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ABSTRACT .

. In this thesis, rational interpolation operators are con-

. *
structed {rom polvnomial interpolébéon‘oporators in such a way that the
rate of convergence is improved. A short description of\the method to

~
'

.be used is contained in Chapter 1.

Chapters 2 and 3 deal with the background material required

‘to apply the method. A Kogovkin-type theorem which appears in Chapter

2 forms the means to determine rates of convergence for théatational
M 3

L)
v ¥

inte}polation processes. The requifed information regardihé the poly-

Y

‘nomial interpolation processes to be used is in Chapter 3.

The néy interpolation p;ocesses are cqnstrupted in‘Chapters
4 andbs, and ‘their rates of convergence determined. The results in
Chapﬁer 4 are of a more geﬁéra} nature,'while'thos; of Chép;er,S yield
a betket dégree:of éppré*imationf | , ',

v Chapter 6 contains some suggestions for ways that these

results could’ be e{tended\or'imprqved.

« -
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CHAPTER 1 - - L

INTRODUCTION

. C

The. problem of f1nd1ng 1ntcrpolat10n<proceqqes wh1ch provide'

\
pood tools for approximation 19 one which has been well 'studied, and a

" number of such processes have been found. It is natural to attempt’ tq
»w .

modify known proresses in order to imﬁrove on thg‘degreevof approxi-

mation obtaingd. This thesis contains a number of sueh attempts. The:

general method of modification is natural_enosgh; and could likely be

applied to interpolation processes other than those considered in this
. theslis:

" Let Hn be a positive linear interpolation operato? defined
- . ' o ) . .

0
\

on C[-1,1] by
' t

R - z PRCIS I N

~

where -1 < x_ < ver ¢ x <1 adﬁ'the g are nonnegative con-
: - 7= "an - - . nl — nk -

tinuous fuynctions definéd,on [41,1].‘ Suppose that .
' '> | ) .
‘21 B 2 e A

v ) - LI " ‘,0\. s
R /,\‘

" éo‘th'at. 1 =1, Then the degree to which H approximates con‘tinuou_s;-ﬁ '
“functions is largely dependent upon how rapidly g k(x)] decreasqs-

_and.' -]x-xnf{_ incre_ases. This {pendence exptesseﬁ. precisely by
o e r;..V'_ e .
Corolla:y‘z.l; o c; L

e

N

PreSented yith such -an operatot H where }g"(f)]'r{o : ‘

a;‘.1x4xhkf GDOVS. one caﬂ often realize an 1nprovanent b'f“




i

“y

instead an operator’ Ln:
BN

.

. ' 2 o
X)L= gak(x), or something verv likg gnk(x). Then .m _ (X)

nk

where m

nk(

will approach zero more rapﬂ‘ly than (x) as x mfves away from

gnk

ﬁnk. Thus, 'Ln will.be suporior to Hn as a tool of approximation,

t
provided that the minimum value achieved by the denominator does nat

approach zera'too quickly (or, .in the best case, is bounded away from

zero). Ln .does represent an increase in complexity over Hn.j e.%.,
- .",

if H_ﬁ is a poiynomial opérafor then the images of Ln are rational

lfunctions. However, the denominator of 'Lnf‘ is independent of f, and

vsovneed be calculatcd;iﬂy qnce for each n.

¢ e

o 'Tﬁis'method will be applied to opefatoré connected with

fthe classical ulttaspherical polyno ia

.r‘l, dgd Sha(ma and Tzimbalario [8] };‘Q. . ._‘

" ihermité—?ejér,and related interpolation processes, which will‘bc

discyssed in'Chapter f?-‘h‘bas paper in this field'ot study is -

Fejér-[S] The precise effec iveneSS of ‘the u-F process was discdvered

by R. Bojanic and is giv;en DeVore‘Io P. 232] Ques—tions concetning

"D

',sright modifications of the process were considered by gyrdﬁ [11]

. 2

.,Other modifications and extensions were definad d studiedffh Balﬁzl .

‘and Tunin [1 2, 3] Heir, Shatma, and Tzimbalariq‘,[ﬂ, Prasad and Vam

. A’ -

The nodes of the processes considered will be the zetos of

\.I

[ ¥4

' formatidn abou: theu can.
| l

\
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{ L. - CHAPTER 2 -
” A KOROVKIN-TYPFE THEOREM
r R Y v

Y

(

be stated and proven a Korovkin-type

In this cha

Shisha, and then the result will be restated in
. .

lied to the opefators to be considered.

theorem due to Mond an
a form in whtch it can be a

Rl

Definition g;l:' Let L be a linear operator defined on a set

D " of real-valued functions s.t. for'eyéry’ f ¢ D, Lf is again
Ca real-balued funétién; and if“f > O~'thrpugﬁout 1;sAdoma1>{ -
then Lf > 0. Then“L is g_ﬁosijf;e'ifﬁe;r qper#tbr. _ \\\‘“““m
ygégézhzldeth;notations Lf(x) “QQQ L(f;k? wil# ﬁe gséd tovdenote»t‘l?.e'~
. ~fu6ction ﬂfv e;aihﬁfed-axw X. N '
\ ) ' . | -
ngiglggggg;g;. If"f n C{a;b]3_fthe modulus of coqf1ﬁuity we of f
on la,b] s defihéﬁ by.. | ‘ o | o
- . wf(é)i;‘ggﬁilf(tjzf(i)J,lx;é{;,lg,p]; 1;,;i i”@}}‘fgr"s.>lo ‘
. | _’v | = . | , ; . - “ .‘ ] : ; :5¥ , o | | . ’ |
Romark: o 13;;@@‘“;@8:@ on (0., ',..“1'?9;%(5) -0, and

Cue ) < (e (@) forall ve8> 0.
SRR R T S T

s S B
 ;;<The operators to be commidered wil) be of a.certain type '
. B el T T e e L :

ﬂuﬁhich B;;D2V6re [2] caflé_intetpalition 0§§tito:i; S

El




-

Definition'2.3: lLet L be 3%linear operator from Cla,b] to C[a',b']

s.t. there exist xl,"

. 8
X [a,b] and CRRRAY - S Cla',b'] so that

for everv f - Cla,b}] and t - [a',b'],

-
-

Lf(t) = «V B (E M (x, ).
k=1 Xk o

L -. 2
Then L is called an.interpokation operator, or g _proper id’btpolatioh

operator if {a',b'] [a,b]. - Also, x X will be called the

.
1
~ » -

nodes of L.
-

Essentially, then, an iﬁterpolation operétor is one for wbich

4

the image of a function fs determined by the .values of the function on
’ - }

a certain fixed finite set of points. Examplgs of interpolation
[} ) \ .

operators are‘provided by the prbcesses of Lagrange, Hermite-Fejer,
Y - .

"extended Hermite-FeJer and other forms of interpolation. It should be

noted that, if L is a proper interpolation operatof, it wili not -

L]

necessarily interpolate the ?alues;qf evgry function at the points

j ki

“most of the operafors'éonsidered-here will do so.

...;xn (tﬁis occurs only when (x ) = for all k,j)}

i The following theorem, due to B. Mond and Q. Shisha will '

:be used in determining the rates of convergence for certain interpolation -

{f .
operators in later chapters and tggresents, in a sense, the centet of
’ “" [
,thts thesis‘ ! L

) Théorem 2.1 jp Shisha and B: Mond 19)) Y Let L be a positivc .

linear operator fron C[a b] “to’ C[c,d] yhose domain ingludes tha

2

ij‘functions 1, :and t‘,] with Ll - 1. : te 5] c [lybl lﬂd

H:.‘,”;, denotes t e aup ‘norm, 6" (c d], § thgn. for every f ‘e D.

