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Abstract

The use of statistical mechanics to explain thermodynamics and fluid mechanics as a
result of the underlying microscopic interactions is one of the active research areas in
chemical engineering. In this thesis, the application of two such statistical mechanical
models, namely Statistical Rate Theory and Lattice Boltzmann model is presented. Pre-
viously existing ideal Statistical Rate Theory is extended to incerporate nounideal fluid
behavior to develop a generic equation-of-state based model for predicting evaporation
rates. This model is free from any fitting parameters and hence can be incorporated into
a thermodynamic siroulator. Also, in this thesis, a fluid rechanical problem of oscillating
incompressible fows in rectangular ducts is studied using Lattice Boltzmann simulations
and analytically in annular ducts. Stress analysis of duct walls is done to identify high-
stress regions, an understanding of which is very useful in the study of critical medical

conditions like hypertension and dialysis.
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Chapter 1

Introduction

1.1 Motivation

Modeling of fluids is an active area of research in chemical engineering, driven by it’s
necessity in understanding industrial phenomena. Conventional continuum fluid models
were developed to describe the macroscopic properties of a fluid, building on the concepts
of classical physics. Numerical methods have been used in the past to solve complex
differential equations for simple systems which model the fluid without using the infor-
mation that it is made of atoms. But, as the need to improve on the understanding
of fluid phenomena and solutions for unsolved and partly solved complex flow problems
were realized, attempts were made to explain the hehavior of macroscopic systems from
a microscopic or a molecular point of view. This led to the use of statistical mechanics in
developing models to explain and predict macroscopic phenomena of moving fluids from
the properties of the individual atoms making up the system; thereby, explaining fluid

mechanics and thermodynamics as a natural result of statistics, quantum and classical
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mechanics.

The techniques of statistical mechanics have been applied extensively to chemical,
physical and biological systems including: gases, liquids, electrolytic solutions, colloids,
interfaces, complex fluids, polymers and biopolymners, helix-coil transition of DNA, cell
membrane transport phenomena etc. There are four main techniques to use statisti-
cal information to compute transport properties of fluids: Molecular dynamics (MD),
Monte-Carlo (MC) techniques, Statistical Rate Theory (SRT) and Lattice Boltzmann
(LB) models.

Molecular dynamics (MD) follows the time evolution of particles by integrating their
equations of motion. Molecular dynamics simulations calculate the net force on the par-
ticles by considering the interaction forces among the particles and the external forces to
determine the acceleration of the particle as a function of time. Integrating the equations
of motion generates information at the microscopic level including spatial positions and
velocities of the particles making up the system as functions of time. Using this informa-
tion, the state of the system can be predicted at any time in the future, and macroscopic
properties like pressure, energy, volume, heat capacity etc. can be calculated. However,
molecular dynamics simulations are time consuming and computationally expensive as
they track the spatial and velocity coordinates of all the molecules making up the system
at time intervals of the order of a femtosecond. Molecular dynamics has been applied in
the past to processes ranging from adsorption of hydrogen in carbonaceous micro-porous
materials [1] to determination of structures from x-ray crystallography [2] to biochemical

processes like conformational changes in proteins [3, 4] and nucleic acids [5].

Statistical Rate Theory (SRT) was first proposed in 1977 [6] with its more complete
form in 1982 7, 8, 9, 10] and since then, has been used to predict rates of various kinetic
processes like gas absorption at liquid-gas interfaces, electron transfer reactions between

ionic isotopes, gas adsorption on solid substrates, thermal desorption of CO from Ni(111)
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and liquid evaporation. Unlike other classical kinetic theory models like Absolute Rate
Theory, which are based on the concept of precursor states or sticking probability, SRT is
based on a first order perturbation analysis of the Schrodinger equation between quantum
mechanical energy states. Statistical Rate Theory solves for the rate of kinetic processes by
assuming them to be mainly consisting of single-molecular events. Thus, the Schrédinger
equation for the system is solved before and after the transition of a molecule from one
phase to the other, and using the two solutions of the Schrédinger equation, the net
transition probability of the molecule is determined. Upon integrating over time and
particle numbers, one can determine the net rate of the thermodynamic process being
studied. Since the final rate expression obtained in the SRT formulation is free from any

fitting parameters, SRT is a very powerful technique and computationally inexpensive.

However, in all the applications of the Statistical Rate Theory, the gaseous phase has
been assumed to be ideal and the liquid and the solid phases to be incompressible. No
attempts until now, have been made to incorporate nonidealities into the SRT formulation.
The objective of this study is to develop a method to include nonideal eflects in the
Statistical Rate Theory (SRT) formulation to develop a generic equation-of-state based
SRT model for predicting the kinetic rate processes. Evaporation is taken as an example

to study the nonideal SRT model that has been developed.

The Lattice Boltzmann (LB) equation based model is a relatively new fluid-dynamics
simulation technique for complex fluid systems. Unlike the traditional CFD methods,
which solve the conservation equations of macroscopic properties {i.e., mass, momentumn,
and energy) numerically, LB models are based on statistical mechanics and allow the
particles to move on a discrete lattice. Local collisions conserve mass and momentum;
however, it was found that the hydrodynamic solutions are very noisy and on a macroscopic
scale, some additional force terms are seen in the Navier-Stokes equation which is derived
by integrating the microscopic scale collision equations to a macroscopic scale. It was later
realized that instead of fluid particles, a local density distribution should be allowed to

advect, thereby eliminating the noise and the additional terms in Navier-Stokes equations,
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There on, this model has been successfully applied to applications including turbulence

(11, 12} , multi-component flows [13], and multi-phase systems [14, 15, to name a few.

Due to their particulate nature and local dynamics, LB models have several advantages
over conventional computational fluid dynamics (CFD) methods, especially in dealing with
complex boundaries, incorporating of microscopic interactions, and parallelization of the
algorithm. LB models are at least as robust, accurate and computationally efficient as
traditional methods of computation. In the last decade, LB models have been extensively
used to investigate problems like crystallization, magnetohydrodynamics, etc. However,
there is a need to study oscillating lows which are very fundamental to biochemical flow
phenomena using LB methods. In biochemical flow problems like arterial-capillary flows
and blood flow in kidney-dialysis bags, oscillating flows are present in micro-sized tubules;
thercfore macroscopic hydrodynamic flow equations yicld inaccurate results giving rise to a
need to examine them using microscopic models like LB and MD. There is a conspicuous
lack of information on how stress behaves as the oscillating frequency changes. Stress
analysis of oscillating flows is very useful for designing medical apparatuses like peristaltic
pumps, kidney-dialysis bags, and to study medical conditions like hypertension. The
objective of this work is to study velocity and stress behavior as functions of the oscillating
frequency of the pressure gradient in a 3-D rectangular duct. Velocity and stress behavior
in different parts of the channel will be followed until the asymptotic profiles are achieved
to understand the development of various trends in the profiles as the oscillating frequency

is increased.

The primary objective of this thesis is to understand the theory of two of these new
computational methods (LB method and SRT) based on statistical mechanics to compre-
hend the effects of microscopic constituents and interactions on the macroscopic transport
properties of a fluid. Evaporation rate prediction and pulsating incompressible flow in a
rectangular duct were studied to understand the use of these statistical methods in a

thermodynamic and a fluid-mechanical process respectively.
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1.2 Thesis outline

Evaporation is a very fundamental process in the chemical industry and is widely seen in
applications ranging from separation processes [16] to handling. Until now, evaporation
has been studied mainly from a fluid-mechanical point of view where the rate of evapora-
tion is dictated by correlation studies including mass-transfer coefficients. The purpose of
this study is to develop an expression for the rate of evaporation from a thermodynamic
point of view using equations of state. Chapter 2 of the thesis reviews the Statistical Rate
Theory (SRT) formulation for evaporation and extends it by incorporating nonidealities
into the previously existing ideal SRT expression. A generic equation-of-state based SRT
model is developed which can be used in all ranges of temperature and pressure and is
written only in terms of thermodynamic variables which can be measured experimentally

or calculated from the equations of state.

Chapter 3 of the thesis presents the Lattice Boltzmann (LB) simulation theory for pul-
sating incompressible flow in a finite length channel. Pulsating flows play an important
role in many engineering applications including medical science and biological engineering
[17, 18]. Periodic flows appear in various medical apparatuses which are used for fluid de-
livery and testing like peristaltic pumps, heart-lung machines, suction therapy equipment,
and extra-corporeal circulation. Pulsating flows have applications for blood flow in fiber
membranes used for dialysis in the artificial kidney. Understanding stress variations in pul-
sating flows due to periodic pressure gradients is fundamentally significant for the design
and optimization of such medical apparatuses. The oscillating flow of an incompressible
viscous fluid in long channels has been investigated in detail for different geometries both
experimentally and analytically. However, there is a conspicuous lack of information on
the velocity and stress behavior of pulsating flows. In chapter 3, the velocity and stress
behavior of pulsating flows have been investigated as a function of the oscillating frequency

of the periodic pressure gradient using Lattice Boltzmann simulations.
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In the literature, analytical solutions for laminar, fully developed, oscillating flow
in rectangular ducts have been studied previously in great detail. A large number of
investigations have been focused on analyzing Newtonian viscous and incompressible flows
in straight ducts with both permeable and impermeable walls. However, since most of
the mechanical systems involving pulsating flows are cylindrical or annular in nature,
for example in medical apparatuses, understanding cell transport process dynamics, and
artificial dialysis bags; there is a need to develop exact solutions of the hydrodynamic
equations in cylindrical coordinates. In chapter 4, we develop an exact solution of the
Navier-Stokes equations for the incompressible flow in an annulus with porous walls, when

an oscillating circumferential pressure gradient is applied.

Finally, a conclusion of all these theories and formulations is summarized in chapter 5

of the thesis. Some future work possibilities and ideas have also been presented.
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Chapter 2

A nonideal Statistical Rate Theory
formulation to predict evaporation

rates from equations of state !

2.1 Introduction

Recent experimental measurements have found that the temperature on the vapor side
of an evaporating liquid is higher than the temperature on the liquid side. Temperature
jumps of 5-8 K have been observed [1]. This can not be explained by models based on
classical kinetic theory [2] which predict liquid evaporation only if the vapor temperature

is less than the temperature on the liquid side. This is because all of these models

IThis chapter is reproduced with permission from A. Kapoor and J. A. W. Elliott, " A nonideal
Statistical Rate Theory formulation to predict evaporation rates from equations of state”, Journal of

Physical Chemistry, in press. Unpublished work copyright 2008 American Chemical Society.
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2. A nonideal Statistical Rate Theory formulation to predict evaporation
rates from equations of state

assume the boundary condition of the temperature of the molecules evaporating to be the
temperature of the liquid and thus the solutions generated are opposite to the experimental

observations.

Since classical kinetic theory models were shown to fail, quantum mechanical models
of isolated thermodynamic systems were developed to explain the observations. A new
model called Statistical Rate Theory (SRT) [3, 4, 5], based on the concept of transition
probability was used to investigate the observations. This model uses the Boltzmann
definition of entropy and the equilibrium exchange rate to obtain the SRT expression for
predicting kinetic rates of various processes in terms of measurable molecular and mate-
rial variables. Statistical Rate Theory assumes the transport processes to be primarily
single-molecular events and is then developed using a first-order perturbation analysis of
the Schrodinger equation. To date, over 75 papers have been published on this theory.
Statistical Rate Theory has been used in the past to predict rates for various processes
ranging from gas absorption at liquid-gas interfaces {6], gas adsorption on solid substrates
[4, 5,7, 8,9, 10], electron transfer between ions in solution [4, 11], migration of CO across
a stepped Pt(111) surface [12], crystal growth from solution [13] and transport across cell
membranes [14, 15]. Ward and Fang [16, 17] used the SRT model to predict the evapo-
ration rates of water and hydrocarbons and explained the unexpected temperature jump

across the interface.

However, in all these applications, the SRT model has always been implemented by
assuming ideality of gaseous phases and the incompressibility of solid/ liquid phases.
Even the experiments measuring the temperature jump [1] across the interface have been
at sufliciently low temperatures and pressures that the ideal SRT model was in close
agreement with the experimental results. This is because the nonideal and compressibility
effects could be accurately neglected and so no attempt was made to incorporate fluid

bulk-phase nonidealities in the SRT expressions.

