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Abstract

Inbothhealthanddisease,cellsinteractwithoneanotherthroughcellular

adhesions.Normaldevelopment,woundhealing,andmetastasisalldependon

theseinteractions.Thesephenomenaarecommonlystudiedusingcontinuum

models(partialdifferentialequations).However,amathematicaldescriptionoff

celladhesioninsuchtissuemodelshadremainedachallengeuntil2006,when

Armstrongetal.proposedtheuseoffanintegro-partialdifferentialequation

(iPDE)model.Theinitialsuccessoffthemodelwasthereplicationoffthecell-

sortingexperimentsoffSteinberg.Sincethen,thisapproachhasprovenpopular

inapplicationstoembryogenesis,woundhealing,andcancercellinvasions.

Inthisthesis,Ipresentairstsystematicderivationoffnon-local(iPDE)

modelsfforadhesiveandchemotactic motion.Forthispurpose,Idevelopa

fframeworkbywhichnon-localmodelscanbederivedffromaspace-jumpprocess.

Ishowhowthenotionsoffcellmotilityandcellpolarizationcanbenaturally

included.Thesigniicanceoffsuchaderivationisthat,itallows metotake

cell-levelpropertiessuchascell-size,cellprotrusionlengthoradhesionmolecule

densitiesintoaccount.Thusthisderivationvalidatesthesepopularnon-local

models.Ishowthatparticularchoicesoffthesepropertiesyieldtheoriginal

Armstrongcell-celladhesionmodel.Finally,Iextendthecelladhesionmodel

toincludevolumeexclusion,andcomplexcelladhesionmoleculekinetics.

InChapter3,Ipresentairstindepthanalyticalstudyoffthesteady-states

offthenon-localcelladhesion modelderivedinthisthesis.Theimportance

offsteadystatesisthatthesearethepatternsobservedinnatureandtissues
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(e.g.cell-sortingexperiments).Asaprerequisitetothesubsequentanalysis,I

presentanindepthstudyoffthepropertiesoffthenon-localcelladhesionoper-

ator.Ipresentresultsonitscontinuity,compactness,andspectralproperties.

IthencombinebiffurcationtechniquespioneeredbyRabinowitz,equivariant

biffurcationtheory,andthepropertiesofftheequation’ssolution,toobtainthe

existenceoffanunboundedbiffurcationbranchoffnon-homogeneoussolutions.

Usingtheequation’ssymmetries,Iffurtherclassiffythesolutionbranchesbythe

derivative’snumberoffzeros(i.e.,numberoffextremaremainsixed).Signii-

cantly,thisparallelstheclassiicationsoffsolutionsoffnonlinearSturm-Liouville

problemsandequivariantnonlinearellipticequations.Iidentiffythebiffurcation

typeaspitchffork,andshowthatintegrationkernelinthenon-localtermde-

termineswhetheranimmediateswitchinthesolution’sstabilitytakesplaces.

Finally,usingnumericaltechniques,Iveriffymyanalysis,anddemonstratethe

existenceoffrotatingwavesoffsteadystates.

Intheinalchapter,Iextendthenon-localcelladhesionmodeltoabounded

domainwithno-luxboundaryconditions.Inthepast,boundaryconditions

ffornon-localequationswereavoided,becausetheirconstructionissubtle.I

encounterthreechallenges:(1)ensurethenon-localoperatoriswell-deined

neartheboundary,(2)ensurethatthenon-localoperatorsatisiestheno-lux

boundaryconditions,and(3)theconstructednon-localoperatorsarenon-

uniqueintheboundaryregion.Iaddresstheirstchallengebyintroducing

spatiallydependentintegrationlimits. Whilemorecomplicated,thenewnon-

localoperatorssharemanyofftheirmathematicalpropertieswiththeperiodic

non-localoperator.However,thespatialdependenceofftheintegrationlimits

complicatesdifferentiation.Indeed,thetheoryoffdistributionsmustbeused,to
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computethenon-localoperator’sweakderivative.Usingthemodel’sderivation,

Iensurethattheconstructedoperatorssatisffytheno-luxboundaryconditions.

Finally,Iclassiffytheconstructednon-localoperators,bycomparingtheiraction

totheperiodicnon-localadhesionoperator,intoeitherrepellent,neutral,or

attractive.Itishowever,anopenproblemtomatchthesenewlyconstructed

non-localoperatorstocellbehaviournearphysicalboundaries.
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Prefface
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Chapter1

Introduction

1.1 Theeffectoffcellularadhesionsintissues

Inbothnormalanddiseasedtissues,cellsinteractthroughadhesions,with

eachotherandtheextracellularmatrix(ECM),aubiquitousproteinscaffold.

Atthe molecularlevel,cellularadhesionsareffacilitatedbyproteinssuchas

integrins(cell-matrixadhesionprotein)orcadherins(cell-celladhesionprotein)

[78],whicharesituatedonthecellsurfface.Today,werecognizethatcelladhe-

sionsareffundamentalindeterminingoutcomesoffnormaldevelopment,wound

healingandmetastasis[77,119,142].Earlyinthelastcentury,however,the

irstbiologicalexperimentershadonlyjustbeguntouncovertherolethecell

adhesionmoleculesplayintissues.

Oneofftheearliestobservationswasthatiffaspongeissqueezedthrougha

inemesh(Wilson,1907[160]),itwillrefformintoanagainffunctionalsponge.A

ffewyearslater,Hofftreterobservedthatdifferenttissueshavedifferentassocia-

tiveprefferences[160].Todescribehisobservations,heintroducedtheconceptoff

“tissueainities”.Further,herepeatedtheearlierobservationsthatpreviously

dissociatedtissueshavetheabilitytoregaintheirffunction.Today,thisphe-

nomenonisrefferredtoascell-sorting,andwerecognizeitscriticalimportance

inthefformationoffffunctionaltissuesduringorganismdevelopment.

In1963,Steinbergproposedtheirsttheoryoffcell-sortingthatargued

thatcell-levelproperties,namelyacell’sadhesionmolecules,drivecell-sorting

1



Figure1.1: Twocellpopulationswithdifferentstrengthadhesion moleculeson
theirsurffaces.Initially(a)thecellsaremixed,andthenslowly(b)re-sortthemselves
totheinalconiguration(c)(Fordetailsontheexperimentalsetupandtheigure
see[12]).
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Mixing Engulffment Partial Engulffment Complete Sorting

Figure1.2:Theffourpossibleoutcomesoffcell-sortingwithtwocellpopulations.
Themorecohesivecellpopulationisblack. Mixingoccurswithprefferentialcross-
adhesion,engulffmentwithintermediatecross-adhesion,partialengulffmentwithweak
cross-adhesion,andcell-sortingwithnocross-adhesion[10,59].

[160,161].Histheory,capableoffexplainingthedifferentcell-sortingpatterns

isknownastheDifferentialadhesionhypothesis(DAH),whicharguesthat

cell-sortingismechanisticallyequivalenttosurffacetensiondrivenbehaviour

inliquids.Inotherwords,cellssolelymovetomaximizetheirintra-cellular

attraction.Thatis,theDAHassertsthatcell-sortingissolelydrivenbythe

quantitativedifferencesintheworkoffadhesionbetweencelltypes(e.g.cells

withthehighestworkoffadhesionareffoundatthecentreoffaggregates).In-

terestingisthatSteinbergrefferredtoadhesionbeinga“merelycloserange

attraction”[160].Anoverviewofftheexperimentalveriicationscanbeffound

in[162].

HarrisfformulatedairstcritiqueofftheDAH[82].Themainpointsoff

hiscritiquewere:(1)cellsarelivingobjects,andthusopenthermodynamic

systems(notclosedasassumedbytheDAH),(2)cellsizeandcellmembrane

protrusionsaremuchlargerthanindividualadhesionbonds,thusmakingcellu-

laradhesionsanon-localprocess,and(3)theworkoffadhesionandde-adhesion

maybedifferent,ascellscanstabilizeadhesionbondsafftertheirfformation[82].

Toresolvetheseissues,Harrisproposedthedifferentialsurffacecontractionhy-

pothesis,arguingthecontractilestrengthoffamembranecompletelydescribes

itssurffacetension.Amodelsimilartothisideawaslaterimplementedina

successffulvertexmodeloffcell-sortinginepithelialtissues[20,21,30].

Inbothhealthanddisease,cellsinteractwithoneanotherandtheirsur-

roundingproteinscaffold(theextracellularmatrix,ECM),throughadhesions.

Normaldevelopment,woundhealing,andmetastasisalldependonthesein-
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teractions[77,119,142].Forinstancein metastasis,animportantquestion

ishowchangesincelladhesionaffecttransitionsffromepithelia(quiescent)

to migratory(mesenchymal)cells(EMT)[77,129],ahallmarkoff metastatic

cancer[79,80].Tounderstandsuchcomplexsystems,theinfformationgath-

eredffrombiologicalexperimentsandmedicaldataaloneisnotsuicient,we

havetounderstandthisinfformation.Usingmathematicalmodelsandrigorous

mathematics,wecanunderstandindetailtheunderlyingpropertiesdriving

theobservedbehaviour.

1.2 Prior modellingeffortsoncellularadhe-

sions

Theirstuseoffcellularadhesionsina modelwasa modeloffcell-sortingin

1992.Graner,Glaziermodelledcellsascollectionsoffconnectedlatticesites[71,

74,75,76].Cellularadhesionsareimplementedbyassigningacertainenergy

valuetoanyinterffacebetweentwopixelsbelongingtotwodifferentcells.Since

asinglecellcontains manylatticesites,thisisanon-localinteraction.The

evolutionoffthecellsisenergydriveni.e.ateachsteprandomchangesinthe

latticeconigurationareproposedandacceptedbyaBoltzmanlikeffunction.

ThisapproachisnowknownastheCellularPottsmodelandiswidelyusedin

modellingoffcellbiology.Foranoverview,seetherecentbook[156].

In1996,Byrne,Chaplainstudiedthegrowthoffavasculartumourspheroids

inthepresenceoffanexternalnutrient[25].Thetumourgrowthisdeterminedby

thebalancebetweenprolifferativepressureandcell-celladhesion,whichkeepthe

spheroidcompact.TheGibbs-Thompsonrelationisusedtorelatethetumour

spheroid’scurvaturetotheexternalnutrientconcentration.Itisassumedthat

cell-celladhesionsarethefforcesthatmaintainthiscurvature[25].Later,this

modelwas modiiedsuchthatthecell’sprolifferationratedependedonthe

totalpressureactingonthecell(duetoadhesionandrepulsivefforces)[26].

This modelwasthensuccessffullycomparedtoacell-based modelofftumour

spheroidgrowth[26].Inasimilar model,Perumpananietal.introduceda

densitydependentdiffusionterminatumourspheroid model,theideawas
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thatcellsinhighdensityareasaresloweddownbythepresenceoffadhesion

bondstoneighbours[141].Sincethen,thisapproachhasbeenusedin more

complicatedmodelsofftumourgrowth(see[115,116]).Theadhesivemechanism

inthesemodelsarepurelylocal.Further,neitheroffthesemodelswasableto

reproducecellularaggregationsnorcellsortingcommonlylinkedtoadhesive

interactions.

Palsson,Othmerusedacell-basedmodeltostudycollectivemovementsin

slugs[140]. DifferentlytotheCellularPotts model,theyusedalattice-ffree

model,resolvingtheindividualphysicalfforcesbetweenthecells. Thisisa

non-localdescriptionoffcell-celladhesion[139,140].

Inphysics-basedcell-basedmodelssuchasthatdevelopedbyPalssonetal.,

theadhesiveandrepulsivefforcesbetweenindividualcellsareresolvedusingthe

theoryoffelasticity. Modellingcellsaselasticisotropicspheresisthesimplest

availablecellmodel.Theadhesiveandrepulsionfforcesbetweenadheringelastic

spheresisresolvedusinga modiiedHertz model[153,154]ortheJohnson,

Kendall,andRoberts(JKR)model[49,93,103].Sincetheseinteractionsact

overawiderangeoffcellseparations,theyarenon-localmodels.

Brodland,Chenusedavertexmodel(anindividual-basedmodel)tomodel

cell-sortinginepithelialtissues[21,30].Theprocesswasdrivenbythesurfface

tensionatcell-cellinterffaces.Thesurffacetensionintheirmodeldependedon

thefforcesoffadhesion, membranecontraction,andcircumfferential microila-

mentbundles[21].Theysummarizedtheindingsofftheirnumericalstudiesby

fformulatingthedifferentialinterffacialtensionhypothesisoffcell-sorting[20].

Onceagainthiswasanon-localdescriptionoffcell-adhesion.

Turner,SherrattusedaCellularPottsmodeltostudytheeffectoffadhesion

attheinvasionffrontoffatumour[167].Theyobservedthefformationoffclusters

offinvasion,andthefformationoff“ingering”invasionffronts.In[168],they

attemptedtoscaletheCellularPottsmodeltoapartialdifferentialequation.

However,theobtainedequationsarenotoriouslydiiculteveninthesimplest

settings.Thisisduetocellsoccupyingseverallatticesites(non-localspatial

extend)inCellularPottsmodels.

Sinceuptothispointallcellularadhesion modelscapableoffexplaining

aggregationswerebasedonnon-localmodelsincell-basedapproaches,Ander-
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sonproposedtocombinethecontinuumandcell-basedapproachinahybrid

model[9].Thesigniicanceoffthishybridapproachisthatcellsareindividually

represented(adhesioneffectscanbetakenintoaccount)andenvironmentalffac-

torssuchasdiffusingproteinscanbemodelledusingwell-establishedreaction

diffusionequations.Thisapproachhasbeenpopularinstudyingthedynamics

offtumourspheroids[145,146].

In2006,Armstrong,Painter,Sherrattproposedtheirstcontinuummodel

offcellularadhesionscapableoffexplainingadhesiondrivencellaggregations

[10].Letu(x,t)denotethedensityoffacellpopulationatspatiallocationxand

timet.Thenitsevolutionsubjecttorandommotilityandcell-celladhesionis

givenbytheffollowingnon-localintegro-partialdifferentialequations.

ut(x,t)=D∆u(x,t)
  
randommotility

−α∇·

(

u(x,t)

∫

Bn(R)

h(u(x+r,t))Ω(r)dr

)

  
cell-celladhesion

, (1.1)

whereDisthediffusioncoeicient,αthestrengthoffthehomotypicadhesion

strength,g(u)isapossiblynonlinearffunctiondescribingthenatureoffthe

adhesivefforce,Ω(r)anoddffunction,andRthesensingradiusoffthecell(ffor

Force direction due to 
cells on the right

Force direction due to 
cells on the lefft

moredetailsontheseffunctionsandtheirbiologicalmeaning,seeChapter2).

Figure1.3:Anintuitiveexplanationoffthenon-localcell-celladhesiontermin
equation(1.1).Intuitivelythenon-localtermrepresentsatug-off-waroffthecellson
therightandthecellsonthelefft,withthecellatxmovinginthedirectionofflargest
fforce.Theresultoffthescenarioherewouldbethatthecellatxmovestotheright
(assumingthatΩ(r)isunifformandh(u)islinear).

Thenoveltyoffequation(1.1)istheintegraltermtomodelcell-celladhesion.

Intuitively,theintegraltermcanbeinterpretedasatug-off-warorinphysical

terms,cellsmoveinthedirectionoffthelargestactingfforce.Theeffectis

thatcellsmoveup“non-local”gradientsoffcellpopulationandthusarises

thepossibilityfforfformationoffcellaggregates.Thetwo-populationversion
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offequation(1.1)wastheirstcontinuummodelthatcorrectlyreplicatedcell-

sortingexperiments[10].

Asdiscussedabove,cellularadhesionsffeatureprominentlyinorganism

development,wound-healingandcancerinvasion(metastasis).Thereffore,it

isunsurprisingthatmodel(1.1)hasffoundextensiveusein modellingcancer

cellinvasion[7,28,67,68,135,157],anddevelopmentalprocesses[11]. More

recently,spatio-temporalvariationsofftheadhesionstrengths[47],andadhesion

strengthvariationsduetosignallingproteins[16]wereconsidered.

Thenon-local model(1.1)hasalsobeencriticizedfforoversimpliication,

namelyfforitsuseoffasimplediffusionterm[123]. Murakawaetal.,supported

byexperimentaldata,noticedthatundercertainconditionsequation(1.1)

gaveunrealisticsolutions[123]. Toaddressthisshortcoming, Murakawaet

al.modiiedthemodellingassumption“cellsmoverandomly”to“cellsmove

ffromhighpressuretolowpressureregions”.Forthisreason,theyintroduced

adensity-dependentdiffusionterm[123].

Prerequisiteffortheextensivenumericalexplorationoffthesolutionsoffthe

non-localequation(1.1)wasthedevelopmentoffeicientnumericalmethodsto

evaluateitsintegralterm.AneicientmethodbasedontheffastFouriertrans-

fformwasdevelopedin[66].Usingthiseicientalgorithm,numericalsolutions

offequation(1.1)areimplementedusingaspatialinite-volumediscretization

andthemethodofflinesfforthetemporaladvancement[65].

Existenceresultsfforthesolutionsoffthenon-localequation(1.1)weredevel-

opedin[7,16,92,157]. MostsigniicantisthegeneralworkbyHillen,Painter,

Winkler,whoshowedlocalandglobalexistenceoffclassicalsolutions[92].For

thecaseoffsmalladhesionstrength,travellingwavesolutionsoffequation(1.1)

wereffoundandstudiedin[133].

1.2.1 Non-localpartialdifferentialequation models

Havingintroducedthenon-localadhesionmodel(1.1),wetakealookatdevel-

opmentsoffnon-localmodelsingeneral.Non-localmodelsariseintwodifferent

situations:First,oneassumestheaprioriexistenceoffsomenon-localinterac-

tion,ortheyariseffromlocalreaction-diffusionequations,upontakingsome
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limit,ortheintroductionoffasimpliication[101,105].Forexample,inasystem

offffourpartialdifferentialequations(twocellpopulationsandtwodiffusing

signalling molecules), Kńutsd́ottiretal.[105]appliedaquasi-steadystate

assumptionassumingthesignalling moleculesdiffuse muchffasterthanthe

cellularpopulations.TheresultingellipticequationsweresolvedusingGreen’s

ffunctions,andthusnon-localtermswereintroducedintheadvectionterms.

Non-localmodelshavebeenproposedtodescribemanydifferentphenom-

ena,suchastheffractionalLaplacian(Levirandomwalks).Integro-difference

equations,discreteintime,andcontinuousinspace,arepopulartostudythe

dispersaloffanimalpopulationsinecology[128].Inthecontinuumtimesetting,

non-localequationsarisingfforbirth-jumpprocesses[88]aregainingtraction,

withapplicationsincancerstemcelldynamics[18,44]andirespotting[117].

Thenon-localcell-celladhesionmodel(1.1)hasthenon-localterminthe

advectionterm.Theirstnon-localequationswiththenon-localtermcontained

intheadvectiontermwereproposedinaseriesoffpapersbyNagaietal.in

1983[124,125,126].Theirintroductionoffthenon-localtermwasdrivenby

adesiretomodelaggregationprocessesinecologicalsystems.Forcomparison

withthenon-localadhesionmodel(1.1),theequationsoffNagaietal.looked

likethis,

ut=(um)xx−

[{∫∞

−∞

K(x−y)u(y,t)dy

}

u

]

x

,x∈R,t>0, (1.2)

wherem> 1.ShortlyaffterAlt,studiedgeneralizationsoffequation(1.2)in

[3,4].Aversionoffequation(1.2)withiniteintegrationlimitsandwiththe

specialchoiceoffK(x−y)=sgn(x−y)wasstudiedbyIkedain[99,100].Ikeda

establishedtheexistenceoffsolutionsoffequation(1.2)onanunboundeddo-

mainanddevelopedspectralresultsinthespecialcaseoffm=2,thatwasused

togiveaclassiicationoffthesteady-statesoffequation(1.2).In1999, Mogilner

etal.usedthisapproachtoderiveanon-localmodeldescribingtheevolutionoff

swarms[121]. Morerecently,suchmodelswereusedtodescribetheaggregation

offplankton[1],andtomodelanimalpopulationsffeaturinglong-rangedsocial

attractionsandshort-rangeddispersal[166].Efftimieetal.usedaLagrangian

fformulationtoobtainnon-localhyperbolicmodelsoffcommunicatingindividu-
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als[51,52].Sincethen,equivariantbiffurcationtheorywasusedtostudythe

possiblesteadystatesoffsuchcommunication models[23],andveryrecently

theydiscussedtheuseoffLyapunov-Schmidtandcentre-maniffoldreductionto

studythelong-timedynamicsoffsuchequations.Thenon-localadhesionmodel

ffallsalsointhiscategoryoffequation(1.1)andmorerecentlyitwasgeneralized

toincludebothaggregationsandrepulsivebehaviour[136].

Asimilartypeoff modelwasproposedbyOthmer,Hillen[132]toreplace

thechemicalgradientinachemotaxismodelbytheffollowingnon-localterm,

◦
∇Rv(x):=

n

ωD(x)R

∫

Sn−1
D

σv(x+Rσ)dσ, (1.3)

Sn−1
D (x)={σ∈Sn−1:x+σR∈D},andωD(x)=|Sn−1

D (x)|.Itwasshownin[91]

thatthischangeleadstogloballyboundedsolutionsoffthenon-localchemotaxis

equation.Extendingtheworkonsteadystatesoffthelocalchemotaxisequation

[151,170],Xiangusedbiffurcationtechniquestoanalysethesteadystatesoff

thenon-localchemotaxisequationinonedimension.

Non-localtermshavealsobeenconsideredinreactionterms,i.e.,inequa-

tionsoffthefform

ut=uxx+ff(x,u,̄u), (1.4)

where

ū=

∫

g(x,u)dx. (1.5)

Thesetypesoffequationswerestudiedin[19,40,41,42,60,61,62].Anappli-

cationoffsucha modelisfforexampletoOhmicheatingin[110].Adifferent

applicationconsidersthegrowthoffphytoplanktoninthepresenceofflightand

nutrients[178].Yetanotherapplicationoffsuchamodelisastudyontheeffect

offcropraidingofflargebodiedmammals[97].

Manyofftheabovementionedexamplesarefformulatedonininitedomains,

toavoidsubtletiesindealingwithboundaryconditions,orsubtletiesinen-

suringthenon-localtermiswell-deined.Indeed,eventheanalysisofflocal

equationssuchastheviscousBurgerequationonboundeddomainshavere-

mainedunaddresseduntilrecently[171].
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1.3 Outlineoffthe Main Results

InthisthesisIconsidernon-local modelsoffcell-celladhesioninthefformoff

integro-partialdifferentialequations(seeequation(1.1)).Thecentralproblems

whichwewouldliketoaddressinthisthesisare:

1.Cannon-localmodelsbederivedffromanunderlyingindividualdescrip-

tionoffcellmovement?

2.Whatarethesteady-statesoffthenon-localcelladhesion models(i.e.

equation(1.1))intheabsenceoffboundaryeffects?

3.Howtomodelandincludeboundaryeffectsinthenon-localtermoffthe

celladhesionmodels(i.e.equation(1.1))?

InChapter2,Idevelopafframeworktoderivenon-localtaxismodelsffrom

stochasticrandomwalks.Thekeytothederivationistheextensionoffthe

biologicalconceptoffacell’spolarizationvectortothe mathematicalworld.

Intuitivelyspeaking,onceacellhaspolarized,itwill moveinthatdirection.

Usingthisfframework,allthatremainsisadeinitionoffhowcellspolarize. We

developacellpolarizationvectorduetotheinteractionsoffadhesionmolecules,

andffornon-localchemotaxis.Thesigniicanceoffthisworkisthatitallowsus

toelucidateindetailhowcelllevelpropertiessuchascellsizeordensityoff

adhesionmoleculesaffecttissue-levelphenomena.Chapter2hasbeenpublished

as[24].

InChapter3,Iinvestigatethesteadystatesoffasinglepopulationnon-local

modeloffcellularadhesionsonaperiodicdomain.Icombineglobalbiffurcation

techniquespioneeredbyRabinowitz,equivariantbiffurcationtheory(theequa-

tionisO(2)-equivariant),andthemathematicalpropertiesoffthenon-localad-

hesionterm,toobtaintheexistenceoffanunboundedglobalbiffurcationbranch

offnon-homogeneoussolutions.Iffurtherclassiffytheirstsolutionbranchbythe

derivative’snumberoffzeros(i.e.numberoffextremaremainsixed).Thesig-

niicanceoffthisresultisthatitparallelstheseminalclassiicationoffsolutions

offnonlinearSturm-Liouvilleproblems(Crandall&Rabinowitz,1970)andthe

classiicationfforequivariantnonlinearellipticequations(Healey&Kielḧoffer,

1991).

10



InChapter4,Istudytheexistenceoffsteadystatesfforanon-localmodeloff

cellularadhesionsonaboundeddomainwithno-luxboundaryconditions.In

thepast,boundaryconditionsffornon-localequationswereavoided,because

theirconstructionissubtleandrequiresbiologicalinsight.Usingtheinsights

ffromChapter2,Iconstructanon-localoperator,whichtakesboundaryeffects

intoaccount.Thesigniicanceisthatcorrectboundaryconditionsareimportant

toaccurate modelconstruction(e.g.,boundarydependentorganogenesisin

zebraish). Mathematicallysigniicantistheconstructionofftheweakderivative

(usingdistributions)fforthe“no-lux”non-localoperator.Usingthis,Istudy

theeffectoffno-luxboundaryconditionsonthesteadystatesoffacelladhesion

model.

InChapter5,Iconcludewithadiscussion.
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Chapter2

Derivationoffa Cell-Cell

Adhesion Model Usinga

Space-JumpProcess

Published:A.Buttenscḧon,T.Hillen,A.Gerisch,andK.Painter,”Aspace-

jumpderivationffornon-localmodelsoffcell-celladhesionandnon-localchemo-

taxis,”Journaloff MathematicalBiology,onlineJune2017.

2.1 Introduction

Thebuildingblocksoffmulticelluluarorganismsarecells,vesselsandprotein

ibres.Thesetissueconstituentsdisplaycomplexbiochemicalandphysicalinter-

actionswithcelladhesionandchemotaxisbeingtwosuchexamples.Adhesion

isffacilitatedbytransmembraneadhesivecomplexes,whilechemotaxisrequires

receptorsonthesurffaceoffthecellmembrane.Bothchemotaxisandcellularad-

hesionareinstrumentalinembryogenesis,cell-sortingandwoundhealing,along

withhomoeostasisinmulticellularorganisms. Misregulationoffchemotaxisand

cellularadhesionmayleadtopathologicalconditionssuchascancerandother

degenerativediseases[63,149]:fforinstance,reducedcellularadhesionincancer

cellscanleadtoinvasionand metastasis[63].Bothchemotaxisandcellular

adhesionhavebeentheffocusoffintensemathematicalmodelingefforts,bothat
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theleveloffagent-basedandcontinuummodels,withthelattertypicallybased

onlocalornon-localpartialdifferentialequations[10,47,89,96,134].Local

models,typicallybasedonthereaction-advection-diffusionfframework,havea

solidffoundationinbiasedrandomwalks.Non-localmodelsappeartobebetter

suitedtodescribecertainaspectsoffadhesion,alongwithnon-localchemotaxis,

yetasffarasweareawarethereisnoconvincing microscopicrandomwalk

processthatleadstothesenon-localmodels.InffactGerischetal.,[68]have

writtenonpage328that“Ahighlydesirableobjectiveistodevelopcontinuous

modelsfforcellularadhesionastheappropriatelimitffromanunderlyingindi-

vidualmodelfforcellmovement”.Inthischapterweproposetoillthisgapand

introduceaspatialstochasticrandomwalkthatleads,inanappropriatelimit,

tothenon-localadhesionandchemotaxis models.Thisapproachprovidesa

betterunderstandingofftheunderlyingmodellingassumptionsandallowsto

modiffythecontinuousmodelasneeded.

2.1.1 Biological Background

Thissectionreviewspertinentbiologicalbackgroundoncelladhesion,required

fforthesubsequentderivation.Cellularadhesionsareffacilitatedbycelladhe-

sionmolecules,whichareproteinspresentonthecellsurfface[108].Inlayman’s

terms,theyacttostickcellstoeachotherandtheirsurroundings.Through

theseconnections,cellscansensemechanicalcuesandexertmechanicalfforces

ontheirenvironment.Itisoffnotethatcellularadhesionisimportantinboth

adherent(static)cellsandin motilecells[108].Duetotheirimportancead-

hesion moleculesareubiquitousinbiologicalorganismsand,accordingly,it

isnotsurprisingthatnumerousadhesionmoleculesareknownwithintegrins

andcadherinsfformingtwoprominentclasses.Integrinsareimportantinboth

thestaticanddynamiccase[108]andarecommonlyassociatedwithcontacts

betweencellsandtheextracellularmatrix(ECM)[45].Cadherins,ontheother

hand,aremorecommonlyassociatedwithfformingstablecell-cellcontacts[108].

Thedensityandtypesoffpresentedadhesionmoleculesdeterminethemechan-

icalinteractionstrengthbetweenacellanditsneighboursortheenvironment.

Whilecelladhesionisimportantduringbothhomoeostasisandduringcell
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migration,wewilltreatthehomeostaticcaseasaspecialcaseoffmigration,in

whichcellsareinamechanicalequilibriumoratasocalledsteadystate.

The motilityoffcellsisffundamentalduring manybiologicalffunctions,in-

cludingembryogenesisandwoundhealing[43].Inthisdynamicsetting,cellular

adhesionplaysanimportantroleinguiding migratingcells. Cellshavede-

velopedmanymechanismsofftranslocation,withatleastffourdifferentkinds

off membraneprotrusionsdistinguished:lamellipodia,ilopodia,blebsandin-

vadopodia[147]. Howthedirectionalityofftheseprotrusionsisdetermined

variesgreatlybetweencelltypes,butauniffyingffeatureoff migratingcellsis

thefformationoffaspatiallyasymmetricmorphology,allowingacleardistinc-

tionbetweenffrontandback[107,148].Thisistheso-calledprocessoffcell

polarizationandcanresultffromawidevarietyoffintrinsicandextrinsiccues,

includingchemicalormechanicalstimuli[39,64,148,165,173].Oncepolarized,

membraneprotrusionsareextendedprimarilyatthecellffront[107].

2.1.2 Mathematical Background

Manypartialdifferentialequationmodelsfforthedynamicsoffcellularpopula-

tionsare motivatedbytheconservationoff massequation.Supposethatthe

populationdensityisgivenbyu(x,t)anditsluxbyJ(x,t).Theconservation

equationisthengivenby,

ut(x,t)=−∇·J(x,t). (2.1)

Differentbiologicalphenomenacanbedescribedbyanappropriatechoiceffor

thelux.In manycommon modelstheluxisdividedinto multipleadditive

parts:fforexample,apartduetorandommotiondenotedJd,andapartdue

toadhesiondenotedJa,thatis

J(x,t)=Ja(u(x,t))+Jd(ux(x,t)). (2.2)

IntheffollowingdiscussionweffocusondifferentchoicesfforJa andassume

Fick’slawfforthediffusivelux,i.e.,Jd = −Dux(x,t). Armstrong,Painter,

Sherratt[10]suggestedtheffollowingluxtermto model movementthrough
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thefformationandbreakingoffcell-celladhesionbetweencells.TheluxJais

assumedtobedirectlyproportionaltothecreatedfforceandthepopulation

density,andinverselyproportionaltothecellsize,suchthat

Ja=
ϕ

L
u(x,t)F, (2.3)

whereϕisaconstantoffproportionality,FthetotaladhesionfforceandLthe

typicalcellsize.ThisffollowsffromStokes’law,whichgivestheffrictionalfforce

offasphericalbodymovingatlowReynoldsnumbers.Thetotaladhesionfforce

istheresultoffthefforcesgeneratedwithinthesensingradius,i.e.,

F=

∫

Bn(R)

h(u(x+r,t))Ω(r)dr, (2.4)

whereh(u(x,t))describesthenatureoffthefforceanditsdependenceonthe

celldensityandΩ(r)describesthefforce’sdirectionanddependenceonthe

distancer.Substitutingtheluxesintotheconservationequationweobtain

theffollowingintegro-partialdifferentialequation:

ut(x,t)=D∆u(x,t)−∇·(u(x,t)K(u(x,t))(x,t)), (2.5a)

where

K(u(·,t))(x)=a

∫

Bn(R)

h(u(x+r,t))Ω(r)dr (2.5b)

anda=ϕ/L.Itisnotedthatthismodelwastheirstcontinuummodelthat

successffullyreplicatedthepatternsobservedinSteinberg’sclassicadhesion-

drivencell-sortingexperiments[10].

Inthischapterwewillffocusonthe modellingoffthenon-localadhesion

process,fforthisreasonweassumeinequation(2.5)thatthediffusioncoeicient

isconstant.Forthe modellingoffspatialdependentdiffusioncoeicientswe

refferthereaderto[163]and[27].

Theadhesion model(2.5)hassincebeenextendedtoincludebothcell-

cellandcell-ECMadhesion[67],withthisextendedversionusedtostudythe

invasionoffcancercellsintotheECM[8,28,47,67,135,157].Theadhesion

modelwasalsousedinamodeloffneuraltubedevelopmentinvertebrates[11].
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Inadditiontothevariousbiologicalapplications,themathematicalproperties

offtheadhesionmodel(2.5)havebeenunderintenseinvestigation:conditions

fforglobalexistenceweredevelopedin[28,50,92,157];travellingwavesolutions

wereffoundfforsmallparametersainequation(2.5b)[133];aneicientand

robustnumericalschemefforthenon-localadhesionmodelhasbeendeveloped

in[66].

Whilesuccessffulinapplicationitisnotyetclearhowthe microscopic

propertiesoffcells,suchascellsize,cellprotrusions,natureofftheadhesion

fforcesorthedistributionoffadhesionmoleculesentertheadhesionmodel(2.5).

Aderivationoffthenon-localadhesionmodel(2.5)ffromanunderlyingrandom

walkpromisestoanswerthesequestions.Anearlyattemptwasundertakenby

Turneretal.[168],whostudiedthecontinuumlimitoffaCellularPottsmodel

thatincludedcell-celladhesion,yettheresultingcontinuum modelwastoo

complicatedfforsigniicantanalysis.Johnstonetal.[104]studiedthecontinuum

limittheyobtainedffromastochasticexclusionmovementmodel;undercertain

parameterregimes,however,thecontinuummodelpermitsnegativediffusion

andisunabletoreplicatethepatternfformationobservedduringcell-sorting.

Recently, Middletonetal.[120]showedthatanintegropartialdifferential

equation(iPDE) modelsimilartoequation(2.5a)canbeobtainedffromthe

meanieldapproximationoffLangevinequations.Thereitisshownthatthis

iPDElimitisonlyeffectivefforweakcell-celladhesion.

Manycommonlyusedpartialdifferentialequation models,suchasthe

chemotaxisequation,havebeenderivedffromaspace-jumpprocess[89,131].

This motivatesustoderivetheadhesion model (2.5)ffromanunderlying

stochasticrandom walk modelbasedoncell-cell mechanics. Thechallenge

is maintainingtheinitesensingradiuswhiletakingthefformallimitoffthe

space-jumpmodel.Throughthisweoffernotonlyinsightintothecomplicated

assumptionsonwhichArmstrong’smodel(2.5)isbased,butalsoextenditto

a moregeneralfform. WeseethatArmstrong’s modelimplicitlyassumes(i)

point-likecells,(ii)massactionffortheadhesionmoleculekineticsand(iii)no

volumeexclusioneffects.Ourapproachallowsustorelaxtheseassumptions

andextendthemodeltoincludelargecells,volumeexclusionandmorecompli-

catedadhesionmoleculekinetics.Intheprocessweindthatourderivationis
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general,andhenceapplicabletoothernon-localmodelssuchasthenon-local

chemotaxismodelinSection2.4.

2.1.3 Layoutoffthechapter

Thekeytoamathematicalderivationoffacontinuumadhesionmodelliesinthe

deinitionoffcellpolarization.InSection2.2thebiologicalnotionoffapolariza-

tionvectorisintegratedintothefframeworkoffastochasticrandomwalk.This

preparatoryworkwillallowusinSection2.3toderivethenon-localadhesion

modelffromanunderlyingstochasticrandomwalkandinSection2.4toderive

thenon-localchemotaxismodel.InSection2.5theproposedstochasticrandom

walkiscomparedtonumericalsimulationsofftheintegro-partialdifferential

equationmodeloffadhesion.Finally,inSection2.6ourresultswillbediscussed

andanoutlookgivenonopenquestionsandffuturework.

2.2 Apopulation modelinfformedbythepo-

larizationvector

FortheffollowingdiscussionweletthedomainbegivenbyΩ.Herewerestrict

thedomaintoΩ =Rn inordertoffocuson modellingcell-cellinteractions

intheabsenceoffboundaryeffects.Supposethatacellularpopulationwith

populationdensityffunctionu(x,t)ispresentinΩ. Todeinepreciselythe

meaningoffthispopulation,wemakeacoupleoffassumptions.Cellssendout

membraneprotrusionstosampletheirenvironmentandweassumethatthese

membraneprotrusionsaremuchmoreffrequentthantranslocationsoffthecell

body;thecellbodyincludesthecellnucleusand mostoffthecell’s mass.In

modellingcell migrationweare mostinterestedinthetranslocationoffthe

cellbodyandnottheffrequent,buttemporary,shifftsduetocell membrane

protrusions.Forthisreason,wedeinethepopulationdensityffunctionu(x,t)

asffollows,

u(x,t)≡Densityoffcellswiththeircellbodycentredatxattimet. (2.6)
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Thisprecisedeinitionoffthecellpopulationwillbecomeimportantlaterin

Section2.3.

Figure2.1:Schematicoffthebottom-upapproachoff modellingcell movementdue
tocell-celladhesion.Ourinalgoalistoderiveanequationdescribingtheevolution
offthecellpopulationdensity.Thisiscalledthepopulationlevel.Thepopulationlevel
modelisderivedffroma celllevel model.Finally,thecelllevel modelisinfformedby
thepolarizationvector.Thecelldepictedinredisgivenanarrowshapetoindicate
thepolarizationvectorp(x).Thepolarizationvectorisdeterminedbythefformation
andbreakingoffadhesionbondsbetweenthecells.Theadhesionbondsaredepicted
asbluesticks.Thepolarizationvectorconnectsthe microscopicandthe mesoscopic
scale(seeSection2.2.1). Thediffusionscalingconnectsthe mesoscopicandthe
populationlevel(seeSection2.2.3).

We modeltheevolutionoffthecellpopulation u(x,t)usingaspace-jump

process,usingstochasticallyindependentjumpers.Inotherwords,weusea

continuoustimerandomwalkfforwhichweassumetheindependenceoffthe

waitingtimedistributionandspatialredistribution. Herethewaitingtime

distributionistakentobetheexponential distribution,withaconstantmean

waitingtime.Apossibleextensioninwhichthemeanwaitingtimeisaffunction

offcelldensityisbrielymotivatedinSection2.6.LetT(x,y)denotethetran-
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sitionratefforajumpffromy∈Ωtox∈Ω.Theevolutionoffthepopulation

densityu(·,t)duetotheseparticlejumpsisgivenbythe Masterequation[131],

ut(x,t)=λ

∫

D

[T(x,y)u(y,t)−T(y,x)u(x,t)]dµ(y), (2.7)

where(D,µ(y))isameasurespacewithD⊂Ω,and1/λisthemeanwaiting

time. Notethat,T(x,y)dependsonthepopulationdensityu(·,t),however

wedonotexplicitlytrackthistokeepthenotation managableandwithin

conventionseefforinstance[89].For moredetailsonthederivationoffthe

masterequationsee[98,169].

Wemaketwoassumptionsaboutthemovementoffthecells:

Modelling Assumption1: Weassumethatintheabsenceoffspatialortem-

poralheterogeneitythemovementoffindividualcellscanbedescribedby

Brownianmotion.Ithasbeenshownthatthisisareasonableassumption

fformanycelltypes[15,122,152].

Modelling Assumption2: Thecells’polarizationmaybeinluencedbyspa-

tialortemporalheterogeneity. Wedenotethepolarizationvectorbyp(x).

Inthissectionwewillshowhowthesetwoassumptionscanbenaturallyin-

cludedwithinthespace-jumpfframework. Wewillffurtherdiscussthefformal

limitoffequation(2.7)whichwillleadto macroscopic modelsdescribingthe

spatial-temporalevolutionoffu(x,t).Figure2.1givesanoverviewoffhowthe

polarizationvectorandthediffusionscalingareusedtoobtaintheinalpopu-

lationmodel.

2.2.1 Thepolarizationvectorinaspace-jumpprocess

Fornotationalconvenienceweassociatetoajumpffromy∈Ωtox∈Ωthe

headingz:=x−y.UsingtheheadingwedeineTy(z):=T(y+z,y)=T(x,y).

LetDydenotethesetoffallpossibleheadingsffromy. Weassumethatiffz∈Dy

thensois−z∈Dy.Inotherwords,Dyisasymmetricset.InmostcasesDy

willbeindependentoffy. Weffurtherassumethatfforeveryy∈Ω,theffunction

Tyisnon-negativeasitrepresentsarate.
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Giveny∈ΩwedenotetheredistributionkernelatthislocationbyTy(z);

weassumethatTy∈L1(Dy)andthat∥Ty∥1=1holds.Notethathereweuse

themeasureassociatedwithDy.ThismeasurecanbethestandardLebesgue

measureinRniffDyistheballwithradiushinRn,i.e.,Dy=Bn(h),oritcould

bethesurffaceLebesgue measureinRn iffDy isthespherewithradiushin

Rn,i.e.,Dy=Sn−1(h),oritcanbeadiscretemeasureiffmodellingmovements

onalatticeandDy={he1,−he1,he2,...,−hen},wheree1,e2,...,enarethe

Cartesianunitvectors.Inanycase,thisnormalizationmakesTyaprobability

densityffunction(pdff)onDy.

Anyffunctionwhichisdeinedfforbothzand−zcanbedecomposedinto

evenandoddcomponents,whicharedenotedbySyandAyrespectively.This

notationischoseninimitationofftheeven/oddnotionsintroducedby Mogilner

etal.[121]inanon-localmodellingstudyoffswarmingbehaviour.

