
University of Alber ta 

PEAK-TO-AVERAGE POWER RATIO REDUCTION IN OFDM SYSTEMS 

by 

Luqing Wang 11 

A thesis submitted to the Faculty of Graduate Studies and Research in partial fulfill­
ment of the requirements for the degree of Doctor of Philosophy. 

Department of Electrical and Computer Engineering 

Edmonton, Alberta 
Spring 2008 



1*1 Library and 
Archives Canada 

Published Heritage 
Branch 

395 Wellington Street 
Ottawa ON K1A0N4 
Canada 

Bibliotheque et 
Archives Canada 

Direction du 
Patrimoine de I'edition 

395, rue Wellington 
Ottawa ON K1A0N4 
Canada 

Your file Votre reference 
ISBN: 978-0-494-45619-4 
Our file Notre reference 
ISBN: 978-0-494-45619-4 

NOTICE: 
The author has granted a non­
exclusive license allowing Library 
and Archives Canada to reproduce, 
publish, archive, preserve, conserve, 
communicate to the public by 
telecommunication or on the Internet, 
loan, distribute and sell theses 
worldwide, for commercial or non­
commercial purposes, in microform, 
paper, electronic and/or any other 
formats. 

AVIS: 
L'auteur a accorde une licence non exclusive 
permettant a la Bibliotheque et Archives 
Canada de reproduire, publier, archiver, 
sauvegarder, conserver, transmettre au public 
par telecommunication ou par Plntemet, prefer, 
distribuer et vendre des theses partout dans 
le monde, a des fins commerciales ou autres, 
sur support microforme, papier, electronique 
et/ou autres formats. 

The author retains copyright 
ownership and moral rights in 
this thesis. Neither the thesis 
nor substantial extracts from it 
may be printed or otherwise 
reproduced without the author's 
permission. 

L'auteur conserve la propriete du droit d'auteur 
et des droits moraux qui protege cette these. 
Ni la these ni des extraits substantiels de 
celle-ci ne doivent etre imprimes ou autrement 
reproduits sans son autorisation. 

In compliance with the Canadian 
Privacy Act some supporting 
forms may have been removed 
from this thesis. 

Conformement a la loi canadienne 
sur la protection de la vie privee, 
quelques formulaires secondaires 
ont ete enleves de cette these. 

While these forms may be included 
in the document page count, 
their removal does not represent 
any loss of content from the 
thesis. 

Canada 

Bien que ces formulaires 
aient inclus dans la pagination, 
il n'y aura aucun contenu manquant. 



Abstract 

Orthogonal Frequency Division Multiplexing (OFDM) suffers from high Peak-to-

Average Power Ratio (PAR) issues. A large PAR requires a linear High Power Am­

plifier (HPA), which, however, is inefficiently used. Moreover, the combination of an 

HPA having insufficient linear-range and a large PAR leads to in-band distortion and 

out-of-band radiation. Various PAR reduction techniques have been proposed. 

This thesis focuses mainly on the PAR reduction of OFDM systems by using 

tone-reservation, sign-selection, and coding techniques. We analyzed the clipping 

noise by approximating it as a series of parabolic pulses. Our analysis explains peak 

regrowth and the constant clipping noise power spectrum over the whole OFDM 

band. We also establish the roughly proportional relationship between the clipping 

noise at the end of several clipping and filtering iterations, and that generated in 

the first iteration. The constant of proportionality is estimated via the level-crossing 

theory. Two algorithms are proposed to reduce the PAR under the tone-reservation 

constraints. These algorithms scale the filtered first-iteration clipping noise by a 

constant or adaptively-calculated factor to compensate for peaks above the threshold. 

The complexity analysis and simulation show that our proposed algorithms achieve 

a larger PAR reduction and lower complexity than the active-set algorithm. 

The PAR can also be reduced by optimizing the signs of data symbols. The 

optimal signs may be transmitted to the receiver as side information to correctly 

decode data symbols. In this thesis, we propose an adaptive mapping scheme to 

eliminate the need for side information at the receiver. We also propose several 

algorithms (based on using a stochastic search or clipping noise as a guide) to solve 

the associated discrete optimization problem of the sign-selection technique. The 

complexity analysis and simulation confirm the complexity advantages of the proposed 

algorithms compared to the selective mapping and the derandomization algorithms. 



Finally, we generalize the Rudin-Shapiro sequence. Constructed from an initial Phase 

Shift Keying (PSK) sequence, the generalized sequence increases the coding rate at 

the cost of an increased PAR. By optimizing the signs of the initial sequence, the 

PAR of the generalized sequence can be further reduced. 
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Chapter 1 

Introduction 

1.1 A Brief Overview of O F D M 

With the development of modern electrical and computer technologies, the demand for 

fast and reliably transmitting multimedia information over wired or wireless channels 

is increasing rapidly. High-speed communications must efficiently use a bandlimited 

channel to obtain a high bit-rate and must combat channel noise, distortion, fad­

ing, etc., to maintain a low bit-error rate (BER). Orthogonal Frequency Division 

Multiplexing (OFDM) is a promising Multicarrier Modulation (MCM) technique for 

high-speed communications. It has been widely used in a number of communica­

tion systems such as IEEE 802.11a/g, IEEE 802.16e, HIPERLAN/2, and Digital 

Video Broadcasting (DVB). Its baseband version (Discrete Multitone (DMT)) has 

become the standard modulation technique for the Asymmetrical Digital Subscriber 

Line (ADSL) and the Very-high-speed Digital Subscriber Line (VDSL). OFDM is also 

a candidate for IEEE 802.20. A prominent capability of OFDM systems is that it 

can possibly reach the channel capacity over frequency-selective fading channels. 

Unlike the traditional single-carrier modulation techniques, OFDM uses a set of 

orthogonal subcarriers to divide the communication channel into subchannels. Data 

bits are transmitted in these subchannels in parallel so as to obtain a high bit-rate [1]. 

Fig. 1.1(a) shows the ideal "brick wall" subchannel division, where the gain of each 

subchannel is a constant in its passband and zero elsewhere. Such a subchannel di­

vision is, however, unrealistic because it requires infinite-length subchannel niters. 

Shown in Fig. 1.1(b), OFDM uses finite-length orthogonal sinusoid subcarriers to di­

vide the subchannels. Although the subchannels are overlapped, and the frequency 
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response of each subchannel has nonzero sidelobes, the gains of the neighboring sub­

channels are zero at the peak of each subchannel. Thus, the transmitted data symbols 

can be demodulated at the receiver without Intercarrier Interference (ICI). Usually, 

a small number of subchannels at the two ends of the OFDM band are not used, in 

order to prevent interference between neighboring frequency bands. 

OFDM Frequency Band 

(a) "Brick wall" subchannel division 

/ 

(b) OFDM subchannel division 

Figure 1.1: Subchannel division. 

OFDM can be efficiently implemented by using the Inverse Fast Fourier Trans­

form (IFFT) and the Fast Fourier Transform (FFT). OFDM eliminates the Inter-

Symbol Interference (ISI) by using the cyclic prefix. Because the bandwidth of each 

subchannel is narrow, the subchannel response is approximately constant. There­

fore, channel distortion can be combated by using a set of one-tap Frequency-Domain 

Equalizers (FEQs). The channel equalization in single-carrier systems is more compli­

cated. OFDM is also robust to the narrow-band interference. In wireline communica­

tions, the water-filling algorithm can be used to maximize the transmission bit-rate [2]. 

With this algorithm, subchannels having large Signal-to-Noise Ratios (SNRs) are as­

signed more bits, and those having small SNRs are assigned less bits or even not used 

if the SNR is too small. In wireless communications, Forward Error Correction (FEC) 

codes can be used to combat the narrow-band interference. 
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The main drawbacks of OFDM are its sensitivity to the ICI (caused by carrier 

frequency mismatch between the transmitter and receiver, and/or the Doppler shift) 

and the large Peak-to-Average Power Ratio (PAR) [1], Fig. 1.2 illustrates the ICI. 

Because of the carrier frequency offset, the receiver cannot sample the received signal 

(in the frequency domain) at the frequencies of the peaks of the subchannel responses. 

The nonzero sidelobes of neighboring subchannels lead to the ICI. In OFDM systems, 

the largest sidelobe is only 13 dB lower than the peak of the subchannel frequency 

response. Thus, a small frequency offset may cause intolerable ICI. The ICI prob­

lem can be alleviated by using the Discrete Cosine Transform (DCT), the Discrete 

Wavelet Transform (DWT), or other filterbank-based MCM systems that have small 

subchannel sidelobes. However, these systems are more complicated than OFDM 

systems using FFT. Many ICI-cancellation techniques for OFDM also have been pro­

posed in the literature [3-11]. Some PAR-reduction algorithms can also be used to 

reduce the PAR and ICI simultaneously [6]. 

The time-domain baseband equivalent OFDM signal has a complex Gaussian dis­

tribution. Thus, compared to its average power, the peak power of the OFDM signal 

can be very high, but occurs rarely [1]. A large PAR requires a linear High Power Am­

plifier (HPA), which, however, is inefficiently used. Moreover, the combination of an 

HPA having insufficient linear-range and a large PAR leads to in-band distortion and 

out-of-band radiation, where the former increases the BER and the latter interferes 

with communications in neighboring frequency bands [1]. Various techniques have 

been proposed to reduce the PAR, including clipping and filtering [12], probabilistic 

techniques [13], and coding techniques [14]. Clipping and filtering clips the OFDM 

signal to a predefined threshold and uses a filter to eliminate out-of-band radiation. 

3 



Probabilistic techniques use multiple candidates to represent the same information 

and select the one with the lowest PAR for transmission. Although coding rates can 

be low, coding techniques guarantee a low PAR. 

1.2 Structure and Contributions of the Thesis 

This thesis focuses mainly on the PAR reduction of OFDM systems. Chapter 2 

describes the OFDM system and the PAR. The existing PAR-reduction techniques 

are discussed in Chapter 3. Chapters 4 to 6 study the mechanism of peak clipping 

and propose several new PAR-reduction algorithms. Chapter 7 concludes this thesis 

and provides suggestions for future study. 

The clipping noise is analyzed in Chapter 4 as a series of parabolic pulses under 

tone-reservation constraints. We first consider the case in which the clipping noise 

consists of a single pulse, and generalize our analysis to the case of multiple pulses. 

Our analysis explains peak regrowth and the constant clipping noise power spectrum 

over the whole OFDM band. We also establish the roughly proportional relationship 

between the clipping noise at the end of several clipping and filtering iterations, and 

that generated in the first iteration. The constant of proportionality is estimated by 

using the level-crossing theory [15,16]. 

Using the clipping noise analysis, we propose a constant-scaling algorithm and an 

adaptive-scaling algorithm for tone-reservation. These algorithms scale the filtered 

first-iteration clipping noise by a constant or adaptively-calculated factor to compen­

sate for peaks above the threshold. The simulation results show that our proposed 

algorithms achieve a larger PAR reduction and lower complexity than the active-set 

algorithm. 

Compared to the previous works [17,18], our main contributions are as follows: 

1. Our analysis is focused on the complex OFDM signal. Compared to the base­

band real OFDM signal [17,18], which has a Gaussian distribution, the complex 

OFDM signal has a Rayleigh distributed envelope and a complex phase, which 

make theoretical analysis more difficult. 

2. We exploit a new model where the basic clipping pulse is approximated as a 
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parabolic magnitude function multiplied by a linear phase function. We derive 

the distribution of the phase change (in Appendices 4.7.B and 4.7.E), and prove 

that the phase change is small and can be omitted (in Appendix 4.7.D). 

3. We prove all the conditions used in our analysis. Although these conditions are 

intuitive, proving them is nontrivial. 

4. We extend the frequency spectrum analysis from the single pulse case ( [19]) to 

the multiple pulses case. Our analysis explains peak regrowth and the constant 

clipping noise power spectrum over the whole OFDM band. 

5. We propose two algorithms to find the near-optimal scaling factor. Compared 

to the active-set algorithm [20], our algorithms obtain a larger PAR reduction 

with lower complexity. 

6. We propose a fast method to calculate the PAR and to find the clipping noise. 

We provide a necessary condition of large peaks. Only the samples that satisfy 

this condition need to be calculated. Because the number of such samples is 

small, the execution time1 of calculating the PAR and finding the clipping noise 

is small. This method can also be used in other PAR-reduction techniques such 

as Selective Mapping (SLM) and Partial Transmit Sequences (PTS). 

Chapter 5 focuses on reducing the PAR by using the sign-selection technique, 

which optimizes the signs of data symbols to minimize the PAR. We first propose 

an adaptive mapping scheme to eliminate the need for side information at the re­

ceiver. To solve the discrete optimization problem associated with the sign-selection 

technique, we propose in Section 5.3 three new probabilistic algorithms (the ran­

dom selection, modified PTS, and recursive partial sequence methods) to find better 

suboptimal solutions. 

Stochastic search and optimization techniques [21] can also be used to find good 

suboptimal solutions for the discrete optimization problem. In Section 5.4, we develop 

two Cross-Entropy (CE)-based PAR-reduction algorithms. Near-optimal solutions 

are obtained with lower complexity by simultaneously modifying the probabilities of 

^ n this thesis, the execution time is counted as the required number of real multiplica­
tions/additions. 
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the signs of all the subcarriers via the CE method. With a fixed number of itera­

tions, these two algorithms obtain the same PAR reduction as the derandomization 

method [22,23] with an 0(N log N) complexity. They also offer a flexible tradeoff 

between PAR reduction and execution time. The simulations show that, for the same 

level of PAR reduction, our algorithms require less execution time than the SLM 

and derandomization methods. To the best of our knowledge, our work is this first 

application of the CE method to PAR reduction. 

Section 5.5 considers PAR reduction based on clipping-noise guided sign-selection. 

The key idea of clipping-noise guided sign-selection (CGS) is to iteratively flip the 

signs of those subcarriers with high levels of clipping noise. In each iteration, the key 

task is to determine the number and locations of such subcarriers. We develop suitable 

criteria for this task and derive two CGS algorithms that can handle both unitary 

(e.g., M-ary Phase Shift Keying (PSK)) and non-unitary (e.g., M-ary Quadrature 

amplitude modulation (QAM)) signal constellations. Although a direct comparison 

among PTS and SLM and CGS is not possible (as PTS and SLM use much less side 

information), CGS gains about 1-2dB over these two methods for a 256-subcarrier 

system. A fair comparison by fixing the amount of side information is possible among 

CGS, derandomization and tone reservation. In this case, for a 256-subcarrier system, 

CGS outperforms these two methods by about ldB. 

In Chapter 6, we generalize the Rudin-Shapiro sequences [24-26] to trade off the 

coding rate and the PAR. The generalized sequence is constructed from an initial 

PSK sequence. Its PAR is then two times that of the initial sequence, and the coding 

rate is increased to og2 p^m
m~ , where N is the number of subcarriers, and m is the 

length of the initial sequence. We show that the PAR of the generalized sequence can 

be further reduced by optimizing the signs of the initial sequence. 
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Chapter 2 

OFDM Systems 

2.1 OFDM Signalling 

OFDM transmits data symbols through a set of orthogonal subcarriers [27]. At the 

transmitter, data symbols on each subcarrier are chosen from a given M^-point signal 

constellation (k = 0, ...,Ar — 1), each of time duration Ts. Mk may be different 

for different subcarriers if bit-loading algorithms are used (e.g., in DMT systems). 

On the other hand, usually M^ = M in wireless communication systems. Each N 

data symbols form an OFDM block X = [X0, ...Xpj-i], which are modulated to N 

subcarriers and then added together and up-converted to the carrier frequency for 

transmission. The transmitted signal can be written as 

xc(t) = 9* f2.1) 
_ i 

where 91 [x] represents the real part of x, fc is the carrier frequency, and xi(t) is the 

l-th baseband equivalent time-domain OFDM symbol, 

N/2-1 

Xl{t) = ~m £ Xi,(k+N)J**h*f%> 0 < i < T , (2.2) 
^ k=-N/2 

with (k + N) denoting [K + N) modulo N, A / = 1/T representing the frequency 

spacing, and T — NTS being the time duration of the OFDM symbol. Because differ­

ent OFDM symbols do not overlap, only one OFDM symbol needs to be considered, 

and the subscript "/" can be dropped. 

Eq. (2.2) can be calculated more conveniently in the discrete-time domain. By 

sampling x{t) at frequency fs = JN/T, where J is the oversampling factor, the 
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discrete-time OFDM symbol be written as 

N/2-1 

~ ] £ X{k+N)e^nk, n = 0,...,JN-l. (2.3) 
N 

k=~N/2 

When J = 1, the above equation reduces to the Nyquist rate sampling case. Eq. (2.3) 

can be implemented by using a length-(JiV) IFFT operation with the input vector 

X e x t = [Xo, •••, Xpf/2-l, 0 , . . . ,0 ,XN/2,---,XN-I]- (2.4) 

(J-l)N zeros 

Thus, Xext is extended from X by using the so-called zero-insertion scheme, i.e., by 

inserting (JN — 1) zeros in the middle of X. 

In the literature, the zero-padding scheme, which appends (JN — 1) zeros at the 

end of X, is also used. By using the zero-padding scheme, (2.2) and (2.3) may be 

written as 

N-l 

x(t) = ~^J2 XkejMAft, 0<t<T, (2.5) 

J V - 1 

= 7 ^ E ^ e J ^ n f c < n = 0,...,JN-l, (2.6) 
k=0 

and the implementation of (2.6) is a length-(JN) IFFT with the input vector 

Xext = [^0) ^ i ) •••! XN-I, 0, ...,0 ]. (2-7) 
(J-1)N zeros 

The difference between the zero-insertion and zero-padding schemes is the po­

sition of the carrier frequency fc. Fig. 2.1 illustrates the frequency spectrum of 

both schemes. If zero-insertion is used, fc is in the middle of the OFDM spectrum, 

Xpf/2,..., XN-I are modulated to the lower side-band (i.e., to the negative frequencies 

in the baseband equivalent model), and the (JV/2 —l)-th and (iV/2)-th subcarriers are 

of t he highest and lowest frequencies, respectively. On the o ther hand , if zero-padding 

is used, fc is on the left end of the OFDM spectrum, no lower side-band exists, and 

the 0-th and (N — l)-th subcarriers are of the highest and lowest frequencies, re­

spectively. The zero-insertion scheme matches practical situations and is easy to use 

for clipping analysis by using the level-crossing theory. However, these two schemes 
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Figure 2.1: OFDM spectrum of zero-insertion and zero-padding schemes 

lead to no difference in PAR statistics. In this thesis, we will alternatively use both 

schemes to facilitate the analysis. 

At the receiver, the received signal is first down-converted to baseband and is 

partitioned into signal blocks yi(t), each with time duration T. Then the l-th. OFDM 

block can be extracted from the yi(t) by using a set of orthogonal signal basis e-J
2'rfcA/*) 

k = —N/2,..., N/2 — 1. Also, because any pair of yi{t) will not overlap, the subscript 

"/" can be dropped in our analysis. 

In practice, the received signal y{t) is first sampled at the Nyquist frequency to 

obtain the discrete-time signal yn. Then, the OFDM block is demodulated by using 

a length-JV FFT operation in accordance with 

1 N-i 
Y* = -7K?^2yne~j¥nk> k = 0,...,N-l. (2.8) 

n=0 

2.2 Modulation and Demodulation Procedure 

The block diagram of the OFDM system is shown in Fig. 2.2. In this figure, at the 

transmitter, the input bitstream is first coded by using a FEC encoder. Then the 

coded serial bitstream is parsed into N parallel bitstreams by using the Serial-to-

Parallel (S/P) converter. Each of these parallel bitstreams is subsequently converted 
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to complex data symbols Xk. An IFFT converter is then used to modulate the OFDM 

symbols to discrete-time OFDM signals one by one. The data symbols in each OFDM 

block are therefore modulated into different subcarriers. After adding the cyclic prefix, 

the discrete-time OFDM signal is converted to a serial signal by using the Parallel-

to-Serial (P/S) converter. The obtained discrete-time signal is then transferred into 

the continuous-time domain by using a Digital-to-Analog (D/A) converter. Finally, 

this signal is amplified by using an HPA and is up-converted to the carrier frequency 

to facilitate its transfer in the actual wireless channel. 
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Figure 2.2: The block diagram of the OFDM system 

At the receiver, the received analog bandpass signal is first down-converted to an 

analog baseband signal. After the Analog-to-Digital (A/D) conversion, the obtained 

digital signal is parsed into parallel data symbols, and the cyclic prefixes are removed. 

Then, the remaining data symbols are demodulated by using an FFT converter and 

are equalized by using a set of one-tap FEQ. The FEQ output symbols are then con­

verted back to a serial bitstream by the digital demodulation and the P/S conversion. 

After FEC decoding, the input bitstream is recovered at the receiver end. 

2.3 Cyclic Prefix and FEQ 

The cyclic prefix (CP) of a discrete-time signal xn is the last v samples of xn. It is 

inserted at the beginning of xn to combat the ISI without using complicated equal­

ization techniques. Because of the multipath delay spread, signal dispersion and 

Input 
itstream 

FE
C

 
E

n
co

d
er

 t-

». A
dd

 G
u
ar

d
 

In
te

rv
al

 • 
• 
• P/S 

Output 
Bitstream 

i * 

FE
C

 
D

ec
od

e 

D
ig

ita
l 

D
em

od
ul

at
io

n 

• 
• 
• 

FEQ 

-.. FFT 

-* 
• 
• 
• 

X 

R
em

ov
e 

G
ua

rd
 I

nt
er

va
l 

10 



overlapping will occur, leading to ISI. In other words, if the channel impulse response 

is hn, n = 0,..., Lh — 1, with Lh representing the length of hn, the received signal 

yn (without considering the channel noise) is the linear convolution of xn and hn. 

However, with the use of a cyclic prefix, yn can be written as the circular convolution 

of xn and hn, provided that v > Lh — 1; i.e., 

Vn = xn ® K, (2.9) 

where (g> denotes the circular convolution. In this case, after the FFT operation and 

dropping the cyclic prefix, we have 

Yk = XkHk, . fc = 0, ..., N-l, (2.10) 

where Hk's are the iV-point FFT of hn. Therefore, if Hk's are known, Xk can be 

recovered at the receiver by using a set of FEQ Wk = l/Hk in accordance with 

Xk = YkWk = Yk/Hk. (2.11) 

The cyclic prefix is only a replica of xn and will not affect our PAR analysis. Hence, 

this prefix will not be considered in the following analysis. 

2.4 Peak-to-Average Power Ratio 

In OFDM systems, because the transmitted signal is the sum of a set of modulated 

signals, the peak power of the transmitted signal can be very high compared to 

its average power. Although occurring only with low probability, such large peaks 

have negative ramifications for the overall system. For instance, the HPA for RF 

transmission has to have a large linear range, which, however, is inefficiently used. 

Moreover, the distortion incurred by the nonlinearity of the HPA leads to in-band 

distortion and out-of-band radiation. The in-band distortion leads to increased BER 

[1]. On the other hand, the out-of-band distortion may severely interfere with the 

signal transmitted in the adjacent frequency bands. 

The PAR of the transmitted signal can be defined as the ratio of the instantaneous 

power over the average power of the transmitted signal [28]: 

12 
A max \xc{ 

E{M^)|2}' 
P A I W ) = T ^ r . - ^ m . 0 < t < T, (2.12) 
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where E{-} represents the mean value of (•). On the other hand, the PAR problem 

can also be measured by using the baseband equivalent signal x(t). Because [29] 

max |xc(£)| ~ max|x(i)|, (2.13) 

and 

E { M i ) | 2 } ^ E { | x ( * ) | 2 } , (2.14) 

we have 

PAR I c ( t )~2PARx ( t ) . (2.15) 

The above definition of the PAR can be called the continuous-time PAR. In prac­

tical situations, usually the PAR is calculated based on the oversampled baseband 

equivalent signal xn obtained from (2.3), in accordance with 

PAR = W <™> 
This PAR distribution is referred to as the discrete-time PAR in this thesis. It 

was shown in [30, 31] that Nyquist sampling (J = 1) may not capture all peaks 

of x(t). Therefore, oversampling is necessary to approximate the continuous-time 

PAR by using the discrete-time PAR. It has been shown [28] that for an acceptable 

approximation, the oversampling factor J is required to be J > 4. 

From (2.3) or (2.6), 

E { W 2 } 4 E W 
k 

If Xk are independent, identically distributed (i.i.d.) random variables, the PAR of 

an OFDM system is al = N. Therefore, in practice, a statistical definition of PAR is 

more frequently used. An OFDM signal is said to have a peak at £ with probability 

Pc if 
Pr[PAR(X) < £] = Pc. (2.17) 

The PAR Complementary Cumulative Distribution Function (CCDF), also called the 

clip probability, is defined as P(£) = Pr[PAR(X) > £] = 1 — Pc\ i.e., the probability 

that PAR exceeds £ is 1 — Pc. For example, the PAR distribution for different over-

sampling factors and for different iV's are shown in Figures 2.3 and 2.4, respectively, 

which show that J = 4 can provide an acceptable approximation to the continuous-

time PAR distribution. 

12 



Peak-to-Average Power Ratio (10log 1 ) (dB) 

Figure 2.3: PAR distribution for different oversampling factors, N = 128. 
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Figure 2.4: PAR distribution for different N, L = 4. 
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Chapter 3 

PAR-Reduction Techniques 

3.1 High-Power Amplifiers 

The purpose of PAR reduction is to counteract the nonlinear effect of the HPA. 

Usually, HPAs are characterized as memory-less nonlinear amplifiers in accordance 

with 

g(x(t)) = F(\x(t)\)e?W+*Ux®U\ (3.1) 

where g(x(t)) is the output of the HPA; x(t) = \x{t)\e>^ is the time domain signal 

input to the HPA; F(\x(t)\) and ®(\x(t)\) are, respectively, the AM/AM and the 

AM/PM distortion functions, where AM denotes the Amplitude Modulation, and 

PM denotes the Phase Modulation. Usually HPAs can be partitioned into three 

categories: the Soft Limiter (SL), the Solid State Power Amplifier (SSPA), and the 

Traveling-Wave Tube (TWT). Their characteristics can be described as follows. 

3.1.1 Soft Limiter 

The Soft Limiter [32] is the simplest model of the HPA. It introduces no distortion in 

the phase of the input signal and simply clips the signal magnitude when it exceeds 

a threshold. Therefore, the output of the soft limiter can be written as 

3(m = lAel!"K w t ) l > ' 4 ' (3.2) 
\x(t), otherwise, 

where A > 0 represents the threshold of the SL. 
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3.1.2 Solid State Power Amplifier 

The SSPA is the most commonly used amplifier in wireless communications. The 

output of SSPA can be written as [1] 

9(x(t)) = ^ r e " W ; (3.3) 
> ( t ) | \ 2 ^ 2 p 

1 
A 

i.e., it introduces no distortion in the signal phase. When p —• oo, the SSPA becomes 

the SL. Usually, p = 3 for a practical SSPA. 

3.1.3 Traveling-Wave Tube 

TWTs are wideband amplifiers widely used in satellite communications [33,34], The 

AM/AM and AM/PM functions of TWT can be written as [28] 

F(\x{t)\) = ^ J. 

$( |x( t) | ) = 

2̂ 4 / (3.4) 

n \x{t)\2 

3\x(t)\2 + AA2' 

As a comparison, the AM/AM functions of SL, SSPA (for p — 3 and p — 10), and 

TWT are shown in Fig. 3.1. The AM/PM function of TWT is shown in Fig. 3.2. 

3.1.4 PAR Distribution and BER Performance 

When Xk are PSK symbols, an upper bound of the PAR can be easily obtained as [35] 

2 N~1 

n = l 

where Rx(n) is the aperiodic autocorrelation function of X^ defined as 

J V - n - l 

Rx(n)= J2 X*+nX*k, (3.6) 
fc=0 

with (•)* representing the complex conjugate. With the assumption that Xk are i.i.d. 

random variables and based on the central limit theory, be approximated 
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as (complex) Gaussian random variables when N is large. Then, \xn\ is Rayleigh 

distributed. The PAR distribution can be approximated as [36] 

P r [ £ < ^ ] ~ ( l - e - ^ 2 f f 2 ) a A A , (3.7) 

where a2 is the variance of the real or imaginary part of xn, and a = 2.8 (obtained 

from empirical experiments). More accurate approximations are also available [37-56]. 

In [46], by using the theory of the level-crossing rate and normalizing r(t) — \x(i)\ 

such that 2cr2 = 1, the probability that all peaks are lower than r is 

{ / -r2 \ ̂ J\Nfe-~f2 

\ re-?2 J ' ' (3.8) 
0, for r <f, 

where f is empirically obtained as f = ^fn for Quadrature Phase Shift Keying (QPSK) 

and slightly lower for 16QAM. The PAR distribution can then be found by replacing 

r and f with -y/£p and yiP, respectively. 

The effect of signal clipping on BER performance has been extensively studied. 

Such analysis focuses mainly on the Signal-to-Noise-plus-Distortion Ratio (SNDR) 

and BER after the passage of x(t) through an SL. 

Clipping x(t) by the SL introduces a clipping noise f(t) = x(t) — g(x(t)), which 

includes in-band distortion and out-of-band radiation. Fig. 3.3 illustrates the power 

spectral density (PSD) of undipped and clipped OFDM signals. 9 dB clipping leads 

to relatively small (—51 dB) out-of-band radiation. However, deeper clipping, e.g., 

6 dB and 3 dB clipping, significantly increases out-of-band radiation to —31 dB and 

—21 dB, which may be unacceptable in practical communications. In [45], it is shown 

that by applying Bussgang's theorem [32], the clipped signal can be written as 

xn = axn + dn, n = 0,..., JN — 1, (3.9) 

where xn and dn are uncorrelated, and the attenuation factor a can be found as 

a = 1 - e"7" + ^ P e r f c (7) (3.10) 

with 7 = A/y/Pt. 

For large N and small A, the clipping noise can be approximated as a Gaussian 

process. For Nyquist-rate clipping (xn is Nyquist-rate sampled), no out-of-band ra­

diation exists. In this case, the SNDR for Additive White Gaussian Noise (AWGN) 
17 
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channel is given by [45] 

SNDR 
K^EJNQ 

(3.11) 
(1-KJEJNO + V 

where Es/N0 is the ratio of the signal energy over the noise Power Spectral Density 

(PSD) after clipping, and K1 = a
2/(l- e~^). The BER of QPSK is then given by 

Pb = Q(SNDR), (3.12) 

where Q(x) = -4= Jx°° e * l2dt. 

