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Abstract

Let A be a uniformly discrete point set in R¢ with multiple colours. Then its
weighted two-point correlation measure and its diffraction measure are determined
by its structure. The inverse problem for A is to determine the structure of the
point set A by using its weighted two-point correlation measure. However, the fact
is that knowing only the two-point correlation measure usually is not enough to do
this. One principal purpose of this thesis is to understand what underlies this fact.

We will show that if the frequency of every local patterns of D™ (the space of all
r-uniformly discrete m-coloured point sets) exists at A, then A uniquely determines

o,

a stationary probability measure p on D This measure p contains the basic
information of the structure of A.

Moreover, u uniquely determines a stationary point process (X,R¢, u), where
X := supp(p). In the case that u is ergodic, we will prove that the n + 1-point
correlation measure of the point process is equal to the n-th moment of the Palm
measure for n = 2,3,.... This result generalizes Gouéré’s argument for the case
that n = 2. Meanwhile, basing on Steven Dworkin’s argument that the diffraction
of typical point sets comprising X is related to the dynamical spectrum of X, we will
prove that there exists an R%equivariant, isometric embedding that takes the L*-
space of R? under the diffraction measure into L?(X, u) and the algebra generated in
L*(X, p) by the image of this embedding is dense in L2(X, u). It will follow that the
full information about y is available from the weights and the set of all correlations
(that is the two-point, three-point,..., correlations). This thesis will end with a

discussion about two particular point processes.
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Introduction

Discrete closed point sets are natural idealized abstractions of atomic structures of
physical materials. We consider the space of discrete closed point sets satisfying the
hard core condition that there is a positive lower bound to the separation distance
between the individual points. In practice, such a set would be in 2 or 3 dimensional
space, but for our purposes we shall simply assume that it lies in some Euclidean
space R%. The main objective of this thesis work is to study the space of r-uniformly
discrete point sets with long range order.

The existence of long range order aperiodic structure in the physical world was
first established by D. Shechtman and his coworkers in 1982, by presenting a point-
like diffraction picture (similar to Figure 1) with an unusual fivefold symmetry (im-
possible for crystals) produced by samples from an Al-Mn alloy which had been
rapidly cooled after melting. Such materials are now called quasicrystals.

In mathematics the phenomenon of the long range order was investigated much
earlier than the discovery of the quasicrystals. However, these investigations mainly
focused on almost periodic functions in harmonic analysis and on aperiodic tilings.
The study of the point sets with long range order was inspired by the discovery
of quasicrystals and has been supported by harmonic analysis and the theory of
aperiodic tilings since its birth.

One ultimate goal of this study is to determine the structure of a point set with
long range order based on the information from its diffraction picture. This is the
so-called inverse problem for quasicrystals. However, this problem is not well
formulated since in many cases the information from the diffraction picture of a
unknown point set is not enough to determine the structure of the point set. One
main task of this thesis is to address this problem by reformulating the inverse
problem in terms of stochastic processes and seek an answer for it.

We start this with a mathematical model for diffraction. From the point view
of physics, the diffraction of a point set is a result of the interference of waves
originating, by scattering, from points in this point set. Formally, we think of each



Figure 1: A diffraction picture of Aluminium 70-Cobalt 11-Nickel 19 (Al-70, Co-11
Ni-19), C. Beeli

contributing wave function as the Fourier transform of a Dirac measure supported at
some point of the point set. In the case of a lattice, the intensity of the interference
of these waves can be modeled as multiplied by the density of the lattice with the
sum of all Dirac measures corresponding to the points in the dual lattice. However,
many mathematical problems arise when we move from crystals to quasicrystals.
Specifically, the sum of the Dirac measures supported on a aperiodic point set might
not be Fourier transformable. Even if it is Fourier transformable, it is hard to assign
any physical meaning to it.

The current generally accepted mathematical formulation of the diffraction was
proposed by A. Hof [23, 24]. In his papers, the notion of an averaged two-point
correlation measure of a point set was introduced to avoid these problems. If a
two-point correlation exists, then it is a positive and positive definite measure. By
Bochner’s theorem [46], such a measure is Fourier transformable and the Fourier
transformation is a positive measure called the diffraction measure. By [6], a
diffraction measure is always translation bounded. Moreover, it can be decomposed
into three parts with respect to the Lebesgue measure: a pure point measure, an
absolutely continuous measure, and a singular continuous measure.

We call a point set admitting a diffraction measure a diffractive point set. In
particular, if the diffraction measure is discrete (or equivalently pure point'), then
we say that the point set is pure point diffractive.

It is quite general that two distinct point sets may have the same diffraction
measure. A known example is the Rudin-Shapiro sequence and a point set from the

1t implies that a point-like diffraction picture can be expected to be observed in a lab.



Bernoulli system (with p = 1), see [1]. They are very different®. But their diffraction
measures are both composed of a discrete part and a fraction of Lebesgue measure
and are exactly the same. This happens also even among pure point diffractive
point sets, see [3]. In each of these cases, the diffraction measure does not uniquely
determine a point set.

Thus, we turn to consider another measure produced by a point set with long
range order which mainly characterizes the point set. But before this, let us lay down
the general setting for this thesis first. We start this by introducing the notion of
r-uniform discreteness. Let r > 0 and let C,. denote the cube

Cr={zx=(z1,...,24) €R?: |z;| < g for all ¢}.

A C R? is r-uniformly discrete if for all z € R, card((x + C,) N A) < 1. Let D,
denote the set of all r-uniformly discrete subsets of R%. Often r-uniform discreteness
is stated in terms of balls instead of cubes, but this makes no intrinsic change to the
concept and cubes are generally more convenient for us in this thesis.

We also wish to consider point sets in which the points can be of various types
or colours. We define this precisely later in Section 1.4, but the idea is intuitively
obvious. When we speak of r-uniform discreteness for coloured sets, we mean r1-
uniform discreteness when the colour is ignored.

From now on, we consider those point sets constituted from a finite number of
different types, or colours, of points, each of which has its own scattering strength.
Such a point set is called an m-multi-colour set, or simply, a m-multiset. The
set of all r-uniformly discrete m-multisets is denoted by D{™ . Then the set D, can
be thought of as the set of all r-uniformly discrete single-colour point sets.

It is known that D™ is a compact topological space when equipped with the
natural topology (local topology), which is used for the construction of dynamical
systems in the theory of tilings and Delone point sets. Moreover, the translation
action of R? is continuous on the space D™ and D™ is an invariant of it. Thus, the
couple (Dﬁm),Rd) forms a topological dynamical system, which serves as a general
background for all measure-theoretic dynamical systems of point sets from D™,

Now we come back to a point set with long range order in D™ The measure
that we need characterizes the structure of the point set by signifying the collection
of all local clusters occurring in the point set and their frequencies. It will also
appear as an invariant probability measure for a dynamical system of point sets
inside Dﬁm). To determine this measure, we consider the dynamical system as a

2The Rudin-Shapiro sequence is deterministic and the Bernoulli system is random.



point process, in which we think in terms of a random variable whose outcomes are
the various (single colour or m-multicolour) point sets.

It is standard in the theory of point processes to model the point sets involved
as point measures A = )___,0;, so that it is the support of the measures that
correspond to the actual point sets. This turns out to be very convenient for sev-
eral reasons. The most natural topology for measures, the vague topology, exactly
matches the local topology (Prop. 2.3.1). Ultimately, to discuss diffraction, one ends
up in measures and the vague topology anyway, so having them from the outset is
useful. It is easy to build in the notion of colouring and weightings into measures.
Most of all, according to the theory of point processes, the probability measure (the
law) of a point process is determined by a family of finite dimensional distributions.
We will use this fact to define an R?—invariant probability measure directly from
a specific point set A € D™ . The main procedure and the basic idea are outlined
as follows (the details are left to Chapter 2). For simplicity, here we assume A is a
single colour uniformly discrete point set, i.e., A € D,.

Let {p(A1,...,An;k1,...,ks)} be a family of values for each finite sequence

(A1,...,A,) of pairwise disjoint n semi-open rectangles in R% and each sequence
(k1,...,k,) of n nonnegative integers, n € N. According to [37], there are six
conditions on the family of values {p(As, ..., An; k1, ..., kn)} that are necessary and

sufficient for it to uniquely determine a family of finite dimensional distributions
(these are given in Proposition 2.4.1). We will prove that for a point set A € D,,

the limit values

. 1 .
p(Ay, . Ak, k) = }%}_rgor(—c—g'l({t €Cr:At+A))=k;,j=1,...,n}),
(0.0.1)

satisfy these six conditions, if they exist. Thus, these values define a probability
measure on D,, being determined by the point set A. We denote this measure
. Just as we expected, p4 is an invariant of the translation action group R% and
hence it determines a measure-theoretic dynamical system on D,. In particular,
when A is a uniformly recurrent point set with respect to (D, R%), the resulting
measure-theoretic dynamical system is minimal.

In the case that A is of finite local complexity (FLC) (see Section 1.1.1 for the
definition), the knowledge of 4 is effectively the same as the knowledge of the
frequencies of the local clusters of A. This shows that in this case the frequencies of
local clusters do essentially characterize the structure of the point set A.

Now let 4, denote the diffraction measure of A. The inverse problem for A is
essentially the question how to determine the measure u, by knowing 44. Since
the diffraction measure 4, is determined by the two-point correlation measure, we

4



equivalently look at the relationship between the two-point correlation measure 7y,
and the measure A

This relationship is indirectly illustrated by Steven Dworkin’s argument, see
[16] and corollary 4.1.4. The main idea of this argument is the following. Let
X = supp(pa). X is a compact subset of D,. The triple (X,R% u,) forms a topo-
logical and measure theoretical dynamical system. We assume that the dynamical
system (X,R% u,) is ergodic, i.e., it is measure-theoretically irreducible. Steven
Dworkin’s argument relates the diffraction of the typical point sets comprising X to
the dynamical spectrum of X, which is determined by the measure g and the group
action of R¢.

Gouéré [21] proved that for a realization A (point set) in an ergodic point process
(X,R%, 4), the two-point correlation measure v, exists u4-almost surely, and if it
exists, then it is equal to the first moment measure of the Palm measure of puy,
which can be regarded as the conditional probability measure of u, on the subset
{A" € X :0€e A}. We denote by i, the first moment measure of the Palm measure
of 4 and think of the measure ; as the two-point correlation measure of the point
process itself instead of individual point sets in the point process. By this, we can
avoid to use the word “almost surely” so often. Moreover, this provides a better
setting for us to reconsider the question about the relationship of the two measures.

We shall show that what underlies Steven Dworkin’s argument is a certain iso-
metric embedding 6 of the Hilbert space L3*(R?, fi;) into L2(X, ua). Both of these
Hilbert spaces afford natural representations of R¢, call them U, and T} respectively
(t € R?Y). Representation T arises from the translation action on R? and U is a
multiplication action which we define in (4.1.2). The embedding 6 intertwines the
representations. However, # is not in general surjective, and in fact it can fail to
be surjective quite badly. However, one fundamental result of this thesis is that
the algebra generated by the image of L2(R%, fi;) under the embedding mapping is
dense in L?(X, ). Applying this theorem, we will easily give another proof to the
main theorem of the paper [34] that if fi; is pure point, then the linear span of the
eigenfunctions of T is dense in L%(X, u).

Obviously, the measure f; is determined by the law p. But to determine u, we
need other information besides fi; in most cases. This comes in the form of the
so-called higher correlation measures of the point process.

To help the reader get a basic idea about these correlation measures, we introduce
a higher correlation measure of a point set first and it will lead to the definition of the
correlation measure of the point process, just as the two-point correlation measure
does. For simplicity, we consider a point set A € D, having finite local complexity.



Forn > 1, if a (n+1)-point correlation measure of A exists, it has the form that

AL = Z NZ1s- s )0y, s

(€1,....%n )EED

where 2 = {(z1,...,2,) : o € A,zi+ 20 € A,i=1,...,n} and n(zy,...,z,) is
equal to the frequency of the occurrence in A of local cluster {0,z1,...,%,} under
translation. When n > 2, we call such a measure a higher correlation measure.
Similar to y4 = f1, p-almost surely for A € X, we have fyTLl = [i,, where [,
is the nth moment measure of the Palm measure. Thus, we call i, the (n + 1)-
point correlation measure of the point process. By the Palm measure theory, the
(n+1)-point correlation measure [, is the (n+1)th reduced moment measure of the
measure y. The first moment measure of the law is just the intensity of the point
process times Lebesgue measure and is derivable from the higher moment measures.

Finally, we will prove that for a known (or given) ergodic point process, its
law is uniquely determined by all its correlation measures. This result not only
demonstrates the relationship between correlation measures of a point process and
the law, but also indicates a direction to the inverse problem for uniformly discrete
point sets with long range order; that is, to determine the structure of such a point
set, we may need only to consider the higher correlation measures.

Generally, for a collection of correlation measures of some point set, there is
an issue about the existence and uniqueness of an ergodic point process admitting
the same correlation measures. We call it the determination problem for the
correlations. In this thesis, we will focus on the uniqueness of an ergodic point
process for a collection of correlation measures and call it the unique determina-
tion problem for the correlations. In particular, we will consider the uniqueness
of an ergodic point process for a finite set of correlation measures and call it the
unique finite determination problem for the correlations.

The best situation is that a point process can be uniquely determined by the two-
point correlation measure of the point process (i.e., a two-point correlation measure).
However, as we have pointed out, this is not true in general. For pure point diffractive
point sets, physicist D. Mermin [38] argued that its structure ought to be determined
by its two-point and three-point correlation measures. This statement has been
confirmed by the recent work of D. Lenz and R.V. Moody based on the results of
this thesis with one more assumption on the diffraction, namely that there is no
extinction of the Bragg peaks. In this thesis work, in Section 6, we show that the
first k£ + 1 correlation measures of a point process uniquely determine an k-step
Markov process. We will also prove that a point process generated by a model set
is uniquely determined by its 2-point and 3-point correlation measures.

6



This thesis is organized as follows. In Chapter 1, we will give a basic intro-
duction to diffraction theory by emphasizing several important types of point sets.
In Chapter 2, we will build up a dynamical system of point sets after we define
an invariant probability measure of the translation group R¢ on D™ determined
by a specific point set. In Chapter 3, we will discuss the relationship between the
diffraction measure and the law of the point processes. In Chapter 4, Dworkin’s ar-
gument, which was briefly stated in Section 2.6, will be revisited. In Chapter 5, the
square-mean Bomberi-Taylor conjecture and a strange inequality will be presented.
This thesis will finish up with some discussion about the unique finite determination
for correlation measures known to be produced by a special point process: a k-step
Markov process.

The content of Chapter 3, Chapter 4 and Chapter 5 come from my joint work
[14] with my supervisor Dr. Moody. The content of Chapter 6 comes from my paper
[13]. These constitute the original research contributions of the thesis.



Chapter 1

Discrete closed point sets and the
diffraction theory

Introduction

Start with R% endowed with its usual inner (dot) product, and metric given by the
Euclidean distance |z —y| between points z,y € R?. For z € R?, we let Br(z), Cr()
denote the open ball of radius R and the open cube of edge length R and centered at
z in R%. For simplicity, we often write Br, Cr for Bg(0), Cr(0). Lebesgue measure
will be indicated by ¢. Closures of sets in R? is denoted by overline symbols. The
overline also represents complex conjugation in this thesis, but there is little risk of
confusion.

The main purpose of this chapter is to give a basic introduction to the theory of
the diffraction on discrete closed point sets. This includes the r-uniformly discrete
point sets. In general, a discrete closed point set of long range order is mainly
characterized by its density, clusters and frequencies of the occurrence of its clusters,
and so on. Local isomorphism is an equivalence relation defined on the space of
discrete closed point sets.

Although in many articles, the notions of cluster and pattern are treated as the
same, they have distinct meanings in this thesis. A cluster P is a finite set of points
P :={0,p1,...,pn} C R and a typical pattern is a pair (P, V'), where P is a cluster
and V is a neighbourhood of the origin. More details on patterns will be discussed
in Chapter 2.

Several important types of point sets with long range order including model sets
and substitution point sets will be discussed in this chapter to help a reader who is
new to this field. We will also discuss the diffraction theory of two random systems:



the Bernoulli system on Z and a random system on a model set. This will help us to
move from a deterministic point setting to a random point setting. The Fibonaaci
set will appear in several sections in this chapter and basically it will serve as a
typical example both of a model set and a substitution point set. \

1.1 Discrete closed point sets

For s € R and A,BCR% defines+ A:={s+z:x2€ A} and A+ B = {z € R*:
z=x+y,z € A,y € B}. Denote by card(A) the cardinality of the set A.
Let A be an infinite point set on R%, If for all R > 0,a € R?, card((Cr+a)NA) <
00, then we call A a discrete closed point set'. We define the density of A by
. card(Cp N A)
dens(A) := I%Er;o G
if the limit exists.

A is uniformly discrete if and only if there is a ' > 0 so that A is r'-uniformly
discrete, i.e., for all @ € R%, card((C,» + a) N A) < 1. A is relatively dense if and
only if there is a compact set X C R? so that K + A = R¢, or equivalently, there is
a R > 0 such that for a € R¢, card((Cr + a) N A) > 1. If A is uniformly discrete
and relatively dense, then we call A a Delone set.

1.1.1 Clusters and their frequencies

Let A be a discrete closed point set.

Definition 1.1.1. For a relatively compact set K C R? containing the origin and
t € KN A, the finite set P = (—t+ A) N K is called a cluster of A.

It is clear that P is a finite subset of (A — A) and 0 € P. For such a cluster P, if
there is a point s € A such that (—s + A) N K = P, then s is called a translation
vector of P. :

If for all R > 0, card{P' : P’ = (~t + A) N Cr,t € A} < oo, (there are a
finite number of clusters appearing in the cube Cg relative to the positions of A),
or equivalently, card((4 — A) N Cg) < oo, then we say that A has finite local
complexity (FLC). ‘

If for each cluster P of A (or equivalently, for each cluster P of the form AN
Cgr, R > 0), the set of all translation vectors of P is relatively dense, then we say
that A is repetitive.

1This inequality is called the local finiteness condition.
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Let A be a discrete closed point set with FLC and let P be a cluster of A.
Definition 1.1.2. If the limit

. card{t €e BRNA: PC(-t+A4)}
lim
R0 {(Br)

exists, then we call it the frequency of P and denote it by freq(P, A).
In particular, if the limit

. card{t € (a+Br)NA:PC(-t+A)}
lim
R0 (Br)

exists uniformly for all a € R¥, then we say that P has a uniform frequency in
A. If all clusters of A have uniform cluster frequency, then we say that the point set
A has uniform cluster frequencies (UCF).

1.1.2 Local indistinguishability

Let A be a discrete closed point set in RY. We define a set Y, := {A' C R¢ :
for all compact sets K C R%, there exists t € R?, such that A/ N K = (—t+ A)N
K}. Two point sets A;, A, is locally indistinguishable? (LI) if and only if A; €
Yy, and A; € Y,,. This defines an equivalence relation on all discrete closed point
sets. The equivalence class of A with respect to the locally indistinguishability is
called the LI class of A and is denoted by [A].

For example, we consider the point set A ;= Z1TU(2Z™), where Z* denotes the set
of nonnegative integers and Z~ denotes the set of negative integers. By observation,
Yz C Yy, but Yz 2 Y4. So, A is not LI to Z.

1.1.3 Example: the Fibonacci chain

The Fibonacci symbol sequence a = {a;, }n can be given as a limit? of a sequence
of words {8, }n of two symbols {a, b} satisfying the following induction rules:

1. By :={a}, B := {ab};
2. 1871 = ﬂn—l + ﬁ'n—?a for n > 2,

20r locally isomorphic
3With respect to the partial order given by that z < y if y contains x as its beginning,.

10



Figure 1.1: The one sided Fibonacci chain

where “+” is the operator catenating two words. The first few terms of the sequence

{Bn}n are:

a, ab, aba, abaab, abaababa, . . .

Note that {z, : 2, = card(8,)} is the famous Fibonacci number sequence and
we have that

lim =T, (1.1.1)
n—00 Zn—1
where 7 = 112‘—@ and 1 is the golden ratio.
The Fibonacci symbol sequence is a recursive sequence. Let ¢ be a finite subword
of it. There exists a positive integer IV such that ¢ C Gy. If we rewrite the sequence
a as follows,

a=0ns1+ 088+ Bny1 + BN+ O+,

then it is easy to observe that there is at least one @y in each subword with length
Zn+2. As a consequence, ¢ appears in every subword with length zy,2. We have
that the Fibonacci symbol sequence is repetitive.

Definition 1.1.3. The one sided Fibonacci chain {t,}3° on the real line is
defined on [0,00) by that: to =0, and forn € N

T, fa,=a

L e —b (1.1.2)

tn i=1p—1+ {

It is demonstrated by Figure 1.1, where a = 7,b = 1.

Because 7 and 1 are integrally independent, i.e., the equation z7 + y = 0 has
only the trivial solution on Z2, there is a one-to-one correspondence between the
clusters of A and the finite subsequences of the Fibonacci symbol sequence {a}n.
It is convenient to represent a cluster of the Fibonacci chain by a subword from
the symbolic sequence. By observation, these subwords of the Fibonacci symbolic
sequence form a tree demonstrated by Figure 1.2.

Definition 1.1.4. A two sided Fibonacci chain is a bi-infinile sequence from
{a,b} which is LI to the I-sided Fibonacci chain.

11



q 5 a\ b—a a

/ D I a
o< 5

%1 a e %w} a a %"’g

a %3 a ............... i Y

Figure 1.2: The local clusters tree

Lemma 1.1.5. A two sided Fibonacci chain is a repetitive Delone set with FLC.

PROOF: Let A be a two sided Fibonacci chain. Obviously, A is a Delone set. It
has FLC since the distance between any two points is of the form mr+n, m,n € Z*,
and hence A — A is a uniformly discrete set. Finally, A is repetitive because the
Fibonacci symbol sequence is repetitive. O

It is known that a two sided Fibonacci chain has UCF. The frequency of the
occurrence of each cluster in two sided Fibonacci chain is equal to the frequency of
the occurrence of this cluster in the one sided Fibonacci chain. We will see this later
from the aspect of model sets.

Let A be a two sided Fibonacci chain. Now we compute the density of it and the
frequencies of two clusters: {0,7} and {0,1} represented by a and b respectively.
Note that card(8,) = 2z, card{a € Bp.} = zn-1, card{b € G} = 2,2 and 2z, =

Zp-1 + Z,—2. By (1.1.1), we have
. Zn
dens(4) = lim —————
n—00 2y + Zp—1 T
-

2r —1°

12



Similarly, we have

. Zn—1
f = lim — =t
() = A
r
= , 1.1.3
T+ 2 ( )
and
. Zn—2
f b = 1 . n=s
req(b) = lim ——— |
2
= ) 1.4
T4+ 2 (1.1.4)

Note that we have chosen a special sequence {z,} in above limits. However,
these limits also exist with respect to the sequence Z. At the end of this chapter, we
will prove that the one sided Fibonacci chain is actually the right side of a model
set and we have a much easier way to compute the frequencies of its clusters, which
leads to the same result.

1.2 The introduction of diffraction theory

1.2.1 The diffraction of crystals

In general, a lattice in R? is a discrete subgroup that spans R?. Thus it has the
form {Z?zl a;vi|a; € Z}, where {v}, -+ ,vy} is a basis of R% Let £ be a lattice in
R?. The dual group of £ or the reciprocal lattice of £, denoted by L°, is defined by

L0:={keRYk-s€Z, forall s € L}. (1.2.1)

From the point view of physics, the diffraction phenomenon is a result of inter-
ference of waves with a given wavelength along all unobstructed paths. A simple
wave function propagating along the direction represented by a unit vector k£ with
the initial phase zero is of the form

o(r,t) = Aexp {i(27k -7 — wt)},r € RY,

where A is the amplitude of the wave, w is frequency of the wave, and ¢ denotes the
time. The interference of two waves originating from two lattice points is determined
by their phase difference, which is caused by the relative positions of the two points.

13



As a consequence, the intensity of the interference of all waves, i.e., the space
average of | 3 . ¢(r,0)|?, along the direction z € R? is

. 1 :
I(z): = 1%21010 Ra—R—)A ,E(EZ_E) exp {2miz - r}
= Adens(L) Zexp {2niz - r}. (1.2.2)

rel

We point out that the right hand side of equation (1.2.2) is just a formal expres-
sion. It should be treated as a measure and the limit is taken in the vague topology.
The justification will be given after the Poisson summation formula (1.2.4).

For a general discrete closed point set A, we define 64 as the countable sum
> zea 0z, Where 0, is the delta measure supported at {z}. d, is called the Dirac
comb of A. Similarly, let §go := )" d;. By the Poisson summation formula
for lattices [2],

x€L®

b, = dens(L) 6o, (1.2.3)

where & denotes the Fourier transform of the measure d;. Meanwhile the Fourier
transform term-by-term of . is equal to

bo(z) = Zexp {2miy - x}. (1.2.4)

yel

To understand the right side of the above equation, we need to treat the measure
0, as a tempered distribution, i.e., 6. is a linear functional of the Schwartz space
S(R%) of rapidly decreasing C* functions*. The Fourier transform of a tempered
distribution v is defined by 2(f) := v(f) for all Schwartz functions f. An important
property of the Fourier transform on tempered distributions is that if {v,} — v
in vague topology®, then {#,} — 4 in the vague topology. Since for all Schwartz
functions f,

Sl = Fao) = [ ey
e O ),

Hence, 84,(z) is equal to e"2™0% as a measure. Now we take v, := ZzGCR Az Ozs
7

where R, — oo and vy := } . .d;. Then {r,} — vy vaguely. Then we get the

IS(R%) N C,(R?) is densely embedded in the space of continuous functions of compact support,
C.(RY),
5Tt means that {v, }(f) — vo(f), for ali functions f € S(RY).
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formula (1.2.4) and as we pointed out before, the right side of (1.2.4) makes sense
as being a limit of measures under the vague topology.
Combining equation (1.2.3) and equation (1.2.4), we obtain that

I = A(dens(L))* . (1.2.5)

It says that there are sharp peaks (Bragg peaks) at every point of the dual lattice,
L£°, and all of them have the same weight A(dens(£))2. We define the diffraction
measure of £ as the measure (dens(£))2dz.. The big difficulty for us to extend this
definition to an aperiodic point set is that there is no Poisson summation formula
for a general aperiodic point set.

