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Abstract

Recent disagreements in estimating the decay rate of b — cfvy have given the
need to check the result first calculated in 1998. Here, we present an expansion
of the second order corrections to the decay rate b — cW™ in the limit that
the W* mass equals the c-quark mass. This new expansion provides a check of
the one from 1998 and has highlighted the reason for the disagreement. With

these new results, the estimates of the decay rate of b — cfv, now agree.
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Chapter 1

Introduction

The field theory of Quantum Electrodynamics (QED) is among the most accu-
rately tested physical theories to date. For example, the fine structure constant
in QED, «, has been deduced from experimental and theoretical studies and is
by far the most precisely known coupling constant. The value provided from
g-2 measurements [1],

o' = 137.035 998 83(51), (1.1)

Accurate measurements, confronted with theoretical predictions of QED, are
sensitive probes of new physics and a lot of effort is being put into increasing
their precision and accuracy.

The enormous success of QED has stimulated the development of a theory
of strong interactions, Quantum Chromodynamics (QCD). It has also led to
the construction of the Standard Model: a quantum field theory describing
the three larges subatomic forces, including weak interactions. One very ac-
tive area of research, encompassing all Standard Model interactions focuses
on determining the values of the Cabibbo-Kobayashi-Maskawa (CKM) quark-
mixing matrix and over-constraining its unitarity.

1.1 The CKM Parameter V

The unitary CKM matrix is parametrized by nine different parameters relating
the mass eigenstates to the weak-interaction eigenstates of quarks,

. ‘/ud ‘/us ‘/ub )
Verm=1 Vg Ves Vo |. (1.2)
‘/td ‘/ts ‘/tb

To understand better the meaning of this matrix, consider the example of a
b-quark decay. When referred to by name, the quark of interest is a particle
with well-defined mass. The origin of masses is not yet fully understood, but
it is not necessarily related to the weak interactions responsible for quark
decays. It follows that the quark does not necessarily decay into a state with a

1



well-defined mass, but rather into a superposition of similar quarks: u-type or
d-type. The particle states involved in this superposition are restricted only
by kinematics and charge conservation. For the b-quark decay, the resulting
state consists of a u-quark and a c-quark with probability amplitudes given by
Vi and Vi, respectively.

The assumption that there are a total of three generations of quarks gives
the condition that this three-by-three matrix must be unitary. This also leads
to six off-diagonal unitary triangle relations, such as

VuaVp + VeaVe + ViaVip = 0. (1.3)

The elements of the matrix can be expressed in terms of three angles (o, 3, 7)
and a phase factor 4. In light of this, we can make a triangle out of Eq. (1.3)
in the complex plane with angles and side lengths defined in terms of the
elements of the CKM matrix, as shown in Fig. (1.1).

(0,0) (1,0

Figure 1.1: The unitary triangle derived from Eq. (1.3). There is a lot of
interest in over-constraining the parameters of this triangle in order to search
for new physics [2].

The strict unitary relationships in this triangle mean that measurements of
the angles and side lengths can be sensitive probes to new physics. For exam-
ple, if another generation of quarks existed, the measured mixing parameters
might not fulfill the unitary triangle conditions Eq. (1.3). In particular the
length of the side opposite to the angle [ is proportional to |V,|/|Ve| making
the determination of |V,s| and |V| of great interest.

In this work we will be concentratmg on one of two methods used to de-
termine |V]: inclusive semileptonic decay. To date, this is the most accurate
method of determining |V,| and the limits of the theoretical approach come
only from higher order perturbative and non-perturbative contributions.

1.2 Experimentarl Methods

'Experimentally, |Vs| has become easier and easier to measure because of the
increased experimental ability to detect and track b decays, increased lumi-
nosity at particle colliders, and the fact that the predominant decay mode



is b — c¢. This makes for a clean signal so that there is a large amount of
data and the determination of |V,,| from experimental data is mainly system-
atics limited. As a result, the main uncertainty comes not from experimental
measurements but from the theoretical calculations as discussed in the next
section.

There are two methods for determining |V| experimentally: through ex-
clusive decays and through inclusive decays. Exclusively, the decay rate of
B - D**¢~7, has been used to extract a value for |V,| by considering its
dependence on the recoil of the D**. The most recent measurement of |V
from exclusive decays was made by BaBar [3]. Including their data in the
world average provides a value of [4],

[Vap| = (39.3 £ 0.900p £ 1.7ine0) x 1073,

It can easily be seen here that the main uncertainty comes from the theory
side of the determination. ‘ '

The inclusive determination is more precise than the exclusive methods
and uses semileptonic decay rates. This method is also helped by the fact that
two schemes can be used for the calculation: an expansion in the 1S scheme
and an expansion in the kinetic mass scheme.

In order to extract values for |V,;| measurements of the electron energy and
hadron mass spectra are needed. To measure these spectra, events from T (45)
decays are used to reconstruct fully one of the B meson decays. From these
events, partial branching fractions for B and B¥, moments of the electron
energy spectrum and the 4-momenta of the hadronic component are deter-
mined. All of these values are then used to perform a global fit in either the
1S scheme or kinetic scheme to obtain a value for |V|. These results can be
further refined by including data from b — s decays to constrain the b-quark
mass.

One other important consideration is what scheme to use when measuring
a quark mass. This happens because quarks are confined and thus we are
essentially unable to measure the properties of a free quark. In the case of
top quark production we are able to measure some properties because the top
quard does not live long enough to hadronize. To measure the mass of a quark,
we then must rely on the mass dependence of certain properties of particles
containing the quark we are interested in. In the case of the b-quark, the 1S
and kinetic mass schemes have been used to:measure the b-quark mass. The
1S scheme relies on the 1S bb bound state properties, while the kinetic scheme
uses properties of the decay b — c when the c-quark is produced almost at
rest. When all of the data is put together one finds [4]

V| = (41.69 £ 0.835;; +0.20,,) x 1073,
from the 1S expansion and

[Vip| = (41.96 £ 0.23., + 0.3550F + 0.59r, ) x 1073,

3



from the kinetic mass expansion. The fit error comes from both theoretical
and experimental errors in the fit and the 7p error is from the uncertainty in
B lifetime. In the kinetic mass expansion, the last two errors are theoretical
and provide a large amount of the uncertainty in |V,|. As can be seen, both
determinations of |V;| are consistent with each other and the exclusive result.

1.3 Theoretical Calculation for the Determina-
tion of |V |

The parameter |V,;| is a free parameter in the Standard Model (SM). As such,
a combination of experimental data and theoretical calculations are needed
to extract its value. The large amount of data from B factories has lead
to the main uncertainty in |V| coming from our ignorance of higher order
perturbative contributions to inclusive decays. In accordance with this, a
lot of work has been done in attempting to calculate the complete O(a?) |
corrections to I'(b — cfuv;). These corrections include both perturbative and
non-perturbative corrections.

The decay I'(b — cfi,) can be computed perturbatively as an expansion

that depends on (%{f) To be able to compare this to experimental data

though, we need I'(B — X_.fv;). Fortunately, the largest contribution to
I'(B — X.lvy) comes precisely from the decay I'(b — cfv,). This is called the
spectator quark model, because the second quark does not participate in the
decay. In reality, however, this is not true and the spectator quark contributes
non-perturbative corrections. These non-perturbative corrections give terms
that are proportional to Afsp/mi starting at n = 2 [5]. They have been
found to be large at least in the leading order and much work has been done
in calculating sufficient orders. As an example of this work, see [6]. With the
non-perturbative contributions under control, it is important also to have the
perturbative corrections:

The perturbative corrections are calculated using Heavy Quark Effective
Field Theory (HQET). In this theory expansions are computed in terms of
Agep/mey and . Unfortunately the second order corrections in o to this
decay are very difficult to calculate for arbitrary lepton invariant mass: \/q—2
A small subset of these corrections has been calculated and resummed to all
orders [7]: the Brodsky-Lepage-Mackenzie (BLM) corrections [8]. This small
group-of corrections contributes to a large part of the O(a?) complete result
with non-BLM corrections thought to be no larger than 1%. Without the
full second order corrections though, this is only an estimate. Recently K.
Melnikov [9] and A. Pak and A. Czarnecki [10] were able to compute expansions
that give the full O(a?) results, thus providing a more exact calculation.

These new results, however, contradict an earlier determination [11]. This
thesis is devoted to resolving this discrepancy. In [11-13] three points for the
decay dI'(b — clvy)/dq® were calculated corresponding to the three circled



0

Figure 1.2: The kinematically allowed region for ¢ — qW™* decay. The differ-
ent known expansions are shown with solid arrows and the expansion obtained
in this thesis is shown with a dashed arrow. The analytical result is also known
along the whole Zero Recoil line.

points in Fig. (1.2). This triangle is a plot of the allowed kinematic region for
the decay I'(Q — ¢W™*), where @ is a heavy quark and ¢ is light compared
to Q. Much work has been done to understand fully the mass dependence of
(@ — qW*) in different limits. Each arrow in Fig. (1.2) represents a second
order expansion that has been done. The most recent of these is the diagonal
expansion shown by the dashed arrow and presented in this thesis. Perhaps
the most interesting aspect of this diagram, is the dotted line representing
the curve given by the differential decay rate dI'(b — cfv,)/dg*. Integrating
along this line gives the full semi-leptonic decay which is then used to extract
|Ves]. Since the differential decay rate is not known to second order, the three
points calculated in [11-13] were used to fit a polynomial that could then be
integrated with respect to ¢® and thus give a value for the full second order
correction to I'(b — cfuy).

The authors were able to compute these points by fixing the invariant
lepton mass \/CF and relating the differential rate to the decay ['(b — cW™).
As seen in Fig. (1.2) several expansions have been computed for this decay
[11,14-17]. One way to check these earlier results is to perform an expansion
along the diagonal with mw. = m, starting at the point m. = 0: this is done
in this thesis.

In [11] the diagonal expansion result was used to obtain an estimate for
the non-BLM corrections to the decay rate I'(b — cfuy). The authors used the
three known points for ¢? to derive a polynomial expression for the differential
decay rate and integrated to obtain the non-BLM corrections. In that paper,
it was found that the non-BLM corrections have a contribution of 0.9(3) to
the decay rate. Recently, however, a numerical calculation was done that
obtained a significantly different result that could not be explained [9]. The
author arrived at a result of 1.73 for the same contribution. At the same
time as well, fully analytical results [10] were computed that confirmed this
difference.



The result presented here is aimed at showing that the expansion in [11] was
right. We have found, however, that there were errors in the renormalization
of two of the relevant points for this polynomial expansion resulting in the
abnormally low estimate originally obtained. As well, we have found a method
of fitting this polynomial that gives much more accurate results and brings the
estimate within error of the recent exact calculation.



Chapter 2

Methods of Calculation

With the increasing need for higher order corrections in perturbative quantum
field theory (QFT) comes the need for tools that will allow us to carry out
these complicated calculations. Some of these tools, for example the optical
theorem and dimensional regularization, have been around for some time and
are widely used. Others, for example the Laporta Algorithm [18], have only
recently been discussed in the literature. In this chapter we will introduce
these tools and others that will be useful in the calculation of I'(b — c¢W*).

2.1 Tools For Computing Feynman Diagrams

In order to aid in calculating higher order corrections a number of useful tools
are needed. The first of these tools is dimensional regularization. This is a
mathematical method allowing us to compute integrals that would otherwise
be divergent in four dimensions. Essentially the idea is to extend the dimen-
sion of the integral by a small amount, ¢, and compute it in these D dimensions
rather than the more familiar four. At the end of the calculation, any observ-
able should be independent of € when we take the limit ¢ — 0. In this thesis
we will always generalize to D dimensions using D = 4 — 2e” This method has
the added bonus of highlighting divergences. When the expansion in ¢ is done,
the divergent parts appear as terms with inverse powers of €. These terms end
up cancelling with renormalization factors so that the result is finite, as one
would expect. R ‘

To be able to use this method and take full advantage of it, there are a few
properties that need to be introduced. First, we need to know the form of the
D dimensional angular integral [19],

; o D12 |
/dQD_l = oy (2.1)

This will come in useful when we attempt to do phase space integrals later on



in this chapter. Next, we have the basic loop integral [20],

/(;i:)kD (k2 +1m2)n = (47;0/2 F(;(;)%) (%) "—-122‘ (2.2)

This integral arises very often in loop calculations and is worth remembering.

Another property of dimensional regularization is the so called scaleless
integral. These integrals are convenient because in dimensional regularization
they give zero. Scaleless integrals are of the type

dPk
Jn:/ pE (2.3)

A very simple and intuitive proof of this property can be seen by making the
substitution k = pf for some scalar u [19].

D
I, = / ¢ uh)
L (p)
. [ dPe
= ‘uD i £2n

— #D—2n Jn

Now by requiring this to hold for all u we have that J, = 7Qpd(n — %) Note
that when n = g—, the integral becomes a delta function. For a more detailed
analysis of this property, see [21]. For the purpose of this thesis, we will not
need to worry about this special limit and will consider the integral to give
zero identically. These few identities are by no means everything that comes
from dimensional regularization. They will however be the most useful later
on in this chapter.

Another very important tool in the calculation of higher order corrections
in perturbative QFT is the optical theorem. The optical theorem states that
the total cross section of a process is proportional to the imaginary part of the
scattering amplitude for that process. In terms of amplitudes M it says,

mM(A— A) =Y / Al 5| M(A = B)P2, (2.4)

where C is a constant determined by the process being considered and the
integration is over the phase space of the final state, IIg. For a single particle
decaying, C = % This means that, in order to calculate the second order
corrections to a process like I'(b — ¢W*) we could instead calculate the am-
plitude of the second order b-quark self energy diagrams and keep only the
imaginary part. To find out which contributions are included we cut the dia-
gram in all possible ways. For example, calculating the imaginary part of the
diagram in Fig. (2.1), would give the contributions from the three amplitudes

corresponding to the three possible cuts in Fig. (2.2). Thus, we -reduce the

8
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Figure 2.1: Two loop Feynman diagram.
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Figure 2.2: The three possible contributions that are calculated from the imag-
inary part of Fig. (2.1). The zig-zags represent where the diagram has been
cut.

calculation of three separate contributions into one two-loop integral. Even
with the symmetry considerations of the two diagrams in Fig. (2.2) with only
two lines cut, this property still cuts the number of diagrams in half.

It is also important for us to know which cuts will end up having imaginary
parts. This property comes from considering the optical theorem a little more
closely. To make it clear let us consider an equivalent representation of the
optical theorem,

ImM(A— A)=C) / dlIgM(A = B)M*(B — A). (2.5)

In this form, we can see that the only cuts that will end up having an imaginary
part are those that give physically realizable processes. In the next section
we will show how to 'reduce any multi-scale diagram to a set of single-scale
diagrams. This means that the only diagrams contributing an imaginary part
are those with cuts that go through massless propagators only. -

The final tool we want to introduce is Feynman parameters [19]. This
change of parameters. is instrumental in carrying out'loop integrals and will
also be a useful tool when we consider eikonal integrals later in this chapter
The switch to Feynman parameters is given by

1 ! 1
AB :/0 AT (=) BF (2.6)

9



A general version of the switch is also available when one needs to consider
more than two factors in the denominator.