The assumption of Gaussian clipping noise holds only for small A. When A is 

large, the clipping noise is a series of pulses which can be approximated as parabolic 

arcs [15]. Based on this approximation, the BER of a real-valued time domain OFDM 

signal (which is used for DMT applications) can be calculated as [17] 

1/3N 

PH = 
8 i V ( L - l ) e _ 7 2 / 

V3L 
ZnY 

[ V§(Z*=Tj J 
(3.13) 
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where a square constellation of L2 points with a minimum distance of 2d is assumed. 

In [49], the performance of OFDM with a strictly limited peak-power requirement 

is analyzed. The analytical results show that the clipping technique exhibits the 

lowest Input Back-off (IBO) requirement compared to the probabilistic techniques, 

especially when N is large. 

3.2 PAR-Reduction Techniques 

Various techniques have been proposed to reduce the PAR, including clipping-based 

techniques, probabilistic techniques and coding techniques. 

3.3 Categorization of the PAR Problem 

PAR research can be divided into two categories: PAR distribution and BER evalua­

tion, and the development of efficient PAR-reduction techniques. Fig. 3.4 illustrates 

this categorization. PAR-reduction techniques can be further divided into two cate­

gories: techniques with distortion and without distortion. Techniques with distortion 

are usually based on signal clipping and lead to continuous solutions where the OFDM 

signals are modified in a continuous manner. These techniques include iterative clip­

ping and filtering [12,19,57,58], and companding [59-81]. A detailed discussion of 

iterative clipping and filtering will be presented in the next subsection. 

For techniques with distortion, distortion-cancellation techniques are necessary 

in order to reduce a possible BER loss. A task common to both categories is the 

development of low complexity algorithms. 

Distortion-less PAR-reduction techniques are more attractive because they do not 

increase the BER. In fact, the BER can even be decreased by exploiting the inherent 

redundancy. These techniques can be divided into three categories: (1) techniques 

having continuous solutions such as tone reservation and Active Constellation Ex­

tension (ACE), (2) techniques having discrete solutions such as SLM, PTS and tone 

injection, and (3) coding techniques. Distortion-less techniques may need side infor­

mation for correct detection. Developing efficient decoding techniques is also a related 

research area. 
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Figure 3.4: Categorization of the PAR problem 

While the PAR problem has obvious practical value, it is also related to many 

theoretical research areas such as discrete optimization and coding theories. 

3.3.1 PAR-Reduction Techniques with Distortion 

The simplest PAR-reduction technique is clipping and filtering [12,19,57,58]. This 

technique clips the OFDM signal to a predefined threshold and uses a filter to elimi­

nate the out-of-band radiation. The purpose of this technique is to satisfy the spectral 

constraints so that the OFDM signal will not interfere with communications in the 

neighboring frequency bands. The inband distortion, however, cannot be eliminated, 

leading to increased BER. Because the probability of large peaks is small, the inband 

distortion is also small when the clipping threshold is large. Consequently, the BER 

increase may be small when, e.g., 4QAM is used, and may be tolerable in some ap­

plications. On the other hand, the inband distortion may be limited to a predefined 

strength [82-85] to reduce the BER increase, with the cost of degraded PAR-reduction 

performance. In [36], each clipping noise sample is multiplied by a window function 

(e.g., Gaussian, Kaiser, or Hamming) to suppress the out-of-band noise. Because the 

overall effect is the convolution of the clipping samples and the windowing function, 
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this approach leads to a bandwidth increase. Alternatively, the inband distortion can 

also be partly canceled at the receiver with additional computational cost. [86-89]. 

Filtering out-of-band radiation can be done in the time domain by using a lowpass 

filter [12] or in the frequency domain by using an FFT/IFFT pair [19,58,90]. By 

using frequency domain filtering, which requires less execution time than using a 

time-domain lowpass filter, the clipping noise is converted to the frequency domain 

by using oversampled FFT, and all out-of-band terms are set to zero. An IFFT is also 

required to convert the filtered clipping noise back to the time domain. Nevertheless, 

a side-effect of filtering is peak regrowth, shown in Fig. 3.5. After filtering, the signal 

peaks grows higher than the clipping threshold (but lower than the original peaks). 

Generally, peak regrowth can be combatted by iterative clipping and filtering [90]. 

However, the convergence is extremely slow after several iterations. To speed up the 

convergence, [90] proposes using a slightly lower clipping threshold, say, 95% of the 

desired PAR level [57], to better suppress peak regrowth. 
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Figure 3.5: Peak regrowth. 

Clipping the OFDM signal is equivalent to passing the signal through a Soft Lim-
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iter. The clipped portion of the signal cannot be perfectly recovered. In contrast, the 

companding transform [59-81] passes the OFDM signal through a smooth nonlinear 

function 

y(t) = g{x{t)), 

where x(t) is the input OFDM signal, and g(x) is the nonlinear companding transform, 

to "compress" the large peaks in x(t). The probability that y(t) has large peaks is 

then much smaller than before companding transforming. 

At the receiver, x{t) is recovered by using g~l{t), the inverse transform of g(t). 

The recovered OFDM signal can be written as 

x(t)=g-1(g(x(t)) + z(t)), 

where z(t) is the channel noise. The companding transform has two drawbacks. First, 

the signal bandwidth is expanded after the transform.1 Second, the channel noise z(t) 

is enhanced at the receiver when recovering the compressed samples. The bandwidth 

expansion and noise enhancement depend on the target PAR level of the companding 

transform. If the target PAR level is low, filtering is required at the transmitter 

to eliminate the out-of-band radiation, which introduces inband distortion and peak 

regrowth. At the receiver, the BER may be unacceptable. 

3.3.1.1 Clipping Noise Cancelation 

Clipping noise can be partly cancelled at the receiver. In [91], the clipping noise is 

estimated and then cancelled by using oversampled signal reconstruction, which re­

constructs the clipped samples by interpolating the oversampled signal. This method 

requires the transmission of a portion of the out-of-band radiation to the receiver. 

Thus, the OFDM bandwidth must be expanded by 25% or more. [92] proposes a 

decision-aided reconstruction method to mitigate the clipping noise. After channel 

equalization, this method first makes a hard decision (in the frequency domain) on 

the received signal samples xn to estimate the data symbols, and then converts them 

back to the time domain to obtain xn. If the channel distortion and channel noise are 

^The bandwidth of the compressed signal is the same as the original signal only when the com­
panding transform is applied to the Nyquist-rate samples. However, the PAR-reduction performance 
is poor in this case. 
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omitted2, xn — xn at the positions of \xn\ < A, where A is the clipping threshold. On 

the other hand, xn contains samples larger than A at the positions of \xn\ > A, which 

may be a better estimation of xn than xn if the clipping is not severe. Therefore, xn 

can be estimated more accurately by 

lx n , otherwise. 

This method is further improved in [86-89] by reconstructing the clipping noise, 

and is later applied to coded OFDM [93,94] and MIMO OFDM [95]. By using (3.9), 

the received samples after the FFT operation can be written as 

Yk = aHkXk + HkDk + Zk, (3.14) 

where Yk, Hk, Dk and Zk are the received signal, channel response, clipping noise, 

and AWGN on the /c-th subcarrier, respectively. Assuming that Hk is known, a coarse 

estimation Xk can be obtained by making a hard decision on Yk/Hk. By converting 

Xk to the time domain, clipping it in the same fashion as at the transmitter, and 

converting the clipped signal back to the frequency domain, we have 

Xk = aXk + Dk. (3.15) 

Assume that most Xk are correct. Then Dk ~ Dk, and one can use Dk to obtain a 

better estimation of Xk; i.e., 

Yk = Yk- HkDk = aHkXk + Hk{Dk - Dk) + Zk. (3.16) 

This procedure can be repeated to improve the estimation accuracy. 

3.3.2 Tone-Reservation 

The tone-reservation technique reserves Nr tones for PAR reduction and uses the 

remaining (N — Nr) tones for data transmission [18,20,96-104]. The reserved tones 

may be randomly selected, or be selected from the subcarriers that have low SNR and 
Arr are not suitable for data transmission. The tone-reservation ratio R = —- is typically 

2The channel distortion and channel noise degrade the performance of clipping noise cancelation. 
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small. The peak-canceling signal c(t) is generated based on the reserved tones, and 

the peak-reduced signal is given by 

x(t) = x(t) + c(t) = - L Y^(Xk + Ck)e
j2^T, 0 < t < T, 

k=—~2 

where C = [C__JV, ...,CJV_1] is the set of peak-canceling tones. x(t) is amplified by 

the HPA and transmitted to the receiver. Denote C as the signal space of all possible 

C vectors. 

Let TZ = {ZQ, ...,'i7vr-i} be the locations of the reserved tones, where —y < ZQ < 

i\ < ••• < ijvr-i < y~~l - Let the index set 1ZC be the complement of 1Z in N = 

{ —y,..., y — 1}. The constraint on c(t) is that C must satisfy Ck = 0 for k E 1ZC. 

On the other hand, X must satisfy Xk = 0 for k G 7Z. X and C are not allowed to 

be nonzero on the same subcarriers; i.e., 

*+*-{S *̂ ' (317) 

Clearly, this technique reduces the normalized system throughput to (1 — R). For 

a frequency-selective fading channel (ignoring the nonlinear amplification), demodu­

lation is done on a per-tone basis. Thus, (3.17) allows the reserved tones to be readily 

discarded. With this method, the BER of the data tones is the same as that of the 

original OFDM system. However, the BER of the whole system is slightly increased 

due to the slightly increased average transmit power. 

With the tone-reservation, the PAR is redefined as 

max\x(t) + c(t)\ 

E{\x(t)\2} ^= n n ! L ; (3-18) 

that is, the peak-canceling signal c(t) is excluded from the calculation of the average 

power to prevent the solution of a c(t) having an averaged power much larger than 

that of x(t). The denominator in Eq. (3.18) is a constant. Thus, C must be chosen 

to minimize the maximum of the time-domain signal: 

Q(opt) _ a m ^ n m a x 

CeC 0<t<T 
£ (xk + cky^T 

(3.19) 
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Eq. (3.19) can be reformulated as a Quadratically Constrained Quadratic Program 

(QCQP) [18]: 

min E 
CeC

 2 (3-20) 
subject to \xn + q„C| < E 

for n = 0,1,.. . , JN — 1, where q„ is n-th row of the IDFT matrix. (3.20) is convex, 

and the global optimum exists [105]. However, finding the optimal solution requires 

a high computational cost. Suboptimal solutions are typically employed. 

The simplest optimization technique for tone-reservation is iterative clipping and 

filtering [90]. In each iteration, this technique clips the OFDM signal to a predefined 

threshold A. The clipped signal is then filtered such that the clipping noise exists 

only on reserved tones. The convergence rate of this technique is extremely slow [18]. 

The controlled clipper algorithm [18] iteratively calculates the peak-reduced time-

domain OFDM signal as follows: 

X « + 1 > = X « - / i Y, a " ) P n 2 ' (3-21) 
\r(i)\->A 

where x ^ is the peak-reduced signal at the i-th iteration, x̂ 0^ = x, x is the OFDM 

signal, A is the target magnitude upper bound of the peak-reduced signal, ah, are 

the clipping noise samples at the z-th iteration, P | 2 is the prototype peak-canceling 

signal, and c is the sample vector of the peak-canceling signal c(t). The convergence 

rate of this algorithm slows down after several iterations, and many iterations are 

usually required to obtain a reasonable PAR reduction [18]. 

An active-set algorithm is proposed in [20] for tone-reservation. This algorithm 

first approximates the peak boundary (a circle centered at the origin of the complex 

plane) as a polygon. For example, Fig 3.6 shows an octagon of radius A. The 

magnitude of point X can be approximated by 

| * | « |X|Approx = max [9t [X], ft [Xejn/4] , V\ [Xejn/2] , ft [Xe^/A]\ 

= max [!H[X], J [X], ft [Xejn/A] , 3 [XeJ7T/4]] , 

where D\ [x] and 3 [x] represent the real and imaginary parts of x, respectively. On 

the other hand, all points that satisfy |AT|APprox < A are within the octagon of radix 
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A. In other words, if we reduce the approximated peak of an OFDM signal to A, its 

actual peak would be only slightly larger than A. 

With this polygonal approximation, the complex OFDM vector x is written as 

a real vector x consisting of the real and imaginary parts of x and its phase-shifted 

Figure 3.6: Polygonal approximation of the peak boundary. 

The active-set algorithm uses the same prototype peak-canceling signal PJr (but 

is rewritten to a real vector p, as explained above) to reduce the PAR. This algorithm 

maintains an active set containing the peaks of x, whose magnitudes are reduced to 

the same level as that in previous iterations. Each sample xni in the active set is 

associated with a peak-canceling kernel p>j (a shifted version of p whose peak is at 

rii). These pt are weighted and summed together to form the peak-canceling signal 

p. In each iteration, the weighting factors of p^ are calculated by solving a set of 

I linear equations, where / is the iteration number, to find a proper optimization 
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direction. Then, at least all peaks of both x and p outside the active set3 are tested 

to find a proper optimization step size /i. The peak-canceling signal p is weighted by 

\x and is subtracted from x. Then, the magnitudes of all samples in the active set are 

equally reduced. The largest peak outside the active set is also reduced to the same 

magnitude of the samples in the active set, and is included in the active set. After 

several iterations, the PAR is reduced to a moderate level. 

3.3.3 Active Constellation Extension 

The ACE technique [106,107] allows the constellation be extended (by the clipping 

noise) so that the minimum Euclidian distance between any two constellation points 

does not increase. For example, the shaded areas in Fig. 3.7 are the feasible extension 

regions for the 16QAM constellation. 

Figure 3.7: Feasible extension region for 16-QAM constellation. 

Finding the optimal peak-canceling signal is similar to (3.20) but with the ad­

ditional constraint that the peak-canceling signal in the frequency domain does not 

allow the use of any value beyond the feasible region. The optimization methods 

discussed above can be applied to the ACE technique. 

The ACE technique does not reduce the throughput. However, this technique 

slightly increases the average transmit power, leading to a slightly increased BER. Its 
3To ensure the active set criteria, generally all samples of x outside the active set must be tested. 
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PAR-reduction capability depends on the signal constellation. Only the outer signal 

points in the constellation are allowed to move. If PSK or 4QAM constellations are 

used, all input data symbols are free to move in the feasible region, and a large PAR 

reduction is obtained. On the other hand, when an MQAM constellation, M > 4, is 

used, in average only N subcarriers in each OFDM block are available for 
6 J M 

PAR reduction. Thus, the PAR-reduction capability of ACE is small for large QAM 

constellations. 

3.3.4 Probabilistic Techniques 

By modifying the phase, amplitude and/or subcarrier position of input symbols, these 

techniques use several candidate OFDM signals to represent the same information, 

and select the one with the lowest PAR. Side information may be required at the 

receiver for correct detection. 

3.3.4.1 Phase-Adjustment Techniques 

A widely used technique is the modification of the phase of the input modulation 

symbols to reduce the PAR [108-111]. Let X = [X0, ...,XN-i] be an OFDM vector, 

and let s = [s0,..., SJV-I] = [e^°,..., e ^ - 1 ] be a phase-adjustment vector. Then, the 

objective function is 

min (PAR of IDFT(s 0 X)) , (3.23) 
s 

where 0 represents the element-wise multiplication. The optimal solution s^opt^ may 

be sent to the receiver as side information for the correct detection of the input 

modulation symbols. The distribution of Sk, k = 0,..., N—l, determines the minimum 

PAR that can be obtained. Assume that Sk are i.i.d., N is large, and s^opt^ is selected 

from K randomly generated phase-adjustment vectors { s ^ , . . . , s ^ } according to a 

predefined distribution of sfc. If the PAR is calculated on the Nyquist-rate discrete-

time-domain samples (i.e., . 7 = 1 for calculating the IDFT), it has been proved that 

the PAR of IDFT(s(°pt) 0 X) is minimized when E{sk} = 0 [112]. Thus, we may 

choose Sfc from 1 or -1 with equal probability to minimize the resulting throughput 

loss. On the other hand, if the PAR is calculated on the oversampled discrete-time-

domain samples (i.e., J > 1) or on the continuous-time-domain signal, choosing Sk 
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from a larger set (e.g., Sk € {1, j , ~~ 1> ~~j}) leads to only minor improvement in the 

PAR reduction [113]. In this thesis, we use sk 6 {1, —1}. 

Eq. (3.23) describes a combinatorial optimization problem over the N dimensional 

binary space {1, — 1}^. Let s0 = 1 without loss of generality. The size of the search 

space is 2iV~1, which grows exponentially with N. Also, finding the PAR of a phase 

sequence requires the evaluation of all the JN samples of the phase-adjusted OFDM 

block. The execution time of finding the optimal phase sequence is thus prohibitively 

large when Â  is large. Many suboptimal techniques have been proposed to reduce the 

optimization complexity by reducing the search space and/or by efficiently computing 

the PAR of each phase sequence. 

[114] proposes an method to estimate the PAR of a phase sequence without 

computing all the JN samples. If the estimated PAR is large, the phase sequence is 

rejected. Otherwise, the exact PAR is calculated as usual and compared with that of 

other sequences to find the optimum sequence. In [115], the polygonal approximation 

of the peak boundary [20] (3.22) is used to reduce the number of multiplications 

in finding the PAR of a sequence, at the cost of an increased number of additions. 

However, because the total number of arithmetic operations (multiplications and 

additions) is still large, this method does not reduce the execution time when the 

multiplier-accumulator [116] is used4. In [104], we propose a fast algorithm to compute 

the PAR. (This algorithm will be discussed in Section 4.3.) The above methods can 

be combined with other methods that reduce the search space to further speed up 

the optimization. 

To reduce the search space, [117] proposes two criteria for constructing a phase 

sequence set that may lead to a low PAR. By studying the PAR relationship between 

two sign sequences, [117] proves that the upper bound of the PAR difference between 

two sign sequences is statistically maximized when the two sign sequences are orthog­

onal. Moreover, the element-wise product of any two sequences in the set should not 

be periodical or similar to periodical. However, a systematic construction method 

has not been found. 

The SLM method [118-120] uses a set of K, K <C 2N~1, randomly generated phase 

4By using the multiplier-accumulator, the execution time of the multiplication is comparable to 
that of the addition. 
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sequences {s^\ . . . , s ^ } . For each OFDM block, the phase sequence s^ leading to 

the lowest PAR is selected to adjust the phases of the OFDM block. Thus, the search 

space is reduced to a set of K phase sequences. SLM reduces the probability of large 

peaks. If the probability that Sj (i = 1,..., K) leads to a PAR larger than £ is P%, then 

the probability that all s, leading to a PAR larger than £ is P* < P$. SLM requires 

K IFFTs for each OFDM block, and the minimum side information is log2 K bits. 

The PTS technique [13,121-124] partitions each OFDM block X into K, K <^N, 

disjoint subblocks X = [Xi, ...,X#]. The sign sequence s is also partitioned into K 

corresponding subblocks s = [si,...,s#], where the elements within each S; are the 

same; i.e., Sj = [SJ, Sj, ..., s^. The size of the search space is then reduced from 2N~l to 

2K~1, making an exhaustive search possible. 2K~l IFFTs are required for each OFDM 

block if the PAR of each sign sequence is calculated by using an IFFT. However, 

K 

x = IFFT[s 0 X ] = ^ sfeIFFT[Xfc], (3.24) 
fe=i 

where x is the vector of time domain signal. Thus, IFFT[Xfe] can be calculated and 

stored before searching for the suitable phase sequence. Then, optimizing the PAR 

of each OFDM block requires only K IFFTs and 2K~1JN{K-\) complex additions. 

The minimum side information is (K — 1) bits (because Si = 1). 

It has been proved that global optimal s(opt) leads to a constant PAR [22]. By 

using the derandomization method, the PAR can be iteratively reduced to less than 

clogN where c is a constant [23,125]. This approach outperforms other probabilistic 

techniques, but with a complexity of 0(N2). 

A sign-flipping method is proposed to reduce the execution time of PTS [126], 

where, in each iteration, the sign of a subblock is flipped between +1 and —1, and 

the one leading to the lower PAR is retained. The whole search space can be formu­

lated as a binary tree. The sign-flipping method searches only one branch of the tree. 

By searching more branches, a larger PAR reduction can be obtained with increased 

execution time [127]; for example, we may search only the all-1 phase sequence and 

its neighbors having a Hamming distance less than or equal to r [128]. In addition 

to the 2K~l phase sequences (i.e., K subblocks) that modify the OFDM block to 

reduce the PAR, extra modifications of the OFDM block can be obtained by complex 
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conjugating, frequency-reversing or circular-shifting a subblock, or multiplying a sub-

block by a predefined phase sequence5 [129]. A dual-layer search scheme is proposed 

in [130], where an OFDM block is divided into D subgroups, called divisions, and 

each division is further divided into M subblocks. A suboptimal sign sequence can 

be found by, e.g., first optimizing the signs of each subblock and then optimizing the 

signs of each division. [131] proposes using a sphere decoder [132-135] to find the 

optimal phase sequence for PTS. In [136], suboptimal solutions are found by using a 

trellis search. 

In [137,138], the IFFT algorithm (used for converting the OFDM block to the 

time domain) is modified such that the original OFDM block is first processed by 

the IFFT algorithm for k stages (the complete Appoint IFFT algorithm has log2 N 

stages) to obtain a intermediate sequence. Different phase sequences are applied to 

the intermediate sequence and then converted to the time domain by completing the 

last n — k stages. Because the last n — k stages involve only small-sized IFFTs, the 

total execution time is then reduced. By exploiting the structure of IFFT, a set of 

specially designed phase sequences can be constructed such that, after calculating 

the PAR of a "base" phase sequence, the PAR of the other phase sequences can be 

calculated from this "base" sequence by using additions only [139-141]. 

A threshold may be used to reduce the execution time. That is, we search the 

whole solution space until a phase sequence leading to a PAR lower than a threshold 

is found. The average execution time is low. However, the latency varies because, 

with a small occurrence probability, some OFDM blocks may need to test a large 

number of phase sequences to reach the threshold. Such a latency problem can be 

alleviated by using an input buffer and an output buffer [142]. 

An alternative to the PTS technique is based on the quantization of the continu-
5If the IFFT of a subblock X& has been obtained, the IFFT of these operations can be readily 

obtained without any arithmetic operation. 
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ously valued (sub)optimal solution. Rewrite (3.24) as 

x = 
^ 2 , 1 ^ 2 , 2 

AjN,l AjNt2 

Ai, M 

A 2,M 

A JN,M 

Si 

«2 

% 

(3.25) 

A 

where [AitTn, A2iTn, • • • , ^4j/v,TO]T is the IFFT of Xm . For each row of A, an optimal 

s can be found either by sorting the elements in this row of A according to the 

decreasing order of their magnitudes and letting Sk alternatively be the phase and 

negative phase of the corresponding An^m [143], or by projecting a predefined vector 

to the null space of this row of A [144]. Then, the optimal continuous valued s is 

quantized to discrete values. Eventually, JN candidates of s are found, and the one 

leading to the lowest PAR is selected. 

3.3.4.2 The Side Information Issue 

Side information may be embedded in the OFDM block for transmission, or may be 

eliminated at the cost of lowered throughput or coding gain. Side information must 

be embedded in the OFDM block before PAR optimization because, otherwise, peak 

regrowth may occur [145]. [146] proposes using a marking algorithm to embed side 

information for PTS. For every possible sign sequence, this algorithm rotates every 

other data symbol in the subblocks having negative signs by 7r/4. A sign sequence 

with the lowest PAR is then searched. This method does not lead to any throughput 

loss. However, if a high-order constellation is used, this method requires a large 

computational cost for decoding, but the decoding results may not be reliable [147]. 

In [28], side information is inserted at the beginning and the middle of the OFDM 

block if SLM or interleaving (discussed later) is used, or is inserted into the first 

subblock of the next OFDM block if PTS is used. 

[148] proposes an SLM scheme without transmitting side information for coded 

OFDM. This scheme encodes data symbols by using a (n, k) non-binary code. Only 

the parity-check symbols are allow to change signs by using one of the K predefined 

sign sequences. The receiver also knows the K sign sequences. At the receiver, a 
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new set of parity-check symbols are constructed by encoding the received k data 

symbols, and then compared with the received parity-check symbols to estimate the 

sign sequence. This estimated sequence is then compared to the K sign sequences to 

find the one used at the transmitter. This scheme has no throughput loss due to side 

information, but the coding gain is lowered. 

[122] shows that transmitting side information is not necessary if the Hamming 

distance of the phase sequences used in PTS or SLM is large, and the phase-adjusted 

symbols do not fall on any modulation constellation points. By using a simplified 

maximum likelihood (ML) decoder at the receiver, data symbols are recovered with 

a slightly increased BER. 

When a low PAR is required, the amount of side information is large, and finding a 

set of phase sequences to satisfy the condition in [122] might be difficult. In this case, 

one may modify the modulation constellation to eliminate side information. In [149], 

we propose an adaptive mapping scheme to map the modulation constellation QM to 

QIM- We will discuss this scheme in Chapter 5. In [150,151], hexagonal constellations 

are used to avoid side information. Fig. 3.8 illustrates an example of the 91-point 

hexagonal (91-Hex) constellation. The 64 points marked by o and A are used to 

carry six information bits. Thus, the 91-Hex constellation has the same throughput 

and the same minimum Euclidian distance as the square 64QAM constellation. Its 

average symbol energy is 10.36d2, where d is the minimum Euclidian distance, which 

is slightly smaller than that of the square 64QAM (10.50d2). 

The signs of 27 outer points A can be modified (between A and x) to minimize 

the PAR. Therefore, no side information is required at the receiver. However, on 

average, only Ns = 27 sub carriers are allowed to change for PAR reduction, and the 

average search space is reduced to S — (1 + jf)N. 

3.3.4.3 A m p l i t u d e / P h a s e - A d j u s t m e n t Techniques 

The PAR of OFDM signals can be reduced by modifying the amplitude and phase of 

the data symbols. The tone injection technique [18] expands the constellation. For 

example, Fig. 3.9 shows the extension of 16QAM, where a point A\ of the original 

16QAM (the shaded area) can be mapped to Ai, A2, A3 or A4. A search in a discrete 

solution space is then required to find the optimum mapping. To simplify the search, 
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Figure 3.8: The 91-point hexagonal constellation. 

usually only the points within the dashed square are used, and each 16QAM symbol 

has two mapping choices. No side information is required at the receiver. However, 

the average power is slightly increased. 

Figure 3.9: Tone Injection. 
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Trellis shaping, which is ordinarily used for reducing the average power at the same 

bit rate [152], can also be used to reduce the PAR [153-156]. This technique uses 

the same constellation expansion as tone injection. However, by using a convolutional 

code, this technique gives rise to higher throughput than tone injection. For example, 

trellis shaping encodes each five bits to a point in Fig. 3.9. Similar to tone injection, 

the trellis shaping technique first maps four bits to a point, say Ai, in the shaded area. 

The other bit s is extended to a 2-bit inverse syndrome of a rate-1/2 convolutional 

codeword z = s ( H - 1 ) r , where H is the generator matrix of the convolutional code, 

and (-)T represents the matrix transpose. By using the Viterbi decoder, a codeword y 

is generated such that y + z selects the one among A\,..., A4 that leads to the lowest 

PAR. 

3.3.4.4 Scrambling and interleaving 

Data permutation can also be used to randomly generate K independent candidates 

for PAR reduction [157-160]. The permutation can be performed either bit-wise or 

symbol-wise. In [161], a selective scrambling approach is proposed where 4 scramblers 

are used for picking up the candidate with the lowest PAR, and 2 bits (00,01,10, or 11) 

are concatenated with information bits to indicate which scrambler is used. By using 

a convolutional encoder [162] or a shift-register with a feedback branch [163], side 

information can be embedded into the scrambled vector as the scrambler's initial state. 

Similar to the method proposed in [163], a guided scrambling method is proposed 

in [164] for SLM and PTS, where the OFDM block (or subblocks if PTS is used) is 

first augmented by different pattern labels (binary vectors), and then divided by the 

scrambling polynomial. Side information (i.e., the label of the selected pattern) is 

then embedded in the scrambled vector. 

Usually, L pilot tones are inserted in each OFDM block to acquire the channel 

state information. As long as the pilot tones are equal-power and equally spaced, 

changing the position of the pilot tone set does not affect channel estimation [165]. 

Thus, one may reduce the PAR of an OFDM block by shifting the pilot tone set to 

the optimal position [166]. Because the average power of the pilot tones is larger than 

that of the data tones, the former can be easily separated from the latter without 

side information at the receiver. PAR can also be reduced by setting some carefully-
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selected subcarriers to zero to obtain a zero-padded PSK [9]. This approach can 

also be viewed as modifying the signal constellation such that zero is included in the 

constellation. 

3.3.5 Coding Techniques 

Coding techniques transmit only the low-PAR codewords [30,167,168]. Golay com­

plementary sets may be used to generate polyphase sequences with a low PAR [14]. 

K sequences Xi,..., X ^ are said to be complementary if the sum of their aperiodic 

autocorrelation functions satisfies 

K K 

Y^RXk(n) = 5(n)J2Rxk(0l (3-26) 
k=\ fc=l 

where 8(n) is the Kronecker delta function, and Rxk{n) is denned in (3.6). Golay 

complementary sets become Golay complementary pairs when K = 2. We can show 

that 

PARX f e<K, k = l,...,K. (3.27) 

The Rudin-Shapiro sequence [14] is a special case of the Golay complementary 

pair, which can be generated recursively as follows: 

Pn+i=Pn + ej8nz2nqn, (3.28) 

qn+i =pn-e
j9nz2nqn, (3.29) 

where p0 = q0 = 1, z = ejoJot, and ej9n are PSK symbols. The PAR of pn or qn is no 

larger than 2. 

Golay complementary sequences can also be generated by concatenating or inter­

leaving two short complementary sequences [168]. [14] shows that most Golay com­

plementary sets are related to first-order Reed-Muller codes. Therefore, a Golay 

complementary sequence can be generated by 

X = [u0, uu ..., um, cx, c2,..., cK]G, (3.30) 

where U{ e {0,..., M — 1} (i = 0,..., m, and M is an even number) are phase indices 

of M-PSK symbols, ck E {0, M/2} (k = 1,..., K, and K= (™)) defines the second-

order coset, G is the generator matrix of the second-order Reed-Muller code with 
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elements of 0 or 1 and the dimension of (m + K + 1) x 2m, and the addition and 

multiplication operations in the matrix multiplication are defined over the modulo-

M. The corresponding M-PSK OFDM block is e^M. 

For a given Cfe, the minimum Hamming distance is dmjn = 2m~1, and the coding 

rate is 
m + l ^ W + l 

Om N 

where N is the length of the coded codewords. With N increasing, R goes to zero. 

