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Abstract

The optimization of non-convex objective functions is a topic of central inter-
est in machine learning. Remarkably, it has recently been shown that simple
gradient-based optimization can achieve globally optimal solutions in impor-
tant non-convex problems that arise in machine learning, including policy gra-
dient optimization in reinforcement learning (RL), generalized linear model
training in supervised learning (SL), and over-parameterized neural network
training in deep learning. However, previous work generally relies on uniform
properties of the optimization landscape, ignoring relevant problem structure,
which limits both the applicability and strength of the theoretical results that
can be obtained.

In this thesis, motivated by fundamental problems in RL and SL; T inves-
tigate a non-uniform analysis for non-convex optimization.

Chapter 2 studies policy gradient optimization (PG) in RL and resolves
three open problems in the literature by introducing a new analysis tool called
non-uniform Lojasiewicz inequality (NL). In particular, this chapter shows
that (i) PG optimization with a softmax parameterization converges to a
globally optimal policy at a O(1/t) rate; (ii) adding entropy regularization
improves the convergence rate of PG to O(e ¢") (where ¢ > 0) to a regular-
ized optimal policy; and (%ii) an €(1/t) lower bound can be established on the
worst case convergence of softmax PG. The separation of rates is further ex-
plained using the concept of the NL degree. These results provide a theoretical

explanation of the optimization advantage of entropy regularization.
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Next, Chapter 3 reconsiders a common policy parameterization used in
machine learning: the softmax transform. Two negative results are estab-
lished for using the softmax transform in gradient based optimization. In par-
ticular, this chapter shows that (i) optimizing any expectation with respect
to the softmax must exhibit sensitivity to parameter initialization (“softmax
gravity well”); and (7i) optimizing log-probabilities under the softmax must
exhibit slow convergence (“softmax damping”). I propose an alternative es-
cort mapping that demonstrates better optimization properties for PG and
cross entropy minimization in SL. This analysis is based on the NL inequality
and a new non-uniform smoothness (NS) property. These difficulties with the
softmax and the advantage of the escort transform are further explained by
the concept of the NL coefficient.

Chapter 4 then introduces a non-uniform analysis that combines the non-
uniform smoothness (NS) property and the NL inequality, using the combi-
nation to more accurately characterize non-convex objective landscapes and
inspire new geometry-aware gradient descent methods. One interesting result
for general optimization is that geometry-aware first-order methods can con-
verge to global optimality faster than the classical ©(1/¢?) lower bounds if one
additionally considers these non-uniform properties. This chapter then applies
new geometry-aware first-order methods to PG and generalized linear model
training (GLM). For PG, it is shown that normalizing gradient ascent can
accelerate convergence to O(e ") for some ¢ > 0, while incurring less over-
head than existing algorithms. For GLM, it is shown that geometry-aware
normalized gradient descent can also achieve a linear convergence rate, which
significantly improves the best known results. Additionally, I show that these
geometry-aware gradient descent methods can escape landscape plateaus faster
than standard gradient descent.

Finally, Chapter 5 extends the analysis to stochastic policy optimization,
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and shows that the preferability of optimization methods depends critically on
whether stochastic versus exact gradients are used. By introducing the concept
of committal rate, this chapter contributes two key findings: (i) identifying a
criterion for determining almost sure global convergence; and (i) revealing
an inherent trade-off between exploiting geometry to accelerate convergence
versus achieving almost sure global optimality. This committal rate theory is
then used to explain why practical policy optimization methods are sensitive
to random initialization, leading to the development of an ensemble method

that can be guaranteed to achieve near-optimal solutions with high probability.
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One’s destiny, of course, depends on self-struggle, but also takes into account

the historical schedule.

— Jiang Zemin
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Chapter 1

Introduction

Optimization plays a central role in machine learning: many machine learning
problems can be formulated as optimizing some form of objective function.
During the past few decades, the focus of machine learning has shifted from
the classical, well developed topic of convex analysis (Boyd et al., 2004; Nes-
terov, 2018; Rockafellar, 2015) to non-convex optimization. The key reason
is that current machine learning techniques, such as deep learning (DL) (Le-
Cun et al., 2015) and reinforcement learning (RL) (Sutton and Barto, 2018),
almost always involve optimizing a non-convex objective. Deep neural net-
works achieve outstanding performance in practice, but have resisted a clear
theoretical understanding from the perspectives of optimization (Sun, 2020)
and generalization (Zhang et al., 2016), while value based objectives in RL are
naturally non-concave in complex decision processes.

Despite these challenges, there have been a number of exciting recent ad-
vances in non-convex optimization research. In particular, Ge et al. (2016)
study the matrix completion problem and find that it has no spurious lo-
cal minima; i.e., all local minima achieve the globally minimal loss value.
Kawaguchi (2016) have shown that deep linear network training also avoids
bad local minima. Allen-Zhu et al. (2019), Du et al. (2018), and Zou et al.
(2020) proved that, with high probability over random initializations, (stochas-
tic) gradient descent methods converge to globally optimal solutions in over-
parameterized neural networks. Agarwal et al. (2019) and Bhandari and Russo

(2019) showed that policy gradient based methods converge to a globally op-



timal policy in tabular settings.

1.1 Examples

Although this recent progress is impressive, there still exist many open prob-
lems, and the understanding and theoretical justification for many empirically
successful methods remains lacking. I will use two important examples to

illustrate many of the key findings in this thesis.

Example 1 (Policy gradient (PG) optimization). Given a reward vector r €

RE and a probability distribution my over a K -dimensional action space [K] ==

{1,2,..., K}, parameterized by 0 € © where mo(a) > 0 and (g mo(a) = 1,
we would like to mazximize the expected reward of my,

E 1.1

jmax B (r(a)] (1.1)

by performing gradient ascent updates on 0, i.e., for allt > 1,

-
dmg,r

do, ’

The policy optimization problem in Example 1, also known as Policy gradi-

Oi11(a) < 0i(a) + 1 - Va € [K]. (1.2)

ent (PG), is a representative problem in reinforcement learning (RL). Under-
standing the optimization behaviour of gradient descent in this scenario is of
foundational significance to understanding many RL methods, such as policy
search and actor critic methods. However, the convergence properties of PG

using standard parameterizations remains underdeveloped.

Example 2 (Generalized linear model (GLM) training). Consider a finite
dataset D = {(x;,y;i) bicin), where y; € [0,1] is a target prediction and x; is a
data point. A conditional prediction m; of y; given x; can be expressed in terms

of a linear feature mapping ¢ : x; — ¢; € R and parameters 0 € R?, via

where o is a certain non-linear transform. We would like to learn a good

predictor by minimizing a loss function with gradient descent, i.e.,

N

min £(6) = min % S (= ) (1.4)

0 Rd
[4S i1
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This second example, the generalized linear model (GLM) training of Ex-
ample 2, is widely applied in supervised learning (SL). However, the opti-
mization behavior of gradient descent is still not thoroughly understood for
different combinations of non-linear transforms and loss functions. There also
remain questions about whether better performing methods can be devised for

this problem.

1.2 Approach and Overview

The thesis begins by carefully analyzing Example 1. I propose a new analyti-
cal tool, the non-uniform Lojasiewicz (NL) inequality, motivated by the failure
of standard techniques to fully characterize gradient descent optimization for
this problem. These alternative NL inequalities are used to resolve three open
problems in the PG optimization literature, which provides a new understand-
ing and explanation for the optimization advantage of entropy regularization.
These results are presented in Chapter 2.

I then further develop these novel NL inequality tools to reveal negative
results to accompany the above findings. In particular, several optimization
disadvantages of the standard softmax transform are revealed, both for the RL
and SL settings, using the concept of NL coefficient to provide explanations
and solutions. This part is presented in Chapter 3.

I then expand the above negative results by introducing another important
new concept, the non-uniform smoothness (NS) property. By combining the
NL and NS properties, a novel geometry-aware first-order method is developed,
with a corresponding non-uniform analysis. This analysis applies to general
non-convex optimization, PG optimization, and GLM training, while signifi-
cantly improving existing results and mitigating negative aspects of existing
algorithms. This part is presented in Chapter 4.

Finally, I extend the analysis to the stochastic setting, where an anomaly
is observed that faster policy gradient algorithms can become dominated by
slower counterparts. To understand this phenomenon, I introduce a new con-

cept called the committal rate to explain the results, and reveal an inherent
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trade-off between convergence speed and almost sure global convergence, which
characterizes the fundamental difficulty of stochastic policy optimization. This

part is presented in Chapter 5.

1.3 Contributions

The main contributions of this dissertation are the following.

Non-uniform properties. This thesis introduces two new non-uniform prop-
erties, the non-uniform smoothness property (NS) and the non-uniform Lojasiewicz
(NL) inequality, to characterize non-convex objective landscapes. These prop-
erties generalize and unify existing concepts in the optimization literature. I
apply these to fundamental problems in reinforcement learning and supervised
learning, and show that the key quantities in these properties—the NS coeffi-
cient, NL degree, and NL coefficient—can be used to explain the optimization
advantages of regularization, parameterzation, surrogate objectives, and label

smoothing. This work was published as (Mei et al., 2021b).

Non-uniform analysis and geometry-aware first-order methods. The
thesis also introduces a non-uniform analysis for non-convex optimization, and
a novel family of geometry-aware normalized gradient descent (GNGD) meth-
ods. By exploiting non-uniform landscape information, GNGD can be shown
to achieve linear convergence rates of O(e™“*) (where ¢ > 0), which overcomes
the classical Q(1/t%) lower bounds for convex-smooth optimization. These re-
sults broaden our fundamental knowledge of the set of objectives that admit

efficient global optimization. This work was published as (Mei et al., 2021b).

Softmax policy gradient (PG) convergence analysis. Next, the the-
sis analyzes softmax policy gradient (PG) methods using the non-uniform
Lojasiewicz inequality (NL). Three open problems are resolved by providing
value function objectives that satisfy the NL inequalities. First, it is shown
that softmax PG converges to a globally optimal policy with rate O(1/t).

Second, entropy regularized PG is shown to converge to a regularized optimal

4



policy at a linear rate of O(e~“"). Finally, unregularized PG is shown to follow
a rate lower bound of €2(1/t). These results reveal an optimization advantage
of entropy regularization: it accelerates the convergence of PG methods. This
acceleration is further explained using the concept of NL degree, a key quantity

in the NL inequality. This work was published as (Mei et al., 2020b).

Softmax gravity well phenomenon and the escort transform for PG.
Using empirical and theoretical results, the thesis illustrates a fundamental
disadvantage of the common practice in machine learning of using the softmax
transform. Optimizing an expectation over softmax probabilities is shown
to exhibit initialization sensitivity and slow escaping behavior from landscape
plateaus. This phenomenon is referred to as the “softmax gravity well (SGW)”
for PG. An alternative escort transform is proposed, and the resulting escort
PG methods provably mitigate the SGW problem. The difficulties with soft-
max and the effectiveness of the escort transform are both explained using
the concept of NL coefficient, another key quantity in the NL inequality. This

work was published as (Mei et al., 2020a) and received an oral presentation.

Softmax damping phenomenon and escort cross entropy minimiza-
tion. A disadvantage of using the softmax transform in cross entropy min-
imization, called “softmax damping”, is revealed. Here it is shown that the
convergence rate degenerates from O(e ") to O(1/t) when minimizing the
log-probabilities of a softmax transform in supervised learning. Using the es-
cort transform for cross entropy minimization provably achieves fast linear
convergence rates. These results are explained by observing that vanishing
NL coefficients lead to decreasing NL degrees, an interplay between the two
key quantities in the NL inequality. This work was published as part of the
same paper (Mei et al., 2020a) above.

Geometry-aware normalized PG. A geometry-aware normalized gradi-
ent descent (GNGD) method is developed and applied to PG optimization

in RL, where it is shown that the resulting geometry-aware normalized PG



(GNPG) method achieves a global linear convergence rate of O(e™“*) with-
out using regularization or introducing an arg max operation in each itera-
tion. This result breaks the €2(1/t) lower bound of standard softmax PG with
bounded learning rate of O(1). The key reason is that the policy value function
satisfies the non-uniform smoothness (NS) property, while the NS coefficient is
exactly the PG norm. This allows GNPG to better leverage the NL inequality
compared to standard PG, accelerating both its convergence rate and escap-
ing behavior from landscape plateaus. This work was published as (Mei et al.,

2021b).

Geometry-aware normalization in generalized linear model training.
The geometry-aware normalized gradient descent (GNGD) method is also ap-
plied to generalized linear model (GLM) training in supervised learning. It
is shown that GNGD achieves a global linear convergence rate of O(e™“*) for
minimizing the mean squared error (MSE), which significantly improves the
best existing result of O(1/+/t). These results are achieved by observing that
MSE in a GLM satisfies a new NL inequality and NS property, which enables
both gradient descent (GD) and GNGD to achieve fast convergence. Using
the NS and NL properties, I further show that GNGD escapes from land-
scape plateaus strictly faster than GD, providing new understanding of using
geometry-aware normalization in GLM training. This work was published as

part of the same paper (Mei et al., 2021b) above.

Stochastic policy optimization and committal rate theory. Finally,
the previous results are extended to the stochastic setting, revealing an appar-
ent anomaly that the preferability of policy optimization algorithms changes
dramatically depending on whether true versus on-policy stochastic gradients
are considered. To explain the anomaly, the concept of committal rate is
introduced, which serves as a criterion for determining almost sure global con-
vergence. Using the committal rate theory, the thesis uncovers a fundamental
trade-off between leveraging geometry to accelerate convergence and achiev-

ing almost sure global convergence; in particular, no uninformed algorithm can

6



improve the O(1/t) convergence rate without incurring a positive probability

of failure (i.e. diverging or converging to a sub-optimal stationary point). This

finding explains the sensitivity to random initialization in practical policy opti-

mization algorithms, which motivates the development of an ensemble method

that can achieve fast convergence to global optima with high probability. This

work has been submitted for review as (Mei et al., 2021a).

1.3.1 Publications

The papers related to the topics covered in this dissertation are as follows.

Jincheng Mei, Chenjun Xiao, Ruitong Huang, Dale Schuurmans, and
Martin Miiller. On Principled Entropy Exploration in Policy Optimiza-
tion. IJCAT 2019. See Mei et al. (2019)

Jincheng Mei, Chenjun Xiao, Csaba Szepesvari, and Dale Schuurmans.
On the Global Convergence Rates of Softmax Policy Gradient Methods.
ICML 2020. See Mei et al. (2020Db)

Jincheng Mei, Chenjun Xiao, Bo Dai, Lihong Li, Csaba Szepesvari, and
Dale Schuurmans. Escaping the Gravitational Pull of Softmax. NeurIPS
2020, oral. See Mei et al. (2020a)

Jincheng Mei*, Yue Gao*, Bo Dai, Csaba Szepesvari, and Dale Schuur-
mans. Leveraging Non-uniformity in First-order Non-convex Optimiza-

tion. ICML 2021. See Mei et al. (2021D)

Jincheng Mei, Bo Dai, Chenjun Xiao, Csaba Szepesvérif, and Dale
Schuurmans’. Understanding the Effect of Stochasticity in Policy Opti-
mization. Preprint 2021 (under review). See Mei et al. (2021a).

* indicates equal contribution, and T indicates equal advising.



Chapter 2

Global Convergence Rates of
Softmax Policy Gradient

We start by considering a special fundamental non-convex optimization prob-
lem, i.e., policy gradient optimization in reinforcement learning. It is necessary
to introduce a new analysis tool which we call non-uniform Lojasiewicz inequal-
ity, to resolve several open problems in the reinforcement learning literature.

The results in this chapter appeared in Mei et al. (2020D).

2.1 Introduction

The policy gradient is one of the most foundational concepts in Reinforcement
Learning (RL) (Sutton and Barto, 2018), lying at the core of policy-search
and actor-critic methods. The policy gradient theorem (Sutton et al., 2000),
in particular, establishes a general foundation for policy search methods, by
showing that an unbiased estimate of the gradient of a policy’s expected return
with respect to its parameters can still be recovered from an approximate value
function (provided the approximation is a best fit). As an approach to RL,
policy gradient ascent is particularly appealing due to its simplicity and direct-
ness: it targets the quantity of interest, it is inherently sound given appropriate
step size control, and it can be readily combined with network function ap-
proximation to achieve effective empirical performance (e.g., Schulman et al.
(2015) and Schulman et al. (2017)).

Despite the prevalence and importance of policy optimization in RL, the



theoretical understanding of the policy gradient method has, until recently,
been severely limited. A key barrier to understanding is the inherent non-
convexity of the value landscape with respect to standard policy parametriza-
tions. As a result, little has been known about the global convergence behavior
of policy gradient methods. Recently, important new progress in understand-
ing the convergence behavior of policy gradient has been achieved. In this
dissertation we will restrict ourselves to the tabular setting, we analyze the
part of the literature that also deals with this setting. While the tabular setting
is clearly limiting, this is the setting where so far the cleanest results have been
achieved and understanding this setting is a necessary first step towards the
bigger problem of understanding RL algorithms. Returning to the discussion
of recent work, Fazel et al. (2018) showed that gradient based methods achieve
global convergence in special linear quadratic regulator settings. For general
Markov decision processes, Bhandari and Russo (2019) showed that, with di-
rect parametrization, projected gradient ascent on the simplex does not suffer
from spurious local optima. In concurrent work, Agarwal et al. (2019) showed
that (i) with direct parametrization, projected gradient ascent converges at
rate O(1//t) to a global optimum; and (i) with softmax parametrization,
policy gradient converges asymptotically. Agarwal et al. (2019) also analyze
other variants of policy gradient, and show that policy gradient with rela-
tive entropy regularization converges at rate O(1/+/t), natural policy gradient
(mirror descent) converges at rate O(1/t), and given a “compatible” function
approximation (thus, going beyond the tabular case) natural policy gradient
converges at rate O(1/+/t). Shani et al. (2020) obtains the slower rate O(1/+v/%)
for mirror descent. They also proposed a variant that adds entropy regular-
ization and prove a rate of O(1/t) for this modified problem.

Despite these advances, many open questions remain in understanding the
behavior of policy gradient methods, even in the tabular setting and even
when the true gradient is available in the updates. In this chapter, we provide
answers to the following three questions left open by previous work in this
area:

(i) What is the convergence rate of policy gradient methods with softmax

9



parametrization? The best previous result, due to Agarwal et al. (2019),

established asymptotic convergence but gave no rates.

(ii) What is the convergence rate of entropy regularized softmax policy gra-
dient? Figuring out the answer to this question was explicitly stated as

an open problem by Agarwal et al. (2019).

(iii) Empirical results suggest that entropy helps optimization (Ahmed et
al., 2019). Can this empirical observation be turned into a rigorous
theoretical result?!

In this chapter, we answer the above three open questions and our contri-
butions are summarized as follows.
First, we prove that with the true gradient, policy gradient methods with

a softmax parametrization converge to the optimal policy at a O(1/t) rate,

with constants depending on the problem and initialization. This result sig-

nificantly strengthens the recent asymptotic convergence results of Agarwal
et al. (2019). Our analysis relies on two novel findings: (i) that softmax policy
gradient satisfies what we call a non-uniform Lojasiewicz-type inequality with
the constant in the inequality depending on the optimal action probability
under the current policy; (7i) the minimum probability of an optimal action
during optimization can be bounded in terms of its initial value. Combining
these two findings, with a few other properties we describe, it can be shown
that softmax policy gradient method achieves a O(1/t) convergence rate.
Second, we analyze entropy regularized policy gradient and show that it
enjoys a linear convergence rate of O(e™*) toward the softmax optimal policy,
which is significantly faster than that of the unregularized version. This result
resolves an open question in Agarwal et al. (2019), where the authors analyzed
a more aggressive relative entropy regularization rather than the more common

entropy regularization. A novel insight is that entropy regularized gradient

"'While Shani et al. (2020) suggest that entropy regularization speeds up mirror descent
to achieve the rate of O(1/t), in light of the corresponding result of Khodadadian et al.
(2021) who established the O(e™¢") rate for the unregularized version of mirror descent,
the conclusion is questionable: entropy does not speed up mirror descent in in terms of
convergence rate. It remains open whether it speeds up mirror descent in terms of better
constant dependence.

10



updates behave similarly to the contraction operator in value learning, with a
contraction factor that depends on the current policy.

Third, we provide a theoretical understanding of entropy regularization in
policy gradient methods. (7) We prove a new lower bound of €2(1/t) for softmax
policy gradient, implying that the upper bound of O(1/t) that we established,
apart from constant factors, is unimprovable. This result also provides a the-
oretical explanation of the optimization advantage of entropy regularization:
even with access to the true gradient, entropy helps policy gradient converge
faster than any achievable rate of softmax policy gradient method without reg-
ularization. (ii) We study the concept of non-uniform Lojasiewicz degree and
show that, without regularization, the Lojasiewicz degree of expected reward
cannot be positive, which allows O(1/t) rates to be established. We then show
that with entropy regularization, the Lojasiewicz degree of maximum entropy
reward becomes 1/2, which is sufficient to obtain linear O(e™") rates. This
change of the relationship between gradient norm and sub-optimality reveals
a deeper reason for the improvement in convergence rates. The theoretical
study we provide corroborates existing empirical studies on the impact of en-
tropy in policy optimization (Ahmed et al., 2019).

The remainder of the chapter is organized as follows. After introducing
notation and defining the setting in Section 2.2, we present the three main
contributions in Sections 2.3 to 2.5 as aforementioned. Section 2.7 gives our

brief summary.

2.2 Notations and Settings

For a finite set X', we use A(X) to denote the set of probability distributions
over X. A finite Markov decision process (MDP) M = (S, A, P,r,~) is deter-
mined by a finite state space S, a finite action space A, a transition function
P:S xA— A(S), a scalar reward function r : S x A — R, and a discount
factor v € [0, 1).

An agent interacts with the environment, i.e., the MDP M, using a policy

m: S — A(A). Given a state s;, the agent takes an action a; ~ 7(+|s¢),

11



receives a one-step scalar reward r(s;, a;) and a next-state s;.1 ~ P(-|s¢, ar).
The long-term expected reward, also known as the value function of 7 under

s, is defined as

V7 (s) = E > (s an)]. (2.1)
so=s,at~m(-|s¢), =
str1~P(|se,ar) BT

We also let V™ (p) = E,., [V"(s)], where p € A(S) is an initial state distribu-

tion. The state-action value of 7 at (s,a) € S x A is defined as
Q7(s,a) =r(s,a) +7 ) _P(s/]s,a)V7(s). (2:2)

We let A™(s,a) = Q™(s,a) — V™(s) be the advantage function of 7. The
(discounted) state distribution of 7 is defined as
d;l'o(s) = (1 - 7) Z’yt Pr(st = S|807 , P)? (23)
=0
and we let d7(s) == By, [d (s)]. Given p, there exists an optimal policy 7*

such that

™ (p) = (p)- 2.4
Vilp) = max V7(p) (2.4)

We denote V*(p) == V™ (p) for conciseness. Since S x A is finite, for conve-

nience, without loss of generality, we assume that the one step reward lies in

the [0, 1] interval:
Assumption 1 (Bounded reward). r(s,a) € [0,1], V(s,a).

Consider a tabular representation, i.e., #(s,a) € R for all (s,a), so that
the policy my can be parameterized by 6 using the softmax transform, which
exponentiates the components of the vector and normalizes it so that the
result lies in the simplex. This can be used to transform vectors assigned to

state-action pairs into policies:

Softmax transform. Given the function 8 : § x A — R, the softmax

transform of 6 is defined as my(-|s) := softmax(f(s,-)), where for all a € A,

ro(als) = exp{f(s,a)}
> expif(s,a’)}

12
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We also extend this notation to the case when there are no states. Given a finite
action set [K] = {1,2,..., K}, for 6 : [K] — R, we define 1y = softmax(6)
using

exp{f(a)}
Yo expib(a)}’

The problem of RL is then to find a policy my that maximizes the value func-

me(a) = Va € [K]. (2.6)

tion, i.e.,

sup  V™(p). (2.7)
0:5x AR
H matrix. Given any distribution 7 over [K], let H(7) == diag(n) — 77w ' €
REXE " where diag(r) € RE*K is the diagonal matrix that has x € RE at
its diagonal. The H matrix will play a central role in our analysis because
H(7y) is the Jacobian of the @ + 7 := softmax(f) map that maps RI¥! to the
(K — 1)-simplex:

dny) ' _ H(my). (2.8)
(%)

Here, we are using the standard convention that derivatives give row-vectors.

Finally, we recall the definition of smoothness from convex analysis:

Smoothness. A function f : © — R with © C R? is B-smooth (w.r.t. £y
norm, 5 > 0) if for all 4, 0’ € ©,

df (0)

1) - 50) - (L -0) < 510 o1t 29)

2.3 Policy Gradient

Policy gradient is a special policy search method. In policy search, one consid-
ers a family of policies parametrized by finite-dimensional parameter vectors,
reducing the search for a good policy to searching in the space of parameters.
This search is usually accomplished by making incremental changes (additive

updates) to the parameters. Representative policy-based RL methods include

13



REINFORCE (Williams, 1992), natural policy gradient (Kakade, 2002), de-
terministic policy gradient (Silver et al., 2014), and trust region policy opti-
mization (Schulman et al., 2015). In policy gradient methods, the parameters
are updated by following the gradient of the map that maps policy parameters
to values. Under mild conditions, the gradient can be reexpressed in a conve-
nient form in terms of the policy’s action-value function and the gradients of

the policy parametrization:

Theorem 1 (Policy gradient theorem (Sutton et al., 2000)). Fiz a map 6 —
mo(als) that for any (s,a) is differentiable and fix an initial distribution p €

A(S). Then,

ovre(p) 1 Omp(als) ..
a0 _1—7'35‘;9 ZT'Q (s,a) | (2.10)

a

2.3.1 Vanilla Softmax Policy Gradient

We focus on the policy gradient method that uses the softmax parametrization
Eq. (2.5). Since we consider the tabular case, the policy is then parametrized
using the parameter 6 : S x A — R function and my(+|s) = softmax(f(s,-)).

The vanilla form of policy gradient for this case is shown in Algorithm 1.

Algorithm 1 Policy Gradient Method
Input: Learning rate n > 0.
Initialize parameter 6 (s, a) for all (s, a).
while ¢t > 1 do )
011 <—9t+77'%;(m-
end while

With some calculation, Theorem 1 can be used to show that the gradient

takes the following special form in this case:

Lemma 1. Softmax policy gradient w.r.t. 6 is

ovre(p) 1
0(s,a) 11—~

~di?(s) - mo(als) - A (s, a). (2.11)

Recently, Agarwal et al. (2019) showed that softmax policy gradient asymp-

totically converges to 7*, i.e., V™ (p) — V*(p) as t — oo provided that
14



w(s) > 0 holds for all states s € S. We strengthen this result to show that
the rate of convergence (in terms of value sub-optimality) is O(1/t). The next
section is devoted to this result. For better accessibility, we start with the re-
sult for the bandit case which presents an opportunity to explaining the main

ideas underlying our result in a clean fashion.

2.3.2 Convergence Rate: One-state MDPs

As promised, in this section we consider the “bandit case”. In particular,
assume that the MDP has a single state and the discount factor ~ is zero:

~v = 0. In this case, Eq. (2.1) reduces to maximizing the expected reward,

max E [r(a)]. (2.12)

0:A—R an~Tg

With my = softmax(#), even in this simple setting, the objective is non-concave

in 6, as shown by a simple example:

Proposition 1. On some problems, 0 — E,r, [r(a)] is a non-concave func-

tion over RE.

As v = 0 and there is a single state, Lemma 1 simplifies to

= mg(a) - (r(a) —my 7). (2.13)

Putting things together, we see that in this case the update in Algorithm 1

takes the following form:
Update 1 (Softmax policy gradient, expected reward).
Or41(a) < Oi(a) +n - m,(a) - (r(a) — myr), Va € [K]. (2.14)

As is well known, if a function is smooth, then a small gradient update will
be guaranteed to improve the objective value. As it turns out, for the softmax

parametrization, the expected reward objective is f-smooth with 8 < 5/2:

Lemma 2 (Smoothness). Vr € [0,1]", 6 — n} r is 5/2-smooth.
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Smoothness alone (as is also well known) is not sufficient to guarantee
that gradient updates converge to a global optimum. For non-concave ob-
jectives, the next best thing to guarantee convergence to global maxima is
to establish that the gradient of the objective at any parameter dominates
the sub-optimality of the parameter. Inequalities of this form are known as
a Lojasiewicz inequality (Lojasiewicz, 1963). The reason gradient dominance
helps is because it prevents the gradient vanishing before reaching a maxi-
mum. The objective function of our problem also satisfies such an inequality,
although of a weaker, “non-uniform” form. For the following result, for sim-
plicity, we assume that the optimal action is unique. This assumption can be

lifted with a little extra work, which is discussed at the end of this section.

Lemma 3 (Non-uniform Lojasiewicz). Assume r has one unique mazimizing

action a*. Let 7 = argmax, A 7' r. Then,

The weakness of this inequality is that the right-hand side scales with

drgr
df

> mg(a*) - (7% — 7)1 (2.15)

mp(a*) — hence we call it non-uniform. As a result, Lemma 3 is not very
useful if 7y, (a*), the optimal action’s probability, becomes very small during
the updates.

Nevertheless, the inequality still suffices to get the following intermediate
result. The proof of this result combines smoothness and the Lojasiewicz

inequality we derived.

Lemma 4 (Pseudo-rate). Let ¢; = minj<s<; mp,(a*). Using Update 1 with

n =2/5, we have, for all t > 1,
(7" —m) ' <5/(t ),  and (2.16)

Z T — my,) r<m1n{\/5_T/cT, (5logT)/cT—|—1} (2.17)

In the remainder of this section we assume that n = 2/5.

Remark 1. The value of my,(a*), while it is nonzero (and so is ¢;) can be

small (e.g., because of the choice of 01). Consequently, its minimum c; can be
16



quite small and the upper bound in Lemma 4 can be large, or even vacuous.
The dependence of the previous result on mp,(a*) comes from Lemma 3. As it
turns out, it is not possible to eliminate or improve the dependence on my(a™)
in Lemma 3. To see this consider r = (5,4,4)7, g = (2¢,1/2 — 2¢,1/2) where

€ > 0 1s small number. By algebra, we have,

(" —mg) 'r =1—2¢>1/2, (2.18)
d T
ZZT = (26 — 4€%, —e + 4%, —¢) T, (2.19)
d T
D7) = ¢ V6 — 24e + 32¢2 < 3e. (2.20)
ag ||,
Hence, we have, for any constant C' > 0,
d T
C (" —7)Tr>C/2> 3> ‘ er : (2.21)
2

which means for any Lojasiewicz-type inequality, C necessarily depends on €

and hence on mp(a*) = 2e.

The necessary dependence on 7y, (a*) makes it clear that Lemma 4 is insuf-
ficient to conclude a O(1/t) rate. since ¢; may vanish faster than O(1/t) as ¢
increases. Our next result eliminates this possibility. In particular, the result
follows from the asymptotic convergence result which states that mp, (a*) — 1
as t — oo. From this and because my(a) > 0 for any § € RE and action a, we
conclude that 7y, (a*) remains bounded away from zero during the course of

the updates:
Lemma 5. We have infi>1 7, (a*) > 0.

With some extra work, one can also show that eventually 6, enters a region

where 7y, (a*) can only increase:

Proposition 2. For any initialization there exist tg > 1 such that for any
t > to, t — my,(a*) is increasing. In particular, when g, is the uniform

distribution, to = 1.

With Lemmas 4 and 5, we can now obtain an O(1/t) convergence rate for

softmax policy gradient method?:

2For a continuous version of Update 1, Walton (2020) proves a O(1/t) rate, using a
Lyapunov function argument.
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Theorem 2 (Arbitrary initialization). Using Update 1 with n = 2/5, for all
t>1,

(m* —me,) ' r < 5/(c*- 1), (2.22)

where ¢ = infy;> mg, (a*) > 0 is a constant that depends on r and 0y, but it does

not depend on the time t.

Proposition 2 suggests that one should set ¢, so that mp, is uniform. Us-
ing this initialization, we can show that inf;>y 7y, (a*) > 1/K, strengthening

Theorem 2:

Theorem 3 (Uniform initialization). Using Update 1 with n = 2/5 and 6,
such that mp, (a) = 1/K, Va, for allt > 1,

(7" —mp,) 'r < 5K?/t, and (2.23)
T
Z ™ —mp,) 1 < m1n{K\/5T 5K%log T + 1} (2.24)
t=1

Remark 2. In Section 2.5, we prove a lower bound $2(1/t) for the same update
rule, showing that the upper bound O(1/t) of Theorem 2, apart from constant

factors, s unimprovable.

In general it is difficult to characterize how the constant ¢ in Theorem 2
depends on the problem and initialization. For the simple 3-armed case, this

dependence is relatively clear:

Lemma 6. Let (1) > r(2) > r(3). Then, a* = 1 and inf;>; mp,(a*) =

ming <;<¢, 7, (1), where

tgzmin{t21:

() (2 - r(3)
0 (3) = 2 (1) —r(2) } (2.25)

Note that the smaller (1) — r(2) and 7y, (1) are, the larger ty is, which
potentially means ¢ in Theorem 2 can be smaller and the upper bound is

worse.
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Figure 2.1: Visualization of proof idea for Lemma 5.

Visualization. In Fig. 2.1(a), the region below the red line corresponds to

N 7T9(1) 7’(2) — r(3)
"= { i m(3) = 2-(r(1) —r(2)) } ) (2.26)

where r = (1.0,0.9,0.1)T. Any globally convergent iteration will enter R

within finite time (the closure of R contains 7*) and never leaves R (this
is the main idea in Lemma 5). Subfigure (b) shows the behavior of the
gradient updates with “good” (mp, = (0.05,0.01,0.94)7) and “bad” (my, =
(0.01,0.05,0.94) T initial policies. While these are close to each other, the
iterates behave quite differently (in both cases n = 2/5). From the good ini-
tialization, the iterates converge quickly: after 100 iterations the distance to
the optimal policy is already quite small. At the same time, starting from a
“bad” initial value, the iterates are first attracted toward a sub-optimal action.

It takes more than 7000 iterations for the algorithm to escape this sub-optimal
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corner! In subfigure (c), we see that my, (a*) increases for the good initializa-
tion, while in subfigure (d), for the bad initialization, we see that it initially
decreases. These experiments confirm that the dependence of the error bound

in Theorem 2 on the initial values cannot be removed.

Non-unique optimal actions. When the optimal action is non-unique, the
arguments need to be slightly modified. Instead of using a single ma(a*), we

need to consider the sum of probabilities of all optimal actions, i.e., Y .. 4. To(a*).

2.3.3 Convergence Rate: General MDPs

For general MDPs, the optimization problem takes the form

To _ . )
5 V) = ik B D malal) Q7 (e (220

Here, as before, my(-|s) = softmax(6(s,-)), s € S. The values here are defined
with respect to an initial state distribution p which may not be the same as
the initial state distribution p used in the gradient updates (cf. Algorithm 1),
allowing for greater flexibility in our analysis. While the initial state distri-
butions do not play any role in the bandit case, here, in the multi-state case,
they have a strong influence. In particular, for the rest of this section, we will
assume that the initial state distribution g used in the gradient updates is

bounded away from zero:

Assumption 2 (Sufficient exploration). The initial state distribution satisfies

min u(s) > 0. (2.28)

S

Assumption 2 was also adapted by Agarwal et al. (2019), which ensures
“sufficient exploration” in the sense that the occupancy measure dj of any
policy m when started from p will be guaranteed to be positive over the whole
state space. Agarwal et al. (2019) asked whether this assumption is necessary

for convergence to global optimality.

Proposition 3. There ezists an MDP and p with ming pu(s) = 0 such that there

exists 6% : S x A — [0, 00] such that 0* is the stationary point of 6 — V7 (1)
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while Ty« is not an optimal policy. Furthermore, this stationary point is an
attractor, hence, starting gradient ascent in a small enough vicinity of 0* will

make it converge to 6*.

The MDP of this proposition is S bandit problems: Each state s € S
under each action deterministically gives itself as the next state. The reward
is selected so that in each s there is a unique optimal action. If u leaves out
state s (i.e., u(s) = 0), clearly, the gradient of 8 — V™ (u) w.r.t. 0 is zero
regardless of the choice of . Hence, any 6 such that (s, a) = +oo for a optimal
in state s with p(s) > 0 and (s, a) finite otherwise will satisfy the properties of
the proposition. It remains open whether the sufficient exploration condition
is necessary for unichain MDPs.

According to Assumption 1, r(s,a) € [0,1], Q(s,a) € [0,1/(1 — ~)], and
hence the objective function is still smooth, as was also shown by Agarwal

et al. (2019):
Lemma 7 (Smoothness). V™ (p) is 8/(1 — v)*-smooth.

As mentioned in Section 2.3.2, smoothness and (uniform) Lojasiewicz in-
equality are sufficient to prove a convergence rate. As noted by Agarwal et al.
(2019), the main difficulty is to establish a (uniform) Lojasiewicz inequality
for the softmax parametrization. As it turns out, the results from the bandit
case carry over to multi-state MDPs.

For stating this and the remaining results, we fix a deterministic optimal
policy 7* and denote by a*(s) the action that 7* selects in state s. With this,

the promised result on the non-uniform Lojasiewicz inequality is as follows:

Lemma 8 (Non-uniform Lojasiewicz). We have,

-1
1

>
> VS

By Assumption 2, d7¢ is also bounded away from zero on the whole state

7‘,*
dp

o
.

oV™ (1)
00

-minmy(a’(s)]s) - [V*(p) =V™(p)] . (2:29)

o0

space and thus the multiplier of the sub-optimality in the above inequality is

positive.

21



Generalizing Lemma 5, we show that min, 7y, (a*(s)|s) is uniformly bounded

away from zero:

Lemma 9. Let Assumption 2 hold. Using Algorithm 1, we have,

c:= inf mp(a*(s)|s) > 0. (2.30)

seS,t>1

Using Lemmas 7 to 9, we prove that softmax policy gradient converges to
an optimal policy at a O(1/t) rate in MDPs, just like what we have seen in

the bandit case:

Theorem 4. Let Assumption 2 hold and let {0;}i>1 be generated using Algo-
rithm 1 with n = (1 —~)3/8. Let ¢ be the positive constant from Lemma 9.
Then, for allt > 1,

i

1

. . 16 - S
Vi(p) = V™ (p) <

ot e

1

oo
As far as we know, this is the first convergence-rate result for softmax

policy gradient for MDPs.

Remark 3. Theorem 4 implies that the iteration complexity of Algorithm 1
7 |12

i = ), which, as a

H o H o0

function of €, is better than the results of Agarwal et al. (2019) for (i) pro-

|12
jected gradient ascent on the simplex O(% . % > or for (ii) softmazx
> 2

1

to achieve O(€) sub-optimality is O(Cz(lfs’w)mE :

*
ey
dp

0

S2A2

improved dependence on € (or t) in our result follows from Lemmas 8 and 9

policy gradient with relative-entropy regularization O(

and a different proof technique utilized to prove Theorem 4, while we pay a
price because our bound depends on c, which adds an extra dependence on the

MDP as well as on the initialization of the algorithm.

2.4 Entropy Regularized Policy Gradient

Agarwal et al. (2019) considered relative-entropy regularization in policy gra-
dient to get an O(1/+/t) convergence rate. As they note, relative-entropy is

more “agressive” in penalizing small probabilities than the more “common”
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entropy regularizer (cf. Remark 5.2 in their paper) and it remains unclear
whether this latter regularizer leads to an algorithm with the same rate. In
this section, we answer this positively and in fact prove a much better rate. In
particular, we show that entropy regularized policy gradient with the softmax
parametrization enjoys a linear rate of O(e™“"). In retrospect, perhaps this is
unsurprising as entropy regularization bears a strong similarity to introduc-
ing a strongly convex regularizer in convex optimization, where this change is
known to significantly improve the rate of convergence of first-order methods

(e.g., Nesterov, 2018, Chapter 2).

2.4.1 Maximum Entropy RL

In entropy regularized RL, or sometimes called maximum entropy RL, near-
deterministic policies are penalized (Haarnoja et al., 2018; Mei et al., 2019;
Mnih et al., 2016; Nachum et al., 2017; Neu et al., 2017; Williams and Peng,
1991; Xiao et al., 2019; Xiao et al., 2018; Ziebart, 2010; Ziebart et al., 2008),

which is achieved by modifying the value of a policy 7 to
V™(p) == V() + 7 Hlp,m), (2.32)

where H(p, 7) is the “discounted entropy”, defined as

H(p, 7) = [Z —~'log at|st)] (2.33)

S0~pP, at~7r -Ist),
str1~P(+|st,at)

and 7 > 0, the “temperature”, determines the strength of the penalty.® Clearly,
the value of any policy can be obtained by adding an entropy penalty to the
rewards (as proposed originally by Williams and Peng (1991)). Hence, simi-
larly to Lemma 1, one can obtain the following expression for the gradient of

the entropy regularized objective under the softmax policy parametrization:

Lemma 10. [t holds that for all (s, a),

oV 1 .
Hoa) ~ 1=y ') mlals)- A7(s.a), (2.34)

3To better align with naming conventions in information-theory, discounted entropy
should be rather called the discounted action-entropy rate as entropy itself in the literature
on Markov chain information theory would normally refer to the entropy of the stationary
distribution of the chain, while entropy rate refers to what is being used here.
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where 121’79(3, a) is the “soft” advantage function defined as

A™(s,a) = Q™ (s,a) — T log mp(als) — V™ (s), (2.35)
Q™ (s,a) ==r(s,a)+ Z P(s']s,a)V™(s'). (2.36)

s

2.4.2 Convergence Rate: One-state MDPs

As in the non-regularized case, to gain insight, we first consider MDPs with a
single state and v = 0.

In the one-state case with v = 0, Eq. (2.32) reduces to maximizing the
entropy-regularized reward,

Jnax, GLE%Q [r(a) — 7log my(a)]. (2.37)

Again, Eq. (2.37) is a non-concave function of #. In this case, regularized
policy gradient reduces to

d{wg(r — tlogmy)}
do

= H(my)(r — 7logmy), (2.38)

where H(my) is the same as in Eq. (2.8). Using the above gradient in Algo-

rithm 1 we have the following update rule:

Update 2 (Softmax policy gradient, maximum entropy reward).
011 < 0 +n - H(mg,)(r — 7logm, ). (2.39)

Due to the presence of regularization, the optimal solution will be biased

with the bias disappearing as 7 — 0:

Softmax optimal policy. 7} = softmax(r/7) is the optimal solution of

Eq. (2.37).

Remark 4. At this stage, we could use arquments similar to those of Sec-
tion 2.3 to show the O(1/t) convergence of my, to w:. However, we can use
an alternative idea to show that entropy-reqularized policy gradient converges

significantly faster. The issue of bias will be discussed later.
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Our alternative idea is to show that Update 2 defines a contraction but
with a contraction coefficient that depends on the parameter that the update

is applied to:

Lemma 11 (Non-uniform contraction). Using Update 2 with n < 1, Vt > 0,

Gl < (1= - minma, (@) - Gl (2:40)
where (; =10, — 1 — % 1.

This lemma immediately implies the following bound:

Lemma 12. Using Update 2 with tn < 1, ¥Vt > 0,

2(7)101)loe + VVE

exp {71 Y2 [ming 7, (@)}

1G> < (2.41)

Similarly to Lemma 5, we can show that the minimum action probability

can be lower bounded by its initial value.

Lemma 13. There exists ¢ = ¢(7, K, ||01]|) > 0, such that for all t > 1,

min, 7y, (a) > ¢. Thus,

i [mam mo,(a)] > c- (t—1). (2.42)

A closed-form expression for ¢ is given in the appendix. Note that when
7 = 0 (no regularization), the result would no longer hold true. The key here
is that min, 7y, (a) — min, 7*(a) > 0 as t — oo and the latter inequality holds
thanks to 7 > 0. From Lemmas 12 and 13, it follows that entropy regularized

softmax policy gradient enjoys a linear convergence rate:

Theorem 5. Using Update 2 with n < 1/7, for allt > 1,

5 < 2(7]|0h )]0 + 1)°K /T
“exp{2mn-c-(t—1)}

(2.43)

* 1

T

T

where 6, .= 7w+ (r — 7 log ) — 7y, (r — Tlogmg,) and ¢ > 0 is from Lemma 13.
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2.4.3 Convergence Rate: General MDPs

For general MDPs, the problem is to maximize V™ (p) in Eq. (2.32). The soft-
max optimal policy 77 is known to satisfy the following consistency conditions

(Nachum et al., 2017):

72 (als) = exp { (Q7 (s,) = V7 (s))/7} (2.44)

V™ (s) = 7log Z exp {Q’r:(s, a)/T}. (2.45)
Using a somewhat lengthy calculation, we show that the discounted entropy
in Eq. (2.33) is smooth:

Lemma 14 (Smoothness). H(p, my) is (4 + 8log A)/(1 — v)3-smooth, where

A = | A] is the total number of actions.

Our next key result shows that the augmented value function V™ (p) sat-

isfies a “better type” of non-uniform Lojasiewicz inequality:

Lemma 15 (Non-uniform Lojasiewicz). Suppose p(s) > 0 for all state s € S.

Then,
af/m} g g %
W2 > o) - [77 o)~ 77(0)] " (2.46)
20 ||,
where
c() = % . msin u(s) - r?jznm(a]s) - ’ Z%; O: (2.47)

The main difference to the previous versions of the non-uniform Lojasiewicz
inequality is that the sub-optimality gap appears under the square root. For
small sub-optimality gaps this means that the gradient must be larger — a
stronger “signal”. Next, we show that action probabilities are still uniformly

bounded away from zero:

Lemma 16. Using Algorithm 1 with the entropy reqularized objective, we have

c= %g{ min 7o, (als) > 0. (2.48)

With Lemmas 14 to 16, we show a O(e ") rate for entropy regularized

policy gradient in general MDPs:
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Theorem 6. Let Assumption 2 hold and let ¢ be the positive constant from
Lemma 16. Using Algorithm 1 with the entropy reqularized objective and soft-

max parametrization and

A3
8T 7'((14 —1—78)log A)’ (2.49)
we have, for allt > 1,
T T e 0
where
11— a7 [~
¢= (8/7'—|—4—|—810gA)-S'msin’u(s)'cz ; >0, (2.51)

18 independent with t.

2.4.4 Controlling the Bias

As noted in Remark 4, 7* is biased, i.e., 77 # 7 for fixed 7 > 0. We discuss
two possible approaches to deal with the bias, but much remains to be done

to properly address the bias. For simplicity, we consider the bandit case.

A two-stage approach. Note that for any fixed 7 > 0, 7%(a*) > 7i(a)
for all @ # a*. Therefore, using policy gradient with my, = 7, we have
7o, (a*) > ¢, > 1/K. This suggests a two-stage method: first, to ensure
7, (a*) > max, my, (a), use entropy-regularized policy gradient some iterations

and then turn off regularization.

Theorem 7. Denote A = r(a*) — max,zq-r(a) > 0. Using Update 2 for
t1 € O(e™ - log (ZL1)) iterations and then Update 1 for ty > 1 iterations, we

have,
(7" —ma,) ' < 5/(c* - ty), (2.52)

where t = t; + 19, and c € [1/K, 1).
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This approach removes the nasty dependence on the choice of the initial
parameters. While this dependence is also removed if we initialize with the
uniform policy, uniform initialization is insufficient if only noisy estimates of
the gradients are available. However, we leave the study of this case for future
work. An obvious problem with this approach is that A is unknown. This
can be helped by exiting the first phase when we detect “convergence” e.g. by

detecting that the relative change of the policy is small.

Decreasing the penalty. Another simple idea is to decrease the strength of
regularization, e.g., set 7, € O(1/logt). Consider the following update, which

is a slight variation of the previous one:

Update 3. 0,1 < 2" - (0 + e - H(m,)(r — 7 log 7, )).

The rationale for the scaling factor is that it allows one to prove a variant
of Lemma 11. While this is promising, the proof cannot be finished as before.
The difficulty is that my, — 7* (which is what we want to achieve) implies that
min, g, (a) — 0, which prevents the use of our previous proof technique. We

show the following partial results.

Theorem 8. Using Update 3 with 7, = fort > 2, where a > 0, and

aA
logt
ne = 1/7, we have, for allt > 1,

C -logt
exp {22} [ming g, ()]}

+ (2.53)

* T
(7" —mp,) 7 < ia

2071161 || so + DVE
where C = 20l 1£.A+ OVE

The final rates then depend on how fast min, 7, (@) diminishes as a function
of t. We conjecture that the rate in some cases degenerates to O(i‘f—%), which
is strictly faster than O(1/t) in the non-regularized case when a € (0,1) and
is observed in simulations in Fig. 2.5. We leave it as an open problem to study

decaying entropy in general MDPs.
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2.5 A Theoretical Understanding of Entropy
Regularization in Policy Gradient

The previous section indicated that entropy regularization may speed up con-
vergence. In addition, ample empirical evidence suggest that this may be the
case (e.g., Haarnoja et al., 2018; Mei et al., 2019; Mnih et al., 2016; Nachum
et al., 2017; Williams and Peng, 1991). In this section, we aim to provide new
insights into why entropy may help policy optimization, taking an optimization
perspective.

We start by establishing a lower bound that shows that the O(1/t) rate
we established earlier for softmax policy gradient without entropy regular-
ization cannot be improved. Next, we introduce the notion of non-uniform
Lojasiewicz degree, which we show to increase in the presence of entropy regu-
larization. We then connect a higher degree to faster convergence rates. Note
that our proposal to view entropy regularization as an optimization aid is
somewhat an alternative explanation compared with the more common expla-
nation that entropy regularization helps by encouraging exploration. While it
is definitely true that entropy regularization encourages exploration, the form
of exploration it encourages is not sensitive to epistemic uncertainty and as
such it fails to provide a satisfactory solution to the exploration problem (e.g.,

O’Donoghue et al., 2020).

2.5.1 Lower Bounds

The purpose of this section is to establish that the O(1/t) rates established
earlier for unpenalized policy gradient is tight. To get lower bounds, we need
to show that progress in every iteration cannot be too large. This holds when
we can reverse the inequality in the Lojasiewicz inequality. To this regard, in

bandit problems we have the following result:

Lemma 17 (Reversed Lojasiewicz). Take anyr € [0,1]%. Denote A = r(a*)—

maxXyzq+ 7(a) > 0. Then,

drgr
do

V2
- A
29

(7 =) T, (2.54)
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Using this result gives the desired lower bound:

Theorem 9 (Lower bound). Take any r € [0,1]%. For large enough t > 1,
using Update 1 with learning rate n, € (0, 1],

(7" —ma,) ' r > A?/(6-1). (2.55)

Note that Theorem 9 is a special case of general MDPs. Next, we show
that similar to Lemma 17, the progress in each iteration of softmax policy

gradient in any MDP can be bounded in terms of sub-optimality gap.

Lemma 18 (Reversed Lojasiewicz). Denote
A'(s) = Q' (s (s)) = max Q*(s,0) > . (2.56)
as the optimal value gap of state s, where a*(s) is the action that the optimal

policy selects under state s, and A* = minges A*(s) > 0 as the optimal value

gap of the MDP. Then we have,

"
00

I V2

,  l1—7 A

V() = VP ()] (2.57)

With Lemma 18, we then strengthen Theorem 9 and show that the Q(1/?)
lower bound also holds for any MDP:

Theorem 10 (Lower bound). Take any MDP. For large enough t > 1, using
Algorithm 1 with n; € (0,1],

(1—=7)- (A"
2.t

Vi) = Ve (n)

v

(2.58)

where A* = mingeg ara+(5){Q7 (5,0 (5)) — Q*(s,a)} > 0 is the optimal value
gap of the MDP.

Remark 5. Our convergence rates in Section 2.3 match the lower bounds up
to constant. However, the constant gap is large, e.q., K? in Theorem 3, and
A% in Theorem 9. The gap is because the reversed Lojasiewicz inequality of
Lemma 17 uses A\, which is unavoidable when my is close to w*. We leave it

as an open problem to close this gap.
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With the lower bounds established, we confirm that entropy regularization
helps policy optimization by speeding up convergence, though the question
remains open as to the mechanism by which the improved convergence rate

manifests itself.

2.5.2 Non-uniform Lojasiewicz (NL) Degree

To gain further insight into how entropy regularization helps, we introduce the

non-uniform Lojasiewicz degree:

Definition 1 (Non-uniform Lojasiewicz (NL) degree). A function f:© — R
has NL degree £ € [0,1] i

|if
L2 = - 110 - s, (2.59)

2

V8 € O, where C(0) > 0 holds for all 6 € ©.

The uniform degree, where C'() is a positive constant, has previously been
connected to convergence speed in the optimization literature. Bérta (2017)
studied this effect for first-, while Nesterov and Polyak (2006) and Zhou et al.
(2018) studied this for second-order methods. As noted beforehand, a larger
degree (smaller exponent of the sub-optimality) is expected to improve the
convergence speed of algorithms that rely on gradient information. Intuitively,
we expect this to continue to hold for the non-uniform Lojasiewicz degree as
well. With this, we now study what non-uniform Lojasiewicz degrees can one
obtain with and without entropy regularization.

Our first result shows that the non-uniform Lojasiewicz degree of the ex-

pected reward objective (in bandits) cannot be positive:

Proposition 4. Let r € [0,1]% be arbitrary and consider 6 v E,r, [r(a)].
The non-uniform Lojasiewicz degree of this map with constant C(0) = my(a*)

18 Zero.

Note that according to Remark 1, it is necessary that C'(f) depends on
mg(a*). The difference between Proposition 4 and the reversed Lojasiewicz

inequality of Lemma 17 is subtle. Lemma 17 is a condition that implies
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impossibility to get rates faster than O(1/t), while Proposition 4 says it is
not sufficient to get rates faster than O(1/t) using the same technique as in
Lemma 4. However, this does not preclude that other techniques could give
faster rates.

Next, we show that the non-uniform Lojasiewicz degree of the entropy-

regularized expected reward objective is at least 1/2:

Proposition 5. Fiz 7 > 0. With C(0) = /27 - min, mp(a), the non-uniform

Lojasiewicz degree of 0 — Eqr, [r(a) — Tlogmg(a)] is at least 1/2.

2.6 Experimental Verification

To verify the convergence rates in the chapter, we conduct experiments on

one-state MDPs with K actions.

2.6.1 Softmax Policy Gradient

K = 20, r € [0,1]¥ is randomly generated, and 7, is randomly initialized.
Softmax policy gradient, i.e., Update 1 is used with learning rate n = 2/5
and maximum iteration number 7' = 3 x 10°. As shown in Fig. 2.2(a), the
sub-optimality &, = (7* — m,) " 7 approaches 0. Subfigures (b) and (c) show
log ; as a function of logt. As logt increases, the slope is approaching —1,
indicating that log 6; = — logt+ C, which is equivalent to §; = C’/t. Subfigure

(d) shows g, (a*) as a function of t.

2.6.2 Entropy Regularized Softmax Policy Gradient

K =20, r € [0,1]¥ and m,, are the same as above. Entropy regularized soft-
max policy gradient, i.e., Update 2 is used with temperature 7 = 0.2, learning

rate n = 2/5 and iteration number 7' = 5 x 10%. As shown in Fig. 2.3(a),
* 1

the soft sub-optimality &; = 7 (r — 7log7*) —m, T (r — 7 log m,) approaches
0. Subfigure (b) shows logd; as a function of . As t increases, the curve
approaches a straight line, indicating that log o = —Ch-t+ Cs, which is equiv-
alent to &, = C4/ exp{C/ -t}. Subfigure (c) shows ¢, as defined in Lemma 11 as

a function of ¢, which verifies Lemma 12. Subfigure (d) shows min, 7y, (a) as
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Figure 2.2: Softmax policy gradient, Update 1.

a function of t. As ¢ increases, min, 7y, (a) approaches constant values, which

verifies Lemma 13.

2.6.3 “Bad” Initializations for Softmax Policy Gradient
(PG)

As illustrated in Fig. 2.1, “bad” initializations lead to attraction toward sub-

optimal corners and slowly escaping for softmax policy gradient. Fig. 2.4

shows one example with K = 5. Softmax policy gradient takes about 8 x 10°

iterations around a sub-optimal corner. While with entropy regularization

(1 = 0.2), the convergence is significantly faster.

2.6.4 Decaying Entropy Regularization

We run entropy regularized policy gradient with decaying temperature 7, =

@B for + > 2, ie., Update 3. Fig. 2.5 shows one example with K = 10
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Figure 2.3: Entropy regularized softmax policy gradient, Update 2.

and different o values. The actual rate is O(;), and the partial rate in

t—slope
Theorem 8 is O(L)

tl/a

2.7 Summary

We set out to study the convergence speed of softmax policy gradient meth-
ods with and without entropy regularization in the tabular setting. Here, the
error is measured in terms of the sub-optimality of the policy obtained after
some number of updates. Our main finding is that without entropy regular-
ization, the rate is ©(1/t), which is faster than rates previously obtained. Our
analysis also uncovered an unpleasant dependence on the initial parameter val-
ues. With entropy regularization, the rate becomes linear O(e™“*), where now
the constant in the exponent is influenced by the initial choice of parameters.

Thus, our analysis shows that entropy regularization substantially changes the
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Figure 2.4: Bad initialization for softmax policy gradient.

rate at which gradient methods converge. Our main technical innovation is the

introduction of a new non-uniform Lojasiewicz (NL) inequality. The deeper

reason of entropy accelerating convergence is explained using the notion of NL

degree, which is a key quantity to characterize different NL inequalities.
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Figure 2.5: Decaying entropy regularization, Update 3.
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Chapter 3

Escaping the Gravitational Pull
of Softmax

The convergence rate results we established in Chapter 2 are general and
substantive. However, in this chapter we reveal a negative side of those results,
and provide an explanation for the gap between theory and practice. This
leads to a deeper understanding of the coefficient in non-uniform Lojasiewicz
inequality.

The results in this chapter appeared in Mei et al. (2020a).

3.1 Introduction

The probability transformation plays an essential role in machine learning,
used whenever the output of a learned model needs to be mapped to a proba-
bility distribution. For example, in reinforcement learning (RL), a probability
transformation is used to parameterize policy representations that provide a
conditional distribution over a finite set of actions given an input state or ob-
servation (Sutton and Barto, 2018). In supervised learning (SL), particularly
classification, a probability transformation is used to parameterize classifiers
that provide a conditional distribution over a finite set of classes given an input
observation (Friedman et al., 2001). Attention models (Vaswani et al., 2017)
also use probability transformations to provide differentiable forms of memory
addressing.

Among the myriad ways one might map vectors to probability distributions,
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the softmax transform is the most common. According to Eq. (2.6), for § €

R¥, the transformation 7y = softmax(6) is defined by

exp{f(a)}
> o exp{f(a’)}’

which ensures mg(a) > 0 and ) mg(a) =1 (Bridle, 1989). The softmax trans-

mo(a) =

Va € [K] =1{1,..., K}, (3.1)

form can also be extended to continuous output spaces through the concept
of a Gibbs function (LeCun et al., 2006), but for concreteness we restrict our
attention to finite output sets.

Despite the ubiquity of the softmax in machine learning, it is not clear
why it should be the default choice of probability transformation. Some alter-
native transformations have been investigated in the literature (de Brébisson
and Vincent, 2015; Laha et al., 2018), but a comprehensive understanding of
why one choice might be advantageous over another remains incomplete. It is
natural to ask what options might be available and what properties are desir-
able. In fact, we find that the softmax is a particularly undesirable choice from
the perspective of gradient descent (ascent) optimization. Moreover, better al-
ternatives are readily available at no computational overhead. This chapter
seeks to fill the gap in understanding key optimization properties of proba-
bility transformations in general and how they compare to the softmax. In
particular, we make the following three main contributions.

First, we start by investigating the softmax policy gradient (SPG) in Chap-
ter 2. In this setting, we identify an inherent disadvantage of SPG, the “soft-
max gravity well (SGW)”, whereby gradient ascent trajectories are drawn
toward suboptimal corners of the probability simplex and subsequently slowed
in their progress toward the optimal vertex. We establish these facts both
through theoretical analysis and empirical observation, revealing that the be-
havior of SPG depends strongly on initialization. Then we propose the use
of the escort transform as an alternative to softmax for expected reward op-
timization. We analyze the resulting gradient ascent algorithm, escort policy
gradient (EPG), and prove that it enjoys strictly better convergence behavior
than SPG, significantly mitigating sensitivity to initialization. These findings

are also verified experimentally.
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Second, we consider supervised learning and investigate gradient descent
optimization of cross entropy loss using the softmax transform, an algorithm
we refer to as softmax cross entropy (SCE). Here, even though the optimiza-
tion landscape at the output layer is convex, we identify a detrimental phe-
nomenon we refer to as “softmax damping”. In particular, given deterministic
(“one-hot”) true label distributions, we show that SCE achieves a slower than
linear rate of convergence. Then we propose the use of the escort transform
as an alternative to softmax for cross entropy minimization. We analyze the
resulting gradient descent algorithm, escort cross entropy (ECE), and show
that it is guaranteed to enjoy strictly faster convergence than SCE. In par-
ticular, a special choice of the escort transform fully eliminates the softmax
damping phenomenon, preserving the linear convergence rate for cross entropy
minimization.

Finally, we propose a unifying concept, the Non-uniform Lojasiewicz (NL)
coefficient, to explain both the softmax gravity well and softmax damping, even
when these might otherwise appear to be disconnected phenomena. Interest-
ingly, in the case of SCE, the vanishing NL coefficient leads to decreasing NL
degree, which is introduced in Definition 1, indicating the two concepts in the
NL inequality are not independent and can have nice interplay with each other.
We show that by increasing the NL coefficient, EPG achieves strictly better
initialization dependence than SPG. Moreover, by making the NL coefficient

non-vanishing, ECE enjoys strictly faster convergence than SCE.

3.2 Illustrating the Softmax Gravity Wells with
Softmax Policy Gradient

We begin by considering the domain of reinforcement learning (RL), using
the softmax policy gradient (SPG) method to maximize long-term expected
reward. As shown in Chapter 2, SPG enjoys a ©(1/t) bound on the rate of
convergence, with constants that depend on the problem and initialization.
Although the ©(1/t) convergence rate results are general and impressive,

they seem at odds with the behavior of policy gradient methods, which are
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notoriously difficult to tune in practice (Schulman et al., 2015). To reconcile
theory with empirical observation, we first demonstrate that the “constants”
in these results are in fact important, and understanding their role explains

much of the real-world performance of SPG.

3.2.1 Initialization Sensitivity

To illustrate the point concretely, consider a simple experiment on one-state
Markov Decision Processes (MDPs) (i.e., a multi-armed bandit) with K = 6
actions. According to Update 1, in this case, the SPG of a policy my for a

given reward vector r € [0, 1]¥ reduces to the update
Oii1(a) < Oi(a) +n - m,(a) - [r(a) — W;Z?“] , (3.2)

Va € [K] = {1,..., K}, and m,,, = softmax(f;;1).

Fig. 3.1 shows the result of multiple runs using SPG with full gradients.
Depending on whether the last iteration satisfies mp,.(a*) > 0.99, we group the
20 runs as “good” and “bad” initializations. As shown in Fig. 3.1(a) and (b),
for good initializations, the sub-optimality (7* — 7Tgt>T7” quickly approaches 0,
whereas for bad initializations, the iterates get stuck near local optima. Sub-
figure (c) shows average probability of optimal actions, which shows that the
trajectories from bad initializations stay near local optima, since the optimal
action probabilities stay close to 0. However, we know from Theorem 2 that
from any initializations SPG must eventually converge to the optimal policy
7%, and that is indeed the case here: Subfigure (d) shows the long-run time
to convergence (boxes are 25 to 75th percentiles) for good versus bad initial-
izations, where the y-axis is log T" such that 7y, (a*) > 0.99, showing bad runs
take many orders of magnitude longer.

Although these findings seem not to comport with theory, they can in fact
be explained by delving deeper into the detailed nature of the ©(1/t) rates
proved in Chapter 2.
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Figure 3.1: SPG behavior (sub-optimality (7* — m,) " ') on single-state MDPs
with K = 6 arms, fully parameterized policy (no approximation error), rewards
randomly generated (uniform within [0, 1] for each r(a)) and policy randomly
initialized on each run, 20 runs. Full gradient SPG updates with stepsize
n = 0.4 from Theorem 2 for T' = 3 x 10* steps. An initialization is “good” if
Tor(a*) > 0.99 at the last iterate.

3.2.2 Escape Time

To control the effect of initialization, consider a specialization of the previous
problem where we let r = (b+A,b,...,b)" € [0,1]% for some b, such that A >
0 is the reward gap. For a given initialization, we say that SPG “escapes” at
time ¢, if for all ¢ > ¢, it holds that (7* — 7T9t)T r < 0.9-A, ie., after ¢y the sub-
optimality stays “small”. Fig. 3.2(a) shows that as the initial probability of the
optimal action 7y, (a*) decreases, the “escape time” t, increases proportionally.
In particular, the slope in subfigure (a) approaches —1 as my, (a*) decreases,

indicating that logty = —log my, (a*) 4+ C, or equivalently to = C’/mg, (a*).
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Figure 3.2: Dependence on initialization and softmax gravity wells.

3.2.3 Multiple Plateaus

Two trajectories for SPG on a single-state MDP with K = 5 is shown in
Fig. 3.2(b) and (c). This example reveals that every suboptimal vertex i €
{2,3,4} has the potential to attract the iterates, while also slowing progress
to render the sub-optimality plateaus in subfigure (c¢). Therefore, SPG spends

some “escape time” around each suboptimal corner.