Lemma2.1.Considery∈Ω,givenTy∈L1(Dy),thenthereexistsadecom-

positionas

Ty(z)=

⎧
⎨

⎩

Sy(z)+Ay(z)·z
|z|

iffz̸=0

Sy(z) iffz=0
(2.8)

withSy∈L1(Dy)andAy∈(L1(Dy))
n
.Theevenandoddpartsaresymmetric

suchthat

Sy(z)=Sy(−z) and Ay(z)=Ay(−z). (2.9)

Prooff. GivenTy,deine

Sy(z)=
1

2
(Ty(z)+Ty(−z)),

Ay(z)=
1

2

(

Ty(z)
z

|z|
−Ty(−z)

z

|z|

)

, z̸=0.

Thentheabovepropertiescanbecheckedbydirectcomputation.

Usingthisdecompositionwedeinetwopropertieswhichareanalogousto

ModellingAssumptions1and2above.First,wedeinethemotility.
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Deinition2.2(Motility).Wedeinethemotilityat y∈Ωas

M(y):=

∫

Dy\{0}

Ty(z)dz=

∫

Dy\{0}

Sy(z)dz, (2.10)

wheretheintegrationisw.r.t.themeasureonDy.

Themotilityistheprobabilityoffleavingy.Thisprobabilityis1iff0/∈Dy;

itisalso1iff0∈DyandTyisacontinuouspdff,anditmaybesmallerthan1iff

0∈DyandTyisadiscretepdff.Hereweindthatthemotilitydependssolely

ontheevencomponentSx,inotherwordssolelyonmodellingassumptionone.

Secondly,wedeinethepolarizationvectorinaspace-jumpprocess.

Deinition2.3 (PolarizationVector).Thepolarizationvectoraty∈Ωis

deinedas,

E(y):=

∫
Dy
zTy(z)dz

∥
∫
Dy
zTy(z)dz∥

=

∫
Dy
zAy(z)·

z
|z|
dz

∥
∫
Dy
zAy(z)·

z
|z|
dz∥
, (2.11)

wheretheintegrationisw.r.t.measureonDy.

TheirstmomentoffthepdffTycanbeintuitivelyunderstoodastheex-

pectedheadingoffajumporiginatingaty.Thisisindirectcorrespondence

withapolarizedcellwhich,ffollowingpolarization,movesinthedirectionoffthe

polarizationvector.TheexpectedheadingissolelydeterminedbyAy,which

therefforeplaystheroleoffthepolarizationvectorp(y)inaspace-jumppro-

cess.ThiscorrespondencemotivatesustosetAy=p(y)inthesubsequent

derivations.

2.2.2 Derivationoff macroscopicequations

Fortheffollowingderivationsoffthepopulationmodel,werequiretheffollowing

assumptions.

1:Weconsideramyopicrandomwalk,i.e.

Sx(z)=Sx, Ax(z)=Ax,
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then

Tx(z)=Sx+Ax·
z

|z|
.

NotethatTx(z)stilldependsonzandxandthescalarSxand vector

Axdependonx.

2:Weconsidersmalljumpsofflength h,andwrite

Dx=hSn−1.

NotethatDxisthesamefforallpointsinthedomain.ElementsoffSn−1

aredenotedbyσwithmeasuredσ.

UsingLemma2.1andassumingthatthesetoffdestinationsisunifformacross

thedomain,wecanrewritethe Masterequation(2.7).

ut(x,t)=λ

∫

Dx

Tx−z(z)u(x−z,t)−Tx(−z)u(x,t)dµ(z),

=λ

∫

Dx

Sx−z(z)u(x−z,t)−Sx(−z)u(x,t)dµ(z)

+λ

∫

Dx

Ax−z(z)
z

|z|
u(x−z,t)+Ax(−z)

z

|z|
u(x,t)dµ(z). (2.12)

Usingassumptions1and2,andtheffactthat∥σ∥=1,wecanrewrite(2.12)

as

ut(x,t) = λhn−1

∫

Sn−1

Sx−hσu(x−hσ,t)−Sxu(x,t)dσ

  
(I)

+λhn−1

∫

Sn−1

Ax−hσσu(x−hσ,t)+Axσu(x,t)dσ

  
(II)

.(2.13)

Letusconsidertheintegrals(I)and(II)separately.

(I) =

∫

Sn−1

Sx−hσu(x−hσ,t)−Sxu(x,t)dσ,

=

∫

Sn−1

Sxu(x,t)−Sxu(x,t)dσ−

∫

Sn−1

hσ·∇(Sxu(x,t))dσ
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+

∫

Sn−1

h2

2
σσT :∇∇T(Sxu(x,t))dσ+O(h3),

= h

∫

Sn−1

σdσ·∇(Sxu(x,t))+
h2

2

∫

Sn−1

σσTdσ:∇∇T(Sxu(x,t))+O(h3)

=
h2

2n
|Sn−1|∆(Sxu(x,t))+O(h3).

Thecolonnotationusedabovedenotesthecontractionofftworank-twotensors

as

σσT :∇∇(Su)=
∑

ij

σiσj
∂

∂xi

∂

∂xj

(Su).

Inthelaststepweusedtheffact(seefforexample[87])that

∫

Sn−1

σdσ=0,

∫

Sn−1

σσTdσ=
|Sn−1|

n
I, (2.14)

whereIisthen×nidentitymatrix.Considerintegral(II)

(II) =

∫

Sn−1

Ax−hσ·σu(x−hσ,t)+Ax·σu(x,t)dσ,

=

∫

Sn−1

Ax·σu(x,t)+A(x)·σu(x,t)dσ−

∫

Sn−1

hσσT :∇(Axu(x,t))dσ

+

∫

Sn−1

h2

2
σσσ:∇∇(Axu(x,t))dσ+O(h3),

= −
h|Sn−1|

n
∇·(Axu(x,t))+O(h3).

Herethecolonnotationdenotesthecontractionofftworank-three,tensorsas

σσσ:∇∇(Au)=
∑

ijk

σiσjσk
∂

∂xi

∂

∂xj

(Aku).

Additionally,weusedtheaboveidentities(2.14)andtheffactthat

∫

Sn−1

σiσjσkdσ=0

fforalli,j,k=1,...,n,asshownin[87].Usingtheapproximateexpressions

(droppingallO(h3)terms)ffortheintegrals(I)and(II)inequation(2.13)we
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obtain

ut(x,t)≈
λhn+1

2n
|Sn−1|∆(Sxu(x,t))−

λhn

n
|Sn−1|∇·(Axu(x,t)). (2.15)

ItisinterestingtonotethattheevenpartoffTentersthediffusionterm,while

theoddpartentersthedrifftterm.

2.2.3 Scaling

Wenowstudytheasymptoticbehaviouroffequation (2.15).Intheffollowing

u(·,t)willdenoteapossiblenon-localdependenceonthepopulationdensity

u(x,t).Hereweareinterestedinthelimitsasthelatticespacinghtendsto

zeroandlargetime.Thelargetimelimitisobtainedbylettingtherateoffsteps

perunittimeλtendtoininity.Differentasymptoticequationsareobtained,

dependingontheasymptoticbehaviouroffλ(h). Weconsidertwocases:

1. Drifftdominated:InthiscaseweassumethatSx andAx areofforder1

relativetohandλ,andthatspaceandtimescaletothesameorder.That

is,1/λ∼hn ,whichisahyperbolicscaling. Withtheseassumptions,we

canguaranteethattheffollowinglimitsexist.

lim
h→ 0

λ→ ∞

λhn

n
|Sn−1|Ax=α(x,u(·,t))<∞ (2.16a)

anditffollowsthat

lim
h→ 0

λ→ ∞

λhn+1

2n
|Sn−1|Sx=0. (2.16b)

Notethatinthelimits(2.16a)and(2.16b),AxandSxrespectivelymay

dependonthecellpopulationu(·,t).Forthisreason,wemaketheffunction

αdependonu(·,t). Thelimitequationisthenapuredrifftequation

ut(x,t)+∇·(α(x,u(·,t))u(x,t))=0. (2.17)

2. Advection-Diffusion:InthiscaseweassumethatSxisofforder1relative

tohandλandAxisofforderhandofforder1relativetoλ.Thismeans,

1/λ∼ hn+1,andthattimeisscaledwithoneorderoffhhigherthan
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space.Thisisaparabolicscaling. Withtheseassumptions,weensurethe

existenceofftheffollowinglimits,

lim
h→0
λ→∞

λhn

n
|Sn−1|Ax=α(x,u(·,t)) (2.18a)

and

lim
h→0
λ→∞

λhn+1

2n
|Sn−1|Sx=D(x,u(·,t)). (2.18b)

Notethatinthelimits(2.16a)and(2.16b),AxandSxrespectivelymay

dependonthecellpopulationu(·,t).Forthisreason,wemaketheffunc-

tionsDandαdependonu(·,t). Thenweobtainanadvection-diffusion

equation

ut(x,t)+∇·(α(x,u(·,t))u(x,t))=∆(D(x,u(·,t))u(x,t)). (2.19)

NotethatthespatialdiffusionconstantappearsinsidetheLaplacian:

thisisexpectedffortransitionratesbasedonlocalinfformationonly;ffor

moredetailssee[27,163].

Anindepthdiscussionoffthedifferentscalingstogetherwiththeirmotivation

canbeffoundin[90].

2.3 Derivationoffnon-localadhesion models

Inthissectiontheadhesionmodel(2.5),asproposedbyArmstrongetal.

[10],willbederivedusingthefframeworkdevelopedinSection2.2.Intheirst

stepwewillderiveanexpressionffortheadhesivepolarizationvectorwhile

insubsequentstepsweshowhowdifferentmodellingassumptionsgiveriseto

differentcell-celladhesionmodels.Thisderivationiscarriedoutontheininite

latticehZn.Inadditionwechooseourtimestepssuicientlysmallsuchthat

onlyasinglecellmovesineachininitesimaltimeinterval,whiletheremaining

populationeffectivelyremainsconstant.Thisnon-movingpopulationisrefferred

toasthebackgroundpopulationintheffollowing(seeFig.2.2).
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2.3.1 Microscopic Modeloffadhesion moleculeinterac-

tions

Figure2.2:Thesinglejumper(white-redcheckerboardpattern)withitscellbody
(blackdisc)locatedatx,interactswiththebackgroundpopulation(grey)viathe
adhesion moleculesontherespectivesurffaces,representedasbluesticks.

Consideracelllocatedatx∈Ω.Thiscellsensesitsenvironmentbysend-

ingout many membraneprotrusions. Wenowstudyhowasingle membrane

protrusioninteractswiththecell’senvironmentinatestvolumeVh(x+r)off

sidelengthh,centredatx+r. Wemakeffourassumptions:

1.TheprobabilityoffextendingamembraneprotrusiontoVhdependsonthe

distance|r|.LettheproportionoffthecellextendedintoVhbedenotedby

ω(|r|).Sincetheprotrusionsarelongandthin,thecoveredvolumewithin

thesmalltestvolumeisproportionaltoh.Cellprotrusionsarelimited

inlengthbythecell’scytoskeleton,whichaboveacertainthresholdwill

resistffurtherextension[21].Thisphysicallimitisanaturalinterpretation

offthesensingradiusR.Consequently,thedistributionω(·)hascompact

supporti.e.suppω(r)⊂Bn(R).

2.Cell membraneprotrusionsareverylexibleandareabletoitinto

verytightspaces.Nevertheless,ffreespaceisstillrequiredtoestablish

contact. TheffractionoffavailablespaceinVh(x+r)isdenotedby

ff(x+r,u(x+r,t)). Thisquantityisdimensionlessandonechoiceis

discussedinequation(2.32)later.

3.OnceacellprotrusionreachesVhtheadhesionmoleculesonitssurfface

fformadhesionbondswithffreeadhesion moleculesoffthebackground
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population.Iffsuicientlymanyadhesionbondsfformthemembranepro-

trusionisstabilizedandpersists[148].Otherwise,theprotrusionretracts.

Thisretractioniscommonlyobservedasrulesonthecellsurfface[2].

Wedenotethedensityperunitvolumeofffformedadhesionbondsin Vh

byNb(x+r). Weassumethatthe moreadhesionbondsarefformed,

thestrongerthegeneratedadhesionfforce,andthemorelikelyitisthat

theprotrusionpersists.Laterwewillassumethatthenumberoffad-

hesionbondsinVh arerelatedtothebackgroundcellpopulationi.e.

Nb(x+r,u(·,t)).Notethatthisdependencemaybenon-localasinSec-

tion2.3.5.

4.Thedirectionofftheadhesionfforceis r
|r|

.

InsummarytheadhesionstrengthgeneratedinVh(x+r)isdeterminedby

distanceeffects,ffreespaceandthenumberofffformedadhesionbonds.Detailed

ffunctionalfformsfforff(·),ω(·)andNb(·)willbediscussedinsubsequentsec-

tions.Letph(x,r)denotetheadhesionstrengthgeneratedinVh.Then,affter

incorporatingthethreeeffects,ph(x,r)isgivenby

ph(x,r,u(·,t))=β(x)hnNb(x+r,u(·,t))
  

#adhesionbonds

hω(|r|)


amt.offcellinVh

ff(x+r,u(x+r))
  

ffreespace

,

(2.20)

whereβ(x)isaffactoroffproportionality.Theffactorβ(x)mayincludecellular

orenvironmentalproperties,suchasacell’ssensitivitytopolarization.

Nextwesumoveralltestvolumespresentwithinthesensingradiusoffthe

cell.Inthisstepthedirectionofftheadhesivefforceisimportanti.e.assumption

4above. Weobtainthecell’spolarizationvector,

ph,net(x)=hβ(x)
∑

Bn(R)

hnNb(x+r,u(·,t))ff(x+r,u(x+r))ω(|r|)
r

|r|
.(2.21)

NowwecanmakeuseoffourgeneralderivationffromSection2.2.Indetail,we

letAx=ph,net(x)andtakethefformallimitash→ 0andλ→ ∞.Notethatin

thiscaseAx=O(h),hencelimit(2.18a)appliesandtheinaladvectionterm
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is

α(x,u(·,t))=β(x)

∫

Bn(R)

Nb(x+r,u(·,t))ff(x+r,u(x+r))ω(|r|)
r

|r|
dr.(2.22)

Thenatureoffthedependenceoff Nb onthecellpopulationu(·,t) willbe

discussedintheffollowingsections.HerewedonotspeciffySxffurther,weonly

requireSx tosatisffytheassumptionsinSection2.2.Inparticular,wewill

considerthecaseinwhichSxdoesnotdependonu(·,t).Thecompletemodel

isthen,

ut(x,t)=∇·[∇(D(x)u(x,t))−α(x,u(·,t))u(x,t)], (2.23)

withα(x)givenby(2.22)andD(x)by(2.18b).

2.3.2 The Armstrong Model

ToobtaintheArmstrong model(2.5)asaspecialcaseoff(2.23),weassume

theffollowingchoices.

1.ω(r)istheunifformdistributiononthesensingregionBn(R).Thatis,

ω(r)=
1

|Bn(R)|
. (2.24)

2.Thereisalwaysffreespaceandspatialconstraintsdonotrestrictthe

adhesionprocess,soff(x)≡1.

3.Massactionkineticsfforthereactionbetweentheadhesionmoleculesoff

thebackgroundpopulationandtheextendingcell.Speciically,letN1(x)

andN2(x)denotethedensityperunitareaoffadhesion moleculesoff

thewalkingcellandthebackgroundpopulationatxrespectively.The

binding-unbindingreactioncanbewritten

N1 +N2
kff

kb
Nb. (2.25)
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Usingthelawoffmassaction,thekineticsfforthisreactionare

dNb

dt
=kffN1N2−kbNb. (2.26)

Assumingthatthesereactionsareffast,thesteadystatepopulationoffNb

maybeexpressedby

Nb=KN1N2, (2.27)

whereK =kff/kb
.Thedensityoffadhesionmoleculesagivencellhasonits

surffacedependsonvariousffactors.Hereitisassumedthatthedensityoff

surffaceadhesionmoleculesisagivenconstant.Thedensityoffadhesion

moleculesinthebackgroundpopulationN2(x)isassumedtobedirectly

proportionaltothedensityoffthebackgroundpopulationatx.Thereffore,

N2(x)∼u(x).

Withthesechoicesffortherelevantffunctions,equation(2.23)becomes

ut(x,t)=∇·[∇(D(x)u(x,t))

−au(x,t)

∫

Bn(R)

u(x+r,t)ω(|r|)
r

|r|
dr

]

,
(2.28)

wherea=βKN1andω(r)by(2.24).Theonedimensionalversionoffequa-

tion(2.28)istheadhesionmodelproposedbyArmstrongetal.[10].

Differentchoicesffor ω(·)

Thephysicallimitoffcytoskeletonextensionswas modelledusingω(·)where

thecompactsupportoffω(·)introducesthenotionoffthesensingradius.Thisis

undoubtedlythemostimportantcontributionoffω(·).However,thedistribution

ω(·) mayvarybetweendifferentcellphenotypesandwebrielydiscusssome

commonlyuseddistributions.Thesimplestwouldbetheunifformdistribution

i.e.

ω(r)=
1

|Bn(R)|
. (2.29)

Suchaunifformdistributionmaybetoounrealistic.Theresistancetoextension

inthecytoskeletonmaybuildupgradually.Insuchacaseadistributionlikea
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triangledistributionoraGaussianmaybemoreappropriate.Inn-dimensions

thetriangledistributiongeneralizestoaconeshapeddistribution,

ω(r)=
n+1

|Bn(R)|R
max(R−∥r∥2,0), (2.30)

wherethepreffactornormalizesthedistribution.Foradiscussionofftheuse

offtheLaplaceorGaussiandistributionssee[136]. Mathematically,we may

chooseanydistributionω(·)whichsatisiesω(·)≥0andω(·)∈L1(·).Note

thatthesearetheonlyrequiredconditionsonω(·)toguaranteetheexistence

offsolutionto(2.5)[92].

2.3.3 VolumeFilling

Inthissectiontwodifferent mechanismsarestudiedbywhichvolumeilling

canbeincludedintheadhesionmodel.

Destinationdependentvolumeilling

FirstweconsiderthewellknownvolumeillingintroducedbyPainteretal.

[137].Inthiswork,thetransitionratesaremodiiedviaadecreasingffunction

offtheoccupancyoffthedestinationsite.Thatis,wemodiffythetransitionrates

asffollows:

Tx(z)=q(u(x+z))

(

Sx(z)+Ax(z)·
z

|z|

)

. (2.31)

Theffunctionq(·)denotestheprobabilityoffindingspaceanditischosensuch

thatq(Umax)=0andq(u)≥0 ∀0≤u≤Umax.Theeffectq(·)hasoncell

movementisthatitreducestheratesoffmovingtoareaswithhighoccupancy.

Therearemanypossiblechoicesoffq(·).Oneoffthemostlogicalchoicesis

q(u(x,t))=

(

1−
u(x,t)

Umax

)+

. (2.32)

where(·)+ =max(0,·).Forthisspecialchoice,thetermmodiffyingthediffusion

termequalsone(ffordetailsseePainter,Hillen[137]).Iffsuchavolumeilling
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isadded,theadhesionmodel(2.28)becomes,

ut(x,t)=∇·[∇(Du(x)u(x,t))−

β(x)

(

1−
u(x,t)

Umax

)+

u(x,t)

∫

Bn(R)

u(x+r,t)ω(|r|)
r

|r|
dr

]

.

(2.33)

Thisequationdescribesthesituationinwhichacellisunabletomoveiffitis

ffullysurroundedbyneighbouringcells.

Adhesion moleculevolumeilling

Asecondpossiblefformoffvolumeillingisintroducedthroughtheffreespace

ff(·)terminthepolarizationoffthecell(seeequation(2.20)).Theffreespace

terminthecell’spolarizationcapturestheideathathighoccupancyreduces

theinluenceoffthatlocationonthecell’spolarization:highoccupancyis

expectedtoreducetheprobabilityoffmembraneprotrusionsthatffeeloutthat

location.Secondly,ahighoccupancycouldalsocorrelatewithalownumber

offffreeadhesion molecules. Uponlettingtheffreespacetermin(2.20)be

ff(x)=q(u(x)),equation(2.23)becomes,

ut(x,t)=∇·[∇(Du(x)u(x,t))−

β(x)u(x,t)

∫

Bn(R)

u(x+r,t)

(

1−
u(x+r,t)

Umax

)+

ω(|r|)
r

|r|
dr

]

,

(2.34)

where (·)+ = max(0,·).Equation(2.34)isthesameasoneoffthe models

presentedbyArmstrongetal.[10],inwhichtheh(·)ffunctionwaschosento

belogistic.Inthiscase,areaswithhighoccupancydonotcontributetothe

adhesionfforce.
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2.3.4 Belladhesionbondkinetics

Adhesionmoleculesareconinedtothecellsurffacesand,fforthisreason,their

binding-unbindingkineticsaredifferenttothoseoffachemicalspeciesmoving

ffreelyinspace.ThiswasrecognizedbyBell[13],whodevelopeddetailedreaction

rateconstantsfforthissituation.Inthissection,Bellkineticsreplacethemass

actionkinetics(2.25)usedinSection2.3.2.

BellkineticsareusedineachoffthesmalltestvolumesVh,inwhichamem-

braneprotrusioninteractswiththebackgroundpopulation(seeSection2.3.1).

Asinequation(2.25)thedensitiesoffadhesion moleculesonthe membrane

protrusionandthebackgroundpopulationaredenotedbyN1andN2,respec-

tively.ThedensityofffformedadhesionbondsisdenotedbyNb.Incontrastto

massactionkineticswedistinguishnowbetweenffreeadhesionmoleculesand

fformedadhesionbonds.Thenthedensitiesoffadhesionmoleculesissplit,

Ni=Niff+Nb i=1,2, (2.35)

whereNiffdenotestheunitdensitiesoffffreeadhesion molecules.Thekinetic

equationgoverningtheevolutionoffNbis

dNb

dt
=km

+N1ffN2ff−km
−Nb, (2.36)

wherekm
+ andkm

− aretherateconstantsoffbondfformationandbonddissocia-

tion,respectively.Fordetailsonhowthereactionrateskm
+/− aredetermined

seeBell[13].ToremovethedependenceonNiffweuseidentity(2.35)toobtain,

dNb

dt
=km

+ (N1−Nb)(N2−Nb)−km
−Nb. (2.37)

Following[13,106]itcanbeassumedthatthenumberoffadhesionmolecules

inthebackgroundpopulationis muchlargerthanthenumberoffadhesion

bondsfformed,i.e.N2 ≫ Nb.Thisisparticularlytrue,sincethenumberoff

adhesion moleculesonthe membraneprotrusionisgenerallyexpectedtobe

muchlowerthanthebackgroundpopulationi.e.N1≪ N2.Thenequation(2.37)
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approximatesto
dNb

dt
=km

+N2(N1−Nb)−km
−Nb. (2.38)

Thenontrivialsteadystateoffthisequationisgivenby

Nb=
KN1N2

1+KN2

, (2.39)

whereK =km
+/km

−
.OnceagainitisassumedthatN1isgivenbyaconstantand

thatN2(x)∼u(x).Thenusingff(x)≡1equation(2.28)becomes

ut(x,t)=∇·[∇(D(x,t)u(x,t))−

au(x,t)

∫

Bn(R)

Ku(x+r,t)

1+Ku(x+r,t)
ω(|r|)

r

|r|
dr

]

,
(2.40)

where a= βN1. Thisdescribesthesituationin whichtheadhesionfforce

saturatesfforlargecelldensities.

2.3.5 Adhesivityoffthebackgroundpopulation

Intheprevioussectionstheadhesionmoleculesoffthebackgroundpopulation

wereassumedtobedirectlyproportionaltothebackgroundpopulationat

thatlocationi.e.N2(x)∼u(x).Theimplicitassumptionhere,however,isthat

adhesionmoleculesoffbackgroundcellsareconcentratedattheircentres. We

(a) Armstrong model (2.28)assumes
thatthecellsinthebackgroundpopu-
lationarepointlike.

(b)Inthiscasethecellsintheback-
groundpopulationareassumedtobe
offsimilarspatialextentasthesingle
jumper. This meansthatcellslocated
atxcontributeadhesionmoleculesatlo-
cationsotherthanx.

Figure2.3: Inthisigure,cellsinthebackgroundpopulationareshowningrey,
whilethesinglejumperisshownwithawhite-redcheckerboardpattern.Theadhesion
moleculesaredepictedasbluesticks.
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introducethedistributionη(r)whichdescribesthedistributionoffadhesion

moleculesacrosstheffullcellbody.Thenthesumtotaloffadhesionmolecules

presentatalocationxisgivenby,

N2(x):=

∫

Bn(R)

u(x+r,t)η(r)dr, (2.41)

Notethatη(·)hasnoy-dependence,asitisassumedtobeequalfforallcells.

Withthisdeinitiontheadhesionmodel(2.23)becomes,

ut(x,t)=∇·

[

∇(D(x)u(x,t))

−β(x)u(x,t)

∫

Bn(R)

∫

Bn(R)

u(x+y+r,t)η(y)dyω(|r|)
r

|r|
dr

]

.

(2.42)

Thedoubleintegralfformulationofftheadhesion modelincludesallpossible

adhesionmoleculeswithinasmalltestvolumeVh.Thereffore,thisfformulation

generalizestheadhesionmodel(2.28)bytreatingboththesinglecelljumper

andthebackgroundpopulationequal. Apictorialcomparisonoffthesetwo

modelsisshowninFigure2.3.

Notethat,iffweassumethatη(r)=δ0(r),thenwerecover model(2.28).

InsummarytheassumptionfforArmstrong’s model(2.28)arethatcellsare

point-like,haveunifformdensitiesoffadhesionmolecules,andthattheadhesion

moleculesinteractvia massactionkinetics. Atthesametime,however,we

retaintheassumptionthatcellsareabletosensetheirenvironmentinanon-

localffashion.

Centeredadhesion moleculedistribution

Inthissectiontheadhesion moleculedistributionη(·)isconsidered,in more

detail.Theanalysisinthissectionwillbecarriedoutinonedimension.The

mainassumptionofftheffollowingscalingargumentisthat mostadhesion

moleculesareconcentratedatthecellmiddle.Hence,themajoritycontribution

totheintegralinequation(2.41)originatesaroundr=0.Asymptoticanalysis

onasmallparameterϵthatcontrolsthewidthoffthedistributionη(·)isused
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tosimpliffymodel(2.42).Introduceϵtocontrolthewidthoffthedistribution

η(·),

ηϵ(r)=ϵ−1η
(r

ϵ

)
, (2.43)

thenηϵintegratestounityandhascompactsupport.

Anasymptoticmomentexpansioncanbeobtainedffortheffunctionaldeined

in(2.43)[54].

η
(r

ϵ

)
=

N∑

n=0

(−1)nµnδ
(n)(x)

n!
ϵn+1+O(ϵN+2) (2.44)

whereδ(n)isthenthderivativeofftheDiracdeltadistribution.Themoment

µnisgivenby,

µn:=

∫

R

rnη(r)dr. (2.45)

Thenηϵbecomes,

ϵ−1η
(r

ϵ

)
=µ0δ(x)+ϵµ1δ

(1)(x)+
1

2
ϵ2µ2δ

(2)(x)+O(ϵ3). (2.46)

Notethatµ0=1asη(r)isanormalizeddistribution.Uponsubstitution

off(2.46)(droppingallO(ϵ3))intomodel(2.42)theffollowingisobtained,

ut(x,t)=
∂

∂x

[

(D(x)u(x,t))x−β(x)u(x,t)

∫R

−R

∫R

−R

u(x+r+y,t)

(

δ(y)

+ϵµ1δ
(1)(y)+

µ2δ
(2)(y)

2
ϵ2
)

dyω(|r|)
r

|r|
dr

]

.

(2.47)

Thusresultingin

(2.48)
ut(x,t)=

∂

∂x

[

(D(x)u(x,t))x−β(x)u(x,t)

∫R

−R

(

u(x+r,t)

+ϵµ1u
′(x+r,t)+

ϵ2µ2
2
u′′(x+r,t)

)

ω(|r|)
r

|r|
dr

]

.

Thisdescribesthesituationinwhichtheadhesionmoleculedistributionon

thecellsurffaceisconcentratedatthecellbody.Inthemacroscopicequation
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thisresultsinadependenceonhigherorderderivativeswithinthenon-local

term.Anopenquestionffollows:“Inwhatsensedoesthisequationconvergeto

model(2.28)asϵ→ 0?”.

2.4 Derivationoffthenon-localchemotaxis model

Chemotaxisdeinesthedirectedmovementoffabiologicalcellinresponsetoan

externalchemicalgradient.Acellmayeithermoveupordownthisgradient.

Thereffore,thedirectional motioncomponentofftheluxisproportionalto

thechemicalgradient.OneoffthemostprominentffeaturesofftheKeller-Segel

chemotaxis modelisthefformationoffblowupsolutions[96],althoughthese

arenotbiologicallyrealistic.Thishasbeenremediatedinmanyways,oneoff

whichisthroughtheintroductionoffanon-localchemicalgradientby[132]

and[91].Thenon-localgradientis motivatedbytheobservationthatacell

sensesthechemicalgradientalongitscellularsurfface.Inn-dimensionsthecell

surffaceisapproximatedbyasphereoffradiusR,andthenon-localgradientis

thendeinedas,

◦
∇Rv(x,t)=

n

R|Sn−1|

∫

Sn−1

zv(x+Rz,t)dz (2.49)

wherezistheunitoutwardnormal.Onceagaintheconservationequation(2.1)

canbeused,bysettingtheluxJ=Jd+Jc,whereJc=χu
◦
∇R v. Wethen

obtain,

ut=∇·
(
Du∇u−χu

◦
∇R v

)
,

vt=Dv∆v−v+u,
(2.50)

wheretheevolutionoffthechemicalv(x,t)ismodelledusingareaction-diffusion

equation.Itwasshownthatthismodelffeaturesgloballyexistingsolutions[91].

Itiswellestablishedthatcellsundergoingchemotaxispolarizeinresponse

tothegradientoffanexternalchemicalcue[102,173].Intracellularmechanisms

thenampliffy,interpretandselectthepolarizationdirection[172].Consequently,

itisexpectedthatthecell’spolarizationvectorisproportionaltothechemical
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gradientthatthecelldetects.

FollowingthegeneralderivationinSection2.2weletAx=β(x)
◦
∇R v(x).

Wethenobtaintwodifferentcasesdependingontheasymptoticbehaviouroff

Ax.

Taxisdominated migration: SupposethatAx∼O(1).Inthiscaseweuse

limit(2.16a)andlimit(2.16b).toobtain,

ut(x,t)+∇·
[

χ(x)u(x,t)
◦
∇R v(x,t)

]
=0, (2.51)

whereχ(x)isdeterminedbythelimit(2.16a).Taxisdominatedchemo-

taxismodelssuchasthishavebeenstudiedindetailin[46].

Advection-DiffusionLimit: SupposethatAx∼O(h).Inthiscaseweuse

limit(2.18a)andlimit(2.18b),toobtain

ut(x,t)=∇·
[

∇(D(x)u(x,t))−χ(x)u(x,t)
◦
∇R v(x,t)

]
, (2.52)

whereχ(x)isdeterminedbylimit(2.18a)andD(x)isdeterminedby

limit(2.18b). Thisequationisthenon-localchemotaxis model(2.50)

ffrom[89].Thekeyideaoffthisspace-jumpderivationoffthenon-local

chemotaxismodelwasthatthesensingradiusoffthecellremainsconstant

whiletakingthemeshsizehtozero.

2.5 Numericalveriicationoffthederivation

Inthissectionwecarryoutanumericalveriicationoffthespace-jumpprocess

presentedinSection2.2ffortheadhesionmodel(2.5).Forthispurposewewill

solveboththestochasticrandomwalkandthepartialdifferentialequation(2.5)

andcomparetheresults.Thestochasticsimulationisimplementedusingthe

wellknownGillespieSSAalgorithm[53,70].Thenon-localpartialdifferential

equationissolvedusingamethodofflinesapproach,ffordetailssee[66].Both

simulationsarecarriedoutonaonedimensionalinitedomain,withperiodic

boundaryconditions.Forthedetailedimplementationoffbothsimulationssee

Section2.5.1andSection2.5.2.
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2.5.1 Outlineoffthestochasticsimulation

TheGillespiealgorithmisoriginallyfformulatedfforthereactionsbetweenchem-

icalspecies[53,70].However,itcanbeappliedtospatialphenomenaaswell.

Asaffoundationfforouralgorithmweusethestochasticdiffusionprocessffrom

Section3.2in[53].Thismeans,thedomainisdiscretizedintounifformintervals

i.e.Ω=hZ.ThestatevectorYi(t)denotesthenumberoffcellsonlatticesite

i.Thenthereactionsbetweenthecompartmentsare,

Y1
k2
kn+2

Y2
k3
kn+3

Y3
k4
kn+4

...
kn−1
k2n−1

Yn−1
kn
k2n

Yn

andffortheperiodicboundaryconditions

Yn
k1
kn+1

Y1

Herethereactionratesarenon-localspatialffunctions(seedeinitionoff

theratesT(x,y)inSection2.2).Thereactionratesfforthenon-localadhesion

modelsarethusgivenby,

ki=

⎧
⎨

⎩

d+chpnet(i)jumpffromitoi+1

d−chpnet(i)jumpffromitoi−1
(2.53)

wherepnet(x)isffromequation(2.21).Thismeansthatpnet(i)atlatticelocation

iisgivenby,

pnet(i)=
ωp
2R

k∑

j=−k

sgn(j)Yi+j, (2.54)

wherekischosensuchthatR=kh.Notethatinthiscasethesecondffactor

offhisnotrequiredasYi(t)alreadyrepresentsapopulationandnotadensity.

Inotherwords,hNb(i)∼hu(i)=Yi(t).Thediffusioncoeicientanddrifft

coeicientaretransfformedintoreactionrateconstantsdandcrespectively,

vialimits(2.18b)and(2.18a).Thatis,

d=
D

λh2
, c=

a

2λh2
. (2.55)

38



The Gillespiealgorithmisimplementedin C++,whilethesetup,data

processingandplottingiswritteninpython.The MersenneTwisteralgorithm

isusedtogeneratedrandomnumbers1.Allthenumericswerecarriedouton

anIntelCore-i74790K(Haswell)runningLinux.Thesimulationparameters

aregiveninTable2.1.

Theimplemented GillespieSSAalgorithmwasveriiedagainsttwotest

cases;aconstantdiffusionsimulation,andaconstantdiffusionwithconstant

advectionsimulation.Theaverageoff64stochasticpathsgeneratedfforboth

testcaseswascomparedtothesolutionsofftheconstantdiffusionequationand

theconstantadvection-diffusionequationrespectively.Thesolutionsoffboth

testcasePDEswerecomputedusingspectral methods.Forthisthediscrete

Fouriertransfform methodsffrom NumPy1.92 wereused.Inbothcasesthe

averageoffthestochasticpathsagreedwiththesolutionsoffthePDEs.The

veriicationresultsarenotshown.

2.5.2 Outlineoffthenumerical methodffortheadhesion

model

Forthecomparisonthesimple Armstrongadhesion model(2.56)issolved

onaonedimensionalinterval[0,L]withperiodicboundaryconditions.The

equationissolvedusingamethodofflinesapproach,fformoredetailsseeGerisch

[66].

Thedetailedmodelfformulationis,

ut(x,t)=
∂2u(x,t)

∂x2
−a

∂

∂x

(

u(x,t)

∫1

−1

r

|r|
u(x+r,t)ω(r)dr

)

, (2.56)

subjectto ⎧
⎪⎨

⎪⎩

u(0,t)=u(L,t)

ux(0,t)=ux(L,t)

u(x,0)=ff(x).

1Implementationffromlibstc++gcc4.9.3https://gcc.gnu.org/
2www.numpy.org
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Theffunctionω(·)istheunifformdistributionoverthesensingradius.Thatis

ω(r)=
ωp

R
. (2.58)

Notethatthenormalizationffactorinthecontinuumcase1/R isdifferentffrom

thenormalizationffactorinthestochasticsimulation1/2R seeequation(2.54).

ThesimulationparametersarelistedinTable2.1.

2.5.3 SimulationParameters

Theparametersfforboththestochasticandthecontinuumnumericalsolutions

arelistedinTable2.1.Boththediffusioncoeicientandthesensingradiuswere

setto1.0tosatisffythenon-dimensionalizationin[10].Thepopulationdensity

wasnotrescaledasthestochasticsimulationtrackedindividualparticles.The

domainsize waschosensuchthatonlyasinglesolutionpeakwouldfform

(seeFig.2.4).Theinitialcelldensitywaschosensuchthatitcorrespondstoa

suicientlylargenumberoffparticlesinthestochasticsimulation.Theinitial

densityoff4800cellsperunitlength,fforexample,correspondstoapproximately

50cellsperlatticesite,andatotaloffapproximately15000particles.For

smallertotalcellnumbersweobservedthattheresultsffromthecontinuum

andstochasticsimulationdeviatedfforintermediatetimes,whileagreeingffor

longtimes.Inparticular,thetimetoreachsteadystatewasshortenedffor

thestochasticsimulation.Theadhesionstrengthawaschosensuchthatthe

constantsteadystateoffequation(2.56)isunstable.Finally,thetransitionrate

scalingλwaschosenandsetto100.Variationsoffthisconstantdidnotaffect

thesimulationoutcome.

2.5.4 Results

InFig.2.4wecomparetheaveragedensityoffthestatevectoroff64stochastic

simulationsatdifferenttimepointstothecontinuumadhesion model(2.56).

Therelativeerrorbetweentheaveragedensityffromthestochasticsimulations

andthenumericaldifferentialequationsolutionis,atmaximum,≈2%.Thus,

underappropriateffunctionalchoices,thestochastic modelconvergestothe
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ModelParameter Value

DomainSizeL 3.0
Domainsubdivisionsperunit
length

96

DiffusioncoeicientD 1.0
Adhesionstrengthcoeicienta 0.003
SensingradiusR 1.0
Transitionratescalingλ 100
Weightingsize ωp 0.82
Initialdensityu0 4800.0
Initialconditions(IC) u0(1+κsin(x))
PerturbationSizeoffICκ 0.09

Table2.1:ParametersfforAdhesionsimulations

Armstrongetal.[10]model.

2.5.5 Correctionoffadhesionpaths

TypicalsetsoffpathsgeneratedviatheGillespieSSAwiththeadhesivereaction

rates(2.53)areshowninFig.2.5a.StudyingFig.2.5aitisnotedthatthepeaks

donotfformatthesamelocationbetweenruns.Thisbehaviourisexpected,since

wehaveaperiodicdomainandalmostunifforminitialdata.Thisdisagreement

iscorrectedfforbyshifftingthemediansoffeachindividualpathtothelocation

atwhichthePDEfformsitspeak.Thisisnotaproblembecausetheequation

issolvedwithperiodicboundaryconditions.Foranexampleofftheresultoff

suchacorrectionseeFig.2.5b.Notethattheagreementbetweentheaverage

offstochasticsimulationandthecontinuumsolutionismuchbetter.

2.6 Discussion

Theadhesionmodeloff[10]hasbeenastepfforwardinthemodellingoffcohesive

cellpopulations.Themodelhasbeenusedsuccessffullyinapplicationsranging

ffromcellsortingtocancerinvasion.Non-localmodelshavebeenusedpreviously

tomodelcohesioninbiologicalprocesses,seefforexample,theworkonswarming
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Figure2.4:Theaverageover64stochasticsimulationsoffthestatevectorisshown
asblackcircles,onefforeachlatticesite.Theline(red)representsthesolutionoff
equation(2.56).Theirstimageshowstheinitialcondition,thentimes0.1,0.2and
0.5areshown.Steadystateisreachedsometimebefforetimepoint0.5.Theinitial
conditionisgivenbyff(x)=u0+κu0sin(x).Notethestochasticpathsareshiffted
bytheproceduredescribedinSection2.5.5.Fordetailsontheimplementationoff
thenumericalsimulationsseetheappendix.Thesimulationparametersarelistedin
Table2.1.

behaviourbyMogilneretal.[121].

Ourderivationffromastochasticrandomwalkperspectiveallowsustocon-

nectthemacroscopicquantitiesoffdrifftanddiffusiontomicroscopicproperties

offcellbehaviour. Weanalyzedadhesionbindingandunbindingdynamics,the

availabilityoffffreespace,theextensionsoffprotrusionsandthefforcebalances

betweenadhesionindifferentdirections. Weffoundthatthesimplestcase,in

whichbackgroundcellsarelocal,ffreespaceisplentyandadhesivefforcesarepro-

portionaltothecellpopulation,leadstoArmstrong’smodel.However,wealso

showthatmorecomplicatedandmorerealisticassumptionscanbeincludedto
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Uncorrectedpaths (b)Correctedpaths

Figure2.5:Onthelefftatypicalsetoff8simulationpathsgeneratedwiththe
GillespieSSAalgorithm.Eachseparatepathisindicatedbyadifferentcolour(please
seeonlineversionfforthecolourigure).Thestraight(red)lineisthecontinuum
predictionandtheblackcurvetheaverageoffthe8stochasticpaths.Ontheright
arethesamepathsaffterrotation.Rotationisdoneasdescribedinthetext.

obtainextensionstoArmstrong’sadhesionmodel.Itisaninterestingtaskffor

ffutureresearchtostudythepropertiesoffvolumeilling,adhesionsaturation

anddoublenon-locality.

Thekeytothepresentedderivationisthedeinitionoffthepolarization

vector.Itiscommonlyknownthatcellspolarizeduetomanydifferentgradi-

ents[29],includingadhesivegradients[130,148,165].Further,duringembryo

compaction,adhesionbetweenneighbouringcellsisestablishedbyE-cadherin

dependentilopodia,whichextendandattachtoneighbouringcells.Subse-

quently,theilopodiaremainundertensiontobringcellmembranesintoclose

contact[175].Thisobservationitscloselywithourdeinitionofftheadhesive

polarizationvector.Thedeinitionoffthepolarizationvectorallowsustokeep

ourderivationgeneral.Thismakesitstraightfforwardtoderiveothertaxis

modelsthroughsimplyreplacingthepolarizationvector.Herewederivedtwo

taxismodels:thenon-localadhesionmodel(2.5)andthenon-localchemotaxis

model(2.50).Itiseasytoenvisionsimilarderivationsfforothermechanismsoff

cellpolarization.

