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Abstract

The concept of agricultural and environmental sustainability has been a subject of
interest since the late 1980’s. In this thesis, we study agricultural and environmental
sustainability by studying the dynamics of the interactions between agriculture, in-
dustry and the environment. Three different models involving systems of nonlinear
differential equations are presented.

The first is a competition model for two industries competing for market from
agriculture, while agriculture depends on the ecosphere for survival. Our second
model deals with the interaction between normal agriculture, renewable agriculture,
industry and the ecosphere. As an approximation to competition for land between
renewable agriculturc and normal agriculture, we consider a model involving compe-
tition for land by two farming groups within a locality as our last model.

All the three models are analyzed for boundary equilibria, their local and global
stabilities. Sufficient, conditions for the persistence of each system in each model and
the existence of an interior four dimensional equilibrium are established. Numerical

examples are used to illustrate some of the analytical results obtained.
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List of some of the symbols used in chapter 2, their respective meanings and

dimensions.

Symbol Meaning Dimension
x Agricultural assets Asset
Y1 Industrial assets one Asset
Yo Industrial assets two Asset
z Ecospheric assets dimensionless
T Instantancous time rate of change of z ‘;—;%

Y1 Instantaneous time rate of change of y; %
Yo Instantaneous time rate of change of y, %
z Instantaneous time rate of change of z Ti}ne
o Growth rate coefficient of T
due to agricultural activities for fixed z
8 Per asset diminishing return rate Wm
coefficient for z in the absence of industry
Y1 Per asset terms of trade rate coefficient Msset—ﬁme—]
between agriculture and industry one
Yo Per assct terms of trade rate coefficient m[—m
between agriculture and industry two
0 Cost rate coefficient of agriculture T;ne
to restore the ecosphere
& Constant depreciation rate T;ne
coefficient of industrial assets one
& Constant depreciation rate T;ne
coefficient of industrial assets two
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Symbol

Meaning

Dimension

M

Per asset (linear) depreciation rate

coefficient of industrial assets one

1
[Asset].[Time]

N2

Per asset (linear) depreciation rate

coeflicient of Industrial assets two

1
[Asset].[Time]

P1

Per asset competitive rate

cocfficient of y, acting on y;

S S
[Asset].[Time]

P2

Per assct competitive rate

coefficient of y; acting on ys

—_1
[Asset].[Time]

Per asset growth rate of industry

one in dealing with agriculture

1
[Asset].[Time]

Per asset growth rate of industry

two in dealing with agriculture

1

[Asset].[Time]

Per asset degradation rate coefficient of

the ecosphere due to agricultural activities

1

[Asset].[Time]

Natural restoration rate coefficient

of the ecosphere

Time

Per asset effort input rate of

agriculture to restore the ecosphere

1

[Asset].[Time]

Equilibria of the four dimensional system

Equilibria of a subsystem of the

four dimensional system

Variation matrix of the four dimensional

system evaluated at the equilibrium F'

Liapunov function
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List of some of the symbols used in chapter 3, their respective meanings and

dimensions.

Symbol Meaning Dimension
T Normal agricultural assets Asset
To Renewable agricultural assets Asset
Y Industrial assets Asset
z Ecospheric assets dimensionless
T Instantaneous time rate of change of x4 %

Zo Instantaneous time rate of change of %
U Instantaneous time rate of change of y —?—?ﬂfg
z Instantaneous time rate of change of 2 Tiine
aq Growth rate coefficient of z; due to T
normal agricultural activities for fixed z
Qs Growth rate coefficient of z5 due to T
renewable agricultural activities for fixed z
B Per asset diminishing return rate m
cocfficient for z; in the absence of y and x»
Bo Per asset diminishing return rate W
coefficient for x5 in the absence of y and x;
Y1 Per asset terms of trade rate coefficient [—@fm
between normal agriculture and industry
Yo Per asset terms of trade rate coeflicient mﬁlﬁ[‘ﬂ_mf]
between renewable agriculture and industry
0 Cost rate coefficient of normal T
agriculture to restore the ecosphere
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Symbol

Meaning

Dimension

01

Per asset competitive rate

coefficient of z, acting on x;

1
[Asset].[Time]

P2

Per asset competitive rate

coefficient of z; acting on z,

1
[Asset].[Time]

Constant depreciation rate

coefficient of industrial assets

Time

Per asset (linear) depreciation rate

coefficient of industrial assets

— 1
[Asset].[Time)]

Per asset growth rate of industry

in dealing with normal agriculture

— 1
[Asset].[Time]

Per asset degradation rate coefficient of the

ecosphere due to normal agricultural activities

1
[Asset].[Time]

Natural restoration rate coefficient

of the ecosphere

Time

Per asset effort input rate of

normal agriculture to restore the ecosphere

1

[Asset].[Time]

Equilibria of the four dimensional system

Equilibria of a subsystem of the

four dimensional system

Variation matrix of the four dimensional

system evaluated at the equilibrium F

Liapunov function

Determinant of n X n matrix
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List of some of the symbols used in chapter 4, their respective meanings and

dimensions.
Symbol Meaning Dimension
T Agricultural assets of farming group A Asset
Zo Agricultural assets of farming group B Asset
Y Industrial assets Asset
z Percentage of land owned by farming dimensionless
group A in a given area
1—2 Percentage of land owned by farming dimensionless
group B in the given area
21 Instantaneous time rate of change of z; %
To Instantaneous time rate of change of x5 %
] Instantaneous time rate of change of y ’%f.%
z Instantaneous time rate of change of z T;ne
f(2) Growth rate function of z; due to o
group A farmers agricultural activities on z
g(1—2) Growth rate function of z, due to T
Group B agricultural activities on (1 — 2)
By Per asset diminishing return rate m
coefficient for x; in the absence of y
B Per asset diminishing return rate m
coefficient for x5 in the absence of y
Y Per asset terms of trade rate coefficient m
between x; and industry
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Symbol

Meaning

Dimension

Per asset terms of trade rate coeflicient

between x5 and industry

1
[Asset].[Téme]

Constant depreciation rate

coeflicient of industrial assets

Time

Per asset (linear) depreciation rate

coefficient of industrial assets

1
[Asset].[Time]

)

Per asset growth rate of industry

in dealing with x;

1

[Asset].[Time]

Per asset growth rate of industry

in dealing with x,

_—
[Asset].[Time]

Per asset growth rate coefficient of

z due to group A farming activities

1

[Asset].[Time]

3

A constant such that 0 <p <1

A constant such that 0 < ¢ <1

> e

Carrying capacity of z

f(1) = 01Xk

Maximum growth rate of x;

Time
in the absence of ¥ and x,
9(1) = BoXok Maximum growth rate of x5 T;ne
in the absence of y and z;
Fy() Equilibria of the four dimensional system
Ve Variation matrix of the four dimensional
system evaluated at the equilibrium F
V() Liapunov function
D, or B, Determinant of a given n x n matrix
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Chapter 1

Introduction

1.1 Overview of the problem

Even though the concept of sustainability has become common since the late 1980’s,
and has provoked a lot of interest and discussion in various academic disciplines
(especially in economics) and non-academic circles, there is still no precise and concise
well-established agreed upon definition [35,38,64]. There are even some who wonder
whether there is a need to define sustainability at all [35] and others who argue that
defining sustainability is pointless unless such a definition can be made operational
[61].

As a mathematical work and not a treatise in economics, this dissertation will not
discuss the large number of various views on sustainability ( for this see Gold [35], Heal
[38], Klaassen et al [50], Ozkaynak et al [61] and Pezzey [64]). Instead we adopt certain
definitions and interpretations of sustainability from the literature which address some
of the concerns common to most concepts of sustainability, and use these as a basis for

our study. By adopting some specific definitions and interpretations from the mass

1
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of literature, we are by no means claiming that these are better than the others, nor
are we disagreeing with those who think it is not important to define sustainability.
It is only to serve as a basis for our study and give us some sense of the direction in

which this study must go and what results to expect.

We define sustainability throughout this thesis as doing things that we can safely
continue indefinitely: doing things that can be continued over long periods with-
out unacceptable consequences, or without high risks of unacceptable consequences
[35,38,39,40,41,45,64]. Thus a sustainable system of interacting assets is a system in
which the assets are capable of meaningful and purposeful interaction while main-
taining their usefulness indefinitely, without high risk of unacceptable consequences.
This simple statement can in fact be interpreted in many ways (see [30,50,62,64]).
One of these interpretations is that no asset within such a system can go extinct
(Pearce quoted in Klassen [50]) and this is the interpretation we adopt. We adopt
this interpretation because it is closely related to the concept of persistence in dynam-
ical systems (which is basically that solutions with positive initial conditions remain
positive). Based on this definition, we can define sustainable agriculture as that
agriculture that can safely continue indefinitely without high risks of unacceptable

consequences and similarly for sustainable industry and sustainable environment.

This definition of sustainable agriculture prompts the following question. What
type of agriculture is sustainable? Is it the primitive (traditional) system of agri-
culture which makes little or no use of modern agricultural methods and as a result
is characterized by low yields, or is it the modern (industrial) agriculture which is

characterized by higher yields? To answer this question, we consider the following

three examples.

(i) Agriculture has been an important part of the United States economy since
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its earliest days when about ninety percent of the work force was employed on farms.
Agricultural productivity (the amount of agricultural income an investment in a unit
area of agricultural land generates over time) of the United States has increased
rapidly since then, producing more with less labor. Just before World War II, about
twenty percent of the United States population was employed on farms, while to-
day less than three percent of the work force in the United States produces enough
food and fiber to meet all domestic needs as well as supply food and fiber to about
ten percent of the total external population. This growth in productivity can be
attributed to rapid improvements in general agricultural methods, such as the use
of electric- and gasoline-powered farm machinery, chemical and organic fertilizers,
pesticides, the development and use of hybrid strains, and government policies and
subsidies that favor maximization of agricultural productivity. However, associated
with these improvements in general agricultural methods are soil erosion, which leads
to depletion and degradation of topsoil and soil nutrients, and pollution of under-
ground water crucial for both good human health and productivity [72]. In other
words, agronomists and governments in the United States were mostly interested in
ways of increasing productivity to meet domestic and some overseas consumption,
thereby focusing much attention on the short-term profitability and social responsi-
bility components of agricultural sustainability, leaving out the other aspect such as

long-term (economic) profitability and intergenerational equity.

(ii) The scenario in Australia is quite similar to that of the United States in the
sense that farm policies in Australia favor more of the short-term profitability and
social responsibility. In order to promote growth in the agricultural, industrial and
economic sectors of the Australian economy, and also to encourage immigrants into

Australia to occupy its huge empty spaces, various government policies were enacted

3
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to govern land settlement. Some of these policies required landowners to farm on a
prescribed percentage of their land within a given period of time in order to show
their stewardship [8,13,44]. As a result, farmers usually cleared more land than they
could actually use to grow crops and fiber, resulting in an unprecedented exposure
of both farmed and unfarmed lands to soil erosion and depletion of soil nutrients
[44]. Other policies, such as the establishment of small subsistence farms for families
which were not large enough to operate resourcefully, most of the time turned out
to be disastrous and unsuccessful, leading to even higher environmental degradation.
Huge government subsidics on fertilizers in the 1960’s and 70’s also led to a massive
increase in fertilizer use in Australia over that period, which in turn contributed to a

high level of soil acidification and underground water contamination [23,44,81].

(iii) The problems described above can also be found in a worse form in devel-
oping countries. Because of poverty and high population growth (i.e. about three
percent per year) in most of the developing regions of the world such as Sub-Saharan
Africa, most of the farmers there cannot afford to practice modern (industrialized)
agriculture. Few of the farmers in Sub-Saharan Africa can afford modern farm ma-
chinery, fertilizers, pesticides and technology to aid them in their practice because
there are few if any government subsidies for such farm supplies. In addition most
of these farmers do not qualify for significant loans from the banks. As a result,
farmers do intensify (increase) land use to meet increasing food and fiber needs of the
increasing population. This has led to, among other things, a sharp decline in the
carrying capacity of agricultural lands in Sub-Saharan Africa because expansion of
farming activities has led to increasing scarcity of and competition for land. This is
due to the fact that farmers have to cultivate a large area of land just to produce the

little necessary for the survival of their family and community. Intensification and

4
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expansion on poor quality lands keeps growing, and farmers do this without proper
farm management practices and with little outside help. This has led to an acceler-
ation of soil degradation in the already poor soil, resulting in lower yields of crops
in many of these countries [7,22]. Also, farmers and their laborers (who are usually

family members) endure poor economic and social conditions in rural communities.

From the above discussion, it is evident that both traditional and modern agri-
culture can lead to environmental degradation, pollution, loss of pollination and veg-
etation, and loss of biodiversity in the long run. Thus both modern and traditional
systems of agriculture arc not presently economically feasible, socially dependable,
just and humane and above all not ecologically sound and friendly for both present
and future generations, and hence not sustainable [35,45,47]. If both agricultures we
know are not sustainable then which form of agriculture is sustainable? One possible
answer to this question is posted on the web site of Union of the Concerned Scientists
[73] and reported by Gold [35] in the following way “sustainable agriculture does not
mean a return to either the low yields or poor farmers that characterized the 19th
century. Rather sustainability builds on current agricultural achievements, adopting
a sophisticated approach that can maintain high yields and farm profits without un-
dermining the resources on which agriculture depends.” To be able to build on the
current(modern) agricultural achievements efficiently, we have to understand how
modern agriculture, which is founded on a base of industrial and technological im-

provements, interacts with the environment.

The purpose of this dissertation is to study sustainable agriculture and environ-
ment by studying the dynamics of the interactions between agriculture, industry and
the environment. We will carefully discuss what we mean by “industry” further on.

Our study will relate sustainability to concepts from dynamical systems: persistence,

5
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uniform persistence and existence of a positive interior equilibrium, rather than use
the popular concepts of utility functions from economics. Economists define utility
as wellbeing or welfare and hence utility functions are customarily used to describe
the wellbeing of an individual. Usually this function is maximized because it is be-
lieved that normal people making rational choices about their wellbeing or welfare
will act so as to maximize it [62,64]. For more on sustainability as related to the
economic concept of utility functions see [15,16,39,50,64]. In our dynamical systems
approach we are interested in sustainable agriculture and environment and hence a
positive interior global equilibrium for a system composed of agriculture, industry
and ecosphere. We do not maximize such an equilibrium. What we do is model all
the assets in the interaction and study all the possible outcomes of such interactions.
Such outcomes may consist of extinctions (which are not desirable) and persistence.
The reason for doing this is that if we know all the cases under which extinctions
occur, then we can avoid such conditions and hence get persistence. We do not con-
sider whether extinction or persistence is “good” or “bad” for the farmer or a farming
group, but simply derive conditions for them to occur. We only consider persistence
as “good” in terms of “component representation” of the entire system in the sense

that we don’t want any component to go extinct.

How is persistence, uniform persistence and global stability of an interior equi-
librium of a system related to sustainability of that system? Theoretically speaking,
a component of a system is persistent if it remains positive for all times (indefinitely)
and is uniformly persistent if there exists a positive value (call it ¢) which is indepen-
dent of the initial value of the component such the values of this component at all
time (indefinitely) remain greater than or equal to €. A system is (uniformly) persis-

tent if all its components are (uniformly) persistent. Thus if a system is uniformly

6
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persistent then it is sustainable in the sense that none of the components will go ex-
tinct or approach extinction. Finally, equilibria of a system are the time independent
solutions of the system. Thus if a system has a global interior equilibrium, and if
we can show that the system will eventually approach such an equilibrium, then no

extinctions will occur. This is the goal of our analysis.

1.2 Mathematical modelling of agricultural-industrial-

ecospheric systems

Modern bioeconomics (i.e. the integration of thoughts and concepts from economics
and biology for the purpose of enhancing and developing both economics and biology
by broadening and extending their theoretical and empirical bases) began in the 1970’s
with the pioneering work of G. Tullock, G.Becker, J. Hirshleifer and M. Ghiselin
[53,80]. Since then there has been a lot of studies and publications in this area and
this eventually led to the launching of the Journal of Bioeconomics in 1998 [53]. For
more on publications in bioeconomics, see “A Bibliography for Bioeconomics” by
Ghiselin [34].

An area of bioeconomics which is somewhat related to the study in this disser-
tation is the mathematical modelling of optimal management of renewable resources
pioneered by Colin Clark. In [15], Clark writes “ it should be stated at the outset
that our subject matter is the conservation of productive resources, rather than the
preservation of natural environment ”. He also writes in [16] “ this book has a similar
emphasis, being concerned with the economics of the sustainable use of biological
resources and with the understanding why such resource have often been used in a

nonsustainable manner”. Thus, from the start Clark specifically excludes interactions
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between the overall environment and the harvesting of resources. He is only concerned
with the portion of the environment related to productive renewable resources (eg.
fish, timber, wildlife) being harvested.

Clark’s models rely on the standard Schaefer model which models the supply of

open-access renewable resources. In the simplest case, the Schaefer model takes the

form

dX
== PO = (o)

where F(X) = rX[l — %] and h(t) = gEX are the stock growth and harvest func-
tions respectively. X is the stock size, r is the intrinsic growth rate, K is the carrying
capacity for X, ¢ is the catchability coefficient, and E is the harvesting effort. Clark
examined the economic parameters relative to a sustained-yield harvesting with max-

imum returns for the harvester, using the parameters:
R =ph—cE,

where R is profits or sustained economic rent, p is the output price, c is the effort

price, and
rC c
=1 - —
pq[ pgK

is the sustained yicld. The sustained yield Y represents the stationary solution for the

Y

above Schaefer model with pgX = c. With this model, under some modifications and
some assumptions, Clark was able to discuss and explain the common phenomena of
biological and economic over-exploitation. With his models he was able to predict and
identify exploitation patterns and the features of socially optimal productive resource
exploitation policies, and suggested that government management and regulation of
open-access productive resource stock is essential if misuse is to be prevented. This

was and is only the beginning of a very sophisticated study of optimal management

8
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of a componentwise renewable resource (eg fish, timber,wildlife) model. Since then
many mathematical bioeconomics models have been formulated for componentwise
productive renewable resources. These include the work by Amir et al [2], Amstrong

et al [4], Boman et al [6}, Conrad [18,19] and Ussif et al [74,75].

In the past 12 years, a few mathematical models have been formulated to study
the interaction between agricultural, industrial, and ecospheric wealth or assets based
on the predator-prey paradigm from the dynamical systems points of view. Most
economists and environmental scientists consider this approach as very unorthodox
because such modecls among other things do not include the economic rent and thus do
not have production and utility functions. Despite the aforementioned, these models
have been used successfully to determine conditions under which a system of inter-
acting agricultural, industrial and ecospheric wealth or assets exhibit persistence or
otherwise. These include the work of Apedaille et al [5], Solomonovich et al [68,69,70],
Freedman et al [30] and Agyemang [1]. In Apedaille et al [5] and Solomonovich et al
(68,69,70] agricultural and industrial wealth was measured in dollars and a dollar value
of the environmental quality was assigned. As a result of measuring wealth in dollars,
it was assumed that the growth of industrial and agricultural wealth must of necessity
saturate. In 1994, Apedaille et al [5], held the environment constant and the direct
interaction between agriculture and industry was considered. They determined the
stability and bifurcation properties of the two-dimensional system and predicted that
agricultural economy ages by slowing its learning, seeking and obtaining greater sta-
bility and eventually leading to trapping. In 1997, Solomonovich et al [68] introduced
the environment into their model with a minimum safe standard policy or threshold.
In 1998, Solomonovich et al [70] allowed the ecosphere to degenerate or recover either

through farming, adding of nutrients or through natural causes. They showed that

9
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it was possible to climinate chaotic uncertainty and replace it with predictability by
simply modifying some of the model parameters. Later in 2001, Solomonovich et
al [69] modified the ecospheric equation in their 1998 model to include a term they
called “agricultural investment in the ecosphere” and the cost of the investment into
the agricultural equation and demonstrated how timely investment in the ecosphere

could promote a high level of stable agricultural income.

In 2001, Agyemang [1] modelled the interaction between agricultural, industrial
and ecospheric asscts. Here assets were used instead of wealth (dollar value) because
it was believed that assets are a better measure of industrial and agricultural wealth in
the sense that there are some agricultural assets which can hardly be priced. Choosing
appropriate units for bioeconomic models has always been a problem, which is why
Landa et al [53] wrote “ bioeconomists are struggling with the equivalence of certain
kinds of units that may or may not play an important role in biological and economic
theory. ... any more than to say that a professor is the unit of teaching.” It should
be noted that wealth is part of, and not opposed to assets. Also for these models it
does not matter as to whether agricultural and industrial assets are measured in the
same units or not (but the models are much easier to understand, if one assumes the
assets are measured in the same units). As to the ecosphere, a better measure is a
value between zero and one given by (asset level) /(maximum possible asset level) that
is, the normalized asset units for the ecosphere. It was shown that if the ecosphere
was assumed to be in a state of equilibrium, then depending on the choice of the
model parameters, industrial assets may either go extinct or both industrial and
agricultural assets will persist uniformly. In the case of the three dimensional system
corresponding to an ccosphere not in equilibrium, only local stability conditions of the

equilibria were given. It was shown locally that ecospheric assets always survived the
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interactions but the survival of industrial and agricultural assets depended critically
on the choice of the model parameters.

Freedman et al [30], in 2003 also considered the interaction of agriculture assets
with industry assets and the environment quality. They analyzed the agricultural-
industrial and agricultural-environmental sub-models and left the analysis of the full
model to a future work.

Our purpose in this thesis is to determine conditions under which a system of
interacting agriculture, industry and the ecosphere can exist indefinitely with all three
components healthy and viable. This is already a challenging problem. Beginning
from our work in this thesis, we can continue in the future to the (much more difficult)

study of price/yield/demand interaction.

1.3 Definitions

In this section we define the key words and phrases (some of which we have encoun-

tered already) used in the forthcoming chapters.

1.3.1 Agricultural definitions

Normal Agriculture [cf. 56]:
Normal agriculture is the occupation, business or science of cultivating the land,
producing crops and raising animals.
Renewable Agriculture:
A naturally occurring agricultural resource on earth that is capable of being

replenished by natural ecological cycles or sound management practices itself (eg.

forest ,wildlife, birds, fish, etc).

11
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Agriculture:

Agriculture is the union of renewable and normal agricultures. That is the oc-
cupation, business or science of cultivating the land, producing crops and raising
animals and all naturally occurring agricultural resource on earth that can replenish
itself and all harvesting agents of an industrial economy in particular ( cf. [1,5,70]).
Sustainability [cf. 35,38,39,40,45]:

Doing things that we can safely continue indefinitely: doing things that can be
continued over long periods without unacceptable consequences, or without high risks
of unacceptable consequences.

Sustainable Management]|cf. 20]:

Managing a renewable resource such as a forest to meet the needs of the present
without compromising the ability of future generations to meet their needs.
Industry :

Industry is an organized economic activity connected with production, man-
ufacturing, or construction of fertilizer products, agricultural pest control chemi-
cals, mechanized agricultural equipment, agricultural hand-tools, farm machinery and

equipment, farm conveyors, etc. and all industrial accessories used for agricultural

purposes.
Cost or Expense [57]:

Cost or expense is what is given, done or undergone to obtain something or to
survive. This cost should not be confused with economic cost or opportunity cost
which is the value of the best alternative that was forgone in order to pursue the

current, endeavour, that is cost is part of opportunity cost.
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Utility [cf. 57,62,64]:

Utility is a measure of the wellbeing, welfare, happiness or satisfaction of some-
thing or some individual.
Preservation [57] :

The action of restoring, protecting or safeguarding a portion of a resource from
unnatural disturbance. This does not necessary imply preserving a portion of the
resource in its present state, for natural events and natural ecological processes are
expected to continue.

Conservation [57] :

Management of the use of a resource so that it may yield the greatest sustainable
benefit for the present, generations while maintaining its potential to meet the needs
and aspirations of future generations. It includes the preservation, maintenance,
sustainable utilization, restoration and enhancement of the resource.

Sustained yield [57]:

A method of resource management that calls for an approximate balance between

net growth and amount harvested.
Open-access resource [16]:

A resource in which exploitation is completely uncontrolled.
Competition [57]:

Competition is the act of striving or vying against another force or forces for the
same limited resources for the purpose of achieving dominance or survival.

Effort Input:
Effort input is the amount of resource devoted to or put into a particular activity

In its operations to achieve a result or output.

13
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Ecosphere :

This refers to the quality of the land and the environment. It also refers to the
natural world, within which people, animals and plants live, and includes the whole
complex of climatic, edaphic and biotic factors, such as light or food supply, that
influence the life of an organism or an ecological community. ( cf. [1,5]).
Environment [cf. 56]:

This is the union of the ecosphere and renewable agriculture.

Asset [cf. 56]:

An asset is something that is useful and contributes to the success of an activity.

This include cash value, the property of something to which a cash value can be

assigned, or the property of something to which cash value cannot be assigned etc.

1.3.2 Mathematical definitions

Steady State (cf. [59,63,70,78]):

Let

L @), o) =20 (11)

d
be a (non)linear system in R". Let G be an open subset of " containing z*. Then
x* is said to be a steady state or an equilibrium of Equation (1.1) if f(z*) = 0.
Jacobian Matrix J(x) (cf. [27,63]):

The Jacobian matrix J(x) of Equation (1.1) is defined as

[ o) .. ) |
J@) = (1.2)
_%%(@ Do gﬂ%(x)_
14
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Hyperbolicity (cf. [10,11,59]):
Let z* be an equilibrium of Equation (1.1). Let J(z*) be the Jacobian of Equation
(1.1) about z* and the eigenvalues of J(z*) be defined by the set

o(J(x")) = {\|det(J(z*) = A\L,) =0, i=1,2,..n}. (1.3)

The equilibrium z* is called hyperbolic if the eigenvalues corresponding to J(z*) are

such that they have non-zero real parts. Furthermore if o(J(z*)) contain n eigenval-

ues, then

e z* is a hyperbolic saddle point if there exist some A; € o(J(z*)) with Re A\; > 0
and also some \; € o(J(z*)) with Re A\; < 0, for 4,5 € {1,2,...,n}, but there
exit no A, € o(J(x*)) with Re Ay = 0;

e z* is a hyperbolic sink (stable) point if for all A; € o(J(z*)) we have Re A; < 0,
i€ {1,2,..n}:

e z* is a hyperbolic source point if for all A; € o(J(z*)) we have Re A; > 0,
ie{1,2,...n}

Differentiability (cf. [49,63]):

The function f : R" — R™ is said to be differentiable at xy € R™ if J(xq) satisfies

lim o ”f(f’oHl)_ﬁﬁm‘))_”’(‘r‘))’Ll' = 0, where ||.|| denotes the norm on R".

Continuity (cf. [49,63]):

Let ||.]| be the norm on R™. Then f : " — R" is said to be continuous at
zo € R™ if for all € > 0 there exists a &' > 0 such that ||z — x| < ¢’ implies that
1f(z) = f(=o)ll <e.

If f is continuous at each point z € G, where G is an open subset of R”, then we say

f is continuous on G C R™ and we write f € C(G).

15
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Continuous Differentiability (cf. [49,63]):

If f:G — R™is differentiable on G and the Jacobian J(x) is continuous on G,
then we say f is a continuously differentiable function on G and write f € C'(G).
Flow of a Differential Equation (cf. [49,63]):

Let G be an open subset of R and f € C'(G). For X, € G, let (¢, Xo) = $:(X)
be the solution of Equation (1.1) defined on its maximal interval of existence. Then
®, is called the flow of Equation (1.1).

Stability of Steady States (cf. [49,63,78]):

Suppose z* is a steady state of Equation (1.1).

e Then z* is said to be a stable point if for all ¢ > 0 there exists a ¢’ > 0 such
that for all x in the ¢-neighborhood of z* and ¢t > 0, we have ®;(z) in the
e-neighborhood of z*.

e The steady state z* is said to be unstable if it is not stable.

e The steady state z* is said to be asymptotically stable if it is stable and there
exists a &’ > 0 such that for all x in the the #’-neighborhood of z*, we have

limt_,oo @t (l‘) =z*.

Acyclicity (cf.[12,59]):
Consider Equation (1.1) and let zo € &} = {z € R"|z; > 0,7 = 1,2,...,n}.
Let OR7} denote the boundary of 7. Let 2} and x4 be equilibria or invariants sets
on OR}. Let O(x) denote the orbit of a point z € OR? such that a(z) = z} and

w(z) = x3, respectively the alpha and omega limit sets of z. Then z} is said to be

connected or chained to z3 and is denoted by

* *

16
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Let S denote the set of all equilibria or invariants sets of Equation (1.1) as defined

by
S = {7, x3, ..., x5}

If for all cyclic permutations of 7 and all zf € S with i = (1,2,..., k) we have
Ty — T = Tipg = oo — T 72 T}

then the system (1.1) is said to be acyclic.
Dissipativity (cf. [12,33,59]):
Consider the system given by Equation (1.1). Then the system describing the

evolution of z(¢) is said to be dissipative if

limsup || z(t) ||< L,

t—o0

where L is a positive constant. That is the trajectories of the system are asymptoti-

cally bounded.

For dissipative systems, the existence of an interior equilibrium is a consequence

of uniform persistence [11,12].
Persistence and uniform persistence(cf. [11,12,28,31]):

Consider Equation (1.1) and let z(t) = {z;(t)}7_,. Then z; is said to persist if
z;i(t) >0, t>0 and liminfz(t) >0.

t—00

x; is said to persist uniformly if there exist a ' > 0 such that
zi(t) >0, t>0 and ligninf z;(t) > 4.
—0

independent of x;(0).

System (1.1) is said to persist(uniformly) if each component z;, = {1,2,...,n}

persists (uniformly).
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Local stable and unstable manifolds (cf. [63]):
Let ¢; be the flow of the nonlinear system (1.1). Let 2* be a hyperbolic equilib-

rium of (1.1) and N be a neighborhood of z*. The local stable and unstable manifolds
of (1.1) at z* are defined by

Sa)={z € N|¢fx) 2" as t— oo and ¢z) €N for t>0}

and

Uix*)={z e N|¢x) —>x* as t— —oco0 and ¢ (z)e N for t<0}

respectively. S(z*) and U(z*) are also known as the local stable and unstable mani-
folds of x* respectively.
Global stable and unstable manifolds(cf. [63,78]):

Let ¢; be the flow of the nonlinear system (1.1) and z* be an equilibrium point.

The global stable and unstable manifolds of z* are defined by

We (@) = J (S ()

<0

and

w(z*) = | Jeu(U(z))

£>0
respectively, where S(z*) and U(z*) are the local stable and unstable manifolds of z*

respectively.
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Leading principal minor of a matrix (cf. [36,52,77]):

Let A be an n X n matrix over the reals, given by

11 @12 . . . Qlp-1 alnl

Ap1 Qp2 . . . Qpp—1 Qnp

Let R={1,2,3,....k} and S = {1,2,3,...,k} be subsets of {1,2,...,n}. Then

1. the k-th order leading principal minor of A defined by R and S is the determi-

nant

ann a2 . . . Q1g-1 Q1

DRS = Dk = det

Lakl Qr2 . . . Qgkg—1 Qkk,

2. Dy = det(A), the determinant of A if k = n.

1.4 Basic and standard theorems
In this section, we state without proofs some of the standard and basic theorems that
will be used in the forthcoming chapters.

Theorem 1.1 (Liapunov). Consider the system given by Equation (1.1). Let G
be an open subset of R" containing x*. Suppose that f € C'(G) and that f(z*) = 0.
Suppose further that there exists a function V € C'(G) satisfying V(z*) = 0 and
Viz) >0 if v # z*. Then
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o if dv(x) <0 for all x € G, then x* is stable;
o if dv(m) < 0 for all x # x* € G, then x* is asymptotically stable;

o if dv(“ > 0 for all x # z* € G, then x* is unstable, [cf. 54,59,63,78].

Theorem 1.2 (Isolatedness). Consider system (1.1) and let f(x) be analytic and
let z§, x1, 23, ..., x; denotes the equilibria or steady states of (1.1). Then a sufficient
condition for xj, to be isolated, is that the Jacobian matrix due to the linearization of

(1.1) in the neighborhood of x}, denoted by J(zt), is such that J(x}) is non-singular,
[59].

Theorem 1.3 (Routh-Hurwitz). The characteristic equation of a matriz

bui bz bis
B=1| by by by |, (1.4)
bsi D32 bs3
18 given by

N+ +rmd+ 71 =0, (1.5)

o 7o = —(byy + boa + b3s);
® 71 = bi1bag + bi1bss + baobsz — biobar — bigbsy — basbsa;
® 7o = bigbo1bsz + D13b31bog + b11bsabog — b11baobss — biabsibag — bi3boibsa.

Necessary and sufficient conditions for all the eigenvalues of the matriz B (i.e. all

the roots of Fquation (1.5)) to have negative real parts is that

o 75 > 0,
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e 79 > (),
® ToT] — Ty :>(l

[3,24,27,63].