AT 4 i s -
BRI -& R C
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- ' ’ : » \
. . Ve I ; ) e f 2 it 1/2 .
Lf-f - lmf(u). where w = L' (x-t) .x}:m . and
]
> is the modulus of continuity of- .f on '[a,b];
'l
.

) / . : ‘
Remark: In forming I((x-t)2;x},q I+ is applied to (x-t)2 as a .function

-

of ‘t. and the fmage is.evaluhted at x. <L
N \ ‘ ; P .
: e ‘ '
Proof of Theorem 2.1. ‘let x . [c,d], t « [a,b], and * - O. _Theﬁ
., i . . 'y
. , LY . N
Fl)-f(x); - (1 + (x-t)"* Z)mf(;). (trivial if %5-}! = ¢, and if

x-t] > & then [f(t)-fﬁx)l SECN (Ix-t16-tﬁﬁ < (1 +‘fx-t’6-1'wf(6) <

_(1 + |x- t'z« )mf(é).) Applying ‘L to both sides of this ineqhality
. ) : S ' ) . )
(holding X l“x‘ed) afd evaluating the results at -x yields:

l . I . T . : . .,

ALFG)-f )| < (1 + L((x‘-c)z;x)a“z)mf(s)'.

—

The. theorem them is proven by putting, § = u.

A restatement of this theorem, in the context of interpolation
kS . B . LA : . .
o . ; M . — i .
operators, follows: :

]
.

Corollaﬁy 2.1: Let xl,ﬂ",gn4§ [a,b]), and let' ml,{3‘,mn be nonnegati\

chtinﬁpds functions‘defihed on a subinterva1_ [ETﬂi4)of- [a bJ.

7 "'u‘*”*'*k’

Let. p = sup' -~ , and definé, for f ¢ C[a,b],
I :xe{c d) y ( '
/ mk x) L ,
FAR T | . : L e
- o . 3, : - - _ -
AR S NV O S e S
v :
T I (x)f( Yo v
/ A vr .-‘:. .ﬁ»‘ k mk xy . l ' .;.
| o : Lf(x) oo
S E (x) f L e
R | o : m.m" R A



[N ’ - ' .
4

L is then a posixive'lﬁnaar‘operator and if f - Cfa,b] with modulus/

p G : i, !
of continuitv “w and | °

£ denotes the sup norm on [c,é], .then

‘ e - £ < 20 (). L |

Remark: Notice that L, defined in this wady, \is a proper interpolation .

1y . n .. ) , (X)
.operator - that_is, Lf(x).= Z gk(x)f(xﬁgi with ~gk(x) = Tt
k=1 . N
pomo(x)
j=1
. o ,

Moreover, ELf(xk) = f(xg) whenever. mk(xj),}wékj for éLl k,j.

A simple extension of this corollary will be used to extend a’
. . ‘ \ ‘
result

’

in Chapter IV.

.
[ .
o

AL ( [a,b]  and let m; °'3,mn ;be npnnega;ivg'

1’ 1
’

continuous functions-.defined on [c,d] {a,b). Let 1|}

Theorem 2.2: Let x

denote. the

@®

sup norm on. [c,di “and iet Yy > 1. Let _L:C[a,be > C[g,d] be defined .
v N
. ’ 2 m (x)f(x) e
. B TC NI = S
’ - . n - . L. - ‘..‘ . .
: . 5 m (x) o L "
o kel - - . :
Then. . Toc oLy
TV = R Y (PRI R

The ‘proof of this thébrem is essentially similar to that of Theores ., -

) . - . - . Y (', . : ) Lo . PR .
.2'011 he - - " ‘ D . - s “

4
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 CHAPTER®3 ,

HERMITE-FEJTR AND RELATED INTERPOLATION PROCESSES
B L] ‘

- -

In this chapter various interpoldtion processes and their

hasic polynomials will be introduced. This information will Be used
: ] . .

in Chgpter 5 to construct certain interpolation operatdrs which will be

-~
.

shown to vield a good degree of approximation.

ngjnifjggﬁgil; A pelynomial interpblation process on an inte;val
[a,b] is defined to be, a séquence TLn} of intefpolat#én operggq}§
such that ;orvevery n=1,2,"-+ there exist polynomials 'gnlf...’gnn
and-h?deé X 0 C Tt <X SO that for f < Cla,b], ¢

, n . oo , ’
Lnf(x) = E gnk(x)f(xnk), x ¢ [a,b].
k=1 , C
The Bk are called the basic polynomials pf&;he;p10cess.-

"A number of ;examples of-polynéniak‘intérpolation processvafe°

listed below, and the basic polynbmials,afe given in each case.

c e | N 4
Lagrang¥71nterpolacion.” Lagrange 1nterpolation is perhaps the simplest °
’ ) .
form of polynomial interpolatipn by’wﬁich tfor an integer n > 1 and

' @ e "
’q continu0us~functé?n f(x), a pplynomial P € "n;l' is determined s;t.f
, P(x K= f(xnk) :hete an‘-" X n are the distinct fixsﬁ nodes. Tﬁ#t»'
1s, one defines the Lagrangﬁ?polynomialvinterpolation procgss’ {L | E

9

‘no- . A J ‘
with nodes X1 Xon in [~ l,}]‘ so that if f € C[ J 1], then .

« L fo = (xnk), k = 1y**<,n and 'Laf € nn;lﬁ The basic polynomials

S S T ~ o
0f§thi$ process are ‘. " : ' . " “ Cy
e I E S ;; . . _ )
oo ¢ P . , . o .
* - 7 - i - . ’ !



, .-
3 . ( ‘
n(x) LI ) . n *
Po(x) = - ecreemm— , where A (x) = 1 (x-x_ ), ,
f nk (x xnk)“n(xnk) n k=1 nk; D
since the?n_'nk(xnj) = Akj and "k © e
> - ) -
. - ~ . “1n . : - . " .
”9(WJ$FZVC;QKHfo?*}PﬁﬁlﬂﬂllEEQQ: The_H-;\process anr with nodes
] . - . . PRTSM S . = S i< 5§ 1 s
XK 1 - X X - 1 (»n 1,2, ),‘ is defined by
o S
n , o
= 3 - -
. Inf(x) ; hnk(x)f(xnk) for f ¢ C[-1,1], x ¢ [-1,1],
k:l . - R .
. '
w;ore h  (x) = (1 ; (x-x . ) :ﬂffﬂﬁl) 2 (*) ¢ (xj i wn(X) ‘
d ' ' 4 — . 8 ’
nk { nk (n(xnk) ﬁk nk (x xnk)1 (xnk)
n ‘ ) -
and « (x) = 1 (xrx_,), so thaé L fe .
n nk n 2n-1
. . . k=1 :
Simple calculdtions reveal that, for all k,j,
. q g .
\ N 4
L] 0 h ' = 'g . e L f =
ak%ai) 7 Tk 7 Bal ) = E gl

[+

'., . '7; * . 8
-/ R e

Extended H-F Interpdlation: This ptocess extends the previous one by

requiring alsq that the second and third derivatives of 'Lnf vanish at
- R . -* -

the hodes x,, and is defined by:

= . |
: ’ S .
® Tt = T L o), |
h DL =L Ay nk?
k=1 ol
,‘ v P
whgre
N . ) . L.
o , | N2 L By,
b P (LA tex )4 Cz‘*.“agg. + Cylix )} (),
“ . . | A ok’

. ] -" "
7 )

* 3 . . ®



~ - 1';u
2 B nk(xnk

(@]
+
O
X
|

)

3 2
\ N1 _ L
nk)‘ + 10. (x )Lnk(xnk)\ 3cnk(xnk)

\

kb Ten | | , B .
{7 ;o |

Lfx )= f(x ) and (Lnf)'(xnk) =_(Lnf)”§xnk) = (Lnf)"'(xnk) = 0.
n

n . :
Remarks: 1) ) ¢ (x) = ho (%) = R (%) =1 s a trivial con-
k=1 k=1 "%, k=1 Y. . > .

