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ABSTRACT

The deflection behavior of composite beams under
'service load conditions is investigated. The effects of
load-slip behavior of stud shear connectors, shear defor-
mation, and degree of shear connectors are considered.

Basic equilibrium equations in terms of dis-
placement and slip are formulated for composite beams with
partial shear connection and the classical solutions are
obtained for simply supported beams subjected to concentrated
and uniformly distributed load. A numerical technique,
based on numerical integration of slip strain, is developed
for continuous or simply supported beams with a linear or
nonlinear load-slip relationship. This technique involves
a corrective iterative procedure for slip applied to an
assumed initial slip, with the numerical integration being
carried out using a fourth order Runge-Kutta method.

Solutions obtained from the numerical analysis
are comﬁared with theoretical and experimental results of
other investigators. The numerical technique satisfactbrily
predicts the deflection and slip up to service load con-
ditions. The effects of partial and full shear connection,
linear and nonlinear load-slip characteristics of thé shear
connectors, cracking of concrete, and the type of construction -
method are significant in the evaluation of deflection of

composite beams.
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CHAPTER I

INTRODUCTION

1.1 Introductory Remarks

One significant advaﬁtage of composite
construction is that beam deflections are cohsiderably
reduced as a result of increased stiffness. ‘Composite
behavior is dependent on the shear connection between

the component parts.

1.2 Composite Action

Sheér connectors attached to the steel
secfion and embedded ;n the concrete slab resist shear
at the interface of the slab and steel section, thus
creating an interaction between two components; The degree
of interaction may be complete or partial. A typical
‘composite beam is illustrated in Fig. 1.1. If thereyis'no
shear connection or friction at the interface between the
concrete énd steel, the compatibility requirement reduées
to equal vertical deflection of two components. Therefore
the applied load is divided between_two components in
proportion to their stiffnesses and each componenf acts as

if it were an isolated member. Assuming the materials can

resist tensile stress, equal and opposite strains develop



at the top and bottom fibers of each component, as
illustrated in Fig. 1.2(a). However, tensile cracks may
occur in the concrete slab as concrete is relatively

weak in tension. The difference in strain between the
adjacent fibers of concrete and steel at the interface

is known as slip strain, since it results from a horizontal

slip that occurs between the two components.

1.2.1 Full Interaction

If the concrete slab and steel section are
joined together by infinitely stiff shear connectors,
the two members behave as a unit with no slip occurring
at the.interface. The vertical deflections of the
components are equal at any point along the length of the
beam. Slip and slip strains are zero everywhere along
the interface and it can be assumed that plane sections
remain plane during bending. This condition is known as
full interaction, and is illustrated in Fig. 1.2(c¢c).
Bending stresses and deflections due to service loads for
the condition of complete interaction are usually determined
by employing simple elastic beam theory using section
properties associated with the transformed cross section.

In practice the majority of design methods
for composife beams are based on the assumption of fuil
interaction. However, CSA S16,1-1974, "Steel Structures

for Buildings - Limit State Design', ( 3) also specifies



methods for composite design based on partial interaction.

1.2.2 Partial Interaction

!

The assumption of full interaction is only
valid if there is no relative movement or slip at thé
steel-concrete interface. It is generally assumed that
"the horizontal shear force at the interface is transmitted
only by shear connectors and not by bond. Due to the
compressibility of the‘concrete sléb and the flexibility of
the‘cohnectors, the shear force cannot be fransmitted
without some slip occurring, and therefore the interaction
must be partial, or incomplete. The strain distribufion
relating to this type of behaviorvis shown in Fig. 1.2(b).
In every éomposite structure,'interaction is less than
complqte, irrespective of the felative strength of the
component pafts. It is therefore.imbortant to understand
how the behavior of a composite beam is modified by the

presence of slip.

1.3 Deformation of Composite Beams

Beam deformation is caused by bending and
shear. Composite beam deformation ‘is also influenced by
the slip along the infefface of the two components.
Stiffness raﬁher than strength is the governing criteria

fqr deflection at service loads. Stiffness is influenced



by the geometry of the cross section and the material
properties of the components involved..

Bending deflections are dependent on the
moment—curvéture relationship. Shear deformation can be
evaluated independently of bending deformation by applying
the principle of virtual work. Deflection due to slip
depends on the stiffness of the shear connection which is
defined by load-slip relationship for the type of shear
connector.

In confinuous beams, the flexural stiffness
in the negative moment region is different from that in
the positive moment region. In the negative moment region,
A_due to tensile cracking of concrete, the moment of inertia
of the cross-section is_reduced considerably resulting in a
reduction in stiffness which influences the deflection.
Impfoper distribution of shear éonnectors or faulty con-
nection may increase slip at the interface. Premature
yielding of shear connectors produces a non-linear load-
slip relationship at working loads which influences the

magnitude of slip and hence the deflection.

1.4 Scope

The present study investigates the deflection
behavior of composite beams under service load conditions.
The effect of the load-slip behavior of stud shear connectors
on deflection is considered. The effects of partial and full

shear connection and shear deformation are examined. A



numerical analysis technique is developed for the analysis
of single span and continuous composite beams. A further
dbjective is to cqmpafe Aéflections produced in shored

and unshored construction.

\
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CHAPTER 11
REVIEW OF PREVIOUS RESEARCH .

2.1 Load-Slip Relationship for Shear Connectors

2.1.1 Push-Out Test

The push—Qut test has been used at least sincé
1930 (26) as a means of evaluating the load carrying
capacity of shear connectors and the load-slip relationship
for shear connectors is normally determined from such a
test. Fig. 2.1 shows a typical push-out test specimen
and Fig. 2.2 illustrates typical results obtained from
such a test:

In push-out tests, one approach considers
that the function of shear connectors is to control the
magnitude of slip between the concrete slab and the steel
section. The load carried by the connectors at some
limiting slip is defined as the '"useful load capacity"
(25). A second approach considers that the'function of
shear connectors between sections of zera and maximum
moment is to transfer)across the conérete—steel interface
the maximum compressive force that can be developed in
the concrete slab, or the maximum tension fofce in the
steel section without consideration of the magnitude of

slip which has occurred.



2.1.2 Linear Load-Slip Behavior

Newmark et al (17), in interpreting their
push-out test results, concluded that the amount of slip
is directly propbrtional to the gpplied load. They
observed that slip depends upon the stiffness and spacing
of the shear connectors and definea the shear connector

modulus, K, as

K = (f . (2.1)
K=_-EY9“— (2.2)

where Q is load per connector, q is horizontal shear force
transmitted per unit length of beam at the interface of
steel and concrete (shear flow), Y is the slip in inches

and ¢ is the spacing of connectors in inches.

2.1.3° Non-Linear Load-Sl1lip Behavior

On the basis of a study of numerous push-out
tests, Slutter and Driscoll (22) defined the ultimate

load capacity of a stud connector as

_ 2
Qu = 930d /Ecyl (2.3)
where Qu is the ultimate load capacity of a shear

connector, d is the diameter of the connector in inches,

and Uc is the 28-day concrete cylinder strength in psi.

vl
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Van Dalen (24) proposed the following
relatlonshlp between slip, applied shear force and

foundation modulus:
. 4

2 -0.75

Yy =3.7x 100° Qr (2.4)

where Q is the applied shear force in pounds, and R is
foundation modulus in psi. The foundation modulus was
defined as the modulus of elasticity of concrete. Fig.
2.3 illustrétes the relationship proposed by Van Dalen.

From his tests he concluded that:

1. The ultimafe load carryiﬁg capacity of a
stud connector embedded in a concrete slab
is primarily dependent upon the tension in
the connector resulting from a separation of
concrete and steel at the interface.

2. The ultimate load of a connector in a
push-out test should not be adopted-as the
ultimate load for a connector in a beam unless
the expected separation at the concrete-steel
1nterface in the beam is 1ess than that at

failure in a push-out test.

Yam and Chapman (30) proposed an exponential
relationship between load and slip for a stud shear

connector:
= -by :
Qu = a(l - e ) : (2.5)



where a and b are constants. The exponential relationship
was obtained by establishing the best fit curve for
experimental results. By selecting two slip values in

an experimental load-slip plot such that one slip value

is two times the other, the constants a and b can be

evaluated as

Q,”
a—w (2-6)
. Qv
1 1
b= —— n ——— (2.7)
Y1 Q@ -

Fig. 2.4 illustrates this exponential load-slip relationship
and defines values of Y, Y,, Ql and Q2. The ultimate
capacity of a shear connector was defined by Yam and

Chapman as the load at which the slip attains a limiting

value of 0.055 inches.

2.2 Section Properties

2.2.1 Positive Moment Region

Properties of composite beams are different
in positive and negative moment regions. 1In a positive
moment region as shown in Fig. 2.5(a), the concrete slab,
or a portion thereof, depending'upon the location of
neutral axis, is in compression and confributes
significantly to mément resistance. In evaluating the

elastic stiffness of a composite section, it is customary

11



to transform the concrete slab area into an equivalent
area of steel by applying the modular ratio (Ec/Es), as
a multiplier of the effective slab width.

Slutter and Driscoll (22) proposed that the
load capacity of a connector in a positive moment region
should be the ultimate load as obtained in a push-out
fest, whereas.Chapman and Balkrishnan (5) propose 80%

of ultimate capacity.

2.2.2 Negative Moment Region

In the vicinity of an interior support, a

continuous composite beam is subjected to negative bending

moment which produces tension in the slab. If the concrete

cracks, the composite section consists of the longitudinal
slab reinforcement and the steel section as shown in

Fig. 2.5(b). The cracked concrete acts as a medium for
transferring horizontal shear forces required to develop
tension stress in the longitudinal steel. Thus the
stiffness is significantly lower than that in a positive
moment region. This decreased stiffness may result in

én increase of as much as 25% in the value of the positive
moment baéed:oh uniform stiffness. The elastic stress and
strain distribution for composite beams in positive and
negative moment region assuming zero slip is illusfrated

in Fig. 2.6.

12
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Siess (21) reported results of tests on
two—spanvcontinuous bridge beams, one with shear
connectors provided along the total length of the beam,
and the other with shear connectors only in the region
of positive moment. Longitudinal slab reinforcement
was provided in the negative moment tregion of both beams.
Siess concluded that, at ultimate moment, complete
interaction existed in the positive moment region of the
beam with shear connectors throughout the length, whereas
partial interaction was present in the other beam. The
tests thus showed that shear connectors are effective in
the negative moment region and they are necessary to
achieve effective composite action.

Van Dalen (24) concluded that stud shear
connectors form a satisfactory shear connection in a
negative bending moment region. However, he concluded,
their capacity is somewhat less than that attained in
a positive moment region.

| Wastlund and Ostlund (29) tested composite
beams loaded so that the concrete slab was on the tension
side. One beam had only two bow-shaped shear connectors,
while a second beam contained no shear connectors but
contained slab reinforcement bent down and welded to the
steel beam at the ends. The third beam had a prestressed
concrete slab with three bow-shaped connectors at each

end. The authors concluded that:



1. - In a composite beam subjected to negative
bending moment, the concrete cannot be
assumed to act compositely with the steel
section, as the concrete cracks at very
small tensile stresses.

2. If the connection between the Steel section
and slab is sufficient (there is no indication
of whét might be a sufficient connection) the
longitudinal reinfqrcement acts jointly with
the steel section. |

3. The ultimate load capacity of shear cdnnecfors
in a negative moment region is. considerably
smaller than that found for similar shear

connectors in positive moment regions.

‘The ahount of longitudinal reinforcement
affects the behavior of composite beams in‘the negative
vmoment.region. Piepgrass (20) observed that the ratio of
experimental to theoretical ultimate moment decreases with
an-ihcrease of amount of longitudinal reinforpement in
negative moment regions. Davison (6 ) concluded that the
amount of longitudinal reinforcement increases the
negative moment capacity but reduces the fotation capacity
of plastic hinges in the negative moment region. In his
study the amount of longitudinal reinforcement was 0.111

to 0.232 times the area of the steel section.

14



2.3 Analytical Studies of Simply Supported Composite

Beams

2.3.1 Elastic Analysis

Newmark et al (17) developed a closéd form
solution for a simply supported composite beam. They
assumed a linear stress-strain relationship for steel and
concrete and a linear load-slip relationship for shear
connectors. Their analysis is based on the following
assumptions:

1. The shear connection between slab énd the
beam is assumed to be continuous along the
length of the beam.

2. The amount of slip occurring in the shear
connector is assumed to be directly propor-
tiqnal to the load transmitted.

3. The distribution of strain throughout the
depth of.slab and steel section is assumed
linear.

4, The steel secfion and the concrete slab are
assumed to deflect equal amounts at all

points along the span length.

They defined slip, or the relative movement between the

concrete slab and steel section interface, as

L L dF
k- L. (2.5

MR
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where F is the cdmpressive force in the concrete slab.
The rate of change of slip is equal to the difference
between strain in the concrete slab and the steel section
at the interface. |

dy _ ¢ _ ¢
dx b S (2.9)

where Eb is the strain in the steel and Es is the strain
in the concrete.

Using a linear stress relationship they
developed the following second order differential equation
for force in terms of moment, shear connector modulué and
section properties:

K

F" +»7r— (flM - sz) =0 (2.10)

where M is bending moment, and

_ y
£, o= . (2.11a)
17 E_T_ *E I
1 1
£ o= + + f.y (2.11b)
2 " EA, T EA 1

Es’ Eb are the values of modulus of elasticity of concrete

and steel, respectively, IS and Ib are moment of intertia
of slab and beam, reépectively, and y is the distance
between centroid of the concrete slab and the centroid of
the steel section. |

Newmark et al (17) also presented a solution
for Equation 2.10 for a simply supported beam subjected to

a single concentrated load only. They found close
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agreement between theoretical results and experimental

results obtained from a series of tests,

2.3.2 Inelastic Analysis

Yam and Chapman (30) studied ultimate load
behavior of simply supported composite beam using a
non-linear stress-strain relationship and inelastic
load~slip behavior for the shear connectors. Based on
the equilibrium of a segment of the slab, the shear flow,
q, at the interface of the concrete slab and steel section

may be defined as

dC

Q= —3x (2.12)

where C is the compressive force as shown in Fig. 2.7.
The strain difference at the interface due to the relative

horizontal movement of two components may be expressed as

= - dy
€ 4 I (2.13)

Using an exponential load-slip relationship as described
in Section 2.13, they derived the following two first
order simultaneous equations with the dependent variables

€ and Y as

C' = = (1 - e ) (2.14)

= f(M,C) (2.15)

<
I
i

where f(M,C) is an implicity function of moment and

compressive force.
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By eliminating y, the following second order
differential equation, with C as a dependent variable,

results:

cr+c | — 42 _prmyo) + 22 fwc) =0 (2.16)
T Tdx } -

This equation may be solved by the predictor-corrector
method of numerical integration. For a sihply supported
beam a value of slip is assumed at one end and force is
computed at the other end. If the computed force is zero,
then the assumed slip value is correct, otherwise
successive corrections are applied. Yam and Chapman found
good correlation between theoretical and experimental

results up to 98% of the failure load, but there was

significant difference at connector failure.

2.4 Analytical Studies of Continuous Composite Beams

2.4.1 Elastic Analysis

- Plum and Horne (19) developed a closed form

»solution for a continuous composite beam of two unequal

spans with equal concentrated loads on each span. They
used a linear load-slip relationship for the shear
connectors, eiastic ﬁroperties for the concrete slab and
steel section,.and partial interaction between the concrete
slab and steel section. They derived the followihg
gbverning fourth order differential equation, in ferms

of deflection as the dependent variable:
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1V v w uM
v - kv" = - - — (2.17)
(ZEI)  gx(:EI)
W(ZEI + EAz?)
k = (2.18)

EA(ZEI)

- where u is the interface stiffness (shear connector
modulus), v is the deflection, M is fhe bending moment,

w 1s the uniformly disfributed load, (ZEI) and EA are
composite section properties, and z is the distance between
the centroids of the concrete slab and steel section.