Thepolarizationoffcellsispersistent,meaningthatevenintheabsenceoff

anexternalsignalthecellsretaintheirpolarization[109].Forinstance,amoebae
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showapersistencetimeoffapproximately10min[109].Lietal.concludethat

themotionoffamoebaeisnotasimplerandomwalk,butaprocessbywhich

lefftandrightsuccessivelyffolloweachothertoavoidexpensivebacktracking

[109]. DuringthedevelopmentofftheDictyostelium slug,periodicwavesoff

chemoattractantcAMPareobserved[48],whichwillresultinalippingoffthe

gradientasitpassesoverthecell.Despitethis,thedirectionoffcellmigration

doesnotchange[48].Suchapersistencemechanismhasbeenstudiedinother

modellingapproaches,suchasvelocityjumpprocesses[86].Itremains,however,

anopenproblemoffhowtoincludepersistenceoffcellpolarizationwithinthe

space-jumpfframework.

Akeyassumptionoffourderivationisthatthemeanwaitingtimeormean

residencytimebetweenjumps,isaconstantwithrespecttothepopulation

density.Aninterestingdirectionoffffutureresearchwouldbetoweakenthis

assumption.Inthecaseoffcell-celladhesion,themeanresidencytimewouldbe

expectedtoincreasewhenstrongcelladhesionsaremadewithjuxtaposedcells.

Thereffore,itwouldbeexpectedthatthemeanresidencytimeλisanincreasing

ffunctionoffcelldensity.Agoodstartingpointfforsuchaninvestigation may

betheworkoff[159,177],whobothconsideredacouplingbetweenthewaiting

timedistributionandjumps.

Inthisworkwehavenotbeenconcernedwiththeinternalcelldynamics

whichtranslateextrinsicorintrinsiccuesintocellpolarization.Forareview

discussinginternalcelldynamicsgivingrisetocellpolarizationsee[102].A

commonffeatureoffthesemodelsisasymmetrybreakingprocess,thusdistin-

guishingthecellffrontandback.Itisaninterestingtask,tocouplesucha

detailedmodeloffcellpolarizationtoourcellmovementmodel.Suchamulti-

scaleapproachwouldbeparticularlyinterestingwithrespecttothepersistence

offcellpolarization:fforexample,isitpossibletoobtaincellpolarizationby

couplingtwosuchmodels?Affurtherinterestingmodellingquestioniswhether

suchacouplinggivesriseto modelssimilartothenon-localchemotaxisor

non-localadhesionmodel.

Mathematically,thenon-localmodel (2.5)isveryinteresting.Forthesingle

non-localmodelexistenceanduniquenessresultsareavailable[28,92]whilethe

existenceofftravellingwavesolutionshasbeendemonstratedbyOuetal.[133].
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Theexistenceoffspatiallynon-homogenoussteadystatesandhencepattern

fformationhasbeennumericallyobservedbyArmstrongetal.[10].However,

ananalyticaltreatmentoffthesteadystatesoffthismodelandtheconditions

underwhichtheyfformremainsachallenge.

Thedoublynon-localmodel(2.42)appearstobemathematicallynew.For

thisreason,thequestionsoffexistence,uniqueness,travellingwaves,steady

statesareallopenproblems.Itisffurtheranopenproblemtounderstandthe

differencesoffsuchadoublynon-localitycomparedtothesinglenon-locality

onthefformoffsolutionsobserved.
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Chapter3

SteadyStatesoffa Cell-Cell

Adhesion ModelonaPeriodic

Domain

3.1 Introduction

Inthischapter,weconsiderthesteadystatesoffthenon-localadhesionmodel

introducedin[10].LetS1
L denotetheL-lengthcircle.Letu(x,t)denotethe

densityoffthecellpopulationatlocationx∈S1
L attimet∈R+.Thenon-local

operatormodellingcell-celladhesioninteractionsisgivenby

K[u(x,t)](x,t)=

∫R

−R

h(u(x+r,t))Ω(r)dr. (3.1)

Theffullevolutionequationisgivenby

ut(x,t)=Duxx(x,t)−α(u(x,t)K[u(x,t)](x,t))x. (3.2)

Intheprevious,D isthediffusioncoeicientoffthecellpopulation,αthe

strengthoffthehomotypiccellularadhesions,andinallyRisthecell’ssensing

radius.Thesensingradiusisthedistanceoverwhichcell’ssampletheirenvi-

ronmentusingcellmembraneprotrusions.Formoredetailsonthisprocess,see

[24].Theinitialconditionoffequation(3.2)isdenotedbyu0(x,t).Notethatas
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weconsidertheequationonthecirclewedonotrequireboundaryconditions

(orinotherwordsperiodicboundaryconditionsareimposed).

Westartoffbygivingaprecise mathematicaldeinitionoffthenon-local

term.

Deinition3.1. LetX,Y beBanachspacesoffffunctions,thenwedeinethe

operatorK:X → Yby

K[u(x)](x)=

∫1

−1

h(u(x+r))Ω(r)dr. (3.3)

ThedirectionalityffunctionΩisassumedtosatisffytheffollowingconditions:

(K1)Ω(r)=r
|r|

ω(|r|),

(K2)ω(r)≥0,

(K3)ω∈L1(0,1)∩L∞(0,1),

(K4)∥ω∥L1(0,1)=1/2.

Theffunctionh(·)withintheintegraldescribesthenatureofftheadhesivefforce

andisassumedtosatisffy:

(H1)h∈C2(R),

(H2)h(u)≥0fforu≥0,

(H3)h(u)≤C(1+u)fforallu≥0,fforsomeR∋C≥0,

(H4)h′(̄u)̸=0,whereūistherealnumberdeinedinequation(3.10b).

Remark 3.2.UsingtheassumptionsK1toK4wecanrewritethenon-local

ffunctiondeinedinequation(3.3)as

K[u]:x→

∫1

0

[h(u(x+r))−h(u(x−r))]ω(r)dr. (3.4)

Thisequivalentfformulationwillbeffrequentlyusedintheffollowing.
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Intheremainderoffthischapter,wewillworkwithanon-dimensionalized

versionoffequation(3.2).Thisistoreducethecomplexityoffourexposition.

Forthis,weintroducetheffollowingnon-dimensionalvariables,

x∗=
x

R
, t∗=t

D

R2
, u∗=

u

û
, α∗=

α

α̂
, (3.5)

whereûdependsontheprecisechoiceofftheffunctionh(u),and̂αisgivenby

α̂=
D

Rϕ̂u
. (3.6)

Finally,L̃=L/R.Thenon-dimensionalizationoffequation(3.2)isgivenby

ut(x,t)=uxx(x,t)−α

(

u(x,t)

∫1

−1

h̃(u(x+r,t))Ω(r)dr

)

x

. (3.7)

Intheffollowing,tomakeournotationsimplerwewilldropthetildesffromL

andh(·).Fordetailsonthisnon-dimensionalized,seeAppendixA.

3.1.1 Conservationoff Mass

Aswedonotconsideranypopulationdynamics(cellproductionorcelldeath)

inequation(3.2),itiseasytoseethatmassinthesystemisconserved.

Lemma3.3.Letu∈C1(S1L)thenffrom[92]wehavethatequation(3.2)has

globallyexistingsolutions. Wedeinethetotalmassoffthepopulationu(x,t)

by

ū(t):=
1

L

∫L

0

u(x,t)dx, (3.8)

whichisconserved.

Prooff.Weproceedbycomputing

(3.9)
L
d̄u

dt
=

∫L

0

ut(x,t)dx=

∫L

0

(ux−αuK[u])xdx

=ux(L)−ux(0)−αu(0)(K[u](L)−K[u](0))
=0.
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3.1.2 Thesteady-stateproblem

Thesteadystatesoffequation(3.7)aresolutionsofftheffollowingnon-local

equation,

u′′(x)=α(u(x)K[u(x)](x))′ inS1
L. (3.10a)

Duetothe massconservingpropertyoffequation (3.7),wewillimposethe

ffollowingintegralconstraint.LetR∋ū>0,andset

ū=
1

L

∫L

0

u(x)dx. (3.10b)

Thisconstraintwillensurethatallsolutionsthatareobtainedtothesteady

stateequationoffequation(3.7)satisffyitsmassconservationproperty.

3.1.3 Mathematical Background

Thesuccessoffequation(3.2)isthatitcanreplicatethecomplicatedpatterns

observedincell-sortingexperiments[10].Inmathematicalterms,thesepatterns

aresteadystatesoffequation(3.2).Thusunderstandingtheconditions,under

whichthesesteadystatesfformandbecomestableareimportant.Furthermore,

knowingthesteadystatesoffthisequationisoneofftheirststepstoward

understandingtheequation’sglobalattractor.

Uptothispoint,thesteadystatesoffequation(3.2)haveonlybeenstudied

numericallyandusinglinearstabilityanalysis[10].Closelyrelatedtoequa-

tion(3.2)arethelocalandnon-localchemotaxisequation[89,91,132].For

boththelocalandnon-localchemotaxisequationsaglobalbiffurcationanaly-

sis,tounderstandtheirsteady-states,wascarriedout[170,176].Inspiredby

theirresults,wepresenthereairstexplorationoffthesetoffnon-homogenous

steady-statessolutionsoffequation(3.2).

Centraltoouranalysisaretheabstractlocalbiffurcationtheorem[35]and

globalbiffurcationtheorem[144],whichoriginatedffromworkbyCrandall,Ra-

binowitz.Precedingtothefformulationoffthesegeneraltheorems,Crandall,

Rabinowitzstudiedthesetoffsolutionsoffnon-linearSturm-Liouvilleproblems

[34,143].ForlinearSturm-Liouvilleeigenvalueproblemsitiswellknownthat
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theeigenffunctionscanbeclassiiedbytheirnumberoffzeros[32].Crandall,

Rabinowitzshowed,thatunderratherweakassumptionsthesameclassiication

holdsffornon-lineareigenvalueproblems.Inffact,eachglobalsolutionbranch

inheritedthenumberoffzerosofftheeigenffunctionatwhichitoriginated(bi-

ffurcationpoint).Furthermoretheyshowed,thateachglobalsolutionbranchis

unboundedandthatbranchesdonotmeet(sinceitisimpossiblefforsolutions

offSturm-Liouvilleproblemstohavedegeneratezeros).In[144],Rabinowitz

generalizestheglobalbiffurcationtheoremtogeneralnon-lineareigenvalue

problems.The maintheoremgivestwoalternativesfforthebehaviouroffthe

globalbiffurcationbranch.Itiseitherbounded,connectingtwobiffurcation

points,oritisunbounded(seeTheorem1.3in[144]).Thisisnowknownas

theRabinowitz-alternative. Anextensionofftheglobalbiffurcationtheorem

tostudysocalledunilateral(sub-branchesinonlythepositiveornegative

directionofftheeigenffunctionatthebiffurcationpoint)brancheswasoriginally

reportedin[144].Theoriginalprooffcontainedholesthatwereilledinby[111,

113,158].Sincetheoriginalfformulationoffthesebiffurcationtheorems,similar

theoremswhichapplyinmoregeneralsettingshavebeendeveloped.Here,we

willusebiffurcationtheoremsthatareapplicabletoFredholmoperators[111,

113,158](seeSection3.2).

While,boththelocalandnon-localchemotaxis modelin[170]and[176]

werefformulatedwithno-luxboundaryconditions,thefformulationoffno-lux

boundaryconditionsfforequation(3.10)wasmorechallengingduetothecom-

plicatednon-localstructureoffK[u].Thus,tostudyandanalyzethefformation

offnon-homogenoussolutionsinisolationoffboundaryconsiderations,wefformu-

lateequation(3.2)onacircle(equivalentlyperiodicboundaryconditions).A

moredetaileddiscussiononthechallengesoffconstructionoffno-luxboundary

conditionscanbeffoundinthenextchapter.

Atthesametimehowever,fformulatingour modelonacirclegivesrise

tosomeadditionalchallenges.Themostcriticalbeingthateigenvaluesoffthe

LaplacianonS1
L neednotbesimple.Thisisachallenge,becausebiffurcations

requireeigenvaluesoffodd multiplicity(thetheoremsin[113,158]require

simpleeigenvalues).Thischallengewaspreviouslyobservedby Matano,who

studiednonlinearreactiondiffusionequationsonthecircle[118].Thesolution
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off Matanowastoimposesymmetryrequirementsonthenon-linearterm,so

thattheequationwouldbeO(2)equivariant(invariantundertranslationsand

relectionsseealsoSection3.5.1).

Aroundthesametime,HealeyextendedtheRabinowitzalternativetoso

calledG-reducedproblems(Gbeingasymmetrygroup),whichisanonlinearbi-

ffurcationproblemfformulatedonaBanachspacewhoseelementsareix-points

offthesymmetriesdeinedbyG[83].Thus,showingthatcertainsymmetries

persistalongglobalbiffurcationbranches(similarresultsareofftenrefferredto

astheequivariantbranchinglemma[73]).Subsequently,theseideaswereused

inaseriesoffpapers,whichstudiedtheconditionsunderwhichsolutionsoff

non-linearellipticequationsareclassiiablebytheirnumberoffzeros.Thekey

totheseresults,wastoimposesuicientconditionsonthenonlinearterms

suchthattheresultingequationwasequivariantunderactionsoffO(2)×Z2

(Z2describestheactionoffthenegativeidentity,i.e.,arelectionthroughthe

x-axis).[84,85].Intuitively,thissymmetryrequirementensuredthatthezeros

offsolutionswere“ffrozen”(i.e.,ixedlocation),andthusthenumberoffzerosis

preservedalongtheglobalbiffurcationbranch.Furthermore,thisresulteasily

showsthatglobalsolutionbranchesdonotmeet. Muchmorerecently,Buono

etal.usedO(2)equivariancetocomparetheaccessiblebiffurcationsinanon-

localhyperbolicmodeloffswarmingandtheequation’sfformalparaboliclimit

[23].

Inasimilarspirit,wewillshowthatthesteady-stateequation(3.10)off

equation(3.2)isindeedequivariantunderactionsoffO(2).Usingtheproperties

offthenon-localtermK[u],wewillthenshowthatthisleadsto“ffrozen”maxima

andminima(equivalentlyffrozenzerosoffthederivativeu′).Sinceweconsider

equation(3.10)onaperiodicdomain,wecanprescribethelocationoffone

maxima(orminima)withoutrestrictingpossiblesolutions.Thisensuresthat

onlysimpleeigenvaluesoccurinoursubsequentanalysis.Inthegrandinalewe

proveaglobalbiffurcationresultfforthesteady-statesolutionsoffthenon-local

cell-celladhesionequationffortheirstbiffurcationbranch.Finallywediscuss

howthisprooffcouldbeextendedtoallbiffurcationbranches.

Thischapterisstructuredasffollows:InSection3.2wereviewtherequired

mathematicalbackgroundfforthischapter.InSection3.3weintroducethe
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requiredmathematicalfformulationoffequation(3.10)andexplorethemathe-

maticalpropertiesoffthenon-localtermK[u]. WecontinueinSection3.4with

theexplorationoffsteadystatepropertiesthatarearesultoffthestructureoff

equation(3.10).InSection3.5wecarryoutthelocalandglobalbiffurcation

analysis,andinSection3.6weindconditionsthatimplyaswitchoffstabilityat

theirstbiffurcationpoint.InSection3.7wediscusssomeinterestingnumerical

solutions;andinallyinSection3.8wediscussourindingsandindicateareas

thatwethinkmeritffutureexploration.

3.2 Fredholmoperators

Thissectionisbasedon[113],andis meantasaquickintroductiontothe

abstractfframeworkwhichwillbeemployedinthiswork.

3.2.1 Notation

Intheffollowingdocument we willusetheffollowingnotationconventions.

Banachspacesandtheirsubspaceswillbedenotedusingcapitallettersthatis

X,Y,U,V andsoon.Operatorsbetweenffunctionspaceswillbedenotedusing

thecalligraphicffontfforexampleL,F,K.Theargumentoffanoperatorwillbe

enclosedinsquarebrackets.Forinstance

L:X → Y, L[x]=y. (3.11)

Thisistodistinguishtheactionofftheoperatorffromaffamilyoffoperators.For

exampleaffamilyoffoperators maybeindexedusingarealnumberλ.Then

wehaveamapffromR→ L(X,Y)(spaceofflinearoperatorsffromX toY)

λ→L(λ):X → Y, (3.12)

andfforeachixedλwe maystudyL(λ)[x]=y.Thekernelandrangeoffan

operatorisdenotedN[L]andR[L].

Spacesoffoperatorsaredenotedusingtheffrakturffont.Themostimportant

isthespaceoffcontinuouslinearoperatorsdenotedLandthespaceoffcompact
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operatorsK.ThespaceoffFredholmoperatorsisdenotedFrediwhereidenotes

theindex.

Specialsubspacessuchasacontinuumoffsolutionsorthesolutionsetoffan

operatorequationarealsodenotedusingtheffrakturffont.Forexample,C,S.

3.2.2 Introductionto Nonlinear Analysis

Theffollowingsectionsarebasedon[113,114].LetU,V betworealBanach

spaces. WedenotethespaceoffboundedlinearoperatorsffromU toV by

L(U,V),andbyFred0(U,V)thesubsetoffL(U,V)containingallFredholm

operators withindex0. ThesetoffallisomorphismsbetweenU andV is

denotedIso(U,V).TheoperatorLissaidtobeFredholm,whenever

dimN[L]<∞, codimR[L]<∞. (3.13)

Recallthat

codimR[L]=dimV/R[L]. (3.14)

TheindexoffaFredholmoperator,isdeinedby

ind[L]=dimN[L]−codimR[L]. (3.15)

Thereffore,iffL∈Fred0then

dimN[L]=codimR[L]<∞. (3.16)

Lemma3.4.IffFred0(U,V)̸=∅,thenUandVareisomorphic.

Prooff. IffFred0(U,V)̸=∅,thenthereitisanisomorphismffromitsdomainto

itsrange.AsthemapisFredholmitskernelandco-kernelareinitedimensional.

Further,asthe maphasindexzerotheyhavethesamedimension,thusare

isomorphic.

ThemostimportantexampleoffaFredholmoperatorwithindexzeroisthe

ffollowing.
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Theorem3.5 ([72]).LetK∈K(U)(compactoperator),thenF=I−Kisa

Fredholmoperatoroffindexzero.

3.2.3 Operatorffamiliesandgeneralizedspectrum

Thissectionffollowsffromtheabstractsettingintroducedin[114]thatisthen

usedfforthefformulationofftheglobalbiffurcationtheoremsin[113].

Deinition3.6. LetU,V betwoBanachspacesovertheieldKandr∈N,

thenanoperatorffamilyoffclassCrinΩ⊂KffromUtoVisamap

L∈Cr(Ω,L(U,V)). (3.17)

InourcaseΩ⊂Ralways. Wenowdeinethegeneralizedspectrumoffan

operatorffamily.

Deinition3.7. LetL∈C(Ω,L(U,V))beanoperatorffamily,thenthepoint

λ0∈ΩisasingularvalueoffLiff

L0:=L(λ0)/∈Iso(U,V), (3.18)

anditisageneralizedeigenvalueoffLiff

dimN[L0]≥1. (3.19)

Ageneralizedeigenvalueλ0issimple,whenever

dimN[L0]=1. (3.20)

Deinition3.8. ThesetoffallsingularvaluesofftheoperatorffamilyLiscalled

thespectrum,andisdeinedby

Σ=Σ(L)={λ∈Ω:L(λ)/∈Iso(U,V)}. (3.21)

Similarly,thesetoffallgeneralizedeigenvaluesofftheoperatorffamilyL,is
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deinedby

Eig(L)={λ∈Ω:dimN[L(λ)]≥1}. (3.22)

BytheprecedingdeinitionitisimmediatethatEig(L)⊂Σ(L).

Deinition3.9. TheresolventsetoffL,isdeinedby

ρ(L):=Ω\Σ. (3.23)

Remark 3.10.SinceL ∈C(R,L(U,V))andIso(U,V)isanopensubsetoff

L(U,V)wehavethatρ(L)isopenandpossibleempty.ThusΣ(L)isclosed.

Lemma3.11.IffL0∈Fred0(U,V)thenλ0∈Σ(L)iffandonlyiffλ0∈Eig(L).

Prooff. Weonlyhavetoproveonedirection.Let λ0∈Σ(L),thenL0:U/N[L0]→

R[L0]isanisomorphismbytheopen mappingtheorem.AsL0isFredholm

withindexzerowehavethatdimN[L0]<∞,henceλ0∈Eig(L).

Hence,iffL(Ω)⊂Fred0(U,V),thenΣ(L)=Eig(L).

Remark 3.12.Notethattheconceptoffageneralizedeigenvalueoffanoperator

ffamilyL(Ω),shouldnotbeconffusedwiththeclassicalnotionsoffaneigenvalue

andspectrum(denoteσ(L(λ))),whichisonlydeinedfforixedvaluesoffλ∈Ω.

Theclassicalspectrumisdeinedas(seefforinstance[56Chapter7])

σ(T):={λ∈K:λI−Tisnotinvertible}. (3.24)

(Notethatσ(T)canbedecomposedintothepoint,continuumandresidual

spectrumdependingontheprecisewaytheoperatorffailstobeinvertible).It

ishowever,possibletorecovertheseclassicalnotionsffromthis moregeneral

deinition.Indeed,supposethatT∈L(U,V),andconsidertheoperatorffamily

LT(λ):=λIU −T, (3.25)

then

σ(T)=Σ(LT). (3.26)
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3.2.4 AbstractBiffurcationTheory

LetU,VbetworealBanachspaces,andsupposethatwewanttoanalyzethe

structureoffthesolutionsetoffthenonlinearoperatorgivenby

F(λ,u)=0, (λ,u)∈R×U, (3.27)

where

F:R×U→V, (3.28)

isacontinuousmapsatisffyingtheffollowingrequirements:

(F1)Foreachλ∈R,themapF(λ,·)isoffclassC1(U,V)and

DuF(λ,u)∈Fred0(U,V)fforallu∈U. (3.29)

(F2)DuF:R×U→L(U,V)iscontinous.

(F3)F(λ,0)=0fforallλ∈R.

Deinition3.13.AcomponentCisaclosedandconnectedsubsetofftheset

S={(α,u)∈R×U:F(α,u)=0} (3.30)

thatismaximalwithrespecttoinclusion.

Deinition3.14.As(λ,0)isaknownzero,itisrefferredtoasthetrivialstate.

Deinition3.15.Givenλ0∈Ritissaidthat(λ0,0)isabiffurcationpointoff

F=0iffthereexistsasequence(λn,un)∈F
−1(0),withun≠0fforalln≥1,

suchthat

lim
n→∞
(λn,un)=(λ0,0). (3.31)

ForeverymapFsatisffyingF1,F2andF3,wedenote

L(λ)=DuF(λ,0), λ∈R. (3.32)
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BypropertyF2wehavethatL∈C(R,L(U,V))andbyF1wehaveL(λ)∈

Fred0(U,V),thus

L(λ)∈Iso(U,V) iffandonlyiff dimN[L(λ)]=0. (3.33)

Lemma3.16([113]).Suppose(λ0,0)isabiffurcationpointoffF=0.Then,

λ0∈Σ(L)(L=DuF(λ,0)).

Theorem3.17 (LocalBiffurcation[35]).LetU,V beBanachspaces,W a

neighborhoodoff0inUand

F:(−1,1)×W →V, (3.34)

havetheproperties:

1.F(λ,0)=0ffor|λ|<1,

2.ThepartialderivativesFλ,Fx,Fλxexistandarecontinuous,

3.N[Fx(0,0)]andV/R[Fx(0,0)]areone-dimensional,

4.Fλx(0,0)[x0]/∈R[Fx(0,0)],where

N[Fx(0,0)]=span(x0). (3.35)

IffZisanycomplementoffN[Fx(0,0)]inU,thenthereisaneighbourhoodNoff

(0,0)inR×U,aninterval(−a,a),andcontinuousffunctionsϕ:(−a,a)→R,

ψ:(−a,a)→Zsuchthatϕ(0)=0,ψ(0)=0and

F−1(0)∩N={(ϕ(s),αx0+αψ(s)):|s|<a}∪{(λ,0):(λ,0)∈N}.(3.36)

IffFxxiscontinuousthentheffunctionsϕandψareoncecontinuouslydiffer-

entiable.

Theorem3.18([35]).InadditiontotheassumptionsoffTheorem3.17,letF

betwicedifferentiable.Iffϕ,ψaretheffunctionsoffTheorem3.17,thenthereis

δ>0suchthatϕ′(s)̸=0and0<|s|<δimpliesthatFx(ϕ(s),αx0+αψ(s))

isanisomorphismoffUontoV.
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Theorem3.19([35]).InadditiontotheassumptionsoffTheorem3.17,suppose

Fhasncontinuousderivativeswithrespectto(λ,x)andn+1continuous

derivativeswithrespecttox.Thentheffunctions(ϕ,ψ)havencontinuous

derivativeswithrespecttos.Iff

F(j)x(0,0)(x0)
j=0 1≤j≤n thenϕ(j)(0)=0, (3.37)

and

ψ(j)(0)=0 ffor1≤j≤n−1, (3.38)

and

(1/(n+1))F(n+1)x (0,0)(x0)
n+1+Fx(0,0)ψ

(n)(0)+ϕ(n)(0)Fλx(0,0)x0=0.

(3.39)

Remark3.20.F(j)x(0,0)(x0)
jmeansthevalueoffthej-thFŕechetderivativeoff

themapx→F(0,x)at(0,0)evaluatedatthej-tupleeachoffwhoseentriesis

x0.

TheglobalversionoffTheorem3.17reads.

Theorem3.21 ([113]).SupposeL∈C1(R,Fred0(U,V))andλ0∈Risa

simpleeigenvalueoffL,thatis

N[L(λ0)]=span[ϕ0], (3.40)

andsatisiestheffollowingtransversalitycondition

L′(λ0)ϕ0/∈R[L(λ0)]. (3.41)

Then,fforeverycontinuousffunctionF:R×U→Vsatisffying(F1),(F2),and

(F3)andDuF(·,0)=L(·),(λ0,0)isabiffurcationpointtoacontinuumCoff

non-trivialsolutionsoffF=0.ForanyofftheseF’s,letCbethecomponentoff

thesetoffnon-trivialsolutionsoffF=0with(λ0,0)∈C.Theneither,

1.Cisnotcompact;or

2.thereisanotherΣ∋λ1≠λ0with(λ1,0)∈C.
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Figure3.1:PhasespaceplotoffthetwopossiblealternativesoffTheorem3.21.On
thelefft,thebiffurcationbranchesareunbounded,whileontheright,thenon-trivial
solutionbranchconnectstwobiffurcationpoints.

Andinally,wehavetheffollowingunilateralresult.

Theorem3.22 ([113]).SupposetheinjectionU↪→ Viscompact,F satisies

(F1)to(F3),themap

N(λ,u)=F(λ,u)−DuF(λ,0)u, (λ,u)∈R×U (3.42)

admitsacontinuousextensiontoR×V,thetransversalitycondition(3.41)

holds,andconsideraclosedsubspaceY⊂Usuchthat

U=N[L(λ0)]⊕Y. (3.43)

LetCbethecomponentgivenbyTheorem3.21anddenotebyC+ andC− the

subcomponentsoffCinthedirectionsϕ0and−ϕ0respectively.Thenfforeach

ν∈{+,−},Cνsatisiessomeofftheffollowingalternatives:

1.CνisnotcompactinR×U,

2.Thereexistsλ1≠λ0suchthat(λ1,0)∈Cν.

3.Thereexists(λ,y)∈Cνwithy∈Y\{0}.

InSection3.5.3,weapplyTheorem3.17toindlocalbiffurcationbranches

originatingffromthetrivialsteadystatesolutionoffthenon-localequation(3.10a).

InSection3.5.4,weapplyTheorem3.21andTheorem3.22toobtainaglobal

biffurcationresultfforthesteadystatesoffequation(3.10).
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3.3 MathematicalProblemFormulation

Inthissection,wedeinetheffunctionspacesinwhichwewilllookfforasolution

toequation(3.10a).Thesearchffortheappropriatespaceswillbeguidedby

thegoaloffmakingsurethattheLaplacianinequation(3.10a)isinvertible.

3.3.1 TheLaplaceoperatorwithperiodicboundarycon-

ditions

AswearedealingwithffunctionsonS1
L weimplicitlydeinedperiodicboundary

conditions.Sometimesitisuseffultoexplicitlyusetheseboundaryconditions.

Forthisreason,wedeinetheboundaryoperator

B[u,u′]:=(u(0)−u(L),u′(0)−u′(L)), (3.44)

whichoffcoursehastobeequaltozeroiffweimposeperiodicboundarycondi-

tions.

Deinition3.23. Wedeinethesetofftestffunctions

C∞
per(0,L):={ff∈C∞(0,L):ffisLperiodic}. (3.45)

Then,fforexample,H1
per(0,L)isdeinedasthecompletionoffC∞

per(0,L)with

respecttotheH1norm.

Theabstractfformulationintermsoffanoperatorequationwillbeffacilitated

bytheffollowingoperatorsthatwewillnowdeine.

Deinition3.24. Theaveragingoperator

A:Lp(S1
L)→ R, A[u]→

1

L

∫L

0

u(x)dx. (3.46)

Itisclearthatthisoperatoriscontinuousandcompact.

Deinition3.25. Wedeinetheffollowingsub-maniffoldoff L2(S1
L)

L2
0:=

{
u∈L2(S1

L):A[u]=0
}

. (3.47)
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Lemma3.26.L2
0(S

1
L)isclosedandhenceaBanachspace.

Prooff. NotethatL2
0(S

1
L)=A−1(0),henceitisclosedasAiscontinuous.Finally,

aclosedsubspaceoffaBanachspaceisagainaBanachspace.

Lemma3.27.TheLaplacianoperator

∆:W2,2
per(S1

L)→ L2(S1
L), ∆[v]:=v′′, (3.48)

iscontinuous.

Lemma3.28.∆ isaFredholmoperator.Inparticular,wehavethat

N[∆]=R[A]=
{

ff∈H2
p(S1

L):ff(x)≡c∈R
}

, R[∆]=N[A]=L2
0.(3.49)

Further,wehavethat

dimN[∆]=dimL2(S1
L)/R[∆]=1, (3.50)

andthusind∆=0.

Prooff. u∈H2
p(S1

L)isanelementoffN[∆]iffandonlyiffitisasolutionoff

{
u′′ =0

B[u,u′] =0
. (3.51)

Then,weindthat

u′(x)=

∫x

0

u′′(s)ds=0. (3.52)

Hence,u≡c∈R.Nextsupposethatwehaveff∈R[∆],thatisthereisu∈H2
B

suchthatu′′=ff.Integrating

0=u′(0)−u′(L)=

∫L

0

ff(s)ds. (3.53)

Hence A[ff] =0,andff∈ N[A]. Thus,R[∆]⊂ N[A]. Nextsupposethat

ff∈N[A].Then,thesolutionoff

u′′=ff, (3.54)
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isgivenby

u′(x)=

∫x

0

ff(s)ds. (3.55)

Hence weindthat u′(0) =0.Finally,notethatu′(L) =0iffandonlyiff

A[ff]=0.Thus,weindthatN[A]⊂R[∆].

Remark 3.29.Lemma3.28showsthatN[∆]andcoker[∆]=L2(S1
L)/R[∆]are

initedimensional. WenotethatAcanbeusedasaprojectionontobothN[∆]

andcoker[∆].

Lemma3.30.Therestrictionoperator∆A

∆A :=∆
⏐
⏐
⏐
N[A]

:N[A]→ R[∆], (3.56)

isanisomorphism.

Prooff. Theoperator∆A isbydeinitioninjectiveandsurjective,andhenceby

theboundedinversetheoremanisomorphism.

3.3.2 Estimatesfforthenon-localoperator

Inthissectionwediscussthemathematicalpropertiesoffthenon-localoperator

K[u]asintroducedinDeinition3.1. Webeginthissectionbydiscussingsome

commonchoicesfforintegrationkernelω(·).

3.3.3 Commonchoicesoffffunctions

Fortheffunctionω(r)therearethreecommonlyusedfforms(seefforinstance

[136])

(O1)Unifformdistribution

ω(r)=
1

2
. (3.57)

(O2)Exponentialdistribution

ω(r)=ω0exp

(

−
r

ξ

)

, (3.58)
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whereξisaparametercontrollinghowquicklyω(·)goestozero,and

ω0isanormalizationconstant.

(O3)Peaksignallingatdistanceξ,isgivenby

ω(r)=ω0
r

ξ
exp

(

−
1

2

(
r

ξ

)2
)

, (3.59)

whereξisaparametercontrollinghowquicklyω(·)goestozero,and

ω0isanormalizationconstant.

ForvisualexamplesoffthesedistributionsseeFig.3.2.

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5 Normal

Exponential

Unifform

Figure3.2:Thedifferentdistributionsfforω(·)withξ=1/4.

3.3.4 Estimatesfforthenon-localoperator

Westudythecontinuityofftheffunction

x→K[u](x), (3.60)

whenuisindifferentffunctionspaces. Westartbydevelopingconditionsunder

whichtheffunctiongiveninequation(3.60)iscontinuous.
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Lemma3.31.Letu∈C0(S1
L)thentheffunctioninequation(3.60)iscontin-

uous.

Prooff. Letϵ>0,letx1,x2∈S1
L suchthat|x1−x2|<δ,thenconsider

|K[u](x1)−K[u](x2)|≤

∫1

0

|h(u(x1+r))−h(u(x2+r))|ω(r)dr

+

∫1

0

|h(u(x1−r))−h(u(x2−r))|ω(r)dr

≤C

∫1

0

|u(x1+r)−u(x2+r)|ω(r)dr

+C

∫1

0

|u(x1−r)−u(x2−r)|ω(r)dr,

(3.61)

whereintheinequalityweusedthatsinceh∈C2wehavethathisLipschitz

continuous.Then|x1±r−(x2±r)|=|x1−x2|<δ.Since,bytheassumptions

offthislemmau(·)iscontinuouswechooseδsuicientlysmallsuchthat|u(x1±

r)−u(x2±r)|<ϵ/C.Finally,usingassumptionK4wehavethattheintegral

offωequals1/2andweobtainthat,

|K[u](x1)−K[u](x2)|<ϵ. (3.62)

Lemma3.32.Letu∈Lp(S1
L)thentheffunctiondeinedinequation(3.60)is

continuous.

Prooff. Letϵ>0andletx1,x2∈S1
L suchthat|x1−x2|<δ.Bythedensityoff

C0inLpthereisasequence(un)⊂C0suchthatun → uinLp.This means

that∃N:∀n≥N wehavethat|un−u|p<ϵ/3|ω|∞
.

Then,wecompute

|K[u](x1)−K[u](x2)|≤|K[u](x2)−K[un](x2)|+|K[un](x1)−K[u](x1)|+

|K[un](x2)−K[un](x1)|.

(3.63)

64



Theirsttwotermsaretreatedequivalently.Letn>N,andi=1,2,then

|K[u](xi)−K[un](xi)|≤

∫1

0

|h(u(xi+r))−h(un(xi+r))|ω(r)dr

+

∫1

0

|h(u(xi−r))−h(un(xi−r))|ω(r)dr

≤C

∫1

0

|u(xi+r)−un(xi+r)|ω(r)dr

+C

∫1

0

|u(xi−r)−un(xi−r)|ω(r)dr

≤

(∫L

0

|u(x)−un(x)|pdx

)1/p(∫1

0

ωq(r)dr

)1/q

≤|u−un|p|ω|∞ <ϵ/3.

(3.64)

ThelasttermcanbeestimatedbyLemma3.31suchthatwehave

|K[un](x2)−K[un](x1)|<ϵ/3. (3.65)

Puttingeverythingtogether,weobtain

|K[u](x1)−K[u](x2)|<ϵ. (3.66)

Lemma3.33(Non-localRegularity).Letp≥1andu∈Lp(S1
L).Thenthe

non-localffunctionK[u]deinedinequation(3.60)isinLp(S1
L).Inparticular,

theffollowingestimateholds

|K[u]|p,D<|h(u)|p, (3.67)

andiffweuseassumptionH1,thenobtain

|K[u]|p,D<C
(
|u|p+L

)
. (3.68)
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Prooff. ByapplyingTheoremB.1toequation(3.3),weobtain

|K[u](x)|p=

⏐
⏐
⏐
⏐

∫1

−1

h(u(x+r,t))Ω(r)dr

⏐
⏐
⏐
⏐
p

≤

∫1

−1

|h(u(x+r,t))Ω(r)|pdr

=

∫1

−1

{∫L

0

|h(u(x+r,t))|pdx

}1/p

|Ω(r)|dr≤|h(u)|p

≤C
(
|u|p+L

)
.

(3.69)

NotethatduetoassumptionK4wehavethat|Ω|1=1.

NextweextendthisresulttoSobolevspaces.

Lemma3.34 (Non-localRegularity).Letp≥ 1,andu∈W1,p(S1
L).Then

K[u]∈W1,p(S1
L).

Prooff. Theirstderivativewithrespecttoxofftheffunctiondeinedinequa-

tion(3.60)isgivenby

(K[u](x))′=

∫1

−1

h′(u(x+r))u′(x+r)Ω(r)dr. (3.70)

ItsLpnormcanbeestimatedusingequation(3.67)ffromLemma3.33,wethen

compute

∥K[u]∥1,p=
(
|K[u]|pp+|(K[u])′|pp

)1/p

≤
(
Cp

(
|u|p+L

)p

+|h′(u)u′|pp

)1/p

≤
(
2pCp

(
Lp+|u|pp

)
+|h′|p

C0|u
′|pp

)1/p

≤2C|h′|C0

(
Lp+|u|pp+|u′|pp

)1/p

.

(3.71)

Thenusingthatu∈W1,p(S1
L)andassumptionH1allthetermsontheright

handsidearebounded.

Fortheffollowingresultweneedonehigherorderoffdifferentiabilitythan

obtainedinLemma3.34.
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Lemma3.35 (Non-localRegularity).Letp≥ 1,andu∈W2,p(S1
L).Then

K[u]∈W2,p(S1
L).

Prooff. Thesecondderivativewithrespecttoxofftheffunctiondeinedinequa-

tion(3.60)isgivenby

(K[u](x))′′=

∫1

−1

(
h′(u(x+r))u′′(x+r)+h′′(u(x+r))(u′(x+r))

2
)

Ω(r)dr.

(3.72)

ItsLpnormcanbeestimatedusingequation(3.67)ffromLemma3.33,wethen

compute

|K[u]′′|p≤|h′(u)u′′|p+|h′′(u)(u′)
2
|p

≤|h′|C0|u′′|p+|h′′|C0|u′|2p.
(3.73)

Thenusingthatu∈W2,p(S1
L)andassumptionH1allthetermsontheright

handsidearebounded.CombiningthisresultwiththeresultoffLemma3.34

weobtaintherequiredresult.

Lemma3.36.Letp≥1,thenthemapK:Lp(S1
L)→ Lp(S1

L)deinedinequa-

tion(3.3)isC1(Lp(S1
L),Lp(S1

L)),anditsFŕechetderivativeisgivenby,

Du(K[u(x)])[w(x)](x)=

∫1

−1

h′(u(x+r))w(x+r)Ω(r)dr. (3.74)

Prooff. Let’scompute

Du(K[u])[w](x)=
d

dϵ

⏐
⏐
⏐
ϵ=0

∫1

−1

h(u+ϵw)(x+r)Ω(r)dr

=

∫1

−1

h′(u(x+r))w(x+r)Ω(r)dr.

(3.75)

ThentoshowthatKisC1,itsuicestoshowthatthemap

DuK:Lp(S1
L)→ L(Lp(S1

L),Lp(S1
L))

u→Du(K[u])[w],
(3.76)

iscontinuous. Meaning,thatwehavetoshowthattheoperatornormoffDuK
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isbounded.FromLemma3.33,wehave

|Du(K[u])[w]|p≤C
(
|h′|C0|w|p+L

)
. (3.77)

Hence

∥Du(K[u])[w]∥op=sup
|w|p=1

|Du(K[u])[w]|p≤C(|h′|C0+L). (3.78)

Thisgivesuswhatwastobeproven.

Lemma3.37.Letu∈C2(S1
L)thentheffunctiondeinedinequation(3.60)is

alsoinC2(S1
L).

Prooff. Let’scompute

|(K[u])′′|≤

∫1

−1

[
|h′′(u(x+r))(u′(x+r))

2
|+|h′(u(x+r))u′′(x+r)|

]
|Ω(r)|dr

≤|h′′|C0|u
′|2C0+|h′||u′′|C0,

(3.79)

whereweusedassumptionK4ffor|Ω|1=1.Finally,allthetermsontheright

handsideareboundedbyu∈C2(S1
L)andassumption(H1).

Theffollowinglemmawilllaterbeusedtoderiveanaprioriboundffor

positivesolutionsoffequation(3.10a).

Lemma3.38.LettheoperatorK[u](x)bedeinedasinequation(3.3),and

supposethatu∈Lp(S1
L)suchthatu(x)≥0(thismeansthat|u|1=A[u]<∞).

Then,weindthat

|K[u](x)|≤C|ω|∞ (A[u]+L). (3.80)

Prooff. Letu∈Lp(S1
L)suchthatA[u]<∞ andu(x)≥0.Then,wecompute

K[u](x)=

∫1

−1

h(u(x+r))Ω(r)dr

=

∫1

0

h(u(x+r))ω(r)dr−

∫0

−1

h(u(x+r))ω(r)dr.