1.2.2 The diffraction of a discrete closed point set

“~mn

Let A be an infinite discrete closed point set. We define the operator acting
on all functions on R? as f(z) := f(—z) and acting on all measures on R? as

o(f) = v().
Definition 1.2.1. (See [24].) If the limit

}%Exolowlg< S 5z*5;,> (1.2.6)

z,yeANCR

ezists® in vague topology, then we call this limit the 2-point correlation measure
(or the autocorrelation measure) of A relative to {Cr} and denote it by ya.

Although we won'’t need them in this thesis, it is possible to average over more
general sequences than cubes. One commonly used class of type of averaging se-
quences are the van Hove sequences (of which the cubes are an example). Denote
AP the interior of A and A° the complement set of A in R¢.

Definition 1.2.2. If A and K are compact subsets, then the K-boundary of A is
defined by
0%A = (K + A)\ AU ((—K + A°)n A). (1.2.7)

6Usually, a two-point correlation measure depends on the averaging sequence it chosen. Two
different averaging sequences may yield two different two-point correlation measures. But we will
not worry about such an issue in this thesis. Simply we will just use one fixed averaging sequence
in this thesis and if the limit exists with respect to that averaging sequence, then we call it the
two-point correlation measure of the point set.
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Remark 1.2.3. Both (K + A) and —K + A° are compact because a compact set
“plus” a closed set is a compact set. As a consequence, 0K A is compact. We point
out that it is not always true that the sum of two “closed” sets is a closed set. For
ezample, let A = Z\/2 and K := 7. Both A and K are closed, but A+ K = Z+7Z+/2
is not closed.

Definition 1.2.4. A sequence of compact subsets {V,, C R%} is called a van Hove
sequence if it satisfies that

LV, CV2 forn=1,2--;
2. 1(V,) >0, (V) = 00 asn — oo
3. For all compact sets K, lim,,_,oo @71(:5—3‘12 =0.

Now we are ready to define a more general 2-point correlation measure of A as
follows.

Definition 1.2.5. Suppose {V,,} is a van Hove sequence in R?. If the limit

Ya = 7}-1—%10 _(Tl/—)_ ( z 0z * 5;) (1.2.8)
"o \zyeAnV,

exist in vague topology, then we call this limit the 2-point correlation measure
(or the autocorrelation measure) of A relative to {V, }.

For a fixed A, not all van Hove sequences necessarily give a limit and it is possible
that we may obtain two distinct limits according to two distinct van Hove sequences.
But throughout this thesis work, we always consider the 2-point correlation measure
relative to the sequence {Cgr} and we simply call it the 2-point correlation measure
of A.

A function f, defined on R¢, is said to be positive definite if the inequality

N
Z Cnc_m_f(xn - xm) Z 0,
1

mmn=
holds for every choice of z;,...,zy in R? and for every choice of complex numbers
c1,...,cn. See [46]. There are two important properties of the positive definite
function f:

e for all t € R, | f(t)| < f(0),
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|£(t+5) = f(t)] < 2f(0)Re[f(0) — f(s)]- (1.2.9)

For a regular measure v on R¢, v is positive if and only if for an arbitrary positive
function f, v(f) > 0. On the other hand, v is a positive definite measure if and
only if for any continuous function f with compact support, i.e., f € C,(R%), v* f* f
is a positive definitive function. Obviously, the 2-point correlation measure v,
is positive. Furthermore, we know that the function of the form g * §,g € L*(R%)

is positive definitive. Taking gr = [(3_,eanc,, =) * f1/v/{(Cr), we have that v, is
positive definitive by the observation,

z,9€ANCER

and the fact that the limit of a sequence of positive definitive functions is also
positive definitive.

By the Bochner theorem (see [46]), 74 is Fourier transformable and its Fourier
transform is also a positive and positive definite measure. This new measure is called
the diffraction measure of the point set and is denoted by 4. Since a diffraction
pattern is mostly distinguished by its pure point part, it is interesting to know that
under what conditions, 44 is pure point. The following theorem is an important
result of the diffraction theory.

Theorem 1.2.6. If v, is almost periodic, then A5 is pure point.

PROOF: We only give a sketch of the proof here. For the details, we refer to
[32].
First, for a function g on R? and € > 0, we define a set I, as

T = {z € RY: sup |g(y) — gla + )] <
yeRd
We call J the set of e-almost periods of g. A function g is called e-almost
periodic if J¢ is relatively dense in R?. If for every choice of € > 0, g is e-almost
periodic, then we call g an almost periodic function.

Next, for a measure v, v is an almost periodic measure if and only if for an
arbitrary continuous function f with compact support, the convolution v * f is an
almost periodic function.

The main theorem in the theory of almost-periodic functions states that every
almost-periodic function is the uniform limit of trigonometric polynomials. Since
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the Fourier transform of a trigonometric polynomial is a finite sum of Dirac mea-
sures, intuitively the Fourier transform of an almost-periodic function is a finite or
a countable sum of Dirac measures.

Suppose that a measure v is Fourier transformable. Recall that the Fourier
transform of the measure v can be given by

for f € S(R%). Moreover, we have that
vkf=0-F (1.2.10)

By the assumption, «, is almost periodic, i.e., y4* f is an almost periodic function
for f € S(RY). For a compact set K C RY, there is a Fourier transformable function
f € S(RY) such that f(z) # 0, for z € K. Thus, the restriction of the measure
on K is equal to (fle)/(flK) Since mh{ is pure point, 94|k is also pure
point for any K. Therefore, 44 is pure point. 0O

In general, it is not easy to verify a 2-point correlation measure is almost periodic.
However, in the case of a FLC point set, there is a condition on the 2-point corre-
lation measure coefficient which is sufficient and necessary for a 2-point correlation
measure being almost periodic.

Let A be an FLC point set. Since (A — A) N Cpg is a finite set and §, * 5; = 0g—y,
the definition of the 2-point correlation of A can be rewritten as

. 1
= lim g Y ey

wnyAﬂcR

A consequence of the van Hove property of cubes is

Yai= Y, M= Y mbs, (1.2.11)

ze{A-4) z€(R9)

where the coefficient 7, is the frequency of the occurrence of the cluster P := {0, 2}
in Aif z € (A—A) and n, = 0 otherwise. Then v4 = n-zze(A_A) 6,. By observation,
for all Fourier transformable functions f € C.(R?), v * f are almost periodic if and
only if the function 7 is almost periodic. Since 7 is positive definite and hence it
satisfies the inequality (1.2.9), we can equivalently define a e-almost period of 1 by
that {z : [no — n.| < €}. As a consequence, 7 is almost periodic if and only if for all
€ > 0, the set {z: |0 — 1;| < €} is relatively dense.
Putting all this together, we have the following theorem.
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Theorem 1.2.7. [23] Suppose that A has FLC and v exists. Then 4 is almost
periodic if and only if n is almost periodic, i.e., the set {z : |no — n.| < €} is
relatively dense for ¢ > 0. In particular, if n is almost periodic, then 44 is a pure
point measure.

1.2.3 The Wiener diagram

It is interesting to see that the new definition of diffraction measures for general
discrete closed point sets is consistent with the old definition for crystals. For that,
we draw the following diagram

*
W — %

] |7

~ )2 —~
W > Yw

Wiener Diagram

where w := §4 and FT is the abbreviation for Fourier transform. This diagram is
often called the Wiener diagram. One can verify that the two-point correlation of
the lattice A is equal to dens(A)ds. By the Poisson summation formula for lattices,
its Fourier transform is equal to dens(A)?dxe, just as the old definition. So crystals
make the Wiener diagram commute.

1.3 Regular model sets and their diffraction mea-
sures

In this subsection we offer a famous construction of pure point diffraction Delone
sets by way of an example.

A locally compact Abelian group is an abelian group G equipped with a
topology such that G is a Hausdorff space, each point has a compact neighbourhood,
and the mapping G x G — G defined by (z,y) — = —y is continuous. A lattice £ in
G is a discrete subgroup which is cocompact, i.e., G/L is compact. This definition
is equivalent to our previous definition for lattices in R¢.

Definition 1.3.1. A cut and project scheme consists of a direct product R% x H
of a real space and a locally compact abelian group H, and a lattice £ in RY x H
such that with respect to the natural projections p1 : R*x H — R%, py : R*x H — H.
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1. p; restricted to L is 1-1.
2. po(L) is dense in H.

Let M := p;(L). Denoting by (-)* the mapping ps - (p1]z) !, we have (:)* : M —
H. The mapping (-)* is a group homomorphism, but in most situations that we
deal with it is not continuous (anywhere). According [39], we have the following
definition.

Definition 1.3.2. Let (R¢ x H,L) be a cut and project scheme and let Q be a
relatively compact set of H with nonempty interior. Suppose A is the point set
defined by

A= A(Q) = {p1(2)]z € £, pa(2) € Q}.

Q is called the window of A. We usually write this in the slightly simpler form
A={z|z* €}

For every choice of t € R?, the point set —t+ A is called a model set or a cut and
project set.

In particular, if A is a model set defined by a window £ whose boundary has
measure 0 with respect to the Haar measure on H, then we call A a regular model
set.”

Lemma 1.3.3. ([{1], Lemma 2.5) Let (R% x H, L) be a cutl and project scheme. Let
U C H be a nonempty open set. Then there is a compact set K in R? so that

R x H=L+ (K xU). ; (1.3.1)
Proposition 1.3.4. ([41], Proposition 2.6) Model sets are Delone sets.

PROOF: It suffices to prove that for a model set of the form A = A(f2), where
is some relatively compact set with nonempty interior. By the lemma 1.3.3, there is
a compact set K in R? so that R x H = £+ (K x U), where U := Q0, the interior
set of . For z € R4,

(‘T’ 0) = (d7 d*) + (k’ '—w),

forsomed € M,k e K,we Q. Thend* =w € Qgivesd € A,and z = d+k € A+ K.
Thus, R¢ = 4 4+ K and hence 4 is relatively dense.

7Although the construction and result below are valid for arbitrary locally compact Abelian
groups H, the case H = R" for some n provides numerous useful examples. In these cases Haar
- measure is Lebesgue measure.
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Meanwhile, because (2 is a relatively compact set and £ is a lattice (hence is
discrete), there is & s > 0 such that for all 0 < ¢ < s, K, := B, x (Q — Q) satisfies
K.n L ={0}. Thus (A— A)N B, = {0}, i.e., A is uniformly discrete. O

Let A := A(Q) be a regular model set. Since the mapping (-)* is Z-linear,
A—ACAQ—Q). So A~ Ais uniformly discrete and hence A is a FLC point set.
As we pointed out before, this implies that the 2-point correlation measure of A, v,

has the form

ze(A—A) zERY
where the function 7 is defined in (1.2.11). Denote the Haar measure of the locally

compact abelian group H by 6. The 2-point correlation coefficient 7, can be

calculated to be
Ou (2N (—z*+ Q)

0u($2) ’

Ne = freq(P) = (1.3.2)

for P = {0,z}, see [40]. Obviously, ny = 1. _

Therefore, the 2-point correlation measure vy, exists as a limit. Moreover, for
an arbitrary ball B, the model set A(B,) is relatively dense. By equation (1.3.2),
for € > 0, the set z : |y — n.| < € is relatively dense. According to Theorem 1.2.7,
we have that the diffraction measure of A is pure point. Since translation does not
affect correlation, all regular model sets are pure point diffractive. '

In particular, when H = R*, k is a positive integer, the diffraction measure is
given by

Aa= ) |a(k) P00, (1.3.3)
keLe

where £° is the dual group of the lattice £ and a(k) is the so-called Fourier-Bohr
coefficient (or amplitude)

a(k) = d;;?g;) /Q e~ 2mie2 (k)W) gy (1.3.4)
Note that a(0) = dens(4).

It says that the Bragg peaks lie in the projection of the lattice £° into the physical
space. With appropriate definition of dual lattices, this result applies as well for an
arbitrary locally compact abelian group. This is due to A. Hof [23], M. Schlottmann
[47], and [7] in the present proof. ‘

Theorem 1.3.5. Let A be a regular model set defined by the cut and project scheme
of Definition 1.8.1 and with window Q. Then A is pure point diffractive with the
square root of the intensities of the Bragg peaks given by (1.8.4).
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1.4 Multisets and their diffraction

1.4.1 General multisets

In this section we add the notion of “colour” to our point sets. The resulting
objects are called multisets®. To specify a multiset, we introduce m := {1,...,m},
m = 1,2,3,..., which one may intuitively think of as labels for different colours,
with the discrete topology and take as our basic space the set E := R x m with the
product topology. Thus, any point (z,i) € E refers to the point x of R? with colour
i. When m = 1 we simply identify E and R?. Closures of sets in E are denoted by
overline symbols. Denote the image of a discrete closed point set A; C R?x {1} under
the canonical projection from R? x {i} — R by A}, for i = 1,...,m. A discrete
closed point set A in E is called a m-multiset if it is of the form: A := U, A;,
where A; C R? x {4} is a discrete closed set such that the flattening of A defined by
AV = U gealz} € R%is a disjoint union of Al ie., Ab = UL, AL, For convenience,
we often write A} as A; too. But one can tell which one we mean from the context.
There is the natural translation action of R? on E given by

T.: (b (@,0) = £+ (@,0) 1= (t+ 2,0).
Given A C E, and B C R, we define

B+A = Upep Toh CE
BnNnA ={(zi)eA:zeBiem} CE. (1.4.1)

Let O := {(0,1),...,(0,m)} C E. Then Cg”) = Cr + O is a ‘rainbow’ cube
that consists of the union of the cubes (Cg,1), 7 =1,...,m. Its closure is Cgm).
Let » > 0. An m-multiset A C E is said to be r-uniformly discrete if for all
a € R4,
card((a+Cr)NA) < 1. (1.4.2)

In particular this implies that points of distinct colours cannot coincide. The family
of all the r-uniformly discrete subsets of E will be denoted by D™ In the case that
m =1, we simply write Dﬁl) as D,.

At the beginning of this section, we will give a general formula to compute
the 2-point correlation measure of a multiset if the 2-point correlation measures of
each component and the so-called 2-point inter-correlation measures of every pair
of components are given. Treated as a typical example of multisets, the general

8This is not an entirely standard use of the word multiset
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substitution Delone sets will be considered. We finish the section by an application
of the general formula for the 2-point correlation measure of multisets of two random
systems.

1.4.2 Diffraction measure of a general multiset

Let A be an m-multiset and A = U}, A;, where A; C R%x {i}. Let w := (wy, ..., Wn)
be the vector of m real numbers denoting the scattering weights of (Ay,...,Ay)
respectively. Correspondingly, the weighted Dirac comb of A is given as %
sz:l wi(s/li'

Analogous to the definition of the 2-point correlation measure of a single colour
point set, we define the 2-point weighted correlation measure of two point sets with
distinct colours as follows.

Definition 1.4.1. For given i,j € m, if the limit

. 1
1%1_120 Z(_Cv;)-(dAincR * 6/1jf"|CR) (143)

exists in vague topology, then it is called the 2-point correlation measure of A;
and A;. For convenience, we denote it by v, a,-

When ¢ = j, this definition turns out to be the 2-point correlation measure
of a single colour point set.

To compute the 2-point weighted correlation measure of the m-multiset A, we
assume that for each pair of components (A;, 4;),%,7 € m, the 2-point correlation
measure of A; and A; exists and define the 2-point weighted correlation measure
of A as

YA = 2 WiW;57YA;,A; - (1.4.4)

1,j=1

1.4.3 Substitution Delone multisets and their diffraction

A natural way in which multisets arise is on substitution point sets. We say that a
linear map @ : R — R? is expansive if there is a ¢ > 1 with

|Qz — Qy| > ¢ |z — y|,

for all z,y € R%, see [31]. This is equivalent to saying that all eigenvalues of @ lie
outside of the closed unit disk of C.
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Definition 1.4.2. A = Ull/li is called a substitution Delone multiset (SDM) if A
is a Delone multiset and there exist an expansive map @Q : R — R? and finite sets
D;; fori,j <m such that

J=1
The unions on the right-hand side are to be disjoint.

An m x m matrix function system (MFS) on a non-empty set Y in R? is an
m X m matrix ® = (®;;), where each ® is a finite set (the empty set is allowed) of
mappings from Y to Y, see [35]. Take ®;; := {f : ¢ — Qz + a,a € D;;}. We define
®(A) == UL, A, where A, ¢ RYx {i} and A} := UL (I),-j/lf With this terminology,
A of Definition 1.4.2 can be defined as a fixed point of the MFS @, i.e., A = ®(A4).

Define a square matrix B := (bij)mxm by by = card(D,;). If for each i =
1,...,m, Z;":l D;; is the same integer, then we say that A is a constant length
substitution point set. B is called the substitution matrix of A. If there exists a
positive integer k such that all entries of the kth power of the matrix B are positive,
then we say that B is primitive.

We assume that the substitution matrix B is primitive. By the Perron-Frobenius
theorem [22], B has the following properties:

1. one of its eigenvalues is positive and greater than (in absolute value) all other
eigenvalues;

2. there is a positive left eigenvector and also a positive right eigenvector corre-
sponding to that eigenvalue;

3. that eigenvalue is a simple root of the characteristic equation of B.

Such an eigenvalue is called the dominant (or Perron-Frobenius) eigenvalue
of the matrix M. The following lemma (Theorem 2.3 of [31]) shows a geometrical
meaning of the dominant eigenvalue.

Proposition 1.4.3. If A is a primitive SDM with expansive map Q, then the dom-
inant eigenvalue of its substitution matriz B is equal to |det(Q)|.

Generally, it is a challenge to compute the diffraction measure of a SDM. We
do know that for a representable SDM, i.e., one that can be represented by a tiling
on R?, it is pure point diffractive only if the dominant eigenvalue of its substitution
matrix is a Pisot number, see [20].
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In the remainder of this section, we will introduce substitution tilings and discuss
under what conditions, a SDM is representable. Since it is not important for what
follows, the reader can safely skip this part and move to the next section directly.

A tiling on R¢ is a set of tiles covering the whole space R? but overlapping only
on the edges. There are many ways to define a tiling for a given Delone point set.
Since we are considering a multiset, we focus on those tilings R? consisting of a finite
number of types of tiles. Let T’ be such a tiling. A tile 7 of I is often specified by a
pair (O, i) where O = supp(7) is a compact set in R and i denotes the tile type. A
finite set P of tiles is called a patch if the tiles of P have mutually disjoint interiors.

Analogous to substitution of a Delone multiset, we define a tile-substitution as
follows:

Definition 1.4.4. Let A = {r,...,Tm} be a finite set of tiles, 7, = (0;,1). We
denote by Pa the set of all patches composed of translated copies of the 1;’s. We say
that ® : A — P4 is a tile-substitution with expansive mapping Q if there exist finite
sets D;; C RY for 1 <4,j <m, such that

@(TJ):{U'}’TZ.UED,L],Z::l,.’m}

with m
Q(O]) = U(Dij + Oz) fO'f‘l S] < m.
1

A substitution tiling on R¢ is an invariant of a tile-substitution.

Definition 1.4.5. A Delone multiset A = |J* A; is called representable (by tiles) if
there exists 7; = (0;,1),1 <1 <m, so that {x+ 7, :z € Aj,i=1,...,m} is a tiling
of R,

In general, an SDM is not representable. The following proposition provides a
sufficient condition to make A representable. '

Proposition 1.4.6. ([35], Theorem 3.7) Let A be a primitive SDM such that each
cluster of it is a translate of a subcluster of ®*(z;) for some z; € A;,j =1,...,m,
and some positive integer k (such clusters are called legal). Then A is representable.

1.4.4 The Bernoulli system

The Bernoulli system is a random system on Z which can be specified by a fam-
ily of independently and identically distributed random variables {t;}z that can
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take any of the m distinct real numbers {w, ..., wy,}, with attached probabilities
{p1,-...Pm}:pi > 0 such that > 1"p; = 1. It can also be regarded as a system of
m-multiset with the vector of weights w = {w1,...,wn}. Let A be a typical out-
come of this random system. Then it has the form that A = UA;, A; € Z x {i}
where the flattening of each component A} is the set of index numbers of those
random variables which take the real number w;, and the flattening of A is equal to
Z. Moreover, for every k € Z, we have that

P{k € Ai} = pi

Obviously, every Af has FLC. So the 2-point weighted correlation measure of 4;

is of the form

nez
with 2-point correlation coeflicients
_ Jwil?
ni(—n) = klg{)lo o e?;;k} 14, (z)1p,(z —n) |

]w,P]P’({n € Ai}), ifn= 0,
[wi|?P({n € A;})?, ifn#0.
_ pi|wi|2, ifn= O,
| PHwif?, ifn#0.

The limit exists because of the law of the large numbers. As a consequence, 7,4, exists
with probabilistic certainty. Similarly, we can prove that for ¢ # j, the weighted
correlation measure 4,4, exists with probabilistic certainty and has the form

Vand; = 3 Thij(n)on

nel

with 2-point correlation coefficients

i .(_n)_{O, ifn=0
" pip;ilwil|lw;], ifn#0.
By (1.4.4),

Y4 = Zp?|wz’|25Z\{0}+Zpi|wi|250+ Z pip;|willw; |62\ (0}

i=1 i=1 i,j=1,i%]

<|wl Z5> le = (lw])*)do

neZ

Il
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Note that § = { and 87 = 6z by the Poisson summation formula for lattices. Putting
all this together, we have the following proposition:

Proposition 1.4.7. ([4]) The 2-point correlation v, exists with probabilistic cer-
tainty and has the form ya =3, n(n)d, with 2-point correlation coefficients

o [ QwPh ifn=o,
0= { o, i zo (149)

where ([w]?) = Y pilwi]? and (Jw])? = (0, pilwi|)®. Consequently, the diffrac-
tion measure is, with probability one, Z-periodic and given by

G4 = (<|w|>225n> () = () (1.4.7)
neZ

O

Thus the diffraction of the Bernoulli system is a mix of a pure point part with
Bragg peaks of intensities (Jw|)? at the points of Z and an absolutely continuous
part of weight ({{w|?) — (Jw|)?).

Remark 1.4.8. We will see in the future that for all the m-multisets which are re-
alizations of the Bernoulli system, the 2-point correlation measures exist with prob-
abilistic certainty. In fact, the Bernoulli system is an ergodic point process and we
will prove in Chapter 8 that for point sets which are outcomes of a given ergodic
point process with a probability distribution p, the 2-point correlation measure exists
w-almost surely.

1.4.5 A random system on a model set

We are going to define a random system on a model multiset analogous to the
Bernoulli system. First, let Ay = Uj—; A; be an m-multiset such that the flattening
of every component A; is a regular model set resulting from one cut and project
scheme (R? x H,L) with a distinct window set’. Then let p be a vector of m
positive numbers, p = (p1,...,pm) such that 0 < p; < 1,57 p; = 1. Finally, we
define a random system of point sets {/i = UT/L A C A} by insisting that every
m-multiset A is an outcome of a random process for which

P({z € A}}) =pi, if z €4, (1.4.8)

9The overline symbols here are just denotations to distinguish different related sets.
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for i =1,...,m. We call this system a random system on the model set Aj.
Let A be a typical point set of the random process on A with the probability
distribution vector p and A = U[-;A;, where A; C A;. Evidently, (Al — Al) C
(A — AY), so A' and all the flattenings of its components A} have FLC. Thus,
the 2-point correlation measures of A and its components exist with probabilistic

certainty. For simplicity, here we choose the vector of the weights to be (1,...,1)
(unweighted). ‘

As usual, let 4, be the 2-point correlation measure of the model set A; and
let 74, be the 2-point correlation measure of the model set A; for i = 1,...,m.

The 2-point correlation measures of v,, can be expressed by the 2-point correlation
measure of 4, as follows.

Y4, = DA, + (0 — p})o. (1.4.9)
Therefore,
a, = PP + (B - P, (1.4.10)

This says that the diffraction measure of each colour component contains a pure
point part plus a multiple of Lebesgue measure.
To compute the 2-point correlation of A, we need to consider the 2-point corre-

lation measures vy4;,4;, for 4,5 € {1,...,m},i # j.
m
A= Z YAy = ZM + Z 27,4, (1.4.11)
4,5=1 1<i<j<m

By the law of the large numbers, we have that

YA A; = PiPiVALA; &S (1.4.12)
Since
Vaoa) = YA + VA + 2744, (1.4.13)
SO 1
Taud; = 5 (Yo, — (Vi +74,)) - (1.4.14)

Plugging (1.4.14) into the formula (1.4.11),

T4 = Z piva + (i —pD)do) + > mips (Vaoa, — Vi — va,) (14.15)

=1 1<i<j<m
= Z D) D psz'YAUAJ+Z i — 12)0. (1.4.16)
i=1 J#i 1<i<j<m
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Since the sets A;UA;,4 # 7, are also regular model sets, all components in the above
equation are positive definite. Therefore, the Fourier transformation v, exists and
it is equal to

m

m
Fa=Y (=D _p)pAn+ D pPAnos + Y @i — L (1.4.17)
1

i=1 JF#i 1<i<jis<m 1=

Note that the first two items on the right side of the above equation are pure
point by Theorem 1.3.5. We conclude that the diffraction measure of A exists with
probabilistic certainty and it consists of a pure point part plus a multiple of Lebesgue
measure.

Proposition 1.4.9. The 2-point correlation v, exists with probabilistic certainty
and has the form (1.4.15). Consequently, the Fourier transformation vy, exists with
probabilistic certainty. It consists of a pure point part plus a multiple of Lebesgue
measures and it is given by (1.4.17).

1.4.6 Example: Revisiting the Fibonacci chain

We return to the Fibonacci symbolic sequence. Note that it can also be generated
by a substitution v on sequences of the two symbols {a,b} defined by

T/J(G) = ab, ¢(b) = a.

In fact, the fixed point ¥*°(a) can be approximated by a sequence of words {¢"(a)}{°
which satisfies an induction rule that for n € N,

¥"(a) = ¥ (ab) = ¥" (@)Y T (b) = " (a)Y" " (a).

This is consistent with the induction rules &, = 8,1 + Gn-2 introduced in Section
1.1.3.

It is known that 1 is related to a tile (interval)-substitution and correspondingly
the symbolic Fibonacci sequence is related to a substitution tiling (of intervals) on
the real line by replacing a,b by two intervals with appropriate lengths. Suppose
that the two intervals we desire are [0, ), [0, z2), 21,22 > 0. We are going to find
out the appropriate values for z; and xs.