Ho~13

{
sequence, in each case, of the progerties Qkpqsed on the basic polynomials

»”

and their degrees as polynomials.

. * .

2) T 1t will be the task of ChaptépAS to use info;m@tibn_that

£

has been discovered relating to certain special cases of polynomial
interpolation processes in ‘order to derive "good" methods of linear

rational approximation. There follows a description (in some generality)

of the underlying'methods to be used in each'case.

L]

. . The problem is to find certain polynomials gnk(x),‘ and )
nodes %kblj!m<'“‘x <3, ﬁ=lﬂg“,likih,s¢”
. [ .
for some interval I < {-1,1],
: ‘(1)‘ 8nk(X) >0 for all n,k and x € I
‘ (ii) there exists ¢ > 0 so that
n ' - ~ o
Z 8, (x) for all n ‘and x € I
z » )
) : ‘ : : o
and  (111) s IX gk(x)(xx )i-ou), as 0w

X € I k=1



-

‘A sequence {Ln‘ of linear operators on, C[-1,1] whose

]
images are rational functions will be defined by

)

3

T
k;lgnk('”)f("nk) o
L FGO = —— - »f"
lgnk(x) v

0~

k

. The Korovkin method (Corollary 2.1) will be then applied to

these operators to get an ostimate‘for-E!Lnf—f”

o *

{
L4

10.



CHAPTER 4

A CENER%& RATIONAL INTERPOLATION AP;}OXIMATION RESULT
1

> . The¢ main results of this chapter establish certain properties

of the functions hhk(k) (fot necessarilv polynomials), n = 1,2,+0¢,
k = 1,++,n, .which ensure that cergain approximation procedures

involving thesé hnk yleld reasonably good degrees of app;oximation.

Definition a!&:, Let J{a,b], be a fixed interval and'suppése, for

) ) .
n = 1,2,*++, that points Xk (k = 1,**-,n) are given and there .
T 3 ) ¥ ' 9

exist |n > 0 ahd‘integef§ n s N s.t, for'every interval I c [a.b]

. of length (I) and for evety ' n z_no, )

card {k!xgk ¢ 1}.< ﬁ . E(I) +n+ Na ' | | .o
then the points {xhk} are said to be fn—dispersed in [a,b]".

]

Theorem 4.1:  Let points -1 < x < +ve < x . <1 and functions
—— S -~ nn nl —

\ L4

hnl(x).f";hnn(x) be given -(n = 1,2,++°), and suppdée there exist

constants' n >0, .M >0, €>1 >0, szi o >0, and an. integer hl

.

s.t. for all "X ¢ I = [-14c,1-€}, the foliowiné'conditions hold: -
* . ' L A B . o
. (1) hnk'(X) i 09. . ‘311 n _>— nlg all k " l.c'oo.n B .
@ oc e Jhdx) < Cyy all m2my _
- < k=l S -
M b ) <o Ml nah, all k=l
“k A __A z(x-x. B )2 » . — .1)4. J 2 N ... .

!



12,

(4) The points {Xnk} are n-dispersed in Iu = [~14u,1-u].

Define a sequence Ln of positive linear operators on -C[-1,1] by:

-1

2
hnk(x)f(xnk)

, :
'Lu denotes the sup norm on Ic’

4 ’ -

‘Then, if’ I

(.ln n n
HLnfT—f’Lu < Cuf‘(-——-‘-{—‘—- ’
N _ ' ’ : .

~

where C 1is a constant independent of n and f, and we denotes the

modulus  of continuity of f on [-1,1].

@

Remarké? . This result is, in a CErtain bBense, a‘genetalization-of o
Theorém 5.1.° The degree of approximation obtained in the theorems

of Chapter 5 is ( ( )) while the result in Theorem 4.1 s the

degree _O{wf(—iﬂ—ﬁﬂva)J.‘ The factor /En in. n converges to. -

asv n > =} however, numetiﬁally, it growé fathef‘sloﬁly.‘ For
, . 1010 . 2 . ' S
~ example, if n= 1010 ., swWill Yin-Ann < 5.

The proof of Thedrem‘a.l requiresd some lemmas: ,f'

-

a . . . . ." ’ - N . "
Lemma 4.1: Let points .xnk' functions -h ak - (n =1, 2 see; ko= 1,¢0¢,n),
— -—‘—_—-, o ) Sy ’ . . . . “ . ".‘
¢0‘h'§tanté n>0, ¥>0, c¢>u>0, and Cp> c > o, _a’nd'an integer.
be. 3iven, 8o that assunptions (1) ts,(b) of Theoren 4 1 ;}e satisfied

"

gThen :\' Sy __v~'ﬁ" ’ ‘,'_ L . 5‘ 'ang"

) “if_ &> O»Athéré exiéciAanf ﬁz- and A >0 s.t.

s S N o o
‘a3 “2’ X e I - n° Z h? (x) 2 A,

k-l nk



-

.’B = 0f

and  (ii) if {xn;- is a sequence of positive reals s.t. a + 0

and n_(1(2)1inun! » 0, then for some ny and A > 0O,
‘ . R
: ) 1 n 2 ~
n>n,, 'x 1 R n?tnq FYon (x) > A.
-3 £ n nk -

{;H“

‘Lemma 4.2: Under the assumptions of Lemma 4.1, there exists a constant

B - 0 and an integer n, s.t, whenever n > n,, X ¢« I , we have
- €

4 4.
n : ‘
c .2 ‘ 2
h™ (X)) (x=-x ,) ¥
k=1 nk nk; B % %n n
- <= nz ;
Z h ‘(x) ¥ Y

k=1n _ o ¥

‘Remagkgz Part (i) of Lemma 4.1 is ac%yally implied by part (11),_buc

&

the stagement'and p;oof of part_(fy'ére given since they form the
basis for part‘(ii); and the‘proof is simplér in the former case.
- S , R P~~§

1t should be noted that essentially the best choice for the

" is “&; = (&n n) i - i e., this choice gives bsséntially the slowest.
R 4 ) o

growth in the factor.An‘ llnu'] Suppose QB } is any other ehoice '

s.t} 8n >0, 'Bl -+ 0\\‘£;d " IlnB | < Kh nllna | for ‘some K > D

. B a R
then IQ;E\T* ®->-pn " = 0(2n tn n) (since 0. knna t - tn tn n) >

) . tn . 2: gn n] £: llnB [ > 1 gn 1n n for n large enouahs and

. B ; .
hence n “11nsni 1.% fn ln n for n large enough The&efore (except

fér-pt’nost'é qons;aqt factqr). '“6 - (ln n) yielus the bect result.f

From the above it is also clehr that the reqnirenent. -

I '(1/2)|g o ' > 0 does not weakgn the rpsult 6& Lenna 4. 1, sincc _

'7certain1y n (1/2)‘ina ] > 0 for. the choice u - (tn n)

h » e
- . . - N

' Proof of Leuna 4 1-. It can be aasuued v.l g.,thnt C1 g'(If‘éqi@' |

e - . . X [
. . ; - N Lo e . ;



. +
divide by Cl.); Let n + Z and define vy =

’ 2 . . R
so that nv, = v and v < e for all {. Lets n ,

i Ti-1 -1

)

be as in Definition 4.1 (on the interval f{a,b] = [«

Part (i): Let = - 0, and assume w.l.g. that
-j+1

j o« 2 set."27) < <2 ‘Let x - Ic and C =

-(1/2)

“"Let n, >n_ s.t. n >n,; > Cn “ € - u, Assume

.
ot
—_
x
~
L]

,".("xnk! > C\)l}

L}

{k|cv < [x-x
m

'nk ! “‘ n-1

-

Im(X)

ki]x=x. | <cv,}

(x) = ol <0y

Ij+1
.
Then;, for m = 2,;f°5j+1,‘ '
' e S o

Card (Im(X)) f_ 0o 'n ‘e ZC\,v +N

Ta

m-1 m-1

. By‘qhéaaboée:andwgssumption (3)"for 1<m
l o . T s
reveal that : e e

i,sq ;hat

and hence® - . o

' é;; 'ﬂ}‘lZ" K -.;&;i”:';ﬁ‘3 

. A'VZ. RSO >
f k(Ij+1( ) kT 4 card(1j+1(x“]' SCqHN

B .
— )

o ¢ﬁé*}'f"g é“"7§E;;z§;7 5’f

-i

-142

»

a < 1.