11
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In this chapter, a method to incorporate nonidealities using equations of state in
the SRT model is presented and a general expression for any equation of state is given.
Further, the Peng-Robinson equation of state (fairly accurate for hydrocarbons) has been
taken as an example and predictions have been made using both the Peng-Robinson SRT
model and the ideal SRT model to identify the region where the two models differ. The
rest of the chapter is organized as follows: In Section 2.2, a review of the Statistical Rate
Theory approach for predicting evaporation rates. In Section 2.3, the ideal assumptions
made by Ward and Fang [16, 17] to predict evaporation rates are presented. In Section
2.4, an equation of state in the SRT model is introduced and a generic evaporation rate
expression is developed. In Section 2.5, results are presented and further predictions are
made to identify the range where nonideal effects are expected. Finally, in Section 2.6

concluding remarks are presented.

2.2 Statistical Rate Theory for evaporation - A review

In this section, a review of the development of Statistical Rate Theory [3, 4] and specifically

SRT applied to evaporation [16, 17] is presented.

2.2.1 Evaporation rate expression

Consider an isolated C-component thermodynamic system containing a liquid bulk phase
and a vapor bulk phase with a liquid-vapor interface in between. Using the Gibbs Dividing
Surface approximation for the interface, it is assumed that a molecule can only be in the
liquid or the vapor phase. Suppose that the system is not in equilibrium i.e. the number of
molecules in the vapor and the liquid are different from their equilibrium values. Consider

an isolated element of the system obtained by dividing the system into small but finite

12
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Vapor Out
ﬂ ‘ Vapor
p 7 fm—— nterface
Vapor b7 Liquid
a -y,
Liquid R
A sub-volume of the
evaporating system
Liquid In

Figure 2.1: Schematic of a steady-state evaporation system (adapted from Figure 1 in
Ref. [16]). Assume that the macroscopic curvature only affects the pressure difference
across the interface; however, in a sub-volume, Gibbs Dividing Surface approximation has

been applied.

sub-volumes as shown in Figure 2.1. Let « and 3 denote the liquid and the vapor phases
in the sub-volume, respectively. Let, at any instant ¢, the molecular configuration of the

system, A; be given as

Aj (Nay Ng) + (NL, N2 N3, ND,.NEY, (Ng, N§,N§, .., N7, wg)

where N} and N}, are the number of molecules of component i in the liquid and the
vapor phase, respectively. Statistical Rate Theory predicts the rate at which component

~ is transfered from the liquid phase to the vapor phase.

13
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Let [y and H denote the Hamiltonian operator for the system when molecules are in
the state \;, i.e. confined in their sub-volume phases (unperturbed state), and when the
molecules are free to move across the interface between the sub-volume phases (perturbed
state), respectively. A potential operator V = H — Hy can be defined, which allows the
molecules to interact with their actual potential. The Schrodinger equation for the system

when the molecules are allowed to move freely across the interface becomes:

?%—‘; = (Hy + V) 2.1)

where ¢ is the wave function for the liquid-vapor system. To apply perturbation
V|
) |Ho |
saying that V is zero, because in that case the molecules would stay in their confined

theory, it is assumed that is very small; however, this assumption is different from
state, thereby making the transition probability zero. Considering the energy uncertainty
principle, eigenfunctions xj corresponding to the unperturbed Hamiltonian within an

energy uncertainty AFE can be determined from

Hoz}y = E} 2}, (2.2)

where Ey is the energy eigenvalue. These energy eigenvalues are highly degenerate.
Corresponding to a molecular distribution A;, there are Q(\;) quantum mechanical states.
Thus, there are Q();) wave functions which correspond to the same molecular distribution

and so the wave function of the unperturbed liquid-vapor system can be written as a linear

14
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combination of all the possible 2();) wave functions as

P = Z Cy zq exp (F E6L> (2.3)

where the C, are linear coefficients. The system may be in any of the Q(\;) quantum
mechanical states. In writing this, it is assumed that the system is equally likely to be in
any of the quantum mechanical states within an energy uncertainty, AE, an assumption
similar to Gibbs “principle of equal o priori probabilities” in statistical thermodynamics,
however, here applied to a thermodynamic system not in equilibrium. At this instant, the
system has a transition probability to move to a molecular configuration resulted by the
transfer of one molecule (of component ) from the liquid phase « to the vapor phase 3.
Assume at this point that the number of molecules in other sub-volumes does not change

during this transition. This configuration X\; will be given as:

[s 20

M (No —1,Nz +1) « (NLN2 N2 N2 -1,.N0) |
(N3, N3N, N] +1,..NF)

If the number of quantum mechanical states corresponding to this molecular distribu-
tion is given by (), then according to the standard perturbation analysis, the proba-

bility of a transition from molecular distribution A; to A is given as

Q)
Q(A)

7 (Aj = Ae) = K (Aj, Ak)
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where

, 2m : )
K (A, M) = _i_-l_wﬂvnmlz (2.5)

where w; and Vi, are the microscopic state density of molecular configuration A; and

matrix elements of the operator V', respectively.

At the same instant, there is a possibility of a single molecular transition in the opposite

sense, to the molecular configuration, Ap.

Ap(No +1,Ng — 1)+ (NA,NZ N3, N2 +1,..NS)
(Nh N3 N3, . NJ = 1,..N5 )

The transition probability from A; to the configuration ), is given as

Q(\,)
(A = ) = K (A, Ap) ?zE_A[—)' (2.6)
h J
where
2 y
K (A, Ap) = _hiwj Vs |2 (2.7)

where w; and V), are the microscopic state density of molecular configuration A; and

matrix elements of the operator vV, respectively.
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Combining Equations 2.4 and 2.6, the net rate of the forward process (evaporation)

can be written as

QM)
Q(A)

Q0
Q(A))

Jag = K (Aj, Ar) = K (A, Ap)

Introducing the Boltzmann definition of entropy, S(Aq) = kInQ{);), where k is the
Boltzmann constant, the numbers of microstates in Equation 2.8 can be replaced by the
cutropy of the states, yielding the final expression for the rate of molecular transfer from

phase a to § [3, 4]:

S ~ S(A)

A } = K (Ajs Ap) exp {M] (2.9)

Jag = K (A, Ap) exp { A

2.2.2 Entropy change calculation

Since entropy is an extensive quantity, the additive property of entropy can be used to
write the total entropy change during the transition as the sum of entropy changes for the

liquid («), vapor (8) and the reservoir (R):

S(k) =Sy = Y [S'0w) = SO (2.10)
i=a,3,R
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Using Euler relations [18], the entropy change in Equation 2.10 may be written as [16]:

fl

50w - 5ty = (e - ) o (Hﬁ(*’“) - H‘HW))

Te T Ts T5
oy HE ) HE( (@11)
(N ) HT(A))
T TP T T

where H, T and u are the enthalpy, temperature and the chemical potential of the phase,
respectively. It has been assumed that intensive thermodynamic variables remain un-
changed as a result of a single molecular event. Since an isolated system is considered,
there is no net energy change during the molecular transition event. Thus, the energy

balance equation for the isolated system can be written as:

[H*Ow) = H*O)] + [H2(w) = HAOg)] + [HROw) = BR ()] =0 (2.12)

Substituting Equation 2.12 in Equation 2.11 yields

} pe oyl 11 g 3
SO -5 = -5+ (7 - = [#°(\) — 1 (Aj)} (2.13)
The enthalpy per molecule k is now introduced by using H' = h'N® to replace

[H(\p) — HP(X;)] in Equation 2.13 by hPAN® = h® (the transition causes a change

of one molecule, so AN? = 1) to obtain the final expression for entropy change as [16]

(6% Jé] 1
N ¥ H 1 l (¢
S() = SO) = (%; - ﬁ) +hP (T‘J - ﬁ> (2.14)
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Since the entropy change in the reverse process (from configuration A; to ) is simply

the negative of the entropy change in Equation 2.14,

SO = SOy) = ~ 1SOw) — S()] (2.15)

2.2.3 Equilibrium molecular exchange rate

To develop thermodynamic expressions for the K’s, consider the system in the limit of
equilibrium when the entropy difference between the states before and after the transition

approaches zero. Thus, the rate in Equation 2.9 becomes

Jo/ﬂ =K (/\(37 Af) - K (/\m /\b) (216)

where A. is the equilibrium molecular configuration, and Ay and A, are molecular
configurations on either side of the equilibrium configuration. At equilibrium, although
the system is subject to these fluctuations in the molecular configuration, the net rate Juz

should be zero. Thus, from Equation 2.16,

K (Aes Af) = K (Aes \o) = Ko (2.17)

This means that K (Ae, Ay) is independent of the direction of the transition and does

not depend on the molecular configurations. Since, for molecular distributions near equi-
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librium, K (A;, Ax) is independent of the distributions A; and Az, this property of K to

all near-equilibrium molecular transitions [3, 4] can be generalized, i.e.

K ()‘6+Sa )‘e+s—l) =K ()‘e—i—s—la /\e-f—s—2) = .. =K ()‘e—H.v /\e) =K ()\e’ /\e—l)
= K (eets Aewz) = e = K Ovopis eoo1) = Ko

(2.18)

where K, is the equilibrium value. Since the K’s are independent of the initial and
final states, they represent the reversible part in the rate expression in Equation 2.9 and

the entropy terms in the rate expression can be considered to give rise to irreversibility.

Since at equilibrium, the uni-directional rate of molecular transport from phase o to
— oy

phase 3 is J,3 = K. and from phase 3 to phase « is Jg, = K, it follows that K, is the

uni-directional equilibrium molecular exchange rate between the two phases. Thus, K, is

a function of the equilibrium properties of the system.

Thus, substituting Equations 2.14, 2.15 and 2.18 into Equation 2.9 gives the final

expression for the rate for evaporation as [16]:

pe ‘uﬁ K3 1 1
Jog = KE{CXP {kT“ Tk T R \TE T T

ue p? r? (1 1
TP\ e T T B \TF T Te
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2.3 Ideal SRT

In section 2.3, a review of the ideal treatment of the fluid phases in the previous application

of Statistical Rate Theory to evaporation [16] is presented.

2.3.1 Ideal gas approximation

To evaluate the expression for the net rate of evaporation obtained in the previous section
(Equation 2.19), expressions for the equilibrium molecular exchange rate (K.), chemical
potentials and specific enthalpies are needed. Considering Boltzmann statistics and the
Born-Oppenheimer approximation, translational, vibrational, rotational and electronic

partition functions of an ideal gas can be written as [19, 20]

2rmkT \ %/ 1%
Qtrans = (T) V= Kg (220)
N,
v exp(—0;/2T)
wib = e L S A 2.21
Quit H 1= CXI)(_()I/IT) ( )

=1

T\ 32 (n1)}/2
Grot = < 2 ) ( a) (2.22)
8
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D,
Gelec = Je €XP (ﬁ) (223)

where m is the molecular mass, V' is the total volume of the ideal gas, A is the de Broglie
wavelength of the ideal gas particle; g, and D, are the degeneracy of the energy state and
the reference minimum potential for the electronic partition function gee., respectively; 6;
and N, are the characteristic vibrational temperature and number of vibrational degrees
of freedom of the particle, respectively; and I and o are the moment of inertia and the
symmetry number of the ideal gas molecule representing the number of indistinguishable

orientations of the molecule, respectively.

Since the total energy of the molecule can be written as the sum of translational,
vibrational, rotational and electronic energies, the overall partition function, @ can be

written as the product of individual partition functions [19, 20]:

Q@ = Qirans Quib Grot Gelec (2.24)

Thus, the chemical potential and specific enthalpy can be evaluated as [16, 19]

Hid dlnQ _ m )3/2 (kT)S/2 e .
KT < ON Jyr In (27rh,2 P 0 (Quit Grot Getec) (2.25)
and
_ 3 3
hig o Q Pu D, o, 6,/T ,
Md _ (0% A e 2L S L 2
T F( T >V7N+kT kT+§2 +;exp(01/T)—1 (2.26)
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where v is the molecular volume, and the subscript ‘id’ indicates that the expressions

are valid only when ideal gas assumptions are appropriate.

