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Abstract

The mechanical responses of the lipid membranes and their mechanisms are of
importance in the understanding of essential cellular functions such as budding,
fission and vesicle formations. Inside the lipid bilayers, viscous flows play vital
roles since they can influence the transportations of elements, the shapes of the
lipid membranes and various cellular processes. Within the description of the
continuum setting, lipid membranes can be idealized as continuous bilayer sand-
wich structures. Based on nonlinear elastic thin-film theory, this thesis presents
the continuum-based models of lipid membranes subjected to intra-membrane vis-
cous flows as well as interactions with the elliptical-cross-section substrates. The
corresponding boundary conditions and shape equations of the membranes are
formulated based on the principles of energy equilibrium law and virtual work
statement. A careful derivation of the model is presented and utilized to obtain
the exact analytical solutions. The solutions of the obtained shape equations in
the form of Partial Differential Equations (PDEs) are obtained by using eigen-
function expansion and Mathieu function in the elliptical domain. This thesis
also investigates the morphologies of lipid membranes impacted by the uniform,
non-uniform and mixed types of viscous flows by modifying the obtained equilib-
rium equations. Finally, the thickness distension of membranes is considered, and

the corresponding analytical solutions are obtained.
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Preface

This main body of the thesis is composed of two peer-reviewed papers and
one project.

Chapter 2 is mainly from the published paper Kim, C. 1., & Zhe, L. Mechan-
ics of Lipid Membranes under the Influence of intra-membrane Viscosity. Math.
Probl. Eng. (2019).

Chapter 3 is mainly from the published paper Zhe, L. & Kim, C. 1. Defor-
mation analysis of lipid membranes subjected to general forms of intra-membrane
viscous flow and interactions with an elliptical-cross-section substrate. Sci. Rep.
10(1), 1-19 (2020).

Chapter 4 is mainly from the ongoing project related to the thickness disten-

sion of lipid membrane.
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CHAPTER 1

INTRODUCTION AND BACKGROUND

Lipid membranes are vital cellular tissues, which protect cell organelles, requlate
the materials entering/exiting the cell, and facilitate the signalling among cells.
The researches on the mechanical responses of the lipid membranes subjected to
forces and flows are of much importance in the understanding of the mechanisms
of such cellular activities. Since lipid membranes are very thin and fragile, ex-
perimental studies are very limited. Thus, mathematical models describing the
mechanical responses of lipid bilayers can be effective alternatives. Due to the
complex nature of lipid membranes, various interdisciplinary concepts and meth-
ods such as differential geometry, continuum mechanics, nonlinear surface theory,
virtual work statement and energy minimizing principles are adopted in the math-

ematical modelling of lipid membranes.

1.1 Introduction

1.1.1 Lipid membrane

Lipid membranes (or lipid bilayers) are thin polar membranes composed of two
layers of lipid molecules [1]. They form continuous barriers (typically between
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5 and 10 nanometers) and separate the interior of the cells from the outside
environments. The lipid bilayers can mediate cellular processes by regulating
substances entering and leaving cells. They can also carry markers that allow
cells to recognize each other and pass signals to other cells through receptors [2].
Furthermore, the lipid bilayer compositions of biomembranes are important for
the distributions, organizations, and functions of membrane proteins and thus for

various cellular functions [3].

Glycoprotein: protein with Glycolipid: lipid with
carbohydrate attached / carbohydrate
4 9P  attached

Peripheral membrane Phosphalipid
protein bilayer
Integral membrane Cholesterol Channel protein
protein

Figure 1.1: The schematic picture of a fluid membrane model of the phospholipid

bilayer. (Picture taken from: © 2013 OpenStax College)

As Figure 1.1 shows, the structure of the lipid membranes consists of the
double layers of phospholipids with embedded, integral and peripheral proteins.
The phospholipids are amphiphilic and have hydrophilic phosphate heads and hy-
drophobic tails consisting of two fatty acid chains. The packing of lipids within
the membranes also influence their mechanical properties, including their resis-
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tances to stretching and bending [4]. Various proteins and lipid structures are
embedded peripheral or inside the membrane, such as glycoprotein, glycolipid,

integral membrane proteins and cholesterols [5].

1.1.2 Intracellular fluid

The intracellular fluids, also known as cytosols, are the fluids contained inside
the cells [6]. They are complex liquids comprising varying amounts of proteins,
macromolecules, and electrolytes [7]. The intracellular fluids impact the morpholo-
gies of the lipid membranes in the processes of osmoses because of the osmotic

pressures and viscosity forces.

1.1.3 Membrane Transport

Membrane transports refer to the processes that solutes (e.g., ions, small parti-
cles) are conveyed across biological membranes through the regulations of a series
of membrane mechanisms such as active and passive transports [8]. A charac-
teristic of lipid membrane - selective membrane permeability plays a vital role in
the regulation of membrane transport because it enables membranes to separate

substances of different chemical properties [8].

There are two main types of membrane transports: passive transport and
active transport. Passive transport is the process that the elements (icons, mole-
cules, proteins) pass through the lipid membrane without energy input. It is the
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Figure 1.2: The schematic picture of a fluid membrane model of the phospholipid

bilayer. (Picture taken from: © 2013 OpenStax College)

spontaneous phenomenon which decreases the free energy and increases the en-
tropy of the cellular system. The organizations and properties of the membrane
lipids and proteins affect the permeability of the cell membranes and furtherly
the rate of passive transport. Diffusion, facilitated diffusion, osmosis and filtra-
tion are the four most common types of passive transport [9]. In contrast, the
processes that the particles move across or through membranes from the lower
concentration regions to the higher concentration regions are referred to as active
transports. Cellular energy is required to achieve active transport [10]. There are
two types of active transport, which are primary active transport and secondary
active transport. The primary active transport utilizes a source of chemical energy
(e.g., Adenosine Triphosphate (ATP)) as the power source, while the secondary
active transport utilizes an electrochemical gradient [10].Endocytosis is also a form
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of membrane active transport. It refers to the substances transporting process in
which cell membranes engulf the transported particles. The target particle to be
internalized is surrounded by a part of the cell lipid membrane. Then, a vesicle en-
closing the ingested particle is formed through the budding of the cell. As Figure
1.2 illustrates, endocytosis includes pinocytosis (cell drinking) and phagocytosis

(cell eating) [11].

1.2 Background and motivation

From the discussions in the previous sections, it is apparent that the lipid
membranes are critically important tissues in various cellular activities. The
mechanical properties of the lipid membranes are affected by internal/external
conditions, including the intra-membrane viscous flows, proteins or molecules in-
teractions and various forces generated from the processes of different cellular
activities. To understand the mysteries of the related cellular processes, it is nec-
essary and vital to research on the mechanical properties and morphologies of the

lipid membranes.

To understand the mechanisms of various essential cellular processes such as
budding, fission and fusion [12]-[16], the mechanics of the lipid membranes has
consistently been the popular research area. Since lipid membranes are negligibly
thin (typically 5-10nm) and fragile, the study of various aspects of lipid bilayers

is often achieved by employing mathematical models in order to overcome the



formidable difficulties of experimental studies. Because lipid membranes are very
densely distributed, they can be idealized as thin elastic films. Within this context,
the development of theoretical models describing the behavior of lipid bilayers has
greatly benefited from the differential geometry of a surface and the theory of an
elastic surface such that the deformation energy of a thin membrane can be ex-
pressed by the mean and Gaussian curvatures of a surface [17]-[18]. In particular,
Helfrich proposed a well-known Helfrich energy potential [12] which addresses the
symmetry of lipid bilayers and further ensures the resulting equilibrium state to
be energy minimizing [19]. This, together with the use of variational principle,
and the virtual-work statement, furnish the Euler-Lagrange equations also known
as "membrane shape equations", which have been successfully adopted in a wide
range of problems (see, for example, [20]-[22]). The variations of the classical Hel-
frich model have been continuously investigated in order to provide more efficient
descriptions of lipid membranes’ morphology induce by various cellular activities,
such as distensions [21], tilts [23], buddings [24]-[25], spontaneous curvatures [20]

and substrate interactions [26]-]28].

To investigate the impacts of the intra-membrane viscous flows on the essen-
tial cellular functions, including budding, fission and vesicle formations [29]-[32],
the study of the mechanical responses of lipid membranes subjected to intra-
membrane viscous flows is necessary. The authors in [33] have established the
theoretical framework of the lipid membranes incorporating the effects of intra-
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membrane viscosity. In there, authors reveal that the dynamics of the membrane
system is notably influenced by the presence of intra-membrane viscous flow. The
authors in [34] developed the integrated non-linear model of membranes incorpo-
rating the effects of intra-membrane viscosity from the theory of elastic surfaces
[35]-[36]. Besides, a compatible linear model within the setting of superposed
incremental deformations is presented by [37]. However, to obtain a mathemati-
cally tractable system, the analysis in [37] is limited to certain types of problems
where viscous flow is characterized as either constant or simple linear functions,
and the interaction occurs through a circular contact region. In contrast, the re-
alistic lipid membrane system involves more complex environments [15]-[16], such
as the non-circular contaction domain, multi-source viscous flow and membrane
thickness distension. Therefore, the development of a more comprehensive model
considering these processes may be necessary to promote researches in the related
subjects. In this respect, the authors in [38] derived the membrane model, consid-
ering the distension phenomenon induced by possible external forces. The authors
in [39] developed the nonlinear model of lipid membrane employing the thickness
distension. However, considering the complexity of the realistic membrane system,
the models that incorporate both viscosity and thickness distension are necessary

to provide more general and precise descriptions of lipid membranes.



1.3 Aims and Scope

This thesis aims to develop the theoretical models to predict the morphologies
of lipid membranes subjected to intra-membrane viscous flows and interactions
with elliptical-cross-section substrates. In addition, the thickness distensions of
the bilayers’ surfaces will be considered and analyzed. Throughout careful deriva-
tions, the theoretical model of the inviscid fluid membrane will be developed.
Then the model of the lipid membranes subjected to intra-membrane viscous
flows and interactions with elliptical-cross-section substrates will be developed by
incorporating the viscous stress and other interdisciplinary methods. The shape
equations and corresponding boundary conditions of the membranes will be for-
mulated and then solved analytically and numerically. After obtaining the exact
solutions, we will input different types of viscous flows to the obtained solutions to
investigate the detailed influences of the viscous flows on the morphologies of lipid
membranes. The solutions and the associated morphologies of lipid membranes
will be presented both in circular and elliptical domains and compared to the
existed results. Lastly, the thickness distensions of membranes will be considered,

and the corresponding analytical solutions will be obtained.

1.4 Structure of the thesis

This thesis consists of five main chapters. It is composed as follows. Chap-
ter one is the introduction to introduce the research topic, background, aim and
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scope of this thesis. Chapter two is the chapter to develop the nonlinear model
for the mechanical responses of the inviscid fluid membranes. Chapter three dis-
cusses the model which predicts the responses of lipid membranes subjected to
intermembrane viscous flows and interactions with the elliptical-cross-section sub-
strates. The theoretical solutions for this model are obtained, plotted and ana-
lyzed. Chapter four is the chapter to study the thickness distension phenomena
of the lipid membranes. The conclusions of this research and future works are
presented in Chapter five.

Throughout all chapters, we make use of several well-established symbols and
conventions. Therefore, unless otherwise stated, Greek indices take the values in
{1,2} and, when repeated, are summed over their ranges. Finally, (*)a expresses
the derivative of ‘x’ concerning a coordinate 6% and Wi stands for the derivatives

of a scalar-valued function W (K') concerning the parameter K.



CHAPTER 2

INVISCID FLUID MEMBRANES

In this chapter, we present the prerequisite knowledge of differential geometry and
develop the underlying theoretical model of inviscid flutd membrane for further
researches on the intra-membrane viscosity. By combining the theory of elastic
surfaces, the membrane equilibrium equations and the corresponding projections
on normal and tangential directions are formulated via rigorous derivations. The
deformation energy of the membrane is accounted for by means of the Mean and
Gaussian curvatures of the surface which are the functions of the first and second

fundamental forms.

2.1 Introduction

In 1920s, E. Gorter and F. Grendel [40] found that the cell membranes are
composed of lipid molecules (phospholipids) which are generally divided into two
important groups: the hydrophilic head parts and hydrophobic tail groups. Later,
in 1959, David Robertson [41] identified that the bilayer structure is characteristic
of all biological membranes (biomembranes). The microstructures (lipid mole-
cules) of lipid membranes are unique in that they are aligned to the normal direc-
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tion of the membrane prior to the deformations. Within this prescription, lipid
membranes can be regarded as a simple fluid membrane where its free energy is
expressed as a function of Mean and Gaussian curvatures via the first (a,5) and
second (b,s) fundamental forms. The concept has been widely and successfully
adopted in the relevant subject of problems [42]-[45] where the microstructures of
materials dominate the general mechanical responses.

In this chapter, we develop the underlying theoretical model of inviscid fluid
membrane for further researches on the intra-membrane viscosity. In section 2.2,
we present the basic formulations related to surface geometry (e.g., surface metric,
coordinate configurations, definitions of curvatures) as the prerequisite knowledge
of this modelling. Then the detailed derivations of this model are presented in
section 2.3. Starting from the stress equilibrium equation, we obtain the mem-
brane shape equations and their projections on normal and tangential directions
via rigorous derivations. The deformation energy of the membrane is accounted
for by means of the Mean and Gaussian curvatures of the surface which are the

functions of the first and second fundamental forms.