Theorem 1.4 (Negative definiteness of a quadratic form). Let A be a sym-

metric n X n. matriz and X be an n x 1 vector and V = X*AX, where (.)* denotes the

transpose. Then

e V is negative if X'AX is negative definite,

o X'AX is negative definite if A is negative definite,

o A is negative definite if the eigenvalues of A all have negative real parts,

[54,59,63].

Theorem 1.5 (Frobenius 1879). Let A be a symmetric n x n matriz over the reals,

given by

i1

Qan1

a12

Qn2

Aip—1 Qin

Opn—1 QOnn

Let Dy, denote the sequence of (leading) principal minors of the matriz A. In particular

l)l:: anu,

1)222 det

an a2

Qo1 Q22
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11 a1z Q13

D3 = det n1 Q92 093 s ceny Dn = det(A),

a3y 32 ass

where a;; = aj; for all i7.
Then necessary and sufficient condition for the real, symmetric matriz A to be

negative definite is that the principal minors of a, starting with that of the first order

be alternating negative and positive, 1.e.

Dy <0, Dy>0, D3<0, .. (-=1)"D,>0,

[25.,59].

Theorem 1.6 (Hartman-Grobman). Consider the system given by Equation (1.1).
Let G be an open subset of R™ containing the origin. Suppose that f € C'(G) and
let ¢, be the flow of (1). Suppose that f(0) = 0 and the matriz A = J(0) has no
esgenvalue with zero real part. Then there exists a homeomorphism H of an open set
U containing the origin onto open sets V' containing the origin such that for each

zo € U, there is an open interval Iy C R containing zero such that for all zo € U and

tel
H o ¢y(z0) = €™ H(zo);

t.e H maps trajectories of (1.1) near the origin onto trajectories of & = Ax near the

origin and preserves the parametrization by time, [63].
Theorem 1.7 (Bendixon’s negative criterion). Consider the system

T;= Fl(l’h $2)
Xy = Fo(x1,22)

on a simply connected domain G C R2. Suppose
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o F1,F, € C'(G,R) such that Fy,Fy have continuous first partial derivatives
9B R op (-

0zy? Ozxa?

] g—fi + g% does not change sign on G, and does not vanish identically in an open

subset of G.

Then there are no non-trivial closed paths (periodic solutions or limit cycles) in G,
[10,59).

Theorem 1.8 (Bendixson-Dulac ). Consider system (1.6). Suppose

* B(z1,25) € C'(G. R);

° 8[1’1(%17%2213(%1,562)] + O[Fs(z1,%2) B(z1,22)]

Oz2

does not change sign or vanish identically

on any open subset of a simply connected domain G.
Then there are no closed orbits lying entirely in G, [10,59].

Theorem 1.9 (Butler- McGehee Lemma). Let E be an isolated hyperbolic equi-
librium in the omega limit set Q(X) of an orbit O(X). Then either U X) = E or
there exist points E* in W*(E)NQ(X) and E* in W*(E)YNQ(X), where W*(E) and
WH(E) are the stable and unstable manifolds respectively of E, such that E* # E and
E“ + E,[29,31,32).

Theorem 1.10 (Uniform persistence). Let F be a continuous flow on a locally
compact metric space E with a metric d and boundary OF. Let OF be the restriction of

F on the boundary OF (assumed invariant under F). Then F is uniformly persistent

if
o F is dissipative
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o F is persistent
e OF is isolated and

o OF is acyclic,
[11,29].

Theorem 1.11 (Local center manifold,[14,63]). Consider the system (1.1). Let
G be an open subset of R" containing the origin, and let f € CYG); suppose that
f(0) = 0 and that the n x n matriz A = J(0) =diag|C, P, Q), where the square matriz
C has ¢ eigenvalues with zero real parts, the square matriz P has s eigenvalues with
negative real parts, and the square matriz Q@ has r eigenvalues with positive real parts.

Then there exists C* functions hi(u) and hy(u) satisfying

J(hl(u))[Cu + F(u. hl(u), hg(u))] — Phl(U) - G(U, hl(U), hQ(U)) =0 (1 7)
J(ha(w))[Cu+ F(u, hi(u), ha(uw))] — Qha(u) — H(u, hi(u), he(u)) =0,
in the neighborhood of the origin such that the nonlinear system (1.1), which can be

written in the form

{7 ¢ 0 0 u F(u,v,w)
o |=]10 P O v | + | Gu,v,w) |, (1.8)
0 00 Q||w H(u,v,w)

with F'(0) = G(0) = H(0) = 0 and J(F(0)) = J(G(0)) = J(H(0)) is topologically

conjugate to the C! system

U cC 0 0 u F(u, hy(u), ha(u))
»|l=10 P 0 v | + 0 , (1.9)
b 00 Q w 0

for (u,v,w) € R x R* x R in the neighborhood of the origin [10,41,49].
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We obscerve that in the above theorem, the local center manifold is given by
We(0) = {(u,v,w) € R x R° x R"|v = hw)andw = he(u) for|u| < €} (1.10)
for some € > 0, where hy € C*(N,(0)), hy € C"(N,(0)) and

Pa(0) = ha(0) = J(ha(0)) = J(ha(0)) = O. (L11)

1.5 Epilogue to the introduction

The idea to formulate a mathematical model using the predator-prey paradigm for
the study and analysis of the interaction between agriculture, industry and the en-
vironment is relatively new. Apedaile et al [5] and Solomonovich et al [68,69,70] did
some work in this direction by considering the interaction of agriculture, industry
and environment in terms of their wealth. The other known works are the works of
Agyemang [1] and Freedman et al [30] who studied the interactions in terms of their
assets rather than wealth.

In the forthcoming chapters, the predator-pray paradigm will be used to model
the long term trajectorics for the shares of agricultural assets, industrial assets and
the environmental assets. In our models, we will be interested in long term shares of
assets between all the components of the system. That is we are not interested in the
quantitative outcome of our models but only interested in the qualitative outcome.
The models in the forthcoming chapters are general local models and not global
models. All our models contain constant parameters, which imply that technology
remains constant. In future works, we can allow the parameters to vary, incorporating
technological change.

The chapters are structured such that Chapter 2 deals with competition between

two industries. Here, we consider two industries competing with each other for the
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same market from agriculture. We formulate a mathematical model for this interac-
tion. Equilibria for the system are obtained and their stability determined. Sufficient
criteria are also obtained for the extinction of both industries and persistence of all
the components of the system consisting of agriculture, two industries and the eco-
sphere. In chapter 3, we model the interaction between normal agriculture, renewable
agriculture, industry and the ecosphere. Equilibria for the system and their stabili-
ties are determined. Global stability conditions for some of the equilibria are given.
Conditions for persistence of the system and extinctions of some of the components
of the system are also given. In Chapter 4, we introduce a competition for land model
involving two farming groups within a given area. Sufficient criteria are obtained for
the persistence of the system. We use Liapunov functions to establish sufficient crite-
ria for the extinction of some of the components of the system. Numerical examples

are used throughout to illustrate results in this thesis.
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Chapter 2

Competition Model for Two

Industries

2.1 Introduction

In our previous work [1], we studied the interactions between agriculture, industry
and the ecosphere. The interactive dynamics of the above system was modelled by
a system of three ordinary differential equations using a predator-prey paradigm.
Criteria for local stability of the steady states for the systems were given.

In modelling the interactions between agricultural, industrial and ecospheric as-

sets, we make use of the following assumptions.
e Industry gencrates its assets from agriculture.
e Agriculture generates its assets from the ecosphere.

e The process of agricultural assets generation can be enhanced by industry (eg.

machinery, pesticides) at some cost. Thus the interaction between industry and
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agriculture can be considered to be parasitism, mutualism or commensalism

depending on the assets creation by this process and the cost associated with

it.

e In general we expect agriculture and industry to replenish the ecosphere. But
for simplicity we will assume that the direct effect of industry on the ecosphere

and vise versa is minimal compared to that of agriculture on the ecosphere.

e Agricultural assets generation depends on the quality of the environment and

henee allow a possibility of diminishing returns for agriculture.

o Industrial assets creation faces both fixed and variable expenses independent, of

agriculture and the ecosphere.

In this chapter however, we consider two industries competing with each other
for the same resources (market) from agriculture, whereas agriculture generates its
assets from the ecosphere. Here agriculture is the union of normal agriculture and
renewable agriculture such as wildlife, forest, trees, etc. The ecosphere mainly refers to
the quality of the land and the industry refers to industry associated with agriculture.
Thus, we will be considering a system of four ordinary differential equations.

In §2.2, we develop the model of the interaction between the two industries,
agriculture and the ecosphere using the predator-prey paradigm. We determine the
equilibria in the case when the interaction between each industry and agriculture
favors the industry but not agriculture in §2.4, and perform the local stability analysis
of each equilibrium in §2.5. Global stability analysis of each equilibrium is done in §2.6
and persistence theory is used to establish the existence of a 4-dimensional equilibrium
in §2.7. Criteria for the extinction of both industries are given in §2.8. Numerical

examples are used to illustrate some of the results we obtain in §2.9. In §2.10-§2.12,
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we study the case where the interaction between one industry and agriculture favors
both the industry and agriculture whereas in the other it favors only industry. §2.13

contains a discussion and conclusions.

2.2 The model

Let z(), y1(¢),y2(¢) and z(t) denote respectively, agricultural assets, industrial assets

one, industrial assets two and ecospheric assets. The model for the above system is

as follows
= {az—0Bx+my +7y2—0(1—2))z (2.1)
Y1 - (=& — my1 — pry2 + 017)y (2.2)
Yo = (—& — Tay2 — p2y1 + 027)y2 (2-5)
f=—krz+ 91 —-2)z+¢(1 —2)z (2.4)

with initial conditions zp = z(0) > 0, y10 = 11(0) > 0, Yoo = y2(0) > 0 and zy =
2(0),0 < 24 < 1, where all parameters are assumed to be positive constants except -,
and 7y, which can be any rcal numbers. « is the growth rate coefficient of agricultural
assets due to agricultural activities for fixed z , § is the per asset diminishing returns
rate coefficient for agriculture in the absence of industry, v,(2) is the per asset terms
of trade rate coefficient between agriculture and industry one (two), &;(&2) is the
constant depreciation rate coefficient of industry one (two), 71(72) is the per asset
(linear) depreciation rate of industry one (two), 8;(d2)is the per asset growth rate of
industry one (two), p1(p2) is the per asset competitive rate coefficient of industry two
(one) acting on industry one (two), & is the per asset degradation rate coefficient of the

ecosphere duc to agricultural activities, 9 is the natural restoration rate coefficient of
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the ecosphere, ¢(1 — z)x is the effort input rate of agriculture to restore the ecosphere
and 6(1 — z)x is the net cost rate to agriculture to restore the ecosphere.

Here 0 < z(t) < 1 and 2(¢) has no units. We also require that the constant
depreciation rate of cach industry must be less than its maximum growth rate (else

such industry will go extinet). Thus mathematically we require

& < (%)52-, i=1,2 (2.5)

for the case when v; and v, are both non-positive.

We state here that we have a monopsonistic market. That is we have two
providers (sellers) of services which are industry one and industry two, and only
one buyer which is agriculture. If 4, the per asset terms of trade coefficient between
agriculture and industry one is positive then industry one’s influence causes a net
gain in agricultural assets. That is the cost to agriculture in dealing with industry
one is less than the gain in assets obtained by agriculture in the process. If the cost to
agriculture in dealing with industry one equals all the benefits obtained by agriculture
in the process, then v; = 0. Moreover if industry one’s influence causes a net loss in
agricultural assets then v < 0. Industry two interacts similarly.

The analysis of the above model will be done in two parts. Part I, when both v,

and v, are non-positive and Part 11, when at least one of y; or v, is positive.

2.3 Part I: Both ; and , are non-positive

Theorem 2.1. If v, and v are non-positive, then the system given by Equations
(1.1)-(1.4) is dissipative, with attraction region contained in A = {(z,y1,Y2,2) *
0<z<a/80<y < (ad — B&)/(Bm), 0 < ye < (ade — BE)/(Bn2),0 < 2z < 1}
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Proof:

From Equation (2.4) we have 2 |,—o= ¢z > 0. Also 2 |,-1= —kz < 0. Hence for
0< 2z <1,wehave 0 < z(t) < 1forallt >0.

From Equation (2.1), we have # < (o — Bz)z. Comparing with & = (a — Bu)u,

then separating variables and integrating, we obtain

(7

In ( ) =t + constant.

1
o o — PBu

) aexp a(t + constant)
U = .
1+ Bexpa(t + constant)

i.e, tlim u(t) = a/pf.

Hence if z(0) = u(0), then z(t) < u(t), for all £ > 0. Thus

0 < limsup z(t) < a/B.

t—00
From Equation (2.2) we have y; < (=& — my1 + @é1/8)y1. Compare this with

U = (—& — mu + ad,/B)u. Separating variables and integrating, we obtain

(=& + ady/B) exp (—& + ady /B)(t + constant)

) =
u(t) 1+ m exp (=€ + ady/B)(t + constant) ’
. : ad; —
ie, lmu(t) = (=& +ad/8)/m= —1——@—6—1
t—o0 B’r’l
Hence if y;(0) = u(0), then y;(¢) < u(t), for all ¢ > 0. Then
. ady — 86
0 <limsu t) < ————.
< limsupy (t) < —
Similarly, one can show that
0 < limsupys(t) < M. O

{—00 5 T2

31

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.4 Equilibria

In this section we determine all the possible equilibria for the system (2.1)-(2.4).
Equilibrium conditions for the system given by Equations (2.1) - (2.4) are found as

solutions of the algebraic system

(az = Bz + My +72y2 — 0(L — 2))z =0 (2.6)
(=& —myr — pry2 + 6z = 0 (2.7)
(—€2 — Mot — oty + 02z)y2 = 0 (2.8)

—kxz+ (1 —2)z+¢(l —2)z=0. (2.9)

We are only interested in nonnegative equilibria. We shall denote by F(x, y1,y2, 2)
the equilibria lying on the a-axis, by Fy(x,y1,¥s,2) the ones in the positive (a,b)-
plane, by F,u.(z, 1,92, 2) the ones in the positive (a,b,c)-octant and by F*(z, y1, Y2, 2)
the positive interior equilibrium of the whole system whenever they exist.

It is easy and trivial to see that Fy(0,0,0,0) and F,(0,0,0, 1) are equilibria. Also
the only axial equilibrium for the system is F,(0,0,0,1), since there cannot be a

positive equilibrium lying completely on the x-axis, y;-axis or ye-axis.

2.4.1 Positive interior planar equilibria

In this subsection, we determine all the two-dimensional equilibria for the system
(2.1)-(2.4).

In the positive interior of the (x,y;)-plane, we have yo = 2z =0and z > 0, y; > 0.
Hence the algebraic system (2.6)-(2.9) reduces to
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(=& —my +éiz) =0 (2.11)
¢z = 0. (2.12)

From the last equation, since ¢ # 0, we have that £ = 0. Thus there is no equilib-
rium lying entirely in the positive interior of the (z,y;)-plane. Similarly there is no
equilibrium lying in the positive interior of the (z, y»)-plane.

In the positive interior of the (z, z)-plane, we have £ > 0, z > 0 and y; =y = 0.

Here the algebraic system (2.6)-(2.9) reduces to
az—Bx—0(1—-2)=0 (2.13)

—kxz+ 31— 2)z+ (1 —2)z =0. (2.14)

We solve Equations (2.13)and (2.14) to get £ = T = (a+06)2—0 and z = Z, where Z is

the solution of the equation

(ko + kO +98)2% — (kO + 98 — ¢B)Z — ¢p8 = 0. (2.15)

It is not difficult to see that Equation (2.15) has only one positive non-zero root given
by

N2

K0+ 98 — @B + /(K8 + 9B + ¢B3)? + 4B¢Ka
2(ka + K0 + 95) '

From Equation (2.16), we have the following

(2.16)

KO + 98 — ¢8 + /(K0 + 9B + $B)2 + 48¢Ka
2(ka + k6 + 98)
K0+ 98— 6B+ 0+ 98 + 48

z =

2(ka + k0 + 90)
 KB+98
WO+ a)+ 9P
- 7
6+a
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Hence this equilibrium always exists and we denote it by F,,(Z,0,0, Z). It is the
only interior planar equilibrium for the system since no equilibria lie in the interior of
the (y1,y2)-plane, the (y;, z)-plane or the (y2, z)-plane. One can verify the previous
statement directly from the equations of our model or by virtue of the fact that
industrial assets can only depreciate in the absence of agricultural assets and hence

must go extinct.

2.4.2 Positive three-dimensional equilibria
Here, we determine all the possible three-dimensional equilibria for the system (2.1)-
(2.4).

In the positive interior of the (z, y1, y2)-octant, we have z =0, z > 0, y; > 0, and

y2 > 0. The algebraic system (2.6)-(2.9) becomes

—Bx + 71y + Yoy — 0 =0 (2.17)
—&—my1 —prye + 012 =0 (2.18)
—&2 — Y2 — p2y1 + 62z =0 (2.19)

¢z = 0. (2.20)

From Equation (2.20) we observe that x = 0 since ¢ # 0. Hence there is no equilibrium
lying completely in the positive interior of the (z, 31, ys)-octant. Similarly, it can be
shown that there is no equilibrium lying completely in the positive interior of the
(Y1, Y2, z)-octant.

In the positive interior of the (z, y;, z)-octant, we have > 0, y; > 0, yo = 0, and

z > 0. So the algebraic system (2.6)-(2.9) reduces to

az—PBx+my —6(l—2)=0 (2.21)
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—51 —~ My + 511' =0 (222)
—kxz+9(1—2)z+ (1l — 2)z = 0. (2.23)

Solving for y; from Equation (2.22), we get

U S T S
yl = yl = 51—-}——, (2.24)
Ui
which exists if
55 8L (2.25)
01
Substituting Equation (2.24) into (2.21) we get
(am +0m)Z + (1161 — Bm)E — n& —6m =0, (2:26)
and solving for & we get
o= O Om)Z = mE —Om (2.27)

(Bm —md1)

However, from Equation (2.25) we require & > %. Hence from Equation (2.27), we

must have
(ams +0n)Z —n& —0m _ &
(Bm — v161) 6

Thus for the existence of this equilibrium we require

T =

. B& +06
z ————————————

2.28
a51 + 961’ ( )

but, since £ < 1, from Equation (2.28) we require
Bé1 < b1,

which is clearly satisfied from Equation (2.5).
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Substituting Equation (2.27) into (2.23) and simplifying, we get

a# —b%+c=0, (2.29)
where
a = (an + 0m)(k + ¢) + (B — 1161)
b=9(Bm —m61) + (k + @) (O + 1é&1) + olam + Om)

c= ¢(0m + &)

We solve (2.29) for % to get

2
g LEVE —dac ”ga‘l“c. (2.30)

Theorem 2.2. There exists at most one equilibrium lying completely in the positive

interior of the (x,yi, z)-octant.
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Proof:

b* — dac = {9(Bm — 1161) + (K + )0 + né1) + dlam + 6m)}?
— 4¢(0m + m&){(am + On)(k + ¢) +I(Bm — d1)}
= {9(Bm — md1) + K(Om + &) + dlam + 0m)}? + {¢(Om +mé)}?
= 20(6m + &) (Bm — mé1) + £(0n1 + &) + dlam + )}
+4¢k(0m + &) (né — am)
= {9(Bm — &) + (k= 8)(Om +né) + ¢lom + m)}?
+ 4ok (0n1 + 11&1) (1 — am).

We observe from the above that if 87 + 716, < 0, then b — dac > 4. Hence there

can be at most one positive root for 2. Hence the result of the theorem.

On the other hand if 6n; + v&; > 0, then we have

b —dac = {9(6m — 1161) + (K — ¢)(Om + 11&1) + dlam + 6m)}
+ 4¢s(0n1 + 1&) (& — am)
= {9(Bm — 1) + £(0m + &) + dlam — &)}
+4¢k(0m + 1&) (& — am)
= {9(Bm — 161} + {k(0m +né) — lam — n&)}?
+20(8m — yd){w(0m + 1é1) + ¢lam — 1161)}
= {9(Bm —mb1) ~ k(Om +né) + dlam — 1é&)}
+ 4r9(Bm — 1) (Om + &)

> 0.

Since b — 4ac > 0 and b — 4ac < b?, % has two positive roots with the smallest root
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given by
. b—=+b%—4dac

P
2a
_ BBm =) + (£ + ¢)m + &) + dlam + 6m)
2{(am + 01 )(k + @) +P(Bm — 161)}
V9B — 161) — w(0m + 1) + dlam — 11€1)}2 + 4xd (B — 1101) (01 + 111)
2{(am + Om)(x + @) + (B — 7161)}
V(B — 7101) + (K + @) (Om + 1é1) + ¢lam + 6m)
2{(am + 0m)(k + ¢) +9(Bm — 1d1)}
_ V9Bm = mdy) — w(0m + &) + dlam — &)}
2{(am + Om)(k + @) + 9(Bm — 1161)}
_ (K + &) (Om + &)
(s 4 0m) (K + @) +9(Bm — 11b1)
(k+ ¢)0m
(am + 0n) (5 + @) + 9(Bm — 7161)

Now suppose z_ > %ﬁg—%. Then at least we must have

B& + 06, - (k + ¢)0m
ady + 08 (am +0n)(k+ ¢) +I(Bm — 1d1)’

= (k + @)1 (ads + 001) > (B& + 001){{am + 0m)(k + @) + I(Bm — 1b1)},
= (& + ¢)(a + 0 {06, — (B + 061)} > (B&1 + 061)9(Bm — 7161),
> —(/i + ¢)(Oé -+ 0)7’}1ﬁ€1 > (,851 -+ 961)29(ﬂ7’]1 — ’)/151).

Which is a contradiction. Hence z__ < ggiiggi is not an admissible equilibrium. O

We now proceed to show by persistence theory that there exists a unique equilib-
rium in the positive interior of the (z,y;, z)-octant if Z > %. Consider system (2.1)-
(2.4) restricted to R, . = {(2,91,2) : 0 <z < 00,0 < y1 < 00,0 < 2z < 1} as

represented by
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T =(az—Pr+vy —0(01—2))x (2.31)
41 = (=& — my + hx)y (2.32)
F=—kzz+91—2)z+ ¢(1 —2)z (2.33)

with initial conditions zy = x(0) > 0, y10 = ¥1(0) > 0 and 2y = 2(0),0 < 2z < 1.
The possible equilibria in R}, , are given by Ey(0,0,0), E.(0,0,1), E;.(Z,0,2) and
possibly E,, (&, 11, 2). We note that the existence of E,, .(%, 71, %) in R} , implies
the existence of an equilibrium in the (z, 1, z)-octant of the original system. The
existence of Fy(0,0,0), E.(0,0,1) and E,,(Z,0,2) follows similarly as in sections
(2.4) and (2.4.1).

The variational matrix V for system (2.31)-(2.33) in R}, , is given by

TY1Z

mi1 nzr (a+60)x

o1 Mag 0 , (2.34)
—(K/ -+ qb)z + ¢ 0 mgzs

V

I

where
my = az — 2Bz + vy — 0(1 — 2)
Mg = —&1 — 2my1 + 612
mgs = —kx + H1 — z) — ¥z — ¢u.

The variational matrix V about the equilibrium Fy(0, 0, 0) is given by

-4 0 0
Ve,=| 0 =& 0 |. (2.35)
¢ 0 ¥

The eigenvalues of Vi, are given by —0, —&; and ¥. Thus we have the following lemma.
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Lemma 2.1. The equilibrium E(0,0,0) in RY, . is a hyperbolic saddle point, lo-
colly unstable in the z-direction and stable in all other directions. In particular the

dimension of the stable manifold is two and of the unstable manifold is one.

The variational matrix V about the equilibrium E,(0,0, 1) is given by

«Q 0 0
Ve,.=(1 0 =& 0 |- (2.36)
-k 0 =9

The eigenvalues of Vg, are given by o, —&; and —¢. Hence we have the following

lemma.

Lemma 2.2. The equilibrium E.(0,0,1) in R . is a hyperbolic saddle point, lo-
cally unstable in the z-direction and stable in all other directions. In particular the

dimensions of the stable manifold is two and of the unstable manifold is one.

The variational matrix V about the equilibrium E,,(Z,0, Z) is given by

-0z N (a+6)z
VE,. = 0 —& 4+ 617 0 : (2.37)
—(k+ )2+ ¢ 0 —(224ez)

The eigenvalues of Vg, are given by Ay = —&; + 61Z and A; and Az which are the

eigenvalues of Joy. The eigenvalues of Jys are given by the eigenvalues of

P A (2.39)
—(k+9)z+¢ —(EFE)
Trace(Jy) = —(6F + @) <0
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and

det() — (Z22) (63) + (o + 0) (5 + 6)2 — 9)7 > 0.

(Same proof as that of section (2.5.3)). Thus both A; and A3 have negative real parts.

Hence we have the following two lemmas.

Lemma 2.3. The equilibrium E.,(Z,0,2) in RY, . is locally asymptotically stable if
Ay = -51 + 6z < 0.

Lemma 2.4. The equilibrium E,.(Z,0,2) in R}, . is a hyperbolic saddle point if

A2 = =& + 6% > 0 and it is locally stable (attracting) in the x—direction and the

z—direction and unstable in the y;— direction.

In order to state and prove the main result of this subsection, we state and prove

the following lemmas which we will require in the proof of our main result.

Lemma 2.5. The subsystem given by Equations (2.31) - (2.33) in R}, is dissipative
with attraction region contained in B = {(z,y1,2) : 0 <z < a/F,0 < y; < (ad; —
B8&)/(Bm),0 < z < 1}

Proof:

The proof is similar to the proof of Theorem 2.1. One can also use the fact that

a subsystem of a dissipative system is dissipative to arrive at a proof of this lemma.

Lemma 2.6. There are no closed curves, orbits or paths in the (x,z)-plane (in fact

in all the planes) of R},

TY12°
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Proof:

Consider
0, 0,z
D(z,z) = 8_55(5) + a(g)
_ 0 az—PBr+myp—-01l-2), 0 9 Pz ¢
_0x( z )+8z( H+x x+z %)
B Y0
=Gt
< 0.

The results follows directly from Dulac’s theorem. O

Equipped with the above lemmas, we now state and prove the main result of this

subsection for subsystem (2.31)-(2.33).

Theorem 2.3. If \y = =& + 61, > 0, the subsystem in R} _ exhibits uniform

TY12
persistence and hence there exists an interior equilibrium E,,, = (Z,y1,Z) for the

subsystem.

Proof:

Let £ = (Z,91,2) with £ > 0,91 > 0 and Z > 0 be a point in the interior of
R}, ., O(E) be the orbit through the point E and Q(E), the omega limit set of £ .

The proof of the above theorem is completed by showing the following.

1. The system given by Equations (2.31)-(2.33) is dissipative and solutions initi-

ating in the interior R} are eventually uniformly bounded.
2. The boundary flow is isolated and acyclic with respect to B.
3. Fy(0,0,0) ¢ QE).
4. E,(0,0,1) ¢ Q(E).
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5. E..(%Z.0,%) ¢ Q(E).

We have already shown in Lemma, 2.5 that the system given by Equations (2.31)-(2.33)
is dissipative with attraction region contained in B. Thus all solutions initiating in
the interior of R, . will eventually enter B and hence are eventually bounded.

Also from Equations (2.35) - (2.37), it is easy to see that the variational ma-
trices Vi, Vi, and Vg, about the equilibria Ey(0,0,0), E,(0,0,1) and E,.(Z,0,Z%)
respectively arc non-singular, and hence the equilibria are isolated.

It is also trivial to show that E,(0,0,1) is globally asymptotically stable with
respect to solutions initiating in interior of R}. Also the subsystem given by Equations
(2.31)and (2.33) is dissipative since it is a subsystem of a dissipative system. The
equilibrium F,, (7,0, ) is the only positive interior equilibrium in R}, and also the
only locally asymptotically stable equilibrium for the subsystem given by Equations
(2.31) and (2.33) in R}, and hence E,,(%,0, z) is globally asymptotically stable with
respect to solutions initiating in the interior of R},.

The global asymptotic stability of E,(0,0,1)and FE,,(Z,0,Z) with respect to R}
and R, implies the boundary flow is acyclic.

Clearly from Lemma 2.5, all solutions initiating in the interior of R}, . are (even-

Y1 Z

tually) bounded in forward time, and hence Q(F) is bounded.

Now suppose Ey = Ey(0,0,0) € Q(E). Then since E, is a hyperbolic saddle
point (Lemma 2.1), Ey # €Q(E). Hence by Theorem 1.9, there exists at least one
point B € Q(E) N W*(Eo) \ {Eo}, where W*(Ep) is the strong stable manifold of
Ey. But W?*(Ey) is the (z,y;)-plane. If Ej is on either of the positive z-axis or the
positive y;-axis, then since the entire orbit O(£2) through E is contained in Q(E),
the whole of the positive z-axis or y;-axis respectively is contained in Q(£), which is

.

a contradiction to the fact that Q(F£) is bounded (Lemma 2.5). On the other hand
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if E§ is in the interior of the (z,y;)-plane, then since there is no equilibrium in the
interior of the (z,y;)-plane, Q(E) must be unbounded, giving a contradiction. Hence
Eo = Eo(0,0,0) ¢ Q(E).

We now show E, = E.(0,0,1) ¢ Q(E). Suppose E,(0,0,1) € Q(E). Since E, is a
hyperbolic saddle point by Lemma 2.2, there exists 2 € Q(E)NW?*(E,)\ {E.}. But
W?*(E,) is the (y1, z)-plane. If E? is in the interior of the (y;, z)-plane , then O(E?)
is unbounded since there is no equilibrium in the interior of the (y;, z)-plane and also
there is no equilibrium lying completely on the y;-axis, which in turn implies Q(E ) is
unbounded, which is a contraction. If E is on the y-axis, then either O(E?) C Q(F)

v

is unbounded or the alpha limit set of £, a(E?) = Ey € Q(E), both contradictions.
On the other hand if E* is on the z-axis then a(E?) = Ey € Q(E), a contradiction.
Hence E, = F,(0,0,1) ¢ Q(E).

Suppose E,, = F,.(7,0,2) € Q(E) Then by Lemma, 2.4 and our hypothesis, E,,
is a hyperbolic saddle point and hence there exists ES, € Q(E) N W*(Ey.) \ {Ez.}.
But W*(E,.) is the (z, z)-plane. Then either O(E2,) is unbounded implying Q(E) is
unbounded or either a(E2.) = Ey € Q(E) or a(E2,) = E, € Q(E), all of which are
contradictions. Hence E,, = F,,(%,0,2) ¢ Q(FE).

Finally, if there exists any point F € Q(E) such that £ is on the boundary of
R;Lylz, then the closure of the orbit through E must either contain Ey, E,, E,, or
is unbounded. This gives a contradiction. Thus the subsystem in R;fylz exhibits

persistence.

The system is uniformly persistent because it is persistent, dissipative and the

boundary flow is isolated and acyclic by Theorem 1.10. U

Theorem 2.4. There exists a unique equilibrium Fyg, ,(Z,9,0, Z) in the positive in-

terior of the (x,y1, z)-octant if =& + 6, > 0.
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Proof:
The existence of F,,, . (£, 91,0, £) is a consequence of Theorem 2.3. The uniqueness
part follows from Theorem 2.2. O

Similarly one can prove the following theorem.

Theorem 2.5. There ezists a unique equilibrium Fy,,,(Z,0, 92, £) in the positive in-

terior of the (x,ya, 2)-octant if —&; + 027 > 0.

Later in our work, we will try to establish sufficient conditions for the existence
of an interior equilibrium for the whole system, F*(z*, y1*, y2*, 2*). We proceed in the

next section to determine the local stabilities of the equilibria above.

2.5 Local stability analysis of equilibria

By applying the Hartman-Grobman theorem (i.e. Theorem 1.6), we know that the
local behavior of a nonlinear system near a hyperbolic fixed point can qualitatively be
determined by the behavior of the corresponding linearized system near the origin.
Thus the local stability of a hyperbolic fixed point of a nonlinear system can be
determined from the variational matrix V about the equilibrium. The real parts
of the eigenvalues of the variational matrix V determines the local stability of an

equilibrium. The variational matrix V for the system (2.1)-(2.4) is given by

V11 nr vz (a+0)
) - 0
V= 191 V22 Y ’ (2.39)
day2 —pP2Yy2 Va3 0
L —(K+¢)Z+¢ 0 0 V44 i
where
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v = az — 20T + 1y + Yey2 — (1 — 2)
vog = —&1 — 2my1 — p1ye + 0T
vg3 = —&o — 2Mmay2 — poy1 + G

vy = —kz + (1 — 2) — 9z — ¢u.

2.5.1 Local stability analysis of F;(0,0,0,0)

The variational matrix V about the equilibrium F(0,0,0,0) is given by

-6 0 0 O
0 - 0 0
Vi, = N (2.40)
0 0 —& O
1) 0 0 9

The eigenvalues of Vg, are given by —6, —&;, —&; and 9.

Theorem 2.6. The equilibrium Fy(0,0,0,0) is a hyperbolic saddle point, locally un-
stable in the z-direction (repelling) and stable in all other directions. In particular the

dimension of the stable manifold is three and of the unstable manifold is one.

