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ABSTRACT

The interplay between order structure and probability theory has long been studied.
In recent years this has led a generalization of many of the concepts from probability
theory to arbitrary vector lattices. In this thesis, we study the generalization of dis-
crete stopping times in vector lattices. To do so, we first study the sup-completion of a
vector lattice using the Maeda-Ogasawara representation of its universal completion.
Using this, we show that the Daniell functional calculus for continuous functions is
exactly the pointwise composition of functions in C*°(K), where K is the Stone space
of the vector lattice. These tools allow us to study unbounded stopping times and

obtain a ”nice” representation of them in vector lattices.
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PREFACE

The research in this thesis is a combination of the papers A representation of sup-
completion and Discrete stopping times in the lattice of continuous functions. The
first paper was done in collaboration with Vladimir Troitsky, and it is accepted for
publication in the Proceedings of the American Mathematical Society. The second
paper has been published in Positivity. Additionally, there are some results in this
thesis that do not appear in those papers. Specifically, section [2.5| contains unpub-

lished original work.
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1. INTRODUCTION AND PRELIMINARIES

Martingales and stopping times are probabilistic concepts and have proven to be
extremely useful in the study of the geometry of a Banach space. Traditionally mar-
tingales and stopping times are defined in terms of measurable functions where the
underlying measure space is a probability space, i.e. the measure of the whole space
is 1. There is evidence in the literature that the underlying order structure of the
space of measurable functions plays a central role in the study of stochastic processes
and conditional expectations, for example, in [Rao76] and [GdP02]. Hence, there
was hope that studying these interactions could help in understanding the geome-
try of a vector lattice. This connection was noted in [KLWO04al, [KLW05] where the
authors reformulated these definitions using only order theoretic nomenclature. The
idea of extending concepts from probability theory to vector lattices led to a flurry
of research in recent years. A non-exhaustive list includes [Tro05, [Grol4bl [Amo22]
GLM14] [ATT17, [AR18, [Grol4al [KLWO04b]. This theory was also later used in studying
the geometry of Lebesgue-Bochner spaces in [CLO7, [Cul07].

The aim of this work is to use the Maeda-Ogasawara representation of the universal
completion of a vector lattice to study various concepts from measure free probabil-
ity. In particular, using properties of almost everywhere continuous functions, we
efficiently formulate and prove fundamental results in stochastic processes and stop-
ping times in vector lattices. Representing stopping times and stopped processes as
continuous functions allows us to deduce some interesting results and draw analogues
with the results from classical probability theory.

The thesis is structured as follows. In Chapter [1, we begin with an overview of the
thesis and state some relevant definitions and information from vector lattice theory.
In Chapter [2, we provide a representation of the sup-completion using continuous
functions. The sup-completion is an important tool in the theory of measure free
probability [Gro21b] and having this representation allows us to simplify results for
the future chapters. In Chapter [3| we recall the classical definitions of a conditional
expectation operator, martingale and a stopping time. After reviewing some basic
properties of these definitions, a generalized definition of these concepts in a vector
lattice is provided. Several important results in probability theory use a functional
calculus for their results, such as Jensen’s inequality. In order to state this theo-
rem in vector lattices, Grobler in [Grol4b] created a functional calculus using the
Daniell integral. In Chapter [4, we prove that this functional calculus corresponds to
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the pointwise composition of continuous functions when using the Maeda-Ogasawara
representation, thereby simplifying many of its properties. In Chapter [5, we use the
various tools built in the preceding chapters to provide a representation of discrete
stopping times and stopped processes as almost everywhere continuous functions.

This allows us to study the unbounded stopped process and extend several results
from [KLW04al, [Kuo06, [CLOT, [Cul07] about stopped processes.

1.1. Preliminaries.

We refer the reader to [AB03), [AB06] for the background on vector lattices. Through-
out this thesis, all vector lattices are assumed to be Archimedian. Recall that a net
(z4) in a vector lattice converges in order to z if there exists a net (u,), such that
uy § 0, and for every v there exists ag such that |z, — 2| < u, for all & > ap. In this
case, we write 7, — . We say that (z,) unbounded order converges (uo-converges)
to x, if |1, — 2| Aw = 0 for every w > 0. Then we denote this as z, — 2. A
sublattice is said to be regular if the inclusion map is order continuous. Given a net
(zo) in a regular sublattice Y of X, x4 — 0 in X if and only if 2, — 01in Y. We
also have that order convergence and unbounded order convergence agree for order
bounded nets. Moreover, in a universally complete vector lattice, order convergence
and uo-convergence agree for sequences. Another result [Pap64], [Azo19] that we shall
use later in this thesis is that a vector lattice is universally complete if and only if
it is uo-complete. We refer the reader to |[GTX17, BT22] for more information on
uo-convergence. Given an operator 7' : X — Y, we shall denote the range of T" by
R(T).

1.2. C*°(K) representation.

Given a compact Hausdorff topological space K, we will write C'(K) for the set of
all continuous functions from K to R. The space C(K) is a vector lattice under
pointwise operations, and C'(K) is order (or Dedekind) complete if and only if K is
a extremally disconnected. A subset A of a Hausdorff topological space is nowhere
dense if (A)° = (). This also implies that dA is a nowhere dense set for every closed
set A. A set A is meagre if it is a union of a sequence of nowhere dense sets, and
conversely, a set is co-meagre if its complement is meagre. K is a Baire space if
countable unions of closed sets with empty interior also have empty interior. Every

compact Hausdorff space is a Baire space.

Given that K is an extremally disconnected compact Hausdorff topological space,
we write C(K) for the vector lattice of all continuous functions from K to [—o0, 00]

that are finite almost everywhere (a.e.), that is, except on a nowhere dense set.
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Two functions f and g in C*°(K) are equal, provided that the set of points where
their values differ is a nowhere dense set. Scalar multiplication, addition and lattice
operations on C*(K) are defined pointwise a.e. It should be noted that C*°(K) is an
f-algebra with product defined pointwise a.e. Maeda-Ogasawara Theorem states that
every Archimedean vector lattice £ may be represented as an order dense sublattice
of C*(K), where K is an extremally disconnected compact Hausdorff topological
space. For A C R and 7 : K — R, we shall use the notation {7 € A} to denote the
set {w e K : 7(w) € A}.



2. SuP-COMPLETION

The concept of a sup-completion of a vector lattice was introduced in [Don82]
and then further investigated in [Azo19, [AN22]; this concept was utilized in a series
of papers on measure-free probability by J. Grobler and C. Labuschagne [Grol4bl
GL17d, [GL17al, IGL17bl [GL19]. The intuitive idea behind sup-completion is rather
simple: one wants to enlarge a function space by allowing functions that take value
+00 on non-negligible sets. In particular, the sup-completion of R is (—o0, +00].
However, the definition of the sup-completion and the proof of its existence (for order
complete vector lattices) in [Don82] is quite technical. We shall recall this definition
in Section 2.1 In Section [2.2] we prove the following theorem.

Theorem 2.0.1. Let € be an order complete vector lattice represented in C*°(K) as
above. Then the sup-completion of £ is {u € C(K,R) : u> f for some f in 5}.

This theorem may be viewed as an alternative (and, hopefully, more intuitive) def-
inition of a sup-completion. Throughout this Chapter, £ is an order complete vector
lattice. In Section [2.3] we prove the sup-completion is unique using Theorem [2.0.1} In
Section we shall use our representation of the sup-completion to provide simple
proofs of many results from [Azo19, [AN22]. Furthermore, we prove an analogue of
Yudin’s theorem for sup-completions.

In [BT22, vdW1§], the authors characterize order convergence in C'(K) and C*°(K)
spaces using topological terms. Since £° is lattice, we can still define order conver-
gence of nets in £°. In Section [2.5, we provide a characterisation of order convergence
in the sup-completion using topological terms that is analogous to the results in
[BT22]. The results in this Chapter are original work obtained in collaboration with
V. Troitsky and all work except that of Section [2.5(can be found in [PT].

2.1. Definition of Sup-Completion.

In this section, we recall the definition of a sup-completion from [Don82]. By a
cone we mean a commutative semigroup with zero (C,+,0) equipped with a non-
negative scalar multiplication operation (\,a) € Ry x C' +— Aa € C, which satisfies
the following conditions: A(a 4+ b) = Aa + Ab, (A + p)a = Aa + pa, AM(pa) = (Ap)a,
la = a and Oa = 0 for every a,b € C' and A, u € R. It is easy to see that the set Cj
of all invertible elements in C' is a group. For example, if C' = (—o00, 00| then C' is a

cone and Cyp = R (we take 0 - 0o = 0). The scalar multiplication on Ry x Cy may be
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extended to R x C via (—r)z = —(rz) when r > 0; it is straightforward that Cj is a
vector space over R.
We now impose several additional conditions that describe an order on C' and the
way Cp “sits” in C":
(i) C is equipped with a partial order, such that a < b implies a + ¢ < b+ ¢ and
Aa < Ab for all a,b,c € C'and A € Ry
(ii) C is a lattice under this order;
(iii) C has a greatest element;
(iv) Cy has an ideal property in C' in the sense that if z € Cy and a € C such
that a < x then a € C
(v) C is order complete in the sense that every subset A of C' has supremum; if
A is bounded below then inf A exists;
(vi) Cp is order dense in C' in the following sense: a = sup{z € Cy : = < a} for
every a € C}
(vii) a4 (x Ab) = (a + ) A (a + b) whenever a,b € C and z € C;
(viii) for any two non-empty subsets A and B of C, if sup A = sup B and x € ()
then sup{a Az : a € A} =sup{bAz : b€ B} in C.

It is easy to see that Cj is an order complete vector lattice. We say that C'is a
sup-completion of Cy. More precisely, if £ is an order complete vector lattice and
E = () for a cone C satisfying the properties listed above, we say that C' is a sup-
completion of £. It was proven in [Don82| that every order complete vector lattice

admits a sup-completion; Theorem [2.0.1] provides an alternative proof of this.

2.2. Representation of Sup-Completion.

The proof of is tedious but straightforward. Let C' be the set in the theorem:
(1) C={ueC(K,R) : u> f for some fin E}.

By definition, & is a subset of C'. Tt is easy to see that the set {u > —oo} is open and
dense for every u € C.

We will now define operations on C'. Non-negative scalar multiplication on C' is
defined pointwise; it clearly satisfies (A + p)u = Au + pu, A(pu) = (Ap)u, lu = u,
and Ou = 0 for every u € C' and A\, € R. On &, it agrees with the non-negative
scalar multiplication of C*°(K). Defining addition on C' requires some care. We do
it similarly to C*°(K). Recall that K is extremally disconnected.

5



Lemma 2.2.1. Suppose that u: U — R is a continuous function on an open dense
subset U of K. Then u extends uniquely to a function in C(K,R).

Proof. Since R is topologically and order isomorphic to [—1,1] via, say, tan %t, we

may replace R in the statement with [—1,1]. So suppose that u: U — [—1,1]. Let
G= {v e C(K,[-1,1)) : VteU ot) > u(t)}.

Since K is extremally disconnected, C(K) is order complete. It follows from G > —1
that w := inf G exists in C(K). Clearly, w € C(K, [-1,1]).

We will now show that w extends u. Fixt € U. Since K is extremally disconnected,
we can find a clopen set V such that t € V CU. Put v =u -1y + 1g\v; then v € G
and, therefore, w < v; it follows that w(t) < u(t). On the other hand, for every v € G
we have v > u -1y — Lg\y, so that w > u - 1y — 1y and, therefore, w(t) > u(t).
This proves that w extends u. Since U is dense, the extension is unique. O

Corollary 2.2.2. Let uj,uy € C(K,R) and let U = {u; > —oco} N {uy > —oco}. IfU
is dense then there exists a unique u € C(K,R) such that u(t) = ui(t) + us(t) for all
teU.