2.2 Basic formulations related to surface geometry

The present modelling incorporates the configuration of differential geometry
[46] regards to the morphology analysis of fluid membrane. In this framework,
the two-dimensional surface we studied is defined by w (see Figure 2.1). Then
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it is parameterized by the embedded surface coordinate (6',6%). Therefore the
parametric position vector r € R3 of a point on the surface can be defined by
the projection r = r(0”). The coordination of the elastic surface is then given by
n(0*) = (1/2)e*’a, x ag, where n is the unit normal vector to the deformed elastic
surface w, and a, and ag are the associated tangent vectors defined as r ,(0%,t) =
Or/o0* = a,; e = e*?/\/a represents the two-dimensional permutation tensor
with a = det(a,p). €*? can be evaluated as e!! = ¢?2 = 0, e1? = —¢* = 1. Besides,
aqp is the induced surface metric with the relation a.s = a, - ag,where the dot
represents the Euclidean inner product. The matrix a,s of the surface metric
is a non-negative definite in general, with relation a®® = (a.5)~!, where a®’ is
the matrix of dual metric components. The symmetric coefficients of the second
fundamental form on w is defined as b,3 = n - a, g, from which we can obtain the

dual metric of bys as b* = a**a’tb,,,.

The formulations of Mean and Gaussian curvatures of surfaces are given as
H = %ao‘ﬁbag and K = %5‘155’\%&,\()5“, where 58 is the cofactor of the curva-

ture with the relation: b = 2Ha*® — pB,

2.3 Modelling process

The surface covariant differentiation defined by [46] is

np = Ang — Dagay, (2.1)

12



Figure 2.1: The schematic of the membrane surface. (Picture taken from: Belay,

T. 2016)

where Fgﬁ = a, 5 - a* are the Christoffel symbols induced by the local surface

coordinate on w and a* is the dual basis, defined as
a® = aqpa3. (2.2)
Equations (2.1) and (2.2) furnish well know Gauss-Weigard equation:
a5 = (20,5 a")a,+(a, ;- n)n =T za, + besnibag = 245 - n(Gauss), and (2.3)

n,=(Mm,: aﬂ)aﬁ%—(n’a ‘n)n = —bagaﬁ; bag = —n, - ag(Weingarten), (2.4)

where b,4 are the coefficient of the second fundamental form (curvature) and their

symmetric properties can be seen as

baﬁ = —1’17Oé . ag = ag’a 1N :bﬁa' (25)
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Also, the contravariant cofactor of the curvature tensor is given by [46]
b = e Pp, (2.6)

which is again symmetric (i.e., 5 = 5%®) from the result of (2.5). We note here
that (2.5) is valid for the sufficient smoothness of r up to the second-order (i.e.,

r € C). Also, substituting (2.3) into (2.1) yields
Ag:3 = bagn. (27)

Within this prescription, the equilibrium state of a purely elastic surface, subjected

to normal pressure p, is given by [35]
T, + pn = 0, (2.8)

where T, and n are the stress vectors and the local surface unit normal, re-
spectively. Further, the associated deformation energy of the surfaces can be
expressed by the two primary parameters: the coefficient of the first fundamental
form a,p (the surface metric) and the second fundamental form b,s (the curva-
ture). In the case of fluid films whose energy density per unit mass of the surface

is F' = F(aap, bag), T takes the following compact form [35]:

T* = (0 + b M")ag — M3'n, (2.9)
and
OF  OF
Ba _

“ P( 8%5 + 6a5a

OF  OF
M = P . 2.10
2 G0 a0 (2.10)
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In a typical environment, where fluid films are subjected to morphological transi-
tions, the reference velocity of the system is low and therefore the corresponding
Reynolds numbers are sufficiently small [15], [16]. Further, it is widely accepted
that lipid membranes are relatively stiff against areal dilation in comparison with
bending or shear motions [13], [14]. This implies that deformations preserve sur-
face area. In other words, fluid films are subjected to the two-dimensional incom-

pressibility J = 1 which can be incorporated by replacing F' as [35]

F=F—-", (2.11)

RSRI R

where F, p, and v are, respectively, a constitutive function, mass density, and the

Lagrange-multiplier field associated with surface pressure;
v = p°F,. (2.12)
The energy density per unit area of the surface w is then defined by [34]
W(H, K, p; aas, bag) = oF, (2.13)

where the expressions of Mean and Gaussian curvatures of surfaces (i.e., H and

K) are given explicitly as [46]
H=1a"b,s and K = 3PN, \bg,. (2.14)

In particular, K satisfies
apuB af
Lo = Ka”, (2.15)

15



which can be easily seen from (2.6). Therefore, we find F = 1/p(W — ~) and

subsequently obtain from (2.10) that

o O /p)(W —7)  O(1/p)(W —~)
Oﬁ N p( 8%6 + 8a5a )
and MO — g(a(l//gg —) 3(1/0(;2?: - 7))‘ (2.16)

Using chain rules, we evaluate

8%5 —f Da*b p@aaﬁ 6aaﬁ
oK 5 Op 10v Op
— —— 2.1
Wik 8aa5> TP 8%57 pOpOang’ (2.17)

where Wy = 0W/OH and similarly for other terms. The derivatives of p, H and

K with respect to a,p can be evaluated as [35]

ap _ P af
—_— = ——qQ ,
6%5 2
oH 1
— __poB 2.18
0%5 2 ( )
K
and 0 = —Ka¥,
aag

Accordingly, (2.17) reduces to (e.g., —p~2(9p/dans)W = —p~2(—(p/2)a*" )W,

etc.)
o1/p)(W —7) 1 o5 1 1
= pl=—a""W — Za*"W, — —b*"W,
p( aaaﬁ p[2pa 2& P 2p H
Ywika® - Laviy g L ) (2.19)
—— a — —a =Y ,a . .

Also from (2.12) and (2.13), F, can be computed as F, = (W/p — v/p), =
W,/p—W/p* —~,/p+~/p? and thus it yields

%
Wy = pFy -+, = % (2.20)

16



Substituting (2.20) into (2.19) furnishes

o(1/p)(W — )
3%5

1 1
p( ) = [—§ba6WH — Wi Ka® — éaaBPQFp]

1

1 ~
= ——va®® — (WyH + Wi K)a™® + §WHb“B, (2.21)

2

In the above we make use of the identity b*® = 2Ha*® — b*# from the Cayley-

Hamilton theorem and p*F, = v (see (2.12)). Therefore, from (2.21) and the

symmetry of a®® and b*°, (2.10); becomes
0" = (A +W)a*® — @WyH + 2Wg K)a™ + Wb,

where

A=—(yv+W).

Now, we evaluate p(0(1/p)(W —~)/0bag) as

o1/p)(W —=v), _ —5 Op 1. Op o
Dos ) = oW p(Wpabaﬁ - WHabaﬁ

oK 5 Op 10y Op

p(

4% - )
W ) 0 s T 5 p b
Since,

0

Obag

0OH _ lao‘ﬁ

Obug 2

and oK = 8,
Obag

Equation (2.24) becomes (e.g., Wy (0H/0byg) = Wg(1/2)a*?)

A1/p)(W —7)
Obes

1 ~
= §WHCLQ6 + WKba’B.

17
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Invoking (2.26) and (2.10), furnishes
1 .
MPe = §WHaO‘B + Wigb*?, (2.27)

where b, = bg, from (2.5).

Further, by combining (2.8) and (2.9), we find

0 = (o7 + b'ﬁM”a);aag + (0% + bﬁM“o‘)aﬁ;a

—(M;Oﬁ‘ﬁ);an—M%ﬁnva + pn. (2.28)

Finally, we project (2.28) into normal direction by applying dot product of unit

normal n and subsequently obtain

0 = (P + bﬁM“O‘);aag 0+ (o7 + bﬁM“o‘)aﬁ;a ‘n

—(M%B);an : n—M;O‘ﬁBn@ ‘n+pn-n. (2.29)

But, since ag-n =0, (n-n), =0, and a,3 = bosn (see (2.7)), the above reduces
to

(07 + b M )bos — (M )i + p = 0. (2.30)

Similarly, for tangential projection (e.g., ag - a® = 3, ap.q - a* = bapn - a® = 0,
etc.), we have
(07 + b M™),o — MBS +p = 0. (2.31)

where n g, - al = —baya7 - al = —baya? - al = —bma”’ﬁ = —bg from Weingarten

equation.
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CHAPTER 3

MODELLING OF LIPID MEMBRANES AFFECTED

BY GENERAL FORMS OF INTRA-MEMBRANE

VISCOUS FLOWS AND INTERACTIONS WITH

ELLIPTICAL-CROSS-SECTION SUBSTRATES

In this chapter, we study the morphologies of lipid membranes subjected to intra-
membrane viscous flows and interactions with elliptical cylinder substrates. Based
on the non-linear elastic surface theory, the linearized shape equations and admis-
sible boundary conditions are formulated in the elliptical domain via the Monge
representation of a surface. In particular, the intra-membrane viscosity terms are
linearized and mapped into the elliptic coordinates in order to accommodate more
general forms of viscous flows. The assimilated viscous flows are characterized by
the potential functions which satisfy the continuity condition. A complete solution
regarding Mathieu function is then obtained within the prescription of incremen-
tal deformations superposed on large. The results describe smooth morphological
transitions over the domain of interest and, more importantly, predict wrinkle for-
mations in the presence of intra-membrane viscous flows in the surface. Lastly,
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the obtained solution accommodates the results from the circular cases in the limit

of vanishing eccentricity and intra-membrane viscous flow.

3.1 Introduction

In this chapter, we study the deformations of lipid bilayers subjected to the
intra-membrane viscous flows and the interactions of elliptical cylinder substrates.
Utilizing the Monge parameterization of a surface and general curvilinear coor-
dinates, the expressions of linearized shape equations and associated boundary
conditions are obtained from the non-linear theory [34]. The intra-membrane vis-
cosity terms are formulated by means of ’admissible linearization’ and successively
transformed into elliptical coordinates to assimilate more general types of viscous
flow. More importantly, we obtained a complete analytic solution by employing
adapted iterative reduction and the method of eigenfunction expansion [47]-[49],
which describes the deformations of lipid membranes when interacting with intra-
membrane viscous flows and elliptical-cross-section substrates. It is found that
intra-membrane viscosity induces wrinkle formations of the lipid membranes, and
the corresponding number of wrinkles exhibits sensitivity to both the radius of the
ellipse and the intensity of viscous flows. Comparisons with phenomenologically
compatible cases such as a circular substrate-membrane interaction and capillary
wrinkle of polymer films, are made where the proposed model successfully repro-
duces the results from [37], [50] in the limit of vanishing eccentricity of an ellipse.
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Further, we obtain solutions corresponding to the case of a lipid membrane sub-
jected to non-uniform viscous flows and dual source flows. This is facilitated by
the relaxed form of the prescribed tangential and normal force, and the condition
of continuity along and within the elliptical boundaries, unlike those arising in cir-
cular boundaries where the admissible set of viscous flows are strictly uniform in
one of the coordinate directions [37]. The resulting deformation fields show clear
signs of dual source interference in that both the radial and circumferential wave
forms are simultaneously predicted. Case studies vis a vis morphologically similar
results of shape memory films [51] are presented to investigate the potential ap-
plicabilities of the proposed model in the analysis of different types of membranes.
In particular, it is found that the principles of superposition from linear elasticity
remains valid, even in the presence of general forms of dual source viscous poten-
tials. That is, the solution of a dual source problem can be directly obtained by
adding solutions of two single source problems. The solutions presented here are
of more practical interest in that, essentially, they lead to solutions of problems
in which the viscosity effects are characterized by a wide class of potential func-
tions and so can accommodate a correspondingly large set of physically relevant
problems. For example, potential applications may be expected in the study of
wrinkle-caused disease (e.g., a macular epiretinal membrane [52]) and the influ-
ences of membrane viscosity on various cellular functions such as fusion, fission

and budding [53]. Further, the presented solution reproduces the existing results
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[26] when viscosity effects are removed, and does incorporate the solution of the
classical membrane-substrate interaction problem [20] in the limit of vanishing
eccentricity. In fact, the classical solution obtained directly from the proposed
model produces more accurate predictions by identifying the additional Bessel

functions, which is reduced from the Mathieu potentials.

This chapter is composed as follows. In section 3.2, we develop the normal
and tangential equations of motion of viscous lipid membranes and derive the
incompressible condition of viscous fluids. In section 3.3, by employing Monge
representation of a surface and admissible linearization, we linearize the membrane
shape equations and the corresponding boundary conditions and transform them
into the elliptical domain. Then, in section 3.4, a complete solution regarding
Mathieu function is obtained by employing adapted iterative reduction and the
method of eigenfunction expansion. Various types of viscous flows (uniform, non-
uniform and dual source types) are studied and discussed in section 3.4.1, 3.4.2
and 3.4.3. Lastly, we reduce the obtained solutions to the circular domain in

section 3.4.4.