2.5.2 Local stability analysis of F,(0,0,0,1)

The variational matrix V about the equilibrium F,(0,0,0, 1) is given by

a 0 0 0
0 -& 0 0
Ve, = 2 . (2.41)

0 0 —& 0

—x 0 0 -9

L

The eigenvalues of Vi, are given by a, —§1, —& and —9.
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Theorem 2.7. The equilibrium F,(0,0,0,1) is a hyperbolic saddle point, locally un-

stable in the z-direction and stable in all other directions. In particular the dimensions

of the stable manifold is three and of the unstable manifold is one.

2.5.3 Local stability analysis of F,,(Z,0,0, 2)

The variational matrix V about the equilibrium F,(Z,0,0, Z) is given by

_ﬁj
0
0

—(k+o)z+ 0o

7T
&+ 0z
0
0

Y22
0
~& + 07
0

(a+0)x
0

0
B ( V22 4o

z

)

(2.42)

The eigenvalues of Vi, are given by Ay = —&; + 6,7 and A3 = —& + 6% and \; and

A4 which are the eigenvalues of J;; given by

—Bz (a+0)z

Jog = s

~(k+ @)z +o —(FEE)
Trace(Ja) = —(BZ + 192—2;_—-@) <0

and

det() = (00 (32) 4 (0 + 0) (k + )7 — 8)3
= () 50) + (a+ ) w32 + 00 — 1)
= (R0 65) + (o +0)0(1 - 92
> 0.

Thus both A; and Ay have negative real parts.

47

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

(2.43)



Theorem 2.8. The equilibrium F,,(Z,0,0, 2) is locally asymptotically stable if Ay =
——51 -+ (Slii‘ < 0 and )\3 = —52 —|—(52.’Z’ < 0.

Theorem 2.9. The equilibrium F,.,(z,0,0,Z2) is a hyperbolic saddle point if either
Ao = =&+ 62 > 0 or \g = =& + 8.2 > 0 or both. It is always locally stable

(attracting) in the x and z— directions.

2.5.4 Local stability analysis of I}, .(Z, 41,0, 2)

The variational matrix V about the equilibrium F,, (£, 41,0, £) is given by

—pBz T Yok (a+0)2
5V —Y- — 017, 0
Vme]z _ 191 my1 P11 - (2'44)
0 0 =& — path + 02 0
—(k+@)2+ o 0 0 -(%@)

The eigenvalues of Vg, . are given by A3 = —& — pathh + 62 and Ay, A2 and Ay

which are the eigenvalues of Jz3 given by

—B% mi  (a+0)%
J33 = "t —mYi 0 . (2.45)
—(k+ )i+ 0 —(2Ef)
Let
y y 952 + ¢F
b :5$+771y1+(z—§¢£:) >0
LU+ oF o .
by =(82) (25 1 (5 + )% — @) (o + 0)
U922 + oF oL -
+ nlyl(_—é—d)_) + B E — vz
952 ¥
(VT 58y 1 (ot 0)(1 - )0

L 05 + oF o
+ myl(%) + (B — 01)Zh > 0
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z
92 + o . N 95
7 ¢ )(Bm = m61)Zh + (a +0)(1 — Z)mIzZh > 0.

The eigenvaluces of Js3 are given by
0(J33) = {NIAS + by A2+ boXj + b3 = 0,5 = 1,2,4}.

Also we note that

9P + i
D226 + mi)
+ (Bm — 1161)(B2 + mu1)Zh

+ (8% + (%@))(a +0)(1 — 2)9%

. . 952 + oF
biby — by =(BZ +muy1 + ( v ¢

Hence all the eigenvalucs of J33 have negative real parts.

Theorem 2.10. If A3 = —& — payi + 622 > 0, then Fyy,,(£,11,0, 2) is a hyperbolic
saddle point locally unstable in the ys-direction and stable in all other three directions.

In particular, the (x,y1, z)-space forms the stable manifold and the unstable manifold

s the ys-aris.

Proof;

The proof of this theorem follows directly from the above and the application of

Routh-Hurwitz criteria. O

Theorem 2.11. If A3 = —& — potfi + 622 < 0, then Fyy,,(Z, 91,0, 2) is locally asymp-
totically stable.
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Proof:

The proof of this theorem follows directly from the application of Routh-Hurwitz

criteria. |

Similarly, one can prove the following two theorems below.

Theorem 2.12. If Ay = —& — p1yo + 6iE > 0, then Fyy,.(Z,0, 2, £) is a hyperbolic
saddle point locally unstable in the y,-direction and stable in all other three directions.

In particular, the (x,yz, z)-space forms the stable manifold and the unstable manifold

18 the y1-axis.

Theorem 2.13. If Ay = =&, — ;1Yo + 618 < 0, then Fyy,.(Z,0, Y2, 2) is locally asymp-
totically stable.

2.6 Global stability analysis of equilibria

In this section, criteria for the global asymptotic stability of the boundary equilibria,
F,(0,0,0,1), F,.(Z,0,0,%), Fuy,»(Z, 71,0, %) and Fyy, .(£,0, 9, ) with respect to so-
lutions initiating from the interior of R}, R}, R} ~ and R} _ respectively will be

Tz TY1Z TY2Z
established.

2.6.1 Global asymptotic stability of F,(1)

Consider system (2.1)-(2.4) restricted to R} = {0 < z < 1} as depicted by
2=9(1-2)z.

It is easy to see that the one-dimensional equilibrium E,(1) exists and consequently

F,(0,0,0,1) exists. In this subscction we show that E,(1) is globally asymptotically

o0
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stable and hence F,(0,0,0,1) is globally asymptotically stable with respect to solu-

tions initiating from the interior of R}.

Theorem 2.14. The equilibrium E,(1) and consequently F,(0,0,0, 1) is globally asymp-

totically stable with respect to solution trajectories initiating from the interior of RY.

Proof:
In R}, we choose a Liapunov function V(z) defined by

(-1

Vi) =5

The derivative of V(z) along the solution curves in R} is given by
V=2%z-1)

=91 —-2)’2<0. O

2.6.2 Global asymptotic stability of F,.(Z,z)

In this subsection, criteria for the global asymptotic stability of E,,(Z, Z) with respect
to solutions initiating in the interior of the R}, = {0 < 2 < 00,0 < z < 1} will be
given. In R}, system (2.1)- (2.4) reduces to
t=(az—Pr—0(1-2))x (2.46)
Z=—rrz+H1l—2)z+ ¢(1 — 2)z.
We observe that the system (2.46) is dissipative since it is a subsystem of a dissipative
system. Also there are no closed curves, orbits or paths in R}, (cf. Lemma 2.6). In
R7,, there are only three equilibria, namely Fy(0,0), E,(0,1) and E,,(z,z). Both
E4(0,0) and E,(0,1) are locally unstable. E,,(Z, z) is the only locally asymptotically
stable equilibrium and hence it has to be globally asymptotically stable. This leads

to the next theorem.
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Theorem 2.15. The equilibrium E,,(Z,Z) and consequently F,,(%,0,0, Z) is globally

asymptotically stable with respect to solution trajectories emanating from the positive

interior of R

Proof:

Let m and n be positive constants defined by m = 19(1 D and n =0+ a.

In R}, we choose a Liapunov function V(x,z) defined by
Viz,z) = m{x—x—azln( )}+n{z—z—zln( )} (2.47)

The derivative of (2.47) along the solution curves of (2.46) in R, is given by

mi(r — I) N ni(z — 1)

V=

= m(az — Bz — 0(1 — 2))(z — &) + n(—kz + (1 — 2) — ¢x)(z — 2) + noa(z — 2)/2

= m(a(z—2) — B(z — %) + 0(z — 2))(z — T) + n(—k(z — ) — O(z — Z) — $(z — 7)) (2 — %)

+m(az — - 01 —2))(z — %)+ n(—kZ+ 91— 2) — ¢T)(2 — 2) + noz(z — 2) /2
(a(z—2) =Bz —2) +0(2 — 2))(z — ) + n(—k(z — 2) =z — 2) — d(z — 2))(2 — 2)

+n¢<;—§><z—z>

= —mB(z — )° —n(¥ + 6%)(2 -2

=)z -2)

= -mfB(z —z)* —n(d + ¢%)(z ~z)?
n¥(1 — 2)

+ (m(a+0) —n(k — ¢ +

+ (m(a+6) — Wz —Z)(z - Z)

= —mf(z — z)* —n(d+ 415%)(2 ~z)?

<0 for all (z,2)#(z,z). O
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2.6.3 Global asymptotic stability of E,, .(Z,y1, 2)

In this subscction, criteria for the global asymptotic stability of F,,.(&, 71,0, £) with

respect to solutions initiating in the interior of the R} , = {0 <2 < 00,0 <y <

00,0 < z < 1} will be given. In fact, we will show that if the equilibrium E,,, (%, 71, £)

exists, then it is globally asymptotically stable. Thus we have the following theorem.

Theorem 2.16. The equilibrium F,, ,(&,%1,0, £) is globally asymptotically stable with

respect to solution trajectories emanating from the positive interior of R, . if it exists.

Proof:

In R}, ., the system of Equations (2.1)- (2.4) reduces to

&= (az— Bz +ny —0(1—~2))z
Y1 = (=& — my1 + hiz)y (2.48)
f=—krz+ 91— 2)z+ ¢(1 - 2)z.

Let m, n and p be positive constants defined by m = k + ¢ — % = 0(11__2), n= _gim
and p =0 + a.
In R}, ., we choose a Liapunov function V(z, y1, 2) defined by
R/ o . n
Viz,y1,2) =m{z — 2 - 2In(Z)}+n{y — 01 — 1 In(5)}
t %1 (2.49)

+p{z—2 - éln(—;-)}.
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The derivative of (2.49) along the solution curves of (2.48) in R}, , is given by

TY1z

. m(z — T ny — 2z — 2
V= ( )+ yl(?/l yl) +P ( )
z Y1 z

=m(az — Bz +ny — (1 — 2))(z — 2) + n(=& — my1 + 612) (1 — 1)
+p(—kz + 31 — 2) — ¢pz)(z — ) + popr(z — 2)/2

=mla(z — %) — B(z — ) + n(yr — 1) + 6(z — 2))(z — 2)

+n(—my — ) + 0u(x — 2)(y1 — %) + p(—k(z — £) — Iz — £) — d(z — Z))(z — £)
+mfaz — B2 +nth — 0(1 — £))(z — &) + n(—& —my + 6.2) (Y1 — 1)

+p(—rZ+ (1 - %) — ¢2) (2 — ) + poz(z — %)/ 2

=mla(z — 2) = Bz = &) + n(yr — 1) +6(z — &) (z — 2)

+n(-n(y —91) + 0z — 2))(y1 — %) +p(—k(z — 2) = Iz — 2) — ¢(z — L)) (2 — %)
)z —2)

= —mB(a — &) — (s = )’ = p(9 + 9=)(z - 2

- (m(e+0) — plr+ 6 — g))(:c — &)z — #) + (my1 +161) (@ — ) (v — 1)

| B

ercb(f;i -

= —mp(z — &)’ = nmi (1 — 1) — P + =) (z — 2
<0 for all (z,y1,2)# (&,91,%). O

Similarly one can prove the following theorem.

Theorem 2.17. The equilibrium Fy,,,(Z,0, 2, Z) is globally asymptotically stable with

respect to solution trajectories emanating from the positive interior of RY, ,, if it exists.

o4
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2.7 Existence of F*(z*, 1%, yo*, 2*)

In the previous sections, we have given criteria for the existences of the boundary
equilibria and also given criteria for such equilibria to be globally asymptotically
stable with respect to solutions emanating on the axis, planes or octants for which

such equilibria exist.

In this section however, we shall present results on uniform persistence and
also give sufficient conditions for the existence of a positive interior equilibrium

F*(z*, y1*, y.%, 2*) for the four dimensional system.
Theorem 2.18. Assume that the system given by Equations (2.1)-(2.4) is such that

1. F;,(%,0,0,2) is a hyperbolic saddle point and repelling in the y, and yo-directions
locally (cf. Theorem 2.9)

2. Fuy . (2,91,0, 2) is a hyperbolic saddle point and repelling in the ye-direction (cf.
Theorem 2.10)

3. Fppyo(2,0,70, 2) is a hyperbolic saddle point repelling in the yi-direction (cf.
Theorem 2.12).

Then the system given by Equations (2.1)-(2.4) exhibits uniform persistence.

Proof:
The proof of this will be done using Theorem 1.9 (Butler and McGehee) as we
did in the proof of Theorem 2.3. Let

A= {zymp=2) 0 <z <a/f0 <y < (ad — B&)/(Bm),0 < yp <
(dg — BE&)/(Bn2),0 < 2z <1} CRY

TY1y22"’

%)
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We have alrcady shown in Theorem 2.1 that A is positively invariant and that
all solutions initiating in the interior of R7, 1yz= Will eventually enter A proving that
the system given by Equations (2.1)-(2.4) is dissipative.

We have also shown that the only compact invariant sets on the boundary of
R} .- are F5(0,0,0,0), F;(0,0,0,1), F;3,(Z,0,0, 2), Fry,(%, 91,0, 2), and Fyy,.(£,0, 92, 2).
We proved in Theorems 2.14 and 2.15 that the equilibria F,(0,0,0, 1) and F,.(Z, 0,0, Z)
are globally asymptotically stable with respect to solutions initiating in the interior
of R} and R}, respectively and they always exist. We also proved in Theorems 2.16
and 2.17 that the equilibria Fy,,.(Z, 11,0, 2) and Fy,,,(&£, 0,75, Z) are globally asymp-
totically stable with respect to solutions initiating in the interior of R}, _ and R},

Y12 Y22

if only they exist.

The global asymptotic stability of F,(0,0,0,1) and F,.(Z,0,0, Z) with respect
to solutions initiating in the interior of R} and R, respectively, together with the
fact that Fy,,.(Z,91,0, 2) and F,,,,(£,0,¢s, ) are globally asymptotically stable with
respect to solutions initiating in the interior of R}, _ and R;fyzz respectively, implies
that the boundary flow of the system is acyclic and isolated.

Let F* = (z*, 1", y2*, 2*) with * > 0,9,* > 0,5* > 0 and z* > 0 be a point in
the interior of R} . . and O(F*) be the orbit through the point F*. The proof of

the above theorem is completed by showing the following:

1. F5(0,0,0,0) ¢ Q(F*).
2. F,(0,0,0,1) & Q(F).
3. F,.(2,0,0,2) & Q(F).

4. By (5,41,0,2) ¢ Q(F¥).
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5. Fays(%,0,9, ) ¢ Q(F™).

We note that, since the system given by Equations (2.1)-(2.4) is dissipative, Q(F™)
is bounded.

Suppose Fy = F5(0,0,0,0) € Q(F™*). Since Fy is a hyperbolic saddle point (Theo-
rem 2.6), F4(0,0,0,0) # Q(F*). Hence by Theorem 1.9, there exists at least one point
F§ € Q(F*)NW3(Fy) \ {Fo}. But W#(F) is the positive (z,y1,y2)— octant, and all
orbits in the positive (z,y1,42) \ {Fo} - octant are unbounded, giving a contradiction,
since all orbits in Q(F*) are bounded. Thus Fy ¢ Q(F™).

Now suppose F, = F,(0,0,0,1) € Q(F*). Since F, is a hyperbolic saddle point
(Theorem 2.7), there exists F¥ € Q(F*)NW*(F,) \ {F.}. But W*(F}) is the positive
(Y1, Y2, z)— octant, and F, is globally asymptotically stable with respect to solutions
initiating in the interior of R}. This implies that the closure of the orbit through
F} either contains Fj or is unbounded (since the closure of all orbits in the positive
(y1, Y2, 2) \ { F.}— octant either contain Fj or are unbounded). This is a contradiction.
Hence F, ¢ Q(F™).

Now assume F,, = F,.(Z,0,0,2) € Q(F*). Then there exists F:, € Q(F*) N
We(Fy.)\{F..}. By assumption, F, is a hyperbolic saddle point and repelling in the
y1 and yo-directions locally. Hence W*(F,,) is the (z, z)-plane. But F,, is globally
asymptotically stable with respect to solutions initiating in the interior of R},. Thus
the closure of all orbits in the positive (z, z) \ { Fz.}-plane either contains either Fy or
F, or are unbounded. This implies either Q(F™*) is unbounded or either F, € Q(F*)

or Fy € Q(F*), all of which are contradictions.

Similarly, if Fyy,, = Fiy,.(Z,91,0,2) € Q(F™), then there exists a point F;, . €

QF*) N W?(Fyy,z) \ {Fuyr2} by Theorem 1.9. But Fy,, is globally asymptotically

stable with respect to solutions initiating in the interior of R;"ylz.

Thus the closure

o7
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of every orbit in the positive (z,y1, 2) \ {Fiy, 2 }-octant either contains one of Fp, F,
and F}, or is unbounded. This implies either Q(F*) is unbounded or contains one of
Fy, F, and F,,, all of which are contradictions.

Similarly, one can show that Fy,,. = F,,,.(£,0, 92, 2) ¢ Q(F™*).

Finally, if there exists a point F' € Q(F*) such that F is on the boundary of
Rjymz, then the closure of the orbit through F' must either contain Fy, F,, F,,,
Foy 2y Fyy,» or be unbounded. This gives a contradiction.

This shows that the system is uniformly persistent. a

Theorem 2.19. If the conditions of Theorem 2.18 are satisfied, then the system given
by Equations (2.1)-(2.4) exhibits uniform persistence and contains an equilibrium of

the form F* = (z*,y1*, y2*, 2*) with x* > 0,y1* > 0,42* > 0 and z* > 0.

Proof:
The existence of an equilibrium of the form F* = (z*,y1*, yo*, 2*) with z* > 0,

y1* > 0,99 > 0 and 2* > 0, is a direct consequence of Theorem 2.18. O

2.8 Criteria for extinction of both industrial assets

In this section, nccessary and sufficient criteria for total extinction or elimination of
both industries will be given. Even though this work is aimed at determining con-
ditions for sustainability of the entire system consisting of agriculture, industry one,
industry two and the ecosphere, knowing all the necessary and sufficient conditions
for total extinction of both industries can help avoid such extinction.

In order to obtain the conditions for the total extinction of both industries, we
use a Liapunov function to establish criteria for the global asymptotic stability for

the equilibrium F,.(Z,0,0, Z) with respect to R},

TY1Y22°
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Let m and n be positive constants defined by m = 1—9(—1;—2) and n = 0 + a. Let

p=—51and qg= =52 In RY ., we choose a Liapunov function V(z,1,y2, 2)
defined by

T 2
Viz,y1,y2,2) = m{z — 7 — :Eln(g)} +n{z—z— zln(g)} +py1 + qyo. (2.50)

The derivative of (2.50) along the solution curves of system (2.1)-(2.4) in R},

TY1Y22

is given by

. mz(x — T nilz—=I . .
V= (3: )+ (~ )+py1+qy2

=m(az — Bz + 1y + Yey2 — (1 — 2))(x — T) + p(—=&1 — My — P12 + 617) Y
+n(—kz + (1 - 2) — ¢x)(2 — 2) + noz(z — 2)/2 + (=& — M2y2 — P2y1 + 027)Y2
=m(a(z—2z)—Bxz—-2)+0(z—-2)(z—I) +n(—k(z — %) — ¥z — 2)

8

— ¢z — ) (2 —2) + n¢(§ — =)z~ 2) + (z — Z)(mny + myye + pdiys + qd2y0)

™

+ (=& = Myt — pryz + 6:Z)y1 + 9(—& — M2y — pay1 + 627)ye

=-mB(z —2)° —n(d + dé)(z — 22 +p(=& — my1 — Py + O Ty

+ (e +0) = (= 6+ £)(z = 2)(z = 2) + a(~& ~ My — pays + 22}y
= -—mpB(z —7)* —n(V + ¢%)(z — 22 +p(—& — my1 — prye + 6Ty
+0mla+0) "o ) ) oot~ o + DT

= —mB(z — )" —n(¥ + ¢%)(z = 2)? +p(=& — my1 — ;2 + O Ty
+a(=& — moy2 — pay1 + 627)ya.

We observe from the above that if —&; + 6:1Z < 0, —& + 827 < 0 and (z,y1, 2, 2) #

(z,0,0, %), then V < 0. Hence we have the following theorem:
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Theorem 2.20. The equilibrium F,,(Z,0,0, 2) is globally asymptotically stable with

respect to RY, . if and only if F,.(%,0,0,2) is locally asymptotically stable with

respect to Rf .

2.9 Numerical examples

In this section we illustrate some of our results with numerical examples. All the
values of parameters in our examples are chosen for numerical convenience and do

not represent any actual agricultural-industrial-ecospheric system.

2.9.1 Example 1: Both industries go extinct (Theorem 2.20)

In example 1, we set

a=9=2 B=1/10, §=6/5 ¢=1,

k=1/10, M =v%=-1/10, & =&=2 p1=p2=1/50,
m =mn2 = 1/100, & = b =1/10.
The initial conditions are
z(0) =3, w1(0) =10, »(0)=5, =2(0)=0.3.

This example represents the case where the constant depreciation rate of each
industrial asset is greater than its maximum growth rate. In other words, condition

(2.5) is violated and hence each industry goes extinct (see Figure 2.1).
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2.9.2 Example 2: One industrial asset goes extinct
In this example the parameters are
a=9=2 B=1/10, 6=6/5 ¢=1 p =py=1/50, 7 =1/98

ne=1/100, K=1/10, m =% =-1/10, & =& =2 o =0, =1/4

The initial conditions are z(0) = 3, w1 (0) = 10, w(0) = 10, 2z(0) = 0.2. In
this example we have chosen the parameters such that conditions for Theorem 2.4
and Theorem 2.5 are satisfied. Hence each subsystem in R} , and R, , exhibits
uniform persistence. However conditions 2 and 3 of Theorem 2.18 are violated and
the system is not persistent in R}, .. InRf .~ the industry with the slightest initial
(competitive) advantage outcompetes the other thereby driving it to extinction. This
is illustrated in Figures 2.2.

In Figure 2.2, industry two has the same properties as industry one except that
it does not depreciate as fast as industry one. As a result of this, industry two drives
industry one to extinction in the competition. This example shows that although the
subsystems in R} . and R} exhibit uniform persistence, the system itself is not

persistent in R}, . because of the competition between the two industries.

2.9.3 Example 3: Persistence

In this example, we choose our parameters such that the system exhibits uniform
persistence (i.e. we choose the parameters such that all the conditions of Theorem

2.18 are satisfied). In this example we set
a=2 ¥=2, p=1/10, 6=6/5 ¢=1,

n:1/10, Y1 :’)/22'—1/10, 51:1, 62:5/2,
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51:1/4, 52:1/2, 771:772:1/25 p1:1/50, p2:1/100

Here the possible equilibria for the system are F(0, 0,0, 0), F},(17.3459, 0, 0,0.9571),
F,(0,0,0,1), Fj,,.(5.8950,11.8440,0,0.9294), F,,,,(5.9432,0,11.7915,0.9293) and
Fayi012(5.5490, 7.1429, 5.0786, 0.9304). All the conditions of Theorem 1.18 are satisfied

and hence the system exhibits uniform persistence (see Figure 2.3).
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Figure 2.1: Constant depreciation rate of each industry is greater than its maximum

growth rate. Both industries go extinct.
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Figure 2.2: Each subsystem in R , and R} . exhibits uniform persistence. Lin-

ear depreciation rate of Industry one is slightly greater than that of Industry two.

Industry one is driven extinct.
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Figure 2.3: The system exhibits uniform persistence.
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2.10 ~, <0 and v, >0 with 8n; —v161 >0

In this section, we consider system (2.1)- (2.4) with y; > 0, v, < 0, and S —v161 > 0.
We will determine all the equilibria and discuss their stabilities and illustrate some

of our results with numerical examples.

Theorem 2.21. If v; > 0 and v < 0 with By — v101 > 0, then the system
given by Fquations (2.1)-(2.4) is dissipative with attraction region contained in A =
{Zy1,92,2) 1 0 <2 < M0 <y < (ady — B&)/(Bm —7101),0 < yo < (Mg —

&)/ (m2),0 < 2 < 1}, where M = %Z%igi, provided am, —v1&, > 0, ady — 5& > 0 and
M >,
2

Proof:
We proved in Theorem 2.1 that 0 < 2 < 1.
From Equations (2.1) and (2.2), we have
T < (a-PBr+my)z

(2.51)
1 < (=& —my1 +4iz)yr

Compare this with
= (a—PBu+yv)u
( 1 (2.52)
U= (—51 —mv + (51'&)’0.
We note that under the conditions of this theorem, system (2.52) has only three
cquilibria given by Eo(0,0), Eu(e/8,0) and By (u*, v*) = Eyp(GR=051 200e).
The variational matrix V for system (2.52) about the equilibrium E(0, 0) is given

by
a 0
Ve, = . (2.53)
0 =&
66
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The eigenvalues of Vg, are given by & > 0 and —&; < 0. Thus the equilibrium
Ey(0,0) is a hyperbolic saddle point, locally unstable in the u-direction and locally

stable in the v-direction.

Similarly the variational matrix V for system (2.52) about the equilibrium E, (a/3,0)

is given by
—a  on
Vi, = b : (2.54)
0 ad1 =€
B

The eigenvalues of Vg, are given by —a < 0 and a—&%&l > (. Thus the equilibrium

E.(a/B,0) is a hyperbolic saddle point, locally stable in the u-direction and locally

unstable in the v-direction.

Also the variational matrix V for system (2.52) about the equilibrium E,,(u*, v*)

is given by
Ve, = . (2.55)
We observe that
trace(Vgyy) = —0u* — mv* <0

and

det(VEuv) = (ﬁ'r]l - ’)/1(51)11,*’0* > 0.

Thus both eigenvalues of Vg,, have negative real parts. Hence the equilibrium

E(u*,v*) is locally asymptotically stable.
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Now consider

o  u o v
D(u,v) = 5&‘(;‘5) + %(ﬁ)
_ 0 a—Butyv, 0 =& —mu+du
—6u( v )+8v( U )
B m
-+
< 0.

This shows that therc are no closed curves, orbits or paths in the (u,v)-plane. There-
fore the only locally asymptotically stable equilibrium in the (u,v)—plane has to be
a globally stable equilibrium. Thus all solutions initiating in the positive interior of

the (u,v)—plane will eventually approach (u*,v*). That is

lim (u(t), v(t)) = (u*, v*).

t—00
Hence system (2.52) is dissipative.
But if 2(0) = «(0) and y;(0) = v(0), then for all £ > 0, we have z(t) < u(t) and
y1(t) < wv(t). Thus

0 <limsupz(t) < u* = oM = Méy

t—o0 B Bm — 1161
and
. ad — 551
0 < limsu )<= ———"2.
> t—»oop yl( ) — 6771 _ ,7151

The proof of
0< li]in sup ya(t) < (Méy — &)/ (1)

is similar to the proof in Theorem 2.1. a

Alternatively, one could also prove the global stability of equilibrium E,,(u*, v*)

by considering the following Liapunov function V(u,v) defined by
U v
V(u,v) =m{u—u* — u*(ln(a:)} +n{v—v* — v*(ln(;)}, (2.56)
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where m = %2—, n = 2—? and b = 2%y ﬂmﬁ(ﬁm—mél). The derivative of (2.56) along the

solution curves of (2.52) is given by

o ma(u — u*) N no(v — v*)

V= u v
= —mBu — u*)* — nmp (v — v*) + (my +ndy)(u — u*) (v — v*)
= —6%(u — u*)? = B*(v — v*)? + (my + né1 ) (u — u) (v — v*)
= —(5a — ) — by~ "))
<0.

2.10.1 Equilibria for the system with v, <0, v, > 0, ) — 1161 > 0

Clearly F;(0,0,0,0) and F,(0,0,0,1) are equilibria. F,(0,0,0,1) is the only (axial)
one-dimensional equilibrium (see section 2.4).

Also F,,(Z,0,0, Z) is the only (planar) two-dimensional equilibrium for the system
(see Section 2.4.1) and it always exists.

Also there exists a unique three-dimensional equilibrium Fy,,.(Z,0, 92, Z) in the
positive (z, ys, 2)— octant if —&; + J,Z > 0 (see Theorem 2.5).

However, in the positive interior of the (z,y1, 2)-octant, we have > 0, y; > 0,

y2 = 0, and z > 0. So the algebraic system (2.6)-(2.9) reduces to

az—Pr+ymy1 —0(1—2)=0 (2.57)
=& —my1 + 61z =0 (2.58)
—kzz+ Ll —2)z+¢(l —2)xr =0. (2.59)

Solving for y; from Equation (2.58), we get

. &+ 0T
n=uy= g—ln'—iﬂ (2-60)
1
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which exists if

T > 5—1 (2.61)
01
Substituting Equation (2.60) into (2.57) we get
(am +0m)Z + (v161 — Bm)Z — m& — O = 0, (2.62)
Using Equation (2.62) and solving for ¥ we get
. (am +0m)Z — & —0m
rT=x= . 2.63
(Bm — md1) (2:63)
However for existence (Equation (2.61)), we require
. (am +60m)Z — n& —0m &
(Bm — 161) oy’
which is trivially satisfied if
. B&+ 06,
L+ 001 2.64
7 b, + 05, (2:64)
But, since z < 1, from Equation (2.64) we require
ﬂfl < 510_/. (265)
Substituting Equation (2.63) into (2.59) and simplifying, we get
a#? —bi+c=0, (2.66)
where
a = (am +0m)(k + @) +I(Bm — 7161) > 0
b=9(Bm —nb) + (5 + ¢)(Om + 1&1) + ¢lam +0m) >0
c= ¢(O0m +71é&) > 0.
We solve (2.66) for Z to get
VBT —14
s g DEVY Zdac (2.67)
2a
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Theorem 2.22. There exists at most one equilibrium lying completely in the positive

interior of the (x,y1, z)-octant if Bym — 1161 > 0.

Proof:

Clearly, since a, b and ¢ arc all positive, b — 4ac < b*. We also have

b — dac = {I(Bim — 1161) + (5 — &) (O + &) + dlamy + 6m)
+4¢r(0m + v181)(né — am)

= {9(8um — 161) + K(@m + &) + dlam — &)}

+ 4R (0m + 71&1)(né — am)

= {9(Bhm — 1100} + {k(Om + m&) — dlam — &)}
+20(6m — mé){s(0m + né&) + dlam — 11é1)}

= {3(Bum — 1) — £(@m + 11&) + ¢(am — &)}

+ 469(Bim — 161)(0m + &)

> 0.

Since b2 — 4ac > 0 and b — 4ac < b, ¥ has two positive roots with the smallest root

given by
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o b—Vb? — dac

A—
2a
- Y(Brim — 1) + (& + @) (0m + 1&) + ¢lam + Om)
B 2{(am + Om)(k+ ¢) + 9(Bm — 1161)}
_ V9B — 101) — 601 + &) + dlom — 16} + 469(Bum — 1101) (O + &)
2{(am + 0m)(k + @) + (Bm — 7161)}
< V(B — 101) + (6 + ) (Om + &) + ¢lam + 0m)

2{(am + 0m) (5 + @) + (Bm — md1)}
_ VIO(Bim — né) — k(Om + &) + olam — 1é) 2
2{(am + Om ) (K + &) + I(Bm — nd1)}
_ (5 +¢)(Om + &)
(am + 0n1) (K + @) +9(Bm — 7161)
(k+ ¢)0m
(am + Om) (K + &) + 9B — b))

Now suppose 2. > %, then at least we must have

B& + 00, < (k+ @)0m
@by + 06, (am +0m)(k+ @) + By — 1)’

= (kK + @)1 (ady + 061) > (B& + 061){(am + Om)(k + &) +9(Bm — m101)},
= (k+ ¢)(a + 0)m {06 — (B + 061)} > (B& + 06,)9(Bm — 7161),
== —(k+ ¢)(a + 0)mB& > (B& + 061)9(Bm — 71161).-

Which is a contradiction. Hence 2. < 28291 5 not an admissible equilibrium. O

ad1+651
In Theorem 2.22, we proved that there may or may not be a three-dimensional

equilibrium in the positive interior of the (x,y;, z)— octant. In the next theorem, we
give a sufficient condition for the existence of a unique equilibrium in the positive

interior of the (x,y;, z)— octant if By — 161 > 0.

Theorem 2.23. There exists a unique three-dimensional equilibrium Fyy, (%, 7,0, 2)

in the positive interior of (x,y1,z)— octant if
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1. Bn —mb >0

2. ﬁ{l < dx

3. (dra = BE{I(Bm — m161) + @lamy + Om)} = k(0 + o) (861 + 04).