Let B be the substitution matrix of ¢

-(2)
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B is primitive because

(21
2 _
#-(11)

is a positive matrix. By Perron-Frobenius theorem, B has one dominant eigenvalue.
By simple computation, we have that the dominant eigenvalue is 7 and the positive
left eigenvector corresponding to 7 is (7,1).

On the real line, every linear expansive map () of a tile-substitution is of the form
Qx = cpx,co > 1, where ¢ is called the expansive constant. Suppose the expansive
constant of the tile-substitution is c. Then we have

cl0,z1) = [0, z1) U ([0, z2) + 1) = [0, 21 + z2) and ¢[0, z3) = [0, ).

Equivalently,
cr1 =1+ T2, CT¥g=ZT1.

This can be rewritten as

(371,9”2)( 1 (1) ) = c(z1,Z2).

So ¢ is the dominant eigenvalue of the matrix B and the pair (z,z3) is the left
eigenvector of B. From above, we have ¢ = 7 and (z1,z2) = (7,1) is the unique
solution up to scaling. If we start the tile-substitution with the interval [0, 7), then
the entire set of left end points of the intervals in the resulting tiling on R* gives
exactly the one sided Fibonacci chain.

For convenience, we denote the one sided Fibonacci chain by Ay here. We set
out to show that Aq is the right side of a model set on the real line.

First, we let ['; denote the set of the left end points of the tiles marked by a and
let T's denote the left end points of the tiles marked by b. Evidently, Ag =I'; U 5.

We define a Z-linear mapping ¢ on the module Z[7] by ¢(m-+n7) = m—2, where
m,n € Z,Z|r] := Z + Z7. Since (m + n7, p(m + n1)) = m(1, ¢(1)) + n(r, $(7)), the
set L := {(z,¢(x)) : © € Z[r]} = {(m+n7,m—2) : m,n € Z} is a lattice in R? with
a basis {(1,1), (1, —%)}. See the lattice in Figure 1.3. The reason for choosing ¢ as
we have done is that -% is the algebraic conjugate of 7 (it also satisfies the equation
x> = z +1 and so ¢: Z[r] — Z[r] is actually a ring homomorphism). Let 7y,
be the two canonical projections of the lattice £ and let the mapping (-)* be the
mapping ¢. Then we get a cut and project scheme, which is shown in the following

diagram.
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Figure 1.3: The lattice £ spanned by (1,1) and (7,7*)

R +«— RxR — R
U U U

Z[r] - L A
U U
A SN Q

(1.4.18)

We are going to show that the image of the one sided Fibonacci chain under the
mapping (-)* is dense in a relatively compact set in the internal space R and hence

it can be embedded into a model set.
Next, observe that (I'y, I'y) satisfying the following equation.

F1=(T'F1)U(T'F2), Ig=7-T1+7.

Since (+)* is a ring homomorphism, (I'f,I'3) (the images of the two sets (I'y,I'z)

under the (-)* mapping) satisfying

-1 -1 -1

-1
MN=(— -MMHu(—-1I3), I'N=— -T7+—
1= - D U( - 2 13 — it
Plugging I'; into the first equality, we obtain

* _1 * 1 * 1
Ni=(—"T)V(z Ti+5)
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The right side of the equation defines a contractive mapping of a set. By Hutchin-
son’s contractive mapping theorem [25] there exists a unique compact set, which is
fixed under the contractive mapping. One can verify that the set W, = [—;15, %] is
a solution of the equation (1.4.20). It implies that I'y = Wj. Putting I'; = W back
to the second equality in (1.4.19), we get that I'; = [-1, —%].

Note that T3 UT5 = [—1,1]. We point out that the lattice £ intersects with the
two linesy = —1 and y = %, which means that adding or deleting one of the two
boundary points {—1, %} will change the corresponding model set by one point.

Here we consider a model set A; with a window [—1, ) first. It is a Delone set
on R by theorem 1.3.4 and 0 € A;. Define AT := {z € A; : z > 0}. The following

proposition says that Af is the same as Ag.
Proposition 1.4.10. Ag = AT

PROOF: {0,7} generates Ay under the substitution rule. But 0,7 € AT and A}
is closed under the substitution. Thus, Ay C AF. A

Obviously, the minimum separation distance between points of Aq are 1 respec-
tively. If one inserts any other point into A, then the minimum separation distance
of the resulting point set is less than 1. As a consequence, if we prove that the
minimum separation distance among points of A; is 1, then A} should be a subset
of Ay and the proof is completed.

Suppose py; = (z1 + 11 7),p2 = (T2 + YoT), Z1,Z2, Y1, Y2 € Z, are two points in A,
such that

lpr — po| < 1. . (1.4.21)

By the assumption p1,ps € Aj,

1 1
—(1 -+ ;) < (p1 —pg)* <1+ ; (1422)

Let m = 1 — z3 and n = y; — yo. Without lost of generality, we can assume that
p1 > po. Then the two inequalities, (1.4.21) and (1.4.22) can be rewritten as

0 <m+nrt <1,

1 n 1
—(1—*—;) <m—;_— <(].+'7j)

These are equivalent to

-nr <m <1-—nr,
1

1
—(1+—)+E <m <ﬁ+(1+—).
T T T T
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We aim to show that the two inequalities have no integer solution, or equivalently,
the intersection of two intervals J, := (—n7,1 —n7) N (—(1+ 1)+ 2,(1+ 1)+ 2)
contains no integers for all n € Z. Clearly the intersection J, may be nonempty
only in the following two situations.

e In the case that 1 n
—nT < —(1+;_—)+; <1-nr, (1.4.23)

the inequality (1.4.23) gives 1 < n < 7. Since (1, 7) contains no integers, there
is no J,.

e In the case that
1 n 1 n

The inequality (1.4.24) follows that —ZE < n < &5, Thus, n = 0. Plugging

n = 0 into (1.4.23), we have Jy = (0, 1), which contains no integers.
Therefore, we conclude that the inequalities (1.4.23) has no integer solution. |

Remark 1.4.11. One can also prove this in a geometric way. First, if we replace
the two symbols {a,b} by two vectors @ = (r,7*) and b = (1,1) , then we get a
substitution ¥ with $({@}) = {ab},¥(b) = @ As a consequence, the Fibonacci
symbolic sequence corresponds to a fized point of the new substitution %>{a@}. For
convenience, we denote it by {a}}$°. This sequence has a geometric meaning that
the sequence {¢; = Z’l o }3° specifies a path on the lattice L, which starts from
the zero and goes rightwards. One can verify that the first coordinates { Pi(¢;)}3° of
this sequence are the same as the one sided Fibonacci chain, i.e., Ay = {Pi(c:)}5°.
Therefore, {P3(c;)}3° = Ay C [—1,21). This says that this path winds through the
strip bounded by y = —1 and y = %, see Figure 1.4. Moreover, from the picture, one
can see that the sequence {¢;}3° defines a thomb chain {O;}° such that each rhomb
O; is specified by the three vector (c;—1,¢;, Cit1)-

Meanwhile, this thomb chain can also be generated as follows. We start from the
first thomb Oy. We denote it by O}. It can be specified by three vector (co, c1,¢2).
There are two rhombs on its right side. However, there is only one rhomb that has its
edge entirely in the strip next to the point co. We denote this rhomb by Of. Repeating

this infinitely, we obtain one and only one rhomb chain {O}}°. Since we showed

that {O;}$° is such a rhomb chain, so we have that O; = Oj, fori=1,2,3,.... We
denote the sequence of vertexes specifying the rhomb chain {O[}$° by {v:}°. Then,
v = ¢, fori=1,2,3,.... The set, {0} U {P1(v;)}{° provides all points of A}. So

Ao = AT. This is shown in Figure 1.5.
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Figure 1.4: The new substitution and the path defined by {¢;}$°
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Figure 1.5: The rhomb chain {O;}{°
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Now we are going to show that the model set A;, which is 2-sided, is LI to Aj.
For that, we need the following lemma.

Lemma 1.4.12. A, is repetitive.

PROOF: Let P be an arbitrary cluster of A; and P := {0,p1,...,pn}. Recall that
W = [-1,1). Consider Wp := W N (NF(—p; + W)). Then Wp is also a half open
and half closed interval. Thus, if Wp is nonempty, then it has nonempty interior
(note that 0 € Wp), which implies that the model set Ap with the window Wp is
a Delone set. Note that every point in Ap is a translation vector of the cluster P.
Since Ap is Delone set, the set of translation vectors of the cluster P is relatively
dense. It follows that A; is repetitive. O

Proposition 1.4.13. [A;] = [Ay].

PRrROOF: Recall that Ay C A;. Hence, Ay C [A;]. It suffices to show that
Ay € [A).

By the lemma 1.4.12, for each cluster of Ay, the translation number of this cluster
in A, is relatively dense. This implies that this cluster appears in A (equivalently
in Ap) infinitely times, which implies that A; € [Ap]. O

Remark 1.4.14. Similarly we can prove that the model set Ay with the window
(—1, 2] which is LI to Ag too. Since the two windows (—1,1] and (—1, ] are different
only at the boundary points, the two model sets Ay and A; are the same everywhere
except two points —1, —r. Obviously, —1 € Ay but not in A, and —7 € As but not
in Aj.

Consider the model set with windows [—1, %] (respectively (—1, %)) We point
out that it is not LI to AT. In fact, it is not repetitive since the interval [0,7 — 1)
([0,1+ 7)) appear only once at x = —7 (x = -1 — 7).

By a suitable generalization of Theorem 1.3.2, the frequency of the occurrence
of a cluster P :={0,p1,...,pn} in A; is equal to

(W e (pf + W)
(W) ’

freq(P) =

where p; € A1,i=1,...,n.

For instance, let P be the cluster corresponding to the word “bbh”. Then P =
{0,1,2} and WN (=1+W)N(—2+ W) = 0 because the total length of the window
Wis 1+ % < 2. Therefore, freq(P) = 0. When this happens, we say that the word
“bb” is forbidden in the Fibonacci symbolic sequence. Similarly, one can verify that
another word, “aaa”, is forbidden also. In fact, there are an infinite number of
forbidden words in the Fibonacci symbolic sequence.
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Chapter 2

Point set dynamical systems

Introduction

Let A € D™ be a given point set. In Chapter 1, we introduced the 2-point corre-
lation measure and the diffraction measure of a given point set on R¢. The main
purpose of this chapter is to define a probability measure on D™ determined by A,
which can serve as an invariant probability measure for a dynamical system of point
sets in D™,

For this, we will introduce a topological space .#Z™ of measures on R% and
show that it is homeomorphic to D™ . Then we will think of a dynamical system
as a point process, which can actually be defined by the one-to-one correspondence
between D™ and ™. The law of a point process, which corresponds to the
dynamical system measure on Dﬁm), has a nice property that it can be determined
by a collection of values defined on a semi-ring of the o-algebra of ™.

Such a collection of values may be given by the point set A. So the point set A
may determine a probability measure on D™ Denote by p4 the law determined by
A and let X be the support of p4. Then the triple (X, R% u,) defines a dynamical
system on ng).

In particular, we prove that if the point set A is uniformly recurrent in Dﬁm),
then the resulting point set dynamical system (X, R¢, 1) is minimal.

Finally, we will introduce the Dworkin argument aiming at the relationship be-
tween the 2-point correlation measure of A and the measure py.
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2.1 Preliminaries

Let G be an abelian group. A dynamical system (X, G) consists of a set X and a
group action of G on X. A subset B C X is invariant if and only if B = g~}(B)
for all g € G.

If X is a compact topological space and G is a topological group acting continu-
ously on X, then (X, G) is called a topological dynamical system. On the other
hand, if X is a measure space and X is equipped with an G-invariant probability
measure y, i.e., for all measurable sets B C X and all g € G, u(B) = u(¢7'(B)),
then the triple (X, G, u) is called a measure theoretical dynamical system. In
this thesis, we usually have both happening at the same time.

A topological dynamical system (X, ) is minimal if and only if for all ¢ € X,
the orbit of & under the G-action is dense in X. Equivalently, the only closed in-
variant subsets of X are ) and X. The measure p and the measure theoretical
dynamical system (X, G, u) are called ergodic if and only if every measurable in-
variant set B C X satisfies u(B) =0, or 1. A dynamical system (X, G) may admit
many ergodic measures. If it admits only one ergodic measure, then (X,G,u) is
called a uniquely ergodic dynamical system.

In particular, when G is an abelian topological group (like R?), for a point set
z € X, the closed set Gz is called the orbit closure of . Evidently, Gz is a G-
invariant set. Thus, the couple (Gr, G) gives a sub-dynamical system of (X, G). We
will show that for special kinds of points z € X, these sub-dynamical systems are
minimal.

In these definitions, we have used multiplication notation, which is standard for
the general theory of dynamical systems. But in this thesis, G is always (R%, 4), so
in the sequel these concepts occur in their additive notation.

Definition 2.1.1. A subset S of an abelian topological group G is relatively dense
if there exists a compact set K C G such that S+ K = G.

Definition 2.1.2. A point z € X is called uniformly recurrent if for any neigh-
bourhood x € V, the set {g € G : g+ x € V'} is relatively dense.

Theorem 2.1.3. ([19], Theorem 1.17) If x is a uniformly recurrent point of a
dynamical system (X, G), then the orbit closure Gz is a minimal G-invariant closed
subset of X and hence (Gz,G) is a minimal dynamical system.
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2.2 The topological measure space ,///r(m)

Let E = R? x m be as in Section 1.4.1. A very convenient way to deal with
countable point subsets A of E and families of them is to put them into the context
of measures by replacing them by pure point measures, where the atoms correspond
to the points of the set(s) in question. To this end we introduce the following objects
on any locally compact space S :

e S, the set of all Borel subsets of S;
e B(S), the set of all relatively compact Borel subsets of S;

e BM_.(S), the space of all bounded measurable C-valued functions of compact
support on S,

o C.(S), the continuous C-valued functions with compact support on S. If S is
known to be compact, we can write C(S) instead.

Following Karr [26] we let .# denote the set of all positive Radon measures
on E, that is all positive regular Borel measures A on E for which A(A) < oo for
all A € B(E). Equivalently, we may view these measures as linear functionals on
the space C.(E). We give .# the vague topology. This is the topology for which
a sequence {\,} € 4 converges to A € 4 if and only if {\,(f)} — A(f) for all
f € C.(E). This topology has a number of useful characterizations, some of which
we give below.

Within .# we have the subset ., of point measures A, those for which A(A) €
Nforall A € B. (Here N is the set of natural numbers, {0, 1,2, ... }.) These measures
are always pure point measures in the sense that they are countable (possibly finite)
sums of delta measures:

/\=Zaw5x, rz€E,a, €N.

Within ., we also have the set .#; of simple point measures ), those satis-
fying A({z}) € {0,1}, which are thus of the form

A= 4,
z€eA

where the support A is a countable subset of E. Evidently for these measures, for
z €E,
M{z}) >0 A{z}) =1z e A.
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‘The Radon condition prevents the support of a point measure from having ac-
cumulation points in E. Thus, the correspondence A «— A provides a bijection
between the closed discrete point sets of E, i.e. the discrete point sets with no accu-
mulation points, and .#;. This is the connection between point sets and measures
that we wish to use.! We note that the translation action of R¢ on E produces an
action of R¢ on functions by T;f(z) = f(T_.x), and on the spaces &, #,, M; of
measures by (T3(A))(A) = A(—t + A), (TN (f) = MT-:(f)) for all A € B(E), and
for all measurable functions f on E.

Here are some useful characterizations of the vague topology and some of its
properties. These are cited in [26], Appendix A and appear with proofs in [11],
Appendix A2.

Proposition 2.2.1. (The vague topology)
(i) For {X.}, A € A the following are equivalent:

(a) { ()} — A(f) for all f € C.(E) (definition of vague convergence).

(b) { ()} = A(f) for all f € BM(E) for which the set of points of dis-
continuity of f has A-measure 0.

(¢) {M(A)} — A(A) for all A € B(E) for which X vanishes on the boundary
of A, i.e. \(OA) =0.

(ii) In the vague topology, # is a complete separable metric space and 4, is a
closed subspace.

(1it) A subspace L of M is relatively compact in the vague topology if and only if
for all A € B(E), {\(A) : X € L} is bounded, which again happens if and only
if for all f € C(E), {A\(f) : A€ L} is bounded.

Note that .#; is not a closed subspace of .#),: a sequence of measures in .#, can
converge to point measure with multiplicities.

Proposition 2.2.2. (The Borel sets of #) The following o-algebras are equal:

(i) The o-algebra B( M) of Borel sets of M under the vague topology.

!Note that the point sets that we are considering here are simple in the sense that the multiplicity
of each point in the set is just 1. However, it is not precluded that the same point in R* may
occur more than once in such a point set, though necessarily it would have to occur with different
colours. Very soon, however, we shall also preclude this.

39



(i) The o-algebra generated by requiring that all the mappings A — X(f), [ €
C.(E) are measurable.

(tit) The o-algebra generated by requiring that all the mappings A — A(A), A €
B(E) are measurable.

(iv) The o-algebra generated by requiring that all the mappings A — X(f), f €
BM.(E) are measurable.

A measure A € # is translation bounded if for all bounded sets K € B(E),
{Ma+ K) : a € R} is bounded. In fact, a measure is translation bounded if this
condition holds for a single set of the form K = Ky x m where Ky C R? has a
non-empty interior. For such a K and for any positive constant n, we define the
space .#,(K,n) of translation bounded measures A € .#, for which

Ma+K)<n

for all a € R?. Evidently .#,(K,n) is closed if K is open, and by Prop. 2.2.1 it
is relatively compact, hence compact. See also [6], where this is proved in a more
general setting. »

If 7 > 0 then #,( ﬁm), 1) is the set of point measures A whose support A is
1-uniformly discrete. In particular, the set .#(C™, 1) = .///,,(Cr(m), 1) N Ay is
closed in //(,,(C,Sm), 1) and hence it is compact. For convenience, we simply rewrite
//ls(C’r(m) ,1) as (™ and in particular, we rewrite .///S(C’qgl) ,1) as . By the above

paragraph, ™ and ., are compact.

Remark 2.2.3. By Proposition 2.2.2 (iii), the o-algebra B(M,) of Borel sets of
A, can also be generated by a family of subsets of the form

(e NA) =kii=1,...,n), (2.2.1)

where A; is a Borel set in R% and k; is a nonnegative integers, for n € N. Since
the o-algebra of Borel sets of R% can be generated by the semi-open rectangles in
RY, the Borel sets { A;}} in the equation (2.2.1) can be restricted to these semi-open
rectangles. :

Similarly, the o-algebra B(A™) of Borel sets of M™ can be generated by a
family of subsets of the form

{Ae ™ X=X, M(AY) = ki, j =1,...,n}, (2.2.2)

=1
where ); is a uniform discrete measure on the space R* x {i}, A% is a semi-open
rectangle in R? x {i} and k% is a nonnegative integer, for n € N.
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If A € A, is a translation bounded measure on R? we shall often write expressions
like 3, 5 A({z}) where B is some uncountable set (like R? itself). Such sums only
have a countable number of terms and so sum to a non-negative integer if B is
bounded, or possibly to +o0o otherwise.

2.3 The local topology on D™
Note that there is a one-to-one correspondence A < A between measures in M
and the point sets in D{™_ Thus, the point sets space DI™ can be assigned a
topology transferred by the correspondence. However, the most commonly used
topology in the study of point set dynamical systems on D™ is the so-called local
topology since it implies a notion of closeness that depends on the local configuration
of points (as opposed to other topologies that depend only on the long-range average
structure of the point set).

The local topology is most easily described as the uniform topology on Dﬁm)
generated by the entourages

U(Crye) = {(A, A"y € D™ : CRn A cC.+A", CrnA"cC.+A}, (23.1)

where R, ¢ run over the positive real numbers.

Note that in (2.3.1), A and A’ are subsets of E. Intuitively two sets are close if on
large cubes their points can be paired, taking colour into account, so that they are
all within e-cubes of each.other. It is easy to see that D™ is closed in this topology.

Given any A’ € D™ we define the open set

U(Cr,e)[A] == {A" € DI™ : (A, A") € U(Cg,€)}.

Proposition 2.3.1. (See also [6]) Under the correspondence A «— A between mea-
sures in A™ and the point sets in ’Dﬁm), the vague and local topologies are the

same. As a consequence, D™ s compact.

Proof: Let {\,} be a sequence of elements of X for which the corresponding
sequence {A,} C D™ converges in the local topology to some point set A € DM,
Choose any positive function f € C.(E) and suppose that its support is in Cg, and
choose any € > 0. Let Ny := 1+ sup,cy Mn(Cr) and find > 0 so that n < r and
for all z,y € Chg,

|z —yl <n==1f(z) = fY)| <€/No.
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Let {z1,...,zn} = CpNA C E. Then for all large n, CrNA, C {Cp+z1,...Cyp+2zn}
with exactly one point in each of these cubes. Then

M) =ADI=| D f@)= > f(@)] < Noe/No=c.
‘ ye€CrNA, z€CrNA
Thus {\.(f)} — A(f), and since f € C.(E) was arbitrary, {\,} — X in X.
Now, going the other way, suppose that {A\,} — A in X. Let R > 0 and let
CrNA={z,...,zy}. Choose any 0 < € < r, small enough that for all + < N,
Cc+z C C,(im), and let

N
fé = Z 1CE+I¢ .
i=1

Then {\(f)} = Mfe) = N = MCRr) — {M(Cgr)},soforalln >> 0, \y(fe) = N =
An(CRr) (see Prop. 2.2.1). Since each cube C.+z; can contain at most one point of any
element of D™, then for alln >> 0, and for all s < NV, there is a yf") € (Cetzy)NA,.
This accounts for all the points of Cg N A,. Thus A, € U(Cg,€)[A4]. This proves
that {4} — A. | O

2.4 A probability measure on Dﬁm)

For simplicity, we consider the case m = 1 first. Let A be a given point set in D,
and A be the Dirac comb of A, i.e., A = 4. Denote by R the set of all semi-open
d-dimensional rectangles, i.e., the sets of the form [; x - - - x Iy C R?, where Iy,..., 14
are of the form [a,b), or (a,b] C R.

By Remark 2.2.3, the o-algebra Z(.#,) of Borel sets of .#, can be generated by
a family of subsets of the form

{A €D, : N(A) =ki,i=1,...,n, where X is the Dirac comb of A'}, (2.4.1)

where A; € R, k; € Z*, fori=1,...,n and n € N. For convenience, we rewrite the
subset given by (2.4.1) as X(a,,... Ansks,.. k) and call (A1, ..., Ap; k1, ..., kn) a pattern
of D,2.

.....

Definition 2.4.1. For a pattern (Ai,...,An;k1,...,kn) of Dy, its frequency on
the point set A is defined by

. 1 .
pA(Al,...,An;kl,...,k‘n) = I%Elgo@l({t € CR}\(t"}“AJ) =kj,] = 1,...,77,}),
(2.4.2)

2The patterns of A defined in Section 3.4 are special types of patterns of D,
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if the limit exists®.

Evidently, this is equivalent to

. 1
,OA(A1, LAk, kn) = }%}—1?30 m[ ({t €cCr:t+Ae X'(A1 ..... An;kl,...,kn)}) ,
(2.4.3)

Applying the standard “e— R” argument, we can prove the following proposition.

Proposition 2.4.2. Let Ay, Ay € D, be two arbitrary point sets such that the set
(A1 A As) has density O, where A is the symmetric difference. Suppose that for a pat-
tern (A, ..., Aniki, .. kn) of Dy, pa, (A, ... Ak, .o k) exists. Then we have
that pa, (A1, ..., Api ke, ... ky) exists also and it is equal to pa, (A, ..., Ans k1, oo k).

Example 2.4.3. Let A be the point set Z and let A’ be the point set A\ {0}. By
Proposition 2.4.2, for all patterns (Ai, ..., An; k1, ..., kn) of Dy,

pA(Al,. . .,An;kl,. f ,k‘n) = pAl(Al,. . .,An;kl,. . ,]{Jn) (244)

Especially, )
11 11 1
,0,1/(—1 + (—57 5)» ("'5’ "2')a 1+ (_ia '2')7 1, 0, 1) - 07
contrasting to

11 11 11
(=14 (=2, 2), (==, =), 1+ (==,2);1,1,1) = 1.
We assume that the point set A € D, satisfies the following assumption:
FI: The frequency of each pattern (Ay,..., An;ky, ..., ky) exists on A.
Let p(A1,..., An;ky, ..., kn) be a value for a pattern (A, ..., An;k1,..., k) of
D,. There is a fundamental question: are there some conditions on p can guarantee

that it uniquely determines a probability measure p on (A, B(M,)) satisfying

(X Ay Anes k) = D(ALy o, Ans iy oo k)7 (2.4.5)

This question is answered by the following proposition.

Proposition 2.4.4. (/87]) p uniquely determines a probability measure p on (M, B M,))
satisfying (2.4.5) if and only if the following siz conditions are fulfilled:

3Note that the special averaging sequence {Cg : R > 0} is used again and the convergence or
the limiting value of the two averages may not be the same if it is replaced by a different averaging

sequence.
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1. p(AL,.. ., Aniky, .. k) > 0;

2. p(Ay, .. Aniki, . k) = p(Ay, ..., Aiyi ki -5 k), for every permutation
(¢1,...,4n) of numbers 1,--- ,n; ' <

8. Y o p(Ak)=1;

4o op(AL, . Ansky, . k) = (A, Anks, k), forn € Nyn> 1

5 p(Ay,...,An, Biki,. .. kn,s)

= > plAn..., A Bi,.. Biki, . keysi,5), (2.4.6)

S1++8;=8

where Ay, ..., An, By, ,B; € R are pairwise disjoint and B = ULIBi eR,
J,s € Z*F;

6. p(A(lj), e ,A%);O, .++,0) = 1, as j — oo for every finite sequence (Agj), . .,Ag()j)),
AY e R, with AD = "D 49 N\ 9.

Theorem 2.4.5. The function ps in equation (2.4.2) uniquely determines a proba-
bility measure® py.

ProOOF: We show that the value p, satisfies the six conditions in the Proposition
2.4.4.

Obviously, the function p, satisfies the first two conditions. The third condition
is satisfied by p4 because

g;pAAJﬂ = E:ALwKCMZHtECh:Mt+A)=kD

k=0
3 1 o . —
) 1

= Jim l“(-aR—)'l ({t € Cr})

= 1.

