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Appendix A

Solutions Using Local

Acceleration Only

Shown in this Appendix are tables which list possible solutions in a varicty of
the system parameters that have been investigated in this thesis for using local form

of fluid particle acceleration DU/Dt = aU/t.

The results show that complex responses of the articulated tower system are

unlikely to occur if the local acceleration only is used to cevaluate the fluid particle

acceleration.
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Table A.1:Solutions for I) = 5m using DU/Dt = U /0t

H=5m

d=100 m d=500 m
parameters | Cy =0.2 | C4=0.5 | Cy=1.0 | Cy=0.2 C;i=05|Cy=1.0
=02 n=1 n=1 n=1 —n=1 n=1 n=1
g =05 n=|\ n=1] n=1 n=1 n=1 n=]

B =0.7 n=1 n=| n=I1 n=1 n=1 n=1
H=10 m

d=100 m d=500 m
parameters | Cy=02]Cy=0.5| Cqa =10 C;=02Cy=05|Cs=1.0
# =02 n=1 n=1 n=1 n=1 n=1 n=1 B
p=10.5 n=1 n=1 n=1 n=1 n=1 n=1
B =0.7 n=1 n=1 n=1 n=1 n=1 n=1

H=20 m

d=100 m d=500 m
parameters | C4 =02 {Cy =05 Ca=1.0|Cs =02 C;=05|Csg=1.0
B =02 n=1 n=1 n=1 n=1 n=1 n=1
B =0.5 n=1 n=1 n=1 n=1 n=1 n=1
B8=0.7 n=1 n=1 n=1 n=1 n=1 n=1

H=30 m

d=160 m d=500 m
parameters | C3 =02 |Cy4=05[Cy4=10|Cya=02|Cy=05|Cy=1.0
B8 =02 n=1 n=1 n=1 n=1 n=1 n=1
B3 =0.5 n=1 n=1 n=1 n=1 n=1 n=1
3 =0.7 n=1 n=1 n=1 n=1 =1 n=1
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Table A.2:Solutions for ) = 3m using DU/Dt = dl/ [t

H=5m

d=100 m d=500 m
parameters | C4 =02 | C4=0.5 | Cy = 1.0 | Cy =0.2 (y=05H]C;=1.0
B =02 n=1 n=1 n=1 n=1 n=I1 n=|1
B=0.5 n=1 n=1 n=1 n=1 n=1 n=|
B =0.7 n=1 n=1 n=1 n=1 n=l1 n=1

H=10 m

d=100 m d=500 m
parameters | Cq =02 | C3=0.5|Cy=1.0 | Cy =0.2 Cy=051C=1.0
B =02 n=1 n=1 n=1 n=1 n=1 n=I
B=0.5 n=1 n=1 n=1 n=1 n=1 n=|I
B =0.7 n=1 n=1 n=1 n=1 n=1 n=|

H=20 m

d=100 m d=500 m
parameters | C4 =02 | Cy=0.5| Cy=1.0 C;=02[Cy=05Cy=1.0
B =02 n=1 n=1 n=1 n=1 n=1 n=|
B =05 n=1 n=1 n=1 n=1 n=1 n=1
B=0.7 n=1 n=1 n=1 n=1 n=1 n=|

H=30 m

d=100 m d=500 m
parameters | Cq =02 | Cy4=0.5|Cy=1.0 C;=02[|Cy4=05{Cy=1.0
B =0.2 n=1 n=1 n=1 n=1 n=1 n=l|
B =0.5 n=1 n=1 n=1 n=1 n=1 n=1
B=0.7 n=1 n=1 n=1 n=1 n=1 n=1




