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ABSTRACT

Problems involving elastic inhomogeneities have received considerable attention in the
literature. In many of their case, complex-variable methods are used extensively and
successfully to produce exact solutions and significant practical results in problems of linear
plane and anti-plane elastostatics. However, such exact analyses have been more or less
absent in the analogous problems from finite elasticity. Recent studies have provided
relatively simple complex-variable formulations for problems involving elastic
inhomogeneities for the class of harmonic materials. The results, however, are limited
exclusively to uniform remote loading, whereas, in nature, remote loadings are mostly
nonuniform.

In present study, we develop a general methodology for the problems of plane finite
deformations of harmonic composite materials containing an elastic inhomogeneity
subjected to nonuniform remote loading. In addition, we also derive important results of
mechanics of materials concerning the subject of maintaining uniform stress distribution

inside the inhomogeneity subjected to nonuniform remote loading.
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Chapter 1
INTRODUCTION

1.1 GENERAL BACKGROUND

1.1.1 INTRODUCTION

Materials are widely used in modern industry for various purposes. Many of their success-
ful applications can be found in, for example, construction fields, aerospace, biomedical
applications, automobile industries and space structures. However, not every application
of materials is successful at the initial stage. For example, a beverage can was first made
from galvanized iron. Yet, a galvanized iron can is heavy and inadequately strong for a
beverage can and hence, later, was replaced by an aluminum can. The process of finding
"proper materials" for each specific purpose is not an easy task and often requires trial and
error. Therefore, it is of fundamental importance that one really needs to understand the
mechanical behavior of materials before one uses them.

Among various modern materials, composite materials have gained particular inter-

est, due to the fact that technological developments in the use of materials inevitably induce
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1.1 GENERAL BACKGROUND 2

severe and highly demanding working conditions so that conventional materials such as ce-

ramics and polymeric materials may no longer meet such intensive service requirements.

1.1.2 COMPOSITE MATERIAL

Composite materials are generally referred to as multiphase materials consisting of two
or more distinct constituents, which are combined to achieve desirable mechanical, ther-
mal and/or electronic properties depending on specific service requirements. Based on
the structural shape of the materials, composite materials are classified into three different

classes namely; particle-reinforced, fiber-reinforced and laminar composites (see Figure 1).

Dispersed Phase Material A
4 /
OO Q © O 60 ....... K
O O o O & ' O,-".Q.."' O’ Q’ .

O O i A g )
o O o o Material B

Co ¥ \©° olleiloelye} ,
Matrix Phase Material A

(a) (b) (c)

Figure 1: Showing Three Types of Composite Materials: (a) Particulate Composite, (b)

Fiber-Reinforced Composite, and (c) Laminar Composite ( From Sudak, 2000)
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1.1 GENERAL BACKGROUND 3

Particle-reinforced composites consist of a matrix material into which particles are
embedded. These composites are generally subdivided into two classes referred to as large-
particle composites and dispersed-strengthened composites. The large particle composites
containing large amounts of coarse particles which are harder and stiffer than the matrix is
manufactured to obtain specific combinations of properties rather than to improve strength.
The application of the large particle composite can be found where high corrosion and
fatigue-resistance are required (Tjong et al, 2005; Jian-Zhong et al, 2006). In the case of
the dispersion-strength composite, the particles are extremely small in that they prevent the
matrix from dislocating inducing plastic deformation and thereby increase the strength .of
the material (Feng et al, 2007). More practical applications of particulate composites can
be found in Donald (1990).

Laminate composites consist of two or more different thin, planar and unidirectional
layers called laminas. The laminas are stacked and subsequently bonded in such a way
that the material properties and reinforcing directions vary with each successive layer. One
particular application of laminate composites can be found in shape memory alloys (see
Irie, 1989; Tupper, 2001; Zhang et al, 2007; Zhang. Y et al, 2007). Details of designing
laminate composites can be found in John (1999).

Fiber-reinforced composites consist of cylindrical fibers (i.e. each cross section of
the cylindrical fibers has the same planar geometry) and a surrounding bulk matrix. The
reinforcement (fiber) can be embedded into the matrix material in a variety of orientations

so that the composite meets each specific service requirement (see Figure 2).
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1. GENERAL BACKGROUND 4
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0 0 o

(a) (b)

O O O
o O O

(c) (d

Figure 2: Several Orientations of Fiber-Reinforced Composites: (a) Continuous Unidirec-
tional Fibers, (b) Randomly Oriented Short Discontinuous Fibers, (c) Orthogonal Fibers,

and (d) Multiple-Ply Fibers (From Askeland, 1990)

Applications of fiber-reinforced composites are found in many different areas includ-
ing aerospace, construction, automobile industries, spacecraft structures, electronics and
petrochemical (see Chung, 1984; Chen et al, 2007; Karthikeyan et al, 2007 ). The elastic
fibers acting as reinforcements absorb the external load throughout the surrounding matrix

and hence, increase the strength of the composite. The reinforcement should be a mater-
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1.2 SINGLE INHOMOGENEITY MODEL 5

ial that is stiff, whereas the surrounding matrix should be tough and sufficiently ductile to
support and allow for external loads to be transmitted into each reinforcement. In addition,
the surrounding matrix, serving as a barrier, protects the composite from the propagation
of brittle cracks induced at the vicinity of the fibers.

Due to its wide range of application in modern industry, the fiber-reinforced com-
posite has gained particular attention and become the most predominant composite in use
today. For this reason, the fiber-reinforced composite will form the fundamental framework
of this dissertation.

As mentioned above, the use of reinforcements certainly improves desirable mechan-
ical properties such as stiffness, strength, and toughness. It is well-known, however, that
the reinforcement also (referred to as an inhomogeneity) disturbs the original stress field
leading to local stress intensification that may further induce the total failure of the com-
posite system. Therefore, it is of great importance to study the state of stress within the
composite material, in particular, how the distribution of stress varies with the introduction

of inhomogeneities.

1.2 SINGLE INHOMOGENEITY MODEL

Since, in nature, a composite body contains numerous fibers (inhomogeneities), the actual
analysis of such a composite is computationally expensive and often analytically impossi-
ble. Instead, we may imagine a small section sampled from a composite and then analyze
it as if the sampled section is the original composite. The central vehicle, which makes this

possible, is the existence of the representative volume element (RVE) (see Pindera et al,
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1.2 SINGLE INHOMOGENEITY MODEL 6

1995) in which a sample of the composite material is taken to be structurally the same as
the whole composite with the average properties indistinguishable from those of the statis-
tically homogeneous composite. Therefore, the entire three-dimensional fiber-reinforced
composite can be analyzed by considering a single inhomogeneity embedded in infinite
medium called the “matrix” followed by an averaging procedure, for example, the Reuss
and Voigt hypotheses, the Dilute Approximation, the Self-Consistent Scheme, the Mori-
Tanaka Method, and the Eshelby Equivalent Inclusion method all of which lead to effective
properties of the composite (see Hashin, 1983; Hill, 1965; Christenson & Lo, 1979; Chris-
tenson, 1990; Jacob, 1991; Nemat & Hori, 1993; Huang & Hu, 1995).

It is widely understood that the single-inhomogeneity problem is of fundamental
importance in a composite (Eshelby, 1957, 1959; Hashin, 1991). More importantly, the
single-inhomogeneity model is a much simpler and more practical model for analytical ap-
proaches than other available multi-inhomogeneity composite models (Achenbach & Zhu,
1990). Therefore, it is suggested that the RVE of the composite material can be treated as
a single inhomogeneity-matrix system.

In our present study, we further consider the single inhomogeneity-matrix system
undergoing plane-strain deformations in that the cross section of the three-dimensional
composite is subjected to plane deformations (Timoshenko & Goodier, 1970; Truesell &
Toupin, 1960; Malvern, 1969; Fung, 1977; Gurtin, 1981) for simplification. The plane-
strain deformation is possible when the dimension of the body in the z-direction is very
large and the conditions are the same at all cross sections, so that it is sufficient to consider

only a slice between two sections a unit distance apart. There are many important problems
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1.2 SINGLE INHOMOGENEITY MODEL 7

of this kind, for example, a fiber-reinforced composite (see Figure 1(b)) is stretched in the
uniaxial or biaxial direction, a cylindrical tube with internal pressure and a retaining wall
(e.g. dam) with lateral pressure.

For single-inhomogeneity problems most works so far, have been concerned with lin-
ear plane elasticity (Materials undergoing relatively small deformations see, for example,
Timoshenko & Goodier, 1970; Ru & Schiavone, 1996, 1997; Ru, 1998a, 1998b; Schi-
avone, 2003; Van Vliet et al, 2003; Ru, et al, 2005). However, very little researches have
been conducted in nownlinear elasticity which involves large or finite deformations (see C.
Truesdell, 1965). The actual analysis of relevant problems has eluded researchers due to
the existing nonlinearity in mathematical models. Yet, there is one special class of materi-
als which mathematically behaves as a linear material. This class is the class of harmonic
materials, first introduced by John (1960) and later explored by a number of authors see, for
example, Knowles & Sternberg (1975), Varley & Cumberbatch (1980), Abeyaratne & Hor-
gan (1984), Horgan (1989) and Li & Steigmann (1993). Therefore, in this dissertation, we
will study the single inhomogeneity problem for finite deformations of a fiber-reinforced
composite system in nonlinear plane elasticity using harmonic materials.

We also mention here that we consider only a well-spaced fiber-reinforced composite
with fiber volume fractions up to 40% (Schmauder et al, 1992). In that way, the interaction
among neighboring fibers and its influence on the stress fields on the entire composite
system can be neglected so that we can isolated one fiber and study this in an infinite
matrix. Finally, the effective property of the composite can be obtained by using one of the

averaging procedures mentioned above.
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1.3 INTERPHASE LAYER 8

1.3 INTERPHASE LAYER

The fiber-reinforced composite material consists of two distinctive phases, namely; a fiber
(inhomogeneity) and a matrix phase. However, in nature, there is an additional phase ex-
isting between the fiber and the matrix called an “ interphase or interphase layer”. The
interphase layer may be considered as the by-product of chemical reactions during the fab-
rication process or as a thin layer introduced in the design stage to improve the performance
of the composite material (Horgan & Chan, 1999). Consequently, the mechanical proper-
ties of certain fiber-reinforced composite materials depend not only on the properties of the
two constituent phases (fiber and matrix) but also on the nature of the bond between the
fiber and the surrounding matrix (Jayaraman et al, 1993).

The existence of an interphase layer implies that the composite material is required
to be considered as a three-phase constituent system (matrix phase, interphase layer and
fiber). Nevertheless, due to its intrinsic complexity in forming, it is extremely difficult to
provide an exact mathematical description of the behavior of the interphase layer. Extensive
research has been done in the fields of micromechanics, chemistry and material sciences on
the interphase layer (Brennan, 1988; Kim & Bau, 1992) and various approximation models
have been proposed in an attempt to characterize the complex behavior of the interphase
layer. For example, the imperfect interface model (Achenbach & Zhu, 1990; Ghahremani,
1980; Hashin, 1991) assumes that a very thin interfacial zone exists between the fiber
and the matrix. In the physical sense, an ‘interface’ can be considered as a limiting case

of the interphase layer as its thickness tends to zero. This interface, defined as a two-
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1.3 INTERPHASE LAYER 9

dimensional boundary (a curved plane), distinguishes the bulk materials and, hence, the

material properties are changed abruptly across the interface.

1.3.1 PERFECT BONDING

A state of perfect bonding assumes that the interface is considered as a surface across which
both tractions and displacements are continuous. Such an interface is generally referred to
as a “perfectly bonded interface” (see Ru &Schiavone, 1996; Ru et al, 2005). The perfect
bonding assumption is an idealization for it is known that the bonding, in nature, is never
perfect due to the existing cracks, voids and cavities in the interphase layer between a
fiber and its surrounding matrix. In general, perfect bonding is rather conventional, yet
comprehensive studies reveal that (Knowles & Sternberg, 1975; Ru, 2002) the model shows
satisfactory physical correspondence in many cases. In addition, the existence of a prefect
bond enables an idealization of very complex behavior such as finite plane deformations

accompanying large deformations in nonlinear elasticity.

1.3.2 IMPERFECT BONDING

An imperfect bond, as the name suggests, was introduced to take into account the imper-
fections of the interface such as voids, cavities, cracks, and dislocations. The fundamental
premise for the imperfect bonding model is that the interphase, in general, is found to be
softer and weaker than both fiber and matrix (Jones & Whitter, 1967). Under this condition,
the imperfect bonding can be modeled by introducing the interface across which tractions

are continuous but displacements are discontinuous. A considerable amount of studies
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1.4 PURPOSE OF STUDY AND DISSERTATION OVERVIEW 10

have been conducted to providing mathematical models effectively describing the behavior
of the imperfectly bonded interphase. The simplest imperfect interface model is the elastic
spring-type interface model in which the tractions are continuous yet, displacement jumps
across the interface are directly proportional to their respective interface traction compo-
nents (see, for example, Bigoni et al, 1998; Lipton & Serkove et al, 1998; steif & Hoysan,
1987; Aboudi, 1987; Gosz et al, 1992). We do not discuss this more complicated scenario
in this thesis but instead note that this is an interesting area for future study especially in

the area of finite deformations.

1.4 PURPOSE OF STUDY AND DISSERTATION
OVERVIEW

The objectives of the present study are to consider the finite plane deformations of a har-
monic composite material containing an elastic inhomogeneity embedded in a surrounding
matrix of similar elastic material. The bonding at the inhomogeneity-matrix interface is
considered to be perfect so that both tractions and displacements are continuous across the
surface. For this purpose, complex variable techniques (Muskhelishvili, 1953; England,
1971; Brown & Churchill, 1996) are extensively incorporated in the current work.

The results derived in this dissertation will enable one to have a clear understanding
of the state of stress throughout the entire fiber-reinforced composite system subjected to
varying applied loadings. In particular, the complete solutions of the corresponding prob-
lems of these kinds (see Chapters. 3-5) provide physical relevance to those corresponding

"real-world problems" and hence will enhance the future design of composite materials.
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1.4 PURPOSE OF STUDY AND DISSERTATION OVERVIEW 11

The thesis proceeds as follows. Chapter 2 outlines the complex-variable formula-
tions for a special class of harmonic materials. In addition, general preliminaries such as
notations, interface formulations and the state of the undeformed stage are extensively dis-
cussed for further purpose.

Chapter 3 provides the complete solution for a perfectly bonded elliptic inhomogene-
ity when the system is subjected to classes of nonuniform remote stress distributions. We
note, in particular, the generality of our results and that existing results in the literature are
obtained as special cases of the solutions derived here.

Chapter 4 examines, in detail, the analogy of Eshelby’s conjecture for the particular
class of materials of harmonic-type undergoing finite plane deformations. In particular, we
show that, under the analogous constraints of perfect bonding and uniform remote (Piola)
stress, if an inhomogeneity matrix-system is subjected to finite plane deformations, the
Piola stress distribution within an elliptic inhomogeneity is necessarily uniform.

Chapter 5 discusses the idea that by adjusting the remote (Piola) stress we can design
the shape of the inhomogeneity in such a way that the interior (Piola) stress distribution
remains uniform.

Finally, Chapter 6 provides a summary of results obtained and some concluding re-

marks with some suggestions for future research.
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Chapter 2
GENERAL FORMULATION AND
PRELIMINARIES

2.1 INTRODUCTION

As discussed in Chapter 1, we consider the single inhomogeneity problems in which the in-
homogeneity is perfectly bonded to the surrounding material referred to henceforth as ‘the
matrix’. Assume that all materials are ‘harmonic’ (see below) and that the corresponding
inhomogeneity-matrix system is subjected to large plane-strain deformations. In addition,
we further assume that the inhomogeneity-matrix system undergoes plane-strain deforma-
tion. Consequently, the problem of the entire system in R® can be reduced the equivalent
problem concerning the cross section of the system with unit thickness in R?.

The class of compressible hyperelastic harmonic materials or just harmonic materi-
als was proposed by John (1960) and has attracted considerable attention in the literature
(see for example, Knowles & Sternberg, 1975; Varley & Cumberbatch, 1980; Abeyaratne,
1983; Abeyaratne & Horgan, 1984; Jafari, Abeyaratne & Horgan 1984; Li & Steigmann,
1993; Horgan, 1989, 1995, 2001). For example, experimental results by Varley & Cumber-

batch (1980) indicate close agreement between this class of harmonic materials and the be-
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2.2 HARMONIC MATERIALS 13

havior of certain rubber-like materials. In addition, Li & Steigmann (1993) and Abeyaratne
(1983) have used these harmonic materials to study, respectively, the finite deformations of
an annular membrane induced by the rotation of a rigid hub and the finite deformations of
a crack. Recently Wang et al (2005) have extended and analyzed the notion of ‘harmonic
shapes’ (holes and inclusions) to this class of materials.

In the following section, we present the complex-variable formulation of a model of

the behavior of harmonic materials.