2.2 Asymptotic Expansion

The ability to calculate contributions to a process from the associated Feynman
diagrams is hampered by certain problems that commonly arise. In Heavy
Quark Effective Field Theory (HQET) and in particular for the decay I'(b —
c¢W*) one runs into the problem of how to handle the different scales of the
diagrams involved. One strong method that deals with this is the method of
asymptotic expansion. The basic idea is to separate the integral into parts
with each part contributing to a different scale. It is then possible to use one
or a combination of single scale methods to compute the resulting integrals.
Let us consider the example of the diagram in Fig. (2.3). For this diagram

2

Figure 2.3: A two loop topology where the solid thin line has mass m the solid
thick line has mass M and the dashed line is massless.

we define
[1] = (k1—k2)?, (2] = k3+m?, 3] = (k1—ks)*+M?, [4] = k3+m?, [5] = kK2 +m®.
We then have the following integral,

dPk,dPk;

/ (k2 + m?)(k3 + m?)(k2 + m?) (k1 — k2)?[(k1 ~ k3)? + M2]’ (2.7)

where; k; = pg+ks. This integral has two scales,; m and M, and three different
momenta that can either be hard (~ M) or soft (« M). The relation between
ko and k3 means that ky cannot be soft.. We use this set of momenta because
it :will make the expansions a bit- more intuitive later. Thus we have four
different regions of the integral that -we can consider separately. Lets start by
considering the case where |ki], |k2|, |ka| are all hard scale momenta. In this
situation we can expand the three propagators with mass m and get
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= dP &y dP Ky (—m?)+m+
Z / (k)1 (R2)m+1(k2)H1 (kg — ko)2[(ky — ks)? + M2]~ (2.8)

n,m,l=0

oo / deldeB(_m2)n+m+l
kal kol <pr (K3)PHL(EZ)™H1(KF) (K1 — K2)2[(K1 — ka)? + M2

n,m,l=0 l

For now, let us consider only the second term. Since it is in the region
|k1l, |ks] < M we can also expand the last propagator to give
i (~pCm)m / dPk1dPks(ky — kg)
(MY fkatens (RD) (RSP (RS (R — k)

n,ml,j=0

(2.9)

Alone this does not seem to help at all. To evaluate this integral over the
whole domain (i.e. not just in the region |ki|, |ks| < M) we need to add some
parts. It can be shown [19] that these parts are scaleless integrals and thus
equal zero. For simplicity, we will leave out this contribution from now on the
understanding that it will not contribute to the final result.

Let us now go back and consider the eight possible regions. Taking all pos-
sible regions and carrying out the necessary expansions gives the contributions
listed in Fig. (2.4). Notice that we can rule out certain regions based on the
kinematics of the resulting diagram or by the optical theorem discussed ear-
lier. The tadpoles in regions two and three indicate that the integral associated
with its momentum can be separated from the rest of the integral.

With this breakup into regions, we can see how powerful asymptotic expan-
sions are. We started out with a two loop, two scale integral and it has been
reduced to three single scale integrals, two of which are one loop problems.
From here it is fairly straightforward to apply one and two loop methods for
single scale integrals.

2.3 Recurrence Relations

With a grasp on how to handle the multiple scales of a diagram, we are well
poised to start considering how one goes about carrying out the loop integrals
involved in the resulting single scale diagrams. A very well known technique
involves reducing the diagram to a set of simpler so called master integrals.
In recent years there ‘have ‘beeh a few attempts at finding a systematic way
to carry out this reduction [18,22,23]. Before these, most of the work had
to be carried out by hand and there was no general way to find the master
integrals for a given diagram. The methods used by all of these schemes rely
on recurrence relations that are found using integration by parts. In this
section we will describe how recurrence relations are derived and can be used
to simplify the evaluation of a diagram.

11



Region 1:
RN, k>m | QR
N |ks| > m [5] = ki
2
Region 2
R O*’ |ka| ~m [1] — k3
SN |ka| > m [2] — k3
T YA ksl m [3] — k2 + M?
- 4] - K
Region 3
e (O) |z Eogew
S k2| > m [4] — k3
T s AT | ks ~m 5] — k2
|k1| ~m [1] — k2 No imaginary contribu-
k2| > m (3] — M? tions.
lks| ~ m [4] — k2

Figure 2.4: The possible regions found with the method of asymptotic expan-
sion applied to the diagram in Fig. (2.3).

Recurrence relations rely on the integration by parts identity,

[17[dP k]
poarad 2.1
/a "Dkl,kz,...k,p) 0 (2.10)

where D(ky, ko, ...,p) is an arbitrary collection of propagators. By applying
this identity for a number of momenta ¢, it is possible to find some combination
of these that will end up simplifying the integral to a set of well known integrals
or master integrals. The question arises of whether it is possible to find an
irreducible set of master integrals and if so, how to automate this procedure.
The work in [18,22,23] is just a sample of the different approaches being made.

~ The method of how to use recurrence relations is best illustrated with an
example so let us turn back to our two loop dlagram with fermion propagators
of 1 mass M, and consider what can be done to 81mphfy it further. We have

1

M e B A &1

where we define
[1] = &3, [2] = &3, 3] = K} +2k1-p, (4] = K3 +ka-p, [5] = (K2 +K3)+2(k1+k2) -,
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to make things a bit cleaner. Referring to Eq. (2.10) we see that there are
six different identities we can produce by using three different momenta for £,
and two for the (k;),. Let us start by applying the operator 52—2;0# to NP to
get

Rl = /[d”k,-] [2(a2—-a4) [5] (3] +2[4] — [1] — 2[2) — 2) (2.12)

O
2 SR (2[2]+1)} NP,

where we have defined p? = —1 and rewritten scalar products in terms of the
propagators. Alone, this does not help much, but if we also apply a%’% we
end up with another equation that will be useful,

R2= /[de,_] [(D —2a9 — a4 — a5) — Qay {4} + as E” NP, (213)

We can now combine the two of these with R1 + 2R2 ;| and rearrange to give

[4]
2l

1

m (2.14)

1
= —E‘ [(QD - 2a2 - 4CL4 e 2CL5) 2(12

+ qm~qg+uhaﬂ

5]
where we understand that both sides are applied to the integral of N P. Now,
we want to write this in the form 1 = [something] so that we have a relation
that can be applied again and again. To do this, we need to multiply through
by the propagator ([4]). With everything under integration though, it is not as
straight forward as it seems. To get around this problem and find a recurrence
relation for N P we reduce the power of the propagator ([4]) by one so that in
Eq. (2.11) the exponent becomes a4 — 1. Carrying this through the equations
we have set up so far, we end up with the same relation as-above-except with
the transformation a4 — a4 — 1, giving

/ [d°kINP = / [dei]]-V—Ili] [(2D — 4 — 2ay — 4ay — 2as)

4 .
— 209 ([3] —2M4]+ 1] +2)].
2B

This is our recurrence relation. Notice that on the left, we have the same NP
set of propagators as defined above because of the extra ([71]) on the left hand
side of Eq. (2.14). We can expand all of this out to create a new set of two
loop integrals, however, in all of them, the power of propagator ([4]) will be
reduced by at least one. Applying this relation recursively then, we can reduce
the power of ([4]) to one or zero in every resulting integral leaving us with a
set of one loop integrals to be calculated.

13



Going through and applying the other six operators will help us find other
recurrence relations that are then used to reduce a diagram like N P to a set of
simpler master integrals. This method is very straightforward and once these
recurrence relations are found it is not difficult to implement them in a com-
puter program that will automatically reduce the diagram to a set of known
or much simpler to evaluate integrals. How exactly to evaluate these resulting
integrals is well covered in the literature. For a good review of methods and
tricks used to evaluate many common master integrals, see [19].

2.4 Phase Space Integrals

With the loop integrals in Feynman diagrams under control, it is now impor-
tant to consider phase space integrals. These integrals come into consideration
when calculating decay rates and scattering amplitudes with a final product
of two or more particles. As with loop integrals, there are a few tricks we can
use to aid in evaluating phase space integrals.

The phase space has a nice feature that allows one to break it up into
products of smaller phase spaces so that in the end, all that is needed is the
two particle phase space definition. This is done via the following relation [2].
For

N

N d3! 1:
dRn(Q;p1,p2, - - -, pNn) = (27)*61(Q — Zpi) H (—27)52?» (2.15)
i=1 i=1 *

we have

dRN(Q;p1,p9, .. ,oN) = dRN_11(Q;q,Djs1,. . pn)(27)%  (2.16)
x dR;(gp1,--.,p;)dg>. |

This phase space reduction formula is well known and can be a very useful
tool when evaluating otherwise complicated processes [24]7 In order to use
this relation, we still need to know the form of the two particle phase space.
Specifically we would like to know the volume of the two particle phase space.

Let us consider the process () — p;p; with masses M, m;, and m, respec-
tively. The volume of the phase space is then given by

/,p,
Q=
R
’\p2

Figure 2.5: Massive two particle phase space.

5D(Q - P1— Pz)- (2~17)

1 dP~py dP1p,
Ro(Q; p1,p2) = (27T)D—2/ 2F, 2F,
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The bold symbols indicate that we are working with “3-momenta” but general-
ized to D dimensions. We start by separating the delta function into separate
energy and momentum factors. Here we are working in the rest frame of @,

dD-1 dD 1

4(27)P2E, E,

Ra(Qinp) = | P25(M ~ By ~ B)" N (~py —pa). (218)
The second delta function can then be used to integrate over one of the mo-
menta leaving us with a single D — 1 dimensional integral. It is also convenient
at this point to make the substitutions E; = /p? + m? to give

lpl

4(27r )P? / \/pl +m1\/p1+m2

—\/p1+m1—\/p1+m2.

In order to continue from here, we need to do two things. The first of these
is the typical change of coordinates into hyper-spherical coordinates so the
integral becomes an integral over the angular parts and an integral over the
modulus of the momentum. The second thing we need to do is simplify the
delta function so that we can properly carry out the integral. To do this second
step we use the relation

Ra(Q; p1,p2) (2.19)

5(f(x)) Z‘S‘(J‘f 3 %)\ such that f(zs) = 0. (2.20)

From our delta function we can see that there is one zero for |p;|, namely,

VIM? —m} —mi]? — dmim]
2M ‘
With this we can finally do the p; integral with the result

'D-3
P 1 -
Ro(Q; 1, p2) = , , fdQ_. 2.22
(@i ) 4(2m)P- (\/p12 +mi+ /P + ”l%) P )

Finally, we plug in the angular integral from Eq. (2.1) and substitute for p] to
give the final form of the volume of the two particle phase space,

o= (2.21)

04-D3/2 § r2-D - D-3
(4m)PP2T (21 (\/[M 2 —mi —mg? ~ 4m%m%) . (2.23)

So, we have the volume of the two particle phase space. This result can then
be used in conjunction with the phase space reduction formula to compute the
volume of any N particle phase space.

In practice, when actually doing calculations, this becomes very handy.
There are a number of tricks that allows one to get rid of the scalar products
that typically show up in phase space integrals so that all that is needed in
the end is the volume of the phase space.

Ro(Q;p1,p2) =
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2.5 Eikonal Integrals

Every so often when using the method of asymptotic expansion to calculate
the contributions from Feynman diagrams, we run into a propagator that is

of the form .

k2 +2k-p

In the region where |k| < |p| this is expanded in a Taylor series and all we

are left with in the denominator is the scalar product. Such propagators are

referred to as eikonal propagators. Typically when carrying out phase space

integrals, the small imaginary part of each propagator can be ignored. With

eikonal propagators though, these terms are important and must be accounted
for. As an example we consider the following Feynman diagram,

(2.24)

1=9 ..~ ~ T~
p———h——‘——»——t»—-ol—l——\-o—n——-—;i-—»—-v——»——‘o——»—
5 \:1 11 ! 7
~
4
\\ P

~ — -6

Figure 2.6: In the region where |p1|,|po] < |p| this diagram has propagators
that lead to eikonal integrals. The solid, dashed and dotted lines represent
particles with mass M, m, and O respectively. For this calculation, we have
cut the diagram through propagators 9,3 and 6.

For this diagram, it can be shown that after expanding all propagators,
one ends up with only two possibilities,

I =/ i (2.25)
* p3(2p-py £ 2p- po + i)

We will start by considering the combination of propagators ([11]) and ([1—9])
to show the difference between this and the combination of ([5]) and ([1 —9]).

2.5.1 Expansions and Preparation

To begin we introduce @ = pg + ps and W such that p; = Q/2 — W, and
W, | < |p|- Using the properties p2 = 0, p2 = m? and p? = M?, we can expand
the propagators labeled ([5], [4], [11]). We do the expansion in the region where
both p; and py are small compared to p and Q. For the propagator ([4]) we
get . ; : ;

1 : 1
Aomitl T QW p) T 0 (2:26)
1 pi —2W, -py

Q-pr+i0  (Q-p1+i0)2 7
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Propagators ([5]) and ([11]) are expanded similarly, and both give

1 C
_
Phis — (m, M)?2+40  (2p-p1 — 2p- pg +10)
with some constant C' depending on which propagator is being expanded.
Effectively we are left with six cases. To make writing everything easier

we will drop the 70 dependence as it does not play a role in this part. we will
introduce it back in later, when it is needed.

1 1

T (2.27)

ho= [p1]™ (2Q - p1 — 2Q - po)™ (2:28)
b= [pf(pl—lpg)zl'"(%)-pl—12Q-p9)” (2.29)
h = TR Ea T (230)
= R a T (231
b= R | (2:32)
I = L ! (2.33)

[(p1 = p9)?™ (2Q - p1 — 2Q - po)™
Note that Js and Jg lead to scaleless integrals in dimensional regularization
and give zero contribution. We notice that Jj is in the form of /_ given earlier
so we will leave it alone for now. Looking at J; we immediately see that making
the transformation p; — p; + pe gives an integral of the form I.. J, and Jy,
however require a little bit more work. Starting with J, we apply Feynman
parameters, Eq. (2.6), to the first term to get

1 dx 1
Jy = / . 2.34
M S (e e E e oar S
Expanding inside the brackets and completing the square gives
: ! dx 1
I = / | 2.35
A R ) PR

3 /1 dz 1
o [(pr—pez)?P™ (2Q - p1)™’
where we have used the fact that p2 = 0 to get rid of that term. Now we
are in a position to shift p; — p; + pez, and right after this make another
transformation p; — piz. This introduces an extra factor of z” from the
Jacobian in the p; phase space integral. We end up with

1 dz 1
f= / ()™ (2@ - p1 4 20 poz)” (2:36)

1 d zP 1
B [) x[(Pl)Q]QfE‘lm (2Q - p1 +2Q - pg)nz™
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Setting D = 4 — 2¢ and taking extra terms out of the integral, we get

1 ' 4—-4m—n—2e¢
S [(p1)22™(2Q - p1 + 2Q - po)™ /o doe ’ (2.37)
which can easily be integrated and the propagators are left in the form of I,
after one more step to reduce the power of p;.
The same steps can be applied to J; except this time using p; — p;(1 — x)
instead of p; — p1z. This gives a beta function for the solution of the z-integral
and leaves the propagators in the form of I_,

1 1
Jy = ) / dr gD - g)GHn=29-1 (9 38)

[(p1)?]"™(2Q - p1 — 2Q - po)™
The final thing we need to do before carrying out the p; phase space integral
is to reduce the powers of p; that appear to one. To do this we use the
integration by parts identity that we used earlier in deriving the recurrence
relations
Qr

/ opi pP1(2Q - p1 £ 2Q - pe)*(2Q - p1)
Applying the partial derivative yields

(2.39)

/ / 2aQ?
pi(2Q - pli2Q Po)° p3(2Q - p1 £2Q - po)*+1(2Q - p1)

2Q2
/p (2Q - p1 £2Q - p)*(2Q - p1)?’ | (2.40)

or

/ 1 L / 2aQ)?
[P2(2Q - p1 £2Q - pg)* p2(2Q - p1 £ 2Q - po)*t1(2Q - ;1)

/ 207 (2.41)
P(2Q - pr £ 2Q - pa(2Q “p1)?