Proof:

From Equation (2.67), the largest of the two roots for Z is given by

g b+ vb% —4dac
=
2a

_ 9(Bm —mb1) + (5 + @) (Bm + &) + Slam + 6n)

2{(am + 0m)(k + ¢) +9(Bm — 7161)}
" \/{?9(5771 — Y101) — k(O 4+ 11&1) + dlam — 1ér)}2 + 4698 — 1161) (Om + 1161)

2{(am + Om)(k + @) + ¥(Bm — 7161) }
V(B — 161) + (k + @) (O + 11&1) + d(am + 0n1)
2{(am + Om)(k + @) + F(Bm — 7161) }

+ \/{19(5771 — 161) — KO + &) + dlan — ’7151)}2

2{(am + On)(k + @) + I(Bm — 7161)}
_ Y(Bm — 161) + dm(0 + )

(ani + 6m)(k + @) + (B — 7161)

> B&1 + 605,
T ad + 06,

>

if condition 3 is satisfied. O

2.10.2 Local and global stability analysis

In this subsection, criteria for local and global (asymptotic) stability of the equilib-
ria F5(0,0,0,0), F,(0,0,0,1), F;,(Z,0,0,2), Fuy2(%,11,0, %) and Fyy,.(Z,0, 2, Z) for
the case (B — v10; > 0 are given. Under the condition 87 — v16; > 0, the con-
ditions for local asymptotic stability of these equilibria are the same as those given
in Theorems 2.6-2.13. One can also easily verify that the global stability conditions
given in Theorems 2.14-2.15 for F,(0,0,0,1) and F,,(Z,0,0, Z) and Theorem 2.17 for

73

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Foyo(2,0,9, 2) also holds if B — 101 > 0. We now proceed to give the version of
Theorem 2.16 in this case for Fy,, .(Z,91,0,2) .

Global stability of £,,,.(Z, 1, 2)

Criteria for the global stability of F,,, ,(Z,¥,0, ) with respect to solutions ini-
tiating in the interior of the R}, ., = {0 < 2 < 00,0 < y; < 00,0 < z < 1} will be

given. In fact, we will show that if the equilibrium E,,, ,(Z, ¥}, £) exists, then it is

globally stable. Thus we have the following theorem.

Theorem 2.24. The equilibrium Fyy, ,(Z,91,0,2) is globally stable with respect to

solutions trajectories emanating from the positive interior of R _ if it exists.

TY1Z
Proof:
In R}, ., the system of Equations (2.1)- (2.4) reduces to
&= (az— Bz +my —0(1—2))z
Y1 = (=& —my + qz)y (2.68)

z2=—krz+ 91— 2)z+ ¢(1 — 2)z.

Let m, n and p be positive constants defined by m = k + ¢ — % = 28

5”1%{5771 + (Bm — 1161) + 24/Bm(Bm — 1161)} and p= 0 + a.

In R}, ., we choosc a Liapunov function V(z,y1, 2) defined by

Viz,y,z) =miz — & — i(ln(%)} oy — o — y“l(ln(z’%)}
)}-
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The derivative of (2.69) along the solution curves of (2.68) in R} . is given by

TYLZ

. ma(r — 71 ny (Y1 — U 2z — 2
VvV — ( )+ Y1(n yl)+P( )
Xz Y1 4

=m(az — Bz + i — 01 — 2))(z — &) + (=& — my1 + 612) (v — 1)
+p(—kz + (1 —2) — px)(2 — %) + poz(z — )/ 2

=m(a(z — 2) = B(x — ) + 7 (y1 — 1) + 0(z — 2))(z — Z)

+n(=my — 1) + 0i(z — )W — 1) + p(—k(z — ) =¥z — £) — ¢(z — L)) (z — %)
+m(aZ ~ B2 +nth — (1 = 2))(z — £) +n(=& — mh + 0 Z) (v — 1)

+p(—kE+ 91— %) — oX)(z — £) + pox(z — %)/ 2

=m(a(z — 2) — B(z — 2) + m(yr — 91) +0(z — 2))(z — &)

+n(=my — ) + 0(x — 2)) (1 — 1) +p(—k(z — ) —Hz — £) — ¢p(z — 1)) (2 — %)
+p0(2 - D)z - 2)

= —mB(z — ) — (1 ~ 1) — P9 + =)z — 2
+(m(a+0) —pk+ ¢ — g))(.’ﬂ — £)(z — £) + (mm +né1)(z — &) (y1 — 1)
= —{V/mBlz - &) — /iy — 1)} — (I + 6 ) (2 — )

<0 for dll (x,y,z2). O

2.10.3 Existence of F*(z*,y},v5, 2*)

In this subsection, we present uniform persistence results and give a sufficient criterion
for the existence of a positive interior equilibrium F*(z*, v}, y5, z*) for the system with
v1 > 0, v < 0 and B — 1101 > 0. We recall that the system given by Equation
(2.1)-(2.4) is dissipative under the conditions an, — & > 0, ad; — 3¢, > 0, M > g—;
and 67]1 — "}’161 > (.
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Theorem 2.25. Assume that the system given by Equations (2.1)-(2.4) is such that:
1L am—mé& >0, a0 — B >0, M > % and Bn; — 7161 > 0.

2. F;,(Z,0,0,z) is a hyperbolic saddle point and repelling in the y; and ys directions
locally (cf. Theorem 2.9).

3. Fouy(2,91,0,2) is a hyperbolic saddle point and repelling in the yo direction (cf.
Theorem 2.10).

4. Fuyo(2,0,00, 2) is a hyperbolic saddle point repelling in the y; direction (cf.
Theorem 2.12).

Then the system given by Equations (2.1)-(2.4) exhibits uniform persistence.

Proof:

Similar to Theorem 2.18.

2.10.4 Numerical examples

In this subsection we illustrate some of our results in this section with numerical

examples. In examples 4-6, we set
a=2 9v=2, [=1/10, 8=6/5 ¢=1,

= 1/1255 Y2 = —1/107 51 - 27 62 = 5/87
(51:1/4,52:1/8, ?71:'02:2/25, p1:1/50, p2:1/100

The remaining parameter s is varied to give three examples. The above parameters

are chosen such that the entire system is dissipative.
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Example 4:

We set k = 1. Here the possible set of equilibria for the system is F(0,0,0,0),
F,(0,0,0,1), F,.(5.45,0,0,0.54) and Fy,,.(5.20,0,0.31,0.54). In this case, condition
3 of Theorem 2.23 is not satisfied and hence there is no equilibrium in the posi-
tive (zy12)-octant. Hence the locally asymptotic equilibrium F,,,(5.20,0,0.31, 0.54)
becomes a globally asymptotic equilibrium for the entire system.(see Figure 2.4).
Example 5:

We set k = 1/2. Here the possible set of equilibria for the system is F;(0,0, 0,0),
F;(0,0,0,1), F;,(10.21,0,0,0.69), F,,,,(10.88,9.03,0,0.69) and F,,.(7.17,0, 3.39, 0.70).
In this case, all the conditions of Theorem 2.23 are satisfied and hence there exists
an equilibrium in the positive (zy;z)-octant which is locally unstable. Hence the
locally asymptotic equilibrium F,,,(7.17,0, 3.39,0.70) becomes a globally asymptot-
ically stable equilibrium for the entire system (see Figure 2.5). Note that the system
does not persist because condition 4 of Theorem 2.25 is not satisfied.

Example 6:

We set k = 1/10. Here the possible set of equilibria for the system is Fy(0,0,0,0),
F,(0,0,0,1), F,,(17.34,0,0,0.91), Fyy,,.(20.41,38.79,0,0.91) F,,,.(9.88,0,7.62,0.91)
and F,,,,-(10.29,5.28,7.62,0.92). In this case, all the conditions of Theorem 2.23 are
satisfied and hence there exists an equilibrium in the positive (zy; z)-octant which is
locally unstable. Here all the conditions of Theorem 2.25 are satisfied and hence the

system persists uniformly (see Figure 2.6).
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Figure 2.4: The equilibria for the system are F5(0,0,0,0), F,(0,0,0,1),
F,.(5.45,0,0,0.54) and Fyy,.(5.20,0,0.31,0.54). Fy,.,(5.20,0,0.31,0.54) is globally

asymptotic stable equilibrium for the entire system.
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Figure 2.5: F(0,0,0,0), F,(0,0,0,1), F;,(10.21,0,0,0.69), F,,.(10.88,9.03,0,0.69)
and Fgy,,(7.17,0,3.39,0.70) are equilibria. Industry one is driven extinct.
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Figure 2.6: Fy(0,0,0,0), F,(0,0,0,1), F,,(17.34,0,0,0.91), Fyy,,(20.41,38.79,0,0.91)
Fry,-(9.88,0,7.62,0.91) and Fy,,,.(10.29,5,28,7.62,0.92) are equilibria. Persistence

of solutions.
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2.11 v <0and v >0 with 69 — 1161 =0

In this section, we consider system (2.1)- (2.4) with y; > 0, 72 < 0, and 81 —716; = 0.
We will determine all the cquilibria and discuss their stabilities and illustrate some

of our results with numerical examples.

2.11.1 Equilibria for the system with v <0,v; > 0, 8n — 716; =0

Clearly F5(0,0,0,0) and F,(0,0,0,1) are equilibria. F,(0,0,0,1) is the only (axial)
one-dimensional equilibrium (see Section 2.4) and F,.(Z,0,0, Z) is the only (planar)
two-dimensional equilibrium for the system (see Section 2.4.1) and they always ex-
ist. Also there exists a unique three-dimensional equilibrium F,,.(Z, 0, %2, £) in the
positive (z,ys, z)— octant if —& + 627 > 0 (see Theorem 2.5).

However, in the positive interior of the (z,y;, z)-octant, we have z > 0, y; > 0,

y2 = 0, and z > 0. So the algebraic system (2.6)-(2.9) reduces to

az—PBr+my—0(1—2)=0 (2.70)
—51 — Ty + 511’ =0 (271)
—kxz+ (1 —2)z2+ ¢(1 — 2)z = 0. (2.72)

Solving for y; from Equation (2.71), we get

. &+ 0%
n=uy= _51__1__7 (2.73)
m
which exists if
> é (2.74)
01
Substituting Equation (2.73) into (2.70) we get
(am + 0m)z + —mé& — 0m = 0. (2.75)

81
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Solving (2.75) for 2, we get

¥ = 9771_*'71_5_1, (2.76)
Om + am
which exists if & < an.
From Equation (2.72), we have
. W1 —2)2
CkE—¢(1—3)

For existence, Equation (2.74) must be satisfied and thus we must have k% — ¢(1 — 2) > 0

and
-5 &
KZ — (Z)(l - 5) 51 '
We have the following Theorem:

Theorem 2.26. There erists a unique three-dimensional equilibrium in the positive

interior of the (x,y1, z)— octant if:
1. Bm =761 =0
2. mé& < am,
3 KE—o(1—%) >0

V(1-%)% & y _ Omtyi&s
4. e o where zZ = T

2.11.2 Local and global stability analysis

In this subsection, criteria for local and global (asymptotic) stability of the equilib-
ria, F5(0,0,0,0), £,(0,0,0,1), F;,(Z,0,0,2), Fyuy,.(£,91,0,2) and Fyy,,(Z, 0,9, £) for
the case fn — 7101 > 0 are given. Under the condition £n; — 716, = 0, the con-

ditions for local asymptotic stability of these equilibria are the same as those given
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in Theorems 2.6-2.13. One can also easily verify that the global stability conditions
given in Theorems 2.14-2.15 for F,(0,0,0,1) and F,,(Z,0,0, Z) and Theorem 2.17 for
Firyo2 (2,0, 10, #) also holds if 8 — 16, = 0. We now proceed to give the version of
Theorem 2.24 in this case for Fy,, (%, 41,0, 2) .

Global stability of E,, .(Z, 71, 2)

Criteria for the global stability of F,,.(Z, 91,0, 2) with respect to solutions ini-
tiating in the interior of the R}, . ={0<2<00,0<y; <00,0<2< 1} is given.
In fact, we will show that if the equilibrium E,,, .(Z, 91, £) exists, then it is globally

stable. Thus we have the following theorem.

Theorem 2.27. The equilibrium Fyy,, ,(£,1%,0, %) is globally stable with respect to

solutions trajectories emanating from the positive interior of R}, , if it exists.

Proof:

In R} _, the system of Equations (2.1)- (2.4) reduces to

t=(az—Bx+my —0(1 - z2))z
41 = (=& —my1 + 612)y (2.77)

Z=—kzz+ 91— 2)z+ &1 — 2)z.

Let m, n and p be positive constants defined by m = k + ¢ — % = ’9(1—72), n= m—a;&&
and p =6+ qa.

In R}, ., we choose a Liapunov function V(z, 1, 2) defined by

Vie,y,2) = mie - - #(1n(2)} + nfy — 1 ~ ()}
. % (2.78)
+plz—2— 5(111(—5-)}
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The derivative of (2.78) along the solution curves of (2.77) in R},  is given by

TY12
yomie =)  mhln-n) | piz - )
x Y1 z
=m(az — Bz +vy — 0(1 — 2))(x — Z) + n(—& — myr + 01x) (v — ¥1)
+p(—kx +9(1 — 2) — dz)(z — £) + pdzx(z — %)/ 2

=m(a(z —Z) — Bz = &) + 1y — %) + 0(z — Z))(z — I)

+n(=m(y —v) + 61z — )y — 1) + p(—r(z — &) —I(z — 2) — ¢(z — 2))(z — %)
+m(az — B% +my — (1 - 2))(z — &) + n(—=& — myr + 6 %) (n — 1)

+p(—kE+ 91— %) — %) (2 — ) + poz(z — %)/ 2

=mla(z — %) — B(z —2) + nu(y1 — 1) +0(z — 2))(z — Z)

+n(—m(yr —¥1) + 61(z — ) (y1 — 1) +p(—n(z — Z) —I(z — Z) — d(z — Z))(z — %)
+po(Z — )z - 2)

= —mB(e - £)* — nm(y —§1)* — p(0 + $=)(z — 2)?

+(m(a+0) = plat 6~ )z~ H(z = 2) + (o +n)(@ — £)(3n — 1h)

= —{V/mBlz - #) = ATy — )} — p(d + ¢=) (= — )

<0 for all (z,y1,2). 0

2.11.3 Numerical examples

In this subsection we illustrate some of our results in this section with numerical
examples. We will also use a numerical example to illustrate that there may exist
a 4-dimensional equilibrium depending on the choice of the model parameters. The
existence of a 4-dimensional equilibrium for the system in this case can be calculated

algebraically from the system, but due to its complexity, we omit it.
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In examples 7-10, we assign the model coefficients with the following values
a=2 0=2 B=1/10, §=6/5 ¢=1,

’)/1:1/50, ’}/2:—1/10,772"—'1/50, K,=2,
§1=1/4,8,=1/2, m =1/10, py=1/50, pg=1/50.

The remaining parameters & and &; are varied to give four examples.
Example 7:

We set & =1 and & = 5/2. The only possible set of equilibria for the system is
Fy(0,0,0,0), F,(0,0,0,1), F,,(1.7142,0,0,0.4286). In this case, condition 4 of Theo-
rem 2.26 is not satisfied and hence there is no equilibrium in the positive (zy; z)-octant.
Also there is no equilibrium in the positive (zy22)-octant because —&; + 62 < 0 (see
Theorem 2.4). Hence the locally asymptotic equilibrium F;,(1.7142,0,0,0.4286) be-
comes a globally asymptotic equilibrium for the entire system (see Figure 2.7).
Example 8:

We set & = 1/4 and & = 5/2. Here the possible set of equilibria for the system
is F5(0,0,0,0), F,(0,0,0,1), F,,(1.7142,0,0,0.4286), F,,,.(1.8752,2.1883,0,0.4200).
In this case, all the conditions of Theorem 2.26 are satisfied and hence there exists an
equilibrium in the positive (zy; z)-octant which is locally stable (see Theorem 2.10).
Under this condition F,,(1.7142,0, 0, 0.4286) becomes locally unstable (see Theorem
2.9), hence the locally asymptotic equilibrium F,, ,(1.8752,2.1883, 0, 0.4200) becomes
a globally asymptotic equilibrium for the entire system (see Figure 2.8). Note that

the system does not persist.

Example 9:

We set & = 1/4 and & = 1/8. Here the possible set of equilibria for the system
is Fy(0,0,0,0) , F,(0,0,0,1), Fy,(1.7142,0,0,0.4286), Fjy,,(2.2052, 6.0268,0,0.4064)
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and F,,,(0.5439,0,7.3481,0.6217). The equilibrium Fy,,.(0.5439, 0, 7.3481,0.6217) is
a globally asymptotically stable equilibrium for the system (see Figure 2.9). Note
that the system does not persist.

Example 10:

We set & = 1/4 and & = 2/3. Here the possible set of equilibria for the system
is F(0,0,0,0) , F.(0,0,0,1), Fy,(1.7142,0,0,0.4286), Fy,,.(1.8751,2.1883,0,0.4200),
Fry(1.3780,0,1.1240, 0.4543), and Fyy,,,.(1.4115,0.7979, 1.1559, 0.4503). In this case
the system persists (sce Figure 2.10).
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Figure 2.7: F4(0,0,0,0), F.(0,0,0,1), F;,(1.7142,0,0,0.4286) are equilibria.

industries are driven extinct.
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Figure 2.8: F,,.(1.8752,2.1883,0,0.4286), F,,(1.7142,0,0,0.4286), F(0,0,0,0) and

F,(0,0,0,1) are equilibria. Industry two is driven extinct.

88

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A5l

s esoef!

s aseet?

s 5

Figure 2.9: Fy(0,0,0,0), Fy,(1.7142,0,0,0.4286), Fi, ,(2.2052,6.0268,0,0.4064),

F,,,.(0.5439,0,7.3481,0.6217) and F,(0,0,0,1) are equilibria. Industry one is driven

extinct.
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Figure 2.10:  Fyy,y,.(1.4115,0.7979,1.1559, 0.4503), Fi,,.(2.2052, 6.0268,0,0.4064),
F,.(1.7142,0,0,0.4286), F,,,.(1.3780,0, 1.1240, 0.4543), F,(0,0,0, 1) and Fy(0, 0,0, 0)

are equilibria. The system persists.
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Figure 2.11: F,y,,,.(2.1919,18.8959, 2.5986, 0.4068), F,,.(1.3780,0,1.1240,0.4534),
F;.(1.7142,0,0,0.4286), F,(0,0,0,1)and F;(0,0,0,0) are equilibria. The system per-

sists.
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Figure 2.12a: Fj,,,(1.3780,0,1.1240,0.4534), F,,(1.7142,0,0,0.4286), Fy(0,0,0,0)
and F,(0,0,0,1), are equilibria.
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Figure 2.12b: F,,,.(1.3780,0, 1.1240,0.4534), F,,(1.7142,0,0,0.4286), Fy(0,0,0,0)
and F3(0,0,0, 1), are equilibria.
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Figure 2.12c: Fy,,.(1.3780,0,1.1240,0.4534), F,,(1.7142,0,0,0.4286), F5(0,0,0,0)
and F3(0,0,0,1), are equilibria.
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2.12 ~ <0 and v > 0 with 8n —v16; <0

We illustrate this case by considering two numerical examples.
Example 11:

Here all the parameters of the model are chosen to be the same as those in example
5.4 except 6, = 1 instcad of §; = 1/4. Here the possible set of equilibria for the system
is F5(0,0,0,0) , F,(0,0,0,1), F,,(1.7142,0,0,0.4286), F.,,.(1.3780,0,1.1240, 0.4543)
and Fjy,,,.(2.1919, 18.8959, 2.5986, 0.4068). In this example,the globally asymptoti-
cally stable equilibrium is F,,,,.(2.1919, 18.8959,2.5986,0.4068) (see Figure 2.11).
That is, if 81 — v16; < 0 and | By — 1161 | is “small” then the qualitative behaviour
of the four dimensional system in this case is similar to the case when 8n; — 710, = 0

even though the behaviour of the subsystem in R}, . in the two cases are entirely
different. .
Example 12:

Here all the parameters of the model are chosen to be the same as those in
example 2:10 except §; = 5/3 instead of 4; = 1/4. Here the possible set of equilibria
for the system is F,(0,0,0,1), F,,(1.7142,0,0,0.4286), F,,.(1.3780, 0,1.1240, 0.4534)
and Fy(0,0,0,0). All the above equilibria are unstable. The output of the numerical
solutions are illustrated in Figures 2.12a, 2.12b and 2.12c¢ for different time intervals.
Here 8n; —v101 < 0 and | By —161 | is “large”. The behaviour of the system in Rjylz
in this case and that in Example 2.11 are qualitatively similar but the behaviour of the
four dimensional system in the case is completely different form that in Example 2.11
in the sense that there is persistence in Example 2.11 while we have non-persistence
in Example 2.12.

In R;ymz, we observe from Figures 2.12a and 2.12b that industry one, industry

two and agriculture are concave upwards on (0,5.81) while the ecosphere is concave
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downwards on the same interval. In particular, on (4,5.81) industry one, industry two
and agriculture grow very fast while the ecosphere declines within the same period. At
t = 5.81 the ecosphere can no longer support the huge growth in agriculture, industry
one and industry two and so there is a sudden collapse of agriculture, industry one and
industry two. This collapse leads to the eventual growth in the ecosphere assets (see
Figures 2.12b and 2.12¢). The ecosphere grows to its maximum possible levels, which
eventually leads to a growth in agriculture and industry one. Industry two could
not recover from the collapse because the per asset terms of trade rate coefficient
between agriculture and industry two is negative. Also the competition between the
two industries did not help in the recovery of industry two. On (46,47.2), there is

a huge growth in industry one and agriculture and a decline in the ecosphere within

the same period.

2.13 Summary and conclusions

In the preceding sections of this chapter, we used mathematical model to discuss the
interaction between agriculture, ecosphere and two industries competing with each
other. We used mathematical tools such as differential equation analysis, persistence
theory and linear systems theory to analyze our model.

In the case where agriculture looses to each industry as a result of their inter-
actions, complete local and global analysis of the system’s equilibria are done. We
proved that the equilibria F4(0,0,0,0) , F,(0,0,0,1), and F,,(Z,0,0, Z) always exist
and obtained sufficient criteria for the existence of Fyy, (2, 91,0, 2), Fuy,:(Z, 0,92, 2)
and Fgy ... (2%, y7, 95, 2). We obtained a sufficient condition for F,,.(&,41,0,2) to

be globally asymptotically stable with respect to solutions initiating in the interior
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of the positive (zy;2z)-octant. This condition can easily be modified to give persis-
tence conditions and a global asymptotic stability condition for the system in the case
where we have only one industry interacting with agriculture and the ecosphere, that

analysis which was omitted by Agyemang in [1].

We established criteria for the extinction of both industrial assets, that is the
global asymptotic stability of the equilibrium F,,(Z,0,0, z). We proved that if z <
min{%, %} then F,..(Z,0,0,2) is globally asymptotically stable. This condition can
be interpreted as saying if the ratio of the constant depreciation rates of each indus-
try to its per asset growth rate is “high” then both industries will go extinct. This
condition can happen only in two ways, either agriculture is not buying much from
the industries because farmers cannot afford their products, can get a cheaper prod-
uct from somewhere else or don’t need the industrial products, or just because the
products from industries are so “bad” they depreciate very fast. In most cases, it is
the former rather than the latter which is often the case. This condition explains why
industries in some farming communities in developed countries collapse and as such
farmers have to travel long distances to get supplies such as fertilizers, insecticides,
machinery, etc. It also explains why some industries in developing countries collapse
and as such governments in such countries have to import their industrial needs from
other countries at a higher cost. As a result of higher cost of imported industrial
products, many of the local farmers cannot afford such products and as such continue
with their primitive and traditional bad farming practices which is currently found

in many developing countries. Thus for sustainable agriculture, this is a condition

which has to be avoided.

In section 2.7, we established the existence of a positive interior equilibrium

Foyiyoz (2, 45, y5, 2%). Since under conditions for the existence of this equilibrium, all
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other equilibria have to be unstable. This equilibrium must be globally asymptotically
stable because the system is dissipative. That is we will have a sustainable system,
sustainable in the sense that all the components of the system, such as industry one,
industry two, agriculture and the ecosphere will exist positively with each component
viable and healthy. Also since this equilibrium exists, one will be able to predict the
outcome of future levels of agricultural, industrial one and industrial two assets and
the quality of the ecosphere.

In the case where the interaction between one industry (in this case industry one)
and agriculture is that of a mutualist rather than parasitism, we showed that solutions
are eventually uniformly bounded (dissipative) if the product of the per asset growth
rate of industry one and the per asset terms of trade rate coefficient between industry
one and agriculture is less than the product of the per asset diminishing returns rate
coefficient of agriculture and the linear depreciation rate coefficient of industry one.
This condition can only be satisfied if industry one does not grow too “much” or the
terms of trade is not too “much”. For most practical purposes we will favor the latter
rather than the former because if industrial growth is less, it is more likely that it
will go extinct, which will violate the condition of persistence.

In section 2.12, we observed from numerical simulations that if 817, —v16; < 0, and
the difference is really “small”, then the system behaves almost as if n; — 1161 = 0.
On the other hand, if 8 — 16, < 0 and | By — yé;1 | is “large” both industries
and agriculture grow relatively huge over a period of time and the ecosphere declines
over the same period of time, and eventually agriculture, industry one and industry
two collapse. The collapse of both industries and agriculture leads to a growth in the
ecosphere which subsequently leads to growth in industry one and agriculture but

industry two does not recover.
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Chapter 3

Competition between Normal and

Renewable Agriculture

3.1 Introduction

In chapter 2, we studied the interactions between agriculture, industry and the eco-
sphere, where agriculture was considered as a combination of renewable and normal
agriculture. In this chapter, we consider renewable and normal agriculture separately.
Normal Agriculture is the occupation, business or science of cultivating the land, pro-
ducing crops and raising animals. Renewable Agriculture is the naturally occurring
agricultural resource on earth that can replenish itself or grow back again such as
forest, wildlife, etc. We once again consider industry as that industry associated with
agriculture and the ecosphere as the quality of land and the environment. Sometimes
the term natural ecosystems or environment will be used for the combination of the
ecosphere and renewable agriculture. The term agriculture will be reserved for the

union of renewable and normal agriculture, i.e. the occupation, business or science of
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cultivating the land, producing crops and raising animals and all naturally occurring
agricultural resource from the earth that can replenish itself.

Since the time of creation, renewable agriculture and the ecosphere has been
providing the infrastructure on which every generation lives. This infrastructure can
best be described as a home for humanity in the sense that it provides humanity
with much of what it needs to be comfortable, secure and prosper [40]. According to
Gretchen Daily [20] and Geoffrey Heal [40], it is because “the environment performs

critical life-support services, upon which the well-being of all societies depend. These

include:
e purification of air and water
e mitigation of droughts and floods
e generation and preservation of soils and renewal of their fertility
e detoxification and decomposition of wastes
e pollination of crops and natural vegetation
e dispersal of seeds
e cycling and movement of nutrients
e control of the vast majority of potential normal agricultural pests

e maintenance of biodiversity, from which humanity has derived key elements of

its normal agricultural, medicinal, and industrial enterprise
e protection of coastal shores from erosion by waves

e protection from the sun’s harmful ultraviolet rays
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e stabilization of the climate
e moderation of weather extremes and their impacts

e provision of aesthetic beauty and intellectual stimulation that lift the human

spirit”.

It is this home or basic infrastructure that many environmentalists and agricultur-
ists think that our normal agricultural activities are affecting in quite unprecedented
ways. It is also believed that the more pressure we exert on it due to our normal
agricultural activities the more wear and tear we subject this home to and this can
force our home to exceed its capacity. It is the belief that this may happen and if it
does then the future generations will have to spend a lot in repairing and maintaining
such a basic system (home) so as to function well. However the cost of maintaining
and repairing this home is not the only worrying aspect, but the fact that some of
this infrastructure if damaged or depleted cannot be built back by humans no matter
how advanced we are now and will be in the future [40].

As the world population keeps on growing and the demand for food for survival is
high, much pressure is put on normal agriculture to produce more. But the more the
production from normal agriculture, the greater the pressure we exert on renewable
agriculture and the ecosphere (i.e. natural environment), and the greater this pressure
the more the renewable agriculture and the ecosphere get damaged and depleted. One
of the frustrating but important questions we have to deal with is; how are we going
to produce more (enough) to meet our needs now and over a long period of time
without leaving a damaged and depleted natural environment for future generations

[46,47]7 Tt is this question that we try to address from a mathematical point of view

in this chapter.
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We model the interactive dynamics of the share of assets between normal agri-
culture, renewable agriculture, industry and the ecosphere using a system of four

ordinary non-linear differential equations. We study the long term effects of each of

these assets on each other.

In some developed countries where wilderness is gradually disappearing, there
1s a current trend towards the blurring of normal and renewable agriculture. For
example, wild fisherics are being replaced by aquaculture, mariculture and fish farm-
ing; native forests by silviculture and plantations; pristine ecosystems by recreated
nature reserves, national parks, marine reserves, etc. In such a situation separating
agriculture into the two components of normal and renewable agriculture has to be
done with care. Whereas one can easily classify all recreated nature reserves, na-
tional parks and marine reserves as renewable agriculture, there is no way forward
as to how to classify aquaculture, mariculture, fish farming, silviculture and planta-
tions. For example, we can classify aquaculture, mariculture or fish farming involving
a few number of fish species as normal agriculture, but it will be very unrealistic to
classify the world’s largest aquarium, Georgia aquarium in Atlanta, Georgia, USA
which houses over 100,000 animals representing 500 species from around the globe as
normal agriculture. While our model in this chapter may not be able to capture “all
the complex dynamics” of such current trends towards blurring normal and renewable
agriculture, it will be able to do so in countries where wilderness, wild fisheries, native

forests, pristine ecosystems, etc. exist.

This chapter consists of twelve sections. In §3.2 we develop the model. Equilibria
for the system are determined in §3.3 and we perform a local stability analysis of these
equilibria in §3.4. Global stability analysis of the equilibria is done in §3.5. Sufficient

conditions for the existences of an interior equilibrium (persistence) are given in §3.6.
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Criteria for extinction of normal agriculture and industry is given in §3.7. Criteria
for extinction of renewable agriculture and industry is given in §3.8. Criteria for
extinction of industry is given in §3.9 followed with criteria for the extinction of
renewable agriculture in §3.10. This is then followed with some numerical examples

in §3.11, and a brief discussion in §3.12.

3.2 The model

In modelling the interactions between normal agriculture, renewable agriculture, in-

dustry and the ecosphere we make use of the following assumptions and facts:

Industry generates its assets from normal agriculture by selling to it.

e Industrial assets generation faces both fixed and variable expenses independent

of agriculture and the ecosphere.

e Both renewable and normal agricultural asset creation depends on the ecosphere

and hence we allow for a possibility of diminishing returns for both assets.

e Normal agricultural asset generation has a negative impact on the ecosphere

and hence it cost normal agriculture to replenish the ecosphere.
e In the absence of normal agricultural activity the ecosphere can replenish itself.

e There is competition for assets between renewable agriculture and normal agri-

culture.

e Normal agricultural asset creation may be enhanced by industry at some cost.
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¢ Industry has negative effects on renewable agriculture. For example, it is known
that the quantity of nitrogen added to the soil through fertilizers now exceed
the total fixed through natural processes [21,43,76]. As a result less than half
of the nitrogen added to soil is taken up by plants and the rest runs off into
underground water and ends up in lakes, the seas or seeps through the ground
into acquifers. This has led to changes in marine vegetation, a decrease in coral
reefs systems, fish populations, an outbreak of algae which has killed millions of
fish, damaged fisheries and has rendered some beaches unusable (i.e. decrease

in rencwable agriculture assets) [40,43].

Let z,(t), 22(t), y(t) and z(t) represent normal agricultural assets, renewable agri-
cultural assets, industrial assets and ecospheric assets respectively. Then the above
reasoning motivates the model given by the following system of four ordinary differ-

ential equations

£ = (2 — biz1 + my — prre — 0(1 — 2))zy (3.1)
Ty = (o2 — BoT2 — Yol — Pa1)T2 (3.2)
y=(=¢—ny+ozy (3.3)
Z2=—krz+H1l —2)z+ (1 — 2)x; (3.4)

with initial conditions z19 = 21(0) > 0, 25 = z2(0) > 0, yo = y(0) > 0, and
2o = 2(0),0 < 25 < 1, where all parameters are assumed to be positive constants
except 7y, which can be any real constant. «;(az) is the growth rate coefficient of nor-
mal(renewable) agriculture due to normal(renewable) agricultural activity for fixed
z, B1(B2) is the per asset diminishing returns rate coefficient for normal(renewable)

agriculture in the absence of industry and renewable(normal) agriculture, v(72) is
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the per asset terms of trade coefficient between normal(renewable) agriculture and
industry, € is the constant depreciation rate coefficient of industry, n is the per asset
(linear) depreciation rate coefficient of industry, § is the per asset growth rate for
industry in dealing with normal agriculture, p;(p2) is the per asset competitive rate
coefficient of renewable(normal) agriculture acting on normal(renewable) agriculture,
Kk is the per asset degradation rate coefficient of the ecosphere due to normal agricul-
tural activities, ¥ is the natural restoration rate coeflicient for the ecosphere, ¢(1—z2)x
is the rate of cffort input to restore the ecosphere by normal agriculture and 6(1 — z)x
is the net cost ratc to normal agriculture to restore the ecosphere.

