of moles of component 

i. T, P, and   are intensive thermodynamic properties indicating temperature, 

pressure and chemical potential.   denotes the total number of components in the 

phase and the superscript a represents any bulk phase.  

Also the fundamental equation in its differential form for the reservoir is:  

                   
 

 

   

   
  (‎2.3) 

For any interface denoted with superscript ab, the differential form of the 

fundamental equation of thermodynamics is given by 18 : 

                        
  

 

   

   
   

where   
                                               

                                              
  

(‎2.4) 

γ represents interfacial tension and A denotes area of the interface. 

In equation (‎2.4) the summation starts from j=2 for flat (planar) interfaces 

according to ―Gibbs dividing surface approximation‖ 29. However, for curved 

interfaces the summation in equation (‎2.4) starts from j=1 according to ―Gibbs 
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surface of tension approximation‖, i.e. all components are to be considered in the 

summation 29.   

As indicated by equation (‎2.2), three terms contribute to any differential change in 

internal energy of a bulk phase: quasi−static heat flux (TdS), quasi−static expansion 

work (−PdV) and quasi−static chemical work (   
 
      ). For interfaces as 

shown in equation (‎2.4), the expansion work is replaced by the work of changing 

the surface area (    ).  

Note that equations (‎2.2) and (‎2.4) are property equations that are valid whether or 

not the variation was caused by a quasi−static process. In other words, the internal 

energy is a state function, rather than a path function, and only depends on the 

initial and final points. Hence changes in the internal energy can always be 

obtained from equations (‎2.2) and (‎2.4).  

Rearrangement of equation (‎2.2) results in equation (‎2.5) for dS of the bulk phase: 

    
 

      
  

    
   

  
 

  

 

   

   
  (‎2.5) 

For interfaces, rearranging equation (‎2.4) gives equation (‎2.6) for dS: 

     
 

        
   

     
    

  
  

   

 

   

   
   

  
                                               
                                              

  

(‎2.6) 
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Replacing the different terms of equation (2.1) by equations of the form of (‎2.5) 

and (‎2.6) leads to: 

       
 

      
  

       
  
 

  

 

   

   
  

     
 

    
  

  

    
   

  
 

  

 

   

   
  

 

 

   
 

        
   

         
  
  

   

 

   

   
   

  

   

(‎2.7) 

Equation (‎2.7) gives the conditions for equilibrium when solved for any virtual 

displacement around equilibrium, subject to constraints of the system. The 

procedure to get the equilibrium condition is to substitute constraints on changes in 

extensive properties (dU, dV, dN, dA) into equation (‎2.7) and rearrange the 

resulting equation by collecting like terms so that one has an equation of the form 

of coefficients multiplying independent variations. Each coefficient may then be set 

to zero resulting in specific conditions for equilibrium. These equilibrium 

conditions are discussed individually in the proceeding sections. 

2.1.1. Thermal equilibrium: Temperature of bulk phases and 

interfaces at equilibrium conditions 

For a system that can exchange energy with the reservoir,  

        

 

      

  

   (‎2.8) 
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Substituting equation (‎2.8) as one of the constraints in equation (‎2.7) results in one 

of the conditions for equilibrium being equality of temperature of all bulk phases 

and interfaces with the reservoir temperature. 

In the case of an isolated system, 

      (‎2.9) 

Hence the energy balance is: 

    

 

      

  

   (‎2.10) 

Substituting equation (‎2.9) as one of the constraints in equation (‎2.7), leads to one 

of the conditions for equilibrium being equality of temperature of all bulk phases 

with all interfaces only, and not with the reservoir. 

2.1.2. Chemical equilibrium: Chemical potential of 

component i in bulk phases and interfaces at equilibrium 

conditions 

When component i can transfer between phases, and in the absence of any chemical 

reaction, the mole balance for component i is: 

    
      

 

 

     
  

  

   (‎2.11) 

According to equation (‎2.11) a differential change in the amount of moles of i in 

one arbitrary phase (say phase b) is equal to negative changes of that component in 

other phases and interfaces. Substituting equation (‎2.11) as a constraint in equation 

(‎2.7) results in equality of chemical potential of component i in all of the involved 
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bulk phases and interfaces at thermodynamic equilibrium conditions. In an open 

system that can exchange mass with the reservoir, this equality also exists between 

phases and interfaces and the reservoir. 

For a non−volatile component i existing in a bulk phase b, no transfer of that 

component to other bulk phases would happen, although the component can still 

adsorb at interfaces in contact with the bulk phase, therefore: 

   
      

  

  

   (‎2.12) 

Substituting equation (‎2.12) in equation (‎2.7) results in equality of chemical 

potentials of component i in its initial bulk phase and associated interfaces only 

(  
    

  ). 

Equation (‎2.12) reduces to    
    when all the involved interfaces are flat, and 

component i is chosen as the arbitrary component that is absent at the interface in 

the ―Gibbs dividing surface approximation‖. As a result, no equality of chemical 

potential for that component is obtained as a condition for equilibrium.  

2.1.3. Mechanical equilibrium: Laplace−Young equation 

Both changes in the interfacial area (dAab) and changes in the volumes of the 

comprising phases (dVa and dVb) are dependent on curvature of the involved 

interface. When all these curvature dependant terms are substituted in equation 

(‎2.7), they result in the famous Laplace−Young equation as one of the conditions 

for equilibrium 18: 
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  (‎2.13) 

where Pa is the pressure of one side of the curvature, and Pb is the pressure of the 

other side of the curvature. R1
 and R2

 are the principal radii of curvature used to 

describe a curved surface at any point. As described by Middleman30 and Hunter 31, 

at any point of an arbitrary surface, there is a pair of orthogonal curves; each of 

which can be approximated with the arc of a circle if the curves are of differential 

size. The radii of these two circular arcs are R1 and R2.  

 

Figure ‎2-1 Illustration of principal radii of curvature for an arbitrary interface 

This equation is also obtainable from a balance of the work done in forming the 

additional amount of surface, with the work corresponding to the pressure 

difference across the surface 32.    
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According to equation (‎2.13), in contrast to flat surfaces, at equilibrium conditions 

there is a pressure difference between the bulk phases on either side of a curved 

interface.  

The mean radius of curvature, Rm, is then defined in terms of the principal radii of 

curvature as follows: 

 

  
 

 

 
 
 

  
 

 

  

  (‎2.14) 

and the Laplace−Young  equation (‎2.13) can be described in term of this mean 

radius: 

      
    

  
 (‎2.15) 

The principal radii of curvature can be positive or negative, depending on which 

side of the interface the center of the circular arcs lies. Similarly to the presentation 

of Middleman30, arbitrarily one side of the interface is chosen as the ―inner‖ side 

assuming a positive sign, and the other side is chosen as the ―outer‖ side with a 

negative sign. As a result, ∆                 and the radius of curvature has a 

positive sign when the center of the corresponding circular arc is located on the 

inner side and a negative sign when the center of the corresponding circular arc is 

located on the outer side. The principal radii of curvature then would have the same 

signs if both of the centers of their circular arcs are on the same side of the surface.  

At equilibrium conditions in the absence of gravitational effects, as mentioned by 

Hunter31, ∆P (which is equal to       ) must be constant over all parts of the 
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interface; otherwise a fluid flow would occur. As a result, since     is also 

constant, the summation of the reciprocals of the principal radii of curvature 

(
 

  
 

 

  
) and hence Rm are to be constant according to equations (‎2.13) and (‎2.15). 

Therefore the interface would be a surface of constant mean curvature. It should be 

emphasized that this is only true in absence of any external fields such as gravity.  

A spherical interface is an example of a surface with a constant mean curvature.  

For a spherical surface, both of the principal radii of curvature are the same 

(        ) with the same sign. Hence there will be a pressure difference of 

    

  
 ( 

    

  
) across the interface.  Other examples of surfaces of constant 

curvature include a cylindrical interface, where one of the radii is infinity. Also it is 

worth mentioning that for a planar interface,        ∞ and         in 

the Laplace−Young equation. This implies that the pressure is the same on both 

sides of any flat interface and for a given temperature, phase equilibrium occurs at 

a single pressure, known as the saturation pressure (P∞ ) for the case of a 

liquid‒vapor equilibrium. 

2.1.4. Young equation 

Depending on the system definition and constraints, some other equilibrium 

equation might be obtained after substitution of surface areas and bulk phase 

volume in terms of principal radii of curvature into equation (‎2.7) and solving the 

equation. For example, for a three phase solid–liquid–vapour system, the Young 

equation is obtained as one of the conditions for equilibrium 18:  



 

25 

 

              θ (‎2.16) 

where   is the equilibrium contact angle; the angle that the liquid−vapour interface 

makes with the solid surface, being measured from the liquid side, and in this work 

will be assumed to be determined when the solid material is specified. The 

superscripts SV, SL and LV indicate solid−vapour, solid−liquid, and liquid−vapour 

respectively. 

2.2. Merging conditions for equilibrium: The Kelvin 

equation 

Using some equations of state, the chemical potential of a specific component in 

each bulk phase can be described with respect to some reference condition. 

Equality of temperatures and chemical potentials of phases, as two of the 

conditions for equilibrium, might be combined to give a new relation between 

properties of the equation of state for each bulk phase, including pressure of each 

phase. If then this new relation is combined with the Laplace−Young equation, it 

leads to a formula for mean radius of curvature, based on pressure of one of the 

phases and the properties of the reference condition.  

When the phases of concern are liquid and vapour, the equation is called the Kelvin 

equation (when the phases are solid and liquid it is called the Gibbs−Thomson 

equation 33) and the mean radius of curvature is the Kelvin radius, RC. The Kelvin 

radius is the mean radius of curvature at equilibrium conditions as determined from 

the Kelvin equation. 
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The Kelvin equation for a curved liquid−vapour interface, where both of the phases 

are single component (pure) is developed as follows: 

Assuming the vapour phase to be an ideal gas yields as its chemical potential 18: 

                 ∞         
  

 ∞
  (‎2.17) 

where    is the universal gas constant which is equal to 8.314 
 

     
 and P∞ is 

saturation pressure of the fluid in bulk.  

Assuming the liquid phase to be incompressible, yields the following chemical 

potential for the liquid phase 18: 

                 ∞   ∞
      ∞  (‎2.18) 

where   
  is specific volume of the pure liquid at the saturation pressure. From 

equality of temperature and chemical potential at equilibrium conditions, equating 

equations (‎2.17) and (‎2.18) results in equation (‎2.19): 

 ∞
      ∞         

  

 ∞
  (‎2.19) 

The Laplace−Young equation (‎2.15) is another equilibrium condition, describing 

the difference between PV and PL as a function of mean radius of curvature. Either 

of PV or PL can be described in terms of the other from equation (‎2.19) and 

combined with the Laplace−Young equation (‎2.15) to give a new equation for 

calculating the mean radius of curvature.  
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In the case of liquid formation, where the majority of the system is vapour (vapour 

is the initial, i.e. mother phase), PL is described in terms of PV using equation 

(‎2.19). Substituting PL into equation (‎2.15) then yields the form of the Kelvin 

equation given below 34: 

   
    

     ∞  
    

 ∞
    

  

 ∞
 
 (‎2.20) 

RC in equation (‎2.20) is merely Rm at equilibrium conditions, i.e.: 

   
 

 
 
 

 
    

 
 

    
 
 (‎2.21) 

The signs of the principal radii of curvature are determined consistently according 

to the discussion in section ‎2.1.3. Considering the pressure difference as        , 

the radius has a positive sign if the center of the circular arc lies in the vapour 

phase and a negative sign if the center lies in the liquid phase.  

Rearrangement of equation (‎2.20) in terms of  
  

  
  (relative vapour phase pressure) 

yields: 

   
    

 ∞  
  

 ∞
    

    

 ∞
    

  

 ∞
 
 (‎2.22) 

In the case of vapour formation out of a bulk liquid phase, PV is described in terms 

of PL using equation (‎2.19). After substitution of PV in terms of PL into equation 
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(‎2.15), the Kelvin equation is as follows (similar to the Kelvin equation for the case 

of bubble nucleation in a liquid‒gas system 16, 17 ) : 

   
    

    ∞    
 ∞
 

         ∞  

 (‎2.23) 

Equivalently equation (‎2.23) may be restated in terms of 
  

  
 as: 

   
    

 ∞  
  

 ∞
     

 ∞
  ∞
     

  

 ∞
     

 (‎2.24) 

The Kelvin equation is derived from macroscopic thermodynamic equations. 

However it has been shown by Powles 35 to be valid for microscopic drops above 

the size of validity of homogenous thermodynamics. For a clean system with no 

accumulation of contaminates, the Kelvin equation is obeyed by menisci with mean 

radius as low as eight times the molecular diameters of the material of interest 24 

(for example down to 4 nm for cyclohexane as reported by Fisher and Israelachvili 

24). Also bulk thermodynamics and therefore the Kelvin radius are reported to be 

valid for mean radius of curvature greater than 5 nm for water (equivalent to 

relative vapour phase pressure of 0.9 when considering liquid drop formation) and 

at least 1 nm for cyclohexane (equivalent to relative vapour phase pressure of 0.1 

when considering liquid drop formation) 36. 
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2.3. Thermodynamic potential (Free energy) 

The next step in thermodynamic analysis of multiphase systems would be to 

determine the appropriate thermodynamic potential (free energy) of the system. A 

typical system may exchange energy, volume or mass with the reservoir (its 

surroundings), which means 

∆    ∆  

 ∆  
   ∆    

 ∆    ∆  

(‎2.25) 

where ∆ , ∆   , and ∆  denote changes in internal energy, number of molecules of 

component i, and volume of the system. 

 

Figure ‎2-2 A typical system having interaction with its surroundings  

The Euler relation for the reservoir is 16: 

                  
 

 

   

  
  (‎2.26) 
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Both the system and the reservoir evolve to a new equilibrium state as a result of 

the interaction between the system and the reservoir. Acknowledging that by 

definition the reservoir intensive properties are constant, in evolution to a new 

equilibrium state the Euler relation leads to: 

∆      ∆      ∆      
 

 

   

∆  
  (‎2.27) 

where ∆ denotes the difference of two equilibrium states before and after the 

removal of the constraints. Substituting the relationships in (‎2.25) into equation 

(‎2.27) results in equation (‎2.28): 

  ∆     ∆      ∆     
 

 

   

∆   
(‎2.28) 

Since the system plus reservoir are isolated, any spontaneous changes must cause 

their combined entropy to increase. Hence as the system plus reservoir evolves to 

equilibrium, 

∆  ∆     (‎2.29) 

Substitution of equation (‎2.29) in equation (‎2.28) results in equation (‎2.30) 18: 

  ∆     ∆     ∆     
 

 

   

∆   
(‎2.30) 

where ∆ indicates a difference between final and initial conditions, and ∆U, ∆S, 

∆V, and ∆Ni show the changes in the system properties (other than the reservoir). 



 

31 

 

From the conditions for equilibrium that have been determined in section ‎2.1, the 

reservoir properties of           
  are to be replaced by subsystem properties 

according to equilibrium conditions. According to the nature of the interactions 

between the system and the reservoir, some of the ∆’s in equation (‎2.30) might be 

eliminated. For example to derive the free energy for a simple system which 

exchanges only energy and volume with the reservoir, and has a fixed number of 

moles, i.e. the system does not exchange mass with the reservoir (∆Ni = 0), 

equation (‎2.30) becomes:  

              
                      (‎2.31) 

In equation (‎2.31), the part that appears inside the brackets is the thermodynamic 

potential function (free energy) for a closed simple system with walls that allow 

energy transfer and pressure balance through changes in volume. As a result, both 

the pressure and temperature are constant and imposed on the system by the 

surroundings. This is the free energy for many systems in chemical engineering 

where surface effects are negligible and is well known as the Gibbs free energy 27: 

          (‎2.32) 

Another well known free energy is the Helmholtz free energy, which is the free 

energy of a closed system having constant volume (∆   ) with walls that allow 

energy transport (hence constant temperature), but not mass transport (∆    ) 27.  

        (‎2.33) 



 

32 

 

Any spontaneous change in the system is possible only if it results in a negative 

difference in the thermodynamic potential (free energy) according to equation 

(‎2.31). Equilibrium states (unstable, metastable, or stable) occur at the conditions 

under which equation (‎2.31) becomes zero. The stable equilibrium state occurs 

when increase is the only possible change in the free energy around the equilibrium 

state. The system is at its lowest free energy level (most stable) at the stable 

equilibrium state. 

The potential energy of a system consisting of multiple phases and interfaces can 

be a combination of either of the famous free energies (Gibbs or Helmholtz) for 

each phase or interface, plus some extra terms. An example of this will be 

described in detail in chapter ‎3 for the solid−liquid−vapour systems of interest.  

2.4.  Equilibrium states and stability analysis  

It is desirable to know the equilibrium size of a new phase that is formed. At 

equilibrium conditions the extensive properties of the system take on values that 

extremize the entropy of that system. As a result, the equilibrium states of the 

system can be obtained from the extremum of the curve of the free−energy vs. 

new−phase volume. Free energy, in the same way as any other energy, is only 

definable with respect to some reference condition. For thermodynamic stability 

analysis of new phase formation, it is convenient if the reference is considered to 

be an equilibrium condition at which none of the new phase and its resulting 

interfaces exist. 
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A schematic diagram of a possible free energy vs. new phase volume is presented 

in Figure ‎2-3 : 

 

Figure ‎2-3 Schematic of a possible free energy of the system vs. volume of a new phase: 

Equilibrium states are extrema of the plot where maximum points are unstable equilibria, 

local minimum points are meta−stable and an abs olute minimum is the stable condition. 

(Adopted with permission from the Candidacy presentation of Fatemeh Eslami, December 

2010) 

A maximum in the curve corresponds to an unstable equilibrium condition, while 

minimum points are respectively meta−stable or stable for a local or absolute 

minimum of the curve. For different systems, the curve might contain all or none of 

these types of equilibrium states. An ever−increasing curve indicates that new 

phase formation is unfavourable at the conditions of the system. In the case of a 

continously descending curve, the new phase will grow forever until all of the 

materials are changed to the new phase form. 
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 Free−energy can also be plotted versus either of the radii of curvature (R1 and R2), 

and it will result in a similar format of curve with the same number of equilibrium 

states and identical free energy at the equilibrium states. It is worth mentioning that 

at any of the equilibrium states the constant mean radius of curvature is equal to the 

Kelvin radius, satisfying equation (‎2.21). 

2.5. Summary 

Well known surface thermodynamics background has been reviewed in this 

chapter. Thermodynamic stability analysis of new phase formation has been 

described.  The first step is to find the equilibrium conditions of the system and the 

resultant equations, which was fully discussed in sections ‎2.1 and ‎2.2. In section 

‎2.3, the second step, finding the appropriate free energy of the system, was 

explained. Finally section ‎2.4 clarified how to determine the number and stability 

of the equilibrium states (stable, unstable, or metastable) and the size of the new 

born phase at each equilibrium state. 

The method being described in this chapter is applicable to a variety of multiphase 

systems with an arbitrary number of bulk phases and interfaces as the constituent 

subsystems. 
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3. Governing Equations and 

Common Definitions for a 

Liquid−Vapour System inside 

a Confined Solid Geometry 

3.1. Introduction 

Two cases of new phase formation are investigated in this thesis: liquid phase 

formation from a bulk vapour phase in a pore of a solid material, and vapour phase 

formation from a bulk liquid phase in a pore of a solid material. In either case three 

bulk phases of solid, liquid and vapour are involved.   

Through the whole thesis, the liquid and the vapour phases are assumed to be pure, 

consisting of component (1). The solid is also pure and made up of a different 

component (2), which is non−volatile, non−dissolving, and is insoluble to 

component (1). The solid is ideal, which as defined by Ward and Neumann23 , i.e. it 

is smooth, rigid, homogeneous, and has no appreciable vapour pressure. The 

reservoir is made up of any arbitrary component represented by res. 
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Different solid geometries, which are representative of various so lid shapes in 

reality, are shown in Figure ‎3-1. In panel (a) of this figure, liquid is formed out of a 

vapour phase inside a solid conical pit. Panels (b) and (c) illustrate liquid capillary 

bridge formation between two solid particles, for various shapes of the particles. 

The moving piston at the top of each figure schematically represents the fact that 

the pressure of the bulk phase is constant and imposed by reservoir. 

 

Figure ‎3-1 Liquid formation with concave meniscus in different solid geometries, each to be 

discussed in a separate chapter: (a) inside a conical pi t, (b) between two parallel solid plates, 

and (c) between a s pherical solid particle and a flat plate. 

Although the volume of the new phase and the surface areas are functions of solid 

geometry, some basic equations are common between all geometries. The focus of 

this chapter is to develop general equations applicable for all cases mentioned 

above, regardless of the solid geometry. These equations are later used in the 

chapters specifically discussing the geometries.  

Various details and governing equations common in all geometry types are 

discussed in the following sections. In section ‎3.2 the condition under which 

gravitational effects can be neglected are discussed. Section ‎3.3 explains conditions 

for equilibrium, based on the constraints of the system. In section 3.4 the energy 

that acts as the thermodynamic potential of the system through its evolution to 
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equilibrium is determined. Section ‎3.5 introduces the reference state, in comparison 

to which the thermodynamic potential (free energy) of the system can be 

calculated. The properties of the materials of interest in this research are presented 

in section ‎3.6. Section ‎3.7 clarifies how the sign of the mean radius of curvature of 

the liquid−vapour interface at the equilibrium condition (the Kelvin radius) 

changes as the bulk phase pressure changes from below the saturation pressure to 

above the saturation pressure. At the end, in section ‎3.8, a definition of the 

transition contact angle is introduced for the first time in the research related to 

curved menisci (to the best of the writer’s literature review knowledge). 

3.2. Negligibility of gravitational effects 

In either case of liquid phase formation from a bulk vapour phase or vapour phase 

formation from a bulk liquid phase, when the new phase has a relatively small size, 

the gravitational force is negligible compared to the surface forces. The Bond 

number, Bo, (also called the Eötvös number, Eo) is an indicative dimensionless 

number of the relative importance of gravitational forces to surface forces.  

   
∆    

 
 (‎3.1) 

where ∆  is the difference in the density of the two bulk phases on either side of 

the interface, g is standard gravity (9.8 ms−2),   is the characteristic length of the 

system and   is the surface tension between the new phase and the mother phase. 

The density of the vapour phase is negligible in comparison to the density of the 
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liquid phase; therefore it is a good approximation to replace ∆  by the liquid 

density. 37 

The capillary length is then defined as a length at which the Bond number is one, 

hence gravity and surface forces are comparable.  

    
 

∆  
 (‎3.2) 

The gravitational effects can be neglected for a new phase of size well below the 

capillary length. 38 

Table ‎3-1 shows the capillary length in millimetres for two different materials at 

certain temperatures.  

Table ‎3-1 Capillary length of H2O at 20ºC and n−dodecane at 24ºC 

Material T (ºC) 
   

  

    
γ (mNm

−1
)         

H2O 20 998.04 72.75 2.72 

n−dodecane 24 746.45 25.03 1.85 

All the properties can be obtained from a physical chemistry handbook. The 

properties in Table ‎3-1 were obtained from Perry and Green39. 

3.3. Finding the Conditions for Equilibrium of the 

System 

For either of  liquid phase formation from a bulk vapour phase or vapour phase 

formation from a bulk liquid phase, the equations that were developed in chapter ‎2 

can be used if gravitational effects are negligible or under the assumption of no 



 

39 

 

gravitational fields. According to equation (2.1) the conditions for equilibrium for a 

liquid−vapour system confined to a solid geometry and surrounded by a reservoir 

are to be obtained from: 

                                 (‎3.3) 

where superscripts R, S, L, V, SL, SV, and LV denote reservoir, solid, liquid, 

vapour, solid−liquid, solid−vapour, and liquid−vapour respectively. 

In equation (‎3.3), dS for any bulk phase can be substituted by equation (‎2.5) and for 

any interface by equation (‎2.6). Terms that are to be considered in the summation 

in equation (‎2.6) depend on whether the interface is curved or flat. In both cases of 

liquid formation or vapour formation on the solid surface, the liquid−vapour 

interface is in general curved. Solid−liquid and solid−vapour interfaces may be 

either curved or flat depending on the geometry of the solid.  

For the curved solid−liquid and solid−vapour interfaces, all the components are 

present at the solid−liquid and solid−vapour interfaces according to the ―Gibbs 

surface of tension‖ approximation. After substituting equation (‎2.5) for each bulk 

phase and appropriate forms of equation (‎2.6) for curved solid−liquid, 

solid−vapour, and liquid−vapour interfaces, equation (‎3.3) becomes: 
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(‎3.4) 

Alternatively, for the flat solid−liquid and solid−vapour interfaces, it is assumed 

that component (2) is chosen as the component that does not exist at flat 

solid−liquid and solid−vapour interfaces according to the ―Gibbs dividing surface‖ 

approximation. After substituting equation (‎2.5) for each bulk phase, and 

appropriate forms of equation (‎2.6) for flat solid−liquid and solid−vapour 

interfaces, and for the curved liquid−vapour interface, equation (‎3.3) becomes: 

 
 

  
    

  

  
     

    
 

  
     

     
 

  
    

  

  
    

  
 

  
   

     

  
 

  
    

  

  
    

  
 

  
   

     
 

  
    

  

  
    

  
 

  
   

     

  
 

   
     

   

   
     

  
  

   
   

      

  
 

   
     

   

   
     

  
  

   
   

      

  
 

        
   

        
  
  

      
       

(‎3.5) 
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3.3.1. Constraints of the system 

The constraints of the system are: 

 The system exchanges energy with the reservoir, and the combination of the 

system plus reservoir is isolated, hence: 

                                 (‎3.6) 

From equation (‎3.6), one of the dU’s can be described in terms of the others.  

 The system can exchange volume with the reservoir, due to the free movement 

of the piston shown in Figure ‎3-1. 

                  (‎3.7) 

The solid surface is considered to be rigid (no deformation). The solid surface is 

also assumed to be incompressible, i.e. no volume changes happen in the solid: 

      (‎3.8) 

From equation (‎3.7), one of the dV’s can be described in terms of the others.  

 The system is closed and there is no mass exchange between the system and the 

reservoir. 

     
        (‎3.9) 

Component (1) can transfer between bulk phases and interfaces of the system, 

except to the solid phase which is composed purely of component (2). 
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     (‎3.10) 

Due to non−volatility, component (2) can only transfer from the solid phase to the 

solid−liquid and solid−vapour interface.  

In the case of curved solid interfaces, according to the ―Gibbs surface of tension‖ 

approximation, all components including component (2) are present at interface. 