2.3.2 Incompressible liquid treatment

The liquid phase is considered to be incompressible and an expression for its chemical
potential can be found in terms of a reference state. If the saturation condition is chosen

as its reference state, then

HO(T®, P) = BT, Poo(T)] + 0 [P Poc(T) (2.27)

where v, is the specific volume of the saturated liguid. The saturated state is also
approximated as an ideal gas (just like the vapor phase) and its chemical potential is

described by Equation 2.25.

Applying classical kinetic theory for the equilibrium state, the equilibrium exchange
rate is determined as the rate at which molecules from the vapor phase collide with the
liquid-vapor interface assuming that all vapor molecules that collide with the interface
successtfully transfer to the liquid phase. Thus, at equilibrium conditions, the equilibrium

exchange rate can be written as [3, 16]:

P,

—f 2.28
V2rmkT, ( )

K, =

where P, and T, are the equilibrium pressure and temperature of the system.
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2.3.3 Ideal SRT expression

Substituting Equations 2.25 to 2.28 in Equation 2.19, the evaporation rate is evaluated in

terms of known thermodynamic quantities as [16, 17]:

3 Y Al
. P AS —-AS .
J = e (exp( 7 ) exp( 3 )) (2.29)

where

A5 K!ﬁf Poo (1)

k To p,@ + In <me( )> + oo (Pa - Poo(Ta))

Guin(T) kT

3 A
1 1 6, 6, T8
+ (F T_) Z (E + W> +4 (1 T Ta

I=1

(2.30)

and where PCLd is the vapor phase pressure when the liquid-vapor system is in equilib-
rium. Since at equilibrium the temperature of the isolated sub-volume (and actually the
entire system) will be the temperature of the liquid reservoir, 7% = T, the temperature

appearing as T, in Equation 2.28 will be T.

Peﬁ can be evaluated by using the fact that chemical potentials of the liquid and vapor
phase become equal at equilibrium. The chemical potential of the liquid phase is described

by Equation 2.27 and counsidering the vapor to be an ideal gas, its chemical potential can
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be written as

3 7 , P'B
pP(T, PPy = p[T%, Poo (T%)] + kT In (P"' ) (2.31)
x>

Equating Equation 2.31 to Equation 2.27, Pf is written as

PY = Po(T*)exp ( Ve [P~ Poo(T")]> (2.32)

kT«

In the experiments conducted and analyzed by Ward and Fang [1, 16, 17}, evaporation
flux was measured for different pressures in the vapor phase. The liquid temperature was

fixed and the pressure in the liquid phase was determined by the Laplace equation:

2~
px = pp 4 2L (2.33)
R.

where v is the interfacial tension and R, is the measured interface curvature. Thus,
using Equation 2.33 in Equations 2.30 and 2.32, the dependence of evaporation flux on
liquid pressure is removed and so Equations 2.29 and 2.30, which are now in terms of
experimentally measurable, or otherwise known, quantities ouly, can be used to predict
vapor pressure for a particular flux to compare with the measured value of vapor pressure

[16, 17].
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2.4 Statistical Rate Theory - Nonideal corrections

Until now, Statistical Rate Theory for evaporation has only been implemented using ideal
approximations. Ward and Fang [16, 17] showed that Equation 2.29 with Equation 2.30 is
in good agreement with the experimental results for water and octane when evaluated at
pressures below 1 kPa and temperatures below room temperature. However, deviations
from the experimental results are expected if this expression is used for high temperatures
and high pressures where ideal gas approximations are no longer valid. The nonideality
of gases at high temperatures and pressures can be quite significant. The objective of
this chapter is to develop an expression for the Statistical Rate Theory evaporation rate

allowing for nonideality using equations of state.

2.4.1 Departure functions for chemical potential and enthalpy

For an equation of state,

Py = ZkT (2.34)

with dimensionless compressibility Z = Z(T, p), where p is the molar density, depar-
ture functions for chemical potential and enthalpy can be derived by taking the difference
between the real fluid and the ideal gas property and integrating from the infinite volume
condition (where the real fluid and the ideal gas are the same) to the actual volume of

the system. Chemical potential and enthalpy departures can be written as [21]:

g [P (21
pothia _ (TZ (7 1) -z (2.35)
K1 0 P
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h — hiq /"’ L (OZYN dp .
— Tl —+Z2~-1 2.36
kT Jo ar), p + ( )

Adding Equations 2.35 and 2.36 appropriately to Equations 2.25 and 2.26, the real
enthalpy per molecule and chemical potential expressions is obtained based on the equation
of state being obeyed in the range of temperature and pressure being considered. If the
equation of state is valid for both vapor and liquid phases in this temperature and pressure
range, then these chemical potential and enthalpy relations can be used for both the

phases.

2.4.2 Nonideal corrections to the equilibrium molecular exchange rate

The equilibrium exchange rate, K., is the rate at which molecules from the vapor phase
collide with the liquid vapor interface when the system is in equilibrium. To evaluate K,
in terms of equilibrium thermodynamic variables, there is a need to develop an expression
for the number of molecules which collide with the interface at given thermodynamic

conditions.

Consider a very large hypothetical box of volume V containing N molecules. Consider
a hypothetical surface, S (area A) somewhere deep in the interior of the box. The objective
is to find the number of molecules crossing the surface S per unit time. Next, consider
a differential element dz (big enough to assume a number density N/V'), at a distance
x from the surface S in the negative z-direction, as shown in Figure 2.2. In one second,
only those molecules will strike or cross the surface S, which have a velocity v, > z. In
a non-rarified gas, the molecules may collide with one another before striking the surface
S. Since half of these molecule-molecule collisions will enhance the surface collisions, and

half will reduce the surface collisions, without loss of generality, the impact of molecule-
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/

A
A

_;: L_ /

dx

Figure 2.2: Schematic diagram of a hypothetical surface.

molecule collisions can be neglected. Considering a Maxwell-Boltzmann distribution of

velocities, the probability of observing a molecule with a velocity v, is given as [22]

m —mau?
p(v:) = 1 g xp { S } (2.37)

and so the probability of v, > x is equal to

bt m —mu? .
plvy > 1) = /L ’/27rkT exp [ SET ] d vy (2.38)

Considering the number density and the volume of the differential element, the total

number of molecules in this differential element which may strike or cross the surface S
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can be written as

, N
K} = & (Adw)p(vs > ) (2.39)

Substituting Equation 2.38 into Equation 2.39, and integrating over all possible dis-
tances from the surface, A, the total number of molecules striking or passing through the

surface S per unit area per unit time is obtained as:

AN [ m —mu?
e = v =l dvyda 2.4
/ A /r V\/;«‘;e}(p{ kT } VA (2.40)

Changing the order of integration (and appropriately adjusting the limits of integra-

tion), the above expression can be rewritten as:

o0 Vs N m —mu?
K, = =/ , 2| dadv, 2.41
¢ /0 /0 v\ 2kl eXp{ T } At (2.41)

Performing the integration,

N [ kT
K,=— 2.42
: VYV 2rm ( )

which is a well known result [16, 17] but it should be noted that it is equally valid for

the nonideal case. Considering a general equation of state, N/V can be replaced with
P/ZkT from Equation 2.34 to get the final expression for K, in terms of pressure and

temperature as

(2.43)
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Thus, the equilibrium molecular exchange rate is obtained in terms of equilibrium
temperature, pressure and compressibility of the gas, the latter of which can be evaluated

for a particular equation of state.

Since Equation 2.43 was derived for a Maxwell-Boltzmann distribution in the gas,
Z. will be the compressibility of the gas phase (Zﬁ(Pf ,Te’e)) and as before T, = T
Therefore, expression 2.19 can be evaluated for high temperatures and pressures by using
the nonideal corrections to chemical potential (Equation 2.35), enthalpy (Equation 2.36)

and the equilibrium exchange rate (Equation 2.43) in Equation 2.19 to yield:

1 P’ AS ~AS
J = -Z—g—;\/_—_;___m (expT —exp— ) (2.44)
where
AS TN Po (T%) quin (1) Voo ,
=2 = i P AR N P* — P (T®
k In (I"‘) 2 . <qvib(T”)) + lcTO‘( oo(T))
3 A
1 1 0, 0, T8
. Lyt 411 -
+(Tﬁ T>f§(z *exp(el/w)d)* < o) "
p” (o
U g"?r}ldp" +(Z2"=1) ~In Z] (2.45)
0 2

A(ZP 1), :
/ (—pa—"ldpij + (Zd - 1) —1In Z'd
0
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2.4.3 An example - The Peng-Robinson equation of state

Since most hydrocarbons are well described using the Peng-Robinson equation of state,
the Peng-Robinson equation of state is taken as an example to predict evaporation rates

for hydrocarbons. The Peng-Robinson equation of state is given by [23]

RT ac
pP= - — 2.46
T—b T2+ 27— b2 (2.46)
_ 0.45724R?T?
a—= 2
b= 0.07780RT,
h P,

a = (1+ (0.37464 + 1.54226w — 0.26992w?) (1 — T0%))?

where T is the molar volume, w is the acentric factor and 7, is the reduced temperature,
T, = TlL In terms of compressibility defined by Equation 2.34, Equation 2.46 can be
rearranged to give [24]

2

Z3 - (1-B)Z?+(A-3B?*-2B)Z - (AB—-B*-B%* =0 (2.47)
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where A = 1‘.;;",}?2 and B = %. The integrals in Equations 2.35 and 2.36 can be

evaluated for the Peng-Robinson equation of state to give [25]:

[ — lid A Z+(1+V2)B ,

— = =|Z-1-I(Z~-B)- 1 2.48
KT W n(z+ (1-v2)B (248)
— h; , ; Z+(1+V2)B

h=hia _ |, 1( A a (da/dfr))m +(1++v2) (2.49)
kT BV8 bRV Z+(1-v2)B

Thus, our final expression for the evaporation flux according to the Peng-Robinson

equation of state is:

= — ex ex .5
78 \2rmkTe Pk P k
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where

AS
— =In

k

() 7 (Gt e - o

3 e
1 1 6, 6, T8
I —_— 41 =
- <'1"‘3 Te ; (2 T exp (0,)TP) — 1) " < )"

21~ (2% - B%) — ——1n ( El
(
(-

\/i

Be8 1 /2)

’ , A Z8 4+ (1+2
fl-1In (Z*’ - B*-*) A AR EE:
BE "\ Z T (1 VD) B

N Zﬂ_l_< AP ac(da/dT)> n Z% + (1+v2) B?
B9/8 bRV8 Z8+(1-2)Bs

PP can be evaluated by using the fact that chemical potentials of the liquid and

T8
_ ﬁ)

vapor phase become equal at equilibrium (u®(T*, P¥) = p8(T*, P)). These chemical
potentials can be obtained using the Peng-Robinson equation of state for both the phases
to evaluate Pf . However, this adds computational complexity to the iterative calculation
of equilibrium vapor pressure that corresponds to a particular evaporation flux. Therefore,
Equation 2.32 is used again to evaluate Pf, while the compressibility of the vapor phase
and the saturation pressure (which appears in Equation 2.32) used, is evaluated using
the Peng-Robinson equation of state. It must be noted that the need to evaluate PP as
different from the saturation pressure arises only because of the curvature of the interface
but Equations 2.50 and 2.51 are equally valid for flat interfaces. In the case of flat
interfaces, P is equal to the saturation pressure at the liquid temperature and can be

evaluated using the Peng-Robinson equation of state.

Since the characteristic temperatures of vibration which appear in the vibrational

partition function are not available for hydrocarbons, both the ideal SRT and Peng-
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Robinson based SRT expression are evaluated neglecting the vibrational terms in the final

rate expressions.