3.2 Viscous lipid membranes

The viscous stress induced by the straining effects of the fluid is given by [54]

o = (A + W)a®® + va®**atay,,, (3.1)
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where v is the intra-membrane shear viscosity and

ayg = (ar-a,) =ay-a, +ay-a, (3.2)

is the time derivative of the evolving surface metric. Thus, in order to compute
viscous stress, it is required to compute &,,, which can be obtained via the material

time derivative of a position vector r [35]:

dgr = Or 06"

=7 =— — =r1; +a,v”. 3.3
R Tl TR (3:3)
Accordingly, it is found that

ay = u,=(v"a,+wn), = V380" \ + wan + wn )

= (Vo — Whan)a® + (V%bar + W AN, " Voop = Vo3 — vﬁFgﬁ, (3.4)

and

(Eqs. 3.2&:3.4)

ax, Upx + Unyp — 2why,, (3.5)

where v* = 00%/0t, and r; = |r;/n = wn are respectively the tangential and
normal velocities of a material point on the initial surface ([35], [54] and [55]).

It is now straightforward to show from Eqs. (2.22),(3.1) and (3.5) that,

0% = A+ W)a™ = 2WyH + Wi K)a™ + Wyb™

+u[aPra (vn + Vay) — dwHaP 4 20b, (3.6)

which is the expression of the viscous stress.
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Thus, by means of Egs. (2.27), (2.15) and (3.6), and applying the conventional

Euclidean dot product in normal n direction, Eq. (2.8) becomes [34]

1
p = Wy(2H? — K)+2H(WgK — W) — 2)\H + A(GWn)

~ 1
+(Wi )b = QV[§ba’B(Ua;B +gia) — 2w(2H? — K], (3.7)

which serves as the equation of motion (normal direction) of the lipid membrane
in the presence of intra-membrane viscosity effects. Further, A is the Laplace-
Beltrami operator (i.e. A¢ = (b;aﬁaaﬁ ) on the surface Q. Consequently, by pro-
jecting Eq. (2.8) onto the basis coordinate plane of a,, the following tangential

equations of motion can be obtained:

3

1
Ao — dvwH 4 + 2y[§aA“(UW + Vo ):x — WADY] = 0. (3.8)

Much of literature on the mechanics of lipid membranes has revealed that a bilayer
membrane can be regarded as a continuous two-dimensional elastic surface where
the response functions are governed by the well-known Helfrich energy poten-
tial [12]. The model has been widely adopted in various subjects within bilayer
membrane mechanics (see, for example, [20], [21] and [24], and the references
therein). Following the study of [34], in this paper, we consider the symmetric
membrane of the Helfrich type (i.e. W(H, K) = W(—H, K)), subjected to the
membrane-substrate interactions and the effects of intra-membrane viscosity. The

corresponding free-energy density function is defined by [12]

W =kH? + kK, (3.9)
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where k and k are empirical bending constants, which pertain to lipid membranes

with uniform properties. Thus, from Eq.(3.9), Eq. (3.7) becomes

1
p = K[AH+2H(H? - K)] — 2)\H — zy[ﬁbaﬁ(va;ﬁ + Vg

—2w(2H? - K)), (3.10)

while the tangential equations (Eq. (3.8)) remain intact.
Lastly, by invoking Eq. (3.5), the condition of an incompressible fluid .J/.J =

1a*Pa,5 = 0 can be obtained as [56]
vy, —2wH =0, (3.11)

where H = %a"‘ﬁbag.

3.3 Incremental deformations of lipid membranes

The use of Monge parameterization and admissible linearization is a widely
adopted methodology for lipid membrane analysis, and the associated procedures
are well documented in the literature (see, for example, [20], [24] and [27]). Here,
we reformulate the results for the sake of completeness. Under the Monge para-

meterization, material points on the membrane surface €2 is defined by
r(0“t) =0+ z(0, t)k, (3.12)

where 0(6“) is position on a plane p with unit normal k. The problem of deter-
mining the membranes’ deformed configuration is then reduced to solving a single
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function z(8, t). In the cases of Cartesian coordinates, we have
0= 0%., (3.13)

where {e,} is an orthonormal basis for the plane and, the subscripts of the surface
coordinates are dropped and replaced by 1 = x, 2 = y, unless otherwise specified.

Accordingly, we compute

ry = Zﬂfk’ A, = €4 + Z,Ockv a = det((laﬁ) - [1 + (271 )2 + (272 )2]7
(1 + 2’22) Z11 + (1 -+ Zi) Z 922 — 2Z’1Z’QZ’12

Cbaﬁ = 5046 +Z,az,ﬁaH - 2(13/2 ’
211299 — 22 k —
- Lo = ’12),n _ k- V) (3.14)
a va
_ % al) = 2B (a0 & ol
b = bag(a ®a)_—(a ®a)'

Va
Here, Vz = z 4, is surface gradient, .4 is Kronecker delta and b is the curvature

tensor. Further, the expressions of the dual basis and the Christoffel symbols are

obtained as

Iy = zaZas/Va,

[(1+ 222) (e1 + z1k) — z122 (€2 + 2 k)] ,and

QI 2|

[(1 + 2721) (eg + 2’721{) — 21722 (el + Z71k)] . (315)

In the incremental deformation analysis, it is assumed that the gradient of z(6%,t)
of all orders are ‘small’ so that their products can be neglected. The procedure
is commonly referred to as admissible linearization through which the geomet-
rical and kinematical quantities associated with the surface (Eq. (3.8)) can be
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approximated as

a:l,w:zt,n:k—vpz, aa:aa:ea+z,ak7l—‘gﬁg )

1
n-r~z-—z,0%b~ Vf)z, H ~ §APZ and K ~ 0, (3.16)

where the subscript (x), refers to the projected counterparts of () on the coordi-
nate plane w, VZZ = 248 €4 ® ep is the second gradient, and A,z = tr(VZz) is

the corresponding Laplacian, respectively.

3.3.1 Linearization of the intra-membrane viscosity terms

In the forthcoming derivations, we present the linearization procedures for the
terms associated with the intra-surface viscous flow, which arise in the formulation
of membrane equilibrium equations. To proceed, we express the surface gradient
of the viscous flow fields and the curvature tensor as

(Eqs.2.1-2.3)

Vv = V(v,a%) = (va,pa” +1,27%) ® a’ Va:pa® @ a” and

b = "(a, ®ay). (3.17)
We then compute their traces to obtain

tr(b(Vv)") + tr(b(Vv)) = b (Va5 + v3.0), (3.18)
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where a,- a’ = §°. Also, from the results in Eq. (3.16), Eq. (3.17) can be

approximated, up to the leading order, to

vaip(a” ® a”) = (vag — valag)l(ea + 2ak) @ (€5 + 2,5K)]
>~ (v4,8)(€q ® €3), and
b = by, a*a" (a, ® as) (3.19)
= bxy(0ra + 222.0) (045 + 252,08) (A0 ® a5)

™ Zag€a ¥ €g.
Now, combining Egs. (3.18) and (3.19), we find that,

tr(b(VV)T) = [vas(es ®es)z (€, @ ey)] =~ vap2as

tr(b(Vv)) =~ vza2as- (3.20)
Thus, Eq. (3.18) simplifies to
b (Vass + Vs:a) = Z.08(Vas + Vsa) (3.21)
However, since 2,3 = 2 g4, the above can be re-written as

Z,aﬁ (?)a”g -+ Uﬂ@) = 2270‘57)06”3. (322)

To obtain the simplified expression of incompressibility condition (3.11), we eval-

uate the surface divergence of the viscous flow field as

divv = tr(V(v,a®)) (Fas310) tr[vapa® @ @] = va50"" = 02

e

(3.23)
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where a® - a® = a,a’® ~a7a’\a = a,\wama’\o‘ = a®P. Substituting the above into Eq.

(3.11), and further invoking Eq. (3.3), we arrive at

2t

Vva

vy, —2wH = divv — 2(—=)H. (3.24)

Thus, from Eq. (3.16), the leading order approximation of the above can be found
as

vy, — 2wH = (div V) p=0a,q4, (3.25)

where (divv)p, is the divergence of the projected coordinate plane €.
Consequently, substitution of these linearized expressions, (Eqgs. (3.16),(3.22)
and (3.25)), into Egs. (3.8) and (3.10-3.11) delivers the following normal and

tangential equations, and incompressibility conditions:
1
§kAp(Apz) — Mz — 20245005 = D, ( A+ P) o+ 00,0, >0

and v, ~ 0 (3.26)

Here, P = P(0”,t) is understood as a sequence of prescribed surface pressure (see,

[34]) from the admissible set of boundary forces which satisfy

fr = v(Vap +1a)(T574)p = 0 and

fr = P2 X4 v(0ap+150)(Vs7a)p (3.27)

where v X 7 = n. In particular, the compatible linear forms for the moments and

normal interaction forces are given by [20]

fo 2 kN, Ty (Vi) - Tp — kv, - V,H =0, (3.28)
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where 7/(5) = ¥ = & . 9 — ¢ r. 71, and o are the arc length derivative
on the projected curve, and the empirical constant accounting for the wetting
of the interacting boundary, respectively. Hence, the solution of Eq. (3.26) can

be determined by imposing the admissible boundary conditions, Eqs. (3.27) and

(3.28).

3.3.2 Formulations in the elliptical coordinates

We consider the cases when lipid membranes interact through the elliptical
contact domain of a transmembrane substrate, and are subjected a general class of

intra-membrane viscous flow (see, Fig. 3.1.).The deformations of lipid membranes

Top view

Interaction force Substrate Membrane: ()

Figure 3.1: Schematic of an elliptical cylinder substrate-membrane system.

defined on an elliptical domain can be examined by using the mapping,

x + iy = ccosh(§ +in), (3.29)

such that
x = ccosh(§) cos(n) and y = ¢sinh() sin(n), (3.30)
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through which the rectangular Cartesian coordinates (x,y) are mapped to the el-
liptical coordinates (£,7). The semi focal length ¢ is defined by ¢ = v/a? — b% and
€ € [0,00), and n € [0, 27| are respectively the radial and angular coordinates.
Accordingly, Eqgs. (3.29-3.30) furnish the gradient and Laplacian in elliptical co-

ordinates as

1 0 0
vV = (=z€¢, =€), (3.31)
\/cz(coshzf—cos2 n) o oy
2 2
A 1 A (3.32)

c2(cosh® &€ — cos2 7)) (9_52 on?
The condition of incompressibility (i.e. v, = 0) then yields

1
\/ c2(cosh? € — cos?n)

(vee +vyy) =0, (3.33)

from which the admissible set of viscous flow field is found to be

Ve = /w(&n)derCm

vy = / —w(&, n)dn + G, (3.34)

so that Eq. (3.33) is satisfied (i.e. vee + vy, = w(&,n) —w(§,n) = 0). In the
analysis, we assume C; = (5 = 0 for the sake of simplicity. The cases of non-zero
coefficients can be easily accommodated via the principles of superposition which
will be discussed in the later section.

The membrane-substrate interaction occurs through the wall of the elliptical
substrate where the corresponding domain of interest, 2, and interacting bound-
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ary, 0€), are defined respectively as

Q = ¢ <E<E, (elliptical annulus), and

0l = ¢ =¢, (interacting boundary). (3.35)

Using the mapping functions in Eqgs. (3.29-3.30), the associated boundary condi-

tions can be obtained from Egs. (3.27) such that

1%
0 ~ (Va3 + V8,0)(T74)p, and

\/ c2(cosh® € — cos? 7))

v
\/ c2(cosh® € — cos? 7))

Here, the repeated indices, a and (3, when summed over their ranges {1, 2}, refer

—A—P

12

(Vo +5,0) (V57a)p- (3.36)

to £ and 7 in elliptic coordinates. On the boundaries (i.e. £ = ¢, and £ = ¢;), we
find

T=e,=and v = —e, (3.37)
and thereby reduce Eq. (3.36) to

v
0 ~ (Ve + vne), and

\/02((:03h2 & —cos?n)

v
\/02(cosh2 & — cos?n)

In particular, since the membrane-substrate interaction condition (i.e. n—Vz = k,

—-A—P

12

(21)575). (338)

see, [20] and [22]) requires Vz = 0 at the inner boundary (§ = ¢;), the normal

force (Eq. (3.28)) becomes

fu —kv,-V,H =0 (3.39)
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We continue by rewriting V,H using Eq. (3.31) and subsequently reduce Eq.

(3.39) to
1 OH o |
ey e g on dwlie ate=&), (3.40)
where,
h(E.m) = \/(cosh ¢ — cos?n). (3.41)

Further, applying the similar schemes as in the above, it is not difficult to show

1
ZasVes = Ta oy [2.66Ve.¢ + 28qUne + Z.enVem + ZamUn- (3.42)

Consequently, by combining the above results, we reformulate Eq. (3.26) and the

associated boundary conditions as

1 2v
—kA(AZ) — Az — h?’—<27551)§75 -+ ZenUn.¢ + ZenVem —+ zmvw) = 0, (343)
2 (&)
subjected to
(1) = 0, Va(€n) = 0 and ~-L (€, ) = (3.44)
z 7:7/)7 - 9 z i’n - a hag i’n _k .