(3.81)
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Itiseasytoseethatbothintegralsontherighthandsidearenon-negative

ash(u(x))≥0wheneveru(x)≥0(assumptionH2)andω(r)≥0.Using

assumptionH3,itffollowsthat

K[u](x)≤

∫1

0

h(u(x+r))ω(r)dr≤C|ω|∞(A[u]+L). (3.82)

Inthesamespirit,weindffor

K[u](x)≥−

∫0

−1

h(u(x+r))ω(r)dr≥−C|ω|∞(A[u]+L). (3.83)

3.3.5 Continuityandequicontinuityoffthenon-localop-

erator

Thegoalinthissectionistoestablishequi-continuityoffthenon-localoperator

whenappliedtoboundedsubsetsoffLp(S1L).Thiswillthenbeusedtoshow

compactnessoffthenon-localoperator.

Lemma3.39.LettheffamilyoffboundedffunctionsinLp(S1L)begivenby

BK:=
{
u∈Lp(S1L):|u|p≤K

}
. (3.84)

ThenK[BK]isunifformlyequicontinuous.

Prooff.Fortheffollowing,weintroducetheffunction

ω̃(r)=

⎧
⎨

⎩

ω(r)iffr∈[0,1]

0 else
. (3.85)

Letϵ>0,chooseδ< ϵ
4C(L+K)L1/q|ω|∞

,andletx1,x2∈S
1
Lsuchthat|x1−x2|<δ.
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Thenconsider

K[u](x2)−K[u](x1)=

∫1

0

[h(u(x2+r))−h(u(x1+r))]ω(r)dr

−

∫1

0

[h(u(x1−r))−h(u(x2−r))]ω(r)dr.

(3.86)

WedenoteeachoffthetermsbyIthroughIV.

I=

∫1

0

h(u(x2+r))ω(r)dr=

∫x2+1

x2

h(u(y))ω(y−x2)dy≤

∫L

0

h(u(y))̃ω(y−x2)dy,

II=

∫1

0

h(u(x1+r))ω(r)dr=

∫x1+1

x1

h(u(y))ω(y−x1)dy≤

∫L

0

h(u(y))̃ω(y−x1)dy,

III=

∫1

0

h(u(x1−r))ω(r)dr=

∫x1

x1−1

h(u(y))ω(x1−y)dy≤

∫L

0

h(u(y))̃ω(x1−y)dy,

IV=

∫1

0

h(u(x2−r))ω(r)dr=

∫x2

x2−1

h(u(y))ω(x2−y)dy≤

∫L

0

h(u(y))̃ω(x2−y)dy.

Then,wecompute

I−II=

∫L

0

h(u(y))[̃ω(y−x2)−ω̃(y−x1)]dy

≤C(L+|u|p)

(∫L

0

|̃ω(y−x2)−ω̃(y−x1)|
qdy

)1/q

,

III−IV=

∫L

0

h(u(y))[̃ω(x1−y)−ω̃(x2−y)]dy

≤C(L+|u|p)

(∫L

0

|̃ω(x1−y)−ω̃(x2−y)|qdy

)1/q

.

Thenfforanyy∈S1
L wehavethat|x1−y−(x2−y)|<δ (seeFig.3.3),

andsoweindthat

(∫L

0

|̃ω(x1−y)−ω̃(x2−y)|q
)1/q

<2δ|ω|∞. (3.87)
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Figure3.3:TwosensingdomainsE(x1)andE(x2)centredatx1andx2respectively.
Thisisthesituationestimatedinequation (3.87). Theareacontributingtothe
ininitynormoffω̃isshadedingrey.NotethatthegreyareaisE(x1)△ E(x2).

Thenusingthisestimateinequation(3.86),weindthat

|K[u](x2)−K[u](x1)|<ϵ, (3.88)

fforallu∈BK.

3.3.6 Compactnessoffthenon-localoperator

Inthissectionwecontinuetostudytheffunctionsgeneratedbythenon-local

operator.FromLemma3.33weknowthatK[u]mapsL2(S1
L)intoL2(S1

L).

Lemma3.40.LetK[u]beasdeinedinequation(3.3)thenK∈L(L2).

Prooff. FollowsffromLemma3.33.

Lemma3.41.Theffunctiondeinedinequation (3.3)isunifformlybounded

fforu∈BK (setoffboundedffunctionswithnormlessthanK).
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Prooff. Letu∈BK,then

|K[u](x)|≤

∫1

0

|h(u(x+r))−h(u(x−r))|ω(r)dr

≤

(∫1

0

|h(u(x+r))−h(u(x−r))|2dr

)1/2(∫1

0

ω2(r)dr

)1/2

≤C|u|2|ω|∞ ≤CK|ω|∞.

(3.89)

Notethatbecauseu(x+r)andu(x−r)donotoverlapthatintegralisbounded

bythe2-normoffu.

Lemma3.42.Letu∈B(Lp)(theunitballoffLp),then∀ϵ>0,∃δ>0such

thatffory∈Rsuchthat|y|<δ,wehavethat

∫L

0

|K[u](x+y)−K[u](x)|pdx<ϵp. (3.90)

Prooff. Letϵ >0,byLemma3.39 wehavethatfforx1,x2 ∈ S1
L suchthat

|x1−x2|<δ,and∀u∈B(Lp)wehavethat|K[u](x1)−K[u](x2)|< ϵ/L1/p.

Fromthisobservation,weeasilyobtaintherequiredresult.

Lemma3.43.ThesetK[B(Lp)]istotallybounded.

Prooff. Thisffollowsffrom TheoremB.5,withalltherequirementsgivenby

Lemma3.42andLemma3.41.

Theorem3.44(Compactnessnon-localoperator).TheoperatorK:L2(S1
L)→

L2(S1
L)iscompact.

Prooff. InLemma3.43wehaveshownthatK[B(L2)]istotallyboundedsubset

offthecomplete metricspaceL2(S1
L),henceitisrelativelycompact. Thus,

K[B(L2)]iscompactinL2(S1
L)andKisacompactoperator.

Remark 3.45.Thishasffarreachingconsequences,namelyitmeansthatK[u]

canneverbeinvertible,asotherwiseI=K−1Kwouldbecompact.Furthera

compactoperatorcanneverbesurjective,andtheclosedsubspacesoffitsrange

mustbeinitedimensional.
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3.3.7 Spectralpropertiesoffthenon-localoperators

Inthissection,westudythespectralpropertiesoffthelinearnon-localoperator,

thatiswithh(u)=u.Thatis

K[u]=

∫1

−1

u(x+r)Ω(r)dr. (3.91)

TheresultsoffthissectionwillbeusedinSection3.5tostudytheproperties

offthelinearizationoffequation(3.10a).

Lemma3.46.TheoperatorK:L2(S1
L)→ L2(S1

L),deinedinequation(3.91)

isskew-adjoint(thatisK∗=−K).

Prooff. Wecompute,let y,t∈L2(S1
L)(thebracketsdenotetheL2(S1

L)inner

product)

(K[y],z)=

∫L

0

∫1

0

[y(x+r)−y(x−r)]ω(r)drz(x)dx

=

∫1

0

∫L

0

[y(x+r)−y(x−r)]ω(r)z(x)dxdr.

(3.92)

Thenapplyingthechangeoffvariableχ=x+rffortheirstterm,andχ=x−r

fforthesecondterm,andusingtheperiodicityoffthedomain,weobtainaffter

applyingFubini

(K[y],z)=

∫L

0

∫1

0

[z(χ−r)−z(χ+r)]ω(r)dry(χ)dχ

=(y,K∗[z])=(y,−K[z]).

(3.93)

HenceweindthatK∗=−K.

Lemma3.47.LetH beaHilbertspace.LetL∈L(H)suchthatL∗=−L.

Thenthequantity(L(x),x)ispurelyimaginaryandLhaspurelyimaginary

eigenvalues.

Prooff. Letx∈H,(thebracketsdenotetheH innerproduct)then

(L(x),x)=(x,L∗(x))=(x,−L(x))=−(L(x),x). (3.94)
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TheniffλisaneigenvalueoffLwitheigenvectorx,weindthat

λ=
(L(x),x)

(x,x)
. (3.95)

Hence,alleigenvaluesarepurelyimaginary.

Remark 3.48.Notethatsinceanyskew-adjointoperatorisnormal,wehave

thatKisanormaloperator.ThuswehavethatKisacompactandnormal

operatoronL2(S1
L).Thismeansthatitisalsoacompact,andnormaloperator

onthecanonicalcomplexiicationoffL2(S1
L)(H =L2+iL2)andhencewecan

applyaspectraltheorem[56Theorem7.53]toobtainanorthonormalbasisoff

H overwhichtheoperatorKisdiagonalizable.

Eigenvalueandeigenffunctionsoffthelinearnon-localoperator

Nextwestudyhowthelinearnon-localoperator(3.91)actsontheeigenffunc-

tionsofftheLaplacian.Forthistheffollowingintegralidentitieswillbecome

usefful.

Lemma3.49.LetΩsatisffy(K1),(K3)and(K4),then

∫1

−1

cos

(
2πnr

L

)

Ω(r)dr=0, (3.96)

and ∫1

−1

sin

(
2πnr

L

)

Ω(r)dr=2

∫1

0

sin

(
2πnr

L

)

ω(r)dr. (3.97)

Prooff. BothidentitiesffollowbyintegrationandthepropertiesoffΩlistedin

Deinition3.1.

Lemma3.50.Thelinearnon-localoperatorisbounded.

Prooff. Wecompute,usingLemma3.33

|K[u]|p≤|u|p. (3.98)

Thus,weindthat

∥K∥≤1. (3.99)
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Lemma3.51.Letthenon-localoperatorKasdeinedinequation(3.91).Then

K[1](x)=0, (3.100)

K

[

sin

(
2πnx

L

)]

(x)=2Mn(ω)cos

(
2πnx

L

)

, (3.101)

K

[

cos

(
2πnx

L

)]

(x)=−2Mn(ω)sin

(
2πnx

L

)

, (3.102)

where

Mn(ω)=

∫1

0

sin

(
2πnr

L

)

ω(r)dr. (3.103)

Prooff. ApplythedoubleanglefformulasandtheintegralidentitiesffromLemma3.49.

Remark 3.52.NotethatitiseasytoseeffromLemma3.51thatthenon-

localoperatorK[u]removesmass,thatisA[K[u]]=0always(Awasdeined

in(3.24)).Hence,fforexampleiffK:L2(S1
L)→ L2(S1

L),thenweconcludethat

R[K]=L2
0.

IffinsteadweconsiderthecanonicalcomplexiicationoffL2(S1
L)weobtain

theffollowingresult.

Lemma3.53.Letthenon-localoperatorKasdeinedinequation(3.91).Then

K[1](x)=0, (3.104)

K

[

exp

(
2πnix

L

)]

(x)=2iMn(ω)exp

(
2πnix

L

)

. (3.105)

Remark 3.54.Forthesakeoffcomparison,theeigenvaluescorrespondingto

exp
(

2πnix
L

)
offthederivativeoperatorare,

λn=
2πin

L
. (3.106)

Eigenvaluesandeigenffunctionsoffnon-localcurvature

Inthissection,wecontinuetostudytheffunctionsgeneratedbythelinear

non-localoperator.FromLemma3.34,weknowthatK[u]′mapsH1(S1
L)into
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H1(S1
L).Herewestudytheoperator,whichwewillreffertoasthelinearnon-

localcurvature,

K[u]′:x→

(∫1

−1

u(x+r)Ω(r)dr

)′

, (3.107)

where(·)′denotesthespatialderivativewithrespecttox.Notethatusingthe

propertiesoffΩ,thisffunctioncanberewrittenas

(K[u])′:x→

∫1

0

(u′(x+r)+u′(x−r))ω(r)dr. (3.108)

Lemma3.55.Theoperator(K)′givenaboveisselff-adjoint.

Prooff. Lety,z∈L2(S1
L),wethencomputeusingintegrationbypartsand

usingLemma3.46,toobtain

(
(K[y])′,z

)
=−(K[y],z′)=(y,K[z′])=

(
y,(K[z])′

)
. (3.109)

Lemma3.56.Letvn beaneigenffunctionoff,

{
−v′′

n=λnvn, in[0,L]

B[vn,v′n]=0.
(3.110)

ThesolutionstothisproblemaregiveninLemmaB.12.Thentheoperator(K)′

ffromequation(3.107)hasthesamesetoffeigenffunctionssatisffying

K[vn]′=µnvn, (3.111)

where

µn=−
4πn

L
Mn(ω), (3.112)

whereMn(ω)isdeinedinequation(3.103).

Prooff. Forn=0wehavethatv0∼1,thentriviallyK[1]=0andhenceµ0=0.
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Nextconsider,vn=sin
(

2πnx
L

)
then

K[vn]′=

∫1

−1

(

sin

(
2πn(x+r)

L

))′

Ω(r)dr. (3.113)

UsingboththeintegralidentitiesffromLemma3.49,weobtain

K[vn]′=−
4πn

L
sin

(
2πnx

L

)

Mn(ω). (3.114)

Finally,considervn=cos
(

2πnx
L

)
,then

K[vn]′=

∫1

−1

(

cos

(
2πn(x+r)

L

))′

Ω(r)dr. (3.115)

OnceagainusingtheidentitiesinLemma3.49,weobtain

K[vn]′=−
4πn

L
cos

(
2πnx

L

)

Mn(ω). (3.116)

Asymptoticbehaviouroffthenon-localeigenvalues

FromthedeinitionoffMn(ω)inequation(3.103)weeasilyseethat|Mn(ω)|<
1/2.Here,wewanttounderstandinmoredetailhowMn(ω)behavesasn→ ∞.

Forthisreason,weintroducetheffollowingcommondeinitionffromFourier

analysis(seefforinstance[179ChapterII]).

Deinition3.57. Theintegralmodulusoffcontinuity isdeinedfforperiodic

ff∈Lp(S1
L),p≥1by

mp(δ)=sup
0≤h≤δ

{
1

L

∫L

0

|ff(x+h)−ff(x)|pdx

}1/p

. (3.117)

Itisobviousthatasδ→ 0wehavethatmp(δ)→ 0.

Lemma3.58.Letω(r)satisffy(K1),(K3),and(K4),then(ffromequation(3.103))
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Mn(ω)=

∫1

0

sin

(
2πnr

L

)

ω(r)dr. (3.118)

Then,wehavethat

|Mn(ω)|≤
L

2
m1

(
L

2n

)

. (3.119)

Prooff.Firstweextendω(r)tothewholeoff[0,L]bydeining

ω̃(r)=

⎧
⎨

⎩

ω(r)iffr≤1

0 otherwise
. (3.120)

ThenweuseancommontechniqueffromFouriertheory,(seefforinstance[179

ChapterII])

Mn(ω)=

∫L

0

sin

(
2πnr

L

)

ω̃(r)dr=−

∫L

0

sin

(
2πnr

L

)

ω̃(x+L/2n)dr.

(3.121)

Takingtheaverageoffbothintegrals,weobtain

Mn(ω)=
1

2

∫L

0

(̃ω(r)−ω̃(r+L/2n))sin

(
2πnr

L

)

dr. (3.122)

Hence,weobtaintheconclusion.

Example3.59.Supposethatωischosentobetheunifformffunctioni.e.O1

(seeSection3.3.3).ThenwecancomputeMn(ω)andindthat

Mn(ω)=
L

2πn
sin2
(πn

L

)
. (3.123)

Hence,Mn(ω)→ 0asn→ ∞,andthussodotheeigenvaluesoffKffrom

equation(3.91)seeLemma3.51(sinceKiscompactthisisexpectedasthe

onlypossibleaccumulationpointofftheeigenvaluesiszero).Buttheeigenvalues

offthenon-localcurvature(3.107)aregivenby(seeLemma3.56)

µn=−
4πn

L
Mn(ω)=−2sin

2
(πn

L

)
. (3.124)

Thus,theeigenvaluesoffthenon-localcurvaturekeeposcillatingin(−2,0).
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Example3.60.Supposethatωischosentobetheexponentialffunctioni.e.O2.

Thenwecancomputethemodulusoffcontinuityby

m1(δ)=
(
1−e−δ

)1−e−L

L
. (3.125)

Hence,weobtainthat

|Mn(ω)|≤
(
1−e−L/2n

)1−e−L

2
. (3.126)

Notethatfforthecaseoffexponential ωitisalsopossibletoindanexact

expressionfforMn(ω).Thentheeigenvalueoffthenon-localcurvature(3.107)

isgivenby

|µn|≤
4πn

L

⏐
⏐
⏐
⏐
(
1−e−L/2n

)1−e−L

2

⏐
⏐
⏐
⏐. (3.127)

Thus,weindthat

|µn| →π
(
1−e−L

)
,asn→ ∞. (3.128)

3.3.8 Thenon-localoperatorgeneralizingtheclassical

derivative

Wewillexploreinwhatwaythelinearnon-localterm Kffromequation(3.91)is

relatedtotheclassicalderivative.Inparticular,westudywhathappenswhen

thesensingradiusRconvergestozero.Forthissectiononlyweconsiderthe

R-non-localoperatorKR havingasensingradiusR∋R>0insteadoff1.That

is,

KR[u]:=

∫R

−R

u(x+r)̃Ω(r)dr, (3.129)

whereΩ̃isdeinedby

Ω̃=
r

|r|
ω̃(r), (3.130)

where

ω̃(r)=
ω(r/R)

R
. (3.131)
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Withtheaimoffproducinganasymptoticexpansionoff K[·]asR→ 0,we

computethemomentsoffthedistributionω̃

(3.132)

µ̃n=⟨r
n,̃ω⟩=

∫R

−R

rnω̃(r)dr

=

∫1

−1

(tR)nω(r)dt

=

⎧
⎨

⎩

0 iffnodd

2Rn
∫1
0
tnω(t)dt iffneven

.

Inotherwords,weobtainthat

µ̃n=

⎧
⎨

⎩

0 iffnodd

Rnµn iffneven
. (3.133)

whereµnisthen-thmomentoffω.Notehowever,thatinthenon-localgradient

wearedealingwithΩ,itsmomentsaredeinedsimilarly. Wecompute

(3.134)

µn=⟨r
n,Ω⟩=

∫R

−R

rn
r

|r|
ω̃(r)dr=

∫1

−1

(tR)n
tR

|tR|
ω(t)dt

=Rn
∫1

0

tnω(t)dt−Rn
∫0

−1

tnω(t)dt

=Rn
∫1

0

tnω(t)dt+(−1)n+1Rn
∫1

0

tnω(t)dt

=

⎧
⎨

⎩

0 iffneven

2Rn
∫1
0
tnω(t)dt iffnodd

.

Notethatwecanuseadistributionmomentexpansionfforthecompactly

supportedΩ.Hence,weobtain

Ω(r)=
r/R

|r/R|

ω(r/R)

R
=

∞∑

n=0

(−1)nµnδ
(n)(r)

n!
Rn. (3.135)
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Usingthepreviousequation,inthenon-localtermKR[u]weobtain

(3.136)
KR[u](x)=

∫R

−R

u(x+r)

[
∞∑

n=0

(−1)nµnδ(n)(r)

n!
Rn

]

dr

≈µ1Ru′(x)+µ3
R3

6
u′′′(x)+O(R5).

Iffwedividethenon-localoperatorffromequation(3.129)byµ1R,i.e.,consider

theoperator

KR[u](x)=
1

µ1R

∫R

−R

u(x+r)Ω(r)dr, (3.137)

thenwehavethatKR → u′asR→ 0.Inthatsense,thenon-localoperator

KR[u]isageneralizationofftheclassicallocalderivative. Wecanobtaina

similarasymptoticexpansionfforthenon-localcurvature(i.e.,thederivative

offKR[u]asR→ 0)

KR[u](x)′≈u′′(x)+O(R4). (3.138)

ThusinthesamesenseasKR[u]isageneralizationofftheclassicalderivative,

thismakesKR[u]′ageneralizationofftheclassicalLaplacian.

Example3.61. Supposethat

ω(r)=

⎧
⎨

⎩

1
2R

iffr∈[−R,R]

0 otherwise.
(3.139)

Thenthemomentoffω(seeequation(3.134))iscomputedtobeµn(Ω)=Rn

n+1
.

Hence

KR[u](x)=
2

R2

∫R

−R

u(x+r)Ω(r)dr. (3.140)

Thespecialcaseoffunifform Ω

Inthissectionweassumethatthedirectionalityffunction(Ω)inthenon-local

operatorisunifform,thatisω≡1/2.

Deinition3.62. ForanyR ∋ R > 0,wedeinetheirstordernon-local
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derivativeisdeinedby

∇Ru(x)=
1

R
(u(x+R/2)−u(x−R/2)). (3.141)

Deinition3.63. ForanyR∋R>0,wedeinethesecondordernon-local

derivativeisdeinedby

∆Ru(x)=
1

R2
(u(x+R)+u(x−R)−2u(x)). (3.142)

Remark 3.64.Notethatwiththesedeinitionswehavethat∆Ru=∇R∇Ru.

Lemma3.65.Letu∈L2(S1
L)andsupposethatthedirectionalitywithinthe

non-localterm(seeequation(3.140))isunifformi.e.ω≡1/2,thenwehavethat

(KR[u](x))′=∆Ru(x). (3.143)
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R=0.1

u′

Figure3.4:Comparisonoffthenon-localtermtotheirstderivativeoffaffunction
fforseveralvaluesfforthesensingradiusR.

3.3.9 Summaryoff mathematicalpropertiesoffK

Inthissection,westudiedbasicmathematicalpropertiesoffthenon-localop-

eratorK[u],suchascontinuityandgrowthestimates.Theclassicalchemotaxis
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equationis,i.e.,

ut=uxx−χ(uvx)x. (3.144)

Inthenon-localadhesionmodel(3.10),thenon-localtermK[u]takestheplace

offtheclassicalderivativevx.Inthissection,wehaveseenthatthenon-local

operatorK[u]canbeviewedasageneralizationoffthelocalderivative(in

thesensethatasR→ 0,KR[u]→ u′.Inviewoffthisanalogy,theestimate

(|K[u]|p≤C(|u|p+L))obtainedinLemma3.33canbeviewedasatypeoff

reversePoincaŕeinequality.Intuitively,thisestimate“earns”usanorderoff

differentiability.Similarresultsfforothernon-localoperatorshavebeenobtained

in[91,99,100].

Thelinearnon-localoperatordeinedinequation(3.91)anditsderivative

sharemanymathematicalpropertieswiththeclassicalirstandsecond-order

derivativesrespectively.Forthenon-localoperatorK[u]thesharedproperties

are:skew-adjointness,theeigenffunctions,thezeroeigenvalue,therangeis

containedinthesubspaceoffzeroaverageffunction,andthenull-spacesareall

theconstantffunctions.Therearehoweversomedifference. Mostnotablyis

thatK[u]isacompactoperator,thusitseigenvaluesaccumulateatzero(see

Example3.59andExample3.60),whiletheeigenvaluesoff(·)′)diverge.

Similarly,fforthenon-localcurvatureK[u]′whichsharestheproperties

selff-adjointness,eigenffunctions,andzeroeigenvaluewiththeclassicalsecond-

orderderivative.DifferencesarethatK[u]′isalwaysaboundedoperator,with

boundedeigenvalues.Further,inthespecialcaseoffunifformdirectionality

(Ω) wehavethatK[u]′isequivalenttothenon-localLaplaciandeinedin

equation(3.142),whichalsoappearedin[99].

3.4 Propertiesoffnon-trivialsolutions

Inthissection,weproveseveralpropertiesoffsolutionsoffequation(3.10a).

Thesewillbeuseffullater,whenwecarryoutthebiffurcationanalysis.

Lemma3.66.Letu∈L2(S1
L)beL-periodicandthenonlinearitywithinthe

non-localtermislineari.e.(h(u)=u),thenA[u(x)K[u](x)]=0,whereA[·]

istheaveragingoperatordeinedinDeinition3.24.
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Prooff. Weproceedbysimplecalculation,andanapplicationoffFubini’stheo-

rem.

(3.145)

∫L

0

u(x)K[u](x)dx=

∫L

0

u(x)

∫1

−1

u(x+r)Ω(r)drdx

=

∫L

0

u(x)

∫1

0

(u(x+r)−u(x−r))ω(r)drdx

=

∫1

0

∫L

0

u(x)(u(x+r)−u(x−r))dxω(r)dr.

Thenweclaimthat

∫L

0

u(x)u(x+r)dx=

∫L

0

u(x)u(x−r)dx, (3.146)

fforallr∈[0,1].Usingasimplechangeoffvariablesinthesecondintegral,we

notethat

∫L

0

u(x)u(x−r)dx=

∫L−r

−r

u(x+r)u(x)dx=

∫L

0

u(x+r)u(x)dx,(3.147)

wherethelastequalityholdsduetotheperiodicdomain.Hence,theresult

ffollows.

NotethatintheprooffoffLemma3.66,werequiredthatthenonlinearity

withinthenon-localtermisthesimplelinearffunction(h(u)=u).Theprevious

prooffdoesnotworkffornon-linearh(u). Wecanhoweverrecovertheresultby

imposinganadditionalassumption.

Lemma3.67. Letu∈ L2(S1
L)beL-periodicandu(x) =u(L−x)then

A[u(x)K[u](x)] =0,whereA[·]istheaveragingoperatordeinedin Deini-

tion3.24andh(·)satisiesH1–H4.

Prooff. Duetotheffactthatu(x)=u(L−x),weobtainthat

u(x)K[u](x)=−u(L−x)K[u](L−x). (3.148)
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Hence,uponintegrationweobtain
∫L

0

u(x)K[u](x)dx=

∫L/2

0

u(x)K[u](x)dx+

∫L

L/2

u(x)K[u](x)dx

=

∫L/2

0

u(x)K[u](x)dx−

∫L/2

0

u(x)K[u](x)dx=0.

(3.149)

Remark 3.68.Notethatiffu∈H2,thenLemma3.66impliesthatthelux

deinedby

J(x)=−u′(x)+αu(x)K[u(x)](x), (3.150)

satisiesA[J]=0,andsinceJiscontinuouswehavethat∃̂x∈S1
L:J(̂x)=0.

NotethatthecontinuityoffJffollows,sinceu∈H2⊂⊂C1.

Wederiveanaprioriestimateoffpositivesolutionsoffequation (3.10a).

Priortobeingabletoprovetheestimatewerequireaffewtechnicalresults.

Proposition3.69. Letu∈H2
B beasolutionoffequation(3.10a).Thenu∈

C3(S1
L).

Prooff. BySobolev’stheorem(Theorem B.4) wehavethatu∈C1,1/2(S1
L).

Integratingequation(3.10a)ffrom̂x(thepointatwhichtheluxiszero,whose

existenceisguaranteedbyRemark3.68)weobservethat,

u′(x)=αu(x)K[u](x). (3.151)

Lemma3.34impliesthatwheneveru∈H2wealsohavethatK[u]∈H2,hence

applyingtheBanachalgebrapropertyoffH2 andSobolev’stheorem(Theo-

remB.4)wehavethatuK[u]∈H2⊂⊂C1,1/2⊂C1.Thenbyequation(3.151)

wehavethatu′∈C1(S1
L)andthusu∈C2(S1

L).

Fromequation(3.10a)wehavethat,

u′′(x)=α(u(x)K[u](x))′. (3.152)

Asu∈C2(S1
L)weapplyLemma3.37toindthatK[u]∈C2(S1

L),henceuK[u]∈

C2(S1
L).Thismeans,thatu′′∈C1(S1

L)andinallywehavethatu∈C3(S1
L).
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Lemma3.70.Letu∈C1(S1
L)beanon-negativesolutionoffequation(3.10a),

subjecttotheintegralconstraint

A[u]=̄u, (3.153)

whereū>0.Thenwehave,

ūe−αµL≤u(x)≤ūeαµL, (3.154)

whereµ=C(̄u+L)|ω|∞.Furtherwehavethat,

|u′(x)|≤αµ̄ueαµL. (3.155)

Then,

∥u∥C1 ≤(1+αµ)̄ueαµL=:K(α,L,ū,Ω). (3.156)

Prooff. Equation(3.10a)isgivenby,

u′′(x)=α(u(x)K[u](x))′. (3.157)

Integratingequation(3.157)ffromx̂(giveninRemark3.68)toxweobtain,

u′(x)=αu(x)K[u](x). (3.158)

ThususingLemma3.38weobtaintheffollowingdifferentialinequality,

u′(x)≤αC|ω|∞u(x)(̄u+L). (3.159)

Let’sdenoteµ=C(̄u+L)|ω|∞.Nextwenotethatiffu(x)has mass̄uthen

thereis̃x∈[0,L]suchthatu(̃x)=̄u.Then,integratingffromxtõxweobtain,

lnu(̂x)−lnu(x)≤αµL, (3.160)

integratingffromx̃toxweobtain,

lnu(x)−lnu(̃x)≤αµL. (3.161)
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Combiningthetwoinequalitiesweobtain,

−αµL≤lnu(x)−lnu(̃x)≤αµL (3.162)

Henceweobtainthat,

ūe−αµL≤u(x)≤ūeαµL. (3.163)

Theestimatefforu′(x)ffollowsffromtheestimateffromu(x).

Nextweshowthatfforsteadystatesu(x)andK[u](x)havethesamemaxima

andminimaandthesameinlectionpoints.
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Figure3.5:Examplesoffthenon-localtermK[u],K[u]′,andu′appliedtoapositive
solutionoffequation(3.10a). WeobservethepropertiesproveninLemma3.71and
Lemma3.72.ThedashedblacklinedenotesthelocationsoffthezerosoffK[u](x)and
u′(x).

Lemma3.71.Supposeu(x)isasolutionoffequation(3.10a)thenu′(̂x)=0

iffandonlyiffK[u](̂x)=0(seeFig.3.5).

Prooff. Withoutlossoffgenerality,supposethatat x̂∈S1
L wehaveu′(̂x)=0,

thenequation(3.151)impliesthat

0=αu(̂x)K[u](̂x), (3.164)
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butbothα≠0andu(̂x)̸=0,thusK[u](̂x)=0.

Lemma3.72.Supposeu(x)isasolutionoffequation(3.10a),thenitachieves

anon-zeromaximum(minimum)atx̂iffandonlyiff

1.K[u](̂x)=0,

2.(K[u](̂x))′≤(≥)0.

SeeFig.3.5fforanexample.

Prooff. (1)ffromLemma3.71.

(2)Withoutlossoffgenerality,suppose u(x)achievesanon-zeromaximumat

x̂.Thismeansthatu′′(̂x)≤0.Thusffromequation(3.10a),wegetthat

0≥u′′(̂x)=αu(̂x)(K[u](̂x))′. (3.165)

Butbothα≠0,andu(̂x)̸=0andthus(K[u])′≤0.
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Figure3.6: Exampleoffthenon-localoperatorK[u]andu′offasolutionoffequa-
tion(3.10a).Itisdemonstratedthatthesignoffbothtermsisalwaysthesame.The
dashedblacklinedenotesthelocationsoffthezerosoffK[u](x)andu′(x).

Corollary3.73. Supposeu(x)isanon-constantsolutionoffequation(3.10a)

thatachievesnon-zeromaximumat̂xthenthereexists̃xsuchthatK[u]′(̃x)=0.
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Prooff. Iffu(x)isasolution,thenitisu∈C3(S1
L).Thenduetoperiodicity

offthesolution,thereexistsx̄suchthatu(x)achievesa minimum. Hence,

ffromLemma3.72 wehavethat(K[u](̄x))′> 0and(K[u](̃x))′< 0,hence

bytheIntermediate Value Theoremthereexistsatleastonex1 suchthat

(K[u](x1))
′=0.
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Figure3.7:AcomparisionoffthesecondderivativeandK[u]′appliedtoasolution
u(x)offequation(3.10a).ThisdemonstratestheresultoffLemma3.76.Thedashed
blacklinedenotesthelocationsoffthezerosoffK[u]andu′.

Deinition3.74. Letu(x)beaffunction,wesaythat

•itisnon-locallyconvexwhenever(K[u](x))′≥0,

•itisnon-locallyconcavewhenever(K[u](x))′≤0.

Lemma3.75.Letu(x)beapositivesolutionoffequation(3.10a)fforα≥0,

then

u′(x)K[u](x)≥0. (3.166)

Foranexample,seeFig.3.6.

Prooff. Substitutingequation(3.151)intoequation(3.10a),weobtain

u′′(x)=α2u(x)(K[u](x))2+αu(x)(K[u])′, (3.167)
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notethattheirsttermontherighthandsideispositive,andthuswehave

that

u′′≥αu(x)(K[u])′. (3.168)

Thenusingequation(3.10a)andresult(3.168),weobtainthat

αu′(x)K[u](x)=u′′(x)−αu(x)(K[u](x))′≥0. (3.169)

Sinceα>0,weobtaintheresult.

Lemma3.76.Letu(x)beasolutionoffequation(3.10a),thenwehavethat

1.Iffu′′(x)≤0,then(K[u](x))′≤0,

2.Iff(K[u](x))′≥0,thenu′′(x)≥0.

Prooff. Prooffisbyequation(3.168).

3.5 Biffurcation Analysis

Wedeinetheffollowingffunctionspace

H2
B :=

{
u∈H2(S1

L):B[u,u′]=0
}

, (3.170)

whereB[·,·]wasdeinedinequation(3.44)andwedeinetheffollowingoperator

F:R×H2
B(S1

L)→ L2(S1
L)×R, (3.171a)

F[α,u]=

[
(−u′+αuK[u])′

A[u]−ū

]

. (3.171b)

Intheffollowing,wewillneedtheFŕechetderivativeoffF.

Lemma3.77.TheFŕechetderivativeDuF:R×H2
B → L(H2

B,L2×R)offthe

operatorF,isgivenby

DuF(α,u)[w]=

(
[−w′+α(uKh[w]+wK[u])]′

A[w]

)

, (3.172)

90



where

Kh[w]=

∫1

−1

h′(u(x+r))w(x+r)Ω(r)dr. (3.173)

Prooff. Letu,v,w∈H2
B,thenwecomputetheirstcomponentoffDuF.

(3.174)

F(α,u+w)−F(α,u)−DuF(α,u)[w]

=α

⎡

⎢
⎢
⎣

⎛

⎜
⎜
⎝u

∫1

−1

(h(u+w)−h(w)−h′(u)w)Ω(r)dr

  
I

⎞

⎟
⎟
⎠

′

+

⎛

⎜
⎜
⎝w

∫1

−1

(h(u+w)−h(u))Ω(r)dr

  
II

⎞

⎟
⎟
⎠

′⎤

⎥
⎥
⎦.

NotethatinthepreviousweonlyconsidertheirstcomponentoffF,because

thesecondcomponentistriviallyzero.NextwerequireaL2estimateoffthe

previousterm.Forthisweconsiderthetwotermsseparately(wedenotethem

byIandIIrespectively).

|(I)′|2≤∥I∥H1 ≤∥u∥H1∥w∥H1






h(u+w)−h(u)−h′(u)w

w






H1

. (3.175)

NowbyH1h(·)∈C2,hencewehavethat

lim
∥w∥→0






h(u+w)−h(u)−h′(u)w

w






H1

=0. (3.176)

Forthesecondterm,weproceedsimilarly

|(II)′|2≤∥II∥H1 ≤∥w∥H1∥h(u+w)−h(u)∥H1 ≤C∥w∥2
H1, (3.177)

wherefforthesecondlastinequality,weusedtheBanachalgebrapropertyoff

H1andLemma3.33.Finally,fforthelastinequalityweusedthepropertiesoff

h(u)(H3).
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Thus,weindthat

(3.178)

|F(α,u+w)−F(α,u)−DuF(α,u)[w]|2
∥w∥H2

≤∥u∥H1






h(u+w)−h(u)−h′(u)w

w






H1

+∥w∥H2,

andthen,wehavethat

lim
∥w∥→0

|F(α,u+w)−F(α,u)−DuF(α,u)[w]|2
∥w∥H2

=0. (3.179)

HenceDuF(α,u)istheFŕechetderivativeoffF.

Wethenproveaseriesoffpropertiesoff Fthatallowustoapplythetheorems

ffromSection3.2.

Lemma3.78.ForeachR ∋ū >0,theoperatorF bedeinedasinequa-

tion(3.171)hastheffollowingproperties:

1.F[α,ū]=0fforallα∈R.

2.Theirstcomponentoff F(α,u)mapsinto L2
0(S

1
L)(deinedin Deini-

tion3.25).

3.DuF(α,u)isFredholmwithindex0,fforeachα∈R.

4.F[α,u]isC1smooth.

5.DαuF(α,u)existsandiscontinuous.

Prooff. 1.Wenotethat K[̄u]=0,hencetheconclusionffollows.

2.Thisiseasilyseenbyintegratingtheequation,andusingtheperiodic

boundaryconditionsB.

3.TheFŕechetderivativeoffFwithrespecttouwasffoundinLemma3.77

tobe,

DuF(α,u)[w]=

(
(−w′+α(uKh[w]+wK[u]))′

A[w]

)

. (3.180)
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Wesplitthisoperatorlike,

DuF(α,u)[w]=T1(α,u)[w]+T2(α,u)[w] (3.181)

where

T1(α,u)[w]=

(
−w′′

0

)

, (3.182)

and

T2(α,u)[w]=

(
α(uKh[w]+wK[u])

′

A[w]

)

. (3.183)

T1(α,u)isFredholmwithindex0,byLemma3.28.

TheoperatorT2(α,u)iscompact.First,considertheirstcomponent

offT2.NowD:H
1→L2,w→w′iscontinuous.ThenletT(u)[w]=

uKh[w]+wK[u],whereu,w∈H
2
B.Sinceh

′(u)∈C1wehavethat

Kh[w]∈H
2
B.SinceH

2
BisaBanachalgebrawehavethatuKh[w]∈H

2
B

andwK[u]∈H2B.Since,H
2⊂⊂C1,wecanconcludethattheirst

componentisgivenbythecompositionD◦T(u)andhenceiscompact.

Forthesecondcomponentwelet(wn)⊂H
2bebounded,thenA[wn]=

1
L

∫L
0
wn(x)dx,butas(wn)⊂L

∞,wehavethatA[wn]isabounded

sequenceinRandthushasaconvergentsubsequence,makingAcompact.

Finally,werecallthewellknownresultsthatthecompactperturbationoff

aFredholmoperatorisFredholmwiththesameindex(seeTheorem3.5).

Hence,DuF(α,u)isFredholmwithindex0.

4.Forthiswehavetocheckthattheoperator

Du:u→DuF(α,u), (3.184)

iscontinuous.Forthissupposethatun→ uinH
2andnotethatthe

operatornorminthiscasefforanoperatorT∈L(H2,L2)isgivenby,

∥T∥= sup
∥w∥H2=1

|T[w]|2. (3.185)
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Thuswehavetoveriffythat|DuF(α,un)−DuF(α,u)|2→ 0. Wecompute

(3.186)
|DuF(α,un)−DuF(α,u)|2

=α

⏐
⏐
⏐
⏐
⏐
⏐

⎛

⎝w(K[un]−K[u])
  

I

⎞

⎠

′

+

⎛

⎝wK[un]−wK[u]
  

II

⎞

⎠

′⏐⏐
⏐
⏐
⏐
⏐
2

.

Then,weindthat

|I′|2≤∥I∥H1 ≤∥un

∫1

−1

[h′(un)−h′(u)]w(x+r)Ω(r)dr∥

+∥(un−u)

∫1

−1

h′(u)w(x+r)Ω(r)dr∥

≤M∥un−u∥(∥unK[w]∥+∥Kh[w]∥),

(3.187)

whereweusedthatsinceh′isdifferentiableit mustalsobeLipschitz

continuouswithconstantM.Thuswehavethat|(I)′| →0.

|II′|2≤∥I∥H1 ≤∥w∥






∫1

−1

[h(un)−h(u)]w(x+r)Ω(r)dr






H1

.(3.188)

Then,wehavethat

⏐
⏐
⏐
⏐

∫1

−1

[h(un)−h(u)]w(x+r)Ω(r)dr

⏐
⏐
⏐
⏐
p

≤|h(un)−h(u)|p≤C|un−u|p,

(3.189)

and

(3.190)

⏐
⏐
⏐
⏐

∫1

−1

[h′(un)un−h′(u)u]w(x+r)Ω(r)dr

⏐
⏐
⏐
⏐
p

≤|h′(un)un−h′(u)u|p≤C|h′|C0|un−u|p.

Hence,weobtainthat|(II)′| →0,andsowehaveffoundthatDuF(α,u)

iscontinuous.
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5.Wesimplycompute,toind

DαuF(α,u)=

(
(uKh[w]+wK[u])

′

0

)

. (3.191)

Itscontinuityffollowsffromtheargumentabove.

Remark3.79.NotethatLemma3.78impliesthatFsatisiesproperties(F1),

(F2)and(F3).

3.5.1 Symmetriesandequivariantlows

Fortheffollowingbiffurcationanalysiswewillrequireadetailedunderstandingoff

symmetriesoffoursolutions.Weusegrouptheorytodescribethesesymmetries.

Weobtaintheffollowingresult.

Lemma3.80.TheoperatorFdeinedinequation(3.171b)isequivariant

undertheactionsoffO(2),i.e.

F[α,γu]=γF[α,u], ∀γ∈O(2). (3.192)

Remark3.81.ThegroupO(2)isgeneratedbySO(2)andarelection.Inmore

detail,SO(2)canberepresentedinR2by

σθ=

(
cosθ −sinθ

sinθ cosθ

)

, θ∈[0,2π), (3.193)

andtherelectionisgivenby

ρ=

(
1 0

0 −1

)

. (3.194)

Itiseasytosee,thatthisgroupiscompactandhenceproper.Herewerepresent
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thegroupbyitsactiononffunctionsonS1
L by

σau(x)=u(x−a) translation,

ρu(x)=u(L−x) relection.
(3.195)

Intheffollowing,wewilldenoterelectionabouta∈S1
L by

ρau(x)=u(2a−x), (3.196)

itiseasytoseethatthisoperationisinO(2).Foranexample,seeFig.3.8.

0.0 0.5 1.0 1.5 2.0 2.5

Space[x]

0.0

0.5

1.0

1.5

2.0

u
(x

)

ShifftbyL/4

0.0 0.5 1.0 1.5 2.0 2.5

Space[x]

RelectthroughL/4

Figure3.8:Examplesofftheactionsoffσa(lefft)andρaand(right).Herea=L/4.
Inbothsubplots,theoriginalffunctionisshownindashedblack,whiletheshiffted
andrespectivelyrelectedffunctionsaresolid.