Vapor Pressure Predictions

for Water

1
E —-——
Sfors |
o=
[ o
23
B 05
x e i
= = + Ideal SRT
2% 025 |
g —Xx=y line

0 O Peng-Robinson SRT

0 0.25 0.5 0.75 1

Experimental Pressure in the Vapor(kPa)

Figure 2.3: Using the experimentally measured values of the radius of curvature and the
temperatures on both sides of the interface for water (from Tables I and II in Ref. [16]),
vapor pressures have been predicted using the ideal [16] and the Peng-Robinson based SRT
model that would result in the experimentally measured evaporation flux. The predicted
values of the vapor pressure for both models have been plotted on the ordinate, against
the experimentally measured vapor pressure values on the abscissa. The points will lie on

the 45° line, if they are in perfect agreement.
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2.5 Results

2.5.1 Comparison with previous experiments

As was indicated during the sensitivity analysis in Refs. [16] and [17], SRT calculations
should be done to predict the vapor pressure for a particular evaporation flux rather
than predicting evaporation rates for a particular vapor pressure. This is done because
it was noted that evaporation flux can be predicted accurately only if the vapor pressure
of hydrocarbons is measured to within 0.002 Pa (an un-achievable accuracy). During
the evaluation, the liquid-vapor interface was assumed to be spherical, resulting in a
pressure difference (liquid pressure higher than the vapor pressure) of 2v/R,, where 7 is

the interfacial tension and R, is the radius of curvature.

As is evident from Figure 2.3, measurements and predictions based on both the ideal
and the Peng-Robinson based SRT model, are in excellent agreement with each other
for evaporation of water at low pressures (below 1 kPa) and temperatures (below room
temperature). At such experimental conditions, the nonideal additional terms in the Peng-
Robinson based SRT model {Equation 2.50 with Equation 2.51) are negligible. Measure-
ments and predictions for octane (shown in Figure 2.4) are also observed to be in close
agreement and again predictions based on the ideal model are very close to the predictions

based on the Peng-Robinson based SRT model.

2.5.2 Further predictions based on Peng-Robinson SRT

In order to identify the range where fluid nonidealities become significant and where the

Peng-Robinson based SRT model would yield better results than the ideal SRT model,
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Vapor Pressure Predictions
for Octane
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Figure 2.4: Using the experimentally measured values of the radius of curvature and the
temperatures on both sides of the interface for octane (from Table I in Ref. [17]), vapor
pressures have been predicted using the ideal [17] and the Peng-Robinson based SRT
model that would result in the experimentally measured evaporation flux. The predicted
values of the vapor pressure for both models have been plotted on the ordinate, against
the experimentally measured vapor pressure values on the abscissa. The points will lie on

the 45° line, if they are in perfect agreement.

predictions are made for the evaporation flux at temperatures near the critical tempera-
tures. Ethane (T, = 32.28°C) and butane (T, = 152.05°C') have been chosen because their
critical temperature values are low compared to other hydrocarbons and so experiments

could be done easily.

As was indicated in Refs. [1], [16] and [17], the temperature jump across the interface
decreases with an increage in the vapor pressure, it can be concluded that the temperature

jump across the interface can be neglected while predicting evaporation flux at very high
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Vapor Pressure Predictions for Ethane at

T=25C
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Figure 2.5: Predictions for ethane at T' = 25°C and T = 30°C' made using both the ideal
and the Peng-Robinson based SRT model after assuming a zero temperature jump at
the interface, have been shown. The predicted values of the vapor pressure for both the
models have been plotted on the ordinate, against the evaporation flux on the abscissa.

Deviations can be seen for high flux values.

pressures and temperatures (in the near-critical region). Since the liquid vapor surface
almost disappears, the surface tension is low and there is not much of a pressure difference;
however, the pressure difference was still taken to be 2v/R, with a value of R, = 5mm
for all the calculations. Surface tension values were taken from Hysis (v3.1, Hyprotech
Ltd.) (ethane: v = 0.12406 dyne/cm at 30°C, 0.51307 dyne/cm at 25°C, butane: v =
1.6548 dyne/cm at 400K)). Predictions were made at two different temperatures, T' =
25°C and T = 30°C for ethane with both the ideal and the Peng-Robinson based SRT
models. The vapor pressure predictions from both the models have been plotted against
evaporation flux in Figure 2.5. It can be observed that the vapor pressure decreases
(alimost linearly) with the evaporation flux, and the deviation between the predictions

from both the models increases with evaporation flux.
Similar results were also obtained for butane at 400 K and the vapor pressure pre-
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dictions have been plotted against the evaporation flux in Figure 2.6. In all cases it was
found that the Peng-Robinson based SRT model predicted a higher vapor pressure than

the ideal SRT model for the same evaporation flux.

Vapor Pressure Predictions for Butane at

T=400K
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Figure 2.6: Predictions for butane at 1" = 400K made using both the ideal and the Peng-
Robinson based SRT models after assuming a zero temperature jump at the interface,
have been shown. The predicted values of the vapor pressure for both the models have
been plotted on the ordinate, against the evaporation flux on the abscissa. Deviations can

be seen for high flux values.

As there is no way to ’a priori’ predict the temperature jump (it was a measured
quantity in Refs. [1], [16] and [17]), and as the temperature jump was found to decrease
with the evaporation flux, no temperature jump was assumed in the above calculations.
Further, a sensitivity analysis of the evaporation flux with the temperature jump across
the interface was done by assuming a temperature difference of 2 K for butane, with the
vapor side temperature higher than the liquid side temperature and the results are shown

in Figure 2.7. 1t can be inferred that a minor temperature difference across the interface
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does not affect the predictions on vapor pressures and so, plots of vapor pressures vs.
evaporation flux would look similar to the plots for zero temperature jumps. Thus, a
minor temperature difference across the interface would make no significant difference in

the predictions, or our conclusions.

Vapor Pressure Predictions for Butane at

T=400K
SC 2515 ¢
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Predicted Vapor Pressure
(Temp. Difference = 2 K)

Figure 2.7: The Peng-Robinson based SRT model was used to predict the vapor pressure
for a liquid temperature of 400K for butane assuming temperature jumps of 0 and 2K
across the interface. The predicted values of the vapor pressure for zero temperature
difference across the interface are plotted on the ordinate, against the predicted vapor
pressure values for a temperature jump of 2K across the interface, on the abscissa. If

they were in perfect agreement, they lie on the 45° line.
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2.6 Conclusions

A Statistical Rate Theory formulation incorporating fluid nonidealities using equations
of state was presented to develop a generic equation-of-state based SRT model for liquid
evaporation. The Peng-Robinson equation-of-state based SRT model was found to predict
evaporation rates as accurately as the ideal SRT model at low temperatures (below room
temperature) and pressures (below 1 kPa) and was found to differ from the ideal model at
sufficiently higher temperatures and pressures (near the critical temperature). The Peng-
Robinson based SRT model predicted higher vapor pressures than the ideal SRT model
irrespective of the temperature jump across the interface. Experiments should be done
in the near-critical region (temperatures higher than 0.8T,) to investigate the predictions

that have been made.
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Chapter 3

Lattice Boltzmann simulations for
asymptotic incompressible flow
profiles with a periodic pressure

gradient !

3.1 Introduction

The oscillating flow of an incompressible viscous fluid in long channels has been investi-
gated in detail for different geometries both experimentally and analytically. Pulsating

viscous flow of an incompressible fluid due to an oscillating pressure gradient in a long

'This chapter has been submitted with slight modifications for publication authored by A. Kapoor
and Phillip Y.K. Choi.
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channel with a circular cross section has been considered experimentally by Richard-
son and Tyler [1]. They also conducted experiments for a long channel with a square
cross-section and discovered annular effects in the flow. Analytical solutions for laminar,
developed, oscillating flows between parallel [2] impermeable plates due to an applied os-
cillating pressure gradient have been reported in literature. Wang [3] treated pulsating
flow in a porous channel between parallel plates theoretically. Tsangaris and Vlachakis [4]
derived the analytical solution for pulsating flow in a rectangular duct with porous walls
with a constant cross-sectional velocity. Sexl [5] treated the oscillating flow in a circular
cross-scction theoretically to get annular effects in the ow as discovered experimentally
by Richardson and Tyler [1]. Uchida [6] analyzed pulsating viscous flow superposed on

the steady laminar motion of incompressible fluid in a circular pipe.

Dean [7] and Goldstein [8] studied the laminar steady flow in a cylindrical annulus, due
to a constant circumferentially acting pressure gradient using the narrow gap and finite
gap approximations. Tsangaris and Vlachakis [9] analyzed the pulsating flow in a cylin-
drical annulus using the finite gap approximation. Khamrui [10] solved the Navier-Stokes
equations for the fully developed laminar oscillating flow in a long channel with elliptic
cross-section. Tsangaris and Vlachakis [11] derived the exact solution of the Navier-Stokes
equations for the oscillating flow in a duct with a cross-section of a right-angled isosceles
triangle. Drake [12] considered the oscillating flow due to an applied periodic pressure
gradient in a rectangular duct and derived asymptotic forms of velocity and stress {skin-
friction) which are valid for high frequencies. There is a conspicuous lack of information
on how the stress behaves as the frequency of oscillation is changed. This information is
very necessary for stress analysis of systems where periodic flows are involved including
arterial flow of blood during hypertension conditions (artery wall rupture analysis) and
blood flow in kidney-dialysis bags. The scope of this study is to numerically compute
the oscillating flow characteristics in a channel of rectangular cross-section and follow the
trends in the velocity and stress profiles as frequency is increased from low to moderate
and high frequencies. A Lattice Boltzmann equation model has been used to simulate

the incompressible pulsating flow in a long channel with a rectangular section due to an
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imposed oscillating pressure gradient.

The Lattice Boltzmann (LB) method has been used as a relatively new and promising
method for simulating viscous fluid flows for over a decade now. In recent years, there has
been a significant advancement in the application of this technique to complex problems
including turbulent single-phase flows, multi-phase flows like particle suspensions in fluid,
and multi-component flows like in porous media. Lattice Boltzmann models are found
to be at least as robust, stable, accurate and computationally efficient as other tradi-
tional methods of computation. In the last decade, various LB models have been applied
successfully to hydrodynamic problems where traditional computational methods like fi-
nite difference or finite element method yield inaccurate results including problems like

crystallization [13], magnetohydrodynamics {14, 15}, and chemically reactive flows [16].

In this chapter, a 3-D Lattice Boltzmann model is used to simulate the pulsating
flows in a rectangular duct due to low, moderate and high periodic pressure gradients
and the results are compared with the analytical solutions of Drake [12]. The rest of the
chapter is organized as follows: In Section 3.2, the LB method used for the simulation
is introduced, followed by the computational issues with LB models in section 3.3. The
analytical solution of oscillating flows in a rectangular duct is presented in Section 3.4. In
Section 3.5, the numerical simulation results for low and high frequencies for velocity and

stress is presented. Finally, in Section 3.6 concluding remarks are presented.
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3.2 The Lattice Boltzmann equation - A review

3.2.1 The Boltzmann equation

Historically, the Lattice Boltzmann (LB) equation model was first developed empirically
from its predecessor, the lattice gas automaton (LGA), but unlike LGA and other molec-
ular dynamics (MD) approaches, the LB method follows the time evolution of a discrete
particle-velocity distribution function instead of tracking single particles. Theoretically,
the Boltzmann equation can be derived from classical statistical mechanics, considering
its evolution from the Liouville equation. The Liouville equation is the most fundamental
equation of classical statistical mechanics. In a classical dynamical state of a system of
N particles, 6N variables (3N momentum, p; and 3N spatial coordinates, ;) are required
to completely describe one point in a phase space. However, one never knows all these
6N coordinates in a macroscopic system but a few macroscopic properties of the system,
such as energy, pressure, mean velocity, density etc. are known. Since there are an enor-
mously large number of points in phase space which are compatible with these few known
macroscopic quantities, a phase space density or a distribution function, fy is defined
as the fraction of phase points in the volume dridrs...dpsy ie. the fraction of phase
points which corresponds to a state of the system where particle 1 is spatially in between
r1.19,73 and ry + dry,re + dro,r3 + drg and has a momentum in between py, p2, ps and
p1 + dp1, pe + dpa, ps + dps, and so on for other particles. The Liouville equation (Equa-
tion 3.1) is the equation of motion that this phase space distribution function must satisfy
during its trajectory in time and is equivalent to the 6N Hamilton equations of motion

for the N-particle system.