Beams with constant and variable flexural
stiffness were studied. For constant flexural stiffness,
the cracking of the concrete slab in the negative bending
moment region was ignored and the composite beam was assumed
to be of uniform cross section over the entire length.
Variable stiffness was treated by means of an equivalent
haunched beam in which depth of the beam along the length
varied in accordance with the moment of inertia of the
actual beam section. In other words, the variable stiffness
did npt arise from cracking of concrete in the negative
moment region. A comparison ofbtheoretical and experimental

deflection values indicated good agreement.

2.4.2 Inelastic Analysis

Yam and Chapman (31) extended their analysis
of a simply supported beam to a two-span symmetric

continuous beam which could be modeled as a single span
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propped cantilever. Equal concentrated loads were applied
to each span and the same composite section was used as
for the simple span case. The effect of shear connector
Spacing and types of loading on deflection and slip were
‘studied. They used the governing equation 2.16 and the
same integration procedure as for the simply supported beam.
In the solution for a continuous beam, values of both slip
at the exterior support and bending moment at the interior
support'must_be initially assumed. Therefore, more
iterations requiring considerable computational time must
be performed to obtain correct values.

Hamada and Longworth (9) suggested the com-
putational time.required in Yam and Chapman's procedure
can be significantly reduced by assuming that the slip
strain is constant along thé shear span. This assumption
is based on linear slip distribution and is satiéfactory
-for a simply suppbrfed beam but is not valid for a

continuous beam.

2.5 Effect of Slip

The slip at the interface of the slab and the
steel section affects stress, strain and deflection at all
sections along the beam. According to Siess (21) the
effect of slip on strain is a maximum at the interface ahd
minimum at the bottom of the steel section where the strain
is maximum. His tests indicated that the effect of slip

on the distribution of strain was a relatively localized
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- effect confined to the region of the applied concentrated
load.

Johnson (11) reported that within the elastic
range, slip may change the stress distribution by as much
as 5% and may increase deflection by as much as 13%.
Newmark et al (17) obtained similar results in full scale
beam tests.

Plum and Horne (19) stated that incomplete
interaction may increase the deflection as much as 40%.
Their test results indicate that slip may increase
deflection as much as 50% and decrease the compressive force
in the slab up to 20%.

Hamada and Longworth ( 9 ) proposed an analysis
for computing deflections of continuous composite beams
which included the effect of shear and slip. They found
that shear deformations were significant and their
analytical results were in close agreement with actual

deflections determined in tests.
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CHAPTER III

FORMULATION AND CLASSICAL SOLUTION

OF BASIC EQUATIONS FOR COMPOSITE BEAMS

3.1 Formulation of Basic Equations

3.1.1

are made:

1.

Assumptions for Displacements and Stresses

In the analysis, the following assumptions

The distribution of strain is linear over the
depth of slab and the depth of steel beam,
respectively.

The shear connection between the slab and
"steel beam acts as a continuous medium along
the length of the beam. |

Concrete has no tensile strength.

It is assumed that the reinforcement.bars are
placed at one depth in the concrete slab.

The stress/strain curves for steel are the same
in tension and in compression.

Within service load range the stress/strain for
concrete and steel are linear.

The concrete slab and steel beam deflect equally

at all points along the beam so that at any

- 29 -



cross section they have equal curvature
and that uplift forces are resisted by the.

shear connectors without separation and do

not affect the behavior of composite beams.

Fig. 3.i shows a portion of a composite system
with the slab spanning over éeveral equally spaced beams,
'In the transverse direction the slab is considered to act
as a continuous one-way slab supported by the beams. A
portioﬁ of the slab, of widtﬁ bc, acts compositely with
each steel section. The coordinate system and reference
dimensions for a typical composite beam are shown in |
Fig. 3.2(a) and the assumed deformation and displacements
are shown in Fig. 3.2(b).

~As a result of partial interaction, cross
section ABCD which is plane before deformation will not
remain plane after deformation. The slip, s, creates a
discontinuity at the interface of the concrete and steel
as shown in Fig. 3.2(b).

The strains at any point in the beam may be
determined directly from the horizontal displacement u

and the vertical displacement v through the use of

standard beam assumptions and strain displacement equations.

30
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Assuming plane sections remain plane, the horizontal

displacements in the steel may be expressed as

u = ug + v'y 0<y<d (3.1)

and the horizontal displacements in the concrete may be

expréssed as
u = u, + vy + s d<y<(d + t) (3.2)

Combining Equations 3.1 and 3.2, and using a step functionv
( 7) so that the last term of Equation 3.2 is zero in

the range O<y<d, the displacement across the entire

section can be expressed as

u =1u

0t V'V H <y - % o<y <(d + t) (3.3)

where <y - d>0 has a value of 0 for a negative argument
and 1 for a positive argument. The strain in the
horizontal direction can now be determined from the strain

displacement equation as
£ = u' (3.4)

Differentiating Equation 3.3, yields

. — t T 0 ]
e, = Uy + v'y +<y - d>"s (3.5)

Defining the reference axis strain,

(3,.5a)



the curvature as
v''= - ¢ . (3,5b)

and slip strain as

ds‘+*
&' = s (3.50)

Equation 3.5 may be written as

. R A ) (3.6)

For a linear elastic stress-strain relationship, stress

is expressed as

g = Eex (3.7)

Substituting Equation 3.6 into Equation 3.7 gives stress

in the terms of displacement derivatives as

0 = E(gy - ¢y + <y - 9 s (3.8)

3.1.2 Equilibrium Equations in Terms of Displacements

Three basic equilibrium equations may be
written for the composite beam shown in Fig. 3.4. These

are

I
o

LodA (3.9)

I
i
=

”AoydA (3.10)

4 |
d dp
K[focm,]=a§=_xs=-q (3.11)

32
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where q is the shear flow on the interface between steel
and concrete. Equation 3.11 is valid only if there is a
linear relationship between shear flow and slip. Substi-
tuting Equation 3.8 into Equations 3.9 to 3.11, and

carrying out the integration, we obtain

- E(AcYc + ASYS)¢ + EACS' =0 (3.12)

E(As +>Ac) €0
E(AY +AY )e.-E(I_ +AY 2.1 +AY 2)¢
cc s's 0 c cc s s’ s
+ EACch' = - M (3,.13)
' — — —
EAS €'y EASYS¢' Ks (3.14)

in which YS and YC indicate the distances from the reference
axis of the composite section to the centroids of the

area of steel, As’ and the transformed area of concrete,

Ac (neglecting concrete area in tension), respectively,

E is the modulus of elasticity of the steel, and n

(= Ec/Es) is the inverse modular ratio; Equations 3.12

to 3.14 may be simplified by shifting the x-axis to the
centroid of the transformed section, in which case the

following definitions apply:

(ASYS + ACYC) =0 (3.14a)

and 2 2, _ '
(Ic + ACYc + IS + ASYS ) = It (3.14Db)

where IS is the moment of inertia of the steel about the

steel section centroidal axis, IC is the moment of



inertia of the transformed area of the concrete slab

about its centroidal axis in compression and I, is the

t
moment of inertia of the transformed composite section
 about the centroidal axis of the composite section. Thus
eo_becomeS'the strain at the composite section centrpid
‘level, and : .
’ A+ A =A (3.14c)

is the total area of transformed section. The simplified

forms of Equations 3.12 to 3.14 are

EAtEO + EACS =0 (3j15)
- EI ¢ + BA Y S' = - M (3.16)

. ' - L
EAge'y - EA_Y ¢ Ks | (3.17)

Equatiohs 3.15 to 3.17 express the basic equilibrium

conditions, i.e., Equations 3.9 to 3.11, in terms of the

duo d2

three displacement gradients €0 = dx o = - ——% , and
dx

s' = %% ; the section properties of the transformed area

and the stiffness of the shear connectors, K. However,

in order to obtain a solution, it is desirable to eliminate

all but one of the displacements from the equations and
derive governing equations to enable the solution of one

displacement independently from the others.

34



3.1.3 Governing Equation for Slip

By differentiating'Equations 3.15 and 3.16,

e'o and ¢' may be expressed in terms of derivatives of s,

Thus, ' A
' €9 = - AC s' (3.18a)
t
AC
e = - s'" : (3.18b)
0 At
AcYc s M
¢ = i * ET (3.19a)
t t
ACYC s" v o
! = i + BT (3.19b)
t t

Substituting these expressions for a'o and ¢' into
Equation 3.17 and grouping the terms with a common order

of derivative of slip, s, yields

AY
"o K - Y_SS 1
s A AYY | " ETA |3 avvy | (320
EA -S 4 _8s8¢ tc|]_ s, ssc
A I : A I
¢ A t t t
: . _ K _ L2 _
Letting As AsYsYc =00 . (3.21)
EA — +
At It
AsY 1
and BT A R maaE B _ (3.22)
tc s ,_88s¢
A, I
t t

Equation 3.20 becomes

s" —als = -8V (3.23)
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This is a second order differential equatibn and is the
governing equation for slip. When the beam is statically
detefminate, V'is a.known function of x, ahd S can be
determinednby solving the differential equatidﬁ. With
the.élip anWn, the curvature can be obtainéd directly

from Equation 3.15. Integrating Equation 3;16 twice yields
the value of transverse deflection v, and integrating
Equation 3.15 once yields the value of Ug- Thus the

complete solution may be obtained from Equations 3.23,

3.15, and 3.16.

3.1.4 Governing Equation for Deflection

An alternative solution technique consists
of deriving a governing fourth order equation in térms of
the transverse displécement v. Differentiating Equation
3.17 and exﬁressing terms as displacement gradients
yields |

iv
tn + r =
EASu 0 EASYSV + Ks 0 (3.24)

From Equation 3.16,

1 = -M t " | ' '
s EAY, Ay " | (3.25)

By substituting Equation 3,25 in Equation 3.18a
and differentiating twice, uo'“ may be obtained in terms

of v. Thus .
A I v"
- e t

M
WoSix Gyt i)
t c c c'c

(3.26)



e S, - (3.27)

Substituting Equations 3.25 and 3.27 into Equation 3.24

results in

. I, + A Y Y A A
iv t t c n.o— KM c's
-V EASAC ( A ) + KItv B + A w (3.28)
t t
Letting I, + A Y Y
EA A (—— Lt S Cy =y (3.29)
s A
t
Equation 3.28 becomes
. KI A A
iv t o - -KM “s'¢c
V - T \"4 —E’l) At‘b w (330)

This is a fourth order differential equation
in terms of deflection. If the beam is statically
determinate, M is a known function of x and w (the
uniform loading) and v can be determined as the solution
to the differential equation. With deflection known, the

curvature may be determined by differentiation and the

slip strain determined from Equation 3.25 by substitution.

The slip may be evaluated by integrating Equation 3.25
and U, is determined from Equation 3.26. The complete
solution is therefore available from Equations 3.30,

3.25, and 3.26.
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3.2 Slip Strain at Inflection Point

Figure 3.5 illustrates the neutral axie
positions in a continuous composite section under positive
and hegative bending for uniform and discontinueus section
.pfoperties.. In the negative bending moment region,
essuming the concrete has no tension strength, the concrete
slab is not effective. Theoretically theie is an abrupt
change in the position of neutral axis at the point of
inflection as shown in Fig. 3.4(b). The slip strain is
affected by this abrupt change in the neutral axis
position and the abrupt change in effective area of
concrete slab.

In order to maintain continuity of the force
F between pesitive and negative moment regions, the strain
at the centroid of steel section must be equal on both

sides of the point of inflection.

€ = g (3.31)

sL sk

where subscripts L and R refer to locations to the left
and right of inflection point. 1In the,positive moment
region, the strain at the centroid of the steel section
can be expressed in terms of the curvature and the stfain
at the neutral axis of the transformed section. From

" Equation 3.6, |

esL = €oL ~ ¢LYs1 (3.32a).
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Similarly for the negative moment region,

€r = €O0R " ¢RYSR (3.32b)

Now substituting values of EOL’ EOR’ ¢L and ¢R from
Equations 3.18(a), and 3.19(a) into Equations 3.32(a)
and 3.32(b), and equating the results as indicated by

Equation 3.31, the following relationship is obtained: .

+

__(ACL YSLACLYCL\S, + MYSL

AtL Iin / Lo Bl
_ AcR YsLAcRYcR . MYSR
= - |3 + i s'y + BT (3.33)
tR tR : tR

If uniform or constant section properties
are .assumed oVer the entire length of beam,vthere will be
no change in the concrete area at the inflection point
and the neutral axis will not shift its position. Hence
the section properties to the left of tﬁe inflection
point will be the same as section properties to the right.
From Equafion 3.33 it is evident that with uniform section
properties the slip strain to the left of the inflection
point is equalAto that to the right. Thus it can be
proved that continuity of slip strain exists with constant
section properties. |

If there is a change in section properties the
slip strain to the right of the inflection point will be

related to slip strain to the left but there will be

disCoﬂtinuity at the inflection point. Let
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AcL YsLAcLYcL _ .
- & sk =% (3.34)
tL tL
A Y A Y :
and » _ AcR + sRIcR cR _ Xg (3.35)
tR tR

By substituting Equations 3.34 and 3.35 into Equation
3.33 and eliminating moment terms (moment is zero at the
inflection point), the slip strain to the right of the

| inflection point may be written as

s'y, = _ﬁé_ s' (3.36)
R XR L
3.3 Boundary Conditions

In order to evaluate the consfants of
integration involved in the solution, boundary conditions
must be established‘for any particular problem. For
example, for a simple span beam the bending'moment,
stresses and strains are zero,(i.e., M=20, =0,

0
s' must be zero and, from Equation 3.16, it may be

€, = gbat X = 0 and at x = L. Hence, from Equation 3.15,

concluded that ¢ is also zero at x = 0 and at x = L.
From compatibility requirements, it is
obvious that slip_is continuous. Also, as expiained in
Section 3.2, fhe strain at the centroid of the éteel
section is continuous since the force P in the slab must
be continuous and therefore s' is continubus wherever

section properties are continuous. For equilibrium, the



summation of the axial force over the entire section
must be zero. The boundary conditions for a simply

supported beam and a continuous beam are shown in

Fig. 3.6.
3.4 Linear Closed Form Solutions
The governing equation for slip, Equation
3.23, is
T 2 —
s'" - 8= -8V - (3.37)

The particular solution of this equation for a uniformly

distributed load, w, is

s = ng (%% - wx) . (3.38)

The homogeneous solution‘is
s = A sinhax + Bocosh x (3.39)

Hence the general solution is

B

s = A sinox + B coshox + —5 (%% - WX) (3.40)
o

The boundary conditions relating to slip strain

are
at x =0, B -9 | (3.412)
b dx .
at x = L, 5= 0 (3.41b)

dx

41
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Differentiating Equation 3.40 results in a slip strain

equal to
dS _ agcoshax + Bosinhax + 5 3
= - ocoshox asinhox 3 (-w) - (3.42)
o

By introducing the boundary condition, EquatiQn 3.41a,

Equation'3.42 becomes

W  (3.43a)
from which

A = —% w (3.43b)

Substituting the second boundary condition, Equation 3.41b,

into Equation 3.42 gives

o

O.= —5 coshoal, + Basinhol, - J% w (3.44a)
o o
from which
| _ wB| 1 - coshaL
B = i [ sinhal ] - (3.44b)

Substituting Equations 3.43b and 3.44b inté Equations

3.40 and 3.42 yields

“ = WB . , coshax
s = a3 [s1nhax + (1 - coshal) ETHHEE]
+ B L e (3.45)
2 Y2 )
o
and : .
P W _ Sinhox| w8

S az [coshax + (1 coshal,) sinhaL] az (3.46)

The deflection may now be determined by

integration of Equation 3.46 using Equation 3.19(a).
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Combining these two equations yields

i 2 A Yc wR
- v'" = (Lx - x) + < —= | coshax
2E1 I 2
t t o
. sinhaox
+ (1 - coshal) m -1 (347)
Integrating twice yields
2ET 6 12 2 ¢
t I a
t
2 2
+ psinhax - 2 ; + D + Cx (3.48)
in which ' :
p = (1 - coshal)/sinhoL (3.49)
Subjeéting Equation 3.48 to the boundary
condition, v(0) = 0, yields D = -1, Imposing the boundary

condition v(L) = 0 yields

wL4 ACYCBW u2L2
0 = 54R1 + 7 ( - —5— + CL) (3.50a)
t I,a
t
from which 4_3 2 :
c=- %L v oL (3.50D)

24EA0YCB 2
Substituting into Equation 3.48 and rearranging yields
oy = ¥ Lx3 _ §i _ wL3x
2E1 6 12 24EIt’
AcY Rw 2

+ 2C |coshux + psinhax + % (Lx - %2y -1 (3.51)

Equations 3.45, 3.46 and 3.51 give the
solution for slip, slip-strain and deflection of a simply

supported uniformly loaded beam. A solution of the i



44

differential equations for a continuous beam with two
unequal spans subjected to two equal midspan concentrated
loads is derived in Appendix A. The evaluation of the
constants of integration for this case is so complex

that they can only be obtained by solving a matrix
equation in the cbmputer. Therefore solutions can only
be obtained once numerical values are assigned to all

variables.