We state here that we have a local and natural monopolistic and monopsonis-
tic market. That is we have only one provider (seller) of services which is industry
and only one buyer which is normal agriculture. If v, the per asset terms of trade
coefficient between normal agriculture and industry is positive then industrial influ-
ence causes a net gain in agricultural assets. That is the cost to normal agriculture
in dealing with industry is less than the benefits obtained by normal agriculture in
the process. If the cost to normal agriculture in dealing with industry equals all the
benefits obtained by agriculture in the process then v, = 0. Moreover if industrial
influence causes a net loss in agricultural assets then y; < 0. It has been argued

in [5,30] that, it is too often the case that industrial influence causes a net loss in

agricultural assets.

Theorem 3.1. If By — v10 > 0, cun — € > 0 and 16 — Bi€ > 0, then the
system given by equations (3.1)-(3.4) is dissipative, with attraction region contained
ZnA:{(Il.xQJy,Z)OS.T]_SM,Ongg%E,OSySN,OSZSl}, where

— ar oan—mé _ 016-01€ 016—p1€
M max(ﬂl’ 61n-715) and N = max( pin ? ﬁln—’hé)'

Proof:
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The part of the proof concerning the x5 and z-variables is the same as the proof
for the > and z-variables respectively, in Theorem 2.1 with the appropriate change of

model parameters.

As for the z; and y variables, if v; < 0 then we have

0 <limsupz;(t) < —

t—00 ﬁl
and

0 < limsu < —=—r->
B t—»oopy()_ 5177

(cf. Theorem 2.1).
On the other hand if v, > 0, B19 — 116 > 0, ayn — 1€ > 0 and ayd — Br€ > 0.

Then we have

) arn —né
0 <limsupz;(t) < —mm—=
>~ t—>oop 1( ) = ﬂl’r] _,715
and
. a0 — 515
0 < limsu t) <= ———
B t—»oopy( ) - /8177 - 715
(cf. Theorem 2.21). O

3.3 Equilibria

In this section, we attempt to describe all the possible configurations of equilibria
for the system given by Equations (3.1)-(3.4). We are only interested in nonnega-
tive equilibria. We shall denote by F,(z1,2,y,2) the equilibria lying on the a-axis,
Fop(x1, 22,9, 2) the ones in the positive (a,b)-plane, by Fy.(x1,Z2,y,2) the ones in
the positive (a,b,c)-octant and by F*(z1, z2,y, z) the positive interior equilibrium of

the whole system.
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Equilibrium conditions for the system given by (3.1)-(3.4) are found as solutions

of the algebraic system
Y1 =Zs=9y=2=0.

Thus, the equilibria are determined by the system

(a2 — Py +ny — prxe — (1 — 2))z1 =0 (3.5)
(a22 = B2T2 — Yoy — p2%1)z2 =0 (3.6)

(=& —ny+dx)y=0 (3.7)

—kx1z + 91— 2)z+ ¢(1 — z)zy = 0. (3.8)

It is trivial to see that F4(0,0,0,0) is an equilibrium.

3.3.1 Axial (one-dimensional) equilibria

(i) z—axis: 71 =2y =y =0 and z #£ 0.

Algebraic system (3.5)-(3.8) reduces to
d1-2)=0 = z=1. (3.9)

Hence there exist a nonnegative equilibrium £,(0,0,0,1).
(il) x1—axis: z =12z =y =0 and 21 # 0.

Algebraic system (3.5)-(3.8) reduces to
"‘511'1 —0= 0, ¢1’1 =0.

This system does not have nonnegative solutions and hence there are no equilibria on
the z;—axis.

(iii) zo—axis: z =x; =y =0 and 3 # 0.
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Algebraic system (3.5)-(3.8) reduces to

—Baxo = 0.

This system does not have non-zero solutions and hence there are no equilibria on
the zo—axis.
(iv) y—axis: z =21 =290 =0 and y # 0.

Algebraic system (3.5)-(3.8) reduces to
—&—ny=0.
This system does not have nonnegative solutions and hence there are no equilibria on

the y—axis.

3.3.2 Planar (two-dimensional) equilibria

(i) (x1,z9)—plane: z =y =0, z; # 0 and 2, # 0.
Algebraic system (3.5)-(3.8) reduces to the system

—f1z1 —pr122 — 0 =0 (3.10)
—B2x2 — paz1 =0 (3.11)

which has no solutions for positive z; and zo. Hence there are no equilibria in the
(x1, z2)—plane.
(ii) (x1,y)—plane: z = 25 =0, 21 # 0 and y # 0.

Algebraic system (3.5)-(3.8) reduces to the system

—biry +my—0=0 (3.13)
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—& =y + 611 =0 (3.14)
¢zy = 0, (3.15)
which has no solutions for positive x; and y. Hence there are no equilibria in the
(z1,y)—plane.
(iii) (z1,z)—plane: y =z =0, 1 # 0 and z # 0.
Algebraic system (3.5)-(3.8) reduces to the system

a1z — Bz —0(1—2)=0 (3.16)

—kx12 + (1 —2)z+ &1 — 2)z1 = 0. (3.17)
This has one and only one positive solution (see §2.4.1) given by

T, =3 = (al_—'—gl)_z___g, (3.18)

KO+ V0 — o8 + \/(1‘69 + 981 + ¢B1)% + 4ﬁ1¢/‘€011.

z = 3.19
® 2(kay + KO + 08, (3.19)
Hence, this equilibrium always exists and we denote it by F,.(Z1,0,0, Z).
(iv) (zg,y)—plane: z =21 =0, 22 # 0 and y # 0.
Algebraic system (3.5)-(3.8) reduces to the system
—Baz2 — 1oy =0 (3.20)
—£—ny=0 (3.21)

which has no solutions for positive zo and y. Hence, there are no equilibria in the
(z2,y)—planc.
(v) (x9,2)—plane: y=1z1 =0, 2o # 0 and 2 # 0.

Algebraic system (3.5)-(3.8) reduces to the system

Qo2 — ﬁzl‘Q =0 (322)
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Y1—-2)=0 (3.23)
which has one and only one positive solution given by

8%

Ty = —2, 3.24
2= (3.24)
z=1. (3.25)
Hence, this equilibrium always exists and we denote it by F,,.(0, %, 0,1).
(vi) (y,z)—plane: 23 =2; =0, 2 # 0 and y # 0.
Algebraic system (3.5)-(3.8) reduces to the system
—£—ny=0 (3.26)
H1l—2)=0 (3.27)

which has no solutions for positive y and z. Hence, there are no equilibria in the

(y, z)—plane.

3.3.3 Positive octant (three-dimensional) equilibria

(i) (z1,x2,y)—octant: z =0, z; # 0,25 # 0 and y # 0.
Algebraic system (3.5)-(3.8) reduces to the system

—Bizi + 1y —prze —0(1—2)=0 (3.28)
—fas — Yoy — pax1 =0 (3.29)
—{—ny+ox; =0 (3.30)

¢z =0 (3.31)

which has no positive solutions for x;,z, and y, since ¢ # 0. Thus, there are no

equilibria in the positive (z1, zo, y)—octant.
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(ii) (z2,y, z)—octant: z; = 0, 23 # 0,y # 0 and z # 0.
Algebraic system (3.5)-(3.8) reduces to the system

oz — Boxy — Yoy =0 (3.32)
£ —ny=0 (3.33)
+(1—2)=0 (3.34)

which has no positive solutions for z9,y and z. Thus, there are no equilibria in the
positive (zs, y, z) —octant.
(iii) (z1,y, 2)—octant: zo =0, 11 # 0,y # 0 and z # 0.

Algebraic system (3.5)-(3.8) reduces to the system

a1z — Oz +ny—6(1—2)=0 (3.35)
—§—ny+oz1=0 (3.36)
—kZ12 + (1 —2)z+ ¢(1 — 2)z1 = 0. (3.37)

If vy <0, then the above system has one and only one positive solution for z;,y and
z if =& 4 027 > 0 (see Theorem 2.4 and §2.4.2). If on the other hand +; > 0 and

Bin—716 > 0, then the above system has one and only one positive solutions for z,y

and z if
1. 1€ < day and

2. (dar — Bi&){9(Bin — 1) + plarn +0n)} = kn(6 + a1)(Bi€ + 66) (see Theorem
2.23).

However if y; > 0 and 117 — 10 = 0, then there exists a unique solution to the above

system if
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L m€ < aim,

2. k¥—¢(l—%) >0,

9(1-2)% Y _ o+
3. m—;ﬁ > £ where £ = ﬁ:}i% (see Theorem 2.26).

If this equilibrium exist, denote it by Fy,,.(27,0,9, Z).
(iv) (z1, 29, z)—octant: y =0, z1 # 0,22 # 0 and z # 0.
Algebraic system (3.5)-(3.8) reduces to the system

a1z — fixy — prrg — 0(1 — 2) =0, (3.38)
a9z — a2 — pax1 = 0, (3.39)
—kz12+ (1 — 2)z + &(1 — 2)x; = 0. (3.40)

Theorem 3.2. The system given by equations (3.38) -(3.40) has at most one posi-
tive solution for x1,z2 and z. That is, the system (3.1)-(3.4) possesses at most one

equilibrium in the positive (z1, X2, z)—octant.

Proof:

We rewrite Equation (3.40) as

() = V(1 - 2)z
z1 = f1(2) _——mz—¢(l—z)' (3.41)

Also solving (3.39) for 5, we get

Ty = Q2% — P21 (3.42)
o
Substituting Equation (3.42) into (3.38), we get
(@182 — praz + 0B2)z + (p1p2 — BifB2)z1 — 662 = 0. (3.43)
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If p1ps — 5182 = 0 then z has at most one positive solution and hence, x; has at
most one positive solution (by Equation (3.41)) and x5 has at most only one positive

solution (by Equation (3.42)). On the other hand if pips — 8152 # 0, then we can

rewrite Equation (3.43) as

(182 — prag + 0062)z _ 65,
B182 — p1p2 B1B2 — p1p2

So if an equilibrium exists, then at least the graphs of fi(z) and fa(2z) must inter-
sect in the positive (z1, z)-plane. Let us analyze the behaviours of fi(2) and fo(2).

The function f»(z) is a line which passes through the points (0, z. = 73?3_2—9—%) and

( a1,32—,01(12)
' B1Ba—p1p2

The function f;(z) has a vertical asymptote at z = 2, = —,ﬁ—q; This function, f(2)
also passes through the points (0,0) and (1,0). It is monotonically decreasing and
concave down on the interval 0 < z < z, = it It is also monotonically decreasing
and concave up on the interval z, = F% < z < 1. Hence fi(z) and fa(2z) can
only intersect at most once in the positive (x1, z)—plane (see Figures 3.1 and 3.2).

O

Theorem 3.3. The system (3.1)-(3.4) possesses exactly one positive equilibrium

Fryay:(T1, 49,0, 2) in the positive (x1, za, 2)-octant if either

B1B2 — p1p2 =0
102 — prag 2 0 (3.45)
¢ paT1 o
<1
max(¢+n, p” )< z2<1,
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or

P12 — p1p2 # 0

0132 — provg

>0
B1B2 — p1p2 (3.46)
P21 <3<,
Qg

where 2 and 1y is the solution of (3.41) and (3.43).

Proof;

If 8182 — prp2 = 0 and a1 82 — pyas > 0, then from (3.43) we have 0 < z =2 < 1.
If max (ﬁ, %) < % <1, then from Equations (3.41) and (3.42) we have a positive
solution for 1 = 2y and x9 = %5 respectively.

On the other hand if 818, — p1p2 # 0 and % > 0, then from Equations
(3.41) and (3.44) we have that there exist a unique positive solution for z; = 2 and
z = % (see Figures 3.1 and 3.2). If % < z < 1 is satisfied then Equation (3.42) has a
positive solution for z, = 5.

We shall establish sufficient conditions for the existence of a positive interior

equilibrium F*(x1, 22, y, 2) using persistence theory in §3.6.
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)

£,

Figure 3.1: Different graphs of fi(2) and fo(2) when 8;8: — p1p2 < 0.

115

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



}ﬂl f[ (z)

(2

f,(2)

Figure 3.2: Different graphs of fi(2) and fo(z) when 8182 — p1p2 > 0.
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3.4 Local stability analysis of equilibria

In this section we determine the local stability properties of all the equilibria deter-
mined in §3.3. The local stability properties of these equilibria are determined by the
signs of the the real parts of the eigenvalues of the variational matrix V of the system

(3.1)-(3.4) evaluated at each equilibrium. The variational matrix V for the system
(3.1)-(3.4) is given by

V11 —p1z1 nx1 (g +0)7
— o v — Yo 0T
V= P2L2 22 Y22 222 7 (3.47)
dy 0 V33 0
| _(H+¢)Z+¢ 0 0 Va4 ]
where
v = 1z — 2011 + 1y — 0(1 — 2) — p1xe
Vo = Qo2 — 2022 — VoY — PaT1
vz = —§ — 2ny + 0z
vy = —kry + (1 — 22) — dr.
3.4.1 Local stability analysis of F;(0,0,0,0)
The variational matrix V about the equilibrium F5(0,0,0,0) is given by
-6 0 0 0
0 0 0 O
Vi, = (3.48)
0 —£ 0
6 0 0 ¥
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The eigenvalues of Vg, are given by —0,0,—¢ and 9. This equilibrium is non-

hyperbolic and unstable since one of the eigenvalues is positive.

Theorem 3.4. The equilibrium Fy(0,0,0,0) is a non-hyperbolic and locally unstable.
In fact F4(0,0,0,0) is a topological saddle point.

Proof:

Consider the vector field given by the system (3.1)-(3.4). We also shown that the
eigenvalues of (3.1)-(3.4) linearized about (xy,zs,¥, 2) = (0,0,0,0) are —0,0, —¢, and
9. We will like to determine the flow on the center manifold, since this flow cannot
be determined based on the above linearization.

The eigenvalues of Vg, are given by 0, —6 — £ and ¥ with corresponding eigenvec-

tors ~ 1T F 1 r - L
9+6
% 0 0 0
0 1 0 0
: , ,and (3.49)
0 0 1 0
| 1 . L 0 _ L 0 _ L 1 _

We first put the system (3.1)-(3.4) into standard form. Using the eigenbasis (3.49),

we obtain the transformation

] [ 940 107, 1

1 —%5 0 0O Uy

T 0 1 00 U

2= 2 (3.50)

Y 0 010 v

z 1 0 01 w

L . L. - L n
with inverse
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U1 ~ 940 0 00 X1
0 1 00 z
2 2, (3.51)
v 0 010 y
¢
| w i ;] 0 01 1L z i

which transforms system (3.1)-(3.4) into

ir 90 0 0][w]
| |00 0 0w
ol o 0 -o0l]w
_u')_ _O 0 0 ﬁ__w_

~((@10 + 00+ 519 + Bi6)ur — prdus + 11w + dlon + O)w) (5w
(20 + p28) + paB)us — GBaus — dyav + aw)*Z

(= (2528 )u; — v

(K0 + K0 + O)us — Ipw)(H3*)

(3.52)
Now using the center manifold theorem (Theorem 1.11), the local center manifold of

(3.52) is given by

We(0) = {(ug, (u1,v),w) € REXREXR"  |uy = hy(uz),v = ho(up), w = hg(ug) for lug| < €}
(3.53)
for some € > 0, where hy € C"(N.(0)), hy € C*(N,(0)), hs € C*(N.(0)) and

h(0) = ha(0) = h3(0) = J(h1(0)) = J(h2(0)) = J (h3(0)) = 0. (3.54)

If we approximate hi(uz), hao(uz) and hs(uy) by their power series expansion, then

from (3.54) we have that

ur = hy(u2) = auj + O(u3)
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v = hy(up) = buj + O(u3)
w = hy(ug) = dul + O(u),

where a, b, ¢ are constants to be determined. Hence we have that the flow on the

center manifold W¢(0) is defined by the differential equation

Uy = —Baus + O(uld). (3.55)

Thus the flow on the center manifold is always away from the origin.

3.4.2 Local stability analysis of F,(0,0,0,1)

The variational matrix V about the equilibrium F,(0,0,0,1) is given by

@ 0 0 0
0 0 0
Vi, = @ . (3.56)
0 0 —£ 0
| -~ 0o 0 -9

The eigenvalues of Vg, are given by ay, as, —€ and —9.

Theorem 3.5. The equilibrium F,(0,0,0,1) is a hyperbolic saddle point, unstable in
the x1 and xo-directions and locally stable in the y and z-directions. In particular the

dimensions of the stable manifold is two and of the unstable manifold is two.
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3.4.3 Local stability analysis of F, ,(Z1,0,0, z)

The variational matrix V about the equilibrium F,, ,(#1,0,0, 2) is given by

— b7y —p121 11 (o +0)a
0 QoZ — P 0 0
Vr,,. = e . (3.57)
0 0 —& 407, 0
—(k+)Z+¢ 0 0  —(fEiem
The eigenvalues of Vi, . are given by Ay = asz — ppa; and A3 = —£ + 673 and A; and

A4 which are the eigenvalues of Jyy given by

—ﬂlf]_ ) (a + 9)35‘1

J22 = 524 4=
~(k+ )2+ ¢ —(ZEtém)

(3.58)

._2 _
Trace(Jaz) = —(0121 + 1—9—2#) <0

and

det(e) = (L0 Bi1) + (o0 + 0) (5 + 0)7 - @)

B (1922 + ¢

. )(B121) + (a1 + 0)(kZE + ¢(Z — 1)d1)
= (——)(Bim1) + (e + )91 - 2)z

V22 + ¢a;

> 0.

Thus both A; and A; have negative real parts. Hence, we have the following two

theorems:

Theorem 3.6. The equilibrium F,, ,(%1,0,0, 2) is locally asymptotically stable if Ao =
oz — pot1 < 0 and A3 = =& + 671 <.
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Theorem 3.7. The equilibrium F,,,(£1,0,0, %) is a hyperbolic saddle point if either
A2 = aZ — poty > 0 or A3 = =€+ 05y > 0 or both. It is always locally stable

(attracting) in the z, and z-directions.

3.4.4 Local stability analysis of F,,,(0,%2,0,1)

E7
The variational matrix V about the equilibrium F,,,(0, %ﬁ, 0,1) is given by
) alﬁQﬁ—flaz 0 0 0 T
_poa . _moes &
Ve, = g N (3.59)
> 0 0 - 0
|k 0 0 —1

The eigenvalues of Vr, . are given by al—ﬂ"’[}{—‘”ﬂ, —ap, —& and —19. Hence, we have the

following two theorems:

Theorem 3.8. The equilibrium F,,,(0, .0, 1) is locally asymptotically stable if v Bo—
pP1oe < 0.

Theorem 3.9. The equilibrium F,,(0, .0, 1) is a hyperbolic saddle point if oy 32 —
piae > 0 and it is a repeller in the xq-direction.

3.4.5 Local stability analysis of F,,,.(41,0,7, 2)

The variational matrix V about the equilibrium F;,,.(21,0,7, Z) is given by

— B —p121 mzr (oq +0)2;
0 Q9% — i — poiy 0 0
Vin,,. = 28T Y T e . (3.60)
0y 0 —nY 0
—(k+ )i+ ¢ 0 0 —(Zkea)
122

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The eigenvalues of Vg, ,, are given by Ay = a2 — 728 — p221 and Ay, Az and Ag

which are the eigenvalues of Js3 given by

— b1 121 (ap +0)2
Sy = 8y —ni 0 . (3.61)
—(k+9)z+e 0 (L)
Let
b :ﬁlf1+ﬁ?j+(M) >0

w9 v
b =(B) () + (s + )2 — )(en + 0)

L UF + o oy s s
+ UU(ZTQM) + Binyzy — a1y
L O LT, y y
by =ni(( PP + (5 6)% — 0)(n + 0)21)
V%2 + o1y

— (T )y
Then the eigenvalues of J33 are given by
o(J53) = {N|A3 + b1 A2 + b + b3 = 0,5 = 1,3,4}.
We note that

95 + ¢x1 ., VF + 3

N2 Bt + i)

+ (B — M) (Br21 + nY) 21y
952 + o)

biby — by =(5121 + 0y + (

+ (Bu2y + (

Lemma 3.1. If 511 — 716 > 0, then by > 0, by > 0, by > 0 and byby — b3 > 0 and

1) +8)(1 — 5)05.

hence, all the eigenvalues of Js3 have negative real parts.

Proof:
See §2.5.4.

The results of Lemma, 3.1 lead us to the following Theorems:
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Theorem 3.10. If Ay = 2% — %y — pet1 > 0, then Fy,,.(21,0,9, £) is a hyperbolic
saddle point unstable in the xo-direction and stable in all other three directions pro-

vided 51m — v16 > 0. In particular, the (x1,y, 2)-space forms the stable manifold and

the unstable manifold is the xo-axis.

Theorem 3.11. If Ay = aoZ — o — pott < 0, then Fy,,.(21,0,7, 2) is locally asymp-
totically stable provided B31m — y10 > 0.

3.4.6 Local stability analysis of F . .(21, 22,0, 2)

The variational matrix V about the equilibrium F,,,,.(2], 25,0, Z) is given by

— 5121 -1 "Z1 (a1 +0)2) ]
—pada —Bofy —72db (%% 2
FZ'IZQZ - (3-62)
0 0 =€+ 011 0
—(k+®)E+¢ 0 0 (2t

The eigenvalues of Vg, , . are given by A3 = —£ + 6121 and A1, A2 and Ay which

are the eigenvalues of J33 given by

-—ﬁlfl _plfl (al + 9)95”1
J3z = —paZo — 3o ol 5} (3.63)
~(s+¢)i+¢ 0 —(ZEpem)
Let
V% + o2y

by = P11 + Baza + (
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b2 Z(,Blfl)(%) + ((K/ + (ﬁ)é - (b)(al + (9)1:"1

+
+ ,32332(—2—(”1) + 51822122 — p1poti Lo,
95 + ox N
:(27@”1)(5@1 + Bos) + (an + 0)(1 — $)9

+ (8182 — p1p2) (212%2),

VZ° + 71 Pa
by :Bﬂz(i—;ﬂ%l)ﬁl 21+ (5 + @)Z — ) (o + 0)21 027
VE° + F1 0,
(—Z——%)pﬂlpzfz — ((n + ¢)z — ¢)p1x1a2$2,
95 + o Z)Z
(—Z——‘@C—l)(ﬁlﬁz p1p2)Z122 + a1 B2 + Baf — 0apy )(1 — 2) 225
Then
§ o 9F + o1y 2/ n v s
biby — bg = 1oy + Fapr(1 — 2) 222 + (————)"(Br21 + fodi2)
vz + AL 2 o )
(00 i n 4 0)(1 = 22 + (Bafus + Bi)in}

+ B2(B182 = prp2) T,
We observe that if the equilibrium F,,,,(#1, 22,0, £) exists and 8,52 — p1p2 > 0

then by > 0,by > 0,b3 > 0 and b1by — b3 > 0. Thus, we have the following lemma.

Lemma 3.2. If the equilibrium Fy,,.,.(21, 22,0, 2) exists and B102 — p1pe > 0. Then

by > 0, by > 0, bg > 0 and byby — by > 0 and hence, all the eigenvalues of Jzz have

negative real parts.

Proof:

Follows from Routh-Hurwitz theorem (Theorem 1.3).

The results of Lemma 3.2 lead us to the following Theorems:

Theorem 3.12. If A3 = =+ 6,21 > 0, then Fy 4,.(21, 32,0, 2) is a hyperbolic saddle

point unstable in the y-direction and stable in all other three directions provided 318, —
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p1p2 = 0. In particular, the (xy, xq, 2)-space forms the stable manifold and the unstable

manifold is the y-axis.

Theorem 3.13. If A3 = —£ + 6121 < 0, then Fy 4,.(271, 22,0, 2) is locally asymptoti-
cally stable provided 5,82 — p1p2 > 0.

3.5 Global stability analysis of equilibria

In this section, criteria for the global asymptotic stability of the boundary equilibria,
FZ(O, 0, 0, 1). lez(fL 0, 0, 5), Fz22<0, %, 0, 1), Fxlyz(fla 0, 37, 5) and le,x27z(f1, fg, O, 5)
with respect to solutions initiating from the interior of R}, R} , RY , Ry, and

R} ,,. respectively will be established. These conditions are necessary for the bound-

ary flow of system (3.1)-(3.4) to be acyclic and isolated which in turn is a necessary

condition for persistence.

3.5.1 Global asymptotic stability of F,(1)

We have already established in §2.6.1 that E,(1) and consequently F,(0,0,0,1) is

globally asymptotically stable with respect to solution trajectories initiating from the

interior of R}.

3.5.2  Global asymptotic stability of E,. (71, 2)

We have shown in §3.3.2 that the equilibrium F, (71, 0,0, Z) always exists, hence the
2-dimensional equilibrium E,, (21, Z) for the system (3.1)-(3.4) restricted to R , also
exists. In this section we shall establish criteria for the global asymptotic stability

of the 2-dimensional equilibrium, E,, ,(Z1,Z) with respect to the system (3.1)-(3.4)
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restricted to R} ,. This consequently will be the criteria for the global asymptotic
stability of F}. ,(£1,0,0, Z) with respect to solutions emanating from the interior of

R+

r12°

Theorem 3.14. The equilibrium F,, ,(Z1,0,0, Z) is globally asymptotically stable with

respect to solution trajectories emanating from the interior of RY ..

Proof:

The proof of this theorem is the same as the proof of Theorem 2.15 in §2.6.2 with

the appropriate change of model parameters.

3.5.3  Global stability of E,,.(%,1)

The existence of the 2-dimensional equilibrium Emz(%j, 1) for the system (3.1)-(3.4)

restricted to R, is a direct consequence of the existence of the equilibrium F,. (0, %, 0,1)

for the system (3.1)-(3.4). In this subsection criteria for the global asymptotic sta-
bility of B2 (52, 1) or equivalently F,.(0, 32,0, 1) with respect to solution initiating
from the interior of R}, will be established. In R _, the system (3.1)-(3.4) reduces

to

£y = (o2 — Boz2)T2

(3.64)
2=9(1 - 2)z.
In R} ., we choose a Liapunov function V(z, z) defined by
gz — g — aaln(z) Baxo T
vV =V = —1-1 : 3.65
(#2.2) By ae)
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The derivative of (3.58) along the solution curves of (3.57) in R} , is given by

o2

(Z — 1)0{22'1 i 2(L:2(ﬁ2$2 — 012)

V= 20z QT
_ _a2(12— z)? B 2(ag ;52362)2 +2(1 = 2)(as — Ba22)
2
-~ _[\/%(1 —2z) - \/%(CYQ — Baa)]?
<0.

Hence we have the following theorem:

Theorem 3.15. The equilibrium E.,.(%,1) and consequently F,.(0, %0, 1) is glob-

ally stable with respect to solution trajectories initiating from the interior of RY ..

3.5.4  Global stability of E, ,.(21,7, 2)

The existence of the 3-dimensional equilibrium E,,,.(21,9, 2) for the system (3.1)-
(3.4) restricted to R} . is a direct consequence of the existence of the equilibrium

Fry2 (21,0, 9, 2) for the system (3.1)-(3.4).

Theorem 3.16. The 3-dimensional equilibrium Ey (21,9, %) for the system (3.1)-
(8.4) restricted to R, is globally (asymptotically) stable if it exists and v, < 0 or
517] - ’71(5 Z 0.

Proof:
See Theorems 2.16, 2.24 and 2.27.

3.5.5 Global stability of E, ,,.(27, 22, 2)

The existence of the 3-three dimensional equilibrium E,,,,. (21, 22, 2) for the system

(3.1)-(3.4) restricted to R} . is a direct consequence of the existence of the equilib-
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rium Fy . (2, 25,0, 2) for system (3.1)-(3.4).
Consider system (3.1)-(3.4) restricted to R . as represented by:

.’L:l = (OqZ h ﬁlxl — P12 — 9(1 - Z)).Tl

Ty = (a2z — BaT2 — P271)T2 (3.66)
2= —kx1z+ 91— 2)z + (1 — 2)z1.
Let m, n and p be positive constants defined by mp; = & + ¢ — f = 19(1{ é),
nps = 19(}5:2) and pp; = 0 + a;.
In R} . ., we choose a Liapunov function V' = V(z1, 2, z) defined by
" o z1 o o Hi)
V1,22, 2) = m{zy — 21 — 1(In(=)} + n{zg — 22 — Za(ln(=)}

1 T2 (3.67)

tplz—%— E(ln(g)}.
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The derivative of (3.60) along the solution curves of (3.59) in R} . is given by

T1X2Z

v mdi(xy — T1) - nZe(ry — I) N pz(z — %)
Ty T z

= m(ozlz — lel — P1T9 — 9(1 — Z))(.Tl — .’IH) + ’I’L(Ozgz — ﬁgl‘g — pgﬁcl)(l‘g — fg)
+p(—kxy +9(1 — 2) — dz1)(2 — %) + popxi(z — %)/ 2
= m(al(z — 5) — ,31(1'1 — .’Evl) - pl(fEQ - fQ) + 9(2’ - 5))(1‘1 - f1>

+ n(az(z — 2) — Ba(z2 — T2) — pa(z1 — 21)) (22 — 22)

+p(—nlan — ) =9z = 2) — bl — 2))(z = 1) + (2 = (o~ 2

= —mBu(z1 — £1)% — (s — 33)? — p(¥ + gb-:—;)(z _ 3
+ (s +6) = pls + 6 — D)@ — #2)(z — £) — (mpy +npa) (a1 — 0) (&2 — )
+ nag(ﬂfg — x})(z - 5)

= —mBi(z1 — )2 — nBa(zs — 52)? — p(d + %)(z %

— (mp1 + npg)(xl - .’Eul)(l‘g — fz) + ’naz(.’liz - 172)(2 — 5)

< X'BX,
(3.68)
VY llerc
T1 — T
X = T9 — fz ) (369)
z—Z
—-m@ AR l;m 20
B = —ImpLnps 1;” 2 —nﬂg %2‘ ) (370)
0 n2 —p?
and X* denotes the transpose of X.
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The characteristic equation of the matrix B in (3.63) is given by
)\3 +’7'2)\2 +7'1)\+7'0 = O,

where

Ty = mfB + nbz + pY,

mp; +n no
71 = mnB Bz + mpBiY + npfad — ( A 5 p2)2 —( 22)27
N mpy + np2

Ty = mnpB1 B0 — mﬁl(T)z - 1”9(_—‘2—)2-

Theorem 3.17. The 3-dimensional equilibrium E, .,.(21, 22, Z) and consequently
Fri0y2(21, T2, 2) is globally asymptotically stable with respect to solutions initiating

in the interior of RY __if

4221 (0 + 01 ) (G182 — p1p2) — 51;01043(1 —%)>0. (3.71)

Proof:
We observe that if (3.64) is satisfied then

Blﬁg — p1Pp2 > 0. (372)
We also know that the characteristic equation of the matrix B in (3.63) is given by
N4+ A+ 1 =0,

where

Ty = mBy + nfs + pd,

mp1+n no
i = mngf + mppyd +npfyd — (TR (222
nosg mpy + np2

To = mnpBi G2 — mﬂl(“Z—)2 - Pﬁ(_z——“‘)z-
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Clearly
=mp +nfs + pd > 0.

Also

70 = mnpBi a9 — mby @P — pi(

_m pﬂlﬁlﬁzﬁ
h p2 mi(

mp1 + NPy )2

2

T2 — pi(mp )’
m? 5

= 21‘5%‘(419,0102515279 mpB1pias — Appi p3d)
m2

= 4—/)3(4]90102?9{5152 - PlP2} mﬂlplag)

2

= 73102000 + @) {81k — prpe} — frprod S %)
m29

= = (4/021’1(9 + a1) {6152 — prp2} — Biproa(1 — £))

> 0.
Similarly,
mpy -+ nP2)2 _ (@
2 2
= (mnp1B; — (mp1)?) + (npBed — (n—;@)z) + mpBd
m*p1(8182 — p1pa) | To + pd(mp1)*

= + + mpF9
P2 mbi

71 = mnB1 82 + mpBid + npBa¥ — (

)2

> 0.
Lastly,

m?p1 (8182 — p1p2) LT + pd(mp;)?
P2 mby

m?p1 (6182 — prp2) + mpB9} + pd(mp;)?

TaT1 — To = {mB1 + nf + pdH{

+mpBid} — 1o

= (nf2 + pd)1 +mBi{

> 0.
Hence by the Routh-Hurwitz criterion (Theorem 1.3), all the eigenvalues of B have

negative real parts. That is X*BX is negative definite by Theorem 1.4. 0O
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3.6 Existence of interior equilibrium

In this section we shall present results on persistence, uniform persistence and finally

give sufficient criteria for the existence of a positive interior equilibrium F*(z7, 25, y*, 2*).
Theorem 3.18. Assume that the system given by Equations (3.1)-(8.4) is such that
1. Bin =76 >0, ayn— 7€ >0 and 016 — 51§ > 0

2. Fy,.(71,0,0, 2) is a hyperbolic saddle point and repelling in the x5 and y-directions
locally (c¢f. Theorem 3.7)

3. Fryo ,5,0,1) is a hyperbolic saddle point and repelling in the x-direction
locally (cf. Theorem 3.9)

4. Fp . (21,0,9, 2) is a hyperbolic saddle point and repelling in the xo-direction (cf.
Theorem 3.10)

5. Fp 5 (21,22,0,2) is a hyperbolic saddle point repelling in the y-direction (cf.
Theorem 3.12)

6. The 3-dimensional equilibrium Fy,.,,(21, 2, 2) and consequently F, .,.(21, o, 2)

18 globally asymptotically stable with respect to solutions initiating in the interior
of RY

TiXT22"

Then the system given by Equations (3.1)-(8.4) exhibits uniform persistence.