Proof. Define v: U — R U {400} via v(t) = ui(t) + ua(t); v is well defined and
continuous. By Lemma [2.2.1, v extends to a function v € C(K,R). Uniqueness
follows from the density of U. O

We are now ready to define addition on C. Suppose that uy,us € C. Let U =
{u; > —oo} N{uy > —oo}. There exist fi, fo € € such that f; < uy; and fo < us.
Let V' be the set where both f; and f5 are finite. Then V is dense. It follows from
V C U that U is dense. Let u be as in Corollary 2.2.2] For every ¢t € V, we have

(fr + ) (@) = f1(t) + fa(t) < ua(t) +ua(t) = u(t).

Since V is dense, continuity of f; + fo and u implies that f; + fo» < u on K.
Therefore, u € C. Naturally, we define u = u; + us. Clearly, this definition does
not depend on the choice of f; and f5. It is straightforward that u; + us = us + uy
and that A(u; + ug) = Aup + Aug when A € Ry and uy,uy € C. Furthermore, if
uy, ug, ug € C, we have (uy + ug) + ug = ug + (uz + ug) because the two continuous
functions agree with wq(t) + ua(t) + ug(t) for every t is the dense set where all the
three functions are different from —oo. This shows that C' is a cone.

We claim that Cy = £. Indeed, if u € Cy then u,—u € C, hence, there exist

f,g € € such that f < u < g. It follows that w is finite on an open dense set,
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hence u € C*(K). Since £ is order complete, it is an ideal in C*°(K) and, therefore,
u € €. Conversely, if f € £ then, clearly, f and —f are both in C, hence f € Cj.
Note that the operations of addition and non-negative scalar multiplication that we
defined on C' agree with those of C*°(K) on C' N C*®(K). It follows that the vector
space operations induced on Cy by C' agree with the “native” operations on C*°(K).
We define order on C' pointwise. It follows from the definition of C' that if u € C
and v € C(K,R) with u < v then v € C. We will now verify conditions (i) (viii).

, , and are straightforward. It is easy to see that lattice operations on C'
are pointwise.

Suppose that v < h for some v € C' and h € £. There exists f € £ such that
f <wv < h. It follows that v € C*°(K) and, furthermore, v € £.

Observe that if f < u < g for some f,g € £ and u € C(K,R) then u € £. Indeed,
it follows from f < u that u € C'; it now follows from that v € €.

As in the proof of Lemma , we observe that C'(K,R) is order complete.
Let A C C with A # @. It follows that v := sup A exists in C(K,R). Take any
w € A, then v > w € C implies v € C', hence v is the supremum of A in C. Now
suppose that u < A for some u € C. Then v := inf A exists in C(K,R); it follows

from u < v that v € C' and, therefore, v is the infimum of A in C.

Suppose that v € C and let A = {f € £ : f < u}; we need to show that
u = sup A. By the definition of C', A is non-empty; fix some h € A. We clearly have
A < u. Suppose A < v for some v € (' it suffices to show that u < v. Suppose
not. Then there exists ¢, € K with v(ty) < u(tp). Find a clopen neighbourhood
U of ty such that v(t) < w(t) for all t € U. Since 1y is in C*°(K) and & is order
dense in C*(K), we can find g € £ such that 0 < g < 1y. Then g(¢;) > 0 for
some t; € U. Let f be a scalar multiple of g such that v(t;) < f(t1) < u(ty). It
follows from f Ah < fAu < f that f Au € & and, therefore, f Au € A. However,
(f ANu)(ty) > v(ty), which contradicts A < v.

Let u,v € C and f € &; we need to prove that u+ (f Av) = (u+ f) A (u+v).
Let U be the set on which u, v, and f are all different from —oo. Then U is open and
dense, and it is straightforward that the functions u + (f Av) and (u+ f) A (u +v)

agree on U. Since they are continuous, they are equal on K.



Suppose that sup A = sup B for two non-empty subsets A and B of C', and
let f € &. It suffices to show that sup(AA f) < sup(B A f). Suppose not. Then there
exists u € A such that u A f € h, where h = sup(B A f). There exists ¢t € K such
that w(t) A f(t) > h(t). Fix A € R such that u(t) A f(t) > A > h(t). By continuity, we
can find a clopen neighbourhood U of t such that for all s € U we have u(s) A f(s) >
A > h(s) = v(s) A f(s) for v € B. Tt follows from u(s) A f(s) > A > v(s) A f(s) that
u(s) > X\ > v(s) for all s € U and v € B. Consider the function w € C(K,R) that is
equal to A on U and 400 on K \ U. Then w > v for all v € B and, therefore, w > b,
where b = sup B. It follows that u(s) > w(s) > b(s) for all s € U. This contradicts
sup A = sup B.

This completes the proof of the theorem.

We will now establish some useful properties of C. Here C'is as in . Let U be a
clopen subset of K. We will see that many properties in C' split “nicely” to U and its
complement K \ U. Let u,v € C. We say that u and v are disjoint and write u L v if
their supports are disjoint. It is easy to see that if u and v are in £“ then this concept
agrees with the disjointness there. Furthermore, if 4 1 v then uVv = u+v. We define
the product v1y pointwise; clearly, v1y € C. We have vly L vl and, therefore,
v=(vly)V (vlg\w) = (vly) + (vlg\p). From the way we defined operations on C,
we easily see that (u + v)1y = uly + vly. We write coly for the function that is
constant infinity on U and constant zero on K \ U; clearly, it is in C. For A C C', we
write A-1y = {vly : v € A}. It is clear that the sets A-1y and A-1x\y are disjoint;
it follows from A -1y < ocoly and A-1g\p < 0olg\p that their suprema are disjoint
as well. It follows that

sup A = sup(A - 1y) Vsup(A - L) =sup(A - 1y) +sup(4 - L)
Lemma 2.2.3. For everyu € C and A CE, sup(u+ A) = u +sup A.

Proof. For every f € A we have f < sup A, so that u+ f < u+ sup A and, therefore,
sup(u + A) < u + sup A. For the converse inequality, consider first the special case
when v € C*°(K). Then —u € C*°(K) and we have sup A = sup(—u +u + A) <
—u+sup(u + A), so that u + sup A < sup(u + A).

For the general case, let U be the closure of {u < co}; observe that U is clopen.
By the preceding discussion, we have

sup(u+ A) = sup((u+ A) - 1y) +sup((u+ A) - 1) and

u+sup A= (uly +sup(A-1y)) + (ulgw + sup(A - 1w))
8



It suffices to prove that
sup((u+A)-1y) > uly+sup(A-1y) and sup((u+A)-1y) = ulgo+sup(A-1p).

The latter inequality is satisfied trivially because u is identically infinity on K \ U.
In the former inequality, we essentially reduced everything to C*°(U). Since the
restriction of u to U belongs to C*°(U), we now use the special case to complete the

proof. O

2.3. Uniqueness.

Donner in [Don82] proved that the sup-completion is unique. His proof relies on his
construction of a sup-completion. We now present an alternative proof using our
Theorem instead (but our proof is built on the same ideas as that in [Don82]).
We need the following variant of Riesz Decomposition Property:

Lemma 2.3.1. Let C be a sup-completion of £. Suppose that v < u + v for some
x €& and u,v € C with v > 0. Then there exist y,z € € such that x = y+ z, y < u,

and z < v.

Proof. Since x A u € £ by , we can define y = r Avand z =2 — 2 Auin €.
We clearly have x = y 4+ z and y < w. It is left to verify that z < v. Since z € &,
v —z=v+ (—2) is defined. Using (vil), we get
v—z=@W—2)+rxAu=@W—2x+2)AN(v—2x+u)=vA(ut+v—1x)>=0.
OJ

Theorem 2.3.2. Sup-completion of an order complete vector lattice is unique. That
15, if C' and D are two sup-completions of € then there exists a bijection J: D — C
such that w < v iff Ju < Jv, J(au) = aJu, and J(u+v) = Ju+ Jv when u,v € D
and o > 0, and J agrees with the identity on &.

Proof. WLOG, C'is the sup-completion that we constructed in Theorem ie., C
is as in (|1)). For a non-empty set A C &, we define J (Sup p A) =supg A. Let’s verify
that J is well-defined. Suppose that A and B are two non-empty subsets of £ with

supp A = supp B. For every a € A, yields
a=supp(AAa)=supy(BAa)=supy(BAa)<supq B.

It follows that sup~ A < sup. B. The opposite inequality is similar. It is left to verify
that J is defined on all of D: if w € D then it follows from that u = supp A
where A ={z € £ : x <u}. Hence, J(u) = sup. A, that is,

(2) J(u) = supc{:g ef :x<u}



Since the definition of J is symmetric, it is easy to see that J is a bijection, with
the inverse given by J _1(Supc A) = supp A for A C £. Tt is straightforward that
J(au) = aJ(u) when v € D and o > 0. It follows from that u < v implies
J(u) <

hence u

J(v). Since the definition of J is symmetric, the converse is also satisfied,
v iff J(u) < J(v).

It is left to show that J is additive. If u € D and y € &, it follows from and
Lemma [2.2.3] that

J(y+u) =supe{z €€ : v <y+u} =supp(y+A) =y +supc A=y + J(u),

where A={zx €& : z <u}. Nowfixuwve D PutA={zrec& : z<u}and
B={yeé& :y<uv} Thenu=suppAandv=suppB by (vi), and J(u) = sup. A
and J(v) = sup B by (). Fix 2 € A and y € B. We have z 4+ y < u+ v. It follows
from that © +y < J(u+ v), so that < J(u + v) — y. Taking supremum in C
over z € A, we get J(u) < J(u+ v) —y and, therefore, J(u) +y < J(u+v). By
Lemma [2.2.3] we have

J(u)+J(v) = J(u)+supy B = supa(J(u)+ B) = sup{J(u)+y : y € B} < J(u+v).

To prove the other inequality, we first assume that v > 0. Note that J(u + v) =
supe B, where B = {z € £ : © < u+v}. For every x € B, find y and z as in
Lemma [2.3.1l It follows that

BC{yef :y<ul+{z€& : z<v} < J(u)+ J(v),

so that J(u+v) < J(u) + J(v).

Finally, if v and v are two arbitrary elements of D, it follows from v~ € £ that
J(u+v) = J(ut+vt—v7) = J(u+vt)—v- < J(u)+J(vT)—v™ = J(u)+J(vT—v7) =
J(u) + J(v). O

2.4. Applications.

We now use our representation of sup-completion to provide simple proofs of several
results of [Azol9, [AN22]. We write £&“ and &° for the universal completion and
the sup-completion of &£, respectively. As before, we represent £ as an order dense
sublattice of C*°(K) for some extremally disconnected compact K; we represent £°
as in Theorem 2.0.11

We start by revisiting Corollary 7 in [Azol9]. It follows immediately from Theo-

rem m that every non-negative function in C(K,R) belongs to £%. In particular,
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we have £} C £°. Suppose now that Y is an order dense order complete sublattice

of £. Then clearly Y is still order dense in C*°(K), hence C*(K) = Y™, and
V*={ue C(K,R) : u> f for some finY}.

It follows that both (£°), and (Y*), consist of all non-negative function in C(K,R)
and, therefore, (£%); = (Y*);. Note that if Y* = &£° then Y = & because every
negative f € € belongs to Y by (iv)).

Recall that if £ has a weak unit e, one can choose the representation so that e = 1.

Proposition 2.4.1 ([Azo19]). If e is a weak unit in £, and 0 < u € E° then u =
sup,,(ne A u).