Remark. 1.

It should be noted that the restrictions on the continuity conditions (div(v) =
0) and the prescribed tangential (f, = 0) force can be relaxed along and within
the elliptical boundaries unlike those arising in circular cases where the admissible
set of viscous flows are required to be strictly uniform in one of the coordinate
directions (i.e. either v, = const or vy = const ) to satisfy the constraints [37].
This is mainly due to the confined descriptions of the circular interaction boundary

33



where the rate of change in the unit normal and tangent on the circular boundary
remains constant so that the associated normal velocity fields v, always points
to the center of a circular substrate. Thus, v, is required to be vanished by
its gradient v,, or gradient of tangential velocity vpg to satisfy the continuity

condition; i.e.,

div(v) = v, + 28 4 0 _ g, (3.45)
r r

Such restriction can be relaxed in the case of the elliptic interaction boundary,
since the rate of change in local coordinate is not necessarily constant, yet they
vary with respect to the coordinates £ and 7 (see, Egs. (3.31)-(3.32)). This further
suggests that the normal velocity field ve does not necessarily points to the center
of an elliptical substrate (see, Fig. 3.1.) and therefore no restrictions are necessary
for ve. In results, the associated flow fields (ve and v,) can accommodate more
general forms such as non-uniform viscous flows and periodic wave form of vis-
cous flows (no need to be strictly constant) without violating the aforementioned

constitutive restrictions. Examples regarding these cases will be discussed in the

following section.

Lastly, Egs. (3.43-3.44) serve as the linearized shape equation system which
describes the morphology of lipid membranes under the influences of membrane-
substrate interactions and general forms of viscous flows. In the analysis, we also
impose z(&;,n7) = 0 for the purpose of comparison with the existing literature.
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3.4 Solutions to the linearized systems

It can be seen from Eqs. (3.31), (3.32), and (3.43) that the gradient, Laplacian
and the resulting PDEs in elliptical curvilinear coordinate continuously vary with
respect to the material points ({ = £,,7 = 1,) on the membrane surface, where
¢, and 7, denote a particular configuration of the surface. In other words, the
associated tangential and normal velocities are simultaneously updated as material
points move over the membrane surface. Therefore, the solution of the Eq. (3.43),
which is coupled with the viscous velocity fields, cannot be accommodated by
the conventional separation variable method of modified Helmholtz equation. In
this section, we combine the method of adoptive iteration and the principle of
eigenfunction expansions [47]-[49], and obtained the complete expression of the

membrane’s shape function z(&, 7).

To proceed, we solve the homogenous sections of the Eq. (3.43) (3kA(Az) —
AAz = 0), which is a special type of Laplace equation. The solution is obtained

as

(€)= %H@, W)+ Bun + 0(601). (3.46)

Here, ¢(&,n) is the plane harmonic function, which is chosen as

p(&,m) = Clog(e /e%) + Dy, Y e “cenn(n, q) (3.47)

m=0

to accommodate the desired behavior (i.e. |Vz| — 0) as approaching the bound-
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ary. In particular, the unknown potential H (£, 7, q) can be expressed as [57]

= ZZAmK@m(fa q)cen(n, Q) Tnn(€5m), (3.48)

m=0n=0

where ce, (1, q) and Ke,, (£, q) are the modified Mathieu functions of the first and
second kind, respectively, and ¢ (¢ > 0) is the associated parameter (see, for
example [58]).

Now, by substituting Egs. (3.34) and (3.48) into Eq. (3.43), and invoking the

orthogonal properties of the Mathieu function,

2 2
/0 cem(n, 9)cen (1, q)dn = / Ken(€q)Ken(€, q)dé = wopm,and  (3.49)

2m 2m
/0 o Kem(ga Q)Cen(% Q)Kek (57 Q)Cel(na Q)didn = Wamk? (350)

we obtain the following expressions for 7T;,,,:

Tonll) = /%/Mi e

[—6_50(3;@(7], q)Kem(f, q)cen(n, q)( f 877 (3.51)
I

3{ ) + {G_EWKem(éa q) +e” cegl(n, q) *

Kem(8, q)cen(n, ) Yw (&, n)ldsdn.
The detailed procedures which can be found in [47]-[49] are omitted here for the
sake of brevity.

Consequently, the general solution in Eq. (3.46) can be found in the form

&) = %Z A em(€, q)cen(n, @) Ton(£,1) (3.52)
+ By, + Oy log(ef /e%0) + Dpe cen(n, q)],
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where p = \/m is the natural length scale which is commonly adopted in the
membrane studies (see, for example, [20], [23] and [34]). Details regarding the
dimensionless variables adopted in the present work will be discussed in later sec-
tion. The unknown constants A,,, B,,, C,, and D,, can be completely determined
by imposing the admissible boundary conditions. For instance, the substrate-

membrane interaction conditions (3.44) require

0 0 1 0 o
a_gz(fzﬂ?) = O? a_n'z(fzan) = 07 2(51777) =0 and ma_gl—[(&wn) = Ea (353)

on the boundary from which we find that,

i oh(&:,n)
m=0 Kem 527 q)cem(n q)T/(€z7n) + Cem(ﬁ Q)Kel (gzv q) mn(éz; 77))

- Zh(gwn)o-
B = 2l ok

Kem (&, @)cem(n, )T5(85,m) + Kem(§;, q)cer, (0, Q) Tnn(E;,m)
Kem (&, )T{(6,n) + Kep, (& O) Tun(&m)

_ 20K€m(£z>Q) (51”7) (51777) ]
- a 20h(§07 77) 20—h<§m 77)
Cn = 7;)[ k2 e, (n, @k

Ken (&, )cem(n, )TE(E;m) + Ken (&, a)eer, (0, @) Tnn(§5,m)
Kem(gm Q)Té(gzu 77) + Ke;n(gzv Q)Tmn(gov 77)

]

and

o0

D - Z_Zoh( S, m)es

T e ki
Kem (&, )cem(n, )T(8i:n) + Kem(&5, @)cer, (0, ) Trn (€5, 1)
Ken (&, q)cem(n, )T/;( n) + cem(n, @)K e, (&5, ) Trn (€55 m)
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where

e R
OTn (€, ) T, (£,

R i R (3.55)
8Tmn 3 , aTmn is

g = [ZmE] ey = Tonlben)

As Fig 3.2 illustrates, the viscous flows on the membranes’ surfaces can impact
the morphologies of lipid membranes due to the viscous impact forces, frictional
forces and the gravity of flows. The viscous impact forces are aligned with the
flows’ directions because of the inertia of fluid. The frictional forces are tangential
to the membranes’ surfaces and point to the opposite directions of the speed
vectors of the viscous flows. Further, gravity points vertically downwards because
of the law of attraction. When the viscous flows start to flow on the membranes’
surfaces, the wrinkles appear due to the small stiffness of membranes, the frictional
forces, and the gravity of flows. Then the viscous impact forces help the spreading

of the wrinkles on the membranes’ surfaces.

3.4.1 Constant viscous flow potential: w(&,n) = A

The membrane systems may be exposed to the constant viscous flow within
a cell such as the selective transport of molecules inside the lipid bilayers where
the molecules travel with the constant flow from one side of the membrane to the
objective protein [59]. To assimilate such constant viscous flow, we consider the
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Figure 3.2: Schematic of the forces on the membrane’s surface when viscous flows

go through

case when w(&,n) = A, and thereby reduce Eq. (3.51) to

2 2m oo o 1 VAe_éKem (f? Q)
Trn(€: 1) a2 B3(En) T
On 0 m » 1

m<)
on?

—— 5 cen(n, q)ld&dn. (3.56)

Egs. (3.52), (3.54) and (3.56) then deliver

A = SNl D) e (e Tl ) — Kem(Eor ) Tn(Eorn)}

01

m=0

_(2ha N 20cep,(, )M M Eem(€o,q) |
2
ku o1
Té(é.Ou 77) + Tmn(ffb 77) e§
|
cer, (1, q) )log(

. (3.57)
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where

g1 = ku2 [Kem(fza Q)C€m<777 Q)de(gz’ 7, Q)

+cem(n, @)dK em (& Q) Tonn(is 1, 9)]- (3.58)

The resulting function z(£,n) in Eq. (3.57) describes the morphology of a lipid
membrane when subjected to membrane-substrate interactions and the effects of
uniform intra-membrane viscous flow. The associated results are presented in
Figs. 3.1, 3.3 and 3.4. In the assimilation, we adopt the value of intra-membrane
surface viscosity v = 107*pN-s/nm and the flexural modulus of the membrane k =
82pN -nm from the work of [60] and [61]. The Lagrange multiplier A is dependent
on membrane systems in consideration and usually do not have definite range of
values. The values of A commonly used in the literatures is about A oc 10~*pN/nm.
In the present study, we assimilate data under the normalized setting using the
aforementioned values. The dimensionless parameters used in the simulations are

adopted from the works [20], [23] and [34] as;

p = +/2\/k: natural length scale (e.g., pa: radius of a circular membrane),

o /A: force scale (e.g., f, = o/\: interaction force). (3.59)

We have found that the viscous flow gives rise to wrinkle phenomena, when
the normalized magnitude of viscous flow is greater than the critical number (i.e.
A2 > 107'%). Especially, the number of radial wrinkles with respect to the intra-
membrane viscous flows (A) and the radius of the inner ellipse (uc) are illustrated
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in Fig. 3.3. The top two figures indicate that, with the same inner ellipse, the
number of wrinkles reduce as the magnitude of viscous flow decreases from 10~°
to 1077. Further, the right and/or left two figures shows that the number of
wrinkles increase as the inner radius of an ellipse increase from 0.3 to 0.6 while
the magnitude of the viscous flow remains the same (i.e. A = 107 (left) and
A = 107 "(right)). Phenomenologically compatible results can be found in the
relevant works such as circular substrate-membrane interactions [37], capillary
wrinkles on thin polymer films [50] and theoretical study on an elastic surface
[62], where the number of radial wrinkles depends upon the size of the inner
radius and membrane thickness. The proposed model successfully reproduces
the reported results under physically similar/compatible settings (see Fig. 3.3
and 3.4). The solutions presented in [37] are the special case of the presented
solution (see, Fig. 3.4-3.5.) in the limit of vanishing eccentricity of elliptical
domains (i.e. h(§;,n) = a(l — e*cos?n)t/? = a for e — 0.). Lastly, we note
here that the predicted wrinkle cases are unique and steady, since the proposed
model satisfies strict quasi-convexity through the minimization of membranes’

strain-energy potentials (see, for example, [62]-[63]).
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16=0.6, A=10e-5 116=0.6, A=10e-7

11c=0.3, A=10e-5 116=0.3, A=10e-7

Figure 3.3: Number of wrinkles with respect to A and pc (inner radius: major

axis).
3.4.2 Non-uniform viscous flow potential: w(&,n) = Asinécosn

(waveform)

In this section, we consider membrane systems with non-uniform viscous flow.
The non-uniform cases can be observed in various cellular activities such as the
transportation of the intracellular membrane and the transmembrane proteins
induced by the viscous flow with tension gradient [64]. In this case, the viscous
flow field becomes non-uniform due to the interactions with tension gradient field.

Membranes subjected to the waveform of non-uniform viscous flows can be

examined by introducing the following potential function,

w(&,n) = Asin(E¢€) cos(Fn), (3.60)
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Figure 3.4: Comparisons:Number of wrinkles on thin polymer films. (Picture

taken from: Huang, J., et al. 2007)

where the intensity of wavy flow can be controlled by the parameters F and F. In

the assimilation, we set £ = F' = 1 for simplicity. Accordingly, from Eq. (3.51),

we obtain the following expression of T,,,,(§, ), addressing the viscous effects,

mn(gan

1 vAsinécosne *Ken, (£, q)

27r°°0°
:// _7T)\

2
m=0n=0

W'sen(n, q)ld&dn.

h3(&,m)

[T+

(3.61)

Combining (3.52), (3.54) and (3.61), the complete solution describing the mem-
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Figure 3.5: Comparison with circular case (47 wrinkles in total). (Picture taken

from: Zeidi, M., et al. 2018)

branes’ morphology can then be found as

ey = S0 e (6 ) Tn(€m) — Kew(€nd) Tun(€n))

m=0 71
2ho 20cen(n, )h(E,n)Ken (&, q)
_( k“2 + o (3.62)
cem (1, )T} (& m) + cen (0, @) Tnn (&35 M) et
n cen (1, q) gl ))

where o, is defined in Eq. (3.58). Similar to the constant viscous cases, the
resulting deformation fields (radial wave deformations) are sensitive to both the
dimension of an inner ellipse and the intensity of viscous flow; i.e., the number of
waves reduces as A decreases from 107° to 1077 (See. Fig. 3.6.). But, more impor-
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tantly, the transverse wave deformations of the membrane and the corresponding
vertical deflections die out as they approach the remote boundary. As a result, the
corresponding boundary remains intact and stable (See. Fig. 3.7.). In the case
of vanishing A, the wave deformations are completely removed from the entire
domain of interest so that the vertical deformation profile reduces to the results
in [26], where the authors present the analysis of elliptical substrate-membrane in-
teraction problems without the considerations of viscosity effects (See. Fig. 3.7).
Also, Fig. 3.8. shows that the obtained solution accommodates the results of
circular substrate-membrane interaction problems in [37] when the eccentricity
converges to zero (i.e. ¢ — 0.). In fact, the solutions in Figs. 3.7 and 3.8 become
essentially identical for sufficiently small value of A; i.e., A < 107! for case in Fig.
3.7and A < 1078 and A < 10719 for the cases in Fig. 3.8. In the assimilations, the
classical solutions obtained from the proposed model are intentionally reproduced

at A=10"1, A =10"" and A = 107? for the purpose of visual demonstration.