1+:,1-1.).

Let

max{1, 2j(2ﬂ+NZM}.

R )

]

m>n

4

<'Gv }, m’.z".'.Oj

9

(2Cn+N)n = (2Cn+N)n Vi

[,
Define

2 2

R SN

j, simp;g'caiculatioqs

4.



SR - . { “

Part (ii): The proof of pgrt (if) is much the same as that of

part (i). For each n s.t. 1 ~ 1, choose jn ¢ 2 s.t,
. . n o

—] —1 + [l b ’ :
2 rw'-‘n -2 n]'."Then jn = 0(‘1n1n‘) as . nov oo (of.tou(sey a“ <1
for n large—enough). Also let Cn = ma*JI, 2jn(2"+N)MP, S0

c - Kfin}n! for some K - 0 independent of n. Let m>n_s.t.

n
n>m - Cnn-(l/Z)'ﬂ e ,(possfble‘since

Now,.as in the proof of (i),if n - m and

let n, >m s.t. _ﬁ > n, > qn <1 and C;n > 4N  (possible since
. S . n )
L . ‘ . . 2 )
. LS E - 0 > o« > v - . .
v 0 3 g > Cy > ®) and then n > ny l(‘Elhnk(x)‘__}_ .

Ll ﬂnqn[)fl., Hence (i1) is established with,

Proof of Lemma A 2: This follows 1mmi étely from Lemma 4 L by setting

4 = (In n) ,~ which yields, for' B > n

~

n BRI “a
’ > 2 *n
) h2 €x) (x=x_, ). [lna i Mn Z‘h (x) o
k:l nk n:k ’ . ‘ -. kgl L ’ v .. .

A _ : e 2
? h (X) . - . Cooe Lo -
e nk R O C

A

(1ntn n) - MC

o

N
3
v L
:‘. ",
»
—
A~

. S ey
* ' 80 the lemma is established with - B ij—zgj tg§,'u4;§luj@ 7:1

‘ v ) L S ’ . . ' " . T i ‘_‘ - Y
S P»roof--df‘rhébfe‘.u-‘b.'l‘ By 1..»&-; " 2 werhave RV IR ! B

L



* Theorem 4.1 follows immediatii},from this inequality and Corollary 2.1.

\

A few easy.modificétidns in the proofs of the above lemmas

verify thg‘following extension (see Theorenm 2.2 and the\following"{émark).
- r
L

[

Iemma 4.3: 1f p 1is an integer, p - 2, . then there exists a constant

——— N -
—_——— R ey —_
. 2 . ‘r
B .
’ . . .

B ~ 0 and an integer m, St whenever n L + I, we have

P
\ . A hp (x) (x-x_,) z(p—l) R
k=L " e [u1 uxn]P
. - P 2 : !
k=1 ’

Using this lemma, one %an easily prove a theorem,which actqélly implies

Theorem 4.1 with the chotce P=2:

Theorem 4.2. .Let“lp:'be ady‘integer,with b,j 2; and let points
s , : . o F s :
_l_<'x < see <.y

< ' ™ T . ] . - .
I S xq 2 1 aqé functions h (x), ,h gx) be gtyen

:for'every n 4'1.2 Tt subpose there exist constants n > 0 M >0,
c>u>0 C >C‘>0 and an 1nteger nl st_,for erl.“_

. assumptions (1)/;hru (4) in the _statement of Theorem 4 1 are saticfiqd

_ ; o S LA
Define S o _ " I . e
L N (x)f(x ) -
; -n f(x) k'; — . L
- LR :V.' ; z hp (X) .
,l': . ; -. . * \“ k'l .
for fe ctwl-; xef. L S e
Then. if H 1f¢ denotes the sup norm o - I ]gh¢t§<¢gi.t§j' Lk
""'Cb.> o independent of n_ and f. s.t.v‘ '-.4."‘1;5 e LR
L '*'“"t"” 2T 'fll A s
AT g . S
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17.

s

The following result will assist in demonstrating the

»

» applicabiliey of Thebrems 4.1 and 4.2 to several examples:

Let

Theorem 4.3. pn(x) be one of the claseieal polynomials Tn(g),
v“ Ny ’_2 1 '.

Pn(x), bn(x), Pn+l<x). or (l-x )Pn—lFX)f hand let',fﬁ haie zeros

-1 < X knl _ 1, for n - },2,-°-. Then fer evety u > 0

|
there exists

v
i

>0 s.t. the x

are r-dispersed in [-l4+u,l1-u).
nk‘ . - ’ .

Proof::.It is clearly enough to pryve this for the choices P, = T or

n

-Pn’ Since the zeros of-the other choieeé alternate with the Tchebycheff

or Legendre zeros. by the Mean Value Theorem Tn end P - are examples

of the classical ultraspherical polynomlals ( ’a)(x), with a=-3

i

due to Stieltjes can be aPPlied. and states that. if x .= cos 6

;k = 1,'ﬁ',n,

. for the k for which 6 > O,

=0 respect1vely.

-

) S
2
Therefore a separation theorem (Szego {10}, '122)

nk’

) . *
. are the zeros of P(a a)(x) with - %-i @ <o then :
L '}1 ' 6‘YQ< 65.

nk_ ,n 1. ] ‘e'!' nk ’)

nk.

symmetry of the zeros about the point 8 = g-.f'f

F°'.£?£1‘iiil§i

-~ Xae® Fokep t

and dimilarly for pairs x k’ X

£t

:h%’li’.__- g .}ﬁ"h*.' e';_ﬂ L ;ib. | _f
" nkg xnk+ll->— ylerc cqs -x“k:_,f-r '-.,mo' tnk‘*l Y!ah &13' o

- )ff.> Y[Fk ¥ ) ;, kw]thli

cos X - arc cos t[

. : : e e Sl , .
fu;i 0; ”theh thete.exists_sone;'v >0 d.t, x,t e [=14u,1-i)

»

™
e

‘x_:, -',.nfnsl;..:zg,"f:-'

+t; on the othet stdg of zero

(k = [***].~f°,n). de cases lre con!idered (n QVen Jnd n odd):for

the zeros nt ot next to the point zero.- Ifg-n~ 11-‘

["’} 3




> .S . v
and then ' ' ‘ , -
kn (k+1)7 _ :
It} ¢ < )
nk =+l bl = Cprar (DY symmetry)
. - . L YR .
%ok e | YD) o
If n 1is odd, let k = n-l [E], and then
S PR 2 2
. '
ke T L ) o o (k+l)w

“nk - 04l 2 ‘nk+l ntl  — nk+2’ 2 n+l i

x I PRI ) ,
So,thaF *ak nk+1' X nk+1 xnk+2| A e " "

. 4
Therefore the distance between any two consecutive zeres ‘xn&' and

,'_.' | . oo _ . _
xnkﬂ in [-lfy,l ] is at least PR The;efore if 1 {1s any

subinterval of [-1¥u,l—u] of length 2(I) then

]

- : ' ' 2n |
: i card {k Xk I} <5 }(I).+ 1,

. ' ' N L ’ 2
+ SO the {xnk} are n-éispe:sed in {-1+g,l-u] where n = ;; .
' - .k : ' '