Proof. WLOG, e = 1. Let v = sup,(nl Aw). Clearly, v < u. Fix t € K. Then
v(t) = n Awu(t) for all n. Considering separately the cases when u(t) = oo and when
u(t) < oo, we see that v(t) > u(t) and, therefore, v > u. O

By Maeda-Ogasawara theory (see, e.g., Chapter 7 in [ABQ3]), there is a one-to-one
correspondence between clopen subsets of K and bands in £: if U be a clopen set
in K then the set {x € £ : suppx C U} is a band in £, and every band in & is of
this form; we denote it by By. The corresponding band projection Py is given by
Pyx = x - 1y. It is clear that the universal completion of By is C*°(U) and, hence
the sup-completion of By can be computed as in Theorem [2.0.1]

In particular, for a € £, the principal band projection P, is given by the following:
forx € £ and t € K, we have

xz(t) ifte U, and

0 otherwise ,

(Pyx)(t) = where U = {a # 0}.
The preceding formula clearly extends to the case when a € &7, yielding a band

projection on &.

In Theorem 15 of [AN22], the authors prove that every element u in £% can be split
into its finite and infinite parts. Using our representation, this is now easy: let U be
the closure of {u < oo}, then the finite part £ of u is defined as © = Pyu and is the
function that agrees with u on U and vanishes on U, while the infinite part w of
u is defined as Pycu and is the function that vanishes on U and is identically oo on
UC. Clearly, u = x + w and @ L w. It follows from z € C*(K) that z € £*. Tt
follows from u € £° that u > f for some f € &£, hence Pyu > Py f and, therefore,
x € &°. Clearly, u € &" iff its infinite part w equals zero and u equals z, its finite
part. Note also that x may be viewed as the restriction of u to U; so we may view x

as an element of C*°(U) and of U®.
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We will now present a simple proof of Riesz Decomposition Theorem in £%; cf. Lemma[2.3.1}
[Azo19, Lemma 1], and [AN22, Lemma 8].

Lemma 2.4.2. Suppose that x < u + v for some z,u,v € £°. Then there exist
y,z € E¥ such that x =y +z, y < u, and z < v.

Proof. We will decompose K into a disjoint union of clopen sets, define y and z on
those sets, and then concatenate the functions to form the final decomposition. Let
A ={u=00}° B ={v=00}°and C = {x = oo}°. It is clear that these three
sets are clopen, the functions u, v, and x are constant infinity on the corresponding
sets, and C' C AU B. The restrictions of the functions to U := K \ (AU B) are in
C>(U), so we use the classical Riesz Decomposition Theorem for vector lattices to
define y and z on U. On AN B, we define y =z and 2 =0. On (ANC)\ B, we put
y=x=o00and z=v. On A\ (BUC), we put z=wv and y = x — v (note that —v
exists on this set). It is now easy to verify that y and z satisfy the requirements of
the lemma on these sets. We handle (BN C)\ A and B\ (AU C) similarly. O

Theorem 2.4.3 ([Azol9]). Let e € &, be a weak unit and v € E°. Then

(7 Q_f o Zﬁ Aei(%f(;o) P(u—Ae)+€ > 0.

Proof. WLOG, we may chose the representation so that e = 1. Let v = infy¢(g,00) V2,
where vy = P,_x1)+1. Suppose that u ¢ £". Then Int{u = oo} in non-empty; denote
this set by V. For every t € V and every A € (0,00) we have (u — A1)"(t) = oo, so
that vy (t) = 1. It follows that vy > 1y and, therefore, v > 1y > 0.

Conversely, suppose that v > 0. Then the set W := {v > 0} is open. Fix t € W.
For every A € (0,00) it follows from vy > v that vy(t) > 0, so that (u — A1)*(¢) > 0
and, therefore, u(t) > A. It follows that u(t) = oo for all t € W and therefore,
u ¢ C(K). O

It is proved in Theorem 19 in [AN22] that if 0 < u € £* and e is a weak unit in £
then P,e = infye(0,00) Pu—re)+€, Where w is the infinite part of w. This fact can now
be easily proved analogously to Theorem Other properties of decompositions
of u into the finite and the infinite part in [AN22] can be proved in a similar way.

Fix a weak unit e in £,.. WLOG, we may assume that e corresponds to 1 in the
C>(K) representation of £*. Similarly to how we defined addition on C*(K), one
can define multiplication, making £* into an f-algebra with e being a multiplicative
unit. Recall that (£°), consists of all continuous positive functions from K to [0, oc].
Similarly to how we defined addition on £°, we can define product on (£%);. That

is, wv = w iff u(t)v(t) = w(t) for all ¢ in an open dense set; we again follow the
12



convention that 0 - oo = 0. It is easy to see that the resulting product agrees with

that defined in Section 3.2 of [AN22].

Recall the following well-known fact of vector lattice theory: given any identity or
inequality that involves finitely many variables, and linear and lattice operations, if
it is valid in R then it remains valid in every vector lattice. This fact follows easily
from Krein-Kakutani Representation Theorem, see, e.g., [ABOG, Theorem 4.29]. For
example, the identity (z — y)" A (y — 2)T A (2 — 2)" = 0 is valid in R (for any
x,y,z € R) and, therefore, it is valid in every vector lattice. We will now extend this
idea to sup-completions.

Proposition 2.4.4. Consider a formula
(3) O(ry,...,rn) < U(ry,...,7T0),

where ri,...,r, are formal variables and ® and V are expressions only involving
addition, positive scalar multiplication, V, and A. Suppose that 18 valid when
r1,...,Tn are interpreted as (arbitrary) elements of R. Then remains valid if

r1,...,Ty are interpreted as elements of £°.

Proof. Both ®(ry,...,r,) and ¥(ry, ..., r,) are continuous functions on R", increasing
in every variable. It follows that they may be extended continuously to functions from
(RU{oc})" to RU{oo}, and inequality (] remains valid for all r+, ..., 7, € RU{oco}.
Now let zy,...,2, € % view them as functions in C(K,R). Put A = J_,{z; =
—o0o}; then A is nowhere dense. By the preceding argument, we have

O(z1(t),...,2n(t)) < U(z1(2),...,24(1))

forall t ¢ A. It follows from the way we defined operations in £° that ®(z1,...,x,) <
U(zy,...,z,) where the expressions are interpreted in £°. O

Remark 2.4.5. If we restrict z, ..., x, to (£°), then we may, in a similar way, allow
the formulae ® and ¥ to involve products; in this case, it suffices to verify for all
Ty, € Ry

The method described above allows us to immediately deduce various identities
and inequalities in €%, e.g., x+ (yVz2) =(x+y)V(r+2),c+y=aVy+azAy,
x(y + 2) = xy + xz, ete; of. Lemmas 11, 12, and 24 in [AN22].

2.5. Convergence in Sup-Completion.

We now use the representation from the above sections to obtain a criterion for

order convergence in a sup-completion. The results in this section are motivated by
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the results from Section 3 of [BT22] and use many of the results from that paper.
The general idea is to split elements of the sup-completion into its finite and infinite
parts, study the convergence on them separately and, combine the results in the end
to obtain convergence over the sup-completion. While £° is not a vector lattice, it
is still a lattice and we can consider order convergence in it. We state the following

definition of order convergence in a lattice below:

Definition 2.5.1. Given a net (24 )aea in £° and z € £%, we say that z, — = if there
exists two nets (a),er and (b,),er such that a, T x,b, | =, and for every v € I' there

exists ap € A such that for every a > o we have a, < z, < b,.

This definition is equivalent to saying that x, — z if there exists two non-empty
sets A and B such that sup A = z = inf B and for every a € A and b € B there exists
o such that a <z, <b for all o > «ay.

Lemma 2.5.2. For G C &7 ,supG = ool iff for every non-empty open set U and
every n € R, there exists a non-empty open set V- C U and g € G with g(t) > n for
allte V.

Proof. Suppose that sup G # ocol. Then there exists f € £ with G < f < ool.
Hence, there exists a point ¢ € K such that f(t) < co. Since K is a totally discon-
nected space, we can find a clopen subset U C K containing ¢ such that f(U) < oc.
Hence, by compactness there exists n € N such that f is less than n on U. It follows
that every g € (G is less than n on every open subset V of U.

Suppose now that there exists an open non-empty set U and n € R, such that
for every non-empty open subset V' C U and g € G there exists ¢ € V such that
g(t) < n. So for a given g € G, we have that {g < n} is a closed set and it intersects
every open subset of U. This implies that {¢g < n} contains U. Thus, we have that
Ngec{g < n} D U and clearly, sup G < colye + nly < ool. O

Lemma 2.5.3. For G C &%, TFAE:
(i) sup G = ool
(ii) There exists a dense set D such that sup,cq g(t) = oo for every t € D;
(i4i) There exists a co-meagre set D such that sup e g(t) = oo for every t € D.

Proof. By Lemma|2.5.2 we have implies (). Also, implies (i) since in a Baire
space, a co-meagre set is dense. Thus, it remains to prove (i) implies . Let us
assume that sup G = ool. Then for n € N let us denote V;, := {J {9 > n} which is
clearly an open set. By Lemma [2.5.2] for every open set U, we have that there exists

at € U and g € G such that g(t) > n and thereby, ¢t € V,,. Hence, V,, is an open
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dense subset of K. Let D := (), .y V,. Then D is a co-meagre set such that for every
t € D and n € N, we have sup,. g(t) > n. This results in sup .. g(t) = oo for every

teD. 0

Lemma 2.5.4. Let X € £} and (a,), (by) C & such that a, T X and b, | X. Then
there exists a co-meagre set M C K such that a,(t) T X (t) and b,(t) | X(t) for every
te M.

Proof. Let us denote U = {X < oo}, which gives that U is a clopen set and X1 €
C>*(K). WLOG, we can assume that every element of the net b, is finite on the set
where X is finite. If not we can replace b, with b, A (X + 1) since b, | X if and only
if b, A (X +1) ] X. So now let us split all the elements as follows: a, = a,1y +a,1ye
and b, = b,1y + by1lye. This results in a1y T X1y, a1y T X1pe, b1y | X1y
and by1ye | X1pe. Clearly, a1y € C®(K); since a1y < X1y € C*(K)4. Simi-
larly, b,1y € C=(K); since b,1y < X1y + 1y € C°(K);. Hence, by [Remark 4.1,
[BT22]], there exists a co-meagre subset of U such that convergence on it is pointwise.

Thus, it remains to show that upward convergence on U¢ is pointwise on a co-
meagre set. Note that the value for X on U¢ is oo everywhere. When b, 1y | X1pe,
we clearly have that b,1pc(t) = oo = X1pe(t) for every t € U°. Let us denote
G = (ay1ye)neny C €. Then sup G = oolye and by applying Lemma we get
that there exists a co-meagre subset V' of U¢ such that a,(t) T oo for every t € V.
Therefore, upon combining the co-meagre subsets of U and U¢, we obtain the desired
co-meagre subset M of K where a,(t) T X(t) and b,(t) | X(t) for every t € M. O

Theorem 2.5.5. Let X € £ and (Xa)aca C E7. Then X, > X iff for every non-
empty open set U and every n € N there exists a non-empty clopen V- C U and an

index o such that at least one of the following is true:

e X,, X are finite on V and | X, — X| is less than % on V whenever o > «y.
e X, X >n onV whenever a > ay.

Proof. Let us suppose that X, — X. Fix a non-empty set U and n € N. Let us
denote W := {X = oo}° and consider the case when W N U is non-empty. Then
there exists two nets (ay),er and (by),er such that a, T X,b, | X, and for every
v € T" there exists ay € A such that for every a > ag we have a, < X, <b,. Clearly,
a, T X implies that a, - 1y T X - 1. Since, W is a clopen set, we can consider the
functions a., - 1y, X - 1y to belong to [C*°(W)]*. Then upon applying Lemma

we get that there exists a clopen set V' C W NU and v € I' with a,(t) > n for all
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t € V. Therefore, we have X, (t), X (t) > n foralla > oy and t € V.