Contour plot of lipid membrane deflection: 1ic=0.1 t’:.A=1O'5 Contour plot of lipid membrane deflection: jic=0. 15.A=1O'7

Figure 3.6: Wave deformations of lipid membrane with respect to A.
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Transverse deflection of the membrane

A=107
A=10"°
A=1071%

“A-10

————— Belay et. al. (2018)

Figure 3.7: Transverse deflections of lipid membrane with respect to intra-
membrane viscous flows.

3.4.3 Dual source problems: w(§,n) = A+ Asiné cosn

The proposed model is sufficiently general in that the viscous effects from
both radial and circumferential directions can be simultaneously considered. To

demonstrate this, we introduce the following dual source potential
w(&,n) = A+ Asin€ cosn, (3.63)

and subsequently obtain from Eq. (3.51) that

2 0 B 1 vA(1 +sinécosn)e *Ken (€, q)
Tonn(€,7m) / / WZW; A2 h3(&,m)

_e0Pcen(n,q)
on?

[T+ e cen(n,q)|dédn. (3.64)

Thus, from Egs. (3.52) and (3.54), the deformation mapping function z(&,n) can
be obtained in the same manner as in the single source cases.

Figure 3.9 illustrates the deformation configuration of the membranes under
the influence of dual source viscous flow. It is shown that both the radial and
circumferential wave patterns are simultaneously observed. Morphologically sim-
ilar cases are reported in the work of [51] where the authors examined the wrinkle
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Transverse deflection: comparision with circular cases Contour plot of lipid membrane deflection: ;a=0.15,A= 107

=== Circular (e=0) A=10""
=== Circular (e=0) A=10"*

Zei 2018 A=10°"

Zeidi 2018 A=107

Figure 3.8: Comparison with circular case. (Picture taken from: Zeidi, M., et al.

2018)

phenomena of a thin gold layer (10nm in thickness) when subjected to thermal
stresses from the adjoined polymer substrate. In cases of thin membranes, ther-
mal stresses may be understood as a particular type of the surface stress [65], [66].
Therefore, the results may bear close resemblance with the present case where the
membrane’s deformations are induced by the surface interaction forces which are
transmitted from the acting viscous flows. The obtained solution assimilates the
experimental results in [51] when compatible conditions are applied (see, Figs.
3.10 and 3.11). This further suggests that the proposed model may be of practical
interest in the morphological study of thin film structures. Such investigations

are, however, limited in the present study due to the lack of available data.

Remark. 2.

47



The results in Fig. 3.9 further indicates that the principle of superposition
remains valid in the present cases. The principle is widely adopted in various
engineering problems with simple initial and/or boundary value problems of both
first (Dirichlet) and second (Neumann) types [67]-[69]. However, such practices
are largely absent in the membrane studies due the complexity of mixed bound-
ary conditions (i.e. both the Dirichlet and Neumann boundary conditions are
prescribed on the boundaries), and the limited access for the solutions of mem-
brane systems subjected to coupled-physics environment. In the present case, the
solutions of single source problems (i.e. w = A and w = Asin&cosn) can be

obtained from Egs. (3.56), (3.57), (3.61) and (3.62) that

B 2 2r 0 © 1 VAe_EKem<£7Q)

m=0n=0
o+ %cen(n o)ldédn, (3.65)

A = SN D) e (e Tl ) — Kem(Eor0)Tn(Eorn)}

01
m=0
2h 2 m\'/5 h ) K m ’ mA'D
o 0 2oce (1, (& m) Kem (o, )eem(n,a) (3.66)
7 01
T/(§ ,77) +Tmn(£ 777) e§
>0 ; 0 )log(_,)]7
cel, (1, q) o
for uniform flow w = A and
) / /27r ey B 1 vAsin€ cosne” 5Kem(€ q)
m On - h3(&,n)
* [+ Mcen(n g)ld&dn, (367)

82
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wem) = ST ke (€ ) Tn(€ 1) — K€ ) Ton(€s))

01

m=0
2ho | 20cen(n, )h(E n)Ken (&, q)
—( " 4 = * (3.68)
Cem(na Q)TI (517 7]) + Ce;n(na Q)Tmn(gm 77) 66
) ol

for non-uniform flow w = Asin¢ cosn. It is clear from Eqs. (3.66)-(3.68) that the
structure of the solution z(£,7) remains intact. In fact, only 7,,,(¢,n) part of the
solutions (i.e. Egs. (3.65) and (3.67)) are affected with respect to the varying

viscous flows. In particular, by adding Egs. (3.65) and (3.67), we find

2r  p2m O X0 1 ]/A 1—|—S1H§COS7]) §K€m(§,Q)
Ton(€,7) / / 2D - A2 h3(&,m)

m=0n=0

_¢@Pcen(n, q)

*|T+e
[n o

cen(n, q)JdEdn. (3.69)

The above is the same as the solution obtained from the dual source problem (Eq.
(3.64) and Fig. 3.9). This, in turn, suggests that the solutions of dual source
problems can be obtained directly from the solutions of single source problems
(see, also, Figs. 3.9 and 3.12) via simple summations. In other words, the prin-
ciple of superposition remains valid even with the presence of intra-membrane
viscous flows and interaction forces. The result may further promote the study of
various different influences of viscous flows onto membrane-substrate systems by
minimizing computational complexities and resources.
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Dual Source Wave 1c=0.3, A=10"
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Figure 3.9: Membrane shape evolutions with dual source viscous effects: w(&,n) =

A+ Asincosn
3.4.4 Reduction to the circular lipid membrane problems

The solution of a classical membrane-substrate problem [20] can also be ob-
tained directly from the present model. To demonstrate this, we evaluate (when

e=0)

=

hE,n) = a(l —e*cos’n)? =a, cen(n,q) = —= (for m = 0),

Sl

cem(n,q) = cosmf (for m # 0) (3.70)

Kem(n,q) = GuKp(pr) and Ke;, (1, q) = pGp K, (ur),

where a, m, and K,,(pp) are the radius of the inner circle, the separation constant
and the modified Bessel function of second kind of order m, respectively. Also,
r = cet/2 and G,, are arbitrary constants with respect to the order m.
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Single Source Wave Radial and Transverse ;c=0.3, A=1 0

Figure 3.10: Decomposed solutions of the shape evolution: w = A (Left); w =

Asin € cosn (Right)
Now, substituting the above into Eq. (3.51) yields

v 1 1
ma T

Tmn(éa 77) = Tm(ﬂa) =G

where we define A =—45 % K,,(ur)[1 — «]. Thus, from Egs. (3.57) and (3.71) we
find
200G
_ m K () — K,
) = gt s i) = Ko(pa)

20 20K, (1a) G, r
- log(—). 3.72
(k‘MQ k',u3iGmK,/n(,Uzaf)) Og(a) ( )

z(&,m)

But, since G,,,/G,, = 1, Eq. (3.71) further reduces to

20 K (pr) — Km(pa)

Kp(pa)a
)= 52 T K Gna)

K, (pa)

Ja— (1+ )1og(£)]. (3.73)
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na=0.2, A=102 Zhao (2011)

1a=0.15, A=10"2

Figure 3.11: Case study (Single source problem): experimental results compari-

sions. (Picture taken from: Zhao, Y., et al. 2011)

Finally, we substitute y? = 2)\/k in the above and thereby obtain

20a oa Ko(pa)

z(r) = W[KO(W) Ko(pa)] — 7(1 + uKé(ua))log(E)' (3.74)

The obtained solution in Eq. (3.74) is the same as in [20](Eq. 135), except the

Bessel terms associated with the logarithmic function (i.e. :;g, (’ﬁ log(%)).

Remark. 3.

The method proposed in the present study is unique in that it utilizes both
the iterative reduction scheme and the method of eigenfunction expansions while
invoking the orthogonal properties of the Mathieu function. This further allows
one to identify more wide class of potential functions of Mathieu type that the
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Figure 3.12: Case study (Dual source problem): experimental results comparisons.

(Picture taken from: Zhao, Y., et al. 2011)

traditional method is limited in prediction. Further, since the Mathieu potential

reduces to the Bessel function at the particular configuration of e = 0; i.e.,

Ken(n,q) = GuKy(ur) and Ke!, (n,q) = pG,, K, (ur) for e = 0, (3.75)

the solutions of circular substrate interaction problems [20] and [27] can be ac-
commodated by the proposed model as a special case (i.e. e = 0, see, Fig. 3.8
and 3.13.). In fact, Eq. (3.74) yields better predictions (slightly more resemble to
the non-linear solution) when compared with the existing results (see, Fig. 3.13).
This is due the presence of additionally predicted Bessel terms which cannot be
obtained by the classical Helmholtz equations defined in the circular system. This
further allows one to consider more general, and perhaps more realistic classes
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of viscous flows especially those arising in circular boundaries. For example, in
circular problems, the generalization of the viscous potential Eq. (3.35) and the
implementation of dual source flow Eq. (3.63) is no longer possible due to the
confined descriptions of the associated circular boundary (see. Remark. 1.). Such
difficulties can be overcome by creating desired forms of viscous flows in an elliptic
coordinate where the corresponding continuity equation is the same form as in the
Cartesian coordinate (i.e. vee + v,, = 0, see, Eq. (3.34)), and reducing the ob-
tained solutions to the circular cases where the transition is always possible since

the conformal mapping of an ellipse to a circle exists [70].The results obtained in

a/A=-3
3 T I I
Agrawal(2009) Linear
Agrawal(2009) Nonlinear
2r A=10°1? 7
N
5 i -
0 I , e I
5 4 3 -2 -1 o] 1 2 3 4 5
X
a/A=9
3 T I I
Agrawal(2009) Linear
Agrawal(2009) Nonlinear
er A=10" 7
N
1
0 I I I I L ! I
5 4 3 2 1 0 1 2 3 4 5
X
a/A=-15
3 T T T —
Agrawal(2009) Linear
Agrawal(2009) Nonlinear |_|
2 A=107"
N
1 E
0 I I I I I L I I
ko 4 3 2 g 0 1 2 3 4 5

Figure 3.13: Comparison with existing models: membrane-circular substrate in-

teraction problem. (Picture taken from: Agrawal, A., et al. 2009)
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the present study are of more practical interest in that, when used in conjunction
with the principle of superposition (see. Remark. 2.), they essentially lead to the
solution of a class of problems in which the viscous effects are characterized by
a much wider and more realistic class of functions. Potential applications may
be extended to retina clinical study of wrinkle-caused vision impairment [52] and
the effects of viscous flows on essential cellular functions such as fusion, fission
and vesicle formation [53], [71] and [72]. For example, the idiopathic epiretinal
membranes (iERMs) is a common pathology which have been observed in more
than 20% of eyes from elderly person [52] and [73]. When iERMs are thicker
with contractile properties, they cause surface wrinkling of the retina resulting
impaired vision (a macular epiretinal membrane) [52] and [74]. Such wrinkle for-
mations are most often induced by the interactions between the posterior vitreous
cortex and the retina [75]. Since nearly all the emmetropic retinas are oblate in
shape in both transverse axial and sagittal sections [76], the wrinkle formations on
the retina may share close similarity to the elliptical membrane-substrate systems
examined by the proposed model. In addition, wrinkle involved deformations and
the directional elongation of the vesicle are often caused by the viscous shear flows
and/or directional viscous flows [71]-[72]. Therefore, the proposed model may be
employed to study the morphological transitions of cell membranes associated

with those cellular activities.
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CHAPTER 4

MODELLING OF LIPID MEMBRANES AFFECTED
BY GENERAL FORMS OF INTRA-MEMBRANE
VISCOUS FLOWS, INTERACTIONS WITH
ELLIPTICAL-CROSS-SECTION SUBSTRATES AND

THICKNESS DISTENSIONS

In this chapter, we develop a theoretical model of lipid membranes subjected to
intra-membrane viscous flows, interactions of elliptical-cross-section substrates
and thickness distensions. Starting from the purely elastic surface theory, we intro-
duce the distension terms and new energy density functions and implement them in
the following derivations. Rigorous derivations are made to obtain the membrane
shape equations and the corresponding boundary conditions. Then, we employ the
admissible linearization techniques for the systems of membrane shape equations
and boundary conditions and transform them into the elliptical domain. Lastly, by
employing adapted iterative reduction and the method of eigenfunction expansion,
we solve the systems of equations (membrane shape equations and boundary con-
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ditions) and obtain the corresponding analytical solutions in the forms of Mathieu

functions.