'-Remark The classichl ultrasphetical polynomials Péu’a)(x) Satis@g

. a differential equation of the foxn

'(1-§2)y?:-5va‘ +am+v- 1y '.9* f///”f/

’ o T LT AN ._

where v = 20 + 2 Note that 1f p satisfies such an equation and

has. rootl,—lsi (k = 1,’{',n), ald 1f q (x) = (f-x )p (x). then
; e ."; '} o v ‘ ' ' '
el e ) -
. ' A, Pa (xnk) - e SR .
: N - TN
. P %) 1,,2 _
- nk

;> .and o |

. Sl ‘“(x v? (v b)x

B 5
S S ‘ nk ) -lixnk

“



Lo

: Examglg ; p (x) - P (x) >(*) =

O ;Vv; ;',‘ (l-xnk)(xfxuk)~(?n(xntl)

b )

~
Therefore. . i .
. o )
. . " 1 - + \
‘f(l - (x=x ) pn(xnk)) - \mnkx ('bl)xnk
= nk” p'(x )’ ' 2
s n nk ’ l - x -
U, : nk
: Ty,
and 5 j 2 .
Sy . 2
P N +
1/ (1 . ,n(xnk)) _ 1 ( A)Xnkx (v-S‘)xnk
. . k qn(xnk) 1 - xik +

N 7 3 ¢ ,
‘;'1 In each of the following examples, -1 glx' < eee o x <1

nn nl

19.

will ?éﬁotg‘the zeros of bn(x). It should be noted that:Thedrem 4.3 -

v

serves to establish in each casé that the x are n-dispersed in
I i * nk

v

[-1+0,1+u] for each u - 0 and appropriate n. It remains therefore

* £ ‘ . . 2] i
‘to verify assumptions (1)-(3) of Theorem

4.1 in each case.

Example 1: 2 N 2
: | - 1- T / SR 200
,  pn(x) =T (0, h (0 = (I-x )T (x) _ (1 xnkX)Tn(x) |

‘as” thb definition of H—E 1nterpolation )

.Y
L] \ y

. any k > W > 0;' . ‘ e ';‘
' (1 -

, P L2t 2 22 2
. [ et ] B
: 1 xnk)(x-xnk)_(Tn(xnkl) n (x xnk)
a | ~ .
" B : T 2.
.':.‘t- . . ) . . B
o a\ﬁ X h oy 1. (sae/the'reﬁarks at the end of Chag§e§-3;_as-§e11
“? k: \,,-. A . o N ' -

In this case, one can choose

2 .2, ..
2x . kx_+ xnk{EE(x)

gf,J

7$1'~0hce agrin h (x) > 0 on ( 1 1) and Z h (x) =
’ o kel ™
;_that fo: £ > 0 there exists an H 8. t. o SR
el T e .
v . x—x k -

1. Thei@éogﬁtty o



1} O.
‘ [
. »
for all x ¢« I , and all n, k, requires certain estimates:
—(1/2 7 - .
an(x)I = 0(n (1/L)(l—x7) (1/A)), all n
K2n72 . if k © %, all d,k
2 : N \
1 - x > ‘ ) '
. nk . 2 -2 ) D .
. (n+l~k) o , if > 5 )
| GBI 2 s R -/ 2 n .-
.. ﬁ??g‘ Satoo Pl ) fagk n", if k<3 o
( ‘ | -(3/2) 2 ,' 2 -(3/2) 2 * n
: a, (n+1-k) nt < P e 9] - a, (ntl-k) 2t T2,
\ 2. ~- '"'n nk - 1 o 2
with constants a, » a, - 0. These estimates mav be found in Szegs [10;
pp. 122, 165, 238].
Let ¢ >0 and restrict x ¢ Ié. Denotiné' j = mint{k,n+1l-k},
it follows frym the aboye.iqequalities.that there exists K ~ 0 -
. independent of :
4' \ a
5 h
e nk)'
o o
| 0[nz(x—x )2]1
S nk
: T f.(143xnkx + 2x§k)0§(x)
* Example 3: ¥ (x) =Y. (x), h, (x) = — - }
‘ =" 'n n "’ “nk : (1_£2 ) (x-x ')Z(U’Cx' ))2
o ‘ 27 Tk T k" T n ek
. ’ . . s . .’f'/_' :
In this case it is necessary to ¢hoose ¢ > }_32__2 to .ensure that
. 3 ‘ . T, =3 . |
o L O y » sy i
L. *E 1= .h“k(x),l‘:o. We' do hav.e_ X.hnk(x)_ z 1 X
v . . v ) . k-l [ .
- Since JU'(x_ )] = —“—'f'l;-"and’ Uz(x)*( s’iﬁ'z(arg cos'x) = 0Q1)y -
S n ok’ ~1_*2" _ n - T T T T .
T .. 'k s - » e



on Is’ it follows that

,
6(1-x", ) - 0(1)
ey _ (n+1)h(Xank)‘ ln"(x-—xnk)

.r‘, v 2
(1-4x k‘ + Ix k)ipnflfx))

W

& mample 41 p () =P (0, b (x)

n+l nk A 2r " 2
| - )(x X k 'pn+1(xnk)]
oY ' =
2 -3 .

If ¢=-——7—, then x+« T >h (x) >0 for all n,k.
° 2 5 nk s

. n
Also, again,‘ kzl LICONRB

Two inequalities t8 be used can be found in Baldzs and Turan [2) or

. Szegd [10]:
v

@] s 2@ aah O .
>and : * |
\ : -(1/2
x ' '“)n+l(xnk)| 2. (87)) ( ‘)x
Qhere j = min{k,n+2-k}. 5 .
. Furthermore, the diffefé:;;al equation o _
2 ' . ’ . -
- | (1-x )Pn+1(x)’— 2xPn*1(§2:¢ (n+l)(n+2)?n+1(x) =0
- : e o
ylelds | o B K | R
) . : ’ .
E o (1- ) n+i(x ) = -(n+1)(nt2{P +1( k)’
" so that T a o .
| B(L4,) - 2(n+2)(l %7} (3/2) : an
h (x) < .
. _a R (X' ) (n+1) (n+2)
. . ', 0{2 ) : 1 ] . °
4 n"(x-x )
@ . a." " .
: -

21.



/
P’
) (1-x° kqm X )P' 1(x))
Example 5: p (x) = (1-x7)P' (x), h  (x) = >~-JL— SRS
S n n+l nk 2 v 2
: (1- x )(\ X (pn(x )

[ ‘l J
In this casg the {xnk‘ are taken to be the zerog of Pé+1(x) (the
other roots, x = ‘1, 7 of pn(x) are disregarded for simplicity),.
Letting .

(1) 100

. p" 1 . p X

hno(x) = (1 - (x-1) "(1)4 — - Jl
: : \ (x 1) (P (1))
and .

" 2

» ( - pn(—l) . pn(x)
<« h (x) = 11~ (x+1) = = —&
n,n+l . (-1) 2 2’
< (x+1)"(p (p; (-1))
ane gets A , ‘n+l o |
. : 5 h (x) =1,
s <k=a
A - N K 4
) qo‘ ’ ' . . i 5 .
Now, p;(xL‘? 4¢n +n)P (x) 3(f¢om the differential eqaation)
_ - - o . o .
- and p'"{x)'= —(n2+n)P'(x), so® that . . .
. n . . -« n ’.‘ N "‘_‘ .;«_‘ . °
(1)) 2. )
v 1.2 n_¢"f _n+n
. n ‘
Therefore if k = 0 or n+1, £ >v0,~ and x e I ,.
. 2(n21n) ((1-x )P (x)] -
, ,hnk(tﬁl - ' : . . :
T | ot |
"o . A ' : .
- ‘.?()((u)P(x) ';’ >
. - o
. - o(;l‘-)' , . using J,,-Pt"'(x)l <'/2(n+1)v (1-x2)"(3”‘).'