Instead suppose that W NU is empty. By multiplying the net by 1y, we have that
Xo - 1we = X - 1yye. This is true because, a~ - lye and by - lyye remain an eventual
lower and upper bound respectively. However, we also have that (X, - 1<) A (X -
Lwe + Lype) = X - Lype. But since all the functions belong to C*(K),, we have that
(Xo - Lye) A (X - Lype + Lype) = X - Lype and using [Remark 4.1, [BT22]] we get that
there exists a non-empty open set V' C U and «q such that
1
n
for all @« > ag and t € V. But this clearly implies that X,, X are finite on V' and

| Xo — X] is less than 1 on V whenever o > a.

(Xo - Lwe) A (X - Lype + Lipe) — X - Lype|(8) <

We shall now prove the converse. Fix an open non-empty set U and n € N. Let
V and aqg be as in the assumption. Let us suppose that the first condition is true,
then | X, — X| is less than % on V whenever o > . This implies that X, and X are
finite on the clopen set V and thus, X, -1y, X -1y € C(K), for all @ > «p. Then set
h=X1ly —+1y and g = X + 21y + oolye. Thus, we have that h < X, X, < g for
every a > ag. Now if the second condition is true, set ¢ = ool and h = nly. Since
Xo, X >non V whenever a > oy we get that h < X, X, <g.

Upon repeating this process for every pair (U,n) where U is an open set in K, we
get a collection of functions g and h which we shall denote by G and H respectively.
Clearly sup H < X and inf G > X. Using Lemma , we can deduce that (sup H)-
l{x=cc}o = 001l{x—oc}o. From the above step, we have that {X = oo}° C {g =
oo}, Vg € G and thus, (inf G) - 1ix—c}e = 00lix—cc}o. On the other hand, if U is an
open subset of m then by compactness of the clopen subsets and by passing
to a sequence of clopen sets, we can find a point ¢ € U such that (sup H)(t) = X (¢)
and (inf G)(t) = X (¢). Hence, sup H and inf G are equal to X on a dense set and
therefore, inf G = X and sup H = X. Pick any g € G and h € H. Then there exists
a1, g € A such that for every a > a; we have X, < g and for every a > a5 we have
h < X,. Finally denoting ay = a1 V ag proves that X, > X. ]

The above topological property allows us to deduce properties regarding the order
convergence in the sup-completion.

Theorem 2.5.6. Let X € €% and (Xo)aen C E5. If X, 2 X then X, converges to

X pointwise on a co-meagre set. The converse is true for countable nets.
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Proof. Suppose that X, = X. Then there exists two nets (a,).er and (b, ),er such
that a, 1 X,b, | X, and for every v € I' there exists oy € A such that for every
a > ap we have a, < X, < b,. By Lemma we have that there exists a co-
meagre set M such that a,(t) T X(¢) and b,(¢t) | X (t) for every t € M and, therefore,
lim, X, (t) = X (t).

WLOG, we prove the converse for sequences. Let X,, be a sequence that converges
to X on a co-meagre set D. Fix an non-empty open set U and n € N. Let us first
assume that there exists a non-empty clopen subset V of U such that X is equal to
infinity on V. Then due to pointwise convergence on a co-meagre subset of V' and by
Lemma [2.5.3] we know that sup(X, - 1y) = coly = X - 1y. On the other hand, let
us assume that there exists no clopen subset of U such that X is equal to infinity on
them. ie., X1y € C*(K). So consider Y,, = X, A (X +1). Then ¥,1y € C*(K)
and therefore Y, 1y converges to X1y pointwise on a co-meagre subset of U. Then
using [Remark 4.1, [BT22]], we have that Y, 1y ~> X1y in C*°(K) and therefore,
Y, 1y > X1y in C*®(K). Thus, there exists an open subset V' of U and an index ng
such that for all n > ng, we have |Y,, — X| < % on V. Then applying Lemma m
finishes the proof. OJ
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3. BAsSicS OF MEASURE-FREE PROBABILITY

Conditional expectations have been studied in an operator theoretic setting in
[Rac76l, [GAP02], as positive operators acting on L,—spaces. In [KLW04al, [KLWO05,
Kuo06], it is shown that many of the fundamental results about conditional expecta-
tion operators and stochastic processes can be formulated and proved in the measure-
free framework of vector lattices. In this Chapter, the generalized vector lattice defi-
nitions of many of the concepts from classical probability theory are provided as well
as the motivation behind these definitions. This chapter serves as a preliminary to
the Chapters [4] and [5| and does not contain any original work by the author.

In Section [3.1], we recall the classical definitions of a conditional expectation opera-
tor. After reviewing some basic properties of this definition, a generalized definition of
a conditional expectation operator in a vector lattice is produced. As in the classical
probability theory, we then show that this operator can be extended to its natural do-
main using the sup-completion. Until recently, there was uncertainty about whether
this generalized conditional expectation operator could be constructed in vector lat-
tices other than L, spaces. In [Amo22|, the author constructed the example of a
conditional expectation operator on C'(K), which we will detail in the end of the
Section.

We then turn our attention to martingales and filtrations. In Section after
reviewing some properties, the generalized definition of a sub (super) martingale and
filtration in a vector lattice is inferred. It is then shown that many of the properties
of martingales from classical probability theory can be stated in the vector lattice
setting, such as the Doob-Meyer decomposition theorem for sub (super) martingales.
This finally allows us to study discrete stopping times in vector lattices in Section 3.3
Stopping times on vector lattices are defined as increasing families of projections. We
also define stopped processes and the stopped conditional expectation here, and show
the compatibility of the stopped process and stopped conditional expectation. We
conclude with stating the vector lattice versions of the optional stopping theorems.

3.1. Conditional expectation operator.

Throughout this chapter, we fix (2, F, 1) to be a probability space and denote x

to be the constant one function in Lq(p) := L1(2, F, p). A random variable is a real
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valued element of L;(u) and the expectation of the random variable f is

E(f) = /Q fdp

For ¥ a sub—o—algebra of F, an element g € Ly(2,%, u) is called the conditional
expectation of f relative to X if ¢ is Y —measurable and

/Agduz/Afdu

for all A € X. In this case, we denote g by E[f|X]. Conditional expectations play
an important role in probability theory and satisfy some nice properties. Namely,
E(-|3) : Li(p) — L1(Q2, %, 1) is a projection on Ly(u) since Lyi(2, 3, u) C Lyi(p).
Moreover, E(-|X) is a positive linear map. As p is a probability measure, the con-
stant function x is a weak unit in L;(p). Also f € Ly(p) is a weak unit of L;(u) if
and only if f > 0 a.e., and in this case E(f|X) is a weak unit of L, (€, >, u). We refer
the reader to [Wil91] for more information on conditional expectations on probability

spaces.

In the fact the above mentioned properties characterize conditional expectations.
This is due to the result by [Rao76], which relates contractive projections to condi-

tional expectations.

Theorem 3.1.1. If T : Ly(un) — Li(p) is a positive contractive projection with
Tx =x, then Tf =E(f|X) where f € L1(, %, 1), for a unique o—algebra 3 C F.

Conditional expectations also are also order continuous. That is, if f,, is an almost
everywhere (a.e.) increasing sequence in L;(u) with a.e. pointwise limit f € Ly(u),
then E(f,,|X) is an increasing sequence in Ly (€2, X, 1) with a.e. pointwise limit E( f|X).
We summarize the above properties of conditional expectation in the following:

(i) f — E(f|%) is linear;
(ii) if f > 0 then E(f|X) > 0;
(i) E(x|%) = v
(iv) E[E(f|2)|X] = E(f]X), i.e. E(:|X) is idempotent;
(v) If fo 1t f in Ly(, F, P) then E(£,|2) T E(f|Z) in L1(Q, 3, P), ie. E(-|D) is

order continuous.

E
E

Therefore, it is evident from properties[i{v], that a conditional expectation is a linear
positive order continuous projection on Lj(u), that maps weak units to weak units
and has range which is an order complete sublattice of Li(u). Now it is easy to see

that the properties above are stated using using lattice terminology can be used to
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define a conditional expectation operator on arbitrary vector lattices. Now in order
to generalize the property E(x|F) = x, we assume that our vector lattice has a weak
unit and require that the conditional expectation of a weak unit is again a weak unit.
These properties along with the following Theorem [3.1.2] motivate Definition [3.1.3]

for conditional expectation operators on a vector lattice.

Theorem 3.1.2 (Theorem 2.2, [KLWO05]). Let £ be a vector lattice with weak unit
and T be a positive order continuous projection on E. There is a weak unit e of £
with T(e) = e if and only if T'(w) is a weak unit of € for each weak unit w in &.

Definition 3.1.3 (Definition 2.3, [KLWO05]). Let € be a vector lattice with weak unit.
A positive order continuous projection F on £ with range, R(F), an order complete
vector sublattice of &, is called a conditional expectation operator if F(e) is a weak
unit of &£ for each weak unit e in £.

Of course, if £ = L;(u) is a probability space and ¥ is a sub—o—algebra of F, then
& has the weak unit e = x and
Ff=E(f|%)

is a vector lattice conditional expectation operator on £ with Fe = e.

Conditional expectation operators satisfy an averaging property [[KLWO05|, Theo-
rem 5.3]. That is, if f € R(F) and g € £ with fg € € then F(fg) = fF(g), where the
product of two elements is done in the universal completion of £. We also note that

the range of a strictly positive conditional expectation operator is a regular sublattice

of £.

Remark 3.1.4. Let X be a vector lattice and let Y be an order complete vector
lattice. Then Veksler’s Theorem [ABOG|] states that every positive order continuous
operator T' : X — Y can be uniquely extended to a positive order continuous operator
T : X% - Y where X? is the order completion of X. This extension is defined as
Ta = supT([0,2] N X) for z € XJ. Thus, every conditional expectation operator I
on £ can be uniquely extended to define a conditional expectation operator on &°.
Hence, WLOG we can consider our conditional expectation operator to be defined
on an order complete vector lattice. In fact, a conditional expectation operator can
be extended to a domain larger than the order completion of £. We delve into this

extension below.

In probability theory every conditional expectation operator F can be extended

to a conditional expectation F on the, so called, natural domain of F, denoted by
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dom(TF), see [GAP02]. In [KLWO05], the authors studied the analogue of this extension
for conditional expectation operators on vector lattices. They showed that for any
conditional expectation F on &, there exists a largest vector sublattice of £" called
the natural domain of IF, to which ' extends uniquely to as a conditional expectation
operator. The natural domain of F is denoted by L;(F). Below, we briefly detail the
construction of this domain for strictly positive conditional expectation operators on
vector lattices. This natural domain satisfies some nice properties. In particular in
[GLM14], it was proven that if the conditional expectation F is extended to a condi-
tional expectation F on dom(F), then R(F) = R(F)*. i.e., the range of the extension
is actually an f-algebra.