4.1 Introduction

In this chapter, we develop a theoretical model of lipid membranes subjected
to intra-membrane viscous flows, interactions of elliptical-cross-section substrates
and thickness distensions. In section 4.2, we introduce the distension terms and
new energy density functions and utilize them in the following derivations. Then
we incorporate the viscous effects and obtain the membrane shape equations and
corresponding boundary conditions in section 4.3. In section 4.4.1, we linearize the
nonlinear systems of equations obtained (membrane shape equations and bound-
ary conditions) via Monge parameterization and admissible linearization. They
are successively transformed into the elliptical domain in section 4.4.2. Lastly,
by employing the adaptive iteration reduction and the principle of eigenfunction
expansion, we obtain an analytical solution in the forms of Mathieu functions in

section 4.4.3.

4.2 Inviscid lipid membranes with thickness distensions

To accommodate distension effects, we introduce

V(") = ¢ a% and G> = Vo - Vo = a*’¢ ¢ 4, (4.1)
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where ¢ is the lipid distension in the current membrane surface w, G = |V¢| and

V¢ is the gradient of ¢ and

A= —qp(6"), (4.2)
where A is a constitutively indeterminate Lagrange-multiplier field related to the
lipid membrane surface area constraint [77], ¢ is the Lagrange multiplier field
related to the incompressiblity constraint.

Then, we propose the energy density function as
W = W(H, K, QZ5, G; Ao, bag). (43)

Since ¢(0“) is depends specifically on the surface coordinates 0% (i.e. W¢£—¢ﬁ =0),

we evaluate

(W =) 0 ) OH
o V2 Py o, 2
p Oayg pl=p aaaﬁw+p(wp0aa5+ H@aafg
0K oG 5, Op 10v Op
- —— . (44
+WK8%5 +WG8%5> e Oaap p Op Oaup (4.4)

The derivatives of p, H, K and G with respect to a,s can be evaluated as [35]

H 1 K
Op = Bao‘ﬂ, 0 = ——p*? and 0 = —Ka"’, (4.5)
(’Jaaﬁ 2 aaag 2 aaaﬁ
In particular, we find
2 o Ap
0" _ 00700 (4.6)
8%5 8aaﬁ
using Chain rule, the above becomes
OF 8000 _ 6,2 g pu(emer —ava®). (@)
Oaag ~ OG dagg 7 M0ans N ‘ '
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Thus we obtain

oG
8%5

1
= —§G_1¢7,\¢7N(5M5“5 — a™a™?). (4.8)

Accordingly, Eq. (4.4) reduces to

(W =) 1 1 1
—p = o OCB[/[/ —_ = of — _baﬁ
P ans Pl3,c ot Moo

1 1
—~WgKa® — 2—WgG_1¢ Agzﬁu(e”\o‘s“ﬁ —aMa®f)  (4.9)
p p b b

]_ ]_
af aff

Now using F, = (W/p—~/p), (e. W, =pF,+ % +7, — 1), we obtain

0, (W —7) 1
ppaa—ﬁ — [—ibo‘f@WH—WKKao‘ﬁ (4.10)
1 - (63 (e 1 «
_EWGG 1¢7A¢’“(6>\ ehf — M qoP) — 50 Pp?F]
1
= —éfyao‘ﬁ — (WyH 4+ WgK)a®?
1

1 ~
—§WGG_1¢’/\¢7M(€)\Q€MB — a’\“aaﬁ) + inbaﬁ,

where F, is defined via the relation p*F, = v [35] and b*® = 2Ha®® — b*®. Thus,

o’ = A+ W)a*® — (QWyH + 2Wr K)a®?

+WeG 19,0, (2" — aMa®P) + Wib*?, (4.11)
and
A=—(y+W). (4.12)
Similarly, by using
dp 0OH 1 oK -
=0 = —a*’ = b*? 4.13
Dby Obas 2" 7 Obug ’ (4.13)
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and

0G?  daM¢ ¢, da d¢ oG
— AT (- —0and —* = 0) Th — 0.
s Obes (- G, ~ 0 and g, = 0) Thus 7=
We evaluate
OL(W —~) OH 0K oG 1 -
Y _ - _ af pos
o Wigos T Vi an, T Wegn,, = 3V He + Wb,

and subsequently obtain from Eq. (2.26) and (2.10), that

1 -
MPBe — §WHa°‘5 + Wi b8,

4.3 Viscous lipid membranes with thickness distensions

Combining Egs. (4.11-4.12), (3.1) and (3.5), we find

o’ = AN+ W)d? — QWyH + 2Wx K)a™
WG 1,0, (3" — aMa™)

+Wrb + v[a®a (vun + vag) — 4w HaP* + 2wb*).

(4.14)

(4.15)

(4.16)

(4.17)

In terms of the distension term WeG~1¢ ¢ ,(e*e*? — a*a®P), we evaluate

WeG 9,0, — aMa)bge = WG ¢ \0 (2" — a™a*)bs,, (4.18)

Since e*ePbg,, = P and a*a™? b = b, the above equation can be derived as

WgG_lqﬁ’/\gb,u(s)‘%“B — a’\“ao‘ﬂ)bﬁa

WeG 16,50, (0 — ™)

= WG90 50 — 7). (4.19)
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Substituting Eqgs. (4.16), (4.17) and (4.19) into Eq. (2.30), we obtain the normal
equation of motion as
p = —(A+W)a"bs + (WyH + Wi K)a"bs,
+GT W50 00 507 — b°7)
J I 1 -
—§WHb’Babga + [§(WH);5CL5°‘ + (Wk);50™.a (4.20)
—v[a®a (v + vry) — dwHa + 2w ]bg,.
Utilizing the identities H = 3a*’bag, bga = bhays, a® arg = 65 and a”* K = bﬁg“a
and combining the fact that covariant derivatives of the dual metric and the
covariant cofactor identically vanish (i.e. a?‘ﬁﬁ =0, Baﬁﬁ = 0), the above equation
further reduces to
p = Wy(2H? — K)+2H(WxK — W) + G 'Wed ¢ 5(b°° — 57)
—2\H + A(%WH) + (Wi ):apb® (4.21)
—2U[%b°‘ﬁ(va;g ) — 20(2H? — K)),
where A is the Laplace-Beltrami operator (i.e. A¢p = gb;aﬁaaﬁ) defined on the
surface.

In order to obtain the tangential equation of motion, we compute
(070 = [N+W)d?* — Wy H + 2Wx K)a"
Wb — WaG 9,0, (e — aMa)] 5, (4.22)
Since
) =0and a)f =0, (4.23)
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We find

(070 = Mo +Wo)a® — 2Wg).H + 2WiH o + 2(Wi).o K

)

F2Wi K o]a’® + (Wi).o b
—[(WeG )30 10, (2" — a*a®”)
+WeG H¢,)50, (2" — a*a®?)

+WgG71¢7A(¢#);5(€>‘a€“ﬁ - a’\“ao‘ﬁ)], (4.24)
By substituting Egs. (4.16) and (4.24) into Eq. (2.31), we obtain

0 = —(Vo0+WkKqo+ WHHQ)CLBQ — (WgG’I);5¢7A¢’“(€’\O‘€“B — a’\“aaﬁ)
—2WGG’1(¢,A);Q¢’#(€M€“'B —a™a®?) — dvwH 40" (4.25)

1
+2u[§a’8Aa°‘“(UM;A + Vnp)ia — w7abﬁa],

where (V) +Ua)ia = (Vun +Urp) 0 — (Van + U/\;B)Pﬁa — (Vg + Uu;ﬁ)Ffa' Invoking

vPe = bga™ and Yoo = —Aa — WikK o —WyH,, Eq. (4.25) further reduces to

0 = d™[-(WeG )s0,0,(e** e ag, — a™)
—2WeG ¢ 4)i80 (" age — a™)]

1
a’® Ao —4vwH , + 2V{§aw(vma + Vasp)in — w,,\bg}]. (4.26)

)

In the above derivation, we also used a’®ag, = (a’*)~'ag, = 1. Since a’® # 0, the
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above equation becomes

0 = Ao —4dvwH, — (WaG V)b 0, (3" age — a™)
—2WeGH(01)i50 (™" aga — ™) (4.27)

1
+2V[§a/\u(vu;a + Uoz;u) AT w,AbZ\z]a

)

which serves as the tangential equation of motion.
The energy density W of uniform membranes of the Helfrich type is given by
[39] as
W =kH? + kK + F(¢) + 0G?, (4.28)
where k and k are empirical constants (the bending moduli). Subsequently, in-

voking Eq. (4.28), Eq. (4.21) yields

p = K[AH+2H(H? - K)] —2\H (4.29)
1
—2U[§b°‘f8(va;5 + V) — 20(2H? — K)]

—20HG? + 206 ,¢ 5(b°7 — b7,
while Eq. (4.27) remains intact. Substituting Eq.(4.2) into Eq.(4.29) furnishes

1
p = k[AH+2H(H? — K)] +2qpH — QU[EbQB(UQ;Ig +uge)  (4.30)

—2w(2H? — K)] — 20HG? + 20¢ ,¢ 5(b°° — b°7).

In addition, the incompressibility condition of viscous flow is given from the Chap-
ter 3 (see Eq. (3.11)) as
v, — 2wH = 0. (4.31)

63



The Euler equation related to distension is given by [39] as
W, —q= (G "Waa"¢ 4).a. (4.32)

4.4 Linear Analysis

4.4.1 Linearization of the terms related to thickness distension

We plug Eq. (3.16) and Eq. (4.1); into the distension terms (—20HG? +

20¢ o6 5(b° — b)) of Eq. (4.30) and obtain

—20HG? + 200 ,6 5(b°° — %) = —0¢ .0 za*" Az (4.33)

+20¢,a¢,6 (baﬁ - 604,8)’

Then, by substituting the linearized expressions (Egs. (3.16),(3.22),(3.25) and

(3.58)) into Eqgs. (4.32), (4.30), (4.31) and (4.27), we obtain:

1
§krAp(Apz) + qpApz — 202,03 Vo g — U¢7a¢75aa6Az + 20b°‘ﬂ¢7a¢75 ~p,

(A+ P) o+ 08504 20, va,q ~ 0 and 20a°*¢ g, ~ 0. (4.34)

64



4.4.2 Formulations in the elliptical coordinates

Invoking Eqgs. (3.31), (3.32) and (3.42), Eq. (4.34) can be transformed into

the elliptical domain as

1
0 = ikA(Az) + qdAz + (0cte+ &,0.,)A% +

_ 9
h2(&,n)
20

m«bﬁ%&& +2¢ b2 + G 0P 0 Zm)

e 2:7 14 , + 22, 14 R + Z, 12 n)s
hS(S’ ,'7) EEVEL 577 13 n nm = nn

0 = —n[ﬁ%g‘i“ﬁb,nn]a (4.35)

subjected to (the associated boundary conditions remain the same as the boundary

conditions in Chapter 3)

10
A& ) =0, Valéom) = 0 and 32 H(€on) = 7. (4.36)

Here, Eqgs. (4.35-4.36) serve as the linearized shape equation system which de-
scribes the morphologies of lipid membranes subjected to general forms of intra-
membrane viscous flows, membrane-substrate interactions and thickness disten-

sions.

4.4.3 Solutions to the linearized systems

Similar to the methods utilized in section 3.3.4 (Chapter 3), the form of the

solution z(&,n) is obtained as

(€)= %H@, 1)+ B+ o(E.1), (4.37)
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and (&, n) is chosen as

p(&,m) = Comlog(ef/e0) + D> e Scem (1, q), (4.38)

m=0

to meet the boundary conditions from Eq. (4.36). The unknown potential H (&, )

can be expressed as [57]

=Y AnKen(& q)cen(n, ) Tun(é,n), (4.39)

m=0n=0

where ce, (1, ) and Ke,, (&, q) are the even modified Mathieu functions of the first

and second kind, respectively, and the associated parameter g [58] is of the form

Plad+ S (D ede + 000,)]
4k ’

q= (4.40)

Now, we substitute Eqgs. (3.34) and (4.39) into Eq. (4.35); and simplify it based

on the orthogonality properties of the Mathieu function; i.e.
2w 2
| centnpecatnayin = [ Kewl&g)Realé, s = 8, and
0 0

27 27
4 [ Kew(6ahees (0. ) Ken(€. g3 )dcdn = wb,. (4.41)

the expression of T},, can be derived as

2 2r 0 o0 2%
foolen / / 20" Thi(§,n)[240 + 35 (D chc + 0 40.,)] (002

m=0n=0

+20 ¢0 n2en + ¢,n¢,nzmn)K€m(f> g)cen(n, Q)
4u
7Th3(§ (20 + 25(dcd e + 0,0, )]
(2D b, g ) L
f 85 \ 7 d77) T e nKen(6,q) (4.42)
c0%cen(n,q)

+e TK%(E q)cen(n, q) bw(€, n)ldédn.