2.2 HARMONIC MATERIALS

2.2.1 COMPLEX-VARIABLE FORMULATION

We consider a plane cross-section of the single inhomogeneity-matrix system in which it is
assumed that the matrix is unbounded. Consequently, let the inhomogeneity-matrix system
occupy R%(described here by the generic coordinates (z;, z3) ) in its undeformed (refer-
ence) configuration. The deformation describing the deformed (or current) configuration is
given by:
w(2) =y (z1, T2) + iy (21, T2), forall (z1, z3) € R2 2.DH
The components of the deformation-gradient tensor are given by (see Knowles & Sternberg,
1975):
Ej:%=yi’j, J=detF >0 ,,j=1,2 2.2)

7

and let G be the left Cauchy —Green strain tensor defined by

G =FFT onR2
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2.2 HARMONIC MATERIALS 14

Then, from (2.1-2), we can calculate the two fundamental scalar invariants of G:

R = N4 X =tr(G) =tr[FpFyu (e, ® ey)] = FypsFps = Yp,sYp,sy P, s = 1,2(2.3)

J = Ml =VdetG = Fi1Foy — FraFo = y11%22 — Y1,2¥2,1,

where )\, and )\, are the principal stretches of G. From Knowles & Sternberg (1975),
the governing constitutive relations and the equilibrium equation for the harmonic material

are given by

200 00

= 5apLliet 5%

Tij

00 00
O = Q@Fi]‘ + EeiPEﬁFM’

aO'i]'

:07 onR27 i7j7p77:1)27 (2'4)
6[1)]'

W (z1,22) = © (R (x1,72) ,J (z1,72)), forall (z1, z3) € R?,
where W is the strain energy density of a homogeneous and isotropic (hyper-elastic) solid.
It is obvious from (2.4) that the mechanical response of a homogeneous and isotropic solid
to a plane deformation is dominated entirely by the material response defined by the func-
tion ©.
The strain energy density W for this class of harmonic materials introduced by John

(1960) is characterized per unit volume of the deformed configuration by

W=0(,J) =2uFI)-J), I=vR+2J. (2.5)
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2.2 HARMONIC MATERIALS 15

where p is a given positive material constant and F' (I) a material function of I (note that

F (I) is different from F). Then (2.1-3) and (2.5) lead to the representations

I o= N EXR4+20d =+ e = lwg +iwy], 2.6)
J = )\1)\2 =detF=—-1Im [’wyl_’lﬂ’z]

R = tr (FFT) = lwl? + |wal.

From (2.5), the constitutive relations (2.4) become

Tij = 24 [%S,I)Fipl*}p + (57(1—) - 1) 51,'] , (2.7A)
74 = o [FT(I)F " (F/I(I) - 1) Eipej'rFmJ ! (2.7B)

where

00 02,u[F(\/R+2J)—J]=2#F,(\/m) OVRE+2J _ F'(I)

aR OR OR =71

00 62“[F(m)_‘]]=2#[ﬁ(\/m) a\/m_lJ =2M[_1~:’LQ_1].

aJ aJ oJ I

Equating (2.7B) for

ia ja 917:172: 611=622=O7 612=]~7 621=_1a

we obtain that

F (1)
I

F' (I
0'11=2’u( ()(F11+F22)_F22>7 022:2#(

I (Fi1 + Fo) — Fu) )
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F' (I F'(I)

o12 =24 <-I— (Fi2 — F) +F21) , 021 =2 (——I_ (Flg — Fo1) + Fig

From (2.1) in conjunction with (2.2), we derive the following relation

M (Fig — Fy) +iFII(I)

I
(cwg = Fia+iFy, wi=Fy+iFn).

and from (2.7A) we have that for, ¢, j, p = 1,2,

F/ (I F'(I '
T = 24 I(J) (F121+F122)+( I( )—1>

F (1 F() \]
Tog = 2/.L —If]) (F222 + F221) + (_](. ) —_ 1)

F (I

Tz = ZH_IT(]‘) (FiaFy + F11Fn), (011 =68 =1, 612=0),

Therefore, from (2.1-2) and (2.9), Equation (2.8) can be written the form

F (D)

O12 + 1092 = 24 [ (w,z + iwyl) —w|,

!
011 + 109 = 2ui [w,z - ——(wa +iwa)|,

I
Also, from(2.1-3), Equation (2.10) leads to the representations

IF’J(I) ~ 2] |

o4

711+722=2/~L[

(I
1J

T11 — Tz + 21712 = 2 (w3 +wh),
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(F11 —+ F22) = I( ) (w,z + zw,l) )

16

).

(2.8)

2.9)

2.10)

@.11)

2.12)
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where

R = FFj=F +Fh+F,+F}, i,j=1.2,

wi+wh = Fi— Fh+F— Fj +2i(FaFas + FuiFa).

Here, o and 7 in (2.11-12) are referred to as the Piola stresses and the Cauchy stresses,
respectively. The Piola stress is the measurement of stress per unit area of in the unde-
formed (reference) configuration and the Cauchy stress is measured per unit area of the
deformed (current) configuration (see Chadwick, 1999; Fung, 1977; Gurtin, 1981).

Finally, in view of (2.2), (2.8) and the plane deformation (2.1), the equilibrium equa-
tion from the third equation of (2.4) now takes the form

F II(I ) (wa+ z'w,l)] i [F/ D (wg + iw,l)} =0 (2.13)
1 2

I

To deal with Equations (2.11-13), we introduce a ‘stress function’ (or potential) ¢ analytic

with respect to the complex variable z (see Ru, 2002):

F (1)
I

(wa+iw,) = ¢ (z), F (D)=, v =[], @14
I = P(¢), PCY=[FONT,

z = x+izy, forall (z1, z5) € R?

where P (*) denotes the inverse function of F” (*) . For harmonic materials, the uniaxial

Piola stress is given by (see Ru, 2002)

T = 2u[F (I)= A, 2.15)

F/(I) = )\1, A2=P(A1)—>\1’
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2.2 HARMONIC MATERIALS 18

where ), is the transverse stretch of the material. Experimental results concerning Equation
(2.15) reveal that the uniaxial relations can be written in the form (see Varley & Cumber-

batch, 1980)
b + ¢
1

We note from Varley & Cumberbatch (1980) that this uniaxial relation (2.16) is designed

T =4u

L k=2(1+0). (2.16)

to accommodate the undeformed state A\; = A = 1 at which T' = 0. In addition, the results
based on the model (2.16) were found to be in good agreement with experimental data, for
example, those obtained for the large deformations of a rubber sheet containing an elliptic
hole (Varley & Cumberbatch, 1980).

It is shown in Ru (2002) that we can write the deformation w (z) in terms of two

complex potentials ¢ (z), ¥ (z) as

w(2) = —idb ( Z,bw(z)w’(z)—+—cz
(2) = —ig (2) + T

and from (2.11), (2.14) and (2.18) the Piola stresses in the form:

+ 9 (2), 2.17)

—021 +1011 = X3, 022 —1%012=X1, (2.18)
where the stress function y is defined by
X (2) = x1 (2) +ix2 (2) = —2p[i¢ (2) +w (2)] - (2.19)

From (2.17) and (2.19), x can be written as:

bw(z)w' (3 +ez | s 2.20
70 + v (2) (2.20)

The stress function x (z) in Equation (2.20) is referred to as the Piola stress function.

x(2)=-2p |1
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2.2 HARMONIC MATERIALS 19

2.2.2 A PARTICULAR CLASS OF HARMONIC MATERIAL

According to Varley & Cumberbatch (1980), the value k£ = 2.28 (in Equation (2.16)) pro-
vides the best agreement with experimental results obtained from some rubber-like mate-
rials. In addition, due to the mathematical simplicity, the special class of harmonic ma-
terials (2.16) defined by & = 2 have gained particular attention (Horgan, 1989, 1995; Li
& Steigmann, 1993). From (2.14) and (2.16), this special class of harmonic materials is

characterized by

F’(I)=$ [I+\/I2—16aﬂ], P() =2 <a)\+§> > 4\/aB,

T(/\l):4,u[(1—a))\1—)\ﬁl], 1>a2%, 8>0, 221)

where « and (3 are two material constants, relatedtoband cby a = 1—band § = —c.
Here, to get a positive Piola stress and transverse stretch at very large stretching, we have
thatl > o > % Similarly, to get a negative Piola stress at very large compression, we have

B > 0 (Varley & Cumberbatch, 1980). To incorporate the undeformed stage, from (2.21)

we require that, for \; = 1, T = 0. That is,

T (1) =4p [(1—a)1——§} =0,
which gives (Ru, 2002)
a+pf=1 (2.22)
1

For example the values, « = 8 = 5 have been adopted by Li & Steigmann (1993) to study

the finite deformation of an annular membrane induced by the rotation of a rigid body, and
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by Abeyaratne (1983) to study the finite deformation of a crack. In addition, when k = 2,

it is noted from (2.14) that

and (2.17) and (2.20) become

iw (2) = ¢ (2) + 19 (7) + =2 (2.23)

. — Bz
z) = 2uif(oe — 1 z 1) (2
x (2) = 2p3(( )¢()+¢()+¢,(z)

which gives the two fundamental (to this study) quantities w and x entirely in terms of two

1, (2.24)

analytic functions ¢ and 1.

2.3 PREREQUISITES

2.3.1 NOTATION AND INTERFACE FORMULATION

Consider a domain in R?, infinite in extent, containing a single internal elastic inhomogene-
ity with elastic properties different from those of the surrounding matrix. We represent the
matrix by the domain S and assume that the inhomogeneity occupies the region S,. The
curve I" will denote the inhomogeneity-matrix interface. In what follows, the subscripts 1
and 2 will refer to the regions S; and Sy, respectively. The elastic materials occupying the
matrix and the inhomogeneity belong to the class of harmonic materials characterized by

Equation (2.5) and (2.21) above with associated elastic constants p,, aa, 5; and p,, 02, 35,
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respectively. From the previous section, the (plane) deformation function w in the matrix
and in the inhomogeneity can be written, respectively, in terms of two analytic functions ¢
and v as:

By
¢ (2)

Similarly, the complex Piola stress function x can be written in terms of ¢ and 9 in the

iw, (2) = oy, (2) + 19, (2) + v =1,2 (no sum over repeated indices). (2.25)

matrix and in the inhomogeneity as:

B,z
¢, (2)

Xy (2) = 2pi[(ay — 1) ¢, (2 )-{—m/) (z)+ ] v =1,2 (no sum over repeated indices).
(2.26)
Since, in the present study, we adopt the perfectly bonded interface model that both trac-

tions and displacements are continuous across the interface, the continuity conditions for

the displacement and Piola stresses across the (perfectly) bonded interface I' lead to

a1, (2 i, (2) fr2 = ay 1 Boz 2.27
¢y (2) + ¢1()+¢,1(z) ¢y (2) + 9, (2) + ) (2.27)
pl(an — 1) ¢, (2) + i, (2) + 2;:1(2)] = pyl(02 — 1) ¢, (2) + 1%, (2) + —,ﬁ%], (2.28)

respectively, where z € T.

2.3.2 CHARACTERIZING REMOTE LOADING AND THE
UNDEFORMED STAGE

Earlier, we assumed that the matrix was unbounded. Consequently, it is necessary to im-
pose some asymptotic conditions on the inhomogeneity-matrix system. These conditions
will, in reality, represent the remote loading applied to the system when subjected to plane-

strain deformations. For example, in Ru et al (2005), the inhomogeneity-matrix system has
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been studied exclusively in the case of uniform remote loading. This scenario is not suffi-
ciently general to accommodate the many different forms of remote loading to which such
a system can be subjected. Consequently, we attempt to analyze the inhomogeneity-matrix
system with as general as class of remote loadings as possible.

To consider an elliptic inhomogeneity-matrix system subjected to a class of remote
stresses, it is necessary to first identify what possible forms of remote stresses can be im-
posed. Also, as mentioned before, it is required to ensure that the complex-variable formu-
lations (2.21) and (2.23-24) do in fact admit the undeformed stage when all external and
internal forces are removed.

From (2.18) together with (2.26), the Piola stresses in the matrix and in the inhomo-

geneity can be written, respectively, in terms of the two analytic functions ¢ and v as:

. . - — Baz -
—0g1 +1011 = 2yt [(ag — 1) (95 (2)) 5 +2(5 (2)) 5 — ,
+ piat | ( ) (82 (2)) 5 + (%2 (2)) o + (qsg(z))&

. . i ———— Baz
O — 1012 = 29t [(ag = 1) (9y(2)) ; +i{a(2)) 4 ,
Iz L( ) (92 (2)) 1 + 22 (2)) , + <¢,2(z)>’1-

—og +iof] = 2mi (o0 — 1) (4 (2)) 5 + (¥ (Z)),z + (,ﬁi) , (2.29)
1 (2) 2]

op — ity = 2mi |(a1 = 1) (41 (2)), + im+ <¢fl(i)>1

Since the Piola stresses from (2.29) are functions of ¢, (z) and ¢, (z) and in the view
of (2.25), ¥, (z) is related to ¢, (z) through w, (2), it is obvious that the complex function

@, (z) dominates the remote stresses. It follows from (2.14) that the equilibrium equation
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(2.13) can be rewritten as:

¢ (2) 1 +1i¢1 (2) , = 0. (2.30)
Therefore, the complex function ¢ (z) must be chosen in such a way to satisfy the equilib-
rium equation (2.30). One of the successful candidates for the above equation is a mono-

mial representation of z (e. g. 2™). In fact,

Remark 1. Using the principal of superposition, we find that any series representa-
tionof ¢ (z) (ie. ¢ (2) = Ayz+ Ap2? + A3+ .- A, € C, (y=1,2,3, - )) satisfies
the equilibrium equation,

¢ (2), +i¢' () , =0,

and from (2.14-15) and Knowles & Sternberg (1975),
A = |¢' (2)] = F'(I) # 0 throughout the entire plane.

The result in Remark 1 is extremely important in that it allows us to accommodate
a large class of possible remote stresses, This statement is based on the well-known result
from the theory of functions (Weierstrass) which states that any continuous function in a
bounded domain can be uniformly approximated by a polynomial.
From Remark 1 (or (2.14-15)), we must have that, for the undeformed stage charac-
terized by Ay = A =1,
1= =F(I)=¢ (). 231)

Also, from the deformation function (2.25), we require that, for the undeformed stage,

iBz
— =z

L - (2.32)
¢’ (2)

w(2) = —iag (2) + ¢ (2)
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For the class of harmonic materials considered here, to ensure the desired mechanical be-
havior (i.e. to ensure that the undeformed stage is included), it is required from (2.21-22)

that (Ru, 2002)
a+B=1. (2.33)

Thus, it follows from (2.31-33) that the stress functions characterizing the undeformed

stage are identified as:

o (z) =1z, ¥ (z)=0. (2.34)

Remark 2. We remark that, for the class of harmonic materials considered here, a

state of zero displacement or equivalently, the undeformed stage is characterized by

1= ¢, (2)| = F' (1),

iwy (2) = ayd, (2) + i, (2) + (jv(z) =14z, 7= 1,2 (nosum over repeated indices),
2
.
which, in turn leads to
¢ (2) = iz, 1(2) =0,
¢ (2) = iz, y(2)=0.

2.3.3 SUBSIDIARY RESULTS

As stated before, it is of fundamental importance to fully understand the undeformed stage
in an attempt to analyze an inhomogeneity-matrix system subjected to nonuniform remote

stresses. In the present section, we provide physical interpretations of the undeformed stage
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in terms of mathematical representations derived in the previous section. We first note from

Remark 2 that, for the undeformed stage,

¢1 (Z) = iZ, ¢1 (Z) = 0, (235)

From (2.14) and (2.21) we now have that

I=P(¢ @) =2 (ald @+ o) (236)

Then, the undeformed stage condition yields only that
I=P(il) =2(a+8) =2,
where
l=M=FI)=|¢ ()=, a+8=1, (from2.33).

This result can be easily verified directly from (2.14-15) that
I=P(i) =M+ =2

The Piola stresses inside the inhomogeneity and at the remote boundary for the undeformed

stage can then be evaluated from (2.29), (2.33) and (2.35). That is
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—0q +iou = 2t [(042—1)122-*-52 ( ! )Zz] =251 [1 — (a2 + B5)] =

1

cuion = i |laa=1izs+ 0y (2 ) s = ilion + 5, - 1) =

1

—0% +10y = 2ui [(og — 1) iz + B (%) =2ui[l = (en + By)] =
) = 2pyifi (o + By — 1] =0,

o5 —10%5 = 2ut |(a; — )iz + 5 (

i

where, o, + 3., 1 v =1,2 (no sum over repeated indices),

(ie. 011 = 090 = 012 = 091 = 0% = 055 = 055 = 053 = 0). For the deformation

function, again, from (2.25), we have that
w, (2) = —iziz — -— =z, 7 = 1,2 (no sum over repeated indices),
(2

which implies that the material points in the reference configuration remain intact. Since we
assume that there is no residual stress, the results obtained above are found to be physically
correct in that if there is no load applied to the system, then, the corresponding Piola stresses

and displacements are equal to zero.