The following proof extends the domain of a strictly positive conditional expecta-
tion operator. We refer the reader to [Kuo06|] for a proof not requiring the conditional
expectation operator to be strictly positive. Let D be the set of elements z in £ for
which there is a net (z,) in £ such that z, T 2 and (Fz,) is bounded in £“. Then
set Fr = supFz, € &% for x € D and Ly(F) = D — D. It is shown that F is well
defined on D and that F remains a conditional expectation operator on D — D. In
[GLM14], the authors suggested an alternate (and equivalent) approach to define the
natural domain of F using the sup-completion £°. We detail this construction here
as proven in [Azol9]. Let A denote the collection of elements 0 < x € £* such that
Fz := supFz, € &* where (z,) is any increasing net in £ such that x, 1 z. Then
one can prove that such elements are contained in £“ and then set dom F = A — A.
It will be enough to prove that the set A is in fact the same as the set denoted above
by D. Assume by contradiction that x € A\ £“ . Then there exists u > 0 such that
x > nu for all n € N, so then Fax > nFu. So Fu = 0 which contradicts the fact that F
is strictly positive. Since £} C &7, it follows that D C A which completes the proof.
In view of this, given a conditional expectation operator F on £, we shall say that £

is F—universally complete if dom F = &.

To conclude this section, we construct an example of a conditional expectation
operator on a C'(K) space. The following example was constructed by Ben Amor in
[Amo22]. The definitions below can be found in [BKM21].

Definition 3.1.5. Let K be a Tychonoff space. We call a point x € K perfectly
disconnected in K if it is not simultaneously an accumulation point of two disjoint
subsets. If every point of K is perfectly disconnected, then K called perfectly discon-

nected.
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Definition 3.1.6. Let K be a topological space. The Alexandroff duplicate of K is
the space created by taking two (disjoint) copies of K, say A(K) =K U K.

From the definition, we have that every perfectly disconnected space is extremally
disconnected. In [Theorem 2.4, [BKM21]] the authors prove that if K is perfectly
disconnected and the set of isolated points of K is clopen then A(K) is extremally
disconnected. We now, construct an example of a conditional expectation operator
on a C(K) space.

Theorem 3.1.7. Let K be a perfectly disconnected, compact Hausdorff space such
that the set of isolated points of K is clopen. Then there exists a non trivial strictly
positive conditional expectation operator on C(A(K)).

Proof. Consider the map T : C(A(K)) — C(A(K)) that maps f — g where g(x) =
w for every = in A(K). We will prove that 7' is a conditional expectation
on C(A(K)). With the pointwise order, it is clear that T is strictly positive, order
continuous and satisfies 71 = 1.

Moreover, T is a projection since for all f € C(A(K)) and for all z in A(K), we

have

ror(fe) - (L)

2
= 5T (f(2) + T ("))
Lfle)+ &) | f@) + f(x)
B 5( 2 * 2 )
=T(f(x))

Observe that
R(T) = {g € C(A(K)) such that g(z) = g(a') for all z € A(K)}.

It remains to show that R(T") is an order complete vector sublattice of C(A(K)).
However to show this we recall [Theorem 3.1, [AAP94]] which states that the range
of a positive projection on an order complete vector lattice is order complete. This
completes the proof. O

3.2. Martingales and Filtrations.
For the rest of this Chapter, we shall assume & to be an order complete vector lattice

with a weak unit e.
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On the probability space (€2, F, ) a filtration is an increasing family of sub—o—algebras

of F. The law of total expectation gives that

E[E[f[5:]1%5] = E[f %] = E[E[f]35]]%]

fori < jand f € L1(Q,F, n). However, as E[-|X;] is a projection, we can rewrite this

R(E[[%]) € R(E[-[Xi41])

for all © € N, and requiring that the family of conditional expectations commute.

This allows to formulate the following definition for the filtration on a vector lattice.

Definition 3.2.1. A filtration on £ is a family of conditional expectations, (F;);en,
on & with F;[F; = F,;F; =T, for all j > .

Filtrations play a critical role in probability theory and are a foundation for mar-

tingale theory. So having the above definition in hand allows for defining submartin-

gales and supermartingales in vector lattices. However, we shall first need to define

stochastic processes first. A stochastic process is simply a collection of random vari-

ables indexed by a subset of R;. That is, (X})er is said to be stochastic process if
Xi € Li(p) for all t € T where T' C R;. The stochastic process (X¢)ier is said to
be adapted to a filtration, (3;);er, if X; is an ¥;—measurable function for every ¢t € T.

On the probability space (2, F, ), the family of pairs (f;, Fi)ien is called a sub-
martingale if (F;);en is a filtration, f; € L (€, F;, ) for each i € N and E[f;|Fi] > fi,
for all j > 4. Similarly, the family of pairs (f;, F;)ien is called a supermartingale
if (Fi)ien is a filtration, f; € Li(2, F;, p) for each i € N and E[f;|F;] < f;, for all

7 > 1. The stochastic process is called a martingale if it is simultaneously both a

submartingale and a supermartingale.

This allows us to formulate the vector lattice definitions of the above concepts. In

the setting of vector lattices, a stochastic process is a collection of elements in the

vector lattice € indexed by a subset of Ry. The process (X;);er is adapted to the
filtration (IFy)ier if Xy € R(F,;) for every ¢t € T. The stochastic process is said to
be right continuous if 7" is an interval and o-lim,;; X; = X;. The stochastic process

is said to be discrete if 7' = N. In this thesis, we shall only concern ourselves with

discrete time stochastic processes. The following is the definition of (sub, super)

martingale in vector lattices.

Definition 3.2.2. If (X;) is a stochastic process adapted to (F;), we call (X;,[F;) a

super-martingale (respectively sub-martingale) if F;(X;) < X; (respectively F(X;) >
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X;) for all t < s. The process is called a martingale if it is a sub-martingale and super-

martingale.

Some the classical results from probability regarding martingales have been ex-
tended to the vector lattice setting in [KLWO04a]. We state the vector lattice Doob-
Meyer decomposition proven in [KLWO04a|] below.

Theorem 3.2.3. Let (f;,F;) be a discrete sub (super) martingale and let

7—1
ZFZ fz—l—l - fz
=1

M; = f; —
for all j € N. Then we have the unique decomposition f; = M; + A;,i € N, of (fi, F;)

with (M;,F;) a martingale, (A;) positive and increasing (negative and decreasing),

A1 =0 and Aj41 € R(F;) for all j € N,

3.3. Stopping times.
In this section, we shall first recall some basic definitions on stopping times. Then
similar to the rest of the chapter, we motivate and state the vector lattice analogues

of the stopping times.

Definition 3.3.1. Let (3;) denote a filtration on the measure space (€2, F, ) and
(f;) C L1(p) be a sequence adapted to this filtration.
(a) A stopping time adapted to (¥;) is a map 7 : @ — N U {oo} such that
1 ({1,...,i}) € ¥, for each i € N. A stopping time 7 is said to be bounded
if there exists n € N such that 7(w) < n almost everywhere on Q.
(b) If 7 is a bounded stopping time adapted to the filtration, then the stopped
element corresponding to 7 is the pair (f,,>,) where

= fixr@and B, ={AC Q: AnT'({i}) € B, Vi € N}

(c) If 7 is a stopping time adapted to the filtration, then the stopped process is
defined to be the sequence of pairs (frany, Lrany)nen-

Let us denote T to be the set of all stopping times adapted to the filtration (%;).
Then we can define a partial ordering on T as follows. If o,7 € T, define ¢ < 7 if
and only if o(w) < 7(w) for almost all w € Q. With this partial ordering, it is easy
to verify that o V 7 and o A 7 are again stopping times. Some properties of stopping
times and stopped processes are that 3. is a sub-sigma algebra of F and (X, rny )nen

forms a filtration over L;(u). Moreover, if (f;) C Li(p) is adapted to (%;), then
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(franx)nen is adapted to the filtration (X, any )nen. More information about stopping
times in classical probability theory can be found in [Wil91].

There is a correspondence between a bounded stopping time 7 adapted to a fil-

tration (X;) and a commuting sequence (P;) of linear band projections on L;(u), as

was established in [KLWO04a]. Indeed, for f € Li(u), define the projection P;f =

0< Pf<Pf < fgives0< P, <P, <I, where I denotes the identity function,
which implies (F;) is an increasing sequence of band projections on L;(u). Moreover,
(P,) satisfies P, P; = P;»; . This follows directly from identity

PE(fI1%)) = Xr-1(01,.apE(f 1)) = EOt—1(q1,..an f1%5) = E(Pif135)
for all i < jand f € Li(u).

Thus, a stopping time 7 adapted to a filtration (¥;) is an increasing sequence (F;)
of commuting band projections on Ly (p) for which F; P, = P,F; for all i < j, where
each F; := E(-|X;). Furthermore, if 7 is bounded, then there exists ny such that
P; =1 for all © > ny. Motivated by the above observations, we formulate a definition
for a stopping time on a vector lattice:

Definition 3.3.2. Let (F;);en be a filtration on €. A stopping time P := (P;);en
is defined to be an increasing sequence of band projections such that Py = 0 and
F;P; = PF; whenever ¢ < j.

In particular, each P; is order continuous, 0 < P; < [ and R(P;) is a band in &,
hence an order complete sublattice. Note that P,e € F,, because P,e = P,F,e =
F,P,e. The stopping time P := (F;) is said to be bounded if there exists ny so that
P, =1 for all i > ng.

It should be noted that if 7 < ¢ are stopping times in L;(u) then
o' ({1, i}) = {wlo(w) < i} CHuwlr(w) <t =7"({L,....5})
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for all 4 < j and thus,
SiP; = S; = P;S; for all 1 < 7.

For order continuous positive projections P; and S; bounded above by the identity
on Li(u), the above equality is equivalent to S; < P; for all i € N. Moreover, the
collection of stopping times are a lattice. Given two stopping times, 7 and o in
Lyi(p), then we denote the element 7 A o as the map from Q — N where (7 Ao)(z) =
7(z) A o(x). Hence, if we denote by (FP;) and (S;) respectively the projections on
Li(p) associated with the stopping times 7 and o then P;f = f - x;1(q,..)) and
Sif = f - Xo-1(q1,..ap) for f € Li(p) and

(PNAS)i(f) = fX(rro)1((1,.. = X1 h AN X o)1,y = (P f)N(S)i(f)

Combining the above remarks allows us to define a lattice structure on stopping times
in arbitrary vector lattice. Given two stopping times P = (P;) and S = (.S;) on &, we
denote P < S if P, < S; for all : € N. Then it follows that (P A S); := (P, A S;) and
(PVS); =(P;V5S;). It is routine to verify that the above gives us a partial ordering
on the set of all stopping times on £ and that the collection of stopping times on £
is a lattice.

We now consider stopped processes. As introduced earlier, we denote P;f =
[ Xr1(q1,...ap for f € Li(p) then the above definition of f. becomes f. = >, (P —
P1)fi Where Py, = 0 and the above sum is finite as the stopping time 7 is bounded.

This allows us to state the required generalization for vector lattices.

To generalize the definition of ¥ requires us to consider the conditional expectation
E[-|X;] instead of the c—algebra ¥,. Here we observe that if f € L;(x) then

Elf - xr—1qip|Z7]) = EIf - Xe1qap [ 23] = Xe—1ap) - E[f|24]
and thus
E[fIS] =Y _Elf - xe1ap B = D Xorqap) - ELfIS4]
If we denote F; f = E[f|%;] then
E[f|S] =) Fi(P— Po)f =Y (P — Poy)Ff

Hence the definition of a stopped process in a vector lattice is as follows:

Definition 3.3.3. Let P = (P;) be a bounded stopping time adapted to the filtration

(F;) and (X;) be an adapted stochastic process. Then we denote the stopped element
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as (Xp,Fp) where

o0

Xp = Z(Pz - P)X;.

i=1
and the conditional expectation operator Fp : £ — £ is defined for X € £ as

FpX =) (P —Po)FX
i=1
Thus from the definition, it is clear that the operator Fp returns the stopped
element for the stochastic process (IF; X)) when the input is X. Before moving on, we

will need to establish that [Fp is indeed a conditional expectation operator on £. We
shall denote R(Fp) := Fp. The following theorems were proven in [KLWO04a].