Table A.3:Solutions for D = lm using DU/Dt = 9/ /9t

H=5m
d=100 m
parameters Cy=0.2 Cy=0.5 Cqs=1.0
f =02 n=1 n=1 n=1
p =05 n=1 n=1 n=1
f=0.1 n=1 n=1 n=1
H=10 m
d=100 m d=500 m
parameters | Cq=0.2 | C3=0.5|Cy=1.0 C;=02|Cy=05[Cy=1.0
p =02 n=I1 n=1 n=1 n=1 n=1 n=1
f=0.5 n=l1 n=1 n=1 n=1 n=1 n=l1
3 =07 n=l1 n=1 n=1 n=1 n=1 n=1
H=20 m
d=100 m d=500 m
parameters | Cy =02 [ Cy=05|C4=1.0 [ Ca =02 | Cqy=0.5 Cs=1.0
B =02 n=1 n=1 n=1 n=1 n=1 n=1
B=0.5 n=1 n=1 n=1 n=1 n=1 n=1
B =0.7 n=1l n=1 n=1 n=1 n=1 n=1
H=30 m
d=100 m d=500 m
parameters | Cy =02 | Cy4=05{Cy4=1.0|Cya=02|Cya=0.5|Cs=1.0
B3=0.2 n=1 n=1 n=1 n=1 n=1 n=1
B=0.5 n=1 n=1 n=1 n=1 n=1 n=1
3=0.7 n=1 n=1 n=1 n=1 n=1 n=1
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Appendix B

Numerical Calculation of the

Largest Liapunov Exponent

This appendix contains a description of the method for the numerical caleulation
of the largest Liapunov exponent for a sct of first order time dependent differential

system. The algorithm here follows that given by Wolf et al. [36] and Moon [5].

B.1 Definition

For an n-dimensional time-dependent differential system, we monitor the long
term evolution of an infinitesimal n-sphere of initial conditions. The sphere will
become an n-ellipsoid due to the local deformation. If d;(¢) denotes the length of
the it* ellipsoidal principal axis, then the i** Liapunov exponent is defined as (sce

for example, Wolf et al. [36]),

(B.1)

The )\;, i = 1,2, ..., n, ordered from largest to smallest, are related to the stretching

and contracting nature of different directions in phase space. If d(t) denotes the

90



91

d(t:)
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reference trajectory X*(t)

Figure B.1: Calculation of the largest Liapunov exponent
form time series

largest length of ellipsoidal principal axis, the largest Liapunov exponent is then

defined as

A = lim—— 1 2

t—o00 (t - to) d(to) (B2)

A problem arises for using this definition directly to calculate A;. The divergence of
chaotic trajectories can only be locally exponential as d(t) cannot go to infinity if
the system is bounded as is the case for a dissipative system, such as the articulated
tower system discussed in this thesis. In practice, to obtain a measure of this
divergence, averaging must be used to estimate the exponential growth at many
points along a reference trajectory as shown in Figure B.1. Thus the procedure to
measure this divergence of trajectories goes as follows. Beginning with a reference
trajectory and a point on a nearby trajectory, measure d(t)/d(0). When d(t) grows
too large, take a new “nearby” trajectory and define a new d(0). In Equation B.2,

let t — to = 7, and take N samples. After averaging we have



N

d(l
- NTZ({O , 1
13.3
iN“‘toLdo tio) (18-3)

It can be seen that the main idea to calculate ); is to be able to determine the ratio

d(t:)/do(ti-1).

B.2 Algorithm for Computing the Largest Liapunov Ex-

ponent )\

The method described below to compute the largest Liapunov exponent follows
that given in [5]. For a sct of first order n-dimensional differential equations of the

form
x = f(x,t), (B3.4)

integration gives a reference solution x*(t). The integrating time should be long
enough to get rid of the transients. Then take x*(¢x) and a ncarby point x*(l) +
Ax(ty) as initial conditions, where Ax(t;) is the initial divergence vector with cach
component along each principal axis and can be obtained by solving the following

variational equations.

Substitute x*(tx) + Ax(t;) into Equation B.4 to get
x*(t) + Ax(t) = f(x"+ Ax,t). (B.5)

Expanding f(x* + Ax, t) in Taylor series in the vicinity of x*(¢) and retaining the
linear terms, we have

axt) = X axw) (B.6)

ax x=x*
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Ax(ty) = I oy AX() (B.7)

where Of /9% |x=x- = J is the Jacobian matrix evaluated at x = x*. Equation B.7 is
called variational equations, and it represents the linearization of vector field along
a trajectory. Thus at cach time step, called the Liapunov time step, 7 = ti41 —
should be small to minimize the error.

In practice, we can integrate Equations B.4 and B.7 simultaneously, taking into

account the change in J through x*(¢). After a given time interval 7 = tx41 — U,

take
d(trs1) Ax(r, tr)
——t. B.8
d(tx) Ax(0,1x) (B:8)
For next step, use the direction of Ax(7,1;) and normalize it to get
Ax(7,
AX(0,ts) (7,0 (B.9)

|Ax(0, )|