Finally, (2.30) (or (Remark 1)) and (2.35) yield for the undeformed stage:
¢, (), + i¢l, (2), =0, v =1,2 (nosum over repeated indices),

which clearly, through (2.14), shows that the equilibrium equation (2.13) is satisfied.
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Chapter 3
COMPLETE SOLUTION OF AN ELLIPTIC
INHOMOGENEITY SUBJECTED TO A
GENERAL CLASS OF NONUNIFORM
REMOTE LOADINGS IN FINITE
ELASTICITY

3.1 INTRODUCTION

The mathematical analysis of problems involving plane-strain deformations of harmonic
materials has recently been facilitated by the relatively simple complex-variable formula-
tion presented in Ru (2002). For example,Wang et al (2005) have extended and analyzed
the notion of ‘harmonic shapes’ (holes and inclusions) to this class of materials. In ad-
dition, in Ru et al (2005), the authors have used this formulation to study an important
class of introductory problems involving elastic inhomogeneities embedded in harmonic
materials. More precisely, the authors have obtained complete solutions of problems con-
cerning the plane deformations of an harmonic composite material containing an elastic
elliptic inhomogeneity perfectly bonded to a surrounding matrix of similar elastic mater-

ial. The results presented in Ru et al (2005), however, are limited to the case where the
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inhomogeneity-matrix system is subjected exclusively to uniform remote loading. In many
practical problems, however, composite materials, in particular those subjected to finite de-
formations, are subjected to many different forms of loading most of which are nonuniform
in nature. The analysis required to study this more general class of problems, however, is
extremely challenging, mainly as a result of the complications arising from the use of con-
formal mapping techniques with the ensuing nonlinearities in the mapped plane.

In the present Chapter, we overcome the above-mentioned difficulties and address
the issues relating to nonuniform remote loading of harmonic composite materials. In
particular, we extend the results in Ru et al (2005) to the case of plane finite deformations
of a composite material in which an elliptic elastic inhomogeneity is embedded in the
same class of harmonic materials under the assumption of nonuniform remote loading (Kim
& Schiavone, 2007a). Using complex-variable methods (Muskhelishvili, 1953; England,
1971; Brown & Churchill, 1996), we obtain the complete solution for a perfectly bonded
elliptic inhomogeneity when the system is squected to classes of nonuniform remote stress
distributions characterized by stress functions described by general polynomials of degree
n > 1 in the corresponding complex variable z describing the matrix. The results obtained
are extremely important in that, essentially, they lead to the solution of a class of problems
in which the remote loading is characterized by a much wider and more practically realistic

class of functions.
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3.2 NOTATION AND PREREQUISITES

Consider a domain in R?, infinite in extent, containing a single internal elliptic elastic in-
homogeneity with elastic properties different from those of the surrounding matrix. We
represent the matrix by the domain S; and assume that the inhomogeneity occupies the
region S;. The ellipse I will denote the inhomogeneity-matrix interface. In what fol-
lows, the subscripts 1 and 2 will refer to the regions .S; and Ss, respectively. The elastic
materials occupying the matrix and the inhomogeneity belong to the class of harmonic ma-
terials characterized by Equation (2.5) and (2.21) above with associated elastic constants
ty, a1, B and g, ag, By, respectively.

In the view of Remarks. 1 and 2, we consider problems corresponding to cases in
which the inhomogeneity-matrix system is subjected to a general class of remote loadings

described by analytic functions ¢, and 9, of the (polynomial) form:

b b
$1(2) = Aiz+ Y An2" 9, (2) = Biz+ Y Bp2", |2| — 00,a>2,b>a3.1)

n=a

where A;, A,,, B; and B, are known complex constants.

3.3 COMPLETE SOLUTION FOR THE ELLIPTIC
INHOMOGENEITY

We proceed by first using the mapping function z = w(£) to map (conformally) the infinite

region outside an ellipse in the z — plane to the infinite region outside the unit circle in the
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¢ — plane. In fact (see Muskhelishvili, 1953)

s=w(o =R

with £ = pe® and p = 1 will map the ellipse

),R>Q12mza (3.2)

x1=R<p+ng%9,xp=R<p—E)$n& (3.3)
p p

(where R € R and 6 € [0, 27]) and its exterior region in the complex z — plane, onto and

outside, respectively, the unit circle in the complex ¢ — plane.

z-plane

Figure 3: The Conformal Mapping from z — plane to ¢ — plane

In our present case of an elliptic inhomogeneity, we assume that 1 > m > 0 (for

m = 1, the ellipse becomes a straight slit; for m

0, a circle). Using this mapping

function and the binomial theorem, we write 2™ in the £ — plane as
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= (w ()" = (R <€ + %)) = R" rno (’:) 2 (34)

It is clear from (3.4) that each ocurrence of 2" in the governing equations will correspond
to n + 1 terms in the £ — plane. Consequently, we suggest the following representation of

the corresponding functions ¢, and 1), inside the inhomogeneity:

n——(2+50)
b 2
$2(2) = Ciz+ > [Cuz"+m Y Cpad™t® (3.5)
n=a a=0
n—(2+4,)
b 2
¥2(2) = Diz+) |Daz"+m Y Dpaz®®®|, z2€8,a22b2q,
n=a a=0

where Cy Cy, Cp o, Dy ,D, and D, , are complex constants (the ’comma’ notation used
to denote the constants C,, , and D, , is chosen only for convenience and does not denote

differentiation) to be determined and 4, is defined as:

{ 1, n odd,
0o =
0, n even.

From (2.27-28), the interface conditions can now be written in the form

b () = Ky (2)+iST;(2) + Sﬂ(f) 3.6)
= o < o Z /3 Z 2l =
bi(s) = ( ) - ¢1()+2¢‘2()+¢2()>+¢2() o
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For convenience, we write ¢, (2) = ¢, (w(£)) = ¢,(£), v = 1,2 and similarly for the

functions 7. . Then, the interface condition (3.6) becomes in the § — plane:

o, SBaw (§) W (§)
() = K¢, iSp, Sl \ VALY 3.7
¢1 () ¢y (€) + 15, (€) + 0 (3.7)

6 = i (—am @ - Mzi”ﬁ Fand @+ w) (), =1

¢ () ¢5 (€)
86 _ds©de_$O o [P0 _ 50
4= G2 - L5 -56 70~ (56) -5

where the constants K and S are defined by K = % + oy (1 P , S= (1 — &> .
1

Remark 3. Since, from Remark 1

|¢,(z)] = F'(I)#0, A, C#0,

v = 1,2 (no sum over repeated indices),

and

w’(£)=R<1—§>#0, €21, (om A1),

it is clear that we must have

¢ # 0

= ¢ #0, [{|=1

In other words, from (3.4-5), we must have that

b - n—1 ”_—@2_“;5_02 m 2a+6,—1
Ci+Y_ |nC.R* (5 + ?> +m 3 [(2a+ &) CpoR¥H (5 + ?) I #0
n=a a=0
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A==
b _ m n—1 "“(22+50) _ . m 2a+6,—1
E’I—{—Z na—Rn—l (f + ?) +m Z [(201 + 50) CnyaRza-Hs"_l (f + '?> ] # 0.
n=a a=0
for [¢] =1.

Since £€ = ¢ |2 = 1, on the circular boundary in the £ — plane, it follows from (3.2),

(3.5) and (3.7) that the interface condition in the { — plane becomes:

n—(2+4o)
2

b n 2046,
O O o e

a=0

n=a a=0

] b | n 2eltfe) 1 2a-+6,
+iS | D1R (E + fm) + Z D, R" (E + m§) +m Z [Cro R2 00 <Z + mf) ]

SB.R (€ +7%)

+ s
_ I n—1 n—(2+do) - 2a+6,—1
i+, [nC’nR"—l (t+em)" +mEas [+ 8) CoaRetiet (L +¢m) ]}

(3.8)
for [¢] =1.

From (3.4) together with (3.8), we finally obtain , for [{] = 1,

n

Y (”) £ (KCym” + iSD_nm"‘T)}

r=0

b
6.0 = KO\ (£+2)+iSTiR (3 +£m)+3

p  [R=Etle) 2atb0 10 15
20+6, o 2{a—1)+d, 1 Oy an2a+0,—7+1
P | 3 R S (P et (g ST |
n=a a=0 =0
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S8R (£+2)
n—(2+do)

Cy b C,Rr1 (1 ! 2 O _R2a+60-1 1 2atio=t 17
L+ S, [rCnR (b em)” A m Ty (20 +8) CraRetot (b4em) ]
(3.9)

where
n

R™ (£ n %)n _ an <:>€n—2rmr’

r=0

2a+6, 20+6,
R2a+60 (g + E) = R2a+60 Z <2a + 50) {2(a—r)+50m’r

r=0 r
o (L) = (e ) oS (e
€ £ T

1 2046, 1 2a+6, 2a-+6, 2 +6o
R2a+6o (E _{__m{) _ R2a+6o <m£+ E) — R2a+6o Z ( ar )Ez(a—-r)—i—éomn—r'

r=0

If we adopt the form ¢, from (3.9) for the exterior region || > 1, we have that

— 1 —
¢, (€) = ¢ (KC1R + iSDRm) + £ (KCiRm +iSDiR) + SR )

’ = n i 2248 190 +9
n n—2r a+0o o a—1)+d,
S [(ean] ¢ 3 [ S (e
n=a r=0 a=0 r=0
1€0>1, (3.10)

where the constants,

Xn,(n,r) = KCnmr + iSD_nm”_T, Xn,(a,r) = Kcn’amr-i-l + Z.S_Dn_’clmQa+5°_r+1,
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and

B =
B,R (£ +%)

n—(2+do)

— b — 1 n—1 - 1 2a+d,—1 ]
Cr+ Soe, [nCnRet (L em)” +m¥st [2a+80) CogRiertot (Lagm)

From (3.1) and (3.4), the remote loading condition in the £ — plane is taken to be

b ne
61 () = ARE+S AanZ(Z)gn-”mr oo, GAD
n=a r=0

Consequently, from (3.10), we have that

¢, (§) = ¢ (KCLR+iSDRm) + |£llim (SR(ng))

b n—269 n-(22+60) o 2 6
n 2 : n n—2r a+d, E : a+ o a—71)+0,
+Z R |:(7‘>§ 2 Xn,(n,r)] + Z R2 + ( r >§2( * Xn,(a,r)]
n=a r=0 a=0 r=0
, [€| = o0, (3.12)

n—2r >4, = rSn;(so,

2(¢—1r)+0,>6, = r<a, [{— oo
Clearly, this must also satisfy the remote loading condition (3.11), from which we

derive the equations defining the unknown complex constants:

r

n=a r=1

b e
A RE + Z |:Aan Z (TL) gnQTmT:I =¢ (KClR + zSFlRm) + I{lli—r>noo (SR(nyg))

b %l n_(22+50) « 2 5
n n n—2r 2043, o+ o 2(a—7)+60
+Y R [(T)S Xn,(nn] + R Z( . >§( * Xn,(a,r>} ,
n=a r=1 a=0 r=0

(3.13A)
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b b

b
S 1A =D [Xnnreo) € =Y [KCr +iSDam"] € (3.13B)

n=a n=a

Remark 4. As a direct consequence of Remark 3, we have that

KCiR +iSDiRm - 6% (KC,Rm +iSD;R) + SR' (n,£)

n N—ar—
R"Z n — 2r) (T)f 2 1Xn,(n,r)

+Z

r=0
p [2Ete) 2046
2a+08, ’ 20+ do 2(a—r)+0o—1
+> > |R > (@2(a—1)+5,) e Xotam | | #0,
n=a a=0 r=0

Vel =2 1.
This implies, together with Remark 3 and Equations (3.134-B), that there are restrictions
on the constants A1, A, Biand B,, characterizing the remote stresses.
It remains to determine the analytic function v, (£) . From the interface conditions

(3.7), (3.4-5) and (3.10) it follows that, for |£| = 1,

b1 (€) = —ion E (KTiR — iSDyRm) + € (KCiRm — iSDlR)}

+iayCiR (% + m§> +DiR (g + ?)

b [ n n—(22+60) 2a+68 5
. n ) g2r- 2a+6, ° (20 + Wr—o)—bg
_Zalz f [(7”)f nX"’("”‘)J + Z R Z < ) (r=e) Xn,(a,r):’
nee r=0 a=0 r=0
b . "—(224'50) 2045 5
) r—n, T = p2a °(2a+ 6, o) ,
Hioa 2 | O ZK Jerom| v 3 [omare (P70 )gre-ersem +1H
e =0 a=0 r=0
+Z[Dan - [ n £2r—n
n=a r=0 r
n— 2+5ol 20t5s 2a + 6
+ Z [DnaR2a+5 Z ( ) 2(r—a)——6am2a+50_r+1”
a=0
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iB, R? (% + m§) (1 - g;)

+Riei(l —0q8) — y , (3.14)
et (1 = 5) 7®
where
Ring) =
n—1 n—(2+80) 2a+8,-1 ]
Cit Yo, [nCnR"—1 (6+2) +mEoid  ((2a+80) CoaRoetiot (€4 2) ]}
and
¢, (€) = KCiR + iSD,Rm — %17 (KC,Rm +iSDiR) + SR (n,£)
b n
n _ N\ n—2r-1
+ ; R ; [(n or) <r>§ Xn’(n’r)H
p [niGtie) 20466 Y0+ §
+Z Z R2a+50 Z (2 (a . T’) + 60) ( A 0) 62(a—r)+5o—1Xn’(a,r)] ’
n=a a=0 r=0
and

2044, 2046, 2a+46,
- m e 1 2a+ 4, —2{a—1)__7
R2a+5o (f + Z ) — R2a+5o (E + mf) — R2a+5o E ( . )550 2( )m

r=0
n ra 1 " _ n E ”_ n g n 2r—-n__n—r
w(nerg) - m(Fee) —e g (e

1\ 2t 2a+do 20+ 6, PV . _
Ree: (m£+§> = R Z( r )55° Hmnr, g =g =1

r=0

From (3.1) and (3.4), 1; must also satisfy the asymptotic condition
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b n
0@ =mRe+ Y B Y (T)ermme| e

n=a r=ntdo
2

Hence, If we adopt 1, from (3.14) for |¢| > 1, we require that

b n—1
BiRE+Y | B.R™ Y <7:) ¢ rm™r | = ¢ [~iay (KC1Rm — iSDiR) + icsC1Rm + D1 R]

n=a - ntdo
T="3

b n—1
2 |E (n)fw'” (—i01 X () + 102C,m" + Dum™7) | +

r
n=a rz%é_q
p [t 2atle 100 s
—)— : - Qat+Go—r+1
E E R2a+5" E ( o) 52(7‘ &)=l (—Zaan,(a,r) + ZO.’2Cn,amr+1 + Dn,am atfomrd )
T
n=a a=0 r=a+d,

iR (14 me) (1-2)
| o o 15 A
+ ]51|1£noo (R(n,{)’b (1 als)) |£l|linoo ( ¢/1 (€) ’ © )

b b
Z [Bn] "= Z [_ialxn,(n,rzn) + iazam" + Dn] §n7 (315B)

n=a n=a

do
2r—n >4, = rzn-; ,

2(r—a)—0,>6, = r>a+id, £ — oo,

where X, (ny and X, (4, are defined in (3.10).

SUMMARY
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The complete solution of the inhomogeneity-matrix system subjected to the general

class of remote loadings described by (3.1) is given by

n— f2+5o)
¢y (2) = C’lz+z Coz" +m Z Cp a2t (3.16)
n=a a=0
n— (2+Jo!
Yy (z) = Dlz-i-z D.2z"+m Z Dy o2%te)  2€ S5, a>2,b>a,
n=a a=0

¢, (£) = £ (KC1R + iSD Rm) + % (KCiRm + iSD{R) + SR(ng) (3.17)

i 22t 90 + 0o
+Z an {( )gn ZTXn (nr):l + Z R2a+5 Z < ) 2(a_r)+6oXn,(a,r)J
=0 a=0
1€ > 1,
and
1 — _
Y (&) = —im [E (KCiR —iSD\Rm) + ¢ (KC1Rm — iSDlR)]
J— 1 m
+Z01201R <E -+ m{) + DR <€ + z)
s [ =n i) 2atde 1o L s
: n N\ orpp—— 2a+3, ’ a+ 0, 2r—a)—d, 3y .
—zalg R ; [(7‘)§ Xn,(n,r):| + ZO Rt ; ( . )f Xn,(a,)}
s [ n 2=(24do) 2a+6
. -~ pn Y\ 2r—n 2a+38, ’ 2a+60 2(r—a)—6,, r+1
—HaznZ:a C.R ; |:<r) ] ;0 [Cn,aR + ; ( ! )f )=dom+

33 (e

r=0
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n-—-(2+do)
37 2046,
20[ + 50 T—0)— e -7
+ § {Dn,aRZM—JO § ( . >€2( )=b0,, 2048, +1”
a=0 r=0

6,2 (L +me) (1-7)
¢ (£) '

where, again, |¢| > 1. Here, the unknown complex constants Cy, Cp, Cp o, D1,Dr, and Dy,

+R(n,£)’l/ (1 - 0415) -

(3.18)

are determined by the equations

n—4

b 2
A1R§ + ; A,R" ; <:) fn—?rm?“ =¢ (KC’lR -+ ZSERTTL) + |£l|i—1;noo (SR(H,E))
b ga n—(22+60) o oot §
aQ o a—r
+Y) R [(:) f"‘ZTXn,m,r)] + ) |RETYC ( . )52‘ >+5°Xn,(a,r>} ,
n=a r=1 a=0 r=0
(3.19A)
b b b L
Z [An] "= Z [Xn,(n,r=0)] "= Z [Kcn + 'LSDnmn] £, (3.19B)
b n—1 n o
BlRf'f‘Z Ban Z (T‘) €2r—nmn—r = € [—ia1 (K@Rm — ZSDlR) + ia201Rm + DlR]
n=a "'=E+Téz

b n—1
+ Z R" Z <n> g (—iaan,(nyr) + 1a5C,m” + Dnm"“r) +

omiie N\
2
p [2=Gilel 2atbo 1o s
Rt °) 220 (o X, ory + 109Cp gt 4 Dy omPeteTTH)
; ; r:&z+50 T
L i, R? (% + m{) (1 — gg)
lim (R (1—ayS)) — Ii , 3.19C
+|s|15»noo( iyt (1~ 015)) 100 ( G G190
b b
STBuE =Y [~i01 X rrem + i02Cm™ + D] €7, (3.19D)
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where, from Remarks. 3 and 4, we must have that

Al) Cl 75 0:
b m\ "l e o\ 20501
Ci+)_ |nCoR™! (5 + ?) +m Y [0+ o) Cp R (5 + ?) 1| #0
n=a a=0
—
b o m n—1 P—#-M - _ m 2a+d,—1
Fﬁz nC, R (g + ?> +m Z (20 + 8y) C, g R2*H0071 (§ + ?> 1| #0,
n=a oa=0
for |(| =1, and
___ 1 I
KClR + zSDlRm - {—2 (KC’lRm + ’LSDlR) -+ SR, (’I’L, f)
b n
AP
+ Z R" Z (’I’L - 27‘) <7‘)§n 2 1Xn’(n7r)
n=a r=0
n—{(24465)
+zb: Z R+t QQZMO 2(a—r)+d) (20T 00)geniiy #0
n=a a=0 =0 ’ r ) ’

Ve g > 1.
This solution is rather complicated since it accommodates an extremely general class of re-
mote loadings. However, the computation of the complete solution from this more general
framework is not difficult when considering particular cases. For example, in Section 3.5,
we demonstrate the case in which the system is subjected to a ’simple’ nonuniform remote
loading characterized by stress functions ¢, (z) = Az + A323, ¥, (2) = B1z + Bs2®,
|z| — oo, in the matrix. Before, we do this, however, we use the above solution to derive

general expressions for the important mechanical quantities describing the system.
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3.4 FURTHER DISCUSSION

As a consequence of the results obtained above, we can draw the following interesting

conclusions.

