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NOMENCLATURE

a = constant and equal to the throat radius of the
hyperboloid shell of revolution (Eq. 4.9). '
{a] ’ = flexig;lity matrix in Eq. §.2;
(a1],[A2] {as} | ‘
= coefficient matrices defined in“Table 2.1
[A(s)] = coefficient matrix relating the shell fundamental
variables and ;heir derivatives at the location s (Eq. 3.5).
b = constant
[(By],[B2],{B,} .
. ¥ .
= coefficient matrices defined in Tables 2.2.1 and 2.2.2.
{B(S)} = column vector of the loading terms in the basic set

of equations (Eq. 3.5) . . .
LY ] o
o{c} .= column vector of the eight arbitrary constant of
id{egration defined in Eq. 3.9.

(C1],1C2],{C3}

coefficient matrices defined in Tables 2.3.1 and 2.3.2.

D =  extensional rigidity of the shell defined in Eq. 5.18.1

{p} = column vector of ﬁ%e displacements defined in¥#q. 2il9.l

{p*} ‘= derivative of {D} with respect to s (Eq. 2.19.2)

E =' modglus of elasticity. ig{‘~

[Ec] = eccentricity transformation matrix defined in ‘q. 3.31.

{Fs} = column Qector‘of primary stress resultants dé ned in
Eq. 2.15.1. :

{F;} = derivative of {Es}ﬂwithlrespect to s (Eq.(@.lS.Z).

xii
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SRR S
CTE S -
a ! . . {
column vector of gecondary stress resqlta&ts defined. -
: O . S
in Eq. 2.15.3. /

7. >

. v / ’
;column~vecto§‘of the fixed end forces. in Eq. 3.3.0

. s ‘
shear modulus defined in Eq. A.13.
; | 1
column géctor‘gf the homogeneous solution of the eight

fundaméntal equatiops (Eq. 3.6). ’
s
tragsfer matrix arisés from integrating the. inhomogeneous

térms in the eight fundamental equations (Eq. 3.11).

- flexural rigidity of the shell defined in Eq.,A.lS.Z.

stiffness matrix

-t

transformation matrix from local to global coordinates

defined in Eq. 3.209.

meridional and circumferential moments pert unit

length, respectively.

\ ' .
circumferential and meridional tyisting moments pe
dnit leﬁgth,hfespectively.
harmonic number ..
normal in-plane forces per meridional and.circdmferential
unit length, respectively.

in-plane shear forces per meridional and c%rcumferential
unit length, respectively. .

' .

intensity of load components in the direction é, z and
® respectively.

transverse shear forces per meridional and circumferential

unit length, respectively.
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surface and‘the axis of reVoiuf hn.
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curvature of parallel circles. ’ | <
first principle curvature = 1/r;.

second  principle curvature = 1/r5.

tootdinete heasdres the.distante'along.the hetidian
6f the shell. _‘ ¥
effectlve trahsverse shearing force per c1rcumferentlal
unit length defined in Eq. 2.6.1.
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'1.1 Introductory Remarks

' concepts.

CHAPTER. 1L~ .

INTRODUCTION - e

- .'Shells of :revolution are impoftant_structural elements.

‘Many'structures,such as storage tanks, preSsure vessels, ‘silos,

) : e

‘chlmneys and towers are composed of eltﬁeﬁ a 51ngle shell unit.or.

an assemblage con51st1ng of dlfferent types of shells Their
__/ .

behaviour allows 'the shell thlckness to be reduced toa mlnlmum

and their advantageous shapes*permit;more.modern archltectural

-

»

e b

Although the governing field equatious have been known ,

&

' for many years, cases where analytjcal solutions can be obtained

.

are relatively scarce and are restricted to simple forms of

geometry, boundarles and loads. The determination,of the forces

!

and deformatlons “in shells constitutes a dlfflcult problem in

N

the theory of elasticity, .owing to tﬁe complexity of the mathe—

matieal'equations involved. For conditionS’in which the analy-
tical solutlon is complex, or is unknown, the appllcatlon of
numerlcal methods with the aid of .a dlgltal computer has proven. .

to be useful and efficient. This approach allows the solution

- for generalized geometric configurations and loadipgs of shells

A

of revolution.

Vil



1.2 Purpose of the Study .

4

'The.dbjectives-of'this thesis'afe:f" G R

‘ xl) to develop a technlque for evaluatlng;the stlffness:d

1nfluence coeff1c1ents of any arbltrary element of a

‘ by means of a dlrect numer1ca1 1ntegrat10n method

B\

- ‘; 2) to: employ the standard stlffness method of structural
o ‘ e : oy
ana1y51s to analyze assemblages of such elements.

'3) to’ demonstrate the capablllty of the method to treat
» 'arbitrary surfaceqloadlngsaand thermal gradlents,

including line and‘conCentrated,loads.

S 1:3,‘Types of Shells of Revolution _A‘ o o é{iv

B

The pos1tlon of a p01nt 1n a shell of revolutlon can

e

be glven by three orthogonal coordlnates s, 6 and Z (See Appendlx
A, Sect. A1, for‘deflnltlons) The spape of the shell is

l determlned by. spec1fy1ng the two pr1nc1pal radii of curvature
] and r2 of the m1dd1e surface and the thlckness of the shell

(Fig. A.l). Instead of r, it is sOmetimes convenient td use- the

distance r from a point on the middle surface to the axis of
: A o

revolution (Fig:tA.l) where v ‘ : : "

. ¥
r = F,sind’ » - e I (0 |

<

- s

in which ¢ 1s the angular dlstance of the p01nt under cons&derat10m~

from the axis of reVolution.v The generatlng curve of the m1dd1e,

e Lo Sos



&y

’

surface is defined by ﬁhé-equétionw N
oo o P

e o2

2

- 'where r(x) represent the radius r as a function of the distance

3

- measured along the-axis of revolution, x,. Therefore the

"princiﬁal’radii'of Curvature_can be determined by;the;following‘

two .equations S , : S S

| : r1 i tQE]%]'3(2/ éiE, : B 131

o1 |77 ldx dx?2 .. - e

H
It

s
N
il

» ‘ N2 T 1/2 : - o , S
lr[}+ [gi} :I”“ e 1.3.2

The general shape of any type of shell of revolutlon

‘v(Flg 1.1 to 1.8) 1s characterlzed by- partlcular forms of Eqns.<l.3,

as follows
S v

' a) for plates (Figi 1.1) r, =@ | 141
| r, = o 1.4.2
¢ = 0 - 1.4.3

-4 .
¥

.b) for spheres (Fig; 1.2) r, = a | 1;4;4
| r, = a . 2 ‘;’ 1.4.5 -

<) vﬁér Fyiindgrs (Fig. 1f3)< r,  = - ;' | L

»' B T2 =.5 | . : 1..‘4.;7

o e =2 l.4.8

d) for gonesf(Fig. 1.4) ?'“ri = o : . 1.4.9

1.4.10

e



e)

g)

h()'

£)

for toroids (Figg,l.S)‘

‘ N

N
>
W
A
_ igﬁ
¢ = constant
r, = a
r, = L
2 -singd

for ellip501ds (mlnor ax1s coincides with the

axis of revolutlon) (Fig..

foF hyperboloids (Fig. 1

p ]
L5}

Ly oF

middle surface cannot be expressed as a closed form

numerically.

1.4 "Loadings

-6 and Z-.

1.6)\

.,
Ay

aZ

o alp2a
Kaﬁsin2¢ +!é2cosz¢)3/2

(a2sin2¢ —'bzcos?¢)1]23

7).

4-‘—-{;'
-a b2

)

at

(a251n2¢ -'bzcosz¢)3/2‘

-

K

as well as in the c1rcumferential d1rect10n of the shell.

'Therefore a. 1oad component may be written as a function of the

coordlnates s ‘and 0 Ain the following form

P, = 'F_,i_(sl,e)

(3251n2¢ - b2cosz¢)1/2”

,for arbltrary shell elements “for whlch the form of the

“discrete points along the meridian and interpolate

1.4.11
Wl.4.12

1.443

1.4.14 -

1.4.15

1.4.16 -

1.4.17

function (Fig. 1.8), one can describe r;, r, and r at .

o Applied surface loads at any point of the shell can be ‘
. resolved inte three components\in the three.otthogonal directions

This load may vary in the direction along the meridian.

1.571
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e

léadin%/aq is'independent of 8, thus -

1.5 shell Theory

*

'whére‘P. is .the magnltude of ‘the load at the point under con51dera—

-

tion in-the direction i(i = s,e,z) and Fl. is the funct1on

representing the epplied load. For thevspeeial case of axisymmetric

]

g

Pi = in(s) o . 1.5.

o

For non-axisymmetri@al loading, the classical method

bf'analysis is to expand this load into a FOurier series,

© Q

analyze for each harmonlc separately and superlmpOSe the effects
[10,27]: The number of terms con31dered in .this series: must be

suff1c1ent to give the de51red degree of canvergence
. Thermal leedipg can be considered in either case by

I3

algebreically adding‘the strain‘dﬁe to thermal expansion to the

'strain-due to the surface loading in the stress-strain equations.

®

[

Shell theories of Various degrees of complexity mey be

derived, depending upon the degree td which the theory of linear
élaeticity is simplified.
. , . &
In all cases one begins by(;?sucing the three-dimensional
shell problem to a two—dlmen51qnal problem expressed in terms of
the "deformation of the mlddle surface of the shell Further
51mp11f1cat10ns establish varlous shell theorles which may be
classified into different.categories [3]. °_Such categories are '

e

based on the terms’ that are retained in the strain and stress-

5



displacement equations with respect to the‘thickneés.

"coordinate.

The seéond order approximation theory for shells of

revoiution was .presented in~1932 by Flugge {10] and based upon *

the following assumptions:

1)

2)

3)

ansistent with the formulation qf the classical theory
of eizgticity, strains and~displacéments under loads
are sﬁail enough so ;hat chgnges in geométry of the
shell will not‘algef‘the equations of sfatic equili~
brium éf the shell zi.e;, equations of equil&brium are
written in thelﬁhdeformed configuration).

The compbnenté of stress‘normal_to the middlé surface
are smallucompar?&\to the other.compqngnts of sﬁress
and méy be rneglected in the_stress—straiﬂ relationships:
(i.e., ;he'materiél may be considered to be in é_pléne
stress condiﬁioq);

Points on lines normal to tﬁe‘middle sﬁrface before
deformation remain on étraighﬁ linés nérmal.to the

middle surface after deformations (i.e., deformations

of the éhell due to the radial -shears are mneglected).

Gontrary to other theories, Flugge's theory did not entirely

. neglect the ratio of the thickness to the radius of curvature

(except for an occasional dropping of the fifth and higher order

 terms) in the Stress resultant equations and-in the strain-

displacement relationships [10, pg. 320]..



\ . “ b

N\ Applications of this theory have generally been
\ v
_restgicted to circular cyllndrlcal shapes, for which some

solutions have ‘been obtained [10,16,19] and are considered as

standar s,against which other simplified theories may be compared

)

[16,19].\

\

The fundamental equations of Flugge's theory, upon *

which this étudy is based, are presented in Appendlx A.

p
1.6 Methods of Analysis

"y

A structure usually consists of an assemblage of neny
parts and tends to be complex in nature. Generally, the true
_ , v . J
structure must be replaced by an idealized approximation, or

'model, suitable for mathematical analysis. Structural analysis

for shells may conveniently be carried out by matrix methods using
a
influence coefficients.

In the literature, the analysis of symmetrically loaded

shells of revolution is classically performed using flexibility

-,

influence coefficients [3,4,21]. These have been éiVen, in an
explicit manner,wfor-verynlimited number of tyﬁés of shells of

&
' « .
revolution, such as, cylinders, spheres and cones, of uniform

thickness. .

e

For symmetrically loaded shells, the membrane - solution,
which represents the momentless state of stress in the shell,
may approximate the particulét solution which satisfies the .
' \

general differential equation\ff the shell. Using the membrane '

\



[ o

solution, a flexibility method of analasis can be performed”B&

satisfying the continuity requirements the joints at which

the elements are connected. When the forces and displacements

) o N : ‘ . N
at these joints are known, the conditions within‘each element
may be determined ¥rom the solution of the aifferéntial'equaﬁion

6

of the element.
' Q

For the case of arbitrary shelis of revolutions; under
arbitrary systemé,df loadings, the correspondiné éxpressions for
influencg coefficients are unk;owﬂs. fhe.analytical method of
obtaining'these expressions wyuld involve theqsolution of eighth-
Qrdefldifferential eégations expressed‘in terms of the geometry
of the shell sﬁrface and the physical comstants. This method is
difficult and complicated, even for a simple geometry such as a

cylinder, and it is generally impossible for the case of an,

arbitrary shell under arbitrary loads. However, the latter
. 7 '

—

case is the rule rather than the exception in modern architecture.

As -a consequence of the availability of electronic
computers, and the increasing familiarity of engineers with this

computational tool, the application of numerical methods of

analysis to shell problems has become -more attractive.

Two numerical methdds for the analysis of shells of
revolution with érbitrary;con%igurations have recegived extenéiVé
treatment in the technical literature. The first method is'th
finite difference method, which consists gsséntially of the dirett

replacement of the derivatives which appear in the governing
: - - e



" 9.

differential equations by fiqité difference approximations;

This method transforms the differential equations ihto a system
of algebraic equations which may be solved by an iterative
procedure [26] or by means of matrix methods [6]. The method is

quite general in»appliéation. Replacement of the derivatives by

finite difference approximations may be undertaken at any level

/in the basic formulation of"theoshell problem. However, it is

difficult to introduce boundary conditions into the problem. It
. .
also becomes cumbersome when attempting to satisfy equations

involving high order derivatives [9,12].

The second method is the finite element method. 1In
this method the displacement of *each element .into which a shell

. ] . . ‘
is subdivided are represented by an approximation [9,11,13,20,24].

]

~
The most common practice is to represent each shell by a series

of short conical shell elements of uniferm thickness. The
variation in thickness along the generator of the shell, can be
‘ : Yoy ]
accounted for by considering the average thickness of each
element [20]. Once these short segments have been defined, the
problem becomes one of anélyzing a shell that is an assembly of
many short conical shells. Stiffness influence coefficients are
evaluated using energy methods. Conditions of continuity are

then applied at the boundaries of each segment to evaluate the

forces and.deformations.

An alternative method of numerical analysis based on

direct integration of-the shel equations, as proposed by




- 10,

it

Goldberg, ot al [12] for spherical domes and by lyer and

Simmonds [17] for copical sShells, is presented for generxal

shells of revolution in this thesis.

In theiappllcation of thVﬁ method to the analysls
of shells of revolution under arbitrary loadings, the governing
partial differential equations of é consistent shell tgeory are
expanded by means of Fourier éeries. Differenbiation with
respect to the“colatitude coo;dinate G‘may be performed ﬁo,
transform the governing equafions to ordinary differential
equations. These equations are reduced to a set of eight first-
order ordinary differential eqdations involv;ng eight intrinsic
depéndent variables and their derivatives. The intrinsig variébles
are the three co&ponents of displacementz;t the middle surface,
the raotation of the tangént‘to the meridian, the’membrane normal
force in the meridian direction, the moment acting on circum-

ferential sections and two modified shear terms in the directions

perpendicular and tangent to the meridian.

This system of equations can be integrated in a stepwise
fashion across a givep element. By performing matrix‘pperations, =
which will be described in Chapter 3, the stiffness influence
coefficients can be calculated. Fixed end forqes can be obtained
and stiffness analysis may then be performed to determine the

:conditions at the element boundaries. Ihese conditions can be.
used to determine the forces and deformation everywhere within

the sheil element.

-



11.

1.7 Ohtliﬁeiof Conténﬁs

The governing equations of the CIaSSicél?thgofy:éf'"
shells of revolution are reduced to a set of eight basic equations
N N ‘ . . . ) .
in Chapter 2. In Chapter 3, the solution technique for the basic

equations is described. Standard stiffness methodS\for segmented

shell structures are outlined. Two example problems are handled

~

4

in Chapter 4. General types of loadir@are considered. In

Chapter 5, limitations of the technique are distussed. Conclusions

are drawn and possible future developments are outlined in

Chapter 6.
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CHAPTER 2

e flﬁff BASIC EQUATIONS

2.1. Introduction

s in this chapter'the gOverniné'field eqnations'offa

shell of-revolutlon, as derlved in Appendlx A . are expanded u51ng
}Fourler serles. MOdlfled shear terms are 1ntroduced 1nto the

'governlng equatlons to ellmlnate the 1nplane shearlng force 1n T
’the c1rcumfefent1al erectlon and the merldlonal tw1sting

.moment,'which‘appearJat:the boundarles>s‘= constant. Byfperformingn

<matrix operations'to,eliminate'the stress resultants in the
'c1rcumferent1a1 dlrectlon (secondary stress resultants) the

governlng fleld equations are reduced to a set of elght ‘first

v

order equations involving four stress resultants (primary stress.

