Abstract

A real-time algorithm to produce correlated random fields on general undirected graphs has been used in
CAPTCHA generation and optical character recognition. This algorithm can not simulate all possible joint graph
distributions but does match all marginal vertex distributions as well as specified covariance between vertices. Herein,
a modified algorithm is given by completing the graph and setting the non-specified covariances to zero. The modified-
algorithm graph distribution is derived and the following questions are studied: 1) For which marginal pmfs and
covariances will this algorithm work? Are there collections consistent with a random field that this algorithm can
not handle? 2) When does the marginal property hold, where the subgraph distribution of a algorithm-simulated field
matches the distribution of the algorithm-simulated field on the subgraph? 3) When does the permutation property

hold, where the vertex simulation order does not affect the joint distribution?
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I. INTRODUCTION

Correlated random fields are used in science and technology to model spatially distributed random objects.
The applications of random fields across the sciences are broad and include computer vision, analysis of gene
expression time series, medical image processing, inverse optics and image synthesis, and object detection; see,
for example, [1], [2], [3], [4], [5] [6] and [7]. Furthermore, mathematicians often to want to couple a collection of
random variables with given distributions together on a single probability space while matching some constraint like
covariances. In either situation, the complete joint distribution of the field may be unknown or even irrelevant as
enough meaningful information is captured by marginal probability mass functions (pmfs) and pairwise covariances
between random variables. To meet the diversity of problems in a variety of dimensions, Kouritzin, Newton and Wu
[8] considered random fields on a general undirected graph structure and proposed an algorithm for producing a new
class of discrete correlated random fields on such graphs by either one-pass simulation or Gibbs-like resampling. The
approach has been applied to optical character recognition (OCR) [8] and the generation of both black-and-white [9]
and grey-level [10] CAPTCHASs. The class of random fields created by their algorithm incorporate given probability
mass functions (pmfs) corresponding to vertices in a graph and specified pairwise covariances corresponding to
edges existing in that graph. The joint distribution between pairs of vertices connected by a specified covariance
edge is known in terms of two sets of auxiliary parameter pmf collections that can be selected for generality.

However, the joint subgraph distribution on an incomplete subgraph is unknown.
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Fig. 1. A grey-level CAPTCHA like those in [10]

The starting point for the simulation is an undirected graph together with the desired marginal vertex pmfs and
the collection of non-zero covariances for the graph edges. (This setting is general enough to handle simulation in
any dimension for example.) Simulating the graph then amounts to directing the graph in an acyclic manner, fixing
a topological sort of the vertices and using Proposition 1 of [8], requoted as Proposition II.1 below, recursively.
(See [8] for details.) Our modified algorithm, introduced herein, completes the graph by adding edges of zero
covariance wherever necessary before simulation. This completion does not complicate nor slow the simulation yet
allows us to derive the complete field distribution in closed form for all possible auxiliary pmf parameters. We
call this completed-graph simulation algorithm and resulting random field the quick simulation algorithm and quick
simulation field herein.

This paper focuses on the constraints and properties of the random fields generated by this quick simulation
algorithm. Naturally, the algorithm can not work for all possible parameters and might not work for others. We start
by giving the joint (field) distribution of the random field generated by this algorithm (when it works). From there,
we study regularity, meaning when the algorithms does provide a legitimate distribution over the whole space of
vertices. This is equivalent to ensuring that the recursive formula (5) of Proposition II.1 produces a conditional pmf
in every iteration. It was observed in our CAPTCHA [9] and OCR [8] applications that the occasional illegitimate
conditional pmf value outside [0, 1] can be replaced with a value inside without noticeable effect on the simulation.
However, it is still important to know when the only possible source of irregularity is numeric and not algorithmic.
Next, we establish the marginality property that ensures the distribution of a random field on a subgraph projected
from the random field constructed on the whole graph is the same as that for a random field constructed directly on
this subgraph. Finally, we investigate the permutation property that makes sure the random fields simulated from
all topological sorts corresponding to the same complete undirected graph are the same in the sense of probability

distribution. We establish necessary and sufficient conditions for this permutation property.

Example L.1. Suppose we have the following complete undirected graph G with vertices vy, v, V3,

probability mass functions 7, (1) = m,, (1) = 0.5, = 1,2,3, and covariances B, ,; = 0.1,i = 1,2,3,j =



1,2,3,i # j. Let us illustrate the marginality and permutation properties of our algorithm.

Ty

Looking forward to (9), using the topological sort vi,ve,vs and setting T,, = Ty, = Ty, 50 §(Vi, Ty,) = 5t in

(2) we assign the joint probabilities as follows.

Loy ) Tvg (Xvy, Xogs Xog)

1 1 1 0.1625
1 1 -1 0.1125
1 -1 1 0.1125
1 -1 -1 0.1125
-1 1 1 0.1125
-1 1 -1 0.1125
-1 -1 1 0.1125
-1 -1 -1 0.1625

If we change the topologicial sort while maintaining all parameters, then we get the same joint pmf so the
permutation property holds. It is straightforward to verify that the pmfs m,, and covariances 3., ,,; are as expected.