Fortheprooffoffthislemmawerequiretheffollowinglemmadescribinghow

thenon-localoperatorsbehavesunderactionsoffO(2).

Lemma3.82.Letthenon-localoperatorK[u]bedeinedasinDeinition3.1,

then

K[σθu]=σθK[u], K[ρau]=−ρaK[u], (3.197)

andfforthenon-localcurvatureoperator,wehavethat

(K[σθu])′=σθ(K[u])′, (K[ρau])′=ρa(K[u])′. (3.198)

Prooff. Theresultsfforσθaretrivial.Forρa,weirstdealwithK[u](x).Then,
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weindthat

K[ρau](x)=

∫1

0

[h(u(2a−x−r))−h(u(2a−x+r))]ω(r)dr

=−K[u](2a−x)=−ρa(K[u]).

(3.199)

Second,weshowthesamefforK[u]′usingasimplechangeoffvariables

K[ρau]
′=

(∫1

−1

−h(u(2a−x−r))Ω(r)dr

)′

=

(∫1

−1

−h(u(2a−x+y))Ω(y)dy

)′

=−K[u]′(2a−x)=ρaK[u]
′.

(3.200)

NowwecancompletetheprooffoffLemma3.80.

ProoffoffLemma3.80.TheelementsoffSO(2)aregivenbythetranslations.

Since
∂

∂x
u(x−a)=

∂

∂(x−a)
u(x−a), (3.201)

itistrivialtoseethatFisequivariantunderactionsoffelementsinSO(2).

NotethattoobtainallelementsinO(2)weonlyneedtherelectionthrough

a=L/2asdeinedinequation(3.195),weindthat

(ρv(x))′=(v(2a−x))′=−v′(2a−x)=−(ρv′)(x) (3.202)

andhence(ρv(x))′′=(ρv′′)(x).Forthenon-localtermweapplyLemma3.82

witha=L/2.Thensubstitutetheseintoequation(3.171b)andweobtainthe

result.

Notethatbecauseweareworkingonaperiodicdomain,weknowffrom

LemmaB.12thatbothsin(·)andcos(·)areeigenffunctionsoffthelineariza-

tionoffequation(3.10a),andhenceuponlinearizationoffF weexpectto

indeigenspacesspannedbyboth.Forbiffurcationwehowever,requireodd-

dimensionalnullspaces(hereone-dimensional).Here,wewillexploittheequiv-
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ariancewithrespecttorelectiontoreducethedimensionalityoffthenullspace.

Wedeineanewffunctionspace

H2
P :=

{
u∈H2

B(S1
L):u(x)=u(L−x)

}
. (3.203)

ItistheneasytoseethattheoperatorFnowmapsR×H2
P → L2

P ×R,since

iffu∈H2
P weindthat

F[α,u]=F[α,ρu]=ρF[α,u]. (3.204)

3.5.2 GeneralizedEigenvaluesoffF

DuetoLemma3.16,wehavethatpossiblebiffurcationpointsarethosethatare

generalizedeigenvaluesofftheFŕechetderivativeoffFevaluatedatthetrivial

solution(α,ū).Towork,withatrivialsolutionthatis(α,0)weintroducethe

ffollowingchangeoffvariables,

v(x):=u(x)−ū. (3.205)

Underthischangeoffvariable,theoperatorFbecomes

F[α,v]=

[
(−v′+α(v+̄u)K[v])′

A[v]

]

, (3.206)

anditsFŕechetderivativebecomes

DvF(α,v)[w]=

(
(−w′+α((v+̄u)Kh[w]+wK[v]))′

A[w]

)

. (3.207)

Notethatwetreatthisnowasanoperatorffamilyindexedbyα∈R.Inthe

nexttwolemmaswecharacterizethevaluesoffα,whichlieinthegeneralized

spectrumΣ(DuF(α,0)).

Lemma3.83.LettheoperatorF beasdeinedin(3.206),andletα>0.Its

FŕechetderivativehasbeenshowntoexistinLemma3.78.Mn(ω)denotesthe
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quantityintroducedinLemma3.51.Then,deine

αn:=
nπ

ūLMn(ω)h′(̄u)
fforn∈N. (3.208)

TheniffMn(ω)>0wehavethat

dimN[DvF(αn,̄u)]=1. (3.209)

Thus,thespectrumoffthelinearizationisgivenby

Σ(DvF(α,0))={αn:n∈N\{0}}. (3.210)

Remark 3.84.Notethatα=0isnotaneigenvalueoffDvF(α,0),sinceinthis

case,theonlysolutionoff(3.211)isthezerosolution.

Remark 3.85.NotethatsinceweassumethatL≥2wehavethatM1(ω)>0,

sincethenwehavethatsin
(

2πx
L

)
>0on(0,1)andω(r)≥0byassumption.

Thus,thereisalwaysonesuchbiffurcationpoint.

Prooff. ThenullspaceoffDvF(α,0)isgivenbythesolutionoffequation

⎧
⎨

⎩

−w′′+ᾱuh′(̄u)
(∫1

−1
w(x+r)Ω(r)dr

)′

=0in[0,L]

B[w,w′]=0, A[w]=0.
(3.211)

Wesolvethissystemusinganeigenffunction(seeLemmaB.12)ansatz.

w(x)=a0+
∞∑

n=1

ancos

(
2nπx

L

)

+
∞∑

n=1

bnsin

(
2nπx

L

)

, (3.212)

then,becauseA[w]=0wehavethata0=0andasw∈H2
P,wehavethat

bn=0,∀n∈N.Hence

w(x)=
∞∑

n=1

ancos

(
2nπx

L

)

, (3.213)
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whichisthensubstitutedintoequation(3.211)toobtain,

∞∑

n=1

ancos

(
2nπx

L

){

2ᾱuh′(̄u)

∫1

0

sin

(
2nπx

L

)

ω(r)dr−
2nπ

L

}

=0.

(3.214)

Hencetoobtainanontrivialsolutionwerequirethat,

{

ᾱuh′(̄u)

∫1

0

sin

(
2nπx

L

)

ω(r)dr−
nπ

L

}

=0. (3.215)

Hence,DvF(α,0)isnotanisomorphism,wheneverαequalsoneofftheffollowing

αn=
nπ

L̄uMn(ω)h′(̄u)
, (3.216)

whereMn(ω)isdeinedinequation(3.103).

Remark 3.86.Notethatthevaluesαn ffoundinLemma3.83areexactlythe

valuesatwhichaneigenvalueλoffthelinearoperator

v′′−ᾱu(K[u])′=λv (3.217)

crossesthrough0.

Lemma3.87.Letαn beageneralizedeigenvalueoffDvF(α,0)asffoundin

Lemma3.83.Thenwehavethat,

DαvF(αn,0)[un]/∈R[DvF(αn,0)]. (3.218)

whereun(x)istheeigenffunctioncorrespondingtoαn ffrom(3.208).

Prooff. Weproceedbycontradiction. Weassumethat

DαvF(αn,0)[un]∈R[DvF(αn,0)]. (3.219)

Thatmeans,thatthereisy∈R[DvF(αn,0)]andaz∈H2
B suchthat

DvF(αn,0)[z]=y. (3.220)
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Finally,thatyhastobe

DαvF(αn,0)[w]=

[
ūKh[w]′

0

]

. (3.221)

Thenequation(3.220)isequivalentto

⎧
⎨

⎩

−z′′+αn̄uh′(̄u)
(∫1

−1
w(x+r)Ω(r)dr

)′

=̄uKh[un]′ in[0,L]

B[z,z′]=0, A[z]=0.
(3.222)

Wenotethat(reffertoLemma3.56)

Kh[un]′=h′(̄u)

(
4πn

L

)

cos

(
2πnx

L

)

Mn(ω). (3.223)

Likeinthepreviouslemma,weonceagainusetheansatz

z(x)=
∞∑

j=1

tjcos

(
2πnx

L

)

. (3.224)

Uponsubstitutionintoequation(3.222),weobtain

(3.225)

∞∑

j=1

tj

(
4πj

L

)

cos

(
2πjx

L

){

Mj(ω)αn−
πj

L

}

=ūh′(̄u)

(
4πn

L

)

cos

(
2πnx

L

)

Mn(ω).

Thenthisequationhasasolutioniffandonlyifftj=0,∀j̸=nand

tn

{
αnMn(ω)̄uh′(̄u)−

πn

L

}
=̄uh′(̄u)Mn(ω), (3.226)

issatisied.Butαn= πn
ūh′(̄u)Mn(ω)L

,hencethetermontheleffthandsideiszero,

andwehaveffoundacontradiction.
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3.5.3 LocalBiffurcationResults

Basedonthepreviouslemmas,wecannowfformulatethelocalbiffurcation

result.

Theorem3.88.LetFbegivenasin(3.171).ThenbyLemma3.78,Lemma3.83

andLemma3.87allrequirementsoffTheorem3.17aresatisied.Thenthere

arecontinuousffunctions

(αk(s),uk(s)):(−δk,δk)→R×H
2
P (3.227)

withαk(0)=αksuchthat

uk(x,s)=̄u+sαkcos

(
2πkx

L

)

+o(s) (3.228)

where(αk(s),uk(s))isasolutionoffequation(3.10)andallnon-trivialsolutions

nearthebiffurcationpoint(αk,̄u)lieonthecurveΓk=(αk(s),uk(s)).

Prooff.TobeabletoapplyTheorem3.17wesetU=H2PandV=L
2
0,P×R(L

2
0,P

isthesub-spaceoffffunctionsinL2withthesymmetryasinequation(3.203)and

averagezeroasinequation(3.25))andW =H2P.Thentheoperatordeinedin

equation(3.206)satisiesallthepropertiesrequiredbyTheorem3.17.These

propertiesareprovedbyLemma3.78,Lemma3.83andLemma3.87.Finally,

werevertthechangeoffvariablesgiveninequation(3.205).

3.5.4 GlobalBiffurcation

Intheabove,weffoundthatbiffurcationsoccurat(αn,0)andthenon-trivial

eigenffunctionsoffDvF(αn,0)(seeequation(3.172))aregivenby

un(x)=cos

(
2πnx

L

)

. (3.229)

FollowingtheobservationsfforsomePDEs[73,83,84,85],thatsymmetriesoff

thebiffurcatingmodeunareconservedalongthebiffurcatingsolutionbranch,

wewillshowthatthisisthecasehereaswell.Forthiswedeinethesocalled
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isotropysubgroupassociatedwithun.Theisotropysubgroupcontainsallthe

groupactionsthatleaveuninvariant.

Σn:={γ∈O(2):γun=un}. (3.230)

Itiseasytosee,thatffortheeigenffunctionun(seeequation(3.229))theisotropy

subgroupisgivenby

Σn:=
{
σmL
n
,ρσmL

n
:m∈N,1≤m≤n

}
=Dn, (3.231)

whereDnisdihedralgroupofforder2n,whichisthegroupoffsymmetries

offregularpolygonswithnsides.Usingtheisotropysubgroup,wedeinethe

ixed-pointsubspaces(containingalltheffunctionsinvariantunderactionsoff

theisotropysubgroup).

H2Σn={u∈H
2:σu=u,∀σ∈Σn}

L2Σn={u∈L
2:σu=u,∀σ∈Σn}.

(3.232)

NotethatbothofftheabovespacesareagainBanach,sincebothareclosed

subspaces,whichffollowsffromtheffactthatΣnisatopologicalgroupandhence

theactiongeneratedbyσ∈Σniscontinuous.Thenfforeachn∈N,weobtain

aΣnreducedproblemoffFsuchthat

F:R×H2Σn→L
2
Σn×R, (3.233)

sincewheneveru∈H2Σn,wehavethat

F[α,u]=F[α,σu]=σF[α,u]. (3.234)

ThenthisproblemhasbiffurcationpointsgiveninLemma3.83atαkn,1≤k.

Lemma3.89.Supposethatu∈H2Σn,then

K[u]

(
mL

2n

)

=0, u′
(
mL

2n

)

=0. (3.235)
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Prooff. FromLemma3.82,wehavethat

K[ρau]=−ρaK[u]. (3.236)

Sinceu∈H2
Σn

,wehavethatρmL
2n

u=uandsoweindthat

K[u](x)=K[ρmL
2n

u]=−ρmL
2n

K[u](x)=−K[u]

(
mL

n
−x

)

, (3.237)

wherethelastequalityissimplytheapplicationoffρmL
2n

totheffunctionx→K[u](x).

Lettingx= mL
2n

,weobtainthat

K[u]

(
mL

2n

)

=−K[u]

(
mL

2n

)

. (3.238)

Remark3.90.Notethatiffu(x)isasolutionoffequation(3.10),thentheprevious

Lemma3.89ixesthelocationsoffitsmaximaandminima,sincewehavethat

u′(x)=0iffandonlyiffK[u](x)=0,ffromLemma3.72.

Remark 3.91.NotethatthesameresultasinLemma3.89hastoholdfforthe

secondderivativeoffthenon-localtermK[u]′′.Thatis,wehavethat

K[u]′′
(

mL

2n

)

=−K[u]′′
(

mL

2n

)

, (3.239)

andthuswemusthavethatK[u]′′
(

mL
2n

)
=0.

ThesymmetryimposedonΣnbythedihedralgroupmotivatestheffollowing

deinitionoffatilingoffthedomainS1
L.Intuitively,thetilingsegregatesthe

domainintopiecesonwhichtheffunctionu(x)isincreasinganddecreasing.

Deinition3.92. Forn∈Nwedeine,atileby

Ωi:=

(
iL

2n
,
(i+1)L

2n

)

,i=0,...,2n−1. (3.240)
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Then,wehavethat

S1
L =cl

(
2n−1⋃

i=0

Ωi

)

. (3.241)

Thepointsbetweentileswillbedenotedby

∂Ω=S1
L\

2n−1⋃

i=0

Ωi. (3.242)

Figure3.9:AtilingfforS1
L asdeinedinDeinition3.92andwheren∈N.Thesolid

componentsfformΩ1whilethedashedcomponentsfformΩ2.∂Ωisdenotedbythe
verticallines.

Usingthetiling,wenowdeineffunctionspacesthatcontainffunctionswith

alternatingregionsoffwheretheyareincreasinganddecreasing. Wemakethis

preciseintheffollowingdeinition.

Deinition3.93. Letn∈N,usingthetilingffromabovewedeine

Ω1:=
n−1⋃

i=0

Ω2i, Ω2:=
n−1⋃

i=0

Ω2i+1. (3.243)

Thenwedeinethespacesoffffunctionsthathaventilesonwhichtheyare

increasingandntilesonwhichtheyaredecreasing.Equivalently,theyarethe

spacesoffffunctionsfforwhichu′has2nsimplezeros,whicharelocatedon∂Ω

(thisismotivatedbyLemma3.89).

S+
n =

{
u∈C2:u′>0inΩ1,u′<0inΩ2,u′′(x)̸=0,x∈∂Ω

}
, (3.244)

and

S−
n =

{
u∈C2:u′<0inΩ1,u′>0inΩ2,u′′(x)̸=0,x∈∂Ω

}
. (3.245)

Remark3.94.ItiseasytoseethatbothS±
k arenonempty,sincecos

(
2πkx

L

)
∈S−

k,
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whilethenegativeoffthisffunctionisanelementoffS+k (seeFig.3.10).

Figure3.10:AnexampleoffaffunctioninS−2

Lemma3.95.Letu∈S±1∩H
2
Σ1
benon-constantandpositive.Furthersuppose

thath(u)=u,thenK[u](x)̸=0fforallx∈intΩ1,2.

Prooff.Withoutlossoffgenerality,wechoosethetilingoffthedomaintobe

suchthatu′>0onΩ1andu′<0onΩ2.Pick̃x∈intΩ1,thenwedenote

∂Ω1={xl,xr}and

rL:=|xl−x̃|, rR:=|xr−x̃|, (3.246)

TheniffrL,rR >1thenbythemonotonicityoffuwehavethatu(̃x−r)<

u(̃x+r),r∈(0,1)andthusK[u](̃x)̸=0.IffoneorbothoffrL,rR<1then

sinceL≥2wehavethat|Ω1|=L/2≥1,thusrL+rR≥1.SincewehaveΣ1

symmetry,weusetherelectiontomap̃x±rbackintoΩ1wheneverithitsthe

boundary∂Ω1.Forthiswerequiresomemorenotation(alsoseeFig.3.11).

R±:={̃x±r:r∈(0,1)}. (3.247)

ItisclearthatR+∩R−=∅,sinceL≥2.ThenthesetsthatarenotinΩ1,
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andhavetoberelectedbackaregivenby

R̂+ :={̃x+r:r∈(rR,1)}

R̂− :={̃x−r:r∈(rL,1)}.
(3.248)

Followingrelection,thesubsetsoffR̂± becometheffollowingsubsetsoffΩ1

R̃+ :={xR −r:r∈(0,1−rR)},

R̃− :={xL+r:r∈(0,1−rL)}.
(3.249)

Then,weclaimthat

x̃L :=supR̃− ≤inffR+ =:̃xR. (3.250)

Indeed,supposeotherwisei.e.x̃L >x̃R.Then,thismeansthat

xL+(1−rL)>xR −(1−rR). (3.251)

SolvingthisinequalityweobtainthatxR −xL < 1.Butthisisimpossible,

sinceL≥2.

Theprooffofftheclaimimpliesthatu(̃x−r)<u(̃x+r),r∈(0,1)andthus

K[u](̃x)̸=0.

Remark 3.96.NotethatLemma3.95onlyworksfforthelinearchoiceoffh(u).

Generalizingthisresulttononlinearffunctionsthatsatisiestheffairlygeneral

assumptionsH1–H4isnotstraightfforward.InSection3.5.6,wewilldiscussa

moreappropriatemethod,whichiffsuccessffulwillmakeLemma3.95superlu-

ous.

Theorem3.97. LetFbegivenasinequation(3.171)withh(u)=u.Thenffor

each̄u>0,thesetoffsolutionsoffequation(3.10a)containsaclosedconnected

setC⊂R×H2
Σ1

suchthat

1.Ccontains(α1(s),u1(x,s))ffors∈(−δ1,δ1).

2.Forany(α,u)∈C,wehavethatα>0,u>0.
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Figure3.11:ThesetupffortheprooffoffLemma3.95.

3.LetC=C+∪C−,arethesubcomponentsoffCinthepositiveandnegative

directionofftheeigenffunctiongivenin(3.229)withn=1.C± areclosed

andconnectedsubsetsoffCsuchthatC+∩C− = {(α1,̄u)}. Wedenote

C±
1 :=C±\{(α1,̄u)},andwehaveC+

1 ⊂R×S−
1,andthatC−

1 ⊂R×S+
1,

whereS±
1 aregivenbyequations(3.244)and(3.245).

4.Theunilateralbranches(C±)areunbounded,thatisfforanyα≥α1there

exists(α,u)∈C±.

Prooff. 1.FromTheorem3.21,itffollowsthatthereexiststhecomponentC,

whichisthemaximal,connectedandclosedsubsetofftheclosureoffthe

setoffnon-trivialsolutions,

S=
{

(α,u)∈R×H2
Σ1

:F(α,u)=0,u̸=̄u
}

. (3.252)

containing(α1,̄u),thisoffcourseisalsoaconsequenceoffTheorem3.88.

Thisproves1.

2.Since(α1,u)∈C,wehaveα1>0.Indeed,iffα≤0,thenbytheconnect-

ednessoffCtherewouldhavetobeapointinCatwhichα=0.Thus
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supposethat(0,u)∈C,butthenffromequation(3.10a)wehavethat

u≡ū.Thus(0,̄u)isabiffurcationpoint.ButthiscontradictsLemma3.83,

whichshowedthatallbiffurcationpointsarenon-zero.

Weshowthepositivityoff ubyconsidering

P:=
{

u∈H2
B:u>0inS1

L

}
, (3.253)

Then we wanttoshowthatC⊂ R×P. Weirstnotethat̄u∈ P

andbyTheorem3.88wehavethatthesolutioncomponentaroundthe

biffurcationpointisalsoinP.SinceCisconnectedandP isopen,we

havethatiffC ⊄R×P,thenthereexistsa(α,u)∈R×∂Psuchthat

0≤u.First,supposethatthereexistŝx∈S1
L suchthatu(̂x)=0.Then

notethatequation(3.10a)canbewrittenas,

{
−u′′+a(x)u′(x)+b(x)u(x)=0in[0,L]

B[u,u′]=0,
(3.254)

where

a(x)=αK[u](x) b(x)=αK[u′](x). (3.255)

DuetoProposition3.69,wehavethatbotha(x),b(x)∈C2(S1
L).Then,

themaximumprinciple(TheoremC.2)impliesthatu≡0.However,this

contradictstheintegralconstraintinequation(3.10),which musthold

onC.

Thuswehavethat,C⊂R×P.

3.ThenconsiderthedecompositionoffCintosubcontinasuchthatC+∩C− =

{(α1,̄u)}. Weclaimthat,C+
1 ⊂R×S−

1.Since,C+
1 isaconnectedtopolog-

icalspaceitsuicestoshowthatC+
1∩(R×S−

1)isnonempty,relatively

openandrelativelyclosedinC+
1.Thenweconcludethatthisspaceisall

offC+
1. Wesplittheprooffoffthisclaimintothreepieces.

(1)ToshowthatC+
1∩(R×S−

1)isnon-empty,wenotethatduetothe

localbiffurcationresultTheorem3.88fforsmallsthesolutionalongthe

branchisgivenbyequation(3.228)withn=1,thusthesolutionbranch
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isinC+
1∩(R×S−

1).

(2)ToshowthatC+
1∩(R×S−

1)isrelativelyopeninC+
1,weusesequential

openness(seeLemmaB.11).Let(̂α,û)∈C+
1∩(R×S−

1),andconsider

anysequence(αk,uk)⊂C+
1 convergentto(̂α,û).Thenwearelefftwith

showingthatthetailoffthissequenceiscontainedinC+
1∩(R×S−

1).

WithoutlossoffgeneralityconsiderΩ0:=[0,L/2](thetreatmentoffΩ1is

analogous).Sinceû∈S−
1 wehavethatû′<0onΩ0,andthatu′′≠0

on∂Ω0.Further,wemusthavethat̂u′isdecreasingatthelefftboundary

(xl=0),andincreasingattherightboundary(xr=L/2).Hence,we

havethat

û′′(xl)<0<û′′(xr). (3.256)

Figure3.12:Plotoffthederivativeu′.Thepointxkissuchthatu′(xk)=0,this
impliestheexistenceoffpointykatwhichu′′(yk)=0.

Sinceukconvergestôu,wehavethateventuallyu′
k≤0onΩ0.Suppose

thatthereexistaxkn (knasubsequenceoffk→ ∞)suchthatu′(xkn)=0.

Thisimpliesthatthereexistsykn suchthatu′′
k(ykn)=0(ykn ∈(xl,xkn)

orykn ∈(xkn,xr)). Withoutlossoffgeneralitysupposethatykn ∈(xl,xkn)

(seeFig.3.12).Since,̂u∈S−
1 we musthavethatxkn → xlask→ ∞,

whichimpliesthatykn → xl.Hence,wehavethatu′′(ykn)=0fforykn → xl
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contradicting(3.256).

(3)ToshowthatC+
1∩(R×S−

1)isrelativelyclosed,weconsiderthe

sequence(αk,uk)⊂ C+
1∩(R×S−

1)convergentto(̂α,û)∈ C+
1. Then

againconsiderΩ0suchthatu′
k<0,∀k.Thenwemusthavethat,̂u′≤0.

Supposethatthereexistsx̃∈ Ω0 suchthatû′(̃x) =0. This means,

sinceû′≤ 0,thatthatû′′(̃x) =0. Evaluatingequation(3.10a)and

equation(3.158)atx̃weobtainthat

K[̂u](̃x)=0, K[̂u]′(̃x)=0. (3.257)

Iffx∈intΩ0 andiffûisnon-constant,thenLemma3.95impliesthat

K[̂u](̃x)̸=0.Thuswehaveacontradiction.

Iffhowever̃x∈∂Ω0withû′(̃x),̂u′′(̃x)=0,thenevaluatingequation(3.10a)

atx̃weagainobtaintheresultsasinequation(3.257).Iff,however̂uis

non-constant,thenwithoutlossoffgeneralitysupposethatx̃=xl.Then

wehavethatû′(x)<0fforx<x̃andû′>0fforx>x̃.Since,L≥ 2

thedomainoffthenon-localtermK[u]′donotoverlap.Thenrefferring

tothenon-localcurvature(3.107)weeasilyconcludethatwemusthave

K[u]′(̃x)>0,whichisacontradictionto(3.257).

Together,theprevioustwoparagraphsexcludethepossibilitythatûis

anon-constantffunction.Iffontheotherhandûisconstant,then̂u≡ū,

ffromtheintegralconstraininequation(3.10).This meansthat(̂α,ū)

isabiffurcationpoint.Therefforewe musthavethat̂α= αk fforsome

N∋k≥1.Thecasek=1cannotoccursinceC+
1 doesnotcontain(α1,̄u).

Fork≥2wehaveffromthelocalbiffurcationresult(seeTheorem3.88)

thatinasmallneighborhoodoff(αk,̄u)thesolutionbranchmustbegiven

by(3.227).Butthis meansthatu′
k >0andu′

k <0onΩ0,whichisa

contradiction.Thus,C+
1∩(R×S−

1)isclosed.

Thus,wehaveproventhatC+
1 ⊂R×S−

1.ForC−
1 weproceedanalogously.

4.Theorem3.22impliesthatC± eachsatisiesoneofftheffollowingalterna-

tives:

iitisnotcompactinR×H2
Σ1

,
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iiitcontainsapoint(̂α,ū)whereα̂≠α1,

iiiitcontainsapoint(α,ū+̃u)whereũ∈Y\{0},

where

Y=

{

u∈H2Σ1:

∫L

0

u(x)cos

(
2πx

L

)

=0

}

. (3.258)

Iffalternativeiiholds,then̂αisabiffurcationpoint,whichisimpossible

afftertheprooffoff3.

Iffalternativeiiiholds,thenthereisa(α,ū+ũ)∈C±whereũ∈Y\{0}.

Thismeanstheffollowingholds,whereweintegratebyparts

0=

∫L

0

ũ(x)cos

(
2πx

L

)

dx=−
L

2π

∫L

0

ũ′(x)sin

(
2πx

L

)

dx (3.259)

thenwenotethatsin
(
2πx
L

)
andũ′havethesamezerosandsinceũ′′≠0

on∂Ωwehavethatũ′mustchangesignatthosepoints.Hencewehave

twocases.Iffsin
(
2πx
L

)
<0wheneverũ′<0,thenweindthat

ũ′(x)sin

(
2πx

L

)

>0,∀x (3.260)

andiffsin
(
2πx
L

)
>0,wheneverũ′<0,weindthat

ũ′(x)sin

(
2πx

L

)

<0,∀x (3.261)

Inbothcases,wethenindthat

∫L

0

ũ′(x)sin

(
2πx

L

)

dx̸=0 (3.262)

whichcontradictsequation(3.259).Therefforeonlyalternativeiholds,

andthusC±arenoncompact.

Finally,toshow4wenotethatsinceC±areconnecteditsprojectiononto

theαcoordinateareintervalscontainingα1.Fromthea-prioriestimate

fforpositivesolutionderivedinLemma3.70weindthatfforboundedα

thesolutionuisbounded.Inparticular,unifformlyboundedinC1.From
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equation

u′′=αu′K[u]+αuK[u]′, (3.263)

wethenalsohavethatu′′isbounded,sinceuandu′arebounded.Iterating

thisprocessonemoretimefforu′′′,weconsiderequation

u′′′=αu′′K[u]+2αu′K[u]′+αuK[u]′′. (3.264)

Theirsttwotermsontherighthandsidearebounded,andthesecond-

derivativeoffK[u]isalsoboundedsinceu∈C3andh(·)∈C2.Henceuis

boundedinthenormoffC3andhenceH3fforboundedα.ButH3⊂⊂H2,

thusC± arecompactinR×H2acontradiction.Thustheαcoordinate

mustbeunbounded.

Remark 3.98.Notethatinpart3offtheprooffoffTheorem3.97wecannotuse

thesymmetryofftheffunctionspaceH2
P toshowthatC+

1∩(R×S−
1)isbothopen

andclosed.Thisisbecausetheimposedsymmetryonlyrestrictthesolution’s

(u(x))behaviouronthetileboundaries,andnotintheinterioroffagiventile.

Remark 3.99.ThemostchallengingpartofftheprooffoffTheorem3.97wasto

showthatC+
1∩(R×S−

1)isrelativelyclosed(seepart3offtheprooff).There

theargumentdependedontheresultoffLemma3.95.Inotherwords,the

mathematicalpropertiesoffthenon-localtermK[u]leadtheproofftosuccess.

Furthermore,wenotethatthisisstepiswhatlimitstheresultoffTheorem3.97

toonlytheirstbiffurcationbranchandlinearh(u).

IffwecangeneralizetheprooffthatC+
1∩(R×S−

1)isrelativelyclosed,Theo-

rem3.97wouldbevalidfforallbiffurcationbranches.Thiswouldmeanthatthe

resultsoffTheorem3.97parallelthoseobtainedbyRabinowitz[143]ffornonlin-

earSturm-LiouvilleequationsandHealeyetal.[84]ffornonlinearequivariant

ellipticequations.

3.5.5 Degenerate Case

Supposethatω≡ 1/2 andthatL=2kRwherek∈N.Thenwehavethe

ffollowingresult,indicatingadegeneratesituation.
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Lemma3.100.LetL=2k,fforN∋k>0,andω(r)≡1/2,thenfforn∈N

suchthatn
k
isaneveninteger,wehavethat

Mn(ω)=0. (3.265)

ThesigniicanceoffMn(ω)beingzeroisthatunderthosecircumstances

(αn,̄u)isnotabiffurcationpointoffequation(3.171b).Sincewehadtoas-

sumethatMn(ω)ispositiveintheresultoffLemma3.83.Thusunderthose

circumstancesitisimpossibletoobtainsteady-statesolutionshavingn-peaks.

ProoffoffLemma3.100.ThetermMn(ω)isintroducedinequation(3.103),as

Mn(ω)=

∫1

0

sin

(
2πnx

L

)

ω(r)dr=
1

2

∫1

0

sin
(πnx

k

)
dr, (3.266)

thenthisiszerowhenevern
k
isaneveninteger.

3.5.6 Thoughtsongeneralizingthepreviousprooff

AunresolvedchallengeintheprooffoffTheorem3.97istogeneralizetheprooff

thatshowsthatC+1∩(R×S
−
1)isrelativelyclosed(seepart3intheprooff).This

prooffwouldbeconsiderablymoregeneraliffamaximumprinciplecouldbe

applied(e.g.TheoremC.3).Remark3.91suggeststhatthesignoffthesecond

derivativeoffthenon-localtermK[u]changesatthesamepointsasK[u].This

observationmotivatestheffollowingapproach.

Sincewehavethatu∈C3(S1L)wehavethatu
′′′existsandiscontinuous,

thuswecandifferentiateequation(3.10),toobtain

u′′′−αu′′K[u]−2αu′K[u]′=αuK[u]′′. (3.267)

Nowwedenotew=u′,and

a(x):=−αK[u](x), b(x):=−2αK[u]′(x). (3.268)
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Then,weobtaintheffollowinglinearnon-homogeneousellipticequation

w′′(x)+a(x)w′(x)+b(x)w(x)=αu(x)K[u]′′. (3.269)

NowsupposethatweareonatilingΩionwhichw≥0,andthatthereexists

apointx∈intΩisuchthatw(x)=0.ThentoapplyTheoremC.4,weneed

thattherighthandsideoffequation(3.269)benon-positive.Indeed,numerical

simulationstogetherwithRemark3.91,suggestthat

u′(x)K[u]′′(x)≤0, (3.270)

thusiffw≥0,thiswouldimplythatK[u]′′≤0(seeFig.3.13fforanumerical

example).Then,sinceu>0,wehavethattherighthandsideoffequation(3.269)

isnon-positive. Hence,Theorem C.4canbeapplied,toobtainthateither

w≡0orw>0.Butiffw≡0,thenu≡ūandhencewemustbelocatedata

biffurcationpoint,whichwasexcludedintheprooffoffTheorem3.97.Thus,we

indthatw>0contradictingourassumption.

0.0 0.5 1.0 1.5 2.0

Spacex

0.5

1.0

1.5

2.0

u
(x

)

0.0 0.5 1.0 1.5 2.0

Spacex

−6

−4

−2

0

2

4

6

Fu
nc

ti
o
n

va
l
ue

s
y

u′(x)

K[u]

K[u]′′

Figure3.13: Aplotdemonstratingequation(3.270). Onthelefft,asteady-state
solutionu(x)offequation(3.10)isshown,fforwhich,ontheright,wecomputeK[u],
K[u]′′,andu′.ThedashedblacklinedenotesthelocationoffthezerosoffK[u].

Thusitremainstoprovethatinequality(3.270)isindeedcorrect.Apossible
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approachwouldbetoshowthatK[u]ismid-pointconvex(concave);thenthe

continuityoffK[u]wouldimplyconvexity(concavity),andwehavetheresultoff

equation(3.270).ThentheprooffoffTheorem3.97willworkfforanybiffurcation

branchandanynonlinearffunctionh(u)satisffyingassumptionsH1–H4.

Inthiscase,thecompleteseparationofftheunboundedglobalbiffurcation

branchesisaresultoffthe“ffrozen”zerosoffthesolution’sderivative.Critical

ffortheresultwastheffactthatthenon-localtermK[u]sharesitszeroswith

theclassicalderivative.

3.6 Stabilityoffbiffurcatingbranch

Westudythestabilityandthetypeofftheirstbiffurcatingbranch.Notethat

thisworkislimitedtothecaseh(u)=uaswemakeheavyuseoffLemma3.51

andLemma3.56.

Fromearliersections,wecandecomposetheffunctionspaceH2Pintotwo

pieces,

H2P(S
1
L)=span

{

cos

(
2πx

L

)}

⊕Y, (3.271)

wherecos
(
2πx
L

)
spansthenullspaceoffDvF(α1,0),andwhere

Y=

{

u∈H2p(S
1
L):

∫L

0

u(x)cos

(
2πx

L

)

dx=0

}

. (3.272)

Theorem3.101.SupposethatalltheassumptionsoffTheorem3.97aresatis-

ied.ThentheirstbiffurcationbranchΓ1around(α1,̄u)islocallyparameterized

by

[
u1(x,s)

α1(s)

]

=

[
ū

α1

]

+s

[
α1

0

]

sin

(
2πx

L

)

+s2

[
p1(x)

α̃3

]

+o(s2) (3.273)

ffors∈(−δ,δ),wherep1(x)isdeterminedabove.Thenthedirectionoffthe

biffurcationisdeterminedbythesignoffα̃3anditisapitchfforktypebiffurcation

asα′1(0)=0.
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Thevalueoffα̃3canbecomputedffrom

α̃3=
1

2

( π

ū2L

)2 1

M1(ω)(2M1(ω)−M2(ω))
, (3.274)

whereMn(ω)isdeinedinLemma3.51.

Prooff. ThenffromTheorem3.19wehavethatthebiffurcatingbranchesareoff

classC3inparticular(α(s),u(x,s))∈C3withrespecttos.Thenwecanwrite

anasymptoticexpansionoff(u(x,s),α(s))ffortheirstbiffurcationbranch(see

Theorem3.88),thatis,

u(s,x)=̄u+sα1sin

(
2πx

L

)

+s2p1(x)+s3p2(x)+o(s3)

α(s)=α1+s̃α2+s2α̃3+o(s3),

(3.275)

wherepi∈Y.SinceA[u(s,x)]=Lu∗,wehavethatA[pi]=0.Intheffollowing,

wewilldenoteu1=cos
(

2πx
L

)
.Fortheffollowingdiscussion,wewillalsoneed

ffourierexpressionsffortheffunctionspi(x).Thatis,weexpressbothby

pi(x)=
∞∑

n=2

bi
ncos

(
2πnx

L

)

. (3.276)

Thenwesubstitutetheasymptoticexpansionintoequation(3.10a),andwe

grouptheresultbyassociatingtermsoffequalpowersoffs.

Thetermsoffordersgive

α1u
′′
1−α2

1̄uK[u′
1]=0. (3.277)

Itisstraightfforwardtoveriffythatthisequationissatisiedpreciselywhen

α1isabiffurcationpoint(seeLemma3.83).Intheffollowing,weuseroman

numerical(i.e.I)toreffertotheprojectedvariantsoffthetermsshownbelow.

Thetermsofforders2give

p′′
1(x)


I

−α1ūK[p′
1]

II

+α2
1(u1K[u1])

′

  
III

−α1̃α2ūK[u′
1]

IV

=0. (3.278)
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Firstweshowthatα̃2=0.Indeed,byprojectingequation(3.278)ontothe

nullspaceoffDvF(α,0),wewillobtaintheresult. Wewillshowtheworkterm

byterminorderastheyappearinequation(3.278).First,

I=

∫L

0

p′′1(x)cos

(
2πx

L

)

dx=0 (3.279)

byintegrationbyparts.Forthesecondterm,weapplytheresultsoffLemma3.56

toobtain

K[p′1](x)=−2

∞∑

n=2

Mn(ω)
2πn

L
b1ncos

(
2πnx

L

)

. (3.280)

Thenprojectingthosetermsonthenullspaceeasilyshowsthat

II=0. (3.281)

Weproceedsimilarlyfforthethirdterm.UsingLemma3.51,weobtain

III=

∫L

0

(u1K[u1])
′cos

(
2πx

L

)

dx=
2π

L

∫L

0

u1K[u1]sin

(
2πx

L

)

dx

=−
4π

L
M1(ω)

∫L

0

sin2
(
2πx

L

)

cos

(
2πx

L

)

dx=0.

(3.282)

Finally,ffortheffourthterm,usingLemma3.56,weobtain

IV=−2M1(ω)
2π

L

∫L

0

cos2
(
2πx

L

)

dx=−2M1(ω)π. (3.283)

Substitutingalltheseresultsintoequation(3.278),weobtainthat

α̃2=0. (3.284)

Thetermsofforders3,withthetermsinvolvingα̃3,are

p′′2(x)
I

−α1ūK[p
′
2]

II

−α21(u1K[p1])
′

  
III

−α21(p1K[u1])
′

  
IV

−α1̃α3ūK[u
′
1]

V

=0.(3.285)

AgainweprojectthisequationontothenullspaceoffDvF(α,0)termbyterm.
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Theirsttermis

I=

∫L

0

p′′2(x)cos

(
2πx

L

)

dx=0. (3.286)

Thesecondterm,projectedontothenullspaceisgivenby

II=−2

∫L

0

cos

(
2πx

L

) ∞∑

n=2

Mn(ω)
2πn

L
b2ncos

(
2πnx

L

)

. (3.287)

Evaluatingthis,weobtain

II=0. (3.288)

Forthethirdterm,wecompute

III=

∫L

0

(u1K[u1])
′cos

(
2πx

L

)

dx. (3.289)

Wenotethat,usingLemma3.51wehavethat

(u1K[u1])
′=−M1(ω)

4π

L
cos

(
4πx

L

)

, (3.290)

anditiseasytoseethatIIIisorthogonaltocos
(
4πx
L

)
.

Theffourthtermismoreinteresting.Followingintegrationbyparts,we

obtain

IV=
2π

L

∫L

0

p1(x)K[u1]sin

(
2πx

L

)

dx. (3.291)

Inthiscase,ffollowingintegrationbypartsweencountertermsoffthefform

∫L

0

cos

(
2πnx

L

)

sin2
(
2πx

L

)

dx=

⎧
⎨

⎩

0 iffn≠2

−L/4iffn=2.
(3.292)

Thencollectingalltheterms,weobtain

IV=πM1(ω)b
1
2. (3.293)
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Finally,wedealwiththelastterm,

V=

∫L

0

K[u1]
′cos

(
2πx

L

)

dx

=−2M1(ω)
2π

L

∫L

0

cos2

(
2πx

L

)

dx=−2M1(ω)π.

(3.294)

Hencesolvingfforα̃3weobtain

α̃3=
α1

ū

∫L

0

p1(x)cos

(
4πx

L

)

dx

  
b1

2

. (3.295)

Thusnextwewillhavetoindb1
2.

Toindthiscoeicient,wesimplysolvetheequationofforders2fforp1(x),

andrecallingtheresultffromequation(3.290),wethenobtain

p′′
1(x)−ūα1K[p′

1]=α2
1(u1K[u1])

′=α2
1

4π

L
M1(ω)cos

(
4πx

L

)

. (3.296)

UsingtheFourierexpansion(3.276)offp1(x)andsubstitutingitintothepre-

viousequationandmatchingmodes,weobtain

b1
2=

π

2̄u2L(2M1(ω)−M2(ω))
, (3.297)

whichwecansubstituteintoourexpressionfforα̃3. Weindthat

α̃3=
1

2

( π

ū2L

)2 1

M1(ω)(2M1(ω)−M2(ω))
. (3.298)

Example3.102.Supposethatωischosentobetheunifformffunctioni.e.O1,

thenffromExample3.59wecancomputeMn(ω).Usingthisinfformation,we

cancomputeα̃3.Inthiscase,weindthat

α̃3=
(π

ūL

)4 1

sin6
(

π
L

), (3.299)
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whichisalwayspositive.

ThensupposethatL=2,̄u=1,thenweindthat

α1=
π2

2
, α̃3=

(π

2

)4

. (3.300)

AbiffurcationdiagramfforthissituationisshowninFig.3.14.

Figure3.14:Samplebiffurcationdiagramoffthesupercriticalpitchfforkbiffurcation,
i.e.,wehavethatα̃3>0andhaveaswitchoffstabilityatthebiffurcationpoint.
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Figure3.15:Samplebiffurcationdiagramoffthesubcriticalpitchfforkbiffurcation,
i.e.,wehavethatα̃3<0andaswitchoffstabilitythatoccurslater.