Proof:

The proof of this theorem will be done using Theorem 1.9 (Butler and McGehee)
as we did in the proof of Theorem 2.18.
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We have shown in Theorem 3.1 that if condition 1 is satisfied then A = {(z1, 22, ¥, 2) :

o — a1n—mg
0<2 <MO<zp < %;,O <y < N,0<z <1}, where M —ma:r(%f, ﬂin—vié)

and N = ma:z:(a“;;fl&, ‘;if}:gig) is positively invariant and any solution initiating

at a point in R}, = will eventually enter A and hence, is eventually bounded (dis-

sipative).
We have also shown that the only compact invariants sets on the boundary of

R;m@yz are F0(07 07 07 0)7 Fz(07 07 07 1)7 Fz1z(fl, 07 07 Z), Fzzz(o, %7 O) 1)) Fm1yz(f17 07 g7 2)7

and Fy 4. (21, 25,0,2). Let F* = (2}, zo*, y*, 2*) with 27 > 0,25* > 0,y* > 0 and

z* > 0 be a point in the interior of R} and O(F™) be the orbit through the point

T1L2YZ

£, The proof of the above theorem is completed by showing the following:

1. F4(0,0,0,0) ¢ Q(F*).
2. F,(0,0,0,1) & Q(F™).
3. Fy.(31,0,0,2) & Q(F™).
4. Fy.(0,%2,0,1) ¢ Q(F™).
5. Fiyo(21,0,7, 2) ¢ Q(F™).

6. Fiiay.(21,25,0,2) ¢ Q(F*).

7. No other point on the boundary of R} belongs to Q(F*).

T122Y2

We have shown in Theorem 3.4, that F4(0,0,0,0) is a topological saddle point, hence
the proof of the above facts (1)-(7) follow similarly as the proof in Theorem 2.18.
The fact that boundary flow of the system (3.1)-(3.4) is acyclic and isolated is also

similar to the proof in Theorem 2.18. a
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Theorem 3.19. If all the conditions Theorem 3.18 are satisfied, then the system given
by Equations (3.1)-(5.4) exhibits uniform persistence and contains an equilibrium of

the form F* = (xF, x:*, y*, 2*) with xf > 0,22* > 0,5* > 0 and z* > 0.

Proof:

This is a direct consequence of Theorem 3.18. O

3.7 Criteria for extinction of normal agriculture

and industry

In this section, we shall derive sufficient conditions for the extinction of both normal
agriculture and industry. This corresponds to a situation where there will be no
cultivation of land, production of crops and raising of animals for human consumption.

In order to obtain the conditions for the total extinction of both normal agri-
culture and industry, we use a Liapunov function to establish criteria for the global

asymptotic stability for the equilibrium F,,(0, 2,0, 1) with respect to R} We

T122Y2"
choose the Liapunov function V = V(xy, zs,y, 2) as given by
V =maz; + n{xy — 2 %2 ln(ﬁzxz)} +py +q(z — 1 —In(2)). (3.73)
B2 B2 Q2

The derivative of (3.73) along the solution curves of system given by Equations (3.1)-

(3.4) is given by
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V= mx1+—(a:2——)+py+q (z—1)
T2 Ba

=m(onz — b1 + Ny — pTa — O(1 — 2))x1 + n(0apz — Boy — Yoy — paz1) (T2 —
Q¢(Z — 1)931

z

Qa2

B

p(—€ —ny +dz1)y + ¢(—rz1 + 91 — 2) — dz1)(2 = 1) +
o

= —mpa] — nby(zs — (;z) —pny —q(19+gzs =)z —1)? +$1($2*6—2)(*mm—n/32)

22 ) + nas(zy — —-)(z - 1)

+ zyy(my; + poy) + z1(z — V)(m(as + 8) — gr) — nyy(z —
P2 Be

Bary — 101012)

— p&y +m( %

(3.74)
Now suppose y; < 0, that is the normal agricultural growth can only be enhanced by

the ecosphere. Suppose also that .1 — prag < 0. Then from (3.74), we have

V < —mpya — nBa(zs - %)2 —py? — q(9 + %)(z —1)*
+ x1 (29 — %)(—mpl —npg) + z1y(my + pdi) + z1(z — 1)(m(oy + 0) — gr)
— nyy(x — E) + nag(xzs — E)(z —1).

(3.75)

Now we choose m,n,p and ¢ positive constants such that

1 —Y1 oy + )
p= 3 q= .
p1 p2 01p1 Kp1
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Then from (3.68) we have

. o xz
V < —mpat — nfa(xs — 5—2)2 —pny® —q(9+ %)(z -1)?
2
Qo Qg 85
—221(22 — =) — npy(r — =) + nag(ze — = )(2 =1
1( 2 /82) /72y( /32) 2( 2 /82)( )
Q «
< —mBiat — nf(ze — =) — puy® — q¥(z — 1)2 — 22 (23 — =2) — nyay(
B B2
+ nag(zs — =2)(z — 1)
B2

= X'BX,

where _ _
Ty
xo |27 E |
Y
z—1
—mﬂl —1 0 0
g | U ome o |
0 =2 —pn 0
L 0 nz 0 —q¥

Qg

(3.76)

(3.77)

(3.78)

and X* denotes the transpose of X. Let D; denote the sequence of principal minors

of the matrix B. Then

Dy = —mﬁl < 0,
—m -1 —
Dy = det B _ B152 — p1p2
—1 —nlﬁz P1P2
—mﬁl -1 0
Dy=d ne | = D2y
g=det | -1 —nfy -=2 | =-pnD2+ mﬁ1(7) ;
0 -5 -py
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-1 —ng -1z o2

Dy = det & 2 2 = —q¥D35 — mpﬁm(@)? (3-82)
0 - —py 0 ?
0 2 0 —qv

Theorem 3.20. The real symmetric matriz B and consequently the quadratic form

X'BX in (3.82) is negative definite if Dy > 0.

Proof:

Suppose Dy > 0. Then from Equation (3.82), we have

no
~q0Dy > mpfun(—2)°.
Therefore we have D3 < 0. Also if D3 < 0, then from (3.81) we have

n7ya )2_

p’l’]Dg > mﬂl ( 7

Hence we have Dy > 0. Thus we have the following:
D1<0, D2>0, l)g;<07 Dy >0

for the symmetric matric B. Hence by Frobenius theorem (Theorem 1.5), B is negative

definite. O

The above theorem leads to the following theorem which is the main result of

this section.

Theorem 3.21. Suppose
1. 1 <0,
2. Bron — prag <0,

138

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3. Dy > 0.

Then the equilibrium F,,,(0, %,0, 1) is globally asymptotically stable with respect to

R} .,y i€ both normal agriculture and industry will become extinct.

3.8 Ciriteria for extinction of renewable agricul-

ture and industry

In this section, we shall derive sufficient conditions for the extinction of both re-
newable agriculture and industry. This corresponds to a situation where all wildlife,
forest,birds, ete. have become extinct as a result of human normal farming activities,
a situation that can be harmful to the the production or crops and raising of animals
(i.e. normal agriculture).

In order to obtain conditions for the total extinction of both renewable agriculture
and industry, we use a Liapunov function to establish criteria for the global asymptotic

stability for the equilibrium F,, ,(71,0,0, 2) with respect to R}

T1X2Yz*

We choose the

Liapunov function V = V(x1, 22,9, z) as given by
V=m{z,—21 — % ln(g_—l)} +nro+py+g{z—2— zln(g)}. (3.83)
1

The derivative of (3.83) along the solution curves of the system given by Equations
(3.1)-(3.4) is
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. ma . . gz _
V=—1(z —fl)+nx2+py+g—(z—z)
T Z
= m(OL‘IZ — lel + Y1Y — P1T9 — 0(1 — Z))(l'l - .’LTl)

+ (a2 — BaTa — Yoy — pat1)T2 + p(—€ — Ny + 6z1)y

qd(z — Z);
z

_ T _ _
= —mBi(z1 ~ 21)* — nfaxy — pny® — q(¥ + ¢1;§)(z —2)* + (21 — 1)z2(~mp1 — np2)

+g(—kzy + (1 — 2) — 1) (2 — 2) +

+ (z1 — 21)y(mm + pd1) + (z1 — 1) (2 — Z){m(ar +0) — gk + ¢ — %)}

+ Zoy(—nye) + 22(2 — Z)(naw) + n(aez — pe®1)xe + p(—& + 81751 y.
(3.84)

Now suppose
1. 0122 — pgfl < 0,
2. —f + 51f1 < 0.

We observe that the above two conditions are necessary and sufficient conditions for

the equilibrium F, .(#1,0,0, %) to be locally asymptotically stable (Theorem 3.6).

Then from Equation (3.84) we have

. - x _ _

V < —mpi(z; —41)* — nfozs —pny® — q(9 + ¢1;§)(2 —2)% + (z1 — ©1)z2(—mpy — npo)
+ (@ = @)ylmon + ph) + (21— 72) (2 — 2){mlon +6) — gl + 6~ D))
+ Zoy(—nv2) + 22(2 — Z)(nay)
< —mBi(z1 — 21)° = nfazi — pny® — q(z — 2)% + (21 — £1)z2(—mp1 — 1p2)

)}

+ (z1 — Z1)y(my + po1) + (z1 — 71)(z — 2){m(ay + 0) — q(k + ¢ — 3

+ 2oy (—ny2) + 22(2 — Z)(naw).
(3.85)

140

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Now we assume y; < 0 and choose m,n,p and q positive constants such that

1 1 - 0)z
S — - B (a1 +0)z

— T p= ’ - _ .
P p2 N (N T
Then from (3.85) we have

V < —mBy(z) — 71)* — nfox} — pny® — ¢z — 2)® — 2(z1 — 1)z + Tay(—n72)
+ z2(2 — Z)(nas)

= X'BX,
(3.86)
where _ -
1 — 21
x
X = 2, (3.87)
()
zZ—Z
I i
—mﬂl -1 0 0
-1 —nG -2z 2
B— b =0 % , (3.88)
0 —2 pn 0
0 ne 0 —q?

and X denotes the transpose of X.
Theorem 3.22. Suppose

1. <0

2. gz — pot; <0

3. —€+01, <0

4. det(B) > 0.
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Then the equilibrium F,, .(%1,0,0, 2) is globally asymptotically stable with respect to

R} ..o i-e. both renewable agriculture and industry will become extinct.

Proof:
See the proof of Theorem 3.20 in §3.7.

3.9 Ciriteria for extinction of industry

In this section, we shall establish sufficient conditions for the total extinction of
industry. We do this as before, by using a Liapunov function to establish criteria for
the global asymptotic stability of the equilibrium Fj,,,, (2, 22,0, 2) with respect to

R 1,y We choose the Liapunov function V = V(z1,22,y, 2) as given by
V=m{z,—21-2 ln( IV g — 2 — ln( )}+py+q{z Z—ZIn(< )} (3.89)
L'y

The derivative of (3.89) along the solution curves of the system given by Equations

(3.1)-(3.4) is

mx . nx . ) z o
V= 1(331—1’1)+—2($1—$2)+py+q?(z—z)

I T2
=m(a1z — Biz1 + My — prz2 — 0(1 — 2))(z1 — 41)

+ ez — BoT2 — 1oy — p2x1)(T2 — B) + p(—€ — 1y + d71)y
qd(z — 2)7

+g(—krz) + 91— 2) — ¢z1)(2 — 2) + .

= —mBi(z1 — 11)* — nfy(zs — 2) — py® — q(¥ + 9251;’;5)(2 - 2)?
+ (z1 — 21)(22 — 25)(=mp1 — npy) + (21 — 1)y (my1 + pdy)
+ (21 — 21)(z — £){mla; +0) —q(k + ¢ — %)} + (zg — 2)y(—ny2) + p(—€ + 6121)y

+ (22 — 25)(z — 2)(nay).
(3.90)
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If we assume that Fj ;. (27, 22, 0, £) is locally asymptotically stable (i.e. —€+6;27 < 0

by Theorem 3.13) and -; < 0 and then choose m,n,p and q positive constants such
that

pr p2’ 011 (k+¢)2—¢)p1’
then from (3.90) we have

V < —mBi(zy — 71)° — nBa(a — 2) — pny® — g9z — 2)* — 2(z, — &) (22 — o)

+ (22 — 22)y(—nre) + (22 — 22)(2 — Z)(nay)

= X'BX,
(3.91)
where _ -
Iy — {fl
To — &
x=|"7 7|, (3.92)
y
z—Z
-1 —n, .y nag
B— Ba 22 | (3.93)
0 /Y
| 0 no2 0 —qv |
and X* denotes the transpose of X.
Theorem 3.23. If
1. 11 <0
2. det(B) >0
3. Fpiwy.(21,29,0, 2) is locally asymptotically stable with respect to R;wzyz,
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then Fy ,,.(21,22,0, 2) is globally asymptotically with respect to R},

T1x2YZ"

Proof:
See the proof of Theorem (3.20) in §3.7.

3.10 Criteria for extinction of renewable agricul-

ture

In this section, we shall establish sufficient conditions for the total extinction of
renewable agriculture. We do this as before, by using a Liapunov function to establish
criteria for the global asymptotic stability for the equilibrium F,,,(21,0,9, 2) with
respect to R, ... We choose the Liapunov function V = V'(z1,%,, 9, 2) as given by
V=m{z, -1 — 1) ln(%)} +nzo+ply—9— gjln(%)} +q{z—%2—% ln(—j;)} (3.94)
The derivative of (3.94) along the solution curves of the system given by Equations

(3.1)-(3.4) is

144

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A mI o “ ' ~ 'é ~
V= _““1(5171 — 1) +n$2+1—7g(y—y)+q—(z—z)
I Y z
=m(a1z — Bz + Ny — ;xe — 0(1 — 2)) (21 — 21)

+n(oez — Ba%y — Y2y — p2x1)Z2 + p(—€ — Ny + 0z1)(y — )

qp(z — Z)11
z

= —mfy(a — 1) — nBoal — pnly — §)° = g0 + b1 3) (= — )

+g(—kzy + (1 —z) — dz1)(z2 — 2) +

+ (21 — 2)z2(—mp1 — npg) + (21 — 21)(y — §)(mn + pd1)
+ (2= £z~ D{mlar +0) = g5+ 6= D} + maly — (=) +2a(z — 2)(ny)
+ n(agé — ’Ygg — pgfl)l‘g.
(3.95)
If we assume that asZ — 19y — p2#y < 0 (a condition required for this equilibrium
to be locally asymptotically stable, see Theorem 3.11) and 43 < 0 and then choose
m,n,p and q positive constants such that

m-I n:_}_ p_-——_’yl g = (og +6)2
p2’ d1p1’ ((k+¢)2—d)pr’

=
Then from (3.95) we have

V < —mBi(z1 — 71)% — nBaxl — pn(y — ) — ¢z — 2)? — 2(a1 — 3122

+ x2(y — §)(—n2) + 22(2 — 2) (no) (3.96)
= X'BX,
where i i
Ir1 — I
Z2
X = , (3.97)
y—vy
z—Z
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[ n
-mp; -1 0 0
1 —nB, —D2 12
B— b =50 5 , (3.98)
0 -2z -pn 0
0 ne2 0 —qv

and X* denotes the transpose of X.
Theorem 3.24. If

1. 1 <0

2. det(B) >0

3. aaZ — oy — p221 < 0,
then Fy,,.(21,0,7, 2) is globally asymptotically with respect to R}

T1T2YZ"'

Proof:
See the proof of Theorem (3.20) in §3.7.

3.11 Numerical examples

In this section we describe some examples to illustrate some of our results. In all
of these examples, parameter values are chosen for numerical convenience to illus-
trate mathematical results and may not represent any actual agricultural-industrial-
ecospheric systems. As a result the numerical values of the numerical output of
our computations arc not significant (i.e. we are just interested in the qualitative

behaviour of the numerical output).
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3.11.1 Example 3.1

In this example, we set
ap =3, (1=1/10, v =-1/49, p=1/10, 6=6/5

Qg = 17 52 = 1/107 Y2 = 1/107 P2 = 1/57
=1, n=1/20, 6=1/4, k=2 ¥=2 =1

In this example the possible set of equilibria for the system is F4(0, 0, 0, 0), F,(0, 0,0, 1),
F;,,(3.7499,0,0,0.3751), and F,,,(0,10,0,1). Here F;,,(3.7499,0,0,0.3751) is glob-
ally asymptotically stable with respect to solutions initiating in the interior of R/, .

(see Figure 3.3). Also all the conditions of Theorem 3.21 are satisfied and hence re-

newable agriculture and industry become extinct.

3.11.2 Example 3.2
We set
=2, Bi=1/10, y=-1/49, p =1/10, 6 =6/5
as =3, [=1/10, ~ =1/10, ps=1/25,
E=1/4, n=1/20, 6=1/4, k=2, 9=2, ¢=1L

In this example the possible set of equilibria for the system is F5(0, 0, 0, 0), F,(0,0,0, 1),
Fy,.(1.7142,0,0,0.4286), F,.(0,30,0,1) and F,,,,(1.5374,0,2.6874,0.4402). More-
over, I;,.,(0,30,0.,1) is globally asymptotically stable with respect to solutions initi-
ating in the interior of R, . (see Figure 3.4). Further more all the conditions of

Theorem 3.20 are satisfied and hence both normal agriculture and industry become

extinct.
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3.11.3 Example 3.3

In this example, the coefficients are given by the following:
ap =2, B =1/10, v =-1/49, p;=1/50, 0=6/5

a2:2, 82:1/107 ’)’221/10, p2:1/50,
£=1, n=1/5, 6=1/4, k=1, ¥=2, ¢=1

The equilibria for the system are F4(0,0,0,0), F,(0,0,0,1), F,,,(5.4545,0,0,0.5455),
Fyy2(5.2118,0,1.5149, 0.5476), F,,,(0,20,0,1), and F,.,,(3.9153, 10.4722, 0, 0.5632).
Fr14,2(3.9153,10.4722,0,0.5632) is globally asymptotically stable with respect to so-
lutions initiating in the interior of R}, . (see Figure 3.5). We note observe that all

the conditions of Theorem 3.22 are satisfied and hence industry goes extinct.

3.11.4 Example 3.4

Here, the coefficients of the model are chosen as:
o =2, [ =1/10, v =-1/49, p;=1/50, 0 =6/5

(12:2, ﬁgzl/lo, ’)/2:1/10, p2=1/50,
£=1/4, n=1/20, 6§=1/4, k=1, 9=2, ¢=1L

The equilibria for the system are Fy(0,0,0,0), F3(0,0,0,1), F,, ,(5.4545, 0,0, 0.5455),
F,2(0,20,0,1), F;,,.(3.5724,0,12.8617, 0.5686) and F,,,.(3.9159, 10.4733, 0, 0.5629),
with Fy,,.(3.5724,0,12.8617,0.5686) being globally asymptotically stable with re-
spect to solutions initiating in the interior of R} (see Figure 3.6). Also all the

T1T2YZ

conditions of Theorem 3.23 are satisfied and hence renewable agriculture goes extinct.
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3.11.5 Examples 3.5: Persistence

In this subsection, we choose the parameter of our modelled system such that the

system persists. In these examples, the coeflicients are given by the following:
ay =2, [ =1/10, pp=1/50, 0=6/5 ~ =-—1/49

CMQZQ, /32:1/10, ’)/221/10, p2=1/50,
£=1/4, 75=1/20, §=1/4, k=2 ©9=2 ¢=1
We obtain the following equilibria: Fy(0,0,0,0), F,,.(0,20,0,1), F,,,(1.7142,0,0, 0.4286),
Fyy,(1.5374,0,2.6874,0.4402), F,(0,0,0,1), Fj0,,(1.2133,9.1589,0,0.4704) and
Fryany=(1.2126, 8.0033, 1.0606, 0.4703). In this case, Fy s,y (1.2126,8.0933, 1.0696, 0.4703)

is globally asymptotically stable with respect to solutions initiating in the interior of

R} (see Figure 3.7).

r1xyYyz
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Figure 3.3: F,,.(3.7499,0,0,0.3751) is globally asymptotically stable, that is both

renewable agriculture and industry are driven extinct.
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Figure 3.4: F,,.(0,30,0,1) is globally asymptotically stable, that is both normal

agriculture and Industry are driven extinct.
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Figure 3.5: Fy,.,.(3.9153,10.4722, 0, 0.5632) is globally asymptotically stable. Indus-

try is driven extinct.
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Figure 3.6: F},,.(3.5724,0,12.8617,0.5686) is globally asymptotically stable. Renew-

able agriculture is driven extinct
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Figure 3.7: F, 4,,.(1.2126,8.0933, 1.0696,0.4703) is globally asymptotically stable.

The system persists.
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3.12 Summary and conclusions

In the preceding sections of this chapter, we used mathematical model to discuss the
interaction between a natural environment (i.e the ecosphere and renewable agricul-
ture), our normal farming activities (i.e normal agriculture) and industry as related to
agriculture. We used mathematical tools such as differential equation analysis, per-
sistence theory, Liapunov functions and linear systems theory to analyze our model.

We explicitly recognize agriculture as being of two parts: (a) normal agricul-
ture which is cultivation of land, raising of animals and cultivation of crops and
(b)renewable agriculture which comprises of naturally occurring agricultural prod-
ucts on earth that can replenish itself such as the natural populations of fish, wild
animals, trees and forest. By separating agriculture in to these two parts, we are able
to throw more light into the question of sustainabilty. Unlike the model in previous
chapter, where we were able to determine under what conditions agriculture (that
is both normal and renewable) go extinct, in this chapter we were more precise in
determining which part of the agriculture will go extinct and conditions under which
it occurs. In this chapter also, we were able to determine the conditions under which
natural environment (i.c. the ecosphere which is the quality of the environment and
renewable agriculture) will be degraded or depleted. This aggregate is one of the key
components of sustainabilty which most people are interested in studying.

We established sufficient conditions under which the equilibrium F,,, = (0, 2,0, 1)

' By
is globally asymptotically stable with respect to R;fmyz in Theorem 3.21 of §3.7. Un-
der the conditions of Theorem 3.21, both normal agriculture and industry go extinct,
the ecosphere grows to the maximum possible level it could ever attain (its carrying
capacity) and renewable agriculture such as populations of fish, wildlife, trees and

forest grows to its carrying capacity. The first condition of Theorem 3.21 which is
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71 < 0 (i.e. the per asset terms of trade rate coefficient between normal agriculture
and industry is negative) can be interpreted economically as a net loss by normal agri-
culture during the transfer of assets between industry and normal agriculture. The
second condition, % < %f simply says, the net growth in assets of normal agriculture
is less that that renewable agriculture. The third condition is complex to interpret.
Thus in order to preserve the natural environment at its highest possible quality level

in the long term, at least the above two conditions has to be met.

Criteria for the extinction of both renewable agriculture and industry (i.e. the
global asymptotic stability of F,,, = (21,0,0, 2)) was established in Theorem 3.22
of §3.8. We stated some of the negative effects an economy may experience if its
industrial assets go extinct, and these effects can easily be seen in developing countries
(see section 2.13). Such effects on normal agriculture and the ecosphere can not be
over emphasized. We note that the natural environment which is normally referred
to as natural home or infrastructure of human societies by Geoffrey Heal [40] is made
up of the ecosphere and renewable agriculture. Thus driving renewable agriculture to
extinction implies destroying our vegetation, forest, animals, birds and fisheries. In
fact a total loss of biodiveristy will occur. This is a fact which was easily established
using our system of differential equations, but this is not just a mathematical fact

but a real life fact and this has been one of the major concerns of environmentalists.

Criteria for the extinction of industrial assets only is established in §3.9 Theorem

3.22 and the extinction of renewable agriculture only is given in §3.10 Theorem 3.23.

In §3.6 Theorem 3.18 and 3.19, we established sufficient conditions for the persis-
tence of the system and the existence of an interior equilibrium F, ... (23, 25, y*, 2%).
Theorem 3.18 and 3.19 give us the hope that if we understand the dynamics of the

interaction between agriculture, industry and the ecosphere very well, then we can at
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least preserve the system to some extent over a long period of time.

The main purpose of the model in this chapter was to study and discuss sus-
tainable normal agriculture which in turn leads to sustainable natural environment
and industry. Our model suggests that our present farming activities can lead to ex-
tinction of renewable agriculture and industry, extinction of normal agriculture and
industry, extinction of industry only, extinction of renewable agriculture only and can
also lead to persistence of the entire system depending on the way we perform our
normal farming activities and our understanding of the way agriculture, industry and
the ecosphcere interacts. Thus our model suggests that the problem of agricultural
sustainability can best be handled if we actually learn to understand the interaction

of agriculture, industry and the ecosphere and the effects of each of these assets on

each other.
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Chapter 4

A Model Incorporating

Competition for Land

4.1 Introduction

There is a worldwide increase in awareness of the importance of “foresting” growth,
and in maintaining the integrity of existing game ranches, national reserves and parks
and recreation (i.e. renewable agriculture). As a result many environmentalists are
fighting worldwide to either increase the land for renewable agriculture or to maintain
the current existing ones.

Similarly, as the world’s population grows (rapidly in some regions), there is an
increase in demand for meat and useful plant biomass (i.e. normal agriculture) for
sustenance. But an increase in demand for useful plant biomass and animals amounts
to either increasing land for farming or to increasing yields of useful plant biomass
and animals per acre of farm land. While the latter has been the common practice in

most developed countries, the former can be found in both developed and developing
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countries [43]. Thus one can say that increasing the demand for normal agriculture

to produce more leads to an increase in the demand for more land for farming.

It is evident from the aforementioned that one of the key components underlying
the study of sustainable agriculture, industry and environment is competition for
land. There is an increase in competition for land between preserving, retaining,
restoring and sustaining the natural ecosystem in which all living organisms live, and
agriculture and industry. This is a fact that one hardly comes across explicitly in

most of the studies in agricultural and environmental sustainability.

A model that will describe the interactions between agriculture, industry and
the environment competing for land is complex and involves a system of five or more
differential equations. As a result of this complexity, in this thesis we will consider as
an approximation. a competition for land model involving two farming groups within
a locality. A case in point is say, the two farming groups in Wheatland County of
Southern Alberta, Hutterites and non-Hutterites. We leave more complex models to

future research.

Hutterites have a different culture from non-Hutterites. They live in a separate
community with their own schools going only to grade 8. There is no private pos-
session of propertics among Hutterites. They are the largest family-type communal
group in Canada. They usually live on large acreages of communally owned land
and maintain a high degree of geographic isolation so as to maintain their religious
and cultural structure. Their religious and cultural structure is characterized by the
economy of human effort, communal sharing of wealth and property, a high degree of
security for the individual, large-scale farming, larger families, proper and effective
upbringing of their youth, German dialect and modest traditional dress [42]. Hut-

terites in gencral only acquire land and do not sell land for religious and cultural
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reasons. This is certainly the case of the Hutterites in Wheatland County.

Hutterites can also be found in other parts of North America such as Saskatchewan,
Manitoba, British Columbia, North and South Dakota, Minnesota, Montana and
Washington. There are many other groups which interact similarly. Some of these
groups are the Mennonites of British Columbia and Manitoba; Amish of Pennsylvania
and Illinois; Amana colonies in Iowa; and Doukabours of British Columbia. Thus the
case of Hutterites in Wheatland County, Alberta, Canada is representative of a more
general concern. We consider the case of Hutterites in Wheatland County because

we have more data on them as compared to the other groups.

Wheatland County is bounded on the north by Kneehill County, on the north east
by the Red Deer River, on the south east by the county of Newell No.4, on the south
by the Bow River and on the west by the Municipal District of Rockyview No. 44.
In this county, there is competition for land mainly between Hutterite colonies and
very large commercial private operations. There is however, a third group which is
individual farmers, but most of them have given up their lands to either Hutterites or
large commercial private operations because of the unusually high cost of land. Land
is costly due to pressure from Hutterite colonies to expand, i.e. form new colonies
and therefore bid higher than the otherwise market value of land. Also Hutterites
usually want to live close to each other and as such do not often want to move to
other places and so bid higher prices for the land near to their existing colonies. In

cases where individual farms exists, they will be counted among the large commercial

private operations.

There are about 7030 parcels of land in Wheatland County, each measuring about
a quarter of a square mile (i.e 1/4mile® or 160 acres) excluding the Siksika Nation

Reserve on the north of Bow River. In 1998, Hutterites owned about 700 parcels of
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the land in Wheatland county. This number increased to about 775 parcels of the

land in 2001 and remained almost unchanged in 2005.

The main purpose of this chapter is to present and analyze a mathematical model
for the competition for farm land by two farming groups, A and B in a given area.
In the next section, we discuss the model, and in the section thereafter dissipativity
and boundedness criteria are given. In §4.4, we determine all the equilibria for our
model. We discuss the local stability properties of all the equilibria in §4.5 and global
stability of the interior equilibrium is studied in §4.6. Criteria for the extinction of
industrial assets and one of the agricultural assets is given in §4.7 and §4.8 respectively.

Numerical examples are given in §4.9 followed by discussion and conclusions.

4.2 The model

In this section, we present a mathematical model for the competition for farm land
by two farming groups, A and B in a given area. The model consists of a system
of four ordinary nonlinear differential equations. Let z,(t) represent the agricultural
assets of farming group A, x.(t) the agricultural assets of farming group B, y(¢) the
industrial assets, and z(¢) the percentage of land in the given area owned by farming
group A at time £ > 0. Thus, the percentage of land in the given area owned by
group B at time ¢ > 0 is 1 — 2(t). We consider z; and z, as competing for farm land
and consider y as a predator capable of destroying or enhancing both z; and x5, but
one which has more effect on z, than on z;.

We suppose that the generation of industrial assets encounters both fixed and
variable expenses independent of the land and both agricultural assets. We further

suppose that the industrial assets are enhanced by both agricultural assets, but the
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enhancement by x5 is higher than that of x;. We assume that the percentage of
land owned by group A can only grow because group A farmers do not ever sell
land for cultural and religious reasons and that this growth is bounded above by its
limiting factor or carrying capacity. Since the land for any given area is bounded and
the growth in agricultural assets depends on land, we assume that in the absence of
industry, the growth in both x; and x5 will be bounded, that is the law of diminishing

returns applies.

The above reasoning motivates the model given by the following system of equa-

tions
%1 = 21[f(2) — Biz1 + pyy] (4.1)
Ty = 22[g(1 — 2) — Bozz + VY| (4.2)
¥ = y[—€ —ny + 6(z2 + 1)) (4.3)
2= azz (1 - Ki) (4.4)

z

with initial conditions z19 = z1(0) > 0, 1z = z2(0) > 0, 1y = y(0) > 0,
0 <2 =2(0) <K, <1, where 0 < p,g < 1. All parameters are assumed to be pos-
itive except v which can be any real number. f(z) is the growth rate function of z;
due to group A agricultural activities on z, (; is the per asset diminishing returns rate
coefficient for z; in the absence of y, py is the per asset terms of trade rate coefficient
between x; and y, v is the per asset terms of trade rate coefficient between z, and
Y, 9(1 — z) is the growth rate function xo due to group B agricultural activities on
(1 — 2), 32 is the per asset diminishing returns rate coefficient for z» in the absence
of y. £ and n are the constant and linear depreciation rate coefficients of industry, ¢
is the per asset growth rate coefficient of y in dealing with 25 and K, is the carrying
capacity for z. In interpretation of Hutterites and non-Hutterites, z; would represent

the agricultural assets of Hutterites.
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The following additional hypotheses are assumed to hold:

e In the absence of both land and industry, both z; and z, will go extinct, that
is £(0) = g(0) = 0.

e The growth in agricultural assets, x; of farming group A is an increasing function

of the percentage of land owned by group A, that is f'(z) > 0.

e The growth in agricultural assets, x of farming group B is an increasing function

of the percentage of land owned by group B, that is ¢’(1 — z) > 0.
e There exists a constant X,k such that f(1) = 8; Xik.
e There exists a constant Xox such that g(1) = 2 Xok.

o f(z) and g(1-7) are continuously differentiable on 0 < z < 1.

4.3 Dissipativity and boundedness

In this section, we shall show that the model equations are bounded and dissipative

with respect to a region in R;ylyzz for some given parametric configurations.