Theorem 3.3.4. Let P be a bounded stopping time, then Fp is a positive linear order
continuous projection with

Fp=A{fe€&|PfeF forallieN}.

Theorem 3.3.5. Let P be a bounded stopping time adapted to the filtration (IF;).
The operator Fp : € — & defined for X € € as FpX = Y2 (P, — P_1)F;X is a
conditional expectation on E. Moreover, if (X;) C € with X; € F; for all i € N, then
FpXp=Xp .

Given a stopping time P = (FP;) and n € N, we denote P A ne to be the stopping
time with

P, i<n

(P Ane); =
I, i>n

Then given an adapted stochastic process (X;), we define the stopped process to be
the family of stopped elements (Xpane)nen. By the above theorems, this stopped
process is adapted to filtration (Fpane)nen-

To conclude this chapter, we recall some optional stopping time theorems that were
proved in [KLWO04al [CLOT].

Lemma 3.3.6 (Lemma 4.9, [KLWO04a]). Let S < P be bounded stopping times adapted
to the filtration (IF;) on a €. Let (X;) be an increasing (decreasing) stochastic process
adapted to the filtration (F;). Then the stopped elements Xg and Xp satisfy the

inequality Xs < (>)Xp.
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Theorem 3.3.7 (Theorem 4.11, [KLWO04al]). Let (X;,F;) be a (sub, super) martingale
and S < P bounded stopping times adapted to the filtration (F;), then FsXp(>,<) =
X
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4. FuncTIONAL CALCULUS

A major result in probability theory is Jensen’s inequality and in order to state
it in the setting of vector lattices, we need a functional calculus on our vector lat-
tice £. Grobler created a functional calculus on order complete vector lattices using
the Daniell integral [Grol4b] and this has since played a major role in the theory of
measure-free probability in vector lattices [AT17, [AR18], [Grol4al [AN]. In the Section
[4.1] we briefly recall the construction of the functional calculus using the Daniell in-
tegral, as shown in |Grol4b].

It of interest to explore the characterization of the functional calculus when the ele-
ments of the vector lattice are considered using their representation in C*°(K’). There
was sufficient reason to believe that for continuous functions the functional calculus
developed by Grobler corresponds to the pointwise composition of functions. There
have been partial results suggesting this hypothesis in [AT17] where the authors de-
veloped ideas to study the functional calculus using convex functions. In Section [4.2],
we prove this result and illustrate the advantages of studying the functional calculus
through the C*°(K') by improving several results of [Grol4bl [AT17] via simple proofs.

In Section 4.3, we define the multivariate functional calculus for vector lattices as
the composition of continuous functions. We conclude this chapter by proving the
multivariate extension of Jensen’s inequality in vector lattices. The results in this
Chapter are original work and have appeared in [Pol24]. Throughout this Chapter,
we fix an order complete vector lattice £ with a weak unit e and a Maeda-Ogasawara
representation of £ as an order dense ideal in C*°(K), where K is the Stone space of

&, with e corresponding to 1.

4.1. Daniell Integral.

Denote by F(R) the algebra consisting of all finite unions of disjoint left open right
closed intervals (a,b], (a,00) and (oo, b] with a,b € R. Let L be the vector lattice of
real valued functions of the form:

(4) f= Zn:ailgi, S; € F(R)

i=1

where (5;)7, is a partition of R. The order relation of L is defined by f < g if

f(t) < g(t) for every t € R.
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Definition 4.1.1. A positive linear function I : L. — £ is called an £—valued Daniell

integral on L. whenever, for every sequence (f,,) in L that satisfies f,,(t) | 0 for every
t € R, it follows that I(f,) | 0.

We note that I need not be an order continuous operator. Consider I : L. — R
where I(f) = f(0). Then [ is a R—valued Daniell integral and consider the sequence
fa=1_1¢. Then f, | 0in L but I(f,) /0.

We shall detail the construction of a specific Daniell integral developed by Grobler
that shall be useful in defining a functional calculus on £. For Y € £ we denote Py
to be the band projection associated with the band generated by Y. Fix X € &,
then the right continuous spectral system of X is the increasing right-continuous
stochastic process A = (A;);er where Ay = e — Pix_4)+e. We denote by Ay and A_
respectively, the supremum and infimum of the process. To define the £—valued
Daniell integral, we define a vector lattice measure s with respect to (A;)wer as
follows:

o i4(a,b] = A, — A, where (a,b] € F(R).
e For any finite disjoint union of half open intervals, we have pa(U I;) =
> i (i)
Then g4 is a countably additive £—valued measure on F(R) as shown in [Lemma

3.7, |Grol4b]] and the functional calculus is defined for elements of L as:

I(f) = Zn:al-,uA(Si), where f € L as in

Define LT := {f : R — R : 3(fu)nen C L, such that f,(t) 1 f(t) for every t € R}.
Then the integral I : L. — £ can be extended to an integral from L' to £° as follows:
for f € L', we define I(f) = sup,, I(f.) where (f,) is a sequence in L such that
fo T f. Then [Lemma 3.2, [Grol4b]] states that this extension is well-defined. The
extension also satisfies the following properties.

Lemma 4.1.2 (Lemma 3.4, [Grol4b]). The extension of I to L' is well-defined and
satisfies the following the properties.

If f,g e L and f < g, then I(f) < I(g);

If feL and 0 < c < oo, then cf € LY and I(cf) = cI(f);

If f,ge L, then f+ge Lt and I(f +g) = I(f) + I(g);

If (fu)nen is a sequence in L and f,(t) 1 f(t) for every t , then f € L' and
I(fn) TI(f)-
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4.2. Representation of functional calculus.

Given a continuous function f € C'(R) and X € C*°(K), let U be the set on which
X is finite. Clearly, U is open and dense, and the composition of f and X is defined,
finite, and continuous on U. Then the composition extends uniquely to a function
in C*°(K). We shall denote this extended function by f o X. Also note that by
the Maeda-Ogasawara theory, there is a one-to-one correspondence between clopen
subsets of K and bands in £. For an element Y € &£, the clopen set corresponding to
the band generated by Y is the set {Y" # 0}. Hence the corresponding band projection
of eis Pye = 1@’

Lemma 4.2.1. Let f €L and {—oco =7 <7 < -+ <y, < 00} be a partition of R
such that f = Gool(y,,00) + Dty @il(y, 1. Then the Daniell integral of f is

I(f) - aOOIL{X>'yn} + Z aiﬂ{x>'ﬁ71}\{x>%‘}
=1

Proof. Note that since the weak unit e is fixed, it corresponds to 1 in the stone
representation. Now, we will first prove the result in the case when f = 1g where
S = (a,b] € F(R). So,
I(f) = pa(S) = Ay — As = (e = Pix—peyre) — (6 — Px—ae)te)
= P(X—ae)+e - P(X—be)Jre
For (X — ae)", we have the corresponding band projection Px_gey+e = Lssar
Hence,
I(f) = Pix-ae)re — Pix—peyr€ = I

It is easy to see that {X > a} \ {X > b} is clopen. If S = (a,00) € F(R), the above
argument can be adapted to give us

I(f) = pa(S) = A — Ay = sup(e — Pix_pey+€) — (6 — Px—ae)t€)

beR

= Sup(P(X_ae)+€ — P(X—be)+e)
beR

= 2161]5 ]1{X>a}\{X>b}

= 1{X>a}

Similarly, if S = (—00,b] € F(R), we have I(f) = Lyxsy = e —sop s
Therefore when f € IL is a piece-wise constant function of the form f = aool(y, 00) +
oy @il 4y, We have:

I(f) = asel sy + D @il oo

i=1
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Lemma 4.2.2. Let f € L such that f has bounded support. Then for an element
X € €&, there exists an open dense set H C K such that I(f)(w) = f(X(w)) for every
weH.

Proof. Let us suppose that (a,b] is the support of f. Then there exists a partition
{a=ap <a; <--- <a, =0} of (a,b] such that f = 25:1 a;1(a;_1,a,)- Then Lemma

[4.2.1] gives us

k
I(f) = ) ailizsa i icsa)

j=1
Now set H; = {X > o;} N{X < o;} and N = {X = oco}. Now, {X > «;} is an
open set and {X < a;} is a closed set of K satisfying {X > a;} N{X < «;} =0
which implies that H; is a closed nowhere dense set. Since each of the sets are closed

and nowhere dense, upon setting M = (Ufl Hj) U N we have that M is a closed

nowhere dense set and H := K \ M is an open dense set. Let w € H. Then we
consider two separate cases:

Case 1. If X(w) ¢ (a,b]: Then f(X(w)) =0=I(f)(w).

Case 2. If X(w) € (a,b]: Then there exists jy such that X (w) € (aj,-1,j,]: Then
we have that f(X(w)) = a;,. However, we have that w € {X > «a;,_1} andw € {X <
aj,}. By definition of the set H, w ¢ {X > «a;,} and thus, I(f)(w) = aj,. Hence,

I(f)(w) = f(X(w)).

Therefore, we have that I(f)(w) = f(X(w)) for every w € H. This implies that
foX =1I(f) €& when f €L. O

Lemma 4.2.3. Let f € C(R) be a positive continuous function with bounded support.
Then for an element X € £, we have I(f) = fo X € &;.

Proof. Because f has bounded support implies f < Al for some a,b € R. Then
I(f) < M(1ay) € €. As & is order complete, we have I(f) € £;. Since f has
bounded support, f is an uniformly continuous function and there exists a sequence
(fx) in L such that f, 1< f and (f;) converges to f uniformly. WLOG, passing to
a subsequence, we have 0 < f — fi < %LR. By Lemma , fr o X € & and thus,
foX —froX =(f—fi)oX < (31r) 0o X = +1x. Therefore, f o X converges to
f o X relatively uniformly in €. Similarly, I(f) — I(fi) = I(f — fr) < I(31r) = 11k.
So I(fy) converges to I(f) relatively uniformly in £. Since I(fx) = fr o X by Lemma

passing to the limit gives, I(f) = fo X. O
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In view of the above theorem, we will show that for continuous functions the Daniell
functional calculus satisfies a nice representation. The idea for the proof of the the-
orem can be found in Groblers’ paper. Let ]Lg be the set of all real valued positive
functions in LT and

L, ={f: f=g— hsuch that g,h € L] and I(g),1(h) € £*}

Then analogous to the proof of [Proposition 3.5, [Grol4b]] we can show that L, is a
vector space and I has a well-defined extension to I, by defining for f = g—h € L,
I(f) = I(g) — I(h). The proof also shows that the extension is positive and linear on
L,.

Theorem 4.2.4. Let f € C(R). Then for an element X € £, we have I(f) = fo X.

Proof. Let f € C(R) be a positive continuous function. Then we can find a se-
quence (f,) C C(R) of positive continuous functions with bounded support as follows:
fat) = f(t)if t € [-n,n], and f,(t) = 0if t ¢ [-n — 1,n+ 1]. Then f, T f and
combining Lemma and Lemma [2.5.4) gives that I(f,) T I(f) pointwise on a co-
meagre subset of K. However, we also have that f,,0 X (w) 1 foX(w) where w belongs
to {X < oo}, an open dense set. Since Lemmal[d.2.3|gives that I(f,) = f,0X, we can
conclude that I(f) = f o X on a co-meagre set and thus on a dense set by the Baire
category theorem. As f is a positive continuous function, implies that f o X € £
and therefore fo X € £7. Since I(f) and f o X are continuous functions equal on
a dense subset of K, we have I(f) = f o X everywhere on K. However, fo X € &
implies that I(f) = fo X € &“. Hence, C(R), C L, and thus, C(R) C L,. So given
f € C(R), applying the preceding argument to f* and f~, we get

1) = 1)~ 1(f ) = froX — f o X = fo X
O
The following are some simple corollaries resulting from the above theorem which
improve upon results of [Corollary 4.3, [Grol4b]], [Proposition 2.6, [AT17]] and [Propo-

sition 2.6, [AT17]]. The results below follow from the properties of continuous func-

tions.
Corollary 4.2.5. Let X € € and f € C(R). Then I(f) = f(X) € &".