Note that we switch the order of the limit and the infinite sum in the second equation.
This can be justified by the fact that 0 < T(él';;_)l {teCr: AMt+A)=Ek})<1,0<
T eyl {t € Cri A+ A) =k}) = 1ol (Uo{lt € Cr: A+ 4) =k}) < 1,

and the monotone convergence theorem.

4We use this notation to make it clear that the probability measure depends on A.
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Similarly, we can prove that conditions (4) and (5) are fulfilled by p,4. Especially,
equation (2.4.6) follows from the combinatorial identity

{teCr:ANt+B)=s}= U {teCr: At+Bj)=s;,j=1,...,m},

$1++8m=8

where the union is disjoint.

Now we prove that p, satisfies condition (6). First of all, the assumption AY \
means that: (i) AU+D ¢ AW, j =1,2,...; (ii) ﬂ;??;lA(j) = {). It is a simple property
of measures that I[(A9) — (2, AD) = I(§) = 0. Without lost generality, we
assume that A1) is bounded and hence it has a finite partition that A®) = Ule C,
C;, is a translated copy of some semi-open cube C;, where s < r (and s depends on

Next, we point out that ﬂ?:(’l){t € Cr: Mt + Az(-j)) =0} ={t € Cp: At+
AW = 0}. As a consequence, pA(Agj), .. .,Afj(’j);o, ..,0) = pa(A7;0). Hence, it is
equivalent to show that ps(AY);0) — 1.

For that, we consider a refined partition of AY such as A9 = [ JJ¥ (K | 4D,
where Afi ) = Az(j ’n C,. Because every Az(-i) is embedded in a translated copy of C,,
we have

Cr\{t € Cr: Mt + AP) =0} = {t € Cr: At + AP) = 1}.

Because AN (a+ C.) <1 for a € RY,

I({t € Cr: At +AP)=1}) < card(t € CrN A)-U(AD)
< ¢ U(Cr) - UAPY), (2.4.7)
where ¢ = (L +1)%. As a consequence,
n(j)

Cr\{t € Cr: A(t+AD) =0} = Cp\[|{t€Cr:At+AY) =0}
i=1

n(j)

- UCR\{teCR:A(t+A§j’)=0}

()

= JlteCr: At +4P) =1},
i=1
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Thus,
n(5)

(CR\{teCr:At+AD)=0}) < S i({te Cr:At+AY)=1})

n(j)
< - 1(Cr)- Y UAD)
=1
< ¢ UCR)(AD).
Finally, putting all this together, we have

. l{teCr: At+ AD) =0})

pa(A(7);0) = lim (CR)
. 1(Cr)—c- l(CR)l(A(j))
>
= F%I_I}éo [(CRr)
So pa(AY);0) — 1 as I(AY)) — 0. )

Proposition 2.4.6. u, is invariant with respect to the R%-action.

PrOOF: For an arbitrary n semi-open rectangles 4, ..., A,, n nonnegative in-
tegers ky,...,k, and s € R?,

pa(s+ Ay, ..., s+ Aps ki, k)

. 1 .
-I%I_I&Z—(-C—’R—)l({teOR'/\(8+t+Ai)—ki’l—l’”"n})

_ I%EEJ((%*R_)““' €(s+Cr) \'+ A) = kii=1,...,n})

t'=t+s)

= Jim @zw € (Cr) Mt +A) = kiyi = 1,...,n})

= ua(A1, ..., Ans K1y ooy kn)-
We use the fact that limp_. l—(—(s—“Lz%——})z)Agﬁ‘l = 0 in the third step, where A is the
symmetric difference. So we conclude that p, is an invariant of R%-action. Since uy
is generated by p, from equation (2.4.5), u is also an invariant of R%action. O

Through the one-to-one correspondence A «» A, the measure p, induces a prob-

ability measure on D,. We denote this induced measure by p,. Evidently, the
measure f4 is an invariant of Ré-action
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Lemma 2.4.7. For all s € R%, 4 exists and it is equal to p4.

This follows from the invariance of p4. It says that the probability measure is
fixed on the orbit of A.

The physical meaning of the probability measure 114 is easy to understand in the
case that A has FLC. See the following proposition.

Proposition 2.4.8. Suppose the point set A has FLC. When the measure ps exists,
the frequencies of all local patterns of A exist and they can be expressed by pia.

Proor: Let P := {0,p1,...,pn} be a (n+1)-point patch of the point set 4, i.e.,
pj € A—Afori=1,...,n. Because A has FLC and hence A — A is locally finite,
there is a minimum separation distance ' > 0 among points in (A — A)NCg, where
R = max{|p|,...,|pn|}. Let V be a neighbourhood of the origin, V' C C,s . Define

Xpy :={AeD..PCcA+V}L (2.4.8)

It is quite straightforward to see that
. l{teCgr:PC(-t+A4)+V})

palXe) = g, (Cr)
. card({te CrNA:PcC(—t+A})-I(V)
= lim
R—oo l(CR)
By Definition 1.1.2, freq(P, V) exists and it is equal to %V_) 0

The following proposition is a simple consequence of Proposition 2.4.2.

Proposition 2.4.9. Let Aq, Ay be two point sets in D,. Suppose dens(A;AA;) =0
and the measure py, exists. Then pp, exists also and it is equal to iy, .

Now we modify this to treat the multicolour case. Let A be a given a point set
in DI™. We are going to define a probability measure on D™ determined by A.
Recall that A has the form U, A; x {i}. So the Dirac comb of A, denoted by A as
usual, is in ///T(m) and it can be expressed by a n-tuple (d4,,...,0d4,,), which satisfies
that 00 64,(—t+ C,) < 1 for t € R% As before, \' denotes the restriction of the
Dirac comb ) to the space R¢ x {1}, for i = 1,...,m. Define Xi={Al,...,A"}. We
call a subset A C E a semi-open rectangle in E if it has the form that [ J-, A; % {¢},

where Ay, ..., A,, are semi-open rectangles in R%. We denote the set of all semi-open
rectangles in E by R.

Analogous to the case that m = 1, for n arbitrary semi-open rectangles, Ay, ..., A,,
in E and n arbitrary vectors Ki,...,K, € (ZT)™, we call the sequence

(Al,...,An;Kl,...,Kn)
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a pattern of D{™ and denote by X(A1,..AniK,,...K,) the subset of ™ defined by
N e ™ Nt+A;)=K;,j=1,...,n}. Similarly, the family of subsets of this
form generates the o-algebra of ™.

Definition 2.4.10. Let (Ay,...,An; Ky, ..., K,) be a pattern of D™, If the limit

pA(Al,...,An;Kl,...,Kn)

1 . .
.:}%Eréoml<{t€CR.A(t+Aj)—Kj,j—1,...,n}), (2.4.9)

exists, then we say that the frequency of the pattern (Ay, ..., An; Ky, ..., K,) on the
point set A exists and it is equal to pa(Aq, ..., An; Ky, ..., K,).

Similarly, the limit defined by (2.4.2) is equivalent to
pA((Al7 s 7An;K1a s aKn))

) 1
= I%]_rgo @l ({t ECr:t+AE X, AnK,,.., Kn)}) , (2.4.10)
Now we assume that the point set A € D™ satisfies the following assumption:
FTI': The frequency of each pattern of Dﬁm) exists on A.

We wish to show that the values of p4 uniquely determine a probability measure
w on (M., B(A,) fulfilling the condition

p({N € 4™ : X(A})=K;,j=1,...,n})
= pA(Al,...,An;Kl,...,Kn). : (2.4.11)

for n arbitrary semi-open rectangles Ay, ..., A, and n arbitrary vectors Ky, ..., K, €
(zr)™.

For that, we need a generalization of Proposition 2.4.4 as follows. Using the same
technique to prove Proposition 2.4.4 [37], we can also show the following Proposition.
When come to condition 6, we need the fact that S 64,(—t +C,) < 1.

Proposition 2.4.11. Let p(Ay,...,An; Ky, ..., K;) be a value for n arbitrary dis-
joint semi-open rectangles and n arbitrary vectors Ky,..., K, € (Z*)Y™. Then p
uniquely determines a probability measure p on (‘///,«(m),.%(///r)) satisfying (2.4.11)
if and only if the following siz conditions are fulfilled:

1 p(Ar,..., AuKi,... K,) >0;

2. P(A1,...,An;K1,...,Kn) = p(Ail,...,Ain;Kil,...,Kin), for every permu-
tation (iy,...,1,) of numbers 1,--- ,n;
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3 Ym0 PAK) =1, where K = (ky, ..., km);

4 Yoperkm=0 DAL ALK LK) = p(Ag, A K, LK), where Ky =
(k1,. .. km), forn e Nyn > 1;

5 pa(Ay,.. AL B Ky, . .. K, S)

= Y pa(Ay,...,AyBy. L B Ky, K, Sy, LS, (2412)
S1448;=8

where Ay, ..., Apn,By,--- ,B; € R are patrwise disjoint and B = U{lei € ’ﬁ,
S,Sj c (Z+)m,‘

6. p(A?), . ,AS()J.);(_)', . |
AP e R, with AV = 19 AP\, 0.

() )

J 6) — 1, as j — oo, for every finite sequence (A(lj), e ,An(j)

O

Analogously to Theorem 2.4.5 and Proposition 2.4.6, we have the following result.

Theorem 2.4.12. The function p, in equation (2.4.10) uniquely determines a prob-

ability measure pn, which is invariant with respect to R%-action.
Also we have the following proposition as a generalization of Proposition 2.4.13.

Proposition 2.4.13. Let Ay, Ay be two point sets in DM, Suppose dens(A;AAp) =

0 and the measure iy, exists. Then pa, exists also and it is equal to pz, -

2.5 The point set dynamical systems on Dq(nm)

Let A be a point set in D™ satisfying the assumption FI'. By Theorem 2.4.12, the
probability measure z1, exists and it is an invariant of R%-action. Let X := supp(ua).

Then X has the following properties:

space X is considerably smaller than D

e X is a compact subspace of ’Dﬁm);
e X is an invariant set with respect to the R%action.

As a consequence, the triple (X, R%, u4) defines a topological dynamical system and
a measure theoretic dynamical system at the same time. In particular, (X, R?) is

a sub-dynamical system of (Dﬁm), R?) and in most cases of interest, the topological
(m)
T .
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2.5.1 Minimality

To define a uniformly recurrent point set, we need to consider the topological dy-
namical system (D™ RY). According to Definition 2.1.2, a point set A’ € pim
is uniformly recurrent if and only if for every neighbourhood © of A’, the set
{t e R¢:t+ A € O} is relatively dense.

Proposition 2.5.1. If A’ has FLC, then A' is uniformly recurrent if and only if A'
18 repetitive.

PRrooF: Without loss of generality, we consider neighbourhoods © of A’ of the
form U(Cg,€){A’], where R > 0,¢ > 0 and ¢ is expected to be very small. By the
assumption that A’ has FLC, A" — A’ is locally finite. Thus, there is a positive
number b > 0 such that {g; + C,} are pairwisely disjoint, where ¢; € (A’ — A') N Ch.
We choose € to satisfy that e < min {2,7} and ((4'— A)NCr)N(8Cr+Ce) = B (no
points in ((A’ — A") N Cg) are in the Ce-neighbourhood of the boundary of Cg). We
claim that for each t € RY, t + A’ € U(CR, €)[A'], there exists a vector s € C, such
that (s +¢t+ A)NCr = (A’ NCg). Recall that s+t is called a translation vector
of the cluster (A’ N Cg). This follows that the set {t € R? : ¢t + A’ € U(CR,¢)[A']}
is relatively dense if and only if the translation vectors of the cluster (A’ N Cg) are
relatively dense, which implies that A’ is uniformly recurrent if and only if A’ is
repetitive.

So it suffices to show that the claim is true. Recall that ¢t + A’ € U(Ckg,€)[A]
if and only if (t + A)NCr C A +Ccand A NCr C (t + A') + Ce. It means that
the set (t + A') N Cg is in the Ce-neighbourhood of the set A’ N Cg. Suppose the set
{pl,...,ply} = ({t+ A)NCg and the set {p1,...,pn} = A N Cr. Evidently, n =n'.
Without lost of generality, we assume that for each i € {1,...,n}, |p} —pi| < e
Then for i # j,i,5 € {1,...,n}, |} — pj) — (B — pj)| < 2¢ < b. Note that
@, — ), (pi — p;) € (A= A) N Cr. By the definition of b, this follows that for i #
347 € {1,...,n}, ;—p}) = (pi—p;). Thus, fori € {1,...,n}, p;—p; is a constant,
Take s = p; — p}. Then s satisfies that s € C. and (s+t+A)NCr=ANCgr. O

By Theorem 2.1.3, we know that if A is uniformly recurrent, then the orbit
closure of A denoted by X, is minimal. We wish to use this result to prove that the
dynamical system (X,RY, u,) is minimal by showing that X = X .

However, it is still unstated that for a point set A’ € D,(nm), what is the meaning
that A/ € X7 Recall that for a regular positive measure v on some topological
space, a point z is in the support of v if and only if for all open neighbourhoods N,
of z, v(IN;) > 0. Further, if there exists a neighbourhood base {Nz(")}fo of the point
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z, then it is equivalent to say that z € supp(v) if and only if for n = 1,2,3,...,
y(NEY) > 0.

Now we turn back to the point set A’ and the space DI™. Let {(Rn, €n)}$° be
a sequence such that R, /" 00,€, N\, 0 as n — co. Then the set {U(Chr,,€,)[A]}
is a neighbourhood base of the point set A’. Therefore, A’ € X if and only if
ua(U(Cr,,€)[A]) >0, for n=1,2,3,....

We wish to use the definition of g to compute ps(U(Ch,,€)[A]) for n =
1,2,3,.... For this, we need an alternative description of U[CR,, €,]{A’] in terms of
measures. This is provided by the following lemma.

Lemma 2.5.2. Suppose R,, ¢, are chosen so that no point of Cr, N A" is in the
C., -boundary of Cg,, i.e., (CRn NAYN(OCr, +C.,) = 0. Then

pa(U(Cr ) A)) = Jim 72 ,(CR) I({t € Cr: (t+4) € U(Ch, AN, (25.1)
PROOF: Denote by {pi,...,pkwn)} the finite set Cr, N A’. For all point p € A',
let C}, be the index number of the colour of p, ie., C, = j if and only if p is a
point in the j-th component of A’. Recall that A” € U(Cg,, €,)[A’] if and only if
(A, A"y € U(CR,,€n), 1.€., ANCg, C A"+C,, and A"NCx, C A'+C,,. This implies

that there exists one point of A” in each small cube p; + C,, for i =1,...,k(n) and
no points from A” appear in the remainder of Cg,, see the Figure 2.1. In terms
of vector measures, we have that \'(p; + Ce,) = 1g,,, for i = 1,...,k(n), and

N'(Cr, \ Uk(") (pi + C.,)) = 0, where 1¢,, is the unit vector which has 1 at index
Ch,. ’

By condition (5) in Proposition 2.4.11, equation (2.4.11) holds also for patterns
defined by rectangles. Since the set Chg,, \ Uk(") (p; + C¢,) can be decomposed into a
disjoint union of rectangles of R%, we can think of

k{n)

P+ Cena v oy Di(n) + C€n7 CRn \ U pi + Cen) cpi)r- - lc(m)ao
i=1

as a finite disjoint union of patterns defined by rectangles and rewrite the set
U[CR,, €n)|A'] as
X (P14+Cen s Pr(m) +Cen Crn \UELY (Bt Cen Loy oLty 0)

Moreover, by (2.4.11) and (2.4.10), we have equation (2.5.1). O
Now we set out to prove that X = X4 in the case that A is uniformly recurrent.
The following lemma, is useful to estimate the measure value us(U(Cg,, €n)[A4]').
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Figure 2.1: The black solid dots represent points from the set A’ N Cr whereas the
blank dots represent A” N Cr, where A” is an arbitrary point set in U(Cg,, €, )[A'].
The whole picture shows a pattern defined by U(Ch,, €,)[A'].

Lemma 2.5.3. Suppose for each R, > 0, ¢, is chosen to satisfy that there is no
point of Cr, N A in the C,, -boundary of Cg,, i.e., (Cr, N A) N (8Cr, + C.,) = 0.
For a point set A' € U(CR,, 3ea)[A], U(Cr,, 3€:)[A"] C U(Ch,, €a)[4].

PROOF: By the assumption, A'NCr, C A+ Ci..,ANCR, C A+ Cy,, and
A"NCpr, C A +Cy, , ANCr, C A"+ Ci,. Note that the boundary effect is
eliminated by how R,, e, is chosen. Therefore, A" N Cg, C (A NCpg,) + C% e, C
A+C,, , ANCpg, C (A’ﬁCRn)JrC%en C A"+C.,, i.e. U(CR,, 34)[A'] C U(Ch,,, €:)[4].

This is shown in Fig. 2.2. 0O
Lemma 2.5.4. X C X,

Proor: It suffices to show that for a point set A’ € X, there is a neighbourhood
basis U(CR,,€,)[A’] of A’ and t, € R* such that t, + A € U(CRg,,€,)[A’]. Since
A € X, us(U(Cr,,€,)[A]) > 0. Using the limit defined by equation (2.5.1), we
have that I({t € Cg, : t + A € U(Cg,, €:)[A']}) > 0 and hence the set {t € Cp, :
t+ A€ U(Chg,,€,)[A]} is nonempty. Taking £, as a point of this set, we have that
(tn + A) € U(CR,,, €n)[A’]. Therefore, A" € X 4. Since A’ is an arbitrary point set in
X, we have X C X,. O

Finally, we are ready to show the following proposition.

Proposition 2.5.5. Suppose A is uniformly recurrent, then X = X4.
ProOOF: We have proved that X € X, in Lemma 2.5.4. So it suffices to show

that X, C X.
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Figure 2.2: The black solid dots represent points from the set A N Cg whereas the
blank dots represent A’ N Cr, where A’ is an arbitrary point set in U(Clg,, %en)[/l]
This shows U(Cr,, 5€a)[A'] C U(Cr,,€n)[A].

In this proof, for each n, we choose Ry, ¢, in the same way as we did the previous
lemma. As usual, let {p1,...,0km)} = ANCh,.

First, we prove A € X. It suffices to show that ps(U(Ch,,€n)[4]) > 0, for
n=1,2,3,.... By Lemma 2.5.2, it suffices to show that

Lo {tERY:t+ A€ UCh e [AD)

A I(Cr) >0

forn=1,2,3,....
Since A is assumed to be uniformly recurrent, the set {¢ € R¢ : t + A €
U(Chg,, %en)[/l]} is relatively dense, i.e., there exists a positive number ¥, > 0 such
that for all a € R¢, card((a+Cy, )NU(Cr,, 36.)[A]} = 1. Suppose s € (a+Cy, )N{t €
RY: ¢+ A€ U(Cr,,2e:)[4]} and s’ € s + Ci.,- Thens+ A€ U(Ch,,, 3n)[4] and
s’ + A € U(Ch,, 3€a)[s + 4]. By Lemma 2.5.3, we have s’ + A € U(CR,, €:)[A4] and
hence s + C1. C ((a+Cy,)N{t € R¢:t+ A€ U(Cr,,€en)[A]}.
Thus, ignoring the boundary effect which vanishes as n — 00, we have u,(U(Cg,,, €,)[4]) >
%. Therefore, when the limit exists, we have that ps(U(Cg,,e€n)[A]) >

711(1_(%?,)—) > 0. By Lemma 2.5.2, A € X.
Since X is closed and R%invariant, X, C X. O

Combining Theorem 2.1.3 and Proposition 2.5.5, we obtain the following result.

Theorem 2.5.6. Suppose that a point set A € D™ s uniformly recurrent. If the
probability measure s exists, then the point set dynamical system (X,R%, py) is
minimal. |
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Corollary 2.5.7. ([47]) Suppose A € D™ has FLC and it s repetitive. If the
probability measure ua exists, then the point set dynamical system (X,R% uy) is
minimal. 0

We point out that in spite of the fact that the measure p, originates from
the point set A, A may not be in the support of the measure u,. For instance,
we consider the point set Z \ {0}. By Proposition 2.4.13, uz\(o} exists and it is
equal to pz. Note that for 0 < € < % and R = 2,3,4,..., U(Cr,€)[Z \ {0}] =
Uz‘e(Z\{O})ﬂ(1~R,R——1)(7;+("€? €)) and by the definition of p4, MZ( (Cr,€)[Z\{0}]) = 0.

Therefore, (Z \ {0}) & supp(iuz\(op))-

2.5.2 Ergodicity

Theorem 2.5.8. (Theorem 2.6, [34]) Let (X,R%) be the dynamical system in The-
orem 2.5.6. It is uniquely ergodic if and only if for all functions f € C(X),

1
I(Cr) Jo

uniformly in £ € X, with the constant depending on f. O

f( —t+ £)dt — constant, as R — oo, (2.5.2)

The main purpose of this section is to show that under an appropriate condition,
the dynamical system (X,R%) is uniquely ergodic and hence the invariant measure
14 is uniquely ergodic.

It has been proved in (Theorem 2.7, [34]) that in the case that A is a Delone
multiset with FLC, the dynamical system (X4, R?) is uniquely ergodic if and only
if A has UCF. We wish to get the same result in a more general setting D™ For
this, we need to generalize the notion UCF to a point set A € D™, This is given
as follows.

Definition 2.5.9. For a pattern F := (Ay,..., An;ky,. .., k) ofDﬁm), if the limit
1
[y a+A) = lim —— / Lo (=t +a+ A)dt, (25.3)
) Jon
exists uniformly for a € RY, then we say that this pattern has uniform frequency’

at' A. Further, if all patterns of D™ have uniform frequencies at A, then we say
that A has uniform pattern frequencies (UPF).

5The limit I(1x, A) is equal to the frequency pa(f)
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In general, we define that for a function f defined on X and a point set £ € X,

Ia(f,€) :zﬁé—ﬂ [ et o (2.5.4)

and
if the limit exists.
Lemma 2.5.10. The function Ig(1x,,A’) is continuous with respect to A'.
PROOF: We are going to show that for a € > 0, there is exists a § > 0, such that
for all A” € U(Cg, 0)[A'],
|[Ir(1xp, A') — Ip(1x,,A")| <e. (2.5.6)

Suppose for i = 1,...,n, A; := Ul A7 x {5} and A’ = U‘li/l;- x {7}. We define
OF; = (0CR U UL, U, 04]) + Cs, Z(A) = {t € Cr : —t+ A’ € Xr} and
YO ;= {t € Cr: (—t + A) N (OFs) = 0}. Moreover, we define Z¥)(A) :=
Z(A) N YO (A,

From the proof of Theorem 2.4.5 (see inequality (2.4.7) ),

l{t € Cg: card((—t + A) N (0F5) > 0) < ¢ - (Cr)I(OF3),

where ¢ = (1 + 1)4. 1t is clear that [((0Fs) — 0, as § — 0. So there is a d; > 0 such
that for § < &;, [(Cr \ Y®(A")) < € I(CR).
Note that for a A” € U(Cg,d), ZO(A') C Z(A"). Furthermore,
ZO(N) = 2(M)\ (Z(4) N (Cr\ YO (4))),
it follows that
(ZO(A)) = UZ(A)) = 1((Z(A) N (Cr\ YO(A)))) = UZ(A)) = 1((Cr\ YO (4))).
Therefore,
WZ(A") =W Z(A)) = —U(Z9)) - (Z(A))
> —l(Cr\YW(A)) > —¢-1(Chr).
Similarly, we can show that there exists d; > 0 such that for § < 45, and a A" €
U(CRg, 6)[A],
UZ(A)) = UZ(A") 2 ¢ U(Cr).

Taking 0 = min{dy, 62}, then for a A” € U(CRp, §), the inequality (2.5.6) follows from
the above two inequalities. a
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Lemma 2.5.11. Let f be a continuous function on X, i.e., f € C(X). Then f can
be uniformly approzimated by simple functions of the form

PRrOOF: Recall that X is compact. Hence, f is a uniformly continuous function.
So for a € > 0, there is an entourage U(Cr,8) such that for any two point sets, &
and 7, (§,n) € U(Cr,0), |f(§) — f(n)| < e. Now we take a finite set of disjoint
semi-open rectangles {4,..., A,} such that each of them can be embedded into a
small cube a + Cy, where a € R?, s < min{r, %} and Cp CJ, 4;. Fori=1,...,n,
we define A; := U2, A; X {j}. Then for {A,,..., A}, the space X has a partition

X = U X(Al»maAn;kl ,,,,, kn)» (257)
ki,....kn€{0e1,....em }

where ep, ..., e, are unit vectors of R™.

Note that the pattern (Ag, ..., Ap; ki, . . ., k) can be simply specified by (ki, ..., k).
Evidently, for such a pattern (ki,...,k,), if £, 7 € X(,,..k.), then (§,1) € U(Cr, 6).
So for a £uq,...kn) € X1, kn)s

.....

where f is restricted to X, . x,)-
It is clear that card{(ky,...,k,) € {0,e1,...,em}"} = (m + 1)". Therefore, f
can be approximated by a simple function as follows,

Hf — Z f(g(kx ..... kn))]'X(k1 ..... kn)Hoo <e
ki,..kn€{0,e1,i.s€m }

O

Theorem 2.5.12. Let A be a point set in D™ having UPF. Then the measure fi4
exists and it is uniquely ergodic.

PROOF: First of all, u, exists because A has UPF.
Next, by Lemma 2.5.11, it suffices to prove it for the functions f of the form

By the definition of u,, for a pattern F := (Ay,...,Ap kg, ..., ky), I(1xe,A4)
exists and it is equal to ps(Xp). Since A has UPF, the limit I(1x,,a + A) exists
uniformly for a € R?. Moreover, as a consequence of van Hove sequence property,
we have that I(1x,,a+A4) = I(1x,, A), for a € R% We aim to show that I(1x,, A’)
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exists uniformly and I(1x,,A") = pa(Xr), for A’ € X. Recall that X C X, (see
Lemma 2.5.4). So it suffices to show it for A’ € X,.

Let A’ be a limit point set of the orbit of A, i.e., there is a sequence {sm : sy €
R4} such that s,, + A4 — A’ in the local topology.