Theorem 4.1. If v is non-positive and —& + §(Xox + qX1x) > 0, then the system

given by Equations (4.1)-(4.4) is dissipative, with attraction region contained in

€+ 6(X X
A= {(£1,22,9.2) 0 < 2 < Xux,0 < 25 < Xorg, 0 < y < =0 "’n“q ) o< <K}
Proof:
If v <0, then from (4.1)-(4.2) we have
Ty < fro1(Xig — 21) (4.5)
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Lo < ,821'2(X2K - .IQ). (46)

Thus from (4.5), we have

z1(t) < max(z19, X1k)-

We observe from (4.5) also that #; < 0 for z1 > Xk, and hence we have

limsup z1(¢) < Xik-. (4.7)
t—00
Similarly, from (4.6) we obtain
limsup z2(t) < Xak. (4.8)
t—o00
Also from (4.4), we have
limsup 2(t) < K, (4.9)
t—00

since zy < K.

Similarly from Equation (4.3), we have

§ < =y —ny’ +8(Xok + ¢Xik)y

= —£+ 5(Xox + qX1x){1 e } (410
= oK T qAIK €+ 0(Xox + 4 Xox) Y.
Thus if —€ + §(Xox + qX1k) > 0, then we have
limsup y(t) < £ 6(X277K + 0 Xux) : O (4.11)
t—o0

4.4 Equilibria

In this section, we attempt to describe all the possible configurations of equilibria
for the system given by Equations (4.1)-(4.4). We are only interested in nonnega-

tive equilibria. We shall denote by F,(z1,z2,y, 2) the equilibria lying on the a-axis,
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Fop(x1, 22,9, 2) the ones in the positive (a,b)-plane, by Fyp.(x1,22,y,2) the ones in
the positive (a,b,c)-octant and by F*(z1, z2,¥, 2) the positive interior equilibrium of
the whole system whenever they exist.

The equilibria of the system given by Equations (4.1)-(4.4) are obtained by solving

the system of isocline equations

T2 [f(2) = Bz +pyy] =0 (4.12)
2o[g(1 — 2) — Baza + vy =0 (4.13)
y[—&—ny+d(z2+gz1)] =0 (4.14)

azzy (1 — Kiz) = 0. (4.15)

We observe that £((0,0,0,0) is an equilibrium.

4.4.1 Axial (one-dimensional) equilibria

(i) z—axis: 11 =23 =y =0 and z # 0.

Since z; = 0, from (4.4) we have Z = 0. Thus we have z = 2, a constant. Hence, there
exists a nonnegative equilibrium on the z—axis, which we denote by F;(0,0,0, z.).
(ii) z;—axis: z2=29 =y = 0and z; # 0.

Algebraic system (4.12)-(4.15) reduces to the equation
f(O) - ﬁliL‘l =0 =z;=0. (416)

This does not have a nonzero solution for x;. Hence there is no equilibrium on the
T1— axis.

(iii) zo—axis: x; =y = 2z = 0 and x5 # 0.
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Algebraic system (4.12)-(4.15) reduces to

g(1) = Bem2 =0, = 1y = Xok. (4.17)

Thus, there exist a nonnegative equilibrium on the z,—axis. Denote this equilibrium
by Fi, (0, Xax,0,0).
(iv) y—axis: 21 =29 =2 =0 and y # 0.

Algebraic system (4.12)-(4.15) reduces to

—£—ny=0. (4.18)

This does not have a nonnegative solution and hence there is no equilibrium on the

y—axis.

4.4.2 Planar (two-dimensional) equilibria

(i) (x1,22)—plane: z =y =0, z; # 0 and x5 # 0.
Algebraic system (4.12)-(4.15) reduces to the system

f(O) — Bz =0

(4.19)
9(1) — Bay = 0,

which has no positive solution for z;. Hence there is no equilibrium in the

(z1, z2)—plane.
(ii) (z1,y)—plane: z =z, =0, z; # 0 and y # 0.
Algebraic system (4.12)-(4.15) reduces to the system

f(0) = Bizy +pyy =0
0) = b (4.20)
— & —ny+dqz; =0,
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which possesses one and only one solution

Jg o B
pgYs — B’
_ pgy
=0 = ————.
F T pgyd = B
Clearly, § can only be positive if
pgyd — Bin > 0. (4.21)

It follows from (4.21) that the system (4.1)-(4.4) has no equilibria in the (z;, y)—plane
when v < 0. But if v > 0 then there exists an equilibrium, F, ,( BY (0, 5 ()

pgy6—Ppin’ 7 pgyd—pin’
provided (4.21) is satisfied.

(iii) (x1,z)—plane: y = zo =0, 2; # 0 and z # 0.
Algebraic system (4.12)-(4.15) reduces to the system

f(z) = Biz1=0
2 o (4.22)
- =¢
This has one positive solution given by z = K, and z; = ! (g"). This equilibrium
always exists and we represent it by lez(ﬂé{:—), 0,0, K,).
(iv) (x2,y)—plane: z =121 =0, z2 # 0 and y # 0.
Algebraic system (4.12)-(4.15) becomes
9(1) = Boza +vy =0 (4.23)
—&—ny+9dz,=0.
The system (4.23) possesses a unique solution given by
y=g=20%uw =8 (4.24)
Ban — 6
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and
Ty = Ty = E+ny _ BanXog — vE
) Ban — v6

We note that if § > 0 then so is @3. Hence we have the following theorem:

(4.25)

Theorem 4.2. Suppose that

(6 X2k — &€)(B2n — ¥6) > 0.

Then there exists a unique positive equilibrium in the (x2,y)—plane.

If this equilibrium exists then denote it by Fy,, (0, 8 22?57?5, & 25362);2_"; gg) ,0).
(v) (zq, z)—plane: y =21 =0, 9 # 0 and z # 0.

The system (4.12)-(4.15) reduces to the system

g(1 — 2) — Boxo = 0. (4.26)
But since z; = 0, we have from (4.4) that z = 2.. Hence, there is a nonnegative
equilibrium £, (0, g(lﬁ;f), 0, z¢).
(vi) (y, z)—plane: zo =1z =0, 2% 0 and y # 0.
The system (4.12)-(4.15) reduces to

—&—ny=0
. (4.27)
$1(1 - _k—) = 0.

This system does not have nonnegative solutions so there are no equilibria in the

(y, z)—plane.
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4.4.3 Positive octant (three-dimensional) equilibria

(i) (21,29, y)—octant: z =0, z; # 0,22 # 0 and y # 0.
Algebraic system (4.12)-(4.15) reduces to the system

f(0) — przi+pyy =0
9(1) = Boza +7y =0 (4.28)
—&—ny +6(z2 +gz1) =0,

which has one and only one solution given by

B1Ba(0 X2k — &)

y=9= B1Ban — 6¥(B1 + pafa)’ (4.29)
e B BBan — 0v(Br + paB2)’ (4.50)
2y — iy — 2Xox A0 B Xoxc(Byn — payd) — Bing (4.31)

Ba — B18on — 8v(Br + pafe)

Thus, we have the following theorem:

Theorem 4.3. There exists a unique equilibrium, Fy 4, (21,22, 7,0) in the positive

(@1, T2, y)—octant if v > 0 and [B182n — §v(B1 + paBe)|[6 Xax — £] > 0.

(ii) (z2,y, z)—octant: z; = 0, 35 % 0,y # 0 and z # 0.
The algebraic system (4.12)-(4.15) reduces to

g(1—2)— Baza +yy =0

(4.32)
—&—ny+dz, =0.
Also since z; = 0, we have z = 2,. Thus, we have
Z = 2z, (4.33)
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0g(1 — z.) — Ba€

e 7 4.34

Y Ban — 6 434
gl —z) —+€

Lo = To = . 4.35

’ ’ fBan — 0 (43%)

The above result leads to the following theorem:

Theorem 4.4. If [6g(1—z.)—B2£][Bon—78] > 0, then the system (4.1)-(4.4) possesses

a unique equilibrium, I, , ,(0, T2, Y, 2.) in the positive interior of the (x2,y, z)—octant.

(iii) (z1,y, z)—octant: zo =0, z; # 0,y # 0 and z # 0.
Algebraic system (4.12)-(4.15) reduces to the system

[(z) = Bz +pyy =0

—&—ny+dqz, =0 (4.36)
2

1——=0.
K,

Solving (4.36) for x;,y and z, we get

z=K, (4.37)

_ o 0qf(K:) — 5§ 438
YoV = T8 = pdy (4.38)
. nf(K.) =€ 9
Ty =1 = ————_—ﬁln —pq5’)/ . (43 )

We observe that if ¢ > 0 then so is 2. Hence, we have the following theorem:

Theorem 4.5. Suppose that [0gf(K,) — B:&][Bin — pedy] > 0. Then there ezists a

unique positive equilibrium in the positive (x1,y, z)—octant.

Denote this equilibrium by F,,,.(#1,0, 9, K,) if it exists.
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(iv) (21,29, 2)—octant: y =0, z; # 0,25 # 0'and z # 0.
Algebraic system (4.12)-(4.15) reduces to the system

f(z) =Bz =0
g(1—2) = oz =0 (4.40)
z

Solving (4.40) for z;,x2 and z, we get z = K,, 7 = f(g") and zo = ﬂlgz—K‘). This

equilibrium always exists and we represent it by Fxlzzz(%, %, 0,K,).
4.4.4 Existence of interior equilibrium, F*(z}, z2*, y*, 2*)

The interior equilibria of the system given by Equations (4.1)-(4.4) are obtained by

solving the system of isocline equations

f(z) = Bz +pyy =0 (4.41)
g(1 = 2) = oz + 7y =0 (4.42)
—§—ny+6(z2+qr1) =0 (4.43)

S (4.44)

Solving for z from (4.44), we get
z=K,. (4.45)

Substituting Equation (4.45) into (4.41)-(4.42) we obtain

f(K.) = Bz +pyy =0 (4.46)
9(1 = K,) — Bazz + vy = 0. (4.47)
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Solving for z; from (4.46) and z5 from (4.47) we get respectively

2, = [(K:) +pvy (4.48)
B
and
= S K)oy (4.49)
Ba

We observe from (4.48) and (4.49) that

1. if v > 0 and y > 0 then both z; and z; are positive,

2.ify<O0and 0 <y < mz’n(—f(p]fy’), —g(l;KZ)), then both z; and zo are positive.

Now substituting (4.48) and (4.49) into (4.43) and solving for y, we obtain

_ BiBof — 0[Bagf (K) + Brg(1 — K.)] (4.50)
Y5181 + paBa] — BiBany ' '

Thus, if {81526 — §[Geqf(K.) + Brg(1 — K)]H0[61 +pgBa] — B1Baen} > 0, then y > 0.

The above results lead to the following theorems:

Theorem 4.6. If v > 0 and

{51526 — 0[B2qf(K;) + Brg(1 — K.)|H6[B1 + pgfa) — B182m} > 0,

then the system given by Fquations (4.1)-(4.4) contains a unique interior equilibrium

of the form F* = (z7, z*,y*, z*) with 27 > 0,29 > 0,3* > 0 and 2* > 0.

Proof:

The proof follows immediately from above calculations.
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Theorem 4.7. If
1. v <0,

2. 51626 — 0102qf(K,) + Frg(1 — K,)] < 0 and

3 0<y=yx< mm(_f(g/z)’ _g(l;Kz))

then the system given by Equations (4.1)-(4.4) possesses a unique interior equilibrium

of the form F*(x7,zo*,y*, 2*) with x5 > 0,z2* > 0,y* > 0 and z* > 0.

Proof:

The proof follows directly from the above calculations.

4.5 Local stability analysis of equilibria

In this section, we discuss the local stability properties of all the equilibria determined
in §4.4. We shall assume all the conditions for a given equilibrium are satisfied. The
local stability properties of these equilibria are determined by the signs of the the real
parts of the eigenvalues of the variational matrix V of system (4.1)-(4.4) evaluated at

each equilibrium. The variational matrix V for system (4.1)-(4.4) is given by

f(z) = 2B1z1 + pyy 0 pYT1 z1f'(2)
v 0 9(1 = 2) — 2Boz2 + 1y Vo —z29'(1 — 2)
Sqy 5y —¢ — 2ny + 6(z2 + qz1) 0
I az(l - £) 0 0 azy (1 — ) |
(4.51)
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4.5.1 Local stability analysis of F;(0,0,0,0)

The variational matrix V about the equilibrium F4(0,0,0,0) is given by

[ 'T
0 0 0 0
0 1 0 0
Ve = | 0 9 (4.52)
0 0 —€0
0 0 0 0]

The eigenvalues of Vi, are given by 0,0, ¢g(1) and —¢. Thus, this equilibrium is non-

hyperbolic and unstable since g(1) > 0.

4.5.2 Local stability analysis of F,(0,0,0, z.)

In this case,

fz) 0 0 0
0 gl—z) 0 0
Ve, = gl = z) (4.53)
0 0  —¢o0
0 0 0 0

The eigenvalues are equal to the corresponding diagonal elements of Vg, , so the equi-

librium is non-hyperbolic and unstable, since f(z.) > 0 and g(1 — z.) > 0.
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4.5.3 Stability analysis of F,,(0, X2k, 0,0)

In this subsection, we consider the local and global stability properties of F,, (0, X2k, 0, 0).
The local stability properties of F, (0, Xox,0,0) are determined by the matrix

0 0 0 0
0 —BX X —Xokg'(1
Vi, = 242K YA2%k 2xg'(1) (4.54)
0 0 —& 4+ 0Xok 0
| 0 0 0 0

The corresponding eigenvalues of Vg, are 0,0, —§ + § Xox and —B2Xok. The equilib-
rium F,(0, Xog, 0,0) is non-hyperbolic and hence further analysis needs to be done
to determine its local stability properties if —£ + 6 X535 < 0. If on the other hand if
—&+0Xax > 0, then the cquilibrium F,, (0, X2k, 0, 0) is non hyperbolic and unstable.

Now, suppose —¢ + 6 Xox < 0. To determine the stability of F,(0, X2k, 0,0) in

this case, we choose a Liapunov function V' = V(z1, 25, y, z) defined by

V = ar, + b{.’L‘g - XQK s XQK h’l(—-xz—)} + cy + dZ,

4.55
P (4.55)

where a,b,c and d are positive constant to be determined.

The derivative of (4.55)along the solution curves of system (4.1)-(4.4) is given by
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V = agy + b2 (22 — Xox ) + cy + dz

Lo
= a(f(2) — Brx1 + pyy)z1 + b(g(1 — 2) — Baza + YY) (72 — Xog)
+ (=& — ny + 6(x2 + qz1))y + daz (1 — Ki)z
daz; ,

= —afhz] — bBs(zy — Xog)? — cny® — 2%+ (=€ + 0 Xok)y

K,
+ (apy + cgd)z1y + (by + 8) (22 — Xok )y + (af(2) + da)z1z + b3(2) (z2 — Xak )2

dox
< ~aﬁle — bBs(zg — XQK)2 I 7 12y (apy + cqd)x1y

+ (by + ) (z2 — Xox )y + (af(2) + da)z12 + b3(2) (22 — Xok)2,

(4.56)
where f(z) and §(z) arc defined respectively by

. &) 240

foy =4 ¢ (4.57)

f(0), z=0
and
9(1=2)PoXor +£0
3(2) = z (458)

J1), z=o0.

Now, we consider two distinct cases:
1. v <0 and
2. v2>0.

Case 1: v<0

In this case, we choose a, b, ¢ and d as follows:

K, —
a=gq, b=np, dzz— and c:—gl.
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Equation (4.56) then becomes

V = —gBia? — pBa(ze — Xok)® + Zmzf — 1122

)
+(¢f (2) + K,)z12 + pd(2) (22 — Xok )2,
= X'BX,
where
T
X — 2o — Xog 7
)
z

_QBI 0 0 qf(z)2+Kz

o0 om0 m
0 0 rr 0

&

gf)+K:  palz) 0
i ) 2

and X denotes the transpose of X.

Let By denote the sequence of principal minors of the matrix B. Then

Bl - _QBI < 07
—qB 0
By = det = pgB1832 > 0,
0 —pBs
—qB 0 0 ) 5.5
Bs=det| 0 —pg 0 |= w <0,

0 o &
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—q/Bl O 0 Q.f(z)2+Kz
0 . 0 pg(z)
B, = det Pl 2
0 0 = (4.65)
qf(2)2+Kz pgz(Z) 0 —zy

= 218+ B (0%B19(2)” + pBalaf (=) + K )P).

Theorem 4.8. Suppose

1. v <0,

2. Bui= —mBy+ E(papig(z) + phalaf(2) + K.)?) > 0.
Then F,,(0, Xok,0,0) is globally asymptotically stable.

Proof:

Suppose By > 0, then we have B; < 0, By > 0, B3 < 0 and By > 0 for the
real symmetric matrix B. Hence by Frobenius theorem (Theorem 1.5), B is negative
definite. O
Case 2: v >0

In this case we choose a,b,c and d as follow:

1 1 K,
a:i, b=—,c=~, d=—.
Py gt 6 o
Thus, Equation (4.57) becomes
: e 5;
V= —Qx% - ‘—E(IQ — XQK)Q — Q’y2 — .’,C]_Z2 -+ 2q€L'1y
Py g 0

+ 2w — Xox)y + (p% F(2) + K)oz + %g(z)(xg ~ Xox)z (466
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where

I
29 — X
x=|7 ", (4.67)
Y
z
e 0 o e
0 B 1 9(2)
D= U 2y , (4.68)
q 1 -1 0
and X denotes the transposc of X.
Let Dy, denote the sequence of principal minors of the matrix D. Then
D =-9 (4.69)
ry
-0 q5152
Dy = det Py = = >0, (4.70)
0 2 Py
>
61
— q
Dy = det 0 _% 1
4.71

- I%[glggn — v6(B1 + pgBe)),
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I 8 af(x) | K. ]
w(fp_'y q 2py :}_ 2
0 _B a(z)
D4 = det v ot
q I 0
| gh Lk B g —z (4.72)
2) qf(z) K — d) .
Dy, — a9(z) .af )+_) _g(Bin Pay )92(2)
2py 2 4Apdy
(B = 75)(qf(2) n &)z
oy 2py 27
Theorem 4.9. Suppose
1. v>0,
2. D3 < 0,
3. D4 > 0.
Then F,,(0, X5k,0,0) is a globally asymptotically stable equilibrium.
Proof:
This proof is similar to the proof of Theorem 4.8.
4.5.4 Local stability analysis of F,,,(#1,0,7,0)
The variational matrix V about the equilibrium F ,(73,0,9,0) is given by
—,Slifl 0 p’yfl flf,(O)
0 D+~ O 0
Vi | g(1) 179 (4.73)
90y 0y -ng 0
0 0 0 afy
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The eigenvalues of Vg, , are given by Ay = g(1) + 97 > 0, Ay = af; > 0 and A; and

Az which are the eigenvalues of Joy, where Jy, is given by

Jao =

-6 pyT

qdy  —ny

Trace(Jy) = —(B121 +ny) <0

and

det(Jag) = T17(B1n — pgyd) < 0,

(4.74)

that is one of the eigenvalues of Jy, has a negative real part while the other has a

positive real part.

Theorem 4.10. The equilibrium F,,,(21,0,7,0) is a hyperbolic saddle point always

repelling in the ro and z— directions.

4.5.5 Local stability analysis of F} ,(

In this case,

0
9(1-K.)
0
0

VF,,. =

|
=
o o o
5
N

K,
%) 0,0, K.)
mf(éfl'z) f(;fl'z) f,(Kz)
0 0
F(K>)
FKZ)
0 —Q=g

(4.75)

The eigenvalues of Vi, , are equal to the corresponding diagonal elements of Vg, ..

That is, the equilibrium F, (£ (KIZ) ,0,0, K,) is locally asymptotically stable in the x;

B

and z—directions, and unstable in the zo—direction. The stability in the y—direction

depends on the sign of —£ + qd%.
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Theorem 4.11. The equilibrium Fxlz(f (g 2 0,0, K,) is a hyperbolic saddle point al-

ways repelling in the ro— direction.

s . Xox—E Po(6Xax—E
4.5.6 Stability analysis of F,,(0, & 222772_1’_{7575, Z(ﬁznz_’; = ),O).

For this equilibrium, the variational matrix (4.51) reduces to

0 0 0 0
0 —35- T —a50'(1
VFI%’ _ ) 62_172 Y 2— 29( ) ) (476)
@y 6y Ny 0
0 0 0 0

We observe that if 8o — v6 < 0, then one of the eigenvalues of Vg, has positive

e X o5 — 6 Xpx— . .
real part, hence the equilibrium F,,,(0, B2ngf7575, 5 2(ﬁ2n2_1fy 3 33 0) is non-hyperbolic and

unstable. If on the other hand G:n — «vé > 0, then further analysis needs to be done
to determine its local stability properties.

Now, we assume Fon — v6 > 0. Let 25 = ﬁz—%‘:—i’?—_’—%—ﬁ and § = %. Since
T2 > 0 and g > 0, we have BonXog —¥€ > 0 and 6 Xo — & > 0.

To determine the stability of F,,(0, %2, 7,0) in this case, we choose a Liapunov

function V = V(z1,z2, 9, 2) defined by

V =axy +b{zy — T2 — Ty ln(%)} +c{y—7-— gjln(%)} + dz, (4.77)

where a,b,c and d are positive constant to be determined.

The derivative of (4.77)along the solution curves the system (4.1)-(4.4) is given
by
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V = az, + b2 (20 — 5) + Ly — §) + d2
T y

= a(f(z) — Bizyr + pyy)zy + b(9(1 — 2) — Baza + vy) (z2 — T2)

2
+ (=€ =ny + 6(z2 + qz1))(y — §) + daz (1 - —K_)Z (4.78)
dax _
= —afz? — bBs(zy — T2)* — en(y — §)* — Ve L2+ (apy + cqd)z1(y — §)
+ (by + e8) (w2 — B)(y — §) + (af (2) + da)z1z + bg(1 — 2) (22 — T2)2,
where f(z) and §(1 — z) are defined respectively by
x z)+pvy
HOREA 4] (4.79)
and
02l 4
§(z) = ‘ (4.80)
g (1), z=0.
Now, we consider two distinct cases:
1. v <0 and
2.v>0.
Case 1: v <0
In this case, we choose a, b, ¢ and d as follows:
K _
a=q, b=p, d=-—2 and c= 2
o) o
Equation (4.78) then becomes
V = —qBz} — pPa(zs — 12)° + 1?(3/ — ) —112°
+(af(2) + K)mz +pg(1 - 2)(22 — 9)z, (4.81)

— X'BX,
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where

i T
I
Ty — I
x=|"7 "1, (4.82)
Y=y
z
_QBI 0 0 qf(z)2+Kz
3(1-2)
g—| 0 B0 G (1.83)
0 0o = 0 |
i qf(2)2+Kz p§(12—z) 0 —z1 |

and X* denotes the transpose of X.

The above result leads to the following theorem:
Theorem 4.12. Suppose
1. v <0,

2. By = —2, By + B (p*qB: 32 (1 — 2) + pBa(af(2) + K.)?) > 0

where
—qB8; 0 0 )
By=det| 0 —pB 0 :ZM<0.
0 0 B

Then F,,,(0,2%,7,0) is globally asymptotically stable.

Proof:

The proof of this Theorem is similar to the proof of Theorem 4.8.
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Case 2: v >0

In this case we choose a,b,c and d as follow:

y a5 92 _ n _ _
V=—"—a] - =@ -9 -5y -9~ 212" + 2q2:(y - 9)

where

5}
F(2) + K)zaz + §g<z><x2 — 5

and X* denotes the transpose of X.

Let

I
X = To — T2 ,
y—vy
z
9B @) | K, ]
Py 0 q 2py + _24
0 _B 1 §(1-2)
vy 2y
q 1 -3 0
&) | K, §1-—=2)
q2p"/ T : 2y 0 —h d
bt
Y 0 q
Ds=det| ¢ % 1
g 1 -1
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and

0 _ B 1 §(1—2)
Dy = det g 2y
q 1 -1 0
f& | K. §1-2)
L q2m +5p f 2y 0 I

qg(1 — 2) (qf(Z) Kz) 3 Q(5177-—pQ’)’5)g2(1 _

v 2py 2 4pdy3
(Bam — 790) (qf(z) ﬁ)z
oy 2py 2

Theorem 4.13. Suppose
1. v>0,
2. D3 <0,
3. Dy > 0.

Then F,

2y

(0,%2,7,0) is a globally asymptotically stable equilibrium.

Proof:

This proof is similar to the proof of Theorem 4.8.

4.5.7 Local stability analysis of F,.(0, 2% 0, z,)

In this case, the variational matrix (4.52) reduces to

f(z) 0 0 0
v | 0 mell-m) M ()
oz 0 0 _é. + 5g(1[3—;z¢) 0
0 0 0 0 j
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The eigenvalues of Vg, . are given by 0, f(z), —g(1 — 2.) and —§ + (53(-123:259). Hence,

this equilibrium is non-hyperbolic and unstable since f(z.) > 0.

4.5.8 Local stability analysis of F,,,,(21, 22, ¥,0)

The variational matrix of system (4.1)-(4.4) in the positive (x1, z2,y)— octant reduces

to ~
—B111

0
lez2y -

qoy
0

0
Ba
0y
0

pYT1

YT

—ny
0

#510) |
—.Tvggl(l)
0

u

(a4 5]

(4.90)

We observe that one of the eigenvalues of Vg, , . is @z > 0. Hence the equilibrium

Fr1 00y (Z1, 22,9, 0) is always unstable in the z—direction.

4.5.9 Local stability analysis of F}, , (0,22, 7, 2¢)

The variational matrix V about the equilibrium F, , .(0, 2%, 9, z.) is given by

fze) +pvy

0
Ve =

o

qoy
0

0

— Bt
0%
0

0
YT
—ny

0

0
—25g'(1 — zc)
0
0

(4.91)

The corresponding eigenvalues of Viayy. are 0, f(2) + pyy and the eigenvalues corre-

sponding to
J22 =

We observe that

_ﬁ2f2

0y

YT2

—ny

Trace(Jyn) = —(622 + 1Y) <0
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and
det(Ja2) = (B2m — v0)Zay.

Hence we have the following results:

1. If v > 0 and Bon — 6 > 0, then one of the eigenvalues of VF,,,. has positive

real part and hence this equilibrium is non-hyperbolic and unstable.

2. If v > 0 and B2n — v < 0 then two of the eigenvalues of Vr, . have positive

real parts, so this cquilibrium is non-hyperbolic and unstable.

3. If v <0 and f(z.) + pyy > 0 then one of the eigenvalues of Vg, . is a positive

real number, and hence this equilibrium is non-hyperbolic and unstable.
4. If f(z.) + pyy < 0, then further analysis needs to be done to study the local

stability properties of this equilibrium. See §4.8 for the discussion for this case.

4.5.10 Local stability analysis of F; ,,(2,0,7, K)

In this case the variation matrix (4.51) reduces to

By 0 i HfI(K,) |
0 1-K,)+ vy 0 0
VFz]yz = g( ) fyy ) (4.93)
00 53 g0
0 0 0 —Cl’fl

and the eigenvalues of Vg, . are —az) and g(1 — K,) + vy and the eigenvalues

corresponding to

-8z T
| T PP (4.94)
0y —ny
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We note that
Trace(Jy) = — (6121 +ny) <0
and
det(Jaz) = (Bin — pgv6)a2y.
We observe at this point that if det(Jy2) < 0, then v > 0. Hence we have the following

theorem:

Theorem 4.14. The equilibrium F,,,(21,0,9, K,) is a locally asymptotically stable
point if and only if g(1— K,)+~y < 0. It is a local saddle point if g(1 — K,)+~y > 0.

4.5.11 Local stability analysis of Fj,,,,({£ 90=K:) o g

B ' B2
The variational matrix V about the equilibrium Fxmz(f (g "), g ﬁKZ) 0, K,) is given
by
—f(K.) 0 py L5 L2 pr(K)
|0 —e-Ky yiizke) — 2Ry (1 - k)
e 0 0 —¢ + (LK 4 gLy
0 0 0 —o i)
L 1 =
(4.95)
The eigenvalue corresponding to the y—direction equals
1-K, K,
A = €+ 5(% GO (4.96)
Be B

The other eigenvalues are — f(K,), —g(1 — K,) and ozf(K").

This results leads to the following theorem:

Theorem 4.15. The equilibrium lexzz(ﬂ-‘f—"‘), 9—(—1——[;2K—’),0, K,) is a locdlly asymptot-
scally stable point if Ay = =€+ 5(9(1[;2KZ) + qf(g"‘)) < 0. If on the other hand if
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- g(l_Kz) f(Kz)
Az = —{+ 5( Gs +4q .

) > 0 then the equilibrium Fy ,.(

a hyperbolic saddle point repelling in the y—direction.

4.5.12 Local stability analysis of F*(x7, zo*, y*, 2*)

In this case the variational matrix (4.51) simplifies to

-~
I

—Bliﬂf

0

0

—Ba
*

oy
0

pyxy
VT3
*

-y
0

z; f'(2%)
—x54'(2*)
0

*

f(Kz)

K:) 0, K,) is
2

(4.97)

=

The eigenvalues of V4 are —ax} and the eigenvalues of matrix

—61.’17*1( 0
J3z = 0

*
Py

—Boxy (4.98)

* * *

qéy oy*  —ny

Let
by = —(—frx] — Boxs —ny*) > 0
by = BiBaxiwy + (Ban — ¥0)x3y™ + (B0 — pgdy)ziy”
by = [B1Ban — v0(51 + paBe)lxiary”.

Then the eigenvalues of Js3 are given by the roots of

AN+ b A%+ b + b3 = 0. (4.99)

190

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



But

biby — by = {F12] + B + ny" H{ 51 Bezizl + (Ben — ¥6)25y" + (Bin — pady)ziy"}
— [6182n — v6(B1 + pgBa)]aTx5y”
= Bizi{B1 8275 + (Bim — pady)ziy*}
+ fax™{ 81822725 + (Ban — ¥6)z3y" + Binziy”}

+ny*{ BLBezizs + (B2n — ¥0)x5y™ + (Bin — pgdy)xTy*}
(4.100)

The above results lead us to the following theorem.

Theorem 4.16. If 8,5n—~6(81+pqB2) > 0, then F*(z%, zo*, y*, 2*) is locally asymp-
totically stable.

Proof:
If

B182m — ¥6(B1 + pgBa) > 0,

then 31821 — pgydB8s > 0 and B 8sm —y03; > 0. This then implies that by > 0, b3 > 0
and b;by — b > 0. Hence by Theorem 1.3 (Routh-Hurwitz), all the eigenvalues of Js3

have negative real parts, which in turn implies all the eigenvalues of V have negative

real parts. U

4.6 Global stability analysis of F*(x}, z2*, y*, 2*)

In this section, we assume that all the necessary conditions for the existence of
F*(a%, z2*,y*, 2*) are satisfied. We also suppose that F*(z%,z2*, y*, 2*) exists and
is locally asymptotically stable. We now present sufficient conditions under which

this locally asymptotically stable equilibrium will be globally (asymptotically) stable.
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To do this, we choose a Liapunov function V = V(z1, 22, y, 2) defined by

)}
)}

V =a{z; — 2] — 2] ln(x—i)} + b{xy — x5 — x5 ln(in—%
a3 z}

k (4.101)

Y
tedy—y -y hl(?} +td{z = 2" — 2" In(
where a,b,c and d are positive constants to be determined.
The derivative of (4.101) along the solution curves of the system given by Equa-

tions (4.1)-(4.4) is

o . N
V= (a) — 28) - b2 (w0 — 25) + —(y — ) + —(2 — 2)
1 i) A

@ |8,

= a(f(2) = By + pry) (a1 — 1) + b(g(1 — 2) — Bazz + 7y) (22 — 23)

+o(—€ =y + 6y + q21)) (¥ — ¥°) + daz (1 — Kizxz —2)

= —afy(z1 — 2})* = bBa(xs — 23)% — en(y — y*)* —

4.102
dax ( )

a (z —z
+ (apy + cqd)(x1 — 27)(y — y*) + (by + cd) (w2 — z3)(y — ¥¥)

+af(z,27) (21 — 1)z — 2%) + b3 (2, %) (22 — a3) (2 — 2¥),

*)2

where f(z,2*) and §(z, z*) are defined respectively by

_ R GO

flz,2%) = e (4.103)
f/(Z*)7 z=2z"

and
g(1—2)—g(1—2%) 2 2

g(z,2") = a= ’ (4.104)

g (1 —2z%), z =2z

At this point, we consider two distinct cases:

l. v < 0and
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4.6.1 F*(x3, x0*, y%, 2%) exists with v < 0
In this case, we choose a, b, ¢ and d as follows

a=¢q, b=p, d=K, and c:_Tm.

Equation (4.102) then becomes

V = —gBi(zy — 23)? — pBalms — 23)? + 2l (y — y*)? — amy (2 — 27)?

)
+qf(z,2) (@1 — @) (2 — 2) + iz, 2%) (w2 — 75) (2 — 2¥),
= X'BX,
where ) )
T — 2]
¥ — To — .’JC; 7
y—y"
z—2F
_Q/Bl O O Q.f(;az*)
5 0 —pBs 0 pg(;ﬁ*)
0 0 p—"én— 0
_ qf(z2,Z*) pg(z2,Z*) 0 —an |

and X* denotes the transpose of X.