\

3.5 Formulation for Nonlinear Load-Slip Relationships

The solutions in Section 3.4 and Appendix A
assume a linear relationship between shear flow and slip.
Thisvassumption was introduced in Equation 3.11, where

it was assumed that

g = Ks (3.52)

When the slip is nonlinear, Equation 3.52_may be
replacediby the genéral expression

q = £(s) | (3.53)

in which f(s) is any nonlinear function of s.
- Yam and Chapman (31) introduced an

exponential relationship in the form

bs

Q=a(l-e ) (3.54)

to represent a nonlinear load-slip relationship between

the total shear connector force, Q, and the slip, s.
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This may be reduced to a shear flow relationship by
dividing by the connector spacing, 2. Then Equation
3.52 becomes

a=F=Fa-e™ (3.55)

which is a particular form of the more general relationship
represented by Equation 3.57.
If the relationship of Equatidn 3.53 is used

in place of Equation 3.52, Equation 3.11 becomes

Z = - f(S) = - q (3.56)
Equation 3.17 becomes

EASEO' - EASYS¢ = - f(s) (3.587)

and the govefning equation for slip, Equation 3.23,

becomes 9
: s'" - a° f(s) = - BV (3.58)

in which, from Equation 3.21,

2 1 :
0’ = A EYY, (3.59)
T
L , '
and ™
AY
_|'s' s 1
B=lgT a2 A  Av7% (3.60)
t ¢ S ,_Ss s ¢
A It
t
i

Since Equation 3.58 is nonlinear, there are no closed
form solutions. Therefore, numerical solution techniques

must be applied as discussed in Chapter 1IV.
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CHAPTER IV

" A NUMERICAL SOLUTION TECHNIQUE

FOR COMPOSITE BEAMS

4.1 Introduction

Classical solutions for deflections of
composite beams are limited to simple sections with no
material nonlinearities. Furthermore, as may be seen in
Appendix A, the evaluation of constants of .integration
becomes tedious for continuous beams. Numerical techni-
ques offer an alternative in these cases.

A technique for obtaining numerical‘solutions
for continuous composite beams with a nonlinear load-
slip. relationship is developed in this Chapter. The
governing equation for slip, Equation 3.23, is the basis
of the numerical solution technique. Beginning with an
initial assumed slip, the numerical technique involves a
process of iteration which is continued until the slip

has an acceptable degree of accuracy.

- 52 -~
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4.2 Numerical Integration of Slip Equation

‘A three-span continuous composite beam, shown
in Fig.'4.1, is divided into a number of segments of
length h.‘ Each end of a segment length is defined by
a nodal point, as illustrated in Fig. 4.1(b). The
continuous beam is changed into a simple beam primary
structuré subjected to two sets of loadings. The first
loading consists of the external loading while the second
consists of the redundaht reactions. This scheme is
illustrated in Figs. 4.1(c) and 4.1(d), respectively.

As derived in Section 3.5, the governing

second order equation for slip is
" 2
s" - o f(s) = - BV (4.1)

Setting s' = v (which is not to be confused with v
of Chapter III), the second order Equation 4.1 may be
expressed as the following two first order simultaneous

equations:

S‘b=.v (4.2)
2
v =a f(s) - BV (4.3)

VEquations 4.2 and 4.3 may be solved by using a Runge-
Kutta method of integration, and iterating each equation

in turn. In applying the Runge-Kutta method ( 7)



Equations 4.2 and 4.3 are expressed as

s' = H(s, x, V) (4.4)
v' = G(s, x, V) (4.5)

in which H and G.represent the functional forms in
Equations 4.2 and 4.3. The recursive equations for the

fourth order Runge-Kutta solution of Equations 4.4 and

4.5 are
S, = s, + X (k, + 2k + 2k + k. ) (4.6)
i+l i 6 1s 2s 3s 4s ’
Vi, =V, + D (k. + 2k. + 2k + k. ) (4.7)
i+1 i 6 lv 2v “3v 4v ’

Equations 4.6 and 4.7 are used alternately and the ki

and kiv values are determined as follows: )
kls = H(Xi’ Sy vi) (4.8)
k,, = G(x,, Si» Vi) (4.9)
ko, = H(x, + %, s, + hi;s, v, o+ hi;V) (4;10)
Ky, = G(x; + 2, s, + hkés, v, o+ hkév) (4.11)
kgg = H(x; + g, s, + hkgs, v, + hkgv) (4.12)
k3v = G(xi * %’ sp * hifs’ Vi ¥ Ei;i) (4.13)
k4v.= H(xi + h, S + ths’ vy + thv) (4.14)
k4V = G(x1 + h, s; * ths’ vy * hk3v) (4.15)
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The initial values of x., s v, determine k and k
i i 1s 1y

i
from Equations 4.8 and 4.9 respectively. The remaining
values, kjs and kjv,“mere j =2, 3, 4, are determined
from Equations 4.10 through 4.15 suceessively.

Equations 4.6 and 4.7 determine values of slip
and slip strain, respectively. The computation of slip
starts from the left end of the beam at X; = 0 and
progresses through all nodal points to the right end of
fhe beam as shown in Fig. 4.1(b). The shear flow at any
nodal point in the beam may be computed by using either
a linear or a nonlinear relation for slip in which, from
Equation 3.52,

Ks ' (4.16a)

Ko}
i

or, from Equation 3.55,

g = —2(1 - P8, (4.16b)

2

The axial force in the concrete at the right end of the

beam is computed by using the relationship
L : _ v
F = j.qu ' (4.17)
0

If the axial force computed at the right end is zero, the
éssumed initial slip value is correct and hence the total
solution is correct. If the axial force is not zero at
the right end, a correction is applied to satisfy the
boundary condition

F(L) = 0 (4.18)
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4.3 _Correction and Iteration for Slip

An unbalanced axial force in the slab at the
right end of the beam, as shown in Fig. 4.2a, creates an
unbélanced moment. An-equal and opposite balancing»
momeht produces a correction to the initial assumed slip
'Value. The general solution to Equation 3.37 for this
loading case is

F(Yc - YS)

s = A sinhax + B coshax + 5 T — (4.19)
‘ o L

Evaluating s', and equatiﬁg it to zero for x = 0.
requires that A is zero. Fig. 4.2(b) illustrates the
moment correction té remove the unbalanced force. Using
'Equation 3.6, the strains at the centfoids of the slab
and stéel section at the end of the span are

€ =€, - oY +s ' = L (4.20)
c 0 c L EAc

]

es = Eo.' ¢YS = EK—_ - (4.21)

F
S
Eliminating € from Equations 4.20 and 4.21, the slip

strain, in terms of unbalanced force and curvature, is

' = ___F‘.. i .i

SLTE Gt ey, - YY) - (4.22)
s - ¢

From Equation 3.16 the slip strain can also be expressed

in terms of curvature and the applied forces required

to balance the unbalanced moment as

. _F |
Sy, ACYc = E (YC - YS) t oI, (4.23)



by eliminating curvature from Equations 4.22 and 4.23

. o,
st = _ F Bely * AA (Y, - ¥)

L E | A, {It-ACYc(YC;YS)}

A (4.24)

Equation 4.24 defines the slip strain boundary condition
at the right end of the beam for the balancing moment.
By differentiating Equation 4.19 the slip strain at the

right end of the beam, where x = L, is

sﬁ = oB sinhaL (4.25)

By equating Equations 4.24 and 4.25, the constant B is
evaluated as

A

" asinhaL (4.26)

As the A and B values are now known, the slip at the left

end, from Equation 4.17, is

- B8
s =B+ ¥ F (Y, - Y) (4.27)

Equation 4.27 represents the correction to be applied to
the initial assumed slip at the left end of the beam.

The procedure is repeated with the corrected slip value
until the force boundary condition at fhe right end,
Equation 4.20, is satisfied. Values of slip and slip
strain are then directly available from Equations 4.6 and
>4.7; shear flow may be computed from Equations 4.16a or
4.16b, and axial force may be computed from a numerical

.integration of Equation 4.17.
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4.4 Evaluation of Slip Strain

Although the slip strain may be obtaihed from
the RungeéKutta solutionlas the variable vi,‘evaluated‘in
Equatién 4.7, the slip stréin used to determine the shear
flow in the program devéloped herein was obtained as the
derivative Qf a quadratic polynomial passing through
three consecutive points on the slip curve. For equally
spaced points this reduces to the standard second order
finite difference approximation.

The Lagrangian interpolating polynomial f(x),
passing‘through the values fl’ f2 and f3 at three unequally
spaced points as iliustrated in Fig. 4.3(a), may be
expressed in terms of the local x coordinate, measured

from point 1, as

(x-1 ) (x-2) X(x-2.)
1 X(8-%x) 1
f(x) = f, + =~ f, + ———— f_ (4.28)
) 17 e, 2 vE, 3
Differentiating this expression yields
ar _ 2(x=2p - 2, I T 2x -21 f .
dx Qll 1 2122 2 2 12 -3

vaaluating this derivative ét the three nodal boints

gives
ar _ ~htE) o kit PSR S (4.30a)
dx T B(278,) 1 I, 2 T (I ey 3 :
x=0
df _ Ly o (g=iy) !

== e -— f +t ——_ f (4.30Db)
dx | 21(21+22) 1 2 L, .2 22(11+22) 3

x=21



dx Ql(llfll) 1 1%9 2 22(21+22) 3
x=4
These equations are used to evaluate s'i. In evaluating

s'; at node i, and letting 21 = 22 = h, Equation 4.30

becomes ‘
(4.31)

which is the finite difference form.

At‘an inflection point the section properties
may be considered to be discontinuous, as discussed in
Section 3.2. Let us consider that the bending momeﬂt
diagram is as shown in Figure 4.3b and the discontinuity
in section properties occurs at point O which is located
at a distancé 'a' from a node j and at a distance 'b'
from node i. In terms of the slip values at nodes j-1,

j and j+1 shown in Figure 4.3c, the slip strain at points
j and j+1 may be computed by evaluating Equations 4.30b

and 4.30c, which become

O . S a-h h

S J h(ath) Sj—1+ ah Sj * a(a+h) Sj+1 (4.32)
and ,

' = ___a' _ (a'+h) h+2a

$'j+41 T B(a*m) Sj-17 Tah Sk’ a(ath) “j+1 (4.33)

Based on the value of s j+1° tﬁe value of s i1 (F}gure
4.3c) may be evaluated from Equation 3.36. The standard
Runge-Kutta formulae, Equations 4.6 and 4.7, may then be

used to evaluate si and s.

i+l The particular values of
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s'i_1 and s'i, obtained from Equations 4.30a and 4. 30D,

are
' - ~(2b+h) b+h _ b
i-1 7 b(bth) %i-1"Bh Si T B(B¥R) i+ (4.34)
and
: ' - -h h-b - b
i T oy Si-1 T B bSi t B(obeRY Si+1. (4.35)

Therefore, the slip strain can be obtained at nodes
adjacent to an inflection point by interpolating through

the values of slip at these points.

4.5 Evaluation of Deflections

Once the slip has been determined, the
curvature at any point along the length of the beam may
be determined by using Equation 3.16, since all the terms

are known. The curvature is expressed by Equation 3.16

as
M AcYc '
v = ET— + i s' (4.36)
t t
Defining v' = z the above second order equation may be

expressed as two first order simultaneous equations. Note

that v is the displacement defined in Chapter III.

v' = z (4.37)

z' = E¥ + CIC s’ (4.38)
t t

By employing a second order Runge-Kutta method of

integration to each equation in turn, Equations 4.37
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and 4.38 may be written symbolically as

v' = G(z, V) (4.39)

z' = H(z, Vv) (4.40)
from which
_h : .
Viep T g (Byy Y ko) tvy (4.41)
‘Z = h (k + k, ) + z (4.42)
i+1 & 2 1z 2z 1. ’
Values of klv’ k2v and kZZ are evaluated as
klv = z1
Mi AcYc :
Kz T8 Y T S (4.43)
t t
k2v = 2z + klz X h (4.45)
M, . AY
i+1 cc _,
Koy = ET, & I, ° i+l (4.46)

By substituting values from Equation 4.43 through 4.46 in
Equations 4.41 and 4.42, the deflection at every nodal
point is computed. Since the value of v'(0) is unknown
'a priori', a value of zero is first assumed before the
integration is carried out. The deflections so obtained

are shown in Figure 4.4. To obtain the true deflection

at every nodal point, a linear correction must be applied.

As illustrated in Figure 4.4 the slope of

the line joining A and N is

$
_ N A
6 = —3— , \ (4.47)
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Therefore, the corrected deflection at any point is

Ay = 0% - 8, - (4.48)

Thus a complete set of deflections is obtained.

. The procedure described above is Valid for a
simply supported or continuous beam. However, to obtain
values for a continuous beam, it is necessary to solve for

the indeterminate reactions, as déscribed in Section 4.6.

4.6 Solution Procedure for Continuous Beams

The redundancy of a continuous beam may be
solved by using the flexibility method. A three span
continuous beam with a uniform load w, shown in Figure
4.5a; is statically indeterminate to the second degree.
The primary system has been selected as a simple beam
which deflects under applied loads as shown in Figs.
4.5¢, d and e. With the redundants and deformations as
defined in these figures, the continuity equations can be
expressed as

SppRp * SpoRe = AL , (4.49)

SRy + §~-R~ = A (4.50)

where AB and AC are deformations due to external loading;

6BB’ 6CB are deformatlons due to unit load at B and GCB’

SCC are deformations due to unit load at C. R and R

"B C

are the reactions.
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Equations 4.49 and 4.50 are expressed in the

matrix form as

Snp L 6nn] R Ar
BE SBC 3 Bf _|2B (4.51)
Sgc. Sce| B Ac |
or .
Eﬂ (R} = {A} | (4.52).

‘where F is the flexibility matrix, {R} is the redundant
vector and {A} deformation vector.’ The reactions, determined

by inversion of the flexibility matrix, are
- -1
{R} = [F] {A} (4.53)

The total stress resultants are obtained by superimposing
the stress resultants due to external‘loading and those
due to interior support reactions.

The continuous beam of Fig. 4.5 may now be
solved by the following procedure. Assuming constant
section properties, the deflections {A} for the uniform
load acting on the primary structure are computed by the
procedure described in Seqtions 4.2, 4.3 and 4.5,
Similarly the deflections GBB and GCB are computed for
a unit redundant applied at B, and the deflections SBC
and GCC are computed for a unit redundant applied at C.
The matrix {F} of Equation 4.52 is then formed, and the
redundants determined from equation 4.53.