N

. N
Ifn Py e R
Tat—*;%;'v"fffv *;F"‘Vmﬁv—ﬂ (3-1)
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where m; is the mass of 4% particle, Vy , and ij denote the gradient with respect to

the spatial and momentum variables respectively in fy; and F; is the net force on the gtk
particle. On introduction of reduced distribution functions in the Liouville equation [17],

the BBGKY (Bogoliubov, Born, Green, Kirkwood, Yvon) hierarchy can be derived as

U™ N P o ) Ny
ot +Z:]75; 7e;f +Z} v ij +
7= = (3.2)

n n o,
Z Fij ’ vp]f(n) + Z/ /Fjs‘n.—{-]'VPj.f(n+1)dr'n+ldpn+] =0
=1

dg=1

th

where £ is the n** reduced distribution function given as

N .
jl(\;)(rl,rg,...,rn,pl,...,p,L,t) = m/-u/fN(flw-«aPNat)

drpe1.drNvd Py, 1. dPy

Reduced distribution functions are defined because for all general purposes of interest,
only f and f® are necessary as they represent the two-body and three-body interactions
respectively. The BBGKY (Equation 3.2) hierarchy is applicable to systems with any
density. However, the major problem in the application of this equation is the coupling
of a distribution function with the next higher order distribution function. No successful
method to decouple the BBGKY hierarchy has yet been devised. For systems where a
dilute gas approximation can be made, molecules interact weakly with other molecules and
hence only two-body interactions are important. Thus, only f (1) the singlet distribution
function is relevant. This singlet distribution function, also called the particle-velocity
distribution function encompasses all the statistical information related to the position

and momentum of the particles in the system. Boltzmann derived an equation for f
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(superscript (1) dropped from here on), using collision theory as:

af . ]. " [
TfJ + v Vefj+ Exj Vi, fi=2m Z / /{fl-fj — fifi}gizbdbdv; (3.3)

where subscripts ¢ and j represent the two molecules which approach each other for
a collision, primes denote their post-collisional distribution functions and the right hand
side collision term takes into account all molecules lost or entered into the position range
(r, r+dr) and the velocity range (v, v+dv) by summing over all possible collisions of

molecule j.

Equation 3.3, the Boltzmann equation, is the fundamental equation of the rigorous
kinetic theory of gases. This is a non-linear integrodifferential equation and thus solving
it is very complicated even for simple systems. Various models have been proposed to
approximate the right-hand side integral expression (collision term) in Equation 3.3 in

order to solve the Boltzmann equation for fluid-mechanical systems.

3.2.2 The Lattice Boltzmann equation

Due to the integral right hand side term in the Boltzmann equation, it is very complex
to discretize the equation and solve it for fluid flow phenomena. Various LB models have
been proposed to approximate the collision term in terms of deviation variables from
equilibrium. Among these different LB models, the BGK (Bhatnagar, Gross, Krook)
model [18] with a single relaxation time approximation is the most widely accepted model

as it assumes that the main effect of the collision term is to bring the particle-velocity
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distribution function closer to the equilibrium distribution.

O +EVf = = £17 - 1O (34)

where (9 is the Maxwell-Boltzmann equilibrium distribution function, A is the re-

laxation time due to collision and £ is the velocity space vector.

feloled QYO OLO oio O%O
090 090 090 Q0 QO

Figure 3.1: Schematic of a typical 2-dimensional 9-discrete lattice velocity (D2Q9) lattice
in a 2D Lattice Boltzmann calculation. Each lattice node contains 9 cells, each of which
stores a particle distribution function corresponding to the particular lattice velocity as-

signed to the cell.

A general lattice for a LB calculation thus looks like the schematic shown in Figure
3.1. Although, there is a probability for particles to achieve any velocity in the range
(—0ow, +00) and in any direction, for computational purposes, only certain velocity direc-

tions are allowed. Hence, Equation 3.4 can be discretized in velocity space [19, 20] by
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using a set of velocities resulting in the discrete velocity model of the LBGK Equation as:

dl‘fﬂ + é-ry.vf(x - = }\‘[f(y, - é 1)] (3\))

where f, is the distribution function corresponding to the ath discrete velocity &, and
fé?‘” is the corresponding equilibrium function. Depending on the dimensionality of the
problem, various models have been proposed to discretize the velocity space. The most
popular ones are, D2Q9 for 2-D flows and D3Q15 or D3Q19 [21] (Figure 3.2) for three-
dimensional (3-D) flows. Equation 3.5 can further be discretized in space and time such

that dx = e,dt is always the displacement vector from the lattice site to its neighboring

sites.
2 1.3
6 5 10 3 o
’ 7
M
7
BN / pd 8
/5 T AN | ’
7 74 5
AR
= 9
7 4 8 o

Figure 3.2: Lattice velocities of the D2Q9 (left) and D3Q19 (right) models.

For 05+ €0ty 408) = faloist) = = [Jalbxit) = S5 i, 1) (3.

where 7 = A/dt is the non-dimensional relaxation time. The equilibrium distribution
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function can be obtained using a Taylor series expansion of velocity up to second order

and can be expressed as [21]:

9 3

J8 = wep[l + C—Q(ea.u) + ﬁ(ea.u)z e (3.7)

where p is the local density of the node, e, is the lattice velocity, ¢ = dx/dt and w,, is

the weighting factor (for D3Q19) given by

1/3 a=0,
We =4 1/18 a=1 to 6,
1/36 a=7 to 18.

The pressure is given by p = pc? (ideal gas equation of state) where the speed of sound

is given by ¢, = ¢/v/3 [21] and v = (27 — 1)/6, is the kinematic viscosity.

For D3Q19, the lattice velocities are defined as :

0 a =0,
€a =4 (£1,0,0), (0, +1,0), (0,0, +1) a=1t06, (38)
(£1,£1,0), (£1,0,+1), (0, £1, £1) «=7to 18

The density and momentum fluxes can be evaluated in terms of the distribution func-
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tion by considering the moment integration of the distribution functions as

N N
p=> fu=Y_ f& and (3.9)
a=0 a=0
N ' N
pu=>"foea =Y  fileq (3.10)
a=0 =0

The Chapman-Enskog expansion [22] can be employed to obtain the Navier-Stokes
equations from the LB equation. It is a multi-scale expansion [23] with rescaling of time

and space as

ty=¢€t, tr= th, T = €T,
o 9 ,a 9 8 (3.11)
2

o= on T o B ‘om,

The particle-velocity distribution function in Equation 3.6 can be expanded as

fo= 10+ 1D+ 10 + 0() (8.12)

53



3. Lattice Boltzmann simulations for asymptotic incompressible flow profiles
with a periodic pressure gradient

to recover the Navier-Stokes equations in the incompressible limit as [21]

0
p [—5% +(u- V)u] = pF + uV?u (3.13)

with pF = -V P.

3.3 Computational issues

Figure 3.3: A schematic showing the collision time step (left) followed by a streaming time
step (right) in a D2Q9 lattice model. Black (left) and red (right) color nodes represent

that the pre-collision and post-collision values of the distribution function respectively.

Computationally, Equation 3.6 is applied in two steps, a relaxation (collision) time

step and a streaming time step [24]:
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The relaxation {collision) time step (as shown in Figure 3.3) is described by:

f:i(xi?t + 5{) = frx(x47t) }_[i)é(xht) féﬂ{l)(xi’t)] (314)

7

and the streaming time step by:

Fo(X; + €40, + 6t) = f,(xi,t + 6t) (3.15)

where fa is the post collision distribution function. This two-step division makes the
solution procedure explicit, easy to implement and parallelize. This also helps saving
computational space and time as, in the relaxation time step, post-collision distribu-
tion function values overwrite the pre-collision values and then in the streaming step get

streamed to their next lattice points.

3.3.1 Boundary conditions

In s typical LB flow computation, two kinds of houndaries are encountered: a solid wall
boundary and an open boundary. The no-slip boundary condition is applied at the solid
wall while periodic conditions are applied at the open boundaries. Open boundaries in-
clude lines of symmetry, inlets and outlets, where macroscopic variables like velocity and
pressure are known instead of the particle distribution function. However, periodic bound-
ary conditions can be employed at these open boundaries without ambiguity. However,

at solid walls, the no-slip boundary condition (zero fluid velocity at stationary walls),
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Figure 3.4: A schematic showing the importance of boundary conditions for the D2Q9
model. For near-wall nodes, the collision step is incomplete as there are no fhuid nodes
in the wall and so post-collision distribution function values can not be updated for the

near-wall nodes.

can only be satisfied approximately through solving f.’s. The problem, also shown in
Figure 3.4, is that right after the collision step, there are no f,’s which can stream from
the wall to the lattice node right next to the walls. Various models have been proposed
to approximate these f,’s. A popular implementation of the no-slip boundary condition
is to employ the bounce-back scheme [25, 26] in which the momentum of the incoming
particle is exactly reversed in the opposite direction by the collision with the wall. Var-
ious improvements to this scheme have also been proposed. Zou and He [27] proposed
an extension of the bounce-back scheme considering the reversal of the non-equilibrium
part of the distribution function only. Inamuro et al. [28] used a counter-slip velocity to
nullify the slip effects induced by the bounce-back scheme. Ladd [29, 30] showed that if
the wall is placed exactly in the middle of the lattice nodes, the bounce back scheme is

second order accurate in predicting zero velocity at the wall.
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3.3.2 Force evaluation

Stress evaluation in a fluid-flow problem is crucial to the study of fluid mechanics. Various
stress evaluation techniques including surface stress integration [31, 32] and the momen-
tum exchange method [33, 29, 30] have been proposed. He and Doolen [34] used the stress
integration approach to evaluate the stress on a cylinder in the flow field by integrating
the stress on the surface. This integration involves accurate computation of Vu. Since
u is not the primary variable in the simulation, evaluating Vu degrades the accuracy.
Ladd [30] proposed the momentum exchange method using the bounce back boundary
condition by considering the momentum exchange of the particles with the wall per unit
time. Since this scheme is based on the simple bounce back scheme, it is also second-order

accurate if applied to cases where the wall is placed in the middle of the lattice nodes.

3.4 Pulsating flow in a duct - The problem

Incompressible flow in & long cylindrical channel due to a. periodic pressure gradient has
been studied experimentally by Richardson and Tyler [1]. They also conducted experi-
ments for the flow in a channel with a square duct cross section. Drake [12] considered
the incompressible flow in a long channel of rectangular cross-section due to a periodic
pressure gradient theoretically by solving the Navier-Stokes equation. This section re-
views the analytical series solution obtained by Drake for the oscillating flow in a 3-D
duct. Consider an incompressible flow in a rectangular duct driven by a periodic pressure

gradient as shown in Figure 3.5.

The governing equation of incompressible flow driven by a periodic pressure gradient

is:
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dy? = 322 )

(3.16)

— = K cosuwt -+ v

Ov, o, D2, \
gt

with

vy, 2) =0,y = +a
v, (y,2) = 0;5 = &b

where dP/8x = Re[~Kpexp(iwt)] is the periodic pressure gradient in the direction
of the flow and v is the kinematic viscosity. Using separation of variables, the periodic

velocity can be obtained as a series solution:

vy, 2,t) = Re[F(y, z). exp(iwt)]

\
b
R y

Figure 3.5: Schematic of a rectangular duct across which a pulsating pressure drop is

applied.
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where

R 4Kb cosh(py/a)\ ((27?,+ 1)
Fly 2 nZ:O 2n 4+ 1 p? (1 cosh(pa,/b)/ % Cos C 26 (317)

1

4 3

: _ {auwb? §2n+1!2,.‘2\‘ 2
with p = k‘----y + A )

The solution behaves differently for different frequencies of oscillation of the periodic
pressure gradient. At low frequencies, the solution behaves as a quasi-steady one, while

at higher frequencies, complex phenomena in the velocity flow profiles are seen.

3.5 Results

In the LB simulation, a simple geometry of a square duct is considered to be meshed into
a resolution of 60 (flow direction) x 20 x 20. A periodic pressure gradient (AFP/Az) of
~(0.01cos wt (in lattice units) is applied across the channel. It is applied as a density
difference among the lattice nodes in the flow direction. The average deunsity of the fluid
is chosen to be 1.5 (in lattice units) and w = 21-% is the frequency of oscillation and 7,
represents the time period of the oscillation of the periodic pressure gradient. 7}, is varied
from 1536 to 48 time periods to study the effect of frequency of oscillation on the flow

phenomena.
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Figure 3.6: 3-D cross-sectional (resolution 20 x 20) velocity profiles at four different
times for low frequency velocity solution with 1536 time steps. The velocity profile is
of parabolic type and the centre-most point achieves the maximum amplitude during a

period.