3.6.1 Stabilityoffsolutions

SoffarwehavestudiedthesetoffsolutionsofftheequationF[α,u]=0,which

arethesteadystatesofftheevolutionequation

du

dt
=F[α,u]. (3.301)

Inthissection,weareinterestedinthelinearstabilityoffthesesteadystate

solutions.Thelinearstabilityoffsuchasolution,alongasolutionbranch,is

determinedbythesignofftheeigenvalueoffDuF(α(s),u(s)).Aneigenvalue

perturbationresultprovenin[36],showsthattheeigenvaluealongthetrivial

solutionbranchisrelatedtotheeigenvaluesalongthenon-trivialsolution
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branchnearabiffurcationpoint.Anapplicationoffthemainresultoff[36]isthe

goaloffthissubsection.Againwelimitthistotheirstsolutionbranch.The

eigenvalueproblemlinearizedaroundthebiffurcationpoint(α1,̄u)isgivenby

−w′′+α1(s)(wK[u1]+u1K[w])′=λw. (3.302)

When s=0,u1(0)=̄u,wehavethat

−w′′+α1̄u(K[w])′=λw. (3.303)

Lemma3.103.Theeigenvaluesoffequation(3.303)aregivenby

λn=

⎧
⎨

⎩

0 iffn=1
(

2π
L

)2
(
n2−Mn(ω)

M1(ω)

)
iffn>1

. (3.304)

SinceMn(ω)→ 0asn→ ∞,weseethatλn → ∞ asn→ ∞,andλ1isan

isolatedeigenvalue.

Prooff. ApplyLemma3.56andLemma3.58.

Remark 3.104.Let’sdenotethesetoffeigenvalueoffequation(3.303)byΛ.

ThenwheneverMn(ω)iswellbehavedmeaningthatλn>0fforn≥2,i.e.,

⏐
⏐
⏐
⏐
Mn(ω)

M1(ω)

⏐
⏐
⏐
⏐<n2. (3.305)

Thenthereexistsδ̂>0smallsuchthat,

Λ∩{λ∈C:Reλ≤δ̂}={0}. (3.306)

Notethatthisdoesnotholdingeneralasevenwhenω≡1/2,sincewehave

thatM1(ω)→ 0asL→ ∞.

Example3.105.Supposethatωischosentobetheunifformffunction,i.e.O1

(seeSection3.3.3).ThenMn(ω)wascomputedinExample3.59.Inthiscase,
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weindthat
Mn(ω)

M1(ω)
=

1

n

sin2
(

πn
L

)

sin2
(

π
L

). (3.307)

IffwechooseL=2,weindthat

Mn(ω)

M1(ω)
=

⎧
⎨

⎩

(−1)n+1

n
iffnodd

0 else
. (3.308)

Henceinthiscase,Mn(ω)iswell-deinedasdiscussedinRemark3.104.

Toapplytheresultsoff[36]weneedtointroducetheffollowingdeinition,

andshowthatourproblemsatisiesit.

Deinition3.106 (Deinition1.2[36]).LetT,M∈ L(X,Y).Thenµ∈Ris

aM -simpleeigenvalueoffTiff

dimN[T −µM ]=codimR[T −µM ]=1, (3.309)

andiffN[T −µM ]=span{x0}wehavethat

M x0/∈R[T −µM ]. (3.310)

Forthepurposehere,wedeinetheoperatorM :H2→ L2
0×Rby

M [w]=

(
w(x)− 1

L

∫L

0
w(x)dx

0

)

. (3.311)

Lemma3.107.λ=0isaM -simpleeigenvalueoffDuF(α1,̄u).

Prooff. RecallthatDuF(α1,̄u):H2→ L2
0×RisFredholmwithindex0.Thus,

theoperatorsatisiestheirstconditioninDeinition3.106. Weshowthesecond

conditionbycontradiction.Supposethat

M [u1]∈R[DuF(α,ū)]={u∈L2:

∫L

0

u(x)dx=0}. (3.312)
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Inotherwords,thereexistsw∈H2suchthat

{
−w′′+α1̄uK[w]

′=α1cos
(
2πx
L

)
in[0,L]

A(w)=0.
(3.313)

Weexpand w(x)usingaFourierseries

w(x)=
∞∑

n=1

wncos

(
2πnx

L

)

, (3.314)

andsubstitutethatintoequation(3.313). Wethenobtaintheequation

n

(
2π

L

)2[

n−
Mn(ω)

M1(ω)

]

=

⎧
⎨

⎩

0 iffn≠1

α1 iffn=1,
(3.315)

whichleadstoacontradictionwhenn=1.

Theorem3.108.LetalltheassumptionsoffTheorem3.97,andoffequation(3.305)

hold.Thenfforanyū>0,andffors∈(−δ,0)∪(0,δ)thesteadystateu(s,x)

givenbyequation(3.228)off(3.10a)isasymptoticallystableintheclassoffffunc-

tionssuchthat
∫L
0
u(x)dx=̄u,whenever̃α3>0andunstablewhenα̃3<0.

Prooff.Nowwearereadytoapply[36Theorem1.16].Thatimpliesthatthere

areopenintervalsI,Jwithα1∈I,0∈J,chosensuchthat

γ:I→R µ:I→R, (3.316)

suchthat

γ(α1)=µ(0)=0, (3.317)

and

u:J→H2 w:J→H2 (3.318)

suchthat

u(α1)=u1=w(0), u(α)−u1∈Y, w(s)−u1∈Y. (3.319)
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Thenwehavetwoeigenvalueproblems

DuF[α,ū](u(α))=γ(α)M[u(α)] (3.320)

DuF[α(s),u(s)](w(α))=µ(s)M[w(s)]. (3.321)

Whenever µ(s)̸=0,wehavethat

lim
s→0,µ(s)̸=0

−sα′(s)γ′(α1)

µ(s)
=1. (3.322)

Thuswearelefftwithcomputingγ′(α1).Intheffollowing,weuseromannumer-

ical(i.e.I)toreffertotheprojectedvariantsoffthetermsshownbelow.For

thisreason,wedifferentiateequation(3.320)withrespecttoαandthenset

α=α1toobtain

−ẇ′′

I

+̄uK[u1]
′


II

+α1̄uK[̇w]
′

  
III

=γ′(α1)u1
  

IV

. (3.323)

Thenwemultiplythisequationbyu1andintegratebyparts. Weobtainthe

ffollowingresultsterm-wise.Theirsttermgivesus

I=

(
2π

L

)2∫L

0

ẇsin

(
2πx

L

)

dx. (3.324)

Thesecondtermgivesus,recallingtheresultffromLemma3.56

II=−2̄uπM1(ω). (3.325)

Thethirdtermgivesus,applyingLemma3.46andLemma3.51,that

III=
2π

L

(

K[̇w],sin

(
2πx

L

))

L2
=−

(

ẇ,K

[

sin

(
2πx

L

)])

L2

=
−4π

L
M1(ω)

∫L

0

ẇcos

(
2πx

L

)

dx.

(3.326)
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Finally,thelasttermgives

IV=γ′(α1)
L

2
. (3.327)

Combiningallthetermsweget

[(
2π

L

)2

−α1̄u
4π

L
M1(ω)

]

  
V

∫L

0

ẇcos

(
2πx

L

)

dx−2̄uπM1(ω)=γ′(α1)
L

2
.

(3.328)

Notethatwhensubstitutingα1intoV,weseethatthistermiszero,andthus

weobtain

γ′(α1)=−

(
2π

L

)2
1

α1

. (3.329)

Thensubstitutingwhatweffoundintoequation(3.322),weindthat

lim
s→0,µ(s)̸=0

2

α1

(
2πs

L

)2
α̃3

µ(s)
=1. (3.330)

Thusweconclude,that

sgnµ(s)=sgñα3, (3.331)

ffors∈(0,δ)∪(−δ,0).

Thenwheneverα̃3<0,itdirectlyffollowsthatthenearlybiffurcatedbranch

islinearlyunstable.Iffα3 > 0,andiffcondition(3.305)holds,wehavethat

noeigenvaluesbutthezeroeigenvalueareinthatset.Hence,byeigenvalue

perturbation,theresultffollows.

3.6.2 Comparisontodispersionrelation

Classically,todeterminetheinstabilityoffthehomogeneoussteadystateone

derivesthedispersionrelation. Let’sdothesamefforequation(3.7). Let

u(x,t)=̄u+v(x,t),wherev(x,t)isasmallperturbation.Uponsubstitution
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offu(x,t)intoequation(3.7),andneglectingthenonlineartermsweobtain

vt(x,t)=vxx(x,t)−ᾱu

(∫1

−1

v(x+r)Ω(r)dr

)

x

. (3.332)

Nowletv∼eikx+λt,wherekandλarethewavenumberandffrequencyrespec-

tively,thenweobtain

λ(k)=−k2−ᾱuik

∫1

−1

eikrΩ(r)dr. (3.333)

Uponusingtheevennessoffω(r)wecansimpliffytheintegraltermtoobtain

λ(k)=−k2+2ᾱuk

∫1

0

sin(kr)ω(r)dr. (3.334)

Thenfforaggregationstofform,werequirethatReλ(k)>0fforsomek.Hence,

suchakhastosatisffytheinequality

k

∫1

0

sin(kr)ω(r)dr>
k2

2ᾱu
. (3.335)

Ontheboundeddomain[0,L]theaccessible wavenumbersare2πn/L.Iff

Mn(ω)> 0,then wecanindthecriticalnumbersαn,whicharegivenby

α>
πn

L̄uMn(ω)
. (3.336)

ThesecoincideexactlywiththoseffoundinLemma3.83.

3.7 Numerical Veriication

Inthissectionwedemonstratesometypicalpatternfformationexperiencedby

equation(3.2).
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3.7.1 Numericalimplementation

Theparabolicequation(3.2)issolvedusingamethodofflinesapproachbased

onainitevolumemethodwhichisdescribedin[65].Thenon-localtermis

eicientlyimplementedusingtheffastFouriertransfformtechniqueintroducedin

[68].AsanintegratorfforthemethodofflinesweusetheROWMAPintegrator

introducedby[174]andpublishedontheirhomepage3.Thisintegratorwas

wrappedusingff2py4intoascipy5class. Wethenimplementedamethodoff

linesontopofftheROWMAPintegratorusingNumPy6.

ModelParameter Value

DomainSizeL 2.0
Domainsubdivisionsperunit
length

1024

DiffusioncoeicientD 1.0
Adhesionstrengthcoeicientα 6.0
SensingradiusR 1.0
Initialconditions(IC) 1+κsin(x)

Table3.1:Parametersfforlong-timecelladhesionsimulationstoobtainthesteady
statesoffequation(3.2).

3.7.2 Results

Example3.109.Wecontinuetheexamplewith L=2andunifformω(see

Example3.59andExample3.102).SinceinthisparticularcaseMn(ω)ffor

evenniszero,only(αn,̄u)withoddnarebiffurcationpoints.Thusweonly

havesolutionswithoddnumberoffpeaksinthiscase.Thesteadystatesarising

ffromtheirsttwobiffurcationsareshowninFig.3.17.

InFig.3.18weshowtheshort-timeevolutionoffequation(3.2)thatleads

tothesinglepeaksteadystateshowninFig.3.16.Thelong-timeevolutionis

3http://www.mathematik.uni-halle.de/wissenschafftliches_rechnen/fforschung/
sofftware/
4https://docs.scipy.org/doc/numpy-dev/ff2py/
5https://www.scipy.org/
6www.numpy.org
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showninFig.3.19,whichclearlyisarotatingwave.Sinceweusedperiodic

boundaryconditionsitisnotsurprisingtoobserverotatingwaves.Indeedthey

arecommonlyobservedinreactiondiffusionequationswithperiodicboundary

conditions[118].

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

Spacex

0.5

1.0

1.5

2.0

u
(x

)

Figure3.16:Thetypicalsinglepeaksteadystateequationthatisfformedfforα=6.
Thusslightlyabovetheirstbiffurcationpoint.Theblackdashedlinesdenotethe
locationsoffthezerosoffK[u]andu′(x).

3.7.3 Numericalshortcomings

Hereweobtainedthesteadystatesoffequation (3.2)byallowingthetime-

dependentproblemtoreachsteadystates.However,thesteadystatesoffmany

otherPDEsystemscanbesolvedffordirectly(i.e. withoutsolvingtheffull

time-dependentequation).Commonlynumericalschemesdevelopedusingthe

approachoffinitedifferenceoriniteelementsareemployed(e.g.Fenics7).For

nonlinearequationsthesemethodsarethencombinedwithaniterationtech-

niques(suchasnewton-methodlikeoperators)toyieldsolutions. However,

usingtheimplementationsoffthesetechniquesinestablishednumericalfframe-

workssuchasFenics,tosolveournonlinearnon-localsteadystateequationis

notstraightfforward.Itmaywellbethatcustomsolutionsarerequiredhere.

7www.ffenics.org

130



0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

Spacex

0

2

4

6

8
u
(x

)

Figure3.17:Thetypicaltriplepeaksteadystateequationthatisfformedfforα=150.
Thusslightlyabovetheirstbiffurcationpoint.Theblackdashedlinesdenotethe
locationsoffthezerosoffK[u]andu′(x).

Figure3.18:Short-timedynamicsoffequation(3.2)showingthefformationoffthe
singlepeaksteadystateshowninFig.3.16.
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Figure3.19:Longtimenumericalsolutionsoffequation(3.2),solvedusingainite-
volumediscretization.

3.8 Discussion

Inthischapter,Iexploredthesetoffsteady-statesolutionsoffthenon-localequa-

tionoffcell-celladhesion(3.2)onanintervalwithperiodicboundaryconditions.

Thesteadystatesaresolutionsoffequation(3.10),offwhichtheconstantffunc-

tionisanobvioussolutionfforallvaluesoffα.Usingglobalbiffurcationtheory

pioneeredbyCrandallandRabinowitz(outlinedinSection3.5),weidentiied

biffurcationpointsatwhichbranchesoffnon-trivialsolutionssplitffromthe

branchofftrivialsolutions.ToapplythebiffurcationtheoryoutlinedinSec-

tion3.5,wecastequation(3.10)asanabstractoperatorequationF[u]=0(see

equation(3.171)),whoselinearizationisshowntobeaFredholmoperatorwith

indexzero.ToensurethatthetrivialeigenspacesoffthelinearizationDuFat

possiblebiffurcationpointsareone-dimensional,weimposedthatsolutionsbe

relectionsymmetricthroughthedomaincentre.Sincethedomainisperiodic,

thisdoesnotreducethesizeoffF−1(0).(Indeed,itisequivalenttothewell-

knowndecompositionoffanyperiodicffunctionu∈H1intou=ū+vwhere
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v∈H1
0).Then,usingFourierseriesexpansions,weestablishtheexistenceoff

thebiffurcationpoints(αn,̄u),wheneverthequantityMn(ω)>0.Thisquantity

canbeinterpretedasthen-thFouriersinecoeicientoffω.Then,applying

thelocalbiffurcationtheorem(Theorem3.17)offCrandall,Rabinowitzleads

toourlocalbiffurcationresultTheorem3.88. Whilesuchalocalbiffurcation

analysisiswellestablishedintheliterature,thetruechallengeherewasthe

establishmentofftherequiredtechnicalpropertiesoffthenon-localtermK[u]

(seeSection3.3.2).

Theglobalbiffurcationresultffortheirstsolutionbranchwasmathemati-

cally morechallenging.Indeed,theapplicationofftheglobalversionoffRabi-

nowitz’sbiffurcationtheoremisstraightfforwardffollowingthelocalbiffurcation

result(seetheoremstatementSection3.2).Thetruechallengeliesindiscern-

ingwhichoffitstwo(three)alternativesholds.Usingtheseminalresultsoff

Rabinowitz(nonlinearSturm-Liouvilleproblems)[144]andHealey,Kielḧoffer

(equivariantnonlinearellipticequations)[84]asinspiration,wedeineffunction

sub-spacesS±
n)containingffunctionswhosederivativeshaveixedzeros.For

nonlinearSturm-Liouvilleproblems,Rabinowitzusedtheffactthatitssolutions

cannothavedoublezeros.Classically,thisresultisprovenbytransfformingthe

second-orderPDEintoatwo-dimensionalinitialvalueproblem(IVP).Initial-

izingthisIVPatthedoublezerowillimplythatzeroistheonlysolution,

whichisacontradiction.Itishoweverimpossibletotransfformournon-local

steady-stateequationintoanIVP(notevenadelayIVPsinceournon-local

termlooksbothaheadandbehind).

Wecircumventthischallengebyusingtheintrinsicsymmetriesoffequa-

tion(3.10).Indeed,weshowthatequation(3.10)isO(2)equivariant.Employ-

ingtheideasoffequivariantbiffurcationtheory[23,73,84],weconstruct,ateach

biffurcationpoint,aixed-pointspace,whichischaracterizedbytheisotropy

subgroupatthebiffurcationpoint.Inourcase,theisotropysubgroupisthe

dihedralgroup.Thenweareabletoapplytheglobalunilateralbiffurcation

theorem(Theorem3.22)totheΣn reducedproblem(seeequation(3.233)).

TodistinguishbetweenthethreepossiblealternativesoffTheorem3.22,

wecombinethesymmetriesofftheixed-pointsubspacewiththesymmetry

propertiesoffthenon-localoperatorK[u](Lemma3.89),andwiththeparticular
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propertiesoffpositivesteady-statesoffequation(3.10)(Section3.4)toind

thatzerosoffthesolution’sderivativehaveixedspatialpositions.Usingthose

locations,weintroduceourdomaintilingΩi,onthetopoffwhichweconstruct

ournodalsub-spacesS±
n.Exploitingthestructureoffthenon-localoperator

K[u]onemoretime(seeLemma3.95),weareinthepositiontoestablishour

globalbiffurcationresult(seeTheorem3.97)ffortheirstbiffurcationbranch.

Unffortunately,theprooffoffTheorem3.97onlyholdsffortheirstbiffurca-

tionbranch,i.e.,theoneinwhichonlyasinglepeakfformed.Thisisbecause

Lemma3.95requiresthatpeaksbeatminimumseparatedbytwosensingradii.

Itshouldbenotedhoweverthatthisistheonlyshortcomingthathindersthe

prooffoffTheorem3.97toholdfforallbiffurcationbranchesandallnonlinear

ffunctionsh(·).Further,itseemsthatanalternativemethodoffprooffbasedon

themaximumprincipleispossibleiffsignpropertiesoffthesecondderivativeoff

K[u]canbeestablished.Usingthesymmetryofftheixed-pointsubspace,we

haveshownthatthisisequivalenttorequiringthatK[u]bemid-pointconvex

wheneveruisdecreasing.Numericalresultsoffsteadystatessuggestthatthis

isindeedthecase.ThusitislikelythatTheorem3.97cansoonbeextendedto

coverallbiffurcationbranchesandnonlinearchoicesoffh(·).Suchanextension

ismathematicallysigniicant,sinceitwouldparalleltheclassiicationsoffsolu-

tionsoffnonlinearSturm-Liouvilleequations[34,143]andequivariantnonlinear

ellipticequations[84,85].

Ithastobenotedthatthisresultdoesnotexcludethepossibilityoffffurther

secondarybiffurcationsalongthesolutionbranches,whichmaybreakffurther

symmetries.Theanalysisoffsecondarybiffurcationshasremainedachallenge.

TheonlyanalyticaltoolavailabletostudysecondarybiffurcationsistheLeray-

Schauderdegree. Moreprecisely,wearetaskedwithidentiffyingffurtherchanges

offthedegreealongtheidentiiedbiffurcationbranches.Thisischallengingsince

noequivalentresulttoTheorem3.21existsfforsecondarybiffurcations.Thus

onehastorelyonacombinationoffnumericalexplorationandmathematical

ingenuityinusingtheequation’sstructuretoidentiffysecondarybiffurcations.

TheresultsoffTheorem3.97couldbestrengthenediffweareinaposition

toapplytheanalyticbiffurcationtheorydevelopedbyDancer[37,38](seealso

[22Theorem9.1.1]).Thisresultwouldgiveusthatthesolutionbranchesare
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continuousandateachpointonehasalocalre-parameterization[22Theorem

9.1.1].Further,thesetoffpossiblesecondarybiffurcationsdoesnothaveapoint

offaccumulation.Foranexampleoffsuchanapplication,see[14].

Forthecaseofflinearffunctionswithinthenon-localoperatorK[u],wewere

abletoestablishthatthebiffurcationisoffpitchfforktype.Indeed,boththe

supercriticalandsubcriticalcasearepossibledependingonthesignoffα3(see

Theorem3.101)(whosesignisdeterminedbyM1(ω)andM2(ω)).Further,

usingresultsbyCrandalletal.[36],weshowedthatinthecasethatα3>0

animmediateswitchinlinearstabilityoffthesolutionbranchestakesplaceat

thebiffurcationpoint,whilewhenα3<0thebranchoffnon-trivialsolutions

initiallyremainsunstable.Inthiscase,numericalresultssuggestthattheswitch

offstabilityoccurslater.

Thisabstractbiffurcationanalysisgivesrisetoseveralinterestingmodelling

observations. Mostnoticeableinouranalysiswerethemathematicalproperties

offtheintegralkernelΩ(r)offthenon-localoperatorK[u].Fromthemodelling

workinChapter2,theintegralkernelωdescribeshowlikelyitisthatacell

protrusionreachesaparticulartarget.Inouranalysis,thepropertiesoffΩenter

throughthequantityMn(ω)atseveralkey moments:(1)thesignoffMn(ω)

determineswhetherornotwehaveabiffurcationand(2)itdetermineswhether

weimmediatelyobserveaswitchoffstability.Interestingly,theminimumadhe-

sionstrength(α1inLemma3.83)whichallowsthefformationoffcellaggregates

(non-trivialsolutions)isreducedwithincreasingdomainsizeL,magnitudeoff

Mn(ω),andsizeoffh′(̄u),whilenoparameterincreasesα1.Notethatthisis

solelyfforthenon-dimensionalizedequation.

Criticalfforthedevelopmentoffourclassiicationoffsolutionswastheidenti-

icationoffequation’ssymmetries. Mostimportantwerethesymmetricalprop-

ertiesoffthenon-localterm,which modelsthecell-celladhesioninteractions

betweencells.Itssymmetrypropertiesparalleledthoseofftheclassicalirst-

orderderivative. Mostbiologicaltissueshaveahighdegreeoffsymmetrywhen

viewedundera microscope(e.g.,theliverisbuildupoffhexagonallobules).

EvenintheexperimentalresultsshowninFig.1.1,wecanalmostanticipate

thefformationoffsymmetryiffonlymorecellswerepresent.HenceIputfforward

fforffutureresearchthequestions:Towhatdegreearecellularadhesions(or
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non-localfforces)responsiblefforthefformationand maintenanceofftissues?

Doestissuesymmetryhaveffunctionalroles?Could misregulationoffcellular

adhesionsexplaintheapparentlackoffsymmetryincancertissues?

Whilethenon-localmodel (3.2)wasinitiallyproposedtostudycell-sorting,

whichrequiresatleasttwocellpopulations,therearebiologicalapplications

withonlyasinglecellpopulation.Inzebraish,fforinstance,cellularadhesions

controltheplacementoff motileprogenitorcellsduringorganogenesis[138].

However,thenumericalresultsinFig.3.19suggestthatlong-timesolutions

offmodel(3.2)arerotatingwaves,whichareonlyobservedinequationswith

periodicboundaryconditions(e.g.,[118]).Indeed,Paksaetal.[138]reported

thephysicalbarrierswerecriticaltothecorrectplacementofftheprogenitor

cellsduringorganogenesis.Thishighlightsthesigniicantmodellingchallengeoff

fformulatingmodel(3.2)onaboundeddomainwithno-luxboundaryconditions.

WeaddressthischallengeinChapter4.

Thereare manyworthwhileffutureextensionsoffthiswork.The mostim-

mediateisanextensiontoatwo-populationsystemtostudythepossible

cell-sortingpatterns.Anotherwouldbetoconsiderthe modelextensionpro-

posedby Murakawaetal.[123],whoaddedadensitydependentdiffusionterm.

Anextensiontohigherspatialdimensionwouldbeworthwhile,to morereal-

isticallystudythefformationofftissues.Thereisagoodchancethatatiling

couldalsobeffoundinthissituation(seefforexampletheworkbyCourantwho

deinedtilingsinhigherdimensions[33]). Whiletheglobalexistenceresultsffor

solutionsoffthetime-dependentequation(3.2)areknown,littleisknownabout

theirqualitativelong-timebehaviour.Somequestionsone mayaskare: Do

theyexhibitcoarsening? Whatisthestructureoffitsglobalattractor? What

areitstravellingwavesolutions?
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Chapter4

SteadyStatesoffan Adhesion

Model witha No-Flux

Boundary

LetD ⊂Rbeaboundedsubsetwhoseboundaryisdenotedby∂D,andlet

u(x,t)bethedensityoffacellpopulationatlocationx∈D andtimet. We

assumethatthepopulationdensityinteractsviacellularadhesions.In2006,

Armstrongetal.[10]proposedtheirstcontinuummodeloffcell-celladhesion.

The Armstrong modelisgivenbytheffollowingintegro-partialdifferential

equation

ut(x,t)=duxx(x,t)−α

(

u(x,t)

∫R

−R

h(u(x+r,t))Ω(r)dr

)

x

, (4.1)

wheredisthediffusioncoeicient,Rthecellsensingradiusandαthestrength

offthehomotypicadhesions,andh(·)isapossiblynonlinearffunctiondescribing

thenatureofftheadhesivefforce.For moredetailsonthe modelparameters,

seeChapter2.Theinitialconditionfforequation(4.1)isdenotedbyu0(x).

Equation(4.1)canbeviewedasaconservationequationinwhichtheluxis

givenby

J(x,t):=−dux(x,t)+αu(x,t)

∫R

−R

h(u(x+r,t))Ω(r)dr. (4.2)
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Intheffollowing,wedenotethenon-localoperatorby

K[u](x):=

∫R

−R

h(u(x+r,t))Ω(r)dr. (4.3)

DifferentlytoChapter3,herethedomainD hasaboundary.Thismeansthat

wehavetoimposeboundaryconditionsandensurethatequation(4.1)iswell

deined.Inparticular,thenon-localterminequation(4.1)posesaproblem,

sinceneartheboundary(withinonesensingradiusR),itisnotwell-deined.

Inthischapter,weconsiderthecaseoffasolidboundary,andwanttoimpose

zero-luxboundaryconditions.Thatis,wewanttoensurethat

J(x,t)·n
⏐
⏐
⏐
x∈∂D

=0, (4.4)

wherenisaunitoutwardnormalvector.Here,wewillassumethatthediffusion

luxandtheadhesiveluxareindependentoffeachother.Thatis,tosatisffy

equation(4.4)werequirethat

∇u(x,t)·n
⏐
⏐
⏐
x∈∂D

=0, (4.5)

andthat

K[u](x)·n
⏐
⏐
⏐
x∈∂D

=0. (4.6)

Condition(4.5)iseasilyincludedinthemathematicalproblemfformulationby

restrictingtotheappropriateffunctionspace.Forinstance,deinetheboundary

operator

B[u]=(u′(0),u′(L)), (4.7)

andsupposethatwehaveaffunctionspaceX. Thenaspaceoffffunctions

satisffyingboundarycondition(4.5)isgivenby

XB :=X∩N[B]. (4.8)

Condition(4.6)is morechallenging,andinthesubsequentsectionswewill

consideraffewapproachestoconstructK[u]suchthatcondition(4.6)issatisied.

Otherauthorshavealsoconsideredtheproblemoffwell-deinednessand
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no-luxboundaryconditionsinequationswithnon-localoperators.Hillen,

Painter,Schmeiser[91]consideredtheglobalexistenceoffanon-localchemotaxis

equations.Tocorrectlydeinethenon-localchemotaxisequationonabounded

domain,theylimitedthesetoverwhichthenon-localoperator(4.9)integrates,

namely
◦
∇Rv(x):=

n

ωD(x)R

∫

Sn−1D

σv(x+Rσ)dσ, (4.9)

whereSn−1D (x)={σ∈S
n−1:x+σR∈D},andωD(x)=|S

n−1
D (x)|.Thesame

approachtoensurewell-deinednessoffthenon-localtermisbrielydiscussed

in[50]. Whilethenon-localgradientasdeinedinequation(4.9)ensuresthat

itiswell-deineditdoesnotensurethattheno-luxboundarycondition(4.7)

issatisied.Xiangwhostudiedglobalbiffurcationsoffthenon-localchemotaxis

equationusingtheglobalbiffurcationanalysisbyRabinowitzandCrandall

(sameapproachasinChapter3),modiiedthenon-localgradient(4.9)in1D

suchthatcondition(4.6)issatisied[176].Theconstructionassumedthattwo

domainsareincontactontheboundary,thenusingarelectionargument

throughx=0,L.Xiangobtained

◦
∇Rv(x):=

1

2R

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

v(x+R)−v(R−x) iff0≤x≤R,

v(x+R)−v(x−R) iffR<x<L−R

v(2L−x−R)−v(x−R)iffL−R≤x≤L

. (4.10)

AsimilarrelectionapproachisbrielydiscussedbyTopaz,Bertozzi,Lewis

[166].

Thischapterisstructuredasffollows:InSection4.1,weusetheinsights

weobtainedffromthederivationoffthenon-localcelladhesionmodelffroman

underlyingrandomwalk(seeChapter2)toconstructanon-localoperatorthat

satisiesboundarycondition(4.6).InSection4.2,westudythemathematical

propertiesoffthisnewoperator.InSection4.3,wepresentsomeinitialindings

onthesteadystatesoffanon-localcelladhesionmodelwithno-luxboundary

conditions.Finally,inSection4.5,wediscussourindingsandindicateareas

offffutureresearch.
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Figure4.1:AnormaldirectionalityffunctionΩ(r)whichhasanormaldistribution
centredatr=±1/2suchthatΩ(±1,0)=0.

4.1 Adhesion model withnon-luxboundary

conditions.

Webeginthissectionbyintroducingsomenotationthatwillbeusedthroughout

thissection.Inthissection,wewillassumethatthespatialdomainisgiven

by,D=[0,L],whereL>2R.Asinthepreviouschapter,weexplicitlydeine

thenon-localtermby

K[u(x)](x):=

∫

V

h(u(x+r))Ω(r)dr, (4.11)

where V isthesetoffallpossibleheadings(see Chapter2). Asdiscussed

inChapter2,thesetoffheadingsisasymmetricsetfforexampleV=[−R,R]

orV=Bn(R)inhigherdimensions.Sinceherewewilldiscuss modiications

offtheoperatorinequation(4.11)tosatisffycondition(4.6),weintroducea

cleardistinctionbetweenthedomainoffintegrationVandthespatialdomain

D. Weintroducetheffollowingdistinction:

Deinition4.1 (SpatialandSensingDomains).Wecalltheset D thespatial

domain,andthesetVthesensingdomainoffthenon-localgradientK[u](x),

deinedinequation(4.11).
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Figure4.2:AnexampleoffthespaceD×Vwiththespatialdomainonthex-axis
andthesensingdomainonthey-axis.AsamplesensingsliceE(x)offthicknessdx
isshowninthedarkergrey.

Sinceinthischapterthedomainoffintegrationoffthenon-localopera-

tor(4.11)mayvaryinspace,wedeineasensingslicecontainedinthespace

D×V.

Deinition4.2(Thesensingslice).Letthedirectproductoffthespatialdomain

D andthesensingdomainVbegivenbytheCartesianproductD×V.Then

wedeinesensingslicefforaixedx∈D as

E(x)={r∈V:r∈P(x)}, (4.12)

whereP(x)isapropertyoffrwhichmaydependonthespatiallocationx,and

IwilldiscussvariouschoicesoffP(x)later.

TheoperatorKcanbeviewedasaffunction

K:D×Lp(D)→ R. (4.13)

Thedeinitionoffappropriateboundaryconditionsfforthenon-localoperator

K[u]thatsatisffycondition(4.6)isbothamathematicalandmodellingproblem.
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Ontheonehandweneedtoensurethatthedeinitionoffthenon-localoperator

K[u]iswell-deinedneartheboundary,ontheotherhandtheprecisebehaviour

offthenon-localoperatorneartheboundaryisamodellingproblem. Whena

cellencountersaboundary,itmightattachtoit,berepelledbyit,orfforma

neutralattachment.Ineithercasehoweverthepopulationluxcannotpoint

outsideoffthedomain(i.e.satisffycondition(4.6)).InSection4.1.1wewilluse

thenumberoffadhesionbondsNb(x)andtheffreespaceffunctionff(x)nearthe

boundarytodeinetheboundarycondition. Weareparticularlyinterestedin

thecasethattheboundaryisneitherstickynorrepellentandwewillconsider

achoicewhereconstantsolutionsaresteadystates.

Wesplitthedevelopmentoffno-luxboundaryconditionsoffthenon-local

operatorK[u]intothreeseparatesteps.Thesestepsensurethat

1.thenon-localoperatorK[u]iswell-deinednearthedomainboundary

(seeSection4.1.1),

2.thenon-localoperatorK[u]satisiestheboundarycondition(4.6)(see

Section4.1.2),

3.thenon-localoperatorK[u]describestherequiredcellbehaviourneara

physicalboundary(seeSection4.1.3).

4.1.1 Naiveboundaryconditions

Following[50,91],wecanensurethatthenon-localoperator(4.11)iswell-

deinedneartheboundaryasffollows

K[u](x):=

∫

E(x)

h(u(x+r))Ω(r)dr, (4.14)

whereE(x):={r∈V:x+r∈D},andh(·)iscontinuous.NotethatE(x)is

anexampleoffasensingslicedeinedinDeinition4.2.ThesensingsliceE(x)

ensuresthatthenon-localoperatorinequation(4.14)iswell-deined.However,

thisfformulationdoesnotsatisffytheno-luxboundaryconditions(4.4).This

iseasilyobservedwhenapplyingthenon-localoperator(4.14)totheconstant
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Figure4.3:Thethreechallengesoffnon-localoperatorconstructionnearadomain
boundary.Theblackdotdenotsthepointatwhichwearecomputingthenon-local
term.ThespheredenotesasensingradiusoffsizeR.Lefft:Thepartoffthesensing
domainthatffallsoutsidethedomain,makesthenon-localoperatornotwell-deined.
Middle: We mustensurethatthenon-localoperatorsatisiestheno-luxboundary
conditionontheboundary. Right: Theconstructednon-localoperatorsarenot
uniqueintheregionneartheboundary.

ffunction. WeobservethatwithinasensingradiusRofftheboundaryK[̄u]is

non-zero,i.e.,

K[̄u]=

∫

E(x)

Ω(r)dr̸=0, fforx∈[0,R]∪[L−R,L]. (4.15)

SeealsoFig.4.4.

4.1.2 Constructionoffno-luxboundaryconditions

Here weconstructthenecessaryconditionssuchthattheboundarycondi-

tion(4.6)issatisied. Weusethenon-localoperatorasdeinedinthederiva-

tionoff model(4.1)ffromanunderlyingrandom walk(see Chapter2).In

particular,weusethenon-localtermthatisgivenintermsoffthedensitiesoff

boundadhesionmoleculesNb(x),ffreespaceff(x),andthedistancedistribution

(seeSection2.3.1).Thatis,

K[Nb](x)=

∫R

−R

Nb(x+r)ff(x+r)Ω(r)dr. (4.16)
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Figure4.4:Lefft:TheunifformffunctionΩ(r)plottedwithasensingradiusR=1.
Right:Thenaivenon-localoperator(4.14)withunifformdirectionality(Ω(r))applied
toaconstantffunction.

Tosimpliffythesubsequentdiscussion,weintroducetheffollowingchangeoff

variablesundertheintegral,

y:=x+r. (4.17)

Withthis,thenon-localterm(4.16)becomes

K[Nb](x)=

∫x+R

x−R

Nb(y)ff(y)Ω(y−x)dy. (4.18)

Theboundaryissolid.Forthisreason,cellprotrusionscannotpassthrough

it.Thus,thenumberoffadhesionbondsfformedbeyondthewallhastobe

zero.Secondly,thesolidwallmayhaveavarietyoffadhesiveproperties,suchas

repulsiveoradhesive.Thus,adhesionbondscouldbefformedontheboundary.

Thesemodiicationsenterthenumberoffadhesionbondsfformedasffollows,

Nb(y)=

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Ñb(y) iffy∈int(D)

n0b(y)δ(y) iffy=0

nLb(y)δ(y−L)iffy=L

0 else

, (4.19)
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wherenib(x)areffunctionsthatwillbechosensuchthatthenon-localterm(4.11)

satisiesboundaryconditions(4.6).Similarly,wedeinetheffreespaceffunction

asffollows

ff(y)=

⎧
⎨

⎩

ff(y)iffy∈D

0 else
. (4.20)

Sincetheeffectofftheffreespaceffunctionandtheffunctiondescribingthefformed

adhesionbondsarethesame,wedroptheffunctionff(·)ffromthesubsequent

discussion,andffocusonNb(y)deinedinequation(4.19).

Firstconsiderthenon-localtermK[Nb](x)deinedinequation(4.18)inthe

interval[0,R].There,thenon-localterm(4.18)canbedecomposedasffollows,

K[Nb](x)=

∫x+R

x

Ñb(y)Ω(y−x)dy+

∫x

0

Ñb(y)Ω(y−x)dy+n
0
b(x)Ω(−x).

(4.21)

Thenwechoosetheffunctionn0b(x)sothattheboundarycondition(4.6)is

satisied.Thatis,fforx=0wesetn0b(y)tobe

n0b(0)=
−1

Ω(0)

∫R

0

Ñb(y)Ω(y−x)dy. (4.22)

Similarly,ontheinterval[L−R,L],wehavetheffollowingdecomposition

offthenon-localterm(4.11)

K[Nb](x)=

∫x

x−R

Ñb(y)Ω(y−x)dy+

∫L

x

Ñb(y)Ω(y−x)dy+n
L
b(x)Ω(L−x).

(4.23)

Tosatisffytheno-luxboundarycondition(4.6)atx=L,wesetnLb(y)tobe

nLb(L)=
−1

Ω(0)

∫L

L−R

Ñb(y)Ω(y−x)dy. (4.24)

Tosatisffytheboundarycondition(4.6),weonlyhavetoensurethatthenon-

localoperatoriszeroattheboundarypoint.Intheregionwithinasingle

sensingradiusofftheboundary,however,wecanchoosetheffunctionsn0b(x)

andnLb(x),andhencethebehaviouroffK[u]ffreely.

145



0 2 4 6 8 10

Space[x]

0.0

0.5

1.0

1.5

2.0

Po
p
ul

at
io

n
[

u
]

u1(x)

0 2 4 6 8 10

Space[x]

0.0

0.5

1.0

1.5

2.0

u2(x)

Figure4.5:Thetwosampleffunctionsu1(x)(lefft)andu2(x)(right)towhichwe
applythevariousnon-localoperators.Importantiswhethertheffunctionhasapeak
ortroughontheboundary.u1(x)hasapeakontheboundary,whileu2(x)ffeatures
atrough.Theaverageperunitlengthū1,2offbothffunctionsis1.1.

4.1.3 Variousbehavioursneartheboundary

Dependingontheadhesivepropertiesofftheboundary,acell mayeitherbe

attracted,not-affected(neutral),orrepelled.Intheffollowing,weproposevari-

ousdifferentbehavioursoffthenon-localtermK[u]withinonesensingradius

offtheboundary.

Example4.3(Repellentboundaryconditions1).Herewechoosetheffunction

n0
b(x)suchthatitsatisiescondition(4.22)atx=0andn0

b(R)=0atx=R,

andiscontinuousinbetween. Wechoose

n0
b(x)=

1

Ω(−x)

∫R−x

0

Ñb(y)Ω(y−x)dy. (4.25)

Thusresultinginanon-localgradientinx∈[0,R]off

K[Nb](x)=

∫x+R

R−x

Ñb(y)Ω(y−x)dy. (4.26)

Similarly,wesetnL
b(x)suchthatitsatisiescondition(4.24)atx= Land
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nL
b(L−R)=0.Thatis,

nL
b(x)=

−1

Ω(L−x)

∫L

(L−R)−(x−L)

Ñb(y)Ω(y−x)dy. (4.27)

Theresultingnon-localoperatorin[L−R,L]isgivenby

K[Nb](x)=

∫2L−R−x

x−R

Ñb(y)Ω(y−x)dy. (4.28)

Combiningtheboundarynon-localterms(4.26)and(4.28)withthestandard

non-localoperator(4.11)weobtain

K[Nb](x)=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫x+R

R−x

Ñb(y)Ω(y−x)dy iffx∈[0,R]

∫x+R

x−R

Ñb(y)Ω(y−x)dy iffx∈[R,L−R]

∫2L−R−x

x−R

Ñb(y)Ω(y−x)dy iffx∈[L−R,L]

. (4.29)

NotethattheΩ(·)termsprecedingtheintegralsinequations(4.25)and(4.27)

cancelout.

Revertingthechangeoffvariables(4.17)weobtain

K[Nb](x)=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫R

R−2x

Nb(x+r)Ω(r)dr iffx∈[0,R]

∫R

−R

Nb(x+r)Ω(r)dr iffx∈[R,L−R]

∫2L−R−2x

−R

Nb(x+r)Ω(r)dr iffx∈[L−R,L]

. (4.30)

Inthisexamplewemodiiedthelimitsoffintegrationsothattheoperatordeined

inequation(4.30)isbothwell-deinedandsatisiedtheboundarycondition(4.6).

ThereasonwhythisiscalledarepellentoperatorisdemonstratedinFig.4.6.
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Example4.4(Repellentboundaryconditions2).Inthisexample,weset

n0b(x)=−2n
0
b(0)

∫0

x−R

Ω(y−x)dy, (4.31)

and

nLb(x)=2n
L
b(L)

∫R

L−x

Ω(y−x)dy. (4.32)

Thenitiseasytoseethatn0b(x)satisiesequation(4.22)andn
L
b(x)satisies

equation(4.24).Inthespecialcasethatω(r)≡1/2thisreducesto

n0b(x)=
x−R

2R
, nLb(x)=

x−R

2R
. (4.33)

Combiningtheboundarynon-localterms(4.31)and(4.32)withthestandard

non-localoperator(4.11),weobtain

K[Nb](x)=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫x+R

0

Ñb(y)Ω(y−x)dy

−2n0b(0)

∫0

x−R

Ω(y−x)dy

iffx∈[0,R]

∫x+R

x−R

Ñb(y)Ω(y−x)dy iffx∈[R,L−R]

∫L

x−R

Ñb(y)Ω(y−x)dy

+2nLb(L)

∫R

L−x

Ω(y−x)dy.

iffx∈[L−R,L]

. (4.34)

Inthisexamplewecontinuouslyreducethesizeoffthecorrectiontermsn0,Lb so

thattheyarezerowhentheseparationtotheboundaryisaboveasensingradius

R.Thisexamplecanbeviewedasthenaiveboundaryconditionscombined

withcorrectiontermsn0,Lb .Thisensuresthatthenon-localoperatordeinedin

equation(4.34)iswell-deinedandzeroontheboundaryoffD.Thereasonwhy

thisiscalledarepellentoperatorisdemonstratedinFig.4.6.