Moreover, if we just simulated two vertices v;,v; of the three, then we get

Lo, Lo H(X1)1;7X1)j)

1 1 0.275
1 -1 0.225
-1 1 0.225
-1 -1 0.275

which matches the pmf obtained by summing out a vertex in the previous table so marginality is also maintained.

In this note, we show how to compute these probabilities so that the pmfs and covariances are preserved in
general as well as establish the conditions for the marginality and permutation properties above.

The remainder of this note is laid out as follows: Section II contains our notation and background. Next, we give
the closed form of correlated random field, discuss regularity and establish the marginality property in Section III.

The permutation property is studied in Section IV.

II. NOTATION AND BACKGROUND

Probabilistic Setup: Let V' be a finite set of vertices, 7 denote this set of vertices with an ordering, and X,
be a finite state space for each v € V. For any nonempty subsequence § C 7, the space of configurations
rg = (o), cp on § is the Cartesian product Xz = H,U B Xo and ?C denotes the subsequence so that
7 = B U ?C. We abbreviate X3 by A and x,, by z; to ease notation. A random field 11 is a strictly positive
probability measure on X. The random vector X = (X,), _7+ on the probability space (X', 2% TI) is also called a
random field. For § C 7 the random subfield on § is the projection map X4 : # — xg from X onto A3.

A neighborhood system 0 = {0(v) : v € V'} is a collection of subsets of V:



1) v ¢ 9(v) for every v € V and

2) v € 9(u) if and only if u € d(v).
A random field II is Markov with respect to 0 if for all x € X

(X, = 2| Xy = Ty, u £ v) =
(X, = 24| Xo0) = Ta))- (D

Problem Statement: Let E be a set of edges where each (u,v) € E with w,v € V has no orientation but
indicates u, v are neighbors of each other. Then, G = (V| E) is an undirected graph. If for every pair of vertices
u,v € V, there is a path of edges in E' connecting v and v, then G is connected. If every vertex in G has a neighbor
with at least two neighbors, then we say G is sufficiently connected. If for every pair of non-neighbor vertices z, u
there is a neighbor of z and a neighbor of u that are distinct, then we say G is disjoint pair rich. The open
neighborhood of v € V is 0g(v) = {u : u # v, (u,v) € E}, and its closed neighborhood 0 [v] = d¢(v) U {v}.
{0¢(v),v € V'} is the neighborhood system implied by G. For any nonempty set B C V, the open neighborhood
of B is dg(B) = Uyepds(v) \ B and the closed neighborhood d¢|[B] = g (B) U B. We set g(0) = V for
convenience.

We illustrate the new concepts of sufficiently connected and disjoint pair rich.

Example I1.1. Consider the following graphs.

OO0

(a) Three vertex example

(b) Four vertex example

Fig. 2. Not sufficiently connected

The graphs are connected but not sufficiently connected since none of the neighbors of w have two neighbors.

Example I1.2. The following graphs illustrate the definition of “disjoint pair rich”.



(a) Disjoint pair rich

(b) Not disjoint pair rich

O—O0—C0C—=0

(c) Sufficiently and disjoint pair rich

Fig. 3. Disjoint pair rich

Example I1.3. If every vertex in a graph G has two neighbors, then it is disjoint pair rich. It is also sufficiently

connected.

We are interested in creating a random field over V, where random variable X, at a vertex v € V has a
predescribed pmf 7, and random vectors (X, X,) have a predescribed non-zero covariance Sy, (= f3,,) for each
(u,v) € E. Naturally, this problem could be ill-posed in the sense that there are mathematically incompatible
collections of pmfs and covariances. Also, there often are multiple solutions with some being more efficient to
simulate and others having nice properties like the marginal and permutation properties defined above.

Directed Graph: The random variables in the field are simulated in sequence. The first step towards sequencing
is directing the graph. Let A be a set of ordered vertex pairs, called arcs, (indicating the first vertex is simulated
prior to the later). Then, D = (V, A) is a directed graph. If (u,v) € A for u,v € V, then, there is an arc from u
to v; u is a parent of v and v is a child of u. The set of parents of v is denoted pa(v). u is an ancestor of v if
there is a sequence of arcs from u to v. D is acyclic if there is no v € V' that is an ancestor of itself.

Graph Completion: If G = (V, E) is an undirected graph, then G = (V, E)) denotes its completion, where there
is an edge between every pair of vertices. Similarly, if D = (V, A) is a directed graph, then D = (V, A) denotes
its completion, where there is an arc between every pair of vertices and the direction of an arc that is also in A
matches that of A. [8] gives one possible algorithm to construct an acyclic complete directed graph D = (V, A)
from a complete undirected graph G = (V, E) and a topological sort on V, i.e. a simulation order 7 = {v}¥,
where N = |V] is the number of vertices. Our new Quick Simulation Algorithm works on a completed acyclic
directed graph. Zero covariances are placed along any added arc i.e. 8, = cov(X,, X,) = 0 when (v, u) or (u,v)
isin A\ A.