.'resultants) and four d1splacements and thelr derlvatlves

ot .

2.2 Fourier Series . : a o AR :

The load components and temperature,‘heingharbitrary_
functions ofis and 8, may always be represented;in'the,form

m : 'u " N )
P = L P (s)cosnb + £ P _(s) sinnf 2.1.1
s ‘ sn sn . _ L
- n=0 oo n=1
Pe' = I (s) cosn® + T P (s) sinnG ‘ 2.1.2
. n=0 n=1
P = I P (s)cosnB+ I P__ (s) sinnb o 2.1.3
z zn . zn :
n=0 . n=l : :



‘ o -
T = ) Z T (s) cos n6 + I T (s) sin ne
. n=0 . o “n=1

where P »,’"Pe and P are defmed in Appendix A, T represents

"temperature, and the functlons of s on. t:he rlght hand 51de are

“'Fourler coeffic1ents [10 27] Thencorrespondlng stressp >‘

.resultants and dlsplacements may be' expressed as -
- - o e

= I N (s) cosne LI '\I (s) smne
"_‘n—O R n=l .

-
1l

o Ye 7 I oMy (9)cosn@H b Mg, (o) sinnd
‘ T =0 T Sm=l :

SN =S N (s) cos ne + Z N <6 (s) sinn®
...... n=0 I . n=1 . ,
(s) cos ne + 2% N

Bsn (s) sihn@
o on=1", Lo B

Lo
Lo

=z
i
=) S
I ™8 :
=

Q 0 (s) ‘cos»r:\B +J nzl an (s).'s.in'-":he

B8
o

It g [VJ_. 8 .

o]
e

(s) cosne+ Z QG (s) 51nn9
‘n=1 v

O
it
' o

n (s) cosnb + nElMsn (s) sin nb

=

1

o
Nt 8
O .

TN

M, = T M (s) cos nb + Z Me (s) 51n ne
n=0 v ‘n=1
foeel . . o
‘ Mse‘ = T Msen' (s) c_os-nB + I ,'M'sein"(s) sinnf -
n=0. - n=1

Moo = I Mg .(s)cosmb + I My . (s)sinnd
-n=0 - n=l

2,

2.
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A
5

U = ¢ U (s) co‘slne +" Z U (s) sinnG'
a=0 % n=1 T e
- . , » N
. oo oo’ - . R : . "5> -
vV = T V (s) cos nb + I V (s) sin ne '
. n=0 ’ vn=1
@’ ' © . o
W=z W (s) cosnb + I w (s) sin ne !
n=0 . :

n=1

17.

2.2.11

S 2,2.13

Where the variahles on’the“left,handVSide are defined in AppendiXuA,

Q.= 0. ..

‘dSects. AL2 and A 3, and ’ where ‘the term (s) 1nd1cates that the
wvariable coeff1c1ents with subscript n are functions of the

"coordinate sfonly and'n‘is the harmonic number | The first and
uthe second serles 1nieach enge531on represent the portlons of

”the variables which are, res ectively, symmetrlc and anti—

'symmetric w1th respect to the meridlan pa551ng through the line

For an arbltrary applied load expressed as. a. Fourier

-series of the order N (Eqs

" 2. 1 1 to 2.1. 3), there are a1

terms that represent each component of 1oad (n-- 0 1 2y .,N)

>

AN

for the_symmetrlc serles.and“(n =1, 2;:;;;,:N) for the anti—f

symmetric series._ For each value of n the (s dependent)

variables w1th the subscript n from each series can be entered

in the governing equations of: shells of revolution of Appendix Ay

because the sequences cosnf. and 31nn6 -are linearly 1ndependent

»

" Differentiations with respect tovﬁ can.be‘performed and the’

terms. grouped according to the common factors, cosnd or sinnf .

.Since the coefficient of each of these: factors must be zero, each -



»factof‘produces a separate equation. For exémplei Eqnf A.5.1 is

e ' '
: ‘ + N
N s + COS‘PNS‘ N 0s

\

for which, for any n, the cosine terms become

rN° cosnf + cosd N “cosnb + nNe cos nb
s . s ; sno

- Vcc;s'd)Ne cosnb = — Q cosn® + rP_cosnb = 0.
R On "7 r, 'sn sn

,which, upon faétoringvout the_commbn térmg'yiélds

e

. . N
. : B A . SRV RPN
rN‘sn + cos(szn + Nesn - co;ijeh‘. rvasn

+rP =0
-~ sn

' If the Fourier expansions of Egs. 2.1 and 2.2 are

- C?S(pNG o QS + rPél =0

18.

2.3

2.3,

2.3.

truncated such that 0 < n <N, the governing system of equations

is replaced by.(2N+l)'dr§inary différential.systems of equations,

each equétion éfgthegtybe illustrated byiﬁd.-v2.3;3; add an

‘analysis is carried out to obtain the solutions for the's

dependent coefficientsvcorresponding to each value of n, . In

’the'general case there are twenty-=six variable coefficients -

with each o:

‘were assum

associated with each n > 0 in. Eqns. 2.2, thirteen associated -

tie factors.

Vinalk .since linear stress?displacement relations

supefimpoééfgﬁe @N+1) solutions so_obtaihed.v

L.

ie principal of superposition is valid and one can

A

)

3



The nthvseAt of e‘q‘uatfi'ons can"be written as follows.

The six equilibrium equations are obtainedJErom'Eqs..A.S as

N* +R«co's¢N £ RaN - Rcos¢N, =Ry Q + P
sn - sn On _sn sn

6sn

N s€n+ Rcosthsen-}_- R.n Nen + Rco:sngesn - Rg Qen

+ Ry =0

- Rp Nen

sn

e 0
TR Nsn R'n_QGn - Q zn

4

&,r{ y‘ Ny

N -
. + 1 -] ‘ - =
Msn + Rcosd)Msn__ RFIMGsn Rco_sd)Men QST};' 0
. / B
M'sen* Rcos ¢>Msefn ¥ RnMen + Rcos q)'Mesn - QBn = 0
Nesn - Nsen'_ RZMGsn%;+,R?Msen =0

where R; and R, are the principal curvatures of the shell,

defined as the reciprocals of the radii of curvature r, and T,,
1 N
. _ ) .

respectively, and.R is the curvg;u{g>of the parallel circle. °
? : :

The eight stress-displacement’ equations are obtained

~ from Eqs. Al7 as,

Ny = [KRi(Ri - R)r7] B - [K(R1 - R2)IBT

51

+ [D(R1 + VRz) + KR?; (Ry = Rp)IW_

+Rcos¢an—P = O.

19.

L4

N

.

b

.1

.3

N

5

6



sBan

Bsn

sn

6n

20.

+ [VDRcos$p - KR?1(R; - Ra)r" ]Vn ’
+ [D+ KR, (R, - R2)1V" £ [VDRal®_

- D - * 2.5.1
[+ \))q ]Tozn‘_ | _ 2 5 1

[KR (Ry - Rp) cos¢ I8
+ [D(Rz + VRi) +K (Ri - Rp)(R*n® - R%)IW_
+ [DRcosd - K RRy cos ¢ (‘Rl - Rz)]Vﬁ

. '+ - ¢
+ [\)D]Vn + [DRn]Ur1

D ' »
[(1 + Vo ]Toln \ - 2.5.2

“5 (£ [KR(R1 - Ro)n]B_

2

I+ .

[KR*cos¢ (R; = Rz)n]W_

¥ [DRn + KRR, (Ry - R)nlV_

[DRcos¢d - KRcos"¢) (Ry -~ Rz)z]‘Un

+[D+K (R - Rz).z]U'n} o 2.5.3

1 -V
2

{ =+ [:'KR(RI‘— R2)n]B_

+ [KR%2cos ¢ (R; - R2)n]W_
A .- .

7 [DRn- KRR, (R; - Rz)n]Vn

.[DRcos(I)]Uh + [D]U'n} ' 2‘:5.4

[KRI;‘I - VK Rcos <1>]Bn - [K]B‘n '



+ [KR; (R, = Ry) - ,vK‘Rznz]wn’ R

(KR ey 1V + [K(Ry = R2) ]V

- o
+ [VKRRy n] Un + [(1 + V)oK]Ty2n ‘ i .2.5.5
I:Ien = [VKRirH TKR,COS(b]Bn - [VK]B n
- [KR%1? + KR, (R, - R.) W
- [VKR1r* + KRcos ¢ (Ry - Rz)]Vn' ,
T [KRRy n]U_ + [(1 + V)aK]Tiin 2.5.6
M - 1-wv { £+ [2KRn]B_ * {2KR%ncos ¢]W . ’
" sfn 2 - . n , ' n :
. 4] e
I [K RR-1n]Vn -~ [KRcosd (R; - ZRz)]Un
‘ + [K(Ry - 2R2)]U° 1} o © o 2.5.7
M = LoV kRaIB. £ F2KR%n cosd W
Bsn 2 - o~ - n
¥ [KRR;n]V_ + [KRR; cos ¢]Un'
. >
- [KRz JU°_} . © 2.5.8

.

. where Eqs. A.7 have been used to eliminate the first and second

derivatives of the displaceTent component W.

‘Eqs. 2.4 and 2.5 aie fourteen equations in terms of
-the thirteen unknown functioms (the variable Fourier series
coefficients). As such the system of equations is ov%rspecified.

In the theoty developed herein, Eq. Z:Q?Q is discarded and the

j
2

L4
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L

”remaining thirteen equations allow the solution for the thirteen®

functions associated with each trignometric functions. of the

3

Fourier series expansion. T ‘ e

2.3‘.Netursl Boundary Conditions -

v . . .
)

According to ‘the classical theory of shells; the
. . R ) o . @
quantities which appear in the natural boundary conditions-on,an

edge.s = eqnstant of a shell of tevolution are the four displace-

ments B, W, V, U.and the corresponding four fdices MS, SS, NS,
- :\/‘ ) * . .
o P \
s )

The forces Ss’ TS are the transverse ana tangential ‘:>
effective shears which are commonly known as.Kirchhoff's shears [27].
The Kirchhoff shears are work4equivalent/forCES assoqiaggd with k\\

vtbedisplacements W and U, and these effective shears replace the-
/~ @ v M

stress resultants Q ’N . and M <6 Such\replacement is essential

@ %
\iggl. Although the

to descrlbe simple "boundary condltlons 1

expressions for these forces may be derived rigorously from

! : o .
variational principles,- the following physical interpretation,

due to Kelvin asd,Tait 227, pg,45], is more instructive. If
theitwisting moment.MSe acting on an infinitesimally sma}l
eleme;t_of‘the shell is replsced by a statically quivalen;

force as shown in Fig.JZ.l, one can write fromstatics the | .

expression for the effective transverse shearing force as [27]

M! BN

2.6.1



and the effective tangential shearing EofFe as o
T & _EI_S_B.
s s r, )
7

Writing Eqé. 2.6.1 and 2.6.2 in Fourier series tekms, and

. .separating the linearly independent térms, we ‘may define

3 = Q + s6n
sn sn r
T = N . - _SOo
sn’ sBn Tro .. B o
Using the geometrical relations in EQS. A.2, the derivativeé
of these forces with respect to the coordinate s may be written
. . , Y R - ’
as
- 3
" = ° + hd T 2 ’
. S cn an_RnMSen.i.Rncoschs6
. . 1szsen B Msenr2
T° .= N - 5
sn sbn r4,
o < 5
= % - * - - M 2
Moon T ReMggy = R2(Ri = Ra) cot o Mg
Q&

2.4 Reduction of the Governing Equations

~

. It can be seen that the stress resultants QG’ Ne, Me,

MeS and Nes do not ente(ﬁintO*ény boundary conditions on an

a .

edge for which s = constant. . Therefore, it is preferable to

ro

2

6.2

3.

.8.

.8.

2

2

.8.



Moo= Ty (B, B, W, V, V', U, Ty o 2,105

r .
MO = (B, B, W, V, U, T11) 201006
. = F,. . : 2.10.7 -
Mge . 113(81 wa Vy Ua U) 2(1( 7
Mog = Fiu(B, W, V, U, U") : 2.10.8

-2
where the form of the functions F; to Fy4, is obtained from Eqs.

. P
2.4 and 2.5, 1In addition, Eqs. A.7.1, 2.7 and 2.8, which will
be called auxiliary equationsh may be written in the following

symboiic form,
B = F15 (W', V) 2./1].-1
. Y

S, = Fus (Q, M ) a 2.11.%

Ts = Fy19 (Nse, Mse) 2.11.3

8% = Fis (@, M o, M) ™ n 2.11.4

Ty = Fig (W g, M ", M_g) , ~2.11.5

Y

It should be noted that for shells with equal radii’
of curvature (i.e., r, = rz), the sixth equation of equilibrium

Eq. 2.4.6 will be an identity as

n
@
@
®
%
L

©°

Therefore, this equation will be discarded, as mentioned in

Ce



o

S
/

e

o

eliminatqvthem‘in_terms of the other stress resultants and

evaluate them after the solution of the governing equafiqns.

: \ o . o
For -convenience, the subscript n in Fourier coefficients

will be omitted and the governing -equations (Egs. 2.4 and 2;55:7
. : ¢

can be written, for each set of eduations, in tge following

‘'symbolic formﬁafThe equilibrium equations (Egqs. 2.4) may be:

- .

‘written symboikégiiy as: : : o
‘Fi (V' _,N_, Ny, Ng, Q_, P) = 0 .2.9.1‘O
v F2 (N o Nogo oNg» Ng_» Qg Pg) = 0 , 2.9.2
F3 (ge, N.> Q> Q'S, Qs,_PZ) = 0 2.9.3 .
Fy, (M's, M, Mes, My QS) = 0 ) 2.9.4
F (Mfse, Mse, Me, M?S, QB) = 0 L . 2.9.5
Fg (;es,'N.s,e_&,i Mg > M o) = O 2.9.6

k)

The stress resultant-displacement equations (Egs. 2.5) may be’

written symbolically as:

*

N = F,(B8,W,V, VvV, U T ) 2.10.1

s 02

N, = Fg(B, W, V, V', U, T ) . 2.10.2

. 0 01
% .

N = FS(B’ wa V’ Ua U.) ‘ i 2.10.3"
s0,
My, = Fio(By W, V, U, UT) | 2.10.4



Appeudix A, Sect. A.5 and as noted in Sect. 2.3.

In solving the aboVe~equations, the displacements
which may be physically imposed on the boundary of a shell are
B, W, V and U. bThe external forces~associéted with these
s (in a work—equiValent sense) are MS, SS, NS and .-

3 \'

TS, The first set of variables are spécified in the case of

displacemen& Boundary conditions while the latte; set{is'specified.

‘in the case of mechanical or force bodndary cond%tiqps. In general

a combination of four of these eight quantities must be specified ¥
to properly define a boundary:Condition,'provided that if one of

the displacements is specified the asSociated‘foFge should not

be specified-ahd'vice—versa.v Sihce éﬁe remaining five of the

thirteen variables cannot be degermined at the.boundary, it is

desirable to eliminate them from the governing equations. " The

objective in the following is, therefore, to reduce the thirteen

governing‘equatioﬁé (Egs. 2.9.1 to 2(9.S'an&;EQS. 2:10) to a set
of eight govefning equations in terms of the eight'variagies
which may arise in thé speciﬁ}cation of the boundary conditioens.
It is also desirable to keepvthe order of these differential
equations to a minimum in order to facilitate the numerical

solution. The final set of equations will be of first order.

Combining Eq. 2.9.1 and Eq. 2.11.2 to eliminate QS,
/' -
/
one can get

8

* N* = Ry SS - Rcos ¢ N5‘+ RR1M56+ Rcospr6.+ RnN - Ps

Os
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'1” Using Eqs. 2.9.,2 aﬁ& 2.9.5 tb‘eliminatéer:aﬁdfthéh'sqﬁstiﬂdéiﬁgJ

for Msp» Nepr Vgp

write -

£
il

- Rcos ¢>TS; RRzn M, + RRj; cos anes

8

< Rcos¢ (R - Rp). M * RoN

6 -~ "N

- Rcos ¢ Nes - P

-0

Eqs., 2.9.4 and 2.lli2, afber‘eliminating QS are in the form

3]

Using Eq. 2.9.3, after eliminating Qg by medns of Eq. 2.9.5,

together with Egs. 2.11.2 and 2.11.4 results in the equation

-

§', = - Rcos$ S - RiN_ + R*n2 M

s + R°ncos ¢ MQ‘S

0

¥ r? - +
R°n-cos ¢ Mse R2N9 Pz

Eqs. 2.12, which represent the equilibrium equations, may now’

be written symbolically as

S Mg T Fao (M, S, Mg, Mo, M)

b: 3

N° . by means of Egs. 2.11.3 and 2.11.5, one can

2.12.2

2.12.3

2.12.4

2.13.1

97 .