Applying this repeatedly will end up giving integrals with only single powers
of p? as in I_ and I,. To deal with the new 2Q - p; factors that arise, we
can simply use partial fractions with (2Q - p; £ 2Q - pg) to separate the terms.
Again all resulting integrals with 2@ - p; are scaleless integrals because of the
p?, and thus do not contribute. In the end, we are left with just two eikonal
1ntegrals that must be done,

I —/ " ‘ (2.42)
=7 ] p22Q -pr£2Q - po) o

2.5.2 The Eikonal Integrals

We have finally simplified the propagators of the diagram in Fig. (2.6) to two
eikonal forms. Now we want to carry out the phase space integral so that we
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can get our final result. We start by using a substitution akin to Feynman
parameters [25],

5 = / Tt (2.43)
A2CP (e, B) Jo [A+ C)AotB’ '
Applying this to I gives
1 oo Xn—l
fe= @ / dA . 2.44
- ﬁ(l,n)/ P o (P2 + 2)Q - p1 & 2)Q - po|™*! (2.44)

Now adding and subtracting Q?)? in the denominator allows us to collect all
p1 terms in a square. Then we shift p; to p; — QA and make a Wick rotation
to simplify the expression a bit,

oo An—l
I, = n/dD / dA :
+ N A [(pl+Q/\)2_QQI\Qigl\Q,pg]n—H
oo An——l
— g n+1 D d . 4F
i(—1) n/d pl/o )‘[p%+Q2)\2?{:2)\Q~pg]"+1 (2.45)

Switching the order of integration now leads to a well known integral in di-
mensional regularization, so it can easily be done, leaving us with only the
parameter to integrate. Simplifying the result and making the change of vari-

ables A — /\%2@, leaves us with a common integral. We end up with

N % n F(n+1_2) ZQ'pQ %—1 %—n—
I = inz(-1)"*! ) ? ( 0 ) (2Q - pg) 1 (2.46)

X / AT2AF )Tl
0

At this point we must consider the two integrals individually. This is because
of the possibility of a singularity at A = 1 in the case of I,. We first consider
the simpler case I_ and notice that it just gives a beta function. So we have

T(n+1-72) '(2Q “ Do
['(n) Q?

X ﬂ(§—1,2+n—D).

In the case of I, we need to separate the integral into two parts: A € (0,1)
and X € (1,00) and bring back the factor of i0 that we have been leaving out.
Including this factor gives

I. = in3 (-1

)?_ (2Q - ps) 2 7 (2.47)

1 -
oY = / AT72(A —1440)7 7" 1d) (2.48)
0 .
1
— / A%—?[(l N A)e:ti‘lr]%—n—ldA (249)
0
; ) D
— eim(’lzz_"_l)ﬂ (Tr): - ]_, _g_ — TL) i (250)
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Note that this has an imaginary part. We can choose to keep this term or take
the real part of it because of the fact that the imaginary part will be cancelled
by other cuts that contribute.

Now we have to treat the other part,

e :/1 AZ72() - 1)?—"f1dz\. (2.51)

To do this integral we make a change of variables to u = % to transform the
integral to a familiar form,

1 1 D 1 -lzl—n_l du
[ /0 -2 (; - 1) = (2.52)
1
- / WHD(] - )31 (2.53)
0
D
= ,8<2+n—D,—2~—n). (2.54)

The final result for I, is then the sum of the two parts and we end up with

D T'(n D - Do %'—1 D
I, = iw?(—l)"+1 ( }L(;) 7) (2%27’) (QQ.pg)‘;T—n~1X

{eﬂ”(%—"—l)ﬁ (% — 1,% — n) + (2 +n—D, g _ n>](2.55) ‘

In this result, the sign of e**" is determined by the sign of the 0 term so it is

important to keep track of this.

2.6 Relations Between Diagrams

Today computers play a pivotal role in our ability to compute higher order
corrections to processes in perturbative QFT. They give uSthe bénefit of the
speed at which such calculations can be carried out. There is, however, a
prominent bottleneck that can greatly lengthen the time it takes to complete
a full calculation. Many of the calculations that need to be done require
programs to be written that will carry out the expansions, reductions, and
integrals needed. Along with creating these programs come the inevitable
bugs.. These bugs, sometimes as small as a missed two or a sign error, can
take an incredible amount of time to find and fix.

Fortunately there are some useful tricks one can use quickly to check the
consistency of results for small groups of diagrams and quickly isolate any bugs
that are present. In HQET, certain relations between diagrams can be used
to check (at least) the leading order terms and often highlight any problems
encountered. One of these properties, gauge independence, is at the center
of QFT and is often used to simplify calculations. The other is based on the
expansions used in HQET and relates the leading order of different diagrams.
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2.6.1 Gauge Independence

Gauge independence is a vital part of field theory. This is a useful property
in that it can greatly simplify calculations by proper choice of gauge. Indeed,
when calculations are done, they are typically done in a pre-defined gauge
instead of a general one. It may however also be useful to use a general
gauge to check the gauge invariance of a group of diagrams. Gauge invariance
requires that all gauge dependent terms of diagrams contributing to a physical
process sum up to zero. For higher order calculations like O(a?) corrections
to b — cW™, this requires cancellations in 73 separate amplitudes. With no
other requirements, it would be next to impossible to find out which terms
are not contributing properly by looking at the gauge dependent parts. It
would make things much easier if it were possible to group the diagrams into
separately gauge invariant parts. This way, one would only need to consider
a few gauge dependent terms when looking for errors making this an effective
check for debugging purposes. There are two ways that we can achieve this
grouping: separate by colour factors and separate by number of loops. Here,
we will consider only the gauge dependence of gluon propagators.

Property Groups

One helpful property of perturbative QCD is that the colour tensor structure
appearing in diagram amplitudes can be separated leaving us with a colour
factor multiplied by a colourless amplitude. It is then possible to separate
the diagrams into groups that each have the same colour factor in such a way
that the colour factors are all independent. The colourless amplitudes are
then known to obey certain properties [26], one of which is gauge invariance.
One such separation is into the commonly used Abelian, Non-Abelian, Heavy
Quark Loop and Light Quark Loop colour groups; C%, Cr (Cr — %A), TrNy
and TNy, respectively. Ny and Np refer to the number of heavy and light
quarks, respectively, in the HQET being used. This separation nicely leads to
four different gauge invariant subgroups. In the example oI b — cW* decay,
we now have the groups in Tab. (2.1). There is, however another association

Colour Factor | C% | Cr (C — %’1) TrNy | TrNy,
# of Diagrams | 45 43 -6 8

Table 2.1: The colour grouping of gauge invariance. Note that there is overlap-
ping between the groups because of renormalization diagrams that contribute
to all four groups.

we can use to separate the groups even more.

Another independent set of colour tensors involves the terms C% and CrCl4
separately. These two groups must also be separately gauge invariant. From
our original groupings, we see that there is a set of diagrams that will con-
tribute to both C% and CrCy4. This means that, if one already knows that the
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abelian group is gauge invariant, you know that those diagrams contributing
Cr (Cp — %ﬁ) have the proper gauge dependence because they contribute to
the gauge independent abelian group. Now, the only diagrams that need to be
checked are those contributing an independent CrC4 factor. This reasoning
also works the other way around when the non-abelian part is gauge invariant
and the abelian part has some problematic terms.

The grouping in Tab. (2.1) is useful if the problem ends up being in either
of the quark loop groups, but it does not help too much with the other two
groups. The colour groups, however, are not all we can do to simplify gauge
dependence.

Another way to separate gauge invariant groups is to consider the number of
external gluons, or equivalently, the number of loops. Each group of diagrams
with the same number of external gluons should be gauge invariant. When we
combine this requirement with the colour factor requirement from above, we
get the groups show in Tab. (2.2)

Colour Factor C? Cr (Cp— %4 TrNy Tr Ny,
F 2

External Gluons | 0 | 1 | 2 | 0 | 1 2 0112|012
Diagrams 10123121117 15 }313|0|5}3]0

Table 2.2: The colour grouping of gauge invariance. Note that there is overlap-
ping between the groups because of renormalization diagrams that contribute
to all four groups.

We can see that we have greatly simplified the task by reducing the greatest
number of diagrams that need to be considered to 23. On top of that, the two
quark loop subsets have a sufficiently small number of diagrams to be able to
stop here and compare. For the other two subsets though, we still have too
many diagrams. This grouping will be very useful in the next section where
we will visually compare diagrams to find even smaller gauge invariant groups.

Comparing Diagrammatically

In 1996 some work was done on what gauge transformations look like dia-
grammatically in order to create an easy and systematic way of finding gauge
invariant subsets of diagrams and to develop specific gauges that would sim-
plify the calculations in each of these subsets [27]. Here we would like to
develop something similar, but instead of looking for gauges to simplify the
calculations we want to find the relations between diagrams that will cause the
gauge dependent parts to cancel. For a general gauge the gluon propagator is

given by

i , L KMEY

1z (—g“ +& 2 ) . (2.56)
Here, we have already factored out the colour dependence in accordance with
the previous section and instead of the typical gauge dependence of (1 —¢) we
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simply use £&. This makes the notation a bit simpler and will not affect the
end result.

To check gauge independence we use the Ward identity. It says that for a
process M (k) involving an external photon (gluon) with polarization €,(k) we
have

M*(k)k, =0, (2.57)

where M (k) = M*(k)e,(k). Let us consider the diagram in Fig. (2.7). Applying

Figure 2.7: Diagram with an external gluon from a b-quark line.

Feynman rules and factoring out the colour dependence gives

< M3
Mok, = & g —t v (2.58)
s q? Gg+é—m
1 1 qq.,]
X s ~ V,\ ~ pUb - y+ L k.
bti—F—M b—k—M ()H Iu §q2 ?

Since we are only interested in the gauge dependent term, we can forget about
the term from —g,, and concentrate on the rest. Here, we have grouped
the outgoing W and the associated vertex dependence into the term ' for
simplicity.

Now, instead of simply writing § = v"q, for the momenta contracted with
associated gamma matrices, we will add a fat zero that will make some con-
venient cancellations,

- (2.59)

We notice right away that these added zeros simplify the expression quite a
bit. In the case of the c-quark propagator we have two terms: one that cancels
the propagator and another that, combined with the associated wave function,
simply gives zero according to the Dirac equation. The term associated with
the b-quark is not as nice but still simplifies the result by cancelling one or
the other b-quark propagators. Looking at the resulting propagators, we can
picture this process in the following steps.

In the first step, notice that the diagram on the right gives zero. This
corresponds to the zero from the Dirac equation.
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Figure 2.8: Step 1: cancellations at the c-quark end.

k q q
J —_ b --cC
b ~--C — b rO
w w
w
k
k

Figure 2.9: Step 2: cancellations at the b-quark end.

In essence the extra momenta terms, g, and k, in this case, give a sum of
diagrams where one of the propagators attached to their associated vertex is
cancelled. We end up with the equation

Mi(k)k, = é?)z [E(C)FW (8 - fcl— M 6+ g —1/% — M) fw(b)J - 260

The final simplification we can make is in the first term. Since this term does .
not involve the loop momentum ¢ at all, we are left with a scaleless integral
which gives zero in dimensional regularization. In the end, we are left with
only one contribution, given by

Figure 2.10: The gauge dependent part from the contraction of Fig. (2.7) with
k,. ;

From this example, we can create a rule for dealing with quark gluon
vertices:

Figure 2.11: Rule for finding the gauge dependent part of a diagram involving
a quark-gluon vertex.

The =+ is determined by looking at the quark propagators involved. If they
are the same flavour as the incoming quark it is a — and if they are the same
flavour as the outgoing quark it is a +.
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Similar to this we also need a rule for dealing with triple gluon vertices.
We start with a three gluon vertex where two of the gluons are propagators,
Fig. (2.12). We apply the Feynman rules to the gluon propagator and the

3A

2v 1.1

Figure 2.12: A three gluon vertex with one of the gluons being emitted. The
momentum of the gluon 1 is into the vertex and the momentum of the other
two is out of the vertex.

vertex to get

_ Q up KYED 4 k"k"

X [gu (k1 + k2)x + gual(ks — ko), — gAu(kl + k3),] k3. (2.61)

Expanding this and keeping only the gauge dependent part ends up simplifying
to

(2.62)

Gy = —Of [_l_kfk“ 1 k5kS _kfkg(kl-kg) (i__i)]

k# k2 k2 k2 k2k2 k¥ k2
Notice, the first term in this equation is exactly the gauge dependent term
from the previous diagram except with opposite sign. The second term will
end up matching with another diagram with the external gluon coming from
a c-quark line. The last term, however is a bit more complicated but is easy
to deal with given the quark-quark-gluon rule from before. It ends up giving
a scaleless integral in dimensional regularization and thus does not contribute
to the result. Let’s rewrite this result a bit more suggestively by using the
momentum relationships between the three momenta, h

1 k°ks 1 kSkS k{’kg(kl-kg)<1 _1__)]

) L R - 2.63
ER TR B \B B (2.63)

Gz = “"Qf

We can now see that, in the first term, the kf will act to cancel either the
propagator on the left or the one on the right and the k3 is associated with
the outgoing gluon. A similar thing happens in the second term. The final
term corresponds to something similar to the scaleless 1ntegral found before.
Dlagrammatlcally, we have the situation

Let us now apply these rules to two more diagrams in order to find some-
thing that will completely cancel the gauge dependent part in Fig. (2.10). First
we consider the diagram in Fig. (2.14). Applying the quark-gluon rule to this
diagram we see that we have a diagram similar to that of Fig. (2.10) except
with a c-quark propagator and opposite sign.
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Figure 2.13: The gauge dependent part from a triple gluon vertex.

Figure 2.14: Diagram with an external gluon from a c-quark line.

q-k 666\’( q-k 666\’( q-k é6§*k
b%c T %c ’ b%c
w w w

Figure 2.15: Cancel either b-quark lines.
; ook

Figure 2.17: Diagram with an extérnal gluon from a gluon line.

The last diagram we need to consider is one with a three gluon vertex
Fig. (2.17). There is an important distinction that must be made here before
we proceed. In general, it doesn’t matter in what order you apply the above
rules to a diagram like this. We must, however, make note of a few important
details. When treatmg a three gluon vertex, we are effectively taking into
account two gluon propagators at the same time. 'The sum of the two diagrams
effectively comes from the separate treatment of one propagator and then the
other. In Fig. (2.13) the first diagram comes from the effect that propagator
1 has on the diagram and the second one is the result of propagator 2.

On the other hand, when treating a quark gluon vertex, the sum of dia-
grams comes from the treatment of a single gluon propagator and its effect
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on the two quark lines attached to it. These two sums are different in nature
and this must be remembered when applying the rules. The best way to stay
out of trouble when using these rules is to apply them to one propagator at a
time. The following will illustrate this subtlety.

We start by applying the quark gluon rule to the propagator with momen-
tum q. After being applied, it can be seen that there is only one non-zero
contribution from the cancellation of the c-quark propagator. We then apply
the three gluon rule but only the g propagator part of the rule. This is be-
cause, the rest of the rule only affects a diagram where the g propagator has
not been modified.

Figure 2.18: After applying the quark gluon vertex rule and three gluon rule
to propagator q.

Next we add to this the result from treating the ¢ — k& propagator.

Figure 2.19: The result from applying the rules to propagator g — k.

Finally, all we need to do is add these two diagrams to obtain the gauge
dependent part of Fig. (2.17). Comparing this result with the other two above,
we see that the sum of the gauge dependent parts of the three diagrams do
indeed cancel. This can be confirmed by working through the tedious calcu-
lations to arrive at a result that only involves scaleless integrals and is thus
Zero. .