3.2.4 Theoretical Justification

Explaining attraction toward suboptimal deterministic policy. We
can see as SPG follows a trajectory defined by exact gradients, it effectively
encounters “softmax gravity wells (SGWs)” at the vertices (deterministic poli-
cies), each of which attracts the trajectory and significantly slows down progress
in their vicinity. To see why the attraction to suboptimal vertices is possible,

consider the SPG in detail: for a single-state MDP, Va € [K], we have

drgr - ]

10(a) =my(a) - [r(a) — Ty (3.3)

Note that it is possible for an optimal action, a*, to be less attractive than a

suboptimal action a, even when r(a*) > r(a), since it is possible to have both
r(a*) — mgr > r(a) —m,r >0, (3.4)
and 7y, (a) > m,(a*), and yet still have

7o, (@) - [r(a) — W;:’I“] > mg, (a”) - [r(a*) - W;T} ) (3.5)
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This configuration causes the probability on the suboptimal action to stay

above the optimal action probability,

Ous1(a) = 0u(a) + 1 7o (0) - (@) — ] (36)
> 0i(a*) +n - mp,(a¥) - [r(a*) — Wgr] (3.7)
= 0t+1(a*), (38)

and thus 7y, , (a) > 7, (a*), which in turn leads to Eq. (3.5) holds for m,, ,.
Repeatedly, this vicious circle will finally attract the iteration toward and ap-
proach the suboptimal deterministic policy with 7y, (a) & 1 for the suboptimal
action a.

Even though the examples and analysis above might seem specific, they

provide the foundation for a useful and informative lower bound.

Theorem 11 (Escape time lower bound). Even in a single-state MDP, for
any learning rate n, € (0,1], there exists an initialization of the policy Ty,
and a positive constant C, such that SPG with full gradients cannot escape a

suboptimal corner before time

C
to == 3.9
0= A (@) (3.9)
1.e., it will hold that
(m* —mg,) r >0.9- A, (3.10)

for all t < ty, where A = r(a*) — max,z+7r(a) > 0 is the reward gap of
r e [0,1]%.

Theorem 11 shows that for SPG with bounded learning rates, the time
to escape suboptimal vertices is lower bounded inversely to optimal action
probability my(a*), which is necessarily small near suboptimal vertices, leading

to long suboptimal plateaus.

Existing observations of plateaus. SPG plateaus have been observed in

the literature. Previous work including Chen et al. (2019) and Chapter 2 did
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observe this effect empirically, but did not take a deeper look into the under-
lying causes. With function approximation, feature interference has also been
considered to be a source of plateaus (Schaul et al., 2019). In the multi-agent
setting, it has been observed that the non-stationary nature of the environment
can also cause difficulties for SPG to adapt (Hennes et al., 2019). However,
the analysis in this chapter shows that SPG still suffers from plateaus even in
the simplest setting (exact gradients, no approximation, stationary environ-
ments). In Section 3.4 we provide additional mathematical insight to explain
why the softmax transformation itself is the root cause, which also justifies

the name SGW.

3.3 Escort Transform for Policy Gradient

3.3.1 Escort Transform

As explained, a difficulty encountered by SPG comes from the my(a) factor
that appears in the gradient, Eq. (3.3). This creates a dependence on the
current policy that potentially discounts the signal from high-reward actions.
Unfortunately, the problem is unavoidable if using SPG with bounded learning
rates to perform updates (Theorem 11). Therefore, we study the following
alternative transform, which we refer to as the “escort transform” (Beck and

Schogl, 1995; Tsallis et al., 1998).

Definition 2 (Escort transform). Given 6 : S x A — R, define mg = f,(0) for
p=1by

0(s, a)|P
== A1
7T9(CL|S) Za' |9(S7 a/)|p (3 )
If there is only one state, the escort transform is defined as
0(a)lP
6(a)l Va € [K]. (3.12)

S ST
3.3.2 Escort Policy Gradient

To explain why this alternative transform might help alleviate the problems

encountered by the softmax, consider the gradient of expected reward using
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the escort transform, i.e., the Escort Policy Gradient (EPG), for a single-state
MDP, Va € [K]:

s =i} oG -] (1)
=P -sgn{f(a)} - my(a) /P [r(a) —mgr] . (3.14)

1011
Note the key difference between SPG and EPG, in which the my(a) term in
Eq. (3.3) now becomes mg(a)'~? in Eq. (3.14). Thus, for any p > 1, we have
1 —1/p € [0,1), which implies my(a)!~*/? > my(a) since mp(a) € [0,1]. This

change will have important implications in convergence rate.

Remark 6. my(a)'~'/? — my(a) as p — oo, which suggests that large values of
p lead to similar iteration behavior as SPG, whereas small values of p weaken
the dependence on my(a). In particular, if p = 1 then mp(a)'~Y/? = 1, which

entirely eliminates the dependence on current policy y.

As is the case for the softmax transform, the expected reward objective
remains non-concave over parameter  when using the alternative escort trans-

form.

Proposition 6. 0 — 7, r is a non-concave function over RX using the map
Ty = fp(Q)

Despite the non-concavity, we manage to obtain surprisingly strong con-
vergence results for EPG, with proofs provided in the appendix. In particular,
thanks to what we call non-uniform smoothness (NS) property and the non-
uniform Lojasiewicz (NL) inequality enjoyed by the objective, EPG is shown
to enjoy an upper bound on the sub-optimality for single-state MDPs that has
a strictly better initialization dependence than SPG.

Lemma 19 (Non-uniform smoothness). Suppose r € [0,1]%. Let mp == f,(0),
and wg = f,(8'). Denote O, =0+ (- (0" — 0) with some ¢ € [0,1]. Then, we
have,

. . p2.K1/p .
(i) forp>2, w1 is %—smwth, i.e.,

(mg — mg) 1 — <

0 —0|3.  (3.15)

T Cp2 . K/
d7r07°79,_0>‘§3 p K2
df 2 6cl3
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(ii) forp=1, wjr is ﬁ—smooth, i.e.,

drgr K
(7o —7r9)T7"—< 0 ,9'—9>’ < 16— 9|12, (3.16)
df 19¢1% ’
Lemma 20 (Non-uniform Lojasiewicz). Let my = f,(0). For any p > 0, we
have,
drg p 1-1/ T
> ~m(a®) TP (Tt — ) (3.17)
‘ o, ~ 116l

where 7 = argmax, ., 7' is the optimal policy.

With the NS property and NL inequality, we can prove a O(1/t) global

convergence rate for EPG using similar techniques in SPG analysis Chapter 2.

Theorem 12. For a single-state MDP, following the escort policy gradient
with any initialization such that |61(a)| > 0, Ya, we obtain the following upper
bounds on the sub-optimality gap for allt > 1:

(gradient flow) forp > 1, with 1, = ||64]2,

(7" —mp,) 1 < m, (3.18)
(gradient ascent) for p > 2, with n; = W (1612,
(7 — 7)) T < 902_# . % (3.19)
(gradient ascent) for p =1, with n, = 5% - |03,
(7" —mp,) 1 < ?, (3.20)
where ¢ = inf,mg,(a*) > 0 is a problem- and initialization-dependent, but

time-independent constant.'

When p is very large positive values, Theorem 12 implies a close to O(1/(c?-
t)) convergence rate, recovering the same rate for SPG Theorem 2, as expected
(Remark 6). For p < oo, EPG achieves the same O(1/t) rate as SPG, but
enjoys a strictly better ¢>=2/7 > ¢? dependence. In particular, for p = 1, there
is no dependence on ¢, which is also consistent with Remark 6.

Similar results can in fact be obtained for EPG in general MDPs.

. dmyg, .
'Here, gradient ascent, as expected, refers to 0;41 = 0y + n; - Z;ZT and gradient flow

. . dmg v
refers to the continuous version when %% = ), . dzz .

dt
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Theorem 13. Following the escort policy gradient with any initialization such
that 601(s,a)| > 0, Y(s,a) to get {0;}1>1, for any t > 1, the following upper
bounds hold for m,,

(i) forp > 2, withn; = (L—y)?

057 A5
20. AP . g dr” 1
* _ Y/ Te, < = T 21
Vi(p) =V (p) < 22/p . (1 —7)6- ¢ H HMHoo’ &2
.. ) 1—7)3
(ii) forp =1, with n, = (1012 )
V*(p)_vﬂ'et(p) < M d—z* HlH (3 22)
(=)t m Moo’ |

where ¢ = infyegs inf>q mp, (a*(8)|s) > 0 is problem- and initialization-dependent
constant, A = |A| and S = |S| are the total number of actions and states,
respectively, and p € A(S) is an initial state distribution which provides initial

states for the policy gradient method.

Remark 7. Using p = 1 in Theorem 13, the iteration complezity of EPG
depends on polynomial functions of S and A, which significantly improves the
corresponding results for SPG Theorem 4, where the worst case dependence

can be exponential in S and A.

3.3.3 Entropy Regularization

Finally, as for SPG, adding entropy regularization leads to linear convergence
rates for EPG. Note that SPG with entropy regularization enjoys a linear
convergence rate O(e~¢""*) with dependence on ¢ = inf,; min(, 4 7, (a|s) The-
orem 6. Our results show that EPG with entropy regularization has strictly

better constant dependence than SPG.

Theorem 14. For an entropy reqularized MDP with finite states and actions,
following the escort policy gradient with any initialization such that |0;(s,a)| >

0, V(s,a), and

- (1—n)?
"0 R A e (3:23)
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to get {0:}i>1, for allt > 1, the following sub-optimality upper bounds hold for
s fOTp > 2

- - 11/ 1] 0o 1+ 7log A
V™ (p) = V™ (p) < .
PV S St ey A

(3.24)

where ¢ > c = inf(, 4y infy>1 7, (a|s) > 0, 7 is the temperature for entropy reg-
ularization, 7k is the softmax optimal policy, and c,, C. are problem-dependent

constants.

3.3.4 Relationship to Mirror Descent (MD)

As an additional observation, note that simply removing m(a) in Eq. (3.3)
yields an update 6y41 = 6;(a) + 1, - r(a) and 7, ,, = softmax(6;41), which can
be combined to yield an update

7, (a) - exp{n; - 7(a)}
weir) Mo, (@) - exping - r(a)}’

T 41 (a> = Z (325)

that is equivalent to Mirror Descent (MD) with KL divergence. Given this
similarity between SPG, EPG and MD, one might hope that EPG could be
reduced to a particular version of MD. However, unlike SPG and MD, the EPG
gradient does not specify a conservative vector field and cannot be recovered

by MD using any regularization.

Remark 8 (EPG cannot be reduced to MD). Recall that for a (convex) po-
tential ® : A — R and its Bregman divergence Dg : A x A — R, the MD
update is

1
Ty = argmax 7 1 — — - Dg(n||m,). (3.26)
TEA Ui

In particular, using ®(r) = 7' log w as the potential and Dy (7||7") = Dy (7||7")
as the divergence one obtains my,,,(a) o mg,(a) - exp{n; - r(a)}. Equivalently,

this update can be expressed

Ty, = argmax ' O, — O(), (3.27)
TEA

where 01 = 0;(a) + 0 - r(a).
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Now suppose EPG is MD, 1.e., there is some ® such that

fo(0r1) = argmax ' 0, — (7). (3.28)

TEA

Then we would have to have fy(0i+1) = VO (0,11) where O* is the Fenchel
conjugate of ®. Taking the derivative w.r.t. 0 yields

(%) - (deée)> =p- diag(1/0) (diag(fe) - 7T97T9T) @ d 352(9) (3.29)

d?P*(0)
do?

By Schwarz’s theorem, is symmetric, however diag(1/0) (diag(mg) — momy )
1s not symmetric. Therefore, there cannot be a reqularizer ® that makes EPG

equivalent to MD.

Remark 8 implies that standard techniques for analyzing mirror descent
(e.g., Bregman divergence and convex duality) cannot be directly applied to
EPG, necessitating our analysis based on the non-uniform smoothness and NL

inequalities for Theorems 12 to 14.

3.3.5 Experimental Verification

To support these findings and reveal some of the practical implications of
EPG versus SPG, we conducted a simple experiment on a single-state MDP

with K = 3 and r = (0.2,0.9,1.0)7. Fig. 3.3(a) depicts the ) values for

SPG, where the dark regions around the corners show areas of slow progress.

In particular, the region around the lower-right suboptimal corner exhibits

dmg(a*)

L < 0, and my(a*) will actually decrease under SPG updating in this

region, prolonging the escape time according to Theorem 11. In short, the dark
regions correspond to SGWs for SPG. Subfigure (b) further shows how SPG is
attracted toward the suboptimal corner, visually consistent with subfigure (a).
By contrast, the solid lines indicate EPG methods with different p values. As
noted in Remark 6, smaller p values have better resistance against attraction
to SPG gravity wells, while larger p values behave more similarly to SPG. We
also observe that MD (with KL divergence) has similar performance to EPG
with p = 2 in this case. Finally, subfigure (c) plots the sub-optimaliy gap

before (7% — m,) T < 0.005 is achieved. It is clear that SPG does get stuck on
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a suboptimal plateau while EPG methods do not suffer from this disadvantage.
We note that EPG curves for p > 2 behave nicer than p = 1 since the escort
is differentiable when p > 2.
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Figure 3.3: Empirical visualization for EPG and SPG.

3.4 Non-uniform Lojasiewicz Coefficient: An
Underlying Explanation

Remark 6 provides an intuition for why EPG has better initialization depen-
dence than SPG. This intuition can be formalized using the notion of non-
uniform Lojasiewicz (NL) coefficient, which plays an important role here since

both SPG in Chapter 2 and EPG analyses are based on NL inequalities.

Definition 3 (Non-uniform Lojasiewicz (NL) coefficient). A function f : © —
R has NL coefficient C(8) > 0 if it satisfies NL inequality with coefficient C(0),
, there exists £ € [0, 1] such that for all 0 € ©,

Recall that in Definition 1, ¢ is called NL degree, which impacts the con-

CO) - 1f(0) — ()= (3.30)

2

vergence rates of SPG methods as shown in Section 2.5. According to the

result of Lemma 3, if mp = softmax(f), then 7, r has NL coefficient my(a*);

that is

drgr
do

- || (diag(mg) — momy ) 7|, > mo(a”) - (7" —mp) " 1. (3.31)

20



Moreover, this coefficient is not improvable (Remark 1) and it appears in the
SPG convergence rate O(1/(c? - t)) (Theorem 2), where ¢ = inf;>; 7, (a*)
(Lemma 5). Now consider EPG. If my = f,(#), then we have

dr ) r ) .
e T s I NS
2

7'('9((1*) % T

> . . — .

>p 0(a)] (7" — ) T (3.33)
1

_ . 7_re(a,*)lfl/p . (7T* _ 7T9)T’f’, (334)

16011,
1-1/p

where my(a*) > my(a*) provides strictly larger (partial) NL coefficient,
hence in Theorem 12 EPG obtains a strictly better result than SPG.

The improvement of NL coefficient explains a better dependence of EPG on
initialization. It is then natural to ask whether the escort transform can also

benefit other scenarios, which is answered affirmatively in the next section.

3.5 Escort Transform for Cross Entropy

We now turn to classification, where the goal is to learn a classifier that min-
imizes the cross-entropy loss. As in RL, the softmax transform is the default
choice for parameterizing a probabilistic classifier. Different from RL where
the objective is linear, the objective here involves log probabilities:

min —logg(ay,) = H(y) + P Dy (yl|mo), (3.35)

0:A—R

where mp = softmax (), y € {0,1}® is a one-hot vector encoding the class
label, and a, is the true label class so that y(a,) = 1. Note that the entropy
H(y) = —y " logy = 0 here. The objective in Eq. (3.35) is smooth and convex
in 6, which implies that gradient descent will achieve an O(1/t) rate (Nesterov,
2018). Furthermore, for 6 that satisfies min, mg(a) > Ty, with some constant
Tmin > 0 (7 is bounded away from the simplex boundary), the objective is
strongly convex, resulting in an even better, linear rate O(e™“").

Despite these nice properties, we still find that the softmax transform
proves problematic for gradient descent optimization. We refer to this new

disadvantage as “softmax damping”.
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3.5.1 Softmax Damping

Consider running gradient descent in a simple experiment where K = 10
and y is a one-hot vector. Let §; = —logmy,(a,). If one hopes for a linear
convergence rate, i.e., & = O(e "), then logd, = —O(t) is expected. But
Fig. 3.4(a) shows a different picture with a flattening slope. Subfigure (b)
plots log d; as a function of logt, which shows a straight line for sufficiently
large t with a slope approaching —1. This figure verifies the convergence rate
is indeed §; = O(1/t), instead of the linear O(e™°?) rate. Subfigure (c) shows
the £, measure ||y — 7y, ||3 also has a sublinear rate, indicating that this is an
inherent optimization phenomenon and is independent of the measurement.
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Figure 3.4: Softmax damping phenomenon and escort cross entropy.
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3.5.2 NL Coefficient Explanation

The NL coefficient can be used to explain why this rate degeneration occurs

for softmax cross entropy (SCE). Note that for my = softmax(f) we obtain

= |ly = mo|l3 = minmy(a) - Dk (ylI7o). (3.36)

Hd{DKL yllme)}
2

Once again the min, mp(a) term cannot be eliminated for the softmax trans-
form, but here it has a different consequence than before. To see the NL coeffi-
cient of SCE cannot be improved, consider the example where y = (0,1)" and
7= (6,1 —¢)", where € > 0 is small. Note that Dk (y||7) = —log (1 —¢€) > ¢

and ||y — 7|3 = 2 - €%, which means for any constant C' > 0, we have
C-DxL(y|lm) > C-e>2- = ||y — 3. (3.37)

Therefore, for any Lojasiewicz-type inequality, C necessarily depends on min, 7y (a).
Now for any convergent sequence my,, i.e., such that Dky,(y||ms,) — 0, we neces-
sarily have min, 7, (@) — 0, which makes the gradient information insufficient
to sustain a linear convergence rate. That is, the fast convergence rate is
“damped” in this case. The difference between this phenomenon and the pre-
vious “softmax gravity well” is that here the vanishing NL coefficients change
the rates rather than the constant in the bound on the sub-optimality gap.
Moreover, we can explain why the rate degenerates to O(1/t) asymptoti-
cally as t — oo, using the interplay between the NL coefficient and NL de-
gree. Consider the same example where mp = (¢,1 — €)" and Dxy(y||7) =
—log (1 —¢€). Note that we have e72* < 1 — x for all z € [0,1/2]. Then we

have,

Hd{DKL yllmo) }

> main mo(a) - Dxr(yl|me) (by Eq. (3.36)) (3.38)

= % -2 € Dxp(y||m) (3.39)
> log(1- o) Dafyllm)  (e€[0.1/2)) (3.40)

1
— 5 Dialylmo)?, (3.41)
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which means the NL degree becomes ¢ = 0 as min, my(a) — 0, according to
Definition 1. Comparing to Eq. (3.36) with £ = 1/2, this is a strictly weaker

NL inequality and can only lead to a O(1/t) convergence rate.

3.5.3 Label smoothing, soft target, reward-augmented
maximum likelihood

As shown in Eq. (3.36), the reason for softmax damping happens is min, my(a) —
0 as mg — vy if y is a one-hot distribution. One might consider non-deterministic
target y to avoid degenerating convergence since we would have min, mg(a) —
min, y(a) > 0. In fact, there exist several existing work implementing this
idea, including label smoothing (Szegedy et al., 2016), soft target (Hinton
et al., 2015), and reward augmented maximum likelihood (Norouzi et al.,
2016). Those techniques are usually considered to have generalization ben-
efits. Here we provide an optimization advantage, which is a byproduct of our
NL coefficient explanation. For example, instead of using a one-hot true label
distribution y in Dky,(y||mg), label smoothing has a regularized target as

1
ys =1 —a) y+a -, (3.42)

where K is the total number of classes, and a > 0 is the label smoothing hyper-
parameter. It is then obvious that min, mp(a) — min, yrs(a) = a/K > 0, and

the softmax damping will not happen.

3.5.4 Escort Cross Entropy

As in Section 3.3 for policy gradient, we propose to also use the escort trans-

form for cross entropy minimization. A simple calculation for mp = f,(6)
shows

d{ Dxr,(y||m 2 .

Dalylml} |y, diag(1/6)ty — o)1 (3.43
do )
P . 1-2/p

> Tk -malnmg(a) - Dgr(yl| o). (3.44)

p

Note that the term min, mp(a)'=2/? > min, my(a) is strictly better than the

softmax cross entropy when p > 2. In particular, for p = 2, the escort cross
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entropy (ECE) has (partial) NL coefficient min, my(a)!=2/? = 1, which fully
eliminates the dependence on the current policy my. This leads to our last

main result, which restores the linear convergence rate.

Theorem 15. Using the escort transform with p = 2 and gradient descent on

2
the cross entropy objective with learning rate 1, = 4'H9t””

TGy we obtain for all
1
t>1,

(- 1)
2-(3+¢)

where 1/¢2 = g, (a,) € (0,1] only depends on initialization.

—log s, () = Dict.(yllma) < Dice(yllma,) - exp { - b 349)

For reference, we run gradient descent on the cross entropy objective in
the same experiment above, but with the escort transform. As shown in
Fig. 3.4(d), logd; now becomes linear in ¢, or equivalently —logmy,(a,) =

C - e ¢!, verifying the theoretical finding of Theorem 15.

3.6 Experimental Results

We conduct several experiments to verify the effectiveness of the proposed

escort transform in policy gradient and cross entropy minimization.

3.6.1 Omne-state MDPs

First, we conduct experiments on one-state MDPs with K = 10, 50, and 100.
For each value of K € {10, 50,100}, the policy is parameterized by 6 € RX.
For SPG, my = softmax(f), and for EPG mp = f,(#). The total number of
runs for each algorithm under each K value is 20. In each run, we randomly
generate the reward r € [0,1]", and then randomly initialize mp, within the
(K — 1)-dimensional probability simplex. SPG and EPG start from the same
initial policy mg,. The total number of iterations is 7' = 5 x 10%.

Fig. 3.5 shows the results of SPG and EPG with p = 2. The learning
rate of SPG is set to be n = 0.4 (Theorem 2). The learning rate of EPG is
e = 0.2-]|6]|2 (Theorem 12). As shown in Fig. 3.5(a), EPG with p = 2 quickly
converges to optimal policies consistently across all the K values, significantly

outperforming SPG.
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Figure 3.5: Results on one-state MDPs and Four-room.

Different p values. Fig. 3.6(a)-(c) show the results of EPG for p € {2,3,4,5}

in one-state MDPs, where each curve is the averaged result of 20 runs.

3.6.2 Four-room

Second, we compare the algorithms on Four-room environment for 20 runs.
There is one goal with reward 1.0 and 4 sub-goals (“sub-goals” mean goals
with lower rewards) with reward 0.7 as shown in Fig. 3.5(b). At a (sub-)goal
state, the agent can step away then step back to receive rewards. The policy
is mp = softmax(f) for SPG, and 7y = f,(0) for EPG, and 6 is the output of
one parameterized by one hidden layer neural network with ReLLU activation
function and 64 hidden nodes.

In each run, the starting position is randomly generated. The optimal value
function V* is approximately calculated using value iteration with threshold
of two consecutive iterations ||[V; — Viy1||3 < 1 x 10719 In each iteration, the
true objective is used by calculating the stationary distribution d™: and the
state-action value Q™:. We use Adam optimizer (Kingma and Ba, 2014) and
the total number of iterations is 7" = 500.

The total number of runs for each algorithm is 20. The p value for EPG
is searched within {1,2,3,4,5}. The learning rate 0.01 is used for both SPG
and EPG as a result of searching within {0.001,0.005,0.01,0.05,0.1,0.5}.

Fig. 3.5 shows the results of SPG and EPG with p = 2. As shown in
Fig. 3.5(c), SPG is easily stuck in plateaus due to the presence of the sub-
goals, while EPG with p = 2 quickly achieves the optimal goal.
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Different p values. Fig. 3.6(d) shows the results of EPG for p € {1,2,3,4,5}

in Four-room task, where each curve is the averaged result of 20 runs.
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Figure 3.6: Results of EPG with different p values on one-state MDPs and
Four-room.

3.6.3 MNIST

Next, we do experiments on MNIST dataset. For each (z,y), where z € R™4
is image data and y € {0,1}° is the true label, the training objective is
1 —mp(ay|z), where y(a,) = 1. We use policy gradient methods, since the mis-
classification probability minimization problem is a special case of expected
reward maximization. The policy is my = softmax(f) for SPG and SCE, and
79 = f,(0) for EPG and ECE, where 6 is the output of one hidden layer neural
network with ReLU activation function and 512 hidden nodes. The dataset
is split into training set with 55000, validation set with 5000, and testing set

with 10000 data points.
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We use SGD with momentum 0.9 and the total number of epochs is 100.
The total number of runs for each algorithm is 20. The learning rates for SPG
and EPG are searched within {0.001, 0.005,0.01,0.05,0.1,0.5} and 0.05 is used
for both SPG and EPG. The batchsize is searched within {10, 20, 50, 100, 200, 500},
and 20 is used for for SPG and 50 is used for EPG. The p value for EPG is
searched within {1,2,3,4,5}.

Fig. 3.7(a) and (b) show the results of SPG and EPG with p = 4. For both
training objective and test error, SPG has plateaus due to SGWs, which is
consistent with the observation in (Chen et al., 2019). At the same time, EPG
with p = 4 does not have this disadvantage: it converges quickly and achieves
better results than SPG.

The results show that with stochastic gradients and neural network func-
tion approximations, (i) SPG still plateaus even when starting from nearly
uniform initializations; (4) EPG outperforms SPG in terms of not suffering
from plateaus even with estimated gradients.

Finally, for SL, we compare ECE and SCE on MNIST. For each training
data (z,y), the training objective is —logmg(a,|z), where y(a,) = 1. The
neural network and dataset are the same as above. The learning rate and
batchsizes are searched within the same range as above, and we use the learning
rate 0.01, and the batchsize 20 for both SCE and ECE. As shown in Fig. 3.7(c)
and (d), ECE with p = 2 is faster than SCE to achieve the same training

objective, which benefits generalization, providing smaller test error than SCE.

Different p values. Fig. 3.8 shows the results of EPG with p € {2,3,4,5}
on MNIST, where each curve is the averaged result of 10 runs. The best result

in terms of the test error is with p = 5.

3.6.4 Comparing SPG, EPG, and MD

As noted in Remark 8, EPG cannot be reduced to MD with any regularizer.

Also as shown in Fig. 3.3(b), EPG and MD with KL divergence behave sim-

ilarly in the 3-action case. We conduct experiments on bandit problems with

K € {50,100,500} actions to compare EPG with MD. In each iteration, all
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Figure 3.7: Results on MNIST.

the algorithms use the same stochastic gradient to do updates. Each curve is
averaged over 20 runs.

As shown in Fig. 3.9, EPG and MD with KL regularization have com-
parable performances, significantly outperforming SPG. However, EPG in its
nature is a policy gradient method, which has a cheap update in each iteration,

while MD needs to solve an optimization problem to do one update.

3.7 Summary

We discovered two phenomena that arise from the use of the standard softmax
probability transformation in reinforcement learning and supervised learning,
and proposed the escort transform to alleviate or eliminate these disadvan-
tages. Our findings of the softmax gravity well and softmax damping phe-

nomena challenge the common practice of using the softmax transformation
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Figure 3.9: Sub-optimality (7* — m,) ' 7 on single-state MDPs using stochas-

tic gradients.

in machine learning. The key technical innovation is to use the concept of non-

uniform Lojasiewicz (NL) coefficient to characterize different NL inequalities.

This goes beyond the classic convex “matching loss” theory (Auer et al., 1996;

Kivinen and Warmuth, 1998) and guarantees better optimization results.
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Chapter 4

Non-uniform Analysis

In Chapters 2 and 3, the non-uniform Lojasiewicz inequality was introduced
to study the policy gradient optimization (PG) in RL. In this chapter, inspired
by the PG results as well as other non-convex optimization problems in ma-
chine learning, I unify and generalize the previous non-uniform properties, and
propose a non-uniform analysis for general optimization, then apply it to both
PG in RL and generalized linear model training (GLM) in SL.

The results in this chapter appeared in Mei et al. (2021b).

4.1 Introduction

The optimization of non-convex objective functions is a topic of key interest
in modern-day machine learning. Recent, intriguing results show that simple
gradient-based optimization can achieve globally optimal solutions in certain
non-convex problems arising in machine learning, such as in reinforcement
learning (RL) (Chapter 2), supervised learning (SL) (Hazan et al., 2015),
and deep learning (Allen-Zhu et al., 2019). While gradient-based algorithms
remain the method of choice in machine learning, the convergence of such
algorithms to global minimizers has still only been established in restrictive
settings where one can assert two strong assumptions about the objective
function: (i) that the objective is smooth, and (7i) that the objective satisfies
a gradient dominance over sub-optimality such as the Lojasiewicz inequality.
We will find it beneficial to recall the definitions of these properties. For the
remainder of this chapter let © = R%.
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Definition 4 (Smoothness). The function f:© — R is B-smooth (8 > 0) if
it is differentiable and for all 0,0" € ©,

’f(Q’)—f(H)—<dfd—(;>,9’—9>‘ <2y o (1)
Definition 5 (Kurdyka (1998), Lojasiewicz (1963), and Polyak (1963)). The
differentiable function f : © — R satisfies the (C,&)-Lojasiewicz inequality if
for all 0 € O,

H df ()

0 > (O - (f(é’) — inf f(@))l_g, (4.2)

0cO

2

where C' > 0 and & € [0, 1].

In particular, if an objective function f satisfies both assumptions, gradient-
based optimization can be shown to converge to a global minimizer by not-
ing first that uniform smoothness Eq. (4.1) ensures the gradient updates

achieve monotonic improvement with an appropriate step size, i.e., we have,

for 9t+1 <— 915 — % : Vf(6t>,

(1) < F(8) — % AV F@IE. (4.3)

while the Lojasiewicz inequality Eq. (4.2) ensures the gradient does not van-
ish before a global minimizer is reached. Several global convergence results
have recently been achieved in the machine learning literature by exploiting
assumptions of this kind. For example, in reinforcement learning it has re-
cently been shown that policy gradient (PG) methods converge to a globally
optimal policy (Chapter 2); in supervised learning it has been shown that
gradient descent (GD) methods converge to global minimizers of certain non-
convex problems (Hazan et al., 2015); and in deep learning theory it has been
shown that (stochastic) GD can converge to a global minimizer with an over-
parameterized neural network (Allen-Zhu et al., 2019).

However, previous work that relies on the two uniform conditions in Defi-
nitions 4 and 5 assumes universal constants § and C', which ignores important
problem structure and limits both the applicability of the results and the

strength of the results that can be obtained.
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In this chapter, we expand the class of problems for which gradient-based
optimization is globally convergent, develop novel gradient-based methods that
better exploit local structure, and improve the convergence rate analysis. We
achieve these results by first defining then investigating a new set of non-
uniform smoothness and Lojasiewicz inequalities, which generalize the classi-
cal definitions and allow a refined characterization of the space of objectives.
Given these refined notions, we then tailor novel gradient-based algorithms
that improve previous methods for these new problem classes, and extend the
analysis to exploit these new forms of non-uniformity, achieving significantly
stronger convergence rates in many cases. Importantly, these improvements
are achieved in non-convex optimization problems that arise in relevant ma-
chine learning problems.

The remainder of this chapter is organized as follows.

First, in Section 4.2 we illustrate how natural optimization problems,
including those in machine learning, exhibit interesting local structure that
cannot be adequately captured by the uniform smoothness and Lojasiewicz
inequalities.

Second, Section 4.3 introduces the the Non-uniform Smoothness (NS)
property and the Non-uniform Lojasiewicz (NL) inequality, based on which
Section 4.5 provides non-uniform analyses.

Finally, Sections 4.6 and 4.7 then present new results for policy gradient

and generalized linear models respectively.

4.2 Motivation

To illustrate the significance of non-uniformity in machine learning problems,
we consider examples motivated by recent theoretical (Wilson et al., 2019;
Zhang et al., 2019) (and Chapter 2) and empirical studies (Cohen et al., 2021).

Regarding smoothness, it is clear that a uniform smoothness constant
cannot always adequately characterize an objective over its entire domain. For
example, the convex function f : x — 2 cannot be informatively characterized

by a uniform smoothness constant 3 because its Hessian f” : o + 12 - 22 has
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the property that f”(z) — oo as |z| — oo, and f”(z) — 0 as |z| — 0. Varying
smoothness of this kind has motivated the study of alternative definitions to
explain, for example, the effectiveness of gradient clipping in training neural
networks and normalization in optimization (Wilson et al., 2019; Zhang et al.,
2019). Meanwhile Cohen et al. (2021) present neural network training results
that cannot be well explained using the standard smoothness condition of
Definition 4.

Regarding the Lojasiewicz inequality, our study of policy gradient opti-
mization in Chapter 2 has shown that, with the standard softmax parameteri-
zation, the expected return objective cannot satisfy any Lojasiewicz inequality
with a universal constant C' (Remark 1), which removes the possibility of using
(Definition 5) to prove convergence. By introducing a non-uniform version of
the Lojasiewicz inequality (Lemmas 3 and 8), we were able to show a global

convergence rate for the same problem.
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(a) MSE landscape in GLM (b) Sub-optimality £(6;)

Figure 4.1: Non-uniform landscape of non-convex function.

Fig. 4.1 illustrates another example of a non-convex objective, which arises
in supervised learning. Subfigure (a) visualizes the mean squared error (MSE)
of a generalized linear model (GLM) (Hazan et al., 2015), which is not only
non-convex but also highly non-uniform. As a “teaser”, subfigure (b) com-
pares the convergence behavior of two algorithms: standard gradient descent
(GD), which suffers from slow convergence on the plateaus due to the non-
uniformity of the objective, and an alternative algorithm (GNGD), soon to

be introduced. This figure previews how proper handling of non-uniformity in
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the optimization landscape can enable significant acceleration of optimization

progress, including a quick escape from landscape plateaus.

4.3 Non-uniform Properties

The main results in this chapter depend on two core concepts, Non-uniform
Smoothness (NS) and Non-uniform Lojasiewicz (NL) inequality. The NS prop-
erty is a new, intuitive generalization of smoothness. The NL inequality is a
new proposal that generalizes previous Lojasiewicz inequalities as well as spe-
cial NL inequalities in Chapter 2. Our key contribution is to show that the
combination of these two non-uniform concepts is particularly powerful, ap-
plicable to important non-convex objectives in machine learning, and allows

the development of improved algorithms and analysis.

4.3.1 Non-uniform Smoothness (NS)

The first main concept we leverage is a new generalized notion of smoothness

that depends on the parameters non-uniformly.

Definition 6 (Non-uniform Smoothness (NS)). The function f : © — R
satisfies 5(6) non-uniform smoothness if f is differentiable and for all 6,0" €
O,

1) - 10 - (TP o) < Doz

where (5 is a positive valued function: B : 0 — (0, 00).

We will refer to () in Definition 6 as the NS coefficient. This alternative
definition generalizes and unifies several smoothness concepts from the recent
literature. First, NS clearly reduces to Eq. (4.1) with (0) = f. However, NS

also generalizes the notion of (Lo, L;) smoothness from Zhang et al. (2019)
2

by using 5(0) = Lo + Ly - [Vf(8)ll,. By using (0) = c- [Vf(O)[5", NS
also reduces to the notion of strong smoothness of order p proposed in Wilson
et al. (2019). Finally, with 8(0) = ¢/ ||6?||12], NS reduces to a special form of

non-uniform smoothness considered in Lemma 19. We will show later that
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NS also covers other previously unstudied smoothness variants. Below we
will demonstrate the key benefits of Definition 6 in terms of its generality,
better convergence results, and practical implications in conjunction with the

NL inequality.

4.3.2 Non-uniform Lojasiewicz (NL) Inequality

The second main concept we leverage is a new generalized Lojasiewicz inequal-

ity introduced in Lemma 3 in Chapter 2:

Definition 7 (Non-uniform Lojasiewicz (NL)). The differentiable function
f:© = R satisfies the (C(0), &) non-uniform Lojasiewicz inequality if for all
0 e 0o,

> C(0) - 1£(0) = £(01)F, (4.5)

2

&
do

where £ € (—o0,1], and C(0) : © — R > 0 holds for all 0 € ©. In this
definition, either 0* = argmingeg f(0), or f(0%) is replaced with infy f(6) if

the global optimum is not achieved within the domain ©.

Definition 7 extends the classical “uniform” Lojasiewicz inequalities in op-
timization literature, such as the Polyak-Lojasiewicz (PL) inequality with
Cl) = C > 0 and ¢ = 1/2 (Lojasiewicz, 1963; Polyak, 1963); and the
Kurdyka-FLojasiewicz (KL) inequality! by setting C(0) = C > 0 (Kurdyka,
1998). We refer to & as the NL degree (Definition 1) and C() as the NL coef-
ficient (Definition 3). Generally speaking, a larger NL degree £ and NL coef-
ficient C'(0) indicate faster convergence for gradient based algorithms. Chap-
ter A provides an overview of remarkable non-convex functions that satisfy
the NL inequality for various £ and C(#). As stated, our main contribution is
to show how, when combined with NS, NL becomes a powerful tool for both

algorithm design and analysis, which is a novel direction of investigation.

!The KL inequality is violated at bad local optima, since vanishing gradient norm cannot
dominate non-zero sub-optimality gap. Therefore Definition 7 actually recovers global KL
inequality.
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4.4 Geometry-aware Gradient Descent

A key benefit of the non-uniform definitions is that we can introduce step-
size rules that make gradient descent adapt to the local “geometry” of the

optimization objective. First consider the classical gradient decent update.

Definition 8 (Gradient Descent (GD)).
Ori1 < 0 — - V f(6r). (4.6)

The key challenge with deploying GD is choosing the step size n; if 7 is too
large, instability ensues, if too small, progress becomes slow. Recall from the
Eq. (4.3) that n = 1/5 is a canonical choice for assuring convergence in uni-
formly B smooth objectives. This suggests that in the presence of non-uniform
smoothness 5(6) given in NS, the stepsize should be adapted to 1/3(#). This

leads to a new variant of normalized gradient descent.

Definition 9 (Geometry-aware Normalized GD (GNGD)).

Vf(6:)
B

0t+1 < 9,5 —-n- (47)

Key to making this approach practical will be efficient ways to measure (or
bound) 5(6). Below we will show how in the context of NS and NL properties,
GNGD can be made both practical and extremely efficient at solving various
global optimization problems in machine learning. These results also broaden
our fundamental knowledge of the set of objectives that admit efficient global

optimization.

4.5 Non-uniform Analysis

4.5.1 Main Theorem

Our first main contribution in this chapter is an analysis for GD and GNGD
based in the presence of non-uniform properties. For minimization problems,

we assume infy f(6) > —oo (supy f(€) < oo for maximization problems).
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Theorem 16. Suppose f : © — R satisfies NS with 5(0) and the NL inequality

with (C(0),€). Suppose C = infy;>1 C(0;) > 0 for GD and GNGD. Let 6(0) =

f(8) — f(0%) be the sub-optimality gap. The following hold:

(1a) if () < c-6(0)% with £ € (—o0,1/2), then the conclusions of (1b)
hold:

1-2¢

(1b) if BO) < ¢ |[Vf(O)|, " with & € (—00,1/2), then GD with n € O(1)
achieves 6(6;) € @(1/tﬁ), and GNGD achieves 5(6;) € O(e™").

(2a) if B(O) < Lo+ Ly - [[Vf(0)|,, then the conclusions of (2b) hold;

(2b) if B(0) < Lo WL 1 L, - |V £(0),. then GD and GNGD both achieve
5(0:) € O(l/tﬁ) when € € (—00,1/2), and O(e="*) when & = 1/2.
GNGD has strictly better constant than GD (1 > C > C?).

1-2¢

(3a) if B(0) <c-|[VFO)|, " with € € (1/2,1), then the conclusions of (3b)
hold;

(3b) if B(0) < c-6(0)' 2 with £ € (1/2,1), then GD with n € ©(1) does not
converge, while GNGD achieves 6(6;) € O(e™").

Remark 9. The cases (1)-(3) cover all three possibilities of 5(6%). Since
0* is the global minimum, V2 f(0*) is positive semi-definite (negative if 6* is
mazximum,) if it exists.
(1) If V2f(6*) =0, then B(0) — 0 as 6,0 — 6*, which means the landscape
around 6* is flat.
(2) If V2 f(0*) has at least one strictly positive (negative) eigenvalue, then
BO) — >0 ash,0 — 6.
The cases (1)-(2) also cover the situations where the Hessian V?f(0*) does
not exist but one can find a finite 5(6*) > 0 to upper bound the lh.s. of
Definition 6.
(3) The case (3) is for blow-up type non-existence of V2 f(0*), where 3(6*)

18 unbounded.

Remark 10. In Theorem 16, the NL coefficient C' = inf;>; C(60;) is related

to the early optimization and plateau escaping behavior studied in Chapter 3.
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Property / Set Convex set
A NS B(6*) =0 [@) all convex NS
B NS 5(0*) >0 BF strongly convex NS
C NL £<1/2 @\ BF | (not strongly) convex NS
T U2 [ Nomcomes st |
F strongly convex L
(AUB)NC | all NS-NL [ B(0%) < o in this diagram

Figure 4.2: Different function classes for 5(6*) < co. We use a label notation
where, e.g., C denotes the set of all functions that satisfy property C, and
ACE = ANCnNE. The two largest ellipsoids correspond to A U B and C.
We study the following four non-convex function classes in (A UB)NC, i.e.,
W = AC\ (ADUACE), X = AD \ ADE, Y := BC\ (BD U BCE), and
Z :=BD\ (BDE UBF).

It remains open to study whether GNGD can be combined with the alternative

escort parameterizations in Definition 2 to further improve C'.

Note that (1b) recovers the strong smoothness of order p with p = 1/£ in
Wilson et al. (2019), and (2a) recovers the (Lo, L;) smoothness of Zhang et
al. (2019). The results here consider more general NL functions and establish
faster rates of convergence. The other cases have not been studied in literature
to our knowledge. In Sections 4.6 and 4.7 below we study practical machine
learning examples that are covered by cases (1) and (2) in Theorem 16. Other

cases of different 5(0) and £ are discussed below for completeness.

4.5.2 Function Classes

Before applying these results to problems in machine learning, we first provide
a refined characterization of function classes organized by their NS and NL
properties. This also clarifies the relation between the non-uniform properties

and standard notions of convexity and smoothness; see Fig. 4.2.

Proposition 7. The following hold for an objective f:
(1) DC C. If f satisfies NL with degree £, it satisfies NL with degree £ < &;
(2) FCD. A strongly convex [ satisfies NL with £=1/2;
(8) FNA = 0. A strongly convex f cannot satisfy NS with 3(6) — 0 as
0,0 — 0*;
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(4) ECC. A (not strongly) convex [ satisfies NL with £=0.

The next proposition provides concrete examples for each convex function

class in (AU B) N C in Fig. 4.2.

Proposition 8. The following results hold:

(1) ACE # 0. There exists at least one (not strongly) convex function which
satisfies NL with £ < 1/2 and NS with B(0) — 0 as 6,0 — 6*.

(2) ADE # (). There exists at least one (not strongly) convex function which
satisfies NL with & > 1/2 and NS with 5(0) — 0 as 0,0 — 6*.

(8) BCE # 0. There exists at least one (not strongly) convex function which
satisfies NL with £ < 1/2 and NS with B(0) — >0 as 6,0 — 6*.

(4) BDE # (). There exists at least one (not strongly) convex function which
satisfies NL with € > 1/2 and NS with 5(0) — 8> 0 as 0,0 — 6*.

(5) BF# 0. There exists at least one strongly convex function which satisfies

NS with B(6) — B> 0 as 0,6 — 0*.

A more interesting result considers examples in the classes of non-convex
functions (AU B)NC in Fig. 4.2. The non-uniform analysis above largely still

applies to these problems, even when standard convex analysis cannot apply.

Proposition 9. The following results hold:

(1) W= AC\(ADUACE) # 0. There exists at least one non-convex function
which satisfies NL with £ < 1/2 and NS with 5(6) — 0 as 0,60 — 0*.

(2) X == AD\ ADE # (). There exists at least one non-convez function which
satisfies NL with £ > 1/2 and NS with 5(0) — 0 as 0,0 — 6*.

(3) Y = BC\ (BDUBCE) # (). There exists at least one non-convez function
which satisfies NL with & < 1/2 and NS with 5(6) — 8> 0 as 6,0 — 0*.

(4) Z := BD\(BDEUBF) # (. There exists at least one non-convez function
which satisfies NL with & > 1/2 and NS with B(0) — 6 >0 as 0,0 — 0*.

We next apply the techniques to a class of convex functions, achieving

results that cannot be explained by classical convex-smooth analysis.

Proposition 10. The convex function f : x +— |z|P with p > 1 satisfies the
NEL inequality with € = 1/p and the NS property with B(x) < ¢ - §(x)=%.
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Consider any p > 2, such as p = 4, where it follows that f satisfies NL
with degree £ = 1/4 < 1/2. According to (1a) in Theorem 16, GD will achieve
§(z;) € ©(1/t?), while GNGD attains §(x;) € O(e~¢*) (where ¢ > 0). Note
that standard convex analysis can only give a O(1/t) rate on (not strongly)
convex smooth functions. The ©(1/t?) rate for GD here follows from using
NL degree ¢ = 1/4, which improves on ¢ = 0 from mere convexity ((4) in
Proposition 7). The O(e~“") rate has also been observed for this example by
exploiting strong smoothness ((1b), as noted) (Wilson et al., 2019). Fig. 4.2

provides a more general understanding of when this happens.

4.5.3 Existing Lower Bounds

Q(1/t?) lower bound for convexity-smoothness. Note that GNGD sat-
isfies

t

s =y = 3 e V() € Spanan, V() VIG)}, (48)

which is a first-order oracle (Nesterov, 2003). Thus there exists a worst-case
objective in the convex-smooth class that forces §(x;) € Q(1/t?) for t € O(n),
where n is the parameter dimension (Bubeck et al., 2015; Nemirovski and
Yudin, 1983; Nesterov, 2003). This is not a contradiction, since the lower
bound is established by constructing a convex smooth function with a constant
B > 0 (Bubeck et al., 2015), and S(z) — > 0 as x,2" — x* in Definition 6.
Hence, the Q(1/t?) result covers some functions in BCE in Fig. 4.2. Meanwhile
f:x— |z|P with p > 2 satisfies () — 0 as z, 2" — 0 in Definition 6 (ACE in
Fig. 4.2), which implies that the standard convex-smooth class consists of two
subclasses. One subclass (BCE) admits first-order sub-linear lower bounds,
while the other (ACE) allows linear convergence using first-order methods.
This illustrates the necessity of non-uniformity in subdividing the NS class as
A UB in Fig. 4.2. This partition also inspires geometry-aware GD.

As shown in Proposition 10, with p € (1,2), f : x + |z|P satisfies NL
inequality with ¢ = 1/p € (0,1/2). As shown in Fig. 4.3(a), the spectral

radius of Hessian approaches 0 as © — 0, which is the case (1) in Theorem 16.
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Figure 4.3: GD and GNGD on f: z — |z|P, p = 4.

Subfigure (c) shows that the standard GD with constant learning rate
n = 0.01 achieves sublinear rate about O(1/t?), while subfigure (b) shows that
GNGD with = 0.01 enjoys linear rate O(e~ "), verifying Theorem 16.

Q(1/4/t) lower bound for (L, L;)-smoothness. For 3() = Ly + L, -
IVf(@)]]2 ((2a) in Theorem 16) with Lo, L1 > 1, standard normalized GD
is subject to a Q(1/v/t) lower bound (Zhang et al., 2019). However, in Sec-
tion 2.3, we will show that normalized policy gradient (PG) method achieves
a linear rate of O(e™“*). Again, this is not a contradiction for similar reasons.
With Ly > 1, B(0) — Lo > 0 as 6,0 — 0%, the Q(1/y/t) lower bound will
hold for some functions in BCE U Y in Fig. 4.2. While in Section 2.3 the
objective satisfies Ly = 0 and Ly > 0, hence 5(0) — 0 as 6,0' — 6* (ACEUW
in Fig. 4.2). This shows a similar separation of rates for first-order methods
will also occur based on NS conditions. Furthermore, in Section 4.7, we will
show that both GD and GNGD achieve a O(e™“*) rate for GLM, but here the
objective is in Z in Fig. 4.2 so the lower bounds do not apply.

4.5.4 Unbounded Hessian

Consider any p € (1,2), such as p = 3/2 where f satisfies £ = 2/3. According
to Theorem 16(3a), GD diverges since the Hessian is unbounded near 0. This
makes it necessary to introduce geometry-aware normalization to ensure con-
vergence, which is verified in Fig. 4.4. This has practical implications for RL,

for example ensuring exploration using state distribution entropy, which has
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unbounded Hessian near probability simplex boundary (Hazan et al., 2019)
and alternative escort probability transforms when p € (1,2) (Definition 2).

As shown in Proposition 10, with p € (1,2), f : x — |z|P satisfies NL
inequality with € = 1/p € (1/2,1), which is the case (3) in Theorem 16. The
function f is differentiable, and the Hessian |f(z)| = p- (p—1) - |2]" > — oo,
as  — 0, which indicates GD with n € ©(1) does not converge.

Fig. 4.4(a) shows the image of f : x — |z|°. As shown in subfigure (b),
the gradient of f exists at x = 0, and the Hessian |f”(x)| — oo as @ — 0. The
results of GD with n = 0.005 and GNGD are presented in subfigure (c). The
sub-optimality of GD update decreased for some time, and then it increased
later. This is due to the Hessian is unbounded near x = 0, and thus constant
learning rates cannot guarantee monotonic progresses for GD. On the other
hand, GNGD with = 0.01 enjoys O(e™“") convergence rate, verifying the
results in the case (3) in Theorem 16.

3 3.5 0

25 3

3oL|— ¢@p
——GNGD|

200 400 600 800 1000
t

(a) f x|z (b) gradient and Hessian (c) logd(zy)

-2 -1 0 1 2

Figure 4.4: GD and GNGD on f: x — |z|P, p = L.5.

4.6 Geometry-aware Normalized Policy Gra-
dient

Our second main contribution is to show that the expected return objective
considered in direct policy optimization in RL falls under the function class W
in Fig. 4.2, in particular satisfying case (1) of Theorem 16 with NL degree £ =
0. The key point is that value functions in Markov decision processes (MDPs)

satisfy NS properties with coefficient being the PG norm (Lemmas 21 and 24).
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This novel finding not only provides a much more precise characterization than
existing standard smoothness results in Lemma 7, but also enables PG with
normalization to use the NL inequalities (Lemmas 3 and 8) differently than
for standard PG (|[V£(8)]l, vs. |[V£(8)]|3), which leads to faster convergence

as well as plateau escaping.

4.6.1 Convergence Rate: One-state MDPs

We first illustrate some key insights for one-state MDPs with K actions and
v = 0. The value function Eq. (2.1) reduces to expected reward Eq. (2.12),

Ik oL 1) 9

where r € [0,1]%, 0§ € RX, and my = softmax(f). In Chapter 2, we have
shown that even though maxg 7y r is a non-concave maximization, global
convergence can be achieved with a O(1/t) rate using uniform smoothness
and the NL inequality of Lemma 3. Let a* be the optimal action. Denote

7 = argmax_ ., 7' 7. Then,

Note that Lemma 3 is not improvable in terms of the coefficients C(0) =

-
dmyr

0 > m(a*) - (7* — 7). (4.10)

2

me(a*) and & = 0 as shown in Remark 1 and Lemma 17 respectively. However,
this result is based on only using a uniform smoothness coefficient § = 5/2
in Lemma 2, which even empirical evidence suggests can be significantly re-
fined. To illustrate, we run standard policy gradient (PG) on a 3-action one-
state MDP. As shown in Fig. 4.5(a), PG first goes through a long suboptimal
plateau, and then eventually escapes to approach 7*. Fig. 4.5(b) presents the

spectral radius of the Hessian and the PG norm 3 - Hdi;—gir ‘2 as functions of
time t. It is evident that the smoothness behaves non-uniformly: it is close
to zero at the suboptimal plateau and near 7*, highly aligned with the PG
norm. Compared to any universal constant 3, the PG norm characterizes
the non-uniform landscape information far more precisely. We formalize this

observation by proving the following key result:
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Lemma 21 (NS). Denote 0 = 6 + ¢ - (0’ — 0) with some ( € [0,1]. For

any r € [0,1]%, 6 — 7] r satisfies 5(6;) non-uniform smoothness with 3(6;) =

dr] v
3. ‘ Y
. ||,
1r 0.8
V27,7 spectral radius
f o7 ;
08t — 3|V,
0.6
[ES— 7l',,T r
' 0.5
06y 0, (a”)
0.4
0.4} 0.3
0.2
0.2
0.1 M
0 | | 0 . e
0 500 1000 1500 2000 0 500 1000 1500 2000
t t
(a) ﬂ'eTt r and 7y, (a*) (b) Hessian spectral radius and PG norm

Figure 4.5: PG results on r = (1.0,0.8,0.1)".

Comparing Lemma 21 with (1b) in Theorem 16, we have £ = 0, and GNGD
requires normalizing 5(6;), which is the PG norm of 6, rather than §. However,

¢ is unknown. Fortunately, the next lemma shows that, if we still normalize
d’fl';—’l’

the PG norm of 0, the 5(6;) in Lemma 21 can be upper bounded by ‘ 5

Y

2
given the learning rate is small enough:

dﬂgr
do

Lemma 22. Let 0/ =60+ - d’;{ﬂ;T/ ‘ . Denote 0 =0+ (- (0" — 0) with
2

some ¢ € [0,1]. We have, for all n € (0,1/3),

Next, the NL coefficient my(a*) is bounded away from 0, which provides

d7r9TC r
b,

dmyr
do

! ’ (4.11)

.,  1—3n

2

constants in the convergence rate results.

Lemma 23 (Non-vanishing NL coefficient). Using normalized policy gradient

method, we have inf;>; 7y, (a*) > 0.

To this point, we demonstrate that the non-concave function m, r satisfies

(1b) in Theorem 16 with & = 0 in each iteration of normalized PG*: Lemmas 21

2This essentially means we prove that a uniform Lojasiewicz inequality holds for the

5



dTreTt r
dOy

and 22 show that the NS coefficient 5(6;,) < ¢ - ‘

dn] r

, while Lemmas 3
2

and 23 guarantee T

‘ > ¢y (m* —mg,) . Therefore, combining Lemmas 3
2
and 21 to 23, we prove the global linear convergence rate O(e~“") of normalized

PG:

T
dmg T

) ) dr] r .
Theorem 17. Using normalized PG 6,1 = 0; +n - dzz /’ o ) with n =
1/6, for all t > 1, we have,
* T * T _el-1)
(m" —mg,) r < (n*—mg,) r-e 1z | (4.12)

where ¢ = infy>y mp,(a*) > 0 is from Lemma 23, and c¢ is a constant that

depends on r and 01, but not on the time t.

Remark 11. If my, is uniform, i.e., mg,(a) = 1/K, V a € [K], then we have
c > 1/K in Theorem 17. This can be proved by showing that m,, (a*) >

7o, (a*), similar to Proposition 2

4.6.2 Geometry-aware Normalized PG (GNPG)

Next, we generalize from one-state to finite MDPs, using the GNPG? on value

function, as shown in Algorithm 2.

Algorithm 2 Geometry-aware Normalized Policy Gradient
Input: Learning rate n > 0.
Initialize parameter 6, (s, a) for all (s, a).
while ¢t > 1 do
Opp1 < 0, +1n - 8‘/391(“) / H avagtt(u)

end while

2.

4.6.3 Convergence Rate: General MDPs

For general finite MDPs, we assume “sufficient exploration” for the initial

state distribution u, which is from Assumption 2. The initial state distribution

entire sequence {6;},-,, but this does not imply that the NL condition is unnecessary. As
shown in Remark 1, Lojasiewicz-type inequalities with constant C' > 0 cannot hold. It can
only become uniform after specifying an initialization 6; and an algorithm (in this case, PG).
Otherwise, uniform Lojasiewicz cannot hold since initialization can make the NL coefficient
mo(a*) arbitrarily close to 0.

3We use GNPG as the name of Algorithm 2, since NPG is usually used to refer to the
natural PG algorithm in RL literature (Kakade, 2002).
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satisfies

min p(s) > 0. (4.13)

S

Given Assumption 2, in Theorem 4, we prove a O(1/t) rate using uniform

smoothness and the NL inequality of Lemma 8. We have, V § € RS*A,

-1
V™ () 1|45 - : " ~

|25 = || it ) ) - v a1

where S = |S] is the total number of states, and a*(s) is the action that 7*

selects in state s. Here, the NL degree £ = 0 is not improvable as shown in
Lemma 18. In one-state MDPs with S = 1, Lemma 8 recovers Lemma 3 with
the same NL coefficient C'(0) = my(a*), indicating that C'(f) in Lemma 8 might
also be unimprovable. On the other hand, the uniform smoothness considered
in Lemma 7, i.e., 3 = 8/(1 —~)? is too conservative, particularly when 7 is
close to 1. Our next key result shows that the policy value also satisfies a
stronger NS property, with the NS coefficient being the PG norm, generalizing

Lemma 21:

Lemma 24 (NS). Let Assumption 2 hold and denote §; = 0+ (- (0’ —0) with
some ¢ € [0,1]. 0 — V7™ (u) satisfies B(0;) non-uniform smoothness with

2-(Co—(1— V™ (p
B ={3+ ] LR H : 4.15
(@) (T=7)-v 39: 2 )
where Co = max, i/ < —1 <.
ming u(s)

e}

In one-state MDPs with v = 0 and S = 1, we have C, = 1 — ~. Thus

Lemma 24 reduces to Lemma 21 with the same NS coefficient 5(6;) = 3 -
dﬁ(jcr
b,

Similar to Lemma 22, if we use Algorithm 2 with small enough

learning rate, then 5(6;) in Lemma 24 is upper bounded by the PG norm of
0:

_ A=)y 1 _ av 0( AV™ (1)
Lemma 25. Letn = g 1ao—a oy 75 @ 0 = 0+n- /H
Denote 0, =60+ (- (0" — 6) with some ¢ € [0,1]. We have,
o )
HM <2. Hav W (4.16)
a0 ||, a0 ||,

7



Next, the NL coefficient ming my(a*(s)|s) in Lemma 8 is lower bounded

away from 0:

Lemma 26 (Non-vanishing NL coefficient). Let Assumption 2 hold and let
{0:}4>, be generated by Algorithm 2. We have, ¢ := infes t>1 7o, (a*(s)[s) > 0.

Now we have the non-concave function V7 (p) satisfies (1b) in Theorem 16
with & = 0 in each iteration of Algorithm 2. Therefore, combining Lemmas 8
and 24 to 26, we prove the global linear convergence rate O(e°?) of Algo-

rithm 2:

Theorem 18. Let Assumption 2 hold and let {Qt}t21 be generated using Al-

gorithm 2 with learning rate

(1—-7) -7 1
6-(1—7)-7+4-(C —(1=7)) VS’

4

n= (4.17)

dTl'
where Cy = max, £

[
. Denote C, = max,
[e.9]

constant from Lemma 26. We have, for all t > 1,

V() = V™ () - O | —ce-1)

. Let ¢ be the positive

[e.9]

Vi(p) = V™ (p) < T (4.18)
where
- A7) c L
C_12-(1—7).7+8.(000_(1_7)) g ' Il (4.19)

Not only the O(e™“*) rate in Theorem 18 is faster than O(1/t) for standard
PG without normalization, but also the constant is better than Theorem 4.
The strictly better dependence ¢ (> ¢* in PQ) is related to faster escaping

plateaus as shown in Chapter 3.

Remark 12. The conclusion of GNPG has better constants than PG (¢ >
c?) arises from upper bounds (Theorems 4 and 18), which is also supported
by empirical evidence. According to Theorem 11, there exists a lower bound
that shows ¢ cannot be removed for PG under one-state MDP settings. For
finite MDPs, very recently, Li et al. (2021) show that for softmax PG (without
normalization), ¢ can be very small in terms of the number of states. It remains

open to consider whether ¢ is reasonably large for GNPG.
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Remark 13. To our knowledge, existing PG variants can achieve linear con-
vergence O(e=“) only if using at least one of the following techniques: (a)
regularization; In Theorem 6, we prove that entropy reqularized PG enjoys
O(e~ ") convergence toward the regularized optimal policy. (b) natural gra-
dient; Cen et al. (2020) prove that entropy regularized natural PG achieves
linear convergence toward requalrized optimal policy. (c¢) exact line-search;
Bhandari and Russo (2020) prove that without parameterization, PG variants
with exact line-search achieve linear rates by approximating policy iteration.
Among the above techniques, reqularization changes the problem to reg-
ularized MDPs, while natural PG and line-search require solving expensive

optimization problems to do updates, since each update is an arg max.

On the contrary, Algorithm 2 enjoys global O(e~¢*) rate (i) without using
regularization, since Algorithm 2 directly works on the original MDPs; (i)
without solving optimization problems in each iteration, and the normalized
PG update is cheap. The strong results rely on the NS and NL properties,
and also the geometry-aware normalization that takes advantage of the non-

uniform properties.

Remark 14. According to Theorem 10, standard softmax PG of Algorithm 1
with bounded learning rate follows Q(1/t) lower bound, which is consistent with
the case (1) in Theorem 16. Algorithm 2 achieves faster linear convergence
rates, indicating that the adaptive update stepsize n/ ||VV™(p)l|, is asymptot-

ically unbounded, since ||VV ™ (p)||, = 0 ast — oo.

4.6.4 Empirical Verification

We compare PG and GNPG on the one-state MDP problem as shown in
Fig. 4.6. Fig. 4.6(a) shows that GNPG escapes from the sub-optimal plateau
significantly faster than PG, while Fig. 4.6(b) shows that GNPG follows linear
convergence O(e~ ") of sub-optmality, verifying the theoretical results.

Fig. 4.7 shows the results for PG and GNPG beyond one-state MDPs. The

environment is a synthetic tree with height h and branching factor b. The total
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Figure 4.6: PG and GNPG on r = (1.0,0.8,0.1) .

number of states is

S=>) . (4.20)

The discount factor v = 0.99, and we set u = p (e.g., in Algorithm 2 and
Theorem 18), where p(so) = 1 for the root state so. For PG, in each iteration,
we calculate the policy gradient (Lemma 1) to do one update. For GNPG,
Algorithm 2 is used.

Subfigures (a) and (b) show the results for h = b = 4, and S = 85. The
learning rate is n = 0.02 for PG and GNPG. Subfigures (c) and (d) show the
results for h = 5 and b = 4, and S = 341. The learning rate is n = 0.05 for
PG and GNPG.

4.7 Generalized Linear Models

Next, we investigate the generalized linear model (GLM) with quasi-maximum
likelihood estimate (quasi-MLE), which applied widely in supervised learning.
We show that the mean squared error (MSE) of GLM is in the non-convex
function class Z in Fig. 4.2, and it satisfies the case (2) in Theorem 16 with £ =
1/2. As a result, both GD and GNGD achieve global linear convergence rates
O(e~?), significantly improving the best existing results of O(1/v/t) (Hazan
et al., 2015). We also provide new understandings of using normalization in

GLM based on our non-uniform analysis.
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Figure 4.7: Results for PG and GNPG on tree MDPs. In (a) and (b), S = 85.
In (c) and (d), S = 341.

4.7.1 Basic Settings and Notations

Given a training data set D = {(x;, ¥;) }i[nv], Which consists of N data points,
there is a feature map z; — ¢(z;) € R? for each pair (z;,y;) € D. We
denote ¢; == ¢(z;) for conciseness. For each data point z;, we have y; € [0, 1]
as the ground truth likelihood. Following Hazan et al. (2015), our model is
parameterized by a weight vector § € R? as |

1
— Ty —
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where 0 : R — (0,1) is the sigmoid activation. The problem is to minimize

the mean squared error (MSE),
N

min £(0) = min% : Z (7 — :)*. (4.22)

9 d
0cR 1

We assume y; = 77 = o(¢; 0*), where §* € R? and [|6*|, < oo, which
means the target y; is realizable and non-deterministic. According to Hazan
et al. (2015), the MSE in Eq. (4.22) is not quasi-convex (thus not convex).
Fortunately, Hazan et al. (2015) manage to show that Eq. (4.22) satisfies a
weaker Strictly-Locally-Quasi-Convex (SLQC) property, based on which they

prove the following result:

Theorem 19 (Hazan et al. (2015)). With diminishing learning rate n, €
O(1/v/t), the normalized gradient descent (NGD) update 0,41 < 6, — 1, -

AL(0¢) OL(6:)
aet / H satzsﬁes,

5(6,) == L(6,) — L(0) € O(1/V/1), (4.23)
where 0% == arg miny L£(0) is the global optimal solution.

4.7.2 Fast Convergence using Non-uniform Analysis

Based on the O(1/y/t) rate for NGD in Theorem 19, Hazan et al. (2015)
propose to normalize gradient norm in MSE minimization. However, there is
no lower bound for other methods including GD on GLM, and thus it is not
clear if there exists a faster rate for GLM optimization.

Surprisingly, we prove that both GD and GNGD actually achieve much
faster rates of O(e™“") using the non-uniform analysis. Our first key finding

is to show that the MSE in GLM satisfies a new NL inequality with & = 1/2:

Lemma 27 (NL). Denote

u(f) = Iél&\rfl {mi-(1—m)}, and (4.24)
V= Iél&\rfl {m? - (1—=7))}. (4.25)
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We have,

L 3
> (0 [N > (m ] , (4.26)

=1

2

holds for all § € R?, where

C(0,¢0) =8 u(f) - min{u(d),v} -/ g, (4.27)
and Ay is the smallest positive eigenvalue of % . Zfil bid;

Remark 15. It is not clear if results similar to Lemma 27 hold without assum-
ing: (i) realizable optimal prediction y; = 75 = o(¢; 0*); (ii) non-deterministic
optimal prediction ||0*||, < co. We leave it as an open question to study non-

uniformity of GLM without the above assumptions.

In Lemma 27, A4 is determined by the feature ¢, and u(f) shows that the
gradient is vanishing when 7; is near deterministic, which is consistent with
the fact that the sigmoid saturates and provides uninformative gradient as the

parameter magnitude becomes large.
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(a) L(6;) and [[VL(O)]], (b) Hessian spectral radius and NS

Figure 4.8: Experiments on GLM using GD.