By Lemma 2.5.10, the function Ip(1lx,,A’) is continuous with respect to A’
Thus, Ir(1x,, A") = imy, 00 [rR(1xp, Sm+A4). Further, for all sy, Ir(1x,, Sp+4) —
I(1x,,8m + A) uniformly as R — oo and limg_eo [rR(1xp, Sm + A) = [(1x,,A4) =
ua(Xr). Thus, for a € > 0, there exists R’ > 0, such that for R > R/, and m € N,

IR(Lxp, 5+ 4) = pa(Xp)] < 5.
Meanwhile, for the same ¢, there exists N € N such that for m > N,
Hr(1xp, A') — In(1x,, sm+ A)| < g
As a consequence, for R > R/,
[ r(Lxp, A) = pa(Xr)| <e
Therefore, I(1x,, A') =limp oo [r(1x,, A) = pa(XF). 0

2.6 Spectral measures and the diffraction mea-
sure

Consider the Hilbert space L?(X, u). Along with the action of 7" on X there is an
unitary action (also denoted by T') on the space of square integrable functions on
X. For any function f € L2(X, u), T,f(A) := f(=t + A) for all t € R%, It is easy to
verify that 7" is well defined.

2.6.1 Spectral measures

That the spectral theory of such a unitary representation is useful in understanding
the geometry of the structures which are encoded in the dynamical system goes
back to O. Koopman [29] in the 1930’s, and is well-known in mathematical physics.
Since usually it is hard to compute the spectrum of 7" directly, one looks at spectral
measures of all the functions in L2(X, u). For any function f € L%(X,u), (f,Tif)
can be verified to be a positive definite function on R%. By Bochner’s theorem [46],
there exists a positive measure py such that

(,Tof) = / ety
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s is called the spectral measure of the function f.

Then what is the relationship between these spectral measures and the spectrum
of the operator? The measure yuy may be pure point, singular continuous, or ab-
solutely continuous, or any mixture of these. The basic spectral decomposition of
L?*(X, ) is created by splitting it according to those functions f for which uf is of
these various types:

LA(X, 1) = L*(X, w)pp €D LA(X, 1)ac D LP(X, 1) e

In hand with this we consider the Hilbert space L?(R?,%) defined by the diffrac-
tion of A € X (v = va is almost everywhere the same for all A € X). We also have
a unitary representation U of R? on L*(R%,4) defined by

Unf(z) = e f(2) = X-e(2)f (@) ,

where the characters x; : R¢ — C are defined by xx(x) = "=,

Compared with the spectrum of T in L%(X, u), the basic structure of the spec-
trum of U on L%(R% %) is much simpler. It can be read directly off that of the
measure 4. Specifically, let ¥ = (3)pp + (¥)sc + (§)ac be the decomposition of 4 into
its pure point, singular continuous, and absolutely continuous parts. Then

L*(R%,4) = L (R?, 4p) @D L*(R?, Fae) €D L* (R, Asc)-

With O standing for pp, sc, or ac, the associated spectral measure of f €
L*(R%,40) is | f(D)o.

2.6.2 Dworkin’s argument

We now come to one of the main questions of our work: is there a connection
between the diffraction measure and the dynamic system measure determined by
the same point set A. An affirmative answer was given to this in a short, but often
cited paper of S. Dworkin [16]:

Theorem 2.6.1. Let f € C.(R?%). Then for pu-almost all A € X, ¥7.a is the spectral
measure py, on L*(X, ).

Here 1. is the diffraction measure of the point set A that has been modified so
that the profile of f is attached to each z € A, and N simply maps each continuous
function f with compact support to the function Ny on X such that Nj(A) =

Zze/\ f(l')
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This theorem has proven to be very useful inferring information about the diffrac-
tion from information coming from the dynamics. Arguments using the theorem are
usually said to follow by Dworkin’s argument, hence the name. However, as it
stands, Theorem 2.6.1 leaves the actual connection between the diffraction and the
dynamics very unclear. The rest of this thesis is devoted to uncovering what is really
happening.
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Chapter 3

The relationship between two
measures

Introduction
By definition, a point process on E is a measurable mapping
f : (QaAv P) — (%pﬂg(%l)))

from some probability space into ./, with its o-algebra of Borel sets %(.#,). That
is, it is arandom point measure. Sometimes, when m > 1, it is called a multivariate
point process. The law of the point process is the probability measure which is the
image p = &(P) of P. The point process is stationary if y is invariant under the
translation action of R? on ./, '

Thus from the stationary point process £ we arrive at a measure-theoretical
dynamical system (.#,, R? ). Conversely, any such system may be interpreted as
a stationary point process (by choosing (2, 4, P) to be (., R%, ).

In most cases of interest, the support of the law pu of the process is considerably
smaller than all of .#,. In the sequel we shall assume that we have a point process
£: (A, P) — (My, B(M,)) that satisfies the following conditions:

(PPI) the support of the measure p = £(P) is a closed subset X of .//{,,(C’,gm), 1) for
some 7 > 0.

(PPII) u is stationary and has positive intensity (see below for definition).

(PPIII) u is ergodic.

60



These are examples of what are called translation bounded measure dynamical
systems in [6], although it should be noted that there the space of measures is not
restricted to point measures, or even positive measures.

Obviously under (PPI) and (PPII), X is compact, and (X,R% pu) is both a
measure-theoretic and a topological dynamical system.

Condition (PPI) implies that the point process is simple and so we may identify
the measures of the point process as the actual (umformly discrete) point sets in E
that are their supports. Write X for the subset of D" glven by the supports of the
measures of X. We call a point process satisfying (PPI) and (PPII) a uniformly
discrete stationary point process and call a point process satisfying (PPI),
(PPII) and (PPIII) a uniformly discrete ergodic point process. We will make
considerable use of these two ways of looking at a point process — either as being
formed of point measures or of uniformly discrete point sets.

The ergodic hypothesis eventually becomes indispensable, but for our initial
results it is not required. Usually we simplify the terminology and speak of a point
process ¢ and assume implicitly the accompanying notation (X,R¢% u) and so on.
We denote the family of all Borel subsets of X by X'.

Recall that for a uniformly recurrent point set A € Dy
pattern exist on A, then A uniquely determines a probabllity measure 4 on Dﬁm),
which satisfies (PPI), (PPII) and (PPIII). Hence, we obtain a uniformly discrete
ergodic point process by assigning u to be the law of it. This shows a way to
construct an example of a uniformly discrete ergodic point process. For instance, a
regular model set on R®, which is uniformly recurrent because it is repetitive and
has FLC, uniquely determines a uniformly discrete ergodic point process according
to Corollary 2.5.6.

It is known that the measure p admits a bounded conditional measure on the
space that {A' € X : 0 € A’}, which is called the Palm measure of u. Gouéré
[21] first proved that for all point sets in (X, R% p), the two-point autocorrelation
measure exists y-almost surely and is equal to the first moment of the Palm measure
pu-almost surely. We will give a new proof to this theorem by introducing a so-called
average linear functional on X. As we mentioned in the general introduction, we will
treat the first moment of the Palm measure as the two-point correlation measure of
the point process and shift our attention from the question about the relationship
of the two-point correlation measure and the invariant probability measure on D
determined by an individual point set to the question about the relationship the
two-point correlation measure and the law, belonging to the entire ergodic point
process.

™ if the frequency of each
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3.1 The moments and counting functions

In this section we work in the one colour case m = 1. Thus E = R% We let
£:(9,A, P) — (X, X) be a uniformly discrete stationary point process on E with
law p. We assume that X C #,(C,,1) C A,.

According to Prop. 2.2.2, for each A € B(RY) and for each f € BM,.(R?), the

mappings

Na: tty(Cr,1) — Z,  Na(A) = A(4) (3.1.1)
N M,(Cr, 1) — C,  Ne(N) = A(f) (3.1.2)

are measurable functions on .#,(C,, 1), and by restriction, measurable functions on
X. The first of these simply counts the number of points of the support of A that
lie in the set A, and Ny is its natural extension from sets to functions. Whence the
name counting functions. They may also be considered as functions on .#,. They
may also be viewed as functions on the space X viewed as the space of corresponding
point sets.

Thus, for example, in this notation we have for all f € BM.(R%),

Janas) = [ M) = [ 3 dahredne)  613)

z€R4

= /X Ny(A)dp(A) = /X > f(@)du(A) .

€A

This is the first moment of the measure u, henceforth denoted u;. More generally,
the nth moments, n = 1,2,... of a finite positive measure w on X are the unique
measures on (R%)" defined by

wp(dy X - x Ap)

Il

/X MAD - A(A)dw(M)

/ NAl.,.NAndw,
X

il

where A1, ... A, run through all B(R%). Alternatively, for all fi,..., fn € BM.(R?),

nllfiveoos fo)) = [ Voo Ny

Since w is a finite measure and the values of A(f) = N(A) are uniformly bounded
for any f € BM,(R?) as A runs over X, these expressions define translation bounded
measures on (R%)".
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If the measure w is stationary (invariant under the translation action of R?) then
the nth moment of w is invariant under the action of simultaneous translation of all
n variables. Thus, if the point process £ is also stationary then the first moment of
the law of £ is invariant, hence a multiple of Lebesgue measure:

p1(A) = /X AA)dp() = T4(A). (3.1.4)

This non-negative constant /, which is finite because of our assumption of uniform
discreteness, is the expectation for the number of points per unit volume of A in A
and is called.the intensity of the point process. We shall always assume (see PPII)
that the intensity is positive, i.e. not zero.

The meaning of N; can be extended well beyond BM,(R?). To make this exten-
sion we introduce the usual LP-spaces LP(R¢, £), LP(X, u) together with their norms
which we shall indicate by || - ||, in either case. In fact, we need these only for

p = 1,2. We shall also make use of the sup-norms || - ||c0-

Proposition 3.1.1. The mapping (3.1.1) uniquely defines a continuous mapping
(also called N)

N:Ll(Rdae) - LI(X7M)
o= Ny

satisfying || N¢ll, < V2I || f|l,. Moreover, for all f € LY(R%,¢),
Ni(A) = A(f)  for p almost surely all X € X .

PROOF: Let A C R? be a bounded and measurable set, let 14 be the characteris-
tic function of A on R¢, and define N1, on X by Ny, () = A(14) = A(A) = Na(X),
see (3.1.1). From (3.1.4), ||N1,|li = [x Na(A\)du(X) = I €(A) = I||14]|;. This shows
that the result holds for /V defined on these basic functions.

For simple functions of the form f = 3 _p_, cxla,, where the sets A, C B(R?)
are mutually disjoint and the ¢; > 0, define

Nf =ZCkN1Ak»= chNAk'
k=1

k=1

Then

n n

INAly = Y e [N, | = D ex ey = 1171l

k=1 k=1

and Np(\) = A(f) for all A € X.
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The extension, first to arbitrary positive measurable functions and then to arbi-
trary real valued functions f goes in the usual measure theoretical way, and need
not be reproduced here.

Finally we use linearity to go to complex-valued integrable f. If f = f, +v/—1f;
is the splitting of f into real and imaginary parts, then Ny = Nj + +/=1Nj, so

1970, < T8+ 1) = T [ 51+ 15Dae

Using the inequality (|f,] + [£i)® < 2(/:)? + | £:?), we have

1y < Ve[| VIRP + 15Pde= VR I,

It is clear that if f and g differ on sets of measure 0 then likewise so do Ny and
Ny, so this establishes the existence of the mapping. ]

Proposition 3.1.2. Let f,, n = 1,2,3,... and f be measurable C-valued func-
tions on R® with supports all contained within a fired compact set K. Suppose that
| falloos I flle < M for some M > 0 and {f,} — f in the L*-norm on R%. Then
{N;.} — Ny in the L?>-norm on X.

PROOF: Because of the uniform discreteness, A(K') is uniformly bounded on X
by a constant C(K) > 0. Then for g = f or g = f, for some n, |N,(A\)] < MC(K).

87 = Nl = [ AN = Na OO d()
< [ NSO+ I O 1N/ 3) = N3 )] )
< 2MO(K) [ IN/N) = Na, (W] du¥),
which, by Prop. 3.1.1, tends to 0 as 7 — oo. O

3.2 Averages, the Palm measure, and autocorre-
lation: 1-colour case

In this section we work in the one colour case m = 1. Thus E = R% We let

£:(Q, A, P) — (X, X) be a uniformly discrete stationary point process on E with
law .
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3.2.1 The Palm measure

The Campbell measure is the measure ¢’ on R? x X, defined by

«BxD)= [ ABYau) = [ CAGNWau) @21

zeB

forall Bx De & x X,
We note that ¢ is invariant with respect to simultaneous translation of its two
variables. By introducing the measurable mapping

P:RIx X —RIx X: (z,A)— (z,T_zA)

we obtain a twisted version ¢ of ¢, also defined on R% x X :

¢(B x D)

Il

/X > A{EH1p(T-eX) du(N)

zeB

= [ a)at Mduca).

r€BNA
and this is invariant under translation of the first variable:

At +B)xD) = [ 30 A{ah1o(T-eN) duy)

z€(t+B)

_ /X ST AN 1Ty T-eN) du(ToN)

yeB
= ¢(BxD),

using the translation invariance of u.

Hence for a fixed D C X, ¢ is a multiple 1(D)¢(B) of Lebesgue measure and
D — (D) = ¢(B x D)/£(B) is a non-negative measure on X that is independent
of the choice of B € B(R?) (assuming that B has positive measure). This measure
is called the Palm measure of the point process. See [11] for more details.

WD) = gy Jx Lzen M{2})1p(T-sA) du(N) (3.2.2)
= e(_lBj Jx Zvepaa 1p(—z + A)du(4).

We note that 4(X) = [, M(B)du(N)/¢(B) = I, which is the intensity of the
point process. Some authors normalize the Palm measure by the intensity in order
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to render it a probability measure, and then call this probability measure the Palm
measure. We shall not do this. However, we note that the normalized Palm measure
is often viewed as being the conditional probability

%ﬂ(p) = u({X € D|M{0}) =1}),

that is, the probability conditioned by the assumption that 0 is in the support of the
point measures that we are considering. In fact the conditional probability defined
in this way is meaningless in general since the probability that A({0}) 5 0 is usually
0. But the intuition of what is desired is contained in the definition. Taking B as
an arbitrarily small neighbourhood of 0 in (3.2.2), we see that in effect we are only
looking at points of A very close to 0 and then translating A so that 0 is in the
support. The result is averaged over the volume of B.

If the point process falls into the subspace X of M then the support of the Palm
measure is also in X. However, the Palm measure is not stationary in general, since
the translation invariance of u has, in effect, been taken out.

The first moment of the Palm measure, sometimes called the intensity of the
Palm measure, is

L pa(A) = /X)\(A)d/l()\) or equivalently (3.2.3)
() = [ A0 = [ N )da).

The first moment of the Palm measure, and also the higher moments to be
defined later, play a crucial role in the development of the paper, since they are, in
an almost sure sense, the 2-point and higher point correlations of the elements of
X.

As with u, we will, consider the Palm measure interchangeably as a measure on
X (as we have already done implicitly in Eq. (3.2.2)).

The importance of the Palm measure is its relation to the average value of a
function ever a typical point set A € X, and from there to pattern frequencies in A
and its direct involvement in the autocorrelation of A. To explain this we need to
develop the Palm theory a little further.

Lemma 3.2.1. (Campbell formula) For any measurable function F : R¢x X — R,

/Rd/XF(w,)\)dp(A)dm=/XZA({x})F(m,T_w/\)d,u,(/\).

z€R4
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Proor: This can be proven easily by checking it on simple functions. Let
F =15 x1p. Then

/R , /X 1p(z) x 1p(A)dp(A\)dz = €(B)i(D) = (B x D)
= [ 3 AT )

zeRd

= [ X M@ TN ),

zeR4

Let vg be the function on X defined by

1

N = 6

NCR()\) )

for all R > 0. We treat vg as the Radon-Nikodym density of an absolutely continuous
measure on X (with respect to u).

Proposition 3.2.2. In vague convergence,
{vr} =i as R—0.

PRrROOF: Use the definition of the Palm measure in (3.2.2) with B replaced by
Cr. Then for any continuocus function G on X,

G) = g5 . 3 MG ).

yEC

If we require that R < r then

Y MNG(T-y) = Nep(NG(T-:N),

yeCr

where x is the unique point in AN Cgr when it is not empty, and then

HO) = 5y [ NeaMCT-N) ().
R)
On the other hand

va(G) = z(c%; /X Nea(NG(N)du()).
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Thus

li(G) — vr(G)|
1
- ‘Ré_) /X Nop(M{G(T=z + ) = G(\)}du()) (3.2.4)

1
< 0 /X Nen(N) {G(Toa) = GOV} du() .

The rest follows from the uniform continuity of G (X is compact). From the
inequality (3.2.4), ‘

4G) = vR(G)] < s | Ney(A)du(d) = enl

for some eg — 0 as R — 0, where I is the intensity of the point process.
Therefore, we have that v — [ vaguely. O

3.2.2 Averages

Let £ be a uniformly discrete ergodic stationary point process, with corresponding
dynamical system (X,R¢, u). Let F € C(X). The average of F at A € X is

if it exists. Thus Av(F) is a function defined at certain points of X. Alternatively,
we may think of F' as a function on point sets and write this as

Z F(—z+4).

c€ANCR

Av(F)(4) = Jim e(éR)

We will prove the almost-sure existence of averages.

Proposition 3.2.3. Let F € C(X). The average value of Av(F)(X) of F exists u-
almost surely for X € X and it is almost surely equal to p(F). In particular Av(F)
exists as a measurable function on X. If u is uniquely ergodic then the average value
always ezists everywhere and is equal to u(F).

Proof: It is clear that the average value is constant along the orbit of any point
A for which it exists.

- Let € > 0. Since F' is uniformly continuous, there is a compact set K and
an s > 0 so that |F(\) — F(X")| < € whenever (N, )\") € U(K,s). In particular
|F(—z + A\) — F(—u + A)| < € whenever [z — u| < s. We can assume that s < r.
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Let v := e(C)N : X — C, as above. Forz € R? and A € X, Ng,(T_:)\) =1
if and only if x € u 4+ C; for some u € A. Thus
: /
—— | F(T_Nvs(T- N)dzx 3.2.5
1y o, P (325)

CR) Z / . F(T_z\)dz, (3.2.6)

where the ~ comes from boundary effects only arnd becomes equality in the limit.
There is a constant a > 0 so that card(A(Cg))/¢(Cr) < a, independent of R or
which A € X is taken. Using this and our choice of s, we obtain

1 ,
| lim —(—(]—I—QS/CVRF(T%/\)VS(T%)\)da: (3.2.7)

- lim —— Z AM{upF(T_,N)| < ae.

R—o00 Z(C weCn

The right hand term is just the average value of F' at A, if the limit exists.
However, by the Birkhoff ergodic theorem the left integral exists almost surely and
is equal to [, Fv,du = vi(F), v, being treated as a measure.

Now making € — 0, so s — 0 also, and using Prop. 3.2.2 we have

A(F) = limvy(F) = ,;ggo i Z M{uDF(T-uX) = Av(F)(N) .
U€CR
Thus the average value of F on A exists almost surely.

In the uniquely ergodic case, the conclusion of Birkhoff’s theorem is true every-
where in X. O

3.2.3 The autocorrelation and the Palm measure

Again, let £ : (2, 4, P) — (X, X') be a uniformly discrete stationary ergodic point '
process on R? with law u For each A € X we define ) to be the point measure on
R defined by A({z}) = A({—z}) (though at this point we are only dealing with real
measures). Recall that the autocorrelation of A is defined as

™ éﬁ&em)(/\lcﬂ*”%) 1%5’304(0}1) D s

ZWEANCR

where the limit, which may or may not exist, is taken in the vague topology.
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A simple consequence of the van Hove property of cubes is that:

= lim !
™= R—oo @(CR)

Y bya (3.2.8)
2€ANCRyeA
Namely, for any f € C,(R%), say with support K, and any = € Cg, fly —x) =0
unless y € Cr+ K, and thus for large R the only relevant y which are not in Cg are
in the K-boundary of Cg, which is vanishingly small in relative volume as R — oo.

Theorem 3.2.4. The first moment (i1 of the Palm measure is a positive, positive
definite, translation bounded measure. Furthermore, p-almost surely, A € X admits
an autocorrelation vy and it is equal to f1;. If X is uniquely ergodic then fi; =

forallh e X.

Proof: We begin with the statement about the autocorrelation measures ~,.
Let f € C.(R?). The autocorrelation of X at f, if it exists, is
) 1
()= Jim gms D, MENf-o) (3:2.9)

z€CR,y&eA

= Jim s S AN o)

z€Chp

= [i(Ny) = fu(f)

for A € X, p-almost surely, where we have used Prop. 3.2.3 and (3.2.3).

This is basically what we want, but we must show that it holds for all f €
C.(R¢,R) for almost all A € X. This is accomplished by using a countable dense
(in the sup norm) set of elements of C.(R% R). We can get (3.2.9) simultaneously
for this countable set, and this is enough to get it for all f € C.(R% R). Then ~,
exists and is equal to fi; for almost all A € X. For more details see [21].

Finally, it is clear that «, is a positive and positive definite measure whenever it
exists, and hence also fi; is positive and positive definite. All positive and positive
definite measures are translation bounded, (8] Prop. 4.4., or [23]. O

3.3 Adding Colour

We now look at the changes required to Section 3.2 in order to include colour, i.e. to
have m > 1. The colour enters in two ways. First of all, the dynamics, that is to say
the dynamical hull X and the measure p, depend on colour since closeness in the
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local topology depends on simultaneous closeness of points of like-colours. Secondly
the autocorrelation, and then the diffraction, depends on colour.

Diffraction depends on how scattering waves from different points (atoms) su-
perimpose upon each other. However, physically, different types of atoms will have
different scattering strengths, and so we wish to incorporate this into the formalism.
This is accomplished by specifying a vector w of weights to be associated with the
different colours and introducing for each point measure A of our hull X a weighted
version of it, \¥. This will be a measure on R¢. It will be important that the weight-
ing is kept totally separate from the topology and geometry of X. The geometry of
the configuration and the weighting of points, which enters into the diffraction, are
different things. The measures describing our point sets are measures on E, but the
diffraction always takes place on the flattened point sets.

On the geometrical side we have treated the full colour situation from the start.
In this section we introduce it into the autocorrelation/diffraction side. This affects
almost every result in Section 3.2. However, we shall see that every proof then
generalizes quite easily, and we simply outline the new situation and the generalized
results, leaving the reader to do the easy modifications to the proofs.

3.3.1 Weighting systems

Let £ : (R,A, P) — (X, X) be a uniformly discrete stationary multi-variate point
process, where X C #,, X = M N X, and (X,R% p) is the resulting dynamical
system. Asin Section 1.4.1, welet E = R?xm, with E¢ = R¢x {i} and E = |, E".
For each i we have the restriction -

rest : A — )\

of measures on E to measures on Et. We will simply treat these restricted measures
as being measures on R% If A «» A then we also think of res‘ as the mapping
A A= {z e RY: (z,i) € A}. !

The same argument that led to (3.1.4) gives

/ N(A)dp(A) = IDA(A)
X

for some I® > 0, for each i. We shall always assume:

14 is also possible to define associated dynamical systems X* and with them Palm measures.
However, it is important here that everything will always refer back to the full colour situation
encoded in the geometry of X.
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(PPIlw) I® >0 for all 4 < m.

A system of weights is a vector w = (wy, ... w,,) of real numbers.? We define
a mapping
X = MJRY) A A= w)
<m
We also have the flattening map:
X = MR A A=) 0

i<m
First introduce the measure ¢* on R¢ x X:
(B x D) = [ T AT du).
z€B

Since (T;A)* = T,(A") this measure is invariant under translation of the first variable
and we have

¢*(B x D) = U(B)*(D).

This determines the w-weighted Palm measure 4* on X. This is not a Palm
measure in the normal sense of the word. However, it plays the same role as the Palm
measure in much of what follows. For example, there is a corresponding Campbell
formula:

/Rd/ F(z,\)dp® A)d:c——/ ;L;Aw {z}P) F(z, T_z\)du()

for all measurable F : R¢ x X — C.
We note the formula for the weighted intensity:

I*I(A) = / A¥dpu( N / 2;/\‘” {z})du\)

= (A x X) =1U(A)i"(X),

whence
v = = (X). (3.3.1)
For all i < m, for all A € B(R?), and for all f € BM.(R?) define
Ny : X —N NY(A) = A2(A) =3 4 A ({z}) (3.3.2)

NP X — N N = N(f) = Saene (2D ().

?One could have complex numbers here, but it makes things easier, and more natural for higher
correlations, if the weights are real.
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Thus, for example,

= Z w A (A) = Z w'Na(res'(N)) = Z Ny ores'(N). (3.3.3)

Defi
efine 1

E(_CR—)NgR()‘)

or equivalently, v§(A) = == N§ (A). In vague convergence,
R e(cR) Cr

v X — R, vi(\) =

{vg} - 4¥ as R—0.

These auxiliary measures are used, as before, to prove the existence of averages.
Let F € C(X). The w-average value of F on X is

v (F)R) = gggo TG 2 M UeLE)

zeCpr

AVY(F)(A) = lim ——— Z MW({z)F(—z + A),

:EEC

if it exists.
Prop. 3.2.3 becomes:

Proposition 3.3.1. The w-average value of F € C(X) is defined at A € X, p-
almost surely and is almost surely equal to (*(F). If u is uniquely ergodic then the
average value always exists and is equal to g™ (F).

We now come to the w-weighted autocorrelation. This is the measure on R®

defined by

() = Jim aé A%lcy  Wloy ()

‘J%E&,gc) > DD - (334)

z€CR,ycRe

= hm Z N ({zPNF(T-N)

zeC
= Avw(N}”) = (" (N7) = 47 (f)

for all f € C.(R?) and for p-almost all A € X.
We call i} the weighted first moment of the weighted Palm measure.
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Theorem 3.3.2. The weighted first moment (1Y of the weighted Palm measure is
a posztwe definite measure. It is Fourier transformable and its Fourier transform
1Y is a positive translation bounded measure on Re. Furthermore, u-almost surely,
A € X admits a w-weighted autocorrelation vy and it s equal to 1t . If X is uniquely
ergodic then (Y =Y for all A € X. a

Remark 3.3.3. Regarding the statements about the transformability and translation
boundedness of the Fourier transform, this is a consequence of the positive definite-
ness of the Palm measure, see [8] Thm. 4.7, Prop. 4.9.