Conditional Probability Update: The Quick Simulation Random Fields match a collection of pmfs {7,,v € V'}

and a collection of covariances {f,.,(u,v) € E}. However, there are also two auxiliary pmf parameter sets



{ty,v € V'} and {7,,v € V'} that provide flexibility in the choice of field distribution as well as simulation. (See
[8] for examples of choices for these auxiliary pmfs.) They also appear in the conditional probability update through

functions:

(v, 2,) = EN T 2 o) @)

huv)= ] Folze) 3)
wepa(v)\{u}

for u € pa(v), v € V and z, € X,,, where fi, = Z ()T, and 62 = Z o (T0) (20 — fi)?.
Xy EXy T, €X,
Let {v;}}¥, be a topological sort of directed graph D = (V, A). For any B C V, we let j = max{i : 1 <i <

N,v; € B} and find:

H(XB:£EB): (4)

J
> [TT(X0, = 20, | Xpan) = Tpagen):

Ty, 1<k <jvp ¢ B i=1

where TI(X,, = .y, [Xpa(v) = Tpa(w,)) = H(Xy, = xy,). The main proposition in [8] is:

Proposition IL1. Assume that D = (V, A) is a directed acyclic graph with N vertices, {v;}~_, is a topological
sort of the vertices V and {7, (xy) : ¢y € Xy, v € V}, {7y (xy) @ @y € Xy, v € V'} are sets of auxiliary non-trivial
pmfs. Suppose further that {m,(z,) : x, € Xy,,v € V} are pmfs and {B,. : (u,v) € Aor (v,u) € A} are

numbers such that the right hand side of

H(X’Ul = xi‘Xpa(vi) = mpa(vi)) = 5)
g(vi, x;)

I(Xpa(v,) = Tpa(v:))

> Buwd(u, w)h(u, v;)

u€pa(v;)
) € X

Ty, ($Z) +

is non-negative for each x; € X,, and x y (1 <@ < N), where II(Xpa(v,) = Tpa(v,)) is computed

pa(v; pa(v;

according to (4). Form the conditional probabilities recursively using (5), starting with II(X,,, = x1) = m,, (z1).

Then, the random field X, defined by

N
H(X = (E) = HH(Xv, = xi‘Xpa(vi) = xpa(vq;)), (6)

i=1

has marginal probabilities {m,} and covariances cov(X,, X,) = By for all u € pa(v).

Remark I1.1. The term non-trivial pmfs can be interpreted as: Each T, should have non-zero variance and each

T, should be strictly positive.

Remark IL2. In [8], there was the stronger constraint that the right hand side of (5) is in [0,1]. However,



> M# > uepa(w) Buwd(u, zu)h(u,v) =0 since

z,€X, pa(v) =Tpa(v))
S G = 3 Tl i),

=2
153
Ty €Xy T, €X, v

Hence, if (5) is non-negative, then it is in [0, 1] and (5) defines a legitimate conditional pmf.

Remark I1.3. Notice that (5) gives the same value, whether we consider the given graph D or its completion D

where the added arcs have zero covariance.

ITII. DISTRIBUTION AND MARGINALITY OF QUICK SIMULATION FIELDS

Proposition II.1 can be extended to give the full field distribution when the graph is complete.

Proposition IIL.1. Assume that D = (V, A) is a complete directed acyclic graph with N vertices, V= {vi}N, is
a topological sort of the vertices V and {7,(x,) : €, € Xy, v € V}, {70 () : 2y € Xy, v € V'} are auxiliary non-
trivial pmf sets. Suppose further that {m,(z,) : x, € X,,v € V'} are pmfs and {B, ., : (u,v) € A or (v,u) € A}

are numbers such that the right hand side of

(X, = 2| Xy, = X150, Xoy_, = Ti1) = (7N

~ i—1 ~ T
G(vis i) 225 By §(vj, x5)h(vj, v5)
H(le =T, ...,AXUF1 = Q?i—l)

T, (xl)

is non-negative for each x; € X,,, t = 1,..., N. Form the conditional probabilities recursively using (7), starting

with II(X,, = x1) = 7y, (x1). Then, the random field X, defined by

(X =z) = ®)
N
1_[1_1()(@7 = .’Ei‘Xul =T, "'7XU7:—1 = 1’1’*1);
i=1

a) has marginal probabilities {m,} and covariances cov(X,,X,) = By for all u,v € V, and

b) has closed form

Hvl,.u,vn(xh...,mn) = ©)

n
Hﬂ-vi (xz)+
i=1

i—1 n
S (I Ao IT malon)
1<j<i<n “k=1,k#j k=i+1

5(% Ii)ﬂwﬂ)j g(vjv Ij)

for each x; € X,,, and n=1,...,N.

Remark IIL.1. Since the terms in (7) with (3, », = 0 disappear, the computations are the same as for the algorithm

in [8] on the incomplete graph.