3.5.1 Low frequency flow

For low values of wb? /v (also called Womersley Number [35]), the solution can be obtained
as [12]

16Kb2 2 (=1)n cosh (ngl)wy (2n+1)
L2, 1) = E - X — t (3.18
Vg (y, 2 2 (2n e o y cos < % 7rz) coswt (3.18)
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The variation of the velocity profile with time looks very similar to the applied pressure
gradient. It can be seen that there is no phase lag between the velocity of the fluid and
the pressure gradient and at any particular time, the velocity solution behaves as that for

a steady pressure gradient, — K p cos wt.

Figure 3.6 shows the streamline velocity (normalized by the maximum velocity during
the period) at four different times during the period for 1}, = 1536. It can be seen that
the velocity profile is of parabolic type and the centreline velocity is larger than velocity
near the walls of the duct at all times. The velocity profile seems to be in phase with the
applied pressure gradient and a minor phase lag of 0.177 was noted. It can be inferred that
for small values of frequency, the flow hehaves as & quasi-steady one. As the frequency of
pressure oscillation is increased further, the flow becomes more complicated and the phase
lag between the velocity and the applied pressure gradient keeps increasing and annular

effects begin to deveiop.

To study moderate frequency flows a time period of 576 time steps was chosen. Figure
3.7 (right) shows the streamline velocity (normalized by the maximum velocity during
the period) at four different times during the period for 1, = 576. It can be seen that
unlike the low frequency case, the streamline velocity gets more complex as the annular
effects start building up. For most of the time during the period, the velocity profile
imitates the applied pressure gradient in terms of having a parabolic profile; however, at
around wt = 3/4, it can be see that the velocity near the walls is almost constant with
a high velocity region in the core. This happens right after the pressure difference across
the channel becomes zero and the pressure reversal starts (back pressure becomes higher
than the front pressure). Observing the plot (wt = 3mw/4) for points close to the wall, it
can be seen that some minor dips in the velocity start building up due to the pressure
reversal. As the frequency is increased further, these regions increase and the velocity
distribution starts exhibiting Stokes layer character with high velocity gradients at the
wall. The velocity increases in the direction of the applied pressure gradient sharply near

the solid boundaries and then decreases to zero again, leaving the core which oscillates in
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Figure 3.7: 3-D cross-sectional (resolution 20 x 20) velocity profiles at four different
times for low frequency velocity solution with 576 time steps. The development of annular
effects [12] can be seen in the second quadrant and the velocity profile starts exhibiting a

Stokesian nature.

direction opposite to that of the applied pressure gradient. Figure 3.8 shows the phase lag
between the centreline velocity and the applied pressure gradient. It can be seen that the
phase lag has increased from 0.177 (T}, = 1536) to 0.357 (T, = 576). Also, unlike the case

of low frequency flows, different regions have different phase lags due to annular effects.
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. deiaX
dR/eX

v. C¢RAUX

Time Time

Figure 3.8: Phase difference between velocity and pressure gradient for Top Left: Low
frequency (1536 thmesteps, phase difference: 0.17x), Top Right: Moderate frequency (768
timesteps, phase difference: 0.28%), Bottom Left: High frequency (576 timesteps, phase
difference: 0.357) and Bottom Right: Very High frequency (96 timesteps, phase difference:
0.57).

3.5.2 High frequency flow

Asymptotic forms for velocity were obtained by Drake for higher frequencies by employing
integral representations to sum the infinite series in the solution (Equation 3.17) obtained
from the method of separation of variables. Different regions in the duct have different
forms of velocity profiles and thus s different phase lag from the pressure gradient. Consid-
ering the symmetry of the duct, two expressions are required, one for the midpoint of the

wall (z ~ 0,y ~ aory ~ 0,z ~ b) and the other for the center of the duct. This leaves the
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Figure 3.9: 3-D cross-sectional velocity profiles at four different times for high frequency
velocity solution with 96 time steps. Annular effects and flattening effects are significant

and the centre-most point no longer achieves the maximum velocity amolitude.

region in the corner of the duct where the solution is quite complicated. This is expected
because near the corner the boundary layers of the adjacent walls coalesce. However, this
region diminishes in size as a and b increase. The asymptotic form of the velocity profile
for the mid-wall where w(b— 2)?/v and wy? /v are large, has been approximated by Drake
[12] as

NRe{K(l exp(—\a—1))—exp(—A(b— z))erf[ ((_Z))%Dexp(iwt)} (3.19)
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where A = (zw/u)%

At the center of the channel (regions of small y and small z), it can be easily shown
K
w

velocity lags behind the pressure gradient by a phase angle of 7/2.

from Equation 3.17 that velocity can be approximated as <= sinwt. Thus the centreline

Figure 3.10: 3-D cross-sectional (resolution: 40 x 40) velocity profiles at four differ-
ent times for high frequency velocity solution with 48 time steps. Annular effects and

flattening effects are significant and sharp velocity gradients develop near the wall.

Two time periods, 96 and 48 time steps, were chosen to study highly oscillating flows.
Figures 3.9 and 3.10 show the streamline velocity (normalized by the maximum velocity
during the period) at four different times during the period for T, = 96 and T, = 48

respectively. The resolution of the channel was increased to 60 x 40 x 40 to increase the

65



3. Lattice Boltzmann simulations for asymptotic incompressible flow profiles
with a periodic pressure gradient

Womersley number and to check for any effects that may be caused because of the mesh-
size. However, the solution was found to be similar with the increased resolution and it
can be concluded that a resolution of 20 x 20 is almost as good as 40 x 40 resolution. It
can be seen that for 7, = 96 (left) at w? = % /4, the centerline velocity is less than the
velocity at points near it. The parabolic profile of low and moderate frequency flow is lost
and the velocity profiles develop sharply near the wall (Stokes layer character) and stay
constant {flat profile, a8 in inviscid flows) elsewhere in the duct. It can be inferred that
the boundary layer does not diffuse much and the central region of the channel behaves
as inviscid approaching the velocity profile of the inviscid oscillating flow. Figure 3.10
shows that at wt = w/4 for T, = 48 time steps, velocity near the walls is higher than
the velocity in the center and as time increases during the period, the velocity amplitude
of the Auid in the core of the duct is quite reduced as compared to low frequency cases.
Figure 3.8 shows that the phase lag between the velocity and the pressure gradient has

reached its asymptotic value of w/2 for high frequency flows. This is in accordance to
K

2]

phase angle (lag) near the walls approaches a constant value of #/4. These Stokesian

Drake’s approximation of centreline velocity as (= sinwt} for high frequency flows. The
velocity characteristics, also known as ‘anuular effects’ are reported by Richardson and

Tyler [1] experimentally.

3.5.3 Stress at high frequencies

Asymptotic velocity expressions (Equation 3.19) can further be employed to obtain ex-
pressions for the skin friction valid for points near the center of the wall of the duct.
Drake derived the skin friction (7.-) on the wall as the sum of integrals which can be

approximated for points near the center of the wall as

%4 w

\)% cos (ui Z) (3.20)

N

Tt~ Kp ( -

&/
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Figure 3.11: Normalized stress from the analytical solution (light points) by Drake [12]
and from the LB simulation (dark triangles) have been plotted on the abscissa against the
normalized distance on the ordinate. As is evident from the plot, that the LB simulation

results are in close agreement with the analytical solution.

Thus, stress at the center of the wall has a phase lag of w/4 behind the pressure

gradient.

Drake’s integrals for skin friction at points away from the center of the wall can be
evaluated numerically. The numerical solution has been plotted as —51-7-(;“;-)%7;4:1, against
(-2‘-,’-)%(a -y) in Figure 3.11. LB simulation stress results (calculated from the momentum
exchange method [33, 29, 30]) have also been plotted and it can be seen that the results
are concordant. It can be seen that as y tends to a, i.e. on approaching near the corner
of the duct, 7, becomes 0. Also except for wt = n/2, 3n/2, 8r,_y/ Oy is infinite at the

corner. This is in agreement with the analytical solution for stress. Stress at the midpoint
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Figure 3.12: Phase difference belween stress and pressure gradient for Top Left: Low
frequency (1536 timesteps, phase difference: 0.13x), Top Right: Moderate frequency (768
timesteps, phase difference: 0.19%), Bottom Left: High frequency (576 timesteps, phase
difference: 0.227) and Bottom Right: Very High frequency (96 timesteps, phase difference:
0.257).

of the wall (y ~ 0,z ~ b) was evaluated for different frequencies and has been plotted
in Figure 3.12. It can be seen that the phase lag between stress and pressure gradient
increases from 0.13x for T, = 1536 to w/4 for 7, == 96. Increasing the frequency further
to 48 time periods does not affect the phase lag and it can be said that the phase lag has
reached an asymptotic value of «/4. This is in accordance with Drake’s approximation
of stress (Eq. 19). This can be explained by the fact that the velocity phase lag near
the walls approaches an asymptotic value of 7/4 resulting in a similarly patterned strain

phase lag and hence leading to the stress phase asymptotic value of # /4.
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3.6 Conclusions

Pulsating flow in a rectangular duct due to a periodic pressure gradient has been studied
using a 3-I Lattice Boltzmann model. For low frequency flows, it is found that the velocity
profiles are parabolic in nature and behave as that for a steady pressure gradient with
minor phase lags behind the pressure gradient. As the frequency is increased from low to
moderate, weak annular effects start building up and velocity profiles start lagging behind
the pressure gradient. On further increase of frequency to very high values, aunular effects
become strong and both the amplitude and the phase angle are affected. The velocity
amplitude reduces while the phase angle(lag) increases with the increase in the frequency.
The velocity profiles exhibit a Stokes layer character and develop sharply near the wall
to a maximum value and then decrease slightly to a value which remains constant for
most of the duct. The central region of the duct behaves as an inviscid Aluid approaching
inviscid oscillating velocity profiles. The velocity phase lag behind the pressure gradient
reaches its asymptotic value of 7/2 in the central region and 7 /4 near the walls. Stress
evaluations were done and the results were found to be in accordance with the analytical
solutinns. It was noted that like the velocity profiles, stress phase lag behind the applied
pressure gradient also reaches an asymptotic value of 7/4. It was also found that stress
is maximum in the middle of the duct walls and decreases to zero towards the corners.
This will help one in designing and optimizing medical apparatuses and understanding

the medical flow phenomena.
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Chapter 4

Exact solution for
circumferentially pulsating

annular flow with a constant

radial flux !

4.1 Introduction

Understanding pulsating flows in a cylindrical annulus with porous walls is fundamen-

tally significant for the design and optimization of various medical apparatuses and for

Y This work is an obvious extension of the previous work by S. Tsangaris and N. Vlachakis (“Applied
Mathematical Modelling”, 31(9), p. 1899-1906). However, at the same time when I carried out this
research, Tsangaris et al. conducted similar research and published it as “International Journal of

Engineering Science”, 44(20), p. 1498-1509.
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understanding biological phenomena. Oscillating flows appear in various medical appara-
tuses used for fluid delivery and testing like peristaltic pumps, heart-lung machines, and

injection-suction therapy equipment.

The Navier-Stokes equations are non-linear partial differential hydrodynamic equa-
tions of motion which can only be analytically solved for a few systems. Most of the
systems which can be solved analytically, involve laminar or oscillating flows in rectan-
gular channels, in between parallel walls, in cylindrical pipes and pipes with annular
cross-sections, both with impermeable and porous walls. Analytical solutions for laminar,
fully developed, steady incompressible flow in rectangular channels, with parallel walls,
straight ducts with constant cross-section, cylindrical pipes and annular cross-sections

date back to the late 19" century.

Pulsating viscous flow of an incompressible fluid due to an oscillating pressure gradient
in a long channel with a circular cross section has been considered experimentally by
Richardson and Tyler [1]. They also conducted experiments for a long channel with a
square cross-section and discovered annular effects in the flow. Analytical solutions for
laminar, developed, oscillating flows between parallel [2] impermeable plates due to an

applied oscillating pressure gradient have been reported in literature.