3.4.1 Expressions for / and J Inside the Elliptic Inhomogeneity

From (2.1) and (2.6), R and J can be calculated as follow:

J=detF =-Im [w,fwg] =Y11Y2,2 — Y1,2Y2,1, (320)

R=1tr(FFT) = |w,|*> + |wal” = Yps¥ps ».-0,5 = 1,2, (3.21)

Hence, in the view of (2.1), Equation (2.5) yields

I = VR+2J=/tr(FFT) +2J, (3.22)

= \/(ym +yp2)” + (12 — 120)°,

where

2 2
(Y11 +1y22)" + (12 — 21)” =2 (Y1,192,2 — Y1,2%21,) + vh +ys + yh + vh

Equation (2.25) and (3.16) give us that

n—(2+48o)
2

b
we (2) = —iay [Crz+ Z Cr2"+m Z O o220t (3.23)
n=a a=0
b "—(2’2"'50)
+D12+ Y | Dz +m Y Dpazete
n=a a=0
142

n—(2+60)

51— + E'Z,:a (n-C:En_l + m Za=02 (za + 50) m220+60—1>
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Consequently, from (2.14) and (2.21), or directly from (2.36) I has the following expres-

sion within the inhomogeneity

B
I=P(¢(z =2<a¢>’z+—— .
(g2 (2)1) |2 (2)| rAB]
Therefore, from(3.16), we have that
b n=(2+50)
I = 2005 |Ci+ ) [nCuz™ P +m > (2a+8,) Craz® ] (3.24)
n=a a=0

52 ],

n=(2+80)

Cit PpmalnCrzm 4+ mYsy™ (20 +8,) Ca2?atdorl]

+

and from Remark 3.

b "—(22-0'50)
65 ()] = [C1+ > |nCaz™ +m Y (2a+08,)Cra®™™ || £0,
n=a a=0
P~ 16036, = 4 |3 |6} ()] ~ =2 "o (3.25)
i A

which guarantees that F’ (1), from (2.21) is well-defined.

3.4.2 Stress Distribution

From (2.18), the Piola stresses inside the inhomogeneity and at the remote boundary are

given by
—ontion = (Xa)z2, 02—i01=(X),, (3.26)
—05 tioyy = (X1),2: 09 — 1075 = (Xl),l'
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From Equation (2.26), (3.1) and (3.16)

p1z
= 2u,4[(ay — 1)(A12 + Anz") +4i(B1z + B,z — — ,
X1 (2) pit[(an ) (A ; 1 Z A1+Zz=a" nzﬂ_l]
(2+5o)
X2 (2) = 2ugi[(ag — 1)(Crz + Z (Crz™ +m Z Cr 0 2?®t0)) (3.27)
n=a a=0
n_@io)
D1z+z nZ’ +m Z Dna—2a+50))
n=a a=0
n Bz
n—(2+4o) N
Clt Yo aCiz 4+ mY o (204 8) Cp ozttt

so that the Piola stresses both inside the inhomogeneity and at the remote boundary can be
calculated from (3.19A-D), (3.26-27).

In addition, from (2.12) the Cauchy stresses inside the inhomogeneity are given by

IF' (I
Tn+Ta = 2 J( )"2],
. F' (I
Tl — T2 +2iT1s = 29 If])[(wg)?2+(w2)?1].

In our case, from Equation (2.14) and (3.20-25)

n— (2+60)

P =600 3 [n0r e 3 (2ak ) Gt | 20

from which the Cauchy stresses can be calculated.
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3.5 EXAMPLE: The Case a = b = 3, ¢, = 1 : Quadratic
Remote Loading

The general polynomial solutions mentioned above can accommodate many different forms
of applied remote loading. Among these, we consider the particular class of remote loading,

characterized by the stress functions ¢, (z) = A 2+ A323, ¥, (2) = Biz+B323, [z| — 0.

3.5.1 Complete Solutions

From (3.1) and (3.16), the stress functions at the remote boundary and inside the inhomo-

geneity are respectively given by

¢, (2) = Az+ A3 ¥, (2) = Biz+ B32®, 2| — oo, (3.28)

Ciz+ 0323 + mZO;;‘(), ’¢)2 (Z) =Dz + D32!3 + mZDg,O.

S
[ V)
—~
N
N
Il

From the general solution (3.19A-D), the unknown complex constants C, Cs, Cs 9, D1, D3

and Dj o are completely determined by the equations

\ - BR(c+%)
(€00 Cl + 3C3R2 (% + mf) + mC3,0

+3R3£Xn=3,(n=3,r=l) + Ran=3,(a=0,r=O) ) (3.29A)

BiRE + 3B3R¥¢m = ¢ [—iay (KC1Rm — iSD\R) +i0sC1Rm + D; R]

By R (% + mf)
+ lim | (1 —aS) 5
lél=e0 Cy + 3G R? (g + %) +mCiyp
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B R2 (L + mg) (1 - %) -
(5 ¢ +3R3£ (—ialX =3,(n=3,r=2) -+ iOlngTﬂz -+ ng)

— lim ;
=00 ¢ (€)
+R£ (-ialX =3,(a=0,r=1) + Z'a203’0m2 + D310m) y (329B)
A3 = KC3+iSD3m®, B3 = —io; X3 (n=3,r=3) + itaCsm® + D3, (3.29C)
where

¢HO=KQR+wﬁmm—§ﬂKaRm+wER)

!

iR (€+%)

+S S 5 —
Cl + 30332 (% -+ mf) —+ mC3,0

3 1
3 - 1 o
+R3 Z [(T) (3 - 27") X =3,(n=3,1‘)€2(l ):| + RZ l:(r) (1 - 27‘){ 2 X =3,(a=0,r) | »
r=0

r=0

and A;, A, Biand B, are prescribed complex constants. Assume C3, Cs¢ # 0, then from

(3.10), we finally have that

Ay, =KC,+1iSD,m", B, = —ia; [KC;m" —iSD,| + iaeC,m” + D,,

v = 1,3 (no sum over repeated indices),

3AsR’m = 3R? [KCsm + iSD3ym?| + KC3gm + iSD3om?,

3BsR’m = 3R?[—iay (KCsm® — iSD3m) + iapCym? + D3m)|

—ia1 (KG;’IT)? - iSDg’Om) + 7;020370777/2 + D3’0m.
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From Remarks. 3 and 4, we must have
m\ 2
Cy + 3C3R? (g + ?) +mCzo # O (3.30)
2
s T +3GR (@%) +mCsp #0, 1€ =1,

and, in the surrounding matrix

BrR (6+2)
C, + 3C3R? (% + m£>2 +mCsg

KClR+z'SD_1Rm— %15 (KClRm + ZSER} +5

3

3
3 _ 2(1-7)
+R ; [(T> (3 = 2r) Xp—s (n=3,n§ ]
1

+RY Ki) 1-2r)¥X =3,(a=o,r>} #0, VE: €] > 1. (3.31)

r=0

3.5.2 Determination of / and J Inside the Elliptic Inhomogeneity

From (3.23), the deformation functions now take the form

wy = —i0z[(C1 +mCsyp) z + C32°| + (D1 + mDsg) Z + D3z° — = e ’
2 a2[(Ch 3,0) 32°] + (D 30) 2 3% C1 + mCsg + 3C37
(3.32)
and from (3.24)
B
I=2(0ay|C +mCsp+ 3Cs22 ?
<a2| 1t mC3po+ 3032 |+ |Cl+m03,0+303Z2|)’

|95 (2)] = |C1 + mCs0 + 3C32°| # 0, (from Remark 3),

B2
|Cl + mC3,0 -+ 3C3Zzl

2
I — 16ay8, = 4 <a2 |C1 + mC30 + 3C32%| — ) >0, (3.33)
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from which [ can be calculated. Henceforth, F' (1), from (2.21) is well defined. Also J

can now be determined from (3.20) together with (3.32).

J=—Im [(wz); ('@2)’2} )

where

1052
C, +mCsq + 3C3z%

wy = —ta|[(Cy + mCsp) z + Cs2%] + (ﬁl + m_lm) zZ+ D3z® —

3.5.3 Deformed Contour

From (3.32), we can easily plot an example of the deformed contour (see Figure 4). The
fact that the corresponding complex constants Cy, Cs, Cs g, Dy,D2 and Ds g satisfy (3.30-

31) guarantee that there is no overlapping.
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Deformed Contour of the Elliptic Inhomogeneity

T T T T T

T I
x  Mapped Boundary
Sl b, —  Initial Boundary H
: : : : —o— Deformed Boundary

X2 (Imaginary axis)

X1 (Real axis)

Figure 4: Example of a Deformed Elliptic Inhomogeneity Subjected to a Remote Loading
Characterized by (3.28). Here, we have taken (4; = 0.75¢, A3 = —0.02¢, B, = 2.4, B3 =

—0.01, Hi = 0.27, Ho = 03, ] = Qg = /31 = ,82 = 05)

3.5.4 Admissibility Conditions

From (2.1), (3.20) and (3.32-33), inside the inhomogeneity,

I? > 16285, J > 0. (3.34)
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As in Ru (2002), (3.34) again ensure that there is no overlapping of the deformation field

(interior to the elliptic inhomogeneity).

3.5.5 The Piola Stress Distribution

From (3.27), the Piola stresses in the matrix and in the inhomogeneity are described, re-

spectively, by:

Bz

Xl (Z) = 2’11,17,[((11 — 1)(A12 =+ A323) + Z(—.B_]_Z + E_Z?’) “+ m

]7

X2 (2) = 2pi[(e2 = 1)((C1 +mCs0) 2 + C32°) +

;32Z ]
C, +mCsp + 3C3z%"

i((D1 +mDsp) 2 + D32°) +

Thus, the corresponding Piola stresses can be found from (3.26) as follows:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.5 EXAMPLE: The Case a = b = 3, 0, = 1 : Quadratic Remote Loading 51

091 +i011 = 2uyifi(ag — 1)(Cy +mCs + 3Cs2%) + Dy + mDsg + 3D37*

Cy +mCap + 3C52(Z + 2z)>]
(C1 +mCsp +3C322)2 /)7

i

099 — ’i012 = 2u2i[(012 — 1)(C1 + mC3,0 + 303252) + 'L(l_)-l_ + mD—&E -+ 3E§2)

8 (71+m@+3@2(2—2z)>]
2\ (Ci+mCse+3C5z2)2 )"

—0X +i08 = 2uifi(g ~ 1)(A; + 3432%) + By + 3B37°

(A_l + 3A432(z + 2z)>]
(A; + 343222 )7

+¢6; lim

|2]—00

03 —i0$S = 2ui[(ag — 1)(A; + 3A32%) +i(B; + 3B37°)

(e )

+p5; lim

|z|—o0

For example, the Piola stresses at the origin (z = z; + 22, 1 = z3 = 0, center of

elliptic inhomogeneity) can be calculated as

o 1
—091 +1011 = 2,[1,21[7,(0[2 — 1) (Cl + mC3y()) + D+ ng’o + Zﬁ2_—_——___:],
Cy+ mC'3,0
— - 1
092 — 1012 pot(ag — 1) (Ch 50) + 1 (D1 30) + By Tt mCa,o]

and, clearly, the corresponding deformation is , from (3.32), ws (2) = 0.

Remark 5. We note from (3.28) and (3.294-C) that if we set A3 = By = C3 =

Cs30 = D3 = D3 = 0, we obtain exactly the corresponding solutions for the simpler case
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presented in Ru et al (2005) when the elliptic inhomogeneity-matrix system is subjected to

uniform remote loading.

3.6 THE CASE OF THE CIRCULAR INHOMOGENEITY

As we previously mentioned, the solution derived above is sufficiently general to accom-
modate a wide class of inhomogeneity problems. In this section, from the general solution
presented in the previous sections, we obtain the complete set of solutions for a perfectly
bonded circular inhomogeneity-matrix system (a particular class of an elliptic inhomo-

geneity) subjected to the same class of remote stresses (Kim & Schiavone, 2007b).

3.6.1 Complete Solution in the Case of the Circular Inhomogeneity

By setting m = 0, the mapping function (3.2) becomes:
z=w(l)=R{, R>0, £=pe’, p=1, (3.35)

which implies that we have a circle whose radius is R in the z—plane as a special case
of an ellipse. In other words, we can actually derive the complete solution for the circular
inhomogeneity problems from the general solution presented in the previous section, by

applying the the following condition:

z=w(§)=R<f+%>, R>0, m=0,

(a circular mapping function: a particular case of the ellipse).
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From (3.16) together with (3.2), we obtain, for m = 0,

b
2(2) = CiRE+ Y CouRE™ (3.36)

n=a

b
¥y(2) = DiRE+Y D.RE", REE S, a>2,b>a,

n=a

and from (3.17-18), we have that, for m = 0,

b b
6, (€) = KCLRE + —?z’sﬁl + S (REKC) + 3 (67SDy) + SR,

n n
1€l > 1, ( (0) = <n> = 1) , (3.37)
$1(6) = —ian [KE? - iSDIRg] biaiTi L + DiRE

b b b
~iay 3 [R"g‘"'K—Cn + R”g“FD_Z] tiae Y (CRR™™) + > (D.R™€™) (3.38)

_ i, B2
+Rimeyi (1 — 0y S) — _£7
where
BaRE
R("yf) = . b 2 —— (R n—11"?
Ci+Y0, [ncn (%) ]]
and
r Q) T — KCTH 7':0,
Xn,(n,'r) = KCnm +ZSDnm = { ZSD;} r—n,
 Xnar) = KCpom™! +iSD, ;m¥+ie=r+l =
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Finally, from (3.19A-D), the unknown complex constants Cy, C,, D;, and D, are deter-

mined, form =0

b

SByRE n
ARt = KCRt+ Cﬁ Z JREY =Y [KC,)RE",  (339A)

1

n=a n=a

Xn,(n,r:O) =KC,+ 'Lsmmn = KCn,

BiRf = RED (1—ayS), Z[Bn]Rg _Z[ (1 — a1 S)] RE™, (3.39B)

n=a

Xn,(n,r:n) = Kcnm - ZSDn = —ZSDn.

where

K_——+a (1—&), S’-——<1—@).
241 Hy Hq

Hence, from (3.36-3.39(A, B)), we can derive the complete set of solutions of the inhomogeneity-

matrix system subjected to remote loading described by (3.1). In fact, by letting R = R,
and in the view of (3.35), Equations (3.36-3.39(A, B)) immediately reduced to the cor-
responding set of solutions in Kim & Schiavone (2007b). We also mention here that the
solution for the circular inhomogeneity-matrix system obtained in this section further re-
duces to the results presented in Ru et al (2005) and Ogden & Isherwood (1978) provided

that the same conditions are considered.