Remark IIL.2. Regularity means that the right hand side of (7) is a conditional pmf. As noted in Remark I1.2, the

right hand side of (7) need only be non-negative, which is equivalent to

=67 o ()L Xy, = 21, ey Xy, = 24-1) < (10)

i—1
(xi - ﬂvl) Z ﬁvj,vig(vj7 ij)h(Uj, Ui)?
=1
and can be checked during the iteration. Notice:
1) There is no constraint on 5%% when x; = [i,, Oor T; = /]Uj.

2) Bu;w; = 0 automatically satisfies the constraint.

By (2), we need only check

_&12;L7TUL(‘TZ)H(XU1 =71, ""7X’U1'71 = mi*l) S (11)
(mi - ﬁm) Z 5u,vi§(uvxu)il(uavi)v
u€pal(v;)

where pa(v;) denotes parents in the original (not-completed) graph. If pa(v;) = {vi—1} is a singleton, then (11)
further simplifies by (2) to

ot Dot o) (12)
F Ty, () T,y (Tie1)

(‘ri - ﬂvi)/ﬁvi—lgvi (‘rifl - ﬂvi—l)

for z; € X,,,,x;1 € X, ,. One can check (11) or (12) iteratively to ensure the Quick Simulation algorithm is
producing a field with the desired pmfs and covariances. Now, we show how equality in (12) is hit:

o2, Tt (i) (13

T, (xi)ﬁ-vi—l (xi—l)

(xi - ﬂvi)ﬁvi,l,m (xi—l - ,av,i,l)
A T, (xl) =T, (ml)(l = T4 (.1‘1;1))—
g(vi—lv xi—l)ﬁq;i,vi_lg(vi, IZ?z)

& in(xi): Z (Fvi(‘ri)ﬂ-vi—l(y)—i_

YFTio1
G(0i-1,9) B, v;_, (Vi 1))
A T, (@) =IN( Xy, | # Ti—1, X0, = 25),
since Zy#zwl g(vi—1,y) = 0 and it is shown in Proposition 1 of [8] that TI(X,, , = xi—1,X,, = ;) =
T (@) T, (Tiz1) + G(Vic1, Tim1) Boy v, 1 §(Vs, ;). Hence, we hit this bound when we have a singleton parent

and one value of X;_1 precludes another value of X;.

Proof: Proposition III.1 a) This follows immediately from Proposition II.1 and the fact that the parents of v;

are all vq,...,v;_1 when the graph is complete.



b) Note (9) holds for n = 1. Now, we assume it is true for n — 1 with some n € {2,....

(7) is equivalent to:

H’Ul,...,’un (.T/'l, cey xn) =

’/Tvn(xn)nvl ..... ’Un_l(xlv"'vxnfl)—’_

n—1

Z(a(vmxnm,vna(vj,xj) 11 mk(:ck))
j=1 k=1,k#j
so by (14) and (9) with n — 1
Iy, 0, (T2, s )
n—1
=T, (xn) H T, (xz)
n—1
+Z< g\(Un, Tn 61),11) g(vjvx]) H %vk(xk)>
k=1,k+j
+ T, (Tn)
i—1 n—1
x> K II 7ot x [] va(xk))
1<j<i<n—11 “e=1,k#j k=i+1
X g(v’ux?,)Bv“’U] (Uj7x]):|
n
:Hﬂ'w(xz)
i=1
i—1 n
LD SN0 L ACEE | ENE)
1<j<i<n—1L \k=1,k#j k=i+1
< G05,5) 0,105,
n—1
Z( H va xk) Umxn)ﬁvnng(vj’xj)

k=1,k#j
so the result follows by induction.

10

, N} and show it for n.

(14)

It follows immediately from Proposition III.1 that the field produced on {vi,...,on—_1,vn} extends the field

produced on {v1,...,vn—1}. However, it is natural to wonder if the distribution of a subfield is the same as the

distribution of the quick simulation field on the corresponding subgraph. Considering the marginal distribution with

vertex v; removed, using (9) and recalling Zml g(vi, ;) = 0, we break sum below into: 4,5 #1,i=1,j=1to

find

E HU]7--~7Ul—17'Ul7’Ul+17--~7UN('rl’""

1 €Xy,

xl—laxl7xl+17 71‘]\/)

15)



o

@)+ S {

i=1 1<j<i<N
il 754
1—1 N
(2) I 7l x I] mm))
T, k=1k£j k=it1

X g(vzvxz)ﬁvl v; g (vj’mj)]

N Z( ﬁ 7o () X ﬁ m(m))

1<j<l Ne=1,k#£j k=i+1

X Zg(vl’xl)ﬁvz,ng(vjyxj)
xy

+Z< H o (Tk) ankxk)

I<i<N “k=1,k#j k=i+1

X G(0i, %) Busy Y, G0, 1)

z

T, (Il)

Il
i =

+ > (HM% HM%)
1<_7<z<N k=i+1
T Py

X Q(Uzaxz)ﬁvl v; 9 (U]7x])

This is just the distribution we would have arrived at if we had just simulated {v, ...