If the problem were linear a superposition
obtained from

(4.54)



in which X represents any quantity (moment, shear,
deflection, slip, slip strain, shear flow, etc.), and

X X and XC represent the values obtained for that

0’ "B
quantity from the three basic solutions described in the
preceding peragraphs. The solution is then complete for
classical solutions, such as that of Plum and Horne (19),
described in Appendix A.

A Two types of nonlinearity have,‘hoWever, been
included herein. The first is thaf arising from the
cracking of the concrete in the negative moment region,
and the second is a nonlinear slip/shear flow relationship.
In the following paragraphs, the continuous beam technique
will be considered, for the example problem of Fig. 4.5,
treating the cracking effects separately and then combining
them with the nonlinear load-slip relationship.

For the nonlinearities arising from the cracking
of the slab, the following technique may be used. Snper-
position of moment according to Equation 4.54 will produce
regions of negative moment. The locations of the points of
inflection can be determined from a linear interpolation
of the superimposed moments between nodal points, resulting
in a number of points along the beam (for the present
exampie, four points) at which a condition similar to that
in Fig. 4.3 arises. TFor the negative moment regions the
centroid and section properties of the transformed section
are those of the steel section and reinforcing bars only.

Hence the discontinuities indicated in Fig. 3.4 arise,
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The deflections {A}l required to set up
Equation 4.52 are now computed with these nonuniform
- section properties and by considering the stress resultants
obtained from Equation 4.54 with the current values of RB
and RC. The lack of comﬁatibility in deflection at the

redundants are now obtained as

{sa}y = {a}; - {8} (4.55)

Now the change in redundants to eliminate this lack of

compatibility is computed as

[ﬁ] (R}, = {sa} (4.56a)
The improved estimate of reaction is then

{R}Z = {R}l + {AR}2 (4.56Db)

The total superposition, expressed by Equation 4.54, is
now repeated for the new reactions until, for the ith

iteration

{AR} ; = {0} | (4.57a)
or
{0} (4.57b)

{sa}

When conditions 4.57a or 4.57b are satisfied the process
is considered to have converged and the 'correct' solution
has been obtained.

Since the above iterative process depends
only on the consistency of the final beam displacements

with the interior support conditions, it may be applied to
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beams with a nonlinear load-slip relationship.i The
primary difference is that the iteration required to
determine the proper shear flow, described in Sect. 4.3,
‘which must be carried out for each of the separate load-
ing conditiohs, may take longer to converge because the
- estimated slip correction described by Equation 4.27 is

not as good an estimate as for the linear case.

4.7 Special Problems in'Solving Continuous Beams

The general technique developed herein for
the solution‘of continuous beams has been described in
Sect. 4.6. In that section it was pointed out that at
an inflection point, there is an abrupt change in section
prbperties, if it is assumed that concrete cannot resist
tension. This gives rise to the discontinuities
illustrated in Fig. 3.4. There is, therefore, a dis-
continuity in slip strain as derived in Sect. 3.2vand
expréssed by Equation 3.36. It is necessary to consider
this discontinuity in the integration of Equations 4.4
and 4.5, described in Sect. 4.2, when solving continuous
beam problems. This results in the following modification
of the procedure for the computation of all of the deflec-
tions required for Equation 4.55.

The inflection points are located as described
in Sect. 4.6. .Equation 4.1 is integrated by the applicétion

of Equations 4.2 to 4.15 up to node point j of Fig. 4.3.
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The values of s and v are then determined for node point
j+1 by Equation 4.2, s; of Eqﬁation 3.36 is known and
hence sé is computed from Equation 3.36. Since slip is
continuous, the values of s and s' at node i-1 of Fig. 4.3
are now known, and the values at node i are determined by
using 'b' of Fig. 4.3 in place of h in Equations 4.6 to
4.15. The integration procedure now proceeds normally to
the next inflection point, wheh the same procedure is used.

Thus the discontinuity in slip strain is accounted for in

the integration procedure for continuous beams.

4.8 Computer Prdgram

A number of computer programs were developed
during this investigation. The main program, developed
on the basis of the numerical solution technique, is
included in Appendix F. This appendix includes the flow
chart, description and listing for the program, and a
test problem. |

The program is designed to analyse composite
beams of up to six spans and can handle any combination
of concentrated loads combined with a uniformly distributed

loading. Calculations may be performed on the basis of;

(a) Constant flexural stiffness (EIt)’ or
(b) Variable flexural stiffness (EIV), i.e.,

different stiffnesses in positive and negative moment
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regions, or

(c) Average flexural stiffness (EIav)’ i.e.,.

the average of positive and'negative moment region

flexural stiffnesses.

Computations for slip, slip strain, shear
flow, force and deflections are based on the procedures

described in this Chépter.
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CHAPTER V
VERIFICATION OF NUMERICAL TECHNIQUE

5.1 Introduction

In Chaptef IV a numerical technique wés
- established for the solution of continuous composite beam
problems under the conditions of: (a) liﬁear response,
and (b) nonlinear response in which the nonlinearity is
confined to cracking of the concrete in the negative moment
region and/or a nonlinear shear connector load-slip
relatidnship. The basis for a compﬁter program to solve
such problems was described. |

It is the purpose of this chapter (a) to;verify
~the numerical technique developed in Chapter IV for the
problems itemized.ébovevand (b) to establish the adéquacy
of the model for the computation of service load de-
flections in simply supported and continuous composite beams.

“Since the program does not include the effects
of steel y1e1d1ng or concrete crushlng, it cannot be used
to Qompute deflection of composite beams at ultimate load.
It also does not inciude the effect of creep in the
concrete. This latter effect, however, may be simulated

by using a lower modulus of elasticity for concrete.
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5.2 Program Verification for Linear Behavior

5.2.1 Simply -Supported Beams

The classical solution for a simply supported
uniformly loaded beam with a flexible, but linear elastic,
shear connection is derived in Sect. 3.4. A comparison
o% the numerical results obtained from the program described'
in Chapter IV with this classical solution is contained in
Figs. 5.1 to 5.3. The properties of the chosen cross-
section are contained in Column (1) of Table 5.1. The
classical solution for a simply supported beam subjected
to a concentrated load is included in Appendix B.

It can be seen from Figs. 5.1 to 5.3 that,
based on linear load-slip behavior of shear connector,
the results of the numerical solution for slip, slip strain
and deflection (at a load of 30 kips) are indistinguishable
from the values obtained in the classical solution.
.Nonlinear load-slip behavior for thé shear connectors
increases the magnitude of slip and deflection throughout
the length of the beam.

In addition to the solution for the linear
elastic problem, solutions for compiete interaction,
obtained by setting the shear connector stiffness to a
very high value, and for nonlinear load-slip behavior

are also shown on the figures. In Fig. 5.3 deflection,



including the‘effect of shearing deformation, is also
‘shown for comparison purposes.

This example verifies that the results
obﬁained by the numeribal technique for simply supported
beams are consistent with the linear elastic classical

solution.

5.2.2 Continuous Beams

The ability of the compﬁter program (based
on numerical teéhniqué) to properly analyze a continuous
beam with flexible shear connectors but linear elastic
response is verified in this section by solving the.
problem which was the subject of investigation by Plum and
Horne (19). The problem is illustrated in Fig. 5.4. Plum
and Horne solved this problem by determining the general
solution to the governing equations, derived in Chapter
III, and imposing the proper boundary conditions in order .
to évaluate the constants of integration. For this solutioﬁ
constant sectioh properties are assumed throughout fhe
length of the beam, that is, concrete crackiﬁg is ignored
in the negative moment region.

Since‘PIum and Horne did not provide details
of theirvsolution, the classical solution for a two-span
continuous composite beam has been derived in Appendix A,

A computer program to evaluate slip, slip strain and
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deflection consistent with the classical solution derived

in Appendix A was written, and the problem of Fig. 5.4

was solved in this manner. The properties of the beam are

tabulated in Column (2) of Table 5.1. The solution for
slip, slip strain, slab force, and deflection obtained by
the numerical téchnique of Chapter IV are compared with
the classical solution in Figs. 5.5 fo 5.8, respectively.

The only significant discrepancy between the
classical solution and the numerical solution is that for
élip strain in the region of the concentrated loads and the
reactions. This discrepancy appears to arise because the
numerical solution technique computes slip strain by
averaging values obtained from the two element lengths on
each side of the nodal points. This technique does not
permit the accurate evaluation of slip strain at the point
of application of a concentrated load. Nevertheless; the
correépondence between slip curves indicates that the
distribution of shear flqw (directly proportional to slip
in a linear problem) predicts an accurate determination of
the distribution of internal forces. The deflections are
also reliable.

It is concluded from this problem that the
- numerical teqhniques incorporated into the computer program
are suitable for the solution of composite beam problems
involving linear load-slip response of shear connectors

and concentrated loads.
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5.3 Program Verification for Nonlinear Behavior

Any solution which includes nonlinearities
for éomposite beams must be based on a numerical technique.
Few of these solutions are available. However, Yam and
Chapﬁan (31) have published numerical solutions based on a
pfedictor corrector technique for continuous composite beams

which include the effects of steel yielding, concrete

tensile cracking, concrete crushing and a nonlinear expo-

nential relationship between force and slip in the shear

connectors.

The primary objective of this thesis is to

investigate deflections of composite beams under service

loads. Nonlinearities due to yielding of the steel and

crushing of the concrete have no effect at this level of

load. Therefore, the simpler technique developed herein

is appropriate for the present study. In order to demon-
strate this, the solution obtained from the present
numericél technique is compared, at service load, with the
full nonlinear solution of Yam and Chapman.

Yam and Chapman's test beam is shown in

Fig. 5.9 and its properties are shown in Column (3) of

‘Table 5.1. Their solution»fof slip and deflection, at a

service load of 7.4 tons, is shown in Figs. 5.10 and 5.11,
respectively, where they are compared with the present

numerical solution.
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The comparison of slip in Fig. 5.10 indicatés
that, although there are some differences in the vicinity
of the concentrated loads, the characteristics of the curves
dre very similar. In particular, the maximum élip values.
are essentially the same and occur at approximately the same
locations. The comparison of the service load deflections
for these two solutions is shown in Fig. 5.7 where the
values are seen to be identical for all practical purposes.
The increase in deflection produced by the flexible shear
connectors and concrete cracking may be seen by comparing
values with the complete interaction deflections, shown also
in Fig. 5.11 and which are taken from the paper by Yam and
Chapman. From Fig. 5.11 it is evident that shear deformation
has not been included in Yam and Chapman's analysis. The
degree of nonlinearity developed in the load-slip relationship
for this problem may be seen by determining the position at
which the makimum slip of Fig. 5.6 is located on a load-slip
or shear-flow-slip curve. This is shown in Fig. 5.12,
from which it may be concluded that there is some nonlinearity
associated with the load-slip relationship at service 1load
for this problem.

Figs. 5.10 to 5.12 appear to support thé
argument that an analysis in which the nonlinearities are
confined to cracking of the concrete and the load-slip
relationship is capable of producing an adequate simulation

of the behavior of composite beams at service loads.
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Furthermore,vthis establishes that the program déveloped
herein has incbrporated these nonlinearities in such a way
that the results are consistent with a more sophisticated
treatment of the problem. Thus, it is gonsidered that the
reliability of the'computational technique is adequate to
draw conclusions relatije to the effects on service load

-deflections arising from variations on stiffness parameters.

5.4 Comparisons with Test Results

5.4.1 Comparison with Hamada and Longworth (9)

Hamada and Longworth (9), in an experimental
and analytical investigation into the behavior of continuous
‘composite beams, concluded that shear deformation may
_contribute sigpificantly to the deflection of composite
beams.- Load deflection computations for one of their beams
(CBI) are shown in Fig. 5.13. The properties used in the
analysis of this beam are summarized in Column (4) of
Table 5.1. The cémputation of service load for this beam
is given in Appendix C and the results are summarized in
Column (2) of Table 5.2. Very good agreement is obtained
with Hamada and Longworth's results up to 70 kips ﬁsing
nonlinear load-slip behavior of shear connectors and
}inciuding the shear deformations. It is apparent that,
for the shear connector stiffness used in this analyéis,

it is necessary to include shear deformations to obtain
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reasonable agreement with their experimental results.
Therefore, shear deflection will be included in many of

the parameter studies of Chapter VI.

5.4.2 Comparison with Chapman and Balakrishnan ( 9)

Chabman and Balakrishnan ( 3) carried out an
extensive testing program of simply supported composite
beams with various types of shear connectors. A comparison
with one of their tests (Beam A6) is shown in Fig. 5.14.
The beam properties are summarized in Column (5) of Table
5.1. The service load is computed in accérdance with the
procedure of Appendix C and the computation is summarized
in’Column (3) of Table 5.2.

In contrast to Hamada and Longworth's beam
it should be noted thét better agreement is obtained with
these results when linear load-slip behavior is assumed.
This appears to contradict the conclusion obtained from
the comparison in Sect. 5.4.1. However, there are
uncertainties involved in evaluating shear connector
stiffness for Hamada and Longworth's beam. Hence solutions‘
with, and without, shear deformations will be presented

in Chapter VI.



5.5 Conclusion

'The numerical technique developed in Chapter
IV predicts the behavior of composite beams with very good
accuracy up to service loads, and hence the validity of

the model is established.
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TABLE 5.1 PROPERTIES OF COMPOSITE BEAMS
FOR TEST PROBLEMS

Simply Plum and Yam and Chapman and Hamada and
Supported Horne's Chapman's Balakrishnan's| Longworth's
Beam Beam Beam Beam Beam
" peam Designation| BSS12 x 6L wi2 x 31 BSB 108 BSS12 x 6L w12 x 31
Total Depth=d in| 18.000 16.090 8.375 18.000 16.090
Concrete Slab
be (in.) 48,000 48,000 19,000 48,000 48,000
te (in.) 6.000 4,000 2.375 6.000 4.000
Ec (ksi) 3 ss0x103 | 3.750x10% | 4.002x10° 3.550x10° 4.527x10°
f'c (psi) 3440.0 4000.0 6900.0 3440.0 5577.0
Reinforcement
Asr (sq.in.) - 1.571 0.690 - 1.600
dsr (in.) - 3.000 1.750 - 2.000
fyr (ksl) - 50.0003 46.600a - 59.300a
Esr (kst) - 30.000x10 30.000x10 - 30,000x10
Steel Section
ds (in.) 12.000 12.090 6.000 12.000 12.090
AS (sq.in.) 13.000 9.130 3.530 13,000 9.130
bf (in.) 6.000 6.530 3.000 6.000 6.530
tr (in.) 0.717 0.465 0.377 0.717 0.465
tw (in.) 0.400 0.265 0.230 0.400 0.265
f £ (ksi) 34,832 - - 34.832 40.500
f w (ksi) 38.8203 44.0003 46.6003 38.8203 46.5003
Es (ksi) 31,140x10 30.000x10 30.016x10 31,140x10 30.200x10
Shear Connector
Type
Headed Type
Size 3/4"x4" 3/4"x3" 3/8"x2! 3/4"x4" 3/4"x3"
K (psi) 150.000x10% | 150,000x10% 30.440x10% | 14.400x10% 19.250x10”
a (psi) 18.200x10% - 25.360x10° | 18.200x10 21,290x10%
b ) 79.160 - 120.000 79.000 90,418
Qu (kips) 28,000 28,760 7.280 28.716 28,716




TABLE 5.2

TEST PROBLEM COMPUTED VALUES

Hamada and

Longworth's

Beam

Chapman and
Balakrishnan's
Beam

Beam Designation

wi2 x 31

BSS12 x 6L

Shear Connectors

Type Headed Stud Headed Stud
(Paired) (Paired)
Size 3/4"x3" 3/4"4"
na 16 16
nb 16 -
nc 8 -
Qu (kips) 28.716 28.000
C = .85f'bctc 910.170 842.112
(kips)
T = Asfy (kips) 387.456 469.670
na Qu (kips) 459.456 448,000
nb Qu (kips) 459.456 -
nc Qu (kips) 229.728 -
MBu (ft.-kips). 291.775 393.000
Mpy (ft.-kips) 203.147 -
Pu (kips) 129.384 83.463
Pw (kips) 86.250 55.650
Pl
N
N
N\
N
§
L N\ .
) R
C -
D
MDu
na nb | . nc
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CHAPTER VI
APPLICATIONS

6.1 Introduction

In Chapter V the capabilities of the numerical
solution developed in Chapter IV were compared with closed
form soiutions and published results. It was concluded
that the program developed herein is adequate to reliably
predict deflections of simply supported and continuous
composite beams for a variety”of loading conditions, and
that the nonlinearities included in the program capture
the essential aspects of behavior at service loads. It
is necessary to éttempt to draw some general conclusions
with respect to the effect of shear connector flexibility
and nonlinear behavior on service load deflections.