SUMMARY

The complete solution for the circular inhomogeneity cases is given by

b b
2)=Ciz+Y Coz, %,(2) = D1z+Y  Dn", |2l <R, a>2,b>a, (340)

n=a n=a
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b, (2) = X1z+ZXz + +Z Xon )+ R(z), |2|> R, (3.41)
and
 XGR? NXLRM X, X SB,R
¥1(2) = —doa z +n2=a( zn )+ng+n=a( R2n ) 2D o (nCrz™ 1) + C1]]
_ iB, R
2 X1+ Ty (nXn2m ) = 53 = S0 (F) + R (2))
01R2 C.R™ iB,R? °
+ <) + < + Dz + D,z", 3.42
o Z( TS e T AP o4

where | |z| > R.. Here, the unknown complex constants C, C,,, D; and D,, are determined

by the equations

2 2 2 2 Ho
A=+ a(1-3)0+(1-22 _—'f, B, =Dl -« :
1= ) 2 1)] 1+ ( 1)01 1= Dy (1= 1)]

ZAnz = Z[ (22 4 a,1-£2 Zan = Z [D(1 = ay(1 — %))]z",

n=a 1

(3.43)

where, from Remarks. 3 and 4, we must have that for R = R, z = R¢,

A, G #0,

b b
C) + ZnC’nzn'1 £0 <= C)+ Znan””l #0, Vz:|z| <R

b
ne1 nX_p
X1+ (nXn2"t) - Z( —) HR () #£0, Vz:lz| 2 Re
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3.6.2 Expressions for ] and J Inside the Circular Inhomogeneity

From (3.23) we have for m =0

15%:
wy = —iop[Crz+ Y Cpnz"l+DiZ+ Y D,z"— — 3.44
2 = 2[C1 ; 1 Z Tt wa:a WO ot (3.44)
and from (3.24)
: 8
I=2|a|Ci+ ) nCu2™ |+ — (3.45)
n=a ‘Cl + ana nan"_l
Finally, from Remark 3
b
|65 (2)| = |CL + Y nCrz"t| #0.
, 2
I? — 16038, =4 | ay |C1 + Znann‘l - bﬁz >0, (3.46)
n=a ‘Cl + ana nann_ll

which guarantees that F’ (I) , from (2.21) is well-defined.

3.6.3 Stress Distribution

From (3.27), we have that, form =0

X1 (2) = 2mif(on — 1)(A1z+ Y Anz™) +i(BiZ+ Y Bnz")

n=a n=a

TSI S——
A+, _ nAyznl

b b
X2 (2) = 2pyt{(az — 1)( Cﬂ—}-ZC 2" +Z(FE+ZD_,12”)+_

n=a n=a

so that the Piola stresses both inside the inhomogeneity and at the remote boundary can be

calculated from (3.43), (3.26) and (3.47).
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In addition, from Equation (2.14), (3.21-22) and (3.44-46), we have that, form =0

b
Cl -+ Z nann—l

n=a

F'(I) = |¢5(2)| = # 0,

from with the Cauchy stresses inside the inhomogeneity can be evaluated by (2.12)

3.6.4 Example: The Case a = b = 2.

Similar to the previous section, here, we consider the particular class of remote stresses,
characterized by the stress functions ¢, (2) = Az + A22%, 9, (2) = Bz + Byz?,where

A1, Ay, Biand B, are prescribed complex constants.

Complete Solutions
From (3.1) and (3.40), the stress functions at the remote boundary and inside the

inhomogeneity, respectively, are given by
b, (2) = Arz+A2? 9, (2) = Biz+ By2?, |z — oo, (3.48)

by (2) = Crz+Co2?, Yy (2) = D1z + Do2*, |2| <R,

From the general solution (3.43), the unknown complex constants C;, Cs, D, and D, are

completely determined by the equations

Ha Ha o\ Ba Ha
Al = [P 4+a(l-=2)Ci+(1-=2)==, Bi=Di1—-a;(1--=)], 349
1 [Ml 21 #1)] L+ ( ul)Cl 1 1 1( Ml)] (3.49)
Ay = [ +aa(1-52)C,, By =Dyl — (1 - £2)).

Hy by 431

From Remarks. 3 and 4, we must have

C1+2Cz#0 = C]+202#0, Vz:|z| <R, (3.50)
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and in the surrounding matrix
4C,R*
e 4+ 0

#0, Vz:|z| > R..

iSDiR?  2iSD,R! o
KCi +2KCyz — ——* — =2+ 8B, (2_@%3

+ C})?

(3.51)

Determination of / and J Inside the inhomogeneity

From (3.44), the deformation function inside the inhomogeneity now takes the form

. —_ o 52

wo i[Crz 22°] + D12 + DyZ C 12002 ( )
and from (3.45)
_ Ba
I=2 (a2 |Cl +2022| + ICl +202Z|) y
|5 (2)] = |C1 + 2C22| # 0, (from Remark. 2),
3 2

I — 16 = 2Cy7| — ——2 ) >0 3.53

azfB, =4 (012 |C1 + 2C52| G+ 2C2z1|) , (3.53)

from which I can be calculated. Henceforth, F” (1), from (2.21) again is well defined

Also J can now be determined from (3.20) together with (3.52).
J = —Tm [(ws) , (@2) o]

2 iByz

where
G +2C7

Wy = —iag[Clz + C222] -+ EZ —+ FQZ
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Deformed contour
From (41), we can easily plot the deformed contour (see Figure 5). The fact that the
corresponding complex constants C1,Cs, D; and D, satisfy (3.50) and (3.51) guarantee

that there is no overlapping.

Deformed Contour of the Circular inhomogeneity

T T T T
F PP I lmtlal Boundary -
‘| -&— Deformed Boundary

15 i

X2 (Imaginary axis)
=
(2] <

[
-

-2.5

X1 (Real axis)

Figure 5: Example of a Deformed Circular Inhomogeneity Subjected to a Remote Loading
Characterized by (3.48). Here, we have taken (A; = 3.5, Ay = 1, B, = 0.5, By =

0.25, uy =0.27, uy = 0.3, ay = ag =3, =, =0.5)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.6 THE CASE OF THE CIRCULAR INHOMOGENEITY 60

Admissibility conditions

From (3.20) and (3.52-53), inside inhomogeneity,
I? > 16038, J > 0. (3.54)

Again, as in Ru (2002), (3.54) ensure that there is no overlapping of the deformation field

(interior to the circular inhomogeneity).

The Piola Stress Distribution
From (3.47), the Piola stress in the inhomogeneity and the matrix is described, re-

spectively, by:

. N B,z
xi (2) = 2uil(aq — 1)(A1z + A22?) +i(B1Z + Be2%) + —I—+12A_22]’
X2 (2) = 2uqif[(ag — 1)(Crz + 0222) + Z(EZ + 3222) + _———622_ l,
Cy + 20,2

Thus, the corresponding Piola stress can be found from (3.26) as follows:

71+2@(z+z)>]’

—091 + ’1:0'11 = 2u2i[i(a2 - ].)(Cl + 2022) +E + 2.1725 + 152 ( (?4— 2_672)2
1 2

—_— —— rah 2_ s _
Op — 01y = 2u2z'[(a2—1)(01+202z)+i<pl+2022)+52<Cl+ Ca(z z))

(C1 +2C32)?

: ” o L ia g (At 2A3(Z+
-0 +i09] = 2wifi(ag — 1)(A; + 2A22) + By + 2Bz + i3, [z]|1£noo ( 1 2(Z Z))

(A1 +24,2)?

0% —i05y = 2uyif(ar — 1)(A; + 2422) +i(B1 + 2B22) + 54 |2lllin (

(o o]

A_1+ 2A_2(2 — Z)>]
(A] + 24,22 )7
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Note that the Piola stress at the origin (z = x; + i3, 7 = 22 = 0, center of circular

inhomogeneity) can be calculated as

s —_ 1
—09 + iUll = 2#22[2(02 - 1)01 + D1 + Zﬁz*ﬁ—],
1

. . . 1
099 — 1012 = 2,[12’[,[(042 — 1)01 + ZD1 + ,BQCY—:_]

| and, clearly, the corresponding deformation is, from (3.52), w, = 0.

3.7 CONCLUSIONS

In this Chapter, we consider an inhomogeneity-matrix system from a particular class of
compressible hyperelastic materials of harmonic-type undergoing finite plane deforma-
tions. We obtain the complete solution for a perfectly bonded elliptic inhomogeneity when
the system is subjected to general classes of remote Piola stresses characterized by stress
functions described by general polynomials of degree n > 1. In addition, from the gen-
eral solution, we also derived the complete set of solutions for a perfectly bonded circular
inhomogeneity-matrix system (a particular class of an elliptic inhomogeneity) subjected to
the same class of remote stresses. The solutions presented here are extremely important in
that they essentially lead to solutions of problems in which the inhomogeneity-matrix sys-
tem is subjected to a wide class of remote loading conditions and so can accommodate a
correspondingly large set of physically relevant problems. We note, in particular, the gen-
erality of our results and that existing results in the literature are obtained as special cases

of the solutions derived here. For example, the results found in Ru et al (2005) for the el-
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liptic inhomogeneity-matrix system subjected to uniform remote loading are obtained here
as special cases (see Appendix). In addition, concerning for the case of the circular inho-
mogeneity problems, the general solutions derived here further reduce to the corresponding

results presented in Ogden & Isherwood (1978) as far as the same conditions are applied.
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Chapter 4
ESHELBY’S CONJECTURE

4.1 INTRODUCTION

It is well-known that ‘peak’ in the stress distribution inside an inhomogeneity are respon-
sible for the failure of the corresponding fiber and ultimately the entire composite. It is of
interest, therefore, to design an inhomogeneity in which the stress distribution remains uni-
form. One of the most celebrated results in solid mechanics is concerned specifically with
this problem. This result is known as Eshelby’s conjecture.

Eshelby’s conjecture in linear plane and anti-plane elasticity states that the stress dis-
tribution inside an inhomogeneity, perfectly bonded to an infinite isotropic elastic medium,
subjected at infinity to a uniform stress field, is uniform if and only if the inhomogene-
ity is elliptical (Sendeckyj, 1970; Ru & Schiavone, 1996). In Ru et al (2005), the authors
examined one side of Eshelby’s conjecture for the plane deformations of the same class
of compressible hyperelastic materials of harmonic-type considered in this thesis. More
specifically, it was shown that, under the analogous constraints of perfect bonding and
uniform remote Piola stress, if the Piola stress within the inhomogeneity is uniform, the

inhomogeneity is necessarily elliptical except for the special case when the complex po-
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tentials at the remote boundary and inside the inhomogeneity takes a particular restricted

form:

¢1(Z) = AZ, 1/)1(Z)=Bz7 |Z|—‘>OO,

¢, (2) = C=z, 9, (z) = Bz, inside the inhomogeneity,

where

A:C@Jr(l—@) [a2c+@],
1 1 ¢
Ba

<1 — 5%) B=0, oA+ % = ayC + E),
in which case the shape of the inhomogeneity can be taken as arbitrary. This latter result is
extremely interesting in that it does not arise in the analogous results from linear elasticity
and can be attributed to the particular class of materials being considered here. It is of
interest, therefore, to examine if the converse result (i.e. the ’other side’ of Eshelby’s
conjecture) holds true for this class of materials. Namely, if the Piola stress distribution
within an elliptic inhomogeneity is necessarily uniform when the same inhomogeneity-
matrix system is subjected to finite plane deformations and uniform remote loading (Kim
et al, 2007).

To examine Eshelby’s conjecture, we begin by assuming that, at infinity, the Piola

stress is uniform so that

¢, (2) = Az + Opy, ¥,(2) =Bz+ O, |z| — oo,

where A, B, Oy and Oy are prescribed complex constants.
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4.2 COMPLEX VARIABLE FORMULATION

As a consequence of (2.27-28) and the remote loading condition, we seek analytic functions

¢, (2)and ¥, (2), v = 1,2 in S; and S ,respectively, such that

bi(2) = Kéy(s) +iST; () + 2222 s, @)
s (z)
b (2) = i (—am & -2 D+ 5—) Fy(2), zel,
¢ (2) o5 (2)
¢, (z) = Az+Oq), ¥;(2) =Bz+ O, |2| — oo, 4.2)

where

K=ﬂ+a2(1—ﬂ>, S=1-"12,
1 1 1

For the class of harmornic materials considered here, we have from (2.21-22):

1 > a,2>21/2,8,>0,a,+8,=1, p, >0, (4.3)

v = 1,2 (no sum over repeated indices).

It is well-known that the finite region bounded by an ellipse can be mapped confor-
mally into a circle, but the corresponding transformation is complicated and inconvenient
Muskhelishvili (1953). Instead, consider the enclosed region S; to be cut along the seg-
ment D = {(z1,0) : —2R < z; < 2R} connecting the foci. This cut may be thought of as
an ellipse, which is confocal with I" but whose minor axis is zero. Hence the cut region in

Sy may be thought of as the limiting case of a region between two confocal ellipses.
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In fact, Muskhelishvili (1953),

1
z=w(£)=R(§+E>, R >0, 4.4)
will map the ellipse
1 1)\ .
=R <p + —) cost, zo=R (p — —) sin 6, 4.5)
p p

where R, p > 0 and 6 € [0,27] and its exterior region in the complex z — plane, onto
and outside, respectively, the circle of radius p in the complex £ — plane. Hence, using the
transformation (4.4), the region S, is transformed into the exterior of the circle with radius
R, and the region S>\ D into the ring 1 < |{| < R, in the £ — plane. The segment D and

the boundary I" are mapped onto the circles |£| = 1 and |¢| = R,, respectively, where,

_a++va? - 4R? _ 1
R*— 2R >1, G—R(R*‘FE)
[
8= 1
) 0 &= R«
S1
b
z-plane §-plane

Figure 6: The Conformal Mapping from z — plane to £ — plane
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Since ¢, () is analytic in Sz, we must have

¢y (2) = 92 (2), Pa(2)=%,(2) z€D. (4.6)

For convenience, we write ¢_ (w (¢)) = ¢, (£), v = 1,2 and similarly for the functions

1., so that, in the { — plane, condition (4.6) becomes

¢2(§)=¢2 (Z), 1/)2(€)=1/’2(z): V€3|§|=1-

Thus, in the { — plane, we seek the solution ¢, (£), ¥, (£), v = 1,2 in the regions

|€] > R, and 1 < |£| < R,, respectively, such that

56 = Kop(e) +ist @+ 22OV g _p @
%)
b () = g (B - ﬁ% Fiag, (€ + % F,(6), 1€l =R
R IR
$2(E) =2 (§), v2(©)=v2(8), VE: el =1, 4.8)
#,(6) = ARE + Ogy, ¥, (€) = BRE + Oy, [€] — oo. 4.9)
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Since ¢, (£) and 1, (§) are analytic in the ring 1 < [¢| < R,, they have Laurent series

representations
$2(6)= D Cu€", $2(§)= Y Duf", CuDu€C.

Letting £ = ve®, from (3.8), we obtain Muskhelishvili (1953)

C, = C_p, Do=D_,, (4.10)
n=oc0 n=0o 1
5 = Co+ Y C, (s“+§in) () =Do+ Y D, (s"+€—n) . 1<|¢ <R
n=1 n=1

Remark 6. Since, from Remark 1
|6, (2)| = F'(I) #£0, Ay, C1 #0,

and

w' (§) #0, [£>1,

it is clear that we must have

$2 () #0 = () #0, [¢>1.

In other words, from (4.10), we must have that

Z nCn (gn_l - €n1+1> 75 0

n=1

= _Z nCh (&”‘1 - g}H) #0, V&:[¢|=R..
n=1

It follows from (4.10) and the interface condition (4.7) that we now have, for |¢| = R,
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¢ () = K I:Co-i-niéoCn ({"-1—215):' +145 [Do—}—?ioDn (f"_}_&in)}
n=1 n=1
SB,R (£+1)R(1—§,)

SnIynCa (67— )

Since £€ = |£]* = R? at the interface,

C, +§C (g t )}HS

—+

¢1(€) =

Do + Z Dn ( € R2n>
n=1

. SB,R? (6 + %) (1 - %24) @.11)

n=oo 7 Rz(n_l) €n+1 .
Zn:l nC"( fn——l - Rz(n+1)

If we adopt ¢, from (4.11) for |{| > R., at the remote boundary, we have

¢, (&) = [C’ + chf J +4S | Do + ZD ng |+ dm, (SRmg), 1€l — oo,
(4.12)
where
e (c+1) (- )
Ring = [ gl .
Zn;l nCn( é-n—l - Rz(n—i—l))
Also from (4.9),
¢ (§) = ARE+ Oq), || — oo (4.13)

Therefore, it follows from (4.12-13) that

+S + hm (SR(M)) |€] — oo.

ARE+0q) = [C + Z Cng™

D, ""ZD

(4.14)
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Equating coefficients of £, we require from (4.14) that

ARE+ Oqy = K [C, + C1€] +14S [D + D1}§ J + 5hm (SR(ng)) (4.15)
S (keu+ 522V er =0, oo @16
RZn
n=2 *
From (4.11-12) and (4.16), for
— iSD; = oy 1
91 () = KCotiSDo+{ KCy + — &+ |(KCpn+iSD,R: )g—n +SRng), €| > R.
* n=1
(4.17)

Remark 7. As a direct consequence of Remark 6, we have that

oo

KCy + —- ZSDI + Z [ (KCy +iSD,R*™) + SR (n,&)#0

€n+1

Ve €| > R..