Using (15) repeatedly, we have proved the following marginality lemma.

Lemma III.1. Suppose the conditions of Proposition III.1 hold and § - 7 Then,

Oy (zg) = Z 3 (2).

epc€Xpgo
Example IIL.1. The closed form on V= {1,2} is
1,9 (z1, 22) = m1(21)m2(22) + (2, 22)B2,19(1, 21)
and the closed form on 7 ={1,2,3} is
1 2,3) (71, 22, 73) =

1 (21)m2(22)7s (23)

+ 73(23)g(2, 22)B2,19(1, 21)

+ T2 (22)g(3, 23)B319(1, z1)

+71(21)9(3, 73)B3,29(2, v2).

y Ul—1, Ul-‘rlv cesy

11

vy} in order.

(16)

a7
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Now, suppose 31 = B3 2 =0 so X1 and Xy are both uncorrelated from X3 by Proposition IIl.1 a) and

12,3y (21, T2, 73)
=(mi(z1)m2(22) + §(2, 22) B2,1G(1, 21) ) w3 (23)
=1 2y (21, 2)73(23)
by the previous two equations so Xs is actually independent of X1, Xo. The situation is less simple when not
considering the last vertex simulated. If 831 = P21 = 0 so X3 and Xo are both uncorrelated from X, by
Proposition III.1 a), then by Lemma III.1 113 3y (2, x3) = ma(x2)m3(x3) + g(3, 23)03,29(2, 22) and
(1 2,3) (21, T2, 23) =
1 (21)L23) (22, x3)
+ (@1 (z1) — m1(21)) 9(3, w3) B3,29(2, x2).
Hence, since each T, is non-trivial we must either have T, = w1 or B39 = 0 for X, to be independent of X, Xs.

The case of X being independent of X1, X3 similarly requires To = w9 or 3,1 = 0 in addition to 32 = 21 = 0.

This example illustrates several things about Quick Simulation Fields: order matters in general, there are dependent
uncorrelated fields, and independence generally does not happen when 7, # 7,. Indeed, we explain below there is

usually dependence even when 7, = 7.

Example IIL.2. In the important special case where T, = 7, for all v the closed form becomes:

Hvl,...,v (xla'“axn) = (18)

[Mreo(i+ Y Lo, | Hus))

=1 1<j<i<n Mo,

for each ©; € X,,, and n =1, ...,N.
Now, suppose that | € {1,..., N — 1} and B, ,; = 0 when j <1 <. Then,

th,__,uN(xl,...,l'N) _
Hv17"'1vl (.%'1, '--7$Z)Hul+1,,,,,v1\, (.'ElJrl, ...,:CN)

g(wi,zi) 9(v;,z;)
< Z 7o (24) ﬁv“v7 o (mj)>

1<5<i<l

1+ vy g o 904,)
( 1Sj2<:i<l i (” ) Puios ”“ (“‘”ﬂ)>

1—

X

g(vi,zi) 6 9(v;,7;5)
Ty, (z4) PV

Vi 1, acj)

<z+1<j<z'<N

g(vi,xi) g(w;,@;)
(1 + X Gy P mﬂﬁ))

I+1<j<i<N
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so one requires

3 E(Uz’»iﬂi)ﬂvlvﬁ(vw%)

=0 or
T, (zz) T, (I])

1<j<i<l

3 9vinzi) o 905:25) | _

IH1<j<i<N Vi (i) o, (25)

for independence.

IV. PERMUTATION PROPERTY

Let V = {v;}¥,, My ={1,2,--- ,k} for k < N and G}, be the symmetric group of permutations on M}, with
composition, denoted o, as group operation, identity permutation e(i) = 4, Vi € M}, and generators (i ¢ + 1) in
cyclic form for 1 < i < k — 1. {{vg;)}, : @ € Gy} gives the possible simulation orders. We are interested in

when the distribution is unchanged.
Definition IV.1. Random field Tl on V = {v;}¥| satisfies the Permutation Property if:
oy 1)rrvan (xa(l), ey :z:a(N)) =11, _on(@1, .. 2N)
for every a € Gy.
Marginality then gives
H”Jiau) i) (xia(l), s Tig ) = o, s, (iysevey Tiy,)
for every 1 <4y <9 <--- < i < N and a € Gy when the permutation property holds.

Theorem IV.1. Suppose N > 3, G = (V, E) is the completion of connected undirected graph G = (V, E) and
{m}vev, {Fvtvev and {7, }pev are non-degenerate pmfs. Then, in the following 1) and 2) are equivalent, and
3) implies 1) and 2).

1) The permutation property of the (T, Ty, Ty, 3)-Quick Simulation field T1 on G holds.