Hence: 

   
     

      
     (‎3.11) 

or equivalently  

   
      

      
   (‎3.12) 

When the solid−liquid and the solid−vapour interfaces are flat, component (2) is 

assumed not to be present at the interface according to the ―Gibbs dividing surface‖ 

approximation, and non−volatility of this component results in: 

   
    (‎3.13) 

More convenient rearrangements of the above constraints for liquid phase 

formation from a bulk vapour phase are shown in Table ‎3-2. 
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Table ‎3-2  Constraints of the system for liquid phase formation from a bulk vapour phase. 

Constraints of  the system 
Rearrangement of constraints for liquid phase formation 
from a bulk vapour phase 

Equation (‎3.6)                                 

Equations (‎3.7) & (‎3.8)              

Equation (‎3.10)    
      

     
      

      
   

Curved solid interface (‎3.12) 

Flat solid interface (‎3.13) 

   
      

      
   

   
    

For vapour phase formation from a bulk liquid phase, the convenient 

rearrangements are as shown in Table ‎3-3. 

Table ‎3-3 Constraints of the system for vapour phase formation from a bulk liquid phase.  

Constraints of  the system  
Rearrangement of constraints for vapour phase formation 
from a bulk liquid phase 

Equation (‎3.6)                                 

Equations (‎3.7) & (‎3.8)              

Equation (‎3.10)    
      

     
      

      
   

Curved solid interface (‎3.12) 

 Flat solid interface (‎3.13) 

   
      

      
   

   
    

3.3.2. Conditions for equilibrium 

In order to find the conditions for equilibrium, the constraints on the reservoir 

(equation (‎3.9)) and on the system (equation (‎3.8), and either Table ‎3-2 or Table 

‎3-3) are to be substituted into equation (‎3.4) or (‎3.5), depending on whether the 

solid interfaces are curved or flat. 
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3.3.2.1. Conditions for equilibrium in the case of liquid formation out of 
a vapour phase 

In the case of liquid formation from a bulk vapour phase, when the solid−liquid and 

solid−vapour interfaces are curved, the constraints from equations (‎3.8) and (‎3.9)   

and Table ‎3-2 are inserted into equation (‎3.4) and the result after rearrangement 

would be: 

       
 

  
 

 

  
      

  

  
 

  

  
       

    
 

  
 

 

  
        

     
 

  
 

 

  
      

  

  
 

  

  
      

  
 

  
 

  
 

  
    

   

    
 

   
 

 

  
      

   

   
        

  
  

   
 

  
 

  
    

    
  
  

   
 

  
 

  
    

    

   
 

   
 

 

  
      

   

   
        

  
  

   
 

  
 

  
    

    
  
  

   
 

  
 

  
    

      

    
 

   
 

 

  
      

   

   
        

  
  

   
 

  
 

  
    

      

(‎3.14) 

For equation (‎3.14) to be true for any virtual displacement around the equilibrium, 

the coefficients multiplying each of the independent variations (   ,    ,    , 

   ,    
 ,      ,    

  ,    
  ,     ,    

  ,    
  ,     , and    

  ) are to be 

zero. Therefore equations (‎3.15) to (‎3.18) are obtained as equilibrium conditions 

for liquid formation out of a vapour phase: 

                        (‎3.15) 

      (‎3.16) 
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   (‎3.17) 

  
    

     
   (‎3.18) 

The remaining terms in equation (‎3.14) yield the following condition for 

equilibrium: 

 
  

   
  

  
     

   

         
   

         
   

          (‎3.19) 

Due to equality of temperatures according to equation (‎3.15), equation (‎3.19) can 

be simplified into: 

                                       (‎3.20) 

Equation (‎3.20) results in the Laplace−Young equation (‎2.14) and the Young 

equation (‎2.16) when dVL, dASL, dASV, and dALV (which are interdependant) are 

described in terms of the principal radii of curvature of the liquid−vapour interface 

and the contact angle. The details of how Equation (‎3.20) leads to the 

Laplace−Young equation (‎2.14) and the Young equation (‎2.16) will be shown for 

the case of liquid formation with a concave meniscus inside a conical pit in chapter 

‎4. 

In the case of liquid formation from a bulk vapour phase with flat solid−liquid and 

solid−vapour interfaces, a similar procedure is used.  Constraints from equations 

(‎3.8) and (‎3.9) and the equations from Table ‎3-2 are inserted into equation (‎3.5). As 

a result, for flat solid interfaces, equation (‎3.18) will be omitted as a condition for 



 

46 

 

equilibrium, while the other equilibrium conditions are the same as those of the 

curved case (Equations (‎3.15), (‎3.16), (‎3.17) and (‎3.20)). 

3.3.2.2. Conditions for equilibrium in the case of vapour formation out 
of a liquid phase 

The equilibrium conditions for the case of  vapour formation out of a liquid phase 

with curved solid confinement surfaces, can be obtained from the same method as 

in section ‎3.3.2.1 by substituting equations (‎3.8) and (‎3.9) and the equations from 

Table ‎3-3 as constraints into equation (‎3.4), yielding: 

       
 

  
 

 

  
      

  

  
 

  

  
       

    
 

  
 

 

  
        

     
 

  
 

 

  
      

  

  
 

  

  
      

  
 

  
 

  
 

  
    

   

    
 

   
 

 

  
      

   

   
        

  
  

   
 

  
 

  
    

    
  
  

   
 

  
 

  
    

    

   
 

   
 

 

  
      

   

   
        

  
  

   
 

  
 

  
    

    
  
  

   
 

  
 

  
    

      

    
 

   
 

 

  
      

   

   
        

  
  

   
 

  
 

  
    

      

(‎3.21) 

For equation (‎3.21) to be true for any virtual displacement around the equilibrium, 

the coefficients multiplying each of the independent variations (   ,    ,    , 

   ,    
 ,      ,    

  ,    
  ,     ,    

  ,    
  ,     , and    

  ) are to be set 

to zero. Hence equations (‎3.22) to (‎3.25) are obtained as equilibrium conditions for 

liquid formation out of a vapour phase: 
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                        (‎3.22) 

      (‎3.23) 

  
    

    
     

     
   (‎3.24) 

  
    

     
   (‎3.25) 

The remaining terms in equation (‎3.21) yield the following condition for 

equilibrium:  

                                       (‎3.26) 

If vapour formation out of the liquid phase happens at flat solid interfaces, 

equations (‎3.8) and (‎3.9) along with the appropriate equations for flat solid 

interfaces from Table ‎3-3 are to be inserted into equation (‎3.5). As a result, for flat 

solid interfaces, equation (‎3.25) will not be included in the conditions for 

equilibrium, while the other equilibrium conditions (equations (‎3.22), (‎3.23), 

(‎3.24), and (‎3.27)) are the same as those of the curved case.  

A summary of the conditions for equilibrium in both cases of liquid formation out 

of a bulk vapour phase, and vapour formation out of a bulk liquid phase are 

presented in Table ‎3-4 parts (a) and (b) respectively. 
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Table ‎3-4 Conditions for equilibrium for the cases of (a) liquid formation out of a bulk vapour 

phase and (b) vapour formation out of a bulk liquid phase based on type of solid−liquid and 

solid−vapour interfaces. Liquid and vapour phases are made up of component (1) and the 

solid phase is purely component (2).  

(a) Conditions for equilibrium for liquid formation out of a bulk vapour phase 

Curved SL and SV 

interfaces 

                                                    (‎3.15) 

                                                                                        (‎3.16) 

  
    

    
     

     
                                                    (‎3.17)                                          

  
    

     
                                                                         (‎3.18) 

              γ        γ        γ               (‎3.20) 

Flat SL and SV 

interfaces 

                                                   (‎3.15) 

                                                                                       (‎3.16) 

  
    

    
     

     
                                                    (‎3.17) 

           γ        γ        γ                (‎3.20) 

(b) Conditions for equilibrium for vapour formation out of a bulk liquid phase  

Curved SL and SV 

interfaces 

                                                    (‎3.22)    

                                                                                        (‎3.23) 

  
    

    
     

     
                                                    (‎3.24)           

  
    

     
                                                                         (‎3.25) 

           γ        γ        γ                (‎3.26) 

Flat SL and SV 

interfaces 

                                                    (‎3.22)    

                                                                                        (‎3.23) 

  
    

    
     

     
                                                    (‎3.24) 

           γ        γ        γ                (‎3.26) 
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3.4. Free energy of the system 

The next step is to find the thermodynamic potential (also called free energy) of the 

system that acts as the motivation in any evolution toward equilibrium. The system 

of interest is either liquid or vapour formation inside confined solid geometries 

with temperature and outer phase pressure controlled by a reservoir. It should be 

noted that while the pressure of the confined fluid is constant (controlled by the 

reservoir), the pressure of the new phase being formed out of a confined fluid is 

variable dependent onsize of that new phase. Hence Gibbs free energy cannot be a 

potential function of such system for which only one pressure is constant.  

For the system of our concern, where only components (1) and (2) exist, equation 

(‎2.30) becomes: 

  ∆     ∆     ∆    
 ∆     

 ∆   (‎3.27) 

Each term of the above equation can be written using the constituent terms for the 

system: 

∆  ∆   ∆   ∆   ∆    ∆    ∆    (‎3.28) 

∆  ∆   ∆   ∆   ∆    ∆    ∆    (‎3.29) 

Considering the incompressibility of the solid phase (∆    ), and Gibbs 

assumption of interfaces having no volume, then 

∆  ∆   ∆   (‎3.30) 

Besides the system does not exchange mass with the reservoir, that is: 



 

50 

 

∆          and      ∆     (‎3.31) 

Inserting equations (‎3.28) to (‎3.31) into equation (‎3.27) leads to the following: 

  ∆   ∆   ∆   ∆    ∆    ∆    

     ∆   ∆   ∆   ∆    ∆    ∆         ∆   ∆    

(‎3.32) 

The reservoir properties of TR and PR are to be replaced according to the conditions 

for equilibrium, which are different depending on whether a vapour phase or a 

liquid phase is forming.  

3.4.1. Free energy for liquid formation out of a vapor bulk 

phase 

In the case of liquid formation out of a bulk vapor phase, where PR = PV, equation 

(‎3.32) is rearranged to 

   ∆      ∆     ∆      ∆     ∆      ∆      ∆    

  ∆        ∆      ∆        ∆      ∆        ∆        ∆   

(‎3.33) 

According to the definitions of Helmholtz (F) and Gibbs (G) free energies 

(equations (‎2.33) and (‎2.32)), equation (‎3.33) is equivalent to: 

∆                               (‎3.34) 

Therefore the free energy of the system in which a liquid phase is being formed out 

of a vapor phase is  

                             (‎3.35) 
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While the free energy of the whole system is B, each constituent subsystem has a 

specific free energy based on its constraints. For example for the solid phase with 

constant volume (dVS=0) and temperature, the Helmholtz free energy is 

appropriate. The Gibbs free energy acts as the free energy of the vapor phase which 

has imposed temperature and pressure (TV=TR, and PV=PR). For the liquid phase 

where neither the volume nor the pressure is constant, some extra terms appear and 

the free energy is not in one of those well−known formats. This potential function 

in equation (‎3.35) has been presented previously 18. 

The internal energies in equation (‎3.33) can be replaced with their equivalent forms 

from the Euler relation, which for bulk phases (a) is 

                   
  

     
                           (‎3.36) 

and for interfaces (ab) is 

                       
   

     
              

where   
                                                    

                                                    
  

(‎3.37) 

As described in the previous section the liquid−vapor interface is curved and the 

solid−liquid and the solid−vapor interfaces may be curved or flat depending on the 

solid geometry.  

Then the equivalent form of free energy for geometries with curved solid interfaces 

is: 
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(‎3.38) 

Also the equivalent form of free energy for geometries with flat solid interfaces, 

assuming that component (2) is chosen as the component not to exist at the solid 

interfaces, is: 

           
   

            
   

      
   

   

                
    

              
    

    

                
    

          

(‎3.39) 

3.4.2. Free energy of vapor formation out of a bulk liquid 

phase 

When a vapor is formed out of a liquid phase, PR = PL and equation (‎3.32) is 

rearranged to: 

   ∆      ∆     ∆      ∆      ∆     ∆      ∆    

  ∆        ∆      ∆        ∆      ∆        ∆        ∆   

(‎3.40) 

which is equivalent to: 

∆                               (‎3.41) 

Therefore the free energy of a system in which a liquid phase is being formed out 

of a vapor phase is  
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                             (‎3.42) 

A similar potential function has been obtained by Ward and Levarte16for the case 

of vapour nuclei in solid surfaces contacting a liquid‐gas solution. 

The internal energies in equation (‎3.33) can be replaced with their equivalent forms 

from the Euler relation, according to equations (‎3.36) and (‎3.37). 

Then the equivalent form of free energy for vapor phase formation for geometries 

with curved solid interfaces is:  

           
   

       
   

            
   

   

                
    

     
    

              
    

     
    

    

                
    

          

(‎3.43) 

Also the equivalent form of free energy for vapor formation for geometries with 

flat solid interfaces, assuming that component (2) is chosen as the component not 

to exist at solid interfaces, is: 

           
   

       
   

            
   

   

       γ        
    

     γ        
    

    

       γ        
    

          

(‎3.44) 
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The free energies for the cases of liquid formation out of a vapor phase and vapor 

formation out of a liquid phase are summarized in Table ‎3-5 parts (a) and (b) 

respectively: 
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Table ‎3-5 Free energy of the system for the cases of (a) liquid formation out of a bulk vapour 

phase and (b) vapour formation out of a bulk liquid phase. Liquid and vapour phases are 

made up of component (1) and the solid phase is purely component (2).  

(a) Liquid formation out of a bulk vapour phase 

Free energy                                                            (‎3.35) 

Equivalent form 

of free energy for 

curved SL and SV 

interfaces  

           
   

             
   

      
   

   

      γ        
    

     
    

     γ        
    

     
    

        

      γ        
    

                                                             (‎3.38) 

Equivalent form 

of free energy for 

flat SL and SV 

interfaces 

           
   

            
   

      
   

   

       γ        
    

     γ        
    

    

       γ        
    

                                                           (‎3.39)                     

(b) Vapour  formation out of a bulk liquid phase 

Free energy                                                        (‎3.42)                                                     

Equivalent form 

of free energy for 

curved SL and SV 

interfaces 

           
   

       
   

            
   

   

      γ        
    

     
    

     γ        
    

     
    

    

       γ        
    

                                                           (‎3.43)                                                  

Equivalent form 

of free energy for 

flat SL and SV 

interfaces 

           
   

      
   

            
   

   

       γ        
    

     γ        
    

    

       γ        
    

                                                           (‎3.44)                                                       

3.5. Reference state for free energy 

Free energy can only be evaluated with respect to some reference state.  It is 

convenient to consider the reference state as a situation in which none of the new 

phase has been formed. The reference state is denoted by subscript 0, and is 

assumed to be an equilibrium state. 40 
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In the case of liquid formation out of a vapor phase, the reference state has only 

solid phase, vapor phase and the solid−vapor interface existing. The free energy of 

the reference state for the case of a curved solid−vapor interface according to 

equation (‎3.38) is then: 

       
   

      
     

        
     

      
    

       
      

       
      

    (‎3.45) 

B0 is literally the free energy of the equilibrium system when none of the new 

phase (liquid) is formed.  

The total number of moles of each of the components (1) and (2) are constant 

according to constraints of the system, therefore: 

    
      

     
    

    
     

     
   (‎3.46) 

    
      

     
    

     
   (‎3.47) 

Also as another constraint, the surface area of the solid is constant: 

  
           (‎3.48) 

The solid is rigid (no deformation) and is incompressible, i.e. its volume is constant 

as another constraint of the system: 

  
     (‎3.49) 

Since B0 is the free energy of an equilibrium condition, for each component there 

exists the equality of chemical potential between the involved phase and interface, 

i.e. 
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   (‎3.50) 

    
       

   (‎3.51) 

The system is assumed to be large enough that the intensive properties in the solid 

phase, vapor bulk phase and at the solid−vapor interface are not changed after the 

formation of a small amount of liquid phase 40. Therefore we assume: 

  
     (‎3.52) 

    
    

        
     

   (‎3.53) 

    
    

        
     

   (‎3.54) 

  
       (‎3.55) 

When equations (‎3.46) to (‎3.55) are combined with equation (‎3.45) and the result is 

deducted from equation (‎3.38), the free energy expanded about the reference state 

is as follows:  

∆        

                              

    
    

    
     

     
    

      
     

    
      

     
    

   

    
     

    
      

     
    

   

(‎3.56) 

Each of the terms of the above equation is essentially the difference between two 

intensive properties multiplied by an extensive property. Our interest is to find ∆B 

only in the small neighborhood of the equilibrium state. Each of the differences 
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between two intensive properties can be substituted by its Taylor expansion about 

the equilibrium state. For small virtual displacements around equilibrium states, 

terms that are directly proportional to the size of the virtual displacements can be 

neglected. Hence each of the differences between two intensive properties can be 

substituted by its quantity at equilibrium conditions 40. Due to equality of chemical 

potentials at the equilibrium conditions (refer to Table ‎3-4 (a)), in equation (‎3.56) 

all the terms other than the first three terms are zero and equation (‎3.56) reduces 

to18 : 

∆                                     (‎3.57) 

For the above equation at equilibrium conditions, (PV−PL) and           can be 

replaced by the Laplace−Young equation (equation (‎2.15)) and the Young equation 

(equation (‎2.16)) respectively. These substitutions transform equation (‎3.57) into 

the following equation: 

∆            
 

  
 

 

  

            θ            (‎3.58) 

where all of the R1, R2, and   are evaluated at the equilibrium conditions.  

Equation (‎3.58) can be written in terms of the Kelvin radius (RC) 18 : 

∆       
    

  
            θ            (‎3.59) 

Following the same procedure for the flat solid−liquid and solid−vapor interfaces, 

the same equation as equation (‎3.58) represents the thermodynamic potential of the 

system of liquid formation out of a vapor.  
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For the case of vapor formation out of a liquid phase, the reference condition would 

be when no vapor is present. The thermodynamic potential is obtained from a 

similar procedure. 

The free energies expanded about a reference state, for cases of liquid formation 

out of a vapor phase and vapor formation out of a liquid phase are summarized in 

Table ‎3-6: 

Table ‎3-6 Forms of free energy with respect to the reference condition, for two cases of liquid 

formation out of a bulk vapour phase and vapour formation out of a bulk liquid phase. Liquid 

and vapour phases are made up of component (1) and the solid phase is purely component (2).  

Liquid formation out of a vapour phase 
18

 Vapour formation out of a liquid phase 

      

           γ   γ       γ      

                                                          (‎3.57) 

      

           γ   γ       γ      

                                                             (‎3.60) 

      

 
 

  
 

 

  

      γ           γ     
 

                                                          (‎3.58)                                                                                            

      

 
 

  
 

 

  

     γ           γ     
 

                                                             (‎3.61) 

      

 γ  

  
     γ           γ     

 

                                                          (‎3.59) 

      

 γ  

  
    γ           γ     

 

                                                             (‎3.62) 

3.6. Fluid material properties 

The equations being developed so far can be applied to any confined fluid system, 

regardless of the constituent fluid component. However many experimental 
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investigations have been performed on H2O in confining geometries.  There are 

also some experiments on n−dodecane as the pure confined fluid. In order to 

compare our results with literature, throughout this thesis H2O or n−dodecane is 

chosen as the pure component of the liquid and vapour phases. The properties of 

these two components at the specified temperature are presented in Table ‎3-7, and 

will be used in the following chapters.  

Table ‎3-7 H2O and n−dodecane properties at s pecified temperature.  

Component Temperature (ºC)  
LV

 (Nm
−1

) P∞  (Pa)   
  (m

3
kmol

−1
) 

H2O 20 0.07275 
31

 2339 
39

 0.01805 
39

 

n−dodecane 24 0.02503 
41

 16.43 
39

 0.2282 
39

 

3.7. Effect of the bulk phase pressure on the sign of 

the Kelvin radius (RC)  

The Kelvin radius, which is equal to the mean radius of curvature at equilibrium 

states, can be positive or negative; depending on the sign of the principal radii of 

curvature (equation (‎2.21)).The Kelvin radius with each sign is only possible at 

specific values of the bulk pressure. This will be discussed in two separate sections 

for the cases of liquid formation and vapour formation. 

3.7.1. Effect of the bulk phase pressure on the sign of RC for 

the case of liquid formation out of a bulk vapour phase  

In the case of liquid formation, the bulk phase is the vapour phase. With the 

pressure difference being arbitrarily defined as PV−PL, the Kelvin radius can be 

obtained from equation (‎2.22). With the numerator (2γLV) being a positive number 
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in equation (‎2.22), the sign of RC is determined based on the sign of the 

denominator, i.e.: 

 
 
 

 
                            

  

 ∞
   

    

 ∞ ∞
    

  

 ∞
   

                           
  

 ∞
   

    

 ∞ ∞
    

  

 ∞
   

  (‎3.63) 

For an ideal gas 
   

  
 is equal to unity. For any material, the denominator of  

    

    
  is 

much smaller than that of an ideal gas. Therefore regardless of the material, 
    

    
  is 

expected to be much greater than one.  

Solving equation (‎3.63), with 
    

    
  much greater than one, shows that RC is 

positive for 
  

  
 less than one or greater than a very large value. The numerical 

amount of 
    

    
 , as well as the range of 

  

  
 for positive and negative RC are shown 

in Table ‎3-8 , for two components of H2O and n−dodecane, using the properties 

stated in Table ‎3-7. 
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Table ‎3-8 Amount of the coefficient 
    

    
  and range of 

  

  
 for positive or negative RC for two 

components: H2O and n−dodecane. 

Component 
    

    
 

 
  

  
 range for RC > 0 

  

  
 range for RC < 0 

H2O 5.77×10
4    

  
  < 1     or     

  

  
 > 7.83×10

5
 1 < 

  

  
  < 7.83×10

5
 

n−dodecane 6.59×10
5
 

  

  
  < 1     or     

  

  
 > 1.07×10

7
 1 < 

  

  
  < 1.07×10

7
 

Substituting the values for the saturation pressure (P∞) from Table ‎3-7 into the 

criteria of Table ‎3-8 shows that a positive Kelvin radius is possible at bulk vapour 

pressures below the saturation pressure or above 1.83×109 Pa for H2O and 

1.76×108 Pa for n−dodecane (similarly above some extremely high pressures for 

other materials, due to 
    

    
  being much greater than one in equation (‎3.63)). The 

extreme high pressures resulting in positive Kelvin radius are not of interest. 

Eliminating those extremely high pressures, the range of bulk vapour pressure for 

each of positive or negative Kelvin radius is: 

 
 
 

 
                            

  

 ∞
  

                           
  

 ∞
  

  (‎3.64) 

According to equation (‎3.64) the Kelvin radius is positive at bulk vapour pressures 

below the saturation pressure, and is negative at bulk vapour pressures above the 

saturation pressure. It should be noted that at vapour pressure equal to saturation 

pressure, there would be no pressure difference along the interface (PV=PL) and the 

interface would be flat. 
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3.7.2. Effect of the bulk phase pressure on the sign of RC for 

the case of vapour formation out of a bulk liquid phase  

For the case of vapour formation, the bulk phase is the liquid phase. When the 

pressure difference is arbitrarily defined as PL−PV, equation (‎2.24) shows the 

Kelvin radius. In equation (‎2.24) with the positive numerator (2γLV), the sign of the 

denominator would determine the sign of RC, hence: 

 
 
 

 
                            

  

 ∞
     

 ∞ ∞
 

    
 
  

 ∞
      

                           
  

 ∞
     

 ∞ ∞
 

    
 
  

 ∞
      

  (‎3.65) 

In section ‎3.7.1 it was explained that 
    

    
  is much greater than unity for any 

material at conditions of intrest. Then it can be concluded that 
    

 

     is much 

smaller than one regardless of the material. With 
    

 

      much less than unity, and 

after solving equation (‎3.65), it is found that RC is negative for 
  

  
 less than one or 

greater than a very large value. Numerical amounts of 
    

 

    , and the criteria of 
  

  
 

for positive and negative RC are shown in Table ‎3-9, for two components of H2O 

and n−dodecane, using the properties stated in Table ‎3-7. 
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Table ‎3-9 Amount of the coefficient 
    

 

     and range of 
  

  
 for positive or negative RC for two 

components: H2O and n−dodecane. 

Component 
    

 

     
  

  
 range for RC > 0 

  

  
 range for RC < 0 

H2O 1.73×10
−5  

1 < 
  

  
  < 7.83×10

5
 

  

  
  < 1     or     

  

  
 > 7.83×10

5
 

n−dodecane 1.52×10
−6

 1 < 
  

  
  < 1.07×10

7
 

  

  
  < 1     or     

  

  
 > 1.07×10

7
 

Substitution of saturation pressures (P∞) from Table ‎3-7 into the criteria of Table 

‎3-9 shows that negative Kelvin radii are possible at bulk liquid pressures below the 

saturation pressure or above 1.83×109 Pa for H2O and 1.76×108 Pa for n−dodecane 

(similarly above some extremely high pressures for other materials, due to 
    

 

      

being much less than one in equation (‎3.65)). The extreme high pressures resulting 

in negative Kelvin radius are not of interest. Eliminating those extremely high 

pressures ranges, the range of bulk liquid pressure for each of positive or negative 

Kelvin radius is:  

 
 
 

 
                           

  

 ∞
  

                           
  

 ∞
  

  (‎3.66) 

According to equation (‎3.66), the Kelvin radius is positive at bulk liquid pressures 

above the saturation pressure, and is negative at bulk liquid pressures below the 

saturation pressure. It should be noted that at liquid pressure equal to saturation 

pressure, there would be no pressure difference along the interface (PL=PV) and the 

interface would be flat. 
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3.8. Transition contact angle 

For either case of liquid phase formation out of a bulk vapour phase or vapour 

formation out of a bulk liquid phase, the liquid−vapour meniscus might be concave 

or convex. Obviously there would be some contact angle at which the meniscus 

alters from being concave to being convex. This contact angle is called the 

transition contact angle, and is denoted by θt.  

Defining the transition contact angle allows us to describe the changes in the 

contact angle as getting closer to / farther from the transition contact angle, rather 

than by increasing / decreasing the contact angle. This is especially helpful since 

there is a widely used convention of measuring the contact angle within the denser 

phase (liquid phase). The benefit of the transition contact angle is explained in 

more detail through the following example. 