Another way we can confirm our above method is by applying the rules to
Fig. (2.17) in the opposite order. We start by applying the three gluon rule to
the main diagram Fig. (2.20).

Figure 2.20: After applying the three gluon rule there are two diagrams that
have a gauge dependence.
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Now we can apply the quark gluon rule to each diagram. Notice that each
diagram will only need one application of the rule on the vertex that is purely
a quark gluon vertex. The other vertex (attached to the outgoing gluon) has
just been dealt with. Applying the rule and getting rid of the scaleless parts,
we arrive at our result that confirms the previous method.

q-k q q-k
+ b —p - —> b i b - --C
w
k k
w k w

Figure 2.21: Applying the quark gluon rule to each resulting diagram confirms
our above method. ‘

In the end, we have developed a fast and easy method to look visually for
gauge independent subsets of a complete calculation. This method enables
us to check for errors in our method of calculation simply by computing the
expansions of select diagrams in perturbative QFT instead of re-calculating
the complete set of diagrams and hoping for the best. Combining the two
methods of finding gauge independent groups makes for a fast and efficient
method of isolating the error so that bugs can easily be found.

2.6.2 Vertex Switching

Vertex switching is based on a simple mathematical trick to find relations
between the leading order terms of two similar diagrams. The method is
very basic. Starting with the expression derived from the Feynman rules for
the diagram, simplify the expression keeping only leading order terms. Once
this has been simplified compare this to a similar expression from the second
diagram. One should have similar expressions that differ only by a constant
factor so that their leading terms can be easily compared.

Simple Example

Here we will outline the procedure with a simple example. We start by writing
out the expression from the Feynman rules for the diagrams we are interested
in. ‘ L , 3
For both diagrams we assume that the gluon is created at threshold so that
the momentum k; is small compared to both b and c.

For the diagram in Fig. (2.22) we have

<1!=’E(C) o é+k1+mc

v Ct k) = u(b), (2.64)

where p = p,v”. Now we expand the denominator and use the Dirac equation
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éégd*k,
b -t > — ¢

W*
Figure 2.22: Diagram with a c-quark propagator.
k‘l

b S
w*

Figure 2.23: Diagram with a b-quark propagator.

ii(c)(é —m.) = 0 to simplify

_ o + 2¢
1 :

Now we can use the assumption that k; is small and drop both the l%l and
k? terms. In reality what we do is Taylor expand the denominator around k?
with the leading term being ;--. We end up with

cH

1] = a(c)c : klu(b). (2.66)

The last step makes use of the fact that we are doing a threshold calculation.
In this case, we can say that to leading order the c-quark is produced at rest
and its momentum is parallel to the b-quark. This leads to the relations

1 1
b* = my 8 =mpR and c* =m, 8 imcﬁ. (2.67)
0 0
So we end up with the leading order of Fig (2.22) being
R+
(1] = ﬂ(c)R : klu(b). (2.68)

Going through the same procedure for the second diagram, Fig (2.23), we
see that the only thing that changes is the sign of the scalar product in the
denominator. This gives

Rﬂ
R ko

@] = —a(c) (b). (2.69)

We have now shown that any two diagrams that differ only by moving the
gluon vertex to the opposite side of the virtual W vertex only have a difference
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in sign in the leading order. This relation between the two diagrams is very
easy to check as it only needs a leading order calculation and can be very
useful to quickly discover errors in an expansion.

From this simple example, it would be nice if we could generalize it and
say that moving any outgoing gluon vertex across the virtual W vertex results
in a change of sign. Unfortunately it is not quite that simple as will be shown
in the next section.

Complicated Example

The case of one outgoing gluon gives a nice introduction to this procedure,
but what if there is more than one? In this case, the relations are not quite so
easy to see. For example, consider what happens if we add another outgoing
gluon to the diagrams in Fig (2.22) and Fig (2.23).

Figure 2.24: The three possible diagrams with two outgoing gluons that orig-
inate on the fermion line

Now we have two propagators and two outgoing gluon momenta to consider.
Same as we did with the one gluon case, we will consider the gluon momenta to
be small such that the c-quark is produced at threshold. First we will consider
the middle diagram with one gluon on either side of the W. This diagram is
not as complicated because the b-propagator is only associated with one gluon
momentum and the c-propagator with the other. In this case, each propagator
can be treated completely analogously to the one gluon case,

e+ky+m, b—ky+my
—~Yu(b). 2.70
(ko) —m2(b—_ k)2 —m2 | u(b) (2.70)

(92| = u(c)*
Simplifying this leads to

R+ R
R-kaR-k

(g2] = —u(e) u(b). (2.71)

The other two diagrams however are not quite as simple. This is because
of the fact that the ¢ and b-propagators are now associated with both gluon
momenta. Still following the same procedure outlined above, we compute the
first order for the diagram with the c-quark propagators,

E+ky+me , é+ki+ky+m,
ct k)2 —m2 ! (c+ ki +ka)? —m?2

(g1 = ﬂ(C)’Y“( w(b). (2.72)
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The first term is easy enough to deal with and we can write the leading order
right away as

RE e+ ky 4 ky +me
R- kgfy (C+k1 + k2)2 — mg

(g1] = u(c) u(b). (2.73)
It is the second term that gives us a problem however. Using the same proce-

dure we get
R+ RY

u(b).
R-kyR- (ki1 + ko) (®)
Ideally we would want to simplify this to something that looks like the second
term in (¢g2|. Unfortunately, with just this there is no hope. However, we still
have to calculate the contribution from the final diagram. Looking at this and
working through the calculation we see that

(1] = a(e) (2.74)

(93] = i{e) = () (2.75)
9 R (ki + ko) R-ky . .
Now, lets see what happens if we combine (g1| and (g3|,
. R*RY 1 1
Wi+ @ =105 (Tt o)W )
R+ R¥
=4 = —{(g2|. .
{911+ (93] = a(e) o ult) = (o2 (2.77)

So we see, this time, that the sum of the two diagrams with either ¢ or b
propagators is equal to the diagram with both a ¢ and a b-propagator with
the opposite sign. Note however, that there is no guarantee that (g1| and (¢3]
will be the same and in general they won’t be. Fortunately we are able to
take advantage of their sum and we can still find a useful relation between the
diagrams that will further allow us to debug our code.
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Chapter 3
The Decay b — cccW*

Recent papers [12,17] were devoted to the precise determination of the c-quark
mass-dependent O(a?) corrections to the decay b — ¢W* in the maximum re-
coil limit. In those papers, results were presented as series in small parameters
%: and (1— %:), respectively. In these series the invariant mass of the leptons,
q?, is taken to 0 and the papers give expansions which match smoothly over
almost the whole range of m.. There is a region, however, where they don’t
agree smoothly, m. < %t . This was thought to be due to the omission of
the b — cccly, process in the result of [12] because the contribution would be
strongly suppressed by the fact that 3m, =~ m,.

As an exercise in the use of some of the methods discussed in Chapter 2,
and to show that this assumption is indeed true, we would like to present this
calculation. We show that with this correction the results of [12] match those
of [17] to within 1% down to %= ~ 0.05. This matching is then only limited by
the breakdown of the expansion presented here due to infrared divergences.

3.1 Methods of Calculation

We want to calculate the threshold decay rates of a b-quark into two massive
c-quarks, a massive anti-c-quark, and a virtual W: T'(b — cccW™). The two
Feynman diagrams that contribute to this process are shown in Fig. (3.1).

, P, . c.p,
Py P,
<, Pg <, Py
p p
b, p, : 1 ¢p; bp, 4 <, Py
W', p, W, p,

Figure 3.1: Feynman diagrams, corresponding to amplitudes M; and M; re-
spectively, contributing to b — cccW™*
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In order to carry out this calculation, we need a small parameter that we
will be able to expand around. This is given by ¢ in

M
m = —5—(1 —4), (3.1)

where m = m, and M = m. When ¢ < 0, the decay is not allowed by con-
servation of 4-momentum and if § = 1 the decay becomes divergent indicating
the presence of infrared divergences. To do this expansion we take advantage
of phase space reduction, Eq. (2.16), so that we only need to deal with two
particle phase spaces,

[ dR4(po; p3, pa, ps, p1) =
(3.2)

[ dRy(po; U, p3)dU?(27)*d Ro(U; pa, pa)dp3(2)3d Ra(pa; pe, p7)-

With U = py + p4, this break up of the phase space allows us to use one
integration scheme for both diagrams and the cross term that appears. The
different contributions that we need to calculate are given by the total spin
averaged amplitude,

(IMr[*) = (IMy + Mof’) = (IM?) + 2(IMu M) + (IMef?),  (3.3)

so that we have three terms to compute. For simplicity we define (|M3|?) =
2(|M1M,|). These terms are then integrated to get the decay rate T'(b —
cccW*) using
- * (27T)4 2
dl'(b — cecW?) = (| Mr|*)dRa(po; ps, P, Po, P7)- (3.4)
After plugging in Eq. (3.3) this becomes the sum of three decay rates that can
be calculated seperately, :

dT(b — cecW*) = dT'y + dT's + dTs. (3.5)

Here dI', corresponds to the term in the total decay -rate corresponding to
(IMn]?).

‘With the phase space taken care of for now, we need to concentrate on the
spin averaged amplitudes. As is, the denominators from the propagators make
the two particle phase space integrals fairly difficult. To deal with this we use
the fact that this is a threshold calculation. Since this expansion is done at
threshold the decay products from each two particle decay are produced with
very little motion. This means that the four-momenta have very small spatial
components and the following approximations can be made: pg - p; ~ m?,

Do -p2 = 2Mm, and p; - p3 = 2m?.  Using these we can manipulate the
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denominators into forms that are suitable for expansion in a Taylor series. For
(p? — m?)~! we have,

pf—-m2:(P2+P3)2—m2=pg+2p2'P3:2m2+2P6'P7+2p2'p3 (3.6)

= 2m? + 2(ps - pr — m?) + 2m?® + 2(p; - p3 — 2m?) + 4m? (3.7)
= 8m* +2(ps - pr + pz - p3 — 3m?)..

X
With the above approximations we can see that the term on the right, A,
is small so that the denominator can easily be expanded to give,

1 1 A
s Rl e B ey (3.9)

The same can be done for (p2 — M?)~!

—M2:—4m(M“m)+\2(P6'p7*‘p0'p2~m2+2Mm)/, (3.10)

by

and so . ) y
-y = - - ... (3.11)
p: — M dm(M —m)  (4m(M — m))?
Now the denominators contain only constants so the phase space integrals are
easier to deal with. After expanding the propagators and taking traces the Ko

integrals are in the form

/dRz(Q§CI17Q2)(Q - q1)"(Q - @) (3.12)

for any a,b > 0. This general integral can effectively be treated according to
the method explained in [16](Sec. IIL.A).

All that is left to be done now are the integrals over U? and p3. The
ranges of integration for these variables are 4m? < U? < (M — m)? and
4m? < p% < U To simplify the integrals we make a change of variables with
the definitions p2 = 4m?(1+4-wz,) and U? = 4m?(1+wz;7,) and z1, x4 € [0, 1].

M

When substituting in m = (1 — §), w is given by

W= - : (3.13)

Finally, the only terms left to expand are the'phase space integrals in Eq. (3.2).
These can be expressed in terms of z;,z2 and w,

(2m)® /dRz(PZ;PG,IW) == \/_\/Iﬂiz\/ 1+wa:1x2 (3.14)

T wzy (g — 1)

— e~ 1
er) [ aRaipsp) = T, (315)
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and

(QW)G/dRz(PO;U;Pa) jﬁm Vwy/1— \/1 —— 51—5(4 8). (3.16)

Since w ~ § and 0 < z7,z9 < 1 the term wzr,z5 is small and can be used
as an expansion parameter in the first two volumes. The third volume has a
factor of the form +/1 — A, where ) is small so that it can be expanded as well.
The choice of z; and z, as integration parameters is particularly useful here
because, after expanding, we end up with half integer powers of z; and z,,
which give well known integrals.

3.2 Results

The results from [17] were presented as an expansion in p = f7, while the
results from [12] were presented as an expansion in § = (1—p). Here we present
our new results as an expansion in § = (1 —3p) and when comparing the three,
all expansions are plotted as functions of p. This expansion only affects the
light quark loop contributions as defined in [17]. Our three expansions begin at
O(4°) and are calculated up to O(é). The first five terms of the expansions
are presented here,

V36 (3 27 1737, 4269 , 38121
r, = iy 82 3 X .
! 47 (10 T 350 T 220° T 2280  35820° ) (8.17)

r'v36% /3 9 . 117 2157 3957
r, = 4 ——§2 53 4. 1
? 4 (10 T 350t g’ *aas’ tries’ ) (3.18)
V36 /1 11 1063 ., 3103 483
I, = i b ks, * b L S 1
3 A (5 00 T T’ T a0’ s’ ) , (319)

where we have defined

GFchb|2M3
8\/_7r

with Cp = 3, Tr = 3, and N, the number of light quarks. We see that this
contribution is indeed suppressed quite a bit. The leading contribution starts
at O(4%). As a result of this, the expansion had to be done to ©(¢'*) in order
to achieve good matching with the previous results. This expansion was added
to the results presented in [12] and compared to A. Pak’s expansion obtained
in [17]. All three results are normalized to the tree level result, I'gopm-

The plot in Fig. (3.2) shows how the results from this section contribute
to the expansion about (1 - —~) < 1 in the region 0 < p < ; At p = 0.1
the addition of this result brings the decay rate to within 0.75% as compared
to the previous 2%. This agreement can be improved with a higher order
expansion in 4 but more computing resources would be required.

SRVl e TR NG, (9‘7;)2 (3.20)
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Figure 3.2: Comparison of results from previous papers. The dashed line
shows the expansion about p = 1 while the thin line shows the expansion
about p = 0. The thick line shows how the result from this paper closes the
gap between the two.

With this example, we have shown the power of some of the methods
described in the previous section, particularly the reduction of phase space.
Now we can start apply them to a full O(a?) calculation, the main topic in
this thesis.
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Chapter 4

Second Order Corrections to
Semileptonic b Decay

We have now developed the machinery needed to compute the second order
corrections to the decay I'(b — ¢W*) at intermediate recoil. For this calcu-
lation we will use the limit ¢ = m?2 for the invariant mass squared of the
leptons. As stated in the introduction, there is a discrepancy between results
calculated ten years ago in [11] and those done quite recently in both [9,10].
Naturally, we would like to resolve or at least find a reason for this discrepancy.
Our goals here are three fold. First, we would like to extend the calculation
done in [11] to be sure the expansion is accurate at the desired value of 7<.
Second, we want to present the expansion from the opposite limit to check the
consistency of the original expansion. With this, we will show that the two
expansions do agree smoothly and finally proceed to recalculate the full decay
['(b — cfv,) as done in [11] using updated values [28].

In this section, it will be useful to make a couple of definitions here at the
beginning. For the masses, we use m = m;, M = m;, and p = ;. It will also
be convenient to define an overall factor

FO _ 92]Vcbl2M3

64mrm2,.

Finally, the second order contribution can be separated into contributions from
different colour factors. For this, we introduce

2
T(b— cW*) =T° ( X porn + (a_) CrX; + (a_) CrX, + 0(ag)> (41
w/ T
with ;
Xo=TrNy Xy +TrNgXg+ TN Xy +CaXa+ CrXp, (42)
where the H, S, and L subscripts refer to heavy (b-quark), soft (c-quark), and
light quark contributions.
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4.1 Expansion From Zero Recoil

One of the problems that was run into in [11] was computer power. When
doing their calculation, the authors were only able to compute the first five
terms in the expansion with the computing resources available. Because of
this, the authors used an argument about the convergence of the series that
allowed them to estimate the contribution from the remainder of the series.
Ten years later, fortunately, we have the computing resources that allow us to
double the number of terms calculated and thus give a much more accurate
result without needing to approximate the remaining contribution.