Many choices of c*, lead to codewords with a PAR of less than 2. If all these code­

words are used, the minimum Hamming distance is dmin = 2TO~2, and the increased 

coding rate is bounded as 
m + 1 + (?) , s 

R < _ _ : \ll. 3.32 

— 2m 

However, R is close to zero when N is very large. 

Reed-Muller codes can be written as a boolean function f(xi,...,xm), where 

[xm,..., X\]T forms a m by 2m matrix with columns, from left to right, being the 

binary representation of 1, 2,..., 2m, respectively. The second-order Reed-Muller code 

contains only the terms of X{ and XiXj (Vi and j). [14] shows that, for any permutation 
7T of the symbols {1, 2,..., m) and for any u, u^ € Z2h, where h is an integer, 

m m—X 

) = Y2 ukxk + 2h l^2 x«(k)X*(k+i) + u, (3.33) 
fe=i fc=i 

is a Golay complementary sequence over Z2& of length 2TO. The second term de­

termines the value of ĉ  in (3.30). This equation gives m\/2 cosets of first-order 

Reed-Muller codes. Therefore, the coding rate is 

_ m + l+[log2(m ! /2)J 
Om v ' 

[169] proves that (3.33) forms a path on a graph G(Q) with vertices of xi, X2, ...xm. 

If deleting k vertices of the graph results in a path, then all codewords of the coset 

Q + RM9(l,m) (q is an even number) have a PAR no larger than 2k+l. Therefore, 

a tradeoff is allowed between the coding rate and the PAR. Similarly, [170] proposed 

multiple shift codes, which also make a tradeoff between the coding rate and the 

PAR. The main property of multiple shift codes is 

Rx{n) + R,Y(n)=0, for 1 < n < N - 1 and n mod L = 0, (3.35) 
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where L e {1,2, ...,N - 1}. The PAR of X or Y is then no larger than L. 

Ordinary Golay complementary sequences are restricted to PSK modulation. Re­

cently, methods of constructing complementary sequences on high-order QAM con­

stellations have been proposed [171,172]. These methods use two 4QAM on the 

complex plane. By properly choosing the offsets of the two 4QAM, complementary 

sequences can be constructed on 16QAM or 64QAM. For more detail, see [172] and 

the references therein. 

3.3.6 PAR Reduction for MIMO OFDM Systems 

Interest has been growing in the application of OFDM in multiple antenna sys­

tems and the use of Space-Time Block Codes (STBCs) or Space-Frequency Block 

Codes (SFBCs) to combat fading and reduce the outage probability. The Multiple-

Input Multiple-Output (MIMO) OFDM system also suffers from a high PAR. Gen­

erally, PAR-reduction techniques for conventional Single-Input Single-Output (SISO) 

OFDM systems can be directly applied to MIMO OFDM systems. Some modifi­

cations exploiting the structure of MIMO systems are also proposed in the litera­

ture [173-178]. 

Instead of optimizing each antenna separately as in SISO OFDM, most modifica­

tions for PAR reduction in MIMO OFDM focus on optimization over all the antennas 

to reduce the amount of side information and/or the computational cost (with a slight 

loss of PAR-reduction performance). For example, when SLM is used, each phase-

adjustment vector is multiplied to all antennas. The phase-adjustment vector leading 

to the lowest PAR on all antennas is selected [175]. The cross-antenna rotation and 

inversion (CARI) method also adjusts the phase of the data symbols and swaps data 

symbols between two antennas to reduce the PAR [178]. When SFBCs is used in 

MIMO OFDM, CARI must be modified such that the SFBCs code structure is not 

violated [173]. 
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Chapter 4 

PAR Reduction Using 
Clipping-based Techniques 

In this chapter, we analyze the clipping noise under the tone-reservation constraints 

and propose two clipping-based algorithms for peak reduction in OFDM systems [104]. 

To facilitate our analysis, we use the zero-inserting OFDM system where the carrier 

frequency is in the middle of the OFDM frequency band. The time-domain OFDM 

symbol x(t) and its discrete-time samples xn may be written as 

2 *• 

x(t) = ^ ^ Xke^kt'r, 0 < t < T, (4.1) 
N 

k— '2" 

where N data symbols X^ form an OFDM block X = \X_N_, ...,XN__^\, and T is the 

OFDM symbol period, and 

xn = - L E X*^ • n = °> -' JN - 1 • (42) 
k= K 

' 2 

where J is the oversampling factor. 

4.1 Problem Formulation 

The tone-reservation technique [18] reserves iVr tones for PAR reduction and uses the 
Nr remaining (N—Nr) tones for data transmission. The tone-reservation ratio R = —r- is 

typically small. The simplest method to generate the peak-canceling signal is iterative 

clipping and filtering [90]. In each iteration, this technique clips the OFDM signal to 
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a predefined threshold A. The clipped signal is then filtered such that the clipping 

noise exists on the reserved tones only. The convergence rate of this technique is slow. 

Alternatively, we scale the filtered clipping noise to form the peak-canceling signal 

c(t). For clipping x(t) using a soft limiter [32], the clipped OFDM signal x(t) becomes 

W \x(t), | x ( ! ) |<-4 , *• 

where A is the predefined threshold, and 6(t) is the phase of x(t). The clipping noise 

is 

f(t) = x(t)-x{t). (4.4) 

The clipping noise f(t) consists of the segments of x(t) where \x(t)\ exceeds A. Unless 

A is small, /(£) is thus a series of pulses, 

Np 

/(*) = £/«(*). 

where fi(t) is the i-th clipping pulse with pulse duration Tj, with its amplitude max­

imum at tj, and Np is the number of clipping pulses. 

The filtered clipping noise f(t) is obtained by passing f(i) through a filter whose 

passbands are on the reserved tones. The peak-canceling signal is a scaled version of 

the filtered clipping noise: 

c(t) = -f3f(t), 

where (3 is the scaling factor to be optimized. One of our objectives is to optimize (3 

such that the PAR is minimized. Thus, the optimization problem is 

mm max 
P 0<t<T 

x(t) - pf(t) 2. (4.5) 

We will start with the analysis of clipping and filtering, and reveal the mechanism 

of peak regrowth; i.e., the clipped peaks may grow and exceed A after filtering. The 

analysis of the peak regrowth will facilitate the optimization of (3. We will also give 

an analytical explanation of the flat spectrum of the clipping noise, which has been 

observed in [99] by simulation. 
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4.2 Analysis of Clipping and Filtering 

4.2.1 T ime Domain Analysis of Clipping Noise 

In our analysis, we assume that the real and imaginary parts of input data symbol 

Xk are independent, identically distributed (i.i.d.) random variables with zero mean 

and variance a2. We also assume that A and N are large, T is small, and the OFDM 

bandwidth W = N/T is a constant. 

In DMT systems, x(t) is real. Based on the central limit theory, x(t) is a Gaussian 

random process when N is large. The clipping noise f(t) is then the consequence of the 

upward level crossing of x(t) at level A and the down level crossing of x{t) at level —A. 

The level crossing of a Gaussian process has been extensively studied [15,32,179-188]. 

The spectrum of the clipped Gaussian process is given in [189] and the BER of the 

clipped DMT signal is given in [17]. 

In OFDM systems, x(t) is a complex signal. Let x(t) = Xn(t) +jxi(t) = r{t)e^e^\ 

where xR(t), £/(£), r(t) > 0 and 9{t) are the real and imaginary parts, the magnitude 

and the phase of x(t), respectively. Based on the central limit theory, xn(t) and 

xj{t) are i.i.d. Gaussian random processes with zero mean and variance1 a2, r(t) is a 

Rayleigh process, 9(t) is uniformly distributed between [0, 2n), and r(t) is independent 

to 9(t). The power of x(t) (i.e., r2(t)), is a x2 process with two degrees of freedom. 

The clipping noise f(t) is the consequence of the upward level crossing of r(t) at 

level A, or equivalently, of r2(t) at level A2. The level crossing of a x2 process has 

been studied in [190,191]. We will use the results from these studies to analyze the 

time and frequency domain characteristics of the clipping noise /(£). 

The level crossing rate (the expected number of crossings of level A per second) 

can be found as [16] 

AA = 4 = 4 e - ^ , (4.6) 

where [15] 

a2 = E{x\(t)} = E{x]{t)} = ±-Ju2S(u)du, 

and S(u>) is the PSD of xR{t) or xi(t). When N is large, S(to) is (approximately) 

xIf Nr = RN tones are reserved, the variance of xn(t) and xj{t) is then <r2R. 
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constant over a fixed frequency band [-W/2, W/2j. Then, we have 

3 T2 3 v ) 

By substituting (4.7) into (4.6), the level crossing rate is 

With our assumption of a large A, each up-crossing of level A leads to a clipping pulse. 

Therefore, the average number of clipping pulses in one OFDM signal duration can 

be calculated as 

Np = E{NP} = XAT = N ^ e - A 2 ^ 2 . (4.9) 

The clipping pulse duration r is a Rayleigh random variable with a probability density 

function [190] 

^H^-p(-^T), (4-10) 
where f is the mean of r. Because XAf = Pr[r(t) > A], f can be calculated as 

Pr[r(t) > A] a2y/2ir / F a 
T = "XA ' = ^ A - = \lnAW- ( 4 1 1 ) 

Let us consider a clipping pulse fi(t) that reaches its maximum magnitude at ti 

and has a time duration TJ. That is, fi(t) = (r(t) — A)e^e<^ within its pulse duration 

and is zero elsewhere. Eqs. (4.10) and (4.11) imply that, most probably, r is very 

small in practical OFDM systems. Then, r(t) can be approximated as a parabolic 

function by using its Taylor's series expansion at t — ti. Let Aij = t — U. Because 

r(ij) > A, r(ti) = 0 and r(tj) < 0, we have 

r(t) = r(U + Mi) ~ r(U) + r(**)A*i + -f(«i)A<? 
1
 2 (4.12) 

= r(U) + -r(*i)At?. 

With this approximation, r(ti + AtA is symmetric to U. Then, r(U — Tj/2) ~ r(U + 

Tj/2) « A, and 

8(rfo)-A) 
1 ~ V W ' 

Let 6j = —f(tj). We have 

(4.13) 

riU + AQ-An-^biAtt + lbiT?, - | < A ^ < | . (4.14) 
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Now let us look at the phase 6{t) = 6(ti + Ati). The phase change within — Tj/2 < 

Ati < Tj/2 is generally small. The phase of /*(** + At;) is determined by all the 

constituent frequency components of x(t), where x(t) is a band-limited signal. The 

n 
phase change of the /c-th frequency component, from t = U to t = U + —, is 

1. A6k = 2nk^-, 
2T 

ituting Tj by f, we find 

\/&nka 
A6k = k NA ' 

fc = 

k = 

N 

~~2' 

N 

N -, 

iV 
" 2 

1. 
2 2 

The largest phase change happens on k = — y , and its value does not depend on N. 

By letting 6k = 6N_ for all k, the phase variation of fi(t) from £ = £* to t = U + 7̂ -
2 2 

is upper-bounded by -——-. Clearly, the upper bound is quite loose, and the actual 

phase variation of /$(£) is much smaller than this bound because some negative and 

positive phase changes may cancel each other. Nevertheless, because this upper bound 

is small when A is large, we can approximate 6(U + AtA — arcsin I . —-—~ 1 by 
V r{U + Ati) ) 

its Taylor's series expansion at t — W-

6(U + AU) ~0i + 7iAU, 

where 6i = 6(ti) and 
£,(£;) 
XR(U)\ 

Then, 

fi(t) = fiiU + At,) = (r(ti + AU) - A)e^+^ 

« {-\kAtl + \b^)e^+^\ -Tj < AU < Tj. 

The absolute value of the phase term "fi AU is most probably small and can be 

omitted. Appendix 4.7.B gives the conditional probability density function (pdf) and 

moments of 7* given r(tj) = 0 and r(ti) > A. Using these results, we have 

E{h\}E{rl} = ^ e r f c ( - J - ) e ^ , (4.15) 

2 Cx 

erfc (x) = 1 — erf (x) = 1 -= / e~f dt. 
VWo 

where 
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In Appendix 4.7.D, we show that j t and Tj are uncorrelated. Thus, (4.15) may provide 

us some information about how small 7;T; usually is. For example, E{\^i\}E{Ti} ~ 

0.07-7T when Aj\[2a = 6 dB, and is 0.047T when A/\/2a = 9 dB. A rigid justification of 

small |7iAij| requires the joint cumulative distribution function (cdf) of 7 ^ , which, 

unfortunately, is difficult to write in the closed form. However, an upper bound for 

the phase change of /$(£) can be found. 

Because \fi(t)\ is close to zero when \AU\ is close to Tj/2, we may look at the 

phase change within the 6dB width of ft(t), which is defined as the time duration 

when \fi(t)\ is no less than half of its maximum magnitude and is equal to Tj/\/2. By 

using the Chebyshev inequality, we have 

Pr[|Wx/2| >5\<^, 

where crfi is the variance of 7 J T J / \ / 2 , and 8 > 0. However, by using the Cauchy-Schwarz 

inequality, 

ol = E{\^}<\ylE{^}E{7t}. 

Denote the right-hand side of this inequality as of. It is calculated by using the 

results of Appendix 4.7.B as 

9 2V6<73 / „ f A2\ A2
 A2I0 2 

*• = — f - E ' ( 2 W ' ' 
where 

roo e-tx 
Ej (x) = / dt. 

Then, we have 

Pr[|WV2| > 5a,] < 1 

For example, by letting 8 = 3, the probability that the phase change within the 6dB 

width of fi(t) is larger than 0.12TT for A/y/2a = 6dB, or 0.03?r for A/V^a = 9dB, is 

less than or equal to 1/9. Therefore, we can omit the phase term 7JTJ and approximate 

the clipping pulse as a constant phase parabolic function: 

ft(t) = MU + At,) « {-\bM + ±biTf)e?«, - | < At, < | . (4.16) 
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Remark 4.1. In our approximation, we implicitly assume that /,(£) has only one local 

maximum (at t = tj). In other words, f(tj) is always negative. Appendix 4.7.C shows 

that Pr[r(tj) > 0|f(tj) = 0,r(U) > A] -> 0 when A -> 00, and in practical OFDM 

systems, Pr[f(^) > 0|r(£j) = 0,r(tj) > A] w 0 unless A is very small. On the other 

hand, some papers (e.g., [17]) approximate fi(t) by expanding r(t) at t = ij — Ti/2, 

where r (^ — Tj/2) = A and r(tj — Tj/2) > 0. Then, T, becomes 

2r(tf - Tj/2) 
T' ~ r(ti - Ti/2) 

with an assumption that r(ti — Ti/2) < 0. Although such an assumptions holds for 

A —• oo, simulation results show that it is frequently violated even for A = 6dB. 

4.2.2 Frequency Domain Analysis of Clipping Noise 

The frequency spectrum of the Nyquist-rate sampled discrete-time real clipping noise 

is given in [17]. For the continuous-time complex clipping noise, the frequency spec­

trum of fi(t) is the Fourier transform of (4.16); i.e., 

Fi{u) = e ^ - * ) ^ (sinc ^ _ c o s ^ ) , (4.17) 

sin x 
where sincx = . FAui) is distributed over the whole frequency band from u> — 

x 

— oo to oo. Fig. 4.1 shows an example of Fj(w), which is the Fourier transform of a 

clipping pulse we arbitrarily selected from the simulation. The solid curve represents 

|Fj(a;)|, and the dashed line illustrates the OFDM frequency band. We observe that 

Fi(uj) contributes a large portion of the out-of-band radiation. The in-band clipping 

noise is only a small portion of Fi(u). 
For multiple pulses, the PSD of the clipping noise is 

1 1 ( Np 1 1 i Np Np ) 

SfW = fE{\F(u)\2} = TElJ2\FM\2 + TE\ E E ^ ) F * H \ • 
I i = l J i = l fc=l 

^ k^i ) 
Because Np is a random variable, we cannot directly exchange the order of summation 
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Figure 4.1: Frequency spectrum of fi(t). 

and expectation. However, by the definition, 

i . r A . _ . . , a i l i m i 
Nc. 

T E El^HI' 
L i = l 

T n^oo n 1̂ ,/MP 
f = l i = l 

= i l imEr=i^Er=1E!ii ,i^Hia 

T n—>oo n E?=i ^,< 

= 1fi?{|F i(a;)|2} = AA£:{|Fi(a;)|2}, 

where the subscript / represents the /-th trial. Therefore, 

S,(u) = A^d^HI2} + \E J (^) } E{F^)F^)}, 

where i ^ k. Note that 

/

OO 7*00 

-OO J —CXI 

E{Fi(ui)F^(uj)} is determined by 

£{/i(*)/*(*)} = £{( '& + At*) - ,4)e^+ A^(r(t f c + Atfc) - A)e~^+^}. 
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However, r{t) and 8(t) are independent. Thus, we have 

E{fi(i)fk(i)} = E{(r(U + At,) - A)(r(tk + Atfe) - A)}E{e^+^e^+^}. 

We show in Appendix 4.7.A that, when (U + At;) and (tk + Atfc) belong to different 

clipping pulses (as is true in our case), xiti + At;) and x(tk + At^) are approxi­

mately independent, and thus 6{U + Atj) and 6{tk + Atfc) are uncorrelated. Then, 

E{Fi(uj)FZ(u})} = 0 and 

Sf(u) = XAE{\Fi(uj)\2}. (4.18) 

The out-of-band radiation will be eliminated by filtering. Therefore, we are in­

terested in the in-band clipping noise. When A is large, generally —- is small for 

\u>\< -7=-. Thus, we may approximate Fi(u>) as 

F&) & ePQ*-^^ (4.19) 

x2 

by using [17] sine a; — cosx «s —. Because Fi(u) does not depend on the frequency 

u), Sf(u) is (approximately) constant over the OFDM band. 

We may write 6; and rt as a function of x^(tj), xj(ti), X/(tj), xn(ti), and xi(ti). 

The joint pdf of these random variables can be easily found. However, a closed-form 

expression of E{b2r^} cannot be obtained. 

4.2.3 Clipping Noise Power Spectral Density 

In this subsection, we calculate the in-band clipping noise PSD by using a result 
r2(t) &2 A 2 

in [191]. Define y(t) = - ~ , A = — and u = —. [191, Theorem 2.2] shows that, 

if y(t) up-crosses the level u at t = 0, with probability 1, y(t) around t = 0 can be 

written as 

y(t) = —Xut2 + 2zv\ut + u, when u —> oo, (4.20) 
where z is a Rayleigh random variable with the pdf 

p(z) = ze~*2/2, z > 0. 

Also, the time duration r between this up-crossing and the successive down-crossing 

is [191, Theorem 3.1] 
2z 

T = 
Xu 
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with probability 1 when u —> oo. Because, most probably, r is very small for large 

A/a in practical OFDM systems, we may use (4.20) to approximate the whole clipping 

pulse. Expanding r(t) — a\/y{t) by using its Taylor's series at t = 0, we have 

r(t) ~ a^fu + yXazt — -Xa I y/u -\ •= I t2 

2 V VUJ 
a^/u + \/Xozt - -Xa^/ut2 (4-21) 

a2A / r \ 2 Aa2r2 

T ( * - - ) + 7T- + A, 0<t<r. 

z2 

The second step is obtained because —-= <C Ju when u —> oo. 

Remark 4.2. In the proof of [191, Theorem 2.2], y(t/y/u) is first approximated by 

approximating R(t) and its first derivative R(t), where R(t) is the correlation function 

of Xfi(t) or xj(t), as polynomials of £ with orders no larger than 2. Then, (4.20) is 

obtained for u —> oo by letting all terms that contain u~v, where v > 0, be zero. 

In this paper, it is easy to check that the same approximation of r(t) as in (4.21) 

is also obtained if y(t/y/u) is approximated by approximating R(t) and R(t) with 

polynomials of orders higher than 2. 

Now, we can approximate a clipping pulse fk(t) that occurs in tk < t < tk + rk as 

/*(*) = \r(tk + Atk) - A\e^^A^ 

^ (At* - T ) 2 + ^ ? ) ^ + * A W » ° * Affc^ T< 
where 9k = 8(tk), and 

= ii(tk)r(tk) -xi(tk)r{tk) 

r{tk)\xR(tk)\ 

= A/(t f c)A-xjfa)rfa) 
A|x*(*fc)| 

Appendix 4.7.E shows that, when A is large, % has the same distribution as the 7* 

used in the previous subsection. Thus, rjkAtk is most probably small and can be 

ignored. Following the same procedure of the previous subsection, we have 

Fk(u>) = e^-(^/2)) fM (sinc ( ^ * H _ cog (j^h\ 
a2(uj-7]k)

2 \ 2 2 / 
A • 9 "3 

_ A ( T Tfc „,7(efc-cj(tfc+Tfc/2)) 
~ 12(72 
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Then, the in-band clipping noise PSD is 

Sf{u) = \AE{\Fk{u)\2} 

A3&5 

e-WE{r*} 
144 V

/ 2^CT 6 

32^/2>6
 A W 

3^&A* (4.22) 

32y/2a2 -Ay2a2 

7r^(A/a)3W 
e 

16V^ 0-A
2/2a2 Q 

iry/3n(A/a) 

where Sx = —-— is the PSD of the OFDM signal x(t). For example, when A/y/2a = 

6 dB, the PSD of in-band clipping noise is —27 dB lower than that of the input OFDM 

signal. 

4.2.4 Filtered Clipping Noise 

The in-band clipping noise falls on both the reserved tones and the data tones. While 

the former must be kept for PAR reduction, the latter, as well as the out-of-band 

radiation, has to be filtered such that the clipping noise will not interfere with the 

data symbols or the communications on the neighboring frequency bands. In this sub­

section, we first consider reserving Nr consecutive tones around the center frequency; 

i.e., 1Z = { — ̂ , — ^ + 1,..., ^ — 1}. Other distributions of the reserved tones will 

be discussed later. To filter the clipping noise, we use an ideal lowpass filter with the 

passband [—LUC,U>C] where 

uc = 2irfc = 2 T T ^ | = irRW. 

The filtered clipping noise is then given by 

f® = T ^F^e^dtu. (4.23) 

By substituting (4.19) into (4.23), the filtered clipping noise may be expressed as 

Nv N„ 

6 
f(t) = f(U + Att) = J2 /«(*) = J2 ^ ^ s i n c Wc^U. (4-24) 

i=l i = l 
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Without loss of generality, we consider the clipping pulse /*(£) and assume it 

occurs at tj = 0 and has the phase 0j = 0. Its filtered version is 

fi(t) = ^ s i n c 2 7 r fct. (4.25) 

Fig. 4.2 shows fi(t) and fi(t). Several observations can be made by comparing fi(t) 

with fi(t): 

Time 

Figure 4.2: The clipping pulse fi(t) and its filtered version fi(t). 

1. fi(t) and fi(t) reach their peaks at the same time instant t = 0. 

2. fi(t) and fi(t) have the same direction within the pulse duration of fi(t). 

3. The mainlobe duration of fi{t) is much wider than that of /,(£). The mainlobe 

duration of fi(t) can be calculated as 

„ 2T 
T = 

iVr' 

By using (4.11), the ratio of the average clipping pulse duration f over f is 

f [Y Nr 

r V 2TT N(£ 
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when A/a is large. 

4. The sidelobe peaks of fi(t) decay with the rate of 1/t. Specifically, the sidelobe 

peaks of fat) are 

fi(Tk) 
hrfft fi(t) k — 1, 2, 3,..., 

3(2fc + l)7r (2k + l)ir 

with Tk representing the sidelobe peak occurrence time in accordance with 

(2k + l)T 2k+ 1 

(4.26) 

T, (4.27) 
2Nr 2RW 

For example, the peak of the first sidelobe is only 21.22% of that of the mainlobe. 

5. The maximum of fi(t) is much less than that of fi(t). In fact, 

Mt) "Ti l/i(*)lr 

where a is defined as 
_ 4 _ 2RW 

« - 3 / c - 3 , (4.28) 

and the expectation of ar{ is 

E\ari} = af = R—=— < 1 1 ; x/3^A 

when A/a is large. For example, ar « 1.63% when A = 6dB RJ 1.9953, a2 

2' 
and .R = 70. 

Point 5 explains why the peak regrows after filtering. Recall that the clipped 

signal is x(t) = x(t) — f(t), and that after filtering it becomes x(t) — x(t) — f(t). 

While f{t) is chosen such that \x(ti)\ = A at the peaks of x(t)| i=<i, the clipped and 

filtered signal x{U) > A because /;(£) < \fi(t)\max. 
max 

4.2.5 Iterative Clipping and Filtering: Single Clipping Pulse 

To suppress the peak regrowth, clipping and filtering may be repeated until a suitable 

criterion is met. We first temporarily assume that the clipping noise at the first iter­

ation f^(t) consists of only one dominant clipping pulse f> it) (with pulse duration 
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.(1) r\ ') that is much larger than other clipping pulses; i.e., 

/(i)(t)=£/n*)' 
c( l ) /rw » W\t) , for all k ^ i. 

In this case, the clipped and filtered OFDM signal after the first iteration x^(t) ~ 

x(t) — fl \t), where f\ '(t) is the filtered version of f> '(t), can be divided into three 

parts: 

1) \t\ < r^/2. 

m, r ( l ) Within this range, fl '(t), f> }{t) and x(t) have the same phase and \f> '(t) ?(i)/ < 

/i(1)W . Therefore, 

?(i) xW(t)\*\x(t)-fr(t)\>\x(t)-fi>(t) F ( l ) ( = A 

In other words, after passing x^(t) through the SL, a clipping pulse, denoted as 

fl (t), occurs in the second clipping iteration at the same position as fl (t). By 

applying Taylor's series expansion to (4.25), and because 
W c ^ 

(1) 

imate the filtered clipping pulse f> (t) as a constant Wi 

/f"w « kij')?h 
6 

?(i) fl1'® t < 
T 

<C 1, we can approx-

(i) 

(2 ) , Then, the clipping pulse at the second iteration fl (t) can be written as 

it\t) = fil\t) - f^it) * -\ble + \bl(riy - Mzffi^, (4.29) 

which is also a parabolic arc with reduced magnitude. By solving /> (t) = 0, the 

time duration of f\ (t) can be found as 

-(2) 
T f V 1 - ! ^ = 7f\A-°(1,T»), 

where a^ is the a defined in (4.28). 

T; 
(i) 

2) "k- < 1*1 < r 2, where T2 is given in (4.27). 

In this range, \x{t)\ < A because only one clipping pulse exists. However, de­

pending on the phase of f> (t), \x^(t)\ may be greater than A In other words, new 

clipping pulses may be generated in the second clipping iteration. However, because 

52 



?(1), frit) «fru) 
max 

rtt)/ , these new clipping pulses are very small compared to the 
max 

clipping pulse f> \t), and their effects can be ignored. 

3) \t\ > T2. 

Because the peaks of / / '(t) decay with the rate of 1/t, we can see that, in this 

range, x^(t) ~ x(t). Therefore, no clipping pulses exist at \t\ > T2 in the second 

clipping iteration. 

The successive clipping and filtering iterations repeat this procedure. Therefore, 

we conclude: 

For the case of only one dominant clipping pulse, in the Z-th (/ = 2,3,...) clipping 

and filtering iteration, f\ ~ (t) shrinks to fi (t), and some new pulses possibly ap­

pear. Here, / / ~ (t) and / / (t) are the dominant clipping pulses at the (I — l)-th and 

i-th iterations, respectively. Until f\ (t) is comparable to the new pulses, the latter 

can be omitted, and the former can be written as 

ff\t) = -\ht2 + \bi{rf))\ 1 = 1,2,3,..., (4.30) 

where 

f?\t) = Mt), 
r(1) = r 

and 

rP=rt1)\/l-art1\ i = 2,3,4,..., (4.31) 

and a is defined in (4.28). Moreover, the filtered clipping pulse in the l-th iteration 

is 

f?\t) = bi{Til
6
)3fcsmc2nfct. (4.32) 

Thus, the filtered clipping noise generated in the l-th iteration is proportional to 

that generated in the first iteration. Define (5 as 

A total filtered clipping noise after K iterations 
filtered clipping noise generated in the first iteration 

If only one dominant clipping pulse exists, 

O _ 2 -^=1 Jj \t) _ l^l = l \Ti ) (A QO\ 
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Finding J3, the mean of /?, is difficult. However, an estimation of J3 can be obtained 

when K is not large. When A is large, ar> « 1 . Then, v/l — ar> can be treated 

as a constant. /3 can then be estimated by replacing T\ ' with its mean f. Thus, 

1 — (1 — a r ) ^ 

We will use /? in the const ant-scaling algorithm proposed in the next section. 

Remark 4.3. Because 7TTJW is most probably very small when A is large, it is easy to 

show that (4.33) and (4.34) also apply to other reserved tone sets. 

4.2.6 Iterative Clipping and Filtering: Multiple Pulses 

In OFDM systems, the (unfiltered) clipping noise is usually a series of parabolic pulses. 

In each clipping and filtering iteration, the filtered clipping noise at U — T> /2 < 

t < t + ri12 is the mainlobe of f> (i) plus the mainlobes (if they are close to 

t = ti) or the sidelobes (if they are far from t — ti) of all the other filtered pulses at 

ti-T^/2<t<t + ^l)/2. 

If a clipping pulse contributes an impact stronger than its k-th sidelobe, where k is 

properly chosen such that the k-th sidelobe is relatively large and cannot be omitted, 

the clipping pulse must occur within the time interval U — Tk<t< ti + Tk. Eq. (4.57) 

in Appendix 4.7.A gives the probability that two or more clipping pulses occur within 

a time interval. Substituting (4.27) into (4.57), we can see that such a probability is 

independent of N. In other words, with a fixed probability, the number of clipping 

pulses that occur within the time interval £; — Tk < t < U + Tk is independent of N. 

However, while N —> oo, the average number of clipping pulses also goes to oo (see 

(4.9)). Therefore, the effect of most other filtered pulses at ti-r^/2 < t < t + r^/2 

can be omitted. We need to consider only the pulses close to the mainlobe of f> (t). 

After the l-th iteration, the peak-reduced OFDM signal at t = ti becomes 

&ll+1)(U) = (A + \fP(U)\ - \ff\u)\)^')M - £/<?(ii), 

where 9^{ti) is the phase of £^(ij). When A is very large, say A > 9dB, all fm(t) 

are far apart from / / (£), and \fL (U)] « 0 for all m^i. In this case, our conclusions 
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in the previous section hold. It is easy to show that, with I —> oo, the clipping noise 

at the l-th iteration /w(£) —• 0, and the peak of x(t) at t = U is reduced to A. 