Corollary 4.2.6. Let [ : L, — & and f,g € C(R). Then I(fV g) = I(f)V
I(g), I(fNg) =1(f)NI(g) and I(|f|) = |I(f)]. That is, the restriction of I to C'(R)

18 a lattice homomorphism.
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Corollary 4.2.7. Let X € € and f,g € C(R). ThenI(fg) = (f9)(X) = f(X)g9(X) =
I(f)1(g)-

The following proposition is a stronger statement than [Proposition 4.6, [Grol4bl]
and [Proposition 2.8, [AT17]]. Recall the following convergence criterion for elements
of C*(K) from [Theorem 3.7, [BT22]] that states that x, — = if and only if z,

converges to r pointwise on a co-meagre set.

Proposition 4.2.8. Let f : R — R be a continuous function. If , — x in £ then
flzn) = f(x) in &

Proof. By the convergence criterion, z,(w) — z(w) for every w € H where H C K
is co-meagre set. By continuity of f this implies that f[z,(w)] — flz(w)] for w € H.
Therefore, f(z,) — f(z). O

4.3. Multivariate functional calculus.

Since the Daniell functional calculus for continuous functions corresponds to the point-
wise composition of functions, we can extend this to the concept of multivariate con-
tinuous functions. Given f € C(R",R) and X = (X;)?, C £ where n € N, let U be
the set on which all the X; are finite. Then U is an open dense set and f(Xi,...,X,)
is a well-defined continuous function on U. Then denote f(X) to be the unique ex-
tension of f(Xi,...,X,) in C*(K). This enables us to prove the multivariate version
of Jensen’s inequality. The univariate version of the Jensen’s inequality in the setting
of vector lattices was proved in [Theorem 4.4, [Grol4b]]. Let X = (X3,...,X,,) and
for a given conditional expectation operator F on £ let FX := (FXy,...,FX,).

Theorem 4.3.1. Let f € C(R™,R) be a convex function and X = (X;)I, C £. Let
F be a conditional expectation defined on E. If f(X) € &, then F(f(X)) > f(FX).

Proof. Since f is a convex function, it is a fact from analysis that there exists a
sequence of affine functions L,, : R™ — R of the form L,,(t) = (am,t) + by, for some
a, € R™ b, € R such that for every t € R", we have
f(t) = sup L (t)
meN
Since f > L,,, we have f(X) > L,,(X) for every m. Since F is a positive linear
projection and f(X) € £, we have

(5) F(f(X)) > F(Ln(X)) = Ly (FX),¥m € N

Form e N,let L! = L;V---VL,. Then L, are an increasing sequence of continuous

functions such that f(t) = sup,,ey L, (t) and thus L (FX) 1 f(FX) by Theorem
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By Corollary and [5] we have

Loy (FX) = \/ Li(FX) < F(f(X))

Thus, it follows that f(FX) < F(f(X)). 0

Corollary 4.3.2. Let (Xt(i), Fy, Fi)y be a finite collection of martingales with the fil-
tration (F;)en and let g € C(R™,R) be a convez function. If g(X;) = g(Xt(l), . ,Xt(n)) €
E for all t, then (g(Xy),Fy, Fi) is a sub-martingale.

Proof. Tt follows from Jensen’s inequality that for ¢t < s, we have

Fi[9(Xs)] = g[F(X,)] = 9(X+)
and thus (¢(X;),F, F;) is a sub-martingale. O
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5. DISCRETE STOPPING TIMES

Stopping times play an integral part in probability theory [Wil91]. This notion has
been extended to vector lattices in [KLWO04a] as detailed in Chapter |3} In [CLOT],
the authors extended this theory to unbounded stopping times in a Banach lattice.
In this Chapter, we shall further extend this theory by studying unbounded stopping
times in vector lattices. To achieve this, we shall use the representation of the sup-
completion from Chapter [2]

In Section we show that every stopping time corresponds to an element of £°
that satisfies some additional constraints. This representation resembles the definition
of a stopping time in probability theory with the noted difference that we are now in
C(K,R) instead. Considering our stopping times to be elements of a vector lattice
imparts a natural order on them that agrees with the ordering of stopping times
considered in Chapter [3] Moreover, this allows us to easily deduce properties about
stopping times as well as proving the vector lattice version of the Début theorem.
We then consider the representation of a stochastic process stopped by a bounded
stopping time in a vector lattice. It is then shown that if we have an unbounded
stopping time 7, then the sequence of stopped elements corresponding to 7 A nl
is an uo—Cauchy sequence. Thus, we have a natural definition for the unbounded
stopped element. This definition is the shown to be the vector lattice extension to
that considered in [CLO7]. The results in this chapter are original and have appeared
in [Pol24]. For the rest of this thesis, we fix an order complete vector lattice £ with
a weak unit e and a Maeda-Ogasawara representation of £ as an order dense ideal in
C*(K), where K is the Stone space of £, with e corresponding to 1. Furthermore,
we fix the filtration (F;);eny on € and we shall denote F; := R(FF;) for : € N.

5.1. Representation of Stopping times.

We begin with the following lemma:

Lemma 5.1.1. Let (Up)nen be a sequence of pairwise disjoint clopen sets in K, and
set T = sup,eynly, where the supremum is taken in C*°(K), . Then {T = n} =
Un,¥n € N and R(7) CNU{0} U {o0}.

Proof. Since (nly, )nen are pairwise disjoint functions in C*°(K),, we have that 7 €
C*°(K). Since band projections are order continuous,
1y, 7 = 1y, (supnly,) = supnly, v, = klu,.

n
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Hence, U, C {7 = k}° for all k£ € N. But let us suppose that In € N, Ja € V :=
{7 = n}° such that o ¢ U,. Then consider the function

T: T — 1V\Un

Clearly, 7 = T on (V \ U,)* and T(V \ U,) = n — 1 and thus 7" < 7. How-
ever, 15, T = 1y, 7 — Lo, = ko, — Low,no,. Since V N U, = 0, we have
1onv,)no, = 0 and thus T > kly,, VE € N. But this is a contradiction, and thus, we
have {T =n}° =U,.

The support of 7 is | J;=, U; and 7(U;) € N,Vi € N. Let w € 9(J;2, U;). Then there
exists a sequence (wy,) C J;~, U; such that w,, — w and the tail of the sequence does
not belong to any U;. Therefore, WLOG, we can assume that w,, € |J;-, U; and thus
T(wp) > n. Therefore, 7(w) = 0o and hence R(7) C NU {0} U {oo}. However, since
the range of 7 is discrete, for n € N we have {7 =n} ={r <n—3}U{r >n+3}.
Hence, {7 = n} is an open set and we have {T = n} = U,,. O

Maeda-Ogasawara theorem allows to represent the stopping time in terms of con-
tinuous functions on the Stone space of £. Since the (P,) are band projections, each of
the P, correspond to multiplication by a function of the form 1y, where W, is a clopen
set, with the (1,,) being an increasing sequence of clopen sets. Let P! = P,— P, _; for
n > 1 and Pj = 0. Then each of the P remains a band projection and corresponds
to multiplication by a function of the form 1y where U, := W, \ W,,_; are pairwise
disjoint clopen sets. Let V = K \ (U, U,) and set 7 = ooly + sup, nly,. Lemma
5.1.1| gives that sup,cynly, € C®°(K) and thus 7 € £° with R(7) € N U {oco}.
Furthermore, for n € N, we have {7 = n} = U, is a clopen set and hence

1wy = PLE=P,E— P, \E€ F,

Since 1i;—,y € F, we also have 1i;<,) € Fy,.

In fact, the converse is true as well. That is, if 7 € £° satisfying R(7) € NU oo
and 1—,, € F, for all n € N, then 7 corresponds to a stopping time. To see this,
define the operator P, : £ — & via P,(f) = f - Liz<pny for f € €. Clearly, (P,)nen is
an increasing sequence of band projections such that Fy = 0. Then upon using the
averaging property of conditional expectation operators, we obtain that

FoPo(f) =Fof - Lip<ny = Lip<ny - Fu(f) = PFA(f)

Hence, 7 corresponds to a stopping time. We summarize the above in the theorem

below.
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Theorem 5.1.2. Every stopping time corresponds to an element T € £° that satisfies
R(7) € NU{oo} and 1i;—ny € F, for alln € N. The converse is also true.

Representing stopping times as above is useful in proving their various properties.
A variant of Lemma [5.1.3 given below has been proven in [Groll] by Grobler in the
case of continuous processes (i.e., when the index is [0, 00)). However, the properties of
discrete stopping times can not be deduced directly from there. Hence, we explicitly

derive the result using the representation of stopping times and stopped processes
from Theorem [5.1.2]

Lemma 5.1.3. The set of stopping times is closed under the following operations.

e [f o, T are stopping times then so are oV 7,0 AT and 0 + T.
o If (Th)nen is a sequence of stopping times, then inf 7,, and sup 7,, are stopping
times. This includes the case where T, is increasing (or decreasing) to the

limit 7.

Proof. If o,7 are stopping times then {oc V7 < n} = {o¢ < n} N {r < n} and
{o AT <n}={o <n}U{r <n} and thus we have

Liovr<ny = Lo<ny A Liz<ny € Fa.

Lonrsny = Lo<ny V 1irzny € Fa.
Since, o V1,0 AT € £ with R(c V1), R(c A7) C NU{oo}, we have that ¢ V 7 and
o A T are stopping times. Also {c +7 < n} = Jyeye,{o = s} N {r =n — s} and
lio—s, Lirmn—s)y € Fp. Hence 15 7<,y € F, and, o Trisa stopping time.

Let us denote sup7, = 7. WLOG, (7,,) is increasing; otherwise, replace 7, with
71 V-V 1,. We first observe that since 7, € £3, 7 is well defined and contained in
£%. We claim that R(7) C NU {oo}. Suppose not. Then there exists a point w € K
such that 7(w) = o ¢ NU {00} and hence there exists a clopen set V' C K such that
(V) C (la), |a] +1). Let 0 = 7-1ye + |a]ly. Clearly, 0 > 7, for every n € N,
which is a contradiction. Therefore, R(7) € N U {oo} and since 7 is a continuous
function taking discrete values, {7 < k} is a clopen set for k € N. By Lemma [2.5.4]
there exists a co-meagre set M C K such that 7,,(w) T 7(w) for every w € M. Then
for a fixed k € N, we have

{r<k}nM=V{rn<klnM

which implies that 1 <x) = 1( o on a co-meagre set.

Nalrn<k})
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We claim that 1( o = inf, 1, <xy in &. Since, ), {7, < k} C {7 <k} for

N {rn<k})

Nudrn<k})
Using a similar argument as above, we can show that R(c) C {0}U{1} and therefore,

V :=suppo is a clopen set. Then V C {7, <k},VneN = V C {r, <k} =

VC (mn{fn < k}) - Hence, 0 < 1

every m, we have 1( o <inf, 1{7,<k). Onthe other hand, let o := inf,, 1, <4}

o which establishes the claim. Hence,
No{rn<k})

by the Baire category theorem, 1<y = inf, 1, <xy € Fi and thus sup, 7, is a
stopping time. Similarly, we can argue for inf 7,,. U

Remark 5.1.4. Let 7 be a stopping time and (ng) be an increasing sequence in N.
Then clearly there exists a positive, increasing continuous function g : R, U {oo} —
R, U {oo} such that g(k) = ng, g(0) = 0, g(c0) = oo and g(t) >t for all ¢. Since g is
a continuous function, g(7) is a well defined element of £% with R(g(7)) = NU {oo}.
We claim that ¢g(7) is again a stopping time. Now, {g(7) = nx} = {r = k} and
hence 1iy(r)=n,} = Lr=iy € Fr € Fn,. I n ¢ (ng)2; then {g(7) = n} = 0 and
1gr)=ny = 0 € F,. Thus, g(7) is a stopping time. We note that g() is only
determined by 7 and (ny), and does not depend on the choice of g.