Mo T Far (S5 N, Mg, Moy Mg, Ngs» B, Conn B3e2
N® = 20133
s ettt
T = £ 2.13.4
: . 1o
or-in matrix notatio L :
{F".} = [ Bl  B2] “+ g3} a 2.14
whéqé the leoading terms in these equations are separated in the
vector;{BB}, and - g C i o ’ -
, 1
91
<F> = <M S- N T T > =2.15.1
s s s s s » K o
<F*> = < M s N* T > 2315.72
s .. s s s s R
B> S < ' > o .15,
<Fe Me Mes Mse Ne NeS 2 %SAB
- i3

The coefficients of the matrices [Bi], [B2] and {B3} are defined

in Table 2.1

In Eq. 2.14,. the stress resultants have been separated
into the vector <FS>,bwhose components- are desired in the final |

fofmulation,Aand,the vector <F6>’ which remains to be eliminated

from the formulation.

Let us now turn our attention to the displacement

~variables.  Eqs. 2.10.1 and_Z.lO.S,’whiﬁh\are two equations in (



- B, V*, can be converted. to the following two equations R

B e 4+ [Rj ~ RpJN.
B M s RO

T

[Ryx* “caz - VR cos ¢ CA; ]8

[v ‘D‘;Rz (Ry - Rp) + v R%n? CA; W

[R5 1% CAs + VDR cos{d (Ry. - R2)JV
+ [VRR nCA;] U + (1 + v)a. [D(Ry - R2) T0£+ CAy Ty21} :

' .‘ | E | | . . 2161

in which
A

"CA; = D+ KR1 (R =R2) 2620

CA; = D+ KR2' (Rl -~ R2) 5

~ s = = f_IR., —
\ e {-[R; - R2] Mo+ N
X .
- [VKRcos ¢ (Ry - R2)]B
- {CAzR;+ VDR, + VKRZn?2(R; - Rp)1W
- [VDRcos ¢]V + [VRn CAxJU

+ (1 4 v)a. ‘[DT‘

o * K(Ry —.Rz) Ti2)} . 2.16.4



30.
'fv_qu'é;llll‘ngin the-fdrm

W s SRRV L 2.16.5
: ‘.Finally, Eq; 2.10;3,‘afterféliminating N;é,by.means of Eq;»2,11,3 
- can be‘wriptenfés 'f. v

: ﬁ« ‘ r:'Uf}'—'{¢A3»{L1-ffVJfT$:+'{gF§1(R;5 .332)]?

+ [Rcos ¢ CAJU} 2.16.6 -

_ in which .

o

] .
el -

. CAy = D:+:K(R21 = 3R1&£_+:3R22) f;i:“'  i"N_ ﬂub2.16:?_'fi

 _Eqs. 2.16.1, 2.16.4, 2.16.5 and 2.26.6.can be written ina.
syﬂbblic form as |

. g L 'qugs, W, V, U; Mo NS’*Toz*T12?7 : “,“'  .v2,17;1.:,

W= Fus(B, V) . 2.17.2
V' = Fa6(B, W, v,.U, MS3FN$,AT62,T12) Lfﬁ o 2.17.3

(¢}

Ut = Fpr(B, W, V, U, T o 2.7

‘or can-be written in matrix mnotation as.

H ' )
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(o} = (a1 Az'-]'{g + (a3} .. 2.8

\. . . N ' .
:’\\‘_"
" @herei )

X -'d._2D> = < B W VS .yu '$ _ | EARERE d2.l9.l

LDt =g e v s . 2.19.2

'The coeff1c1ents of the matrlces [Al] - [A2] and the‘eOlumn.

deector {A3} are’ shown 1n Tables 2. 2

rif The stress resultants appearlng in the Vector <Fe> of
v:Eq 2 15 3 can be expressed 1n terms of the fundamental dlsplace—'

_ments by selectlng Eqs. 2 lO 2 2, lO 4, 2 10. 6 2. 10. 7 and 2 10. 8

ﬁand wr1t1ng them in. matrlx notatlon “7.7'

" where {F } {D} and {D } are deflned in Eqs. 2. lS 3 2rl9fldand, :
. ] I . i D

2, l9 2 respectlvely,‘and the coeff1c1ents of [Cl], [C2];and

{CB} are deflned in Tables 2. 3

The three sets of equations (Eqs. 2 14 2. 18 and 2. 20)
'can now be used to form a set of elght flrst order dlfferentlal
‘equatlons relatlng the elght fundamental varlables, four dlsplace— |
T'ments B, w V U; and four corresponding forces M 53 ,LN ’- T and

‘the1r derlvatlves. By substltutlng Eq. 2 20 into Eq. 2. 14

Z.to replace {F }
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{f-s}-‘% ‘fslj{FS}f+‘[sz] {}01]{D‘} + [c1]{D} + {c3}i}4-{33}

S 2.21.1 .

SN

"and.by-suﬁstituting er‘{D‘},.from‘Eq.'ZNIS,

4\_'_'A )
[

_'{Frs [3- {F W'[AL]{D}-+ [AZ]{?S} f {A3£}

o wmamyeght 0 212
or J

(F* }
.S

[G11{D}+ [G2}{F} + {e3} . 2.2

“where

el - »[B?][Cill_; . BRI - '.'_ "2.23.i
 [Eé]f'=; TB?]IC2} fj.~ﬁ :',~ R ‘; - 1.2;%3.2
1£3) ‘éitﬁzl{c3}_+f{33} '  f,' o 2.23.3

[G1] = [E1][Al] + [E2]

[G2] = [EL)[#¥] + [B1] ~

{G3} - [EL]{a3} + {E3} ) | B '~5 2.23.6

Eq. 2.18 and Eq. 2.22, can be combined into one matrix equation. as
' pl [Tar a2 ol A3l
e oo e2flr| * Ve
. 5 : 8 : s} ,



- being periodicvfunctions of the coordinate &, the general -governing:

* transformed  into a system of eight first order ordinary differential»

33.

Therefore, for the applied loads,vstreSSee and‘displacements
partial differential,equation§: Egs. A.5 and Eqs. A.17, have been

equations for each harmonic member n. These equations relate,

at any p01nt, the eight fundamental dependent variables, that

_ appear in the natural boundary conditions of shells of revolution,

™~
>

and, their derlvatives with respect to the independent variable s.

As was seen, the reduction’of the shell equation into

~this form involves only straight forward algebraic manipulations.

The equations have been put in this form to facilitate numerical

.integration. They can be integrated with the aid of an appropriate

integration technique, such as’ the Runge-Kutta process.t_Since

a digital computer is. needed to perform this 1ntegrat10n, the

i
reduction of ‘the equatlons to the final form, as in Eq. 2.24,

is ‘not necessary and can be performed by feeding the three sets

of equations (Eqs. 2.14, 2.18 and 2. 20) 1nto ‘the computer.
~
It can be seen that the elements of the matrix GA in Eq.

2.24 . are dependent only on the shell thickness, the physical\,

constantsvand the coordinate s. It should be noted that in the

case of shell of revolution under symmetrical loading conditions

. * .
(i.e., n = 0) the system of the eight equations reduces naturally

to a system of six first order equations as the displacement

component U and the corresponding‘force TS vanish due- to the

"symmetry of the applied load.

Ay
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- ' CHAPTER 3 e
STIFFNESS ANALYSIS = *
3.1 Introduction ° ’ : ‘ ‘ ' /

[} ' ) ) [ - .
This chapter describes how the standard methods of
structural analysis can be employed to obt;in'a éohplete'solution
) . - e
in terms of the stresses and the displacements at any point within

. : o LY ‘ -
a complex structure composed of many elements of any Eype of
shell of revolutdion, using the eight fundamental equations derived -
B . : N 0 )
—— &E‘;ﬁ'

in Chapter 2. . ‘ 0

3.2 Influence.Coéfficients ' . .

[

“If>a perfectly elastic structural compqnent, supported

S
a

against rigid body motion, is acted upon by a set.of forces Fi,"‘
~Foy F3, ..., Fn at points 1, 2, 3, ..., n and if in addition to
L4 o ' ' ) “ :z*

>

this set of forces, intermediate loads are applied simultaneously

@ . . £

i due to the forceds Fj(j =% 2, 3,,..., n) can be expr@éé

the form ' o oy =~ - XEE 'Q?WQQ;
. v ' | ’“ S '}7 . . Y B
2 . 3.1 "
‘whefggdfi is Ehe addifional»@gggfmation_at‘pOint’L) duefto.the

intermediate applied loads an&:éij represents the de_flection'di

due to a unit value of Fj' The elastic constants aij are

% | - — 40 -; - ‘~  . _‘ ‘ﬁb

o



.'glndependent of the magnitude of the applled forces FJ

whlch represent the 11near relatlon of deformations al

matrix the structure is assumed to be supported against rigid

,"1 o

can ‘be written in matrix form as .

@ - Wi

. 0

where the square matrix [A]'lsthnown;asvthe flexihility‘matrix,-

For the same problem the relation given in Eq. 3.2 can
% C ; o ‘ ) «"' S iy "
also becwritten in a form which represents the equilibrium

conditions for the structure as - . . ..

<l

(s - %)

It

e
A
:"'_‘_‘ -
="
[

+

. where the square matrix [K] is. deflned the element stiffness d'

- v N B} N . ' . - £y ]
matrix. The element K j is defined as’ the force FJ due to unlt

displacement'at dj'. {F } is the column vector {F 1,.F°2; e EO;}

which are the equlvalent forces that replace the 1ntermed1ate

®

_applled loads (equivalent in the sense that the work done durlng

™

..any Incremental deformation approximates the work done by.the

actual‘applied'load).. These forces are numerically equal to

" the so-called fixed end forces. -

°

As stated above, while establishing the flexibility

ry

body motion,a condition not necessary for the stiffness matrix.

UEq. 3.1

“forces, . .-

3.3
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» body when a set of nodal d1sblacements is applled . The stlffnesshl

)

‘matrlx, thus obtalned xs“called the dlrect stlffness matrlx

'system in equlllbrlum.w“

N

‘ 'Which-iS'Singular. The elements 1n any column repxesent a force

ke

' The.well'known‘advantege'of'the d%fect stiffness method

is that for an essembly of structural eleménts,fthe total

structural stiffness matrlx can be easily formed by superp051t10n%

.~

of the 1hd1vidual stlffness matrlces 1rrespect1ve of. the boundaryh

P

conditions.~ Theﬁboundary conditions are con51dered only after

.the actual solution=of_the“system,of:equatlons. e

¢

~while the total structurelstiffness’matrix.remains unaltered.

~

3;3 Shell<Element,lnfluence’Coefficlents"

=

By a procedure similar to that used for a beam element,

the stlffness matrlx for an element of shell of revnlution can be

o

“obtained. Since ‘the shell-element is‘arrotationally symmetr1c

element, theanodal points are replaced with nodal circles, (Fig.
: R - N
3.1). The forces and displacements can be expressed .as the

‘ . T b .

amplitude of a harhopic number elong\the‘nodelféfrcles, -

-

eight'fundamental stress resultants per unit length‘at the'tWo’

. N
edges of the element are shown actlng in the p051tive sense

5

according to. the shell theory sign convention.r Should the edge
N . ‘

s = a. of the element be subjected to a unit value of dlsplacement‘

S

el

Consider the shell element shomn in Eié; 3fl;»>The' ‘vf;‘

Ll e i G
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'f;eiln the" dlrectnon of W while preventlng any other dlsplacement
‘jof the two ends of the element the forces per unlt length that
ﬂ;wonld'hekrequ1red”tc malntaln equlllbr1um of the element ‘are.

. thenlnfluence coefflcients for a‘unlt dlsplecement W vh If.one
_ wrltes the degrees of freedom of the element in- the ordet B w
)"' . '

V{ Ua Bb b b b’

”fpcan be wrltten 3& thn-f L ‘L;” )

the element stlffness equatlon (Eq 3 3)

S ,_lt_v;f»_, R
e R |

b | "‘ M.sb

IS Seb| SO ‘-ij.;" _S sb|: e
o . oA N ' B
«’g{; : | Nsb PR Vb U N sb
1 Tl | ™,

. L. Jo Lo E J‘

S Tl e T e P

' . o .0 .0 0 e A i Lo
“where'M s’ S‘S, N»S,\T « are: the fixed end stress‘resultants,.

at the ends a or b as subscrlpted due to the applled loads or

'. thermal: gradlents o : ‘ _ ’ . R
" In order td establish the stiffness matrik and the
',fixed ,d.stteSses,»the predetefmination df the"relationship e
between the edge dlsplacements and the edge forces s necessary.

~ The stiffness coefflcients and fixed end forces for a beam element

”can be evaluated‘by.the well known;methody such,asAcon51stent-

- Adefdrmation;?ct‘sQlVing;thelpertinent dlfferentlel“eqnations.5'“‘/




on

THa i e

L]in the form .'f_

-~

‘for a’ speCific geometry of shells 1s known, both 1nfluence

S

f coeffic1ents and fixed end forces due to the applied loads can

be found Such a solution is not available for an. arbitrary

: :element of shells of revolution w1th Variable thickneSS and
'.vsubJected to arbitrary loadings. However, the forces can be

1ievaluated by solVing the ba51c differential equations numerically

3,4»f&dlution ofhthebGoVerning:System offEQUatiOns“

For any given shell element wiEh given geometry and

o applied load the governing system of equations (Eq. 2. 24) 1s

—

L R (Y0 LE7 SR TS R S
where ok {y( )} :1s a. vector of the ‘eight dependent variables,

‘ ,four displacements and four corresponding forces, at a’

3

particular location s.= constant, {y (s j}’ is a vector of the

derivatives of the eight variables w1th respect to the
_ coordinate s, l.e., d/ds{y( )} [A( )] is the coeffic1ent
'matrix relating the variables and their derivatives and

-con51sts only of functions of the shell thickness and the

ey -

. Q g S
geoﬁetrical parameters of the location s;,and {B } is-

(S)

a vector of the 1nhomogeneous terms in the equations and is a f

function of the applied loads and the 1ocation s.

_ If ‘an analytical solution of the relevant differential equations_h‘ f
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fThevgeneraiegolotton of(Eo.‘3:5 consists‘of tho
l.patts& S | ‘v |
i ,l) »The’solotton of the homogeneous part of the equatlons,
;1i{> ”‘the dlfferentlal equations when all loadlng
.terhs, {B( )},‘are set equal to eero Thls hOmoé-
,geneous solutlon 1nvoltes the evaiuatlon of elght :'
-iconstants‘of 1ntegrat10n as theAresult of . elght
:lhboundary condltlons at the'two olscontlnuous edges
. of: the shell 4 | - |
ij)‘_'Ihe Pertloular;eoihtioh;of'theveeuetiohs in'whi;h ;:"
-?éll"ioadihg?terms;ete,donsideted;i"Thie epiétiqnff7“

o does?hotfdeﬁehd'upohhthefhopndat§~conditiohs;s:;

»f’Therefore, the generaL solutlon that satlsfies the

‘r'governlng system of equatlons together w1th the approprlate

;boundary condltlons at the two edges of the shell element can ‘be ’_” L

’wrltten.asv

Sy s b LR e gl o) gl
bg? = thglr B e
“whete g h{Pks5}freptesents:the_paftieolet’sQiutiohithet¥satisfies.

thehequation.':'-'

. 4‘)€?€(s)}f,:f”[A(Sjlfgké?}f+}l{3 gy T e S 3.7




[

, boundary values wh1ch can be 1mposed at edge ‘

;-
:these values,by {o}: Then at edge

~and, . {h(S)} is the homogéneous solution that satisfies .the

equation.

ne b= (A,
7 . . : A
Con51der now the solutlon of Eq. 3 8 for an element

.

flrst order llnear dlfferentlal equatlons, the solutlon should

_contaln elght arbltrary constants of 1ntegrat10n Let these'

arbltrary constants of 1ntegrat10n be the. elght (arbltrary)\

?

"a', and denote o

1" H

T

46.