Wang [3] treated pulsating flow in a porous channel between parallel plates theoret-
ically. Tsangaris and Vlachakis [4] derived the analytical solution for pulsating flow in
a rectangular duct with porous walls with a constant cross-sectional velocity. Sex! [5]
treated the oscillating flow in a circular cross-section theoretically to get annular effects
in the flow as discovered experimentally by Richardson and Tyler [1]. Uchida [6] analyzed
pulsating viscous flow superposed on the stecady laminar motion of incompressible fluid in

a circular pipe.

Dean [7] first studied the laminar steady flow in a cylindrical annulus due to an applied
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circumferential pressure gradient, using the narrow-gap approximation. Goldstein [8]
studied the finite gap Dean flow problem. Tsangaris and Vlachakis [9] extended the Dean
flow solution to the periodic unsteady solution in a cylindrical annulus with impermeable
walls by applying the oscillating, circumferentially acting, pressure gradient. Oscillating
flow with solid walls has been studied for various other geometries including parallel
plates [2], circular [1, 5, 6, 10], rectangular [11], elliptical [12] and triangular [13] cross-
sections. However, in the literature, very few analytical solutions exist for the case of
porous walls. An exact solution for steady flow between parallel-porous walls has been
studied by Bearman [14] and was extended further for the case of pulsating flow in the
parallel-porous channel by C. Y. Wang [3]. Tsangaris and Vlachakis [4] derived the exact
solution for the case of an oscillating flow in a rectangular duct with porous walls. However,
since most of the mechanical systems involving pulsating flows are cylindrical or annular
in nature e.g. flows in medical apparatuses, and cell transport dynamics; there is a need
to develop exact solutions of the hydrodynamic equations in cylindrical coordinates. This
chapter presents the exact solution of the Navier-Stokes equations for the incompressible
flow in a cylindrical annulus with porous walls, when an oscillating circumferential pressure
gradient is applied. The rest of the chapter is organized as follows: In section 4.2, the exact
analytical solutions of the Navier-Stokes equations is presented for the incompressible flow
in an annulus with porous/non-porous walls when an oscillating circumferential pressure
gradient is applied. In Section 4.3, results are presented and velocity amplitudes and
phase lags are discussed as a function of the oscillating frequency. Finally, a conclusion is

given in Section 4.4.

4.2 Method

The present study focusses on solving the hydrodynamic equations of motion for the case
of an unsteady, incompressible flow in a cylindrical annulus with porous walls (constant

flux case).. The Navier-Stokes equations along with the continuity equation have been
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written in cylindrical coordinates (r,6). wu, and wg are the radial and the tangential
velocity components, respectively. A circumferential oscillating pressure gradient (mL | =
~Kpexp (iwt)) is imposed on the annulus with injection at radius Ry (inner wall} and
suction at radius Rp (outer wall). A schematic representation of the problem is shown in

Figure 4.1 .

Oscillating Flow

Figure 4.1: Schematic representation of a cylindrical annulus with porous walls (radial
flux with injection at the inner wall (R;) and suction at the outer wall (Rz)) and a

circumferentially oscillating pressure gradient across the longitudinal direction.

The steady fully developed Dean Flow solution has been extended to the unsteady
solution produced by a periodic pressure gradient assuming a constant flux in the radial

direction, thereby satisfying the continuity equation.

———t =0 = Up = é (4.1)
r

Using the fully developed flow condition and the continuity equation, the radial velocity

component goes as 1/, i.e. u, = A/r and the circumferential velocity component is a
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function of the radial coordinate and time only, i.e. wug = u(r,t). The parameter A
determines the amount of flux passing through the annulus as 274 = @Q, where Q is the
radial volumetric flux per unit length of the annulus. Assume that the spatial and size
distribution of the pores in the porous walls does not affect the velocity solution in the
flow regime and there is a constant volumetric flux (Q) through the annulus. The radial

and the circumferential momentum balance equations can be written as:

ou, ug _ 1oFP Uy

4 Lol ur 4.2
Yo T p or Y2 (42)
Ay Oug  uptg 1 0P Pug  10uy ug
—_— Uy — ==tV |t = - = (4.3)
ot or r pr 06 a2 ror 1t

The boundary conditions for ug result from the no-slip boundary at the inner and the

outer walls of the annulus: uy = 0 at » = Ry and r = Ry at all times.

4.2.1 Steady flow

Impermeable wall

For steady flow in a cylindrical annulus with impermeable walls, u, = 0 and the circumfer-

ential velocity becomes just a function of the radial coordinate, ug = ug(r). Considering
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a constant circumferential pressure gradient %—103 = K p, Equation 4.3 can be reduced to
d2u]9 ldiy g 1

st Ao A I 44

a2 +7' dr 'F2+f (4.4)

where the following dimensionless variables have been introduced: 7 = ¢ and uy =
'LLQ!/
KR

The solution can be obtained using the no-slip boundary equations at the inner and

outer wall of the annulus, which is the same expression as obtained by Goldstein [8]

1 1 A2 1
ﬂ0=—§7’1nf+§ln/\/\ 71 (f T) (45)

where X is the ratio of the outer to inner radius of the channel, A = %.

Porous wall

For steady flow in a cylindrical annulus with porous walls, u, = A/r and the circumfer-

ential velocity becomes just a function of the radial coordinate, ug = uy(r). Considering

a constant circumferential pressure gradient %% = —Kp, Equation 4.3 can be reduced to
d?uiy 1 duy 0 1 :
e 1-8)=— - (1+73 +=-=90 4.6
d'F 2 + ( L ) d ( + ) 2 7 ( )
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where the following dimensionless variables have been introduced: 7 = RLI, 8= IA,,
Ug = g and A = Ry/Ry. The solution can be obtained using the no-slip boundary

equations at the inner and outer wall of the annulus as:

. (/\2 _ f2) + 7’;2/\2 ()\d . F;’}) N (/\2*,8 _ 7~;2+5) (4 ,
v = 2Pr(AZTFB 1) L)

4.2.2 Oscillating flow
Porous wall

Substituting u, = é and %1;—’ = —Re[K pexp (iwt)] in Equation 4.3,

dug K

200 2wt 1/32'“0 X (v — A) g—u—g_ 3 (v+ A)

ot r or? r or r2

ug (4.8)

This partial differential equation can be reduced to an ordinary differential equation

by employing ug = V (r}exp (iwt) in Equation 4.8 to get

v dv A iwr?l VK
d—‘-+<1—é>l——-{(1+—>+%]—2+—=0 (4.9)

dr? v/ rdr v r vr

Introducing the following dimensionless variables, 7 = -,
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and A = Rs/R; , the circumferential momentum equation in the reduced form can be

written as:

— ) == — {1 4+ 3+ 1T —_— — X

where « is the reduced frequency of oscillation (also called Womersley Number [10])
and /3 can be considered as the Reynolds number of the flow based on the radial velocity
which may significantly aflect the flow, if inertial (convection) forces dominate over the

viscous forces. Using the substitution,

V() = —z + Ve(7) (4.11)
the differential equation can be reduced to

5o Vi ,
— (1+ B +ia?i?) =0 (4.12)

d2v,

1dV,
di

154
=) 22

Making the substitution, V,(7) = ~’};(7’-).7:‘5, Equation 4.12 can be reduced to obtain

the Bessel differential equation

(12Vh 1 d‘;’/l . 9.9 3 2 7IL 19
e e 1o ]_ — — == 4:.13
prs + FaE oere + + 5 = 0 ( )
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which has the general solution of the form

Vi, = 1210 (—i207F) + e9Yais (—i2af) (4.14)
2 2

.3 3 . . .
where Jois (—i2ai) and Yo (—i2 o ) are Bessel functions of the first and second kinds
2 2
of ét—/j order, respectively and ¢y and ¢y are two constants which will be determined by

the boundary conditions: V(1) = 0 and V(\) = 0.

Substituting V; back into Equation 4.11 and employing the boundary conditions, the
solution for an oscillating flow with porous walls for the constant flux (3 treated as a

constant with time and position) 2 can be obtained as:

!

iy = Re H — + 7T (c-x Jass (—iZaf) + szYzzﬁ(—i%a'f')) }GXP(ZW)J (4.15)
(280 2 2

where

e == 3 i 2 (4.16)

®The same solution (in slightly other mathematical form) has also been obtained by S. Tsangaris, D.
Kondaxakis and N. Vlachakis who conducted a similar research independently at around the same time
and published it in a paper titled “Ezact solution of the Navier-Stokes equations for the pulsating Dean
flow in a channel with porous walls” in the “International Journal of Engineering Science”, 44(20),
p. 1498-1509.
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and

. A B Jais (—i%a) — Jas(~i3aN)
2= - 3 2 3 . 3 3 (4'17)
W07 Yaig (—i2a) o (—i2a) — Youg (—iZa)Jais (—i2 )
2 2 2 2

Impermeable wall

For the case of impermeable walls, the solution can be obtained by putting the radial
Reynolds number 8 = 0 in the above expression to obtain the unsteady Dean solution.

This form is another way of writing the solution obtained by Tsangaris and Vlachakis [9]

1 . .

g = Re [{T(P—f + (L?;[Jl(——i%(:vf') + Cng(-i%af')) }exp(iwt)} (4.18)

where
1 A~1Yi(—i2a) - Yi(—iZa) )
R R i S Z 3 (4.19)
Y (—i2ad)Ji(—i2a) — Yi{—i2a)Ji(—izal)
and
1 A T (—i2a) — Ji(—itad)
cg=— —5 = ( = ) = — (4.20)
T Y (—i2aA) Ny (—i2a) — Yi{—i2a)J1(—iZa)
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Equation 4.15 is the master solution from which steady, unsteady solutions for both
solid and porous walls can be obtained. In the limit (o, 3) — 0, steady solution (Equation
4.5) for a solid wall case can be obtained. The unsteady-periodic solution (Equation 4.18)
for a solid wall case can be obtained in the limit § — 0 and the steady solution for porous

walls (Equation 4.7) can be obtained in the limit o — 0.

4.3 Results and discussion
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Figure 4.2: Low Womersley number, low Reynolds number: Non-dimensional velocity
amplitude 4y (Top) and phase angle distributions ¢ (Bottom) for three different aspect
ratios (A = 1.2,1.5,2) have been plotted for the low frequency oscillating flow solution

(Womersley number, v = 0.1) for a solid walled annulus (Radial Reynolds number, 3 = 0).

For an applied circumferential pressure gradient of the form
P

e 08 ! 2
50 K pcos (wt) (4.21)
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the resulting non-dimensional periodic velocity is

Ug = Ugg cO8 (Wt + @) (4.22)

where g, and ¢ are the velocity amplitude and the phase angle respectively, both

functions of the radial coordinate. iy, and ¢ can be determined as

™

&

3

Qg = (V,% + vﬁ) . ¢ =arctan o (4.23)

/7

where V,.,V; are the real and iraginary parts of 1% (Equation 4.15). The general
solution derived in the previous section can be reduced to the corresponding analytic
solutions for non-porous walls given by Goldstein {steady, 5 = 0 and o = 0, derived
as Equation 4.5) and Tsangaris (oscillating, # = 0). The influence of the oscillation
frequency and the amount of radial flux through the annulus on the velocity amplitude
and phase angle distributions has been investigated by plotting Equation 4.15 for different

combinations of the values of Womersley and Reynolds number.

4.3.1 Low frequency flows

Figure 4.2 (Top) shows the velocity amplitude for three different values of the aspect ratio
(A) with a reduced frequency (Womersley number «) of 0.1. The velocity amplitude has a
parabolic profile behaving as a quasi-steady one resembling the velocity profile for a steady

pressure gradient with a magnitude of —Kpcoswt. The phase-shift angle distributions
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Figure 4.3: Low Womersley number, high Reynolds number: Non-dimensional velocity
amplitude @y (Top) and phase angle distributions ¢ (Bottom) for three different aspect
ratios (A = 1.2,1.5,2) have been plotted for the low frequency oscillating flow solution
(Womersley number, o = 0.1) for a radially permeable annulus (Radial Reynolds number,
3 = 30).

have been plotted in Figure 4.2 (Bottom), and have values close to zero for the entire
domain. The phase lag is symmetric over the flow region with minima near the walls. It
can be inferred that viscous forces along with the inertial forces are quite significant in

the flow region.