We run GD on one example with N = 10 and d = 2. As shown in Fig. 4.8,
the gradient norm [[V.L(6;)]|, is close to zero at plateaus and near optimum.
However, unlike the PG, the spectral radius of the Hessian V2£(6;) is only close
to zero at plateaus, while it approaches positive constant near optimum. This

indicates a different NS condition other than Lemmas 21 and 24 is needed,
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since only gradient norm — 0 cannot upper bound the spectral radius of

Hessian — [ > 0. With some calculations, we prove the following key results:

Lemma 28 (Smoothness and NS). £(0) satisfies 5 smoothness with

3 2
_ 9. , 4.9
B=3 Q%H@HQ» (4.28)

and $(0) NS with

dL(0) L0
=L ||—— Lo- | ||—— 0) . 4.2
) = 1| %G|+ £o (H o, /o (4.29)
At the optimal solution 6*, the spectral radius of the Hessian % is

strictly positive. Therefore, the MSE objective of Eq. (4.22) is in the non-
convex function class Z in Fig. 4.2, and it satisfies the case (2) in Theorem 16
with £ = 1/2. Combining Lemmas 27 and 28 and applying Theorem 16, we

have the following global linear convergence result:

Theorem 20. With n=1/5, GD update satisfies for all t > 1,

L(6,) < L(6;) - e D), (4.30)
With n € ©(1), GNGD update satisfies for all t > 1,

L£(6,) < L(6y) - e D, (4.31)
where C' € (0,1), i.e., GNGD is strictly faster than GD.

Theorem 20 significantly improves the O(1/v/t) rate in Theorem 19. The
key difference is that we discovered a new NL inequality of Lemma 27 that is
satisfied by GLMs.

In Theorem 20, we have C' = inf;>, C(6;, ¢), which is very close to zero if
m; is near deterministic, and GD suffers sub-optimality plateaus as shown in
Fig. 4.1. GNGD has strictly (orders of magnitudes) better constant depen-
dence C' > (C?, and escapes plateaus significantly faster than GD. Intuitively,
for the GLM in Fig. 4.1, C' in Theorem 16 is lower bounded reasonably if 6,

is initialized within some finite distance of the central valley containing 6*.
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Combining the NL and NS properties (Lemmas 27 and 28), we provide
new understandings of using normalization in GLM: (i) First, using standard
NGD (Hazan et al., 2015) for all ¢ > 1 is not a good choice. By examining the

asymptotic behaviour as § — 0*, we have 3(#) — 5 > 0. However, the nor-

malization H %(:)‘ , in standard NGD gives incremental updates with adaptive
stepsize — co. To guarantee convergence, it is necessary to use 1, — 0, which
counteracts normalization and slows down the learning, since it might not be
easy to find a learning rate scheme. This is consistent with the O(e™¢") result
for GD with n > 0 and without normalization in Theorem 20. (i) Second,
using geometry-aware normalization 5(6;) is a better choice than normalizing
the gradient norm ||V.L(6;)||,. We elaborate this point by investigating both the
asymptotic and the early-stage behaviours using NS-NL. Since 5(6;) — 5 > 0
asymptotically, GNGD is approaching GD as 6; — 6*, which makes GNGD
enjoy the same O(e ") rate. On the other hand, at early-stage optimiza-
tion (e.g., close to initialization in Fig. 4.1), when 6, is far from 6*, we have

thus 8(0;) < Haz(et) . Then GNGD is close to NGD, which guarantees
2
strictly better progresses than GD. This is because of the progress of GNGD

in each iteration at this time is about ||[V.L(6;)||,, while the progress of GD
is [[VL(6,)||3, and the gradient norm is close to 0 on plateaus. Using NL of
Lemma 27, GNGD will have strictly better constant dependence C' than C?
in GD.

4.7.3 Empirical Verification

Theorem 20 proves linear convergence rates O(e~“*) for both GD and GNGD
on GLM. We compare GD, NGD (Hazan et al., 2015), and GNGD on GLM,
as shown in Fig. 4.9.

Subfigure (a) presents the results of GD with n = 0.09 and GNGD with
n = 0.09. Both GD and GNGD achieve linear O(e™ ") rates, verifying Theo-
rem 20. GD suffers from the plateaus at the early-stage optimization, which
is consistent with Fig. 4.1 and the explanations after Theorem 20. On the
other hand, the slopes indicate that GNGD converges strictly faster than GD,

which justifies the constant dependences (C' > C?) in Theorem 20. Subfigure
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Figure 4.9: Convergence rates for GD, NGD, and GNGD on GLM.

(b) shows that standard NGD (Hazan et al., 2015) with constant learning rate
1n = 0.09 does not converge. The NGD update keeps oscillating, which veri-
fies our argument of using standard normalization for all ¢ > 1 is not a good
idea. Subfigure (c) presents the NGD using adaptive learning rate n, = %,
which has faster convergence than NGD with constant . However, GNGD
still significantly outperforms NGD with 7, = %, verifying the O(e™“*) in

Theorem 20 and O(1/+/t) in Theorem 19.

4.8 Summary

The main contributions of this chapter concern a general characterization and
analysis based on non-uniform properties, which are not only sufficiently gen-
eral to cover concrete examples, but also significantly improve convergence
rates over previous work and even over classical lower bounds. Importantly,
the techniques apply to important applications in machine learning that in-

volve non-convex optimization problems.
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Chapter 5

Understanding Stochasticity in
Policy Optimization

The results in Chapters 2 to 4 apply to true gradient settings. This chapter
extends the analysis and investigates the algorithms in stochastic gradient
settings. A new analytical tool, which I refer to as the committal rate, is
introduced and reveals interesting properties of stochastic policy optimization.

The results in this chapter appeared in the paper Mei et al. (2021a), which

has been submitted for review.

5.1 Introduction

Policy optimization is a central problem in reinforcement learning (RL) that
provides a foundation for both policy-based and actor-critic RL methods. As
shown in Chapters 2 to 4, recent findings indicate that policy gradient methods
can indeed be guaranteed to converge to globally optimal solutions at least in
the tabular setting, even if the policy value function is non-concave.

In particular, the standard softmax PG method with a constant learning
rate has been shown to converge to a globally optimal policy at a ©(1/t) rate
for finite MDPs (Chapter 2), albeit with challenging problem and initialization
dependent constants (Chapter 3). Several techniques have been developed to
further improve standard PG and achieve better rates and constants. For ex-
ample, adding entropy reqularization has been shown to produce faster O(e=¢")

convergence (¢ > 0) to the optimal regularized policy (Chapter 3 and Cen et al.
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(2020), Lan (2021), and Mei et al. (2020b)). By exploiting natural geometries
based on Bregman divergences, natural PG (NPG) or mirror descent (MD)
have been shown to achieve better constants than standard PG (Agarwal et al.,
2019; Cen et al., 2020) and faster O(e~“") rates, with (Cen et al., 2020; Lan,
2021) and without regularization (Khodadadian et al., 2021). Alternative pol-
icy parameterizations, such as the escort parameterization, have been shown
to improve the constants achieved by softmax and yield faster plateau escaping
(Chapter 3). A geometry-aware normalized PG (GNPG) approach has been
proposed to exploit the non-uniformity of the value function, achieving even
faster O(e~“") rates with improved constants (Chapter 4).

A key observation is that each of these four techniques— (i) entropy reg-
ularization, (ii) NPG (or MD), (iii) alternative escort policy parameteriza-
tion, and (7v) GNPG—accelerate the convergence of standard softmax PG by
better exploiting the geometry of the optimization landscape. In particu-
lar, entropy regularization makes the regularized objective behave more like
a quadratic (Lemma 15), which significantly improves the near-linear charac-
ter of the softmax policy value (Lemma 18). Natural PG (or MD) perform
non-Euclidean updates in the parameter space, which is quite different from
the Fuclidean geometry characterizing standard softmax PG updates. The es-
cort policy parameterization induces an alternative policy-parameter relation
(Lemma 20). GNPG exploits the non-uniform smoothness in the optimization
landscape via a simple gradient normalization operation (Lemma 24).

However, these advantages have only been established for the true gradient
setting. A natural question therefore is whether geometry can also be exploited
to accelerate convergence to global optimality in stochastic gradient settings.
In this chapter, we show that in a certain fundamental sense, the answer is
no. That is, there exists a fundamental trade-off between leveraging geometry
to accelerate convergence and overcoming the noise introduced by stochastic
gradients (possibly infinite); in particular, no uninformed algorithm can im-
prove the O(1/t) convergence rate without incurring a positive probability of
failure (i.e. diverging or converging to a sub-optimal stationary point).

The conditions used in vanilla stochastic gradient convergence analysis, i.e.,
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unbiased and variance-bounded gradient estimator (Nemirovski et al., 2009),
has been exploited to attempt to explain such a trade-off in policy gradients
(Abbasi-Yadkori et al., 2019; Lan, 2021). However, the bounded variance
requires the sample policy to be bounded away from zero everywhere, which is
impractical. Meanwhile, a variant of NPG can converge even with unbounded
variance (Chung et al., 2020). These gaps raise the question that if not the
bounded variance, then what is the key factor to ensure the convergence of
stochastic policy optimization algorithms? Motivated by this question, we
introduce the concept committal rate to characterize the behavior policies,
which significantly affect whether convergence to a correct solution can be
guaranteed in the stochastic on-policy setting. In particular, we make the
following contributions.

e First, we illustrate the anomaly that the preferability of policy optimiza-
tion algorithms (softmax PG vs. NPG and GNPG) changes dramatically
depending on whether true versus on-policy stochastic gradients are consid-
ered, and reveal the impracticality and unnecessity of a bounded variance
requirement in Section 5.2;

e Second, we introduce the concept of the committal rate in Section 5.3
to characterize how quickly a sampled action’s probability approaches 1,
which provide us tools for analyzing the stochasticity effect in convergences;

e Third, we use the committal rate to study general stochastic policy opti-
mization behaviors rigorously and reveal the inherent geometry-convergence
trade-off in Section 5.4;

e [inally, we explain the sensitivity to random initialization in practical
policy optimization algorithms. From these results, we then develop an
ensemble method that can achieve fast convergence to global optima with

high probability in Section 5.5.
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5.2 Understanding Algorithm Preferability in
On-line Policy Optimization

To illustrate the key aspects of policy optimization methods and their compara-
tive preferability, it suffices to consider deterministic, single-state, finite-action
Markov decision processes (MDPs). The main results below extend to general
finite MDPs, but for clarity of exposition we restrict attention to one-state
MDPs.

A deterministic, single-state, finite-action MDP can be simply be specified
by an action space is [K] = {1,2,... K} and a K-dimensional reward vector
r € RX. The problem is to maximize the expected reward of a parametric
policy g as in Eq. (2.12),

E 5.1
e, E [r(a)], (5.1)

where 7y is parameterized by 6 using the standard softmax transform as in

Eq. (2.6),

exp{0(a)}
> exp{f(a’)}’

Without loss of generality, we assume there exists a unique optimal action

me(a) = Va € [K]. (5.2)

a* = argmaxr(a), (5.3)
a€[K]

hence there exists a unique optimal deterministic policy 7* such that

™ = sup mg r = r(a*). (5.4)

PeRK

We make the following assumption on the reward.

Assumption 3 (Positive reward). r(a) € (0, 1], Va € [K].

5.2.1 Exact Gradient Setting

As shown in Proposition 1, Eq. (2.12) is a non-concave maximization over the
policy parameter 6. Nevertheless, it has recently become better understood

how policy gradient (PG) methods still converge to global optima for Eq. (2.12)
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when exact gradients are used. To illustrate the main considerations, we focus
on the following three representative algorithms that have recently been proved
to achieve convergence to globally optimal solutions but at different rates:
softmax policy gradient (PG) in Chapter 2, natural PG (NPG), and geometry-
aware normalized PG (GNPG) in Chapter 4, while similar conclusions can be

drawn for other variants (Chung et al., 2020; Denisov and Walton, 2020).

Standard Softmax PG

The standard softmax PG method is specified by Update 1,

Brir < 041 dggzr, (5.5)
where
dz(gr = (diag(mg) — momy ) 1, (5.6)
and thus
jgé 7; = my(a) - (r(a) — 7wy 1), Va € [K]. (5.7)

As shown in Chapter 2, the convergence of this update to a globally optimal
policy, given exact gradients, can be established by considering the following

non-uniform Lojasiewicz (NL) inequality of Lemma 3,

By considering smoothness of the optimization landscape, Chapter 2 then

drgr
do

2 > m(a*) - (7" —m) " (5.8)

shows that the progress in each iteration of PG can be lower bounded by the

T 12
a , which leads to a O(1/t) rate.
2

TT'
squared norm of the gradient, H dzz
Proposition 11 (PG upper bound, Theorem 2). Using Update 1 withn = 2/5,

we have
(m* —mg,) ' < 5/(- 1), (5.9)

for all t > 1, such that ¢ = infy>q my, (a*) > 0 is a constant that depends on r
and 0y, but it does not depend on the time t. In particular, if mp,(a) = 1/K

Va then ¢ > 1/K.
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Proposition 12 (PG lower bound, Theorem 9). For sufficiently large t > 1,
Update 1 with n € (0,1] ezhibits

(" —70,) ' > A/ (6-1), (5.10)
where A = r(a*) — max,zq- v(a) > 0 is the reward gap of r.

Remark 16. According to Theorem 11, the constant dependence of PG follows
a Q(1/c) lower bound for one-state MDPs, while ¢ can be exponentially small

in terms of the number of states for general finite MDPs (Li et al., 2021).

To summarize, using n € O(1), softmax PG achieves convergence to a

global optima, but with a ©(1/t) rate that exhibits poor constant dependence.

Natural PG (NPG)

An alternative method, natural PG (NPG) (Kakade, 2002), provides the pro-
totype for many practical policy optimization methods, such as Trust Re-
gion Policy Optimization (TRPO) and Proximal Policy Optimization (PPO)
(Schulman et al., 2015; Schulman et al., 2017). NPG is based on the following
update.

Update 4 (Natural PG (NPG), true gradient).

Opi1 <0 +n-7, and (5.11)

Tg,,, = softmax(6;11). (5.12)

For softmax policies, it turns out that Update 4 is identical to mirror
descent (MD) with a Kullback-Leibler (KL) divergence. Therefore a standard
MD analysis shows that Update 4 achieves convergence to a global optimum at
a rate of O(1/t) (Agarwal et al., 2019). Very recently, work concurrent to this
thesis (Khodadadian et al., 2021) has shown that Update 4 actually enjoys a
much faster O(e™¢?) rate. In fact, here too we can establish the same O(e™“")
rate, but using a simpler argument based on the following variant of the NL

inequality for natural gradients. These results are new.
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Lemma 29 (Natural NL inequality, continuous). We have,

d T
(Zhmr) 2 ml@) - A (@ =) 7 (5.13)
Lemma 30 (Natural NL, discrete). Let n'(a) = %, Va e [K],
where n > 0. Then,
(7 —m) r>|1- ! (mr =) (5.14)
- m(a*) - (em® —1)+1 ’ ’

In particular, by using a non-Euclidean update and analysis, the progress

ﬂ'TT’
of each iteration of NPG can be lower bounded by the larger bound <d d;i ,7’>

dfthr 2

dg established for standard PG. Based on
t o2

instead of the weaker bound ‘
this inequality, one can easily establish a much faster O(e~“*) convergence to
a globally optimal solution for NPG, making it far preferable to PG if true

gradients are available.

Theorem 21 (NPG upper bound). Using Update 4 with any n > 0, we have,
forallt > 1,

(7" — 7)) r < (7% —mp,) 7 et (5.15)
where ¢ == log (mg, (a*) - (€™ — 1) + 1) > 0 for any n > 0.

Geometry-aware Normalized PG (GNPG)

The Geometry-aware Normalized PG (GNPG) update is investigated in Chap-
ter 4 to accelerate the convergence of PG by exploiting local smoothness prop-

erties of the optimization landscape. GNPG is specified by

Update 5 (Geometry-aware Normalized PG (GNPG), true gradient).

dr]r
011 9t+77‘—d;t /H
¢

-
dmg, T

do,

; (5.16)

The analysis in Chapter 4 focuses on exploiting non-uniform smoothness

(NS) rather than improving the NL inequality as for NPG above. According

2 T,r. .
to Lemma 21, the spectral radius of Hessian matrix d dg% is upper bounded
dn] r
by 3-||=5
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Given this NS property, Chapter 4 then shows how the progress in each

dn] r
iteration of GNPG can be lower bounded by the larger quantity dZi in-
2
Trll2
stead of the weaker dgi ‘ bound for standard PG. Then, using the same
2

NL inequality as for PG, Theorem 17 shows that GNPG also converges to a
globally optimal solution at rate O(e~“*). Again, one naturally concludes that

GNPG is preferable to PG if exact gradients are used.

Proposition 13 (GNPG upper bound, Theorem 17). Using Update 5 with
n =1/6, we have, for all t > 1,

(" — ) 1 < (1% —mp) T T (5.17)
where ¢ = inf;>1 mp,(a*) > 0 does not depend on t. If mp,(a) = 1/K, Va, then
c>1/K.

5.2.2 On-policy Stochastic Gradient Setting: Anoma-
lies

Although the above results show that exploiting geometric information can al-
low linear convergence to an optimal solution given true gradients—obviously
O(e™“") represents an exponential speedup over the Q(1/t) lower bound estab-
lished for standard PG—it is critical to understand whether such advantages
can also be obtained in the more natural stochastic gradient setting. Given the
previous results, it would seem natural to prefer accelerated algorithms over
PG in practice, and there is some evidence that such thinking has become
mainstream based on the popularity of TRPO and PPO over PG. However,
by more closely examining the behavior of these algorithms when true gradi-
ents are replaced by on-policy stochastic estimates, serious shortcomings begin
to emerge, as empirically observed in Chung et al. (2020), and it is far from ob-
vious that similar advantages from the true gradient case might be recoverable
in the more practical stochastic scenario.

We begin by examining the behavior of the previous algorithms in the
context of on-policy stochastic gradients. To enable this analysis, first note

that each of the above PG methods, Updates 1, 4 and 5, can be adapted to the
94



stochastic setting by using on-policy importance sampling (IS) to provide an
unbiased estimate of the true reward. We do not make assumptions like each
action is sufficiently explored, since my, is the behaviour policy as well as the
policy to be optimized. It is possible that my, approaches a near deterministic
policy, ruling out positive results based on such assumptions (Abbasi-Yadkori

et al., 2019).

Definition 10 (On-policy IS). At iteration t, sample one action a; ~ my,. The

IS reward estimator 7y is constructed as 7(a) = % -r(a) for all a € [K].
t

Remark 17. We consider sampling one action in each iteration for conve-
nience, and the results hold for sampling a constant B > 0 mini-batch of

actions in each iteration.

Softmax PG

Update 6 (Softmax PG, on-policy stochastic gradient).

dmy 7
Ori1 < O+ - deét 3 (5.18)
where
dmy
y ef(ta; = 7g,(a) - (74(a) — 7y, 7),  Va € [K]. (5.19)

Using IS estimation, the softmax PG is unbiased and its variance is upper

bounded by constant.

Lemma 31. Let 7 be the IS estimator using on-policy sampling a ~ wy(-).

The stochastic softmax PG estimator is unbiased and bounded, 1i.e.,

dm, 7 dr]r
E 0| =0 d 5.20
a~g(-) |: do :| do ’ an ( )
drj? || K
< —, 5.21
ar~mg(+) ‘ do 9 - 2 ( )

These observations imply that stochastic softmax PG converges to a global
optimum almost surely, since the stochastic update follows the true gradient

update with controlled noise, which was also proved by Chung et al. (2020).

Theorem 22. Using Update 6, (7* —mp,)" 7 — 0 as t — oo with probability

1.
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NPG

Similarly, we can use on-policy IS estimation to adapt NPG to the stochastic

setting.
Update 7 (NPG, on-policy stochastic gradient).

0t+1 — Qt + n- flt) and (522)

Tg,., = softmax(f1). (5.23)

Although the NPG is unbiased, its variance can be possibly unbounded in
the on-policy setting, as established by the following direct calculation.

Lemma 32. For NPG, we have, By, [7] = 7, and Eory(y |75 = D aclK] r(a)®

mo(a)

Note that if my(a) — 0, the variance becomes unbounded, which predicts
trouble if someone tried to use the standard analysis for stochastic gradient
methods! (e.g., Nemirovski et al. (2009)). In fact, we provide a more direct
result showing that stochastic NPG has a positive probability of converging

to a sub-optimal deterministic policy.

Theorem 23. Using Update 7, we have: (i) with positive probability, as t —
00, D guar Mo, (@) = 1; (4t) Va € [K], with positive probability, my,(a) — 1, as

t — oo.

This result extends the result of Chung et al. (2020) who considered the
two-action (K = 2) case only. The intuition is that the stochastic NPG
accumulates too much probability on sampled sub-optimal actions and cannot

recover due to the “vicious circle” between sampling and updating (Chung

et al., 2020).

GNPG

Finally, we consider the stochastic version of GNPG.

!Standard treatment of stochastic approximation algorithms does deal with unbounded
noise in a controlled way to still get positive results (Benveniste et al., 2012), which means
that bounded variance is far from being necessary.

96



Update 8 (GNPG, on-policy stochastic gradient).

(5.24)

dr] dr] 7
Opp1 < 0, +1 - 7 t/H i

do, do,

,
Unfortunately, this estimator involves a ratio of random variables, and its

bias can be large. As for NPG we can show that stochastic GNPG fails with

positive probability in the stochastic case.

Theorem 24. Using Update 8, we have: (i) with positive probability, as t —
00, D grar Mo, (@) = 1; (4t) Va € [K], with positive probability, my,(a) — 1, as

t — o0.

5.2.3 Motivating the On-policy Stochastic Setting

We summarize the preferability of alternative optimization strategies in the
exact versus on-policy stochastic gradient settings in Table 5.1: there appears

to be a major reversal in going from one scenario to the other.

Softmax PG NPG GNPG
. converges converges converges
True gradient o(1/t) O(e—ct) O
Stochastic converges w.p. 1 | fails w.p. > 0 fails w.p. >0
on-policy & b P P

Table 5.1: Convergence properties of softmax PG, NPG and GNPG in the
alternative settings.

Of course it is possible to study the convergence of algorithms when the
gradient estimates are assumed to be unbiased and have bounded variance as
in the analysis of vanilla SGD (Nemirovski et al., 2009), and in some other
work for policy gradients (Abbasi-Yadkori et al., 2019; Lan, 2021; Zhang et
al., 2021; Zhang et al., 2020a; Zhang et al., 2020b). However, first, such
conditions are only sufficient conditions which are difficult to be satisfied,
because a bounded variance assumption requires that the probabilities induced
by a behaviour policy are bounded away from 0 everywhere (Chung et al.,
2020), which is impractical for large state and action spaces and impossible

when they are infinite. Second, PPO (Schulman et al., 2017) and TRPO
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(Schulman et al., 2015) use on-policy sampling without any explicit correction
to fulfill the exploratory behaviour requirement, while still solving practical
problems (Andrychowicz et al., 2020). Third, the on-policy setting under a
practical requirement is technically more challenging. In off-policy settings,
the sampling procedure is independent of the parameter update (Chung et
al., 2020), which makes the analysis much more straightforward with some
extra assumptions on the estimate of value functions or gradients (Ren et al.,
2021), while these become coupled in the on-policy setting and a more subtle
analysis is required. Finally, Chung et al. (2020) investigate baselines and
show that variance reduction techniques are not able to overcome unbounded
variance, while NPG can still achieve global convergence almost surely with
a judicious choice of baseline even though its variance remains unbounded
(see Update 9 for details). This means bounded variance is not necessary
for convergence, and some other factors rather than variance account for the
convergence behaviours of stochastic policy optimization algorithms.

This leave us an important question to be answered to bridge the gap

between theory and practice,

What are the key factors determining the convergence of stochastic policy

optimization?

We propose the committal rate to characterize the behavior of algorithms to

answer this question.

5.3 Committal Rate of Stochastic Policy Op-
timization Algorithms

Although the baseline study (Chung et al., 2020) only focuses on two- and
three-action bandits primarily, it develops a useful intuition that stochastic
policy optimization in practical settings consists of separate “sampling” and
“updating” steps that become coupled in the on-policy setting. Building from
this observation, and seeking to explain the outcomes in Section 5.2, we for-
malize the following “committal rate” function of a policy optimization algo-

rithm. The main idea is to decouple the “sampling” and “updating” by fixing
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sampling one action and characterizing the aggressiveness of an update in a
deterministic way. Thus, in what follows, by a policy optimization algorithm
A we mean a mapping from all sequences of pairs of action-reward pairs to

the set of parameter vectors.

Definition 11 (Committal Rate). Fiz a reward function r € (0,1]% and an
initial parameter vector 6, € RX. Consider a policy optimization algorithm A.
Let action a be the sampled action forever after initialization and let 0; be
the resulting parameter vector obtained by using A on the first t observations.
The committal rate of algorithm A on action a (given r and 0y ) is then defined

as

k(A,a) = sup {a >0 :limsupt® - [1 — 7, (a)] < oo} : (5.25)

t—o00

Note that in the definition we have suppressed the dependence of k on
the rewards and the initial parameter vector. Definition 11 accounts for how
aggressive an update rule is: An algorithm with committal rate o will
make 7y, (a) approach 1 at the polynomial rate of 1/t* provided that the
sampling rule only chooses action a. Thus, a larger value of k(A,a) indi-
cates an algorithm that quickly commits to the action a. For example, if
7o, (a) = 1 —1/(t - log (t)), then k(A,a) = 1. Similarly, if mp,(a) = 1 — 1/€,
then k(A,a) = oo, which means 7y, (a) approaches 1 extremely quickly. On
the other hand, if 1 —my, (a) € (1), then k(A, a) = 0, implying that m, never
becomes committal, since 7y, (a) never approaches 1.

Our next results shows that a small committal rate with respect to sub-
optimal actions is necessary for almost sure convergence to a globally optimal

policy.

Theorem 25. Consider a policy optimization method A. Fiz r € (0,1]%
an action a € [K] which is sub-optimal under r so that k(A,a) > 1. Fix
6, € RX so that m,(a) > 0 and let {0;}+>1 be the parameter sequence obtained
by using A with online sampling, i.e., when a; ~ my,(-). Then, the event
E ={a; = a holds for all t > 1} happens with positive probability, and it also
holds that mp, converges to a sub-optimal deterministic policy with positive
probability.
99



Theorem 25 shows that maxg.,(a)<r(er) £(A, a) < 11is a necessary condition
for ensuring the almost sure convergence of the policies obtained using A and
online sampling to a global optimum. In words, slow reaction to constantly
sampling sub-optimal actions is necessary for the success of policy optimization
methods when they are used with online sampling.

Using this result, we can now interrogate the committal rates of the previ-

ously listed algorithms.

Theorem 26. Let Assumption 3 holds. For the stochastic updates NPG and
GNPG from Updates 7 and 8 we obtain k(NPG,a) = 0o and k(GNPG,a) = oo
for all a € [K] respectively.

Theorem 26 explains why stochastic NPG and GNPG have a non-zero fail-
ure probability in the on-policy stochastic setting: they do not obey a necessary
condition for almost sure global convergence. Intuitively, these algorithms can
fail by prematurely allocating too much probability to a sub-optimal action:
each sampling of an action a € [K] increments its parameter by ©(1), so if a is
sampled ¢ times successively, then we have 1 — my,(a) € O(e~¢"), which means
k(A,a) = oo. According to Theorem 25, there is a positive probability that
a single sub-optimal action can receive a long enough sampling run to ensure
the other actions will never again be sampled.

By contrast, we can compare these outcomes to the committal rate of the

softmax PG algorithm.

Theorem 27. Let r(a) > 0 and mp, (a) > 0. Softmax PG obtains k(PG,a) =1
for all a € [K].

Theorems 25 and 27 provide (partial) explanations of the observations
in Section 5.2: stochastic NPG and GNPG can fail while PG almost surely
converges to a global optimum, but their committal rates lie on different sides
of the necessary condition. Since (PG, a) = 1 for softmax PG, it follows that
[1:2, mo,(a) = 0 (see Lemma 62), hence it is not possible to sample sub-optimal
actions forever, and the optimal action a* always has a sufficient chance to be
sampled, which ensures learning.
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Next, we consider NPG using special baselines (Chung et al., 2020), which
enjoys almost sure global convergence but has unbounded variance, and this re-
sult cannot be explained by the standard variance-based analysis using bounded

variance assumption and decaying learning rates.

Update 9 (NPG with oracle baseline).

Orir < 00+ 1+ (70— by), (5.26)
where
bi(a) = (% - 1) b, Vae K], (5.27)

and b € (r(a*) — A, r(a*)).

Theorem 28. Using Update 9, (m* — 7T9t)T r — 0 as t — oo with probability
1.

For Update 9, the variance is still unbounded (Chung et al., 2020), while
the learning rate is not decaying. Thus the convergence is not due to the
analysis based on bounded variance with decaying learning rate. However, the
necessary condition in Theorem 25 is satisfied. We have, my,, (a;) < mg,(ar),
if a; # a*, i.e., whenever a sub-optimal action is selected its probability de-
creases, while the optimal action’s probability always increases after any up-
date. Therefore, we have k(A,a*) = co and k(A,a) = 0 for all a # a*. This
example means committal rate works for cases beyond the bounded variance
condition used widely in the optimization and reinforcement learning commu-

nities.

5.4 The Geometry-Convergence Trade-off in
Stochastic Policy Optimization

Theorem 27 raises the question of whether k(A,a) = 1 for all sub-optimal
actions a € [K] is sufficient to ensure an algorithm .4 converges to an optimal
policy almost surely. Unfortunately, this is not the case, and the complete
picture of global optimality in stochastic policy optimization is more complex

and requires detailed study of different iteration behaviors.
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5.4.1 Iteration Behaviours

Remark 18. The condition that k(A,a) < 1 for all sub-optimal actions a €
(K] is not sufficient for ensuring almost sure convergence to global optimality.
In addition to “convergence to a sub-optimal policy with positive probability”
and “convergence to a globally optimal policy with probability 17 there exist

other possible optimization behaviours, such as “not converging to any policy”.

In particular, consider the following update behaviors.

Staying. For the stationary update A : 0,1 + 6; we obtain k(A,a) =0 <1
for all a € [K], yet mp, = mp, does not converge to the optimal policy nor any

sub-optimal deterministic policy.

Wandering (NPG with a large baseline). Consider
Al 041 (ft - Et) , (5.28)

with by(a) = (%—(:a‘;} — 1) b for all @ € [K]. If b > r(a*), then we have
o, (ar) < mg,(ar), i.e., a selected action’s probability will decrease after up-
dating, hence (A, a) = 0 for all a € [K]|. However, my,(a) /4 1 as t — oo for
all a € [K], therefore 7y, will wander within the simplex forever.

The above examples show that not converging to a sub-optimal policy
does not necessarily imply converging to an optimal policy almost surely, and a
stronger condition is needed to eliminate unreasonable behaviors like 6,1 < 6.

We leave it as an open question to identify necessary and sufficient conditions

for almost sure convergence to a global optimum.

5.4.2 Geometry-Convergence Trade-off

In Section 5.2 we saw that NPG and GNGP can use true gradients to signifi-
cantly accelerate PG by better exploiting geometry. However, in the stochastic
setting, any estimated geometry might be inaccurate, and intuitively, accel-
erated methods risk leveraging inaccurate information too aggressively. On

the one hand, if progress is sufficiently fast (i.e., with a large committal rate),
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then an algorithm might never recover from aggressive yet inaccurate updates
(Theorem 25). On the other hand, large progress is necessary for fast conver-
gence. The tension between these observations suggest that there might be an
inherent trade-off between exploiting geometry and avoiding premature con-
vergence in stochastic policy optimization. We formalize this intuition with
the following results. For the first result, we need to restrict to the class of
policy optimization methods that do not decrease the probability of the opti-
mal action whenever that action is chosen: In particular, a policy optimization
method is said to be optimality-smart if for any t > 1, 75 (a*) > mg,(a*) holds
where 6, is the parameter vector obtained when a* is chosen in every time step,
starting at 61, while 6, is any parameter vector that can be obtained with ¢

updates (regardless of the action sequence chosen), but also starting from 6.

Theorem 29. Let A be optimality-smart and pick a bandit instance. If A
together with on-policy sampling leads to {0;}1>1 such that {mg, }+>1 converges
to a globally optimal policy at a rate O(1/t*) with positive probability, for
a >0, then k(A,a*) > a.

This theorem implies that a large committal rate for the optimal action is
necessary for achieving fast convergence to the globally optimal policy, since
the sub-optimality dominates how close the optimal action’s probability is to

1, ie.,

(" —m) v =" m(a)- (r(a”) = r(a)) (5.29)
a#a*
> (1 — 7, (a")) - A. (5.30)

Therefore (7% —7,) r € O(1/t%) implies 1 — mp, (a*) € O(1/t*). Combining
this result with Theorem 25 formally establishes the following inherent trade-
off between exploiting geometry to accelerate convergence versus achieving

global optimality almost surely (aggressiveness vs. stability).

Theorem 30 (Geometry-Convergence trade-off). If an algorithm A is optimality-
smart, and k(A,a*) = k(A,a) for at least one a # a*, then A with on-policy

sampling can only exhibit at most one of the following two behaviors:
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(1) A converges to a globally optimal policy almost surely;

(ii) A converges to a deterministic policy at a rate faster than O(1/t) with
positive probability.

In other words, if A has a chance to converge to a global optimum, then
either A converges to the globally optimal policy with probability 1 (A is
stable) but at a rate no better than O(1/t), or it achieves a faster than O(1/t)
convergence rate (A is aggressive) but fails to converge to the globally optimal
policy with some positive probability. This trade-off between the geometry
and convergence is faced by any stochastic policy optimization algorithm that
is not informed by external oracle information that allows it to distinguish

optimal and sub-optimal actions based on on-policy samples.

Remark 19. Theorem 30 means an algorithm can achieve at most one of the
mentioned two results. It is possible that an algorithm achieves neither (e.g.,

staying or wandering).

5.4.3 Exploiting External Information

In Theorem 30, the condition of k(A,a*) = k(A,a) for at least one sub-
optimal action a € [K] is necessary for the trade-off to hold. If this condition
can somehow be bypassed, for example, by providing problem specific infor-
mation, then it is possible to simultaneously achieve faster rates and almost
sure convergence to a global optimum. For example, consider the NPG with
oracle baseline of Update 9. As mentioned before, we have x(A, a*) = oo and
k(A,a) =0 for all a # a*, breaking the mentioned condition, which allows A
to enjoy almost sure global convergence as well as a O(e~ ") rate. Of course,
such a fortuitous outcome required a very specific baseline that is aware of
both the optimal reward and the reward gap. Without introducing external
mechanisms that inform an on-policy algorithm it appears that such informa-
tion cannot be recovered sufficiently quickly from sample data alone (Tucker
et al., 2018). Nevertheless, it remains an open question to prove that this is

not possible, or whether some other strategy might allow an on-policy stochas-
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tic policy optimization algorithm to avoid the condition of Theorem 30 and

achieve both fast rates and almost sure global convergence.

Property I k(A a) > 1 k(A,a) <1, for all sub-optimal action «a € [K]
. NPG Softmax PG Staying
Algorlthm Wandering NPG + oracle baseline
GNPG SAMBA (NPG + large baseline)
Property II| x(A,a*) = k(A,a), for at least one sub-optimal action a € [K] | k(A,a*) # k(A, a)

Figure 5.1: Different algorithmic behaviours subdivided by two properties
of committal rate. SAMBA does not use parametric policies and is discussed
below.

Fig. 5.1 summarizes all the iteration behaviours we studied in this chapter,
organized by two properties of committal rate: (i) possible failure if k(A,a) >
1 for at least one sub-optimal action a; and (%7) an inherent geometry-convergence
trade-off if kK( A, a*) = k(A, a) for at least one sub-optimal action a. It remains

open to study where other algorithms suit themselves in this diagram.

5.5 Initialization Sensitivity and Ensemble Meth-
ods

In this section, we will keep exploiting the newly introduced concept, commit-
tal rate, to further reveal mystery observed in practice about the sensitivity of
the initialization in policy optimization (Henderson et al., 2018). With the un-
derstanding of this unavoidable phenomenon, we introduce ensemble method

and quantitatively characterize the successful rate in terms of number of trials.

5.5.1 Initialization Sensitivity

It has been observed empirically that RL algorithms are sensitive to initial-
ization in practice: the same algorithm can produce remarkably different per-
formance given different random seeds (Henderson et al., 2018). Chapter 3
has attempted to explain initialization sensitivity due to the softmax trans-
form, but such results only hold for true gradients and apply to standard PG

methods.
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Using the committal rate theory developed above, we can provide a new
explanation and additional understanding of the initialization sensitivity of
practical policy optimization algorithms. Most well-performing policy opti-
mization algorithms in practice, such as TRPO and PPO (Schulman et al.,
2015; Schulman et al., 2017), are based on NPG, which exploits geometry to
accelerate PG in true gradient settings. However, according to Theorem 30,
such fast convergence must incur a positive probability of failing to reach a
global optimum, even in bandit settings. Therefore, the need to attempt mul-
tiple random seeds to achieve success is an unavoidable consequence of using

these algorithms according to this theory.

5.5.2 Ensemble Methods

The committal rate theory also explains why ensemble methods (Jung et al.,
2020; Parker-Holder et al., 2020; Wiering and Van Hasselt, 2008), i.e., running
a policy optimization algorithm in multiple parallel threads and picking the
best performing one, can provably work well. This is because a fast algorithm
for the true gradient setting can have a positive probability of success or failure
across different initializations while always converging quickly. In which case,
multiple independent runs can then be used to reduce the failure probability
to any desired positive value, while retaining efficiency (if full parallelism can

be maintained).

Theorem 31. With probability 1 — §, the best single run among O(log (1/9))
independent runs of NPG (GNPG) converges to a globally optimal policy at

an O(e™“") rate.

As shown in Chapter 3, softmax PG can get stuck on long plateaus for
even true gradient settings, which means almost sure global convergence does
not necessarily imply good practical performance. Therefore, it is a reasonable
choice to perform well with the compromise of small failure probability. Here
we consider simply best selection, and it remains open to study whether and

how practical training tricks, such as proximal update (Lazi¢ et al., 2021;
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Schulman et al., 2017) and regularization (Mnih et al., 2016), stabilize training

by increasing the success probability under stochastic settings.

5.6 Discussions

We leave it open to identify sufficient and necessary conditions for almost sure
global convergence in Section 5.4. We make the following conjecture with some

intuitions.

Conjecture 1. Given a stochastic policy optimization algorithm A, if k(A, a*) =
k(A,a) for at least one sub-optimal action a, then k(A,a*) € (0,1] is a suf-
ficient and necessary condition for global convergence to ™ with polynomaial

convergence rate of O(1/t*), where o > 0.

The necessary condition part is guaranteed by Theorem 25. For the suf-
ficient condition part, Theorem 29 can potentially be strengthened with the
claim that k(A,a*) > « is a sufficient and necessary condition for global
convergence with rate O(1/t*) (a > 0). The observation here is that under

Assumption 3, we have r(a*) — r(a) < 1, which leads to,

(7" —7,) 1= m(a)- (r(a*) —r(a)) <1 —m,(a"). (5.31)
ata*
This suggests that if (A, a*) > « (i.e., 1—m, (a*) € O(1/t*)), then (7% — mp,) " 7 €
O(1/t*). However, a gap here is k(A,a*) > o means “1 — my,(a*) € O(1/t*)
if we fix sampling a* forever”, and it is not clear if this says something about
“1 — 7, (a*) € O(1/t*) if we run the algorithm A using on-policy sampling

a; ~ m,(+)”.

5.6.1 Lower Bounds in Bandit Literature

In the bandit literature (Lattimore and Szepesvdri, 2020), there exist Q(log T')
and Q(+v/T) lower bounds for stochastic and adversarial reward settings respec-
tively, which implies that the convergence speed in terms of sub-optimality
(“average regret” in bandit) cannot be faster than O(1/t). However, the lower

bound construction there is information-theoretic, which holds for adversarial
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(changing reward signal) and stochastic (the reward needs to be estimated
accurately enough) settings. Theorem 30 holds for a simpler optimization set-
ting: the reward is fixed and deterministic, but the policy gradient is estimated
using on-policy sampling. Therefore, the difficulty and trade-off are from the
restriction on the action-selection scheme (balancing the aggressiveness of the

update and the stability), not from estimating or tracking the reward signal.

5.6.2 General MDPs

The one-state MDP results already show the main findings, since a large por-
tion of this section is about constructing counterexamples showing that the
stochastic policy optimization algorithms do not perform well as in the true
gradient setting. A counterexample for one-state MDPs is also a counterexam-
ple for general MDPs. Therefore, there is no loss of generality by establishing

negative results using one-state MDPs.

5.7 Summary

This chapter introduces the committal rate theory, which not only explains
why faster policy optimization algorithms in the true gradient setting become
dominated by slower counterparts in the on-policy stochastic setting, but also
reveals an inherent geometry-convergence trade-off in stochastic policy opti-
mization. The theory also explains empirical observations of sensitivity to
random initialization for practical policy optimization algorithms as well as

the effectiveness of ensemble methods.
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Chapter 6

Conclusions and Future
Directions

This dissertation introduces a new non-uniform analysis for non-convex op-
timization in reinforcement learning and machine learning. The main pillars of
this analysis are two new non-uniform properties: the non-uniform Lojasiewicz
inequality (NL) and the non-uniform smoothness (NS) property. Below I sum-
marize the contributions and logic behind the development of the non-uniform
analysis as well as some future directions.

Chapter 2 set out to study the global convergence rate of policy gradient
(PG) methods with the softmax parameterization. The value function maxi-
mization problem is non-concave with respect to the parameters, and existing
uniform Lojasiewicz inequalities with universal constants cannot be satisfied in
this case. I therefore introduce the non-uniform Lojasiewicz inequality (NL) as
a necessary analysis tool. Using NL inequalities to help analyze PG methods,

I successfully resolved a number of longstanding open problems:

e By showing that policy value functions satisfy a NL inequality, I estab-
lish the first finite time O(1/t) upper bound on the convergence rate of
softmax PG methods.

e By proving that entropy regularized value functions satisfy a better NL
inequality, I show that entropy regularized PG achieves a global linear

convergence rate of O(e~ ") (where ¢ > 0).

e By proving that, without regularization, policy value functions satisfy a
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reversed Lojasiewicz inequality, T establish an Q(1/t) convergence rate

lower bound for softmax PG.

e The above results provide a new understanding of entropy regularization,

showing how it accelerates the convergence speed of PG optimization.

e A deeper explanation for how entropy accelerates PG convergence speed
is further provided by the NL degree, which is a key quantity in the NL

inequality.

This work leaves open a number of interesting questions: While some lower
bounds are established, there remain gaps between the lower and upper bounds.
Another interesting direction is to extend the results to alternative (e.g., re-
stricted) policy parametrizations, or to study policy gradient when the gradient
must be estimated from data. One also expects that non-uniform Lojasiewicz
inequalities and the non-uniform Lojasiewicz degree could also be put to good
use in other areas of non-convex optimization.

Chapter 3 focused on explaining the gap between the above theoretical
results and practical performance of PG methods. In theory, PG has a ©(1/t)
convergence rate, while in practice, it exhibits extreme sensitivity to different
initializations. Using the concept of NL coefficient, another key quantity in
the NL inequality, I locate the source of the issue, which arises from using the
softmax transform with gradient descent (ascent) methods. In particular, the

logic behind the main contributions in this chapter are as follows:

e By proving that in the worst case, the progress of PG methods in each
iteration is upper bounded by the NL coefficient, I first show that softmax
PG is guaranteed to suffer from initialization sensitivity, which is the

“softmax gravity well” phenomenon.

e By using an alternative escort policy transformation to improve the NL
coefficient, I show that escort PG methods strictly improve softmax PG

in terms of faster escape times from landscape plateaus.

e By showing that vanishing NL coefficients lead to decreasing NL degrees,

I discover and explain why convergence degrades from O(e™“*) to O(1/t)
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behaviour when using the softmax transform for cross entropy minimiza-

tion in supervised learning, i.e., the “softmax damping” phenomenon.

e [ show that a specific choice of escort transform results in non-vanishing
NL coefficients, and therefore preserves the NL degree and the fast linear

convergence rate of O(e™“").

Uncovering these two phenomena challenges the common practice of using the
softmax transformation in machine learning. However, there are other factors
to consider when assessing such transformations for machine learning prob-
lems, such as the “temperature” of the softmax, or how different transforms
might impact the generalization ability of the learned models. An important
direction for future work is to investigate whether similar phenomena occur
in other scenarios where the softmax is commonly utilized, such as attention
models and exponential exploration. Since our underlying explanation using
the concept of (NL) coefficient and its interplay with the NL degree matches
empirical observations, we also expect the NL coefficient to be useful in un-
derstanding other problems in machine learning.

Chapter 4 introduced a new non-uniform smoothness (NS) property, which
was inspired from the special case of escort PG and other relevant optimiza-
tion research in machine learning. The combination of the NS property and
NL inequality is extremely successful in terms of inspiring new algorithm de-
sign, being sufficiently general to cover different function classes, improving
previous results beyond even classical lower bounds, and being applicable to
fundamental non-convex optimization problems in machine learning. To sum-

marize,

e [ introduce a new NS property that generalizes and unifies previous spe-
cial cases. The NS property inspires a new first-order method called
geometry-aware normalized gradient descent (GNGD), which exploits

non-uniform landscape information.

e [ propose a non-uniform analysis of gradient descent (GD) and GNGD
when the NS and NL properties are satisfied. GNGD overcomes the
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classical Q(1/t?) lower bound in convex-smooth analysis by exploiting

the additional non-uniform properties.

e By showing that value functions satisfy the NS property, and that the
NS coefficient is the PG norm in this case, I prove that geometry-aware
normalized PG (GNPG) achieves a global linear convergence rate of

O(e~") without using regularization or introducing an arg max update.

e By showing that the mean squared error (MSE) in generalized linear
model training (GLM) satisfies the NL and NS properties, I prove that
both GD and GNGD achieve O(e™“*) convergence in this case, signif-
icantly improving previous results that establish only O(1/+/t) conver-
gence rates. Combining NS and NL also provides a better understanding

of how to use geometry-aware normalization.

This general characterization and analysis based on non-uniform properties
applies to important non-convex optimization problems in machine learning.
One future direction is to further push the analysis to other domains with
more complex function approximators, such as neural networks (Allen-Zhu et
al., 2019). Another valuable direction for future work is to incorporate stochas-
tic gradient (Karimi et al., 2016) and other adaptive gradient-based methods
(Kingma and Ba, 2014) in the analysis. Finally, it would be interesting to
apply other non-uniform properties beyond those mentioned in this chapter.
Chapter 5 finally extends the analysis to stochastic policy optimization.

The novel findings inspire the introduction of a new committal rate theory:

e By investigating several policy optimization algorithms in the stochastic
setting, I uncover an anomaly that the preferability of policy optimiza-
tion algorithms changes dramatically depending on whether true versus

on-policy stochastic gradients are used.

e [ introduce the concept of committal rate to characterize the interplay
between convergence rates and almost sure global convergence, which is

then used to explain the anomaly introduced above.
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e In particular, I use the committal rate to reveal an inherent geometry-
convergence trade-off: an uninformed algorithm can either converge to
a globally optimal policy with probability 1 but at a rate no faster than
O(1/t), or it can achieve faster than O(1/t) convergence but necessarily
with a positive probability of diverging or converging to a sub-optimal

policy.

e [ use this committal rate theory to explain why practical policy opti-
mization algorithms are sensitive to random initialization. From these
results, I then develop an ensemble method that can achieve fast con-
vergence to global optima with high probability, allowing a positive but
controllable probability of failure.

An interesting direction for future study is to investigate the necessary and
sufficient conditions for almost sure global convergence, which could be weaker
than the bounded variance assumption. Another important direction is to in-
vestigate whether other techniques might be integrated into on-policy stochas-
tic optimization to break the condition of Theorem 30 and bypass the geometry-
convergence trade-off, to achieve both almost sure global convergence and a
faster than O(1/t) rate. One also expects that some generalized versions of

committal rate would be meaningful in stochastic reward settings.
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Appendix A

Non-convex (Non-concave)
Examples for NL Inequality

We list some non-convex (or non-concave in maximization problems) functions
which satisfy NL inequalities here from literature. See corresponding references

for details.

Expected reward, softmax parameterization. As shown in Lemma 3

and Mei et al. (2020b, Lemma 3),

Value function, softmax parameterization. As shown in Lemma 8 and

Mei et al. (2020b, Lemma 8),

dmgr

7 > mg(a*) - (7* — mp) . (A.1)

2

1

= ||
> 14
2 VS

U
.

oV (p)
06

-minm(a”(s)s) - [V*(p) =V™(p)].  (A2)

Entropy regularized expected reward, softmax parameterization. As

shown in Proposition 5 and Mei et al. (2020b, Proposition 5),

d{m, (r — rlogmy)}
do

N|=

> C(0) - [ﬂT (r—tlogm!) —m, (r — Tlogﬂe)] ;
(A.3)

2

where

C(0) = V2r- main mo(a). (A.4)
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Entropy regularized value function, softmax parameterization. As

shown in Lemma 15 and Mei et al. (2020b, Lemma 15),

OV™ (1) o o 3
HT 2 > 0(9) : [V (P) -V (P)] ) (A-5>
where
Vo a |

(A.6)

C(0) = —= - min+/u(s) - minmp(als) - o
s s,a "

o

Expected reward, escort parameterization. Asshown in Lemma 19 and

Mei et al. (2020a, Lemma 3),

Value function, escort parameterization. As shown in Lemma 44 and

Mei et al. (2020a, Lemma 7),

drgr

7 P (@) VP (= ) T (A7)

2 110l

HW;—;(H) , > C0,p)-[V*(p) =V™(p)], (A.8)
where
_ b d_g* _1'minsﬂ'9(a*(3)|s)1*1/p
c(e,p)—ﬁ @\ max oGl (A.9)

Entropy regularized value function, escort parameterization. Asshown

in Lemma 48 and Mei et al. (2020a, Lemma 12),

oV - - 3
N > co.p)- [770) - 700 (A10)
00 ,
where
p-V2r . ming , m(als) /P dg’*' 2
cd,p) = -min \/ p(s) - : Nl == A1l
Or) =" VRS Do, (e Y

Cross entropy, escort parameterization. As shown in Lemma 50 and

Mei et al. (2020a, Lemma 17),

Hd{DKL (yllmo)} P

>
— el

[T
S =
ol

(A.12)

mmm;( ) - Dy (yl|mo)2.
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Generalized linear models, sigmoid activation, mean squared error.

As shown in Lemma 27 and Mei et al. (2021b, Lemma 9),

[ SIS

H OL(6)
0

> 8- u(f) - min{u(f),v} - \/)\_¢ [% . Z (7 — ﬂ;‘)Ql . (A.13)

2 =1
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Appendix B

Proofs for Chapter 2: Global
Convergence Rates of Softmax
Policy Gradient

B.1 Proofs for Section 2.3: Softmax Parametriza-
tion

B.1.1 Preliminaries

Lemma 1. Consider the map 6 — V™ (u) where § € R4 and my(+|s) =

softmax(6(s, -)). The derivative of this map satisfies
ovre(p) 1
00(s,a) 1—v

Note that this is given as Agarwal et al. (2019, Lemma C.1); we include a

~d?(s) - me(als) - A™ (s, a). (B.1)

proof for completeness.

Proof. According to the policy gradient theorem (Theorem 1),

vl _ 1 Omo(als) ey
00 11— y 81529 [Z o6 Q (5 aa) . (B-Q)
For ' # s, 8228,'-8)/) = 0 since my(a|s") does not depend on 6(s, -). Therefore,
8‘/71’9 (M) ]. 0 87]'0( ’ ) .
- () g B.
905 1 i’ (s) 89( P0(s.) Q™ (s, a) (B.3)
1
T W ( ) Q7 (s (B.4)

=ﬁ a(s) - H(mal(s)Q™(s,).  (using Ba. (28)) (B.5)



Since H(my(+|s)) = diag(mg(+|s)) — mo(+|s)me(:|s)", for each component a, we

have
o) = 5 ) ) [0 ) = 3l
(B.6)
1
T 14 df (s) - mo(als) - [Q™(s,a) = V7™ (s)] (B.7)
1
= T d;?(s) - mo(als) - A™ (s, a), (B.8)
where the second equation is using
V(s Zﬂ'e )- Q™ (s,a). O

B.1.2 Proofs for Softmax Parametrization in Bandits

Proposition 1. On some problems, § — E, ., [r(a)] is a non-concave function

over RX.

Proof. Consider the following example: r = (1,9/10,1/10)7, 6; = (0,0,0)T,
mg, = softmax(6;) = (1/3,1/3,1/3)T, 6, = (In9,In16,In25)", and m, =
softmax(6,) = (9/50,16/50,25/50) . We have,

1 2 259 1777 14216
T T
_ _ 1 (2 259\ _ 1777 _ 14216 B.9
(7r917a + 7r927n> 92 (3 T 500) 3000 24000 ( )

On the other hand, defining § = 1. (6 +6,) = (In3,In4,In5)" we have
75 = softmax(0) = (3/12,4/12,5/12)" and

N | =

71 14200
T, 1 _ 14200 B.10
T = 120 T 24000 (B.10)

Since § - (w7 + mg,r) > 7,7, 0 = Equn,( [r(a)] is a non-concave function of

0. ]

Lemma 2 (Smoothness). Let mp = softmax(f) and my = softmax(#'). For

any 1 € [0, l]K, 0 — m, 7 is 5/2-smooth, i.e.,

dmjr 5
_ T, _ 0 /- e / 2
(mg —mg) ' T < 7 .0 9>‘ 1 16" = 9]|5- (B.11)
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Proof. Let S == S(r,0) € RE*K be the second derivative of the value map

0 — 7y r. By Taylor’s theorem, it suffices to show that the spectral radius of

S (regardless of r and 6) is bounded by 5/2. Now, by its definition we have

d (drjr
5= @{ o }
= i g UH(mo)r}  (using Eq. (2.8))

d

= (diag(mg) — momy )7 }

Continuing with our calculation fix ¢, j € [K]. Then,

d{mo(i) - (r(i) —my 1)}

o (r
% 16)

= 00)) (r(i) — mg r) + (i) 00)

where

1, ifi=y,
0ij = .
0, otherwise

d{r(i) — myr}

(B.12)

(B.13)

(B.14)

(B.22)

is Kronecker’s d-function. To show the bound on the spectral radius of S, pick

y € RE. Then,
K K
'Syl =D S uiy()
i=1 j=1

\Zm ) = iy
—227@ ) — 7 1)y Zwe ‘

_ \<H<m>r> o0 -2 (e - (7 2l

(B.23)

(B.24)

(B.25)

(B.26)

< [H(mo)rlloe - ly © ylly +2- [[H (mo)rlly - Wl - lI7oll - [yl (B-27)
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where ® is Hadamard (component-wise) product, and the last inequality uses
Holder’s inequality together with the triangle inequality. Note that ||y ©yl|; =
lyl13, [|mell1 = 1, and ||y|lso < |Jyll2. For i € [K], denote by H;.(m) the i-th

row of H(my) as a row vector. Then,

1H; (7o) |l, = mo(i) — 7o (i)? + mo (i Zﬂe (B.28)
J#i

= mo(i) — m(i)* + 7p(d) - (1 — 7o (i)) (B.29)

— 2.7 (i) - (1 — (i) (B.30)

<1/2. (using that z - (1 — ) < 1/4 holds for x € [0,1]) (B.31)

On the other hand,

1H (mo)rll, = Zm (i) — g 7] (B.32)
< max ‘r(z) — 77| (B.33)
<1. (using re o, 1]K> (B.34)

Therefore we have,

[y" S, 0)y] < I1H (ma)rll - Il + 2 | H (ro)r - Nyl (B.35)

= max|(Hi.(mo) " r| - Iyl + 2+ | H (o)l - lylly (B-36)

< max | Hi (ma) |, - Il - I3 +2- 1yl (B.37)

< (1/2+2)- Iyl = 5/2- Il (B.38)

finishing the proof. O]

Lemma 3 (Non-uniform Lojasiewicz). Assume r has a single maximizing

action a*. Let 7* := argmax, ., 7', and 7y = softmax(f). Then, for any 6,

When there are multiple optimal actions, we have
1 * * T
> Y mola)| - (7t —mo) T, (B.40)

‘ 2 V ’A*‘ a*EA*

where A* = {a* : r(a*) = max, r(a)} is the set of optimal actions.
129

-
dmyr

do

> mg(a*) - (7% — ) 7. (B.39)

dm, r
df




Proof. We give the proof for the general case, as the case of a single maximizing

action is a corollary to this case. Using the expression we got for the gradient

earlier,
|52] = (5 ety - (341
> ! Z mo(a*) - (r(a*) — my7) (by Cauchy-Schwarz) (B.42)

Vv |A* a*cA*
= \/EA_*| : [ Z 7T9(CL*>] (m* —m) T O

a*eA*

For the remaining results in this section, for simplicity, we assume that
A* = {a*}, i.e., there is a unique optimal action a*.
Lemma 4 (Pseudo-rate). Let my, = softmax(6;), and ¢; = minj<s<; mp, (a*).

Using Update 1 with n =2/5, for all ¢t > 1,

(7" —mg,) ' < 5/(t-cP), and (B.43)

]~

(7 — 75,)Tr < min {\/5_T/CT, (5log T)/c2 + 1} . (B.44)

4~
Il

1

Proof. According to Lemma 2,

dmgr 5
(o = 0) "7 = (g bn = 0| < 3 =B (BA)
which implies
drgr 5
T T 04 2
To, " — Moy T S _<d—9t’gt+1 - ‘9t> 1 16241 — O3 (B.46)
dm,r > 5 o ldmgr ?
=—n-||— — . ‘ ing Update 1 B.47
1 ||dmgr 2
= —=. : i =2/5 B.48
o TR (B4
1
< — [, (a*) - (7" — W@t)TT]2 (by Lemma 3) (B.49)
2
< _%t (- Wgt)TT}2 : (by the definition of ¢;) (B.50)
which is equivalent to
T T c T2
(7" —7mp,,) T — (7" —mp,) 1 < % [(7* —7q,) 7] (B.51)
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Let §; = (7* — mp,) "r. To prove the first part, we need to show that ¢; < % : %
holds for any t > 1. We prove this by induction on t¢.

Base case: Since 6; < 1 and ¢; € (0,1), the result trivially holds up to ¢ < 5.
Inductive step: Now, let ¢ > 2 and suppose that §; < %% Consider f; : R -+ R
defined using fi(z) = x — % - 2%, We have that f; is monotonically increasing

in [0, %] Hence,

5 1 . 5 1 5

Sft(g;) (usmgétgc_?.zélc%’tzQ) (B.53)
5 1 1

— . (Z_= B.54
c? (t t2> ( )
5 1

< = .- B.55

—d t+1 ( )

<21 (using ¢ > cri1 > 0) (B.56)
_—— using ¢; > ¢ )

= C%H PR g Ct 2 Ciy1

which completes the induction and the proof of the first part of the lemma.

For the second part, summing up §; < % . % < % .

+, we have

T
S5logT
Z (7" —mg,) 1 < 02g + 1. (B.57)

t=1 r
On the other hand, rearranging Eq. (B.51) and summing up

k)

5
0 < = (0 = 01) < — - (8 = G41), (B.58)
c; c
fromt=1to T,
5 T
07 < 5 ) (60— i) (B.59)
t=1 -
5
=5 (01 — dr11) (B.60)
Cr
< % (since 6741 >0, 61 < 1) (B.61)
Cr

Therefore, by Cauchy-Schwarz,

>

t=1

T T
VT
ﬂ*—ﬂgt)TT:Z&S\/T- Z&fg . O
t=1 t=1 T
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Lemma 5. For n =2/5, we have inf;>; mp, (a*) > 0.

Proof. Let
K A
and
A=r(a*)— rr;ai(r(a) >0 (B.63)

denote the reward gap of r. We will prove that inf;> mp, (a*) = minj <<, g, (a*),
where ¢y = min{t : m,(a*) > 7} Note that ¢, depends only on ¢, and c,

and ¢ depends only on the problem. Define the following regions,

Ry = {9: C;Zi:) > ;lg({g, Va # a*}, (B.64)
Ro ={0:m(a") > mp(a), Ya #a"} (B.65)
N, = {9  mp(a”) > Ci 1} . (B.66)

We make the following three-part claim.

Claim 1. The following hold:

a) Ry is a “nice” region, in the sense that if 0, € Ry then, with any n > 0,
following a gradient update (i) 0,41 € Ry and (ii) m,,, (a*) > mg,(a*).

b) We have Ry C Ry and N. C R;.

c) Formn=2/5, there exists a finite time ty > 1, such that 6,, € N, and thus

iy € R1, which implies that inf;>; mg, (a*) = ming <4, mp, (a*).

Claim a) Part (i): We want to show that if 6, € R4, then 6,7 € R;. Let

T T
Ri(a) = {9- dmy 7, dW’} . (B.67)

" df(a*) ~ db(a)
Note that Ry = Ngze-Ri(a). Pick a # a*. Clearly, it suffices to show that if

0; € Ri(a) then 0,1 € Ri(a). Hence, suppose that 6; € Ri(a). We consider

two cases.
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Case (a): mg,(a*) > mp,(a). Since mp, (a*) > my,(a), we also have 6,(a*) > 0:(a).

After an update of the parameters,

Buala”) = B + 1 e (B.63)
> 0,(a) +1- ;Z?tar) (B.69)
— Gp1(a), (B.70)

which implies that 7,,, (a*) > 7g,,,(a). Since r(a*) = 7,,, 7 > 0 and r(a*) >

r(a),

T, 41 (CL*) ' (T(CL*) - 7T9Tt+17’) Z T0s11q (CL) ’ (r(a) - 7T19Tt+1r) ) <B71)
. . . dﬂ;r r d7r;)r ro
which is equivalent to d9i+t1+((11*) > d9t_:1+(1a)7 e, 041 € Ri(a).

Case (b): Suppose now that mp,(a*) < mp,(a). First note that for any 6 and
a # a*, 0 € Rqi(a) holds if and only if

r(a*) —r(a) > (1 — We(d*)) (r(a®) —mgr) (B.72)

mo(a)
.- dr ] r dr] T
Indeed, from the condition d@(‘; 5 > dc9(6a)’ we get
mo(a*) - (r(a*) —mgr) > mola) - (r(a) — m ) (B.73)
= my(a) (r(a*) — W;T’) —mg(a) - (r(a*) —r(a)), B.74)

which, after rearranging, is equivalent to Eq. (B.72). Hence, it suffices to show
that Eq. (B.72) holds for 6;,; provided it holds for 6;.

From the latter condition, we get
r(a*) —r(a) > (1 —exp{0;(a*) — 0,(a)}) - (T(a*) — W(;Zr) ) (B.75)

After an update of the parameters, according to the ascent lemma for smooth

function (Lemma 33), m, r > ) r, ie.,
t+1 t

0<r(a*)— ﬂg;+17“ <r(a*) —m,r. (B.76)
On the other hand,
i . dmg,r dmg,r
Or1(a”) = Opa(a) = 0:(a”) + 1 (0 i(a) —n a6, (a) (B.77)
Z Qt(a*) — Qt(a), (B78)



which implies that
1 —exp{b1(a”) —Oi1(a)} <1 —exp{f(a*) —O(a)}. (B.79)

Furthermore, by our assumption that my, (a*) < my,(a), we have

1 —exp {6(a*) — O,(a)} = 1 — 7;_99 ((CZ)) > 0. (B.80)
Putting things together, we get
(1 —exp{bir1(a”) = bria(a)}) - (r(a*) - W(;ZHT) (B.81)
< (1 —exp{bi(a”) — bi(a)}) - (r(a*) — W;r) (B.82)
<r(a*) —r(a), (B.83)

which is equivalent to

(1 - ”“—(“)) (r(a*) = mg,,r) < r(a”) = r(a), (B.84)

;11 (a)

and thus by our previous remark, 6,17 € Rq(a), thus, finishing the proof of

part (i).
Part (ii): Assume again that 6, € Ri. We want to show that m,, (a*) >
7TTT‘ 7TT7‘
7, (a*). Since 6, € Ry, we have % > ZTQ(Z)’ Va # a*. Hence,
* exp {0i1(a”)}
To,,,(a") = B.85
) T o B ta) ()
dm] T
- _ (B.86)
D €XP {et(a) +1- W}
dm] 7
exp {Qt(a*)+ﬁ'%} dmg, dmg,
> e (usmg B2 @, etr) (B.57)
S exp {gt(a) +’7'W9¢§*)} y(a*) i(a)
exp {6:(a") } )
= g, (a”). B.88
ey (B
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Claim b) We start by showing that Ry C R;. For this, let § € R, i.e.,
mp(a*) > mp(a). Then,

dﬂ-gr _ * * T
B0 mo(a*) - (r(a*) — 7y 1) (B.89)
> mo(a) - (r(a) —my ) (B.90)
(using r(a*) — 74 r > 0 and r(a*) > r(a)) (B.91)
zgg, (B.92)

Hence, 8 € R, and thus Ry C R, as desired.

Now, let us prove that N, C R;. Take 6 € N,.. We want to show that
0 eRy. It €Ry, by Ry C Ry, we also have that 8 € R,. Hence, it remains
to show that # € R holds when # € N, and 6 € R,.