2) For each distinct u,v,w € V:
ai%v(xv)(xv_ﬁv)ﬁv,u(ﬁw(xw)_ﬂ@(xw)) (19)
:ag%w(xw)(xw_ljw)ﬁw,U(%v(xv)_ﬂ'v(xv))

for all x, € X, 2y € Xy
3) For each w € V:

’/Tw(xw) == %w(xw) + Cw(xw - ﬁw)%w(xw)y (20)
where for each distinct u,v,w € V the constants satisfy:

~2 ~2 ~2
Uuﬁwvcu = Uvﬁwucv = Uwﬂ'uucw- (21)
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Remark IV.1. The following proof reveals the equivalence of 1) and 2) holds even if the original graph G is not

connected.

Proof: To ease notation, we let X; = X, m; = Ty, T = To,» T = Tw;» Pij = Bu,v; and
yi(ws) = Ti(xi) — mi(w;) Vo, € X3, 1 <i <N, (22)

For a € Gy, one has by commutativity and (9) that X, 1), ..., Xq() has joint pmf

Oo(1),..a(N) (Ta(1)s - Ta(ny) = Hm(fﬂi)Jr (23)
i—1 N
> K T oty (maw) x ] Wa(k)(%(k)))
1<j<i<N b No=1 k4] k=it1

< 5(a(0), Tay)Botiratrilali), @ a(m]

for each z; € X; (1 < i < N). By (23) the permutation property is equivalent to

Z < H To (k) (To(k)) H Ty (k) xb(k))

1<j<i<N “k=1,k#j k=i+1

g(b(i)>xb(i))ﬁb(i),b(j).a(b(j)awb(j)) =

> ( 1:[1 Ta(k) (Ta(k)) X ﬂ 7Tzz(k)(a?a<k)))><

1<j<i<N “k=1k#j k=i+1
g(a'< ) Zg z))ﬁa(z j)g( ( ) ma(g)) 24)

for any two permutations a, b.
1) implies 2): Taking b = (2 3) o a, one finds that the left and right side terms in (24) are the same when
j=1i>3;,7=2,9=3orj > 3 so, upon cancelling these terms and substituting in for b, the remaining

G=11=2;3=1,1=3;j=2,1>3 and j = 3,7 > 3) terms in (24) become
Ta(2) (Ta(2)) X
T ety @a())3(a(3), a(3)) Bags).ayd(a(l), za(1))
+ Ta(3) (Ta(3)) X
H Ta(k) (Ta(k))9(a(2), Ta(2)) Ba2),a1)9(a(l), T41))
+ Ta(1) (Ta(1))Ta(2) (Ta2)) X

a(k) (xa(k)) X

M-

H Ta(k) (Ta(r))9(a(?), Ta(i)) Baiy,a3)9(a(3), Ta(3))
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(=
=)

]

=
=

IS

G
X

H Ta(k) (Ia(k:) )g(a(l)v xa(i))ﬂa(i),a(2)§(a(2)a xa(Q))
=Ta(3)(Ta(3)) X

N
H Ta(k)(Ta(k))9(a(2), Ta(2)) Ba(2),a1)9(a(1), Ta(1))
k=4
+ %a(Q) (xa(Q)) X

N

T 7ate) (@a(e)3(a(3), Za(3)) Baz),a(ryd(a(l), zaq))
k=4

+ Ta() (Ta(1))Ta(3) (Ta(z)) ¥

N i—1

T Fat (@agy)

i=4 k=4
N

I 7at) @a@)d(a(i), Tagiy) Bagiy.a@ 3(a(2), Za(2))
k=i+1

+ Ta(1) (Ta(1))Ta(2) (Ta(2)) X

N i—1

Z H %a(k) (xa(k)) X

i=4 k=4
N

I mat) @aw)3(a(i), Zagi))Batiy.a 3(a(3), Tags)),
k=i+1

which simplifies using (22) to

9(a(2), a(2)) Ba(2),a(1)Ya(3) (Ta(3)) =
9(a(3), 24(3)) Ba(3),a(1)Ya(2) (Ta(2))-
Letting a be such that a(1) = u, a(2) = v and a(3) = w, we find (19) is necessary.
2) implies 1): Multiplying (19) by g(u, z,,) yields
GV, 24) By (U, Ty (T (Tw) — T (Tw)) = (25)
9(w, To) B g (4, T ) (T (20) — 70 (1))

for all z, € X, z, € X,, z, € X,, and distinct u,v,w € My. Take a« € Gy and let b = (I Il + 1) o a for
1 <1 < N—1. Noting that the transpose operations (I [+ 1) are generators, we just need to show (24) for (arbitrary)
a and this b. However, the left hand terms in 24) withi < ; j > 14+ 1;j<I—-1,l+2<4;and j=1[i=1+1

directly cancel with the corresponding right hand terms for this b. Considering the (remaining) terms on the left
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side of (24) with j <! —1and i = [,]+ 1 for this b and using (25) with u = a(j),v = a(l),w = a(l + 1), we get
upon manipulation:

-1 1-1
T Fatr (@agay) x (26)
1

5=1 k=1
k#j

I 7t @a)d(al + 1), z4q41)) %
k=142

Ba+1),a()9(a(J); Za(j))Ta@) (Za))