On the other hand, for moderate A, some of fmiti) may be relatively large and 

cannot be omitted. In this case, we decompose fm (U) as 

/«(*.)=(/!!,«.)+i/£,(«.)y",<'". 

where f^jiU) and f^q{ti) are the inphase and quadrature components along the 

direction of x^l\{ti), respectively. By noting that, most probably, A is much larger 

than any clipping pulse, f^qiU) can be omitted when calculating 0+1\ti). Then, in 

the (I + l)-th iteration, the clipping pulse at t = U is 

/<'+,,(*,) - ( l/f «.)l - l i f (*.)l - £/S,(*<)) ^",("». 

Depending on the sign of J2m^i fL ifa), the peak reduction may be strengthened 

or weakened. Moreover, \f\ (ti)\ > \fi {U)\] i.e., the peak is increased, when 

Remark 4.4. In the multiple clipping pulses case, the validity of (4.33) and (4.34) 

depends on A. That is, (4.33) and (4.34) are valid when A is large. Otherwise, 

the estimation error of these two equations is relatively large. However, the above 

analysis is still valid, and the total filtered clipping noise is still proportional to that 

generated in the first iteration until A is so small that the width of the mainlobe of 

Fi(u) is comparable to or smaller than W. 

Remark 4.5. A wider mainlobe of a filtered clipping pulse implies that its magnitude 

will be interfered with by more neighboring clipping pulses. This interference, in turn, 

implies a worse PAR-reduction performance. Therefore, the filtered clipping pulse 

should be made close to an impulse function; i.e., both the width of the mainlobe and 

the magnitudes of the sidelobes must be minimized. 

We will now check at what level of A (4.33) and (4.34) are valid. Such a level of 

A, denoted as AhreSJ depends on the choice of the reserved-tone set. [18] proves that 

a close-to-optimum reserved-tone set can be found from a small number of randomly 

selected reserved-tone sets. This proof implies that consecutive reserved tones usually 
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lead to non-optimal solutions. Therefore, we may use the consecutive reserved tones 

to find Athves- In other words, if (4.33) and (4.34) are valid for consecutive reserved 

tones when A > Athies, they are also valid for most other reserved-tone sets when 

A > ^4thres-

Eq. (4.27) indicates that the width of the mainlobe and sidelobes of the filtered 

clipping pulse fi(t) is determined only by the tone reservation ratio R and the OFDM 

bandwidth W. Therefore, we may use a Tk as a reference such that the tail of fi(t) 

beyond T^ is small and can be ignored. From (4.26), the peak of the 4th sidelobe 

is only 7% of that of the mainlobe. Therefore, if any pair of pulses are apart by 

at least T4 seconds, (4.33) and (4.34) are valid. By substituting T4 into (4.59), the 

probability that more than one clipping pulse occur with a time duration of T4, given 

that a clipping pulse has already occurred in this time interval, is 

Pr ( l ) = l - e - T 4 A A . 

Fig. 4.3 illustrates the relationship of Pr ( l ) and A for R = 0.05, 0.1 and 0.2, where 

a — l / \ / 2 and T4 are used. In this figure, we also include R = 1 as a reference. We 

refer to R = 1 as the iterative clipping and filtering technique [12] where no tone is 

reserved and clipping noise is distributed over the whole OFDM band. 

We see that, for R = 0.05, 0.1 and 0.2, (4.33) and (4.34) can be used with a small 

approximation error when A > 9dB, 8.5 dB and 8dB, respectively. However, if no 

tone is reserved and the clipping noise is distributed over the whole OFDM band 

(R = 1), the two equations are valid when A > 6.5 dB. 

Remark 4.6. Here, we choose a strict criterion to find Athres- A less strict criterion 

can be obtained by selecting a larger sidelobe (e.g., T\) as the reference, by using a 

Pr(m) where m > 1, and/or allowing a larger Pr(m) in determining Athres. 

4.2.7 Effect of Reserved-Tone Position on PAR Reduction 

Let us consider using an ideal bandpass filter with passbands on only the reserved 

tones 1Z to filter the i-th. clipping pulse ft(t).2 We assume that fi(t) occurs at U — 0 

2Although % is a discrete set, here, for simplicity, we slightly misuse 7£ to represent the reserved 
tones in the continuous frequency domain. In this case, each item i £lZ represents a frequency band 
with width ^ and the central frequency ^. 
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Figure 4.3: The probability that more than one clipping pulses occur with a time 
duration of T4, given a clipping pulse has already occurred in this time interval, 
where a = l / \ /2 . 

and has a phase #; — 0. The filtered clipping pulse is 

1 

'̂-sA^^-ww-
where 

7rt 
h(t) = sine ̂  J2 ej2«k± 

(4.35) 

(4.36) 
k&TZ 

is the impulse response of the bandpass filter, and3 — T < t < T because the time 

duration of an OFDM symbol is T. When 11 = { - f s -f + 1,..., ^ - 1}, (4.35) 

reduces to (4.25). 

To make fi(t) close to an impulse function, we need to consider only the magnitude 

response |/i(£)|. Some conclusions can be obtained from (4.36): 

1) The mainlobe of h(t) is of the maximum width when Nr = 1, implying the 

worst PAR-reduction capability. 
3The actual range of t is -tk <t <T -tk- Considering 0 < tk < T, we have -T <t<T. 
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2) For consecutive reserved tones, the mainlobe of h(t) is of the minimum width 

when Nr = N, implying the best PAR-reduction capability. 

If we choose another set of reserved tones TV, which is a shift of 1Z; i.e., VJ = lZ+ns, 

where 1Z is of any kind, and ns is an integer, then the impulse response of IV is 

\h'(t)\ = nt 
sine 111 X~^ ei^k± 

keiz' 

nt e^^s inc — ̂ V2*** 
k&l 

(4.37) 

= \h(t)\. 

That is, h'(t) has the same magnitude response as h(t). 

3) Therefore, shifting 1Z cannot change the PAR-reduction capability. 
Tit 

In (4.36), the term sine— renders the envelope of h(t), and the width of the 

mainlobe of h(t) is determined by 

g(t) = Ylel2^-
ken 

Let b = [b_ .Ki b_N_,-y,..., bN_1] be the indicator of reserved tones; i.e., 

bh = i, ken, 
o, otherwise. 

Then, 

g(t) = J2 he?™*. 

Because the phase of h(i) is irrelevant to our consideration, we can focus on |#(£)|2, 

but 

where 

N-l 

l(t)\ £ tf(n)e>'2™t/T, 
n=-N+l 

£ - l - n 

k=~i 
bkbk+n, n > 0, 

*(n) = ^ t 
zZk

2
=_n_n bkbk+n, n < 0 

is the aperiodic autocorrelation function of b. The width of ^(n) is inversely propor­

tional to that of |<?(t)|2. 

4) Then, for fixed Nr, the consecutive reserved-tone positioning leads to a small 

PAR reduction because the consecutive reserved-tone positioning has the narrowest 
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width of \&(n) compared to that of other positioning schemes. In other words, a ran­

domly chosen reserved-tone set usually leads to a better PAR-reduction performance 

than the consecutive reserved-tone set [18]. 

Minimizing only the mainlobe width of h(t) does not maximize the PAR-reduction 

performance. In fact, the minimum width of h(t) can be obtained by maximizing the 

width of \I>(n); i.e., putting reserved tones at the both ends of the OFDM frequency 

band. In other words, 

«-(-£ N 
+ 1, 

N Nr _ rN Nr N Nr ., 

I + f-llu(T-T'T-T + 1' 
N 

l } . 4 (4.38) 

Fig. 4.4 (a) illustrates this positioning scheme. The corresponding h(t) is shown in 

Fig. 4.4 (b) as the solid curve. As a reference, a randomly chosen positioning scheme 

is also shown in Fig. 4.4 (b) as the dashed curve. Although the minimum-width po­

sitioning scheme of (4.38) leads to the minimum width of h(t), it also leads to signifi­

cantly larger sidelobes than the randomly chosen positioning scheme. Therefore, the 

minimum-width positioning scheme cannot maximize PAR reduction performance. 

To find the optimal positioning scheme, we may optimize H such that the maxi-
f 

mum peak in \t\ > - is minimized; i.e., 

min max |/i(i)|, 
^ r> | t |> | 

(4.39) 

which is equivalent to 

mm max 
b T>\t\>\ 

g(i)sinc 
TTt 

~T 

- -1 (4.40) 

subject to: V . b^ = Nr. 

k=-i 

irt 
sine — is only a weighting factor, and g(t) is periodic with a period of T. Moreover, 

\g{t)\ = \g{-t)\ and 
. Tit 

sine — 
T 

s inc(- —) because 6j are integers. Then, (4.40) is 

4(4.38) is valid only for the zero-inserting scheme. For the zero-padding scheme, which pads 
:nd oi 

2, ...,7V}. 
JN-N zeros at the end of an OFDM block, the Tl in (4.38) will be 11 = {0,1,.. . , ^ - 1} U {iV 

f + 1.JV-3 
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Figure 4.4: Tone positions and the corresponding impulse response h(t). 

equivalent to 

mm max 
b ^ > i t i > ^ 

/ \ • Tit 

g{t)smc — 

£ - i 

subject to: y , bk — Nr. 

(4.41) 

k=-

Sampling the objective function with the sampling frequency ~-, where J is the 

oversampling factor, (4.41) becomes 

mm max 
n 

2 

b n T < n < ^ - l 
<7(n)sinc 

irn 
JN 

subject to: VJ && = Nr, 
(4.42) 

*:=-£• 

where 

9{n, = E 
K 

' 2 

JN 
n = 0,l,..., — - 1 , 

60 



and 
" [~Qa 

V 71 A 

with \x] representing the minimum integer that is greater than x. If the factor 
TTTl 

sine —— is omitted, and we let nT = J, (4.42) reduces to the optimization of TZ 

proposed in [18]. 

The search space of (4.42) is ( ^ ) , which is prohibitively large when N and Nr are 

large. Alternatively, we can use the random set optimization [18] to find a suboptimal 

solution 7Z*, i.e., to select the best from M randomly generated reserved-tone sets 

Hi,..., IZM-

4.3 New Tone-Reservation Algori thms 

Based on our analysis of clipping noise, we propose two new tone-reservation algo­

rithms for PAR reduction. The main idea is that because the clipping noise in each 

iteration is similar, the total filtered clipping noise can be approximated by scaling 

the filtered clipping noise generated in the first iteration. 

4.3.1 Constant Scaling Tone Reservation Algorithm 

If a relatively high PAR is tolerable, but fast execution time is a must, we propose 

a constant-scaling tone-reservation algorithm. This algorithm scales the filtered clip­

ping noise by a constant factor J3, and subtracts the scaled clipping noise from the 

original OFDM symbol. This algorithm can be stated as follows: 

Algorithm 4.1 (Constant-Scaling). 

Initialization: 

This stage needs to run only once. 

1. Choose a relatively high clipping threshold A; randomly choose the reserved-

tone set H, or set it up by using random set optimization. 

2. Choose a K, and calculate (3 by using (4.34). 

Runtime: 

61 



1. Distribute (N — Nr) input symbols to data tones TZC, and calculate the corre­

sponding time domain signal xn by using (4.2). Oversampling may be required. 

2. If PAR > A, go to step 3; otherwise, transmit xn and terminate. 

3. Clip xn to the threshold A to find the clipping noise fn by using the discrete-time 

version of (4.4). 

4. Filter fn subject to tone-reservation and other constraints, and obtain the peak-

canceling signal cn. The filtering can be done by using a pair of Discrete Fourier 

Transform (DFT)/Inverse Discrete Fourier Transform (IDFT) as follows: 

4-a. Convert fn to the frequency domain by using a DFT to obtain Fk = 

DFT{f}, where f = [ / 0 ) . . . , / ^ _ i ] . 
N 

4-b. Keep the first and last — items of F^ to obtain the in-band distortion F; 

i.e., 

F = [Fo, Ft,..., .FJV-I] = [FQ,Fi,..., FN_V FJN_N, FJN_E+1, ...,FJN-I\-

4-c. The filtered clipping noise is F = [F0, Fx,..., JFV_i], where 

Fk-l
h- ^ ^ (4.43) 

10, otherwise. 

Then, by scaling Fk, the peak reduction signal Ck becomes Ck — —ftFk-

Scaling the filtered clipping noise in the frequency domain involves less 

arithmetic operations than scaling it in the time domain. 

4-d. Convert Ck to time domain to obtain cn by using an IDFT. 

5. Calculate the PAR-reduced OFDM signal as xn = xn + cn, and transmit it. 

Remark 4.7. Calculating the PAR and finding /„ require the calculation of \xn\, which 

is costly if all | calculated. Here, we propose a method to reduce such a cost. 

We need to calculate only \xn\ for those \xn\ > A. A necessary condition of \xn\ > A 

is 

( K i l l > - ^ OR \xnJ\ > -jA AND (\xntR\ + \xnJ\ > A), (4.44) 
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where xn R and the real and imaginary parts of xn, respectively. Thus, we 

need to calculate only \xn\ for the samples satisfying (4.44). Later, we will show that 

the number of the samples satisfying (4.44) is small. This method can also be used 

in other PAR-reduction techniques such as SLM and PTS. 

4.3.2 Adaptive-Scaling Tone-Reservation Algorithm 

In this subsection, we propose an adaptive-scaling tone-reservation algorithm to ob­

tain a large PAR reduction. Instead of using j3, this algorithm calculates /3 for each 

OFDM symbol. 

A discrete-time domain description of the algorithm is given here. Filtering the 

clipping noise fn to 71, we get the filtered clipping noise fn — IDFT{F}, where F is 

obtained by using (4.43). The PAR-reduced signal be written as 

Xn = Xn - Pfn = Af?** + fn - (3fn, (4.45) 

where 0n is the phase of xn. Our task is to minimize the out-of-range power P, i.e., 

the total power of those \xn\ > A. The objective function is 

(4.46) 

A)2. (4.47) 

A)2+^2(\xn\-A)2, (4.48) 
n€S2 

where Si — {n : \fn\ > 0} is the index set of all clipping pulses, and <52 = {n • 

| /„ | = 0 and \xn\ > A}. Because clipping pulses are parabolic arcs, the power of any 

clipping pulse is a monotonic function of its peak amplitude. Minimizing (4.48) is 

equivalent to minimizing 

p = E (i^i - A ) 2 - E (i£"i - A ) 2 + E (i*»i - ^)2' (4-49) 
neSp n&Sp neS^ 
s v ' | * n | < i 4 V ^ • 

Pi * v ' P3 
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minP, 

where 

p= E ^ 
\xn\>A 

Eq. (4.47) can be rewritten as 

n€Si n € S i 
\Xn\<A 



where Sp = {n : n € S\, \xn\ > |xn-i | , and \xn\ > \xn+i\} is the index set of the 

peaks of fn; <5+ = {n : n e S2, \xn\ > |xn-i | , and \xn\ > |xn+i|} is the index set of 

the peaks of newly generated pulses whose amplitudes are larger than A. That is, if 

P is minimized, P is also close-to-optimally minimized. 

Eq. (4.49) implies that the optimal /?, denoted as /3^opt\ must both minimize the 

peaks of xn and prevent any large newly-generated pulses. This implication, in turn, 

implies that (3 cannot be large. Thus, Pi and P3 are small and their difference can 

be omitted. Therefore, 

p~P1=Y^ \xn-AejL\2 

WESp 
(4.50) 

n€S„ 

where 6n is the phase of xn. 

Because fi0^ is not large, we can see that|xn | = \Aej6n + fn\ » \/3fn\, i-e., (3fn 

could not significantly change the phase of xn. Therefore, Qn ~ 9n, and 

P « J2 l/n - PL?- (4-51) 
n€<Sp 

The optimal solution is 

l^neSp \jn\ 

where %\.t[x] represents the real part of x, and (•)* represents the complex conjugate. 

If (3 can be a complex number, the optimal solution is 

£j(opt) _ 2^ngg p JnJn 

T i n 2 ' 

However, /?(opt) is determined mainly by some dominant peaks. Most likely, if fn is a 

dominant peak, /„ is also large, and the phase of /„ is close to that of fn. Therefore, 

the imaginary part of Pc is small and can be omitted. 

To further reduce the execution time, some small samples of fn can be excluded 

from (4.52). Doing so, however, may degrade the PAR-reduction performance. 

Now, the adaptive-scaling tone-reservation algorithm can be summarized as fol­

lows: 

64 



Algorithm 4.2 (Adaptive-Scaling). 

Initialization: 

1. Set up A, 7Z, and the maximum number of iterations L. 

Runtime: 

For each length (N - Nr) OFDM block, 

1. Find xn. 

2. If PAR > A, go to step 3; otherwise, transmit xn and terminate the algorithm. 

3. Find the clipping noise /„. 

4. Find cn as follows: 

4-a. Find the filtered clipping noise (in the frequency domain) F as in Algo­

rithm 4.1. Here, a DFT on f is needed. 

4-b. Convert F to the time domain to obtain /„ = IDFT(F). 

4-c. Find the peaks of fn to obtain Sp. 

4-d. Find ft°^ by using (4.52). 

4-e. The peak reduction signal is cn = —P^op^fn-

5. Calculate the PAR-reduced OFDM signal as xn = xn + cn. If PAR > A, and 

the iteration number is less than L, go to Step 3. Otherwise, transmit xn, and 

terminate the algorithm. 

4.3.3 Complexity Comparison 

4.3.3.1 Complexity Analysis of the Proposed Algorithms 

We now consider the complexity of our algorithms by calculating the number of real 

multiplications. Here, we count a complex multiplication as three real multiplica­

tions [192]. Only the runtime computational cost is considered, and the cost of the 

initialization stage can be omitted because it occurs only once. In the runtime stage 

of both algorithms, Steps 1 and 2 are not counted either because all OFDM systems 
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must execute Step 1, and all PAR-reduction techniques require at least one iteration 

of these two steps. 

In Step 3, fn can be calculated as fn = xn{l — -.—-), where n £ J- = {n : \xn\ > A}, 

and Nf is the size of T. The execution time of this step is determined by that of 

calculating \xn\ and fn. 

By applying the condition (4.44) to exclude small samples, the execution time of 

calculating \xn\ is small. The number of samples that satisfy (4.44) is 

Nc = JN(1- (erf {A/2a)f - Pi) , 

where 

>A/V2 aV^ V Os/2 

For example, Nc ^ 0.0038 JiV, 0.057JN and 0.10JN when A/V2a = 9dB, 6dB and 

5dB, respectively. Calculating \xn\ then requires 2NC real multiplications. 

Calculating /„ for n E J7 requires 2Nf real multiplications and Nf real divisions. 

However, Nf is a function of iV, which can be see by calculating the mean of Nf as 

Nf = Npffs, 

where fs = —- is the sampling frequency, and Np is the average number of pulses in 

an OFDM signal duration, calculated in (4.9). Because Np is the average size of S, 

we have 

Nf - JNe-A2,2a\ (4.53) 

Nf may change after the first iteration. However, because the OFDM signal after 

the first iteration is xn = xn + cn, the Nf for xn, denoted as Nf, is 

Nf = Nf - N, + N2, 

where Â i is the number of samples that are higher than A in the first iteration but 

are lower than A after the first iteration, and N2 is the number of samples of the 

newly-generated peaks (i.e., samples that are lower than A in the first iteration but 

are higher than A after the first iteration). 

Because cn is very small (its average power is usually 10 dB below the OFDM 

average power, or less), only those peaks of xn that are slightly smaller or higher than 
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A will contribute to Nx or N2. By using (4.53), N\ and JV2 can be easily shown to 

be small numbers, and their difference can be omitted. Thus, Nf is roughly constant 

in all iterations. We may estimate the execution time of calculating fn as 2Nf real 

multiplications and Nf real divisions, or a complexity of O(N) with a small constant 

of proportionality. For example, Nf = 3.5 x 10~4 JN, 0.019JiV and 0.042JiV for 

Al\[2a — 9dB, 6dB and 5dB, respectively. 

In Step 4, finding /5^opt) requires 4NP real multiplications and one real division5. 

From (4.9), Np is a small number proportional to N and is independent of J. Thus, 

the execution time of this step is determined mainly by the JiV-point DFT/IDFT 

pair and weighting the clipping noise. The latter requires 2JN real multiplications 

for adaptive-scaling and 2N real multiplications for constant-scaling. 

The fastest way of calculating the DFT/IDFT depends on the number of in­

puts/outputs of the DFT/IDFT. For example, when A is large and iV is small 

such that the clipping noise usually contains only one or two pulses, direct calcu­

lation of DFT/IDFT (having a complexity of 0(N2) but with small constants of 

proportionality) may be more preferable. For moderate A and/or large N, FFT algo­

rithms [193-210] must be used. Here, we use the decimation-in-time (DIT) split-radix 

FFT algorithm [207]. The JiV-point DFT in Step 4 has Nf nonzero inputs and N 

inband outputs (other outputs are not needed). Then its averaged number of real 

multiplications .MDFT c a n be calculated by using (4.79) - (4.81) (see Appendix 4.8) 

and replacing Nf by Nf. On the other hand, the JiV-point IDFT in Step 4 has Nr 

nonzero inputs and JN outputs. Its number of real multiplications .MFDFT c a n be 

calculated by using (4.79) - (4.81) and replacing Nf, N and J by Nr, JN and 1. 

From the above discussion, the adaptive-scaling algorithm with L iterations re­

quires 

MAS = L(2Nf + 2NC + ANP + _MDFT + M D F T + 2 JN) 

real multiplications and L(Nf + l) real divisions. Constant-scaling algorithm requires 

Mcs = 2Nf + 2NC + MDFT + MWFT + 2N 

real multiplications and Nf real divisions. The execution time of constant-scaling is 

smaller than that of adaptive-scaling with one iteration. 

5 Constant-scaling does not need to find a /J^P*). 
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The number of iterations L that adaptive-scaling requires to reach a fixed PAR 

(i.e., independent of N) does not depend on J and N. Based on our analysis, the 

strength of the clipping pulses and the distances between them are independent of J 

and N. As well, the adaptive-scaling algorithm proceeds all peaks in each iteration. 

Then, once other parameters (e.g., A, R and the reserved tone set) are fixed, the 

PAR reduction obtained in each iteration is also fixed no matter what J and N are. 

Therefore, the complexity of adaptive-scaling for reaching a fixed PAR is 0(N log N), 

which is determined by the of complexity of DFT/ IDFT. Moreover, because the 

inputs/outputs of the D F T / I D F T used in our algorithms are sparse, the complexity 

of D F T / I D F T may be further reduced to O(N) by using a proper wavelet transform 

[199,200]. 

4.3.3.2 Complex i ty Analysis of the Act ive-Set Algor i thm 

Assume that the active-set algorithm uses the (2G)-agon approximation (G — 4,8, . . . ) . 

Then, the length of the OFDM signal vector and that of the peak-canceling vector 

proceeded in each iteration is 2GJN. In each iteration, the execution time of the 

active-set algorithm is determined by the following steps of this algorithm: 

1) Find a suitable optimization direction by solving a set of I linear equations with 

I variable, where I is the iteration number. We omit the execution time of this step 

when the total number of iterations L is small. 

2) Weight the / peak-canceling kernels associated with the active set. This step 

requires IGJN real multiplications (because the peak-canceling kernel is symmetric), 

except in the first iteration. 

3) Find the optimal optimization step size /i. If all samples not belonging to 

the active set are tested, where testing each sample requires one real division, the 

execution time is approximately 2GJN real divisions because the size of the active 

set is small. The execution time can be reduced by testing only the large peaks 

of both the OFDM vector and the peak-canceling vector. However, appropriately 

defining "large peaks" is difficult. Here, we give a lower bound by assuming that 

the large peaks of the OFDM vector are the peaks higher than A, and that all large 

peaks of the peak-canceling vector coincide with those of the OFDM vector. Then, 

the average number of real divisions is 2GNf — 2GJNe~A /2<T . The execution time 
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of this step is larger than that of calculating fn in our algorithms. 

4) Weight the peak-canceling signal by \i. This step requires 2GJN real multipli­

cations. 

With L iterations, the active-set algorithm requires 

L 1 
MAct. ~ 2LGJN + J2lGJN =o(L2 + 5L~ 2)GJN 

1=2 2 

real multiplications and 2LGJNe'A /2cr real divisions. 

The active-set algorithm proceeds one peak (outside the active set) in each itera­

tion. In order to reach a fixed PAR A for different N, all peaks higher than A must be 

compensated for by the peak-canceling signal. Because the number of peaks higher 

than A is proportional to N, the required number of iterations is also proportional 

to N. That is, the complexity of the active-set algorithm for reaching a fixed PAR 

is6 0{N3). 

4.4 Simulation Results 

In this section, simulation results are given to verify the estimation of J3 used in 

our constant-scaling algorithm. Then, we compare our proposed algorithms with 

the active-set algorithm [20] by using simulation. We use TV — 512, J — 4, and 

106 uniformly distributed 64QAM symbols as the input to the OFDM system. The 

clipping threshold A is measured in dB with respect to the average signal power before 

PAR reduction. 

4.4.1 Theoret ical and Actual Values of (3 

First, we compare the theoretical value of J3 calculated by using (4.34), denoted as 

/̂ Theo, and the actual value obtained by using simulation, denoted as /̂ simu- Here, 

/5simu is calculated as 

/^Simu = E{Psimu}, 

where 

/femu = argmm J ] \F^K) - (3Fk\\ 
ken 

6A similar analysis shows that the complexity of the controlled clipper algorithm. [18] is 0(N2). 
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and Fk and Ffc are the in-band clipping noise at the first and K-th. iterations, 

respectively. 

Fig. 4.5 compares J3Theo and ^simu, where the tone-reservation ratio R = 4.88%, 

9.96%, 19.92%, respectively; the number of clipping and filtering iterations K = 20; 

and the set of reserved tones 1Z is randomly selected at the initialization stage. The 

relative difference d defined as 

PTheo — PSimu 
d = 

Pi Simu 

is shown in Fig. 4.6. 
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Figure 4.5: Comparison of /?Theo and /?simu-

^Theo matches /3simu when A > 9 dB because the clipping noise contains only one 

or two pulses. The difference becomes larger when A < 9 dB because of the existence 

of multiple clipping pulses in the clipping noise. However, the difference may still be 

acceptable for A > 6dB (where d < 10%). Therefore, we can use /3-rheo to evaluate 

the PAR-reduction performance, or use /?Theo m o u r constant-scaling algorithm. 

The approximation error in /?Theo depends mainly on the strength of the mainlobe 

(outside the pulse duration) and the sidelobes of the filtered pulses. This strength is 
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Figure 4.6: Relative difference d between /?Theo and /?si: 

determined by R and the selection of reserved tones, as well as the distances between 

the clipping pulses, which is determined by A. When R is large, e.g., R = 19.92% 

in Fig. 4.5, the mainlobe outside the pulse duration and the sidelobes of the filtered 

pulses are small, and the approximation error is small. On the other hand, for small 

R (e.g., R = 4.88% or R = 9.96% in Fig. 4.5), the distances between the clipping 

pulses are large when A is large (e.g., A > 6dB in Fig. 4.5), and the approximation 

error is small. 

Figs. 4.7 and 4.8 illustrate the mean and standard deviation (STD) of the phase 

and magnitude, respectively, of /?simu, where iV = 512, R — 4.88%, A = 6dB and 1Z 

is randomly selected. Fig. 4.7 shows that both the mean and STD of the phase of 

/?simu are close to 0. Thus, j3Simu can be well approximated as a real value. Fig. 4.8 

shows that , for small K, the STD of |/?simu| is small, and /?xheo closely matches /3simu-

With the increase of K, the STD of |/?simu| and the difference between /?Theo and /̂ simu 

become larger. 

Fig. 4.9 shows the mean and STD of the normalized approximation error D for 
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Figure 4.7: Phase of /?simu and its standard deviation. 
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Figure 4.8: Magnitude of /?simu and its standard deviation. 
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different K when approximating FJ: ' by PsimuFk- D is defined as 

E l p ^ ) _ R fr |2 
fee^ l rfc ^Simu-^fcl 

£> = 
V |pW|2 

The simulation parameters are N = 512, R = 4.88%, A = 6dB, and 1Z is randomly 

selected. 
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Figure 4.9: Approximation error D and its standard deviation when using /3si: 

We observe that the normalized approximation error D is small when the number 

of iterations K is small, and D becomes more than 35% when K —• oo.Therefore, K 

must be carefully selected when using the constant-scaling algorithm because a large 

K may lead to PAR-reduction performance degradation. 

4.4.2 Performance of Proposed Algorithms 

We now compare the constant-scaling and adaptive-scaling algorithms with the active-

set algorithm under tone-reservation constraints. Here, we use the modified PAR 

definition (3.18). The PAR CCDF is used to indicate the clip probability. Constant-

scaling, where the parameter K is used in constant-scaling to calculate J3, has only 
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one iteration. The execution time of the algorithms we simulated is listed in Table 4.1 

in terms of the number of real multiplications/divisions, where L denotes the number 

of iterations for the adaptive-scaling and the active-set algorithms. As a reference, 

the execution time of a J TV-point FFT is also listed in this table. 

Table 4.1: Number of real multiplications/divisions for constant-scaling (CS), 
adaptive-scaling (AS) and active-set (Act. Set), where Af=512, J = 4. 

CS/AS, L = 1 

AS, L = 3 

AS, L = 16 

Act. Set, L = 2 

Act. Set, L = 9 

2048-point FFT 

R = 4.88%, 
A = 6.22dB 

22350.68 / 32.16 

67052.05 / 96.48 

357610.95 / 514.58 

49152.00 / 498.58 

507904.00 / 2243.62 

16388 / 0 

R = 19.92%, 
.4 = 4.96dB 

29273.32 / 89.93 

87819.96/ 269.78 

468373.12 / 1438.84 

49152.00 / 1422.84 

507904.00 / 6402.80 

16388 / 0 

Fig. 4.10 illustrates the comparison of these algorithms, where the clipping thresh­

old A = 6.22 dB, the tone-reservation ratio R = 4.88%, and the set of reserved tones 

71 is randomly selected. The PAR of the original OFDM (no reserved tones) and that 

of the OFDM with null reserved tones (reserved tones are set to 0) are also plotted 

in this figure as the dotted and dash-dot curves, respectively. 

Setting reserved tones to 0 does not reduce the PAR. For a 10~4 clip probability, 

constant-scaling that approximates 50 clipping and filtering iterations obtains 3.1 dB 

PAR reduction, which is the same as that of the adaptive-scaling with one itera­

tion, and is about 1.4 dB larger than that of the active-set with two iterations. The 

adaptive-scaling with three iterations obtains 0.4 dB larger PAR reduction than the 

active-set with nine iterations for a 10~4 clip probability, but with only 13% of the 

execution time of the latter. With 16 iterations, the adaptive-scaling leads to 5.1 dB 

PAR reduction (1.3 dB larger than that of the active-set with nine iterations) for a 

10 -4 clip probability. The execution time of this adaptive-scaling is only 70% of that 

of the active-set with nine iterations. 