Thus, take any 6 that satisfies these two conditions. Pick a # a*. It suffices
to show that § € Ry(a). Without loss of generality, assume that a* = 1 and

a = 2. Then, we have,

T T T T
dmgr  dmgr dmgr dmgr

W0y db(a) ~ do(1)  do(2) (B-93)
=m(1) - (r(1) —myr) —mp(2) - (r(2) — g 1) (B.94)
=2-m(1) - (r(1) —myr) + Z mo(i) - (r(i) — mg7) (B.95)

(see below) ! (B.96)
= (2 -me(1) + Zm(i)) (r(1) - W(;rr) (B.97)
—XﬁMXWU—W» (B.98)

> (2.w9(1)+zw9(¢)> - (r(1) = myr) Zwe i) (B.99)
> (2 - mo(1) + ZW(@) 7 Zﬂe(i% (B.100)

where the second equation is because

mo(2) - (r(2) —myr) + Z mo(i —mgr) =0, (B.101)
1#£2
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the first inequality is by 0 < r(1) — (i) < 1 and the second inequality is

because of
r(l) —myr = ém(z) -r(1) — éwe(i) -1 (4) (B.102)
= gﬂe(i) -(r(1) = r(2)) (B-103)
> gm(z’) A > ma{my(a)} - A (B.104)
> % (using ma(mo(a)} = max{my(a)) > %) (B.105)

Plugging 325, mp(i) = 1 — m(1) — mp(2) into Eq. (B.93) and rearranging the

resulting expression we get

drgr  dm,r

df(a*) ~ db(a) (B-106)
> (1) - (1 + %) - (1 - %) + m(2) - (1 - %) (B.107)

> 79(2) - (1 - %) > 0, (B.108)
(using 6 € N, mo(1) > ¢/(c+1)) (B.109)

which implies that 6 € R4(a), thus, finishing the proof.

Claim c) We claim that 7, (a*) — 1 as t — oo. For this, we wish to use the
asymptotic convergence results of Agarwal et al. (2019, Theorem 5.1), which
states this, but the stepsize there is < 1/5 while here we have n = 2/5.
We claim that their asymptotic result still hold with the larger n. In fact,
the restriction on 7 comes from that they can only prove the ascent lemma
(Lemma 33) for n < 1/5. Other than this, their proof does not rely on the
choice of 7. Since we can prove the ascent lemma with n < 2/5 (and in
particular with n = 2/5), their result continues to hold even with n = 2/5.
Thus, m,(a*) — 1 as t — oo. Hence, there exists to > 1, such that

T, (a*) > which means 6,, € N, C R;. According to the first part in

_c_
c+1 7

our proof, i.e., once 6; is in R, following gradient update 6,1 will be in Ry,
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and g, (a*) is increasing in R4, we have inf; mp, (a*) = ming<i<¢, mg, (a*). to

depends on initialization and ¢, which only depends on the problem. O]

Proposition 2. For any initialization there exist ¢ty > 1 such that for any
t > tg, t — mp,(a*) is increasing. In particular, when my, is the uniform

distribution, t; = 1.

Proof. We have ty = min{t > 1 : m,(a*) > -5}, where ¢ = K-(1-2)in
the proof for Lemma 5 satisfies for any ¢ > ¢y, t — my, (a*) is increasing.

Now, let 61 be so that 7y, is the uniform distribution. We show that ¢, = 1.
Recall from Claim 1 that R, is the region where the probability of the optimal
action exceeds that of the suboptimal ones and R, is the region where the
gradient of the optimal action exceeds those of the suboptimal ones and that
Rs C Ry. Clearly, §; € Rs and hence also #; € Ry. Now, by Part a) of
Claim 1, R4 is invariant under the updates, showing that t; = 1 holds as

required. O]

Theorem 2 (Arbitrary initialization). Using Update 1 with n = 2/5, for all
t>1,

(m* —mg,) ' r < 5/(c*- 1), (B.110)

where ¢ = inf;>q mp,(a*) > 0 is a constant that depends on r and 6y, but it

does not depend on the time t.

Proof. According to Lemmas 4 and 5, the claim immediately holds, with ¢ =

inft21 o, (a*) > 0. [

Theorem 3 (Uniform initialization). Using Update 1 with n = 2/5 and
7o, (a) = 1/ K, Va, for all t > 1,

(7" — mp,) 'r < BK?/t, and (B.111)

Me

(7* — ;) T<m1n{K\/ 5K210gT+1}. (B.112)

t=1
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Proof. Since the initial policy is uniform policy, 7y, (a*) > 1/K. According

to Proposition 2, for all ¢ > ¢ty = 1, t — my,(a*) is increasing. Hence, we

have mp,(a*) > 1/K, Vt > 1, and ¢; = minj<s<¢mp,(a*) > 1/K. According to

Lemma 4,

501
t

(7" —mg,) ' r < 5 - <, (B.113)
?

C

we have (7% — m,) r < 5K?2/t, Vt > 1. The remaining results follow from

Eq. (B.43) and er > 1/K. O

Lemma 6. Let r(1) > r(2) > r(3). Then, a* = 1 and inf;> mp, (1) =

minlgtgo o, (1), where

to = min {t >, Tall) > - r(2) = r3) } . (B.114)
mo,(3) — 2+ (r(1) = r(2))
In general, for K-action bandit cases, let (1) > r(2) > --- > r(K), we have,
2, ¢ mo(j) - (r()) — (7))
to=minqt>1: m(1) > L : (B.115)
’ { 2-(r(1) —r(3))
for all i € {2,3,...K—1}}. (B.116)
Proof. 3-action case. Recall the definition of R, from the proof for Lemma 5:
drgr dmgr
Ri=90:-0 > 00 vy sge B.117
= {0 ey > e} T

By Part a) of Claim 1, it suffices to prove that § € R;. Thus, our goal is

mo(1) r2)-r@3) .
to show that any 6 such that ﬂZ(S) 2 e @) s 0 fact an element of R;.
(1) 5 _r(2)=r(3)

Suppose — 3 2 50— There are two cases.

)’
mo(1) ~ 7(2)=r(3)
Case (a): If @ = r()_r(2)> then we have,

r(2) —myr = —me(1) - (r(1) — r(2)) + m(3) - (r(2) — r(3)) (B.118)
iy [T @) = (3
= ma(3)- () - r(2) - |-+ ST (Bang)
mol1)  (2) = r(3)
<. (S5 T0-rm) S

— =my(1) - (7“(1) - 7T;—T) —mp(2) - (7"(2) — W;—T) (B.121)

>0-0=0. (r(1) —myr >0) (B.122)



Note that since r(1) > 7, 7, and r(3) < 7, r, we have

Therefore we have

Case (b): If 3 r(2)-r(3)

2:(r(1)—r(2

=2-mp(1) - (r(1) — mg 1) + me(3) - (r(3)
> m(3)- | I () = ) +
. mo(1) r(2) —r(3)
(“S 8 703 = 2 (r(1) —r<2>>)
> m(3) | I (1) = r(2) +
=m(3) - (r(2) —myr) >0

where the second equation is according to

me(1) - (r(l) — 7'(';7“) + 7(2) - (7’(2) — W;T) + 7 (3) - (7’(3) — T,

_ T T
=Tyr —TyT

=0,

and the second inequality is because of

r(1) —myr = (1—mp(1)) - (1) = (me(2) - 7(2) + 7o (3) - 7(3))

= 7p(2) - (r(1) = 1(2)) + 76(3) - (r(1) — 7
= (m(2) + m(3)) - (r(1) — 7(2))
> (m0(2) + m9(3)) - (r(1) — 7(2))
() r(2) = r(3)
(“S”‘g 7o(3) (1) —1(2)
= T(l) - T(2)7

> 0.

(3))

(B.123)

(B.124)

(B.125)
(B.126)

(B.127)
(B.128)

(B.129)

(B.130)



d7r9Tr dﬂ'JT
do(1) = do(2)*

Therefore we have 0 € R4.

According to Eq. (B.123), we have drg 1 > =

Now we have

K-action case. Suppose for each action i € {2,3,... K — 1}, mp(1) >
Zj;él,j#Wo(j)'(r(i)_r(j))
2:(r(1)—r(3))

Case (a): If mp(1) > Zj#l“ﬁg;ﬁfg”4(]')), then we have,

r(i) = mgr = —m(1) - (r(1) =r()) + D m(j)- (r(i) —r(j))  (B.141)

. There are two cases.

JFLj#
<0, (m(l) > 2#1,3-#:(91()])_- izx) — T(]))) (B.142)

which implies, for all i € {2,3,... K — 1},

55~ 585 00 ot 0=

>0-0=0. (r(1) —myr > 0) (B.144)

Similar with Eq. (B.123), since r(1) > m) r, and r(K) < m, r, we have

drgr  dmgr B . .
do(1)  do(K) mo(1) - (r(1) = mpr) = mo(K) - (r(K) —mgr)  (B.145)

>0-0=0. (B.146)

Therefore we have % > %, for all i € {2,3,... K}, ie., 0 € Ry.

212 0 () (r(@)—r(5)) S i1 iz T0(9) (r(@)—r(j)
Case (b): If SEETEEEE < om(1) < SEME R

have, for all ¢ € {2,3,... K — 1},

) , then we

— ~ =mp(1) - (r(1) — g 1) — mo(d) - (r(d) —mg ) (B.147)

=2-m(1)- (r(D) —mgr) + > m(j)- (r(j) — ) (B.148)

J#FLj#
Zj;ﬂ,j;éz’ mo(j) - (r(7) —r(4)) (1) — 2Ty
> (1) — (i) (r(1) = my7) (B.149)
+ Y mol) - () —mgr) (B.150)
J#FLI#i
Zj;ﬂ,j;éi mo(j) - (r(7) —r(4)) (1) — (i
> ) = () (r(1) —r(3)) (B.151)
+ Y mo() - (r) =7 r) (B.152)
AL
= > m() - (r(i) —mr) >0, (B.153)

AL



where the second equation is according to

mo(1) - (r(1) —myr) 4+ mo(i) - (r(i) — myr) (B.154)
+ Y m() - (r(G) —mr) (B.155)
AL
=m,r —myr =0, (B.156)
and the first inequality is by r(1) — 7, r > 0 and,
Zj;éld‘;éi mo(j) - (r(i) —7(5))
mo(1) >  RCOEI0) : (B.157)
and the second inequality is because of
r(1) —mgr =mo(i) - (r(1) —r(D)) + > me(4) - (r(1) —r(j))  (B.158)
J#FLIFL
=Y m(G) - (r() =r@) + > ml(i) - (r(i) = r(4)) (B.159)
A1 AL
> () - (r(1) = (i) + me(1) - (r(1) = r(i)) (B.160)
£
gz me(d) - (r(@) —r(j))
<usmg £LI7 ) =) > 7T9(1)) (B.161)
=r(1) —r(7), (B.162)
and the last inequality is from Zizliz ;&9)@'((;(1')4(]')) > my(1) > 0 and,
r(i) —mgr=—mo(1) - (r(1) = r(i)) + D me(j) - (r(@) —r(j))  (B.163)
J#FLj#
_ > i1z o) - (r(@) — (7))
> 0. ( o(1) < ) =) ) (B.164)
Now we have % > Cflg%i;, foralli € {2,3,... K—1}. According to Eq. (B.145),
we have ZZ({; > ;&%. Therefore we have 6 € R;. O

B.1.3 Proofs for Softmax Parametrization in MDPs

Lemma 7 (Smoothness). V™ (p) is 8/(1 — 7)3-smooth.

Proof. See Agarwal et al. (2019, Lemma E.4). Our proof is for completeness.
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Denote 0, = 0 + au, where o € R and u € R54. For any s € S,

871'9 a\ 87'('9 a| 89a
za: a= Z ’ oc:O’ Oa >
<87T9 a\ >
Since % =0, for ¢’ # s,
677'9 Z’ 677'9
> | u(s,))
= Zm (als) (s,a) — 7Tg('|S)TU(S, )|
< max u(s, a)| + |m(-]s) "u(s, ) < 2+ ull
Similarly,
D?mo, (als) B 0 [ 0mg,(als) 94,
0a?  la=o| ; <80a { Oa } a:078_a>
B Z <827r9a(a|3) 90, 890>
B - 902 la=0 o’ O
0?mo(als)
= Ea: <WU(S»'),U(87')> :
Let S(a,0) = 86;729((‘” € R4 i j € [A], the value of S(a,0) is,

Sij =

0{diamo(als) — mo(als)mo(ils)}

00(s,7)

= 5ia : [djaﬂ-H(a‘S) - 7T9(CL’8)7T9(j|8)]
— mo(als) - [0i5ma(j]s) — Ta(ils)ma(jls)]
— mp(i|s) - [0jamo(als) — mo(als)me(4]s)],

where the § notation is as defined in Eq. (B.22). Then we have,

— mo(als) - ‘u(s,a)2 —2-u(s,a) - mo(-]s) Tuls, )

—7o(-|s)" (u(s,”) ®uls,-))+2- (7T9('|S)TU(8, ))2 ‘

Z Z Siju(s,i)u(s, )

i=1 j=1
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Therefore we have,
8 70, a]
S|

+ m(-w (u(s,) @ uls, ) +2- (mo|s) Tu(s,))*

< lu(s, M3+ 2 fluls, )z + lluls, )l +2 - Juls,)lI3

<6 JJullz.

Define P(a) € R9* where (s, s'),

(s s') T Zﬂ-ea |8 CL)

The derivative w.r.t. « is

oo
For any vector x € R%, we have

o

a_o} P(s]s, a).

a=

The /., norm is upper bounded as

< max {u(s,a)” +2- |u(s,a) - 7o(-s) Tu(s

Ox} ;ZPM (als) (O}-P(sqs,a)-x(s’).

)|} (B.180)

(B.181)
(B.182)
(B.183)

(B.184)

(B.185)

(B.186)

0P (o) Omg, (als) / /
H B | T = max ZZ [ Y } P(s|s,a) - x(s")| (B.187)
< maXZZP "Is,a) 8779 (a| )‘ L (B.188)
87r als
= mgxz egi | )‘ o| Nzl (B.189)
<2 julls - |zllo.  (by Eq. (B.167)) (B.190)
Similarly, taking second derivative w.r.t. «,
0*P(a) 0%, (als)
= — . ! . B.191
{ 8062 a:0:| (s,s’) ; |: 8042 a:0:| P<8 ’S’ (Z) ( )
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The ¢, norm is upper bounded as

‘ 02611(2(1) azox' = max ZZ [(’3 Wgafl a:0:| P(s|s,a) - x(s)
(B.192)
< ma 5Pl ) [P | e (3.193)
= mgx; % el (B.194)
<6-||ull3 |7 o (by Eq. (B.180)) (B.195)
Next, consider the state value function of my,_,
V7 (s Zma (als) - r(s,a) (B.196)
+ yzm(ap) > P(s]s.a) - Voe(s'), (B.197)
which implies,
V™ (s) = el M(a)rg,, (B.198)
where
M(a) = (Id — vP(a)) ™", (B.199)
and ry, € R® for s € S is given by
s) = Zﬂ'ea(a’S) -r(s,a). (B.200)
Since [P(a)](, ) > 0, ¥(s,s'), and
M(a) = (Id — vP(« ny (B.201)

we have [M(a)], o
M (). We have

y =0, V(s,s'). Denote [M(a)]; as the i-th row vector of

l1=——"(Id—9P(a)) 1 = M(a)l = —— - 1, (B.202)



which implies, Vi,

Therefore, for any vector z € R,

According to Assumption 1, r(s,a) €

170010

Omg(a

Since 007

o= Z el - 1
M@)ol = max [ ()]
< max | (M(@), | - ol
1
=T 1% o -

[0,1], ¥(s,a). We

have,

r(s,a)] <1

= max Iro, ()| = max Zma(a\s)
=0, for s’ # s,
Ore,(s)| | Ore.(s)) O
oa | ( 04, ) O

(19 Tr(s, 0 |
- () “&%
— |(H (o, (1)) (s, ) T uls. )|
< | H (7o, (1) (s, )l - luls

Mo -

Similarly to Eq. (B.32), the ¢; norm is upper bounded as

1 (mo. (|

=

<

Therefore we have,

1

87“9(1

oo

S

< max || H (g, (-|s)) (s

< [fullz.

a9

s@g|<ﬂw4%u>vwﬁ\

ca) — 7, () (s, )]

1. (since r(s,a) € [0,1])

N Jry, (s)

«
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(B.203)

(B.204)

(B.205)

(B.206)

(B.207)

(B.208)

(B.209)

(B.210)
(B.211)

(B.212)

(B.213)
(B.214)

(B.215)

(B.216)
(B.217)



Similarly,

0?ry,, D?re,, ()

‘ o2 ||~ 5| 0a2 (B.218)
B ( {8% }) (B.219)
e ()
= max u(s, '>T82{7r9(f;9(12i;(87 .)}U(S, ')‘ (B.221)

<5/2-[lu(s, )3 <3 flullz.  (by Eq. (B.35)) (B.222)

Taking derivative w.r.t. « in Eq. (B.198),

IVmia(s) T oP(a) T dre,
5 = e, M(a) 0 M(a)rg, + e, M(o )(904' (B.223)
Taking second derivative w.r.t. a,
PPV™a(s) 5 o OP(a) OP(«)
ez = 2v° - ey, M(«) e M («) e M(a)re, (B.224)
o?pP
- e!M(a)ﬁM(a)ma (B.225)
OP(a) Org D*ry
. T @ T «
+2vy-e, M(a) . M () S0 +e, M(a) R (B.226)
For the last term,
827“9(1 7”9
)| [ <t e ) (B.227)
1 82r9
< —- = . . .
S1, ‘ 92 Lol _ (by Eq. (B.204)) (B.228)
3
< T |3 (by Eq. (B.218)) (B.229)
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For the second last term,

OP(«) Jry,, OP(«) Ory,,

. <
e, M(a) B M(a) P ool = HM(a) e M () P lacol|_ (B.230)
1L (0P() ., \Or,
ST H 5o M@ [ Oy Ee (B209) (823
< 2z g 2ree (by Eq. (B.187)) (B.232)
N 1_7 Jda la=0 o y & ’ '
2 |[ullz || Org,
S 1= N el . (by Eq. (B.204)) (B.233)
2 ull2 2 )
< Nully = ——5 - lull3. by Eq. (B.215 B.234
For the second term,
0*P(a) 82P(a)
. <
eg M(ar) 902 M(a)ry, a:o’ < ”M(a) 902 M (a)ry, wc||_ (B.235)
1 0*P(a)
S ‘ 50z M), a=0Hoo (by Eq. (B.204))  (B.236)
o112
= 61|%UL|2 : “M(a)'f’ea =0H (by Eq. (B.192)) (B.237)
6 - lull3
< 71 N9 . . .
S 0—7) H% a:oHoo (by Eq. (B.204)) (B.238)
6
< 3. by Eq. (B.207 B.239

For the first term, according to Eq. (B.187), Egs. (B.204) and (B.207),

ejM(a)ag—ff‘)M(a)gg—S‘)M(a)% - (B.240)
< HM(a)agéa)M(a)agéa)M(a)ma i (B.241)
<72 Nl T 2 e = (B.242)
_ ﬁ 2 (B.243)
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Combining Eqgs. (B.227), (B.230), (B.235) and (B.240) with Eq. (B.224),

% N M(a)agfj‘)M(a)agff)M(@)ma azo' (B.244)
Yy ejM(@)aZ; (QO‘)M(a)raa N ‘ (B.245)

T B YOS VLN [ B PV LA
(B.246)

(o T o )
(B.247)
< = (B.248)

which implies for all y € R4 and 6,
e T o

T - ‘(Hjb) ) (Hjb)‘ il (B.219
= e <%“7“> lyll3 (B.250)
- o (|G G e
= mx (o { PG ] G|l w2
= max |2V g (B.253)
< ﬁ-nyné. (by Fa. (B.244)) (B.254)

Denote 0 = 0 +£(0' —0), where £ € [0, 1]. According to Taylor’s theorem, Vs,
v, o

‘vw(s) _yTe(s) — <8Vg—;(3), o - 9>' (B.255)
S T PVTE(s)
=5 (0 — 9) —&92 ' —0) (B.256)
4 / 2
<o 10 0B (b Ba (B219) (B.257)

Since V™ (s) is 8/(1 — v)3-smooth, for any state s, V™ (p) = Es, [V™(s)] is
also 8/(1 — 7)3-smooth. O
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Lemma 8 (Non-uniform Lojasiewicz). Let my(+|s) = softmax(f(s,-)), s € S

and fix an arbitrary optimal policy 7*. We have,

1
2 VS

where a*(s) = argmax, 7*(a|s) (s € S). Furthermore,

o ||
dp

o
dy
o0

H V™ (p)
90

-minmo(a*(s)]s) - [V*(p) = V™(p)], (B.258)

1

||
> |
s VSA

o
dy

[V (p) = V™ (p)],

H oV ()
6

|:m81n Z ma(a(s)]s)

a(s)eA™ (s)

(B.259)

where A™(s) = {a(s) € A: Q" (s,a(s)) = max, Q™(s,a)} is the greedy action

set for state s given policy 7.

Proof. We have,

oV (u) v (w\?]?
H 09 2:[%}(89(3,@))] (B-260)
v ]
> |5 (et | 261
1 V™ (1) B "
- Sz‘ﬁﬁ(s,a*(s))‘ (=l = (1, 2D < [11ll2 - lzll2) (B.262)
! L o * o *
:ﬁ'ﬁ;}d“ () - mola”(s)ls) - A™ (s, a"(s)) (B.263)
(by Lemma 1) (B.264)
L TR
=10 75 ) Mol @)ls) |47 (s, (). (8.265)

where the last inequality is because of dj(s) > 0 and mg(a*(s)[s) > 0. Define
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¥

P
T
dy

the distribution mismatch coefficient as = max, Zﬂg ® . We have,

o0

H N (n) (B.266)

00

L LS B0 () e (5)l) - |47 (s.a(s))] (B.267)

-1
dﬂ'
> ﬁ : LS d_%" ) -msinﬂg(a*(sﬂs) (B.268)
Y d7(s) - |4 (s (5)) (B.269)
|
> ﬁ - LS d_,%" -msinﬂg(a*(s)]s) (B.270)
D (s)- AT (s, () (B.271)
1 S a |
= 75 d_,%" ) -msinﬂg(a*(sﬂs) (B.272)
1 7T T,
T d ZTI‘ - A (s,a) (B.273)
1 |[dy &
| E| e e - v, (B.274)

where the one but last equality used that 7* is deterministic and in state s
chooses a*(s) with probability one, and the last equality uses the performance
difference formula (Lemma 34).

To prove the second claim, given a policy m, define the greedy action set for

each state s,

Am(s) = {d(s) € A Q(s,a(s)) = max Q"(s, a)} . (B.275)
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By similar arguments that were used in the first part, we have,

Vo) oV (1
hy-Sch B.2
H 20 \/— Z ' 2605, a) (by Cauchy-Schwarz) (B.276)
1
[ 7r9
T \/S_Ag Zm als) - |A™ (s, a)] (B.277)
(by Lemma 1) (B.278)
Z1-, ; ' —\/;—AZdZﬁ"(s) 7 Z mo(a(s)|s) - |A™ (s, a(s))| (B.279)
s a(s)eA™0 (s)
1 1 |dy - [
>—— —— |2 - min Y Wg(a(s)s)] (B.280)
1-v VS dy’ s -
7 a(s)eA™o (s)
N dr(s)- \max Q%, a) = V™ (s)|, (B.281)
where the last inequality is because for any a(s) € A™(s) we have
A" (s,a(s)) = max Q™ (s,a) — V™(s), (B.282)

which is the same value across all a(s) € A™(s). Then we have,

V™ () 1 1 dg* ) Z ~
— 2 = || min mo(a(s)|s)| (B.283)
H 00 My~ 1=v VSA | & | T
: ng*(s) : [mgtx Q™ (s,a) — V”“’(s)] (B.284)
L1
> L% min S m(als)s) (B.285)
> = - |mi ur) :
SA 14 g a(s)eA™ (s)
— Zd” Q™ (s, a*(s)) — V™(s)] (B.286)
1 _
= d“‘) msln 9(0,(8)|S> (B.287)
GA"G
—— ) di (s Zﬂ'* ) - A™(s,a) (B.288)
1 _
— d”" |:n181n Z 9((1(8)5)] (B.289)
s5)eAmo (s
V’“" (o)), (B.290)
where the last equation is again according to Lemma 34. O
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Lemma 9. Let Assumption 2 hold. Using Algorithm 1, we have ¢ =

infses i>1 79, (a*(5)]s) > 0.

Proof. The proof is an extension of the proof for Lemma 5. Denote A*(s) =
Q*(s,a*(s)) — MaXgza+(s) @*(5,a) > 0 as the optimal value gap of state s,
where a*(s) is the action that the optimal policy selects under state s, and
A* = minges A*(s) > 0 as the optimal value gap of the MDP. For each state
s € §, define the following sets:

Ri(s) = {e: a(?(z,ﬂzi?))) > ay(m <5)) , Va # a*}, (B.291)
Ra(s) ={0: Q™ (s,a’(s)) = Q"(s,a’(s)) — A%(s)/2}, (B.292)
Ra(s) = {0:: V™i(s) > Q™ (s,a"(s)) — A%(s)/2, (B.293)
for all ¢ > 1 large enough}, (B.294)
M) = {0 mla9)19) = 5} (B.295)
where ¢fs) = = 7f O (B.296)

Similarly to the previous proof, we have the following claims:

Claim I. R;(s)NR2(s)NRs(s) is a “nice” region, in the sense that, following
a gradient update, (i) if 0; € R1(s) NRa(s) NR3(s), then 0,11 € Ry(s)N
Ra(s) N Rs(s); while we also have (ii) g, ., (a*(s)|s) > g, (a*(s)]s).

Claim II. NV.(s) NRa(s) NR3(s) C Ri(s) NRa(s) N Rs(s).

Claim III. There exists a finite time ¢o(s) > 1, such that 6, € N(s) N
Ra(s) N Rs(s), and thus by, € Ri(s) N Ra(s) N Rs(s), which implies

inf>y mg, (0" (s)|s) = ming<i<io(s) T, (" (5)]5).

Claim IV. Define ¢, = max,to(s). Then, we have

inf 7y, (a*(s)|s) = min minmy, (a*(s)|s). (B.297)

seSt>1 1<t<top s

Clearly, claim IV suffices to prove the lemma since for any 6, min, , mp(als) > 0.

In what follows we provide the proofs of these four claims.
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Claim I. First we prove part (i) of the claim. If 8, € R1(s) NR2(s) NR3(s),
then 0,11 € Ri(s) NRa(s) NR3(s). Suppose §; € Ri(s) N Ra(s) N Rs(s). We
have 6,11 € R3(s) by the definition of R3(s). We have,

Q™ (s,a"(s)) > Q'(s,a(s)) — A*(s)/2. (B.298)

According to smoothness arguments as Eq. (B.357), we have V™u1(s) >
V™o (s'), and

Q1 (s,°(s)) = Q”t(s a*()) + Q7 <s a*(s) — Q" (s,a"(s)) (B.290)

= Q™ (s,a* +’YZP "Is,a* [V (sT) — V(")) (B.300)
> Q™ (s,a’(s)) + 0 (B.301)
> Q' (5,a"(s)) — A*(s)/2. (B.302)

which means 0,1 € Ra(s). Next we prove 6,1 € R1(s). Note that Va # a*(s),

Q™ (s, a"(s)) — Q™ (s,a) (B.303)
= Q™ (s,a7(s)) — Q"(s,a™(s)) + Q"(s,a’(s)) — Q™ (s, a) (B.304)
> —A"(s)/2+ Q"(s,a"(s)) — Q"(s,a) + Q" (s,a) — Q™ (s,a) (B.305)
2 —A%(s)/2+Q"(s,a%(s)) — max Q(s,a) +Q"(s,a) — Q™ (s,0)

o (B.306)
= —A*(5)/2 4+ A*(s) + Z P(s|s,a) - [V*(s') = V™ (s)]  (B.307)
> —A*(s)/2+ A*(s) 4+ 0 (B.308)
= A*(s)/2. (B.309)

Using similar arguments we also have Q™+1 (s, a*(s)) — Q™+ (s,a) > A*(s)/2.

According to Lemma 1,

aVWGt (Iu) o 1 o, o
0y(s,a)  1—v i (s) - mo(als) - AT (s, 0) (B.310)
1 Tr
— —1 — ,y . dth (3) . 7r9t (a|s) . [ngt (S, a) _ Vﬂ'et (8)] . (B311)
Furthermore, since 82‘?;: ((“ ))) > 88‘2:?;2@), we have
o, (a"(s)]s) - [Q™ (s, a"(s)) = V™ (s)] (B.312)
> g, (als) - [Q™ (s,a) — V7™ (s)]. (B.313)
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Similarly to the first part in the proof for Lemma 5. There are two cases.
Case (a): If mp,(a*(s)|s) > ma,(als), then O;(s,a*(s)) > 6i(s,a). After an

update of the parameters,

Orur(,0°(5)) = Bu(s,a"(s)) + 1 - 32%;(())) (B.314)
> 0i(s,a)+n- % O111(s,a), (B.315)

which implies 7, , (a*(s)[s) > m,,, (a|s). Since Q™1 (s,a*(s))—Q™+1(s,a) >
A*(s)/2 = 0, Va, we have Q™1 (s,a*(s)) — V™i(s) = Q71 (s,a"(s)) —
2 a o (als) - Qi (s,a) > 0, and

o, (a7 (s)]s) - (@71 (s, a™(s)) — Ve (s)] (B.316)
> 7o, (als) - [@7+1 (s,a) = Ve (s)] (B.317)

9 0
which is equivalent to 82211 (j;*((’; ))) > aa‘gt:l: (a’;), ie., 01 € Ri(s).

Case (b): 1f my,(a*(s)]s) < mg,(als), then by ;07 Ul > WG,

o, (a"(s)]s) - (@ (s, a™(s)) = V7™ (s)] ( )
> m,(als) - (@™ (s,a) = V7™ (s)] (B.319)

mp, (als) - [Q™ (s, a”(s)) — V™ (s) ( )

+ Q™ (s,a) — Q™ (s, a’(s))], ( )

which, after rearranging, is equivalent to

Q™ (s,a"(s)) — Q™ (s, a) (B.322)
> (1 B mz(a (S)ls)) ) [Qﬂ'@t<s7a*(8)) — Ve (S)] (B.323)

- 7o, (als)
= (1 —exp{0i(s,a™(s)) — O(s,a)}) - [Q™ (s,a™(s)) — V™ (s)]. (B.324)

Since 0;41 € Rs(s), we have,

Q"1 (s,a"(s)) — V™1 (s) < A*(s)/2 (B.325)
< Qe (s,0°(5)) — Qe (s, a). (B.32)
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On the other hand,

Ors1(5,0°(5)) — (5, ) (B.327)
= (5.0 (9) 1 s = Oe) = G (B2
> 0,(s, a*(s)) — Bu(s, ), (B.329)

which implies
1= exp {8111(5,a°(5)) — s (5, )} (.330)
<1 —exp{bi(s,a*(s)) —b(s,a)}. (B.331)

Furthermore, since 1 —exp {0;(s,a*(s)) — b;(s,a)} = 1— Tl Gl (in this

o, (als)

case g, (a*(s)|s) < mg,(als)),

(1= exp {B1(s,a"(s)) = Opra(s,@)}) - [+ (s,a%(s)) — V™ (s)] (B.332)
< Qﬂet"'l (Sv a*(s)) - QMHI (Sv a)v (B333)

which after rearranging is equivalent to

o, (" (s)]s) - [Q™+1 (s,a"(s)) — V1 (s)] (B.334)
> T, 1 (a|s) . [QWHl <57 CL) N VA (S)] , (B335>
which means 82:/;9(:;*(([; ))) > %ii;%) i.e., 041 € Ri(s). Now we have (i) if

0; € R1(s) NRa(s) NR3(s), then ;11 € Ry(s) N Ra(s) NRs(s).
Let us now turn to proving part (ii). We have 7y, (a*(s)|s) > g, (a*(s)]s).

If 0, € Ri(s) N Ra(s) N Rs(s), then 62:?;3*((’?)) > 8%??;,2’;), Va # a*. After an

update of the parameters,
exp {041 (s,a"(s))}

ro(a*(2)s) = B.336
(7 (a*(s)]s) Za exp {0i1(s,a)} | |
exp {et(s, a*(s)) +1- H}
_ o (B.337)
>, €Xp {et(37 a)+n- 80t(s,a};)}
exp {Ht(s, a*(5>) +n- %}
> VOt () (359
> €XD {Qt(S, a)+n- Wa*(us))}
oV (p) OV (p)
> B.339
(because 06:(s,a*(s)) — 06i(s,a) ( )

220 exp {0:(s,a)}
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Claim II. N.(s) N Ra(s) N R3(s) C Ri(s) N Ra(s) N R3(s). Suppose O €
Ra(s) NR3(s) and my(a*(s)|s) > C( ) . There are two cases.
Case (a): If mp(a*(s)|s) >

MaX g+ 8){7r9( als)}, then we have,

6V“9(,u)_ ! -d™(s) - me(a*(s)]s) - [Q™ (s, a*(s)) — V™ (s
) L ()l (1) (@7 s, 0(6) ~ V0] (B3
>ﬁ 070 (s) - mo(als) - [Q™ (s,a) — V™ (s)] (B.342)
_ovm(w
= 0 (B.343)

where the inequality is since Q™ (s, a*(s)) — Q™ (s,a) > A*(s)/2 > 0, Va #
a*(s), similarly to Eq. (B.303).

Case (b): mg(a*(s)|s) < max,.e+(s){me(als)}, which is not possible. Suppose
there exists an a # a*(s), such that mp(a*(s)|s) < mg(als). Then we have the

following contradiction,

2 e(s) _, 2-(1-9)-A%s)
d$+1_2_ v >1, (B.344)

mo(a*(s)|s) + m(als) >

where the last inequality is according to A > 2 (there are at least two actions),

and A*(s) < 1/(1 —~).

Claim III. (1) According to the asymptotic convergence results of Agar-
wal et al. (2019, Theorem 5.1), which we can use thanks to Assumption 2,
7r9t( “(s)|s) — 1. Hence, there exists #1(s) > 1, such that m,  (a*(s)[s) >
c(s)+1 (2) Q™ (s,a*(s)) — Q*(s,a*(s)), as t — oo. There exists ta(s) > 1,
such that Q™=@ (s,a*(s)) > Q*(s,a*(s)) — A*(s)/2. (3) Q™ (s,a*(s)) —
V*(s), and V™ (s) — V*(s), as t — oo. There exists t3(s) > 1, such that
Vit > t5(s), Q™ (s,a*(s)) — V7™ (s) < A*(s)/2.

Define t(s) = max{ti(s),t2(s), ts(s)}. We have ;) € N.(s) N Ra(s) N
Rs(s), and thus b,(5) € Ri(s) N Ra(s) N Rs(s). According to the first part in

our proof, i.e., once 6 is in Ry (s)NR2(s)NR3(s), following gradient update 61
will be in Ry (s)NRa(s)NR3(s), and my, (a*(s)|s) is increasing in Ry (s)NR2(s)N
Rs(s), we have inf, mg,(a*(s)|s) = ming<i<i,(s) 7o, (a*(s)|s). to(s) depends on

initialization and ¢(s), which only depends on the MDP and state s.
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Claim IV. Define ¢ty = max,to(s). Then we have

: * _ *
,Jnf me.(a”(s)|s) = min minm, (a*(s)]s). O

Theorem 4. Let Assumption 2 hold and let {6;}:>1 be generated using Al-
gorithm 1 with = (1 —v)3/8, ¢ the positive constant from Lemma 9. Then,
for all t > 1,

2 1L
% V7o — = B.345
(p) = V7 (p) < (1—7)61?‘#00 | ( )
Proof. Let us first note that for any 6 and p,
dre(s) = SO@H [d7e (s)] (B.346)
= E [(1-7) th Pr(s; = s|so, 79, P) (B.347)
So~p =0
> E [(1—7)Pr(so = s|so)] (B.348)
S0~
=(1—=7)-nls). (B.349)
According to the value sub-optimality lemma of Lemma 36,
* o 1 o * *
Vi (p) = V™ (p) = T di?(s) Y (7*(als) — mo(als)) - Q*(s,a) (B.350)

S a

d™ (s
= 1i Z dfre(s) L7 (s) Y (7" (als) — mo(als)) - Q(s,a)  (B.351)

a

1—7 ‘dﬂa Zd’” Z (als) = mo(als)) - Q"(s,a)  (B-352)

S ()3 ((als) — malals) - Q*(s. ) (B353)

1
< — . |l=
<[l X3
by Eq. (B.346) and min u(s) > 0) (B.354)

- || v -y, (B.355)

/N

where the first inequality is because of

> (w*(als) — mo(als)) - Q*(s,a) > 0, (B.356)

a

and the last equation is again by Lemma 36. According to Lemma 7, V7™ ()
is 3-smooth with 8 = 8/(1 — ¥)3. Denote d; = V*(u) — V™ (). And note
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n= @. We have,

Opr1 — 0p = V7 () — V™1 (p) (B.357)
(1—7)* ||oVme ()]
< — . ‘
RENTG g0, |, (b Lemmas3s3) (B.358)
 ||—2
(1—7)° dy, , . 2
< . _
=~ 168 iR [msm 7o, (a (S)IS)} (B.359)
V() — Vo (M)]2 (by Lemma 8) (B.360)
«||—2
(1— 7)5 de . . 2
< — | . ‘
-~ 168 0 [m;n g, (a (S)IS)] o (B.361)
= |l 2
— | Do | N . e
=" 163 1 Leg}tfzﬂet(a (8)\8)] o7, (B.362)

where the second to last inequality is by d,,”* (s) > (1—7)-u(s) (cf. Eq. (B.346)).
According to Lemma 9, ¢ = inf s 51 9, (a*(s)|s) > 0. Using similar induction

arguments as in Eq. (B.52),

R e e (B.363)
which leads to the final result,
vip-vee s ] vwevee o
I
s [a)lal e
thus, finishing the proof. O
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B.2 Proofs for Section 2.4: Entropy Regular-

ized Softmax Policy Gradient
B.2.1 Preliminaries

Lemma 10. Entropy regularized policy gradient w.r.t. 6 is

AT N - .
2(s,a) 1—~ dy, (5) -mg(als) - A™ (s, a)
%ZZ,(H)) - 1i7 ~dy?(s) - H(mo(]5)) [Q”‘)(s, ) — Tlogﬂg(-|3)]

= ﬁ . d/’;ﬂ(s) - H(mg(+]8)) [Qﬂe(S’ ) — 70(s, )] Vs

where A™ (s, a) is soft advantage function defined as
A™(s,a) = Q™ (s,a) — Tlogmy(als) — V™ (s)
Q™ (s,a) = r(s,a) +7 ) P(s|s,a)V™(s").
Proof. According to the definition of V7,

701 5.5 il [0l

s~

Taking derivative w.r.t. 0,

awe E’uz Omg( a| [Qwe (s,a) — 7 log mo(als )]
+SI§#Z”9 [ a(es’a) - m(zls) ' (%%(;LIS)]
_ SINEM%: % . [Q”"(s, a) — 7log m(ab)}
+ SINEM%:”MS) : mﬁ;—(g&a)
~EY % . [Q”e(s, a) — 7log m(a@)}

a

ey, V)
. E .
+7 B R mlel) P10 =

1 dre(s) Z Omolals) [Q”"(s, a) — 7log m)(a|s)} ,

:1—7 00

S a
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(B.370)

(B.371)

(B.372)
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(B.375)

(B.376)

(B.377)
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where the second equation is because of

1 Omy(als Omy(als
Zm als) Lfe @) %(9‘ >] = Z{;% (B.379)

9 o1
= %Zﬂg(als) =-5=0 (B380)

Using similar arguments as in the proof for Lemma 1, i.e., for s’ # s, %7;"(2?]3) =
0, we have,
oV (n) 1 - Omp(als) [ Ar,
66 — 15 ~di(s) - 9805, . [Q (s,a) — Tlogﬂg(a\s)] (B.381)
1 dr(-1s)\ " [~
beealHOR ( d;((s[s';) Q7 (s,) = Tlog my(-]s)] (B.382)
= ) 1) [0 )~ rlog 1) 1 353)
(by Eq. (2.8)) (B.384)
= () ()| (s, — 70 (B.385)
+ TlogZeXp{H(s, a)} - 1} (B.386)
= T i S . d;ﬂ(s) - H(my(|s)) [Qﬂo (5,) —10(-|8)], (B.387)
where the last line is from H(7mg(-|s))1 = 0 in Lemma 37. For each component
a, we have
oV 1 .
86(57(5)) = — - -d7? (s) - mo(als) - [Qfa(s, a) — 7log mg(als) (B.388)
- Zm) als) [Q” s,a) — 7logmy(als )H (B.389)
= ﬁ dy (s) - mo(als) - [Q”(s,a) — 7log mg(als) — V™ (s)| (B.390)
) el ). .

B.2.2 Proofs for Bandits and Non-uniform Contraction

Lemma 11 (Non-uniform contraction). Using Update 2 with 7 < 1, Vt > 1,

[¢ealla < (1 =7 mins (@) - G (B.391)

where (; = 70, — r — —(Tet;(r)Tl 1.
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Proof. Update 2 can be written as

Ops1 = 0, — - H(my,) (7 log ms, — 1) (B.392)
=0, —n- H(mp,) [Tet —r— <logz exp{@t(a)}> : 1] (B.393)
— 6, —n- H(ro,) (0, — 1) ' (B.394)
=0, —n- H(mp,) (Tet —r— w : 1) , (B.395)

where the last two equations are from H(mp,)1 = 0 as shown in Lemma 37.

For all t > 1,
(79t+1 - T)Tl 1

Git1 = TOp1 — 7 — I7a (B.396)
0, —r)"1
(T@t — T’)Tl (Tet+1 — T’)Tl
_ -1 B.
(e o
6, —7r)"1
= Tgt — T — % . 1 + 7‘(9,54.1 — Qt) (B399)
T(Qt — 0t+1)T1
- 1. B.4
LR (B.400)
For the last term,
7'(9,5 — 9t+1)T1
1 B.401
T (B.401)
T T9 —Tr Tl T
— 2 (w1t (70 = L)) 1m0, Baoy

where the last equation is again by H(my,)'1 = H(m,)1 = 0. Using the
update rule and combining the above,

(16 — T)T]_

Coyr1 =70 — 1 — % 14+ 7(01 — 6) (B.403)
= (Id — 70 - H(m,)) (7@ - w : 1) (B.404)
= (Id — - H(my,)) (- (B.405)
According to Lemma 38, with 75 < 1,
[Gesalle = [[(Xd — 70 - H(mg,)) Gl (B.406)
< (1= - minmy(a)) - [Gla 0
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Lemma 12. Let 7y, = softmax(6;). Using Update 2 with 7 < 1, V¢ > 1,

2(7)|61]| 00 + 1)VE

1Gell2 < e . (B.407)
exp {70 32, [ming 7, (a)]}
Proof. According to Lemma 11, for all ¢ > 1,
1Galle < (1= - minmg, (@) - G2 (B.408)
1
< . B.A4
~ exp {71 - min, 7y, (a)} el (B-409)
1
(1= mi ) UGl (B41
S oo Ty (LT @) <l (B.410)
1
= ; G-l (B.411)
exp {7—77 Zi:t—l [mma Ty, (a)]}
1
< . Nl (B.412)
exp {71 Y2_, [min, 7o, ()]}
For the initial logit 6,
0, —1)"1
1Gll2 = {|700 — 7 — % 1 (B.413)
2
0, —r)"1
< |76y — ]2 + % 1 (by triangle inequality) (B.414)
2
|(7'6’1 — T)Tl‘
s — ol + S| B.415
H 1 ||2 \/? ( )
|70, — {2 - [|11]2
<||m0y — 7|2 + by Cauchy-Schwarz B.416
= || 1 ||2 \/? ( Yy y ) ( )
=2-||701 — 7|2 (B.417)
<2 ([I70ull2 + [I7]l2) (B.418)
< ey + WVE (B.419)
finishing the proof. m

Lemma 13. There exists ¢ = ¢(7, K, ||01||oc) > 0, such that for all £ > 1,
min, 7g,(a) > ¢. Thus, S2'_" [min, 7, (a)] > ¢- (t — 1).
Proof. Define the constant ¢ = ¢(7, K, [|61 ]| ) as

1 1 1
“TF ep{1/7} exp{d([f]lw + 1/TIVEY

(B.420)
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First, according to Eq. (B.413), we have,
I¢1ll2 < 2(7[161]loe + DVE. (B.421)

Next, according to Lemma 11, with 7 < 1,

IGeall2 < (1= 7 ming, (@) - G (B.422)
27|61 ]| 0o + DVK. (B.423)

Therefore, for all t > 1, we have,
16112 < 2(7]161 |00 + DVE. (B.424)

We now prove min, 7y, (a) > ¢. We have, Va,

r(a) (O, —r/7)"1 1 0, — 1)1

70,(a) —r(a) — (

bula) — = — I == P (B.425)
1 (16, —r)"1
<= _r . :
< - T, — 1 e 1 2 (B.426)
1
= — - lIGll (B.427)
< 2(|61]|e + 1/7)VEK. (B.428)

Denote a; = argmin, 0;(a), and ay = arg max, 6;(a). According to the above,

we have the following results,

o) = 1 CUD e VR, (Ba)
) > 1) O VR, (Ba30)

which can be used to lower bound the minimum probability as,

min m, (@) = 51(5}{(?{(;1&};} (B.431)
exp{f;(a1)}
— 2. exp{bi(az)} (B.432)
1

=7 exp {0:(a1) — 04(az)}, (since O;(a) < bi(as), Ya) (B.433)
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which can be further lower bounded using the above results,

main 7, (a) > % exp {0:(a1) — 0:(az)} (B.434)
o i s
rlag) (10, —1r)'1

- - 2l + 1/7)\/E} (B.436)

= %-exp{w — 4|61 |0 + 1/T)IVE (B.437)
z%ﬁxp{—% —4(|\91Hoo+1/r)\/E} (B.438)
(because r € [0,1]% and r(a1) — r(as) > —1) (B.439)

1 1 1

]

- . : =c.
K exp{1/7}  exp{4(||61]|oc + 1/7)VE}

Theorem 5. Let my, = softmax(f;). Using Update 2 with n < 1/7, for all

t>1,

< 2VE (il + 1/7)

“exp{mn-c-(t—1}
2
5 o< 2(7)|61]|co + 1)°K/7

“exp{2m-c-(t—1)}

(r — tlogm)—my, " (r — 7logmp,) and ¢ > 0 is from Lemma 13.

(mr — 7r9t)T r

(B.440)

(B.441)

1

where ¢, = 7}

Proof. According to Holder’s inequality,

(w5 — 7)) " 7 (B.442)
< ||I7F =7,y - 7]l o (by Holder’s inequality) (B.443)
< ||7% — 7, (because r € [0,1]") (B.444)
r 0, — 1)1
< . 0; + % -1 . (by Lemma 39) (B.445)
1 70, —r)"1
1 (16, — 7)1
<. P S .
N - 1 (B.447)
<1 2008le + DVE (by Lemma 12)  (B.448)

7 exp{mnY_L_] [min, 7, (a)]}

- VK 7]+ 1

- T exp{Tn-c-(t—1)}
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On the other hand, we have,

* 1

! (r —rlogmr) — m, | (r — 7logmy,) (B.450)
=715 (r—7logn}) —m, | (r — Tlog w4+ Tlogwt — Tlogmy,) (B.451)
= (7t —7,) " (r —1logm) + 7 - Dk (mg, ||7%) (B.452)
= (m:—mp,) 1-7-log ¥ _exp{r(a)/7} + 7 - Dxv(m,||7}) (B.453)
= 7 - Dgy(mg,||77) (B.454)

T ro (6, —r)"1 ?
<.l ——- - —. .
= 0, - e 1 . (by Lemma 42) (B.455)
1 (76, —r) "1 ?
= o= || - - ) (B.456)
1 (76, — 7)1 ?
< — 0p—r— —-1 B.457
=0 T K 9 ( )
1 A(T||0 1)K
< Ul ﬂj‘? sl ) (by Lemma 12) (B.458)
21 exp{2mn>_, [min, 7o, (a)]}
1 2 12K
L, 2l + 1) . (by Lemma 13) O
T exp{2m-c-(t—1)}

B.2.3 Proofs for MDPs and Entropy Regularization

Lemma 14 (Smoothness). H(p,my) is (4 + 8log A)/(1 — ~)3-smooth, where

A = | A] is the total number of actions.

Proof. Denote H™(s) = H(s, my). Also denote 0, = 6 + au, where a € R and
u € R4, According to Eq. (2.33),

H™a (s) = E Z —~"log 7, (a|s:) (B.459)
so=s,at~mg,, (-|st), =0
st+1~P(|st,at) -
= — Z 7o, (als) - logmy, (als) (B.460)
7> w0, (als) 3PS |5, ) - He (), (B.461)

which implies,

H™e (s) = e] M(a)hg (B.462)

)
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where M(a) = (Id — vP()) " is defined in Eq. (B.199), P(a) is defined in

Eq. (B.184), and hy, € R® for s € S is given by
ha, (s Zm) (als) - log mg, (als).
According to Eq. (B.463), hg,(s) € [0,log A], Vs. Then we have,
1o, ||oo = max |ha,, (s)] < log A.

For any state s € S,

8hga(s)
oo

|
S

(S5
%‘%’
Q|
—~|Q
|~
[V )
- =
I~
—~
SN—
\/

= |(H(mg,(-]5)) log ma, (-]5)) " u(s, )
< |[H (o, (-s)) log ma, (+|s)]]; - luls, )|l -
The ¢; norm is upper bounded as
|| H (7, (-] 5)) log ., (-] )l
= Zm(GIS) - |log g, (als) — mq, (-|s) " log mg, (-|5)]

< Zﬁea (als) - ([log 7o, (als)| + |mq, (-s) " log 7o, (-s)|)
=-2- Zma als) - logma, (als) < 2 -log A.

Therefore we have,

Ohy,
156

Ohy, ()
el
< max | H (7o, () log ma, (-|s)|; - [[u(s, )|
< 2-log A - ||ulls.

The second derivative w.r.t. « is

Phy, (s)| _ (ae {ahg })

oo
| Pha(5) 0.\ T 0.
B 06?2 3 oo
82h9 S)
= uts )" Gt |
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(B.464)

(B.465)

(B.466)

(B.467)
(B.468)

(B.469)
(B.470)

(B.471)

(B.472)

(B.473)

(B.474)

(B.475)

(B.476)

(B.477)

(B.478)



Denote the Hessian T'(s, 0,) = 88:29“( 2} Then,

FPhoo(s) 0 [ Oh(s)
T(.9) = 3.5 ww>{9<J

o (am (\s))T Ohe, (s)
89a(3, ) 00,(s,-) ) Omg, (-|s)

f {H(mg, () (~ log s, (1))}

= 00(s, )

Note T'(s,0,) € RA*4 and Vi, j € A, the value of T'(s,6,) is,

d{mo, (ils) - (—log mo, (i[s) — he,(s))}
dfa(s, )

—log g, (i]s) — hg,(s))
d{—logmg, (i|s) — he,(s)}
dfa(s, )

— (Suyma, (1) — o, (i13)ma, (715)) - (— log g, (ils) — ha, (s))
+w%m®~(—5555-@ﬂ%M$—w%M$m4ﬂﬁ>

T =

_ dmg, (i]$) (
d9a<37j)

+ 7o, (i]s) -

= 0.1 (=g (71) ~ P, (5)

= Gy Gls) - (— log ma, (ils) — ha, () — 1)
— i (ils)ma, Gls) - (~ og 7, (i13) — ho, (5) — 1)
— i (il5)a, (l5) - (~ og 7, (715) — han ().
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For any vector y € R4,

yTT(s,04) ZTuy (B.491)
—logmy, (ils) — he,(s) = 1) - y(i)° (B.492)

+2. ‘ Zma(ﬂs) (i) (B.493)
S0 (T, 19 ~ () 30) (B.494)
(W@a( |s)Ty) (B.495)

= ’( (0 (]5)) (= log mg, (-|s)) — 7o, (-]5))" (y®y)‘ (B.496)
(7o, (1) "y) - (H (70, (|5 ))(—logﬁea(-IS)))Ty‘ (B.497)

+ (ﬂga(-\s)Ty)2 (B.498)

< |[H (g, (-]5)) (= log o, (:[$)) | - [ly @ ¥4 (B.499)
+ 1700 (15) loo - ly © I, (B.500)

+ 2 [|mo. ([8)1 - 1ylloo (B.501)

N H (70, (+[8)) (= log ma., (-[s )1 - |yl (B.502)

+ lIma. C19)113 - lyll3, (B.503)

where the last inequality is by Holder’s inequality. Note that ||y ®y||1 = ||yl|3,
1760 (18) oo < 1m0 (-18) 11 {700 ([8)ll2 < {760 ()l = 1, and [lyllc < [[ylo-

The /., norm is upper bounded as

[[H (g, (-] 5)) (= log o, (+]5)) | (B.504)
= max |70, (als) - (—log 7, (a|s) + T, (-|s) " logmg, (-]s))] (B.505)
< max —p, (als) -log mg, (a|s) — mg, (-|5) " log mg, (+|5) (B.506)

1 1
< — +log A. (Since —x-logz < — for all z € |0, 1]) (B.507)
e e
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Therefore we have,
Vs, 00)u] < 1H (0, (15))(~ Tog 7, (1) - Iy (B.505)
I+ 2+ 1B (o, (1)) (= og o, Cls)) - Il + ol (B.509)

< ($+toga+2) Iyl (B.510)

42 [H(mg, (19)(~ g, (13)) - I (B511)

(by Eq. (B.504)) ( )

< é+logA—|—2+2~logA> JlWlZ (by Eq (B.469))  (B.513)

<3 (1+1og A)- [yl (B.514)

According to the above results,

82 hea 62 hga (S)

|| = max |t (B.515)
2
= max u(s, -)T%u(s, )’ (B.516)
= max |u(s,-) " T(s, 0 )u(s, )] (B.517)
<3-(1+1logA) - max|u(s,)|3 (B.518)
<3-(1+logA)- |lul3. (B.519)
Taking derivative w.r.t. « in Eq. (B.462),
OH™a (s) T OP(«) T Ohe,
5a =6 M () 50 M(a)hy, + e, M () N (B.520)
Taking second derivative w.r.t. a,
O?H™a (s) 5 T OP(a) OP(a)
T = 2’}/ c € M(Oé)a—aM<Oé) Do M(Oé)h@a (B521)
2
+ - ejM(a)aiff)M(a)h@a (B.522)
JP(a) Ohy 0*hg
T o 4 T o
+2vy-e, M(a) e M(«a) E +e, M(a) EPCR (B.523)
For the last term,
0*h 0*h
T 9(1 904
< . .
eTar) G| [ <t a1 (B.524)
1 ?hg
. = Eq. (B.204 B.52
< |FelL] ovEe@an) @
3-(1+logA
< %Wg) ullz (by Eq. (B.515))  (B.526)
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For the second last term,

6P(a) 8h9a 8P(Oé) 6h9

T < ) |
e M(a) o M() Oa la=o| — HM(Q) da M(a) da la=0 (B.527)
1 8P(a) 8h9&
=14 : H or M(a) 3 lao|_ (by Eq. (B.204)) (B.528)
2 Jlull2 Ohg
< ' < . . .
=1, M(a)=— > (by Eq. (B.187)) (B.529)
2 - [lully ||Ohe
< . o (B ‘
ST=72 [ 8 laso|| (by Eq. (B.204)) (B.530)
2 [Jul|2
< .92 . '
= (1—7)? 2-log A - [|ull2 (B.531)
4-log A
“qe lull3.-  (by Eq. (B.473)) (B.532)
For the second term,
0*P(« 2P«
@ @ | < @8 P aram || @
1 0*P(«)
- 1= y ’ ’ aaz M(@)hea aOHOO (by Eq. (B204)) (B534)
6-||u
< 1’1 Iz AP@ms,| | by Ba. (B.192)) (B.535)
G- ||U||2
S a—r)y Hhea a:oHoo (by Eq. (B.204)) (B.536)
6-log A
< %Il (by Eq. (BG) (B.537)

For the first term, according to Egs. (B.187) and (B.204), Eq. (B.464),

eZM(a)ag;a)M(a)agéa)M(a)hga azo' (B.538)
< HM(Q)M;S)M(a)agia)M(a)hga » (B.539)
S 2l 2l g logd (B540)

- 25 (B.541)
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Combining Eqgs. (B.524), (B.527), (B.533) and (B.538) with Eq. (B.521),

% ELa ejM(a)agia>M(a)agLO‘)M(a)h9a M’ (B.542)

+y eSTM(a)aQ;; (QQ)M(a)hga . (B.543)

L2y eij)agff‘)M( )a(;‘;a » (B.544)

+ eSTM(a)a;ZZ‘* . (B.545)

< (272 . ?1' E)i ;‘; e ‘(31' E)gv ;‘; (B.546)

e NI (B.547

< (FES+ ) g (B.545)

< RSl (B.549)

which implies for all y € R4 and ),

T T oy

b= ‘(H;\b) o ()| 1o (B:550)

= fulamt <%“’“> lyll3 (B.551)

= o (G G| e s

= o [ A T eIl s

= o |25 g (B354

<TESESE GvEa(B5E)  (Bs5)

Denote 0 = 0 +£(0' — 0), where £ € [0, 1]. According to Taylor’s theorem, Vs,
Vo, o',

‘H“G’ (s) — H"™(s) — <8H;;<S) s 9>‘ (B.556)
_ 1 / T O H™s (S) /
=5 0 —0) —862 0 —0) (B.557)
2+4-logA 9
<SRRI 05 (by Eq. (B550) (B.558)
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Since H™ (s) is (4 4+ 8log A)/(1 — ~y)*-smooth, Vs, H(p, m9) = Es, [H™(s)] is
also (4 + 8log A)/(1 — 7)3-smooth. O

Lemma 15 (Non-uniform Lojasiewicz). Suppose p(s) > 0 for all states s € S
and my(+|s) = softmax(6(s,-)). Then,

Ve . - 1
W5 o) [va) —vw(p)] , (B.559)
2 ||,
where
C(@Z%-Iﬂgin () - minmy(als) - fl%; i (B.560)

Proof. According to the definition of soft value functions,

VT (p) = V™ (p) (B.561)
_ - t * ~7T9
= E > A (r(sear) = Tlogmi(als,) | = V™(p)  (B.562)
so~p,at~mr(lse), | 4—5
St+1NP('|St7at) -
= E o th(r(st,at) — 7log 7 (ay|st) (B.563)
so~p,at~TE(+|st),
st41~P(:|se,ae) t=0
+ V™ (s,) — Vﬂ0(8t>)1 — V™ (p) (B.564)
- E {vashat) — rlognt(als) (5.565)
so~pat~mr(lse), | =5
st+1~P(|st,at)
+ 7‘7%9(8#'_1) — Vﬂe(st)>:| (B566)
= % mr(als (s,a) — Tlog i (als B.567
1—x .
+y Z P(s|s, a)f/”e(s’) — V”"(s))} (B.568)
b ZT{' [Q”" s,a) — 71logmr(als )} — V™ (s)].
1—7 .

(B.569)
Next, define the “soft greedy policy” 7y(-|s) = softmax(Q™(s,-)/T), Vs, i.e.,

exp {Q“f(s,a)/T}
Soexp{Qm(s,a)/T}
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We have, Vs,

S wials) - [@”9(8,61) — 7log W;’z(a|s)} (B.571)
a < gﬁtﬁ){ZW(ab) : [Q”G(s,a) — rlog w(a|s)} (B.572)
- ZWGC(LMS) Q7 (5,0) = T1og 7o (als)| (B.573)

_ Talogzexp {@(s.0)/7}. (B.574)

Also note that,
V(s Z”@ als) [Q“B s,a) — 7log me(als )] (B.575)

= Zwe als) [Q”" s,a) — 7log me(als) + Tlog me(als) — Tlog m(als)

B.576)

B.577)

(
_ zm ) |@™(s.0) = 7 log Fo(als) | — 7 Dxe(mo(-|3) 7o :15))
(
(B.578)

=rlog Y exp { Q" (s,a)/r } =7 Dicu(mal-[3)[7al-]s)).

Combining the above,

V™ (p) = V™ (p) (B.579)
= ﬁ s df(s)~ Zﬂ' (als) [Q”‘) s,a) — 1logmi(als )} Ve (s)
(B.580)
< . d™(s) - _TlogZexp {Q”e(s a)/T} — V™ (s) (B.581)
ST 2 _ d )
1 Tr —
:m . dy7(s) - 7+ Dxu(me(-[s)]|7e(-]s)) (B.582)
LN ). T || @) @ (s, )/r =00 )1 |f
S EePIL AL AN 1 1
(B.583)
(by Lemma 42) (B.584)
_ ! v 2 omie e (@705 ) = 70(s. )T ’
—st:dp () 5 - @ (s:) = 70(s, ) 1 1
(B.585)

173

o0



where A = | A is the total number of actions. Taking square root of soft

sub-optimality,

=

2

77 (0) = V()] (B.586)

_ (Gm(s,) — 70(s,)) "1

Qm(sv') _7_9(3") - A

1 dp’ (s)
< . - 7.

(B.587)

ng (87 ) - TH(‘Sa ) -

-1

= (Q(s,-) = 70(s,-))"1

| T (s)
e

5 A
) (B.588)
dg; S N 7o (s ) — 70(s. )T

S\/ll_—,yz \/2_7?) Qﬂ'g(s7.)_7_0<8’.)_(Q (7) Ae(v)) 1
) (B.589)
(by [lzll2 < [l2]lh) (B.590)
< ﬂ1__7 - \/% Z—’L’; S VAEG) (B.501)
- | 5o (s.) — 78(s. ) — (@7 (5) _ATQ(S’ N (B.592)

On the other hand, the entropy regularized policy gradient norm is lower

bounded as

V™ ()
20

()

- [£]we]]
1 OV (1)
2\@; 5005 (B.595)

(by Cauchy-Schwarz, [[z]ly = [(1, |z])] < [[1fl2 - [[z]l2) ~ (B.596)
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which is further lower bounded as

et z% ) [ [@ s — ot
i ) (B.597)
(by Eq. (B.366), Lemma 10) (B.598)
% 1—Zd”9 (B.599)

. ‘Hmus)) [@”0(5, ) ro(s, - @) = )L 1]
(B-600)
(by Lemma 37) (B.601)
> %ﬁ 47 (s) - min(als) (B.602)
NG,y — ros, o — (@) sk DL (B.603)
(by Lemma 38) 2 (B.604)
% L 4 (s) - mnmlals) (B.605)
NG, — ros, o — (@) _ATQ(S’ DL (B.606)
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Denote Co(s) = Q™ (s,-) — 70(s, ) — (QWG(S");{TQ(S”))H 1. We have,

’ W) > 2 S ) minmtals) o, (B
>t i’ (s) - minmp(als) - V27 - @i_é (B.608)
5 = |
ﬂ%_v% " ZW J-Go(s) (B.609)
;3J§.¢;:§Ign TP () - mino(als) (B.610)
.&;.gg_é ﬁr()_Vw@X% (B.611)
> %é%;-rnul 11(s) - min 7y (als) Z%Z : ﬁ7“1p>-v”m(p) %,

(B.612)
where the last inequality is by dj?(s) > (1 —7) - u(s) (cf. Eq. (B.346)). O

Lemma 16. Using Algorithm 1 with the entropy regularized objective, we

have ¢ := inf;> min , 7y, (als) > 0.

Proof. The augmented value function V™ (p) is monotonically increasing fol-
lowing gradient update due to smoothness, i.e., Lemmas 7 and 14. It follows

then that V7 (p) is upper bounded. Indeed,

Ve (p) = ZVt r(st, ar) — 7log 7, (arlst)) (B.613)
so~p, at~7r9t -1st), =0
st41~P(-|st,at) N
1

: ™ ( [Z 7, (a|s) - (r(s,a) — 7 log Wgt(a\s))] (B.614)

_1_ }:fﬂ - (1+7log A) (B.615)

(by r(s,a) <1and — th ) - log mp, (als) < log A) (B.616)

< 1+TlogA‘

B.61
R (B.617)
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According to the monotone convergence theorem, V7 (p) converges to a finite
value. Suppose 7y, (a|s) — m__(als). For any state s € S, define the following

sets,

Ao(s) = {a : my_(als) =0}, (B.618)
A, (s) ={a:my_(a|s) > 0}. (B.619)

Note that A = Ay(s) U A, (s) since mw(als) > 0, Ya € A. We prove that for
any state s € S, Ag(s) = 0 by contradiction. Suppose 3s € S, such that Ay(s)
is non-empty. For any ag € Ay(s), we have my, (ap|s) — mo.. (ao|s) = 0, which

implies — log 7y, (ag|s) — oo. There exists ty > 1, such that V¢ > ¢,

14+ 7log A
—log mp, (agls) > ————. B.620
0 ( 0| ) 7_(1 — ’Y) ( )
According to Lemma 10, Vt > t,
oVre(n) 1 -
— - d,Ct . . AT B.621
s ) = T i (s) - ma o)) A7 (s ) (B.621)
dzet (8) [ An Ve
= T manls) - [Q (5. a0) = Tlogm, (aols) — V "(s)| (B.62)
d;’ (s [ 1+7logA
> 1“_<7) - g, (agls) - _O — 7 log e, (apls) — Tj} (B.623)
s [ 1+7logA 1+7logA
> BS) o agls) - [0 g LETIos A 1+ Tlog ] (B.624)
1—~ I T(1—17) 1—~
=0, (B.625)
where the first inequality is by
Qﬂet(& ag) =r(s,ao) + ’VZP(S/|57 ao)vﬂgt (s) > 0. (B.626)
(by r(s,ag) > 0 and V7 (s') > O) (B.627)

This means that ,(s, ag) is increasing for any ¢ > to, which in turn implies that
0 (s, ap) is lower bounded by constant, i.e., 0,(s,ag) > ¢ for some constant
¢, and thus exp {0 (ao|s)} > e“ > 0. According to
O
o (aols) = o Ul
20 &XP {0ec(als)}
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we have,
> " exp {fa(als)} = oc. (B.629)

On the other hand, for any a, € A, (s), according to

o (as]s) = exp {0s0(at]s)}
oo \ 04 Yoaexp{b(als)}

> 0, (B.630)
we have,

exp{f(ai|s)} =00, Vaip e Ai(s) (B.631)
which implies,

Z O (ay]s) = oo. (B.632)

ar€AL(s)

Note that V¢, the summation of logit incremental over all actions is zero:

oV ( oV ( AV (1

Z 00,(s Z 89t (s,a0) Z 39t (s,ay) (B.633)
= d’ ( Zﬂ'gt ) - A" (s, q) (B.634)
— 1 . 70 . o, _ /7o, —
=) [v (s) -V (s)] —0. (B.635)

According to Eq. (B.621), Vt > o,

7r9t
> aV z 0. (B.636)

0:(s,a
aoGAo t 0

According to Eq. (B.633), ¥t > to,

OV™or (pu OVor (pu
Z 89 s,ay) 89 s, a S 0. (B.637)
a+€.A+ t + aoG.A() t 0
which means 3, 4, () 0:(s, a4) will decrease for all large enough ¢ > 1. This

contradicts with Eq. (B.632), i.e., 32, c 4, (5 0:(s,a:) — o0.
To this point, we have shown that Ay(s) = () for any state s € S, i.e.,
g, (+|s) will converge in the interior of probabilistic simplex A(A). Further-

more, at the convergent point my_(:|s), the gradient is zero, otherwise by
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smoothness the objective can be further improved, which is a contradiction

with convergence. According to Lemma 10, Vs,

OV ™00 (1) 1 o —
o = T () Hma (19)) [0 <s,->ﬂogm<-(2]638)
—0. (B.639)

We have d,,’>(s) > (1 — ) - u(s) > 0 for all states s (cf. Eq. (B.346)).