The velocity amplitude for the porous wall case with a high cross-flow Reynolds number
(3 = 30) and low oscillation frequency has been plotted in Figure 4.3 (Top). Comparing
the velocity profile with the non-porous case, it can be deduced that the maximum velocity
amplitude decreases with an increase in the cross-flow Reynolds number. It can be seen

that the maximum in the velocity profile is shifted towards the suction wall, with a sharp
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Figure 4.4: High Womersley number, low Reynolds number: Non-dimensional velocity
amplitude @g (Top) and phase angle distributions ¢ (Bottom) for three different aspect
ratios (A = 1.2,1.5,2) have been plotted for the high frequency oscillating flow solution

(Womersley number, o = 15) for a solid walled annulus (Radial Reynolds mumber, 3 = 0)

gradient in the suction region. Near the injection wall, the velocity profile is linear in
nature, indicating an inviscid flow domain. However, the flow still remains unaffected
by the oscillating aspect of the pressure field. It can be inferred that the flow near the
injection wall is convection dominated and viscous effects are suppressed. In a very thin
region near the suction wall, viscous forces are quite significant. This viscous region gets
thinner as the cross-flow Reynolds number is increased, quite analogous to the viscous
boundary layer diminishing in turbulent flows in pipes as Re increases. The phase shift

angle (Figure 4.3 (Bottom)) has reduced from the no flux case and is no longer symmetric.
The phase lag is almost zero at the injection wall because of the suppression of viscous

forces, keeps increasing (more negative) until the region of maximum velocity and then
) T g g g 3
recovers (less negative) a little near the suction wall.
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Figure 4.5: High Womersley number, high Reynolds number: Non-dimensional velocity
amplitude @y (Top) and phase angle distributions ¢ (Bottom) for an aspect ratio of A = 2
have been plotted for a high frequency oscillating flow solution with a Womersley number
« of 15. The radial Reynolds number based on the radial velocity 3 ranges from 0 to 100

to study the convection effects in the How region.

4.3.2 High frequency flows

Figure 4.4 shows the velocity amplitude and phase angle distributions for three different
aspect ratios and a Womersley number of 15 for non-porous cylindrical annulus. The
increase of oscillating frequency results in a reduction of the velocity amplitude and the
velocity phase lags significantly from the applied pressure gradient. The velocity distribu-
tion exhibits a Stokesian character (very sharp gradients near the walls) and the annular
effects (two local maxima in the velocity profile, maximum value close to the injection

wall), also reported by Richardson and Tyler experimentally in [1], can be seen. The

88



4. Exact solution for circumferentially pulsating annular flow with a constant
radial flux

phase angle in the central region tends to —m/2 and the fluid behaves as inviscid ap-
proaching the velocity profile of the inviscid pulsating flow, 4y = ;{;; sinwt. Near the

walls, the phase angle tends to —7/4 and so does the stress phase lag.

The effect of cross-flow Reynolds number on high Womersley number (highly pulsating)
flows can be seen in Figure 4.5 with the cross-flow Reynolds number () ranging from 0
to 100 with a reduced frequency (Womersley number, o) of 15. It can be seen that from
the velocity profiles that as § increases the flattening effect of the velocity in the central
region is reduced significantly and the maximum velocity shifts towards the suction wall.
Annular effects disappear and the Stokesian nature of the velocity profile is diminished.
The velocity amplitude first increases with 7 to a certain level and then falls off again
as [ increases beyond 50, where the flow is dominated by convection forces and viscous
effects are suppressed. The phase angle increases (less negative, approaches zero) near
the injection wall from the non-porous case and decreases (more negative than —m/2) in
the central region recovering back (above —n/2) near the suction wall. This sinusoidal
behavior of the phase lag is due to the new sinusoidal distribution in the velocity profile
near the injection wall; however, on approaching towards the suction wall, this sinusoidal
velocity region is suppressed by the viscous effects, bringing phase lag back to —7/2 and
above. The flow near the injection wall can be approximated as unsteady convection-

dominated inviscid flow.

From Equation 4.2 the radial pressure gradient can be determined as

or pA pus
G T (v~ A)+ - (4.24)

Using the non-dimensional variables,

or (i}, ny , 1\ 8(B-1) .
o7 H (-—2-1:—) [1 + cos (2wt + 2@)] + (—I,—I,') — 7 (4.25)
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where P = P/Kp and H = KR2/v? is the ratio of pressure forces to the viscous
forces. It can be seen that the radial pressure gradient oscillation frequency and the phase
shift angle are double that of the corresponding frequency and phase angle of velocity
oscillation. Also, an additional convective increment is superposed on the oscillating

radial pressure gradient which further increments it towards the suction end.

4.4 Conclusions

The general solution for pulsating flow in an annulus with porous walls having a constant
annular radial flux has been derived by solving the hydrodynamic equations asswming
the finite gap approximation. Solutions for steady flow and oscillating flow with solid
walls have been derived as limiting cases of the general solution. The solution for velocity
amplitude and phase angle distribution has been plotted for low and high frequencies for

variable flux conditions.

It is seen that for the low frequency case with no radial flux, parabolic velocity pro-
files are seen with small phase lags from the applied pressure gradient but as radial flux
increases, convective effects start to dominate near the injection wall suppressing the vis-
cous effects. The phase lag becomes unsymmetrical; starts from zero at the injection
wall and decreases (more negative) towards the suction wall. In the high frequency case
with no flux, annular effects arc seen in the velocity profile which is Stokesian in nature
and the phase lag decreases to a much larger extent than in the low frequency case with
an asymptotic value of —x/2. With the increase of the radial flux, the annular effects
disappear and the phase lag becomes unsymmetrical along the radial direction decreasing
further beyond the asymptotic value. Convection effects are seen to dominate near the
injection wall while viscous effects dominate near the suction wall. The solution will help

in designing medical apparatuses with oscillating flows and oscillating mixing chambers.
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Chapter 5

Conclusion and Future Work

5.1 Conclusion

This thesis recommends the use of statistical mechanical models to understand macro-
scopic phenomena as a result of underlying interactions between the microscopic con-
stituents of any system. Taking into consideration the complexity of statistical mechan-
ical models, a thermodynamical application: evaporation of a liquid in a steady state
system, and a fluid-mechanical application: pulsating flows in a rectangular duct, have

been presented to give a more realistic assessment of physical systems.

Chapter 2 of the thesis presents a nonideal Statistical Rate Theory formulation for the
evaporation of a liquid in a steady state system. Fluid nonidealities were incorpérated
in the previously existing ideal SRT formulation [1, 2] using equations of state and a
generic equation-of-state based SRT model for liquid evaporation was developed. The

Peng-Robinson equation-of-state based SRT model was taken as an example as the Peng-
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Robinson equation of state is fairly accurate for hydrocarbons, and it was found that it
predicted evaporation rates as accurately as the ideal SRT model at low temperatures
(below room temperature) and pressures (below 1 kPa}. The calculated evaporation rates
from both the SRT models were also concordant, with the experimental results. Predictions
based on the Peng-Robinson based SRT model were found to differ from the ideal SRT
model at sufficiently higher temperatures and pressures (near the critical temperature).
Experiments should be done in the near-critical region (temperatures higher than 0.8T})
to investigate the predictions that have been made. The generic equation of state based
SRT model can be included in a thermodynamical simulator to predict evaporation rates
at any range of temperature and pressure as the final expression is entirely in terms of
experimentally measurable thermodynamic variables or the parameters of the equation of
state which can be evaluated. Thus, being free from any fitting parameters and correlation,

this is a very powerful tool for predicting evaporation rates.

Chapter 3 of the thesis presents the Lattice Boltzmann simulation details and results
for pulsating flows in rectangular ducts due to a periodic pressure gradient using a 3-
D Lattice Boltzmann model. It was found that at low frequencies of oscillation of the
periodic pressure gradient, the velocity profiles are parabolic in nature behaving as velocity
profiles for a steady pressure gradient. As the frequency is increased, annular effects start
building up and the velocity profiles exhibit Stokesian character with annular effects and
develop sharply near the wall and the central region of the duct behaves as an inviscid
fluid approaching inviscid oscillating velocity profiles. The velocity phase lag behind the
pressure gradient reaches its asymptotic value of 7/2 in the central region and 7 /4 near
the walls due to which stress lags by #/4 from the applied periodic pressure gradient.
Stress was evaluated at different regions on the duct wall and it was found that stress
is maximum in the middle of the duct walls and decrease to zero towards the corners.
These results are concordant with the analytical solution derived by Drake. This leads
us t0 a conclusion that LB models can be used to simulate pulsating flows in micro-sized
ducts to analyze velocity and stress profiles in a duct. This information will be very

useful for designing and optimizing medical apparatuses and to understand medical flow
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phenomena, especially medical conditions like hypertension and dialysis.

Chapter 4 of the thesis discusses the exact solution of a pulsating flow in an annulus
with porous walls having a constant annular radial flux. The hydrodynamic equations
have been derived to obtain solutions for steady and oscillating flow in a duct with solid
and porous walls. It was seen that for the low frequency case with no radial flux, parabolic
velocity profiles are seen with small phase lags from the applied pressure gradient but as
radial flux increases, convective effects start to dominate near the injection wall suppress-
ing the viscous effects. In the high frequency case with no flux, annular cffects are seen
in the velocity profile which is Stokesian in nature but as radial flux increases, the annu-
lar effects disappear and the phase lag becomes unsymmetrical along the radial direction
decreasing further beyond the asymptotic value of —7/2. Convection effects are seen to
dominate near the injection wall while viscous effects dominate near the suction wall. The
solution will help in designing medical apparatuses with oscillating flows and oscillating

mixing chambers better.

5.2 Future work

Statistical Rate Theory assumes the evaporation process to be mainly a single-molecular
event, and thus neglects the probability of two or more molecules making the transition
at the same instant. However, we can relax this assumption and evaluate the probability
of two or more molecules making the transition, thereby obtaining an even more generic
SRT model for evaporation. If we are able to do so, the methodology can be applied to

other kinetic processes as well, like adsorption, and absorption, to name a few.

In the calculation of the equilibrium molecular exchange rate in the Statistical Rate

Theory, it was assumed that classical kinetic theory can be used to obtain an expression for
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the exchange rate. It was assumed that the number of collisions which increase or decrease
the probability of a molecule to cross the interface are almost equal and so collisions do
not affect the equilibrium molecular exchange rate. However, these assumptions can be
relaxed. For example, we can use local density instead of global density while finding
the probable number of molecules in a certain differential element which will cross the
interface. This might involve the use of radial distribution functions and hence would be
very complex to solve. Further, we can also define a collision operator very similar to
the way it is defined in the Boltzmann equation, to correct for the collision effect on the

equilibrium molecular exchange rate.

Further, as we predicted the evaporation rates for ethane and butane at near critical
temperatures, experiments should be done in the temperature range and the predictions
can be investigated. Temperature jump across the interface should be measured and

checked with our assumption of choosing the temperature jump to be less than 2 K.

Lattice Boltzmann simulations for pulsating flow can be extended to curved geometries
and grid refinement techniques can be used. For curved geometries, a different set of
boundary conditions and stress evaluation techniques have been given in the literature
[3, 4] and these can be used to investigate the asymptotic velocity profiles and to analyze

stress at the curved geometry wall.

Although molecular dynamics is time consuming and computationally expensive, it
can be employed to study these processes and can be compared with the results obtained
from SRT and LB models. For example, a molecular dynamics study of the equilibrium
molecular exchange rate can be done to check the expression that we obtain from the
classical kinetic theory or the expressions that we can derive if we relax the assumptions
as discussed earlier. A molecular dynamics simulation of pulsating flow in a pressure
gradient can be carried out and the results can be compared with the LB simulation

results.
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Further, the analytical solution for pulsating flow with a radial flux in a porous annulus
that was obtained in chapter 4 of the thesis can be compared with the Lattice Boltzmann
simulation results of the problem. Again, curved geometry boundary conditions and grid

refinements techniques would have to be used.
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