3.4 Patterns and pattern frequencies

This section is not used in the sequel. However, it serves to illustrate the importance
of the Palm measure.

Let (X, R%, ) be a multi-colour uniformly discrete stationary ergodic point pro-
cess. It is of interest to define the frequency of finite colour patterns in X. This is
made difficult because from the built-in vagueness of the topology of X we know
that we should not be looking for exact matches of some given colour pattern F
of D™ , but rather close approximations to it. In addition there is the problem of
how to anchor F, in order to specify it exactly as we move it around. This leads us
to always assume that F contains 0, and then to define a pattern in X as a pair
(F,V) where F = U™, (F},i) is a finite subset of D™ with 0 € F* := UF; and V
is a bounded measurable neighbourhood of 0 in R%. For a pattern (F,V) we then
define the collection of elements of X that contain it as

Xey =Xpvy={AeX : FCV+ A},

and write 1py for 1x,,. See (2.4.7) in Proposition 2.4.9 where we were assuming
FLC.

Throughout one should keep in mind that F' and A are multi-colour sets, our
conventions are that translations are by elements of R? and are always on the left,
and the inclusions take colour into account.

For any bounded region B define

Lpy(A, B) := card{z € A :FC—z+V+A -V +FCB}.
An initial idea for the frequency of the pattern (F,V) in a set A € X might be:

freq(A, F,V) = hm

dm CR)LFV(A ,Cr). (3.4.1)
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This definition is very sensitive to the boundary of V, as one can see from the
simple example below. In general we do not know how to prove that this limit exists,
even almost everywhere in X. However, we can prove that for V open or V closed,
if the limit does exist then it is, almost surely, given by the Palm measure of Xpy,
and this we do know exists almost surely. Thus we are led to define:

The frequency of the pattern (F,V) in X is 4(Xry).

The connection with Palm measures comes because (as is easy to see from the
van Hove property of expanding cubes)

lim —1-—pr\/(/1, CR) = I%im !

A, 0w ey 2. ‘rv(etd).

z€ANCR

The latter is the average over A (where the weighting system is all 1s) of 1py, if it
exists.

Proposition 3.4.1. Let (F,V) be a pattern with V an open set. Then
@(A) F) V) = ﬂ(XF,V)

p-almost surely for A € X, where freq means that the liminf is taken in (3.4.1).
Stmilarly, if (F,V) is a pattern with V a closed set, then

freq(A, F, V) = u(Xry)
p-almost surely for A € X, where freq means that the limsup is taken in (3.4.1).

Lemma 3.4.2. Xgy is open if V is bounded and open and closed if V is bounded
and closed.

Proof: Let V be open and let A € Xgy. Then FF C V + A. Since V is open and
F is finite, there is an € > 0 so that for each f € F, with f = v+ z, where v € V,
z € A (there may be choices, but fix one choice z for each f), f+C. C V + z.
Choose R > 0 so that =V + F C Cg. Let A' € U(Cg,Cc)[A] and let f =v+z € F,
as above. Since CRNACC.+A and z € CRNA, z =c+a' wherez' € A, c e C..
Thenc+ feV+z,s0 feV+2.

Since f € F was arbitrary, F C V + A’ and A’ € Xgy. Thus the open neigh-
bourhood U(Cpg, C.)[4] of A lies in Xpy.

The argument for V' closed is similar. ‘ |

Proof of Prop. 3.4.1 (sketch): Consider the case when V is open. Then Xpy
is open and the value of any regular measure at Xy can be approximated as closely
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as desired by a compact set K C Xpy. For any such K we can find a continuous
function f with 1x < f < 1x,.,. Using Prop. 3.3.1, where all weights are assumed
equal to 1, we obtain that g(f) is almost surely the average of f on A and, from the
definition of f, that for any ¢ > 0 and for large enough R,

(K) < a(f) < freq(A, F,V) < > Ipy(-z+4)+e.

z€ANCR

£(Cr)

Integrating over X and using the Campbell formula we have, independent of R,
() < [ freq(A, FV)dw < il Xey).
X

Now since we can make (1(K) as close as we wish to 2(Xpy) , we obtain both
i(Xey) < feq(A, V) and [ freq(4,FV)du = i(Xy)
e

From this (X gy ) = freq(A, F, V), u-almost everywhere.
The result for V closed is similar, this time approximating by open sets from
above. O
Example: Consider the usual dynamical system based on Z: X (Z) ~ R/Z. Let
F:={0,1/4} and V := (—1/4,1/4). For any A =t + Z, we have

1 .
= Lpy(—u+t+Z) =0
n

w€(t+Z)N[—n,n)

while 1

5 2, lpp(-utt+Z)~ L
uE(t+Z)N[—n,n]

In this case we have Xry =0, Xpy = X and

0 = freq(A, F\,V) = i(Xry) < ji(Xpp) = freq(4, F7) = 1.
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Chapter 4

Dworkin’s argument revisited

Introduction

Dworkin’s argument (Section 2.4) shows an important connection between the spec-
trum and the diffraction of the dynamical system (X, R?, 11). In this chapter, we will
see that what underlies Dworkin’s argument is a certain isometric embedding 4 of
the Hilbert space L2(R%, f1;) into L2(X, 11). Both these Hilbert spaces afford natural
unitary representations of R¢, call them U; and T respectively (¢ € R?). Represen-
tation T arises from the translation action of R? on X and U is a multiplication
action which we define in (4.1.2). The embedding @ intertwines the representations.
However, @ is not in general surjective, and in fact it can fail to be surjective quite
badly.

The fact is that the diffraction, or equivalently the autocorrelation measure of a
typical point set A € X, does not usually contain enough information to determine
the measure u, even qualitatively; see for example an explicit discussion of this in
[49]. We will give a number of other examples which show that outside the situation
of pure point diffraction, one must assume that this is the normal state of affairs.
In fact, even in the pure point case, § can fail to be surjective. However, we shall
show in Theorem 4.4.3 that, pure point or not, the knowledge of all the correlations
of A (2-point, 3-point, etc.) is enough to determine p.

Section 4.3 provides a number of examples that fit into the setting discussed
here and that illustrate a variety of things that can happen. The reader may find it
useful to consult this section in advance, as the chapter proceeds.
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4.1 Diffraction and the embedding theorem

4.1.1 The embedding theorem in the unweighted case

We recall that the Fourier transform of such a measure w on R? can be defined by
the formula:

B(f) =w(l) (4.1.1)

for all f in the space S of rapidly decreasing functions of R%. In fact, it will suffice
to have this formula on the space S. of compactly supported functions in S, since
they are dense in S in the standard topology on S ([48]). _The key point is that
if {f.} € S. converges to f € S, then {f.} converges to 7 and one can use the
translation boundedness of w to see then that {w( fn)} converges to {w(f }, ie.
@(f) is known from the values of {&(f,)}.

The measure ¥, is the diffraction of A, when it exists. Our results show that
the first moment of the Palm measure, 11 must also be a positive, positive defi-
nite transformable translation bounded measure and that almost surely [[1 is the
diffraction of A € X.

The next result appears, in a slightly different form in [21]. For complex-valued
functions h on E define A by h(z) = h(—z). We denote the standard inner product
defined by || - |2 on L2(X, ) by (-,+). :

Proposition 4.1.1. Let g,h € BM.(R%) and suppose that g h*ul 1§ a conlinuous
function on R®. Then for all t € RY,

g% hx ju(—t) = (T.Ng, Ny) .

Proor: It suffices to prove the result when g, h are real-valued functions. By
Prop.2.2.2, N,, Nj, are measurable functions on X, and they are clearly L!-functions
(Prop. 3.1.1).

g% Fx fu(—t) ==léﬁg*ﬁﬂ—t—uﬂﬂﬂw==A;@*hﬂt+uMﬂdm
= /Rdi’g*h( w)dg (u /X (}:A {z})(Tig = h)(= )> di(X)

zER?

= /}Rd/ > A{=))(Tug) (w)h(z + u) dis(A)du

zeR4

{

‘//mmmmmwmm
R JX
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where we have used (3.1.3) and the dominated convergence theorem to rearrange
the sum and the integral. Now using the Campbell formula we may continue:

jaxgrh=t) = [ 30 M) T ) Mo (Nl

ucRd

= [ Nrg(NO)du = (TN, D).

0
We are now at the point where we can prove the embedding theorem. This
involves the two Hilbert spaces L2(R¢, /i) and L2(X, z2). Since the translation action
of R% on X is measure preserving, it gives rise to a unitary representation 7' of R®
on L?(X, u) by the usual translation action of R? on measures.
We also have a unitary representation U of R? on L2(R?, [i;) defined by

Uef () = e [(z) = X-o(2)f (2) , (4.1.2)

where the characters ; are defined by xx(z) = ™. We denote the inner product
of L2(R%, 1) by (-,-) and note that with respect to it U is a unitary representation
of R%.

Proposition 4.1.2. If g, h € S are rapidly decreasing functions then
g hx i (—t) = (U(9); ) .

In particular,
<Ut(g), h) = (T’t]vga Nh) .

Thus there is an isometric embedding intertwining U and T,
0: L2(Rd’lj‘\1) - L2(X’ll') ’

under which
[ Ny
forall f €8S.

PROOF: As we have pointed out, it will suffice to show the first result for g, h € S,
since it is dense in S under the standard topology of S. We note that the hypotheses
of Prop. 4.1.1 are satisfied, so, starting as in its proof and denoting the inverse
Fourier transform by f — f, we have

g honin(—t) = / Trg # h(u)dfis (u) = / (Trg)VhVdin .
E E
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The first result follows from A = % = A and (7”;27)" =T.9 = x_td.

The second part of the proposition follows from Prop. 4.1.1 and the observation
that S, is dense in C,(R?) in the sup norm ([48], Thm. 1), hence certainly in the
|| - [|2-norm, and C.(R?) is dense in L*(R¢, {n1) in the || ]|o-norm (see [46], Appendix

Thus we have the existence of the embedding on a dense subset of L2(R¢, [i;)
and it extends uniquely to the closure. O

4.1.2 The embedding theorem in the weighted case

Prop. 4.1.1 has the weighted form: Let g, h € BM,(R?) and suppose that g * h Yy
is a continuous function on R¢. Then for all ¢t € RY,

g% b g (=t) = (LN, NY). (4.1.3)

By Theorem 3.3.2, (i} is Fourier transformable and its Fourier transform is a
positive measure, which is denoted by ﬁ?’

Our interest now shifts to L2(R¢, %), its inner product (-,-)*, and the unitary
representation U¥ of R? on it which is given by the same formula as (4.1.2).

From equation (4.1.3) we obtain our embedding theorem, which is the full colour
version of Prop. 4.1.2.

Theorem 4.1.3. For each system of weights w = (wy, . .., Wn,), the mapping

f NY, (4.1.4)

defined for all f € S, extends uniquely to an isometric embedding
6° : L*(RY, 4F) — L*(X, )
which intertwines the representations U and T,

We note here that the space on the left-hand side depends on w while the space on
the right-hand side does not. The question of the image of 8% is then an interesting
one. We come to this later.

We also note that the formula for 6“(f) in (4.1.4), though true for f € S, and
no doubt many other functions too, is not true in general, and in particularly not
true for some functions that we will need to consider in the discussion of spectral
properties, e.g. see Cor. 4.1.6.

Theorem 4.1.3 gives an isometric embedding1 of LQ(Rd,ﬁ’i\“) into L?(X, p) and
along with it a correspondence of the spectral components of L*(R¢, [i¥) and its
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image in L*(X, u1). Now the point is that the spectral information of Lz(Rd, (%) can
be read directly off that of the measure ,u,1 Specifically, let H1 = (;1,1 dop + ([Ll\ )se +
(ul )ac be the decomposition of ul into its pure point, singular continuous, and
absolutely continuous parts. For f € L?(R% /%), the associated spectral measure
o' on R? is given by

S US) = / Tt o ()

However,

(LU = [ et (o) T o),
so we have _ _ R -
o = PR = 7Pl + [P @ + S Phee, (415)

which is the spectral decomposition of the measure ;. With [l standing for pp, sc,
or ac, we have

L2(Rd,ﬁ?)m = {f € L*R* /E") : o is of type (I}
= {J € LARYAY) : supp(f) C supp((i¥)o)} -

This explains how information about the spectrum of the diffraction can be in-
ferred from the nature of the dynamical spectrum and vice-versa. Since the mapping
6 depends on w and is not always surjective, the correspondence between the two
has to be treated with care. Some examples of what can happen are given in § 4.3.

Combining (4.1.5) with Theorem 4.1.3, we have S. Dworkin’s theorem:

Corollary 4.1.4. Let f € C.(R%). Then for u- almost all X € X, 7/}”:\ is the spectral
measure any on L*(X, u).

Proof: ~%,, = f* F*Y, so 7}‘:\ = IﬂQ’yAf\” = |ﬂ2;7f = o}i’ almost surely. Now,

(FL U = (NY, TiNP) 20y

so the spectral measure o computed for L2(R% %) is the same as the spectral
measure oy computed for LA X, p). O

Corollary 4.1.5. For all f,g € LQ(Rd,ﬁ’\l"), the spectral measures ((U.f, g)*)" and
(T:6%(f),0%(9))V on R? are equal, and in particular of the same spectral type: ab-
solutely continuous, singular continuous, pure point, or miz of these.
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Corollary 4.1.6. For k € R%, x; is in the point spectrum! of U, if and only if
£(k) # 0. The corresponding eigenfunction is 1_xy. When this holds, xx is in
the point spectrum of Ty, the eigenfunction corresponding to it is 6*(1(_x}), and

16 (L)l = (k)2

PROOF: The first statement is clear from (4.1.2) and our remarks above. For the
second, suppose that k£ € R? and ;T‘l”(k) # 0. Let f € LY(RY, ﬁ‘l\”) be an eigenfunction
for £. Then .

exp(2mik.t) f(x) = U f(z) = exp(—2mit.z) f(x)
for all z € R%. For z with f(z) # 0, exp(2wik.t) = exp(—2wiz.t) for all ¢ € R?, so
z = —k. Thus f = f(—k)1{—xy. By Thm. 4.1.3, 6¥(f) € L*(X, u) with T;(6*(f)) =
xx(£)0%(f) for all £ € RY, 0

Remark 4.1.7. : One should note that the eigenvalues always occur in pairs +k
since 1 is positive-definite and ¥ (—k) = f®(k) . How does one work out 6“(1y-xy)?
This is the content of the L*-mean form Bombieri-Taylor conjecture that we shall
establish in Sec. 5.1.

4.2 The algebra generated by the image of §

4.2.1 The density of ©*(S)

Theorem 4.2.1. Let (X, ) be an m-coloured stationary uniformly discrete ergodic
point process and w a system of weights. Suppose that the weights w;, i = 1,...,m
are all different from one another and also none of them is equal to 0. Then the
algebra ©¥ generated by 8“(S) and the identity function 1x is dense in L*(X, u).

Remark 4.2.2. Ifﬁ?’(O) # 0 then 6*(S) already contains 1x by Cor. 4.1.6.

The remainder of this subsection is devoted to the proof of this theorem.

We begin with the construction of certain basic types of finite partitions of
X. Here we will find it easier to deal with coloured point sets than with their
corresponding measures. :

Let r > 0 be fixed so that X C .#,( ) 1). For each pair of measurable sets
K,V c R% with K bounded and V a neighbourhood of 0, we define

!One often simply says that k is in the point spectrum, with the understanding that it means
Xk -
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UK Vy={AA)eD, : KNACV+A and KNACV+A}, (421)

which is just a variation on (2.3.1), and serves to define another fundamental system
of entourages for the same uniformity, and then the same topology, on X as we have
been using all along. For any ® € D™ we define

UK, V)[®]:={Ae X : (4, cUK,V)}.

We begin by choosing a finite grid in R? and partitioning X according to the
colour patterns it makes in this grid. Here are the details. Let K C R? be a half
open cube of the form [a;,a; + R) X -+ X [ag,a4+ R), R > 0, and V' be an half-open
cube of diameter less than r, centred on 0, which is so sized that its translates can
tile K without overlaps. The set of translation vectors used to make up this tiling is
denoted by V¥, so in fact this set is the set of centres of the tiles of the tiling. Each
centre locates a tile and in each of these tiles we can have at most one coloured
point of A, that is, at most one pair (z,i) with z € R% and i < m. Let

Po= {0 = (By,...,0m) : (Do, Py, ..., Pum) (4.2.2)

is an ordered partition of ¥} ;

that is, we take all possible ordered partitions of ¥ into m + 1 pieces, which we
interpret as all the various coloured patterns of cells of our tiling. $; designates the
cells containing the points of colour ¢ (second component i), ¢ = 1,...m , and $g
designates all the cells which contain no points of the pattern.

The inclusion relation C on P by ® = ($4,...,9,,) C &' = (9},...,P),) if and
only if @; C @, for all 1 < ¢ < m, provides a natural partial ordering on 8. Using
the notation established in (1.4.1), for each ® € P define

P ={AeX:KNACV+®,KNAZLV +d for anyd & &}.

- Because of the choice of V, an element of X can have at most one point in any one
of the cubes making up the tiling of K. Each P[®] is the set of elements of X which
make the coloured pattern @ inside the cube K.

Lemma 4.2.3.

X = Pl®]
PP
is a partition of X. Furthermore, for all ® € B,

U(K,V°)[®]nX C P[®] c UK, V)[®]NnX.
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- PROOF: By construction the P[®] form a partition of X. Let ® € B and let
A e P[®]. Then KNACV+ & Also, for each s lying in some component ®; of
® there is z € K N A; with z € V + 5, whence s € =V + z € V + z. This shows
KN®cV+ A, s0 A€ UK, V).

On the other hand, if 4 € U(K,V°)[®] then KNACV°+ & C V + &, which
is the first condition for A C P[®]. Since also ® = K N® C V° + A, for each s in
some component ®; thereis v € A; withz = —v+s€ V°+s C V +s. By the
construction of the tiling of X, no other set V° + ¢, t € ¥, can contain z. Thus A

meets every tile centred on a point of ® and A € P[®]. O

We know that §“(S) contains all the functions Ny, f € S, in particular all the
N¥, f €8., and so its L*-closure contains Ny, f € C¢(R?) (use Prop. 3.1.2). Again,
using Prop. 3.1.2 we can conclude that 6%(S) contains all the functions N¥, where
A is an bounded open or closed subset of R%. We start with these functions and

work to produce more complicated ones.

Lemma 4.2.4. Let s € U and let i < m. Then the functions Nyo 4 o res’(A) and
Ny, oresi(A) are in OV.

PROOF: N, € ©“. From (3.3.3) and diam(V) < r,

m
Neys(4) = ) w;Nyey, ores(4) (4.2.3)
1;11
= Z w; Nyoy5(A*) = 0 or w; (4.2.4)
i=1
according as (V° + s) N A is empty or contains a (necessarily unique) point z of
some colour j. Write F for Ny, and I for Nyo,,. The first is a function on
X, the second a function on r-uniformly discrete subsets of R? (see (3.1.1)). Then?
FI(A) = 3 wlF(A;) since always Fi(A;) = F(A;) and F(A;)F(Ag) = 0 whenever
i # k.
Let W be the m x m matrix defined by W, = wi. By the hypotheses on the
weights it has an inverse Y. Then

D YyFi(A) =) Yy Y wiF(Ay) = F(4).

m
j=1 =1 k=1

This proves that the functions A +— Nyoys(A;) = Nyeys ores;(A) are all in O,
The same argument applies in the case of V. (]

2Here the superscripts really mean powers!
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Lemma 4.2.5. For all ® € P, 1pjq) € O¥.
PROOF: Let ® € B and assume ® # (). Let
Noo= I Ileo, Nyoys o res;
f2 L= H?;lﬂseq,iNVH ores;,

are all in ©¥. These functions take the value 1 only on sets A which hit all the cells
V° + s (respectively V + s) centred on the points and with the colours specified by
®. However, such A may hit other cells also, hence

i< Z lpe < f.

*CP'eB

However, for any fixed ¢,
[ INp) = Nreaa(A)PAntd) = [ 17, (4) = Nepal4) )
= [ Ny (ADdu(4) = FE(PAV® +5)) = 0
showing that Ny, and Ny.,, are equal as L? functions, whence also f; and f, are
equal. This shows that
Z ].p[qy] € @E

(el
In the case that ® is empty,
Z lpy = Z lpey =1x € ov,
D% W
Now by Mobius inversion on the partially ordered on the subsets of P, 1pg) €
ov for all & € P. O

Lemma 4.2.6. Let F': X — R be a continuous function and let € > 0. Then there
exist half-open cubes K,V as above so that for the corresponding partition of X,

IF = malpglle <,
dep

where mg = Inf{F(A) : A C P|®]}.
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PRrROOF: Since X is compact, F' is uniformly continuous. Then given ¢ > 0
there exist a compact set K C R? and a neighbourhood V'’ of 0 € R? so that
|F(A) — F(A")| < € for all (4,4") € UK, V)N (X x X). We can increase K to
some half-open cube of the type above without spoiling this and then choose some
half-open cube V, centred on 0 and of diameter less than r, which tiles K and also
satisfies 2V C V’. We let 3 be the corresponding set of partitions.

Let ® €B. f A, A € UK, V)@NXthen KNACV+®and® CV + A
Thus for any z € KNA, z=v+s=v +v+z where s € &, 2’ € A (both with
the same colour as z), and v,v’ € V, from which we conclude KN A C 2V + A’ In
the same way K N A’ C 2V + A, so (A, A') € U(K,V’) and |F(A) — F(A')] <e. In
particular this holds for all A, A’ € P[®], since it is contained in U (K, V)[®], and so
F varies by less than ¢ on P[®] . The result follows at once from this. O

The proof of Thm. 4.2.1 is an immediate consequence of this. ©¥(S) contains the
functions1p(e) and so also all their limit points, and hence all continuous functions
on X. Finally the continuous functions are dense in L2(X, u). O

For the case m = 1, recall that the nth moment of u is the measure y, on (R%)"
is defined by pn(f1,..., fa) = (N, ... Ny, ). Since Thm. 4.2.1 says that the linear
span of all the product functions Ny, ... Ny, is dense in L?(X, p), we see that p is
entirely determined by its moment measures.

In the general case we may define the nth weighted moments by:

i (f1y oy fu) = W(NE .. NP (4.2.5)
Then the same argument leads to:

Proposition 4.2.7. Let (X, u) be an m-coloured stationary uniformly discrete er-
godic point process and w a system of weights in which w;, 1 = 1,...,m are all
different from one another and also none of them is equal to 0. Then the measure
W is determined entirely by its set of nth weighted moments, n =1,2,... .

O
We will relate this to higher correlations in the next section.

Corollary 4.2.8. Let (X,u) and w be as in Prop. 4.2.7. Then the measure ;T‘l”
(which is the almost sure diffraction for the members of X when the weighting is w)
is pure point if and only if the dynamical system (X, ) s pure point, i.e., the linear
span of the eigenfunctions is dense in L*(X, ).

Remark 4.2.9. This is the principal result of [34]. See also [21].
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ProoF: The ‘if’ direction is a consequence of Corollary 4.1.5 of Theorem 4.1.3.

The idea hehind the ‘only if’ direction is simple enough. The assumption is
that the linear space of the eigenfuctions L*(R% %) is dense in L2(Rd,p'71”), and
eigenfuctions of L2(R% ;) map to eigenfuctions of L2(X, ) under 6. However,
products of eigenfunctions of (X, u) are again eigenfunctions. We know that the
algebra generated by the image of S(RY) in L2(X, u) is dense. So the linear space
that we get by taking the algebra generated by the eigenfuctions ought also to
be both dense and linearly generated by eigenfunctions. The trouble is that the
eigenfuctions of L2(R%, i) are not in S(R%) and the space L2(X,u) is not closed
under multiplication, so we need to be careful.

The set BL%(X,p) of measurable square integrable functions on X that are
bounded on a subset of full measure form an algebra (i.e. the product of such func-
tions are also bounded), and 6% (S) is contained in it. In fact any bounded function of
L2(R¢, /T’l”) is mapped by % into BL?(X, 1), as we can see from Theorem 4.1.3 and
equation (3.3.2) and taking approximations by elements of S. For F' ¢ BL?(X, u),
let L(F) denote its linear span and (F)u, the subalgebra of BL?(X, u) generated
by F.

By Corollary 3, xi is in the point spectrum of U; if and only if ﬁ’\l" (k) # 0,
and the eigenfunction corresponding to xx is 6*(1;—x}). Denote by E the set of
{1¢ny - [%(k) # 0} and by L(E) its linear span. By Theorem 4.1.3, 6*(E) is a
set of eigenfunctions of T}, and by what we just saw 6*(L(E)) C BL*(X,u). By
assumption, L(E) is dense in L(RY, i%).

Then
L(6*(E)) 2 6“(L(E)) D 6“(S)
and
BL*(X, ) 2 (0”(L(E)))aig -
Thus,

<9w(E)>alg = <9w(m)>alg ) <9w(S)>alg = L2(X> N) )

which shows that the denseness of the linear span of the eigenfunctions of L?(X, u).
O
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4.3 The continuous dynamics of sequences on the
real line

4.3.1 Symbolic shifts and sequences on the real line

A good source for examples is to start with symbolic shifts. We start with a finite
alphabet m = {1,...m} and then define m? to be the set of all bi-infinite sequences
¢ = {2}, which we supply with the product topology. Along with the usual shift
action (T'(¢)); = (iq for all ¢, m% becomes a dynamical system over the group Z.
We are interested in compact Z-invariant subspaces Xz of (m%, 7). We will assume
that (Xz,Z) is equipped with an invariant and ergodic probability measure pz. Such
measures always exist. We call such a system an ergodic symbolic dynamical

system. We define for all 5 = (ig,...,4x) Cm*™ k=0,1..., and p € Z,
XZ[i;p]:{CEXZ : zj+p=ij,j=0,...k}.

These cylinder sets form a set of entourages for the standard uniform topology on
Xz which defines the product topology. When p = 0, we usually leave it out and
also leave off the parentheses; so, for example, Xz[ij] means Xz[(i7);0].