In this chapter an evaluation of the effect of
various parameters on service load deflections is attempted.
For,simply supported beams,whieh respond in the linear
elastic range at service loads, noﬁdimensional parameters
are derived from the closed form solution. This permits
a quantitative evaluation of increments in deflections
relative to those which would occur in a beam with complete

interaction. Assuming the same nondimensional parameters

- 99 -
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control the behavior of continuous beams, the numerical
technique developed herein is used for the evaluation of
deflection in continuous beams. However, for nonlinear
response no valid method of nondimensionalizing the results
has been found. Therefore, it has only been possible to
eXamine the effects of the parameters on particular example
problems, with the inference that the same qualitative

type of result occurs in other beams of similar type.

6.2 Deflections of a Linear Elastic Simply Supported

Composite Beam Subjected to Uniform Load

The solution of the differential equation for
a simply supported beam subjected to uniform load was
determined in Sect. 3.4. Evaluating Equation 3.51 at

x = L/2 yields the maximum deflection in the span as

4 AY Rw
5 wL c c <cosh aL

-V = - +

5
L/2 384 EIt I a4 2
t
(1 - cosnhal) al asz
* sinhal, sinh &= + —2— -1 (6.1)

Considering downward deflection as positive, and
recognizing that the first term is the deflection of a
beam with complete interaction, Equation 6.1 may be

written as

8 sinhaL

1

— CcC C
=1+ =5 i 4

s
£ 384 EALYP <1 _o%12 (1 - coshal)
0 oL

. al, al,
sinh 5 - cosh TT) (6.2)



in which 6f is the midspan deflection (excluding shear
deformation) of the composite beam and 60 is the midspan
deflection of the same beam (due to bending only) assuming
full interaction.

Recalling the definitions of o and B from

Equations 3.21 and 3.22, Equétion 6.2 may be written in

terms of two nondimensional ratios as

6 .
gﬁ = 1 + 383 (1 - %? - cosh '%%
0 5&n
(1 - cosh v&n) . vEN
- sinh Vi sinh 5 (6.3)
in which the following definitions apply.
AtYsYc
£ = - (6.4)
It + AtYsYc ‘
2
KI,L
and - t
N - EAAYY (6.5)

Note that & and n are always positive. It can be seen
that the ratio £ is dependent only on the geometry of the

cross-section, whereas the ratio n depends on the geometry

101

of the cross-section, the span, the shear connector stiffness

v

factor (K), and the elastic moduli of steel and concrete.

The right hand side of Equation 6.3 répresents

a factor by which 6, can be multiplied in order to determine

0

the maximum delfection of a composite beams with any shear
connector. It is universally applicable to the type of

span considered and éan form the basis for a simple design

aid. To determine the range of the nondimensional parameters



within which most composite beams would fall,g. and n
‘were computed for a number of typical sections. By
arbitrarily varying these factors over this range, the
plot of Fig. 6.1 was produced. This figure indicates that
shear connector flexibility may have a considerable effect
on composite beam deflection. With reduction in shear
connector stiffnes, that is, with partial shear éonnection,
the shear connector modulus K is reduced. Due to this
reduction in Equation 6.5, n decreases and hence the
deflection due to slip increases. (See Fig. 6.1.)
Depending on the properties of the cross section, the
geometry of the beam and the shear connector modulus,

this deflection due to slip can be as high as 45% of the

deflection due to flexure.

6.3 Evaluation of Shear Deflection for a Simply

Supported Cbmposite Beam Subjected to Uniform Load

The shear strain in a beam may be expressed

as (23) KshV
= ! = e
Y VS(X) GAt (6.6)
in which VS is the shear deflection and
A ' 2
_ _ ¢t Q '
Ksh = . 5 f;? dA (6.7)
t A :

in a property of the cross-section. For a simply
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supported beam, symmetrically

Gs =./~L/2 v! dx = E§Q
0 s(Xx) GAt

Shear deflection is therefore
Ksh is known.
Recognizing that

hand side of Equation 6.8 is t

ratio of shear deflection to §

loaded,

fL/2 V dx

(6.8)
o .

simple to evaluate provided

the integral on the right

he moment at midspan, the

0
load as - S ,
- °s _ KSh sz 384EIt (6.92)
6O GAt 8 5wL4
or
65 _ 48 EKshIt (6.95)
N 5 2 '
0 GAtL

Unfortunately this ratio canno

t be expressed directly in

terms of € and N and, therefore, it is probably best to

. S :
compute = separately and add

%o

$

it to —i if shear deflections

S0

are to be combined with flexural deflections.

However, since th
Equation 6.7 is not simple, it

“for a number of cross-sections

width of the concrete slab in Fig. 6.2. K

e evaluation of KS by

h
s value has been computed

and is plotted against the

for various
sh

wide flange steel sections with different concrete slab

widths and for thickness t = 6
Table 6.1.

lie between 3.317 and 10.229.

It is observed that KS

" and 4" are tabulated in

h values for the beams

K for the beams not
sh

included in the table may be derived from the upper and

can be written for uniform
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lower bound values of the beam of the same designated
rolled section using the linear variation in depth. Using
these shear form factors, shear deflection for simply
supported beams can be computed with ease forvpractical
design purposes.

The magnitude of shear deflection for a
specific simply supported uniformly loaded beam has been

shown in Fig. 5.3 which indicates that it is not negligible.

6.4 Influence of Type of Loading, Shear Connection and

L.oad-Slip Characteristics of the Shear Connectors

and Shear Deformation on Deflections

6.4.1 Simply Supported Beam Subjected to Uniformly

Distributed Load and a Concentrated Load

Beam U-6 tested by Chapman and Balakrishnan
(5) was modeled with the same parameters, and the load-
deflection curve up to 80 kips (service load) was obtained
using the numerical technique discussed in Chapter IV.
Fig. 6.3 shows the comparison of deflections for full
‘shear connection and partial shear connection (50% of full

shear connection) considering

(a) the linear and nonlinear load-slip
characteristics for the shear connector

(b) the effect of shear deformations.
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It can be seén'that each effect, namely"slip, nonlinear
load-slip characteristics and the effect of shear defor-
mation progressively increase deflection and slip and that
deflection and slip for beams with partial shear connection
aré.somewhat larger than for those with full shear con-
nection. The total deflection of the'compoéite beam
coﬁsidering the effects of nonlinear load-slip charactef—
istics, shear and baftial shear connection is approximately
twice that of the bending deflection of the beam neglecting
the above effects. A similar trend is observed in the case
of.beams subjected to concentrated load and the deflections
‘are significdntly greafer than those for uniform load. The
percentage increase in deflection as well as end slip from
'full Shear connection to partial shear connection:is given
in Table 6.2 and Table 6.3 respectively. Refering to
Table 6.2; it can be seen that the maximum percentage
increase in deflection is found when both nonlinear load-
slip characteristics for the connectors as well as shear
deformatioﬁs are included. The properties of the beams are
given in Columns 1 and 2 of Table 6.5.

Fig. 6.4 shows the comparison of load deflection,
IOad-siip curves for full and partial shear connection
cbnsidering a) linear and nonlinear_load—slip characteristics
of the shear connectors and b) the effect of shear deformation
for simply supported beam subjected to uniformly distributed

load. Similai load deflection and load slip curves are
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drawn in Fig. 6.5 and 6.6, when the beam is subjected to
| concentréted load. From the above figures, it can be
observed that the deflections and slip of the béam are
increased due to nonlinear load-slip characteristic of
the shear connectors and the shear deformations. The
effect of partial shear connection on deflection and slip

is larger than that of full shear connection.

6.5 Deflection of a Continuous Beam Subjected to

Uniform Load

Since a closed form solution for the deflection
of a continuous beam considering nonlinear load-slip
characteristics of shear connector>is not availablé, it
is not possible to derive an expression of the form of
Equation 6.3 to determine the effect of flexible shear
connectors on continuous beam deflections. However, it
is reasonable to assume that the same nondimensional
factors which control the deflection of simply supported
beams also control the deflection of continuous beams.

A universally applicable plot similar to that of Fig. 6.1
can then be constructed from the results of numerical
solutions,

Fig. 6.7 is such a plot for a continuous beam
with two equal spéns subjected to uniform load. Two sets

of results are shown, namely, those with zero stiffness
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of the concrete in the ﬁegative moment region (variable I),
and those with constant moment of inertia.

| Fig. 6.8 is identical to Fig. 6.7 except that
it includes the effect of shear deformation. Recalling
the discussion from Sect. 6.3, it was pointed out that
sheaf deflecfion is not directly a function of & .and n.
Nevertheless, the smooth variation of the curves indicates
that, in the absence of better information, Fig. 6.8
could give a reasonable indication of the defléétion of
_ continuous beams including the shear effect. For a more
accurate computation, shear deflections can be super-
imposed on.the results from Fig. 6.7, as indicated in
Sect. 6.3.

A comparison between Fig. 6.8 and 6.7 indicates
the very significant increase in deflection due to the
effect of shear deformations in continuous beams. This
fact has previously been pointed out by Hémada and
Longworth (9). Since the shear deflection of a continuous
beam subjected to a concentrated load is approximately the
same as that of a simple beam, the iﬁcrease in deflection
ratio results primariiy from the fact that the flexural
deflection in a continuous beam is approximately one-
quarter of tﬁat for a simple beam and, hence, the shear

deflection is a higher fraction of the flexural deflection.
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6.6 Deflection of a Two-Span Continuous Beam

Subjected to Concentrated.Load

The properties of the beam are given in Column 3
- of Table 6.5. Figs. 6.9 and 6.10 show the comparison of
load-deflection and load-slip curves for full and partial
shear connection considering a) linear and nonlinear
load-slip characteristics for the shear connector and

b) the effect of shear deformations. The figures are
based on constant moment of inertia. Similar curves are
drawn in Figs. 6.11 and 6.12 for a beam with variable
moment of inertia. In continuous beams it may also be
observed that each effect, namely slip, nonlinear load-
slip behavior of the shear connectors and thée effect of
shear deformation increases deflection and slip. Partial
shear connection causes larger deflection than that
obtained for full shear connection. The deflection
comparison of continuous beams at service load for partial

and full shear connection is given in Table 6.4.

6.7 Influence of Negative Moment Cracking in

Continuous Beams

While the figures in Sect. 6.5 give the influence
of negative moment cracking on deflections, they give no
insight into the effect of this cracking on the distribution

of slip and slip-strain along the length of the beam.



bThe effect of cracking on these distributions is examiﬁéd
for a typical beam in this Section.

The example beam has the properties listed in
Column 4 of Table 6.5. The distribution of deflection,
slip, slip—strain and force in the slab are»shOWn in
Figs. 6.13 to 6.16, respectively, for the beam with and
'without cracking. It can be seen thaf the effect of
cracking_is to increase the deflections (Fig. 6.13),
increase slip.in the positive moment region (Fig. 6.14),
introducé discontinuities in the slip-strain relationship
(Fig. 6.15), and increase the slab force in the positive

moment region (Fig. 6.16).

6.8 . Analyses of a‘Three—Span Beam for Shored and

Unshored Construction

The example problem is a beam with three equal
spans subjected to uniform load with properties listed in

 001umn 5 of Tablt 6.5. The live load to dead load ratio

is 2,25. 1In the analysis of unshored construction all the

dead load is assumed to be carried by the steel beam and.

the live load by the composite action. Full shear connection

and linear load-slip behavior is assumed. Deflection, slip,

slip sfrain and force distribution are shown in Fig, 6.17
to 6.20. The effect of unshored construction is to
increase the deflection, decrease slip in both positive

and negative moment regions and decrease slip

109
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strain as well as introduce discontinuities in the slip-
strain relationship and decrease the slab force in both

b
positive and negative moment regions.

6.9 VConclusions

In fhis Chapter an evaluation of the effect of
various parameters such as
(a) partial and full shear connection
(b) linear and nonlinear load slip behavior
(c) shear deformation
(d) constant and variable moment of inertia, and

(e) shored and unshored construction

on service load deflections have been studied. Tpe
computer program reliably predicts deflection and slip
for simply supported and continuous beams under service
loads. The shear form factors for various sections with
different widths and thickneéses bf concrete slab are
tabulated for practical design. Shear, slip and.partial
sheaf connection significantly affect deflection values
" and should therefore be considered for an accurate

evaluation ofAdeflection.
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CHAPTER VII
SUMMARY AND CONCLUSIONS

Summary

This study has examined the formulatidn of

governing equations for composite beams. Solutions of

these equations have emphasized the effects of such

factors as partial and full shear connection, shear

deformation and linear or nonlinear load-slip character-

istics of the shear connectors.

Classical solution techniques were examined in order
to provide a standard comparison against which

numerical solutions can be measured.

Programs were written for the evaluation of classical
solutions for a simply supported beam and a continuous
beam of two unequal spans, subjected to concentrated

loads.

Results obtained from numerical technique developed
herein were compared with published numerical results
of Yam and Chapman (31), test results of Chapman

and Balakrishnan ( 5) and Hamada and Longworth ( 9).

- 136 -
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The solution for the deflection of a éimply
supported composite beam with uniform load was
recast in terms of two dimensionless parameters,

£ and n. This permitted a plot to be developed

to determine the effect of slip which is applicable

to sections of any simply supported composite beam.

Shear form factors were computed for various rolled
steel shapes with different concrete slab widths
and thickhesses. These factors can be used to

compute shear deflection.

The effects of parameters such as partial and full
shear connection, shear deformation, linear and
nonlinear load-slip characteristics on deflection and
slip for a simply supported beam have been examined
for two loading cases, viz. uniformly distributed

load and concentrated load.

A numerical solution technique which permits the
solution for slip and deflection of continuous beams
under arbitrary loading was developed and programmed,
This program is capable of treating the effects of
slab cracking in negative moment regions and non-
linearities in the shear connector load-slip
relationship. The numerical solution technique was

checked against closed form solutions and other
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numericai solutions and results were compared with
selected experimental results. The program was

used to prepare a Simple design chart to determine
deflections of two-span uniformly loaded continuous

beams.

‘The solution for deflection due to shear and slip

of a two span continuous composite beam with :niform
load was recast in terms of the same two dimensionless
parameters £ and n . Plots were developed for beams

with uniform and variable moment of inertia.

The effects of various design parameters on deflections

were examined for particular example problems.

The effect of shored and unshored construction on
the behavior of three span continuous beams was

examined.

Conclusions

On the basis of this investigation, the

following conclusions are drawn:

There islgood agreement between the results of the
numerical solution andAthe classical solution for
deflectiqn and slip for simply supported and
cqntinuous.composite beams. However, there is a
significént difference in the slip strain at the
concentrated load locations in the case of

continuous beams.
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The results for deflection and maximum slip using
the technique developed herein are ih good agreement .
with Yém‘and Chapman's results, except for the 7
distribution of slip along the length of the beam,

which may be due to the error in the assumed data.