Ma, ¥ . 38

o which spans the reglon b > s > a Slnce Eq 3 8 represents elghtv ‘

: (a)

KSubstitotingtinto‘Eq. 3,8eyie1ds; for{s =a

v

o nt }

d'integratingnthis numeriea}ly, as an initial value problem,

allows the'value of“h(s)'at any point{s'>da to be determined as

“‘<s>

: where [H( )]represents the.matrix arising from the. 1ntegration of

the [A( )] matrix along the length of the element.-

\‘““’\v _ L A_ L o

PR R

(s)’s=a = [“;‘(5513.= a le} o " _’ v' 3,10



Since the matrix [H< )] i{s independent of ‘the initial

.

conditions ({c}), it 1s ‘a-property of the element and may be
‘interpreted as»follows. As {c} is arbitrary, as51gn a unit

' value to ‘one component, say component cJ, and set the othen

equal to zero. Then the Jth column of [ (s)]'represents the
valueé of {h(s)}'for a unit value of the'jthyhoundary,conditionX
"t

at "a". It is apparent that when s = a, Eq. 3.11 must reduge to

 Eq. 3;9»in-order~to matchathe arbitrary boundary gonditions,\and

, ‘hénce f (a )] must be the 1dent1ty matrix, i.e. "ﬂi
0= [ TN o 312
[(a)i = [ o \ B
iEQ- 3.12 may be considered to be ‘a I"boundary condition% on the
" numerical integration. of the matrix [H]. . - . . ’
Turningvnow’to'the‘solntion.ofiEd.”3;7;'the;equation'at
-é:=:ajﬁ;y~be written'as : ; : .:h] E“"_4 S C -

oy ';. ek | '
.{P (S)}S L, = [ (s)] a {c } + {B )} . 3.3
-fohere {e*} represents an.arbitréry.set of initial values of
;{Pké)}.(.Numericel'integration of this equation yields
¢ {p ) = [H, o1{c*} + SR S 3.14
gt = o (s>]{° brdegy : e

(s)
. where [H( /] s the matrlx that arises in ‘Eq- 3, 11 and {Q( )}

o is,a.vector arising from‘the integration of theuinhomogeneous

terms. - Sincé the particnlar 301ution‘is‘any solution which

47.
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satisfies the inhomogenecus equations it i's adequate to

seléct C ' R -
{ex} = o0 R . 3as

in which case Eq. 3.14 reduces to

i

{P(S)}v = {Q'S)}‘k‘ : . S 3.16

and,consequéntly the gereral solution, Eq. 3.6, becomes -

- Urg? [Hegyled + {Q(S)} L o ' 3.17
~For s = b, Eq. 3.7 bepdﬁes
by [H(b)]{y(a)}.+ {Q(b)}  | 3.18

e
in which‘each‘column,veétor of . [H] represents the variables at

"b" corresponding to each unit variable applied at "a" in the-

ﬁ‘ébsence of any/applied loads.” The Qeétor'{Q}.repreSents the
variablesuat,"ngéorrESPOHding to zero displacements and stresses
o

- resultan¥s at Ma™ in the presence of the applied loads.

3.5 Shell Element Stiffness Matrix -

The column'yectof‘{y(s)} represents the vector of
. : . ‘ - N - » w B ‘ A )
Eq. 2.24 consisting of the four displacements as defined by
Eq. 2.15.1 and'the'foufistressiresultants as défined by Eq.

2.19.1.
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Let .
{y(av)} "\, | . 3.19
: ‘a
and
- ’ D . . .
v : b : .
{y, 1 = . o £ 3.20
(b) . _ . . Tt

Eq. 3.18 canm be written in partitioned form as

»
=4
. Py L R Y . S
= - ’ + ' 3.21.
Fy Hy  Hy | Fy Qg :

/

where
. -/

D represents the four diéplacemeﬁt variables,v(/
F represents the four stress resultant variablés,.and

Qg Qf are the disﬁlacemgnt and fhe st

parts of the particular solution respgc ively.

The total matrix appearing in‘Eq. 3.21 is usually referred to

"as a "transfer matrix" [23]. Eq. 3.21 can be.expaﬁaed to form °

two -equations as follow o s



| D fo]’ .
- [Y1]a + . . 3.22
o ‘t‘.\
and
:
F 0 I—] "D 0
a a
S = +
Fb Hs Hy Fa Qf g

.23

n
=)
n
-
)
[\
~"
+
o
~—
w

“Solving Eq. 3.22 for the'véétorﬁ< Dé Fa >T and substituting

into Eq. 3.23, yields .

D 0 .
a .
R : 3.24
D, = Qq Qg
Or -
F D F°
a . a a
= [K] + o 3.25
F D F

b v ' b : b vt

7

It can be seen that each column of [K] represents the stress
regultaﬁts at each énq'for a unit dfspiacementvapplied at one
end while the other displacements are restrained and {F°}
represents éhe stress reéultants corresponding to the totally

restrained boundaries. ¢

. ~
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o
3.6 Stiffness Matrix Sign Convention

In the derivation of the element stiffness matrix and

the fixed end stresses, the sign convention used corresponds
N Yooy

» by

to thatﬂgenerally 5§ed in shell thedry‘as given in Fig. 3.1.:

As a result, the stiffness matrix will have some negative

elements on the main diagonal. This can be corrected by adapting

the so called "stiffness matrix sign convention". ‘This sign

(5] . ~ -
convention is shown in Fig. 3.2. It can be seen that the positive

.

direction of the top normal in plane force Ns,~the top. tangential

P
2

shearing force Ts’ the bottom moment Ms and the bottom transverse
shear‘Ss have been changed to the opposite direction. Therefore;

the stiffness matrix and fixed end stresses in Eq. 3.25 are
. ,

to be premultiplied by the diagonal matrix




e —————

" each element ar

v i [

A : , ’
3.7 Stress Resultants and Displacements at Intermediate Points

¢

N
\ 3

<«  TFor .a shell st?ucture composed of a number of elements&’
.on o W

the element stiffness matrices and fixed end forces are évaluamed
. R
and asaembled in the master stiffness equations of the strgcgﬂre.
‘ ‘ : . o Y w
Boundary conditions areoimposed, and the 4f§p1965ments at the
ot . N

‘boundaries of each,element are’ obtained from the solution of

. the master equations. By”subsfituting the final known boundary

displacements  ¢5 element into the correspending element

stiffnefs equation¥ (Eq. 3.25), the primary stress resultants at

the elepent boundaries can be obtained. Thus the correct boundary

A

conditionsi\\displacements and primary stress resultants, for

known. - In order to evaluate the displaceﬁent%

and the stress resultants at any desired numbet of intermediate

points within the element, the correct boundary conditions at
oy

one end of the“elemeﬁt} say the end at s = a, are use%;as"gy'tial
. - A S .

&

grating the governing set of equations (&, 3.5).

2

N

.At each intermediate point, the secondary stress resultantso

(which were eliminated from the governing equations) can be

evaluated, first by evaluating the derivatives of the displace-

ments using Eq. 2.181
. - / H

D'} = [all{D} + [A2]1{F_} + {a3}. ,' 3.26

and then substituting”into Eq. 2.20

)

(rg) = [cll{o'} + fe21(o} + (c3} SRy
\ CF Q
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Le

A-simple éheck on the results“0f°the integrétionvds

that the dlsplaCEments and the prlmary stress resultants at the
S )

‘termination .end of. the element should agree exactly w1tﬁ the

o

known boundary conditions at this end.

3.8 Transformation from Local to Global-Coordinates

Displacements and stress resultants, at any point -

'aialong the generator, are presented in - the direction tangent to

-

the merldlan at thls p01nt and the dlrectlon perpendlcular to it.

Due to p0351ble dlscontlnulty of the merldlan curve at a Junctlon K

@

between twd'elements, it is neCessary to transform the influence

o

ceeffiCientekand the fixea end forces at this jUnetion, to a new
: coordrnatés;eystem, It is simplest‘to'adopt the,direction of

the:structu%e’;;exis of revolutien; x,fand the directién

“perpendfculér to it, r. Accnrding to the stiffness matrix sign
L tonvention,'the trensfornation equations-may be written as follow

0

{p,} = [L}{pg} S - 3.28.1

. SRS, | ' |
: i{FG}' =< [L]{F } o o _ 3338.2




wd

L o s
" . TR a i e

o

{D} and {F} represent the dlsplacement and forces respectlvely

" and the subscrlpts L, G represent local and global coordlnates

’¢i is the angle measured from the global»ax1s of_rptatlon to the

A
Cl

meridian .at the point s'= 1 (Fig. 3.3).

)

3 9 Modification-of Stiffness Coeff1c1ents to Account for o .
Eccentrlclty ' B N :

N
In many cases the middle surfaces of two elements
which meet at a node do not coincide at the same point (Fig. 3.4).

A transformation .of the st&ffness eoefficientsrand fixed end

stresses to a common reference point is then neceSSary,befdre

- ; Ll pi b
L P .
assembling the element stiffness matrlces into the master‘ kS
. - o
"o, o ey A -
stiffness-matrix. Egs. A. lO relate the dlsplacement components
. by .
- Q'v. W

of a point at a distance z»froh the middle surface to the .

N
3

displacement components of a point on the middle surfacefiyingv

. . oy o , L
in the same plane. By expanding Eqs. A.10, by means of Fourier
"'7,'1:" '

series, one can write the following eﬁuatipn R ~1 _ -
. Y ‘
P %,
\?' ) ' N
( 3\ 7 1.4 o
B (1 0 0 0 B
Z -
w0 10t o |w |
v A 19 ¢ . . 3.30
V| 2 0 1 0 v .
lu | - {0 Bz o 'z2¥z| iy ; | :
L Z s VLA R 4 . 2. g ' _ >

v LY
. Lo . e

where Eq. A 7.1 has been used to elimlnate the derlvative of W
with respect to .s -and the i%pscrlpt z refers to the point at a .

)
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From«the work equivalence requirements, the relation between the
4 JI . EE !
S 9 v ‘ _ ;

stresses at the two, points can be written as

{f;} ‘éf [Ec]Tff} “"‘~ o ;" - i ' 3.33¢
- : L
Eq.l3.32 and 3.33 are used to_ﬁransgafﬁgéhevdisplacements and
strgs§é§ ofyé‘point on‘the-midg}e.surféce to a point.at a»distancé
z from the middfe surface.

a

<

Y
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‘V&fCHAPTER,4w"'”

. EXAMPLE. APPLICATIONS.

‘ﬁllfvlntroductioni!' T

; A ' v ‘ \\(n
A computer program, named SASHELL has been dE%eloped

L K,
_ ,to perform the stiffness analysrs of segmented shell structures

_g_‘based on the theqty presented 1n the preceding chapters.pllhe ‘

;'logic flow of SASHELL is outlined in Sect 4 2 and listing of the ﬂj EE

l:program is included in Appendix C.: The reSults of the analysis e
‘,of two example applications, u51ng SASHELL, are presented in L

'?this chapter
The first example is the pinched cylinder. 1ThefeXact

e

: analytlcal solution for a long cylinder pinched by a symmetrlcal

;57:jc1rcumferent1al 11ne load (Fig. 4 l) 1s known [27 PP 471 lO

'bf pp 280] Flnite element solutions,»‘51ng (48 x 48) element
'1-=StlffHESS matrlces [ll] and (24 x ZA) element stlffness

n;fmatrlces [5 7], were obtained for the case of a cylindrical shell

4

{'loaded by diametrically opposed concentrated loads (Fig 4 2)
tijhlS solutlon was compared [2] against ‘dn. analytical solution

based on the 1nexten31ona1 deformation theory (i €. neglecting N
. P i

o entirely the strain in the mlddle surface of the shell) [27, pp.»g
X ' ')La»'_' . - s . . _’A..

sjthe analy31s of hyperb0101d




[

SR Lt
4.2 Logic Flow of SASHELL

‘.1n Appendlx B"~yibi:"<i'5 o _‘:"»i’xn

SR

its own*weight F1n1te element analysis, using the c0mputer.'

an

program SORIII [141 and u51ng conical shell elements tp approxi—

j_mate the geometry [24] are known, Lo . -\y‘.“ . l.‘;d

In thlS section, the organization of the computer program"
'SASHELl which can serve as a summary for the solubion technlque
"~,'of segmented shell structure as described 1n the preceding

- chapters, lS outlined. Details of_the requ1red.1nput are;giyenjp:J

1Y

an l) (The structure is d1v1ded 1nto elements, each of which

:1s a; simple type of shell of . revolution, and which _jgfv_!f‘

o .

?.iare connected along nodal.c1rcles or. nodes».r:A rf'
'uieoncentrated load'applied at a. point along theﬁmeridional
.rcoordinate must be treated as a load acting on a nodell
.eonnecting;tno elements. |
'iéi: Nodalvcoordinates; system éoﬁﬁeetiuity'infdfmaciéﬁ.p_lfp

a .

‘ and element types, propertles and loading conditions ,ﬁ
are determined The problem control parameters are * .
_eStablishedband input (spbroutine‘READINLandiLOADIN). .
The_program now performs the follow1ng operations
1:f1)' Each element is~exam1ned If a coeffic1ent which

’depends on the element geometrlc parameters (see the

‘»limitations in Sect. 5‘3) exceeds a. certain limit

'fthe element is divided into subelements (segments) each '-‘.

of Wthh satisfies this limit (subroutine SEGMNT)

FRCCR
ST



l:2).“The eonnectiVity of.the system'is‘altered'to"include
the new - intermedlate nodal pomt’ﬁ Geometricy par'ameter.sv‘
' and loadlngs values at each segment boundary are ‘ s;,;‘-'
. B
T calculated (subroutlne SEGEOM) o
nf3)'“The number of the structure s degrees of freedom are
: established,":dl;‘ : TR ot
‘4).‘If the-eiternaleapplied‘lead"on thefstrueture is,‘

RN

‘symmetrlc the program dlscardsstep 5 and goes to
: lbstep 6d. E . o | . . .
.JTS):wajthé load,is‘ndn;aaisymmetric; thejtqtal)number”ot ‘ }
”s{kpelnpswiﬁ,thehmeridienal andﬁeireumferentlalddireetion_‘4
:jlé3ehebstructure:lsfdetermlnedland'the “results" arnay S
s 1s "ini’tiarizea. | - ) P
”‘iﬂé)"The\harmonac numbergﬂn, 1s set equal to: zero.
er 1 ;ﬂl-u' 3 7). The structure s?lffness matrix and’ load Vector are g »r.
initialized.‘ The nodal loadfceeffieients;,lf‘any,”-
ST o ST TR TR e T
Whiehteerrespend1texthe<harmonic'n are added to the‘h
load vector T |
~;§@mléjlyfhe stlftnessranalysis starts:by caleulatingfthe stiffness
S Do o o % R
matrix and fixed end forces-for each segment in;the
structure (subroutine STIFAN) | “
{é) The geometrlc parameters and external applled loadlngs

S

N U ‘ atvthe de51redbnumber of ;ntegratlon;p01nts;in.the'

e . »segment under}ebnsideratidnhare"caleulated;.,Dead'weight

of ‘the segment, if required and if n =0, is;superimbesed

f(subroutlne PLSEG and DLSEG)

v R R SR



10) :The 1n1tial conditions at the starting edge of the
‘ segment,'as stated in Sect. 3‘4 (Eqs 3 12 and 3. 15),

s

are set. The governing equations (subroutine FLUGGE)
-are integrated, _using‘a‘fourth‘order Runge—Kutta
method;‘ovethhe desired'number'of points to ohtain
_ ‘ S P S
‘thedtransfer.matrix of thé-segment (subrOutine' : ’??d‘
RNcKT) | |
+11) 'The segment stiffness matrix and fixed end forces are
?evaluated from the transf@r matrix obtained in step 10,
a’s. descrlbed in Sect 3. 5 (subroutine STIFIX)
12) The results of- step ll are ‘saved (sdbroutine STOREl)
13) 'The segment stiffness matrix and fixed end forces are
"modlfied to correspond to the StlffneSS matrix sign
conxention, as stated 1n Sect. 3.6.
14) ffhe st1ffness 1nfluence coeff1c1ents and fixed’ end
| iforces are modified to account for nodalbeccentr1c1ty,
if any; as mentloned in. Sect..3.9. (subroutine ECCNTR)
lS)‘VIf required the segment stiffness 1nf1uence coeff1c1ents

dand fixed end forces are transformed due to dlSCOHtanlty
; of the mer1d1an at the node, to the structural global
coordinates, as stated in Sect. 3 8. (subroutine
_ GLTRAN) . -
.16):_The!segment stiffness influence COefficientS'areu,
Massembled w1th respect to the structure s degrees
“of freedom, 1nto the master stiffness matrix. -The

I
- segment fixed end forces are subtracted from the

i



t17f

18)

19)

N °

corresponding values in the 1oad vector (subroutine
STORE).