An example of two cases of liquid formation out of a bulk vapour phase and vapour 

formation out of a bulk liquid phase inside a conical pit is illustrated in Figure ‎3-2, 

where contact angles are measured from the liquid side. In part (a) while the shape 

of the concave meniscus is the same, the contact angle is 15º for the case of liquid 

formation and is 165º for the case of vapour formation. Consider that some surface 

manipulation changes the contact angle by 10º in part (b). For the case of liquid 

formation the contact angle is increasing to 25º, while for the case of the vapour 

formation it is decreasing to 155º. This change can uniquely be described as 

getting 10º closer to the transition contact angle.  
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Figure ‎3-2 (a) Contact angle measurement convention demonstrated in  the two cases of liquid 

formation out of a vapour phase and vapour formation out of a liquid phase inside a conical 

pi t. The transition meniscus is shown as a dotted line. (b) Getting 10º closer to the transition 

contact angle, equivalent to an increase in the contact angle for the case of liquid formation 

and a decrease in the contact angle for the case of vapour formation.   

3.9. Summary 

This chapter covers all the governing equations, definitions, and material properties 

for two cases of liquid formation out of a bulk vapour phase and vapour formation 

out of a bulk liquid phase inside a confined geometry.  These equations and 

definitions span across different geometries to be discussed in the following 

chapters.  

The length below which the gravitational field can be neglected (capillary length) is 

presented for two components of interest at section 3.2. In section ‎3.3 conditions 
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for equilibrium of the system are derived, a summary of which can be found in 

Table ‎3-4. Through section 3.4 the appropriate free energies of the systems are 

determined, and summarized in Table ‎3-5. The reference condition as a basis of 

calculating the free energy level is introduced in section ‎3.5. Also the equations for 

the amount of the free energy with respect to the reference condition are presented 

in Table ‎3-6. Some material properties for H2O and n−dodecane are reported in 

section ‎3.6 (Table ‎3-7). In section ‎3.7 the dependence of the sign of the Kelvin 

radius on the bulk phase pressure is discussed through two material specific cases 

of H2O and n−dodecane (Table ‎3-8). The results were proven to be expandable to 

other components. Section 3.8 introduces transition contact angle as a helpful term 

in unifying the description of the changes in contact angle in either case of liquid or 

vapour formation.  
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4. Liquid−vapour system inside 

a conical pit 

The first solid confinement geometry to be discussed is the conical pit. This 

geometry is of practical importance in many cases. For the focus of our study, the 

single component (pure) fluid being confined inside a cone, thermodynamic 

stability analysis is performed using the equations and definitions of chapter ‎3. The 

system is of constant mass and constant bulk phase pressure, imposed by the 

reservoir. For the solid shape of a conical pit, both the solid−liquid and the 

solid−vapour interfaces are curved.  

Two possible liquid−vapour systems are discussed in detail in this chapter: liquid 

formation from a bulk vapour phase in section ‎4.1, and vapour formation from a 

bulk liquid phase in section ‎4.2. In either of these cases the meniscus might be 

concave or convex, each of which are discussed in separate sections: sections ‎4.1.1 

and ‎4.1.2 are about liquid formation with concave and convex menisci respectively, 

where as vapour formation with concave and convex menisci are presented in 

sections ‎4.2.1 and ‎4.2.2 correspondingly. The effect of the equilibrium contact 

angle on the thermodynamic stability is discussed in sections ‎4.1.1.1, ‎4.1.2.1, 

‎4.2.1.1, and ‎4.2.2.1 for liquid formation with concave or convex meniscus and 

vapour formation with concave or convex meniscus. Sections ‎4.1.1.2, ‎4.1.2.2, 



 

69 

 

‎4.2.1.2, ‎4.2.2.2 explain the effect of the cone apex angle in the different cases of 

liquid formation with concave or convex meniscus and vapour formation with 

concave or convex meniscus respectively. Section ‎4.3 presents the big picture of 

the stability analysis of both liquid and vapour formation inside a conical pit and 

the effect of different parameters discussed in the previous sections.  

4.1. Liquid phase formation from a bulk vapour 

phase inside a conical pit 

The constraints of the system are those that are stated in Table ‎3-2 for the curved 

solid interface. Conditions for equilibrium are as presented in Table ‎3-4 (a) 

(equation (‎3.15) to (‎3.20)), where the solid interfaces are curved. For this case, we 

will show how the Laplace−Young equation (‎2.13) and the Young equation (‎2.16) 

can be obtained from the conditions for equilibrium as stated in Table ‎3-4 (a).  

Recall equation (‎3.20),  

                                       (‎3.20) 

where dVL, dASL, dASV, and dALV are to be substituted in terms of the principal radii 

of curvature of the liquid−vapour interface and the contact angle.   

Neglecting gravity, the pressure inside the liquid phase and the pressure inside the 

vapour phase would be constant; where from the Kelvin equation (equation (‎2.20)) 

it can be seen that in the liquid−vapour interface must be a surface of constant 

curvature. This constant curvature interface should meet the solid, which is in the 

form of a conical pit, at the same contact angle at every contact. Hence the 
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liquid−vapour interface can be considered to be part of a sphere, as it was assumed 

by Ward et. al.20.  For the liquid−vapour interface to form part of a sphere, the 

principal radii of curvature are equal to each other, i.e. R1 = R2 = RC. 

The liquid–vapour interface might be either concave or convex. For this solid 

geometry (conical pit), and in the case of liquid formation from a bulk vapour 

phase the transition contact angle is      , where   is half of the cone apex 

angle.  Therefore the liquid−vapour interface is concave for contact angles 

       , and is convex for contact angles         . Liquid formation with 

concave or convex meniscus is illustrated in Figure ‎4-1. 

It is a matter of geometrical calculations to develop the appropriate equations for 

VL, ASL, ASV, and ALV.  

 

Figure ‎4-1 Schematic of liquid formation inside a conical pit and defini tion of cone apex angle 

2β, contact angle  , principal radii of curvature R1=R2, radius of the three−phase contact 

circle W, the height of interface h, the distance between the highest and the lowest parts of the 

liquid−vapour interface h΄, and half−filling angle of the new phase  , for cases of  a) concave 

(       ) and b) convex (       ) meniscus. 
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Using the formulas for the volume and the surface area of a cone and a spherical 

cap from a mathematics handbook such as Harris and Stocker 42, the volume of the 

liquid and the surface areas for the case of a concave meniscus (       ) are: 

   
 

 
    

 

 
            (‎4.1) 

             (‎4.2) 

           (‎4.3) 

where 

  
 

 
       (‎4.4) 

         (‎4.5) 

  
 

    
 (‎4.6) 

             (‎4.7) 

Combining equations (‎4.4) to (‎4.7) with equations (‎4.1) to (‎4.3) results in: 

   
 

 
  

  
         

    
                        (‎4.8) 

       
  

         

    
  (‎4.9) 
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              (‎4.10) 

Moreover the area of the solid−vapor interface can be obtained from: 

                              (‎4.11) 

The next step is calculating dVL, dASL, dASV, and dALV. When the solid geometry is 

specified, the contact angle and the principal radii of the curvature are the only 

independent variables. Hence each of the above derivatives can be written in terms 

of dθ and dR1, considering R1=R2 for the liquid−vapour interface which is part of a 

sphere in this case. 

The derivatives are therefore as follows: 

       
  

         

    
                           

           
 

 
  

  
                   

    
                                 

(‎4.12) 

          
         

    
         

  
                

    
    (‎4.13) 

           (‎4.14) 

                             
              (‎4.15) 

Substituting equations (‎4.12) to (‎4.15) into equation (‎3.20), results in the following 

equation after some rearrangements: 
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     γ   γ          
         

    
  γ      

                 

         
 

 
  

  
                   

    
                                

     γ   γ        
   

                

    
  γ       

                  

(‎4.16) 

For any virtual displacement around equilibrium, equation (‎4.16) is zero, only 

when both of the coefficients of dR1 and dθ are zero, i.e: 

           
   

         

    
                        

  γ   γ          
         

    
  γ                     

(‎4.17) 

and, 

       
 

 
  

  
                   

    
                               

   γ   γ        
   

                

    
  γ       

               

(‎4.18) 

Solving these two equations simultaneously to find (PV−PL) and (γSV−γSL) results 

in the Laplace−Young equation (‎2.15) and the Young equation (‎2.16): 

      
    

  
 (‎2.15) 
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where in this case a is vapour phase, b is liquid phase,  and Rm is equal to R1. 

              θ 
(‎2.16) 

In a similar way, for the case of liquid formation with convex liquid−vapour 

interface (       ), with the appropriate equations for the volume of the new 

phase and surface area of the interfaces, it can be shown that the Laplace−Young 

equation (‎2.15) and the Young equation (‎2.16) are obtained from the conditions for 

equilibrium. 

Table ‎4-1 presents the equations for the liquid volume and the surface areas that are 

formed as a result of liquid phase formation from the bulk vapour phase. Although 

the formula is the same for both cases of concave and convex meniscus, it should 

be noted that R1 must be inserted with a negative sign in the case of convex 

meniscus. This is in accordance with our convention that by defining ∆P as PV−PL, 

R1 would be negative if the center of the circle is on the liquid side. Also in each 

case, the contact angle would automatically account for the concavity of the 

liquid−vapour interface.  
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Table ‎4-1 Liquid volume and the surface areas for liquid phase formation from the bulk 

vapour phase in a conical pit.  

   
 

 
  

  
         

    
                                                      (‎4.8) 

       
  

         

    
                                                                                       (‎4.9) 

        
                                                                                      (‎4.10) 

The next step is to analyse the stability of the liquid phase being formed out of a 

vapour phase. From Table ‎3-6, the equation of the free energy for the liquid 

formation from bulk vapour phase is: 

     
 γ  

  
     γ           γ      (‎3.59) 

 For either case of concave or convex meniscus, the liquid volume and the surface 

areas from Table ‎4-1 are to be replaced in equation (‎3.59). For an arbitrary solid 

material and the fluid of interest, the equilibrium contact angle is considered to be 

known from experiments. Therefore the radius of curvature of the liquid−vapour 

interface is the only independent variable in the free energy function, and stability 

analysis is determined based on the size of this radius, as described in ‎2.4. In this 

case where R1=R2, the size of the radius of curvature at the equilibrium condition 

(R1,e) can be obtained from solving the following equation: 

 
  

   

 
    

   (‎4.19) 

where θe is the contact angle at equilibrium condition.  
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The stability of the liquid−vapour interface (stable, unstable, or metastable), can be 

analysed according to the sign of the second derivative of the free energy with 

respect to the radius of the curvature at equilibrium condition, i.e.  
   

   
         

    

, 

where the free energy is known from equation (‎3.59). 

 
   

   
  

     
    

  

             γ   
           

    
                         

        
          

    
  

(‎4.20) 

4.1.1. Stability of the liquid phase being formed from a bulk 

vapour phase inside a conical pit: concave meniscus 

When the meniscus is concave, the centre of the radius of curvature of the 

liquid−vapour interface is located in the vapour phase, as shown in Figure ‎4-1. This 

requires R1 (= R2 = RC) to be positive, according to our convention stated in ‎2.1.3, 

where the pressure difference is defined as ∆       . The positive R1, 

equivalent to positive Kelvin radius, is only possible at vapour pressures below the 

saturation pressure (     ) according to section ‎3.7.1. 

 For vapour pressures less than the saturation pressure for which it is possible to 

have a concave meniscus, equation (‎4.20) is always positive. Hence at the 

equilibrium state, the free energy is a minimum, and the equilibrium state is stable. 

This stable equilibrium state and the corresponding minimum are shown in Figure 
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‎4-2 on the free energy curve vs. scaled size of the curvature ( 
  

  
), using 

Mathematica 8.0 software. This graph is for a solid cone with a half angle of 10º 

and the equilibrium contact angle equal to zero. Water is selected as the pure 

component of the liquid and vapour phases at 20ºC. Fluid properties at this 

condition can be obtained from Table ‎3-7. The vapour pressure is set to be 0.9P∞ 

(less than the saturation pressure). At these conditions the Kelvin radius of the 

system is found from equation (‎2.20) to be 1.02×10−8 m. 

 

Figure ‎4-2 Free energy vs . scaled size of the liquid phase formed out of a bulk vapour phase 

for H2O at 20ºC, P
V

=0.9P∞, contact angle of θ=0º (concave meniscus), and solid half angle of 

β=10º. 

The liquid bridge forms spontaneously since there is no energy barrier (no 

maximum point) to be overcome, and hence the phase transition is not a nucleation 

process.  
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4.1.1.1. Effect of equilibrium contact angle on the stability of the system 
for liquid phase formation out of a bulk vapour phase inside a 

conical pit: concave meniscus 

This section is dedicated to the impact of the equilibrium contact angle on the 

energy level and stability of the liquid formation with concave meniscus. The 

specifications of the system, other than the equilibrium contact angle, are the same 

as those used for Figure ‎4-2. 
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Figure ‎4-3 Effect of equilibrium contact angle, θ, on the free energy of the liquid phase formed 

out of a bulk vapour phase for H2O at 20ºC and P
V

=0.9P∞, and solid half angle of β=10º, for 

various contact angles that result in a concave meniscus: (a) Free energy vs. scaled radius of 

curvature, (b) Free energy vs. volume of the liquid phase. 

It can be seen from Figure ‎4-3 that as the equilibrium contact angle increases, the 

free energy minimum becomes shallower (less stable). In Figure ‎4-3 (b) it is shown 

that as the equilibrium contact angle increases, a smaller volume of liquid is formed 

from the bulk vapour phase.  
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It should be noted that for any equilibrium contact angle, the principal radius of the 

liquid−vapour interface at the minimum free energy point is RC, since R1=R2 due to 

considering the liquid−vapour interface to be part of a sphere.  

Also in Figure ‎4-3, it can be seen that for the same number of degrees change in 

contact angle of 5o, the free energy curves of θ=0o and θ=5o have small relative 

differences, in comparison to the free energy curves of θ=5o and θ=10o.  Therefore 

it is concluded that the effect of a specific number of degrees change in contact 

angle (5o
 for example) is more important when the initial equilibrium contact angle 

is closer to the transition contact angle. 

The transition contact angle for the cone with a half angle of 10o is equal to 80º 

(90º‒10º). For a closer look at this issue, compare the two cases in Figure ‎4-4. 

  

Figure ‎4-4  Comparing the effect of a certain number of degrees (5º) change in the equilibrium 

contact angle on the free energy of the system when a liquid phase is formed out of a bulk 

vapour phase for H2 O at 20ºC and P
V
=0.9P∞ and solid half angle of β=10º for various contact 

angles that result in a concave meniscus . (a) Far from the transition contact angle, (b) Close to 

the transition contact angle. 
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The comparison of cases (a) and (b) of Figure ‎4-4 can be fulfilled through the 

comparison of the relative difference in the energy level of their extrema. The 

relative difference is: 

 
                                            

                     
      (‎4.21) 

In part (a) of Figure ‎4-4, the equilibrium contact angle is changed by 5o from 0o to 

10o, both are far from the transition contact angle. As a result the free energy of 

the minimum point is changed from −31.34 aJ (attojoule) to −30.85 aJ. From 

equation (‎4.21) the relative difference in free energy of the minimum point in case 

(a) is 1.56%. 

In part (b) of Figure ‎4-4, the equilibrium contact angle is changed 5o from 65o to 

70o, which are close to the transition contact angle. In this situation, the free 

energy of the minimum point is changed from −0.76 aJ to −0.23 aJ. Although the 

absolute change in free energy is less than case (a), the relative difference for this 

condition is much higher (69.74%): 

This result shows that in the case of        ,  approximating small contact 

angles (far from the transition contact angle) with zero is a good approximation in 

understanding and predicting stability behaviour and also in calculating size of the 

equilibrium bridge.  
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4.1.1.2. Effect of the cone apex angle on the stability of the system for 
liquid formation out of a bulk vapour phase inside a conical 

pit: concave meniscus 

In Figure ‎4-5, the free energy curve is plotted for three different cone apex angles. 

Properties other than the cone apex angle are kept the same as the properties in 

Figure ‎4-2. 
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Figure ‎4-5 Effect of cone apex angle on the free energy of the system when a liquid phase is 

formed out of a bulk vapour phase for H2O at 20ºC and P
V

=0.9P∞ and θ=0
o
 (concave 

meniscus). (a) Free energy vs. scaled radius of curvature,  (b) Free energy vs. volume.  

In Figure ‎4-5, the free energy minimum is more stable (deeper) for the smaller cone 

apex angle. Thus liquid formation out of the bulk vapour in a conical pit with a 

solid material such that         becomes more stable as the cone apex angle 

decreases. Due to considering the liquid−vapour interface to be part of a sphere, for 

any cone apex angle, the equilibrium radius of curvature is always the same and 
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equal to the Kelvin radius (Figure ‎4-5(a)). On the other hand as shown in Figure 

‎4-5(b), at smaller cone apex angle, a higher volume of the liquid must be formed to 

meet the stable equilibrium condition and reach the Kelvin radius (RC). 

4.1.2. Stability of the liquid phase being formed from a bulk 

vapour phase inside a conical pit: convex meniscus 

From geometrical considerations the convex meniscus is only possible if   

     , and the principal radii of curvature are negative (located on the liquid 

side) when the pressure difference is defined as PV−PL, as illustrated in Figure 

‎4-1.The negative R1, equivalent to negative Kelvin radius, is only possible at 

vapour pressures above the saturation pressure (PV>P∞) according to section ‎3.7.1. 

To analyse the stability of the liquid being formed, the sign of   
   

   
       

    

 is to be 

determined. For          , equation (‎4.20) is always negative. Therefore the 

free energy would be maximum at the equilibrium condition, denoting an unstable 

equilibrium. Figure ‎4-6 represents this unstable equilibrium state. This graph is for 

a solid cone with the half angle of 10º and the equilibrium contact angle equal to 

180o. Water is chosen as the pure component at 20ºC. Fluid properties at this 

condition can be obtained from Table ‎3-7. The vapour pressure, that should be 

higher than saturation pressure, is considered to be 1.1P∞. For these conditions, the 

Kelvin radius is −1.13×10−8 m from equation (‎2.20) where the negative sign 

indicates that the center of the radius is located on the liquid side. 
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Figure ‎4-6 Free energy vs . scaled size of liquid phase formed out of a bulk vapour phase for 

H2O at 20ºC and P
V

=1.1P∞, contact angle of θ=180º (convex meniscus), and solid half angle of 

β=10º. 

This maximum in the free energy represents the energy barrier that must be 

overcome for the new phase to be formed. Therefore the phase transition is a 

nucleation phenomenon. Passing the maximum point, the curve is ever decreasing, 

and no minimum point exists. This means that all the vapour phase would turn into 

liquid, once the barrier is overcome. 

4.1.2.1. Effect of equilibrium contact angle on the stability of the system 

for liquid phase formation out of a bulk vapour phase inside a 
conical pit: convex meniscus 

The effect of the equilibrium contact angle on the free energy of the liquid 

formation with convex meniscus is investigated in this section. Other than the 

equilibrium contact angle, the system has the same specifications as those for 

Figure ‎4-6. 
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Figure ‎4-7 Effect of equilibrium contact angle on the free energy vs . volume of the liquid 
phase formed out of a bulk vapour phase for H2O at 20ºC and P

V
=1.1P∞, and solid half angle 

of β=10º, for various contact angles that result in a convex meniscus . (a) Free energy vs. scaled 

radius of curvature, (b) Free energy vs. volume of the liquid phase. 

As the equilibrium contact angle decreases, the free energy barrier becomes smaller 

and the unstable equilibrium is formed with less amount of liquid volume.  

Also it can be seen in Figure ‎4-7 that, similarly to the previous case, the effect of 

specific changes in contact angle is less important when the initial equilibrium 
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contact angle is far from the transition contact angle. As mentioned in section 

‎4.1.1.1 the transition contact angle for the cone with the half angle of 10º is equal 

to 80º.  For better clarity, a certain number of degrees change in contact angle for 

two conditions of far from, and close to, the transition contact angle is examined 

in Figure ‎4-8: 

  

Figure ‎4-8 Comparing the effect of a certain number of degrees (5º) change in the equilibrium 

contact angle on the free energy of the system when a liquid phase is formed out of a bulk 

vapour phase for H2 O at 20ºC and P
V
=1.1P∞ and solid half angle of β=10º for various contact 

angles that result in a convex meniscus . (a) Far from the transition contact angle, (b) Close to 

the transition contact angle. 

 In Figure ‎4-8 (a) the equilibrium contact angle changes from 180º to 175º, with 

both being far from the transition contact angle. The free energy of the maximum 

point changes from 77.26 aJ to 76.62 aJ. The relative difference in the free energy 

of the maximum point is 0.83% from equation (‎4.21). In Figure ‎4-8 (b) the 

equilibrium contact angle changes from 95º to 90º, with both being close to the 

transition contact angle. The free energy of the maximum point changes from 0.99 

aJ to 0.30 aJ, with a relative difference of 69.70% from equation (‎4.21).  

This shows that a certain amount of error in measuring the contact angle has a 

greater impact for contact angles close to the transition contact angle. The focus of 
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this conclusion is the relative difference of the energy barrier; however in this 

particular case of Figure ‎4-8 both the absolute and relative changes in the free 

energy were larger near the transition contact angle.  

4.1.2.2. Effect of cone apex angle on the stability of the system for 

liquid phase formation out of a bulk vapour phase inside a 
conical pit: convex meniscus 

In Figure ‎4-9 the free energy curve is plotted for three different cone apex angles. 

Properties other than the cone apex angle are kept the same as for the first case of 

section ‎4.1.2 (Figure ‎4-6) . 
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Figure ‎4-9 Effect of cone apex angle on the free energy of the system when a liquid phase is 

formed out of a bulk vapour phase for H2O at 20ºC and P
V

=1.1P∞ and θ=180º (convex 

meniscus). (a) Free energy vs. scaled radius of curvature,  (b) Free energy vs. volume.  

According to Figure ‎4-9, a higher energy barrier must be overcome for the smaller 

cone apex angle. Thus liquid formation out of the bulk vapour phase in the cone of 

the solid material that enforces        , becomes less favourable as the apex 

cone apex angle decreases. Considering the liquid−vapour interface as part of a 

sphere, for any cone apex angle the equilibrium radius of curvature is always the 
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same and equal to the Kelvin radius, as shown in Figure ‎4-9 (a). Also as shown in 

Figure ‎4-9 (b), as cone apex angle gets smaller, a higher volume of the liquid must 

be formed and fill the cone before getting to the unstable condition (the Kelvin 

radius). 

4.2. Vapour phase formation from a bulk liquid 

phase inside a conical pit 

The constraints of the system in which vapour is formed out of a bulk liquid phase 

are as shown in Table ‎3-3. The conditions for equilibrium are as presented in Table 

‎3-4 (b), for the curved solid interfaces (equations (‎3.22) to (‎3.26)).  

The liquid−vapour interface is considered to be part of a sphere, using the same 

justifications as in section ‎4.1. The notations that are assigned to describe the 

geometry of the problem are presented in Figure ‎4-10. It should be noted that the 

contact angle is being measured from the liquid side, as set by convention. By this 

convention, the transition contact angle in the case of vapour formation inside a 

cone with cone apex angle 2β is equal to        . The meniscus is concave if 

         and is convex if          . 
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Figure ‎4-10 Schematic of liquid formation inside a conical pi t and the definition of cone apex 

angle 2β, contact angle  , principal radii  of curvature R1=R2, radius of the three−phase 

contact circle W, height of interface h, distance between the highest and the lowest parts of the 

liquid−vapour interface h΄, and half−filling angle of the new phase  , for cases of a) concave 

(        ) and b) convex (        ) meniscus. 

Relations for the volume of the vapour phase and the surface areas are presented in 

the following table, having been derived from the formulas of volume and surface 

area of a cone and a spherical cap 42. The radius R1 should be inserted with the 

appropriate sign in each case, i.e. positive sign for the concave meniscus (  

      ) and negative for the convex meniscus (        ) when ∆P is 

defined as PL−PV. 

Table ‎4-2 Vapour volume and the surface areas for vapour phase formation from the bulk 

liquid phase in a conical pit.  

   
 

 
  

  
          

    
                                                     (‎4.22) 

       
  

         

    
   (‎4.23) 

        
              (‎4.24) 
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To analyse the stability of the vapour phase being formed out of the liquid, the 

vapour volume and surface areas are to be replaced in the equation for free energy 

in Table ‎3-6. It should be noted that the pressure difference is defined as PL−PV 

here. 

Once the solid material is known, the equilibrium contact angle is assumed to be 

fixed, and free energy is only a function of the principal radii of curvature. The size 

of the principal radii of curvature at the equilibrium condition can either be 

obtained from the extermum of the curve of free energy vs. size of the new phase, 

or by solving equation (‎4.19), as was stated in part ‎4.1. Again for this case where 

the liquid−vapour interface is considered to be part of a sphere, R1 is equal to R2, 

and both are equal to the Kelvin radius. 

The second derivative of free energy with respect to the principal radius of 

curvature is derived for this case of vapour formation out of the bulk liquid phase.  

The stability of the vapour phase being formed out of the liquid phase can be 

determined based on the sign of this expression.  

 
   

   
  

     
θ θ 

  

                            
       θ    

    
        θ           θ    

     θ  
     θ    

    
  

(‎4.25) 
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4.2.1. Stability of the vapour phase being formed from a bulk 

liquid phase inside a conical pit: concave meniscus 

In the case of vapour formation with a concave meniscus         , with the 

pressure difference being defined as PL−PV, R1 (= R2 = RC) is to be positive due to 

its center being located in the liquid phase, as shown in Figure ‎4-10. Positive R1, 

equivalent to positive Kelvin radius, is only possible at liquid pressures above the 

saturation pressure (PL>P∞) according to section ‎3.7.1. 

In this case where          , equation (‎4.25) is always positive. This positive 

sign indicates that the extremum in the free energy of the system will be a 

minimum, as shown in Figure ‎4-11. Therefore the equilibrium condition of the 

system is stable. Figure ‎4-11 is for the case where the half angle of the solid cone is 

chosen to be 10o and the solid is made up of a material such that the equilibrium 

contact angle is 180o.  The pure fluid in the system is H2O at 20ºC, with the fluid 

properties given in Table ‎3-7. The liquid pressure is set to be 1.1P∞. The Kelvin 

radius of the system is 6.22×10−4 m from equation (‎2.23).  
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Figure ‎4-11 Free energy vs. scaled size of vapour phase formed out of a bulk liquid phase for 

H2O at 20ºC and P
L
=1.1P∞, contact angle of θ=180º (concave meniscus), and solid half angle of 

β=10º. 