N
H Ta(k) (za(k:) )E(a(l)v xa(l)) X

k=142

Ba().a(;)9(a(4) Ta())Ta+1) (Ta(i+1))
-1 1-1

=D I Fato (@ag)
=1 k=1
k)

H Ta(k)(Ta(r))g(a(l + 1), Ta41)) X
k=142

Ba+1),a()9(a(7); Ta(j)) Ta@) (Ta))

N
TT 7t @at)F(all), zaqy)

k=1+2
Baw,a(9(ald), Ta())Ta(41) (Ta+1))

so they are equal to the corresponding terms on the right of (24). (Notice the switch of 7 and 7 in the final factors

in (26).) Finally, the terms on the left of (24) with j =1, >1+2and j=1+1,i>1+2forb= (I I+ 1)a:

N i—1 N
> < I Fowy(@ay) 11 m(m(xa(k)))

i=l42 N k=1 k=i+1
k#l+1

9(a(i), a()) Ba(iy,ai+1)9(a(l + 1), Zaq41))

N i—1 N

i=142 V=1 k=it+1
k£l

g(a(i)v xa(i))ﬁa(i),a(!)ﬁ(a(l)a xa(l))

are just the terms on the right of (24) with j =1+ 1,4 > 1+ 2 and j = [,7 > [ + 2 i.e. in reverse order. Hence,
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by breaking the summation up, we have shown (24) holds for arbitrary a and b = (I [ 4+ 1) o a, which implies (24)
holds for arbitrary a, b and sufficiency follows.

3) implies 2): Letting u,v,w € V be distinct and using (20,21), we have that:

5121;%11 (xv)(xv _ﬁv)ﬂv,u (%w (xw) - Tw (Iw))

= - E%u%v (xv>($v _ﬁv)ﬁmucw?‘:w (xw)<xw _ﬁw>

= - 512;%1) (xv)(l'v *ﬁv)ﬂw,ucv%w (xw)(xw *,Ufw)
:512)(7?71(3311) - 7TU(m'u))/8111,117AT:711(xw)(xw_/A/Zw)

for all z,, € X, T € Xy. ]
In Theorem IV.1, 1) and 2) almost imply 3), which would establish equivalence. However, the graph must be

sufficiently connected as the following example shows.

Example IV.1. Suppose G is a connected graph with N > 3. Suppose further that G is not sufficiently connected.
Choose distinct vertices u, v, w so that u and v are neighbors of w, and that u and v are not neighbors. The
completion of the graph will set 3, = 0 in (19), which in turn implies that either 7, (z,) — my(2,) = 0 YV, € X,
or Buw = 0 on the RHS of (19). In the former, T, = m,. In the latter, G is not connected so only the former is

possible. If 3) were true, then c, = 0 by (20) and then c,, = ¢, = 0 by (21) and connectedness.

Theorem IV.2. Suppose N > 3, G = (V, E) is the completion of sufficiently connected undirected graph G =
(V,E); {my}vev, {Tvtvev and {7, }vev are non-degenerate pmfs with {m, # Ty }vev; and 1), 2), and 3) are as
in Theorem IV.1. Then, 1) or 2) imply 3).

Proof: 1) and 2) are equivalent by Theorem IV.1.
2) implies 3): Let w be the neighbor of u that has a second neighbor v. This means there are non-zero covariances

from w to the other two. (19) is (by permuting u, v, w) equivalent to:

9, 20)Buwe —g(u, 2u) B
9w, 20)Bwu —G(v,70)Bou
| —9(w, ) Buw 9(u; ) Bou
Yu(Tu)
Yo(zy) | =0,
| Yu(Tw)

which implies all solutions have the form

9(u, 24Py .
yu(xu) ) Yo ( w)a

(w Ly wv
( v ﬂuu

(uzxugﬁwun(xW)

Yo(T0) =
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for all z,, € X,,, z, € Xy, Ty € X,,. This implies that 2~ @) g constant, which in turn implies

g(UJVx'(U)
7'ru(mu) :%u(mu) + Cu(zu - ﬁu)%u(l‘u)y (27)
7Tv(xv) :;r\v(xv) + Cv(mv - ﬁv)%v(l‘v)a (28)

where ¢, ¢, are constants. Since G is sufficiently connected (by non-zero covariances) every vertex can be included
in some connected triple as above and we must have that
TTw (-rw) :%w (xw) + Cw (xw - ﬁw)%w (xw) (29)

for all w € V. Now, choosing distinct (not-necessarily connected) u,v,w € V and using (19), we find that these

constants must satisfy: 72 B,y = 02BwuCo = 02 BvuCu- [ |

Example IV.2. When N = 3, one c, ¢, say, can be chosen arbitrarily and the other two can then be solved for by
(21).

Example IV.3. There is always the trivial solution 7w, = m, (and T, arbitrary) for all u. This corresponds to

taking all the c,, to be 0.

The above theorem gives us the necessary relation
T (Toy) = Tw(Tw) + Cw(Tw — )T (X)) Yw €V, (30)

for the permutation property to hold under sufficient connectivity. Below we will consider completely non-trivial

Quick Simulation Fields meaning m,, # Ty, i.€. ¢, # 0, for all w € V.