Similarly, from the interface condition (4.7) together with (4.10) and (3.12), it follows for

€l =R
, S SDI\ R [~ . n & —
'(/)1 (6) = —l( I:KCO — ZSDO + (KCI L R31> —g—' —+ 2 |:(KCn - ZSDnRz ) ézn] + SR(n,{)
2
o (%) (- 3)
e " § + D, (4.18)

KCy + D1 Dy, [ n (KCp + iSDuRI) gk ]+SR'(n £)

+ZO[2

+i5232(%?+3%)(1_g,) i i>,

Zf;l nChp (fn—l - gn—l+r) n=1 £

2n n
C, +ZC (R; +1§2n)
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where from (4.12)

e (54 4) (1- )
> ne1 " <§n—1 - g"ﬁi') .

R(n,f) =

Thus, at the remote boundary, we have from (4.18)

¥, (&) = —iy [K_O;—iSDO+Z [(l;f —iSD ) 13 ] + lim (Sm)
n=1

|§}—o0

~Jim_ (@)

+|§1Iim ((Rng) + Do+ D> Du™, [€| - 00,  (4.19)

n=1

_ e (84 4) (-1
KCy+ 5B — 5% [n(KCo + iSDRRI) e | + SR (n,6)

From (4.9), 1; must also satisfy the asymptotic condition

$1(§) = BRE+ O, €] — oo

As in (4.14), we require from (4.19) that

. - . > Kﬁ’; . n : >
BRE + Oy = —tan [KCO ~iSD, + ; [( R zSDn) ¢ ] + l&llgnoo (SRng)
. - -~ = -CT’IL n . > = n
T, (@) +icn2 [Co +2 |+ A (iRing) + Do+ Dut", I€] — co.
n=1"%* n=1

Therefore, equating coefficients of £, we have

KC,
BRE + 0(2) = —-z'al [KC ’LSD + ( R21 - ZSD1> 6:'
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_ — C
+ lim [’LR(n,g) (1 - als)] + - lim (@(n,{)) + iaz [Cg + R_;f] -+ Do + le, (420)

|§—o0

Z H;% (~uK +az)+ Dy (1 - 015)} fn] =0. (4.21)

Recall (4.16). Together with (4.21), since £ = pe®, p > 0, we derive the following

equations for C,,, D,,, n=2,3...

iSD,

KCn+ "

=0, (4.22)

(K —ap) O, —
(s o 2) + Dy, (1 -, 8) =0. (4.23)

Also from (4.3), for the class of harmornic materials discussed here
K, (1-oS) #0. (4.24)

We consider the following cases:

4.2.1 Casel: When SD,, =0

From (4.22) that we must have KC,, = 0, n > 2, and hence from (4.24)

Then, it follows from (4.23-4.24)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4.2 COMPLEX VARIABLE FORMULATION 73

4.2.2 Case2: When (0n K — ap)C, =0

From (4.23) together with (4.24)

423 Case3: When SD, = (K —a3)Cr, =0

In this case Equations (4.22-24) yield only that

C.=D,=0, n>2.

4.2.4 Case4: When SD,, (1K — as) C,, # 0

For the case when both SD,, and (a1 K — az) C,, are not equal to zero, we start with the

assumption that
Cy., D, #0.

By letting C,, = Re(C,,) +¢Im(C,,), D, = Re(D) +iIm(D,), we solve Equations (4.22-

23) and obtain
[K (1 au8) + W} C, = o, (425)
[K(l — )+ “‘“—I{R{nﬂﬁ} D, = o
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Suppose that C,,, D,, # 0 then we must have

[K (1—aS) + %@—S] =0, (4.26)

otherwise, we have the same result as in Cases. 1-3, thatis, C,, = D, =0, n > 2. From

(4.2), rewriting (4.26) in terms of o, and p1, > 0 v = 1,2, we find that (4.26) reduces to

(%)2% (az — 1) <R1;m - 1) + (%) [1 + (o + ay — 20100) (% - 1)}

1
+02(Oé1—1) (R4n-—1> =0

The two roots (ﬂ) and <ﬁ2—) are easily found to be:
1 2

My Hy
- B2 —
My 2A
(@) _ —-B— VB2 —4AC
a1 2 2A ,
where
1
A = al(az—l) Tin 1 ,B—1+(a1+a2—2a1a2) R4n" )

1
C = ag(a1—1)<—§5—1>.

It is not difficuit to show that (4.27) means that, (see Figures. 7 and 8)

Ko Ko
<) <0, (=) <0.
(Nl) (Nl )2
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Root 1

04

03
So4d
8
24

084

-06 .

07

<08

Figure 7: First Root (equation 4.27): (£2),, where(1 > o, > 1/2, v =1,2)
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Root 2

Figure 8: Second Root (equation 4.27): (£2),, where(l > a, > 1/2, v=1,2)

Hi

This contradicts the assumptions made on the elastic constants for this class of mate-

rials, namely Ru (2002):

1 > ay21/2,8,>0, 0y +8,=1, n, >0,

v = 1,2 (no sum over repeated indices).

Consequently, (4.26) cannot be true and

K —ay)S

K (1 - a,5) 4 o J #0. (4.28)
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From (4.25), (4.28) now implies that C,, = D, =0, n > 2.

In conclusion, from (4.10), in the £ — plane

¢, (&) = Co+Cl(£+%), ¢2(f)=DO+D1({+%>, 1< |¢| < R.,
ZZCnZCL ZZDn:Dl, (.Cn=D,=0, n>2),
n=1 n=1

and through the mapping function (4.4), we have that in the z — plane

C D
¢y (2) = Co—i--]—%z, wz(z):Do'i"le, z € So,

z 1
7= (e+d);
which implies from (2.18) and (2.28) that the state of (Piola) stress inside the inhomogene-

ity is necessarily uniform. In fact, from (2.26), we derive the Piola stress function y inside

the inhomogeneity:

: C . D Rz
Xz (2) = 2p9i[(02 — 1) (Co + —Rlz) +1<DO + Elz) + 520_1 I

and from (2.18), the Piola stress inside inhomogeneity can be calculated as

. . iC1 D; iB,R
—ont+ion = (Xz)a = 2mi[(az — 1) fl + fl + ﬂci B
1

Ch iD, B R
E RGO

on =102 = (X2); = 2pi[(az — 1)
which, clearly, is uniform.

We have just proved the following result concerning necessity in Eshelby’s conjecture

for this class of harmonic materials:
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Theorem 1. For this class of harmonic materials, if an inhomogeneity-matrix sys-
tem is subjected to finite plane deformations and uniform remote loading, the Piola stress

distribution within an elliptic inhomogeneity is necessarily uniform.

4.3 SOLUTION FOR THE UNIFORM INTERIOR STRESS
CASE

We can, in fact, obtain the complete solution corresponding to the elliptic inhomogeneity-
matrix system under the assumption of uniform remote loading. In fact, from the results

obtained in the previous section, the analytic functions ¢, and 1, take the form

%z, ¥y (2) = D, + &z, (4.29)

¢y (2) =C,+ 7

where C,, Cy, D,,, D; € C. From (4.4) and (4.7), on |£| = R,

S (e+3)

1 o= =
¢1(£)=K[Co+cl<£+z>:l+ZS[D0+D1(§+Ez a ,
(4.30)
where, from Remark 1, C1, C; # 0. Also from (4.9)
¢ (§) = ARE+ Oqy, [€] — oo (4.31)

Then, without loss of generality, the Laurent series expansion for ¢, takes the form:

n=1
¢ (&)= > Knf", || >R.. (4.32)

It follows from (4.30-32) that

1 (§) =Xo+X—1% +Xi€, K=K 3=K_4=---=0, |{|>R.,, (433)
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where

X, = 0(1) = KC’o—t—iS—D;,

iSD;  SB,R2
X]_ = AR:K01+ Rf + a 5

SB,R?

1

X, = KC,+iSD,R*+

In the view of Remark 7, we must have from (4.33) that

X_
Ki# =g Vel > R
From the interface condition (4.7), (4.29) and (4.33), it follows that for |£| = R.,
. 2
et o] BE(Fh) (1)
P1(§) = —ion | Ko+ K 155 + K| — (4.34)
R? £ x, — X
177

2 iB,R? (B 1 &
+iag [Co+01 <§i+ : )] + (Cf R“>
1

1
é_ Ez +DO+D1<§+—->.

§

From (4.9), 1, must also satisfy the asymptotic condition

Y, (§) = BRE+ Oy, [€] — 0.

Hence, if we adopt (4.34) for the region || > R., we require that

£] iR
R2|  X\R?

€ +iag [ﬁﬁ %&] +

iB, R?
C.R?

BR{+ Oy, [§| — oo

—iay [X_O+X_1 §+Do+Di§ =

Thus, since X; = AR, we require

O = —ia1 X, +i02C, + D,
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Ky ifR i0oC, 1P, R?
R? AR? R? C1R?

SUMMARY

The complete solution corresponding to the elliptic inhomogeneity-matrix system

subjected to uniform remote loading is given by

C D
92(2)=Cot 52, Wy(2) = Dot 2 |2 €5y, (4.35)
1
¢1 (&) = X, +X_IE + X:&, X,=0q), X1=AR, ¢ >R. (4.36)
and
_ ; R? £ 1
e — __R2] bR Ttelll-2
b6 = —im | Kot Koe +X1—*] = (& RX) (-2) 4.37)
i R £ X, - 25
3
. : R} | ¢
A (RE € iB,R? (% + R—) 1
+icug -Co+Cl(€ +“R—Z>:|+ o +DO+D1<§+E).

where , €| > R.. Here, the complex constants C,,C}, D, and D, are determined by the

equations

KCo+iSE, = X,= O(l),

—i01 X, +iaaCo + D, = Oq2),
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iSD, | SB,R’

= K == 4.38
AR Ci+ 22 il (4.38)

SB,R?

1

X_1 = KC,+iSDR?+

?

_dnK .y  ifiR | iaeCi | By R

BR AR T R T OR

+ D;.

where from Remarks. 6 and 7

Ci # 0= C #0,

Ko # Zgh el >R

We note that the results obtained in Ru et al (2005) arise as a special case of those obtained

here (see Appendix).

4.4 FURTHER DISCUSSION

From the results obtained in Section 4.3, we easily obtain the following important proper-
ties of this inhomogeneity-matrix system. Since, these properties will provide the actual

response of the elliptic inhomogeneity-matrix system under the prescribed remote loading.

4.4.1 Expressions for I and J Inside the Inhomogeneity

From (2.1) and (2.6), R and J can be calculated as follow:

J=detF =—Im[w Ws] = y1,1%.2 — ¥1,2¥21, (4.39)
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R =tr(FFT) = jw,* + |wal® = YpsUps » -0 8 = 1,2, (4.40)
Hence, in the view of (2.1), Equation (2.5) yields

I = VR+2J=/tr(FFT) +2J, 4.41)

= \/(yl,l +122)" + (Y12 — ¥20)°,

where

(11 4 ¥22)° + (W12 — ¥21)° = 2 (Y1.1%2.2 — Y1221, ) + Y51 + Yoo + Yo + 31

Equation (2.25) and (4.35) give us that

. C — D{_ iB,Rz
wy = —i0[C, + Elz] + D, + Elz - Bé_l . (4.42)

Consequently, I takes the following form within the inhomogeneity

_ C By
I=2 (az R + |—%q> , (4.43)
and from Remark 6.
C
6 () = || #0, VE: gl > 1,
al B\
1

I? — 160553, = 4 (az | IE:O > 0, (4.44)

which guarantees that F’ (), from (2.21) is well-defined.
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4.4.2 Stress Distribution Inside Inhomogeneity

From (2.18), the Piola stresses inside the inhomogeneity and at the remote boundary are

given, respectively, by

091 +i011 = (Xo)g, 02— i012=(X2),, (4.45)
—05 Ti0y] = (Xl),2’ 09 — 073 = (Xl),l'

From Equation (2.26), (4.2) and (4.29) (or (4.35))

Xi(2) = 2uyl(es — 1)(dz + O) +i(B + 0g) + 22},
C D — R
G() = millas - DG+ C) +il G2+ D) + 2L

Thus, the corresponding uniform Piola stress can be found from (4.45) as follows:

—og1 +i011 = 2uyifi(ag — 1)% + % + i%—lR],
o9 —io1y = 2pyif(ag — 1)% % + ﬁ—é—fj )
~of+iot = 2uyliles - DA+ B+ )
o

0% —i0%y = 2ui[(ay —1)A+iB + 7].
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4.4.3 Deformed Contour

From the expression (4.42) of the deformation inside the inhomogeneity, it is clear that the

curve I remains elliptical after deformation. Hence the deformed curve does not admit

overlapping (see Figure 9).

Deformed Contour of the Eliiptic Inhomogeneity

o o — I )|
3 ‘ H x  Mapped Boundary (interior)
; ' : Initial Boundary
B e e e | —¥ Mapped Boundary (exterior) L

‘ : —=— Cut region (line segment)
: —&- Deformed Boundary

X2 (Imaginary axis)

X1 (Real axis)

Figure 9: Deformed Contour of the Elliptic Inhomogeneity, Here, we have taken (A =

0.214,B = —0.33,00) = Og) = 0,4y = 027,45 = 0.3, 01 = g = 3, = B2, = 0.5)
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4.4.4 Admissibility Conditions
From (4.40) and (4.42-44), inside the inhomogeneity,
I? > 16a,53,, J > 0. (4.46)

As in Ru (2002), (4.46) again ensures that there is no overlapping of the deformation field
(interior to the inhomogeneity). More precisely, (4.46) guaranties that the strain energy
density function F’ (I) from (2.21) remains a positive real valued function. In addition,
J > 0 implies that relative orientation of the line elements is preserved under deformation
(see, Gurtin, 1981; Chadwick, 1999; Fung, 1977). Henceforth, there is no overlapping after

deformation.

4.5 CONCLUSIONS

We have show that, under the analogous constraints of perfect bonding and uniform remote
(Piola) stress if the inhomogeneity-matrix system is subjected to finite plane deformations,
the Piola stress distribution within the elliptic inhomogeneity is necessarily uniform. In
addition, we have obtained the complete solution for this system for any uniform remote

stress distribution.
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Chapter 5
DESIGNING AN INHOMOGENEITY WITH
UNIFORM INTERIOR STRESS

5.1 INTRODUCTION

Following our investigation of Eshelby’s conjecture, it is of interest to examine whether we
can design the remote loading and the shape of the inhomogeneity (fiber) to achieve a state
of uniform stress inside the inhomogeneity.

In this Chapter, we address this issue and consider an inhomogeneity-matrix system
in which the inhomogeneity is perfectly bonded to the surrounding matrix and subjected
to some arbitrary nonuniform remote loading. In fact, we show that if the Piola stress dis-
tribution inside the inhomogeneity is uniform and the system is subjected to linear remote
loading, the inhomogeneity is necessarily hypotrochoidal, with no exceptions (Kim & Schi-
avone, 2007c). We also obtain the complete solution of the inhomogeneity-matrix system
in this case. In addition, we consider the more general case when the system is subjected
to nonuniform remote loading characterized by stress functions of the form of n** degree
polynomials in the complex variable z describing the matrix. In this case, by finding the

complete solution of the system, we show that we can again obtain uniform stress inside a
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5.2 UNIFORM STRESS DISTRIBUTION INSIDE THE INHOMOGENEITY 87

hypotrochoidal inhomogeneity with n + 1 cusps. Finally, we illustrate our results with an
example.

In the view of Remarks. 1 and 2, we first consider the simpler problem corresponding
to the case in which the inhomogeneity-matrix system is subjected to linear remote loading

characterized by analytic functions ¢, and v, of the form:

¢1(Z) = A12+A222, ¢1(z)=312+3222, ’Zl—')OO, (51)

where A, Az, B; and B, are prescribed complex constants.

5.2 UNIFORM STRESS DISTRIBUTION INSIDE THE
INHOMOGENEITY

Suppose, that the state of Piola stress inside the inhomogeneity is uniform, characterized
by

¢y (2) =Cz, Yy(2) =Dz, z€ 5y, (5.2)
where C and D are two complex constants to be determined.

First, we note that the interface conditions (2.27-28) can be written in the form

e 7N $,622
1(2) = Koy (2) + 189, (2
1 (2) = Ko, (2) ()+¢/2(z)

)

: — Bz ——  ByZ >
z)=1| —a Z)— 57—t z)+ — + z), z€Tl, 53
@) =i (-0 - P+ s B+ 75 ) + (2 53)
where the constants K and % are defined by K = ﬂ—+—012 (1 — @) and § = ( - H—Q-) .
25 H 1
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From (5.2) and the first of (5.3), we now have that

@@0=KCW+MEE+$%a zel. (5.4)

Without loss of generality, we assume that there is a mapping function (Muskhelishvili,

1953)

z=w@=3@+%+%hw),R¢a (5.5)

which maps the region S; onto the exterior of the unit circle in the £ — plane. Here, for
simplicity, we have chosen the origin of the coordinate system such that no constant term
appears on the right-hand side of (5.5). For convenience, we wirte ¢, (z) = ¢, (w (§)) =
¢.,(€), v = 1,2 and similarly for the function ¢,,. From (5.1) and (5.5), the remote loading

condition in the £ — plane is taken to be
1 (6) = ALRE + A R? (£ +2my), [€] — oo (3.6)

From (5.4-5), in the £ — plane, the interface condition becomes:

6,6 = KO+ 222) (@ +i8T0T@, Il =1 67

In addition, expanding ¢, (£) in Laurent series outside the unit circle |{| = 1, and using

(5.6), we obtain

1 1
61 (6) = X + X6+ X+ X1=+ X

; gt (5.8)

X, = AR#0, X, = AR*#0, X, =2AR*m; |€| > 1,

(- A RE + AR (52 + 2m1) = Xo® + Xi& + X,, €] — 00).
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Since £€ = |¢]° = 1 at the interface, to satisfy the boundary condition (5.7), it is clear that,

from (5.8), we must have, for |£] = 1,

61 (6) = X2§2+X1£+XO+X.1§+X_2€—12+--- (5.9)
= (KC+%>R<€+%+%+---)+i$ﬁR<%+m1§+m2§2+--->.