To do this calculation, we consider 73 amplitudes shown in Fig. (B.1) and
calculate cut by cut instead of using the optical theorem. This requires up to a
four particle phase space and the calculation of two loop integrals. In order to
carry out the calculation of the 73 diagrams, a total of 14 regions were needed
with only one having an eikonal integral.

In [11] the results were presented in a scheme that differs from more recent
results. We have recalculated this expansion using the same scheme as recent
results to ensure that the matching can be done properly. The scheme used
in [11] defined

Si:  a(vVMm), Ny =4, and -A’% = 0.3,

where Ny is the number of light quarks used in the BLM estimate. In [9, 10}
a different scheme was used,

Syt a,(M), Ny =3, and % =0.25.

In order to be sure of our results we first computed the expansion in the
S1 scheme to reproduce the original results from [11]. While doing this, it
was found that the charge renormalization was not done correctly. The au-
thors mistakenly included a term to renormalize the b-quark loop diagrams.
However, because the mass of the b-quark is larger than the renormalization
scale, vVmM, this term should not be included. Along with this, it would be
convenient to separate the contributions from c-quark loops and b-quark loops.
Correcting this mistake and separating the two contributions gives, to second
order in the S; scheme,

509 999 87 337 7572
— i °0 220 |n?
X \/’5[48+32R2+16 n2+ 524 o8
| 7937 1449 275 767 65572
— ~—In2+4 —1In%2
+ﬂ(864+32 vV R i +384)
610309 204969 59519 973327
2 2
d (51840 5560 2 17280 M2 46080 M 2
3179577
92160 e
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144572

361 621 45
Xs = \/B[———Rz 89 n2 4 22 1p2g -

96 256 ° 64 512 3072
1189 207 49 979 43377
Y il S L n2m g+ 2 2o —
h ( 864 256R2+ 1oz B2t gn2nb+ 155 3072 )
47159 1 3243 414637 7
p (4199 1, o In2 — —In2l
(414720 12™P = 304507 * 230200 2 T 5 2P

200189 n29 — 519072
368640 442368 Y

where § =1 — 4(%)%.

After reproducing the original results, we then extended the expansions
to O(3®) so that we could be sure of the value of X, at the values of m/M
in both schemes. The full expansion of these results is given in Appendix C.
Both extending the expansion and correcting the heavy quark contribution
significantly changed the value of X,. In [11] the value was quoted as

Xy = —4.72.
With the more accurate results, this changes to
Xo = —4.45,

a change of about 6%. This can be clearly seen when we plot the old and
updated expansion. It will be clear later on in this chapter that we now have

X,

T
-

-12}

Figure 4.1: A comparison between the old and updated expansions shows a
clear difference. The tail on the old expansion (dotted line) is a result of

attempting to estimate the remaining contribution with a 1—@—- term.

enough terms to give an accurate value of X, and to show clearly the matching
of this and the zero mass expansion presented in the next section.
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4.2 Expansion From Zero Mass

With the expansion from zero recoil now known much more accurately, we
would now like to do the same expansion from the opposite limit as a definitive
check that nothing was missed and that we do indeed have enough terms to
provide a precise value of Xs.

For this expansion we have used the optical theorem, reducing the number
of diagrams to consider significantly. To calculate the O(a?) contributions to
this decay, we need to consider the 39 three loop diagrams in Fig. (B.2) and the
19 one and two loop renormalization diagrams in Fig. (B.4). The 39 diagrams
that contribute can be grouped into ten topologies. This is less than were used
before in a similar calculation [17] because three of the topologies were found
to be the same as ones already being considered. These ten topologies can be
reduced to regions that have known expressions from [19] by the method of
asymptotic expansion. The contributing regions to each topology are described
in Appendix B.

4.2.1 Checks

As with any calculation, we would like to preform some kind of check to make
sure we are carrying it out properly. A quick check of consistency is done by
first considering the massless case p = 0. In this case, only the first regions
of each topology plus region 5 of diagram D38 contribute. The result of this
calculation is

T3 — ¢, W|m = 0)

Cr[Tr(NL X2 + Ny Xy + NsX3)

+ CrpXp+CaXy]
x0 = Ay B g (4.3)
L 9 ' 108
12091 53 , 1
X0 = 2272992 s
H 206 54" 350
4 923
XO - __ e 2
119 , 19 53 11
XO — T2 _21 9_ % i
F 5 i +47r n 8{(3) 20"
521 505 , 19 9 11
X0 = 22 2P0 2Yoi0 4 Z(3) 4+ ———nt
A 576 Taea” 5" 2t <G+ ™

which is in agreement with other expansions done in the same limit.

Two other checks that were done are carrying out the expansion for the
tree level and O(w,) corrections and making sure that they agree with the
expected results. For the tree level, Xgorm, we find,

Xporm =1 —3p2 —2p% — 6% (4.4)
We can compare this with the exact resuls,

Xg:rn =V - 4p2(1 - p2) (45)
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It will be more instructive, though, to expand the exact result in a series
around p = 0. Carrying this expansion out,

XEr =1-3p2—20%—6°+..., (4.6)

Born

we see that our result agrees perfectly with the exact result up to O(p?).
For the O(a;) results, we have three two loop diagrams and two one loop
renormalization diagrams, Fig. (4.2). These diagrams can be easily integrated

Diagram ila Diagram ilb Diagram ilc
MC
c .
C; j :
Diagram WF Diagram MC

Figure 4.2: The contributions to the O(ca;) corrections. The WF and MC
diagrams correspond to wave function and mass renormalization contributions
respectively.

using one two loop topology and the method of asymptotic expansion, which
was done as an example in Chapter 2. After carrying out the expansion, we
end up with :

5 w2 w2 5 15
Xi==—=+p|—->-91 9lnp— =] +.... 4.
1=7 3+p(3 2 9np)+p(9np 4)+ (4.7)
If we plot this along with the first order result from [11] we see that the
expansions match very well in the range we are interested in, Fig. (4.3). We
can be confident that our method gives the proper second order contribution
with these checks and the overall gauge invariance of the second order result.

4.2.2 NNLO Results

With all of this done, we can now proceed with calculating the O(a?) correc-
tions. This requires a total of 63 asymptotic regions to be considered for the
39 three loop diagrams and 10 topologies. To carry out these calculations we
used FORM [29].

41



Xy

Figure 4.3: The matching of the O(a;) corrections to the decay I'(b — cW*).
The dotted line is the expansion from the zero recoil line and the solid line is
the expansion from zero mass.

Up to O(p*) the result is

X

Xg

Xs

Xr

92312 4 1 13 TTn?
- = HN—p*—=— =1 31n® 3 .
05 g +t¢B® e (18 5 np+3In"p+((3) + 108)48)

865 34
4 o4 2
(72 3 Inp+61In p)

12991 1 5372  , (89n? 137567 13
— (3 - = - — 4,
1296 3@ -5+ (54 6430 35(3)) (4.9)
. (471‘2 10081601 23 )

p —

3 705600 840 F

2312 4 32
03 g B - (T)

4 13 15772
p2<—+7lnp—3ln2p—C(3)+ ﬁ)

4.10
9 108 (4.10)

2572 1193 61 167r‘2
3 4 _ 2,
P ( )+p(36 3lnp+91np 3 )

53 11972 1972 117
_ o 9 1
. T2 (4.11)

74372 97 75 27 151
2 1 A ) ke, )
( 5 7 8lnp 21n p+ 3 (B)+7m°Inp

57m? 2 1277r4) 3(47r2)
—_— ___p IS

4 360 3

7145 32 547 8372 2572
pt (—————g—glnp+181n2p+ D (3 — 31 + 7T Inp

288 24 12 12

42



+ 20172 n2 4 1974
16 72
521 9 50572 1972 1174
XA = %+E<(3)+ 364 - g 1I12+1440 (4.12)
1223 185 33. 5 107 14572

— == Inp— =1 bl
P (576+ g P et 3o+ 55

57n2 16174 om?
_ M ot 7T)+p3<—75—>

8 720 3

4 2772 13391 2027 33, 5 403
Tr ( 5 28 T ag P AT gy
_ 2372 Inp— 2017 n2_ 317(4)

8 32 720 /'’

and the expansions have been computed up to O(p®). The full results are
given in Appendix C. We can now compare these results graphically with those
obtained in [11]. To do this though, we must make sure that both expansions
are expressed in the same scheme S; or S;. This expansion has been done in
the scheme S, and so we have calculated the expansion from zero recoil in the
same scheme so that it is possible to compare them properly. Using these new
expansions and the results given above we obtain the plots in Fig. (4.4).

We can see that each contribution has an area where the matching is
smooth, showing that the two expansions do indeed agree. With everything
put together, we end up with a plot that clearly shows the importance of ex-
panding the zero recoil expansion to higher powers. The two expansions match
smoothly in the region ~ 0.22 to ~ 0.4 so that both of our schemes S; and
Sy are valid with either expansion. Now that we have verified the expansions,
we can redo the polynomial fit that was presented in [11] and see how the
estimate changes. '

4.3 The Polynomial Fit

Three points of the decay I's;(b — cfv,) are known from the decay T'(b — ¢cW™)
evaluated at different values of the W* mass [11-13]. From this decay, it is
possible to compute the decay into leptons using,

8Gp  [memml g2
3\/§Mff,/0 (4m)?

As an example, let us calculate the tree level decay rate which is known com-
pletely analytically so it will be a good check of this formula.

Lu(b — clyg) = ’T(b — W)z, =2 (4.13)
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Figure 4.4: The matching between the different colour contributions. The
dashed line corresponds to the expansion from zero recoiland the solid line
corresponds to the expansion from zero mass.
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Note that here, G is in its explicit form to highlight the ¢*> dependence.
This factor is compensated for in the integration by the ¢? term appearing in
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Figure 4.5: The complete O(a?) contribution.

Eq. (4.13). The square root term that appears in this equation is from the
phase space and so will appear quite often. We should note that as PS goes
to zero, the first derivative becomes infinite. Carrying out the integration and
restoring G, we end up with

GZ|Va|?my

Va(b — elve) = =507

(1 —8p—24p*Inp+ 8p° — pd), (4.15)
in agreement with the known result.

For second order corrections, we do not know the exact result in terms of ¢2.
Instead we calculate the decay I'(b — c¢W*) for different values of ¢? and then
fit a polynomial to those values to approximate the total ¢? dependence. Let
us check this method with the tree level results to show how it works. Using
Eq. (4.14), we calculate the value of £(¢?) at three points, ¢* = 0, ¢> = m?, and
q* = (my — m.)?. If we were to include the phase space factor PS, we would
end up with a curve that had a value of zero at ¢* = (m; — m.)%. This would
work fine except for the fact that the derivative at this point is infinity, so a
polynomial fit would not give an accurate result. Using a—walue of p = 0.25,
we end up with

[o=0879, T2 =0938, [nyomeyz =0.844. (4.16)
We then fit these to a second order polynomial given by
0.879 + 1.063¢” — 2¢". (4.17)

If we plot this polynomial as compared to the function £(g?), we find that they
agree perfectly. ‘

Now integrating this polynomial multiplied by PS[q?,0.25], gives a num-
ber that is in perfect agreement with the tree level decay using the defined
parameters,

(b — clyve) = 0.631903.
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Figure 4.6: Polynomial fit to the tree order calculation.

we should note, that with the exact dependence on ¢? known, we can see that
a second order polynomial will give a perfect result because £(q?) is a second
order polynomial. This, unfortunately is not true for the first and second order
corrections that we will be discussing.

4.3.1 O(a;) Corrections

Now that we know the method of integration used, we can apply this to the
first order corrections to see how they agree and whether a polynomial fit still
works. We will see that another important question must also be answered
to arrive at consistent results. That is, how should we normalize the points
before we fit the data? To start we will do exactly as in the previous section
and only divide out the factor PS[¢?, p]. For consistency, we define

2
T(b— W*) =T° | Agorn + Z2CRA, + (a) CFAZ} . (4.18)
m

s
This means that the first curve is fit to,

W _ A : _
£&7°(¢%) = TR with p = 0.25. (4.19)
After doing the fit, we end up with the curves shown below.

We then integrate 5{1) - PS to give —0.799 as compared to the exact result
which is —0.843. This polynomial fit has about 5% error, which is not bad.
We would like to know, however if other normalizations give better results.

Next we look at normalizing to the full tree level result so that we have

o N
@(g? =

= — 4.20
ABorn ( )

This time we actually end up doing worse. Looking at the exact result, we
can clearly see that the curve is not a polynomial. The value of the integral
we end up with is —0.780, which has an error of about 7%. This is still not
too bad, but we can do better.
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Figure 4.7: Polynomial fit to O(«;) corrections normalized to the phase space.
The exact result is shown using points known along the dashed curve.
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Figure 4.8: Polynomial fit to O(«a;) corrections normalized to the tree level.
The exact result is shown using points known along the curve.

The last normalization we want to consider is no normalization. We use
the full O(a,) result, (i.e §§3)(q2) = A;) and do a fit to that. One would expect
this fit to be worse because this result includes the phase space factor PS that
causes the first derivative to be divergent. Looking at the resulting curve,
however, we can plainly see that this is not the case. Here we see that the

£

Figure 4.9: Pblynomial fit to O(o‘zs):‘corrections with no normalization. The
exact result is shown using points known along the curve.

polynomial fit approximates the exact curve very well. Integrating over this
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curve, we end up with —0.852, which gives an error of about 1%. This is much
better than the previous two estimates so we can conclude that this is the best
normalization of the three shown here to use for higher order corrections.

4.3.2 The O(a?) Corrections

We are now well poised to do a fit of the three points known to second order.
Recently, the exact value of the integral has been calculated, however, the
shape of the ¢? curve is unknown. We will therefore only be able to compare
the resulting numbers as opposed to the shape of the curve itself.

When doing this calculation we will not only be interested in the full second
order correction, but also the non-BLM corrections. For this we will need a
formula for finding the BLM corrections, namely,

AfLM =Tr X, <Nf - §2§> . (421)

As well, we need to know how to switch between the two normalization schemes
S1 and Sy. This is done using the O(ay) corrections and the relation

Lo, —2Tg (N, + N,
as(v/meme) = as(my) (1 —z24 1;( L+ Ns) as(ma)

™

In \/5) . (4.22)

We will be comparing the results from our fits to the known exact results that
were recently computed in |9, 10].

To start, we normalize to the Born amplitude because this is how the
original fit was done in 1998. In this section, we will be giving three different
results, Aq, AZLM and &, for comparison purposes. Each of these can be
obtained from

Na(g®) = AFMM(g)
ABorn (q2)

in such a way that the three result are normalized the same way. Three points
are then obtained from the three expansions done at g2 = 0, ¢> = m?2, and
¢ = (my, — m.)?. For this normalization, we get

&(¢°) =

&(0) =124, &(m?) =127, &((my —me)?) = 0.19,

in the S; scheme. Notice that all three numbers presented here are different
than those presented in [11]. Unfortunately, it was found that in the pre-
vious papers that calculated &((my — m.)?), &(m?) and &(0) [11-13], the
wrong charge renormalization term was used. They included a renormaliza-
tion proportional to Ny that should not have been there because the scale
of my > /mym,. Correcting this and using the same method as described
above to fit these numbers to a polynomial and integrating, we end up with

the numbers in Tab. (4.1).
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| Y
Scheme S1 SQ Sl SQ 81 SQ
Polynomial | -8.6 | -14.6 | -7.21 | -12.7 | 1.44 | 1.95

Exact 9.8 |-17.3 | -8.07 { -13.9 | 1.73 | 3.40

Table 4.1: Comparison of polynomial fit after correcting the renormalization.