Fig. 4.11 compares these algorithms for 4.96 dB clipping, 19.92% tone-reservation, 
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Figure 4.10: PAR reduction of constant-scaling (CS), adaptive-scaling (AS) and 
active-set (Act. Set), where R = 4.88%, A = 6.22dB, and 1Z is randomly selected. 

and a randomly selected set of reserved tones. Again, setting the reserved tones 

to 0 does not reduce the PAR. The adaptive-scaling with one iteration obtains a 

4.3 dB PAR reduction, which is about the same as that of the constant-scaling, which 

approximates 20 clipping and filtering iterations, and is 2.6 dB larger than that of 

the active-set with two iterations, and 0.7 dB larger than that of the active-set with 

nine iterations. With three and 16 iterations, adaptive-scaling obtains a 5.7 dB and 

6.9 dB reduction (2.1 dB and 3.3 dB larger than that of the active-set with nine itera­

tions) with 17% and 90% of the execution time of the active-set with nine iterations, 

respectively. 

Table 4.2 lists the average power increase in dB. The larger the PAR reduction is, 

the more the average power increases. However, the largest average power increase is 

only 0.44 dB. Therefore, the power increase will not significantly increase the BER. 

Note that the active-set has a negligible average power increase. However, because its 

PAR reduction is much smaller than that of adaptive-scaling, its BER performance 
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Figure 4.11: PAR reduction of constant-scaling (CS), adaptive-scaling (AS) and 
active-set (Act. Set), where R = 19.92%, A = 4.96dB, and 1Z is randomly selected. 

Table 4.2: Average power increase in dB of constant-scaling (CS), adaptive-scaling 
(AS) and active-set (Act. Set), where the reserved tone set is randomly selected. 

CS, K = 50 for R = 4.88%, 
K = 20 for R = 19.92% 

AS, L = 1 

AS, L = 3 

AS, L = 16 

Act. Set, L = 2 

Act. Set, L = 9 

R = 4.88%, 
A = 6dB 

0.14 

0.11 

0.23 

0.44 

0.02 

0.11 

R - 19.92%, 
,4 = 4dB 

0.13 

0.13 

0.23 

0.39 

0.005 

0.03 

is worse than that of the latter. 

Given the PAR reduction, execution time and power increase, constant scaling 

may be a good choice if fast execution is desired. If a large PAR reduction is desired, 
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the adaptive-scaling with three and 16 iterations, respectively, may be good choices 

for the 4.88% and 19.92% reserved-tone cases. 

Fig. 4.12 compares the BER performance of the adaptive-scaling and the active-

set, where 19.92% randomly selected tones are reserved for the PAR reduction, and 

the clipping threshold is A = 4.96 dB. The OFDM signal is first processed by using 

the adaptive-scaling with 16 iterations and the active-set with nine iterations, respec­

tively. The peak reduced signal is passed through a SSPA with a limited linear range. 

The SSPA output is then transmitted through an AWGN channel. The input/output 

relationship of SSPA can be written as [1] 

v{t) = ^ U _em) 

i + c 

where x(t) — \x(t)\ej^ is the input, and y(t) is the output of SSPA. Usually, p = 3 

for practical SSPA. In our simulation, the saturation point C = 5.46 dB. In Fig. 4.12, 

the BER of the original OFDM signal (without PAR reduction) passing through the 

SSPA with C = 5.46 dB and passing through an ideal power amplifier with infinite 

linear range, respectively, are also included for reference. 

If an ideal power amplifier is used, the OFDM system has a BER of 10~6 when 

Eb/N0 = 18.6 dB. However, if the SSPA with C = 5.46 dB is used, the OFDM system 

has a BER floor of 6 x 10~3. By using the adaptive-scaling with 16 iterations, the 

OFDM system obtains a BER of 1(T6 with Eb/N0 = 22.0 dB. On the other hand, 

the active-set with nine iterations has a BER floor of 2 x 10~5. 

Fig. 4.13 compares the radiation out of the OFDM frequency band 1L JL 
~2T' 2T 

for the adaptive-scaling and active-set. The simulation parameters are the same as 
above. If no PAR reduction is used, the out-of-band radiation is —24.5dB. By using 

the active-set with nine iterations, the out-of-band radiation is reduced to —29.5dB. 

However, by using the adaptive-scaling with 16 iterations, the out-of-band radiation 

is only —34.5dB. 
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Figure 4.12: BER comparison of adaptive-scaling (AS) and active-set (Act. Set), 
where R = 19.92%, A = 4.96 dB, K is randomly selected, and C = 5.46 dB. 
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Figure 4.13: Out-of-band radiation of adaptive-scaling (AS) and active-set (Act. Set), 
where R = 19.92%, A = 4.96 dB, U is randomly selected, and C = 5.46 dB. 
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4.4.3 Tradeoff of PAR Reduction and Execution Time for 
the Adaptive-Scaling Algorithm 

Tradeoffs for the adaptive-scaling algorithm can be made between the PAR reduction 

and execution time. In this subsection, we find the optimal number of iterations by 

using simulation. 

Fig. 4.14 illustrates the PAR-reduction performance of the adaptive-scaling algo­

rithm at the first 16 iterations, where the clipping threshold is 4.96 dB, the tone-

reservation ratio is 19.92%, and the reserved tones are randomly selected. In this 

figure, the curves represent the PAR distribution for the adaptive-scaling with, from 

right to left, one to 16 iterations. 

4.5 5 5.5 6 6.5 7 7.5 8 
Peak-to-Average Power Ratio (10log £ ) (dB) 

Figure 4.14: PAR reduction of adaptive-scaling at the first 16 iterations, where R = 
19.92%, A = 4.96 dB, and 1Z is randomly selected. 

The (21 + l)-th iteration of the adaptive-scaling exhibits approximately the same 

PAR-reduction performance as the 2/-th iteration for I > 1. The adaptive-scaling 

with three iterations may be a good choice to balance PAR reduction and execution 

time. On the other hand, the adaptive-scaling with five iterations reduces the PAR 
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to about 6dB at a 10~4 clip probability. The next 11 iterations further obtain only a 

0.7 dB PAR reduction at a 1CT4 clip probability. 

Similarly, Fig. 4.15 shows that, when a 6.22 dB clipping threshold and a 4.88% 

randomly selected reserved tone set are used, three iterations may be a good tradeoff 

in order for adaptive-scaling to balance PAR reduction and execution time. The next 

13 iterations further obtain only a 0.9 dB PAR reduction at a 10 - 4 clip probability. 

,rP 

5.5 6 6.5 7 7.5 8 8.5 9 9.5 
Peak-to-Average Power Ratio (10log £, ) (dB) 

Figure 4.15: PAR reduction of adaptive-scaling at the first 16 iterations, where R = 
4.88%, A = 6.22 dB, and U is randomly selected. 

4.5 The Constant-Scaling Algorithm: when Inband 
Distortion Is Allowed 

The nonlinearity of the HPA introduces both inband distortion, which increases the 

BER, and out-of-band radiation, which interferes with neighboring communications. 

While the latter is unacceptable, the former may be tolerable in low bit rate com­

munications. Thus, we may apply the constant-scaling algorithm, as a substitution 
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for the iterative clipping and filtering algorithm [90], to suppress the out-of-band 

radiation [19]. 

In distortion-tolerable cases, the clipping noise is distributed on all the subcarriers 

and mixed with the data symbols. In terms of PAR reduction, this situation can be 

considered as a special case of tone-reservation where R = 1, and the constraint of 

(3.17) is discarded. The above discussion leads to the following conclusions: 

1. The constraint of (3.17) affects the BER performance and the average power. 

However, this constraint does not affect the performance of the peak reduction. 

2. Applying (3.17) in PAR reduction ensures the orthogonality of the data symbols 

and the clipping noise, but slightly increases the average power. The BER is 

slightly increased only due to the increased average power. 

3. Discarding (3.17) in PAR reduction decreases the average power. However, the 

BER is increased due to the clipping noise. However, the clipping noise can be 

partly canceled at the receiver by using clipping noise cancelation algorithms 

[86,88,89,91,95]. 

Letting R = 1 and discarding (3.17), we apply the constant-scaling algorithm 

that approximates three clipping and filtering iterations to an OFDM system with 

256 subcarriers and a unitary QPSK symbol input. We compare the constant-scaling 

algorithm to the iterative clipping and filtering algorithm with three iterations in 

terms of PAR reduction, BER and out-of-band radiation. In our simulations, we 

consider the 6 dB and 3 dB clipping cases. The clipping threshold A is small in the 

3dB clipping case. However, our simulation results show that the constant-scaling 

algorithm can also be used together with clipping noise cancelation techniques [86,88]. 

Fig. 4.16 compares the PAR reduction of the constant-scaling algorithm and that 

of the iterative clipping and filtering (ICF) algorithm. Their PAR reduction is close. 

For the 6dB clipping case, our proposed technique is about 0.3dB better than the 

, iterative clipping and filtering at a 10~4 clip probability. 

To investigate BER performance degradation and out-of-band distortion, we con­

sider passing the PAR-reduced signal through an SSPA with limited linear range. 

The input/output relationship of SSPA is given in (3.3). 
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Figure 4.16: PAR CCDF comparison of the constant-scaling algorithm and the iter­
ative clipping and filtering algorithm. 

For the 6 dB clipping case, the clipping threshold of both algorithms is A — 6 dB. 

After peak reduction, the PAR-reduced signal is passed through the SSPA with C = 

6dB. For the 3dB clipping, both A and C are set to 3dB. Figures 4.17 compares 

the BER performance of both algorithms. As a reference, the dotted curve shows the 

BER of the ideal case when the HPA has enough linear range and no PAR-reduction 

technique is needed. The solid curves represent the BER when using the clipping 

noise cancelation technique [86] while the dashed curves represent the BER without 

clipping noise cancelation. The "o" is for the constant-scaling algorithm, and the "x" 

is for the iterative clipping and filtering algorithm. 

For the 6 dB clipping, the BER performances of these two algorithms are very 

close, and there is little need to use clipping noise cancelation. The BER performance 

in this case is only about 1 dB worse than that of the ideal case. On the other hand, 

in the 3dB clipping both techniques are quite worse than that of the ideal case (6.5 

- 8.5 dB at the BER of 10~5) when no clipping noise cancelation is used, while the 
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Figure 4.17: BER performance comparison of the constant-scaling algorithm and the 
iterative clipping and filtering algorithm. 

gap between these two techniques at the BER of 10~5 is about 2 dB. However, when 

clipping noise cancelation is used, the BER performance of these two techniques is 

improved by 2.5 - 3.5 dB, and the constant-scaling algorithm is only about l dB 

worse than the iterative clipping and filtering algorithm. Therefore, the performance 

of the constant-scaling algorithm is comparable to that of the iterative clipping and 

filtering algorithm. However, because the constant-scaling algorithm performs only 

one iteration, its execution time is significantly less than that of iterative clipping and 

filtering at both the transmitter and the receiver.7 

The out-of-band radiation comparison for the 3dB clipping case is shown in 

Fig. 4.18. Here, pulse shaping is not considered for simplicity. Fig. 4.18 shows 

that iterative clipping and filtering leads to about 6 dB lower out-of-band radiation 

than that obtained without using any PAR-reduction technique, and our proposed 

technique leads to about 2.5 dB lower out-of-band radiation than that obtained by 
7As in [86], the same number of iterations has to be performed at the receiver to cancel the 

clipping noise. 
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Figure 4.18: Out-of-band radiation comparison of the constant-scaling algorithm and 
the iterative clipping and filtering algorithm for the 3 dB clipping case. 

4.6 Conclusions 

In this chapter, using a parabolic approximation of clipping pulses, we analyzed the 

peak regrowth and the flat power spectrum of the in-band clipping noise of tone-

reservation by using iterative clipping and filtering. We showed that the clipping noise 

obtained after several clipping and filtering iterations is approximately proportional 

to that generated in the first iteration, and derived the constant of proportionality by 

using the level-crossing theory. We have also proposed a constant scaling algorithm 

and an adaptive scaling algorithm for tone-reservation. These algorithms scale the 

filtered clipping noise by a constant or an adaptively calculated factor to generate a 

peak-canceling signal. Our simulation showed that the PAR and the execution time 

of the proposed algorithms are lower than those of the active-set algorithm. 
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4.7 Appendices 

4.7.A Time Independence of Different Clipping Pulses 

x(t) can be shown to be a cyclostationary process. Then, the correlation of x(t) of 

time ti and tk depends only on the time difference At = U — tk. The correlation of 

x(t) and x(t + At) is 

Rx(At) = ~E{x(t)x*(t + At)} 

N/2-l N/2-1 

= J L ^ Y^ E{XmX?}e^mt*-t(-t+AWT 

m=-N/2 l=-N/2 

2 N/2-i (4-54) 

N ^ 
m=-N/2 

= a2 sm(irNAt/T) jvM/T 

Nsin(nAt/T) 

Because ^E{x(t)x(t)*} = a2, the correlation coefficient of x(t) and x(t + At) is 

Px{At) = pM*We-J*W. (4.55) 

Strictly speaking, px{n) = £(n), and the samples of x(n) are independent only when 

the Nyquist sampling rate T/N is used. However, we will show that, in the continuous-

time domain, the possibility that two or more clipping pulses fall within a small time 

interval and have a large correlation is small and can be omitted. Then, the clipping 

pulses occurring at different time instances can be effectively treated as independent. 

Without loss of generality, let At = nT/N, where n is a real number, and 0 < 

n < N. When n is small8 compared to N, then, 

I sin(7rn) 
\Px(nT/N)\ sin urn) 

Nsin(im/N) 
(when N-KX>). (4.56) 

•nn 

For example, \px(nT/N)\ F» 0.071 when n = 4.5. 

The probability that two or more clipping pulses occur within a time interval of 

4.5T/N is small. [190] shows that the up-crossing time of x(t) is Poisson distributed 

when iV —» oo: 
(At\ \kp-At\A 

lim Pr[Un>A(0, At) = k] = { A)J , (4.57) 
BWe do not need to consider a large n because, at a large n, px(n) is virtually 0. 
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where UHtA(0, At) is the number of the up-crossing that a x2 random process 

Y(t)=Xl(t)+X2
2(t) + ... + X2

n(t) (4.58) 

up-crosses a fixed level A/a > 0, with a = E{X%(t)} for all k, during the time interval 

(0, At), and A^ is the up-crossing rate. Based on our assumption of a large A, each 

up-crossing corresponds to a parabolic clipping pulse. Then, given the condition that 

a clipping pulse occurs in (0, At), the probability that more than m (m > 1) clipping 

pulses occur in the same time interval (0, At), denoted as Pr(ra), is 

Pr(m) = Pr[UntA(0, At) > m\A clipping pulse occurs] 

= Pr[t/M(0,A*)>m-l] 

= 1 
m—1 

E 
(=0 

(AtxAye 
l„-At\/ 

(4.59) 

l\ 

By substituting At = nT/N into (4.59), Pr(m) is independent of N. Table 4.3 lists 

Pr(m) for different clipping thresholds, where n = 4.5T/N. This table shows that, 

when A is large, the chance that two or more clipping pulses will fall within the same 

time interval (0, A.bT/N) is small. In other words, most clipping pulses are a large 

"distance" apart from each other, so that the |px(At)|'s between these pulses are 

small and can be approximated as 0. Because x(t) is Gaussian, x(t) and x(t + At) 

are also independent with respect to At. 

Table 4.3: Given that a clipping pulse occurs in (0, 4.5T/iV), the probability that 
more than k (k > 1) clipping pulses occur in the same time interval (0, A.bT/N). 

A(dB) 

Pr(l) 

Pr(2) 

Pr(3) 

Pr(4) 

Pr(5) 

3 

0.59 

0.22 

6.0 x 10"2 

1.3 x 10 -2 

2.2 x 10"3 

6 

0.16 

1.3 x 10-2 

7.4 x 10-4 

3.1 x 10"5 

1.1 x 10-6 

9 

4.6 x 10~3 

1.1 x 10-5 

1.6 x 10~8 

1.9 x 10-11 

1.7 x KT14 

Table 4.3 also includes a low clipping threshold case, where A = 3dB. In this 

case, Pr(l) and Pr(2) are relatively large at n = 4.5. However, taking into account 

that the \px(At)\ is only 0.071 at n = 4.5, we may still treat the clipping pulses in 

this CclSG clS uncorrelated to simplify the power spectrum estimation. 
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4.7.B The Conditional pdf and moments of 7* 
X[(ti) 

In this section, we find the conditional pdf and moments of 7; = -—T-T-T, given 

f(ti) = 0 and r(ti) > A. For the ease of notation, we drop off the subscript i and the 

time index U in the following analysis. Strictly speaking, we also need a condition of 

r < 0. However, Appendix 4.7.C shows that Pr[r | r = 0, r < A] « 0 unless A is small. 
First, we show that xR, xu xR and ±j are independent when N is large, xR = 

-(x + x*) and xj — —-(x — x*), where 
Z Zj 

m = ^ * "f̂  ^ ^ W - (4.60) 
dt JN z - ' T 

V i k=-N/2 

As well, E{XkXi} = 0 for any k and /. Then, XR and xj are i.i.d. Gaussian processes 

with zero mean and variance 

2 4 T T V n ^ / 2 (iV2 + 2 )7 rV 
cr = E *2 

N T 2 ^ 3T2 

k=-N/2 

n2N2a2 TV2 

When N is large, a2 sa ———— = —W2a2, which agrees with (4.7). 
O J- O 

Using (4.1) and (4.60), we have 

E{xRxR} = £ { x / x / } = 0. 

On the other hand, 

E{XRXI} = -E{XlxR} = j ^ - J2 k = —jT> 

fc=-JV/2 

and their correlation coefficients are 

3 
PxRxj — PXJXR - VN2 + 2' 

which is zero when N —> oo (less than 0.014 when N > 128). Therefore, xR, x/, xR 

and xj are independent when A" is large. 

We now find the joint pdf p ( x / , x ^ , x / | r = 0). Because xR, xj, xR and x/ are 

independent, fixing xR and x7 does not change the distribution of xR and x/. Note 

that 

»* = - (X^X.R + X / X / ) . 
r 
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Then, given xR and x/, r is also a Gaussian process with zero mean and variance 

a\ = E{r2} = a2. 

Because a"2 is independent of xR and xr, f is independent of xR, XJ and r, and 

1 
p{r) = 

-r/2<r2 

2TT<7 

Given x# and xj , the correlation coefficient between x/ and r is 

- -L 
P±J,f 

Then, 

/ . . I \ V X
R T" X r 

p(x7 , r i j j , x/) = — r exp 
2-KO1 \xR\ 

XR + xi 1^.1 
2 a 2 x | 

(xj-2 *lXir = + r2) 
VXR + A 

and 

p(xI,xR,xI\f = 0) = 
p(x/ , r |x f l ,x /)p(xi i )p(x/) 

p(r) r=0 

XR + X 

(27t)3/2&a2\xR 

1 exD ' "*" • r / ' ' ^ / X / J "*"X / 

2a2x2
R 2a2 

We use the following transforms to obtain p(-y, r, 9\f — 0): 

ij — rj\ cos8\ + rsin9, 

xR = r cos 9, 

xi = r sin#. 

The Jacobian of the transformation from ij, xR, xj to 7, r and 9 is 

J = 

r cos 6* 7 cos 0 —r7 sin 9 + r cos 0 

0 cos 9 —r sin 9 

0 sin 0 r cos 9 

r cos 0, 

r==0 

for - T T / 2 < # < TT/2, and 

J = 

-r cos 0 

0 

0 

-7 cos 6* r 7 sin 9 + f cos # 

cos# — r s in# 

sin 9 r cos 9 

= —r2 cos 9, 

(4.61) 

(4.62) 

(4.63) 

(4.64) 

(4.65) 

r=0 
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for - T T / 2 < 6 < n/2. Thus, 

3 = r2\cosd\ (4.66) 

for 0 < 6 < 2n. Then, we have 

p(7, r, 9\r = 0) = p{xu xR, xi\r = 0) |3 | 

r2 / r 2 7 2 r2 \ (4.67) 
exp - -(2ny/2&a2 * V 2a2 2<r2, 

The pdf of 7 conditioned on r = 0 and r > A is 

IT JiT^T. ri0V = 0)d6dr 
p(~f\r = 0,r > A) 

4\/2iT&(T2ip3 

where 

3 iTp(r)dr ( 4 6 8 ) 

^ ^ e " ^ 2 + ^ e r f c (V>)) eA2/2ff2, 

AJ7W + &2 

The conditional cumulative distribution function (cdf) of 7 cannot be written in 

a closed form. However, because p(-f\r — 0 ,r > A) = p(—,y\r = 0, r > A), the 

conditional mean m 7 = -B'{7|r = 0, r > A} = 0. The conditional variance cr2 = 

E{j2\r = 0,r > A} can be found by using (4.62). 

We first transform p ( i / , x ^ , x / | r = 0) to p(xj,r,8\r = 0). The Jacobian of the 

transformation is Z — r. Then, 

I-00 IT iT „2 *2 pP^1'r' ^ = °)dedrdii 2 _ J~™JA Jo r 2 cos 2 # 
o~ = 7 roo roo p2ir 

I-oo IT Jo * ?(*/> r> ^ = 0)d0drdXl (4.69) 

TT2W/2 / . 4 2 \ 

Ei ^ « 6 V2a2y 
and 

<42/2<r 2 

We may also find the central moments of \j\ by using (4.62). The conditional mean 

of |7 | is 

m|7| = E {\^i\\r = 0, r > / !} 

•Ho XT Jo'" r i c o s f l l ^ ' r ' ^ = Q)d6drd±i 

IZo IT So^P&i' r ' ^ = 0)dddrdx! 

^ e r f c ( - 4 ^ e^ 2 / - 2 

(4.71) 

\ /3 V V ^ , 
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The conditional variance of |7| is a2 

h\ <%-mh-
When A —> 00, m|7| and <T|7| are virtually zero. For practical A's, m\j\ and <7|7| 

are also small compared to the OFDM half bandwidth (in rad/s) -nW. Table 4.4 lists 

the theoretical and simulated values of W|7| and ah for different A. ^ introduces a 

frequency shift to Fj(a>), the frequency spectrum of the clipping pulse fi(t). Moreover, 

Fi(u>) reaches its maximum magnitude at u> = 0 if 7$ = 0. Then, we can measure the 

frequency at which Fi(uS) reaches its maximum magnitude to obtain the simulated 

statistics of 7^ In our simulation, we use N = 512, J = 128 and QPSK input 

symbols9. 

Table 4.4: m.|7| and a^\ for different A. Simulated results are obtained with N = 512, 
J = 128 and QPSK input symbols. 

i4/\/2<7(dB) 

?7i|7|, Theoretical (xnW) 

m,|7|, Simulated (XTTW) 

<j|7|, Theoretical (XTTW7) 

<7|7|, Simulated (XTTW7) 

3 

0.19 

0.16 

0.15 

0.12 

6 

0.15 

0.13 

0.11 

0.10 

9 

0.11 

0.11 

0.083 

0.078 

4.7.C Pr[rft) > 0\r(U) = 0, r(^) > A] -> 0 when A -» 00 

In this section, we prove that Pr[r(£j) > 0|f(tj) = 0, r(^) > A] —> 0 when A —» 00. In 

the following, we drop off the time index t{ for the ease of notation. 
1 1 

Because xR = -(x + x*) and xi = —(x — x*), where 
2 2j 

x(t) = 
d±(t) 1_ "£? 47T2fc2 

dt ~ JN - ^ . T2 Xke^H'T< (4.72) 
fc=-iV/2 

i/j and x/ are i.i.d. Gaussian processes with zero mean and variance10 

a2 = 
16TT V 2 

NT4 

N/2-1 
4 ^ / o * * 

k=-N/2 

N4n4a2 7T4 

15T4 (3JV4 + 20JV2 - 8) 

= —W4a2. 
5T4 5 

9We choose a large oversampling factor J to avoid the case in which the clipping pulse has only 
one nonzero sample. 

10We may also calculate a2 as [15]: a2 = fu4S(uj)doj = — W4a2. 
0 
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By using (4.1) and (4.72), we have 

E{xRX!} = E{xIxR\ = 0, 
7T2 

E{xRxR} = E{xlXl} = -E{x]} = ~-Wza 

and 

PxRxR — PXIXJ o ) 

Thus, given xR and x7, xR and x/ are independent Gaussian processes with mean 
7T2 7T2 4 

W2xR (for ij{) and iy2x/ (for xj) and variances of -<r2. 
1 XTXT 

Note that x/ = 7|x^|. Given r = -(xRxR + XJXI) = 0, we have ±# = , and 
r xK 

1 1 
f = - ( x | + x) + x^x/j + xjxj) = - ( r 2 7 2 + X/JXR + x,x/). (4.73) 

Then, given xR) xj, 7, and f = 0, f is a Gaussian process with mean 

^ r - i • „-, I / 9 9 7 T 2
T , r 9 , 9 9 N \ / 9 7T 2 H^ 2 . 

m^ = E{r\xR, Xl, 7, r = 0} = - I r V - - r ( i j ( + x?) J = r ( 7
2 — ) , 

and variance 

af: = E{r2\xR, xt, 7, r = 0} - rhj 

4 47T4 

= ^ 2 = ^ v -

Because of is independent of xR, xj and 7, it is also the variance of r given r = 0 

and r > A. By normalizing r by dividing it by a, the variance of r/a given r = 0 and 

r > >1 is a2/a2 = ———, which is a constant related to only the OFDM bandwidth 

W. 

rhf is also the mean of r given r, 7 and r = 0 because m? depends on r instead of 

the individual xR and x/. Then, we have 

p(f I7, r, f = 0) = p(r|7, x/j, x7, r = 0) 

1 / (r-mf)
2\ (4.74) 

exp /2^o> ""^ V 2crr 

The conditional mean of r/a given r = 0 and r > A can be calculated as 

rrir/a = E{-\r = 0,r > A} 
a 

IZc IT I-00 JiT M?, 7, r, 9\r = 0)d6d~fdrdr 

°fTp(r)dr 
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However, 

/

OO /"OO 

rp(r, 7, r, 0|r = 0)dr = / fp(r|7, r, 0, r = 0)p(-y, r, 8\r — 0)dr 
•OO J —CO 

= m?p('y,r,8\r = 0), 
where p(7,r, #|f = 0) is calculated in (4.67). Therefore, 

_ XT IZo JlT ^rPJl, r, 8\r = 0)d8d-fdr 
TTT>r/<y roo / \ , 

a JA p(r)dr 
V2^(V5aa - 3a2)erfc ( ^ ) e^l^2 - 2V5aA 

= _ _ 

7T2W2A 

3a 

When A —> 00, mf/„ —> — 00. Because r/a has a constant (conditional) variance 

for any A, we have Pr[f > 0|r = 0, r > A] —> 0 when A —>• 00. Moreover, the OFDM 

bandwidth VF is usually large (several MHz). Thus, unless A is very small, rrif/a •< 0, 

implying that Pr[r > 0|f = 0, r > A| « 0. 

4.7.D Given r = 0 and r > A, ji and r̂  Are Uncorrelated 

We first find the conditional joint pdf p(r, 7, r | r = 0). By using (4.67) and (4.74), we 

have 

p(r, 7, r\r = 0) = p(r|7, r,8,r = 0)p(7, r, 0|r = 0)p(/9) 

r 2 / 

27rcrj.'Cro"2 \ 

(r — m*.)2 

, 2 a | 

2 2 

2a2 

r2 \ 

2a2) ' 

Because r = W , the conditional joint moments of r and 7 can be found as 

E{rmYl\r = 0, r > A} = J A J~°°J-°° ' , / ' ' - —, 
JA P(r)dr 

where m and n are positive integers. However, note that p(r, 7, r\r = 0) is symmetric 

to 7. Therefore, 

/

OO 

rm7np(r, 7, r |r = 0)^7 = 0 
OO 

for any odd n, and, in turn, E{rm^n\f = 0, r > A} = 0 for any odd n. Specifically, 

£'{r7|r = 0, r > ^4} = 0. That is, given r = 0 and r > A, T and 7 are uncorrelated. 
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4.7.E The Conditional pdf and moments of rjk 

In this section, we find the conditional mean and variance of 

- ^fa)rfa) ~ xi(tk)r{tk) 
r(tk)\xR(tk)\ 

given f(tk) > 0 and r{tk) = A. In the following, we drop off the time index tk for the 

ease of notation. 

Note that 

p(xR, xi, xi, r) = p(±i, r\xR, xI)p(xR)p(xI), 

where p(xi,r\xR,xi) is defined in (4.61). We have 
rp{xR = r cos 9,xj = r cos 6, x/, r) 

p(xj, r,9\r) 
p(r) 

x\ — 2x/r sin 9 + f2 

exp -47T2(X2| COs6>| \ 2<72 COS2 9 

The Jacobian of transforming p(x/,f,9\r) to p(rjk,r, 9\r) is r|cos(9| because xi = 

rr]k\ cos9\ + rsm9. Then, the pdf of r\k conditioned on r > 0 and r = A is 

J™ f0* r\ cos9\p(xi = rrjk\ cos9\+f sin9, f,9\r)d9df 

Jo P(r)dr" 

27rv^riy(jeXP V 27r2W2a2y ' 

The conditional moments of rjk can be found: 

ra% = ^{r7fc|r > 0, r = A} = 0, 

< = * » > 0,r = A} = — = - ^ r - , 

7T4VK4cr4 

< = ^ { % 4 | r > 0 , r = A} = ^ ^ , 

m\vk\ =E{\Vk\\r > 0 , r = yl} = y - - — , 

and the conditional variance of \r/k\ is 

/TT 2 2TT\ W2a* 

% * I = ̂  - m\m,\ = {Y~YJ ~A*~- ( 75) 

When A is large, % has approximately the same distribution as 7$ (calculated in 

Appendix 4.7.B). (4.68) shows that ip » 1 when A is large. Then, 

y W c M) « - — < 2 # - ^ . 
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Thus, (4.68) can be approximated as 

p(7»|r = 0,r > A) 

TT2W2 VEA ( 3A2~ff 
exp 3 7

2 + n2W2 27r^Wa * \ 2n2W2a2 

VGA ( SA2^ 
exp 

12_,2 

2ir^Wa * V 27rWV2 , 

which is the same as p(r]k\f > 0,r = A). This approximation is valid when 37? <C 

n2W2. On the other hand, when 372 is comparable to or larger than TT2W2, both 

p{liV = 0,r > A) and this approximation are virtually zero. Therefore, we may use 

this approximation for all 7;. 