The results of the numerical solution are in good
dgreement with the test results of Chapman and
Balakrishnan in the study of linear load-slip
behavior. However, the numerical solution results
in higher deflection values than_test results for
nonlinear load~-slip behavior. On the basis of the
end slip characteristics, the load-slip behavior is
linear; The results obtained with the conditions of
full shear connection and non-linear load slip
behavior uhderestimates the deflection, whereas the
condition of partial shear connection overestimates
the deflections obtained by Hamada and Longworth ( 9)
at maximum service load, even though Hémada and
Longworth's beam was designed for full shear
connection. The discrepancy in the deflection may

be due ‘to the assumed connector stiffness.

Deflection due to slip, in the case of simply
supported beams subjected to uniformly distributed
load, may be as high as 45% of the bending deflection,
depending on the stiffness df the connector and

geometry of the beam. Deflections due to shear and
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slip can be computed for practical design purposes
using the table of shear form factors-as well as
"the plot developed in terms of dimensionless

, parameters E‘and n. Partial shear conneétion
increases the slip and reduces the effective stiff-
ness of the beam, thus increasing the defiection.
Therefore the effect of shear, slip, and partial
shear conhectioﬁ on deflections should not be

neglected in design.

Using the plot in Fig. 6.8, the total defleqtion

due to shear and slip can be computed for a two

span continuous beam with uniform load. Total
deflection can be as high as three times the bending
defledtion,.depending on stiffness of shear connector
and beam geometry. The effects of the various |
parameters on deflection and slip of continuous beams
are similar to those for simply supported beams.

" However, increases in deflection and slip tend to be

much higher. .

Concrete cracking in negative moment regions produces
increased deflection and slip in positive moment
regions. The increase in deflection may be as high
as 15% of the deflection of composite beams with
uniform moment of inertia. Cracking also creates

discontinuities in the slip-strain relationship.
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Unshored construction results in increase in
deflection, decrease in slip in both positive
and negative moment regions, decrease in slip
strain és well as in introducing discontinuities-
in the slip-strain relationship and decréase of
slab force in both positive and negative moment

region.

O




BIBLIOGRAPHY

(1) British Standard Institution, "CP117: Part 1:
British Standard Code of Practice, Composite
Construction in Structural Steel and Concrete
Part 1: Simply Supported Beams in Buildings'',
London, 1965, ' .

(2) Canadian Standard Association, "CSA Standard S16-
1969 Steel Structures for Buildings:, Ontario,
Canada, 1969.

(3) Canadian Standard Association, "CSA Standard S16.1
1974 Steel Structures for Buildings - Limit
State Design:, Ontario, Canada, 1974, '
(4) - Chapman, J. C., "Composite Construction in Steel and
Concrete - The Behaviour of Composite Beams'",
The Structural Engineer, Vol. 42, No. 4, April,
1964. :

(5) Chapman, J. C., and Balakrishnan, S., "Experiment
‘ on Composite Beams:, The Structural Engineer,
Vol. 42, No. 11, November, 1964.

(6) Davison, J. H., "Ultimate Strength in Negative
Bending", Masters Thesis, Department of Civil
Engineering, University of Alberta, Edmonton,
February, 1970. :

(7) Gerald, C. F., "Applied Numerical Analysis'',
Addison Wesley Publishing Company, 1978.

(8) Ghali, A., and Neville, A. M., "Structural Analysis
- A Unified Classical and Matrix Approach’,
Second Edition, Chapman and Hall, London, 1978.

(9) Hamada, S., and Longworth, J., "Ultimate Strength
of Continuous Composite Beams', Structural
Engineering Report No. 45, Department of Civil
Engineering, University of Alberta, Edmonton,
August, 1973. ' '

(10) Hawkins, N. M., "Strength of Shear Connectors'",
' - Proceedings of Institution of Civil Engineers,
Vol. 15, No. 1-2, August, 1973.



(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

143

Johnson, R. P., and May, I.M., "Partial Interaction
Design of Composite Beams', The Structural
Engineer, Vol. 53, No. 8, August, 1975.

Johnson, R. P., Van Dalen, K., and Kemp, A. R.,
"Ultimate Strength of Continuous Composite Beams',
Technical Report No. 3/7, Cambridge University
Engineering Department, May, 1966.

Ketter, R. L., and Prawel, S. P., "Modern Methods of
Engineering Computation', McGraw-Hill Book Company,
Inc., New York, 1969.

Lever, G. V., "Ultimate Strength of Composite Beams
in Negative Bending', Masters Thesis, Department
of Civil Engineering, University of Alberta,
Edmonton, February, 1970.

Mainstone, R. J., and Menzies, J. B., "Shear
Connectors in Comp031te Beams for Brldges”
Concrete, September, 1967.

Mallick, S. K., and Chattopadhyay, S. K., '"Behavior
of Continuous Steel - Concrete Composite Beams'.
Indian Concrete Journal, Vol. 49, No. 6, June,

- 1975.

Newmark, N. M., Siess, C.P., and Viest, I.M.,
"Test and Analysis of Composite Beams with
Incomplete Interaction,'" Proceedings of Society
of Experimental Stress Ana1y51s Vol. 9, No. 1,
1951,

Park, R., and Pauley, T., "Reinforced Concrete
Structures', John Wiley & Sons, Toronto, 1975.

Plum, D. R., and Horne, M. R., "The Analysis of
Continuous Composite Beams with Partial Inter-
action'", Proceedings of the Institution of Civil
Engineers, London, Vol. 59, Part 2, December 1975.

Piepgrass, E. G., "Behaviour of Composite Beams in
Negative Bending'", Masters Thesis, Department
of Civil Engineering, University of Alberta,
June, 1968.

Siess, C. P., '"Composite Construction for I Beam
Bridges'", Transaction of American Society of
Civil Engineers, Vol. 114, 1949.



(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

Slutter, R. G., and Driscoll, G. J. Jr., "Flexural

Strength of Steel Concrete Composite Beams",
Journal of the Structural Division, ASCE,
Vol. 81, ST2, April, 1965.

Timoshenko, S., and Gere, J. M. '"Mechanics of
Materials'", Van Nostarand Reinhold, Toronto,
1972.

Van Dalen, K., "Composite Action at the Support of
Continuous Beams", Ph. D. Thesis, University of
Cambridge, June, 1967.

Viest, I. M., "Review of Research on Composite
Steel - Concrete Beams', Proceedings of
American Society of Civil Engineers, Structural
Division, Vol. 86, ST6, June, 1960.

Viest, I. M., "Investigation of Stud Shear Connectors

for Composite Concrete and Steel Beams'",
Proceedings of American Concrete Institute,
Vol. 52, 1956.

Viest, I.M., Fountain, R. S., and Singleton, R. C.,
"Composite Construction in Steel and Concrete
for Bridges and Buildings", McGraw-Hill Book
Campany, Inc., Toronto, 1958 :

Wang, Chu-Kia, and Salmon, C. G., "Reinforced
Concrete Design', 2nd Edition, Intex Educational
Publisher, New York, 1973.

Wastlund, G. and Ostlund, L., "Studies of Composite
Beams'", International Association for Bridge and
Structural Engineering, 1950.

Yam, L.C.P., and Chapman, J. C., "The Inelastic
‘Behavior of Simply Supported Composite Beams of
Steel and Concrete", Proceedings of Institution
of Civil Engineers, London, Vol. 42, December,
1968.

Yam, L.C.P. and Chapman, J. C., "The Inelastic
Behavior of Continuous Composite Beams of
Steel and Concrete", Proceedings of Institution
of Civil Engineers, London, Vol. 53, December,
1972, :

144



APPENDIX A



146

CLOSED FORM SOLUTION (TWO-SPAN CONTINUOUS BEAM)

A.1 Classical Solution

Figure Al illustrates a continuous beam with two
‘unequal - spans and with equal concentrated loads at the center

of each span. The deflection equation may be expressed as

atu u | w M
~ 4" K57 T o (AL)
‘dx dx EATZEI
where u = deflection
. o (ZEI + EAz2)
EAZEI
U = K = shear connector modulus

M = bending moment
w = uniform load

W = concentrated load

EEL = BjI, + Byl
C1 By Y EA
BE PihiEahy

where E1 and E2 are moduli of elasticity of concrete and
steel, respectively; A1 and A2 are areas of concrete slab
and steel section, respectively; and I1 and 12 are moments

of 'inertia of concrete slab and steel section,vrespedtively.

The geometry of the beam is as shown in
Fig. A1, The equations for moment for the four segments

of the beam are as follows:

L
M, (X) =(% - M—) X o<x<71 (A2)

= |0



M, (y)

WL1 ) ﬂ .\
2 2
Yo (w
2 2
Lo (w , Mo
2 2

- <y <L

2 2
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(A3)

(A4) .

(A5)

where Mo is the redundant moment at the interior support.

O}

W w
A 1B C ¥ D E
SEGMENT 4| SEGMENT 3 SEGMENT 2 SEGMENT 1
-y
2
L,/2 L,/2 L,/2 ,
L
L 1
5 i b - >
FIGURE Al1. TWO-SPAN CONTINUOUS COMPOSITE BEAM

Equation Al may be solved in each of the

four segments of the beam as follows:

SEGMENT 1

Homogeneous

uh = C2

L
0 <X <—

Solution:

+ sz + C3

2

sinh Vkx + C

4

cosh vkx

(A6)
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Particular Solution:

w

u =X ¥ _ 1Mo (A7)

Complete Solution:

sinh /kx + C4 cosh /kx

u(x) = Cl + C2x + C3
3 .
+ _X_g -}f_o (A8)
6ET Ly
SEGMENT 2 Ly
REE 2 5 <X <Ij

Homogeneous Solution:

sinh /kx + C_, cosh /kx (A9)

7 8

h 75 6

u, = C. + C. x + C

: Particular Solution:

WL, x 3
u o= —— - X (g MQ) © (A10)
p 4ET 6ET

[y
b

Complete Solution:

u(x) = C5 + Cgx + C, sinh /kx + Cq cosh/kx
. 2 :
WL, x .3
R f__(% " %9> (A11)
4E1 " 6EI 1
Similarly by symmetry:
SEGMENT 3 0<y <35
u(y) = CQ + ClOy + C11 sinh vky + C12 cosh v/ky
3 o .
+ X::(g - %9> (A12)
6EI 2
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SEGMENT 4

u(y) = 013 + C14y + C15 sinh /Ky + C16 cosh /ky

_ 2 _
. WL,y 3
b2 L(g ¥ ML3> (A13)
4E1 6E1 2
where Ci i=1, 2, ........ , 16 are constants of

integration for a particular beam, loading condition and
geometry.
For any segment of the beam, the equations

-for force, slip, and slip strain are given by:

Force: p = égl g—% - % (A14)
: dx
- _ 1 ap |
Slip: S = = I (A15)
Slip strain: s' = ds | (Al6)
) dx

The slope at any point is defined as

_ du
8 = ax (A17)

In order to solve for the 17 unknowns (16 constants of
integration énd 1 redundant moment), it is necessary to
utilize 17 boundary conditions: six related to deflection,
five related to force, three related to slip and three
related to rotation. These boundary conditions are
illustrated in FigureA2. A 17 x 17 matrix was formulated
using the above conditions applied to the equations for

deflection, force, slip, and rotation. The matrix was



N

coded in Fortran and solved using the subroutine'LINVBF
in the subroutine library IMSL. |

After the constants of integration and
redundant moment were solved, values for ﬁoment, deflection,
force, slip, and siip strain were computed at 3-inch

intervals along the length of the beam.

W B
A ' B C D , E
qé*gé\:%EG{\/IEI*J'I‘4 SEGMENT Bé\t:SEGMENT 2 | SEGMENT 1 ;;N‘
V| X
Lz/z LZ/Z L1/2 L1/2

Lo Ly
BOUNDARY CONDITIONS
DEF u4=0 u4 =u3 u3=0 u2=0 u2 u1 u1=0
FORCE P4=0 P4 =P3 P3 =P2 P2 =P1 P1=O
SLIP s4 =s3 s3 =s2 32 =s1
SLOPE 94 =63 63 =—62' 82 =61

FIGURE A2. BOUNDARY CONDITIONS FOR CONTINUOUS
COMPOSITE BEAM
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A.2 Summary of Equations

Deflection

In segment 1

3
X

w. = C. + Cox + C.sinh /KX + C,cosh /kx + X (¥ _ Mo
1 1 2 3 4 == \ 2 L
6EI 1
In segment 2 (A18)
| 7 Wlez
U, = C. + C.x + C'sinh vkx + C,cosh Vkx +
2 5 6 8 AFT
3 _ .
- — % + %9> ' (A19)
6E1 1

In segment 3

+ Cyqsinh /Ry + C,gcosh /Ky

3 ,
e (-“2! - 12 (420)
I 2

ug = Cg + Cypy

&}

In segment 4

u, = Cyq +'C14y + Cyg sinh /ky + Ci6 cosh vky
0 ,
WLyy 3 .
2 .y (N, Mo (A21)
4E1 6EI 2, '

Slope

In segment 1

2 — 4 xz W Mo
6 = C° + /Ecscosh Vkx + /kC sinh VEKx + = 5 - Fo
oFT L

(A22)

)
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In segment 2j

WL, x
6, = Cg + /KCcosh VEx + /KCgsinh VKR + —=
2~ Y <Cq =
2E1
_x o  (A23)
| 2FT
In segment 3
2 1
85 = Cjq *+ VKC jcosh /Ky +/KC,,sinh /ky + L ¥, Mo
3 10 12 = 2 L
2E1 2
In segment 4 (A24)
0y = Ciyq ¥ /EClscosh vky + /EC gSinh vky
WL
+ W Mo _ (A25)
2EI 2ET . :
Force

In segment 1

p ZEI{kc sinh /Ex + (¥ . MO -'— - MO (A26)
Py 3 g

In segment 2

| WL .
P, = Egl{kc7sinh /K% + kCgcosh /KX + —% - §:<W ¥ Mf)}

In segment 3

ZEL inh vEy + L (W , Mo\ _y (¥ _ Mo
P3 + {kC sinh vky + __(; * T >} p <; I >

EI 2 2
' (A28)
In segment 4
. WL,
_ LEI : 2
B, =B {k015s1nh Ky + kC, cosh /Ky + —

WL | |
W Mo 1 2 w Mo
-§;(§+L—2)}-_z_{-2_—(§+i;>y} (A29)
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Slip

In segment 1

= ZEL 3/2¢  cosh vEY + k3/2C, sinh /Ex
1 z 7 4
1 W Mo i(% Mo) |
+ = = - = - =z - — (A30)
BT 2 L1 Hz\ 2 L1
" In segment 2
Sg z‘-—E——I—-{k?’/zc7 cosh vky + k3/2C8 sinh v kx
: L%
- ié g + %9 + j%(g + %9>} (A31)
EI 1 1
In segment 3
S, = ggl-{k3/2C cosh /ky + - ¥ _ Mo
3 Y Z 11 = 2 L
, EI 2
3/2 . 1/W | Mo
+ k%' “c,, sinh /ky} - E(% + Eé) (A32)
In segment 4
- LEI 3/2 3/2 .
Sy G:;—{k cosh vVky + k C16 sinh vky

Mo (A33)
9

1/W Mo
- 2 4 22
‘T<2 Lo

\_/
\W.f
+
N |
TN
™=
+
-

Slip Strain

In segment 1

' = _.._I_ 2 1 2
s’y 7 {k C3 sinh vkx + k C4 cosh /kx} (A34)‘

[ag!