Intheffollowing,wewillcomparethebehaviouroffthenon-localoperators

whichincorporateboundaryeffectstothebehaviourofftheperiodicnon-local
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Figure4.6:Acomparisonoffthevariousdifferentnon-localoperatorsappliedtothe
ffunctionsu1(x)andu2(x)asshowninFig.4.5.Thenon-luxterm(equation(4.30))
appliedtou(x)isshownasthesharpsolidline,thesmoothsolidlineistheoperator
deinedinExample4.4appliedtou(x),theperiodicoperator(deinedinChapter3)
appliedtou(x)isshownasadottedline,andthenaiveoperator(equation(4.14))
isshownasaseparatedline.HereweusedΩbeingunifform(seeFig.4.4).

operatorwhichwasusedinChapter3.Ineachcase,weapplythevarious

non-localoperatorstotwosampleffunctionswhichareshowninFig.4.5.

Comparisonsofftherepellentnon-localoperatorsconstructedinthissection

arepresentedinFig.4.6withunifformΩ(r)andinFig.4.7withnormalΩ(r)

(seeFig.4.1fforitsffunctionalfform).Thereasonfforwhytheseoperatorsare

calledrepellentwillbecomeffurtherclearinSection4.3.2.

Wenotethatthenon-localoperatorconstructedinExample4.3andExam-

ple4.4arerepellent.Inparticular,eitheroperator(i.e.(4.30),or(4.34))iszero

whenappliedtotheconstantffunction.Sinceequation(4.1)conserves mass,

wewantthatthenon-localtermreturnszerowhenappliedtotheparticular

constantū.

Example4.5 (Neutralboundaryconditions).Westartwiththenon-local

operatorconstructedinExample4.3i.e.equation(4.30),andweaddanaddi-

tionalcorrectionffunctionc(x). Werequirethatc(̂x)=0ffor̂x∈∂Dsuchthat

149



0 2 4 6 8 10

Space[x]

−1.0

−0.5

0.0

0.5

1.0
K

[u
]

no-lux

naive

linear

periodic

0 2 4 6 8 10

Space[x]

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3 no-lux

naive

linear

periodic

Figure4.7: Acomparisonoffthevariousdifferentnon-localoperatorsappliedto
theffunctionsu1(x)andu2(x)asshowninFig.4.5.HereweusedΩbeingnormal
(seeFig.4.1).Thenon-luxterm(equation(4.30))appliedtou(x)isshownasthe
sharpsolidline,thesmoothsolidlineistheoperatordeinedinExample4.4applied
tou(x),theperiodicoperator(deinedinChapter3)appliedtou(x)isshownasa
dottedline,andthenaiveoperator(equation(4.14))isshownasaseparatedline.

K[u]stillsatisiesboundarycondition(4.6).

K[u](x):=

∫ff2(x)

ff1(x)

u(x+r)Ω(r)dr−c(x). (4.35)

Wenowwanttochoose c(x)suchthatK[̄u](x)=0fforanyx∈D. Weletc(x)

bedeinedby

c(x):=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

c0(x) iffx∈[0,R]

0 iffx∈[R,L−R]

cL(x) iffx∈[L−R,L]

, (4.36)

wherewewilldeterminec0(x)andcL(x)now.Forx∈[0,R/2]wehavethat

K[̄u](x)=̄u

∫R

R−2x

Ω(r)dr−c0(x)

=̄u

∫R

R−2x

ω(r)dr−c0(x)=0,

(4.37)
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andfforx∈[R/2,R],wehavethat

K[̄u](x)=̄u

∫R

R−2x

Ω(r)dr−c0(x)

=̄u

[∫R

0

ω(r)dr−

∫0

R−2x

ω(r)dr

]

−c0(x).

(4.38)

Thus,wehavethat

c0(x):=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ū

∫R

R−2x

ω(r)dr iffx∈[0,R/2]

ū

∫R

2x−R

ω(r)dr iffx∈[R/2,R]

. (4.39)

Wecarryoutthesameoperatorffortherighthandsideboundary,i.e., [L−R,L].

Forx∈[L−R,L−R/2],wehavethat

K[̄u](x)=̄u

∫2L−2x−R

−R

Ω(r)dr−cL(x)

=̄u

[∫2L−2x−R

0

ω(r)dr−

∫0

−R

ω(r)dr

]

−cL(x),

(4.40)

andfforx∈[L−R/2,L],wehave

K[̄u](x)=̄u

∫2L−R−2x

−R

Ω(r)dr−cL(x)

=−̄u

∫2L−2x−R

−R

ω(r)dr−cL(x)=0.

(4.41)

Thus,wehavethat

cL(x):=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

−̄u

∫R

2L−2x−R

ω(r)dr iffx∈[L−R,L−R/2]

−̄u

∫2L−2x−R

−R

ω(r)dr iffx∈[L−R/2,L].

(4.42)

Withthatdeinitionofftheffunction c(x),wecanrewritethenon-localop-
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eratorK[u]as

K[u](x):=

∫ff2(x)

ff1(x)

[u(x+r)−ū]Ω(r)dr. (4.43)

Notethatthisdeinitiondoesnotchangethedeinitionoffthenon-localterm

ffarawayffromtheboundary(i.e.whenxisatleastadistanceoffRffromthe

boundary)sincethereK[̄u]=0.Itonlychangesthedeinitionofftheoperator

neartheboundary.Foranumericalexampleoffhowtheoperatordeinedin

equation(4.43)actsonffunctionsseeFig.4.8.
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Figure4.8:Acomparisonofftheneutralnon-localoperatordeinedinequation(4.43)
appliedtotheffunctionsu1(x)andu2(x)asshowninFig.4.5.Thenon-luxterm
(equation(4.30))appliedtou(x)isshownasthesharpsolidline,thesmoothsolid
lineistheoperatordeinedinExample4.4appliedtou(x),theperiodicoperator
(deinedin Chapter3)appliedtou(x)isshownasadottedline,andthenaive
operator(equation(4.14))isshownasaseparatedline. Here weused Ωbeing
normal(seeFig.4.1).

4.1.4 Discussionoffno-luxboundaryoperators

WerecallffromChapter3,thattheperiodicnon-localtermalwayspointsto-

wardanincreasing“mass”offu(x).OrintheterminologyoffChapter2,thecell
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polarizationpointsinthedirectioninwhichthemostnewadhesionbondswere

fformed.However,whenrefferringtotheno-luxoperatorconstructedinExam-

ple4.3andExample4.4thisisnolongerthecase.Indeed,neartheboundary

theno-luxoperatorshaveoppositesigncomparedtotheperiodicnon-local

operator(seeFig.4.6).Forthisreason,wereffertothemasrepellent.Usingthe

terminologyoffChapter2,wecansaythatthepolarizationoffacellapproaching

theboundaryreverses.Thisisconsistentwithbiologicalobservationsoffcells

approachingsolidboundaries[138].

The(neutral)non-localoperatorderivedinExample4.5switchesbetween

arepulsiveandattractivebehaviour,dependingonwhetherthepopulationsize

isaboveorbelowthemassperunitlength(̄u).Theneutralnon-localoperator

hastheimportantpropertythatK[̄u]=0fforallx∈D.Forthisreason,the

biffurcationapproachusedinChapter3couldbeapplied.Itisinterestingto

note,thatonlyrecently(2016) Watanabeetal.alsousedthecomparisonwith

themassperunitlengthtoobtainsolutionsoffBurger’sequationonabounded

domainwithno-luxboundaryconditions[171].

4.2 Mathematicalpropertiesoffthenon-local

operator

Inwhatffollowswewillconcentrateonthenon-localtermdeinedinequa-

tion(4.30),seeExample4.3.Forthissection,werewritethenon-localoperator

asanintegraloverthesensingdomain,theboundarybehaviourwillbeencoded

usingthechoiceoffthesensingslice,whichwillbeencodedusingtheindicator

ffunctionoffthesensingslice.Thatis,supposethatfforx∈DwehaveE(x)⊂V.

Further,intheffollowingdiscussionweconcentrateonthechangesduetothe

boundaryrequirements,andfforthatreasonwedonotconsideranon-linear

ffunctionundertheintegral.

Deinition4.6. LetX,Y beBanachspacesoffffunctions,thenwedeinethe

operatorK:X → Yby

K[u(x)](x)=

∫

E(x)

u(x+r)Ω(r)dr. (4.44)
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ThedirectionalityffunctionΩisassumedtosatisffytheffollowingconditions

(A1)Ω(r)=r
|r|

ω(r),whereω(r)=ω(−r),

(A2)ω(r)≥0,

(A3)ω∈L1(V)∩L∞(V),

(A4)∥ω∥L1(V)=1/2.

FurtherweassumethatthesetE(x)hascontinuousboundary,andisdeined

asffollows.Thedomainoffintegrationoffthisffunctionisveryimportant.The

domainoffintegrationoffthisffunctionisrepresentedinFig.4.2. Rewriting

equation(4.30)intermsoffspatiallydependentintegrationlimits,allowsusto

rewritetheoperatoras

K[u](x)=

∫ff2(x)

ff1(x)

u(x+r)Ω(r)dr, (4.45a)

where

ff1(x)=

⎧
⎨

⎩

R−2x, iffx∈[0,R]

−R, iffx∈[R,L]
, (4.45b)

and

ff2(x)=

⎧
⎨

⎩

R, iffx∈[0,L−R]

2L−2x−R, iffx∈[L−R,L]
. (4.45c)

Usingthesetwoffunctions,wedeineanewsensingslice(seeDeinition4.2)

E(x)={r∈V:ff1(x)≤r≤ff2(x)}. (4.46)

Later,wewritetheoperatorinequation(4.44)as

K[u](x)=

∫

V

χE(x)(r)u(x+r)Ω(r)dr, (4.47)

usingtheindicatorffunctionχE(x)(r)offthesensingsliceE(x),asdeinedin

equation(4.46).
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4.2.1 Set Convergence

Forthecalculusoffindicatorffunctionsweconsiderconvergenceingeneralmetric

spaces.Let(V,A,µ)beasigma-initemeasurespace.Then,letA,B∈Aand

wedeinethesymmetricdifferenceoffAandBby

A△ B=(A∪B)\(A∩B). (4.48)

Theffunction

d:A×A →R, (4.49)

deinedby

d(A,B)=µ(A△ B) fforA,B∈A, (4.50)

isapseudometricandiscalledtheFŕechet-Nikodymmetric[17].Thisallows

ustoviewanysigma-inite measurespaceasapseudometricspace. Wecan

turnthisintoametricbyintroducingtheffollowingequivalencerelation

X ∼Y ⇔ µ(X △ Y)=0. (4.51)

ItiseasytoseethatA∼Biffandonlyifftheydifferbyasetoffmeasurezero.

IffwedenotethesetoffequivalenceclassesoffthisrelationbyA/µ,thenthe

ffunction(4.49)isextendedbysettingd(̃A,B̃)=d(A,B)whereÃ,B̃∈A/µ.

ThisturnsA/µintoacompletemetricspace[17Theorem1.12.6].

NowsupposethatV=[a,b],andthatwehaveaspatialdomainD given,

andsupposethatwehaveff1,2:D→ Vcontinuous.Thenwedeinetheset

Y:={r∈V:ff1(x)≤r≤ff2(x)}⊂V. (4.52)

Thenlet(xn)⊂D suchthatxn→ x∈D. Wenowdeine

Yn:={r∈V:ff1(xn)≤r≤ff2(xn)}. (4.53)

ThenthesymmetricdifferenceoffYandYn is

Yn△ Y={r∈V:min(ff1(x),ff1(xn))≤r≤max(ff1(x),ff1(xn)),
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min(ff2(x),ff2(xn))≤r≤max(ff2(x),ff2(xn))}.(4.54)

Thenwecansimplycomputethemeasureoffthissetby

µ(Yn△ Y)=|ff1(xn)−ff1(x)|+|ff2(xn)−ff2(x)|. (4.55)

Asbothff1,2arecontinuous,wehavethat

µ(Yn△ Y)→ 0 asxn→ x. (4.56)

Wesummarizetheindingintheffollowinglemma.

Lemma4.7.Let(V,A,µ)bea measurespace,onthisspacewedeinethe

pseudometric(4.49),whichwiththeequivalencerelation(4.51)becomesamet-

ric. Withthis metric,(V,A,µ)becomesacomplete metricspace.Supposewe

havetheset

E(x):={r∈V:ff1(x)≤r≤ff2(x)}, (4.57)

thenE(x)iscontinuousintheffollowingsense,iff(xn)⊂Rsuchthatxn→ x,

then

E(xn)→ E(x) ⇔ µ(E(xn)△ E(x))→ 0. (4.58)

Prooff. Seetheaboveconstruction.

Nextwecollectsomepropertiesofftheindicatorffunctionsoffsymmetric

differences.SupposethatA,B∈A,then

χA(r)=

⎧
⎨

⎩

1 iffr∈A

0 iffr̸ ∈A.
(4.59)

Thenffromthedeinitionoffthesymmetricproduct(4.48),wecomputeits

characteristicffunctionas,

χA△B(r)=χA(r)+χB(r)−2χA∩B(r). (4.60)

156



Nextwenotethat

χA∩B(r)=χA(r)χB(r)=min(χA(r),χB(r)). (4.61)

Rewritingthe minimumintermsoffanabsolutevalue,andsubstitutingthis

intoequation(4.60),weobtain

χA△B(r)=|χA(r)−χB(r)|. (4.62)

4.2.2 Estimatesffortheno-luxnon-localoperator

Inthissection,weexploreestimatesffortheno-luxnon-localoperatordeined

inequation(4.44).Todistinguishbetweenthenormsoverthesensingdomain

VandthespatialdomainD,weintroducenormnotationthatindicatesthe

setoverwhichthenormistaken.ThatisgivenadomainX,theLpnormover

thatsetisdenoted

|u|p,X:=

(∫

X

|u(x)|pdx

)1/p

. (4.63)

Weirstcheckthattheffunctiondeinedundertheintegralinequation (4.44)

isintegrable.

Lemma4.8. Letp≥ 1,u∈ Lp(D),andletΩ(·)satisffy A1–A4.Further

supposethatE(x)⊂V,∀x∈D,thentheffunction

h(r;x):=χE(x)(r)u(x+r)Ω(r), (4.64)

isinL1(V),∀x∈D.

Prooff. Fixx∈D.Then

∫

V

|χE(x)(r)u(x+r)|pdr≤

∫

D

|u(x)|pdx. (4.65)

Thus,χE(x)(·)u(x+·)∈Lp(V).FromassumptionA3,wehavethatΩ∈L∞(V)
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thenΩ∈Lq(V),1≤q<∞.Thus,weapplyḦolder’sinequalityandindthat

∫

V

|χE(x)(r)u(x+r)Ω(r)|dr≤

(∫

V

|χE(x)(r)u(x+r)|pdr

)1/p(∫

V

|Ω|qdr

)1/q

≤|u|p,D|Ω|∞,V,

(4.66)

whereqissuchthat1/p+1/q=1.

NextweinvestigatetherangeoffK[u],inparticularweprovetheffollowing

lemma.

Lemma4.9(Non-localRegularity).LetD ⊂Rbounded,letp≥1,andlet

u∈Lp(D).Thenwedeinetheffunction

x→K[u](x), (4.67)

whereK[u](x)isdeinedinequation(4.44),andA1toA4aresatisied.Then

K[u]∈Lp(D),inparticulartheffollowingholds

|K[u]|p,D<|u|p,D|Ω|∞,V. (4.68)

Prooff. ThenbyapplyingTheoremB.1toequation(4.45a),weobtain

|K[u](x)|p=

⏐
⏐
⏐
⏐
⏐

∫ff2(x)

ff1(x)

u(x+r)Ω(r)dr

⏐
⏐
⏐
⏐
⏐
p

≤

∫

V

|u(x+r)Ω(r)|pdr

=

∫

V

{∫g2(r)

g1(r)

|u(x+r)|pdx

}1/p

|Ω(r)|dr.

(4.69)

UpontheapplicationoffFubini’stheoremtheorderoffintegrationswitches,and

thenewlimitsoffintegrationaregivenby

g1(r)=
R−y

2
g2(r)=

2L−y−R

2
. (4.70)

TheseffunctionsdescribetherightandlefftverticallimitsofftheboxinFig.4.2.
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Notethatg2(r)−g1(r)=L−R. Weind,that

|K[u](x)|p≤

∫R

−R

{∫2L−r−R
2

R−r
2

|u(x+r)|pdx

}1/p

|Ω(r)|dr (4.71)

<

∫R

−R

|u|p|Ω(r)|dr=|u|p,D|Ω|1,V≤|u|p,D. (4.72)

Notethat|Ω|1,V=1ffromA4.

UsingtheresultoffLemma4.9,weshowthatKisacontinuousoperator

actingonLp(D).

Corollary4.10. The mapK:Lp(D)→ Lp(D),deinedbyequation(4.44)is

continuous.

Prooff. Let(un)⊂Lp(D)suchthatun→ uasn→ ∞,then

|K[un]−K[u]|p,D=|K[un−u]|p,D≤|un−u|p,D, (4.73)

wherethelastinequalityisbyLemma4.9.

Lemma4.11.SupposeinadditiontotheassumptionsoffLemma4.8,that

u∈C0(D),thentheffunctiondeinedby

H(x):=

∫

V

χE(x)(r)u(x+r)Ω(r)dr, (4.74)

iscontinuous.

Prooff. Let(xn)⊂D suchthatxn→ x∈D.Then,

H(x)−H(xn)=

∫

V

{
χE(x)(r)u(x+r)−χE(xn)u(xn+r)

}
Ω(r)dr

=

∫

V

{
χE(x)(r)u(x+r)−χE(xn)u(xn+r)

+χE(x)∩E(xn)(r)u(xn+r)−χE(x)∩E(xn)(r)u(xn+r)

+χE(x)∩E(xn)(r)u(x+r)−χE(x)∩E(xn)(r)u(x+r)
}

Ω(r)dr

=

∫

V

{
u(x+r)χE(x)(r)

(
χE(x)(r)−χE(xn)(r)

)
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+u(xn+r)χE(xn)(r)
(
χE(xn)(r)−χE(x)(r)

)

+χE(x)∩E(xn)(r)(u(x+r)−u(xn+r))
}

Ω(r)dr.

Thenweobtain

|H(x)−H(xn)|≤|u|∞|Ω|∞

[

2

∫

V

⏐
⏐χE(x)(r)−χE(xn)(r)

⏐
⏐dr

+

∫

E(x)∩E(xn)

|u(x+r)−u(xn+r)|dr

]

.

Fortheintegralsweobtain,that

∫

V

|χE(x)(r)−χE(xn)(r)|dr=

∫

E(x)△E(xn)

dr=µ(E(x)△ E(xn)).

ByLemma4.7,wehavethatµ(E(x)△ E(xn))→ 0asn→ ∞.Thesecond

integralconvergesbythecontinuityoffu(·).Hence,H(·)iscontinuous.

Corollary4.12. SupposethatalltheassumptionsoffLemma4.8hold,then

theffunctiondeinedinequation(4.44)iscontinuous.

Prooff. Letxn→ xinD,andlet(um)⊂C0(D)suchthatum → uinLp(D),

K[u](x)−K[u](xn)=K[u](x)−K[um](x)

+K[um](xn)−K[u](xn)+K[um](x)−K[um](xn)

≤2|um −u|p|Ω|∞,V+|K[um](x)−K[um](xn)|.

TheirsttermvanishedduetothedensityoffthesmoothffunctionsinLp(D)

andLemma4.9.ThesecondtermsvanishedbyLemma4.11.

Insummarywehaveshownthatwheneveru∈Lp(D)andthesensing

domainE(x)iscontinuousinthesenseoffLemma4.7wehavethattheno-lux

non-localterminequation(4.11)iscontinuous.

4.2.3 Weaknon-localderivative

Sinceinequation(4.1)wearetakingthederivativeoffthenon-localtermK[u]

andsinceduetothespatialdependenceofftheintegrationlimitsin(4.30),we
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cannotsimplyinterchangethederivativeoperatorwiththeintegration.The

goaloffthissub-sectionistounderstandhowwecaninterchangetheorder

offdifferentiationandintegration.Thespatialdependenceofftheintegration

limitsisequivalenttotheoccurrenceoffanindicatorffunctionoffthesensing

domain(seeequation(4.44))undertheintegral.Sincetheindicatorffunctionis

notevencontinuous,wehavetotoemploythenotionoffgeneralizedffunctions.

Fortheffollowingdiscussion,wedenotethespaceofftestffunctionsbyD(D),

andthespaceoffgeneralizedffunctionordistributionsbyD′(D).Intheend,we

areinterestedinthecaseinwhichD(D)=C∞(D).

Forthesakeoffclarity,webrielyintroducegeneralizedffunctions.The

deinitionsarebasedonRudin[150],andSchwartz[155],andthediscussion

onweakdifferentiability[31].

Deinition4.13(Generalizedffunction[150]).Letff:D→ R,suchthatff∈

L1loc(D),thenffgeneratestheffollowingffunctional

ff→Tff∈D
′(D) by ⟨ff,ϕ⟩=⟨Tff,ϕ⟩=

∫

D

ffϕdx. (4.75)

NotewecanunderstandthespaceD′(D)usingtheweakstartopology. We

nowextendthenotionoffageneralizedffunctiontoaffunction,whichtakesan

additionalparameter,denotedbyv.

Deinition4.14(Generalizednon-localffunction[31]).Letff:D×V→Rbe

ageneralizedffunctioninx∈Dfforallv∈V,inthesenseoffDeinition4.13,

suchthat ∫

V

(∫

D

ff(x,v)ϕ(x)dx

)

dv, (4.76)

exists∀ϕ∈D(D).Thentheffunction

g(x)=

∫

V

ff(x,v)dv, (4.77)

generatestheffollowingffunctional

g→Tg∈D
′(D) by ⟨g,ϕ⟩=⟨Tg,ϕ⟩=

∫

D

g(x)ϕ(x)dx. (4.78)
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Remark4.15.Notethatcondition(4.76)iseasilysatisiedfforaffunctionffthat

isintegrableonU×V.Furthernotethat,iffD=C∞
c(U)thenweonlyneed

localintegrabilityinUjustasinDeinition4.13.Since,ifftheffunction

x→

∫

V

|ff(x,v)|dv, (4.79)

iscontinuous,thenitisboundedandachievesitsextremevaluesonanycompact

setK ⊂⊂U.Hencetheffunctionislocallyintegrableinx,andsosatisiesthe

requirementsoffDeinition4.14.

FromLemma4.11,wehavethatK[u]iscontinuousandthensatisiescon-

dition(4.76)inDeinition4.14byRemark4.15.

Weindaconditionthattheffunctional Tg in Deinition4.14isindeed

continuous,inthesubsequentlemma.

Lemma4.16([31]).TheffunctionalTgdeinedinDeinition4.14,iscontinuous

whenever ∫

V

sup
n

|⟨ff,ϕn⟩|dv<∞, (4.80)

fforeveryconvergencesequenceϕn offtestffunctionsinD(U).

ForLemma4.16,wegiveamoredetailedprooffastheonein[31].

Prooff. Wearerequiredtoshowthattheffunction gdoesindeedgeneratea

continuouslinearffunctionalontheD(U).Letϕn⊂D(U)suchthatϕn→ ϕin

D(U),ffurtherletthecommoncompactsupportoffϕn bedenotedbyK ⊂⊂U.

Forthisprooff,wedeinetheffollowingsequence

hn(v):=⟨ff(·,v),ϕn⟩. (4.81)

Weind,that

⟨ff(·,v),ϕn−ϕ⟩=

∫

U

ff(x,v)(ϕn−ϕ)(x)dx=

∫

K

ff(x,v)(ϕn−ϕ)(x)dx

≤∥ϕn−ϕ∥∞

∫

K

ff(x,v)dx.
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Thenaslongff(·,v)∈L1

loc(U)fforallv∈V,wehavetheintegralinthe

previouslineisiniteandthus

⟨ff(·,v),ϕn⟩ →⟨ff(·,v),ϕ⟩ ∀v∈V. (4.82)

Nextweneedtoshowthatthesequence hn isdominatedbyanintegrable

ffunction

|hn(v)|=

⏐
⏐
⏐
⏐

∫

U

ff(x,v)ϕn(x)dx

⏐
⏐
⏐
⏐≤sup

n

⏐
⏐
⏐
⏐

∫

U

ff(x,v)ϕn(x)dx

⏐
⏐
⏐
⏐. (4.83)

Thenfforintegrabilitywerequirethat,

∫

V

(

sup
n

⏐
⏐
⏐
⏐

∫

U

ff(x,v)ϕn(x)dx

⏐
⏐
⏐
⏐

)

dv<∞. (4.84)

Thisisexactlytheconditionwerequireinthelemma.ThenbytheLebesgue

dominatedconvergencetheoremweconcludethat,

lim
n

∫

V

⟨ff,ϕn⟩dv=

∫

V

⟨ff,ϕ⟩dv. (4.85)

HenceapplyingFubini,weget

⟨g,ϕn⟩ →⟨g,ϕ⟩, (4.86)

wheretheffunctiong(x)isdeinedinequation(4.77).

Nextweneedaresultontheconditionsunderwhichalinearoperatoron

D′(D)andintegrationoverVcommute.Thisisageneralizationofftheresult

presentedin[31].Onesuchoperatoristhedifferentialoperator.Forthiswe

havetheffollowingresult.

Theorem4.17(ExchangeoffTwiththeintegral).Letff(x,v)deinedasabove

(Deinition4.14),andletT:D′(D)→D′(D)becontinuous.Then,

T

(∫

V

ff(x,v)dv

)

=

∫

V

Tff(x,v)dv. (4.87)
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FortheprooffoffTheorem4.17werequireadjointoperators.

Theorem4.18 (Theorem4.10ffrom[150]).SupposeX,Y arenormedspaces

andT∈B(X,Y),thenwehaveuniqueT′∈B(Y′,X′)suchthat,

⟨Tx,y′⟩=⟨x,T′y′⟩ ∀x∈X,∀y′∈Y′

y′(Tx)=(T′y′)(x).
(4.88)

Moreover ∥T∥=∥T′∥.

WealsoneedtheffollowingLemma4.19.

Lemma4.19.Supposethatfforeachv∈V,ff(x,v)∈D′(U),and

∫

V

ff(x,v)dv, (4.89)

exists.Further,supposethatT:D′(U)→D′(U)iscontinuous.Thenwehave,

that

h(x)=

∫

V

Tffdv, (4.90)

deinesadistributioninD′(U).

Remark 4.20.IntheprooffoffLemma4.19we makeuseofftheadjointoffT.

SinceTisanoperatoronD′(U),itsadjointcanbeinterpretedasthedouble

adjointoffalinearoperatoractingonD(U).IffweuseD(U)=C∞
c (U),then

D(U)isrelexivelocallyconvex.Underthesecircumstances,thedoubleadjoint

offanoperatorisitselff,i.e.,supposeS:D(U)→D(U)thenS′′=S.

ProoffoffLemma4.19. Step1:Theintegralinequation(4.90)satisiesDei-

nition4.14.Letϕ∈D(U),then

⟨h(x),ϕ⟩=

∫

U

∫

V

Tff(x,v)dvϕ(x)dx

=

∫

V

⟨Tff,ϕ⟩dv=

∫

V

⟨ff,T′ϕ⟩dv.

ThenT′ϕisjustanothertestffunction,andsinceffisageneralizedffunction

asdeinedinDeinition4.14theintegralonthelastlineexists.
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Step2:h(x)deinesacontinuousdistribution.SincewewanttoapplyLemma4.16

wecompute,

∫

V

sup
n

|⟨Tff,ϕn⟩|dv=

∫

V

sup
n

|⟨ff,T′ϕn⟩|dv.

Iffϕn→ ϕ,thenT′ϕn→ T′ϕ,sinceT′iscontinuous.ThenT′ϕisanother

testffunction,andthustheintegralontherightisinite. Wethenapply

Lemma4.16,toobtaintheresult.

ProoffoffTheorem4.17. ByLemma4.19,theintegralontherightinequa-

tion(4.87)deinesadistribution.Thenletϕ∈D(U),andletg(x)bedeined

asinequation(4.77).

⟨Tg,ϕ⟩=⟨g,T′ϕ⟩=

∫

U

(∫

V

ff(x,v)dv

)

T′ϕ(x)dx=

∫

V

(∫

U

ff(x,v)T′ϕ(x)dx

)

dv

=

∫

V

⟨ff,T′ϕ⟩dv=

∫

V

⟨Tff,ϕ⟩dv=

⟨∫

V

Tffdv,ϕ

⟩

.

Remark 4.21.NotethatinparticularTheorem4.17appliestothecasewhen

T=∂/∂x,whichmeanstheoremssuchastheffundamentaltheoremoffcalculus

orLeipnizintegralfformulaffollowffromTheorem4.17.Foradiscussiononthese

resultsandapplicationssee[31].

Wearenowreadytousethetheoremsandlemmasoffthissectiontocompute

theweakderivativeoffthenon-localoperator.

Lemma4.22. SupposeinadditiontotheassumptionsoffLemma4.8that

u∈D′(D),thentheffunction

H(x)=

∫

V

χE(x)(r)u(x+r)Ω(r)dr, (4.91)

whereE(x)isgiveninequation(4.46),isdifferentiableinD′(D)anditsderiva-
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tiveisgivenby

H′(x)=

∫

V

u′(x+r)χE(x)(r)Ω(r)dr

+ff′
2(x)u(x+ff2(x))Ω(ff2(x))−ff′

1(x)u(x+ff1(x))Ω(ff1(x)),

(4.92)

inD′(D).

Prooff. First,weuseintervalnotationtorewritetheindicatorffunctionas

χE(x)(r)=χ(inffV,ff2(x))(r)χ(ff1(x),supV)(r), (4.93)

whereχ(ff1(x),supV)(r)istheindicatorffunctionofftheset,

{r∈V:ff1(x)≤r}. (4.94)

Similarly,χ(inffV,ff2(x))(r)istheindicatorffunctionofftheset

{r∈V:r≤ff2(x)}. (4.95)

TheninD′(D)wehave

∂

∂x
χE(x)(r)=

∂

∂x

{
χ(inffV,ff2(x))(r)χ(ff1(x),supV)(r)

}

=
∂

∂x
{H(r−ff1(x))H(ff2(x)−r)},

whereH(·)istheheavisideffunction. Weind,that

∂

∂x
χE(x)(r)=H(r−ff1(x))δ(ff2(x)−r)ff′

2(x)−H(r−ff2(x))δ(r−ff1(x))ff′
1(x).

ThenapplyingTheorem4.17,andtheproductruleonemoretime,weobtain

∂g(x)

∂x
=

∫

V

∂

∂x
χE(x)u(x+r)Ω(r)dr+

∫

V

χE(x)
∂

∂x
u(x+r)Ω(r)dr

=

∫

V

H(r−ff1(x))δ(ff2(x)−r)ff′
2(x)u(x+r)Ω(r)dr

−

∫

V

H(r−ff2(x))δ(r−ff1(x))ff′
1(x)u(x+r)Ω(r)dr
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+

∫

V

χE(x)(r)
∂

∂x
u(x+r)Ω(r)dr

=

∫

V

χE(x)(r)
∂

∂x
u(x+r)Ω(r)dr

+ff′
2(x)u(x+ff2(x))Ω(ff2(x))−ff′

1(x)u(x+ff1(x))Ω(ff1(x)),

whereweusetheffactthatthedistributionalderivativeofftheHeavisideffunction

istheδdistribution.

Wesummarizetheresultsoffthissectionintheffollowinglemma.

Lemma4.23(Propertiesoffthenon-localoperator).Letu∈Lp(D),p>1

andΩsatisffyA1–A4,thenKdeinedinequation(4.44),is

1.zeroon∂D,

2.continuous,

3.isweaklydifferentiable(inD′(D)),

4.continuouslydifferentiableiffΩ(·)·n=0on∂V.

Prooff. 1.Wecheck,thatiff x∈ ∂D,thenµ(E(x)) =0.Iffx=0then

R−2x=R,henceE(0)={0}.Iffx=Lthen2L−2x−R=−Rthen

E(L)={L}.

2.ByCorollary4.12.

3.ByLemma4.22.
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4.ThederivativeoffK[u](x)withrespecttoxisgivenby

K[u]′(x)=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫R

R−2x

u′(x+r)Ω(r)dr

+2u(R−x)Ω(R−2x)

iffx∈[0,R]

∫R

−R

u′(x+r)Ω(r)dr iffx∈[R,L−R]

∫2L−2x−R

−R

u′(x+r)Ω(r)dr

−2u(2L−R−x)Ω(2L−2x−R)

iffx∈[L−R,L]

.

(4.96)

Theonlypoints,atwhichK[u]′maybediscontinuous,areatthepoints

x=R,L−R.EvaluatingK[u]atx=R,gives

lim
x→R−

K[u]′(x)=

∫R

−R

u′(R+r)Ω(r)dr+2u(0)Ω(−R), (4.97a)

and

lim
x→R+

K[u]′(x)=

∫R

−R

u′(R+r)Ω(r)dr. (4.97b)

Thesematchsince,Ω(−R)=0.

Similarly,atx=L−Rweobtainthat

lim
x→(L−R)−

K[u]′(x)=

∫R

−R

u′(L−R+r)Ω(r)dr, (4.98a)

and

lim
x→(L−R)+

K[u]′(x)=

∫R

−R

u′(x+r)Ω(r)dr−2u(L)Ω(R). (4.98b)

Thesematchsince,Ω(R)=0.

Finallyusingtheweaknon-localderivatives,weareabletofformulateresults

whentheno-luxnon-localtermareincludedinSobolevspaces.
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Lemma4.24.LetD⊂Rbounded,letp>1andu∈W1,p(D),ffurtherlet

V⊂R.Thenwedeine,

x→∇x·K[u](x) (4.99)

whereK[u]isdeinedinequation(4.44)andsatisiesassumptionA1toA4.

Theffunction∇x·K[u](x)iscomputedinLemma4.22.ThenK[u]∈W
1,p(D),

inparticulartheffollowingholds,

∥K[u]∥1,p<6∥u∥1,p|Ω|∞,V. (4.100)

Prooff.Note,fforthisprooffwewillusetheexactfformofftheffunctionsff1,2(x)

whicharegiveninequations(4.45b),(4.45c).

|∇·K[u](x)|p=

⏐
⏐
⏐
⏐
⏐

∫ff2(x)

ff1(x)

u′(x+r)Ω(r)dr+J1(x)+J2(x)

⏐
⏐
⏐
⏐
⏐
p

≤

⏐
⏐
⏐
⏐
⏐

∫ff2(x)

ff1(x)

u′(x+r)Ω(r)dr

⏐
⏐
⏐
⏐
⏐
p

+|J1(x)|p+|J2(x)|p,

where

J1(x)=ff
′
1(x)u(x+ff1(x))Ω(ff1(x))

J2(x)=ff
′
2(x)u(x+ff2(x))Ω(ff2(x)).

EachofftheJiterms,isestimatedby

|J1(x)|
p
p=

∫

D

|ff′1(x)u(x+ff1(x))Ω(ff1(x))|
pdx≤2p|u|pp|Ω|

p
∞,V, (4.101)

and

|J2(x)|
p
p=

∫

D

|ff′2(x)u(x+ff2(x))Ω(ff2(x))|
pdx≤2p|u|pp|Ω|

p
∞,V. (4.102)

Fortheirstintegral,weapplyLemma4.9.Thencombiningthethreeterms,

weobtain,

|∇·K[u](x)|p≤|u
′|p|Ω|∞,V+4|u|p|Ω|∞,V≤5∥u∥1,p|Ω|∞,V. (4.103)
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ThenwecomputetheSobolevnormoffK[u](x)

|K[u]|pp+|∇x·K[u]|pp≤(1+5p)∥u∥p
1,p|Ω|p∞,V. (4.104)

Forp≥1,theffunctiong(p)=(1+5p)1/pachievesamaximumoff6.Hencewe

obtaintheinalresult.

UsingtheestimateinLemma4.24,weshowthattheoperatorKisC1.

Lemma4.25.The mapK:Lp(D)→ Lp(D),deinedbyequation(4.11)isC1,

anditsderivativeisgivenby

DuK[w](x)=

∫

E(x)

w(x+r)Ω(r)dr. (4.105)

Prooff. Theprooffisobvious,sinceK[u]islinearinu(x).

Intheffollowing,wemakeuseoffquotientSobolevspaces.Thesigniicance

offthisspaceisthatduetotheno-luxboundaryconditions,thesteady-state

solutionsoffequation(4.1)areinthisquotientspace.Inparticular,spacesoff

thefformWk,p(D)/Pk−1,wherePk−1isthespaceoffpolynomialsuptodegree

k−1,becauseinthesespaceswehaveasimpleequivalentnorm|u|k,p.Hence,

givingusaPoincaŕetypeinequality.Thisspaceisequippedwiththenorm

∥̂v∥W k,p(D)/Pk−1
=inff

v∈̂v
∥v∥W k,p(D), (4.106)

wherev̂aretheequivalentclassesinthequotientWk,p(D)/Pk−1.Thespace

Wk,p(D)/Pk−1hastheffollowingveryuseffulnormequivalency.

Theorem4.26 (Theorem7.2[127]).LetD ⊂RwithaLipschitzboundary,

andletusassumethattheidentitymappingI:W1,p(D)→ Lp(D)iscompact.

Thenletû∈Wk,p(D)/Pk−1,thenwehave

c1∥̂u∥W k,p(D)/Pk−1
≤

⎡

⎣
∑

|α|=k

|Dαu|pLp(D)

⎤

⎦

1/p

≤c2∥̂u∥W k,p(D)/Pk−1
,∀u∈û.

(4.107)
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whenp=2,Wk,2(D)/Pk−1isaHilbertspacewithscalarproduct

(̂v,̂u)=
∑

|α|=k

∫

D

DαvDαudx, ∀u∈û,v∈v̂. (4.108)

Remark 4.27.Inourcase,weareinterestedinthecasek=1i.e.thespaces

W1,p(D)/R,whereD⊂RboundedandwithaLipschitzboundary.Thisspace

isequippedwiththenorm

∥̂v∥H1(D)/R =inff
v∈̂v

∥v∥1,D. (4.109)

Itiseasytosee,thatTheorem4.26holdsbytheSobolevembedding(see

TheoremB.4)fforp≥1.

Foraffurtherbetterunderstandingoffthisspace,wewillprovetheffollowing

result.

Lemma4.28.ThespaceW1,p(D)/Risisomorphicto

W :=

{

u∈W1,p(D):

∫

D

u(x)dx=0

}

. (4.110)

Prooff. DeinetheoperatorA:Lp(D)→ Rby

A[ff]:=
1

|D|

∫

D

ff(x)dx. (4.111)

Thenitiseasytosee,that∥A∥=1.Ontheotherhand,theoperatorQ:=I−A,

gives

Qff(x)=ff(x)−
1

|D|

∫

D

ff(x)dx, (4.112)

andweindthat ∫

D

Qff(x)dx=0. (4.113)

Thus,Qff ∈W.Hence,W andthesetoffconstantffunctionsarecomplements

inW1,p,i.e.,

W1,p(D)={u∈W1,p:u≡c∈R}⊕W. (4.114)
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Thusapplying[55Proposition4.4],wehavethat

W1,p(D)/R∼=W. (4.115)

Lemma4.29.LetD⊂Rbounded,letp>1andu∈W1,p(D)/R.Thenwe

deine,

x→∇x·K[u](x) (4.116)

whereK[u]isdeinedinequation(4.44)andassumptionsA1toA4aresatis-

ied,and∇x·K[u](x)iscomputedinLemma4.23.ThenK[u]∈W
1,p(D),in

particulartheffollowingholds,

∥K[u]∥1,p≤(4C+1)|Ω|∞∥u∥1,p. (4.117)

Prooff.TheprooffisverysimilartotheprooffoffLemma4.24.

Finallywederiveasimpleestimate,thatshowsthatthenon-localterm

K[u]isboundedbytheaverageofftheffunctionu(x).

Lemma4.30.LettheoperatorK[u](x)bedeinedasinequation(4.11),and

supposethatu(x)≥0,with|u|1,D=A[u]<∞.Then

−sup
r∈[0,1]

ω(r)A[u]≤K[u](x)≤ sup
r∈[0,1]

ω(r)A[u]. (4.118)

Prooff.Letu(x)≥0suchthatA[u]<∞.Thenwecompute

K[u](x)=

∫1

−1

χE(x)(r)u(x+r)Ω(r)dr

=

∫1

0

χE(x)(r)u(x+r)ω(r)dr−

∫0

−1

χE(x)(r)u(x+r)ω(r)dr.

(4.119)

Itiseasytosee,thatbothintegralsarenon-negativeasu(x)≥0andω(r)≥0.
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Henceitffollows,that

K[u](x)≤

∫1

0

χE(x)(r)u(x+r)ω(r)dr≤ sup
r∈[0,1]

ω(r)A[u]. (4.120)

Inthesamespirit,weind

K[u](x)≥−

∫0

−1

χE(x)(r)u(x+r)ω(r)dr≥− sup
r∈[0,1]

ω(r)A[u]. (4.121)

4.3 SteadyStates

Inthissection,weconsiderthesteady-statesoffequation(4.1)usingthedifferent

non-localoperatorsthatwereconstructedinSection4.1.