No energy barrier is to be overcome to reach the stable equilibrium condition, as 

shown in Figure ‎4-11. Therefore the vapour phase formation out of the liquid phase 

is not a nucleation phenomenon in the case of concave meniscus.  

4.2.1.1. Effect of equilibrium contact angle on the stability of the system 

for vapour phase formation out of a bulk liquid phase inside a 
conical pit: concave meniscus 

The impact of the equilibrium contact angle is investigated for systems with the 

same properties as those in Figure ‎4-11, except that the equilibrium contact angle is 

changing. 
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Figure ‎4-12 Effect of equilibrium contact angle on the free energy vs. volume of the vapour 

phase formed out of a  bulk liquid phase for H2O at 20ºC and P
L
=1.1P∞ and solid half angle of 

β=10º, for various contact angles that results in a concave meniscus. 

As the equilibrium contact angle gets smaller (gets closer to the transition contact 

angle), while it is kept above      , the stable equilibrium condition becomes 

less stable, with less volume of vapour being formed.  

Also it can be seen in Figure ‎4-12 that for the same number of degrees change in 

the equilibrium contact angle (5o here) , the changes cause greater relative 

difference when the contact angle is closer to the transition contact angle, which is 

     . 

4.2.1.2. Effect of cone apex angle on the stability of the system for 

vapour phase formation out of a bulk liquid phase inside a 
conical pit: concave meniscus  

The effect of cone apex angle is being investigated for the same system as Figure 

‎4-11, with different cone apex angles. 
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Figure ‎4-13 Effect of cone apex angle on the free energy vs. volume of the vapour phase 

formed out of a bulk liquid phase for H2 O at 20ºC  and P
L
=1.1P∞ and θ=180º (concave 

meniscus). 

The cone with the smaller apex angle results in the more stable equilibrium 

condition, with a higher volume of the new phase, i.e. the vapour phase, at 

equilibrium. 

4.2.2. Stability of the vapour phase being formed from a bulk 

liquid phase inside a conical pit: convex meniscus 

As shown in Figure ‎4-10, the principal radius of curvature R1 (= R2 = RC) is 

negative for the case of vapour formation out of a bulk liquid phase, with the 

pressure difference is defined as PL−PV. For the radius R1, and equivalently the 

Kelvin radius, the bulk liquid pressure must be less than the saturation pressure 

(PL<P∞) according to section ‎3.7.1. 

For the meniscus to be convex, the equilibrium contact angle must be in the range 

of          , which results in equation (‎4.25) being always negative. The 
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negative sign in the second derivative of the free energy corresponds to a maximum 

point indicating an unstable equilibrium state, as presented in Figure ‎4-14. For 

Figure ‎4-14, the half angle of the solid cone is chosen to be 10o and the solid is 

made up of a material such that the equilibrium contact angle is 0º.  The pure fluid 

component is H2O at 20ºC, with its properties as presented in Table ‎3-7. The liquid 

pressure is chosen to be 0.9P∞, for which the Kelvin radius of the system is 

−6.22×10−4 m from equation (‎2.23).  

 

Figure ‎4-14 Free energy vs. scaled size of the vapour phase formed out of a bulk liquid phase 

for H2O at 20ºC and P
L

=0.9P∞, contact angle of θ=0º (convex meniscus), and solid half angle of 

β=10º. 

The maximum in the free energy represents the barrier to be overcome for the 

nucleation of a vapour phase out of a bulk liquid phase. Passing the maximum 

point, the ever descending curve shows the spontaneous change of all liquid into 

vapour, once the barrier is overcome. 
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4.2.2.1. Effect of equilibrium contact angle on the stability of the system 
for vapour phase formation out of a bulk liquid phase inside a 

conical pit: convex meniscus 

The free energy curve is shown for different equilibrium contact angles, in the 

system with the same characteristics as the one in Figure ‎4-14. 

 

Figure ‎4-15 Effect of equilibrium contact angle on the free energy vs. volume of the vapour 
phase formed out of a bulk liquid phase for H2 O at 20ºC and P

L
=0.9P∞ and solid half angle of 

β=10º, for various contact angles that result in a convex meniscus. 

It can be seen in the above figure that the smaller the equilibrium contact angle, the 

higher would be the barrier to be overcome. Also far from the transition contact 

angle      , the effect of changes in the contact angle is negligible. 

4.2.2.2. Effect of cone apex angle on the stability of the system for 

vapour phase formation out of a bulk liquid phase inside a 
conical pit: convex meniscus 

The same system as the one in Figure ‎4-14 is chosen, and the free energy for 

different cone apex angles is presented in Figure ‎4-16. 
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Figure ‎4-16 Effect of cone apex angle on the free energy vs. volume of the vapour phase 

formed out of a bulk liquid phase for H2 O at 20ºC  and P
L
=0.9P∞ and θ=0º (convex meniscus). 

According to the above figure, a higher energy barrier is to be overcome for the 

vapour phase to be formed in the cone with the smaller apex angle. Also as the 

apex angle gets smaller, a higher volume of the vapour must be formed to meet the 

unstable equilibrium condition. 

4.3. Conclusion 

In this chapter the liquid−vapour system inside a conical pit was studied under the 

condition of constant bulk phase pressure and constant mass. Gravitational effects 

have been neglected which is reasonable based on the explanations of section ‎3.2 . 

There are two possible systems with a liquid−vapour interface inside a conical pit 

(or any other geometry): (1) liquid formation from a bulk vapour phase (section 

‎4.1) and (2) vapour formation from a bulk liquid phase (section ‎4.2). Each of these 

cases might have a concave outward or a convex outward interface. 
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Thermodynamic stability analysis was performed on each of these cases. Also the 

effects of the solid geometry parameters (cone apex angle) and the contact angle on 

the stability of the system were investigated. 

The following table is a summary of what has been discussed in sections ‎4.1 and 

‎4.2.
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From what has been discussed, it can be concluded that for formation of liquid 

from a bulk vapour phase, or vapour from a bulk liquid phase inside a conical pit:  

1) For any new phase, with the liquid−vapour interface being considered as part of 

a sphere, there exists one and only one equilibrium state (either stable or 

unstable), and for that equilibrium state R1,e = R2,e = RC.  

This is due to the fact that when the liquid−vapour interface is part of a sphere, 

then R1 = R2 and for these radii to satisfy equation (‎2.21), the principal radii of 

the curvature are to be equal to the Kelvin radius.  

2) If only one unstable condition (maximum point) exists in the free energy curve 

vs. the size of the new phase, the curve would be ever descending after that 

unstable point.  In this situation all of the bulk phase would change into the new 

phase once the nucleation barrier is overcome.  

3) In the formation of liquid from a bulk vapour phase inside a conical pit, one of 

the following would happen based on the solid material: 

 For wettable solid materials where the meniscus is concave (        ), 

liquid formation would be a spontaneous non−nucleating phenomena, filling 

the conical pit up to the stable equilibrium size. Such a concave meniscus 

can only exists at PV < P∞ and this phenomenon is called capillary 

condensation 1. 

 For non−wettable solid materials where the meniscus is convex (       

 ), liquid formation is a nucleation phenomena, i.e. phase transfer happens 

once some energy barrier is overcome. After passing the nucleation barrier, 
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all the vapour phase would condense into the liquid. Such a convex 

meniscus can only exists at PV > P∞. 

4) In the formation of vapour from a bulk liquid phase inside a conical pit, one of 

the following would happen based on the solid material: 

 For non−wettable solid materials where the meniscus is concave (  

      ), vapour formation would be a spontaneous non−nucleating 

phenomena, filling the conical pit up to the stable equilibrium size. Such a 

concave meniscus can only exists at PL > P∞ and this phenomenon is called 

capillary evaporation 1. 

 For wettable solid materials where the meniscus is convex (        ), 

vapour formation is a nucleation phenomena and would happen only once 

the nucleation barrier is overcome. After passing the energy barrier all the 

liquid phase would evaporate into the vapour. Such a convex meniscus can 

only exists at PL < P∞. 

5) Effect of the contact angle:  

 When the meniscus is concave, getting farther from the transition contact 

angle results in more stability of the stable equilibrium condition. The 

meniscus is concave for          and PV < P∞ in the case of liquid 

formation from a bulk vapour phase, and for          and PL > P∞ in 

the case of vapour formation from a bulk liquid phase.  

 In the case of liquid formation with a concave meniscus from a bulk vapour 

phase, decrease of the contact angle results in getting farther from the 

transition contact angle. For vapour formation with a concave meniscus 
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from a bulk liquid phase, increasing the contact angle is equivalent to getting 

farther from the transition contact angle.  

Translating the changes in the contact angle into getting farther from the 

transition contact angle unifies the description of  the liquid formation and 

vapour formation cases which otherwise would be different due to the 

convention of measuring the contact angle from the liquid side. 

 When the meniscus is convex, getting farther from the transition contact 

angle increases the amount of the energy barrier. The meniscus is convex for 

         and PV > P∞ in the case of liquid formation from a bulk vapour 

phase, and for          and PL < P∞ in the case of vapour formation 

from a bulk liquid phase.  In the case of liquid formation with a convex 

meniscus from a bulk vapour phase, increase of the contact angle results in 

getting farther from the transition contact angle. For vapour formation with 

a convex meniscus from a bulk liquid phase decreasing the contact angle is 

equivalent to getting farther from the transition contact angle. 

6) A certain number of degrees change in the equilibrium contact angle has more 

effect on the free energy curve and the volume of the new phase, when the 

contact angle is close to the transition contact angle. 

7) Effect of the cone apex angle:  

 In the case of a concave meniscus (liquid formation or vapour formation), 

the conical solid with greater cone apex angle creates a less stable 

equilibrium state. 
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 In the case of a convex meniscus (liquid formation or vapour formation), the 

conical solid with greater cone apex angle results in a smaller energy barrier.  
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5. Liquid−vapour system 

between two flat plates 

In this chapter fluid confined in the gap between two flat plates is investigated. The 

focus of this study is a pure fluid system of constant mass and constant pressure 

(imposed by the reservoir). For this geometry, the solid−liquid and solid−vapour 

interfaces are flat. When the upper and lower plates are both of the same material, 

the liquid−vapour interface should meet the solid surfaces at identical contact 

angles at any contacts.  

Thermodynamic stability analysis is performed for both cases of liquid formation 

out of a bulk vapour phase (section ‎5.1), and vapour formation out of a bulk liquid 

phase (section ‎5.2), using the equations and definitions of chapter ‎3. For any 

vapour−liquid system the meniscus may either be concave or convex. Sections 

‎5.1.1 and ‎5.1.2 discuss liquid formation with concave and convex menisci 

respectively. For vapour formation, concave and convex menisci are explained in 

sections ‎5.2.1 and ‎5.2.2 respectively. The effects of different parameters on the 

stability of these liquid−vapour systems are studied. Sections ‎5.1.1.1, ‎5.1.2.1, 

‎5.2.1.1, and ‎5.2.2.1 are about the impact of the contact angle.  How the distance 

between the two flat plates affects the stability of the liquid−vapour system is 

explained in sections ‎5.1.1.2, ‎5.1.2.2, ‎5.2.1.2, and ‎5.2.2.2. In section ‎5.3 all of these 
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investigations are put together and conclusively show the complete picture of 

different liquid−vapour systems between two flat plates and the effects of 

equilibrium contact angle and plate separation distance on the stability of the 

system.  

5.1. Liquid phase formation from a bulk vapour 

phase between two flat plates 

The constraints on the system when liquid is being formed between two flat plates 

can be found in Table ‎3-2. Conditions for equilibrium are to be obtained from 

Table ‎3-4 (a) in which the last stated equation (equation (‎3.26)) leads to the 

Laplace−Young equation (equation (‎2.13)) and the Young equation (equation 

(‎2.16)). 

Due to the small size of the newborn liquid phase compared with the capillary 

length (from equation (‎3.2)), the gravitational force is assumed to be negligible 

compared to the surface forces.  Ignoring gravitational effects implies constant 

pressure in both the liquid and the vapour phases. Then according to the Kelvin 

equation (equation (‎2.20)), the liquid−vapour interface is to be a surface of constant 

curvature, i.e. R1 and R2 are to be such that Rm in equation (‎2.14) is constant at any 

point. Through the numerical computation of the shape of the liquid−vapour 

interface at equilibrium, the liquid−vapour interface of a liquid bridge has been 

shown to be accurately approximated by a toroidal surface when the liquid bridge 

half width is equal to or greater than 6.5 times the Kelvin radius (RC) 18. That 

simulation was performed for the case of a liquid bridge between a flat plate and a 
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sphere, for various sphere sizes. The case of a liquid bridge between two planar 

plates is equivalent to the case of a liquid bridge between a sphere of infinite radius 

and a flat plate. Hence the approximation of the liquid−vapour interface as a 

toroidal surface (i.e., considering the vertical section of the interface to be an arc of 

a circle) is assumed to be valid with the same criteria of the liquid bridge half width 

being equal to or greater than 6.5 times the Kelvin radius (RC) for the case in this 

chapter. The toroidal liquid−vapour interfaces being considered are shown 

schematically in Figure ‎5-1. 

 

Figure ‎5-1 Schematic of a liquid bridge – a) concave (     ) and b) convex (     ) − 

between two flat plates, where θ is the equilibrium contact angle, r  is the radius of the circle 

approximating the vertical section of the liquid−vapour interface, d is the liquid bridge half 

width, H is the distance between the two plates, y1 is the three phase contact with the lower 

plate and y2 is the three phase contact with the upper plate. 

Based on the solid material that imposes the equilibrium contact angle, the 

liquid−vapour interface is either concave (θ < 90º) or convex (θ > 90º). The 

transition contact angle at which the meniscus changes from concave to convex is 

90º for this geometry. It is worth noting that the equilibrium contact angle is being 

measured through the denser phase (liquid). 

When approximating the liquid−vapour interface by a toroidal surface, the 

magnitudes of the principal radii of curvature are        and       . The signs 

of the principal radii of curvature are determined based on the definition of ∆P, and 
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according to the concavity of the meniscus. Here ∆P is defined as PV−PL. For the 

case of concave meniscus, R1 is positive since the centre of the circle is in the 

vapour phase (R1=r) and R2 is negative (R2=−d) due to its centre being inside the 

liquid phase. In the same way, for the convex case both of the radii are negative 

(R1= −r and R2= −d).  

VL and ALV
 are the volume and surface area of revolution of the liquid−vapour 

interface curve, F(y), around the y−axis. The volume of revolution can be 

computed by adding up a sequence of thin flat washers 43. The appropriate 

equations giving VL, ASL
 and ALV are presented in Table ‎5-144. 

Table ‎5-1 The liquid volume, the solid−liquid and the liquid−vapour surface areas for a liquid 

bridge between two flat plates  
43, 44

. 

            
  

  
                                                                                                     (‎5.1) 

            
       

                                                                                           (‎5.2) 

                      
  

  
                                                                              (‎5.3) 

Concave meniscus (θ < 90º) Convex meniscus (θ > 90º) 

                                 (‎5.4)                              (‎5.5) 

                                               (‎5.6)                                                (‎5.7) 

                                                 (‎5.8)                                                                           (‎5.9) 

To analyse the stability of the liquid bridge, the equation for the change in free 

energy upon the liquid formation is as stated in Table ‎3-6: 

     
 γ  

  
     γ           γ      (‎3.59) 

where VL, ASL
 and ALV are to be substituted from Table ‎5-1.  
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The equilibrium contact angle is assumed to be known from experiments for the 

solid material of the plates. The amount of r (     ) is imposed by the distance 

between the two plates and the equilibrium contact angle. For the case of concave 

meniscus,  

  
 

     
 (‎5.10) 

and for the case of convex meniscus,  

  
  

     
 (‎5.11) 

The dependant variable of the free energy function (equation (‎3.59)) would be d 

(     ). The equilibrium size of the liquid bridge is either obtained from the 

extremum of the curve of the free energy vs. liquid bridge half length, d, or from 

the roots of the derivative of the free energy with respect to the liquid bridge half 

length, d, i.e.  
  

  
 
    

=0. 

The stability of the liquid bridge can then be found according to the sign of the 

derivative at the equilibrium point. A maximum point denotes an unstable 

equilibrium, the global minimum of the curve denotes a stable equilibrium, and any 

local minimum represents a metastable equilibrium. 
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5.1.1. Stability of the liquid phase being formed from a bulk 

vapour phase between two flat plates: concave meniscus 

(θ < 90º) 

For the case of liquid formation with a concave meniscus, with the pressure 

difference being defined as ∆P = PV−PL, R1 is positive and R2 is negative since the 

centre of the radius is in the vapour for R1 and in the liquid for R2.  Hence the mean 

radius of curvature from equation (‎2.14) is: 

 

  
 

 

 
 
 

 
 

 

 
  (‎5.12) 

where Rm is identical to Kelvin radius (RC) at equilibrium conditions, according to 

equation (‎2.21). 

For various plate separation distances, and equilibrium contact angles of interest, it 

has been observed that at the equilibrium conditions, r is less than d. This would 

result in positive Rm according to equation (‎5.12), and therefore in positive RC. For 

RC to be positive, the vapour pressure must be below the saturation pressure 

(PV<P∞) according to section ‎3.7.1. 

Thermodynamic stability analysis for liquid formation with a concave meniscus is 

to be performed through the curve of free energy vs. scaled concave liquid bridge 

size (
 

  
 ). A typical example of such a curve is presented in Figure ‎5-2 for 

n−dodecane as the pure confined vapour at 24ºC (the same condition as in 18). 

Fluid properties at this condition are presented in Table ‎3-7.The vapour pressure is 

set to be 0.9P∞ (less than the saturation pressure), for which the Kelvin radius of 
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the system is 4.39×10−8 meters from equation (‎2.20). The contact angle is 

considered to be 0º and the separation distance of the two flat plates to be equal to 

0.97RC. 

 

 

 

Figure ‎5-2 (a) Free energy vs. scaled liquid bridge half width (
 

  
) between two flat plates, for 

n−dodecane at 24ºC, P
V

=0.9P∞,  = 0º, and H=0.97RC,  (b) Magnification of the region close to 

d = 0. 
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After passing the maximum point, the curve continuously descends. This means 

that once the energy barrier is overcome and the nucleation event has occurred, all 

the vapour would change into liquid, filling the space between the plates. 

5.1.1.1. Effect of equilibrium contact angle on the stability of the system 

for liquid phase formation out of a bulk vapour phase between 
two flat plates: concave meniscus 

In this section the effect of equilibrium contact angle on the free energy and 

stability of liquid formation with a concave meniscus is studied. The properties of 

the system other that the equilibrium contact angle are kept the same as those in 

Table ‎5-2. 
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Figure ‎5-3 (a) Effect of the equilibrium contact angle on the curve of free energy vs. liquid 

bridge half width between two flat plates, for n−dodecane at 24ºC, P
V

=0.9P∞, for various 

contact angles less than 90º (concave meniscus), and H=0.97RC, (b) Magnification of the 

unstable equilibrium point. 

It can be seen in Figure ‎5-3 for liquid formation with a concave meniscus, that as 

the contact angle increases (gets closer to the transition contact angle) the energy 

barrier becomes greater; until at some equilibrium contact angle below the 

transition contact angle (for example at θ=14.1º for the conditions of Figure ‎5-3) 



 

115 

 

the curve becomes continuously increasing where the formation of the liquid turns 

out to be unfavourable. Also from part (b) of Figure ‎5-3, with the increase of the 

equilibrium contact angle, the unstable equilibrium is seen to happen at larger 

liquid bridge lengths. 

A specific number of degrees changes in contact angle results in larger relative 

changes to the energy barrier for contact angles closer to the transition contact 

angle. The following figure demonstrates the above statement. 

  

Figure ‎5-4 Comparison of the effect of a s pecific number of degrees change (2º) in the 

equilibrium contact angle on the free energy of liquid formation with a concave meniscus ( < 

90º) between two flat plates, for n−dodecane at 24ºC, P
V

=0.9P∞, and H=0.97RC (a) far from 

the transition contact angle, (b) Closer to the transition contact angle  

The transition contact angle for this geometry is 90º as mentioned previously. In 

part (a) of Figure ‎5-4 where the contact angle is changing from 0º to 2º, the energy 

level of the barrier is changing from 1.46×10−15 to  1.49×10−15 J, for a relative 

difference of 2.05 %, according to equation (‎4.21). In part (b) for the contact angle 

changing from 10º to 12º, which is closer to the transition contact angle (in 

comparison to 0º to 2º) , the energy level of the barrier changes from 3.04×10−15J 

to 5.59×10−15J, with a relative difference of 83.88%.  
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This explanations justifies the approximation of small contact angles with zero, 

which has been used in many calculations as a matter of simplification 18.  

It should be noted that the above pattern (according to which specific changes in 

the contact angle result in more relative difference as one gets closer to the 

transition contact angle) is based on the comparison of the level of the energy 

barrier at the maximum point (the equilibrium state), only around which the 

definition of the energy with respect to the reference point is valid.  

Upon further increasing the contact angle (for example above θ=14.1º for the 

conditions of Figure ‎5-3 or Figure ‎5-4), the energy curve becomes monotonically 

increasing. For monotonically increasing curves, the pattern is different. The 

relative differences in the energy curves caused by certain changes to the contact 

angle get smaller as one gets closer to the transition contact angle. Figure ‎5-5 

demonstrates this phenomenon. 
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Figure ‎5-5 Specific changes (2º) in the contact angle affect the free energy of liquid formation 

with a concave meniscus (θ < 90º) between two flat plates, for n−dodecane at 24ºC, P
V

=0.9P∞, 

and H=0.97RC. The relative difference in the free energy gets less important far from the 

transition contact angle in the case of having an energy barrier (a,b), becomes maximum when 

the energy curve changes to monotonically increasing, and gets less important as one gets 
closer to the transition contact angle in the case of monotonically increasing curves (d,e,f).  
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5.1.1.2. Effect of the flat plate separation distance on the stability of the 
system for liquid phase formation out of a bulk vapour phase 

between two flat plates: concave meniscus 

The distance between the two flat plates impacts the stability of the system for 

liquid formation with a concave meniscus as illustrated in Figure ‎5-6.  

 

 

Figure ‎5-6 (a) Effect of the flat plate separation distance on the curve of free energy vs. liquid 

bridge half width between two flat plates, for n−dodecane at 24ºC, P
V

=0.9P∞, θ=0º, (b) 

magnification of the unstable equilibrium point.  
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From part (b) of Figure ‎5-6 it can be seen that as the distance between the two flat 

plates increases, the level of the energy barrier increases, and the larger the liquid 

bridge has to be to pass the unstable point. 

 According to part (a), the formation of the liquid phase becomes unfavourable 

(monotonically increasing curve) at and above H=RC for this case of zero contact 

angle. Considering the effect of contact angle that was described in section ‎5.1.1, 

for greater contact angles the liquid formation becomes unfavourable even at some 

distance less than RC.  Hence it would be generally true for any contact angle that 

liquid formation with concave meniscus is unfavourable for H ≥ RC. Below RC 

further investigation is required for any specific contact angle to judge whether 

liquid formation with concave meniscus is favourable. The separation distance 

above which liquid formation with concave meniscus between two flat plates 

becomes unfavourable is well predicted by RC cosθ, which is proposed in previous 

works 12, 24 for confinement geometry of a flat plate and a sphere.  (More 

explanation about this is given in chapter ‎6, at section ‎6.1.1.2) 

5.1.2. Stability of the liquid phase being formed from a bulk 

vapour phase between two flat plates: convex meniscus 

(θ > 90º) 

To have contact angle greater than 90º (equivalent to convex meniscus), with the 

pressure difference defined by PV−PL, both R1 and R2 are negative with their 

centers being located inside the liquid phase.  

The mean radius of the curvature from equation (‎2.14) is then: 
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  (‎5.13) 

At the equilibrium condition Rm is equivalent to the Kelvin radius, RC, according to 

equation (‎2.21). 

According to equation (‎5.13), Rm, which is identical to RC, is negative. Negative RC 

is only possible when vapour pressure is greater than the saturation pressure 

(PV>P∞), as discussed in section ‎3.7.1. 

Figure ‎5-7 is a typical free energy curve in this case where the liquid bridge has a 

convex meniscus. This demonstration is for n−dodecane at 24ºC, with fluid 

properties as reported in Table ‎3-7.The vapour pressure is fixed at 1.1P∞ (above the 

saturation pressure), which results in a Kelvin radius of −4.85×10−8 meters from 

equation (‎2.20). Consider a contact angle of 160º and a separation distance of the 

two flat plates equal to 0.97│RC│. 
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Figure ‎5-7 (a) Free energy vs. scaled liquid bridge half width (
 

  
) between two flat plates, for 

n−dodecane at 24ºC, P
V

=1.1P∞,   = 160º, and H=0.97│RC│, (b) Magnification of the region 

close to d = 0. 

The curve is monotonically increasing after passing a maximum which means that 

all the vapour would change to liquid after passing the energy barrier.  
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5.1.2.1. Effect of equilibrium contact angle on the stability of the system 
for liquid phase formation out of a bulk vapour phase between 

two flat plates: convex meniscus 

The effect of the equilibrium contact angle on the free energy level of the system 

for liquid formation between two flat plates is investigated in this section, while the 

geometry and other properties are kept the same as introduced in section ‎5.1.2 and 

Figure ‎5-7 .  
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Figure ‎5-8 (a) Effect of the equilibrium contact angle on the curve of free energy  vs . liquid 

bridge half width between two flat plates, for n−dodecane at 24ºC, P
V
=1.1P∞, for various 

contact angles higher than 90º (c onvex meniscus), and H=0.97│RC│, (b) Magnification of the 

unstable equilibrium point. 

In this case of convex liquid−vapour meniscus formation, an increase in the 

equilibrium contact angle is equivalent to getting farther from the transition 

contact angle. Any increase in the contact angle makes the energy barrier larger, 

until at some equilibrium contact angle the curve becomes monotonically 
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increasing indicating that formation of the liquid phase is unfavourable. Also part 

(b) of Figure ‎5-8 shows that with an increase of the equilibrium contact angle, the 

unstable equilibrium would happen at larger liquid bridge widths. 

5.1.2.2. Effect of the flat plate separation distance on the stability of the 

system for liquid phase formation out of a bulk vapour phase 
between two flat plates: convex meniscus 

Figure ‎5-9 illustrates the free energy curves for different flat plate separation 

distances in the case of liquid formation with a convex meniscus. 
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Figure ‎5-9 (a) Effect of the flat plate separation distance on the curve of free energy vs. liquid 

bridge half width between two flat plates, for n−dodecane at 24ºC, P
V

=1.1P∞, θ=160º, (b) 

Magnification of the unstable equilibrium point. 