A . W "A ) v . ° . '
Therefore, for - large enough ’ hno(x) + h (x)] < -— ~for all.
xel, so that L.T ‘ ) b .

e’ : . . s
' T N
. ¥
- N . . vf,’.é hd
R ' ”; a.. .



e
BN

PO j—
=
=

o T k=1
r .

Finally, if 1 - k * n and x It, then

(1-x§k)(1-x2)2(Pg(x))2 o
. — " (-0, clearly)

2 2,2 2.2
(l—xnk)(x—xnk) (n"+n) Pn(xnk)

hnk(x)

203450 V242
((}—x ) Pn(x)) 1'xak_( 2t V1-x%(811)
_ -2 2 2
(0P 2P2 e yeew pf (e )
n nk nk

where j = mi k,qtl—k} (using the two inequalities quoted in

2(x-x
n nk

Example 4)

"From these examples it is evident that Theerems 4.1 and 4.2 apply to

a large number of cases. : N o ’.



*  CHAPTER 5

ACHIEVING A BETTER DEGCREE OF APRPROXIMATION

¢ %

Y -;r; "

f ee 1pprnx1mation theorems which are
s

[, & '

dbcer ¢ wifl,Be stated and proven. The

related tqk\§
special prope’ e 7 'gh sauence of operators will be used to attain

As in the previous apters, 8 will denote the modulus of

.continuity of :f . C[-1,11.

Theorem 5.Y. Let «x *,X (-1 < x e e <X < 1) be the zeros
—_— T i

nl’ np nn nl
of T (x) and define L :Cl-1,1] - c[-1,1] by

n : 0
| ‘ .kzlmnk()s)f (xnk)
- . ;L f(x) ) ,
g z m_ (x)
\\\\\\\///. k=d k
where '

. ' A ) ' . '
SN LT T NIE SN PN T '
0 = g [ Ut e ) 4
)_ . | - 2] (x-xnk) ". ) ' .

: : . . I.IP

' denotes‘Jhe éup norm on /[61,11,‘ we haie.

L3

' Then Ln is a édsitivé‘linear interpolation operétér, and if

Il eell, ;aéf_(ﬁ)--.;

e . T .

)

: :Proof-of,. Thedrem 5.1: Iﬁ [6]'tﬁere appgars' the foilowing represenuti'ong, ‘

of the basic polym)mial )«“‘k(x)‘. of the ex;ended H-F polynonial mter-
~polation proces§‘3uxh Tchebycheff nodes (see Chapter 3)*;'

e

“.24 -



nk(x) )

which can be rewritten:.

nk(x) B

so that

A

k=1

—
N D

Now, since

4 .
___j}df?__, (1-x _ x)" + (x-x )2 Ziﬂilll (1-x  x) -~ = x . X }
4 4 ! nk k 3 . nk 2 "nk
n (x-x )
nk
[ ]
4 . . .

T (x) A I _
St fash A+ Joex 07 % A0 bex )2k 0}
n (x-x ) n T o n n

: nk .
7 (4n’-1) 2, 7 T.2(")(1"‘111(")‘
nk(X) = X mnk(x) + ——'—7‘— Tn(x) a n2 2
k=1 6n . k=1 n (x-xni)
2.
Tn(x)(l-xnkx) . A
7 k = 1,***,n, are the basic polynomials
n (x—xnk) } :

for the H-F process on the nodes 'xak, ‘one obtains [ m k(x 2 % .

Also
n

k=1

“and so the Pesult folloﬁs.f;om'Cororlary"

a0 o)

<.
—_

P

1)
n

k=1

2

‘2 . 2
nk O .
2 =
1 ?l Tn(x)(l-xnkx) L1
n’ kel nz(xfx 2 2

nk)

~* Théorems 5.2 and 5.3 deal with approximation by interpolation .

operators having as nodes the zeros of Un(i) and of 'Ph(x).

»,Theoren 5 2:

fof U (x)

‘gnd let

Let x

: (-71 ‘.-< x

< o‘ot <x‘

nl
-1, 1] + C(I ) by°

< 1) be the ;efoif

. /k.l ."

UM an

: s'>‘0; Define L C[

| | n
LoEG) kzl k(X)f(x k)
S n



Y
where 4
GRS
m (x) = s
nk ((x xnk)Un(Xnk))
Let H-ilm denote the sup norh-on‘ IE., Then there exists a constant
A >0 and an }nteger n, o st for every f - C[-1,1] and every
SN ,
nan, | - { /.
Np f- Ca By _ \
Hoe-£ll, A () o |

- Remark. The fact that the error estimate in Theorem 5.2 holds only on
Ie’ “and not on [-1,1], as in Theorem 5.1, is not really a restriction,

for if f ¢ C[?l,l] one can approximate -f on the whole interval:
) , | | a ‘ ' ;
with a modest amount of juggling:

£(-1) E xc-l4 e

Define g(x) =. ffi~z\ x {415

- £(1) , x >1-¢

so that w8(65 - @f((l—eyfla) < (-0t + ;)of(S). 'By Theorem 5.2,

if xel, : o . 1 N . o o
. : c i . . :
S " o o ' o 4 L
'%8‘*? - 80| <ai () <ha-o™ + )

1..

) . A
. . . - . . ’

IL s((1~e):) = f(t)f <ala-o” +1)w (ﬁ - '.;, E

. ¥ A . ‘ ’ . ’ ' . . B . . )
and, lettingv t.= —, one.gets that.-for t e.[*l 11,

. ¢‘_, .

:_Thus, one nbtafns, by changes of variables, a0 apprcxiaation to ‘f on
(i ’ 3

.»_'all of N R o . .: S '”1"'_'3 : ,'i'fi_af. - o
“The proof of Theoren 5. 2 uill requirc sone knouledse of bhe H-F .

“-; /and ax:ended H-F pJ!&nanial lnterpdla:ion ptoccsses on thc uodea xnk ;: ;

.0'
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Voo

If, as in Chapter 3, one ddpotes by h x) and Xnk(xT the basic

nk(

polynomials of, respectivelf, the H-F and extended H-F process on the

nodes LI then one ha% the representations:

' 2
o s (1—3xnkx + ank) { U (x) 2 .
nk 1 2 {(x- x )U'( )
- x
- nk,
and
| _ } _ 5 3'r- u (). 14
A (x) = 1+ Cylxox 1)+ Cylx=x )" + q3(x-x f‘x ” k)U (x y
.where (see Sharma and Tzimbalario (81 -
¢ -
c - ik
170
70k
| 23X ! 2N
c, = 72T T
A | _Z(L-xnk)_ .l-xnk _ }(l—xnk
- 1Sk sk 1N x .
- c, = —0K L
-3 2(1 )7 aaedn? o
nk’ . " “nk
Some other facts wi‘ll!be needed:- = .
N - - . L ".“ 0 ‘n+l. v
o losx, = |
. , . X
R (2) If 0 << 1 and Mc sin arc con(l-»e) ‘ '" : then. for fve_ry .
Cxen. ool ow, e e
U(x) '

S 5If"lnk(x) for .11 n, x Cand x - -ax(H .2), :

(x‘-x‘g)ﬂ' (x. k)

thentheteexista a"st. tf a’?l. 1<k<n. and z(el. t*han .“'.j.;"'

k(x)} < K To see this il oo
. '2_;‘§o;%?iééfi< {gfﬁ§§;(1/2)fi'f% Lot‘ n.k,x be fixcd q.t, X « I o
“.. o 1 <! k o n. " and put ,H /'H a (1/2) tithcr .J,x-x k' > ;%i- GenhA

\"."

g difficuzt. Yir.t’ 1“ ‘ s. ..;. P [




to. 1

nk' . n+l

or |x-x In the former case, one has

Un(x)((l x|
(x- X )(n+1)1

lgnk(x)‘ -

28.