In segment 2

s, = Qgg-{k2c7 sinh /KX + k2C8 cosh»ﬂEE} (A35)

In segment 3

sty = LEL k% 2
3 z 11 sinh /ky + k“C,, cosh /E}} (A36)

12
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In segment 4

,_ZEI{Z‘. 2 : } :
'y = 1z k C15>51nh YKy + k C16 cosh vV ky (A37)
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3

(1)

(2)

(3)

(4)

(3)

(6) -
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‘Equations Used in Solution of Constants of

Integration and Redundant Moment

C1 + C4 =0
C9 + Clz =0
L, /R KL,
C1 + 5 C2 + sinh 5 C3 + cosh 5 C4
L1/2C6 sinh 5 C7 - cosh 5 C8
3
_ WL1
24 ET
L2 . JELZ /Efz ,
C9 + 5 C10 + sinh 5 C11 + cosh 5 C12
/k‘II‘z fkfz
- C13 - sinh 5 C15 cosh 5 C16
3
] WL1
6EI
. L]2Mo
Cg + LyCy + s1nh/EL1c7 + cosh &Llcs - oET
3
_ WL1
6ET
/KLy kL, VRl
fEIk sinh 5 C3 + cosh '2 .C4 - sinh —5 C7
/KL,
- cosh —5— C, =0

2 8



(1)
(8)
€9)

(10)

(11)

(12)

(13)

(14)

. '/kié /ELé /Eié
ZEIk.s1_nh 5 C11 + cosh - 5 C12 - sinh 5 C15
_ v’kL2
- cosh 5 C16 =0
kC4 =0
kC12 =0

zEIk_(sithiilc7 + cosh/ﬁiics - sinh/RL,C, .

- cosh/kL,C ) = 0
: /kLi /kLl
C2 + vkcosh 5 C3 + /k81nh 5 C4
: /Eﬂi : /Eii WL12
- vkcosh 5 C7 - \/kcssinh 5= = L
' . ' 8EI
Cig + "KCyjcosh —5-= + VkC ,sinh —= - 14
: ’kL, /KL, WL22
- /kCiSCOSh -5 - /kc16sinh = —2
’ - 8EI
Cg + VKC cosh /EEI + /Eaésinh kL, + Cly4
- ‘ . - Mo
+ /kclscosh/ kb, + /kC16s1nh fl?Lz - 2—___1— (L2‘+ L)
= —%: (L22'+ le)
4E1 :
» VKL. VKL. VKL
3/2 1 . : 1
LEIk (C3_cosh 5 *+ C4smh —5 - C7cosh —5—

—

L
. 1) _ EI
-C831nh 5 )-(1—-——)W

EI
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(15)

(16)

(17)
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3/2 /KLy . VKL VKL,
ZEIk (Cllcosh —5— * Cyp8inh —= - C  cosh —;
- C,.sinh ;—Eg ) = 1 - El
16 2

EI

3/2 | A »
tEIk .(C7cosh ,/kL1 + Cgsinh /EEI + Cygcosh /Ef;
+ C16sinh/kL2) + Mo I + -—(1 - ._> = w\_ - 1\

Cyg + Cygly + C15S1hh/EI; + C,gcosh /EE;

; 3
2 WL
- Mo g = __2_

P

6E1L 6 E1
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A.4 Constants Used in Closed Form Solution

Loading: W 22.5 kips

w = 0.0 kips/in.
Lengths: L1 = 180 in.
L2 = 120 in.

Shear Connector Modulus: u = K = 150 kips/in.2
Beam Section Properties:

E;, = 3000.0 ksi (transformed)

E, = 30,000.0 ksi
_ 4

I, = 32.0 in.

I, = 278.28 in.?
__ 9

A1 = 24.0 in.

A, = 10.499 in.’

z = 8.12 1in.

‘)
Therefore IEI 9312870.0 kips-in.”

23760159.0 kips-in.>

ET =
EA = 219115.9 kips
k = 0.0017465
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LINEAR CLOSED FORM SOLUTION FOR A SIMPLY
SUPPORTED ' BEAM WITH CONCENTRATED LOAD AT CENTER

B.1 Classical Solution

- .Figure Bl illustrates beam geometry, loading
pattern and boundary conditions. The governing equation

for slip is Equation 3.23,
Tt ] 2 p—
s" - a"s = - BV (Ba)
The homogeneous solution for this equation is

Sh = A sinhox + B coshax (B2)

and the particular solution for the concentrated load at

the center 8

Sp = 5 V(x) | (B3)
o
As the load is at the center of the span

V(x) = ——g—— . (B4)

Therefore the general equation for slip can be expressed

as

s = A sinhax + B coshox + Jﬂ% . v (B5)
. 2a

The boundary conditions relating to slip and slip strain

are

= ds _ |
at x = 0 ax 0 (B6)
at x = L/2 s =0 (B7)

160



161

Differentiating Equation B5 results in slip strain as

ax Aocoshox + Bgsinhox (B8)
By substituting boundary condition Equatidn B6 into
Equation BS,

A=0 "~ (B9)

Substituting boundary condition Equation B7 into Equation

B5 gives 8P
S = 0 =0+ B coshal/2 + —% (B10)

L/2 5 2

a

Therefore

B=- B8P sechaol (B11)

2 2 .

20

By substituting constants into Equation B5

s = - B8P sechonL coshaox + BP (B12)
2 2 2.
20 2a°
or _
s = B8P (1 - secha L coshax) (B13)
9 2 2 _
o
and st o= ﬁl%-(- o secha % sinhox) (B14)
2a .

The deflection may now be determined by integration of
~Equation B14 and using Eqaution 3.19(a). Combining these

two equations yields

—v" = + (B15)

AcYc Pg
T —— (=secho & sinhax) +

t 2a2

Px
2EIt

(B16)



Integrating Equation B16 yields

PBACYC 9 :
-v' = - ——5~ o sechalL/2 coshax Px '
21,02 a taEr_ t 6 (B1D)
t t ‘
PBA Y o 3
v = - c_c sechal/2 sinhoax , Px_ ., ~ . 4 o (B18)
2 a 12E1 1 2
ZIta : t

The boundary conditions relating the deflection and slope

are
at x = 0 v =20 (B19)

at x = L/2 v' =0 ~ (B20)

By,Substituting Equation B20 into Equation B17 yields

PRA Y 2
0= - —C ¢ sechal coshal + 2L+ ¢ (B21)
2 2 2 . 16EI 1
2Ita t
Therefore . - PBACYC ) PL2 (BéZ)
1 2 16EI
21 .« t
t
Substituting Equation B19 into Equation B18 yields
C2 = 0 (B23)
Substituting Equation B18 yields
PRA Y 3 PRA Y
-y = - -5 (sechocL sinhax) + Px + c e
3 2 12E1 2
21 a t 21, a
t
2
PL
" T6ET, (B24)

Equations B13, B14 and B24 give the solution for slip, slip
strain and deflection of a simply supported beam subjected

to a concentrated load at midspan. At x = L/2 Equation B24

162



yields the maximum deflection in the span as

3 PBA Y PBA Y
PL cc L c e
v = , + tanhts - —= (B25)
L/2 48EIt 91 a3 2 a1 0LZ
t t
3 PRBA Y
. - PL c'c L L
or VL/Z A8ET + » 3(tanhoc2 - az) (B26)
t 2 Ita

Recognizing that the first term is the deflection of a
beam with complete interaction Equation B26 may be written

as

O

248EA Y L

f _ c c L _ aL
=1+ —3 5 (tanha2 5 ) (B27)
o) L o

Recalling the definition of a and B8 from Equations 3.21
and 3.22, Equation B27 may be written in terms of two'

nondimensional ratios as

§
£ _ 24¢ VEn _ Y&n
-6— = 1 + —'———372— (tanh '_2'— - _'2") (B28)
o (&n)
or S o
£ 24 véEn _ V/En
g-(; = 1 + W (tanh _‘2_ - '5") (B29)

The definition of & and n are given in Equations 6.4 and

6.5, respectively.
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B.2  Evaluation of Shear Deflections for a Simply

Supported Composite Beam Subjected to a Concentrated
Load at the Center o

The Shear strain in a beam may be

expressed as

y Kshv ,
= ' = =
v s(x) GAt (B30)
in which vS is the shear deflection and
A, 2 '
. Q. \
t A

is a property of the cross section. For a simply supported
beam subjected to concentrated load at midspan,

f L/2 Kp /'L/z '
§ = v' dx = —— vdx (B32)
s o s(X) GAt 0

Shear deflection can.therefore be evaluated provided KSh
is known.

The integral on the right hand.side of the
equation is the moment at midspan. The ratio of shear

deflection to bending deflection can be expressed as

A

$ 48EIt

T A3 » (B33)
o] t PL
or
s _ 12 K _E_ _EE_ (B34)
$ sh G 2

By adding Equations B29 and B34,

Y § + & + 6
£, s_"_o sl S (B35)

% % %




Equation B35 is the ratio of total deflection to bending .

deflection of a simply supported composite beam subjected :

to concentrated load at midspan.
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p
A _ - B
e L .
U . "
Boundary
Conditions
Slip : | SL]Z = 0
Slipstrain Sp = 0 _ sg ~ 0
Deflection Vo = 0 v Vg =0

(a) BOUNDARY CONDITIONS

CONCRETELEPAB-——\‘ bc7[—.—-SHEAR CONNECTORS

I

(b) SECTION

FIGURE B.1 BEAM GEOMETRY AND BOUNDARY CONDITIONS
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EVALUATION OF SERVICE LOADS OF
COMPOSITE BEAMS FOR TEST PROBLEMS

C.1 Introduction

Most experimental research in the behavior of
composite beams is concerned with ultimate loading con-
ditions. However, this present study is concerned with
behavior under service load conditions. The.following
. Pprocedure is followed to evaluate service loads for
experimental beams so that results from this analysis-
can be compared with test results reported by other
researcheré.

Under serviée load conditions the behavior of
composite beams is governed by the géometry of the
. composite section and stiffness. Under ulﬁimate load,
'hbwever, the behavior is a function of geometry of
compoéite section and material strength, that ié, yield
: stréngfh of steel and ultimate strength of concrete and
shear connectors.

In Chapter V the experimental results obtained
by Chapman and Balakrishnan, and Hamada and Longworth
are compared with analytical results obtained from this
‘study under éervice load. The properties of these
beams used in the numerical analysis are computed in

this Appendix.



c.2 Simply Supported Beam with Concentrated Load

‘at Center (Chapman & Balakrishnan)

Figure C1 illustrates the beam and its cross section.

Beam Geometry:
Length = L = 18.0 ft.
Width of slab = bc = 48.0 in.
Thickness of slab = tc = 6.00 in.
Steel section BSB12 x 6 x 44#
Depth of steel beam = ds = 12.0 in.
Area!of steel beam = AS = 13.0 sq. in.
Area of web = Aw = 4226 sq. in.

Thickness of flange = tf = 0.717 in.

Shear Connectors:
Size of shear connector 3/4” x 4"
Spacing of shear connector = 14.88 in.

Total number of shear connectors = N = 32.

Material Properties:
Yield strength of flange = fyr = 34.832 ksi
Yield strength of web = fyw = 38.8192 ksi

Elastic modulus of steel = EC = 31.6 x 103 ksi

Concrete strength (28 day cylinder) = fé = 3440 psi

Ultimate load capacity of connector

[

qr= 28 kips

170
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Ultimate capacity of concrete slab = C = 0.85 fé bete

= 0.85 x 3.44 x 48.0 x 6.0 = 842.11 kips

Total capacity of shear connector = Q Nqr/2

u
= 28.0 x 16.0 = 448.0 kips
Ultimate capacity of steel section = T = Asfy'
= Asf X fyf + ASw X fyw = 469.67 kips
Therefore T > Qu
| T< C

C>.Qu

As the connector capacity is less than
ultimate force that can be developed by the steel
section or the concrete slab, and concrete slab strength
is greater than the fdrce that can be developed byAsteei
section, the governing criteria in determining the
location of thevnéutral axis at load is Qu' Therefore
it can be concluded that there is partial shear connection
in-this cése. To achieve full shear connection the
connectors must be designed to transfer the ultimate
force that can be developed by the steel section. The

degree of shear connection for this beam is

Q
~Partial shear connection (P.S.C.) - ﬁ%
_ 448.00 o
= m X 100 = 9538

Due to this partial shear connection, the
force'Qu can be developed in the steel section and

tensile force must be equal to compressive force.
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Force that can be developed by bottom flange

F, = A, x f = 4,34832 x 34.832

1 £ vf 151.46 Kkips

Force that can be developed by web

F2 = AW X fyw = 4.2264 x 38.8192

164.06 kips

The amount of force that should be'developed in top
flange to utilize the capacity of shear connection

F3_= Qu - F1 - F2 = 448.0 - 151.46 - 164.06 = 132.48 Kkips

Depth of top flange below ultimate strength neutral axis

d1 = 132.48/6.1183 x 34.832 = 0.62164 in.

Depth of top flange'above ultimate strength neutral
axis under compression

d2'= 0.717 - 0.62164 = 0.9536 in.

Compressive force that can be developed in this portion
of top flange

f4 = 0.09536 x 6.1183 x 34.832 = 20.322 kips

The magnitude of compressive force that must be developed
in the concrete slab for equilibrium

F5 = Qu - F4 = 448.0 - 20.322 = 427.678 kips

‘The depth of stress block in the concrete slab under
compression

a = 427.678/0.85 fébc = 3.0472 in.

oy
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Therefore location of ultimate strength neutral axis

CG = (te + dw + dl) = 11.905 in.

The moment (neglecting strain hardening) that can be =
developedrin the composite section before the failure
of the shear connection

My = Fy(CG - t4/2) + Pp(CG - t, - d /2) + Fad, /2

+ Fyd,/3 + Fg(t +.d, - a/2)

2

393 ft. kips

4715 'in. kips

]

Mp = Moment due to self wt + Moment due to applied load
Self wt = 44 + S X 48 x 150 _ ,, .,

144

Load factor for dead load = 1.25

Load factor for applied load 1.5

_ 1.25 x 0.344 x (118)2 | 1.5p x 18

" 8 7 2

L _ 4 |

Py = (393.0 - 17.415) x 13 = 83.463 kips
: _ 83.463 _ .

p(service) T T 1.5 55.65 kips

The ultimate load given by Chapman and Balakrishnan

Pu = 96.95 kips and the load factor = 1.75

p _ 96.95
(service) 1.75

= 55.4 Kkips

Therefore it is evident that service load obtained by
thé above procedure is accurate to the degree required.
Figures E1 to E3 illustrate the beam geometry and the

loading condition.
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C.3 Two-Span Continuous Composite Beam Subjected to

Equal Concentrated Loads at the Center of Each

Span (Hamada & Longworth)

Figures C2 and C3 illustrate the section and
beam geometry of the tést specimen and Figure7C4
illustrates the idealized stress condition at ultimate
moment in positive moment region. Figures C5 and C8
illustrate the stress condition in the negative moment

region.

Beam Geometry:
Length = L = 12.0 ft.
Width of slab = bc = 48.0 in.
Thickness of slab = tc = 4.00 in.
Steel section = W12 x 31
Depth of steel section = ds = 12.09 in.

11.16 in.

It

Depth of web = d

Width of web 0.265 1in.

i
£
I

Area of web = AW = 2.9574 sq. in.

Area of flange = Af 3.0863 sq. in.

Thickness of flange = tf = 0.465 in,

Width of flange = bf = 6.6372 in.

Total area of steel section = AS = 9.13 sq. in.
Area of reinforcement .in negative moment region

= Asr = 1.6 sq. in.



Shear Connectors:
ASizé-of connector 3/4" x 3"
Numbef of connebtors between zero and maximum
moment = N = 16

Capacity of a connector = qr = 28.716 kips

Material Property:

Yield strength of flange = Fyt = 40.5 ksi

Yield strength of web = F,p = 46.9 ksi
Elastic modulus of steél = Es 3

30.550 x 10" ksi

= 5577 psi

Elastic modulus of concrete = Ec = 4.527 X 103 ksi

Ultimate strength of concrete f

c
Yield strength of reinforcing steel = Fys = 50,3 ksi

In positive moment regibn:
Ultimate strength of slab is

C =10.85 fé bctec = 910.1664 kips

The ultimate strength of steel section is

T=Af = A f + A f = 387.51 kips
S’y sf “yf SW Tyw

The ultimaté capacity of shear connectors
Qu = N.qr = 16 x 28.716 = 459.456 kips
Therefore Qu >T
T<C

c>Q,
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As Quz;T and C>2T full shear connection can
be aéhieved. As the concrete slab ultimate strength is
greater fhan ultimate capacity of the steel section, the
ultimate strength neutral axis will be in the concrete
slab. The depth of the stress block in the concrete

slab under compression is

_ T - .
a = 085 fé Be 2.0192 in.