 

As illustrated in Figure ‎5-9, the formation of a liquid phase with a convex meniscus 

is unfavourable for plates at close distance. As the plate separation gets larger, 

liquid formation with a convex liquid−vapour interface becomes favourable at 

some large enough plate separation distance.  Further increase in the plate 
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separation distance makes the energy barrier less, and a smaller liquid bridge needs 

to be formed to overcome the unstable equilibrium point.  

For contact angle equal to 180º, while other properties are kept the same as for 

Figure ‎5-9, phase transition from vapour confined by non-wettable walls to liquid 

is favourable for plate separation distance above RC. Considering the effect of 

contact angle as discussed in section ‎5.1.2.1 (maximum point happens at smaller 

bridge length with less energy as contact angle get closer to the transition contact 

angle), liquid phase formation is favourable when plates are separated by a 

distance above the Kelvin radius, regardless of the amount of contact angle. Free 

energy curves for different contact angles and different separation distances show 

that          is the distance below which phase transition from confined vapour 

with non-wettable walls into liquid is unfavourable. The primary idea of this 

amount came from literature 12, 24, while their concern was to find the separation 

distance above which concave liquid formation between a sphere and a flat plate is 

unfavourable. 

5.2. Vapour phase formation from a bulk liquid 

phase between two flat plates 

The constraints on the system in which vapour is formed from a liquid phase 

between two flat plates are given in Table ‎3-3. Equilibrium conditions are obtained 

through Table ‎3-4 (b) for the case of flat solid surface. 

When gravitational effects are neglected, through the same justifications as in 

section ‎5.1, the liquid−vapour interface is approximated by a toroidal surface as 
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long as the liquid bridge half width is equal to or greater than 6.5 times the Kelvin 

radius (RC) 18. The following figure illustrates such liquid−vapour interfaces. The 

contact angle (θ) is measured through the liquid phase as per convention. 

 

Figure ‎5-10 Schematic of a vapour bridge – a) concave (     ) and b) convex (     ) − 

between two flat plates, where θ is the equilibrium contact angle, r is the radius of the circle 

approximating the vertical section of the liquid−vapour interface, d is the vapour bridge half 

width, H is the distance between the two plates , y1 is the three phase contact with lower plate 

and y2 is the three phase contact with the upper plate. 

The liquid−vapour interface is either concave (     ) or convex outward 

(     ) for this case of vapour formation. For this geometry, the transition 

contact angle at which the meniscus changes from concave to convex is    . 

The sizes of the principal radii of curvature are        and       . The sign of 

the principal radii of curvature is determined based on the definition of ∆P, and 

according to the concavity of the meniscus. Here ∆P is defined as PL−PV. For the 

case of concave meniscus R1 ,with its center located at liquid phase, is positive 

(R1=r) and R2 is negative (R2= − d) due to its centre being inside the vapour phase. 

In the same way, for the convex outward case both of the radii are negative (R1= − 

r and R2= − d).  

Vapour volume, VV, and surface area, ALV, of the revolution of the liquid−vapour 

interface curve around the y−axis, and ASV can be obtained from Table ‎5-2 43, 44.  
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Table ‎5-2 The vapour volume, the solid−liquid and the solid−vapour surface areas for a 

vapour bridge between two flat plates  
43, 44

. 

            
  

  
                                                                                                    (‎5.14) 

            
       

                                                                                          (‎5.15) 

                      
  

  
                                                                             (‎5.16) 

Concave meniscus (θ > 90º) Convex meniscus (θ < 90º) 

                                  (‎5.17)                              (‎5.18) 

                                                  (‎5.19)                                              (‎5.20)   

                                                (‎5.21)                                                (‎5.22) 

The equation of the free energy for vapour formation is as stated in Table ‎3-6: 

     
 γ  

  
    γ           γ      (‎3.62) 

where VV, ASV
 and ALV are to be substituted from Table ‎5-2.  

For a specific solid material, the equilibrium contact angle is assumed to be known 

from experiments. The amount of r (     ) is imposed by the distance between 

the two flat plates and the equilibrium contact angle. For the case of a concave 

meniscus,  

  
  

     
 (‎5.23) 

and for the case of a convex meniscus, 

  
 

     
 (‎5.24) 
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Then the free energy function, equation (‎3.62), is only a function of d (     ). The 

equilibrium size of the vapour bridge is either obtained from the extremum of the 

curve of the free energy vs. vapour bridge half length (d) or from the roots of the 

derivative of the free energy with respect to the vapour bridge half length, 

i.e.  
  

  
 
    

  . The stability of the vapour bridge can then be found according to 

the sign of the derivative at the equilibrium point. 

5.2.1. Stability of the vapour phase being formed from a bulk 

liquid phase between two flat plates: concave meniscus 

(θ > 90º) 

For such a concave meniscus, R1 is positive and R2 is negative when the pressure 

difference is defined as ∆P = PL − PV.    Hence the mean radius of curvature from 

equation (‎2.14) is: 

 

  
 

 

 
 
 

 
 

 

 
  (‎5.25) 

where Rm is identical to the Kelvin radius (RC) at equilibrium conditions, according 

to equation (‎2.21). 

For various plate separation distances, and equilibrium contact angles of interest, at 

the equilibrium conditions r is less than d. As a result Rm is positive according to 

equation (‎5.25), which is equivalent to positive RC. According to section ‎3.7.1, 

positive RC is only possible if the bulk liquid pressure is above the saturation 

pressure (PL>P∞). 
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A typical curve of the free energy vs. scaled convex vapour bridge size (
 

  
 ) is 

presented in Figure ‎5-11 for water at 20ºC. Fluid properties at this condition are 

presented in Table ‎3-7.The liquid pressure is set to be 1.1P∞. The Kelvin radius of 

the system at such conditions is 6.22×10−4 meters from equation (‎2.23). The 

equilibrium contact angle is 180º, and the separation distance of the two flat plates 

is equal to 0.97RC. 
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Figure ‎5-11 (a) Free energy vs. scaled vapour bridge half width (
 

  
) between two flat plates, 

for water at 20ºC, P
L

=1.1P∞, θ=180º, and H=0.97RC, (b) Magnification of the region close to 

d=0  

As Figure ‎5-11 indicates, after passing the energy barrier, all the liquid would 

change into vapour and there is no stable size for the vapour.  
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5.2.1.1. Effect of equilibrium contact angle on the stability of the system 
for vapour phase formation out of a bulk liquid phase between 

two flat plates: concave meniscus  

The effect of the equilibrium contact angle on the free energy of a vapour phase 

with a concave meniscus is investigated in this section. The properties o f the 

system other than the equilibrium contact angle are kept the same as those in 

Figure ‎5-11. 
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Figure ‎5-12 (a) Effect of the equilibrium contact angle on the curve of free energy  vs. vapour 

bridge half width between two flat plates, for water at 20ºC, P
L
=1.1P∞, for various contact 

angles higher than 90º (concave  meniscus), and H=0.97RC, (b) Magnification of the unstable 

equilibrium point. 

As contact angle decreases and gets closer to the transition contact angle, the 

energy barrier increases and the unstable equilibrium vapour bridge gets larger; 

until at some contact angle the curve becomes monotonically increasing where the 

formation of the liquid turns out to be unfavourable.  
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For the same number of degrees change in the contact angle, higher relative 

changes in the free energy curve occur close to the transition contact angle. This is 

similar to the case of concave meniscus liquid formation from the bulk vapour 

phase. This fact is valid for contact angles resulting in curves having a maximum 

point, as illustrated in Figure ‎5-13. 

  

Figure ‎5-13 Comparison of the effect of a s pecific number of degrees (2º) change in the 

equilibrium contact angle on the free energy of vapour formation with a concave meniscus (θ 

> 90º) between two flat plates, for water at 20ºC, P
V
=1.1P∞, and H=0.97RC (a) far from the 

transition contact angle, (b) closer to the transition contact angle. 

The transition contact angle for this geometry is 90º. In part (a) of Figure ‎5-13 

where the contact angle is changing from 178º to 180º, the height of the barrier 

changes from 8.70×10−7 J to 8.51×10−7 J, for a relative difference of 2.21 %, from 

equation (‎4.21).  In part (b) for the contact angle changing from 168º to 170º, 

which is closer to the transition contact angle, the height of the barrier changes 

from 3.26×10−6 J to 1.77×10−6 J, with a relative difference of 83.81%, from 

equation (‎4.21).   



 

135 

 

5.2.1.2. Effect of the flat plate separation distance on the stability of the 
system for vapour phase formation out of a bulk liquid phase 

between two flat plates: concave meniscus 

Figure ‎5-14 shows the free energy of the concave vapour phase for various plates’ 

separation distances. 



 

136 

 

 

 

Figure ‎5-14 (a) Effect of the flat plate separation distance on the free energy vs. vapour  

bridge half width between two flat plates, for water at 20ºC, θ =180º, and P
L
=1.1P∞,  (b) 

Magnification of the unstable equilibrium point.  

As illustrated in Figure ‎5-14, the energy barrier becomes higher as the plate 

separation distance increases, until at some distance the formation of the vapour 

phase is no longer favourable. For smaller contact angles (with the effect of contact 

angle as described in section ‎5.2.1.1), vapour formation with concave meniscus 

becomes unfavourable even at some distance less than RC.  Therefore it can be 
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concluded that for any contact angle, vapour formation with concave meniscus is 

unfavourable for H ≥ RC. Below RC further investigation is required for any specific 

contact angle. Modifying what has been proposed in literature 12, 24 for the case of 

liquid formation with concave meniscus between a sphere and a flat plate, vapour 

formation with concave meniscus between two flat plates becomes unfavourable 

for plate separation distance above  ‒RC cosθ.  

5.2.2. Stability of the vapour phase being formed from a bulk 

liquid phase between two flat plates: convex meniscus (θ 

< 90º) 

For the pressure difference being defined as PL−PV and for the convex meniscus (θ 

< 90º ), both R1 and R2 are negative with their centers being located inside the 

vapour phase. 

With        and       , the mean radius of the curvature from equation (‎2.14) 

is: 

 

  
 

 

 
  

 

 
 

 

 
  (‎5.26) 

where Rm is equal to Kelvin radius (RC) at equilibrium condition, according to 

equation (‎2.21). 

Rm , which is identical to RC, is negative according to equation (‎5.26). For RC to be 

negative, bulk liquid pressure must be less than the saturation pressure (PL <P∞) as 

discussed in section ‎3.7.1.  
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A typical free energy curve vs. scaled convex vapour bridge size (
 

  
 ) is shown in 

Figure ‎5-15. The case is water at 20ºC, with properties given in Table ‎3-7. The 

liquid pressure is set to be 0.9P∞. The Kelvin radius of the system at these 

conditions is −6.22×10−4 meters from equation (‎2.23). First let us set the 

equilibrium contact angle to 20º, and the separation distance of the two flat plates 

to 0.97│RC│. 
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Figure ‎5-15 (a) Free energy vs. scaled vapour bridge half width (
 

  
) between two flat plates, 

for water at 20ºC, P
L

=0.9P∞, θ=20º, and H=0.97│RC│, (b) Magnification of the region close to 

d=0.  

After passing a maximum point, the curve is monotonically decreasing which 

means all the liquid would turn into vapour after passing the energy barrier.  
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5.2.2.1. Effect of equilibrium contact angle on the stability of a vapour 
phase being formed from the liquid phase between two flat 

plates: convex meniscus 

The geometry and other properties are kept the same as presented in Figure ‎5-15, 

and the effect of the equilibrium contact angle is investigated.  
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Figure ‎5-16 (a) Effect of the equilibrium contact angle on the free energy vs. vapour bridge 

half width between two flat plates, for water at 20ºC, P
L
=0.9P∞, for various contact angles less 

than 90º (convex meniscus), and H=0.97│RC│, (b) Magnification of the unstable equilibrium 

point. 

In the formation of the convex vapour phase, any decrease in the equilibrium 

contact angle (i.e. getting farther from the transition contact angle), increases the 

height of the energy barrier and the unstable condition happens at higher volume of 

the vapour phase. At some equilibrium contact angle far enough from the 
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transition contact angle, the curve becomes monotonically increasing indicating 

that it is not favourable to nucleate a new phase.  

5.2.2.2. Effect of the flat plate separation distance on the stability of a 
vapour phase being formed from the liquid phase between two 

flat plates: convex meniscus 

The flat plate separation distance, H, is an important factor that determines whether 

the vapour formation with a convex meniscus is favourable in the first place, and 

also determines the size of the energy barrier when vapour bridge formation is 

possible. Figure ‎5-17 displays the effect of flat plate separation distance.  
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Figure ‎5-17 (a) Effect of the flat plate separation distance on the free energy vs. vapour  

bridge half width between two flat plates, for water at 20ºC, θ =20º, and P
L

=0.9P∞,  (b) 

Magnification of the unstable equilibrium point.  

As shown in Figure ‎5-17, the formation of the vapour phase with a convex 

meniscus is unfavourable at small flat plate separation distances. Vapour formation 

with a convex liquid−vapour interface becomes favourable at some large enough 

separation distance.  Further increase in the distance makes the energy barrier 
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smaller, and a smaller vapour bridge needs to be formed to overcome the unstable 

equilibrium point.  

Closer examinations were performed to find the amount of plate separation 

distance below which vapour formation is impossible due to wettable plates that 

tightly confine the liquid phase.  For contact angle equal to 0º, while other 

properties are kept the same as Figure ‎5-17, phase transition from liquid being 

confined by wettable walls to vapour is favourable for plate separation distance 

above RC. Considering the effect of contact angle as discussed in section ‎5.1.2.1 

liquid phase formation is favourable, regardless of the amount of contact angle, for 

plate separation distances above the Kelvin radius. Through further examination of 

the free energy curve for different contact angles,          is found to be the 

distance below which phase transition from confined liquid with wettable walls 

into vapour is unfavourable. This amount is inspired by the amount proposed in 

literature 12, 24 for the separation distance above which concave liquid formation 

between a sphere and a flat plate is unfavourable.  

5.3. Conclusion 

The focus of this chapter has been the liquid−vapour system between two flat 

plates under the condition of constant bulk phase pressure and constant mass. Two 

possible systems with the liquid−vapour interface were investigated: (1) liquid 

formation from a bulk vapour phase and (2) vapour formation from a bulk liquid 

phase. Each of these might have a concave outward or a convex outward interface. 
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Thermodynamic stability analysis was performed on each of these cases. The 

effects of the contact angle and of the flat plate separation distance on the stability 

of the system were investigated in separate sections.  

The following table, Table ‎5-3, summarizes the results in sections ‎5.1 and ‎5.2.
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From what has been discussed, it can be concluded that for formation of a liquid 

from a bulk vapour phase, or a vapour from a bulk liquid phase, between two flat 

plates: 

1) In the formation of a liquid from a bulk vapour phase between two flat plates, 

one of the following would happen: 

 Liquid formation with concave meniscus is possible if and only if bulk 

vapour pressure is below the saturation pressure (PV < P∞) as discussed in 

section  5.1.1. Also a concave meniscus is only possible for vapour phase 

inside a confinement with wettable solid walls, that allows for θ < 90º. 

With all these conditions being satisfied (PV < P∞ and solid material such 

that θ < 90º) liquid formation with concave meniscus is still unfavourable 

for high plate separation distance, and/or for contact angles close to the 

transition contact angle. For the cases where liquid formation with 

concave meniscus is favourable, after passing the nucleation barrier, all the 

vapour phase would condense into liquid. Hence no liquid phase with 

concave meniscus can exist in a stable condition. This phenomenon of 

phase transition from vapour to liquid at pressure below the satiation 

pressure (PV < P∞) is well known as capillary condensation.  

 Liquid phase formation with convex meniscus is possible if and only if 

bulk vapour pressure is above the saturation pressure (PV > P∞) as 

discussed in section ‎5.1.2. Such a convex meniscus is only achievable 

through non-wettable confinement that results in θ > 90º. Even when all 
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these conditions are met (PV > P∞ and solid material such that θ > 90º), for 

some small values of separation distance (H), and/or some contact angle far 

from the transition contact angle, the free energy curve turns into a 

constantly increasing curve and liquid formation with convex meniscus is 

unfavourable. This is interesting that even at bulk vapour pressure above 

the saturation pressure confinement with non-wettable walls prevent phase 

transition from vapour to liquid, which would occur at saturation pressure 

for a non-confined liquid. If the parameters (H and θ) are such that liquid 

formation with convex meniscus is favourable, some nucleation barrier is 

to be overcome. Once this nucleation barrier is overcome, all the vapour 

phase turns into the liquid phase (the free energy curve is ever ascending 

after the maximum point). It should be highlighted that between two flat 

plates, a liquid bridge with convex meniscus can never exist in a stable 

condition.  

2) In the formation of vapour from a bulk liquid phase between two flat plates, 

one of the following would occur: 

 Vapour formation with concave meniscus is possible if and only if bulk 

liquid pressure is above the saturation pressure (PL >P∞) as discussed in 

section ‎5.2.1. Such a concave meniscus is only achievable through non-

wettable confinement walls for which θ > 90º. Under these conditions (PL 

>P∞) and solid such that θ > 90º), vapour formation with concave meniscus 

is still impossible (the free energy curve is monotonically increasing) for 

some contact angle close to the transition contact angle and/or for plates 
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with large separation distance. When vapour phase formation with concave 

meniscus becomes favourable, it would happen only once the nucleation 

barrier is overcome, and after that all the liquid phase would evaporate into 

vapour. It should be noted that a vapour phase with concave meniscus 

cannot exist in a stable condition. This phenomenon of phase transition 

inside a confinement from liquid phase at pressure above the saturation 

pressure to vapour phase is called capillary evaporation.  

 Vapour formation with convex meniscus is possible if and only if bulk liquid 

pressure is below the saturation pressure (PL < P∞) as discussed in section 

 5.2.2. Such a convex meniscus only happens in a confinement with wettable 

walls for which θ < 90º. Even at these condition (PL < P∞ and wettable solid 

that makes θ < 90º), phase transition from liquid to vapour can be 

unfavourable (i.e. monotonically increasing energy curve) for contact angles 

far from the transition contact angle, and/or for small plate separation 

distances. It is interesting that phase transition from liquid at pressure below 

the saturation pressure (PL < P∞) to vapour is prevented by tight confinement 

of the liquid phase with wettable walls, while for an unconfined liquid this 

phase transition happens at the saturation pressure. If the parameters (H and 

θ) are such that phase transition is possible, vapour formation would happen 

once the nucleation barrier is overcome, after which all the liquid phase 

would evaporate into vapour. It should be highlighted that no stable vapour 

phase with convex meniscus can exist.  
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3) For cases where only an unstable condition (maximum point) exists in the free 

energy curve vs. the size of the new phase, the curve would decrease 

monotonically after that unstable point.  In this situation all of the bulk phase 

would change into the new phase once the nucleation barrier is overcome.  

4) Effect of the contact angle:  

 When the meniscus is concave, getting farther from the transition contact 

angle results in a smaller energy barrier and advances the nucleation 

process. In the case of liquid formation from a bulk vapour phase, the 

meniscus is concave for PV < P∞ and for a wettable confinement (θ < 90º). In 

the case of vapour formation from a bulk liquid phase, a concave meniscus 

is possible for PL > P∞ and for non-wettable confinement (θ > 90º). For 

concave liquid formation from a bulk vapour phase, decrease of the contact 

angle results in getting farther from the transition contact angle. For 

concave vapour formation from a bulk liquid phase, increasing the contact 

angle is equivalent to getting farther from the transition contact angle. 

 When the meniscus is convex, getting farther from the transition contact 

angle increases the amount of the energy barrier; until at some far enough 

contact angle the curve becomes ever increasing and the new phase 

formation becomes unfavourable. In the case of liquid formation from a bulk 

vapour phase, the meniscus is convex for PV > P∞ and for a non-wettable 

confinement (θ >90º). In the case of vapour formation from a bulk liquid 

phase, a convex meniscus is possible for PL < P∞ and for wettable 

confinement (θ < 90º). For convex liquid formation from a bulk vapour 
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phase, increase of the contact angle results in getting farther from the 

transition contact angle. For convex vapour formation from a bulk liquid 

phase decreasing the contact angle is equivalent to getting farther from the 

transition contact angle. 

5) In new phase formation with a concave meniscus, changing the contact angle 

by a specific number of degrees results in larger relative changes of the energy 

barrier for contact angles close to the transition contact angle (90º). The focus 

of this statement is contact angles for which new phase formation is favourable 

(the free energy vs. new phase size curve is not constantly increasing).  

6) Effect of the flat plate separation distance: 

 In the case of concave meniscus (liquid formation or vapour formation) 

larger separation distances increase the height of the energy barrier; until at 

some large enough separation distance the new phase formation becomes 

unfavourable. New phase formation with concave meniscus is certainly 

unfavourable for plate separation distance above RC, regardless of the 

amount of the contact angle. The separation distance above which new phase 

formation is unfavourable can be more accurately predicted by          , 

which is a modification of what is proposed in literature 12, 24 for liquid 

formation with concave meniscus between a sphere and a flat plate. 

 When having a convex meniscus (liquid formation or vapour formation) a 

larger separation distance promotes the new phase formation by decreasing 

the energy barrier. New phase formation with convex meniscus out of a fluid 

confined between two flat plats is prevented if the plate separation distance 
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is below         . It shows that while phase transition happens at the 

saturation pressure for a fluid without any confinement, confinement may 

prevent the phase transition: Vapour being confined by non-wettable plates 

separated by a distance less than          does not turn into liquid, even 

though PV > P∞. Liquid being confined by wettable plates of distance below 

         does not turn into vapour, even though PL < P∞. 
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6. Liquid−vapour system 

between a sphere and a flat 

plate 

The solid geometry of concern is the gap between a solid sphere and a solid plate. 

The sphere−plate geometry is the shape of the confinement in many practical cases. 

For the study of this chapter, the liquid−vapour system is considered to be pure 

with constant mass and constant bulk phase pressure (imposed by a reservoir). The 

solid interfaces (solid−liquid and solid−vapour) are flat for the solid plate, and are 

curved for the solid sphere. According to Table ‎3-4, a solid sphere, being a curved 

surface, results in an extra equilibrium condition, which is the equality of the 

chemical potential of the solid component in the solid phase with the chemical 

potential of the solid component adsorbed at the solid−liquid and the solid−vapour 

interfaces. This will affect the surface tensions of the solid‒liquid and the solid 

solid−vapour interfaces ( SL,  SV) which in turn affects the equilibrium contact 

angle according to the Young equation (equation (‎2.16)). Therefore this 

equilibrium condition may cause the equilibrium contact angle to be different for 

the solid sphere and the solid plate, even though both the sphere and the plate are 

made of the same solid material.  
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Given that for the cases of interest, the distance between the sphere and the plate is 

very small compared to the radius of the sphere (for example a sphere of radius of 

several millimetres in comparison with a separation distance of less than 100 nm), 

we assume that the shape of the upper sphere has a negligible effect on contact 

angle. Therefore the contact angle with the upper spherical solid is assumed to be 

equal to the contact angle with the lower flat plate, provided both the sphere and 

the plate are made from the same solid material.  

The assumption of equal upper and lower contact angles has been applied to the 

fluid confined between a sphere and a flat plate in many experimental studies 11, 12, 

24. It should be noted that spherical shape of the upper particle is accounted for in 

geometry relations, i.e. in calculating the volume of a new phase and the solid 

sphere surface area.  

Both liquid formation from a bulk vapour phase, and vapour formation from a bulk 

liquid phase are investigated from the thermodynamic stability point of view 

(following the equations of chapter ‎3) in sections ‎6.1 and ‎6.2 respectively. Each of 

these sections is divided into two parts based on the concavity of the meniscus. 

Sections ‎6.1.1 and ‎6.1.2 consider liquid formation with concave and convex 

menisci correspondingly, and sections ‎6.2.1 and ‎6.2.2 discus vapour formation with 

concave and convex menisci. Different parameters have an effect on the stability of 

each of these cases. The effect of contact angle is explained in sections ‎6.1.1.1, 

‎6.1.2.1, ‎6.2.1.1, and ‎6.2.2.1. The effect of the distance between the sphere and the 

flat plate is discussed in sections ‎6.1.1.2, ‎6.1.2.2, ‎6.2.1.2, and ‎6.2.2.2. The effect of 
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the solid sphere size on the thermodynamic stability of the system is also explained 

in sections ‎6.1.1.3, ‎6.1.2.3, ‎6.2.1.3, and ‎6.2.2.3. All these pieces are put together in 

section ‎0, and a conclusive picture of a confined fluid between a sphere and a flat 

plate is given. 

6.1. Liquid phase formation from a bulk vapour 

phase between a sphere and a flat plate 

The constraints of the system in which liquid forms out of a bulk vapour phase 

between a sphere and a flat plate, are presented in Table ‎3-2. The conditions for 

equilibrium of such a system are as presented in Table ‎3-4 (a). 

As illustrated in section 2.4, the gravitational force can be neglected compared to 

the surface forces if the characteristic length of the new born phase is much smaller 

than the capillary length of the new born phase. This criterion is examined for 

n−dodecane at 24ºC (same condition as 18, with the properties given in Table ‎3-7) 

and at bulk vapour phase pressure of 0.9P∞ as an example.  The Kelvin radius of 

the system at such conditions is 4.39×10−8 meters from equation (‎2.20). Also from 

Table ‎3-1, the capillary length of n−dodecane at 24ºC is 1.85×10−3 meters. The 

capillary length is much larger than the Kelvin radius (supposed to be the 

characteristic length). Therefore gravitational effects can be ignored, and the 

pressure is assumed to be constant throughout the liquid phase as well as the 

vapour phase. Constant pressures imply the liquid−vapour interface must be a 

surface of constant curvature according to the Kelvin equation (‎2.20).  
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As mentioned in the previous chapter, a toroidal interface can accurately 

approximate the liquid−vapour interface for liquid bridge half widths greater than 

or equal to 6.5×RC 18. Pakarinen et al. 10 also calculated the exact shape of a liquid 

meniscus through the Kelvin radius. They showed, by comparing the capillary 

force calculated once for the exact profile and then for the circular approximation, 

that the circular profile approximation for the meniscus is justified in the validity 

range of continuum modeling (macroscopic physics) 10. Such a liquid−vapour 

interface is shown in Figure ‎6-1. 