Steps 9 to 16 are repeated for each segment in the.

“.structure.

-

The boundary conditions are imposed on the master

stiffness equatiOn (subroutine BOUNbC).

Segments.edge displacements is obtained,:using

. s
Gaussian elimination algorithm to.solve the master

stiffness equaélon (subroutlne SOLVER)

'ZQl;,Qﬁe/stlffness analy31s,for harmonlc number n, is

o

23)

&
completed. The displacements and ‘stress resultantsj

at the’ de51red number of 1ntermed1ate points in each

segment are go be evaluated (subroutine SRADSP) ,
The segment.edge dlsplacements;‘obtained;in step 19,

are transformed, if neCessary, to the segment local -

(subroutlne GLTRAN and ECCNTR)

. - ' . .
The known segment edge displacements are substituted
in the'corresp0nding‘segment,Stiffnesszequation, saved

in step 12. The primary stressdresultants at'the

'segment boundarles are evaluated, as descrlbed in Sect.

3.7 (subroutlne STORE1).

The shell-equatlons are integrated, using the initial

conditions‘calculatéd in step 22, in order to determine _

the displacements and primary and secondary stress

63.

'coordlnates and to account for nodal’ eccentrlclty RO

resultants at the intermediate points within the segment,

.as described in Sect. 3.7 (subroutine RESULT).
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]

24) "If tﬁe load is symmetric‘(ine;, thé requireéVpﬁmber‘of
harmqnics is'Zeroj, the %esul;s of step 23 a?e printéd
out and-the program goes t; step 26. L E

25) If the iééd~is non¥éxisymmetrici(i.e;, the reqpiféd
nuﬁber of harmonic is greatér than zero), the;displace—-
ments and stress resultants are calculated at the desired
-number of poin;s in the circumferential direcéion."Thé.
results are superimposed in the '"regults" array

-

(gubroutine STORE2). -

26).' Steps 21 to 25 are repeated }or_eath segment in the
o g \ ’ B
structure. - '

27) The harmonic number,“n: is increased by one. Steps
7 to 26 are repeated until n is equal to the required
/ . ' ) )

number of harmonics.

28) The results saved in step 25 are printed out and the

program stops.

4.3 Pinched Cylinder
N AN
The governing_differéntial equation for a circular

>

cylindrical element ‘is

d 2y
dx? |

d’y, , Et _ ”
(K E;T) + 2 W = Pz : N 4.1

Where x meastres the distance along the axisvof]ﬁhe?dylinder
_with the origin (x = 0) at midlength of the element. When the

thickness of the shell is cohstant, this equation reduces’to

64 .



) e
and the, coefficient A is defined as °

'
!

= 3(1 - v5) . A "
A= s . ., SN

v

¢

For the special case of ‘a long cylindrical shell pinched by

e

live load P uniformly distributed along a circul%x éec@%ﬁﬁ

RO

v T o ‘f ' ¥
(Fig. 4.1), -the solution of Eq. 4.2 takes the -form [27

a4

P 3
o . & . R .

N o T& g i

e - ‘;‘f‘»f
._W = é%% e_AX>(cos_kx f)$ingkg) s S

4

P
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Numerical values of these exPressioné, at.several pointy along a:

(8

cyllndrical element 20 feet long, 8 feet in diameter and wlth

.

constant wall thickness equals to 1. 24 inches, are shown in-

o
-

Table 4 I for a: live load P =1 kip/ﬁt“ Output'of“the ahélysis5

Q

of the same element using SASHELL 1is 1nc1uded in Appendix D.
o
The results are presented graphicallys in~Fig. 4.3. 'The results .

. N )
of the two solutions are ideniycal up to the nufiber of significant

_ figures contained in the output. .o

-

4

o ‘ . . R . s
For the case of a cylindrical “shell pinched by twa’

concentrated loads as shown in Fig. 4.2 +the concehtrated load is
approximated as a {ive load (see Sect. 5.4) that has a value

; » ’ @ ; : -
of 1.0 kip/ft at the loaded points and zero at a short distance

from the load points (Fig. 4.4.1). "The loading function is
. > . )
expanded in Fourier coefﬁipients‘gn%ffhe results. of theranalysis
. »

of each harmonic are superimposed.

The results of this loading case~are affepted by

“ i

d . & - B
the number of harmomics considered in the analysis, which will be

. .

* T . L]
discussed in Sevt. 5.4. .
*

If the .«circumference of the cylinder shown in’ Fig. 4.4

is divided to 36 ihtervals and the load is‘apprdximated as shown,

the equivalent concentratéd load is

v P o= —237%—~P 4.7
=@.698 kips o
f 8-

66.
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‘TABLE 4.1 Stressés agd Radlal Displacement
Cylindep~as per Eqs e

{Z;ff-,*f

lhfajPiHChed:@’f "

436 K. ft




o
o

. . - o 5 -3 N
T g - 0382 % 1677 gt

PR
v e R _3.9 _:
(Wgomyy =+ ~0:351 x 1077 £¢

TR TR o s : :
-?ﬁ;ﬁgA‘éomparison‘of.these values w1th SASHELL values shown in Flg

l;indicates good agreement for 9 42 but con51derable 'i?fﬁ

dlscrepancy foer; | The SASHELL s%*'slon predlcts a.dluplace_;

.ment 17/ larger han the 1nexten51onal solution at g = j;~

Y
. .

: if Now referrlng to F1g . 4 2, the cyllndrlcal shell

example as choosen by Cantin and Clough [7], 1s shown For the BT

s . ..,»‘\

_samé number of intervals/(36), the equivalent concentrated load 18;3‘"'”




FRSEE

*‘fsthose of the 1nexten51onal theory for 6 = ﬂ/2 and 6

.6?.

- f-r,j_.e j,s‘p;ert ivel.x,- L

Large capacity power plants generate a substantlal

.fcoollng tower in the fornﬁpf(°the shell of revolutlon.‘;The'

';;tower utillzes its: helght to create the necessary alr flow 1n¥
‘order to cool a large volume of water 1n a mlnlmum land areé%i

N o.'

ffmaJor structures in these power plants is: the natural draft ‘””f'

'“amount of operatlonal heat that requlres"dissipation., One of the;fjfgj




C ordlnate s (see E'q

l° 4 lO l to yleld




of the shell to 6 1nches at 25 feet elevatlon from the bottom.

In the top lO:feet of the shell the thlckness also Varles from

6 1nches to 24 1nches. Other than the top and the bottom reglons;v}ffgh*'

K y’ B

the shell thickness rema1ns constant at 6 1nches. The 1ncreased fjﬁh-u

'7'of7'3“ : : L O v i
o ‘thlckness at the top prov1des a stlffening effect that reduces R

radlal deformation under wlnd load [24] The bottom r1ng at 'v };f

a

the base acts as ‘an’ equlvalent deep beam brldglng betwee@.columns.ﬁ“7‘1«

: substltutlngbthe values for r;f 145 at . _295 and a 82-5

-1:-.».» e

1nto Eq. 4. 9, whlch y1elds h 204 l f,

L

' comparlng the results w1th References‘l4 and 24_ theﬁfot}owingfi

e b :







.?i“; l ";aihitt Hoa
~_51K1-1"g7‘.: 2.64 ('H,g)_:i %

v

where H is the heiﬁht measured fromLthe ground level

Hg 1s the gradlent helght abo

.?f"
: s“assumed cons

K

tant and ranges from 900 ft for open

. _s.

n’ eouﬁtry to i

.4:7=_

'”fjlarge citles.

e s

' V,the dynamic pressure of the free strea

: - 30 ft above the ground level at a glven site.

§£fﬁ;ﬂ;;fifziofe:b7fbe computed from f

‘,;;where Vso = w1n veloc1ty (m p,

m of w1nd at e

73,

ve which the w1nd velotity

v
L

73 for“center ofzi"

0 is the basmc wind pressure (psf) and is equal;to;fﬂ*ﬁ

I,t ,mayf,_ S e

h ) at 30 ft gbove the ff*‘.‘
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‘dead load in Figs.\& 7 l to 4 7 3; and for w1nd load in Figs

4.8. l to 4 8. 10 ; Since the actual condition at the bottom of
‘:l:jthe shell is only partially fixed [243,1the results of the |

;?analy31s for two boundary conditionsf fixed and hinged at the »

2

o bottom are shown in these figures. Excellent agreement is
R Ng - . - co .

;;-_" %?ggi%g.

;_igh a series»o

Soe :

: ,»

the meridian curvatu‘ify‘f

geometry of the tgwer._ However,'

*ﬁonly from —o 002 ft’? at. the throat td o 0003 £

ad tEe‘bottom f:j""

K”QOf the hyperb0101d shell and is equal te’ zero for~a5conical

R SR :. . r .
o TN : 2 n. ». Lt .,1.

.:1-;3' gfelement. For shells w1th larger R1 curvatureéthe conical R ;fq;flf~r

7‘segmentﬁapproximationtmayjnot;beﬁas{accurate.

FETRA

"VfA;Stccomnéﬁts“bn:ResultSflj_’J

N ._.‘.,w s S

’:7fThe examples of thlS chapter havevb en. selected to wd

:afdtest th abilltyiof SASHELL to analyze diﬁferent types of shells. L

Vn'he pinched cylinder solutions are common test problems because

L L | S T
'fof the difficulty of ach1ev1ng solutions for concentrated loads.alpfii.

:Thefhynerb0101d cooling'tower is an 1llustration ohvajshell with f_;f=fi”

Z{negative Gaus_ian curvature under'complex loading conditions

It may-be conc 3ded that SASHELL is capable of yielding good

‘results on’ a'wfde variety Offshell PrOblems.‘15=
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2

- Fig. 4.1 % “’Pinched Cylipder’* - Circumferential Line Load- .~ = .




Sashell Solutuon .

. Analytlcal Solutlon [27]

0.0366 k ft/ft

K}

Fad3
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v‘{< 10’ .

0.698’

1.24"

\
~—®—
<"} 0 W=

E =30,000 ksi |
v=03

& o - . . . .

Fig. 4.4.1"Pinched Cylinder”” Two:Concentrated Loads Radial Displacement (r=4.0 ft.) - -

e
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' ~throat

X.in eq. 4.9

v",,:,‘.r ERPLE I

N t B Lot >
S N - ‘
. TRV [ ’
Y v - bl . oy L n
R T - v . .
e L 2 S Tat P
. ’

E

~ 'Fig. 45 Typical Hyperboloid Na

trual Draft'Cbpfing To;werv

oL °
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~, Fig.46.1  Wind Pressure Coefficients C

0.083"k/ft2

»'s

: Fig. 4.6.2 - Wind . Pressure Profile .(Q ,-‘-‘0)‘-_»_

s
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5.1 Introduction

o

£l

Three factors affect the solution technique presented

;
_CHAPTER §

LIMITATloyS

B

/

in this thesis. These,aré'summarized as follows.

1) Singularipy-df'the governing equations at the apex.

2) Stability of the numerical‘integ}ation process.

3) Convergence of Fourier expansions.

Each factor is discussed_sepgrately in -the following sections.

e

5.2 Singularity of the Governing ‘Equatioris at the Apex

If the shell has a pole (i.e., r

-

‘0), coefficients

in the governing sets of equations (Eqs: 2.14, 2.18 and 2.20)

1

become singular. This is consistent with classical shell theory.’

A simple way .to handle this situation is to choosé the boundary,

s = 0, not at the pole, but a very short distance away and

then impose the boundary conditions at s

1) For harmonic number

3
]

. 2) For harmonic number n =

3) For harmonic number n >

<
I

=
e

o

0

as follows [6].

AN
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als

5.3 Stability of the Numerical Integrz*’\“}.’ﬁr_o_c_’c_sg

Pl

o

Runge—Kutta fourth order integration method is used;
in SASHELL; to int;grate the basgic séf of equations (Eq. 2.24¥l
fhis method is very well known and has ‘the advantage of being
self star;ipg i.e., it needs only the information/available SR

at the preceding pBint. The method can be interpréted-aé‘ﬁollows:

R 4

a

Y] The derdvative is evaluated at the starting point of

o

the interval. °

1

2) The aBove derivative is used to obtain an approximate

ordinate to determine an approximate derivative for

.

Jthe midpoint of tﬁe interval.

3) The above derivative is used'fo obtain a second
approximatio?fof the dgrivative at the midpoint of
the interval: . . P

4) The above derivative is used to obtain an approximate

5.

ordinate to détermine an approximate derivative for

the end point of the" interval.

o

5) A weighted average of the above four derivatives is
taken to determine a total incrément in thejfunction

for the whole interval.

o

Analytically, this can be defined as follows:

Ah . A
= —— ' * .
Yoo = Y+ {f(Yi,hi) + 2f(Y 1+1/2° hi+l/2]

k% * 2
+ 2f[Yi+1/2’ hi+1/2] + f{Y i+1° hi+l]} 3.1



where

* ) \h -

Y i+1/2 YL + 2 t(Yi' ht) 5.2.1
] o~ .

*k E-3 _({..h' * c oy 9
v = Y+ Ah flY* h 5.2.3
- bl Lo {+1/2° T1+1/2

‘< . '
[
] A - |
Diyr/2 = hy T3 . 4 5.2.4
Pipp = 0y OB : . o £ 5.2.5

o+

in which f(Ti, hi) is the va}ue of the function ét pbint i, and '

Ah is the step size of the interval.

P

It has been found [25] thét the direct integration
methods, when applied to a ghell problem, suffer a complete

. loss of accuracyawﬁen the generafor of the shell exceeds a critical
length. The reason for this phenomenon -is explained clearly

e

in Reference 18. The gereral solution of the governing equations,

Eq. 3.18, is of the form 4 ( . ol

{y(b)}' = .[H(b)}{y(a)} + {Q(b)} n | 5.3

@

Because of the:exponentially decaying behavior of the Stressé§
: énd'displacements, it is observed that the coefficients of [H]
increi;e'in"mégnitude in such.a‘way that -if theﬁlength of the -

‘'shell element is increased by any factor n,.fhén these coefficients
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in;rease in magnitude, approximately, -exponentially with n.
For exémple, consider an element spans the region'a < s < b.
For sBme prescribed edge conditions at’'a'", we expect the

corresponding solution at "b" to become smaller and smaller .
. X

when the element ab is increased in length. (i.e., small,

7 (b)
H(b) large and y(a) has a prescribed value). The longer ‘the

element, the larger [H(b)] and the smaller {y(b)}:A The only

]

way to get a small value for {y(b)} is for the elements, of [H(b)

to subtract out and that is the reason that at some critical
P 2

length of the element all significant digits of'[H(b)], in

Eq. 5.3, are lost and so is the accuracy.

The loss of accuracy cannot be avoided by choosing a
fine mesh for the integration. By taking more steps 'partial
instability" arises [8]. This means that the numerical solution

deviates from the actual solution as we take more steps.

. - )
In Reference 18, the critical meridian length is

Iimited with a length factor AL < 3 ~ 5, where

L

. T "
s = Ly 33 - Y 5.4

r?h?
. . ﬂﬂ
Y o

in which
L is the length of the meridian of the shell, R is the

minimum radius of curvature, and h is the thickness of the shell.
" . .
ﬁgl\ e .
' IR . . ".'/l/ R 7"
In the author's opinion, this is very conservative

limitation. The loss of accuracy, using the computer program

SASHELL, does not arise until the length factor AL exceedsv25;

%)
-
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To demonstrate this, Table 5.1 shows some results ‘of the analysis

of clamped pressurized éyliﬁdrical shells, as-obtained by the

computet pfogram;SASHELt,lwith véfidus‘Ieﬁgthé*and‘differént
. ¥ . .

‘number of steps of integgétion. From the symmetry of the problem,

. 2

the end moments and thgfabsolute values of the end shears should

be equal. Tt is obvi%us; from Table 5.l, that the solution is
’ Va : ' . .

not affected muchﬁﬁy the number of steps adopted for the inte-

£

/
gration and,it bégins to break when

1) XL}éxceeds 20 and the number of steps is less than 20. .

2) %ﬁ app;oaches 29 for any number of steps.

-

 As a conservative limitation, the upper bound of AL shall

not exceed 25 and the number- of points of iritegration (NP), needed

fog/convergence, ig limited as follows: - -
S
/
7
NP £ 21 for AL < 20
.9 : (-‘
NP 31 for 20 <PAL < 25

This limitation does not affect the efficiency of
this technique. It can be observed from Table 5.1, that the
computation time (CPU) required for the analysis is proportionél

to the number of steps adopted.