We consider the following cases:

5.2.1 Casel: When $D =0, KC + %@2 # 0

In this case (5.9) yields:

$1(§) = X2§2+X1£+XO+X_1% +X_2EI§ 4.

8
= <K0+—6@2>R<§+%+%+---), €l = 1.

It is clear that this equation requires X, = 0. However, from (5.8), X, # 0, so that we
cannot have solutions for this case (Note that the case X; = 0 corresponds to the case
when the inhomogeneity- matrix system is subjected to uniform remote loading (see, for

example, Ru et al, 2005).
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522 Case2: When KC + % =0,8D #0

In this case (5.9) yields

¢ (&) = X2§2+X1§+XO+X_1%+X_2% NI

= i$DR (§+m1£+m2§2+--->, €] = 1.

However, from (5.8), we must have
X, = AIR=m; #0,
X, = 24,R’m; #0, A, Ay, R#0,

which again implies that there can be no solutions in this case.

5.2.3 Case 3: When $D # Oand KC + ﬁ% # 0
From (5.9), it is clear that we must have
m=mg=myg=---=0.

Then, the mapping function (5.5) must take the form:

%) . Rymg #£0. (5.10)

In other words, we have just proved the following result.

s=w(©=R(c+

Theorem 2.  If the inhomogeneity-matrix system is subjected to linear remote
loading characterized by the quadratic stress functions ¢, (z) = A1z + Ax2%,9, (2) =

Biz + By2? and the state of (Piola) stress inside the inhomogeneity is uniform, then the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5.2 UNIFORM STRESS DISTRIBUTION INSIDE THE INHOMOGENEITY 91

inhomogeneity is a hypotrochoid with three cusps (Muskhelishvili, 1953) with mapping

Sfunction

provided that

Deformed Contour of the Hypotrochoidal Inhormogeneity

T T T

; — lInitial Boundary
2| i : L e .| —+- Mapped Boundary
: : ‘ -o~ Deformed Boundary

X2 (I)maginary axis)

X1 (Real axis)

Figure 10: Deformed Contour of the Hypotrochoidal Inhomogeneity with 3 Cusps (n = 2).

Here, we have taken (A; =1, A3 =0.17, 4, =027, 4, = 03,01 = ap = 3, = B3, = 0.5)
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5.3 COMPLETE SOLUTION OF A HYPOTROCHOIDAL
INHOMOGENEITY

We now proceed to find the complete solution in the case corresponding to Theorem 2. To
this end, assume that I" is a hypotrochoid with three cusps and, without loss of generality,
assume that the coordinate system is chosen to be symmetric about the principal axes of

the hypotrochoid so that the corresponding mapping function is given by:

(5.11)

[NCRIE

z=w(§)=R(§+?—2>, R>0, 0<m<

We seek the solution corresponding to the following uniform Piola stress distribution

inside the inhomogeneity:
¢2 (Z) = CZ, ¢2 (z) = DZ, z € 52) (512)

where C' and D are two complex constants to be determined. From (5.7) and (5.11), on

¢l =1,
6, (€) = (KC + %) R (g + %) +i$DR (1 + m§2> . (5.13)
C ¢ 3
Also, from (5.1) and (5.11),
¢1(§) = ALRE + AR, €] — oo (5.14)
It follows from (5.8) and (5.13-14) that
R X1 X
¢, (&) = Xaf +X1€+T+7’ Xo=Xg=X_4=---=0, (515

&l > 1,
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where

X, = A;R*=i8$DRm, X,=AR= <KC+$£2> :

2 — 8
X, = Aff =i8DR, X_,= ARm = (KC+ gQ)Rm,

and, from Theorem 2,

Sﬁz

m, 8§D, KC+ —==#0.

Remark 8. Since, throughout the entire plane (see Remark 1)
¢/ ()] = F'(I) #0

and

W' (§) #0, [£]>1,

it is clear that we must have

$1(§) #0, €] >1.

In other words, from (5.8), we must have that

X_1 2X_
2X58 + X1 — —— #0, V& ¢ >1.

e

This implies, together with (5.15), that there are restrictions on the constants A;, A2, Biand

B, characterizing the remote stresses.
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It remains to determine the analytic function v, (z) . From the interface conditions

the (5.3)

b () = i(—alm—%“j—@mm(s)ﬁ? qf,fzg)'“))was) el =1
oo 48 _db©ds_ 4O o (90 _ 7@
4= G- 0T -5 w0 (58) -5

and form (5.11-12) and (5.15), it follows that, for |¢| = 1,

i, R (L +me?) (1- )

(X% %
¥ (§) = za1(§ i +X-1£+X_z§> 2XE + X, - Xt B
By R (3 + m&’
+zaQCR<€+m£> T (gc " )+DR<§+g>. (5.16)

From (5.1) and (5.11), 1, must also satisfy the asymptotic condition
¥, (&) = BLRE + BoR%€?, |¢] — 0.

Hence, If we adopt v, from (5.16) for |£| > 1, we require that

ﬂlRZ ﬁz

—ioy (X6 + X_5€%) — £ +i0,CRmE* + “2—¢* + DR¢

= BiR¢{+ ByR%€?, |¢] — .

Ay R?

Thus, since X_; = , X_2 = Aj Rm, we require that

_ icyAR - im
Bl - m 2142R-+-‘D7

tarAim  doeCm ifiom

B, = — .
2 R R RC
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From (5.15), by letting A; = Re A; +iIm A;, C = Re( + iImC, we can solve for C

and D, in terms of A; and A;. In fact,
AC =K|C + 88,,

which yields

K [ReC)* + (ImC)’] —ReA;ReC —Im 4, ImC

+i(Re Ay ImC —Im A; Re C) + 86, =0,

Then, we can derive two separate equations from the above equation by equating real and

imaginary parts, respectively:

ReA;ImC — Im A; ReC =0, (imaginary part) (5.18)

K [(ReC)* + (ImC)?] —ReA;ReC —Im A, ImC + 88, =0, (real part). (5.19)

From (5.18)

Im Al

Imc - ReA1

ReC, (5.20)

and from (5.21), Equation (5.19) can now be written in the form

| Ay

Re Al

A

K (ReC)® Ro Ay

— ReC

+ 88, =0, (5.21)

where

|A1]> = AjA] = (Re A;)* + (Im A,)%.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5.3 COMPLETE SOLUTION OF A HYPOTROCHOIDAL INHOMOGENEITY 96

Solving Equation (5.21) in terms of Re C' :

Re 4, [|A1| +4/]4F - 462$K]

ReC = KA , (5.22)
Im A; [ml[ ++/|A]* - 4ﬁ2$K]
ImC = KA -, (from (5.20)).

Recalling that C = Re C + i Im C, we finally have the expression of the complex constant

C interms of A;:

C = JA, (5.23)

where

41| £ 1/ |A]* — 48,8K

2K |A|

In addition, from (5.15), the unknown complex constant D can be determined by the rela-

tion:
p= ‘Bz (5.24)
Em

Consequently, the constants C' and D are therefore completely determined from (5.23) and

(5.24). Also, from (5.17), B; and B, can be written in terms of A; and A, :

iR (1 1 (iBym
Bl = Az; (E—O{1>—A—2( o°R >, (525)

_ ogtmo o 1 [iBym
Bg—AlR(azﬂ a1)+A1(RJ>

SUMMARY

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5.3 COMPLETE SOLUTION OF A HYPOTROCHOIDAL INHOMOGENEITY 97

The complete solution of the inhomogeneity-matrix system subjected to linear remote

loading described by (5.1) is given by

¢ (2) =Cz, y(2) =Dz, |z|€ S, (5.26)
X, X_
1 (6) = X + Xa6+ = : L g—J (5.27)
where
_ 2 o _ 8B,
X2 = AQR - 7,$DRm, X1 = Al KC+ C R,
2
X_1 = A2R = Z$§R, X_2 = AlRm = (KC + $B2> m,
m C
and

Py (§) = —in (? + X +X—1§+X_2§2) i3, R? (% +m§2) (1 B %,3@)

§ 2X2§+X1—£§EL—%{3‘—2
By (g +mE”
+za20R(§+m§> i (fc i )+DR<§+Z‘—2), (5.28)

where , || > 1. Here, the complex constants C and D are determined by the equations

¢ = Jh, D=4 A,

, (|A1|i¢|Al|2—4ﬂQ$K>

2K |A|
where, from Remark 8 and Theorem 2, we must have that

X 2X_

2 + X0 -

— #0, V&[> 1,
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C, A;, A # 0 (to guarantee non-uniform remote stresses),

m, $D, KC’+~$—§-3#O.

Finally, B; and B; are given by:
—tR (1 1 [iBm
B, = Ay— | =-— - —
! ¥ <$ al) A2(2R>’

By, = E@ (CVQ] — a1) —+ i (Z%T) .

5.4 SOLUTION OF A HYPOTROCHOIDAL
INHOMOGENEITY (GENERAL)

We can extend the results obtained above, to the case when the inhomogeneity-matrix sys-
tem is subjected to non-uniform (not necessarily linear) remote loading characterized by

the analytic functions ¢, and 9, in the form:
¢y (2) = Ajz + Ap2", 9, (2) = Biz+ Bp2", |2| > 00, n>2. (5.29)

Supppose that the inhomogeneity is hypotrochoidal with n + 1 cusps described by the

conformal mapping function (Muskhelishvili, 1953),

z=w(£)=R<§+%), R>0,0<mn§—71;. (5.30)
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Hypotrochoidal Inhomogeneity with n+1 Cusps

0.2 ........ Lo e ) N R
X 04t ,
Pl
g
.E’ o -
£ : i :
X : :

-0.3+

1 | 1 \l// i I {
-0.6 -0.4 -0.2 0 0.2 0.4 06
X1 (Real axis)

Figure 11: Example of Hypotrochoidal Inhomogeneity withn + 1 Cusps.

We assune that the state of Piola stress inside the inhomogeneity is uniform and

described by the stress functions:

¢y (2) =Cz, ¥y(2) =Dz, z€ 5. (5.31)

From (5.1) and (5.30)

¢y (§) = AtRE + AR, 9, (§) = BLRE + BLR™¢",  [¢] — oo. (5.32)
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Applying the same procedure used in Section 5.4 above, we find that the analytic functions

¢, and ¢, for || > 1 are given by

X X_.
1 (€) = Xn™ + X6 + Tl o (5.33)
where
e B,
Xn = Aan = ZSDRmn, Xl = AlR =|KC+ _6— R,
X, = AR =i$DR, X_,=A;Rm, = (KC + $—.€£) Rm,,,
o C
K - ﬁ_2_+a2( _&z), g - (1_&>,
21 Hq 1
and
T T o iR (Fmae) (1- )
(6 = —ion (R 4 P X4 Ko ) - o S
6 é- ’anf + X1 - _52_ - ﬁ—g,ﬂ,n

iB,R (& +mang”)
C

+isOR (% + mnfn) + + DR (5 + %ﬁ) L (534

The complex constants C' and D are determined by the following general equations

7;_Rn—l o

C = JA, D=Y"_7., (5.35)
Sm,
, _ (1Al IAP - 4p,8K
B 2K |A,| ’
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Also, from Remark 2 and Theorem 1, we must have that

e X_ nX_,
nXné 1+X1*£—21—*§,1T750, VE €l > 1,

C, A;, A, #0 (to guarantee non-uniform remote stresses),

m,, 8D, KC’+%%O.

Consequently, from (5.33)and (5.35), the complex constants B; and B, in (5.29) are specif-

ically choosen in such a way that
— iR (1 1 [iBm,
o= A (7)1 G

— My — 1 [i8,m,
B'I’L = Al — (az.”— al) —+ A_l (}5"2_1]> .

I

For the case n = 2, it is clear from (5.29-35) that the general solution reduces to the

corresponding results discussed in Section 5.4.

5.5 FURTHER DISCUSSION

As a consequence of the results obtained above, we can draw the following interesting

conclusions.

5.5.1 Expressions for / and J Inside the Inhomogeneity

From (2.1) and (2.6), R and J can be calculated as follow:

J=detF = —Im{w W] = y11¥22 — Y1,2¥2,1, (5.36)
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R=tr(FFT) = |w,1|2 + |w12[2 = YpsUps »---0yS = 1,2, (5.37)

Hence, in the view of (2.1), Equation (2.5) yeilds

I = VR+2J=/tr(FFT) +2J, (5.38)

= \/ (10 +322)" + (12— y2)%,

where
(W11 +122)° + B12 = 921)" = 2 (U1,1022 — Y12¥2,1,) + Y11 + Yoo + U2 + i1
Equations (2.25-26) give us that
wy (2) = —iayCz + Dz — Z—%LZ (5.39)

Consequently, I takes the following form within the inhomogeneity

_ By
I=2 <a2 |C| + |C’|> , (5.40)
and from Remark 2,
2 (2)] = |C| # 0.
I? — 1608, = 4 (ag |C| — %) >0, (5.41)

which guarantees that F’ (I) , from (1) is well-defined.
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5.5.2 Stress Distribution

From (2.18), the Piola stresses inside the inhomogeneity and at the remote boundary are

given by
—091 + 1011 = (Xg),g , O — 1012 = (Xg),l ) (5.42)
—05 +i0yy = (Xl),2v 03 — 1073 = (X1),1-

From Equation (2.26), (5.29) and (5.31)

. N Bz
X1 (z) = 2}1,17,[(6!1 — ].)(Alz + AnZ ) + ’L(B1Z + an"') + W y
_ . —_ . Bz
Xz (2) = 2p98[(ag — 1)Cz +iDZ + = (5.43)
Thus, the corresponding Piola stress can be found from (41) as follows:
—091 + ’i011 = 2u2i[i(a2 - 1)C + 5 + @], (544)

C
o9 —i01y = 2pgif{ay —1)C +iD + %] (uniform)

—oX +i05 = 2uifi(a; — 1)(A; + nA,z"Y) + By + nB,zm 1], (5.45)

o3 —io%y = 2mi[{ey — 1)(A; + nA,2""t) +i(B; + nB,z"1)] (non-uniform) .

Hence, the Piola stresses inside the inhomogeneity (uniform) and at the remote boundary

(non-uniform) can be calculated from (5.44-45).
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In addition, the Cauchy stresses from (2.12) inside the inhomogeneity are given by

IF' (I
T+ T = 2u J( )—2],
) F' (I
Ti1— T +2iT12 = 2y If])[(wz)?2+(wz)?1],

which, in our case, from Equation (2.14) and (5.36-41),
F'(I) =185 (2)] = |C] # 0,

are also uniform. In fact, from (5.4), we obtain

_ by

and from (5.36) and (5.39)

J = —Im [('wg (2)) ; (w2 (z))2]

= Q9 |C‘2 + 20(252 + |D|2 + /8—22,
]
where
(s () = =i0aC + D= "2, (wy (2)) = cuC +iD + 2

Consequently, from (2.21), the Cauchy stresses are can be calculated as

2 (2 |C* + B,) ~
0z |CI* + 2028, + | DI” + 2

T + T2z = 24|

O lwn ()% + (wa ()2
2 (e 1C1+ ) [0‘2 C* + 2028, + | DI* + I%T’] ’

Tl — To2 + 20712 = 2,
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which, clearly, indicate that the Cauchy stresses inside the inhomogeneity are uniform.

5.6 EXAMPLE: THE CASEn =3

The general solutions mentioned above can accommodate many different forms of applied
remote loading. Among these, we consider the particular class of remote stresses, char-
acterized by the stress functions ¢, (2) = Az + Ay23, 1, (2) = Bi1z + By2®, where

Ay, Az, Biand Bj are prescribed complex constants in such a way that

__iR? (1 1 [iBym3
- — - 5.46
By As ma ($ al> As ( 3Rz )’ ( )

—im3 — 1 iﬂ2m3

B; = A1ﬁ(042]—a1)+z:<R2J),
where
Al % \/1 4 — 45, 8K ) p .
= ,K=—Z+a<——%),$=<——2),5.47)
2K | A4 H1 ’ 551 M1 (

and the corresponding conformal mapping function (hypotrochoid with n = 3) (Muskhelishvili,

1953), from (5.30), is given by

z=w(§):R(§+%”), R>0, 0<ms <~ (5.48)

w
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5.6.1 Complete Solutions

106

From (5.29) and (5.31), the stress functions at the remote boundary and inside the inhomo-

geneity, respectively, are given by

é,(2) = Ayz+ As2®, o (2) = Biz + B32®, |z] — o0,

$2(2) = Cz, y(z)=Dz, 2€S5,

(5.49)

From the general solution (5.35), the complex constants C' and D are completely deter-

mined by the equations

X3 == A3R3 = 7,$'D_Rm3, X1 = Al (KC + $§2> )

A3R3

X_1 == = Z$ER, X_3 = Alng = <KC+ g2> ng,

mg3

iR?
$m3

C=J4, D= As.