 

Figure ‎6-1 Schematic of a liquid bridge ‒a) concave and b) convex‒ between a flat plate and a 

sphere, where θ1 and θ2 are the equilibrium contact angles  for the lower and upper surfaces, r 

is the radius of the circle approximating the vertical section of the liquid−vapour interface, d 

is the liquid bridge half width, H is the distance between the sphere and the flat plate , α is the 

half filling angle of the liquid in the bridge, y1 is the three phase contact with the lower 

particle, y2 is the three phase contact with the upper particle, and RP is the radius of the 

spherical particle. 

As presented in Figure ‎6-1, the interface is either concave or convex depending on 

the solid material. For identical contact angles at the upper and lower solid surfaces 

(θ1 = θ2 = θ), the transition contact angle is 
      

 
. The meniscus is hence concave 

for   
      

 
 and is convex for   

      

 
. 
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For the liquid−vapour interface of constant curvature being approximated by a 

toroidal surface, the principal radii of curvature, R1 and R2, have the size of 

       and       , as shown in Figure ‎6-1. The signs of the principal radii of 

curvature are determined based on the definition of ∆P, and according to the 

concavity of the meniscus. Here ∆P is defined as PV−PL for the case of liquid 

formation. For a concave meniscus, R1  is positive since the centre of the circle is in 

the vapour phase (R1=r) and R2 is negative (R2=−d) due to its centre being inside 

the liquid phase. In the same way for the convex case, both of the radii are negative 

(R1= −r and R2= −d).  

The volume of revolution of a curve, F(y), around the y−axis is equivalent to the 

summation of a sequence of thin flat washers 43. To find the liquid volume (VL), the 

volume of the part of the solid sphere immersed in the liquid (VS) should then be 

deducted from the calculated volume of revolution. ALV
 can be computed from the 

surface of revolution around the y−axis 44. The appropriate equations giving VL, ASL
 

and ALV are presented in Table ‎6-1. 
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Table ‎6-1 Liquid volume, solid−liquid and liquid−vapour surface area for liquid bridge 

formation between a flat plate and a s phere.  

            
  

  
                                                                                               (‎6.1) 

   
 

 
   

                                                                                              (‎6.2) 

          
 
 
 
    

                                                                                          (‎6.3) 

                      
  

  
                                                                             (‎6.4) 

Concave meniscus (  
      

 
) Convex meniscus (θ > 

      

 
) 

                                  (‎6.5)                              (‎6.6) 

                                                (‎6.7)                                                (‎6.8)   

                                                  (‎6.9)                                              (‎6.10) 

To perform the stability analysis of the liquid bridge, the equation of the free 

energy for the liquid formation (from Table ‎3-6) is to be calculated: 

     
 γ  

  
     γ           γ      (‎3.59) 

where VL, ASL
 and ALV are to be substituted from Table ‎6-1. For a defined problem 

in which γLV, RC, and θ are known, equation (‎3.59) after substitution of all 

geometric relations would be in terms of r and d, both of which can be written as a 

function of the half filling angle, α. For the case of the concave meniscus,  

  
            

             
 (‎6.11) 

                       (‎6.12) 

and for the case of the convex meniscus,  
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 (‎6.13) 

                       (‎6.14) 

The equilibrium state of the liquid bridge and its size can be obtained from the 

extremum of the curve of the free energy (B‒B0) of the system vs. the liquid bridge 

half length (d), or from the roots of  
  

  
 
    

   alternatively.  

The stability of the liquid bridge is then obtained according to the type of the 

extremum point: a maximum point represents an unstable equilibrium, the global 

minimum corresponds to the stable equilibrium state, and any local minimum 

would be a metastable condition.   

6.1.1. Stability of the liquid phase being formed from a bulk 

vapour phase between a sphere and a flat plate: concave 

meniscus 

When the pressure difference is defined to be ∆P = PV−PL, R1 is positive and R2 is 

negative since the centre of the radius is in the vapour for R1 and in the liquid for 

R2.  Hence the mean radius of curvature from equation (‎2.14) is: 

 

  

 
 

 
 
 

 
 

 

 
  (‎6.15) 

and Rm is identical to Kelvin radius (RC) at the equilibrium condition, according to 

equation (‎2.21). 

As explained in the previous chapter, for various sphere‒plate separation distances 

and equilibrium contact angles, it has been observed that at the equilibrium 
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conditions r is less than d. This would result in positive Rm according to equation 

(‎6.15), and therefore in positive RC. For RC to be positive, the vapour pressure must 

be below the saturation pressure (PV<P∞) according to section ‎3.7.1.  

The curve of the free energy vs. scaled liquid bridge half width (
 

  
) is shown in 

Figure ‎6-2 for n−dodecane at 24ºC (the properties of which are reported in Table 

‎3-7) as an example. The vapour pressure is set to be 0.9 P∞ for which the Kelvin 

radius is 4.39×10-8 meters from equation (‎2.20). The equilibrium contact angle is 

set to 0º, the separation distance of the sphere and the flat plate is set equal to 

0.97RC, and the solid sphere is taken to be of a radius of 2.5 cm. This is a 

reproduction of the calculations by Elliott and Voitcu 18 and the results are in good 

agreement.  
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Figure ‎6-2 (a) Free energy vs. scaled liquid bridge half width (
 

  
) between a flat plate and a 

sphere, for n−dodecane at 24ºC, P
V

=0.9P∞, θ=0º, H=0.97RC, Rp=2.5 cm, (b) Magnification of 

the region close to d=0  

There is a maximum point in the free energy curve, demonstrating an energy 

barrier to be overcome for the phase transition. The phase transition therefore is a 

nucleation phenomenon. Once this barrier is overcome the energy barrier gets to a 

minimum point and the liquid bridge stays at its stable equilibrium size. 
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6.1.1.1. Effect of equilibrium contact angle on the stability of the system 
for liquid phase formation out of a bulk vapour phase between 

a flat plate and a sphere: concave meniscus 

Thermodynamic stability analysis has been performed by others, while considering 

only zero contact angle 18. In this section, the role of the equilibrium contact angle 

on the free energy curve will be investigated. The properties of the system other 

that the equilibrium contact angle are kept the same as those in Figure ‎6-2. 
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Figure ‎6-3 (a) Effect of the equilibrium contact angle on the free energy vs . scaled liquid 

bridge half width between a flat plate and a sphere, for n−dodecane at 24ºC, P
V

=0.9P∞, 

H=0.97RC, Rp=2.5 cm, for various contact angles that result in concave meniscus  (b) 

Magnification of the unstable equilibrium point.  

For this case of liquid formation with concave meniscus, as contact angle increases 

(get closer to the transition contact angle) an increase occurs in the height of the 

energy barrier, and the unstable liquid bridge is formed at larger bridge width. The 

increase of the contact angle (closer to the transition contact angle) also results in 
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a shallower stable equilibrium state with a smaller size of the bridge, i.e. a smaller 

amount of liquid would form with less stability.  

As the increase of the contact angle continues, at a certain contact angle the curve 

becomes monotonically increasing where the formation of the liquid turns out to be 

unfavourable.  

From further investigations it has been found that a specific number of degrees 

change in the contact angle results in larger relative changes in the energy barrier 

and the energy level of the minimum point for contact angles closer to the 

transition contact angle. This statement only applies to the cases where liquid 

formation is possible (and the curve has a maximum point, followed by a minimum 

point), and not the cases where liquid formation is unfavourable (the energy curve 

is constantly increasing). Figure ‎6-4 illustrates the above statement. 
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Figure ‎6-4 Comparison of the effect of a s pecific number of degrees change (2º) in the 

equilibrium contact angle on the free energy of liquid formation with a concave meniscus 

between a flat plate and a s phere, for n−dodecane at 24ºC, P
V

=0.9P∞, H=0.97RC, Rp=2.5 cm, 

(a1) far from the transition contact angle, (b1) closer to the transition contact angle. (a2) and 

(b2) are magnifications of (a1) and (b1) res pectively.  

In (a1) and (a2) of Figure ‎6-4 where the contact angle is changing from 0º to 2º far 

from the transition contact angle, the energy level of the barrier is changed from   

1.46×10−15 J to 1.49×10−15 J, and the energy level of the stable point is changed 

from −1.12×10−13 J to −1.06×10−13 J. In (b1) and (b2) when the contact angle 

changes from 10º to 12º, which is closer to the transition contact angle, the energy 

level of the barrier is changed from 2.22×10−15 J to 3.11×10−15 J, and the energy 

level of the stable point is changed from −3.61×10−14 J to −8.88×10−15 J. The 

relative difference, being calculated from equation (‎4.21), is presented in Table ‎6-2 

for each case. 
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Table ‎6-2 Relative di fferences in the free energy level of the maximum and minimum points as 

a result of a certain number of degrees (2º) change in the contact angle for the case of liquid 

formation with concave meniscus out of a bulk vapour phase.  

θ1 → θ2 Relative difference in energy 
level of the maximum point 

Relative difference in energy 
level of the minimum point 

0º→2º (far from θt) 2.22% 5.15% 

8º→10º (close to θt) 40.24% 75.41% 

6.1.1.2. Effect of the solid surface separation distance on the stability of 

the system for liquid phase formation out of a bulk vapour 
between a sphere and a flat plate: concave meniscus 

Figure ‎6-5 shows the effect of the solid surface separation distance on the free 

energy curve of liquid formation with a concave meniscus. 
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Figure ‎6-5 (a) Effect of the solid surface separation distance on the free energy vs. scaled 

liquid bridge half width between a flat plate and a sphere, for n−dodecane at 24ºC, P
V

=0.9P∞, 

θ=0º, Rp=2.5 cm,  (b) Magnification of the unstable equilibrium point. 

Figure ‎6-5 is a reproduction of, and is in good agreement with, the study which has 

previously been performed 18. A higher energy barrier with a larger liquid bridge 

width is to be overcome as the separation distance between a sphere and a flat plate 

increases. Larger sphere‒plate separation distance also causes less stability 
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(shallower minimum) and shorter liquid bridge width for the stable equilibrium 

state. 

 Further increase in the sphere‒plate separation distance makes the free energy 

curve constantly ascending and the formation of the liquid phase to be 

unfavourable. The solid surface separation distance above which the liquid 

formation becomes unfavourable (the liquid bridge breaks from its stable 

condition) is called the breakage distance (HBreak) 
18.  

For liquid formation in this geometry, the breakage distance is approximated by the 

critical distance (HBreak) in terms of the Kelvin radius and the contact angle, for the 

cases where RP >>     >> H, and for small contact angles 24.  Fisher and 

Israelachvili used some different notations and definitions in their work, for 

example the mean radius of curvature is defined as 
 

  
  

 

  
 

 

  
  , rather than 

 

  
 

 

 
 

 

  
 

 

  
  as in our work and many others 18. Translating their notations and 

definitions into ours, the critical distance is given by: 

             

 
 

 

  
 

 
        

  
 
   

 
 

 

 (‎6.16) 

as stated in 24. 

Equation (‎6.16) for the critical distance is obtained through geometrical relations 

between d, r, and H, and equation (‎2.21), which makes it possible to write H in 

terms of d, RP, θ, and RC. Then with constant RP and θ for a defined problem, and 
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constant RC at fixed vapour pressure, H and d are the only variables. Therefore the 

maximum of H, equivalent to HBreak, can be obtained in terms of the constants RP, 

θ, and RC, through the derivative of H with respect to d. The value of HBreak is very 

insensitive of RP, and is approximated by RC cosθ 24. This is a good approximation 

for large enough 
  

  
 values. For example for n‒dodecane at 24ºC, PV=0.9P∞, and 

θ=0º, the breakage distance is approximated to be equal to RC. However from 

equation (‎6.16), the breakage distance is 0.990×RC for a sphere of 2.5cm (
  

  
 = 

5.7×105) and is 0.978×RC for a sphere of 2.5 mm (
  

  
 = 5.7×104).  

The breakage distance is less than RC for any contact angle according to equation 

(‎6.16) . Thus liquid formation between a sphere and a flat plate is certainly 

unfavourable, regardless of the contact angle, for any sphere‒plate separation 

distance of above RC (H>RC). For H< RC, further investigation is to be done for 

each contact angle of interest to figure out the favourability of liquid formation at H 

close to RC. 

A closer look is given to liquid formation with concave meniscus, and θ=0º, 

between a sphere and a flat plate, at separation distance near the breakage distance.  



 

170 

 

 

Figure ‎6-6 Energy level of the maximum and minimum points at s phere‒plate separation 

distance close to the breakage distance for a liquid bridge between a flat plate and a sphere, 

for n−dodecane at 24ºC, P
V

=0.9P∞, θ=0º, Rp=2.5 cm. 

Figure ‎6-6 is also a reproduction of previous studies, indicating a breakage distance 

of 0.990×RC 18, which is in good agreement with the breakage distance calculated 

from equation (‎6.16),  and slightly smaller than a breakage distance obtained from 

RC cosθ (equal to RC in this case where θ is 0º). 

As the sphere‒plate separation distance increases to the breakage distance, the free 

energy of the stable equilibrium becomes approximately identical to the free energy 

of the unstable equilibrium as illustrated in Figure ‎6-6. Hence natural fluctuations 

large enough to overcome the nucleation barrier are also large enough to allow the 

bridge to disappear. This leads to fluctuations of the liquid bridge size between the 

unstable and the stable liquid bridge sizes. Elliott and Voitcu explain this as a 

thermodynamic understanding of the ―diffuse liquid−vapour interface‖ 18. 
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In experiments by Maeda et al. on n-hexadecane, two different behaviours have 

been observed at sphere‒plate separation distance equal to HBreak (for the case 

where contact angle is zero, and HBreak=RC ) based on how this separation distance 

is approached 12 : 

1) If the separation distance is initially above HBreak, and it decreases to HBreak, the 

bridge that forms at HBreak has density between the densities of liquid and 

vapour, and behaves like a fluid above its critical point 12. 

2) If the separation distance is initially below HBreak, and it increases to HBreak, the 

reflective index of the bridge remains that of a bulk liquid at HBreak 
12. 

This process-based behaviour at HBreak can be described as follow: 

1) In the first case where the sphere‒plate separation distance is initially above and 

then decreases to HBreak ,  the free energy curve changes from steadily increasing 

(no liquid existence) for H> HBreak, to a curve with an unstable followed by a 

stable state at H= HBreak. Thus in this approach, at H= HBreak liquid is to be 

formed after passing a nucleation barrier, while the possibility of liquid 

nucleation did not exist at previous steps where H> HBreak. Longer time is 

required, due to the necessity of passing a nucleation barrier, before the system 

can reach its stable equilibrium. Before reaching the stable equilibrium 

condition, the energy fluctuates between the maximum and minimum points and 

this can potentially described a non-uniform density profile and a diffuse liquid-

vapour interface as previously described 18. 

2) In the second process, a sphere and a flat plate were initially separated by a 

distance below HBreak , which then increases to HBreak . At H<HBreak , with the 
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free energy curve having an unstable and a fairly more stable state, the liquid 

bridge has already been formed. As the separation distance increases, the liquid 

bridge which already exists, should only adjust itself to a new (smaller) stable 

size. Here since the liquid bridge already exists and no nucleation is necessary, 

no fluctuations happen. Hence at H=HBreak, simply the size of the bridge shrinks 

and gets stable to its new stable size.  

It should be mentioned that as the focus is the thermodynamic equilibrium state, 

non- equilibrium transitions as a result of mechanical instabilities (coalescence as a 

result of van der Waals force when the separation distance is decreasing, and 

snapping as a result of Rayleigh instability when the separation distance is 

increasing rapidly 12) are not in the perspective of this research.  

At the other side when the distance between a sphere and a flat plate decreases to 

zero (the sphere and plate are touching), the energy barrier is eliminated and the 

phase transition would be a non−nucleating spontaneous process as shown in 

Figure ‎6-7. In fact the contact point of the two solids acts as an agent for the new 

phase formation with concave meniscus. Decreasing the separation distance to 

zero, also results in the most stable equilibrium with the greatest liquid bridge 

width. 
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Figure ‎6-7 (a) Free energy vs. scaled liquid bridge half width between a flat plate and a 

sphere, for n−dodecane at 24ºC, P
V

=0.9P∞, θ=0º, H=0, Rp=2.5 cm. (b) Magnification of the 

calculation at small bridge width. 

Another interesting point is that when a flat plate and a sphere are in contact (H=0), 

there is always a stable liquid bridge for any contact angle or any sphere size. For 

example for a sphere and a plate at H=0.97RC (and the conditions of Figure ‎6-2) 

the liquid formation becomes unfavourable for contact angles above 11.5º, whereas 
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with H=0 liquid formation is favourable for all the contact angles below the 

transition contact angle, for which the meniscus is concave (for example a stable 

liquid bridge with a scaled bridge width of 
 

  
 = 93 is formed when the contact 

angle is 89.5º). 

6.1.1.3. Effect of solid sphere size on the stability of the system for a 
liquid phase being formed out of a bulk vapour phase between 

a flat plate and a sphere: concave meniscus 

The effect of size of the sphere on the stability behaviour of a liquid bridge with a 

concave meniscus between a sphere and a flat plate is studied in this section. The 

properties of the system other than the radius of the solid sphere are kept the same 

as those in Figure ‎6-2. 



 

175 

 

 

 

Figure ‎6-8 (a) Effect of the solid s phere size on the free energy vs. scaled liquid bridge half 

width between a flat plate and a s phere, for n−dodecane at 24ºC, P
V

=0.9P∞, θ=0º, H=0.97RC 

and P
V

=0.9P∞, (b) Magnification of the unstable equilibrium point.  

In Figure ‎6-8, the radius of the solid sphere is changing from millimetres (105×RC) 

to decimetres (5×106×RC). Increase in the radius of the solid sphere results in more 

stability (deeper minimum) and larger width of the liquid bridge. The extreme as 

the sphere gets larger is when the radius of the upper sphere becomes infinity, and 

simply the case would change to the liquid bridge between two flat plates. As 
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shown in the previous chapter, there would be no minimum point for the liquid 

bridge between two flat plates, and all the liquid would change into the vapour 

once the barrier is overcome. 

For the solid sphere of radius smaller than 2×106×RC , the separation distance in 

Figure ‎6-8 is above the breakage distance of the system, therefore liquid formation 

becomes unfavourable. 

As can be seen from part (b) of Figure ‎6-8, as the upper solid sphere gets bigger, 

there occurs only a very small decrease in the level of the energy barrier and the 

width of the unstable concave liquid bridge.  

The effect of the solid sphere size on the unstable free energy and the unstable 

liquid bridge widh is minor. For example in Figure ‎6-8, while the sphere radius 

increases from 105×RC (4.39 mm) to 106×RC (4.39 cm) by an order of magnitude, 

the energy level of the maximum point decreases from 1.48×10-15
 J to 1.46×10-15 J 

and the scaled unstable liquid bridge half width changes from 13.00 to 12.63. Even 

for the geometry of the confined space between two flat plates, which is equivalent 

to the upper sphere radius being infinite, the energy level of the barrier is 1.46×10-

15J and the scaled unstable liquid bridge half width is 12.59. The reason behind this 

is the large size of the sphere in comparison to the separation distance of the sphere 

and plate. Even for the smallest sphere where RP is 105×RC (4.39 mm), the sphere 

radius is almost 105 times the separation distance. Therefore a sphere of radius 

105×RC (4.39 mm) or 106×RC (4.39 cm) being located at distance equal to 0.97×RC  

from a flat plate, is similar to a sphere of radius 100 or 1000 meters at a distance of 
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1 millimetre from a plate. At small liquid bridge width (small d’s), the new phase 

cannot sense how different the amount of the curvature of these two spheres is.  

6.1.2. Stability of the liquid phase being formed from a bulk 

vapour phase between a sphere and a flat plate: convex 

meniscus 

For liquid formation having convex meniscus with pressure difference being 

defined as PV−PL, both R1 and R2 are negative due to their center being located in 

the liquid phase. 

Accordingly the mean radius of the curvature from equation (‎2.14) is as follows: 

 

  

 
 

 
  

 

 
 

 

 
  (‎6.17) 

and Rm is identical to the Kelvin radius (RC) at the equilibrium condition based on 

equation (‎2.21).  

From Equation (‎6.17), Rm is negative since both r and d are positive numbers as 

they are the magnitudes of the principal radii of curvature. Equivalently RC is to be 

negative, which is only satisfied at vapour phase pressures above the saturation 

pressure (PV > P∞), according to section 3.7.1. 

A typical curve of free energy vs. scaled liquid bridge half width (
 

  
) is presented 

in Figure ‎6-9 for n−dodecane at 24ºC (the properties of which are reported in Table 

‎3-7) as an example. The vapour phase pressure is set at 1.1 P∞ for which the Kelvin 

radius is −4.85×10−8 meters from equation (‎2.20). The equilibrium contact angle is 
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set to 160º, the separation distance of the sphere and the flat plate is set to 0.97RC, 

and the solid sphere is assumed to have a radius of 2.5 cm. 

 

 

Figure ‎6-9 (a) Free energy vs. scaled liquid bridge half width (
 

    
) between a flat plate and a 

sphere, for n−dodecane at 24ºC, P
V

=1.1P∞, θ=160º, H=0.97    
 , Rp=2.5 cm, (b) Magnification 

of the region close to d=0. 

The formation of a convex liquid bridge between a spherical particle and a flat 

plate is a nucleation phenomenon for which an energy barrier is to be overcome. 
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After passing that maximum point, the curve would be ever descending and all the 

vapour would change into liquid.  

6.1.2.1. Effect of equilibrium contact angle on the stability of the system 
for liquid phase formation out of a bulk vapour phase between 

a flat plate and a sphere: convex meniscus 

In this section, the free energy curves for various contact angles are presented, 

while the properties of the system other than the equilibrium contact angle are kept 

the same as those in Figure ‎6-9. 

 

Figure ‎6-10 Effect of the equilibrium contact angle on the free energy vs. scaled liquid bridge 

half width between a flat plate and a s phere, for n−dodecane at 24ºC, P
V

=1.1P∞, H=0.97│RC│, 

RP=2.5cm and, for various contact angles that results in a convex meniscus. 

For liquid formation with a convex meniscus between a sphere and a flat plate, any 

increase in contact angle (getting farther from the transition contact angle) causes 

the barrier to get larger, and the unstable liquid bridge is formed at larger width. In 

contradiction to the case of convex liquid bridge formation between two flat plates, 

even for the greatest possible contact angle (180º), the curve does not become 
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monotonically increasing. However for the specification of Figure ‎6-10 with the 

contact angle equal to 180º, the width of the unstable bridge would be so large 

(
 

    
 182.53) with the energy of 2.24×10−13 J, in comparison to the case of 

contact angle of 155º (with other condition kept the same) for which 
 

    
 6.46 

and the energy barrier is 6.15×10−16 J. 

6.1.2.2. Effect of the solid surface separation distance on the stability of 
the system for liquid phase formation out of a bulk vapour 
between a sphere and a flat plate: convex meniscus 

Sphere‒plate separation distance plays an important role in the stability of the 

liquid phase. This effect is illustrated in Figure ‎6-11. 
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Figure ‎6-11 (a) Effect of the solid surface separation distance on the free energy vs. scaled 

liquid bridge half width between a flat plate and a sphere, for n−dodecane at 24ºC, P
V

=1.1P∞, 

θ=160º, and Rp=2.5 cm,  (b) Magnification of the unstable equilibrium point.  

As the sphere‒plate separation distance decreases, a higher energy barrier with a 

larger liquid bridge width is to be overcome. In contradiction to the case of convex 

liquid bridge between two flat plates, in this case even for a sphere and flat plate at 

contact (H=0) formation of a liquid bridge would be still possible and the curve 

does not become constantly increasing. However for a sphere and a flat plate in 
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contact, the width of the unstable liquid bridge and the amount of the barrier to be 

overcome are both large, as shown in Figure ‎6-12.   

 

Figure ‎6-12 Curve of free energy vs. scaled liquid bridge half width between a flat plate and a 

sphere for n−dodecane at 24ºC, P
V

=1.1P∞, θ =180º, H=0, and Rp=2.5 cm. 

For the convex liquid bridge between two flat plates the vertical distance between 

the plates remains constant at different distances from the center line (different d).  

In the case of the convex liquid bridge between a flat plate and a sphere, the 

vertical distance between the sphere and the plate gets larger as we get farther from 

the center line (as d increases).  Therefore in sphere‒plate geometry, even when 

two solid surfaces are touching, somewhere far enough from the centerline the 

distance becomes large enough to allow the formation of the unstable convex liquid 

bridge. 
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6.1.2.3.  Effect of solid sphere size on the stability of the system for 
liquid phase formation out of a bulk vapour phase between a 

flat plate and a sphere: convex meniscus 

In Figure ‎6-13, for different solid sphere sizes, the free energy curve of the convex 

liquid bridge is presented. The properties of the system other than the radius of the 

solid sphere are kept the same as those in Figure ‎6-9. 
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Figure ‎6-13 (a) Effect of the solid sphere size on the free energy vs. liquid bridge half width 

between a flat plate and a s phere, for n−dodecane at 24ºC, P
V
=1.1P∞, θ=160º, and 

H=0.97│RC│, (b) Magnification of the unstable equilibrium point 

In contrast to the case of concave liquid formation here as the upper solid sphere 

radius increases, the level of the energy barrier and the width of the unstable 

concave liquid bridge would also increase.  The highest energy barrier is for the 

case of the solid sphere of infinite radius, identical to the convex liquid bridge 

formation between two flat plates. 
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For any sphere size other than infinity (the case of the two flat plates), the curve of 

the free energy never becomes monotonically increasing even at the smallest 

separation distance or for the farthest contact angle from the transition contact 

angle, i.e. contact angle of 180º. However if the sphere is large enough, the 

nucleation happens at a very large liquid width with a relatively high barrier. For 

example for a sphere of radius 109×│ RC │= 48 meters touching the flat plate 

(H=0), the unstable bridge has a width of 
 

    
  4.3×104 (d~ 2 mm) with an 

energy barrier of 3.26×10−7 J.  

For the case of two flat plates (equivalent to an upper sphere of radius of infinity) 

the curve might be monotonically increasing if the flat plates’ separation distance is 

smaller than a certain amount. In Figure ‎6-13 where the separation distance is 

H=0.97│RC│, convex vapour formation is always possible. Even when the case 

changes to the case of two flat plates, the convex vapour formation happens after 

passing an energy barrier of 1.94×10−15 J at vapour bridge half width of 

13.23│RC│. 

6.2. Vapour phase formation from a bulk liquid 

phase between a sphere and a flat plate 

In this section, vapour formation out of a bulk liquid phase with constant pressure 

will be investigated. In the absence of a gravitational field, the vapour phase 

pressure is constant throughout and the liquid phase pressure is constant 

throughout, though they are not equal. Constant pressures imply constant Kelvin 

radius according to equation (‎2.20). As a result the liquid−vapour interface is to be 
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a surface of constant curvature due to the equality of the mean radius of curvature 

with the Kelvin radius.  