The following theorem is a vector lattice version of the Début theorem [Fis13]
for discrete stochastic processes. For any stopping time, there exists an adapted
stochastic process and a subset of R such that the corresponding hitting time will
be precisely this stopping time. The stochastic process can be chosen intuitively and
similar to the classical probability case. It will be 1 until just before the stopping
time is reached, from which on, it will be 0. The increasing process, therefore, first
hits the set {1} at the stopping time.

Theorem 5.1.5. Let 7 be a discrete stopping time. Then there exists an adapted
process (X, )nen such that T7(w) = inf{t € N: X;(w) = 1}.

Proof. Let S, = {7 < n} and let X,, = 1g, for all n € N. Since 1<,y € Fy,
this implies that X,, € F,, and thus, the stochastic process (X, ),en is increasing and
adapted. Let o : K — R defined via 0(w) = inf{t € N: X;(w) = 1}. Then {o =n} =
{X,-1 =0} Nn{X,, = 1}. However, we also have {Tr =n} ={X,_1 =0} Nn{X, =1}
for every n € N. Moreover, w € {7 = o0} <= X, (w) =0,Vn € N <= o(w) =
inf{()} = co. Hence, 7(w) = inf{t € N: X;(w) = 1}. O

For a given stopping time 7 € £° and n € N, Theorem shows that 7Anl is also
a stopping time. So for an adapted process (X, )nen, there exists a stopped element

Xrnn1 for every n € N. So the stopped process corresponding to 7 and (X,,)nen is
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the sequence of stopped elements (X, rn1)nen-

Remark 5.1.6. It is evident from above that a stopping time 7 is bounded precisely
when 7 € C(K). The above representation of stopping times enables us to do the same
for the stopped processes. Let 7 be a bounded stopping time. Then there exists N € N
such that R(7) < N. Since P, — P,_1 = P!, given an adapted process (X,,, F,,)nen we
have P) X,, = X,,.1¢;—}. Hence by Definition m, X, => Xn-1i7—ny. Moreover,
as T is a continuous function with values in N, this implies that {7 = n} is a clopen set
for every n < N and {7 = n} = ) when n > N. Therefore, X, = 27]1\[21 Xy - 1r—ny.
Let w € K, then evaluated pointwise, we have X (w) = X.(,)(w). Thus, the stopped
process is (X an1)nen evaluated pointwise.

Similarly, we can provide a pointwise evaluation of the conditional expectation
operator corresponding to the stopping time. For a bounded stopping time 7, the
stopping time conditional expectation operator F, : £ — & is defined via F, X =
Z?:l 1¢—;y - F;X. Thus using the same argument as done for stopped processes,
we can evaluate for w € K as (F,X)(w) = (Fr)X)(w). We formalize this in the

following theorem.

Theorem 5.1.7. Let (X,,,F,)nen be an adapted process on €. Then, given a bounded
discrete stopping time 7, the stopped element X, € £ is the function evaluated point-
wise. That is, at w € K, the value of the stopped element is X, (,)(w). More-
over, for the stopping time conditional expectation operator ¥, : &€ — £ we have
(F: X)(w) = (Fr)X)(w) forwe K.

The following lemma has been proven in [Cul07] when £ is an order continuous
Banach lattice and ¢ and 7 are unbounded stopping times. Below, we prove the
lemma for when ¢ and 7 are bounded stopping times in a vector lattice.

Lemma 5.1.8. Let 0 < 7 be two bounded stopping times and let (F;) be a filtration.
Then F, =F.F, =TF,F..

Proof. Let X € £ and w € K. Then evaluating pointwise, we have
(F-Fo X)(w) = FT[(FJ(W)X)(W)] = (F‘r(w)IFo(w)X) (w)

Since 0 < 7, we have that o(w) < 7(w) and by the definition of a filtration, we
have that F.()FowX = Fo)X. Thus, (F;FX)(w) = (FowX)(w) = (FoX)(w).
Similarly, we can show that (F,F,X)(w) = (F,X)(w). Consequently, F, = F,F, =

F.F,. U
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We shall extend the definition of a stopped element to unbounded stopping times
contained in &*. To do this, let 7 € £* be a stopping time and let w € NP2 { X} <
oo} N {7 < oco}. Then w belongs to a co-meagre set. Let us suppose that 7(w) = k.
Then notice that limy, .o X (w)an1(w)(w) = Xik(w) < co. By [Corollary 3.10, [BT22[],
we have that X, ,,1 is an uo-Cauchy sequence in & and thus uo-converges to an

element in £*. Thus, we make the following definition.

Definition 5.1.9. Let 7 be a stopping time contained in £* and let (X,,) an adapted
process. Then we define the stopped element as

X, =uo- lim X, n1
n—oo

Thus, the unbounded stopped element is in £*. Note that we can not define the
conditional expectation operator (F,) corresponding to the stopping element. This is
because, since the sequence (F,,,1X) is uo-Cauchy, the uo-limit of this exists in E".
And thus, we can get the operator F, : £ — &" defined as F, X = uo-lim, oo Frpu1 X
for X € £. Therefore, IF, fails the critical property of being a conditional expectation

operator.

Remark 5.1.10. Similar to Theorem [5.1.6] we can provide a pointwise computation
of X, when 7 € £&". To begin with, we claim that the function X;(w) com-
puted pointwise for w € K is a continuous function. Let (a,b) be an open interval
and let wy € K such that X, (,)(wo) € (a,b). Then there exists k& € N such that
X (wo) € (a,b) and 7(wg) = k. But we know that X, '(a,b) and {7 = k} are open sets.
Thus we can find a neighborhood of wy, say U, such that U C {r = k} N X, '(a,b).
Then for any element w € U, we have that X,(w) = Xi(w) € (a,b). Therefore,
X+ w)(w) computed pointwise is a continuous function and belongs to £*. Moreover,
from the above, we notice that there exists a co-meagre set M such that for w € M,
we have lim, o0 X7 (wyani(w) (@) = Xr@w)(w) < co. Thus, for w € K we have that the
value of X, at w is X, (w).

Remark 5.1.11. We should note that the idea of unbounded stopping times for
Banach lattices were previously considered in [CLO7, [Cul07]. In [CLOT], the defi-
nition of a stopped element was defined as exactly as in Definition with the
additional remark that the definition is also valid for unbounded stopping times if
(Xp,Fp) exists. Definition [5.1.9] generalises the definition considered by Cullender
and Labuschagne. To check this, assume that (Xp,Fp) exists. i.e., the partial sums
(Xp)n=> 1 (P—P_1)X;and FpX =" (P,— P,_1)F;X converge in norm. This
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then implies that there must exist a subsequence that uo-converges to the same limit.
However, since the original sequence is uo-Cauchy implies that the norm limit and

uo-limit are the same.
The following proposition improves upon [Lemma 5.3, [KLW04a]].

Proposition 5.1.12. Let (X,,F,)nen be an increasing adapted process. Then the
following statements hold.

e Let o and T be two stopping times contained in E*. Then X, v, = X, V X,
and Xopnr = Xo N X

o Let 1, be a sequence of stopping times such that T := sup,, 7, is contained in
E". Then X, = sup, X,,.

o Let 7, be a sequence of stopping times contained in E*. Then X, ,, =
inf,, X, .

Proof. By Lemma [5.1.3, we have that oV 7 is a stopping time, and therefore, X, is
a continuous function in £. Let w € K, then X(oyr)w)(w) = Xo(w)vr(w) (w). WLOG,
T(w) > o(w). Then X(yr)w)(w) = Xr@)(w). Since (X,,) is an increasing process, we
have X,y > X,w). Therefore, we have: X ovryw)(w) = Xrw)(w) V Xow)(w). Since
the equality is valid for every point in K, we have X,,, = X, V X,. Similarly, we
can conclude for X, ., = X, A X,.

WLOG, (7,) is increasing; otherwise, replace 7,, with 7 VV -+ -V 7,,. Since 7, and 7
arein &%, X, and X, are well defined elements of £. For an arbitrary w € K, we have
Xrw)(w) > X, ) (w) for every n € N. Therefore, X, > sup X;,. Let 0 > X, for
every n € N. By [Lemma 3.6, [BT22]], there exists a co-meagre subset D C K such
that 7, (w) T 7(w) for every w € D. Fix w € D\ {7 = oo}. Since R(7) C NUcoU{0},
for large enough n we have 7,(w) = 7(w). Hence, o(w) > X, ()(w) = X (w).
Therefore, by the Baire Category theorem X, = sup, X,,. Similarly, we can prove
for the infimum. 0

The next theorem is a variation of [Theorem 7.3.6, [Cul07]]. In that theorem, the
author proves the desired result when £ is an order continuous Banach lattice while we
obtain the analogous result for bounded stopping but by removing the the requiring
of an order continuous Banach lattice.

Theorem 5.1.13. Let (F;)ien be a filtration on € and let D be a net of bounded
stopping times. Then the following statements hold:

(1) o=lim.ep Fr f = f if and only if f is an order limit point of the set|J, ., R(F;).
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(ii) Let (f;) be a martingale relative to (F;). Then o—lim.cp f; = g if and only if
fr =F.g for each 7 € D and g is an order limit point of the set | J, .p R(F-).

Proof. i) Let us suppose that o — lim,cp F, f = f. Since F; is a projection, it follows
that F, f € R([F;) and thus f is an order limit point of | J, ., R(FF,). For the converse,
let us suppose that f is an order limit point of the set | J ., R(F;). Then there exists
a net (h,) C |U,cp R(F,) such that h, = f. By the definition of order convergence,
there exists a net (ug) such that ug | 0 and for every [ there exists vy such that
\hy — f| < ug whenever v > ~y. Moreover by Theorem , for h.,, we have that
there exists 7o € D such that h,, € R(F,) for all 7 > 5. Therefore, we have

|]FTf_f| S |F7f—h70|+|h70—f|
< IFTf_FTh70|+|hvo_f|
SFTlf_hvo|+|hWo_f|
S]FTU5—|—UB.

Since F, is an order continuous operator for every 7 we have that Frug + ug is a
decreasing net such that Frug+wug | 0. Thus, we have o —lim,cp F, f = f, as needed.

ii) Let us suppose that f, order converges to g. Then it is clear by Propositionm
that g is an order limit of points in |J, .y, R(F-). Moreover from Theorem [3.3.7, we
have that F, f, = f. when 7 < ¢. Thus, F,g = F.(0—lim,ep f,) = 0—limyep F. fr =
Jfr. For the converse from Part i), since g is an order limit of | J, ., R(F;), we get that
o — lim;ep fr = 0 — lim,epFrg = g.

O

Remark 5.1.14. There is also the notion of stopping times for continuous stochas-
tic processes in vector lattices, as discussed by Grobler in [GrolQ, [Grolll, [Gro21a].
However, obtaining the C'*°(K) representation of the continuous stopping times and
stopped processes falls outside the scope of the methods used in this chapter. This is
due to the fact that we make use of the Baire category theorem at various points in

this paper, which does not hold for an arbitrary union of nowhere dense sets.
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