Therefore we have, Vs,
H(ro..(15)) [@™= (s, ) = Tlog m..(s)| = 0. (B.640)

According to Lemma 37, H(m__(-|s)) has eigenvalue 0 with multiplicity 1, and
its corresponding eigenvector is ¢ - 1 for some constant ¢ € R. Therefore, the

gradient is zero implies that for all states s,

Q™0 (s,-) — Tlogm (+|s) = ¢ - 1, (B.641)
which is equivalent to

To.. (+|s) = softmax(Q™= (s, -)/T), (B.642)

which, according to Nachum et al. (2017, Theorem 3), is the softmax optimal
policy 7*. Since 7 € Q(1) > 0 and,

1+ 7log A

B.64
T (B.643)

0< QW"OO (s,a) <

we have mp_(als) € Q(1), V(s,a). Since my,(als) — my (als), there exists

to > 1, such that Vi > t,
0.9 7y (als) < mp,(als) < 1.1-my(als), Y(s,a) (B.644)

which means inf;>;, ming , 7, (a|s) € (1), and thus

inf min 7y, (als) = min{ min min 7, (als), inf min 7T9t(CL|S)} (B.645)
t>1 s,a 1<t<ty s,a t>to s,a
=min{Q(1), Q(1)} € Q(1). O
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Theorem 6. Suppose p(s) > 0 for all state s. Using Algorithm 1 with
the entropy regularized objective and softmax parametrization and n = (1 —

7)3/(8 + 7(4 + 8log A)), there exists a constant C' > 0 such that for all t > 1,

S S, 1 .l-I—TlogA o1

Virlp) =vile) < |1 R o=, (B.646)
Proof. According to the soft sub-optimality lemma of Lemma 41,

V™ (p) — V™ (p) = ﬁ [d3" (s) - 7 - Dyew (o, (-|5)|75(-|s))]  (B.647)
] i ~ Z Zﬁezgg ' [dzet(s) -7+ D (o, (+]3) |72 (+|9))] (B.648)
= (1 _17)2 g u(ls) ' [dzgt (s) - 7 Dxcr(mo,(-]5)I75(:|5))] (B.649)
= 1 _17)2 ' H%H > [da"(s) - 7 - Dxw(ma, (-]5) |75 (-]5))] (B.650)
ﬁ i n [V”i(u) —V”Qt(u)}, (B.651)

where the last equation is again by Lemma 41, and the first inequality is
according to d,” (s) > (1 —7) - u(s) (cf. Eq. (B.346)). According to Lemmas 7
and 14, V™ (u) is 8/(1 — v)3-smooth, and H(u,mp) is (4 + 8log A)/(1 — ~)3-
smooth. Therefore, V™ (1) = V™ (i) + 7 - H(p, mp) is f-smooth with § =
(8 + 7(4 + 8log A))/(1 — 4)®. Denote & = V™ (u) — V™ (). And note

1
n= m We have,
Opp1 — 0 = V”"t( ) — V”9t+1( (B.652)
<o oV (by Lemma 33)  (B.653)
— 16+7(8+ 16logA 20, |, Y :
(1-9)° , )
< o .
= 16+ 7(8+ 16log A) S ~min (s) - min 7o, (as) (B.654)
dw* -1
dffgt : [f/ﬂi(u) — Vo (u)} (by Lemma 15) (B.655)
# oo
* _1
(1—9)! minspu(s) , a7 | -
_ . . 5 |
(8/r+4+8logA)-S 'sa mo.als)”- (=7 ‘ (B.656)

(by du"(s) = (1 =7) - pu(s)) (B.657)

—1
Us
&

. o, (B.658)

_ (1—7)4m1n5u(8) inf min ( | )
= T (8/7+4+8logA)- S izt wa P
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According to Lemma 16, ¢ = inf;>; min, , 7, (a|s) > 0 is independent with ¢.

We have,

* 71
- (1 —~)* - ming u(s) - ||dy <
0 < |1— Al <0y B.659
L= (8/7 +4+8logA)-S || u -t ( )
-1
(1 —~)* - ming u(s) - || dp" -~
< — . <0 B.660
=Py T8/ 41 8logA)-S | u -1 (B-660)
-1
(1 —~)* - ming u(s) - || dp" <
< — . (t—1) -6 B.661
= &P (8/7+4+8logA)-S i ( ) ! ( )
-1
1 — )4 mi 2 |l 1+ 7log A
conf oot [y 1ot
gA)- Eol 1—v
(B.662)

where the last inequality is according to Eq. (B.613). Therefore we have the

final result,

~ - 1 1 ~ ~

R I e et )) )
1 1+7logA H 1 H
< : = B.664
Sep (O @0 woap a0
where
-1

(1—)* . ) ||
= : - 0 B.665
(8/7+4+8logA)-S mslny,(s) ¢ Pl - ( )
is independent with ¢. O

B.2.4 Proofs for Two-stage and Decaying Entropy Reg-
ularization

Theorem 7 (Two-stage). Denote A = r(a*) — max,zq» 7(a) > 0. Using
Update 2 for t; € O(e!/™ - log (T1)) iterations and then Update 1 for ¢, > 1

iterations, we have,
(7" —ma,) ' < 5/(C? - ty), (B.666)

where t = t; +t9, and C € [1/K,1).
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Proof. In particular, using Update 2 with n < 1/7 for the following number

of iterations,
1
ti=— K -exp {4|yeluoo\/z(}
T
1+4vVEK 4 DHVvK
.exp{—+ }.log( (7161 floo + 1) ) +1
T

A
€O (el/f.log <TZ 1)) ;

we have,

1
1> K-exp {4||01||Oo\/K}
™

- exp {ﬂ} -log (4(T||91||OOA+ 1)\/E>

_ in K - exp{1/7} - exp{4([|01 ]l + 1/7)VE}
og <4<Tuelnoo + WF)

A
1 1 (4(r]|01Hoo +1WVEKE
— .~ .log
C

>

™ A
Therefore we have,

g <4<T||el||ooA + WF) <rmee- (o)

t1—1

<7 Z [maln 7o, (a)] (by Lemma 13)
s=1

< log (2(7”91”20 ﬂ_ 1)\/F>, (by Lemma 12)
t1112

which is equivalent to,

1t [l =

7O, — 7 —

Then we have, for all a,

r(a) (10, —7r)"1 r (16, —1r)"1
0y, (a) — — ! < |0y — - — —"—-+—.1
! T TK ! TK )
1 (76;, — 7)1 A
=70, —p -1t 7 = 1| <=
T B K , 271
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(B.667)
(B.668)

(B.669)

(B.670)
(B.671)
(B.672)

(B.673)

(B.674)

(B.675)

(B.676)

(B.677)

(B.678)

(B.679)

(B.680)



which implies,

) A 0 1
o (ay> ) B8 =)l (B.681)
T 2T TK
r(a) A (10, —7)"1 .
< —4+—4 —FF. .
0, (a) < - + o + % for all a # a (B.682)
Then we have, for all a # a*,
* A A
la?) — () > ) S _(T@) B (5.683)
T 2T T 2T
* A
_rle) _rla) A4, (B.684)
T T T

which means 7y, (a*) > m, (a). Now we turn off the regularization and use
Update 1 for to > 1 iterations. According to similar arguments as in Theo-

rem 3, we have,
(7" —7p,) T < 5/(C? - ty), (B.685)

where t = t; +t5, and C' € [1/K, 1). O

aA
logt

Theorem 8 (Decaying entropy regularization). Using Update 3 with 7, =
for t > 2, where o > 0, and n; = 1/7, we have, for all £ > 1,

oK logt 2nflfy]| + DVE
— e exp {2 [ming 7o, (a)]} a-A |

(m* —mg,) " r
(B.686)

Proof. Denote 7} = softmax(r/7;) as the softmax optimal policy at time t.

We have,

(7" —m,) 7= (7" — @) v+ (mh — 7). (B.687)
N -~ 7 -~ 7
“decaying” “tracking”
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“decaying” part. Note a* is the optimal action. Denote A(a) = r(a*) —

r(a), and A = min,z,+ A(a). We have,

(7" —75) e => " mi(a)-r(a*) = Y 7% (a) r(a) (B.638)
= (a)- Aa) (B.639)
aFa*
Cupar € Aa)
e - Ala
— &afa — (B.690)
Za’ 67
r(a)
e -Aa)
<Y (B.691)
ata* € Tt e Tt
Aa)
ata* € Tt + 1
1 K -1 K
<Y —-= - <. (B.693)
atar € +1  1+en em
Using the decaying temperature 7, = %, for t > 2, where a > 0, we have,
K
* * \ T
<7T — 7T7_t) T S m. (B694>
“tracking” part. Using Update 3, we have,
O — 1)1 0, —r)"1
Tt—l—let—i-l — T — <Tt+1 t—}l( T) -1 = Ttet -7 — % -1 (B695>
0, —1)"1 Tip10i1 — 1)1
+ (74410141 — 76:) + <( L tK ) — (7241 H[l( ) ) -1
(B.696)
6, —r)'1
= Ttet - T — % -1+ Tt - H(T('gt)(r — Tt lOg 7T9t) (B697>
0; — Ti410,11) ' 1
(7 Tt; w) 1y by Update 3) (B.698)
0, —r)'1
= (Id — 7yn, - H(my,)) (Ttet —r— % : 1) (B.699)
(H(mo,)1 = H(m,)'1 =0, cf. Eq. (B.401)) (B.700)
0, —r)'1
= (Id — H(my,)) (Ttﬁt —r— % . 1> . (m=1/m) (B.701)
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Therefore we have,

(Tt+19t+1 —T)Tl
Tep1bpp1 — 1 — -1
- K ,
ARk |
= H(Id — H(my,)) (Tth -7 = mh=r) 1, 1)
K 2
_ 0 — 1)1
< (1 —ma1n7r9t(a)> |l — 1 — % -1 2
(by Lemma 38)
. 70, — 1)1
< exp{—malnﬂgt(a)} Al — 1 — % -1 x

Then we have,

(m} —mg,)r < {

Tt

*
TrTz - 7T0t”1

(by Hoélder’s inequality, and |7l < 1)

9, —r)'1
< Qt—ﬁ—u-l (by Lemma 39)
T 7K -
1 (Ttet — T) 1
< — ||l —r — -1 o <
=7 0 — T I , (I7lloo < ll]l2)
1

< —-exp {— min W@til(a)}
a

T
(Tt_let_l — T)T]_

-1
K

Ti—10p—1 — 7 —

(by Eq. (B.702)) 2

L =3 i ()}

s=1

IN

(7’191 — T)T]_
K

7'1‘91—7“— -1

2
t—1

< 2oxp{ = ¥ i @] -2 + VR

Ty

(by Eq. (le?)))
B log ¢ 2(m |0 ]| + WK
exp {34, [ming 7, ()]} a-A .
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(B.705)

(B.706)

(B.707)
(B.708)

(B.709)
(B.710)
(B.711)

(B.712)

(B.713)

(B.714)

(B.715)

(B.716)

(B.717)



B.3 Proofs for Section 2.5: A Theoretical Un-
derstanding of Entropy Regularization in
Policy Gradient

B.3.1 Proofs for the Bandit Case

Lemma 17 (Reversed Lojasiewicz). Take any r € [0,1]%. Denote A =
r(a*) — max,zq« r(a) > 0. Then,

dm, r

7 (" — ) . (B.718)

<
2

V2
A

Proof. Note a* is the optimal action. Denote A(a) = r(a*) — r(a), and A =

min, o« A(a).

(n* —me)Tr = mela) - r(a*) = > mela) - 7(a) (B.719)
- ;7@(@) cr(a*) — ;m(a) . 7(a) (B.720)
= g:*m(a) - A(a) B (B.721)
> i mo(a) - A. (B.722)
ata

On the other hand,

0<r(a)—mr=(a"—m)'r (B.723)
= mla)-Ala) <Y mla)- 1= mla). (B.724)
aFa* a#ta* aFa*
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Therefore the ¢, norm of gradient can be upper bounded as

dmgr
do

— (7@(@*)2 - [r(a*) - 7T9T7“]2 + Z mo(a)? - (r(a) — ﬂgr)2> (B.726)

(B.725)

a#a*
< (12- [j{: mo(a)| + Y mla)*-1° (B.727)
aFa* aFa*
< ([Z mo(@)| + [ Wo(a)] (by [[zfla < flzll)  (B.728)
aFa* aFa*

(B.729)

I
9

g
S
&

% Vi
< Q.Zm(a:K ; SK (m* —mp) . O

Theorem 9 (Lower bound). Take any r € [0,1]¥. For large enough t > 1,
using Update 1 with learning rate n, € (0, 1],

T

Proof. Denote §; = (7* — mg,) 'r > 0. Let 041 = 0; + 1, - dg 5

and g, , =

softmax(6;,1) be the next policy after one step gradient update. We have,

5 — 61y (B.730)
T, T dmg v
(6,1 — To,) < 9 01 — > + < &0, Oy — 0 > (B.731)
)
<3 16— B3+ < L0 - 9t> (by Lemma 2)  (B.732)
= _ t b 0 — 0 * ! B
(4 +m) ‘d@ , ot m) (BT
1
< g — - 62 (by n¢ € (0,1] and by Lemma 17) (B.734)

e

According to convergence result Theorem 2 we have §; > 0, 9; — 0 as t — oo.

We prove that for all large enough ¢t > 1, §; < % - 0;41 by contradiction.
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Suppose §; > % “Opi1-

9 1
Srr1 > 0y — 3 AT o7 (B.735)
10 9 1 /10 2
> 3 . 5t+1 - 5 . P . (3 . 5t+1> (B736>

1
<since f(z) = x — ax® is increasing for all z < o and a > 0)
a

(B.737)

10 50 1
:_.5t+1_§.ﬁ.5t2+1’ (B.738)

A2

which implies ;11 > %5

for large enough ¢ > 1. This is a contradiction
with 6, — 0 as t — co. Now we have §, < 2. §,,,. Divide both sides of

5t—5t+1§%'ﬁ'5t2by5t'5t+1,

1 1 9 1 O¢ 9 1 10 5)
R G B.
o1 0~ 2 A% G T2 A2 9 A2 (B739)

Summing up from 7} (some large enough time) to 7} + ¢, we have

1 1 _ 5 5
< (1)< =t B.740
e 0 S A (-1 <5 (B.740)

Since T} is a finite time, d7; > 1/C for some constant C' > 0. Rearranging, we

have
* T 1
(r* — 7r9T1+t) "= 0r1t > = (B.741)
pr + Azt
1 1
> > : B.742
T O+t O+ (T +1t) ( )
By abusing notation ¢ := Ty +t and C' < 75, we have
1 1 A?
* ) > > = B.743
(7 WOt)T_O—F%'t_ﬁ—}-%-t 6.1 ( )
for all large enough ¢ > 1. O]
B.3.2 Proofs for General MDPs
Lemma 18 (Reversed Lojasiewicz). Denote
A*(s) = Q(s,a"(s)) — max Q*(s,a) >0, (B.744)

a#a*(s)
188



as the optimal value gap of state s, where a*(s) is the action that the optimal
policy selects under state s, and A* = minges A*(s) > 0 as the optimal value
gap of the MDP. Then we have,

H V™ (i V2

1 - CA*
Proof. Denote A*(s a) Q (5,a%(s))—Q*(s,a), and A*(s) = mingzq-(s) A*(s, a).
We have,

V) = V(). (B.745)

1

V() =V () = T 47 (s)> " (m*(als) — mo(als)) - Q*(s,a) (B.746)
(by Lemma 36) (B.747)
ﬁ o (s) - [za:m(cqs) LQ(s,0%(5)) (B.748)
- Zﬁg(a|s) Q" (s, a)} (B.749)
e [ > malals) - Q'(s,a(s) (B.750)
a#a*(s)
- Z mo(als) )} (B.751)
a#a*(s) i
1% ao(s)- | S molals) - A%(s,a) (B.752)
v s :a;éa*(s)
> ﬁ o) | S molals)| - A%(s). (B.753)
s | a#a*(s)

Since Q™ (s, a) € [0,1/(1—v)], and V™(s) € [0,1/(1—7)], we have |A™ (s, a)| €
[0,1/(1 —~)]. Also,

|A™ (s, a*(s))| = |Q™ (s, a* Zm, als) - Q™ (s, a) (B.754)

= Y mlals) (@7 (5,a°(5)) — Q" (s,0)] (B.755)
aF#a*(s)

< ) mlals) - |Q(s,a%(s)) — Q™ (s, )| (B.756)
a#a*(s)

(by the triangle inequality) (B.757)

< ﬁ rolals).  (because Q™(s,a) € [0,1/(1—~)]) (B.758)

aF#a*(s)
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Therefore the ¢, norm of gradient can be upper bounded as

[23 Y ol 1“93”]
- [jijcq?<s>2- (rola”(©]5)? - 4™ (5,0 (3))°

S

[N

ovr ()l 1
00 _1—7

A
| —
%M
,
=3
)
oS

SW'{;W(S)
(by llzls < llelh)
1 o
sm-\/ﬁ-;du(s)-[
(by llzls < llalh)

Combining the results, we have

V™ () 1 -
H a0 |, = 1= 24 -[me}
a#a*(s)
1 V2 1 i .
- N T | T | A
s | aFa*(s) ]
1 V2 1
< SYE L= ™6 () . CAF
T D | X i) A
(by A" < A*(s) holds for all ;) _
1 \/§ * )
ST A V) = V()]

(B.759)

(B.760)

(B.761)

(B.762)

(B.763)

(B.764)

(B.765)
(B.766)

(B.767)

(B.768)

(B.769)

(B.770)

(B.771)

]

Theorem 10 (Lower bound). Take any MDP. For large enough ¢ > 1, using

Algorithm 1 with »; € (0,1],

. - (1—9)°-(A%)?
Vi) = V™ () = T
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where A* = minges gav(s){Q* (5, a*(s)) — Q*(s,a)} > 0 is the optimal value
gap of the MDP, and a*(s) = argmax, 7*(als) is the action that the optimal

policy selects under state s.

Proof. Suppose Algorithm 1 can converge faster than O(1/t) for general MDPs,
then it can converge faster than O(1/t) for any one-state MDPs, which are
special cases of general MDPs. This is a contradiction with Theorem 9.

The above one-sentence argument implies a 2(1/t) rate lower bound. To
calculate the constant in the lower bound, we need results similar to Lemma 17.
According to the reversed Lojasiewicz inequality of Lemma 18,

V™ (p) 1 V2
69t 9 - 1- Y A*

+ 0, (B.773)

where §; = V*(u) — V™ (u) > 0. Let 6y = 0, + 1, - 8‘/;991(@, and 7, (-|s) =

softmax(6;41(s,-)), Vs € S be the next policy after one step gradient update.
Using similar calculations as in Eq. (B.730),

g T 8V7r9t
5= e = Vo ) = Vo) — (P g ) (B.774)
OV ()
+ < g, 0T 9t> (B.775)
_ 4 2 JOV™ (1)
S (1 — ’7)5 . ||0t+1 - 0t||2 + <a—0t,9t+1 — 0t> (B??G)
(by Lemma 7) (B.777)
o) |75
- R R | v B.778
<(1 —p 20, |, (B.778)
oV ™o
(by Orp1 =060+ - 8—«9(M)) (B.779)
t
10 1

< (1—7) (A%)2 07 (by m: € (0,1] and by Lemma 18) (B.780)

According to Theorem 4, we have 6, > 0, 9y — 0 as t — oo. Using similar
arguments as in Eq. (B.735), we can show that for all large enough ¢ > 1,

5,5 S % . 5t+1- Divide both sides of (St — 5t+1 S ﬁ . (Al*)Q . (53 by 5,5 : 5t+17

111 1 % (B.781)

1 0~ (1=7)% (A% Gy
.10 1o 11
T (=) (A%)2 10 (1—7)7- (A
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Using similar calculations as in the proof of Theorem 9, we have,

(1—79)°- (A*)?
12 - ¢ ’

V() = V™ (p) = 0¢ > (B.783)

for all large enough ¢ > 1. O]

B.3.3 Proofs for the Non-uniform Lojasiewicz Degree

Proposition 4. Let r € [0,1]X be arbitrary and consider 6 +— Eqor, [r(a)].
The non-uniform Lojasiewicz degree of this map with constant C'(6) = my(a*)

18 zero.

Proof. We prove by contradiction. Suppose the Lojasiewicz degree of E,r, [r(a)]

can be larger than 0. Then there exists £ > 0, such that,

‘ dZZT 2 >C(0) [(7* — m,)Tr]l‘ﬁ. (B.784)

Consider the following example, r = (0.6,0.4,0.2)T, my = (1 — 3¢, 2¢,€) " with

small number ¢ > 0.
(7" — 7)) 'r =r(a*) —mygr =0.6— (0.6 —0.8¢) = 0.8 - . (B.785)

According to the reversed Lojasiewicz inequality of Lemma 17,

drgr V2 o, V2 o,
‘ d(; 2 < N (m* —mp) Tr = 5 (7" — ) T (B.786)
15 .
< 5 (m* —mg) ' 7 =0.6 €. (B.787)
Also note that my(a*) =1 — 3¢ > 1/4. Then for £ € (0, 1], we have
drgr 1
<06-e=--3-08- B.
G|, S0 e=g 308 (B.788)
< mp(a*)-3-08-¢=C(0)-3-08-c. (B.789)

Next, since € > 0 can be very small,

‘ dzgr <C(0)-3-08-e=C(0)-3-(08-¢)°-(0.8-¢)¢ (B.790)
<C0)-(08-) =) [(7—m) 7], (B.791)

where the second inequality is by (0.8 - €)* < 1/3 for small € > 0 since & > 0.
This is a contradiction with the assumption. Therefore the Lojasiewicz degree

¢ cannot be larger than 0. O
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Proposition 5. Fix 7 > 0. With C(0) = v/27 - min, my(a), the Lojasiewicz
degree of 0 +— E,r, [r(a) — Tlogme(a)] is at least 1/2.

Proof. Denote §p = Eqr: [1(a) — Tlog m%(a)] = Eann, [r(a) — Tlog me(a)] as the
soft sub-optimality. We have,

do= E [r(a) —7logmi(a)]— E [r(a) —7logn;(a)] (B.792)
a~T a~Ty
— E [rlog7i(a) — Tlogmg(a)] (B.793)
a~Ty
= TlOgZQXp{T(&)/T} - TlogZeXp{r(a)/T} (B.794)
+ 7 - Dk, (mgl| ) (since 7} = softmax(r/7)) (B.795)
= 7 - Dgy(mg||7)) (B.796)
T |lr (r/Tr—0)"1 2
<= —f- : .
<5 |z 7 e 1 ~ (by Lemma 42) (B.797)
1 r—70)T1 _|?
=5 r—T16 — e -1 . (B.798)
Next, the entropy regularized policy gradient w.r.t. 6 is
d{m, (r — 71
g (r dg 8T} b () (r — 7 log ) (B.799)
— H(my) <7~ —70+7log» exp{f(a)}- 1) (B.800)
= H(my) (r — 76) (B.801)
—70)"1
— H(mp) <r R Gk ML 1) , (B.802)
K
where the last two equations are by H(mg)1 = 0 as shown in Lemma 37. Then
we have,
d{m, (r —tlogmy)} (r—76)"1
= ||H —70 — —F+— 1 B.803
—70)"1
> minmg(a) - || — 70 — % -1 (by Lemma 38) (B.804)
, (r—76)"1 79
> minmy(a) - || — 70 — (B.805)
> minmg(a) - V27 Vo (by Eq. (B. 792 (B.806)

(S

a~mk a~Tg

27 - mainﬂg(a) : ( E [r(a) = Tlogm;(a)] = E [r(a) — Tlog 7T9(CL>]) :
(B.807)
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which means the Lojasiewicz degree of E,r, [r(a) — 7logme(a)] is 1/2 and

C(#) = V27 - min, m4(a). O

B.4 Miscellaneous Extra Supporting Results

Lemma 33 (Ascent lemma for smooth function). Let f : RY — R be a f3-

smooth function, 6 € R? and §' = 0 + % . %(g). We have,

2
10 - 10 <55 |202] (B.808)
23 )
Proof. According to the definition of smoothness, we have,
0
1) - 50) - (270~ 0) < 510 ol (B.509)
which implies,
£(0) < ) o 0)+5 v, He’ I (B.810)
_ 1 Jer@|f LB 1
AT O -
(0' =0+ — —) (B.812)
1 of(
e H— ; :

Lemma 34 (First performance difference lemma (Kakade and Langford, 2002)).

For any policies m and 7',

V7 (0) = V(p) = —— dy (s))_ (w'(als) —m(als)) - Q7(s,a) (B.813)

1—7 - -
1 » / ﬂ
1, 5 d, (S);7r (als) - A™(s,a). (B.814)
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Proof. According to the definition of value function,

V™ (s) = V7(s) = Z m(als) - Q" (s,a) — Zw(a|s)~Qﬂ(s,a) (B.815)

a

—ZW (als) (Q” (s,a) — Q“(s;@) (B.816)

+Z ) —m(als)) - Q"(s,a) (B.817)

= Z —m(als)) - Q" (s, a) (B.818)

+ ’YZ?T’(@!S) ZP(S’\S, a)- [V”'(s’) — V(s (B.819)

-1 ) Y ) ) Q) (s

ﬁ 4 df(S')Z "(a']s') - (Q7(s,a") = VT(s)) (B.821)
=7 i - Zw A8, d). O

s’

Lemma 35 (Second performance difference lemma). For any policies m and

7,

V™ ()~ V7(p) = ——

T 2% > (#(als) = w(als)) - Q" (s, a). (B.822)

S a

Proof. According to the definition of value function,

V™(s) = V7(s) = > 7(als)- Q7 (s,a) = > 7(als)-Q7(s,a)  (B.823)

- Z G—W (als)) - Q™ (s, a) a (B.824)
+Z7T als) - (Q7(s,0) — Q"(s,0)) (B.825)
= Z —(als)) - Q" (s, a) (B.826)
+ v;w(am) ZP<S'|3, a)- [V7'(s) = V()] (B.827)

1 /
1445 di(s') az (x'(a']s) = 7m(d’]s")) - Q7 (s',a'). O
Lemma 36 (Value sub-optimality lemma). For any policy w,

V(o) = V7 (0) = 1o 2 ) 3 (k) = m(als) - @ (s.a). (B89

S a
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Proof. According to the second performance difference lemma of Lemma 35,

the result immediately holds. O

Lemma 37 (Spectrum of H matrix). Let m € A(A). Denote H(w) = diag(m)—

7! . Let
(1) <7(2) < - < 7(K). (B.829)

Denote the eigenvalues of H(m) as

A< A << g (B.830)

Then we have,
A =0, (B.831)
li—1) <N <x@), i=23,... K. (B.832)

Proof. According to Golub (1973, Section 5),
(1) —7w'r < A\ < 7(1), (B.833)
m(i—1) <X\ <m(i), i=2,3,..., K. (B.834)
We show A; = 0. Note
H(m)1 = (diag(n) —7n )1=m—7=0-1. (B.835)

Thus 1 is an eigenvector of H () which corresponds to eigenvalue 0. Further-

more, for any vector x € R¥,

T H(r)z = E [2(a)}] — ( E [x(a)])Q = Varg.,[z(a)] >0,  (B.836)

a~T

which means all the eigenvalues of H(7) are non-negative. O

Lemma 38. Let 1 € A(A). Denote H(w) = diag(m) — nm'. For any vector

r € RX,
H(Id—H(ﬂ)) (x—%-l) < (1—main7r(a)> x—%-l X
(B.837)
HH(W) (x—%q) 22main7r( ) - x—x%& y (B.838)




Proof. x can be written as linear combination of eigenvectors of H (),

1
T =ay - \/—?+GQU2+"'+GKUK (B.839)
z'1
= ? . 1+CL2'U2—|—"'+CLKUK. (B840>
Since H(m) is symmetric, {\/%,UQ, e ,UK} are orthonormal. The last equa-

tion is because the representation is unique, and

1 z'1
a1 = "L‘T— = —. B841
TR T VR (B341)
Denote
, 'l
$:$—?'1IGQU2+"'+CLKUK. (B.842)
We have
2|3 = a5 + - -+ + a. (B.843)
On the other hand,
(Id — H(m))z' = az(1 — Xo)vg + - - + ax(l — A\g)vg. (B.844)
Therefore
1
|Xd — H(m))a'||a = (a5(1 — Xo)* + - -+ + aj (1 — Ag)?)? (B.845)
1
< (@34 +ay)- (1—X)*)? (B.846)
= (1= A2) - [[2"]|2 (B.847)
< (1 min m(a ) 2|2, (B.848)

where the first inequality is by 0 < 7(1) < Ay < -+ < A g < 7(K) < 1, and
the last inequality is according to Ay > 7(1) = min, 7(a), and both are shown

in Lemma 37. Similarly,

IH(x)a | = (222 + - + aZA%) 2 (B.849)
> (2 +- +a%) A2)? (B.850)
— o |l2]15 (B.851)
> minm(a) - |22 O
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Lemma 39. Let my = softmax(f) and my = softmax(0'). Then for any con-

stant ¢ € R,
o — mplly < 16/ — 60— ¢ 1] (B.852)

Proof. This results improves the results of ||mg — 7|, < 2-(|0 — ¢']|, in Xiao
et al. (2019, Lemma 5). According to the ¢; norm strong convexity of negative

entropy over probabilistic simplex, i.e., for any policies 7, 7',

1
7 logm > 7' log 7 + (r — ) log 7’ + 5 |7 — =2, (B.853)

we have (letting m = g, and 7' = my/),

Dy (mg||7g) = 74 logmg — mg " log mer — (mg — ) " log g (B.854)
1
- 5

which is the Pinsker’s inequality. Then we have,

o — mhll; < /2 - Dy (g 7o) (B.856)

1
< \/2 ol 16" — 6 —c-1]% (by Lemma 42) (B.857)
=0 —0—c-1|_ . O

Lemma 40 (Soft performance difference lemma). For any policies m and 7',

7 (0) = V(o) = 1= L () (B.858)

S

. [Z (' (als) — m(als)) - [Q’rl(s, a) — 7log 7' (als) (B.859)

a

. DKL<7r<-rs>H7r'<-\s>>] | (B.860)
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Proof. According to the definition of soft value function,

V™ (s) = V™(s) = Z m(als) - [Q“’(s,a) —rlogw’(alsﬂ (B-861)
- Z (als) [Q” s,a) — 7log m(als )} (B.862)

- Z — r(als)) - [Qﬂ’(s,@ - Tlogﬂ/(als)] (B.863)
+Zw als) [Q” 5,a) — 7log 7' (als) (B.864)

— O™ (s,a) + Tlogw(a|s)} (B.865)

=3 (#als) ~ wlals)) - | @ (s,0) ~ 71og (als)] (B.866)

a+ TDxu(m(c]s)[|7(-]s)) (B.867)

+ 7%}(@3) %:P(sqs, a) - [f/”/(s’) - vf(s')} (B.868)

ﬁ a7 (s) (B.869)

s/

. {Z(W'(aqs') —n(d]$)) - [Q7 (s ')~ Tloga(a/]s)]  (B.8TO)

a/

rro DKL<w<-|s’>||w'<-|s’>>] | (BT1)
finishing the proof. O

Lemma 41 (Soft sub-optimality lemma). For any policy ,

V) = V() = 1 3 [ 7 D] (B72)

S

Proof. According to Nachum et al. (2017, Theorem 1), ¥(s, a),

Tlogmi(als) = Q™ (s,a) — V™ (s). (B.873)
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According to the soft performance difference lemma of Lemma 40,

TR T () — L N gl
VT (s) = V7™(s) = 2 dz(s") (B.874)
S ) - @) - [0 ) - rlogmals)] (BT

a/

- Dia () 1) (B.570
_ IT%7§ 3 dr(s') - [2;:<ﬂ:(aqsq —n(d]s)) - V() (B.877)

b D) (by B (B573) (B.TS)
= ﬁ ng(s') : [(1 —1)- V™ (s) (B.879)

7 ;KL<7r<-|s'>H7ri<-rs'>>] (B.850)
= D) - D4 () s

)

Lemma 42 (KL-Logit inequality). Let my = softmax(6) and mp = softmax(6').
Then for any constant ¢ € R,

1
DKL(7Tg||7Tg/) S 5 . ||0,_0_C]‘||io (B881)
In particular, let ¢ = (Gl}?)n, we have
1 —0T1 |
DKL(WGH'N&’) S 5 . 9/ —0— % -1 (B882)

Proof. According to the ¢; norm strong convexity of negative entropy over

probabilistic simplex, i.e., for any policies 7, 7/,

1
7 logn’ > n' logm + (x' — )" logm + 3 Jr —='||3, (B.883)
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we have (letting m = my, and 7’ = 7y),

DKL(']T@”T(_Q/) = 7T;— log7r9 — 7T9/T 10g7T9/ — (71'9 — 71'9/)—r 10g7T9/ (B884)

1
< (mp — mg) " logmy — 3 |9 — 7o||7 — (79 — 7o) logmer  (B.885)

1
= (71'9 — 71'.9/)T (10gﬂ'9 — log 7T9/) — 5 . ||7T9 — 7'('9/”? (B886>
= (mp — o) " {9 —0 (B.887)
- (logZexp{@(a)} - logZexp{H/(a)}) : 1} (B.888)
1 2
-5 |79 — o2 (B.889)
1
= (mg — 7o) (0 —6") — 5 llmo — o |y (B.890)
1
= (71'(9—71',9/)T (9—6/—C1>—§ H7T9—7T91||? (B891>
(since (mg — mg) "¢+ 1 = 0 holds Ve € R) (B.892)
1
<[0=0—c 1l limo = 7orlly = 5+ 70 — 7ol (B.893)
(by Holder’s inequality) (B.894)
1

< 5'”9_91_0'1”;7 (B.895)
where the last inequality is according to ax — bx? < %, Ya,b > 0. O

B.5 Sub-optimality Guarantees for Entropy-
Based RL Methods

Some interesting insight worth mentioning in the proof of Lemma 15 is that
the intermediate results provide sub-optimality guarantees for existing entropy
regularized RL methods. In particular, Eqgs. (B.570) and (B.582) provides
policy improvement guarantee for Soft Actor-Critic (Haarnoja et al., 2018,
SAC), and Egs. (B.583) and (B.591) provide sub-optimality guarantees for
Patch Consistency Learning (Nachum et al., 2017, PCL).

Remark 20 (Soft policy improvement inequality). In Haarnoja et al. (2018,
Eq. (4) and Lemma 2), the policy is updated by

exp {Q™ (s, -)} )
2. exp{Qm(s,a)})’
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Tg,,, = argmin Dy, <7r9(-|s) (B.896)
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which is exactly the KL divergence in Eq. (B.582), with 7y(-|s) defined in
Eq. (B.570). The soft policy improvement inequality of Eq. (B.582) guarantees

that if the soft policy improvement is small, then the sub-optimality is small.

Remark 21 (Path inconsistency inequality). In Nachum et al. (2017, Theo-

rems 1 and 3), it is shown that
e (i) soft optimal policy T* satisfies the consistency conditions Eqs. (2.44)
and (2.45);

e (ii) for any policy w that satisfies the consistency conditions, i.e., if Vs, a,

7(a|s) = exp {(Q”(s, a) — f/”(s))/r} , and (B.897)
V(s) = TlogZexp {Q’r(s, a)/T}, (B.898)

then m=*, and V™" = V™.

However, Nachum et al. (2017) does not show if the consistency is violated
during learning, how the violation is related to the sub-optimality. To see why

Lemma 15 provides insight, define the following “path inconsistency”,
r(s,a) + ’}/ZP(S,|S, a)V™(s') = V™(s) — Tlog(als)
= Q”(;, a) — V™(s) — tlogm(als), (B.899)
which captures the violation of consistency conditions during learning. Note

that for softmaz policy my(-|s) = softmax(6(s,-)), the r.h.s. of Fq. (B.899) can

be written in vector form as

Q”(s, ) = ‘7”9(3) -1 — 7logma(+|s) (B.900)

=Qm(s,-) —V™(s)-1—10(s,-) + TlogZexp{Q(s, a)}-1. (B.901)

Denote cy(s) = %(8) —log >, exp{f(s,a)}, and using Lemma 42 in the proof
of Lemma 15, in particular, Eq. (B.583),

Dic(molC18)7ol ) <+ - HM (s, — cols) 1
= s @) = V) 1 - o mls)|
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Using the above results in Eq. (B.591),

S LI SRR ] Lpeagpae
VO -V ) < = | mg a7 (s) (B.902)
: HQW&(S, ) TVm(s) 1 — Tlogﬂg(~]s)Hoo (B.903)
_ d_ziéz\/m (B.904)
VI=7 Vor |4l v '

- Imax
a

)

r(s,a) + 7273(3'|5, a)V™(s') — tlog mp(als) — V™(s)

S

(B.905)

where (square of)

r(s,a) +9 X, P(s']s,a)V™(s") — 7log me(als) — V™ (s)
exactly the (one-step) path inconsistency objective used in PCL (Nachum et al.,

18

2017, Eq. (14)). Therefore, minimizing path inconsistency guarantees small
sub-optimality. The path inconsistency inequality of Eq. (B.902) implies path
consistency of Nachum et al. (2017).
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Appendix C

Proofs for Chapter 3: Escaping
the Gravitational Pull of
Softmax

C.1 Proofs for Section 3.2: Softmax Gravity
Well

Theorem 11 (Escape time lower bound). Even in a single-state MDP, for
any learning rate 7, € (0, 1], there exists an initialization of the policy g,

and a positive constant C', such that SPG with full gradients cannot escape a

suboptimal corner before time t, = #(a*), i.e., it will hold that
1
(7" —79,) 7 >0.9- A, (C.1)

for all t < t, where A = r(a*) — max,zq-7(a) > 0 is the reward gap of
r e [0,1]%.

Proof. Consider the reward vector 7 = (b+ A, b,...,b)" € [0,1]% for some b,

where A > 0 is the reward gap. Then we have,
mor =mg(1) - (b+ A) + (1 —mp(1)) - b. (C.2)
Note that a* = 1. We have,

r(a*) —myr=b+A—m)r

= (1—7(1)) - A. (C.4)

—~
Q
w

~—
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And Va # 1, we have,

r(a) —mgr=>0b—m,r (C.5)

Therefore, the ¢5 norm of softmax policy gradient can be upper bounded as

‘ dgeer i = [7@(&*)2 - (r(a*) - WJT)Q + Zm(a)2 - (r(a) — 7T;—7“)2] (C.7)
— [mu)z (L= mp(1)* - A%+ mp(1)7- A% m(a)Ql (C.8)

(by Egs. (C.3) and (C.5)) (C.9)

:71'9(1) A (1 —Wg(l))2+Z7T9(CL)2] (ClO)

< mp(1) - A~ (1= 7p(1))" + (Z 7T6(G)> ] (lzllz < flefl) (C.11)

= V2 me(1) - (1 — mp(1)) - A (C.12)

T
71'07‘

d
Let 6,11 < 0; +n; - 5 and my,,, = softmax(6;11) be the next policy after

one step gradient update. Define the following two kinds of iterations:

tgood = {t > 1:mg,,, (1) > mp, (1)}, (C.13)
thad = {t >1:m,,(1) < 7T9t(1>} . (C.14)

For all t € t},.q, we have,

77'9}(1) a 7Tgt+11(1) - 7T9z+1(1)1' Wet(l) ' (W9t+1<1) - 71'9t(1>) <0. (015)
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For all t € t4004, We have,

(1) = 7 1) = |

1
A

R UGE ]

=
dmg, T

' |:(7T0t+1 - ﬂ—@t)—rr - < d@t

+ <d7r—9TtT,9t+1 - 9t>1

1

< -
- A

do,

4

)
15 Mo -

(by Lemma 2)

IN

IN
O ©

. 7T9t(1)2 <AL

57
<4 +7)t) ‘

613+ (

-
dmy

dwir 2
db,

2

r

0.

<9t+1 =0, +mn-

R %lr)}

(by Fa. (C.3))

) et—f—l - 9t>

dﬂgr
do,

(n: € (0,1])

(m,(1) € [0, 1))

Dividing both sides of Eq. (C.16) with 7y, , (1) - mp,(1), we have,

1

7T9t(1)

206

)

(C.16)
(C.17)
(C.18)
(C.19)

(C.20)
(C.21)

~—~

C.22)

(C.23)
(C.24)
(C.25)

(C.26)

(C.27)

(C.28)



Therefore, we have,

1 1 i | 1
— = — C.29
OREN RS Rl (C.29)
-1
1 1
_ _ (C.30)
S:LSZetgood |:7T63(1) 7T05+1(]‘):|
t—1
1 1
+ - (C.31)
5_1725;tbad |:7T65(]‘) 7T65+1(1):|
t—1 1 1
< - (by Eq. (C.15)) (C.32)
S_l,geztgood |:7T65(]‘) 7T65+1(1>:|
t—1 9
< Z.
< ) 5 A} (by Eq. (C.27)) (C.33)
3:17 Setgood
< g At (C.34)
Let 7, (1) < %, for some constant ¢ > 11. If t < 9% . % . M;(l)’ then we have,
Lo b 9 A (by Bq. (C.29)) (C.35)
70,(1) ~ (1) 2 e |
1 1
> N ) e C.36
> () (€:50)
1
Zc~(1——):c—1210, (C.37)
c
which implies 7y, (1) < 1—10. Therefore, for all ¢ < % . % . m;(l)’ we have,
(m* — 7T9t)T’I“ =(1—mp(1))-A (by Eq. (C.3)) (C.38)
>0.9-A. O

C.2 Proofs for Section 3.3: Escort Policy Gra-
dient

C.2.1 Escort Policy Gradient Closed Form in Bandits

For completeness, we show the detailed calculations for the escort policy gra-

dient in bandits, i.e., Egs. (3.13) and (3.14), which are duplicated here for
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convenience,

;l;r(ea: =p-sgn{f(a)} - % . [r(a) — ﬂgr} (C.39)
-sgn{0(a)} - mo(a) "7 [r(a) — w ] . (C.40)

||9||p

According to the chain rule, we have,

degr dmy i drgr\ dmg Tr (C.41)
o\ df dmg )\ db ' '

We calculate the Jacobian of the escort transform mp = f,(#). We have, for all

i,j € [K],
dme(i)  d |6()[”
bR b (€42
_ by 0P {00} - (S O
(Xu l0(a)P)?
0GP - p-10G) P - sen{6)) o
(X0 10(a) )
e 0P
=0y - p-sen{b(i)} - S 0@ (C.45)
o sen oG
p-sgn{6(j)} - S @ o(1), (C.46)
where
1, ifi=j,
o = {0, otherwise. (C47)
Then we have the Jacobian as,
dng\ T ding(sen{O))ding(0") o
( ;i 9) e a1 (C.48)
Combing Egs. (C.41) and (C.48), we have,
drgr  diag(sgn{6})diag(|0|"~") -
deﬁ =p- S [r —-1- (7r9 r)} , (C.49)
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which implies Eq. (3.13). Using mp(a) = <29 _ 7> We have, if 0(a) # 0,

o (6@
drgr _ e @P
aoia) ~ PO} - ) = o] (C.50)
=L - sgn |9(a)|p Mr(a) — 2Ty
O @)} S 6@ [r(a) =y ] (C.51)
— m -sgni{f(a)} - mo(a) - [r(a) — WJT] (C.52)
= o O@)  m(@) T [ra) — ], (C.53)

which is Eq. (3.14). On the other hand, if f(a) = 0, then sgn{f(a)} = sgn{0} =
0 makes Eq. (3.13) trivially equal to Eq. (3.14).

C.2.2 Omne-state MDPs

Proposition 6. 6 — 7/ r is a non-concave function over R¥ using the map

Ty ‘= fp(0)7 P> 1.

Proof. Consider the following example with K = 3: r = (1,9/10,1/10)",
6, =(1,1,1)T, and 6, = (1,1,3)T. Then we have,

= (1/371/371/3)T7 (0.54)
To, = 5 j & (L1 3", (C.55)

Denote 6§ := s (00 +62) = (1, 1,2)T. We have,

1 . 1 (2 1943
5 (a7 +mr) =5 (§ + m) (C.56)
97 +23-3P
_Jr+23.8 C.57
60 - (2 + 37) (C.57)
194 +97-2P +46-3P +23-2P . 3P
_ A + + (C.58)
60 - (2 +37)- (2 +27)
19 + 2P 17- (=2+5-2P —4.3P 4 2P . 3P
_ 9% 17 (24 L2 3) (c59)
10- (2 +27) 60 (2 +37) - (2 +27)
19 4 2P
= m (see below) (C60)
=7y, (C.61)

where the last inequality is because of the function g(x) : x +— —2+5-2* — 4.

209



3% + 2% - 3% is non-negative for all x > 1. In fact, for any x > 2, we have,

g(z) = —2+45-2°—4.3° +2°.3° (C.62)
> _245.2°—4.3°+4-3°  (z>2) (C.63)
= —245-2°>0. (C.64)

On the other hand, for any = € [1,2), we have,

g(x) =—2+5-2"—4.3"+27.3" (C.65)
> 245.27 4.3 4+2.3 (z>1) (C.66)
L 245.2-2.3" >0, (C.67)

which is easy to verify. According to Eq. (C.56), Eqr,(.) [r(a)] is a non-concave

function of 4. [

Lemma 19 (Non-uniform Smoothness). Suppose r € [0,1]%. Let my := f,(6),
and 7y = f,(0'). Denote 6, := 60+ (- (¢ — 0) with some ¢ € [0, 1]. Then, we
have,

(i) forp>2, mjris M-smoo’ch, ie.,

16¢117

¢ —0)5.  (C.68)

drgr 3-p?- KU
, — Te _ 0 o — < - -
e e B R

(ii) for p=1, ) ris ﬁ—smoo‘ch, Le.,

-
dmyr

(7T9/—779>T7"—< 7 ,6’/—9>‘§ K 3

/_
TR A A )

Proof. Denote the second derivative w.r.t. 6 (i.e., Hessian) as

S(r,0) = d% {dfgr} (C.70)

=p- dil@ {diag(%) (r—myr- 1)} : (C.71)
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Note that S(r,0) € RE*E whose element at position (i, j) € [K]? is

AZ () — )}

S 40))
_dF . (i)
=p- 2607) (r(i) —myr)+p 6’9(1')
[y (i) — ma(i) - ma(3)] - 6(6)
- 0i)?
(r(i) = mi)
_ 7o (1) 2 () ) _ Ty
R QU?<<ﬁ 7r)
—p 1) %-%%%«(@—wﬁo

0(i) ~ 0())
_ . me) ml) o
a6 o) ) =)

(C.72)

(C.73)

(C.74)
(C.75)
(C.76)

(C.77)
(C.78)

(C.79)

where 0;; is defined in Eq. (C.47). We calculate the spectral radius of S(r, ).

For any nonzero y € R¥,

SN Sy

i=1 j=1

ly"S(r,0)y| =

— 607
2 (1) . m(7) .
2 &U-mwg;gb)«Mﬁ

+2.p2.

(i) Y

where the last inequality is by triangle inequality.
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p- -1 "D i) e -y

w0 B )

(C.80)

(C.81)

(C.82)

(C.83)

(C.84)



First part. For p > 2, the first term in Eq. (C.80) is upper bounded as,

< Z 7T0@ ) ‘r(z) _ m;rr’ -y (i)? (by triangle inequality)

< (mx 7). ity — 1) - ol

(by Hélder’s inequality)

< (w20 Il () € 0.1 v

a 0(a)
_ 1 1-2/p 2
= o (masxma(@)' ") ol
1 2
<ol (>2)
forg 141

The last term in Eq. (C.80) is upper bounded as,

S (o)~ i) w0

0(7)

< H H ||y||2 Hdlag ( 7 ) (r—mgr-1) ‘2 Nyl
(by Cauchy-Schwarz)

— || %8 _ mo(a) " T, )2 2
-5, _;(em)) () =gl
o '- mo(a) 2 %' : r(a a
alk _;(g(a))] I} (r(a) € [0,1], Va)
-3 () i
= Hi)(m ) Dl

(ZW ) 1/p>'||y||§- (mo(a)' =17 € [0,1])

|

|
||9||2
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(C.85)

(C.86)

(C.87)
(C.88)
(C.89)

(C.90)

(C.91)

(C.92)

(C.93)
(C.94)

(C.95)

(C.96)

(C.97)

(C.98)

(C.99)



The intermediate term is then upper bounded as,

S o)t = KV ST - mofa)) (C.100)

a

K
= K7, (C.102)

1-1/p
K-
< KYr. (Z M) (by Jensen’s inequality) (C.101)

a

Combining Egs. (C.80), (C.85), (C.92) and (C.100), we have

ly"S(r,0)y| <p-(p—1)- yllz +2-p*- KV lyll3 (C.103)
3-p2- K'/P

< — -
16113 ’

161l 19113

2
p

(K'Y >1) (C.104)

According to Taylor’s theorem, we have, for p > 2,

-
dmyr

(o = o) 7 = { LT - 9>’ _ % @ —0) S0 @ —0)|  (©105)

3 .p2 . Kl/p
21613

160" — 6]|3. (by Eq. (C.103)) (C.106)

Second part. For p =1, according to Eq. (C.80), Egs. (C.92) and (C.100),

we have,

2-K
KVl = e Nlyll2- (C.107)
1

1

p

According to Taylor’s theorem, we have, for p =1,

dmjr K ,
(g — 79) 1 — <d—‘;,e —e>‘ < 1 — 9|2 (C.108)
1
]

Lemma 20 (Non-uniform Lojasiewicz). Let my = f,(#). For any p > 0, we
have,
P mo(a) VP (1 — ) T, (C.109)

‘ 2 110l

where 7" = argmax, ., 7' 7 is the optimal policy.

dmgr
do
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Proof. The result follows from calculating the gradient norm,

degr| K mo(a) -\ 3
‘ do ||, Lz; (p- 0(a) - (r(a) —m 7")) ] (C.110)
> ‘p. 7;9(3:1*)) (r(a*) — 7T;—”r‘) (C.111)
. 7"9(@*) At — T’I“
=P Jo(a) ( 0) (C.112)

P (T o(a) — |6(a)|”
= ey, ™) ) (9” za,|e<a'>|p) .

Theorem 12. For a single-state MDP, following the escort policy gradient

with any initialization such that |6, (a)| > 0, Va, we obtain the following upper
bounds on the sub-optimality gap for all ¢ > 1:
(gradient flow) for p > 1, with 7, = ||6,]|2,

. 1
(71' — 7T6t)—r7” S m, (Cll?))
(gradient ascent) for p > 2, with n, = W (162,
i} 9.KYr 1
(’/T _7T9t) r s 027—2/172’ (Cll4)
(gradient ascent) for p =1, with n, = 5% - [|6,|3,
9K
(71'* — 7T@t>TT' S T, (Cll5>
where ¢ = inf; mp,(a*) > 0 is a problem- and initialization-dependent, but
time-independent constant.
Proof. First part. For p > 2, according to Lemma 19,
dmjr
(7T9t+1 - 7T9t>Tr - <d—gt7 9t+1 - 9t> (0'116)
t
3.-p2- KV/P
S SE 1641 — 6415, (C.117)
tllp
where
dm,r
O, = 0p + G+ (Or1 — 01) = 0y + G- 1t - dgt ) (C.118)
t
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for some (; € [0, 1]. The ¢, gradient norm can be upper bounded as,

‘dwer Zl » 7;(9((5)) r(a) —m)r) ] (C.119)
- K m(a)~ra—7rT’r a5
=p [;(ww r(a) = r)] (C.120)

P Z VYR r(a) — W;r|)p] (C.121)

el | &=
[ K % 1/p
p p-K
< - . (C.122)
161, ; ] 161l
According to the triangle inequality, we have,
dmgr
16¢.1lp = 16elly — G- e - || =2 (C.123)
do,
P
- KY
P
2 2- 11613
= 164l - <1 — 'ﬂ) (m = g‘pQ.Kl/p) (C.125)
2
2ol (1-55)  (@ela) (©.126)
2 2-(3+6) 2
=10, | (1- == ) [1- oY) = C.127
16,1, [( %) ( o ) ﬁ] (C.127)
f Ol (p=2) (C.128)
Combining Egs. (C.116) and (C.123), we have,
(n —W)Tr—<d”r9 9> (C.129)
Ot4+1 0t d@t t+1 .
3.p%. KVp )
< —— |01 — 0 1
= 9. ||0<t||12) H t+1 t||2 (C 30)
9.p%. K/P )
< ——— ||6i1 — 0 131
ERE 1621 = Oell2, (C.131)

215



which implies,

dmjr 9.p2. Kl/p
g — g, v < —<¢, Ot — 9t> F 2 0 — 62 (C.132)

=\ df, 41615
drgr|®  9-p* KV, ‘ drg,r
o X X 2L || 20 C.133
L (T | 11 PR (T | ( )
o g gy AT (C.134)
t+1 = U T+ 1 a6, '
0,2 d T2 216, ]1?
. || t”p . 7T9t?n N = & (Cl35)
9-p2'K1/p det ) g.pQ.Kl/P
2
< _ )= 1/p . T .
= 9. A Kip [ (" =) T} (C130)
(by Lemma 20) (C.137)
2 2/p
- 9 Kl/p [ — ) Tr]? (C.138)
2 2/p 9
<5 [ = m) T (C.139)

where ¢; == minj<s<; mp,(a*) > 0. Eq. (C.132) is equivalent to,

* T * T Cf 2/P
<7T _7T9t+1) T—(ﬂ' _7T9t) r< —

= 9.Klr [ =) ] (C140)

Denote 6; == (7% — m,) 7. We prove 6; < 92K21//: - ¢ by induction. For ¢ = 2,

since ¢, € (0,1),

9.KVr 1
b S1S —p 3 (C.141)
2
2-2/
Suppose &, < 57 -}, £ > 2. Consider f, : R = R, fy(x) =z~ )
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. . . . K1/
Clearly, f; is monotonically increasing in [O, 29572] We have,
&2

2-2
c; /p

.52 (by Eq. (C.140))

9. K 1 Zr <9~K1/P 1)2

C?*2/10 t

9. KYr 1 9. Kp
0 < 557 —S—ziz/,tZQ
c Pt T 2.
_9-KY /11
2=2/p \t 2
9-KYr 1

< 2—2/p )
Ct*/P t+1

(C.142)

(C.143)

(C.144)

(C.145)

(C.146)

which completes the proof for §, < %&£ =iy % Then we have, for all ¢t > 1,

2—2/p
Ct

9. K1/p

22 )
c; /p

9. K/P 1
= (infysy g, (a*))22/7 ¢

(ﬂ—* - ﬂ—at)—rr <

~ | =

Second part. For p = 1, according to Lemma 19,

dm)r K
T 0 2
- Sy Gl —9><_-0 —0
(7T9t+1 7T9t) r < th y Vi+1 t = ”8&”% || t+1 t||27
where
dﬂ;r
O = 0r + G- (Orp1 — 01) = 0p 4+ G- e - 20,
t

for some ¢; € [0,1]. The ¢; norm can be upper bounded as

dﬁ(;Zr ol 7o, (@)
‘ |, =~ 2| @m0
a=1
T
= He H Z]r(a) _WJT’
el <=
K
< AT (r €[0,1]%)
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(C.147)

(C.148)

(C.149)

(C.150)

(C.151)

(C.152)

(C.153)



According to triangle inequality, we have,

dﬁgr
do,

K
> [0y — G- e - ol (by Eq. (C.151))

= * 1 * -
16e]]1 ( Gt 9) (77t = 0. K

2
> 3 10¢]]1- (¢ €10,1])

10l > 166 — G- \
1

Combining Eqgs. (C.149) and (C.154), we have,

dm] r
<7T9t+1 - 7T9t>Tr - < d;t 79t+1 - 0t>
t
K
< TooE 1001 — O3
11

9-K
< 2B 0 = 62
>~ 4||6t’|% ” t+1 t||1

which implies,

9-K

dr ] r
W;;T‘ — W(;ZHT < —<d—gi,9t+1 - 9t> + W |1 — et”%
dﬂ;rQ 9. K 9 dW;rQ
= =N + 5 U
o l, 4 16213 by 1|,
6. =0 + d’/Tg;T
t+1 = Uy T 1 a9,
2
_l0diF || dmg,r 0 = 2- 11613
9-K | do; ||, "T9K
e [ 1 ’
< 9K {m (m* — Wgt)Tr] (by Lemma 20)
1 . 2
=g [T —m)

Using a similar induction argument as in Eq. (C.142), we have

9-K
(7% —7g,) 1 < —
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(C.154)
(C.155)
(C.156)

(C.157)

(C.158)
(C.159)

(C.160)

(C.161)
(C.162)
(C.163)
(C.164)

(C.165)

(C.166)

(C.167)



Third part. For the gradient flow, we have,

d{(m* —m,) " 1} drgr
_ YT, 1
dt dt (C.168)
do,\ " [dmgr
_ (%) (Mer 1
(dt) (det (C-169)
drgr ? o, dmyr
_ || 4T @ _ . el 1
e |, (dt e, ) (C.170)

2
< = {H@p\l -7, (@*) YR ( — 7T9t)T7”:| (by Lemma 20) (C.171)
tlip

2 0:ll;
= —mp, (a*)HP. [(7* — mg,) "] (77t = | Hp) (C.172)

p2
< = (7t =) ), (C.173)

which implies,

i)~ AT (o

dt \ (7 —m,)Tr

= >, (C.175)

Taking integral, we have,

1 1
— = — TP (t— 1) (C.176)
(m* —m,) 1 (¥ —my) T

> 14 (1 1), <(7r* —79,) 1 € (0, 1]) (C.177)

which is equivalent to

" T 1
(m* — mo,) TSCQ—Qp,(t_]_)_I_l' =

C.2.3 General MDPs

Lemma 43. The escort policy gradient w.r.t. 0 is

V™ () 1 - mp(als)

(s,a) 1—x w(s)-p 0(s,a)

- A™(s,a), (C.178)
where A™ (s, a) is the advantage function defined as

A" (s,a) = Q™ (s,a) — V™ (s), (C.179)
Q™ (s,a) =r(s,a) + Z P(s']s,a)V™(s"). (C.180)

)
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Proof. According to Theorem 1, we have,

ovrme(u) 1 Omg(als’)
00  1—x S/NHEZG [Z ol

-Qm (¢, a)] (C.181)

a

For s’ # s, aﬁ" |)) = 0 since my(als’) does not depend on (s, -). Therefore,

ovre(u) 1 - Omg(als) - r,
96(s, -) T 1~ 'du (s) - [ (99( ) Q™ (s, )] (C.182)
e () @i (©.189)
=1 i 5 ~dre(s) - p- dlag<g<(s|7si> (Id — lﬂ'(;r) Q™ (s,-). (C.184)
For each component a, we have
%Z(ﬂ—;(s)) (C.185)
_ 1 ™ (s) - p- 7o(als) [Qm 5, a) 2”9 als) )
l—y # (s, a)
(C.186)
1 o me(als) o o
- o S Qs - v ) (C.187)
(V’”’(s) = Zm(a|s) - Q™ (s, a)) (C.188)

Lemma 44 (Non-uniform Smoothness). Suppose r(s,a) € [0,1] for all (s,a).
Let mp == f,(0), and mp = f,(¢'). Denote 6, == 0 + ¢ - (¢ — 0) with some
¢ €[0,1]. Denote A == |A| as the total number of actions. Then we have,

. . 8p2.A2/p 1 .
(i) forp>2,V™(p) is 577)3 TR -smooth, i.e.,

V™ (p) o
T/ _ Uyl _ _
‘v (o) = V™(p) = (510 9>‘ (C.189)
4 .p2 . A2/P ' ||9/ _ 9”% | (0190)
- (=7 ming [[6c(s, )13
(ii) forp=1, V7 (p) is (f'_’f)g, : minsl‘gg(&.)“%-smooth, i.e.,
ov™(p)
g/ _ Uyl _ _
v - v - (P -6) (caon
4- A2 10" — 0113

< S . C.192
L= min, [0c(s, 2 (C.192)
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Proof. Denote 6, = 6 + au, where o € R and u € R4, For any s € S,

877'9 a| 67'['9 a‘ aea
za: a= Z ‘ a:O’ 8@ > (0193)
<87T9 a' : > (C.194)
Since % =0, for s’ # s,
Z 67r9 - Z’ 8#9 >>‘ (C.195)
_ . 7r9(CL| ) AT (e
_;p 005.0) |u(s,a) mo(+]s) (s, )‘ (C.196)
— _r 1=1/p . — (1) T . C.197
= mo(als u(s,a) — mo(-|s) u(s, :
S ey el o) ) s (19
p _
< ||9( o - max ‘u(s,a) — 7T9('|S)TU(8, )} . Zm(a!s)l 1/p (C.198)
P
<P 9l A" (by Eq. (C.100)) (C.199)
||9(87 )Hp
2. D Al/p
< ——F— - ||uf|2- C.200
o, e (200
Similarly, the second derivative is,
D?m, (a|s) B 0 [ Omg,(als) 00,
; da?  la=o| ; <(99a { Oa } azo’a_oz> (C.201)
B 02wy, (a|s) 90, 00,
= Z ( 962 laco Do’ o) (C.202)
B 0?my(als)
= Za: <WU(S, '), U(S, )> . (C203>
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Let S(a,0) = 8;;729—((5’"‘;) € R4 i j € [A], the value of S(a,0) is,

OB - T2 _ 1 (a]s) - TGSy

— ta” 9(s,a) 0(s,1)

Sij=D" 90(s. ) (C.204)
s ﬁ - [0jama(als) — mo(als)mg(j]s)] - O(s,a) — djamp(als)
B 0(s,a)?

(C.205)
- Q(Z R [0jamo(als) — mo(als)my(j]s)] - g;((;l:)) (C.206)
5 - [0ym(ils) — mo(ils)ma(jls)] - O(s,4) — dijme(ils)
—p-mo(als) - L2 i
(s,1)?
(C.207)
mo(als)
=i " 0ja-p-(p—1) GE)S?CL)Q (C.208)
2 g(als) ] o (jls) s 2 g(als) Ty ils)
da P Gia) ) P Bsa) s Y
e taley oo i) me(ils) o mails)
+p - mo(als) [2 p 0(s,i) 6(s,j) % (p=1) g(s,i)z} 7(C 210)
where the § notation is as defined in Eq. (C.47). Then we have,
‘<827r9(a|8)u(8 3ouls ')> _ iis' (s, Duls, §) (C.211)
00%(s,+) 1A o AN »J :
<pelp= 1) g s (©219)
2'7T0a|) s,a)l - To(:]s) Tus.

20 g el (9(3,-)) (,)‘ (C.213)
+m(als) - {2 »’ (gei'}i) u(s, -) (C.214)
+p-(p—1)- <;T(98(|§z> (u(s,-) ®u(s,-)) H (C.215)

= o g ek ks (C.216)
o mlals) - uts,o)l-| (o)) e )| (€207

’ ||92<;f>||z ofale) - |(ro(49)™H) ) (C.218)

- 1‘?‘9((75’_”’1; wolals) - |(mo(19)27) " (uls, ) @ (s, -))' . (C.219)



First part. For p > 2, according to the Cauchy-Schwarz inequality, we have,

< p-(p—1) 3 (s, a)?

sl 2
Hf(—pw Mo, B - 1)
||92(s7p;||2 (s, )3 - ||7a(-]s) /73
A >||2) I (15)" 2l - (s, ) © (s, )l
—%W-IIU(S,-)H%W AV u(s, )2

(by Eq. (C.100))
_ 2 (142 A)
N 16Cs, )13

Define P(a) € R9*% where V(s, s'),

(ss’) Zﬂ'g |S CI,)

lull2-

The derivative w.r.t. « is

[ap—(a) ao} o) Xa: [&T&;}—SM

oo
For any vector z € R®, we have,

{apm) a:o”} Zz[am (als)

Oa
The ¢, norm is upper bounded as,

ao} ()5, a).

OP(«) B Omg,, (a , ,
H B |._oZ|| = max ZZ[ a—0:| P(s|s,a) - x(s)

<maXZZP<s’\s, ) %—gﬁ el

Omy (als
= max 3 [P
20 A sl (by Bq. (C.195)
<max————— - ||u|l2 * ||Z]|oc- v Eq. .
Sl

223

a—0:| -P(s]s,a) - z(s).