This liquid−vapour interface with constant mean curvature can accurately be 

approximated by a toroidal interface for bridge half width greater than or equal to 

6.5×RC 18. The illustration of such liquid−vapour interfaces is presented in Figure 

‎6-14: 

 

Figure ‎6-14 Schematic of a vapour bridge ‒ a) concave and b) convex ‒ between a flat plate 

and a sphere, where θ1 and θ2 are the equilibrium contact angles, r is the radius of the circle 

approximating the vertical section of the liquid−vapour interface, d is the vapour bridge half 

width, H is the distance between the two plates, α is the half filling angle of the vapour in the 

bridge, y1 is the three phase contact with the lower solid surface, y2 is the three phase contact 

with the upper solid surface, and RP is the radius of the s pherical particle .  

The solid interface is flat for the plate and is curved for the spherical particle. The 

constraints of the system in which vapour is being formed between a flat plate and 

a sphere are shown in Table ‎3-2, in flat and curved sections respectively. The 

conditions for equilibrium are presented in Table ‎3-4 (b). As reported in Table ‎3-4 

(b), there is one extra equilibrium condition for curved interfaces, which is the 

equality of the chemical potential of the solid material in the solid phase with the 
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chemical potential of the same component at the solid−liquid and the solid−vapour 

interfaces. This affects the interfacial tension, which in turn influences the amount 

of the equilibrium contact angle. Therefore it is possible that the equilibrium 

contact angle can have a slightly different value at the sphere than at the flat plate.  

When the distance between the sphere and the flat plate is much smaller than the 

radius of the spherical particle, we assume that the curved surface of the sphere acts 

negligibly on the contact angle, leading to identical equilibrium contact angles for 

the upper and lower (sphere and flat plate) solids if both of them are made from the 

same solid material. There are two cases of concave or convex liquid−vapour 

interface according to Figure ‎6-14. For identical contact angles for the upper and 

the lower solids, the transition contact angle is 
      

 
. The meniscus is concave 

for   
      

 
 and is convex for   

      

 
. 

R1 and R2 are the principal radii of curvature of the toroidal surface representing the 

liquid−vapour interface of constant curvature. The magnitudes of these principal 

radii are described with r and d, where        and       . With ∆P being 

defined as PL−PV, the sign of the principal radius of curvature is positive when its 

center is located in the liquid phase, and is negative if its center is in the vapour 

phase. For the concave outward meniscus, R1  is positive (R1=r) and R2 is negative 

(R2=−d). For the convex outward case, both of the radii are negative (R1= −r and 

R2= −d).  
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The vapour volume, VV, can be computed from the volume of revolution of the 

liquid−vapour interface curve 43 and then subtracting the immersed part of the 

spherical particle, VS. ALV
 is the surface of revolution around the y−axis 44. The 

appropriate formulas for VV, ASV
 and ALV are presented in Table ‎6-3: 

Table ‎6-3 Vapour volume, solid−vapour and liquid−vapour surface areas for vapour bridge 

formation between a flat plate and a s phere.  

            
  

  
                                                                                               (‎6.18) 

   
 

 
   

                                                                                              (‎6.19) 

          
 
 
 
    

                                                                                          (‎6.20) 

                      
  

  
                                                                             (‎6.21) 

Concave meniscus (  
      

 
) Convex meniscus (θ < 

      

 
) 

                                  (‎6.22)                              (‎6.23) 

                                                 (‎6.24)                                              (‎6.25)   

                                         (‎6.26)                                          (‎6.27) 

Stability analysis of the vapour bridge is achievable through the equation of the 

free energy of the system for vapour formation as stated in Table ‎3-6: 

     
 γ  

  
    γ           γ      (‎3.62) 

where VV, ASV
 and ALV are to be substituted from Table ‎6-3. After these substitutions 

for a defined problem in which γ LV, RC, and θ are known, equation (‎3.62) would be 

a function of r and d, both of which can be written as a function of the half filling 

angle, α. For the case of the concave meniscus,  



 

189 

 

  
            

              
 (‎6.28) 

                       (‎6.29) 

and for the case of the convex meniscus,  

  
            

             
 (‎6.30) 

                       (‎6.31) 

The equilibrium state of the vapour bridge and its size can be obtained from the 

extremum of the curve of the free energy of the system vs. the vapour bridge half 

length (d), or alternatively from the roots of  
  

  
 
    

  .  

The stability of the vapour bridge is then obtained according to the type of the 

extremum point: a maximum point represents an unstable equilibrium, the global 

minimum corresponds to the stable equilibrium state, and any local minimum 

would indicate a metastable condition.   

6.2.1. Stability of the vapour phase being formed from a bulk 

liquid phase between a sphere and a flat plate: concave 

meniscus 

With the pressure difference defined as ∆P = PL−PV, R1 is positive and R2 is 

negative since the centre of the radius is in liquid for R1 and in vapour for R2.  The 

mean radius of curvature from equation (‎2.14) is as follows: 

 

  

 
 

 
 
 

 
 

 

 
  (‎6.32) 
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and Rm is identical to the Kelvin radius (RC) at the equilibrium condition, according 

to equation (‎2.21). 

As explained in the previous chapter (section ‎5.2), for various sphere‒plate 

separation distances, and equilibrium contact angles, it has been observed that at 

the equilibrium conditions r is less than d. Then according to equation (‎6.32), Rm  is 

positive and RC would be positive. For RC to be positive the liquid pressure must be 

above the saturation pressure (PL>P∞) as explained in section 3.7.1.  

A typical curve of the free energy vs. the scaled vapour bridge half width (
 

  
) at 

such a condition is shown in Figure ‎6-15 for water at 20ºC, with its properties as 

reported in Table ‎3-7. The liquid pressure is set at 1.1P∞.   The Kelvin radius from 

equation (‎2.20) is 6.22×10−4 meters.  The equilibrium contact angle is set to be 

180º, the separation distance of the two flat plates is set at 0.5RC (300 m), and the 

solid sphere is taken to have radius of 103×RC (62 cm).  
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Figure ‎6-15 (a) Free energy vs. vapour bridge half width between a flat plate and a s phere, for 

water at 20ºC, P
L
=1.1P∞, H=0.5RC (300 m), θ=180º, Rp=10

3×RC (62 cm), (b) Magnification of 

the region close to d=0. 

There is a maximum point at a very small vapour bridge width (d much smaller 

than 6.5×RC). Although the value of the energy barrier cannot be trusted because of 

the very small vapour bridge width (where the toroidal surface assumption is no 

longer valid), the graph gives a good prediction of the behaviour of the system. The 
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vapour formation can only happen after passing an energy barrier, i.e. the phase 

transition is a nucleation phenomena. After passing the barrier, the vapour phase 

grows until it reaches its stable condition, corresponding to the minimum point in 

the graph.  

6.2.1.1. Effect of the equilibrium contact angle on the stability of the 

system for vapour phase formation out of a bulk liquid phase 
between a flat plate and a sphere: concave meniscus 

The effect of the equilibrium contact angle on the free energy of the concave 

vapour formation is studied in this section. The properties of the system other than 

the contact angle are the same as those presented in Figure ‎6-15. 
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Figure ‎6-16 (a) Effect of the equilibrium contact angle on the free energy vs. scaled vapour 

bridge half width between a flat plate and a sphere, for water at 20ºC, P
L
=1.1P∞, H=0.5RC 

(300 m), Rp=10
3
×RC (62 cm), for various contact angles that result in concave meniscus, (b) 

Magnification of the unstable equilibrium point.  

Getting closer to the transition contact angle (equivalently a decrease in the 

contact angle) results in an increase in the energy barrier and a larger unstable 

vapour bridge length. It also causes less stability with shorter vapour bridge width 

in the stable equilibrium state. Getting closer to the transition contact angle, at 
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some point the curve becomes monotonically increasing, i.e. the formation of the 

concave vapour phase would become unfavourable.  

In studying the case more closely, it has been found that a specific number of 

degrees change in the contact angle results in a large relative change of the energy 

barrier and the energy level of the stable state for contact angles closer to the 

transition contact angle, as shown in Figure ‎6-17. 

  

  

Figure ‎6-17 Comparison of the effect of a s pecific number of degrees change (2º) in the 

equilibrium contact angle on the free energy of vapour formation with a concave meniscus 

between a flat plate and a s phere, for water at 20ºC, P
L
=1.1P∞, H=0.5RC (300 m), Rp=10

3
×RC 

(62 cm), (a1) far from the transition contact angle, (b1) closer to the transition contact angle. 

(a2) and (b2) are magnifications of (a1) and (b1) respectively.  

In parts (a1) and (a2) of Figure ‎6-17 far from the transition contact angle the 

contact angle is changing from 180º to 178º.  In (b1) and (b2) the changes in the 
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contact angle happen closer to the transition contact angle and the contact angle is 

changing from 130º to 128º. The relative differences in the free energy levels of the 

maximum and minimum points calculated from equation (3.5) are presented in the 

following table for each case. 

Table ‎6-4 Concave vapour formation between a flat plate and a sphere, relative differences in 

the free energy levels of the maximum and minimum points as a result of a certain number of 

degrees (2º) change in the contact angle, for water at 20ºC, P
L
=1.1P∞, H=0.5RC (300 m), 

Rp=10
3
×RC 

Relative difference in 180º→178º (far from θt) 130º→128º (close to θt) 

energy level of the 
maximum point 

0.37 % 26.28 % 

scaled bridge length of the 
maximum point 

0.26 % 26.65 % 

energy level of the 
minimum point 

0.29 % 51.42% 

scaled bridge length of the 
minimum point 

0.07 % 12.88 % 

6.2.1.2. Effect of the solid surface separation distance on the stability of 
the system for liquid phase formation out of a bulk vapour 

between a sphere and a flat plate: concave meniscus 

The effect of the sphere‒plate separation distance on the free energy curve of the 

concave vapour formation is investigated in this section.  
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Figure ‎6-18 Effect of the solid surface separation distance on the free energy vs. scaled liquid 

bridge half width between a flat plate and a sphere, for water  at 20ºC, P
L

=1.1P∞,  θ=180º, 

Rp=10
3
×RC (62 cm), (b) Magnification of the unstable equilibrium point.  

As the separation distance of a sphere and a flat plate increases, the stable 

equilibrium state is formed with less stability and at shorter vapour bridge width. A 

larger separation distance also causes higher energy barrier with larger vapour 

bridge width to be overcome.  
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For separation distances higher than a certain amount, the free energy curve 

becomes monotonically increasing and the formation of the vapour phase would be 

unfavourable. In the case where the contact angle is 180º (farthest from the 

transition contact angle) and the sphere radius is 103×RC, vapour formation 

becomes unfavourable at a sphere‒plate separation distance of about 0.92×RC. 

 Considering the effect of contact angle, for contact angles less than 180 º (closer to 

the transition contact angle), the vapour formation would be unfavourable even at 

separation distances less than 0.92×RC when the spherical sphere radius is 103×RC.  

Also the effect of particle size, as will be discussed in the next section, is such that 

as the spherical particle gets bigger, the sphere‒plate separation distance can be 

larger before the concave vapour phase formation becomes unfavourable. Even in 

the case where the radius of the spherical particle becomes infinity (the case simply 

changes to the case of two flat plates), concave vapour phase formation becomes 

unfavourable at H=RC.  Hence it can be concluded that for an arbitrary contact 

angle and sphere size, the vapour formation is unfavourable for H ≥ RC. Below RC 

further investigation is required for any specific contact angle and/or particle size to 

judge whether the concave vapour formation is favourable.  

If any concave vapour phase has already been formed, increasing the separation 

distance would make it smaller until it would completely break apart at the critical 

distance which is mentioned above. This critical distance is called the breakage 

distance as mentioned in section ‎6.1, which depends on the Kelvin radius, the 
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equilibrium contact angle and the particle size. The breakage distance is always 

less than RC according to the discussion of the previous paragraph.  

Modifying equation (‎6.16) based on the negative sign of the term cosθ ( because 

  
      

 
 ), the potential equation for the breakage distance for the case of 

concave vapour formation out of a bulk liquid phase is: 

              

 
 

 

  
 

 
        

  
 
   

 
 

 

 (‎6.33) 

However as stated in section 6.1, this equation works if RP >>     >> H. For water 

at 20ºC, PL =1.1P∞,  θ=180º, Rp=103×RC (62 cm), the breakage distance from the 

graph is 0.92×RC , while from equation (‎6.33) it is 0.997×RC. That much of 

difference is because RP >>     >> H is not satisfied in this case where 

Rp=103×RC. 

As discussed in the concave liquid formation section ‎6.1, the energy level of the 

unstable and stable equilibrium points becomes almost equal as the particles’ 

distance increases to the breakage distance. Due to this almost equal energy level of 

the unstable and the stable points, there occurs some fluctuation in the vapour 

bridge width, before the system reaches to its stable condition.  Therefore some 

part of the gap between two particles would have the density between that of the 

liquid and vapour. 
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Figure ‎6-19 Energy levels of the maximum and minimum points at separation distances close 

to the break age distance for a vapour bridge between a flat plate and a s phere, for water at 

20ºC, P
L
=1.1P∞,  θ=180º, Rp=10

3
×RC (62 cm) 

The other side of the story occurs when the distance between the sphere and the flat 

plate reduces to zero. For concave vapour formation between a sphere and a flat 

plate that are touching, the new phase formation happens through a non−nucleating 

phenomenon with no energy barrier to be overcome. Decreas ing the separation 

distance to zero also results in the most stable equilibrium with the greatest liquid 

bridge width. 
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Figure ‎6-20 Free energy vs. vapour bridge half width between a sphere and a flat plate , for 

water at 20ºC, P
L
=1.1P∞, θ=180º, H=0, Rp=10

3×RC (62 cm), (b) Magnification of the curve at 

small value of bridge width.  
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6.2.1.3. Effect of solid sphere size on the stability of the system for a 
vapour phase being formed out of a bulk liquid phase between 

a flat plate and a sphere: concave meniscus 

The impact of the size of the spherical solid particle on the energy level of the 

concave vapour bridge is examined in this section. The properties of the system 

other than the radius of the solid sphere are kept the same as those in Figure ‎6-15. 
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Figure ‎6-21 Effect of the solid s phere size on the free energy vs. vapour bridge half width 

between a flat plate and a s phere, for water at 20ºC, P
L
=1.1P∞, θ=180º, H=0.5×RC (300 m), (b) 

Magnification of the unstable equilibrium point.   

The radius of the spherical particle is changed from several centimetres (102×RC) to 

several meters (5×103×RC). As the spherical particle gets larger, at some point the 

concave vapour formation becomes possible after passing an energy barrier and the 

concave vapour phase becomes stable at some vapour bridge width. For larger 

spherical particles, the energy barrier gets smaller and the concave vapour phase 
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gets stable at lorger bridge width with deeper energy levels. In the case of an upper 

sphere of infinite radius (equivalent to the case of two flat plates), the energy 

barrier is at its lowest level, and all of the liquid phase would change into vapour 

once the energy barrier is overcome.   

As illustrated in part (b) of Figure ‎6-21, the effect of the solid sphere size on the 

unstable free energy and the unstable liquid bridge width is minor. The reason 

behind this can be explained as follows: The separation distance is much smaller 

than the spherical particle’s radius, and the unstable state happens at such a small 

bridge width that a concave vapour bridge does not sense the size and changes in 

the curvature of the spherical solid, especially when the contact angle is far from 

the transition contact angle. As the concave vapour width gets larger and we get 

farther from the center line, the curvature of the solid sphere would significantly 

affect the energy level of the system, as it does for the stable equilibrium state.  

For a solid sphere of radius smaller than 3.2×RC (2 mm), the separation distance 

(H=0.5×RC) in Figure ‎6-21 is higher than the breakage distance of the system, 

therefore liquid formation becomes unfavourable. 
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6.2.2. Stability of the vapour phase being formed from a bulk 

liquid phase between a sphere and a flat plate: convex 

meniscus 

Both R1 and R2 are negative in a case of the convex vapour meniscus, with pressure 

difference being defined as PL−PV, following the convention and according to 

Figure ‎6-14. 

Accordingly the mean radius of curvature from equation (‎2.14) is: 

 

  

 
 

 
  

 

 
 

 

 
  (‎6.34) 

From equation (‎6.34) Rm is negative, since both r and d are magnitudes of the 

principal radii of curvature and are positive. Also based on equation (‎2.21), Rm is 

identical to the Kelvin radius, RC, at equilibrium condition. Therefore RC is 

negative, where according to section ‎3.7.1, this is only satisfied at liquid pressures 

below the saturation pressure (PL < P∞).    

Figure ‎6-22 demonstrates a typical free energy vs. scaled vapour bridge half width 

(
 

  
) for water at 20ºC with its properties reported in Table ‎3-7. The liquid phase 

pressure is set to be 0.9P∞. The Kelvin radius from equation (‎2.20) is −6.22×10−4 

meters at this liquid pressure.  The equilibrium contact angle is 0º, the separation 

distance between the sphere and the flat plate is 0.5│RC│(300 m), and the solid 

sphere has a radius of 103×│RC│ (62 cm).  
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Figure ‎6-22 (a) Free energy vs. scaled vapour bridge half width between a flat plate and a 

sphere, for water at 20ºC, P
L
=0.9P∞, θ=0º, H=0.5│RC│(300 m), Rp=10

3
×│RC│(62 cm), (b) 

Magnification of the region close to d=0.  

There exists an energy barrier to be overcome for convex vapour formation out of a 

bulk liquid phase between a spherical particle and a flat plate, i.e. the phase 

transition is the nucleation phenomena. The curve is ever decreasing after that and 

all the liquid would change into vapour. 
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6.2.2.1. Effect of equilibrium contact angle on the stability of the system 
for vapour phase formation out of a bulk liquid phase between 

a flat plate and a sphere: convex meniscus 

Properties of the system other than the equilibrium contact angle are kept the same 

as for Figure ‎6-22, and the effect of the contact angle on the free energy is 

investigated.  

 

Figure ‎6-23 Effect of the equilibrium contact angle on the free energy vs. scaled vapour bridge 

half width between a flat plate and a s phere, for water at 20ºC, P
L

=0.9P∞, 

H=0.5│RC│(300 m), Rp=10
3
×│RC│  (62 cm).  

 

As we get farther from the transition contact angle (equivalent to smaller contact 

angle), the energy barrier for the formation of the convex vapour phase becomes 

greater.   

Although the curve is never monotonically increasing, for very large upper sphere 

radii with contact angles far from the transition contact angle (small contact angle 

in convex vapour formation), an extremely large vapour bridge with a huge energy 

barrier must be formed for nucleation to be possible. For example for RP = 
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108×│RC│ (62 km) and θ=0º, the vapour bridge width of the maximum point is 

104×│RC│ , with an energy barrier of  4.4 J. At the extreme where the upper sphere 

turns into a flat plate (radius of infinity), vapour formation with convex meniscus is 

unfavourable (the free energy curve is monotonically increasing) for contact angles 

far from the transition contact angle (small contact angle in convex vapour 

formation). 

6.2.2.2. Effect of the solid surface separation distance on the stability of 
the system for vapour phase formation out of a bulk liquid 

between a sphere and a flat plate: convex meniscus 

The effect of the distance between a sphere and a flat plate on the free energy of the 

convex vapour formation is illustrated in Figure ‎6-24:  
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Figure ‎6-24 Effect of the solid surface separation distance on the free energy vs. scaled vapour 

bridge half width between a flat plate and a sphere, for water at 20ºC, P
L
=0.9P∞, θ=0º 

Rp=10
3
×│RC│ (6.2 km), concave meniscus,  (b) Magnification of the unstable equilibrium 

point.  

For smaller separation distances, the convex vapour formation is possible after 

passing a higher energy barrier. In convex vapour formation between two flat 

plates, new phase formation becomes unfavourable below a certain separation 

distance, as demonstrated in section ‎5.2.2.2. In contradiction to the case of a 
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convex vapour bridge between two flat plates, in this case of a spherical particle 

and a flat plate even for two touching solids, convex vapour formation is still 

possible after passing a relatively high energy. This contradiction can be explained 

as follows: For convex vapour formation between two flat plates, the vertical 

distance of the plates remains constant at different distances from the center line 

(different d).  In the case of convex vapour formation between a flat plate and a 

sphere, the vertical distance between the sphere and flat plate gets larger as we get 

farther from the center line (as d increases).  Therefore even when the two solids 

are touching, somewhere far enough from the centerline the separation distance 

becomes large enough to allow the formation of the unstable convex vapour bridge 

(Figure ‎6-25). 

 

Figure ‎6-25 Curve of free energy vs. scaled liquid bridge half width between a flat plate and a 

sphere for water at 20ºC, P
L
=0.9P∞, θ=0º, H=0, and Rp=10

3
×│RC│(6.2 k m). 
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6.2.2.3. Effect of solid sphere size on the stability of the system for 
vapour phase formation out of a bulk liquid phase between a 

flat plate and a sphere: convex meniscus 

The impact of the spherical particle’s size is studied in this section. The properties 

of the system other than the radius of the solid sphere are kept the same as those in 

Figure ‎6-22. 
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Figure ‎6-26 Effect of the solid s phere size on the free energy vs. vapour bridge half width 

between a flat plate and a s phere, for water at 20ºC, P
L
=0.9P∞, θ=0º, and H=0.5│RC│(300 m), 

(b) Magnification of the unstable equilibrium point.  

An increase in the upper sphere size results in a higher energy barrier and a larger 

unstable convex vapour bridge. In the extreme case, for an upper sphere with radius 

of infinity (equivalent to a flat plate), either the highest energy barrier (in 

comparison to various cases of sphere with finite size) must be overcome for 

vapour formation, or vapour formation would not be possible at all (monotonically 
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increasing energy curve), depending on the amount of separation distance and the 

contact angle. For any sphere size other than infinity (the case of the two flat 

plates), the curve of the free energy never turns into monotonically increasing even 

at the smallest separation distance or for the farthest contact angle from the 

transition contact angle (0º). However if the sphere is very large, the nucleation 

happens at a very large vapour width with a relatively high energy barrier. For 

example for a sphere of radius 109×│ RC │(~ 620 kilometres) touching  a flat plate 

(H=0),  the unstable bridge has a width of 
 

    
 4.4×104 (d~ 28 m) with an energy 

level of 173 J. In this case the energy level of the nucleation barrier is so large that 

it might take forever for the nucleation to happen.  

6.3.  Conclusion 

In this chapter bulk fluid confined between a sphere and a flat plate has been 

studied, while the temperature, bulk phase pressure, and mass of the system are 

constant.  There are two cases based on the state of the fluid: (1) liquid formation 

from a bulk vapour phase, (2) vapour formation from a bulk liquid phase. In each 

of these cases, according to the bulk phase pressure (above or below the saturation 

pressure) the meniscus is either concave or convex. Thermodynamic stability 

analysis was performed on each case, and the effects of different parameters 

including equilibrium contact angle, separation distance between the sphere and the 

flat plate, and the size of the sphere was investigated. The results of sections ‎5.1 

and ‎5.2 are summarized in Table ‎6-5 as follows:
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Several conclusions about new phase formation out of a bulk fluid phase in 

between a sphere and a flat plate are presented here: 

1) When vapour is the bulk fluid between a sphere and a flat plate, two possible 

cases exist: 

 Formation of a liquid phase with concave meniscus can take place if and 

only if the bulk vapour pressure is below the saturation pressure (PV < P∞) 

as discussed in the beginning of section  6.1.1. For the meniscus to be 

concave the confinement walls should be wettable such that   
      

 
. 

Even when the vapour pressure is below the saturation pressure, and the 

contact angle is such that the meniscus is concave, liquid phase formation 

might or might not be possible depending on the value of different 

parameters including the contact angle (θ), separation distance (H), and 

sphere size (RP). If liquid formation is favourable, after passing an energy 

barrier, the new liquid phase reaches to and remains at its stable size. This 

phenomenon is well known as capillary condensation.  

 Liquid phase formation with convex meniscus is possible if and only if 

bulk vapour pressure is above the saturation pressure (PV > P∞). Such a 

convex meniscus is only achievable through non-wettable confinement that 

results in  
      

 
 . The free energy curve for this case goes through a 

maximum point, and is constantly decreasing after passing that maximum.  

This indicates that the phase transition is a nucleation phenomenon, and 
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once the barrier is passed all the bulk vapour phase turn into liquid phase. 

It should be highlighted that between a sphere and a flat plate a liquid 

bridge with a convex meniscus can never exist in stable condition. 

Depending on the parameters (contact angle (θ), separation distance (H), 

and sphere size (RP), the nucleation energy barrier might be so high that the 

nucleation never happens in practice; but the free energy curve never turns 

into monotonically increasing. 

2) When the bulk fluid between a sphere and a flat plate is liquid, there are two 

possible cases of vapour formation out of bulk liquid phase: 

 Vapour phase formation with concave meniscus may happen if and only if 

the bulk liquid pressure is above the saturation pressure (PL > P∞). The 

confinement walls should be non‒wettable such that   
      

 
 for the 

concave meniscus. Even when the liquid phase pressure is above the 

saturation pressure, and the contact angle is such that the meniscus is 

concave, vapour phase formation might or might not be possible depending 

on the value of different parameters including the of contact angle (θ), 

separation distance (H), and sphere size (RP). If vapour formation is 

favourable, after passing an energy barrier, the new vapour phase reaches 

to and remains at its stable size. This phenomenon is called capillary 

evaporation. 

 Vapour phase formation with convex meniscus is possible if and only if 

bulk liquid pressure is below the saturation pressure (PL < P∞). Such a 

convex meniscus is only possible if the confinement walls are wettable and 
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result in  
      

 
 . The free energy curve for this case goes through a 

maximum point, and is constantly decreasing after passing that maximum. 

The phase transition is a nucleation phenomenon and all the bulk liquid 

phase turn into vapour phase once the barrier is passed. It should be 

highlighted that between a sphere and a flat plate a vapour bridge with a 

convex meniscus can never exist in a stable condition. Depending on the 

parameters (contact angle (θ), separation distance (H), and sphere size (RP), 

the nucleation energy barrier might be so high that it takes so long before it 

can be overcome that the nucleation will never happen in practice; but the 

free energy curve never turns into monotonically increasing.  