Remark 4.8. By using the asymptotic expansion of erfc (x) and Ei (x) [211], it is easy 

to verify that the moments of i]k are approximately the same as those of 7* when A 

is large. Intuitively, we can explain this fact by observing that r\k is measured at the 

time that r(t) up-crosses the level A, and 7* is measured at the time that r(t) reaches 

its local peak after the up-crossing. Because these two time instances are very close 

when A is large, the statistics of r]k and 7; are the same. 

4.8 The Execution Time of DIT Split-Radix JN-
Point FFT with Nf Nonzero Inputs and iV De­
sired Outputs 

In this section, we analyze the execution time of calculating the JiV-point FFT with 

Nf nonzero inputs and N desired outputs by using the DIT algorithm. The execution 

time is measured as the number of real multiplications. A complex multiplication is 

equivalent to three real multiplications [197], except one of the multipliers is 1 (no 

multiplication needed) or (1 + j)^ (two real multiplications). 

Consider the DFT 
JN-l 

71 = 0 

where n = 0,..., JN - 1, and k = 0,..., N/2 - 1, JN - N/2,..., JN - 1 (which are 

the desired outputs of the DFT corresponding to the iV inband frequency-domain 

samples of the iV-subcarrier OFDM system). The input xn has only Nf nonzero 
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values randomly distributed on n = 0,..., JN - 1. We assume that both J and N are 

the power of 2. 

Define WJN = e
j2'K/m. By using the DIT decomposition, the split-radix FFT can 

be written as [197] 

JN/2-l 

X2k= Y, (xn + xn+JN/2)W]n
N

k (4.76) 
n=0 

JiV/4-1 

Xtfc+i = Y ((X™ - Xn+JN/2) ~ j(Xn+JN/4 ~ Xn+3JN/i))WjNW^ (4.77) 
n=0 

JN/4-1 

X^k+1 = j ^ ((Xn ~ Xn+JN/2) + j{Xn+JN/4 ~ xn+iJN^))W%W%k. (4.78) 
n=0 

Eq. (4.76) is a (JiV/2)-point DFT with N/2 desired outputs (k = 0,..., — - 1, — 

—,..., 1). The minimum number of nonzero inputs is min(JVy-/2, JN/2), and 

the maximum number of nonzero inputs is min(iV/, JN/2). Here, we assume the £n 's 

are distributed in a way such that all the DFT involved in the DIT decomposition 

have the maximum number of nonzero inputs, leading to the worst (i.e., the largest) 

execution time. 

Eqs. (4.77) and (4.78) are two (JiV/4)-point DFT with N/4 desired outputs 

(k = 0,..., N/8 - 1, JN/4 - JV/8,..., JN/4 - 1), and min(iV/, JN/4) nonzero inputs. 

Calculating each input requires three real multiplications except for n = 0 (no multi­

plication is needed) and n = JN/8 (which requires two real multiplications). However, 

the 0-th and (JN/8)-th inputs may be zero unless Nf > JN/4. Therefore, in view of 

the worst execution time, calculating (4.76) - (4.78) requires 

M.JN = M-JN/2 + 2MjN/4 + max(0, min(6iV/, 3JN/2 - 8)) (4.79) 

real multiplications, where MJN, M.JN/2 and MJN/4 are the number of real multi­

plications for calculating the (JN)-, (JN/2)- and (JiV/4)-point DFT, respectively. 

The DIT decomposition continues until each (2J)-point DFT decomposes to one 

./-point DFT and two (J/2)-point DFT. The J-point DFT has only one desired output 

at k = 0. Therefore, its calculation needs no multiplications, i.e., 

Mj = 0. (4.80) 

95 



The (J/2)-point DFT corresponding to (4.77) has no desired outputs and can be 

omitted. On the other hand, the (J/2)-point DFT corresponding to (4.78) has one 

desired output at k = J/2 — 1, and min(A^, J/2) nonzero inputs. By pre-computing 

and storing W^nk and W$+4nk (n = 1,..., J/2 - 1 and k = J /2 - 1), (4.78) requires 

max(0, mm(3Nf, 3 J/2 — 4)) real multiplications. Therefore, 

M2J = max(0, min(3JV), 3J/2 - 4)). (4.81) 

Now, the execution time of calculating the JiV-point FFT with Nf nonzero inputs 

and N desired outputs by using DIT can be found by recursively using (4.79) and 

applying the initial conditions (4.80) and (4.81). 

From the above analysis, we see that the overall execution time is a function of 

Nf. If Nf is a random variable, we may estimate the averaged FFT execution time 

by replacing Nf in (4.79) and (4.81) by its mean Nf. 
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Chapter 5 

PAR Reduction with Discrete 
Solutions 

This chapter focuses on discrete PAR-reduction techniques, which modify the phase 

and/or amplitude of the data symbols in a discrete manner to reduce the PAR. We first 

propose a method to eliminate the side information for the sign-selection technique. 

This method optimizes the signs of the data symbols to minimize the PAR. Then, we 

propose new probabilistic algorithms to find better suboptimal solutions for discrete 

PAR-reduction techniques. In this chapter, we use the zero-padding OFDM system 

where the carrier frequency is on the left end of the OFDM frequency band. The 

time-domain OFDM symbol x(t) and its discrete-time samples xn may be written as 

N-l 

x(t) = ^=V]Xke^T, 0<t<T, (5.1) 

where N data symbols Xk form an OFDM block X = [X0,..., XN^], T is the OFDM 

symbol period, and 

1 j v - i 

zn = — ] T x f c e > ' & n f c , n = 0,...,JN-l, (5.2) 
fe=0 

where J is the oversampling factor. 

5.1 Characterization of Discrete Solutions 

Discrete PAR-reduction techniques use a set of candidates to represent an OFDM 

block, and choose the one leading to the lowest PAR for transmission. In other 
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words, given an input OFDM block X, we form a candidate set Xk for each data 

symbol Xk, k = 0, ..., N — 1; i.e., 

%k = {Xk,o, Xkti,..., Xkjk-i}, k = 0,...,N — l, (5.3) 

where Ik is the size of Xk, and A\j is determined by X^ and the predefined rules of 

the candidate set. For example, the multiple representation technique uses 

XKl = Xke^\ i = 0, . . . , / - 1, 

where fa's are a set of predefined phases. The data symbols Xk of the transmitted 

OFDM block are chosen from Xk such that the PAR is minimized. Thus, the objective 

function of discrete PAR-reduction techniques can be written as 

l l2 
max \xn\ , . 

- m m pf | |2V ^ 5 - 4 ^ 

1 N~l 

where xn =—p= V ^ X f c e 1 ^ , n = 0, ..., N - 1, (5.4b) 
^ fc=0 

subject to Xfc G A*., z = 0,..., N - 1. (5.4c) 

The denominator in (5.4a) may be omitted if the average power E {\xn\ } does not 

change with the choice of Xk. The search space of this optimization can be written 

as 
N-l 

A = n ^ 
k=0 

For example, the sign-selection technique optimizes the signs of the data symbols to 

minimize the PAR. That is, 

%k = {Xk, —Xk}- (5.5) 

The PAR of an OFDM block X = {X0,...,XN^} is equal to the PAR of - X . 

Therefore, we may always fix the sign of one data symbol, e.g., XQ, to be 1. Thus, 

X0 — {XQ}, IQ = 1, and Ik = 2 for k ^ 0, and the search space is A = 2N~l. 

If the elements of Xk belong to the same constellation, the index of the selected 

candidate must be transmitted to the receiver as side information in order to correctly 

decode the data symbols. The uncoded side information requires 
N-l 

Bs = ^ log 2 4(b i t s ) . 
k=0 
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For example, the side information of the sign-selection technique is Bs — N — 1 bits. 

5.2 PAR Reduction By Using Adaptive Mapping 

The adaptive mapping technique for PAR reduction is based on the fact that, for 

an arbitrarily given signal constellation, some data sequences have a low PAR [1]. 

By using the adaptive mapping technique, an M-point signal constellation QM can 

be mapped to a 2M-point signal constellation Q2M- I n this case, each point in QM 

can be represented by either of the two corresponding points in Q2M- That is, each 

OFDM subcarrier has two modulation choices. The extra freedom provided by this 

method allows each subcarrier modulation symbol to be carefully selected to reduce 

the PAR. On the other hand, in order to decode the received signal easily and reliably 

(such decoding is especially important for the mobile handset because of its low cost 

requirement), the mapping scheme has to be simple and revertible without any side 

information. 

Given the above consideration, we propose an adaptive mapping technique that 

involves only sign-selection to map QM to Q2M-

Let qm, m = 1, ..., 2M, represent an arbitrary point in Q%M- For any origin-

symmetrical signal constellation such as PSK or QAM, 

Q(m+M)2M
 = ~~Qrn € Q2M, (5.6) 

where {-)2M represents modulo-2M operation. Then, Q2M is divided into two dis­

jointed sets by choosing M adjacent points {qm, m = 1, ..., M} to form a subset Q2M, 

and choosing the remaining M adjacent points {qm+M,™ = 1> •••) M} = {—qm,m = 

1, ..., M} to form another subset Q2M-

Now, given an arbitrary point qm E QM, we can map it to either qm € Q2M
 o r 

(2) 

—Qm € Q.2M- A s a n example, the mapping from QPSK to 8PSK is shown in Fig. 5.1, 

where 1 in QPSK is mapped to either —1 or 1 in 8PSK, and -1 in QPSK is mapped 

to either —j or j in QPSK, and so on. 

For any qm G Q2M (m = 1, ..., M), —qm is not a member of Q2M- Therefore, 

the inverse mapping from Q2M (or Q2M) to QM is unique, and no side information 

is needed for decoding. 
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Figure 5.1: QPSK mapping to 8PSK 

With this mapping scheme, we first encode each log2 M input bits to a point in, 

say, Q2M t° obtain X = [XQ, ..., XN-i]. We associate each Xk with a sign-selection 

variable sk- The original OFDM block X is thus replaced by 

X = [SQXQ, . . . , S iV- iXjV- i ] , (5.7) 

and the discrete-time transmit signal is given by 

N-l 

xn = ~=ySkXke
j2^, n = 0 , . . . , J i V - l . (5.8) 

The choice of sk does not affect the average power of xn, which is the same as that of 

xn. The PAR-reduction problem is therefore equivalent to minimizing the maximum 

peak of the amplitude of xn. Consequently, this problem is reformulated as 

|2 

mm max 
s n=0,...,JN-l 

N-l 

J2s^ fee-
J27T JN 

fc=0 
(5.9) 

subject to: s e {1, —1}^, 

where s = [s0, •••, % - i ] , and {1, — 1}^ is the set of ^-dimensional binary vectors. For 

any sign sequence s, a sign sequence — s always exists that leads to the same PAR. 

Therefore, we can always let s0 = 1. The redundancy introduced by this technique 

is l/log2(2M) = 1/(1 + log2M). By using a large constellation, we can keep the 

redundancy small (e.g., 16.67% for M = 32). 

The adaptive mapping technique proposed above can significantly reduce the PAR. 

For example, the PAR distribution for a 16-subcarrier OFDM system (N = 16) with a 
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Binary Phase Shift Keying (BPSK) input (M = 2) is investigated. The total number 

of possible input OFDM blocks is 216 = 65536. After mapping BPSK to QPSK by 

using the adaptive mapping technique, the search space of each input OFDM block 

is 215 = 32768. Fig. 5.2 shows the PAR distribution of ordinary BPSK OFDM blocks 

and that of the optimum adaptively-mapped QPSK OFDM blocks found by using 

the exhaustive search. For ordinary BPSK OFDM blocks, the PAR is 11 dB at a 

clip probability of 10~4, and the worst PAR is 101og10 N = 12.04 dB. However, after 

adaptive mapping, the optimized QPSK OFDM blocks has the worst PAR of only 

3.5dB (with a clip probability of 1.22 x 10~4). Therefore, the adaptive mapping 

technique can reduce the PAR significantly. 

Finding the optimal sign sequence for each OFDM block requires an exhaustive 

search among all 2iV~1 possible choices, where testing each choice requires an IFFT 

operation. Thus, the complexity of the exhaustive search is a exponential function 

of the number of subcarriers, making an exhaustive search impractical when N is 

large. For example, 2127 « 1.7 x 1038 IFFTs are required when N = 128. Many 

algorithms have been proposed in the literature to find the suboptimal solutions of 

the discrete optimization problem (5.9). Generally, the execution time of finding a 

nearly optimal solution of (5.9) may be prohibitively high. For example, to limit the 

PAR of a 128-subcarrier 16QAM-modulated OFDM system to no larger than 6dB at 

a clip probability of 10~4, SLM requires an average of 556 IFFTs, and 7425 IFFTs in 

the worst case of our simulation, where 105 OFDM blocks are tested. 

The existing algorithms can be divided into two groups: (1) Algorithms with low-

complexity , e.g., SLM and PTS [13,113], which, however, obtain only moderate PAR 

reduction; and (2) algorithms with near-optimal solutions, e.g., the derandomization 

method [22], which have relatively high complexity (0(N2)) but may serve as the 

foundation of future fast algorithms. 

In the rest of this chapter, we propose several suboptimal algorithms to solve 

(5.9). These algorithms belong to the second group for solving (5.9), i.e., for finding 

a near-optimal solution. These algorithms also offer a flexible tradeoff between PAR 

reduction and execution time. Our simulations show that, for the same level of PAR 

reduction, our algorithms require less execution time than the SLM and derandom­

ization methods. In the last section of this chapter, two fast algorithms are proposed, 
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Figure 5.2: PAR for uncoded BPSK symbol sequences and for adaptive-mapping 
coded symbol sequences, where N = 16, M = 2. 

which reduce the PAR of a 128-subcarrier OFDM system to about 6dB at a clip 

probability of 10™4 with only 16 IFFTs. 

5.3 Probabilistic Solutions 

5.3.1 Random Selection Method 

The first method is based on the random selection of s. We first randomly select K 

sign sequences s^l\ s^2\ ..., s^K\ For each OFDM block X, the maximum instanta­

neous power (or PAR) of each s^ 0 X = [s0 X0, ..., SJJ^XN-I], where / = 1, ..., K 

and 0 represents element-wise multiplication, is calculated. The one with the lowest 

maximum instantaneous power is then selected for transmission. The search space is 

2K. A tradeoff between K and the PAR requirement can be made. 

In (5.9), X comes from half of the (2M)-ary constellation. By using the random 

selected sign sequence s, the adaptively mapped OFDM block becomes a sequence 

coming from the (2M)-ary constellation Q.2M- Therefore, this method is equivalent to 
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randomly selecting a sequence from Q2M • Because the PAR distribution of Q2M sym­

bol sequences is exponentially distributed, this method can achieve only a moderate 

PAR reduction for a moderate K. 

5.3.2 Modified PTS Algorithms 

The PTS technique [13] partitions the input sequence into several subgroups, called 

partial transmit sequences. A sign sequence, where each element corresponds to the 

sign for each subgroup, is used to obtain a suboptimal solution. Several algorithms 

for the PTS technique have been proposed in the literature [28]. With some modifi­

cations, these algorithms can also be used here. 

As mentioned above, X comes from Q2M, which is a non-origin-symmetrical con­

stellation. This fact implies that its PAR distribution is much higher than that of 

Q2M, an origin-symmetrical constellation (see Fig. 5.3). Therefore, directly applying 

a PTS algorithm to X would not achieve a significant PAR reduction compared to 

applying it to the original M-ary constellation symbol sequences. 

Because PTS algorithms work well for origin-symmetrical constellation symbol se­

quences, the modification is simple. First, randomly generate an initial sign sequence, 

denoted as sini, such that X is mapped to a Q2M symbol sequence X;ni = sin; 0 X. 

Then, PTS algorithms can be used on Xini to reduce its PAR. 

As an example, Fig. 5.3 illustrates the PAR distribution for (1) original Q^M 

symbol sequences (—), (2) original Q2M symbol sequences (—), (3) Q2lf symbol 

sequences with PTS (- •), and (4) Q2M symbol sequences with PTS (•••)• Here, an 

OFDM system of N = 64 subcarriers and 8PSK (M = 8) data input is used. When 

PTS is used, each OFDM block is partitioned into four subgroups. The PAR for Q(
2
1]

M 

symbol sequences is quite high no matter if the PTS technique is used or not. On the 

other hand, with the use of the initial sign sequence s;nj, the PAR can be significantly 

lowered. 

5.3.3 Recursive Partial Sequence Method 

This method is based on the recursive optimization of the partial symbol sequence. 

Given a OFDM block X (from Q2M), one can partition it into Lg sub-blocks with 
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Figure 5. 3: PAR CCDF for (1) original Q^M symbol sequences (—), (2) original 
QIM symbol sequences (—), (3) Q^M symbol sequences with PTS (- •), and (4) Q 2M 
symbol sequences with PTS (•••)> where N = 64, M = 8, and each OFDM block is 
partitioned into four subgroups when using PTS. 

each sub-block containing K = N/Lg symbols: 

X = [X0, ..., X L 9 _ I ] . 

Similarly, s can also be partitioned into Lg sub-blocks: 

S = [S0, ..., Siv_i] = [S0, ..., S ^ - x ] . 

(5.10) 

(5.11) 

Let <S/c denote the symbol index set of the sub-block X^ or s^. Then Sk satisfies the 

following relationships: 

SknSt = 0, k^l, k,l = 0, ..., Lg-1, 

)JSk = {l,...,N-l}, 

(5.12) 

(5.13) 
fe=i 

where 0 represents the empty set. Similar to the partitioning with the PTS technique, 

adjacent, interleaved, and pseudo random sub-block partitioning can be used. Here, 
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we use adjacent partitioning. Therefore, 

kN kN (k + l)N 
5fc = j — , — + 1, ..., v

 L
 y - 1 j , A: = 0, ..., L5 - 1. (5.14) 

Now, let us form a partial symbol sequence X = X0 and a corresponding sign 

sequence s = s0. Then, the optimal s0, denoted as SQ , can be found by minimizing 

the PAR of s 0 X. Then, X and s are updated such that X = [X0, Xi], and 

s = [SQ , Si], respectively. Similarly, Sj can be found by minimizing the PAR of 

the updated s 0 X. This procedure is repeated until s^p_x is found. Generally, this 

method can be written as [212] 

FOR k = 0 TO Lg-l 

X = [X0, ..., X fc], s = [s0, ..., sfc] 
/ \ ( 5 - 1 5 ) 

s[opt) = arg rnin (PAR of s 0 XJ 

END FOR 

When using this method, a search for 2K possible choices is required in each iteration. 

That is, 2K (partial) IFFTs are required in each iteration except the first iteration, 

where 2K~1 IFFTs are required because s0 = 1. Therefore, the total number of IFFTs 

is 

Number of IFFTs = \ I ; ' ^ ' K = 1 ' (5.16) 
\%2K-2K-1, otherwise. 

As an example, Table 5.1 lists the total numbers of IFFTs for different K. Com­

pared to the complete search (2JV_1 IFFTs), the proposed method significantly reduces 

the complexity. Moreover, because most IFFTs involved in this method are partial 

IFFTs (i.e., most inputs of the IFFT are zeros), the execution time can be further 

reduced by using fast IFFT algorithms exploiting this fact. 

5.3.4 Simulation Results 

In this section, numerical simulations are performed for an OFDM system with 256 

subcarriers. 105 8PSK (M = 8) input OFDM blocks are generated and then are 

mapped to 16PSK blocks by using adaptive mapping. We compare the PAR reduction 

performance of the recursive partial sequence method with that of PTS. When using 

the recursive partial sequence method, we consider three cases where the sub-block 
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Table 5.1: The total numbers of IFFTs for different K 
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Figure 5.4: PAR comparison, where N = 256, M = 8. 

length K = 1, 2, 4, respectively. When using PTS, the number of sub-blocks is 

L = l l . 

Fig. 5.4 shows the PAR distribution for both methods. It is clear that the recursive 

partial sequence method can significantly reduce the PAR. When K = 1, the recursive 

partial sequence method obtains a 4.8 dB PAR reduction at a clip probability of 10~4. 

When K — 2, the PAR-reduction performance is improved by 0.3 dB. From Table 

5.1, the execution time of K = 1 and K = 2 is the same. Therefore, K = 2 is a better 

choice in practical situations. By increasing the execution time, the recursive partial 
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sequence method can obtain about a 5.5 dB PAR reduction for K — 4, whereas 1016 

(partial) IFFTs are required to find the (sub)optimal sign sequences. 

The performance of the proposed technique is better than that of PTS. In our 

simulations, the total number of IFFTs required for PTS is 2R~~l = 1024, which is 

roughly the same as that for recursive partial sequence method with K — 4. However, 

the PAR reduction of PTS is about 7.4 dB at a clip probability of 10 -4, which is about 

0.5 dB worse than that of the recursive partial sequence method with K = 2 and about 

0.9 dB worse than that of the recursive partial sequence method with K = 4. 
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5.4 Cross-Entropy Method for PAR Reduction 

Stochastic search and optimization techniques [21] can be used to find good subopti-

mal solutions of the discrete optimization problem (5.9), which is copied to here for 

the ease of reference: 

minlL(s) 

subject to: s e {1, — 1} , 

where s = [s0, ••-, SA/_I], and 

L(s) = max 
n=0,...,JN-l 

When we consider s as a random vector, L(s) is thus an event in the iV-dimensional 

space {1, — 1}^. Because the occurrence of the optimal solution s(°pt) has a very small 

probability, L(s^opt^) is a rare event. The random selection method described in the 

previous section belongs to the crude Monte-Carlo method [21], where the suboptimal 

s is found from a set of random samples Si, . . . ,sn drawn from a (usually arbitrarily 

defined) distribution of s. Other methods, e.g., simulated annealing [213-216], Tabu 

search [217-220], and genetic algorithms [221-224], can also be used to obtain better 

solutions than those obtained by using the crude Monte-Carlo method. 

The CE method is an iterative procedure for combinatorial optimization [225-

229]. Each iteration involves generating a random sample according to a probability 

distribution and then updating the parameters of the probability distribution in order 

to produce better samples in the next iteration [227]. In this section, we develop two 

CE-based PAR-reduction algorithms [230,231]. Near-optimal solutions are obtained 

by simultaneously modifying the probabilities of the signs of all subcarriers via the 

CE method. In contrast, the derandomization method [22, 23] modifies the signs 

one-by-one. With a fixed number of iterations, our algorithms obtain the same PAR 

reduction with an 0(N log N) complexity. They also offer a flexible tradeoff between 

PAR reduction and execution time. The simulations show that, for the same level of 

PAR reduction, our algorithms requires less execution time than the SLM [13,122] 

and derandomization methods. To the best of our knowledge, our work is the first 

application of the CE method to PAR reduction. 

N-l 

y J skXk 
j2-nnk 

e J* (5.18) 
k=0 
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5.4.1 The CE Method 

Let / (x; u) be the probability density function (pdf) of a random vector X with a set 

of parameters u; and L(X) represents a real-valued cost function of X. Also, let the 

optimization problem be 

max L(X). (5.19) 

The CE method for finding the optimal solution X(°pt) involves two phases [225-227]: 

1. Randomly generating a set of samples Xi,..., Xn with respect to a pdf / (x ; u), 

where u is the parameter vector to be optimized. 

2. Optimizing u based on h(X.i),..., IL(Xn) and updating / (x; u) in order to pro­

duce "better" samples in the next iteration. 

The optimization of u is to produce an optimal pdf /(x;u^opt ') such that X^opt') 

occurs with large probability (this is the basic idea of importance sampling [232-235]). 

Fig. 5.5 shows that, if we use the Monte-Carlo method to generate a set of n samples 

Xi, ..., Xn according to a pdf / (x) , most of these samples occur at the places where 

/(x) is large. Because X^opt^ is a rare event, its occurrence generally requires a large 

n. The ideal pdf that generates X^opt) with only one sample is 

( l , X = X<opt\ 
/ (op t )(x) = 

I 0, otherwise. 

However, /(opt)(x) is not feasible because X^opt^ is unknown. On the other hand, 

if / (x) can be controlled by a parameter u such that /(x; i i i ) and / (x ;u 2 ) have a 

similar "shape" but the different "positions" of maxima, we can "shift" / (x; u) such 

that its maximum value is in the neig hborhoodofX(opt). Then, we need only a small 

number of samples to generate X^opt^. 

The CE method associates the optimization problem with a probability estimation 

problem. By using the Monte-Carlo method, the probability that 1L(X) is greater than 

or equal to a threshold 7 may be estimated as 

I = P/(L(X) > 7) = #/[J{L(x)>7}] = / ^{t(x)>7}/(x;u)dx 

1 n (5.20) 

109 



/ - ( X ; U ) "shift" J(x ; u(opt)) 

X 

Figure 5.5: Basic idea of the CE method. 

where the subscript / means that X is distributed with respect to the pdf / , and 

W)>7} = i r ""~ ~y"/"" (5-21) 

is the indicator function. 

When L(Xj) > 7 is rare, estimating I requires a large n such that IL(Xj) > 7 

happens often. We use importance sampling to reduce n. That is, we find another 

pdf g for generating X such that L(Xj) > 7 occurs more often. By using g, (5.20) 

can be rewritten as 

1 ; T / (x ;u) . . . / (X ;u ) 1 

' = / J{t(x)>7}—p-3(x)ax = iis[J{]L(x)>7}-
n 

n z—~l 

/(X,;u) 
0(X) 

(5.22) 

where Xj are generated with respect to the pdf g. 

The optimal g can be obtained by minimizing the variance of I, which is 

J{L(x4)>7}/(x;u) > p t ) (x) 
I 

(5.23) 

However, because (5.23) requires knowledge of I, g(°pt) cannot be obtained a priori. 

The CE method approximates g(°pt) with a pdf function / (x; v), which belongs to the 

same class of / (x; u) but with a different set of parameters. The optimal parameters v 

can be found by minimizing the cross entropy (or Kullback-Leibler distance) between 
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#(°pt)(x) and / (x ;v) as 

min£>(5
(opt )(x),/(x;v)), (5.24) 

where 
5 ( o P t ) ( x ) 

D(gW(x),ftev)) = Ei (opt) In 
/ (x ;v) 

(5.25) 

(5.26) 

which is equivalent to 

maxD(v) = max£ u [/{L(X)>7} ln / (X; V)] 

= maxEw [7{][i(x)>7}W(X;u,v)ln/(X;v)] , 

where 

M X - u v ) = / ( X ; u ) 

The optimal solution v^opt^ can be found by solving 

1 n 

- J ] / W x , : ) > 7 } ^ ( X i ; u , w ) V l n / ( X i ; v ) = 0 (5.27) 
i=\ 

with respect to v. When v^opt^ is found, a sample vector X^opt^ can be easily generated 

such that L(X(°pt)) > 7. 

To ensure the efficiency of the Monte-Carlo simulation, 7 has to be relatively small 

such that the probability of L(X(opt)) > 7 is not too small. On the other hand, one 

can predefine a relatively large probability and use it to find the corresponding 7. 

After finding v(°pt) by using this 7, this procedure can be repeated to find a larger 7. 

The maximum 7 and the corresponding v^op^ are then obtained when this procedure 

converges. At this time, the optimal X can be generated by using /(x;v^opt^). The 

CE algorithm is summarized as follows: 

1. Generate n samples X, with respect to the pdf / (x ;u ) ; then by using these 

samples, find 7 such that / > p, where p is a relatively large probability (e.g., 

p = 0.1), 

2. Let W = 1; find an optimal vi by using (5.27) and 7, 

3. Replace u with v1; and repeat this procedure until some stop criteria are met. 
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5.4.2 The CE Sign-Selection (CESS) Algorithm for PAR Re­
duction 

Now consider the discrete PAR-reduction problem (5.17), where the cost function 

L(s) that we want to minimize is defined in (5.18). Let s = 1 — 2d; i.e., we generate 

the sign sequence s G {+1, —1}^ from a binary vector d € {0,1}^. Then, the cost 

function is 

L(d) = max 
n=0,, . ,JiV-l 

1 i V - 1 2 

^ fc=o 

(5.28) 

Each element of d is modeled as an independent Bernoulli random variable with 

the probability distribution P(dk = 1) = 1 - P(dk = 0) = pk, k = 0,..., N - 1. The 

probability distribution is 

f(d;p)=l[pt(l-pky-dK (5.29) 
fc=0 

The CE method optimizes p = [po,Pi, ••••,PN-I], which will generate a nearly optimal 

solution d* that leads to a low PAR. 

However, d* occurs with a very small probability. Estimating this probability by 

using the Monte-Carlo method requires a large number of samples of d. Instead, 

the CE method estimates a relatively large probability Pr[L(d) < 7], where 7 is a 

relatively large threshold. Fewer samples are required to estimate this probability. 

The probability vector p is updated so that most samples generated by /(d; p) satisfy 

L(d) < 7. The likelihood of d* appearing among these samples is increased. If we 

iteratively let 7 —> 0, / (d; p) converges to an optimum pdf / (d; p*) that generates 

d* with a minimum number of samples, and 7 converges to L(d*). In each iteration, 

p* can be analytically found by solving [227] 

1 n 

- E / W d l ) < 7 } V l n / ( d l ; p ) = : 0 , (5.30) 

i=i 

where Vx denotes the partial derivative of x with respect to pk, 

(l, L ( d i ) < 7 , 
^{L(d0<7} = \ 

I 0, otherwise, 

and dj are generated by using / (d; p). 
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The partial derivative of (5.29) is given by 

<91n/(d;p) dk 1 - 4 
(5.31) 

dpk Pk 1 - Pfe 

where dk is the k-th element of d. By substituting (5.31) into (5.30), the optimal Pk 

can be found as [227] 
n 

P^ = —n (5-32) 

for a given 7, where dik is the A>th element of dj. 

Our sign-selection algorithm can thus be summarized as follows [230,231]: 

Algorithm 5.1 (CESS). 

1. Let po = 1, and pk — 0.5 for k = 1,..., N — 1. Let p = 0.1. Define ns = \pn), 

where \a] represents the smallest integer that is greater than or equal to a. 

2. Generate n samples of dj with respect to p, and calculate their PAR, i.e., L(d;). 

3. Sort these samples in ascending order according to L(dj). Denote the obtained 

PAR value sequence as [L0, ..., Ln_i]. 

4. Find 7 as 7 = L„s, and update p by using (5.32). 

5. If 0 < pk < 1 for some k, go to step 2, and repeat this procedure by using the 

updated pk • 

6. Otherwise, output the optimal sign sequence as1 s^opt^ = 1 — 2p. 

The optimization will converge to pk = 0 or 1 for all k [229]. Alternatively, we 

may also stop the optimization after K iterations, and select the sample with the 

lowest PAR for transmission. 