This method of polynomial fit corresponds to the second method in the
previous section and as such, we do not expect an exact answer. Looking at
the BLM and A, estimates, we would expect the method to give an answer
with an error of no more than about 25% (the sum of errors from BLM and
A,). We notice that, with these corrected numbers, the fit gives a much
better estimate than previously calculated. With an error of about 17%, this
fits nicely within the expected error. The non-BLM estimate in the Sy scheme
is not quite as good however. This value has an error of about 43%. The
important result- to note here is the S; non-BLM result from the polynomial
fit is 1.44 as opposed to 0.9(3) given in [9], a nice improvement.

We saw at the beginning of this chapter that the original expansion from
zero recoil did not include enough terms. With the extra terms, this updated
expansion and new one from p = 0 give the results shown in Tab. (4.2).

I | AFTM | A [ & ]
Scheme Sl Sg Sl 82 Sl Sz
Old -8.6 | -14.1 | -7.03 | -12.1 | 1.54 | 2.04
New | -8.6 | -14.2 | -7.05 | -12.1 | 1.54 | 2.11
Exact |-9.8|-17.3|-8.07|-13.9 | 1.73 | 3.40

Table 4.2: Comparison of polynomial fit with extended expansions.

Here, “Old” refers to the results in [11], “New” refers to the results presented
here, and “Exact” refers to the results recently obtained-n [9,10]. We see
here that the estimates of A, seem to have gotten worse, even though the two
opposite expansions agree very well with each other. It is clear now that fitting
a polynomial in this normalization does not work, even though the non-BLM
corrections give more reasonable results.

At O(a;) the fit with no normalization worked very well, so let us try that,
with the results shown in Tab. (4.3). Looking at the numbers, it is clear that

l | APPM [ Ay [ & |

Scheme 81 82 81 82 Sl 82
Old -9.51-164 | -7.70 | -13.1 | 1.75 | 3.28
New |-9.51-16.5|-7.71 | -13.2 | 1.76 | 3.37

Exact |-9.8|-17.3 |-8.07|-13.9 | 1.73 | 3.40

Table 4.3: Comparison of polynomial fit using no normalization.
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this estimate does much better. All results now agree to within ~ 5%, showing
that this is a much better method of fitting than the one previously used. As
a final check of this method, we want to calculate the hadron energy moments
and compare to exact results. This is done by including a factor of

o (i )"
" Zmb

in the integral to give H™. When done in the S, scheme with our most
accurate results, we find

HWY = —5.631 and H® = —2.468,
to be compared with the exact results,
H® = -5331 and H® = —2.045.

These values have ~ 6% and ~ 21% error respectively.

This section gave a detailed explanation of the different methods to deter-
mine the second order corrections to I'(b — cfuv;). Using a polynomial fit to
three known points, the non-BLM part of the corrections were determined to
be 0.9(3) in [11]. It was found, however, that the renormalization in this result
was not done correctly. At the scale used, \/mymc, the b-quark loop corrections
are already accounted for because its mass, my, is larger than the renormaliza-
tion scale. This means that the b-quark loop renormalization term in [11] was
not needed. This mistake with renormalization was present in all three points
used for the polynomial fit. It was also found that the method of fitting the
polynomial could be improved. This was done by not normalizing the second
order results unlike in [11] where the results were normalized to the tree level
result. When the fitting is done with these corrections a value of 1.76(4) is
obtained. This value agrees with the exact value of 1.73(4) obtained in [9,10].
With these results, we have successfully resolved the large diScrepancy between
the old and new calculations of the second order non-BLLM corrections to the
decay I'(b — cfv,), the main motivation for this thesis.
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Chapter 5

Conclusions

The precise determination of V;, is an important endeavour for both exper-
imental and theoretical particle physicists. It is directly related to some of
the free parameters of the Standard Model, and when combined with other
parameters can used in the search for new physics. One way we have of mea-
suring V, is to fit experimental data to the theoretical inclusive decay rate
I'(B — X fvy). To obtain a precise value for V,;, from this, good knowledge of
higher order corrections is needed. With two recent calculations [9,10], this
decay is now known perturbatively to second order. These two calculations
however were in disagreement with an estimate done ten years ago in [11] that
was used in an analysis to find V. The objective of this thesis was to check
the expansion presented in [11] to be sure of the values used in determining
(b — cfug) and find the reason for the disagreement between this old estimate
and the new exact values of the second order non-BLM corrections.

In order to check the expansion from zero recoil presented in [11], we carried
out an expansion from the opposite limit (zero mass) and compared the two
to see how well they matched. In doing this, we determined that more orders
in the expansion from zero recoil were needed. This was not originally done
because of available computer resources at the time. Fartunately we were
able to compute the necessary terms that ultimately showed how well the two
expansions match. In addition to needing more terms in the expansion, it was
found that the authors of [11] included a renormalization term that should not
have been there. This term was for the charge renormalization due to b-quark
loops in the calculation. However, because of the renormalization scheme used
in the calculation, this term is not needed and as such has been corrected
here. With these two improvements, we were able to show excellent matching
between the two expansions, thus achieving our first objective.

With the new expansion from zero mass presented here, we were also able
to compute a much more accurate value for the second order corrections to
I'(b —» cW™) at intermediate recoil. This then meant that the polynomial
fitting done in order to calculate the full second order corrections to I'(b —
cfv,) could be preformed again in order to bring the value into agreement with
the recently calculated exact value. For this polynomial fitting to be done
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correctly though, we found that the value obtained at zero recoil needed to be
corrected. This is because the same charge renormalization mistake present
in {11] was also present in this expansion [13]. We corrected for this and found
that the value for the non-BLM corrections changes from 0.9(3) to 1.5(2).
These should be compared to the exact value of 1.73 found in [9]. A 15%
error is included with the second number here based on the accuracy of the
polynomial fit to the BLM corrections. It is clear that these mistakes with
renormalization and the limited number of terms in the intermediate recoil
expansion are what caused such a low estimate of the non-BLM corrections.

Finally, by looking at different ways of performing this polynomial fitting at
first order, we were able to find a much more accurate method of determining
the second order corrections to I'(b — cliy). This fitting method used the
values of the full second order corrections to I'(b — ¢W*) at the points mj,. =
0, m?2, (my — m.)? instead of normalizing them to the tree level result. When
done this method brings the fitted estimate to 1.76(4), which is only ~ 2%
higher than the exact value, showing that this is an accurate way of obtaining
full second order corrections using only a few known data points. All said and
done, it is expected that this change in the value of non-BLM corrections will
only cause the measurement of V,, to change by about 0.5% [9]. This change,
however, is favourable because it brings the values obtained from inclusive and
exclusive decays closer together.
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Appendix A

Useful Programs

In this section we have written a few helpful ‘manuals’ for some programs that
are useful when computing Feynman diagrams. They are basically distilled
versions of the full manuals that should enable the user to install and start
using the programs. For more advanced use of the programs described here,
we refer the reader to the full manuals cited in the titles.

A.1 Qgraf [30]

A.1.1 Installation and Use

Qgraf is a Fortran program that symbolically generates all Feynman diagrams
that belong to a given process. The program is available as source code from

http://cfif.ist.utl.pt/paulo/qgraf.html.

It needs to be compiled and linked with Fortran 77 and depending on the
system used the source files may need to be slightly modified. In order to use
qgraf three files need to be edited or created. These are the model, style and
data files, each of which will be described in the following sections. Note the
qgraf package comes with sample style files form.sty, array.sty and sum.sty as
well as a sample data file qgraf.dat.

To run ggraf all that needs to be done is run the executable. The program
searches the current directory for the ‘qgraf.dat’ file which has all options
defined that qgraf needs to run properly. For this reason the ‘qgraf.dat’ file
should be in the directory that qgraf is called from.

A.1.2 Files
The Model File

The model file contains all of the information about the propagators, vertices
and their properties that will be used to create the diagrams. It is separated
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into three sections: constants, propagators, and vertices. The constants sec-
tion is optional whereas the propagators and vertices must be defined for the
diagrams to be generated.

Propagators are defined in the following way:

[parti, part2, +/-; functions]

part_1 and part_2 refer to the fields that make up the propagator and are
conjugates. It is also convenient to call the fields particle and antiparticle,
respectively, for labelling purposes that will appear later. The +/- defines the
fields as fermionic - or bosonic +. Finally the functions are user defined func-
tions that can be used to store various properties of the fields. The functions
must be defined in the following way:

function = ( S1, §2 )
in the case that part_1 is different from part_2 and:
function = ( S )

in the case that they are the same. An example of a properly declared propa-
gator is:

[electron, positron, -; C = (-1,+1), m=me]

where C can be seen as the charge of the field and m the mass.

Note: the images of functions should be in quotes (e.g. C=(’-1?,°+1’) or
m="me’) but they can be omitted when the image is a valid rational, integer, or
identifier. Images with brackets, spaces, or mathematical expressions should
be enclosed in quotes.

A vertex is defined by naming all particles that the vertex is connected to:

[parti, part2, ..., partn]

Qgraf will accept vertices of degree between 3 and 6. If you need a higher
degree there is a parameter that must be changed in the source code. Some care
should be taken when defining propagators and vertices. The above propagator
defines < 91 >. If the electron and positron are reversed you may end up
with the wrong sign. Similar considerations should be made when defining a
vertex. B ‘ -

The last part of the model file is the definition of constants. These should
be strings that you want to appear in the output file like the name of the
model being described. For example:

[ model = °QED in D=4-ep dimensions’]
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Data File

The data file contains all options that are passed to qgraf. The structure or
name of the file should not be changed. Here is what it should look like:

output= ’'filename’ ;
style= ’style.sty’ ;
model= ’ model’;

in= parta, partb ;
out= partc, partd ;
loops= 2;
loopmomentum= k ;
options= ;

Output This should be the name of the file you want qgraf to write the
diagrams in. If left blank (’?’) qgraf will run without writing a file.
This is recommended as a first run to make sure the output file will not
be too large. If a file with the same name already exists qgraf will not
over-write it and you will get an error message in the terminal output.

Style This should be the name and path of the style file that you want to use.
Model This is the name and path of the model file to use.

In(Owut) These should include the names of the particles coming in or going
out of the diagram respectively. It is also possible to define the external
momenta in these fields by using part_alpl] where p1 is the momenta
of particle a. By default the incoming momenta are labelled with p1,p2,
and outgoing momenta are labeled with q1,q2,. They are labeled in the
order that they are declared.

Loops The number of loops you want in each diagram.

Loop momentum This is the prefix used to enumerate the loop momenta.
In this case qgraf would create 2 loop momenta labeled k1 and k2.

Options Should include the different options that you want to use. These
are described below.

The options statement lets you pick what kind of diagrams qgraf will generate.
The possible options and their counterparts in brackets are listed below with
a small description of what they do. There are a few terms that should be
defined first though. ‘Tadpole’ refers to a one particle loop (starts and ends on
the same vertex) that is attached to the rest of the diagram by a propagator.
‘Snail’ refers to a one particle loop that can be directly attached to the rest of
the diagram or connected through a propagator.

onepi(onepr) One-particle irreducible diagrams only.
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onshell(offshell) No self energy insertions on external lines.
nosigma(sigma) No self energy insertions anywhere.
nosnail(snail) No snail diagrams.

notadpole(tadpole) No diagrams with tadpoles.

simple(notsimple) A maximum of one propagator can connect two vertices
and no one-particle loops that start and end on the same vertex.

floop Discards diagrams with fermion loops that have an odd number of in-
teractions in accordance with Furry’s theorem in QED.

topol Generates only one diagram with each possible topology. This can only
be used with a single neutral field (i.e. a single bosonic field).

It should be noted that diagrams generated with one option will not be in
the set of diagrams generated with the converse of that option. For example
the option snail will only produce diagrams with snails. More general and-
therefore advanced options are available and for those we refer you to section
4.3 of the documentation provided with qgraf.

Style File

The style file is a small program that tells ggraf what information to include in
the output file and how it should be formatted. Three sample files are included
in the ggraf package. For details on how to create or edit a style file we refer
you to sections 6 and 7 of the qgraf documentation provided in the package.
The output generated by the form.sty file will be looked at in detail after we
have explained how qgraf labels the diagrams in the next section.

A.1.3 Indices

Qgraf uses six separate indices to label the diagrams it creates. They are the
vertex, propagator, leg, field, ray, and field type indices. Not all are needed to
construct the diagrams but each has information that may be useful to you or
the program that is going to use the information in the output file.

Vertex Each vertex is labeled with a positive integer starting at 1.

Propagator Each internal propagator is labeled with a positive integer start-
ing at 1. ’ ‘ ‘

Leg Each external propagator (leg) is labeled with a positive integer starting
at 1. The indices are separated between incoming and outgoing particles
and the order is determined by the order in which the particles are defined
in the data file. In the sample data file the particles would get leg indices
part_a, part_c = 1and part_b, part_d = 2.
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Field The field index uses the propagator and leg indices to label the particles
and antiparticles. For a propagator k it labels the particle 2k — 1 and
antiparticle 2k. This labelling scheme helps to determine the direction
of momentum flow. For a leg j it labels the incoming legs —27 + 1 and
the outgoing legs —2j. This provides a convenient way of differentiating
between incoming and outgoing particles and propagators.

Ray The ray index looks at a vertex and gives all associated particles an
integer starting at 1. The order is determined by how the vertex is
defined in the model file. For example [e,p,ph] corresponds to [1,2,3].

Field The field type index is given to differentiate between incoming, outgo-
ing, and internal fields. The indices are in=1, out=2 and internal=3.

A.1.4 Example and How to Interpret the Output
Running Qgraf

In this section we present a very basic and trivial example of how to use the
program. The model file we use is:

%constants

%propagators
[electron, positron, -]
(photon, photon, +]

/vertex
[electron, positron, photon]

This defines a very basic QED model. The style file we use is one that comes
with the package: form.sty. It was created to be used with older versions of
FORM and provides very basic output.

To run qgraf we have all files in the same directory and.run the program
from there with: ‘

> ./qgraf

The terminal output is:

output= ’test’ ;

style= ’form.sty’ ;
model= ’ model’;

in= electron, positron ;
out= photon, photon ;
loops= 1;
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loopmomentum= k ;
options= floop, onshell ;

2P --- 1+ 1- --- 1N+ 1C-
v --- 31
34 --- 8 diagrams

total = 8 diagrams

The first part of the output shows the contents of the data file qgraf.dat. As
can be seen from this information qgraf has generated all onshell one-loop
diagrams associated with electron positron annihilation and the loop has been
given momentum k1.

The next bit of information has to do with what qgraf found in the model
file. 2P and 1V refer to the fact that there are 2 propagators and 1 vertex
defined respectively. On the propagator line gqgraf then tells you how many are
fermionic (1-) and how many are bosonic (1+). The N and C in the next bit tell
you if the particle differs from the antiparticle in the propagator definition. In
this case there is one bosonic propagator where the particle and antiparticle are
the same 1N+ and one fermionic propagator where the particle and antiparticle
are different 1C-. On the vertex line the 3~1 refers to the fact that there is 1
vertex of degree 3 defined.

The last section of the output will either give you an error or, if the program
runs successfully, the number of diagrams generated. In this example the first
line tells you that there are 8 diagrams that contain 4 vertices with degree
3. This is the only kind of diagram possible so 8 is also the total number of
diagrams generated.