5.4 Convergence of Fourier Expansions

The load, when varying with the circumferential

coordinates is expanded in a Fourier séries. The analysis is
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’ ’

. carried out to determine ‘the stresses and displacements everywhere
within the structure. When the load is represented "exactly'",

v

the soiﬁtion converges.

. Theoretically, the number of harmonics required for
an arbitrary periodic function to be represented exactly, by
means of Fourier series, is infinity, i.e.,

x <

f = I A cos nb +>
(9)( n=0 "

However, the load can always be described at é sufficient number
of points to ‘satisfy our engineering judgemeﬁt of represenfing
the actual loading conditions. Therefore, our concern is to .
examine the convergence of a functien known only at a set of
'discreté points. If tHeselpoints>ére equaily»spaced, say 2N
points, taken over the interval 0 < 6 < 2w, the spaciég is,
271

ei = _Z_ﬁ— for 1 = 0, 1, 2, ..., 2N-1 . 5.6

If now an approximation is assumed in the_form

M M
7 A /cosnb+ I B_ sin nB 5.7
(&) =0 n n=1 n ﬁﬁ

144

£

where the coefficients are to be determined in such a way that
the integrated squared error over the interval of length 27 is

least, then the requirement is
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K] M : - B .

vt

1

RN e B <

0 ‘:" n=l

97.

'Bﬁ sim n6 |~ = min

5.8

Since the functi@n»fke)‘ié described oﬂly'at the’points defined

61 (Eq. §;§),

ﬁe,haVé‘ZN independent data points which are

sufficient to determ%ge the coefficients of 2N terms of ‘an
[ f [

approximation in the form of Eq. 5.7.  When M_i:N, Eq. 5.8 ca

be rewritten as follows = o

. 2N-1

[ae]

n=0

M M o
f(ei) -z An-,cosnei - I sin nef

n=0 : . n=1 »

where f(@&) is the value of the function f(el) at the point i.

- The solutlon is obtained when the partlal derivatives of the

left hand side of Eq. 5.9 with-respect to An and Bn are equat

‘to zero [15, Pg.

446-457]. The coefficients are in the form

)

28-1.
Loy ¢
W =0, (O
!
1 2N-1
X ) f(e') cos n@i (n # 0, N)
n=0 i ,
1 2N-1
= z f sin nb .-
N n=0 (Bi) i

n

ed

5.10.1

5.10.2

«5.10.3



;" The’calculation of each<coefficiéhp‘is'indpbéndént of the

: calculation'df‘phe_pthetskandvis ipdepéndeﬁt,of M as long as

M < N. - When M = N, Ehé IeastQSquares'criféridn“(Eq; 5.9 vﬁ'

) i .

becomes equiQalent to the requirement that.the '"best" '
appfoximatioﬁ-of the function (Eq. 5.7).is obtadined [(15].

‘ . | . ‘ | ‘

The loading cases of the examples discussed in Chapter 4

are shown in Fig. 5.1 and 5.2, The effeét'of-thg number of
harmonics on the loading associated with thes%;prgElems is d
éoﬁé%deréd in the following. fdurier coefficients.of the win@
Pfeésureloadon the hyperboloid tower are inciﬁdéd in Téble Sjé.lj;
~Since the load is‘symmetricfgith'respect ;o 6 = 0, the sin;' >
_ coeffiéients vanish. The résults of superimposing thé712
éoefficients, using Eq. 5.7,_§re.shown in Table 5.2.2; It
7qan be seen that these-values épproximaté the load function to
‘a very close‘aéreement. 'Now examining the cogfficients shown
in Table 522}1. ‘ipgﬂSth and ﬁhe subsgquent coefficients are
smaii'inlcoﬁﬁarison with the‘other coefficieﬁts, The magnitude
of the 9th coefficient ié in the same o:der of the 10th with‘
opposite sign and so for the 11th and lZQE//'Therefore we expect
thét the approximation will be reasonably accurate if the series

is tefminated at the 8tD harmonic. The results of an 8 harmonic

gpproximafion are shown in Table 5.2.2.

Fourier coefficients of the two concéntrated loads of
the pinched cylinder ﬁroblem discussed in Sect. 4.3 are shown
in Table 5.3.1. It can be seen that the odd cosine coefficients

as well as the sine coefficdents vanish for this case of symmetry



B

with respect to 9 = 0 and 8 ﬂ/2 The approximatlon w1th 181‘~
‘: harmaﬂlcs, for the loadlng funct1on descrlbed at 36 points,
‘represent the load more accurately when compared w1th the 12

‘harmonlc approx1mat10n (F1g 5. 2 and Table 5. 3 2) ,Theféfore‘

k]

one can approx1mate thls load by superlmp031ng the results of

€

)

As .a general conclusion, one can consider N harmonics
- . . . . e

¥

in the expansion of a load described at 2N pdints. A tefmination.

of the higher hérmoniofaor exemption of a harmonic number in - -
the series can be decided upon by examining the coefficient of
each*loadingifunctioh'as a 'special case.

.

s

99.
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Harmonic | Cosine - = ) Loaqweglde for Load Value for
Number -, Coefficient 12 Harmonics 8 Harmonics
0" 0.3833 | | o© “-1.016 ~1.010
11 -0.2792 7.5 -0.955 | - .952
2 ~0.6198 15 0.783 ~0.787
3 ~ -0.5093 22.5 Lo.s28 ~0.535
4 -0.0917. 30 | - -0.216 | ~0.219
5 " 0.1179 37.5 0.136 0.141
6 0.0333 45 0.516 0.522
7 ~0.0447 52.5 0.888 0.887
8 ] -0:0083 | | 60 1.183 ’ 1.178
9 '~ 0.0093 67T 1.335. 1.335
10 ~0.0136 | | 75 1.316 1.319
11 0.0060 | | 82.5 1.346 1.144
| % | 0.883 0.878
| TABLE 5.2.1 L g7.5 | 0.610 0.613
fourier Conttictents luos | 0.
SRR 112.5 . 0:352 ©0.355
120 0.383 0.366
127.5 0.423 ] 0.406
- |135 . 0.416 ©0.427
142.5 0.387 . 0.416
150 0.383 0.391
[157.5 0.407 0.378
q 165 . 0.416 0.388
172.5 0.398 0.409
180 0.383 0.420

TABLE 5.2.2 Effect of Number &£
Harmonics on Representing
- the Wind'Pressure Load
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~ Fourier Coeffi;ienté'
_of Two Diametrically
Opposed Concentrated

Loads

Harmonic Cosine W 6 Load Value for | Load Vélue.for
~{Number | Coefficient 18 Harmonics - 12 Harmonics
0 0.0555 0 0.994 0.611
1 0 5 0.635 0.522
-2 0.1111 10 0.055 0.301
3 0 15 ~0.207 " 0.055
- 0.1111 20 -0.055 - . -0.104
5" o 25 0.119 -0.131
6 0.1111 130 10.055 . -0:055
7 0 35 -0.079 0.041
8 0.1111 40 -0.055 0.085
9 0 45 0.055 0.055
10 0.1111 50 0.055 | -ofalzl
11 0 55 ~0.039 ~0.061
12 - 0.1111, 60 ' -0.055 -0.055
13 0 65 0.026 -0.005
14 0.1111 70 0.055 0.045
15° 0 75 0.015 0.055
16 0.1111 80 ~0.055 - .0.019
17 0 . 85" 0.005 20.032.
» ' 90 10.055 ~0.055
TABLE 5.3.1

TABLE 5.3.2 Effect of Number of )
Harmonics on” Representing
the Two Concentrated Loads

(oY
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12 Harmonics ' ' _ "

. ‘ ~" 180°
18 Harmonics '

Fig. 5.2 Fourier Approximation for Two Diametrically Opposed Concentrated Loads



HAPTER 6

. . SUMMARY AND CONCLUSIONS

¢

o

In this study, a_ theory has been %sneralized, A

computer program has been developed for the elastic analysis of

a

axisymmetric segmented shell Structure of general geometric
B : A
configuration. Geperal,arbitrary loadings have been consiéﬁred.

Applications for a nqﬁber of loading cases and elements have &

v !

been presented.

The reduction of the governing partial differential

. s
equations of the classical shell theory to a set of eight first '
order ordinary differential equations involves only straight forward
algebraic manipulations. The classical theory chosen as a

. 0
foundation for the theory presented herein, Flugge's theory, is

considered oné of the most accurate theories available in the
literature. The approximation:h1formulating tﬂe basic governing
equations/of this theory are such that the theory may Be considered
to be exact. The adaptation of the general form of fhesé basic
equations,aliows.the geometry of any type of shell element to

be considered, without any theoretical approximations which may

be suitab}e for specific dimensions and not for othérs.

Variation of the shell thickness along the meridian can be

accounted for with accuracy comparable to that for constant

thickness. E .
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The loads, when approximated® by means of Fourier series,

o

may be represented with sufficient accuracy by including a number
of harmdnics, within practical limité. This approximatidnw

allows the consideration of general arbitrary types of lgadings
i *
i
in a simple manner. - ¢
)

The excellent agreement between the results of the

problems presented in this thesis and the results of other known

L4 o &

solutions, analytical or numerical, demonstrate the accuracy of
the solution’ technique and the reliability of the numerical

integration process used.

&
Yy

. It may be concluded that the solution technique
&

presented in this study is simple and general for the elastic
analysis of shells of revolution. The atcuracy is consistent with
. . ;

a good shell theory. The geometric limitations are of no

importance from the practical point of view.

o

Further development, .by applying this method to the
study of free vibration and elastic buckling criteria of shells

of revolution is possible.
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APRENDIX A
SIS

SHELL THEORY - .

Ce

This appendix pé&;énfs the analytical development of . ..

o~ R \

‘-',the basicJequati9ns;'uged5in‘this-§thdy, as given by'Flﬁggew[IO];T

Al Geomeﬁ£X 9f Shells

The geométfy of a shell is defined by specifying the
form of ﬁhe middle_surface and the thickness of tge‘sheli‘ét
each point. The surface of ‘a shell of revolution is generated by
the rotation of 4 plane curve aboﬁt an axis in its plane. This
‘ ’ A
generating curve is;galled the "meridian". The inpersectiGn of

the surface with planes perpendicular to the axis J6f revolution

are "parallel circles'". Two coordinates s, O are required to

describe any point on the middle surface of the sheli:

_§/ ~a) s measures the distance to the point .along the meridian
from the intersection of the middle surface with the
-, axis of rotation, or from a datum parallel circle.

b) 8 is the angular "distance" of the point from a

datum generator,

A third coordinate z is required to measure the distance along

a normal to the middle surface. v
\ :

The radii of curvature of a shell of revolution are:

a) r is ‘the radius of curvature of parallel circles

b) r; is the radius of curvature of meridian

- 110 -
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¢) 1y is the.léngth_ofjthe hormallbetween‘any point on the

middle surface and the axis of revolution.
The following funddmental geométrical'relations can clearly be

seen in Fig. A.l

| °
rosomsing o a4
ds = r, do : . _ o - A1.2
dr = ds cos¢ v . : A.1.3
: A
dx = ds sing : ' ' A.1.4
. . ¥
where ¢ represents the angular distance of_the point under
cqnéideration from the axis of rotation.
a i ' é’
From Eqs. A.1l one can write
dr . .
i cos@ . A.2.1
&
~dr . 1 -1y . v
des - cotd A.2.2

For simplicity the derivatives with respect to s and

0 will be indicated by dots and primes respectively, i.e.,

3 ) B
3T () () ‘ A.3.1

1y

) - A A.3.2

o itl

~g ¢ )
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A.2 _EquétiOQS‘Of Eéﬁilibriqm
. Ifiéﬁshell eiemgnt‘is-ﬁdt oﬁtuﬁy gwo meridiang.gnd'tWO 
“paréllei ¢if¢lés, eaéh‘péir infipitelyvclbse aéfSeeﬂ ié EigJ A.2,
3‘thé'elemeﬁt;i§ st?gésed bf’téﬁ‘sﬁféssbrésultgnt éompdﬁenﬁébﬁhiéh |
’mu:s;t b‘eitlin .équilibr.ium_ w1th .t;h?f ext"_'e_rn_él), applﬁ-ﬁoaa;l . Thé»se s
."étressbéeéul£énts are; . .va‘_ n_: e . *',f-‘:“__'l L
NS;‘Ne = normgl in{plaﬁé;forceskpef'méfiaioﬁal'énd ci;c;m—- .
. ferential dnitnlgngth, reépectively.
”Nse’ Nes = 'infpl?ne shear fdrces‘per‘meridional and ciféﬁﬁ—?
| fergntial’uﬁit lengfh,”fespecgively.v,’ o
Qg» Qe = ltfaﬁéverée‘shéar fOrcgs per merididnél and
| circﬁmferential uni;'lengfhs; resﬁeétively.'
M Me = merdidional and circumferential moments per‘unit ‘
length, respecti?ely.
Mse’ MeS = circumfe;ential and meridional fwis§ing QOenfs éer
.unit leng;h,”respeqtively.
fhe sign convention fpr the‘férées is s?own:in Fig. A2
fRéferring.td the three orﬁhogonal axis~S,'9, z,:oﬁe'can
obfaiﬁ six equations of'equilib;ium
‘ .
z Ni = 0 “v ) €: “"“& , ' ' ' AL
X Mi‘ = 0’ | ’ | A.4.2
wﬁere X Ni is the suﬁ of .the férces in the i direction
(i = S5 8, z). R
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-
X Mi‘is;the sum ‘of the moments ébout the, i axis

(i =s, 8, 2)

The six equilibrium equations in terms of the ten stress resultants

i are

e ey Cnad e - : .
Flngs).'+ rlNBs>‘ rlNe_co§¢y,ir Qs‘+ rr; Ps. : 0 _A-5Il,,

Y

R .‘».‘.'-
r'l(rNs@) + tal

j+‘r1‘NeS FOS¢ — r;Qe‘s1n¢ + rr1Pe =

I
o

)
- e A.5.2

v

- ] , : . ’ g , “ . . " "‘J» - . . i
',,rl.Fe 31g¢‘+ N, + 11 Q g t r1(rQS) r;l sz‘ 0. .A.5.3

rl(rMS) + M 8s ~ rl'Me ¢03¢  rr) Qs = Q v Aﬁ5.4
. . - . : . . B _ v . ‘ - .
rl(rMSe) +:I'I1M 0 + 1y M@s COS? YY1 Qe 0 A.5.5 -

|
o
g
(9]
(o))

- - ‘ . g . + o2 A
r?l,Nes rrlee r1 Mes‘51“¢ r Ms@ ‘ L i

v

where PS, Pe; P2 are the-resolved’compbnentsvdf“the'ex%erﬁai-
applied load in the s, 9, z,}respectiQely. If the subscript s,

in the above equations, is replaced by ¢, and the relations

!

19 _ . 4 - |
aw O O | S Ao

is observed. The above set of equations (Egs. AyS)'cah be reduced

to the equilibrium equations in Reference 10, pg. 318. Six



,equetioﬁsvof equilibrium are_not'enough‘to determine.the ten
stress resuitents.» The shell element is four‘tlmes internally
statlcally 1ndeterm1nate and therefore,‘an anaLy51s of thelrg‘”
‘“deformatlon of the shell is required in order to“obtain»the

solution.

A.3 eStrain-Dispiacement Relations
. L N . C . . é' N

. The dlsplacement vector of a. p01nt lylng-on the mlddle

vsurface of an element may be descrlbed by 1ts three orthogonal

components, deflned as'

"W = the displacément comporent in the radial direction, positive

when . it points away from the centre.of curvature.
V = the displacement component in the meridional'direCtiong'

p051t1ve in. the direction of 1ncrea31ng the coordlnate s..

o= _the dlsplacement component in - the dlrectlon of- the tangent

114.