(C.220)

(C.221)
(C.222)
(C.223)

(C.224)
(C.225)

(C.226)

(C.227)

(C.228)

(C.229)

(C.230)

(C.231)

(C.232)

(C.233)



Similarly, taking second derivative w.r.t. «,

L) sl

oo
The ¢, norm is upper bounded as,

2
’8P(a) x’

a2
8 7T9a
IR
<maXZZP |5, a) '8 Wg‘;(ﬂ >‘a:0

oo

QZJ - P(S]s, ).

a=0

= max

L] Pl o

lloo

2-p%- (142 Al/P)
< max Alull? - [12]l-

s 16(s, )17
(by Eq. (C.220))

Next, consider the state value function of my_,

V7oa (s Z e, (a ,a)
+7 ) mo(als) D _P(s'|s,a) - V7 (s),
which implies,
Ve (s) = el M(a)rg,,
where
M(a) = (1d = yP(a))™",

and ry, € R for s € S is given by

Tga Zﬂ'@a )

Since [P(«)] >0, Y(s,s'), and

(5.)
M(a) = (Id = vP(a ZW

224

(C.234)

(C.235)

(C.236)

(C.237)

(C.238)

(C.239)

(C.240)

(C.241)

(C.242)

(C.243)

(C.244)

(C.245)

(C.246)



we have [M(«a)]
M (). We have

(s,8")

1 1

> 0, V(s,s'). Denote [M(a)];. as the i-th row vector of

1= - (Id —vP(a))1 = M(a)1 = T 1 (C.247)
which implies, Vi,
[, = X e, = (C.28)
Therefore, for any vector z € R,
|M(@)z]., = max]|[M ()], 2 (C.249)
< max |[[M(a)],.|| -2l (C.250)
1
= 7= -l (C.251)
Since r(s,a) € [0,1], V(s,a), we have,
76,1l = msax\rga(s)] = max Zﬂga(a]s) r(s,a)| <1 (C.252)
Since%—() for ' # s,
67"9 ( )| - <8T59( )) a;a (C.253)
‘ ‘9{”9 (s, ) u(s, -)‘ (C.254)
— [p- (ding(1/64(s. ) (ding(m, (1)) — 7o, (13, (1)7) (5. ) (s )
(C.255)
< p-[|diag(1/0a(s, ) (diag(ma, (|5)) — 7o, (-]s)7a, (1)) (s, ),
(C.256)
Nluls, )l - (C.257)
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The ¢, norm is upper bounded as,

| diag(1/0a(s, ) (diag(ma, (-|s)) = 7o, (-[s)ms, ([s) ") (s, )]
T als 1 1/p
- |r<s,a>—7rea<-|s>%<s,->\
16a(s, )l
< ;.max‘r(s,a) o, (- DIE Zﬂ'ga )i-ie
||0( Ny —a
< e S s € 0.1)
p a
b
< . v Eq. (C.100
16cc(s5 )l
Combining Egs. (C.253) and (C.258), we have,
‘% e drg, (s)
O 5 o!

< maxp - |ding(1/6a(s. )) (ding(m, (1s)) — ma, (|3)ms, (-

luls, )l
- Al/p
< max ————— - |Jul],.
s 10a(ss )l
Similarly, for the second derivative, we have,
0?ry., D?re,, ()
oo’ Il
(& {a”“ 1) %
= max
- ( 892 ) P
+0?
= max |u(s, )" {WH( (S) )( )}u(s,)‘
3.p*- AP
<max P lu(s )l (by Bq. (C.103))
10a(s, )II5
DAl
< max—- ull5.
[10a(s, )3 ’
Taking derivative w.r.t. « in Eq. (C.243), we have,
OV ™ (s) T OP(«) T Jry,,
S T () T Y (@), + ] M)
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(C.258)

(C.259)
(C.260)

(C.261)

(C.262)

(C.263)

Al

(C.264)
(C.265)

(C.266)

(C.267)

(C.268)

(C.269)

(C.270)
(C.271)

(C.272)

(C.273)



Taking second derivative w.r.t. «, we have,

D2V ™a (s) 5 T OP(a) OP(a)
———=27"-e, M M M
el oy T 2w () P (g,
0?P(a)
-
+ - ey M(a)——5=M(a)re,
OP(a) Org D*ry
T o T :
+2y-e, M(a) e M () S0 +e, M(a) T2
For the last term,
827“9 827“9
M . < M -
Tar) 5] | < e a5 |
1 827"9
—_— S Eq. (C.24
< |Gl ovEacam)
1 3-p2- AP

(by Eq. (C.267))

< o max - [l
L=y 7 f0as, )l 7

For the second last term,

OP(a) Jrg OP(a) Jre
T «@ < «@
¢ Ma) Ja M(a) Oa la=0| ~ HM(Q) O M(a) oo
1 OP(«) Ory,
< | M@ } (by Eq. (C.249))
2-p- AYP - |ull, 1 Org
< - max ———— - || M a
7O M el Y
(by Eq. (C.230))
2pA1/p Hu”2 . 1 a,’nea
. X .
(1—7)? s 100, )llp 1l 9 Ta=o]]

(by Eq. (C.249))

< 2 .p2 . A2/p . ||u||2 N || H

< -max —————= - ||ul|2.
(1—n)2 s sz
(by Eq. (C.263))
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(C.274)
(C.275)

(C.276)

(C.277)
(C.278)

(C.279)

(C.280)
(C.281)

(C.282)
(C.283)
(C.284)
(C.285)
(C.286)

(C.287)



For the second term,

0*P(a) D*P(a)
T <
e, M(a) 50 M(a)r, ao’ < HM(a) 90 M (a)ry, acol. (C.288)
1 0*P(a)
< ‘ g M| | vEa 29 (©289
L2 . Al/pY . 2
< . =
) 2 291
X S HM a)ra, a:oHoo (by Eq. (C.235)) (C.291)
202 (1+2- AYPY - ||ul)? 1
< _ . .292
: =y R el €22
(by Eq. (C.249)) (C.293)
2-p?- (142 AVP) 1 )
< m ull5. C.294
(=) TR (€290
(by Eq. (C.252)) (C.295)

For the first term, according to Eq. (C.230), Egs. (C.249) and (C.252),

ejM(a)ag—if‘)M(a)ag—S‘)M(a)% ~ (C.296)
< HM(a)agga)M(a)agé“)M(a)rea . (C.207)
<7 e g 29

. ﬁ - mgx% el - ﬁ . (C.299)
I8 AT SIS SRS (C.300)

IO S TOB]
Combining Eqs. (C.277), (C.280), (C.288) and (C.296) with Eq. (C.274), we
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have,

Oa?

<

D2V ™0a (s)

<297 lel M(a)

a=0

0?P(a)
oa?

OP(«)
Oa

+7- el M()

M(a)ry

@

8Tga

el M(a) o

+ 2 -

M(e)

a=0
0?ro,
a2
8-72-p2-A2/p 2.7.p2.(1+2.A1/p)
(1—79)? (1—7)
4.ry-p? AP 3.2 AP
BRCEE 1—v )

+ eSTM(a)

a=0

- max

1
s 16Cs, )l

lull3

8.p2- AP 1

rmax s - [lull3,
(T=73 Qo T

which implies for all y € R4 and 0,

yT 82‘/@(5)
002

<

<

|-

( y )Ta%ﬂww>( y ),H 2
1y/l2 20> \Jullz} | ""”

(“a )

<82V7roa(s) a0, 80a> w2
002 la=0 0’ J« Yllz

(70" )

0?V™oa (s)
lulla=1 da?

8. p%. A%/ 1 )
~max o - [yl

(L= s [10s,)ll5

max lyll2

flull2=1

max
[[ull2=1

max Nlyll2

[[ull2=1

2
R

(by Eq. (C.301))

(C.308)

(C.309)
(C.310)
(C.311)
(C.312)

(C.313)

Denote 6, = 0+ (8’ —0), where ¢ € [0, 1]. According to Taylor’s theorem, Vs,
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Vo, o,

oV (s)
Tor _ Uy — [
V() = VT(s) = (g 6 9>’ (C.314)
L |y g7 PVAs)
=5 = 8—92 (0" —0) (C.315)
4. p*. A2/p 1
S oy MAX 0" — 0|3 (C.316)
(1—79)? 16 (s, )17 ’
(by Eq. (C.308)) (C.317)
4.p%. A%P 1 )
= - — 16" = 0]|5. C.318
R R e A
Since V’r:(s)gis Sk’iQ;ijs/p-mins ||91¢(s,.)||§'sm00th’ for any state s, V™ (p) = E,, [V (s)]
is also 82242 1 P-smooth.

(173 " ming [[6(s,)II
Second part. For p = 1, we have,

’<65’;0((:| )> (8), uls, )>‘ (C.319)
2P crolal )V luls. @)l - W-sl’l/pTus.

< o @) s, )] - (1)) (J‘(me

+ ”02(6:—’?)‘“2) - mo(als) - <7T¢9('|S)11/p>Tu(s, ) (C.321)

(by Eq. (C.211)) —

Therefore we have,

07, (als) 4-p? 2 1-1
Z T0aA T i I? - | g)1—1/p||2 39
2 TBT aco) S o MM ol (0323
4.-p*- A 9
< —— - ||ull5. C.324
[GERIFRRE .
Similar to Eq. (C.235), we have,
9?P(a) 0?mo, (als)
2 A )
p
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Similar to Eq. (C.267), for the second derivative, we have,

0?1y 0 {ma, (-]s) (s, )}
ol _ : 2 . 32
‘ a2 max u(s,-) Do(s. )2 u(s,-) (C.327)
2.p2. Al/p
<max 2 u(s, )7 (by Eq. (C.107)) (C.328)
s [10a(s, )3
2 .p2 . Al/p 9
< max —— - ||ull5. C.329
S ‘|9a(37)”§ || ||2 ( )
Similar to Eq. (C.277), we have,
0?r o0?r
T Qa 904
M@ G| <t @ ) (C.330)
1 827“9
— = Eq. (C.24 331
<Gl L ey c2m (©.33)
1 2.p? - Al/P

3. (by Eq. (C.327)) (C.332)

<—— max——
L=y s 16a(s: )3

Similar to Eq. (C.288), we have,

9?P(a) 1 0*P(a)
-
el S < ) ,
e, M(a) 50 M(a)re, a:O‘ <75 ‘ 907 M(a)re, acol (C.333)
(by Eq. (C.249)) (C.334)
4-p* - A-lull3 1
< . - '
=T 1, RTTOBIE HM(O‘W& a:oHoo (C-335)
(by Eq. (C.325)) (C.336)
4-p* - A luli3 1
< . - .
=T -y e H”a a:oHoo (C-337)
(by Eq. (C.249)) (C.338)
4.-p*- A 9
< ——— ~max ———— - ||u]5. by Eq. (C.252 C.339

Combining Egs. (C.280) and (C.296), Egs. (C.330) and (C.333) with Eq. (C.274),
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we have,

% B ejM(a>agS>M(a)agf)M(a)ma a:o’ (C.340)
+ - ejM(a)%M(a)ma - (C.341)
+ 2y ejM(a)agfj‘)M( )ag; - (C.342)
+ ejM(a)a;;Z“ . (C.343)
(fr Lty A o
4'31{2;‘”” 2 j/) L g i (@319
< =) (C.346)

Similar to Eq. (C.308), Eq. (C.340) implies for all y € R4 and 6,
‘yT%y‘ < max %Lo‘ |yl (C.347)
< % < B (Ba (C340) (€349

Similar to Eq. (C.314), we have, Vs, V6, ¢,
‘V’T@’(s) () (P e>’ (C.349)
< % - maxH (Eq. (C.347)) (C.350)
LA g3

T T =) min, [0c(s, )2 (C.351)

Since V7 (s) is s-smooth, for any state s, V7™ (p) = E,, [V™(s)]

8-A2 1
(1=9) "ming [[0¢ (s,)]3

: 8-A2 1
is also - — -smooth. O
(1-7)%  ming [|0¢ (s,

Lemma 45 (Non-uniform Lojasiewicz). Suppose ju(s) > 0 for all state s and
7o = fp(6). Then,

-1

‘/We dﬂ*
Ha (99(M) 2 = \5? d;%g (35
min, mg(a*(s)|s) /P
i, mp(@ ()| ey ey (C.353)

max, [|6(s, )|,
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where a*(s) = argmax, 7*(als), Vs € S, is the action that the optimal policy

7* takes under s.

Proof. Note that a*(s) is the action that optimal policy 7* selects under state

S.
V™ () v (m)\*|
— .354
H a0 |, Lza: (8«9(5,@) (C-354)
v (u) \*|®
> _ .
- [Z (aiteay) (6:355)
Vo (u
> .
_\/_Z’(%sa ‘ (C.356)
(by Cauchy—Schwarz |zl = {1, |z])| < ||1L]l2 - [|z]l2)  (C.357)
1 7Te(a*(s’)lé’)
_ 7'(9 . AWG * .
i \/_ Z dr 9.2 () (s,a*(s)) (C.358)
(by Lemma 43) (C.359)
:L.dewe(s).p.m.|Awe(87a*(s))|_ (C.360)
l—y V5" 16(s, a*(s))]
(d7e(s) >0, mp(a*(s)|s) > 0) (C.361)
Define the distribution mismatch coefficient as d:’;r; ‘= 1max, Zgzg We
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have,

V™ () 1 e (s)
.362
H 00 _1_7 \/_Zdﬂ () p(8> (C.362)
mo(a*(s)[s) .
P g AT (s, a"(s C.363
et 1A s (5)) (C.363)
1 d’re 1
= 1_7 \/_de p (S)pm <0364>
- (mo(a*(s)]s))' 7 - | AT (5,a"(s))| (C.365)
-1
1 1 dy 1
> = Mo .
“1y \/_ | e, (€560
- min 7g(a ) 1/p Zd“ AT (s, a*(s))] (C.367)
1 1 dg 1
1y T | PG, (C.368)
m1n7T9 ) 1/” Zd” - A™(s,a*(s)) (C.369)
-1
dr i * 1-1/p
_ P % _min, mo(a*(s)]s) (C.370)
VS || du max; [|6(s, -)|l,,
1
1~ Zﬂ' (a|s) - A™ (s, a) (C.371)
o1
p g™ mingmo(a ()l
= —7="|l5m : % — Ve , C.372
\/g dlte N maxs ||9(S, )||p [ (p) (P)] ( )
where the last equation is according to the performance difference lemma of
Lemma, 34. ]

C.2.4 An Equivalent Algorithm with Parameter Nor-
malization

For convenience of analysis, we introduce Algorithm 3, which is equivalent to

Algorithm 1 as shown in Lemma 46.

Lemma 46. Using the escort transform wg = f,(6), Algorithm 3 with constant

learning rate 1 and Algorithm 1 with learning rate n(s) = 1 - [|6:(s, )2 are
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Algorithm 3 Escort Policy Gradient Method with Parameter Nor-
malization
Input: Learning rate n > 0.
Output: Policies my, = f,(6;).
Initialize parameter 6, (s, a) for all (s,a) € S x A.
Normalize parameter 0;(s,a) < H gl:l((j:'c;f'p for all (s,a) € S x A.
fort=1to T do

Cirr(s,a) < Oy(s,a) + 1 - av(_t) for all (s, a).

Cir1(s,a)
O41(s,a) < TSI for all (s,a).

end for

equivalent, i.e., for all (s,a),

0,(s,a)

16:(s, )l
75, (als) = g, (als). (C.374)

0,(s,a) = and (C.373)

Proof. For t = 1, according to Algorithm 3, we have, for all (s, a), 61(s,a) =

01(s,a)
[161(s,)llp

and,

|é1 (57 a)‘p

Yo 01(s @)l
[61(s, a)!

= ole.e) M TBrts)l = 7o, (als) (C.376)

5, (als) =

(C.375)

0¢(s,a)
[16¢(s,) [l

Eq. (C.375), we have, for all (s, a), 73 (als) = m,(als), and,

Suppose ét(s,a) = for some ¢ > 1. Using similar calculation as in

Cirr(s,a) < O,(s,a) +1 - —8‘{% () (Algorithm 3) (C.377)
06:(s, a)
_ bi(s,a) V™o ()
=L T 16:(s5 )l - W(s.a) (C.378)
(induction hypothesis and w5 = mp,) (C.379)
0:(s, a) 1 OV (1)
=10 7- t(S) - : C.380
ol " T, 90,0 (©3%0)
(me(s) = - 116:(s,)117) (C.381)
_ 1 oV (1)
S rem el CCCREOR 7w (C382)
= m Ory1(8,a). (Algorithm 1) (C.383)
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Therefore we have,

5t+1 (s,a)

— —=
HQ+1(3> ')Hp

by, sl
~ ol 0,1(s,a) (o (by Eq. (C.377))  (C.385)

_ Qt—l-l(saa)
[16e+1(s, )l

Using similar calculation as in Eq. (C.375), we have, for all (s,a), 7, (als) =

041(5,a) (Algorithm 3) (C.384)

(C.386)

o, (als). O

Theorem 13. Following the escort policy gradient with any initialization
such that |0;(s,a)| > 0, ¥(s,a) to get {0;};>1, for any t > 1, the following
upper bounds hold for my,,

(i) for p > 2, with n, = (Ly)

20- AP S dr 1
* — o, < A = .
Vip) =V (p>—62—2/p.(1_7)6.t 0 H/‘Hoo7 (C.387)
(ii) for p =1, with n, = %,
20-A-8 ||d 1
Vo) = V(o) < 2 A4S d H_H , C.388
L G VEr 7 7] R

where ¢ = inf,cs inf;>1 7, (a*(s)|s) > 0is problem- and initialization-dependent
constant, A = |A| and S = |S| are the total number of actions and states,
respectively, and p € A(S) is an initial state distribution which provides initial

states for the policy gradient method.

Proof. Note that for any 6 and pu,

dre(s) = SO@M [dre (s)] (C.389)
- so@u (1—7) Zyt Pr(s; = s|so, ™, P) (C.390)
= E [(1 =) Pr(so = sls0)] (C.391)
= (L—=7) - nls). (C.392)
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According to the value sub-optimality lemma of Lemma 36,

V(o) = V™) = o SO Y (5 (als) — molals) - @' (s, (C.393)
1 i Z ZEZE?; - (s) Z (7*(als) — m(als)) - Q* (s, a) (C.394)

a

1—~ ‘ de; Z (als) —mg(als)) - Q" (s,a) (C.395)

< =
<t HEHOO S () S (n*(als) — molals)) - Q*(s.a) (C.396)

(by Eq. (C.389) and min ji(s) > 0) (C.397)
- || e -vmo, (399

where the first inequality is because of
> (7*(als) — mo(als)) - Q*(s,a) > 0, (C.399)
and the last equation is again by Lemma 36.

For p > 2 and p = 1, according to Lemma 44, V7™ (y) is S-smooth with

= 8-(;;2;;1;/1’ e Hait(&‘)”?»’ i.e., we have, in Algorithm 3,
e . V™o (p) ~ ;
Gt — 0 — — .
Ve () — V7 () < a6, N} 9t> (C.400)
.p2. A2/ s D12
cAr AT Gn Z 6l (C.401)
(1=7)%  min, |0y, (s, )2
where
ékt = ét + At . ((}_}_1 - ét) (0402>
OV (p
=0, + )\ -1 ﬁ, (Algorithm 3) (C.403)
00,
for some X, € [0, 1]. Denote s,, = argmin, ||0, (s, 2. We have,
~ ~ oV (p
o My = 1sn My = - | o (C.404
agt(s)\w') D
(by triangle inequality) (C.405)
oV (u
@9,5 S)\t, )
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The ¢, gradient norm can be upper bounded as,

V™ (1 mo(als) 4K
LA™ (s) - p- Ao A
55 = [ v G sl | cao)
(by Lemma 43) (C.408)
P m0(al9) s o]
< 2 . ZOTP) L Ao .
<1 [; 0(s.0) A" (s, a) (C.409)
__b 1 . _ 1-1/p . | AT p ’
=T TG, |2 el T Al ()
< P ! Z (1 ! )p ' (C.411)
L=y (06l |4 11—~ '
p- AP
< maX C.412
=7 " T, e
Combining Egs. (C.404) and (C.407), we have,
min [0, (s, ) (C.413)
- p- AP 1
> min ||0(s, )|, — e -7 - : = C.414
=l = = o, Y
D Al/p
R e (C.415)
<||§t(s, I, =1, for all s, Algorithm 3) (C.416)
_ 1-7
1 — 3
(77 = ﬁ, by Lemma 46) (C.418)
-y
2 54+2v5 1—+v 2
—(1- =) (1- : il C.420
( \/5) < 10 p-Al/P>+\/5 (C420)
2
> = >2 A" >11-~v€(0,1 C.421
> = (p> > v € (0,1]) ( )
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Combining Egs. (C.400) and (C.413), we have,

T T avﬂét ~ 0
Ve ) = v ) - (2 G- )
t

4. p? . AP ' 1Gr1 — 0413
— (=9 min, |0 (s,)]?

5 p2 AQ/p
G = G5,

SR

which implies,
V7o () = V70 () = V70 () = V7ot ()

A é:t-l-l(sa ) .
O,01(5,0) = 2225 Y Aloorithm 3
( wilsa) = gy Heerithm )

5 2
< —<8Va;§t('u),§t+1 - ~t> + 5(1]9—14)/1) Gt — 013
(by Eq. (C. 422))
AV (pu L5 5.p2 A oV () ||
H 90, 2 (1 —7)? o H 90, 2

Tl'ét
<Ct+1 =0, +17- W6—9~<)’ Algorithm 3)

t
(L= [JaV7e(w) | =y
) TTH0- 2 A2

T 20 p2 . AP 90,
(S N 1 AR
20- )R- A (VS |[di || max, [|6i(s, )],

V() — V7 M (Lemma 45)

-2

(1 _ 7)3 dz* : o 2—2/p
20 - A2/p. S dZét msmﬁet(a (s)]s)
V) = v (18, ), = 1, for all s)
o Q= dr
— 20-A2r.S [

min g, (a*(3)]s)2 27 - [V () = V7o (o)
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(C.422)

(C.423)

(C.424)

(C.425)

(C.426)

(C.427)
(C.428)

(C.429)
(C.430)

(C.431)

(C.432)

(C.433)

(C.434)
(C.435)

(C.436)

(C.437)



where the last inequality is by Eq. (C.389). Then we have,
V() = V1 () = V() = V™1 (n)  (by Lemma 46)  (C.438)
(-2
(1—=9)° dj, . * 2-2
< —m : f : Hlslnﬂ'gt(a (S)|S) /p (C.439)

o

V() = Vo () (by Eq. (C.425) and Lemma 46) (C.440)

-2

(1 — 7)5 dz* 2—-2/p * 7 2
S S VAR | . . — /7o, 441
<y || e v - v (C.441)
which is equivalent to,
L2
(1—9)° dy 2-2 2
(5t+1 - (5,5 S —m . 7 - C /p. 6ta (0.442)
where 0; = V*(u) — V™ (u). Using the similar induction argument as in
Eq. (C.142), we have,
2
20-A*r.S 1 |ldy
V() — V™o () < . = C.443
() (1) < A=t =7 || (C.443)
which leads to the final result,
* T 1 1 * iy
Vi vl s e L v can
(by Eq. (C.393)) (C.445)
112
20 A?/r. S di 1 -
T (I=y)0t || p o

C.2.5 Entropy Regularized MDPs

Lemma 47. The entropy reqularized escort policy gradient w.r.t. 0 is

e L) P s (C.446)
aa‘gzs(“)) _ 1; o (s) - p (C.447)
.dmg(g@(g‘f‘;) (Id — 1my(5)") [@’T“)(s,~) —rlogme(|s)| . (C.448)

where A™(s,a) is the soft advantage function defined as
Am(s,a) = O™ (s, a) — 7 log me(als) — V™ (s) (C.449)
Q™(s,a) =r(s,a) + 7> _P(s|s,a)V™(s'). (C.450)

)
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Proof. According to the definition of V7,
V() = E ZW [Q” s,a) — 7log mp(als )]. (C.451)

Taking derivative w.r.t. 6,

W = J@MZ Omotal®) g s,a) — logmo(als) (C.452)
+£5sz als) [ Qm(s °) _ T7T9(1a|3> 67T%(;L|s)] (C.453)

_ S@MZ 5’7rea(0| 5) | [Q”e(s,a) — 7log m(als)} (C.454)

+ SIE'NZWH als) ( 2 (C.455)

B SINEMZ ol a' [Q”(Sa a) — 7log m;(a|s)} (C.456)
+7- B> mlals)) P(slsa)- Wa—@” (C.457)

_ ﬁ a7 (s) Z aw%(gb) @™ (s.0) — rlog m(als)| . (C.458)

s

where the second equation is because of

1 Omg(als) Omg(als)
Zm} als) [7?9 (als) 060 ] = ; 9@9 (C.459)

0 01
=g 2 ™(el9) = 55 =0 (C.460)
Using similar arguments as in the proof for Lemma 43, i.e., for s’ # s, 887;9((5‘,”.5)) =

0,

aa‘g;rifl;) = i 5 -d;ﬂ(s) . %7;9((35)) . [Qﬂe(s, a) — 7log Wg(a\s)} (C.461)
= ﬁ . d;e(s) . (527;9(;|S>)> |:Q7T0(8’ ) — 7log Wg("s)} (C.462)
1 Y
=1 W) (C.463)
o(T19) -
' dlag( 0(s,-) ) (Id — 1my(:]s) ) [Q (s,+) — 7log 7T9('|8)} . (C.464)



For each component a, we have

V™ (1) 1 o mo(als) [ r,
W0 1 ~di?(s) - p- sa) {Q (s,a) — Tlogmp(als)  (C.465)
— Zm(ab) . [Q’r"(s, a) — 7 log 7r9(a|s)} } (C.466)
1 o mo(als)
=15 d7(s) p- oo a) (C.467)
: [@“9(5,61) — 7log ma(als) — V’T"(s)] (C.468)
Ly ol
- ) s, 0

Lemma 48 (Non-uniform Lojasiewicz). Suppose u(s) > 0 for all s € S and
o = fp(6). Then,

Ve (| _ Vor
> . |
g6 |7 V5 VA (C.469)
P mins’a 7T9(a|s)1*1/1’ dg: - Ve _ /e %
max, [|0(s, )|l dy [V (p) =V™(p)| . (C.470)
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Proof. According to the definition of soft value functions,

V™ (p) = V™ (p) (C.471)

= ) I ‘(o). ZV r(se, ar) — Tlog mi(arlst)) | — Vﬂe(ﬁ) (C.A472)
Elviad ,CLtNﬂ'T *|St
st41~P(¢|st,at)

= E YH(r(se, ar) — Tlog mr(ay]sy) (C.473)
so~pars (lsi), | &=
st41~P(-|st,at)
£ 7m(s,) - V%t»} V() (C474)
B S0P, atIEw *(-|se), [ZV St’at) N Tlogﬂ- (at|8t) (0475)
st41~P(-|st,at)
F AT s000) = 77(s1) (C.476)
1
=1_~ [ 7 (als) (s, a) — 7log i (als) (C.477)
+72P(s'|s,a)f/m(s') — f/”(s))} (C.478)
= S d7r Zﬂ' (als) (Q”G (s,a) — Tlogm:(a |s)> (C.479)
L=y

— f/m’(s)} . (C.480)

Next, define the “soft greedy policy” 7y(:|s) = softmax(Q™ (s,-)/T), Vs, i.e.,

exp {Q”G(s,a)/T}

me(als) = = , Va. C.4
o(als) S e {07 (s,a) /7] (C.481)
We have, Vs,
Z’ﬂ' (als) [Q’”’ s,a) — 7logmi(als )] (C.482)
< Err(lélls)i d m(als) - [Q”(s, a) — 7log ﬂ(a]s)] (C.483)
= Zﬁg(a|s) . [Q”“)(s, a) — 7log 77'9(&‘8):| (C.484)
= Tlogz exp {Q’T"(s, CL)/T} : (C.485)
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Also note that,

V(s Zwe als) [Q’”’ s,a) — 7 log my(als )} (C.486)
- Zwe als) [Q’“" 5,a) — 7 log we(als) (C.487)

+ 7 log 7g(als) — 7 log me(als )} (C.488)

- ZW@ als) [Q”" s,a) — 7log 7g(als )} (C.489)

— 7Dxr(mo(+|s)[|To(-]5)) (C.490)

= rlog Y exp {0 (s.)/7} = 7 Dia(mal13)7o(1s).  (C.491)
Combining Eq. (C.471), Egs. (C.482) and (C.486), we have,

V™ (p) = V™ (p) (C.492)
1 mx
: S dy(s) (C.493)

[ Ewstals) - [0 0 - rogmitalo)] - 70| cuton

a

1 . -
< — ;dl; : [TlogZeXp{ (s,a /7’} Vmo(s) (C.495)
1 .
1.5 dpr(s) - 7 - Dxv(mo(:|s)||To(-]s)) (C.496)
- Q(s,) () L
* T o S C@ S
< —_— Tr o — - l _ . 1 4
ST, 2% 3 . 0g ma(s,7) = — (C.497)
(by Lemma 42) (C.498)
1 dy () || Am, 2
= " (s,) =7l ) = 1 4
1 _7; 5, Q™(s,-) — Tlogm(s, -) — co(s) o (Ca99)
770 (s,-)—7 log mp (s, T
where cy(s) = (o (o) Lg o(e) ) Taking square root of Eq. (C.492), we
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have,

1

V(o) = V()| (C.500)
- ¢11——7 . {Z d3;3> (C.501)
@5, )~ riommats, )~ eols) 1\[0} 5 (C.502)
1 — 1

— ﬁ ) {; ( A5 (s) - \/? (C.503)
(@) - rlogmats, ) - auts) - 1\\00)2]5 (C.50)
< \/% SOVdrs) - \/% (C.505)

o5 ) = rrogmols, ) — o) 1| (lalle < )
(C.506)
< \/1;__7\/%_7 Zg: 2 S VA (C.507)
. HQ”"(& ) — Tlogme(s, ) — co(s) - IHOO ) (C.508)

On the other hand, the entropy regularized policy gradient norm is lower
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bounded as

o) [ |orm|]’
20 || [Z (s, -) j (€209
L[
\/_Z 90 |, (C.510)
( Cauchy Schwarz , [lz]ly = [(1, [z[)] < [1fl2 - [lz]l2) (C.511)
> ﬁ : m ; 7 (s) (C.512)
. Hp : diag(%) (Id — 1mg(-[s) ") [Q”G(s, ) — 1logma(s, ) — ca(s) - 1} 2
(C.513)
(by Lemma 47) (C.514)
R N I
V5 T2 e, o)

||diag (mo(-15)'=177) (1a = 1mo(1s) ) [ @™ (s, ) = Flog mo(s, ) — cals) - 1] |
(C.516)

: min mo(als) /P (C.517)

2

11 p
=5 17 16Cs, )lp
-|l@™ (s ,') — 7log (s, ) — co(s 1H (by Lemma 51) (C.518)

d”(s) .
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Denote (y(s) = Q™ (s,-) — 7log me(s, ) — co(s) - 1. We have,

OV ()
(C.519)
00 ,
L S ) P il ()], (C520)
T VS Iyt 16Cs, )l a ’
1 1 p : 1-1/
> . m0(s) - ————— - minmy(als P S
2 75 T 2 WO g, ek 16
(C.521)
> b di’(s) - min P -miny(als)' /7
TS VI=y s : 16Cs,)llp sa
(C.522)
V- 3 R I R ZW Go(s)
i’ |VI=7 Ve dm’
(C.523)
>L~ ! -min/d;’ (s) - mlnL'miﬂﬂe(aB)lil/p
VS VI=v s 16Cs, )lp =0
(C.524)
b I - 3
VTSl V) = V)|t (b Ea. (C500))
m
(C.525)
V2r p 1-1
> —— -miny/u(s mln— min 7y (als) /P C.526
V5 VA i g oy e melel) 20
Al 7 o - :
3 '[Vf(p)—V”(p)] : (C.527)
“w

where the last inequality is by d7(s) > (1 —7) - u(s) (cf. Eq. (C.389)). Note
that min, , m(als)! =P > min,, me(als), which is a better dependence than

Lemma 15. [l

Theorem 14. For an entropy regularized MDP with finite states and actions,
following the escort policy gradient with any initialization such that |6, (s, a)| >
0, V(s,a), and

(1—79)°
10-p2 - AYVP ¢’

= (C.528)

to get {0:}i>1, for all £ > 1, the following sub-optimality upper bounds hold
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for my,, for p > 2:

S I1/ulle 1+ 7logA
VT — V7o, < .
(p) (p) — eXp{CT . C,2 . t} (1 _ 7)2 ’

(C.529)

where ¢/ > ¢ = inf(, o) infi>1 mp, (a|s) > 0, 7 is the temperature for entropy reg-
ularization, 77 is the softmax optimal policy, and ¢, C'; are problem-dependent

constants.

Proof. According to the soft sub-optimality lemma of Lemma 41,

- 1

V™ (p) — V™ (p) = T [d5* (s) - 7 Diw(mo,(-]5) |72 (-|s))]  (C.530)
- S Y g ) D )] ()
< 2 i ) Dl ] (582
= (1 —17)2 | H%Hoo ZS: [d" (s) - 7 - Dxw(mo, ([s) w7 (]s)]  (C.533)
= ﬁ ' H%H ~ [V”:(u) — v (u)] : (C.534)

where the last equation is again by Lemma 41, and the first inequality is

according to d,,” (s) > (1 — ) - u(s) (cf. Eq. (C.389)).

According to Lemma 46, using —8V;6t(

- ) in Algorithm 1 with learning rate
ne(s) = n-110:(s, -)||> is equivalent to using Wa;éi(u) in Algorithm 3 with learning

rate 7. We have, in Algorithm 3,

V() = V) (P G -d) o)
4p? AP e |G — O3 ’ (C.536)
(I—=7)? ming [|6), (s, )|
where
0y, =0+ M - (Goy1 — 0y) (C.537)
=0+ N7 %, (Algorithm 3) (C.538)
:
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for some \; € [0, 1]. Denote sy, = arg min, ||y, (s, 2. We have,

; 3 OV ()
165 (saes Mo = 10eCsnes lp = A=+ || =———
09t(3)\t,~) p
(by triangle inequality)
o oV e
> min (s, llp — e -7 || )
s 00, (sx,, ) )
The ¢, gradient norm can be upper bounded as,
V™ (11) 1 , mo(als) -~
— L gmo(s) - . Ao
90(s,-) [Z 1—ny (s)-p (s, a) (s,a)
P a

(by Lemma 47)
.r [Z mo(als)

90s.a) - AT (s, a)

L=~

1
p]P

__r . L ~_ mo(als) =P | AT (s, a g
= e, |2 (el 1A <’”)]

1 i 1+7log A\”
< P 2(14—7—05{)
=3 TGOl |2 =

p-AYP . (14 7log A) 1

- ma

S = S TTEwI

Combining Egs. (C.539) and (C.542), we have,

1
P

i G, 5. )y > i (s, ),

p- AYP . (1 + 1log A) 1
= i)l
p- AYP . (1 + 1log A)

' (1=7)°

—&n
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(C.539)

(C.540)

(C.541)

(C.542)
(C.543)

(C.544)

(C.545)

(C.546)

(C.547)

(C.548)

(C.549)

(C.550)

(C.551)



_ (1-—)?
Note that n = 10.p2.A2/F.(71+T ey We have,

p-AYP . (14 7log A)
(1=7)

min ([0, (s, ), > 1= A -

(by Eq. (C.548))
(1—9)?® p-AV

—1—\-
P10 p2 A2r (1 —)?
T
10.p.A1/p

2 —_
_— '1_5+%@.1 ), 2
5 10 p- Al/p 5

(p>2 A" >1 1-7€(0,1])

vV

o Gl

Combining Egs. (C.535) and (C.552), we have,

oV () > 4

8—@(M>:CH1 —9t>

< 4-p* AP e _ IGi+1 — 8:13

- (=) min [|6, (s, ) [|7
4.p2.A2/p_|_cT 5 ~ ~

< (1 — 7)3 ’ Z ’ ||§t+1 - 075“3
5.p2.A2/p+CT ~ ~

= (1 — 7)3 ’ ||<t+1 - et”%a

V7 () = V7 1) =
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(C.552)
(C.553)

(C.554)

(C.555)
(C.556)

(C.557)

(C.558)

(C.559)

(C.560)

(C.561)



which implies,

V7o (1) —

C(10- A% 4 ¢,)- S

-1

7% () = V7 ) = Ve 1)
<§t+1(s, a) = —§t+1(3, @) Algorithm 3>
1€t 1(s, )l
8‘77@(“) ~ ~ 5']9‘14/—0—(37- -
_<8—9~t’c’f+1 - t> + 1—7)° N1 — 6ull3
(by Eq. (C.558))
v ()| 5opr- A ge, |67 ()
aét (1 - ’7)3 @ét
~ ~ V76
<<t+1 =0,+n- 8_(#) Algorithm 3)
t
3 7T 2
I s
20'p2'A2/p+CT 8@,5 9

o A=
10 - p2 - A2/P + ¢,
LU 2y R s el
Qo.N.A2/p+c S s maxs Hét(Sa)H]%

: [W (1) — V7 (u)] (Lemma 48)

-1

V) = V()]

(1—y)t-7

: [‘7”: (n) = V7o (u)] ,

a5

||

(1=79)-7 dy;
(10- A%/7 +¢7) - S |[ g7

dr

_®

1

- min 7y, (a|s)2*2/p
s,a

[e.e]

<||‘§t( N =1, fOI&HS)

-1

- min 7y, (a\s)Q_Q/p
s,a
oo

(by Eq. (C.389))

251

(C.562)

(C.563)

(C.564)
(C.565)

(C.566)

(C.567)

(C.568)

(C.569)

(C.570)

(C.571)

(C.572)
(C.573)
(C.574)

(C.575)



which implies,

VT (1) — VTt () = V70 () = V7 () (by Lemma 46)  (C.576)

(1—7)"-7 d

= T@0-AYrre) S || -min p, (a|s)*~*? (C.577)

s,a

. [f/ﬂi (1) — V7o (u)] . (by Eq. (C.562) and Lemma 46) (C.578)

-1

*

(1—7*7 dy 2-2/p  [{rm: ¥
< — R . p. Tr — /7o, .
S ey S || V7 () = V™ ()| (C.579)
which is equivalent to,
VT () — V7o () (C.580)
L -1
(1— 7)4 c e e22/p dz s o,
<<1(10-A2/p+c7)-5' n '[V () =V (’“‘)}
(C.581)
L1
(1 _ 7)4 o272/ dz - s
<eXp{(10-A2/p+cT)-S' m '[V () =V (“)]
(C.582)
-1
(1_7>4'T'62 2/ dy, Ve (7T
= eXp{(lO.A2/p+cT) vl vl IR & [V )=V 91(“)]
(C.583)
-1
(1=t 7227\ d] 1+ 7log A
< _ | DT | R N S =Rl
eXp{ (10~A2/p—|—67)'5 /l/ ( ) 1_7 )
(C.584)
which leads to the final result,
V™ (p) — V™ (p 1 — H H — V™o (p )] (by Eq. (C.530))
(C.585)
L1
1 (1—7)t-7-c? d;, 1+ 7log A
<=l - — | | A Y N =
_HuHoo exp{ (10- A2 +¢;)- S || p E=1) (1—7)2 "
(C.586)
where ¢ = ¢!71/? > ¢ = inf(, o) inf, 7, (a|s) > 0. O
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C.3 Proofs for Section 3.5: Escort Cross En-
tropy
Lemma 49 (Non-uniform Smoothness). Let mp = f,(6), and mp = f,(0').

Denote 0; == 0 + (- (0" — 0) with some ¢ € [0,1]. Then for p = 2, we have
Dxu1.(y||mg) is 5-smooth, i.e.,

d{ Dxr.(y|lm) }

s
Dralylre) ~ Dea (o) - { o-0) <51 -olg

do
(C.587)
ith = 8 @)
with B = e T 2. (maxz Gy(i)2>'
Proof. The gradient of Dk, (y||mg) w.r.t. 6 is
d{Dxu(yllme)} _ d{—y" logm}
o - — (C.588)
_ (dmy T (d{—yT logmy}
(1 : ™ 1 1
= p - diag i (diag(my) — momy ) diag — (—y) (C.590)
0
1
=p- diag<§> (9 — ¥). (C.591)
Denote the second derivative w.r.t. ¢ (i.e., Hessian) as
_d [ d{Dxu(yllme)}
K(y.6) = = { - (C.592)
— L diag (L) (7 = v) (C.593)
=p- 5 diag( 5 ) (m —y) ¢ :
We have K (y,0) € RE*X whose element at position (7,7) € [K]? is
d{ﬂe(fg)fy(i)}
(©)
Ky=p — 20 7 C.594
N0iime(7) — ma(2)me(g)] - O(2) — (mo(2) — y(2)) - O;5
i)~ mld %)2 o)~y @) by
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where the ¢ notation is defined in Eq. (C.47). For any x € RX,

2" K (y,0 lelK”x (C.597)
_ ‘p. (p—1) ' g‘(’z(;z 2(i)? (C.598)
S O T GG )+ | (©59)
<p-(p-1)- [ : ZESQ - a(i)? (C.600)

+ 7;9((2 tp Z 9 2, (C.601)

where the last inequality is by triangle inequality. The first term is upper

bounded as,

7T9(i) 0 1 2/p . (i 2
SFTOER ||9|| 7 >l (C.602)

< HQHQ Z 1-2(i (p=2) (C.603)

The second term is upper bounded as,

[ ’ 7r9(.z') x(z)] < Z (M@) zll3 (by Cauchy-Schwarz) (C.605)

76 76
=1 91||2 D (mol) ) (C.606)
< ”;”2 - [me] el =2 (C.607)
_ W 2. (C.608)

The last term is upper bounded as,

y(l) e 2 max y(z) . 9
— 6(i)? (©) 5( i 9(2-)2> 2. (C.609)
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Combining Egs. (C.597), (C.602), (C.605) and (C.609), for p =

x € RE, we have,

2" K(y,0)z| <p-(p—1)-

1
(13
16115

I3

+p2- Yy H

. 2 . —
el + 5| 72

oIz
o max y(i)
= o Vel + 2 (masc % ) -

According to Taylor’s theorem, we have,

‘DKﬂmeq__DKdme)_<d{DKanm»{9/_e>'

_ % : ’(9’ —0)" K(y,00) (0 - 9)‘
3 y(i) / 2
< {HGCHQ + max 0:(0)° ] 16" — 0]|5.

2,

]

for any

(C.610)
(C.611)

(C.612)

(C.613)

(C.614)

Lemma 50 (Non-uniform Lojasiewicz). Let my = f,(0). For any p > 2, we

have,

p2

2 >
16113

Hd{DKL 3/”779

: main Wa(a)kQ/p - Dk (yl|m)-
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Proof. According to the definition of KL-divergence, we have,

y(a)

Dxw(yl/mo) = Zy log ( (a)) (C.616)
< Zy(a) : (71'9(@) - 1) (logx <x—1) (C.617)
— Z — mg(a) + mo(a)) - —y(aire_(;@(a) (C.618)
_ Z — ”9 (@)’ (C.619)
-y (y(aie—( 7;3/(5» — )11_2/p (C.620)
_ Z (y(a)e(agrﬂ( )) ||0||2 ﬁ (C621>

Ol
(0= =07 (©622)
< el - — Wel(a)m/p > <y(a)eza7;§ (@) (C.623)
) 1 1 ! 2
— ||8||p . T . ? ) Hp ) d1ag(5> (y — mg) . (C.624)

The proof is completed with the observation that

MDY _ g1 i) .

Theorem 15. Using the escort transform with p = 2 on the cross entropy

objective, we obtain for all t > 1,

(gradient flow) with 7, = HOZH”,

D (yllme,) < Dxu(yllmg,) - e Y, (C.625)
(gradient ascent) with 7, = 10: 13
¢ 4-(3+c2)’
— log g, (ay) = Dxx.(yl7o,) (C.626)
(t—1)
<D : { - —} C.627
-~ KL(yHﬂ-91> exXp 9. (3 + C%) ( )

where 1/c¢3 = mp, (a,) € (0,1] only depends on initialization.
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Proof. First part. For the gradient flow, we have the following update,

db; d{ Dk (yl|ms,) }
— = L C.628
dt Ul a9, ( )
Then we have,
d{Dxw(yllme)} _ (d0.\" (df{Div(yllme)} (C.629)
dt dt do, '
d{D ?
— - ‘ { Kz(;/||ﬁet)} (by Eq. (C.628)) (C.630)
t 2
2
< - g minm (@)% Dayl) (b Lemma 50)
p
(C.631)
. Ty 16117
= —minmg,(a) " - Dy (y]7e,) = (C.632)
= —Dxr(yllme,),  (p=2) (C.633)
which implies,
d{log Dxw(ylm,)} 1 A Dxu(yllmo)} (C.634)
dt Dy (yl|ma,) dt -
Taking integral, we have,
lOg DKL(?JH?T@J - IOg DKL(?JHWGl) S —(t - 1), (0635)
which is equivalent to
Dy (ylime,) < Dxr(yllma,) - =Y. (C.636)

Second part. For the gradient descent, according to Lemma 49, we have,

d{ Dk (ylIme.) }

Dt (limo,..) = D (yllma,) — B —0i)  (C637)

do,
B 2
< 5 101 — 6415, (C.638)
where

6 y(i)
b= + 2 (max - ) C.639
AR X 06)? (C.639)

6 2 .

= + (y is one-hot) (C.640)

107~ Oci(ay)®
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and

~d{ Dk (yllmo,) }
db, '

_ Z g, () p+ 7, (ay) — 1 p] (v(ay) = 1)

ect = 9t+<t . <0t+1 _Qt) == et - Ct M

The ¢, gradient norm is upper bounded as,

>

a

7o, (a) — y(a)
0:(a)

d{ Dxv(yl|m,)}
db

0:(a)

IA

[ o, (a)|” 1 g o (a
2 |5 +|et<ay>p] (o, (a,) € (0, 1]

_ 1 1
= P o, (a)p_l + }

ol 22

IA

S } (p=2)

o e
R (VETT<Va+ V)

< + :
16ellp 164 (ay)]

Next, we have,

Ouraa) = Ouay) = e+ s - (o) = 1)

(
> et(ay)a if et(ay) 0,
<b(ay), if bi(a,) <

(C.641)

(C.642)

(C.643)

(C.644)

(C.645)

(C.646)

(C.647)

(C.648)

(C.649)

Therefore we have |6;41(ay,)| > |0:(a,)|. On the other hand, for all a # a,, we

have,

Therefore we have for all a # ay, |6141(a)| < |0;(a)|. Denote -
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(C.650)

(C.651)

— [01(ay)|
= We
61llp *



have, for all ¢ > 1,

6eay)| _  10iay)] 10+ (ay)]
lclls (32, 18u(@)) ! (Za#y 16, (a)? + |9t(ay)|p)1/p
N L R
(S, 1021 + [62(a,)IP)
|8yl _ 1
161l er’

Combining Egs. (C.642) and (C.652), we have,

d{DKL y||7T0t
db,

1 n 1 < 1 (1 + )
-~ >~ . C .
16:11,  16:(ay)] = 116:l, '

Then we have,

(C.652)

(C.653)

(C.654)

(C.655)

(C.656)

(C.657)
(C.658)

(C.659)

(C.660)

(C.661)

d{D o,
0l = 0 - HOTY g0
p
D
> |10l — G- m Hd{ KlziéiHmt)} (by triangle inequality)
p
1
> 10ellp — G- e - A (1+c). (by Eq. (C.655))
p
_ [ L+a e
= H9t||p' _1—Ct‘m] (Ut—m
[ 1+Cl
> . - = 1
> lody |1~ o] e
= |16c]l, - 1_L ) 1_\/§+1.1+Cl —l—i
o V2 22 3+a V2

H tllp (1/c1 € (0,1], ¢; > 1)

\/_

Similar to Eq. (C.652), we have,

6 2
10,112 0, (ay)?
(642-7).

(by Eq. (C.639))
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(C.663)
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Combining the results, we have,

d{D
Dt (7o) — Drafyllms,) — (P20} g ) (C.665)
t
1 1
< - . L 2) . a2 |
-2 H8<t||% (6 +2 Cl) 10e+1 — 6|5 (C.666)
(by Egs. (C.637) and (C.663)) (C.667)
< H@tHZ . (3 + C?) . ||¢9t+1 — et”%v (by Eq. (C.656)) (C.668)
p

d{DKL(yHﬂ'ﬁt)})

which implies (using the update 6,1 = 6, — 1 - 0,

Dxv(yl|7o.4,) — Dxr(yllme,) (C.669)
db,
2- 3+Cl Hd{DKL y”’ﬂ'gt
: C.671
el i, (com)
||9t||2 |12 Dk (yllmo.) } 16:17
= t = 672
3"'01 db, 2 e (34 ¢i) (C.672)
< — : —2/r . p _
- 8. (3+C1) M m1n7r9 (a)' kr.(yl|7a,) (C.673)
(by Lemma 50) (C.674)
1
= INEET)] - Dxr.(yl|7e, ), (p=2) (C.675)

which is equivalent to,

1
D </1l-———1|.D .

alvlmn) < 1= 5t | Dralylma, ) (©.676)

1
< Dxw(yllm, ) - exp { m} (C.677)

1

t—1

< Dxuw(yl|mo,) -exp{ %}, (C.678)
1

where é = |9|l|é?ﬁ%‘2 = g, (ay) € (0,1]. O

C.4 Miscellaneous Extra Supporting Results

Lemma 51. Let 7 € A(A) and ¢ > 0. For any vector x € RE, we have,
1 1
‘dz’ag(q) (Id—1x") (ac—x?.1> R |

- . (C.679)

2

> min g(a) -
2 a
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Proof. Denote G = G(m,q) = diag(q) (Id — 17TT) € RE*E Denote the eigen-

values of GTG as

M <A << Mg (C.680)

First, we show that A\; = 0.
G'G1 =G diag(q) (Id —17") 1 (C.681)
= G'diag(q)(1—-1)=0-1, (C.682)

which means 1 is an eigenvector of GG with eigenvalue 0. And for any vector

x € RE, we have,
"G Gr = ||Gx|2 >0, (C.683)

which means G'' G is semi-positive definite. Therefore A\; = 0.
Second, for any vector z € RX, x can be written as linear combination of

eigenvectors of GG,

1
T=Q] —— + Q9 Vo + - +ax Vi (C.684)
VK
z'1
:_K '1—|—CL2'U2—|—"'+CLK'UK. (0685)
Since GG is symmetric, {\/i?, Vo, ...,V K} are orthonormal. The last equation

is because the representation is unique, and

1 b
= =22 (C.686)
K VK
Denote
z'1
ZE,:ZE—?'lz(lg'vg—i—"'—i—(lK'UK. <0687>
We have,
2|3 = a5 + - -+ + a. (C.688)
Since v, ..., vk are eigenvectors of GG,
G'Gx' =ay-Xg-vy+ -+ +akg - g - Vk. (C.689)
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Therefore we have,

1G22 = (|G'|I3)? (x’TGTGx>

N|=

2
2

=
(a

v

1
ot ak - Ag)?

Next, we have,

vd GGy 1

Ay = 2 - AGoo |12
=00 G
1 2
= - ||di — 71y -1
oTo, Idiag(a) (v2 = oz - 1)
_ iq(a)2. (va(a) — 7 " vy)”
R P
> L -minq(a)2 : Hv2 — 7 vy - 1“2
T g 2
K-
= min g(a)? - v + - (m Tva)” (vy1=0)
a U2 U2
> min q(a)®.
Combining Egs. (C.690) and (C.694), we have,
'l
diag(q) (Id — 17 ") (x - 1) = ||G2'||2
K 2
> VA2 |2
> min g(a) r 1y
ming(a) - ||z — — -
= ml q I% ,
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Appendix D

Proofs for Chapter 4:
Non-uniform Analysis

D.1 Proofs for Section 4.5: Non-uniform Anal-
ysis for General Optimization

Theorem 16. Suppose f : © — R satisfies NS with 3(#) and the NL inequal-

ity with (C'(6),€). Suppose C = inf;>; C(0;) > 0 for GD and GNGD. Let

5(0) = f(0) — f(6*) be the sub-optimality gap. The following hold:

(1a) if B(0) < c-0(0)'2¢ with £ € (—o0,1/2), then the conclusions of (1b)
hold:

1-2¢

(1b) if 3(F) < c-||[VF(O)],~° with £ € (—o0,1/2), then GD with n € O(1)
achieves 6(6,) € O(1/t7%), and GNGD achieves 3(6;) € O(e=*").

(2a) if B(0) < Lo+ L1 - ||V f(8)]],, then the conclusions of (2b) hold;

(2b) if B() < Ly- '%g@?‘f + Ly -|[V£(8)]l,, then GD and GNGD both achieve
5(6) € O(l/tﬁ) when ¢ € (—00,1/2), and O(e=¢*) when & = 1/2.
GNGD has strictly better constant than GD (1 > C' > C?).

1-2¢

(3a) if B(0) <c-[|[Vf(O)|,* with & € (1/2,1), then the conclusions of (3b)
hold;

(3b) if B(A) < c-5(0)% with € € (1/2,1), then GD with n € ©(1) does not
converge, while GNGD achieves §(6;) € O(e=").

Proof. (1a) First part: O(l/tfl?ﬁ) upper bound for GD update 0,1 < 0, —

n-Vf(6,) withn € O(1).
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We show that using GD with learning rate n = W, the sub-optimality
d(6;) is monotonically decreasing. And thus there exists a universal constant
B > 0 such that §(6;) < S, for all t > 1.

Denote 8 := c¢-§(0;)"%*. We have 3 € (0,00), since f(6*) > —oo, and
f(6*) < f(61) < oco. By assumption, we have §(#;) < . According to
Lemma 33, using GD with n = %, we have,

6(62) — 0(61) = f(62) — f(61) < 0. (D.1)

Therefore, we have,
B(0y) < c-5(0y)% (by assumption) (D.2)
<c-6(6) % (0 < 6(0y) <6(01) and € < 1/2) (D.3)
= 0. (D.4)

Repeating similar arguments of Egs. (D.1) and (D.2), we have, for all t > 1,
B(0;) < B and,

0 < 8(0,11) < 6(6,). (D.5)

Therefore, we have, for all £ > 1 (or using Lemma 33),

5(61) = 5(61) = f(Buar) — 1(6) (D.6)
<Vi@) -0+ X0 o -0l ) o)
SVI)T G~ 00+ 5 0 -0l (BOI<H) DY
= v (005 vre) D9)
<—55 - COP 50 (L) (D.10)
< —% -C? . 5(0,)7%. (C = EC(@) > o) (D.11)

According to Lemma 53, given any a > 0, we have, for all = € [0, 1],

Q|+

(I—=2%)>a2% (1—x). (D.12)
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Let « = 1—2¢ > 0, since £ < 1/2. Also let z = % € (0,1] due to Eq. (D.5).
We have,

[ e [ o
Next, we have,

3(6, ;1—25 - 5(931—% * 5(951—26 B 5(931—26 (D-14)
‘@5ﬁi+§§[&&ivﬁf‘&@;44 (D-15)
951 . tié 1 —215 . _125 . {1 _ %} (D.16)
> et S e -] o
(by Eq. (D.13)) (D.18)
'_7@%7g+§j5%5§%'WWJ—5wwﬂ] (D.19)
> ﬁ + 23@—% (;—; 02X (by Eq. (D.6)) (D.20)
=S S} D21

which implies for all £ > 1,
£(8) - 567) = 3(6) o)
= Lo - ;(9*»1% S ae e o)
eOQi). (D.24)

(1a) Second part: Q(l/tﬁ) lower bound for GD update 0,1 < 0, — n; -
V f(6;) with n, € (0,1].
According to the NS property of Definition 6, we have, for all # and ¢,

)< 1@+ Vo) @ -0+ "D e (D)
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Fix # and take minimum over # on both sides of the above inequality. Then

we have,

f(9*)§f()+mm{vf() v —e>+@-ue'—9u§} (D.26)

1 2
= f(0) - 50) IVFO)I5 + 7 ( ] V)] (D.27)
gL
(9 =055 Vf(e)) (D.28)
= 16) = 557 IV O, (D.29)
which implies,

IVFO)5 <2-5(6)-5(6) (D.30)
<2.c-5(0)7% (B(O) < c-6(0)) (D.31)

Therefore, we have,

6(0:) — 6(0r41) .32
= f(0) = f(Ora) +V[(6)T (Brr — 0) — VF(0,)" (51 — 61) 33
B
-2

(D.32)

(D.33)

16241 — 6413 = V£ (8:)" (Brs1 — 62) (D.34)
(by NS and 3(6,) < B) (D.35)
(D.36)

= (g 77t2 + 77t> : vawm@ (9t+1 — O — - Vf(@t)) .36
< (§ 7+ nt) 2.c8(6)7%  (by Ba. (D.30)) (D.37)
< (B+2)-c-6(6:)*. (7 € (0,1]) (D.38)

Next, we show that 5556(2*)1) > 5 3= 45 holds for all large enough ¢t > 1 by con-

tradiction. According to the upper bound results in the first part, we have

d(0;) — 0 as t — oo. Suppose (0(”)1) < %, where t > 1 is large enough and

d(6;) is small enough. We have,

§(0i1) > 0(0,) — (B+2)-c-5(,)*% (by Eq. (D.32)) (D.39)
_ B 2-2¢
> ;l — ig . 5(9t+1) — (ﬁ —+ 2) .c- (%) . 5(9t+1)2_2£, (D.40)
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where the last inequality is because of the function f : z — x — a - 2272¢ with

a > 0 is monotonically increasing for all 0 < z < W Eq. (D.39)

[(2—2¢)
implies that,
- 1 1 3—46\*%
§(0,41) 7% - - D.41

for large enough ¢ > 1, which is a contradiction with §(6;) — 0 as t — oo.

Thus we have W) > 3-4¢

holds for all large enough ¢ > 1. Denote

5(6r) = a-4¢
0(0 3—4
to ::min{tZl: ((5(9:)1) 24_4? for allsZt}. (D.42)
According to Lemma 54, given any a > 0, we have, for all x € [ggié, 1],
(-2t <2t (1-a) (D.43)
— - (1-x - (1—x). .
2a -

Let a = 1—2£ > 0, since € < 1/2. We have 22t! = %. Also let x = % €

2c+2 4
3—4,
[ﬁ, 1] . We have,

b 1= 0(0r4a) 0(0ps)' 1= 6(0e11)
2 (1-2¢) {1 5(0,)1=% 1§ 5(0,)1-% {1 5(6,) } (D-44)

for all ¢ > ty. On the other hand, since to € O(1) and 1 — 2§ > 0, we have, for

all t < to,

5(01) % > g > 0. (D.45)
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Next, we have, for all ¢t > t,

t—1

1 1
5(901725 91 1-2¢ + Zl [ )1-2% o 5(95)124 (D.46)
_ 1 i 1 5(0501) %
" E L G {1 ) W} (D-47)
— (1— 25 1 §(05s1) %

D e R H ik s
5(0 ; Z 1 (D.49)

2 (1—2¢) 1% 5(0441)
+§W 5(9 )1-2 ) {1 - 5(0,) ] (D.50)
(by Eq. (D.44)) (D.51)
5(951 2% toc_ 1 Z 50 . ; if +[0(05) — 0(0s41)] (D.52)
= 5(931—2& to — Z mg—\zg (B+2)-c- 0852 (D.53)
(by Eq. (D.32)) (D.54)
B 5(931—25 + tOC; Lo (1=28)-(B+2) c-(t—to), (D.55)

which implies for all large enough ¢t > 1,
f(gt) - f(¢9*) = 5(915) (D.56)
1 to—1
D.57
- |:(f(91) - f(‘g*))l_zE - Co ( )
2 (1=2)-(B+2)c-(t—to)] (D.58)
1

€ (tg) : (D.59)

(1a) Third part: O(e="*) upper bound for GNGD update 0,1 < 0,— VBJE%).
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We have, for all ¢ > 1 (or using Lemma 52),

0(0r11) — 0(0;) = f(Ors1) — f(0r) (D.60)
< Vfw O 00+ "0 o 02 ) D6
=~ IV 1O+ 5 - 5 - IV 1@ (D.62)

V()
<9t+1 “ 0= 2 ) (D.63)
-5 IV (D.64)
< g CO S0 (L) (D.65)
< -7 ;(9 ] -C%5(0,)77% (O = inf C(6,) > 0) (D.66)
< s (A0 <c-08) %) (D.67)

which implies for all t > 1,

F(0) = f(07) = 8(0:) < (1= C%/(2+¢)) - 8(0-1) (D.68)
<exp{-C?/(2-¢)}-0(6;-1) (D.69)
<exp{—(t—1)-C*/(2-¢)} - 5(6) (D.70)
=exp{—(t—1)-C?/(2-c)} - (f(r) — £(67)). (D.71)

(1b) First part: O(l/tﬁ) upper bound for GD update 60,1 < 0;—n-V f(6;)
with n € O(1).
Denote 3 = c- HVf(@l)H;%f We have 5, € (0, 00), since [ is differentiable
(Definition 6). Using n < % and according to Lemma 33, we have §(fy) <
1-2¢

5(01). Denote By = ¢ ||V f(6)]l, *. We also have 55 € (0,00). Repeating
the update, we generate {0;},., such that §(6;1) < 6(¢;). Denote

= sup {5 =sup {e- (V7@ | (D.72)

Now we have 0 < §(0y41) < 0(6;) < --- < §(61). According to the mono-

tone convergence theorem, §(6;) converges to some finite value. And the gra-

dient ||V f(6:)|l, — 0, otherwise a small gradient update can decrease the
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sub-optimality, which is a contradiction with convergence. Thus we have
p € (f1,00), since B — 0 as t — oco. Using n =
all £ > 1, and,

%, we have n < é holds for

1-2¢

BO) < c-IIVfB)~ =B < B (D.73)

Using similar calculations in the first part of (la), we have the O(1 /tl—ilx)
upper bound.

(1b) Second part: Q(l/tfl%) lower bound for GD update 0y < 0y — 1y -
According to Eq. (D.30), we have,

IVFO)I2 < 2-80) - 5(6) (D.74)
<2 e VO - 5(0), (mm < VIO ) (D.75)
which is equivalent to,
IVFO)2 <2 e - 6(6), (D.76)
where ¢; := 1 (2-¢)*7*. According to Eq. (D.32), we have,

2
<(B42)-cr-8(6,)*7%. (by Eq. (D.76) and n; € (0,1])  (D.78)

5(0) — 5(01.1) < (9 e m) L (D.77)

Using similar calculations in the second part of (1a), we have the Q(1/ tlfl?ﬁ)

lower bound.

(1b) Third part: O(e="*) upper bound for GNGD update 0,4, + 0,— Vﬂj(céfﬁ).

According to Lemma 52, we have, for all t > 1,

3(0usr) = (61) <~ - IV IO (D.79)
< s (s < vl ) os)
< g CO)TE00)  (NE) (D81)
< —% O - 6(6,), (C =inf C(0) > 0) (D.82)
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which implies (similar to Eq. (D.68)),

f(6) — £(0°) = 5(6) (D.83)
<exp{-(t—1)-CTF/2 )} (/62) - /(6. (D.84)

(2a) First part: O(l/tﬁ) upper bound for GD when £ < 1/2.

Similar to the first part of (1b), we denote f; :== Lo+ Ly - ||V f(6:)|, and
B = sup;sq {8} € (Lo, 00) since ||V f(6;)]|, — 0 ast — oco. Using n = %, we
have n < é holds for all ¢ > 1 and B(6;) < Lo+ L1 - ||V f(6:)|, < B. According
to Eq. (D.6) and the first part of (1a), we have the O(l/tﬁ) upper bound.

(2a) Second part: O(e ") upper bound for GD when ¢ = 1/2.

According to Lemma 33, we have, for all t > 1,

5(61) = 3(60) < —55 - 1960 (D.85)
< _% LC(6)2-5(0) (NLwitheé=1/2)  (D.86)
< —% 02 5(6,), (O = inf C(6,) > 0> (D.87)

which implies (similar to Eq. (D.68)),

f(0:) = f(07) = 0(0:) (D.88)
<exp{—(t—1)-C*/(28)} - (f(61) — f(6")). (D.89)

(2a) Third part: O(l/tﬁ) upper bound for GNGD when & < 1/2.
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According to Lemma 52, we have, for all t > 1,

3(Ousr) = 8(00) < ~5— - IV 160 (D.90)
1 V£ (0113
= 2 Lo+ L IV F(6)]l, (B(0r) < Lo+ Ly - [[Vf(0:)][,) (D.91)
L IVF6)3
<5 i (D.92)
<5 = sup {[|VF(@)ll,} € (IV S (@)l OO)) (D.93)
= _% Lo +CL1 A (D90
(NL and C' = %2{ C(6:) > O) (D.95)

which is similar to Eq. (D.6). Using similar calculations in the first part of

(1a), we have the O(l/tﬁ) upper bound.

(2a) Fourth part: O(e ") upper bound for GNGD when & = 1/2.
We have, for all t > 1,

L IVS@ll
(Br41) — 0(6;) < 5 Lo+—L1'2 (by Eq. (D.92)) (D.96)
< L 0 (D.97)
= 2 Lo+Li-p '
<NL with € = 1/2 and C == inf C(6,) > 0) (D.98)
which implies (similar to Eq. (D.68)),
f(0) — f(07) = 0(0,) (D.99)

<exp{—(t—1)-C/(2- (Lo+Li-B)} - (F(8:) — £(67)).  (D.100)

(2b) First part: O(l/tlef) upper bound for GD when £ < 1/2.

Denote f; == Lo - |%{§§i)2”g + L1 [[Vf(64)]l, and B := sup;», {Bt} € (B, 00).
According to Eq. (D.6) and the first part of (1a), we have the O(l/tﬁl%) upper
bound.
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(2b) Second part: O(e="*) upper bound for GD when & = 1/2.

According to Lemma 33, we have, for all t > 1 (same as the second part of

(20)),
5(61) = 8(60) < —35 - 1960 (D.101)
< —% -C(0,)% - 5(6;) (NL with & = 1/2) (D.102)
< —% 0% 5(6,), <C = 12{0(90 > 0> (D.103)

which implies (similar to Eq. (D.68)),

f(0:) = f(07) = 0(0,) (D.104)
<exp{—(t—1)-C?/(20)} - (f(61) — f(6")). (D.105)

(2b) Third part: O(l/tﬁ) upper bound for GNGD when & < 1/2.