Reading the Output File

If a file name is given in the output field of the data file qgraf will save the
information for each graph generated according to the style file used. In the
example above the form.sty file was used. The first diagram in the output is
shown below.

x--#[ di:
*

1
*vx(electron(-1),positron(1l),photon(-2))
*vx(electron(2),positron(-3),photon(-4))
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*xvx(electron(l) ,positron(3),photon(4))
*xvx(electron(3),positron(2) ,photon(4))
*
*--#] di:

The form.sty file tells qgraf to look at each vertex and then for each field
attached to it print either the propagator index (for internal propagators) or
the field index (for external fields). The fields with the same index correspond
to the same propagator. When each vertex is considered separately you get:

3 3

Figure A.1: The corresponding vertices generated in the qgraf output.

With everything put together the Feynman diagram then looks like:

Figure A.2: The resulting Feynman diagram when the propagators are put
together.

It should be noted that, because it only uses one index to label the graph,
the form.sty style can produce ambiguities. The other two style files provided,
however, are able to resolve these ambiguities because they produce more
information about the graphs. -

A.2 The Mathematica Package HypExp [31]

The package is available for download from:

http://wuw-theorie.physik.unizh.ch/"maitreda/HypExp/
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A.2.1 HypExp Functions In Mathematica

e HypergeometricPFQ[{...},{...},x] This defines the hypergeometric
function yFj;_;. A special case of this is present in the form
Hypergeometric1F2[...,x] for the F; hypergeometric function. The
arguments used must be in the form a + a¢ where ¢ € Z and @ € R or
can be left as a variable.

e HypExp[HypergeometricPFQ[ ], ¢, n] This is the main command of
the package. It gives the ¢ expansion of pFy in terms of elementary
functions up to order n. HypExp can be used on any function but it will
only be applied to the hypergeometric functions in the expression. If
you want to apply HypExp to an expression containing a hypergeometric
function f()pFg it should be called as in the following example or nothing
will be expanded.

HypExp(#1,e,n] & //@ (£() HypergeometricPFQ[...])

e HypExpInt[x1, X2, X3, X4, X5, 2 ]
This function evaluates integrals of the form,

/1 duUXl In*? (u) In*3(1 — u) InX4 (1 — zu)

; (A1)

the arguments must satisfy the conditions,

xi € {N,0}, xo +x3 +xa+1—0d,,0 <5.

For z = 0,1 the second condition can be dropped. If these conditions
are not met the original command is returned and nothing is done.

e HypExpU(n,m,p]
This function evaluates integrals of the form,

/01 duln™(u) In™(1 — uw)u?, (A.2)

where p € Z and n, m non-negative integers. In the case p < 0, m+p > 0
must be satisfied for the integral to be convergent.

e HypExpAddToLiblas,...,ay,by,...,by_1,n]
 This function computes the expansion for arbitrary e addltlons to the ar-
guments. It then adds the expansion to the library for use later on. This
is especially convenient if you need to expand ;F;_; fairly frequently.

e HypExpIsKnownToOrder([a,,...,ay,by,...,b5-1,n]
This function returns True if the expansion is avallable in the library. The
above 2 functions require numbers for a;, b;,n as shown in the examples
provided below. The HypExp package also updates the Series command
to allow expansion of functions containing hypergeometric functions. For
details on the methods used to calculate the expansions see [31].
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A.2.2 Examples

e HypExp
In[1]:= (HypExp[#1, e, 1] & ) //@
(Log[1-e] Hypergeometric2F1i[1+e,1,2-¢,x])
Out[1]:= Log[1_e](-(995%}:£l) + e(LogES—x] . Log[i—x]Q
. PolyLog[Q,x]))
X

In(2]:= (HypExpl#1, e, 11 & ) //@
(Log[1-e] HypergeometricPFQ[{1+2e,1-e,2},
{2-e,2+3e},x])
Out [2] := Log[1-e] (-(Lo8L=x])

2
e (-2 Lo%fl—x]) _ Loggl;x] 2 Poly%fg[Z,x]))

e HypExpInt
In[3]:= HypExpInt(1,1,1,1,1,1]
Out[3]:= -6 + & + fz + 2 Zeta[3]

e HypExpU
In(4]:= HypExpU[2,4,-1]
Out[4] := —%ﬂAZeta[B] - 1672 Zeta[5] + 240 Zetal[7]

e HypExpIsKnownToOrder
In[5] := HypExpIsKnownToOrder(2,5,1,3]

Out [5] := True
In(6] := HypExpIsKnownToOrder([2,6,1,3]
Out [6] := False

e HypExpAddToLib
In[7]:= HypExpAddToLib[2,6,1,3]
Note that there is no output when this has finished running.

e Series
In[8]:= f = Logll-e] Hypergeometric2F1i[1+e,1,2-e,x]
Qut[8] := Hypergeometric2F1[1+e,1,2-e,x] Log[l-e]
In[9] := Series([f,{e,0,2}]
Out[9]:= Logli-xje

X
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2x

_ 2
(Log[l x] Log[}lc-x] + PolyLog[Q,ﬂ) e? + 0[e]®
; X
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A.3 XSummer [32]

The XSummer package is written for FORM and can be downloaded from:

http://www-zeuthen.desy.de/moch/xsummer

A.3.1 How to Use XSummer

XSummer adds a few main routines to be used and a whole bunch of internal
routines that are used by the main processes. Another thing that XSummer
adds are objects which it uses for pattern matching in order to carry out
the sums properly. The following is a list of these with how they should be
implemented into the FORM program. These objects are all described in the
file ‘declvars.h’ which should be included when you use the XSummer package.

bino bino(a,i)= (‘:)

delta delta(x) =d(z) = { é i;g

deltap deltap(x) = (1 - é(z))

den den(x) = %

ep ep = ¢ this symbol must be used for the expansion parameter.
epow epow(n) =¢€"

fac fac(n) = n!

inf inf = oo used to represent upper limit of infinity
invfac invfac(n) = ;ll—,

num num(x) = x puts x in the numerator

pow pow(x,a) = z*

sign sign(n) = (-1)"

sum sum(n,il,i2)*f() =32 . f(n)

theta theta(x) = { é ;ig

72,73,... z2 = ((2)

Gamma Gamma (x) = I'(z)

InvGamma InvGamma(x) = f‘(l‘z“)‘
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S-sum S(R(

my,...),X(zq,...),n)

n le ) 1 n>0
=Y ZS(ima, . 52, ), S(”)={0 n<0

Jj1=1 N

Z-sum ZROmq,...),X(xy,..),n)

n .’L"{l ' 1 nZO
Z:lj{an(jl—-l,mg,...,xg,...),. Z('n)—{0 <0
1=

These functions must be used when describing indices to conform with the

pattern matching

x/j1

should be written

x*den(j1)

routines used by XSummer. For example:

As well the pow function is reserved for variables to an index power so

pow(j1,2)

would not work.

Next are the main processes that can be called. These processes rely on
many other internal processes that will not be described here. For more infor-
mation on these internal routines we refer you to the documentation provided
with XSummer (XSummer.tex) which can also be downloaded in pdf format

from [32].

DoSum This is the main process for the package. It is called using the line
#call DoSum(a,b) where a is the index of the innermost summation

and b is the
all indices s

index of the outermost sum that should be done: Note that
hould be written as jn with n = 1,2,.... DoSum will then

evaluate the innermost sum first and work its way out to the outermost
sum. For example:

#call DoSum(3,1)

would evalu

BasisS This will

ate sums in the order j3, jo, j1-

express products of S-sums in terms of single S-sum sums. It

is called using #call BasisS(). Note that the brackets need to be there.
FORM interprets this as (0). Changing the value inside the brackets to
something other than 0 tells the BasisS process to do nothing.

ConvStoZ This

is provided to convert S-sums into Z-sums in case it is more

convenient to work with Z-sums. It is called using #call ConvStoZ(S,Z).
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Example

What follows is an example of a properly formatted FORM file that uses
XSummer. In the next section we will refer back to this example to help
explain the notation used.

#define MAXWEIGHT "20"
#define MAXSUM "1
#include declvars.h

These pre processor variables are used in the internal routines that DoSum calls.
If you are doing an € expansion you should also include the variable EXPANDEP
which tells XSummer what power of ¢ you want the expansion done to.

CF Li;
autodeclare s a;

L demol = sum(ji,1,inf)*pow(x,jl1)*den(jl)*sum(j2,1,j1-1)*den(j2)
*sum(j3,1,j2-1)*den(j3); '
L demo2 = sum(ji,1,inf)*pow(x,ji)*den(j1)2*sum(j2,1,ji-1)*den(j2);

#call DoSum(3,1)
#call ConvStoZ(S,Z)

id Z(R(?a),X(?x),inf) = Li(R(reverse(?a)),X(reverse(?x)));
id acc(x?) = x;
.sort;

id Li(R(?a),X(?y)) = Li(?a,?y);

The above three id statements format the output in terms of Goncharov mul-
tiple polylogarithms which will be explained in the next section.

B x;
Print;
.end

The resulting output is:

demol =

+ Li(2,1,1,1,1,%);
demo2 = ‘

+ Li(1,2,1,x);
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In more readable notation demol and demo?2 are defined as

o il joa-1 1
demolzz-.—Zi—Z.—,
am Il ;2o 73

and
j1-1

NG 1
=) g 2
A.3.2 Goncharov Multiple Polylogarithms [33]

When it is convenient XSummer displays its output in the form of Goncharov
multiple polylogarithms. This is because for n = 0o Z-sums are equivalent to
the multiple polylogarithms with the following relation,

Z(005my,y ..y My; T1y oo oy T) = Lip,  my (Thy - - -, T1)-

Lim,....my (Tk, - - -, 21) is defined as [34]

. © k . b o
Limg,.mi(zs-- ) = 3 [t (Zjn) |
n=%

J1yeenJe=11=1

For special cases the multiple polylogarithms can be reduced to simpler forms
like Neilsen’s generalized polylogarithms, harmonic polylogarithms, or even
classical polylogarithms.

In the case zk,...,zs = 1 the multiple polylogarithms are related to har-
monic polylogarithms in the following way,

Limk ,,,,, ml(l'k,---,wl) = Hml ,,,,, mk(zl)’
where the harmonic polylogarithms are defined recursively by
Hy(z) = In(z), Hi(z) = —In(1 — z), H_i(z) =In(1+ z)

e =1 A@ = @)=

T

b

and .
Hm1+1,m2 ..... mi = / dth(t)Hml,mg ,,,,, M (t)
0

H:i:l,mg,...,mk = / dtf:tl(t)Hmz,...,mk (t)
0

Multiple polylogarithms are also related to Nielsen’s generalized polyloga-
rithms, Sy, ,, in the following way,

Sn,p(.’E) = L'll ’’’’’ 1,n+1(11 ey 1) _’E))

p—1
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where

() = w/ldtln"‘l(t) (1 — tz)

(n—1)p! Jo t
Finally, in the case that the multiple polylogarithm only has two arguments,
it is equivalent to classical polylogarithms.

Examples

We start by looking at the answer for demo2 provided in the example program
for XSummer. As you recall

demo2 = Li(1,2,1,x)

which should be interpreted as
L’L‘lyz(l, IL')

The difficult way of simplifying this would be to apply the relation to harmonic
polylogarithms. Using the definitions above and the relation

1
Hl,l(l") = —2' 1n2(1 - iL')

gives
, o1
Lll,g(l,l') = HQ,I(CE) :/ dt't“Hl,l(I)

0
U In®(1 — xt)
= /0 dtT = 51,2.

Using the relation to Neilsen generalized polylogarithms it is clear that this is
true. The integral can then be done in a program like Mathematica or even
FORM to give an answer in terms of logarithms, classic polylogarithms, and
zeta functions.

The second example can only be expressed as a harmonic polylogarithm,

1
1-1¢

x t x t s
= / dtL ds ! Hs(s) = / dt—}—— ds L / dulHl(u)
0 1 —t 0 1 ) 0 1 —1 0 1 — S Jo U

* 1 ¢ 1 £l
= ——/ dt—— | ds / du—1n(1 — u).
o 1—tJy 1—=s/J U

After integrating over u,s and t this gives

Liz11(1,1,2) = Hyjo(x) =/ dt Hio(t)
0

2% 4+ 572 In*(1 — z)

Liz’l’l(l,l,l') _ 60

—3Lig(1—x)+n(1—2z)[Lis(1—z)+2¢(3)],

for0<z <1
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Appendix B

Catalog of Diagrams

B.1 Zero Recoil Expansion

Two Gluon Radlatlon

3 % "7«7;?

'% m*m

Ghost And Light Quark Radlatlon
/‘ -~ Bt

x A
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One Gluon Radiation
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Renormalization Diagrams

%m F*W
*m*é,;

" %w X
T

Figure B.1: Feynman diagrams of amplitudes that needed to be calculated
for the zero recoil expansion. The amplitude of each diagram on the left is
multiplied by the amplitude of each diagram on the right.
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B.2 Zero Mass Expansion

AN
vy

D01 D02 D03 D04 D05
£ Sy g FNEN P ™
WO RV OV TN WS
D06 D07 DO0S§ D09 D10
VL. WY Y. SN
T LIRS Lr T TS
Di1 D12 D13 D14 D15
A B A A A
D16 D17 D18 D19 D20
A A AN DA
D21 D22 D23 D24 D25
P i N i YO it WY sttt N it
e e o e e
D26 D27 D28 D29 D30
M M m (06@::: W:m%
D31 D32 D33 D34 D35

£ £O™, £, £O™

D36

Figure B.2: O(a?) diagrams for the zero mass expansion.
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Figure B.3: Topologies to be considered for the three loop contributions.

MC(x 2)
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Figure B.4: O(a?) renormalization diagrams for the zero mass expansion.
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B.3 Topologies And Mass Expansions

Topolqg_y T01

e T

1] =ki+m? 2] = ki +m* 3] = ki + m?
[5] = (k4 — k1)* + M?

[4] = k3 + m?
)

FINIETT | (6] = (ka— k1) M? [7) = (ka—ks)? [8] = (ks—k2)?
Region 1 kil >m | [1] — k¢ T3c
e (k> m | 2] - K
6 5 T 'k3| > m [3] — kg
ksl >m | [4] — k2
Region 2 kil >m | [1] — K T1, gm2
e O ke >mo | 2] -k
AT
eIl lks|>m | [3] — k3
[7] — k2 =[3]
Region 3 |k1] > m [1] — &2 T2, gm2
f’-“"‘:v"':,:‘-V"“»‘_.?.Qi Ikzl >m [2] — k%
P ksl ~me ) [4] — K
|kg| > m [6] — k2 + M?
(7] — ki = [4]
[8] — k3 =[2]
Region 4 kil >m | [1] — & gm3, M3
w Ty | kel >m 2] - R
v | ksl ~mo | 5] — k] + M
|ks| ~m [6] — k3 + M? = [5]
[8] = k2 = [2] .
Region 5 |ki] ~m 2] — k3 gm2; N5b,
el O | kel >m | [8] - k2 Nbc
TR ks> m | 4] — k2
ks >m | [5] — k2 + M?
[6] — k2 + M?
Region 6 [k1] ~m [2] — k2 gm2, One
2 O kel >mo | 8] - k2
TR A kgl > mo | [5] » M?
lkg| ~m [6] — k% + M?
1 [7] — k3 =[3]

Table 1: Expansion of topology T01 (diagrams
D01,D02,D03,D04,D05,D06,D07,D08)
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Topology T02 N =K+m? 2=k +m? 8] =k +m°
TS [4] = k3 + m?[5] = (ks — k2)? [6] = (k4 — k2)?
[7] = (ks — k1)? + M?[8] = (ks — k1)? + M?
Region 1 kil >m | [1] — k2 T3k
Al [kl Smo | 2] K
k3] >m | [3] — k2
[ka| >m | [4] — k]
Region 2 |k >m | 1] - kF N5b, gm?2
e r | e >mo | 2] =k
LT kg m | 14k
|ka| > m | [5] = kF = [2]
[7] — k2 + M*?
Region 3 kil >m | [1] - k? M3, gm2
00 |l >m |-
L ksl ~m | [5] = k2 = 2
kel ~m | o] — K = [2
[7] — k2 + M?
[8] — k% + M? = [T]
Region 4 \k1] ~m [2] — k3 One,
T | kel >m | 8] — K2 Onshell,
i L ks > m | [4] — k2 gm2
k) >m | [7] — k2 + M?
[8] = kg + M*
Region 5 |k1| ~m [2] — k2 One, gm2
QO e k2| >m | [3] — K2
TR kg > m | [5] — k2 =[2]
lka| ~ m [7] — k2 + M?
[8] — M*
Region 6 |k1| ~m 2] — k3 One, gm?2
- O@_’_ lkal >m | [4] — k2
e kol ~m | [5] - kE = [2]
‘ 8] — k% + M?