Let B; denote the sequence of principal minors of the matrix B. Then

Bl = —QBI < 07
—qb 0
By = det = pgBiB2 > 0,
0 —pfs
193
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—qb 0 0 )
By=det| 0 — 0 | =P9BLmy 4.110
pﬁQ 5
0 o @
_qﬁl 0 0 Qf(ZQ’Z*)
0 _ 0 pgfz.z*)
B4 = det pﬁ2 2
0 o & 0 (4.111)
] qf(z2,Z*) pg(;,Z*) 0 —am; |
_ —rlamy

15 (4aB1Ba11 —p51f2(z, 2) — QB2§2(Z, Z¥)).
Theorem 4.17. Suppose

1. v <0,
2. 41 a1 — pBii2(2, 2*) — qBaf?(2,2*) > 0.
Then F*(x},x0*,y*, 2*) is globally asymptotically stable.

Proof:

Suppose
4081881 — pBi (2, 2") — 46a§* (2, 2*) > 0.
Then from (4.111), we have By > 0. That is, we have B; < 0, B > 0, B3 < 0 and

By > 0 for the real symmetric matrix B. Hence by Frobenius theorem (Theorem 1.5),

B is negative definite. a

4.6.2 F*(x7, 20", y*, 2%) exists with v > 0

Here, we assume F* (a7, z2*, ¥*, 2*) exists and v > 0. We also assume that F*(z}, zo*, y*, 2¥)

is a locally asymptotically stable equilibrium. That is
Br1Ban — v6(B1 + pgfBa) > 0 (4.112)
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is satisfied. In this case we choose a,b,c and d as follow:

1 1
a=2L p=Z c=- d=K,.
pY g 6
Thus, Equation (4.102) becomes
. 95 oo Do «2 N *\2 *\2
V= 2, — — Ly — — —
Dy (x1 — 27) y (2 — 23) 5(y y") le(z Z")
+2q(z1 — 27) (Y — ¥) + 2(x2 — 23) (¥ — ¥")
7 1 ~ * * *
+ L f(z, 2V = 2}z — 2) + =iz, 27) (@2 — 75) (2 — 27)
Py Y
= X'DX,
where ) }
1 — T
X = To — Th
y—y*
L z—2F
_gz% 0 q qu;f*)
0 _& g(z,z*)
D= Y 2y ’
q 1 -3 0
f z,2* z2,2*
B : gm ) g(2'v ) 0 —aT .

and X* denotes the transpose of X.

Let Dy, denote the sequence of principal minors of the matrix D. Then

Dl - —q—ﬂl < 0,
Py
qB
Doy = det o 0| BB
0 -2 Y’ ’
.
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—ak q

Py
D3 det 0 B 1
! (4.118)
g 1 =% '
—q
= ——50102m = 78(81 + pgfz)} < 0
[ afzz) ]
3)71 0 q 2py
0 _ B 1 Q(Z,Z*)
D4 = det v v
q 1 ~3 0
fz.2)  g(z.2%)
i q—zﬁ‘— QT 0 —az | (4.119)
2
earo o QB —pa¥d) o,
— —aD _ 9\ — Pavo)
oDz, — 5 e, 2, 21) - TG )
N q2(5277 - )]'E ( )
4p2o~y3

Theorem 4.18. Suppose
1. v>0,
2. Dy > 0.

Then F*(x%,x9*,y*, 2*) is a globally asymptotically stable equilibrium.

4.7 Criteria for extinction of industrial assets

In this section, we shall derive sufficient conditions for the extinction of industrial

assets. This will be done using a Liapunov function to provide criteria for the equi-

(K) g(l Kz
o

unique. We assume that thls equilibrium exists and is locally asymptotically stable.

librium Fzmz( ,0, K,) to be globally asymptotically stable and hence
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That is,
9(1 — K.) (K)
B2 Br

We now choose a Liapunov function V' = V(z1,x2, v, z) defined by

—£+6( +qf ) < 0. (4.120)

P (AR LA LK) 1K), B
Vi=otm = == - T gy )b e - T 5 Ga—ry)!
+ey+d{z—K,— K, 1n(§——)},
’ (4.121)

where a,b,c and d are positive constants to be determined. The derivative of (4.121)
along the solution curves of the system given by Equations (4.1)-(4.4) is
,_as

fUG) %o 9(1 - K)
A

= a(f(2) — Bz + pyy) (21 — f(g)) +b(g(1 ~ 2) — Baza + yy)(z2 — 9(1[—3_2&))

&
)+cg'/+?z(z—Kz)

+ (¢ =y + (22 + qr))y + dagy (1 — —=)(z — K.)

f(K,) g(1— Kz;)2 o dax
8
1

— c —
3 ny

+e{—€E+ 5(9(1 gsz) + qf(;?) )}y + (apy + cgb) (21 — JUK) )y
_ Kz)

+ -+ )z — Ly af(e, K)o - L5
9(1 — K3)

B2

)2 - bﬁz(@ -

= —aﬁl(l’l -

+b§(Z,KZ)(I2— )(Z—Kz),

(4.122)
where f(z,2*) and §(z,2*) are defined respectively by

- F(z)—F(K2) K
f(z,2) = = Al (4.123)
['(K:), =z=K,

and

9(1-2)—¢(1-K:) 4 |k
{ =l (4.124)

J(1-K,), z=K,.
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We consider two cases:

1. v <0 and

2. 7> 0.

4.7.1 lexzz(f(g”), 9(1;2”(2),0, K,) exists with v <0

In this case we choose a,b,c and d as follows:

a=q, b=p, d=K, and c:_Tm.

Equation (4.122) now becomes

V = —qBi(z1 — fUK) )? — pBa(zs — 91— K) 2+ P’gﬁyz —azy(z — K,)?

51 ﬂ?
+ e s @B B g o - L5 - 1)
+pg(Z7Kz>($2 - %)(z - Kz)
< _Qﬁl(ml - f(ﬂ—lfz))2 - pﬁ2(fﬂ2 - g(l ;2Kz))2 + pgﬂyz - 041’1(2 - Kz)2
T (5 K. (s — %)(z K.+ pii(e, Ko (s — %)(z _K.)
— X'BX,
(4.125)
where
S
Ty — g(1-K)
X = B : (4.126)
Yy
L. Z o KZ -
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—qb 0 0 Qf(ZéKz)
O _ 0 pg(zaKz)
B Pl2 = |, (4.127)
0 0 B 0
i q‘f(zéKz) pg(ZéKz) 0 _al-l |
and X* denotes the transpose of X.
Theorem 4.19. Suppose
1. v <0,
2. 40816511 — pBG (2, Kz) — aBaf?(2, K2) > 0,
- K. KZ
3. =&+ o(d5E 4 LUy <,
Then, lemzz(ﬂ%, %, 0, K,) is globally asymptotically stable.

Proof:

The proof of this theorem is similar to the proof of Theorem 1.17.

4.7.2 E,Dlmzz(f(éf”, g(lgzK"), 0, K,) exists with v >0

Here, we assume mez(%, 9(1%2, 0, K,) exists and v > 0. We also assume that

lemz(ﬂg—“, i(lgz—KZ), 0, K,) is a locally asymptotically stable equilibrium. In this case

we choose a,b,c and d as follow:
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Thus, Equation (4.122) becomes

9B f(KL) 2 B g1 —K;)\o 7 o 2
V=-"Ar, - —) - (g ———) — <y —ani(z — K,
T ) T B 5 3 )
1 g(l B Kz) f(Kz) f(Kz)
+ {6+ + + 2g(z1 —
5 1€+ 5 qﬁl)}y q(z1 5 VY
g(l - Kz) q z f(Kz)
+2(xg - — Wy + —f(2, K,) (11, — —=)(z — K,
(72 5 )y mf( )(z1 2 ) )
1 - 1 - Kz
¥ (e K@ — LBy g
Y Bo
q51 f(Ky) 2 B g1 =K)a 1 5 2
< ——(zy — — = (xg — ————5) — <y — - K,
< o s =) (3 5 ) Y Tamlz- K
f(Kz) g(l - Kz) q z f(Kz)
+2q(xy — — )y + 2(xg — ——F)y + —f(2, K,)(z1 — z— K,
q(z 7 Y+ 2(x2 5 )y mf( )(z1 5 ) )
1. 1-K,
+ (e ) (e - Ly k)
Y B2
= X'DX,
(4.128)
where _ A
7 — LU
_ g(1-K,)
x=|"" & | (4.129)
y
z— K,
) g 22
0 & ] ge)
D= Y 2y , (4130)
q 1 -1 0
i qu;*) g(zz,;f*) 0 —az
and X* denotes the transpose of X.
Let D, denote the sequence of principal minors of the matrix D. Then
p=- (4.131)
284
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—a
D2 = det Y qﬂlﬁ

2
= >0, (4.132)
0 _B p’)/2
a6
Py q
(4.133)
g 1 -3
—q
S )
T (81821 — v6(B1 + paBa)],
- ml 0 q 2py
0 & 1 g
D4 = det v 2y
q 1 -7 0
i qfé;j*) 9(22,72*) 0 -—az | (4.134)
2
T e oy B0 —PgY6) o
= —aDsz; — 2p72f(272 )9(z,2") — Wﬂ (2,2%)
2
(B —0) 20,
_ W—f (z,2%).

The above results and Frobenius Theorem lead to the following theorem:

Theorem 4.20. Suppose

1. v> 0,

2. _€+5(9(1;2Kz) _|__qf(gz)) <0,
3. D3 <0,
4. Dy > 0.
Then Fxlmz(%, g—(%—(—zl, 0, K) is a globally asymptotically stable equilibrium.
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4.8 Criteria for extinction of agricultural assets z-

In this section, we shall derive sufficient conditions for the extinction of agricultural
assets of farming group B, that is xo(¢). At the end of the section, we will give similar
conditions for the extinction of agricultural assets for farming group A, that is z1(¢).

We derive sufficient conditions for the extinction of agricultural assets of farming
group B, that is z5(¢) by using a Liapunov function to provide criteria for the equi-
librium F; . (21,0,9, K,) to be globally asymptotically stable. We assume that this

equilibrium exists and is locally asymptotically stable. That is,
g(1—-K,)+~y <0. (4.135)

We now choose a Liapunov function V' = V' (z1, 22, y, ) defined by

)b
(4.136)

x
V =a{x; — 21 — 2% 1n(-:—vui)} +bry +c{y—9— ﬂln(%)} +d{z— K, — K, In(
1
where a,b,c and d are positive constants to be determined. The derivative of (4.136)
along the solution curves of the system (4.1)-(4.4) is
. axy . . cy N dz
V=—(@—-21)+bis+—(y—9) + —(¢— K)
z1 Yy z

= a(f(z) — Bz + pyy)(zy — 21) + b(9(1 — 2) — Boza + Yy)22

+ (=€ = ny + (2 + qz)(y — ) + daz; (1 — Ki)(z - K,)
2 (4.137)

(z — K,)?

dax
K,

+ (apy + cqd)(zy — #1)(y — §) + af (2, K.) (=1 — 1) (2 — K,)

+ (by + cd)za(y — ) + +03(z, K2)ma(2 — K2) + b(g(1 — K2) +vi) 22,

= —aﬁl(l"l — ff1)2 - bﬁﬂg - CU(?J - ?j)g -
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where f (z,K,) and g(z, K,) are defined respectively by

i ()= F () K
f(z,K,) = w0 P (4.138)
f,(Kz)a = Kz

and
g0-2)-00-Ks) 4 po

G(z, K,) = e K (4.139)
g(1—K,), z = K,.
At this point, we choose a,b,c and d as follows:
a=gq, b=np, c="2 und d=22
) Q
Equation (4.137) now becomes
V = —qBi(z1 — 1)* — pBazl + Bz—n(y — ) —11(2 — K,)*
+ Qf(za Ko )(z1 — 71)(2 — K.) + pg(z, K:)za(2 — K.) +p(9(1 — K,) + v§)z2
< —qBi(z1 — 21)% — pBas + I%(Z/ —9)® —z1(z — K,)?
+qf(z, K.) (21 — #1)(z — K.) + pi(z, K.)za(2 — K)
= X'BX,
(4.140)
where _
ry — fl W
x=| 7 |, (4.141)
y—y
z— K,
_qﬁl 0 0 Qf(ZZ,Kz)
0 _ 0 Pz, K>)
B= PPz > |, (4.142)
0 0 M 9
I Qf(zéKz) pg(zzsz) 0 -1 |
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and X* denotes the transpose of X.
Theorem 4.21. Suppose

1. gl - K,)+~v9 <0

2. ABiSory — phhg* (2. Kz) — aBaf(2, K2) > 0.
Then F,

w12 (21,0, 7, K,) is globally asymptotically stable.

Proof:

The proof of this theorem is the same as the proof of Theorem 4.19.

Similarly, one can prove the following Theorem:

Theorem 4.22. Suppose
1 f(z) +pyy <0

2. 451ﬁ2xl - pﬁlf]Q (Zv zc) - qg?fQ(z’ Zc) > 0.

Then F,,,,(0,2%,7, 2.) is globally asymptotically stable.

4.9 Numerical examples

In this section, we describe some numerical examples to illustrate some of our results.
In all our examples, numerical values are chosen for numerical convenience to illus-
trate mathematical results and may not represent any actually agricultural-industrial

system for two farming groups.

However, a study of Hutterites and the Alberta economy by Frank X. Kehoe [48]
in 1972 revealed among other things that, in 1971
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1. much of the expenses on Hutterites farms just like the farms registered in the
Alberta Farm Business Analysis, (FBA) program went into industry, such as

machinary repairs and parts, fuel, fertilizers and sprays etc,

2. there was very little difference between the economics of the Hutterite farms

and the FBA farms,

3. the Hutterites colonies had a per acre income of $30.87 while the FBA farms

had an average income of $31.21 per acre,

4. the FBA farms showed a total expenses of § 24.79 per acre including $2.14 per
acre of hired labor expense while the Hutterites farms showed a total expenses

of § 21.52 with no hired labour expense,

5. the profit of the two groups were $ 9.35 per acre for the Hutterite farm and $
7.42 per acre for the FBA farms.

Based on the above study, the following assumptions will be made while choosing

the model paramecters and the function f(z) and g(1 — 2).
1. The functions f(z) and g(1 — z) have a similar form.
2. p=~1.
3. g~ 1.
4. By = Bs.

There are many functions which satisfy the properties of f given in this model.
For simplicity, we choose only two of such functions. One of these functions will be

when f(z) = BX;xz which in general would be appropriate if £, were not subject
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to saturation levels. The other is when f(z) is a Michaelis-Menten function, i.c.
f(z) = QBHXT;“ This choice is appropriate for the case where x1, due to limited
resources, is subject to saturation levels. Michaelis-Menten functions are the simplest
which exhibit that property and are the prototypes of all such functions. We shall
demonstrate with the above two functions, that no matter what function one chooses
to be f, as long as it satisfies the conditions given in this chapter, will give the same
qualitative result. We note that the quantitative results may vary but that is not the

subject of study in this thesis.

4.9.1 f(z) is a linear function of z
In our first set of examples, we describe f(z) and g(1 — z) by linear functions of z.
Hence our model equations assume the form

71 = 711 [B1 X1k 2z — Biz1 + pyy]

Ty = 22[fe Xox (1 — 2) — Boxa + vy

(4.143)
y=y[—&—ny +6(zs + qz1)]
z=oazx(l — _I%)’

with 210 =2, 29 =8, y=1, 2o=0.1
Example 4.1
In this example, we set
o = 02 Bl = 6, ,82 = 6.1, Y= 03, XlK = 10, XQK = 9,
E=1, n=025 6=02, K,=0.5 p=q=0.95.

The graphs of numerical solutions for ¢ € (0, 50), are exhibited in Figure 4.1. This

example illustrates the global asymptotic stability of F*(x}, z2*,y*, 2*) for v > 0 (cf.
Theorem 4.18).
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Example 4.2

In this example, the coefficients are given by the following:
o = 0.2, ‘61 = 6, 52 = 6.1, Y= 03, XlK = 10, XQK = 9,

£=4, n=025 §=02 K,=05 p=q=0.95.

The graphs of numerical solutions for ¢ € (0,50), are exhibited in Figure 4.2. In this
example industrial assets go extinct after a finite time (cf. Theorem 4.20).

Example 4.3

In this example, we set
a=02 (=6 =61 v=-2, Xig=10, Xog =09,

£=1, n=025 6=025 K,=090, p=g=0095

The graphs of numerical solutions for t € (0, 50), are presented in Figure 4.3. In this
example agricultural assets z5(t) goes extinct after ¢ > 0, thus, making F,,,.(21,0, 9, K)
a globally asymptotically stable equilibrium (cf. Theorem 4.21).

Example 4.4

In this example, we set
a=0.2, ,Bl =6, 62 = 6.1, Y= -2, Xig = 10, Xog =9,

¢=1, n=025 6=033 K,=050, p=gq=0.95

The graphs of numerical solutions for ¢ € (0,50), are presented in Figure 4.4. In
this example agricultural assets z;(t) goes extinct, thus, making F,,.(0, 22,9, 2.) a

globally asymptotically stable equilibrium (cf. Theorem 4.22).
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4.9.2 f(z) is a Michaelis-Menten function

In the next set of examples, f(z) and g(1 — 2z) are assumed to be Michaelis-Menten

or Holling type II functions. Hence our model equations assume the form

Z = $1[2BIX1K

yA
T — Biz1 + pyy]
1—2
2—z

¥ = y[—€ — ny + 6(x2 + qa1)]

Ty = Ty [252X2K

— B2 + Yy
(4.144)

, 2
z=azr (1 — Z)’

with T = 2, Tog = 8, Yo = 1, 20 = 0.1.
Example 4.5

In this example, we choose
= 02, ﬁl = 6, 52 = 6]_, Y= 03, XlK = 10, XQK = 9,

£=1, n=025 6=02 K,=05 p=gq=0.95

The graphs of numecrical solutions for ¢ € (0, 50), are exhibited in Figure 4.6. This

example illustrate the global asymptotic stability of F*(z¥, zo*, y*, 2*) for v > 0 (cf.
Theorem 4.18).

Example 4.6

In this example, the coefficients are given by the following:
o = 02. ,61 = 6, 62 = 61, Y = 03, XlK = 10, XQK - 9,

£=4, n=025 §=02 K,=05 p=q=0.95.

The graphs of numerical solutions for ¢ € (0, 50), are exhibited in Figure 4.7. In this

example industrial assets go extinct after a finite time (cf. Theorem 4.20).

208

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Example 4.7

In this example, we set
a=02, [i=6, [=61, ~v=-2, Xixg=10, Xog =9,

£=1, n=025 6=033, K,=090, p=gq=0.095.

The graphs of numerical solutions for ¢ € (0,50), are presented in Figure 4.8. In this
example agricultural assets x5(t) goes extinct after ¢ > 10, thus, making F;,,.(27,0, 9, K_)
a globally asymptotically stable equilibrium (cf. Theorem 4.21).

Example 4.8

In this example, we choose
a = 02, ﬁl = 6, ﬁg = 61, Y= —2, XlK - 10, X2K = 97

E=1, n=025 0=025 K,=050, p=q=0.95

The graphs of numerical solutions for ¢ € (0,50), are presented in Figure 4.9. In
this example agricultural assets x1(t) goes extinct, thus, making F,,.(0,2%,7, 2.) a

globally asymptotically stable equilibrium (cf. Theorem 4.22).
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Figure 4.1: The system persists, that is all the assets peacefully co-exist.
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Figure 4.2: mez(f (é?), ﬁl—;—f—i), 0, K,) is globally asymptotically stable, that is i

dustry is driven extinct.
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Figure 4.3: F;,.(21,0,7, K,) is globally asymptotically stable, that is agriculture

assets o is driven extinct.
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Figure 4.4: F,,,,(0,22,9, 2.) is globally asymptotically stable, that is agriculture as-

sets x7 is driven extinct.

213

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Ayt asets

Aot asses 2

(=] s 10 15 =20 25 30 as <O as 50
-
oL ]
- -
8.0 i
b ]
=L ]
.
& 5 w5 s 25 =5 =5 =5 =5 = o
o
oas| |
ol ]
oms

%ollangnat
T

25 EL:) as ) as 50
Time

Figure 4.5: The system persists, that is all the assets peacefully co-exist.
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Figure 4.6: mez(%fz), %,0, K.) is globally asymptotically stable, that is in-

dustry is driven extinct.
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Figure 4.7: F,,,.(71,0,9, K,) is globally asymptotically stable, that is agriculture

assets xo is driven extinct.
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Figure 4.8: F,,,,(0, 23,7, z.) is globally asymptotically stable, that is agriculture
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is driven extinct.
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4.10 Summary and conclusions

In the preceding sections of this chapter, we used mathematical models to discuss
and study the interaction hetween agriculture of two farming groups, industry as
related to agriculture and land. By making some reasonable assumptions and using
mathematical tools such as differential equations and Liapunov functions, we are able
to give generalized conditions for the persistence of the system.

When ~ is non-positive, we derived criteria for the system to be dissipative. All
the possible set of equilibria for the system were determined in §4.4. We noted that
some of the equilibria always exists while other may exist under certain conditions,
and these conditions were determined explicitly.

In §4.5, we derived criteria for the local stability of all the hyperbolic equilibria us-
ing the Hartman-Grobman theorem in local qualitative theory of ordinary differential
equations. In the case of the non hyperbolic equilibria, where the Hartman-Grobman
theorem could not be applied, we used Liapunov functions to derive sufficient condi-
tions for such equilibria to be globally stable.

In §4.6, a Liapunov function was used to establish the sufficient conditions under
which F*(z7, zo*, y*, 2*) will be globally asymptotically stable. A Liapunov function is
also used to established sufficient criteria for lemz(f (K) &?;{{-z—), 0, K) to be globally

6 ' B
asymptotically stable is §4.7. Conditions for the globally asymptotic stability of

Fp y2(21,0,9, K,) and F,,.(0, 2,9, 2.) were given in §4.8.

Finally numerical examples were given in section §4.9 to illustrate some of the
mathematical results we obtained. By comparing Figure 4.1 to 4.5, 4.2 to 4.6, 4.3 to
4.7, and 4.4 to 4.8, we observe that the qualitative behavior of results obtained for

both choices of f and g are similar but quantitatively different.
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Chapter 5

Discussion and Future Research

This chapter reviews and discusses the core concepts and results obtained in this
thesis. Future extension of our model to involve competition for land by renewable

agriculture, normal agriculture and industry in general is mentioned.

5.1 Review of core results

In this section, we discuss and summarize the many important mathematical, agri-

cultural, industrial, ecospheric and ecological results presented in Chapters 2-4.

5.1.1 Review of the competition model for two industrial as-

sets

In Chapter 2, we presented a mathematical model that involved agriculture, in the
combined form of renewable and normal agriculture, two different industries associ-
ated with agriculture and the ecosphere in the form of quality of land. We assumed

that this system acted like a food chain, where agriculture depended on the ecosphere
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for survival and cach of the industries depended on agriculture for survival. We also
assumed that sometimes the interaction of industry with agriculture could benefit

agriculture by increasing its assets.

We showed that if the interactions between both industries and agriculture are
that of parasitism, then the solution will eventually be bounded (dissipative). We also
showed that if the interaction between agriculture and industry is that of mutualism,
and the gains by agriculture is not too much, then the system will be dissipative.
However, if the gain by agriculture is too much even with one industrial asset, then
as demonstrated in Figure 2.12, the two industries and agriculture will grow un-
bounded whiles the ecosphere degrades until such a time that the ecosphere can no
longer sustain the agriculture, and the whole system collapses. The obvious implica-
tion of this later results is that this has to be taken seriously, because a collapse in
agricultural-industrial-ecospheric system could have catastrophic consequences, such

as loss of biodiversity, famine, etc for our present generation as well as for future

generations.

Explicit conditions were given for the extinction of both industrial assets. These
could be generalized for situations where one has only one industrial or more indus-
trial assets. The importance of industry to sustainable agriculture has already been
mentioned in the introduction of Chapter 2. Thus, for sustainable agriculture and
ecosphere, one would like to avoid a situation in which industry goes extinct. One of
the best ways to avoid the occurrence of industrial extinction is to know the condi-
tions under which such extinction occurs and prevent it from happening in terms of

the model presented in Chapter 2.

We also presented general and mathematical criteria for the persistence of the

system and the cxistence of a positive interior four dimensional equilibrium. The
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model we presented and analyzed in Chapter 2 therefore, could serve as a guidance of
how to solve the problem of sustainable agriculture and ecosphere if we look at agri-
culture as a combination of both normal agriculture and renewable agriculture. The
model in Chapter 2 does not, however, answer some of the questions of sustainable
agriculture that most economists with interest in the environment, environmentalist
or environmental scientists are interested in. This is because our model gives con-
ditions for persistence of agricultural assets in general and does not show whether
normal agriculture will take over the whole of renewable agriculture or vise versa or
that normal agriculture and renewable agriculture will be in equilibrium with each

other in the long run. This problem gave rise to the model in Chapter 3.

5.1.2 Review of the Competition between normal and renew-

able agriculture model

In Chapter 3. we considered agriculture consisting of two independent parts namely,
normal agriculture and renewable agriculture competing with each other. As a result
we could define the natural environment as the union of renewable agriculture and
the ecosphere. We were able to determine the criteria for the extinction of renewable
agriculture and normal agriculture separately and also determine conditions for the
persistence of both renewable and normal agriculture.

In Theorem 3.21, we gave sufficient criteria for the extinction of both normal agri-
culture and industry. Under the conditions of Theorem 3.21, the natural environment
will be preserved at its highest quality level in the long run. The obvious implication
of this theorem is that normal agriculture will go extinct and as such humans within
such a locality would have to live on wild plants and animals for survival. This could

in turn lead to starvation, hunger and death and subsequently a sharp decline in the
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human population within such a locality if not extinction, because there will not be
enough wild plants and animals to feed the population.

Criteria for the extinction of both renewable agriculture and industry is given
in Theorem 3.22. One of the adverse consequence of this theorem is that there will
be a total loss of biodiversity. Why is loss of biodiversity or extinction of renewable
agriculture so important to human survival and why are people so concerned? Some
of the reasons are given in the introduction to Chapter 3 (i.e §3.1)and the books,
Nature and the Marketplace by Geoffrey Heal [40] and Nature’s Services: Societal
Dependence on Natural Ecosystems, edited by Gretchen C. Daily [20]. I couldn’t
have summed it up better than Gretchen C. Daily [20] who wrote “unless humanity
is suicidal, it should want to preserve, at least the natural life-support systems and
processes required to sustain its own existence”. It is not possible to list all the life-

support services supplied by renewable agriculture to humans but I will mention a

few here.

1. Most of the developing countries such as South Africa, Namibia, Zimbabwe and
Costa Rica get a lot of their national income from ecotourism which relies on

renewable agriculture [40].

2. Most of our drugs and other pharmaceuticals on which modern medicine relies
were developed in some way from the genetic resources of wild plants (some of
which are from weeds considered to be poisonous) and animals, eg. aspirin and
taxol. Taxol is a promising cancer drug which was first extracted from a tree

in the wild called the Pacific Yew [40,65,71].

3. About 87% of all our current foodstuffs are domesticated and cross-bred from

wild stock by farmers and scientists, sometimes by trial and error experimenta-
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tion [65].

4. Most of the current world population, especially those in developing countries,
such Liberia, Zaire and Nigeria depend on marine fisheries and wild animals for

their daily protein needs [58,66].

5. Many insects are very important ecologically not only as pollinators of impor-
tant plants or as part of the food web, but as predators to destructive pests for

normal agriculturc and for maintaining soil fertility [20,58].

6. Humanity depends on wood for both fuel and shelter. Most of the wood used

in today’s world is taken from natural forests rather than from plantations.

Sufficient conditions for the extinction of industrial assets only and that for the
extinction of renewable agriculture only were given in Theorem 3.23 and 3.24 re-
spectively. Criteria for coexistence of the assets was given in Theorems 3.18 and the
existence of a positive four dimensional interior equilibrium was given in 3.19. In con-
clusion, we state that our model in Chapter 3 suggests that the interaction between
agriculture, industry and the ecosphere can lead to extinction of renewable agricul-
ture (i.e. a total loss of biodiversity), extinction of industry, extinction of normal
agriculture and industry, extinction of renewable agriculture and industry depending

on agricultural and industrial practices delineated by the parameter values of the

model.

5.1.3 Review of the competition for land model

For the first time, we introduce a competition for land model involving two farming

groups within a locality. Using the mathematical model (4.1)-(4.4) and the associated
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assumptions and hypotheses we determined all the possible equilibria for the model.
Local and global stability properties of each equilibrium was determined.

In Theorem (4.9), we presented a criterion for Fy,(0, Xox,0,0) to be globally
asymptotically stable. Also in Theorem (4.12) and (4.13), various criteria were given
for the equilibrium F,,,(0,Z2,7,0) to be globally asymptotically stable. In all the
above theorems, the percentage of land owned by farming group A, (i.e. z) goes
extinct and as such their agricultural assets also go extinct and vise versa. This is
just a common sense result which our model just establishes.

Criteria for the global stability of F*(x%, 2%, y*, 2*) were given in Theorems 4.17
and 4.18. These conditions give the most desirable results, because there is coexistence
between the farming groups. This is the desirable results from a collective point of
view of “component representation” but that may not be the case from each farming
group or economic perspective. Conditions under which industrial assets will go
extinct were given in Theorems 4.19 and 4.20.

Conditions for the extinction of one of the agricultural assets only were given
in Theorems 4.21 and 4.22. These two results were key in the study in Chapter 4.
This is because, we wanted to know whether it was possible for one of the agricultural
assets to go extinct (more especially z2), and if this is possible under what conditions.
It turns out that the extinction of either z, and z; critically depends on v, and the
growth functions of the agricultural assets, f(z) and g(z). The interesting part of the
results in Theorem 4.21 and 4.22 is that if the terms of trade between agriculture
and industry is favorable to agriculture (i.e. 7 > 0) then none of the agricultural
assets will go extinct. It is also important to note that the carrying capacity of the
percentage of land owned by farming group A (i.e. K,) plays a role in the extinction

or survival of the assets.
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5.2 General discussion and conclusions

Normal agriculture plays an essential role in the life of every human. It also plays
a multifunctional role in relation to the environment (i.e. renewable agriculture and
the ecosphere) and industry in general. This is in part (if not wholly) due to the
accelerated demand for meat and useful plant biomass (i.e. normal agriculture) as a
result of population growth and human advancement. As a result normal agriculture
generates industrial and environmental externalities as observed in modernization of
normal agriculture, (i.e. increase in the use of farm machinery, fertilizers, pesticides,
developed hybrid strains, e.t.c.) commonly found in developed countries, deforesta-
tlon, overgrazing, increase in agricultural farm land commonly found in developing
countries, degradation of soil fertility and water resources crucial to both farm pro-
ductivity and human health, loss of biodiversity and various forms of pollution [7].
It is these industrial and environmental externalities generated by normal agriculture
that has led to the problems in this study of sustainable agriculture and environment.

In our thesis, we employed mathematical tools of modelling, differential analysis,
persistence theory, Liapunov theory and linear systems theory to study and investi-
gate the interactions between agriculture, industry, environment and land. In each
of our models we determined conditions for persistence of each of the components of
the system involved in the model and conditions for extinctions of some of the com-
ponents. We considered persistence and existence of a positive interior equilibrium as
“desirable” or “good” results in terms of “component representation” of the model.
As for policy makers, farmers, farming groups, etc., we derive all the conditions for

extinctions and persistence and leave it for them to make the choice of what is “good”

or “bad” for them.
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5.3 Future research project

The study done in this thesis is the beginning of are more complex study. For example
our models contain constant parameters, which imply that technology remains con-
stant. This is certainly not the case in our world now, so assuming that our models
parameters are constant is too simplifying an assumption. In future works, we can
allow some of the parameters to vary, incorporating technological change.

As mentioned in the introduction to Chapter 4 of this Thesis, the purpose of
the model in Chapter 4 was only to serve as an approximation and also give us an
insight into a future research project. In that future project, we intend to model the
competition for land between normal agriculture, renewable agriculture and industry.
Some parallels could be drawn between the model in Chapter 4 and our future model
in the sense that before the introduction of agriculture and industry, the whole land
belonged to renewable agriculture only. Once a given land is converted for agricultural
and industrial purposes, it cannot be or is usually not converted back to renewable
agricultural land. Even tough, we sometimes try to convert normal agricultural and
industrial lands to renewable agricultural land through afforestation, some of the
species lost as a result of the earlier conversion are sometimes usually lost forever.
So the competition for land in this case can be seen as renewable agriculture losing
land, while industry and normal agriculture gain it. A model of such a complex
system will involve six or more differential equations. The purpose of such a model
will be to determine under what conditions some of such assets will go extinct and
conditions under which those assets will persist and also determine if any, the role the
percentage of land owned by each asset combined with growth rate, terms of trade,

etc. contribute to its survival or extinction.

Beginning from our work in this thesis, we can continue in the future to the (much
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more difficult) study of price/yicld/demand interaction. That is one can examine the
economic parameters relative to sustained-agricultural-yield with maximum returns

for the environment.
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