According to Lemma 52, we have, for all t > 1,

1 2
_ < - - . )
6(0r11) —0(6) < 2 30, IV £(00)5 (D.106)
1 IV£(6)113 (D.107)
2 LO'%‘F[&' INZACHIIR
VI)|?
8(6) < Lo WO 71w p), (D.108)
6(6;)%%
B S () (D.109)
2 T 3(00)2 2% '
Lo + L 1570,
1 5(0,)*% _
< _5 . ( t> 3(0)1—¢ (||Vf(9t)||2 > C(et) ) 5(9t)1 5) (D.ll())
LO + Ll : C(f)t)
1 2—2¢
<. 6(0,) — (C = inf C(6;) > o) (D.111)
2 Lo+ 1L - o =1
1 5(0;)>2
< -5 L 6(91&1_5 , (0441 < &y, by Eq. (D.64)) (D.112)

which is similar to Eq. (D.6). Using similar calculations in the first part of

(1a), we have the O(l/tﬁ) upper bound.

(2b) Fourth part: O(e ") upper bound for GNGD when ¢ = 1/2.
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We have, for all t > 1,

1 5(0;)%7%

0(0er1) — 0(0;) < 5" Lot L. 5(9161175 (D.113)
(0141 < 0; by Eq. (D.106)) (D.114)
_ _% o zieflwg/z L (E=1/2) (D.115)
which implies (similar to Eq. (D.68)),
16 - £(6) = 5(0) (D.116)
Ct-1) *
<ew {0 - fe). o
(if C < 1) (D.119)

(3a) O(e “?) upper bound for GNGD update when & € (1/2,1).
According to Lemma 52, we have, for all t > 1 (same as the third part of

(1b)),
1

5(0rn) = 8(6,) < —55 5 IV £ 6015 (D.120)
<o AI0IET (B0 < e 16017 ) D)
< _%: ()™ - 5(6)  (NL) (D.122)
< —%: O™ 5(6,), (c — inf C(01) > o) (D.123)

which implies (similar to Eq. (D.68)),

f(0) — f(07) = 0(0,) (D.124)
<exp{—(t—=1)-CT¢/2- )} ((62) — [(67). (D.125)

(3b) O(e~“?) upper bound for GNGD update when ¢ € (1/2,1).
According to Lemma 52, we have, for all ¢ > 1 (same as the third part of
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1

0(0141) = 0(6h) < =5 50 IV 613 (D.126)
1 2 2—2
§_2~B(9t) - C(0:)* - 5(0,)>% (NL) (D.127)
. 1 L2 2-2¢ — in
< 5 50 C?%-5(6,) (C. tzgo(et)>o) (D.128)
g—%-a(et), (B(6:) < c-6(6,)" %) (D.129)

which implies (similar to Eq. (D.68)),

f(6r) — f(0%) = 6(6:) (D.130)
<exp{—(t—1)-C*/(2-c)} - (f(61) — f(67)). O

D.1.1 Function Classes in Fig. 4.2

Proposition 7. The following hold for an objective f:

(1) D C C. If f satisfies NL with degree ¢, it satisfies NL with degree &' < &;

(2) FCD. A strongly convex f satisfies NL with £=1/2;

(83) FNA = 0. A strongly convex f cannot satisfy NS with 5(f) — 0 as
0,0 — 0%,

(4) ECC. A (not strongly) convex f satisfies NL with £=0.

Proof. (1) D C C. Suppose a function f: © — R satisfies NL with &, i.e.,

YO > cw)-150) - 101, (D.131)

where £ € (—o0,1], and C(f#) > 0 holds for all § € ©. Let & < & If
|f(8) — f(0")| > 0, then we have,

w\|1-¢
0= S0 = e (D.132)
> c0) - | £(0) — f(O07), (D.133)
where ¢(0) = W > 0, and ¢(f) 4 0as 0 — 0* (or ¢(f) > ¢ >0

for all  within a finite distance of 6*). If |f(0) — f(6*)| = 0, then it trivially
holds that

F(O) = £(O)]'5 > [£(0) — f(0)]"% . (D.134)
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(2) F C D. Suppose a function f: © — R is strongly convex. We have, there
exists u > 0, for all 0, 6’ € O,

fO) = FO)+VFE) @ -6+ 56 —6l;.  (D.135)
Fix # and take minimum over # on both sides of the above inequality. Then
we have,
107) = £0) +min {75 O)7 (' = 0)+ 5 - 19"~ 013} (D.136)
1 1

=10) - IV F@O)5+ o IV £ @) (D.137)
<9' — % - w(e)) (D.138)

_ 1 2
= f(0) - 2 IV - (D.139)

which is equivalent to,

IVFO), > /20 (F(0) — £(67))2 (D.140)

which means f satisfies NL inequality with £ = 1/2.
(3) FNA = (. Suppose a function f : © — R is strongly convex. There exists
uw>0, forall 8 € O,

T (0)

] = e el (D.141)

z

z

holds for all vector z that has the same dimension as 6. Next we show f & A.
Suppose f € A. We have,
52 £(607)
f*) = T

A7) = sup ICRE
which is a contradiction with Eq. (D.141). Therefore f ¢ A, and FN A = 0).
(4) E C C. Suppose a function f : © — R is convex. We have, for all 6,
0 € 0O,

z

z‘ =0, (D.142)

F6') = F(O)+VFO) (6 —0). (D.143)
Take 6/ = 6*. We have,

F(67) = f(0) +VF(8) (67— 0), (D.144)
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which implies,

1 *
IV SO, = =g IV SOl 10—, (D.145)
> ﬁ VIO (0 —6)  (by Cauchy-Schwarz)  (D.146)
> g U@ = F67), (b Ea (D140 (D.147)

and C(0) = M 4 0asf — 0 (or C(#) >c >0 for all ||§ — 6|, smaller
than a finite value, e.g., within a bounded constraint). Therefore f satisfies

NL inequality with £ = 0. [

Proposition 8. The following results hold:

(1) ACE # (. There exists at least one (not strongly) convex function which
satisfies NL with £ < 1/2 and NS with 5(8) — 0 as 0,60’ — 0*.

(2) ADE # (). There exists at least one (not strongly) convex function which
satisfies NL with £ > 1/2 and NS with 5(0) — 0 as 0,0 — 6*.

(3) BCE # (). There exists at least one (not strongly) convex function which
satisfies NL with £ < 1/2 and NS with 8() — > 0 as 6,60" — 6*.

(4) BDE # (). There exists at least one (not strongly) convex function which
satisfies NL with &€ > 1/2 and NS with 5(8) — 5 > 0 as 0,0' — 0*.

(5) BF # (). There exists at least one strongly convex function which satisfies

NS with 4(8) — 8> 0 as 0,6 — §*.
Proof. (1) ACE # (). Consider minimizing the following function f: R — R,
f(z) = 2™ (D.148)

The second order derivative (Hessian) is f”(z) = 12 - z? > 0, which means
f is (not strongly) convex. According to Taylor’s theorem, we have, for all
x,x' € R,

) 1) - (L2 ) < oy pasg

12 - 22
= =5 1¢I5, (D.150)
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where z¢ = x+(-(2'—z) with some ¢ € [0, 1]. Thus we have $(z) = 12-27 — 0

as r,r’ — 0. Next, we have,

(@) =[4-2°] =4 (\$I4)% =4 ()= fO)" 1, (D.151)

which means f satisfies NL inequality with £ = 1/4 < 1/2.
(2) ADE # (). Consider minimizing the following function f: RX — R,

f(0) = Dxw(y||me) = Dkui(y||softmax(0)), (D.152)

where y € {0,1}¥ is a one-hot vector. We show that f is a (not strongly)

convex function. The gradient of f is,

%f) - (%)T (d{DK;(TZ”m}) (D.153)
= (diag(mp) — momy ) diag(%) (—y) (D.154)
=T — Y- (D.155)

Therefore the Hessian is,

82f(6) dTI’g .
202~ 49 diag(my) — mom, . (D.156)
According to Lemma 37, we have,
diag(my) — mem, = 0, (D.157)

and the minimum eigenvalue of diag(my) — mpm, is 0, which means f is convex

but not strongly convex. Next, according to Lemma 50, we have,

Dua () = 3 v(e) g ( ((aa))) (D.158)
< Zy(a) : (m @ ) (logz <z —1) (D.159)
= Z — mo(a) + mp(a)) - % (D.160)
- Z - 7”’ (a))° (D.161)
< ﬁm - Z (y(a) - mo(a))* (D.162)



which implies,

O =tm—slle (o Ba (D153) (D.163)
> min /m(a) - D (yllme) — Dt (ylly)]? (D.164)
(by Eq. (D.158)) (D.165)

which means f satisfies NL with £ = 1/2. Denote 0 := 0 + ¢ - (¢ — §) with

some ¢ € [0,1]. We have, as 7y, 79 — ¥,

+O0*f(0
B(6) = sup |z gg(f) (D.166)
— sup |27 (diag(weg) — mo.g, ) z‘ (by Eq. (D.156))  (D.167)
— sup |zT (diag(y) —yy ") z‘ (D.168)
= sup |z' 02| (y is one-hot) (D.169)
— 0. (D.170)

(3) BCE # (). Consider the (modified) Huber loss function,
x2, if |z| <1,
fl) = {2 x| =1, 0tl|161|rwise (D-171)
which is a (not strongly) convex function. According to (4) in Proposition 7,
f satisfies NL inequality with £ = 0. Denote z; = x + ¢ - (2/ — x) with some
¢ €10,1]. We have f(z) = |f"(z¢)| =2 >0, as z,2" — 0.
(4) BDE # (). Consider minimizing the same function as in (2),

f(0) = Dky(y||me) = Dk (y||softmax(0)), (D.172)

where y € (0,1)¥ is a probability vector with min, y(a) > 0, i.e., y is bounded
away from the boundary of probability simplex. As shown in (2), f is (not
strongly) convex and f satisfies NL with £ = 1/2. Next, we have,

B(0) = sup z! (diag(ﬂgg) - 7T9<7Téz> 2 (by Eq. (D.156)) (D.173)
— sgp |zT (diag(y) — ny) z‘ (D.174)
= Slip aINEy[z(a)Q] — (JEy[z(a)]) (D.175)
= sup |Var,,[z(a)]| > 0. (D.176)
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(5) BF # (). Consider minimizing the following function,
f(z) = 22, (D.177)

where x € R. f is strongly convex, and f(z) = = 2. Thus f(z) - 2 >0 as

x,x" — 0 in Definition 6. m

Proposition 9. The following results hold:

(1) W= AC\(ADUACE) # (). There exists at least one non-convex function
which satisfies NL with £ < 1/2 and NS with 5(0) — 0 as 0,60’ — 0*.

(2) X := AD\ ADE # (). There exists at least one non-convex function which
satisfies NL with £ > 1/2 and NS with 5(0) — 0 as 0,60 — 6*.

(3) Y =BC\(BDUBCE) # (). There exists at least one non-convex function
which satisfies NL with £ < 1/2 and NS with §(0) — 8 > 0 as 0,0" — 0*.

(4) 2 =BD\ (BDEUBF) # (). There exists at least one non-convex function
which satisfies NL with £ > 1/2 and NS with 5(0) — 6 > 0 as 0,0’ — 6*.

Proof. (1) W = AC\ (AD U ACE) # (). Consider maximizing the expected

reward,
f(0) =m,m, (D.178)

where 7y = softmax(f) and § € R¥. According to Proposition 1, f is non-

concave. According to Lemma 3, we have,

which means f satisfies NL inequality with £ = 0. As shown in Lemma 21, we

-
dmgr

7 > mo(a®) - (7" —mg) ', (D.179)

2

dr] r
¢

have 3(6;) =3 - H .
(2) X .= AD \ ADE # (). Consider minimizing the function f: RF — R,

‘ . Therefore, 3(6;) — 0 as 7, gy — 7.
2

£0) = llmo —yll5, (D.180)

where my = softmax(6), § € RE, and y € {0,1} is a one-hot vector. We show

that f is non-convex using one example. Let y = (1,0,0)". Let 6; = (0,0,0)7,
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mg, = softmax(6;) = (1/3,1/3,1/3)", 6, = (log4,log 36,log 100)", and mp, =
softmax(6,) = (4/140,36/140,100/140) . We have,

2 38
1) = Imo, I} = 5, and 1(0) = lmo, —yl3 =52 (D181)

Denote § = 1. (6 4+ 6,) = (log2,log6,log10)" we have 75 = softmax(f) =
(2/18,6/18,10/18) " and

~ 98
£0) = lImg —yll3 = < (D.152)

Therefore we have,

82 2214 2450 98

~(f(01) + f(0a)) = ¢

_ 82 _ 2214 2450 _ 98 _ . 5 D.1
75 = 2005 “ 2025 — &1 0 (D.183)

N | —

which means f is non-convex. Denote H(7y) := diag(my) — mem, as the Jaco-

bian of # — softmax(6). We have,

Hﬁg_(;) - <%>T (d;(i)) | (D.184)
=2 | H(s) (ms — y)l, (D.185)
>2-minmg(a) - 1o —yll,  (by Lemma 38) (D.186)
=2 minm(a) - [f(0) - F(v)]?, (D.187)

which means f satisfies NL inequality with £ = 1/2. Denote S := S(y,0) €

RE*K as the second derivative (Hessian) of f. We have,

S:d%{#d—(;)} (D.188)
= () (r0— ). (D.159)
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Continuing with our calculation fix i, 7 € [K]. Then,

d{mo(i) - [mo(i) — y(i) — my (w9 —y)]}

Stig) = 60 (D.190)
_ CZ;Q(?)) [ro(i) — y(i) — 7 (70— 9)] (D.191)
+ 7p(4) - d{my(i) — y(;)e(_j)ﬂg (mo —y)} (D.192)
= (6i570(j) — mo(i)me(5)) - [0 (i) — y(i) — w5 (w9 — y)] (D.193)
+ (i) - [0i5m0(7) — o (i) me(5) (D.194)
—70(j) - (m6(5) — y(4) — 74 (70 —y)) (D.195)
—m(7) - (m0(j) — 79 m0) | (D.196)
= 0yymo(j) - [m0(i) — y(i) — 7y (w5 — y)] (D.197)
— mp(i)mo(4) - [m0(i) — y(i) — 7y (w9 — )] (D.198)
—7o(1)70(j) - [70(5) — y(4) — 74 (w0 — )] (D.199)
+ mo(i)o(j) - [047 — ma(i) — mo(j) + 7y 7o (D.200)
where

L i
Gy=4 0 NS (D.201)
0, otherwise

is Kronecker’s d-function. To show the bound on the spectral radius of S, pick

2z € RE. Then,

=1 1

|zTSz}

(D.202)

’(H(We)( ) (z2©2) =2 (H(m) (mg—y)) z- (mg2) (D.203)
(mo @) (202) =2 (mp @) 2 (mj 2) (D.204)
(5 2)" - (mgmo) .

where ® is Hadamard (component-wise) product. We have, as my — y,

+ o+

(D.205)

(H(mo) (0 —9)) " (20 2) =2 (H(mo) (79— y)) " 2~ (g 2) (D.206)
= (HW)0) (202) =2 (Hy)0) 2+ (y2) (D.207)
=0. (D.208)
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Since y is one-hot vector, we have, as my — v,

(me O ) (2@ 2) —2- (g O mg) ' 2 (mg 2) + (71';—2)2 - Ty T (D.209)
-y (z ©z)— ( ) + (yTZ)2 cyly (D.210)
= (") =2 (y"2)"+ (¥"2) =0, (D.211)

which means () — 0 as 6,0’ — 6* in Definition 6.
(3) Y :=BC\ (BDUBCE) # (). Consider minimizing the function f: R — R,

2 (mp — o )? if |y — mp| < 0.2
poy =2 (mo =) ; if g —mer| < 0.2, (D.212)
25 - (mg — mg+)" 4+ 0.04, otherwise
where 0 € R, 0* = 0, and 7y is defined as,
1
T = 0'(9) = m, (D213>

where 0 : R — (0, 1) is the sigmoid activation. Fig. D.1 shows the image of f,

indicating that f is a non-convex function.

1.8
1.6
141
1.2}

1t
0.8}
0.6}
0.4}
0.2}

0
-10

Figure D.1: The image of f.

Since 6* = 0, we have mp« = 1/2, and for all |my — mg«| > 0.2,
daf(0)| _ |dmg df(0)
‘ do ‘ T do T dmg (D.214)
= |mg - (1 — mp) - 100 - (mg — mg+)°| (D.215)
3
=100 - m - (1 — mp) - [(mg — mg-)"] " (D.216)

—100 - 79 - (1 — ) - [f(0) — F(6)]' 7T, (D.217)
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which means f satisfies NL inequality with £ = 1/4 < 1/2. For all | — mp«| <
1, the Hessian of f is,
dQQ ‘ ‘ {100 e * 1 - 7T9) . (71'9 — W@*)} (D218>
= [100 - 7y - (1 — mg) - (g — o+ ) - (1 — 27mp) (D.219)
+100 - 75 - (1 —mp)? . (D.220)
As mp — mp« = 1/2, we have
100 -7 - (1 — mg) - (mg — m+) - (1 — 2mg) — 0, (D.221)
and,
1 1 25

which means 5(6) — > 0 as 6,0 — 6* in Definition 6.
(4) 2 :=BD\ (BDE UBF) # (). Consider minimizing the same function as in

(2),
£(0) = llmo —yll3, (D.223)

where Ty = softmax(f), § € RX and y € (0,1) is a probability vector
with min, y(a) > 0, i.e., y is bounded away from the boundary of prob-
ability simplex. We show that f is non-convex using one example. Let
y=(1/2,1/4,1/4)7. Let 6; = (0,0,0)", 7y, = softmax(6,) = (1/3,1/3,1/3)7,
0y = (log4,log 36,10g 100) ", and 7y, = softmax () = (4/140, 36/140,100/140) .
We have,

613

and f(6s) = |7, — yll5 = T400°

F(01) = lImo, = yll5 = (D.224)

ﬂa
Denote 0 = 5 (61 + 05) = (log2,10g6,log10)" we have m5 = softmax(f) =
(2/18,6/18,10/18) " and

£0) = llmg —ylls = = (D.225)

Therefore we have,

1007 27189 28525 163

(FO)+F62)) = 555 = 113400 < 113400~ 648 f),  (D.226)
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which means f is non-convex. Similar as (2), we have the Hessian of f,

Stia) = Oigmol7) - [mold) — yi) - my (o —y)] (D.227)
= mo()m(J) - [7(::(@') —v) - my (Mo —y)] (D.228)
= 7o(i)70(j) - [0(j) (—bv) y(j) = m (mo —y)] (D-229)
+ ng(i)m)(j) - [6 — 77(;@') — 7o(j§) + my 7o), (D.230)

(d)

where (a) = (b) = (¢) = 0 when mp = y. Hence, at the optimal point 6*, we

have,
12 —6 —6
1
=—-|-6 7 -1 D.231
3 , (D.231)
-6 -1 7

1

and the eigenvalues of S are 0, 1+, and %. Thus as 6,0 — 0*, the Hessian

spectral radius of f satisfies 5(0) — 5 = %. ]

Proposition 10. The convex function f : z +— |z|P with p > 1 satisfies the

NL inequality with £ = 1/p and the NS property with 8(z) < ¢; - 0(z) = %.
Proof. For p > 1, f is differentiable, and we have,
. p—1 _1
@) = |p-JalP -signfa}] = p- (2)F = p- (f(2) - £(0)"5, (D.232)

which means f satisfies NL inequality with & = 1/p. On the other hand, the

Hessian of f is,

@) =|p-(p—1) - " (D.233)
—p-(p—1)-(jz")"5 (D.234)
=p-(p—1)- (flz) = F(0)" 7. =
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D.2 Proofs for Section 4.6: Geometry-aware
Normalized Policy Gradient

D.2.1 One-state MDPs

Lemma 21 (NS) . Denote 6, == 6 + ¢ - (¢ — 6) with some ¢ € [0,1]. For

any 1 € 0,15, 8 — 7] r satisfies 3(A;) non-uniform smoothness with 5(6;) =
dmy T
3 dGZ

K
Proof. Let S == S(r,0) € RE*K be the second derivative of the value map
0 — m,r. By Taylor’s theorem, it suffices to show that the spectral radius
of S is upper bounded. Denote H(my) = diag(my) — mem, as the Jacobian of

0 — softmax(#). Now, by its definition we have

S = d% {dff@r} (D.235)
= d% {H (mo)r} (D.236)
= -5 {(diag(m) - Tomg )T} - (D.237)

Continuing with our calculation fix i, € [K]. Then,

d{mo(i) - (r(i) — myr)}

Stig) = 1607) (D.238)
 dm(i) , T o d{r(@@) —myr}
=0 (r(i) — my ) + m(i) - 00 0 (D.239)
= (0iyme(5) — mo()me(5)) - (r(3) — g 7) (D.240)
—7o(i) - (mo (7)1 (§) — o (j)mg 7) (D.241)
= 0yyme(7) - (r(i) — mg 1) (D.242)
— 7o(0)70(j) - (r(3) — g 1) — mo ()70 (j) - (r(j) —mg7),  (D.243)
where
1, ifi=,
% = {0, otherwise (D-244)

is Kronecker’s d-function as defined in Eq. (D.201). To show the bound on the

286



spectral radius of S, pick y € R¥. Then,

ly'Sy| = Zzsm y(i) - y(j) (D.245)
\Zw ) — 7y r)y(i)? (D.246)
SR CCUR L ) S mal)| (D.247)

= ‘(H(We)r) (y©y) =2 (H(mp)r) y- (w}y)( (D.248)

< WH )l - Ny © gl + 2 [ (mo)rlly - Il - Imolly - ol (D.249)

<3 | H(mo)rll, - Iyl (D.250)

According to Taylor’s theorem, V6, 6,

drgr 1 , ,
(mor — mg)Tr — < L0 — 9>‘ = ’(9 —0)"S(r,00) (0 — )| (D.251)
3
<3 |H (7o )r||,- 16 = 6ll3  (by Eq. (D.245)) (D.252)
T
T
|l -ller =013 (by Lemma 55) =
do: ||,

Lemma 22. Let

dmgr

(D.253)

v d7r9 / ‘

Denote 0, = 6+ (- (¢’ — §) with some ¢ € [0, 1]. We have, for all n € (0,1/3),

Proof. Denote ¢; = (. Also denote 6, = 0+ (2 (6, —0) with some ¢, € [0, 1].

2

d7r9TC r
o,

dmyr
do

(D.254)

=
.,  1—3n

2
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We have,

drg. T drlr Ly d*{mg, r}
S 0 — €2 —
do do / < 462 ) 8(1 9>dC2 (D'255>
¢1 9 0 Co 9
1 d2{7r9T(27"}
< T ’ ”6@ - ‘9||2 dGs (D256>
0 G )

1 d7r(;z r )
< / 3|t G0 Ol de  (by Ba. (D243))  (D.257)
0 C2 9
1 dﬂg r
< / 3|l || g de, (D.258)
0 de{z
2
dm)r dr,r
¢ e [0,1], using @ =60 +n- —2 /‘ J ) (D.259)
( df g ||,

where the second last inequality is because of the Hessian is symmetric, and

its operator norm is equal to its spectral radius. Therefore we have,

.
dmo,, " (D.260)
b, |,
drT drg v gl
g’ gzr 2 d;z — ZZT 2 (by triangle inequality) (D.261)
d T 1 dﬂ'T r
< ||9mr +3,7./ % | 4, (by Bq. (D.255))  (D.262)
o 2 0 dQCZ 9

Denote 8¢, =60 + (3 - (6, — 0) with some (3 € [0, 1]. Using similar calculation
as in Eq. (D.255), we have,

T T
dﬂagzr < dmgr d”egf_dﬂgr (D.263)
dbe, , dg ||, db., df )

dmgr V| dmg,
< || 31 - Sl dGs. D.264
_‘ 7 2+ U /0 b, € ( )
Combining Egs. (D.260) and (D.263), we have,
dmg, v drgr
— | < (1+43n) - ||—L D.265
| < |5 (D265
2
) L orl dﬂ';{(T
st [ [ e, (D.206)
0 Jo dfc;
2
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which implies,

drg, 7 = , dr)r
—=| < Bn)'| - = (D.267)
dfe, ) [; g ||,
1 drgr
— . 1 ]
| w0

Lemma 23 (Non-vanishing NL coefficient) . Using normalized policy gradient

method, we have inf;> mp, (a*) > 0.

Proof. The proof is similar to Mei et al. (2020b, Lemma 5). Let

K A
- . S — D.2
‘7oA (1 K) (D.268)
and
A=r(a")— H;a}*{T(a) >0 (D.269)

denote the reward gap of r. We will prove that inf;>1 mp, (a*) = minj<;<4, g, (a*),
where ty = min{t : mp,(a*) > Cfl} Note that tg depends only on #; and c,

and ¢ depends only on the problem. Define the following regions,

dmjr dmjr .
Rlz{Q: d@(ea*) > dﬁga)’ Ya # a }, (D.270)
Ro ={0:mp(a*) > me(a), Ya # a™} (D.271)
. c
M:{Qzﬂg(a)zc+1}. (D.272)

We make the following three-part claim.

Claim 2. The following hold :

dﬂ';t r
dby

dn] r
a) Following a normalized PG update 0,11 = 9t+77'_d(§i /

then (i) 0,41 € R1 and (ii) 7, (a*) > g, (a*).

if 0, € Ry,

’
2

b) We have Ry C Ry and N. C R;.

c) Forn=1/6, there exists a finite time to > 1, such that 6,, € N, and thus

0:, € R1, which implies that inf;>, mp, (a*) = ming<;<4, mp, (a*)..
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Claim a) Part (i): We want to show that if 6, € R4, then 6,,; € R;. Let

Ri(a) = {9: ddei; - ;lgé;} |

Note that Ry = Ngza=Ri(a). Pick a # a*. Clearly, it suffices to show that

(D.273)

if 6; € Ri(a) then 6,11 € Ri(a). Hence, suppose that 6, € Ri(a). We consider
two cases.
Case (a): g, (a*) > mp,(a). Since my, (a*) > mp,(a), we also have 6;(a*) > 6;(a).

After an update of the parameters,

. . n_ dmr
Op11(a”) = 6,(a”) + Tl d@t(ga*) (D.274)

i ||,
n dﬁ(;ZT

> .

> 0:(a) + | d(a) (D.275)
& ||,

= 0r11(a), (D.276)

which implies that m,,, (a*) > 7,,,(a). Since r(a*) —m, 7 > 0 and r(a*) >

011
r(a),

o (a7) - (r(a*) = w4, v) > m,.,(a) - (r(a) — 74, 7). (D.277)

d7r;)|;+1r dﬂé;_lr .
i1 (a™) = d6t+1(a)’ 1.e., 9t+1 € R1<a).

Case (b): Suppose now that my, (a*) < mp,(a). First note that for any 6 and
a # a*, 0 € Ry(a) holds if and only if

which is equivalent to

r(a*) —r(a) > (1 - m)(a*)) (r(a*) —mgr) (D.278)

mo(a)
Indeed. f h dit dw;r > dﬂ{;rr
ndeed, from the condition W0(a) = (@) Ve get
mo(a®) - (r(a*) — g 1) > mo(a) - (r(a) — g r) (D.279)
= mg(a) - (r(a*) —myr) — mp(a) - (r(a*) — r(a)), (D.280)

which, after rearranging, is equivalent to Eq. (D.278). Hence, it suffices to
show that Eq. (D.278) holds for ,,, provided it holds for ;. From the latter

condition, we get

r(a*) —r(a) > (1 —exp{6i(a*) — :(a)}) - (r(a*) — my,7) . (D.281)
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After an update of the parameters, according to Lemma 52 (or Eq. (D.302)

T T,
below), my, . 7 > w1, i€,

0<r(a*)— W;;Z_HT' <r(a*) —myr.

On the other hand,

) — e dmr
Or+1(a”) — Opa(a) = Oy(a”) + dmg, 7 dby(a*)
. ||,
n d?T;;?“
- et(a) - dﬂ—;zr ’ d&t(a)
Tde ||y

> 0,(a") — bi(a),
which implies that

1 —exp{fi+1(a”) — brr1(a)} <1 —exp{bi(a”) — O:(a)}.

Furthermore, by our assumption that my, (a*) < my,(a), we have

o, (CL*)

> 0.
o, (a)

1 —exp{fi(a”) —Oi(a)} =1—

Putting things together, we get

(1 = exp {fi41(a”) = bri1(a)}) - (r(a”) — W;ZHT)
< (1 —exp{bi(a*) —bi(a)}) - (r(a*) — W;;T)
<r(a*) —r(a),

which is equivalent to

(1- 28 () = ) < r(e) = i)

;41 (CL)

(D.282)

(D.283)

(D.284)

(D.285)

(D.286)

(D.287)

(D.288)
(D.289)
(D.290)

(D.291)

and thus by our previous remark, 6,17 € Ry(a), thus, finishing the proof of

part (i).

Part (ii): Assume again that ¢, € R,. We want to show that m,,, (a*) >
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d7r0Tr d7r0t
0 (a*) = dbi(a)’

exp {0¢41(a*)}

7, (a*). Since 0; € R4, we have Va # a*. Hence,

ro (@) = D.292
o (@) > o.exp{biii(a)} ( |
dﬂ-(;;r dTI’;;T
exp{et( ) +n- do(a* )/ ~d6: 2}
= drg v dmg, v (D-293)
Y 0 €XD {Gt(a) +1- _dot('a)/ o 2}
drj v dﬂ‘;;’l"
exp {Qt(&*) +n- 'det(é*)/ k2 2}
> drjr /|| drg,r P
Zanp{ (@) + 1 G )/ “dbe 2}
dm ;r dﬂe )
i > D.295
( & dfy(a*) — db(a) ( |
exp {Qt( )} *
) (@), D.296
>, exp (Oay o

Claim b); Claim c) The proof of those claims are exactly the same as

Lemma 5, since they do not involve the update rule. O
d7r9tr d7rTr .
Theorem 17. Using normalized PG 6,41y = 6, + 1 - / B ) with
n =1/6, for all £ > 1, we have,
(m* —mg,) 1 < e (n* —mg,) " 7, (D.297)

where ¢ = inf;>; mg,(a*) > 0 is from Lemma 23, and c¢ is a constant that

depends on r and #;, but not on the time ¢.

Proof. Denote 0, == 0; + ¢ - (0141 — 6:) with some ¢ € [0,1]. According to

Lemma 21,
T dmg,r

(7T9t+1 - 7975) r— < a6, ‘9t+1 - 8t> (D298>

3|4 :
S5 a., I, 10041 — 0I5 (D.299)

3 1 dmgr

=3 Nl 10 — O3 D.300
<3| oo a0
(n =1/6, by Lemma 22) (D.301)

292



which implies,

T T
Mg, 7" — T, ,T

drgr 3 dmg,r
< (20l g, ¢ > S [(TAN T -
= < 0, » Ut+1 t +2.(1_377) db, 9 ” b1
drgr 3.1 dmg,
= —77 . +
df, 2 2- (1 - 377 do, 2
d7r9t dﬂgt'r’
using 0,1 =0, + 1 - ) a0, |,
1 ||dmgr
- . : i =1
5 ‘ |, (using n = 1/6)
1
S _E - g, (a*) . (7'(* — 7T9t)T7” (by Lemma 3)
1 * T
< — 13 -l (a”) - (7" — ) 1

According to Eq. (D.302), we have,

(m* — 7r9t)T r

Al

c * T R *
(1 — 1—2> (7% —mp_y) T (c = g{ e, (a") > O)

<exp{—c/12} - (7r* — 7r9H)T7’
<exp{—(t—1)-¢/12}- (7" —m,) .

D.2.2 General MDPs

(D.302)

(D.303)
(D.304)
(D.305)

(D.306)

(D.307)

(D.308)

(D.309)

(D.310)

(D.311)

Lemma 24 (NS) . Let Assumption 2 hold and denote 0 == 0 + (- (0’ — 0)

with some ¢ € [0, 1]. 6 — V7 (u) satisfies 5(;) non-uniform smoothness with

)
2

B(6c) = [3+2(Coo—<1— ]\/—Hawec

(1—=7)-v 00,

T

where Cy, := max, || 2 !

— ming p(s) < 00.

o0

Proof. The main part is to prove that for all y € R4 and #,

T 0V ()
'y 06° y‘
< [+ 2 Qo |22 gy
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We first calculate the second order derivative of V7™ (u) w.r.t. 6.

Denote 6, = 6 + au, where a € R and u € R¥4. For any (s,a) € S x A,

Omy, (als) B <87r9a (als) 86’a>
da  la=0 00, la=0" Oc
7 0mg(als)
= 09 )

= (Tl s, ). (Gl —o, v )

Similarly, for any (s,a) € S X A,

02y, (als) _< 0 {87r9a(a|3)} %>
Oa? a=0 00, oo a=0 Oo
B <327T9a(a|s) 00, 30a>
202 la=0 o’ O«

= <—8;;9((8a7|3)u(3, ), u(s, )>

Define () € R4 as follows,

7o, (-|1) T 0" o'

o’ m (+]2)T .- o'

(o) = | ea(_| ) | |
o’ o' oo o, (+|S)T

Denote P € R54*9 such that,
Pisas) = P(s]s, a).

Define P(a) := II(a)P € R%* where V(s, s'),

(s s’y T Zﬂ-ea |8 CL)

The derivative w.r.t. « is

OP(a)  Oll(a)P  Oll(«)

da  Oa O« P

And V(s, s'), we have,
OP(«) B Omy, (a|s)
[ oa:O:| (5,5/) B ; [ O

Oa
294

oz:O:| - P(s']s,a).

(D.315)

(D.316)

(D.317)

(D.318)

(D.319)

(D.320)

(D.321)

(D.322)

(D.323)

(D.324)

(D.325)



Next, consider the state value function of my,_,
Va(s) = Zma(a|s) -r(s,a)
+7 Y molals) Y P(s']s,a) - Ve (s),

which implies,

Ve (s) = e] M(a)rg,
Ve (u) = p' M(a)ry,,

where
M(a) = (Id = vP(a)) ",
and ry, € R is given by
re, = H(a)r,

where 7 € R54. Taking derivative w.r.t. o in Eq. (D.329),

OV (1) P (a)

=7 M(a)—=
. 82((1/&) M(Oé)Tga +
Oll(«)
7 T oa
(by Egs. (D.324) and (D.331))
Oll(«)

_ T To,
_:u’ M(Oé) aa Q ’

M (e)rg, + 1" M(a)
87“9&}

o
8H(a)r]

M
PM(a)re, + 0

where Q™= € R54 is the state-action value and it satisfies,

Q™ =r+7-PM(a)r,
=74y - PV, (by Eq. (D.328))
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a’l“ga

o

(D.326)

(D.327)

(D.328)
(D.329)

(D.330)

(D.331)

(D.332)
(D.333)
(D.334)

(D.335)

(D.336)

(D.337)
(D.338)



Similarly, taking second derivative w.r.t. «,
D2V (1) OP(a)
da? Oa

0?P(a)
%a M (a)ry
i e
oMl (a
M 250
v PM(a)ry, +1)

OP(«) l(a)
Oa M(a) Oa ¢

0Tl ()
Oa?

dP(a)

=297 " M(e) e

M(«)

M(a)re,

+yp M(o)

82T9a

(@) >3
- PM(a)rg, + 1)

)

0
+ 271" M(a)— 59“ +pu'M
OP(a ) )

Oa
O?T(«)

Oa? (

=2y pu' M(a)

+u' M(a)

=2y M(a)
+ " M(a) Q0.

For the last term, we have,

{821_[((1)@”9& ] _ 0?mo, (als)
a=0 (s)

’ Qm(& a)

a=0

da? da?

=S Gy e ) @
(by Eq. (D.318)

)
B 0? 7T9(CL|S)
=u(s, )" 90%(s, )

Q”"(saa)] u(s, -)-

Let S(a,0) = Frolals) ¢ RAXA v 5 € [A], the value of S(a,0) is,

962(s,")

0{diamo(a|s) — mo(a|s)my(i|s)}
00(s, j)

= 61'(1 : [6ja79(a|5> - WG(G‘S)WQ(j‘S)]
—mg(als) - [045ma(j]s) — ma(i|s)me(j|s)]
— mo(ils) - [0jame(als) — ma(als)ma(j|s)],

Sig) =

where the § notation is as defined in Eq. (D.201). Then we have,

0?mo(als)

— 00(s, ) - Q™(s,a) (”):;S(i,j)‘Qm(&a)
= i - mo(ils) - [Q™(s,7) = V™(s)]
= mo(ils) - ma(j]s) - [Q™(s,7) = V7™(s)]
— mo(ils) - mo(jls) - [Q™ (s, 7) = V™(s)]

(D.339)
(D.340)
(D.341)
(D.342)
(D.343)
(D.344)

(D.345)



Therefore we have,

O*T(«) o
{ e M} ) (D.358)
L eI Pmolals) e
:ZZU(S,Z) 'U(S,j) ’ 892(8 ) Q 0(S7a) (D359>
=1 7=l a ’ (i.d)
- (H(’]T@( S))Qﬂ—g (Sa ))T (U(S, ) © u(87 )) (D36O>

where H(7) = diag(r) — 77 . Combining the above results with Eq. (D.339),

we have,
O?T(«)
TM(a)——>Q™ D.362
poM(a)—=a=Q | ( )
1 O?T(«)
< — d™(s) || —=——=Q" D.363
(by triangle inequality) (D.364)
1 Uy e
<15 D de(s) -3+ | Hmo(-])Q™ (s, ), - llull3 (D.365)
(by Holder’s inequality) (D.366)

[N

<72 [Z a(s) \|H<m<~|s>>@’f9<s,~>||§] Al (D367

(by Cauchy-Schwarz) (D.368)
=3.V5S- 3Va‘;(u) H 3 (by Lemma 55) (D.369)
2

For the first term in Eq. (D.339), we have,

OP(«) Ol ()

w' M(a) o M(a)a—aQ’”’a - (D.370)
B OP(a) l(a) .,
_;{MTM(Q) o azo](SI)-{M(a)—aa Q a=0}<sq’ (D.371)
since,
N
<,uTM(a)a];((xa>> cR¥ and M(a)ag—((f)Q”aeRS. (D.372)

297



Next we have,

= ; . dg/e(s) . {82_5)7)@”9&

1—7

S

(e~ ex)

a=0] (s)

Oa
- T X avea
53 dj;,e(s).;<%?((§'j>,u<s,->>-Q“G(aa)
(by Eq. (D.315))
:ﬁ. s dj;ﬁ(s)-< a %-Q”(s,&),uwww
_ ﬁ S T (s) - (H(mo(-]$)Q (s,-)) s, ),

S

(H(my) is the Jacobian of 6 — softmax(f))

which implies,

‘ () T

0‘0} (')

< S o) 1)@ 5

s

298

(D.373)
(D.374)
(D.375)

(D.376)

(D.377)

(D.378)
(D.379)

(D.380)

(D.381)

(D.382)
(D.383)

(D.384)



On the other hand,

r o OP() _ L Sy [2P@)
{” M() da a0:| & 1=7 4 %) { da ao} (5,8")
(3];&04) c R3x5)
- N X [T ] e
(by Eq. (D.325))
= 1 D e vs ) Pl

S a

(by Eq. (D.315))
- X Eomels) - Plsls.a)
[uls.a) — mo(-|)Tuls. )]

which implies,

[/HM(@) = azo}( /)
< ﬁ S dre(s) Xa:ﬂe(cds) P(s'ls,a) -2 [Ju(s, )|
21 HUJQ Zdl’;@(s) : ZWQ(GIS) P(s|s, a)

According to

Ay (s) = (1 =) pu(s)
) dip(s)- ) molals) - P(s|s,a), Vs'eS
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(D.385)

(D.386)

(D.387)

(D.388)

(D.389)

(D.390)
(D.391)

(D.392)

(D.393)
(D.394)

(D.395)

(D.396)
(D.397)



we have,

[,uTM(oz

)

2 - Jlully
T (=)
_ 2 flully

OP(«)

Oa

(1=7) -
< 2 lull,

T (=)
(€ = ma

OP(«)
Oa

' M(e)

M(«

)

Z 2 HU’”2

Zd“() | (mal-1s) Q™ (s, ),
(o -

(1=7)

<

81_[(04

™

)

de H (rol(5))Q7 (s
2 (Cus —(1—7)) Vs

1(s’)

(Coo = (1=7)) - pu(s).

. <)
<=l <oo
Flloo

Combining Egs. (D.370), (D.382) and (D.398), we have,

dﬂ'

_r
H oo

a=0

— (1= ) )

S

(I=9)2-~v

ST s 1 o 1s))@ s ->H§] el

[SIES

(by Cauchy Schwarz

2-(Cu

(by Lemma 55)

=

Combining Egs. (D.339), (D.362) and (D.403),

OV o ()
oa?

< |3+

a=0

2 (Co —

(1—

1=7)-7

.m0

300

die () = (1=7) - p(s)]

.V?wxu@ﬂ—ﬂ—WYMWﬂ

Il

2
v

2
Nl
2

2

2
o - Ml

Al

(D.398)

(D.399)
(D.400)

(D.401)

—~

D.402)

(D.403)
(D.404)

(D.405)

(D.406)

(D.407)

(D.408)

(D.409)

(D.410)

(D.411)

(D.412)

(D.413)



which implies for all y € R4 and 6,

_ < y )TaW"@(u)( y > e
Il2 00> \lyl» ’

(Zg o)

T PV (N)
Y a0

lyl2

B OPV™a ()| 00, 00, )
B ||gﬁ?i(1 < 00?2 a=0 0o’ Oax >‘ Nyl

N Hgﬁ?icl <8§a {W;Q;(N)} ‘a:07 %>

_ 02V (1) 2

" ulen1| Da2 ‘a, "HyHQ

2 (Co — (1—7) } /5 Hawe
(=)~
(by Eq. (D.412))

< max
l[ull2=1

lyll2

§{3+

2

Denote 6 = 0+ ((6' —

Vo, o',
ovre ()
T/ _ Uy _ —
V() = V™ () < 507 9>‘
— 1 / T PPV (:u) /
=3 0" —0) 6—92(9 —0)
< 3 (1= 7+2 (Ca=(1=7) /g
2-(L=9)-y
oV )
A g g by Bq. (D414)
2. |,
thus finishing the proof.
(=)

and

Lemma 25. Let n = 6 A=)t (Coo=(1=7)) S

, 8V”9 / H V™ (u
=0+n-

Denote 0 =60+ (- (¢/

— 6) with some ¢ € [0,1]. We have,

<9, H@V;;(u)

V™ (u)
96,

2

Nlyll3-

(D.414)

(D.415)
(D.416)
(D.417)
(D.418)

(D.419)

(D.420)

6), where ¢ € [0,1]. According to Taylor’s theorem, Vs,

(D.421)

(D.422)

(D.423)

(D.424)

]

(D.425)

(D.426)

Proof. Using the similar arguments of Lemma 22 (replacing 3 in Lemma 21

with 209 2(Ce —(19) /G in Lemma 24), we have the results.

(A=)
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Lemma 26 (Non-vanishing NL coefficient) . Let Assumption 2 hold. We have,

¢ = infyes >1 7, (a*(s)]s) > 0, where {0}, is generated by Algorithm 2.

Proof. The proof is similar to Lemma 9 and is an extension of the proof for
Lemma 23. Denote A*(s) = Q*(s,a*(s)) — MaXsze(s) @ (s,a) > 0 as the
optimal value gap of state s, where a*(s) is the action that the optimal policy
selects under state s, and A* = minges A*(s) > 0 as the optimal value gap of

the MDP. For each state s € S, define the following sets:

Ri(s) = {9 : 85(‘;?;52’)) > 2‘9/(7:,(5))’ Va # a*} , (D.427)
Ra(s) ={0: Q™ (s,a"(s)) = Q"(s,a"(s)) — A™(s)/2}, (D.428)
Rs(s) = {0, : V™ (s) > Q™ (s,a*(s)) — A*(s)/2, (D.429)
for all ¢t > 1 large enough}, (D.430)
N PR c(s)
N.(s) = {9 :mo(a*(s)|s) > 5 11) (D.431)
A
where ¢(s) = 1= A0 1. (D.432)

Similarly to the previous proof, we have the following claims:

Claim I. R;(s)NR2(s)NR3(s) is a “nice” region, in the sense that, following
a gradient update, (i) if 0y € R1(s) NRa(s) NR3(s), then 0,1 € Ry(s)N
Ro(s) N Rs(s); while we also have (ii) g, , (a*(s)|s) > mg,(a*(s)]s).

Claim II. NV.(s) NRa(s) NR3(s) C Ri(s) NRa(s) NRs(s).

Claim III. There exists a finite time ¢o(s) > 1, such that 6, € N(s) N
Ra(s) N Rs(s), and thus b5 € Ri(s) N Ra(s) N Rs(s), which implies

inf>y mg, (0" (s)|s) = miny<i<io(s) T, (" (5)]5).

Claim IV. Define ¢, = max,to(s). Then, we have

inf 7y, (a*(s)|s) = min minmy, (a*(s)|s). (D.433)

seESt>1 1<t<ty s

Clearly, claim IV suffices to prove the lemma since for any 6, min, , mp(a|s) > 0.

In what follows we provide the proofs of these four claims.
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Claim I. First we prove part (i) of the claim. If 8, € R1(s) NR2(s) NR3(s),
then 0,11 € Ri(s) NRa(s) NR3(s). Suppose §; € Ri(s) N Ra(s) N Rs(s). We
have 6,11 € R3(s) by the definition of R3(s). We have,

Q™ (5,a"(5)) > Q"(5,a"(5)) — A"(s)/2. (D.434)
According to monotonic improvement of Eq. (D.500), we have V™1 (s") >

V7o (s'), and

QWH@M@»:@W@awm+Q%H@fw»—@%@w@»<D%m

= Q™ (s,a* +VZP ‘|s,a*(s)) - [V (s') — V™o (s')]  (D.436)
> Q™ (s,a"(s)) +0 (D.437)
> Q%(s,a"(s)) — A%(s)/2, (D.438)

which means 0,1 € Ra(s). Next we prove 6,1 € R1(s). Note that Va # a*(s),

Q™ (s,a"(s)) — Q™ (s, a) ( )
= Q™ (s,a™(s)) — Q(s,a7(s)) + Q"(s,a"(s)) — Q™ (s, a) ( )
> —A%(5)/2+ Q(s,a7(s)) — Q"(s,0) + Q"(s,a) — Q™ (s,a) (D.441)
( )
( )

AY(
> —A(s)/2+ Q" (s,a7(s))

D.442

- max Q*(s,a) + Q*(s,a) — Q™ (s, a) D.443

= —A*(s)/2 4+ A*(s) + 7273 ‘|s,a) - [V*(s") = V™ (s')]  (D.444)
> —A*(5)/2+ A*(s) + 0 (D.445)
= A*(s)/2. (D.446)

Using similar arguments we also have Q™1 (s, a*(s)) — Q™1 (s,a) > A*(s)/2.

According to Lemma 1,
oV (p) 1
y(s,a)  1—x

1 . i _
— —1 — . d,uat (3) . 7T9t(CL|S> . [Q 04 (S,a) — Vo (5)] ) (D448>
OV (p) OV (u)

-, (s) - mg, (als) - AT (s, a) (D.447)

Furthermore, since G (5) = o6i(sa) Ve have
o, (a*(s)]s) - [Q™% (s,a"(s)) — V7™ (s)] (D.449)
> o, (als) - [Q™ (s,a) — V™ (s)]. (D.450)
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Similarly to the first part in the proof for Lemma 23. There are two cases.
Case (a): If mp,(a*(s)|s) > ma,(als), then O;(s,a*(s)) > 6i(s,a). After an

update of the parameters,

. B VTrgt Vﬂ'gt
@H@a@»—@@a<»+na@8a /H | wasy
oV (p oV (u
> .
> 0y(s,a) +n- 90,(5.0) /H | (D.452)
— Bra(s.a), (.453)

which implies 7, , (a*(s)[s) > m,,, (a|s). Since Q™1 (s,a*(s))—Q™+1(s,a) >
A*(s)/2 = 0, Va, we have Q™1 (s,a™(s)) — V™i(s) = Q71 (s,a"(s)) —
Za 0141 (CL|S> ’ QﬂeH'l (87 CL) > 0, and

o, (a7 (s)]s) - (@71 (s, a™(s)) — Ve (s)] (D.454)
> T, (als) - [Q71(s,a) — VT (s)], (D.455)

Ly . V" Ot+1 oV 0t+1 .
which is equivalent to 60”1(87&*((/?)) > 60#1(5751’;)7 Le., O11 € Ri(s).

) AT D)
() = O0i(sa)

Case (b): If mg, (a*(s)]s) < mg,(als), then by 5 av et(

o, (a"(s)|s) - [Q™ (s, a”(s)) — V™ (s)] ( )
> mg,(als) - [Q™ (s, a) = V7 (s)] ( )

= 7, (als) - [Q™ (s, a*(s)) — V™ (s) (D.458)

+ Q™ (s,a) — Q™ (s,a%(s))], ( )

which, after rearranging, is equivalent to

Q™ (s,a*(s)) — Q™ (s, a) (D.460)
@O o oy s
> (1= ) s a(s) - V) (D.461)

— (1 exp {85, a*(5)) — Bu(s, @)}) - [Q7 (5, a%(s)) — V™(s)] . (D.A62)
Since 0;41 € Rs(s), we have,
Q1 (s,a"(s)) — V™1 (s) < A*(s)/2 (D.463)

< Qe (s,0%(s)) — Q% (s, a). (D.464)
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On the other hand,

Or11(s,a"(s)) — Ori1(s,a) (D.465)
— Oy(s,a"(s) + 77 - aetvs a / H Va:;t ~Alsa) (D466)

V™ () /|| OV (1)
" 90,(s, a) / ’ 20, ||, (D-467)
> 0i(s,a"(s)) — bi(s,a), (D.468)

which implies

1 —exp {0i11(s,a"(s)) = Ors1(s,0)} (D.469)
<1 —exp{b(s,a*(s)) —bi(s,a)}. (D.470)

Furthermore, since 1 —exp {60;(s,a*(s)) — b:(s,a)} = 1— Tl Gl (in this

7o, (als)
case m, (a*(s)|s) < my, (als)),

(1 = o5 {11(5,0°(5)) — raa (5, @)}) - [Q (5, a*(s)) — Ves1 ()] (D.ATL)
< QM1 (s,a%(s)) — Q1 (s, a), (D.472)

which after rearranging is equivalent to

o1 (a”(s)]s) - (@1 (s, a™(s)) — Ve (s)] (D.473)
> T, (als) - [QT1(s,a) = VT (s)], (D.474)

. 7r9 7r9 . . .
which means ale(t«:;*(é))) > 86‘/&::(;2;) i.e., 041 € Ri(s). Now we have (i) if

Gt S Rl(s) N RQ(S) N Rg(s), then ‘9t+1 € Rl(S) N RQ(S) N Rg(s).

Let us now turn to proving part (ii). We have 7y, (a*(s)|s) > mg,(a*(s)]s).

If 0; € Ri(s) N Ra(s) N Rs(s), then 8253*(&))) > aa‘gt ;a Va # a*. After an
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update of the parameters,

exp {9t+1 (57 a*(s))}

o (@ (3)]s) = D.475
D e ey (D-475)
_exp {et(37& (s))+n- aﬁtv(si((s)»/ 6‘/891(#) 2} D476
N V™0 (u V04 () (D-476)

Z €xXp {et(s a)—+mn- 00+ (s,a) /H 00 2}

exp {Bi(s.0°(5) +n- Bty /[ 252}
N o L (D.477)

Za exp {et(87 (I) +n- 09 (s,a* ('L;))/ 00 - 9 }

V™ (11) V™o (1)
S D.4

(because 6,(s.0*(s)) = D6:(s,0) (D.478)
_exp{b(s,a*(s))} — g, (a*(5)]5). (D.479)

 Yaexp {bi(s,a)}

Claim II, Claim III, Claim IV. The proof of those claims are exactly the

same as Lemma 9, since they do not involve the update rule. O

Theorem 18. Let Assumption 2 hold and let {0;},,, be generated using
Algorithm 2 with learning rate

n— -7y 1
6:-(1—=7)-7+4-(Co—(1=7)) VS

(D.480)

. Let ¢ be the positive

o

where C, = max, . Denote C7_ = max,

constant from Lemma 26. We have, for all t > 1,

V() =V () - O | —ce-)

Vi(p) = V™ (p) < T (D.481)
where
(1—7)27-c 1 dz* ~1
C— NS | D.482
B A es G a) § el O
Proof. First note that for any 6 and u,
dr(s) = E [d7(s)] (D.483)
S0~
= E |(1—7)-) ' Pr(si = 8180,7@,7’)] (D.434)
SO~ =0
> E [(1—7)-Pr(so=s|so)] (D.485)
S0~
— (1= 9)- pls). (D.486)
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Next, according to Lemma 36, we have,

V(o) = V™ (0) = 1= () 3 (7 (als) — molals) - Q" (s a) (D48T)

S a

1 d;g(s) Y . .
- 1—~ Zs: 4 (s) ) du (s) Z (7*(als) — mg(als)) - Q*(s,a) (D.488)

a

1 dg’ o \ s
<15 ||la OOZS:% (8)2}(7r (als) — mo(als)) - Q" (s,a) (D.489)
(Z (v (als) = mo(als)) - Q*(s,a) = o) (D.490)
1 dg’ o ; ;
< a2 | Oozs:d# (S)E(W (als) —mo(als)) - Q"(s, a)
(D.491)
(by Eq. (B.346) and min j(s) > o) (D.492)
< ﬁ LCL Y dr(s) Y (7 (als) — mo(als)) - Q*(s,a)  (D.493)
- ﬁ O V) = V)], (by Lemma 36) (D.494)

Denote 6., = 60, + ¢; - (6141 — 6;) with some ¢, € [0,1]. And note n =

A=)~ 1
6:(1=7)7+4:(Coo—(1-7)) /S~

According to Lemma 24, we have,

_ _ oV,
V() = V() — <a—8t(m,9t+1 - 9t> (D.495)
3-(1=7)-7+2-(Cuc — (1 =7))
< VS D.496
- 2-(1=7)-v ( )
oV ™% (1
: H aQCt( ) , : H9t+1 - etHg <D'497>
S3~(1—7)"Y+2'<Coo_(1_7>).\/§ (D.498)
(1—=7)-v
oV,
. H i W 60— 62 (by Lemma25)  (D.499)
t 2
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Denote §; = V*(pu) — V™ (). We have,

Ops1 — 0p = V7o () — Vi1 (1)
L3 0-) 42 (Co—(1-9) /g
(L—7)-~

01 — 6413
2

_ (1=7)-v 1

|[oVTe(p)
80,

oV (1)

(D.500)

(D.501)

(D.502)

(D.503)

12 (1= +8-(C—(1-7) V3
(using the value of n)

- _ (1=7) -7 1

T 12 (1=7) 748 (C = (1=7) VS

~ min, mp, (a*(s)]s)
Ve
(by Lemma 8)

- (1—=7)?%v 1
T 12 (1=9) 7 +8-(Cu—(1—7) S
« [1—1
dﬂ'
. oE mo(a’(s)ls) - &,

|

00,

(D.504)

2

(D.505)

(D.506)

(D.507)

(D.508)

(D.509)

(D.510)

where the last inequality is by dp’(s) > (1 — ) - u(s) (cf. Eq. (D.483)).

According to Lemma 26, ¢ = infes 51 mp, (a*(s)|s) > 0. Therefore we have,

V() = VT (p) < (V) — V()

—_

1—9)-7+8 (C—(1-7)) S

(1=9)?y-c (t-1)
.eXp{lQ‘(

which leads to the final result,

(V*(p) = V7™ (u)) - C

Vi(p) = V™ (p) < T

—_

Q=92 y-c (t-1)
.eXp{—lQ.(

1—=9) 748 (Co—(1=7)) S

thus, finishing the proof.
308

(D.511)
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|
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(D.513)
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(D.514)
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D.3 Proofs for Section 4.7: Generalized Lin-
ear Models

Lemma 27 (NL) . Denote

u(f) = IIl[lAIfl {mi-(1—m)}, and (D.515)
S
V= m[ln {m;-(1—7)}. (D.516)
€[N
We have,
aL(6) 1 & ?
> = )2 .
1250 = ce.o [N > m] . s
holds for all § € R?, where
C0,0) =8 u(f) - min{u(d), v}/ Ay, (D.518)

and )y is the smallest positive eigenvalue of % . Zf\il bih .
Proof. Denote 7} := o(2}), where 2/ = ¢, + ( - (¢iT9 — gb:@*) for some ¢ €
[0,1]. We have,
do(z;)

2

(m; —72)* = (m; — 7) - e (9]0 — 9/ 0%) (D.519)
(by the mean value theorem) (D.520)

= (L—m) - (m —7) - (¢ 0 — &, 07) (D.521)

< i (mi =) - (0] 0 — 9, 0) . (D.522)

(x'(l_x)g}lv vz € [0, 1]; (Wl—ﬂ;k)(gb;re—gb;r@*) 20)
(D.523)
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Therefore we have,

1 & ) 1 N
v 2 m=m) < D (m— ) (6]6 -l 0") (D.524)
i=1 i=1
(by Eq. (D.519)) (D 525)
1 N 1 .
SIN 2maoay Mo m) e (m— ) (D.526)
=1
(0] 60— 0] 0") (D.527)
1 1 N )
Sm'min‘w-(l_ﬂ) 'Zm'(l_ﬂi)'(wi_ﬂ'i) (D.528)
v Vo=t
(o6 —0l07)  ((m—m)- (676 -0]6%) 2 0) (D.529)

1

1
8 min; m; - (1 — ;)

(D.530)

'(%'Zfr(l—ﬂi)'(ﬂ—ﬁ)'@) (6 = 0" —c-vp1) (D.531)

=1
_ 1 1 aLe)\ " .
_§'minm~(1—m>'( 20 ) (66" —c- ) (D.532)
ILO) 2 — )
( aé):N'Zﬁi'(l—m)'(m—m-@) (D.533)
=1
1 1 DL(0)
<= . P
=8 min 7, (1—m) ‘ gg ||, 10— e verlls (D.534)
(by Cauchy-Schwarz) (D.535)
11 |[ac(e) )
=5 u || Tae |, 100 e vele (D.536)
(1) = min (.- (1=} 537

where vy, | is orthogonal to the space Span {¢1, ¢o, ..., ¢n}, and §—0* —c-vy |

refers to the vector after cutting off all the components v, | from 6 — 6%, such
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that 6 — 0* — c- v, € Span{¢1, ¢o,...,on}. Next, we have,

% f: )= — Z ( ) (676 — ¢, 0%)° (D.538)
- (by the mean vaiue theorem) (D.539)
LS 0 (60— o)’ (05140

(b;:Ellq. (D.519)) (D.541)

(676 — 67 607) (D.542)

Mz

1
ijn{(ﬂ;)z-(l—ﬁ 2} —
! N =1

:mm{m;)?.a_w)} 6—69" ( Z@qﬁ) (0 —6") (D.543)

(2

= min { ()2 (1 — 7)) } (D.544)
=0 —covpl)T (% - i@@) (0—0°—c-v5.) (D.545)
> min {u(f)*,v*} (D.546)
(0= —c-vs)" (% : Zjvlgzsigf)j) (0 —60"—c-vy.) (D.547)
(v = min {r} - (1 - w;)}) ) (D.548)
> min {u()%, 02} - Ny - |0 — 0" — - vy 1|5, (D.549)

where )\, is the smallest positive eigenvalue of % . Zf\il $:¢; . Therefore, we

have,

O =07 —c-vg 1], (D.550)

N & i 8 wu®) | 80 |,
(by Eq. (D.524)) (D.551)
11 ||ac) 1 1
S8 w | Toe |, min{u®).0} (D-552)
. [% . ; (s — 71';‘)2] N (by Eq. (D.538)) (D.553)

which implies,

&
00

2

> 8- u(f) - min {u(0),v} - /Ay - [ Z —W;“)Zl . O
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Lemma 28. Denote u(f) = min; {m - (1 —m)}, v = min; {7}

(1 =77)},

and A4 is the smallest positive eigenvalue of 7 - Zfil o] . We have, L(60)

satisfies  smoothness with

3
p=x maXIIezﬁzllw

8 ic[N]
and 5(6) NS with

N0
5(9)—L1'H 90 2+L0 <H )
where
L= max; ||¢ZH2
32 - (min{u(f),v} - /A 3/27
T e

512 - u(0)? - min {u(0)?, v} - Ay
Proof. Note that the gradient of £(0) is,

aﬁ = 2 Zﬂ'z z W;)'QbieRd.

Denote the second order derivative (Hessian) of £(0) as

0 (OO
S(6) = 69{ 56 }eRdd.

(D.554)

(D.555)

(D.556)

(D.557)

(D.558)

(D.559)

For all j,k € [d], we calculate the corresponding component value of S(0)

matrix as follows,

2 d{m-(1—m) - (m —7f)} d{ngT@}
B ZI: d{¢]0} o (k)

2 o 2 .
:N';[%-(l—%‘) (i =)

- ¢i(J)

(D.560)

(D.561)

(D.562)

(D.563)



To calculate the smoothness coefficient, take a vector z € RY. We have,

d d
12780)2] = D> Sy (k) (D.567)
7=1 k=1
9 N
‘ D w1 =m) - (1= 2m) - (m — 7)) (D.568)
=1
+ 72 (11— 7ri)2} . (gb:z)Q ’ (by Eq. (D.560)) (D.569)
< %.mgx( T2)? (D.570)
N
D o |m(L=m) - (L=2m) - (m — 7)) + 77 - (L—m)®|  (D.571)
(by Hélder’s inequality) (D.572)
< % max (6] 2)* (D.573)
N
D (=)L =2m] - |m = w4 (1-m)?] (D.574)
=1
(by triangle inequality) (D.575)
<2 . max (6] 2)" i F + i} (D.576)
=N\ £ |8 716 '
(x-(1—2)<1/4, and x- (1 —z) |1 —2z| <1/8, Vz €0,1])
(D.577)
3
— 2 nax D.578
e[ (7, H)] N (D7)
3
<3 max || il - [1=]]; (D.579)

Therefore, £(0) satisfies 4 (uniform) smoothness with 3 = 2-max; Il s|5. Next,
we calculate the NS. We have,

N N 1 N
2 2 — 2. 2
Somt (e LO) =Y w1 m) 5 D (D-580)
=1 =1 7=1
N 1 &
< .. C— )2 .
=16 N ;(% ;) (D-581)
N 1 0L(0) ’
<N . D.582
= 16 64 -u(0)? - min {u()2, 02} - \g H o0 ||, (D552
(by Lemma 27) (D.583)
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which implies,

N

ZWZZ (11— 7Tz‘)2

i=1

N 1
2

< .
< 512 - u(0)? - min {u(0)2, v?} - A,

_ ‘aae)
B

According to Eq. (D.538), we have

1_71')2

7T
ZV_ 0 =0 v

= Z - (min{u(6)?,v*} - Ag)¥* - W
— (min{U(9)27U2} . )‘45)3/4 Z (72(0)757 )
= N - (min{u(9)*,v°} - Ag)"* Efé()i)/z;

> N - (min{u(6), v} - v/ Ag)*% L(0) € (0,1])

314

(D.584)

(D.585)

(D.586)

(D.587)

(D.588)

(D.589)

(D.590)



Therefore we have,

Zm (1—m;) |1 —2m| - |m — 7]

.qu

s
I
_

i (L=m) - |m —

INA
~~
i Mz

(1 - 7Tz) |7Tz ﬂﬂ)

(m; — )2
( VE ||9 0 —c-vp 3 )
N - (min{u(0) U} Vg3

- 1 ) - |mi — ]|
N (min{u(0), v} - \/A)3? (Z \/H9 9*—0 %LHz)
(m; — )2
(Z \/ ”9 9* — C- U¢J_||2>

(- m)’ - (m - )

< .
= (min{u(0) U} /Ag)3/2 (; 2110 —0*—c-vy 1,

(7Tz - T )4
+2~<>||e e—w:%¢ﬁ>
(min{u(0) v} \/_ 8/2
= ) (i — ) - (6] 0 — 6] 6)
(32 z:: H9 0 —c-vp )

(mm{u v} VAg)32

+

< g: 1—7T12 (m; — )2 (o) 0 — ¢ 0%)
32 - u(0)? — LO)-]0—0*—c- U¢J_||

N

< .
64 - (min{u(f),v} - /)32
N

* 64 - w(0)? - (min{u(),v} - \/Ag)3/?

’ OL(0)

2
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(D.591)
(D.592)
(D.593)

(D.594)

(D.595)

(D.596)
(D.597)

(D.598)
(D.599)
(D.600)
(D.601)

(D.602)

)

D.603)

(
(D.604)

(D.605)



where the third inequality is according to,

( )( )Ziiai'bﬂ' (D.606)

N N N N
2\ __ 2
D (0l 1) =5 > (a7 +07) (D.607)

=1 ]:1 =1

[\DI»—

and the last inequality is from the intermediate results in Eq. (D.524). Com-
bining Eqs. (D.567), (D.584) and (D.591), we have

|275(0)z] < % - max (qbZTz)Q (D.608)
N
'[ZW@"“—W@') —7T]+Z7r (1-m) ] (D.609)
i=1
< max (gbjz)z (D.610)
1 0L (0)
. . D.611
(32 (min{u(0), v} - \/Ag)?/? H 2 ( )
+ 7 0)) (D.612)
512 - u(#)? - min {u(0)?,v2} - A\s '
< max | éill3 - 1z (D.613)
0L(0)
. . D.614
(32 (min{u(6) v} V)32 H 9 ( )
+ =t 6)). (D.615)
512 - u(#)? - min {u(0)?,v2} - A\g ' '
Therefore, £(0) satisfies 5(0) NS with
oL
B(0) = Ly - H (H )) , (D.616)
where
mnax; ||¢ZH2
L, = D.617
P32 (minfu(6), v} - /A 3/2’ ( )
_ 17 - max; ||¢i||2
Lo= 512 - u(f)? - min {u(0)?, v} - Ay -
Theorem 20. With n = 1/5, GD update satisfies for all ¢t > 1,
L(6,) < L(6y) - e D), (D.618)
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With € ©(1), GNGD update satisfies for all ¢t > 1,
L(6;) < L(6r) - e 0D, (D.619)

where C' € (0,1), i.e., GNGD is strictly faster than GD.