66



Consequently, by combining the Eqs. (4.37),(4.38)-(4.39) and (4.42), the general

solution is obtained as

ZA Kem f, Cem(n: ) mn(g 77) (443)

+Cy log (e /€%0) + Dpe cen(n, )],

where A,,, B,,, C,, and D,, are

4(-1)"
mﬂ'k(K@m(gg, )Cem(n> )

B > 8o(—1)"7 COS(m
m_mzjomﬂkce (n, Op?(Kem

= 0 cos(ZEE)h (&, n)
(50777)+C€m(77 Q)Ke (€0 )Tmn(fm )’

T
) ( ) (507 )KBM(&]? )T/(f()a )
( )T,(£0777)+K6 (507_) mn(fov ))’

Ap =

280' 21 _5)K6m<§0’ ) (50777){C€m(77’(_])T1;(§0777)

+cep (1, ) Tnn(§o:m) }

{_Nz + 2K€m<€072)€£°T§I(50a77) + 2K€Im(€072)€£0Tmn(§0a n}

/[m’/TkCE ( ):u {KQM(SW )T§<€Oan) + Ke (SOag)Tmn(€0>n)}]a

and
D . _80(_1)%_1(308(% )Kem(fmg)h(ﬁoﬂ])@go (4 44)
"o mrkce,, (1, q) '
cem (1, )T (80, 1) + €0 (1, @) Trn (E0, 1)
Kem(€07_)cem<77 Q) (50777)+C€m( Q)Kelm(g()vﬂ)Tmn(gmn)’
where
0K m\G, 0 m\![y
Ke,(&q9) = #,cek(mg)z 0635;7 9
8Tmn s ’ aTmn )
rien) — T g - e
T (€, / 0T (€0,
TeCoym) = [#} £ andTn(fmn)_#'
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The general solution is obtained as

z —=

where

.4 i 20h
> o) eos TP e 0 T )

m=0
2h
— Kem(€0r ) T (E0r) — ( (f;’,j)"

+20h(§o, ) (Kem(Eos q)cem(n, @) T (€0, 1) + Kem(Eoy @), (1, ) T (05 1))
pi2kee,, (0, )02

log(e®/e%0)}, (4.45)

)

09 = [Kelm(f(bg)Tmn(fm 77) + Kem(f(),Q)Tgl(f, 77)]
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CHAPTER 5

CONCLUSIONS AND FUTURE WORK

5.1 Conclusion

In this thesis, we develop a continuum-based theoretical model to analyze the
mechanical responses of lipid membranes subjected to specific practical factors
(intra-membrane viscous flows, membrane-substrate interactions, thickness dis-
tensions). Starting from the modelling of the inviscid fluid membrane, we add the
considerations of intra-membrane viscous flows and thickness distensions. Inter-
disciplinary concepts and methods (e.g., eigenfunction expansion, the theory of
elastic surface) are adopted to obtain the constitutive equations of the membranes
and their solutions within the framework of the present study. In particular, this
research illustrates the appearance of the wrinkling phenomena under the impacts
of uniform, non-uniform and dual source types of viscous flows. We find that uni-
form, non-uniform types of viscous flows give rise to wrinkles phenomena in radial
and transverse directions on the membranes’ surfaces, respectively. When we in-
put dual source types of viscous flows into the proposed solutions, both radial and
transverse wrinkles are observed, which illustrates that the principle of superpo-
sition remains valid. We find that the intensity of viscous flows and the radius of
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the inner ellipse of membranes are the key factors to impact the vertical length
of the induced wrinkles. More importantly, the proposed solutions are able to
accommodate various types of viscous flows, which means the class of membrane-
substrate interaction problems subjected to viscous flows can be solved utilizing
the proposed solutions. This thesis initializes from a practical physical problem
(membrane-substrate interaction) and then ends up as a series of complex math-
ematical problems (e.g., differential geometry, PDEs), which indicates the great
power of mathematics and human wisdom. The highest difficulties in this thesis
are the solving of the membrane shape equations and the plotting of the obtained
solutions because they all contain the computations among a number of long func-
tions and complicated terms. To overcome these difficulties, we develop our own

solving strategies and utilize a series of accessible computing resources.

In chapter two, we present the prerequisite knowledge of differential geome-
try and develop the underlying theoretical model of inviscid fluid membrane for
further researches on the intra-membrane viscosity. By combining the theory of
elastic surfaces, the membrane equilibrium equations and the corresponding pro-
jections on normal and tangential directions are formulated via rigorous deriva-
tions. The deformation energy of the membrane is accounted for by means of the
Mean and Gaussian curvatures of the surface which are the functions of the first

and second fundamental forms.

In chapter three, we study the deformations of lipid bilayers subjected to the
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intra-membrane viscous flows and the interactions of elliptical cylinder substrates.
Utilizing the Monge parameterization of a surface and general curvilinear coor-
dinates, the expressions of linearized shape equations and associated boundary
conditions are obtained from the non-linear theory. The intra-membrane viscosity
terms are formulated by means of ’admissible linearization” and successively trans-
formed into elliptical coordinates to assimilate more general types of viscous flow.
More importantly, we obtained a complete analytic solution by employing adapted
iterative reduction and the method of eigenfunction expansion, which describes
the deformations of lipid membranes when interacting with intra-membrane vis-
cous flows and elliptical-cross-section substrates. It is found that intra-membrane
viscosity induces wrinkle formations of the lipid membranes, and the correspond-
ing number of wrinkles exhibits sensitivity to both the radius of the ellipse and
the intensity of viscous flows. Comparisons with phenomenologically compatible
cases such as a circular substrate-membrane interaction and capillary wrinkle of
polymer films, are made where the proposed model successfully reproduces the
existed results in the limit of vanishing eccentricity of an ellipse. Further, we
obtain solutions corresponding to the case of a lipid membrane subjected to non-
uniform viscous flows and dual source flows. This is facilitated by the relaxed
form of the prescribed tangential and normal force, and the condition of conti-
nuity along and within the elliptical boundaries, unlike those arising in circular

boundaries where the admissible set of viscous flows are strictly uniform in one
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of the coordinate directions. The resulting deformation fields show clear signs of
dual source interference in that both the radial and circumferential wave forms are
simultaneously predicted. Case studies vis a vis morphologically similar results
of shape memory films are presented to investigate the potential applicabilities of
the proposed model in the analysis of different types of membranes. In particular,
it is found that the principles of superposition from linear elasticity remains valid,
even in the presence of general forms of dual source viscous potentials. That is,
the solution of a dual source problem can be directly obtained by adding solu-
tions of two single source problems. The solutions presented here are of more
practical interest in that, essentially, they lead to solutions of problems in which
the viscosity effects are characterized by a wide class of potential functions and so
can accommodate a correspondingly large set of physically relevant problems. For
example, potential applications may be expected in the study of wrinkle-caused
disease (e.g., a macular epiretinal membrane) and the influences of membrane vis-
cosity on various cellular functions such as fusion, fission and budding. Further,
the presented solution reproduces the existing results when viscosity effects are
removed, and does incorporate the solution of the classical membrane-substrate
interaction problem in the limit of vanishing eccentricity. In fact, the classical
solution obtained directly from the proposed model produces more accurate pre-
dictions by identifying the additional Bessel functions, which is reduced from the

Mathieu potentials.
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In chapter four, we develop a theoretical model of lipid membranes subjected
to intra-membrane viscous flows, interactions of elliptical-cross-section substrates
and thickness distensions. Starting from the purely elastic surface theory, we
introduce the distension terms and new energy density functions and implement
them in the following derivations. Rigorous derivations are made to obtain the
membrane shape equations and the corresponding boundary conditions. Then, we
employ the admissible linearization techniques for the systems of membrane shape
equations and boundary conditions and transform them into the elliptical domain.
Lastly, by employing adapted iterative reduction and the method of eigenfunction
expansion, we solve the systems of equations (membrane shape equations and
boundary conditions) and obtain the corresponding analytical solutions in the

forms of Mathieu functions.

We discover that the viscous flow gives rise to the wrinkle phenomena of
the lipid membranes. The membrane systems may be exposed to the constant
viscous flow (viscous flow potential w(§,n) = A) within a cell such as the selective
transport of molecules inside the lipid bilayers where the molecules travel with the
constant flow from one side of the membrane to the objective protein. In this case,
we find that the wrinkling phenomenon in the radial direction of the membrane
starts to appear when the normalized magnitude of viscous flow is greater than
the critical number (i.e. 4% > 107'°). The number of radial wrinkles is sensitive
to the magnitude of intra-membrane viscous flow (A) and the radius of the inner
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ellipse (1c). In detail, the number of radial wrinkles is positively correlated with
the intra-membrane viscous flows (A) and the radius of the inner ellipse (uc).
With the identical radius of the inner ellipse (xc), the number of wrinkles reduces
as the magnitude of viscous flow (A) decreases. The number of wrinkles increases
as the inner radius of the inner ellipse (uc) increases when the magnitude of the
viscous flow (A) remains the same. Phenomenologically compatible results can be
found in the related researches such as circular substrate-membrane interactions,
capillary wrinkles on thin polymer films and theoretical study on an elastic surface,
where the number of radial wrinkles depends upon the size of the inner radius and
membrane thickness. The proposed model successfully reproduces the reported

results under the physically similar/compatible settings (see Figs. 3.4 and 3.5).

The cases of non-uniform viscous flows (when the viscous flow potential w(¢,n) =
A sin & cosn) can be observed in various cellular activities such as the transporta-
tions of the intracellular membranes and the transmembrane proteins induced by
the viscous flows with tension gradient. In this case, the viscous flow field becomes
non-uniform due to the interactions with the tension gradient field. Similar to the
constant viscous cases, the resulting deformation fields (radial wave deformations)
are sensitive to both the dimension of an inner ellipse (uc) and the intensity of
viscous flow (A); i.e., the amount of waves decreases as A drops from 107° to
1077 (See. Fig. 3.6). But, more importantly, the transverse wave deformations
of the membrane and the corresponding vertical deflections die out as they ap-
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proach the remote boundary, which ensures the intactness and stabilization of the
corresponding boundary conditions (see. Fig. 3.7). In the event of vanishing A,
the wave deformations are completely removed from the entire domain of interest
so that the vertical deformation profile reduces to the reported results (see. Fig.
3.7). Also, Fig. 3.8. shows that the obtained solution accommodates the reported
results of circular substrate-membrane interaction problems when the eccentricity

converges to zero (i.e. e — 0).

When the viscous flow potential w(§,n) = A + Asincosn, we find that
both the radial and circumferential wave patterns are simultaneously observed
(see. Fig. 3.9). Morphologically similar cases are reported in the existed works
where the authors examined the wrinkle phenomena of a thin gold layer (10nm
in thickness) when subjected to thermal stresses from the adjoined polymer sub-
strate. The results in Fig. 3.9 further indicates that the principle of superposition
remains valid in the present cases. The principle is widely adopted in various en-
gineering problems with simple initial and/or boundary value problems of either

first (Dirichlet) or second (Neumann) type.

The results obtained in this thesis are of more practical interest in that, when
used in conjunction with the principle of superposition (see. Remark. 2.), they
essentially lead to the solution of a class of problems in which the viscous effects
are characterized by a much wider and more realistic class of functions. Potential
applications may be extended to retina clinical study of wrinkle-caused vision
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impairment and the effects of viscous flows on essential cellular functions such
as fusion, fission and vesicle formation. For example, the idiopathic epiretinal
membranes (iERMs) is a common pathology which have been observed in more
than 20% of eyes from elderly person. When iERMs are thicker with contractile
properties, they cause surface wrinkling of the retina resulting impaired vision (a
macular epiretinal membrane). Such wrinkle formations are most often induced
by the interactions between the posterior vitreous cortex and the retina. Since
nearly all the emmetropic retinas are oblate in shape in both transverse axial and
sagittal sections, the wrinkle formations on the retina may share close similarity
to the elliptical membrane-substrate systems examined by the proposed model.
In addition, wrinkle involved deformations and the directional elongation of the
vesicle are often caused by the viscous shear flows and/or directional viscous
flows. Therefore, the proposed model may be employed to study the morphological

transitions of cell membranes associated with those cellular activities.

5.2  Future Work

The proposed model can accommodate more terms regarding different cellular
activities to provide more general and precise descriptions of lipid membranes.
For example, we can consider analyzing the deformations of the lipid membranes
concurrently affected by cell buddings, intra-membrane non-uniform viscous flows,
large-scale interactions and thickness distensions. Ideally, we can extend this
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model to simultaneously accommodate all the main cellular activities such that
the predictions for the morphologies of the lipid membranes will be very realistic
and accurate. Further, various nonlinear analysis techniques (e.g., finite element
method, numerical method) can be employed to generate more accurate results
within the framework of the proposed model. Lastly, we can add more general
structures of cell membranes (e.g., the embedded proteins, glycolipid, cholesterol)

into the analysis of the proposed model.

77



Bibliography

[1] Peate, 1., & Nair, M. Anatomy and Physiology for Nurses at a Glance. John

Wiley & Sons. (2015).

[2] Boundless. Boundless Biology. Lumen, courses.lumenlearning.com/boundless-

biology /chapter /components-and-structure/.

[3] Andersen, Olaf S., and Roger E. Koeppe. Bilayer thickness and membrane
protein function: an energetic perspective. Annu. Rev. Biophys. Biomol.

Struct. 36 (2007).

[4] Templeton, N. S. Gene and cell therapy: therapeutic mechanisms and strate-

gies. Crc Press, 2008.
[5] OpenStax College. Anatomy and physiology. Rice University, 2013.

[6] Brown, T. A. Rapid Review Physiology E-Book: With Student Consult On-

line Access. Elsevier Health Sciences. (2016).