In case lx—xnk: < ;%I' we have _ ‘\\

(x) < 1+ th ! .,
z I <M nj_ - |x-x2.|>M nJ-}¢
| nj
. 2 .2
l(l;3xglx + 2x (- x )U“(X)f-
2 N

M - (n+1) T (x-x_ .
If (nt )2 (x an)
6'M2'h

€

x-x_,|>M 6M2(n+1)2
' nj' oo M

sb -

(x-x_,) : :;- T
1- —J—JL] Qrzxj (x) o

Now, 1f |x-x__| :M:u,,. (A=x ) (=x ) >

L

{v

i

2

{
(1 ————dlw-}l }(x).
% nj

(x) > 0
.‘fhé»feféf.e‘ (x) <o @2 L ho(0 <hyme

(x)<2<x*» S

. 1>"s,g+e-,-¢tu_g, first fiafrely many £ () are alsg un
s &f?k." S "-'A-;;f‘;‘f;ff.:  A:i‘ i_'ukiff }}t'JJ.

,/' :. . T '\)t"

K ‘nl)”!. k(X)’}n - 1 2 e 1 ( k ‘ n' x « I } < .

aly bounded it



29,
let n >0 s.t. the .xnk are n-dispersed in IE .(c > 0 fixed).
‘ , )
Then '
. 5 . » , ‘
? Pnk(X)(x~xnk)ink(X) ) 0(%_) . : .
k=1 1-x2 ! n

nk -

where the "0" constant is independent of x ¢ Ig' The proof of this:

*

is elementary:

! 1o 2
. ank(X)xlX xnkllnk(X)

P 2
: 1 1-
o [ x-x nkl‘;: *ak
o - .
- ‘ ‘ B “ . \
. o], @] oMK
o T. <n : nk( ‘ . ..5.
R Sl atl :‘3  O(J;)_ n+l

”Ixfxnkleif

,/;

and | |
2
, : Lx -x _'ghk(x)

| x-% -k|r-1-' R YT
p ',!; o e -t . '

AR o o ::.‘2 L, . ‘ . R A  }
. ..: B‘.‘- Z _ ( X )U (x? _‘5 § n N ‘0(_}_) v
U e (L

/_




Lemma 5.2

‘uniforml

Proof:

where

. - o n
.lsp ; Z~
k=l

2N U

i(g)(lffz )

. nk

" 2
an (X) 1

g :

" 4
U o(x) +
) 1[ nk

3(q+1)2

for xe¢ L, as n + =,

O (1 + ¢ (x'x

L C = y '
: 2.2
‘Z(I’Xnk);:

..13xsk‘

) +c, (x=x

2 .

ik

)2

I

nk

.
/!

.}+

e

-
€3 (x=x

N

2

nk

53 10N x . -
;Sx ‘.; 10“’xnk

3=y

) e
‘ﬁ b
nk(x) " fz [lnk(X)

. k 1
6X k(l‘x k)
I X

+ Z‘

(2,, -a)(x

’:2(1432 o

ZN(X ~x

4 g

)
J(I-xz )

fk(x)

)" '

: u e ‘”

= :;“;-‘,n (15)( JSx

x .
gf* z (X)

Q 2(1-3

)(x p& ;;»
n?xfjJ“¢

3(1 x )2 .

nk(f?]’:":

:_LF*+ zi) “?':1

(' 22

.; cxx c— E,x;.ffl;§liiv

Neb o
nk) ]lnk(XQ’

30.




"5.f;hni£oru1y on x s I aa n* -,

n 1owx u (x) (x-x ) (1- x°

3
n -10Nx  (x-x )
+ E k 2 ;k _Q:k(X) (= 24)
k=1 3(1-x_ ) .
.Now,
( (X))(x-x )
501 T 2 = o)
1 k=l i-x - ok ‘a
nk
o {
by remarks (3) and {4).
| noead -olmd o
AL =1 = —£— | =of)
' k=1 2(n+1)"
‘by rema‘rks‘(Z) and (3). ' : _ Y, - p
Cn sk - O 0 ex ) |
RPN G L 2<>|-o(n‘5’2’1
: k=1 - . 2(n+1) (1’?nk)
by remarks (2) and (4), _ -". | B S

) . e
Ll —= - oDk _zik(x)lA-‘O(—}-_)_ .

k=l }(n+}) flfgnk?

Finally..

’ sinc-_e - < 1,  and a_lso by :rémark’sl {(2) and (4)--..
(n+1) : o ..
2. 2, 202 PR
ZN(XQX k o4 (x) ; 2N Un(x)(l'xdk)lnk(x) o
: 2, nk .y 2
..3(;-Ahk) s ey

','38 the"1ém""i‘jéﬁfiblished:v'\ .

Clewma S g o? (x)(l-x kn k(x)

= '°-"._1£=1.'3, 3(n+1)

S E e

31.
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°'5. (see Lcwna s 1), and the Ieana 1s eltabliahgd (since

(1 + o(

3(n+1)

.2~vn". ) 't

32.

Proof:
) ,
T e asd oy
k=1
: . .
- ) 02 (0 (1=x2 )82 () = 1))
: -(1/3) " weeonk
;X-xnk!in :
¢ 2 2.2 0
+ ) UZ(x) (1-x" )e5 (x) (= 7.).
Dxen [<n‘(1/3) n nk’ nk 2
-“nk :
‘Now, ‘
4 2 .3
1,0 il
31 f _ 2 2
_ [x‘xnkliﬂ-(l/z) (x-x )" (n+1)"
E_Mz n -.(n+1)-2 n2/3 = Ofn’(1/3)) (seé_rémarks
precéding Leﬁma 5;1). ‘ _ .
Lo 2 2 |
ties chat Uz(x)(l-xz A) _ sin“((n+l)arc cos x)(_l-xnk) SRR —
Notice that U, () (1) = —————5 B .
. . 1— ) . . | -- ) o .
f_. gk 1+ O(Ix-x kl’)". \ o
1-% ) , h : .
80
L= o1 (X)(l W o
L8200 i k )
'”A|x xnki<'-(1/3) ' | S
i(1+0< ‘”’”)) I - (x)
o k‘l '.' .
: (1/3)))(1 + O(n f1/2) )

33),

Ly e



Lemma 5.4: ' ’

uniformly for x ¢ I .

Proof: This result is an immediate consequence of Lemmas 5.2 and 5.3.

Lemma 5.5; : -
Lemma J.2i n ‘ ) ‘
E (x) (x-x k) = 0(*5) » a5 n » >,
k=1 n 3 ‘
uniformly for x ¢ Ie’ .
- Proof: ‘-' - . co T

§, IR 3 U:(Qs
m, (x)(x-x ;)" = .
k=1 " " 1 )

i A

Lo ] 2 m=0ld), as neo

: The result stated'ianheorem 5.2 is an immediate

Lemmas' 5.4 and 5.5 and Cotbllary 2.1. - A

nn.
n = 1, 2,-"). For each odd n > 3 define L ..VC{71,1]
~f/3)§,1 - (1/3)1 bv; | | '
T .v;?; SRR
g '>3»N‘v(x)f(X"J
f. Ky MK Ok
ER S L f(x) - s ' - o

33.

‘ Let X .o%%°, ( 1 < x ¢ ""< X o 1) be the zeros-
T nl~, nl



e
~_ =
1-2x | x+ 2 D
o Ax) = — nk nk 10 (x)
nl‘ 1- 2 ?
xnk
: P (x)
{0 7
- D!
(x xnk)Pn(xnk) .
N Q .
Let !t denote the sup norm on [-1 + n-(l/3), 1 - n—(1/3)].

o

Then there exists a constant A > 0 and an integer nl so that for

and every' f ¢ C[-1,1],

every odd n > ny ery

. |LfflL <aw (Y

y
Remarks: Notice that the error estimate appiies on an increasing°

sequence bf intervals whose union {s (-1,1). However, that this

canndt bé'improved so that the, error estimate applies to [-1,1] is:

..