Proof. Combining Lemmas 27 and 28, and the second part of (2b) in Theo-
rem 16, we have the results for GD. Using the fourth part of (2b) in Theo-
rem 16, we have the results for GNGD. O]

D.4 Miscellaneous Extra Supporting Results

Lemma 52 (Descent lemma for NS function). Let f : R* — R be a function

that satisfies NS with 3(0) > 0, for all € RY and ' = 6 — L@) 82—(;). We
have,
o) < f(6) — . . D.620
1)< 160 - 5555 | 22|, (D 620)
Proof. According to Definition 6, we have,
/ a / 9 /
£(0) ~ ) _< 0 g - 9>+@-||0 —eu% (D.621)
|
+ (D.622)
o o |, [,
: 01 (0)
0 =60— = D.623
( 7 o0 > (D62
= . ) O
| o
Lemma 53. Given any o > 0, we have, for all x € [0, 1],
Loy s qa-g). (D.624)
«

Proof. Define f : z +— L. (1 —2*) —2*- (1 —z). We show that f(z) > 0 for
all z € [0, 1]. Note that,

£(0) = é >0, and f(1) = 0. (D.625)
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On the other hand,

fliz)= -2t —a- -2t (1 —2) +2° (D.626)
=2t [1+a- - (1-2)—21 (D.627)
=2 (1+a) - (1-2) (D.628)
<0, (a >0, and z € [0,1]) (D.629)

which means f is monotonically decreasing over [0, 1]. Therefore f(z) > 0 for

all = € [0, 1], finishing the proof. O
Lemma 54. Given any a > 0, we have, for all x € [ggi;, },
L oa) < (1-a) (D.630)
50 ) < x). :
Proof. Define g : @ — 2® - (1 — x) — 5= - (1 — 2®). The derivative of g is,
J@)=a- -z (1—2)—2*+(1/2) - 2*! (D.631)
=2 Ja-(1—2)—2+1/2 (D.632)
=2 [(14+a) - (1-2)—1/2]. (D.633)
Then we have,
g (xz) >0 forall z € [0,(2a +1)/(2a +2)), and (D.634)
g (z) <0forall x € [2a+1)/(2a +2),1], (D.635)

which means ¢ is monotonically increasing over [0, (2a 4+ 1)/(2ac + 2)) and de-
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creasing over [(2a+1)/(2a+ 2),

g((2a+1)/(2a 4+ 2))

(2041 @ )
C\2a+2

1]. On the other hand,

1 [2a+1\"
T 2a 200 + 2

20+ 1 1
log <a+1>—a-log<l+ a+1)}_1] (D.639)

1

(D.636)
200+ 1 1 200+ 1\“
—— 1= D.
2a+2) 200 [ <2a+2) } (D-637)
20+ 1
. -1 D.638
a+1 } ( )

1 20+ 1 o
> . _ < ¢ (D.
> 5 exp{l <a+1) 2a+1} 1} (14+ 2z <e€®) (D.640)
1
> . 1 (D.641)
2av 2a—|—1 2a+ 1
(log )>1—1/x for z > 0) (D.642)
—0. (D.643)

Also note that g(1) = 0. Therefore we have, for all x € [(2a+ 1)/(2a + 2), 1],

g(x) > 0, finishing the proof. u
Lemma 55. Softmaz policy gradient norm is
oV (p L . . ’
(w) =—" de(S)Q |H (ma(-5))@Q e<57.)‘|§ . (D.644)
ol , 1—7 -
Proof. We have,
v [ (ovew?|
H 90 ||, Z <86’( a) (D.645)
ﬂo
= Z H v ] (D.646)
[Z die (s) - [|H (mo(-$))Q™ (5, )15 (D.647)

(by Lemma 1)

[]
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Appendix E

Proofs for Chapter 5:
Understanding Stochasticity in
Policy Optimization

E.1 Proofs for Section 5.2: Algorithm Prefer-
ability
Lemma 29 (Natural NL inequality, continuous). Let r € (0,1)%. Denote

A(a) == r(a*) —r(a), and A = r(a*) — max,-. r(a) as the reward gap of r.

We have, for any policy my := softmax(6),

(

,7"> > mo(a*) - A - (% —mp) " T (E.1)
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Proof. Without loss of generality, let (1) > r(2) > --- > r(K). We have,

<d7;gr, r> — 7 (diag(rp) — mom) ) (E.2)
= ém(z’) 1r(i)* — [z: (i) - r(i)] 2 (E.3)
= gﬂg(i) r(i)? — éwe(m 1 (i)? (E.4)

-2 Igﬂe(i) -7 (i) 'jélﬂe(j) -(J) (E.5)
= éﬂe(i) (i) [1 = (1)) (E.6)
-2 I:Z:M(Z) r(i) 'jgl mo(j) - 7(J) (E.7)
Zéﬂe@ T(Z)Q';We(ﬁ (E.8)
—2 Ijz_:ﬂe(l) r(i) 'jél mo(5) - 7(J) (E.9)
= };: (%) 'jél mo(j) - [r(0)* +7(j)?] (E.10)
2. K (i) () i o) G (B
= I:Z_:We(i) 'j;ilﬂe(j) [r(@) = ()], (E.12)

which can be lower bounded as,

<dj;;7lr> > (1) - iw@u) Jr() =) (fewer terms)  (E.13)
= mo(a*) -]; mo(a) - Ala)? (a* =1) (E.14)
> mp(a”) A > mla) A (Aa) = 4) (E.15)
= 7(a*) A-Z:Z—WQ)TT O

Remark 22. The natural NL inequality of Lemma 29 is tight. Consider K =
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2, we have,

" (diag(mg) — momg ) 7 (E.16)
=m(1) - r(1)* + me(2) - (2)* = [mo(1) - (1) + 1o (2) - (2" (ET)

= (1) - 7(1)% - [1 — m(1)] + mp(2) - 7(2)* - [1 — mp(2)] (E.18)
—2-mp(1) - (1) - mp(2) - r(2) (E.19)

= me(1) - 7(1)? - 7p(2) + mp(2) - 7(2)* - (1) (E.20)
—2-mp(1) - (1) - me(2) - 7(2)  (mo(1) +mp(2) = 1) (E.21)

= 7p(1) - mp(2) - [r(1) — r(2)]? (E.22)
=mp(a®) - A- (7" —mp) T, (E.23)

which means the equality holds for the above problem.

Remark 23. For the continuous natural PG flow: % =mn-r, and mp, =

softmax(6;), Lemma 29 can be used to characterize the progress at each time

step. We have, for allt > 1,

d(r* — 7r9t)T T d7r9f (E.25)
db; d

——(d—> () 28

-1 (diag(me,) — mo,mg,) T (NPG flow) (E.27)

mo (a*) - A (" — ) " 1, (by Lemma 29) (E.28)

which means the progress at time t is proportional to the sub-optimality gap

T . .
(m* —mg,) T, leading to a linear convergence rate.

Lemma 30 (Natural NL, discrete). Given any policy 7, define 7’ as

7'['((1) . 677'7“(‘1)

1Y —
7' (a) = S (@) e for all a € [K], (E.29)
where 1 > 0 is the learning rate. We have,
1
(7 —m) r>|1- S(rt—m) T (E.30)

m(a*) - (em® —1)+1
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Proof. Without loss of generality, let (1) > r(2) > --- > r(K). We have,

1 . r(i
— Zlil e o . lzlﬂ'(z) e 7(4)
=Y w0 1) 3ot )

Next, we have,

SORAEIFORD SEORIOED SEH N

.
—
o

Il
i
<
Il
—

=Yl Y A [0 r(i) + e ()
=S w0 Y 70 [0 — O] (i) - r(j)]

(E.31)

(E.32)

(E.33)

(E.34)

(E.35)

(E.36)

(E.37)

(E.38)

(E.39)

(E.40)

(E.41)

(E.42)

(E.43)

(E.44)



which can be lower bounded as,

Z?T(Z) 6711"(@) r(z)—Zﬂ(Z) T(Z) Zﬂ-(j) enr(])
> 71'(1) ZW(]) . [677’"(1) 6’”“(])] [T’(l) _ 7“(])]

> w(1)- 3 w() - [ = O] [r(1) = r(j)]
(r(4) <r(2), forall j > 2)
=7(1) -7 (e"'A _ 1) : Z m(a) - Ala)

aFa*
(A = (1) - r(2))

=m(1) - e . (e”'A — 1) (= 7r)T 7.

Combining Egs. (E.31) and (E.35), we have,

(' =) r> m(1) - emt - (2 1)

T (1) - enr® —1—2 7(5) - enr
Lty
(1) erd £ K 7 ()) - enlr@)—r(@)

(1) - (e"A — 1)

(1) e 4+ 30, ()

(mt = 7r)T r

| \%

(r(y) —r(2) <0, forall 7 > 2)
ey
(1) -erA 41 —x(1)
. ! R

m(a*) - (em® —1)+1

(rr =) r

1)

(E.45)

(E.46)
(E.47)

(E.48)

~—~

E.49)

~—~

E.50)

(E.51)
(E.52)

(E.53)

(E.54)

(E.55)

(E.56)

(E.57)

]

Remark 24. The natural NL inequality of Lemma 30 is tight. Consider K =
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2, we have,

+m(2) - e r(2) . 7(2)
7r(1) ent) 4+ 7(2) - enr(@)
w1 (1 > 7(2) - r(2)
m(1) - m(2) - [r(1) —7(2)] - [err D) — 7]
7(1) - enr@® 4 7 (2) - enr@
(1) - (en-[r(l)—r@)} _ 1)
- (1) - enlr()—r(2)] m(2) m(2) - [r(1) — r(2)]
_ o w(a) - (em 1) x )T
" w(a) - erd 1 — r(a¥) )
(a* =1, A=r(1)—r(2)

which means the equality holds for the above problem.

Theorem 21. Using Update 4 with any n > 0, i.e., Vt > 1,
01 < O, + 1 -7, and 7g,,, = softmax(6;41),
where 1 > 0 is the learning rate. We have, for all t > 1,

(r* — W@t)T r<(r*— 7T91)T r- e_c'(t_l),

(E.58)
(E.59)

(E.60)

(E.61)
(E.62)

(E.63)
(E.64)

(E.65)

(E.66)

where ¢ = log (g, (a*) - (€7 — 1) + 1) > 0 for any n > 0, and A = r(a*) —

maXgzq+ 7(a) > 0.

Proof. We have, for all t > 1,

(7r* - 7r9t+1)T7’ = (7" — 7T9t)TT’ — (7T9t+1 — ’ﬂ'gt)T?“

L T
= - by L 30
o o, (a,*) . (e’?‘A _ 1) +1 <7T 7T9t) r ( y Lemma )
1 . .
: 7o, (a*) - (em® —1) + 1 (7t —mg,) 7 (see below)
1
= ) (ﬂ-* - 71-91)T7ﬂ

[, (a%) - (72 — 1) + 1]

(7 — ﬂgl)T r
ec-t

Y
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(E.67)
(E.683)

(E.69)

(E.70)

(E.71)



where the second inequality is because of for all ¢ > 1,

o (07) - €7

o, (") = S 7o, (a) - 77 (@) (E.72)
_ g, (a*)
Y e (a) - emmA@ (E.73)
> g, (a”). (A(a) > 0) O

Lemma 31. Let 7 be the IS estimator using on-policy sampling a ~ ().

The stochastic softmax PG estimator is unbiased and bounded, i.e.,

dn] 7 drlr
E 6| = =0 d E.74
Mg(.)[ df } a0 " (E74)
drj || K
<. E.75
a~y(+) ’ do 9 -2 ( )

. dTrJf o dﬂ;r
Proof. First part. E,wr,() |5 | = —a5-

We have, for all i € [K], the true softmax PG is,

= my(d) - (r(é) —my ). (E.76)

P i) (1)) (©77)
= (i) (% i) = Y Ta =3} r(j)) (©.75)

(by Definition 10) ] (E.79)

—T{a =} - r(i) — 7(3) - (a). (E.80)

The expectation of stochastic softmax PG is,

a~17rE;(.) [ZZ?;] - Z mo(a) - (I{a =i} - (i) — mp(i) - 7(a)) (E.81)

a€[K]
=mg(i) - r(i) — m(i) -y (E.82)
drgr
= ) E.
0 (E-83)
dﬂ;rf 2

vl

Second part. Eqr,) ||~ =
2

326



The squared stochastic PG norm is,

:Z<dge ) Zm (7 (0) = )’

o1

]I{a—z} Zﬂ{a—j}

¥ (;H{a:j}.r@) ]

K

-y [ﬂ{a — i}l
(Zm Ta=i}-r )(Zﬂ{a—y}
(Zﬂ{a—z} )(Zﬂ{a—y} )]

The expected squared stochastic PG norm is,

=Y mla) r(a)’

2 a€[K]

-2 Zﬂ'e . +Z7T9

a€[K] a€[K]

112
dr, 7

do

2

dr )7 ||
a9

E

a~my(-)

=92.r (dlag(’ﬂg) diag(mg © mg)) T
=2. Z mo(a) - (1 — mp(a)) - 7(a)?

IN

i=1

IN
SIS

(7” € (0, 1]K)

, Zr(i)Q (z-(1—=x)<1/4, for all z € [0,1])

)

(E.84)

(E.85)

(E.86)

(E.87)

(E.88)

(E.89)

(E.90)

(E.91)

(E.92)

(E.93)
(E.94)

(E.95)

Lemma 56 (Non-uniform Smoothness (NS) between two iterations). Let §' =

T
dmy T

0 dwgr 1
+n-—5. We have, forn= 33|45

do

2?
dﬂTr
df

dm,r
df

(7r9/—7r9)T7"—< ,9'—9>‘§3.

2
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Proof. Denote 0 == 0+ (- (0" —0) with some ¢ € [0, 1]. According to Taylor’s
theorem, V6, &',

dm,r 1 d*my.r
_ T, 0 I _ . I\ T ¢ o
(mr — ) Tr < 0 9>‘ S| —0) E @ —0) (E97)
3 dﬂggr ) )
=3 H 06, 16" = 9]|5- (by Lemma 21) (E.98)
2

Denote ¢; = (. Also denote 0, == 60 + (3 - (0, — 0) with some (; € [0,1]. We

have,
drg v gnl vyd*{r) r}
o, " dmgr|l _ / —— e g —0)de, (E.99)
db.,  df o \ a2 2
t| d*{mg,, )
g%-ﬁ@L-wm—ww@ (E.100)
2 2

1 dﬂ'; r
g/ .||l 10— 0], de; (by Lemma 21)  (E.101)
0 dQCZ 9
! drg, T dm]r
< [0 -n\e G, (F.102)
; e, |, a0 |,
d T
<g1 € [0,1], using &' =6+ 7 - Z‘;T) (E.103)

where the second inequality is because of the Hessian is symmetric, and its

operator norm is equal to its spectral radius. Therefore we have,

dr, T T dr, 1 T
b¢, < dmgr o," dmyr (E.104)

oy, ae ||, by, do
(by triangle inequality) (E.105)

drgr dmgr V| dmg,
< ||| +3n- ‘ o - / 2| dé,. (E.106)
‘ do 2 do 2 0 d9<2

(by Eq. (E.99)) (E.107)

Denote O, = 0 + (3 - (6, — 6) with (5 € [0,1]. Using similar calculation in
Eq. (E.99), we have,

T T
dﬂegzr S’dﬂgr dﬂ%r_dw;r (F.108)
o, ) ag ||, b, df ,

dr]r dr]r ! dﬂ(;r r
< ||—=2 == - —3 1 dCs. E.1
SR AR 2 A s D
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Combining Eqgs. (E.104) and (E.108), we have,

d7r<1 <(1+3n“dwgr )“dmjr
do., , ae ||, e ||,
dﬂ-ec
+ (0 |t ) S e
2 deCs 9
which implies,
dw(;';lr <§: 30 dmgr i_ drgr
df, — < dg ||, ag |,
2 =0
B 1 dmgr
o 3 - dmgr do ||,
drgr
3n - ' J € (0,1), see below)
e,
B 1 drgr
N 1— 1. dw;r 2 do 2
K ||,
drgr
(77 3K H H )
1 drgr
< . K >2
1. ||dmr ? ’ dg |, (K22
2 ||,
T
<9, dmyr 7
- ae ||,

where the first equation and the last inequality are from,

2

‘ dg(;r 2 - GE[I;] mo(a)® - (r(a) — g r)?
< Z 7T9<CL)2 (T S <07 1]K)
a€[K]
<L (=l < =)

Combining Eqgs. (E.97) and (E.112) finishes the proof.

(E.110)

(E.111)

(E.112)

(E.113)

(E.114)

(E.115)

(E.116)

(E.117)

(E.118)

(E.119)

(E.120)

(E.121)

O

Theorem 22. Using Update 6, (7* — m;t)T r — 0 as t — oo with probability

1.

Proof. See (Chung et al., 2020, Proposition 4). We include a proof for com-

pleteness.
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T('TT
Denote §(6;) == (7" —mp,) "r. Let n = 3= - H%H for all £ > 1. We have,
toll2
forall t > 1,

5(0i1) — 0(6y) (E.122)
dmgr drgr

R T 0+ _ _ 0y _

7T9t+1r + 7T9tr + < det ) 9t+1 0t> < det_, et_i,_l 9t> (E123)
dmgr
H d@t ) N1 — 6,15 — <d—g’;79t+1 - 9t> (E.124)
(by Lemma 56) (E.125)
dr,r dm) 7 ||? dr,r dm) 7

— 3.2, |20 Ot gy (e Ot E.126
T e, |, | ae ||, ( do, db, ) (E-126)
(using Update 6) (E.127)

Next, taking expectation over the random sampling on Eq. (E.122), we have,

E[6(0:1)] — E[5(6)] (E.128)
drgr N dr ) 7 || dmgr dmg 7
=37 | =2\ E|||l—2t| | - {(—2,E |2 E.129
7 ‘ do; |, ‘ o, |, " <d8t’ do, ) (B129)
drgr N dr ) 7 || dmg |

—3.02. |2 R 7303 | I A | A E.13
7 ‘ o, |, ‘ a0, |l,| ~ " | a8, ||, (E.150)
(unbiased PG, by Lemma 31) (E.131)

3-K drgr drg r?
<=2l | by L 1 E.132
- IR 28 T At
1 drgr||? 1 dmg,r
_ |47, e — . || 9T, E.133
6 K ’ do; |, (usmg T3K ' do, 2) (£.133)
1
< K -E [m,(a*)?] - E [6(6;)°] (by Lemma 3) (E.134)
< 5 CK (E5(6,)])°, (by Jensen’s inequality) (E.135)
where
*\3

c= %E{E (70, (a*)°] (E.136)
> %2{ (E [mg,(a)])?, (by Jensen’s inequality) (E.137)
>0, (E.138)

and the last inequality is from Lemma 5, since the expected iteration equals

the true gradient update, which converges to global optimal policy. Denote
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5(0:) =E[6(0;)]. We have, for all ¢t > 1,

t—1

TR RS o~ T
“Sort Z el [1 - %}
> 5o +ZW;LF§?9TL [1_ 55?%93)]

(1-2®>>2-2% (1 —2) for all z € (0,1])
- 5(@11>2 2. ij 5(918)3 (560~ 50.0))
> 5(911)2 +2. 2?@3&3 . _CK 5102 (by Eq. (E.128))
_ ~(011)2 +3 .CK S(t—1)
> 30";(, (5(91)2 <1<3 'CK)
which implies that,
R

where ¢ is from Eq. (E.136). This implies (7* —m,)  r — 0 as t —

probability 1.
Lemma 32. For NPG, we have, Eyor,(y [f] = 7, and Epery(y 7] = 32

Proof. First part. Eqor, ) [F] = 7.
We have, for all i € [K],

- Ho= 1) ~
E ri1) = Tl N =T
aNm)(-)[ ( )] agﬂ 9( ) 7'('9(@) ( ) ( )
S 4 E 2 r(a)?
econd part. £, () HTH2 - EaE[K] mo(a)”

The squared /5 norm of natural policy gradient is,

712 = o2 = 3 e =)

=2
[{a=1 D
:ZW-T(Z).
331

-1 (i)?

(E.139)

(E.140)

(E.141)
(E.142)
(E.143)
(E.144)
(E.145)

(E.146)

(E.147)

oo with

[]

r(a)?

a€[K] mp(a)

(E.149)

(E.150)



The expected squared norm is,

E =Y m- S e masy

=3 ) —— - r(a)? (B.152)

a€[K) 7r9(a)2
-y 0
a€[K)] 7T9((1)

Theorem 23. Using Update 7, we have: (i) with positive probability, as
t = 00, 3 4sq T, (a) — 1; (ii) Va € [K], with positive probability, mg, (a) — 1,

as t — o0o.

Proof. First part. With positive probability, >, 2+ T, (a) = 1 as t — oo.
We show that [[;°, <Za¢a* Wgt(a)> > 0, which implies ). m,(a) — 1

as t — oo with positive probability. The meaning of [[2, (Za Lot W@t(a)>

is “the probability of sampling sub-optimal actions forever using on-policy

sampling a; ~ 7, (-)”. Note that,

ﬁ ( > Wet(a)) = Jim :1 ( > 7%(@)) (E.153)

t=1 > a#a* a#a*
= Tlim Pr(a; #a",a0 #a*,--- ;ar #a" | ay ~ my,(+), Vt > 1) (E.154)
—00
T
= 7hm Pr(a; #a" | a1 #a"aa #a*, -+ ;a1 # a”). (E.155)
—00
t=1
(by chain rule) (E.156)
Next, we calculate Pr(a; # a* | a1 # a*, a3 # a*,- -+ ,a;_1 # a*), i.e., the sum

of probabilities of all sub-optimal actions ), 2+ To,(a) at t-th iteration, given
that the optimal action a* has not been sampled for the first ¢ — 1 iterations.

Now suppose a; # a*,as # a*,--- ,a;_1 # a*. We have, for each sub-optimal
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3 *
action a # a*,

0i(a) = 01(a) +n - i Ts(a) (by Update 7) (E.157)
=01(a) +1n- i % -r(a) (by Definition 10) (E.158)

> 01(a) +1n- iﬂ{as =aj-r(a)  (m,(a) € (0,1), r(a) € (0,1])

(E.159)

> 61(a) + 1 min - i: I{as = a}, (rmin ‘= min r(a)) (E.160)

aFa*

where 7y, € (0, 1] according to Assumption 3, i.e., r(a) € (0, 1] for all a € [K].

Then we have,

> exp{fi(a)} > (K —1)-exp {%} (E.161)

. (by Jensen’s inequality) (E.162)
> (K —1)- exp {zm* 01 (a) + 1 - rm}ﬂ(. _21 e o Has = a}}

(E.163)

(by Eq. (E.157)) (E.164)

— (K 1) - exp { eoper B0 T S } (E.165)

(a1 #a* ay £ a*, - a4y # a”) (E.166)

On the other hand, we have,

t—1
I[{as =a” .
s=1 s
(by Update 7 and Definition 10) (E.168)
= 61(a”). (as #a” for all s € {1,2,...t —1}) (E.169)

333



Next, we have,

Z T, (CI,) =1- 7T9t(a*)

exp {0;(a*)}
> oo €xXp {0:(a)} + exp {0:(a*)}

a#a*

—1—

>1-

exp {61 (a")}

(K = 1) - exp { Zere 2GETn 0 4 oxp {6 (7))

(by Egs. (E.161) and (E.167))

According to Lemma 58, for all z € (0, 1),

—1
1—xZexp{ }

1/x —1
Let
- €xp {91<a*>} 0.1
r= Za;ﬁa* el(a)+77'rmin'(t_1) e ( ’ )
(K —1)-exp { yZas| } + exp {01(a*)}
We have,
-1
Z 7o, (a) > exp Saza* 01(@) 1 Tmin (t=1)
= (K1) xp { Zefe AR Hrep(on @)}

exp{f1(a*)}

(by Eqs. (E.170) and (E.174))

—exp {0 (a*)}

= exp

(K—l)-exp{

P aztax 01(a)+1 7 min-(t—1)

K-1

334

j

(E.170)

(E.171)
(E.172)

(E.173)

(E.174)

(E.175)

(E.176)

(E.177)

(E.178)



Therefore we have,

ﬁ ( > Wet(a)) (E.179)

t=1 aZa*
= —exp{6;(a*)}
> H exp (E.180)
- Za a* 0 ((Z)+ Tmin (t 1)
= (K —1) exp{ A }
(by Eq. (E.176)) (E.181)
—expd - exp {01 (a*)} _exp {17[;—?1“} ' i 1 (E.182)
ex Za;ﬁa* 61(a) K —1 exp {n'rmin't} :
Py~ k-1 t=1 K—1
> expq — exp {61 (a”)} P ey } N S dt
- = U1la —_ Zl'rmin't
exp{%} K—1 t=0 eXp{ 7] }
(E.183)
—expd exp {0;(a*)} _exp {"T’“'n} K-1 (E.184)
N Za a* 91(a) K — 1 min :
eXP{?T} T
9 * ex 77 Tmln
—exp{ — eng 1(“9)(}) ok (E.185)
aza* 7119 T'min
exp {;;(—71} m

Note that rui, € O(1), exp{6:(a*)} € O(1), n € O(1), eXp{nrmm} c 01
and,

* 81 a
exp {%} € 0(1). (E.186)

Therefore, we have “the probability of sampling sub-optimal actions forever

using on-policy sampling a; ~ g, ()" is lower bounded by a constant of

Wé)(l)} € O(1), which implies that with positive probability ©(1), we have

D atar Mo, (@) = 1 as t — oo.

Second part. Va € [K], with positive probability, 7, (a) — 1, as t — oc.
For each action a € [K], we show that [],°, m,(a) > 0, which implies

mg,(a) — 1 as t — oco. The meaning of [[;°, 7y, (a) is “the probability of
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sampling action a forever using on-policy sampling a; ~ 7y, (-)”. Note that,

[e%S) T
[[7o.(a) = Jim. [ 7o.(a) (E.187)
t=1 t=1
= Tlim Pr(ay =a,ay =a,--- ;ar =a | a, ~my,(-), ¥t > 1) (E.188)
—00
T
= lim [|Pr(as=a|ay=a,a2=0a, - ,a4_1 = a). (E.189)
T—o0 -
(by chain rule) (E.190)
Next, we calculate Pr(a; =a | ay =a,a3 =a,--+ ,a;_1 = a), i.e., the proba-

bility of sampling action a at t-th iteration, given that the action a has been

sampled for the first t—1 iterations. Now suppose a; = a, a2 = a, -+ ,a;_1 = a.
We have,
t—1
Oi(a) =61(a)+n- ) 7sa) (by Update 7) (E.191)
s=1
= I{as =a}
=0i(a)+n- =T r(a by Definition 10 E.192
1(a) n; e T@ by ) (E.192)
(@)
=0i(a) +n- as =aforall se {1,2,...t -1 E.193
1(a) +n ;ms(a) ( { 1) (E.193)
t—1
>01(a)+n- > r(@)  (m.(a) € (0,1)) (E194)
s=1
=b(a)+n-r(a)-(t—1). (E.195)

-1
I{as =d'}

Oi(a") =0:(d)+n- Y —— r(d E.196

t( ) 1( ) n ; ﬂ_es(a/> ( ) ( )

(by Update 7 and Definition 10) (E.197)

= 01(d’). (as # a' for all s € {1,2,...t}) (E.198)
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Therefore, we have,

o, (CL) =1- Z 7T9z(a/)

Let

Tr =

 Saenli@)
exp{0i(a)} + > .4, exp{0:(a’)}
5 exp {0 (a)

>1-

(by Egs. (E.191) and (E.196))

2arza XPLOL(d)}
exp{fi(a) +n-r(a)- (t = 1)} + > 4., exp{bi(a)}

We have,

mo,(a) > 1 —x (by Eq. (E.199))

—1
> exp { exp{0i(a)+nr(a) E—1)}+> 7124 exp{f1(a’)} 1 }
> exp{01(a’)}

(by Eq. (E.174))
- — Yz exp{Oi ()}
- eXp{expwa) +n-r(a) - (t— 1)}}'

Therefore we have,

exp{fi(a) +n-r(a)- (t = 1)} + > 44, exp{fi(a’)}

€ (0,1).

(E.199)

(E.200)

(E.201)

(E.202)

(E.203)

(E.204)
(E.205)

(E.206)

(E.207)

(E.208)

zﬁex { — 2o UL ()) } (by Eq. (E.204))

LLPA epli(@) +n-r(a) - (£ — 1))

(E.209)

cexpin - r(a)} }
= exp { - Z exp{f1(a’)} exp{91 Z exp{n r(a t}}

a'#a

(E.210)

> xp{—ZeXPWl(a’ m—lr} /oeXp{n r(a) - t}dt}

a'#a

oy ] @ (@)} 2z X0 ()}
- p{ n-r(a) exp{61(a)} }
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where the last line is due to r(a) € ©(1), exp{f1(a)} € O(1) for all a € [K],
and n € ©(1). With Eq. (E.208), we have “the probability of sampling action
a forever using on-policy sampling a; ~ 7, (+)” is lower bounded by a constant
of Q(1). Therefore, for all a € [K], with positive probability Q(1), mp,(a) — 1,

as t — oo. O

Lemma 57. Using on-policy IS estimator of Definition 10, the stochastic

GNPG is biased, i.e.,
|+ /|
2

Proof. Consider a two-action example with (1) > r(2). The true normalized
2

PG of a* = 1 is,
o/ |
mo(1) - (r(1) — )

- 2 5 (E.216)
\/77'9(1)2 . (7"(1) — w(;rr) + mp(2)2 - (r(2) B WJT)
mo(1) - mp(2) - (r(1) — r(2))
)

Vro(L)? - 70(2)2 - (1(1) = 1(2)) + mo(1)2 - mo(2)2 - (r(1) — r(2))?
(E.217)

d
T (E.214)

d7r9 ;
do

G«Nﬂ'a( ) 2 ‘

drmgr

(E.215)

(E.218)

S~
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On the other hand, the stochastic normalized PG of a* =1 is,

o= 2, [/ |

= (1) -

drm, 7

J (E.219)

2
o (28 =m0 285) + mel2- (0= o) 25)

(B.220)
o — Ty r(2)
+ mp(2) - ! (02 2 M(Q))
- (0-m(2) 25Y 4 m(22 - (22 - mi2) - 22
(E.221)
ﬂe(2) -r(1) £.222
\/m; 2+ m(2)% - (1) ( )
(2 ”9(” r) £.223
\/7T9 1)2-1(2)% +mp(1)2 - r(2)? ( )
1
= =5+ (mo(1) = m(2). (E.224)

It is clear that the true normalized PG of a* = 1 is always positive g(1) > 0,
while the expectation of the stochastic normalized PG estimator of a* = 1 is

negative when my(1) < my(2). O

Theorem 24. Using Update 8, we have, Va € [K], with positive probability,

7, (a) = 1, as t — o0,

Proof. The proof is similar to the second part of Theorem 23. We first calcu-
late the stochastic normalized PG in each iteration. Denote a; as the action
sampled at t-th iteration. We have,
d’ﬂ'g;?zt
d@t(at)

_ ( rla) — o la) - r(a) efinition
— 0, (a1) (m(at) olad) (at)) (by Definition 10) (E.226)

= (1 — mp,(ar)) - r(ar). (E.227)

= o, (ar) - (F4(ar) — 74, 74) (E.225)
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On the other hand, for all a’ # a;,

= mp,(a') - (Ps(a') — my 7y) (E.228)

= 7p,(a’) - (0 — 7p, (ay) - r(a) ) (by Definition 10)  (E.229)

= —79,(d) - 7(ar). (E.230)

Therefore, the stochastic PG norm is,

dwgftf (deﬂ)Q 2
_ : I ’ E.231
1%, [(dwat) 2 @ (F:231)

= |(1=m,(a0))* - 7(ar)* + > mo,(a)- T(“t)Ql (E.232)
L a’#ay

(by Egs. (E.225) and (E.228)) (E.233)

T A
dmg, T

do,

< [(1—7rat<at>>2-r<at>2+(Zwm’)) -r<at>2] (£.234)
a'#at

(lell, < Nl (E.235)
= V2 (1= mg,(a0)) - (@) (E.236)

Similar to the second part of Theorem 23, we show that [[,~, g, (a) > 0, which
implies 7y, (a) — 1 as t — oco. The meaning of [[;°, 7, (a) is “the probability

of sampling action a forever using on-policy sampling a, ~ my,(-)”. Note that,

Hmt(a) = 111_{1;0 tlj[l e, (a) (E.237)
= Tlim Pr(ay =a,aa =a, -+ ;ar =a | a; ~ my, (), Vt > 1) (E.238)
—00

T
= lim || Pr(e,=a | a1 =a,a0=a, -+ ,a;_1 = a). (E.239)

T—00 oy
(by chain rule) (E.240)
Next, we calculate Pr(a; =a | a; = a,as = a,--- ,a;,_1 = a), i.e., the proba-

bility of sampling action a at t-th iteration, given that the action a has been

sampled for the first t—1 iterations. Now suppose a; = a,as = a,--- ,a;_1 = a.
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We have,
t—1 T A
dm, 7
00) =00 +n- 3 s

(1 —mp,(a)) - r(a)
291(0)+”'Z\/_ (1= mp.(a)) - r(a)

(by Egs. (E.225) and (E.231))

dwérs Ty
de,

(by Update 8)

2

_ .

On the other hand, for all a’ # a, we have,

b = 1) = Y () i) /||
(by Update_: 8 and Eq. (E.228))
< 6,(d’).
Then we have,
w1 Seat()
" exp{fi(a)} + 2240 expii(a)}
> 1 Za/¢a exp{f(a’)}

exp {61(a) + 75 (t—=1) } A e exp{i(a’)}
(by Egs. (E.241) and (E.245))

=D wra xP{01(d’)}
> exp {eXp 0T % (-1 } (by Eq. (E.174))

Using similar calculation to Eq. (E.176), we have,

Hm;t(a)
> ﬁ exp { Y 7&“ exp{91

Pl exp {91 f (t — 1

[e.e]

DO

t=1

| \/

Xp{ a;ﬁaexp{el } V2 exp{f}}

e
exp{f;(a n

341

} (by Eq. (E.248))
> arza €XP{01(a } 1
- { :xp{Ql {%} Z exp { -t} }

> wza exp{01(a’)} > 1
p{ :XP{; .eXp{%} /toeXp{f t}

(E.241)

(E.242)

(E.243)
(E.244)

(E.245)

(E.246)
(E.247)

(E.248)

(E.249)

(E.250)

(E.251)

(E.252)

(E.253)

(E.254)

‘)

(E.255)

(E.256)

(E.257)



where the last line is due to, exp{6i(a)} € ©(1) for all a € [K], and n €
©(1). With Eq. (E.252), we have “the probability of sampling action a forever
using on-policy sampling a; ~ 7, (+)” is lower bounded by a constant of Q(1).
Therefore, for all a € [K]|, with positive probability Q(1), m,(a) — 1, as

t — o0. O

E.2 Proofs for Section 5.3: Committal Rate

Theorem 25. Consider a policy optimization method A. Fix r € (0,1]¥
an action a € [K| which is sub-optimal under r so that x(A4,a) > 1. Fix
6, € RY so that 7y, (a) > 0 and let {6;};>1 be the parameter sequence obtained
by using A with online sampling, i.e., when a; ~ my,(-). Then, the event
& = {a; = a holds for all t > 1} happens with positive probability, and it also
holds that my, converges to a sub-optimal deterministic policy with positive

probability.

Proof. Suppose k(A,a) > 1 for action a € [K]|. For convenience, denote

a = k(A a). Define the history of actions for the first ¢ iterations,
Hi = (a1, a9, ,a) . (E.258)

Given the historical iterations, sampled actions and rewards, the next iteration

is a deterministic result of the algorithm,
0, = A(01,a1,7r(ar),0s,a0,7(az), - ,0;_1,a,-1,7(a;_1)). (E.259)
We have, almost surely for all @ and ¢ > 1,
Pr(a; = a | Hi—1) = 7o, (a). (E.260)
Define the following event, for all ¢ > 1,
& ={as=a, forall 1 <s<t}. (E.261)
We have & O &1, and &; approaches the limit event,

E={ay=a, forallt >1}. (E.262)
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We have Pr (&;) is monotonically decreasing and lower bounded by zero. Ac-

cording to monotone convergence theorem,

Pr(€) = lim Pr(&).

t—o00

Next, we prove by induction on ¢ the following holds

Pr(&)=Pr(as=a| &-1)- Pr(&-1)

= ][ 7. (@),

where 6, = 6;, and,

which means a is used for the first ¢ — 1 iterations.

First, by definition of 6;, we have,

(E.263)

(E.264)

(E.265)

(E.266)

(E.267)

where the first equation is from Eq. (E.260). Suppose the equation holds up

tot — 1. We have,

Pr(&)=E[Pr(a;=a, - ,a1 =a | Hi1)] (by the tower rule)
=E[l{a;1=a,---,a1 =a} -Pr(a; =a | Hi1)]

(determined by H; 1)

=E[l{a;-1 =a, - ,a; = a} - my,(a)] (by Eq. (E.260))

=E [H{at_l =a, - ,a; =a}- Wét(a)]
(a) - Pr(&-1)

o~

Vo)
Il
R
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Next, we show that [];°, 75 (a) > 0. Note that,

00 T
[T (@) = Jim [[ (@
t=1 t=1
T
= lim Pr(a;=a|ay =a,a0=a, - ,a;_1 = a)
T—o00 el
(by chain rule)
T
= lim || Pr(a;=a|&-_1).

T—o00
t=1

(E.275)

(E.276)
(E.277)

(E.278)

In Eq. (E.278), Pr(a; = a | &_1) is the value of 75 (a) given A is used when

in the first ¢ — 1 iterations action a is used. This is the sequence used in

the definition of committal rate x. Further, for simplicity, assume that in the

definition of k, the supremum is achieved. (To deal with the general case, one

1+k(A,a)
2

constant C' > 0 such that on &, for all t > 1,

can redefine o to be a =

1 — 7, (a) =t [1 =75, (a)] L

tOé
C L
< —. (by Definition 11)

«

~+

Let u; :=1—m5,(a) € (0,1) for all £ > 1. We have,

o0 o0 C
du<> =~ (by Eq. (E279))
t=1 t=1
< 0. (by Lemma 59, o := k(A,a) > 1)

Therefore we have,

o0

[I7. (@) =] —w)

t=1 =1

> 0. (by Lemma 60 and Eq. (E.281))

Hence, we have,

Pr(€) = lim Pr(&r) = TIEI;OHW@(@ = Hﬂét(a) > 0,

T—o0

and thus 7y, (a) — 1 as t — oc.

> 1). It follows that there exists a universal

(E.279)

(E.280)

(E.281)

(E.282)

(E.283)

(E.284)

(E.285)



Theorem 26. Let Assumption 3 holds. For the stochastic updates NPG and
GNPG from Updates 7 and 8 we obtain kK(NPG, a) = oo and K(GNPG, a) = oo
for all a € [K] respectively.

Proof. First part (NPG). We first show that x(NPG, a) = oo for all a € [K].
According to Definition 11, let action a be sampled forever after initialization.

We have, for stochastic NPG update,

1 o) = 3 e (280
a'#a
Dz xp{b1(a’)}
= exp{ty(a) +n-r(a) - (t—1)} +> .., exp{bi(a)} (E.287)
(by Eq. (E.199)) (B.288)

Since exp{#, (i)} € ©(1) for all i € [K], we have, for any finite o € (0, 00),

tliglo t* - [1 — mp,(a)] (E.289)
. t Y wza exp{bi(a)}

S @ T ) (- D) - epli@) )

(by Eq. (E.256)) (E.201)

o) 0, (E.202)

~ % Bexpln - rla)- (- DY)
which means k(NPG, a) = oo for all a € [K].
Second part (GNPG). We next show that x(GNPG, a) = oo for all a € [K].
Let action a be sampled forever after initialization. We have, for stochastic

GNPG update,

1 —mp,(a) =Y mp, () (E.293)
a'#a
Darza xp{b1(d')}
= exp {61 (a) + & (t-1) } A Y waexp{fi(a)} (£.294)
(by Eq. (E.248)) (E.295)

Using similar arguments to Eq. (E.289), we have k(GNPG,a) = oo for all
a € K] O

Theorem 27. Softmax PG obtains (PG, a) =1 for all a € [K].
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Proof. First part. x(PG,a) > 1.
According to Definition 11, let action a be sampled forever after initializa-

tion. We have, for stochastic PG update,

(1= 7o, (a)) — (1 — 70, (a)) (E.296)
= 79, (a) — 7, (a) + <d”;;§a) Ot — et> (E.297)
- <d”§teia) ey — 0t> (E.298)
<2 -0l - (T o —0) by Lenmaz) (299
5.0 || dmg,re || dme,(a) dmy, T
-y ‘ dget 2_77'< get ’ deet > (E-300)
(using Update 6) (E.301)
2 (S ) @) (1= @) ) (E302)
a'#a

_ <d”§bi“>, dg"ét”> (by Eqs. (E.225) and (E.228))
(E.303)
< 2 (@) ) - (L) S (B304
(lzlly < [zl (E.305)
_0 (1= (@) (@) (F.306)
e ala) r(a) - (X ma e + (1= 7)) (E.307)

a’'#a

(see below) (E.308)

2

< ) 277 (1= 7g,(a))? - 1(a)? — -, (a) - 7(a) - (1 — g (a))?, (E.309)

where the first inequality is because mg(a) = 7, €4, where e, € {0,1}% with

eq(a) =1 and e,(a’) = 0 for all a’ # a, and the second last equality is because

of

dmg, (a) _ ), (1) - (1 —my, (7)), ifi=a, (E.310)
df,(7) —y, (1) - g, (a). otherwise '
Using n = gf’;—((aa)), for all £ > 1, we have,
1
(1= 70 (@) — (1= 7, (@) € —5 70, (@) (1= 7 (@), (B31)
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7o, (a)

which means 7y, ., (a) > mp,(a) for all ¢ > 1. Therefore, we have n > 5 €
©(1) and,
(1= 00 (@) = (1= 70,(0)) < —5 70, (@) - (1 =, (@), (B:312)
Then we have,
1 1 i 1 1
@ T T [1 @ 1= (@) (E.313)
1 — (1=, (a)) — (1 —m,,,(a))
@ 2 A (@) (1= @) (B314
1 (1 — g, (a))’ 7, (a)?
1@ " 0 @) (@) 10 )
(by Eq. (E.312)) (E.316)
> et ) (@) 2 m)  (E3)
> ”911%‘) " (ﬁ >1> %) (E.318)

which implies for all t > 1,

t-[l—mp(a) <t- {#(;)2 . H (by Eq. (E.313)) (E.319)
10
- (E.320)

which means (PG, a) > 1 for all a € [K] according to Definition 11.
Second part. (PG, a) < 1.

Let action a be sampled forever after initialization. We show that 1 —my, (a)

347



cannot decrease faster than O(1/t). Similar to Eq. (E.296), we have,

(1 —mg,(a)) — (1 — mp,,, (a)) (E.321)
= 74,,,(a) — 79, (a) — <d”§t9i“) Bt — 9t> (E.322)
n <d”§t0<a> Bt — 9t> (E.323)

< Z N1 — 6,2 + <d”§;0i“), Orrt — 9t> (by Lemma 2)  (E.324)
5 '477 ' ‘ dzeét?“t 2 . <d7T§t9ia>7 d:l(;trt> (F.325)
(using Update 6) (E.326)
=2 @) (e (T T (k)
(by Eqgs. (E.225) and (E.228)) (E.328)
=20 (1w a))?  r{a) (F.320)
+n-m,(a)-r(a)- <Z o, (a')? + (1 — W@t(a))z) (E.330)

a'#a

<* '277 (1= m,(a)” r(a)’ (E.331)
+2-n-m(a)-r(a)- (1 =7 (a))®  (ally < llzll,)  (E-332)

< g (1= mp,(a))* - 7(a), (E.333)

where the last inequality is due to 7, (a) € (0, 1), 7(a) € (0,1], and n € (0, 1].
Denote §(6;) == 1 — mp,(a). We have, for all £ > 1,

5(0,) — 5(0) < = - 7(a) - 5(6,)%, (E.334)

| ©

which is similar to Eq. (B.730). Therefore, using similar calculations in the

proofs for Theorem 11, we have, for all large enough t > 1,

1 1
t-[1— >t- - — E.
1= m@] >t [ (B.335)
1
S — E.336
610 (E.336)
which means (PG, a) <1 for all a € [K] according to Definition 11. O

Theorem 28. Using Update 9, (1* — m,) " r — 0 as t — oo with probability

1.
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Proof. Consider the sequence {, (a*)}t21 produced by Update 9 using on-
policy sampling a; ~ 7y, (). We show that mp,(a*) — 1 as t — oo with
probability 1.

First, for convenience, we duplicate Update 9 here.
Update 9 (NPG with oracle baseline). 6,41 < 6, +n- (ft - I;t), where lA)t(a) =
(“{“F“} . 1) ‘bfor all a € [K], and b € (r(a*) — A, 7(a*)).

7o, (a)

Note that Update 9 is equivalent to the following update,

o) + =1 - (r(a) —b), ifa=a,
Or1(a) = ' .
0, (a), otherwise

(E.337)

Next, we show that 7, (a*) > 7, (a*) using on-policy sampling a; ~ 7, (-).
There are two cases.
Case (a): If a; = a*, then we have,

Orir(a®) = 0,(a*) + —1— . (r(a*) —b)  (by Eq. (E.337))  (E.338)

7p, (*)

> 0,(a"), (r(a*) > b) (E.339)

while 6;,1(a) = 0;(a) for all sub-optimal actions a # a*. Then we have,

N exp{fi1(a”)}
Ton (0) = (@)} + S o D01 (a)} (E.340)
exp{f;(a*)}
> SUa)) S DO ()] (by Eq. (E.338)) (E.341)
B exp{f:(a*)}

ORI YR o) (1)
(0111(a) = 0,(a), for all a # a*) (E.343)
= g, (a”). (E.344)

Case (b): If a; = a # a*, then we have,
0,11(a) = 0,(a) + m"(a) (r(a)—b)  (by Eq. (E.337)) (E.345)
< bi(a), (r(a) <r(a*) — A <D) (E.346)

where A = r(a*) — max,,- r(a) > 0 is the reward gap. Also 0;1(a’) = 0,(a’)
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for all the other actions @’ # a. Then we have,

¥\ _ exp{fi1(a”)}
T, 41 (a ) o eXp{9t+1 (a)} + Za’;«éa exp{9t+1(a/)} (E.347)
exp{0s41(a)}

e TS S Y (by Eq. (E.345))  (E.348)

- exp{6;(a*)}
— exp{by(a)} + Za,?éa exp{0,(a')} (E.349)
(0141(a') = 0,(a’), for all @’ # a) (F.350)
= 7o (a7). (E.351)

Therefore, we have 7y, , (a*) > 7y, (a*), for all t > 1. Note that mp, (a*) < 1.
According to monotone convergence theorem, we have 7y, , (a*) approaches to
some finite value as t — oo.

Suppose my, (a*) — mp_(a*) as t — oo. We show that my_(a*) = 1 by
contradiction. Suppose 7y (a*) < 1. Then at the convergent point, according
to Egs. (E.340) and (E.347), we can further improve the probability of a* by
online sampling and updating once, which is a contradiction with convergence.

Thus we have 7y, (a*) — 1 as t — oo with probability 1, which implies that

(7% —mg,) 7 — 0 as t — oo with probability 1. O

The Stochastic Approximation Markov Bandit Algorithm (SAMBA) (Denisov
and Walton, 2020) algorithm is mentioned in Section 5.4 and Fig. 5.1.

Update 10 (SAMBA). At iteration t > 1, denote the greedy action a; =
arg maxX,e(i mt(a). Sample action a; ~ m(-). (i) If ax = @, then perform
update w1 (a’) < m(a') —n - m(a')? - % for all non-greedy action a’ # a;;

(ii) If a; # @y, then perform update w1 (as) < m(as) +n-m(a)? - r(at) After

m(a)

doing (i) or (ii), calculate mpi1(ar) =1 =315, mer1(a).

The SAMBA algorithm does not maintain parameters ¢, and the last step
Te1(@) =1 =32, ma1(a’) in Update 10 is a necessary projection to the
probability simplex, such that 7, is a valid probability distribution over [K].
As shown in (Denisov and Walton, 2020), if the learning rate has the knowledge

of the optimal action’s reward and reward gap, i.e.,

A
r(a*) — A’
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then Update 10 converges to 7* almost surely with a O(1/t) rate, i.e.,
(m* —m) r < CJt. (E.353)
We calculate the committal rate of SAMBA.

Proposition 14. For SAMBA from Update 10, we have k(SAMBA,a) = 1
for all a € [K].

Proof. First part. x(SAMBA,a) > 1.
According to Definition 11, let action a be the greedy action and be sampled
forever. According to (i) in Update 10, we have, for all a’ # a,

Fiaa(a) = mlal) = - - L0 (E.354)
=m(d) —n-m(a)?- ;t((aa)) (a; = a by fixed sampling) (E.355)
< m(d)—n-m(d)? r(a) (mi(a) € (0,1)) (E.356)

Using similar calculations in Eq. (B.46), we have, for all a’ # a,

(1 _ +Z{ L 3 (E.357)

1 — 1 ,

TR@) 2 mea(@) m@) ) T menl@) (B35
1 t—1 1 o
> @) + ; @) @) " ms(a')” - r(a) (E.359)
(by Eq. (E.354)) (E.360)
2 - (1(1,) +n-rla) - (t—1) (E.361)
(i1 (a’) < m(a’), by Eq. (E.354)) (E.362)
> n-rla) 1, (m(la,) 51> n-r(a)) (F.363)
which implies, for all large enough t > 1,
t-[l=ma)] =t m(d) (E.364)
a'#a
1
<t- %:a e (by Eq. (E.357)) (E.365)
1

— g ) (E.366)



which means k(SAMBA,a) > 1 for all a € [K] according to Definition 11.
Second part. x(SAMBA,a) < 1.
Let action a be the greedy action and be sampled forever. According to

(i) in Update 10, we have, for all a’ # a,

T (a) = m(a') — n-m(a)? - (E.367)

=m(a') —n-m(a)*- r((a)) (a; = a by fixed sampling)  (E.368)
Tl a

> m(a) —n-K-m(d)? r(a), (E.369)

(mi(a) > 1/K, a is greedy action) (E.370)

which is similar to Eq. (B.730). Therefore, using similar calculations in the

proofs for Theorem 9, we have, for all large enough ¢ > 1, we have,

7Tt+1(a,) 1
—_— > = E.371
7Tt<a,/) - 2 ( )
Denote
. . . 7Tt+1(a/l) 1
to = 1min {t > 1: W 5 for all s > t} <E372>
On the other hand, since ¢ty € O(1), we have, for all ¢ < ¢,
m1(a’) > o > 0. (E.373)
Next, we have, for all ¢ >,
to—1
1 1 1 Tsr1(a’)
= 1= E.374
m(a’)  m(a) * Zl Tsr1(a’) < ms(a) (E-374)
+ (me(a)) — mepq(d E.375
Z (@) ) (ms(a')) — msqa(a’)) ( )
1 to—1 1 t—1 1
< — + — 1+ n-K-my(a)?-r(a) (E.376
o ; Co Szt Tor1(a’) - ms(a') ! (@) -ria) )
(by Egs. (E.367) and (E.373)) (E.377)
t
< —0 +2.n-K-r(a)-(t—ty),  (by Eq. (E.371)) (E.378)
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which implies, for all large enough t > 1,

t-[l=ma)] =t m(d) (E.379)

a'#a

> ¢ ; to/co+2-17-K1-r(a) i (v Ea (B374) (B350
> g#;Wl() (tofeo <1 K -1(a) 1) (E.381)

which means K(SAMBA, a) < 1 for all a € [K] according to Definition 11. [

E.3 Proofs for Section 5.4: Geometry-Convergence
Trade-off

First, we show that the algorithms we study in this paper, i.e., softmax PG,
NPG, and GNPG, are optimality-smart. Recall from the main paper that, a
policy optimization method is said to be optimality-smart if for any t > 1,
mg,(a*) > m,(a*) holds where 0, is the parameter vector obtained when a* is
chosen in every time step, starting at ¢;, while 6, is any parameter vector that
can be obtained with ¢ updates (regardless of the action sequence chosen), but

also starting from 6.
Proposition 15. Softmaxr PG, NPG, and GNPG are optimality-smart.

Proof. We show that for softmax PG, NPG, and GNPG, if a; = a*, then
o, () > mg,(a*); if ay = a # a*, then 7y, (a*) < mp,(a*) (for softmax PG
and GNPG the later claim holds when my, (a*) is the dominating action, i.e.,
7o, (a*) > my, (') for all @’ # a*).

First part. Softmax PG and GNPG are optimality-smart.

If a; = a*, then we have,

dmy T
Ht-‘rl(a*) = Qt(a*) + UM dgt?ta*t)

=0i(a*)+n- (1 —mp,(a¥)) r(a”) (by Eq. (E.225))  (E.383)

(E.382)

> 6,(a*). (r € (0,1]%) (E.384)
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And for any a # a*, we have,

= 0i(a) —n - mg,(a) - r(a”) (by Eq. (E.228))
(

Therefore, we have,

o, () = exp{bi1(a”)}
o exp{br1(a*)} + 3, 4. exp{bir1(a)}
§ )
—exp{bi(a*)} + >, .. exp{bi(a)}
(by Egs. (E.382) and (E.385))

= Wgt(a*).

(E.385)

(E.386)
(E.387)

(E.388)

(E.389)

(E.390)
(E.391)

On the other hand, given a; = a # a*, we show that if 7y, (a*) > 7, (a’) for all

a’ # a*, then my, , (a*) < mp,(a*). We have,

Or1(a) = Oi(a) +1- (1 =7 (a)) -r(a)  (by Eq. (E.225))

> bi(a) —n -7, (a") - r(a).
And for any a’ # a, we have,

Oria(a’) = 61(a’) —n -7, (a') - r(a)  (by Eq. (E.228))

> 0i(d’) = - mp,(a”) - r(a).  (m,(a”) = 7, (a))

Therefore, we have,

ro (") = exp{f1(a*)}
exp{fi1(a)} + X 4sq exp{li1(a)}
exp{fi(a*) —n - mp,(a*) - r(a)}

(E.392)
(E.393)

(E.394)
(E.395)

(E.396)

= Sp{0i(@) — - (@) - (@)} + 2 wra XPLO(a') =1 - mg,(a*) - 7(a) }

(by Eqgs. (E.392) and (E.394))
_ exp{6;(a*)}
expifi(a)} + 2y, xpifi(a)}

= 7y, (a”).
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Second part. NPG is optimality-smart.
If a; = a*, then we have,
r(a*)

7o, (@*)

> 0i(a”). (E.402)

O;11(a*) = 0,(a™) + 1 - (E.401)

while 0;,1(a) = 0;(a) for all sub-optimal actions a # a*. Then we have,

. exp{fn (0°))
) S O @)+ X e XD O ()] (1405)
exp{f;(a*)}
% (0@} + 2, e (@) (1404
= 7y, (a”). (E.405)
If a; = a # a*, then we have,
Brala) = O + - (E.406)
> Ht(a), (E.407)
while 0;41(a’) = 6,(a’) for all the other actions a’ # a. Then we have,
- o) — exp{fi1(a”)}
) @) + Do (@)
exp{0;(a*)}
= (@)} + 2y D)} (1409)
= Tg, (CL*) ]

Theorem 29. Let A be optimality-smart and pick a bandit instance. If A
together with on-policy sampling leads to {6;}:>1 such that {m, }:>1 converges
to a globally optimal policy at a rate O(1/t*) with positive probability, for
a > 0, then k(A,a*) > a.

Proof. Fix an instance r € (0,1]¥ with a unique optimal action a*. For any

6 € RX, we have,

(m* —mp) 1 = Z mo(a) - (r(a*) —r(a)) (E.410)
a#a*
> (1-m(a)) - A, (BA11)
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where A = r(a*) — max,.-7(a) > 0 is the reward gap. Let {6;};>1 be the
sequence obtained by using A together with online sampling on r. For a > 0

let &£, be the event when for all t > 1,

C
(ﬂ-* - 7T49t)—|— r S t_a7 <E412>

By our assumption, there exists o > 0 such that Pr(&,) > 0. On this event,

for any t > 1,
% (1 —mp,(a%)) < % (" —m,) 7 (by BEq. (E.410))  (E.413)
< % (by Eq. (E.412)) (E.414)
Let {ét} =1 with 6; = 6; be the sequence obtained by using A with fixed

sampling on r, such that a; = a* for all ¢ > 1. Since, by the assumption, A is

optimality-smart, we have 75 (a*) > 7y, (a*). Then, on &,, for any ¢ > 1

- (1 —mg,(a)) <t*- (1 — mp,(a”)) (E.415)

< %, (by Eq. (E.413)) . (E.416)

Since P(€,) > 0 and ¢* - (1 — 74, (a%)) is non-random, it follows that for any
t>1,t* (1 —mg,(a*)) < C/A, which, by Definition 11, means that x(A, a*) >
a. [

Theorem 30 (Geometry-Convergence trade-off). If an algorithm A is optimality-
smart, and (A, a*) = k(A,a) for at least one a # a*, then A with on-policy
sampling can only exhibit at most one of the following two behaviors: (i) A
converges to a globally optimal policy almost surely; (ii) A converges to a

deterministic policy at a rate faster than O(1/t) with positive probability.

Proof. We prove that A cannot achieve both of the two behaviors at the same
time by contradiction. Suppose an algorithm A can (i) converge to a globally
optimal policy almost surely; and (ii) converges at a rate O(1/t*) with positive
probability, where a@ > 1.

Since (ii) holds, according to Theorem 29, we have k(A,a*) > a > 1.

By condition, there exists at least one sub-optimal action a # a*, such that
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k(A a) = k(A,a*) > 1. According to Theorem 25, we have 7y, (a) — 1 as
t — oo with positive probability, which contradicts (i). Therefore, (i) and

(ii) cannot hold simultaneously. O

E.4 Proofs for Section 5.5: Ensemble Meth-
ods

Theorem 31. With probability 1 — d, the best single run among O(log (1/6))
independent runs of NPG (GNPG) converges to a globally optimal policy at

an O(e ") rate.

Proof. According to Theorem 23, stochastic NPG of Update 7 will sample the

optimal action a* forever (thus converge to the optimal policy) with probability

at least
p(NPG, a”) (E.417)
— ex _ GXP{W ) r(a*)} . Za;ﬁa* eXp{el(a)}
—en{ - LIS e s
(by Eq. (E.208)) (E.419)
€ Q(1). (E.420)

Moreover, with probability at least p(NPG, a*), the convergence rate is,

(7" —m9,) 7= m(a)- (r(a”) —r(a)) (E.421)
aFa*
<1—my,(a*) (r € (0,1]%) (E.422)
> aza- xP{01(a)}
S o Br(@) tn (@) (D) + S epll(@y )
(by Eq. (E.286)) (E.424)
€ O(e ). (E.425)

Consider n(NPG) € O(log (1/6)) independent runs of NPG, where

! : ) -log (1/9). (E.426)

log ( 1_p(NPG,a)

n(NPG) =
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The probability that all the n(NPG) runs do not converge to global optimal

policy is at most

[ — p(NPG, a*)]"NPO) = [exp { log (1 — p(NPG, a")) }]"(NPG) (E.427)
1 1
= exp { — log (1 —(NPG. a*)) . oo (l_p(NiDG’a*)) -log (1/5)}
(E.428)
(by Eq. (E.426)) (E.429)
_ s g (E.430)

which means with probability at least 1 — §, the best single run converges to
a globally optimal policy at an O(e™“*) rate.

For stochastic GNPG of Update 8, similar calculations show that with
probability at least 1 — ¢, the best single run among n(GNPG) € O(log (1/6))
independent runs of GNPG converges to a globally optimal policy at an

O(e™“") rate, where

1
n(GNPG) = T -log (1/9), (E.431)
0g (m)
and

p(GNPG, a™) (E.432)
— exp {  Yaza xp{0i(a)} . V2 - exp {\%} } (£.433)

' exp{01(a*)} U '
(by Eq. (E.252)) (E.434)
€ Q(1), (E.435)
thus finishing the proof. O

E.5 Miscellaneous Extra Supporting Results

Lemma 58. We have, for all x € (0,1),
1—z>e /WD, (E.436)

Proof. See the proof in (Chung et al., 2020, Proposition 1). We include a proof

for completeness.
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We have, for all z € (0,1),

1 -z =exp{log(l—2x)} (E.437)
> exp {1 — e’log(l’“)} (y>1—e) (E.438)

-1
P { 1/x—1 } -

Lemma 59. Let o > 0. We have,

(1) if a € (1,00), then for all C > 0,

Zt% < 00, (E.439)

t=1

which means the series Y .~ % O converges to a finite value.
(ii) if « € (0,1], then for all C' > 0,

= o0, (E.440)

NE
FQ

1

-
I

IQ

which means the series Y .~ 15 diverges to positive infinity.

(iii) for all C >0, C" >0,

< C
— E.441
; exp{C 1} (E441)

which means the series -, m converges to a finite value.

Proof. It is easy to verify the results by calculating integrals. We include a
proof for completeness.

First part. We have, for all a € (1,00) and C' > 0,

Zt% <C- (1 +/ ladt) (E.442)
C-a

t=1 t=1 1t

- E.44

1 (E.443)
Second part. We have, for all a € (0,1), C' > 0, and T' > 1,
T+1
/ th (F.444)
t=
(T + 1)t —-1)

. E.44

T (E.445)
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Similarly, for a =1,
" dt (E.446)
=C-log(T+1). (E.447)

Therefore, the partial sum approaches to positive infinity as T" — oo.

Third part. We have, for all C > 0 and C” > 0,

E — < o |
Py exp{C’ -t} = /t:() exp{C’ - t} (E.448)
B % O

Lemma 60. Let u; € (0,1) for allt > 1. The infinite product [[,, (1 — u,)
converges to a positive value if and only if the series Y . u; converges to a

finite value.

Proof. See Knopp (1947, p. 220). We include a proof for completeness.
Define the following partial products and partial sums,

T

pr= ] —w), (E.449)

t=1
T

sp= ) uy. (E.450)
t=1

Since pr is monotonically decreasing and non-negative, the infinite product

converges to positive values, i.e.,
o0 T
[J(t—w)=lim J[T1—w) = Jim pr >0, (E.451)
—00

T—o0
t=1 t=1

if and only if pr is lower bounded away from zero (boundedness convergence
criterion for monotone sequence) (Knopp, 1947, p. 80).

Similarly, since st is monotonically increasing, the series converges to finite
values, i.e.,

00 T

Zut = lim Zut = Th_rgo S < 00, (E.452)
t=1
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if and only if sy is upper bounded.

First part. [[,°, (1 —u) converges to a positive value only if Y °, u; con-

verges to a finite value.

Suppose [ [~ (1 — u;) converges to a positive value. We have, for all 7' > 1,

qr = q > 0.

Then we have,

— exp{—sr},
which implies that,
st < —logq < oo.

Therefore, we have ) .° u,; converges to a finite value.

(E.453)

(E.454)

(E.455)

(E.456)

(E.457)

(E.458)

(E.459)

Second part. [[,°, (1 — u;) converges to a positive value if Y.~ u; converges

to a finite value.

Suppose Y .=, u; converges to a finite value. Then we have, u; — 0 as

t — 00. There exists a finite number ¢y > 1, such that for all ¢ > ¢y, we have

uy < 1/2. Also, we have, for all T' > 1,

st < s < 0.
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Then we have,

T

[Ja—w :exp{ilog(l —ut)}

t=to t=to
T

Zexp{—z2-ut}

t=to

(=22 <log(1—x) for all z € [0,1/2])

=exp{—2- sr},

which implies that, for all large enough 7" > 1,

qr = (i_[ (1 —u) |- (H (1—Ut)>

t=1 t=to

> (H (1—u) | exp{-2-sr}

t=1

t=1

> (i_[ (1 —uy) | -exp{—2-s}

> 0.

Therefore, we have [[;~, (1 — u;) converges to a positive value.

Lemma 61. Let u; € (0,1) for allt > 1. We have

T

[T —w)=lim JTQ-w) =0,

T—o0
t=1 t=1

if and only if the series Y .- u; diverges to a positive infinity.

(E.461)

(E.462)

(E.463)
(E.464)

(E.465)

(E.466)

(E.467)

(E.468)

(E.469)

Proof. First part. [[°, (1 —u) diverges to 0 only if > 7 u; diverges to

positive infinity.

Suppose [[2; (1 —u;) diverges to 0. According to Lemma 60, > .7, u

diverges. And since the partial sum sy =), u; is monotonically increasing,

we have Y 77, u,; diverges to positive infinity.

Second part. [[,°, (1 —u) diverges to 0 if > 7, u; diverges to a positive

infinity.

Suppose Y .- u; diverges to positive infinity. According to Lemma 60,

[12, (1 — ) diverges. And since the partial product gr = Hthl (1 —wy) is
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non-negative and monotonically decreasing, we have [[;2, (1 — u;) diverges to

0. [l

Lemma 62. Let mp,(a) € (0,1) be the probability of sampling action a using
online sampling a; ~ my, (), for all t > 1. If 1 — my,(a) € O(1/t*) with
a € [0,1], then [[,2, m,(a) = 0.

This lemma means if 7y, (a) approaches to 1 slowly, i.e., no faster than
O(1/t), then the probability of sampling a forever using on-policy sampling
a; ~ my,(+) is zero, i.e., the other actions a’ # a always have a chance to be

sampled.

Proof. Suppose 1—my,(a) € ©(1/t*) and « € (0,1]. Let u, == 1—my,(a) € (0,1)

for all t > 1. According to Lemma 59, we have,

d u =) (1-m(a) = oo, (E.470)
t=1 t=1
i.e., the series diverges to positive infinity. According to Lemma 61, we have,
7o) =]]Q-w) =0, (E.471)
t=1 t=1

which means it is impossible to sample a forever using on-policy sampling

Qp ~ Wgt('). ]
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