We need to move from the discrete dynamics (action by Z) of (Xz, Z) to continu-
ous dynamics with an R-action. There is a standard way of doing this by creating the
suspension flow of (Xz,Z), and this new dynamical system has a natural invariant
and ergodic measure and so satisfies our conditions PPI, PPII, PPIII. Basically each
bi-infinite sequence ¢ of (Xz,Z) is converted into a bi-infinite sequence of coloured
points on the real line with zy being located at 0. The most obvious thing is to space
out the other points of the sequence on the integers, so that z, ends up at position
n. The result can be viewed as a tiling of the line with coloured tiles of length 1,
the colour of a tile being the colour of the left end point that defines it. However,
there are good reasons to allow different colours to have different tile lengths. 3

For this purpose we take any set £ = {Ly,..., Ly} of positive numbers as the
tile lengths, with an overall scaling so that

> Lipg(Xalj]) = 1.

j=1
Let r = min{Ly,..., Ly }/2.

JReaders interested only in the examples germane to this paper may ignore the introduction of
different tile lengths that we introduce here.

83



Given ¢ = {2}, € Xz, define the sequence S = S({) = {5, }%, by So =0,
Sn=Y 120 Lay,ifn >0, Sy ==Y 71 L, if n <0
Define

£ R x Xz — DIM(R) (4.3.1)
(tvC) = {(t+ Snvzﬂ)}iooov

which “locates” the symbols of ¢ along the line (including colour information) so
that the nth symbol occurs at t + S,. This simultaneously provides us with a tiling
of the line by line segments of lengths {L,,}. We let X§ = 7£(Xz) C D™ (R).
Both R x Xz and D™ (R) have natural R-actions on them, and the mapping 7* is
R-invariant. It is easy to see that 7< is continuous.

Let R be the equivalence relation on R x X7 defined by transitive, symmetric,
and reflexive extension of (¢,{) =g (¢ + L., T¢). Evidently pairs are R-equivalent
if and only if they have the same image under 7%. In fact, (t,() is R-equivalent to

a unique element of
m

FE o= J(=Li, 0] x Xgi]
i=1
and the mapping 7* is injective on this set. Since FL = U[—L:, 0] x Xzi] is compact
and m° maps this set onto X%, we see that X£ is compact and hence (X&,R) is a
topological dynamical system.

4.3.2 Measures on the suspension

We define a positive measure p* on X§ by
WE(B) = (£® pn) (n)™ (B) N F), (43.2)

for all Borel subsets B of X§. We observe that u“ is a probability measure since
pEXR) = (€@ pz)(F*) = 3 Lipg(X[i]) = L.

This is an R-invariant measure on X§. It suffices to show the shift invariance
for sets of the form J x C where J is an interval in (—L;,0] and C is a measurable
subset of some Xz[i], since these sets generate the o-algebra of all Borel subsets
of F¥. We show that shifting of J by s < 0 leaves the measure invariant. It is
sufficient to do this for |s| < min{Ls,..., Ly}, since we can repeat the process if
necessary to account for larger s. If s + J C (—L;,0], then the invariance of £ gives
what we need immediately. If s+ J € (—L;, 0] then we may break J into two parts;
the part which remains in the interval and the part which moves out of it to the
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left. We can restrict our attention to the part that moves out and then assume
that (s + J) N (~L;,0] = 0. Then we bring (s + J) x C back into F* by writing
C = Ui, C N Xglij] so that

(s+J)xC =g U(L, + s+ J) x T(C N Xglij]) .
j=1
The measure of this is Y 7, £(J)pz(T(C N Xzlig])) = £(J)uz(C) = (€@ pz)(J x C),
which is what we wished to show.

If the original measure uz on Xz is ergodic, then so is the measure u*. One way
to see this is to start with the case when £ = {1,...,1}. In this case we shall denote
the objects that we have constructed above with a superscript 1 rather than £. It
is easy to see that u! is an ergodic measure on X} since the latter can be thought
of as Xz x U(1), where U(1) is the unit circle in C, with the action of R being such
that going clockwise around the circle once returns one to the same sequence in Xz
except shifted once.

We can define a flow equivalence ¢ : Xg — X§ in the following way. For each
¢ € Xz define f : R — R by

f (t) — IS—(k-—l)l -+ Lz_k(t — IS—(k—l)l) He>0k—1<t<k
¢ —Sp-1 + Ly (t ~ Sk_1) ift<0,k—1<t| <k.

This is a strictly monotonic piece-wise linear continuous function which fixes 0. Its
intent is clear: if (¢,¢) is understood to represent the sequence { placed down in
equal step lengths of one unit starting with 29 at ¢, then (f¢(¢), () represents the
same sequence, now scaled to the new colour lengths L,; where 0 is the fixed point.

Thus define a mapping R x Xz — R x Xz by (¢,{) — (f¢(t),¢). This mapping
factors through the equivalence relations that define X3 and X§ to give the mapping
¢ which is the flow equivalence that we have in mind. For I x Xz[u], where I C
(_Lum 0],

~

(I x Xgul)™) = (f’— x Xz[u]) ,

where the equivalence relations are taken for £ and for 1 respectively. Furthermore,
pE((I x Xalu])™) = e(pz(Xzlul) and pt((1/Lu, x Xzlu])™) = €1/ Luy ) 1z(Xzly]).

Now, if B is an R-invariant subset of X% then ¢*(B) is an R-invariant subset
of X3, and so, assuming that uz is ergodic, ¢~!(B) has measure 1 or 0. If the
former, then for all ¢ <m, ¢~1(B)N((—1,0] x Xz[¢]) has p'-measure pz(Xz[i]) from
which BN ((—L;, 0] x Xz[i]) has measure L;uz(Xz[t]), which shows that B is of full
measure in Xg. A similar argument works for the measure 0 case. This shows that

p is ergodic.

90



4.3.3 Spectral features of the suspension

We assume that (X%,R,u*) is a continuous ergodic dynamical system. Hence-
forth we shall assume that the set of lengths £ = {L4,..., Ly} is fixed, and drop
it from the notation. We may weight the system by choosing any real vector
w = (w,...wy) of weights and assigning weight w; to the colour a;. According
to Prop. 3.3.2 , the weighted first moment (1} of the weighted Palm measure is al-
most everywhere the weighted autocorrelation of the point sets of Xg, and this is
everywhere true if the system is uniquely ergodic. We will use the symbol w to also
denote the mapping m — {wy, ... wny}, w(i) = w;.

We now come to the autocorrelation. For the purposes of the examples, it is
convenient to have all tile lengths equal to 1: L; =1 for all j, and we shall assume
this for the remainder of this section.

Now let { = {2}, € Xz. Its autocorrelation, assuming that it exists, is

2= an(k)dl% )
keZ

defined on Z, where

N
Its-autocorrelation 'yé” R when thought of as an element of Xg is defined on R and

is given by
R = an(k)dl}? ’
keZ

with the same n™ (k).
Thggifference is in the delta measures, WBEh are defined on Z and R respectively.

Thus 'yz.”’Z is a measure on T := R/Z while 'yé" R is a measure on R. The relationship
between these two measures is simple: for z € R and £ := = mod Z,

6%(.’1)) = e—27rik.z, JE(‘T) =k6—27rik.ac .

5w,Z

Thus, for all £ € Z, 5}:’R is just the natural periodic extension of J,"” and ﬂ/}”’R is

the periodization of -y’ z.
“wR “wi
v (@) = (@)

The latter, hence also the former, exists almost surely.
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The pure point, singular continuous, and absolutely continuous parts are also
periodized in this process and retain the same types. Thus if the pure point part of
'yé”'z is D 4es @07 then the pure point part of 'yz”’R is Y rer, bes @0k, where k =k
mod Z.

When it comes to L?(Xz, uz) and L?(Xg, 1) we make the following observation.
If f; is an elgenfunctlon for the action of T' on L?(Xz,uz) corresponding to the
cigenvalue k — that is, T"f; = exp(2nik.n)f; for some (or any) k € Z with k = k
mod Z, we can define a function f, on Xg by

fe(t + ) = exp(—2mik.t) f;(C) -

It is easy to see that this is well-defined and is an eigenfunction for the R-action on
Xgr with eigenvalue —k on R. (The change in sign results from the fact that T’ means
shift left by 1, whereas T; means shift right by ¢.) This way we see that we have
eigenfunctions for Xg which are all the possible continuous lifts of the eigenfunctions
on R/Z to eigenfunctions on R.

Unfortunately there does not seem to be any simple connection between the
other spectral components of (Xz, uz) and (Xg, ). Thus, for these components, we
will be reduced to the consequences that come by the embedding of the diffraction
into the dynamics.

4.3.4 The hull of a sequence

We start with an infinite sequence £ = (zy, Zs, . .. ) of elements of our finite alphabet
m and define Xz(€) to be the set of all bi-infinite sequences ¢ = {%}*<, € m?
with the property that every finite subsequence {zn, zn11, - . ., Zn+k} (word) of ¢ is
also a word {zp, Zpy1,...,Tprk} Of §&. Then set Xz(§) is a closed, hence compact
subset of m%, and (Xz(¢),Z) is a dynamical system, called the dynamical hull of
€. (Xz(€),Z) is mininal (every orbit is dense) if and only if £ is repetitive (every
word reoccurs with bounded gaps).

Given a word s = {Zp, Zpt1, - .., Tpsk} Of ¢, we can ask about the frequency of its
appearance (up to translation) in . Let L(s, [M, N]) be the number of occurrences
of s in the interval [M, N|. The frequency of s (relative to ¢ € Z) is limy_,00 L(s,t +
[-N, N])/2N, if it exists. It is known that the system Xz(&) is both minimal and
uniquely ergodic (that is, strictly ergodic) if and only if for for every ¢ € Xz(§)
and every word s of ¢ the frequency of s exists, the limit is approached uniformly
forall in t € Z, and the frequéncy is positive. All of this is standard from the theory
of sequences and symbolic dynamics [44], Cor. IV.12 .
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We can transform Xz(€) into a flow over R by the technique discussed in the
previous subsection and thus obtain Xg(£), which will be minimal (respectively
ergodic, uniquely ergodic) according as Xz(€) is.

In the next two subsections we consider situations which are derived from two
famous sequences, the Thue-Morse and Rudin-Shapiro sequences.

4.3.5 The Thue-Morse sequence

The Thue-Morse sequence can be defined by iteration of the two letter substitution
(we use {a, b} instead of {1,2})

a—ab; b—ba: &= abbabaabbaababba ... .

based on the alphabet A = {a,b} (we use {a,b} instead of {1,2}).
Since the substitution is primitive, it is known that the corresponding dynamical
system Xz = Xz(£), and hence also Xg = Xg (&), is minimal and uniquely ergodic.
For an arbitrary weighting system w = (w,, w) we have the diffraction w2v,, +
WaWpYah + WpWaYoa + wgvbb where 7;; is the correlation between points of types
i,7 € A. The natural symmetry a < b of Xz gives Yaa = Yobs Yab = VYoa-
Kakutani [27, 28] has determined the diffraction for the weighting system w =
(1,0) and it is
1
Z(SO + s8¢,

where sc is a non-trivial singular continuous measure on Z. On the other hand, with
the weighting w = (1,1) the elements of Xz are all just the sequence Z as far as the
autocorrelation is concerned, and the diffraction is dz. From these it follows that
the diffraction for a general weighting system is

W, + W, Wy — W,
(——2——b)250 + (——2——2)28C.

In view of our remarks in §6.1, the diffraction for Xp is

Wy, + Wy

W
( 2

)20z + (——;—%)%cp
where scp is the periodization of R of the measure sc on T.

The dynamical system is also mixed, pure point plus singular continuous [30].
There is an obvious continuous involution ~ on Xz that interchanges the a and b
symbols. L?(Xz, piz) splits into the &1-eigenspaces for ~: L2(Xz, uz) = L% (Xz) @ L2 (Xz).
L% (Xz) is the pure point part of L?(Xz, 1) and its eigenvalues are all the numbers
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of the form k/2", n =0,1,...;0 < k < 2" (literally exp (27ik/2™)). On the other
hand L2 (X3z) is singular continuous.
When we move to the suspension of Xz we obtain L?(Xg, #) which we know cer-

tainly retains the eigenvalues of L2(Xz, 4z) and, due to the embedding of L(R, {"?),

also retains a singular continuous component.

The dynamical spectrum is, of course, independent of any particular assignments
of weights to a and b. We can draw the following conclusions from this:

(l) Wy = 1,wb = 0.

e —

1
,19’0’ = ZJZ + scp.

The eigenfunctions of L?(R, ;1(11’0)) are 1gy, k € Z. It follows that 6*(1(_g}) is
an eigenfunction for eigenvalue & (Thm. 4.1.3, Cor. 4.1.5). Thus 6" covers only the
eigenvalues k € Z of L?(Xg) and none of the fractional ones k/2%,n > 0. This
shows that 6% is not surjective. Also 6 embeds the singular continuous part of

LR, 489 into L2 (R), although we do not know the image.
(ii) wy = wp = 1. In this case the diffraction is dz (the Thue-Morse sequence with

equal weights looks like Z). Although L?(R, ;zﬁ“) ) is pure point, its image does not
cover the pure point part of L?(Xg, u), nor does it even generate it as an algebra.
This shows that the requirement of unequal weights in Theorem 4.2.1 is necessary.

(i) we = 1,w, = —1. This time the diffraction is singular continuous and 6*
does not even cover anything of the the pure point part of L*(Xg, p1).

Cases (ii) and (iii) show that the non-existence of a particular component in
the diffraction spectrum implies nothing about its existence or non-existence in the
dynamical spectrum.

4.3.6 The Rudin-Shapiro sequence

We define the Rudin-Shapiro sequence using the notation of [43]. Consider the
substitution rule s defined on the alphabet 4’ := {1,1,2,2} as follows: s(1) =
12,5(2) = 12,s(1) = 12,8(2) = 12. Let £ be the s-invariant sequence that starts
with the symbol 1. We can reduce this to a 2-symbol sequence &' with alphabet
{a,b} by replacing the symbols with no over-bar by the letter a and the others by
the letter b. This 2-symbol sequence is usually called the Rudin-Shapiro sequence
[44], though Priebe-Frank uses this appellation for the original 4-symbol sequence.

Let us start with the 2-symbol sequence, which results in the 2-coloured minimal
and ergodic dynamical hull (Xz(¢'),Z), as developed above. There is a natural
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involution on the dynamical system that interchanges ¢ and b. Once again we
introduce a system of weights w = (wg, wy).

Under the system of weights (1, —1) it is well known that the diffraction measure
of the elements of Xz(€') is the normalized Haar measure on R/Z [44], Cor. VIIL5.

Thus L*(R, ,u(l Dy = L%(R, ¢), where ¢ is Lebesgue measure on R.

On the other hand, the weighting system (1,1) reduces the elements of Xz(¢’)
to copies of the sequence Z. So, just as in the case of the Thue-Morse sequence, we
can deduce the general formula for the diffraction:

Wq + W

Wp
(2

)26, + (w“__;__

2
).

The spectral decomposition of L2(X7z(¢')) is of the form
LA(Xz(€)) ~ Ho Z(f)

where H is the pure point part with one simple eigenvalue exp(27iq) for each dyadic
rational number ¢ = a/2", where a € Z, n =0,1,2,... [12, 36]; and Z(f) is a cyclic
subspace which is equivalent to L?(R, ¢). In other words, the dynamical spectrum
is mixed with a pure point and an absolutely continuous part 4. In any case, we
see that L?(Xg(¢'), u) contains a pure point part whose eigenvalues include all the
dyadic rationals, and also an absolutely continuous part into which the absolutely
continuous part of L?(R, u‘l") must map by 6%.

The analysis now proceeds exactly as in the case of the Thue—Morse sequence,
with the same three types of possibilities except now the singular continuous parts
are replaced by absolutely continuous parts.

4.3.7 Regular model sets

In this example we see that even when everything is pure point and there is only
one colour, still § need not be surjective.

Let (R?,R?, L) be a cut and project scheme with projection mappings 7;, i = 1, 2.
Thus L is a lattice in R x R?, the projection 7; to the first factor is one-one on
L, and the projection mo(L) of L has dense image in the second factor. Let W be
a non-empty compact subset which is the closure of its own interior and a subset

4Explicitly f is the function on Xz(¢') which is defined by f(¢) = lor — 1 according as ¢(0)
is @ or b. This can be deduced from the main theorem of [43], where the equivalent result for
dynamical system arising from the 4 symbol sequence gives two copies of L2(R, £)), and then by
dropping to the factor. ‘
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of the second factor. We assume that the boundary of W has Lebesgue measure 0.
The corresponding model set is

A(W) = {Wl(t) 1 te L,7T2(t) € W} .

It is a subset of D, for some r > 0 and it is pure point diffractive [23, 47, 7]. The
orbit closure X = m is uniquely ergodic. Its autocorrelation v, and hence
its diffraction 7, is the same for all I' € X. Furthermore, the diffraction is explicitly
known:

fo=7= > ardmr)

keL®

where L° is the Z-dual lattice of L with respect to the standard inner product on
R? x R ~ R?? and ,

ag = llw(;ﬁg(k}))l .

For more on this see [23]. The main point is that /i (1 (k)) = 0 if and only if a5 = 0.

Likewise L2(X, i) is known and it is isometric in a totally natural way by an R%-
map to L?(R??/Z?¢, v), where v is Haar measure on the torus. Thus the spectrum
of X is pure point and the eigenvalues are precisely all the points of L°. Thus the
mapping § embedding the diffraction into the dynamics will be surjective if and only
if for all k € LY, a; # 0.

Now it is easy to see that we can find model sets for our given cut and project
scheme for which fail to be surjective at any k € LY that we wish, as long as k # 0.
To do this take W = [—1,1] and for each scaling factor s > 0 let A®) := A(sW).
The intensities of the Bragg peaks become

—~ 2
a,(f) = 8% |1y (—smy(k))

Since 1/V\V is continuous and takes positive and negative values on every ray
through 0 in R%, but altogether takes the value 0 only on a meagre set, we see that

by choosing s suitably we can arrange either that a,(cs) vanishes at any preassigned

non-zero k € LY (and 6 is not surjective) or that alternatively afcs) vanishes nowhere

on L° (and 6 is a bijection).

4.3.8 The necessity of non-zero weights in Thm. 4.2.1.
Let A = (A,, Ap) where

Ag={2€Z:2=00r2 modd}, A,={2€Z:2=3 mod4}.
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Then A is periodic with period 4 and its hull - that is, the closure of its R translation
orbit — is X ~ R/47Z (a conjugacy of dynamical systems with the standard action
of R on R/4Z). Thus L*(X, i), where p is Haar measure on R /4Z, has pure point
spectrum with eigenvalues 37.
Let (wq, wy) be a welghtlng system for A. The autocorrelatlon is everywhere the
same and is easily seen to be
1

f11 = “wbaz +

1 1 1
5 —WaWp01447 + ~WaWpO—1447 + Zw§54z .

4 4

The Fourier transform, that is the diffraction, is then given by

o~ 1 1 )
o= szd%z + T Walp exp(—27i(:))d1z
1 1
+ 1—6wawb exp(2mi(. ))5%23 + Téwfé%z
1 1 1 1
= —{(wﬁ + 5Watts + wa)cSZ + (w2 - 5 Was + Zw§)5%+z
1 1

T 51+Z+4wb iz}

Now it is clear that the image of # can only generate eigenfunctions for the
eigenvalues :i:i + Z if wy # 0 (and then in fact it does so, independent of the value
of w,). :

4.4 Higher correlations and higher moments

Let £ : (Q, A, P) — (X, X) be a uniformly discrete stationary multi-variate point
process with accompanying dynamical system (X, R%, p).

The n + 1-point correlation (n = 1,2,...) of A € X is the measure on (R%)"
defined by

AH(f) = nm——l—) S eI (G DTl (-1 90)

Y1y Y, TECR

= lim o= Y A({EHIL N {5 )Tl 0 9n),

Yisee ynERd

for all f € C.((R%)"). In particular for f = (f1,..., fn) € (C.(R%))", where each
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fi € CC(Rd)7

’Y§\n+1)(f) = 1%1—{2012 Z Nz A (w DT fi (01) - To fo(yn)
ylyzil?ékd
= Jm e(c ZA ({DNETd) . N (Te)

We know that p-almost surely this exists, it is independent of A, and

AVO(NE L NE)A) = @ (N NE) = i ((fry 5 )

The measure defined on the right-hand side of this equation is the nth weighted
moment of the weighted Palm measure at (fi,..., fn), so we arrive at the useful
fact which generalizes what we already know for the 2-point correlation:

Proposition 4.4.1. The n + 1-point correlation measure exists almost everywhere
on X and is given by [, .

Of course, in the one colour case where there are no weights (or if the weighting
is trivial: w = (1,...,1)), then these are ordinary moments.

Lemma 4.4.2, Assume that the weights are all different and none of them is zero.
Then the weighted intensity (and hence the first moment of u) is determined by the
per,n=12....

PROOF: By (3.3.1), we need to know *(X). Now £ is supported on the Xy of
elements A € X which have an atom at {0} and we have

(X) = /X N, (\Dd(N)
= [ 3 My Wi

= Z 2 (N1, - res’).

i=1
From (¥ we have
/ Nlm A)d*(A) = szu (N1, o TES ). (4.4.1)
i=1
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Similarly,

(12({(0,0)}) = /X (N7, (N (N) = Zw “(Ny g, 0 Tes;). (4.4.2)

Continue this until we get to

m

0 00)) = [ (V8 POV = Do ul (M ones). (443)
i=1
Using the same argument in Lemma 3, we can solve this system of equations for
(i (Nyq, ores’) for j = 1,...,m and hence determine the intensity u*(X).

Theorem 4.4.3. Let (X, ) be an m-coloured stationary uniformly discrete ergodic
point process and w a system of weights in which w;, i = 1,...,m, are all different
from one another and also none of them is equal to 0. Then the measure p is p-
almost surely determined entirely by the weighted n + 1-point correlations of A € X,
n=12....

The key to this is the known fact (in the non-weighted case) that the nth moment
of the Palm measure, n = 1,2,..., is the same as the reduced (n + 1)st moment
of the measure p itself. Thus knowledge of the correlations gives us the moments
ftn, of the Palm measure, which in turn is the same as knowledge of the reduced
moments of u. These in turn determine the moments p,, n = 2,3,... of u. As for
w1, we already know that it is just the intensity of the point process times Lebesgue
measure, and from Lemma 4.4.2, this is derivable from the moments.

First of all we give a short derivation of these facts in the unweighted m = 1
case, and then show how to augment these to the weighted case.

Let g, hy, ... h, € C.(R?) be chosen freely. Let G : R? x X — C be defined by

G(JT, ’\) = g(x)NTmhl ()‘) s NTzhn(’\) :

We use the Campbell formula

/Zx{x} (z, \dp(A //GxT/\du A).

z€R?
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The left-hand side reads®
/ > A{=#D9(@) Nrywy (A) - Npyn, (Wdp(A) (4.4.4)

zeR4

- /X MDA Toha) . . A(Tohn)dp(N)

= s o(Toh) . Teho)) = [ o(@do (b o),

while the right-hand side reads

/Rd / L)Ngh, (Te) - - . Nrph, (TeN)dip(N)da = /R _9(@)dz fin(ha - ),

since Np,4(TzA) = Np()). For the reduced moments see [11], Sec. 10.4, especially
Lemma 10.4.I11 and Prop. 10.4.V. The point is that p,4; is invariant under si-
multaneous translation of its n + 1 variables. This invariance can be factored out
leading to the rewriting of u,4; as a product of Lebesgue measure and another mea-
sure, which is, by definition, the reduced measure. This rewriting is exactly the last
part of equation (4.4.4). Thus, u*} = ji, and, using Prop. 4.2.7 and Prop. 4.4.1,
Theorem 4.4.3 is proved in the 1-coloured case.

To obtain the weighted version, we use now the functions

GY(x,A) = g(x)Npp, (A) ... NE, (V)

and the weighted form of the Campbell formula. Then the same argument leads to
(u¥,,)d = 4 and the proof of Theorem 4.4.3 follows as before. 0

Corollary 4.4.4. For a A € X, the probability measure ) determined by A (see
Chapter 2) exists p-almost surely and it is equal to p p-almost surely.

PROOF: We define a sequence of properties for point sets in X that for n € Z™,

P(n): the n + 1-point correlation measure exists y-almost surely and it is equal
to i p-almost surely.

For n € Z*, define

An = {\ € X : ) fulfills P(n)},

and A := (),2; As. Then by Proposition 4.4.1, u(A,) = 1, for n € Z*. Thus,
u(A) = 1. Further, for a A € X, by Theorem 4.4.3, the probability measure )
determined by A\ exists and it is equal to u. O

59(T:h1)...(Tohy) stands for the function whose value on (x, (y1,--.Y0)) € R% x (RH™ is
g(w)(Twhl)('yl)---(Tzhn)(yn)-
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Chapter 5

Other results

5.1 The square-mean Bombieri-Taylor Conjecture

Theorem 5.1.1. (The square mean Bombieri-Taylor conjecture [23]) Let (X, R%, u)
be a uniformly discrete, multi-coloured stationary ergodic point process, and assume
that w is a system of weights. Then the following are equivalent ! :

(1)
Z(—Cl';j Z A({z))e*™ * 50 asR— 00}

z€CR
(it) B ({k}) #0;
(111) k is an eigenvalue of U.
In the case that k is an eigenvalue, then

é_(_éR_) Z Xw({x})e%rik.a: - gw(lk)

z€Cqr

For notational simplicity we shall prove the two technical lemmas that precede
the main proof in the 1-dimensional case. However, it is easy to generalize the proof
to any dimension d. Throughout, R is assumed to be a positive integer variable.

Lemma 5.1.2. For alle > 0,
lim (1) = BP({0}),

ie. {1 cqteno — Loy in LA(R, i¥).

1Limits here are taken in the L?-norm on (X,R%, 1). Recently D. Lenz [33] has given a point-
wise version of the result.
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PROOF: Assume ¢ — 0. Let F, := 1j_q — 10j. Then for all z € R, 0 <
F.(z) <1 and F.(z) \, 0 pointwise. Since 4} is a translation bounded positive
measure, oY (F,) N\, 0. Now,

/ll[—c,e]—l{O}Pd/?lD:/de/Tllu S/Fedﬁ? — 0.

Lemma 5.1.3. As functions of y € R¢,

1 [t
_2_§ e21rzy.zdx —_ 1{0} (y)
in LQ(R,E’;") as R — oo.
PrROOF: Let ( )
. iy sm 2nyR
9r(Y) = 5 / do=— R

We need to show that [°° |gr(y) — 1{0}(y)[2dﬂ‘1"(y) — 0. Since |gr(y) — 10} (¥)] <
F.(y) for —e <y < ¢, we have [°_|gr(y) — 1{0}(y)|2d;T§“(y) — 0 as e — 0, and the
convergence is uniform without reference to R.