3) Effect of the contact angle (θ): 

 For any new phase formation with a concave meniscus, getting farther 

from the transition contact angle makes the energy barrier smaller, and the 

stable point more stable. For liquid formation out of a bulk vapour phase, a 

concave meniscus is possible for PV < P∞, and  
      

 
 , and getting 

farther from the transition contact angle happens as the contact angle 

decreases. For vapour formation out of a bulk liquid phase, a concave 

meniscus is possible for PL > P∞, and  
      

 
 , and getting farther from 

the transition contact angle is equivalent to increasing the contact angle. 

New phase formation between a sphere and a flat plate at separation 

distance H (H≠0) with concave meniscus becomes ultimately impossible 

for some contact angles close to the transition contact angle. 
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 For any new phase formation with a convex meniscus, getting farther from 

the transition contact angle increases the height of the energy barrier. 

Liquid formation out of a bulk vapour phase with convex meniscus is only 

possible for PV > P∞, and  
      

 
 , and getting farther from the transition 

contact angle happens as the contact angle increases.  Vapour formation 

out of a bulk liquid phase with convex meniscus only happens if PL > P∞, 

and  
      

 
 , and getting farther from the transition contact angle is 

equivalent to decreasing the contact angle. The free energy curve for the 

new phase formation with convex meniscus between a sphere and a flat 

plate never gets monotonically increasing, even for the farthest amount of 

contact angle from the transition contact angle (in contrast to the case of 

new phase formation with convex meniscus between two flat plates, for 

which the free energy curve gets monotonically increasing at some contact 

angle far enough from the transition contact angle). However the energy 

level of the nucleation barrier might get so large (also depending on 

separation distance (H), and sphere size (RP)), that it takes so long for the 

barrier to be overcome, and nucleation never happens in practice. 

4) Effect of the separation distance between a sphere and a flat plate (H): 

 For any new phase formation (liquid formation or vapour formation) with a 

concave meniscus, an increase in the separation distance results in a higher 

energy barrier and less stability of the stable state of the system. New phase 
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formation with concave meniscus becomes unfavourable above a certain 

distance, called the breakage distance (HBreak) 
18.  

For liquid formation with concave meniscus, equation (‎6.16) is found in the 

literature 24, describing the breakage distance for the condition where  

RP >>     >> H. The breakage distance sensitively depends on the Kelvin 

radius, and is also a less sensitive function of the sphere radius and contact 

angle according to equation (‎6.16). Equation (‎6.33) is the analogous 

equation for the case of vapour formation with concave meniscus.  

From further investigation it is found that new phase formation with 

concave meniscus is certainly not possible for separation distance above the 

Kelvin radius (H > RC) for any sphere size and with any contact angle. 

Therefore HBreak is always less than RC, regardless of the amount of contact 

angle and size of the sphere.  

At the breakage distance, the free energy of the stable equilibrium is 

approximately equal to the free energy of the unstable equilibrium. Natural 

fluctuations between the unstable and stable points can be considered as a 

reason for a ―diffuse liquid−vapour interface‖ 18. Such a diffuse liquid-

vapour interface is experimentally observed at separation distance equal to 

the breakage distance, in the process of reducing H from H > HBreak to the 

breakage distance 12. 

As a sphere and a flat plate come into contact (separation distance of zero), 

the most stable bridge with concave meniscus is formed through a 

spontaneous non-nucleating phenomenon (zero energy barrier). 
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Investigations showed that for a sphere and a flat plate in contact (H=0), 

new phase formation with concave meniscus is always possible (never 

becomes unfavourable) for any contact angle (even for the closest contact 

angle to the transition contact angle) and any sphere size. 

For any new phase formation (liquid formation or vapour formation) with 

convex meniscus, an increase in the separation distance makes the energy 

barrier smaller. Reduction of the separation distance, even to H=0, will not 

cause new phase formation with convex meniscus to be unfavourable (in 

contrast to new phase formation with convex meniscus in between two flat 

plates, for which new phase formation is unfavourable below some 

separation distance). However, at small separation distances the energy 

barrier might have such a huge value that it takes so long before it can be 

overcome, that the nucleation doesn’t happen in practice. 

5) Effect of the sphere size (RP): 

 For any new phase formation (liquid formation or vapour formation) with 

concave meniscus, increase in the radius of the solid sphere results in shorter 

energy barrier and more stability (deeper minimum) and larger bridge width at 

the stable condition. The extreme as the sphere gets larger occurs when the 

radius of the upper sphere becomes infinity, where the geometry would simply 

change to that of two flat plates. For two flat plates, all of the bulk phase would 

change into the new phase once the energy barrier is overcome.  

It is remarkable that the effect of the solid sphere size on the unstable free 

energy barrier and the unstable liquid bridge width is minor in comparison to 
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its effect on the stable point. This can be described as follows: at small liquid 

bridge width (small d’s), the new phase cannot sense the difference of the 

amount of the curvature of spheres of various sizes. However, as the bridge 

width gets larger the location of the stable size is strongly affected by 

curvature. 

 For any new phase formation (liquid formation or vapour formation) with 

convex meniscus, increase in the radius of the solid sphere causes a higher 

energy barrier. The new phase formation is still thermodynamically favourable 

for any sphere of finite radius, although the barrier might be so large that such a 

long time is required before it can be overcome, that the nucleation doesn’t 

happen in practice.    

6) It should be noted that for any new phase formation (liquid formation or vapour 

formation) with convex meniscus between a sphere and a flat plate, the free 

energy curve of the system never (for any value of θ, H, and RP) changes to 

monotonically increasing. This is in contradiction with the new phase formation 

with convex meniscus between two flat plates, where for some contact angle far 

from the transition contact angle, or at some small separation distance the 

phase transition will become unfavourable. This contradiction happens as a 

result of the geometry of the confinement: As we get farther from the center 

line (as bridge width, d, gets larger), while the vertical distance of the solids 

between two flat plates remains constant, the vertical distance between a sphere 

and a flat plate gets larger and larger. Therefore between a sphere and a flat 

plate, even when the two solids are touching or the contact angle is near the 
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transition contact angle, at some large enough bridge width (somewhere far 

enough from the centerline) the gap becomes large enough to allow the 

formation of the unstable new phase with convex bridge. 
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7. Conclusion 

Confined fluid behaves in a different way from a bulk fluid, as has been observed 

in various natural and industrial cases. In this thesis, the behaviour of a confined 

fluid has been discussed from a surface thermodynamics point of view (the basics 

of which were presented mainly in chapter ‎3), for three different geometries: i) 

inside a cone, ii) between two flat plates, and iii) between a sphere and a flat plate. 

The fluid was considered to be pure (single component), and the temperature and 

bulk phase pressure of the confined fluid assumed to be constant. The system was 

closed to any mass exchange.  

Thermodynamic stability analysis was performed by examining the curve of free 

energy of the system vs. size of the new phase being formed out of the confined 

fluid. From that curve it was predicted whether new phase formation is favourable, 

and if the new phase can exist in a stable condition. For each of the geometries, the 

effect of the equilibrium contact angle, and also geometrical factors (the effect of 

cone angle for the cone geometry, the effect of plate separation distance for the 

geometry of two flat plates, and effects of solid separation distance and spherical 

particle size for the sphere and flat plate geometry) have been studied.  
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7.1. New phase formation ‒ two types based on the 

curvature shape: concave or convex 

7.1.1. New phase formation with concave meniscus 

 Liquid formation with a concave meniscus out of a confined vapour phase is 

possible only at vapour phase pressures below the saturation pressure (PV
 < 

P∞). In addition, at vapour phase pressure below the saturation pressure, only a 

liquid phase with concave meniscus has the possibility to form. This has been 

discussed in section ‎3.7.1, and the beginning of sections ‎4.1.1, ‎5.1.1, and ‎6.1.1 

for each of the geometries. Also the solid walls must be wettable to have a 

concave meniscus. Wettable walls can equivalently be described as a situation 

for  which γSL is lower than γSV 45. The free energy of the system in this case 

can be obtained from equation (‎3.59). 

 Vapour phase formation with a concave meniscus out of a confined liquid 

phase is possible if and only if the liquid phase pressure is above the saturation 

pressure (PL
 > P∞), as explained in section  3.7.2, and the beginning of sections 

 4.2.1,  5.2.1, and  6.2.1. The free energy of the system in this case can be 

obtained from equation (‎3.62). For the vapour phase to form with a concave 

meniscus, the confinement walls must be non‒wettable. There are fewer of 

such non‒wettable solids (in comparison with the wettable case) in practice. 

For example according to Ward and Levart 16, only a few of the plastics, such 

as polytetra‒fluoroethylene, make a contact angle greater than 90º with water. 

Many other materials such as a clean metal or glass in contact with water show 

the contact angle of zero.  
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Typical curves of free energy vs. new phase size are shown for new phase 

formation with concave meniscus in the different geometries in Table ‎7-1.  

Table ‎7-1 Curves of free energy vs. new phase size for new phase formation with concave 

meniscus  

Geometry Cone Plate‒Plate Sphere‒Plate 

Liquid formation 
with concave 
meniscus out of a 
confined vapour 
phase (at P

V
 < P∞), 

inside confinement 
of wettable walls. 

 

 

0 ≤ θ < 90º‒  

 

0 ≤ θ < 90º 

 

0 ≤ θ < 90º‒ 
 

 
 

Vapour formation 
with concave 
meniscus out of a 
confined liquid 
phase (at P

L
> P∞), 

confinement of 
non‒wettable walls. 

 

 

 

90º+  < θ ≤ 180º 

 

90º < θ ≤ 180º 

 

90º+ 
 

 
 < θ ≤ 180º 

Typical curve of free 
energy vs. size of a 

new phase with 
concave meniscus 

 

 

 

 

(~ fo r H < │ RCcosθ │) 

 

(for H < H Break) 

A stable new phase with a concave meniscus can be formed out of a fluid phase 

being confined inside a cone or between a sphere and a flat plate. The stable new 

phase with concave meniscus forms spontaneously (without any energy barrier) for 
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the cone geometry and the sphere‒plate geometry when H=0, and after overcoming 

an energy barrier for the sphere‒plate geometry when H≠0. For fluid being 

confined between two flat plates, the whole confined fluid changes into the new 

phase once the barrier is overcome, i.e. there is no coexistence of the two phases 

(the confined fluid and the new phase) in a stable condition.  

It should be noted that while inside a cone, a new phase with concave meniscus can 

always form in a stable condition, whereas for the gap between two flat plates or 

between a sphere and a flat plate, new phase formation becomes unfavourable 

(monotonically increasing free energy curve) above a certain separation distance 

and/or for some contact angles close to the transition contact angle (contact angle 

at which the meniscus changes from concave to convex). This will be explained in 

more detail in sections ‎7.2 and ‎7.3 (effects of solid separation distance and 

equilibrium contact angle).  

Contact angle is measured from inside a denser phase (liquid) according to 

convention. That is why the ranges are different for liquid formation or vapour 

formation, although both have a concave meniscus. The range of contact angle for 

which the meniscus is concave, also depends on the geometry of the confinement. 

For example for liquid formation inside a sphere‒plate geometry, the meniscus is 

concave if  0 ≤ θ < 90º‒  
 

 
, where α is the half‒filling angle. For an upper sphere of 

comparatively large size, and tiny separation distance, α is small even for large 

bridge length (d). That describes why using θ < 90º as a criterion for having a 
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liquid bridge with a concave meniscus is a good assumption, as in literature where 

sphere radius is 2.5 cm and separation distance is on the order of nanometres 12.  

7.1.2. New phase formation with convex meniscus 

 Liquid formation with convex meniscus out of a bulk vapour phase is possible 

if and only if the vapour phase pressure is above the saturation pressure (PV
 > 

P∞).This has been explained in section  3.7.1, and the beginning of sections 

 4.1.2,  5.1.2, and  6.1.2 for each of the geometries. Confinement walls must be 

non-wettable for the liquid phase to have a convex meniscus. It should be noted 

that for wettable walls, the liquid would have already formed from the vapour 

phase below (as discussed in  7.1.1) or at the saturation pressure. The free 

energy of the system in this case can be obtained from equation (‎3.59). 

 Vapour phase formation with convex meniscus out of a confined liquid phase is 

possible if and only if liquid pressure is below the saturation pressure (PL
 < 

P∞), as explained in section  3.7.2, and the beginning of sections  4.2.2,  5.2.2, 

and  6.2.2. For the vapour phase to have a convex meniscus, the confinement 

walls must be wettable. It should be noted that for non‒wettable walls, the 

vapour would have already formed from the liquid phase above (as discussed in 

 7.1.1) or at the saturation pressure. The free energy of such system can be 

calculated from equation (‎3.62). 

Typical curves of free energy of a system vs. size of the new phase with convex 

meniscus are shown for different geometries in Table ‎7-2. 
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Table ‎7-2 Curves of free energy vs. new phase size for new phase formation with convex 

meniscus  

Geometry Cone Plate‒Plate Sphere‒Plate 

Liquid formation 
with convex 
meniscus out of a 
confined vapour 
phase (at P

V
 > P∞), 

confinement of 
non‒wettable walls. 

 

 

90º‒  < θ ≤ 180º 

 

90º < θ ≤ 180º 

 

90º‒  
 

 
 < θ ≤ 180º 

Vapour formation 
with convex 
meniscus out of a 
confined liquid 
phase (at P

L
< P∞), 

confinement of 
wettable walls. 

 

 

0 ≤ θ < 90º+  

 

 

0 ≤ θ < 90º 

 

0 ≤ θ < 90º+ 
 

 
 

Typical curve of free 
energy vs. size of a 

new phase with 
convex meniscus 

 

 

 

 

(~ fo r H > │ RCcosθ │) 

 

 

Free energy curves for new phase formation with convex meniscus go through a 

maximum point, and are constantly decreasing after that. The phase transition is a 

nucleation phenomena, i.e. a nucleation barrier must be overcome. Once the 

nucleation barrier is overcome, all of the confined phase turns into the new phase. 

Therefore with a new phase having a convex meniscus, two phases cannot coexist 

in a stable condition, i.e. no convex meniscus is stable for the case of a pure fluid. 



 

229 

 

Inside a cone, the new phase free energy curves never become ever‒ascending and 

new phase formation is always possible. For the gap between a sphere and a flat 

plate, the free energy curve never becomes monotonically increasing; however for 

small separation distances and/or equilibrium contact angles far from the transition 

contact angle (θt) the energy barrier might be so high that nucleation never occurs 

in practice. Inside the gap between two flat plates, the free energy curve becomes 

constantly increasing for small separation distances and/or equilibrium contact 

angles far from the transition contact angle (θt).  The effects of solid separation 

distance and equilibrium contact angle are fully discussed in sections ‎7.2 and ‎7.3.  

7.2. Effect of equilibrium contact angle on the 

stability of the system when a new phase is 

formed from a confined fluid 

7.2.1. Effect of equilibrium contact angle, for new phase 

formation with concave meniscus 

For new phase formation with concave meniscus, getting farther from the 

transition contact angle (θt) makes the unstable point (maximum point) occur at a 

smaller volume with a lower energy level (lower energy barrier) and the stable 

point occur with a larger volume and more stability (deeper minimum point, and 

lower energy level). The effect of contact angle on the curve of free energy vs. new 

phase size is shown for different geometries in Table ‎7-3. 
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Table ‎7-3 Effect of contact angle on curves of free energy vs. new phase size for new phase 

formation with concave meniscus. The solid line shows the free energy as contact angle gets 

farther from the transition contact angle.   

Geometry Cone Plate‒Plate Sphere‒Plate 

Schematic of new 
phase formation with 
concave meniscus 
out of a confined 
phase for different 
continent geometries 

 

   

Effect of contact 
angle on the curve of 
free energy vs. size 
of a new phase with 
concave meniscus 

 
 

(~ fo r H < │ RCcosθ │) 

 

(for H < H Break) 

For the geometry of interest, in either case of liquid formation or vapour formation, 

the shape of the meniscus alters in the same way when contact angle gets farther 

from the transition contact angle. However in terms of increase/decrease in 

contact angle, getting farther from the transition contact angle corresponds to 

opposite terms for liquid formation and vapour formation. This is due to the 

convention of contact angle being measured from inside a denser phase (liquid). 

For liquid formation with a concave meniscus out of a confined vapour phase, 

decrease in contact angle results in getting farther from the transition contact 

angle. For vapour formation with a concave meniscus out of a confined liquid 

phase, increase in contact angle is equivalent to getting farther from the transition 

contact angle. This shows how defining the transition contact angle facilitates a 
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unique explanation of meniscus changes, regardless of the case being vapour 

formation or liquid formation.  

Inside the gap between two flat plates, or between a sphere and a flat plate (with 

separation distance other than zero, H≠0), as equilibrium contact angle gets close to 

the transition contact angle, the nucleation barrier increases. Finally at some 

contact angle close to the transition contact angle, the free energy curve becomes 

monotonically increasing and new phase formation with concave meniscus 

becomes unfavourable. For the cone geometry, a stable new phase with a concave 

meniscus can always form out of a confined phase.  

Changing the contact angle by a specific number of degrees, results in larger 

relative changes of the energy level when the contact angle is closer to the 

transition contact angle. The validity range of this statement is for contact angles 

which do not result in monotonically increasing curves.  

7.2.2. Effect of equilibrium contact angle for new phase 

formation with convex meniscus 

When the meniscus is convex, getting farther from the transition contact angle 

increases the level of the energy barrier, and the volume of the unstable bridge.  
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Table ‎7-4 Effect of contact angle on curves of free energy vs. new phase size for new phase 

formation with convex meniscus. The solid line shows the free energy as contact angle gets 

farther from the transition contact angle.   

Geometry Cone Plate‒Plate Sphere‒Plate 

Schematic of new 
phase formation with 
convex meniscus out 
of a confined phase 
for different 
continent geometries 

 

 
  

Effect of contact 
angle on the curve of 
free energy vs. size 
of a new phase with 
convex meniscus 

  

(~ fo r H > │ RCcosθ │) 

 

 

In liquid formation with convex meniscus, the contact angle gets farther from the 

transition contact angle as it increases. In vapour formation with convex meniscus, 

the contact angle should decrease to get farther from the transition contact angle.  

7.3.  Effect of solid separation distance 

In general, a tighter confinement facilitates new phase formation with concave 

meniscus by reducing the energy barrier and/or results in more stability of the 

stable condition by lowering the energy level of the minimum point. In contrast for 

new phase formation with convex meniscus, the tighter the confinement is, the 

higher the energy barrier that has to be overcome. 
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 For the cone geometry, the apex angle (β) determines how tight the gap is. For the 

two plates and the sphere‒plate geometries, separation distance (H) is indicative of 

how tight the confinement is.  

For confinements where walls meet at some point (for example inside a cone or 

between a sphere and a flat plate having a contact, i.e. H=0) the free energy curve 

never becomes monotonically increasing and new phase formation never becomes 

unfavourable. Also in this case the derivative of free energy with respect to size of 

new phase is zero at the start point of the curve, i.e. when size is zero. A 

comparison of free energy curves for two cases of zero and nonzero separation 

distance for the sphere‒plate geometry is illustrated in Table ‎7-1 for new phase 

formation with either concave or convex meniscus.  
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Table ‎7-5 Comparison of free energy vs. size of the new phase at the start point (new phase 

size =0) for zero separation distance (H=0), and nonzero separation dis tance (H≠0 ).  

Case H=0 H≠0 

New phase 
formation 

with concave 
meniscus 

(sphere‒plate 
geometry) 

  

New phase 
formation 

with convex 
meniscus 

(sphere‒plate 
geometry)  

  

 

The effect of confinement wall separation distance is fully described for new phase 

formation with concave meniscus and new phase formation with convex meniscus 

in the two following sections.  

7.3.1. Effect of solid separation distance for new phase 

formation with concave meniscus 

As the confinement walls’ separation decreases (decreasing β or H), a new phase 

with concave meniscus gets more stable, and has higher volume at the stable point. 

For two flat plates and completely separated sphere‒plate (H≠0) geometries, 

decreasing the separation distance also makes the nucleation energy barrier smaller.  
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 Effect of separation distance on new phase formation with concave meniscus is 

schematically shown in Table ‎7-6. 

Table ‎7-6 Effect of solid separation  on curves of free energy vs. new phase size for new phase 

formation with concave meniscus. The dashed curve is the initial condition. The solid line 

shows the free energy as the walls’ separation increases (cone apex (β) or surface distance (H) 

increases from that of the dashed line). The dot-dashed curve represents unfavourability of 

new phase formation with concave meniscus inside a gap between two flat plates or a 

sphere‒plate, as H increases over a certain distance (approximately by          ). 

Geometry Cone Plate‒Plate Sphere‒Plate 

Schematic of new 
phase formation with 
concave meniscus 
out of a confined 
phase for different 
continent geometries 

 

  

 

 

Effect of solid 
separation (β or H) 
on the curve of free 
energy vs. size of a 
new phase with 
concave meniscus 

   

When confinement walls have some common point (inside a cone for any β or 

inside a gap between a sphere and a plate when H=0), new phase formation with 

concave meniscus is not a nucleation phenomena (no energy barrier has to be 

overcome) and it spontaneously reaches to its stable equilibrium. Also for 

confinement with walls having a common point, the free energy curve never 

becomes constantly increasing. Therefore for a cone geometry new phase 

formation with concave meniscus is always favourable regardless of the cone apex 

angle. 
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For two flat plates and for the sphere‒plate geometry, new phase formation with 

concave meniscus becomes unfavourable as separation distance increases over a 

certain amount. For the two flat plates geometry, it has been shown in sections 

‎5.1.1.2 and ‎5.2.1.2 that          (a modification of what is proposed in literature 

for the maximum distance of sphere‒flat plate that allows for capillary 

condensation to happen 12, 24) gives a fair value for the distance above which new 

phase formation with concave meniscus is unfavourable. For the sphere‒plate 

geometry, the separation distance above which new phase formation with concave 

meniscus is unfavourable is called the breakage distance 18. A new phase with a 

concave meniscus forms a stable bridge below this distance and breaks at 

separation distance above this distance. If the sphere radius is much greater that the 

bridge width, which is in turn much larger than the separation distance (RP >>     

>> H ), the breakage distance can be approximated by          (more precisely 

from equation (‎6.16) for liquid formation with concave meniscus 36 or from 

equation (‎6.33) for vapour formation with concave meniscus). All in all, for two 

flat plates and sphere‒plate geometries, new phase formation with concave 

meniscus is confidently unfavourable for separation distances above the Kelvin 

radius (H>RC). At separation distances below the Kelvin radius, further 

investigation has to be made based on contact angle and radius size for the 

sphere‒plate case.  
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7.3.2. Effect of solid separation distance, for new phase 

formation with convex meniscus 

An increase in the solid walls’ separation (by increasing cone apex ( ) in the cone 

geometry, or separation distance (H) in the two flat plates or the sphere‒plate 

geometries), reduces the level of the energy barrier.  

Table ‎7-7 presents the effect of the walls’ separation on the free energy of the 

system where new phase formation with convex meniscus happens out of a 

confined fluid. 

Table ‎7-7 Effect of solid separation on curves of free energy vs. new phase size for new phase 

formation with convex meniscus. The dashed curve is the initial condition. The solid line 

shows the free energy as the walls’ separation increases (cone apex angle (β) or surface 

distance (H) increases from that of the dashed line). The dot-dashed curve represents 

unfavourability of new phase formation with convex meniscus between two flat plates as H 

decreases over a certain distance (approximately by         ). 

Geometry Cone Plate‒Plate Sphere‒Plate 

Schematic of new 
phase formation with 
convex meniscus out 
of a confined phase 
for different 
continent geometries 

 

 
  

Effect of solid 
separation (β or H) 
on the curve of free 
energy vs. size of a 
new phase with 
convex meniscus 

   

For new phase formation with convex meniscus, as confinement gets tighter (by 

decreasing the cone apex angle or the separation distance), a higher nucleation 
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barrier has to be overcome. Inside a cone or a gap between a sphere and a flat plate, 

new phase formation with convex meniscus never turns out to be unfavourable 

(monotonically increasing). However for the sphere‒plate geometry at very small 

distance (H), the barrier gets so large that the phase transition might be practically 

impossible (as shown for example for liquid phase formation with convex meniscus 

in section ‎6.1.2.2). Between two flat plates, for separation distance below 

        , new phase formation with convex meniscus becomes unfavourable due 

to constantly increasing free energy curve.          is a modification of what has 

been proposed 12, 24 for maximum separation distance above which capillary 

condensation, liquid formation with concave meniscus, becomes impossible.  

7.4. Effect of sphere size for the geometry of a 

sphere and a flat plate 

In the sphere‒plate geometry, the size of the sphere affects the free energy curve 

and volume of the unstable and/or stable conditions.  

 For new phase formation with concave meniscus, increasing the sphere size results 

in a smaller energy barrier (with less volume of the new phase), and in a more 

stable minimum point (with higher volume of the new phase).  At the extreme case 

where the sphere radius becomes infinity, equivalent to the case of two flat plates, 

the whole confined fluid transfers into the new phase once the energy barrier is 

overcome, i.e. no stable bridge with concave meniscus can be formed.  



 

239 

 

For new phase formation with convex meniscus, the energy barrier increases as the 

sphere gets bigger. The highest energy barrier has to be overcome for the case of 

two flat plates, equivalent to the case of sphere‒plate with sphere radius of infinity.  

7.5. Results implication 

A summary of the comparative investigation of confined fluid for different 

geometries is presented in Table ‎7-8.  
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Such a big picture of the stability of confined fluids can improve modeling 

techniques, and can describe the reasons behind many intuitive understandings. For 

example, it describes (in answer to some surprise in literature 46) why in most 

experimental observations (and therefore theoretical modeling) a concave profile is 

considered. As mentioned in section ‎7.1, stable coexistence of pure liquid and 

vapour phases at pressures other than the saturation pressure is only possible for a 

new phase with concave meniscus. 

As another example, it has been shown that a smaller liquid bridge (capillary 

condensation) with less stability forms as the sphere size decreases, or the 

equilibrium contact angle increases (gets closer to the transition contact angle). 

This smaller bridge width can explain decrease in the capillary force as a result of 

the decrease in sphere radius decrease or increase in the equilibrium contact angle, 

that has been observed in previous modeling with the focus of capillary force 

calculation 10.  

In practice confined fluid behaviour can be manipulated, employing different 

parameters, as shown in Table ‎7-8. For example, effective surface treatment is 

required to prevent capillary condensation in confined humid air (which contains 

H2O vapour) at pressures below the saturation pressure that results in a stable 

concave liquid bridge. Modifying the surface to become non‒wettable (equivalent 

to hydrophobic, when the fluid is H2O) is one technique to prevent capillary 

condensation 47. 
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