Theorem 1V.3. Suppose N > 4, G = (V, E) is the completion of connected undirected graph G = (V, E) and
{7 }vev, {Tv}vev and {T,}vev are non-degenerate pmfs. Then, the following are equivalent:
a) G is sufficiently connected and disjoint pair rich and there is a completely non-trivial (7,, T, T, 3)-Quick
Simulation field 1 on G satisfying the permutation property.

b) Original graph G is complete, (30) holds with at least one c,, # 0, and for each distinct u,v,w,z € V:

ﬂu,vﬂw,z = 6u,wﬂv,z- (31)
If a) and b) hold, the constants in (30) can be taken as:
~2
UUQ /8'(13 V1
Coy =2 Lvsn (32)
v 031 ﬁvg,w v
~2
oL v
Cospr =5 Mcw Vi=2,..,N—1,
UUH»I Bviavifl

where c,, # 0 is arbitrary and G = {v;} .

Proof: (a) implies (b): (30) holds by Theorem IV.2. For distinct u,v,w,z € V, we find by (21) that
5§Bzuﬁwvcu

:5352u5wucv = 535wuﬂzucv = GZﬁzvﬂwucu
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so after cancellation (7, is non-trivial, ¢, # 0)

ﬁzuﬁwv - ﬁzvﬁwu =0. (33)

Now, suppose z,u € V that are not neighbors in G, we choose distinct v and w to be neighbors of z and w

respectively (by disjoint pair rich property). Then, (33) implies

Bzuﬁwv = Bzvﬁwu 7& 0 = ﬁzu 7& 0 (34)

and there is a contradiction. Hence, every z,u € V' are neighbors and G is complete.

(b) implies (a): It follows from completeness and (32) that each ¢; # 0,
01B3,2c1 = 03B3,1C2 = 032,13

and

9 9 ~ Bii—2Bi+1,i—1
i 1Cir1Bii—1 = 0;¢iBit1,i-1 = 05 _1Ci 1 ————

Bi—1,i—2
for all : = 3, ..., N — 1. However, it follows by (31) that
Bii—2Bi+1,i-1 — Bi—1,i-2Bi+1,: = 0 (35)
so by the previous two equations
~2 _ =2 _ =2
07;+1011+1ﬂ¢,z'—1 =0; Ciﬂm—l,i—l = U¢_101—15¢+1,¢ (36)

Vie{2,..,N—1}.
We have shown (21) in the case ©u = v;_1, v = v;, and w = v;41. Now, let u,v,w € V be arbitrary. Then, they
correspond to v;,, v;,, Vi, respectively and, without loss of generality, we can assume that 1 <4 < iy < i3 < N.

Using the left hand equality in (36) repeatedly, we find

G CisBinin—1 (37
i3—1 1

=0i43Cis H Bjj—1 ia—1

j=ia Hj:i2+1 5]9]’*1

is—1

1
~2
=5rc, [ Bivrin e
ol 112,41 B
However, it follows by repeated use of (31) that
iz—1 iz—1
I Bivri-1=Biin1 [] Bii-r: (38)
J=iz J=ia+1
Combining (37) and (38), one finds
~2 _ =2
07 CisBisin—1 = 0;,CiyBisin—1- (39

Moreover, using (31) again (when io — 1 # 41), one has that

Bigia—1 _ Bis i (40)
Bisia—1  Bisia
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and, substituting (40) into (39) and relabelling, that

536u6v,w = 5gcv6u,w~ (41)

Hence, the first equality in (21) holds. The second equality follows in exactly the same manner using the second

equality in (36) in lieu of the first. |

Example IV4. Let V = {1,2,3,4}; A= {(1,2),(L3),(1,4), (2,3),(2,4), (3,4)}; X; = {1, —1} for 1 <i < 4

mi(x;) = % Va; € X;; and 7;(1) = p and m;(—1) = 1 — p where 0 < p < 1. It follows that ji; = 0 and 52 = 1.
Let 815 = (13 = Bogz = B1a = Pog = P34 = B so (31) holds trivially. It follows by (32) that ¢y = co = c3 = ¢y.

Then, ; must satisfy (30) and be a non-trivial pmf for each i = 1,2,3,4 i.e.

and

7/1:1‘(1) = ﬂi(l) —c; -1 7~Tl(1) >0
N~ N~

1
p 2

(1) =1-p+ 2 >0.

This translates into the condition 2p > c; > 2p — 2. The permutable joint pmf of X1, ..., X4 follows from (9) as

Iy 5 34(21, T2, T3, 24) =
4
[ i)
i=1
1 ~
+ 15[5513527T3($3)7T4($4) + 12372 (22) T4 (24)

+ .1323337?'1 (.1‘1)71'4(.134) 4 X1 X4 T (Z‘g)%;),(l‘g,)

+ ToTaT (1'1)%3 (xg) + T3TATT ((El)%g (CEQ)]

for each x; € X (1 < i <4).
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