Y

" to: the parallel c1rcle, p051t1ve in the dlrectlon of 1ncre351ng

-

the coordlnate 9

In.addltlon the aux1llary varlable 8, which represents the angle

by Wthh an element of the mer1d1an rotates during deformatlon

may be expressed in: terms of" the dlsplacement components, Flg. A. 3

as [lO]

< . \

B = -W + — ‘ T AL7.1

N
By differentiation, the change in slope of the meridian due to

deformation, is
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Referrlng to Fig, A 4, one can obtaln the relatlonshlp between
. the stralns and the dlsplacement components of a p01nt on the

mlddle surface '

‘The meridional strain is-

_ Elongatlon of the line element ds
s : ds :

The hoop strain is

Elongatlon of the line element rde
€ = -
0 . o rdf

' . o .
_ U +V_c0sf+Ws1n<b S, : ‘A.8.2

.The shear straln whlch is the change of the rlght angle between

the two llne elements ds and ‘rd® (Fig. A.4.3), is equlvalent to’

‘Yste- Y1 t Y2 =

V'

—r-'f' U’ +-p— COS(b ’ , ' A.8.3

che displaeement'is assumed to be very small in

comparison wi the principal radii of curvatufe, all products of

two"dispﬁn ement’EOmponents have been dropped in deriving the

foregoing equations. e

Y
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One-may use the preceding equations to express the

v

‘relationéhip be;Weeh'tﬁeMStfains and tﬁe displacement compoﬁents
of an arbifréry péint at' a distance 2 ffom the‘middle surface
by,simply_repléci;g w,_v; U..with the,di§él§ggggg£;fgﬁwonenté

of this point W, V_, UZ’ and rebiaciqg tﬁe(rgdii r1; T2 with

ry1 + z and r, + z, respectively.

v"Theny' . -
. wZ “ .
e = 3y CAL9.1
T8 r1.+ Z. z . .. h
Vs cosd + Wz sind ¢ -
= ' + ” ' . .
€6 v z (rz + 2z) sind . A.9.2
Uz cosd - V'z Lo
Yo = U " (rz + z) sind Ae9:3
. ) N
By int:oduéing the assumption.that lines normal to the middle
surface before défgrmatidn remain nor&al after deformation, it
can clearly be seen from Fig. A.5 that
W= W ' -- R ‘ A.10.1
4 ’ » . ” '
<
v o= yER Tz, oy, ; ' o A.10.2
z ry - - ) : ‘ : , .
v o= prtzy oz A.10.3
Z o r . ‘ )

51

Therefore, the str¥Ims at a distance z from the middle surface
in terms of the displacements W, V, U at the middle surface can

be obtained by substituting Eqs. A.10 into Eqs. A.9 to obtain



e = 1 r'z . riz ..
S r; + r;+z rl+z.
. r'i1z B
+ V- L
ri(r, +z) v
.E _ 1 _ z cotd,. .. _ zZ W'
0 //12-+z r2 + z r sing (rp +z) }
c + 1
r1(ro+2) o
r + 2z e Ti1(re+z A
Y &}E§2_+z§ _ ;( 2+2) cotd U
(ro + z) . 2 1 T,
Ty sing(r, + z) ' sing ‘r. +z ro(r1+2z
z : riz W'
¥z sing ‘ry+z ra(ry+2z)
A.4 Stress-Strain Relations ®
.3 ‘

Hooke's law relates the strains to the corresponding
stresses in linearized form, as long as the strésses remain
within the elastic limit. TIf T is the change in temperature
measured from arbitrary level. Hooke's law may be written, in
index .notation, as

‘V

o
\ 7
E, = 0, - .+ +

Ee, i \)(OJ ok) EaT

~

Gy,. =

ij

T..
1]

117.

A.11.2

y) W

A.11.3

A.12.1

A.12.2
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where
i, j; t take in tqrns the‘direcpion s, 0, z
o is Lhe normal stress in the 1 direcgion;
Tij is the shearing stress in the i plane and
i @' » j directipn
G = —2‘(—1—5__‘:)-)- ) A.13

The modulus of elasticity, E, Poisson's ratio, v, the coefficient
of thermal expansion, &, and thus the shear modulus, G, are the

material constants.

As in-the theory of plates, except in the immediate
vicinity of concentrated forces, the stresses in z direction are
small in comparison with the stresses in s, 6 direétions and

their influence in Hooke's law may be neglected, i.e., it is

Fd

. 4

assumed: that - .

z 82 Yez = ‘O . . ] , A.14

‘OS = 1-vZ|E. t Veg - (1 +v) oT JAL15. 1

O = 1_vZ| % * VeEg - (L +v) aT ' A.15.2



—

Tse

E
2(1+v) 'sB

A.5 Elastic Law ‘

The intérnal stress resultants can be determined by

' )‘{A‘a‘v, e

A.15.3

integrating the stresses through the shéil thickness (Fig. A.6).

They are defined as

t/2
- - ro + z a7
S 3 r2
-t/2
t/2
- ry, + z
[ Oe o - dz
/2 .
t/2 - e
= T Iy z dz
s0-.. ro .
-t/2 '
e/2
- J e ™ + 2z dz
) S r
-t/2
t/2
( ‘
= J g fet z zdz
. S )
-t/2
t/2

<

Q

A.l16.1

A.16.2

A.16.3

- A.16.4

A.16.5

A.16.6



=
]

It should be noted
omitted as they ar

stresses in z dire

120.

t/2
Y
1o 2tz C A.16.7
s6 )
t72 *
/ . ’
t/2 - -
o, Bz, ‘ A.16.8
Bs ry : B
t/2

\

that the expressions for QS, Q8 have been
e equal to the integral of the shearing

ction. Also the minus sign .in these expressions
N o

correspond to the positive directions assumed for the stress

Kl

resultants as shown in Fig. A.6. .

=]

¢ The expr

essions for Os, Ge, Tse (Eqs. A.1%H) can be

N entered into Eqs. A.16. Then Egs. A.11 are éubstituted for the

displacements and

<
The results in the

the integration with respect.to z is performed.

stress-resultant-displacement relatignships.

’ @
M. LA U' + V cosd + W sing
r < r
8
K- l:(l S W) T 4Tt 4 1]
r rsa r) - . r]
(L +Vv)yaDT ' A.17.1

Loz

[U' + V cos¢ + W sing
r

. N
+ (Vv +—r~l—)J

]

K rp -1, |V (EL=L2 cosd + W sin¢
rri ra r) o ra

S
1t

W > ' |
—;—‘+ 1Y CSﬁé] -1 +v)oa D‘Tol A.17.2



D (i_%;!) [P' +

rp

vl

_= U cosd
r

ry
i o]

+ U
ra2

>

ra

[

-t EQEQ + W' Li

Uu“(rzr'?— r%)

W' L1 cos¢
o)

>

1 - v ". V' -~ U cas
o [+ m Ut

K (l - v) rp

rri 2

)

[

L2

v T2 - ry
rirp

+ (1 +V) a KT,

W' 2 W cos

K| ~— # -
r2

r

o

V cos¢ 2r, - r,
» LT ] rs

Vr;*
r?

+ \)wot -

]+ (1 + V) K T,

3

W' +

W' cos
W_cos¢
r -

A.17.4

A.17.6
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. b
" 2 = ' 1e '
M. = K.l V| . 2W 2W' cosd
s@' 2 r r?
. -
. ' ' : o
+ \Uz 21 = T cot¢ - V—:I - A.17.7
I ry rri |, ’
\ “ .
_ 1 - v/[2w'" 2w . U*
M@s = K 5 [ e cosd ; .

+0cote ¥ 2rp - r{}, ' A.17.8

Where the ekEensioﬁal rigidity, D, is defined as

_o_Et
D = 1 - 2 v A:18.1
. N O B
and the flexural rigidity, K, is defined as )
_ Et®: :
K = TZTl'_—TZ) » » A.18.2
The temperature terms Tok and le (k =1, 2) are defihed as
follows: -
o o N
9 t/2 t/2
T = lf Tdg + 2 f Tzdz A.19.1
ok t A tr .
k
-t/2 -t/2
= ~
t/2 t/2 > _
- 12 12 2, Y
T1k = 0O f Tzdz + t3rk f Tz*“dz A.19.,2
"

-t/2 ~-t/2
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1
<

P CIf a_linéaravariation of the’temperature T through :"u
_rthe thickness is assumed,.Eqs.ﬁA.lQ,cah‘befintégratedvbyrpéftsutdl_h,< 

Cyield

o i ' ‘ S

_ TCTh o iyt e
T, = { 5 + (T T™) Tor, } | A.20.1
o i o i
- T -T T +7, A.20.2
t 2rk P

N . o i ' :
in which T. and T are the temperature measured at the outer

and inner face of, the shell respectively. If the t;érm't/rk is

. _ Y
neglected when compared with unity, the subscript k disappears v
from Eqs. A.20. and To’ T1 can be defined as the avefdge temperature

‘measured on the middle sufface and the temperature gradient

respéctively.

By substituting Eq. A.6 into Egs. A.17 and chaﬁging
the subscript s to ¢, Eqs. A.17 reduce to the elastic law in

Reference 10, pg. 322.

Eq;.'A.S and A.l7 are ghe'governiﬁg»equations for a

shell of revolution. The sixth equqtion~of’équilibrium (Eq. A.5.6)
is identically satiéfiéd if ry = ry. Thgréfore, the five
reméiﬁing equations Qf equilibrium (Eqs. A.5) and the eight
equations of_thé.elastic law (Egs. A.17) are 13'equétions in 13 .

. ¢ .
unknowns (the three displacement components and ten stréss
resultants). Theoretically, one can solve for the stresses

<

and displacements at any point in thé shell using these equations.

AN



N

c”

Fig. A.1 Meridian an‘d Parallel Circle of a Shell of Revolution

C 124,
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. ‘Axis of Revolution = "

&
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Fig. A.2  Shell Element Stress Resultants and Load Components
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- Tangent to the Point—_ .
i BeforeDefOFmatmn \

T‘ang‘envt to the Point
After Deformation

- Fig:A3.1  Meridional

£

Fig. 4.3.2

Meridional Rotation Due to Displacement W

126,

Rotation Due to Displacement V -
oot
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 Vocosg+ Wsing

| e e r B

I~ p
) - . - ’ . r1
L : ,:'1,;1/95*fV¢5,d¢

R R

"V+Vas -

b EETRE B SR

~ Fig A4l Meridian of a Shell Before ,.and‘jﬁif.ter«De‘for:r"natii'o.n

—do?

dg
‘7'  -U +U'dg

V cosp + W sing -

Fig. A.4.2  Parallel Circle Before and After Deformation
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- v_U-.'*"U_'d
g V+Vv'do

- Fig. pa3 .tharigevof-\thé Right Angle Between Line Elements Aftér D.eformatibn
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rsino
© o mis. after
deformation

m.s. before
- deformation

(a)  Plane of Parallel Circle

’

m.s. before —» )
deformation o '

(b) Meridian
Fig. A5 Relation Between Displacement
of :TWQ Points on Line Normal to the Middle Surface
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Stresses Acting on a Shell Element

Fig. A6
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APPENDIX B
USER'S MANUAL FOR PROGRAM SASHELL: '
- N ! N , ‘ ‘ / .

. Program SASHELL qompd?és_stress‘resultants‘and diéplace-
ments for axisymmetric branéhgs\jfémented shell structures due to
' - - / - ! ' : i .
their own weight, external applied loads and differential

temperature variation (along the meridian or circumference).

In the present stage of development, .the program is
capable of analyéing five types of shells of revolution of variable

thickness. These are cylinders, circular plates, spheres, cones

and hyperboloids of révolution. Loadings may be symmetric or

‘non-axisymmetric with rggbect to the collatitude coordinate and

may vary along the meridian.

‘v\‘\
kY

~ The analysis précedure isibaSed on the theory presented
~ in thisbtheSis and the_program'iogic flow oﬁtlined‘in Sect. 4.2;"
A éomplete listing of the program is given in Appendix C. Inpht
ofy the problems discussed in_Chapterza and output 6f the pinched

cylinder for a concentrated liﬁé load are given in Appendix D.

The input to SASHELL consists of several types pf

input cards. Certain card types may be repeated as required.

A‘typical explanafion of a card type consists of the
card type, a descriptive name indicating the nature of the data
being entered and the format for the data on that card. This is

followed by a symbolic. line of input whicﬁ, in turn, is followed

by definitions of the input variables.
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‘Limitations on SASHELL, due to the dimensions of the

arrays in the program;'are outlined following the explanation

of the input' cards.

TYPE 1: TITLE CARD

o

. 80
AN IDENTIFIER STRING

M

One card which contains any title for the problem

TYPE 2: ANALYSIS CONTROL CARD

(Format 10A8)

3t

(Format 414,F7.0)

16

23

TPRINT NP | NPCR

LDC

BETA

IPRINT :  Print control parameter

~

If IPRINT = O, the output will cortain an echo cﬁeck

-

in Fourier series, if required for the analysis, and

of the completed data. - The loadings will be expanded

the coefficients will be.printed out.

" 1f IPRINT = 1, the output will contain the echo check

of the iqpu§ data and the final results.

If IPRINT =12, the output will contain the echo check

of the input data, the results of the analysis for

each harmonic and the superimposed final resulgsaf’/

/ R
If IPRINT = 3, full output including intermediate

values will be printed out.

purposes only.)

<

(Used for checking -

132.
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. BETA

nhot gggged»25/fsEé’IIﬁIEEEEEHESZ

]

. ‘ ' ‘ 133.

i
)

L J .
Number of points along the element meridian.for‘

which the Runge-Kutta integration process“is used.

—_—

NP should not be specified less than 21 (see Limitations).
Ngmber of the circumferential pbints at whicM\the

h 4
f
final results are required.

Ifethe loads are symmetric'or antisymmetric with
respect td‘thg meridian paséing through 6 = 0, NPCR (
is the nhmber of poinﬁs along half the circumference
(0, m. If the loads var§ randomly in the circum— -

‘ferential direction, NPCR is the number of points

along the full circumference of the element (0, 27).

“If the loads are constants in the circumferential

direction (symmetric), NPCR is equal to one.

Dead load control parameter.

‘ o
If LDC = 0, dead load is excluded from the analysts.

3

v

If ILDC = 1, dead load is evaluated and superimposed
' ‘ 7%
| b

on the external applied loadings. ,

Maximum element length coefficient. BETA should . -

-

s .

.

TYPE 3: STRUCTURE DATA CARD

(Format 2I3,4F12.0)

3 6 18 - 30 42 54

NE

NJ EG PUG GAMG TKG

NE

NJ

Number of elements

Number of junctions between elements (nodes).

it
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£l

EG S : Global modulus.of elasticity.

PUG : Global Poiséonfs tatio.

GAMG : Global specific weighé. . B )
TKG - : Global coefficient of thermal expansion

NOTE: If the structure consists of elements of different
materials; Ehg global properties are to be omitted and the

structural data card specifies the number of elements and nodes
A . : 4

only. R
. N / '
TYPE 4: NODAL DATA CARDS (format 14,2F10.0,414) o
One card is required for each node. ‘fwi
N h \\' ’ |
4 ot 14 ' 24 28 32 136 40

I |XCOOR(I) RCOOQR(I) IDF(I,1) |IDF(I,2) |[IDF(I,3) [IDF(I,lo)

l

“ . .

I : Node number . o

XCOOR(I) : Clobai X coordinate of node I along the axis o
revolution directed downward from the top of
structure, N

RCOOR(I) : Radius of the parallel circle passing through node I.
RCOOR(I) should not be specified as zero (see

~ Limitations). X |
IDF(I,J) : TIdentification of the jth deéree of freedom at node I.
L J = 1,4 for fhe rotation of the meridian (R), the

radial displacement component (W), the meridional

displacement component (V) and the circumferential

displacement component (U), respectively. When
N .o



"
[

! IDF(I,J) = O, the corresponding degree of ffeedoﬁ

. 1s not restrained.

v -

~ When IDF(I,J) = 1, the corresponding degree.af o

¢ freedom isfrestrhined.yj

Y.

{N\* -~ TYPE 5: ELEMENT DATA CARDS : o T - R
3 . . ’ n . .

i;wIwo;cards are required for each element. ’*)1§

-

"'v}».,\.“;_} . <] a .
.iwﬁirstfc d Format (5I6,4F10.0) g
¥ 6 12 - 18 24 30 40 50 60 6
I {IT(I) |NC(I,1) |NC(I,2) |NIP(I) |TH(I,1) |TH(I,2) |EC(I,L)" Ec(I,z)J
? 4 . , — ‘
& s
w . ‘
I . : Element number &
IT(1) : Element type - :

s @
£ S Ao
>

. 2
> If IT(I) = l,_gement I is a C}Mér ‘;ﬁ

2, element T is.a cone or a
0
1N b

If IT(I)

circular plate.

-~

If IT(I) = 3, element I is a sphere‘of which r;

o

ro.

If IT(I) = 4, element I is a sphere of which r; # r;.

LIf IT(I) = S,Jelemeﬁt I is a hyperboloid of revolutiop.
. . ny
NC(I,1) : Node number at the top of element-1I.
NC(1,2) : &ode-number at the bottom of 'element I.
NIP(I)Q ? f;teger tovindicéte.the number of intermediate points

"

in the element at which“the final results are not
required. The number of equally spaced{points at

v

‘which the final results will be printed>out are



ot

CTH(IGL) g

NP-1

- NEP(T) f 1.