Remark 5.1. The convergence can be speeded up by considering that, if pk > 1 — 1/n 

(or pk < 1/n), pk will be 1 (or 0) in all n samples with high probability. However, 

both the numerator and the denominator in (5.32) are integers, and the denominator 

1If all pk are either 1 or 0, p can generate only one sample d = p. 
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is in the range2 between ns to n. Moreover, by observing the transition of pk, we can 

see that most probably, Pk will eventually reach 1 when pk is larger than a threshold 

in some stage. Therefore, we can define a threshold p^ in the range between l/ns and 

1/n or larger (e.g. 0.2 for ns = 7). In each iteration after updating p using (5.32), 

we let 

{1, when pk > 1 - pth, 

0, when pk < pth, 

No change, otherwise. 

Remark 5.2. We further exploit the Tabu search [217-220] to reduce the execution 

time. At the last several iterations where most pk are 1 or 0, the n samples contain 

many duplicated samples. Therefore, when a sample is generated, it may be with 

previously generated samples. If it has been previously generated, its PAR needs not 

be computed again. Because a list containing the samples of d and their PAR is also 

required in (5.32), we utilize this list for comparisons. Our simulation results show 

that about 15% of IFFTs can be saved. 

5.4.3 Modified CE Sign-Selection Algorithm with Threshold 

Now, we propose a Modified CE Sign-Selection Algorithm with Threshold (MCESST). 

This algorithm stops the optimization when the PAR of an OFDM signal is reduced 

to within the amplifier's linear range. Based on the Full Adaptive CE method (FACE) 

[227,228], MCESST uses "elite" samples to adaptively adjust p. That is, instead of 

using p, we define the number of "elite" samples, ne. After generating n samples di, 

..., dn and sorting the corresponding L(dj) in ascending order (denoting as Li, ..., L„), 

we can find a threshold 7 such that 7 = LUe. Then 

p = P(L(d) < 7) « p, (5.33) 

where p = ne/n. Based on the Central Limit theorem, p is a Gaussian random 

variable with mean p. Its variance decreases to 0 when n goes to 00. 

We can also rewrite (5.33) as 

77 

P(L(d) < 7) « - , (5.34) 
n 

2The denominator is greater than ns when duplicated low PAR samples are generated. 
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where 7 is an estimation of 7. That is, 7 is a random variable with mean 7, and its 

variance decreases to 0 when n goes to 00. 

p determines the tradeoff between PAR reduction and execution time. A large 

p implies a large PAR reduction but a slow convergence. A small p leads to a fast 

convergence but a small PAR reduction. Therefore, we may start with a relatively 

large p (i.e., a small n = nmin) to obtain a large PAR reduction. The slow convergence 

rate will not significantly increase the execution time because n is small. After each 

iteration, we increase n by ninc until n equals a relatively large number nmax. Because 

p decreases in each iteration with the increase of n, a fast convergence is obtained. In 

each iteration, if the PAR is lower than a predefined IBO threshold A, the algorithm 

is stopped. Our algorithm is summarized as follows: 

Algorithm 5.2 (Modified CESS algorithm with threshold), 

i. Imtiaiize A, ne, nm-m, nmax, n-mc. Let n = nm[Q. 

2. Let po = 1, and initialize p^ = 0.5, k = 0,..., N — 1. 

3. Generate n samples d» with respect to p, and calculate their PAR (i.e., L(d;)). 

Whenever a dk leads to PAR < A, then output s^opt^ = 1 — 2dfc, and the 

algorithm ends. 

4. Otherwise, sort these samples in ascending order according to L(dj). Denote 

the obtained PAR value sequence as [L0, ..., ILJV-I]-

5. Find 7 as 7 = Lne, and update p by using (5.32). 

6. If p G {0,1}^, then output s^opt^ = 1 — 2p, and the algorithm ends. 

7. Otherwise, if n < nmax, let n — n + n;nc, and then, go to step 3. 

5.4.4 Convergence and Complexity Discussion 

5.4.4.1 Convergence of Our Algorithms 

The CE convergence is proved in [229]. A basic assumption of the convergence is that 

the neighborhood of the optimum solution is also nearly optimum. Our optimization 

problem satisfies this assumption. The neighborhood in our case is defined in terms 
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of the Hamming distance. The PAR difference between the optimal sign sequence s* 

and another sign sequence Sj within Hamming distance D from s* can be bounded 

as 

max|x(n;s*)| — max|x(n;si) 
n n 

where fcj denote the position that S\ differs from s*. Consequently, when N is large, 

a small D always leads to near-optimal solutions. 

Let the set S = {s{ : Sj = 1 — 2di; L(dj) < 7}, which contains ns sign sequence 

samples that lead to small PARs. Intuitively, our algorithms count the number of 

l's that appear in S to update p. Some pk in the updated p may be close to 1 (or 

0). This fact implies that the signs of the corresponding subcarriers will have a large 

chance to be 1 (or 0) in the next iteration. Thus, most of the samples generated 

in the next iteration have a small Hamming distance to S (in the neighborhood of 

S). A local optimum that has a PAR no larger than those of <S is thus ensured. 

The other samples at large Hamming distances from S may also have small PARs, 

which ensures that escaping from a local optimum and converging towards the global 

optimal solution is possible. 

5.4.4.2 Complexity of Our Algorithms for Finding a Near Optimal Solu­
tion 

We first analyze the complexity of our algorithms3 by calculating the number of 

samples required to find a near optimal solution. 

In the (i — l)-th iteration, our algorithms estimate the probability p — Pr[L(d) < 

7] and optimize p such that, most probably, L(d) < 7 in the i-th iteration. The 

accuracy of estimating p is determined by ne. Therefore, we consider the complexity 

of finding a near optimal solution when ne is fixed. We assume that ne is large and p 

is small such that the samples generated in each iteration describe p with a negligible 

error. 

We also assume that the optimization leads to a negligible error. Then, in the 

i-th iteration, no sample with L(d) > 7 will be generated. In other words, the size 

of the search space at the i-th. iteration, denoted as Si and S\ = 2N, is reduced to 
3To find a near optimal solution, no threshold should be used in Algorithm 5.2. 

<M±^ . 
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Si ~ pSi-i. If a near optimal solution is found in the K-th iteration, we have 

c _ c _ nK-lq _ nK-l0N 
<~>min — &K — P &l — P * ) 

where S^n > 1 is the number of the near optimal solutions. Then, 

^ = l Q g A i n - i V 1 

log2 P 

The total number of samples generated in the optimization is ni^. Our simulation 

results show that n must be proportional to N in order to obtain the same PAR 

distribution for different N. Therefore, the total samples required to find a near 

optimal solution is of the order 0(N2). An exhaustive search may search 2N~X samples 

to find the optimal solution. SLM and derandomization cannot find a near optimal 

solution. 

5.4.4.3 Complexity Comparison for Finding Suboptimal Solutions 

We may fix the number of samples or set up a threshold (as in Algorithm 5.2) to find 

suboptimal solutions with low complexity. Each sample is calculated by using FFT. 

Thus, the complexity of our algorithms for finding suboptimal solutions is 0(N log N) 

multiplications (the same as SLM). However, our simulations show that SLM requires 

more samples to obtain the same PAR as CESS obtains. 

Derandomization iteratively calculates the signs as 

/2JTV / fe-l \ TV \ 

sk = -sign I ^2sinn P X/Sr<Xnr ) smn(A*anfc) J ! cosh(panr) J , (5.35) 
\ n = l \ r=l / r=fc+l / 

where sign(x) is the sign of x, p is a constant, and {ank} is the set of the real and 

imaginary parts of Xke^TN 5 which are calculated and stored before calculating sk. 

Computing {ank} requires 0(N2) multiplications. The memory requirement for stor­

ing {anfc} is 2 JN2 floating-point real numbers. Computing cosh(/janr) requires 0(N2) 

multiplications and 0(N2) hyperbolic functions. Thus, calculating rL=fc+i cosh(panr) 

requires G(N3) multiplications and 0(N3) hyperbolic functions. The rest of (5.35) 

requires 0(N2) multiplications and G(N2) hyperbolic functions. Therefore, deran­

domization requires 0(N3) multiplications and G(N3) hyperbolic functions. The 

execution time of the hyperbolic functions is much higher than that of multiplica­

tions. 
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N 

By using more memory, we may calculate and store the results of ] T cosh(/ianr) 
r-k+l 

for all k before the optimization. Then, the total memory requirement is AJN2 

floating-point real numbers, but the execution time is reduced to 0(N2) multiplica­

tions and 0(N2) hyperbolic functions. 

A greedy algorithm is proposed in [23] based on derandomization, with which the 

signs are iteratively calculated as4 

Sfc = arg mm 
s feG{+l,-l} 

where a, = [onj], n = 1...2JN and k = 2...N, are vectors each having 2JN items. 

[23] proves that p^P*) = log2JiV. Calculating s^ requires 0(N2) multiplications. 

Calculating sk, k = 2...N, requires AJN(N — 1) power-p operations5. Therefore, the 

complexity of this algorithm is 0(N2). Its memory requirement is 2JN2 floating-point 

real numbers (to store all a^). 

The Algorithm 3 in [23] iteratively calculates the signs as 

( k \ 
5̂  = arg min cosh V^ajSj , Sk 

where k = 2...N. x = [xn] is a vector of length (2JN), and coshX is defined 

as Y2n=i c o s hx n . Therefore, it requires G(N2) hyperbolic functions. Its memory 

requirement is also 2JA^2 floating-point real numbers. 

Derandomization and the greedy algorithm also require a large number of ad­

ditions, which may be a large burden in some implementations, e.g., in using the 

multiplier-accumulator [116], where the execution time of the multiplications is com­

parable to that of the additions. 

The execution time of our algorithm is smaller than that of SLM and derandom­

ization. In the next subsection, we compare the PAR reduction of these algorithms 

by using simulations. 

4When p = oo, this algorithm becomes a special case of [212]. 
5The optimal p is usually large. For example, p(°pt) « 6 o r 7 when N = 128 and J = 4. 
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5.4.5 Numerica l Resul ts 

5.4.5.1 PAR Reduction by Using CESS 

We first show the amount of PAR reduction obtained by using CESS for a 128-

subcarrier, 16QAM OFDM system if large execution time is allowed. The choice of n 

and p is critical to the system performance. A large n leads to a small PAR, while the 

execution time increases accordingly. Similarly, a large p implies that many "good" 

samples leading to IL(dj) < 7 are taken into account in each iteration. Because CESS 

counts the number of l's in these "good" samples to approximate the PAR probability 

distribution, more "good" samples imply more accurate estimation of a small PAR 

but a lower convergence rate. [227] suggests that p — 0.01 to 0.1 and n — 3N to 

5N. However, such a large n may not be practical for PAR reduction. In order to 

find a good tradeoff between PAR reduction and execution time, we investigate the 

relationship between PAR reduction and the averaged number of IFFTs for different 

n. 

Fig. 5.6 shows the averaged PAR versus the averaged number of IFFTs required 

by CESS for different N and n. p = 0.1 is used in this simulation. In this figure, the 

marks on each curve, from left to right, represent the cases of n = 8, 16, 32, 64, 128, 

256, 512, 1024, and 2048, respectively. With p = 0.1 and n = 8, CESS is the same 

as SLM because only one sample will lead to IL(dj) < 7 in each iteration. Fig. 5.6 

suggests the following: 

1. All curves tend to converge to the same PAR level with large n. This finding 

supports the conclusion in [22] that, with optimal sign selection, the PAR can 

be bounded to a constant which is independent of N. 

2. The averaged number of IFFTs is increased three times when n is doubled. 

3. To reach the same averaged PAR for different N, n has to be n = N/K, where 

K is a constant independent of N. 

4. When n > 64, further increasing n will not reduce PAR much compared to the 

much larger increase of execution time. 

Now, let us investigate how the choice of p affects the averaged PAR and execution 

time. Fig. 5.7 shows the averaged PAR versus the averaged number of IFFTs required 
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Average number of IFFTs 

Figure 5.6: Relationship between averaged PAR and the averaged number of IFFTs 
required by CESS for different n, where N = 128 and 16QAM symbols are used. 

by CESS for fixed n = 128 but different N and p. In this figure, the marks on each 

curve, from left to right, represent the cases of p = 0.01, 0.02, 0.04, 0.06 , 0.08, 

0.10, 0.12, 0.14, 0.16, 0.18, and 0.20, respectively. A larger p leads to a larger PAR 

reduction, p = 0.1 may be a good choice for finding a nearly optimal solution. When 

p > 0.1, the performance improvement in terms of the averaged PAR is small. 

5.4.5.2 Performance Comparison of CESS, SLM and the Derandomiza-
tion Method 

Fig. 5.8 compares the PAR reduction of CESS, SLM and derandomization [22], where 

N = 128, and 16QAM symbols are used. The CESS algorithm is used with p = 0.1, 

and the threshold p th = 0.2 is used for CESS with acceleration. At a 10 - 4 clip 

probability, CESS with n = 30 obtains 5dB PAR reduction, which is 0.3 dB larger 

than that obtained from derandomization and 1 dB larger than that from SLM with 16 

candidates. CESS with n = 64, which requires in average 973 sign sequence samples, 

obtains a 5.6 dB PAR reduction, which is about 1 dB larger than that obtained from 
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Average number of IFFTs 

Figure 5.7: Averaged PAR v.s. the averaged number of IFFTs required by CESS for 
n = 128 and different p. 

Original 
Derand 
CESS, n=30 

0 — SLM, K=973 
a— CESS+Acc, n=64 
A— CESS, n=64 

Figure 5.8: PAR reduction comparison of CESS, SLM and the derandomization 
method, where N = 128 and 16QAM symbols are used. 
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the derandomization method, and is 0.4 dB larger than that from SLM with 973 

candidates. With convergence acceleration, the PAR reduction obtained by using 

CESS degrades by 0.3 dB, but its execution time is 65% of CESS without acceleration. 

CESS with n = 30 requires an average of 235 sign sequence samples. Generating 

each sample requires a 512-point IFFT (equivalent to 3076 real multiplications6 [197]). 

If we apply the condition (4.44) to exclude the small-magnitude samples, the execution 

time of calculating the PAR is negligible. Thus, the overall execution time is 722860 

real multiplications. 

The execution time of the derandomization method can be calculated as (6JN2 — 

8JN) hyperbolic functions and (HJA^2 — 8JN) real multiplications with the help of a 

lookup table of AJN2 floating-point entries7. Therefore, the derandomization method 

requires 716800 real multiplications and 389120 hyperbolic functions with the help of 

a lookup table of 262144 floating-point entries to store the intermediate results used 

in the optimization. Thus, the execution time of derandomization is much larger than 

that of CESS with n — 30. Moreover, the memory requirement of the lookup table 

used by derandomization is large. 

We next compare the PAR reduction of CESS and SLM for the same execution 

time. 16QAM symbols are used in this comparison. We consider two cases with 

N = 128 and N = 256, respectively. We choose p = 0.1 for CESS with n = 8, 16, 32, 

64, 128 and 256, respectively. For each case of n, we count the averaged number of 

samples generated by CESS, and then use this average as the number of candidates 

for SLM. Fig. 5.9 illustrates this comparison. We see that, with the same execution 

time, CESS leads to a much smaller averaged PAR than that obtained by using SLM. 

6A complex multiplication is counted as three real multiplications [192]. 
7The detailed execution time of derandomization is as follows: Calculating an^' 3JJV2 real 

multiplications, ^,an^: 2JN2 real multiplications, cosh(/ia„)fc): 2JN(N - 1) hyperbolic functions, 
fIcosh(^a„)fc): 2JN(N - 2) real multiplications, sinh(yuanifc): 2JN(N — 1) real multiplications, 
sinh (M5ZT = I sT<inr)'- 2JN(N — 2) hyperbolic functions, and calculating signs: 4JN(N — 1) real 

multiplications. 
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Figure 5.9: PAR reduction comparison of CESS and SLM for the same execution 
time, where 16QAM symbols are used. 

5.4.5.3 Performance of MCESST 

Now, we compare MCESST and SLM for a 128-subcarrier OFDM system. 105 16QAM 

OFDM blocks are simulated. Because the PAR of a typical single-carrier signal 

using square-root raised-cosine pulse shaping with a roll-off factor of 0.35 is about 

6-7 dB [236], we compare MCESST and SLM with three thresholds A = 6dB, 6.5 dB 

and 7dB (relative to the average power). When applying a threshold to SLM, we 

select a large candidate set containing 104 sign sequence samples, but stop the SLM 

optimization whenever a candidate that leads to a PAR below the threshold is found. 

The parameters for MCESST are selected as in Table 5.2 so that the PARs of virtually 

all input OFDM blocks are reduced to below A. We also include in this table, out 

of the 105 simulated OFDM blocks, the numbers of "bad" OFDM blocks (denoted as 

"Bad Blocks") whose PARs are larger than A after optimization, as well as the worst 

PAR. 

Fig. 5.10 shows the PAR reduction obtained by using MCESST and SLM with 
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Table 5.2: Simulation Parameters for MCESST 

A 

6.0 dB 

6.5 dB 

7.0 dB 

^ m i n 

30 

10 

6 

^ m a x 

80 

350 

18 

^ inc 

10 

10 

2 

ne 

4 

3 

3 

Bad Blocks 

8 

1 

1 

Worst PAR 

6.15 dB 

6.73 dB 

7.01 dB 

10 

Q 
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Figure 5.10: PAR reduction comparison of MCESST and SLM for different thresholds, 
where 16QAM symbols are used. 

the above settings. Both methods obtain the same PAR reduction for each threshold 

used. Table 5.3 compares their execution time in terms of the averaged number of 

IFFTs and shows that MCESST requires less execution time than that of SLM for 

all threshold settings. 

5.4.5.4 Performance Comparison of CESS, SLM and the Derandomiza-
tion Method when Using the 91-Hex Constellation 

In our previous experiments, the throughput was reduced by one bit per subcarrier. 

Now, we use the 91-Hex constellation [150,151] (see Section 3.3.4.2) to eliminate this 
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Table 5.3: Averaged Number of IFFTs required by MCESST 

A 

6.0 dB 

6.5 dB 

7.0 dB 

MCESST 

196.51 

33.76 

7.84 

SLM 

556.01 

40.46 

7.97 

Ratio (MCESST/SLM) 

35.34% 

83.44% 

98.37% 

throughput loss, and we compare the PAR-reduction performance of CESS, SLM and 

derandomization. When using the 91-Hex constellation, on average only Ns — 27 

signs are allowed to change for the PAR reduction, and the averaged search space is 

reduced to S = (1 + f)N. 

Fig. 5.11 compares CESS with SLM and derandomization [22], where N — 128. 

The CESS algorithm is used with p = 0.1. Although only 42% of the signs are 

allowed to change, the PAR-reduction performance obtained by using CESS, SLM 

and derandomization is close to that in Fig. 5.8, where all the signs can be changed 

for the PAR reduction. When using the 91-Hex constellation, the PARs of these 

algorithms and the original OFDM signal are only a little larger than when using 

16QAM. 

In Fig. 5.11, CESS with n = 30 obtains a 5.3 dB PAR reduction at a 10~4 clip 

probability, which is 0.6 dB larger than that obtained by using the derandomization 

method. The averaged number of samples generated by CESS in this case is 176. 

With the same execution time, the PAR reduction of SLM is 0.2 dB smaller than 

that of CESS at a 10~4 clip probability, and is 0.4 dB smaller than that of CESS at a 

10_1 clip probability. By increasing the execution time, CESS with n — 60 obtains a 

5.8 dB PAR reduction, which is about 1.2 dB larger than that obtained by using the 

derandomization method. 

Fig. 5.12 compares the PAR reduction obtained by using CESS and SLM for the 

same execution time in the 91-Hex case. As we did in the experiments in Fig. 5.9, we 

consider two cases with N = 128 and N = 256, respectively. We choose p = 0.1 for 

CESS with n = 10, 20, 30 and 40, respectively. Again, with the same execution time, 

CESS leads to a much smaller averaged PAR than that obtained by using SLM. 
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Figure 5.11: PAR reduction comparison of CESS, SLM and the derandomization 
method with N = 128 and the 91-Hex constellation. 
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Figure 5.12: PAR reduction comparison of CESS and SLM for the same execution 
time with the 91-Hex constellation. 
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5.4.5.5 Performance of the modified CESS with threshold when Using 
the 91-Hex Constellation 

Now, we compare MCESST and SLM for a 128-subcarrier OFDM system using the 

91-Hex constellation. 105 OFDM blocks are simulated, and MCESST and SLM with 

three thresholds A = 6dB, 6.5 dB and 7dB (relative to the average power) are com­

pared. The parameters for MCESST are selected as in Table 5.4 so that the PAR of 

virtually all the input OFDM blocks are reduced to below A. 

Table 5.4: Simulation Parameters for MCESST when 91-Hex is used 

A 

6dB 

6.5 dB 

7dB 

^ m i n 

30 

10 

6 

" •max 

120 

80 

18 

"•inc 

10 

10 

2 

ne 

6 

4 

4 

Bad Blocks 

33 

5 

3 

Worst PAR 

6.15 dB 

6.54 dB 

7.18 dB 

With these settings, MCESST and SLM obtain the same PAR reduction for each 

threshold used. We thus compare their execution time in terms of the averaged 

number of IFFTs. Table 5.5 shows the execution time comparison. MCESST requires 

less execution time than that of SLM for all threshold settings. 

Table 5.5: Averaged Number of Samples Required by MCESST and SLM when 91-
Hex is used 

A 

6dB 

6.5 dB 

7dB 

MCESST 

186.94 

32.15 

7.84 

SLM 

563.93 

40.66 

7.97 

Ratio (MCESST/SLM) 

33.15% 

79.07% 

98.62% 
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5.5 Clipping Guided Sign-Selection Algorithm for 
PAR Reduction 

Although the optimal solution of (5.9) gives a low PAR, finding a nearly optimal solu­

tion may be computationally costly. In this section, we propose two CGS algorithms 

that obtain better suboptimal solutions (i.e., larger PAR reduction) of the discrete 

optimization problem with less execution time. These algorithms use a new clipper 

device to obtain the clipping noise from the time-domain OFDM signal, and then 

flip the signs of those subcarriers with high levels of clipping noise. These algorithms 

establish a connection between the discrete optimization problem and the clipping 

noise. 

In developing these algorithms, a number of clipper models were tested. For 

example, we found that the conventional soft limiter [32] does not provide a sufficient 

performance. We thus introduce a new clipper model that requires less execution 

time and obtains a larger PAR reduction than those of the soft limiter. The difference 

between the new clipper and the soft limiter is that the clipping noise generated by 

the new clipper contains the entire samples of large peaks higher than a predefined 

threshold while that generated by the soft limiter contains only fragments of these 

large peaks. 

We develop criteria for choosing the number of signs that should be flipped and for 

choosing which subcarrier signs should be flipped. Using these two criteria, we derive 

two sign-selection-based PAR-reduction algorithms that can handle both unitary and 

non-unitary signal constellations. Although a direct comparison between PTS and 

SLM and our CGS algorithm is not possible (as PTS and SLM use much less side 

information), CGS gains about 1-2 dB over these two methods for a 256-subcarrier 

system. A fair comparison by fixing the amount of side information is possible among 

CGS, derandomization and tone reservation. In this case, for a 256-subcarrier system, 

CGS outperforms these two methods by about 1 dB. 

5.5.1 Problem Formulation 

In order to derive our algorithms, we must rewrite (5.7) as 

X = X - C , (5.36) 
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where C = [ao^o, •••> &N-IXN-I] is the peak-canceling vector, and 

Oik 
Sk 

Sk 

1, 
- 1 . 

The discrete-time transmit signal in (5.8) may now be expressed as 

xn = IDFT[X] = xn - c„ 

X r 

^ fe=o 

(5.37) 

in which cn can be viewed as a peak-canceling signal. Only negative signs (s* = 

— 1) contribute to cn. In the next section, we propose two suboptimal sign-selection 

algorithms, which utilize the strength of clipping noise on each subcarrier to find the 

signs that should be negative. 

5.5.2 Clipping-Noise Guided Sign-Selection Algorithms 

The OFDM system with CGS is shown in Fig. 5.13. The input bitstream is first 

mapped to data symbols Xk by using a signal constellation (or multiple constellations 

if bit-loading is employed). Each block of N data symbols (called an OFDM block) is 

fed into an IDFT block to generate the signal xn. The CGS block finds the optimal 

time-domain OFDM signal Xn with the lowest PAR. With the CP appended to 

xi°p , the time-domain OFDM signal is modulated to the carrier frequency, amplified 

by the HPA, and transmitted through the antenna. 

Bit Stream 

Figure 5.13: OFDM system with clipping-noise guided sign-selection. 

The CGS block is expanded in Fig. 5.14, and the IDFT block is also included 

to facilitate the execution time calculation discussed later. In each iteration, the 

new clipper process samples xn and outputs the clipping noise fn. The DFT of the 

clipping noise Fk, k = 0,...,N — 1, are used to calculate an index set of negative 

signs, S = {k : ak = 2}, that may reduce the peaks of xn below threshold A. A 
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candidate OFDM block is thus generated and is used as the input of the next iteration. 

After L iterations, the candidate OFDM block with the smallest PAR is selected for 

transmission. 
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Figure 5.14: Clipping-noise guided sign-selection algorithm. 

The proposed CGS algorithms are based on the new clipper model. Given a 

predefined threshold A, the clipping noise in this case is 

In 
iLr, 

0, 
\%n\ ^ A, 

\%n\ ^ A. 
(5.38) 

This clipper is different from the conventional soft limiter that generates the clipping 

noise as [32] 
xn Ae , \xn\ > A, 

0, \xn\<A, 

where <pn is the phase of xn. While both the clipper models generate the clipping 

noise when xn 's have large peaks, the new model (5.38) contains the entire samples 

of large peaks higher than A, whereas the soft limiter (5.39) contains only fragments 

of the samples which exceed A. Although both models can work with our proposed 
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algorithms, the new model results in less execution time. Moreover, the simulations 

show that the new model leads to a larger PAR reduction for non-unitary constellation 

input than that obtained by using the soft limiter. 

In this section, we first develop two criteria for selecting signs by using the clipping 

noise. We propose the clipping-noise-guided sign-selection algorithm for unitary con­

stellations (e.g., PSK), where \Xk\ = 1, and extend it to non-unitary constellations 

(e.g., QAM). 

5.5.2.1 Sign-Selection Criteria 

Recall that only the subcarriers with the negative signs contribute to the peak-

canceling signal. Finding the index set of negative signs <S requires two criteria in­

volving the determination of the number of negative signs (which is the size of S) and 

the selection of the elements of S. Using the relationship between the peak-canceled 

samples and the original samples (5.37), we have 

I " I I I X"^ I \r I 

V i V fees 

Thus, a necessary condition for limiting \xn\ to smaller than A is that S must satisfy 

2_ 
7 

fees 

On the other hand, because 

^ E l * ^ Wmax-A (5-40) 

r < r -I > \XA 

a larger size of S increases the chance of obtaining a "bad" candidate OFDM block 

with a large PAR. Therefore, our algorithm determines the size of S as follows: 

Criterion 5.1 (Size of S). The S that may limit \xn\ to no larger than A must have 

the minimum size and satisfy (5.40). 

Selecting the elements of S depends on the clipping noise spectrum 

1 JN-l 
Fk = -W E ^ ^ ' k = 0,...,N-l, (5.41) 

n=0 
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where the clipping noise fn is given in (5.38). Projecting Fk to Xk, we have 

Fk = DkXk, k = 0,...,N-l, 

where 

Dk = m FkX* 
\Y I2 

(5.42) 

and 9i[x] represents the real part of x, and (•)* represents the complex conjugate. 

A peak-canceling signal may be obtained by taking the IDFT of Fk as 
N-l 1 N-l 

fn = -7=Y Fke
j2^ = 4=T DkXke?*"f< 

k 
JN (5.43) 

fc=0 v "*' fc=0 

If a large peak of fn, or equivalently xn, occurs at n0, then, fn also has a large peak 

at n0 with the same direction of fno. Moreover, due to peak regrowth [19], usually 

< |/noI- Therefore, fn may be scaled by the optimum factor /?(opt) > 0 to further 

reduce the peaks of xn. The modified discrete samples of the OFDM signal is 
N-l 

Jn 

%n — %n H Jn ~~ ̂ n prz / , P ^k-^-k^ 

^NkT0 

(5.44) 

The comparison of (5.37) and (5.44) suggests that ak can be obtained by rounding 

some (5^°^Dk to 2 and rounding others to 0. The resulting modified discrete samples 

xn may have larger peaks than A. However, by minimizing the rounding error, the 

peaks of xn may still be lower than |^n|max- The mean squared rounding error is 

upper-bounded as 

n V keS 
2 

+ ^F=Y(3iopt)DkXkeJ2^ 
v
 HS 

< ^ ( E K2 ~ 0{opt)Dk)Xk\ + £ \P(opt)DkXk\ J . 
\kes k$s J 

The upper-bound of £ is determined by the term inside (-)2. Then, we have 

Criterion 5.2 (Elements of S). Define the maximum rounding error as 

emax = J2 K2 - P{opt)Dk)Xk\ + J2 \P(opt)DkXk\. (5.46) 
kes k$s 

Then, S must be generated by rounding f3^opt^Dk to 2 or 0 such that emax is minimized. 

(5.45) 
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5.5.2.2 The Clipping-Noise Guided Sign-Selection Algorithm for Unitary 
Modulations 

By substituting \Xk\ = 1 into (5.40), the size of S can be calculated as 

v - ^ ( p n l m a x — A) 
(5.47) 

where \x\ represents the smallest integer greater than x. In unitary modulations, 

minimizing emax involves Dk only. 

Theorem 5.1. For unitary modulations, emax is minimized if Dk > Dm for all k G S 

and m ^ S. 

Proof. By substituting \Xk\ = 1 into (5.46), 

emax = X I I2 ~ ^ ( ° P t ) ^l + J2 \^°Pt)D^-
keS kiS 

Let S — {ki, fc2,..., kj} where Dk > Dm for any k G <S and m (£ S. Without loss of 

generality, let S' = {k%,..., fc/_i, m}, m £ S. Then, 

^max - 4 a x = | 2 ~ / ? ( ° P t ) ^ z | + | / 3 ( ° P t ) A n | 

_ | 2 _ / 3 ( ° p t ) J D m | _ | / 3 ( o p t ) j D f c j | ) 

where emax and £^ax are the maximum rounding errors associated with S and S', 

respectively. By discussing the signs of /?(opt)Dfcj, /?(opt)Dm, (2 - /?(opt)Dfcj) and (2 -

p(opt^Dm), we have emax — e'max < 0. Because m $ S is arbitrary, Theorem 5.1 is 

proved. • 

Note that /?(°pt) is irrelevant to the decision about S in the minimization of £max 

in unitary modulations. In other words, we may substitute /?(opt) with an arbitrary 

positive number without making a wrong decision about S. However, in non-unitary 

modulations, we must find j3^opt^> before we properly choose S. We will discuss this 

process in the next subsection. 