4.3.1 Steadystatesfforneutralnon-localterm

Thesteadystatesoffequation(4.1)subjecttotheneutralnon-localtermcon-

structedinExample4.5,aregivenbythesolutionsofftheffollowingequation.

uxx(x,t)−α

(

u(x,t)

∫

E(x)

[u(x+r)−ū]Ω(r)dr

)

x

=0, (4.122a)

where E(x)isdeinedinequation(4.46). Asequation(4.1)exhibits mass

conservationweimposetheffollowingmassconstraintonthesolutionsoffequa-

tion(4.122a).

A[u]=̄u, (4.122b)

whereR∋ū>0,isthe massperunitlengthoffpopulationu(x)inD.Then

sinceK[̄u]=0fforallx∈D,itiseasytoseethatu(x)=̄uisasolutionfforall

α∈R.

IffwewanttoextendtheresultsoffChapter3toequation(4.122a),wehave

toshowthatiffu(x)isasolutionsoisu(L−x).Onceagainthenon-localterm

iscritical.
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Lemma4.31. Letu(x)∈C1
B beapositiveffunction,andconsiderw(x) =

u(L−x).Thenfforthenon-localtermdeinedinequation(4.43),wehavethat

K[w](x)=−K[u](L−x). (4.123)

Prooff. Weonlyhavetoconsidertheboundaryregion,i.e.,[0,R]∪[L−R,L],

sinceffortheinteriortheresultffollowsffromLemma3.82.Thuswearelefftwith

checkingtheffourintervals[0,R/2],[R/2,R],[L−R,L−R/2],[L−R/2,L].

Letx∈[0,R/2],thensinceR−2x>0wehavethat,

K[w](x)=

∫R

R−2x

[w(x+r)−ū]ω(r)dr=

∫R

R−2x

[u(L−x−r)−ū]ω(r)dr.

ReplacingW withu,lettingy=L−x,andswitchingthesignofftheintegration

variableweobtain,

K[w](x)=

∫2L−2y−R

−R

[u(y+r)−ū]ω(r)dr. (4.124)

Sincey∈[L−R/2,L]wehavethat2L−2y−R≤0,thusweobtain,

(4.125)K[w](x)=−

∫2L−2y−R

−R

[u(y+r)−ū]Ω(r)dr=K[u](y)=K[u](L−x).

Letx∈[R/2,R],andconsider

K[w](x)=

∫R

R−2x

[w(x+r)−ū]Ω(r)dr

=

∫R

0

[w(x+r)−ū]ω(r)dr

  
I

−

∫0

R−2x

[w(x+r)−ū]ω(r)dr

  
II

.

ThenweswitchthesignofftheintegrationvariableinII,toobtain

K[w](x)=

∫R

0

[u(L−x−r)−ū]ω(r)dr−

∫2x−R

0

[u(L−x+r)−ū]ω(r)dr.

(4.126)
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Finally,wesety=L−xtoobtain

K[w](y)=

∫R

0

[u(y−r)−ū]ω(r)dr−

∫2L−2y−R

0

[u(y+r)−ū]ω(r)dr

=

∫2L−2y−R

−R

[u(y+r)−ū]Ω(r)dr=−K[u](y)=−K[u](L−x).

(4.127)

Fortheintervals[L−R,L−R/2]and[L−R/2,L]wesimplyreverttheabove

arguments.

Corollary4.32. Letu(x)beasolutionoffequation(4.122a),thenw(x)=u(L−x)

isalsoasolution.

Prooff. Letw(x) =u(L−x),whichwesubstituteintoequation(4.122a)to

obtain

w′′(x)


I

−αw(x)(K[w](x))x  
II

−αw′(x)K[w](x)
  

III

. (4.128)

Then,weobtain

I=u′′(L−x),

II=αu(L−x)(−K[u](L−x))=αu(L−x)(K[u])′(L−x),

III=αu′(L−x)K[u](L−x).

Hencew(x)satisiesequation(4.122a).

Corollary4.32showsthatequation(4.122a)satisiesthebasicrelection

astheequationinChapter3.However,thestrongersymmetrypropertywe

buildintothespaceH2
P isnotsatisieduntilweprovethatu(L−x)=u(x).In

Chapter3,thispropertyimpliedthattheluxatx=0,Liszero.Nevertheless,

thissuggeststhatthesolutionsobtainedinChapter3mayberelatedtothe

solutionsoffequation(4.122a).
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4.3.2 Steadystatesfforrepellentnon-localterm

Thesteadystatesoffequation(4.1)withrepellentnon-localtermK[u](see

Example4.3),aregivenbythesolutionsofftheffollowingequation.

uxx(x,t)−α

(

u(x,t)

∫

E(x)

h(u(x+r))Ω(r)dr

)

x

=0, (4.129a)

where E(x)isdeinedinequation(4.46). Asequation(4.1)exhibits mass

conservationweimposetheffollowingmassconstraintonthesolutionsoffequa-

tion(4.129a).

A[u]=̄u, (4.129b)

whereR∋ū >0,isthe massperunitlengthoffpopulationu(x)inD.To

beabletoeasilycarryoutthesubsequentasymptoticexpansion,weassume

thattheffunctionh(·)undertheintegralinequation(4.129a)islinear(i.e.

h(u)=u.)

When α=0theboundaryconditionsaregivenbytheclassicalNeumann

boundaryconditions(4.7).Itistheneasytosee,thatequation(4.1)admitsa

constantsteadystatesolutionu(x)≡ū. Whenα≠0,thesituationis much

morecomplicated.Inthissection,weapproximatethegroundsteadystateoff

equation(4.129a)byusinganasymptoticexpansionfforsmallvaluesoffα.In

thissection,weassumethatR=1.Intheffollowing,weassumethatα=ϵ.

Thenweconsidertheffollowingasymptoticexpansion,

u(x)=u0(x)+ϵu1(x)+ϵ2u2(x)+O(ϵ3). (4.130)

Substitutingthisintoequation(4.129a),weobtain

(4.131)
0=

(
u0(x)+ϵu1(x)+ϵ2u2(x)

)
xx

−ϵ

(

(u0+ϵu1)

∫1

−1

(
u0+ϵu1+ϵ2u2

)
(x+r)χE(x)(r)Ω(r)dr

)

x

.

Separatingthescalesoffϵ,weobtainfforthezerothorderequation.

(u0)xx=0, (4.132)
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andffortheirstorderequation

(u1)xx−

(

u0

∫1

−1

u0(x+r)χE(x)(r)Ω(r)dr

)

x

=0. (4.133)

Finally,thesecondorderequationisgivenby

(4.134)(u2)xx−

(

u1

∫1

−1

u0(x+r)χE(x)(r)Ω(r)dr

)

x

−

(

u0(x)

∫1

−1

u1(x+r)χE(x)(r)Ω(r)dr

)

x

=0.

Thezerothorderequation(4.132)iseasilysolved.

u0(x)=ax+b, (4.135)

wherea,b∈Rhavetobechosen.DuetotheNeumannboundarycondi-

tions(4.5),weindthata=0,andthusu0≡b.Duetoconstraint(4.129b),we

indthatb=ū.Theirstorderequationissolvedbyconsideringtheffollowing

system

(u1)xx−b
2

(∫1

−1

χE(x)(r)Ω(r)dr

)

x

=0, (4.136)

subjectto
∂u1
∂n
=0 on∂D, (4.137)

wherenistheunitoutwardnormaloff∂D.Thisboundaryconditionisob-

tainedffromanexpansionofftheluxcondition(4.4)inϵ.Toensurethat

equation(4.136)hasasolution,weimposetheconstraintthat

∫

D

u1(x)dx=0. (4.138)
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UsingthepropertiesofftheffunctionΩ,werewriteequation(4.136)as

(u1)xx=b
2

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2ω(1−2x) fforx∈[0,1/2]

−2ω(1−2x) fforx∈[1/2,1]

0 fforx∈[1,L−1]

−2ω(2L−2x−1)fforx∈[L−1,L−1/2]

2ω(2L−2x−1) fforx∈[L−1/2,L]

. (4.139)

Wesolvethisdifferentialequationbyintegrating,andimposethatthesolution

u1(x)beC
2andcondition(4.138).Afftermuchalgebraweobtain,theffollowing

expressionffortheffunctionu1(x)

u1(x)=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u(0)+b2
∫x

0

∫1

1−2s

ω(r)drds fforx∈[0,1/2]

A−b2
∫1

x

∫1−2s

−1

ω(r)drds fforx∈[1/2,1]

A fforx∈[1,L−1]

A−b2
∫x

L−1

∫1

2L−2s−1

ω(r)drds fforx∈[L−1,L−1/2]

u(L)+b2
∫L

x

∫2L−2s−1

−1

ω(r)drds fforx∈[L−1/2,L]

,

(4.140)

where

A=
b2

L

∫1

0

rω(r)dr, (4.141)

and

u(0)=u(L)=b2
[
1−L

L

]∫1

0

rω(r)dr. (4.142)

Thesecondorderequation(4.134)iscomplicated,andwedonotsolveithere.

Foravisualdepictionofftheasymptoticexpansion(4.130),seeFig.4.9.

Notethatthisimplies,thatiffwecompareu=u0+ϵu1totheconstant

steadystatesolutionthatwewouldexpectinthecaseoffperiodicboundary
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Figure4.9:Thesolutionu(x)giveninequation(4.130)fforvariousvaluesoffα∼ϵ.
Theblackdottedlinesdenotetheboundariesofftheareasthatarewithinonesensing
radiusoffthedomainboundary.ThedottedlinesdenoteRandL−Rrespectively.

conditionsintheffollowingdenotedbȳu,weobservethatu(x,t)>ūfforx∈D0,

andu(x,t)<ūfforx∈D\D0.Itisoffnotethatthepointatwhichu(x)=̄u

remainsconstantfforchangingvaluesoffϵ.

4.4 Future Outlook

Intheprevioussection,wediscussedthesteadystatesoffequation(4.1)sub-

jecttotherepellentandneutralnon-localtermwhichwereconstructedin

Section4.1.Inthecaseofftherepellentnon-localoperator,wewereonlyable

toasymptoticallyapproximatethesteadystatesfforsmallvaluesoffadhesion

strengthα.Amoredetailedexplorationoffthesteady-statesofftheseequations

ishinderedbytheffactthatthereisnoconstantsteady-statethatexistsfforall

valuesoffα.ThismeansthattheapproachpionereedbyRabinowitz[144](used

inChapter3)cannotbeapplied.Intheffollowing,webrielyoutlineapproaches

ffrequentlyusedintheliteraturetoaddressnonlinearsteady-stateequations,

anddiscusstheirchallengeswhenappliedtothenon-localequations(4.129a).

Acommonapproachtoshowtheexistenceoffsolutionsoffnonlinearsteady-

stateequationsistheconstructionoffamonotoneboundedsequenceoffsolutions
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[5].Forthisapproach,oneirstdevelopsweaksolutionsfforalineareigenvalue

problemthatisrelatedtothenonlinearequation.Thesolutionoperatoroff

thiseigenvalueproblemisthenshowntobecompact(ellipticregularity)and

positive(theequation’sstructure).Thesepropertiesallowtheapplicationoff

the Krein-Ruthmanntheoremtothesolutionoperator.Thus,showingthat

thereexistsauniquepositiveeigenffunction[6,112].Theexistenceoffsolutions

offthenonlinearequationisthenshownusingamonotoneiteration[5],which

originateseitheratasuborsupersolutionconstructedffromtheeigenffunction.

Applicationsoffthistechniqueincludeanon-local modeloff Ohmicheating

[110]andtheconstructionoffsolutionsoffanon-localequationresultingffrom

abirth-jumpprocess[44].

Adifferentapproachistorewriteequation(4.129a)asanabstractixed

pointequation. Thentopologicaldegree(e.g.Leray-Schauderdegree)argu-

mentscanbeusedtoshowtheexistenceoffsolutions.Biffucationpointsarethose

atwhichtheindex(degreefforisolatedsolutionsofftheixedpointequation)

changessign.ApplicationsofftheLeray-SchauderincludetheworkbyCrandall,

Rabinowitz[34]whoclassiiedthesolutionsoffnonlinearSturm-Liouvilleequa-

tions.IndeedthetheoremoffRabinowitz[144](anditsextensions[113,158]

whichareusedinChapter3)provideeasytocheckconditions,whichidentiffy

biffurcationpoints(indexchanges).IncombinationwiththeKrein-Ruthmann

theoremtheLeray-Schauderdegreeisapopulartooltoshowtheexistenceoff

positivesolutionsoffequationscontainedanon-localtermoffthefform,

ū=

∫

X

u(x)dx (4.143)

eitherasperturbationofftheLaplacianorinthereactionterm[19,40,41,42,

60,61,62].Inourcaseoffequation(4.129a)thechallengeoffthisapproachis

thatwecannotapplyKrein-Ruthmann.

Theso-calledMawhincoincidencedegreeisalsosometimesusedtoprovethe

existenceoffnon-trivialsolutions[57].UsingaLyapunov-Schmidtreduction,one

obtainstheso-calledbiffurcationequation(amappingbetweenthekerneland

co-kernelofftheoperatorequation).Fromthisequation,the Mawhindegreeis

computed. WhileaLyapunov-Schmidtreductionandsubsequentlythe Mawhin
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degreecanbecomputedfforequation(4.129a),itdoesnotyieldauseffulresult.

Inthecaseoffequation(4.129a),thisleavesanapplicationofftheLeray-

Schauderdegreetoitsabstractixedpointequationastheonlyviableoption.

Thechallengehereisthatadetailedunderstandingofftheequation’sstructure

(i.e.,non-localtermbehaviour).Further,toensureprogressesathoroughnu-

mericalstudyofftheequation’ssteadystatesshouldbedone.Thishowever

requiresffastnumericalmethodstocomputethemodiiednon-localterms,i.e.,

extensionsoffthemethodsdevelopedbyGerisch[66].

4.5 Discussion

Inthischapter,weconsideredthenon-localcelladhesion model(4.1)ona

boundeddomainwithno-luxboundaryconditions.Thepresenceoffthebound-

arymeantthatthedeinitionoffthenon-localoperatorintheboundaryregion

(withinonesensingradiusofftheboundary)hadtoberevisited.Inthreesteps,

weconstructednon-localoperatorsthatare(1)well-deined,(2)satisffythe

boundarycondition(4.6),and(3)havedifferentbehavioursintheboundary

region.Thereare manydifferentwaystoconstructnon-localoperatorsthat

satisffyconditions(2)and(3).Inparticular,thebehaviourintheboundary

regioncanbechosenffreely.Intheory,thebehaviourintheboundaryregion

(condition(3))couldbechosenindependentffromcondition(2).Herehowever,

weconsideredonlynon-localoperatorsK[u]thatarecontinuousinthebound-

aryregion,sothatsomeboundaryeffectsarealwaysffeltwithintheboundary

region.

InExample4.3,wemodiiedthelimitsoffintegrationsothatK[u]satisies

theboundaryconditionandiscontinuous.InExample4.4,thecorrectionterms

nbwerecontinuouslydecreasedtozerothroughtheboundaryregion.Finally,

inExample4.5,weintroducedanadditionalcorrectiontermtoensurethat

theconstantūisalwaysasolutionoffequation(4.1).

Usingtwoffunctions,onewithapeakandtheotherwithatroughonthe

boundary,wecomparedthebehaviouroffthenewlyconstructednon-localterms

totheperiodicnon-localoperatorusedinChapter3,whichalwayspointsin

thedirectionoffincreasingcell mass. Dependingon whetherthisproperty
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isretainedbythenewlyconstructednon-localoperators,weclassiiedthem

aseitherrepulsiveorattractive.Thenon-localoperatorsffromExample4.3

andExample4.4arerepellent,whiletheoperatorffromExample4.5iseither

dependingonthesizeoffu(x)comparedtoū.

Mathematicallynovelisthenon-localoperatorinwhichtheintegrationlim-

itsarespatiallydependent(seeExample4.3),whosemathematicalproperties

weinvestigatedffurther.Thespatialdependenceofftheintegrationlimitsposed

aparticularchallenge,sincepropertiessuchascontinuityrequireanotionoff

convergenceoffsets(integrationdomain).Forthisreason,wemakeuseoffthe

Fŕechet-Nikodym metric(seeSection4.2.1).Usingthis metric,weextended

theestimatesoffChapter3,tothenon-localoperatorwithspatiallydepen-

dentlimitsoffintegration.Differentiationoffthisnon-localoperatorwasequally

made morechallengingbythespatiallydependentintegrationlimits.Using

thetheoryoffdistributions,wecomputedthenon-localterm’sweakderivative,

whichcoincideswiththeclassicalderivativeifftheintegrationkernelΩ(·)is

zeroontheboundaryoffthesensingdomain(∂V).

Weexploredthesteadystatesoffequation (4.1)withthenon-localterms

constructedinExample4.3andExample4.5.InthecaseoffExample4.5,

thereexistsaconstantsteadystateu≡ūfforallα.Further,weshowedthat

equation(4.122a)isequi-variantunderrelectionsthroughthecentreoffthe

domain.Hence,asub-setoffsolutionsoffequation(4.122a)seemtoberelated

totheperiodicsteadystatesolutionsffoundinChapter3.Atthesametime,

however,weexpectthesetoffsolutionsoffequation(4.122a)tobericher.An

explorationoffthesetoffnon-trivialsolutionsoffequation(4.122a)usingthe

techniquesemployedinChapter3isaworthwhileffutureresearchproject.

Inthecaseoffthenon-localoperatorconstructedinExample4.3,however,

theconstantffunctionisasolutioniffandonlyiffα=0.Usinganasymptotic

expansion,westudythesteadystatesinazeroneighbourhood(i.e.α∼O(ϵ)).

Weffoundthat,neartheboundary,thesteady-stateshavevaluesbelow ūwhile

ffarawayffromtheboundaryvaluesabovēu.Thissupportsourearlierclassii-

cationoffthenon-localtermconstructedinExample4.3asrepellent.Sincethe

constantsolutionexistsonlyfforα=0,itisimpossibletousetheapproach

takeninChapter3.Thisleavesthedirectapplicationofftopologicaldegreethe-
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oryastheonlyviableoption.Thisishoweverchallengingandalmostcertainly

requirestheguidancebydetailednumericalstudies.

Therequirednumericalmethodstoffurtherexplorethesteadystatesand

time-dependentsolutionsoffthenon-localcelladhesionmodelsubjecttono-lux

boundaryconditionsneeddeveloping.Forthetime-dependentequation,the

methodsdevelopedbyGerischffortheperiodiccaseareagoodstartingpoint

[66].Equallyimportantwouldbethedevelopmentoff methodstosolvethe

steady-stateproblemdirectly.Thiswouldallowtheuseoffnumericalcontinua-

tiontechniquestoexplorethesetoffsteady-statesolutionsdirectly.

TheexperimentalresultsbyPaksaetal.motivatedthedevelopmentoffthe

boundarydependentnon-localoperators[138],whostudiedthepositioningoff

progenitorcellsduringorganogenesis.Theyffoundthatcell-celladhesionsand

thepresenceoffrepulsiveboundarieswerecriticaltothecorrectpositioningoff

theinalorgan.Inananalysisoffcellpolarizationattheindividualcelllevel,

theyshowedthatwhencellsencounterarepulsiveboundarytheirpolarization

reverses[138].Inthederivationoffequation(4.1),weassumedthatthenon-local

termrepresentseachcell’spolarization.Thisbehaviourseemstobeincluded

inthenon-localoperatorconstructedinExample4.3(seeFig.4.6),wherethe

non-localoperatorreversesneartheboundary.Itishoweverclearthatthecell’s

polarizationisaresultoffthesub-cellularsignallingnetworks.Hence,itwould

beaworthwhileffutureprojecttoidentiffythecentralregulatorysub-unitsoff

thisnetworkthatcontrolcellpolarization,andcellpolarizationreversalupon

encounteringsolidboundaries.Theinalgoalwouldbetoobtainthebehaviour

offthenon-localtermintheboundaryregionffromarealisticintra-cellular

signallingmodel.
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Chapter5

Discussion

IntheIntroduction,wefformulatedtheaimsoffthisthesis.Thesewere:

1.Cannon-localmodelsbederivedffromanunderlyingindividualdescrip-

tionoffcellmovement?

2.Whatarethesteady-statesoffthenon-localcelladhesion model(i.e.,

equation(1.1))intheabsenceoffboundaryeffects?

3.Howtomodelandincludeboundaryeffectsinthenon-localtermoffthe

celladhesionmodel(i.e.,equation(1.1))?

InChapter2,startingffromthemasterequationoffaspace-jumpprocess,we

showedhowacell’spolarizationvectorisnaturallyincludedintheprocess’

transitionrates.Allthatremainedwastodevelopmodelsoffcellpolarization.

Wedevelopedmodelsfforadhesionandchemotaxis.Forcellularadhesion,we

developedacellpolarizationmodelbasedonbiologicalinsightsoffindividualcell

movement. Weassumedthatthecells“sample”theirsurroundingenvironment

usingilopodia,whicharethincylindricalcell membraneprotrusions. The

ilopodiaattachtoothercellsusingcellularadhesion molecules. Oncethe

adhesionbondsarefformed,thecellsutilizethemtopullthemselvesfforward.

Filopodiaarehoweveronlyonetypeoff membraneextensioncellscom-

monlyuse.Othersincludelamellipodia,asheetlikestructureusedduringthe

migrationonlatsurffaces,orcellblebsusedduringmigrationthroughthree-

dimensionalextracellular matrix[147]. Modelsoffcellpolarizationfforthese
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typesoffstructureswouldbegreat.Equallyimportantwouldbethevalidation

offtheilopodia-basedpolarization modelagainstbiologicaldata.Theselec-

tionofftheparticularreactionkineticsoffthecellularadhesionmoleculesisoff

particularinterest.TheoriginalArmstrongmodel(1.1)assumedlawoffmass

actionkinetics.However,cellularadhesionmoleculesareconinedtothecell’s

membrane,i.e.,atwo-dimensionalsurfface.Thisshouldchangethereaction

kinetics. However,withoutbiologicaldatathisremainspurespeculation.Iff

detailedcell-trackingdatawouldbeavailable,includingvelocitydata,amore

detailedindividual modelbasedonavelocity-jumpprocesswouldbe more

suitable.

Mostsigniicantwouldbeidentiicationoffthecriticalsub-unitsofftheintra-

cellularsignallingnetworkoffgenesandproteinsthatcontrolcellpolarization

(e.g.,Rho-RacGTPase[94,95])incombinationwithcellularadhesionmolecules.

Ourdeinitionoffthepolarizationvector,anditsinclusioninthepopulation

levelmodel,providesuswithanaturalmethodtobuildmulti-scalemodelsoff

cellmigrationinthepresenceoffcell-celladhesion.

InChapter3,weffocusedonthesteadystatesoffthenon-localcelladhesion

modelintheabsenceoffboundaryeffects.Sincetheconstantsolutionisalways

asteadystate,weusedglobalbiffurcationresultspioneeredbyRabinowitz

toidentiffypointsalongtheconstantsolutionbranchatwhichbranchescon-

tainingnon-trivialsolutionsarespawned. Weclassiiedthesolutionsinthe

newlyspawnedbranchesusingtheirsymmetries,whichtheyinheritffromthe

eigenffunctionoffthelinearizationatthebiffurcationpoint.Further,usingthe

particularstructureoffthenon-localoperatorandoffthecelladhesionequa-

tion(1.1),weshowedthatthelocationsoffthesolution’sextremaareixed. We

characterizedthesolutionsbyshowingthattheyareelementsinaparticular

subspaceoffC2,whoseffunctionshavederivativesoffalternatingsignonaixed

tiling.Finally,weprovedthattheirstbiffurcationbranchisunboundedand

hasonepeak,andthatthebiffurcationisoffpitch-fforktype.Theintegralkernel

inthenon-localtermdeterminesthebiffurcation’sdirectionandwhethera

switchoffstabilityoccursatthebiffurcationpoint.Finally,usingnumerics,we

presentedsomethesteady-statesandobservethefformationoffrotatingwaves

inthelong-timelimit.
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AmajorlimitationoffTheorem3.97isthatitisonlyvalidffortheirstbi-

ffurcationbranchandonlyfforlinearh(u).However,asdiscussedinChapter3,

anextensiontoallbiffurcationbranchesseemsimminentwithnonlinearh(u)

satisffyingtheassumptionsoutlinedinDeinition3.1.Evenwiththisresultwe

cannotexcludethepossibilityoffsecondarybiffurcationsoccurringalongthe

branchesoffnon-trivialsolutions.Thesebiffurcationsmayleadtoffurthersym-

metrybreaking.However,theidentiicationoffpointsoffsecondarybiffurcations

isachallengingmathematicalproblem,sincenoresultequivalenttotheglobal

biffurcationtheoremsexists.Thisleavesadirectapplicationofftopologicalde-

greetheoryincombinationwithnumericalsolutionsastheonlyviableoption.

Airstresultdescribingthesetoffpossiblepointsoffsecondarybiffurcationcould

beobtainedbyanapplicationofftheanalyticbiffurcationtheorydevelopedby

Dancer[37,38].However,secondarybiffurcationsareonlytrulyidentiiableby

discoveringpointsatwhichtheindexchanges.

Thenextstepintheanalysisoffequation(1.1)istostudytime-dependent

solutions.Thereareseveralinterestingquestionssuchascanfformedcellaggre-

gatesmerge?Dothereexistmeta-stablesolutions?Suchstudieshavetwogoals

(1)thecharacterizationofftheglobalattractoroffequation(1.1),and(2)de-

velopthemathematicalinsightstostudyextensionsoffthecelladhesionmodel.

Asimilarextensionwouldbetheinclusionofftemporallyandspatiallyvarying

adhesioncoeicients.Suchvaryingcoeicientshavebeenusedtoobtainrealis-

ticbiologicalsolutionsdescribingcanceroustissues[47].Suchvaryingadhesion

coeicientshavewideapplicationsinbiologicalphenomenainwhichthetransi-

tionoffstationarycellstomotilecellsiscritical.Theseincludewound-healing,

cancercellinvasionandnormaltissuedevelopment.

Bothbiologicallyandmathematicallyrelevantwouldbeextensionsoffmodel(1.1)

toincludeseveralcellpopulations,tostudythesteady-statesoffcell-sortingus-

ingtheglobalbiffurcationapproach.Anextensiontohigherspatialdimensions

wouldallowustostudywound-healingandtissuefformationmorerealistically.

InChapter4,weconsideredthenon-localcelladhesionmodelonabounded

domain,withno-luxboundaryconditions. Withoutmodiication,thenon-local

termusedinChapter3wouldneithersatisffytheno-luxboundarynorbewell-

deined.Inathreestepprocess,weensuredthatthenon-localtermis(1)
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well-deined,(2)satisiedtheno-luxboundaryconditions,and(3)proposed

howitbehavesintheboundaryregion.Intuitively,dependingontheadhe-

sivepropertiesofftheboundary,cellswouldbeeitherrepelledorattractedby

theboundary. Weconstructedarepellentandonethatisbothrepellentand

attractant(neutral)dependingonthepopulationlevel.

Thecelladhesion model,includingtheneutralnon-localboundarycon-

ditions,admitsaconstantsteadystatefforallvaluesoffα.Inaddition,the

equationisequi-variantwithrespecttorelectionthroughthedomain’scentre.

Theexistenceofftheconstantsolutionfforallαimpliesthatthebiffurcation

theoremsusedinChapter4areadmissibletothisproblem.Further,similar

symmetrypropertiessuggestthatsomepartsofftheargumentsffromChapter3

maybeapplicable.Inthecaseoffthecelladhesionmodelincludingtherepellent

non-localmodel,theconstantffunctionisasolutioniffandonlyiffα=0. We

usedanasymptoticexpansiontostudytheirststeady-stateoffthismodelffor

smallα.Thisanalysisdemonstratedthatthesolutionisdepressednearthe

boundary,withthereplacedmassbeingaddedinthemiddle.

Intheconstructionoffthenon-localoperatorsthatincludetheno-lux

boundaryconditions,wehadffreedomtochoosetheirbehaviourinthebound-

aryregion(withinonesensingradiusofftheboundary).Frombiologicalex-

periments,itisknownthatthecellpolarizationadaptswhencellsencounter

physicalboundaries[138].Responsiblefforthisadaptationaretheintra-cellular

signallingnetworks.InChapter2,wearguedthatthenon-localoperatorisa

modeloffcellpolarization.Thusanaturalextensionwouldbetoincludethe

involvedintra-cellularprocessesinamulti-scalemodeloffcelladhesion.

Inconclusion,inthisthesiswe madesigniicantprogressinunderstand-

ingoffnon-local modelsoffcelladhesion. Weproposedafframeworktoderive

such modelsffromanunderlyingstochasticrandomwalk,studiedthesteady

statesspawningthroughbiffurcationsffromtheconstantsolution,andinally

consideredthenon-localcelladhesionmodelonaboundeddomainwithno-lux

boundaryconditions.Finally,perhapsoneoffthemostimportantoutcomesoff

thisthesisarethenewpossibledirectionsoffresearchthathavebeenidentiied.

The mainquestionsare:identiicationoffsecondarybiffurcations,analysisoff

thetime-dependentsolutionsoffequation(1.1),severalcellpopulations,higher
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spacedimensions,andmulti-scalemodellingincludingintra-cellularsignalling

networks.
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[24] A.Buttenscḧon,T.Hillen,A. Gerisch,K.J.Painter(2017)Aspace-
jumpderivationffornon-localmodelsoffcell-celladhesionandnon-local
chemotaxis.Journaloff MathematicalBiology.doi:10.1007/s00285-017-
1144-3

[25] H. M.Byrne, M.A.J.Chaplain(1996) Modellingtheroleoffcell-cell
adhesioninthegrowthanddevelopmentoffcarcinomas.Mathematical
andComputer Modelling24(12):1–17

[26] H. M.Byrne,D.Drasdo(2009)Individual-basedandcontinuummodels
offgrowingcellpopulations: Acomparison.Journaloff Mathematical
Biology58:657–687

[27] J. Calvo,J. Campos,V. Caselles, O.Śanchez,J.Soler(2015)Flux-
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[49] D.Drasdo,S.Ḧohme(2005)Asingle-cell-basedmodelofftumorgrowth
invitro:monolayersandspheroids.Physicalbiology2(3):133–47

[50] J.Dyson,S.A.Gourley,R.Villella-Bressan,G.F. Webb(2010)Exis-
tenceandAsymptoticPropertiesoffSolutionsoffaNonlocalEvolution
Equation ModelingCell-CellAdhesion.SIAMJournalon Mathematical
Analysis42(4):1784–1804

[51] R.Efftimie,G. De Vries, M. A.Lewis,F.Lutscher(2007) Modeling
groupfformationandactivitypatternsinselff-organizingcollectivesoff
individuals.Bulletinoff MathematicalBiology69(5):1537–1565

[52] R.Efftimie,G.de Vries, M. A.Lewis(2007)Complexspatialgroup
patternsresultffromdifferentanimalcommunicationmechanisms.Pro-
ceedingsofftheNationalAcademyoffSciencesofftheUnitedStatesoff
America104(17):6974–6979

[53] R.Erban,J.S. Chapman,P. K. Maini(2007) Apracticalguideto
stochasticsimulationsoffreaction-diffusionprocesses.arXiv:0704.1908:
24–29

[54] R.Estrada,R.P.Kanwal(1993)AsymptoticAnalysis:ADistributional
Approach.Birkḧauser,Boston
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[113] J.Ĺopez-Ǵomez(2016)GlobalbiffurcationfforFredholmoperators.Ren-
dicontidell’Istitutodimatematicadell’Universit̀adiTrieste:anInter-
nationalJournaloff Mathematics48:539–564
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Appendix A

Non-dimensionalizationoff
non-localcell-celladhesion
model

Notethatthisnon-dimensionalizationisonlyfforthecase when h(u) =u
fforothernonlinearffunctionswemaywanttochangethescalingoffu.Inone
dimensionequation(3.211)reads,

∂u

∂t
=D

∂2u

∂x2
−α

∂

∂x

(

u
ϕ

R

∫R

−R

h(u(x+r))Ω(r)dr

)

(A.1)

whichwillbenon-dimensionalizedbyintroducingtheffollowingvariables,

x∗=
x

R
t∗=t

D

R2
u∗=

u

û
α∗=

α

α̂
. (A.2)

Then,

dx∗=dx
1

R
dt∗=dt

D

R2
du∗=du

1

û
(A.3)

Thenwegetthat,

∂u∗

∂x∗
=

û

R

∂u

∂x

∂2u∗

∂x∗2
=

R2

û

∂2u

∂x2
. (A.4)

∂u∗

∂t∗
=

R2

Dû

[

D
∂2u

∂x2
−

∂

∂x

(

u
ϕ

R

∫R

−R

αh(u(x+r))Ω(r)dr

)]

=
∂2u∗

∂x∗2
−

1

D

∂

∂x∗

(

u∗ϕ

∫R

−R

αh(u(x∗R+r))Ω(r)dr

)
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Weintroducetheffollowingchangeoffvariablesintheintegral y=r/R.Then,

∂u∗

∂t∗
=

∂2u∗

∂(x∗)2−
1

D

∂

∂x∗

(

u∗ϕR

∫1

−1

αh(u(R(x∗+y)))Ω(yR)dy

)

Thenweintroduce,

Ω∗(y)=Ω(yR) y∈[−1,1], (A.5)

andweintroduce

h̃(u∗)=
1

û
h(̂uu∗). (A.6)

Finally,wenotethatu(R(x∗+y))=u∗(x∗+y)/̂u.

∂u∗

∂t∗
=

∂2u∗

∂(x∗)2−
Rϕ̂ûα

D

∂

∂x∗

(

u∗

∫1

−1

α∗h(u∗(x∗+y))Ω∗(y)dy

)

Thenwelet,

α̂=
D

Rϕ̂u
. (A.7)

Thenthenon-dimensionalizedequationisgivenby,

∂u∗

∂t∗
=

∂2u∗

∂x∗2
−

∂

∂x∗

(

u∗

∫1

−1

α∗h(u∗(x∗+y))Ω∗(y)dy

)

. (A.8)

Forsimplicityinthenotionwewilldropallthestarsffromthisequationinthe
subsequentdiscussions.
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Appendix B

Essential mathematicalresults

Theorem B.1 (Minkowski’sintegralinequality[58]).Supposethat(X,M,µ)
and(Y,N,ν)areσ-initemeasurespaces,andletffbeanM ×N measurable
ffunctiononX×Y.

•Iffff≥0andq≤p<∞,then

[∫ (∫

ff(x,y)dν(y)

)p

dµ(x)

]1/p

≤

∫ [∫

ff(x,y)pdµ(x)

]1/p

dν(y).

(B.1)

•Iff1≤ p≤ ∞,ff(·,y)∈ Lp(µ)ffora.e.y,andtheffunctiony→
∥ff(·,y)∥p isinL1(ν),thenff(x,·)∈ L1(ν)ffora.e.x,theffunction

x→
∫

ff(x,y)dν(y)isinLp(µ),and






∫

ff(·,y)dν(y)






p

≤

∫

∥ff(·,y)∥pdν(y). (B.2)

IntheffollowingletΩ⊂Rn.

Theorem B.2. LetΩ∈ R0,1,p≥1,kp=n.ThenWk,p(D)⊂Lq(D)alge-
braicallyandtopologicallyfforanyq,1≤q<∞.

Theorem B.3 (Sobolev).LetΩ∈R0,1,p≥1,kp>n,anddenote

µ

⎧
⎪⎨

⎪⎩

=k−(n/p) iffk−(n/p)<1

<1 iffk−(n/p)=1

=1 iffk−(n/p)>1

. (B.3)

ThenWk,p(D)⊂C0,µ(̄D)algebraicallyandtopologically.
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Theorem B.4 (Sobolev).LetD⊂Rn boundedwithLipschitzboundary∂D,
andletk≥1,1≤p≤ ∞.

•Iffkp <n,thenWk,p(D)↪→ Lq(D)fforallq≤ q≤ np/(n−kp);the
embeddingiscompactprovided1≤p<np/(n−kp).

•Iffkp=n,thenWk,p(D)↪→ Lq(D)fforall1≤q<∞,andtheembedding
iscompact.

•Iffkp>n,thenWk,p(D)↪→ Ck−j,αiscompact,wherej=[N/p]+1and
α<j−N/p.

TheoremB.5(Kolmogorov-Riesz[81]).Let1≤p<∞.AsubsetFoffLp(Rn)
istotallyboundediffandonlyiff

1.F ispointwisebounded,

2.fforeveryϵ>0thereissomeRsothat,fforeveryff∈F,

∫

|x|>R

|ff(x)|pdx<ϵp, (B.4)

3.fforeveryϵ>0thereissomeρ>0sothat,fforeveryff∈Fandy∈Rn

with|y|<ρ, ∫

Rn

|ff(x+y)−ff(x)|pdx<ϵp. (B.5)

Theorem B.6 (Poincaŕe-Wirtinger).Suppose1≤ p <∞ andletD ⊂ Rn

suchthatD hasaLipschitzboundary.Thenfforeveryu∈W1,p(D)thereexists
aconstantCsuchthat

∥u−uD∥p≤C∥∇u∥p, (B.6)

where

uD =
1

|D|

∫

D

u(x)dx. (B.7)

Theorem B.7(Gagliardo-Nirenberg).LetD⊂Rbeboundedandlet1≤r≤
∞,1≤q≤p≤ ∞.Then,thereexistsaconstantCsuchthat

∥u∥p≤C∥u∥1−a
q ∥u∥a

1,r ∀u∈W1,r(D), (B.8)

where0≤a≤1isdeinedbya(1/q−1/r+1)=1/q−1/p.
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Theorem B.8. SupposeT:X → X isacontinuousandcompact mapping.
Assumeffurtherthattheset

{u∈X:u=λA[u]fforsome0≤λ≤1} (B.9)

isbounded.ThenThasaixedpoint.

Theorem B.9. Leta,b∈R,ϵ∈Rsuchthata,b,ϵ>0.Then,

ab<ϵa2+
b2

4ϵ
. (B.10)

Lemma B.10.[85]LetΩ⊂Rn beaboundeddomain.Iffu∈H1(D)∩C(̄D)
andu=0on∂Dthenu∈H1

0(D).

Lemma B.11.Iff(X,d)isametricspace.Thentheffollowingareequivalent

1.U⊂X isopenin(X,d),

2.∀x∈Uandfforall(xn)suchthatxn→ xthereexistsN ∈Nsuchthat
∀n≥N wehavethatxn∈U.

LemmaB.12.LetL2
per(0,L)bethesetoffperiodicffunctionsinL2(0,L).Then

E=

{

1,cos

(
2πnx

L

)

,sin

(
2πnx

L

)}

(B.11)

fformsanorthonormalbasisfforL2
per(0,L).

Prooff. Wesolvetheffollowingoperatorequation

{
ϕ′′(x)+λϕ(x)=0in[0,L]
B[ϕ,ϕ′]=0.

(B.12)

1.λ=0.Thenϕ(x)=ax+b,applyingtheboundaryconditionsweget
ϕ(x)=1andλ=0isaneigenvalue.

2.λ<0.Thenϕ(x)=c1exp(
√

λx)+c2exp(−
√

λx),butthentheboundary
conditionsimplythatϕ≡0.

3.µ2=λ>0.Thenϕ(x)=c1sin(µx)+c2sin(µx).Applyingtheboundary
conditionsweobtainthesystem.

[
1−cosµL −sinµL

sinµL 1−cosµL

][
c1

c2

]

=0. (B.13)
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Wehaveanon-trivialsolutionwheneverthedeterminantiszerothatis
when4sin2

(
µL
2

)
=0.Solvingfforλrespectivelyµweobtainthat

λn=µ2
n=

(
2nπ

L

)2

. (B.14)

FinallyaswecanindaGreen’sffunctionfforthisproblem,wehavethatthe
inverseoffthisequationiscompactandselff-adjointandsowecanapplythe
spectralresult[56Theorem7.46]toconcludethatitseigenffunctionsfforma
basisoffL2.
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Appendix C

Maximumprinciplesfforelliptic
equations

LetD ⊂Rn beanopenandconnectedsubsetwithboundary∂D.LetLbe
theffollowingsecondorderdifferentialoperator

L=
n∑

i,j=1

aij(x)Dij+
n∑

i=1

bi(x)Di+c(x), (C.1)

whereaij∈L∞
loc(D),andbi,c∈L∞(D),andDij= ∂

∂xi

∂
∂xj

,andDi= ∂
∂xi

,and
weassumeaij=aji.

Intheffollowingwewilldenoteu+(x)=max(u(x),0)andu−(x)=min(−u(x),0).

Theorem C.1 (Strong Maximumprinciple[69]).SupposethatLisstrictly
ellipticandthatc(x)≤0.Iffu∈C2(D)∩C(̄D)andLu≥0inD,theneither

1.u≡supD u,

2.udoesnotattainanon-negativemaximuminD.

Theorem C.2 (Strong Maximumprinciple[69]).SupposethatLisstrictly
ellipticandthatc(x)≤0.Iffu∈C2(D)∩C(̄D)andLu≤0inD,theneither

1.u≡inffDu,

2.udoesnotattainanon-positiveminimuminD.

Toweakentheassumptionsonthesignofftheffunctionc(x)wecanimpose
strongsignconditionsonu.Thenwecanprove.

Theorem C.3 (Maximumprincipleffornonpositiveffunctions[164]).LetD
bebounded.SupposethatLisstrictlyelliptic.Iffu∈C2(D)∩C(̄D)satisies
Lu≥0andu≤0inD,theneither
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1.u≡0,

2.u(x)<0fforallx∈D.

Theorem C.4 (Maximumprincipleffornonnegativeffunctions[164]).LetD
bebounded.SupposethatLisstrictlyelliptic.Iffu∈C2(D)∩C(̄D)satisies
Lu≤0andu≥0inD,theneither

1.u≡0,

2.u(x)>0fforallx∈D.

Prooff. Decomposec(x)=c+(x)−c−(x).Then,wenotethat

(
L−c+

)
u≤−c+u≤0, (C.2)

usingboththenon-negativityoffc+ andu.Further,notethattheccomponent
inL−c+ isnon-positive.Hence,wecanapplyTheoremC.2,ffromwhichthe
conclusionsffollow.
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