A value of NP- kzjlll be a351gned to

e NIP(I) when anput 1s zero.

Element thlekness at .the top. =~ = -7 ..

N

.;TH(I;Z)’ Element thickness at_the bottom.
EC(I,l) Eccentricity of the top none'fromaghe middle
surface of the element at the top.
EC(I,2) Eccentricity of thebhottom node from the middle
A J - surface of the element:;t the bottom.
NQOTE: »The eccentricity is define&'such thatlthe radius of the‘

r . s
. midsurface

"Second card ‘

K] . o
@ o “%
a < ' . )

parallel circle passes through the middle “surface of the element is
Y %:} ‘ N o . L]

- ?node'— E?(I’J) °

'Thus, EC(1,J) is positive when directed inward from the node to

the middle surface of the element.

-

(Format 7?10 0)

A :

30‘

10 20 é » 70
HPCN(1,I) |HPCN(Z,I) HPCN(B 1) [GAMA(TY |E(T) BG(T) |TCOEF(1)4™
Al o - Gf‘\’

°
..
Q

3

HPCN(1,1) Radlus of.i cgrvature of the mer1d1an for spherlcal %
¥ element of type 4. (% e s, r1 %r%%ﬁ, or throat radius

of a hyperb0101d element (type 5). For elements

r than of type 4 and type 5, HPCN(l I) is O 0.
?@ y

1%% HPCN(Z,I) a//Angle in. degrees measured from the axis of revolutlon

to, the top edge 0f the spherlcal element of type 4,

HPCN(2,1)
HPCN(1,I)

|
. or hyperb0101d constant in which the ratio



.
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1S N
1

equals°to.thewélopénbf'theiasyhptoteé‘bf the

, hyperbola For - elements other than of type 4 and 5
'HPCN(Z I) is 0.0 e ‘

HPCH(3,I) : Angle in degrees”meashred from the-exis of‘reyolution

Q

te'theftdp edge of the spherical-element of type 4, .
or ‘global X coordinate of the throat of the hyper- -
boloid element. HPCH(3,I) is eqﬁal to‘0.0,for

elements other“thén of type 4 and 5. ///,

~ GAMA(I) % Elementaspecific weight. Specified if differeat
from the %}obalrseecific weight, otherwiee:GAMA(i)'=:0.0
or blank. |
E(I) o glement modulus of elasticity. Spec1f1ed 1f ' .
dlfferen; from the global modulus of elast1c1ty,

o . -

otherwise E(IM@?LO.O or blank: : L -
PU(I) . Element Poisson's ratio. Specified if diffefent"
frembthe global Poisson's ratio, otherwise fU(I) % 0.0
. . u or blahk. , . |
TCOEE(I)» :H~Etement coefficient of thermal expahsion. Specified

if different from the globgl ‘coefficient other&ise

TCOER(I) = 0.0 of blank. s

> ~ o

NOTE: For a segmented- structure which does not chlude spherical

. or hyperb0101d etements and for which the other elements of mh1c§3

- u) @6‘/}

the structure consists have the same mater1a1 prqﬁgrtles, thkg %%

’KO

card is a blank card. ::Q;¢ V&,} )\‘ , :%ﬁ~ ,b 9
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K

. TYPE 6: LOADING ‘SPECIFICATION CARD gﬁ'(qumatﬂ(6I£)): E

. s 100 15 20 25 30 s
CNEL o |NJL. NHLY.; TNTL 'i lNHPﬁ?v;f NHIN;C :

NEL LT Numbef‘of_externally loadedfeléﬁénts‘in‘ghé]structurg;
NJL. .: ;; ‘Number of_loaded;nodés”invphg sfructure.

B

. NHL ¢ Maximum number of.hamen{Cs required‘for the anélysis

including;the zero”harmdni; (i.e., NHL ¥ maiimum'
‘harmop§é number>+1)J‘i | . |
NTL . Loadihé'ﬁype Eharécter.
TE NTL ;iof‘loading‘is symmetrié gndlfhe énal&éisj

is required for the zero harmonic¢ only.
. . v : L

| Tf NTL = 1, loading, is mmetric in the

A S R

cifcumferential dire pit is provided at a.
;npmbef»of discréf ‘

' thé.shell;‘and‘ﬁhé:a;
'Eqéfficientsgog Fé&fier seriéé'only>(i;é;, 1bading‘,
is éyﬁ;et;ic withzreépect td.a_ﬂéridiagipq§5és

s . through 6" = constent).

1f NTL = 2,;loééiﬁg is non—éxisymmetfic in the S

circumferéntiéi &irection, input is provided at“a
number of discrete points»a%ong the circﬁmference of
the sheli; and the analysis is required for bofh a;e'
‘cosine and sine coeffidients of Foﬁrierrgeries.

If NTL = 3, loading is nonaXisymmetric along the

R : . . & S
: (RO



e L M R
,along-the_c1pcumfgrent%ﬁleLrect;ongand;1nput N
;'direqtly¢as,cosineTgoéffiéignts:of~FoufiérVexpahsion"
R ‘J‘

™~

NHPL , : vNumbér.df‘pbinté,aIOnéfthé'citdumfefenCegog'the
: ;iéhgll at which the loads valﬁéé&gre;désétibéd.

' These points are deﬁinéd such that.thebéirCUmferentiai
) ’ i L.  "._~.A ‘.'f o :,>  . ‘ﬁ-
VHPL where i —.O,.l,_Z{ ey NHPL, l.; (“—

oordinate is.

NHIN e Iéteger thchldefines the incrémént in’ the hérmoniCs,'
bstarting from the'zerokhérméﬁiégftp_bé sgécifiéd“
whén the'énalyéié-is'required fof:afﬁérmqnic nﬁmber :
(o, NHIN, 2 NHiN, .+, NHL - 1); The program sets

NHIN = 1 when it is specified as zero or blank.

Bl

o load is described at NHPL points, .NHL can be

N%;L and NHIN can be set equal;té one. When

specified as

IPRINT =0, the Fburier coefficients of the iﬁpﬁt load are"

obtained with the echo check of the input data. Then,. the user

may decide, upon examining these coeffigients, on, the final values

of NHL and NHIN (see Chapter 5, Sect. 5.2.3).

- o

TYPE 7% ELEMENT LOADING CONTROL INPUT CARDS . (Format 6I5)

One card for each loaded element:
: R ‘ &

0o

s NAlo 15 20 25 30 |

L

I : . Integer "takes the value of 1 to NEL"



»]iLL(I) AVumbertof the loeded elenent .
'?'“ILOAD(LL(I) K) v |
”Inentlfter fnr‘loanlng~tynetnn;tne5eienent‘LL(iiei;‘.
'.{?idfln‘the otder | | i o o
5 :ILOAD(* l) for loadlng;nn:tne:d;tectidnntangént‘
.to the merldlan (s) Jtin\vg_ g
4%‘ "ILOAD(* 2) fo; loadlng,in‘tne direetion tenéentf
? ’;to the parallel c1rcle (9);e
B;k .‘_ t;ILOAS(* 3) for loadlngain the'direction perpennicniet
3 to the tangent to the merldlan‘(F) ;i,t‘
ILOAD(#éé)vfdr,temperatnre at the shell ‘exterior fece;‘ o
4ILOAD(;LSStfor'temperatUre-at the'shell intetiqr'face.‘ “
If ILOAD(* K) =0, no load of type K is abp;ied.‘z“v
‘ff ILOAD(* K) = l thevapplled-loaq of typengis
P . constant along the meridian en&,td be.epeeiﬁiedzeti e

. Sy
w If ILOAD(**K)*= 2

. one.end of the«elementf

only,'"

140,

the applled load of type K varies

)'llnearly along the mer1d1an and is to .be specified

“at the two ends of the

If ILOAD(*,K) = 3,

element. o

'

the applied load of type K

~varies as a second degree function along the‘meridian

- ;\;,.

. and is to bg spec1f1ed at the two ends of the element.

éingOTE:' Element loads are input in the element local coordinates.



TYPE 8:  ELEMENT LOADING CARDS '

-

' ThlS type of card depends upon NTL and 1s c13351f1ed
,as TYPE 8 A TYPE 8 B and TYPE 8 C for NTL equal to- O 1 or. 2

O: and 3 respectlvely

.

' IYPE 8-A: ELEMENT SYMMETRICAL LOADING CARDS - (Format 2F10.0)

ThlS typevls requdred 1f NTL is equal to zaro . Nuﬁbérf:
Td of cafds requlred for each loaded elamant, 1saegualttp,bandf:b
llaput 1n.the order cod51sten£ wrth veach‘ndnrzaﬁo;tarﬁgidgtﬁe'
. cprresponding row”in iLOADHarray. B
10 'd:]fzod’
ACEL(KL). | ACEL(K2)

I :.‘v"z : ‘f' :l' :‘ 5f'” LT , V.@‘
_.ACEL(Kl)": Mdgﬁitude"df.theﬁlbad"at‘thé?ﬁiemen; ﬁOp;.

-

ACEL(KZ)*_: Magnitude of the load at the element bottom..

TYPE 8-B ELEMENT ASYMMETRIC TABULATED LOADING CARDS ~ (Format 8F10.0)

This type is required if'NTL is'equal to. l-or 2.
L.Number of cards required, for each loaded element, is equal to

.§%§; fof,.and inbut‘in the order consistent Qith, each-non-zero
“term in the-correépbnding‘rqw'in,ILOAD array. | |
10_/Z0~30. ‘49::v5? ]TG? 70 " 80
&1), i;)e 1, NHfij 9




- 142.

.‘W(I)f,“tif Magnltude of the 1oad, at the points deflned by ég;i

_(i %_oiyl;}z,‘;,., NHPL 1) along the c1rcumference
of the'eiement;.and‘fot whlch Fourier‘expanston”;s

. .required.

‘:TYPE 8 C ELEMENT LOADING FOURIER COEFFICIENTS CARDS

(Format 8F10 O)

o

nf'ﬁt
Thls type 1s requlred 1f NTL 1s equal to 4 : Number of

RN y NH -
;fcards.requlred,jfopﬁeachaloadedvelement 1s equal to tg— for, and :
" input’ in the order eonsistentbwith,‘eaeh non—zero,term in the

cbrfespehdingggow iﬁ;ILOADQarrayeu‘,

EEAE(K);;,; : .CosiheEcoéfficients ofEEdurier‘expaqsionffbrb

Harmonics 0, 1, 2, :.., NHL-1.

o

TYPE' 9: NODAL LOADING CONTROL INPUT CARDS.  (Format 15)
One card‘for.eachfloeded nOdeEfNJL'eérds)f

S "1 Number of loaded nbde.(;if; Lo
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'

TYPE 10: - NODAL LOADING-CARDS

ThlS type of card depends upon NTL and is Classified as TYPE .
‘1lO—A TYPE 10~B and TYPE 10-C for NTL equal t0 0, 1 or 2, .and 3,

+

respectlvelyf

i

. TYPE 10-A:-.NODAL SYMMETRICAL LOADING CARDSi . (Format (4F10.0))

ThlS type 1s requlred if NTL is equalrtofzero. Oné card is -

L /-

>requ1red for each loaded node e . L,
020 3 40
N R R I R

ANJL (II,1) o, IT'= 1,4

v Z'vr J - P : _' ) B — T - : 1.

ANJL(II,l); i ﬁagnitnde‘of,tne nodai load ‘dn'the global"strnckure

| coordlnates, in ‘the follow1ng order ‘

‘:III— l 'merldlonal couple,.Msflpositive;whentrofating in:

‘thevolQCKWiee direotion. |

e tI =v2;,foroe normal to‘the tangent to meridian et the
correeponding node, Ss; p031t1ve in the‘outward dlrectlonbt
from the‘axis of revolutlond‘; ;

LI = 3, force in the direotion'tengént'to‘therneridian,

..l :

SNS, positlve when dlrected downward parallel to the axis
. C
of revolutlon
IT = 4, force in the dlrectlon tangent to the parallel
wcircle T s positiVe when directed in the antiClockwise
rotatlng dlrectlon around the structure

NOTE: The sign conventlon of the nodal loads as deflned ~above is equlv—

alent to. the stlffness matrlx sign conventlon as described in Sect, 3.7.



“w

TYPE iO—B: NODAL-ASYMMETRICAL TABULATED LOADING CARDS

ThlS type is requlred if- NTL 1s equal to l or 2. and

con51sts of the following cards, for each loaded node. "

(1) Asymmetric nodal load control input card. Required

" to identify which to the nodal_loads, classified as'in -

Type 10-A cards (M "Ss’ Ns’ T ), ‘is applled an to be"

input. One card (Format 414) is requ1red "

L4 8 16 20
¥

T _ y - . .
KLD(K) ., K=1,4 | - S ;
K : Integer which taﬁeé a value of 1 to 4 and

A
.

'represents the nodal forces, as deflned 1n'

144.

TYPE 10-A caﬁ‘i '1n the order M s Sg,:NS‘ahd;

TS, respectlvely

lls not applled

. » l ’ if equal to l, nodal force of the type K is

v applled i
QZ)‘ . Nodal loadlng magnltude card ‘ (Format: 8F10 O)
. NHPL

Number of cards required is equal to

+

8 for, and

1nput in the order cons1stent w;th, each non-zgro term

in KLD.

10 20 30 40 50 60 70 80
L ] .

1 L v B DR v

W(I) , I =1, NHPL

KLD(K)' : If equal to, zero,‘nodal force of the type K
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',

3

Ww(I) i Magnitude of tﬁe?noda¥;load, at the points defined
' o i . R , . .
by NHPL (i = Oﬁ,%, 2, v.e, NHgL - 1) along the \‘

circumference of theé nodal citrcle, and for which -

Fourier expansion is required.

- TYPE®10-C: NODAL LOADING FOURIER COEFFICIENTS CARDS

‘This type is required_if‘NTL is equal to 3 and NJL is

greater than 0.‘ It cénéists of the following cards, for edch

."loaded node:

e
NeD Asymmgfric nodal load control input card1of the same -
type described in TYPE 10-B.
_ 8 12. 20 -
' \ 2 1 - 1
KLD(K) -, K=1, 4
(2) Nodal loading magnitude card "’ (Format 8F10.0)
, o , o ) ‘NHL ..
Number of cards required is equal to s for, and

5 .

input in the order consistent with, each non-zero

term in KLD.
10 20 30 40 50 60 70 80
[]

1 1 1 1

[ L
AL (N), N =1, NHL

AL (N) : Cosine coefficients of FOURIER expansioﬁ for

harmonics 0,1, 2, ... NHL-1.

S
0



LIMITATIONS

Numbervofwelements NE' ¥ 20
Number of“nodeeleNJ ' ¥ 21
. Number of integration points NP.; ¥
Numbef of'eireumferential»points  NPCR $ 11 -
:Number.of harmonics NHL » | | ! $ 20
- Number of circumferential points at which loadingew
A " / S
" is ‘specified wﬁPL S . ‘ ¥ 40
Full bena width NHB . - | . . " # 80
Total number of Fourier coefficients in the problem
for elements,loading,'associated with either cosine
or sine factor and defined by NHL x NEL ‘ _ #7200
Total numner of Feuriet.coefficients in the pfoblem for
}_nodal loadings, assoc1éted w1th both cosine and sine
factor and deflned by 8 x NHL x NJL : - ) '1;~ ¥ 200
Number of points En;a non—axisymmetrically loaded “
structune,&t/;g;;h the final results are required,
and which can be calculated as
EEI NS, {(Eipl) + 1} ' - ¥ 200
where‘NS = nu@ber of segments into which element i is

_L
subdiv1ded and can be obtalned by BETA lv 3(1 - v )/r
in whlch L is the element length r, is the element radius, t,

is the element thickness and Vv is Poisson's ratio:

- 146 -

51
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The above limitations are due to the dimension
statements in the program'SASHELL ag‘%isted in Appendix C. The

. dimension of th%.gqfresponding arrays may be modified to change

these limitations.

4

i)s; Limitations on the thebry employed in SASHELL are as

follows (see Chapter 5).

1) - RCOOR should not be specified as zero.

2) The length factor coefficient BETA should not be
specified greater ﬁhan‘25. ‘

3) . The number oﬁtp;ints of integration NP\éhould not be
less than 21 when BETA is specified lesé than 20, énd

not less than 31’ when BETA is‘greater than 20 and. less

than 25.




APPENDIX C

PROGRAM LISTING

“
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. DATA FILES AND SAMPLE OUTPUT '

| OF EXAMPLE APPLICATIONS
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