Therefore

CG = ds + tC - a = 14.0708 in. from the bottom flange

The ultimate moment that can be developed
by the composite section in the positive moment region

is

M =T (CG - ds/2 + a/2) = 3501.3078 in. kips

ul
= 291.775 ft. kips

In negative moment region:

In the negative moment region as illustrated
in Figure C4, the concrete slab is not effective as it
is subjected to tension, therefore the moment has to be
resisted by the steel section and the reinforcement. From
Figure C6 the equilibrium equation can be expressed as

CS + T_ =TS

r
but CS + TS = A_f
SV

T
r

CS + TS = 387.51 kips

1.6 x 50.3 = 80.48 Kkips
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Therefore CS (387.51 - 80.48)/2 = 153.26 kips

TS 387.51 - 153.26 = 234.25 Kkips

The bottom flange can develop

F1 = Af X fyf = 3.0863 x 40.5 = 125 kips

The web below the ultimate strength neutral axis must

resist

F2 = 234.25 - 125.0 - 109.25 Kkips

The depth of web below ultimate strength neutral axis is

d = 109.25/46.9 x .265 = 8.7902 in.

wl

Therefore

CG = 8.7902 + .465 = 9.2552 in,

The depth ef web above the ultimate strength neutral
‘axis is

dW2 = (11.16 - 8.7902 = 2.3698 in.

Area of web»above neutral axis = 2.3698 x .265

= 0.628 sq. in.

The force that can develop in web is

F3 = 0.628 x 46.9 = 29.453 Kkips
Force that will develop'in top flange
F4 = 3.0863 x 40.5 = 125 kips

The center of reinforcement is 3 in. from the bottom

of the sléb, and the ferce in the reinforcement is



F5 = 80.48 kips

Therefore the moment that can be resisted by the section

in the negative moment region is

u2

+ Fg (D 5/2) + F, (dwz + t£/2)

+ F. (ds + tc - CG - 1.0)

5

= 2437.773 in. kips = 203.147 ft. Kkips

_ M
Total M_ = M . +—32 = 291.766 + 293:147 _ 393 35 rt. kips
p ul 2 2 '
' wL,2
Moment due to self wt = - - 5.1975 ft. kips
Mp =VM(due self wt)_+ M (due to applied 1oad)
8 4
P. L
_%—; 393.35 - 5.1975 = 388.1525 ft. kips
Pu = 129.384 kips
Load factor = 1.5
Service load P (service) = 129.384 _ 86.256 kips

1.5

M = F1 (CG - tf/2) + F2 (CG - tf - dW1/2)

178

rrrrmm——

[ES—



179

(NVNHSI¥NVIVE B NVWAVHO)
NVASAIN LV avVOT QILVULNIAONOD Ol aALOALans
WV3d JLISOdWOD dALYOddNS ATJIWIS 10 HUNODIJA

NOILOAS (4)

NOILOIS THALS

———
gV'IS JLIUONOD . h .F
4

<< YOLOANNOD HVIHS

MIIA FAIS (')




180

1€ X CIM
1d0

(HIHYOMDNOT B VAVHVH)
NINIDAdS LSHL 40 STIVIAd "D HUN9Id

NOILVAATY AdI1s ()

w0—. 3T

NOILDES THALS A0 MIIA NVId (®)

YOLOINNOD H¥VIHS d1ls & X VIA .¥/¢€

D

[} ® [ ] [ J [ ] e @ @ [ ] e o : L ] [ 4 ® [ ] ® ® [ ] ®
[ ] [ ] [ 2K ) [ ] e O o o & & ;@ [ L4 -9 ® ® [ ] ®
N I . , e N
we—-16=ub0t . E=.6/1 201 o= 1 ) ,:mul.m"..m@ﬁ



181

- (HLYOMDNOT ANV VAVHVH) WVAg ISIL HONOYUHL NOILOIS "€D0 FYNDIA

NOILO3IS TJILS

w60°2T |

P | . 1

TI

gyTS ELTUONOD | RN

ub

kHMMBOmZZOO UVIHS




182

gvy1S MOTId SIXV TVHLAIN (Q)

ONIANJIY JAILISOd NI
ININOW ALVWILIN LV SNOILIANOD SSHULS dIZITVAAI "¥D JHADIA

(VIS NI SIXV TVdININ (©T)

A £
3 I

3

3

A

ININOW

4
IRY R

13580 - - J1c8°0

L

nviad

TAILS

av'1s
JLIYONOO




183

'ONIAQTIIX ¥YILdvV (q)

%

. NOIDIY LINIWOW FAILVOIN V NI NOILNGIYISIA SSAULS "GO JunoId

ONIQIAIA FYOJLId (®B)

-

Wvag TAALS

IR

. TAV'IS GLAdONOD |

¥4
 INIWEO™OJINIZFY ,UV B

TVNIANLIODNOT




184

L e P

OZHszm JATLVOIN

NI LNJIWOW HIVAILTIN F< NOTILAYIHLSIA SSITULS dIZITVIAI

0

an

90 dUNDIA

Nviad TIILS

Vo

. T

,_
i

f-_—../“

C

341

ININIOHOAINIHY
TVYNIANLIONOT

VIS JLIYONOO

on



APPENDIX D

\



186

EVALUATION OF SHEAR CONNECTOR STIFFNESS
FOR VARIOUS TYPES OF SHEAR CONNECTORS

D.1 Evaluation of Shear Connector Stiffness

In Chapter‘III the shear connector stiffness
K used in analysis has been defined as load per connector
per unit slip. In the numerical solution shear connection
stiffness has been divided by the connector spacing as the
computer program is based on the numerical technique,

For linear load slip behavior

Q=kKs (D1)
dQ _
S =K (D2)

For nonlinear load slip behavior

bs

Q=a(l-ad") | (D3)
%g = ab e PS = g ¢7bS (D4)

Figures D1 to D5 illustrate load slip character-
vistics for vafious types of shear connectors (Chapman and
Balakrishnan, 5). For linear behavior the shear connector
stiffness has been evaluated as the slope of the load-slip
curve. For nonlinear behavior the value of a and b has
been evaluated using the procedure as described in Section
2.1.3 (Yam and Chapman, 31).

In most.of.the examples used for verification
of the numerical analysis, difficulty was encountered in
obtaining a shear connector stiffness, The example

problems, which are compared with the closed form
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solution, are designed for full shear connection and

3/4" x 4" sfud shear connectors are used to achieve this.
The load-slip relationship for this connector is available
from push-out test results (Chapman & Balakrishnan, 5).

In the eXampie based on Chapman & Balakrishnan's
beam, the shear connector stiffness was obtained from their
load-slip data. As the ultimate strength of the concrete
in the‘push—out test and the test beam are different, a
iinear interpolatioh was used to obtain the shear connector
stiffness. The difference in results may be attributed
to this interpolation.

In the case of Hamada and Longworth's beam
(9), CBI, no push-out test results were available. To
obtain a shear connector stiffness for this example, several
examples were selected with various shear connector stiff-
nesses. After analysing these examples, the end slip from
analysis was plotted against shear connector stiffness.

With tﬁe end slip for Hamada and Longworth's beam, a shear

connector stiffness was interpolated from this plot,
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Push-out test results for various stud shear
connectors are illustrated in Fig. D1 to D5. The
ultimate load for these connectors are also obtained
from test results. Two slip values are selécted as
Yl = 0,01 and Y2 = 0.02. Expressing them in terms of

ratio of Q/Qu «C )

R S (D5)

(D6)

2" %
Qu

For 3/4" x 4" stud connector

Q. = 12.5 tons

u
For vy gl = 0.35555
u
For Y, - Q
2 2 < 0.51666

Therefore a 8.126 tons/in. or 18.20 kips/in.

b = 79.1578

~
il

1440.67 kips/in.

For other stud shear connectors, the valués of a, b,
‘and K are computed as per the above procedure and are

tabulated in Table D1.
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In the analysis the shear connector stiffness
was divided by the connector spacing in a particular
beam to obtain the shear connector stiffness per unit

length of beam.
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APPENDIX E



SHEAR STRESS DISTRIBUTION IN COMPOSITE BEAM SECTIONS

E.1 Evaluation of Shear Stress

In a composite beam the neutral axis may be
either in the concrete slab, in the top flange of steel
section, or in the web of steel section. For these three

1ocations, the variation in statical moment of area and the

shear stress distribution are illustrated in Figs. E1 to E3.

The shear deflection factor for three common steel sections
used in composite beams for different élab widths and slab
thicknesses are shown in Fig. E4 to E86.
The shear stfess distribution is based on the

following assumptions:
(1) There is linear stress-strain behavior under

service load conditions.
(2) Concrete in tension is neglected.

- It can be observed from Fig. E2 that the
maximum shear stress occurs at the neutral axis when the
neutral axis is in the web, whereas in the other two cases
(Fig. E1 and Fig. E3), where the neutral axis is in the
slab or in the top flange, the maximum shear stress occufs
at the junction of top flange and web. Therefore it may be
concluded that the major portion of the shear force in

composite beam is resisted by the web of steel section.
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Shear form féctors for composite beams with
steel sections (W16 x 50, W16 x 26, W14 x 53, W14 x 22,
W12 x 190, W12 x 14) for various slab widths are illustrated
in Fig. E4, E3, E6, respectively, for concrete slab

thickness 6' and 4'".
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SHEAR CONNECTORS
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VARIATION DISTRIBUTION

FIGURE El. STATICAL MOMENT AND SHEAR STRESS
DISTRIBUTION IN COMPOSITE SECTION
(NEUTRAL AXIS IN SLAB)
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SHEAR CONNECTORS

X3 .
™ T TCONCRETE SLAB
| . NEUTRAL
—— —_
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7}
(@]
N STEEL SECTION
- 1 (w12 x 31)
. ——
| (a) SECTION OF COMPOSITE BEAM
NEUTRAL A,
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(b) STATICAL MOMENT (¢) SHEAR STRESS
VARIATION DISTRIBUTION

FIGURE E2. STATICAL MOMENT AND SHEAR STRESS
DISTRIBUTION IN COMPOSITE SECTION

- (NEUTRAL AXIS IN WEB)



SHEAR CONNECTORS

L 12.09

— — ey — — —

(b) STATICAL MOMENT

VARIATION
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APPENDIX F



COMPUTER PROGRAM

F.1 Introduction

The following assumptions are made in the

computation of slip, shear flow, force, slip strain and

deflection:

1.

The composite beam is divided into a number
of elements of constant length, thus estab-
lishing a number of equally spaced nodal
points.

Discontinuity of strain is assumed at the
interface of the elements due to the presence
of slip strain.

Concrete resists no tension in the negative
moment regions.

Reinforcement exists at only one level in
the slab.

In the analysis,which accounts for different
section properties in positive and negative
moment regions, properties are constant
throughout each region and equal tobthose
associated with the transformed section
(determined for full interaction) in the

respective regions.

206



207

6. Due to the abrupt change in section properties
at the junction between the positive and
negative regions, the slip strain is dis-

continuous at the inflection points.

The following steps are required in the
computations for slip, slip strain and deformation of a

continuous beam for a given load:

1. Initialization
a. Determine the neutral axis.and section
properties 
b. Compute the stress resultants for unit

reactions at the interior supports.
c. Compute the stress resultant for the

external load.

.2. Determine the flexibility influence coefficients
and lack of compatibility displacements.

For each of the unit reactions in 1(b), and
for éach of the stress resultants obtained by
combining the reactions and the external loads:
a. Compute the slip at each nodal point

using the Runge-Kutta method of numerical

integration. |
b. Iterate the slip computation until the

correct slip has been determined.



(»]

c. Compute slip strain, curvature and
deflection.
‘d. ° Enter the appropriate deflections in

the equations of consistent deformation.

3. . Solve for corrections to reactions.

a. Determine corrections to redundant
reactions at the interior supports.

b. Determine the location of the inflection
points and alter the length of beamrwith
negative section properties.

¢.  Check the deflection.at the supports.

- computed in step 2(d).

The combuter program was written in Fortran
IV and computations were carried out on the AMDHAL 470/V
at the University of Alberta computing services. The flow
chart~in Fig. Bl outlines thé sequence of compﬁtation required
for the analysis of a éontinuous beam. The progfam consists

of eight sUbroutines and one function.

F.2 Descfiption of Program

. MAIN PROGRAM: The main program reads and writes the beam
dimensions, material propérties and loading con-
ditions. It calls the following subroutines in
sequence to compute stress resultants, slip and

deflection.

08
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This subroutine computes the position of the neutral

axis and the section properties. When necessary this

REGULA:

CONC. :

subroutine calls subroutine "REGULA" to compute an
average width so that average section properties are
computed on this basis.

This subrgutine computes.average width of concrete
slab by using the sectidn properties of the positive
and negative moment regions by using the REGULA-

FALSI method.

This subroutine combutes stress resultants due to

all concentrated loads. The shears computed for each’
element are stored in two vectors, idehtified as the

left shear and right shear of the element, and bending

moment at the nodal point.

BMSU:

MASTER :

Computes stress resultants due to uniform load and
adds the stress resultants to those computed by
"CONC" for external concentrated loads.

This subroutine calls two subroutines and one
function. First it calls "RUNGA" to compute slip,
shear flow and axial force. A correction for slip
is used if the axial force computed at the last nodal
point is not zero. For variation in section proper-
ties, this subroutine selects the section properties
depending upon the sign of the bending moment at the
nodal point. The subroutine also computes slip

strain and curvature. At the inflection points the
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discontinuous slip strains are cbmputed at the
left. and right sidé of the point. The subroﬁtine
calls "DEFLEX" to compute deflection at each nodal
poihtAassuming an initial slope of zero and then
appliés a linear correction to the deflections to
arrive at the correct deflection at each nodal
-pointf
RUNGA; This subroutine is based on a fourth order Runge-
Kutta.method'of integration for a second order
differential equation. The subroutine calls function
”QF" to compute shear flow. The change in axial
force is computed between every pair of nodal points
by integrating the shear flow. | |
QF: This function defines the load-slip relationship for
the shear connector. |
DEFLEX: This subroutine computes deflection at every nodal
point by using a second order Runge-Kutta method of
_integration for a second order differential equation.
SYMSOL: This subroutine is an equation solver. It solves
the flexibility matrix to compute changés in reactions

at the interior supports.

All notations for main vectors, geometric properties and

indices are defined in the listing.
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READ INPUT DATA 4///7

<

COMPUTE SECTION PROPERTIES

N

(PROP)

COMPUTE STRESS RESULTANTS
FOR UNIT REACTIONS
AND EXTERNAL LOADING
(CONC)

!

SUPERIMPOSE STRESS RESULTANT
_FOR EXTERNAL LOADS AND
SUPPORT REACTIONS
(CONC, BMSU)

l

COMPUTE SLIP, SHEAR FLOW,
FORCE, SLIP STRAIN AND
DEFORMATION FOR EACH UNIT
REACTION AND STORE THE
FLEXIBILITY COEFFICIENTS
(MASTER)

l

COMPUTE SLIP, SHEAR FLOW,
FORCE, SLIP STRAIN, AND
DEFORMATION FOR SUPERIMPOSED
LOADS AND STORE DEFLECTIONS
AT INTERIOR SUPPORTS

!

COMPUTE CHANGES OF SUPPORT
REACTIONS AND UPDATE
REACTIONS AND LENGTH

OF NEGATIVE BENDING
(SYMSOL)

DEFLECTIONN__
AT INTERIOR SUPPQRT

§ =0
T

PRINT OUT COMPUTATIONAL
RESULTS

LAST

SECTION
PROPERTIES

FIGURE F.1 FLOW CHART FOR COMPUTER PROGRAM
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