Also, from Remark 8 and Theorem 2, we must have that
C, A;, As# 0 (to guarantee non-uniform remote stresses),

and in the surriounding matrix

X_ 3X_
3X382 4+ Xy — 521 20, VE: >,

Sﬂz

ms, $D KC+ —== 950
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5.6.2 Determination of / and J Inside the Inhomogeneity

From (5.39) together with (5.51), the deformation function inside the inhomogeneity now

takes the form

2 .
woy (2) = —tagJ A1z — ;fng3z - 7,8_;;1: (5.53)
and from (5.40-41) and (5.51)
_ Ba
I1=2 (OCZIJAll + ’JA1|) )
¢ (2)] = [JA1] # 0,
3 2

2 _ — _ 2 .

I 1698, =4 ((12 |JA1‘ |JA1I> >0, (5.54)

from which I can be calculated. Consequently, F’ (I), from (2.21) is well-defined. Also J

can now be determined from (5.36) together with (5.53),

J=—Im [(wg),l (@2),2] ,

where

iR? iBy2
Agz — =22

which implies, together with (5.33), that the Cauchy stresses are uniform inside the inho-

ws (2) = —tagJ Az —

mogeneity (see Equation (5.45 ) below).

5.6.3 Deformed Contour

From (5.53), we can easily plot the deformed contour (see Figure 12). The fact that the

corresponding complex constants C and D satisfy (5.52) guarantee that there is no over-

lapping.
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Deformed Contour of the Hypotrochoidal Inhomogeneity
T T T T | | T T

I
—— Mapped Boundary

—+- Initial Boundary
| —&— Deformed Boundary

o
=) o

X2 (Imaginary axis)

.
o
o

X1 (Real axis)

Figure 12: Deformed Contour of the Hypotrochoidal Inhomogeneity with 4 Cusps (n = 3).

Here, we have taken (A; = ¢, A3 = 0.25¢, 4, = 0.27, 49 = 03,01 = ag = B, = §, = 0.5)

5.6.4 Admissibility Conditions

From (5.36) and (5.53-54), inside inhomogeneity,

I? > 16a38,, J > 0. (5.55)
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As in Ru (2002), (5.55) ensures that there is no overlapping of the deformation field (inte-

rior to the inhomogeneity).

5.6.5 The Piola Stress Distribution

From (5.44-45) and (5.51), the Piola stress in the inhomogeneity and the matrix is de-

scribed, respectively, by:

) iR? 7
—0og1 +io1; = 2upifi(ae — 1)JA; — $m3A3 + /%],
1
By

099 — i0'12 = 2/.1,21[((12 - 1)JA1 + $—A3 + == JAl

—o5y +i0y = 2pifilog — 1)(A1 + 3A4;52° )+ B; + 3B32?],

0% —i0% = 2ui[(ag — 1)(Ay + 3432°%) + (B + 3B322)].

Again, from the above, the state of (Piola) stress inside the inhomogeneity is uniform.

5.7 CONCLUSIONS

We have discussed the idea that by adjusting the remote (Piola) stress we can design the
shape of the inhomogeneity in such a way that the interior (Piola) stress distribution remains
uniform. In fact, using complex variable techniques, we have shown that a uniform (Piola)
stress distribution can be achieved inside the inhomogeneity when the system is subjected

to linear remote loading, in which case, the inhomogeneity is necessarily hyptrochoidal
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with three cusps. In this case, we have obtained the complete solution of the corresponding
inhomogeneity-matrix system in this. In addition, we also considered the more general
case when the system is subjected to nonuniform remote loading characterized by stress
functions of the form of n** degree polynomials in the complex variable z describing the
matrix. By finding the complete solution of the corresponding system, we have shown
that we can again obtain uniform stress inside a hypotrochoidal inhomogeneity with n + 1

cusps.
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Chapter 6
CONCLUSIONS AND FUTURE WORK

6.1 CONCLUSIONS

In this dissertation, certain important problems concerning a single inhomogeneity-matrix
system of harmonic-type undergoing finite plane deformations are considered. For an in-
terface condition, the state of perfect bonding generally referred to as a "perfectly bonded
interface” is assumed so that both traction and displacement is continuous across the in-
terface. By successfully incorporating complex variable techniques, we have analyzed the
inhomogeneity-matrix system subjected to varying remote loading conditions (not neces-
sarily uniform) and derived novel results of each corresponding problem discussed through
Chapters. 3-5.

Chapter 3 addresses and analyzes the problems of an elliptic inhomogeneity subjected
to classes of nonuniform remote stress distribution. Despite its practical importance in
finite plane elastostatics, so far, there have been no closed form solutions available for such
problems. This is due mainly to complications arising from the use of conformal mapping

techniques with the ensuing nonlinearities in the mapped plane.
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In the present study, we overcome the above-mentioned difficulties and address the
issues relating to nonuniform remote loading of harmonic composite materials. In partic-
ular, we extend the results in Ru et al (2005) to the case of plane finite deformations of
a composite material in which an elliptic elastic inhomogeneity is embedded in the same
class of harmonic materials under the assumption of nonuniform remote loading. Using
complex-variable methods, we obtain the complete solution for a perfectly bonded elliptic
inhomogeneity when the system is subjected to classes of nonuniform remote stress distrib-
utions characterized by stress functions described by general polynomials of degree n > 1
in the corresponding complex variable z describing the matrix. The results obtained are
extremely important in that, essentially, they lead to the solution of a class of problems in
which the remote loading is characterized by a much wider and more practically realistic
class of functions. We also mention here that the solutions obtained in Chapter 3 are gen-
eral in that they can accommodate the existing results in the literatures (Ru et al, 2005;
Ogden & Isherwood, 1978) as special cases of the solutions. In particular, the methodol-
ogy proposed in Chapter 3 enables us to consider several interesting subjects involving the
finite plane deformation of an inhomogeneity-matrix system.

Eshelby’s conjecture in finite plane elastostatics is examined in Chapter 4. What is
particularly interesting in the present study is to ask if the above statement holds true for
the special class of harmonic material considered here. One side of Eshelby’s conjecture
for this material undergoing finite plane deformations was examined Ru et al (2005). In
particular, it was shown there that under the analogous constraints of perfect bonding and

uniform remote Piola stress, if the Piola stress within the inhomogeneity is uniform, the
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inhomogeneity is necessarily elliptical except for the special case when the remote load-
ing takes a particular restricted form, in which case the shape of the inhomogeneity can be
taken as arbitrary. The ‘other side’ of the conjecture, however, remained unfinished due
to the existing complications arising from the use of mapping (conformal) techniques. By
virtue of the analogy developed in Chapter 3, we overcome the above-mentioned difficul-
ties and examine, in detail, the converse result. More precisely, it was shown in Chapter
4 that the Piola stress distribution within a perfectly bonded elliptic inhomogeneity is nec-
essarily uniform when the same inhomogeneity-matrix system is subjected to finite plane
deformations and uniform remote loading. This statement completes the Eshelby’s conjec-
ture for the class of harmonic materials considered here. In addition, the complete solution
for this system for any uniform remote stress distribution is obtained which, in turn, re-
duces to the results in Ru et al (2005). Further, the issue of "uniform stress distribution
inside inhomogeneity" provided motivation for the study of designing an inhomogeneity
with uniform interior stress (Chapter 5).

The state of uniform interior stress distribution is a desirable state in that, by inducing
uniform stress distribution in a system, one can remove unfavorable effects such as stress
intensification and concentration both leading to the failure of a system. Therefore, it is of
particular interest to see if we can actually achieve this state for an inhomogeneity-matrix
system undergoing finite plane deformations in the same class of harmonic materials con-
sidered here. In fact, using complex variable techniques and the analogy developed in
Chapter 3, it is shown in Chapter 5 that if the Piola stress distribution inside the inho-

mogeneity is uniform and the system is subjected to linear remote loading, the inhomo-
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geneity is necessarily hypotrochoidal, with no exceptions. The complete solution of the
inhomogeneity-matrix system is obtained in this case. In particular, we extend the above
results to the more general case when the system is subjected to nonuniform remote loading
characterized by stress functions of the form of n** degree polynomials in the complex vari-
able z describing the matrix. In this case, by finding the complete solution of the system,
we show that we can again obtain uniform stress inside a hypotrochoidal inhomogeneity
with n + 1 cusps. In other words, by adjusting the cusps of a hypotrochoidal inhomogene-
ity and the remote loading, we can always achieve uniform stress distribution inside the
inhomogeneity subjected to a relatively wide class of remote stresses discussed in Section
5.5.

The results derived in this dissertation will enable one to have a clear understanding
of the state of the stress of an inhomogeneity-matrix system. In particular, the complete
solutions of the corresponding problems in Chapters. 3-5, provide physical relevance to
those corresponding “real-world problems”. This will eventually enhance the future design

of composite materials especially for fiber-reinforced composites.

6.2 FUTURE WORK

The most important extension of our work concerns the incorporation of a more realistic
interface model. One which is ‘imperfect’ in the sense that it can include the effects of
voids, cracks and imperfections in the glue layer between the fiber and the matrix. This
has been done to a certain extent for linear elasticity (Ru & Schiavone, 1996, 1997; Ru,

1998a, 1998b; Sudak et al, 1999) but not, in any way, for finite elasticity. This is a subject
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of extreme interest and practical significance from nano-mechanics to traditional areas of
continuum mechanics.

It is suggested that we begin with a model of a ‘linear interface’ embedded in a non-
linear material (Aboudi, 1987; Steif & Hoysan, 1987; Gosz & Achebach, 1992; Benveniste,
1985; Zhong & Meguid, 1996). This is a good starting point for our analysis but since this
works is absolutely new, we expect this to be extremely challenging yet immensely new

circling area of research.
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Appendix A
DERIVATIONS

A.1 DERIVATION OF RESULTS IN CHAPTER. 3

From the general solution presented in Chapter 3, we derived the corresponding results

from Ru et al (2005). In fact, by setting

we derive from (3.1) that the complex potentials characterizing the remote stress are taken
to be
¢1(2) = Az, ¥ (2) =Biz |2] — oo.

Then, the general solution (3.19B) and (3.19D) yield only that

b b b
0 = Z [An] §n = Z [Xn,(n,r=0)] fn = Z [KCn + 'LSD:m"] fn,
b

b
0 = Z [Bn] fn = Z [_ialX”v(”’rzn) + ia2-C:mn + Dn] £n7 a> 2)b > a,

n=a

where
X (ngen) = KCom™ — iSDy,
which, in turn leads to
KC, +iSD,m" =0,

i(alK - 012) Cnm" +D_n(1 - a15') = 0.
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For the class of harmonic materials discussed here,
K, (1 - 0[15) 7£ 0.

Therefore, to satisfy the above equations, it is shown in Chapter 4 (see Cases. 1-4) that we

must have
C,.=D,=0, n>2,
which implies that the subsidiary complex constants are taken to be
Cro=Dpoa=0, n>2
Hence, Equation (3.19A) and (3.19C) become:
[ BR(E+E)
AiRE =€ (KC1R+ zSDlRm) + lim | S——~

|é]—o0 Ci

B\R¢ = ¢ [—iay (KCiRm — iSDyR) + i0xC1Rm + D1 R]

where, from (3.17),

B.R (£ +2)

b1 (€) = € (KC,R + iSDyRm) + % (KCiRm + iSDR) + S——2—2,
—

¢, (§) = KC\R +iSDyRm + S%:R - 5—12 <KClRm+iSERS ~ ﬁzﬁ"‘) .
! 1
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Thus, at the remote boundary, we obtain,

AR = KCR+iSD;Rm + S%

1

ByRm
C

1f;Rm

Z(]. —0415) - Al

BlR = —ial (KFlRm - 'LSDlR) + iazﬁlRm + DlR +

(Al KC’1 +’LSD1m+ng)

1

Consequently, by setting R = A, Rm = ), and recall K = o’ + oy (1 — %) ,
Hy 1

S = (1 Mz) we obtain the solution for the corresponding elliptic inhomogeneity
H

problem under the assumption of uniform remote stresses (Ru et al, 2005) characterized by

the complex potentials:
¢1(z) = A1z, ¥,(2) =Biz |z| — oo.

where

A1A=[<@+a2<1—@))01+(1— )ﬂ2 ])\—H( —&)E,\1
Hq 231 M1 Ci H1

21
A1+ DA
Cl)l+ 14,

- ’iﬂl)\l (
B = —ta Xg ~
1 141 A

X1=l:<&g+012(1—ﬂ—))01 (1—ﬂ) Bt :|/\1+ (1——>D1)\
5 H1 m/) Ci H1

Finally, from (3.5), we obtain the complex potentials ¢, and v, inside the inhomogeneity,

and

forC,=Crhoa=Dp=D,o=0, n>2

¢2 (Z) = 012, 1/}2 (Z) = D1z7 z € S2-
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A.2 DERIVATION OF RESULTS IN CHAPTER. 4

In this section, we show that the solution derived in Chapter 4 can be reduced to the re-
sults presented in Ru et al (2005). We first proceeds by noting the difference between the
mapping functions (conformal). In Ru et al (2005), the infinite region outside an ellipse in
the z — plane is mapped (conformally) to the infinite region outside the unit circle in the

¢ — plane by the following mapping function (see Muskhelishvili, 1953):

z=w(£)=)\§+%, A#0,

which, with £ = pe® and p = 1 will map the ellipse

A A
T = (Ap+ ﬁ) cosf, o= (Ap — ?1) sin 8,

(where A\, \; € R and 6 € [0,27]) and its exterior region in the complex z-plane, onto
and outside, respectively, the unit circle in the complex £ — plane (note that p is designed
to have unit value). Such a mapping function is convenient when the forms of complex
potentials ¢, and v, inside the inhomogeneity are prescribed, yet it is not suitable for the
purpose of identifying the forms of complex potentials describing the state of stresses inside
inhomogeniety.

Therefore, in Chapter 4, we adopt the following mapping function (conformal).

z=w(£)=R<§+%), R >0,

which maps the ellipse

1
x1=R(p+—>cos0, x2=R<p—l)sin9,
P P
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where R, p > 0 and 6 € [0,27] and its exterior region in the complex z-plane, onto and
outside, respectively, the circle of radius p in the complex £ — plane. Consequently, the
region S is transformed into the exterior of the circle with radius R, and the region Ss\ D
into the ring 1 < |£| < R, in the £ — plane. The segment D and the boundary I are mapped

onto the circles |£| = 1 and |£| = R,, respectively, where (see Figure 6),

a++va? — 4R? 1
°R > 1, a-R(R*—f-R*).

The only difference here is that p is not a fixed value so that the mapping function accom-

R, =

modates the region inside an elliptic inhomogeneity. By comparing the above mapping

functions, we derive the relations:
R
A= Rp; AL = ™
P

and, since at the interface p = R., the above equations are now taken to be

R
A=RR,, M\ =—.
RR., M =4

Next, the complex potentials in Chapter 4 and in Ru et al (2005) are given, respec-

tively,
¢1(2) = Az+ Oqy, ¥1(2) = Bz +Oq), 2] — oo,
$o(2) =C, + %z, Yy (2) = D, + %z, |z| € Sz, (Chapter 4),
and

¢1 (Z):AZ, ¢1(2)=327 ’Z|—>OO,
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¢y (2) =Cz, y(2) =Dz, |2| €S, (Ruetal2005).

From Cases. 1-4 in Chapter 4 together with (4.38), we have that, for Oy = O = 0,

¢, (2) = Az, 9, (2) = Bz, 2| — oo,

C D
b2 =25 b =2z ldes,
(- Cy=D,=0).

Then, we define the complex constants in such a way that

Cy D,

- ®r-D
and recall

R
A= RR,, A\ =—.
1= R,
Therefore, from (4.38)
~ iSD; . SB,R?

_ KCRR, + SRR SBRR _ oy | isDa, + 28022 _
R, C C
X——l - SBzRQ) 1
* < 1 Z 1 Cl R*
R = . SBR oy S8y
= K - — = — =
CR* + ZSDRR* + CR* KC/\I -+ 1SD) + 8 Al Xl,
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iy X_,  iBR  iapCy | 3B, R?
BRR, = | - - D; ) R,
R ( R AR T m TomTh
_ i XiR. iR N iasCR N i8R + DRR.

R, AR, R, CR,

—ialyl - @)\1 + ia25)\1 + %)\1 + DA =B

A

Consequently, replacing K = Ha + g (1 - @> , S= (1 - _'L.LE> ,
251

A1)\=[<&+a2(l—&))01+<—&)@])\4-1'(1—&)1)_1)\1

K Hq w/) Gy 231

X1=[<@+a2(1—@)>01+< —&)@}Al—{—i(l—@)ﬁﬂ,
H1 H m/) Ch H1

BaM
Ch

we find that these results are identical to those presented in Ru et al (2005) for the solution

B) = —ioy X; — Zi’\l

1

+'i (agﬁlﬁ- ) )\1 + Dl)\,

of the elliptic inhomogeneity problem under uniform remote stresses.
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