'demonstrated{by the following:‘ S W

s.t. L E(A £Q).

CIf k<5 [\'then (Szegs [10], p.122)

(k-Y)7 . - ._!1;' -
D < arce cos.gt,nk < el

34,

'i‘and'hégcé'”here‘ex1st constants C .? c,>0 s.t;‘for‘evéry n,k° with

. 1 72
.Adéeézf; " nk—5'1 I:f_"'f
;\lso (Sze~gt'5 [10, p 238),1 kf_% P * |
P'(xk) "\‘ k (3/2) 2 . E : N

-r o

11 now be shown-that there exists a function :f € C[-l,l]‘.
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and )
11+ Xk - 2,
. 2
. 1 - 2x + x
Se nk nk 4 1
so if k ‘- n/2, mnk(l) = Lnk(l) R
N 1 - xnk n f’
Thus there exist constants d1 > d2 >0 s.t. for every n,k with
n -
k < 7
'd d
L, -1 1) > -2 .
2 k 2
n n
d, n
Let "0 <1 <1 s.t. card {k!x > a} < 2 , ’for'every n=1,2,**"°.
nk — — 2dl .
Define N B iy : | .
1, x=1
f(x) = 0 , xe¢€ [-1,a]
‘%E% s x € (a,1)
Then £ ¢ C[-1,1] . and
: - d
1
xkza n2 f‘(Xnk)f
— . 1
< - < =
Lnf(l) - E dZ -2’
. R k=I' n’
-

and so

'Lnf(i) fvf(l).

.ag".'

' PYoof of Theotem 5.3: Some of the ‘simpler details will pbe omisted from -
' the'-p’roof'./ LT L .- R Y

»

Fitst. let En;“41 <eee < Ehl be the zeros oﬁ B! (x)

It is easily proven that, for each n>3 ‘and 2 < k < n-l

) . mtn (x)’minfi (t: ),.»z €0 ) >"To. |



o ' v
Certain inequqaitios will be needed, and are listed below: -

“nk

- (Szegd [10], p.238),

and a symmétric result holds for the values k > % .

1 Y
. x _x H
A R R 1

(Szegd (10, p.165).

a constant

(Balazs and Turan [2]). If n is odd, n > 3, then

i 4 »
.

(Hjnk)—(l/Z)'-

)| where j . = min(k,n+1-k). -

nk

[
' -(3/2) 2
!Pn(x Mo ntl,k . s
" (Szegd [10], p.122).
ika?ll < arc cos XK < ;:; kg T%],

.

Easy calculations vield ' B /

2 -
g " -1—T——— = o‘o. -"
« S&Jnk+1) n2 (k =1, ,n-1)

(k = ]-,"’",n).

- !Pn(x)l < E n‘(ll/Z)('l'_xﬁrl/.lb) N .
© 78

Using these inequalities, it can be sbown that thete exists'

C > 0 s t., for every odd n > 3,
(- . .

igin(ink(g j) K = 2, “',n- ‘j - k-i k} > c

A

D

: ‘t‘ For'exﬁnple.'i(; ‘2 < k < n8l. Then tbezt exists 3 constant Co > Q fsgi.

)

. . . <, A
. . Lo - . . °
*

‘. .



-(1/2).3/2 2 .

] : !
{ ¢ = !Pn( _n_kl_ —— s A(gﬂ]nk) ]n+lJ-kn
nk nk | | | 0 2 2
’ - ; + bt
‘nk xnk’lP (x ) (Ajnk D = on
.3/2
} Co ’ . Jn+1Lk ._.E:.(L.._ 0
;512 | J 5/2 i
22 CRI 2 DR SR [

The treatment of ¢ (7 ) is similar.
nk " n,k-1

From (I) and (IT) it follows by easy calculations that there

exists C1 >0 s.t. for odd n > 3,
O

. n o
(I11) min g m (x>

Fiﬁally, we will show that

<

»

. n '
] 2 = -1—- ‘ > ™
(1v) sup (1/3) E nk(:r()(x-)_tnk) = of 2) » odd n .
|x|<1-n k=1 " : S
Let n be odd, n > 3, and: X ¢ f-1+n-(1/3),1-n-(1/3)]. " The sum will

| - ,—(173)
be considered in two parts - those k for which {X“xnkl h ’
and those k -for which‘ [ x-x | > “-(1/3) . Letﬁ a =1 n-(llﬁ) | If
. -7 Tnk 2, n 2
‘ : o 2 ,
, 1l - 2x, x +.x o
nk nk| ,2'
h. (X) = [‘v‘ 2 " ] . nk (X) ’
, ‘ 1-x" . -
g '&‘ - nk
. then
. { h o () = L. “
o . o .h.‘ Qg‘)?z(x)l
. q 2 o ok Lo »
) (0 (x-x = T e
‘ ,i‘—xnklf-an, . i I:x—xnk'f-'un. (?n(-x,ni)') S e
' :'l ‘ : N . '.
. et )3 . 2.:a1/2)
S e, e (R
T ey, e TR G

4
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.
1 . . (Jn+1,k) 2 -1/
= 0("‘2‘}. i hnk(x { n { (1 nk)
n X=X ;_x
nk n
' . 2 2(1/2) o
- 7 - - -9 - o] .
(since - (1-x2y" /D) L (1,2 =/ [1x", = o((-x% )"/
| nk gl nk
nk
)T
= 0|-=% h , (x)
n? k=1 MK
1
= OT 2) *
n
Also, quite easily one gets
24
N'aE (l_zanX+xnk)Pn(x)
/ ] X . mnk(x)(x-xnk) T : 2 20 4
x~xnk!>“n o 3x—xnkb?n,(l_*n’kz(x.xnk). [Pn(xnk))
1
| 0(—51.
A : n
establishing IV.
e e 3) (), |
Notice that certainly [-1+n s1-n ] < lsn,ndl'gnll’

so Theorem 5.3 now follows immediately from III, IV, and CbrollaryVZ.l(

e

-
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CHAPTER 6

CONCLUSION

. As pfeaictéd in Chépter 1, the érror estim;tes achieved in
Chapter 5 are an improvement over those obtainéd for H-F interpolatioﬁ.
However, it .is not known whefher the results of Chapter 5 can be
improyed. It is a-simple matter go-éhow that if {Ln} is a seﬁuence of
proper interbolation operators defined on C[-l;l] and {cn} is a

sequence s.t. € > 0, cﬁ + 0, with

lim  sup
n*~ feC{-1,1]

I e-£ll, )‘ -
wg(eg) f T om

then ¢ > K denotes the

. for;éome constantiiK and all n, d"]w

3 =

sup1norm.oﬁ any nontrivial subinterval ‘I of [-1,11.). Hoﬁevet; it is

-

not -'kho}zii wh‘ethef € n 1s the best possible in orde? that
- (el
- sup lim,‘—ZTTE—y—— =0Q1) ,
feC[-1,1] no= f*n" ) e -

'eveh Lfﬁ-( n} is restricted to some smallet class of 1ntetpolation '

operators ‘which contains those of Chapter 5‘

n

\ It seems likely that the proof of Lemma 6 l could be .;3

’strengthenqd 80 that the /zn ln n factot could.be elininated.u It

_ o ,
' 'also seems likely that all the results 0£-Chnpter 5 could be conbined

o \
into a gener,l theorem using ultraspherical polynoninls as thu huilding :'

blocks'fot;s  ¢ rational interpolation operntor.,
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