Also, emax - e'max = 0 when (3^Dkl > P^Wm > 2 or Dm < Dkl < 0. Thus, 

we are free to include anv k to S if P{opt)Dk > 2 and to exclude any m from S if 

Dm<0. 

8We do not exploit this freedom in Algorithm 5.3 because we do not calculate /3(°pt). 
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We must round the largest I samples of Dk to 2 and round others to 0. Our 

algorithm is then summarized as follows [237]: 

Algorithm 5.3 (Clipping-Noise Guided Sign-Selection for Unitary Constellations). 

Initialization: 

1. Choose a magnitude threshold A, and the number of iterations L. 

Runtime: 

1. For each X, calculate xn by using (5.2). Note that J > 4 is required. Let 

^ ~ Fn lmax ' 

2. If r\ > A, let the iteration number I = 1 and go to Step 3; otherwise, transmit 

xn and terminate. 

3. Set the index set of negative signs empty 5 = 0; calculate /„ by using (5.38). 

4. Calculate Dk by using (5.42). If all Dk < 0, go to Step 8. 

5. Otherwise, calculate / by using (5.47); generate S by rounding the largest / 

samples of Dk to 2 and rounding other Dk to 0. 

6. Calculate X and xn by using (5.36) and (5.37), respectively. If |£n |max < V> let 

V = l^n|max, and store xn as a4°pt). 

7. If / = L go to Step 8; otherwise, increase / by one, let X = X and xn — xn, and 

go to Step 3. 

8. Transmit i „ '. 

The execution time of this algorithm may be upper bounded as two FFTs per 

iteration. The detailed complexity analysis is given in the next subsection. 

5.5.2.3 The Clipping-Noise Guided Sign-Selection Algorithm for Non-
Unitary Modulations 

Without loss of generality, we set E {\Xk\ } = 1. Let d = E{|Xfe|}. The size of <S 

can be calculated from (5.40) as 

/ = 
2d 

(5.48) 
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For square M-ary QAM constellations, we have 

, V'M/2 V M/2 

J = M V M ^ T ^ ^ V ( ^ - 0-5)2+ (n-0.5)2. (5.49) 
m = l n = l 

In non-unitary modulations, minimizing emax requires a knowledge of /3^opt). By 

using the adaptive-scaling algorithm [103], /?(opt) can be found as 

<H l^/neSp JnJn 
/?<°P,) = V in • (5'50) 

where Sp = {n : n € «Si, |xn| > |xn_i|, and \xn\ > \xn+i\} is the index set of the 

peaks of fn. 

Because \Xk\ is not a constant, the minimization of emax for non-unitary mod­

ulations depends on both P^opt^Dk and \Xk\. To illustrate the relationship between 

p(°vt)[)k) \Xk\ and emax, we consider the following example: 

Example 5.1. Suppose we have chosen I — I elements of S, and the last element will 

be selected from p(°^D0 and P(-opt^D1 ,where p(optW0 = 1.1 and (3(-°^Dx = 1.04. 

Case I: Xk are 4QAM symbols. 

Because DQ > D\, £max is minimized when a^ = 2 and ax = 0. 

Case II: Xk are 16QAM symbols, and X0 = 0.5 + 0.5j, Xx = 1.5 + 1.5;'. 

It is easy to verify that £max = 2.84 if a0 = 2 and o^ = 0. However, £max = 2.81 

when a0 = 0 and ax = 2. Thus, the optimum sign-selection is a0 = 0 and «i = 2 

although D0 > Di. D 

In general, we have the following theorem for minimizing £max in non-unitary 

cases. 

Theorem 5.2. In each iteration, let S have the size I that is calculated in (5.4-8). 

Define 

Tk = \{2- P{o^Dk)Xk\ - \(3{opt)DkXk\ . (5.51) 

Then, for non-unitary modulations, emax is minimized if 

Tk < Tm for all k € S and m <j£ S. (5.52) 
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Proof. Suppose S satisfies (5.52). Let S — S\ U S2 and Si D <S2 = 0. We may form 

another set S' by replacing S2 with S3 where £3 (~l S — 0. Because iS and <S' have the 

same size, 52 and £3 also have the same size. In the following, we show that S leads 

to a smaller maximum rounding error than S'. 

Let <S4 contain the indices that are not in Si, S2 and <S3; i.e., 

4 

\JSi=M, 

where M = [0,..., N - 1] is the OFDM index set, and 

Si fl <Sfc = 0, for any i ^ ft. 

The maximum rounding'error caused by S is then given by 

£ m a x = X ) | ( 2 - / ? ( ° P t ) A c P G | + E | / ? ( ° P t ) ^ V G | , 

fceSius2 fce.S3u.S4 

and the maximum rounding error caused by S' is 

4ax = E \(2-PiOPt)Dk)Xk\+ E |/?(°Pt)WG|-
fc€5iU53 fc€52U54 

Therefore, we have 

£max - 4 a x = E I ( 2 ~ ^ D ^ k \ + E l ^ ^ ^ l 
fceS2 fce53 

- E K2 - /? (opt )^)^l - E |0(ppt)£,***l 
fce53 fce52 

= E (K2 - /?(°pt)^fc)Xfc| - \0(°rtDk)Xk\) 
keS2 

- E (|(2 - /3(opt)A;)Xfc| - I^^DfcXfcl) 
fces3 

= E Tfc " H Tk - °-
fces2 fce<s3 

Because <S2 and *S3 are arbitrarily selected, S minimizes the maximum rounding error. 

• 

Our algorithm for non-unitary modulations can be modified from Algorithm 5.3 

as follows [237] (the omitted parts are the same as those in Algorithm 5.3). 
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Algorithm 5.4 (Clipping Guided Sign-Selection for Non-Unitary Modulations). 

• • • 

5. Find S as follows: 

5-a. Calculate I, ft0^ and Tk by using (5.48), (5.50) and (5.51), respectively. 

5-b. Find the smallest I samples of Tk, and denote them as T^, . . . ,7^ ; set 

ctj = 2 for i = ki,..., kj, and set other a^ to 0. 

• • • 

Because calculating (3^°^ involves an FFT (for calculating / n ) , the execution time 

of this algorithm is upper-bounded as three FFTs per iteration. 

Remark 5.3 (Adaptively calculating the size of S). We may directly use (5.40) to find 

the size of S. That is, in each iteration, we start from an empty set S = 0 and flip 

the signs one-by-one. The condition in (5.40) is tested every time a sign is flipped. 

When (5.40) is satisfied, we generate the X and go to the next iteration. 

The size of S now depends on the choice of its elements. Therefore, the condition 

of Theorem 5.2 is not satisfied. Although in this case, (5.52) does not ensure the 

minimization of £max, the resulting emax is still small. Moreover, an adaptive size of 

S more precisely meets Criterion 5.1. Thus, adaptively calculating the size of S will 

not degrade the PAR-reduction performance. In fact, our simulations show that the 

PAR-reduction performance is improved by using an adaptive size of <S. 

Remark 5.4 (Simplification). The execution time of Algorithm 5.4 can be simplified 

to two FFTs per iteration by using the mean of p(opt\ which is calculated at the 

initialization stage [16], and is used for all OFDM blocks. 

Unless A is small, the clipping noise consists of a series of pulses [19]. In [19], we 

have proved that, if the clipping noise contains only one dominant pulse, the peak of 

fn is proportional to that of fn: 

~ 7 l/nlmax ' max 

where 7 is the constant of proportionality, whose value depends on the OFDM band­

width and the clipping level. The mean of 7 is 

2^2 1 
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where 2<r2 is the average power of the OFDM signals. Because /?(opt) fn must be close 

to fn at the positions of most peaks of fn, we may estimate the mean of /?(opt) as 

P=- = ^ . (5.53) 

Remark 5.5 (Choice of A). As with other clipping-based PAR-reduction algorithms, 

the choice of A relies mainly on experiments. In general, A should be small if a 

large PAR reduction is required, and A should be relatively large if fast execution is 

desired. 

Remark 5.6 (Further Discussion). Our algorithm is effective for large N and for 

OFDM symbols with a large PAR. This finding can be intuitively explained as follows: 

1. Because SLM with a small number of candidates can effectively reduce the PAR, 

when N is large, a large number of sign sequences must exist that can effectively 

reduce the PAR. Consequently, the sign sequence obtained from rounding the 

clipping noise has a high probability of belonging to these sign sequences. 

2. The PAR-reduction performance of our algorithms is determined mainly by the 

errors in estimating the size of S and in rounding j3^opt^Dk to 2 or 0. In the 

next section, we will see that using the average size of S leads to smaller PAR 

reduction than using the adaptive size of S, while using /3(opt) or J3 gives virtually 

the same PAR reduction. Therefore, the accuracy of estimating the size of S 

plays a more important role in our algorithm than in the minimization of the 

rounding error. 

a) Effect of the error of estimating the size of <S. 

If such an estimation error occurs, we either have rounded too many I V s to 

2 or rounded too many D^s to 0. In either case, the maximum degradation 

of peak reduction is 

£d -E 2\Xk\ 

keSe v N 

where Se is the difference between the S we are using and the optimum S. 

Thus, Se is small when N is large. 

b) Effect of the error of rounding P{opt)Dk to 2 or 0. 
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Ideally, a peak canceling signal is a series of pulses, which cancels the 

large peaks in the OFDM signal without introducing any new peaks or 

increasing any small peaks. Such an ideal signal does not exist because of 

the spectrum constraints on the peak canceling signals. 

In our algorithms, the rounding error adds new peaks to the OFDM signal. 

In OFDM signals with small PARs, most peaks have comparable magni­

tudes. Thus, the new peaks introduced by the rounding error may easily 

fall on some existing peaks of the OFDM signal. Little PAR reduction can 

be obtained. 

On the other hand, in OFDM signals with large PARs, because the number 

of large peaks is small [103], the chance that the new peaks introduced by 

the rounding error fall on the large peaks of the OFDM signal is also small. 

Thus, the large PAR can be effectively reduced. 

5.5.3 Complexity Analysis 

We analyze the complexity of Algorithm 5.3. The complexity of Algorithm 5.4 and 

its simplification can be analyzed similarly. 

The complexity of our algorithm9 is determined by mainly (5.37) and (5.41), where 

an IDFT and a DFT, respectively, are used. The complexity of the other calculations 

involved in our algorithm is O(N) and is independent of J . Therefore, the complexity 

of our algorithm is 0(N log N). However, because the inputs of the I D F T / D F T in 

(5.37) and (5.41) are sparse, their execution time is much smaller than the length-

(JN) I F F T / F F T . 

In Eq. (5.41), the averaged number of nonzero samples in /„ can be calculated 

as [103] 

Nf = JNe-A2'^2\ 

where 2a2 = 1 is the mean power of the OFDM signal. Nf/N is usually small; e.g., 

Nf/N ~ 32% for A = 4dB and J = 4. Because most samples of fn are 0, the 

execution time of (5.41) is much lower than that of a length-(J N) FFT. 

9Here, the Runtime Step 1 is excluded because it is required in all OFDM systems whether or 
not PAR-reduction techniques are involved. 
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Eq. (5.37) also involves a small-size S. The average size of <S can be calculated as 

/"OO 

E { / } = / I(r)p(r)dr, 
J A IA 

where I(r) is the size of S for r = \xn max' 

J(r) = 
N(r - A) 

~2d 

and d = E{|Xfe|}. By using the approximated PAR cumulative distribution function 

(CDF) [36], 

Pr(max \xn\ < r) fa (1 — e~r ) a N , 

where a is empirically obtained as 2.8, the probability density function (pdf) of PAR 

can be found as 

p(r) = 2aNre-r\l - e ^ 2 ) ^ 1 . 

Then, 
r /N(r-A) 

E{/} p(r)dr. 
2d 

When N = 256 and A = 4dB, E{ /} w 8.1 for 4QAM and E{ /} w 8.6 for 16QAM, 

where the simulated results are 7.9 and 8.4, respectively. If the adaptive size of S is 

used, E {/} will be a little larger. For example, for N = 256, A = 4dB and 16QAM 

symbol input, the mean of the adaptive size of S obtained by simulation is 12.6. In 

any case, the execution time of (5.37) is much less than that of a length-(JN) IFFT. 

To simplify the execution time comparison, we loosely upper bound the execution 

time of Algorithm 5.3 as two FFTs per iteration. With similar analysis, we can show 

that the execution time upper-bounds of Algorithm 5.4 and its simplification are three 

and two FFTs per iteration, respectively. 

5 .5 .4 S i m u l a t i o n R e s u l t s 

In this section, we compare the CGS algorithm with SLM, PTS, derandomization, 

and tone reservation techniques for a 256-subcarrier OFDM system with unit-energy 

64QAM. Four times oversampling (J = 4) is used in optimization and eight times 

oversampling (J = 8) is used in calculating the PAR after an optimal sign sequence 

is selected. For CGS, the average (](opt\ J3, and the adaptively calculated size of S 
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are used (see Remarks 5.3 and 5.4). The adaptive scaling algorithm [103] with eight 

iterations is used for tone reservation, where randomly-selected 1/6 subcarriers are 

reserved for PAR reduction. Thus, the amount of redundancy is the same in tone 

reservation and CGS. The execution time of the tone reservation is the same as that 

of CGS with eight iterations. 

Fig. 5.15 compares the PAR reduction of these algorithms in terms of the PAR 

complementary cumulative distribution function (CCDF) F(£o) = Pr[£ > £o]- The 

PAR reduction of the tone reservation is about 0.1 dB larger than that of CGS with 

eight iterations at F(£0) = 10~3, and is the same at -F(£o) = 10~4 (about 5.9dB). 

However, tone reservation leads to a 0.42 dB average power increase, which translates 

into a BER increase, while CGS does not change the average power. 

10° 

10"1 

A 10 ' 2 

,u/>. 

10"3 

10'4 

4 5 6 7 8 9 10 11 12 13 
Peak-to-Average Power Ratio (101og10 £o) (dB) 

Figure 5.15: PAR reduction comparison of CGS with J3 and adaptive size of S, SLM, 
PTS, derandomization and tone reservation, where N = 256, and 64QAM symbol 
input is used. 

At F(fo) = 10"4, the PAR reduction of CGS with eight iterations is about 2.1 dB 

larger than that of SLM with 16 candidates, 1.4 dB larger than that of PTS with eight 

randomly partitioned subgroups, and 0.9 dB larger than that of the derandomization 
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algorithm. In this experiment, both SLM and CGS require 16 FFTs per OFDM 

block. PTS must test 27 = 128 combinations. 

CGS with one iteration obtains a 3.2 dB PAR reduction, which is about 0.3 dB 

larger than that of SLM with four candidates. In this experiment, CGS and SLM 

require two and four FFTs per OFDM block, respectively. 

Table 5.6 lists the averaged running time of these algorithms obtained on a Pen­

tium IV 3.40G computer using Matlab R14 Service Pack 2. The time used by CGS 

with eight iterations is only 89% of that of SLM with 16 candidates, 9.4% of that of 

PTS with eight subgroups, and 1.4% of that of the derandomization algorithm. 

Table 5.6: Averaged running time of CGS, SLM, PTS and the derandomization 
algorithm, where N = 256, and 64QAM symbol input is used. 

CGS, ,4 = 4dB, L = 8 

SLM, K = 16 

PTS, G = 8 

Derandomization 

Averaged Computation Time 
(millisecond) 

4.9 

5.5 

52.1 

362.0 

We now compare SLM, PTS, derandomization, and CGS by observing the Power 

Spectrum Density (PSD) of the output of the OFDM transmitter, where the peak-

reduced OFDM signal is passed through a Solid State Power Amplifier (SSPA) [1], 

y(t) = ^ — e ^ \ 

where x(t) — |x(£) |e J^ is the input, and y(t) is the output of SSPA. Usually, p = 3 

for practical SSPA. In our simulations, we choose C = 6dB. Fig. 5.16 shows the 

result. CGS with eight iterations leads to only — 40 dB out-of-band radiation, which 

is 1 dB lower than that of derandomization, 8 dB lower than that of PTS with eight 

subgroups, 9 dB lower than that of SLM with 16 candidates, and 12 dB lower than 

that without using any PAR-reduction techniques, respectively. 

Fig. 5.17 compares Algorithm 5.4 with different configurations including (3 + aver­

age size of S, J3 + adaptive size of S, /?(opt) + average size of <S, and /?(°pt) + adaptive 
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Figure 5.16: Power spectrum density of SLM, PTS, derandomization and CGS, where 
N = 256, and 64QAM symbol input is used. 

size of S. 256 subcarriers and 16QAM symbols are used. Using the adaptive size of 

<S leads to larger PAR reduction than using the average size of S. On the other hand, 

using /jfapt) leads to virtually the same PAR reduction as using /?. The execution 

time is three FFTs per iteration when /3(°pt) is used while the execution time is two 

FFTs per iteration when J3 is used. 

Fig. 5.18 compares Algorithm 5.4 with eight iterations but different clipping level 

A. 256 subcarriers and 16QAM symbols are used, and the CGS configuration is ft + 

adaptive size of S. A = 4 dB leads to the largest PAR reduction. Other choices of 

A lead to performance degradation. However, the largest performance degradation is 

only about 0.9 dB. Therefore, our algorithm is not overly sensitive to the choice of A. 

Fig. 5.19 compares CGS with J3 + adaptive size of <S and SLM for OFDM systems 

with different numbers of subcarriers, where the other parameters are same. When 

the number of subcarriers doubles, the PAR reduction of both algorithms decreases 

by about 0.4 dB. 
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Figure 5.17: PAR reduction comparison of different configurations of CGS, where 
N = 256, and 16QAM symbol input is used. 
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Figure 5.18: PAR reduction comparison of CGS with L = 8 and different A, where 
N = 256, and 16QAM symbol input is used. 
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Peak-to-Average Power Ratio (10log,±0 ) (dB) 

Fi gure 5.19; PAR, reduction comparison of CGS and SLM for different JV", where 
K = 16 for SLM, L = 8 and A = 4dB for CGS, and 16QAM symbol input is used. 

5.6 Conclusions 

In this chapter, we proposed an adaptive mapping scheme for the sign-selection PAR-

reduction technique to eliminate side information. We also proposed several algo­

rithms (based on using a stochastic search or the clipping noise as a guide) to solve 

the associated discrete optimization problem of the sign-selection technique. The com­

plexity analysis and simulation confirmed the complexity advantages of the proposed 

algorithms compared to the selective mapping and the derandomization algorithms. 
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Chapter 6 

Coding Technique 

We generalize the Rudin-Shapiro sequences [24-26] and study their availability for 

combining the multiple signal representation techniques to further reduce the PAR. 

6.1 Rudin-Shapiro Sequence for MPSK Symbols 

The ordinary Rudin-Shapiro sequence is used only for BPSK. However, this sequence 

can be easily extended to encode n MPSK symbols: 

pi+i(z) = pi(z) + zrej^qi(z), 

qi+l{z) = Pi(z) - zTe^q^z), 

(6.1) 

(6.2) 

where po(z) — qo(z) — 1, and (pi are MPSK symbols. The PAR of pn(z) or qn(z) is 

no larger than 2. 

pn(z) and qn(z) can be written in matrix form in accordance with 

pn(z) =zejPn, 

qn(z) =ze j q " , 
(6.3) 

where z = 1 z • • • z 
N-l oJPn e3Po e3Pi OJPN-I N = 2n is the se­

quence length, and p n , qn are the corresponding MPSK phase vectors. By defining 

the input symbol vector u = 

be written as 

? n - l the encoding from u to p n and qn can 

(6.4) 

(6.5) 
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where G is the nx N generating matrix, and r« and Yn are the corresponding phase 

compensation vectors with 

r6 = ro 
(p) _ Jx) -
o — 

(p) -
r n - l rn-l> 

,(9) _ 

00 „(9) 
n— 

(P) 
l n - \ 1n-\i 

(6.6) 

(6.7) 

(6.8) 

Here, a represents the element-wise 7r's complementary (i.e., for each element of a, 

0 = 7r and 7f = 0). The generation matrix G can be constructed such that its i-th 

row Gj* has the form 

G, 

gt = 

§i §i 

2 n - i + l i t e m s 

0 i x 2 i - 1 l l x2 i~1 

i = 1, ..., n, (6.9) 

(6.10) 

where 0 lx2;-i and liX2 i-1 represent the length 21"1 all 0 and all 1 row vectors, respec­

tively. Like the coding rate of the original Rudin-Shapiro sequence, the coding rate 

is 

R = n n 
N 2n' 

(6.11) 

6.2 Further Generalization of Rudin-Shapiro Se­
quence 

A further generalization of the Rudin-Shapiro Sequence can be obtained by extending 

Po(z) and qo(z) to length-m polynomials with each containing m — 1 PSK symbols in 

accordance with 

po(z) = 1 + ze""° + zV* 1 + • • • + z ym-lJ<pm-2 

q0{z) = 1 + ze?* Z"ZJ _|_ Z
m~~l

 eJ<t>2rn-3 

(6.12) 

(6.13) 

where m > 1, and e^k = 0, when k < 0 (i.e. Po(z) = #o(z) = 1 when m = 1). 

Correspondingly, the recursive generation functions are 

pi+l(z) = Pi(z) + z2imej^™-*qi(z), 

qH1(z)=Pl(z)-zTme^™-*qi(z). 

(6.14) 

(6.15) 
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We then find 

PAR(pn(z)) — max\pn(z)\2 < 2m. 
iV z 

(6.16) 

The coding rate of this generalized Rudin-Shapiro sequence is 

n + 2m — 2 
R = 

2nm 
(6.17) 

The generation matrix G can be constructed recursively in accordance with 

G n _ i G n _ i 

0ix(2"-1m) llx(2r—1m) 
G={ 

N>1, 

G (p) G (?) 
0 ^ 0 

" l x m J-lxm 

(6.18) 

W = l. 

where 

(p) G 

G?> = 

I(m-l) 

0 ( m - l )x(m- l ) 

0(m-l)x(m-l) 

I(m-l) 

(6.19) 

(6.20) 

0(m-l)xl 

0(m-l)xl 

0 ( m - l ) x l 

0(m-l)xl 

with I(m_i) representing (m — l)-by-(m — 1) identity matrix. 

The PAR of the generalized Rudin-Shapiro sequence is determined by only its 

initial sequence. Suppose the PAR of po(z) and q0(z) is upbounded by PAR0; then, 

PARPn < 2PAR0. Therefore, by reducing the PAR of pQ and qo, the PAR of pn can 

also be reduced. 

6.3 Simulation Results 

Fig. 6.1 shows the PAR CCDF of the generalized Rudin-Shapiro sequences, where the 

length of the coded sequences is N — 128. Different lengths of the initial sequences 

are simulated. The PAR is upbounded by 2m. A larger m gives a larger coding rate, 

but leads to a larger PAR. When m is large (m = 32), the PAR CCDF is close to 

that of the uncoded OFDM sequences. On the other hand, if the optimal signs of the 

initial sequences are used, the PAR of the generalized Rudin-Shapiro sequence can 

be significantly reduced. For example, when m = 8, and the signs of initial sequences 

are not optimized, the PAR is about 10.5 dB at PAR CCDF of 10~4. However, when 

optimal signs are used for the initial sequences, the PAR is reduced to only 6.8 dB. 
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Figure 6.1: PAR CCDF of the generalized Rudin-Shapiro sequence for different m. 

6.4 Conclusions 

In this chapter, we generalized the Rudin-Shapiro sequences. Constructed from an 

initial PSK sequence, the generalized sequence increases the coding rate at the cost 

of an increased PAR. By optimizing the signs of the initial sequence, the PAR of the 

generalized sequence can be further reduced. 

149 



Chapter 7 

Conclusions and Future Work 

7.1 Conclusions 

In this thesis, we analyzed the PAR of OFDM systems and the amplitude clipping of 

OFDM signals with large peaks. Several PAR-reduction algorithms were proposed in 

Chapters 4 to 6. 

Chapter 4 analyzed the clipping noise by approximating it as a series of parabolic 

pulses. Both the case in which the clipping noise consists of a single pulse and the 

case of multiple pulses have been discussed. Our analysis explained the peak regrowth 

and the constant clipping noise power spectrum over the whole OFDM band. We 

also established the roughly proportional relationship between the clipping noise at 

the end of several clipping and filtering iterations, and that generated in the first 

iteration. The constant of proportionality was estimated by using the level-crossing 

theory [15,16]. 

In Chapter 4, a constant-scaling algorithm and an adaptive-scaling algorithm were 

proposed to reduce the PAR under the tone-reservation constraints. These algorithms 

scale the filtered first-iteration clipping noise by a constant or adaptively-calculated 

factor to compensate for peaks above the threshold. Analysis and simulation results 

showed that our proposed algorithms achieved a larger PAR reduction and lower 

complexity than the active-set algorithm. We also proposed a fast method to calculate 

the PAR and to find the clipping noise. This method can also be used in other PAR-

reduction techniques such as SLM and PTS. 

Chapter 5 focused on reducing the PAR by using the sign-selection technique. We 

first proposed an adaptive mapping scheme to eliminate the need for side information 
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at the receiver. Then, several algorithms were proposed to solve the discrete opti­

mization problem associated with the sign-selection technique. The modified PTS 

algorithm first applied an initial sign sequences to the OFDM block, and then par­

titioned the OFDM block into subblocks and optimized the sign of each subblock 

to minimize the PAR. The recursive partial sequence algorithm also partitioned the 

OFDM block into subblocks. A suboptimal sign sequence was found by first min­

imizing the PAR of each subblock by optimizing the signs of the data symbols in 

this subblock, and then iteratively optimizing the sign of each subblock. The CESS 

algorithm used the CE method to solve the discrete optimization problem. The CGS 

algorithm used the clipping noise to guide the sign optimization. These algorithms 

offer a flexible tradeoff between PAR reduction and execution time, and obtain a 

larger PAR reduction than that obtained by existing techniques. 

In Chapter 6, we generalized the Rudin-Shapiro sequences [24-26]. Constructed 

from an initial PSK sequence, the generalized sequence increased the coding rate at 

the cost of an increased PAR. By optimizing the signs of the initial sequence, the 

PAR of the generalized sequence can be further reduced. 

7.2 Future Work 

The search for fast algorithms to achieve large PAR reduction for OFDM systems still 

faces many challenges. Future research could be carried out on the following topics: 

• The PAR distribution of the peak reduced OFDM signal for the low clipping 

threshold. 

In this thesis, we have derived the proportionality between the total clipping 

noise and the clipping noise generated in the first iteration. The PAR distribu­

tion of the peak reduced OFDM signal can then be derived for iterative clipping 

and filtering. However, when the clipping threshold is relatively low, the pro­

portionality is biased by the interactions of the neighboring clipping pulses. 

Therefore, calculating the PAR distribution of the peak reduced OFDM signal 

is complicated. Future research on this topic would facilitate the evaluation and 

comparison of different clipping-based algorithms, and would help to develop 

new PAR-reduction algorithms to find the optimal solution. 
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• The optimal clipping threshold for clipping-based PAR-reduction algorithms. 

Hitherto, the optimal clipping threshold for clipping-based PAR-reduction algo­

rithms have been determined by simulation. Our research in this thesis showed 

that the optimal clipping threshold is closely related to the strength of the 

time-domain sidelobes of the reserved tones. In other words, if the number of 

reserved tones is small and/or the reserved tones are consecutive (i.e., large 

sidelobes), the optimal clipping threshold should be large. If a large number 

of reserved tones are randomly selected, the clipping threshold should be low. 

A theoretical study of the optimal clipping threshold may need to identify the 

PAR distribution of the peak reduced OFDM signal. 

• Power increase in tone-reservation and ACE. 

A side effect of tone-reservation and ACE is that the average power is increased 

after PAR reduction. Although such a power increase is small, it should still 

be minimized while reducing the PAR. We observed in Section 4.4 that the 

active-set algorithm gives rise to the smallest average power increase among 

the algorithms we compared. However, the PAR reduction of the active-set 

algorithm is inferior to that of the adaptive-scaling algorithm. Future research 

may combine the active-set and adaptive-scaling algorithms to minimize both 

the PAR and the average power increase. 

• Low complexity algorithm for evaluating the PAR without IFFT. 

All sign-selection algorithms must calculate the time-domain samples and eval­

uate the PAR of a large number of sign-sequence candidates. In this thesis, we 

proposed a fast algorithm to calculate the PAR without computing the mag­

nitudes of all the time-domain samples. However, calculating the time-domain 

samples of a sign sequence still requires an IFFT. This requirement is costly 

because of the need to calculate a large number of candidates. A low com­

plexity algorithm for evaluating the PAR without IFFT would allow us to use 

more sign-sequence candidates to find a larger PAR reduction. Such an al­

gorithm would also facilitate the use of clipping-based algorithms because they 

also require FFT/IFFT to compute the clipping noise in the time and frequency 
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domains. 

• Fast CESS algorithms. 

The CESS algorithm proposed in this thesis still requires a large number of 

sign-sequence candidates to obtain a large PAR reduction, because a relatively 

large number of candidates are required in each iteration to ensure a small 

variance in estimating the PAR distribution. Future research may find a bet­

ter probability-estimation algorithm that estimates the PAR distribution with 

acceptable variance by using a small number of candidates. Moreover, a deter­

ministic version of CESS may outperforms the stochastic one proposed in this 

thesis. 

• The relationship between the clipping noise and the optimal signs. 

Section 5.5 showed that the suboptimal signs for the sign-selection technique 

may be found by using the clipping noise. However, the relationship between the 

clipping noise and the optimal signs still requires further study. In this thesis, 

the suboptimal signs were found by rounding the magnitude of the clipping 

noise in the frequency domain to 0 or 2, and by minimizing the upper bound 

of the rounding error. A more accurate estimation of the rounding error may 

lead to faster convergence. Also, the rounding error is not directly related to 

the PAR. Thus, a more appropriate criterion needs to be derived to obtain a 

larger PAR reduction. 

• Low PAR codes with a high coding rate and PAR reduction for MIMO OFDM 

systems. 

• Peak reduction criteria using a more appropriate measure than the PAR. 

The purpose of peak reduction is to minimize the inband distortion and out-of-

band radiation caused by the nonlinearity of HPA. A small PAR does not always 

imply a small inband distortion and out-of-band radiation. Peak-reduction cri­

teria using other measures have also been studied based on simulations [238-

240]. [239] observed that, when nonlinear amplification is allowed to some ex­

tent, the distribution of the envelope, rather than that of the PAR, is a more rele-
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vant measure. A theoretical analysis and comparison of different peak-reduction 

criteria would help to develop more efficient peak-reduction algorithms. 
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