[7] Belghiti, J., & Jarnagin, W. R. (Eds.). Blumgart’s surgery of the liver, biliary
tract, and pancreas. Elsevier. (2017).

78



[8] Mitchell, B. Cell and Molecular Biology. Scientific e-Resources. (2019).

[9] Welcome, M. O. Gastrointestinal Physiology. Springer: Basel, Switzerland.

53-219 (2018).

[10] Russell, Peter J., et al. Biology: Exploring the Diversity of Life. Nelson, 2019.

[11] Qin, Z. H., & Le, W. D. Autophagy: biology and diseases. (2011).

[12] Helfrich, W. Elastic properties of lipid bilayers: theory and possible experi-

ments. Z. Naturforsch. 28, 693-703 (1973).

[13] Evance, E. A. & Skalak, R. Mechanics and thermodynamics of bio mem-

branes. CRC Press, Boca Raton, FL (1980).

[14] Secomb, T. W. & Skalak, R. Surface flow of viscoelastic membranes in viscous

fluids. Q. J. Mech. Appl. Math. 35, 233-247 (1982).

[15] Seifert, U. Configurations of fluid membranes and vesicles. Adv Phys. 46(1),

13-137 (1997).

[16] Jaric, M., Seifert, U., Wintz, W. & Wortis, M. Vesicular instabilities: the
prolate-to-oblate transition and other shape instabilities of fluid bilayer mem-

branes. Phys. Rev. E 52, 6623 (1995).

[17] Naghdi, P. M. On a variational theorem in elasticity and its application to
shell theory. J. Appl. Mech. 31(4), 647-653 (1964).

79



[18] Naghdi P.M. The Theory of Shells and Plates. In: Truesdell C. (eds) Lin-
ear Theories of Elasticity and Thermoelasticity. Springer, Berlin, Heidelberg

(1973).

[19] Agrawal, A., Steigmann, D. J. Coexistent fluid-phase equilibria in biomem-

branes with bending elasticity. J. Elast. 93(1), 63-80 (2008).

[20] Agrawal, A., Steigmann, D. J. Boundary-Value Problems in the Theory of

Lipid Membranes. Contin. Mech. Thermodyn. 21(1), 57-82 (2009).

[21] Kim, C. L., Steigmann, D. J. Distension-induced gradient capillarity in lipid

membranes. Contin. Mech. Thermodyn. 27(4-5), 609-621 (2014).

[22] Belay, T., Kim, C. I. & Schiavone, P. Analytical Solution of Lipid Membrane
Morphology Subjected to Boundary Forces on the Edges of Rectangular Mem-

brane. Continuum. Mech. Therm. 28(1-2), 305-315 (2015).

[23] Rangamani, P. & Steigmann, D. J. Variable tilt on lipid membranes. Proc.

Math. Phys. Eng. Sci. 470(2172), 20140463 (2014).

[24] Belay, T., Kim, C. I. & Schiavone, P. Mechanics of lipid bilayer subjected
to thickness distension and membrane budding. Math. Mech. Solids. 23(1),
67-84 (2016).

80



[25] Belay, T., Kim, C. I. & Schiavone, P. Budding formation of lipid membranes
in response to the surface diffusion of transmembrane proteins and line ten-

sion. Math. Mech. Solids. 22(11), 2091-2107 (2016).

[26] Belay, T., Kim, C. I. & Schiavone, P. Interaction-induced morphological tran-
sitions of lipid membranes in contact with an elliptical cross section of a rigid

substrate. J. Appl. Mech. ASME. 83(1), 011001 (2016).

[27] Zeidi, M., & Kim, C. I. Notes on superposed incremental deformations in the

mechanics of lipid membranes. Math. Mech. Solids. 24(1), 181-194 (2019).

[28] Kim, C. I. A discussion on the mechanics of lipid membranes: Lagrange

multipliers and a singular substrate. Z. Ange. Math. Phys. 68(4), 84 (2017).

[29] Chernomrdik, L. & Kozlov, M. Mechanics of membrane fusion. Nat. Struct.

Mol. Biol. 15, 675-683 (2008).

[30] Lenz, M., Morlot, S. & Roux, A. Mechanical requirements for membrane
fission: common facts from various examples. FEBS Lett. 583, 3839-3846

(2009).

[31] Bruinsma, R. & Pincus, P. Protein Aggregation in Membranes. Curr. Opin.

Solid State Mater. Sci. 1(3), 401-406 (1996).

[32] Benedict, J. R. et al. Aggregation and Vesiculation of Membrane Proteins by
Curvature-Mediated Interactions. Nature 447(7143), 461-464 (2007).

81



[33] Arroyo, M. & DeSimone, A. Relaxation dynamics of fluid membranes. Phys.

Rev. E 79(031915), 1-17 (2009).

[34] Rangamani, P., Agrawal, A., Mandadapu, K. K., Oster, G. & Steigmann, D.
J. Interaction between surface shape and intra-surface viscous flow on lipid

membranes. Biomech. Model Mechanobiol. 12(4), 833-845 (2013).

[35] Steigmann, D. J. Fluid films with curvature elasticity. Arch. Ration. Mech.

Anal. 150, 127-52 (1999).

[36] Steigmann, D. J. On the relationship between the Cosserat and Kirchhoff-

Love theories of elastic shells. Math. Mech. Solids. 4, 275-288 (1999b).

[37] Zeidi, M. & Kim, C. I. The effects of intra-membrane viscosity on lipid mem-

brane morphology: complete analytical solution. Sci. Rep. 8(1), 12845 (2018).

[38] Steigmann, D. J. A model for lipid membranes with tilt and distension based
on three-dimensional liquid crystal theory. Int. J. Non-Linear Mech. 56, 61—

70 (2013)

[39] Kim, C. I., & Steigmann, D. J. Distension-induced gradient capillarity in

lipid membranes. Continuum. Mech. Therm. 27(4-5), 609-621 (2015).

[40] Gorter, E. & Grendel, F. On Bimolecular Layers of Lipoids on the Chromo-
cytes of the Blood. J. Exp. Med. 41(4), 439-443 (1925).

82



[41] Robertson, J. D. The ultrastructure of cell membranes and their derivatives.

Biochem. Soc. Symp. 16, 3-43 (1959).

[42] Kim, C. I. and Zeidi, M. Gradient elasticity theory for fiber composites with

fbers resistant to extension and fexure. Int. J. Eng. 131, 80-99 (2018).

[43] Zeidi, M. and Kim, C. I. Mechanics of an elastic solid reinforced with bidirec-
tional fber in fnite plane elastostatics: complete analysis. Continuum. Mech.

Term. 30(3), 573-592 (2018).

[44] Zeidi, M. and Kim, C. I. Finite plane deformations of elastic solids reinforced
with fibers resistant to flexure: complete solution. Arch. Appl. Mech. 88(5),

819-835 (2018).

[45] Zeidi, M. and Kim, C. I. Mechanics of fiber composites with fibers resistant

to extension and flexure. Math. Mech. Solids. 24(1), 3-17 (2019).

[46] Sokolnikoff, I. S. Tensor Analysis: Theory and Applications. (Wiley, New

York, 1951).

[47] Read, W. Series solution for laplace equation with nonhomogenious mixed
boundary conditions and irregualr boundaries. Math. Comput. Model. 17,
9-19 (1993).

83



[48]

[49]

[51]

[52]

[53]

[54]

[55]

Read, W. W. Analytical solutions for a helmholtz equation with dirichlet
boundary conditions and arbitrary boundaries. Math. Comput. Model. 24(2),

23-34 (1996).

Huang, Yan & Zhang, Xiao-Jin. General analytical solution of transverse
vibration for orthotropic rectangular thin plates. J. Marine. Sci. and Appl.

1(2), 78-82 (2002).

Huang, J. et al. Capillary wrinkling of floating thin polymer films. Science

317(5838), 650-653 (2007).

Zhao, Y., Huang, W. M. & Fu, Y. Q. Formation of micro/nano-scale wrin-
kling patterns atop shape memory polymers. J. Micromech. Microeng. 21(6),

067007 (2011).

Joshi, M., Agrawal, S. & Christoforidis, J. B. Inflammatory mechanisms of

idiopathic epiretinal membrane formation. Mediators Inflamm. 2013 (2013).

Cerda, E. & Mahadevan, L. Geometry and physics of wrinkling. Phys. Reuv.

lett. 90(7), 074302 (2003).

Aris, R. Vectors, Tensors and the Basic Equations of Fluid Mechanics. (Dover,

N.Y., 1989).

Scriven, L. E. Dynamics of a fluid interface equation of motion for Newtonian
surface fluids. Chem. Eng. Sci. 12(2), 98-108 (1960).

84



[56] Steigmann, D. J., Baesu, E., Rudd, R. E., Belak, J. & McElfresh, M. On
the variational theory of cell-membrane equilibria. Interface Free Bound. 5,

357-366 (2003).

[57] Kukla, Stanistaw. Green’s function for vibration problems of an elliptical

membrane. J. Appl. Math. Comput. Mech. 10(2), 129-134 (2011).

[58] McLachlan, N. W. Theory and Application of Mathieu Functions. Clarendon

Press, Oxford (1947).

[59] Cooper GM. The Cell: A Molecular Approach. 2nd edition. Sunderland

(MA): Sinauer Associates; (2000).

[60] Hochmuth, R. M. & Waugh, R. E. Erythrocyte membrane elasticity and

viscosity. Ann. Rev. Physiol. 49, 209-19 (1987).

[61] Derenyi, I., Julicher, F. & Prost, J. Formation and interaction of membrane

tubes. Phys. Rev. Lett. 88(23), 238101 (2002).

[62] Steigmann, D. J. Tension-field theory. Proc. Roy. Soc. Lond. A 429, 141-73

(1990).

[63] Goodbrake, C., & Steigmann, D. J. Mechanics of an elastic membrane infused

with a liquid. Int. J. Mech. Sci. 149, 487-493 (2018).

[64] Fogelson, B. & Mogilner, A. Computational estimation of membrane flow and
tension gradient in motile cell, PLos One, 9(1), e84524 (2014).

85



[65] Gurtin, M. E. & Murdoch, A. I. A Continuum Theory of Elastic Material

Surfaces. Arch. Ration. Mech. Anal. 57(4). 291-323 (1975).

[66] Gurtin, M. E., Weissmuller, J. & Larche, F. A General Theory of Curved
Deformable Interface in Solids at Equilibrium. Philos. Mag. A 78(5), 1093—

1109 (1998)

[67] Ferreira, E. Rodrigues. & Ph Boulanger. Superposition of transverse and

longitudinal finite-amplitude waves in a deformed Blatz—Ko Material. Math.

Mech. Solids. 12(5), 543-558 (2007).

[68] Karayaka, M. & P. Kurath. Deformation and failure behavior of woven com-

posite laminates. J. Eng. Mater-T ASME 116(2), 222-232 (1994)

[69] Delale, F. & F. Erdogan. Transverse shear effect in a circumferentially cracked

cylindrical shell. Q. Appl. Math. 37(3), 239-258 (1979).

[70] Muskhelishvili N. I. Some Basic Problems of the Mathematical Theory of

FElasticity, P. Noordhoff, Groningen, The Netherlands, (1953).

[71] Walter, A., Heinz, R. & Herbert. Shear induced deformation of microcapsules:
shape oscillations and membrane folding. Colloids Surf. A: Physicochem. Eng.
Asp. 183, 123-132 (2001).

86



[72] Kantsler, V, Enrico S, & Victor, S. Vesicle dynamics in time-dependent elon-
gation flow: Wrinkling instability. Physical review letters 99(17), 178102

(2007).

[73] Roth, A. M. Surface wrinkling retinopathy in eyes enucleated at autopsy.

Trans. Am. Acad. Ophthalmol. Otolaryngol. 75, 1047-1058 (1971).

[74] Kampik, A. N. S. E. L. M., et al. Ultrastructural features of progressive idio-
pathic epiretinal membrane removed by vitreous surgery. Am. J. Ophthalmol.

90(6), 797-809 (1980).

[75] Sebag, J. Anomalous posterior vitreous detachment: a unifying concept in
vitreo-retinal disease. Graefe’s archive Clin. Ezxp. Ophthalmol. 242(8), 690-

698 (2004).

[76] Atchison, D. A. et al. Shape of the retinal surface in emmetropia and myopia.

Investig. Ophthalmol. & Vis. Sci. 46(8), 2698-2707 (2005).

[77] Agrawal, A. and Steigmann, D. J. A model for surface diffusion of trans-
membrane proteins on lipid bilayers. Z. Angew. Math. Phys. 62(3), 549

(2011).

[78] Belay, T. Continuum-based Modeling and Analysis of Lipid Membranes in-

duced by Cellular Function. (2016).

87



Appendix A. Copyright Demonstration

Figure 1.1 and Figure 1.2 are taken from OpenStax College. Anatomy and phys-
iology. Rice University, 2013., which obeys the Creative Commons Attribution
License 4.0. The usages of these figures in this thesis are permitted. The sources
of Figure 1.1 and Figure 1.2 are respectively Figure 3.4 and Figure 3.10 from

https://openstax.org/books/anatomy-and-physiology /pages/3-1-the-cell-membrane.
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