Table 2: Expansion of topology T02 (diagrams D09,D10,D11)
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Topology T03

(1] = ¥ +m2 [2] = k3 + m? [3] = k3 + m?

PR [4] = k2 m? [5] = (kg — ka)? [6] = (k2 — k3)?
i (7] = (ko — ko)? + M2 18] = (ke — k)2 o4 02

Region 1. kil >m | [1] — K T3
T kol >m | [2] — k2

RS lks| >m | [3] — k?

ksl >m | [4] = k2

Region 2 kil >m [ [1] — K¢ N5b, gm2

LA D k> m | 2] - K
T g ~em | (4] R

[kl >m | [6] — k3 = [2]
(7] — & + M?
Region 3 kil >m | [1] — k¢ N5d, gm2
eepmr = s(F | kg ~m (3] — k3
P T lks| >m | [4] — k?
ksl >m | [5] — k2 = [4]
[6] — k3 = [3]

Region 4 kil >m | [1] — ki M3, gm2
e 2000 |kl >m | [2] — K2
T lks| ~m | [5] = k3 =[2]

|ka| ~m | [6] = k2 2]
[7] — k2 + M?
8] — kf+ M?=7]

Region 5 kil >m | [1] - K} E2, M3

‘Q kol ~m | [4] — k2
ML e ~m | (5] = k= (4]

ksl >m | [7] —+k2+M2
8] — 2P(k2 — ks)

Region 6 [k ~m [2] — k3 N5b, Nbc,
S5 (O | kol >m | [3] — k2 N5d, gm2
P T I 'k3l > m [4] _ ki

[8] — k2 + M?

Region 7 |k1| ~m [2] — k2 One, gm?2

0., |ki>n Bk

s k3l >m | [5] — k3 =2

SR
[7] — k2 + M?
(8] —» M?

(continued on next page)
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Region 8 [y ~m (2] — k3 One, gm2
e |B>m |28
e k| ~ m Y,
Tiee k> mo | (6] > K =2]
(1] — M?
[8] — k3 + M?
Region 9 |ki] ~m [3] — k2 One, gm2
o OT k| ~m | [4] - K
TEEIET |kl >mo | (5] - ki = (4]
lkal >m | [6] = k3 = [3]
(7] — k% + M?
(8] — k2 4+ M?
Table 3: Expansion of topology T03 (diagrams D15)

Topology T04 (1] = k¥ + m? [2] = k% + m? [3] = k2 + m?
ot [4] = (ks — k2)? [5] = (k3 — k1)? + M?
e ! 6] = (ko + ks — k1)> + M2 [7) = (p + k4)* + M?
[8] = K
Region 1 kil >m | [1] -k T3a
o kol >m | [2] - k3
T s | Bl
Region 2 kil >m | [1] >k N5a, gm2
v | Rl>m 2k
e I ISP 7 I
[5] — k2 + M?
[6] = (ks — k1)* + M?
Region 3 |k ~m 2] — k2 Nba, gm2
RS kol >m | [3] — K3
TS T Ik3l >m [5] N k% + M2
[6] — (ks + ka)? + M?

Table 4: Expansion of topology T04 (diagrams D13,D18,D31,D32,D33)

78




Topology T05 M =k+m? 2] =ki+m? 3] =ki+m?
5‘37 2 [4] = ki + m2 [5] = (k?4 — k1)2 + 1\42

5§ § &

6] = (ks — k3 + p)% + M2 [7] = (ks — k2)?
(8] = (ks — k3)?

Region 1 k1] >m | [1] — k% T3b
o |ka| > m [2] — k2
lks] >m | [3] — k2

g

DAY L BEY B
6 5 . g ..

Region 2 kil >m | [1] — ki Nba, gm2
e O kS m o | 2]
DI I ot
6 5 . g |k3| ~m [4] - ki

kel > m | [6] = (p+ ko)? + M2
M—k=[
8] = k? = [4]

Region lk1| > m [1] — k2 T1, gm?2
e OF | kel > mo | 2] = K3

T T | ks > m (3] — k2

lkg| ~m [5] — k¥ + M?

6] — (p — k3)* + M?

[8] — k2 = [3]

—

kil >m | [1] — k¢ One, E2
| Rl>m | Rl —k
ST ksl ~mo | 5] & k] + M?
ksl ~m | 6] — 2p(ka — ks)
(1] = k3
Region b Kl~m |2 =k Nba, N5b,
e O kol >m | [3] — K3 gm2
T ksl > m | [ - k2
ksl >m | [5] — k2 + M?
Region 6 [k1| ~m [2] — k2 One, gm?2
2o GO | kl>»m | 8] =K

”"T‘ Sy | kgl > om [5] — M?
- [ka| ~m [6] — (p — ks)* + M?
[8] — k3

Table 5: Expansion of topology T05 (diagram D16)
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Topology T06 ] =kI+m?[2] =k +m?[3]=k?+m?
ST [4] = ki +m? [5] = kZ + m® [6] = (ks — ks)?
£ 1 [7] = (k)4 - k3)2 [8] = (k)5 - k)l)Q + M2
ks - kg - k3 + k)4
Region 1 kil >m | [1] — & T3h(T'3ng)
i |l >m ) 2 =k
I |ks| >m | [3] — k3
lks| >m | [4] — K}
lks| >m | [5] — k%
Region 2 kil >m | [1] — k2 N5b, gm?2
reves O ko >m | [2] = k]
LT |ks| ~m [4] — kz
|ka| >m | [5] — k2
lks| >m | [7] — k2 = [4]
[8] — k2 + M?
Region 3 el > m | [1] — k2 T1,gm2
FoidB O k> mo | [2] - k3
T T ks> me | [3] = A3
|ka| ~m | [5] — k3
lks| >m | 6] — k2 = [5]
[7] — k3 = [3]
Region 4 kil > m | [1] — ki One, gm?2
TR OF | kel > m | 2] — K
T ks> me | 3] 2 A3
ksl >m | [4] — k2
|ks| ~m | [6] — ki = [4]
7 - K =[2
8] — k2 + M*
Region 5 kil >m | [1] — k2 E2,0One
7'30 e lk2| > m 2] — k%
LT ksl > m | 3] — kS
ksl >m | [4] — k2
|ks| ~m | [6] — ki =[4]
[7] — k2 + M?
8] — k2 + M?
Region 6 k1| > m [1] — k? M3, gm2
ey d QO | kel >m | 2] - k=4
T T kg ~eme | [4] > K
|kal > m | [6] = k3 = [4]
lks| ~m (7] — k% + M?
[8] — k2 + M?

(continued on next page)
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Region 7 kil >m | [1] -k M3, gm3
| |kl >m | [2] - K3
S P ks> mo | [3] - K = (2]
lka| ~m (7] — k2 + M?
|ks| ~m 8] — kI + M*
Region 8 |k1| ~m [2] — k2 Nb5b, Noc,
e O |kl >mo | [3] o K gm2
SRRt Sl A S B B
lka) >m | [5] — k?
ksl >m | [8] — k2 + M?
Region 9 k1] ~m [2] — k2 One, gm?2
4 sts |ka| > m [3] — kg
T YT ksl > m | [4] — k2
[ka| >m | [6] — ki = [4]
lks| ~m | [7] — k3 = [2]
[8] — M2
Region 10 [k1| ~m 2] — k3 One, gm2
d‘ 7.3 d kol >m | [3] — K3
C o | ks> m | [5] - kS
e |ka| ~m | [6] - kF = [5)]
lks| >m | [7] — k2 = [3]
(8] — k2 + M?
Region 11 |k1] ~m [2] — k3 QOne, gm?2
rees OO | kel >>m | [4] = K
T [kl ~m | o] &
kil >m | 6] ki = [2
kol >m |- k=[a

[8] — k2 + M?

Table 6: Expansion of topology T06 (diagrams D17,D19,D37,D38,D39)
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Topology T07

2

1] =k +m? [2] = k2 + m? [3] = k% + m?
[4] = (k2 — k1) + M? [5] = (k3 — k1)? + M?

P [6] = (ks — kg +p)* + M? [7] = (ky — k1 — p)?
[8] = (ks — k»)?

Region 1 kil >m | [1] — ki T3c
kol >m | [2] — k2
S T lks)>m | [3] = k3

Region 2 kil >m | [1] — k2 Nba, gm?2
aa 702 |k2| ~ M [3] N k§
PR lksl >m | [4] — k2 + M?

[6] — (p+ ks3)* + M?
[7] = (p+ k)’
[8] — ki =[3]

Region 3 kil >m | [1] - k2 N5d, gm?2
L Rl m | [k
TR lks| ~m | [5] = k2 + M?

[6] — (p — ka)? + M?
[8] — k3 =[2]
n 4 |k > m (1] — k% E2, M3
|k2| ~m 4] — k? + M?
2T kg ~m [5] — k% + M?% = [4]
[6] — 2p(ks — k2)

Region 5 |k1| ~m [2] — k2 N5a, N5b,
2T (O | kel > mo | [3] = K2 N5d, gm2
RN lks|>m | [4] — k% + M?

[5] — k%+ M*
[7] = (ks — p)®

Region 6 lk1| ~m 2] — k3 One, gm2
e G0 |lkal>m | 4] - K+ M

i P | ks ~m [5] — M?

(6] — (p — k2)? + M*
(1] = (p — k)

Table 7: Expansion of topology T07 (diagrams D12,D14)
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Topology T08 1] = k¥ +m? [2] = k2 + m? [3] = Kk} + m?
Fra [4] = (k2 — k1 — p)* [5] = (ks — k1 — p)?

o 7\3;6. [6]=(k2—k1)2+M2 [7]=(k3—k1)2+M2

[8] = (k2 — k3)*

Region 1 kil >m | [1] — k¢ T3nd

R T |kol >m | [2] = k3
A dhes |ks| >m | [3] = k3

Region 2 k1] > m 1] — k* T1,gm?2

;“}fé‘ ey lka]l >m | [2] — k2
LT |ks| ~m | [5] = (ks — p)?
+k1—>k2 [7]—)k§+M2
[8] — k% + M?

Region 3 [kl >m | [1] — k¢ M3, gm3
Y |l ~m 4 0 R
T |ks| ~m | [5] = (p+ k1)? = [4]

[6] — k2 + M?
[71] — ki + M* = [6]

Region 4 [k1] ~m [2] — k3 N5b, Nbc,
e O lkol >m | [3] — k3 gm?2
SN ire lks| > m [4] — (ko —p)2

5] — (ks - p)’
(6] — K2 + M?
[7] — k2 + M?

Region 5 |k ~m [2] — k2 One, gm2

OFome | l>m |l (-

T e gl em | =

Fage (6] = k3 + M?
[7] = M?
| [8] = k2 =[2]

Region 6 [kr] ~m [3] — k2 One, gm2

OO }’“2{ ~m {4] A

—— > | lks] >m 5] — (ks —p)

Poage [6] — M?
[7] — k2 + M?
(8] — ki = 3]

Table 8: Expansion of topology T08 (diagram D20)
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Topology T09
7008,

R -
- 5.4 3. 2
1

M=k +m? 2] =ki+m® 3] =ki+m?

[4] = (ks —k1)*+M? [5] = k3+ M? [6] = (ks —k2)?

[7] = (ks — p)* [8] = (p + ks — ko — k4)?

Region 1 kil >m | [1] — k¢ T3ne
R N/ Gy =
it ksl >m | 8] - A3
Region 2 kil >m | [1] — k3 T1, gm2
e ) | kel >m | 2] - K
5 hee | ks ~m [4] — &} + M?
| (6] — k% = [2]
[8] = (p — kp — k4)?
Region 3 |ky| ~m [2] — k2 Nb5d, gm?2
v O |kl m | -k
i | ksl >mo | [4] - kS + M?
Region 4 |k1] ~m 2] — k3 One, gm2
A OO |kl >mo | 4] - M2
TRe ETT ksl ~em (6] o K3
8] —

Table 9: Expansion of topology T09 (diagram D22,D23)
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Topology T10 ] =ki+m? 2] =k:+m? 3] =k2+m?
75.6 [4] = kz +m? [5] = (kJ4 - k1)2 + M? [6] = (kg - kg)z
T | [T = (ke — k= p)? [8] = (ks — ka)?
Region 1 [kl >m | [1] — ki T3ng(T3h)
[ SR N[ SO
il kg > m | [8] - K
ko] >m | 4] - k2
Region 2 kil >m | [1] = k% N5b, gm?2
ey |l >m | [ - 8
S 8 PV ARG
T > m |G- =]
| [8] — k7 = [4]
Region 3 kil >m | [1] — K} Nb5¢, gm?2
.,,A?:'.'_‘GL'_‘.‘:SI_Q‘ lko| > m | [2] — k2
= IS ks> m | [3] - K2
|kg| ~m [5] — k2 + M?
(7] — k3 = [2]
(8] — ki = [3]
Region 4 k1] > m 1] — &% M3, gm3
ey (oY | kel > mo ) 2] - k3
— 1 i |ks| ~m [5] — k2 + M?
o lkal ~m | [6] = k3 =[2]
[7] — k5 = [2]
Region 5 |kl ~m [2] — k2 N5b, Nbc,
Eai O kol >m | [3] — &3 gm2
vty | ksl >m | [4] - k]
lkal >m | [5] — kI + M?
[6] — (ks — p)?
[7] = (ks = p)°
Region 6 |k ~m | [2] — k2 One, gm?2
ae () | kel >»m | [3] = K3
LT | kg > m | [5] - M
|kg| ~m [6] — (ks — p)°
[7 - p?
(8] — k% = [3]
Region 7 lk1] ~m (2] — k3 One, gm2
2 OO ||kel>»m | [4 -k
T d ETT | kgl ~m | (5] = K+ MP
‘ kol > m | [6] = p?
[7] = (ky = p)°
8] - k2 = [4]

Table 10: Expansion of topology T10 (diagrams D21,D24-D30,D34,D35,D36)
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Appendix C
Full NNLO Expansions

For completeness, in this appendix we present the full NNLO results for both
the expansion from zero recoil and the expansion from zero mass. The same
colour factor separation and definitions as presented in Chapter 4 are used
here and both expansions are presented in the S scheme.

C.1 Expansion From Zero Recoil
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The values of f1, f3, fi, and Rs from [11] are

S1=3.2244598, f3 = 12.3200632, f4 = T7.8319492, R, = —0.7294612.

C.2 Expansion From Zero Mass
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