For the remaining parts of the integral, we have (the part from —oo to —e is the
same)

[lonts) - 1o = [ i)
1 00 2
(27TR€)2 / y d:ul (y)

e+m+1
< %Re / di® (y +Z / g (y)

Since f d,u1 (y) is unlformly bounded by some constant C(1) (due to the trans-

IA

lation boundedness of i) we see that [ |gr(y) — Loy (¥)|?dfi¥ (y) — 0 as long as
Re — 00 as R — oo. Putting ¢ = R™'/2 gives the necessary convergence of both
parts. |
PrOOF THEOREM 5.1.1: (ii) « (iii): k is an eigenvalue if and only if —k is an
eigenvalue, ¥ ({k}) = p¥({—k}) for all k, and k is an eigenvalue if and only if

a2 ({k}) # 0.
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(lll) <~ (1) Let fr:= EITz'Xk]-[—R,R]' Then

— 1 ' :
) = 57 [T 0@l na (@)

_ _1_ /R 621ri(k—y).zdx
2R | g

— Lk —y) = 1Y),

the convergence being as functions of y in L?(R, ;T’l”) as R — oo.
Let ¢ = 60" (1ixy). Thus fr — 1y implies that 0“(fr) — ¢—x in L*(X, p), so

/X IVE (4) - $_p(A)Pdp(d) — 0,

which from (3.1.1) gives
2

[ lsr & ahee - o) duta) —o.
X 2[—R,R)]

Thus 55 >~ e an_r,p €™ " converges in square mean to ¢_x. Furthermore by Cor. 4.1.6,
¢_x is a x_s-eigenfunction for T if 28 (k) £ 0 and is 0 otherwise.

If ¢y =0then 35 3 cpnprm € % =0 prae If ¢y # 0 then {A : ¢_4(A) =
0} is a measurable T-invariant subset of u, since ¢_, is an eigenfuction, so by the
ergodicity it is of measure 0 or 1. It must be the former. Now using the Fischer-
Riesz theorem [15], there is a subsequence of {55 >, cni_g g A ({2})€*™*} r which
converges pointwise p-a.e. to ¢_. Since ¢_j is almost everywhere not zero,

1 w 2mik.x
F > Xv({a}hermET o 0.

z€[—-R,R]

5.2 A strange inequality

Let (X,R% u) be a uniformly discrete stationary ergodic point process (no colour).
Assume that the point sets of X have finite local complexity, yu- a.s. This implies
that the autocorrelation measure fi; is supported on a closed discrete subset of A—A
for any A whose autocorrelation is ;. Thus for A € X we have, y-almost surely,

. 1
pa(t) = I%EIOIO Z(CR)card((~t + M)NANCR).
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Proposition 5.2.1. For all k,t € R,

[t — 1| () < 2 (0) - in(8))

Proof: Let k € R Then

CR) Z e—21rzkw

z€ANCr

in the norm of L?(X, i), where gy is an eigenfunction of T for the eigenvalue k if
f11(k) # 0 and 0 otherwise (Thm. 5.1.1).
Suppose f21(k) # 0. Let ¢ € R?. Since

1 .
(Tig)(A) = gu(—t + 4) = lim D
fimo £{Cr) ze(—t+ANCR

for almost all A € X,

(T — 1)gk)(/1) = Iil!_rgo g(éR> { Z e 2mikT _ Z o~ 2mik-w

z&€(—t+A)NCR z€ANCr
= lim hR(/l),
R—oo

where

z€(—t+ANANCR z€A\(~t+A)NCr

1 —2mik-x —2mik-x
hR(A) V= m { Z € o _ Z [ } .

Thus hp — (e*™** — 1)g; in the L2-norm on X.

Furthermore,
1 _Irikx —2rikx
|hr(4)] < W) Z Ie ik ‘—I— Z Ie ik ‘
R)\ se(~t+A\ANCR z€A\(—t+A)NCh
1
< o1+ D> 1
¥(Cr) (ze(-t+A)\AnCR zeA\(~t+A)NCr )
1
= 1 =2(1,(0) — f14(t)).

ze(—t+A)AANCR

Note that /'l,l (0) Z ,l:Ll (t)
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With these preliminaries out of the way, the rest of the proof is straightforward.
Since p is a finite measure, hg — (e*™** — 1)g; in the L' norm also. Then there
is a subsequence {hg,} of {hg} which converges to (e?"*** — 1)g; point-wise almost
everywhere ([10], Sec. 3.1).

Using the dominated convergence theorem (Jhg(A)| < 241(0)), we have
[ 1 = 1 (g P dua)
= Jim [ e du(a) < [ 1202(0) = in(O)F du(a)
= 4)(5(0) — ().
Meanwhile, from Thm. 4.1.3
et 1P g P dut) = Jems -1 [ 1
— le2m'k-t _ 112&(@

So

[

2nik-t

| — 1] fin® (k) < 2] (s (0) = fua ()] = 201 (0) = fu (1)) -

O

Remark 5.2.2. This result numerically links three interesting quantities. If A € X
has autocorrelation [1y then for the set P(e) of e-statistical almost periods of A, i.e. t
for which [11(0) — (11(t) < €, the Bragg peaks I{a) of intensity greater than a > 0, i.e.
k for which fi (k) > a, can occur only at points k which are 2¢//a-dual to P(e), i.e.
k for which |e*™*t — 1| < 2¢/\/a for all t € P(e). If this latter quantity is less than
or equal to 1/2 and either of P(e) or I(a) is relatively dense, then the other one is
a Meyer set [839] Thm. 9.1. Furthermore, Bragq peaks can occur only on the Z-dual
of the statistical periods (¢t for which f1(t) = 11(0)), a fact that is of course very
familiar in the case of crystals.? We notelthat the inequality seems to be optimal.
The mazimum values of |e*™** — 1| and (112 (k) are 2 and 1, (0) respectively, whereas
the minimum value of fi1(t) is 0.

2We are grateful to Nicolae Strungaru for this last observation.
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Chapter 6

How finite correlation measures
determine the point process

Introduction

We have proved that for an m-coloured stationary uniformly discrete ergodic point
process, the law is uniquely determined by the set of all weighted correlation mea-
sures of the point process. In this chapter, we will prove that for a k-step uniformly
discrete ergodic simple Markov process, the law g can be uniquely determined by
the first k correlation measures of the point process. We will also prove that a point
process generated by a model set is uniquely determined by its 2-point and 3-point
correlation measures.

6.1 The correlation measures of a continuous dy-
namics of intervals

In this section, we only consider uniformly discrete point processes on the real line.
From Section 2.4, we can regard a uniformly discrete point process on the real line as
a continuous dynamics of intervals and vice versa. We start with an ergodic symbolic
dynamical system (Xg,Z, uz) on the space A% equipped with product topology,
where A := {a1,...,an,} is an alphabet set. This concept was introduced in Section
4.3.1. Here A replaces m.

Let £ be a set of m nonnegative numbers, £ = {L;}7*. Now we think of a;
as representing a line segment with length L,, for 2 = 1,...,m. L is said to be
integrally independent if and only if the equation ) ;- z;L; = 0, has only the
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trivial solution (that is z; = 0,4 =1,--- ,m on Z). We assume that:

(AI): L is integrally independent.

Evidently, all elements in £ are distinct. Thus, there is an one-to-one correspon-
dence between “words” in A and “words” in £ and hence we can represents A by
L.

By Section 4.3.1 and 4.3.2, to obtain a a uniformly discrete point processes on
the real line (X%, u*) from the symbolic dynamics (Xo, Z, pz), we assume that:

(AID: > Lipsa(XalLy) = 1, (6..1)
=1
where Xz[L;] is a cylinder set defined by Xzla;] := {{z:i} € Xo : 20 = L;}, j =
1,...,m. Moreover, since ug is ergodic, the law u* is also ergodic. We will show
that the correlation measures of y are determined by the probability distribution uy
on these cylinder sets.

Define =% := {377, ¢;L;j : ¢; € ZF,j = 1,...,m} \ {0}. Note that a typical
cluster of a point set in X% is of the form P := {to = 0,¢1,...,ta}, o <1 < -+ <1y
and t; — t;_1; € Zt, where n € Z*. We can also represent the cluster P by a finite
sequence of intervals [Dy, ..., Dy}, where D; =t; —t;—; for j =1,...,n. We define
X% :={A€ X :Pc X} The characteristic function of X% can be expressed as a
product of finite counting functions (3.1.1) as follows.

IX?, = Ny X Ny X -+ X Nygo) (6.1.2)

Since Nygy|xo = 1, we have

pE(X3) = /x° Niuy -+ Ngaydjs = (L X -+ X 1), (6.1.3)

by the definition of f, the n-th moment measure of i*. Recall that the n + 1-
point correlation measure exists and is equal to g** p-almost surely. Concerning
1p = gy % -+ X 1,3, we can denote f5(1g,y X -+ X 1g,)) equivalently by
GE([Dy,+ - , D))

Continuing with the pattern P = [Dy,---, D,], we consider the decomposition
of D; into the sum of Ly, -+, L,,. Suppose that there is some D; such that D; =
L, +- -+ L;, (uniquely) where iy,- -+ ,is € {1,2,--- ,m} and s > 2. If ¢ € X9, then
the points t;_y = D1+ -+D;_1,t; = D1+ - -+D; are in £ and the points of € between
t;—1 and ¢;, including ¢;, must be Dy + -+ D,y + Lj, + -+ Ly, k=1,2,--- ;s
for some arrangement of L;,,-- - , L;,. By observation, X% is a disjoint union of X%,
where P’ runs over the distinct expansions of P due to the different arrangements
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of Ly, -+ ,L;, that arise in this way. Furthermore, looking at the definition of
frequency, we see that freq(P, &) = Y freq(#’,¢). This gives us

/J’f;[Dlaan]:Z Z ﬂﬁ-}-s[Dl?"'7Di—17Li1)"'7Li57Di+17"'7Dn]-
=1 331 Li;=D;

From this, we get

Proposition 6.1.1. For any pattern P = {to,t1, -+ ,tn} = [D1,+ -+, Dy}, induc-
tively, p5[Dy,--,Dy] can be rewritten as a sum of terms fis, |1, -+, I,] where
L, LeL. O

When for j = 1,...,n, D; € L, the sequence [Ds,...,Dy] actually defines a
cylinder set Xz[Dy, ..., Dy]. In this case, we have

Proposition 6.1.2. 44[Dy, -+, D] = uz(Xz[D1, ..., Dy]).

PROOF: We already know that 4*(X3%) = 4£[Dy, -+, Dy]. By definition of the
Palm measure,

'ﬁxf’:—l——/ Lo (—z + A)du=(4'),

H ( P) l(V) lea:g/;/l, Xp( ) M ( )

where V' is an arbitrary Borel set of R of finite positive measure. Here we choose that
V is a neighbourhood of the origin such that V C (—r,7) and r := min{Ly, ..., Ly }.
Then the sum 3y 1xg(—2 + A') can only contain one term. We show that it
is equal to the characteristic function 1x,,. First, we recall that Xpy is a pattern
defined by Xpy = {A' € X : Jxz e VN A,P C V+ A}. Next, since =7 is
uniformly discrete, every point set in Xg* has FLC, A’ € Xpy if and only if there is
az € VNA such that P C —z+ A" It follows that 1x,, = 3 cyny Lxg (—z+4").
Therefore, using equation (4.3.2) from Section 4.3.1, we have

ovoy ] ) N

0D = g5 [ L A0 = s (Xe)
- -Rlv)-(lmZ)((vrﬂ)—l(Xav)ﬂF)
_ “_%/_)([®MZ)(V><XZ[D1,...,DTL])

= pz(Xz[Dy,...,Dyl).
O

Putting all together, then we see that every correlation measure can be expressed
as a finite sum of the probability distribution uz on those cylinder sets.
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6.2 Markov processes

In this section, we are interested in a typical kind of uniformly discrete ergodic point
process on the real line. To introduce this kind of point process, we start with a
stationary symbolic dynamical system (L%, Z, uz), where L is a set of m nonnegative
numbers as before. Note that (£Z,Z, uz) can also be thought of as a sequence of
random variables {z,}z such that these random variables take value in £ and the
combined probability distribution P of these random variables is defined by

P({{zn}z PRl = Dl’ Ctty Rsdn T Dn}) = NZ([DI’ e ’Dn])v
for s € Z. Thus, the conditional distribution Pg of P is given as

/‘LZ([DD e )D’n])
pz([D1, <+, Dpa])’

fors€eZand D;jeL,j=1,-- ,n,whenn=k+1,k+2,---.

Pe({zn+s = Dnl2s41 = D1, , Zsyn—1 = Dp_1}) == (6.2.1)

Definition 6.2.1. A k-step time homogeneous Markov chain (simply o Markov
chain) is o stationary symbolic dynamical system with an alphabet L such that the
conditional distribution P defined by (6.2.1) satisfies

HDC({Zn = Dn‘zl - D17 Ly Rp-l & Dn—l}
= IP)C'({Z'n = Dn|zn~k =Dp_y- - y Ap—1 = Dn—1}7

forseZand D; € L,j=1,--- ,n, whenn=k+1,k+2,---. In particular, if L
satisfies condition (Al) and condition (AIl), then we say that the Markov chain is
simple.

For a Markov chain, we define a k x k matrix Q by Q = (ai,,...ix;51,...5x) Such
that ‘

Po({zk41 = Lj, |21 =Liy, -+ 2= Ly })
1 seerbiFLaeendle if j] = ’ig, e ;jk-—l = ik; (622)
0, otherwise.

Q.

We call the matrix @ the transition matrix of the Markov chain. () is primitive
if and only if there is a positive integer n such that every entries of the power matrix
L” is positive. It is known that if Q is primitive, then (£%,Z, uz) is an ergodic
symbolic dynamical system.

Definition 6.2.2. The uniformly discrete simple point process (X§,R%, ug) pro-
duced by a Markov chain (L%, Z, uz) is called an k-step Markov process.
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Now we get to the main theorem of this chapter.

Theorem 6.2.3. Consider the k-step Markov process produced by a simple ergodic
Markov chain (L%, 7, uz). Suppose that fi; is the (i+1)-point correlation measure of

the k-step Markov process fori=1,...,k+1. Then the law u is uniquely determined
by {£}7*".

PRrROOF: Forn € N,n > (k+1), we take an arbitrary configuration of [Dy, ..., Dy],
Dieﬁ,izl,...,n.

fin| D1, -+, Da] = pg(Xg[Dy, ..., Dy))
= wz(Xz[D1, ..., Dn)))Pc(Du|D1, -+ Dyt }
= fin-1[D1," -+, Du1|P(Dy|Dy, -+« , D)
= fin-1[D1,+ -+, Dpa|P(Dp|Dpeg, s Dno1)

Therefore,

_ Pn—1[D1, s Dypct) k1 [Pty -+ D]
,[lfk[Dn—k,"' 7Dn—1] ’

from the definition of a k-step Markov process.

ﬂn[Dla' o ,Dn]

Continuing by induction, we prove that fi,[Di,-- -, D,] is expressible in terms
of f13,+ -, ftx+1 evaluated on sequences of L.

Next, by Proposition 6.1.1, we know that this claim is also true for an arbitrary
configuration of [Dy,...,D,], D; € E*, for i = 1,...,n. So, we conclude that
[, ..., g1 determine all other correlation measures. Finally, by Theorem 4.4.3, p
is uniquely determined by g, ..., ftks1- O

Remark 6.2.4. The Theorem 6.2.3 remains true even if L is not integrally inde-
pendent. To see this, we just need to reconsider the Proposition 6.1.1. It is still true
that every pattern is a disjoint union of some simple patterns due to the different
arrangement of those interval lengths {Ly,--- , Ly} no matter that the decomposi-
tion is more complicated. In this case, for a given line segment D; € E*, there may
exist many distinct combinations of those interval lengths {Lq, -+ , Ly} such that
their sum is equal to D;. Therefore,

CO[Dlv"'aDn]=U U CO[Dh"'vDi—-l,Lin"' )LisaDH—l?"' 7D'n]'
s=12fL,-_]_:D,;
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6.3 Point processes of Model sets

*In this section, we consider an ergodic point process generated by a model set (see
Corollary 2.5.6), whose window set is restricted to be a relatively compact subset of
R™. The main purpose of this section is to attack the problem of the uniqueness of
such an ergodic point process for given a finite set of correlation measures (2-point
and 3-point correlation measures here).

Let A be a regular model set such that A* C R™. Denote by 2 the closure of
the window set A*, i.e.,, Q = A*. Evidently, Q has nonempty interior and hence

() >0.
In general, for ¢ € N, the (i + 1)-point correlation measure 'yffﬂ) exists and it
has the form
AR S XA (6.3.1)
Z1y, 2 €(RY)
where
i £ e T ifzy,..., > -
’7((;)1,...,%) :{ 0r,eq({O,am, ,Ti}), ftizrwis’f € (A-A), (632)

It has been proved in [40] that

QN Moy (—25 +9))
1)

freq({0, %1, ..., xi}) = (6.3.3)

It is clear that n,..0) = 1.

Let f:=1g, B = {k € R¢: f(lc) =0}, and D :=R%\ E. Since f is compactly
supported and measurable, its Fourier transform exists and the Fourier transform f
is continuous. Thus, the set E is closed. It follows that D is a open set. Moreover,
since f(0) = I(€) > 0, we have 0 € D. We will show that the set £ has no interior.

Note that

f(k) = / e~k gy — / cos(2mk - x)dx — isin(27k - z)dx.
Q Q

Let g be the real part of the function f, i.e., g(k) == Jo cos(2rk - z)dz, k € RY.
Lemma 6.3.1. The function g is a real analytic function.

PROOF: Note that the function e=?"*2 (with the variable z) has a Taylor ex-
pansion at the origin as follows,

—27mik- omi S ks
e 2mike eZlek]x,:aO_i_

0
ail,...,id;mkll Ce kdd y

m=1 Li1,..,ig,51++ig=m
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where
Ay = 1
(=2mi)™a ... xf

il! ...’Ld!

iy,.iaim

Since e=2*® = cos(27k - ) — isin(27k - 1), cos(2mk - z) has a Taylor expansion
at the origin as follows,

cos(2rk - z) = ap+ (6.3.4)

o

> > iy, igomks K|, (6.3.5)

m=1 [i1y0sld i1+ +ig=2m

Since €2 is compact, there is a positive number C' > 0 such that forz=1,...,d
mer2m
and all z = (z1,...,24) € Q, |z;] < C. Hence, |a;,.. ijom| < Q%— Let
bo :=1(Q2) and for m € N,
—1)™(2m)?mgl .. gid
biy....igom = Ja(=1) (. ™) e AR e (6.3.6)
21! e ’Ld! i
It is clear that
. I 2m02m
Bigiam] <l iamll(2) = ),
11t ...%40

Thus,‘ the function series

00
by + Z [ Z bz’1,...,id,;2mkil s k'zldjl s (637)
214

m=1 Widyiy e tig=2m

converges everywhere.
Furthermore, by the Lebesgue dominated convergence theorem, we have

a(k) = / _cos(znk-2)dz = b+ | (6.3.8)

> [ > Biy,iaizmki’ - kff} :

m=1 li1,..,iq,01++ig=2m

Therefore, the function g has a Taylor expansion on R?. This follows that the
function g is an analytic real function. 0O
It is known that the zero set of a nonzero real analytic function on R? has no
interior. Since f (k) = 0 only if g(k) = 0, we conclude that the set £ has no interior.
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Since D is open and 0 € D, there is a ry > 0 such that B,, C Dy.
We define a sequence of functions {Z"}{° by

I (zy,...,z) = UQN [ \(z; + Q)
J=1

or equivalently,

™Mz, .., z) =/ fI ;=) f(t)dt, (6.3.9)

where f = 1q, f(z) = f(-2).
Lemma 6.3.2. Forn € N, T™ is uniquely determined by fy("H)

ProOF: It is clear that Z( is a continuous function supported on (2 — Q).
Recall that A is dense in . It follows that (A — A)* is dense in (Q — Q). Moreover,
for zy,...,x, € (A~ A),

T™(2y,...,2,) = l(Q)’yﬁlnH)(—xi, ceey =)

It implies that Z(® is uniquely determined by 7("+1) for n € N. O

Now we are going to show that the function f is uniquely determined by 7(2)

and 'y ) on Dy by using this lemma.

At first, we define ¢y on D by ¢o(k) := I;EIIXI Then ¢ (k) is a continuous function

on D and |¢o(k)| = 1. Since f(0) = 1(R2) > 0, ¢o(0) = 1.
In general, by simple computation, we have

IO (ky, ..., kn) = [[ F k) FQ k), neN. (6.3.10)
=1 j=1
When n =1
IW(k) = / fk =) f(t)dt. (6.3.11)
R4
This is the convolution product of the function f and f. Thus, '

IO(k) = f(k)f(k) = |7 (k). (6.312)

When n = 2, . L
IO (ky, k) = f (k1) f (k2) F(a + k). (6.3.13)
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Denote by D@ the set {(ki, ky) : k1, ko, k1 + kz € D}. Note that B%}_ + B%Q_ -
By, C Dy. Thus, By x By C D@ Then on D?, we define

T® (ky, k)

YOk = TSN+ ] (0314

By (6.3.13), for (ki,k2) € D@,
Bolkr + k2) = o (k1) po (k)™ (ky, ko). (6.3.15)
This implies that the function ¢y is a particular solution of the following equation:
d(k1 + ko) = p(k1)p(ka) @ (Ky, k2), (6.3.16)

where ¢ is defined on D and (k;, k;) € D®. We point out here that this equation
is entirely determined by the function Z), T since the function ¥® is given by
them.

Equation (6.3.16) is related to the following homogenous equation.

@(k1 + kg) = @(k1)p(ka), (0) =1, (6.3.17)

where ¢ is defined on D and (k;, k;) € D®.

Let ¢ be an arbitrary solution of equation (6.3.16). Then f; is a solution of
equation (6.3.17). We are going to show that every solution of equation (6.3.17) is
a character function x, on R™ restricted to D. Hence ¢ is of the form ¢ = ¢gxa.

Let H be a locally compact Abelian group. Suppose that Z is a closed subset of H
with no interior, and 0 ¢ Z. Let S := H\Z and S := {(ky, k2) : k1, k2, k1+k2 € S}

Lemma 6.3.3. S@ is dense in H x H.

PROOF: Suppose S@ is not dense in H x H, i.e., there is a open set U x V C
H x H\ S, where U,V C H are open. Since Z is a closed subset of H with no
interior, SNU, SNV are nonempty open sets. For all u € SNU,v € SNV, we have
(u,v) € Hx H\S®, ie., u+v € Z. Thus, SNU C —v+Z. This is impossible since
on the one hand S NU is an open set, on the another hand Z has no interior. O

Proposition 6.3.4. Let
p: 8 —U(1)

be a continuous mapping satisfying

(s +1t) = o(s)p(t)

whenever s,t,s+t € S. Then there is a unique characler x € H with x|S = .
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Proof: Let U be the uniformity on H defined by its structure as a topological
group: the basic entourages are the sets

U(V) = {(z,y): H % H,x—ye V}

where V' runs through open neighbourhoods of 0 € H. Since S is open and 0 € S,
we can restrict these entourages to those in which V' C S. This uniformity also
induces a uniformity on S (which is that of the induced topology on S).

We claim that ¢ : S — U(1) is uniformly continuous. We show that given any
€ > 0 there is an entourage U(V (€)) N (S x S) for which (s,t) € U(V(e)) N (S x §)
implies that |p(s) — p(t)| < e.

In fact V(e) := {s € S : |p(s) — 1| < €} works. This is an open subset of §
containing 0 and furthermore, (s,t) € U(V(e)) N (S x S) implies s — ¢t € V(¢) and
then s —t € S and |p(s —t) — 1] < €. Using the basic relation satisfied by ¢,
lo(s) — o(t)] = |@(s — t)p(t) — ©(t)| = |p(s — t) — 1| < €, which what we wished to
show.

Since H is locally compact, it is complete (see Corollary 1 in Chapter 3.3, [9]).
Since Z has no interior, H is the closure of S. Since ¢ is uniformly continuous on S
it extends to a uniformly continuous function y : H — U(1). Then the mapping
H x H — U(1) defined by (z,y) = x(z + y)x(z)'x(y)~! is continuous and is
equal to 1 on all of the set S@, By Lemma 6.3.3, S@ is dense in H x H and so by
the continuity, it is identically equal to 1. Thus x is a character. O

In our particular case, H = R™, Z = E and § = D. The character function x
is of the form x, := e~2™*(), for some a € R¢. Moreover, each solution of (6.3.16)
has the form

o(k) = do(k)xa(k), (6.3.18)

Finally, we get the main result of this section.

Theorem 6.3.5. Let A = A(Q) be a reqular model set. Then the point process
generated by A is uniquely determined by the 2-point and 3-point correlation measure

of A.

PRrOOF: It is clear that all correlation measures of the point process are uniquely
determined by the set  through the formula (6.3.1) and (6.3.3). This implies that
the point process itself is uniquely determined by the set 2 by Theorem 4.3.3. We
are going to show that any window set generating the same 2-point and 3-point
correlation measure is actually a translated copy of the window set Q.
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Recall that equation (6.3.16) is determined by ZM and Z® and a solution of
this equation is of the form

P(k) = do(k)xa(k), (6.3.19)

where a € R%.

Let f' be the characteristic function of another window set generating the same
2-point and 3-point correlation measure. Hence, |F/| = (ZW)z = | f|. Moreover, the
function r’f‘:e is a solution of equation (6.3.16) and hence it is equal to ¢g(k)xa(k).

Putting all this together, we have
F(k) = f(k)xa(k)- (6.3.20)
Taking the inverse Fourier transform on both sides of equation (6.3.21), we have

f=1_4q (6.3.21)

Therefore, f(l\) and j"(z\) , or equivalently, 'yﬁf) and 723), uniquely determines the
window set {2 up to translation.

A fixed window set uniquely determines a point process through giving all its

correlation measures by equation (6.3.3). Furthermore, this equation implies that

the correlation measures of this point process and hence the point process will not

change if we replace the window set by a translated copy of it. Therefore, 7512) and

'7513) uniquely determine the point process generated by the model set A. ]
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